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ABSTRACT

A frontier problem in plasma physics and among the hot topics in space plasma re-
search, is the understanding of the kinetic processes at play in plasma turbulence.

In astrophysical and space plasmas the energy is typically injected at large “fluid”
scales and then, constrained by the magnetohydrodynamic (MHD) invariants, is non-
linearly transferred towards smaller and smaller scales. This represents the so-called
MHD inertial range turbulence and the nonlinear energy transfer process is known as
turbulent cascade. Following such a cascade, the energy will eventually reach the micro-
scopic (kinetic) length scales of the plasma, leading to the onset of non-MHD regimes. In
this range, usually referred to as the dissipation range, both collisional and collisionless
damping, as well as dispersive effects of plasma modes, heavily enter in the physical pro-
cesses underlying the turbulent dynamics and the energy cascade. In line with the mass
ratio, the ion kinetic scales are encountered before those of the electrons and thus they are
the first ones which contribute to open different channels of energy transfer, depending
on the main physical parameters. The nature of plasma turbulence below the ion kinetic
scales, i.e., dissipation range turbulence, is the main topic of this thesis and many of its
features are hereby investigated.

A first approach to this problem is presented in the framework of gyrokinetic (GK)
theory, which is a reduced kinetic model describing the evolution of low-frequency small-
amplitude turbulent fluctuations in magnetized plasmas. In this context, the gyration of
the charged particles around the magnetic field represents one of the fastest processes and
thus, within the hypothesis known as gyrokinetic ordering, it can be removed from the
plasma description. By performing a proper gyroaverage procedure, the velocity space
is reduced from a three-dimensional velocity (3V) space, (v‖, v⊥, ϑ), to a 2V domain,
(v‖, v⊥), where v‖ and v⊥ are the velocity parallel and perpendicular to the ambient mag-
netic field B0, respectively, and ϑ is the gyroangle of the particles. In the framework
of this GK description of plasmas, a study of freely-decaying electrostatic turbulence in
2D2V, i.e., two dimensions in physical space and two dimensions in velocity space, is
presented. In particular, the effects of collisions are investigated in detail: new turbulent
scalings, along with the corresponding energy spectra predictions, are derived analytically
and numerical simulations with the GK turbulence code GENE are performed in support
of the theoretical predictions.

Finally, an hybrid Vlasov-Maxwell (HVM) model of the plasma is adopted, in which
no approximations are made on the ions, i.e., they are fully kinetic, whereas the electrons
are treated as a neutralizing massless fluid. On the one hand, this means that the full
three-dimensional velocity space, (vx, vy, vz), is retained for the ion phase-space (with
no preferential directions with respect to an external magnetic field), along with the fast
ion gyromotion. On the other hand, all the electron characteristic frequencies and length
scales are removed from the plasma description. Thus, within this model, fluctuations
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with high-amplitude and high-frequencies (with respect to the ion gyration frequency)
are allowed, provided that their frequency is still lower than any electrons characteristic
frequencies and their wavelengths are larger than any electrons kinetic scales. In this
context, fully electromagnetic high-resolution 2D3V simulations of forced turbulence are
performed for the first time ever. Different sets of parameters are considered, most of
which are realistic for the solar wind plasma. A wide range of complex phenomena is
shown to emerge and the resulting turbulent dynamics and energy spectra are found to
be in in good agreement with solar wind observations, in the proper range of parameters.
Thus, the results presented in this thesis can provide ground for the interpretation and
understanding of turbulence in the solar wind dissipation range, as well as for planning
future space missions and measurements.



CHAPTER 1

INTRODUCTION

The turbulent motion of fluids is experienced every day by anyone in daily life, either
consciously or not. It arises when one puts the milk in the coffee, when one stirs the tea
or smokes a cigarette. It can be seen in the water of a river, from the smoke of a chimney,
and in the atmospheric phenomena of our planet, as well as in many other situations (see
Fig. 1.1). Our life is, definitively, turbulent.

Figure 1.1: Top left: ice embedded in the Labrador Current seen from a plane [Photo
Credit: D. Schwen]. Top right: smoke from a chimney. Bottom left: vortex sheet in
turbulent waters of river Arno, in Pisa, near a bridge after a high water [Courtesy of
S. N. Shore]. Bottom right: turbulent mixing of milk in coffee.

In addition to that, plasma turbulence is another ubiquitous phenomenon in our Uni-
verse. In fact, more than 99% of the visible matter is in the plasma state, i.e. a collection
of electrically charged particles which is globally electrically neutral, most of which is in
the rarefied intergalactic regions, especially in the intracluster medium, in the interstellar
medium, in stars and in their stellar winds forming the interplanetary medium. Moreover,
this plasma is almost always found to be in a turbulent state (see Fig. 1.2). In the inter-
stellar medium, for example, supernova explosions are driving turbulence, while the wind
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12 CHAPTER 1. INTRODUCTION

flowing from stars as the Sun, becomes turbulent very soon. Also other astrophysical phe-
nomena such as jets and accretion discs around compact objects are largely determined
by plasma turbulence. Turbulence also arises in the plasma inside fusion devices, such as
tokamaks and stellarators, built by us, the humankind, here on the Earth in order to pro-
vide nuclear energy: such turbulence very effectively enhances the heat transport from the
hot core across the confining magnetic field out to the cooler plasma edge, thus reducing
the fusion reactor performance.

Figure 1.2: Top left: view of the Galactic center showing ionized gas, hot plasma and
warm dust [Credits: NASA]. Top right: artist impression of accretion disc around black
hole [Credits: NASA/Wikipedia]. Bottom left: turbulent star-forming region 30 Doradus
in our galactic neighbourhood [Credits: NASA]. Bottom right: Snapshot from a simula-
tion of plasma turbulence in the ASDEX Upgrade tokamak with the GENE code.

Let us take a step back for a moment and ask ourselves: what is turbulence?
Well, there is no unique or rigorous definition of turbulence as a physically defined process
by itself, but rather its definitions rely on the description of its “symptoms” [1], which can
be detected. For instance, the turbulent motion of a fluid can be described as a chaotic
and incoherent type of motion, both in space and time (e.g. “space-time chaos” [2]). Such
type of motion usually covers a broad range of spatiotemporal scales, so it can be seen as
a multiscale disorder [1]. Accordingly to the Nobel Laureate in Physics R. P. Feynman,
turbulence represents “the most important unsolved problem of classical physics” [3],
a statement that is still valid nowadays: the challenge of understanding turbulence and
its fundamental properties has been motivating scientists over the last 200 years, and
continues to do so in the present days. And, probably, will last for many more years in
the future. Plasma turbulence is indeed the general topic of this Ph.D. thesis and in this
Chapter we are going to give the reader a brief historical introduction and a description of
the existing phenomenological theory of turbulence in fluids and in plasmas.
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SECTION 1.1

A JOURNEY INTO TURBULENCE

The etymology of the Latin word turbulentia comes from the Indo-European twer, which
means “turning on itself” or “twirl”. However, the term was originally used to describe the
disordered movement of the crowd and, in the Middle Ages, as a synonym for “troubles”.
The first who ever used that word, “ turbolenza”, for describing those “symptoms” of
the fluid motion has been Leonardo Da Vinci, at the beginning of the 16th Century. He
recognized it as a distinct fluid behavior and gave a pretty modern description of it (see
Fig. 1.3).

“. . .the smallest eddies are almost numberless,
and large things are rotated only by large eddies

and not by small ones, and small things are
turned by small eddies and large.”

Figure 1.3: Drawings and description of turbulent flows and eddies in water passing an
obstacle or falling, from Da Vinci’s notes (L. Da Vinci, “Gorghi d’acqua”, ca. 1508, RL
12660, Windsor, Royal Library) [Credits: Wikipedia].

In order to develop a mathematical description of the fluid motion, we had to wait
about 250 years, until the 18th Century, with the work of L. Euler, who derived the equa-
tions for the inviscid fluids which have been named after him, i.e. the Euler equations.
Later, in the 19th Century, an important improvement came from the work of C.-L. Navier
and G. G. Stokes, who derived the equations for the viscous case, nowadays known as the
Navier-Stokes (NS) equations. The NS equations for incompressible fluids read [4]:

∂ u

∂t
+ (u · ∇) u = −∇P + ν∇2u , (1.1)

∇ · u = 0 , (1.2)

where u, P and ν are the velocity field, the pressure and the viscosity1, respectively, while
Eq. (1.2) is the incompressibility condition on the velocity field. For a more detailed dis-
cussion on the properties of the NS equation, such as its symmetries and conservation

1Note that P and ν in Eq. (1.1) are actually obtained by dividing the true pressure and the dynamical
viscosity by the mean density %0
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laws, we remand the reader to the book on fluid turbulence by U. Frisch (Ref. [4]). Nev-
ertheless, due to the mathematical difficulties in treating the NS equations, only little
progress in the understanding of turbulence was obtained, and as a consequence early de-
scriptions of turbulence were based mainly on experimental observations. In this regard,
the pioneering and systematic investigation of the transition from laminar to turbulent
flow carried out by O. Reynolds at the end of the 19th Century, led to identification of a
single dimensionless parameter, now called the Reynolds number:

Re ≡ U L

ν
, (1.3)

where U is a “typical” value of the velocity, e.g. the mean velocity of the flow, L is
a characteristic size of the system, e.g. the radius of the pipe in which the fluid flows,
and ν is the viscosity. The Reynolds number basically expresses the relative importance
of viscous and inertial forces in the NS equation and sets the criteria for the transition
of a flow from laminar to turbulent. These properties of that number can be seen by
normalizing all the quantities in Eq. (1.1) with the characteristic velocity, length and time
scales, U , L and τ = L/U , so the NS equation can be rewritten in dimensionless form as2

∂ ũ

∂t̃
+ (ũ · ∇̃) ũ = −∇̃P̃ +

1

Re
∇̃2ũ , (1.4)

where now is evident thatRe gives an indication of the inertial-to-viscous forces ratio: the
higher the Reynolds number is, the stronger the nonlinear term with respect to the diffu-
sive term, (u · ∇)u and ν∇2u, respectively. Thus, at low Reynolds numbers the diffusive
term is dominant and the flow is laminar, characterized by smooth, constant fluid motion.
At high Reynolds numbers, instead, the advective nonlinear behavior is stronger than the
diffusion and the flow is thus dominated by inertial forces, which tend to produce chaotic
eddies, vortices and other flow instabilities, i.e. it becomes turbulent. O. Reynolds also
introduced the decomposition into a mean and fluctuating flow [5], which is now known
as Reynolds decomposition and leads to the so-called Reynolds-averaged Navier-Stokes
(RANS) equation. In this regard, some progress came from J. Boussinesq, who intro-
duced the hypothesis that nonlinear turbulent stresses - nowadays known as the Reynolds
stress - in the RANS equation are linearly proportional to mean strain rates, introducing
the concept of eddy viscosity [6] (i.e. the constant of proportionality).
An interesting fact is that, at approximately the same time as Reynolds was suggesting a
random description of turbulent flows, the French mathematician H. Poincaré was prov-
ing that simple nonlinear dynamical systems were capable of exhibiting chaotic behavior
that was, despite the random appearances, completely deterministic3 [7]. In fact fluid
turbulence can be, nowadays, directly related to the NS equations and their solutions:
such equations may indeed exhibit turbulent, or rigorously speaking chaotic, solutions,
i.e. erratic, irregular and sensitive to initial conditions4, but deterministic and not random,
because the NS equations are actually deterministic.

2In the normalization one simply rewrites u = U ũ,∇ = L−1∇̃, t = τ t̃ = Lt̃/U and P = U2P̃ .
3However, despite all the mathematicians working on such systems throughout the early to mid 20th

Century, the first proposal of possible links between “deterministic chaos” and turbulence would have been
formulated nearly 70 years later, in 1963, by the American meteorologist E. N. Lorenz [8].

4This provides a direct link to modern mathematical theories in the sense that sensitivity to initial con-
ditions is the distinctive mark characteristic of the “strange attractor” description of turbulence introduced
on the early 1970s [9].
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It is only in the early 20th Century, with L. F. Richardson and the famous definition in
his book [10],

“Big whorls have little whorls,
which feed on their velocity;

And little whorls have lesser whorls,
And so on to viscosity.”,

that the fundamental concept of a turbulent cascade of energy has been (re)introduced5.
The turbulent cascade is a net transfer of energy, mediated by the nonlinear interactions
(turbulent eddies), from the large scales, where a certain amount of mechanical energy
is injected, to successively smaller scales, until it is eventually dissipated (converted to
thermal energy) on molecular scales by viscosity. This description underscores another
physical phenomenon associated with turbulence: dissipation of kinetic energy. Then, a
major advance in the analysis of turbulence was done in the 1930s by G. I. Taylor, who
first utilized a more advanced level of mathematical rigor and introduced formal statistical
methods involving correlations, Fourier transforms and power spectra [11]. He explicitly
assumed that turbulence is a random phenomenon and introduced statistical tools for the
analysis of homogeneous, isotropic turbulence, which is something that clearly shows its
impact even to the present. Taylor, in his work, also analyzed experimental data gen-
erated by wind tunnel flow through a mesh and showed that those flows could be seen
as homogeneous and isotropic. Another extremely relevant contribution, especially for
the analysis of experimental data, has been the introduction of the so-called Taylor hy-
pothesis, providing a method for the conversion of temporal data into spatial data (i.e.,
from frequencies to wave numbers). The Taylor hypothesis is widely used still nowadays,
e.g. for the conversion of in situ spacecraft measurements of solar wind turbulence.

Six years after the paper by Taylor, in 1941, a Russian statistician published three
papers (in Russian) that provide some of the most important results of turbulence the-
ory [12, 13, 14]: he was A. N. Kolmogorov and his papers are probably the most-often
quoted in the literature related to turbulence. The Kolmogorov theory of fluid turbulence
developed in those three papers, whose phenomenological treatment will be discussed
later in this chapter, is usually referred to as the “K41 theory”6 and represents a distinct
departure from the approach evolved from the one of Reynolds, but is anyway an ap-
proach of statistical nature. The most known result of the K41 theory is the well-known
Kolmogorov spectrum of isotropic fluid turbulence, i.e. the spectrum of the kinetic energy,
which in wave vector space is E(k) ∝ k−5/3 (see Section 1.1.1).

The present historical introduction is far from being complete or exhaustive and does
not aim to be so: for a guided tour into further readings and trends in turbulence research
we remand the reader to Ref. [4].

Before actually stepping into the Kolmogorov theory, we just look back to the answer:
what is turbulence? Maybe we cannot give a definitive definition, but we can tell which
are its building properties [2]:

5It is worth to note that the concept of turbulent eddies and a rough idea of turbulent cascade - “large
things are rotated only by large eddies and not by small ones, and small things are turned by small eddies
and large” - were already introduced by Leonardo Da Vinci in his notes, 400 years before Richardson.

6This specification is made in order to distinguish it from the later work which is referred to as the “K62
theory” [15].
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• turbulence is an intrinsically nonlinear phenomenon: the nonlinear interactions me-
diate the (conservative) energy transfer between scales;

• it occurs only in open systems: the system has at least to be dissipative, in order to
set the turbulent cascade at whose end the energy is eventually dissipated (e.g. the
viscosity can be as small as you want, but it needs to be finite);

• turbulence involves many degrees of freedom: the energy transfers involves many
possible interactions between scales (usually between neighboring ones) at the same
time;

• it is highly chaotic in space and time: they are irregular and sensitive to the ini-
tial condition solutions of the governing equations (e.g. the NS equations for fluid
turbulence);

• If continuously driven, turbulence often leads to a statistically quasi-stationary state
far from thermodynamic equilibrium.

Thus, it is not clear whether the answer to the question “what is turbulence?” is com-
pletely known or not, and certainly there are many unresolved issues from a physical
standpoint. Nevertheless, there is an extensive list of characterizations of turbulence and
some of its properties have been given above and some others will be presented in the
following of this chapter. Still this does not really define physical turbulence completely.

1.1.1 THE KOLMOGOROV SPECTRUM OF FLUID TURBULENCE

In this section we give a phenomenological description of the K41 theory, rather than
a formal derivation of it, for the sake of simplicity and of its more physically intuitive
approach. We will consider fully developed homogeneous, isotropic turbulence at “high-
enough” Reynolds number (Re� 1).

First, we remind the reader the underlying idea of the turbulent cascade as pictured by
Da Vinci, with the modern view of Richardson and Kolmogorov. The kinetic energy is
injected into the system at the largest scales of motion by some mechanism (“forcing”).
Then, the kinetic energy is transferred by inviscid processes (“nonlinear conservative in-
teractions”) to successively smaller scales until, at the smallest scales, the energy is dis-
sipated by viscous action. The first part of the cascade, where the energy is injected, is
traditionally called energy-containing range. The part of scales over which the energy
is conservatively transferred to smaller and smaller scales, i.e. where the inertial forces
are dominant, is called inertial subrange. Finally, the smallest scales, where the viscous
interactions are important, is called dissipation range. It is worth to underline that this is
the traditional terminology for those ranges, but the dissipation range in plasma physics
is something slightly different7. A schematic picture of the Richardson energy cascade
is given in Fig. 1.4 (left panel), along with a sketch of the Kolmogorov spectrum of fluid
turbulence in Fourier space (right panel).

7Sometimes it has been suggested to call it more properly “dispersion range”, because of the dispersion
relations of some modes in plasmas become dispersive [36], rather than highly damped. However, there
is always a small finite amount of modes damping in plasma dispersion relations, so plasma turbulence is
peculiar in this sense.
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Figure 1.4: Left: Schematic picture of the Richardson energy cascade in fully-developed
turbulence (from Ref. [4]). Right: Sketch of the turbulent spectrum of kinetic energy
versus the wave number in Kolmogorov theory (from Ref. [16]).

The basic ingredients of phenomenology of fully developed turbulence are the follow-
ing. Let ` be the scale under consideration, i.e. some scale between the energy injection
scale `0 (the outer scale), and the dissipation scale `ν (the inner scale). So ` will be
typically in the inertial subrange:

`ν . ` . `0 .

Then, u` is the typical value of the velocity associated with scale ` (and u0 is the corre-
spondent velocity at the outer scale `0). Thus, the typical eddy turnover time at that scale,
τ`, is

τ` ∼
`

u`
.

Note that this latter relation, implicitly, is based on the assumption that the turnonver
time at scale ` depends only on that scale, i.e. it is local in length scale (or, in Fourier
representation, in wave number). Moreover, we can define the energy flux from scale ∼ `
to smaller scale as

Π` ∼
u2
`

τ`
∼ u3

`

`
.

Then, if ε is the energy dissipation rate at the smallest scales, since we assume that in the
inertial range there are neither direct energy input (injection) nor energy output (dissipa-
tion), the energy flux should be independent of the scale ` and must thus be equal to the
dissipation rate at smallest scale, i.e.

Π` ∼
u3
`

`
∼ ε .

This is indeed the main result of K41 theory, since it gives the scaling

u` ∼ ε1/3`1/3 (1.5)

which expresses the scale-invariance with exponent 1/3 of the velocity field. The eddy
turnover time is then τl ∼ ε−1/3`2/3. Near the outer scale, ` ∼ `0, the above relation reads
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u0 ∼ (ε`0)1/3, which can indeed be rewritten as

ε ∼ u3
0

`0

.

The above relation, together with the expression of the energy flux through scales Π`,
expresses the fact that the cascade is stationary: the rate at which the energy is injected
from the outer scale (u3

0/`0) is the same rate at which it is transferred from scale to scale
in the intertial subrange (u3

`/`) and, finally, is the same rate at which it is dissipated at the
inner scale (ε).
The spectrum of turbulence in the inertial range can be derived by transforming to Fourier
space, so ` ∼ k−1 is used in the above result which can be rewritten as uk ∼ ε1/3k−1/3.
Then, let us divide the k-range in small bands,

k0 < · · · < kn−1 < kn < kn+1 < · · · < kν ,

where k0 and kν represents the wave numbers corresponding to the outer and inner scale,
respectively. The energy spectrum can be obtained by identify the eddy energy at nth bin,
u2
n, with the band-integrated Fourier spectrum, i.e.

u2
n ∼

∫ kn+1

kn

E(k)dk ≈ E(kn)kn ,

which must hold for any scale, so E(k) ∼ u2
k/k yields the Kolmogorov spectrum:

E(k) = CK ε
2/3 k−5/3 (1.6)

whereCK is the Kolmogorov constant (and cannot be determined with scaling arguments).
With the scaling relation in Eq. (1.5), we can determine also the dissipation scale

lν . In fact, let us consider the NS equation, Eq. (1.1). The nonlinear term is of order
(u ·∇)u ∼ u2

`/`, while the viscous term is of order ν∇2u ∼ νu`/`
2: the dissipation scale

`ν is that scale at which those two terms are of the same order, i.e.

|(u · ∇)u| ∼ |ν∇2u| ⇒ `ν ∼
ν

u`ν
,

so, using Eq. (1.5), one gets the so-called Kolmogorov scale8:

`(K)
ν ∼

(
ν3

ε

)1/4

= `0Re
−3/4 (1.7)

where in the latter we have used the relation ε = u3
0/`0 and the definition of the Reynolds

number, Re = u0`0/ν. As one may notice, the dissipation scale depends only on the
energy dissipation rate and on the viscosity of the system, while the extent of the inertial
range, i.e. the separation between the outer and inner scales, increases with increasing
Reynolds number as Re3/4. In this regard, a relevant feature of NS turbulence (in 3D)

8In the literature the Kolmogorov scale is traditionally indicated with η. However, in order avoid confu-
sion with the symbol traditionally used for the resistivity (see later), here we adopt the notation `(K)

ν .



1.2. TURBULENCE IN PLASMAS 19

is that the energy dissipation rate ε does not go to zero in the limit ν → 0, but it tends
instead to a positive constant value, e.g. ε0 > 0: in this sense, the NS equations are
fundamentally different from the Euler equation in which ν = 0 and thus no dissipation
takes place, i.e. ε = 0.

A side remark is that the above results, such as the energy spectrum and the dissipation
scale, could have been derived only by dimensional arguments, assuming that the only
parameters that enter the cascade are the energy dissipation rate ε and the viscosity ν.

SECTION 1.2

TURBULENCE IN PLASMAS

The case of plasma turbulence is more complicated, in general. In fact, we are dealing
with charged particles and because of the long-range interactions, collective phenomena
arise. In a full kinetic description, many modes appear in a plasma [17, 18] and a com-
prehensive kinetic description of turbulence is still unavailable because of its extreme
complexity. For this reason, a hierarchy of reduced models can be derived and, depending
on the modes allowed by the model and on the range of parameters - e.g. frequencies
and wavelengths - which have been considered, turbulence of different nature might arise.
Even in the simplest case of magnetohydrodynamics (MHD), we are dealing with an elec-
trically conducting fluid - a plasma - whose behavior is radically different from that of a
fluid. In this section we will briefly present the phenomenology of MHD incompress-
ible turbulence. For a more detailed introduction on this topic, we remand the reader to
Ref. [19].

Let us consider the MHD equations in the incompressible case. They can be rewritten
as two equations, one for the velocity field u and another for the magnetic field B:

∂ u

∂t
+ (u · ∇) u = −∇Ptot

%
+

(B · ∇)B

4π%
+ ν∇2u , (1.8)

∂B

∂t
+ (u · ∇) B = (B · ∇)u + η∇2B , (1.9)

where Ptot = P + B2/8π is the total (thermal plus magnetic) pressure, % is the mass
density, ν and η are the viscosity and the resistivity, respectively. In this system, a typical
velocity naturally appears because of the magnetic field: that is the Alfvén speed,

vA =
B0√
4π%0

, (1.10)

where B0 and %0 are the typical magnetic field and mass density. That speed is related
to the most important linear mode in incompressible MHD, i.e. the Alfvén wave, whose
dispersion relation is ω2 = k2

‖v
2
A (see e.g. Refs. [17, 19] for a derivation from the MHD

equations or Appendix A for a derivation from gyrokinetic theory in a certain limit).
Also in this case we can simplify the notation in Eqs. (1.8)-(1.9) by using the so-called

Alfvén time normalization, τA = L/vA with L a convenient scale length. Thus, using B0,
%0, vA, L and τA as characteristic quantities, the incompressible MHD equations rewrite
as

∂ ũ

∂t̃
+ (ũ · ∇̃) ũ = −∇̃P̃tot + (B̃ · ∇̃)B̃ +

1

Re
∇̃2ũ , (1.11)
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∂ B̃

∂t̃
+ (ũ · ∇̃) B̃ = (B̃ · ∇̃)ũ +

1

S
∇̃2B̃ , (1.12)

where P̃tot = P̃ + B̃2/2 has been normalized to %0v
2
A = B2

0/4π, Re = LvA/ν is the
Reynolds number (with the Alfvén speed as the characteristic velocity) and S = LvA/η
is the Lundquist number (sometimes called magnetic Reynolds number, Rm). Then, one
can also define the magnetic Prandtl number, Prm = S/Re (or Prm = Rm/Re), which
expresses the relative importance of viscous and resistive effects. The fundamental im-
portance of the Alfvén waves in incompressible MHD theory becomes evident by using
the Elsässer variables [20] (in dimensionless form):

z̃± = ũ ± B̃ , (1.13)

where z has the dimension of a velocity (B̃ representing the Alfvén speed). So, dropping
the tilde, the incompressible MHD equations can be recast in terms of the Elsässer fields
as

∂ z±

∂t
+ (z∓ ·∇) z± = −∇Ptot +

1

2

(
1

Re
+

1

S

)
∇2z±+

1

2

(
1

Re
− 1

S

)
∇2z∓ , (1.14)

∇ · z± = 0 . (1.15)

There are some interesting and convenient features arising from the MHD equations writ-
ten in these variables. First, by neglecting the dissipative terms, ν = η = 0, and lineariz-
ing the equations about a mean magnetic field, B0, one obtains

∂ z±

∂t
∓ B0 · ∇ z± = 0 , (1.16)

which readily reveal the nature of the Elsässer variables: the solutions are z−(x − B0t)
and z+(x + B0t), describing Alfvén waves propagating in the direction of B0 or opposite
to it, respectively. Moreover, there is no self-coupling of the Elsässer fields due to the
nonlinear term in Eq. (1.14), but only cross-coupling of z+ and z−: this means that only
counter-propagating Alfvén waves interact.

In terms of the Elsässer variables, also the total energy, E, and the cross-helicity, HC ,
are conveniently rewritten:

E =
1

2

∫ (
|u|2 + |B|2

)
dV =

1

4

∫ (
|z+|2 + |z−|2

)
dV , (1.17)

HC =

∫
u ·B dV =

1

4

∫ (
|z+|2 − |z−|2

)
dV , (1.18)

where dV is the volume element. These quantities (and also the mangnetic helicity, HM ,
which however does not rewrite conveniently in this formalism because it is unrelated to
the Alfvén wave properties) can be shown to be ideal invariants [19]. Since both E =
(E+ + E−)/2 and HC = (E+ − E−)/2 are invariants in ideal MHD, then also E+ and
E− separately are invariants,

E± =
1

2

∫
|z±|2 dV . (1.19)

This observation will be useful later, for the phenomenology of MHD turbulence, since
(z±` )2 will then be the cascading quantities.



1.2. TURBULENCE IN PLASMAS 21

1.2.1 THE IROSHINIKOV-KRAICHNAN SPECTRUM OF ISOTROPIC MHD
TURBULENCE

In MHD turbulence, because of the presence of charged particles in a magnetic field,
several different effects and quantities, e.g. characteristic velocities and time scales, arises
with respect to the simpler case of fluid turbulence. Therefore, it is plausible that also the
inertial-range scaling is modified. However, note that for isotropic turbulence the large-
scale magnetic field is not necessarily a strong (“mean”) field, but it is rather the field
in the dominant energy-containing eddies (i.e. the field approximately at the outer scale).
This idea was indeed proposed independently by Iroshinikov [21] and by Kraichnan [22]
in the mid 1960s, who introduced the so-called Alfvén effect with possible crucial role in
MHD turbulence. This effect is based on the property of the Elsässer fields, i.e. that only
Alfvén waves propagating in opposite directions along the guide field interact, and the
idea that the cascade dynamics in MHD turbulence is mainly due to scattering of Alfvén
waves.

In incompressible MHD turbulence, we distinguish between two dynamic time scales,
instead of just one as in fluid turbulence. Such time scales, at a certain scale `, are the
Alfvén time,

τA =
`

vA

, (1.20)

and the time for distortion of a wave packet z+
` by a counter-propagating z−` (or, to get

back into the eddy description, the distortion time of an eddy of size `, z+
` , by a similar

eddy, z−` ),

τ±` =
`

z∓`
. (1.21)

In general, the condition
τA � τ±` , (1.22)

holds. Thus, considering that the interaction time of two counter-propagating wave pack-
ets is τA, i.e. much smaller than the eddy-distortion time τ±` , the change in the amplitude
of those wave packets, ∆z±l , during a single scattering is very small:

∆z±`
z±`

∼ τA

τ±`
� 1 .

Therefore, in order to produce a change in amplitude of order unity, many wave packet
collisions are needed: because of the diffusive nature of the process, a number N ∼
(z±` /∆z

±
` )2 would be needed and thus we get an energy-transfer time scale which is N

times the interaction time τA, i.e.

T±` ∼ N τA ∼
(τ±` )2

τA

, (1.23)

which is a time scale even much larger than τ±` itself. The cascading quantities in MHD
turbulence, because of E± are ideal invariants, are the spectral densities (z±` )2. The asso-
ciated energy fluxes are thus

ε±` ∼
(z±` )2

T±`
∼ (z+

` )2(z−` )2 τA

`2
, (1.24)
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which is symmetric in z+
` and z−` , thus ε+

` = ε−` = ε` and hereafter we can drop the ±
notation. Since in the energy flux is assumed to be constant across the inertial range, it
is also equal to the dissipation rate of the cascading E± energies, ε, at the inner scale,
i.e. ε` = ε. The flux can be then rewritten as

Π` ∼
z4
` τA

`2
∼ ε , (1.25)

from which, using τA = `/vA, the scaling for z` is readily obtained,

z` ∼ (ε vA)1/4`1/4 , (1.26)

leading to the Iroshinikov-Kraichnan spectrum of isotropic MHD turbulence:

E(k) = CIK (ε vA)1/2 k−3/2 (1.27)

where the constant CIK is expected to be different from the Kolmogorov constant CK. An
important feature is that, in contrast to the K41 theory for which the spectrum depends
only on the parameter ε related to the inertial range energy flux, the IK spectrum depends
also on the macroscale quantity vA: this means that, without additional assumptions, the
energy spectrum of MHD turbulence cannot be derived only by dimensional analysis.

The dissipation scale for the isotropic MHD turbulence, assuming ν ∼ η for simplic-
ity, is obtained again by looking for that scale `ν at which the dissipation rate equals the
nonlinear transfer, i.e.

1

T`ν
∼ ν

`2
ν

,

which, using the relation in Eq. (1.23) and the scaling in Eq. (1.26), yields the Iroshinikov-
Kraichnan dissipation scale:

`(IK)
ν ∼

(
ν2 vA

ε

)1/3

= LRe−2/3 (1.28)

which is slightly larger than the Kolmogorov dissipation scale.

1.2.2 ANISOTROPIC MHD TURBULENCE: THE GOLDREICH-SRIDHAR
SPECTRUM

In the approach by Iroshinikov and Kraichnan, the turbulence was assumed to be isotropic
and in fact the resulting spectrum does not distinguish between any direction and is spher-
ically symmetric in k-space. However, the presence of a magnetic field, in general, breaks
this symmetry: in contrast to hydrodynamic turbulence, where a mean flow can be com-
pensated by performing a Galileian transformation, the magnetic field cannot be elimi-
nated and thus spherical symmetry is naturally broken. In fact, the tension of the magnetic
field lines tends to resist at their bending, while a perpendicular - say rigid - displacement
of the field lines, corresponding to an interchange of the field lines, can be done quite
freely. Thus, we expect that small-scale modes will be preferentially excited perpendicu-
lar to the magnetic field, i.e. we expect to find an increasing wavevector anisotropy of the
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type k⊥ � k‖, as the cascade proceed. It is worth to remark that here we are dealing with
local anisotropy of the turbulent fluctuations in the inertial range of globally isotropic tur-
bulence, i.e. the magnetic field may be randomly oriented at the largest energy-containing
scales, but a mean direction of the field can be defined at smaller inertial-range scales,
at a certain point (the only property that matters is to be still far enough from the dissi-
pation scales). The first phenomenological and mathematical treatment of the anisotropy
of MHD turbulence has been done by Goldreich and Sridhar during the mid 1990s in a
series of two papers on the theory of interstellar turbulence [23, 24].

Let us consider two distinct length scales for an eddy, namely its dimensions along
and perpendicular to a local field direction9, `‖ and `⊥, respectively. Due to the fact that
turbulence will preferably transfer energy to smaller perpendicular scales, the eddy will
become more elongated, i.e. `⊥ will tend to decrease more rapidly than `‖. However, these
variations are limited by the fact that the eddy structure has to be correlated, so the parallel
and perpendicular sizes have to be related by the propagation time of the fluctuations in
the respective directions:

τ⊥ ∼ τ‖ ⇒ `⊥
z`,⊥

∼ `‖
vA

, (1.29)

which is known as the critically balanced cascade of Goldreich and Sridhar [24]. The
relation in Eq. (1.29) essentially shows that the cascade takes place maninly in the per-
pendicular direction, i.e. the generated perpendicular scales are much smaller than the
parallel scales: `⊥ ∼ (z`,⊥/vA)`‖ � `‖. Thus, the energy is cascading mainly in k⊥-
space with a constant energy flux which has to be balanced by the energy dissipation rate,
i.e.

Π` ∼
z3
`,⊥

`⊥
∼ ε ⇒ z`,⊥ ∼ ε1/3 `

1/3
⊥ , (1.30)

which is the same scaling relation found for Komogorov turbulence (and in fact the per-
pendicular spectrum will be a Kolmogorov-like spectrum). The above scaling can be
readily used to find the anisotropy of the MHD turbulence:

`‖ ∼
vA

ε1/3
`

2/3
⊥ ∼ L1/3 `

2/3
⊥ ⇒ k‖

k⊥
∼ (k⊥ L)−1/3 (1.31)

where L = v3
A/ε is the integral scale. The anisotropy in k-space is thus increasing for

increasing k⊥. The perpendicular energy spectrum E(k⊥) is readily derived from the
scaling in Eq. (1.30),

E(k⊥) ∼ ε2/3 k
−5/3
⊥ ∼ v2

A L
−2/3 k

−5/3
⊥ (1.32)

while the parallel spectrum E(k‖) is derived from the perpendicular one by means of the
anisotropy relation in Eq. (1.31),

E(k‖) ∼ v2
A L
−3/2 k

−5/2
‖ ∼ ε3/2 v

−5/2
A k

−5/2
‖ (1.33)

9The local field direction can be defined, for instance, as the average of the magnetic field over the eddy
size.
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So the GS spectrum is essentially a Kolmogorov spectrum (∝ k
−5/3
⊥ ) in the direction per-

pendicular to the magnetic field and a (much) steeper spectrum (∝ k
−5/2
‖ ) in the parallel

direction.
The dissipation scales in the GS cascade for anisotropic MHD turbulence are different

depending on the direction, i.e.

`
(GS)
ν,⊥ ∼

(
ν3

ε

)1/4

= LRe−3/4

`
(GS)
ν,‖ ∼ ν

vA

= LRe−1

(1.34)

(1.35)

where we have used the “isotropy of time scales” (T` ∼ τ`,⊥ ∼ τ`,‖) due to the assumption
of critical balance and the scaling for the anisotropy of the length scales.

1.2.3 OTHER CASCADES: AN OVERVIEW

As we mentioned at the beginning of the previous section, in a plasma many different
modes arise and thus, in principle, as many different cascades might realize. In fact,
in the previous section we have focused on the incompressible MHD turbulence where
the most relevant mode was the Alfvén wave, so we could speak about Alfvénic tur-
bulence. However, the MHD description implicitly restricts the parameter range to the
low-frequency regime (compared, for instance, with the ion cyclotron frequency, Ωc,i)
and to wavelengths which are much larger, for instance, than the ion Larmor radius, ρi:
these conditions can be expressed as ω � Ωc,i and k⊥ρi � 1, where ω is the frequency
of the turbulent fluctuations and k⊥ is their wave vector. Already in that regime, some
other modes are present, such as the slow and fast (magnetosonic) waves [17, 25]. For
these cases, compressive effects may play a role and we might have compressible MHD
turbulence [19].

However, if one allows for smaller scales to be reached (e.g. k⊥ρi ∼ 1), then the
MHD description fails and more refined models have to be taken for a correct description
of the turbulent dynamics. When small scales are reached, we are entering the kinetic
regime and even the Alfvén wave dispersion relation is modified [26] into the so-called
kinetic Alfvèn wave (KAW). In this case, we are in what is usually called “dissipation
range” of plasma turbulence - which is not related to the dissipation range in the sense
of fluid turbulence - and some theories for KAW cascade exist [27, 28, 29]. Still for low-
frequency turbulence at length scales below the ion Larmor radius, other channels for the
energy cascade are present for which scaling are available: is the case, for instance, of the
ion entropy cascade [1, 27, 30].

Moreover, allowing for higher frequencies, ω & Ωc,i, other modes kick in. For in-
stance, a different cascade has been predicted based on the whistler mode, i.e. the whistler
cascade [31]. Other high-frequency modes may play a role as well, as for instance the
ion Bernstein modes [17, 18], which have frequencies around the integer multiples of the
ion cyclotron frequency (ω ' nΩc,i, with n = 1, 2, . . .). However, there are no scaling
relations predicted for those cases [32].
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The above mentioned cascades, for instance, are thought to possibly be the most rel-
evant ones in the dissipation range of solar wind turbulence [29, 32, 33, 34, 35, 36].
However, a detailed derivation of the scaling and the resulting spectra for those cascades
would make this introduction too specific and lengthy. We thus remand it, when needed,
to the relevant chapters of this thesis.

In general, turbulence in weakly collisional plasmas, as the interplanetary medium is,
represents a very difficult problem because it involves interactions between particles and
electromagnetic fluctuations leading to several effects which cannot be caught by simple
fluid models. This complex phenomenology includes effects as temperature anisotropy,
acceleration mechanisms, dissipation and heating, wave-particle interactions, and strong
deviations of the particle distribution function from a Maxwellian (e.g., formation of com-
plex velocity space structures). Those features are indeed very often found in space plas-
mas and thus a proper kinetic approach is required [37].

1.2.4 POWER LAWS IN THE SKIES

The observation of turbulence does not stop here, on our planet, but it extends to the sky,
over the clouds, towards the remote spaces in our Universe. Turbulence has indeed been
observed (or directly measured) from the Earth close environment and neighborhood,
i.e. in the solar wind plasma at several distances from the Sun [38, 39, 40, 41, 42, 43,
44, 45, 46, 47, 48], to the farther galaxy clusters, in the hot intracluster plasma [49, 50],
passing through the local interstellar medium [51, 52].

Figure 1.5: Plot of “The Big Power Law in the Sky” from Ref. [52]. The dotted lines
represent Kolmogorov spectra with outer scale `0 = 1018m and two different values for
the inner scales, `ν = 105m and 108m (the dot-dashed line represent a different spectral
index).
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On the one hand, one of the best and magnificent example of Kolmogorov spectrum
seems to arrive from the local interstellar medium. In fact, using different techniques and
objects, an electron density power spectrum with a nice −5/3 power law slope has been
observed over about twelve decades in wavenumbers, originally observed in 1995 [51]
and recently extended with new data [52] (see Fig. 1.5): such spectrum is usually referred
to as “the big power law in the sky”. That spectrum represents indeed the largest - in terms
of scales - example of Kolmogorov spectrum which has been observed.

On the other hand, challenging turbulent spectra are measured in the solar wind
plasma. In fact, due to the possibilities of direct in situ measurements by means of satellite
missions in the last decades, solar wind is often thought to be an “excellence laboratory”
for the study of plasma turbulence [42].
In particular, the instrumentation on board of the latest missions are capable to measure
spectra which extend well below the ion gyroradius (see Fig. 1.6). The turbulent energy

Figure 1.6: Spectra of solar wind turbulence measured by Cluster spacecrafts. Left: mag-
netic spectrum in wavenumber space (from Ref. [53]). Left: magnetic and electric spectra
in frequency space (from Ref. [45]).

spectrum of the solar wind has been found to be very close to the Goldreich-Sridhar spec-
trum, i.e. a power law with a −5/3 slope in the perpendicular wave number k⊥, for scales
which are larger than (or comparable with) the ion kinetic scales (i.e. the ion gyroradius,
ρi, or inertial length10, di). Then, the solar wind spectrum shows a first break - i.e. a
change in the power law slope - at the ion scales, k⊥di ∼ 1 or k⊥ρi ∼ 1. The power law
at kinetic scales results steeper than the GS spectrum, denoting the fact that we have left
the kingdom of MHD and we entered the kinetic regime. The magnetic field fluctuations
exhibit a spectrum in this “dissipation range” with a slope between −2 and −4 [41, 43]
(however, as shown in Fig. 1.6, the recent measurements seem to point towards a slightly
narrower range, namely between −2 and −3). These slopes for the magnetic spectrum
will be a recurrent point of reference for the comparison with the numerical results pre-
sented in the second part of this thesis (Chapter 5), since the study of turbulence in the
solar wind plasma is thought to be the final application of them and future works.

10Note that the inertial length of the α-species is often denoted with λα in the literature with observational
data, as for instance in Fig. 1.6. Hereafter, we will use the symbol dα instead.
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SECTION 1.3

SCOPE AND OUTLINE OF THIS THESIS

In the present work we aim to study fundamental processes of plasma turbulence below
the ion kinetic scales, i.e. dissipation range turbulence, the final goal being a better under-
standing of the physical processes at play in that range.

A first approach to the problem addresses the relatively simple case of electrostatic tur-
bulence in the framework of gyrokinetic theory. In particular, we focus our attention on
the effects of collisions on the turbulent spectra when passing from a “quasi-collisionless”
to a weakly collisional regime. Many space and astrophysical plasmas, as for instance ac-
cretion discs around compact objects, at the kinetic scales are indeed thought to be weakly
collisional rather than just collisionless (i.e. regardless of how low the collisionality is,
there will be anyway a certain scale, in velocity and in real space, at which the collisions
cannot be neglected anymore). In this context, the property of collisions of coupling the
velocity space with the physical space and defining the turbulent spectrum, is a relevant
feature in determining how much energy reaches the smallest scales and is eventually
converted into plasma heat, which is in turn a fundamental problem in plasma turbu-
lence. Two-dimensional freely-decaying electrostatic gyrokinetic turbulence is investi-
gated, both theoretically and via numerical simulations. First, the previous collisionless
theory is extended to the weakly collisional case: new scaling relations are derived and
the resulting new turbulent spectra are provided. Then, with the gyrokinetic turbulence
code GENE (http://www.genecode.org), numerical simulations are performed
and the hypothesis of the new theory are proved, along with the predicted qualitative be-
havior of the turbulent spectra. Furthermore, a semi-empirical relation for the spectral
indices on the collision frequency is derived via several GENE simulations with different
collision operators. Despite the relative simplicity of the case considered, the results ob-
tained on this base case study can be useful for a deeper understanding of the fundamental
processes at play and provide an interpretative key for more complicated cases.

Finally, the more comprehensive case of two-dimensional electromagnetic turbulence
has been considered in the framework of a hybrid Vlasov-Maxwell model (fully kinetic
ions and fluid electrons). This problem is investigated by means of numerical simulations
with the HVM turbulence code (http://fis.unical.it/hvm/), representing the
first forced, high-resolution hybrid-Vlasov turbulence simulations ever performed. In
fact, in our case an external forcing is used to reach a proper quasi-stationary state (in
the statistical sense). Such approach is indeed necessary for a better understanding of
turbulence properties, including a better statistics for the energy spectra. Moreover, very
high resolution is needed in order to include a wide range of scales and thus have a clean
picutre of the dissipation range. In fact, on the one hand, part of the MHD cascade has
to be included, where the external forcing is injecting the cascading energy: the injection
scales should be sufficiently far from the ion kinetic scales in order to do not affect the
dissipation range. On the other hand, nearly the whole dissipation range has to be re-
solved, down to scales which are close to - but larger than - the electron kinetic scales.
These requirements are indeed computationally extremely expensive already in 2D. In
this context, several sets of plasma parameters - most of which are realistic for the so-
lar wind plasma - are investigated, focusing our attention on the effects of the resistivity
(dissipation) and of the plasma beta (compressibility and thermal effects). Many aspects
of dissipation range turbulence are highlighted, which provide a better understanding of
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the underlying physics, and a direct comparison (and good agreement) with the observed
solar wind spectra and with the whole turbulent dynamics is emphasized.

The remainder of this thesis is organized as follows. In Chapter 2 we introduce the
gyrokinetic ordering and we explicitly derive the gyrokinetic set of equations for slab
geometry. The expression for the collision operator is also provided. Then, the equa-
tions implemented in the gyrokinetic code GENE are presented. In Chapter 3, we give
a brief introduction to the free energy cascade in gyrokinetic turbulence, together with a
review of the nonlinear phase mixing process and its turbulent scaling. Then, a theory
which extend those scaling to the weakly collisional regime is derived, along with the
resulting turbulent spectra. Finally, the GENE numerical results on freely decaying two-
dimensional electrostatic gyrokinetic turbulence are presented. In Chapter 4 the hybrid
Vlasov-Maxwell model is presented and its conservation laws are derived. Then, we give
a brief description of the numerical formulation of the HVM solver. In Chapter 5 we
present and discuss in detail the first HVM numerical results on two-dimensional forced
electromagnetic kinetic turbulence. Finally, Chapter 6 provides a global summary of the
results presented in this thesis and several prospects for future works along this line of
research.



CHAPTER 2

GYROKINETIC DESCRIPTION OF A

PLASMA

In this chapter, we give the fundamentals of gyrokinetics, which represent a reduced ki-
netic model of a plasma. This model is based on some assumptions which will be ex-
plained in the next section, before providing the actual derivation of the nonlinear gyroki-
netic Vlasov-Maxwell system of equations for a simple case of interest. Since the original
derivation of gyrokinetics [57], many other ways of deriving it, including several different
effects and for diverse purposes, have been done (see, e.g., Refs. [58, 59, 60, 61, 62, 63,
64, 65, 66, 67, 68, 69, 70]). However, for a modern and general derivation of gyrokinetic
theory, we remand the reader to the main review paper on this topic, i.e. “Foundations of
Nonlinear Gyrokinetic Theory” by Brizard & Hahm, Ref. [71].

SECTION 2.1

THE GYROKINETIC ORDERING

As for many reduced theories, the validity of a gyrokinetic description of a plasma is
based on several assumptions. Those assumptions deal with the magnitude of several
quantities in the system, as well as with the spatial and time scales of variation of them.
We call the whole set of these assumptions together the gyrokinetic ordering. Such order-
ing deals with several (small) parameters, which can be reduced to the same in the spirit
of the so-called maximal ordering. It is important to note that, even if a theory itself can
be self-consistently derived on the basis of some a priori assumptions and/or approxima-
tions, the entire set of hypothesis made has to reflect the real world in order for the theory
to be applicable and thus all the assumptions have to be checked a posteriori. This is the
case of gyrokinetics, whose ordering well reflects the properties of many physical systems
of interest, such as observed from direct experimental measurements of laboratory plas-
mas (e.g. fusion plasmas) and from indirect observations and theoretical considerations
for some astrophysical plasmas (e.g., small scale turbulence in the solar wind, the solar
corona and accretion disks around black holes).

We now look in detail to the various assumptions of gyrokinetics. Note that each one
of the following points is not sufficient if it is taken alone, but only the ensemble of all
of them forms the GK ordering and thus they must hold simultaneously. Going through
them one by one, they can be listed as:

(i) Low frequency.
The gyromotion of the particles is considered to be the shortest timescale in the

29
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system, i.e. the frequency ω of the turbulent fluctuations is much smaller that the
ion Larmor frequency1 Ωc,i:

ω

Ωc,i

∼ εω � 1 . (2.1)

This is the first step that will allow us to reduce the dimensionality of the system,
passing from a 6D to a reduced 5D phase space by removing the fast gyromotion
of the particles from the plasma description. In fact, the velocity coordinates can
be written in term of the parallel velocity v‖, the perpendicular velocity v⊥ and
the gyrophase (or gyroangle) ϑ, the latter being an ignorable coordinate under the
gyrokinetic ordering and thus the system can be integrated over this variable (gy-
roaverage procedure).

(ii) Negligible variation of the equilibrium.
The timescale over which the equilibrium varies is related to the heating timescale
of the system, which is considered the greatest timescale in the system, even much
greater than the turbulent fluctuations timescale [72]:

ωheat

Ωc,i

∼ ε3ω ≪
ω

Ωc,i

� 1 , (2.2)

which in turn means ωheat ∼ ε2ωω ≪ ω. Thus all the quantities as the particle
distribution function F , the magnetic field B and the electric field E can be written
as a sum of a background part that varies at the heating rate ωheat plus a fluctuating
part that instead varies on the turbulent rate ω:

F (x,v, t) ' F0(x,v) + δF (x,v, t) (2.3a)
B(x, t) ' B0(x) + δB(x, t) (2.3b)
E(x, t) ' δE(x, t) , (2.3c)

where the 0 subscript denotes the slowly varying background part and the simbol δ
denotes the fluctuating part. Note that, in principle, each fluctuating quantity can be
further expanded in the other small parameters of the system. So, for the timescale
we are interested in, the background quantities will be considered static and in
particular the bacgkround distribution function, i.e. we are going to track only the
evolution of the fluctuating part δF whithin a static background: this method is the
so-called δF -splitting method.

(iii) Strong magnetization.
The Larmor radius ρ = vth/Ω of the particles has to be smaller than the macroscopic
length scale L of variation of the background equilibrium quantities as the magnetic
field, the temperature and the density. In principle, each quantity deserves its small
parameter, but here we are considering them to be of the same order:

ρi

LT
∼ ρi

Ln
∼ ρi

LB
∼ εB � 1 , (2.4)

1Remember that, due to the very small mass ratio me/mi ≡ εm � 1, the relation Ωc,i/Ωc,e ∼ εm � 1
holds. Thus if the ordering (2.1) is valid, then it is automatically satisfied for the electrons.
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where we have introduced the scale lengths L−1
T ≡ −∇ ln(T ), L−1

n ≡ −∇ ln(n)
and L−1

B ≡ −∇ ln(B) as the macroscopic scale length of variation for the tempera-
ture, for the density and for the magnetic field, respectively. It is worth to underline
here that the strong magnetization assumption does not necessarily require a small
plasma β, that is the ratio between the thermal pressure and the magnetic pressure
(β ≡ 8πp/B2). In fact, the strong magnetization limit can be met by an high-β
plasma as long as the scale lengths associated with the gradients of the background
equilibrium are much larger than the ion Larmor radius, which is true in many as-
trophysical systems even when a very weak magnetic field is present.

(iv) Small-amplitude fluctuations.
Due to the turbulence, the system develops fluctuations around a slowly varying
equilibrium, as stated in Eq. (2.3). Such fluctuations about the equilibrium have to
be small compared to the background quantities, i.e.

δF

F0

∼ |δB||B0|
∼ |δE|

(vth,i/c)|B0|
∼ εδ � 1 . (2.5)

Then, the same is valid for the density and temperature fluctuations, i.e. δT/T0 ∼
δn/n0 ∼ εδ � 1.
Note that, although the fluctuations have small amplitude, their (perpendicular) gra-
dients are not assumed to be small - see below - and also the interactions between
the fluctuations will not be neglected (strong interactions), so the gyrokinetic theory
is fully nonlinear.

(v) Highly anisotropic fluctuations.
In the gyrokinetic theory we strongly distinguish between the directions parallel
and perpendicular with respect to the mean magnetic field B0. In fact, we assume
that across the background magnetic field the fluctuations can occur on length scales
that are comparable with the species’ Larmor radius2, i.e. we order

k⊥ρ ∼ 1 , (2.6)

while along the mean magnetic field they can only occur on length scales that are
comparable to the macroscopic length scale, that is

k‖L ∼ 1 . (2.7)

Those two assumptions lead to the fact that in gyrokinetics the typical fluctuations
are highly anisotropic with respect to the direction of the bacgkround magnetic
field:

k‖
k⊥
∼ εB � 1 . (2.8)

2Note that the electron Larmor radius is much smaller than the one of an ion, ρe � ρi, and thus if we
push the fluctuations up to the length scales comparable with the electron Larmor radius, k⊥ρe ∼ 1, we
are consistently ordering k⊥ρi ∼ ε

−1/2
m � 1, where we remind that εm = me/mi is the (small) mass ratio

parameter. This in turn means that the fluctuations are even more anisotropic, i.e. k‖/k⊥ ∼ ε
1/2
m εB ≪ 1,

and in this limit a 2D treatment of the system can be even more justified (see Chapter 3).
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As a consequence, the perpendicular gradient of any fluctuating quantity δC and
the gradient of the respective background quantity C0 are of the same order, i.e.

∇⊥δC
∇C0

∼ k⊥ δC0

C0/LC
∼ k⊥ρ

LC
ρ

δC0

C0

∼ 1 ,

while the parallel gradients of the fluctuations are smaller than the gradients of the
equilibrium, that is

∇‖δC
∇C0

∼ k‖ δC0

C0/LC
∼ k‖LC

δC0

C0

∼ εB .

Moreover, note that instead of using the electric field fluctuations, δE, we can rewrite
the same condition (2.5) in terms of the electrostatic potential fluctuations, δφ, which is
more often found in the literature. This can be done by writing |δE| ∼ k δφ ≈ k⊥ δφ,
where the anisotropic character of the gyrokinetic fluctuations has been used, and after
some manipulations one gets

q δφ

T
∼ εδ � 1 , (2.9)

where we have also used the ordering k⊥ρ ∼ 1. Another consequence of the ordering in
Eqs. (2.1), (2.5) and (2.6) is that the largest contribution to the electric fluctuations δE are
electrostatic. This can be seen by comparing the orders of the various term in Faraday’s
law, i.e.

∂δB

∂t
= − c∇× δE ,

in which the left-hand side is of order ∼ ωεB0 ∼ ε2ΩB0, while the right-hand side is
of order ∼ ck⊥εvthB0/c ∼ εΩB0 (here we have omitted the differences in the small
parameters - see below). Thus, to the leading order in ε, we get

∇× δE ' 0 ⇒ δE ' −∇δφ + O
(
ε2
)
,

which means that the electrostatic component is the main contributor for the electric field
fluctuations in this theory.
Then, in the absence of magnetic gradients and magnetic curvature, the main perpendic-
ular flow velocity is the E×B-drift associated with the electric field fluctuations, which is
of the order of

u⊥ ∼
δE×B0

|B0|2
c ∼ εδ vth ,

to which corresponds a perpendicular fluid displacement l⊥ ∼ u⊥/ω ∼ ρ. That is of the
same order of the perpendicular wavelengths, ∼ k−1

⊥ , and thus the fluctuations are fully
nonlinear.

Hereafter, in the spirit of the maximal ordering principle, we will neglect any differ-
ence in the various small parameters previously introduced and just use the generic small
parameter ε� 1, i.e.

εω ' εB ' εδ ≡ ε� 1 , (2.10)
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and thus the gyrokinetic ordering can be summarized as follows:

ω

Ω
∼ ρ

L
∼ k‖

k⊥
∼ δF

F0

∼ δT

T0

∼ δn

n0

∼ |δB||B0|
∼ q δφ

T
∼ ε

k⊥ρ ∼ 1

(2.11)

(2.12)

Finally, we have to add one more ordering which involves collisions, i.e. we must
specify how we are ordering the collisional timescales, depending on whether we want
to speak about collisionless or collisional gyrokinetics. Traditionally, gyrokinetics has
been derived for a collisionless plasma [57, 71]. However, in the present case we are
interested in retaining the collisions, since it is a well known result for turbulent systems
that it makes a big physical difference between having a vanishingly small dissipation or
neglecting it completely [4]. In fact, turbulence is basically transferring energy from the
large scales, where the energy has been injected somehow, down to the smallest scales,
where the energy is eventually dissipated and converted into particle heating. No matter
how small the dissipation coefficient is, e.g. the collision frequency ν, a turbulent system
will always generate small enough scales at which such dissipation mechanism becomes
important for the energy dissipation (i.e. a dissipation scale). However, such scale can
be reached if and only if the dissipation coefficient is finite and not exactly zero. In
a kinetic plasma the dissipation is ultimately due to (Coulomb) collisions, which have
the fundamental role of smoothing the small-scale structures in velocity space. This is
the reason for retaining, somehow, collision-like dissipation in any plasma turbulence
simulation. So, collisions must be included within our gyrokinetic description in order to
regularize the phase space. Mathematically, collisions can be included in gyrokinetics if
the collision frequency is formally ordered in the following way:

(vi) Collisional gyrokinetics.

The timescale of the collisions is ordered to be comparable with the timescale of
variation of the turbulence fluctuations [72, 94], i.e.

ν ∼ ω (2.13)

where ν is the collision rate.

Even though the ratio ν/Ω has not to be physically related to the parameter ε that we
have used in the previous orderings, in Section 2.2 we will adopt the covenient ordering
notation ν/Ω ∼ εν ∼ ε: this does not actually mean that ν scales as ε, but just that the
collisions are relevant for the evolution of δF and for being able to assume a Maxwellian
background distribution function (see Section 2.2.1). This latter point, in particular, is
crucial for codes which are implementing the δF -splitting method since they very often
assume that F0 is Maxwellian.
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Note that, for a correct collisionless gyrokinetic ordering, the collision rate has to be
ordered in between the rate of change of the turbulent fluctuations and the next order in
the small parameter ε, i.e. a relation of the type ε ω . ν < ω has to hold [72]. This may be
achieved, for instance, by using the same ε ordering notation for convenience: something
like ν ∼ ε1/2ω ∼ ε3/2Ω might work (see also Ref. [96] for a detailed discussion on the
parameter εν in the collisionless, collisional and neoclassical regimes).

With the above ordering in mind, we are now going to explicitly derive the gyroki-
netic Vlasov-Maxwell system of equations for a simple case of interest, that is for an
homogeneous equilibrium in which no background gradients are present. Then, the re-
sults obtained via the numerical integration of such simplified system will be presented in
Chapter 3.

SECTION 2.2
DERIVATION OF GYROKINETICS FOR HOMOGENEOUS SLAB

PLASMAS

In this section, instead of a general formal derivation of the gyrokinetic set of equations,
we follow Ref. [72] providing a simple derivation for the case of an homogeneous plasma
in a constant magnetic field. This is indeed a case often found in astrophysics or, more
generally, in any case where the scales we are looking at are much smaller than the scale
lengths of variation of the equilibirum.
Thus, let us consider the case of no background temperature and density gradients, i.e.
∇F0 = 0, and a constant magnetic field along the z-direction, i.e. B0 = B0 ez. First
of all, we add some remarks on the way we can write the electromagnetic fields in term
of the perturbed potentials, δφ and δA for the scalar and vector potentials respectively,
and on the gauge adopted for δA. Formally, the perturbed electromagnetic fields can be
written as

δE = −∇δφ − 1

c

∂δA

∂t
, (2.14)

δB = ∇× δA , (2.15)

where we already said that the electrostatic part of the electric field perturbations are
dominant, i.e. δE ' −∇δφ+O(ε2). Then we chose the Coulomb gauge,

∇ · δA = 0 , (2.16)

from which we can rewrite the vector potential as

δA = δA‖ez + δA⊥ = δA‖ez + ∇× ψez ,

where we have introduced the scalar function ψ such that δA⊥ = ∇ψ×ez. Thus, to order
ε2, the perturbed magnetic field is given by

δB = ∇δA‖ × ez − ez∇2ψ = ∇δA‖ × ez + δB‖ez , (2.17)

where the parallel magnetic fluctuation δB‖ ≡ −∇2ψ has been introduced (to be used
hereafter as a scalar function instead of ψ). Note that in the gyrokinetic theory the com-
pressional magnetic perturbations, δB‖, are one order smaller than the corresponding
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perpendicular magnetic perturbation, δB⊥. In fact, using the Coulomb gauge, we can
order

k‖δA‖ ∼ k⊥δA⊥ ⇒ δA⊥
δA‖

∼ k‖
k⊥
∼ ε ,

and thus from δB = ∇× δA we obtain

δB‖
δB⊥

∼ k⊥δA⊥
k⊥δA‖ + k‖δA⊥

∼ δA⊥
δA‖

1

1 +
k‖
k⊥

δA⊥
δA‖

∼ ε

1 + ε2
∼ O(ε) ,

from which it is clear that the greatest contribution to the magnetic field perturbations are
those perpendicular to the background mean field, while the compressional effects are in
principle subdominant and they can be neglected in some regimes.

2.2.1 THE GYROKINETIC FOKKER-PLANCK EQUATION

We want to derive the gyrokinetic form of the Vlasov equation in the presence of particle
collisions, that is the Fokker-Planck equation:

∂Fα
∂t

+ v · ∂Fα
∂x

+
qα
mα

(
E +

v ×B

c

)
· ∂Fα
∂v

=
∑
α′

Cαα′ [Fα, Fα′ ] , (2.18)

where α is the species index and the right-hand side represents the integro-differential
Landau collision operator [55] and the sum runs over all the species indices α′ = α, β, . . . ,
i.e. both collisions within the same species, Cαα[Fα, Fα], and between different species,
e.g. Cαβ[Fα, Fβ], are taken into account. An important property of the Landau collision
operator is that it is zero if it is applied between two Mawxellian distribution functions
FM with the same temperature, e.g. C[FM,α, FM,α] = 0, and that it conserves energy,
momentum, and particles (see Section 2.2.3 for a more detailed discussion on the collision
operator).

Hereafter, the species index will be dropped for the sake of brevity and the whole
right-hand side collision operator will be denoted by C[F, F ]. We then expand the full
distribution function F in powers of the small parameter ε, i.e.

F = F0 + δF = F0 + F1 + F2 + . . . ,

where the subscript of F indicates the order relative to F0 in terms of ε, i.e. Fn/F0 ∼
O(εn) and to the leading order δF/F0 ∼ O(ε). Then, by writing explicitly the back-
ground quantities and the perturbations, the Fokker-Planck equation reads

∂F0

∂t
+
∂δF

∂t
+ v⊥ ·

∂δF

∂x
+ v‖ez ·

∂δF

∂x
+

q

m

(
δE +

v ×B0

c
+

v × δB
c

)
· ∂F0

∂v
+

q

m

(
δE +

v ×B0

c
+

v × δB
c

)
· ∂δF
∂v

= (2.19)

C [F0, F0] + C [δF, F0] + C [F0, δF ] + C [δF, δF ] ,
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where we explicitly separated the velocity into the parallel and perpendicular ones, v =
v⊥ + v‖ez, when it multiply the spatial gradient because of the anisotropy of the fluc-
tuations, k‖ � k⊥, and we have used the fact that there are no background gradients to
get rid of the term v · ∇F0. Now, we order the various term in the above equation and
we analyze it order by order. In the following remember that the electric field perturba-
tions δE are of order ∼ ε, but they are actually made of two contributions, the gradient
of the scalar potetinal −∇δφ and the time derivative of the vector potential perturbations
∂δA/∂ct, which are of different orders, i.e. ∇⊥δφ ∼ O(ε) and ∇‖δφ ∼ ∂tδA ∼ O(ε2).
Thus, when needed, we are going to distinguish beween the two contributions. The order
of the various terms, relative to ΩF0, are the following:

∂F0

∂t
∼ ωheat F0 ∼ ε3 ΩF0 (2.20a)

∂δF

∂t
∼ ω δF ∼ ε2 ΩF0 (2.20b)

v⊥ ·
∂δF

∂x
∼ vth k⊥ δF ∼ εΩF0 (2.20c)

v‖ez ·
∂δF

∂x
∼ vth k‖ δF ∼ ε2 ΩF0 (2.20d)

q

m
∇⊥δφ ·

∂F0

∂v
∼ q

m
k⊥ δφ

F0

vth

∼ εΩF0 (2.20e)

q

m
∇‖δφ ·

∂F0

∂v
∼ q

m
k‖ δφ

F0

vth

∼ ε2 ΩF0 (2.20f)

q

mc

δA

∂t
· ∂F0

∂v
∼ q

m
ω δA

F0

vth

∼ ε2 ΩF0 (2.20g)

q

mc
(v ×B0) · ∂F0

∂v
∼ q

mc
vthB0

F0

vth

∼ ΩF0 (2.20h)

q

mc
(v × δB) · ∂F0

∂v
∼ q

mc
vth δB

F0

vth

∼ εΩF0 (2.20i)

q

m
∇⊥δφ ·

∂δF

∂v
∼ q

m
k⊥ δφ

δF

vth

∼ ε2 ΩF0 (2.20j)

q

m
∇‖δφ ·

∂δF

∂v
∼ q

m
k‖ δφ

δF

vth

∼ ε3 ΩF0 (2.20k)

q

mc

δA

∂t
· ∂δF
∂v

∼ q

m
ω δA

δF

vth

∼ ε3 ΩF0 (2.20l)

q

mc
(v ×B0) · ∂δF

∂v
∼ q

mc
vthB0

δF

vth

∼ εΩF0 (2.20m)

q

mc
(v × δB) · ∂δF

∂v
∼ q

mc
vth δB

δF

vth

∼ ε2 ΩF0 (2.20n)

C[F0, F0] ∼ ν F 2
0 ∼ εΩF0 (2.20o)

C[δF, F0] ∼ C[F0, δF ] ∼ ν δF F0 ∼ ε2 ΩF0 (2.20p)

C[δF, δF ] ∼ ν δF 2 ∼ ε3 ΩF0 (2.20q)

We can now proceed to the analysis of the equation, order by order.
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ZEROTH ORDER: GYROTROPY OF F0.

To the lowest order in ε, that isO(1), we get only one term and it involves exclusively the
background distribution function F0, i.e.

q

mc
(v ×B0) · ∂F0

∂v
= Ω (v⊥ × b0) · ∂F0

∂v
= 0 , (2.21)

where we introduced the unit vector along the mean magnetic field, b0 ≡ B0/B0, and
we used the fact that in the vector product v × b0 = (v⊥ + v‖b0) × b0 only the per-
pendicular velocity gives a non zero contribution. Thus, Eq. (2.21) states that, in velocity
space, the background distribution function is constant along a direction which is both
perpendicular to b0 - and thus to v‖ - and to v⊥. From this consideration, if we think
in terms of cylindrical coordinates in velocity space, is already clear that direction is the
gyroangle direction eϑ and thus the background distribution function should not depend
on the gyrophase ϑ. In order to show this explicitly, let us consider the gyromotion of a
particle and write its velocity in terms of cylindrical coordinates:

v = v‖e‖ + v⊥e⊥,

where in our case the unit vector e‖ correspond to the mean magnetic field direction b0

and e⊥ is the unit vector following the projection of v in the plane perpendicular to it.
Then, writing the Larmor radius vector explicitly as

ρ =
v⊥
Ω

a(ϑ) =
v⊥
Ω

(cosϑ e1 − sinϑ e2) ,

where e1 and e2 are two orthogonal unit vectors spanning the plane perpendicular to e‖
such that (e1, e2, e‖) form a right-handed basis - e.g., in our case they are (ex, ey, ez),
respectively -, we can write the perpendicular velocity as

v⊥ =
dρ

dt
= −v⊥ (sinϑ e1 + cosϑ e2) ,

where we have used the relation ϑ̇ = Ω. Thus, we can explicitly write also the vector
product

v⊥ × b0 = −v⊥
[

sinϑ (e1 × e‖)︸ ︷︷ ︸
=−e2

+ cosϑ (e2 × e‖)︸ ︷︷ ︸
= e1

]
= v⊥a ,

and rewrite the velocity space gradient in cylindrical coordinates (v‖, v⊥, θ), i.e.

∂

∂v
=

∂v‖
∂v

∂

∂v‖
+
∂v⊥
∂v

∂

∂v⊥
+
∂ϑ

∂v

∂

∂ϑ
= e‖

∂

∂v‖
+ e⊥

∂

∂v⊥
− a

v⊥

∂

∂ϑ
,

from which we see that (v⊥ × b0) · ∂vF0 = −∂F0/∂ϑ and hence Eq. (2.21) is equivalent
to

∂F0

∂ϑ
= 0 (2.22)

which states that the equilibrium distribution function does not depend on the gyroangle
ϑ, i.e. it can be written explicitly as3 F0(v) = F0(v‖, v⊥). This is a symmetry usually
called gyrotropy.

3Although it would be more elegant to write F0 as a function of the invariants, that is F0 = F0(v‖, v
2
⊥),

here and in the remainder of this Section, we adopt the above notation.
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FIRST ORDER: MAXWELLIAN F0, THE BOLTZMANN RESPONSE AND THE GYROKI-
NETIC DISTRIBUTION FUNCTION h.

Considering the next order in our expansion, that is O(ε), we obtain

v⊥·
∂ δF1

∂x
+
q

m

(
−∇⊥δφ+

v × δB
c

)
·∂F0

∂v
+

q

mc
(v×B0)·∂ δF1

∂v
= C[F0, F0] , (2.23)

where we explicitly wrote the 1 subscript in δF for consistency with the first order in ε
of the equation and remember that the last term of the left-hand side of the equation is
equivalent to −Ω∂δF1/∂ϑ. The above equation involves either F0 and δF1, which are
both unknown. Thus a smart procedure to first isolating the information about F0 is to
multiply the equation by 1 + lnF0 and then integrate over all the spatial and velocity
dimensions in order to remove the terms involving δF1 [72]. In fact, when integrating in
such a way, we get:

• Assuming that the perturbations spatially average to zero, the first term in Eq. (2.23)
gives zero contribution:∫

(1 + lnF0) v⊥ ·
∂δF1

∂x
d3xd3v =

∫
d3v (1 + lnF0) v⊥ ·

∫
d3x

∂ δF1

∂x︸ ︷︷ ︸
= 0

= 0 ,

where we used the fact that F0 does not depend on the spatial coordinate x because
of no background gradients. Note that the assumption of perturbations that spatially
average to zero is exact for periodic boundary conditions, which are very often used
in numerical simulations (see Chapter 3).

• By integrating by parts the terms involving the velocity gradients of F0, we obtain
again a zero contribution:

q

m

∫
(1 + lnF0) (∇⊥δφ)·∂F0

∂v
d3x d3v =

q

m

∫
d3x (∇⊥δφ)·

∫
d3v

∂F0 lnF0

∂v︸ ︷︷ ︸
= 0

= 0 ,

and

q

mc

∫
(1 + lnF0) (v × δB) · ∂F0

∂v
d3x d3v =

q

mc

∫
d3x

∫
d3v

∂

∂v
[(v × δB)F0 lnF0]︸ ︷︷ ︸

= 0

− q

mc

∫
d3x

∫
d3vF0 lnF0

∂(v × δB)

∂v︸ ︷︷ ︸
= 0

= 0 ,

where we used the fact that F0 has to go to zero faster than any power of v for
|v| → ∞ and that the velocity-space divergence of v × δB is zero.

• By rewriting the last term in cylindrical velocity-space coordinate, (v‖, v⊥, ϑ), using
Eq. (2.22) and the fact that ϑ is a periodic coordinate, i.e. δF1(ϑ) = δF1(ϑ +
2π), we obtain that also the last term on the left-hand side of Eq. (2.23) gives zero
contribution:

q

mc

∫
(1 + lnF0) (v ×B0) · ∂ δF1

∂v
d3x d3v =



2.2. DERIVATION OF GYROKINETICS FOR HOMOGENEOUS SLAB PLASMAS39

−Ω

∫
d3x

∫ +∞

−∞
dv‖

∫ ∞
0

v⊥dv⊥
[
1 + lnF0(v‖, v⊥)

] ∫ 2π

0

dϑ
∂ δF1

∂ϑ︸ ︷︷ ︸
= 0

= 0 ,

• The collision operator is such that it conserves the number of particles [54], i.e.∫
C[F0, F0] d3v = 0 ,

and thus the right-hand side gives∫
(1 + lnF0) C[F0, F0] d3x d3v =

∫
lnF0 C[F0, F0] d3x d3v .

Thus, after a multiplication by 1 + lnF0 and the integration over the whole phase
space, Eq. (2.23) reduces to∫

ln(F0) C[F0, F0] d3x d3v = 0 (2.24)

which, from the proof of the Boltzmann’s H-theorem, turns out to constrain F0 to be a
Maxwellian4, i.e.

F0 = F0,M(v) =
n0

π3/2 v3
th

e−v
2/v2th , vth ≡

2T

m
, (2.25)

which is such that C[F0,M, F0,M] = 0 and ∂F0,M/∂v = −2F0,Mv/v2
th = −F0,Mmv/T .

Thus, substituting Eq. (2.25) in Eq. (2.23) and using the above mentioned properties gives
the following inhomogeneous equation for δF1:

v⊥ ·
∂ δF1

∂x
− Ω

∂ δF1

∂ϑ
= −F0,M v · ∇⊥

(
q δφ

T

)
, (2.26)

where we used the fact that there are no background temperature gradients to pass T
inside the spatial divergence. The solution δF1 is made of two parts, a particular solution
δF1,p which is

δF1,p = −q δφ
T

F0,M , (2.27)

and a homogeneous solution h which satisfies the following equation:

v⊥ ·
∂ h

∂x
− Ω

∂ h

∂ϑ

∣∣∣∣
x

= 0 , (2.28)

4Note that in Eq. (2.25) we are implicitly assuming an isotropic temperature T ≡ mv2th/2 for the
background distribution function, i.e. spherical symmetry in velocity space, but in principle we can have
two temperatures, T‖ ≡ mv2th,‖/2 and T⊥ ≡ mv2th,⊥/2, along and across the background magnetic field
respectively. The background distribution function would then be

F0 =
n0

π3/2 vth,‖ v
2
th,⊥

e−v
2
‖/v

2
th,‖ e−v

2
⊥/v

2
th,⊥ ,

which does not change the results presented in this section, except that we have to substitute the isotropic
temperature T in the Boltzmann response with the perpendicular temperature T⊥.
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where we have explicitly written that the ϑ-derivative is made at constant actual particle
position, x = const. . In fact, the particle position x can be expressed as a vectorial sum
of the position of the guiding center X and the Larmor radius vector ρ, that is

x = X + ρ ,

so the derivative with respect to the gyroangle ϑ made at constant x can be rewritten as

∂

∂ϑ

∣∣∣∣
x

=
∂

∂ϑ

∣∣∣∣
X

+
∂x

∂ϑ

∣∣∣∣
X

· ∂
∂x

=
∂

∂ϑ

∣∣∣∣
X

+
v⊥
Ω
· ∂
∂x

, (2.29)

where we used the identity ∂x/∂ϑ|X = ∂ρ/∂ϑ = v⊥/Ω, and thus we can rewrite
Eq. (2.28) as

Ω
∂ h

∂ϑ

∣∣∣∣
X

= 0 . (2.30)

The above equation states that the homogeneous solution h does not depend on the gy-
rophase ϑ if the guiding center is kept constant (while that is not true at constant particle
position, as stated in Eq. (2.28)), i.e. it is only function of the guiding center X, of the
parallel and perpendicular velocity modules, v‖ and v⊥ (and of time t):

h = h(X, v‖, v⊥, t) .

Thus, the pertrubed distribution function δF , to the first order in ε, is given by

δF = − q δφ(x, t)

T
F0(v) + h(X, v‖, v⊥, t) + O(ε2) (2.31)

while the full distribution function, identifying 1− qδφ/T as the first-order expansion in
ε of exp(−qδφ/T ) (and thus absorbing part of the remaining terms of order O(ε2)), can
be written as

F = F0(v)e−
qδφ(x,t)

T + h(X, v‖, v⊥, t) + δF2 + . . . . (2.32)

In the above distribution function, the first term represents the Maxwell-Boltzmann distri-
bution function of the thermal equilibrium in an external potential δφ, i.e. a Maxwellian
F0(v) corrected by the Boltzmann factor exp(−q δφ/T ), which can be rewritten also as
F̃0 ≡ F0(v) exp(−qδφ/T ) ∝ exp(−E/kBT ), where E = mv2/2 + q δφ is the total en-
ergy of a single particle of mass m and charge q in an external scalar potential δφ, and
kB is the Boltzmann constant (here we have adopted the units kB = 1, so this constant
does not appear elsewhere). Thus, F̃0 represents the so-called Boltzmann response of the
plasma. Then, the second term is the so-called gyrokinetic distribution function or guid-
ing center distribution function, h, which represents the response of the “gyroaveraged
gyrating particles” to the perturbed electromagnetic fields, i.e. in the gyrokinetic theory
the actual particles are replaced by charged rings within which area the fluctuating fields
are averaged (see below and Section 2.2.2).
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SECOND ORDER: THE GYROKINETIC EQUATION FOR THE GUIDING CENTER DISTRI-
BUTION FUNCTION h(X, v‖, v⊥, t).

The second-order equation in our expansion is

∂ δF1

∂t
+ v‖b0 · ∇ δF1 +

q

m

(
−∇⊥δφ+

v × δB
c

)
· ∂ δF1

∂v

− q

m

(
∇‖δφ

) ∂ F0

∂v‖
− q

mc

∂ δA

∂t
· ∂ F0

∂v
(2.33)

+ v⊥ · ∇ δF2 +
q

mc
(v ×B0) · ∂ δF2

∂v
= C[δF1, F0] + C[F0, δF1] ,

which, using δF1(x,v, t) = h(X, v‖, v⊥, t) − qδφ(x, t)F0(v)/T and passing in guiding
center coordinates, reads

∂ h

∂t
+

dX

dt
· ∂ h
∂X

+
q

m

(
−∇⊥δφ+

v × δB
c

)
· ∂ h
∂v

=

C[h, F0] + C[F0, h] +
q

T
F0

∂ χ

∂t
+ Ω

∂ δF2

∂ϑ

∣∣∣∣
X

, (2.34)

where we have used the identity in Eq. (2.29), the fact that C[F0, F0] = 0, so C[δF1, F0] =
C[h, F0], the gyrokinetic potential χ ≡ δφ−v · δA/c has been introduced and the guiding
center derivative is

dX

dt
= v‖b0 +

c

B0

(
−∇δφ− 1

c

∂ δA

∂t
+

v × δB
c

)
× b0 '

v‖b0 +
c

B0

(
−∇⊥δφ+

v × δB
c

)
× b0 = (2.35)

v‖b0 −
c

B0

(
∇⊥δφ× b0 −

v‖
c
∇⊥δA‖ × b0 +

v⊥
c
δB‖

)
,

where we have kept only the first-order contributions in the perpendicular drifts for con-
sistency and Eq. (2.17) has been used for δB.

We now want to eliminate the second order perturbation, δF2, from the equation. In
order to do this, we perform a ring average at fixed guiding center, 〈. . . 〉X, i.e. we average
over the gyroangle ϑ while keeping X constant:

〈Q(x,v, t)〉X ≡
1

2π

∫ 2π

0

Q

(
X− v × b0

Ω
,v, t

)
dϑ , (2.36)

whereQ represent any quantity which depends on the actual particle position x. Note that
the above ring average leaves invariate any function that depends only on the guiding cen-
ter X and on the parallel and perpendicular velocity modules, v‖ and v⊥, as, for instance,
h: 〈h(X, v‖, v⊥, t)〉X = h. First, we notice that for any function Q(x,v, t), the identity
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〈v⊥ · ∇Q〉X = 0 holds. This can be shown by rewriting v⊥ in the following smart way5:

v⊥ = − (v⊥ × b0) ·
[(

∂

∂v

)
(v⊥ × b0)

]
= Ω (v⊥ × b0) ·

(
∂ x

∂v

∣∣∣∣
X

)
, (2.37)

where in the last step we used the identities x = X +ρ and ρ = −(v×b0)/Ω. Then, the
ring average at constant guiding center of v⊥ · ∇Q is

〈v⊥ · ∇Q〉X = Ω

〈
(v⊥ × b0) ·

(
∂ x

∂v

∣∣∣∣
X

)
· ∇Q

〉
X

=

Ω

〈
(v⊥ × b0) · ∂ Q

∂v

∣∣∣∣
X

〉
X

= −Ω

〈
∂ Q

∂ϑ

∣∣∣∣
X

〉
X

= 0 , (2.38)

where the last step is a consequence of the periodicity of ϑ-coordinate, so Q(ϑ = 0)|X =
Q(ϑ = 2π)|X for any quantity Q. Thus, passing in cylindrical velocity-space coordinates
for simplicity, the following term are ring-averaged to zero:〈

q

m

(
−∇⊥δφ+

v × δB
c

)
· ∂ h
∂v

〉
X

=

q

m

〈(
−∇⊥δφ+

v × δB
c

)
·
(

b0
∂ h

∂v‖
+

v⊥
v⊥

∂ h

∂v⊥

)〉
X

=

− q

m
〈v⊥ · ∇⊥δφ〉X

1

v⊥

∂ h

∂v⊥
− q

mc

〈
v⊥ · ∇δA‖

〉
X

(
∂ h

∂v‖
− v‖
v⊥

∂ h

∂v⊥

)
= 0 ,

and

Ω

〈
∂ δF2

∂ϑ

∣∣∣∣
X

〉
X

= 0 ,

where in the first expression we have used the identity in Eq. (2.17) in order to conve-
niently rewrite δB. The ring-averaged guiding center velocity reads〈

dX

dt

〉
X

= v‖b0 −
c

B0

〈∇⊥δφ〉X × b0 +
v‖
B0

〈
∇⊥δA‖

〉
X
× b0 −

1

B0

〈
v⊥δB‖

〉
X

= v‖b0 −
c

B0

∂ 〈χ〉X
∂X

× b0 , (2.39)

where the identity 〈v⊥δB‖〉X = −〈∇⊥(v⊥ · δA⊥)〉X has been used and the last term rep-
resents the so-called generalized E×B-drift which describes the (slow) drift of the guiding
center perpendicular to the background magnetic field due to the perpendicular gradient of

5In order to see that, it is convenient to write it by components, as e.g. for the i-th component it reads:

{v⊥}i = {v − v‖b0}i = vibkbk − vkbkbi = (δijδkl − δikδjl)vjblbk =

εsikεsjlvjblbk = (εsjlvjbl)εsikbk = (εsjlvjbl)εmikδmsbk =

−(εsjlvjbl)εimk
∂vm
∂vs

bk = −(εsjlvjbl)

[(
∂

∂vs

)
(εimkvmbk)

]
= {(v × b0)}s

{(
∂

∂v

)
(v⊥ × b0)

}
si

.
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the gyroaveraged generalized potential χ ≡ δφ−v · δA/c. Thus the gyrokinetic equation
for the guiding center distribution h finally reads:

∂ h

∂t
+ v‖b0 ·

∂ h

∂X
+

c

B0

(
b0 ×

∂ 〈χ〉X
∂X

)
· ∂ h
∂X

= 〈C[h]〉X +
q

T
F0

∂ 〈χ〉X
∂t

(2.40)
where the gyroaveraged collision operator 〈C[h]〉X ≡ 〈C[h, F0] + C[F0, h]〉X has been
defined. So, the gyrokinetic Fokker-Planck equation (2.40) describes the time evolution
of the “ring distribution function”, h, in the reduced phase-space. On the left-hand side,
the second term is the motion of those rings along the background magnetic field, B0,
while the third term is the drift of the rings across it due to the nonlinear effects6. The drift
velocity here is only the generalized E×B drift, vD = vχ ≡ (c/B0)[b0 × (∂〈χ〉X/∂X)],
since there are no other effects considered for this simple derivation, but in general there
might be also other drifts contributing to vD (e.g., curvature and∇B-drift). On the right-
hand side, the first term describes the effects on the guiding center distribution of the
collisions between the perturbed and the background populations, while the second term is
a source term due to the ring-averaged change in the energy of the perturbed population7.

Note that, since we are considering a constant magnetic field, let us say B0 = B0ez
without loss of generality, the above equation can be recast in a more compact form,
introducing the Poisson brackets and a modified distribution function:

∂ g

∂t
+ v‖

∂ h

∂Z
+

c

B0

[
〈χ〉X , h

]
= 〈C[h]〉X ,

where g ≡ h − (q/T )〈χ〉XF0 has been defined and the (antisymmetric) Poisson bracket
operator [ · , · ] is defined by[

F , G
]
≡ ∂ F

∂X

∂ G
∂Y
− ∂ F
∂Y

∂ G
∂X

,

for two arbitrary functions F and G. This form of writing the gyrokinetic Fokker-Planck
equation is often found in the literature.

2.2.2 THE GYROKINETIC FIELD EQUATIONS

The gyrokinetic equation for h, Eq. (2.40), has to be coupled with Maxwell’s equations
for the sources of the electromagnetic fields, i.e. Poisson’s equation for δφ and Ampére’s
for δA.

THE POISSON’S EQUATION FOR δφ

The Maxwell’s equation for the source of the electric field reads

∇ · E(x, t) = 4π
∑
α

qαnα(x, t) = 4π
∑
α

qα

∫
Fα(x,v, t) dv ,

6Note that the nonlinear nature of this terms arises from the fact that the generalized potential is actually
a function of the gyrokinetic distribution function via the quasi-neutrality condition, i.e. χ = χ(h).

7Remember that since F0 changes on much longer timescales (at the heating rate, ωheat/Ωc,i ∼ ε3)
while Eq.(2.40) is considering faster timescales (on the turbulent fluctuations evolution rate, ω/Ωc,i ∼ ε),
the background distribution function is considered fixed in the Vlasov gyrokinetic equation (right-hand
side terms). If one wants to keep the evolution of F0 within the model, the successive order equation (the
“heating equation”) must be retained [72].
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where α is the species index. To the zeroth order in ε, O(1), we obtain the neutrality
condition ∑

α

qαn0α = 0 (2.41)

where n0α ≡
∫
F0α dv and which essentially expresses the fact that the equilibrium

plasma is globally neutral in the absence of equilibrium electric fields. Then, we are
left with the successive order, O(ε), which reads

∇ · δE = −∇2δφ = 4π
∑
α

qα δnα = 4π
∑
α

qα

∫
δF1α dv , (2.42)

where in the first step we have used the fact that we are in the Coulomb gauge,∇·δA = 0,
and the Laplace operator can be approximated with its perpendicular component, i.e.
∇2δφ ' ∇2

⊥δφ. However, the left-hand side and the right-hand side are not of the same
order for a non-relativistic plasma. In fact, the divergence of the electric field perturbation
is of order

∇ · δE ∼ ε k⊥ρ
vth

c

B0

ρ
,

while the right-hand side is of order

q δn ∼ ε qn0 ∼ ε β
c

vth

B0

ρ
,

so the ratio of the left-hand side to the right-hand side is of order

∇ · δE
q δn

∼ β−1 v
2
th

c2
,

which is � 1 in the non-relativistic limit, except for the case of extremely low beta
values, β ∼ v2

th/c
2 ≪ 1, on which we are not interested here. Thus Poisson’s equation,

Eq. (2.42), can be approximated by the so-called quasineutrality condition,∑
α

qα δnα = 0 , (2.43)

which, explicitly writing δF1α in terms of the adiabatic response plus the gyrokinetic
distribution function h and carrying out the integrals over F0α, reads∑

α

[
− q

2
α n0α

T0α

δφ(x, t) + qα

∫
hα

(
x +

v × b0

Ωα

,v, t

)
dv

]
= 0 . (2.44)

Note that hα depends on δφ via the gyrokinetic equation, Eq. (2.40), and is a function
of the guiding center coordinate X, while the velocity integration has to be performed
at constant particle position, since δφ depends on the particle coordinate x, and thus the
perturbed density δnα has to be determined at fixed x. This would indeed reintroduce a
ϑ-dependence in the equations and thus, in order to remove that dependence, we perform
a ring average at constant particle position, 〈. . . 〉x, i.e. we average over the gyroangle ϑ
while keeping x constant:

〈Q(X,v, t)〉x ≡
1

2π

∫ 2π

0

Q

(
x +

v × b0

Ω
,v, t

)
dϑ , (2.45)
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whereQ represents any quantity which depends on the guiding center coordinate X. Note
that the above ring average leaves invariate any function that depends only on the particle
position x, as, for instance, δφ: 〈δφ(x, t)〉x = δφ. Thus, the quasineutrality condition
finally reads: ∑

α

(
− q

2
α n0α

T0α

δφ + qα

∫
〈hα〉x dv

)
= 0 , (2.46)

or, explicitly written for the potential8, as(∑
α

q2
α n0α

T0α

)
δφ = qα

∫
〈hα〉x dv (2.47)

THE AMPÉRE’S LAW FOR δA

Since the background magnetic field B0 is homogeneous, there is no zeroth-order of the
Ampére’s law and we can readily write it for the perturbed quantities:

∇× δB =
4π

c
δJ +

1

c

∂ δE

∂t
, (2.48)

where the current density fluctuations δJ, to the first order in ε, is given by

δJ =
∑
α

qα

∫
v δF1α dv =

∑
α

qα

∫
v h1α dv , (2.49)

where we have used the fact that F0α(v) is even in v‖ and does not depend on the gyroangle
ϑ and thus the Boltzmann response contribution to the current density fluctuations is zero.
Note that to the first order in ε and/or in the non-relativistic limit, the displacement current
term, (1/c)∂tδE, can be safely neglected. In fact, the order of the various terms in the
Ampére’s law is:

∇× δB ∼ k⊥ δB ∼ ε
B0

ρ
,

4π

c
δJ ∼ q δn vth

c
∼ ε β

B0

ρ
,

1

c

∂δE

∂t
∼ ω

c

vth

c
B0 ∼ ε2

v2
th

c2

B0

ρ
.

Thus, the Ampére’s law we are dealing with is

∇× δB(x, t) =
4π

c

∑
α

qα

∫
v h1α

(
x +

v × b0

Ωα

,v, t

)
dv , (2.50)

where, again, the velocity integration of h has to be performed at fixed particle position
and this would reintroduce a ϑ-dependence in the equations. By rewriting the magnetic
field perturbations in terms of δA‖ and δB‖, we get

− b0∇2δA‖ − b0 ×∇δB‖ =
4π

c

∑
α

qα

∫
(v‖b0 + v⊥)h1α dv , (2.51)

8However, remember that h depends on the potentials, h = h(δφ, δA), via the generalized potential χ
in the nonlinear term of the Vlasov equation.
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which can then be separated into a gyrokinetic parallel Ampére’s law,

∇2
⊥δA‖ = − 4π

c

∑
α

qα

∫
v‖ 〈h1α〉x dv (2.52)

and a gyrokinetic perpendicular Ampére’s law,

∇⊥δB‖ =
4π

c

∑
α

qα

∫
〈v⊥ h1α〉x dv (2.53)

where a ring-average at constant x has been taken and in the parallel equation the ap-
proximation ∇2δA‖ ' ∇2

⊥δA‖ is adopted, consistently with retaining only the first-order
terms.

2.2.3 COLLISION OPERATOR IN GYROKINETICS

The gyrokinetic ordering presented at the beginning of this chapter allowed us for the
implicit linearization of the (bilinear) collision operator in Section 2.2.1, that is(

dFα
dt

)
coll

=
∑
α′

Cαα′ =
∑
α′

C [Fα, Fα′ ] (2.54)

=
∑
α′

{
C [F0α, F0α′ ]︸ ︷︷ ︸
= 0 if T0α =T0α′

+ C [δFα, F0α′ ] + C [F0α, δFα′ ]︸ ︷︷ ︸
linear terms

+ (((((((C [δFα, δFα′ ]︸ ︷︷ ︸
2nd order term (neglected)

}
,

where the sum runs over all the species α′ and only binary collisions are considered, both
among different species (α′ 6= α) and intra-species collisions (α′ = α, sometimes also
called “self-collisions”). In fact, for most of the applications in which we are interested,
the plasma can be considered “weakly collisional” or even “collisionless”, which is indeed
a fundamental requirement for a kinetic description to be necessary. However, this does
not mean that collisions do not occurr, but it means instead that they are rare: in particular,
collisions between two particles are already considered to be rare, so that three-body (or,
in general, many-body) collisions are safely negligible. Anyway, remember that it does
not matter how “collisionless” a plasma is considered to be, there will always be a point at
which the collisions come into play and possibly play a fundamental role (see Chapter 3).
Up to now, no further information has been given for the actual form of the collision op-
erator. Hereafter we will make use of the so-called Landau-Boltzmann collision operator
(or just Landau operator), which was derived by Landau as a small momentum transfer
approximation of the Boltzmann collision operator [54, 73]. In fact, it can be shown with
physical arguments that, due to the long-range electromagnetic nature of the interactions,
most of the collisions in a plasma are small-angle deflections, i.e. the collisions are dom-
inated by small momentum transfers. Let us consider a single collision event between
two particles, a and b, with electric charge qa = Za e and qb = Zb e and masses ma and
mb. If we denote with m∗ ≡ mamb/(ma +mb) the reduced mass of the system and with
u = vb − va the relative velocity of the two particles, then the deflection angle ∆θ due to
a Coulomb collision can be estimated by

∆θ ∼ ∆u⊥
u
' 2 qa qb

l0m∗ u2
,
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where l0 is the impact parameter of the considered collision process. A typical impact
parameter can be found in the Debye shielding length, l0 ∼ λD ≡

√
T/4πne2, where

T and n are the plasma temperature and density, respectively, while a typical relative
velocity can be the thermal velocity, u ∼ vth. Thus the deflection angle can be rewritten
as

∆θ ∼ Za Zb
4π nλ3

D

=
Za Zb
3ND

� 1 ,

where we have introduced the Debye number ND ≡ 4πnλ3
D/3, which represents the

average number of particles in a Debye sphere, and the fact that for a hot dilute plasma
such number is very large9, i.e. ND � 1. This reflects into the Coulomb integral involving
the integration of the Coulomb potential over the possible impact parameters,

γab = 2 π q2
a q

2
b

∫
1

l0
dl0 ,

which would be logarithmically divergent if it is not bounded by physical reasons. That
is done by introducing cut offs at both ends of the integration interval: the lower bound
is given by the distance of minimum approach at thermal velocity, rmin = 2qaqb/m∗v

2
th,

while the upper bound is given by the Debye length, λD, since shortly outside of a Debye
sphere the potential is very efficiently shielded by the plasma. This leads to the so-called
Coulomb logarithm,

γab = 2 π q2
a q

2
b

∫ λD

rmin

1

l0
dl0 = 2 π q2

a q
2
b ln Λ , (2.55)

where Λ ≡ λD/rmin � 1 is the plasma parameter (actually, with this estimation we can
write Λ ∼ 1/∆θ ∼ 3ND/ZaZb). The value of the Coulomb logarithm is typically around
ln Λ ∼ 5-20, depending on the particular plasma regime considered [56]. Before pro-
ceeding furthermore with the actual form of the collision operator, it is worth to remark
the physical meaning of the collisions in a hot dilute plasma. The fact that we have as-
sumed a large plasma parameter, Λ � 1, means that each charged particle is affected by
the long-range Coulomb fields of many surrounding particles at any time. However, due
to the large number of this interactions among randomly distributed particles, their su-
perposition will vanish on the average10, leaving only the occasional close approach with
another particle to be effective. Moreover, these close approaches between two particles
are to be considered rare, so the further contributions of three or more particles approach-
ing each other at the same time would be even rarer and thus negligible. This leads us
to consider only binary collisions as the dominant processes, as for instance in the case
of neutral gases, despite the long-range nature of Coulomb interactions. However, the

9An useful expression for ND, as well for indicative values for some plasmas of interest, can be found
in Ref. [56]. For convenience, we report here the relation for the Debye number:

ND = 1.72× 109 T 3/2 n−1/2 ,

with the temperature in eV and the density in cm−3. Some examples are, ND ∼ 109 for the interstellar gas,
ND ∼ 107 for the solar corona or a thermonuclear plasma, and ND ∼ 103 for a warm plasma or a dense
hot plasma.

10Here we are, in other words, neglecting the three- or many-particle correlations, which is the basis upon
which the standard collisional kinetic theory is derived from the Klimontovich-Dupree equation.
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many-body effects are what indeed allow us to consider a finite effective interaction range
via the Debye shielding and thus to have a non-divergent integral of the Coulomb poten-
tial: the Coulomb collisions in a hot diluite plasma are then two-body events modified
by the many-body (collective) effects of the whole plasma. This is in turn a fundamental
difference between the actual collisions in a neutral gas and in a plasma, despite the fact
that they are both mainly two-body collisions: in the former the particle trajectories are
those characteristic from a Brownian motion, as for instance they are almost straight lines
with abrupt large-angle changes in directon, while in the latter the trajectories are more
smooth, showing only small-angle deflections, which are characteristic of Fokker-Planck
processes [54].

Using the above consideration for evaluating the Coulomb integral, one derives the
Landau-Boltzmann collision operator (see, for instance, Refs. [54, 55] for a detailed
derivation) in the following form:

C[Fα, Fα′ ] = −γαα′

mα

∂

∂v
·
[∫ ←→

U ·
(
Fα(v)

mα′

∂Fα′(v′)

∂v′
− Fα′(v′)

mα

∂Fα(v)

∂v

)
d3v′

]
=

= −γαα′

mα

∂

∂vk

∫
Ukl

(
Fα(v)

mα′

∂Fα′(v′)

∂v′l
− Fα′(v′)

mα

∂Fα(v)

∂vl

)
d3v′ , (2.56)

where the (symmetric) tensor
←→
U has components

Ukl =
u2 δkl − uk ul

u3
, u = |v − v′| . (2.57)

The above collision operator, due to the symmetric form of Ukl, satisfies the conservation
laws that are needed by a good collision operator describing elastic collisions, that is the
conservation of particle, momentum, and energy:∫

Cαα′ d3v = 0 ,

∫
mαv Cαα′ d3v = −

∫
mα′v Cα′α d3v ,∫

mα v
2 Cαα′ d3v = −

∫
mα′ v2 Cα′α d3v .

From Eq. (2.56) one can easily compute the collisional interaction between the back-
ground Maxwellian distribution functions, i.e. the zero-order term C(0)

αα′ ≡ C[F0α, F0α′ ],
which is given by

C(0)
αα′ = − γαα′

nα′ vth,α′

Tα Tα′

(
1− Tα′

Tα

)[
erf(xα′)

xα′
−
(

1 +
v2

th,α

v2
th,α′

)
d erf(xα′)

dxα′

]
F0α

(2.58)
where we have introduced xα′ = v/vth,α′ , erf(x) ≡ (2/

√
π)
∫ x

0
exp(−ξ2) dξ is the error

function and d erf(x)/dx = (2/
√
π) exp(−x2) is its derivative. This term, describing

the collisions between background populations and thus their thermalization, vanishes for
α′ = α (i.e. a background population does not clearly need to thermalize with itself!)
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and for background populations with the same temperature, Tα′ = Tα (of course, with
α′ 6= α). The linearized term is then made of two contributions,

C(1)
αα′ ≡ C [δFα, F0α′ ] + C [F0α, δFα′ ] ,

of which the first term is often referred to as the test-particle operator, C[δFα, F0α′ ] =
CTαα′ [δFα], while the second term is usually called the field-particle operator, C[F0α, δFα′ ] =
CFαα′ [δFα′ ]. The test-particle opeator takes into account for the collisional effects of all the
background populations (i.e., F0α′ with a summation over α′) on the perturbed α-species’
population (represented by δFα), while the field-particle operator represents the com-
plemetary effects of all the others α′-species’ populations on the α-species background
population (which then provides for the conservation of energy and parallel momentum).
The test-particle operator can be written as (see Refs. [54, 76, 79] for further details in the
derivaiton)

CTαα′ [δFα] =
∂

∂v
·
[
F0αDαα′ · ∂

∂v
+

(
1− Tα′

Tα

)
F0α Rαα′

]
δFα
F0α

, (2.59)

where the tensor Dαα′ representing the collisional diffusion and the vector Rαα′ repre-
senting the dynamical friction are the following:

Dαα′ = γαα′
nα′ Tα′

m2
αmα′

1

v3

[←→
I Φ1(xα′) + 3

vv

v2
Φ2(xα′)

]
, (2.60a)

Rαα′ = γαα′
nα′

mαmα′

v

v3
Φ3(xα′) , (2.60b)

with the functions Φ1, Φ2 and Φ3 defined by

Φ1(x) ≡ x
d erf(x)

dx
+ (2x2 − 1) erf(x) ,

Φ2(x) ≡
(

1 − 2

3
x2

)
erf(x) − x

d erf(x)

dx
,

Φ3(x) ≡ Φ1(x) + 3 Φ2(x) = 2 erf(x) − 2x
d erf(x)

dx
.

Then, since we are interested in a gyrokinetic version of the above collision operator,
we need to switch to gyrocenter coordinates and perform the gyroaverage procedure: the
gyrocenter coordinate transformation mixes up the velocity and space dimensions, while
the subsequent gyroaverage at constant gyrocenter will remove the gyroangle dependence
(which has been reintroduced by the previous coordinate transformation), and thus we will
obtain both a collision operator in velocity space and a decoupled perpendicular diffusion
operator in real space (see Refs. [76, 79] and references therein for further details in the
derivation). In the end, what we obtain for the test-particle operator in velocity space11 is
the following expression:〈

C(T,V)
αα′

〉
= γαα′

n0α′

mαmα′

∂

∂V
·
{
F0α

[
Mαα′ · ∂

∂V
+

(
1− T0α′

T0α

)
rαα′

]}
δFα
F0α

(2.61)
11Here, we are adopting the velocity-space coordinates (v‖, µ) since this is the way in which the velocity

space is represented in GENE and, moreover, for the case of a uniform background magnetic field there are
no further complications in passing from µ to v⊥.
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where we have introduced the velocity derivative in gyrocenter space, ∂/∂V = (∂/∂v‖ , ∂/∂µ)
with µ = mv2

⊥/2B0 the magnetic moment, the tensor

Mαα′ =
T0α′

mαv5

 2B0

mα
µΦ1(xα′) + v2

‖Φ2(xα′) 6µv‖Φ2(xα′)

6µv‖Φ2(xα′) 2mα
B0
µv2
‖Φ1(xα′) + 4µ2Φ3(xα′)

 ,

and the vector

rαα′ =
Φ3(xα′)

v3

 v‖

2µ

 .

Finally, the additional contribution describing the perpendicular spatial diffusion of the
gyrocenters due to the collisions, is provided by the following term:

〈
C(T,⊥)
αα′

〉
= γαα′

n0α′ T0α′

m2
αmα′ Ω2

α′

[
Φ1(xα′)

v3
+

3B0 µ

mα

Φ2(xα′)

v5

]
∇2
⊥ δFα (2.62)

where Ωα′ = qα′B0/mα′c is the cyclotron frequency of the α′ species and ∇2
⊥ is the

Laplacian operator perpendicular to the background magnetic field.
The field-particle operator CFαα′ [δFα′ ] is much more difficult to treat from the compu-

tational point of view, since it involves the perturbed distribution functions of all the other
species and the calculation cannot be performed analytically in this case. However, since
the background distribution function F0α is kept fixed on our time-scales (ωheat ≪ ω), in-
stead of a numerical calculation of the exact field-particle operator, one usually replaces it
with an ad-hoc model capturing the relevant physical features, as for instance the require-
ments of conserving particles, momentum and energy, and to reproduce the Boltzmann’s
H-theorem as well. This can be done starting from the expression for the test-particle op-
erator and by requiring a certain self-adjointness symmetry (see Ref. [79] for the explicit
implementation of the self-adjoint form of CFαα′ [δFα′ ] starting from CTαα′ [δFα]).

2.2.4 FINAL CONSIDERATIONS AND REMARKS ON GYROKINETICS

In general, a fully kinetic description of a plasma is computationally very expensive, be-
cause of the high dimensionality of the problem: the time evolution of the full distribution
function for each species in a 6D domain, three spatial dimensions plus three in velocity
space. However, since very often we are mainly interested in low-frequency phenomena
like turbulence, there is at least a timescale which is so small with respect to all the other
timescales of interest that we can indeed remove it from the description, somehow. That
is the particle gyro-motion around the ambient magnetic field, Ωc,α � ω.

In fact, for most of the practical applications, from laboratory to astrophysics plasma
turbulence, the particle motion in the small-scale fluctuating fields is dominated by the
fast cyclotron motion about the unperturbed magnetic field. Such timescale separation
between the gyro-motion and the evolution of the electromagnetic fluctuations is fully ex-
ploited in gyrokinetics, by removing one degree of freedom from the kinetic description
and thus reducing a 6D problem to a much more convenient 5D one: that is now the time
evolution of the gyrokinetic distribution function in three spatial dimensions plus two in
velocity space. Such reduction is formally achieved by an average procedure over the fast
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gyration of the particles in a mean magnetic field and it has been presented in Section 2.2.
Therefore, it can be said that the gyrokinetic description deals with “charged rings” mov-
ing in the “ring-averaged” electromagnetic turbulent fields. The gyrokinetic description
of the low-frequency turbulent plasma dynamics is indeed a more computationally effi-
cient one with respect to a fully-kinetic treatment: this efficiency has made gyrokinetic
theory the spearhead of research in plasma turbulence in the past decades.

However, we must keep in mind that gyrokinetics is a reduced theory and, as a conse-
quence, it must rely on some restrictive assumptions for its validity. Those assumptions,
generally called “the gyrokinetic ordering”, have been introduced in Section 2.1. They
can be summarized here by saying that gyrokinetic theory is valid in the limit of low-
frequency, small-amplitude and highly-anisotropic fluctuations in a strongly magnetized,
weakly collisional plasma in which the equilibrium quantities do not vary on the fluc-
tuation timescales. Clearly, there can be further extensions of gyrokinetics in order to
relax some of the previous hypothesis. Since in the present work we are interested in the
“classical” gyrokinetic theory, no further developments of gyrokinetics will be considered
here.

Which are the consequences of the gyrokinetic ordering? How does that modify the
description of the plasma? Well, from a kinetic point of view, the gyrokinetic approxima-
tion retains all the finite Larmor radius (FLR) effects and the parallel Landau damping.
Moreover, it explicitly includes collisions in the description. From a fluid point of view,
instead, it is able to capture both the slow magnetosonic wave and the Alfvén wave [72].
However, the drawback is that there are some phenomena which are lost: gyrokinetics
averages indeed out the fast magnetosonic wave which would be retained, for instance,
in a fluid description, and the cyclotron resonances, which are instead typically retained
only in a kinetic description.

Then, is gyrokinetics an appropriate tool for describing astrophysical plasma turbu-
lence? In principle, most astrophysical environments where a mean magnetic field is
present exhibit a strong anisotropy in the fluctuations, k‖ � k⊥, thus showing an energy
cascade that primarily develops small scales perpendicular to the ambient field. Moreover,
in such astrophysical systems, small-scale perturbations in the turbulent energy cascade
have parallel wavelengths λ‖ much smaller than (or comparable to) the ion mean free
path λmfp, i.e. λ‖ � λmfp: this condition is what is underlying the need for a kinetic de-
scription of the turbulent dynamics. Finally, as a result of the intrinsic (strong) anisotropy
of the small-scales turbulent fluctuations, they have frequencies well below the ion cy-
clotron frequency, ω � Ωc,i, even for fluctuations with perpendicular wavelengths which
are comparable to the ion Larmor radius, λ⊥ ∼ ρi. Thus, in the end, we can say that
gyrokinetics can be used for describing astrophysical plasma turbulence, provided that a
mean, or guide, fieldB0 is present (so δB � B0 holds), and we exclude the largest (outer)
scales of the MHD cascade, where one cannot rigorously assume anisotropic fluctuations
(see Refs. [72, 27] for a more detailed discussion and comparison with other theories).

A final remark that has to be done when gyrokinetics is adopted for the study of as-
trophysical plasma turbulence, is concerning the fact that we have ordered out the fast
magnetosonic waves. The point here is that, while the ion cycloton resonance effects
might be safely negligible - even though they are of course present in real systems! -
because of the low-frequency of plasma turbulence, the compressional fast MHD mode
(fast magnetosonic wave) might be not. At low frequencies (lower than the ion cyclotron
frequency) it indeed exists and it may play a fundamental role in generating small-scale
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local coherent structures (e.g., current sheets) as a consequence of the compressional dy-
namics. Moreover, since such a compressive mode can in principle locally amplify the
magnetic field, the validity of δB � B0 may break down, and local high-amplitude fluc-
tuations level, δB . B0, can be reached. Furthermore, such current sheets generation
can efficiently feed magnetic reconnection events and thus have an important role on the
turbulent dynamics and on plasma heating. However, the final understanding of recon-
nection in a turbulent environment (often referred to as turbulent reconnection) and its
feedback on the turbulence itself is still a widely investigated open question. This is one
of the main reasons that lead us to use also an hybrid Vlasov-Maxwell model to put aside
the gyrokinetic model for a better understanding of such effects and the limitations of the
two different models (see Chapter 4).
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SECTION 2.3

THE GYROKINETIC CODE GENE

Although it would be elegant, from a theoretical point of view, to be able to solve an-
alytically the problem of plasma turbulence, a realistic approach can only involve the
numerical solutions of the system of equations. Amongst others, the gyrokinetic code
GENE (Gyrokinetic Electromagnetic Numerical Experiment) is a physically comprehen-
sive, well benchmarked, portable, and highly scalable solver which can be used to effi-
ciently compute gyroradius-scale fluctuations and the resulting transport coefficients in
magnetized fusion/astrophysical plasmas. GENE is an Eulerian code adopting the so-
called δf -splitting method, it has been developed at IPP since 1999 [74] and it represents
nowadays one of the vanguard codes for the study of gyrokinetic plasma turbulence. The
GENE code can be used in many different geometries and configurations, as e.g. for lo-
cal (flux-tube), flux-surface or radially global simulations in toroidal geometry, which is
the most relevant configuration for fusion plasmas [75, 76, 77, 78, 79, 80]. However, for
astrophysics and basic physics applications, which are the ones in which we are mostly
interested in the present work, the most relevant geometry is the simple slab geometry
(even though there could be few exceptions when dealing with astrophysical systems).
GENE is publicly available at the webpage www.genecode.org, where one can find
further details on the code and related publications.

In the following, we are going to present the complete set of general equations solved
by GENE for completeness and, afterwards, its electrostatic version in slab geometry.
The latter, in particular, is the version that we are going to use for the numerical simula-
tions that will be presented in Chapter 3.

2.3.1 A QUICK LOOK AT THE GENERAL GYROKINETIC EQUATION
IN CURVILINEAR GEOMETRY

First of all, we need to introduce a more general gyrokinetic Fokker-Planck equation and
some definitions due to a particular choice for the coordinate system that has been made in
the GENE code: the field-aligned coordinate system, which is of practical use for fusion
plasmas. Then, some geometric terms and abbreviations are introduced accordingly.

We report here the general (dimensional) gyrokinetic Fokker-Planck equation (for fur-
ther details in its derivation, see Refs. [71, 78, 79, 80] and references therein), following
a slightly different notation, usually adopted in the literature and in the official documen-
tation about GENE :

∂ g1α

∂t
+ v‖b0 ·

[
∇f1α + ∇

(
qαφ1 + µB1‖

) F0α

T0α

− µ

mαv‖
(∇B0)

∂f1α

∂v‖

]
+

+
B0

B∗0‖
vD ·

[
∇(F0α + f1α) + ∇

(
qαφ1 + µ(B0 +B1‖)

)F0α

T0α

]
=
〈
CL[f1α]

〉
, (2.63)

where the 1 subscript indicates the perturbed quantities (e.g., f1α ≡ δFα in the previous
notation), the overbar stands for the gyroaverage procedure, 〈CL[f1α]〉 is the linearized
Landau-Boltzmann collision operator, and we have introduced the modified gyrokinetic
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distribution function12,

g1α ≡ f1α −
qαA1‖

mα c

∂ F0α

∂v‖
= f1α + qα

v‖
c

F0α

T0α

A1‖ ,

the modified magnetic field,

B∗0 ≡ ∇×A∗0 = B0 +
mc

q
v‖ (∇× b0) ,

and the perpendicular drift velocity,

vD ≡
c

B0

(b0 ×∇χ1)︸ ︷︷ ︸
vχ

+
c µ

qαB0

(b0 ×∇B0)︸ ︷︷ ︸
v∇B0

+
v2
‖

Ωα

(∇× b0)⊥︸ ︷︷ ︸
vc

,

which is made of the three contributions due to the gyroaveraged generalized E×B drift,
the grad-B drift and the curvature drift, vχ, v∇B0 and vc , respectively. The latter is
usually rewritten by means of the Ampère’s law and assuming that the MHD equilibrium
condition, J0 ×B0/c = ∇p0 with p0 the kinetic pressure, holds for the background:

vc =
v2
‖

Ωα

b0 ×
(∇B0

B0

+
β

2

∇p0

p0

)
.

Note that, when possible, we have made use of the fact that the background distribution
function F0α is a Maxwellian with temperature T0α:

F0α(x, v‖, µ) =
n0α(x)

π3/2 v3
th,α(x)

exp

[
−Eα(x, v‖, µ)

T0α(x)

]
,

where Eα ≡ mαv
2
‖/2 + µB0(x) has been defined. Thus, we can also explicitly rewrite the

∇F0α terms as

∇F0α =

[∇n0α

n0α

+

( Eα
T0α

− 3

2

) ∇T0α

T0α

− µ∇B0

T0α

]
F0α ≡ S0α −

µ∇B0

T0α

F0α ,

where we have introduced the (species-dependent) vector S0α to explicitly underline the
source-like term due to the background density and temperature gradients (the last term,
µF0α∇B0/T0α, will cancel out with the correspondent term in Eq.(2.63)). Thus the gen-
eral gyrokinetic Fokker-Planck equation is

∂ g1α

∂t
+ v‖b0 ·

[
Γ1α −

µ

mαv‖
(∇B0)

∂f1α

∂v‖

]
+
B0

B∗0‖
vD ·

(
S0α + Γ1α

)
=
〈
CL[f1α]

〉
(2.64)

where we have introduced ψ1 ≡ φ1 + µB1‖/qα and

Γ1α ≡ ∇f1α + ∇(qαψ1)
F0α

T0α

,

for shortness.
12The relation between the gyrokinetic distribution function, hα, and the modified distribution function,

g1α, is the following:

g1α = hα −
qα
T0α

(
φ1 −

v‖

c
A1‖

)
F0α = hα −

qαχ1

T0α
F0α .
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CURVILINEAR GEOMETRY: FIELD-ALIGNED COORDINATES AND CURVATURE TERMS

As already underlined many times in the previous Sections, gyrokinetics is a theory for
strong anisotropic fluctuations, the separation between parallel and perpendicular length
scales being introduced by the background guide field B0 (to which “parallel” and “per-
pendicular” refer). Such anisotropy between the scales can be better exploited by adopting
a particular curvilinear coordinate system called field-aligned coordinate system, where a
coordinate runs along the background field, while the other two coordinates span the 2D
plane across it.

In general, a curvilinear coordinate system is formed by a set of base vectors which
length and orientation can vary in space and thus they are in general neither orthogonal
to each other nor unit vectors. Thus, there can be two way of expanding a vector u,
depending on whether we use covariant or contravariant basis vectors:

u =
∑
i

ui e
i

︸ ︷︷ ︸
covariant

=
∑
i

ui ei︸ ︷︷ ︸
contravariant

,

where the index i runs over all the dimensions of the space that we are considering (here
i = 1, 2, 3). The two basis vectors are formally defined as

ei ≡ ∇ui =
∂ ui

∂x
(covariant)

ei ≡
∂ x

∂ui
(contravariant)

where x is the position vector and the two basis vectors are such that the relation ei ·
ej = δij holds (δij is the Kronecker delta). Then, from them we can define a covariant or
contravariant metric tensor, whose components are given by the scalar products among
the basis vectors,

gij = ei · ej and gij = ei · ej ,
and such that the relation (gij) = (gij)

−1 holds for the two versions of the metric tensor.
For convenience, we write down here the explicit relation between the contravariant and
the covariant version of the metric coefficients:

(gij) = J 2


g22g33 − g23g23 g13g23 − g12g33 g12g23 − g13g22

g13g23 − g12g33 g11g33 − g13g13 g12g13 − g11g23

g12g23 − g13g22 g12g13 − g11g23 g11g22 − g12g12

 ,

where we have defined the Jacobian determinant J ≡ 1/
√

det(gij) =
√

det(gij) and
(gij) ≡ (∇xi · ∇xj). Then, a useful notation for the expanded vector operators in the
gyrokinetic equation is the following:

γ1 ≡
g33

J 2
= g11g22 − g12g12 ,

γ2 ≡ −
g23

J 2
= g11g23 − g12g13
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γ3 ≡
g13

J 2
= g12g23 − g22g13 .

Note that, in general, we have to distinguish between basis vectors, ei or ei, and their
corresponding normalized version, êi ≡ ei/

√
gii and êi ≡ ei/

√
gii, respectively13.

We now explicitly write the (x1, x2, x3) coordinates as (x, y, z), choosing the third direc-
tion to be the field-aligned coordinate. Thus, the parallel gradient and the triple products
appearing in the drift terms can be rewritten as

∇‖ ≡ b0 · ∇ = êz · ez
∂

∂z
=

1√
gzz

∂

∂z
, (2.65)

(b0×∇F) ·∇G = b0 ·(∇F×∇G) = êz ·
εijkek
J ∂iF ∂jG =

εijkgzk
J√gzz

∂iF ∂jG , (2.66)

for any scalar functionF and G. Then, we specialize to the case of the Clebsch coordinate
system, i.e.

B0 = CB
(
∇x ×∇y

)
(2.67)

where C can depends on x. We therefore obtain the following relations:

|B|2 = C2
B

(
gxxgyy − (gxy)2

)
= C2

B γ1

gzz = J 2 γ1 =
J 2|B|2
C2
B

from which we explicitly rewrite

∇‖ =
CB
J |B|

∂

∂z
, (2.68)

(b0 ×∇F) · ∇G =
CB
J 2|B|

∑
k=x,y,z

εijkgkz ∂iF ∂jG . (2.69)

Clearly, all these definition are valid in a domain where we do not deal with a singular
metric tensor, i.e. that in the considered domain the Jacobian determinant is always finite
(J 6= 0). Then, for instance, the terms v‖b0 · [Γ1α − (∇B0)(µ/mαv‖)(∂f1α/∂v‖)] and
(B0/B

∗
0‖)vχ · (S0α + Γ1α) are rewritten respectively as14

v‖b0 ·
[
Γ1α −

µ

mαv‖
(∇B0)

∂f1α

∂v‖

]
=

v‖ CB
JB0

[
Γ1α,z −

µ

mαv‖

∂ B0

∂z

∂f1α

∂v‖

]
,

and
B0

B∗0‖
vχ ·

(
S0α + Γ1α

)
=

13However, we must also remember that the Kronecker delta is defined with the non-normalized basis
vectors, so ei · ei = 1 and êi · êi = 1/

√
giigii. Or, as it will used later, êi · ei = 1/

√
gii.

14Note that here we are keeping all the terms, i.e. we are not assuming S0α,y = S0α,z = 0 yet. This is
done later, accordingly with the assumptions made within the GENE code.
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c

CB
B0

B∗0‖

{
Kx
[
χ1

](
S0α,y+Γ1α,y

)
−Ky

[
χ1

](
S0α,x+Γ1α,x

)
+Kxy

[
χ1

](
S0α,z+Γ1α,z

)}
,

where we have defined the curvature operators15

Kx[•] ≡
∂

∂x
− gxz
gzz

∂

∂z
=

∂

∂x
− γ3

γ1

∂

∂z
, (2.70)

Ky[•] ≡
∂

∂y
− gyz
gzz

∂

∂z
=

∂

∂y
+
γ2

γ1

∂

∂z
, (2.71)

Kxy[•] ≡
gxz
gzz

∂

∂y
− gyz
gzz

∂

∂x
=

1

γ1

(
γ2

∂

∂x
+ γ3

∂

∂y

)
. (2.72)

Therefore, the gyrokinetic Fokker-Planck equation (2.64) in curvilinear geometry with a
Clebsch coordinate system reads

∂ g1α

∂t
+
CB
JB0

[
v‖ Γ1α,z −

µ

mα

∂ B0

∂z

∂f1α

∂v‖

]

+
c

CB
B0

B∗0‖

{(
Kx
[
χ1

]
+

2Eα‖ + Eα⊥
qαB0

Kx
[
B0

]
+ β
Eα‖
qαp0

Kx
[
p0

])(
S0α,y + Γ1α,y

)

−
(
Ky
[
χ1

]
+

2Eα‖ + Eα⊥
qαB0

Ky
[
B0

]
+ β
Eα‖
qαp0

Ky
[
p0

])(
S0α,x + Γ1α,x

)
(2.73)

+

(
Kxy
[
χ1

]
+

2Eα‖ + Eα⊥
qαB0

Kxy
[
B0

]
+β
Eα‖
qαp0

Kxy
[
p0

])(
S0α,z + Γ1α,z

)}
=
〈
CL[f1α]

〉
,

where we have introduced the parallel and perpendicular particle kinetic energies for
shortness, Eα‖ = mαv

2
‖/2 and Eα⊥ = µB0 respectively. However, due to the parallel wave

number ordering, k‖ ∼ εk⊥, we can neglect the z-derivatives of the fluctuating quantities
in the terms appearing in the perpendicular drifts contribution, since they would be higher
order corrections. Thus, the curvature operators on χ1 reduce to the simple derivation
along that direction16, e.g. Kx[χ1] ≈ ∂xχ1. Then, in GENE the temperature and the
density are allowed to have only x-gradients, so S0α,y = S0α,z = 0 (and thus the pressure

15Here we are adopting a slightly different notation with respect, for instance, to Refs. [79, 80], since they
invert the subscript of the curvature terms, x ↔ y. In order to remember the present choice of notation, it
might be worth to note that the terms in Eqs. (2.70)-(2.72) reduce to the corresponding derivative operators
in the cartesian limit: Kx[•]→ ∂x and Ky[•]→ ∂y (and Kxy[•]→ 0).

16In principle, this might not be true for strong curvature, e.g. if γ3/γ1 ∼ O(ε−1). However, in the latter
this will not considered to be the case.
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as well, Ky[p0] = 0), finally obtaining the GENE version of Eq. (2.73):

∂ g1α

∂t
=
〈
CL[f1α]

〉
+
CB
JB0

µ

mα

∂ B0

∂z

∂f1α

∂v‖
− CB
JB0

v‖ Γ1α,z

+
c

CB
B0

B∗0‖

{(
∂ χ1

∂y
+

2Eα‖ + Eα⊥
qαB0

Ky
[
B0

])(
S0α,x + Γ1α,x

)

−
(
∂ χ1

∂x
+

2Eα‖ + Eα⊥
qαB0

Kx
[
B0

]
+ β
Eα‖
qα

1

p0

∂ p0

∂x

)
Γ1α,y

}
(2.74)

In order to emphasize the nature of the various temrs, i.e. the linear and the nonlinear
physics, the above gyrokinetic Fokker-Planck equation is sometimes rewritten as

∂ g1α

∂t
= L[f1α] + N [f1α, f1α] + S0 ,

where the linear and the nonlinear operators, L and N respectively, are defined by

L[f1α] ≡
〈
CL[f1α]

〉
+
CB
JB0

(
µ

mα

∂ B0

∂z

∂f1α

∂v‖
− v‖ Γ1α,z

)
+

c

CB
2Eα‖ + Eα⊥
qαB∗0‖

(
Ky
[
B0

]
Γ1α,x − Kx

[
B0

]
Γ1α,y

)
+

c

CB
B0

B∗0‖

[
∂ χ1

∂y

(
S0α,x + Γ1α,x

)
− β

Eα‖
qα

1

p0

∂ p0

∂x
Γ1α,y

]
,

and

N [f1α, f1α] ≡ c

CB
B0

B∗0‖

(
∂ χ1

∂y
Γ1α,x −

∂ χ1

∂x
Γ1α,y

)
,

while the source-like term S0 is

S0 ≡
c

CB
2Eα‖ + Eα⊥
qαB∗0‖

Ky
[
B0

]
S0α,x .

With the above notation ut is much more immediate to identify the terms that are actually
responsible for the linear physics and which ones are responsible for the nonlinear effects.
Moreover, with GENE one can perform linear simulations, i.e. simulations in which the
N contribution is neglected, in order to explore the linear physics only (to be compared
afterwards with the nonlinear counterparts, so the effects of nonlinear physics can be
highlighted).
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2.3.2 NORMALIZED EQUATIONS SOLVED BY GENE

In GENE all the computations are carried out, of course, with dimensionless quantities
and the normalization is done in such a way that (i) the characteristic dimensional quan-
tities reflect the gyrokinetic ordering as much as possible and (ii) it is easy to get back to
dimensional quantities in the post-processing phase for comparison with the experimental
cases. Anyway, for what we are concerned in the present work, the former is the most
important point so that the results can be then scaled and generalized for any reference set
of parameters.

NORMALIZATION QUANTITIES

We can in principle distinguish between fundamental reference quantities and derived
reference quantities, the latter being a direct consequence of the former. The fundamental
reference quantities are a “reference magnetic field strength”, Bref , a “reference density”,
nref , a “reference temperature”, Tref , a “reference length scale”, Lref , a “reference mass”,
mref , and, naturally, the reference electric charge is given by the proton charge, qref ≡ e:{

Bref , nref , Tref , Lref , mref , e
}
.

From the previous fundamental reference quantities we can derive

cref ≡
√
Tref

mref

; Ωref ≡
eBref

mrefc
; ρref ≡

cref

Ωref

; βref ≡
8πnrefTref

B2
ref

,

which are the reference speed cref , the reference cyclotron frequency Ωref , the reference
sound Larmor radius ρref and the reference plasma beta βref , respectively. Then, using an
hat for indicating the normalized quantities, the phase space coordinates and the time are
normalized as

x = ρref x̂ , y = ρref ŷ , z = ẑ ,

v‖ = cref v̂th,α(x̂0) v̂‖ , µ =
Tref

Bref

T̂0α(x̂0) µ̂ , t =
Lref

cref

t̂ ,

where x̂0 is a “reference position” at which the profile is evaluated, as for instance, the
temperature and density profiles may vary accordingly to

T0α(x̂) = Tref T̂0α(x̂0) T̂Pα(x̂) , n0α(x̂) = Tref n̂0α(x̂0) n̂Pα(x̂) ,

where T̂Pα(x̂) and n̂Pα(x̂) represents the dimensionless profiles (in the dimensionless x̂-
coordinate) for the temperature and density, respectively, relative to their respective value
a x̂ = x̂0 (i.e., T̂Pα(x̂0) = n̂Pα(x̂0) = 1). The field fluctuations, φ1, A1‖ and B1‖ are
normalized accordingly to

φ1 =
Tref

e

ρref

Lref

φ̂1 , A1‖ = ρref Bref
ρref

Lref

Â1‖ , B1‖ = Bref
ρref

Lref

B̂1‖ ,

where the common factor ρref/Lref in the normalization is the signature of the fact that
they are “small” fluctuations, although their perpendicular derivatives might be of order
unity. Indeed, the normalization rules for the derivatives are set to respect the gyrokinetic
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ordering, and therefore they are normalized in two different ways, depending on wether
they act on fluctuating quantities or on equilibrium quantities:

∂

∂x
=

1

ρref

∂

∂x̂
,

∂

∂y
=

1

ρref

∂

∂ŷ
(on fluctuations)

∂

∂x
=

1

Lref

∂

∂x̂
,

∂

∂y
=

1

Lref

∂

∂ŷ
(on the background)

The metric coefficients are normalized as

J = Lref Ĵ , γ1 = γ̂1 , γ2 =
1

Lref

γ̂2 , γ3 =
1

Lref

γ̂3 ,

while the Clebsch coeffcient follows the rule CB = Bref ĈB. Moreover, the background
and perturbed distribution functions are normalized as follows:

F0α =
nref

c3
ref

n̂0α(x̂0)

v̂3
th,α(x̂0)

F̂0α , f1α =
ρref

Lref

nref

c3
ref

n̂0α(x̂0)

v̂3
th,α(x̂0)

f̂1α ,

where again a factor ρref/Lref appears in the normalization of f1α. The modified distribu-
tion functions g1α and h1α are normalized following the same rule as for f1α. The particle
kinetic energy is normalized as

Eα =
mαv

2
‖

2
+ µB0 = (v̂2

‖ + µ̂B̂0)Tref T̂0α(x̂0) = (Êα‖ + Êα⊥)Tref T̂0α(x̂0) ,

with, naturally, Êα = Êα‖ + Êα⊥ and the normalized distribution function is then given by

F̂0α =
n̂Pα(x̂)(

π T̂Pα(x̂)
)3/2

exp

[
− Êα(x̂, v̂‖, µ̂)

T̂Pα(x̂)

]
.

Hereafter, we will use the notation v̂(0)
T,α ≡ v̂th,α(x̂0) for shortness (and similarly for the

temperature and the density, T̂ (0)
0α and n̂(0)

0α ). Finally, the collision operator is normalized
as

Cαα′ =
ρref

Lref

cref

Lref

nref n̂
(0)
0α(

cref v̂
(0)
T,α

)3 Ĉαα′ .

NORMALIZED GYROKINETIC EQUATIONS

The normalized gyrokinetic equations solved by GENE can be summarized as follows:

• gyrokinetic Fokker-Planck equation

∂ ĝ1α

∂t̂
=
〈
ĈL[f̂1α]

〉
+
ĈB v̂(0)

T,α

Ĵ B̂0

µ̂

2

∂B̂0

∂ẑ

∂f̂1α

∂v̂‖
−
ĈB v̂(0)

T,α

Ĵ B̂0

v̂‖ Γ̂1α,z

+
T̂

(0)
0α

ĈB
B̂0

B̂∗0‖

{(
∂ χ̂1

∂ŷ
+

2Êα‖ + Êα⊥
q̂α B̂0

K̂y
[
B̂0

])(
Ŝ0α,x + Γ̂1α,x

)
(2.75)

−
(
∂ χ̂1

∂x̂
+

2Êα‖ + Êα⊥
q̂α B̂0

K̂x
[
B0

]
+
βref

B̂2
0

Êα‖
q̂α

1

p̂0

∂p̂0

∂x̂

)
Γ̂1α,y

}
,
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where, for instance, the normalized test-particle collision operator in velocity space
is given by 〈

Ĉ(T,V̂)
αα′

〉
= νc

q̂2
α q̂

2
α′ n̂0α′(x̂)

m̂α′ m̂
−1/2
α

(
T̂

(0)
0α

)3/2
×

× ∂

∂V̂
·
{
F̂0α

[
M̂αα′ · ∂

∂V̂
+

(
1− T̂0α′(x̂)

T̂0α(x̂)

)
r̂αα′

]}
f̂1α

F̂0α

, (2.76)

with V̂ = (v̂‖, µ̂) being the normalized velocity-space vector, the normalized diffu-
sion tensor M̂αα′ and the normalized drag vector r̂αα′ are

M̂αα′ =
T̂0α′(x̂)

v̂5

 B̂0µ̂Φ1(xα′) + v̂2
‖Φ2(xα′) 6µ̂v̂‖Φ2(xα′)

6µ̂v̂‖Φ2(xα′) 4

B̂0
µ̂v̂2
‖Φ1(xα′) + 4µ̂2Φ3(xα′)

 ,

r̂αα′ =
Φ3(xα′)

v̂3

 v̂‖

2µ̂

 .

and, moreover, a species-independent collision frequency νc has been defined for
convenience as17

νc ≡
π e4 nref Lref

23/2 T 2
ref

ln Λ . (2.77)

The spatial part of the test-particle collision operator, 〈Ĉ(T,⊥)
αα′ 〉, is normalized in a

similar way.

• gyrokinetic Poisson equation

λ̂2
D∇̂2
⊥φ̂1 − π

∑
α

q̂2
α n̂

(0)
0α

T̂
(0)
0α

∫ φ̂1 B̂0
F̂0α

T̂Pα
−
〈{

B̂0 φ̂1

F̂0α

T̂Pα

}
x−ρα

〉 dv̂‖dµ̂ =

= − π
∑
α

q̂α n̂
(0)
0α

∫ 〈{B̂0 ĝ1α

}
x−ρα

〉
+

〈{
µ̂B̂0 B̂1‖

F̂0α

T̂Pα

}
x−ρα

〉 dv̂‖dµ̂ ,

(2.78)
where λ̂D = (B2

ref/4πnrefmrefc
2)1/2 is the normalized Debye length and {. . . }x−ρα

means that the quantity inside the brackets is evaluated at the guiding center posi-
tion, x− ρα.

• gyrokinetic Ampére equation
The parallel component of the normalized gyrokinetic Ampére equation is

∇̂2
⊥Â1‖ − π βref

∑
α

q̂2
α n̂

(0)
0α

m̂α

∫
v̂2
‖

〈{
B̂0

F̂0α

T̂Pα
Â1‖

}
x−ρα

〉
dv̂‖dµ̂ =

17The species-independent collision frequency νc is related, for instance, to the usual electron-ion colli-
sion rate by:

νei ≡
4π ni Z

2
i e

4

(2Te)3/2m
1/2
e

ln Λ = 4Z2
i

ni
nref

vth,e
Lref

(
Tref
Te

)2

νc .
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= − π βref

2

∑
α

q̂α n̂
(0)
0α v̂

(0)
T,α

∫
v̂‖

〈{
B̂0 ĝ1α

}
x−ρα

〉
dv̂‖dµ̂ , (2.79)

while the normalized perpendicular component is ∂ŷ B̂1‖

− ∂x̂ B̂1‖

− π βref

2

∑
α

q̂α n̂
(0)
0α v̂

(0)
T,α

∫
µ̂3/2

〈{
ê⊥ B̂

3/2
0

F̂0α

T̂Pα
B̂1‖

}
x−ρα

〉
dv̂‖dµ̂ =

= − π βref

2

∑
α

q̂α n̂
(0)
0α v̂

(0)
T,α

∫ √
µ̂

〈{
B̂

3/2
0 ĥ1α

}
x−ρα

〉
dv̂‖dµ̂ , (2.80)

where we remind that ê⊥ ≡ v⊥/v⊥ = − sinϑ e1 − cosϑ e2 is the unit vector of the
perpendicular velocity and that ĥ1α is

ĥ1α = f̂1α +
q̂α φ̂1

T̂
(0)
0α T̂Pα

F̂0α .

The analytical dispersion relations for a simplified version of the above equations
are given and discussed in Appendix A.

2.3.3 THE ELECTROSTATIC LIMIT OF GENE IN A SLAB

For most of the astrophysical applications in which we might be interested in, the lenght
scales of the background gradients are so large with respect to the ion gyroradius that, as
a first approximation, they can be safely neglected. This is particularly true when we are
focusing only on the small scales of the system, e.g. the so-called dissipation range for
turbulence, at k⊥ρi & 1, leaving out from the description the “large MHD scales”. At
such scales, even the curvature of the background magnetic field can be safely neglected.
Moreover, in this part of present work we are interested in the study of the fundamental
properties of the entropy cascade in gyrokinetics (see Chapter 3), which is an electrostatic
turbulent cascade.

Let us then consider the electrostatic limit of the equations solved by GENE , i.e. no
magnetic perturbations A1‖ = B1‖ = 0, and the case of a uniform background magnetic
field. For this case, the geometric coefficients simplify to J = 1, γ1 = 1, γ2 = γ3 = 0,
CB = B0, B∗0‖ = B0 and all the magnetic field derivatives are then zero, so, for instance,
magnetic curvature terms also disappear. The gradient in the pressure is then also zero,
accordingly with the MHD equilibrium condition. The modified distribution function
g1α reduces to the perturbed distribution function, g1α = f1α, and the vector Γ1α is now
the gradient of the gyrokinetic distribution function h1α, i.e. Γ1α = ∇h1α. Therefore,
the gyrokinetic set of equations presented in the Section above is reduced to just two
equations: a simple version of the Fokker-Planck equation,

∂ f̂1α

∂t̂
=
〈
ĈL[f̂1α]

〉
− v̂

(0)
T,α v̂‖

∂ ĥ1α

∂ẑ
+
T̂

(0)
0α

B̂0

∂ φ̂1

∂ŷ
Ŝ0α,x

+
T̂

(0)
0α

B̂0

(
∂ φ̂1

∂ŷ

∂ f̂1α

∂x̂
− ∂ φ̂1

∂x̂

∂ f̂1α

∂ŷ

)
, (2.81)
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plus the gyrokinetic Poisson equation,

∑
α

q̂2
α n̂

(0)
0α

T̂
(0)
0α

∫ φ̂1
F̂0α

T̂Pα
−
〈{

φ̂1

F̂0α

T̂Pα

}
x−ρα

〉 dv̂‖dµ̂ =

=
∑
α

q̂α n̂
(0)
0α

∫ 〈{
f̂1α

}
x−ρα

〉
dv̂‖dµ̂ , (2.82)

where the Debye length has been neglected since it is such a small length scale for the
cases of study in which we are interested here that it will be beyond the grid resolution.
Note that Eq. (2.82) is exactly the same as Eq. (2.47), while Eq. (2.40) reduces to the
above Eq. (2.81) when the electrostatic limit is taken in the former, so g1α = f1α and
χ1 = φ1, and background gradients are neglected in the latter, so S0α,x = 0.

The gyrokinetic system can be further simplified by assuming that background gradi-
ents are negligible, so S0α,x = 0 and the previous equations reduce to

∂ f̂1α

∂t̂
+ v̂

(0)
T,α v̂‖

∂ ĥ1α

∂ẑ︸ ︷︷ ︸
linear phase mixing

+
T̂

(0)
0α

B̂0

[
φ̂1 , f̂1α

]
︸ ︷︷ ︸

nonlinear phase mixing

=
〈
ĈL[f̂1α]

〉
, (2.83)

∑
α

q̂2
α n̂

(0)
0α

T̂
(0)
0α

∫ [
φ̂1 −

〈{
φ̂1

}
x−ρα

〉]
F̂0α dv̂‖dµ̂ =

∑
α

q̂α n̂
(0)
0α

∫ 〈{
f̂1α

}
x−ρα

〉
dv̂‖dµ̂ .

(2.84)
This version of the Fokker-Planck equation retains the main linear and nonlinear fea-
tures, that are the linear (or parallel) and the nonlinear (or perpendicular) phase mixing
processes, together with collisions.

In the following Chapter 3, we are going to explore the interplay between the nonlinear
phase mixing and collisions. In particular, in order to avoid interferences with parallel
effects such as the Landau damping and the linear phase mixing, we will restrict to the
2D perpendicular case, focusing on the above mentioned main features, i.e. the role of
collisions on 2D electrostatic gyrokinetic turbulence.
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CHAPTER 3

COLLISIONALITY EFFECTS IN 2D
GYROKINETIC TURBULENCE

In the study presented in this chapter, the full gyrokinetic system of equations described
in Chapter 2 is reduced to the simple scenario of a single ion species, electrostatic pertur-
bations and slab geometry with k‖ = 0. That simplified configuration is chosen to avoid
parallel effects, such as the Landau damping and the linear phase mixing [82, 83], to be
effective, since they are not the features of interest in this work. In fact, since we will
focus on k⊥ρ > 1 turbulence, the perpendicular phase mixing will be anyway much faster
than its parallel counterpart [84, 1]. Moreover, no-response electrons are assumed, which
is indeed an assumption consistent with the k‖ = 0 configuration. Finally, no gradients in
the background quantities (i.e., the density n0, the temperature T0, and the magnetic field
B0) are considered here. This allows us to focus only on both nonlinear and collisional
effects, which are instead the features we are primarily interested in.

SECTION 3.1

FREE ENERGY BALANCE IN 2D ELECTROSTATIC GYROKINETICS

We remind the reader that we are dealing with the so-called δf -splitting approach, so we
are considering the total ion distribution function F to be split into a Maxwellian part,

F0(v2) =
n0

π3/2v3
T

exp(−v2/v2
T ) ,

where vT =
√

2T0/m is the thermal velocity, plus a perturbed part, f1, i.e., F = F0 + f1.
Then, in our configuration, the gyrokinetic Vlasov equation for the perturbed distribu-
tion function f1 and the gyrokinetic Poisson equation for the self-consistent electrostatic
potential φ1 read

∂f1

∂t
+ vφ̄ · ∇f1 = 〈CL[f1]〉 (3.1)

and
en0

T0

(
1− Γ0

)
φ1 =

2πB0

m

∫
J0(k⊥ρ) f1 dv‖dµ , (3.2)

where vφ̄ = (c/B0)(ez × ∇φ̄1) is the E×B drift due to the gyroaveraged self-consistent
electrostatic potential φ̄1, the background magnetic field being aligned with the z-axis,
〈CL[f1]〉 is a linearized collision operator, Γ0 is defined as

Γ0 ≡
2πB0

mn0

∫
J2

0 (k⊥ρ)F0 dv‖dµ ,

65
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where J0 is the Bessel function, ρ = v⊥/Ωc is the Larmor radius, and µ = mv2
⊥/2B0 is

the magnetic moment. Note that, in the periodic case we are using, the gyroaverage can be
written as a multiplication by the Bessel function J0, e.g., φ̄1 = J0φ1. The term vφ̄ · ∇f1

is the nonlinear term and, because of the gyroaverage of the electrostatic potential, it is
responsible for the nonlinear phase mixing process [1, 30].

In the absence of collisions, due to the conservative property of the nonlinear term,
Eqs.(3.1)-(3.2) admit two positive definite conserved integrals [1, 30, 85]. One of them is
quadratic in f1, which is then proportional to (minus) the perturbed part of the entropy (of
the gyrocenters), while the other one is proportional to the product of φ̄1 and f1, which is
usually referred to as the electrostatic energy (or polarization term):

Ef =

∫
T0 f

2
1

2F0

dΛ (3.3)

and

Eφ =

∫
e φ̄1 f1

2
dΛ , (3.4)

where dΛ ≡ dx dy dΘ = πn0B0 dx dy dv‖ dµ is the phase-space element. Note that,
using the Poisson equation and the local approximation, the electrostatic energy can also
be written as

Eφ =

∫
dx dy (1− Γ0)φ2

1 . (3.5)

The entropy and the electrostatic energy, together, define the free energy:

E = Ef + Eφ . (3.6)

However, when collisions are taken into account, the global1 energy balance equations for
Ef and Eφ read

∂ E{f,φ}
∂t

= −C{f,φ} − H{f,φ} , (3.7)

where the collisional dissipation terms are

Cf = −
∫

T0

F0

f1〈CL[f1]〉 dΛ ,

Cφ = −
∫
eφ̄1〈CL[f1]〉 dΛ ,

while Hf and Hφ are extra dissipation terms due to k⊥-hyperdiffusion, which will be
defined later and will be negligible for the k⊥-range of interest (see Sec. 3.3).

Going to the local energy balance equations, in the Fourier representation they are

∂ Ef (k)

∂t
= Tf (k) − Cf (k) − D⊥,f (k) (3.8a)

∂ Eφ(k)

∂t
= Tφ(k) − Cφ(k) − D⊥,φ(k) , (3.8b)

1Here, the term “global” is meant for quantities which have been integrated over the physical domain
or, equivalently, which have been summed over all the Fourier modes.
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where the spectral density of entropy Ef (k) is defined by

Ef =

∫
dxdy

∫
T0 f

2
1

2F0

dΘ

=
∑
k

∫
T0 |fk|2

2F0

dΘ =
∑
k

Ef (k) ,

where the sum is over all the kx and ky. Equivalently, we define the spectral density of
the entropy collisional and perpendicular dissipations, i.e. Cf ≡

∑
k Cf (k) and Hf ≡∑

kD⊥,f (k), respectively. The nonlinear transfer of entropy Tf (k) is given by [85]

Tf (k) =
∑
k′

Tf (k, k′)

=
∑
k′

∫
dΘ

T0

F0

f ∗k
[
(kx − k′x)φ̄1(k−k′)k

′
yfk′ − (ky − k′y)φ̄1(k−k′)k

′
xfk′
]
,

where f ∗k is the complex conjugate of fk and the sum is over all the k′x and k′y. In a similar
way, we define a nonlinear transfer term and a spectral density of the electrostatic energy,
Tφ(k) and Eφ(k), respectively. Note that the nonlinear term is the only term responsible
for a transfer of entropy or of electrostatic energy between different Fourier modes, e.g.
between fk′ and fk due to φ̄1(k−k′), which is linear in fk−k′ because of the Poisson equation
in Fourier space, Eq. (3.2). This determines a so-called triadic interaction between the
modes fk, fk−k′ and fk′ , which is interpreted as an exchange of energy between modes k
and k′ due to the property Tf (k, k′) = −Tf (k′, k), from which the conservative behavior
of Tf (k) readily follows:∑

k

Tf (k) =
∑
k,k′

Tf (k, k′) = −
∑
k,k′

Tf (k′, k) = 0 .

Usually, the nonlinear transfer T (k) is interpreted as (minus) the divergence of a flux in
wavenumber space, i.e.

T (k) = − ∂ Π(k)

∂k
,

which means that the local energy balance equation has the form

∂ E(k)

∂t
+
∂ Π(k)

∂k
= −Dtot(k) , (3.9)

where nowDtot represents all the possible dissipation sources. Then, one usually assumes
a quasi-stationary state (so ∂tE(k) ≈ 0 after a time-average) and considers the inertial
range (Dtot(k) ≈ 0), so the above balance equation reduces to

∂ Π(k)

∂k
= 0 ⇒ Π(k) = Π0 = const. ,

and it can be solved with the help of a closure relation between the flux and the spectrum,
if such a relation exists, e.g.

Π(k) ∼ kαE(k) ⇒ E(k) ∝ k−α .



68CHAPTER 3. COLLISIONALITY EFFECTS IN 2D GYROKINETIC TURBULENCE

However, these arguments apply if the turbulence can be assumed to be in a quasi-
stationary state, which is usually the case for driven turbulence, and if there exists a range
over which the dissipation and the drive are negligible, i.e. what is commonly called in-
ertial range. Unfortunately, this seems not to be the case for freely-decaying sub-Larmor
scale turbulence, which is the process that we are going to study in the present work. Thus
a more general approach based on heuristic and physical arguments is required.

SECTION 3.2

THE NONLINEAR PHASE MIXING PROCESS

For the almost collisionless (or weakly collisional) case, a scaling theory of the entropy
cascade in sub-Larmor scale range has been proposed [1, 30] and it has been tested by
means of direct numerical simulations [86, 87]. However, such Kolmogorov-style ar-
guments are based on several assumptions, one of which is the existence of an iner-
tial range in which no dissipation occurs. Nevertheless, gyrokinetics can exhibit mul-
tiscale dissipation throughout a wide wave number range, as it was shown in recent pa-
pers [88, 89, 90, 91, 126]. With the present work, we want to add a new, simple system
to the previously mentioned cases, showing that even in our case multiscale dissipation is
present and, moreover, it can also affect the spectra exponents, leading to non-universal
power laws. Nonetheless, this work confirms again the weakly collisional theory in the
proper limit, extending it in the moderate collisionality limit (i.e., where the spectra still
have a significant power law component and they are not just an exponential fall off,
which would be the case in the very high collisionality limit).

3.2.1 A REVIEW OF THE WEAKLY COLLISIONAL THEORY

Before going to the intermediate collisionality case, let us quickly review the weakly col-
lisional theory suggested in Refs. [1, 30]. In our simple system, the only term responsible
for the energy transfer among modes is the nonlinear term in Eq. (3.1), vφ̄ · ∇F1, from
which we can readily estimate the nonlinear decorrelation rate ωNL, i.e.,

ωNL ∼ k⊥J0(k⊥ρ)φkk⊥ ∼ k
3/2
⊥ φk , (3.10)

where we have used the large argument approximation of the Bessel function, J0(ζ) ≈
ζ−1/2 cos(ζ − π/4) for ζ � 1, since we are interested in the sub-ion-gyroradius scale
range cascade, k⊥ρ � 1. Then, since our aim is to first estimate the free energy flux,
ωNLf

2
k ∼ k

3/2
⊥ φkf

2
k , the next step is to relate the electrostatic potential components φk to

those of the perturbed part of the distribution function fk. This can be done through the
GK Poisson equation, Eq. (3.2); in the Fourier representation, it reads

φk = β̃(k⊥)

∫
v⊥J0

(k⊥v⊥
Ω

)
F̂1dv‖dv⊥ , (3.11)

where β̃(k) = 2π/(1 − Γ̂0(k)) = 2π/(1 − I0(k2)e−k
2
), I0 being the modified Bessel

function. In the k⊥ρ � 1 limit, β̃(k) ≈ const. and the large argument expansion of the
Bessel function J0 gives

φk ∼ k
−1/2
⊥

∫
v

1/2
⊥ cos

(k⊥v⊥
Ω
− π

4

)
F̂1dv‖dv⊥ . (3.12)
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Now the nonlinear phase mixing argument comes into play and helps us to estimate the
above integral by assuming the correspondence of length scales in real space, l, and in
perpendicular velocity space2, lv, due to the nonlinear phase mixing process, i.e., lv ∼ l.
In fact, let’s assume that l is the correlation length of the E×B flow (i.e., of the electrostatic
potential φ1). Since in gyrokinetics the particle drift is determined by the fluctuating
fields averaged over their gyro-orbits, particles sharing the same gyrocenter position, but
having different perpendicular velocities v⊥, are gyro-averaging over different Larmor
orbits and thus they are experiencing different drifts in real space. If the difference in the
Larmor radii, and thus in v⊥ ∝ ρ, of such orbits is of the order of the correlation length
l of the averaged potential, then the two particles are decorrelated and they will perform
independent random walks. This, in turns, mean that the distribution function F1 develops
random structures in v⊥-space on the scales lv ∼ l (see Refs. [1, 30] for further details).
Then, because of the random nature this process, the velocity space integral (3.12) can
be argued to accumulate like a random walk in which the step size scales as lv and the
number of steps scale as l−1

v , so the typical displacement scales as l1/2v . In terms of v⊥-
scale conjugate variable p (p is for the Hankel transform in v⊥-space what k⊥ is for the
Fourier transform in real space), this means

φk ∼ k
−1/2
⊥ p−1/2fk ∼ k−1

⊥ fk , (3.13)

where the last step comes from the nonlinear phase mixing argument l ∼ lv and fk has
to be interpreted [30] as the root-mean-square value of the fluctuations in F̂1, i.e., fk ∼√∫

F̂ 2
1 v⊥dv⊥dv‖. Now, from Eqs. (3.10) and (3.13), assuming locality of interactions

and constancy of the flux of free energy Πf , we obtain

ωNLf
2
k ∼ k

3/2
⊥ φkf

2
k ∼ k

1/2
⊥ f 3

k ∼ ε0 = const. , (3.14)

from which we readily get fk ∼ ε
1/3
0 k

−1/6
⊥ and φk ∼ ε

1/3
0 k

−7/6
⊥ and finally the spectra:

Ef (k⊥) ∼ ε
2/3
0 k

−4/3
⊥

Eφ(k⊥) ∼ ε
2/3
0 k

−10/3
⊥

(3.15)

(3.16)

Note that in the above assumptions, two features can be taken as the main ones, i.e. the
nonlinear phase mixing process (i.e., l ∼ lv) and the existence of a Kolmogorov-like
inertial range over which absolutely no dissipation occurs (i.e., the constancy of the free
energy flux Πf ∼ ε0 = const). In the following, we are going to relax the latter one
and to slightly modify the argument from which we are estimating the velocity integral in
Eq.(3.12), while still assuming the nonlinear phase mixing argument l ∼ lv to hold.

2If δv⊥ is the typical velocity scale length between the fluctuations developed by the distribution func-
tion F1 in v⊥-space (see later in the text), then we can define lv ∼ (δv⊥/vT )ρ (see, e.g., Ref. [1]).
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3.2.2 THE EFFECT OF COLLISIONS: MULTISCALE DISSIPATION AND
NON-UNIVERSAL POWER LAWS

We now extend the above theory in order to take into account collisional effects. First
of all, let’s assume that the nonlinear phase mixing argument, lv ∼ l, is still valid and
that the decorrelation rate is still given by the nonlinear term, ωNL ∼ k

3/2
⊥ φk, which is

responsible for the conservative energy transfer in wavenumber space. Then, with respect
to the weakly collisional case, we argue that the scaling between φk and fk becomes
steeper due to the collisional smearing of the very small velocity-space scales, i.e.,

φk ∼ k−1−θν
⊥ fk , (3.17)

which is estimated from Eq. (3.12) with the same argument by which the velocity inte-
gral accumulates like a random walk, but now the step is a bit larger than in the weakly
collisional case, an effect which is represented here via the θν correction. Again, we now
have to consider the flux of free energy, i.e. ωNLf 2

k ∼ k
3/2
⊥ φkf

2
k , together with the scaling

in Eq. (3.17). In this regard, we do not assume a constancy of such flux as in the weakly
collisional case (i.e., the existence of an inertial range over which no dissipation occurs),
but we allow for a k⊥-dependent Πf (k⊥) due to multiscale dissipation:

ωNLf
2
k ∼ k

3/2
⊥ φkf

2
k ∼ k

−1/2
⊥ f 3

k ∼ Πf (k⊥) . (3.18)

In general, to take into account the dissipation cut-off, the flux can be expressed as a
combination of a power law and an exponential, e.g.,

Πf (k⊥) ∼ ε0 k
−δν
⊥ e−βk

γ
⊥ .

Note that, in principle also the exponential parameters depend on the collisionality, i.e.,
β = βν and γ = γν . However, we assume that there exists a k⊥-range over which the flux
it is nearly a power law, i.e.,

Πf (k⊥) ≈ ε0 k
−δν
⊥ . (3.19)

This leads to the following spectra:

Ef (k⊥) ∼ ε
2/3
0 k

−4/3−2(δν−θν)/3
⊥

Eφ(k⊥) ∼ ε
2/3
0 k

−10/3−2(δν+2θν)/3
⊥

(3.20)

(3.21)

which are in general steeper than the weakly collisional spectra in Eqs. (3.15)-(3.16),
which are however consistently recovered by the limit θν , δν → 0. We finally note that, if
we retain the exponential cut-off in the free energy flux Πf (k⊥), we obtain the same result
given in Eqs. (3.20)-(3.21), just multiplied by the exponential cut-off exp(−2

3
βνk

γν
⊥ ).

Hereafter, we will refer to the spectra exponents as αf and αφ, such that Ef (k⊥) ∝
k
−αf
⊥ and Eφ(k⊥) ∝ k

−αφ
⊥ .
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SECTION 3.3

DIRECT NUMERICAL SIMULATIONS WITH GENE

In order to test these ideas, the nonlinear GK equations, Eqs. (3.1) and (3.2), are solved
by means of direct numerical simulations with the GENE code (see Section 2.3.2) in a 4D
phase space (x, y, v‖, µ). The size of the domain in real space is Lx = Ly = 2πρ, while
the velocity-space domain is bounded by −3vT ≤ v‖ ≤ +3vT and 0 ≤ µ ≤ 9T0/B0,
where vT =

√
2T0/m is the thermal velocity. We use (256, 128, 32, 96) grid points in our

4D phase-space and a linearized Landau collision operator acting on f1/F0 in gyrocenter
coordinates is adopted for 〈CL[f1]〉 (see Section 2.2.3 and Refs. [76, 79, 94, 95]). Note
that, since we are using a Fourier representation, the resolution we have indicated as (256,
128) in the Fourier modes actually corresponds to (256, 256) fully dealiased grid points in
real-space coordinates. We remind the reader that there are no gradients in the background
quantities, n0, T0, and B0. Thus the system is initialized with an appropriate perturbed
distribution function f1, and then it may freely evolve. In the simulations B0 = 1 and
T0 = 1, so the µ-grid resolution is high enough to account for the largest k⊥ modes
and thus for the expected nonlinear phase mixing argument l ∼ lv to hold also in the
numerical framework. We have chosen the same initial condition as given in Ref. [86],

Figure 3.1: Contour plots of the initial condition in real space, n1(x, y ; t = 0) (left), and
of the corresponing part in velocity space, f1(v‖, v⊥ ; t = 0) (right). The velocity space
has been transformed from (v‖, µ) to (v‖, v⊥) for graphical convenience.

i.e., a Maxwellian in velocity space and a sum of kx = 2 and ky = 2 cosines with a
small-amplitude white noise χ on all Fourier modes:

f1(x, y, v‖, µ; t = 0) = z0

[
cos(2x/ρ) + cos(2y/ρ) + ε χ(x, y)

]
F0(v‖, µ) , (3.22)

where z0 is a constant, ε is the (small) amplitude of the white noise with respect to the
cosine functions and F0 is the background Maxwellian. A sketch of the initial condition in
Eq. (3.22) can be visualized in Fig. 3.1, separately for the perturbed density in real space,
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n1(x, y ; t = 0) =
∫
f1(x, y, v‖, µ; t = 0) dv‖dµ (left panel), and for the velocity-space

part proportional to the background Maxwellian in velocity space, f1(v‖, v⊥ ; t = 0) (right
panel).

A plot with the time evolution of the system’s free energy and electrostatic energy,
Ef (t) and Eφ(t), respectively, is shown in Fig. 3.2: with time, after a quick decrease, the
initial free energy Ef reaches a nearly constant value which is maintained for a while
(i.e. around t ∼ 20) and then strongly decays after t ∼ 30 (solid lines in Fig. 3.2). Mean-
while the electrostatic energy Eφ, which actually represents a small contribution to the
total energy, E = Ef + Eφ, shows negligible variations (blue dashed line in Fig. 3.2): a
closer examination of its temporal behavior would anyway present the same qualitative
features of the free energy, i.e. with an initially nearly constant value and a subsequent
strong decay after t ∼ 30 (not shown here).
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Figure 3.2: Time traces of the normalized free energy, Ef/E(t = 0), for different colli-
sionality values, ν = 10−6 (black solid line), ν = 10−5 (blue solid line) and ν = 10−4 (red
solid line). The blue dashed line represents the time trace of the normalized electrostatic
energy, Eφ/E(t = 0), for all the previous collisionality values.

During the above described decaying process, the system evolves into a turbulent state
which can be qualitatively visualized in Fig. 3.3, where the contour plots of the perturbed
electrostatic potential, φ1(x, y), are shown for the two “extreme” collisionality cases con-
sidered here, ν = 10−6 (top row) and ν = 10−4 (bottom row), at two distinct times, t = 38
(left column) and t = 60 (right column). As one can already see in a qualitative way from
Fig 3.3, the electrostatic potential exhibit finer structures in the low-collisionality case
than in the high-collisionality simulation. This is already an evidence of the fact that, in
Fourier space, there will be less electrostatic energy reaching the high-k⊥ part of the spec-
trum for ν = 10−4 than for ν = 10−6, i.e. we expect to find a steeper electrostatic energy
spectrum in the former case. The same should then hold also for the free energy spectrum,
since φk and fk are related by Eq. (3.17). However, this will be quantitatively evaluated
by a direct investigation of the energy spectra (see below). During such turbulent state we
are indeed going to analyze the energy spectra, Ef (k⊥) and Eφ(k⊥), by taking an appro-
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Figure 3.3: Contour plots of φ1(x, y) at t = 38 (left column) and t = 60 (right column)
for the two “extreme” collisionalities adopted: ν = 10−6 (top row) and 10−4 (bottom
row).

priate time-average (we remind that we are dealing with decaying turbulence, as shown
in Fig 3.2, so the spectra should be appropriately normalized at each time). Moreover,
in order to avoid energy pile-up at the very end of the spectrum (high-k⊥), an 8th-order
k⊥-hyperdiffusion operator,

H⊥[f1] = − a⊥
(
k⊥
k0

)8

f1 , (3.23)

is added on the RHS of Eq. (3.1). Note that, due to the very high order of the hyperdif-
fusion and to an appropriate choice of the parameters a⊥ and k0, the operator H⊥[f1] will
be relevant only for very high k⊥ and thus negligible in the k⊥-range of interest for the
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spectra (e.g., after several tests, the values a⊥ = 0.5 and k0 = 96 have been chosen for
our runs).

3.3.1 NON-UNIVERSAL POWER LAWS: A FREE ENERGY FLUX PARADIGM
UNRAVELED

We remark that, since we are dealing with decaying turbulence, the spectra must be nor-
malized appropriately at each time step (e.g., w.r.t. the amplitude of the decaying quantity)
and then time-averaged over a (collisionality dependent) interval [ta, tb]. In particular, the
parameter tb can be chosen as the maximum simulation time, tmax = 120, for every colli-
sion frequency ν, provided that we are in a state of almost completely decayed turbulence
(so the spectral slope and shape do not change if we pass from tb = tmax to tb = tmax−∆t,
with ∆t sufficiently small). The parameter ta is collisionality dependent, since it must be
choosen in a way such that the turbulence is fully developed, which actually depends on
ν (cf. Fig. 3.2). For a quantity Aijs ≡ A(kx,i, ky,j, ts), the spectrum EA(n) = EA(k⊥,n)
is defined by

EA(n) ≡
∑̃

(i,j)∈n
EA(i, j) =

∑̃
i,j

∑
s

ws|Aijs|2∑
i,j |Aijs|2

,

where
∑̃

(i,j)∈n is the “ring average” over the n-th shell, and, since GENE uses adaptive
time steps, ws are the corresponding “time weights”. In Fig. 3.4 we report the numerical
results for the free energy spectrum Ef (k⊥) and the electrostatic energy spectrum Eφ(k⊥)
from simulations with collision frequencies of ν = 10−6, 10−5, and 10−4 (black, blue,
and red curves, respectively). In order to clarify even more how collisional the turbu-
lence is, according to Refs. [86, 87], these three cases correspond to a Dorland number of
D = 40, 527 and 5438, respectively for ν = 10−4, 10−5 and 10−6. In particular, this justi-
fies the use of hyperdiffusion, since in the very high Dorland number regime the spectral
cutoff k⊥,cρ ∝ D3/5 would exceed the resolution, thus we need to impose an artificial
cutoff. Moreover, we used the same hyperdiffusion parameters for all the cases in order
to make them comparable. For these cases, the initial time for the average was chosen to
be ta = 40, 38, and 35 for ν = 10−6, 10−5, and 10−4, respectively. As we can see, the
spectra become steeper with increasing collision frequency ν. This is indeed what can be
expected qualitatively from Eqs. (3.20)-(3.21): good agreement with the standard theory,
Eqs. (3.15)-(3.16), for low collisionality, and a steepening of the slopes with increasing ν.

We would like to stress that, even though the exponential part of the spectrum becomes
more important with increasing collisionality, up to ν ∼ 10−4 the power law part is still
dominant and the spectrum can be described by a pure power law for an order of magni-
tude to a very good approximation (see Fig. 3.4). An overview of the exponents, αf and
αφ, as inferred from the simulation results shown in Fig. 3.4 via a linear fit is presented in
Table 3.1. The uncertainties are estimated from the variation of the exponents due to the
choice of the k⊥ - range of fitting, the time window of average and the number of bins for
the ring average.
Numerical simulations can also be used to check the hypotheses used in the theory (Sec. 3.2.2).
In particular, we are going to test three fundamental features of the theory: (i) the scaling
relation between φk and fk, (ii) the free energy flux Πf , and (iii) the locality of the energy
cascade. The first assumption, i.e., the scaling relation in Eq. (3.17), which reduces to the
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Figure 3.4: Ef (k⊥) (top) and Eφ(k⊥) (bottom) for three different collision frequencies:
ν = 10−6, 10−5, and 10−4 (black squares, blue diamonds, and red circles, respectively).
The dashed lines represent the weakly collisional theory.

ν αf αφ
10−6 1.35±0.05 3.45±0.10
10−5 1.50±0.05 3.75±0.10
10−4 2.05±0.15 4.45±0.25

Table 3.1: Spectral exponents extracted from the simulations shown in Fig.3.4.

standard scaling (3.13) in the low collisionality limit (θν → 0), is displayed in Fig. 3.5
for the three cases ν = 10−6, 10−5, and 10−4 of Fig. 3.4. Note that in Fig. 3.5 we have
introduced a shift in magnitude of the relation for the three cases for the sake of clarity.
The simulations thus demonstrate that the scaling relation between φk and fk becomes
steeper than k−1

⊥ with increasing collisionality, although θν � 1 is a only a relatively
small correction (e.g., θν ' 0.15 ± 0.05 for ν = 10−4). This was expected, since we are
still in a regime in which the collisions do not affect the nonlinear phase mixing argument,
lv ∼ l, but they just avoid to form a lot of small scale structures in v⊥-space.
In Fig. 3.6, the second assumption, regarding the flux of free energy, Eq. (3.19), is investi-
gated. Here, the flux is normalized to the total dissipation. The non-constancy of the flux
reflects the fact that dissipation is actually effective at all scales, since for purely conser-
vative spectral energy transfer (i.e., the standard picture of the inertial range), one expects
Πf/Dtot = 1 for an extended region in k-space, until the dissipation range begins and
an exponential fall-off appears. However, this is only approximately the case even at the
lowest collisionality, ν = 10−6, for which (Πf/Dtot)max ∼ 0.95. Meanwhile, we obtain
(Πf/Dtot)max ∼ 0.75 for ν = 10−5 and (Πf/Dtot)max ∼ 0.5 for ν = 10−4, after which
the flux is not even constant (it can be considered a power law, as a first approximation).
This behavior clearly deviates from the standard picture of an inertial range.
Moreover, the differences between the assumptions made in the standard theory and the
fluxes in Fig. 3.6 is way more evident than the deviations found in the scalings (Fig. 3.5).
In other words, δν is deviating from zero more rapidly due to the multiscale dissipation:
e.g., we estimate δν ' 1.0 ± 0.2 for ν = 10−4. Again, this means that the weaker point
is to assume the standard picture of an inertial range bridging the injection and the diss-
pation scales: this is something that was already observed in gyrokinetics for other type
of systems (see Refs. [88, 89, 90, 91]) and in general for other kind of plasma turbu-
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Figure 3.5: Scaling relation φk/fk for three different collision frequencies: ν = 10−6,
10−5, and 10−4 (black squares, blue triangles, and red diamonds, respectively). The
dashed line corresponds to the scaling k−1

⊥ predicted by Ref. [30].
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Figure 3.6: Normalized free energy flux Πf (k⊥)/Dtot for ν = 10−6, 10−5, and 10−4

(black squares, blue triangles, and red circles, respectively). The green dashed line corre-
sponds to unity, while the other colored dashed lines corresponds to the maximum of the
respective flux.

lence [92, 93]. As a final remark on these two assumptions, we note that not only qual-
itative agreement is found: the values of θν and δν estimated from simulations are also
in quantitative agreement with the fitted exponents of the spectra. In fact, for instance,
we found αf ' 2.05 ± 0.15 and αφ ' 4.45 ± 0.25 for the ν = 10−4 case (Table 3.1),
while the values of θν and δν extracted from the simulations (Figs. 3.5 and 3.6) predict
αf ≈ 1.90 ± 0.15 and αφ ≈ 4.20 ± 0.25. Considering the approximations made and the
uncertainties, this is a good agreement.
We finally test the third assumption, i.e., the locality of the energy cascade. This feature
can be checked by looking at the shell-to-shell transfer, Tmn , i.e., the energy exchange be-
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tween the k⊥ shells. Defining the shells as {kn}n=1,2,...,N , where we fix three parameters,
ka and kb andA, such that k1 = ka, k2 = ka+kb, and kn = (ka+kb)2

(n−2)/A = k22(n−2)/A

for n = 2, . . . , N . In the following, ka = kb = 4 andA = 5 will be adopted. Note that Tmn
is the discrete version of Tf (k′, k). The shell-to-shell transfer for ν = 10−6 and ν = 10−4
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Figure 3.7: Shell-to-shell transfer Tmn for ν = 10−6 (right) and for ν = 10−4 (left).

is shown in Fig. 3.7 (left and right panel, respectively): we can see that the energy transfer
is very local, i.e. the free energy exchange is relevant only between neighboring shells,
thus verifying the locality assumption. Moreover, the antisymmetry of Tmn is immediately
evident from the plot, which means it is a non-dissipative term that only transfers energy
between the modes, as expected. From Fig. 3.7, we also recognize the features already
seen in Fig. 3.6 about the free energy flux Πf (k⊥), i.e., the non-constancy of the flux
for ν = 10−4, denoted by the softening of the colors, in contrast to its nearly-constant
behavior for the ν = 10−6 case.

3.3.2 MULTISCALE NATURE OF THE DISSIPATION

The standard picture of dissipation in turbulence, both in hydrodynamics and in magne-
tohydrodynamics, is that it is active mostly at the small scales and negligible elsewhere.
However, in kinetic plasma turbulence this seems not to be the case. In fact, we are
dealing with the tail of the MHD cascade, i.e. the so-called dissipation range turbulence,
k⊥ρi ≥ 1, where dissipation has already become actually relevant. However, even though
we might have expected that dissipation mechanisms are indeed relevant in this range for
such reason, what we could not have expected is that - depending on the regime - most
of the dissipation occurs already at the lowest k⊥. This is clearly seen in Fig. 3.8, where
we show for two different collisionalities, ν = 10−6 (left column) and ν = 10−4 (right
column), the time-averaged collisional dissipation spectrum, Dcoll(k⊥) (top row), and the
consequent percentage of collisional dissipation achieved up to k⊥, Pcoll(k⊥) (bottom
row), defined as

Pcoll(k⊥) ≡ 100

Dcoll

∫ k⊥

k⊥,min

Dcoll(k
′
⊥) dk′⊥ , (3.24)
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Figure 3.8: Top row: time-averaged collisional dissipation, Dcoll(k⊥), versus k⊥ for
ν = 10−6 (left) and ν = 10−4 (right) in high-resolution simulations adopting the full
Landau-Boltzmnann collision operator. Bottom row: percentage of collisional dissipa-
tion achieved up to k⊥, Pcoll(k⊥), relative to Dcoll shown in the upper row.

where Dcoll ≡
∫
Dcoll(k⊥) dk⊥ has been defined. From the above plots we can see that

even in the low-collisionality regime, ν = 10−6, most of the dissipation occurs for k⊥ρi .
50: in fact at that point, i.e. k⊥ρi ∼ 50, approximatively 2/3 of the initial free energy has
been already dissipated by collisions. Because of the relevant action of the collisions,
the moderate-collisionality case, ν = 10−4, is even more violent, reaching a cumulative
collisional dissipation of∼ 90% at k⊥ρi ∼ 50, while the free energy was already depleted
by 2/3 of its initial content at k⊥ρi ∼ 30. This is consistent with the free energy spectra
shown in the previous Section (cf. Fig 3.4), and with the free energy fluxes and shell-to-
shell transfers, Πf (k⊥) and Tmn , respectively, shown in Figs. 3.6 and 3.7.

Stepping back from a time-averaged Dcoll(k⊥) to the collisional dissipation in (k⊥, t)-
space, see Fig. 3.9, we may notice another difference between the two regimes considered.

In fact, in the low-collisionality regime the system exhibits a multiscale character of
the collisional dissipation which more prolongated in time with respect to the moderate-
collisionality regime, in which the collisional dissipation has anyway a multiscale nature,
but it acts more violently in the early times. However, the actual value of Dcoll is two
orders of magnitude lower in the former case than in the latter, so the overall effect on the
free energy dissipation and on the free energy flux is less for the low-collisionality case,
as expected.

Nevertheless, the aim of this Section was to demonstrate the multiscale nature of col-
lisional dissipation in the so-called dissipation range turbulence. That has been success-
fully proven and, furthermore, we have shown that such multiscale behavior is even more
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Figure 3.9: Contours of the collisional dissipation Dcoll in (k⊥, t)-space for the two colli-
sionality cases, ν = 10−6 (top) and ν = 10−4 (bottom).

evident in the low-collisionality regimes.

3.3.3 A SEMIEMPIRICAL RELATION BETWEEN THE SPECTRAL IN-
DICES AND THE COLLISIONALITY

Up to now, we have shown the main results derived from high-resolution simulations with
the full Landau-Boltzmann operator, which confirmed the role of dissipation in producing
steeper turbulent spectra and thus the emergence of non-universal power laws. However,
there are several models that try to take into account for collisions, of which the Landau-
Boltzman is one of the most complete and rigorous one. Nevertheless, one might ask if
the dissipation effects on the turbulent spectra can be considered as a general feature of a
physical system or not.

We have performed several numerical simulations with three different collision opeator
and different resolutions. The collision operator adopted are (i) a Landau-Boltzmann (LB)
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Figure 3.10: Ef (k⊥) (left) and Eφ(k⊥) (right) for four different collision frequencies,
ν = 5 × 10−6, 5 × 10−5, 10−4, and 5 × ×10−4 (see the legend for the symbols). Here
the full Landau-Boltzmnann collision operator (LB) has been adopted. The dashed lines
represent the weakly collisional theory.

operator in gyrocenter coordinates [76, 79, 94, 95], (ii) a reduced µ-diffusive version of
the Landau-Boltzmann operator (µLB) and (iii) a simple Krook-type operator. For the
majority of the simulations our four-dimensional phase-space (x, y, v‖, µ) has been dis-
cretized with (128, 64, 32, 96) points, while the high-resolution case refers to (256, 128,
32, 200) grid points. Moreover, we remind the reader that in order to avoid energy pile-
up at the very end of the spectrum (high-k⊥), an 8th-order k⊥-hyperdiffusion operator
H⊥[f1] = −a⊥(k⊥/k0)8f1 is added on the RHS of Eq. (3.1) and that the hyperdiffusion
parameters a⊥ and k0 have been scaled accordingly to the resolution adopted in order to
have the same hyperdiffusive dissipation for the two different simulations. An example
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Figure 3.11: Same plots as in Fig. 3.10, but here the reduced µ-diffusive collision operator
(µLB) has been adopted. The collisionalities shown here are ν = 10−5, 10−4, 5 × 10−4,
and 10−3 (see the legend for the symbols).

of energy spectra obtained with (128, 64, 32, 96) adopting the full Landau-Boltzmnann
collision operator (LB) is given in Fig. 3.10. From that plots we can clearly see the same
qualitative behavior as it was observed for higher resolution simulations (cf. Fig. 3.4 in
Section 3.3.1). The same plots as in Fig. 3.10, but referring to the spectra obtained via
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simulations in which the reduced µ-diffusive collision operator (µLB) has been adopted,
are shown in Fig. 3.11. In this latter case, deviations are weaker than in the case of a full
LB operator, but they are nevertheless clearly present. In Fig. 3.12 we report for compari-
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Figure 3.12: Same plots as in Fig. 3.10 for the high-resolution simualtions (256, 128, 32,
200). The collisionalities shown here are ν = 10−6, 10−5, and 10−4 (see the legend for
the symbols).

son the same plots as in Fig. 3.10, but obtained with the high-resolution simulations using
(256, 128, 32, 200) grid points. The k⊥-range is different between the runs with differ-
ent resolutions, since the high-resolution case reaches k⊥ρi > 100, but the deviations are
qualitatively (and also quantitatively - see below) the same.

Let us assume that, for moderate collisionality, the spectral indices of the entropy
and potential energy spectrum, αf and φα respectively, vary as a function of the collision
frequency ν to some power, i.e.

αf (ν) = αf,0

[
1 + bf

(
ν

ν0

)a ]
, (3.25)

αφ(ν) = αφ,0

[
1 + bφ

(
ν

ν0

)a ]
, (3.26)

where αf,0 = 4/3 and αφ,0 = 10/3 are the usual spectral indices for the entropy cascade
in the collisionless (or weakly collisional) theory [1, 30]. Here, the exponent a and the
coefficients bf and bφ are parameters to be determined via simulations, as well for the
“threshold collisionality” ν0 (in principle, two different threshold collisionalities, νf,0 ≡
b−af ν0 and νφ,0 ≡ b−aφ ν0, can be defined instead, but this approach seems to us more
insightful). Furthermore, the exponent a has to be the same for αf and αφ, since it should
depend only on the dissipation mechanism and not on the nature of the spectrum we are
looking at.

From the above mentioned simulations we have found a good agreement with the
analytical relations in Eqs. (3.25)-(3.26), as shown in Fig. 3.13. The set of parameters a,
bf and bφ do not actually depend on the details of the collision operator and they are found
to be

a = 2/3 , bf = 3/4 , bφ = 2/5 , (3.27)

while the threshold collision frequency ν0 has been found to depend on the particular col-
lision operator. Such a dependence was expected, since different collision operators have
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Figure 3.13: Spectral indices, αf (top) and αφ (bottom), versus collisionality. The
dots represent simulation results, while the lines represent the analytical relations in
Eqs. (3.25)-(3.26).

different effective dissipations, which means that one has to rescale the ν-scale to a sort
of “effective collisionality”, ν̃ = ν/ν0, in order to adapt it to the collision operator. In
fact, if one plots again the above spectral indices against ν̃, that is taking into account
for the different ν0s, the data obtained with the three different operators then perfectly
overlap. It is worth to underline that we are trying to estimate small deviations from the
weakly collisional behavior, i.e. from αf = αf,0 and αφ = αφ,0, so the expressions given
in Eqs. (3.25)-(3.26) may not work for too high collisionalities, e.g. for ν/ν0 > 1 as it
seems to be the case from the spectral indices shown in Fig. 3.13 obtained with LB simu-
lations for ν ≥ 5× 104 (from the plots this seems especially true for αf , but it is actually
the case even for αφ).
Then, combining Eqs. (3.25)-(3.26) with the relations derived for αf and αφ in Sec-
tion 3.2.2, i.e. Eqs. (3.20)-(3.21), one obtains the following expressions for θν and δν :

θν = Cθ

(
ν

ν0

)a
, (3.28)

δν = Cδ

(
ν

ν0

)a
, (3.29)

with the coefficients Cθ and Cδ give by

Cθ ≡
2

3

(
5

2
bφ − bf

)
,

Cδ ≡ bf +
5

2
bφ .

From the values obtained for bf and bφ, the above coefficients assume the valuesCθ = 1/6
and Cδ = 7/4. The smallness of Cθ with respect to Cδ is consistent with the fact that the
variation of the scaling bewteen φk and fk presents minor variations, while the free energy
flux shows very strong deviations from the ideal behavior (cf. Fig. 3.5 and Fig. 3.6).
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SECTION 3.4

SUMMARY AND DISCUSSION OF THE RESULTS

We have presented a theoretical and numerical study of freely decaying electrostatic tur-
bulence in the framework of collisional gyrokinetic theory of magnetized plasmas. A
reduced 4D (2D2V) phase space (x, y, v‖, µ) has been considered: the 2D real space is
perpendicular to the background magnetic field, thus avoiding parallel effects such as the
Landau damping to be effective. Moreover, no background gradients were considered,
thus making the system as simple as possible, and therefore focusing only on the two
effects in which we were primarly interested, that is the E×B nonlinearity and collisions.
The nonlinear term introduces a perpendicular (nonlinear) phase mixing [84, 1, 30], caus-
ing the perturbed part of the distribution function to develop structures in v⊥-space which
are related to those in real space (or, equivalently, to k⊥). In particular, in a collisionless
(or, weakly collisional) regime, the higher the k⊥ is, the finer those v⊥-structures are.
However, the relation between v⊥-scales and k⊥ is affected by the collisionality of the
system, which in practice has the function of limiting the finest v⊥-scales. Then, due to
the relation between v⊥ scales and real-space scales, this has a direct influence on the
k⊥ scalings between the Fourier coefficients of the electrostatic potential, φk, and of the
perturbed distribution function, fk. This was indeed shown by means of direct numerical
simulations, even if it remains a quite small effect, provided that the collisionality is not
too high. In addition, allowing for the presence of multiscale dissipation in sub-Larmor
scale fluctuations has immediate consequences on one of the very fundamental assump-
tions made by standard Kolmogorov-like theories, i.e., on the existence of an inertial-like
range. In fact, regarding this point, we have shown that dissipation occurs at all scales,
regardless of the collisionality regime and, moreover, that for intermediate collisionality
the free energy flux is not even nearly constant anymore. This leaves a very important
fingerprint on the spectra, making in fact the power law collisionality dependent and thus
allowing for non-universal power laws. Finally, some efforts were put in the understand-
ing of how the spectral indices may be related to the collision frequency. We have shown
that, provided again that the collisionality is below a certain threshold ν0, there are de-
fined relations between the spectral indices, αf and αφ, and the collision frequency, ν.
Moreover, provided that the collisionality is scaled by the threshold value (which actually
depends on the collision operator) and it is below unity, i.e. ν → ν̃ = ν/ν0 . 1, such a re-
lation seems to be somehow universal, i.e. it does not depend on the details of the collision
operator adopted (even though a physically comprehensive operator is recommendable).

Despite the relative simplicity of the system under study here, it seems plausible that
these results can be generalized and applied to more complicated systems. For instance, it
is reasonable to expect that also 3D GK turbulence in toroidal fusion devices can exhibit
variable power law scalings depending on the parameter settings. Such behavior has in-
deed been observed before, and the present work offers a possible explanation. Similarly,
3D GK turbulence simulations applied to the solar wind dissipation range display non-
universal power law scalings as well as exponential corrections. Again, the present work
may provide a key to the understanding of this effect. Follow-up studies in this direction
will have to clarify if these conjectures are correct.



84CHAPTER 3. COLLISIONALITY EFFECTS IN 2D GYROKINETIC TURBULENCE



CHAPTER 4

A HYBRID VLASOV-MAXWELL MODEL

OF PLASMAS

In this chapter, we present a hybrid Vlasov-Maxwell model of a plasma. The equations of
this model are implemented in the numerical tool called HVM (Hybrid Vlasov-Maxwell)
solver.

SECTION 4.1

ASSUMPTIONS WITHIN THE MODEL

The hybrid Vlasov-Maxwell model is somewhat in between a full kinetic code and a
fluid code. In fact, all the ion kinetic effects are retained, while the highest electron
frequencies, such as, for instance, the electron cyclotron frequency Ωc,e, are cut off by
the hybrid approximation. The reason for this choice is due to the fact that, for most of
the applications in which we are interested in, such very short time scales are considered
to be irrelevant to the low-frequency turbulent dynamics and can thus be ordered out.
However, we know that we should be aware of the fact that if high-frequency phenomena
as, for instance, ion cyclotron harmonics effects (e.g. ion Bernstein waves) kicks in, we
are missing the physics of electron damping and of the electron scales. Nevertheless,
these problems will be partially fixed in the numerics by ad-hoc filters in Fourier space.

The hybrid approximation consists in solving the full Vlasov equation for the ions,
while the electrons are treated as a neutralizing massless fluid by means of the fluid mo-
mentum equation and a fluid closure for the isotropic electron pressure. All these equa-
tions are coupled to the Maxwell equations in the non-relativistic, “low-frequency” limit.
Here, for low-frequency we mean that the electron plasma frequency (and the electron
cyclotron frequency, as well) is higher than any other frequency retained in the system, so
quasi-neutrality can be assumed.

First of all, the non-relativistic limit allows us to neglect the displacement current in
the the Ampère’s law:

∇×B =
4π

c
J +

1

c

∂E

∂t
. (4.1)

In fact, by a dimensional inspection of the various terms, one finds that the last term on the
right hand side can be neglected with respect to the left hand side, if the non-relativistic
condition

ω

k
≡ vφ � c (4.2)
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holds. Thus, in the hybrid Vlasov-Maxwell model we will neglect the displacement cur-
rent in the Ampére’s law, which then reads

∇×B ' 4π

c
J . (4.3)

Then, the low frequency limit allows us to assume quasi-neutrality. Physically, we are
saying that the electrons time scales are so short - actually, shorter than any other time
scale - that any charge imbalance would be instantly suppressed by the electrons reaction.
Using again dimensional arguments, defining the electric charge density ρc ≡ e(ni − ne)
and a mean number density n ≡ (mini +mene)/(mi +me), the quasi-neutrality condition
can be written as

ρc
en
� 1 , (4.4)

which, using Gauss’s law∇·E = 4πρc in order to estimate ρc ∼ kE/4π and the Ampère’s
law in Eq. (4.1) to estimate kE ∼ ωB/c, we obtain

ρc
en
∼ ωB/c

4πen
=

ωΩc,e

ω2
p,e

� 1 , (4.5)

where Ωc,e ≡ eB/mec is the electron cyclotron frequency and ωp,e ≡
√

4πe2n/me is the
electron plasma frequency. The condition (4.5) is clearly satisfied in the low frequency
limit, ω � ωp,e

1. Moreover, note that the quasi-neutrality assumption is also consistent
with the non-relativistic limit. In fact, another way to look at it is through the length
scales: any charge imbalance would be shielded in a very short time scale and within a
very short length scale. The time scale, as said before, is about the inverse of the electron
plasma frequency, τ ∼ ω−1

p,e , while the length scale is called the Debye length,

λD =
vth,e

ωp,e

=

√
Te

4πe2n
, (4.6)

which basically represents the length that an electron can travel at the thermal speed vth,e,
within the time ω−1

p,e . The Debye length is by far the smallest scale in a collisionless
plasma. Thus, at any other length scale larger than λD, the local charge fluctuations
are shielded on the very small scales and the plasma looks almost neutral, i.e. “quasi-
neutral”. In fact, let us compare the Debye length with other two very small scales in a
plasma, that are the electron inertial length, de ≡ c/ωp,e, and the electron Larmor radius,
rL,e ≡ vth,e/Ωc,e. It is immediately shown that the conditions

λD

de

=
vth,e

c
� 1 (4.7)

and
λD

rL,e

=
Ωc,e

ωp,e

∼
√
mi

me

vA

c
� 1 (4.8)

1Note also that the ratio Ωc,e/ωp,e is a small quantity in the non-relativistic limit, since it can be written
as the square root of the ratio between the magnetic energy density, B2/4π, and the rest energy density of
the electrons, menc

2:
Ωc,e

ωp,e
=

√
B2/4π

menc2
� 1
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hold in the non-relativistic limit2. Finally, we write down the quasi-neutrality assumption
as is stated within the model, i.e.

ne ' ni = n . (4.9)

SECTION 4.2

THE MODEL EQUATIONS

In the hybrid Vlasov-Maxwell model, the ions are treated kinetically while the electrons
are considered as a fluid. In this context, the Vlasov equation is the governing equation
for the ion distribution function, fi(x,v; t),

∂fi

∂t
+ v · ∂fi

∂x
+

[
e

mi

(
E +

v

c
×B

)
+

F

mi

]
· ∂fi

∂v
= 0 (4.10)

where mi and e are the ion (proton) mass and electric charge, respectively, E and B are
the electric and magnetic fields and F represents any external force3 (e.g. gravitational,
tidal, shock etc.). The massless electron fluid is then modeled by the generalized Ohm’s
law,

E = −ue

c
×B− 1

ene

∇Pe + ηJ (4.11)

where ue = (ni/ne)ui − J/ene is the electron fluid velocity4, ne is the electron num-
ber density, η is the resistivity and the electron (isotropic) pressure, Pe, is related to the
number density by a polytropic relation,

Pe = Cnγe (4.12)

where C = n1−γ
e0 Te0 is given at t = 0, γ is the polytropic index (e.g., γ = 5/3 or 1 for

adiabatic or isothermal electrons, respectively) and d/dt = ∂/∂t+ue ·∇ is the convective
derivative. The magnetic field is computed via the Faraday equation,

∂B

∂t
= − c∇× E (4.13)

and, neglecting the displacement current in the Ampère’s law, Eq. (4.1), the current den-
sity is given by

J =
c

4π
∇×B (4.14)

2Note that the electron Larmor radius can be as small as the Debye length if vA/c ∼
√
me/mi, which

is valid not too far from the relativistic case, so it can be safely neglected.
3Note that in this model, F will act only on the ions and thus it will not be present in the electron

momentum equation.
4The electron fluid velocity is derived by the usual current density definition, i.e. J =

∑
s qsnsus,

where s is the species index. The current density J is computed using the Ampère’s law in Eq. (4.14), i.e.
neglecting the displacement current, while the ion mean velocity ui is compute as the first-order moment
of the ion distribution function, Eq. (4.17). The formula for J is then inverted to compute ue. In the
quasi-neutrality limit, it reduces to J = en(ui − ue) and thus we get ue = ui − J/en.
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Finally, in the HVM model quasi-neutrality condition is assumed:

ne = ni ≡ n (4.15)

where the number density is given by

n =

∫
fi d3v . (4.16)

In the same way, we define the other fluid moments of the ion distribution function as the
mean ion velocity, ui,

nui =

∫
vfi d3v , (4.17)

and the ion pressure tensor, Πi,

Πi = mi

∫
[(v − ui)⊗ (v − ui)] fi d3v (4.18)

= mi

∫
(v ⊗ v)fi d3v − mi n (ui ⊗ ui) .

4.2.1 ENERGETICS OF THE HYBRID VLASOV-MAXWELL SYSTEM

Now we consider the system of equations for the hybrid Vlasov-Maxwell model, Eqs. (4.10)-
(4.15), and we look into the energy conservation properties. In particular, we are inter-
ested on how the energetics is modified by the introduction of an external forcing and,
afterwards, if the numerical implementation respects the expected behavior (see Sec-
tion 5.1.2 for the numerical conservation properties of the HVM code).

We start with the ion momentum equation, which is derived form Eq. (4.10) by inte-
grating over the velocity space after multiplication by miv:

∂

∂t

∫
mivfid

3v +

∫
miv (v · ∇fi) d3v +

∫
v
[
e
(
E +

v

c
×B

)
+ F

]
· ∂fi

∂v
d3v = 0 ,

which is evaluated by using the fact that v and x are independent variables, so
∫

v(v ·
∇fi)d

3v = ∇·
∫

v⊗vfid
3v, and the integrations involving the velocity-space divergence

∂/∂v are done by parts, resulting in the ion momentum equation:

∂ (minui)

∂t
+ ∇ ·

[
min

(
ui ⊗ ui

)
+ Πi

]
= en

(
E +

ui

c
×B

)
+ niF . (4.19)

Then, we take the scalar product of Eq. (4.19) with the ion mean velocity ui and, using
the continuity equation, we obtain the ion bulk/kinetic energy equation:

∂ Ekin,i

∂t
+ ∇ · (Ekin,iui + Πi · ui) = Πi : ∇ui + enE · ui + nF · ui (4.20)

where
Ekin,i ≡

1

2
miniu

2
i
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is the ion kinetic energy density. Note that, by assuming periodic boundary conditions
and/or that all the quantities become asymptotically small at the boundaries of the domain,
we take the volume average, i.e.

〈(. . . )〉 ≡ 1

V

∫
V

(. . . )d3x ,

of the ion kinetic energy equation and obtain its space-averaged version in which the total
divergence terms vanish:

∂ 〈Ekin,i〉
∂t

= 〈Πi : ∇ui〉 + 〈enE · ui〉 + 〈nF · ui〉 . (4.21)

Let us consider now the total energy density of the ions,

Etot,i ≡
∫

1

2
miv

2fi d3v = Ekin,i + Eth,i ,

where the thermal energy density, Eth,i, is given by

Eth,i ≡
1

2
Tr [Πi] .

The equation for Etot,i can be derived by a velocity-space integration of the Vlasov equa-
tion, Eq. (4.10), after multiplying it by miv

2/2, i.e.

∂

∂t

∫
mi

2
v2fi d3v +

∫
mi

2
v2 (v · ∇fi) d3v +

∫
v2

2

[
e
(
E +

v

c
×B

)
+ F

]
·∂fi

∂v
d3v = 0 ,

which gives

∂ Etot,i

∂t
+ ∇ · (Etot,iui + Πi · ui + qi) = enE · ui + nF · ui (4.22)

or, in its volume-averaged form,

∂ 〈Etot,i〉
∂t

= 〈enE · ui〉 + 〈nF · ui〉 . (4.23)

In Eq. (4.22) we have defined the heat flux vector, qi, as

qi ≡
∫
mi

2
(v − ui)

2(v − ui)fi d3v ,

which is the contraction of the third-rank tensor Qi, defined by

Qi ≡
∫
mi

2
(v − ui)⊗ (v − ui)⊗ (v − ui)fi d3v .

From the above equations, Eqs. (4.20)-(4.22), we can then extract also a separate equation
for the thermal energy density, Eth,i,

∂ Eth,i

∂t
+ ∇ · (Etot,iui + qi) = −Πi : ∇ui (4.24)
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and its averaged form,
∂ 〈Eth,i〉
∂t

= −〈Πi : ∇ui〉 . (4.25)

In order to obtain the energy equation for the electromagnetic fields, we multiply the
Faraday equation, Eq. (4.13), by B/4π and, using the vector identity B · (∇ × E) =
∇ · (E×B) + E · (∇×B) and Ampére’s law, Eq. (4.14), we finally obtain the equation
for the electromagnetic energy5,

Eem ≡
B2

8π
,

in its local non-averaged form,

∂ Eem

∂t
+ ∇ ·

(
E×B

4π
c

)
= −E · J (4.26)

or, equivalently, in its volume-averaged formulation

∂ 〈Eem〉
∂t

= −〈E · J〉 . (4.27)

Then, using the generic polytropic equation, Eq. (4.12), for the isotropic electron pres-
sure tensor, Πe = PeI, and using continuity equation, we obtain the equation for the
electron thermal energy density in its local form,

∂ Eth,e

∂t
+ ∇ · (Eth,eue) = (1− γ)Eth,e (∇ · ue) (4.28)

where we have defined the electron thermal energy density

Eth,e ≡
1

2
Tr [Πe] =

3

2
Pe ,

which, after the volume-average operation, yelds

∂ 〈Eth,e〉
∂t

= (1− γ) 〈Eth,e (∇ · ue)〉 . (4.29)

Note that for isothermal electrons, γ = 1, the volume averaged electron thermal energy
〈Eth,e〉 is a conserved quantity by itself. Of course, in order to keep such quantity constant
despite the work done by the electric field on the electrons, we are artificially introducing
some energy in the system. This can be seen in a moment, when we put all the previous
energy equations together.

5Note that in our model the displacement current in the Ampère’s law, Eq. (4.14), is neglected and thus
the electromagnetic energy Eem neglects the electric field contribution, E2/8π. This is consistent with the
non-relativistic limit, in which the electric energy is smaller than the magnetic energy by a factor v2φ/c

2.
Anyway, note that if we had retained the displacement current in the Ampère’s law, then the electromagnetic
energy equation, Eq. (4.26), would have been exactly the same, but with the electric field contribution:
Eem = (B2 + E2)/8π.
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If we sum Eqs. (4.23), (4.27) and (4.29), we obtain the (volume-averaged) total energy
density equation:

∂ 〈Etot〉
∂t

= 〈enE · ue〉 + 〈nF · ui〉 + (1− γ) 〈Eth,e (∇ · ue)〉 (4.30)

where we have defined the total energy Etot = Etot,i + Eem + Eth,e and we have used the
identity J = en(ui − ue) to rewrite 〈enE · ui〉 − 〈E · J〉 = 〈enE · ue〉. Then, if we make
use of the generalized Ohm’s law in Eq. (4.11) and the fact that 〈∇ · (Peue)〉 = 0, we may
rewrite

〈eneE · ue〉 = −〈ue · ∇Pe〉 + 〈ηeneue · J〉 = 〈Pe (∇ · ue)〉 + 〈ηeneue · J〉 ,
so Eq. (4.30) can be recast as

∂ 〈Etot〉
∂t

=

(
5

3
− γ
)
〈Eth,e (∇ · ue)〉 + η 〈enue · J〉 + 〈nF · ui〉 (4.31)

The volume-averaged total energy equation, Eq. (4.31), shows that the hybrid Vlasov-
Maxwell system of equations, Eqs. (4.10)-(4.14), conserves the total energy of the system,
Etot, in the case of adiabatic electrons (γ = 5/3), no resitivity (η = 0) and no external
forcing (F = 0). However, from the work of the electric field on the electrons, 〈enE ·ue〉,
one usually defines the quantity

Le(t) ≡
∫ t

0

〈enE · ue〉 dτ , (4.32)

and thus Eq. (4.30) can be expressed as

∂ Ẽ

∂t
= 〈niF · ui〉 + (1− γ) 〈Eth,e (∇ · ue)〉 , (4.33)

where we have defined the quantity Ẽ ≡ 〈Etot〉 − Le. Thus, without forcing and for
isothermal electrons (γ = 1), the quantity which is conserved is not the “canonical” total
energy density, 〈Etot〉, but Ẽ instead. We want to stress that this is the consequence of
trying to keep the electrons isothermal: by comparison between Eq. (4.30) and Eq. (4.33)
it is also clear that such attempt is then seen by the system as an additional artificial
contribution to the work done by the electric field on the electrons.

Finally, if we assume that the forcing has a constant average power input, 〈niF ·ui〉 =

ε, then we expect that the average energy of the system Ẽ increases linearly with time,
i.e. Ẽ ∼ ε t (see Section 5.1.2 for a direct numerical check of Eq. (4.33) within the HVM
code).

4.2.2 STOCHASTIC FORCING

The following is based on some notes kindly provided by F. Rincon, who actually imple-
mented the forcing in the HVM code. Our purpose is to include a random forcing acting
on certain shells of wavenumbers in spectral space, which is a commonly used technique
in simulations of turbulence. In the following, a summary of the Alvelius’ technique for
random forcing of three-dimensional homogeneous turbulence in hydrodynamics [101] is
given.
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THE ALVELIUS’ TECHNIQUE

Let us consider the following equation for the time evolution of the velocity u:

∂u(x, t)

∂t
= F(x, t) , (4.34)

where F is a random, space-dependent force. The formal solution of the above equation
is

u(x, t) = u(x, 0) +

∫ t

0

F(x, t)dτ . (4.35)

In principle, F can be whatever kind of random function. In the present case, we assume
that the force F is a space-dependent, δ-correlated in time, gaussian random function with
zero mean, whose spatial average is zero and has an average energy density ε:

〈F(x, t)F(x, t′)〉 = ε δ(t− t′) , (4.36)

where the overline here indicates an ensemble average and the brackets denote the pre-
viously defined spatial average. Denoting the spatially-averaged kinetic energy as K ≡
〈u2〉/2, from Eq.(4.34) we obtain

∂K

∂t
= 〈u · F〉 =

∫ t

0

〈F(x, t′)F(x, t)〉 dt′ + 〈u(x, 0)F(x, t)〉 , (4.37)

which, by taking an ensemble average and using Eq.(4.36), leads to

∂K

∂t
=

∫ t

0

〈F(x, t′)F(x, t)〉 dt′ = ε

2
, (4.38)

where the 1/2 factor comes from the fact that we are integrating a δ-function having its
zero on the edge of the integration interval.

In practice, Eq.(4.34) is integrated numerically with a first order scheme of the type

u(x, tj + ∆t) = u(x, tj) + F(x, tj)∆t , (4.39)

in which F(x, tj) is randomly generated at each time step tj , independently from the
previous steps (δ-correlated in time), and ∆t is the time step. Replacing the ensemble
average with a time average over many time steps, the average power input per time step
can be written as a sum of two contributions, ε1 and ε2, i.e.

K(tj + ∆t)−K(tj)

∆t
= 〈F(x, tj)F(x, tj)〉

∆t

2
+ 〈u(x, tj)F(x, tj)〉 ≡ ε1 + ε2 . (4.40)

First, we show how to control ε1 and, afterwards, how to explicitly set ε2 to zero. We
can rewrite ε1 = 〈F(x, tj)F(x, tj)〉∆t/2 in Fourier space as follows:

ε1 =
∆t

2

1

Nt

Nt∑
j=1

NF∑
i=1

|F̂(ki, tj)|2 '
∆t

2
NF σ

2
F , (4.41)

where Nt is the number of time steps over which we average, NF is the number of
wavevectors in the shell over which the forcing is active, F̂(ki, tj) is coefficient relative to
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ki of the Fourier transform of F(x, tj), and σ2
F is the variance of the normal distribution

used to generate the forcing amplitudes |F̂(ki, tj)|. Thus, in order for the average power
input ε1 to have some specified value εF , the variance of the randomly generated Fourier
amplitudes |F̂| must be

σ2
F =

2 εF
NF∆t

. (4.42)

In the numerical implementation, a random amplitude and phase are generated at each
time step tj for each Fourier coefficient |F̂(ki, tj)| with ki within the forcing shell. An
uniform distribution over the interval [0, 2π] is used to generate the phases, while a nor-
mal distribution with zero mean and a variance σ2

F as defined in Eq.(4.42) is adopted to
generate the amplitudes. Moreover, since F is a real valued quantity, the above forc-
ing procedure is applied only to half of the Fourier space and the resulting coefficients
are then symmetrized using complex conjugation on the other half of the space. In this
context, however, one has to keep in mind that NF in Eq.(4.42) is the number of forced
wavenumbers over the whole Fourier space. Note that, if εF is the average power density
input due to the force F, then we expect that LF (t) ' εF t (see the energy diagnostic,
below).
Up to this point, we have defined ε1 to be equal to the desired power input εF . Then,
if one can assume that ε2 = 〈u(x, tj)F(x, tj)〉 averages to zero or it is negligible, the
total average power input will be just εF . In principle, since the force F is generated
randomly at each time step tj , u(x, tj) should be independent of F(x, tj) and thus the
quantity ε2 should go to zero as the number of steps becomes large. However, for a large
number of time steps, these statistical fluctuations are negligible only if the random forc-
ing amplitudes |F̂(ki, tj)| are generated for a sufficiently large number of wavevectors.
Unfortunately, this is not the case if we force over a narrow shell in wavenumber space,
which is the case we are going to study and it is often the case for simulations of tur-
bulence, where one wants to force only the lowest wavenumbers (largest wavelengths)
in order to see the direct energy cascade. In order to solve this problem, the Alvelius’
suggestion was to impose 〈u(x, tj)F(x, tj)〉 = 0 by hand at each time step tj , i.e. by
enforcing

û(k, tj) · F̂(k, tj) + c.c. = 0 , (4.43)

for each pair of wavenumbers (k, −k) in the forcing shell through conditions on the
phases of the coefficients F̂.

GENERAL 3D FORCING

Let us consider the general 3D case, in which F̂(k, tj) has a random orientation, so it
reads

F̂(k, tj) = F0

(
eiψ1 cosφ sin θ e1 + eiψ2 sinφ sin θ e2 + eiψ3 cos θ e3

)
, (4.44)

where (e1,e2,e3) is a given orthonormal basis of R3, e.g. (ex,ey,ez), F0 is a random am-
plitude generated from a normal distribution of variance σ2

F at each time step tj , θ ∈ [0, π]

and φ ∈ [0, 2π] are the random angles defining the orientation of F̂ with respect to our
orthonormal basis (e1,e2,e3), and (ψ1,ψ2,ψ3) are the phases of each Fourier component of
F̂(k, tj). In order to impose ε2 = 0 through Eq.(4.43), the following relation must hold:

ψ1 = arctan

(Y
X

)
, (4.45)
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with

Y = cosφ sin θR[û1] + sinφ sin θ (sinψ I[û2] + cosψR[û2])

+ cos θ (sinχ I[û3] + cosχR[û3]) ,

X = − cosφ sin θ I[û1] + sinφ sin θ (sinψR[û2]− cosψ I[û2])

+ cos θ (sinχR[û3]− cosχ I[û3]) ,

where R[ûi] and I[ûi] are the real and imaginary parts of ûi = ei · û(k, tj), respectively,
and ψ = ψ2 − ψ1 and χ = ψ3 − ψ2 are random angles generated from an uniform
distribution in the [0, 2π] interval at each time step tj . Random angles (ψ,χ) are used to
compute ψ1 from Eq.(4.45). Then ψ2 = ψ1 +ψ and ψ3 = ψ1 +χ are obtained and finally
F̂(k, tj) in Eq.(4.44) is computed. Otherwise, if no control on ε2 is desired, the phases
(ψ1,ψ2,ψ3) can be just generated randomly in the interval [0, 2π]. Note that in principle
here F · k 6= 0, so this case represents the 3D compressible forcing.

3D INCOMPRESSIBLE FORCING

In this case, the force F is constrained at a plane perpendicular to the wavevector k, i.e. the
incompressibility constraint is

F · k = 0 .

In that case, assuming k along e3 without loss of generality, e1 and e2 are taken to be
orthogonal to k and to each other. For instance, if ek ≡ k/|k| is not along ey (in the
global/simulation coordinate system), then we can define e1 = ey× ek and e2 = ek× e1,
so the basis (e1,e2,ek) is a right-handed orthonormal basis. Therefore, the orientation of
the forcing is enforced to be random in the (e1,e2)-plane by using a random angle φ and
θ = π/2 in Eqs.(4.44)-(4.45), while ψ3 is an irrelevant variable:

F̂(k, tj) = F0

(
eiψ1 cosφ e1 + eiψ2 sinφ e2

)
, (4.46)

ψ1 = arctan

(
cosφRe[û1] + sinφ (sinψ Im[û2] + cosψRe[û2])

− cosφ Im[û1] + sinφ (sinψRe[û2]− cosψ Im[û2])

)
, (4.47)

GENERAL 2D FORCING

In this case, assuming the 2D plane to be the (x,y)-plane, we are restricting the forcing
and the wavevector k to both lie in that plane (kz = 0 for 2D simulations). This case
is in practice equivalent to the previous 3D incompressible case, except that now we can
explicitly select e1 = ex and e2 = ey with random φ angle and θ = π/2, so

F̂(k, tj) = F0

(
eiψ1 cosφ ex + eiψ2 sinφ ey

)
, (4.48)

ψ1 = arctan

(
cosφRe[ûx] + sinφ (sinψ Im[ûy] + cosψRe[ûy])

− cosφ Im[ûx] + sinφ (sinψRe[ûy]− cosψ Im[ûy])

)
, (4.49)
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2D INCOMPRESSIBLE FORCING

This is the simplest case, since we are removing any degree of freedom on the orientation
of F once k is known. Assuming again that the (x,y)-plane represents the 2D simulation
plane, so kz = 0, the forcing direction will be defined by

e1 =
k

|k| × ez =

(
ky√
k2
x + k2

y

, − kx√
k2
x + k2

y

, 0

)
, (4.50)

so F · k = 0 holds and we consistently take φ = 0, θ = π/2 in Eq.(4.44):

F̂(k, tj) = F0e
iψ1 e1 . (4.51)

Then, the condition to impose in order to get ε2 = 0 strictly becomes

ψ1 = − arctan

(
Re[û1]

Im[û1]

)
. (4.52)

However, the 2D incompressible case with a perpendicular guide field is not really inter-
esting for the in-plane magnetic dynamics. In fact, in this case, the forcing will inject
energy into perpendicular vortical motion, with the result that we are just displacing and
interchanging the vertical magnetic field lines around in the simulation plane, without
creating any perpendicular magnetic fluctuations. Moreover, in the presence of a finite
resistivity, the in-plane component of the magnetic field, if present at the initial time, will
completely decay (see Section 4.2.3).

2D PURELY COMPRESSIBLE FORCING

This case is similar to the previous one, with the difference that now the forcing direcion
will be defined by ek, i.e.

e1 =
k

|k| , (4.53)

so now F× k = 0 holds. The same conditions on the angles, φ = 0 and θ = π/2, have to
be taken, so Eq.(4.51) holds for the forcing and Eq.(4.52) is sitll valid for imposing ε2 = 0
strictly.

4.2.3 THE NEED FOR COMPRESSIBILITY IN 2D
Here, we briefly demonstrate that compressibility is needed for 2D simulations, if we
want an interesting perpendicular magnetic dynamics. Let us consider Faraday equation,
Eq. (4.13), and the generalized Ohm’s law, Eq. (4.11). Combining those two equations
and using the fact that the electron fluid is barotropic, i.e. that Pe = Pe(n), we obtain the
following induction equation:

∂B

∂t
= ∇×

(
ue ×B

)
+ η∇2B , (4.54)

where we have used the divergenceless nature of B and the fact that η is a constant in order
to rewrite∇× (η∇×B) = −η∇2B. Then, passing to the vector potential, B = ∇×A,
we obtain

∂A

∂t
= ue ×

(
∇×A

)
+ η∇2A . (4.55)
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Since the perpendicular fluctuations of the magnetic field are due to the parallel com-
ponent of the vector potential, δB⊥ = ∇ × (A‖ez) = −∇⊥A‖, we take the parallel
component of Eq. (4.55),

∂ A‖
∂t

= −
(
ue · ∇

)
A‖ + η∇2A‖ , (4.56)

and, after a multiplication by A‖, we obtain the following equation:

∂

∂t

( |A‖|2
2

)
+ ∇ ·

[ |A‖|2
2

ue − c η∇
( |A‖|2

2

)]
=
|A‖|2

2

(
∇ ·ue

)
− η |∇A‖|2 , (4.57)

which, performing a volume average, reduces to

∂

∂t

〈 |A‖|2
2

〉
=

〈 |A‖|2
2

(
∇ · ue

)〉
−
〈
η |∇A‖|2

〉
, (4.58)

where we have used the fact that we assume no net fluxes at the boundaries (or, equiv-
alently, periodic boundary conditions), so the volume average of a divergence is zero,
〈∇(. . . )〉 = 0. From Eq. (4.58) is clear that, if an initial perpendicular magnetic fluctu-
ation is present and no compressible flows are allowed, ∇ · ue = 0, then the magnetic
fluctuations δB⊥ will decay with a rate γη = −2 η k2, i.e. with a characteristic timescale
τη(k) = (2 η k2)−1, which means that perpendicular magnetic fluctuations are decay-
ing much faster at smaller scales, τη ∼ l2 (i.e. a typical behavior of diffusive processes,
which thus prevents, for instance, the formation of thin current sheets). By considering
a compressible flow, instead, we can locally increase the perpendicular magnetic field
strength, on a timescale τcompr(k) = (k · ue)

−1 ∼ (ξcompr ue k)−1, where we have defined
the fraction of compressibility ξcompr. In this way, the two mechanisms are competing
and the difference in their characteristic timescales, which actually depend also on the
length scale considered, will determine the possibility of formation of thin current sheets,
eventually leading to magnetic reconnection, as we will see in Chapter 5.
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SECTION 4.3

THE HVM CODE

The approach adopted in the HVM is a Eulerian explicit finite difference code, based
on the numerical solution of the hybrid Vlasov-Maxwell equations in multi-dimensional
phase space. The full Vlasov code has been developed by F. Califano, in collaboration
with A. Mangeney (Observatoire de Paris), at the Department of Physics in Pisa since
2000, and adapted to the hybrid version lately, in 2007, together with F. Valentini: the
HVM solver represents one of the vanguard code for the study of kinetic turbulence in
space and astrophysical plasmas. The algorithm used by the HVM solver to integrate the
equations in the unforced case is second-order accurate in time and consists in a splitting
method [98] coupled to the current advance method [99] (CAM), generalized to the hybrid
case [100].

In particular, we are going to use the HVM solver in a 2D3V configuration (two
dimensions in physical space and three dimensions in velocity space). Note that this
code has been extensively used in 1D2V [102], 1D3V [103, 104, 105] and 2D3V [106,
107, 108, 109, 110] configurations. Further details as, for instance, an up to date list of
publications and projects involving the HVM solver, as well as for the people involved
in the numerical development and scientific investigators can be found at the following
webpage: http://fis.unical.it/hvm/.

Before we enter the details of the numerical formulation of the HVM code, we sum-
marize the normalized equations solved by the code.

4.3.1 NORMALIZED EQUATIONS OF HVM

Within the numerical model, all the quantities are normalized to the ion inertial length,
di, the ion cyclotron frequency, Ωi, the ion mass, mi, the ion electric charge, e, and the
Alfvèn speed, vA.

Within this model, the kinetic dynamics of ions is investigated through the Vlasov-
Maxwell set of equations in the non-relativistic “low frequency” limit:

∂f

∂t
+ v · ∂f

∂x
+ (E + v ×B + F) · ∂f

∂v
= 0, (4.59)

∇×B = J (4.60)

∂B

∂t
= −∇× E (4.61)

while the electron response is taken into account through the generalized Ohm’s law,
which, neglecting the electron inertia, reads

E = −ui ×B +
1

n
(J×B) − 1

n
∇Pe + ηJ (4.62)

Here f = f(x,v, t) is the ion distribution function and the ion density n and the mean
velocity ui are computed from the velocity space integration of the moments of f . The
displacement current is neglected in Ampère’s law and quasi-neutrality, ne = ni = n,
is assumed, since we consider the non-relativistic, low frequency plasma dynamics. A
polytropic equation of state is taken for the electrons via the user-defined polytropic index
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γ (hereafter, only the isothermal case, γ = 1, will be considered). Other user-defined
parameters are the electron to ion temperature ratio, τ ≡ T0e/T0i, the ion beta, βi (from
which the ion thermal velocity is vth,i =

√
βi/2, in vA units), the background magnetic

field B0 = B0xex + B0yey + B0zez, the minimum and maximum wavevector between
which the forcing is active and its average power input, kF,min, kF,max and εF respectively.
The forcing can be choosen to be either compressible or incompressible.

The HVM equations, Eqs. (4.59)-(4.62), are solved numerically in 2D-3V phase space
configuration, using an Eulerian algorithm based on the coupling between the so-called
splitting scheme [98] and the current advance method [99] for the evolution of the elec-
tromagnetic fields, generalized to the hybrid case [100]. The time step ∆t is constrained
by the Courant-Friedrics-Levy condition for the numerical stability of the hybrid Vlasov
algorithm. A stochastic, δ-correlated in time, compressible forcing in the prescribed
wavevectors interval [kF,min, kF,max] and with the desired average power input εF is gener-
ated every ∆t and temporarily added to the electromagnetic forces in Eq.(4.59) to update
the moment nui and to perform the advection of f in velocity space. Since the forcing is
supposed to represent any possible force (gravitational, tidal, shock, etc.), it is not treated
permanently as an extra bit of E in order to not provide an extra artificial induction term
in Faraday’s equation.

4.3.2 NUMERICAL FORMULATION OF THE HVM SOLVER

As previously mentioned, our system of equations is numerically solved by coupling two
methods, i.e. the splitting method and the current advance method adapted to our hybrid
case. Both methods are second order accurate in the time step ∆t, while the accuracy
with respect to the mesh size of the spatial and velocity grids, ∆x and ∆v respectively,
depends on the interpolation algorithm adopted for the evaluation of the ion distribution
function on the phase space grid at each time step.

We now proceed to give a more detailed description of the algorithm of the HVM
code for the case of massless electrons, which simplify the description. For a even more
detailed description in the general case, we invite the reader to look into Refs. [98, 99,
100].

THE SPLITTING METHOD

Instead of solving the full Vlasov equation at once, the splitting algorithm consists in
solve separately the two advection equations

∂ fi

∂t
+ v · ∂ fi

∂x
= 0 , (4.63)

and
∂ fi

∂t
+ (E + v ×B) · ∂ fi

∂v
= 0 , (4.64)

where in the first advection equation, the velocity coordinate v is considered as a param-
eter, while in the second advection equation, the parameters are the space coordinate x
and the electromagnetic fields, E and B. The solutions of the above equations can be rep-
resented as some advection operators Λ{x,v}, advecting only in real or in velocity space,
acting on some initial condition fi(x,v, 0), i.e. they are denoted by Λx(t)fi(x,v, 0) and
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Λv(t)fi(x,v, 0), respectively. Thus, in general, in order to advect the ion distribution
function along the characteristics from an inital time t0 to a final time t1 = t0 + N ∆t,
using N steps of the same ∆t size, the splitting method provides a second order accurate
in time solution in the form:

fi(x,v, t0 +N ∆t) =

(
Λx

[
∆t

2

]
Λv [∆t] Λx

[
∆t

2

])N
fi(x,v, t0) , (4.65)

where the operator is applied repetitively N times to fi(x,v, t0), in order to advect it for
a time N ∆t. However, Eq.(4.65) is just the formal way to write it. In practice, it is more
complicated, since the advection operator for the ion distribution function in velocity
space, Λv, depends on the electromagnetic fields at half time steps, i.e. E(x, tj + ∆t/2)
and B(x, tj + ∆t/2), while the electromagnetic fields self-consistently depend on the
moments of the ion distribution function at the same half time steps, ni(x, tj + ∆t/2),
ji(x, tj + ∆t/2) and Πi(x, tj + ∆t/2), via the Faraday equation and the Ohm’s law. Note
that in the latter we are going to consider massless electrons and thus the ion pressure
tensor Πi is not needed in the Ohm’s law, which will simplify some steps (especially in
the CAM algorithm).

The practical implementation can be divided in two parts, an initial step with an ex-
plicit time integration for the fields from 0 to ∆t, and the main loop, where the splitting
method is coupled with the actual CAM method. In the numerical formulation, two inter-
mediate distribution functions, f ∗i and f̃i will be used to integrate the ion Vlasov equation.
In the initial step, the algorithm uses the initial conditions fi(x,v, 0), B(x, 0) and E(x, 0)
to compute

f ∗i (x,v,∆t/2) = Λx [∆t/2] fi(x,v, 0) , (4.66)

and, using the moments of fi(x,v, 0) and an explicit integration scheme, the fields at half
time step ∆t/2 are computed: E(x, 0)

B(x, 0)

  

 E(x,∆t/2)

B(x,∆t/2)

 . (4.67)

Then, the above fields are used for the velocity space advection and f̃i(x,v,∆t) is com-
puted from f ∗i (x,v,∆t/2):

f̃i(x,v,∆t) = Λv [∆t,E(x,∆t/2),B(x,∆t/2)] f ∗i (x,v,∆t/2) . (4.68)

After these first steps, we are left with f̃i(x,v,∆t) = f̃i(x,v, t1), E(x,∆t/2) = E(x, t1−
∆t/2) and B(x,∆t/2) = B(x, t1 − ∆t/2) and we can then enter the main loop of the
algorithm. In general, at the beginning of each iteration of the main loop, we will have to
deal with the following quantities left by the previous iteration:

• The auxiliary ion distribution functions f ∗i (x,v, tj −∆t/2) and f̃i(x,v, tj);

• The intermediate electromagnetic fields E(x, tj −∆t/2) and B(x, tj −∆t/2);

where tj ≡ j∆t with j = 1, 2, 3, . . . , N . The main loop, leaving for the moment implicit
the steps due to the CAM method for the electromagnetic fields computation, can be
summarized as a three-steps-iteration:
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1. Compute the auxiliary ion distribution function f ∗i at time tj + ∆t/2 from f̃i as
follows:

f ∗i (x,v, tj + ∆t/2) = Λx [∆t] f̃i(x,v, tj) . (4.69)

Note that we are applying the spatial advection operator Λx [∆t] and not Λx [∆t/2]
because from the previous iteration we were left with f̃i(x,v, tj) = Λv(∆t)f

∗
i (x,v, tj−

∆t/2) and thus

f ∗i (x,v, tj + ∆t/2) = Λx [∆t/2] fi(x,v, tj) =

Λx [∆t/2] Λx [∆t/2] f̃i(x,v, tj) = Λx [∆t] f̃i(x,v, tj) ,

where the property of the advection operator Λx [t1] Λx [t2] = Λx[t1 + t2] has been
used. At this point it is possible to compute the actual moments of the ion distribu-
tion function at time tj (see below).

2. Use the CAM method to compute the electromagnetic fields at half time steps:

CAM  E(x, tj + ∆t/2) , B(x, tj + ∆t) . (4.70)

For the sake of clarity, how the CAM algorithm actually computes the electromag-
netic fields will be explicitly explained in a separate section, just after this schematic
view of the main loop.

3. The auxiliary ion distribution function f̃i at time tj + ∆t is then computed from the
auxiliary distribution f ∗i computed at point 1 as follows:

f̃i(x,v, tj + ∆t) = (4.71)

Λv [∆t,E(x, tj + ∆t/2),B(x, tj + ∆t/2)] f ∗i (x,v, tj + ∆t/2) .

Note that as an output of the numerical simulation, we are mainly interested in the
moments of the actual ion distribution function at time tj as well as in the electromagnetic
fields at that time. For the latter, an explicit expression for E(x, tj) and B(x, tj) will
be given along with the CAM algorithm explanation. Here we explain how the actual
distribution function fi(x,v, tj) can be computed just after the step 1 of the main loop, up
to second order precision in time, without explicitly applying another advection operator
Λx[∆t/2] on f̃i(x,v, tj), since such operations take most of the computational time. We
can approximate the advection operator in real space up to first order in the time step as

Λx [∆t] ' 1 − ∆tv · ∇ + O(∆t2) ,

and therefore

fi(x,v, tj) = Λx [∆t/2] f̃i(x,v, tj) '
[
1 − ∆t

2
(v · ∇)

]
f̃i(x,v, tj) + O(∆t2) ,

and

f ∗i (x,v, tj + ∆t/2) = Λx [∆t] f̃i(x,v, tj) ' [1 − ∆t (v · ∇)] f̃i(x,v, tj) + O(∆t2) ,
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from which it is easy to show that the following relation holds:

fi(x,v, tj) '
1

2

[
f̃i(x,v, tj) + f ∗i (x,v, tj + ∆t/2)

]
.

From the above equation it is clear that we do not need to explicitly apply the advection
operator in order to compute fi(x,v, tj), since it can be obtained by taking the average
between f̃i(x,v, tj) and f ∗i (x,v, tj +∆t/2) and then compute its moments. However, the
same auxiliary moments are going to be used by the CAM method for the electromagnetic
fields computation and thus the actual moments at time tj can be readily obtained from
those auxiliary moments by taking the same average, as, e.g.,

n(x, tj) =
1

2
[ñ(x, tj) + n∗(x, tj + ∆t/2)] .

THE CAM METHOD

The CAM method is used in order to compute the electromagnetic fields at half time steps.
In fact, for the velocity space advection of f ∗i (x,v, tj + ∆t/2) we need the fields at time
tj + ∆t/2. The magnetic field is obtained from Faraday’s equation by leapfrogging on
the electric field, i.e.

B(x, tj + ∆t) = B(x, tj −∆t/2) − ∆t [∇× E(x, tj)] . (4.72)

However, in order to compute E(x, tj) we need to solve Ohm’s law and thus both the
moments of the ion distribution function, n(x, tj) and ji(x, tj), and the magnetic field
B(x, tj) are needed at time tj . The moments can be computed as we have shown above,
by taking the average between the moments of f̃i(x,v, tj) and f ∗i (x,v, tj + ∆t/2). The
magnetic field, instead, requires to solve again the Faraday’s equation by leapfrogging on
E, that is

B(x, tj) = B(x, tj −∆t) − ∆t [∇× E(x, tj −∆t/2)] , (4.73)

where E(x, tj −∆t/2) = E(x, tj−1 + ∆t/2) should be known by the previous iteration
due to the CAM method we are going to explain right now. In fact, this is equivalent to
ask how to compute E(x, tj + ∆/2), which was indeed the original requirement for the
velocity space advection.

In order to formally obtain E(x, tj + ∆/2), one should solve Ohm’s law, which con-
tains the moments of the actual ion distribution at that time and thus compute fi(x,v, tj +
∆/t) by solving an advection equation like Eq. (4.64) over half time step using f ∗i (x,v, tj+
∆t/2) as initial condition, i.e. fi(x,v, tj + ∆t) = Λv[∆t/2]f ∗i (x,v, tj + ∆t/2). That
way to proceed would take more computational time than we are willing to wait. Thus,
what we do instead is to consider the advection equation

∂ fi

∂t
+ (E∗ + v ×B∗) · ∂ fi

∂v
= 0 , (4.74)

where B∗ ≡ B(x, tj + ∆t) and E∗ is an auxiliary electric field evaluated at tj + ∆t from
the Ohm’s law by using the moments of the auxiliary ion distribution f ∗i (x,v, tj + ∆t),
i.e. n∗(x, tj + ∆t) and ji(x, tj + ∆t), and B∗ itself. Than, since we are interested only in
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the moments of fi at half time step and not at the actual distribution itself, by taking the
first two order moments of Eq.(4.74) one obtains

∂ n

∂t
= 0 ⇒ n(x, tj + ∆t) = n∗(x, tj + ∆t) , (4.75)

and
∂ ji

∂t
= n∗E∗ + j∗i ×B∗

⇒ ji(x, tj + ∆t) = j∗i (x, tj + ∆t) +
∆t

2
[n∗E∗ + j∗i ×B∗] . (4.76)

These moments are then used in the Ohm’s law in order to compute E(x, tj + ∆t) and
then one continues with the main loop. A summarizing list of all the numerical steps is
given below.

SYNTHETIC SUMMARY OF THE NUMERICAL FORMULATION OF VESPA

Given the initial conditions fi(x,v, 0), E(x, 0) and B(x, 0), the algorithm goes through
the following steps:

• Initial step

(i) Compute f ∗i (x,v,∆t/2) = Λx[∆t/2]fi(x,v, 0) from the initial condition.

(ii) Compute E(x,∆t/2) and B(x,∆t/2) from the initial conditions via an ex-
plicit integration scheme.

(iii) Compute f̃i(x,v,∆t/2) = Λv [∆t/2,E(x,∆t/2),B(x,∆t/2)] f ∗i (x,v,∆t/2)

• Main loop

1. Compute the moments of f̃i(x,v, tj):

1a. ñ(x, tj)

1b. j̃i(x, tj)

1c. Π̃i(x, tj)

2. Compute f ∗i (x,v, tj + ∆t/2) = Λx[∆t]f̃i(x,v, tj)

3. Compute the moments of f ∗i (x,v, tj + ∆t/2):

3a. n∗(x, tj + ∆t/2)

3b. j∗i (x, tj + ∆t/2)

3c. Π∗i (x, tj + ∆t/2)

4. Compute the actual moments at tj as the average of the previous ones:

4a. n(x, tj) = (ñ+ n∗)/2

4b. ji(x, tj) = (j̃i + j∗i )/2

4c. Πi(x, tj) = (Π̃i + Π∗i )/2

5. Compute B(x, tj) = B(x, tj − ∆t) − ∆t [∇× E(x, tj −∆t/2)] (Fraday’s
equation leapfrogged on E).

6. Compute E(x, tj) from Ohm’s law with n(x, tj), ji(x, tj) and B(x, tj).
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7. Compute B(x, tj+∆t/2) = B(x, tj−∆t/2)−∆t [∇× E(x, tj)] (the identity
B∗(x, tj + ∆t/2) = B(x, tj + ∆t/2) holds).

8. Compute E∗(x, tj + ∆t/2) using Ohm’s law with B∗(x, tj + ∆t/2) and the
moments computed at point 3, i.e. n∗(x, tj + ∆t/2) and j∗i (x, tj + ∆t/2).

9. Compute the real moments at half time step by the (implicit) integration of the
velocity space advection equation with E∗ and B∗ over half time step, using
f ∗i (x,v, tj + ∆t/2) from point 2 as initial condition:

9a. n(x, tj + ∆t) = n∗(x, tj + ∆t)

9b. ji(x, tj + ∆t) = j∗i (x, tj + ∆t) + (∆t/2) [n∗E∗ + j∗i ×B∗]

10. Compute f̃i(x,v, tj+∆t) = Λv [∆t,E(x, tj + ∆t/2),B(x, tj + ∆t/2)] f ∗i (x,v, tj+
∆t/2).

4.3.3 INTRODUCTION OF A RANDOM FORCING IN THE ALGORITHM

The random forcing in VESPA has been introduced by F. Rincon and the way in which the
above algorithm has been modified is the following:

• There is a first computation of the forcing vector F in the initial step, between point
(ii) and (iii): F(x,∆t/2).

• The velocity space advection in (iii) then takes into account also for F(x,∆t/2):

f̃i(x,v,∆t/2) = Λv [∆t/2,E(x,∆t/2),B(x,∆t/2),F(x,∆t/2)] f ∗i (x,v,∆t/2)

• The forcing vector is then computed again between step (8) and (9) of the main
loop, F(x, tj + ∆t), and then added to the electromagnetic forces in Eq. (4.74) in
order to update ji(x, tj + ∆t/2) at step (9):

ji(x, tj + ∆t) = j∗i +
∆t

2
[n∗ (E∗ + F ) + j∗i ×B∗]

• The same forcing vector is then used also for the velocity space advection at step
(10):

f̃i(x,v, tj∆t/2) =

Λv [∆t,E(x, tj + ∆t/2),B(x, tj + ∆t/2),F(x, tj + ∆t/2)] f ∗i (x,v, tj + ∆t/2)

Note that the forcing vector is defined on the wavevector space, acting only in the
desired wavevector shell and with the required average power input, and then trasformed
back to real space. The forcing properties can be choosen by using the variables kmin
and kmax, and initializing the boolean variable incompressible forcing in the
forcing modules (before compilation). The average power input of the forcing can be
set via the parameter amp in the input file vlasin.com. Further developments on the
code has been made in order to set many parameters and boolean variables from a more
comprehensive input parameter file, but the simulations presented here were made with
the first version of the code and thus we are not going into these changes.
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CHAPTER 5

DISSIPATION RANGE TURBULENCE:
2D3V SIMULATIONS

In this chapter, the HVM code is used for the investigation of two-dimensional elec-
tromagnetic turbulence. In particular, we are going to focus our attention again on the
transition range from “large” fluid scales to ion kinetic length, i.e., on the so-called dissi-
pation range. It is worth to underline that, despite the existence of some literature on this
topic, it has been mainly investigated through the so-called “extended fluid models” [111]
or via a gyrokinetic [112, 113, 114, 115] approach of forced turbulence. Otherwise, other
hybrid-kinetic models have been adopted, but within a freely decaying turbulence sce-
nario [37, 106, 107, 108, 109, 110, 116]. The simulations presented here represent the
first investigation of forced turbulence with a hybrid Vlasov-Maxwell model adopting
very high resolution (or, more precisely, with the broadest wavenumber spectrum ever
used with this code so far). The spectral range will indeed span over nearly three decades
of wavenumbers, from the “large” MHD scales down to scales which are very much
smaller than the ion gyroradius length.

SECTION 5.1

SIMULATION SETUP AND PARAMETERS

In the following, we give first the 3D3V version of the initial condition implemented in
the HVM code and then we explicitly provide its expression for the 2D3V case, which is
the configuration that will be used in the remainder of this chapter.

THE INTIAL CONDITION IN HVM

For direct numerical simulations of plasma turbulence, the general 3D3V version of
the initial condition implemented in the HVM code consists of a normalized centered
Maxwellian for the proton distribution function,

fi(v; t = 0) = (2πv2
th,i)

−3/2 exp[−(v2
x + v2

y + v2
z)/(2 v

2
th,i)] , (5.1)

where v2
th,i = T0i/mi = βiv

2
A/2. The background magnetic field is intialized with a

constant (mean) part, B0 = B0xex+B0yey+B0zez, plus a superimposed 3D perturbation,
δB = δBxex+δByey+δBzez. The perturbation δB(r) is actually derived from the vector

105
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potential δA with the following generic form:

δAx(r) =
∑
i,j,l

[
cos(a1,ijl+φx)+cos(a2,ijl+ψx)+cos(a3,ijl+χx)+cos(a4,ijl+θx)

]
, (5.2)

δAy(r) =
∑
i,j,l

[
cos(a1,ijl+φy)+cos(a2,ijl+ψy)+cos(a3,ijl+χy)+cos(a4,ijl+θy)

]
, (5.3)

δAz(r) =
∑
i,j,l

[
cos(a1,ijl+φz)+cos(a2,ijl+ψz)+cos(a3,ijl+χz)+cos(a4,ijl+θz)

]
, (5.4)

where φi, ψi, χi and θi are random phases extracted from uniform distribution in [0, 2π].
The terms a1,ijl, a2,ijl, a3,ijl, and a4,ijl are instead defined by

a1,ijl = kix+ kjy + klz , (5.5)

a2,ijl = kix− kjy + klz , (5.6)

a3,ijl = kix+ kjy − klz , (5.7)

a4,ijl = kix− kjy − klz , (5.8)

where ki = 2π i/Lx, kj = 2π j/Ly and kl = 2π l/Lz are the wavevectors of the perturba-
tions and the sum over i, j and l is such that the total wavenumber m ≡

√
i2 + j2 + l2 is

within the interval 1 ≤ m ≤ 3. The total initial magnetic field eventually reads

B(r; t = 0) = B0 + α δB(r) = B0 + α
(
∇× δA

)
, (5.9)

where α ≡ 102 εF/max(|δB|) is a small number, typically α ∼ 10−3 ÷ 10−2 for εF ∼
10−4 (see below), so the condition |αδB|/|B0| � 1 is fullfilled within a good approxi-
mation.

In addition to the above initial configuration, an external forcing F(r) is imposed, with
the features that have been described in Section 4.2.2 for the general 3D case.

5.1.1 INITIALIZATION OF 2D3V SIMULATIONS IN HVM

In the following, the two-dimensional case is considered, so that in Eqs. (5.2)-(5.8) the
condition l = 0 holds. Thus, the actual pertrubed vector potential δA reads

δAx(r) =
∑
i,j

Ψx,ij(r) (5.10a)

δAy(r) =
∑
i,j

Ψy,ij(r) (5.10b)

δAz(r) =
∑
i,j

Ψz,ij(r) , (5.10c)

with

Ψs,ij(r) = cos
(
a1,ij(r) + φs

)
+ cos

(
a2,ij(r) + ψs

)
+ cos

(
a1,ij(r) + χs

)
+ cos

(
a2,ij(r) + θs

)
, (5.11)
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where a1,ij = ki x + kj y and a2,ij = ki x − kj y, while s = x, y or z is the index of the
δA component. The uniform part of the initial background magnetic field, B0, has only
the z-component and its magnitude is unity, i.e. B0x = B0y = 0 and B0z ≡ B0 = 1:

B(r; t = 0) = B0ez + α δB(r) , (5.12)

while δB is computed as the curl of δA, which components are given by Eqs. (5.10)-
(5.11) without any further restriction. The initial distribution function, fi(v; t = 0), is a
centered Maxwellian as stated in Eq. (5.1).

We will investigate three different ion beta values, βi = 0.2, 1 and 5, which corre-
spond to a thermal velocity vth,i/vA =

√
βi/2 ' 0.32, 0.71 and 1.58, respectively. For

the electrons, we adopt an isothermal equation of state, γ = 1, and an electron-to-ion
temperature ratio of unity, τ ≡ T0e/T0i = 1. Moreover, in addition to the previous three
non-resistive cases (η = 0), we are going to perform a series of resistive runs for the
βi = 1 case: η = 10−5, 10−4, 10−3 and 5 × 10−3. We underline that, especially in the
non-resistive case, a certain level of dissipation has to be introduced anyway by means
of numerical filters acting in Fourier space. Such numerical dissipation, in addition to
mimic the dissipation at small scales due to the electrons, is necessary to avoid energy
pile up at the very end of the electromagnetic spectrum, thus avoiding spurious effects in
the simulations. In all the cases mentioned above, the forcing acts on the first two modes,
kF,min = 2π/L and kF,max = 4π/L (i.e., mode numbers m = 1, 2), and has an average
power input of εF = 5× 10−4.

The five-dimensional simulation box has been chosen to have the following dimen-
sions. The length of the physical domain is Lx = Ly = L = 20πdi, using Nx = Ny =
1024 uniformly distributed grid points, corresponding to a grid spatial mesh ∆x = ∆y ≡
δ ' 0.06 di. The size of the spatial domain, L, is such that several correlation lengths
of the turbulent fluctuations are covered, so periodic boundary conditions are imposed.
The velocity domain range is limited by vmax,x = vmax,y = vmax,z = ± 5 vth,i, using
Nvx = Nvy = Nvz = 51 uniformly distributed grid points, corresponding to a grid mesh
∆v = 0.2 vth,i in each velocity direction. At the edges of the velocity domain, the dis-
tribution function is forced to be zero, thus requiring a quite extended velocity range in
order to avoid that fi could assume non-negligible values towards the edges. In Table
5.1 we give the relevant physical and numerical parameters of the simulations that we are
going to present in this Chapter.

Run l v̂m (Nx)
2 (Nv)

3 εF τ βi η
A0 10 5 10242 513 5× 10−4 1 1 0
A1 10 5 10242 513 5× 10−4 1 1 10−5

A2 10 5 10242 513 5× 10−4 1 1 10−4

A3 10 5 10242 513 5× 10−4 1 1 10−3

A4 10 5 10242 513 5× 10−4 1 1 5× 10−3

B0 10 5 10242 513 5× 10−4 1 5 0
C0 10 5 10242 513 5× 10−4 1 0.2 0

Table 5.1: Summary of the relevant physical and numerical parameters of the HVM sim-
ulations performed. We have defined the normalized box length, l̂ ≡ L/2πdi, and the
normalized velocity space edge, v̂m ≡ |vmax|/vth,i (so v/vth,i ∈ [−v̂m,+v̂m]).
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It is worth to note that the combination of spatial resolution and numerical filters
selected for the present studies is such that, on the one hand, spatial scales well below
the ion gyroradius are resolved and, on the other hand, the electrons kinetic scales either
are not resolved or the fluctuations at those scales are heavily (exponentially) numerically
damped. In fact, the spatial resolution allows to completely resolve perpendicular wave
numbers up to (k⊥di)max ' 51.2 (see, for instance, Section 5.2.4). Furthermore, the
numerical damping strongly affects the highest wave numbers, introducing an exponential
fall-off of the electromagnetic fluctuation spectrum for k⊥di > 10, in the most heavily
filtered cases. We recall here the relations between the ion inertial length, di, and the
electron inertial length, de, and electron Larmor radius, ρe:

de =

√
me

mi

di ,

and

ρe =

√
τβi

2

me

mi

di .

Clearly, in the case under consideration here, we are adopting a massless electron fluid,
so the electron characteristic length scales are formally zero. However, if we would have
considered a realistic mass ratio, √

me

mi

∼ 43 ,

then we would have found that the electron inertial scale, k⊥de ∼ 1, corresponds to
k⊥di ∼ 43, which is always at the end of the strongly numerically damped k⊥-domain.
The Larmor scales for the electrons would instead depend on the electron plasma beta,
βe = τβi. Thus, for a fixed τ = 1 temperature ratio, the electron gyroradius scale,
k⊥ρe ∼ 1, would correspond to k⊥di ∼ 136, 61, and 27 for the βi = 0.2, 1, and 5 case,
respectively. So, for a realistic mass ratio, the electron kinetic scales would be safely
small not to enter the k⊥ range in which we are going to measure the power laws (see
Sections 5.2.4 and 5.3.3). These relations are summarized in Table 5.1.

βi k⊥de = 1 k⊥ρe = 1
0.2 k⊥di ∼ 43 k⊥di ∼ 136
1 k⊥di ∼ 43 k⊥di ∼ 61
5 k⊥di ∼ 43 k⊥di ∼ 27

Table 5.2: Ion plasma beta dependence of the relation between the wave numbers for
the electrons kinetic scales and for the ion inertial length scale, for a realistic mass ratio,√
mi/me ∼ 43, and τ = 1 temperature ratio.

Even though the ion-to-electron mass ratio is infinite, in our settings, and so are the wave
numbers of the electrons kinetic scales, these relations should be kept in mind for a realis-
tic comparison of the turbulent energy spectra observed in the simulations with the actual
solar wind measurements.

In Fig. 5.1 we show an example of the initial magnetic field B in Eq. (5.12) for one
of the simulation performed (namely, Run A0, but the same results remain qualitatively
the same for all the other runs). In particular, on the left panel we show the in-plane
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magnetic field modulus, δB⊥ ≡ (B2
x + B2

y)
1/2 (colours), and the vector potential δAz

(solid lines) from which Bx and By are derived. On the right panel, we show instead
the shaded contours of the out-of-plane magnetic field Bz (colours). As one can clearly
see from the colour scales in Fig. 5.1, the average value of δB⊥ is about 〈δB⊥〉 ∼ 10−2,
with just few local peaks of ∼ 3 × 10−2. The out-of-plane (mean) magnetic field, Bz, is
instead the dominant component, with values around unity. Thus, the quasi-perpendicular
condition δB⊥/B0 � 1 holds, at least at the initial time. It can be shown that the initial

Figure 5.1: Example of initial condition for the in-plane magnetic field modulus B⊥ (left,
colors) and δAz (left, lines) and the out-of-plane magnetic field Bz (right).

density is constant, n(t = 0) = n0 = 1, and that no mean flows are present at t = 0, i.e.,
ui(t = 0) = 0, as prescribed by the initial ion distribution function in Eq. (5.1).

5.1.2 ENERGY DIAGNOSTICS

Before going into the physics of the results, we first look at the energetics of the simula-
tions when the forcing is active, i.e., we are going to check the conservation properties of
the code. The numerical evolution of the (box-averaged) total energy will then be com-
pared with the expected theoretical conservation laws given in Eq. (4.33) of Section 4.2.1.
For convenience, we recall here some useful definitions:

〈Etot〉 ≡ 〈Etot,i〉 + 〈Eem〉 + 〈Eth,e〉 ,

with Etot,i = Ekin,i + Eth,i,

Le(t) ≡
∫ t

0

〈eneue · E〉 dt′ ,

and
Ẽ ≡ 〈Etot〉 − Le(t) .
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Moreover, we define an equivalent quantity as Le for the work done by the forcing:

LF (t) ≡
∫ t

0

〈niui · F〉 dt′ .

Due to the chosen implementation of the active external forcing, we expect to have a
continuous energy injection with a constant average power input 〈niui · F〉 ' εF, which
is set from the input parameters file (i.e., in the original version of the HVM code, that is
represented by the parameter “amp” in the parameters file vlasin.com). In particular,
in our simulations we have chosen an average power input of εF = 5 × 10−4 for all the
cases considered (see Table 5.1). This means that, considering the time evolution of Ẽ in
Eq. (4.33), for isothermal electrons (γ = 1) one expects to find an approximatively linear
increase with time and that the slope of such increment converges to εF , i.e.

Ẽ(t) ≈ εF t . (5.13)

Clearly, numerical errors due to the time integration in computing Le(t) might be present.
The energy evolution properties of Ẽ is thus a feature that can be directly checked numer-
ically. Moreover, we can define the relative error ∆ on the conservation of the quantity
Ẽ ≡ Ẽ − LF as

∆ ≡ Ẽ(t)− Ẽ(0)

Ẽ(0)
=
〈Etot(t)〉 − Le(t)− LF (t)

〈Etot(0)〉 − 1 . (5.14)

The above quantity should remain small, i.e. ∆ � 1 should hold for a good energy
conservation by the numerics. The numerical computation of LF (tN) can be the major
source of error and thus it has to be done carefully. Due to the stochastic nature of the
forcing and to the fact that F is δ-correlated in time, the numerical evaluation of LF at
timestep tN is given by

LF (tN) =
∆t

2

N−1∑
j=0

[〈ni(tj + ∆t)ui(tj + ∆t) · F(tj)〉+ 〈ni(tj)ui(tj) · F(tj)〉] ,

which reduces to

LF (tN) ' ∆t

2

N−1∑
j=0

〈ni(tj + ∆t)ui(tj + ∆t) · F(tj)〉

if the condition ε2 = 0, or equivalently Eq. (4.43), has been enforced. Remember that the
1/2 prefactor originates from Eq. (4.38) because of the integration of the δ-function over
half of the time line only, t ≥ 0. At each timestep, all the relevant quantities entering
the energy budget are written in the output files energ.dat and Ion.dat: these data,
together with the information given in the input file vlasin.com (e.g. the timestep
dt and the expected average power input εF ), make the energy conservation diagnostic
possible.

In Fig. 5.2 we show the result of the energy diagnostic for the time interval t ∈ [0, 120]
of run A0, corresponding to 60k time steps (dt = 0.002). In the upper left plot, we show
the computed time evolution of Ẽ which, accordingly to Eq. (4.33), should be due to the
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Figure 5.2: Energy diagnostic in the time interval t ∈ [0, 120] for run A0, corresponding
to the first 60k time steps (dt = 0.002). See text for the details.

〈niui ·F〉 term (blue line) and it is compared to the expected linear increase ∼ εF t (green
line). As one can see, the computed time increase is linear and very close to the expeced
slope of εF = 5×10−4, most of the deviation being localized at late times: such deviation
is probably due also to the propagation of the error made in the discrete time integration
for the computation of Le. In the upper right plot of Fig. 5.2, we show the relative error
∆ as defined in Eq. (5.14), which remains very small even after such long time (we recall
that the above time interval represents more than half of the total simulation time). In
fact, at t = 120 we get a ∆ ' 8 × 10−4, corresponding to a relative error in the total
energy budget which is smaller than 0.1%. There is still a trend of ∆ to increase, but
at late times of the simulation, after 280k time steps, it is still around ∼ 10−2, i.e. the
error on the total energy conservation remains safely ensured within few percent (namely,
< 2%). Note also that, as for the energy evolution Ẽ(t) in the upper left panel, there is
a propagation of the numerical error in the computation of both Le and LF , so we can
say that the energy conservation properties of the HVM code are really satisfying. In the
lower panels of Fig. 5.2 we show an example of the time traces of the averaged ion kinetic
energy, 〈Ekin,i〉 (lower left panel), and of the magnetic energy, 〈Eem〉 (lower right panel).
We want to stress that the same results presented above for run A0, qualitatively hold also
for the other runs with different physical parameters (see Table 5.1).
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5.1.3 THE STRATEGY ADOPTED FOR THE ANALYSIS OF THE NU-
MERICAL RESULTS

We now present the main results obtained via direct numerical simulations of dissipation
range turbulence with the HVM code. For convenience, we first divide the runs into
a first part concerning the βi = 1 cases (and several values of the resistivity η), and a
second part in which we focus on the effects of varying the βi parameter (with η = 0).
The former set of simulations focuses indeed on the effects of multiscale dissipation, here
represented by the resistivity (instead of actual collisions, as in the case of gyrokinetic
turbulence that we have presented in Chapter 3), while the second series of runs sets the
attention on the effect of shifting the ion Larmor radius with respect to the ion inertial
length, ρi =

√
βi/2 di (remember that in the HVM code the ion thermal speed is defined

by vth,i ≡
√
βi/2 vA) and on the plasma/magnetic compressibility effects.

SECTION 5.2

THE β = 1 CASE AND THE EFFECTS OF RESISTIVITY

Let us consider the case of a βi = 1 plasma with different values of the resistivity η. The
simulations can be roughly divided into three parts: (i) an initial phase, (ii) a transition
stage and (iii) fully developed turbulence. In the initial stage, the energy injected at the
largest scales by the external forcing cascades towards smaller scales and the compressive
large scale dynamics leads to the local increase of the in-plane magnetic field and of the
out-of-plane current density. This corresponds to the first formation of several coherent
structures, i.e., current sheets, either almost straight or strongly curved (see Section 5.2.1).
During what we have called “the transition phase”, depending on the resistivity, we do
observe the first magnetic reconnection events taking place within the previously formed
current sheets. Such process leads to the formation and growth of magnetic islands, whose
morphology and characteristics also depend on the resistivity: they can appear as a single
island, as trains of islands, or as plasmoid-like instability of thin reconnecting regions
(see Section 5.2.2). In the end, a fully developed turbulent state is reached, which shows
a complex nonlinear dynamics where several coherent structures, i.e., both current sheets
and magnetic islands, are continuously formed and destroyed self-consistently (see Sec-
tion 5.2.3 for an overview of this phase). During this quasi-stationary phase, different
aspects of the turbulence are analyzed: the turbulent energy spectra, the properties of
dissipation, and the nature of the electromagnetic fluctuations (see Sections 5.2.3, 5.2.4,
5.2.5, and 5.2.6).

In Fig. 5.3, we show the time traces of some indicative quantities from simulations
with βi = 1 and different resistivity values (see legend). In particular, we show the
box-averaged out-of-plane current density squared, 〈J2

z 〉 (upper left panel), the maximum
of its absolute value, max(|Jz|) (upper right panel), the box-averaged modulus of the
heat flux vector, 〈|q|〉 (lower left panel), and its maximum value, max(|q|) (lower right
panel). We distinguish between the box-averaged quantities and the maximum values
of their absolute value because they give different information about what is going on
within the simulations: the former give an indication of global features, since any local
behavior would be averaged out, while the latter are instead meant to give indications pre-
cisely on the local features. Such different behavior is evident by their comparison, the
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first quantities being smoother and generally low-valued, while the latter quantities being
strongly oscillating, presenting abrupt peaks and assuming higher values with respect to
the averaged counterparts. The out-of-plane current density plots (top row), in partic-

Figure 5.3: Time traces of box-averaged out-of-plane current density squared, 〈J2
z 〉 (upper

left panel), of the maximum of its absolute value, max(|Jz|) (upper right panel), of the
box-averaged modulus of the heat flux vector, 〈|q|〉 (lower left panel), and of its maximum
value, max(|q|) (lower right panel). The different colors refer to different resistivity
values (see legend).

ular, are better representative of the three stages mentioned above. In both time traces
of 〈J2

z 〉 and max(|Jz|), we can indeed recognize a first linear and quiet increase, that is
the initial phase, and then we do observe a change in the behavior of the time traces,
characterized by a flattening in the global quantity (〈J2

z 〉) and the appearance of strong
local features (max(|Jz|)). Those features mark the transition from the initial phase to the
quasi-stationary stage of fully developed turbulence (latest part of the time traces), and
they are signatures of the first magnetic reconnection events and island formation (except
for the highest resistivity case, η = 5 × 10−3, as we will see later). The same peaked
and strongly oscillating behavior, from the transition stage on, is also clearly seen in the
max(|q|) time traces. The box-averaged quantities are instead good indicators of the fact
that we have eventually reached a quasi-stationary state in which those quantities are os-
cillating around a nearly constant values: this is seen better in the 〈|q|〉 time traces (lower
left panel of Fig. 5.3).
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5.2.1 THE INITIAL PHASE: CURRENT SHEET FORMATION

A common feature in all the simulations performed, no matter what the value of the
resistivity (or the plasma beta), is the formation of current sheets due to the large scale
compressible dynamics. In fact, the compressive character of the forcing, representing, for
instance, fast magnetosonic dynamics at large scales, pushes together regions containing
differently (randomly) directed in-plane components of the magnetic field fluctuations,
eventually leading to the generation of strong out-of-plane current sheets in between the
oppositely directed magnetic field regions.
In Fig. 5.4 we report two examples of the current sheet formation process during the initial
phase of the simulations for very different resistivity cases, i.e., run A0 (η = 0) and run
A3 (η = 10−3), by showing the Jz contours at the same simulation time, t = 120.

Figure 5.4: Contour plots of the out-of-plane current density, Jz: example of current
sheets formation during the initial phase, t = 120, for βi = 1 simulations with η = 0
(left) and with η = 10−3 (right).

From the above contours, we see that current sheets are consistently formed during the
turbulence development when compressible motions are allowed and regardless of the
value of η (and also regardless of the value of βi, as we will see later). Nevertheless, the
actual morphology and thickness of those current sheets are very different depending on
the resistivity, i.e., they tend to be thinner as the resistivity becomes lower: such behavior
was indeed expected due to the correspondent lowering of magnetic diffusivity that acts
against the large scale motion which pushes regions with different in-plane magnetic field
orientation closer and closer.

During this initial phase the system becomes strongly inhomogeneous, as shown in
Fig. 5.5, where we show plots of the profiles of some quantities at a fixed y-coordinate:
the mean magnetic field, Bz(x) (upper plot, solid line), the number density, n(x) (upper
plot, dashed line), the ion mean flow, ui(x) (lower plot, solid line), and the electron fluid
velocity, ue(x) (lower plot, dashed line). The upper plot of Fig. 5.5 shows the large scale
correlation of the mean magnetic field and the density profiles. That behavior is indeed
characteristic of a fast magnetosonic dynamics, in which the density “fluctuations” are in
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phase with the parallel - in our case Bz - magnetic variations [117]. Further evidences
of this magnetosonic character at large scales, still in fully developed turbulence, will be
provided by the energy spectrum of the parallel and perpendicular magnetic fluctuations,
in Section 5.2.5. Such correlations are broken within the current sheets, as for instance
around the coordinate x ∼ 29 in those plots, where the nature of the dynamics changes.
Note that, due to such strong inhomogeneity, performing an analysis in terms of linear
modes or based on the fingerprints that those linear modes can have left on the nonlinear
turbulent dynamics is very difficult.

Figure 5.5: Plot of Bz(x) (top, solid line), n(x) (top, dashed line), ui(x) (bottom, solid
line) and ue(x) (bottom, dashed line) at a fixed y-coordinate. A current sheet is present at
the coordinate x ∼ 29, where the quantities are not correlated anymore.

In particular, we do observe a separation also between the ion and the electron dynamics,
as shown in the lower plot of Fig. 5.5: the ion mean flow, ui, and the electron fluid velocity,
ue, are indeed almost perfectly superposed outside the current sheet, while they strongly
deviate within them. This separation of dynamics is a typical effect of the Hall term in
the generalized Ohm’s law, Eq. (4.62), which will eventually lead to so-called fast Hall
reconnection [118] (see also later, Sections 5.2.2 and 5.2.6).

As we have mentioned above, the morphology and thickness of the current sheets
formed in the diffierent runs are quite different because of the different values of the
resistivity η adopted. In order to quantify these differences, we show in Fig. 5.6 the
zoomed contours of what we can identify as the same current sheet at t = 125 in four
different runs, i.e. the runs with η = 0 (top left), 10−4 (top right), 10−3 (bottom left) and
5× 10−3 (bottom right). From Fig. 5.6 we may notice that, on one hand, for very low or
zero resistivity, a very thin and short peaked current sheet is formed: in the η = 0 case
the width is set basically by an effective grid resistivity and by the artificial dissipation
introduced by means of numerical filters in Fourier space, while in the very low η case it
is set by a combination of all these effects. On the other hand, for higher values of η, we
do observe a broader and longer current sheet with lower vaules of Jz (compare the color
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Figure 5.6: Zoom of Jz contours of the current sheets at t = 125 for βi = 1 simulations
with η = 0 (top left), 10−4 (top right), 10−3 (bottom left) and 5× 10−3 (bottom right).

scales in Fig. 5.6). In order to extract a rough estimation of the width of the above current
sheets, we have performed a cut of the Jz profile at constant y such that the x-profile of
the out-of-plane current density, Jz(x), would have passed through the local maximum
value of the current sheet. The resulting profiles, consistently shifted in order to match
their maximum, are shown in Fig. 5.7 (see legend for the color codes). The horizontal
thick lines are representative of the full-width-at-half-maximum, ∆fwhm, of the current
sheets and, quantitatively, they correspond to ∆fwhm ' 0.25 for η = 0, ∆fwhm ' 0.41
for η = 10−4, ∆fwhm ' 1.21 for η = 10−3, ∆fwhm ' 1.4 for η = 5 × 10−3. Clearly,
this is a rough estimate since the actual current sheets are oblique and bent: nevertheless,
since the inclination angle is more or less the same in the above four cases and there is a
finite length, around the local maximum of Jz, over which they can be considered almost
straight, we may consider the previous estimation as affected by a correction factor which
is at least of the same order of magnitude in all the cases.
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Figure 5.7: Comparison between the width of the four currents sheets shown in Fig. 5.6
obtained by taking the Jz x-profiles at constant y, passing through the local current den-
sity maximum. The horizontal thick lines are representative of the half-width-at-half-
maximum of the current sheets.

However, we want to underline that in all the simulations the current sheets are con-
tinuously pushed and tilted by the large-scale turbulent motion, especially in this initial
phase, so any attempt to perform a rigorous analysis in terms of linear instabilities is prac-
tically not viable (e.g. trying to extract a growth rate for the instability or a reconnection
rate).

5.2.2 THE TRANSITION PHASE: TURBULENT MAGNETIC RECONNEC-
TION

We give here an overview of the magnetic reconnection events within the initial “turbu-
lent” environment, from which an actual fully turbulent regime eventually develops. Is
worth to note that, from our simulations, a fundamental result that arises is that magnetic
reconnection and turbulence are indeed entwined processes: there is in fact a two-way
feedback between them, one continuously feeding the other also in the fully turbulent
stage.

We first look at a particular case of a thin current sheet reconnecting during what we
have called “transition stage”, so we still have the formation of the first current sheets,
representing an easier ground for the kind of analysis that follows. In Fig. 5.8 we show
the contours of the out-of-plane current density, Jz (color), and the in-plane magnetic
field lines represented by δAz (lines) for the case of a reconnecting current sheet in run
A0, i.e. the simulation with βi = 1 and η = 0. The plots are shown at six different
times, t = 155 (top left panel), 157 (top right panel), 159 (center left panel), 162 (center
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Figure 5.8: Zoom of Jz contours (color) and δAz (lines) around a reconnecting current
sheet in run A0 at t = 155, 157, 159, 162, 167 and 177 (left to right and top to bottom,
respectively).
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right panel), 167 (bottom left panel) and 177 (bottom right panel), highlighting the initial
reconnection phases with the islands formation and their subsequent growth within the
developing turbulent environment.

Note that the current sheet is not exactly symmetric and straight because of the inho-
mogeneous, non-static environment and so is the reconnection developing inside it and the
islands forming. Moreover, the turbulent motions bend and displace the current sheet, as
we can clearly see in the sequence shown in Fig. 5.8. A more detailed analysis of the kind
of reconnection occurring within those current sheets is actually possible. For the low-η
cases, in particular, we can recognize the typical signatures of collisionless reconnection
(or “Hall reconnection”). Such features are shown in Fig. 5.9, where, on the left panel,
there are the out-of-plane magnetic field, Bz (color), and the in-plane ion flow relative
to the X-point, ũi⊥ (arrows), while on the right panel, we show the out-of-plane current
density, Jz (color), and the in-plane electron flow relative to the X-point, ũe⊥ (arrows).
In both plots, the solid lines represent the in-plane magnetic field lines (δAz levels). The

Figure 5.9: Zoom around an X-point shown in Fig.5.8 at t = 167. Left: Bz contours
(color) and in-plane ion flow relative to the X-point, ũi⊥ (arrows). Right: Jz contours
(colors) and in-plane electron flow relative to the X-point, ũe⊥ (arrows). Solid lines rep-
resent δAz levels.

out-of-plane component of the magnetic field presents a quadrupole structure around the
X-point, which is typically found in Hall reconnection [119, 120, 121, 122, 123]. Con-
sequently, the density develops a quadrupole of opposite polarity in order to maintain
the balance in the total perpendicular pressure, Ptot⊥ = B2/2 + (Πi,xx + Πi,yy)/2 + Pe

(remember that the electrons are isothermal, so Pe = nT0). In fact it has been verified
that also the ion perpendicular pressure, pi⊥ = (Πi,xx + Πi,yy)/2, develops a quadrupole
with the same polarity as the number density and that Ptot⊥ is roughly constant in a wide
region around the X-point, including part of the islands (not shown here).
Furthermore, in order to obtain a clearer picture of the flow around the X-point due
to the reconnection process, we have adopted the following method for removing the
background large-scale flow due to the turbulent motion and to the external forcing: the
original ion flow ui⊥ has been corrected by a value U

(X)
0i,⊥ ≡ 〈ui⊥〉B(X) obtained as the
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mean value of ui⊥ in a neighbourhood B(X) of the X-point (and an equivalent procedure
has been adopted with the electron flow). So, we have defined the “corrected flows”,
ũi⊥ ≡ ui⊥ −U

(X)
0i⊥ and ũe⊥ ≡ ue⊥ −U

(X)
0e⊥, which are the quantities represented by the

arrows in Fig. 5.9 (left and right panel, respectively). With this method, an inflow towards
the X-point from the sides of the current sheet and a corresponding outflow from it along
the current sheet, is clearly visible (however we have to consider that, within the plotted
region, the large-scale flow due to the turbulent motion and to the forcing is not constant,
so the above defined corrected flows are still weakly affected by it far from the X-point).

Figure 5.10: Plot of the ion (left panel) and electron (right panel) inflows (blue lines)
and outflows (red lines) around the X-point at t = 167. Central panel shows Jz contours
(colors), δAz levels (solid lines) and the horizontal and vertical cuts along which the
outflows, ui,x(x, y0) and ue,x(x, y0), and the inflow, ui,y(x0, y) and ue,y(x0, y), are plotted.

In Fig. 5.10 we show the plot of the inflows (blue lines) and outflows (red lines) for the
ions (right panel) and for the electron fluid (right panel), around the X-point at t = 167
(cf. Fig. 5.9). The central panel shows Jz contours (colors), δAz levels (solid lines) and
the horizontal and vertical cuts, at y = y0 and x = x0, respectively, along which the
outflows, ui,x(x, y0) and ue,x(x, y0), and the inflow, ui,y(x0, y) and ue,y(x0, y), are plotted.
As we can see from the plots, an acceleration of both the ions and the electron fluid is
present. In particular, the former is quite asymmetric with respect to the X-point, while
the latter is more symmetric: such feature is most probably due to the fact that we are
dealing with turbulent reconnection rather than a pure reconnection study (i.e., we are not
starting from an ad hoc initial setup from which reconnection develops under controlled
conditions). Nevertheless, the ion acceleration is weaker with respect to the electron fluid
acceleration, which is in agreement with previous collisionless reconnection studies [122].
The ion inflow-to-outflow ratio is about ui,in/ui,out ∼ 1/2, while the one for the electrons
is about ue,in/ue,out ∼ 2/5, which are in agreement with the width-to-length ratio of their
respective so-called “diffusion regions”, δi/Li ∼ 1/2 and δe/Le ∼ 2/5, respectively (here
the width and the length of the diffusion regions are only roughly estimated, via the Hall
signatures in Bz for the ions and via the region of strong Jz for the electrons).

During this transition stage, almost all the runs performed show magnetic reconnec-
tion inside the current sheets, leading to the formation of multiple magnetic islands with
different shapes and subsequent evolution. In Fig. 5.11 we show Jz and Bz contours (left
and right column, respectively) as few examples of islands grown after the first magnetic
reconnection events in run A1 at t = 181 (top row), run A2 at t = 188 (middle row) and
run A3 at t = 191 (bottom row), corresponding to simulations with η = 10−5, 10−4 and
10−3, respectively. The only exception to these kind of features is run A4, i.e. the highest
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Figure 5.11: Islands formation: Jz (left column) and Bz (right column) contours from
run A1 (top row), A2 (middle row) and A3 (bottom row), at time t = 181, 188 and 191,
respectively.
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resistivity case, η = 5 × 10−3, in which magnetic diffusion is probably strong enough
to avoid the growth of magnetic islands. This point is indeed highlighted in Fig. 5.12,

Figure 5.12: Run A4: Jz contours (colors) and δAz levels (solid lines) at times t = 215
(top left), t = 220 (top right), t = 230 (bottom left) and t = 239 (bottom right). X-points
are clearly visible at all the times shown.

where we show the contours of the out-of-plane current density, Jz (colors), along with
the out-of-plane component of the vector potential, δAz (solid lines), for the same current
sheet (they are actually two current sheets of inverse polarity, one next to the other, so
we may speak of a “double current sheet”) obtained from run A4 at four different times:
t = 215 (top left panel), t = 220 (top right panel), t = 230 (bottom left panel) and
t = 239 (bottom right panel). In the above plots, X-points are clearly visible at all the
times shown and in both current sheets (lighter colors for Jz > 0 and darker colors for
Jz < 0, as one might see in the color bar on top of the panels). The same configuration
is actually present both at earlier and later times, i.e. at t < 215 and at t > 239, which
means that neither multiple islands are forming nor the one which are already present are
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growing.

It is worth to underline that in the low-resistivity cases, the reconnection is dominated
by the Hall effect, as pointed out by the resulting quadrupolar structure of Bz, and by the
presence of asymmetric and inhomogeneous background conditions, as clearly seen in
the most disparate shapes and dynamics of the current sheets and of the islands. In these
cases, the onset of secondary tearing mode and the subsequent formation and growth of
(asymmetric) islands chains has been observed also in recent studies [123], confirming
again the capability of the HVM code of catching the physics underlying at the pro-
cesses observed. However, here the situation is even more complex than in a controlled
reconnection study, since we are fully nonlinear and within a turbulent environment. In
the high-resistivity case, run A4, the above scenario is modified, since the reconnection
mechanism is most probably dominated by resistivity effects rather than by the Hall ones.
However, we stress again that, in our simulations, the analysis of the results and their
interpretation is not straightforward and is probably not possible only in terms of what it
is known from the linear physics of the single processes at play.

5.2.3 FULLY DEVELOPED TURBULENCE: OVERVIEW

After the first magnetic reconnection events have occurred, we enter a turbulent regime.
The actual time at which fully developed turbulence sets in seems to weakly depend on the
resistivity. In any case, we can assume that a fully developed turbulent regime is reached
in all the simulations performed after a certain time, e.g., t & 200 (cf. Fig. 5.3). Thus,
the analysis of the turbulent energy spectra will be performed after that time for all the
simulations.

In order to give an idea of how this regime looks like from the out-of-plane current
density, in Fig. 5.13 we show the contours of Jz for run A0 at t = 218 (top left panel),
for run A1 at t = 234 (top right panel), for run A2 at t = 230 (bottom left panel) and
for run A3 at t = 237 (bottom right panel), i.e. corresponding to the simulations with
η = 0, 10−5, 10−4 and 10−3, respectively. From the contours, we can see that, at this
stage, many other reconnection events have occurred and several island-shaped structures
are floating around in the simulation plane for the lower resistivity cases (η ≤ 10−4),
while in η = 10−3 case only few signatures of such structures are found (and they are
not so clearly visible). Magnetic structures can be indeed more easily recognized by
looking at the in-plane magnetic field modulus, B⊥ ≡ (B2

x + B2
y)

1/2. This is visible
in Fig. 5.14, where the contours of B⊥ are shown for the same runs and at the same
times as in Fig. 5.13. We will look a bit more in details at these local features, later in
this Section, but now we can already get some global insights from Fig. 5.13. First of
all, the appearance of di-sized islands (or, as they are sometimes referred to, “coherent
structures”), seems a common feature of low-resistivity plasma turbulence, as it emerges
from our simulations, and we thus expect to find the signatures of these structures also, for
instance, in solar wind turbulence [44, 114, 115, 124, 165, 166]. This should be confirmed
by ad hoc analysis of solar wind data [167]. Second, we notice that the in-plane magnetic
field has been grown significantly, from the initial maximum values of B⊥(t = 0) ∼ 10−2

to values which are now locally reaching B⊥ ∼ 0.5: this is a situation quite far from that
described by 2D simulations where a mean magnetic field is imposed on the background.
There are two side observations and comments on this point. On one hand, the fact
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Figure 5.13: Jz contours (colors) from run A0 (top left panel), A1 (top right panel), A2
(bottom left panel) and A3 (bottom right panel), at times t = 218, t = 234, t = 230 and
t = 237, respectively.

that the strongest in-plane magnetic field is localized within or around the current sheets,
or in island-like structures, means that the “perpendicular magnetic energy” has been
spontaneously growing and then it has - at least in part - efficiently cascaded from the
initial large-scale structures towards smaller scales (i.e. down to k⊥di ∼ k⊥ρi ∼ 1). On
the other hand, the initially aligned and oriented current sheets, within which these in-
plane components were mostly found, have been destroyed by the reconnection events
and thus we have reached a randomized state for the orientation of B⊥. This latter point,
in particular, is relevant for a validation of the perpendicular energy spectra, since the
reduction from a two-dimensional, (kx, ky)-, to a one-dimensional, k⊥-spectrum might
be otherwise affected by the in-plane anisotropy introduced by a defined orientation of
B⊥ [125]. Thus, we can safely perform such “omnidirectional” reduction of the energy
spectra. However, before moving to the spectral properties of the turbulence, we want
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Figure 5.14: B⊥ contours (colors) from run A0 (top left panel), A1 (top right panel), A2
(bottom left panel) and A3 (bottom right panel), at times t = 218, t = 234, t = 230 and
t = 237, respectively.

to stress that the resistivity value of η ∼ 10−3 seems to be a kind of threshold value:
the qualitative behavior noticed in the lower resistivity cases, runs A0 to A2, changes
indeed a bit already for run A3. Furthermore, in run A4 the disruption of the large-scale
current sheets has not happened and any di-sized island-like magnetic structures have
been formed up to t = 260. In Fig. 5.15 we report the contours of the out-of-plane current
density, Jz (left panel), and of the in-plane magnetic field modulus, B⊥ (right panel),
as it appears at time t = 256 in run A4 (η = 5 × 10−3). So, as we can see from the
comparison between Figs. 5.13, 5.14 and 5.15, we are passing from what we might call
the “collisionless” cases to the “resistive” cases. In that passage, the run A3 represents a
kind of bridge between those two regimes, in which we do observe mixed features from
one and from the other cases, thus making of η ∼ 10−3 a kind of transition resistivity.
This transition will be investigated in the next section, when we analyze the turbulent
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Figure 5.15: Contours of Jz (left) and of B⊥ (right) from run A4 at time t = 256.

energy spectra emerging from those simulations. In that analysis we are going show that
it could likely be seen as a continuous transition related to the relative importance - again
- of multiscale dissipation with respect to small-scale dissipation, as we have shown in
Chapter 3.

We finally remind to the reader that the current sheet formation is actually a consistent
feature of turbulence: the first current sheets are mostly due to the drive, but when the tur-
bulence is fully developed they are continuously formed and destroyed self-consistently
(see Fig. 5.13).

5.2.4 TURBULENT REGIME: ENERGY SPECTRA

We now look at the electromagnetic energy spectrum which arises for the turbulent state
described above. Before going into the details, it is worth to spend a few words on the
method that we are adopting in order to explicitly state which are the techniques and the
approximations made.

We start from the electromagnetic fields, E and B, which are three-dimensional vec-
tors, e.g. E = (Ex, Ey, Ez), whose components depend on two spatial coordinates, e.g.Ez =
Ez(x, y). From these fields, we extract their two-dimensional fluctuations, δE and δB,
that is we subtract the mean value computed over the simulation box:

δE = E− 〈E〉 and δB = B− 〈B〉 ,

and then, passing in Fourier space along the periodic coordinates, x and y, we get the
two-dimensional Fourier transformed perturbations (at a fixed time), whose coefficients
are, for instance, δÊx(kx, ky, t), δÊy(kx, ky, t) and δÊz(kx, ky, t), and the same for δB̂.
From these quantities, we compute the time-dependent two-dimensional isotropic energy
spectra for the electric and magnetic fields, i.e.,

EE(kx, ky, t) = |δÊ|2 and EB(kx, ky, t) = |δB̂|2 .
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Next, we want to reduce the above two-dimensional spectra into one-dimensional k⊥-
spectra. We know that, at t = 0, the simulation plane represents approximately the per-
pendicular plane, since the initial in-plane magnetic field modulus is very small, i.e. negli-
gible with respect to its out-of-plane component. However, as we have shown in the previ-
ous Sections, the value of the in-plane magnetic field increases with time, at least locally,
so one might have doubt in the fact that we can actually pass from the two-dimensional
spectrum in (kx, ky)-space to the reduced one-dimensional k⊥-space. Nevertheless, the
average value of the in-plane magnetic field remains quite small, leaving the growth of
B⊥ only a local feature. Moreover, the local increase, as we have seen before, tends to be
randomly oriented and almost isotropic. These last considerations allow us to make the
following approximation in the reduction of the spectra:

k⊥ '
√
k2
x + k2

y .

The same approximation holds when we want to analyze the spectrum of the parallel and
perpendicular fluctuations, i.e.,

δB‖ ' δBz , δE‖ ' δEz ,

and
δB⊥ '

√
δB2

x + δB2
y , δE⊥ '

√
δE2

x + δE2
y .

Thus, the two-dimensional parallel and perpendicular energy spectra will be approxi-
mated by

EE‖(kx, ky, t) ' |δÊz|2 , EB‖(kx, ky, t) ' |δB̂z|2 ,
and

EE⊥(kx, ky, t) ' |δÊx|2 + |δÊy|2 , EB⊥(kx, ky, t) ' |δB̂x|2 + |δB̂y|2 .

Then, we perform the (time-dependent) one-dimensional reduction of the two-dimensional
EA spectrum of a quantity A (cf. Section 3.3.1):

EA(k⊥, t) ≡
∑̃

(kx,ki)∈k⊥
EA(kx, ky, t) ,

where
∑̃

(kx,ki)∈k⊥ denotes the “ring average” over the k⊥ shells in the (kx, ky)-plane,
such that only complete rings are considered in the sum (i.e. the “corners” of the two-
dimensional plane are excluded). From the time-dependent k⊥-spectra, we finally per-
form a time average over an appropriate time interval over which the turbulence can be
considered to be stationary:

〈EA(k⊥, t)〉 ≡
(∑

tEA(k0, t)

Nt

)(
1

Nt

∑
t

EA(k⊥, t)

EA(k0, t)

)
= 〈EA(k0)〉〈ẼA(k⊥, t)〉 ,

where Nt is the number of time steps over which we average, k0 is a reference per-
pendicular wave vector (in the following, k0 = k⊥,min = 0.1 will be adopted), and
ẼA(k⊥, t) ≡ EA(k⊥, t)/EA(k0, t). Note that the normalization is not affecting the slopes
and it has been chosen to facilitate the comparison between different runs and different
time intervals.



128 CHAPTER 5. DISSIPATION RANGE TURBULENCE: 2D3V SIMULATIONS

Figure 5.16: Magnetic (left) and electric (right) energy spectra from HVM simulations
with βi = 1 and different resistivity values (see legend). Several slopes are given for
reference.

Figure 5.17: Same as Fig. 5.16, but for the density spectrum.

In Fig. 5.16 we show the first of a series of comparisons between the different simula-
tions performed: the time-averaged magnetic (left panel) and electric (right panel) energy
spectra from HVM simulations of forced turbulence with βi = 1 and several values of
the resitivity, i.e. η = 0 (black), η = 10−5 (blue), η = 10−4 (brown), η = 10−3 (red), and
η = 5× 10−3 (orange). The same as Fig. 5.16, but for the density fluctuation spectrum is
given in Fig. 5.17. The time average of the energy spectra in Figs. 5.16 and 5.17 has been
performed over about ten cyclotron times, i.e., ∆tavg ∼ 10 Ω−1

c,i : this period of time is long
enough to avoid transient effects as, for instance, high frequency phenomena, and using a
larger time window over which the average is performed does not change the results.
From the above spectra, we first notice the qualitative trend of steepening the slopes of
both the electric and the magnetic spectrum as the resistivity η increases: the spectra are
approximately the same up to η = 10−4 and then they are steeper already for η = 10−3

and they eventually become dramatically steeper in the η = 5× 10−3 case. Since the only
parameter that changes from one simulation to another is the value of η, the steepening of
the spectra is likely due to the presence of a higher level of dissipation at all the scales. In
fact, the energy dissipation is due to the resistive term is η|Jk|2, which represents a finite
dissipation term through the whole k⊥-spectrum: for high enough values of η its contribu-
tion may be non negligible even at “mid-scales”, i.e., when k⊥ρi ∼ 1 is approached. This
is indeed in agreement with what we have found for the sub-ion gyroradius scale turbu-
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lence in the gyrokinetic case (see Chapter 3, and in particular Section 3.3) and thus seems
to be a typical feature of the dissipation range in kinetic plasma turbulence [89, 91, 126].
For low values of η, on the contrary, the resistive dissipation becomes negligible and most
of the energy is thus dissipated at the very end of the spectrum by means of the numerical
filters [127], which can be interpreted as a way to simulate the electron dissipation at very
small scales. Thus, it is very likely that the value of η plays an important role in the steep-
ening of the spectra. The role of the resistivity can be actually seen as two effects: as η
increases, there is an increasing importance of (i) direct multiscale dissipation, i.e., η|J|2,
and (ii) magnetic field diffusion, i.e., η∇2B. Despite the fact that the actual term in the
equation is the same, the interpretations for those two effects are quite different. On the
one hand, resistive multiscale dissipation can act on the spectral properties of the turbulent
cascade, i.e., on the concept of inertial range, as any other dissipation mechanism (e.g. as
for the case of collisions shown in Chapter 3). On the other hand, magnetic diffusion
can inhibit the formation of very narrow current sheets and thus the onset of collisionless
reconnection leading to both magnetic and electric field structures at very small scales as,
for instance, the Hall quadrupole for Bz, magnetic islands for B⊥ and the local electric
field structures associated to them.

Figure 5.18: Magnetic (blue) and electric (red) energy spectra from simulations with
η = 0 (top left panel), η = 10−5 (top right panel) and η = 10−4 (bottom panel). Several
slopes are given as references.

Let us now focus on the spectral slopes. In Fig. 5.18 we report the magnetic (blue)
and the electric (red) energy spectrum as a function of the in-plane wave vector, EB(k⊥)
and EE(k⊥), respectively, and separately for the low-resistivity cases, run A0 (top left
panel), run A1 (top right panel) and run A2 (bottom panel). At larger scales, i.e., at
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small wave vectors (k⊥ρi . 1), both the electric and the magnetic field present an energy
spectrum with a power law slope close to −5/3 (and also close to −3/2 in some cases).
This is indeed in agreement with the large-scale MHD behavior of turbulent fluctuations.
Then, at smaller scales, i.e., below the ion gyroradius scales (k⊥ρi > 1), the two energy
spectra exhibit different power laws. On the one hand, the magnetic field fluctuations
show a steeper energy spectrum with a slope close to −7/3 for run A0 and run A2 (i.e.,
η = 0 and η = 10−4, respectively), and a slope closer to −2.8 than to −7/3 for run A1
(η = 10−5). The electric field fluctuations, on the other hand, show a more flat power
law, in all the three cases consistent with a slope of −4/3. The density spectrum for these
three runs, En(k⊥), also shows a slope which is the same as the magnetic energy spec-
trum, En ∼ k

−7/3
⊥ (see Fig. 5.17).

How do we interpret such spectral slopes?

Well, electron reduced MHD (ERMHD) and gyrokinetic (GK) theories predict that
there are two possible ways for the energy to cascade at sub-ion Larmor scale, which
are the ion entropy (IE) and the kinetic Alfvén wave (KAW) cascade [27]. The former
is essentially the electromagnetic version of the entropy cascade driven by the nonlinear
phase mixing which has been treated in Chapter 3 for the purely electrostatic case, while
the latter is basically the kinetic transition of the Alfvén wave (AW) cascade due to the
conversion of the MHD mode to its kinetic version. The two cascades have very different
predicted slopes for the magnetic, electric and density spectrum of the fluctuations, i.e.

EB(k⊥) ∝ k
−16/3
⊥ (5.15a)

EE(k⊥) ∝ k
−4/3
⊥ (5.15b)

En(k⊥) ∝ k
−10/3
⊥ (5.15c)

for the IE cascade, and
EB(k⊥) ∝ k

−7/3
⊥ (5.16a)

EE(k⊥) ∝ k
−1/3
⊥ (5.16b)

En(k⊥) ∝ k
−7/3
⊥ (5.16c)

for the KAW cascade. However, we note that a different derivation for the intermittent
case [28], based on the quasi-2D nature of the (coherent) structures formed in KAW
turbulence, gives slightly different power law scalings for the KAW cascade, that is
EB(k⊥) ∝ k

−8/3
⊥ and EE(k⊥) ∝ k

−2/3
⊥ . Further studies on the theoretical scalings for

KAW turbulence have found EE⊥(k⊥) ∝ k
−2/3
⊥ and EE‖(k⊥) ∝ k

−4/3
⊥ (see Ref. [29]).

The IE cascade, due to the extremely steep magnetic energy spectrum, is called a “quasi-
electrostatic” cascade, while the KAW cascade, being mediated by kinetic Alfvèn waves,
is a fully electromagnetic cascade with a very flat electric energy spectrum. Note that,
despite the energy spectra in Eqs. (5.15)-(5.16) are k⊥ spectra, there is a fundamental
difference between the physical effects that are mediating the cascade. In fact, the IE cas-
cade is a “purely perpendicular effect”, which means that no finite k‖ is required. On the
contrary, the kinetic Alfvén waves are oblique perturbations, which means that both finite
k⊥ and k‖ are required (the dispersion relation for KAWs is ω ∝ k‖vAk⊥ρi, see also Ap-
pendix A). So, we have seen that in our simulations, at the initial time k‖ ∼ kz = 0, so we
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cannot have any parallel propagating wave, such as Alfvén or kinetic Alfvén waves. How-
ever, as the system evolves, eventually reaching the fully developed turbulent regime, the
in-plane magnetic field locally increases and reaches quite high values (e.g.B⊥/B0 ∼ 0.3
and even higher). This means that we can get local finite values of k‖ = k · b and thus
propagating KAWs. The above argument might be enough to explain why do we ob-
serve a magnetic energy spectrum compatible with ∼ k

−7/3
⊥ , but we do not observe the

corresponding electric energy spectrum of k−1/3
⊥ . We do observe, instead, electric field

fluctuations which are compatible with the IE cascade, that is an electric spectrum roughly
∼ k

−4/3
⊥ .

A possible explanation for such “mixed” behavior observed in the spectra can be the
presence of superposed cascades, i.e. the energy injected at large scales can split into both
channels, the IE and the KAW cascades, while passing through the ion Larmor radius
scale in its “journey” towards the smallest scales of the system. Or, also, there can be
different mechanisms simultaneously at play and which separately generate one or the
other cascade and with different amount of energy injection into each channel. In fact, let
us assume that an injected energy density, ε0, cascades up to k⊥ρi ∼ 1 and then it splits
into the two channel, with an amount εIE of energy density that goes into the IE cascade
and an amount εKAW that goes into the KAW cascade instead. Then the following relation
holds:

ε0 ' εIE + εKAW ,

where there is not an exact equality because, in principle, a small amount of energy can
have been lost on the way to k⊥ρi ∼ 1 due to some multiscale dissipation mechanism
acting also at large scales. In order to understand which signatures of which cascade can
emerge if those two cascades coexist, it is useful to look at the ratio of the energy spectra
for the two channels, which are the following:

E
(IE)
E

E
(KAW)
E

∼ E
(IE)
n

E
(KAW)
n

∼
(

εIE

εKAW

)2/3

k−1
⊥ ,

E
(IE)
B

E
(KAW)
B

∼
(

εIE

εKAW

)2/3

k−3
⊥ ,

so the signatures of an IE cascade would hardly be seen in the magnetic energy spec-
trum, which is indeed consistent with its quasi-electrostatic nature. Then, we can admit
essentially two cases:

(i) εKAW & εIE: in this case most of the energy is going into the KAW cascade or,
at least, the amount of energy going into the two different channels is of the same
order. In this case, since any power law of the IE cascade is steeper than the corre-
sponding KAW cascade spectrum, this latter will be the only spectrum that emerges,
masking almost any signature of the underlying IE cascade.

(ii) εKAW � εIE: in this case, instead, most of the energy is channeled into the IE
cascade. This means that we should have the possibility of some signatures of the
IE cascade to appear, at least in the electric field fluctuations spectrum, EE(k⊥),
and in the density spectrum, En(k⊥), while there are most probably no ways to see
the IE cascade signatures on the magnetic field spectrum, EB(k⊥).

So, this may explain the electric and magnetic energy spectra, but not the density spectrum
which is anyway close to k−7/3

⊥ .
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In addition to the above two cascades, there is also a high-frequency possibility which
is given by the electron MHD (EMHD) theory, i.e. a forward cascade due to whistler wave
turbulence. In Ref. [31], a derivation based on the Kuzenstov-Zakharov transformation
predicts an anisotropic (k‖ � k⊥, or “quasi-perpendicular”) spectrum for the magnetic
fluctuations of EB(k⊥, k‖) ∼ k

−5/2
⊥ k

−1/2
‖ , which reduces to the spectrum EB(k) ∼ k−2

in the isotropic case (k‖ ≈ k⊥ ≈ k). That is called the Kuzenstov-Zakharov-Kolmogorov
(KZK) spectrum of weak whistler wave turbulence, which is an asymptotic theory of
turbulence essentially based on the locality of interactions and on the separation of time
scales (in particular, they assumed the cascade transfer time to be much larger that the
whistler wave period). However, a Kolmogorov-type dimensional argument leads to a
magnetic energy spectrum for whistler wave turbulence is the same as the one predicted
by KAW turbulence, i.e. EB(k) ∼ k−7/3. This latter magnetic fluctuations spectrum has
indeed been supported by several numerical simulations, both with EMHD [128, 129, 130,
131] and kinetic PIC [132, 133] codes. In our simulation model, we can actually reach
high frequencies, i.e. ω > Ωc,i, and we can also have whistler waves1. So, in principle, we
might have whistler turbulence in the range k⊥ρe < 1 (in our model, it is formally ρe = 0,
which anyway does not disagree with the range k⊥ρi > 1 in which we are interested).
It was recently proposed, and used for solar wind turbulence data, a very robust method
to distinguish between KAW and whistler turbulence [134], which consists in comparing
the amplitudes of density and magnetic field fluctuations, appropriately normalized:

δñ ≡
√
τ βi

2
(1 + τ)

[
1 +

τ βi

2
(1 + τ)

] δn
n0

, (5.17)

δB̃ ≡ δB

B0

, (5.18)

where we remind the reader that τ ≡ T0e/T0i is the electron-to-ion temperature ratio.
For KAW turbulence, we do expect to observe about the same amplitude for the above
normalized fluctuations, δñ ∼ δB̃, while for whistler turbulence the density fluctuations
should be negligibly smaller than the magnetic fluctuations, δñ � δB̃. The physical
reason is that KAW waves are characterized by low frequencies fluctuations and thus
the ions can fluctuate and they are involved in the turbulent dynamics along with the
electrons, while whistler waves have higher frequency fluctuations and thus ions cannot
move fast enough, which in turn lowers the electron density fluctuations due to the quasi-
neutrality condition. In our simulations, τ = 1, βi = 1, n0 = 1 and B0 = 1, so the above
normalizations reduce to δñ =

√
2 δn and δB̃ = δB. Moreover, from the non-linear

kinetic Alfvèn equation [27, 29], the relation

δB̃2
⊥ = δB̃2 −

τ βi
2

(1 + τ)

1 + τ βi
2

(1 + τ)
δñ2 (5.19)

holds, which equivalently means that

δB̃2
‖ =

τβi
2

(1 + τ)

1 + τβi
2

(1 + τ)
δñ2 , (5.20)

1Since we are in the limit of massless electron fluid, the whistler waves that we can have are those found
in Hall MHD. This automatically satisfy the limit ω � Ωc,e.
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holds. The above relations, Eqs. (5.17)-(5.19), can thus be used in order to have an idea
of which is the major contribution of our HVM turbulence simulations. In Fig. 5.19 we
show the results of the above analysis. On the top panels a comparison of the normal-
ized fluctuations spectra defined in Eqs. (5.17)-(5.18), δñ (green spectrum) and δB̃ (blue
spectrum), is displayed for run A1 (top left panel) and run A3 (top right panel), i.e. the
η = 10−5 and η = 10−3 cases, respectively. On the bottom panels, in order to check
Eq. (5.20), the spectrum of the normalized parallel magnetic fluctuations, EB‖(k⊥) (black
solid line), and of the normalized density fluctuations, En(k⊥) (green dashed line), are
plotted for the same runs as in the top panels, run A1 (bottom left panel) and run A3 (bot-
tom right panel).

Figure 5.19: Top panels: comparison of |δB̃|2 (blue) and |δñ|2 (green) spectra for run A1
(left) and run A3 (right), corresponding to η = 10−5 and η = 10−3 cases, respectively.
Bottom panels: verification of Eq. (5.20) for the same runs as the ones in the top panels.
Slopes are given for reference.

From Fig. 5.19 we see that (i) the density and magnetic fluctuations are of the same order
and that (ii) the parallel magnetic fluctuation and density spectra overlap almost perfectly,
so the relation in Eq. (5.20) holds. These two observations do not exclude the presence of
whistler waves and their contribution to turbulence, of course, but they tell us that KAW
waves are most probably present in the simulation and that they are the major contributors
to the magnetic and density fluctuations.

Another possibility - probably the worst - is that, since we are not strictly in any of the
previous regimes, i.e. EMHD, REMHD or GK, there is a different kind of cascade going
on, maybe even with the presence of the two gyrokinetic cascades superposed on it. This
complicates the things even more, since there are no theories of other kinetic cascades,
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to the best of our knowledge. Nevertheless, the linear modes of reduced theory should
anyway be present within certain range of parameters and thus it is reasonable to assume
that they might at least coexist with possibly unknown kinetic mode cascades.

In any case, the possibility of having a mixture of several different modes (in terms
of linear theory) contributing to the sea of turbulent fluctuations has been already argued
also for the electron dissipation range, i.e. for the wave number region across k⊥ρe ∼ 1,
with strong indications in this direction from numerical simulations [135] and analytical
arguments [136].

In addition to this picture, where the cascades are seen as superposition of waves
deriving from the linear modes, it is worth to note the interpretation given in Ref. [44].
In that work, the small-scale cascade of magnetic fluctuations is rather interpreted as a
“superposition of nonlinear fluctuations (not waves), which exchange energy on times
smaller than the usual eddy-turnover (or nonlinear) time”. In that case, for frequencies
close to the ion gyro-frequency, ω ∼ Ωc,i, and for scales comparable to (or smaller than)
the ion inertial length, kdi & 1, one might consider the Hall term in Faraday’s equation
(combined with the generalized Ohm’s law),

∂B

∂t
= ∇×

(
u×B− J×B

n
− ηJ

)
, (5.21)

to be the faster mechanism (and thus the main responsible) for the energy transfer among
scales (the Hall term is the second term on the right hand side). The associated charac-
teristic time scale, for each length scale `, is TH ∼ n``

2/B`, in contrast to the nonlinear
(eddy-turnover) time due to the first term on the right hand side of Eq. (5.21), TNL ∼ `/u`.
Note that there is also a dissipation characteristic time at each scale `, which is TD ∼ `2/η.
If one takes into account the compression, then the scaling for the (compressible) density
fluctuations is [137]

n` ∼ `−3α , (5.22)

where −1 ≤ α ≤ 1 is a measure of the degree of compression at each scale (α = 0 for
the incompressible case and |α| = 1 for isotropic compression). Note that the factor 3
is because it is the number of dimensions in which the compression take place in the 3D
case. In general, for a N -dimensional space, the above scaling is

n` ∼ `−Nα . (5.23)

Assuming equipartition between the kinetic and the magnetic energy densities at all scales,
n`u

2
` ∼ B2

` , and constant transfer rate in Hall timescale,

εH ∼
n`u

2
`

TH

∼ B2
`

TH

∼ B3
`

n``2
,

we can derive a generalized version of the magnetic spectrum given in Ref. [44]:

EB(k) ∼ ε
2/3
H k

−7/3+2Nα/2
⊥ (5.24a)

En(k) ∼ k2Nα−1
⊥ (5.24b)

From these spectra we note that, in order to have steeper spectra the compressibility pa-
rameter has to be negative, α < 0, no matter which is the dimensionality of the system,
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N = 1, 2, 3. This in turn means that the compression is stronger at large scale, while
at smaller scales the turbulence is more and more incompressible. Moreover, the ratio
between the Hall characteristic transfer time, TH, and the eddy-turnover time, TNL, is

TH

TNL

∼ n`u``

B`

∼ n
1/2
` ` ∼ k

N
2
α−1 , (5.25)

where we have used the equipartition assumption, B` ∼ n
1/2
` u`. Thus, in order to have

a Hall energy transfer which becomes faster than the nonlinear counterpart, i.e., a ratio
TH/TNL which decreases with k and eventually becomes (much) smaller than unity, the
compressibility factor α has to be −1 ≤ α < 2/N . In our 2D case, for instance, from a
slope of the density spectrum at small scales consistent with −7/3, we infer α = −1/3
and thus a −25/9 ' −2.8 slope for the magnetic spectrum. If, instead, the density
spectrum is closer to a −2 or −3 slope, we infer a value of the compressibility parameter
which is α = −1/4 or α = −1/2, respectively. The correspondent magnetic spectrum
should show a−8/3 or a−3 spectrum, respectively. These scenario are indeed consistent
with many solar wind observations and also with some of our simulations (cf. Fig 5.19).

Finally, in Fig. 5.20 we show the spectrum of magnetic fluctuations (blue line) and
of electric fluctuations (red line) for the simulations with the highest resistivity values,
η = 10−3 (left panel) and η = 5 × 10−3 (right panel). As we can see, there is a clear

Figure 5.20: Magnetic (blue) and electric (red) energy spectra from simulations with
η = 10−3 (left panel) and η = 5 × 10−3 (right panel). Several slopes are given as
references.

steepening of the energy spectra for k⊥ρi & 1: the electric energy spectrum becomes
compatible with a −8/3 slope (and a further steepening for k⊥ρi & 3 in run A4, where
its slope is about −19/3), while the magnetic energy spectrum now shows a −10/3 slope
(and again a subsequent steepening for for k⊥ρi & 3 in run A4, with a slope of about−7).
A possible interpretation of this behavior is the increase of the dissipation level, since the
value of η is really the only parameter that changes between the simulations presented in
this Section. Following the same reasoning of Chapter 3, we argue that the emergence of
non-universal power laws are due to multiscale dissipation effects and to a non-constancy
of the energy flux across the dissipation range cascade. However, the HVM code still
misses the diagnostic tools for a direct energy flux investigation, as we have instead done
for the gyrokinetic case with the GENE code. Nevertheless, we can infer something
about the energy flux spectrum, F(k⊥), through the dissipation spectrum, D(k⊥). In fact,
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we can assume a certain level of self-similarity in the energy fraction which is dissipated
through the scales, thus we may argue that the dissipation spectrum has to be proportional
to the energy flux, i.e.

D(k⊥) ∝ F(k⊥) , (5.26)

and therefore an inspection of the dissipation spectrum may provide insights on the energy
flux through the various scales in our turbulent cascade.
In Fig. 5.21 we report the time-averaged spectra of the resistive dissipation, 〈η|J|2〉 (left
panel), and of the Joule heating, 〈E · J〉 (right panel), for the βi = 1 runs. We note that
the dissipation is always multiscale, i.e. it is distributed across the whole k⊥-range (this
result does not change if, instead of a time average, we consider the spectra at a fixed time
or we slightly change the time average interval). The resistivity η in the 〈η|J|2〉 spectrum
has been normalized to η0 = 10−3 for scale convenience and an effective resistivity ηeff ∼
10−6 has been attributed to run A0 in order to show its 〈|J|2〉 spectrum (and to represent
a sort of “grid equivalent resistivity”). Furthermore, we do observe a constant, steady

Figure 5.21: Time-averaged spectra of the resistive dissipation, 〈η|J|2〉 (left panel), and
of the Joule heating, 〈E · J〉 (right panel), for the βi = 1 runs (see legend). The resistivity
η in the 〈η|J|2〉 spectrum has been normalized to η0 = 10−3 for scale convenience and an
effective resistivity ηeff ∼ 10−6 has been attributed to run A0 in order to show its 〈|J|2〉
spectrum.

dissipation through most of the wave number range for low enough resistivity, i.e. run A0,
A1 and A2. Following the assumption made in Eq. (5.26), this indicates that the energy
flux should be approximately constant, i.e. there is something like an inertial range in the
Kolmogorov sense. For higher η values, i.e. run A3 and A4, the dissipation spectrum is not
constant for k⊥ρi & 1 (and can be considered approximately a power law): this means that
also the flux is presumably something like a power law and thus, as we have demonstrated
in Chapter 3, the resulting energy spectra show power laws which are steeper than the
“ideal” case provided by the standard theoretical approach (which indeed assumes the
constancy of the energy flux in what can be identified as the inertial range for the turbulent
cascade).
Finally, we want to underline that the above arguments are based on rough estimations, so
small deviations from the ideal behavior may occur: for example, the dissipation for 0.1 <
k⊥di < 10 is not exactly constant, but it is only slowly varying with k⊥. Nevertheless, the
difference between the low-η and high-η cases is evident.
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5.2.5 THE NATURE OF TURBULENT MAGNETIC FLUCTUATIONS

Magnetic field fluctuations can be divided into “parallel” and “perpendicular” fluctua-
tions, which in our case are identified with the out-of-plane and the in-plane fluctuations,
respectively. The initial background magnetic field, representing a kind of “guide field”,
has only the out-of-plane component, B0 = B0ez, and, despite some local strong in-
crease of the in-plane component, if we average over the simulation box, we still get
〈B⊥〉 � 〈Bz〉 during the fully developed turbulent state. So, we can roughly divide the
nature of the magnetic fluctuations in the following way. At large scales, k⊥ρi < 1, the
parallel magnetic fluctuations are related to compressive modes as, for instance, magne-
tosonic waves, while the perpendicular flucutations are more related to transverse modes
as Alfvénic modes. At smaller scales, k⊥ρi & 1, however, the Alfvén mode turns into a
kinetic Alfvén wave, which also develops parallel fluctuations of the magnetic field, even
if much smaller than the transverse component [26] (i.e., the kinetic version of the Alfvén
wave is no more a pure incompressible mode). We remind the reader that this is also a
point of debate in the space physics community on whether the gyrokinetic approximation
may or may not hold at small scales, k⊥ρi & 1, for space plasmas as, for instance, the solar
wind: the applicability of gyrokinetics to the study of small scale turbulence in these kind
of plasmas is essentially based on the assumption that, even though at large scales there is
not a preferential direction of a mean magnetic field, at kinetic scales the magnetic fluctu-
ations become mainly perpendicular to what can be interpreted as a background (guide)
magnetic field. So, it is worth to look at these features a bit more in detail.

An analysis of the nature of the magnetic field fluctuations for the low-resistivity runs,
is shown in Fig. 5.22, where EB⊥(k⊥) (blue) and EB‖(k⊥) (cyan) spectra are shown for
run A0 (top left panel), run A1 (top right panel) and run A2 (bottom panel).
As we can see, the parallel fluctuations are dominant in the long wavelength range,
k⊥di < 1, while the magnetic fluctuations tend to become more and more perpendicu-
lar as they cascade through the ion kinetic scales, i.e. for k⊥di & 1. At the very end of
the spectrum, however, the level of the parallel and perpendicular fluctuations becomes
the same, but it might also be due to the action of numerical filters at small scales, so we
do not want to draw any conclusion from this feature. The same qualitative behavior is
found for run A3 and run A4 (not shown here).
Thus, we can conclude that from a large-scale turbulent dynamics which is characterized
by a mainly compressive behavior, where the parallel magnetic fluctuations dominate
over their perpendicular counterpart, the turbulence becomes mostly of Alfvénic nature at
small scales, with magnetic fluctuations which are mainly perpendicular to a mean out-of-
plane magnetic field. Clearly, in this analysis we are doing an approximation in defining
the parallel and perpendicular directions, i.e., we are adopting a “space-averaged” defini-
tion and thus we are missing all the local features of these directions. Nevertheless, due
to the random orientation of the in-plane magnetic field and also due to the fact that the
energy spectra are “box-averaged” quantities by definition, the results presented above
should not lose their validity because of the approximation made.

Focusing now on the spectral slopes, we do observe that the parallel magnetic spec-
trum has a wide range of wave numbers over which it exhibits a Kolmogorov k−5/3

⊥ slope
in all the cases in Fig. 5.22, from k⊥di ∼ 0.2 up to k⊥ρi ∼ 1 (and even slightly further
in some cases). This seems to be a universal feature, no matter how high the resistivity,
which is indeed consistent with the large-scale (ideal) MHD behavior of the plasma.
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Figure 5.22: Perpendicular and parallel magnetic spectrum, EB⊥(k⊥) (blue) andEB‖(k⊥)
(cyan), from run A0 (top left panel), A1 (top right panel) and A2 (bottom panel). Several
slopes are given as references.

The perpendicular magnetic spectrum at k⊥ρi < 1, instead, rises from the very low initial
values and shows a positive slope, which has to be attributed to the large-scale com-
pression and the consequent local magnetic field amplification: the large scale compres-
sive motion seems indeed to be a necessary prerogative for the subsequent small scale
Alfvénic character of turbulence. In this regard, we note that also the formation of co-
herent structures may have a role in accumulating large-scale perpendicular magnetic
energy at their scales - which, by the way, are going down exactly up to ∼ di scales - and
then possibly converting this energy to different kind of magnetic fluctuations. Further
investigations and a comparison with the solar wind observations are however needed
for drawing a final conclusion on this point. Then, at small scales, the perpendicular
magnetic spectrum shows a quite regular spectral slope in between −7/3 (run A2) and
−2.8 (run A0 and run A1), which agrees with KAW turbulence theories [27, 28, 29],
with the turbulence theory presented above, in Eq. (5.24), and with solar wind observa-
tions [45, 46, 47, 138, 139, 140]. We note that in run A2 a further steepening of the
spectrum, which agrees with a −13/3 slope, occurs at k⊥di > 5: this might be the first
visible signature of the increasing resistivity (the same slope in the same range indeed
occurs also in the parallel spectrum of this run). At the same scales, the parallel magnetic
spectrum shows a quite narrow range with a slope close to −8/3 for run A1 and run A2
(even though a further steepening occurs in the latter case), while run A0 exhibit a curious
−5/2 slope in a very narrow k⊥-range and then a further steepening with a −9/2 slope.
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5.2.6 THE CHARACTER OF THE TURBULENT ELECTRIC FIELD

Next, we take a closer look at the electric field and, in particular, at the various contribu-
tions to it. In particular, by considering the generalized Ohm’s law, we can distinguish
four contributions, i.e.

E = − ui ×B︸ ︷︷ ︸
EMHD

+
J×B

n︸ ︷︷ ︸
EHall

− ∇Pe

n︸ ︷︷ ︸
E∇P

+ η J︸ ︷︷ ︸
Eη

, (5.27)

where EMHD is the ideal MHD electric field, EHall is the Hall electric field, E∇P is the
electric field due to the electron pressure gradient, and Eη is the resistive electric field.
The MHD, Hall and resistive terms can be directly computed from ui, J and B, while
the E∇P term will be derived as the difference between the actual electric field and the
previous contributions, i.e., E∇P = E−EMHD−EHall−Eη. It is interesting to see which
is the contribution of the above terms to the various scales and to the turbulent fluctua-
tions spectrum. In order to do this, we compute the energy spectrum of the fluctuations
of the electric field contributions, EMHD(k⊥) = |δÊMHD,k|2, EHall(k⊥) = |δÊHall,k|2,
E∇P (k⊥) = |δÊ∇P,k|2 separately. The spectrum of the resistive term will be ignored,
since it is proportional to η2, i.e. a factor η smaller than η|δĴk|2, which is already quite
small (see left panel in Fig. 5.21, where the η|δJk|2 spectrum was already multiplied by a
factor 103 in order to scale it up to the same range of the E · J spectrum).

Figure 5.23: Spectrum of the total electric energy (black line), and of the MHD, Hall and
∇Pe contributions (blue, red and orange line, respectively) from run A1 (top left), run A2
(top right), run A3 (bottom left) and run A4 (bottom right).
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In Fig. 5.23 we show the result of the analysis on the k⊥-spectrum of the various
terms the electric field in the generalized Ohm’s law is made of, Eq. (5.27), for run A1
(top left panel), run A2 (top right panel), run A3 (bottom left panel) and run A4 (bottom
right panel), taken at time t = 238, 231, 243 and 260, respectively. Run A0 presents
spectra very close to those of run A1 and A2, so it is not shown. In Fig. 5.23, also the
total electric field energy spectrum, EE(k⊥) (black line), is given as a reference. In all the
cases considered, despite the differences in the spectrum slope, the MHD contribution,
EMHD(k⊥) (blue line), is dominant only at large scales (k⊥ρi < 1) and presents a very
steep power law (actually a double power law, with a knee at k⊥ρi ∼ 1). Another common
feature is that, for βi = 1, the Hall contribution dominates over the electron pressure
gradient term at all scales, i.e., EHall(k⊥) > E∇P (k⊥) (red and orange line, respectively),
and that they have the same shape. The Hall term, as expected, becomes relevant for
k⊥di > 1 (and actually becomes the dominant contribution for k⊥ρi > 1).

Figure 5.24: Contours of the in-plane components |EMHD,⊥| (left column) and |EHall,⊥|
(right column) from run A1 at t = 238 (top row) and run A2 at t = 231 (bottom row).
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The small-scale nature of the in-plane component of the Hall electric field, EHall,⊥,
in contrast to the large-scale MHD counterpart, EMHD,⊥, is well visualized, for instance,
in Fig. 5.24 for two of the lowest resistivity case, run A1 and run A2. The MHD part
of the electric field essentially follows the large-scale in-plane ion flow, ui⊥ and out-of-
plane magnetic field inhomogeneities, Bz, while in the Hall component we clearly see
the filament-like structures, which are the fingerprints left by the coherent structures, as
the current sheets and the magnetic islands, and by the in-plane magnetic field structures
which have been consistently formed in the turbulent environment. We underline that
EHall is actually tracking those structures, sometimes even more clearly than the out-of-
plane current density, Jz: the Hall electric field indeed shows that all the formed structures
are connected to each other. Despite the steeper spectra shown by the highest resistivity

Figure 5.25: Same as Fig. 5.24, but for higher resistivity cases, run A3 at t = 243 (top
row) and run A4 at t = 260 (bottom row).

simulations, the MHD and the Hall part of the electric field present the same qualitative
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character as for low resistivity cases, the only difference being the width of the EHall,⊥
filaments which are thicker for higher η values (see Fig. 5.25).

In Fig. 5.26 we show only the MHD (blue) and the Hall (red) electric energy spectrum,
EMHD(k⊥) and EHall(k⊥), respectively, along with some reference slopes, for the low-
resistivity simulations, i.e. with η = 0 (top left panel), η = 10−5 (top right panel) and η =
10−4 (bottom panel). The slopes of the MHD electric field and of the Hall contribution

Figure 5.26: Spectrum of the MHD component, EMHD(k⊥) (blue) and of the Hall con-
tribution, EHall(k⊥) (red), from the run with η = 0 (top left panel), η = 10−5 (top right
panel) and η = 10−4 (bottom panel). Several slopes are given as references.

are almost the same in the low-η cases, with the only exception of the Hall electric field
spectrum in the short wavelength range, i.e. k⊥ρi > 1. In fact, for the lowest resistivity
cases, the MHD spectrum has an evident double power law: EMHD(k⊥) ∝ k−3

⊥ for k⊥ρi .
1 and EMHD(k⊥) ∝ k−4

⊥ for k⊥ρi > 1. The case with η = 10−4 shows slightly flatter
power laws, i.e. EMHD(k⊥) ∝ k

−8/3
⊥ for k⊥ρi . 1 and EMHD(k⊥) ∝ k

−7/2
⊥ for k⊥ρi > 1,

but anyway close to the previous ones. The Hall electric energy spectrum presents instead
the same power law at long wavelength for all the three cases shown, that is EHall(k⊥) ∝
k

1/3
⊥ for k⊥ρi . 1. On the contrary, at large wave number, k⊥ρi > 1, it exhibits a different

power law for each case: EHall(k⊥) ∝ k
−5/3
⊥ for run A0, EHall(k⊥) ∝ k−1

⊥ for run A1,
EHall(k⊥) ∝ k

−2/3
⊥ for run A2. Note that in the latter case it is not clear if the very last

part of the Hall electric energy spectrum, 6 . k⊥ . 10, presents a k−3
⊥ power law, which

has been anyway drawn in Fig. 5.26 (ans the same holds for the MHD electric energy
spectrum, where approximately the same k⊥-range can be actually seen as a very steep
k
−13/2
⊥ power law - not shown). However, for run A2, we are going to take into account
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only the first two slopes of 1/3 and of −2/3 because the very last part of the spectrum
might be more affected by an exponential cut-off and thus a power law estimation may
not be completely correct.

On the one hand, the spectrum of the Hall component of the electric field, EHall(k⊥),
can be understood in the following way: the fluctuations δEHall from which the spectrum
is computed, are

δEHall '
δJ× 〈B〉
〈n〉 +

〈J〉 × δB
〈n〉 − 〈J〉 × 〈B〉〈n〉

δn

〈n〉 , (5.28)

where the angle brackets indicate the volume average2 and higher order terms in the fluc-
tuations, as e.g. δJ×δB/〈n〉, have been neglected. However, the first term is the dominant
contribution, because of 〈J〉 is much smaller than 〈B〉 ∼ 1 (also 〈n〉 ∼ 1) and we have
seen that δB ∼ δn (so the last two terms are of the same order). Thus, using δJ = ∇×δB,
we can rewrite

EHall(k⊥) ≈
∣∣∣∣δJ× 〈B〉〈n〉

∣∣∣∣2 ∼ 〈Bz〉2
〈n〉2 k2

⊥EB‖(k⊥) +
〈B⊥〉2
〈n〉2 k2

⊥EB⊥(k⊥) , (5.29)

where the second term is negligible with respect to the first one, so in the end we can
approximate

EHall(k⊥) ∝ k2
⊥EB‖(k⊥) . (5.30)

On the other hand, the fluctuations of the MHD and electron pressure gradient contribu-
tions to the electric field, δEMHD and δE∇P , respectively, can be written as

δEMHD ' δui × 〈B〉 + 〈ui〉 × δB ≈ δui × 〈B〉 , (5.31)

δE∇P ' τT0i
∇δn
〈n〉 − τT0i

∇〈n〉
〈n〉

δn

〈n〉 ≈ τT0i
∇δn
〈n〉 , (5.32)

where in the last passages we have neglected the terms with 〈ui〉 and with ∇〈n〉. Then,
proceeding as for the Hall electric field spectrum, we can approximate the spectra of the
MHD and of the electron pressure gradient contributions as3

EMHD(k⊥) ∝ Eu⊥(k⊥) , (5.33)

E∇P (k⊥) ∝ k2
⊥En(k⊥) . (5.34)

The above scaling relations shed some light and rise some questions on several aspects:

1. The fact that the spectrum of the density fluctuations and of the parallel magnetic
fluctuations are similar, EB‖(k⊥) ∼ En(k⊥) (see Fig. 5.19 and the relative discus-
sion in the text on KAW turbulence), together with Eqs. (5.30) and (5.34), give
the explanation for the similar spectrum - apart from a multiplication factor4 which

2One can use also the the subscript 0, as, for instance, B0 instead of 〈B〉, but this has not to be confused
with the initial background magnetic field, i.e. 〈B〉 6= B0ez = B0(t = 0) for which the background current
is identically zero. In this case, because of the fully developed turbulent regime, 〈B〉 and 〈J〉 deviate from
the initial background magnetic field and current density.

3We remind the reader that we are adopting an isothermal closure for Pe, so∇Pe = T0e∇n = τT0i∇n.
4The multiplicative constant can be estimated as Cτ ∼ (τT0i/〈Bz〉)2, thus depending on the electron-

to-ion temperature ratio (or, equivalently, on the electron beta, βe) and on the “guide field”.
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does not depend on k⊥ - shown by the Hall electric field and by the electron pres-
sure gradient electric field, E∇P (k⊥) ∼ CτEHall(k⊥). This point might be another
evidence for the presence of a certain level of KAW turbulence (or, in general, of
Alfvénic turbulent fluctuations on top of fluctuations of a different nature).

2. The scalings for the Hall electric field fluctuations are EHall(k⊥) ∝ k
1/3
⊥ for k⊥ρi .

1 (see Fig. 5.26), which agrees with the fact that EB‖(k⊥) and En(k⊥) have a k−5/3
⊥

scaling in the same wave vector range (see Figs. 5.17 and 5.19, for instance). This
is valid for all the simulations presented in this Section, i.e. with βi = 1, regardless
of the resistivity value.

3. The spectrum of the Hall electric field at small scales, k⊥ρi > 1, are quite different
in all the simulations, even for those with the lowest values of η. In fact, according
to the scaling in Eq. (5.30) and to the theory of KAW turbulence in the presence
of “discontinuities” (i.e. current sheets) proposed in Ref. [28] which predicts a sub-
proton scale magnetic energy spectrum to scale as EB(k⊥) ∝ k

−8/3
⊥ , we would

expect to find Ehall ∝ k
−2/3
⊥ . Such a spectrum is indeed found, but only in run

A2 (i.e. η = 10−4) and only for a narrow range of perpendicular wave vector,
2 . k⊥di . 7 (see right panel in Fig. 5.26). However, observations of solar wind
turbulence report magnetic energy spectra which are slightly steeper, i.e.EB(k⊥) ∼
k−2.8
⊥ or even steeper [45, 46, 47, 138, 139, 140]. Thus, we might expect a Hall

electric field spectrum approximately close to k−0.8
⊥ : this can be interpreted as the

case for run A1 (η = 10−5), where a spectrum close to that value, i.e. EHall ∼ k−1
⊥ ,

has been found in the range 2 . k⊥di . 8 (central panel in Fig. 5.26). The case of
run A0, shows an even steeper EHall spectrum at k⊥ρi > 1, compatible with a k−5/3

⊥
spectrum, which would indicate a very steep EB‖ spectrum, i.e. scaling as k−11/3

⊥ .
Comparing these results with the spectrum of the parallel magnetic fluctuations in
Fig. 5.22 clearly points out some deviations from the expected behavior, as inferred
only from the spectrum of the Hall electric field fluctuations. These observations,
together, indicate that the approximation EHall(k⊥) ∝ k2

⊥EB‖(k⊥) might cease to
be valid, especially at small scales, where the spectrum of perpendicular magnetic
fluctuations overcomes the parallel counterpart, thus possibly compensating for the
smallness of 〈B⊥〉 with respect to 〈Bz〉. The same might hold for the other terms
which have been neglected in Eq. (5.28), however a first review of Eq. (5.30) for
“strong fluctuations” should at least include the perpendicular magnetic spectrum,
thus leading to the following probably more reliable estimation:

EHall(k⊥) ∝ k2
⊥EB(k⊥) , (5.35)

where now EB(k⊥) is the total magnetic energy spectrum.

4. The very steep spectrum of the MHD electric field fluctuations, EMHD(k⊥), is re-
lated to the perpendicular ion velocity fluctuation spectrum,Eu⊥(k⊥), which indeed
shows the same kind of very steep spectrum. However, EMHD spectrum follows the
Eu⊥ only in the range k⊥ρi . 1, since for k⊥ρi > 1 the 〈u⊥〉2EB⊥(k⊥) contri-
bution which has been neglected in Eq. (5.31) starts to be relevant and eventually
overcomes the Eu⊥(k⊥) term (see Fig. 5.27).
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Figure 5.27: Plot of EMHD(k⊥) (blue), Eu⊥(k⊥) (cyan) and 〈u⊥〉2EB⊥(k⊥) (green) from
run A0 (top left panel), A1 (top right panel) and A2 (bottom panel).

5.2.7 SUMMARY

In this section, a set of simulations of two-dimensional forced turbulence involving β = 1
plasmas with different resistivity η have been presented and analyzed. After an initial
phase in which the turbulence is developing and intense current sheets are formed, mag-
netic reconnection events start to occur, marking the transition to a fully developed turbu-
lent state. For low enough values of η, the so-called Hall reconnection has been shown
to happen, i.e., we are in the fast collisionless reconnection regime. Chain of magnetic
islands are formed in these cases and a complex nonlinear dynamics has been shown to
emerge in the turbulent regime. In fact, if the first current sheets were formed mainly due
to the external drive, in the turbulent phase they are self-consistently continuously formed
and destroyed. The scenario is slightly changed in the high-η cases, where such island
dynamics is not found. Current sheets and reconnection sites are seen anyway also in
these latter cases. Thus, what emerges is that turbulence and magnetic reconnection are
intimately entwined processes, which feed on each other in a “symbiotic” way. Turbu-
lent energy spectra are then constructed. Only minor differences are found between the
low-η cases, while a clear increase in the slope of the spectra is found for increasing η,
above a certain value. This feature has been attributed to the enhanced dissipation at all
the scales, which could have modified the energy fluxes through the scales. This possible
mechanism has been inspired by the results presented in Chapter 3 and by some indi-
rect evidences, but further investigation and direct evidences are needed for a definitive
answer. For low resistivity, which is indeed the most relevant regime for the solar wind
plasma, the magnetic energy spectra and the whole turbulent dynamics - i.e., the contin-
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uous formation of current sheets and magnetic islands - are in very good agreement with
satellite measurements [44, 45, 46, 47, 48, 163, 164, 165, 166, 167, 168] and previous
simulations [111, 112, 113, 114, 115, 124, 126]. However, the electric energy spectrum
shows a different behavior, which was also observed in recent 3D gyrokinetic simulations
of forced turbulence [126]. In our case it is not clear if this behavior of the turbulent
spectra could be attributed at the presence of different cascades simultaneously present,
since there are no direct evidences. Nevertheless, the realization of superposed cascades
is a possibility which requires further investigations. Furthermore, a deeper analysis on
the nature of turbulent magnetic fluctuations has shown that they are very likely due to
the KAW cascade or, at least, that it plays an important role in these β = 1 cases. Finally,
the character of the electric field fluctuations has been investigated. We have shown that
the MHD character of the fluctuations is relevant only at the largest scales, while at small
scales the Hall component represents the dominant contribution. Moreover, we pointed
out the link between the magnetic energy spectrum and the spectrum of the Hall electric
field. This could be related to the above mentioned interplay of turbulence and (Hall)
magnetic reconnection, thus both determining the energy spectrum of each other at small
scales.

SECTION 5.3

THE EFFECTS OF β ON DISSIPATION RANGE TURBULENCE

In this second part of the numerical results obtained with the HVM code, we focus our
attention on the zero-resistivity case, η = 0. We are considering instead the effects of
varying the plasma beta, i.e. we now consider βi = 5 and βi = 0.2 plasmas, namely run
B0 and run C0, respectively (see Table 5.1 in Section 5.1.1), which have to be compared
with the βi = 1 simulation (run A0).
The physical meaning of a different βi value resides in (i) a different plasma compress-
ibility and in (ii) a different relative magnitude in the ion kinetic length scales, di and ρi.
These effects can be indeed seen, respectively, as the (squared) thermal-to-Alfvén speed
ratio5,

v2
th,i

v2
A

=
βi

2
, (5.36)

which denotes the importance of thermal effects relative to the magnetic ones, and as the
ratio between the ion Larmor radius and the ion inertial length (or skin depth),

ρ2
i

d2
i

=
βi

2
, (5.37)

which has a direct consequence in the spectra. In fact, the length scales in the code are
normalized to di and not to ρi, which means that the k⊥di scale is fixed, while the k⊥ρi

scale is shifted with respect to it, depending on the plasma beta: with respect to k⊥di = 1,
for instance, the scale length k⊥ρi = 1 corresponds to k⊥di =

√
2/βi, thus being smaller

or larger than k⊥di = 1 for βi higher or smaller than 2, respectively. In terms of simulation
box sizes, this means that, if measured in ρi, they would be smaller for higher beta and

5Note that in Eq. (5.36) we have used the convention adopted in the HVM code, which defines vth,i ≡√
βi/2 (in vA units), while in literature the squared thermal-to-Alfvén speed ratio is usually defined as just

v2th,i/v
2
A = βi.
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larger for lower beta values, thus changing the available range of sub-proton scale wave
numbers for the turbulent cascade (here, as often done in the literature, we are referring
to sub-proton scales as the sub-gyroradius length scales).

Figure 5.28: Time traces of box-averaged out-of-plane current density squared, 〈J2
z 〉 (up-

per left panel), of the maximum of its absolute value, max(|Jz|) (upper right panel), of
the box-averaged modulus of the heat flux vector, 〈|q|〉 (lower left panel), and of its max-
imum value, max(|q|) (lower right panel). The different colors refer to different βi values
(see legend).

In Fig. 5.28, we show the time traces of the same quantities which were plotted in
Fig. 5.3 for the βi = 1 simulations, but now we are considering the η = 0 case and sim-
ulations with different βi values, namely βi = 0.2, βi = 1 and βi = 5 (see legend). In
particular, we show the box-averaged out-of-plane current density squared, 〈J2

z 〉 (upper
left panel), the maximum of its absolute value, max(|Jz|) (upper right panel), the box-
averaged modulus of the heat flux vector, 〈|q|〉 (lower left panel), and its maximum value,
max(|q|) (lower right panel).
By a quick inspection of the above plots, we readily see major differences between the
three simulations. The time traces of the current density, for instance, highlight a very
sharp distinction between the βi = 0.2 case (blue line) and the other two simulations
with βi = 1 and βi = 5 (green and red lines, respectively). This distinction is better
seen in the local features pointed out by the max(|Jz|) (top right panel), where an almost
instantaneous rise of that value occurs for run C0 around t ∼ 60, but it is also clearly
seen, with a small time delay, in the box averaged (global) quantity, 〈J2

z 〉 (top left panel),
denoted by the firs peak at t ∼ 65. As we will see later in this section, that behavior is
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due to the formation of some shock-like structures which excite some precursors with a
high and very localized current density activity. The formation of such traveling struc-
tures is most probably due to favorable conditions in the random phases of the external
forcing modes, so we do not expect it to necessarily be an universal feature of βi = 0.2
hybrid-Vlasov simulations. Further investigations are needed and we are going to run a
“twin simulation” to check that possibility, but due to finite computational resources and
time constraints it was not possible to do it within this thesis work. Nevertheless, we are
convinced that such things may happen in nature, so, even if it is not the most general
or universal case, it remains a possibility and a good opportunity for its study. In fact,
similar features have been measured in the interplanetary plasma, i.e., the solar wind, by
several satellites [141, 142, 143, 144, 145, 146]. These structures are usually referred to as
shocklets, observed either singularly or in a series, or as short large-amplitude magnetic
structures (SLAMS). Such structures, have been observed to be often “announced” by
some precursors, i.e., a wave-like structure standing in front of the shock which have been
usually identified as whistler waves [141, 143, 145, 146]. Moreover, the whistler shock is
the only shock solution for a collisionless plasma in which precursors are present [147].
Such precursors are indeed seen in our simulation as well (see later, Section 5.3.2). How-
ever, a rigorous definition of these structures, i.e., shocklets and SLAMS, which clearly
distinguish them from the more general class of “shocks”, is not found in the literature,
as far as we know. Thus, in the latter, we might use interchangeably the previous denom-
inations. Moreover, after an initial intense activity of these shock-like structures, they are
slightly damped (or anyway weakened) and a turbulent state clearly emerges, with only
few visible traveling waves remaining and wandering around in the simulation box. The
overall picture for the out-of-plane current density is anyway that it tends to grow, both
locally (max(|Jz|)) and globally (〈J2

z 〉), faster for lower βi values. This may be explained
with the tendency of thermal effects - i.e. the ion thermal pressure - to contrast and spread
out the current sheets which are built up by the large-scale compressive motion due to the
external forcing.
By focusing on the time traces of the heat flux in Fig. 5.28, instead, both 〈|q|〉 and
max(|q|) show a more regular distinction between the three cases: the higher the βi,
the higher the heat flux level reached in the quasi-stationary state. This is understood
in terms of the higher relevance of thermal effects, among which the heat transport, for
higher beta plasmas (note also the higher oscillating behavior of 〈|q|〉 in the βi = 5 case
with respect to the other two cases). In particular, we notice that the box-average heat
flux modulus, 〈|q|〉 (bottom left panel of Fig. 5.28), seems to saturate at values close to
βi, i.e. 〈|q|〉sat ∼ βi, at least as the order of magnitude. In the maximum value of the
heat flux modulus, max(|q|) (bottom right panel), because of the local character of this
quantity, are however still barely visible some signatures of the activity seen in the current
density for the βi = 0.2 simulation.
We can again divide the simulation in three phases: an initial stage where the current
sheets are formed6, a transition point when magnetic reconnection events start to occur,
and a developed turbulent regime. Unfortunately, the βi = 5 case is just at the beginning
of its developed stage and a continuation of the run might be necessary to test that a quasi-
stationary state has been actually reached and to be able to average the energy spectra over
a wider time interval. Nevertheless, the spectral properties of turbulence seem to be stable

6This is valid also for run C0, even though the shock-like structures and the associated precursors are
making the current sheets barely visible.
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among an interval ∆t ∼ 10 at the very end of the simulation time, which is enough for
the extraction of a clean spectrum. The same holds for the βi = 0.2 case.

5.3.1 OVERVIEW OF THE INITIAL PHASE

Since we already gave an overview of the βi = 1 case, in the following we are going to
focus on the other two cases, run B0 and run C0 (βi = 5 and βi = 0.2, respectively).
The qualitative features of these two simulations are very similar to those of run A0 (βi =
1). Namely, current sheets are formed in the initial phase which eventually reconnect
and form coherent structures as, for instance, islands of several shapes and sizes. The
differences among these three cases reside ultimately in the time needed to reach the
island formation process and the turbulent energy spectra (see later in this Section).

Figure 5.29: Contour plots of the out-of-plane current density Jz (left column) and of the
in-plane magnetic field modulus B⊥ (right column) for run B0 (βi = 5) at t = 144 (top
row) and t = 171 (bottom row).
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An example of how slow the process of narrowing the current sheets is in the βi = 5
case is given in Fig. 5.29, where we show the contours of the out-of-plane current density
Jz (left column) and of the in-plane magnetic field modulus B⊥ (right column) for run B0
at two different (late) times, t = 144 (top row) and t = 171 (bottom row). As we may
notice, at t = 144, the width of the current sheets is still quite large and it takes some
time to make it narrow enough for reconnection to begin (which will eventually happen
at about t ∼ 180). We remind the reader that in this set of simulations, the value of βi

is really the only parameter that changes, so a direct comparison of the times is possible:
consider, for instance, that in run A0, the first visible magnetic reconnection events is
occurring already at about t ∼ 130 and a completely developed chain of magnetic islands
is formed at t ∼ 160 (see Fig. 5.8).
The modulus of the in-plane magnetic field is of the same order of magnitude as in the
βi = 1 case, i.e., a non-negligible component arises locally (up to B(local)

⊥ ∼ 0.3, which
would be well beyond the assumption B⊥ � B0 if it would be a global feature and not
only a very local value). Both the current sheets and the in-plane component of the mag-
netic field are highly shaped by the large-scale motion induced by the external forcing,
which bend and pushes together regions with opposite in-plane magnetic field directions.
These, as we have seen in the βi = 1 cases, lead to the formation of these current sheets:
in the βi = 5 simulation some of these current sheets are extremely elongated and shaped,
connecting different region of the simulation box (see, for instance, the “boomerang-
shaped” current sheet in the upper right area of the top left panel in Fig. 5.29 - and then
it is bent even more, together with other current sheets, as one may see in the lower left
panel).

The same current sheets formation process is actually occurring in run C0, i.e. in the
βi = 0.2 case. However, the large-scale compression generates few interacting shock-like
structures which, due to their associated high amplitude out-of-plane current density, par-
tially mask the presence of those current sheets. This is highlighted in Fig. 5.30, where
we show the contour plots of the out-of-plane current density Jz (left column) and the
in-plane magnetic field modulus B⊥ of run C0. These plots are taken at two very early
stages, i.e. at t = 64 (top row), when the first interacting shock-like structures emerge
(the more or less X-shaped structure is clearly visible in Jz, cf. also the time traces in
Fig. 5.28), and at t = 100, when those shocks have traveled in the simulation box for a
while and new ones have been formed. By looking at the current density, Jz, the under-
lying current sheets are barely visible. However, they can be identified by simultaneously
looking at the in-plane magnetic field,B⊥. In order to clarify the origin of those structures
and the fact that they are due to the large-scale compression originating from the external
forcing (with the probable help of a favorable set of random phases), in Fig. 5.31 we show
the contour plots of the out-of-plane magnetic field Bz at the same times. The number
density n basically follows the out-of-plane magnetic field structure, so it is not shown.
These magnetic field and density “jumps” are traveling in the simulation box for a while,
interacting with each other and generating compression with an associated local enhance-
ment of the total magnetic field and density. They continue to live in the simulation box
for long time, but it is not completely clear which role they have in influencing the current
sheet formation and in triggering magnetic reconnection. A role that they certainly have
is, in certain circumstances, to trigger and leave a certain level of turbulent-like motion
behind them after their passage. This feature will be only qualitatively analyzed in the
following Section, since a full analysis is beyond the scope of this thesis and thus is left
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Figure 5.30: Contour plots of Jz (left column) and of B⊥ (right column) for run C0
(βi = 0.2) at t = 64 (top row) and t = 100 (bottom row).

for future work.

5.3.2 SHOCK-LIKE STRUCTURES: A QUALITATIVE ANALYSIS

First of all, the definition of a shock and its features may slightly depend on the system
which we are referring to. The standard definition of a shock wave in a collisionless
plasma is quite broad: a shock structure is any transition layer propagating through the
plasma which causes a change in its state and can be considered, on the average, stationary
in time in its rest frame [147, 148]. The stationary property, in particular, is quite ideal-
ized and it does not rigorously apply for our case. In fact, we do observe transition layers
propagating through the plasma, but they are not strictly stationary - not even on the aver-
age - due to the highly inhomogeneous background in which they propagate. Because of
that and because of the presence of other shocks, each structure may be highly deformed
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Figure 5.31: Contour plots of the out-of-plane magnetic field Bz for run C0 at t = 64
(left) and t = 100 (right). The number density n shows the same features.

and bent as the simulation goes on, and merging, scattering and diffraction among each
other may occur. Then, due to nonlinear effects or instabilities, these shocks may leave
the plasma in a turbulent state after their passage: this is an interesting feature which we
are going to focus on.

Figure 5.32: Sketch of the variation of fields through a laminar or turbulent shock transi-
tion (from Ref. [147]).

Before we proceed with the description and the qualitative analysis of the shock-like
structures observed in our simulation, it is worth to briefly mention some characteristics
of the shock waves in collisionless plasmas (see Ref. [147]). First, they can be either (i)
laminar shocks, (ii) turbulent shocks or (iii) a mix of the previous structures. The laminar
shocks are essentially the most idealized cases, in which the fields and the distributions
change in some coherent manner through the shock. In this case some turbulence may
be present, but it must be of small enough amplitude or small wavelength that it does not
destroy the coherence of the transition layer. In the case of turbulent shocks, instead, the
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transition layer is completely dominated by turbulence rather than by the laminar solu-
tion conditions. The mixed structures, moreover, are essentially laminar solutions which
are unstable to small perturbations with wavelength comparable with the transition layer
length. These structures may then appear to have some partially coherent and turbulent
structure. A schematic sketch of the above classification for these structures is drawn in
Fig. 5.32.
By some heuristic arguments, we can also determine which kind of waves can form the
precursors, i.e., waves running ahead of the transition layer, and which ones are instead
falling behind the main pulse. Let us consider the nonlinear evolution of an initial dis-
trubance in an infinite plasma. The general nonlinear dispersion relation can be solved in
successive order by expanding the field amplitudes, e.g., A = A0 +A1 + . . ., which gives

D ·A1 = 0 ,

D ·A2 = Q(A1) ,

where Q is a quadratic operator in the first-order perturbation A1, and D is an operator
which when acting on exp[i(ωt−k ·x)] becomes D(ω,k), i.e., the dielectric tensor from
which the dispersion relation ω = ω(k) is obtained as a root of det[D(ω,k)] = 0. Assume
that modes of only one type are excited, corresponding to a single branch of the disper-
sion curve and assume that ω(k) is dispersionless for some wavenumber range, i.e., that
ω/k = vph ' const. for k < kD (see left panel of Fig. 5.33). Then consider a wavepacket

Figure 5.33: Left: dispersion relation for which dω/dk decreases (a) or increases (b) in the
dispersive region. Right: Schematic variation of shock parameters such as the magnetic
field for two cases in the shock frame. (from Ref. [147])

around k1, in the dispersion-free region of the curve. Within the linear approximation,
since all the modes have the same phase velocity, this would freely propagate as an undis-
turbed “soliton”. However, the nonlinear term Q acts as a source term for A2 at the
resonant frequencies ω±3 = ω1 ± ω2 and wavenumbers k±3 = k1 ± k2 (with k2 within the
wavepacket). Clearly, these combinations of frequencies and wavenumbers must lie on
the dispersion curve in order to drive A2, i.e., they should satisfy D(ω±3 , k

±
3 ) ' 0, as,

for instance, it holds for k2 = k1 and 2k1 < kD (see Fig. 5.33). The described resonant
three-wave coupling leads to a rapid spreading of the original wavepacket to higher and
lower wavelengths. If the ω(k) curve is dispersive, i.e., dω/dk 6= const., then we can
have two kind of behavior. First, a soliton, i.e., a profile wave which propagates and re-
mains “always” equal to itself and leave the medium in which they propagate unchanged.



154 CHAPTER 5. DISSIPATION RANGE TURBULENCE: 2D3V SIMULATIONS

Such solutions occur if the dispersion and the nonlinear effects are compensating each
other (and if dissipative and thermal effects are neglected). Second, a shock, i.e., a tran-
sition from one uniform state to another connected by a damped series of oscillations. It
is interesting to note that, mathematically, shock solutions arise from the solitary wave
solutions if thermal and/or dissipative effects are considered (if the dissipation is weak,
their structure approximates a train of damped solitary waves). If one now considers the
dispersion curves in Fig. 5.33, we see that, in general, when ω(k) departs from linearity,
one can have that dω/dk either increases or decreases with k. Suppose that the dominant
Fourier component of a shock is (ω, k), defined by the largest amplitude oscillation (see
right panel of Fig. 5.33). Then, if dω/dk is increasing in the dispersion region (case (b)),
then the mode coupling can feed energy to higher frequencies which will run ahead of
the main pulse and damp out upstream. In the opposite case, where dω/dk is decreasing,
the excited frequencies are lower and they trail the main pulse, damping out downstream
(case (a)). By looking at the dispersion relations of waves in plasmas [17, 18, 25], one
finds that the case of shock front precursors, case (b), is given by the whistler branch,
while the case of a trail of damped waves is found for the so-called magnetosonic shock
waves7.
Finally there are many other phenomena related to a shock wave, such as microturbu-
lence generated by instabilities, wave emission and stationary whistler precursors. Some
of these phenomena seem to be indeed observed in our simulation (see later). However, a
detailed theoretical description is out of the scope of this work and we remand the reader
to Ref. [147]. Hereafter, a brief analysis of the structures observed in the β = 0.2 case
is presented and a much more detailed analysis is left for future investigations, since this
would be a very vast topic of research by itself.

First, we give a brief characterization of these structures in the early phase of the
simulation, so the turbulence is still developing and it should not affect too much its
properties. The technique that we are going to adopt for this purpose is to analyze the
electromagnetic fluctuations at a fixed spatial position where the shock front is passing.
This is meant to simulate, for instance, a spacecraft measuring solar wind data at a fixed
spatial position, i.e., moving with a speed much lower than the shock front propagation
velocity, and show how the properties of such structures could be inferred from that. In
Fig. 5.34 we give a picture of this method, i.e., we show the contours of the out-of-plane
current density, Jz (top row), and of the density, n (bottom row), at three different times,
t = 82, 86 and 89 (from left to right). The white star in those plots represents the point
(x, y) ' (47, 23) at which the electromagnetic fields are sampled, i.e., exactly like like a
satellite measurement. Clearly, we do not have instrumental limitation on the sampling
frequency, but we will adopt a reasonably high time resolution of δt = 0.01Ω−1

c,i . The
time interval analyzed is t ∈ [80, 90] (in Ω−1

c,i units). However, due to the fast propagation
of such shocklet, that interval is long enough to clearly distinguish the following three
phases: (i) a “quiet” period before the shock, (ii) the appearance of the precursor and the
shock front, and (iii) the post-shock state.

In Fig. 5.35 we report the “measurements” of the three components of the electric and

7Note that formally there should be no such distinction of branches. In fact, the linear part of mag-
netosonic branch, at very low frequency, is the same. Then, as the frequency increases, it divides into the
whistler branch for right-handed polarization, which reaches frequencies above the ion cyclotron frequency,
Ωc,i . ω � Ωc,e, and into the branch that will be absorbed at the ion cyclotron resonance for left-handed
polarization [17, 18, 25].
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Figure 5.34: Top row: contour of Jz at t = 82 (left), t = 86 (center) and t = 89 (right).
Bottom row: contour of number density, n, at the same times. The white/black star is the
sampling point (x, y) ' (47, 23) for the time traces in Fig. 5.34.

Figure 5.35: Time traces of the electric (left) and magnetic (right) fluctuations, δE and
δB, at (x, y) ' (47, 23) in the interval t ∈ [80, 90]. The time resolution is δt = 0.01.

magnetic field fluctuations with respect to their mean value over that time interval, δE
(left) and δB (right), as if they were detected by a spacecraft with a δt = 0.01 sampling
interval. The three phases mentioned above are highlighted in Fig. 5.35 by using three
different colors, blue, red and orange, respectively. From those time traces we can clearly
recognize a high-frequency precursor: a rough estimation from the electric fluctuations
time traces reveals a frequency of about three times the ion cyclotron frequency, i.e.,
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ω ∼ 3Ωc,i. For such a high frequency and for the theoretical reasons given above, we do
expect it to be a whistler mode. Moreover, it is worth to note that whistler precursors have
indeed been found in the upstream of shocklets and SLAMS, both in the observational
data [141, 143, 145, 146] and in simulations [149, 150, 151, 152, 153]. This, the above
structures are actually fully consistently formed and evolved within the simulation.

Figure 5.36: Plot of the δBx-δBz (top left), δBy-δBz (top right), and δEx-δEy (bottom
left) polarization for the shock precursor. The color of the lines correspond to the phases
of the time traces shown in Fig. 5.34. Bottom right panel: B contours showing the shock
front in the (x, t)-plane and inferred propagation velocities (in vA,0 units).

A further evidence comes from the polarization of those precursors. In fact, the
whistler wave is right-hand polarized (RHP), and, from the hodographs of the magnetic
field components shown in the top panels of Fig. 5.36, i.e., the δBx-δBz (top left) and δBy-
δBz (top right) plots, we have indeed found that it is a right-hand polarized oscillation.
Note that, from those two plots it seems also that the polarization is different, depend-
ing on which in-plane component of the magnetic field we are considering, but that is an
effect of the projection on the Cartesian axes, x or y, and because of the divergenceless
nature of the magnetic field (in 2D, kz = 0 holds, and in this case kx and ky are both
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positive, so δBx and δBy must be of opposite sign in order for the condition k · δB = 0
to hold). Moreover, the sign convention is different if the wave is detected at fixed spatial
point or it is analyzed at a fixed time. From the point of view of a receiver, an easy way
to determine the polarization is the following. Consider the δBx-δBz plot, for instance.
There, the ky component is pointing toward of the page and the convention for the receiver
is to define the polarization with respect the direction opposite to the wave propagation,
thus it is evident that it is right-handed. For the δBy-δBz hodograph, the kx component is
pointing out of the page and thus the polarization looks different, but it is anyway right-
handed. Furthermore, in the bottom left panel of Fig. 5.36, we show the hodograph for the
in-plane component of the electric field, i.e., the δEx-δEy polarization. From that plot we
can clearly see that there is a non-negligible electrostatic component of the precursor, i.e.,
an oscillating electric field along the wave vector with k · δE 6= 0. That is probably due to
the fact that, for very oblique propagation with respect to the ambient magnetic field (like
in our case), the whistler mode acquires an electrostatic component [154]. The δEx-δEy
plot also shows an interesting feature: before and after the passage of the precursor and
of the shock (blue and orange parts of the line, respectively), the in-plane electric field is
in a chaotic/turbulent state.
Finally, in the bottom right panel of Fig. 5.36, we show a contour plot of the total mag-
netic field modulus, B, in the (x, t)-plane. The shocklet/SLAMS front propagation is
indeed clearly seen, from left to right. The propagation velocity inferred from the slope
∆x/∆t is changing with time, as shown by the estimations pointed out with the dashed
or dot-dashed lines. With respect to the initial (or average) Alfvén speed, vA,0 = 1, the
shock front initially propagates at about ∼ 1.5 vA,0 and then it seems to accelerate up to
∼ 2.75 vA,0. This is in agreement with the fact that the shock structures have to propagate
at super-Alfvénic speed, or in general at velocities higher than the speed of the fast mag-
netosonic wave, cf =

√
1 + βvA (which in our low-β case is close to the Alfvén speed,

i.e., cf ' 1.1vA,0).
We now give a qualitative description of the turbulence-like structures triggered by

the passage of one of these shocklets. In Fig. 5.37 we show a time series of the zoomed
contour plots of the out-of-plane current density Jz during the passage of one of the shock
structures in Figs. 5.30 and 5.31 (bottom row and right panel, respectively). The same
time series is shown in Fig. 5.38, but for the in-plane magnetic field modulus B⊥ (colors)
and δAz levels (solid lines). In those plots, there is a clear example of what we meant for
turbulence left behind the shock. In order to better represent the shock structure as it is
drawn in the standard picture, i.e. as a transition layer propagating through the plasma and
modifying its state, in Fig. 5.39 we show the x-profiles of Bz (left) and of B⊥ (right) at a
fixed y-coordinate (y ∼ 20) for the same times shown in the contours of Figs. 5.37-5.38.
The picture fits really well the standard shock definition given above: after the shock front
passage, in the downstream region, the out-of-plane magnetic field Bz is amplified and
the in-plane component is left in a chaotic - let us say turbulent - state. In this case, most
of the perturbation of the in-plane magnetic field is actually due to the By component
related to the highly oscillating Jz associated with the shock, while the Bz enhancement
is related to a very sharp J⊥ ' Jy localized at the shock front and pointing in the positive
y-direction (not shown here).

Finally, it is interesting to note that the shock front tends to follow the in-plane mag-
netic field lines and the related current sheets, which act as a sort of guide along which
the oscillations in front of the shock wave (the precursors in the upstream), are propa-
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Figure 5.37: Zoomed contours of Jz from run C0 at times t = 100, 102, 104, 106, 108
and 110 (left to right, top to bottom). Turbulence left behind the shock is visible.

gating. In Fig. 5.38, in particular, is well visible the effects of those precursors on the
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Figure 5.38: Zoomed contours of B⊥ (colors) and δAz levels (solid lines) from run C0 at
times t = 100, 102, 104, 106, 108 and 110 (left to right, top to bottom).

in-plane magnetic field lines represented by the δAz levels: oscillations of those lines are
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Figure 5.39: Profiles of Bz(x) (left) and of B⊥(x) (right) at fixed y ∼ 20 coordinate and
for the same times shown in Figs. 5.37-5.38 (see legend).

indeed propagating in the upstream. These oscillations are well visible close to the shock
front, because of their high amplitude, but they propagate with smaller amplitude farther
along the magnetic field. This may have a role in triggering magnetic reconnection in the
upstream of the shocks: while propagating along the in-plane magnetic field, these per-
turbations could interact with the current sheets and their associated magnetic field lines,
being the seed perturbations for the reconnection process. Such behavior is indeed what
we do observe already in Fig. 5.38, where at t = 100 (top left panel) there are parallel
field lines in front of the shock, while in the next frame at t = 102 (top right panel) those
lines have reconnected and then closed levels of δAz are continuously formed afterwards.
Moreover, the turbulence left shortly after the front passage has most probably also the
contribution of shock-triggered reconnection, i.e. the shocked in-plane field lines are a
fertile ground for many reconnection events to occur at small scales and, thus, for turbu-
lence to develop.
Al the above mentioned features are well represented in Fig. 5.40, where the contours of
the out-of-plane current density Jz (left column) and of the in-plane magnetic field mod-
ulus B⊥ (right column) from run C0 are shown at two later times, t = 129 (top row) and
t = 158 (bottom row).

Those pictures are indeed representing the summary of this analysis. In fact, it is evi-
dent that current sheets are formed anyway, even in the presence of these shock structures
traveling throughout the whole simulation domain many times. Those shocks are prefer-
entially following the in-plane magnetic field direction, to which is usually also associated
a current sheet: this is also highlighted by the precursors in the upstream, which are per-
turbation of the in-plane magnetic field and are excited only along the current sheets.
After its passage, the shock usually leaves the plasma in a highly perturbed state which
can feed either reconnection and turbulence in the downstream.
However, further analysis on these shock structures, on their effects and on the connec-
tions of our simulation with the observations are planned and left for future work.
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Figure 5.40: Contours of Jz (left column) and of B⊥ (right column) from run C0 at
t = 129 (top row) and at t = 158 (bottom row).

5.3.3 TURBULENT ENERGY SPECTRA

Let us consider the energy spectra resulting from the final turbulent state. As for the
βi = 1 cases, we are going to perform a time average over an interval ∆t & 8, depending
on the simulation. This choice is essentially driven by the fact that, assuming a quasi-
stationary state, we obtain a cleaner spectrum by averaging out the transient fluctuations
which are inevitably present. Moreover, we restrict the average interval to those periods
in which the numerical filtering of small scales are kept constant, so there are no spurious
effects due to the variation of numerical filters in the high-k⊥ range, where the spectral
slopes might suffer more those changes.
The resulting time-averaged energy spectra are shown in Fig. 5.41, where the magnetic
energy spectrum,EB(k⊥) (blue line), and the electric energy spectrum,EE(k⊥) (red line),
are shown for run C0 (left panel) and for run B0 (right panel). The βi = 0.2 case exhibit
a cleaner spectrum with respect to the βi = 5 case. Nevertheless, we do observe power
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Figure 5.41: Time-averaged energy spectra, EB(k⊥) (blue) and EE(k⊥) (red), from run
C0 (left panel) and run B0 (right panel). Several slopes are given for reference.

laws in both spectra.

In the low-β regime, a slope close to k−5/3
⊥ is visible for k⊥di . 1, which exhibit a

first spectral break already for k⊥di ∼ 1. A less steeper region is visible in the narrow
range 1 . k⊥di . 2 of the magnetic spectrum and, simultaneously, a small bump seems
to appear in the electric field spectrum, but the origin of these features is not clear at
this stage. At smaller wave numbers, up to k⊥di ∼ 2, the electric and magnetic energy
are comparable. Then, approaching k⊥ρi ∼ 1, the nature of the fluctuations might have
changed and, in fact, the two spectra separate: for k⊥ρi & 1 the electric energy largely
dominates over the magnetic counterpart. At the sub-proton scales, on the one hand, the
magnetic fluctuations show a power law spectrum with a slope close to−8/3 or, especially
in the range 1 ≤ k⊥ρi ≤ 7, very close to the observational value of −2.8 (not shown in
Fig. 5.41). On the other hand, even though on quite narrow k⊥-ranges, we can identify
two slopes in the spectrum of the electric fluctuations, separate by a spectral break at
k⊥di ∼ 4. These slopes are close to −4/3 across the Larmor scale, 2 . k⊥di . 4, and
to −2/3 at higher wave numbers, 4 . k⊥ < 10. Such spectral indices, i.e., a −8/3
slope for the magnetic field and a −2/3 slope for the electric field, are consistent with
theory predictions for both KAW and whistler turbulence [28, 29]. However we cannot
distinguish among the two at this stage and further analysis is needed (see later). The
−4/3 slope of the electric field across the Larmor scale, instead, is consistent with the
theory prediction for the ion entropy cascade. If the above spectral indices are actually
due to the respective cascades, either KAW, whistler and/or IE, then this means that we
are observing simultaneous cascades, one superposed to each other (see the discussion in
Section 5.2.4 and in Ref. [27]). However, further investigations and focused analysis have
to be done on this point, so at this stage we cannot prove the simultaneous presence of
such cascades.

In the opposite high-β case, there is no clear power law above the kinetic scales,
k⊥ρi < 1. In fact, in this case the Larmor radius scale correspond to k⊥di ∼ 0.6 and thus
no that much range is left for the MHD cascade. Furthermore, the scales at which the
external forcing is inhecting energy are also close to the Larmor scale, so it is plausible
that a true MHD cascade does not set up. However, also the slopes across the kinetic
scales are not so clear. At the kinetic transition, in the 0.6 . k⊥di < 2 range, the
magnetic energy shows a relatively flat spectrum, whose slope is close to ∼ −0.2. The
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electric energy spectrum, in the same range, exhibits instead a ∼ −2.5 slope. Then, the
magnetic fluctuations spectrum steepens, with a ∼ −3.3 slope on a broad range, i.e., for
2 . k⊥di . 10. However, the behavior of the magnetic spectrum might be ambiguous. In
fact, it is not clear if there is a bump-like feature at k⊥di ∼ 2, which can thus modify and
mask a possible cascade. It is worth to note, at least for completeness, that the coherent
magnetic structures (islands) which are formed are of di-sizes and it is not understood
if (and how) these structures interact and influence the spectrum. Another interestingly
different behavior with respect to the low-β case. That is, while crossing the ion Larmor
scale, k⊥ρi ∼ 1, the magnetic energy strongly exceeds the electric counterpart. This
feature is exactly opposite to the behavior observed for β = 0.2. Then, another crossing of
the two energy spectra happens at k⊥di ∼ 3, which brings the magnetic energy below the
electric one, as it is observed at sub-proton scales for the other β cases, i.e., for β = 0.2
and β = 1. The electric fluctuations show again a double slope with a spectral break
in between k⊥di ∼ 1 and k⊥di ∼ 10, at about k⊥di ∼ 4. At the sub-proton scales,
we can in fact identify a −1/3 slope that then turns into a −4/3 spectrum at the above
mentioned spectral break. The slopes are still consistent with the predicted spectrum for
the KAW and the IE cascades, but they show up in the opposite order with respect to the
β = 0.2 case. If these spectral indices are the signature of those cascades is not clear and
there is at least one argument for which the above spectrum is unlikely a superposition
of KAW and IE cascades. In fact, due to the steeper spectra of the IE cascade with
respect to the KAW cascade, a superposition of them may be seen only if most of the
energy goes into the former one: this means that the −4/3 slope could be seen only
at lower k⊥, before it is overcome by the KAW cascade. That situation was realized
in the β = 0.2 case and could be due to a superposition of those cascades, while for
this β = 5 run is probably not the case. Thus, a possible interpretation left could be
that an initial cascade, compatible with that due to KAWs, proceeds for a while in k⊥-
space and then it is converted into another cascade, compatible with an IE cascade. In
this regard, we may note that for high-β the KAWs exhibit an enhanced collisionless
damped with respect to the low-β case. It is not clear if this may play a role in a possible
conversion of the cascade and further investigations will be performed in this direction in
order to check if this is the case. Another feature which is worth to note is present for
the β = 5 case. Let us take a closer inspection of the right plot in Fig. 5.41: the −1/3
spectrum in the electric field seems to be formed within the bump noticed before. Since
the energy spectra are time averaged, that feature is likely a structure which sits in the
simulation plane rather than a transient. In this regard, we know that a bunch of di-sized
coherent structures are continuously formed (and destroyed) via magnetic reconnection
of the turbulently generated current sheets, so they are indeed populating the simulation
plane. Furthermore, the magnetic reconnection processes can excite perturbations such
as Alfvén and magnetosonic waves [155, 156, 157, 158, 159, 160], which then may set
up a cascade at the islands scales. If these mechanisms, i.e., the generation of Alfvénic
perturbations at the reconnection sites and the enhanced collisionless damping for high-β
of such fluctuations, are related to the observed spectra is a point still under investigation
and further studies in this direction will be carried out in future.

Next, we want to investigate the nature of - or the main contribution to - the fluctu-
ations observed, namely if they can be interpreted as the symptoms of KAW or whistler
turbulence. In order to do this, we proceed in the same analysis done for the βi = 1 simu-
lations, i.e., we compare the level of fluctuations in the magnetic field and in the density,
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appropriately normalized (see Eqs. (5.17), (5.18) and (5.20) in Section 5.2.4).
In Fig. 5.42 , top panels, we show the comparison of the energy spectra of the normalized
fluctuations, |δB̃|2 (blue line) and |δñ|2 (green line), for run C0 (right) and run B0 (left).
In the bottom panels, we instead show the comparison of |δB̃‖|2 (solid black line) and
c1|δñ|2 (dashed green line), where c1 is a constant deriving from Eq. (5.20), for the same
runs (run C0 on the left panel and run B0 on the right panel). The results obtained in this
way are quite interesting and new.

Figure 5.42: Top panels: Comparison of |δB̃|2 (blue) and |δñ|2 (green) spectra for run C0
(left) and run B0 (right). Bottom panels: verification of Eq. (5.20) for the same runs as
shown in the top panels. Slopes are given for reference.

The upper left panel shows the low-βi case, for which the normalized density fluctua-
tions spectrum exhibits a very much lower amplitude with respect to the magnetic coun-
terpart, at least for k⊥di . 4. Thus, the whistler fluctuations are evidently dominating
the turbulence. This could be probably due also to the presence of (quasi-perpendicular)
whistler modes excited by the shocks. At k⊥di > 4, however, the normalized fluctuations
of density and magnetic field have essentially the same level, which would be likely due
to the presence of KAWs fluctuations. A possible explanation is that the observed be-
havior could be due to the excitation of short-wavelength KAWs by the whistler waves
(see Refs. [161, 162]). Nevertheless, as seen in the lower left panel, the contribution of
KAW turbulence to that range of k⊥ could be only partial, since Eq. (5.20) seems not to
be exactly satisfied even for k⊥di > 4. Thus, both components seems to be present, but
the whistler part evidently dominates this low-β case. The above picture is indeed consis-
tent with the fact that, at low plasma beta, the quasi-perpendicular whistler waves are less
damped than the kinetic Alfvén waves [35]. However, for the range of parameters and
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wave vectors present in our simulation, there could be a mixture of all these modes and
even the ion Bernstein waves could be present [32]. Further investigation in this direc-
tion are indeed planned. Finally, the density spectrum shows a ∼ −2/3 slope across the
kinetic scales. However, that slope could be split in two consecutive almost flat regions,
one across k⊥di ∼ 1 and another across k⊥ρi ∼ 1. In particular, across k⊥di ∼ 1 also
the magnetic spectrum seems to exhibit what could be identified with a very narrow flat
feature or with a bump in the power law (which is better seen in the parallel magnetic
spectrum - lower left panel).

The opposite case, βi = 5, instead shows a more puzzling behavior. At k⊥di < 2,
the normalized density spectrum is much larger than the magnetic counterpart. Such a
behavior cannot be related with KAW or whistler turbulence. Nevertheless, the presence
of KAW turbulence seems to be detected at smaller scaler, k⊥di & 2 (upper right panel
of Fig. 5.42). This is confirmed also by the almost exact verification of the identity in
Eq. (5.20) for k⊥ & 1.5 (lower right panel). We finally note that the magnetic spectrum
shows a clear flat region across the kinetic scales, i.e. in the range 0.6 . k⊥di < 2 (the left
border of it corresponds exactly to the beginning of sub-proton range, k⊥ρi & 1). Such
feature could be likely related to the presence of forming coherent magnetic structures
(i.e., magnetic islands), but at this stage it cannot be confirmed.

5.3.4 THE NATURE OF TURBULENT ELECTROMAGNETIC FIELDS

We now take a closer look at the character of the turbulent electric field and of the mag-
netic fluctuations, as we have done for the βi = 1 case (see Sections 5.2.5 and 5.2.6).

The spectrum of the magnetic field fluctuations components is shown in Fig. 5.43,
where EB⊥(k⊥) (blue) and EB‖(k⊥) (cyan) are plotted for run C0 (left panel) and run B2
(right panel). As we can see from those spectra, in both cases, βi = 0.2 and βi = 5, the

Figure 5.43: Spectrum of the perpendicular and parallel magnetic fluctuations, EB⊥(k⊥)
(blue) andEB‖(k⊥) (cyan), for run C0 (left panel) and run B2 (right panel). Several slopes
are given for reference.

large-scales magnetic fluctuations are mainly parallel to the background magnetic field,
while they become mostly perpendicular while crossing the kinetic scales, k⊥di ∼ 1 or
k⊥ρi ∼ 1 depending on the first of them which is encountered in the turbulent cascade.
In the low-βi case, the condition δB⊥ � δB‖ is fulfilled on a broad k⊥-range, namely
1 . k⊥di . 10. The fact that at very high k⊥ the level of the parallel and perpen-
dicular fluctuations become comparable might be due to the action of numerical filters,
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which become relevant at k⊥ di & 20. For the high-βi case, instead, the range in which
δB⊥ � δB‖ holds is very reduced, i.e. it holds only for 0.7 . k⊥di . 2, and for k⊥di > 2
the two fluctuations become comparable, δB⊥ ∼ δB‖. This behavior was qualitatively
expected, since δB‖ is a measure of the magnetic compression and for higher plasma
beta the compressibility is enhanced, especially at small scales: this behavior, along with
a steepening of the magnetic spectrum, has been indeed observed in solar wind turbu-
lence [44].

Another distinction between the two cases can be done in terms of spectral slopes.
In fact, apart from the flat region around k⊥di ∼ 1 in the βi = 5 case (right panel of
Fig. 5.43), we note the magnetic spectra, both parallel and perpendicular, for this high-
βi case are much steeper than those of the βi = 0.2 run. This might be due to the ion
collisionless damping of the modes under consideration, i.e. whistler and kinetic Alfvén
waves, which is in general higher as the βi increases [36] and starts to become relevant
at k⊥ρi ∼ 1 (which also shifts at lower k⊥di as the plasma beta increases). This points
out again the importance of dissipation on the spectral slopes. Moreover, taking into
account for the flat region of the spectrum, there might be also a role of the coherent
magnetic structures: qualitatively, these structures may modify the cascade by subtracting
and accumulating part of the cascading energy and thus leading to a steepening of the
magnetic spectra.

Figure 5.44: Time-averaged k⊥-spectrum of the total electric energy, EE(k⊥) (black line),
and of the MHD, Hall and∇Pe contributions, EMHD(k⊥), EHall(k⊥), and E∇P (k⊥) (blue,
red and orange line, respectively) from run C0 (left panel) and from run B0 (right panel).

In Fig. 5.44 the time-averaged energy spectrum of the total electric energy, EE(k⊥)
(black line), and of the MHD, Hall and ∇Pe contributions, EMHD(k⊥), EHall(k⊥), and
E∇P (k⊥) (blue, red and orange line, respectively) are shown for run C0 (left panel) and
for run B0 (right panel). As for the βi = 1 case, the MHD electric field provides the
dominant contribution to the total electric energy at large scales, while it has a very steep
k⊥-spectrum so its contribution is negligible at kinetic scales, k⊥di > 1. The two cases
shows slightly different slopes of EMHD, especially in the large-scale regime. Then, the
interesting main difference between those two βi-cases is the relative importance of the
Hall contribution with respect to the pressure gradient counterpart. In fact, using the
relations derived in Eqs. (5.30) and (5.34), the ratio of these spectra strongly depends on
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the plasma beta and on the electron-to-ion temperature ratio:

E∇P (k⊥)

EHall(k⊥)
∼ τ 2 β2

i

En(k⊥)

EB‖(k⊥)
, (5.38)

where, depending on the magnetic fluctuations level, the parallel magnetic energyEB‖(k⊥)
might be substituted with the total magnetic energy EB(k⊥) (see Eq. (5.35) and the dis-
cussion at the end of Section 5.2.6). This dependence seems evident in Fig. 5.44, where
the electron pressure contribution is negligible at all scales for the βi = 0.2 case, while it
is dominant (over the Hall contribution) at large scale in the βi = 5 run. Then, in this lat-
ter case, since the relative magnitude depends also on the density and magnetic spectrum,
their relative importance is inverted while passing k⊥di ∼ 1. All these features, after the

Figure 5.45: Contours of the in-plane component modulus of EMHD,⊥ (left column) and
of EHall,⊥ (right column) from run C0 at t = 211 (top row) and run B0 at t = 219 (bottom
row).
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analysis of the spectra8 in Fig. 5.42, are indeed consistent with the order-of-magnitude
estimation in Eq. (5.38), with the only exception for the βi = 5 case at large-k⊥, where
other contributions to the Hall and pressure gradient energy spectra might have been con-
sidered.
The structure of the MHD and Hall contribution to the in-plane electric field is visual-
ized in Fig. 5.45, where the contours of EMHD,⊥ (left) and of EHall,⊥ (right) are shown
for run C0 (top panels) and run B0 (bottom panels). In the βi = 0.2 case, the in-plane
MHD electric field shows a large-scale vortical motion with only faint signatures of the
shock structures. The Hall component, instead, exhibit features that are typical of a “see
of waves”, propagating, scattering and diffracting among each other, along with the sig-
natures of the underlying current sheets. The βi = 5 case, on the contrary, shows no such
features: the MHD part of the electric field has very localized large-scale bumps and sig-
natures of the underlying current sheets with no finer structures (which is consistent with
the steeper EMHD spectrum with respect to the βi = 0.2 case), while the Hall electric field
essentially traks those current sheets, as it was for the βi = 1 cases (see Figs. 5.24 and
5.25).

Figure 5.46: Spectrum of the MHD component, EMHD(k⊥) (blue) and of the Hall contri-
bution, EHall(k⊥) (red), for run C0 (left panel) and run B0 (right panel). Several slopes
are given as references.

A closer look at the MHD and Hall electric spectra for those two cases, βi = 0.2 and
βi = 5, is given in Fig. 5.46, where EMHD(k⊥) (blue) and EHall(k⊥) (red) are plotted
for run C0 (left panel) and for run B0 (right panel). In the low-βi case, the slopes nicely
agree with the approximation EHall ≈ k2

⊥EB‖, i.e. at the largest scales (k⊥di . 2) it
shows a +1/3 slope and at the smallest scales (k⊥di & 2) a slope close to −1/3, which
are indeed in agreement with the −5/3 and −7/3 slopes, respectively, of the parallel
magnetic energy (see Fig. 5.42). In the opposite high-βi case, instead, the approximations
above slightly break and a more appropriate estimation is EHall ≈ k2

⊥EB, i.e. with the
total magnetic energy. In face, as we can see from Fig. 5.46, the Hall spectrum exhibits
a +2 slope across the kinetic scales (0.6 . k⊥di . 2), as both the parallel and the total
magnetic spectrum shows a ∼ const. spectrum, while it presents a −4/3 slope at the
smallest scales (2 . k⊥di . 10), which is indeed consistent with the −10/3 slope of the

8Note that the C1En(k⊥) spectrum in the lower panels of Fig. 5.42, for τ = 1, corresponds to
β2
i En(k⊥).
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total magnetic energy rather than with the −8/3 one of its parallel component (again, see
Fig. 5.42).

Figure 5.47: Plot of EMHD(k⊥) (blue), Eu⊥(k⊥) (cyan) and 〈u⊥〉2EB⊥(k⊥) (green) for
run C0 (left panel) and run B0 (right panel).

The same consideration holds for the MHD contribution, as shown in Fig. 5.47: in the
low-βi case, the approximation EMHD ≈ Eu⊥ works perfectly (left panel), while for high-
βi there is a non-negligible contribution of 〈u⊥〉2EB⊥ to EMHD at kinetic scales, k⊥di > 1
(right panel).

5.3.5 SUMMARY

In this section, the effects of the plasma beta on two-dimensional forced turbulence in
plasmas with negligible resistivity, η = 0, have been studied. In particular, a low-β and
a high-β regime (with respect to the previous β = 1 case) has been considered, β = 0.2
and β = 5, respectively. The qualitative dynamics is again very similar to the β = 1
regime: an initial phase in which the turbulence is developing and intense current sheets
are formed, and magnetic reconnection events which approximately mark the transition
to a fully developed turbulent state. In addition to this picture, the β = 0.2 regime has
shown the development of shock-like structures (shocklets or SLAMS) characterized by
intense whistler precursors and the generation of some kind of microturbulence. These
structures have indeed been detected in the interplanetary plasma [141, 143, 145, 146]
and generated by previous ad hoc numerical simulations [149, 150, 151, 152, 153]. We
believe that this is demonstrating again the capability of a realistic representation of solar
wind turbulence and most of its complex phenomena via HVM simulations.

Turbulent energy spectra have been analyzed, showing quite relevant differences be-
tween these two regimes. The low-β regime has been found to exhibit spectra whose
slopes are very close to the ones observed in the solar wind. For this case, it has also been
found that the turbulent magnetic fluctuations are dominated by the whistler component,
while the KAW contribution is negligible at large scale and only partially present at the
smallest scales. In this context, the appearance of shocklets could have played a role.
The high-β regime, instead, exhibits energy spectra which are slightly steeper than the
other beta cases. If this could be due to an enhanced collisionless damping for such β
values is not clear and further investigations are needed. Nevertheless, we have shown
that the small-scales magnetic fluctuations are dominated by KAW contributions. In both
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the cases, however, more than one spectral break have been observed. In particular, in
the sub-gyroradius range, two slopes can be identified. If this is the signature of super-
posed cascades, i.e., of the presence of different cascades simultaneously present, or the
consequence of a cascade conversion, is not clear at the present stage. However, we have
detected or inferred only indirect evidences for these possibilities and further investiga-
tions for the search of direct evidences are thus needed. Further, the character of the
electric field fluctuations has been investigated. Again, the MHD character of the fluctu-
ations has been found to be relevant only at the largest scales, while at small scales the
Hall component represents the dominant contribution. Nevertheless, the MHD and Hall
components are stronger in the low-β regime. For high beta values, the electron pres-
sure gradient term has been shown to start to be relevant. This analysis points out one
more time the link between the magnetic energy spectrum and the spectrum of the small-
scales electric field, thus highlighting the interplay between turbulence and collisionless
magnetic reconnection “regardless” of the β regime (at least, in the range investigated).

Finally, the effect of the two kinetic scales, di and ρi, has been separated and their
role has been made more clear. The ion inertial length, di, in the range of β investigated,
essentially controls the nature of the small-scale electric field. This, in turns, determine
a first spectral break in the energy spectra for the low-β regime, while it could be the
responsible for their flattening in the β = 5 case. The ion Larmor radius, ρi, is more re-
lated to the nature of the turbulent cascade and it also determines a spectral break. In the
β = 0.2 case, for instance, ρi determines the scale at which the electric energy overcome
the magnetic energy (i.e., a break in both spectra). It is interesting to note, however, that
from the analysis of the magnetic fluctuations, we have found that, on the one hand, the
nature of fluctuations, e.g., KAW or whistler, changes at the smallest kinetic scales, i.e., at
∼ min(di, ρi). On the other hand, the turbulence seems to become more incompressible,
i.e., the perpendicular magnetic fluctuations start to dominate over the parallel counter-
part, at the first kinetic scale encountered in the cascade, i.e., at ∼ max(di, ρi). These
properties are thought to be of fundamental importance in determining the observed spec-
tral breaks in solar wind turbulence.

SECTION 5.4

PROTON TEMPERATURE ANISOTROPY

Another typical feature of the solar wind plasma, is the anisotropy of the proton temper-
atures, parallel and perpendicular to the background magnetic field (T‖ and T⊥, respec-
tively), which has been detected by several spacecraft measurements [169, 170, 171, 172,
173]. In fact, in a collisionless plasma, the ideal spherical symmetry is broken by the
external magnetic field, which in turn naturally introduces a cylindrical symmetry with
respect to it. This was indeed already introduced by the pioneering work of Chew, Gold-
berger and Low in 1956 [174], noticing that the parallel and perpendicular pressures, p‖
and p⊥, respectively, can be different. These pressures, in their so-called double-adiabatic
theory, are evolved independently by the double-adiabatic relations

d

dt

(
p‖B

2

n3

)
= 0

d

dt

( p⊥
nB

)
= 0 , (5.39)

where B is the external magnetic field. It can be shown that, in the two-dimensional
perpendicular limit, the above relations formally correspond to polytropic relations with
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indices γ‖ = 1 and γ⊥ = 2 and thus n ∝ B (see Ref. [175]). Therefore, in a (β‖, T⊥/T‖)-
plane, with β‖ = 8πp‖/B

2 the parallel plasma beta, one would obtain an anti-correlation
between them:

T⊥
T‖
∝ 1

β‖
, (5.40)

where we have used the double-adiabati relations, Eq. (5.39), and the fact that p‖ = nT‖
and p⊥ = nT⊥ hold. However, a “diamond-like” distribution in the proton temperature
anisotropy versus parallel proton beta plane has been observed in the turbulent solar wind
plasma, rather than an anti-correlated distribution as in Eq. (5.40). The observed data
are shown in Fig. 5.48, together with marginal stability lines for some plasma instabili-
ties (from Ref. [171]). Collisions, on the one hand, tend to pull back the system towards

Figure 5.48: Distribution of proton temperature anisotropy measurements, T⊥ p/T‖p, ver-
sus the parallel plasma beta, β‖ (from Ref. [171]). The dotted lines represent the thresh-
olds for the mirror instability (upper line) and for the oblique firehose instability (lower
line).

isotropic temperatures. Plasma instabilities which are driven by temperature anisotropy,
on the other hand, tend to keep the level of anisotropy below a certain threshold (see
Fig. 5.48). In (almost) collisionless plasmas, as the solar wind can be considered, the
latter are thought to be main responsible for the observed distribution in the anisotropy-
beta plane. We can identify four major instabilities which can contribute to these bound-
aries [170, 173]: the mirror (M) instability, the proton cyclotron (PC) instability, and the
parallel and oblique firehose (PFH and OFH, respectively) instabilities. These conditions,
actually representing the curves along which the instability growth rate γ is ∼ 10−3Ωc,i,
can be summarized as the following parametric relation [170]:

T⊥ i

T‖ i

= 1 +
a

(β‖ i − β0)b
, (5.41)

where the set of parameters (a, b, β0) is (0.43, 0.42, −0.0004) for the PC instability,
(0.77, 0.76, −0.016) for the M instability, (−0.47, 0.53, 0.59) for the PFH instability,
and (−1.4, 1.0, −0.11) for the OFH instability.

In our model, collisions are not included and the electron pressure is isotropic (and
isothermal), but the ions are fully kinetic and thus they can develop all these features and
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instabilities. We recall to the reader, that we do not have a direct output of the proton tem-
perature, but only of the moments of the proton distribution function, fi (see Section 4.2).
Nevertheless, if we know the magnetic field unit vector, b = B/B, we can derive the
parallel and perpendicular temperatures from the zero-order and second-order moments
of fi, i.e., the number density, n, and the ion pressure tensor, Π, as follows:

T‖ =
1

n
Π : bb T⊥ =

1

2n
Π : τ , (5.42)

where τ = I − bb is the projector onto the plane perpendicular to the magnetic field.
Note that the above definitions are exact, i.e., the local direction of the field, b = b(x, y)
is used and thus there are no approximations. In the same way, one can define an isotropic
temperature, Tiso = tr[Π]/3n = (T‖ + 2T⊥)/3, which gives information about the net
turbulent heating of the plasma.

Figure 5.49: Time traces of box-averaged proton temperature anisotropy, 〈T⊥ i/T‖ i〉. The
different colors refer to different βi values (see legend).

First, we look at the time evolution of the system, for different initial values of βi. This
is shown in Fig. 5.49, where we plot the time traces of the average temperature anisotropy,
〈T⊥ i/T‖ i〉. From the time traces we can see that the average anisotropy, 〈T⊥ i/T‖ i〉, is in-
creasing with time, but it remains still quite low (a few percent). An interesting feature is
the βi = 0.2 case, which initially exhibits an higher parallel temperature with respect to
the perpendicular counterpart, i.e., 〈T⊥ i/T‖ i〉 < 1. Such feature is emerging at the same
time at which the shock-like structures appear, so these features are likely related. Never-
theless, after some time, all the βi-cases show an average proton temperature anisotropy
greater than unity, i.e., the proton perpendicular temperature is increasing more than the
parallel counterpart, on the average. Thus, turbulence is heating up the plasma much more
in the perpendicular direction rather than parallel to the magnetic field. In general, there
is an overall heating of the plasma, i.e., Tiso is increasing with time, even though of a few
percent (< 3%) with respect to its initial value (not shown).
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On the other hand, the anisotropy can locally assume quite extreme values. This is
shown in Fig. 5.50, where the time traces of the maximum value of the proton tempera-
ture anisotropy, max(T⊥ i/T‖ i), are plotted. The value of this parameter gives indeed an
indication on the anisotropy that can be reached locally, in the simulation plane. In all
the cases analyzed, such value seems to be bounded by the mirror instability threshold
(horizonal dashed lines). Note that, those thresholds have been computed via Eq. (5.41)
adopting a “sample” value of the parallel beta, i.e., for β‖ i = βi(t = 0), so they give only
a rough estimation. The result is anyway in agreement with the idea that high values of
T⊥/T‖ are bounded by the mirror instability [170, 173, 176].

Figure 5.50: Time traces of maximum value of the proton temperature anisotropy,
max(T⊥ i/T‖ i). The horizontal colored dashed lines in the left panel represent the re-
spective M instability threshold in Eq. (5.41) for β‖ i = βi(t = 0) vaules (see text).

However, we can perfrom a more precise analysis, as done for the solar wind data.
That is, we can compute the distribution P of the plasma in the (β‖ i, T⊥ i/T‖ i)-plane
for the three runs, A0, B0 and C0. The idea is to consider the simulation plane, several
times over a certain time interval, and transform the each spatial point into a point in the
parameter space, i.e., (x, y)→ (β‖ i, T⊥ i/T‖ i).

In Fig. 5.51 we show the two-dimensional distributions, P(β‖ i, T⊥ i/T‖ i), of the pro-
ton anisotropy, T⊥ i/T‖ i, against the proton parallel beta, β‖ i for simulations with η = 0
and βi(t = 0) = 0.2 (blue), 1 (green) and 5 (red). The black curves correspond to
the thresholds for the proton cyclotron instability (dash-dotted), for the mirror instability
(long dashed), and for the parallel (dotted) and oblique (dash-triple-dotted) firehose insta-
bilities. The straight dashed lines represent the double-adiabatic relation, Eq (5.40), one
for each βi(t = 0) value (see colors). The distribution function for each run is computed
for each spatial point in the simulation plane and over a time interval ∆t = 10Ω−1

c,i , with
a time resolution of δt = 0.2. So, γ∆t � 1, which means that the plasma could have
entered the unstable region and seats there for long enough and, at the same time, Ωc,i∆t
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Figure 5.51: Two-dimensional distributions P in the (β‖ i, T⊥ i/T‖ i)-plane for simulations
with η = 0 and βi(t = 0) = 0.2 (blue), 1 (green) and 5 (red). The black curves corre-
spond to the thresholds for PC (dash-dotted), M (long dashed), PFH (dotted) and OFH
(dash-triple-dotted) instabilities. The straight dashed lines represent the double-adiabatic
relation, Eq (5.40), one for each βi(t = 0) value (see colors).

is big enough to include enough turbulent dynamics. The fine sampling allows for the fast
part of the dynamics to be detected, in principle. In the end, about∼ 1.6×108 total points
have been considered.

From Fig. 5.51, on the one hand, we see that the anisotropy of the turbulent plasma is
bounded by the oblique instabilities, i.e., by the mirror and the oblique firehose instabili-
ties. This is indeed in perfect agreement with the solar wind observations (cf. Fig. 5.48).
In particular, the marginal stability condition (i.e., the threshold curves), perfectly form
the boundaries of the data from run C0 (βi = 5). The other two cases, βi = 0.2 and
βi = 1, are almost perfectly bounded for high T⊥ i/T‖ i values by the mirror marginal sta-
bility curve, but they do not reach considerably small values of such ratio. If that feature is
a result of the 2D nature of the simulations, i.e., if it is because of a limited (and strongly
localized) range of k‖ 6= 0 were accessible by the system, is not clear at this stage and
further investigations will follow.

On the other hand, another interesting feature emerges from the bulk of the distribution
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P(β‖ i, T⊥ i/T‖ i), around the initial values, (βi(t = 0), 1). In fact, we do observe an
elongation of such distribution along the double-adiabatic curve, T⊥ i/T‖ i ∝ β−1

‖ i , given in
Eq. (5.40). This means that a relevant fraction of the plasma is “quasi-double-adiabatic”,
i.e., it expands and is compressed following a nearly double-adiabatic law, at least in the
fully developed turbulent regime and over the time interval considered. This is also in
agreement with previous studies [177].

Finally, we want to stress that the plot in Fig. 5.51 is somewhat new, because it
has been obtained in a quasi-stationary regime of hybrid-kinetic turbulence. In fact,
something similar has been computed before, but only for lower resolution HVM sim-
ulations of decaying turbulence [37]. In fact, a very high level of initial fluctuations
(namely, δB = (2/3)B0) were needed in order to reach such extended regions in the
(β‖ i, T⊥ i/T‖ i)-plane for the decaying case. The forced case presented here, instead, has
the advantage of being more realistic, at least from the point of view of the energy injec-
tion. It is anyway plausible that some events in the solar wind could inject a huge amount
of energy, i.e., leave high amplitude fluctuations. In this regard, the freely-decaying case
is interesting and meaningful, and further studies for the identification of the level of mag-
netic fluctuations in our turbulent state and their connection with the anisotropy plane will
be performed in the future. Nevertheless, the forced case presented here, and the conse-
quently reached quasi-stationary state, represents a statistically more meaningful case.

SECTION 5.5

OVERVIEW AND DISCUSSION OF THE RESULTS

In this chapter, the very first high-resolution numerical study of forced electromagnetic
turbulence in the context of hybrid Vlasov-Maxwell model of plasmas, with the HVM
code, have been presented. This required a huge computational effort in order to reach
a quasi-stationary state and to investigate several sets of plasma parameters. In fact, due
to the elevated computational costs of these kinetic models, only freely decaying stud-
ies have been performed or reduced (gyro)kinetic or fluid models have been used for the
forced case. Nevertheless, a fully developed turbulent state is needed for a more compre-
hensive turbulence study. The reduced case of a five-dimensional (2D3V) phase space,
i.e. a (x, y, vx, vy, vz) domain, has been considered. The 2D real space is perpendicular to
the initial background magnetic field and fully 3D small-amplitude magnetic fluctuations
are imposed at the beginning. An external random compressible forcing is included in the
Vlasov equation and injects energy in the system, at the largest scales. The energy injected
in this way then cascades towards smaller and smaller scales, and is eventually completely
dissipated at the smallest scales. While the energy cascades and turbulence is develop-
ing, the in-plane component of the magnetic field, B⊥, grows and is no more negligible,
eventually reaching values which locally can be above 50% of the initial background mag-
netic field. At the same time, the large-scale compressive chaotic motion driven by the
external forcing makes the system strongly inhomogeneous, i.e., strong variations of the
out-of-plane component of the magnetic field, Bz, and of the density, n, arise. In this
environment, strong current sheets are also formed, where magnetic reconnection even-
tually takes place. The first reconnection events mark the transition from an initial phase
in which the turbulence is still developing and the current sheets are mainly build up by
the external drive, to a fully developed turbulent phase in which current sheets are self-
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consistently continuously formed and destroyed. In fact, an interplay between turbulence
and reconnection has been observed. The large-scale chaotic motion builds up current
sheets which then reconnect, forming smaller coherent structures (islands) and injecting
energy into mid- and small-scale plasma motion, thus feeding back turbulence which in
turn build up other current sheets. At this point, a quasi-stationary turbulent state has
been reached. Thus, a first fundamental result that emerges from this study is that turbu-
lence and magnetic reconnection are intimately entwined processes, which feed on each
other in a “symbiotic” way. The above overall picture can be indeed considered an in-
herent feature of plasma turbulence in the dissipation range, in the range of parameters
investigated.

In this context, several values of some physical parameters have been investigated:
first, the effects of an increasing resistivity η have been investigated for a β = 1 plasma
and, second, we have studied how turbulence properties change with the β parameter,
in the limit of zero resistivity, η = 0. In all the cases considered, the combination of
resolution and numerical filters on the spectra was such that, on the one hand, spatial
scales well below the ion gyroradius were resolved and, on the other hand, the electrons
kinetic scales either were not resolved or the fluctuations at those scales were heavily
(exponentially) numerically damped.

For low enough values of η, which is the most relevant regime for the solar wind
plasma, the so-called Hall reconnection has been shown to occur, i.e., we are in the fast
collisionless reconnection regime. In this regime, the typical signatures of fast reconnec-
tion have been indeed proven to be left in several quantities. These include, for instance,
the detection of the Hall quadrupole in the out-of-plane component of the magnetic field,
Bz, and in the density, n, or the presence of inflows and outflows at the X-points. Chains
of magnetic islands are formed in this regime and a complex nonlinear dynamics has been
shown to emerge within the turbulent environment. Moreover, the high inhomogeneity
of all the background quantities makes the reconnection processes sometimes strongly
asymmetric. Nevertheless, all these signatures have been detected: this represents an in-
dication of the possibility for their detection even by in situ spacecraft measurements. In
fact, some of the above features which are consistent with signatures of Hall reconnection
and with the presence of multiple islands can be recognized in several satellite data of
the solar wind plasma [163, 164, 165, 166, 168]. The scenario is slightly changed in the
high-η cases, where such island dynamics is not found. Current sheets and reconnection
sites have been anyway proven to develop also in these latter cases. Moreover, the forma-
tion of coherent magnetic structures of several di-size, either magnetic islands or current
sheets structures, have been found to be a fundamental ingredient of dissipation range
turbulence. This can indeed help to understand and identify the dissipation mechanisms
in solar wind turbulence.

The energy spectra in the turbulent phase have been analyzed. Only minor differ-
ences between the low-η cases have been found, while deviations from that “universal”
behavior have been found for increasing η. In fact, above a certain value of the resis-
tivity, the turbulent energy spectra in the quasi-stationary regime become steeper and
steeper as η increases, entering the non-universal power law regime. This feature has
been attributed to the enhanced dissipation at all scales, which could have modified the
energy fluxes through the scales. This possible mechanism has been inspired by the re-
sults presented in Chapter 3 and by some indirect evidences, but further investigation
and direct evidences are needed for a definitive answer. It is worth to stress that, in
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the range of resistivity relevant for the solar wind plasma, the magnetic energy spec-
tra and the whole turbulent dynamics - i.e., the continuous formation of current sheets
and magnetic islands - have been found to be in very good agreement with satellite
measurements [44, 45, 46, 47, 48, 163, 164, 165, 166, 167, 168] and previous simula-
tions [111, 112, 113, 114, 115, 124, 126]. However, the electric energy spectrum shows
a different behavior, i.e., somewhat slightly steeper than the expectations, which was also
observed in recent 3D gyrokinetic simulations of forced turbulence [126]. In our case it is
not clear if this behavior of the turbulent spectra could be attributed to different cascades
simultaneously present, since there is no direct evidence. Nevertheless, the realization of
superposed cascades is a possibility which requires further investigations. A deeper anal-
ysis of the nature of turbulent magnetic fluctuations has shown that they are very likely
due to the KAW cascade or, at least, that it plays an important role in these β = 1 cases.
This is indeed in agreement with the observed slopes of the magnetic spectrum, but the
lack of such agreement with the electric counterpart underlines that there could be some
other processes at play. Finally, the character of the electric field fluctuations has been in-
vestigated. It has been shown that the MHD character of the fluctuations is relevant only
at the largest scales, while at small scales the Hall component represents the dominant
contribution. Moreover, the link between the magnetic energy spectrum and the spectrum
of the Hall electric field has been pointed out. This could be related to the above men-
tioned interplay of turbulence and (Hall) magnetic reconnection, thus both determining
the energy spectrum of each other at small scales.

The effects of the plasma beta on dissipation turbulence for plasmas with negligi-
ble resistivity, η = 0, have been also studied, showing the role of thermal effects and
compressibility. In particular, a low-β and a high-β regime (with respect to the previous
β = 1 case) have been considered, β = 0.2 and β = 5, respectively. The qualitative
dynamics of the simulations is again very similar to the β = 1 regime. That is, an ini-
tial phase in which the turbulence is developing, the in-plane magnetic field is growing
and intense current sheets are formed, until a fully developed turbulent state is reached,
marked by several magnetic reconnection events. Nevertheless, in addition to this picture,
the β = 0.2 regime has shown the development of shock-like structures (shocklets or
SLAMS) characterized by intense whistler precursors and the generation of some kind of
microturbulence. Such structures have indeed been detected in the interplanetary plasma
by spacecraft measurements [141, 143, 145, 146], thus demonstrating the consistency of
our simulations. Moreover, this points out again the capability of a realistic represen-
tation of solar wind turbulence and most of its complex phenomena within the adopted
hybrid-kinetic description.

Turbulent energy spectra have been analyzed, showing quite relevant differences be-
tween these two regimes. The low-β regime has been found to exhibit spectra whose
slopes are very close to the ones observed in the solar wind. For this case, it has also
been found that the turbulent magnetic fluctuations are dominated by the whistler com-
ponent, while the KAW contribution is negligible at large scale and only partially present
at the smallest scales. In this regard, the appearance of shocklets could be important. In
the high-β regime, instead, it has been shown that the small-scales magnetic fluctuations
are dominated by KAW contributions. Nevertheless, this regime exhibits energy spectra
which are slightly steeper than in the other beta cases. Whether this steepening could
be due to an enhanced collisionless damping for such β values is not clear and further
investigations are needed. In both the regimes, however, more than one spectral break has
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been observed. In particular, in the sub-ion gyroradius range, two slopes can be identified.
Whether this is the signature of superposed cascades, i.e., of the presence of simultaneous
cascades, or the consequence of a cascade conversion, is not clear at the present stage.
However, indirect evidences for these possibilities have been inferred, and further investi-
gations for the search of direct evidences are planned. Further, the character of the electric
field fluctuations has been investigated. Again, the MHD character of the fluctuations has
been found to be relevant only at the largest scales, while at small scales the Hall compo-
nent represents the dominant contribution. The MHD and Hall components are stronger
in the low-β regime, while for high beta values also the electron pressure gradient term
in the generalized Ohm’s law has been shown to be relevant. This analysis points out one
more time the link between the magnetic energy spectrum and the spectrum of the small-
scales electric field which could be the signature of the interplay between turbulence and
(collisionless) magnetic reconnection.

Further, the effect of the two kinetic scales, di and ρi, has been separated and their role
has been made more clear. The ion inertial length, di, in the range of β investigated, essen-
tially controls the nature of the small-scale electric field. This, in turns, determine a first
spectral break in the energy spectra for the low-β regime, while it could be responsible for
their flattening in the β = 5 case. The ion Larmor radius, ρi, could be related to the nature
of the turbulent cascade and it also determines a spectral break. In the β = 0.2 case, for
instance, ρi determines the scale at which the electric energy overcome the magnetic en-
ergy (i.e., a break in both spectra). It is interesting to note, however, that from the analysis
of the magnetic fluctuations, it has been found that, on the one hand, the nature of fluctu-
ations, e.g., KAW or whistler, changes at the smallest kinetic scale, i.e., at ∼ min(di, ρi).
On the other hand, the turbulence seems to become more incompressible, i.e., the per-
pendicular magnetic fluctuations start to dominate over the parallel counterpart, at the
first kinetic scale encountered in the cascade, i.e., at ∼ max(di, ρi). These properties are
thought to be of fundamental importance in determining the observed spectral breaks in
solar wind turbulence.

Finally, the proton temperature anisotropy, T⊥ i/T‖ i, has been analyzed in the zero-
resistivity case, η = 0, and different initial βi values. The average anisotropy has been
shown to remain small, while locally it can reach quite extreme values. These values
have been shown to be bounded by the collisionless anisotropy-driven instabilities. In
particular, the distribution P of turbulent plasma in the two-dimensional (β‖ i, T⊥ i/T‖ i)
parameter space has been computed for all the η = 0 simulations. A remarkably good
agreement with the spacecraft observations has been achieved [169, 170, 171, 172, 173],
and it has been shown that the most relevant boundaries are represented by the marginal
stability curves for the mirror and the oblique firehose instabilities. Furthermore, a core
population of the plasma has been shown to be nearly double-adiabatic, i.e., an anti-
correlation between T⊥ i/T‖ i and β‖ i has been shown to emerge in the distribution P .
These results have been obtained in the forced case, i.e., the data are collected over a long
time interval and in a quasi-stationary turbulent state, thus representing a completely new
- and statistically meaningful - case. It is worth to underline that the agreement with the
solar wind observation that has been obtained, combined with the highest resolution ever
adopted for hybrid-kinetic turbulence and the first quasi-stationary states ever reached for
this case, makes these results unprecedented.

Summarizing, turbulent spectra and a whole turbulent dynamics which are very close
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to the solar wind observations [44, 45, 46, 47, 48, 141, 143, 145, 146, 163, 164, 165, 166,
167, 168] have been obtained, for low enough resistivity. This includes very diverse com-
plex phenomena, such as (asymmetric) Hall magnetic reconnection, multiple islands for-
mation and the emergence of shocklets/SLAMS with their characteristic whistler precur-
sors. Such a richness of phenomena, would hardly have been obtained in the framework
of decaying turbulence or within more simplified models. In fact, the results presented
here and their direct relation with spacecraft observations provide a strong indication of
the capability of the HVM code to catch the main physical features of realistic solar wind
turbulence, even in this reduced 2D3V configuration. Anyway, the simulations presented
in this work represent the first steps to the more ambitious goal of simulations of forced
HVM turbulence in a full six-dimensional (3D3V) phase space. The 3D case would be
indeed a more realistic configuration, also because of the intrinsically three-dimensional
nature of plasma turbulence [125]. Nevertheless, in this work something in between a
pure 2D and a full 3D case has been presented: allowing for 3D vector fields, defines the
present case as what is usually referred to as “2.5D configuration”. Moreover, the growth
of the in-plane magnetic field up to values which are locally comparable with those of the
initial mean field and the random orientation of such components in the simulation plane,
have a double role. The former feature, on the one hand, locally allows for a non-zero
parallel wavevector, k‖ = k ·b = kxbx+kyby = k⊥ ·b⊥ 6= 0, so all the phenomena which
require a parallel wavevenumber - e.g., KAWs, whistlers and Landau damping - are in
principle included in these simulations. The second feature, on the other hand, removes
any anisotropy due to a possible preferential direction in the simulation plane, i.e., there is
no dependence of the spectra on the angle between k⊥ and b⊥. Further, simulations have
shown that turbulent fluctuations can have different nature. In the β = 1 and β = 5 cases,
indications that KAW turbulence could be the main ingredient have been found, while in
the β = 0.2 case the cascade has been proven to be more of whistler type. Nevertheless,
indications of the fact that both components, with different relative importance, could be
anyway present, have been found. Furthermore, depending on the plasma beta and the rel-
ative position of the ion kinetic scales, di and ρi, different spectral breaks could emerge,
as shown in our simulations. This can be of help for the interpretation of the solar wind
turbulent spectra in the different regimes. Finally, extremely realistic two-dimensional
distributions of the proton temperature anisotropy, T⊥ i/T‖ i, against the parallel proton
beta, β‖ i, have been obtained. The role of collisionless anisotropy-driven instabilities in
bounding the distribution in such parameter space has been shown and the nearly double-
adiabatic behavior of a considerable fraction of the plasma has been proven. Due to the
context of the very first high-resolution simulations of forced hybrid-kinetic turbulence,
in which a quasi-stationary turbulent state has been reached by a quite long time, make
these results new, definitely reliable and extremely promising.
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CHAPTER 6

CONCLUSIONS

In this thesis, several important aspects of dissipation range turbulence in magnetized
plasmas have been investigated, both theoretically and numerically. In particular, two
different models have been adopted for diverse problems. In the first part, a collisional
gyrokinetic (GK) model has been adopted for the study of collisional dissipation effects
in 2D electrostatic turbulence at sub-proton scales. In a second stage, a hybrid Vlasov-
Maxwell (HVM) model has been used for a comprehensive study of 2D electromagnetic
turbulence, from large “fluid” scales to length scales which are well below the ion gy-
roradius length. Both gyrokinetics and the hybrid Vlasov-Maxwell model are reduced
theories and thus they are limited by some assumptions. Nevertheless, they have the ad-
vantage of being anyway able to catch the relevant physics of the problem to which they
were applied, to be analytically treatable in some cases, and, at the same time, of an
important speed-up in the numerical computation with respect to a fully kinetic, multi-
species Vlasov-Maxwell model. In fact, due to the huge range of spatio-temporal scales
that such a simulation would need to resolve, a long-time (compared to ion time scales),
large-scale (compared to ion length scales) fully kinetic simulation is nowadays not yet
realizable.

The results presented here may provide the key for understanding some basic aspects
of plasma turbulence in the dissipation range, relevant both for laboratory and space plas-
mas. Furthermore, they provide some new insights and ideas, both for the interpretation
of solar wind turbulence data and for the support and planning of future satellite missions.
Finally, this work represents the first steps towards a more complete investigation of three-
dimensional forced turbulence simulations and a possible basis for their interpretation.

In the following, the main contributions and results of this work are briefly summa-
rized.

TWO-DIMENSIONAL ELECTROSTATIC GYROKINETIC TURBULENCE

A theoretical and numerical study on the fundamental properties of electrostatic gyroki-
netic turbulence has been presented. In particular, the attention has been focused on the
effects of collisions on the nonlinear phase mixing process. After a brief review of the
existing theory for collisionless plasmas, it has been extended to the case of the weakly
collisional regime: the concepts of multiscale dissipation and of non-constant energy flux
through the scales have been introduced to extend the standard picture of inertial range
in turbulence. Thus, collision-dependent power law scalings and analytical theory for the

181



182 CHAPTER 6. CONCLUSIONS

spectral indices have been derived, showing the transition to non-universal power laws
and to the dissipative regime.

Then, high-resolution numerical simulations with the gyrokinetic turbulence code
GENE have been performed in 2D2V, which have demonstrated the correctness of the
assumptions of the theoretical preditions and the resulting non-universal character of the
spectra. Moreover, a semi-empirical law for the actual dependence of the spectral indices
on the collision frequency has been obtained: this law is independent of the actual form
of collision operator and thus rather “universal”, provided that the collision frequency has
been appropriately normalized. For this purpose, several collision operators have been
used and a reduced µ-diffusive collision operator has been implemented in the GENE
code. Several diagnostic routines have been extended or implemented for the analysis
performed.

Despite the relative simplicity of the system under investigation, it seems plausible
that these results can be generalized and applied to more complicated systems. For in-
stance, it is reasonable to expect that also 3D GK turbulence in toroidal fusion devices
can exhibit variable power law scalings depending on the parameter settings. Such be-
havior has indeed been observed before, and the present work offers a possible explana-
tion. Similarly, 3D GK turbulence simulations applied to the solar wind dissipation range
display non-universal power law scalings as well as exponential corrections. Again, the
present work may provide a key to the understanding of this effect. Follow-up studies in
this direction will have to clarify if these conjectures are correct.

TWO-DIMENSIONAL HYBRID VLASOV-MAXWELL
ELECTROMAGNETIC TURBULENCE

For the first time ever, high-resolution numerical simulations of forced electromagnetic
hybrid-kinetic turbulence have been performed, using the HVM code. The simulations
cover nearly three order of magnitude in wave numbers, from the “large” MHD scales
down to the sub-ion gyroradius scale. This required a huge computational effort in order
to reach a quasi-stationary state and to investigate several sets of plasma parameters. Be-
fore, only freely decaying studies had been performed or reduced (gyro)kinetic or fluid
models had been used for the forced case, due to the enormous computational costs of
these kinetic models. Nevertheless, a fully developed turbulent state is needed for a more
comprehensive turbulence study. In the choice of the plasma parameters, the attention
has been focused on the effects of the resistivity, η, and on the effects of the plasma beta
parameter, β. For the analysis of the numerical results presented in this work, new outputs
have been explicitly implemented in the HVM code and almost all the diagnostic routines
for the data reduction and visualization have been developed and implemented.

The role of magnetic reconnection and its interplay with turbulence has been high-
lighted. On the one hand, it has been found that in all the cases the large-scale motion
leads to the formation of current sheets, which eventually undergo magnetic reconnection
with the consequent formation of magnetic coherent structures. On the other hand, these
reconnection processes inject energy into mid- and small-scale plasma motion, thus feed-
ing back turbulence which in turn build up other current sheets. This interplay eventually
leads to a fully developed turbulent state. These two fundamental processes, turbulence
and magnetic reconnection, clearly reveal themselves as intrinsically entwined processes
which feed on each other in a “symbiotic” way. For low enough resistivity, fast collision-
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less reconnection have been demonstrated to occur, leaving signatures similar to those
detected by recent in situ spacecraft measurements in the solar wind turbulence.

The role of resistive dissipation in steepening the turbulent spectra as it increases over
a certain level, leading to the transition to a non-universal power law regime, has been
shown.

The plasma beta has been found to be responsible for the nature of the emerging turbu-
lence: in the low-β regime, turbulence is mostly populated by whistler-like fluctuations,
while for higher β the turbulent fluctuations are mostly of Alfvénic nature. In both the
regimes, however, more than one spectral break have been observed. In particular, in the
sub-gyroradius range, two slopes can be identified. The actual position and the slopes
have been shown to depend on the relative position of the ion kinetic scales, di and ρi,
whose role has been then highlighted. This can be of help for the interpretation of the
solar wind turbulent spectra in the different regimes.

The role of collisionless anisotropy-driven instabilities in bounding the proton tem-
perature anisotropy as a function of the parallel proton beta, has been proven. It has
been shown also that a non-negligible fraction of the turbulent plasma follows nearly
double-adiabatic transformations in the (β‖ i, T⊥ i/T‖ i)-plane. Plots of the distribution of
the turbulent plasma in such parameter space are incredibly close to those obtained with
satellite data of solar wind turbulence.

Finally, for low enough resistivity, a remarkably good agreement of the obtained tur-
bulent spectra and the whole turbulent dynamics with the solar wind observations has
been achieved. This includes very diverse complex phenomena, such as (asymmetric)
Hall magnetic reconnection, multiple islands formation and the emergence of shock-
lets/SLAMS with their characteristic whistler precursors. An extremely realistic agree-
ment with the spacecraft observations has been achieved also for the plasma behavior in a
temperature anisotropy versus parallel plasma beta plane. Such a richness of phenomena,
would hardly have been obtained in the framework of decaying turbulence or within more
simplified models. The results presented here and their direct relation with spacecraft
observations provide a very strong indication of the capability of the HVM code to catch
the main physical features of realistic solar wind turbulence.

OUTLOOK

A deep understanding and a satisfactory modelling of plasma turbulence still remains
nowadays one of the most challenging problems in plasma physics and in space plasma
research. This is particularly true for small-scale turbulence, the so-called dissipation
range, where the kinetic effects come into play, controlling the energy cascade, redistri-
bution and, eventually, its dissipation. Such a problem definitely needs a kinetic approach.
However, a full kinetic treatment which includes both species, electrons and ions, is com-
putationally as much challenging as the problem itself, because of the huge amount of
spatial and time scales that one would need to resolve. This is especially true for the case
of forced turbulence, where one needs to include length scales which are much larger
than the ion scales and drive the system for a time much longer than any ion timescale
in order to reach a quasi-stationary state. However, the forced approach is the only one
able to reach a quasi-stationary turbulent state with the resulting energy spectra which
are close to the observations. This result, as shown in the present thesis, can be achieved
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by means of reduced kinetic models which retain the full ions kinetic physics. In fact,
the ion kinetic scales are encountered before those of the electrons and thus they are the
first ones which need to be resolved in dissipation range turbulence. Nevertheless, recent
gyrokinetic studies have suggested that electron kinetic effects may be relevant even at
the ion scales, k⊥ρi & 1, such as energy dissipation due to collisions. A first step to-
ward a better understanding of the problem would consist of a direct comparison of GK
and HVM turbulence. That could be done, for instance, already in a 2D3V configura-
tion. As it has been shown also in this work, understanding the role of collisionality in
weakly collisional plasmas is indeed a fundamental problem, which has relevant impli-
cations for small-scale turbulence. Furthermore, the synergies between the two models
can be essential for planning the next major steps in the direction of a more realistic and
comprehensive scenario. In this context, a two-fold strategy may prove useful (as a first
step). On the one hand, adopting the actual hybrid Vlasov-Maxwell model presented in
this work, one may investigate a broader sets of parameters in the 2D3V configuration and
compare the results with the gyrokinetic counterpart. This would include, for instance,
the effects of the electron-to-ion temperature ratio or the effects of more extreme values
of the plasma beta. Then, a natural further step would be to increase the dimensionality,
passing to 3D3V simulations. On the other hand, a more comprehensive electron physics
could be included in the HVM model in order to take into account for electron kinetic
effects, but still in a fluid modelling. This might be done, for instance, by including ei-
ther anisotropic electron pressure equations, finite Larmor radius effects and Landau fluid
closures for the electron heat fluxes (so also a modelling of the Landau damping would
be included). This latter feature, in particular, could be relevant for 3D3V simulations.
Finally, one could adopt a mixed description for weakly collisional plasmas, such as to
include gyrokinetic electrons and a collision operator which takes into account for the rel-
evant collisional dissipation. With these further studies, a better and deeper understanding
of plasma turbulence in the dissipation range could be achieved. In fact, such improve-
ments could eventually provide a more solid feedback to the theory of plasma turbulence,
to the interpretation of existing (or in progress) satellite observations and to the planning
of future space missions.



APPENDIX A

ANALYTICAL DISPERSION RELATIONS

FOR SLAB GYROKINETICS

We consider here the slab version of the gyrokinetic set of equations solved in GENE .
We allow for the presence of background gradients in the density, n0α, and in the temper-
ature, T0α, along the x-direction. The background magnetic field B0 is instead considered
to be uniform and directed along the z-axis. From the linearized version of the gyroki-
netic equations, we are going to derive the dispersion relation for ion temperature gradient
(ITG) and electron temperature gradient (ETG) turbulence, both for the simplest electro-
static limit and for the fully electromagnetic case. We then relate the results presented here
to the coefficients of the dispersion relation given in Ref. [72], which will be recovered
when background gradients are neglected. Thus, the dispersion relation presented here
represents a generalization of the one given in Ref. [72] when we allow for background
temperature and density gradients.

SECTION A.1

DISPERSION RELATION IN THE ELECTROSTATIC LIMIT

The linearized gyrokinetic Vlasov equation for the perturbed distribution function f1α of
the species α in the electrostatic limit is:

∂f1α

∂t
+ vT,αv‖

∂f1α

∂z
= −

[
$n,α +

(
v2
‖ + µB0 −

3

2

)
$T,α

]
F0α

∂φα
∂y
−vT,αv‖

qαF0α

T0α

∂φα
∂z

,

(A.1)
where we have defined the thermal speed vT,α ≡

√
2T0α/mα, the normalized gradients,

$n,α ≡ −(Lref/n0α)∂xn0α and $T,α ≡ −(Lref/T0α)∂xT0α, the background Mawxellian
F0α ≡ π−3/2 exp(−v2

‖ −B0µ), and the overbar means the gyro-average, which in Fourier
representation it is done with a multiplication by the zero order Bessel function J0, i.e.

φ̂k,α = J0(λα) φ̂k ,

with λα ≡ k⊥v⊥/Ωα = k⊥
√
µ/Ωα (and because of that which we explicitly write the

α subscript for the gyroaveraged electrostatic potential, φα). The gyrokinetic Vlasov
equation is then coupled with the Poisson equation for φ, which in Fourier representation
reads
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∑
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(A.2)
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where bα ≡ k2
⊥v

2
T,α/2Ω2

α and Γ0(bα) ≡ I0(bα) exp(−bα) with I0 the modified Bessel
function of the first kind, which is the result of an integration of the kind [178]

Γ0(bα) =

∫
J2

0 (λα) e−µ
′
dµ′ ,

with µ′ ≡ B0µ.

A.1.1 DISPERSION RELATION FOR TWO KINETIC SPECIES

Passing in Fourier representation with respect to the y and z directions, we can express
f̂k,α in terms of φ̂k via Eq.(A.1), i.e.

f̂k,α =
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(A.3)
where the wavevector lies in the yz-plane, k = (0, ky, kz) with the identification kz ≡ k‖,
and we have defined ξα ≡ ω/k‖vT,α. We can now insert this into Eq.(A.2) to obtain the
dispersion relation, i.e. something of the form{

k2
⊥λ

2
D +

∑
α

[Gα(k)− Tα(ω,k)]

}
φ̂k ≡ D(ω,k) φ̂k = 0 , (A.4)

where, writing sinthetically Eq.(A.3) as a transfer function acting on φ̂k, i.e.

f̂k,α = Tα(ω,k) φ̂k ,

we have defined the following functions:

Gα(k) ≡ q2
αn0α

T0α

[1− Γ0(bα)] , (A.5)

and
Tα(ω,k) ≡ qαn0απB0

∫
J0(λα)Tα(ω,k)dv‖dµ . (A.6)

By performing the integrals and using the definition of the plasma dispersion function

Z(ξ) ≡ 1√
π

∫
e−x

2

x− ξmdx ,

one finds for Tα the following expression:

Tα(ω,k) = −q
2
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ω
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where ∆(bα) ≡ Γ0(bα)−Γ1(bα) = (I0(bα)−I1(bα))e−bα has been defined. The dispersion
relation then is given by requiring D(ω,k) = 0, which yelds
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In Eq.(A.8), one usually neglects the first term since the Debye length is practically zero,
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Note that the above expression can be related with the coefficient A of Ref. [72], of which
it represents a generalization to the case of background gradients, that is
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and the dispersion relation in Eq. (A.9) then simply reads as the roots of A, i.e. A = 0.
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THE ITG AND THE ETG MODES

Let us derive the dispersion relation for the ITG and the ETG modes, separately. This is
achieved by considering an adiabatic response of one of the two species, i.e.

f
(ad)
1α = −qα φ

T0α

F0α ,

which means that the purely gyrokinetic response represented by the gyrokinetic distibu-
tion function is zero, h1α = 0.

As a first case, we consider the limit of adiabatic electrons,

f1e = −qe φ

T0e

F0e =
e φ

T0e

F0e ,

and (gyro)kinetic ions. In this limit, we obtain the ITG dispersion relation is obtained:
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On the contrary, if one considers the opposite case of adiabatic ions,
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and (gyro)kinetic electrons, the ETG dispersion relation:
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Note that the ETG mode is basically the ITG mode scaled to the electrons’ scales and
with the opposite charge sign.

DISPERSION RELATION WITHOUT GRADIENTS

When the background gradients are neglected, $n,α = $T,α = 0, the dispersion relation
in Eq. (A.9) simply reads

1 + Γ0(bi)ξiZ(ξi) +
1

τ

[
1 + Γ0(be)ξeZ(ξe)

]
= 0 , (A.13)

where the electron-to-ion temperature ratio, τ ≡ T0e/T0i, has been introduced and we
have used the fact that, for a globally neutral proton-electron plasma, qi = −qe = e and
the relation n0i = n0e holds.

Let us now to consider a simple analytical limit: the parallel propagation, bi = be = 0.
In this limit the Γ0 functions are Γ0(0) = 1. Moreover, considering the warm electron
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limit, τ � 1, and phase speeds that are in between the ion and the electron thermal
velocities, that is vth,i � ω/k‖ � vth,e. The latter condition, which has to be verified
a posteriori, translates in the limit of large plasma dispersion function argument for the
ions, ξi � 1, and in the small argument limit for the lectrons, ξe � 1 (which is actually
ξe = 0 if we neglect the electron mass, since ξα ∝

√
mα). In these limits, the plasma

dispersion function Z(ξi) can be approximated by

Z(ξi) ≈ i
√
πe−ξ

2
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)
,

and thus the dispersion relation in Eq. (A.13) reduces to
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τ
= 0 , (A.14)

Solving for ω = ωR+iγ and assuming weak damping, γ � ωR, leads to the dispersion re-
lation for the ion-sound waves in the zero-Debye lenght and massless electron limits [17]:

ωR = ± |k‖| cs (A.15)

and

γ = − |k‖| cs
√
π

8
τ 3/2 e−τ/2 (A.16)

where c2
s ≡ τv2

th,i/2 = T0e/mi is the ion-sound speed. It is then readily verified that the
conditions vth,i � cs � vth,e and γ/ωR = (π/8)1/2τ 3/2 exp(−τ 2/2) � 1 hold in the
warm electron limit, τ � 1.

SECTION A.2

THE FULLY ELECTROMAGNETIC CASE

We now derive the dispersion relation for the fully electromagnetic case. We divide this
step into two substeps, the first representing the case where only magnetic fluctuations
perpendicular to the mean magnetic field are present, that isB1‖ = 0, and then considering
the complete set of magnetic perturbations. The reason for this is that GENE (and also
other gyrokinetic codes, as the DNA code, for instance), can be set to consider this first
case, under certain assumptions. The expressions derived here can thus be helpful for
benchmark purposes of those codes against the corresponding analytical curve.

A.2.1 INTERMEDIATE CASE: NO PARALLEL MAGNETIC FLUCTUA-
TIONS

Neglecting the parallel perturbations of the magnetic field, i.e. B1‖ = 0, the linear gyroki-
netic Vlasov equation for the perturbed distribution function gα = fα+2qαv‖A1‖,α/mαvT,α

of the species α is:

∂gα
∂t

+vT,αv‖
∂gα
∂z

= −iky
[
$n,α +

(
v2
‖ + µB0 −

3

2

)
$T,α

]
F0αχ̂k,α−vT,αv‖

qαF0α

T0α

∂χα
∂z

,

(A.17)
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where we have defined the generalized gyroaveraged potential

χα ≡ φα − vT,αv‖A1‖,α .

The gyrokinetic Vlasov equation is now coupled with the Poisson equation for φ, which
in Fourier representation reads

φ̂k =

∑
α qαn0απB0

∫
J0(λα)ĝk,αdv‖dµ

k2
⊥λ

2
D +

∑
s
q2αn0α

T0α
[1− Γ0(bα)]

, (A.18)

and with the parallel component of the Ampére law, which in Fourier representation reads

Â1‖,k =

∑
α
β
2
qαn0αvT,απB0

∫
v‖J0(λα)ĝk,αdv‖dµ

k2
⊥ +

∑
s
β
2
q2αn0α

mα
Γ0(bα)

, (A.19)

DISPERSION RELATION FOR TWO KINETIC SPECIES WITH GRADIENTS

Using the same notation as in Sec. A.1, solving Eq. (A.17) for ĝk,α we get

ĝk,α = Tα(ω,k)
(
φ̂k − vT,αv‖Â1‖,k

)
, (A.20)

where the “transfer function” Tα(ω,k) is

Tα(ω,k) ≡ −

 qα
T0α

(
v‖

v‖ − ξα

)
+ ky

ξα
ω

[
$n,α +

(
v2
‖ + µB0 − 3

2

)
$T,α

]
v‖ − ξα

F0αJ0(λα) ,

(A.21)
which is actually the same as in the electrostatic case, but now it is applied to χ̂k =
φ̂k − vT,αv‖Â1‖,k. We now define the following quantities:

Tφ,α(ω,k) ≡ qαn0απB0

∫
J0(λα)Tα(ω,k)dv‖dµ ,

TA‖,α(ω,k) ≡ qαn0αvT,απB0

∫
J0(λα)v‖Tα(ω,k)dv‖dµ ,

NA‖,α(ω,k) ≡ qαn0αv
2
T,απB0

∫
J0(λα)v2

‖Tα(ω,k)dv‖dµ ,

and
Dφ(ω,k) ≡ k2

⊥λ
2
D +

∑
α

[Gα(k)− Tφ,α(ω,k)] (A.22)

DA‖(ω,k) ≡ k2
⊥ +

β

2

∑
α

[
q2
αn0α

mα

Γ0(bα) +NA‖,α(ω,k)

]
(A.23)

Gα(k) ≡ q2
αn0α

T0α

[1− Γ0(bα)] , (A.24)

By substituting Eq.A.20 into Eqs.(A.18)-(A.19), we find a linear system for the potentials,
i.e. Dφ(ω,k)

∑
α TA‖,α(ω,k)

−β
2

∑
α TA‖,α(ω,k) DA‖(ω,k)

 φ̂k

Â1‖,k

 ≡ D(ω,k) · Ψ̂ = 0 , (A.25)
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which means solving for det[D(ω,k)] = 0, that is

Dφ(ω,k)DA‖(ω,k) +
β

2

(∑
α

TA‖,α(ω,k)

)2

= 0 . (A.26)

By computing the integrals of Tα(ω,k), this is solved by using Eqs.(A.22),(A.23) and
(A.24). The integrals of Tα(ω,k) give the following expressions:

Tφ,α(ω,k) = − q2
αn0α

T0α

Γ0(bα)
[
1 + ξαZ(ξα)

]
− qαn0αky

$n,α

ω
Γ0(bα)ξαZ(ξα)

− qαn0αky
$T,α

ω

{
Γ0(bα)ξ2

α

[
1 + ξαZ(ξα)

]
(A.27)

−
(

1

2
Γ0(bα) + bα∆(bα)

)
ξαZ(ξα)

}

TA‖,α(ω,k) = − q2
αn0αvT,α

T0α

Γ0(bα)ξα

[
1 + ξαZ(ξα)

]
− qαn0αvT,αky

$n,α

ω
Γ0(bα)ξα

[
1 + ξαZ(ξα)

]
− qαn0αvT,αky

$T,α

ω

{
Γ0(bα)ξα

[
1

2
+ ξ2

α + ξ3
αZ(ξα)

]
(A.28)

−
(

1

2
Γ0(bα) + bα∆(bα)

)
ξα

[
1 + ξαZ(ξα)

]}

and

NA‖,α(ω,k) = − q2
αn0αv

2
T,α

T0α

Γ0(bα)

[
1

2
+ ξ2

α + ξ3
αZ(ξα)

]
− qαn0αv

2
T,αky

$n,α

ω
Γ0(bα)ξ2

α

[
1 + ξαZ(ξα)

]
− qαn0αv

2
T,αky

$T,α

ω

{
Γ0(bα)ξ2

α

[
1

2
+ ξ2

α + ξ3
αZ(ξα)

]
(A.29)

−
(

1

2
Γ0(bα) + bα∆(bα)

)
ξ2
α [1 + ξαZ(ξα)]

}

We rewrite the above expressions for convenience by noting that ξαvT,α is independent
of the species, i.e.

ξαvT,α ≡
ω

k‖
,
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we rewrite TA‖,α(ω,k) = (ω/k‖)T̃A‖,α(ω,k), where

T̃A‖,α(ω,k) ≡ − q2
αn0α

T0α

Γ0(bα)
[
1 + ξαZ(ξα)

]
− qαn0αky

$n,α

ω
Γ0(bα)

[
1 + ξαZ(ξα)

]
− qαn0αky

$T,α

ω

{
Γ0(bα)

[
1

2
+ ξ2

α + ξ3
αZ(ξα)

]
(A.30)

−
(

1

2
Γ0(bα) + bα∆(bα)

)[
1 + ξαZ(ξα)

]}

and, noting that we can analogously write

q2
αn0α

mα

Γ0(bα) +NA‖,α(ω,k) =
ω2

k2
‖
T̃A‖,α(ω,k)

which leads to a convenient rewriting of DA‖(ω,k) = (β/2)(ω2/k2
‖)D̃A‖(ω,k) in which

the modified quantity now read

D̃A‖(ω,k) ≡ 2

β

k2
⊥k

2
‖

ω2
+
∑
α

T̃A‖,α(ω,k) . (A.31)

Thus, the matrix formulation in Eq.(A.25) can be rewritten as Dφ(ω,k) ω
k‖

∑
α T̃A‖,α(ω,k)

−β
2
ω
k‖

∑
α T̃A‖,α(ω,k) β

2
ω2

k2‖
D̃A‖(ω,k)


 φ̂k

Â1‖,k

 ≡ D(ω,k) · Ψ̂ = 0 ,

(A.32)
and the condition that gives the dispersion relation now simply reads

Dφ(ω,k)D̃A‖(ω,k) +

(∑
α

T̃A‖,α(ω,k)

)2

=

(
k2
⊥λ

2
D +

∑
α

[Gα(k)− Tφ,α(ω,k)]

)(
2

β

k2
⊥k

2
‖

ω2
+
∑
α

T̃A‖,α(ω,k)

)
+

(∑
α

T̃A‖,α(ω,k)

)2

= 0 .

(A.33)
We can now relate the above coefficients to a generalization of the coefficients A and

B given in Ref. [72]. In fact we can identify

A ≡ T0i

q2
i n0i

∑
α

[Gα(k)− Tφ,α(ω,k)] ,

as done before, cf. Eq. (A.10), and

B ≡ T0i

q2
i n0i

∑
α

[
Gα(k)− Tφ,α(ω,k) + T̃A‖,α(ω,k)

]
= A +

T0i

q2
i n0i

∑
α

T̃A‖,α(ω,k) .
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Thus we get the expressions for A already given in Eq. (A.10) and the following general-
ization of B when background gradients are considered:

B =
T0i

q2
i n0i

∑
α

{
q2
αn0α

T0α

[
1− Γ0(bα)

]
− qαn0αky

$n,α

ω
Γ0(bα) + qαn0αky

$T,α

ω
bα∆(bα)

}
(A.34)

together with the definition
bi

ω2 ≡
2

β

k2
⊥k

2
‖

ω2
, (A.35)

where ω ≡ ω/|k‖|vA and in our notation bi is what is named αi in Ref. [72]. Thus,
neglecting the k2

⊥λ
2
D term, Eq. (A.33) leads to the same form of the dispersion relation of

Ref. [72], i.e.
bi A

ω2 − AB +B2 = 0 (A.36)

DISPERSION RELATION WITHOUT GRADIENTS AND SIMPLE ANALYTICAL LIMITS

When no background gradients are present, i.e. $n,α = $T,α = 0, and a globally neutral
electron-proton plasma is considered, i.e. qi = −qe = e and thus n0i = n0e, we indeed
recover the definitions in Ref. [72]:

A = 1 + Γ0(bi)ξiZ(ξi) +
1

τ

[
1 + Γ0(be)ξeZ(ξe)

]
, (A.37)

B = 1 − Γ0(bi) +
1

τ

[
1− Γ0(be)

]
, (A.38)

where we remind the reader that τ ≡ T0e/T0i is the electron-to-ion temperature ratio.
Considering the long-wavelength limit, bi � 1 and be ≈ 0, we can approximate the

Bessels and the exponentials to get Γ0(bα) ≈ 1−bα and thusB ≈ bi. Then, the dispersion
relation in Eq. (A.36) reduces to

bi A

(
1

ω2 − 1

)
= 0 , (A.39)

which has the solution ω2 = 1, that is the shear Alfvèn waves dispersion relation:

ω = ± |k‖|vA (A.40)

The shear Alfvén waves are in fact transverse magnetic perturbations propagating at the
Alfvèn speed vA along the background magnetic fieldB0 and are the only electromagnetic
waves that we can have in the long-wavelength limit when parallel magnetic perturbations
are neglected. Moreover, to the lowest order in k⊥ρi � 1, these waves are undamped and
would become weakly damped to the next order: however the present intermediate case
without parallel magnetic fluctuations we cannot derive the correct damping rates (see the
general electromagnetic case derived below for the correct damping rate in a simple case
or Ref. [72] for the damping rate derived in several limits).
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Considering now the opposite limit of small wavelengths, which is meant as the limit
bi � 1, but still be � 1, we now approximate the functions Γ0 as Γ0(bi) ≈ 0 and
Γ0(be) ≈ 1. Then, also taking the zeroth-order in ξe � 1, that is neglecting the term
ξeZ(ξe) ≈ 0, we obtain the approximated coefficients A ≈ 1 + T0i/T0e and B ≈ 1. This
leads to the following dispersion relation:

bi A

ω2 − A + 1 = 0 , (A.41)

which has the solution

ω = ± |k‖|vA k⊥ρi

√
1 + τ

2
(A.42)

The dispersion relation in Eq. (A.42) represents the kinetic Alfvén waves in the limit β →
0 (cf. Eq. (A.82) or Ref. [72]). In order to keep the finite-beta case, we need to allow for
parallel magnetic fluctuations (see below).

A.2.2 THE GENERAL CASE: INCLUDING PARALLEL MAGNETIC FLUC-
TUATIONS

We now include the parallel fluctuations of the magnetic field, i.e. B1‖ 6= 0. In this case
the generalized gyroaveraged potential is

χα ≡ φα − vT,αv‖A1‖,α +
T0α

qα
B1‖,α ,

where the gyroaverage of B1‖ is not just the multiplication by J0(λα), but it is

B1‖,α = 2
J1(λα)

λα
B1‖ ,

which complicate a bit the calculation. The gyrokinetic Vlasov equation is then coupled
with a modified version of the Poisson equation,

φ̂k =

∑
α qαn0απB0

∫
J0(λα)ĝk,αdv‖dµ+

∑
α
qαn0α

B0
∆(bα)B̂1‖,k

k2
⊥λ

2
D +

∑
s
q2αn0α

T0α
[1− Γ0(bα)]

, (A.43)

the parallel component of the Ampére law (which remains unchanged)

Â1‖,k =

∑
α
β
2
qαn0αvT,απB0

∫
v‖J0(λα)ĝk,αdv‖dµ

k2
⊥ +

∑
α
β
2
q2αn0α

mα
Γ0(bα)

, (A.44)

and the perpendicular Ampére law, which can be written as

B̂1‖,k = −
∑

α
β
2
qαn0αvT,α

πB
3/2
0

k⊥

∫ √
µJ1(λα)ĝk,αdv‖dµ+

∑
α
qαn0α

B0
∆(bα)φ̂k

2
β

+
∑

α
2n0αT0α
B2

0
∆(bα)

. (A.45)

Note that now Poisson equation and perpendicular Ampére law are coupled. It can be
shown that the B1‖ component of the fluctuations can be neglected with respect to φ in
the small-β limit, while it is important for finite-β plasmas (in particular for astrophysical
plasmas, where β is of order unity).
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A.2.3 DISPERSION RELATION FOR TWO KINETIC SPECIES

Using the same notation as in Sec.A.2.1, solving Eq.A.17 for ĝk,α we get

ĝk,α = Tα(ω,k)
(
φ̂k − vT,αv‖Â1‖,k

)
+Hα(ω,k)B̂1‖,k , (A.46)

where Tα(ω,k) is the same as in Eq.(A.21), whileHα(ω,k) is defined as

Hα(ω,k) ≡ − 2µ

( v‖
v‖ − ξα

)
+ ky

T0α

qα

ξα
ω

[
$n,α +

(
v2
‖ + µB0 − 3

2

)
$T,α

]
v‖ − ξα

F0α
J1(λα)

λα
,

(A.47)
Then, proceeding in the calculation as done before and using the same notation as in
Ref. [72], one gets the following relation in matrix form:

A A−B C

A−B A−B − bi
ω2 C + E

C C + E D − 2
β




φ̂k

− ω
k‖
Â1‖,k

T0i
qi

1
B0
B̂1‖,k

 ≡ D(ω,k) · Ψ̂ = 0 , (A.48)

where the generalized coefficients A and B are given in Eq. (A.10) and (A.34), respec-
tively, while the remaining generalized coefficients C, D and E are given by

C =
1

qin0i

∑
α

{
qαn0α∆(bα)ξαZ(ξα) + kyn0αT0α

$n,α

ω
∆(bα)ξαZ(ξα)

+ kyn0αT0α
$T,α

ω

[
∆(bα)ξ2

α [1 + ξαZ(ξα)] +

(
I3/2(bα)− 3

2
∆(bα)

)
ξαZ(ξα)

]}
,

(A.49)

D =
1

n0iT0i

∑
α

{
2n0αT0α∆(bα)ξαZ(ξα) +

ky
k⊥
n0αT0α

ω

k‖

$n,α

ω

√
2bα∆(bα)Z(ξα)

+
ky
k⊥
n0αT0α

ω

k‖

$T,α

ω

[√
2bα∆(bα)ξα [1 + ξαZ(ξα)] +

(
I2(bα)− 3

2

√
2bα∆(bα)

)
Z(ξα)

]}
,

(A.50)
and

E =
1

qin0i

∑
α

{
qαn0α∆(bα)+kyn0αT0α

$n,α

ω
∆(bα)+kyn0αT0α

$T,α

ω

[
I3/2(bα)−∆(bα)

]}
,

(A.51)
where we have introduced the integrals

I3/2(bα) ≡
√

2

bα

∫ ∞
0

µ′3/2J0

(√
2bα
√
µ′
)
J1

(√
2bα
√
µ′
)
e−µ

′
dµ′ , (A.52)

and

I2(bα) ≡
√

2

bα

∫ ∞
0

µ′2J2
1

(√
2bα
√
µ′
)
e−µ

′
dµ′ . (A.53)
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The above expressions have been defined from a more general integral relation, that
is [178]:

Iλ,µ,ν(α, γ) ≡
∫ ∞

0

xλ−1Jµ(αx)Jν(αx)e−γx
2

dx =

2−(1+µ+ν) αµ+ν γ−
λ+µ+ν

2
Γ
(
λ+µ+ν

2

)
Γ(µ+ 1)Γ(ν + 1)

× (A.54)

× 3F3

(
µ+ ν + 1

2
,
µ+ ν + 2

2
,
λ+ µ+ ν

2
; µ+ 1 , ν + 1 , µ+ ν + 1 ; −α

2

γ

)
where pFq is the generalized hypergeometric series and the conditions Re[λ+µ+ ν] > 0
and Re[γ] > 0 must hold [178]. Then, with the identification µ′ = x2, dµ′ = 2xdx,
α =
√

2bα and γ = 1, we can evaluate the integrals in Eqs. (A.52) and (A.53):

I3/2(bα) =
4√
2bα

I5,0,1

(√
2bα, 1

)
=

4√
2bα

1

4

√
2bα

Γ(3)

Γ(1)Γ(2)
3F3

(
1,

3

2
, 3; 1, 2, 2;−2bα

)
= (A.55)

Γ0(bα) − (2bα − 1)∆(bα) ,

and
I2(bα) =

4√
2bα

I6,1,1

(√
2bα, 1

)
=

4√
2bα

1

8
2bα

Γ(4)

Γ(2)Γ(2)
3F3

(
3

2
, 2, 4; 2, 2, 3;−2bα

)
= (A.56)√

2bα
[
Γ0(bα) − 2(bα − 1)∆(bα)

]
.

Thus, the generalized version of the coefficients C, D and E in Ref. [72] is:

C =
1

qin0i

∑
α

{
qαn0α∆(bα)ξαZ(ξα)

+ kyn0αT0α
$n,α

ω
∆(bα)ξαZ(ξα)

+ kyn0αT0α
$T,α

ω

[
∆(bα)ξ2

α

[
1 + ξαZ(ξα)

]
+
(

Γ0(bα)−
(
2bα +

1

2

)
∆(bα)

)
ξαZ(ξα)

]} (A.57)

D =
1

n0iT0i

∑
α

{
2n0αT0α∆(bα)ξαZ(ξα)

+
ky
k⊥
n0αT0α

ω

k‖

$n,α

ω

√
2bα∆(bα)Z(ξα)

+
ky
k⊥
n0αT0α

ω

k‖

$T,α

ω

√
2bα

[
∆(bα)ξα

[
1 + ξαZ(ξα)

]
+

(
Γ0(bα)−

(
2bα −

1

2

)
∆(bα)

)
Z(ξα)

]} (A.58)
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E =
1

qin0i

∑
α

{
qαn0α∆(bα) + kyn0αT0α

$n,α

ω
∆(bα)

+ kyn0αT0α
$T,α

ω

[
Γ0(bα)− 2bα∆(bα)

]}
(A.59)

Then, the implicit dispersion relation for the fully electromagnetic case is given by:(
bi A

ω2 − AB +B2

)(
2A

β
− AD + C2

)
= (AE +BC)2 (A.60)

where we remind that ω ≡ ω/k‖vA, bi ≡ k2
⊥ρ

2
i /2 and the generalized expressions for the

coefficientsA, B, C, D andE are given in Eqs.(A.10), (A.34), (A.57), (A.58) and (A.59),
respectively.

SECTION A.3
SIMPLE ANALYTICAL LIMITS WITHOUT BAKGROUND

GRADIENTS

When no background gradients are present, i.e. $n,α = $T,α = 0, and a globally neutral
electron-proton plasma is considered, i.e. qi = −qe = e and thus n0i = n0e, we indeed
recover the definitions of A, B, C, D and E given in Ref. [72]:

A = 1 + Γ0(bi) ξiZ(ξi) +
1

τ

[
1 + Γ0(be) ξeZ(ξe)

]
, (A.61)

B = 1 − Γ0(bi) +
1

τ

[
1− Γ0(be)

]
, (A.62)

C = ∆(bi) ξiZ(ξi) − ∆(be) ξeZ(ξe) , (A.63)

D = 2 ∆(bi) ξiZ(ξi) + 2 τ ∆(be) ξeZ(ξe) , (A.64)

E = ∆(bi) − ∆(be) . (A.65)

We now consider two distinct wavelength limits, i.e. the long- and the short-wavelengths
approximations. In the first case, one expects to find the magnetohydrodynamic (MHD)
waves (with damping) which are allowed by the gyrokinetic ordering (i.e. the shear Alfvén
waves and the slow waves, whereas the fast magnetosonic waves are ordered out). In the
second limit, we will instead find the kinetic (con)version of the MHD modes, e.g. the
kinetic Alfvén waves.

A.3.1 THE LIMIT OF LONG WAVELENGTHS

Let us consider first the long-wavelengths limit, be � bi � 1. In this limit, we can
approximate Γ0(bα) ≈ 1 − bα and ∆(bα) ≈ 1 − (3/2)bα. Moreover, we can neglect
terms which are of the order of the electron-to-ion mass ratio, δm ≡ (me/mi)

1/2, e.g.
be/bi = δ2

mτ � 1 and ξe/ξi = δm/
√
τ � 1, so the above coefficients can be approximated

by:

A ' 1 + (1− bi) ξi Z(ξi) +
1

τ
, (A.66)
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B ' bi , (A.67)

C '
(

1− 3

2
bi

)
ξi Z(ξi) , (A.68)

D ' 2

(
1− 3

2
bi

)
ξi Z(ξi) , (A.69)

E ' −3

2
bi , (A.70)

from which it is already clear that the right-hand side of Eq. (A.60) is of order O(b2
i ) and

thus it can be neglected. To the lowest order, the dispersion relation reduces to

bi A

(
1

ω2 − 1

)(
2A

β
− AD + C2

)
= 0 , (A.71)

in which all the coefficients, already approximated in Eqs.(A.66)-(A.70), will be further
approximated to the zeroth-order in bi, so A ≈ 1 − ξiZ(ξi) + 1/τ , C ≈ ξiZ(ξi) and
D ≈ 2ξiZ(ξi). Then, we have three (two plus one) modes, in principle. The first mode is
the electrostatic mode, A = 0, which gives the ion-sound waves, Eqs. (A.15)-(A.16), and
it can actually be derived also from the third factor, 2A/β−AD+C2 = 0, in certain limits
(i.e. in the limit β → 0, see below). The second mode is the shear Alfvén wave branch,
ω = ±1, which is undampend to the zeroth-order in the finite Larmor radius corrections,
bi → 0. However, it can be shown that for oblique propagation, keeping the first order
corrections in bi � 1 and considering the high-β limit, they are weakly damped [72]:

ω = |k‖| vA
(
± 1 − i

k2
⊥ρ

2
i

2

9

16

√
βi

π

)
(A.72)

The third mode corresponds to the roots of the third factor in Eq. (A.71), and to the
zeroth-order in bi can be rewritten as:

1 − ξi Z(ξi) +
1

τ
+ β ξi Z(ξi)

[
ξi Z(ξi)− 1− 1

τ

]
= 0 . (A.73)

Then, considering the limit of very small-βi, βi � 1, then ξi = ω/
√
βi � 1 and the

approximation ξiZ(ξi) ≈ i
√
πξie

−ξ2i − 1− 1/2ξ2
i holds, leading to the equation

i
√
π ξi e

−ξ2i − 1

2 ξi

+
1

τ
= 0 ,

from which, in the warm electron limit τ � 1, we obtain the dispersion relation for the
weakly-damped ion-sound waves:

ω = |k‖| cs
(
± 1 − i

√
π

8
τ 3/2 e−τ/2

)
(A.74)

In the opposite high-βi limit, βi � 1, we get ξi � 1 and we use the small-argument ex-
pansion of the plasma dispersion function, ξiZ(ξi) ≈ i

√
πξie

−ξ2i −2ξ2
i , so from Eq. (A.73)

we obtain

1 +
1

τ
− i√πξie

−ξ2i + 2ξ2
i + β

(
i
√
πξie

−ξ2i − 2ξ2
i

)(
i
√
πξie

−ξ2i − 2ξ2
i − 1− 1

τ

)
= 0 ,
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which, to the first-order in ξi, admits the purely imaginary solution ξi = −i/β√π, which
corresponds to the following non-propagating and purely damped slow mode:

ω = − i |k‖| vA√
πβi

(A.75)

A.3.2 THE LIMIT OF SHORT WAVELENGTHS

We now consider the short-wavelengths limit, that is bi � 1 and be � 1. In this limit,
the Bessel function approximations give Γ0(bi) = ∆(bi) ≈ 0, Γ0(be) ≈ 1 − be and
∆(be) ≈ 1− (3/2)be, so the dispersion relation coefficients are

A ' 1 +
1

τ

[
1 +

(
1− be

)
ξeZ(ξe)

]
, (A.76)

B ' 1 +
be

τ
, (A.77)

C ' −
(

1− 3

2
be

)
ξeZ(ξe) , (A.78)

D ' 2 τ

(
1− 3

2
be

)
ξeZ(ξe) , (A.79)

E ' − 1 +
3

2
be , (A.80)

where we have kept the first-order electron Larmor radius corrections, be � 1, and we do
not have yet made any further approximations for the electron plasma dispersion function,
Z(ξe). We now consider the limit of ξe � 1, so the electron plasma dispersion function
Z(ξe) can be expanded in such a way that, to the lowest order in ξe, the combination
ξeZ(ξe) is approximated by ξeZ(ξe) ≈ i

√
πξe. The dispersion relation, neglecting be � 1

for simplicity, can be written to the first order in ξe as

i
√
π ξe ω

2

[
1 + β(1 + τ)(1 + 2τ) − (1 + bi)(1 + τ)

(1 + τ)2

]
+ ω2

(
β

2
+

1

1 + τ

)
− i
√
π

(
1 + βτ(1 + τ)

1 + τ

)
ξe − bi = 0 , (A.81)

Then, the lowest order solution (i.e. neglecting ξe) is ω2 = 2bi(1 + τ)/[β(1 + τ) + 2],
which gives the real frequency of the kinetic Alfvé waves (KAWs) at finite beta,

ω = ± |k‖|vA k⊥ρi√
β + 2/(1 + τ)

(A.82)

and, keeping the first-order terms in ξe, assuming small damping rate, ω = ωR + iγ
with |γ| � |ωR, expanding the resulting equation around the real frequency as given by
Eq. (A.82), we obtain the KAWs’ weak damping rate:

γ = −√π |k‖|vA k2
⊥ρ

2
i

√
τ δ2

m

β

[
1

2
− 1 + (1 + τ)β

[2 + (1 + τ)β]2

]
(A.83)
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where we remind the reader that δ2
m ≡ me/mi is the electron-to-ion mass ratio and τ ≡

T0e/T0i is the electron-to-ion temperature ratio. For more complicated cases and limits,
we remand the reader to Ref. [72], since that would be out of the scope of this Appendix.
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SECTION A.4

EXAMPLE OF DETAILED CALCULATION: THE ELECTROSTATIC CASE

Here we give the detailed derivation of the term Ts(ω,k) in Eq.(A.6), which we rewrite
here for convenience:

Ts(ω,k) ≡ qαn0απB0

∫
J0(λα)Ts(ω,k)dv‖dµ ,

with

Ts(ω,k) = −

 qα
T0α

(
v‖

v‖ − ξα

)
+ ky

ξα
ω

[
$n,α +

(
v2
‖ + µB0 − 3

2

)
$T,α

]
v‖ − ξα

F0αJ0(λα) .

Writing esplicitly the various integrals, we realize that we have to evaluate four kinds of
integrations, i.e.

Ts(ω,k) = − q2
αn0α

T0α

πB0

∫
J2

0 (λα)
v‖

v‖ − ξα
F0αdv‖dµ︸ ︷︷ ︸

(I)

− kyqαn0α
$n,α

ω
ξα πB0

∫
J2

0 (λα)
1

v‖ − ξα
F0αdv‖dµ︸ ︷︷ ︸

(II)

− kyqαn0α
$T,α

ω
ξα πB0

∫
J2

0 (λα)
v2
‖

v‖ − ξα
F0αdv‖dµ︸ ︷︷ ︸

(III)

− kyqαn0α
$T,α

ω
ξα πB0

∫
J2

0 (λα)
µB0

v‖ − ξα
F0αdv‖dµ︸ ︷︷ ︸

(IV)

+
3

2
kyqαn0α

$T,α

ω
ξα πB0

∫
J2

0 (λα)
1

v‖ − ξα
F0αdv‖dµ︸ ︷︷ ︸

(II)

Let us go through them, one by one:

(I): This integral can be easily elauated by using the “trick” of rewriting

v‖
v‖ − ξα

=
v‖ − ξα + ξα
v‖ − ξα

= 1 +
ξα

v‖ − ξα
,

so, using the expression for F0α we rewrite

πB0

∫
J2

0 (λα)
v‖

v‖ − ξα
F0αdv‖dµ =

πB0

∫
J2

0 (λα)F0αdv‖dµ+ ξαπB0

∫
J2

0 (λα)
1

v‖ − ξα
F0αdv‖dµ =
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1√
π

∫
e−v

2
‖dv‖

)(∫
J2

0 (λα)e−µ
′
dµ′
)

+ξα

(
1√
π

∫
e−v

2
‖

v‖ − ξα
dv‖

)(∫
J2

0 (λα)e−µ
′
dµ′
)

=

Γ0(bα) + ξαZ(ξα)Γ0(bα)

(II): This integral is the easiest one and it was already computed inside the previous one,
i.e.

πB0

∫
J2

0 (λα)
1

v‖ − ξα
F0αdv‖dµ

=

(
1√
π

∫
e−v

2
‖

v‖ − ξα
dv‖

)(∫
J2

0 (λα)e−µ
′
dµ′
)

= Z(ξα)Γ0(bα)

(III): There are two ways to compute this integral. The first way is to use the “trick” of
rewriting

v2
‖

v‖ − ξα
=
v2
‖ − ξ2

α + ξ2
α

v‖ − ξα
=

(v‖ + ξα)(v‖ − ξα) + ξ2
α

v‖ − ξα
= v‖ + ξα +

ξ2
α

v‖ − ξα
,

so, we plug this inside the integral and, using the expression for F0α, we get

πB0

∫
J2

0 (λα)v‖F0αdv‖dµ = Γ0(bα)

(
1√
π

∫
v‖e
−v2‖dv‖

)
= 0 ,

πB0ξα

∫
J2

0 (λα)F0αdv‖dµ = ξα

(
1√
π

∫
e−v

2
‖dv‖

)(∫
J2

0 (λα)e−µ
′
dµ′
)

= Γ0(bα)ξα ,

πB0

∫
J2

0 (λα)
ξ2

v‖ − ξα
F0αdv‖dµ = Γ0(bα)ξ2

α

(
1√
π

∫
e−v

2
‖

v‖ − ξα
dv‖

)
= Γ0(bα)ξαZ(ξα) .

Thus the integral (III) yelds

πB0

∫
J2

0 (λα)
v2
‖

v‖ − ξα
F0αdv‖dµ = Γ0(bα)ξα [1 + ξαZ(ξα)]

The second way to compute this integral is by using the results of (I) and integrating
by parts. In fact, the inegral (I) can be rewritten by parts using

v‖e
−v2‖

v‖ − ξα
= −1

2

d

dv‖

[
e−v

2
‖

v‖ − ξα

]
− 1

2

e−v
2
‖

(v‖ − ξα)2
,

so, using the fact that the first term vanishes when integrated in v‖, we can write

−1

2

1√
π

∫
e−v

2
‖

(v‖ − ξα)2
dv‖ = Γ0(bα) [1 + ξαZ(ξα)] .

Then, we uses the integration by parts on (III), noting that

v2
‖e
−v2‖

v‖ − ξα
= −1

2

d

dv‖

[
v‖e
−v2‖

v‖ − ξα

]
− 1

2
ξα

e−v
2
‖

(v‖ − ξα)2
,

From which we readily get again the result (III) = Γ0(bα)ξα [1 + ξαZ(ξα)].
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(IV): This is evaluated by using the results for Bessel integrals of the form∫
J2

0 (
√

2bx)e−x
2

x3dx =
1

2
(1− b)Γ0(b) +

1

2
Γ1(b) ,

where Γn(b) ≡ In(b)e−b and we can identify x→ v⊥ →
√
µ′ (thus 2xdx = dmu′)

and
√

2bx→ λ, so∫
J2

0 (λα)e−µ
′
µ′dµ′ = (1− bα)Γ0(bα) + Γ1(bα) ≡ Γ0(bα)− bα∆(bα) ,

and then the integral (IV) is readily computed as

πB0

∫
J2

0 (λα)
µB0

v‖ − ξα
F0αdv‖dµ =

(
1√
π

∫
e−v

2
‖

v‖ − ξα
dv‖

)(∫
J2

0 (λα)e−µ
′
µ′dµ′

)
= Γ0(bα)Z(ξα)− bα∆(bα)Z(ξα) .

In general, an useful recurrence relation that can be used is the following:

v2n
‖

v‖ − ξα
= v

2(n−1)
‖

(
v‖ + ξα

)
+ ξ2

α

v
2(n−1)
‖

v‖ − ξα
∀ n ≥ 1

together with
v‖

v‖ − ξα
= 1 + ξα

1

v‖ − ξα
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(2014).

[92] P. W. Terry, A. F. Almagri, G. Fiksel, C. B. Forest, D. R. Hatch, F. Jenko,
M. D. Nornberg, S. C. Prager, K. Rahbarnia, Y. Ren, J. S. Sarff, Phys. Plasmas
19, 055906 (2012).

[93] V. Bratanov, F. Jenko, D. R. Hatch, M. Wilczek, Phys. Rev. Lett. 111, 075001 (2013).

[94] I. G. Abel, M. Barnes, S. C. Cowley, W. Dorland, A. A. Schekochihin, Phys. Plasmas
15, 122509 (2008).

[95] M. Barnes, I. G. Abel, T. Tatsuno, A. A. Schekochihin, S. C. Cowley, W. Dorland,
Phys. Plasmas 16, 072107 (2009).

[96] A. Brizard, Phys. Plasmas 11, 4429 (2004).

[97] S. S. Cerri, A. Banon Navarro, F. Jenko, D. Told, Phys. Plasmas 21, 082305 (2014).

[98] A. Mangeney, F, Califano, C. Cavazzoni, P. Travnivcek, J. Comp. Physics 179, 495
(2002).

[99] A.P. Matthews, J. Comput. Phys. 112, 102 (1994).

[100] F. Valentini, P. Travnivcek, F. Califano, P. Hellinger, A. Mangeney, J. Comp.
Physics 225, 753 (2007).

[101] K. Alvelius, Phys. Fluids 11, 1181 (1999).

[102] L. Palodhi, F. Califano, F. Pegoraro, Plasma Phys. Control. Fusion 51, 125006
(2009).

[103] F. Valentini, P. Veltri, F. Califano, A. Mangeney, Phys. Rev. Lett. 101, 025006
(2008).

[104] L. Palodhi, F. Califano, F. Pegoraro, Plasma Phys. Control. Fusion 52, 095007
(2010).

[105] L. Marradi, F. Valentini, F. Califano, EPL 90, 49002 (2010).



210 BIBLIOGRAPHY

[106] F. Valentini, F. Califano, P. Veltri, Phys. Rev. Lett. 104, 205002 (2010).

[107] S. Servidio, F. Valentini, F. Califano, P. Veltri, Phys. Rev. Lett. 108, 045001 (2012).

[108] S. Servidio, K. T. Osman, F. Valentini, D. Perrone, F. Califano, S. Chapman,
W. H. Matthaeus, P. Veltri, Astrophys. J. Lett. 781, L27 (2014).

[109] D. Perrone, F. Valentini, S. Servidio, S. Dalena, P. Veltri, Eur. Phys. J. D 68, 209
(2014).

[110] F. Valentini, S. Servidio, D. Perrone, F. Califano, W. H. Matthaeus, P. Veltri, Phys.
Plasmas 21, 082307 (2014).

[111] T. Passot, P. Henri, D. Laveder, P.-L. Sulem, Eur. Phys. J. D 68, 207 (2014).

[112] G. G. Howes, W. Dorland, S. C. Cowley, G. W. Hammett, E. Quataert,
A. A. Schekochihin, T. Tatsuno, Phys. Rev. Lett. 100, 065004 (2008).

[113] G. G. Howes, J. M. TenBarge, W. Dorland, E. Quataert, A. A. Schekochihin, R. Nu-
mata, T. Tatsuno, Phys. Rev. Lett. 107, 035004 (2011).

[114] J. M. TenBarge, G. G. Howes, Astrophys. J. Lett. 771, L27 (2013).

[115] J. M. TenBarge, G. G. Howes, W. Dorland, Astrophys. J. 774, 139 (2013).

[116] L. Franci, A. Verdini, L. Matteini, S. Landi, P. Hellinger, Astrophys. J. Lett. 804,
L39 (2015).

[117] W. Baumjohann, R. A. Treumann, Basic Space Plasma Physics, Imperial College
Press (1996).

[118] M. Faganello, F. Califano, F. Pegoraro, Phys. Rev. Lett. 101, 105001 (2008).

[119] R. A. Treumann, C. H. Jaroschek, R. Nakamura, A. Runov, M. Scholer, Adv. Space
Res. 38, 101 (2006).

[120] J. F. Drake, M. A. Shay, M. Swisdak, Phys. Plasmas 15, 042306 (2008).

[121] L. M. Malyshkin, Phys. Rev. Lett. 101, 225001 (2008).

[122] R. A. Treumann, W. Baumjohann, Frontiers Phys. 1, 31 (2013).

[123] Z. W. Ma, L. C. Wang, L. J. Li, Phys. Plasmas 22, 062104 (2015).

[124] S. Servidio, P. Dmitruk, A. Greco, M. Wan, S. Donato, P. A. Cassak, M. A. Shay,
V. Carbone, W. H. Matthaeus, Nonlin. Processes Geophys. 18, 675 (2011).

[125] G. G. Howes, J. Plasma Physics 81, 325810203 (2015).

[126] D. Told, F. Jenko, J. M. TenBarge, G. G. Howes, G. W. Hammett, Phys. Rev. Lett.
115, 025003 (2015).

[127] S. K. Lele, J. Comput. Physics 103, 16 (1992).



BIBLIOGRAPHY 211

[128] D. Biskamp, E. Schwarz, A. Zeiler, A. Celani, J. F. Drake, Phys. Plasmas 6, 751
(1999).

[129] H. J. Cho, A. Lazarian, Astrophys. J. 615, L41 (2004).

[130] H. J. Cho, A. Lazarian, Astrophys. J. 701, 236 (2009).

[131] D. Shaikh, Mon. Not. R. Astron. Soc. 395, 2292 (2009).

[132] O. Chang, S. P. Gary, J. Wang, Geophys. Res. Lett. 38, L22102 (2011).

[133] S. P. Gary, O. Chang, J. Wang, Astrophys. J. 755, 142 (2012).

[134] C. H. K. Chen, S. Boldyrev, Q. Xia, J. C. Perez, Phys. Rev. Lett. 110, 225002
(2013).

[135] E. Camporeale, D. Burgess, Astrophys. J. 730, 114 (2011).

[136] M. Mithaiwala, L. Rudakov, C. Crabtree, G. Ganguli, Phys. Plasmas 19, 102902
(2012).
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