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Abstract

Color centers in diamond, and in particular the nitrogen-vacancy center (NV center), have proven
promising for the emerging field of quantum technologies. In this thesis, new concepts for the ma-
nipulation and better understanding of the NV center dynamics will be addressed, along with the
proposal of novel fields of application. It comprises (i) a study of the NV coupling to intrinsic acous-
tical phonons in nanocrystals, (ii) the proposal for the bottom-up creation of NV arrangements on the
nanoscale by the ordered arrangement of nanodiamonds directed by biological scaffold structures,
(iii) the interferometry with nanodiamonds in search of signatures of quantum gravity and (iv) the
creation of an illustrative framework for the analysis and design of hybrid NV-nuclear spin couplings.

The NV embedding in the diamond crystal lattice naturally involves the coupling to vibrational de-
grees of freedom. On the nanoscale, the combination of discrete mode properties with significant
phonon coupling strengths has the potential for the coherent coupling of the NV center to selected
distinct modes. We analyze the nanodiamond size dependence of the coupling to low-energy acous-
tical phonon modes, thereby focusing on its (strong) impact revealed in energy shifts on the orbitally
distinct NV ground-excited state transition. In this way, the potential for coherent coupling for crys-
tal sizes . 30 nm is shown. Moreover, for the specific example of an elastic sphere, the breathing
mode is identified as promising, pairing close to homogeneous interaction with stable mode proper-
ties. Schemes for exploiting this phonon mechanism for the conditional manipulation of NV-centers
are constructed. This is achieved by introducing the phonon coupling to the ground state by Raman
transitions and a direct conditional coupling amongst NV centers is obtained in a dispersive regime.
Moreover, several concepts for improving the speed and robustness of such conditional gates are
addressed.

Scaling NV-centers in a controllable coherently-interacting way remains a crucial milestone for a wide
range of quantum applications. In contrast to the implantation approach in bulk crystals, we propose
an inverse bottom-up approach by assembling nanodiamonds on the nanoscale in designed biological
(protein) lattices. This allows for controlled distances of around ten nanometers, thus overcoming
fundamental resolution limitations of implantation techniques imposed by scattering. A complete
framework for the implementation of controlled quantum operations in such assembled nanodiamond
networks is presented. In particular, we show that the challenging random distribution of the NV
symmetry axis, combined with a magnetic field, allows for both beneficial individual addressing and
a uniform Ising-type coupling. A detailed study is carried out to analyze the decoherence properties
based on a diamond surface noise model; this then leads to the construction of fully decoupled gate
interactions by time-addition or second order driving methods. Applications, such as cluster state
computation or the simulation of Heisenberg chains are proposed and their viability in this framework
is supported by numerical simulations.

Interferometry with massive particles has potential in studying decoherence mechanisms, but also for
testing fundamental limitations of quantum mechanics. We propose and analyze the interferometry
with nanodiamonds in a Ramsey-Bordé setup in view of identifying mass enhanced quantum gravity
(QG) modifications of the energy dispersion. A phase suppression mechanism associated with the
thermal motion and gravitation turns out to render QG signatures inaccessible in such systems; as a
remedy a revised setup based on gravitational momentum inversion is constructed. A careful anal-
ysis of the interference pattern for different particles sizes, temperatures and decoherence influences
suggests typical nanodiamonds capable to shed light on the controversial discussions in the field of
QG. Moreover, simple widely applicable formulas for calculating the interference phase and path
contributions are derived.

Last, a framework for the interpretation and customization of coherent hyperfine-couplings between
a ‘pulsed decoupled’ NV-center and single nuclear spins is introduced. This is based on the filter



formalism widely known from decoherence descriptions, with the filter describing the external control
on the NV-center. Based on an analysis in the perturbative limit, thereby identifying the relation to
semiclassical frameworks and resonance conditions for the pulse spacing, this concept is extended
beyond that limitation by relying on ‘sliced evolutions’ of non-equidistant decoupling pulses. This
then allows for an intuitive interpretation and design of gate interactions both in the weak and strong
coupling limit, thus applicable for single spin sensing and the intended use of nuclear spins as a qubit.
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Introduction and Overview

Nitrogen vacancy color centers (NV center) in diamond distinguish themselves in a variety of proper-
ties from other controllable quantum systems as for example atoms, ions and superconducting qubits:

(i) They form a fully controllable spin-1 system, with the ability for direct optical access and read-
out.

(ii) Outstanding coherence times, reaching milliseconds at room temperature, enable to work under
ambient conditions. This allows for coherent quantum applications of the NV-center, both as
sensors and in quantum information, without the requirement for cooling or challenging vacuum
conditions.

(iii) As a solid state spin system, NV-centers are intrinsically connected to the diamond lattice struc-
ture and their properties are crucially influenced by the crystal composition. In particular, they
are sensitive to strain and vibrations, moreover coupled to other spins in the lattice. This both
can enable coherent interactions, but on the other hand forms the main source of relaxation and
decoherence.

(iv) Being embedded in the diamond crystal, they occur as ‘particles’ of significant size, which can
range from a truly macroscopic crystal to very small nanodiamonds. This offers a convenient
choice for a wide range of applications. Further, the crystal size is reflected in the properties of
the NV-center.

In this thesis, all of the above properties will be exploited and addressed for the construction of
schemes and proposals for quantum technologies with NV-centers. This covers concepts for scaling
up quantum systems with NV centers in a coherent fashion, exploiting new types of couplings and
interactions or combining the external ‘particle’ degrees of freedom with the NV center for interfer-
ometric applications. Such schemes provide new avenues for extending the application range of NV
centers, at the same time providing insight into its properties and how these can be manipulated for
the design of a highly customizable system. Furthermore, this comes with general techniques, whose
application can be straightforwardly adapted to other quantum systems.

The main results and contributions to the field of NV-center physics can be found in the chapters
4-7. This comprises the analysis of a new coupling method in nanocrystals, namely the coupling to
selected acoustical modes as will be discussed in chapter 4. Such an interaction is interesting both
for manipulating and sensing the phonon mode and as a mediating mechanism for coherent couplings
in NV-center systems. Moreover a bottom-up scaling approach based on nanodiamonds guided by
bio-molecules is introduced in chapter 5 for creating regular arrays of NV-centers with a high level of
controllability. To date, the absence of a reliable scaling method hinders considerably the extension of
NV-center physics to more than two centers involved. All the more, the method proposed along with
the concepts for the design of decoupled interactions does have the potential for overcoming these
limitations. Besides, an array of NV-centers forms a natural platform for the quantum simulation
of solid state spin systems or cluster state quantum computation approaches. Chapter 6 provides an
analysis of interferometry with nanodiamonds, focusing in particular on exploring the boundaries of
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standard quantum mechanics. That is, are there signatures of quantum gravity detectable in such an
interferometric setup? In fact, the ‘particle’ nature and the associated mass enhancement will turn
out to make nanodiamonds promising candidates for that task. Last, chapter 7 is dedicated to the
description of interactions between NV-centers and nuclear spins in a ‘filter formalism’ framework.
This leads to an illustrative description of the dynamics for different control sequences and is shown
to allow for tailoring the interactions even beyond perturbative limitations. Such a scheme exhibits
potential for gate design and the improvement of single spin sensing protocols.

An overview of the physics with NV-centers and the introduction of general methods that are fun-
damental at later stages of this work are provided in chapters 1-3. Here, besides giving an overview
of decoherence and its description in the literature, chapter 3 considerably extends that framework
providing a complete description for modelling the decay behaviour under continuous dynamical
decoupling with insight that has not been explicitly presented elsewhere in the literature.

More precise, this thesis is organized as follows:

Chapter 1 introduces the (negatively) charged NV center and its properties. Due to its relevance for
the phonon-coupling mechanism in chapter 4, the level structure is reviewed from a group theoretical
viewpoint, emphasizing the composition out of basic ‘quasi-localized’ orbitals. This concept, as
developed in [188, 83, 184], leads to a classification in terms of symmetries, which provides valuable
insight into coupling properties of the NV-center. For completeness, a basic introduction to group
theory is given at the end of this chapter. Furthermore, the level structure is discussed in addition from
a more applied viewpoint based on the vast literature and experimental research on that topic. This
involves an introduction of the energy separations, transition rates and pathways, the optical cycle
along with its associated mechanism for read-out and initialization, the NV-center spectral properties
and the temperature dependence. Owing to its particular importance as a spin qubit, a distinct section
is dedicated to the ground state spin-triplet manifold. Therein, its description under both magnetic and
electric fields, peculiarities associated with the hyperfine structure and the magnetic dipolar coupling
mechanism are reviewed; the latter in particular important for the anticipated conditional coupling
mechanism and for the understanding and modelling of decoherence properties in chapter 5.

Chapter 2 reviews methods for describing the evolution of quantum mechanical subsystems: The
method of ‘quasi-degenerate perturbation theory’ [64, 289] and the ‘projection operator technique’
[47]. The former concept allows for the derivation of effective Hamiltonians for far-detuned interac-
tions and is applied to the description of Raman transitions. This will be relevant both for the creation
of phonon mediated gates in chapter 4 and for creating a beam-splitter operation in interferometric
applications of chapter 6. A simple integral form for the calculation of such an effective Hamiltonian
is presented, and the method is connected to alternative approaches based on time-averaging, showing
their equivalence for a particular common form of the initial Hamiltonian. Moreover, formulas for
the transformation of Lindblad operators in that ‘effective’ description, again in view of their appli-
cation in chapter 4, are explicitly given. In contrast, the ‘projection operator technique’ focuses on
the derivation of a master equation for a composite quantum system. It allows for the description of
a subsystem, here the NV-center, thus eliminating the bath degrees of freedom, represented by the
spin-bath in diamond. Importantly, it correctly incorporates non-Markovian features and thus forms
the starting point for the derivation of a decoherence decay rate in the upcoming chapter 3.

Chapter 3, following a brief introduction of decoherence in the NV-center, provides a description of
decoherence decay in the presence of dynamical decoupling in a ‘filter-spectrum overlap’ framework.
Herein the ‘filter’ accounts for the decoupling control field, whereas the spectrum represent the noise
characteristics. An overview for both pulsed and continuous dynamical decoupling is given. Besides
reviewing the concept, a complete framework is presented for continuous dynamical decoupling, not
explicitly covered in this way in the related literature. In particular, a description of decoherence de-
cay for arbitrary initial superposition states is developed, with its rate dependence revealing a simple
interpretation as population and coherence decay in a dressed state picture. This is then made more
explicit by a discussion of both the uncorrelated and quasistatic noise limit. Furthermore, the validity
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range of the formalism for Gaussian noise is analyzed, revealing a reliable description except for a
cross-over regime between Markovian and non-Markovian behaviour. This chapter ends with an ex-
planation of the numerical implementation of the noise process, as used for the simulations presented
in chapter 5.

Chapter 4 presents a new coupling mechanism for the NV-center, the coupling to intrinsic low-energy
acoustical phonons. This mechanism is based on strain-dependent energy level shifts on the ground-
excited state transition, a result of their distinct orbital configurations. In particular, the size depen-
dence of such a coupling mechanism is analyzed in detail, showing that a significant coupling can
be expected exclusively in nanocrystals. In crystal sizes . 30 nm such a phonon mechanism is thus
reflected in energy level shifts in the GHz range, providing in addition a discrete mode spectrum in
the THz range. As a particular example, the mode spectrum and its coupling properties are analyzed
for an elastic sphere. In that model, the lowest energy breathing mode is identified as promising,
pairing encouraging homogeneous coupling properties near the crystal center with a clear separation
from other modes. Besides enabling the manipulation of the mode itself, we propose to use such
a vibrational mode as a coherent data bus for conditional quantum operations amongst NV-centers
accessible for nanodiamonds up to 20-30 nm in diameter. For that task, the phonon-coupling is in-
troduced to the ground state spin triplet of the NV-center by a Raman transition, which then allows
for the construction of conditional phonon-based gate interactions amongst NV-center. Several meth-
ods to increase the robustness and speed of such an implementation, both by relying on a dispersive
phonon coupling and choosing symmetric laser configurations or adding microwaves, are addressed.
Last, this coupling mechanism is compared to a direct phonon coupling mechanism in the ground
state, emphasizing its difference in coupling strength and origin.

Chapter 5 is dedicated to the development of a ‘scalable’ system of NV centers, based on arranging
nanodiamonds on a protein template on the nanoscale. Such a system does reveal promise to over-
come the limitations that are currently associated with scaling methods based on ion-implantation in
bulk crystals. This work has been pursued in an experimental collaboration with the groups of Prof.
Yossi Paltiel, Prof. Danny Porath and Prof. Oded Shoseyov at the Hebrew University of Jerusalem
(see also the declaration of cooperations on page 207). However, the chapter focuses mainly on a
theoretical analysis of concepts for the implementation of coherent quantum operations in such net-
works; experimental results on the achievement of nanodiamond ordering on protein scaffolds will
be addressed only briefly and many more details to that can be found in [A2] (page v). In particular,
the coherence properties under continuous dynamical decoupling in such a nanodiamond system are
analyzed incorporating a surface spin model combined with a ‘white noise’ component. This shows
that pure diamonds combined with microwave drivings in the MHz range enable coherent quantum
operations in such networks. The combination with a magnetic field enables the creation of a uniform
dipolar coupling along with the capability for individual addressing in a system of randomly oriented
symmetry axes. Implementations for a fully decoupled Ising-type interaction, based either on time
addition or a second order microwave driving are proposed. Finally, this leads to the numerical simu-
lation for implementing both cluster state computation and quantum simulations (Heisenberg chains)
in such a framework.

Chapter 6 introduces a proposal for detecting signatures of quantum gravity (QG) in an interfero-
metric (Ramsey-Bordé) setup with nanodiamonds. Such a concept, based on proposals for testing
quantum gravity in quantum optical setups [17, 219] exploits the ‘massive particle’ nature of nanodi-
amonds, potentially capable of enhancing QG modifications to quantum mechanics. The combination
with the internal degrees of freedom allows then to detect these signatures as phase and population
oscillations on the NV-center. We carefully analyze such a setup for different nanodiamond sizes and
in this way identify the QG contribution promising for verification. However, it will turn out that
both thermal motion and the influence of gravitation render this contribution inaccessible in standard
setups, thus leading to the proposal of a revised setup for phase recovery based on gravitational mo-
mentum inversion. Several decoherence sources are analyzed with proposals for their decoupling; and
in fact such a setup can be considered as promising for decoherence studies itself. Moreover, simple
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widely applicable formulas for the interferometric phase calculation based on the kinetic energy are
presented. In addition an analysis of the total interference pattern including open paths is carried
out, addressing its dependence on the particle size and temperature. These results can be straightfor-
wardly adopted to a wide range of interferometric setups. Last, this chapter will be put into context
and compared to other proposals for nanodiamond interferometry and QG measurements.

Chapter 7 is dedicated to the application of the ‘filter formalism’, a concept widely used in the de-
coherence framework of chapter 3, for describing coherent interactions in hybrid NV-nuclear spin
systems. This allows for an intuitive interpretation of the type of gate interaction, both conditional
and unconditional, and its dependence on different pulsed decoupling configurations and coupling
regimes. Moreover, in the weak-coupling limit, a close similarity to the filter description for deco-
herence is revealed, as has been frequently observed in the literature. Albeit such a perturbative filter
analysis is shown to provide a reliable description exclusively for short times and rotation angles, we
identify ‘resonance’ conditions for which such a description is exact even for long times. Moreover
these limitations can be overcome by a ‘sliced evolution’ of alternating pulse spacings, which then
allows for the construction of gates for various rotation angles. This latter framework, besides for
gate design, can be applied to the interpretation of the evolution dynamics under equidistant decou-
pling sequences outside the perturbative limit. Apart from providing valuable insight in NV-nuclear
spin gates and sensing experiments, the concepts may have impact for the construction of single spin
sensing protocols beyond the perturbative limitations.

Last, this thesis ends with a Concluding Remarks and Outlook section, that summarizes some of the
key points, their impact on current experiments and proposals, and addresses open questions that yet
have to be resolved.
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Chapter 1

The nitrogen vacancy center in diamond

1.1 Introduction

Solid state spin systems, ranging from electronic spins in quantum dots, phosphorous donors in silicon
to color centers in diamond, form promising candidates for the emerging field of quantum technolo-
gies [24]. A wide variety of such color centers, that is luminescent lattice defects, have been reported
in diamond [5, 6]. Amongst these, a particular role can be ascribed to the nitrogen-vacancy center
(NV center) [119], a point defect composed of a nitrogen atom adjacent to a vacancy site that can
occur in four different orientations within the diamond crystal [218, 171]. Both a negative (NV−)
and neutral (NV0) charge state [199, 103] have been reported; with the predominant role captured
by the negative one [85], in the following referred to by the notion ‘NV center’, due to its ability
for optical spin read out and initialization [144]. Besides, coherent manipulation of its ground state
spin [143] combined with long coherence times up to milliseconds at room temperature [25] make it a
promising candidate both for quantum information and metrology tasks. Coherent interactions in the
quantum regime between NV centers and nuclear spins (C-13 and nitrogen) [104, 92, 275, 203], other
NV centers [87] and photons [271] have been demonstrated, and proposed for phonons recently [32,
A1]. Thus its applications are numerous, ranging from quantum information applications [143, 275],
nanoscale and room temperature magnetometry [134, 230], biolabelling [191, 246], electric [86], tem-
perature [164, 206] and strain sensors [178, 210], to single photon sources for quantum cryptogra-
phy [165, 6].

In the following the level structure and properties of the NV-center along with its coupling to external
fields will be covered in more detail. Section 1.2 gives an overview of the NV energy level struc-
ture and its composition of localized orbitals based on symmetry considerations. This is followed
by a more quantitative analysis of the energy level properties, lifetimes and allowed transitions in
section 1.3. Due to its particular importance, the ground state level structure, its influence under ex-
ternal fields, the fine structure and magnetic dipolar coupling will be the subject of section 1.4. Last,
a basic introduction to group theory with a focus on the application for the NV center will be given in
section 1.5. Appendix 1.A provides the character table of the NV-center symmetry group C3v and the
product table for the irreducible representations.

1.2 Energy level structure of the negatively charged nitrogen vacancy
center from a symmetry based viewpoint

The nitrogen vacancy center in diamond forms a tetrahedral structure in the diamond crystal charac-
terized by an empty lattice position (‘a vacancy’) and an adjacent nitrogen atom replacing a carbon
atom in the diamond structure (see figure 1.1). Such a stable configuration locally reduces the sym-
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metry of the diamond crystal. That is, the symmetry of the NV-center is described by a point group
that is a subgroup of the total symmetry group of the crystal. As a consequence, Bloch states that
represent the energy bands of the diamond crystal are not an appropriate description for the defect
center itself. In contrast, a discrete atomic-like energy level structure forms within the 5.5 eV bandgap
of diamond [85, 188] localized to the defect center. For the negatively charged nitrogen vacancy cen-
ter this level structure is in particular characterized by the existence of a ground state spin-1 triplet
with the ability for optical readout, initialization [144] and long coherence times [25] even at room
temperature.

A natural starting point for getting insight into the level structure of the NV-defect consists in ana-
lyzing its symmetry properties. The NV-center is characterized by the symmetry (point-) group C3v

equivalent to a symmetry under rotations by 120◦ around its symmetry N−V axis and for vertical
reflections at planes comprising that axis and intersecting one of the carbon atoms. As the Hamilto-
nian of the NV-center defines that symmetry, or equivalently commutes with the symmetry operators
involved, its eigenstates, their symmetries and degeneracies can be deduced from basic properties of
the symmetry group. The underlying theoretical framework is known as group theory [90, 65] and a
short introduction is given in section 1.5.

In a Born-Oppenheimer approximation, the electrons can be regarded as moving in the quasi-static
field generated by the nuclei [188]. For the nitrogen-vacancy center the electronic system can then
be described by orbitals associated to each of the carbon and nitrogen nuclei involved in the NV
structure [188, 83, 184], the so called dangling bonds of unpaired electrons and denoted as σi in
figure 1.1 (i). These orbitals however do not yet form an appropriate basis in accordance with the C3v

symmetry of the center, which is given by a basis of the symmetry operators. Or in the language
of group theory, the Hamiltonian eigenstates have to transform as characterized by an irreducible
representation of the C3v symmetry group. Three such irreducible representations A1, A2 (both one
dimensional), and E (two dimensional), exist for the C3v group [90], that are tabulated in form of
character tables as shown in table 1.A.1 (page 25). The transformation properties of eigenstates can
be classified by a particular irreducible representation, transforming under symmetry operations as
the basis functions of this representation. States transforming as A1 are totally symmetric under any
of the symmetry operations in the group. Moreover, states transforming as E appear in the form of
two degenerate levels. A more detailed discussion can be found in section 1.5.3.

By the linear combination of atomic orbitals (LCAO) of the dangling bond orbitals, a new basis in
accordance with the C3v symmetry can be created [188, 83], which is explained in more detail in
section 1.5.4: two orbitals a1 and a2 that transform as A1, and two degenerate orbitals ex and ey that
transform asE. These orbitals are occupied by a total number of six electrons for the NV− center, one
from each carbon, two from the nitrogen atom and one from the negative charge as given by donors
in the diamond crystals such as additional nitrogens [184, 188, 83]. In its ground state combination
(see figure 1.1) both the a1 and a2 orbitals are fully occupied each with two electrons of antiparallel
spin. The ex and ey orbitals are only partly filled with a reminder of two holes. For the excited state
one electron in a2 is promoted to the ex/y levels leaving one hole in a2 and one in e. The description
of the six electrons can be more simply described by two holes with respect to a complete filling of
the orbitals. The ground state levels are then denoted by the orbital configuration (e2) and the excited
state levels by (ae). Moreover the fermionic nature of the electrons requires the total combined wave-
function of spin and orbital degrees of freedom to be antisymmetric under permutations. Furthermore
as will be motivated in section 1.5.5, the spin singlet combination transforms as A1, whereas triplet
configurations transform as A2 (ms = 0) and E (|ms| = 1), respectively. The resulting states, cor-
responding to the energy levels of the NV− center are tabulated in table 1.1 and the levels that are
currently agreed on playing a relevant role for the NV− properties [85] are depicted in figure 1.1 (iii).
The ground state is given by the spin-triplet 3A2, based on the insight that an antisymmetric electronic
configuration minimizes the electron-electron Coulomb coupling [188]. Some modifications, in par-
ticular as it concerns the excited state triplet 3E level structure, arise at higher temperatures (room
temperature) [228, 101] and are addressed in section 1.3.1 and in the level scheme of figure 1.3.
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It is important to note that the ms=1 spin states of the 3E excited state spin triplet as given in
table 1.1, though they form a proper symmetry basis for the uncoupled orbital and spin degrees of
freedom, are not proper eigenstates in a coupled system of spin and orbit. Such a coupling arises as
a result of the symmetry preserving spin-orbit coupling and necessitates to combine the |ms| = 1-
states to a new basis each characterized by a unique symmetry representation and labelled accordingly
(|A1〉, |A2〉, |E1,2〉) in the level scheme of figure 1.1. The resulting superpositions as can be found in
table 4.1 (page 62) form entangled states of spin-and orbit and allow for transitions involving a change
in the spin-state [271]. In contrast, the two degenerate ms = 0 levels that agree with the ones given
in table 1.1, are named |Ex〉, |Ey〉.
Apart from providing insight into the level structure, the symmetry properties further enable the iden-
tification of allowed transitions (selection rules) [271, 85]. Under any completely symmetric Hamil-
tonian (A1) the degeneracies are preserved and only states of the same symmetry can be coupled.
Such Hamiltonians comprise the ones describing the defect center itself, as Coulomb interactions of
electrons and nuclei, spin-orbit couplings and spin-spin interactions, but also external perturbations
that preserve the total symmetry [188]. A spin-orbit coupling has been identified between the |A1〉
(3E) excited state and the 1A1 singlet state [113, 188], that is crucial for the initialization and read-
out properties of the NV center as will become clear in the upcoming section. Further, a spin-spin
coupling couples the ms=0 states of E symmetry to the |ms|=1 states of the same symmetry within
3E [188].
Generally, a perturbation (Hamiltonian) of a particular symmetry applied on a state only allows for
couplings to states, whose symmetry properties as denoted by the irreducible representations are in-
cluded in the direct product of the representations of the Hamiltonian and the original state. These
multiplications are given in table 1.A.2 (page 25). That is, a transition from a state with symmetry
A1 to a state with symmetry E requires a (non-totally symmetric) perturbation of symmetry E. Such
considerations have lead to selection rules for optical transitions [271] and are explained in greater
depth in section 1.5.3.
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Figure 1.1: Combination of orbitals and energy level structure of the NV− center at low tem-
peratures. (i) The NV center defect composed of a nitrogen atom (N) a vacancy (V) and three carbon
atoms. Localized orbitals (‘dangling bond orbitals’) |σi〉 can be ascribed to each of the nuclei in-
volved. The symmetry operations (rotations C3 and vertical reflection planes σd-σf ) are denoted in
the top-view illustration. (ii) A linear combination of orbitals enables the creation of four new orbitals
{a1, a2, ex, ey} that are superpositions of the dangling bond orbitals and transform according to the
C3v symmetry group of the NV center. For the negatively charged center (NV−), these orbitals are
filled with six electrons. Consequently a remainder of two holes remains in the uppermost energy
levels for the ground state configuration (e2) (left) and one hole both in a2 and e for the excited state
configuration (ae) (right). (iii) Energy level structure for the NV− at low temperatures (. 10K)
separated in spin triplet and singlet states. Only the singlet states that are considered relevant in the
NV spin dynamics are shown. The level configurations follow out of table 1.1. The behaviour in
the presence of strain in x-direction is shown for the excited states and will be relevant for in the
discussion of phonon-couplings in chapter 4.
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configuration orbital spin symmetry notation

|exey − eyex〉⊗





| ↑↓ + ↓↑〉 A2 ⊗A2 = A1

e2 | ↑↑〉
A2 ⊗ E = E

3A2

| ↓↓〉
|exex − eyey〉




⊗

E ⊗A1 = E 1E
e2 |exey + eyex〉 | ↑↓ − ↓↑〉

|exex + eyey〉 A1 ⊗A1 = A1
1A1

|aex − exa〉
|aey − eya〉

⊗





| ↑↓ + ↓↑〉 E ⊗A2 = E

ae | ↑↑〉
E ⊗ E = A1 ⊕A2 ⊕ E

3E

| ↓↓〉

|aex + exa〉
|aey + eya〉




⊗ae | ↑↓ − ↓↑〉 E ⊗A1 = E 1E

Table 1.1: Ground and excited state levels for the NV−-center in diamond. Energy levels for the
ground (e2) and first excited (ae) orbital configuration [188]. From top to bottom: The ground state
triplet (3A2) and singlet (1E,1A1) states and the excited triplet (3E) and singlet (1E) states. The
orbital and spin states are combined such as to make the total fermionic wavefunction antisymmetric
under permutation. The symmetry follows as the direct product of the irreducible representations of
the orbital and spin degrees of freedom; states that transform as E are two-fold degenerate. Hori-
zontal dashed lines separate states of different symmetries within the same orbital configuration. The
very right column indicates the widely used notation for the state manifolds, composed of the orbital
symmetry (irreducible representation) and an upper index 3 and 1 for the spins in a triplet or singlet
configuration, respectively. For the |ms| = 1 states in 3E, the combined wavefunctions do not yet
form proper eigenstates for Hamiltonians with symmetry C3v that couple orbital and spin degrees of
freedom, i.e. spin-orbit coupling. They have to be combined in superpositions, with one of the new
basis elements transforming as A1, one as A2 and two degenerate levels transforming as E, resulting
in entangled states of spin and orbit [188, 271, 84] given in table 4.1 (page 62). The indicated trans-
formation properties of the orbital states can be easily deduced from the basis functions as given in
the character table 1.A.1 (page 25): as |a〉 is totally symmetric (A1), the symmetry properties depend
only on the |ex,y〉 contributions that transform as the coordinates x and y, respectively. Therefore any
superposition of the states |aex,y〉 transforms as x,y and thus as E, |exey − eyex〉 transforms as the
axial vector Rz = xy − yx as A2, |exex + eyey〉 as x2 + y2 as A1, etc.
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1.3 Energy level properties, transition rates, initialization and readout

1.3.1 Energy level structure, properties and temperature dependence

The relevant level structure for the description of the NV− spin dynamics consists of a ground state
spin-1 triplet 3A2, the six excited states 3E that effectively form a two-fold triplet structure at room
temperature and two intermediate singlet states. It is shown in the low temperature regime in figure 1.1
and at room temperature in figure 1.3. The states adopt the configurations as given in table 1.1.

The ground state spin-triplet 3A2 forms the relevant spin-1 system for a wide range of applications
in quantum computation and sensing. Due to its particular relevance as a spin qubit for sensing
and quantum information applications, it is discussed in more detail in the separate section 1.4. Its
different spin sublevels ms=0 and ms=± 1 are relatively split by a zero-field (crystal field) splitting
D, that forms a natural quantization axis of the system. This zero-field splitting has been identified [1,
57, 272] to be temperature dependent, taking the values D=2.88 GHz in the low temperature regime
(<10 K) and decreasing to D=2.87 GHz at room temperature as a result of thermal lattice expansion.
The non-linear dependence (∼ 74−100 kHz/K) [1, 272] paves the way for applying the NV-center
as a sensitive and robust thermometer [164, 206] on the nanoscale.
Lifting in addition the degeneracy of the ms=± 1 fine structure sublevels can be achieved by means
of an axial magnetic field. Microwaves then allow for the addressing, manipulation and coupling of
individual levels.

The excited state levels 3E are separated from the ground state triplet by an optical transition of
1.95 eV. Their detailed level structure properties depend crucially on the temperature regime as illus-
trated in figure 1.2.

In the regime of low temperatures (. 10 K), the excited states 3E are characterized by six distinct
states as illustrated in figure 1.1 and tabulated in tables 1.1 and 4.1 (page 62): The ms=0 states
|Ex〉, |Ey〉 and the |ms|=1 states {|A1〉, |A2〉, |E1〉, |E2〉}[28] with a fine structure splitting as in-
dicated in figure 1.2. Remarkably, in this low temperature limit and for low strain (i.e. a perfect C3v

symmetry), the |ms|=1 states occur in entangled combinations of spin and orbital momentum, thus
in superpositions of the two different spin projections ms= ± 1 [188, 271]. Such a configuration,
along with the 3A2 ms=± 1 ground states allows for a lambda-system and has been used for optical
spin manipulation and spin-photon entanglement [271]. Moreover it is important for the spin-phonon
coupling as discussed in chapter 4 and for creating a Raman beam splitter operation in chapter 6. Cou-
plings between those levels, as can occur by symmetry reducing processes such as non-axial strain or
phonon induced orbital averaging, destroy such a lambda-scheme. It is therefore available exclusively
in the low temperature and strain regime, protected against mixing by the ∼ 5 GHz spin-orbit level
splitting.

At room temperature the six excited states involved in the NV− center can be effectively described as
a spin triplet [101, 228, 83, 113] similar to the ground state 3A2. This triplet state is characterized by
a spin-spin coupling induced splitting Des=1.42 GHz, which turns out to be stable amongst different
samples and with respect to strain [228, 28]. Such a process is the result of an orbital mixing (dy-
namical Jahn-Teller effect), a spin conserving phonon induced averaging process within the excited
ms=0 and |ms|= ± 1 excited states [83, 113], which reveals a characteristic temperature scaling of
a two phonon process [113, 101]. That is, any excited population is equally distributed amongst the
coupled states on a timescale much shorter than the radiative decay rate. The effective levels are
characterized by the properties and energies of the averaged states and the spin and orbital degrees
of freedom become decoupled. This averaging process has been characterized recently [113] in the
low temperature regime by observing directly the depolarization of the emitted radiation. Such an
analysis provides evidence that whereas at a temperature ∼ 5 K this phonon induced orbital averag-
ing turns out to be completely frozen, thus mixing can be neglected, at a still rather low temperature
of ∼ 22 K orbital averaging already restores the room temperature excited state lifetimes [113]; on
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Figure 1.2: Excited state level structure. left: Excited state level structure, with the states labelled
according to their symmetry transformation properties. Spin-orbit coupling leads to a splitting λz =
5.3 GHz. For the spin-spin interactions Des = 1.42 GHz and ∆ = 1.55 GHz [28]. A transverse
spin-spin coupling component weakly couples the different spin states (Ex, Ey) to (E1, E2) (red
arrows) [188]. Blue arrows denote the orbital averaging processes, that onset at higher temperatures
(∼ 10−20 K) [228, 113]. Right: Excited state level structure at room temperature, with the spin-orbit
coupling completely suppressed by orbital averaging process.

the other hand significant deviations in ODMR signals from the room temperature behaviour have
been reported at around 150 K [28]. This is in accordance with the observation of a level anticrossing
characteristic for the room temperature excited state structure, that has been reported to reduce below
100 K and completely vanishes at around 25 K [228].

A further crucial role for the spin dynamics, in particular as it concerns the initialization and readout
process, can be attributed to two intermediately located spin-singlet states 1A1 and 1E, separated
in energy by 1.19 eV [227]. The infrared optical transition between the two singlet states has been
spectroscopically observed [227, 3, 2], correlated to the spin relaxation process from and to the triplet
states. In addition to that process, that only partly accounts for the observed transition rates, a domi-
nant non-radiative phonon coupling is expected to connect the singlet state 1A1 to 1E [227]. Whereas
the singlet state 1A1 decays almost instantaneously (≤ 1 ns) to 1E [3, 2], the 1E state is metastable
(‘shelving state’), characterized by a highly temperature dependent lifetime of ∼ 370-460 ns for a
temperature .4 K and around 175−220 ns at room temperature [2, 225]. The relative energies of the
singlet with respect to the 3A2 and 3E triplet ground and excited states remain controversial: whereas
it has been speculated that the faster relaxation rates from 3E to 1A1 as compared to 1E to 3A2 would
favour a localization closer to the excited state triplet [85], a high temperature study [272] suggests
the lower singlet level 1E comparable in energy to the 3A2 states.

1.3.2 Optical spin dynamics, transition rates and intersystem crossing

The spin dynamics on the ground excited state transition is influenced by two competing processes:
The radiative transition between the ground (3A2) and excited state spin triplet states (3E) and the
spin-orbit mediated relaxation to the singlet states, the latter forming a non-radiative pathway [85].
For energy conservation, this spin-orbit coupling has to be accompanied by a phonon emission [185].

The radiative ground-excited state optical transition is spin conserving as follows out of the dipolar
selection rules, up to small contributions arising from spin-spin coupling between the ms = 0 and
|ms| = 1 states [188]. These latter contributions are expected to have an impact of less than 1%
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Figure 1.3: Energy levels and transitions of the negatively charged NV center (at room temper-
ature). Optical transitions are denoted by red arrows, whereas non-radiative transitions are marked
by blue dotted arrows. Dashed red arrows correspond to non-spin conserving transitions between
the ground (3A2) and exited states (3E), that are expected to be weak (< 1% of the strength of the
spin conserving ones). Lifetimes are taken from [85] and the references therein, in particular [226, 2].
The probabilities pkl = rkl/

∑
i rki for the state k undergoing a transition to the state l, with rkl

the corresponding decay rates and i summing over all possible decay channels, are taken from [226].
Based on these, the rates rkl have been calculated for an excited state lifetime T3 = 13.26 ns and
T4 = 6.89 ns [225]. Both the form of the excited state structure 3E and the 1E singlet shelving state
lifetime are strongly temperature dependent; the latter varies between T6 ∼ 370-450 ns at tempera-
tures . 5 K and ∼ 175 ns at room temperature [226, 2].

of the spin conserving radiative decay rates [85]. Nevertheless this behaviour can be modified by
strain [240, 241], in tuning sublevels to a near degeneracy [128, 127, 296] or by the existence of a
lambda-type transition in the low temperature regime [271]. In practice, as a result of the intrinsic
vibronic coupling and addressed in more detail in section 1.3.3, higher excitation probabilities are
obtained by a (green) ∼ 550 nm excitation into the phonon sideband, that immediately relaxes back
into the ground vibrational level. Conversely, spontaneous emission is mainly anti-Stokes (red shifted)
and in the absence of cavities only a photon fraction of∼ 3% [239] decays into the zero-phonon line of
637 nm. An analogue mechanism holds true for the transition from 3E to the singlet states [113, 185].

At room temperature, the lifetimes of the excited state levels ms=0 exceed the ones of the |ms|=1
states as a result of the different non-radiative decay rate to the singlet states; in contrast the radiative
decay rates can be assumed to be constant. The lifetimes of the effective excited state levels in that
regime have been identified to be constant over a wide temperature range up to around 500 K, a subse-
quent quenching due to non-radiative multiphonon processes [272] is not commonly agreed on [2, 85].
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For nanocrystals the lifetime is approximately doubled [37, 204], as a result of the refractive index
change that decreases the radiative decay rate.

The lifetimes and intersystem crossings of the excited states in the low temperature limit have been
studied experimentally only recently [113, 271]. As a result of their different coupling strengths to the
intermediate singlet state 1A1, their non-radiative decay rate has been expected [85] and verified [113]
to be different within the |ms|=1 states and between the |ms|=1 and |ms|=0 states. Such a behaviour
can be deduced from simple symmetry arguments: As the spin-orbit coupling, responsible for mixing
the spin-triplet with the spin singlet states thus causing an intersystem crossing, does not break the
C3v symmetry, it only mediates a direct coupling between states of the same symmetry. Therefore
only the spin triplet excited state (3E) |A1〉 is directly linked by the spin orbit coupling to the singlet
states |1A1〉. Other transitions involve symmetry breaking E-phonons (displacements transverse to
the NV axis) for the state conversion, and are therefore less probable [113, 85]. Therefore, the lifetime
of the |A1〉 state turns out to be the shortest as a result of the fastest intersystem crossing rate. In
contrast, the |A2〉 state, requiring at least second order phonon processes for the intersystem crossing,
reveals the longest lifetime of all |ms|=1 states, and is mainly limited by the radiative decay. The
results of lifetime measurements carried out in the low temperature regime, as have been measured
experimentally in [113], are tabulated in table 1.2. As the radiative decay channel can be assumed to
be of equal strength for all of the excited states, this suggests the intersystem crossing rate of |A1〉
being twice the one of the states |E1,2〉. On the other hand, the rates of |A2〉 and the ms=0 states
|Ex,y〉 are significantly lower and might be in fact negligible [113, 184]. Remarkably, the temperature
dependence reveals the convergence of the individual lifetimes to two single ones in approaching
∼ 20 K, corresponding to the room temperature ones for the ms = 0 and |ms| = ±1 states as given
in figure 1.3. This is a direct consequence of the orbital averaging as discussed earlier.

The combination of radiative and non-radiative decay channels as depicted in figure 1.3 plays a crucial
role for the spin initialization and readout. In particular the decay rates from thems=0 and |ms|=±1
states into the spin-orbit induced non-radiative decay channel to the singlet states differ significantly.
For the |ms|=1 states this non-radiative decay based on spin-orbit coupling happens with a probabil-
ity exceeding 50 % [225], whereas the probability for the ms=0 state is small compared to the direct
radiative decay rate [184]. This preferential decay, along with the decay of the 1E state to the 3A2

states with comparable (or slightly preferred to ms=0) rates, leads to a ∼ 80% [279, 205, 225, 271]
spin polarization in ms=0 upon irradiating the ground excited state transition. Additionally, as a
result of the metastable 1E spin-singlet shelving state, ms=0 leads to an approximately 30% higher
fluorescence contrast [246], the relevant read-out mechanism for the spin state. Besides the different
intersystem crossing rates higher fluorescence contrasts can be expected for selected state combina-
tions in the low temperature spin readout, due to an approximately doubling of the shelving singlet
state lifetime 1E to 370-450 ns [226, 2] for temperatures . 5K.

1.3.3 Vibronic coupling and absorption emission properties

As a result of its embedding into the diamond crystal structure, the NV center is coupled to the
vibronic lattice dynamics [85, 72, 140]. This will be discussed for very specific ‘designed modes’
in chapter 4, whereas here we focus on modes quasi-localized to the NV-center [105]. Such vibronic
couplings are unveiled in particular when considering the ground (3A2)-excited (3E) transition. Both,
the maximal absorption and emission are shifted in frequency with respect to the 637 nm zero-phonon
line (ZPL) transition (see figure 1.4 (a)) [145, 231, 4, 199], that is they are located in the phonon
sidebands. Such a behaviour arises from the fact that the equilibrium coordinates of the ground and
excited state are relatively displaced.

In the most simple approach, the Huang-Rhys model, a single effective vibrational mode can be as-
signed to each of the NV-center electronic states (see figure 1.4 (b)), what is in reality a continuum
of modes [85, 4]. The effective vibrational frequency is around ∼ 67 meV, corresponding to the
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3E energy level
lifetime τ lifetime τ ISC rate

at T ' 5 K at T ' 22 K at T ' 5 K

|Ex,y〉 12 ns ∼ 12 ns 0 MHz

|A2〉 12 ns ∼ 7.5 ns 0 MHz

|E1,2〉 7.5 ns ∼ 7.5 ns 8 MHz

|A1〉 5.5 ns ∼ 7.5 ns 16 MHz

Table 1.2: Excited state lifetime at low temperatures. Excited state lifetime as measured in [113]
for different temperatures. The intersystem crossing rates have been estimated in [113] out of the
lifetimes, assuming a priori that the intersystem crossing rate (ISC) |Ex,y〉 can be neglected (is equal to
zero) and the radiative decay rates to the ground state triplet 3A2 are equal for each of the excited state
transitions. The lifetimes at a temperature of 22 K correspond to the room temperature equivalents.
The states |E1,2〉 could not be addressed individually in the experiment.

dominant contribution in multi-mode approaches [71], which implies that mostly the ground state is
populated even at room temperature. As a result of the different nuclei coordinates for the different
states involved, the vibrational oscillators are relatively shifted and the transition probabilities are
then given by the Franck-Condon principle. This implies that vertical transitions, that is transitions
to higher vibrational states are favorable both for absorption and emission, in practice accompanied
by a fast non-radiative relaxation to the ground state. The dominant absorption (∼ 550 nm) and emis-
sion (∼ 700 nm) peaks are therefore Stokes and anti-Stokes shifted with respect to the zero-phonon
frequency, respectively. In this simple model, such a vibronic excitation corresponds to around three
vibrational quanta.

550 637 700 800
wavelength / nm
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so
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/

em
is

si
on
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ZPL

∆S

(a) (b)

∼ 67 meV

∆S

Q

3A2

3E

Figure 1.4: Absorption and emission properties. (a) Sketch of the absorption and emission spectra
for the NV− center in (bulk) diamond. The main absorption (emission) is (anti-) Stokes shifted as a
result of couplings to higher vibrational states. ‘ZPL’ denotes the zero-phonon line. (b) Modelling
of the absorption and emission process in the Huang-Rhys model. A single effective phonon mode is
ascribed to the ground (3A2) and excited (3E) levels, effectively displaced in position Q as a result
of different nuclei positions. The most probable transitions (red arrows) occur to higher vibrational
states, followed by fast non-radiative relaxation processes (blue dotted transitions). ∆S denotes the
Stokes shift. The weaker zero-phonon transition is denoted by the red dashed arrow.
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1.4 Ground state properties, fine structure and dipolar coupling

A particular role can be ascribed to the ground state 3A2 levels of the NV−-center, as they are char-
acterized by long coherence times even at room temperature [25] and form the states used as a qubit
or for sensing applications [275, 87, 144, 134]. As seen in the previous discussion, they do form a
spin-1 triplet, which, in the absence of external fields, can be described as

Hgs = ~SD ~S = D

[
S2
z −

1

3
S (S + 1)

]
, (1.4.1)

with ~S = (Sx, Sy, Sz)
T the spin-1 operators, S = 1, and the orientation dependent zero-field splitting

tensor D = diag(−(1/3)D,−(1/3)D, (2/3)D) in the principal axis frame defined by the NV sym-
metry axis. The zero field or fine structure splitting is given by D = 2.87 GHz at room-temperature,
and D = 2.88 GHz in the low temperature (<10 K) regime [2, 57, 85].

In the presence of a magnetic ~B and electric ~E field, the ground state Hamiltonian takes the form

Hgs =
(
D + d‖g Ez

) [
S2
z −

1

3
S (S + 1)

]
+ γel

~B ~S + d⊥g
[
Ex (S2

y − S2
x) + Ey (Sx Sy + Sy Sx)

]

(1.4.2)
with γel = (2π) · 28 GHz/T the gyromagnetic ratio of the NV center electron spin, and d⊥g '
17 Hz cm/V and d‖g ' 0.35 Hz cm/V the orthogonal and parallel dipolar components, respectively
[276]. The impact of such an external field coupling is schematically illustrated in figure 1.5 (a).

Thus, an axial magnetic field leads to a splitting of the ms = ±1 degeneracy by ∆ω = 2γelBz ,
which allows to select an individual two level sub-system out of the three spin levels. Once obtained
it is then often convenient to represent the Hamiltonian in that two-level subspace [34] by noting that
Sz = (±)| ± 1〉〈±1| ∓ 1/2 (σz + 1), with σz = | ∓ 1〉〈∓1| − |0〉〈0| and 1 the Pauli z-matrix and
identity on the selected subspace, respectively. Off-axial magnetic field components lead to a mixing
of the magnetic sublevels, partially protected by the zero-field splitting D. Such a mixing has been
shown to result in a contrast reduction in the fluorescence read-out and a reduced efficiency in the
spin initialization process mechanism described earlier [95].

On the other hand, axial electric fields effectively increase the zero field splitting D, i.e. the energy
gap between the spin levels ms = 0 and |ms| = 1. Off axial components, noting that S2

y − S2
x =

−|+1〉〈−1| + h.c. and SxSy + SySx = −i |+1〉〈−1| + h.c., lead to a direct mixing amongst the
|ms| = ±1 sublevels. Here it is important to note that crystal strain acts in an analogue way as
an electric field on the ground state [84, 86] level structure and will be explained in more detail in
section 4.7.1. Therefore, in particular as it concerns nanocrystals [269], the Hamiltonian is often
given by a form as (1.4.2) with the E-components ascribed to the strain parameters in the crystal.

Magnetic dipolar coupling

Different spins are interconnected by the magnetic dipolar interaction. This holds both for couplings
between distinct NV-center (ground state spin-1) spins and couplings between the NV-center spin to
environmental electron and nuclear spins. In particular it mediates a coupling to the nuclear nitrogen
spin that forms the center, leading to the hyperfine structure of the NV center as will be discussed
in the subsequent paragraph. Further the dipolar interaction is responsible for the coupling to en-
vironmental spins, which is the main source of decoherence [303, 75] and will be subject to the
discussion in section 3.1. Moreover, it has been used for conditional coherent interactions between
NV-centers [87] and between a NV-center and a nuclear spin [104, 92, 275, 203].

Such a magnetic dipolar coupling between two spins i and j takes the form [172]

Hdip =
µ0

4π

γiγj ~
r3
ij

[
~Si ~Sj − 3

(
~Si · ~eij

) (
~Sj · ~eij

)]
. (1.4.3)
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with µ0 the magnetic permeability and γi the gyromagnetic ratio of spin i, which equals γel for NV
center and electronic spins. The vector connecting both spins is given by ~rij = ~eij rij with unit vector
~eij and the distance rij . Assuming an equal quantization axis for both spins involved and in a secular
approximation, strictly valid if the energy splitting of the spins involved are of equal magnitudes,
(1.4.3) can be simplified to

Hdip '
1

2

(
µ0

4π

γiγj ~
r3
ij

)
(
1− 3 cos2 θij

) [
2Szi S

z
j −

(
Sxi S

x
j + Syi S

y
j

)]
. (1.4.4)

with θij the angle between ~eij and the common quantization axis of the system. The flip-flop terms
are quasi-resonant exclusively if the energy separations of both spins are of equal magnitude and often
can be neglected when considering the coupling of a NV-center to a bath of nuclear spins.

The ground state hyperfine structure

The hyperfine coupling of the NV-center electron spin to the nuclear spin of the nitrogen atom in-
volved in the center formation leads to the existence of a hyperfine structure. The exact form of this
structure depends on the nitrogen spin, which is I = 1 for the natural 14N and I = 1/2 for the
(implanted) 15N isotope. Taking this structure into account, the Hamiltonian is then given by

Hgs =D

[
S2
z −

1

3
S(S + 1)

]
+ γel

~B ~S + γI ~B ~I

+A‖gs Sz Iz +A⊥gs [Sx Ix + Sy Iy] + P

[
I2
z −

1

3
I (I + 1)

] (1.4.5)

where a magnetic field has been incorporated as an external field. Here, the nuclear gyromagnetic
ratios γI ' 3.1 MHz/T for 14N (15N: γI ' −4.3 MHz/T) and the quadrupole nuclear splitting
P ' −4.96 MHz [255]. The axial and non-axial isotope dependent hyperfine parameters are given
by A‖gs ' −2.16 MHz and A⊥gs ' −2.7 MHz for 14N [99, 255], and A‖gs ' 3.0 MHz and A⊥gs '
3.6 MHz [99, 102] for 15N, respectively. Note that there exists no quadrupole splitting in the spin
I = 1/2 case of 15N . The hyperfine structure splitting for 14N is illustrated in figure 1.5 (b).

Signatures of such a hyperfine structure can be found as beating in Ramsey resonance experiments [144,
74, 98] or in additional peaks in resonance spectra [175, 98]. Further, tuning the non-axial spin-mixing
interaction A⊥gs to resonance, leads to a level anticrossing and allows for the design of lambda-type
transitions [127, 128].
As a final remark, a similar hyperfine structure can be ascribed to the excited state levels 3E [85, 255].
The corresponding hyperfine parameters are around an order of magnitude larger than in the ground
state, a direct consequence of the orbital composition discussed in section 1.2, which is partially lo-
calized on the nitrogen atom for the excited state [188].

1.5 Group theory, theC3v-symmetry group and its applications for the
nitrogen vacancy center

1.5.1 Groups and representations

The symmetries of a quantum system enable to deduce a wide variety of its properties, such as the
symmetries and degeneracies of its energy levels or the selection rules for transition matrix elements.
This conceptual framework is known as ‘group theory’ and forms an important role in determining the
energy level structure of the NV center and its response to external perturbations. Therefore, a short
overview of the basic notions and concepts will be given in the following with a focus on the parts

16



γelB⊥

3A2

|ms| = 1

|ms| = 0 (2/3)∆
�
E

2γelBzd⊥g E⊥

|+1�

|−1�

|0�

3A2

|ms| = 1

|ms| = 0

D
D

2/3P

1/3P

2/3P

1/3P

A�
gs

A�
gs

mI=0

|mI |=1

mI=0

(a) (b)

ms · mI

= +1

= −1

ms · mI

(1/3)∆
�
E

Figure 1.5: 3A2 ground state energy levels and hyperfine structure. (a) Ground state energy
levels and the influence of external magnetic and electric fields. Here D = 2.87 GHz denotes the
zero-field fine structure splitting ∆

‖
E = d

‖
g Ez (red), and γelBz (blue) the axial electric and magnetic

field level shifts, respectively. Non-axial interactions that lead to mixing are denoted by dashed
arrows. (b) Hyperfine structure for 14N and in the absence of external fields. The parameters follow
out of equation (1.4.5) and non-axial contributions have been neglected. ms and mI denote the spin
z-projection for the NV electron and nitrogen nuclear spin, respectively.

relevant in the context of the discussion of the NV center structure and its properties in sections 1.2
and 1.3. A more complete discussion can be found in the vast literature on group theory, as e.g.
[90, 65, 94] and specifically as it concerns its rigorous application on NV centers in [188, 83].

A first step in studying crystals, molecules of defect centers consists in determining the symmetry
operations as e.g. rotations and reflections. Such a set of symmetry operations {A, B, C, . . . } can be
shown to form a group, that is, it is characterized by

• Closure, which implies any product of two symmetry operations to be again an element of the
group, e.g. A B=C,

• Associativity, such that for any three group elements (A B) C = A (B C),

• the existence of an identity element E, characterized by AE = A for all group elements,

• the existence of the inverse, such that for each group element A there exists a corresponding
group element A−1 with AA−1 = E.

In the special case that all the elements commute, which will generally not be the case, the group is
called an Abelian group.

For a NV center, the symmetry can be classified by C3v, that is the defect structure is invariant
under rotations of 120◦ around the symmetry axis (the N-V-axis) and under reflections at vertical
planes containing the symmetry axis and one of the carbon atoms (see figure 1.1). In the Schoenflies
symmetry notation, the relevant rotations are classified as

• E, the identity operation,

• Cn, classifying the existence of an n-fold rotation axis, that is a symmetry under a rotation
angle 2π/n,

• σv denoting a vertical reflection plane.

Thus, the total symmetry group of the NV center C3v consists of the symmetry operations
{E, 2C3, 3σv}. Commonly all those operations are denoted as rotations, though Cn represents a
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real rotation and σv so-called improper rotations.
The symmetry group C3v forms a point group, characterized in that under all symmetry operations
at least one point in space remains fixed. This is opposed to space groups that in addition contain
translational symmetries; the diamond crystal itself is characterized by such a space group (O7

h).

In a coordinate system, the effect of each symmetry operation can be represented by a transformation
matrix. Such a set of matrices is a representation of a group and forms again a group. However, the
correspondence to the symmetry operators is not unique (homomorphism). In contrast, there exists
an infinite amount of such representations, depending on the choice of the basis for constructing
the transformation matrices. For example, a set of transformation matrices can be constructed by
applying all symmetry operators R̂n onto an (arbitrary chosen) function f ≡ f(x, y, z), in which
case the set {fn} with fn = R̂nf forms a set of basis functions [300]. This is a consequence of the
closure property of the symmetry group, which ensures that

R̂nfi =
∑

j

a
(n)
ij fj . (1.5.1)

The square matrices A(n) ≡ a
(n)
ij then form the transformation matrices, with a dimension given

by the number of symmetry elements (the group order). The set of transformation matrices forms
a representation of the symmetry group. And this representation is easily seen not to be uniquely
defined as a result of the possible choices of the initial function.

The aim of group theory is to reduce this ambiguity to a set of basic representations, the irreducible
representations. Any arbitrary reducible representation can then be decomposed into these irreducible
representations, or more precisely their transformation matrices A(k) for all symmetry operations k
can be cast into a block diagonal form by a similarity transformation T A(k) T−1 with T a nonsin-
gular matrix of the same dimensionality. Of course, this set of transformed matrices forms again a
representation of the symmetry group. For example

T A(k) T−1 =



α(k)

0 0

0 0

0 0 0 β(k)


 (1.5.2)

such that the total transformation can be represented by the smaller blocks, that each can be ascribed
to an irreducible representation; for the particular example by a two dimensional one for α(k) and by a
one dimensional one for β(k), respectively. That is, in a transformed basis only subsets are connected
by the symmetry operations. Conversely, irreducible representations are defined as the representations
that cannot be further reduced to a block form by any similarity transformation. The uniquely defined
traces of the irreducible transformation matrices are known as characters and will turn out to be
of fundamental importance in the group theoretical framework. Any representations with a character
combination for all the symmetry operators not corresponding to one of the irreducible representations
are reducible.

The symmetry operators can be grouped in classes as has been explicitly considered in the notation
{E, 2C3, 3σv} in which the rotations C+

3 and C−3 as well as the three different vertical reflections
σv form a class. More general, two symmetry operations A and B belong to the same class if there
exists a symmetry element C in the group, such that B = C−1AC. Therefore for the C3v-group, the
symmetry operators can be grouped into a total of three classes. Two important properties are asso-
ciated with the concept of classes: First, the total number of inequivalent irreducible representations
corresponds to the number of classes. Second, symmetry operators which belong to the same class
are characterized by the same character of an irreducible representation.

The previously discussed properties lead to the concept of character tables, that is a tabulated form
of the characters in matrix form, which can be found in most of the literature connected to group
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theory, e.g. in [90]. Here rows specify the characters for the different symmetry operations com-
bined in classes and a particular irreducible representation, whereas columns give the character for
a certain class and different irreducible representations. Often, basis functions are given in addition
to the characters, that with (1.5.1) allow for the construction of the irreducible transformation ma-
trices and also enable to deduce the basic symmetry behaviour of the representation. The character
table for the group C3v is shown in table 1.A.1 (page 25), characterized by three classes (E, 2C3,
3σv) and three irreducible representations A1, A2 (both one dimensional) and E (two-dimensional).
As the identity operator E corresponds to a transformation matrix equal to the identity matrix, its
character directly gives the dimension lk of an irreducible representation Γk (the number of basis
elements). Importantly, there exists always a totally symmetric one-dimensional representation A1

(identity representation), which is invariant under all symmetry operations. A basis function for this
representation can always be represented by a scalar, or for the C3v group by z or r ≡ x2 + y2,
that are easily checked to remain invariant under all of the symmetry operations. The Hamiltonian,
defining a system of the corresponding symmetry group is an important operator that transforms as
the irreducible representation A1 (‘a matrix basis’), as by definition it is invariant under all symmetry
operations.

1.5.2 Decomposition into irreducible representations and projection of basis functions

In this section some basic technical procedures will be addressed, that enable to express the properties
of a symmetric system in terms of irreducible representations. More details and proves can be found
in the literature on group theory (e.g. [90]).

Let us start by introducing the following notation: The symmetry group shall be characterized by a
total number of h group elements / symmetry operations R̂n (the group order) that appear inm classes
with the kth class containing Nk symmetry operations (the class number). Then there exist a number
of m irreducible representations Γk with lk the dimension of the representation k as given by the
character of the identity operation. The character for a symmetry operation R̂n of the representation
Γ are denoted as χΓ

n. For the C3v group, the group order h = 6, with the elements grouped into
m = 3 classes, and the class 2C3 consists of Nk = 2 elements.

Decomposition into irreducible representations:
Now assume that a reducible representation Γ is given. This can be any set of transformation matrices
for a given choice of a basis. As noted earlier, for a reducible representation the set of characters
{χΓ

n} is unequal to any of the irreducible sets {χΓk
n }. Then Γ can be represented as a (direct) sum of

irreducible representations

Γ =
⊕

i

αi Γi with αi =
1

h

m∑

k=1

Nk

(
χΓi
k

)∗
χΓ
k . (1.5.3)

Note that the characters of the representation Γ correspond to the sum of the characters of the decom-
position, that is χΓ

k =
∑

i αiχ
Γi
k . This directly follows out of the fact that a similarity transformation

allows to obtain the block diagonal form of the representation Γ; such a transformation leaves the
trace invariant and the total trace then corresponds to the sum of the traces of the individual irre-
ducible sub-blocks.

Projection of basis functions:
It is often crucial to construct an appropriate set of basis functions, that transform as a specific ir-
reducible representation. This can be obtained by the projection operator method. The projector
operator is defined as [90]

P̂Γk
ij =

lk
h

∑

n

DΓk(R̂n)∗ij R̂n (1.5.4)
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with DΓk(R̂) the transformation matrix for the symmetry operation R̂ of the irreducible representa-
tion Γk. An application on an arbitrary function / vector leads to

P̂Γk
ii F = αΓk

k |Γki〉 (1.5.5)

with |Γki〉 a basis function / vector that transforms as the i-th row of the irreducible representation Γk
and αΓk

k extracted for the normalization of the basis function. In the notation of (1.5.1) |Γki〉 ≡ fΓk
i .

The other (orthogonal) basis functions in higher-dimensional representations (partners) can be either
obtained by repeating the procedure (1.5.5) or by using that P̂Γk

ji |Γki〉 = |Γkj〉. Note that, as directly
follows out of the definition (1.5.1), the set of basis functions defines the transformation matrices of
the irreducible representations.
Often it is more convenient, in particular if DΓk(R̂) is not explicitly known, to define a projector
purely based on characters, i.e.

P̂Γk =
∑

i

P̂Γk
ii =

lk
h

∑

n

(
χΓk
n

)∗
R̂n (1.5.6)

that projects out a function that transforms as the irreducible representation, though in general not a
specific partner (except for a one dimensional representation). That is P̂Γk F = αΓk |Γk〉 with |Γk〉
transforming as Γk.

The direct product of irreducible representations:
Combining different degrees of freedom or analyzing the symmetry properties of products of func-
tions requires the calculation of the direct product of irreducible representations. The product of
two functions, that transform as the irreducible representations Γ1 and Γ2, respectively, results in
transformation matrices corresponding to the direct product of the individual ones. As tr(A ⊗ B) =
tr(A) tr(B), the characters of the direct product of two irreducible representations Γ = Γ1 ⊗ Γ2

follows as
χΓ(R̂) = χΓ1(R̂)χΓ2(R̂) , (1.5.7)

where it has been assumed that both representations belong to the same group. With the help of
these characters for Γ, the product representation can be decomposed in a direct sum of irreducible
representations as outlined previously.

1.5.3 Classification of Hamiltonian eigenstates, degeneracies and selection rules

Up to now, the group theoretical concept has been introduced in a rather abstract way without a direct
link how this affects the physical properties of a system. Here we will make contact in how the
eigenfunctions of a Hamiltonian can be classified in terms of irreducible representations and how this
allows for the identification of degeneracies and selection rules.

Generally, the symmetry of a system is reflected in its Hamiltonian. That is, the Hamiltonian is invari-
ant under any symmetry transformation R̂HR̂−1 = H of the corresponding group and it therefore
transforms as the identity representation A1 of the symmetry group. Or equivalently

[H, R̂] = 0 , (1.5.8)

which implies that both operators can be simultaneously diagonalized. Denoting the eigenstates to
the eigenvalue En of H by |ψn〉, such that H|ψn〉 = En |ψn〉, allows with (1.5.8) for the eigenvalue
equation

H
[
R̂|ψn〉

]
= R̂H|ψn〉 = En

[
R̂|ψn〉

]
. (1.5.9)

That is R̂|ψn〉 is also an eigenstate of the eigenvalue En. Moreover for a d-fold degenerate eigenstate
all eigenfunctions can be created out of a single one upon application of the symmetry operators. The
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Hamiltonian eigenstates |ψ(d)
n 〉 corresponding to a d-fold degeneracy therefore form a d-component

basis for an irreducible representation of the symmetry group, i.e. (compare to (1.5.1))

R̂ |ψ(d)
n 〉 =

∑

l

D(R)ln |ψ(d)
l 〉 . (1.5.10)

In summary, each eigenstate and eigenvalue of a Hamiltonian of a particular symmetry group can be
ascribed to an irreducible representation of that group. This then defines the eigenstate transformation
properties under symmetry operations. Moreover, the degeneracy corresponds to the dimensionality
of the irreducible representation; and the possible degeneracies are given by the symmetry group of
the Hamiltonian. Exceptions to the above considerations hold for ‘accidental degeneracies’, degen-
eracies that are not the result of symmetries.

Another important application of group theory is the determination of selection rules. As stated above,
each eigenstate of a Hamiltonian can be characterized by a specific irreducible representation of the
symmetry group. In the same way, any perturbation operator V can be classified by its transformation
under the symmetry group operators, i.e. transforms as a representation ΓV (that might be reducible
into a direct sum of irreducible representations). A matrix element 〈ψf |V |ψi〉 between an initial
state |ψi〉 that transforms as Γi and |ψf 〉 transforming as Γf , can only be non-zero if the irreducible
representation Γf is contained in the representation of V |ψ〉 given by Γ = ΓV ⊗ Γi, otherwise

〈ψf |V |ψi〉 = 0 . (1.5.11)

In the latter case the transition is forbidden for symmetry reasons, which is related to the (not proven
here) orthogonality of basis functions for different irreducible representations. Note also that a tran-
sition being symmetrically allowed does not imply that the corresponding matrix element has to be
non-zero.

An application of this concept consists of calculating optical selection rules, that is matrix elements
of the form 〈ψf |d εεε|ψi〉, with d = −e r̂ the electric dipole operator and εεε the polarization of the
electric field. This operator transforms as a vector, thus according to table 1.A.1 (page 25) as A1 for
z-polarized light and E for x and y or circular polarized light. As the dipole operator only couples
the orbital degrees of freedom the spin is preserved. For example, the only possible transition from
the ms=0 state of 3A2 of symmetry A2 ⊗ A2 = A1 is to the state |Ex,y〉 of 3E with symmetry
E ⊗ A2 = E. As only E ⊗ A1 contains the irreducible representation E, x or y polarized light is
required [271].

It is interesting to consider the selection rules for the Hamiltonian itself, that transforms according to
the totally symmetric representationA1. As the matrix product ofA1⊗Γk = Γk leaves the irreducible
representation invariant it follows that 〈ψf |H|ψi〉 = 0 if |ψf 〉 and |ψi〉 are not states of the same
irreducible representation. This implies that the Hamiltonian can be cast into a block diagonal form
in an appropriate symmetry basis, in which only states of the same irreducible representations couple.
Such a procedure can then significantly simplify the eigenvalue calculation for larger Hamiltonians.
Thus, even though group theory does not provide any energy separations or level orderings, their
calculation can be simplified by reducing the complexity to interactions within symmetric subspaces.

1.5.4 Linear combination of atomic orbitals (LCAO) for the NV-center

Based on the basic symmetry properties C3v of the NV-center defect, group theory allows for the
construction of orbitals, that transform as the irreducible representations [188, 83, 84, 184]. As seen in
the previous section, the eigenstates of the completely symmetric Hamiltonian of that symmetry group
are uniquely characterized by their transformation properties as one of the irreducible representations.
Thus, a proper basis for the eigenstates is given by basis functions of these representations.

It is intuitive to start with a basis that is localized to the constituent atoms of the NV center, the so-
called dangling bond orbitals {σi} [188, 184] as depicted in figure 1.1 (i). A proper combination of
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these localized orbitals allows to construct a new basis of orbitals, that do transform according to the
symmetry properties of the Hamiltonian. Filling these orbitals with electrons and taking into account
the spin degrees of freedom then allows to construct and identify the properties of the NV-center
energy levels [188, 83, 85] as has been outlined in section 1.5.3. Here we follow the notation and
description carried out in [188].

This initial set of four orbitals {σ1, σ2, σ3, σn} localized near the nuclear coordinates of the carbon
and nitrogen atoms involved in the defect center, forms basis states to a reducible representation of
the C3v group. The transformation properties under the group symmetry operations are summarized
in table 1.3, leading to a representation with characters Γ : 4 1 2 for the classes (E, 2C3, 3σv). By
applying the decomposition (1.5.3), this representation can be reduced to

Γ = 2A1 ⊕ E , (1.5.12)

in a new basis that includes twice the totally symmetric, one-dimensional representation A1 and
once the two-dimensional representation E. Thus, a proper set of basis functions in the symmetry
group C3v requires to create superpositions of the initial dangling bond orbitals, that form mutually
orthogonal basis functions to the irreducible representations involved in (1.5.12).

Such basis functions can be created by the application of projection operators as introduced in sec-
tion 1.5.2. One of the A1 basis elements is readily identified as ã(1)

1 = σn by noting that ẑ transforms
as the totally symmetric representation A1 (see table 1.A.1). A second A1-basis can be obtained by
applying the projector (1.5.6) to one of the remaining orbitals, that with the help of table 1.3 leads to:

P̂A1 σ1 =
1

6
[σ1 + σ2 + σ3 + σ1 + σ2 + σ3] ⇒ ã

(2)
1 =

1√
3

(σ1 + σ2 + σ3) . (1.5.13)

Analogue a basis state ex for E can be constructed by

P̂E σ1 =
2

6
[2σ1 − σ2 − σ3] ⇒ ex =

1√
6

(2σ1 − σ2 − σ3) . (1.5.14)

The second basis for the two dimensional representation has to be orthogonal to ex (and to the basis
elements of A1) and again transform as the irreducible representation E. It is thus straightforward to
identify ey = 1/

√
2 (σ2 − σ3), that can be verified to transform as E by P̂E ey = ey. Therefore a

total set of orbitals has been obtained that are in accordance with theC3v symmetry of the Hamiltonian

ã
(1)
1 = σn, ã

(2)
1 =

1√
3

(σ1 + σ2 + σ3) , ex =
1√
6

(2σ1 − σ2 − σ3) , ey = 1/
√

2 (σ2 − σ3) .

(1.5.15)
with ã1 and ã2 transforming as the totally symmetric one-dimensional irreducible representation A1,
and ex and ey forming a basis for the two-dimensional representation E. As noted earlier, ex and ey
are degenerate as a result of the symmetry properties.

There remains however some ambiguity concerning the explicit choice of the basis functions, that
cannot be resolved by a purely group theoretical analysis. In particular, as has been stated in the
discussion on selection rules, the totally symmetric Hamiltonian can still include couplings between
states of the same irreducible representation. That is, ã(1)

1 and ã(2)
1 can be mixed, such that we denote

the proper eigenbasis by

a
(1)
1 = α α̃

(1)
1 + β α̃

(2)
1 , a

(2)
1 = −β∗α̃(1)

1 + α ã
(2)
1 , ex, ey (1.5.16)

where α = cos θ/2, β = sin θ/2 e−iφ, and θ and φ depend on the particular form of the Hamiltonian
of the NV center. A description in terms of the strongest interaction, the electron-ion interaction, has
been given in [188].
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1.5.5 A remark on the irreducible spin representations in the C3v point group

An electron spin-1/2 is generally described in the full rotational group SU(2), whose symmetry oper-
ators are given by the unitary rotations as generated by the Pauli-matrices. The combination of spins
then leads to the notion of total spin S and its z-projection mS = −|S| · · · + |S| and basis states
|S,mS〉, which are related to the individual product spin basis states |s(1),m

(1)
s 〉 ⊗ · · · ⊗ |s(n),m

(n)
s 〉

by the Clebsch-Gordan coefficients. Here, S characterizes 2S + 1 dimensional irreducible represen-
tations of the SU(2) group and |S,mS〉 the corresponding basis functions. Therefore, any completely
symmetric Hamiltonian in the SU(2) can be cast into a block-diagonal form, that couples only spins
within a particular representation. The corresponding eigenvalues exhibit the degeneracies of the ir-
reducible representations.
The most simple case is given by two spins, which leads to the notion of spin triplet S = 1 and singlet
states S = 0





|S=1,ms=1〉 = | ↑↑〉
|S=1,ms=0〉 = 1√

2
(| ↑↓〉+ | ↓↑〉)

|S=1,ms= −1〉 = | ↓↓〉

{
|S=0,ms=0〉 = 1√

2
(| ↑↓〉 − | ↓↑〉) (1.5.17)

with | ↑〉 and | ↓〉 denoting the spin-1/2 states ms=+1/2 and ms=-1/2, respectively.

Restricting the symmetry to a subgroup of the SU(2), the irreducible representations characterizing
the full group may become reducible. In fact, a lowering of the symmetry generally leads to a splitting
of degeneracies. For the particular case of the NV-center, the two spin components ascribed to the
two holes in the orbitals have to be expressed in the orbital symmetry group C3v. Some peculiarities,
namely that C2π 6= E for fractional spin numbers, complicate such a procedure, and lead to enlarged
symmetry groups, known as spin-double groups [90]. In contrast, the proper basis combinations of
the two spins, forming effectively a spin-1 system, can again be expressed in the standards C3v group.
We skip these complications and simply note that the symmetry group of the two electron (hole) spins
involved can be reduced to Γ1/2⊗Γ1/2 = A1 +A2 +E with the symmetry basis combinations [188]

A1 : |S=0,ms=0〉
A2 : |S=1,ms=0〉

E :

{
|S=1,ms=1〉
|S=1,ms= −1〉

(1.5.18)

and the spin singlet and triplet states as defined in (1.5.17). Thus, compared to the full rotational
group, the triplet states are split into two irreducible representations A2 and E, respectively, which
also lifts the degeneracies in Hamiltonians of the C3v symmetry group between the ms = 0 and
|ms| = 1 triplet states.
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R̂n E C+
3 C−3 σd σe σf

σ1 σ1σ1σ1 σ2 σ3 σ1σ1σ1 σ3 σ2

σ2 σ2σ2σ2 σ3 σ1 σ3 σ2σ2σ2 σ1

σ3 σ3σ3σ3 σ1 σ2 σ2 σ1 σ3σ3σ3

σn σnσnσn σnσnσn σnσnσn σnσnσn σnσnσn σnσnσn

χn 4 1 1 2 2 2

Table 1.3: Symmetry transformations in the local (dangling bond) orbital basis. Transformation
of the localized orbitals {σi} (left column) under the symmetry operations of the C3v point group R̂n
(first row). E corresponds to the identity, C+

3 and C−3 to a anti- and clockwise rotation of 120◦ around
the NV-axis, respectively, and σd−f denotes vertical reflections at planes as indicated in figure 1.1.
Classes are separated by dashed vertical lines. Operations for which the orbital remains unchanged
are marked in bold. The total characters χn for the representation to the basis {σn} are given in the
last row; and equal the number of unchanged orbitals under a specific symmetry operation, which
corresponds to the number of ones on the diagonal of the transformation matrices.
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Appendix

1.A Character table and products of irreducible representations

E 2 C3 3σv basis functions

A1 1 1 1 z, x2 + y2, z2

A2 1 1 -1 Rz

E 2 -1 0 (x, y), (Rx, Ry), (x2 − y2, xy), (xz, yz)

Table 1.A.1: Character table for the C3v symmetry group. The entries have been taken from [90].
The C3v group is characterized by three classes of symmetry operations (E, 2C3 and 3σv), and
three irreducible representations, with two one-dimensional ones (A1, A2) and one two-dimensional
representation (E). The symmetry transformation properties are characterized by the basis functions.

Γi ⊗ Γj A1 A2 E

A1 A1 A2 E

A2 A2 A1 E

E E E A1 ⊕A2 ⊕ E

Table 1.A.2: Direct products of the C3v symmetry group irreducible representations. The re-
sulting product representation has been decomposed in irreducible representations.
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Chapter 2

Approaches for the description of
subsystem dynamics

In this chapter, two approaches for the description of the evolution of quantum subsytems are dis-
cussed: In section 2.1 the quasi-degenerate perturbation theory will be introduced, a framework for
an effective description of the system dynamics in a quasi-resonant sub-manifold by adiabatically
eliminating far off-resonant transitions. This method will be applied for the calculation of Raman-
induced phonon gates in chapter 4. Subsequently, in section 2.2 the projection operator technique will
be reviewed. This method allows for the derivation of a master equation for a subsystem of a com-
posite quantum system, including the effect of non-Markovian features. It does find application for
describing the influence of decoherence in chapter 3.

2.1 Quasi-degenerate perturbation theory

For couplings that are far detuned, the probabilities for an actual transition are generally very low.
Instead, they are reflected by their effect in a quasi-degenerate submanifold as e.g. ac-Stark shifts or
Raman transitions. The description of these effective interactions, hence neglecting fast off-resonant
modulations that average out in time, is generally performed by adiabatic elimination techniques
of the fast degrees of freedom. Several approaches have been developed for their efficient calcula-
tion [64, 141, 223, 289], and we here mainly focus on what is known as ‘Quasi-degenerate pertur-
bation theory’ [64, 289]. These concepts are then applied for the calculation of effective phonon-
mediated gate interactions in chapter 4 and are essential for the understanding of the Raman beam
splitter operation in interferometric applications of chapter 6.

2.1.1 Calculation of effective Hamiltonians

We start by considering a closed quantum system described by a Hamiltonian with energy levels
grouped into manifolds well-separated in energy (see figure 2.1 (a)). A state can then be denoted by
|iα〉 with i referring to a specific level within a manifold α. The Hamiltonian is assumed to be of the
form

H = H0 + V = H0 + λ Ṽ (2.1.1)

where H0 =
∑

i,α εi,α |iα〉〈iα| shall be purely diagonal whereas the coupling part V just couples
states of different manifolds, that is 〈iα|V |jβ〉=0 if α=β (‘block off-diagonal’). Moreover for the
case of a far-detuned coupling, |〈iα|V |jβ〉| � |εiα − εjβ| for α 6= β, the essential requirement that
allows to neglect direct transitions between manifolds in good approximation. The form (2.1.1) is
quite general, as interactions within a manifold, provided that they do not significantly change the
energy separations, can always be diagonalized by performing an appropriate basis transformation.
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Figure 2.1: Quasi-degenerate energy level structure and Raman setup. (a) Energy levels grouped
in quasi-degenerate manifolds α with energy states labelled as |i, α〉. (b) Raman setup, in which both
ground states |g1〉 and |g2〉 are off-resonantly (laser) coupled to the excited level |e〉. Here, opposite
directions for the two laser couplings (k1 = −k2 ≡ k) have been assumed in agreement with the
discussion in section 2.1.4.

Quasi-degenerate perturbation theory then allows to replace the Hamiltonian H (2.1.1) by an effec-
tive one Heff , which neglects fast off-resonant modulations. Such an approach is based on three
fundamental assumptions

(i) The effective Hamiltonian Heff exclusively couples states within a given manifold

〈iα|Heff |jβ〉 !
= 0 for α 6= β . (2.1.2)

(ii) Heff shall be Hermitian and does possess the same eigenvalues as the original Hamiltonian H .
This implies that Heff is related to H by a unitary transformation

Heff
!

= U H U † with U = ei S and S = S† . (2.1.3)

(iii) The transformation is chosen in such a way that is does not affect contributions within a given
manifold, that is S ≡ S(V ) is purely block off-diagonal

S = 〈iα|S|jβ〉 !
= 0 for α = β . (2.1.4)

These fundamental conditions allow for the construction of the transformation S and thus the effective
Hamiltonian in a perturbative way, and we restrict that procedure to second order in the coupling
parameter λ. Expanding S ≡ S(V ) in orders of λ, i.e. S =

∑∞
n=1 Sn =

∑∞
n=1 λ

n S̃n, the effective
Hamiltonian formally follows as

Heff = H0 + i
[
λS̃1, H0

]
+ λṼ + i

[
λ2S̃2, H0

]
+ i

[
λS̃1, λṼ

]
− 1

2

[
λS̃1,

[
λS̃1, H0

]]
+O(λ3) .

(2.1.5)
Each of these expansion orders Heff =

∑∞
n=0 λ

nH̃n has to fulfill condition (i) separately, such that
for the first order term

〈iα|λH̃1|jβ〉 = λ
[
i 〈iα|[S̃1, H0]|jβ〉+ 〈iα|Ṽ |jβ〉

]
!

= 0 for α 6= β . (2.1.6)

28



As S1 is purely block off-diagonal by definition (ii), the form of S1 ≡ λS̃1 follows directly out of
(2.1.6) as

S1 = −i
∑

i,j
α 6=β

〈iα|V |jβ〉
εiα − εjβ

|iα〉〈jβ| = 1

~

∫ t

dt′ Vint(t
′)

∣∣∣∣
t=0

(2.1.7)

where it has been used thatH0|jβ〉 = εjβ|jβ〉. In the last step the sum has been rewritten in an integral
form, where Vint = exp(iH0 t)V exp(−iH0 t) denotes the interaction frame Hamiltonian and t is set
to zero subsequent to the integration. This integral form, albeit it is generally not provided in the
literature on quasi-degenerate perturbation theory [64, 289], significantly simplifies the calculation
and is in addition useful in connecting the quasi-degenerate perturbation approach to a time-averaging
formalism as developed in [141].

Now this very same procedure has to be performed for the second order Hamiltonian contribution.
The only ‘block off-diagonal’ term, that according to (i) must vanish, is in that case given by

i [λ2S̃2, H0]
!

= 0 ⇒ S̃2 = 0 (2.1.8)

which, combined with (iii) directly implies that S̃2 = 0 for the Hamiltonian form (2.1.1) assumed
here.
Combined with iλ[S̃1, H0] = −λṼ , which follows out of (2.1.6), the effective Hamiltonian then
results in

Heff = H0 +
1

2
i [S1, V ] (2.1.9)

with S1 as defined in (2.1.7).

2.1.2 Unitary transformation and transformation of Lindblad operators

The effective Hamiltonian has been derived by perturbatively constructing a unitary transformation
U = exp (i

∑∞
n=1 Sn) with Sn = λS̃n the contribution of nth order in the off-diagonal coupling of

(2.1.1). Based on the previous discussion, the explicit form of this transformation up to second order
is

U = 1+ i S1 −
1

2
S2

1 +O(λ3) , (2.1.10)

with S1 as given in (2.1.7). For the Hamiltonian itself, which forms the basis for the construction
of U , the resulting effective form then follows as (2.1.9). For consistency, any other operators in
the equation of motion must be transformed in an analogue way, in particular the Lindbladians in a
master equation for open quantum systems. This is a straightforward task, and any operator Ô then
transform as

Ôαeff = Pα

(
U Ô U †

)
Pα = Pα

(
Ô + i [S1, Ô]− 1

2

[
S1, [S1, Ô]

])
Pα +O(λ3) (2.1.11)

whereα denotes the contribution in manifoldα enforced by the manifold projectorsPα =
∑

i |iα〉〈iα|
as for arbitrary operators the unitary transformation does not necessarily lead to a block-diagonal
form.

We will make this operator transformation more explicit, by considering typical operators that occur
in master equation descriptions, the ladder operators for the atomic states and creator and annihilator
operators for harmonic oscillator modes.

For a ladder operator σ−, which connects (de-excites) an excited state in β to a ground state α ≡ g 6=
β, the effective form in the ground state manifold is given by

σeff
− = Pg i [S1, σ−]Pg = −i σ− S1 +O(λ3) (2.1.12)
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and correspondingly the excitation operator σeff
+ =

(
σeff
−
)†. Here it has been used that contributions

that are ‘block off-diagonal’ become zero by applying the manifold projectors.

For an annihilation operator a and assuming that the manifolds are defined by different atomic states
such that creators and annihilators exclusively occur paired with atomic ladder operators in V , gener-
ally the case for a laser atom coupling to vibrational sidebands, the effective form follows as

aeff = a+ Pg

(
−1

2
[S1, [S1, a]]

)
Pg . (2.1.13)

Here again terms appearing in (2.1.11) that are non block-diagonal in the internal state basis do not
contribute to the effective form. Similarly, for the creator a†eff = (aeff)†.

2.1.3 Connection to different approaches

Besides the method of quasi-degenerate perturbation theory [64, 289], other approaches for the cal-
culation of effective Hamiltonians have been developed. We will focus here on the ones presented
in [141] and [223] for comparison with the method outlined in the preceding sections.

In [141] an effective Hamiltonian form has been obtained by a time averaging method for closed
evolutions and subsequently extended to the description of open system dynamics in [106]. Such a
calculation is carried out in an interaction frame with respect to H0 in (2.1.1) and for the specific
Hamiltonian considered here leads to H int

eff = 1/2i[Sint
1 , Vint] with Sint

1 corresponding to the integral
form in (2.1.7) without setting t=0 and Vint the interaction frame form of V as previously defined. In
the time averaging method such an integral term occurs as a result of a first order expansion of the
time-evolution operator. Thus, at least for the particular Hamiltonian form as considered here, both
methods lead to identical results, just differing by different interaction frames for the final effective
Hamiltonian. Remarkably, this method naturally leads to the more simple integral form; moreover a
calculation in the interaction picture form does not necessitate the existence of a non-rotating frame.

An adiabatic elimination including Lindblad jump operators has been carried out in [223]. For the
particular form considered in the analysis therein, the effective Hamiltonian and Lindblad operators
equal the results (2.1.9) and (2.1.12) obtained here up to a correction introduced in the transformation
which accounts for dissipation. Note that in the above discussion of section 2.1.1, the transformation
is purely based on the coherent Hamiltonian part, thus forming a good approximation in a quasi-
coherent regime of small dissipation; with the advantage that it leads to a more general formula.

2.1.4 Raman transition

A particularly relevant application for the effective Hamiltonian formalism consists in the description
of Raman transitions. There, a combination of two (laser) interactions couples two ground states off-
resonantly to an intermediate excited state, which effectively results in a coupling within the ground
state itself. Such a process, that can be ascribed to a virtual photon emission and absorption process,
will be useful both for achieving an effective ground state vibrational coupling in chapter 4 and for
creating a beam-splitter operation for particle interferometers in chapter 6.

The far off-resonant coupling will be denoted by Ω1 and Ω2 and the corresponding detuning by δ1

and δ2, respectively, as illustrated in figure 2.1 (b). For the adiabatic elimination of the excited state
transition, i.e. an effective Hamiltonian calculation, |Ωi| � |δi| is required. Then the Hamiltonian in
a rotating frame with the laser frequency can be cast in the form

H = δ1 |g1〉〈g1|+ δ2 |g2〉〈g2|+
Ω1

2

(
|e〉〈g1| e−i k ẑ eiφ1 + h.c.

)
+

Ω2

2

(
|e〉〈g2| ei kẑ eiφ2 + h.c.

)

(2.1.14)
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where a propagation in z-direction with a wavevector k1 ≡ k = −k2 has been assumed and additional
phase factors φ1 and φ2 have been introduced.

With the help of expressions (2.1.9) and (2.1.7), the effective Hamiltonian in second order perturba-
tion can then be calculated out of (2.1.14) as

Heff =

(
δ1 +

Ω2
1

4δ1

)
|g1〉〈g1|+

(
δ2 +

Ω2
2

4δ2

)
|g2〉〈g2| −

Ω2
1

4

(
1

δ1
+

1

δ2

)
|e〉〈e|

+
1

2

(
Ω1 Ω2

4

[
1

δ1
+

1

δ2

]) (
|g1〉〈g2| ei (2k) ẑ e−i (φ1−φ2) + h.c.

)
.

(2.1.15)

Apart from ac-Stark shifts of the energy levels, a direct coupling between the ground state levels
emerges, the so-called ‘Raman transition’. Note that for the opposite laser directions k1 = −k2 ≡ k
assumed here, the ground state transition is associated with a momentum recoil transfer of |2~k| as
will be further clarified in section 6.2.1.

2.2 Projection operator technique

The projection operator method [47] allows for a description of the subsystem dynamics of a compos-
ite quantum system. Thereby it enables the inclusion of non-Markovian features, that is the depen-
dence of the subsystem dynamics on the evolution history, reflecting the backaction and memory of
the environment. This approach will be applied to the description of dephasing in chapter 3, in which
the form of the decoherence decay depends crucially on the noise correlation (memory) time. In this
case the relevant system of interest is represented by the NV electronic spin, whereas the environ-
ment consists of a bath of impurity spins that are coupled to the NV via dipolar interactions. For very
short noise correlation times, corresponding to a larger number of spins and bath modes in frequency
space that exclude any revival effects, the past time dependence turns out to be negligible, thereby
reproducing the Markovian limit.

The procedure of tracing out over the ‘non-relevant’ environmental degrees of freedom is described
by the projector P , which projects on the ‘relevant subspace’ of interest. On the other hand, the
complementary projector Q = 1− P projects on the ‘irrelevant subspace’

ρ → Pρ = trB(ρ)⊗ ρB = ρS ⊗ ρB
ρ → Qρ = ρ− Pρ . (2.2.1)

Here ρB is the reference state, an arbitrary but known state of the environment, that will be a thermal
spin bath state for the application under consideration. Moreover it is straightforward to verify the
following properties

P +Q = 1, P2 = P, Q2 = Q, P Q = QP = 0 . (2.2.2)

In the following the concept will be briefly reviewed which leads to two forms: The Nakajima-
Zwanzig approach, an integro differential equation with retarded time integration and the time con-
volutionless approach resulting in a first order differential equation local in time. The latter approach,
in a perturbative expansion in the coupling strength will be used for the dephasing description in
chapter 3.

2.2.1 The Nakajima-Zwanzig form

We assume a composite system of the form

H = H0 + η HI (2.2.3)
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with H0 describing contributions of the individual sub-systems, namely the uncoupled system and
environment, and HI describing the interaction between both.
The equation of motion for the complete density matrix in the interaction picture with respect to the
uncoupled part H0 can then be described as

∂

∂t
ρ(t) = ηL(t) ρ(t) with L(t)ρ = −i [HI(t), ρ(t)] (2.2.4)

and HI(t) = exp(iH0 t)HI exp(−iH0t) the interaction Hamiltonian.
The equations of motion for the ‘relevant’ (Pρ) and ‘irrelevant’ (Qρ) part are obtained by inserting
the projectors (2.2.1) into the equation of motion (2.2.4), resulting in

∂

∂t
Pρ = ηPL(t) ρ(t) = ηP L(t) [P ρ(t)] + ηP L(t) [Q ρ(t)] (2.2.5)

∂

∂t
Qρ = ηQL(t) ρ(t) = ηQL(t) [P ρ(t)] + ηQL(t) [Q ρ(t)] (2.2.6)

where in the last step the identity 1 = P + Q has been inserted. This last equation (2.2.6) can be
formally solved

Qρ(t) = G(t, t0)Q ρ(t0) + η

∫ t

t0

dt′ G(t, t′)QL(t′)P ρ(t′) (2.2.7)

with the propagator (T denotes the time ordering)

G(t, t′) = T exp
(
η

∫ t

t′
QL(t′′) dt′′

)
, (2.2.8)

with the first part in (2.2.7) the formal solution of the homogeneous part of (2.2.6) with the initial
conditionQρ(t0) at time t0 and the second part easily checked to be a solution of the inhomogeneous
equation.
Inserting this formal integration (2.2.7) into the equation of motion for the ‘relevant part’ (2.2.5) leads
to a closed differential form, the Nakajima-Zwanzig equation

∂

∂t
Pρ(t) =ηPL(t)G(t, t0) [Qρ(t0)] + ηP L(t) [Pρ(t)]

+ η2

∫ t

t0

dt′ P L(t)G(t, t′)QL(t′)
[
P ρ(t′)

]
.

(2.2.9)

The non-Markovian nature of this equation of motion is reflected by the integration over the past time
history.

2.2.2 Time-convolutionless projection operator technique

A master equation that is local in time, thereby removing the past time dependence of the Nakajima-
Zwanzig form (2.2.9), can be obtained by introducing a propagator G(t, t′) backwards in time. That
is, for t′ < t

ρ(t′) = G(t, t′) ρ(t) with G(t, t′) = T ′ exp
(
−η

∫ t

t′
dt′′ L(t′′)

)
(2.2.10)

and the antichronological time ordering operator T ′. Inserting (2.2.10) into the solution for the ‘non-
relevant part’ (2.2.7), thereby formally removing the past time dependence, one ends up with

[1− Σ(t)] Qρ(t) = G(t, t0)Qρ(t0) + Σ(t)Pρ(t) (2.2.11)
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where Σ(t) has been defined as

Σ(t) = η

∫ t

t0

dt′ G(t, t′) QL(t′)PG(t, t′) . (2.2.12)

Therefore, provided the inverse of [1 − Σ(t)] exists, at least fulfilled for small times t → t0 or a
vanishing coupling η → 0, the ‘irrelevant part’ solution follows out of (2.2.11) as

Qρ(t) = [1− Σ(t)]−1 G(t, t0)Qρ(t0) + [1− Σ(t)]−1 Σ(t)Pρ(t) . (2.2.13)

This expression depends only on the initial state and the density matrix at time t, thereby formally
lifting the previous dependence on the evolution history. Inserting this solution into the equation of
motion for the ‘relevant part’ (2.2.5) leads to the time convolutionless master equation form

∂

∂t
Pρ = K(t)Pρ(t) + I(t)Qρ(t0) (2.2.14)

where K(t) denotes the time-local generator (TCL generator) and I(t) the inhomogeneity defined as

K(t) = ηPL(t) [1− Σ(t)]−1 P (2.2.15)

I(t) = ηP L(t) [1− Σ(t)]−1 G(t, t0)Q (2.2.16)

and it has been used that [1 − Σ(t)]−1 Σ(t) = [1 − Σ(t)]−1 − 1. Importantly, for separable initial
conditions such that Pρ(t0) = PρS(t0) ⊗ ρB = ρ(t0), what will be the case for the application in
chapter 4, the inhomogeneity part can be neglected as Qρ(t0) = (1− P)ρ(t0) = 0.

Nevertheless, the master equation (2.2.15) remains rather involved in general. A perturbative analysis
is therefore often advantageous, that can be obtained by expanding the TCL generator K(t) in orders
of the coupling parameter η

K(t) =
∞∑

n=1

ηnKn(t) (2.2.17)

where it shall be assumed that Σ(t) can be expanded into a geometric series, i.e. [1− Σ(t)]−1 =∑∞
ν=0 (Σ(t))ν . Along with expanding the propagators G(t, t′) and G(t, t′) appearing in (2.2.12), the

coefficients up to second order are obtained as

K1(t) = PL(t)P

K2(t) =

∫ t

t0

dt′ PL(t)QL(t′)P .
(2.2.18)
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Chapter 3

Decoherence, dynamical decoupling and
the filter-spectrum overlap approach

In this chapter1, decoherence and decoherence decoupling will be addressed. A focus will be on the
description of the decoupling mechanism by means of an overlap of the noise spectrum with a filter,
representing the effect of the noise source and the decoupling process, respectively.
Section 3.1 gives a general overview of decoherence processes and sources for the nitrogen vacancy
center in diamond. Section 3.2 then introduces a formula for the decay rate based on a perturbative
second order expansion in the noise coupling. This formalism holds for general external control fields,
and a special emphasis will be put on a constant resonant decoupling field, also known as ‘continuous
dynamical decoupling’. In the Markovian limit, a more general formalism can be applied, that will be
explained in section 3.3 and used to clarify the relation between the coherence dephasing time T2 and
the longitudinal relaxation time T1. In section 3.4 the coherence decay formalism under pulsed dy-
namical decoupling and for Gaussian dephasing noise will be reviewed. In contrast to the treatment
in section 3.2, this leads to a non-perturbative description. Section 3.5 introduces the Ornstein Uh-
lenbeck process and its numerical simulation, which describes the evolution for Gaussian, Markovian
and stationary statistical processes. This model has been widely used for numerical noise simulations,
in particular in the upcoming chapter 5. Two appendices conclude this chapter: Appendix 3.A, which
derives the second order master equation used in section 3.2 and Appendix 3.B, which is devoted to
the calculation of the filter function for the pulsed dynamical decoupling discussed in section 3.4.

3.1 Decoherence and decoherence decoupling for the nitrogen vacancy
center in diamond

Decoherence fundamentally limits the maximal timescales on which a quantum system behaves
quantum-mechanically. It generally describes the decay of coherences, that is the decay of off-
diagonal matrix elements in the density matrix and thus the decay of quantum superpositions. Such
a decay may be the result of either fluctuating fields implying fluctuating phase shifts or of entan-
glement processes with the environment [306]. As an example, a quasistatic fluctuating phase δφ(t)
with variance σδφ(t), leads to a coherence evolution σ+(t) = σ+ e

iδφ(t), that for a Gaussian average
results in the decay of coherences 〈σ+(t)〉 = 〈σ+〉 exp(−1/2σδφ(t)2). The decay time is known as
the coherence time T ∗2 (free induction decay) or in the presence of a Hahn-echo pulse as T2 [200].
Apart from that, the ‘spin-lattice relaxation’ time T1 denotes the population decay [258, 267], and
for the NV center is mainly a phonon induced process. As expected, the coherence time T2 is con-
nected to the relaxation time T1, the latter forming in fact a fundamental limitation to T2 (see also

1Parts of this chapter have been first published in [A2] (see List of Publications on page v), and have been directly taken
from this publication.
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section 3.3); however T1 is typically much longer ranging from milliseconds at room temperature to
several seconds at low temperatures [258, 267], such that it does generally not form the predominant
influence on the coherence time.

For the NV-center, coherence is mostly limited by the interaction with environmental spins and para-
magnetic impurities naturally present in the diamond crystal [306]. Such a spin bath is dipolarly cou-
pled to the spin-1 of the electron ground state triplet 3A2, and as a result of the different energy scales
is generally revealed in fluctuating energy shifts [75]. This is a result of the spins forming the bath be-
ing intrinsically coupled by the magnetic dipolar interaction, therefore leading to a change of the bath
configuration and thus the phase imprinted on the NV-center electron spin. In particular, for type Ib
diamond, coherence is mainly limited by electronic spins of nitrogen donors (P1-centers), which leads
to typical coherence times of several µs [75, 125]. In contrast, for high purity type IIa diamond deco-
herence is determined by the much weaker coupling to a bath of C-13 nuclear spins [236, 200], which
allows for long reported coherence times up to milliseconds at room temperature [25]. Moreover in
the presence of decoupling sequences, coherence times approaching ∼ 0.6 s at lower temperatures
have been reported [26]. For nanocrystals additional sources of decoherence lead to smaller reported
coherence times, discussed in more detail in section 5.2.

Several approaches have been developed to combat decoherence: Dynamical decoupling techniques
[75, 236, 200, 55, 294] are widely applied and based on decoupling the system from the spin bath by
designed control interactions on the system. In its most simple form, this can be performed by a series
of population inverting echo pulses, which leads to a rephasing and thus recovering of coherence.
Moreover spin-bath polarization methods [258, 174] allow for the suppression of the intrinsic bath
dynamics (‘flip-flop’ interactions amongst the bath spins) and thus of the fluctuating nature of the
resulting bath field. In this way, the noise source is effectively eliminated. A slightly different third
approach consists of decoupling the mutual interactions within the spin bath by an external control
field [53, 112].

3.2 Continuous dynamical decoupling and the filter-spectrum overlap
formalism

The effect of dynamical decoupling or more precise the decoherence decay rate in the presence
of decoupling can be described in terms of an overlap of a filter function with the noise spec-
trum [114, 12, 38] (see figure 3.1). Herein the filter is the result of a classical control field, whereas the
noise spectrum represents the source of decoherence. This then allows for a very illustrative analysis
and description of the working principles of dynamical decoupling methods.
In this section we will mainly focus on the concept of continuous dynamical decoupling [55, 268, 294,
34], in which the relevant (qubit) transition is resonantly and continuously driven by an external field.
Such a scheme effectively creates an energy gap as given by the driving frequency, which protects
the system from transitions induced by decoherence. In this way, an increasing decoupling from the
noise field with an increasing decoupling field strength can be expected in general.
The calculation of the decoherence decay rate and its representation in terms of filter and noise spec-
trum [114, 12, 38, 69], can be obtained by means of a second order master equation [114]. Such a
treatment is rather general, and holds for a variety of possible decoupling sequences both pulsed and
continuous. Remarkably, exact non-perturbative formulas can be obtained for the pulsed decoupling
under the assumption of Gaussian noise, what will be the subject of section 3.4.

This section is organized as follows. Section 3.2.1 will introduce the basic formalism, the modelling
of noise and the decay rate formula along with its interpretation in frequency space. Moreover it is
shown that the decay properties for a constant decoupling field depend crucially on the initial state.
The subsequent section 3.2.2 is dedicated to the derivation of the decoherence decay formula out of
a second order master equation approach. As particularly relevant special cases, the decay properties
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for two selected initial states in the equatorial plane (φ=0 and φ=π/2) are analyzed in section 3.2.3,
showing that they do exhibit the decay behaviour of populations and coherences in a dressed state
formalism, respectively. Sections 3.2.4 and 3.2.5 then discuss the Markovian (uncorrelated) and qua-
sistatic limiting cases. In section 3.2.6 the limit of pulsed decoupling and zero-decoupling is shown
to equal the exact expressions for Gaussian noise that are later on described in section 3.4. Following,
section 3.2.7 will address the different, both Markovian and non-Markovian decoherence regimes and
the applicability range of the decay formula will be discussed. It will turn out that for Gaussian noise
the formalism provides a reliable description except for a crossover regime, in which the coherence
time is comparable to the noise correlation time. Section 3.2.8 gives an overview of the decay rate
and filter function formulas.

3.2.1 Decoherence decay rate
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Figure 3.1: Filter spectrum overlap [A2]. Decoupling effect illustrated in the filter noise-spectrum
overlap approach for different times (a) t = 10µs and (b) t = 100µs. The red dashed curve cor-
responds to the noise spectrum whereas the blue and green curves represent the filter functions for a
zero decoupling field and Ω = 0.4 MHz, respectively. For long times t � τc the filter function be-
comes δ-peaked around ω = ±Ω. Noise parameters: T2 = 13.3µs, τc = 2.5µs,

√
〈b2〉 = 30.2 kHz,

corresponding to the surface spin bath of chapter 5.

Consider a two level system evolving under the Hamiltonian (in the rotating frame)

H = ~
b(t)

2
σz + ~

Ω(t)

2
σx (3.2.1)

with b(t) a random, zero-mean fluctuating detuning (〈b(t)〉 = 0) describing the effect of pure de-
phasing and originating from the environmental coupling. Ω(t) describes the amplitude of a classical
external control field for dynamical noise decoupling, that for continuous dynamical decoupling is
just a constant Ω(t) ≡ Ω. The properties of the dephasing noise, which will be assumed to be station-
ary, can be described by its two time correlation function 〈b(t) b(t + τ)〉. This hold in particular if it
is of Gaussian nature. Conversely, in Fourier space the noise spectrum S(ω) is defined by

S(ω) =

∫ ∞

−∞
exp(iωτ)〈b(t)b(t+ τ)〉dτ . (3.2.2)

A particularly relevant and well-studied noise model is given by the Gauss-Markov model [78], in
which case

〈b(t) b(0)〉 = b2 e−
|t|
τc , S(ω) =

2b2τc
1 + ω2τ2

c

. (3.2.3)
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Here b =
√
〈b2〉 describes the root-mean square noise amplitude and τc the noise correlation time, the

latter a measure of the bath evolution and memory time. Such a model is widely used in modelling
the dephasing noise arising from the coupling of an NV center to a spin bath [75, 82, 55, 27], and in
fact the Lorentzian noise spectrum has been identified as the relevant form for a dipolarly coupled
spin bath in [156].

We will assume that the system is initially (t0 = 0) prepared in the state

|ψφ〉 =
1√
2

(
|e〉+ ei φ |g〉

)
. (3.2.4)

Then, as will be derived in the subsequent section 3.2.2, after a time t the probability for still finding
the system in that initial state is given by

〈ψφ|ρ|ψφ〉 =
1

2

(
1 + cos2 φ e−Rx(t) t + sin2 φ e−1/2 (Rx(t)+Rγ(t)) t

)
, (3.2.5)

describing purely the effect of decoherence and not taking the coherent evolution into account (see
figure 3.2). The decay rates appearing in (3.2.5) can be expressed as

Rk(t) =
1

2t

1

2π

∫ ∞

−∞
S(ω)F kt (ω) dω (3.2.6)

with the noise spectrum S(ω), and F kt (ω) a decoupling field dependent filter function (see figure 3.1).
Exact expressions for those quantities can be found in section 3.2.8. In the case of a continuous
decoupling field Ω(t) ≡ Ω, the filter function is peaked around the frequencies ω = ±Ω (see fig-
ure 3.1). This has a clear interpretation in the dressed state picture of the decoupling interaction (the
σx-eigenbasis): In that basis the decoupling effect consists of creating an energy splitting Ω, whereas
decoherence is responsible for flipping these eigenstates. Such a process is resonant at the noise
frequency Ω. Thus, for any noise spectrum decaying with increasing ω, increasing Ω improves the
coherence times and thus leads to a decoupling effect. As the width of the noise spectrum is approx-
imately given by the inverse of the noise correlation time, as can be easily verified by the particular
form (3.2.3), an efficient decoupling can be expected for Ω & 1/τc.

In the Markovian limit characterized by t� τc and Ω t > 1 and for a constant Ω, Rx(t) ' 1/2S(Ω)
and Rγ(t) ' 0 (more precise Rγ(t) t � Rx(t) t), the coherence decay in time (3.2.5) follows an
exponential decay and takes the form (see section 3.2.4)

〈ψφ|ρ|ψφ〉 =
1

2

(
1 + cos2 φ e−Rx t + sin2 φ e−1/2Rx t

)
with Rx =

1

2
S(Ω). (3.2.7)

Such a situation resembles the filter description depicted in figure 3.1 (b), in which the filter can be
considered as approximately δ-peaked around the Rabi-frequency Ω. This has a clear interpretation
in that only resonant noise contributions contribute significantly to the decoherence decay. Moreover,
inspection of the Markovian regime provides insight into the origin of the different decay behaviours
associated with the angle φ: the first part in (3.2.5) (the σx-eigenstate decay) is related to a popu-
lation decay in the dressed state eigenbasis of the decoupled system, whereas the second part (the
σy-eigenstate decay) corresponds to a decay of the corresponding coherences in that basis. The latter
process happens in the Markovian limit t � τc with half of the population decay rate. In the non-
Markovian limit the decay rate of the coherence contributions is increased by an additional factor
Rγ(t).
Note also that for the case of free induction decay, i.e. Ω = 0 and in the limit of pulsed decoupling
as will be analyzed in section 3.2.6, Rγ(t) = Rx(t) and thus both decay contributions are equal as
expected by the isotropy of the system.
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Figure 3.2: Coherence decay and decay rate formula for different initial states [A2]. Comparison
of the decay rate according to (3.2.5) (red lines) to a numerical simulation of the noise process (blue)
for an initial state (3.2.4) with (a) φ = 0, (b) φ = π/2 and (c) φ = π/4, Ω = 0.5 MHz and
modelling the noise as an Ornstein-Uhlenbeck process. Other lines correspond to decay curves for a
zero decoupling field and different initial states as indicated in the figure. Noise parameters: T2 =
13.3µs, τc = 2.5µs,

√
〈b2〉 = 30.2 kHz corresponding to the nuclear spin surface bath of chapter 5.

3.2.2 Decoherence decay rate out of the master equation

Following the description in [114, 12] we will derive the general decoherence decay formula (3.2.5).
It is advantageous to evaluate the decoherence behaviour in the σx eigenbasis |±〉x ≡ |±〉, in which
the effect of the decoupling field can be interpreted as creating an energy gap suppressing flipping pro-
cesses by the (off-resonant) detuning fluctuations. Using the Nakajima-Zwanzig projection operator
approach [47] allows to obtain a master equation for the system interacting with a noise bath, which
will be derived in Appendix 3.A, that up to second order in the coupling constant for the evolution
under (3.2.1) it given by [114]

dρ

dt
= − 1

~2

∫ t

0
dt′ φ(t− t′)

[
S(t), S(t′) ρ(t)

]
+ h.c. (3.2.8)

with φ(t− t′) = 〈b(t) b(t′)〉, S(t) = ~/2 σ̃z and

σ̃z = exp

(
i

∫ t

0
Ω(t′)/2 dt′ σx

)
σz exp

(
−i
∫ t

0
Ω(t′)/2 dt′ σx

)
(3.2.9)

the σz operator in the interaction picture with respect to the decoupling field. Notably, the integration
account for the dependence on past times, reflecting the non-Markovian nature of such a master
equation. It turns out that coherences and populations are decoupled in the differential equation
expressed in the σx-eigenbasis |±〉 leading to (ρij = 〈i|ρ|j〉),

d

dt


 ρ++

ρ−−


 = −1

2
γ1(t)


 1 −1

−1 1




 ρ++

ρ−−


 (3.2.10)

where (see definitions in section 3.2.8, U = exp(i
∫ t

0 Ω(τ) dτ),R denotes the real part)

γ1(t) =

∫ t

0
dt′ φ(t− t′)R

[
U(t)U †(t′)

]
, Rx(t) =

1

t

∫ t

0
dt′ γ1(t′) dt′ (3.2.11)

leading to the solutions

ρ++(t) =
1

2

[
(2 ρ0

++ − 1) e−Rx(t) t + 1
]
, ρ−−(t) =

1

2

[
(2 ρ0

−− − 1) e−Rx(t) t + 1
]
.

(3.2.12)

39



On the other hand the differential equation for the coherences takes the form

d

dt


 ρ−+ − ρ+−

ρ−+ + ρ+−


 = −1

2


 γ1(t) + γ2(t) i (µ1(t)− µ2(t))

i (µ1(t) + µ2(t)) γ1(t)− γ2(t)




 ρ−+ − ρ+−

ρ−+ + ρ+−




(3.2.13)
with the additional definitions (hereinR denotes the real and I the imaginary part)

γ2(t) =

∫ t

0
dt′ φ(t− t′)R

[
U(t)U(t′)

]
, Rγ(t) =

1

t

∫ t

0
dt′ γ2(t′) dt′

µ1(t) =

∫ t

0
dt′ φ(t− t′) I

[
U(t)U †(t′)

]
, µ2(t) =

∫ t

0
dt′ φ(t− t′) I

[
U(t)U(t′)

]
.

(3.2.14)

As will be seen later, the combination ρ−+ − ρ+− is responsible for the decay of coherences in the
density matrix description. Moreover it is straightforward to show that the off-diagonal elements (the
‘µ-terms’) are related to a coherent evolution whereas the diagonal elements describe the decay terms
of the corresponding quantities. Since we are not interested in the coherent evolution part it is possible
to set those off-diagonal contributions to zero, resulting in a description of the envelope decay of the
quantities. Therefore one ends up with

(ρ−+ − ρ+−)(t) = e−1/2 (Rx(t)+Rγ(t)) t (ρ−+ − ρ+−)(0) . (3.2.15)

Now consider the arbitrary phase state (3.2.4) that can be expressed in the |±〉 basis as (neglecting a
global phase factor)

|ψφ〉 = cos(φ/2) |+〉 − i sin(φ/2)|−〉, ρ0 = |ψφ〉〈ψφ| . (3.2.16)

Using (3.2.12) and (3.2.15), the density matrix after a time evolution of t follows to be

ρ(t) =|+〉〈+| 1
2

[
cosφ e−Rx(t) t + 1

]
+ |−〉〈−| 1

2

[
− cosφ e−Rx(t) t + 1

]

− (i/2) (|−〉〈+| − |+〉〈−|) sinφ e−1/2 (Rx(t)+Rγ(t)) t .
(3.2.17)

Knowing the density matrix time evolution it is straightforward to calculate the decay rate of the initial
state |ψφ〉 towards the completely mixed state ρmixed = 1/2 (|+〉〈+| + |−〉〈−|) and the probability
for finding the system in the initial state after a time t

tr (|ψφ〉〈ψφ| ρ(t)) = 〈ψφ|ρ|ψφ〉 =
1

2

(
1 + cos2 φ e−Rx(t) t + sin2 φ e−1/2 (Rx(t)+Rγ(t)) t

)
(3.2.18)

what corresponds exactly to the result given in (3.2.5). Inserting the noise spectrum φ(t − t′) =
1/(2π)

∫
dωS(ω) exp(−iω (t − t′)) into the rate expressions Rx(t) (3.2.11) and Rγ(t) (3.2.14) di-

rectly leads to the filter form (3.2.6) with

F xt (ω) =
1

4πt

∫ t

0
dt1

∫ t

0
dt2 e−iω(t1−t2)R

(
U(t1)U †(t2)

)
(3.2.19)

and analogue F γt (ω) by replacing U †(t2) by U(t2) in (3.2.19). The further simplified filter formulas
can be found in (3.2.36).

3.2.3 Population decay for φ = 0 and φ = π/2 and a constant decoupling field

In this section the limiting cases of starting in the σx eigenstate |+〉x (φ = 0) and the σy eigenstate
|+〉y (φ = π/2), respectively, shall be reviewed for the case of a constant decoupling field Ω(t) =

40



Ω = const., leading to an explanation of the different decay rates in both basis states. In the following
discussion it will be assumed that |±〉 ≡ |±〉x.

For φ = 0 the initial state is given by (3.2.16)

ρx0 = |+〉〈+| (3.2.20)

and the time evolution follows from (3.2.17)

ρx(t) = |+〉〈+| 1

2

(
1 + e−Rx(t) t

)
+ |−〉〈−| 1

2

(
1− e−Rx(t) t

)
(3.2.21)

leading to a decay of the initial state (3.2.18)

〈+|ρx(t)|+〉 =
1

2

(
1 + e−Rx(t) t

)
. (3.2.22)

In the |±〉 basis, that is optimal for the interpretation of the decoupling effect, this corresponds to a
population decay with an effective rate determined by the noise term b(t) (the pure dephasing in the
original state basis) suppressed by the off resonance due to the decoupling field energy splitting Ω.

For φ = π/2 the initial state takes the form (3.2.16)

ρy0 =
1

2
(|+〉〈+|+ |−〉〈−|)− i

2
(|−〉〈+| − |+〉〈−|) . (3.2.23)

Note that the first contribution already corresponds to the completely mixed state and does indeed not
change in time such that the decay is determined by the decay of the σx basis coherences (3.2.17)

ρy(t) =
1

2
(|+〉〈+|+ |−〉〈−|)− i

2
(|−〉〈+| − |+〉〈−|) e−1/2 (Rx(t)+Rγ(t)) t (3.2.24)

leading to the probability for finding the system in the initial state (3.2.18)

tr (ρy0 ρ
y(t)) =

1

2

(
1 + e−1/2 (Rx(t)+Rγ(t)) t

)
. (3.2.25)

Referring again to the decoupled decay picture it is clear that the decay of the σy eigenstates is
governed by the decay of the σx coherences.

This interpretation of pure population (φ = 0) and coherence (φ = π/2) decay allows in particular
for a simple explanation of the decay rate difference in the Markovian limit (t� τc, Ω t > 1): In that
case the coherence decay induced by the population decay is just half that rate as follows by noting
that in this limit Rγ(t) ' 0 and Rx(t) = 1/2S(Ω) = Rx = const. This property follows directly
from a Markovian master equation (in the |±〉-basis)

dρ

dt
=
Rx
4

(2σ−ρσ+ + 2σ+ρσ− − {σ+σ−, ρ} − {σ−σ+, ρ}) . (3.2.26)

3.2.4 Uncorrelated noise limit

On timescales t � τc, that is in particular for coherence times T2 � τc, the noise can be treated as
uncorrelated. In that case, the noise correlation function decays fast enough and can be approximated
by a delta-function 〈b(t) b(t′)〉 ∝ δ(t − t′) on that timescale. The integration over the evolution
history appearing in the decay rate (3.2.8) and (3.2.11) is thus removed and the Markovian limit is
reproduced, characterized by an exponential decay of coherences in time. Such a behaviour can be
seen in two ways: First, directly in the decay rate (3.2.11) by approximating the two-time correlation
function as δ-peaked in time. Second, in the Fourier transformed picture (3.2.6) by considering the
width of the filter peak relative to the width of the noise spectrum. This will be analyzed for a constant
decoupling field in the following.
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We will start with the Fourier-transformed filter-spectrum overlap description. The width of the noise
spectrum, straightforwardly verified by considering the explicit form (3.2.3), is given by ∆ωsp '
1/τc. This also defines the frequency scale on which the spectral properties vary significantly. On the
other hand the width of the filter function peaks (for their explicit form see (3.2.38)), peaked around
ω = ±Ω, follows as ∆ω ' 1/t. Therefore, for t � τc the filter function can be considered as
δ-peaked on the noise spectrum variation scale

F xt (ω)/Nt = F xt (ω)/(2πt) ' (1/2) (δ(ω − Ω) + δ(ω + Ω)) (3.2.27)

where the normalization factor Nt =
∫∞
−∞ F

x
t (ω)dω = 2πt has been introduced to account for the

area of the filter function in frequency space. Along with the fact that F γt is suppressed by 1/(Ω t)
relative to F xt , such that Rγ(t) t � Rx(t)t for Ω t > 1, this then leads to (3.2.7) with a decay rate
given by Rx = 1/2S(Ω) (assuming the spectrum to be symmetric in ω).

Another way of analyzing the uncorrelated noise limit can be performed based on the expression for
the decay rate (3.2.11), which results in a decay rate of the form

Rx(t) =
1

t

∫ t

0
dt′
∫ t′

0
dt′′ φ(t′ − t′′) exp

(
iΩ (t′ − t′′)

)
(3.2.28)

with φ(t − t′) = 〈b(t) b(t′)〉 the two time correlation function of the noise. Now, on a coarse grain
timescale much larger than the noise correlation time, that is for t� τc, the correlation function can
be approximated by a δ-function. More precise, defining h(t) ≡ φ(t) exp(iΩt), the integrand can be
approximated by

h(t)/Ñt ' δ(t) ⇒ φ(t′ − t′′) exp(iΩ(t′ − t′′)) ' S(Ω) δ(t′ − t′′) (3.2.29)

where it has been used that Ñt ≡
∫∞
−∞ h(t′) dt′ = S(Ω) is just the definition of the noise spec-

trum (3.2.2). Therefore, inserting (3.2.29) into (3.2.28) it directly follows that Rx(t) = 1/2S(Ω)
leading again to the coherence decay formula (3.2.7). In this last approach it becomes clear, that for
t� τc the past time dependence represented by the integration in (3.2.28) is removed; thus this limit
corresponds to the Markovian one.

Such a Markovian decoherence decay behaviour turns out to be quite universal, even when the noise
differs from the simple form in (3.2.1). That is, for t � τc the decay rate is characterized by the
spectral components of the noise that equal the corresponding atomic or spin transition frequency, a
direct consequence of energy conservation; the total decay rate in the Markovian limit corresponds
just to the sum of the individual rates of the corresponding transitions involved and will be discussed
in section 3.3.

3.2.5 Decay rate in the quasistatic limit

In the quasistatic regime T2 � τc, or more general in the short time limit t � τc, the two-time
correlation function appearing in (3.2.11) and (3.2.14) can be replaced by φ(t − t′) ' b2 with b the
root mean square noise amplitude as defined in (3.2.3). It is then straightforward to calculate the
decay rates involved in (3.2.5), which for a constant decoupling field leads to (for t� τc)

Rx(t) t ' b2 1− cos(Ω t)

Ω2
and Rγ(t) t ' b2 1− cos(Ω t)

Ω2
cos(Ω t) . (3.2.30)

Note that in the limit Ω → 0 both rates become equal, namely Rx(t) t = Rγ(t) t = (1/2) b2 t2,
corresponding to the free induction decay analogue (3.4.10), and leading to an isotropic decay rate
according to (3.2.5) as expected in the absence of any preferred field direction.
As a remark, the discussion of section 3.2.7 will reveal that on the coherence timescale ΩT2 < 1,
such that the approximations (3.2.30) lead to a pure decay. The appearance of any oscillating revivals
of (3.2.30) is well beyond that timescale, and corresponds in fact to a break-down of the second
order formula validity range; with the exception Ω = 0 that does not show any oscillating behaviour
whatsoever.
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3.2.6 Perturbative filter approach in the pulsed and free induction decay limit

Here it will be shown that the filter formalism, based on a second order expansion in the noise Hamil-
tonian (3.2.8), correctly reproduces the exact filters and coherence decay rates for Gaussian noise in
the limit of pulses or in the absence of decoupling fields. This latter approach will be subject to sec-
tion 3.4. Thus, for these particular cases the filter functions are exact in any limit, thus both in the
Markovian and non-Markovian regime.

In order to show this correspondence, we assume instantaneous pulses, i.e. for pulses at times tk (see
figure 7.1 on page 167)

∫ t′

0
Ω(t′′) dt′′ =





0 for t′ < t1

π for t1 ≤ t′ < t2

2π for t2 ≤ t′ < t3

. . .

(3.2.31)

and the integrated Rabi frequency appearing in the filter formulas (3.2.36) is incrementally increased
by π upon application of a decoupling π-pulse. Therefore (with θ the Heaviside step function)

cos

(∫ t′

0
Ω(t′′) dt′′

)
= s(t′) ≡

n∑

k=0

(−1)k θ(tk+1 − t′) θ(t′ − tk) (3.2.32)

describes the sign inversion of the noise coupling associated with the population inversion of the
decoupling pulse. The sine part appearing in (3.2.36) is zero for such a sequence, important in that
this implies F xt (ω) = F γt (ω) (Rx(t) = Rγ(t)) and thus the coherence decay rate (3.2.5) becomes
independent of the initial state angle in the equatorial plane as expected by the isotropy of a pulsed
setup. Now, inserting (3.2.32) into the filter function expressions (3.2.36), this leads to

F xt (ω) = F γt (ω) =

∣∣∣∣
∫ t

0
e−iω t s(t′) dt′

∣∣∣∣ = 2

∫ t

0
dt′
∫ t′

0
dt′′ s(t′) s(t′′) cos

(
ω [t′ − t′′]

)
. (3.2.33)

Remarkably, this filter function corresponds to the exact filter function for Gaussian noise under
pulsed decoupling sequences (3.4.7). This analogy can also be directly seen by noting that out of
(3.2.31) it follows that in the decay rate (3.2.11) R[U(t)U †(t′)] = s(t) s(t′) with s(t) as defined
in (3.2.32). Therefore, the decay rate equals the one obtained in an exact way for Gaussian noise in
the presence of pulsed decoupling sequences (3.4.6). In conclusion, the second order filter function
description is exact in the limit of decoupling pulses and for the description of free induction decay,
the latter corresponding to the absence of any decoupling field.

3.2.7 Decoherence regimes and validity range of the decay formula

In the following the different decoherence regimes for the case of a constant decoupling field Ω(t) ≡
Ω and the applicability of the decay rate formula will be discussed. Two main regimes can be identi-
fied for the coherence decay: First, the Markovian regime, for coherence times large compared to the
noise correlation time T2 > τc. In that case, or more precise for t� τc the two-time noise correlation
function can be approximated by 〈b(t1) b(t2)〉 ∼ δ(t1 − t2) and coherence decays exponentially in
time. Such a regime is universal and holds for a wide variety of noise spectra in the long time limit
t � τc [163]. In this uncorrelated regime, only spectral components at the transition frequency do
contribute, that is the corresponding filter functions are to a good approximation δ-peaked around the
decoupling Rabi frequency. Second, the non-Markovian quasistatic regime T2 < τc. In such a limit
the width of the filter function is large compared to the noise spectrum width and the noise correlation
function can be approximated by 〈b(t1) b(t2)〉 ' b2. In the absence of any decoupling fields this does
lead to a coherence decay quadratic in time, that is |σ+| ' exp(−(1/2) b2t2).
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The different regimes are illustrated in figure 3.3 (a) for different magnitudes of the decoupling field
Rabi frequency Ω and the root mean square noise noise amplitude b ≡

√
〈b2〉 based on the Gaussian

noise model (3.2.3).
A Markovian behaviour (T2 > τc) is observed both in the regimes Ω � b and for Ω, b < τc. In
both regimes the effective impact of the noise on the noise correlation time, taking into account the
suppression of the decoupling term that for Ω � b leads to an effective root mean square noise
amplitude beff ∼ b2/Ω, can be considered being small. Note that in the regime Ω, b < τc this hold for
any possible relative ratio of the two amplitudes.
In contrast, for b > Ω, τc the non-Markovian quasistatic regime (T2 < τc) is reached. In that limit
the noise can be considered approximately as static with the decay originating from averaging over
different realizations or more practical from different noise amplitudes for subsequent experimental
runs. The coherence decay is then determined by the timescale ∼ b−1 and decays on a timescale
much shorter than the correlation time.
In between these two regimes, whose boundary is indicated by the white dashed line in figure 3.3 (a), a
transition regime characterized by T2 ' τc occurs: In the quasi-free (undecoupled) regime Ω� τ−1

c ,
this follows for b ' τ−1

c , i.e. the decay corresponds to a quasi-free decay on a timescale defined
by T2 ∼ b−1 ' τc (see section 3.2.5). In the opposite limit Ω � τ−1

c , such a transition regime is
characterized by both the noise and decoupling field amplitude being of the same magnitude Ω ' b;
that way the system resides neither in the regime of strong decoupling (leading to T2 > τc) nor in the
quasi-free regime (with T2 ∼ b−1 < τc).

It is important to analyze the applicability of the decay rate formula in those different decoherence
regimes. For that task, the decay rate formula (3.2.5) is compared to numerical Gaussian noise simula-
tions in figure 3.3 (b) for different parameter combinations corresponding to the different decoherence
regimes as outlined in the preceding paragraph. Note that the decay rate formula derivation is based
on a second order expansion in the bath coupling (3.2.8), that is, higher order noise correlations either
have to vanish, decay fast enough or have to be negligible on the timescale under consideration for its
applicability.
This leads to two regimes, in which the decay rate formula provides a reliable description of the deco-
herence process: For T2 � τc, i.e. in the Markovian regime, in which the noise impact on the decay
during the correlation time can be considered to be small [12], i.e. higher order correlations decay
fast enough. Second, for the quasistatic regime T2 < τc with b� Ω, that is in the quasi-free (‘unde-
coupled’) non-Markovian regime. This is based on the observation that the decay formula approaches
the exact non-perturbative decay rate and filter functions for a vanishing decoupling amplitude (see
section 3.2.6). It is worth noting that whereas the first regime is quite general, the second one relies
on the Gaussian nature of the noise source. However, based on the central limit theorem [107] this
limitation holds true for most practical applications.

Remains a small region, in which the formula retains its validity exclusively in the short time limit:
the transition regime T2 ' τc with Ω & b (mainly Ω ≈ b) which is marked by the yellow box in
figure 3.3 (a). This corresponds to a regime which is neither quasi-free nor Markovian, leading to a re-
liable description of the decay rate formula only for short times as can be seen from figure 3.3 (b) (iv).
Moreover it is characterized by an oscillating behaviour of the populations. Still, the initial (short
time) region up to a population decay to p ' 0.7 is well reproduced by the formula approach, thus
allowing to obtain a reliable estimate of the coherence time T2. Note that the transition region T2 ' τc
with Ω � b corresponds to the quasi-free regime and is therefore well described by the decay rate
(3.2.5).

As a remark, for a numerical implementation the regime Ω � b is most challenging. This is both
a result of the vastly different evolution timescales of the noise and decoupling field and the long
decoupled coherence times that, at least to observe the coherence decay behaviour, requires the sim-
ulation of timescales� b−1. In contrast, the regime b� Ω, even though being characterized as well
by significantly different evolution timescales, requires only the simulation of very small times of the
scale T2 ∼ b−1.
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Figure 3.3: Decoherence regimes, decay simulations and validity range of the decay formula.
(a) Coherence times T2 for different values of a continuous decoupling field Ω and the root mean
square amplitude of the decoherence fluctuations

√
〈b2〉, expressed in terms of the noise correlation

time τc. The white dashed line separates the Markovian regime (T2 > τc) from the quasistatic one
(T2 < τc). Assuming the noise to be Gaussian, the coherence decay is well-described by formula
(3.2.5), except for parameters within the yellow framed region, in which case it only holds for the
initial (short time) decay period (see (iv) in part (b)). Coherence times have been calculated based
on the decay formula (3.2.5) for the system initially prepared in a σx-eigenstate. (b) Comparison
of numerical decay simulations for a Gaussian noise based on the Ornstein-Uhlenbeck process (see
section 3.5) to the expectation based on the decay formula (3.2.5). The different parameter regimes
(i)-(iv) are indicated in part (a). Blue and red lines correspond to the populations of the σx-eigenstates
|+〉 and |−〉, respectively, as obtained by the numerical noise simulation. In contrast, green dashed
lines are based on the decay rate formula (3.2.5) for the population |+〉 and black dashed dotted lines
correspond to the Markovian limit (3.2.7), the latter leading to an exponential decay in time. As
expected, (i) and (ii) exhibit an exponential decay with T2 > τc, well described by the Markovian
limit (3.2.7). In contrast, (iii) lies within the quasistatic and quasifree region T2 < τc with a decay
that follows formula (3.2.30), clearly distinct from the Markovian limit. The parameters of (iv) are
localized within the yellow framed regime of part (a), in which the decay formula is valid only in the
short time limit. Its validity in this case is limited to the initial decay up to p|+〉 ' 0.7.

3.2.8 Decay rates, filter functions and definitions

Decay rate and general filter function formula

Ri(t) =
1

2 t

1

2π

∫ ∞

−∞
S(ω)F it (ω) dω (3.2.34)

with
S(ω) =

∫ ∞

−∞
ei ω τ 〈b(t) b(t+ τ)〉dτ (3.2.35)

and

F xt (ω) =

∣∣∣∣∣

∫ t

0
e−i ω t

′
cos

(∫ t′

0
dτ Ω(τ)

)
dt′

∣∣∣∣∣

2

+

∣∣∣∣∣

∫ t

0
e−i ω t

′
sin

(∫ t′

0
dτ Ω(τ)

)
dt′

∣∣∣∣∣

2

F γt (ω) =

∣∣∣∣∣

∫ t

0
ei ω t

′
cos

(∫ t′

0
dτ Ω(τ)

)
dt′

∣∣∣∣∣

2

−
∣∣∣∣∣

∫ t

0
e−i ω t

′
sin

(∫ t′

0
dτ Ω(τ)

)
dt′

∣∣∣∣∣

2

.

(3.2.36)
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Specific filter functions

• Free induction decay (Ω = 0)

F xt (ω) = F γt (ω) =
4 sin2

(
ω
2 t
)

ω2
, (3.2.37)

lim
t→∞

Ft(ω)/(2πt) = δ(ω), lim
t→∞

Rx(t) = lim
t→∞

Rγ(t) =
1

2
S(0) .

• Continuous control field (Ω = const.) (sinc(x) = sin(x)/x)

F xt (ω) =
1

2
t2
[
sinc2

(
ω − Ω

2
t

)
+ sinc2

(
ω + Ω

2
t

)]
, (3.2.38)

F γt (ω) =
2 cos(Ω t) (cos(Ω t)− cos(ω t))

ω2 − Ω2
. (3.2.39)

Markovian limit: t� τc, Ω t > 1

lim
t→∞

F xt (ω)/(2πt) =
1

2
[δ(ω − Ω) + δ(ω + Ω)] ,

lim
t→∞

Rx(t) =
1

2
S(Ω), lim

t→∞
Rγ(t) ' 0 .

Spectrum for the Ornstein Uhlenbeck process

〈b(t) b(0)〉 = b2 e−
|t|
τc , S(ω) =

2 b2 τc
1 + ω2 τ2

c

. (3.2.40)
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Figure 3.4: Relaxation and coherence time in the NV ground state triplet [A2]. (a) T1 relaxation
rates. (b) TΩ

2 rotating frame relaxation for a resonant driving with Rabi frequency Ω. Here |+〉 =
1/
√

2(|+ 1〉+ |0〉) and |−〉 = 1/
√

2(|+ 1〉 − |0〉) correspond to the dressed states.

3.3 Decay rate in the uncorrelated noise limit

In this section we will briefly discuss the coherence and relaxation timescales in the uncorrelated noise
limit t � τc. Such a limit is in particular relevant for a dense spin-bath or electronic impurity spins
as will be seen in section 5.2. In that case the level transition rate, separated by an energy gap ω0 and
induced by the noise component k (‘the kth component of the magnetic field’) is given by [78, 175]

r =
1

4
Sk(ω0) (3.3.1)

with Sk(ω) the corresponding noise spectrum. Here k denotes a noise component capable of inducing
transitions, i.e. for relaxation processes in the undressed system can be either the x or y component.
Different components can be added and the final decay rates be obtained by means of classical rate
equations [267, 233]. This situation is illustrated in figure 3.4 (a) for the T1 relaxation and in fig-
ure 3.4 (b) for the dressed state decay in a three level system as the NV center ground state triplet.
This latter case corresponds to the situation of continuous dynamical decoupling.

For the configuration (b) this leads to a rate equation for the state populations of the form

d

dt




p|+〉

p|−〉

p|−1〉


 =




−γ − r0 γ r0

γ −γ − r0 r0

r0 r0 −2 r0







p|+〉

p|−〉

p|−1〉


 (3.3.2)

with γ = r1 + r0 the total transition rate between the dressed states induced by the noise z and y-
component, respectively, r0 = 1/4Sx(ω0) = 1/4Sy(ω0) and r1 = 1/4Sz(Ω). Here ω0 represents
the transition frequency of the bare states and r1 corresponds to the pure dephasing rate characterized
by the spectral noise at the Rabi frequency Ω. With p|+〉(0) = 1 this does lead to the solution

p|+〉(t) =
1

3
+

1

6

[
e−3r0 t + 3 e−(2γ+r0) t

]
' 1

2

[
1 + e−(2γ+r0) t

]
(3.3.3)

where the last approximation is valid for short enough times based on the realistic assumption that
r0 � r1. This allows to identify the (decoupled) coherence time [233]

TΩ
2 = [2 γ + r0]−1 = [2 r1 + 3 r0]−1 . (3.3.4)

Note that the two level analogue can be obtained by retaining only γ in the above equations.

An analogue calculation can be performed for the T1 relaxation illustrated in figure 3.4 (a), which
leads to

T1 = [6 r0]−1 (3.3.5)
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(or T1 = [4r0]−1 for a two level configuration). Comparing (3.3.5) to (3.3.4), and noting that r1 is
suppressed with increasing decoupling amplitudes Ω, the maximally achievable coherence time in a
decoupled system is given by [78]

TΩ
2 ≤ 2T1 . (3.3.6)

3.4 Decoherence decay and filter functions for Gaussian noise under
pulsed dynamical decoupling

Here the decoherence decay properties under the influence of pulsed decoupling sequences are briefly
addressed. In that case, the free time evolution subject to decoherence is interrupted by population
inverting π-pulses, that for a sufficiently slow evolving noise bath lead to a refocusing and thus a
recovering of coherence. A more detailed overview of the decoherence rate and filter function de-
scription under pulsed dynamical decoupling can be found in [78] and an overview of filter functions
for different sequences together with their general derivation is given e.g. in [69, 38].

We will assume that the system evolves under a Hamiltonian of the form

H = ~
b(t)

2
σz + ~

b0
2
σz (3.4.1)

with b(t) representing the fluctuating coupling frequency of the noise with zero-mean 〈b(t)〉 = 0
and b0 a coherent field. Thus, the total field can be considered as btot(t) = b0 + b(t) with mean
value 〈btot〉 = b0 and fluctuations around that value represented by b(t). Decoupling pulses lead to
population inversions, that effectively change σz → −σz , thereby inverting the time evolution after
such a pulse and allowing to remove (part of) the interaction. An intermediate π-pulse intersecting the
time-evolution of a Hamiltonian of the form (3.4.1) (a ‘Hahn-echo’ pulse) completely removes that
interaction provided that the coupling amplitude is constant in time. For the fluctuating part b(t) the
degree of removal depends on the noise correlation time τc that specifies the timescale on which b(t)
fluctuates; if τc is sufficiently large compared to the time between the echo pulse, b(t) is approximately
constant during that time period and therefore the system can be effectively decoupled. In general,
a train of subsequent π-pulses serves to efficiently decouple the interaction (3.4.1) over a longer
time period. In its most simple symmetric form (see figure 7.1 on page 167), the so-called ‘Carr,
Purcell, Meiboom and Gill sequence (CPMG)’ [195, 200, 275], this consists of a n-times repetition
of Hahn-echo pulses, that can be further improved minimizing π-pulse errors by alternating the π-
pulse rotation axis between x and y (‘XY-n sequence’) [75, 236]. For a perfect pulse implementation
both of these approaches are equivalent in terms of decoherence decoupling performance. Apart
from those, asymmetric decoupling sequences like the ‘Uhrig decoupling’ [273, 39, 7] do exist, that
for noise spectra with a sharp frequency cutoff can be superior in performance. However, for the
typical noise bath in diamonds, equidistant sequences (CPMG/XY) have been identified as an optimal
choice [236, 283].

The time evolution of Hamiltonian (3.4.1) subject to population inverting π-pulses Sπ at times ti, that
can be both implemented by a x-or y-rotation Sxπ = exp(−i (π/2)σx) or Syπ = exp(−i (π/2)σy), is
given for the total time t and a n-pulse sequence by

Utot = U(t, tn) . . . S†π U(t2, t1)Sπ U(t1, 0) = e−i
∫ t
0
b(t′)

2
s(t′) dt′ σz e−i

b0
2

∫ t
0 s(t′) dt′ σz (3.4.2)

where U(ti, tj) describes the time evolution of Hamiltonian (3.4.1) and s(t) takes the values ±1

dependent on the population inversion S†πσz Sπ = −σz (θ(t) the Heaviside step-function)

s(t′) =
n∑

k=0

(−1)k θ
(
tk+1 − t′

)
θ
(
t′ − tk

)
(3.4.3)
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as illustrated in figure 7.1 (page 167). For (3.4.2) we have assumed an even number of π-pulses,
otherwise a final effective π-pulse would remain in the system evolution; additionally replacing S†π →
Sπ results in at most a non-crucial additional global phase.

In order to obtain exact expressions for the decoherence decay rate, the noise will be assumed to
be Gaussian, a very convenient choice in view of the central limit theorem [107]. Then it can be
characterized by its first and second moment 〈b(t)〉 = 0 and σ2

b ≡ 〈b(t)2〉 = b2 and following the

distribution P(b′ = b(t), σ2
b ) = 1/

√
2π σ2

b exp
(
−1/2 b′ 2/σ2

b

)
. Therefore, based on the insight that

the sum of Gaussian variables will again be Gaussian distributed [111], the integrated noise χ(t) =∫ t
0 b(t

′)s(t′) dt′ will be Gaussian distributed as well with P(χ(t), σ2
χ(t)) and a variance

σ2
χ(t) = 〈χ(t)2〉 =

∫ t

0
dt1

∫ t

0
dt2〈b(t1) b(t2)〉 s(t1) s(t2)

= 2

∫ t

0
dt1

∫ t1

0
dt2 φ(|t1 − t2|) s(t1) s(t2).

(3.4.4)

In the last step the stationary assumption φ(|t1 − t2|) ≡ 〈b(t1) b(t2)〉 has been used, i.e. the two time
correlation function depends only on the time difference, thus is independent of the absolute times.

Based on the above consideration, the coherence evolution following out of (3.4.2) can be calculated
to

〈σ+(t)〉 = 〈U †totσ+Utot〉 =
〈
ei

∫ t
0 b(t

′) s(t′) dt′
〉
ei b0

∫ t
0 s(t

′)dt′ 〈σ+(0)〉 . (3.4.5)

Performing the Gaussian noise average using (3.4.4), the decoherence decay follows as

|〈σ+(t)〉| = e
−(1/2)σ2

χ(t) |〈σ+(0)〉| =
∣∣∣∣exp

(
−
∫ t

0
dt1

∫ t1

0
dt2 〈b(t1) b(t2)〉 s(t1)s(t2)

)∣∣∣∣ |〈σ+(0)〉|

= exp

(
− 1

4π

∫ ∞

−∞
S(ω)Ft(ω) dω

)
|〈σ+(0)〉| ,

(3.4.6)

where in the last step the noise spectrum S(ω) =
∫∞
−∞〈b(t + τ)b(t)〉 eiωτdτ has been introduced,

leading to the filter function [78, 69, 38]

Ft(ω) = 2

∫ t

0
dt1

∫ t1

0
dt2 cos (ω [t1 − t2]) s(t1) s(t2) =

∣∣∣∣
∫ t

0
eiωt

′
s(t′)dt′

∣∣∣∣
2

. (3.4.7)

The filter function for the free induction decay s(t′) ≡ 1 can be straightforwardly calculated to

FFID
t (ω) =

sin2(ω t/2)

(ω/2)2
(3.4.8)

whereas in the presence of an equidistant decoupling pulse sequence of n-pulses, such as CPMG or
XY-n, the filter function is given by [69] (n 6= 0, see Appendix 3.B)

Ft(ω) =
sin4

(
ω t
4n

)
(
ω
4

)2
cos2

(
ω t
2n

)
{

sin2
(
ω t
2

)
for n even

cos2
(
ω t
2

)
for n odd .

(3.4.9)

The free induction decay filter is characterized by a main peak localized at ω = 0 (FFID
t (ω = 0) = t2)

and much smaller side peaks at ωk t = (2k + 1)π/2, k ∈ N with FFID
t (ωk) = 4t2/ [(2k + 1)π]2.

In contrast, the filter of the n-pulse decoupling sequence shows peaks around ωk t = (2k + 1)nπ
with Ft(ωk) = 4t2/ [(2k + 1)π]2. Importantly, the peak position is shifted away from ω = 0 for
increasing n, therefore guaranteeing a minimization of the overlap with the zero- and low frequency
region of the spectrum, which is thus decoupled. For both cases, the filter peak frequency width is
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proportional to the inverse of the total time ∆ωk ' 2π/t. An illustration of the filter function can
be found in figure 7.2 (page 169) (note that Ft(ω) = F2

tot t
2 and the total time is given by t = 2nτ

according to figure 7.1).

Assuming the Gauss-Markov (Lorentzian) noise spectrum (3.2.3), the free induction decay in the
limits of highly uncorrelated (t� τc) and quasistatic (t� τc) noise follows out of (3.4.6) and (3.4.8)
as

|〈σ+(t)〉|
|〈σ+(0)〉| '

{
exp(−b2 τc t) = exp(−t/T2) , t� τc

exp(−1/2 b2 t2) = exp(−(t/T2)2) , t� τc
(3.4.10)

with T2 = (b2τc)
−1 for t � τc and T2 =

√
2/b for t � τc. The first uncorrelated case corre-

sponds to the Markovian limit, i.e. on the relevant timescale t the noise does not show any memory
effects. Importantly, smaller correlation times lead to a slower decay, an effect also known as mo-
tional narrowing as the width of the power spectrum of 〈σ+(t)〉 is reduced accordingly. The second
case (t � τc) equals the quasistatic situation and inhomogeneous broadening rather than dynamical
effects are responsible for such a coherence decay.
For a Hahn-echo sequence, that is n=1 in (3.4.9) and a total time t = 2τ , the coherence decay for the
two limiting cases is given by

|〈σ+(t)〉|
|〈σ+(0)〉| '

{
exp

(
−b2 τc t

)
= exp (−t/T2) , τ � τc

exp
(
−(1/3) (b τc)

2 (t/(2 τc))
3
)

= exp
(
−(t/T2)3

)
, τ � τc

(3.4.11)

where T2 = (b2τc)
−1 for the uncorrelated τ � τc and T2 = τc [24/(bτc)

2]1/3 for the quasistatic
τ � τc situation. In the former uncorrelated case, the decay rate corresponds to the analogue situa-
tion of the free induction decay, that is, decoupling is ineffective in that case. In contrast to that, the
coherence time can be significantly increased in the quasistatic case.
A n-pulse decoupling sequence in the quasistatic regime, which in general forms a good approxima-
tion for the slow evolving internal impurity spin bath in diamonds, can be considered as a n-times
application of a Hahn-echo sequence. Therefore, for t = 2nτ and τ � τc

|〈σ+(t)〉|/|〈σ+(0)〉| ' exp
(
−n (2τ/T2)3

)
= exp

(
−(t/T

[n]
2 )3)

)
(3.4.12)

with an effective coherence time T [n]
2 = T2 n

2/3 and T2 the corresponding Hahn-echo coherence time.

3.5 The Ornstein Uhlenbeck process and numerical simulation of noise
processes

The Ornstein Uhlenbeck process describes a Gaussian, Markovian and stationary statistical pro-
cess [75] and can be numerically implemented as described in [111, 34]. It often serves as a model for
‘coloured noise’ as introduced in the description of a random fluctuating magnetic field (‘Overhauser
field’ [303]) with finite correlation time in section 3.2.1. This then leads to a noise spectrum and noise
properties as defined in (3.2.3).

For such a process the evolution of the random field is governed by the Langevin equation

db(t)

dt
= − 1

τc
b(t) +

√
cΓ(t) (3.5.1)

with Γ(t) a Gaussian zero-mean noise [34] (〈Γ(t)〉 = 0, 〈Γ(t)Γ(t′)〉 = δ(t − t′)), and τc and c the
‘relaxation time’ and ‘diffusion constant’, respectively. The parameter c appearing in (3.5.1) is related
to the noise correlation time τc and field variance b2 as defined in (3.2.3) by b2 = c τc/2. As has been
shown in [111], based on the Gaussian properties of the noise, which enable its description in terms of
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means and (co-) variances, exact updating formulas for the time dependence of b(t) can be obtained
for the differential equation (3.5.1), given by

b(t+ ∆t) = b(t)µ+ ξx n1 with µ = exp(−∆t/τ), ξ2
x = (c τc/2) (1− µ2) , (3.5.2)

and n1 a unit normal random number. These formulas are exact for any discretization ∆t > 0 and
not restricted to infinitesimal timesteps.

Moreover, for the time integral, corresponding to the acquired phase in the particular example here
and defined as y(t+ dt) = y(t) + b(t) dt

y(t+ ∆t) = y(t) + b(t) τc (1− µ) +

√
ξ2
y −

κ2

ξ2
x

n2 +
κ

ξx
n1 (3.5.3)

with the additional definitions

ξ2
y = c τ3

c

[
∆t/τc − 2 (1− µ) + 1/2 (1− µ2)

]
, κ = (c τ2

c /2) (1− µ)2 (3.5.4)

and n2 a unit normal random number statistically independent to n1. Introducing these exact updating
formulas into the corresponding Hamiltonians for the time evolution, allows for a numerical integra-
tion of the associated equations of motion. This is then followed by an averaging process, which
subsequently leads to the correct influence of decoherence.
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Appendix

3.A Second order master equation for the system bath coupling using
the projection operator technique

In this Appendix, the second order master equation (3.2.8) is derived, following the description of
[114]. The evolution of the total system, consisting of the system and the bath, is given by

χ̇(t) = −(i/~) [Hs(t) +HB +HI(t), χ(t)] = (Ls(t) + LB + LI(t)) χ(t) , (3.A.1)

with Lk denoting the corresponding Liouville superoperators. Using the Nakajima-Zwanzig / time-
convolutionless projection operator technique, which has been introduced in section 2.2, leads to an
exact master equation without the restrictions of necessitating rotating wave or Markov approxima-
tions. The projectors on the relevant P (= the system) and irrelevant subspace Q are defined as

P(·) = trB(·)⊗ ρB
Q = 1− P (3.A.2)

with ρB the thermal state of the bath and in the following quantities with a tilde will refer to the
interaction picture with respect to H0(t) = Hs(t) +HB .
In the time convolutionless form and for separable initial conditions, i.e. χ(0) = ρs⊗ρB the equation
of motion for the relevant part is given according to (2.2.14) and (2.2.18) by

d

dt
Pχ̃(t) = K(t)Pχ̃(t) ' PL̃I(t)Pχ̃(t) +

∫ t

0
dt′ P L̃I(t)QL̃I(t′)P χ̃(t) (3.A.3)

with K(t) the so-called time-local generator and in the last step the equation has been expanded to
second order in the coupling strength of system and bath.
Tracing over the environment leads to (using that Pχ̃ = ρ̃s(t)⊗ ρB )

d

dt
ρ̃s = trB

[
d

dt
Pχ̃
]

= trB
[
L̃I(t) ρB

]
ρ̃s(t) +

∫ t

0
dt′ trB

[
L̃I(t)Q L̃I(t′)ρB

]
ρ̃s(t) . (3.A.4)

Now this is made more explicit by assuming that the interaction Hamiltonian takes the form

HI(t) = S(t)B (3.A.5)

where S(t) and B act on the system and bath alone, respectively. Further it will be assumed that the
average noise is zero

〈B̃(t)〉 = trB(B̃(t) ρB) = 0 . (3.A.6)

This implies that

PL̃I(t)Pχ̃(t) = − i
~

trB
([
H̃I(t), ρ̃s(t) ρB

])
= − i

~
trB
([
S̃(t) B̃(t), ρ̃s(t) ρB

])

= − i
~

trB
(
B̃(t)ρB

) [
S̃(t), ρ̃s(t)

]
= 0 .

(3.A.7)
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Using (3.A.7) and Q = 1− P , the master equation (3.A.3) can be evaluated to

d

dt
ρ̃s =

∫ t

0
dt′ trB

[
L̃I(t) L̃I(t′) ρ̃B

]
ρ̃s(t)

=

∫ t

0
dt′ trB

[
(−1/~2)

[
H̃I(t), [H̃I(t

′), ρ̃B ρ̃s(t)]
]]

= − 1

~2

∫ t

0
dt′ trB

[[
S̃(t) B̃(t), [S̃(t′) B̃(t′), ρ̃B ρ̃s(t)]

]]

= − 1

~2

∫ t

0
dt′ 〈B̃(t) B̃(t′)〉B

[
S̃(t), S̃(t′) ρ̃s(t)

]
+ h.c. .

(3.A.8)

For the evaluation it has been used that the trace of a commutator is zero, that is
tr([B(t), B(t′)ρB]) = tr([B(t), ρBB(t′)]) = 0 along with [S(t), S(t′)ρs]

† = −[S(t), ρsS(t′)]. In the
original Schrödinger picture the master equation then takes the form (~ ≡ 1)

d

dt
ρs = −i [Hs(t), ρ(t)]−

[∫ t

0
dt′ 〈B̃(t) B̃(t′)〉B

[
S(t), Sp(t, t

′) ρs(t)
]

+ h.c.
]

(3.A.9)

with

Sp(t, t
′) :=

[
T e−i

∫ t−t′
0 Hs(t′) dt′

]
S(t′)

[
T e+i

∫ t−t′
0 Hs(t′) dt′

]
. (3.A.10)

Note that the bath operators B̃(t) are still given in the interaction picture while S(t) is defined in the
standard Schödinger picture.

3.B Filter function calculation for pulsed decoupling

The filter calculation in the weak coupling limit essentially reduces to the calculation of χ(t) ≡∫ t
0 exp(iωt′)s(t′)dt′. The time definitions follow the decoupling pulse illustration in figure 7.1 on

page 167. Inserting the definition of s(t) (3.4.3)

χ(t) =

∫ t

0
eiω t

′
s(t′) dt′ =

n∑

k=0

(−1)k
∫ tk+1

tk

eiωt
′
dt′ =

1

iω

n∑

k=0

(−1)k
(
eiωtk+1 − eiωtk

)
. (3.B.1)

The time can be expressed as tk = −τ +k 2τ , except for the cases t0 = 0 and tn+1 = 2nτ ≡ t, these
latter two therefore separated from the sum

χ(t) =
1

iω

(
(−1) + (−1)neiω(2nτ) − 2e−iωτ

n∑

k=1

[
−eiω 2τ

]k
)

(3.B.2)

where in addition the remaining sums have been combined to a single one. Evaluating the geometric
series

∑n
k=1 x

k = x(1− xn)/(1− x), this finally leads to

χ(t) =
i

ω


1− (−1)neiω t − 2

eiωnτ

cos(ωτ)




−i sin(ωnτ)

cos(ωnτ)






 for





n even

n odd



 . (3.B.3)

With t = 2nτ (for n 6= 0), this directly leads to the filter functions (3.4.8) and (3.4.9).
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Chapter 4

Coherent phonon coupling in diamond
nanocrystals1

4.1 Introduction

Nitrogen vacancy centers in diamond are intrinsically connected to the diamond lattice and thus to
the vibronic degrees of freedom within the crystal. Such a behaviour is reflected by quasi-continuous
vibronic sidebands [145, 231, 199], which are observed in absorption and emission spectra. However,
the possibility for exploiting these vibrational degrees of freedom for coherent interactions and the
coupling to specific well-designed modes is vastly unexplored and has been studied only recently [32,
266, 210, 150, A1]. This is mainly due to the smallness of the phonon coupling to global vibrational
modes in macroscopic diamonds, which renders these effects essentially inaccessible. However, with
the creation of designed nanostructures [266, 210] and the fabrication of nanocrystals hosting NV-
centers down to 4 nm in size [269], exploiting these intrinsic interactions in a coherent regime comes
within range. A different approach for vibrational coupling consists in the coupling to magnetized
nanomechanical oscillators as AFM cantilevers and has been successfully performed, allowing for
the sensing of the vibrational mode [159, 19] and even for the coherent control of the NV center
electron spin state [133], that might provide the basic ingredient for future phonon mediated quantum
networks [221].

A coherent phonon mode can serve as a data bus for conditional quantum operations, as extensively
used in the trapped ion approach to quantum computing [169] and proposed to enable even a strong
coupling regime in phonon cavity structures in silicon [253]. To date, despite the demonstration of
coherent coupling and entanglement of the NV center to nuclear spins of nitrogen [104, 275] and
carbon-13 [92, 203] in numerous experiments, bringing different NV centers to interaction remains
challenging and has been demonstrated only recently [87, 36]. One approach for coupling distinct
NV-centers makes use of their dipolar interactions [87, 34] (see also chapter 5), which is limited by
the strong distance dependence of the coupling and therefore has been demonstrated only for very
closely separated pairs. Another method consists of interconnecting the NV center solid state spin
qubits with photons [36], that has lead to extensive research in the design of cavities and photon
couplings [292, 224, 97, 126]. The third approach, the coherent coupling to phonons in a quantum
regime remains elusive and has yet to be demonstrated.

In this chapter the phonon coupling to long wavelength acoustical global modes in diamond nanocrys-
tals will be analyzed. Such a coupling exhibits significant coupling strengths for diamond sizes of
several tens of nanometers, which reveals as energy level shifts in the GHz range between the ground
and excited state triplet. The rather discrete mode spectrum for the small diamond sizes allows for the

1Large parts of this chapter have been first published in [A1] (see List of Publications on page v), and have been directly
taken from this publication.
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coupling to very specific modes. Based on this insight, a scheme is proposed to make this phonon cou-
pling accessible within the ground state triplet manifold by exploiting a Raman transition. This then
allows, provided a sufficiently high mode quality factor, for the coherent phonon mediated interaction
and entanglement of NV-centers.

We will start by analyzing the phonon coupling, the mode frequencies and their dependencies on the
nanocrystal size in section 4.2. This shows that GHz energy level shifts on the ground-excited state
transition are obtained for nanodiamond diameters of 10 to 20 nm, associated with THz mode fre-
quencies. Such a coupling rapidly decreases quadratically with the diameter of the crystal. Details to
the calculation of the electron-phonon coupling, a two step process consisting of the analysis of strain
and subsequently connecting the strain property to the mode displacement, are given in section 4.3.
So far, the mode displacement is approximated as a Bloch type wave. Albeit this provides a good
qualitative estimate of the coupling strength and scaling, the microscopic spatial coupling requires to
take finite size and boundary effects into account. This is carried out in section 4.4, in which the mode
spectrum and coupling properties are explicitly analyzed in the elastic sphere model. In particular this
analysis shows that the low energy breathing mode forms a promising mode for the observation of
phonon-NV center coupling effects. Section 4.5 is then devoted to the creation of concepts for phonon
mediated interactions between NV-centers. In particular, a Raman based scheme is proposed to make
the phonon coupling accessible within the ground state levels. Further, a dispersive phonon cou-
pling regime provides a direct coupling between NV centers, that is rather insensitive to the phonon
state itself. Several modifications to speed up such a gate interaction are proposed, by performing
such gates close to resonance by choosing appropriate time conditions (section 4.5.3) or by adding a
microwave driving (section 4.5.5). Moreover decay rates and associated limitations on the diamond
size are addressed (sections 4.5.4 and 4.5.6). In section 4.6 possibilities for experimentally exploiting
these phonon interactions based on current technologies are briefly discussed. In the subsequent sec-
tion 4.7, a literature overview of a weaker direct strain and phonon coupling mechanism within the
ground state triplet of the NV-center is given and compared with the mechanism based on the ground
excited state transition. This overview will address both the coupling to intrinsic strain (section 4.7.1)
and couplings mediated by magnetic gradients (section 4.7.2). Last, Appendix 4.A provides details
for the exact integration of the gate evolution as exploited in section 4.5.3. Appendix 4.B analyzes the
impact of dipolar couplings on phonon mediated gate interactions.

4.2 Coupling of the nitrogen vacancy center to phonons

The localization of the NV-center electronic states to the vacancy defect itself permits their description
as superpositions of quasi-localized molecular orbitals as has been discussed in section 1.2 and illus-
trated in figure 1.1 (page 8) [188, 83]. Each of these dangling bond orbitals
Mdb = {|σ1

C〉, |σ2
C〉, |σ3

C〉, |σn〉} can be associated to one of the atoms involved in the defect center,
their superpositions according to the C3v symmetry forming four electronic states.

In this framework the well-known ground and excited state energy level structure of the NV−- center
follows by associating the six electrons involved, or equivalently two holes, with the available elec-
tronic statesMel, taking the additional spin properties into account. This relation of the NV-center
energy levels to the quasi-local orbitals is crucial for the description of phonon and strain coupling,
as displacements do have an intuitive interpretation in this localized ‘atomic’ basis. Displacing the
relative distance between two atoms involved in the center can therefore be described by a modified
Coulomb interaction of the electrons in the localized orbitals involved, leading to a shift and mixing
of the orbitals and thus the NV center energy levels.

Calculating the coupling to phonons can be decomposed into two steps by noting that the long wave-
length acoustical phonons considered here introduce a periodic strain to the NV-center. Thus in a first
step we will discuss the effect of strain on the energy level structure and in a second step link the
vibrational phonon mode to the strain property.
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For the former case we will follow the discussion presented in [188] (see also a similar discussion
in [83]). The electron-nuclei Coulomb coupling can be described by an interaction of the form

V =
∑

i

gi |σi〉〈σi|+
∑

i>j

hij(|~rij |) |σi〉〈σj |+ h.c. (4.2.1)

with i and j describing a summation over all possibleMdb configurations and ~rij = ~ri−~rj with ~ri/j
the corresponding atom position vectors. Noting that the coupling coefficient depends on the relative
distance of the atoms involved, it is obvious that stress related displacements ~ui influence the energy
level structure and for small displacements, as expected by phonon effects, the strain perturbation on
the level of dangling bonds can be described by

δV =
∑

i>j

δhij(|~rij |) |σi〉〈σj |+ h.c. (4.2.2)

with δhij = ∇~rhij δ~u = ∇~rhij e~r the first order correction following from an expansion of hij .
Herein the tensor eµν = ∂uµ/(∂rν) is related to the strain tensor ε by εµν = 1/2(eµν + eνµ). We
will carry out this calculation in more detail in section 4.3. This then leads to a global (equal) shift
of the ground state levels 3A2 and relative energy shifts and level mixings for the excited state levels
3E. From a symmetry perspective totally symmetric displacements (A1 strain), as a crystal breathing
mode, do not lead to level mixing or a lifting of degeneracies, and thus are exclusively reflected in
energy shifts. For a specific ground state to excited state triplet transition this results in the following
Hamiltonian for the NV-center energy levels:

Hel−phon ' 2 δ1 |g〉〈g|+ |e〉〈e|(δ1 + δ4 + ξ) (4.2.3)

where δ1 = −ζ(εxx + εyy) and δ4 = ζ8 β̃2 ezz with [188] ζ ' 610 THz and β̃ accounting for the
difference of the nitrogen coupling compared to the carbon related ones. Only energy level shifts
have been retained in the above formula, and the more detailed coupling can be found in (4.3.7).
Moreover, a coordinate representation has been explicitly chosen with the z-direction representing
the ‘N-V’ symmetry axis orientation and the x-axis oriented as one of the mirror plane directions
of figure 1.1 (i). |g〉 can be any of the triplet ground states, that exhibit an equal shift under the

influence of strain, whereas for the excited states |e〉 we find ξ = ±ζ
√

4 ε2xy + [εxx − εyy]2 for the

states |Ex〉 and |Ey〉, respectively, and ξ = 0 otherwise. In this latter case, assuming 8β̃2 ' 1, the
electron-phonon coupling can be approximated by Hel−phon ' −(ζ/2)div(~u)σz with σz defined in
the relevant two level subspace.

Vibrational modes introduce a time-dependent periodic strain to the system, that exhibits a simple
description for long wavelength acoustical modes with wavevectors near the Brillouin-zone center.
In that case, and assuming for now periodic boundary conditions, the discrete Bloch-type wavefunc-
tion, describing the displacement of the crystal lattice positions, can be described by a continuous
displacement field in space ~u(~r) [21]. Thus the discrete lattice positions n are replaced by ~rn → r
and the displacement for a specific mode α is thus obtained by [300]

eij =

√
~

2M ν(k)
kj e

(α)
i (−i)

(
a†α − aα

)
(4.2.4)

with ~k the wavevector, ~e (α) the mode eigenvector, ν(k) the angular frequency and aα, a
†
α the phonon

creators and annihilators of the mode, respectively, and M the mass of the nanodiamond. For the
linear acoustical modes near the zone center the mode frequency follows as ν(k) = c · k. Here
c = 1.2 · 104 m/s describes the speed of sound in diamond and the wavevector k = 2π/l out of ap-
plying periodic boundary conditions, with l the diamond length in the corresponding mode direction.
Combining equations (4.2.3) and (4.2.4) allows for the calculation of the energy shift associated with
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the phonon coupling and exhibits the typical form of a deformation potential coupling describing
local lattice compression and dilation as expected for the long wavelength acoustical phonon case.
As an illustration let us explicitly give the electron-phonon coupling energy shift Hamiltonian for the
specific case of a mode α with ~e (α) ‖ ~k pointing in x-direction and choosing |e〉 = |A2〉 as the excited
state, favourable in the sense that it is not coupled to the singlet state via spin-orbit coupling [188, 270]
and is thus characterized by the longest lifetime within the 3E states as discussed in section 1.3.2. In
that case the electron-phonon coupling takes the simple form

Hel−phon = −η ν (−i) (a† − a) |e〉〈e| (4.2.5)

with the coupling coefficient

η = ζ
k

ν

√
~

2M ν
(4.2.6)

that takes the role of the well-known Lamb-Dicke parameter.
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Figure 4.1: Coupling to global vibrational modes in nanodiamonds. (a) NV centers within a
diamond nanocrystal are coupled to a global vibrational mode. (b) Phonon coupling gph = ην for
different nanodiamond diameters. (c) Phonon coupling coefficient η (4.2.6) and frequency ν of the
lowest acoustical mode vs size (diameter) of a spherical nanodiamond.

The phonon coupling gph = ην is shown in figure 4.1 (b) for different diameters of a spherical dia-
mond. A typical coupling strength of around gph '2 GHz is obtained for a diameter of 10 nm. In view
of the mass dependence appearing in the displacement and thus strain for acoustical phonons (4.2.4),
the coupling is decreasing with the crystal size, and thus no significant coupling can be expected in
bulk diamonds. More precise, gph ∝ k/

√
M ν, that with k ∝ 1/l and ω ∝ 1/l leads to a scaling

gph ∝ 1/l2 ∝ 1/M2/3. Again, l represents the typical scale of the system, as the radius for a three
dimensional sphere. For a d-dimensional system

gph ∝ l−
1+d

2 (4.2.7)

such that the size requirements for sufficient coupling strengths can be significantly relaxed for lower
dimensional systems. The coupling parameter η (4.2.6) for different nanodiamond sizes is shown in
figure 4.1 (c) taking typical values of the order of 10−2− 10−3 and decreasing with the nanodiamond
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radius ∝ R−1 for a spherical diamond of radius R. For general diamond shapes η ∝
√
l/V with l

the length in the mode direction and V the diamond volume. The mode frequencies ν ∝ 1/R for
the lowest energy mode, for a spherical diamond also representing the frequency difference among
neighbouring modes, are shown in figure 4.1 (c), taking typical values in the THz-range. These high
mode frequencies are advantageous in the sense that neighbouring modes are well separated and ad-
ditionally thermal occupation probabilities are low and in fact negligible in the THz range.
The decreasing magnitude of both the coupling strength and the mode frequency limits the diamond
size for significant coupling magnitudes to several tens of nanometers. Thus the observation of
phonon coupling is most likely in nanodiamonds. In fact, phonon sidebands should be experimentally
observable in low temperature emission and absorption spectra, [62]; however no such experimental
investigation with small (. 10 nm) diamonds has been performed to date.

Note that the periodic boundary condition treatment is strictly valid only for the case of an infinite
crystal; for a finite nanodiamond crystal, shape-dependent confinement effects alter the boundary
conditions, therefore leading to a modification of the specific phonon mode spectrum. These effects
will be discussed in the subsequent section 4.4 for an NV-center phonon coupling to the vibrational
motion of a free elastic sphere. Even though a change in the exact microscopic behaviour is observed
in that case, the coupling properties of the long-wavelength radial breathing mode agree fairly well
with the periodic boundary treatment. Moreover the scaling properties remain unchanged for both
descriptions.

As previously seen in (4.2.5), the electron-phonon coupling leads to a state dependent energy level
shift that depends on the relative atomic displacement. Conversely, changing the internal state leads
to a modification of the atomic distances, or more precise to the excitation and de-excitation of the
normal mode. From a different point of view, (4.2.5) can be seen as an internal state dependent
linear momentum shift of the phonon harmonic oscillator mode Hν = ν a†a. Thus, for a driven
system, the state dependent energy level shift can be removed from the Hamiltonian and replaced by
a displacement associated with an energy level transition. More precise, adding a laser coupling with
Rabi frequency Ω and frequency ωL to couple one of the ground states to the excited state |e〉 the total
Hamiltonian in the rotating wave approximation is described by

H =
ω0

2
σz + ν a†a+ iην (a† − a) |e〉〈e|+ Ω

2

(
|e〉〈g| e−iωL t + h.c. ,

)
(4.2.8)

with σz referring to the Pauli z-operator of the corresponding transition and the vibrational degrees
of freedom have been restricted to a single mode. Now applying the canonical Schrieffer-Wolff
transformation U = exp(iη (a†+a)|e〉〈e|), leads to the Hamiltonian [287, 198] (a discussion on how
to include the mode relaxation and the finite excited state lifetime can be found in section 4.5.6)

H =
ω̃0

2
σz + νa†a+

[
Ω

2
|e〉〈g| e−iωLt ei η(a†+a) + h.c.

]
. (4.2.9)

Herein ω̃0 = ω0 + η2 ν is the renormalized energy with ω0 the original transition frequency and the
second contribution following from the Schrieffer-Wolff transformation. Note also that the phonon
coupling mechanism has been assumed to be completely originating from the electron-phonon cou-
pling, whereas photon recoil based coupling has been neglected as it is orders of magnitude lower in
macroscopic systems [287]. Hamiltonian (4.2.9) can be expanded in orders of the small coupling pa-
rameter η with the zeroth phonon independent order providing the carrier and the first order the blue
(∝ a†|e〉〈g|) and red sideband (∝ a|e〉〈g|) transitions. It therefore closely resembles the coupling
mechanism obtained in trapped ion setups [169].
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4.3 Calculation of the electron-phonon coupling

In this section the effect of strain on the ground (3A2) and excited state (3E) level structure will be
calculated, following the procedure of references[188, 83]. By connecting strain to the phonon dis-
placement this then leads to an expression for the electron-phonon coupling in NV centers.
The effect of strain, can be calculated by analyzing the effect of a change in the intra-atom dis-
tance on the Coulomb coupling interaction equation (4.2.1). Coulomb couplings, reaching interaction
strengths of∼ eV, are responsible for the dominant energy scale in the NV center level structure, thus
determining the response to strain. Assuming that this displacement is small, a realistic assumption
by restricting the analysis to the long wavelength acoustical modes, the ones for which the wavelength
is given by the length scale of the diamond crystal, it suffices to expand the coefficients hij to first
order in the atom displacements ~ui out of the equilibrium positions ~r 0

i (i.e. ~r 0
i → ~ri = ~r 0

i +~ui). With
the additional spherical symmetry assumption that the energy just depends on the absolute value of
the relative two-atom displacement, that is hij = hij(|~ri − ~rj |) one obtains hij = h0

ij + δhij with

δhij = 1
|~r 0
i −~r 0

j |
∂hij(|~ri−~rj |)
∂ |~ri−~rj |

∣∣∣∣∣
0

(
~r 0
i − ~r 0

j

)
(~ui − ~uj) (4.3.1)

= 1
|~r 0
i −~r 0

j |
∂hij(|~ri−~rj |)
∂ |~ri−~rj |

∣∣∣∣∣
0

(
~r 0
i − ~r 0

j

)
e
(
~r 0
i − ~r 0

j

)
(4.3.2)

where in the second line we introduced the displacement tensor eµν = ∂uµ/∂rν and the derivation is
evaluated at the equilibrium position of the atoms. Inserting the explicit coordinate expressions for the
positions ~r 0

i as defined in figure 1.1 (i) (page 8) and using the expressions of the electronic statesMel

in terms of the dangling bonds orbitalsMdb as given in section 1.5.4, the strain Hamiltonian (4.2.2)
can be rewritten as

δVMel
= −2 ζ exx |ex〉〈ex| − 2 ζ eyy |ey〉〈ey| − 8 β̃2 ζ ezz |a2〉〈a2|

− ζ (exy + eyx) (|ex〉〈ey|+ h.c.) .
(4.3.3)

Here we have defined

ζ =

√
2

3

∂hij(|~ri − ~rj |)
∂ |~ri − ~rj |

∣∣∣∣∣
0,C

q (4.3.4)

with the index C referring to the coupling for two carbon atoms and the difference for the carbon-
nitrogen case is accounted for by the factor β̃. More precise, following the assumptions made in [188],
this factor is related to the LCAO factor β appearing in (1.5.16) (page 22) by β̃2 = 8β2. The quantity
q denotes the next neighbour distance in the diamond lattice and is equal to q =

√
3/8 (~r 0

i − ~r 0
j ).

Moreover couplings between |a2〉 and |ex,y〉 levels have been neglected, justified by the large energy
separation. Those would correspond to strain induced transitions between the ground and excited
states of the NV center and consequently do not play a significant role. Note also that the energy
level |a1〉 has been neglected as it is delocalized in the valence band and does not contribute to the
properties of the NV center energy level structure.

Out of equation (4.3.3) the impact of strain on the NV center energy levels can be calculated by using
the expressions of the energy levels in terms of the electronic statesMel as provided e.g. in [188] and
summarized in table 4.1. For the ‘two hole’ description the strain perturbation Hamiltonian takes the
form

Hel−phon = [δVMel
⊗ 1el + 1el ⊗ δVMel

]⊗ 1spin (4.3.5)

with 1el the identity onMel and 1spin the one on the spin degrees of freedom. Projecting Hamilto-
nian (4.3.5) on the NV center energy level states finally leads to

Hgs
el−phon = 2 δ1 (|g0〉〈g0|+ |g+1〉〈g+1|+ |g−1〉〈g−1|) (4.3.6)
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for the ground state electron spin triplet states 3A2 and

Hes
el−phon =




δ1 + δ4 0 0 0 δ2 −i δ3

0 δ1 + δ4 0 0 i δ3 −δ2

0 0 δ1 + δ4 + δ2 δ3 0 0

0 0 δ3 δ1 + δ4 − δ2 0 0

δ2 −i δ3 0 0 δ1 + δ4 0

i δ3 −δ2 0 0 0 δ1 + δ4




(4.3.7)

for the excited state triplet states 3E in the basis {|A1〉, |A2〉, |Ex〉, |Ey〉, |E1〉, |E2〉} with δ1 =
−ζ (exx + eyy), δ2 = −ζ (exx − eyy), δ3 = −ζ (exy + eyx) and δ4 = −8β̃2 ζ ezz . Combining the
Hamiltonians (4.3.6) and (4.3.7) and neglecting the off-resonant couplings between {|A1〉, |A2〉} ↔
{|E1〉, |E2〉} results in Hamiltonian (4.2.3). Here we have chosen a coordinate representation for the
strain components eij with z denoting the NV-symmetry axis as defined in figure 1.1 (i) (page 8). An-
other useful classification can be obtained by classifying the strain components in terms of irreducible
representations of the C3v symmetry group, which allows for a simple interpretation of their impact
by selection rules as introduced in section 1.5.3. Such a description can be found e.g. in [188].

The absence of relative strain couplings within the ground state manifold may seem puzzling at first,
as strain induced energy shifts and transitions are known to exist within the 3A2 levels [86, 178] and
will be discussed in section 4.7.1. Hamiltonian (4.3.6) results from an equal orbital configuration for
all ground state sublevels as can be deduced from table 4.1. Thus, focusing on the dominant energy
scale, the Coulomb interaction, there exists no evidence for relative strain couplings within 3A2.
However, in the general case, additional (weaker) interactions, as spin-spin and spin-orbit couplings,
responsible for the energy structure of the ground state triplet even in the absence of strain, have to be
taken into account and will be altered by strain and phonons [84]. This then leads to the well-known
ground state spin- phonon coupling expressions that will be introduced in section 4.7.1. As this spin
state related coupling is orders of magnitude (∼ 105) smaller than the direct Coulomb based coupling
for different orbital states discussed here, we will neglect that influence in the following.

In the case of phonons the displacement can be expressed in terms of their wavefunctions. For a
specific mode α, and noting that in the framework of classical elasticity theory applicable in the
long wavelength limit the microscopic structure can be replaced by a continuous displacement field
(~ri → ~r), the displacement for a Bloch-type wavefunction takes the form

~uα(~r) =

√
~

2M ν(~k)
~e (α)

[
aαe

i~k~r + a†αe
−i~k~r

]
(4.3.8)

with M the total mass of the crystal, ~e (α) the eigenvector of mode α, ~k the wavevector and ν(k)

the angular mode frequency and aα, a†α the mode annihilation and creation operators, respectively.
With the definition of eµν = ∂uµ/∂rν and using that ~k ~r � 1 this results in equation (4.2.4), that
together with the electron-phonon coupling Hamiltonians (4.3.6) and (4.3.7) complete the analysis of
the phonon influence on the NV energy level structure.

4.4 Phonon-Coupling in the Elastic Sphere Model

Here we will reconsider the NV-phonon coupling (‘deformation potential coupling’) for the special
case of a sphere subject to stress-free boundary conditions. Confinement effects in such finite systems
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State orbital and spin composition State orbital and spin composition

|g0〉 1
2 (|exey − eyex〉 ⊗ | ↑↓ + ↓↑〉) |A1〉 1√

2
(|E−〉 ⊗ | ↑↑〉 − |E+〉 ⊗ | ↓↓〉)

|g+1〉 1√
2

(|exey − eyex〉 ⊗ | ↑↑〉) |A2〉 1√
2

(|E−〉 ⊗ | ↑↑〉+ |E+〉 ⊗ | ↓↓〉)
|g−1〉 1√

2
(|exey − eyex〉 ⊗ | ↓↓〉) |Ex〉 1

2 (|aex − exa〉 ⊗ | ↑↓ + ↓↑〉)
|Ey〉 1

2 (|aey − eya〉 ⊗ | ↑↓ + ↓↑〉)
|E1〉 1√

2
(|E−〉 ⊗ | ↓↓〉 − |E+〉 ⊗ | ↑↑〉)

|E2〉 1√
2

(|E−〉 ⊗ | ↓↓〉+ |E+〉 ⊗ | ↑↑〉)

Table 4.1: Ground and excited states in terms of the electronic orbitals Mel and spins. 3A2

ground states (left) and 3E excited states (right) in the hole representation according to [188], as used
for the calculation of strain coupling. Here |E±〉 = |ae±− e±a〉 with e± = ∓(ex± iey). |a〉 ≡ |a2〉.
Compare also to the state representation as given in table 1.1 (page 9).

lead to a modification of the phonon modes compared to the periodic boundary condition analysis pro-
vided earlier in sections 4.2 and 4.3. This modification depends on the shape and size, or more precise
on the boundary conditions of the particle under consideration. Such modified phonon properties in
nanoparticles have been observed in numerous experiments, as in Raman scattering [263] and spec-
tral hole burning spectroscopy [302], modified specific heat properties [262] or by the characteristic
scaling of the exitonic dephasing rate in semiconductor nanocrystals [257].

The acoustical vibrations u of a homogeneous, free spherical elastic body in the framework of con-
tinuous elasticity theory can be described by

∂2

∂t2
u(r, t) =

λ+ µ

ρ
∇ (∇ · u(r, t)) +

µ

ρ
∇2u(r, t) (4.4.1)

and have been first studied by Lamb [167]. Here λ and µ are the Lame’s constants that describe
the material-dependent elastic properties and are related to the transverse and longitudinal speed of
sound in diamond by vt =

√
µ/ρ = 1.283 · 104 (m/s) and vl =

√
λ+ 2µ/ρ = 1.831 · 104 (m/s),

respectively, with ρ = 3.512 g/cm3 the mass density [193]. This continuous elastic body model has
been successfully applied to describe the phonon properties of nanoparticles as validated by numerous
experiments, and forms a good description as long as the particle size is not too small, that is, as long
as the phonon wavelength is much larger than the interatomic distance to allow for the continuum
description.

The equation of motion (4.4.1) can be solved by introducing a scalar φ ∼ ψlm(hr,Ω) and vector
potential A ∼ rψlm(kr,Ω) = êr r ψlm(kr,Ω) with ψlm(kr,Ω) = jl(kr)Ylm(Ω), where jl(kr)
and Ylm(Ω) are the l-th order spherical Bessel function and the (l,m)-spherical harmonics, respec-
tively [96, 262]. The corresponding displacement modes follow as derivatives of these potentials, with
the scalar potential describing compressive (longitudinal) and the vector potential shear (transverse)
waves, and can be classified into torsional ul,m,ntor and spheroidal modes ul,m,nsph (see figure 4.2 (b)).
Here the orbital quantum number l and its z-component m with |m| ≤ l characterize the mode’s
spherical symmetry whereas n refers to the specific overtone. Imposing stress-free boundary condi-
tions results in an eigenvalue equation that allows to determine the k− and h-values along with the
mode frequencies. Note that this symmetry classification of mode properties closely resembles the
group theoretical classification of the NV-center eigenstates discussed in section 1.5. In fact, similar
considerations allow one to determine selection rules for the excitation of modes as has been carried
out e.g. in [93, 115, 242].

The torsional modes are characterized by a purely transversal character without radial displacement,
that is the sphere volume remains unchanged under these vibrations

ul,m,ntor = N tor
l,m,n∇× [êr r ψl,m(kr,Ω)] , l ≥ 1 (4.4.2)
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with N tor
l,m,n describing a normalization constant. The eigenvalue equation in that case takes the form

(l − 1) jl(χ)− χ jl+1(χ) = 0 (4.4.3)

with the definition χ = k R and R being the sphere radius. Note that this equation is independent of
the particle’s elastic constants and is therefore of universal character.

In contrast to that, spheroidal modes exhibit a mixed longitudinal and transversal character and are
described by

ul,m,nsph = N sph
l,m,n

[
pl

(
1

h
∇ψlm(hr,Ω)

)
+ ql

(
1

k
∇×∇× [êr r ψlm(kr,Ω)]

)]
(4.4.4)

with the coefficients pl and ql following out of (χ = k R, ξ = hR)

 αl βl

γl δl




 pl

ql


 = 0

with
αl = −(χ2/ξ)jl(ξ) + 2(l + 2) jl+1(ξ) ,

γl = −(χ2/ξ) jl(ξ) + 2(l − 1)jl−1(ξ) ,

βl = lχ jl(χ)− 2l(l + 2)jl+1(χ) ,

δl = (l + 1) [2(l − 1)jl−1(χ)− χjl(χ)] ,

(4.4.5)

and ql = 0 for l = 0 (pure radial displacement, ‘breathing mode’). The coefficients χ and ξ are
obtained from the eigenvalue equations αlδl − βlγl = 0 (l 6= 0) and αl = 0 (l = 0) by introducing
the material dependent relation ξ = (vt/vl)χ.

The mode eigenvalues χ calculated in this way for diamond are depicted in figure 4.2 (a) together
with the corresponding frequency ν for a diamond of 10 nm in diameter, the latter following from the
relation

ν = vt k = vl h = vt
χ

R
. (4.4.6)

Note that these modes are degenerate in m for a perfect spherical symmetry. Out of (4.4.6) it follows
that the frequency scales as the inverse of the radius, that is it exhibits the same scaling as the one ob-
tained from the periodic boundary condition calculation. Moreover we show in figure 4.2 (c) that the
magnitude for the lowest breathing mode (l=0) is in good agreement with the lowest mode obtained
in the periodic approach, and will turn out to form a promising mode for the NV-center coupling.

We will now proceed by calculating the coupling (deformation potential coupling) to these elastic
sphere modes. In a second quantized form the displacement takes the form [257]

u(r,Ω) =
∑

lmn,τ

√
~

2ρντlmn
(aτl,m,n + (−1)maτ†l,−m,n) ul,m,nτ (4.4.7)

with τ denoting either spheroidal or torsional modes and the displacement is normalized over the
crystal volume as

∫
d3r (ul,m,nτ )∗ · ul,m,nτ = 1. Combining (4.4.7) with (4.2.3) allows for a straight-

forward calculation of the NV-center coupling to a specific mode. For the excited states |e〉 ∈
{|A1〉, |A2〉, |E1〉, |E2〉} the phonon coupling (4.2.3) can be approximated by the rather simple ex-
pression

Hτ
el−phon ' ζ (exx + eyy + ezz) |e〉〈e| = ζ div(ul,m,nτ )|e〉〈e| (4.4.8)

such that for the spheroidal modes

Hsph
el−phon ' −ζ

√
~

2ρνsph
lmn

N sph
l,m,npl hl,n jl(hl,n r)Yl,m(Ω)

(
asph
l,m,n + (−1)masph†

l,−m,n

)
|e〉〈e| (4.4.9)
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and Htor
el−phon ' 0 for the torsional modes, with hl,n = (vt/vl) (χl,n/R). This is in accordance with

the dominant contribution expected for the general case of a deformation potential coupling [257].
From (4.4.8) it follows that only the longitudinal displacement contributes significantly to the NV-
center phonon-coupling mechanism and therefore the coupling to torsional modes can be neglected.
It should be noted that Hel−phon ∝ N sph

l,m,n hl,n/
√
νlmn ∼ R−2 scales quadratically with the inverse

particle radius and therefore the coupling factor η as defined via (5) scales as η ∼ R−1, thus exhibiting
the same scaling as already obtained in section 4.2. We verify that scaling behaviour in figure 4.2 (c)
for the breathing mode (l=m=0) and the lowest frequency mode (l=2,m=0,±1).

The breathing mode coupling parameter η matches fairly well the expectation obtained by using pe-
riodic boundary conditions. Here one should take into account as well the radial position dependence
that is illustrated in more detail in figure 4.2 (d): Only the l = 0 modes have a non-vanishing coupling
around the particle center (r=0) whereas modes with l 6= 0 exhibit an increasing region of vanishing
coupling for increasing l around the particle center (for a fixed overtone number n). Combined with
the fact that NV-center near the surface are less stable [46, 231] and additionally are more prone to de-
coherence [269, 200], the l = 0 breathing modes can be considered as the promising modes to obtain
phonon-coupling, in particular the low frequency n = 0 mode that shows the most uniform coupling
achievable throughout the possible NV-center positions within the crystal. This is also a mode which
preserves the NV-center symmetry (A1-mode), such that it does not lead to a level mixing, important
for creating lambda-type transitions in the upcoming section 4.5. However one should keep in mind
that the coupling to other modes is, dependent on the specific position of the NV center within the
diamond, not necessarily weaker than the coupling to l = 0 and in figure 4.2 (c) this behaviour just
arises from the fact that for the l = 0 mode the NV-center is assumed to be at the center (the position
of maximal coupling) whereas for the l = 2 modes the reasonable assumption r = R/2 has been
chosen, that does not correspond to the maximal coupling position which in fact would be given by
r = R. As a general behaviour higher overtones, also known as inner modes, are accompanied with
a decreasing phonon coupling layer around the surface (as can e.g. be seen in figure 4.2 (d) (left) and
a similar behaviour would be observed for l 6= 0 modes); these modes depend only weakly on the
specific boundary conditions. These very selective interaction strength dependencies as well as the
(approximately) vanishing coupling to torsional modes allows for the coupling to individual discrete
and selective modes of the crystal.

In summary, the general scaling and magnitude of the phonon coupling obtained previously in sec-
tion 4.2 by assuming periodic boundary conditions (‘infinite crystal approximation’) is in good agree-
ment with the results obtained by assuming a confined finite spherical particle. This has indeed to
be expected as the scaling properties arise from universal dimensionality arguments as e.g. the mode
normalization factor, thus allowing a rather simple estimation of the coupling properties and strength
even for different ‘shapes’ (dimensionality) in the periodic boundary model. However the exact mi-
croscopic spatial coupling, e.g. the spatial distribution of the coupling parameter, depends on the
explicit mode properties for which the particle confinement and shape become crucial and in fact the
low frequency surface modes (n=0 modes) are most sensitive to a change in these surface properties.
Modifications from the perfect spherical shape, as well as clamping effects and structural deviations of
the elastic properties for the surface layers lead to the lifting of degeneracies, reduced mode lifetimes
and frequency shifts, what has been perturbatively analyzed e.g. in [262].
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Figure 4.2: Mode properties and NV-phonon coupling in the elastic sphere model [A1]. (a)
Dimensionless eigenvalues χ = kR of the spheroidal and torsional modes in diamond. The modes
are characterized by the orbital quantum number l and exhibit a (2l+1)-degeneracy in m. Higher
modes for a given l account for the overtones denoted by n. For a diamond of 10 nm in diameter
the frequencies following out of (4.4.6) are indicated by the right axis. (b) Schematic illustration
of spheroidal (the breathing mode and the lowest energy mode l=2) and torsional modes. (c) Left:
Scaling of the phonon coupling coefficient η with the particle diameter. The blue dashed line cor-
responds to the expectation for the lowest frequency mode with periodic boundary conditions and
corresponds to the one of figure 4.1, whereas orange and green lines follow out of the elastic sphere
model for l=m=0,n=0 (orange, solid line), l=m=0,n=1 (orange, dashed dotted) both at r=0, and
l=2,m=0,n=0 (green, solid line), l=2, m=±1,n=0 (green, dashed dotted) both at r=R/2 evaluated
at the angles of maximal coupling, respectively. All lines exhibit the expected η ∝ 1/R behaviour.
Right: Mode frequency scaling with diameter for the lowest mode out of periodic boundary con-
ditions (blue, dashed), the elastic sphere breathing mode (l=m=n=0; orange) and the lowest energy
elastic sphere ellipsoidal mode (l=2, m=n=0; green). (d) Radial coupling distributions for a spherical
diamond of R = 5 nm and different modes as indicated in the figure. Whereas the l=0 modes are
completely angle independent, the l 6= 0, m=0 modes are evaluated at the angle θ = 0 of maximal
coupling (independent of φ).
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4.5 Phonon mediated gate interaction

The phonon dependent sideband transitions offer the possibility of correlating the NV center state
with the global vibrational one. This can be used as a resource for gate operations [252, 35, 170]
between different NV centers within the same nanodiamond (see figure 4.1 (a)). In one of its simplest
versions, a Mølmer-Sørensen type gate [252, 232] can be directly implemented on the ground-excited
state transition. Such types of gates have the advantage of being insensitive to the actual phonon state,
therefore allowing gate operations even for thermal initial phonon states and circumventing the need
for vibrational mode cooling. However, a direct gate implementation between a ground and excited
state level suffers from the relatively short lifetime of the excited state limited by both radiative decay
to the ground state and non-radiative spin-orbit relaxation to singlet states. Moreover, in order to
avoid off-resonant excitations to several excited states, the driving field strength has to be limited to
values smaller than the typical energy gaps ∼ 4 GHz, thus limiting the maximal gate speed.

Here we provide an alternative concept that allows to perform the gate within the triplet ground
state (3A2) manifold. A Raman transition is used to induce an effective phonon coupling within
that manifold. This can be performed by exploiting the Λ-transition between the |g+1〉, |g−1〉 triplet
ground states and either of the excited states |A1〉, |A2〉, |E1〉, |E2〉 [188] as explained in section 1.3.
These Λ-transitions have already been successfully implemented and analyzed in experiments [271,
270], being accessible in the low temperature (< 10 K) and strain limit. As strain induced level
mixing gradually reduces that Λ-system, such a scheme works best for a totally symmetric vibrational
mode (A1-mode) as is for example given by the promising breathing mode identified in section 4.4.
Using circular polarized light allows to drive spin-selective transitions between the states involved
and thus enables for a careful adjustment of individual detunings and laser coupling strengths.

The Raman-transition for such a gate concept has to be carefully tuned to a single phonon sideband,
simplified by the high phonon frequencies in nanodiamonds that allow for their individual addressing
without imposing stringent conditions on the Rabi-frequency of the Raman beams. The gate interac-
tion then follows out of a two-step process: First, the Raman transition provides a phonon dependent
coupling within the ground state manifold. Second, this phonon dependent coupling can be used to
implement a gate between two NV-centers by off-resonantly (virtually) exciting the phonon state sim-
ilar to the Mølmer-Sørensen approach. In such an approach the excited state relaxation is suppressed
by the off-resonance of the Raman transition, leading to an improved ratio between gate and relax-
ation time compared to a direct gate implementation on the ground-excited state transition. Moreover,
contributions of different excited states simply add up, therefore allowing for a straightforward inte-
gration of this effect into the formalism and not leading to an excitation of several states as might
happen in the direct implementation.

This section is organized as follows: In section 4.5.1 the Raman induced mapping of the phonon
coupling into the ground state triplet will be introduced. Section 4.5.2 then exploits that coupling
to create a direct coupling amongst NV-centers in the dispersive phonon coupling limit, illustrated
at the example of a two qubit gate. A further improvement in speed can be obtained by relaxing
the dispersive regime assumption and imposing a time condition instead, which is the subject of
section 4.5.3. The achievable timescales for a two qubit gate are analyzed in section 4.5.4, which in the
presence of radiative decay leads to a size limitation of . 30 nm for the nanocrystal. A modification
to the approach by adding a continuous microwave driving on the ground states, which provides both
decoupling and allows again to relax the dispersive regime assumption, is introduced in section 4.5.5.
The influence of radiative and mode decay is modelled by a master equation in section 4.5.6.

4.5.1 Setup and first effective form

The setup for this gate is illustrated in figure 4.3 (a), where the dashed transitions are present only
in the ‘double-path setup’ (dp), which leads to a coupling of the form σx ⊗ σx in the ground state
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Figure 4.3: Phonon mediated gate [A1]. (a) Setup for creating a Raman induced phonon coupling
within the ground state manifold by off-resonantly exciting the excited state with a carrier and blue-
sideband transition. Dashed lines represent couplings that exclusively appear in the ‘double-path
setup’. Green lines are compensation pulses that become relevant for gates in the non-perturbative
limit κ2 = Ω̃/∆ε . 1. (b) Final effective two-qubit gate interaction for the ‘single’ (only solid
lines) and ‘double-path’ (all interactions) configuration. (c) Effective gate frequency vs diameter
of a spherical nanodiamond and different values of κ1 and κ2, taking the coupling to the second
neighbouring excited state into account. Here Ω2 = κ1 ν, Ω1 = ηΩ2 and κ2 defined as in the text.
Solid, dashed and dashed dotted lines correspond to κ2 = 0.1, 0.05, 0.35, whereas blue, red and green
corresponds to κ1 = 0.01, 0.05, 0.1, respectively. Horizontal lines (with triangle endpoints) denote
the corresponding effective radiative decay rate Γeff that imposes a limit on the maximal nanodiamond
size shown for κ2 = 0.05 and κ2 = 0.1 by the vertical yellow lines. The area for which the ratio
Ωgate > Γeff is coloured with decreasing saturation for increasing κ2. For the particular choice here,
this ratio is independent of κ1 for a given nanodiamond size.

manifold, whereas they are absent in the ‘single-path’ (sp) one, the latter resulting in a gate in the
reduced manifold M1 = {|g+1, g−1〉, |g−1, g+1〉}. Essentially this setup corresponds to a Raman
transition composed of a sideband excitation and a carrier excitation. The corresponding Hamiltonian
in a frame rotating with the laser frequency for NV-center k then follows out of (4.2.9) and can be
written as

Hsp
k =

Ω1

2
|e〉〈g+1| e−iε1 t +

Ω2

2
|e〉〈g−1| e−i (ν+ε2) t + i ηk

Ω2

2
a† |e〉〈g−1| e−i ε2 t + h.c. (4.5.1)

with Ω1 ' ηk Ω2. Provided that ε1 � Ω1 and ε2 � Ω2, the first and last contribution form the
phonon-dependent Raman transition, formed by a carrier and blue sideband excitation, respectively.
The choice for the blue sideband in not crucial, and the setup works equally well based on the red
sideband. The second contribution describes the unavoidable carrier excitation associated with the
sideband term and is not required for the gate interaction itself, however cannot be neglected either.
Higher order terms in ηk have been omitted in (4.5.1).
For the double-path setup

Hdp
k = Hsp

k +Hsp
k

∣∣
|g+1〉↔|g−1〉 (4.5.2)

with the second contribution corresponding to the first one by replacing |g+1〉 by |g−1〉 and vice versa,
i.e. both of the couplings Ω1 and Ω2 are present simultaneously on both transitions. In the following
the off-resonance ratio between the driving field strength and the detuning will be described by the
parameter κ1 � 1, that is

κ1 = Ω1/ε1 ' ηΩ2/ε2 , (4.5.3)

where we will assume that both Ω1 and ηΩ2 are of equal magnitude. For now this involves only the
gate-relevant terms. However, to avoid actual excitations the carrier contribution should follow the
same condition, and thus the optimal choice of the Rabi-frequency follows as Ω2 ' κ1 ν by noting
that εk � ν.
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Eliminating the off-resonant excited state by means of the method discussed in section 2.1.1, results
in the effective Hamiltonians

HI,dp
eff,k =

δdp
k

2
σx +

[
i

Ω̃k

2
ei∆ε t a† (σx + 1) + h.c.

]

HI,sp
eff,k =

δsp
k

2
σz +

[
i

Ω̃k

2
ei∆ε t a†σ+ + h.c.

] (4.5.4)

with
Ω̃k =

1

4
Ω1 (ηk Ω2) (ε1 + ε2)/(ε1 ε2) , ∆ε = ε1 − ε2 + χη2

kΩ
2
2/ε2 (4.5.5)

and δdp = δµ=2 and δsp = 1/2 δµ=1, where δµ has been defined as

δµ = 1/2
(
Ω2

1/ε1 + (−1)µη2
k (1 + n̂) Ω2

2/ε2 + (−1)µ Ω2
2/(ν + ε2)

)
. (4.5.6)

The η2
k-term in ∆ε accounts for the coupling induced shift of the mode frequency with χ = 1/4 for

the double and χ = 1/8 for the single-path configuration. The Pauli operators appearing in (4.5.4)
are defined in the ground state manifold {|g+1〉, |g−1〉} and n̂ denotes the phonon number operator.

The terms involving phonon excitations correspond to paths involving both the sideband and carrier
transition. Such contributions lead to an effective phonon coupling associated with a ground state
transition. In contrast, non-combined paths or the combination of two carrier contributions lead to
ac Stark shifts or uncorrelated transitions not associated with an effective phonon (de-) excitation, re-
spectively. An equal configuration on both transitions in the double path setup guarantees the absence
of relative ac-Stark shifts.
Note that the last contribution in δµ originates from the Ω2 carrier interaction and can be significantly
larger by a factor of 1/η than the preceding terms. Interestingly, taking into account the coupling
to several excited states, contributions arising from |A1〉 and |A2〉 (as well as |E1〉 and |E2〉) have
opposite signs and therefore subtract. This limits the maximal amplitude of the uncorrelated flip con-
tributions arising from carrier transitions to κ2

1 ∆ with ∆ ' 4 GHz the excited states energy splitting,
that can be considerably lower than expected from the coupling to a single excited state.

4.5.2 Second effective form and gate Hamiltonian

So far an effective coupling between the ground state levels and a phonon mode has been achieved, the
latter capable of mediating conditional operations between NV-centers. Instead of directly populating
the phonon mode, which requires mode cooling and high mode quality factors, we will restrict to
a virtual excitation as proposed in [252]. Thus we consider Hamiltonian (4.5.4) for two NV centers
(k=1,2) and choose ∆ε = 1/κ2 Ω̃ with κ2 � 1 denoting the off-resonance of the phonon transition.
In close analogy to the procedure carried out previously, this allows to derive an effective Hamiltonian
of the form

HII,dp
eff =

∑

k=1,2

δ̃dp
k

2
σkx −

Ωgate

2
σ1
x σ

2
x (4.5.7)

HII,sp
eff =

∑

k=1,2

δ̃sp
k

2
σkz −

1

4

Ωgate

2

(
σ1
x σ

2
x + σ1

y σ
2
y

)
(4.5.8)

corresponding to the final gate Hamiltonian. Here the effective gate frequencies and detunings are
defined as

Ωgate =
Ω̃1 Ω̃2

∆ε
, δ̃dp

k = δdp
k +

(Ω̃1 + Ω̃2)Ω̃k

∆ε
and δ̃sp

k = δsp
k +

(1 + 2 n̂) Ω̃2
k

4 ∆ε
. (4.5.9)
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For the double-path scheme this corresponds to a σx ⊗ σx-type gate rotating the states within the
two-qubit manifoldsM1 = {|g+1, g−1〉, |g−1, g+1〉} andM2 = {|g+1, g+1〉, |g−1, g−1〉} at a Rabi-
frequency Ωgate ∼ κ1 κ2 (ηΩ2). Additionally there exist uncorrelated single qubit flips between the
ground state levels with δ̃dp

k ∼ κ1 ηΩ2 that are by an order 1/κ2 larger than the gate term itself
(see figure 4.3 (b)). However both terms commute what allows to remove the single qubit flips by a
simultaneous echo-π-pulse in σz or σy on both NV centers, leaving the gate interaction unchanged but
adding a negative sign to the uncorrelated single-flip contributions. Choosing σy for that task offers
the possibility to decouple the ground state system from decoherence processes simultaneously. To
conclude, a pure gate interaction can be achieved by adding any periodic pulsed decoupling sequence
in σy acting on an inter-pulse timescale larger than the one required for the effective Hamiltonian
form to be valid, i.e. ∆t � (∆ε)−1 ∼ (ηΩ2)−1. For a two-qubit π/2-rotation this gate interaction
including the echo-refocusing is illustrated in figure 4.4 (a).

The single-path scheme behaves in a similar way, with the gate interaction restricted to a rotation in the
M1 manifold, more challenging with respect to the initial state initialization on the nanometer scale of
adjacent NV centers as this requires individual addressing. For the case of equal σz-contributions, i.e.
identical configurations on both of the NV centers, the gate and single qubit contributions commute
again and the latter can be removed by an echo pulse and combined with decoupling sequences
in σx and σy, analogue to the two-path situation. Uncorrelated state transitions do not occur as
they do not form sideband independent paths. Note that dependent on the parameters, the ac Stark
shift contributions might be an obstacle in adjusting the off-resonance for the second effective gate
Hamiltonian form. Therefore, choosing smaller Rabi frequencies (Ω2 ∼ κην) can be advantageous
to suppress the predominant influence of the carrier term.
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Figure 4.4: Simulated gate interaction [A1]. Simulation of the double-path gate interaction (4.5.7)
for a 15 nm diamond and (a) κ1 = 0.05, κ2 = 0.05 and (b) κ1 = 0.05, κ2 = 1/(2

√
2) ' 0.35

(time-conditioned version). The upper figures show the population of the states |g+1, g+1〉 (blue),
|g−1, g−1〉 (red) and |g−1, g+1〉, |g+1, g−1〉 (black). Dashed lines illustrate the interaction including
the uncorrelated flips that are refocused by an echo pulse, whereas solid lines focus on the pure
gate interaction. The lower plots show the phonon population during the gate interaction that can be
significant for the time conditioned (close-resonant) gate.

69



4.5.3 Time-conditioned gate

Bringing the interaction closer to resonance increases the coupling strength, however it invalidates the
application of the effective Hamiltonians in the perturbative framework. Nevertheless, the condition
κ2 � 1 can be significantly relaxed for the double-path setup, thus allowing for smaller values of
∆ε far beyond the perturbative limit. This follows by noting that in this case the time evolution
following from Hamiltonians of the form (4.5.4) can be exactly integrated [232] as will be carried
out in Appendix 4.A. An important prerequisite in that regime consists of compensating the phonon
number dependent terms appearing in (4.5.4) (the ‘η2-terms’) to ensure the commutativity of the
gate relevant term (the Ω̃k-term) with the contributions that do not involve an effective phonon (de-
) excitation (the δk-contribution). Such a compensation can be achieved by the green compensation
couplings illustrated in figure 4.3 (a) and at the same time leads to significant improvements for the
gate in the perturbative regime (4.5.7), (4.5.8) in cases when it is implemented not deep within the
κ2 � 1 limit. Replacing the condition κ2 � 1 by the gate time condition tgate = m 2π/∆ε (m ∈ N),
the resulting evolution can still be described by Hamiltonian (4.5.7), even though this does not hold for
intermediate time-steps. That way κ2 =

√
θ/(2πm) with θ the gate rotation angle taking the value

κ2 = 1/(2
√

2) for creating a maximally entangled state (θ = π/2) withm = 2. The conditionm = 2
ensures that the phonon population dependence is decoupled (‘refocuses’) before the intermediate
echo pulse is applied (see figure 4.4 (b)).
A similar gate that allows one to perform the gate in the non-perturbative regime despite maintaining
its independence on the phonon state can be constructed out of the single-path configuration by adding
a continuous microwave driving within the ground state triplet manifold [35] and that concept will be
discussed in section 4.5.5.

4.5.4 Gate speed and size limitations

The gate interaction resulting in (4.5.7) and (4.5.8) is the result of an (off-resonant) Raman transition
and a virtual excitation of the phonon sidebands. Therein it has been assumed that Ω1 ' ηΩ2 and
κ1 and κ2 describe the ratios of the interaction strength to the detuning for the Raman transition and
the effective ground state phonon coupling, respectively. The total gate Rabi-frequency Ωgate and the
effective radiative decay rate Γeff then exhibit the scaling

Ωgate ∼ κ1κ2 (ηΩ) , Γeff ∼ κ2
1 Γ and Ωgate/Γeff ∼ κ2 (ηΩ)/(κ1 Γ) , (4.5.10)

where Ω ≡ Ω2 and Γ ' 15 MHz [271] the radiative decay rate. The effective decay rate corresponds
to the original decay rate multiplied by the probability for actually populating the excited states and
will be explained in more detail in section 4.5.6. We will neglect the mode decay in the discussion
here, assuming that its rate is smaller than the spontaneous decay rate; this is justified for high mode
quality factors Q > 105 what might be justified in that the lowest energy mode is non-degenerate and
largely uncoupled as a result of energy conservation.

The choice of Ω2 is strongly dependent on the carrier contribution, that is for addressing individual
sidebands Ω2 should be small compared to the vibrational mode frequency. This has lead to the
condition Ω ≡ Ω2 = κ1ν and thus ηΩ = κ1 gph with gph ≡ (ην) the phonon coupling as introduced
in section 4.2 and plotted in figure 4.1 (b). In the more general context the form ηΩ = κ1gph with
κ1 < 1 represents the ‘transversal’ phonon coupling strength that can be obtained by adding a driving
on the phonon energy shifted transition which has originally lead to (4.2.9). Amplitude shaping
techniques can further relax these conditions as has been shown in [232, 155].
Including this restriction on Ω, (4.5.10) then takes the form

Ωgate ∼ κ2
1κ2 gph, Γeff ∼ κ2

1 Γ and Ωgate/Γeff ∼ κ2 (gph/Γ) . (4.5.11)

Remarkably the ratio to the decoherence rate is independent of κ1, thus it allows for any value of the
Rabi frequency Ω = κ1ν. Moreover, it becomes obvious that the gate speed and in particular the ratio
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to decoherence (the radiative decay) can be significantly improved by increasing κ2 as discussed in
section 4.5.3.

Figure 4.3 (c) compares the gate speed to the excited state decay limitation for different configura-
tions including the time conditioned κ2 = 0.35 case. Effective gate speeds in the MHz range can
be expected for κ1 ' κ2 = 0.1 for nanodiamond diameters of 10-15 nm; this is easily verified by
combining (4.5.11) with the phonon coupling strengths gph for these particle sizes as plotted in fig-
ure 4.1 (b). The maximal size limitation is determined by the off-resonance parameter κ2 and leads
to a diameter restriction of . 25 nm for κ2 = 0.05 and . 35 nm for κ2 = 0.1, respectively. Here
it should be noted that the lifetime in nanocrystals is increased compared to the bulk counterpart due
to the strong change in the refractive index and dielectric screening effects [269, 117] with typical
values [37, 204] ΓND ' 1/2 Γ = 7.5 MHz. Therefore longer excited state lifetimes have to be ex-
pected what was not taken into account in figure 4.3 (c) as the exact magnitude is very sensitive to the
substrate environment [117]. Provided that the Rabi frequencies can take the same values as in the
bulk counterpart, a decay rate halved in value would double the ratio Ωgate/Γeff , therefore making the
conditional gate operation less prone to spontaneous decay for a given diamond size. For a spherical
diamond this would increase the maximal radius by a factor of

√
2.

It is also interesting to compare the relevant timescales of this Raman-induced scheme to a direct
gate implementation on the ground-excited state transition. This latter configuration, that does not
include the Raman transition, is characterized by Ω∗gate ∼ κ2 (ηΩ) and has to be compared to the bare
radiative decay rate Γ, such that Ω∗gate/Γ = κ2 (ηΩ)/Γ. A comparison with (4.5.10) reveals that this
ratio is by a factor κ1 < 1 worse than for the Raman induced implementation.

4.5.5 Microwave assisted gate

A gate interaction with similar properties as the discussed ‘double-path’ gate can be constructed out
of the ‘single-path’ setup combined with a continuous microwave driving of the states |g0〉 ↔ |g+1〉
and |g0〉 ↔ |g−1〉 (see figure 4.5 (a)). Mainly this allows to perform the gate in the non-perturbative
regime implying a time condition to assure the independence of the phonon state. As a side effect
such a driving also decouples the gate from ground state decoherence.

Considering the single path setup alone, the gate term in (4.5.4) includes the operators

σ± =
1

2
(σx ± i σy) . (4.5.12)

In that case a closed phase space trajectory, that is a refocusing to the initial phonon state at a specific
time, is prevented by the rotation around two orthogonal axes (σx and σy) [35]. In a more formal
way the non-commutativity of σx and σy prevents the exact integration of the gate Hamiltonian as
described in Appendix 4.A. Now adding a continuous microwave driving such that the σy contribution
is suppressed, removes those difficulties, and additionally leads to a (σx ⊗ σx)-type gate similar
to the ‘double-path’ gate proposal. One possibility to achieve that task would be to continuously
drive the states |g+1〉 ↔ |g−1〉 [35, 170], what however is not really practicable in the setup under
consideration. Therefore we will incorporate the full ground state triplet and show that a driving of
the form |g0〉 ↔ |g±1〉 is suitable for this task as well. In the following we will refer to the qubit
operators within {|g+1〉, |g−1〉} by the indices ‘pm’ and denote the Pauli spin-1/2 operators in that
manifold as {σpm

x , σpm
y , σpm

z ,1pm} whereas we will denote the spin-1 operators in the ground-state
triplet manifold as {Sx, Sy, Sz,1}.
The Hamiltonian of the total system including the microwave driving HMW is given by

H =
∑

j=1,2

H
(j)
MW +H

(j)
1pm

+H
(j)

σpmz
+H

(j)
gate (4.5.13)
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Figure 4.5: Microwave assisted gate [A1]. (a) Gate setup. The gate consists of a single blue
sideband transition connecting |g−1〉 to |g+1〉 and a continuous microwave coupling ΩMW between
the states |g0〉 and |g±1〉. An additional compensation coupling (green line) removes the phonon
number dependent ac-Stark-shift. (b) Simulated gate process for ΩMW = 10 MHz, Ω1 = ηΩ2 =
6.3 MHz, ε1 = 0.4 GHz, ∆ε = 53 MHz and a diamond size of 15 nm. The time condition is given by
tgate = 4π/∆ε (n=2). For simplicity and clarity the carrier contributions of the blue sideband laser
have been neglected in the simulation. The cyan dashed line corresponds to the sum of all populations
including the state |g0〉. (c) Possible implementation of the gate process. Blue lines denote a time
evolution under the Hamiltonian form (4.5.13) and Se ∈ {σpm

x , Sy, Sz}.
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(4.5.14)

where it has been assumed that the η2-terms are successfully compensated to avoid the existence of
phonon-number dependent terms (see the green laser coupling in figure 4.5 (a)). This describes the
microwave driving, the global ac-Stark shift of the |g±1〉 states with respect to the |g0〉 state, the
relative shift of the |g±1〉 states and the gate relevant term, respectively. Note that the global H1pm

term can be neglected if the microwave frequency is already tuned to the ac-Stark shifted states.

In an interaction picture with respect to the continuous microwave driving and assuming that ΩMW �
{Ω̃, δsp, δ1}, the following substitutions can be made by neglecting fast rotating terms (‘rotating-wave
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approximation’)

σpm
x = SxSx − SySy → SxSx −

1

2
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4
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4
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(4.5.15)

Therefore, in that frame, the Hamiltonian takes the form

Hint '
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]
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(4.5.16)

That way the σy-contribution is suppressed, all contributions commute, ideally the state |g0〉 is never
populated in the interaction frame and importantly the operators appearing in the gate Hamiltonian
part (the second term in (4.5.16)) commute what allows to integrate the time evolution exactly as
described in Appendix 4.A (corresponding to Ô = 1/2 (3/4σpm

x − 1/41pm) in equation (4.A.2)).
Note that, as already discussed in the ‘double-path setup’, the uncorrelated single flip interactions can
be removed by a single echo π-pulse in σpm

y or σpm
z . Therefore, including an echo-pulse the effective

time evolution is exactly given by

U(tgate) = exp

(
−i
[

Ωgate

2
σpm
x ⊗ σpm

x

]
tgate

)
with Ωgate =

9

8

Ω̃2

8 ∆ε
(4.5.17)

if the time condition ∆ε tgate = n (2π) (n ∈ N) is fulfilled. Thus, for the optimal choice with respect
to the gate time n = 2 this leads to κ2 = Ω̃/∆ε =

√
(4/3)2 θ/π for performing a two qubit rotation

Ωgate tgate = θ.

Note that the continuous microwave driving decouples the gate interaction from ground state decoher-
ence, an effect that can be modelled as a fluctuating energy shiftHdecoh = b(t)/2Sz and is suppressed
according to equation (4.5.15); more details to the decoupling scaling can be found in section 3.2.
As a final remark, the interaction frame with respect to

∑
j=1,2H

(j)
MW can be implemented using the

pulse sequence (see figure 4.5 (c))

exp (−iHint t) = Uinte
−iH t/2U †inte

−iH t/2 (4.5.18)

withH given by (4.5.13) andUint = exp(−i π Se) and Se ∈ {σpm
x , Sy, Sz} (noting thatUintSxU

†
int =

−Sx whereas Hint is invariant under this pulse sequence).

4.5.6 Mode decay and excited state decay

Here the incorporation of radiative and vibrational mode decay into the gate formalism will be briefly
addressed. Both effects can be described in a master equation approach. For the spontaneous excited
state decay it takes the form

∂ρ

∂t

∣∣∣∣
sp. dec

=
Γ

2
(2 σ̃−ρσ̃+ − {ρ, σ+σ−}) (4.5.19)

with σ+ = |e〉 (〈g+1|+ 〈g−1|) and σ− = (σ+)†, Γ the excited state decay rate, {a, b} = ab +

ba denoting the anti-commutator and σ̃± = σ± e
±i η(a†+a). The phonon mode relaxation can be

modelled as [287]
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2

{
a a†, ρ

}]
(4.5.20)
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with ν the mode frequency, Q the corresponding mode quality factor and nth the thermal phonon
population. Both of these equations hold on the level of the original Hamiltonian after the Schrieffer-
Wolff transformation, i.e. in the same frame as Hamiltonian (4.5.1).

As discussed in section 2.1, the elimination of the excited state manifold, i.e. calculating an effective
Hamiltonian as in (4.5.4), corresponds to a unitary transformation U [64] such that the effective
Hamiltonian to second order follows as (2.1.9) (page 29)

HI
eff(t) =

1

2
i Pg [S1, H(t)] Pg , (4.5.21)

with S1 =
∫ t
H(t′) dt′, H(t′) the Hamiltonian as given in (4.5.1) and (4.5.2) and Pg the projector

on the ground state manifold. Correspondingly the ladder and creation operators are transformed
according to (2.1.12) and (2.1.13) (page 30) as

σeff,I
− = −i σ− S1, aeff,I = a− 1

2
Pg [S1, [S1, a]] Pg (4.5.22)

and σeff,I
+ =

(
σeff,I
−
)† and a†eff,I = (aeff,I)

†. Therefore the evolution in the first effective frame is
correctly described by replacing the operators appearing in the master equations (4.5.19) and (4.5.20)
with the effective ones as defined in (4.5.22). Additionally one has to account for the ground state
dephasing by either a stochastic approach or a master equation approach in the Markovian limit (see
chapter 3); unchanged by the unitary transformation for the first effective form, as the transformation
U is diagonal by construction within the ground state manifold.

To give an explicit example we will consider the double-path setup and assume equal coupling con-
figurations η1 = η2 = η, which results in (with σx, 1 defined within the ground state manifold, e.g.
σx = |g+1〉〈g−1|+ h.c.)

σeff,I
− = (1+ σx)
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2
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(
−i Ω1
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ei∆ε t − ηΩ2

2ε2
a− i Ω2

2(ε2 + ν)
eiνt
)
.

(4.5.23)

Out of (4.5.23) it is obvious that the decay rate Γ appearing in (4.5.19) can be replaced by an effective
one of the order Γeff,I ∼ κ2

1 Γ as expected by the fact that this corresponds to the probability of
populating the excited state.

4.6 Remarks on an experimental implementation

In this section, a short outline will be given on the realization of the phonon coupling mechanism in
experimental implementations. As mentioned earlier the scheme relies on the possibility of individu-
ally resolving single excited states, which requires to work in the low temperature regime (<10 K). A
first step naturally consists in the characterization of the mode frequencies, that is, the measurement of
an absorption or emission spectrum. As the typical THz phonon frequency range for nanodiamonds is
well above the radiative linewidth broadening (∼ 15 MHz), a clear significance of phonon sidebands
in the spectrum can be expected, that allows to determine the relevant frequencies along with a first
estimation of the phonon coupling by fitting the data to an appropriate model (see e.g. [62]). Besides
nanodiamonds on a substrate, recent experiments have demonstrated the levitation of nanodiamonds
in optical dipole traps [201], which is promising in that the phonon mode spectrum can be expected
to resemble more closely the one of a free particle as analyzed in section 4.4. Initialization of the
electron-spin state in the low temperature regime can be performed by optical pumping using reso-
nant excitation techniques [226]. Alternatively, the Λ-scheme, which is also involved for the Raman
transition in the gate proposals of the previous sections, allows for the initial state preparation in a
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coherent population trapping configuration [270]. Readout can be carried out by resonant excitation
(projective measurements) on a specific ground-excited state transition [226] after mapping the state
from the {| + 1〉, | − 1〉} gate-manifold by means of a microwave π-pulse into {| ± 1〉, |0〉}, that
way obtaining selective state specific transitions for the read-out process. Individual read-out is chal-
lenging on the nanometer scale; however global fluorescence correlation measurements allow for a
clear distinction between entangled and mixed states and while full quantum state tomography could
be performed analyzing the different fluorescence levels obtained in global measurements [87], the
measurement of a small number of observables suffices to obtain very tight quantitative bounds on
entanglement [23] and fidelities [293]. Nevertheless, choosing a configuration of two NV-centers with
a distinct symmetry axis orientation, provides, combined with a weak magnetic field, the possibility
for individual microwave addressing within the spin-triplet ground state manifold. This also allows,
besides the spectrum analysis, for a detailed analysis of the dipolar coupling using double electron-
electron resonance techniques (DEER) [87]. Here it seems favourable to choose an axes configuration
with a dipolar coupling as small as possible in order to make the phonon induced mechanism the dom-
inant one. The gate scheme itself as described in the previous sections relies on purely global laser
interactions that do not require individual addressability, with the echo π-pulse implemented by either
global microwave or carrier Raman laser couplings, respectively.

4.7 Phonon coupling within the NV center electron spin ground state
triplet

Besides vibrational coupling on the ground excited state transition as discussed previously, a coupling
mechanism within the ground state triplet 3A2 can be obtained by means of either strain (section 4.7.1)
or magnetic gradients (section 4.7.2) and will be briefly discussed in the following. Such a coupling,
despite being generally characterized by weaker coupling strengths, can be advantageous in the limit
of long ground state coherence times.

4.7.1 Phonon coupling mediated by strain

In addition to the strain induced relative energy shifts between the ground and excited triplet states as
well as couplings within the excited states of the NV center as analyzed in section 4.2, a ground state
strain coupling mechanism has been reported [84, 32, 270, 86] and experimentally analyzed [178, 266,
210] in the literature. This latter one is significantly weaker by five orders of magnitude [270, 28, 266]
than the excited state involved counterpart, as can be straightforwardly seen comparing the strain
coupling of section 4.2 (∼ 1015 Hz/strain) to the ground state equivalents summarized in table 4.2
(∼ 1010 Hz/strain). The origin of this strength difference has been identified in section 4.3: whereas
the ground-excited state transition involves different orbital configurations with strain reflected by a
change in the Coulomb coupling, the ground state analogue based on an equal orbital composition
is mediated by the weaker spin-spin and spin-orbit interactions. Neglecting these ground state strain
couplings in the discussion of section 4.2 is therefore well-justified.

Nevertheless, this ground state phonon-strain coupling is interesting on its own: The coupling mech-
anism itself can be exploited at room temperature at which individual excited state levels cannot be
coherently addressed. However, to ensure high quality factors and spin coherence times low temper-
atures might be required to reach a coherent quantum regime. Moreover it provides a direct intrinsic
coupling interaction between the spin projection states ms=+1 and ms=-1 without the need for ad-
ditional laser or microwave drivings. By design of the mechanical mode frequencies and the energy
splitting between those two spin states, this even enables a resonant spin phonon Jaynes-Cummings
type interaction. Last, the smaller coupling strength is partly compensated by a significantly longer
ground state spin coherence time, that may reach up to 600 ms at low temperatures [26].
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The Hamiltonian for the ground state spin strain coupling in the presence of an external magnetic
field ~B can be described by [84, 32, 266, 210]

H = D0 S
2
z + γel

~B · ~S + d‖ εz S
2
z +

d⊥
2
ε⊥

[
S2

+ e
iφs + S2

− e
−iφs

]
(4.7.1)

where D ' 2.87 GHz denotes the zero-field splitting, γel the gyromagnetic ratio, d‖ and d⊥ the
axial and transverse strain coupling constants (‘strain susceptibility parameters’) with respect to the
NV symmetry axis, and εz and ε⊥ the corresponding strain components. The phase φs that defines
the strain coupling rotation axis is given by tanφs = εx/εy. Notably, this strain coupling Hamilto-
nian (4.7.1) exhibits the same form as the coupling to an electric field [86] discussed in section 1.4, a
result of the fact that both interactions are characterized by equal operator symmetry properties [84].

The effect of strain as described in (4.7.1) consists of two components: An axial strain contribution,
that can be considered as a modification of the zero field spitting, which affects the energy difference
between the spin states |0〉 and | ± 1〉. In contrast, the perpendicular strain coupling is responsible for
a direct coupling between the states |+1〉 and |−1〉 (S2

+ = 2 | + 1〉〈−1|), a transition magnetically
forbidden by the dipole selection rule and thus inaccessible to magnetic field couplings.

A direct spin-phonon coupling can be achieved by embedding the NV center within a mechanical dia-
mond resonator, as e.g. a diamond nanobeam. The fabrication of high-quality single crystal diamond
resonators [264, 211, 50] achieving mode quality factors up to Q & 106 [264] has been demonstrated
recently. In that case, the phonon mode induced strain of the oscillator Hosc = ωm a

†a can be as-
sumed to be linear in the mode displacement ε = ε0 (a+ a†) with ε0 =

√
〈ε2〉0 the root mean square

strain induced by the zero point motion. This linear dependence, strictly valid only for sufficiently
small displacements to guarantee a linear strain correspondence, has been confirmed experimentally
for a driven cantilever beam deflection [210]. Denoting the zero field strain-coupling by g0 = d ε0 and
moreover restricting to the two level subsystem |±1〉 (with σk the Pauli matrices in that subsystem),
the Hamiltonian follows out of (4.7.1) as

H ' ωm a†a+ (∆B/2)σz + g0 (eiφsa σ+ + e−iφsa†σ−) , (4.7.2)

where we assumed that g0 � |ωm + ∆B|. Here ∆B ' 2γNV Bz denotes the state energy splitting
by an (axial) magnetic field. The form of Hamiltonian (4.7.2) represents the well-known Jaynes
Cummings form [251, 142], and thus allows for the implementation of a Cavity-QED analog based
on phonons [253, 235]. This enables the spin controlled preparation of phonon states as Schrödinger
cat states [299], mode cooling [287, 150] or spin state conditional quantum operations [63, 169]. An
external axial magnetic field can be used to tune the spin system in resonance with the oscillator
frequency ωm = ∆B , which results in a resonant flip-flop type interaction H ' g0(eiφsa σ+ + h.c.).
In the opposite dispersive limit |∆| ≡ |∆B − ωm| � g0, an effective interaction H ∼ (g2

0/∆) a†a σz
allows for a non-destructive spin assisted measurement of the phonon oscillator state. Note that
for an ensemble of NV centers this leads to an effective long-range spin-spin coupling of the form
H ∼ (g2

0/∆) J+ J− with J+ =
∑

i σ
i
+, J− = J†+ and has been proposed for the generation of spin-

squeezed states [32] for metrology and sensing applications.
Using (4.7.2) for coherent quantum operations depends strongly on the decoherence parameters, in
particular the spin coherence time T2 and the mode decay rate γth = γ nth with γ = ωm/Q (Q the
mode quality factor) and nth = (exp[(~ωm)/(kB T )] − 1)−1 the thermal phonon mode population.
A figure of merit is given by the single spin cooperativity η = (g2

0 T2)/(γth), with η > 1 indicating a
coherent strong coupling regime.

The strain coupling parameters appearing in (4.7.1) have been determined in recent experiments [266,
210] on single NV centers at room temperature embedded in single crystalline diamond cantilevers as
depicted in figure 4.6 (a). Herein the NV center feels a strain coupling associated with the cantilever
deflection, that depends on the NV center orientation and increases with the surface and clamping base
proximity. By a controlled beam deflection both static and under a piezoelectric driving at the funda-
mental flexural mode frequency ωm, the latter leading to a time dependent strain ε(t) = ε0 cos(ωm t),
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the strain coupling parameters appearing in (4.7.1) have been determined and are summarized in ta-
ble 4.2. Hereby the strain induced energy shift of the ground state has been detected using ODMR (op-
tically detected magnetic resonance) [266] or Ramsey Hahn-echo spectroscopy measurements [210].
Typical strain couplings in the MHz range have been observed in these systems. Note that the trans-
verse strain interaction can be controlled and suppressed by the addition of a strong axial magnetic
field. Interestingly, resolved sidebands have been observed in ODMR spectra for an external driving
at the fundamental mode frequency [266].
As it concerns the quantum regime, a zero point coupling g0 (4.7.2) well-below one Hertz has been
estimated out of the strain measurements for the current systems; not yet sufficient to reach a coher-
ent quantum regime. However, based on the dimensional dependence [32] g0 ∝

√
1/(l3w) (l: beam

length, w: beam width), a realistic reduction of the cantilever to a length of ∼ 0.5µm and a width
and depth of ∼ 0.1µm would allow for strain coupling frequencies of g0 ≈ 1 kHz [210, 266, 32].
For temperatures <4 K, mode quality factors of Q ' 106 as have already been demonstrated [264]
and realistic spin coherence times of T2 > 50 ms [26], this would then enable to reach a quantum
regime characterized by cooperativity factors η > 1. As a remark, NV centers with significantly
different behaviours to strain have been observed [266], ascribed to strain deviations originating in
crystal imperfections for close to surface centers.

A slightly different approach demonstrating a strain wave coupling based on (4.7.1) has been carried
out in [178], fabricating a high-overtone bulk acoustic resonator (HBAR) on top of a 300µm diamond
layer. Thereby a piezoelectric film sandwiched between two metal electrons enables the creation of a
longitudinal stress standing wave within the diamond. That way, ε ≡ ε(z, t) = ε0 cos(ωr t) sin(k z)
in (4.7.1) with ωr the resonator (voltage) frequency, k the wavevector and z the depth from the surface.
For a perpendicular stress of 8 MPa (ωr ∼ (1−2) GHz) a spin driving of ∼ 240 kHz has been
observed in resonance on a NV spin ensemble, consistent with previous estimations [270, 32] of
d̃⊥ ∼ 0.03 MHz/MPa. Importantly, the strain wave character has been verified by the standing wave
spatial coupling characteristic. Albeit this does not yet allow for a coherent driving, improvements of
the stress wave generation might ultimately enable a direct driving of these spin states.
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Figure 4.6: NV center oscillator coupling. (a) NV centers embedded in a diamond cantilever
resonator with a fundamental mechanical flexural mode frequency ωm are coupled to the oscillator
motion mediated by strain. A confocal laser setup (yellow cone) and microwaves (blue wavy lines)
are used for initialization, manipulation and readout of the NV center state. Such a setup has been
experimentally [266, 210] and theoretically [32, 150] investigated for NV centers. (b) Magnetically
mediated coupling of the NV center to an oscillator motion. A strong magnetic gradient induces an
oscillator dependent energy shift on the NV center. This can be realized by a magnetized (cantilever)
resonator [159, 133] or by attaching the diamond directly to the mechanical oscillator (nanowire) [19]
in an external magnetic gradient field.
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Teissier et al. (2014) [266] Ovartchaiyapong et al. (2014) [210]

cantilever beam dimensions
(10− 50, 3.5, 0.2)µm (60, 15, 1)µm(length, width, thickness)

fundamental flexural mode frequency ωm ' 2π · (1− 10) MHz ωm ' 2π · 1 MHz

NV depth (below surface) ∼ 10− 15 nm ∼ 50 nm

axial strain coupling d‖ = 5.46± 0.31 GHz/strain d‖ = 13.4± 0.8 GHz/strain

transverse strain coupling d⊥ = 19.63± 0.40 GHz/strain d⊥ = 21.5± 1.2 GHz/strain

detection method
ODMR splitting Ramsey (Hahn-echo) spectroscopy

(static displacement) (driven mech. motion)

typical coupling frequencies G‖ ' 6.5 MHz (δ0 = 2µm) G‖ ' 2 MHz (δ0 = 0.8µm)

(G = d ε, δ0: beam deflection) G⊥ ' 25 MHz (δ0 = 2µm) G⊥ ' 6.7 MHz (δ0 = 0.7µm)

zero point motion coupling (g0 = d ε0) g⊥0 ' 0.25 Hz g⊥0 ' 0.04 Hz

Table 4.2: Strain coupling parameters for the NV ground state spin triplet. Comparison of
the experimental results obtained in recent experiments [266, 210] on single NV centers embedded
in mechanical cantilever oscillators. The parameters have been obtained by externally deflecting
or driving a one sided clamped cantilever and comparing the energy shifts in the ground state spin
manifold to calculated strain profiles of the cantilever beam. A pressure dependent coupling strength
of ∼ 0.03 Hz Pa−1 has been previously reported [270, 178, 32]. The zero-point motion coupling
g⊥0 exhibits the scaling [32, 266] g⊥0 ∝ 1/

√
l3w with l and w the length and width of the beam,

respectively.

4.7.2 Phonon coupling mediated by magnetic gradients

Another approach besides strain mediated couplings consists of interconnecting the mechanical res-
onator motion to the NV center spin system via magnetic field gradients. Originally proposed in
[220], two setups have been explored (see figure 4.6 (b)): Magnetizing the resonator, such that its
motion induces a varying magnetic field at the NV center position [159, 133, 220]. Or attaching a
nanodiamond crystal to the mechanical oscillator itself [19]. Both approaches lead to a Hamiltonian
of the form

H = DS2
z + γel

~B0
~S + ωm a

†a+ λ
(
a+ a†

)
Sz (4.7.3)

with B0 a homogeneous magnetic field contribution, λ = γel dB/dx
√
~/(2mωm) the gradient in-

duced coupling referring to an oscillator displacement in x direction, ωm the oscillator mode fre-
quency and D the NV center zero field splitting. This corresponds to a displaced harmonic oscillator,
with the displacement dependent on the internal spin state. In contrast to the strain induced mecha-
nism outlined in section 4.7.1, the magnetic field coupling can be well controlled and reaches signif-
icantly higher coupling strength of around λ ' 100 kHz for gradients of the order 107 T/m [220].
Adding a microwave driving, the phonon induced energy shift can be transformed into a coupling
interaction ∝ S+ exp((λ/ωm) (a† − a)) + h.c., that allows to address individual motional sidebands
in complete analogy to the treatment in section 4.2. Besides the NV center spin coupling proposals
discussed here, such a magnetic gradient coupling is used in the field of trapped ions [198, 146] in
order to obtain a significant ion oscillator coupling in the microwave regime.

This magnetically induced coupling of the oscillator degrees of freedom to a single NV center spin
has been experimentally exploited for sensing the nanomechanical oscillator motion [159, 133, 19],
leading to an energy shift in ODMR spectra or population oscillations in Hahn-Echo experiments.
Remarkably, with a resolution in the range of several tens of picometers in the oscillator displace-
ment [159, 133], the thermal oscillator Brownian motion at room temperature (nth ∼ 108) has been
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successfully detected [159]. Even more, a detection of the zero point motion (nth = 0) seems within
range of current experimental techniques [159] and has been theoretically analyzed in [31].

A coherent manipulation conditional on a (driven) oscillator motion has been demonstrated in [133],
making use of the motional Zeemann shifts for both population and phase control of the NV center
spin qubit, thereby tuning pulse sequences into resonance with the time varying magnetic field. Co-
herent interactions with the oscillator mode in the quantum regime [220] have not been achieved to
date, requiring additional cooling, an increase of the magnetic fields and improved quality factors for
the mechanical resonators. This regime would then allow for the preparation and cooling of phonon
states [220, 150], as well as long range, phonon mediated spin-spin interactions. Several approaches
have been proposed for this latter task: Coupling multiple NV centers to a single mechanical resonator
comprised of multiple magnetic tips [295, 307], or creating arrays of electrically charged cantilevers,
that mutually interact through an electric dipole interaction [221].

Last, though not directly related to the spin-oscillator coupling, such a setup comprising a magnetic
sample on an oscillator system allows to transfer the otherwise static magnetic field into an oscillat-
ing one. Benefiting from a significant higher resolution of AC magnetometry methods, a 15 times
sensitivity improvement in the magnetic field detection over DC methods has been shown in [133].

4.8 Conclusion and Outlook

In summary, the coupling of NV centers to global long-wavelength acoustical modes in nanocrystals
has been studied. For such small sizes, both a significant coupling strength and a well-separated mode
spectrum enable the coupling to individual modes. In particular it has been shown that for nanodia-
monds . 30 nm in diameter, a phonon energy shift on the ground (3A2)-excited state (3E) transition
in the GHz range can be expected along with phonon mode frequencies in the THz range. A micro-
scopic analysis has been carried out in the elastic sphere model, which shows that the variation of
coupling strengths within the crystal renders the lowest energy breathing mode a promising candidate
for NV-phonon coupling. The coupling variation of different modes along with the discreteness in the
mode spectrum allows for selectively addressing a particular mode. Besides its favorable coupling
properties, such a breathing mode preserves the NV-center C3v symmetry and thus does not lead to
level mixing, an important prerequisite for exploiting such a coupling by means of a Raman induced
transition. Moreover, its low-energy nature and non-degeneracy gives reason to expect a high mode
quality factor as a result of energy conservation. This all comes with the drawback that these low
energy modes are highly dependent on the boundary conditions. Further analysis of the influence of
different shapes, as for arbitrary shapes can be performed either perturbatively [262] or by finite ele-
ment modelling [214], will therefore have to be performed in future studies along with experimental
measurements of phonon sidebands and mode quality factors. As the coupling mechanism presented
here is not restricted to nanocrystals, it can further be applied to designed diamond nanostructures for
which high quality factors have been reported [264]. Such a coupling to phonons does have applica-
tion as a data bus for coherent conditional interactions between NV centers, but might also be used to
manipulate the phonon mode itself, as e.g. cooling of the vibrational modes.

It has been shown that the existence of a Λ-scheme in the low temperature limit allows to introduce
the phonon coupling into the ground state (3A2) manifold. This then enables the construction of de-
coherence decoupled two qubit gates within these ground state levels, that for diameters . 20 nm can
perform in the MHz range. Generally, such coherent interactions are limited by the radiative decay
rate to nanodiamond sizes . 30 nm.
Compared to direct ground state phonon couplings, the coupling on the (3A2)-(3E) transition ana-
lyzed here is by a factor 105 larger. Despite the significant reduction by the Raman-transition and the
higher decoherence rates, the latter implementation can be advantageous in particular for NV-centers
with poor ground state coherence times, as is often the case for nanocrystals [200, 157].
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Appendix

4.A Exact integration of the gate Hamiltonian

The time evolution following out of Hamiltonian (4.5.4) can be integrated exactly for commuting
state operators (e.g. for the double-path gate setup), what allows to overcome the κ2 � 1 limit by
identifying appropriate time conditions. We will consider the generic form

H(t) = i (γ(t) Ô a† − γ∗(t) Ô† a) (4.A.1)

with [Ô, Ô†] = 0. For the double-path setup considered here (4.5.4)

γ(t) =
Ω̃

2
ei∆ε t and Ô = σ1

x + σ2
x + 21 . (4.A.2)

With the displacement operator D(α) = exp(αa† − α∗a), the time evolution of (4.A.1) follows
as [232]

U = T e−i
∫
H(t′) dt′ = D(α(t) Ô) exp

(
1

2

[
β(t) Ô Ô† − β∗(t) Ô† Ô

])
(4.A.3)

with

α(t) =

∫ t

0
dt′ γ(t′) = − i

2

Ω̃

∆ε

(
ei∆ε t − 1

)

β(t) =

∫ t

0
dt′ γ(t′)

∫ t′

0
dt′′ γ∗(t′′) = i

Ω̃2

4∆ε

(
t+

i

∆ε

[
ei∆ε t − 1

])
.

(4.A.4)

Noting that the phonon dependence only appears in the displacement operator, it can be eliminated
by choosing the gate time tgate such that ∆ε tgate = m · 2π with m ∈ Z in which case α(tgate) = 0.
Assuming this condition to be fulfilled, the total evolution corresponds exactly to the one out of (4.5.7)
(up to local contributions of the first order effective Hamiltonian and global phases), i.e.

U(tgate) = exp

(
−i
[
− Ω̃2

2 ∆ε

(
σ1
x σ

2
x + 2

[
σ1
x + σ2

x

])
]
tgate

)
. (4.A.5)

Proof: Out of the Hamiltonian (4.A.1) the time evolution follows as

U(t) = T e
∫ t
0 [γ(t′) Ô a†−γ∗(t′) Ô† a] dt′ = lim

N→∞

N∏

k=1

D(ξk Ô) (4.A.6)

where the evolution has been discretized in small intervals with ξk = γ(tk)∆t, tk = k∆t and
∆t = (t/N). D(α) denotes the displacement operator as previously defined. Now using the addi-
tion properties of the displacement operator D(α)D(β) = exp((1/2)[αβ∗ − β∗α])D(α + β) (see
e.g. [280]), (4.A.6) can be rewritten as (noting the commutation property of Ô)

U = lim
N→∞

D

(
N∑

k=1

ξk Ô

)
exp

(
1

2

N∑

k=2

k−1∑

l=1

[
ξkξ
∗
l ÔÔ

† − ξ∗kξlÔ†Ô
])

. (4.A.7)

Taking the continuum limit of the sums involved, this directly leads to (4.A.3).
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4.B Influence of dipolar couplings on the phonon induced gate

Up to now we neglected the influence of dipolar couplings, that is the optical dipolar coupling [176] on
the ground-excited state transition as well as the magnetic equivalent [34, 87] (see section 1.4) within
the ground state manifold. This forms a good approximation for specific configurations, e.g. an angle
of 54.7◦ of the axis connecting two NV centers to an equally oriented symmetry axis, for which the
dipolar couplings are exactly zero. However, in the general case and for nanometer distances between
NV centers, dipolar interactions can play a significant role and might itself provide the conditional
coupling interaction at the same time altering the phonon induced mechanism. These couplings take
values of jopt ' 2π · 52.4 MHz (optical ground excited state coupling) contributing as j̃opt ∼ κ2

1 jopt

due to the excited state off-resonance, and jmag ' 2π · 104 kHz (magnetic ground state coupling) for
an NV center distance of r = 10 nm.

More precise, the optical dipolar interaction on the ground-excited state manifold can be described
by [176, 129]

Hopt,dip =
jopt

2
(|e, g+1〉〈g+1, e|+ |e, g−1〉〈g−1, e|+ h.c.) (4.B.1)

with the coupling constant [129, 278] (nk0 r � 1)

jopt =
3

2

Γ ξ0

(nk0 r)3
(p̂1 · p̂2 − 3 (p̂1 · êr) (p̂2 · êr)) (4.B.2)

with 3/2(Γξ0)/(nk0r)
3 = 2π ·52.4 MHz (10 nm/r)3. Here r describes the distance between the NV

centers, Γ the spontaneous decay rate (Γ = 15 MHz [271, 259]), k0 = 2π/λ0 the vacuum wavevector
of the transition and λ0 = 637 nm, n the refractive index (n = 2.4), ξ0 the fraction of emissions into
the zero phonon line (ξ0 ' 0.03 [239]), p̂i the normalized dipole moment direction of NV center i
and êr the unit vector in the direction of the axis connecting the two NV centers. Additionally there
exists a magnetic dipolar interaction within the ground state triplet manifold, that, albeit being orders
of magnitude weaker than the optical one, can play a role for far detuned gates. It takes the form [205]
(see section 1.4)

Hmag,dip =
jmag

2
σ1
z σ

2
z

with jmag = 2

(
µ0

4π

γ2
el ~
r3

)
(p̂1 · p̂2 − 3 (p̂1 · êr) (p̂2 · êr))

(4.B.3)

where 2(µ0γ
2
el~)/(4π r3) = 2π ·104 kHz (10 nm/r)3 and µ0 denoting the magnetic permeability, γel

the gyromagnetic ratio of the electron spin and σz the Pauli z-matrix defined within {|g+1〉, |g−1〉}.
Note that the restriction to these states also justifies the absence of flip-flop contributions.

For the derivation of the first effective Hamiltonian form (4.5.4) the influence of the magnetic dipolar
interaction on the excited state elimination can be neglected, and for the double path scheme the
following Hamiltonian is obtained by assuming identical configurations on both NV centers

HI,dp
eff =

δdp

2

∑

k

σkx +

[
i ei (ε1−ε2) t a†

1

2

(
Ω̃σkx + Ωa 1

)
+ h.c.

]

+
j̃opt

2

(
σ1
x σ

2
x + σ1

y σ
2
y + σ1

z σ
2
z

)
+
jmag

2
σ1
z σ

2
z

(4.B.4)
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with

δdp = −1

2

(
− Ω2

1

(jopt/2)− ε1
− (1 + n) η2 Ω2

2

(jopt/2)− ε2
− Ω2

2

(jopt/2)− (ν + ε2)

)

Ω̃ = −1

4
(ηΩ2) Ω1

(
1

(jopt/2)− ε1
+

1

(jopt)/2− ε2

)

Ωa =
1

2
Ω̃− 1

8
(ηΩ2) Ω1

(
ε1

(jopt/2)2 − ε21
+

ε2
(jopt/2)2 − ε22

)

j̃opt = −1

4
jopt

[
Ω2

1

(jopt/2)2 − ε21
+
η2 Ω2

2 (1 + n)

(jopt/2)2 − ε22

+
η2 Ω2

1 Ω2
2 jopt

16 ∆ε

(
1

(jopt/2)2 − ε21
+

1

(jopt/2)− ε22

)2

+
Ω2

2

(jopt/2)2 − δ2
2

]
.

(4.B.5)

This effective form is valid for any magnitude of the dipolar coupling as long as |Ω1| ' |ηΩ2| �
|(jopt/2)− ε1| and additionally |κ2

1(j/εk)| � 1 for |j| > |εk| to avoid a quasi resonant second order
process to the double excited state |ee〉. Compared to the derivation without dipolar interaction (4.5.4),
the dipolar modified Hamiltonian follows essentially by replacing the detuning εk → εk − (jopt/2)
what has a clear interpretation as a coupling to the dressed states of the optical dipolar interaction
(see figure 4.B.1). Additionally direct off-resonantly suppressed dipolar interaction terms of the order
j̃opt ∼ jopt κ

2
1 appear in the Hamiltonian together with the magnetic equivalents. Interestingly, for the

case of equal couplings on both NV centers, only couplings to the |+〉 dressed state occur (except for
the state independent phonon terms described by Ωa), explaining why the detuning εk+(jopt/2) is not
a relevant quantity in the effective form (4.B.4). This is originated in the fact that |−〉 couplings cancel
by interference due to the different sign of both paths as illustrated in figure 4.B.1. However note that
this is only valid for identical coupling configurations on both NV centers, otherwise replacements of
the form (here for k=1, upper indices refer to k)

Ω1 Ω2

jopt/2− ε
→ Ω

(1)
1 Ω

(1)
2 ε

(jopt/2)2 − ε2 +
1

2

jopt

2

(
Ω

(1)
1 Ω

(2)
2

(jopt/2)2 − ε2 +
Ω

(2)
1 Ω

(1)
2

(jopt/2)2 − ε2

)
(4.B.6)

are required in δdp
k , Ω̃k and Ωa, taking into account couplings to both dressed states with the first part

describing the dipolar independent and the second one the dipolar induced contributions. The terms
in j̃opt always involve terms of both k = 1 and k = 2 such that the replacements are obvious in that
case.

In the absence of the magnetic dipolar term in (4.B.4) all terms commute and therefore the optical
dipolar contribution just adds to the phonon induced gate interaction that can be derived from the
first two terms as in (4.5.7). A small modification of this behaviour arises from the magnetic dipolar
contributions, that do not commute with the σx-terms in (4.B.4). However due to jmag � (δdp, Ω̃)
the magnetic dipolar term contributes to (4.B.4) in the secular approximation as

Hmag,dip '
jmag

4
(σ1
z σ

2
z + σ1

y σ
2
y) (4.B.7)

that commutes with all other contributions. Thus, the second effective Hamiltonian form analogue
to (4.5.7) is given by

HII,dp
eff =

(
δdp

2
+

Ωa Ω̃

∆ε

)∑

k

σkx −
Ω̃2

2 ∆ε
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x σ

2
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2
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x σ

2
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2
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z σ
2
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)
+
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4
(σ1
z σ

2
z + σ1

y σ
2
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(4.B.8)
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where the single flip-contributions (the first term) can again be removed by an echo pulse and all
contributions commute. As the σ1

zσ
2
z -contributions correspond to a global phase in theM1 andM2-

manifolds, the total gate frequency is given by Ωgate = −Ω̃2/∆ε+2 j̃opt +jmag/2 for aM1 rotation,
and Ωgate = −Ω̃2/∆ε− jmag/2 for aM2-rotation, respectively.

A similar analysis can be carried out for the single-path setup leading to the same replacements of
the detunings by ε → ε − (jopt/2) in the uncoupled form (4.5.4) and direct dipolar contributions as
in (4.B.4) with

j̃opt = −1

8
jopt

[
Ω2

1

(jopt/2)2 − ε21
+
η2 Ω2

2 (1 + n)

(jopt/2)2 − ε22
+

Ω2
2

(jopt/2)2 − (ν + ε2)2

]
. (4.B.9)

In total the gate interaction arises from replacing Ωgate by Ωgate−4 j̃opt in (4.5.8) besides the detuning
replacements.

In summary, an inclusion of the dipolar coupling requires to replace the detunings by εk → εk−jopt/2
and the gate frequencies are modified as outlined above. Therefore, as long as jopt � ν together with
identical coupling configurations on both NV centers, both coupling mechanisms can be combined
by taking into account the modified detuning configurations and adjusting εk correspondingly.
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Figure 4.B.1: Optical dipolar coupling (single flip process) [A1]. Illustration of a single flip
process of NV center 2 from |g+1〉 to |g−1〉 in the presence of optical dipolar interactions. The initial
and final states are coupled to the dressed states |+〉(+1) and |−〉(+1) here illustrated for the case
|jopt| > |ε| (assuming ε1 ' ε2 ' ε) and ε < 0 (red detuned). Blue lines denote couplings that are
independent of the dipolar interaction, whereas red dashed ones describe dipolarly induced processes.
Upper indices denote the corresponding NV center and lower ones refer to a specific coupling type.
Paths related to the |−〉(+1) state cancel by interference due to the negative sign if Ω

(1)
1 = Ω

(2)
1 , i.e. in

general if the configurations on both NV centers are identical. Analogue processes can be identified
for other single flip and |g+1, g−1〉 ↔ |g−1, g+1〉 conditional coupling processes.
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Chapter 5

Self-assembled nanodiamond devices for
quantum information applications1

5.1 Introduction and Overview

A scalable system of NV-centers for quantum applications remains a challenge to date. Thus current
experiments are mainly limited to single NV-centers [144, 190] or single NV-centers connected to
nuclear spins [275, 203, 202], the latter not directly optically accessible. The required precision for
positioning NV-centers depends on the distance dependent interaction strength for conditional manip-
ulations. This interaction amongst neighbouring NV-centers can be most conveniently mediated by
the magnetic dipolar coupling of the electronic spins [87, 34], yet this requires distances of the order
of 10 nm or below to enable coherent interaction strengths that comfortably exceed the decoherence
times. However current techniques for the controlled positioning of NV-centers within bulk crystals,
i.e. the creation of NV-centers by ion implantation [216], are limited to several tens of nanometers
in position [254]. This is a result of scattering effects in the crystal lattice during the implantation
process, which fundamentally limits the achievable precision [215, 216, 254].

In contrast, the ability of biological systems for structural self-assembly [9, 29] is a powerful tool
allowing for the simple and parallel creation of large ordered arrays on nanometer scales, that holds
the potential for outperforming the limited resolution and structural complexity achievable of con-
ventional lithography based on serial pattern creation. Here a bottom-up approach for creating
NV-center arrangements is proposed by combining the self-assembly of biological systems with the
guided attachment of surface functionalized nanodiamonds. In such a setup, biomolecules are used
as a structural scaffold to enable the formation of NV-center configurations with high spatial reso-
lution. This can be achieved with tiled motifs such as short DNA strands [249] or membrane form-
ing complexes including SP1 [194], LH1 [161] and TF55β [192], that allow for the creation of one
and two dimensional arrays. Going beyond two-dimensional periodic patterns, the method of DNA-
origami [234, 89], based on folding a large single stranded DNA molecule directed by staple strands,
enables the creation of more complex highly controllable structures, ranging from aperiodic arrays to
real three dimensional structures. Elaborate knowledge in genetic engineering allows control over the
assembly, structure and topology of biomolecular complexes as well as the attachment of nanopar-
ticles with nanometer precision [166]. The sizes of nanodiamonds comprising NV-centers can be
controlled down to 4 nm in fabrication [269]. Moreover their chemical attachment, site-specific bind-
ing and coherence properties can be directed and controlled by surface functionalization and coating.
Combined with a structural scaffold, this allows for the high precision positioning of NV-centers,
which ultimately reach distances that allow for coherent dipolar interactions and thus paves the way

1Large parts of this chapter have been first published in [A2] (see List of Publications on page v), and have been directly
taken from this publication.
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for a highly controllable array of interacting quantum systems.

We will here mainly focus on a system as illustrated in figure 5.1, though the proposed concepts
for implementing controlled quantum operations are rather general and do not explicitly rely on a
specific implementation. In this approach [A2] (page v), SP1 protein rings [281, 282, 130] (depicted
in figure 5.1 (c)), which form 11 nm ring-shaped dodecamers, are self-assembled to form a lattice
structure of honeycomb shape [194]. These protein rings have been shown to be both thermally
stable and resistant to a wide range of solvents and detergents [282, 80], thus forming promising
templates for the structure creation. Moreover, by means of genetic engineering 12 binding sites
(peptide aptamers) are fused to the inner cavity of the SP-1 ring, which allows to tailor specific binding
capabilities [291, 147]. For the current application graphite specific binding sites for the attachment
of diamonds are selected. The lattice scaffold structure is then combined in a subsequent step with
a nanodiamond solution (∼ 5 nm in diameter). Following the attachment of the nanodiamonds to the
SP1 rings, regular, still rather dilute arrangements of nanodiamonds have been obtained (figure 5.1 (a)
and (b)) that do reflect the symmetry and distances of the underlying lattice structure. Further details
about the experimental setup and formation process can be found in [A2].

This chapter focuses on concepts for the implementation of coherent quantum operations in such
assembled nanodiamond systems. A single NV−-center per diamond will be assumed, the latter
regularly arranged in space with distances of around ten nanometers. Section 5.2 deals with the de-
coherence properties and timescales in such systems and analyzes the viability of decoupling by
continuous microwave drivings. This shows that coherence times in the range of one millisecond can
be expected for microwave drivings of around one MHz and for pure diamonds; sufficiently long to
exploit the magnetic dipolar coupling for controlled interactions, which is in the range of several tens
of kHz. Section 5.3 is devoted to the introduction of a noise model for the surface nuclear spin bath
and its numerical evaluation that allows to obtain the noise amplitudes and correlation times. These
parameters, along with a high frequency noise component as deduced from experimental data, have
been used for the discussion of section 5.2 and will characterize the noise properties throughout this
chapter. Section 5.4 addresses the problems associated with a random orientation of the intrinsic ‘N-
V’ symmetry axes in an assembled system. An inhomogeneous dipolar coupling strength variation
is associated with that axis randomness, problematic for the implementation of gate operations. As a
remedy, it will be shown that an external magnetic field can be used to define a uniform quantization
axis, which results in a uniform dipolar coupling. Remarkably, in such a regime the axis randomness
reveals itself in significant distinct energy separations, typically larger than the external control fields
required for spin manipulation and decoupling, and therefore offering the possibility for individual
addressing. This also leads to a rather simple, Ising-type form of the dipolar coupling. Based on
this insight, decoupled dipolar gates are constructed in section 5.5. A time-addition composed of
two decoupling configurations is proposed to recover the total Ising-type interaction form, that has
originally been partly suppressed by the decoupling sequence. Applications, namely the creation of
one and two-dimensional cluster states and the simulation of Heisenberg chains, then form the focus
of section 5.6. Section 5.7 addresses the problems of systematic errors that arise from distance and
position variations of the NV-centers in the arrangement. The creation of compensation sequences
and their regions of benefit with respect to decoherence are discussed. In section 5.8 an alternative
implementation of coherent quantum gates based on a second order microwave driving is introduced.
This enables the creation of an Ising type interaction without the necessity of time addition as in the
method of section 5.5. Moreover, it will be shown that a Heisenberg chain Hamiltonian can be di-
rectly constructed by means of a global second order driving on each of the qubits involved. Finally,
this chapter is ended by a Conclusion section combined with a brief Outlook.
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Figure 5.1: Nanodiamond (ND)-SP1 arrays and clusters2 [A2]. (a) DF-STEM (Dark field scan-
ning transmission electron microscopy) image of nanodiamond (ND) structures on a SP1-ordered
monolayer (ND diameter∼5nm). The hexagonal arrangement in the white dashed square is magni-
fied in part (b). Yellow and red circles show a selection of diamond dimers and trimers, respectively,
with inner distances of 11 nm. 33% of the NDs appear in the form of localized clusters that do reflect
the underlying lattice symmetry. (b) Enlarged section of the white dashed square of (a) showing a
hexagonal structure formed of 7 NDs. The symmetry and distances are determined by the underlying
SP1-layer. (c) SP1-protein ring: The inner linkers (binding sites) are genetically modified to enable
graphite specific binding. (d) Schematic of an ordered hexagonal array of SP1-NDs hybrids consist-
ing of a ND attached to the SP1 inner cavity. Here the SP1-monolayer serves as a structural scaffold.
(e) Scanning electron microscopy image of larger (ND diameter∼30nm) clusters connected by SP1,
obtained in a ND-SP1 solution without creating a SP1 lattice structure in a first step.

5.2 Decoherence and dynamical decoupling

A key challenge for quantum computation and simulation with self-assembled arrays of nanodi-
amonds are the currently achieved relatively short NV coherence times of a fewµs in nanodia-
monds [269, 157, 200] that have to be compared to the typical (dipolar) coupling strength of several
kHz between NV-centers in adjacent nanodiamonds [205, 34].

Several sources of noise influence the coherence time of NV centers in nanodiamonds: The internal
bath of impurity spins as P1 centers of nitrogen donors and C-13 carbon spins [75, 236, 200], surface
spins and high-frequency surface related noise components. The underlying mechanism of this latter
contribution remains a subject of debate ranging from dangling bonds, dynamical strain to phonon
induced electronic surface noise [233, 200, 123, 209].

In current experiments with nanodiamonds, coherence times are predominantly limited by the quasi-
static internal spin noise, comparable in magnitude to bulk experiments with similar impurity con-
centrations [269, 157]. Upon combination with dynamical decoupling schemes [75, 268, 55], co-
herence times up to T2 ' 67µs [157] have been reported for nanodiamonds. These rather poor
coherence times, in particular in view of reported coherence times reaching milliseconds in bulk di-
amond [236, 200, 25], are a result of the typically low sample purity (type Ib diamond), that ensures
a sufficient yield of NV-centers in nanodiamonds [157]. Motional averaging renders the impact of
surface noise on the T2-time small in such a regime compared to the low frequency internal bath of
impurity spins.

However going towards isotopically pure (type IIa) diamonds, whose NV yield might be enhanced by
nitrogen implantation, and in addition exploiting the fact that low frequency noise can be efficiently
decoupled, coherence times of milliseconds as observed in bulk sample experiments [236, 200, 25]

2This figure has been taken from [A2] (see List of Publications on page v) and represents the work of the authors
(collaborators) of the Hebrew University of Jerusalem. Reproduced here with permission of the authors.
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can be expected from the internal noise source alone. In such a regime, which we will focus on
in the analysis, surface noise forms the dominant source of decoherence. High frequency surface
noise, challenging to decoupled due to its nanosecond correlation time, provides an upper limit to the
achievable coherence times.

Insight into the surface noise contribution, in particular as far as it concerns the high-frequency part,
can be inferred from recent T1-relaxation time measurements. The T1-time imposes an upper bound
for the achievable coherence time T2 [78] (see section 3.3). These studies have revealed a significant
reduction of T1 with decreasing nanodiamond size [267, 200] or increasing NV center proximity to
the surface in bulk sample experiments [233, 209], as well as its sensitivity to different surface coat-
ings [267, 182]. That way, reductions of the relaxation time T1 by several orders of magnitude down
to a few µs have been identified in nanoparticles opposed to typical bulk times of several millisec-
onds [267, 233]. However, also promising relaxation times of up to T1 = 1.2 ms in ∼ 20 nm [157]
nanodiamonds and T1 ∼ 9 ms [233] for NV center as close as 5 nm to the surface have been reported
recently. Such a noise, capable of affecting the population decay requires significant spectral noise
contributions at the NV center zero-field splitting transition frequency, i.e. is characterized by corre-
lation times on the nanosecond scale [233]. Apart from T1-relaxation, decay time measurements on
continuously driven spin-lock configurations [233] on NV centers . 5 nm from the surface suggest
decoupled surface limited T2 coherence times of up to 1-3 ms.

As a result of the sensitivity to different types of surface coating [267, 182], significant improvements
of the coherence times can be expected by surface termination and functionalization, even though a
complete elimination of the high-frequency noise component seems to be beyond the scope of such
techniques [233]. Replacing electronic spins associated with the sp2-hybridization by less detrimental
terminating elements allows for a significant T2-time elongation, as can be seen in the analysis of
electronic surface spin noise in the upcoming section 5.3.

In the following, the decoherence properties of nanodiamonds are modelled as the combination of two
independent noise sources with well-separated timescales. For this task we assume a fluorine termi-
nation of the nanodiamond surface, leading to a dense nuclear spin-1/2 bath with a nearest neighbour
distance of 2.5 Å [54]. Besides replacing electronic surface spins associated with the carbon sp2-
hybridization by less detrimental nuclear spins and in addition providing a well-defined spin-bath
model, fluorine coating is amongst the terminating elements leading to the lowest (high frequency)
surface noise amplitudes [233]. Moreover it has been shown to stabilize the negative charge state
of the NV-center [67]. This nuclear spin bath provides the low-frequency noise component that can
be significantly suppressed by the application of decoupling schemes. On the other hand we add a
high frequency noise, that on the frequency scale considered here, acts essentially as white noise and
provides an upper bound on the maximally achievable decoupled T2-coherence time in accordance
with T1-time studies. Other internal spin noise sources will be neglected assuming a low impurity
density compared to the dense surface nuclear spin bath and will be efficiently decoupled along with
this latter noise source, thus not significantly affecting the presented results. For the noise decoupling
we will assume a continuous resonant driving of the relevant qubit transition [34, 268, 55, 53], such
that in a frame rotating with the resonant microwave frequency and after a reduction to the driven two
level system, the Hamiltonian can be expressed as

H =
~b(t)

2
~σ +

Ω

2
σx with 〈bk(t)bk(0)〉 = b2k e

− t
τ . (5.2.1)

Here the noise is modelled by the magnetic field frequency shift~b(t) with a root mean square ampli-
tude of the kth component bk and a correlation time τ . The decoupling field Rabi frequency is denoted
by Ω and σj operators refer to the Pauli spin-1/2 operators. The corresponding noise spectrum follows
as

Sk(ω) =

∫ ∞

−∞
〈bk(t) bk(0)〉 eiω t dt =

2 b2k τ

1 + ω2 τ2
. (5.2.2)
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and is illustrated for both noise sources in figure 5.2 (b). Here the fluorine terminated nuclear spin
surface noise has been calculated for a spherical diamond with radius r=5 nm based on the mean-
field approach developed in [78] and the calculation will be subject to the subsequent section 5.3.
This leads to a noise correlation time of τnucl = 2.5µs and a root mean square amplitude bnucl

z =
2π · 30.2 kHz (τ ∝ 1/(n3/2) and b2z ∝ n2 r with n the surface spin density and r the nanodiamond
radius), that could be further improved by spin bath polarization and decoupling schemes [54, 112].
For the high frequency noise component τhf = 0.28 ns has been chosen as identified in [233] and
bhf
z = 2π · 0.25 MHz corresponding to single electronic impurities, which can be approximated by a

white noise spectrum S(ω) ' 2π · 0.2 kHz on the MHz frequency range under consideration. The
total coherence time T (tot)

2 out of the two independent noise sources then follows as

T
(tot)
2 =

[
1/T

(nucl)
2 + 1/T

(hf)
2

]−1
(5.2.3)

with T (nucl)
2 the nuclear spin bath related and T (hf)

2 the high frequency white noise part as illustrated
in figure 5.2 (b).

For the nuclear spin noise, assuming the relevant Markovian limit t� τ and Ω t > 1, the decoherence
decay rateR(t) (3.2.5, page 38) is determined by the noise spectrum S(ω) evaluated at the decoupling
frequency, i.e. R(t) = (1/2)Sz(Ω). The more general formalism along with additional explanations
can be found in chapter 3. This allows to define a decoupled T (nucl)

2 -time of the system resulting in

T
(nucl)
2 (Ω) =

1 + Ω2 (τnucl)2

b2 τnucl
= T

(nucl)
2 (Ω = 0)

(
1 + Ω2 (τnucl)2

)
(5.2.4)

for the Lorentzian noise spectrum under consideration. As shown in figure 5.2 (b), this noise source
can be efficiently decoupled with continuous driving fields with MHz Rabi frequency amplitudes
reaching a coherence time of T nucl

2 = 2.5 ms for Ω = 1 MHz.

On the other hand the high frequency noise component is to a good approximation insensitive to
decoupling fields in the frequency range under consideration, providing an upper limit T (hf)

2 ' 1.4 ms
to the maximally achievable coherence time. This follows out of [233, 267, 175] (see section 3.3 in
chapter 3)

(
T

(hf)
2

)−1
=

1

2
S(hf)
z (Ω) +

3

4
S(hf)
y (ω0) ' 1

2
S(hf)
z (Ω) ' 1

2
S(hf)
z (0) = (bhf

z )2 τhf = (1.4 ms)−1

(5.2.5)
with ω0 the energy level difference of the uncoupled system. Here we have used that the noise
is uncorrelated on the relevant timescale together with S(hf)

z (Ω) � S
(hf)
y (ω0) and the white noise

character S(hf)
z (Ω) ' S(hf)

z (0).

In experiments it is possible to achieve much higher decoupling fields up to Ω ' 300 MHz such that
even a small number of electron spins can be decoupled (for a discussion of electron spin noise see
the subsequent section 5.3). Importantly, decoherence due to intensity fluctuations of the decoupling
field can be suppressed by using a concatenated decoupling scheme as proposed in [55].
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Figure 5.2: NV center, dynamical decoupling and dipolar coupling strength [A2]. (a) Ground
state electron spin triplet of the nitrogen vacancy center with zero field splitting 2.87 GHz and the
degeneracy of the | ± 1〉 states lifted by a weak magnetic field. (b) Coherence time T2 vs strength
(Rabi frequency) Ω of the decoupling field. Two independent noise contributions are taken into
account, whose spectra are illustrated in the inset: Nuclear spin surface noise mediated by intra-
dipolar couplings (red) for a fluorinated surface with τ = 2.5µs, b = 2π · 30.2 kHz and T2 =
13.3µs. Second, a high frequency (electron spin) noise with τ = 0.28 ns, b = 2π · 0.25 MHz
(green dashed), that on the MHz frequency range considered here is well approximated by a white
noise with S(ω) ' 2π · 0.2 kHz. Coherence times T2 and their scaling under continuous dynamical
decoupling are shown for the nuclear surface noise T (nucl)

2 (red, right y-scale), the high frequency
noise T (hf)

2 ' 1.4 ms (green, dashed-dotted) and the combined decay (5.2.3) (blue solid). Circles
correspond to the 1/e decay time and squares to an exponential fit both obtained by a numerical
nuclear spin noise simulation. (c) Dipolar coupling parameter ξ vs the external magnetic field. Red
circles denote the average and blue lines the variance as arising from the random axis orientation. For
large magnetic fields the quantization axis is given by the external field and ξ ' 1/4. The red dashed
region indicates the range that can be corrected using compensation methods. The parameters are
obtained by averaging over 106 random spin orientations. Inset: Optimal magnetic field configuration
for a 2D array as used for the main graph.
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5.3 A model for the surface noise spectrum

In this section we will outline the calculation of the noise spectrum arising from a bath of surface
spins, following the approach developed in [78, 77]. This allows to identify the relevant noise param-
eters, namely the root mean square noise amplitude and the noise correlation time, that have been
used in the discussion of section 5.2. We will focus on a fluorine (nuclear spin) terminated surface
and briefly discuss the influence of potential electronic surface spins at the end of this section.

Terminating the nanodiamond surface by fluorine, oxygen or hydrogen / hydroxyl groups replaces
the electron spins associated with the sp2 hybridized orbitals by much weaker nuclear spins [123]
and therefore reduces the dipolar interaction strength (see table 5.1) between surface spins by a factor
of 10−6, as given by the square ratio of the corresponding gyromagnetic ratios. Additionally the
coupling to the central spin, the electron spin of the NV center, reduces by a factor of 10−3. Recalling
that the pure dephasing noise responsible for the decoherence mechanism can be described by a
fluctuating magnetic field [75] and that the strength and fluctuation rate depends on the (hyperfine)
coupling to the central spin and the surface spin flip-flop rate, respectively, a significant improvement
can be obtained by terminating the surface purely by nuclear spins. As an illustrative example we will
concentrate on the fluorine terminated surface (nuclear spin 1/2), having the additional advantage of
not affecting the charge state of the NV center and forming a lattice with nearest neighbour distance
2.5 Å [54, 233].

Such a coupled system of the NV center spin and the nuclear spin bath can be described by

H = HNV
0 +Hsf

0 +Hsf
int +Hhf . (5.3.1)

Here HNV
0 describes the NV center energy Hamiltonian given by (1.4.2) (assuming d‖g = d⊥g = 0),

that will be discussed further in (5.4.1). Hsf
0 represents the magnetic field splitting of the surface

nuclear spins,Hsf
int the magnetic dipolar coupling between surface nuclear spins andHhf the hyperfine

coupling of the surface spins to the central NV center electron spin:

Hsf
0 =

∑

i

ω
(n)
i

2
σzi with ω(n)

i = γnB

Hsf
int '

∑

i>j

dij

(
−σzi σzj +

1

2

[
σxi σ

x
j + σyi σ

y
j

])
with dij =

(
µ0

4π

γ2
n ~
r3
ij

)
(3 cos2 θij − 1)

Hhf '
∑

i

bi σ
i
z Sz with bi =

(
µ0

4π

γel γn ~
r3
i

)
(1− 3 cos2 θi) .

(5.3.2)

Herein S denotes the spin-1 operator of the vacancy center, σk the spin 1/2 operators of the surface
nuclear spins, rij the distance between spins i and j and ri the one between surface spin i and the
central spin and θij and θi the angles between the vector connecting the two coupled spins involved
and the external magnetic field. Moreover, for the specific form of the hyperfine coupling it has
been assumed that the quantization axis of the NV center is essentially determined by the external
magnetic field and not by the symmetry axis of the vacancy center. Alternatively one might assume
that the external magnetic field is parallel to the NV symmetry axis. In a two level approximation for
the NV spin-1, naturally selected by the dynamical decoupling transition, one can substitute Sz →
1/2 (sz ± 1) with sz the spin 1/2 operator of the quasi-spin. Only secular contributions have been
retained in (5.3.2). Second order electron spin mediated nuclear spin flip-flop processes [189, 68, 298]
are orders of magnitude smaller than the direct ones for the dense spin bath under consideration, and
thus can be neglected.
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mutual electron spin coupling: electron spin - fluorine mutual nuclear
nuclear spin coupling: spin (fluorine) coupling:

cel,el =
(
µ0 γ2

el ~
4π

)
cel,fl =

(
µ0 γelγfl ~

4π

)
cfl,fl =

(
µ0 γ2

fl ~
4π

)

52 MHz (nm)3 74.4 kHz (nm)3 106.3 Hz (nm)3

Table 5.1: Dipolar coupling magnitudes. Magnetic dipolar coupling parameters for different spin
combinations [A2].

From (5.3.2) and (5.2.1) the operator for the effective field on the NV center follows as

b̂ =
∑

i

(
µ0

4π

γel γn ~
r3
i

)
(1− 3 cos2 θi)σ

z
i =

∑

i

bi σ
z
i , (5.3.3)

which allows for the noise spectrum S(ω) calculation defined as (5.2.2)

S(ω) =

∫ ∞

−∞
dt 〈b̂(t) b̂(0)〉 eiω t (5.3.4)

where in good approximation the initial bath states can be assumed to be uncorrelated with the NV
center and at room temperature given by 1/2N1 [82] (N the number of nuclear spins).

Calculating the noise spectrum and the corresponding noise parameters is in general intractable for a
large number of surface spins due to exponentially increasing computational resources. As early as in
1962, Klauder and Anderson showed by very general arguments that a Lorentzian noise distribution
has to be expected in case of dipolar couplings to a spin bath [156]. Since then various approaches,
mean-field and exact approaches in certain limits, have been invented to infer the noise properties and
to calculate the decoherence decay rate, ranging from the simple Ornstein-Uhlenbeck model [82] to
cluster expansion methods [297, 290, 189, 298].

Here the mean-field method as described in [78, 77] is used, what corresponds to the lowest order of
cluster expansion methods, the so-called ‘pair-correlation approximation’, corrected by a mean-field
broadening using the method of moments [277] and will be explained in more detail in section 5.3.1.
In the pair-correlation approximation it is assumed that each of the flipping processes induced by the
dipolar coupling (5.3.2) is independent of all other processes, i.e. the Hilbert-space is substituted by
independent pair Hilbert spaces (ij) comprising any two nuclear spin combinations. This leads to a
discrete spectrum of δ-peaks at the different pair-induced transition frequencies and can be justified
as long as correlations between these pairs can be neglected, that is as long as the evolution time is
short enough such that [1 − exp(−q N2

flip/N)] is small [298] (with Nflip the number of flipped bath
spins during the considered time, q the number of nearest neighbours and N the total number of bath
spins). Higher orders would lead to additional frequency peaks as well as couplings of the already
existing peaks, i.e. a finite lifetime broadening what is taken into account by using a mean-field type
approach based on the theory of moments.

Following the calculation presented in [78], which will be discussed in section 5.3.1, this then leads
to

S(ω) = (2π)
∑

i<j

d2
ij ∆2

ij

d2
ij + ∆2

ij

1√
2π σ2

ij

(
exp

[
−(ω − ω(ij)

+−)2

2σ2
ij

]
+ exp

[
−(ω + ω

(ij)
+−)2

2σ2
ij

])
(5.3.5)

with ∆ij = (1/2) (bi − bj) and ω(ij)
+− = 2

√
d2
ij + ∆2

ij and σij the mean field broadening

σ2
ij =

d2
ij + ∆2

ij

∆2
ij d

2
ij

∑

k 6=i,j

(
d2
ik b

2
i + d2

jk b
2
j

)
. (5.3.6)
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The spectrum (5.3.5) has been numerically evaluated by randomly distributing nuclear surface spins
on a sphere with equal inter-spin distance and placing the NV center in the center of the sphere as
illustrated in figure 5.4 (a), i.e. for a sphere radius r = 5 nm a number of 5026 nuclear spins, which
corresponds to a distance of 2.5 Å, were distributed on the surface. Assuming an equal quantization
direction for both the NV center and the nuclear spins, justified for a strong magnetic field or a mag-
netic field parallel to the NV symmetry axis, the noise spectrum has been calculated and subsequently
fitted to a Lorentzian in order to obtain the noise amplitude b and correlation time τ defined in (5.2.2).
Depending on the number of surface spins an average over different random positions has been per-
formed. This then results in the noise spectrum as depicted in figure 5.2 (b) with b = 2π · 30.2 kHz
and τ = 2.5µs.

The same calculation has been performed as well for different numbers of electronic surface spins
(see figure 5.3) on diamond with radius 5 nm. In that case the decoherence parameters are very poor,
e.g. T2 = 0.1µs, τ = 21.7 ns and b = 3.6 MHz for 30 surface spins and getting worse with further
increasing the number of spins. For such a situation decoupling fields in the Ω ∼ 1/τ ∼ GHz
range are required, that, despite still allowing for simple two qubit gates (provided the Ω stability
can be achieved), are intractable for multi-qubit applications that require a certain level of individual
addressing. As the validity of the mean-field approach for the fast flipping electron spins is debatable,
exact numerical T2-calculations have been performed for smaller electron spin numbers (up to 10)
showing that the mean-field values seem at least to be correct in their order of magnitude.
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Figure 5.3: Decoherence induced by electronic bath spins [A2]. (nanodiamonds of radius 5 nm)
(a) T2 (blue) and TSE2 (Hahn-echo, red) time for different numbers of electronic surface spins cal-
culated using the mean-field method described in the main text. A minimal number of ∼ 30 spins
is required for a Lorentzian-type noise spectrum and the possibility to consider mean values out of
the random distribution. Inset: T2-time out of an exact numerical simulation for a small number of
electron spins emphasizing that T2 times far below 1µs are expected even for a small number of 10
surface spins. (b) Noise correlation time vs number of surface electron spins. Error bars indicate
deviations from the mean value due to the random choice of the electron spin positions. Inset: Noise
amplitude vs the number of electron surface spins. (c) Estimated scaling according to (5.2.4) of the
effective T2 time with the decoupling field Ω for 30 electron surface spins. The noise parameters are
obtained from the mean-field approach and given by T2 = 0.1µs, τ = 21.7 ns, b = 3.6 MHz. For
these parameters decoupling fields in the GHz range are required, which are challenging concerning
intensity fluctuations, individual addressing and the validity of the rotating wave approximation.
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Figure 5.4: Noise spectrum calculation. (a) An NV-center is assumed to be located at the cen-
ter of a spherical nanocrystal, dipolarly coupled to fluorine spins at the surface (blue arrows). (b)
Relevant nuclear spin bath coupling process that leads to non-zero frequency contributions in the
noise-spectrum. A pair approximation restricts the interactions to a single spin pair (ij). A diago-
nalization leads to the dressed state basis |±〉ij and a frequency separation ω(ij)

+− . (c) Schematic for
the mean-field noise spectrum S(ω) calculation. (i) Discrete δ-peaks at frequencies ±ω(ij)

+− are ob-
tained out of the pair approximation. (ii) Higher order couplings (finite lifetimes) are accounted for
by adding broadening to the discrete peaks (blue dotted). (iii) The sum of the broadened peaks leads
to the total noise spectrum (red dashed).

5.3.1 Derivation of the noise spectrum formula

An effective formula for the noise spectrum, as given in (5.3.5) can be derived from the Hamilto-
nian (5.3.2) by combining a pair-approximation with a mean-field type lifetime broadening. This
approach has been developed in [78], and the basic idea is recapitulated in the following.

Starting from (5.3.5) an effective nuclear ‘pair’-Hamiltonian takes the form

Hn
(eff) =

∑

i>j

H
(eff)
ij (5.3.7)

with

H
(eff)
ij =

ω
(n)
i

2
(σzi + σzj ) + dij

[
−σzi σzj + (σi+ σ

j
− + h.c.)

]
+
bi
2
σzi +

bj
2
σzj , (5.3.8)

where the electronic spin operator has been replaced by a c-number (sz = 1) in accordance with the
treatment in [78] to obtain a decoupled Hamiltonian purely acting on the nuclear spins.

Introducing the ‘pair approximation’, that is extending the Hilbert space in such a way that any two-
pair combination of nuclear spins forms a distinct subspace, allows to significantly reduce the many-
body complexity of the original Hamiltonian. In that approximation any operators acting on different
subspaces as denoted by the tuple (ij) are completely independent, and so are e.g. (12) and (13), such
that for any operator Ô(ij) [

Ô(ij), Ô(kl)

]
= 0 if (ij) 6= (kl) . (5.3.9)

The operators σzi and the density matrix in that framework then take the form

σzi =
∑

k 6=i
σiz,(ik) and ρ = ⊗

(ij)
ρ(ij) (5.3.10)

and we will assume the nuclear spins to be in a thermal, completely mixed state, such that ρ(ij) =
1/41. With that, and noting that 〈σzi (t)σzi (0)〉 =

∑
k 6=i〈σiz,(ik)(t)σ

i
z,(ik)(0)〉(ik) and 〈σzi (t)σzj (0)〉 =
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〈σiz,(ij)(t)σ
j
z,(ij)(0)〉(ij) in the pair approximation, the two-time noise correlation function appearing

in (5.3.4) can be re-expressed as

〈b(t) b(0)〉 =
∑

i<j

〈ηij(t) ηij(0)〉(ij) with ηij = bi σ
z
i + bj σ

z
j . (5.3.11)

Here and in the following we will assume that for an expectation value denoted by (ij), the corre-
sponding Pauli operators are also defined in that subspace; thus omitting the tuple indices for the
operators.

The time evolution of the operator can be evaluated by expanding ηij in the eigenbasis of H(eff)
ij ,

which leads to
〈ηij(t) ηij(0)〉 =

∑

α,β

1

4
|〈α|ηij |β〉|2 e−i ωαβ t (5.3.12)

with ωαβ = ωα − ωβ the frequency difference of the two eigenstates |α〉 and |β〉. This then leads to
a noise spectrum characterized by discrete peaks at the dressed state transition frequencies involved
(see figure 5.4 (c))

S(ω) = (2π)
∑

i<j

Sij(ω) with Sij(ω) =
1

4

∑

α,β

|〈α|ηij |β〉|2 δ(ω − ωαβ) . (5.3.13)

Here we will only be interested in the non-static noise contributions, that is in contributions for which
the above matrix element 〈α|ηij |β〉 is non-zero for α 6= β, requiring the dressed states not to be
eigenstates of σz . It therefore suffices to analyze the two-spin subsystem {| ↑↓〉, | ↓↑〉} of (ij), which
is mixed by the nuclear spin dipolar coupling (see figure 5.4 (b)). Diagonalization leads to the dressed
states and eigenfrequencies

|+〉 = cos
θ

2
| ↑↓〉+ sin

θ

2
| ↓↑〉, ω+ =

√
∆2
ij + d2

ij

|−〉 = − sin
θ

2
| ↑↓〉+ cos

θ

2
| ↓↑〉, ω− = −

√
∆2
ij + d2

ij

(5.3.14)

where ∆ij = (1/2) (bi − bj) and

sin θ =
dij√

d 2
ij + ∆2

ij

, cos θ =
∆ij√

d 2
ij + ∆2

ij

. (5.3.15)

Inserting these states and frequencies into (5.3.13), noting that 〈+|ηij |−〉 = −2 sin θ∆ij and keeping
again only the non-static contributions, the noise spectrum in the pair approximation follows as

Sij(ω) =
∑

i>j

d 2
ij

d 2
ij + ∆2

ij

∆2
ij

[
δ(ω − ω(ij)

+−) + δ(ω + ω
(ij)
+−)

]
(5.3.16)

with ω
(ij)
+− = ω+ − ω− = 2

√
d2
ij + ∆2

ij . It is interesting to consider a few limiting cases: The
(dynamic) noise spectrum is zero if there is no coupling amongst the nuclear spins (dij = 0) or if
there is no coupling or change in coupling to the central NV spin (∆ij = 0); further if the nuclear
spins are polarized what has not been considered here by the initial choice of a mixed state.

The pair approximation used is quite restrictive, and strictly valid only for a modest number of spin
flips. Many-body interactions limit the lifetime of the discrete peaks and thus lead to broadening
(see figure 5.4 (c)). This can be accounted for in a mean-field approach by replacing the δ-peaks of
(5.3.16) by Gaussians with finite width, the variance obtained by calculating the exact second mo-
ment out of the many-body Hamiltonian (5.3.7) without invoking a pair approximation [78]. That is,
considering Sij(ω) as defined in (5.3.13) but replacing {|α〉, |β〉} by the exact many-body eigenstates
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of (5.3.7) {|α̃〉, |β̃〉} and the density normalization factor 1/4 → 1/(2N ), the second momentum of
that multibody spectrum Smb

ij follows out of a simple trace relation for the completely mixed state

〈ω2〉 =

∫
ω2Smb

ij (ω)dω =
1

2N

∑

α̃,β̃

|〈α̃|ηij |β̃〉|2 ω2
α̃β̃

= − 1

2N
tr
(
[Hn

eff , ηij ]
2
)

(5.3.17)

with the trace relation easily verified by noting that Hn
eff |α̃〉 = ωα̃ |α̃〉. Thus, (5.3.17) allows to cal-

culate the second moment by means of a simple commutator relation. This result is then compared to
an ansatz, in which the δ-functions of (5.3.16) are replaced by Gaussian peaks with variance σij [78].
For an agreement of the second moment with the ‘exact’ calculation, this then leads to the variance
(5.3.6) and the noise spectrum (5.3.5).

5.4 Towards a uniform dipolar coupling for randomly distributed sym-
metry axes

Assembling nanodiamonds comes with the drawback that the symmetry ‘N-V’ axis of the NV-center,
forming a natural quantization axis as defined by the zero-field splitting D = 2.87 GHz, is randomly
distributed in space. This thus leads to an inhomogeneous dipolar coupling strength distribution be-
tween NV-centers in adjacent nanodiamonds. For many applications however, a controllable uniform
coupling is required. To solve that disadvantage an applied external magnetic field (γelB>D), suffi-
ciently strong in that its associated energy shift γelB outperforms the one of the crystal field D, can
be used to redefine a new and common quantization axis. In the following we show how this then
leads to a uniform dipolar coupling and in addition provides the possibility for individual addressing.

Let us consider a system of NV centers, namely the electron spin-1 ground state triplet manifold (3A)
coupled by the dipolar interaction H = H0 + Hdip, with the zero-field and external magnetic field
contribution [205] (see section 1.4 in chapter 1)

H0 =
∑

i

~Si Di
~Si + γel ~B ~Si, D = diag

(
−1

3
D + E,−1

3
D − E, 2

3
D

)
. (5.4.1)

Herein D denotes the orientation dependent zero-field splitting tensor given in the principal axis frame
defined by the NV symmetry axis, with D = 2.87 GHz and E a strain induced, for nanodiamonds
possibly non-zero [269] lifting of the ms = ±1 degeneracy. Si are spin-1 operators, ~B denotes
the external magnetic field and γel is the gyromagnetic ratio of the NV center electron spin. In the
principal axis frame, denoted by primed vectors, H0 can be rewritten as

H0 =
∑

i

D

[
(Szi )2 − 1

3
S(S + 1)

]
+ E

[
(Sxi )2 − (Syi )2

]
+ γel ~B

′ · ~S′i , (5.4.2)

providing a good choice for either small magnetic fields or in cases where the magnetic field is parallel
to the NV-center symmetry axis.
The dipolar coupling term has the form [172]

Hdip =
∑

i>j

µij

[
~Si ~Sj − 3

(
~Si · ~eij

) (
~Sj · ~eij

)]
with µij =

µ0

4π

γ2
el ~
r3
ij

. (5.4.3)

with µ0 the magnetic permeability and rij and ~eij the distance and unit direction vector between NV
centers i and j, respectively. For a distance of r = 10 nm, the distance between nanodiamonds in the
self-assembled system, µij = 2π · 52 kHz.
For an equal quantization axis, that is equal Szi orientations in a global coordinate frame for the
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coupled NV-center, the magnetic dipolar coupling (5.4.3) upon imposing a secular approximation
simplifies to

Hdip '
∑

i>j

1

2
µij

(
1− 3 cos2 θij

) [
2Szi S

z
j −

(
Sxi S

x
j + Syi S

y
j

)]
. (5.4.4)

where θij denotes the angle between ~eij and the global quantization axis. For a strong external mag-
netic field this quantization axis is given by the external magnetic field direction and we will address
that property later on in this section.
As a consequence of the smallness of the dipolar coupling strength, inhomogeneous broadening ef-
fects such as strain as well as different orientations of the NV-center symmetry axis, essentially sup-
press ‘flip-flop’ contributions. Moreover, for the upcoming applications, a two-level subsystem qubit
is selected out of the spin-1 manifold, the one which is connected by the continuous microwave driv-
ing decoupling field. Thus (5.4.4) essentially reduces to

Hdip '
∑

i>j

µij
4

(
1− 3 cos2 θij

) (
σzi σ

z
j ∓ σzi ∓ σzj

)
. (5.4.5)

where it has been used that Szj = |+1〉〈+1|+1/2 (σzj −1j) or Szj = |−1〉〈−1|+1/2 (σzj +1j) with
σzj and 1j defined in the two-level subspace. Note that the single local σz terms can be incorporated
in the energy part of the Hamiltonian or will be suppressed by adding a strong enough microwave
driving.

The previous discussion reveals that the existence of an equal global quantization axis, along with
equal distances and angles, leads to a uniform dipolar coupling (5.4.4) and (5.4.5). This would be
trivially fulfilled if the symmetry axes of the NV-center are uniformly oriented in the arrangement.
However, such a situation is very unlikely; in contrast, a random orientation of the symmetry axes
can be expected as a result of the random crystal orientations. As a remark, the much smaller effect
of unequal distances and angles will be taken into account by compensation sequences in section 5.7.
Notably, as NV−-centers are unstable near the surface [46, 231], they are most likely localized near
the center of the nanocrystals such that these variations are much less as might be naively expected.

Application of a strong external magnetic field allows to define such a common global quantization
axis. In particular for γelB � D, which corresponds to B & 0.5T (γelB/(2π) & 14 GHz), the
proper quantization z-axis and coordinate frame is given by the external magnetic field direction.
We here present the main results and refer for the derivation and more details to the upcoming sec-
tion 5.4.1.
In the limit of a large magnetic field (γelB � D), the Hamiltonian can be rewritten as

H '
∑

i

1

4

(
(Szi )2 − 1

3
S(S + 1)

)
[D (1 + 3 cos(2ϑi)) + 3E (1− cos(2ϑi))] +γelB S

z
i +Hdip

(5.4.6)
with ϑi the angle between the magnetic field direction z and the symmetry axis of NV center i and
Hdip given by (5.4.3)-(5.4.5) with θij the angle of the vector connecting i and j to the z-axis, i.e. the
external magnetic field. Two important prerequisites are achieved that way: First the quantization
axis is now completely determined by the external magnetic field and not by the intrinsic symmetry
axis any more, such that the dipolar coupling is homogeneous and independent of the individual
orientations (for equal θij and rij). Second, individual addressability is provided as there exists an
orientation (ϑi) dependent distribution of transition frequencies differing in the 10− 100 MHz range.
Moreover this property of individual addressing is directly linked to the suppression of exchange
flip-flop terms in the dipolar coupling, thus simplifying the dipolar coupling to the form (5.4.5).

In the two-level subsystem approximation, the Hamiltonian is then given by

H '
∑

i

ωsi
2
σzi +

∑

i>j

Jij
2
σzi σ

z
j with Jij = 2 ξijµij (5.4.7)
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and µij as defined in (5.4.3). In the strong magnetic field limit ξij = 1/4 (1 − 3 cos2 θij) with
θij = ∠(~rij , ~B), the same holds true for an equal orientation of symmetry axes in the absence of
a magnetic field; though in this latter limit flip-flop terms also have to be taken into account unless
there exists sufficient strain and thus inhomogeneous broadening. The transition frequency of the
selected dressed states ωsi are ωsi = (D + γelB)/2 for a zero and a magnetic field aligned with the
NV symmetry axis, or

ωsi = (1/8) [D (1 + 3 cos(2ϑi)) + 3E (1− cos(2ϑi))] + γelB/2 (5.4.8)

in case of a strong magnetic field γelB � D.

For general magnetic field magnitudes the parameter ranges for ξij are plotted in figure 5.2 (c) ob-
tained by performing an average over random spin orientations as will be explained in section 5.4.1.
Here, the magnetic field has been chosen orthogonal to the nanodiamond arrangement, leading to an
optimal uniform ξij = 1/4 for large magnetic fields. This shows that around B & 0.5T is required
for providing an almost uniform coupling.

For the interaction strength to be equal in all spatial directions, the maximal dipolar coupling is
achieved in a linear chain and in a two dimensional array for the magnetic field parallel to the chain
(ξij = −1/2) and orthogonal to the plane (ξij = −1/4), respectively. Moreover, the combination of
a strong magnetic field along with the condition cos θij = 1/

√
3 for the magnetic field orientation

with respect to the nanodiamond array, allows to decouple the system from the dipolar interaction.

As a remark, spin-mixing in the ground state triplet by magnetic fields not aligned with the symmetry
axis, reduces both the contrast of optical spin readout and the spin initialization efficiency by optical
cycling [95]. This might be overcome by projective readout techniques [226] or spin initialization at
low magnetic fields followed by an adiabatic increase of the field amplitude.

5.4.1 Dipolar coupling for an arbitrary magnetic field

For an arbitrary magnetic field strength, the dipolar coupling has been evaluated numerically by per-
forming an average over randomly distributed spin orientations as shown in figure 5.2 (c). Such a
treatment is based on the NV-Hamiltonian (5.4.1) and the dipolar coupling as given in (5.4.3). In the
general case

~S′ = Sx ex + Sy ey + Sz ez (5.4.9)

with the unit vectors ek defining the local coordinate system with respect to a global coordinate frame
and ez the quantization axis direction. In the absence of any magnetic field a suitable choice for
the quantization axis is given by the NV-symmetry axes, for a strong magnetic field by the external
magnetic field direction, both leading to a diagonal (or approximately diagonal) form of the energy
level Hamiltonian (5.4.1). In general, for different symmetry axes of two NV centers i and j such a
choice leads to eiµ 6= ejµ (µ ∈ {x, y, z}) in a global coordinate system. Thus for zero magnetic field
and each spin operator defined in the principal ‘symmetry axis’ coordinate frame, the secular part of
the dipolar coupling is given by

Hzz
dip '

∑

i>j

µij
[
Szi S

z
j

(
eiz ejz

)
− 3Szi S

z
j (eiz · eij) (ejz · eij)

]
(5.4.10)

where ‘flip-flop’ terms have been neglected, albeit they are generally present in the absence of a
magnetic field, and eij the unit vector connecting both spins as defined in (5.4.3). The coordi-
nate vector is in that case just given by the spherical coordinates of the NV axis orientation eiz =
(cosφi sinϑi, sinφi sinϑi, cosϑi). For equal quantization axes this is easily verified leading to the
Szi S

z
j coupling component of (5.4.4).

98



For a magnetic field, we start by defining the spin-1 operators in a global coordinate frame with the
z-axis defined by the external magnetic field. Then the energy Hamiltonian (5.4.1) can be written as

H0 =
∑

i

~Si UiDiU
†
i
~Si + γel

~B ~Si (5.4.11)

with D the diagonal zero-field splitting tensor as defined in the local principal axis frame (5.4.1) and
Ui a rotation matrix to account for the global coordinate description

Ui =




cosϑi cosφi − sinφi cosφi sinϑi

cosϑi sinφi cosφi sinϑi sinφi

− sinϑi 0 cosϑi


 . (5.4.12)

This rotation corresponds to a rotation around the global y-axis by ϑi followed by a φi-rotation around
the global z-axis. Here ϑi and φi denote the symmetry axis orientation of NV center i in spherical
coordinates; Ui ez = (cosφi sinϑi, sinφi sinϑi, cosϑi) defines the symmetry axis direction. The
dipolar coupling is given by (5.4.3) with the spin operators again defined in the global coordinate
frame.

In the limit of a very strong magnetic field γelB � D this global coordinate frame already forms
a proper choice in that (5.4.11) is approximately diagonal. That is, keeping only the diagonal terms
in the zero-field splitting contribution of (5.4.11), as off diagonal ones are suppressed by the axial
magnetic field, leads directly to the Hamiltonian (5.4.6). The dipolar coupling can then be substituted
by the secular form (5.4.4), in practice for different orientations and the associated different energies
leading to the form (5.4.5).

For intermediate field strengths, the optimal coordinate frame has been deduced from diagonaliz-
ing (5.4.11), such that

V H0 V
† =

∑

i

Vi

[
~Si UiDiU

†
i
~Si + γel

~B ~Si

]
V †i (5.4.13)

is diagonal with the unitary transformation V = ⊗iVi defining the proper local eigenbasis. Here the
matrix representation of the spin-1 operators has been directly introduced. With this local coordi-
nate frame at hand, the dipolar coupling (5.4.3) has been expressed in that local coordinate frame,
V Hdip V

† and the resonant couplings have been deduced and directly reduced to the two qubit
subspace as in (5.4.5). It is straightforward to see from (5.4.11) that in the absence of a magnetic
field the local spin-matrices ~S′ are directly linked to the global ones ~S by a unitary transformation
(~S′ = U †~S) and thus a basis trafo corresponds to linear combinations of the globally defined spin-
operators {Sx, Sy, Sz}. Such a simple relation does in general not hold for | ~B| 6= 0 requiring a
complete matrix set for a basis expansion or the direct introduction of the matrix representations of
the spin-operators as has been performed. This then simplifies again significantly by a reduction to a
two-level qubit subspace.

In practice, this procedure has been performed by restricting to two spins, each randomly oriented.
The dipolar coupling has then been evaluated and averaged over different relative orientations for a
given magnetic field. A subsequent two-level reduction leads to the dipolar coupling form as given
in (5.4.7) with a coupling Jij = 2 ξij µij and ξij plotted in figure 5.2 (c) for different magnetic field
strengths.
In that procedure, the two-level subspace has been chosen, without loss of generality, as the two
dressed states with the largest energy separations. Further, the existence of quasi-resonant or resonant
flip-flop processes has been analyzed. Due to the weak magnetic dipolar coupling strength compared
to the zero-field and magnetic field amplitudes, such resonant processes only occur in very exceptional
special cases, namely in the absence of any magnetic field, which is not the relevant regime considered
here, or for NV centers that do exhibit the same axis orientation.
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5.5 Engineering of interactions and spin gates

5.5.1 Decoupled dipolar gates

Dipolar interactions between electronic spins of two adjacent NV-centers provide a possibility for
implementing gate operations [87, 34]. As has been seen in the preceding section, the combination
with an external field allows to define a common quantization axis and thus a uniform dipolar coupling
within the nanodiamond arrangement. Combined with the continuous driving of the decoupling field,
the total effective Hamiltonian based on (5.4.7) and in a frame rotating with the microwave frequency
of the driving field can be written as

H ′ '
∑

i

bi(t)

2
σiz +

∑

i

Ωi

2
σix +

∑

i>j

Jij
2
σiz σ

j
z . (5.5.1)

Herein the first two parts describe the dephasing noise and decoupling for the individual NV-centers,
respectively, as introduced in section 5.2. The last part accounts for the dipolar coupling with Jij =
2 ξijµij , µij = 52 kHz for an NV-center distance rij = 10 nm, and ξij the magnetic field depen-
dent coupling factor as illustrated in figure 5.2 (c). This has been shown leading to ξij = 1/4 (1 −
3 cos2 θij) with θij = ∠(~rij , ~B) in the limit of large magnetic fields (B & 0.5T ) in section 5.4.

Two important consequences have been identified based on the strong magnetic field and the random
NV symmetry axes orientations: First, the existence of a uniform quantization axis and dipolar cou-
plings despite the random axes orientations. This will be crucial for a wide variety of applications as
the cluster state creation and quantum simulation applications presented in section 5.6. Second, the
crystal-field splitting is responsible for an orientation dependent transition frequency in that regime,
depending on the angle between the symmetry axis and the external field ϑi (see (5.4.6) and (5.4.7)).
As a consequence, the transition frequencies of individual NV-centers differ by typical values of sev-
eral 100 MHz, thus providing the possibility for individual microwave addressing for the values of Ω
obtained from figure 5.2. This then allows to introduce local decoupling configurations, enabling the
creation of a fully decoupled dipolar interaction as will be shown in section 5.5.2. Moreover, related
to the individual energy separations, flip-flop interactions in the dipolar coupling can be neglected,
leading to the particular simple σiz ⊗ σjz form of (5.5.1).

Combining the dipolar interaction with decoupling suppresses the environmental coupling, i.e. de-
coherence, but also part of the gate interaction, a general problem in the application of decoupling
sequences [275]. We will consider that effect for two distinct decoupling configurations: M1, cor-
responding to a homogeneous decoupling field Ωi = Ω, and M2 corresponding to Ωi = −Ωj

for i ∈ neighb(j). These will turn out to provide crucial gate interactions and in addition their
combination allows to restore the original form of the dipolar coupling as will be discussed in sec-
tion 5.5.2. The effective interaction in the presence of decoupling is best seen by transforming the
original Hamiltonian

HMk
= H0

Mk
+Hdip (5.5.2)

where Hdip denotes the dipolar part and H0
Mk

the continuously driven system in the decoupling
configuration Mk, to an interaction picture with respect to the driving, that in the relevant limit
Ω� Jij results in

HI,Mk
= e

+iH0
Mk

t
Hdip e

−iH0
Mk

t ' 1

2

∑

(i,j)

Jij S
ij
Mk

. (5.5.3)

Here the Hamiltonian has been restricted to nearest-neighbour interactions, i.e. (i,j) sums over neigh-
bouring NV-centers, and the effective interactions take the form

SijM1
= si+ s

j
− + h.c.

SijM2
= si+ s

j
+ + h.c. ,

(5.5.4)
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Figure 5.5: Two qubit gates [A2]. (a) Fidelity vs decoupling field strength for a two qubit gate
interaction and a π/2 and 5π/2 rotation in theM1 manifold leading to a maximally entangled state.
Here we have assumed an initial state |+−〉with the final fidelity referring to the perfect evolution out
of (5.5.3). The numerical simulations have been performed in the rotating frame (5.5.1) with the noise
processes simulated as described in section 3.5. Inset: Dressed energy levels and dipolar coupling for
the different decoupling configurationsM1 andM2. (b) State population vs time for zero decoupling
(dashed) and Ω = 1.5 MHz (solid). The former case leads to a maximally mixed state. (c) Fidelity
vs systematic error ε, quantifying the relative deviation of the actual dipolar coupling J ′ from the
anticipated dipolar coupling strength J , i.e. J ′ = J (1 + ε), for a π/2 rotation with (red) and without
(blue) applying the error compensation sequence for a decoupling field Ω = 1.5 MHz (continuous)
and Ω = 0.7 MHz (dashed). The noise parameters are given in figure 5.2 and J = J12 = 26 kHz
corresponding to the configuration in figure 5.2 (c) for r12 = 10 nm.

taking into account that the off-resonant contributions are suppressed as a result of the decoupling
field and dipolar coupling being well separated in frequency. s+ = |+〉〈−| and s− = |−〉〈+| are the
ladder operators in the σx-eigenbasis |±〉 = 1/

√
2(±|1〉+ |0〉), related to the ladder operators σ± in

the standard σz-eigenbasis by s± = Uσ±U
† with U = exp(−iπ/4σy). These basic interactions are

illustrated in the inset of figure 5.5 (a) for a two qubit interaction.

The two qubit setting is shown in figure 5.5 (a)-(b), illustrating the fidelity and time evolution to create
a maximally entangled state by a π/2 and 5π/2 two qubit rotation in the M1 - coupling manifold,
respectively. For Jij = 26 kHz as corresponds to a configuration as in figure 5.2 (c) and used in the
simulation, the gate times are given by tπ/2 = 9.6µs and t5π/2 = 48µs, respectively. This has
to be compared to the undecoupled coherence time of T2 = 13.2µs and effective coherence times
T2 ' 1 ms for a decoupling field Ω = 1 MHz. In particular the 5π/2-pulse exceeds the undecoupled
coherence time by more than a factor of three. As expected, modest decoupling fields in the MHz
range allow for gate fidelities well-above 90%, the field strength well within the range that still allows
for individual addressing.

5.5.2 Restoring the original Ising-type dipolar coupling form

In contrast to these simple two qubit examples, recovering the full dipolar Ising-type interaction form,
that is the σz ⊗ σz-type coupling appearing in (5.5.1), marks a crucial step towards the realization of
a universal set of quantum gates. Its importance is reflected in a wide range of applications as the
creation of cluster states for quantum computation or in quantum simulations, both discussed in the
upcoming section 5.6.
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The Ising-type interaction, originally altered and partially suppressed by the decoupling field, can-
not be recovered by any local operation out of the reduced decoupled manifold interactionsHI,Mk

.
However the decoupled dipolar interaction contributionsHI,M1 andHI,M2 , corresponding to the two
different decoupling field settings, can be added in time in order to recover the full dipolar interaction
form based on the observation

Hzz = HI,M1 +HI,M2 =
∑

(i,j)

(Ji,j/2)σizσ
j
z . (5.5.5)

In the Trotter (5.5.6) or Suzuki-Trotter (5.5.7) formalism this can be performed by

exp (−iHzz t) = [RM1 (t/n) RM2 (t/n)]n +O((Jijt/n)2) (5.5.6)

exp (−iHzz t) = [RM1 (t/(2n)) RM2 (t/n) RM1 (t/(2n))]n +O((Jijt/n)3) (5.5.7)

with RMk
(t) = exp(−iHI,Mk

t).
The switching frequency between the two types of interactions M1 and M2, or equivalently the
maximal magnitudes of the addition sequence time intervals t/n that still provide sufficiently low
errors, depend crucially on the Hamiltonian timescales. For the addition of the effective (interaction
frame) Hamiltonians HI,Mk

as following out of (5.5.5), this timescale is determined by the rather
small (kHz) dipolar coupling frequency. In contrast, a time addition directly based on (5.5.2) as could
be obtained by the two purely global π-phase shifted decoupling configurations M1 and M3, the
latter defined by Ωi ≡ −Ω, would have to be based on the much higher (MHz) magnitudes of the
decoupling field Rabi frequency |Ω|. Even though this would recover the pure dipolar coupling, at
the same time the decoupling field sign inversion on a timescale ∆t . 1/Ω would effectively average
out the decoupling effect. This effect is illustrated for the special case of an oscillating decoupling
field in figure 5.6.
Therefore this is not a viable approach and we will focus on the implementation (5.5.5) instead. As the
effective Hamiltonians HM1 and HM2 are the result of distinct, non-commuting interaction frames
([H0
M1

, H0
M2

] 6= 0), each pulse has to be carefully adjusted for their implementation and will be
discussed in the following.

Recalling the interaction picture definition, its time evolution can be created by the evolution sequence

RMk
(t) ≡ e−iHI,Mk

t = e
+iH0

Mk
t
e−iHMk

t = EMk
(t)UMk

(t) (5.5.8)

with UMk
(t) = exp(−iHMk

t) and EMk
(t) = exp(iH0

Mk
t). Three options can be exploited in

order to create (5.5.8):

(i) Directly implementing the pulse sequence by applying fast local microwave pulses in order to
implement EMk

(t). Such local manipulations are feasible as they can be implemented on much
faster timescales as opposed to the rather slow (kHz) dipolar coupling dynamics.

(ii) Adjusting the total time by making use of the vastly different timescales of the decoupling
field Ω and the dipolar interaction Jij both appearing in the Hamiltonian HMk

. That is, on short
timescales ∆t � J−1

ij , the dipolar part characterized by kHz frequencies can be neglected com-
pared to the MHz evolution of the decoupling field, such that (5.5.8) can be implemented to a
good approximation by a simple time adjustment. This is based on two observations, namely that
exp(iΩ/2σx t) = exp(−iΩ/2σxt

′) with the ‘short’ time t′ = (2π −mod [Ω t, 2π])/Ω determined
by the fast decoupling field frequency scale, and that on such a timescaleEMk

(t) ' UMk
(t′). There-

fore (5.5.8) can be implemented by the time adjustment RMk
(t) ' UMk

(t + t′), applicable as long
as the decoupling field is sufficiently strong Ω� Jij .

(iii) Implementing echo pulses in order to remove the EMk
contribution, the latter differing the inter-

action picture evolution from the normal one according to (5.5.8). The application of local π-pulses
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Sπ = exp(−i(π/2)
∑

i σ
k
i ) either in the z or y-direction (k=z,y), allows for the implementation

of (5.5.8) by

RMk
(t) = S†π UMk

(t/2)Sπ UMk
(t/2) . (5.5.9)

This follows out of the invariance of HI,Mk
under such an echo pulse sequence, S†πH0

Mk
Sπ =

−H0
Mk

and the commutation of both parts [HI,Mk
, H0
Mk

] = 0. Originating in the non-commutativity
of HI,Mk

and H0
Mk′

for k 6= k′ this echo pulse sequence has to be applied to eachMk interaction
separately and cannot be implemented globally on the total evolution sequence.

Based on the two qubit interaction (5.5.5) and the ability for local addressing and manipulations as
a result of quantization axis dependent magnetic field level shifts, all other types of one and two
qubit interactions can be implemented. This again benefits from the different timescales between
the two-qubit dipolar interaction and the local microwave addressing. Therefore, local operations
can be treated as instantaneous pulses with respect to the two qubit evolution timescale, that besides
local operations allow for the change of the interaction type to e.g. σxi σ

x
j = Uy σ

z
i σ

z
j U
†
y with

Uy = exp
(
i π/4 (σiy + σjy)

)
. More complicated Hamiltonians can be implemented based on time

additions (5.5.6), (5.5.7) as will be illustrated for a Heisenberg-chain Hamiltonian in section 5.6.2.

It is also worth noting that we have limited the previous discussion to next neighbour interactions
in the dipolar coupling, and only in that case the form of Hamiltonians (5.5.5) and (5.5.3) is strictly
valid. For short rotation angles and linear arrangements this forms a good approximation as can be
seen in the upcoming simulations for the cluster state (figure 5.7 (a)) and Heisenberg chain simu-
lations (figure 5.8). However for higher dimensional arrangements and long time evolutions, higher-
order couplings have to be removed by combining the time addition sequences with local pulses, what
will be discussed in more detail in section 5.7.4 and is performed in the 2D cluster state simulation
depicted in figure 5.7 (b).
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Figure 5.6: Non-interaction frame addition and oscillating decoupling field. (a) Fidelity for
creating a two qubit σz⊗σz -π/2 pulse for a linear chain of three (blue) and six qubits (red) by directly
adding HM1 and HM3 as defined in section 5.5.2 with a decoupling field strength Ω = 1.2 MHz
and a dipolar coupling J = 26 kHz. n denotes the number of Trotter cycles, indicative for the
number of switching operations between the configurationsM1 andM3. High fidelities are achieved
for an addition on timescales ∆t ' 1/Ω. (b) Oscillating decoupling field in the filter spectrum
description for t = 25µs. The red curve illustrates the surface spin noise spectrum (T2 = 13.3µs,
τ = 2.5µs,

√
〈b2〉 = 30.2 kHz) and the dashed black lines the filter functions for zero decoupling

and a constant decoupling Ω0 = 0.5 MHz, respectively. The blue, pink and orange lines correspond
to filter functions for an oscillating decoupling Ω(t) = Ω0 cos(ωosc t) with ωosc = 1 kHz, ωosc =
300 kHz and ωosc = 1 MHz, respectively, showing that the decoupling effect vanishes for oscillation
frequencies high compared to the noise correlation time.
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5.6 Applications for quantum computation and simulation

5.6.1 Cluster-state creation
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Figure 5.7: Multi qubit gates [A2]. (Noise parameters see figure 5.2 and Jij = J = 26 kHz
corresponding to the configuration in figure 5.2 (c) for rij = 10 nm) (a) Fidelity for creating a one
dimensional cluster state vs decoupling field strength and the number of qubits involved. The time ad-
dition has been performed by applying the Suzuki-Trotter addition (5.5.7) with n=2. The inset shows
the number scaling for a constant decoupling field of Ω = 1.5 MHz (red), Ω = 1 MHz (blue) and
Ω = 0.5 MHz (green). The yellow area indicates the fidelity range for the analyzed Rabi frequencies
in the absence of noise, i.e. the fidelity in that case is purely limited by time-addition errors and non-
nearest coupling interactions. (b) Four qubit 2D cluster state based on a number of ncyc applications
of the addition sequence sketched below. Dashed lines indicate the noise-free fidelities for the same
parameters. The addition sequence (lower graph) is designed specifically to eliminate next nearest
neighbour interactions: Herein blue lines denote σz ⊗ σz interactions, red linesM1 interactions and
dashed lines denote a negative sign of the corresponding interactions obtained by red circles repre-
senting embedding the interaction in between a local U , U † pulse with U = exp(−i π/2σx) on the
red marked qubits. Sums are implemented by (5.5.6) at level (i) and (5.5.7) at level (ii), both with
n=1. All simulations have been performed based on (5.5.1) implementing the noise as in section 3.5.

An interesting application of the concepts developed in the preceding sections is the creation of cluster
states. These highly entangled states, defined as the unique eigenstate (stabilizer state) of the multi-
body generators K(i)

K(i) |φC〉 = |φC〉 ∀i with K(i) = σix ⊗(j,i) σ
j
z (5.6.1)

enable to perform any quantum computation operation by purely local measurements on individual
qubits [222]. Here ‘⊗(j,i)’ denotes the tensor product over all neighbouring qubits j of i. Such a state
could be obtained as the ground state of the multi-body gapped, thus rather intricate, Hamiltonian
H = −∆

∑
iK

(i). We will here focus on a dynamic approach for creating the cluster state out of the
available dipolar interaction combined with the ability for local operations. It has been shown [222]
that the product of two-body phase gates S applied to a specific initial product state allows for the
creation of such a cluster eigenstate, namely |φ〉C = S| + + · · ·+〉 with |+〉 the σx-eigenstate, a
natural basis in the decoupled setup discussed in the preceding sections. The connection to the Ising
Hamiltonian (5.5.5), that can be realized in the nanodiamond system proposed, follows by noting that

S = exp
(
−i π/4

∑

(i,j)

σiz σ
j
z

)[∏

(i,j)

e−iπ/4 exp
(
i
π

4
σiz

)
exp

(
i
π

4
σjz

)]
(5.6.2)
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with the local operations in square brackets being implementable by fast microwave pulses on the
electron spin manifold. Thus, the availability of the interaction creating the cluster resource state
combined with local addressing and the well-separated timescales of the microwave and dipolar in-
teraction, makes the assembled nanodiamond system a promising candidate for cluster state compu-
tation implementations. Numerical simulations of the creation of one- and two-dimensional clusters
states for different numbers of qubits and decoupling field strengths are shown in figure 5.7. For the
one-dimensional case, qubit number dependent fidelities between 80% and even above 90% can be
achieved, close to the noise-free limit imposed by non-next nearest neighbour couplings and addition
errors. As expected, the fidelity decreases with the number of qubits involved, which both makes the
state overlap to the perfect reference state more prone to deviations and increases the impact of er-
rors. These fidelities could be further improved by removing non-nearest neighbour interactions upon
integration of local pulses into the addition sequence as outlined in section 5.7.4 and by decreasing
the timesteps in the addition sequence, i.e. increasing n in (5.5.7). For the numerical simulations
of the linear arrangement, a modest complexity of n = 2 has been chosen. Note however, that the
timesteps (t/n) in the addition sequence have to be sufficiently large, that is Ω (t/n)� 1 in order for
the effective Hamiltonian form (5.5.3) to be valid, i.e. significantly increasing n requires to increase
the Rabi frequency Ω as well.

Figure 5.7 (b) illustrates the fidelity for the creation of a two-dimensional four qubit cluster state. As
in that case, cross-diagonal non-nearest neighbour couplings are significant (∼ 0.35 the amplitude of
the nearest-neighbour interaction), they have been removed by a more involved addition sequence as
illustrated in the lower part of figure 5.7 (b). Herein the lowest level (i) assumes the creation of (5.5.5)
as described in section 5.5.2. Including the off diagonal contributions this results in

H2D
zz =

J

2


∑

(i,j)

σizσ
j
z +

(
1√
2

)3 ∑

<i,j>

2Si,jM1


 (5.6.3)

with SijM1
as defined in (5.5.4) and (i, j) summing over nearest neighbours whereas <i, j> accounts

for off-diagonal couplings. By using that

Ui S
ij
M1

U †i = −SijM1
and Ui σ

i
zσ

j
z U
†
i = −σizσjz for Ui = exp(−iπ/2σix) , (5.6.4)

a local application of Ui pulses on selected (red marked) qubits allows to remove cross diagonal
couplings by the time-addition step (i) in figure 5.7 (b). As this also removes part of the desired
nearest-neighbour Ising-type coupling, a second time addition (ii) serves to fix that issue. As a remark,
such a combination of the addition sequence with local unitary operations can also serve to adjust and
weight individual coupling components Jij . The fidelity for the cluster state creation approaches 80%
for such a sequence and a comparison to the noise-free case reveals that this is clearly limited by the
coherence time. Note that the low fidelity for Ω . 0.2 MHz in the noise-free (dashed) simulation
arises from the effect that the effective Hamiltonian description (5.5.3) is only valid for sufficiently
large Rabi-frequencies, whereas the fidelity saturation value for Ω & 0.5 MHz reveals the error that
can be ascribed to the time-addition implementation.

5.6.2 Heisenberg Chain simulation

As a second application of the concepts developed in section 5.5.2, the possibility of simulating a
Heisenberg-chain Hamiltonian of the form (XXZ-type model)[58]

H = −1

2

N∑

j=1,µ

Jµ σ
j
µ σ

j+1
µ (5.6.5)

has been illustrated in figure 5.8 with µ = {x, y, z} and Jy = Jz = J , Jx = δ J . Such a model is
widely used for the simulation of magnetism in solid state systems, for example as a model for spin
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Figure 5.8: Heisenberg XXZ-chain with 5 qubits and δ = 1.5 [A2]. (a) The Hilbert-Schmidt
norm distance for a Heisenberg chain time evolution of t = π/(2J) (solid lines) is plotted vs the
decoupling field Rabi frequency Ω and various repetitions ncyc of the time addition sequence shown
in (b). Dashed lines correspond to the fidelity of the pure σiz⊗σjz contribution, marked by the blue box
in (b). Orange and lime-green lines are reference values that represent the noise-free and the noise-free
case in the absence of non next-neighbour interactions, respectively, representing the minimal value
obtained by ncyc = 1−3. The numerical simulation is based on (5.5.1) and the noise parameters
of section 5.2; local pulses (Uy) and the change of decoupling configurations have been assumed to
happen instantaneously. (b) Illustration of the addition sequence leading to the Heisenberg chain
Hamiltonian based on the initial decoupled dipolar interactionsM1 andM2. In the simulation (a)
both additions have been performed by (5.5.7) with n=1. (Hilbert-Schmidt norm distance: tr[(U ′ −
U)†(U ′ − U)] with U the perfect and U ′ the imperfect realisation.)

pairing in high temperature superconductivity [79, 244].
The quantum simulation essentially requires three steps as depicted in figure 5.8 (b): Creating the
σjx σ

j+1
x -contribution out of the basic decoupled M1 and M2 interactions following the concept

outlined in section 5.5.2, together with mapping σz to σx by the unitary local pulse operation Uy =

exp
(
−i∑j π/4σ

j
y

)
. Second, creating the Sj,j+1

M1
contribution, which directly corresponds to an

effective decoupled interaction (5.5.3) and is therefore obtained in a trivial way. In a last step both
contributions are added based on the Trotterization approach (5.5.7) taking the weighting factor δ into
account. The accuracy of such a procedure is illustrated in figure 5.8 (a) for a θ = π/2 evolution.
Significant improvements can be obtained by increasing the decoupling Rabi frequency. Whereas
increasing the number of cycles, the latter depicted in figure 5.8 (b), leads to a significant improvement
from ncyc = 1 to ncyc = 2, it saturates by a further increase and will eventually become worse. This
is again a result of the effective Hamiltonian treatment, that retains its validity only for time intervals
∆t > 1/Ω. The noise free norm accuracies are indicative for the error induced by this validity of
the effective Hamiltonian (in the beginning Ω . 0.2 MHz regime) and for the time addition error and
error induced by non-next nearest neighbour couplings (the dominant error in the saturation regime
Ω & 0.2 MHz). A comparison reveals that the final fidelities in such a nanodiamond system are
mainly decoherence limited.

5.7 Compensation of systematic errors

Creating a uniform dipolar coupling has been the subject of section 5.4. This has been obtained by an
external magnetic field, which compensates the variation in the magnetic dipolar coupling associated
with the random distribution of symmetry axes. Other than that, distance variations rij between the
NV-centers as well as variations in the angle to the magnetic field direction θij lead to variations of the
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effective dipolar interaction as follows out of (5.4.7). Therefore the coupling coefficient Jij appearing
in HI,Mk

(5.5.3) and Hzz (5.5.5) may be replaced by

Jij → J(1 + εij) (5.7.1)

with εij describing the systematic error from the optimal case. Extending the concepts provided
in [48] allows to construct compensation sequences, provided that the error εij . 0.5 and that non-
nearest neighbour couplings can be efficiently suppressed.
The compensation method has been analyzed for the two qubit case in figure 5.5 (c) and applied
to a four qubit cluster state in figure 5.9. Due to its significantly increased process time, that is
eight and sixteen times the original gate operation, respectively, the region of benefit increases with
the decoupling field strength provided that it exceeds a threshold magnitude. The two qubit gate
compensation is more efficient providing good results already for a 1.5 MHz decoupling field in
contrast to the multiqubit counterpart that relies on a more general sequence less efficient in time.

The basic concept for creating such a compensation sequence is introduced in section 5.7.1. Sub-
sequently, this method will be extended to the case of multiple qubits for the previously discussed
gate interactions, specifically to a two-qubit gate in section 5.7.2 and an arbitrary number of qubits in
section 5.7.3. Last, the influence of higher order couplings along with methods for their elimination
are presented in section 5.7.4.

5.7.1 Basic idea and concepts

Combining gate operations with compensation sequences [48] has been shown to allow for the elim-
ination of systematic errors in a perturbative way. This has originally been proposed for single qubit
operations, and the basic concept will be briefly explained here, extended to multiple-particles in the
subsequent sections.

For a Hamiltonian subject to an unknown systematic error ε, H = J/2 (1 + ε)σx, the time evolution
for J t = θ takes the form

M{ε}(θ) = e−iH t = e−i (θ/2) ε σx e−i(θ/2)σx (5.7.2)

composed of the erroneous part and the perfect time evolution contribution. The goal is now to con-
struct a compensation sequence that exactly removes the faulty evolution part, without the necessity
of knowledge about the actual value of ε.
Such a treatment can be performed in a perturbative way and relies on two important properties:

(i) For rotation angles θ being 2π multiples, the evolution sequence consists exclusively of the
ε-part, that is

M{ε}(n 2π) = (−1)n e−i nπ ε σx . (5.7.3)

(ii) The combination of two opposite rotation axes allows to adjust the coupling magnitude irre-
spective of the actual rotation angle (the latter in practice restricted by (i)). Namely,

σφ + σ−φ = 2 cosφσx with σφ = Tφ σx T
†
φ = σx cosφ+ σy sinφ (5.7.4)

with Tφ = exp(−i (φ/2)σz).

Based on these two properties, and the insight that an addition of the form (5.7.4) in a time evolu-
tion operator can be obtained by means of the Suzuki-Trotter formula (5.5.7), a compensated gate
operation can be obtained by

[
M
{ε}
φ (n 2π)M

{ε}
−φ (n 4π)M

{ε}
φ (n 2π)

]
M{ε}(θ) = M{ε=0}(θ) +O(ε3) (5.7.5)
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with the term in square brackets being the compensation sequence, M{ε}φ = TφM
{ε} T †φ, and φ

following out of 4nπ cosφ = −θ/2. The optimal choice, minimal in the required time, is then given
by n=1. However, a more efficient sequence beyond that general formalism has been constructed for
this one-qubit case [48, 288], effectively corresponding to ‘n=1/2’

[
M
{ε}
φ (π)M

{ε}
3φ (2π)M

{ε}
φ (π)

]
M{ε}(θ) = M{ε=0}(θ) +O(ε3) . (5.7.6)

A drawback of this latter, less general sequence is given by the fact that it cannot be extended to the
multi-particle case as will be outlined at the end of section 5.7.3.

5.7.2 Compensation cycle for the two qubit gate interaction

The two qubit gate interaction corresponds essentially to a single qubit rotation in a more complicated
two qubit manifoldM1 andM2, respectively. The relevant Hamiltonian follows out of (5.5.3) as

HI,Mk
' J

2 (1 + ε) SijMk
= J

2 (1 + ε)σMk
x (5.7.7)

where in the last step the single qubit analogy has been emphasized by introducing the σMk
x operator,

defined as the standard σx-operator but in the two qubit subspaces {|+−〉, |−+〉} and {|++〉, |−−〉}
for k=1 and k=2, respectively (see figure 5.5 (a)).

Thus, the compensation treatment is in complete analogy to the one in section 5.7.1, in particu-
lar can be performed by (5.7.6), and just requires to redefine the evolution operator M{ε}(θ) =
exp(−iHI,Mk

(θ/J)) and the rotation operator Tφ = exp(−iφ/2σMk
z ) with

σMk
z =

{
1/2 (σix + (−1)kσjx), σix, σ

j
x

}
. (5.7.8)

The last two options for implementing σMk
z involve additional contributions, that however do not

affect the gate manifold. Tφ can be implemented by fast local operations based on the individual
addressability.

The fidelity obtained by such a two-qubit compensation method in the presence of decoherence is
analyzed in figure 5.5 (c). As expected, only for larger errors ε& 0.3 an improvement in fidelity is
obtained as a result of the significantly increased total gate time. A schematic illustration of the
compensation sequence can be found in figure 5.9 (b).

5.7.3 Compensated dipolar interaction for multiple qubits

We will now turn to the multi-qubit case with an interaction given by the Ising-type coupling (5.5.5).
The Hamiltonian and time evolution analogue to (5.7.2) is then given by

Hzz =
∑

(ij)

H ij
zz = (J/2)

∑

(i,j)

(1+ εij)σ
i
z σ

j
z and M{ε}(θ) =

∏

(ij)

M
{ε}
ij (θ) = e−iHzz (θ/J) . (5.7.9)

Moreover (5.7.4) has to be replaced by
(
σiφ + σi−φ

)
σjz = Tφ

(
σiz σ

j
z

)
T †φ + T−φ

(
σiz σ

j
z

)
T †−φ = 2 cosφσiz σ

j
z (5.7.10)

with Tφ = exp(−i φ/2σix) and σφ = cosφσz − sinφσy. Notably, this corresponds to a local pulse
on one of the two particles involved in the dipolar coupling H ij

zz .
With these definitions, a compensated gate interaction for each of the M{ε}ij can be implemented by
the pulse sequence (5.7.5), or for the total evolution by defining

Tφ = exp

(
−i φ/2

∑

i∈N c
σxi

)
(5.7.11)
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Figure 5.9: Error compensation [A2]. (a) Fidelity vs systematic error ε (ε12 = ε, ε23 = −ε, ε34 =
0.75ε) for creating a four qubit cluster state without (blue) and with a compensation sequence (red)
for Ω = 5 MHz (solid), Ω = 10 MHz (dashed-dotted) and Ω = 1 MHz (inset) assuming only near-
est neighbour interactions (see section 5.7.4) and restricting on the nuclear surface spin noise alone.
(Noise parameters: τ = 2.5 · 10−6 s, b = 30.2 kHz, T2(Ω= 0) = 13.3µs. Dipolar Coupling:
Jij = J = 26 kHz.) (b) π/2 gate in theM1 manifold including the systematic error compensation
sequence for two qubits. The systematic error is characterized by ε = 0.2 and the dipolar coupling by
J = 26 kHz. No decoherence effects are taken into account.

with N c the space of non-neighbouring qubits. As an example the method is illustrated for the
creation of a four qubit cluster state in figure 5.9 (a), showing that high decoupling fields are required
in the presence of decoherence in order to benefit from the compensation; a result of the significantly
increased gate times that are problematic in terms of decoherence.

Importantly, the advanced compensation sequence (5.7.6) cannot be applied to the multi-particle case.
A detailed analysis shows that for such a sequence to be valid, the rotation operator Tφ has to commute
with the remaining ε-independent contribution of the evolution operators, associated with a φ→ −φ
angle change. This is valid for an odd but not for an even number of commutations, the latter case
relevant for the multi-particle situation

e−iπ/2σφ e−iφσx = e+iφσx e−iπ/2σφ ⇔ e−iπ/2[σ
1
zσ

2
φ+σ2

φσ
3
z] e−iφσ

2
x = e−iφσ

2
x e−iπ/2 [σ1

zσ
2
φ+σ2

φ σ
3
z].

(5.7.12)

5.7.4 Non-next nearest neighbour couplings in the compensation sequence

The Hamiltonians (5.7.7) and (5.7.9) used to describe the compensation mechanism have been de-
fined up to next-nearest neighbours, i.e. higher order contributions were neglected so far. However,
whereas these contributions give only a small correction for simple π/2 multi-qubit pulses, they are
crucial in the compensation sequence due to the prolonged total time. One has to distinguish between
two types of higher order couplings: Even couplings defined as next-nearest neighbour and third,
fifth, . . . nearest neighbour couplings and odd couplings as second, fourth, . . . nearest and diagonal
couplings. Whereas the first ones are always of the σiz ⊗ σjz coupling form for the gate created ac-
cording to section 5.5.2 and are automatically compensated for by the next-nearest neighbour based
compensation sequence, the second class consists just of the reduced manifoldMk couplings and is
not removed by the compensation sequence. This failure for odd couplings is both originating from
the fact that the compensation pulse acts on both qubits involved such that (5.7.10) is not fulfilled any
more, and on the fact that the manifold interaction does not commute with the σizσ

j
z type contributions

such that a splitting of the evolution in a perfect and defective part as in (5.7.2) is not possible any
more.
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A solution to that problem consists of eliminating odd order couplings from the beginning by adding
different contributions in time. Examples for that are given for a two dimensional arrangement in
figure 5.7 (b) and in figure 5.10 for second nearest neighbour couplings. With the evolutions obtained
that way as a starting point higher orders can be removed in a concatenated way taking benefit of
the different evolution timescales dependent on the qubit distance. For the multiqubit compensation
sequence discussed in section 5.7.3 it is sufficient to remove odd order couplings up to the second
order (e.g. up to couplings of qubit one to five), as higher order effects are too weak for giving
significant contributions.

+

=

+ +

Figure 5.10: Elimination of higher order couplings [A2]. Removing 2nd nearest neighbour in-
teractions for a linear four qubit configuration. Each of the blocks removes 2nd nearest neighbour
couplings; however both blocks are needed to restore the proper next nearest neighbour interaction.
Blue lines denote σiz ⊗ σjz and red linesM1 interactions and dashed lines denote a negative sign of
the corresponding interaction. Red marked qubits denote that the interaction is embedded between a
U and U † pulse with U = exp(−iπ/2σx). Couplings higher than second order are neglected in the
illustration.

5.8 Replacing the time-addition by a second order microwave driving

In this section we will discuss a second possibility to restore the original Ising type dipolar coupling
form in the presence of continuous decoupling, which does not require the time addition of different
decoupling configurations as proposed in section 5.5.2. This concept, as discussed in section 5.8.1,
is based on a fixed decoupling configuration, namely the global M1 configuration, combined with
a second order local microwave driving on selected qubits, the latter projecting the decoupled gate
interaction onto a single specific two qubit rotation axis. Such a setup combines ideas proposed in [35,
55], namely how a specific rotation axis can be created by a microwave driving, and the combination
of a second order driving with continuous decoupling sequences. In section 5.8.2 it will be shown that
a local driving is mandatory for the creation of such a coupling. However, the insight gained in that
analysis allows for the creation of a Heisenberg chain Hamiltonian by means of a global second order
driving, subject to the discussion in section 5.8.3.

5.8.1 Recovering the Ising-type dipolar coupling by a second order microwave driving

The total Hamiltonian for such a setup in a frame rotating with the microwave frequency of the
(resonant) continuous decoupling field Ω1 ≡ Ω, takes the form

H =
Ω1

2

∑

i

σix + Ω2 cos(Ω1 t)
∑

l∈N c
σly +

∑

(ij)

Jij
2
σiz σ

j
z (5.8.1)
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where we applied the rotating wave approximation and the noise term has been omitted and takes the
form as in (5.5.1). Here the Ω1 contribution denotes the resonant continuous driving for decoupling.
The second order driving field is represented by the Ω2 term and does act exclusively on any second
qubit or more precise on a subset N c of non-next neighbouring qubits, containing all qubits that do
fulfill the condition i /∈ neighnext(j)∀i, j ∈ N c. The last term contains the dipolar coupling restricted
in the following discussion to next neighbouring couplings.

Such a second order driving can be realized by introducing an additional microwave coupling, that
can be realized by [55] (ω0 the level energy separation)

H2nd = 2Ω2 cos(ω0 t+ π/2) cos(Ω1 t)σx

H2nd = 2Ω2 cos ([ω0 ± Ω1] t+ π/2) σx
(5.8.2)

which both lead to the Hamiltonian form (5.8.1) under the rotating wave approximation for

ω0 � Ω1 � Ω2(� Jij) . (5.8.3)

That is, the weaker second order driving is detuned from the resonance by the first order driving Rabi
frequency Ω1 and π/2 phase shifted to the decoupling microwave driving to ensure an orthogonal
rotation axis in (5.8.1).

The basic mechanism is best understood by further transforming (5.8.1) to an interaction frame with
respect to the continuous decoupling driving analogue to the treatment in section 5.5. In that case, the
effective form after application of (5.8.3) is given by

H(2) =
Ω2

2

∑

l∈N c
σly +

∑

(ij)

Jij
2
SijM1

=
Ω2

2

∑

l∈N c
σly +

∑

(ij)

Jij
4

(
σiz σ

j
z + σiy σ

j
y

)
. (5.8.4)

Now it is crucial to note that the Ising-type coupling form, i.e. the conditional rotation around a
single individual qubit axis, could be restored if one of the two components appearing in the dipolar
term of (5.8.4) would be suppressed. This is exactly the role of the second order driving term, which
does leave the dipolar y-component unchanged whereas it averages the z-component to zero. Or in a
further interaction frame with respect to the second order driving, (5.8.4) becomes upon application
of the rotating wave approximation and Ω2 � Jij

H(3) =
∑

(ij)

Jij
4
σiy σ

j
y . (5.8.5)

In summary, whereas the decoupling destroys part of the original dipolar coupling form, namely
theM2 contribution, a local second order drive serves to restore the original interaction type at the
drawback of a coupling strength half in magnitude compared to the undecoupled analogue.

Note that such a second order driving scheme partially decouples the driven qubits from amplitude
noise in Ω1 as originally proposed in [55]. However due to the local nature of this driving on specific
(‘every second’) qubits, no full system decoupling is achieved. In case a decoupling of amplitude
noise becomes mandatory, a continuous driving of the same form as in (5.8.4) but with Rabi frequency
Ω̃2 can be added on all qubits /∈ N c in addition. Provided |Ω2| − |Ω̃1| � |Jij |, this leads to the same
form (5.8.5).

5.8.2 Can such a scheme be implemented by global rotations only?

In the preceding section, a local second order microwave drive has been chosen, such that one part
of the two qubit rotation interaction appearing in (5.8.4) can be eliminated by applying the rotating
wave approximation. That way, a two-qubit coupling around a single axis has been achieved. A
natural question to ask is whether such a local interaction can be replaced by a global one acting on
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all qubits simultaneously. Or in other words: Is it possible to choose a global single qubit rotation
axis for the second order driving, such that an effective two qubit interaction of the form (5.8.5), in
particular involving only a single rotation axis on each of the qubits, is obtained? As will be seen in the
following, such a configuration turns out to be impossible raising the need for individual addressing
in order to recover an Ising-type coupling of the form (5.8.5).

We will start by analyzing the impact of a global continuous coupling, i.e.

HΩ = Ω/2
∑

k

σkϑ (5.8.6)

on a two qubit interaction of the form σiασ
j
α (we will drop the indices denoting qubits i and j in the

following for simplicity). Here σβ = ~nβ · ~σ denotes the generator (up to a prefactor) for a rotation
around the one qubit rotation axis ~nβ . Applying a rotating wave approximation with respect to the
continuous driving Ω, that is keeping only the resonant contributions, this leads to

σα ⊗ σα → [(1/2) tr (σϑ σα)]2 σϑ ⊗ σϑ + [1− (1/2) tr (σϑ σα)]2
1

2

(
σ⊥(1) ⊗ σ⊥(1) + σ⊥(2) ⊗ σ⊥(2)

)

(5.8.7)
where tr (σϑ σα) = ~nϑ · ~nα denotes the overlap between the two rotation axes and σ⊥(1), σ

⊥
(2) are the

generators of orthogonal rotation axes (~n⊥(1) · ~n⊥(2) = 0) perpendicular to the rotation of the generator
~σϑ (~n⊥k · ~nϑ = 0). As the last term of (5.8.7) is invariant under local rotations around ~nϑ, the two
perpendicular axes can be arbitrarily chosen.
The effective interaction type in (5.8.7) can be interpreted as follows: The first term represents the
contribution of σα parallel to the rotation axis defined by σϑ and therefore remains unchanged and
does not show any time dependent contributions in an interaction frame with respect to the continuous
driving HΩ. On the other hand, the second term represents the components of σα orthogonal to
(the rotation) σϑ, that does lead to an effective secular form comprised of two orthogonal rotation
directions. In a coordinate system with σϑ ≡ σz , this latter contribution corresponds just to resonant
flip-flop interactions σi+ σ

j
− + h.c.. The first (parallel) contribution in (5.8.7) is zero in case that the

rotation axis of the driving Hamiltonian is perpendicular to the one of the generator σα, whereas the
second (orthogonal) contribution is zero if both axes are parallel. This observation allows the initial
question to be answered: In this particular case, the interaction (5.8.4) has the form σizσ

j
z + σiy σ

j
y as

a result of the continuous decoupling interaction. As a remark, this interaction form follows out of
(5.8.1) upon application of (5.8.7). Now, as this interaction consists of two orthogonal components,
namely σz and σy, the orthogonal contribution in (5.8.7) cannot be zero for both as there does not
exist a rotation axis that is simultaneously parallel to both components. Therefore, for any arbitrary
global continuous coupling of the form HΩ, at least two local orthogonal rotation axes are involved
independent of the choice of σϑ. In contrast, the parallel component can be zero for both components,
as σϑ ≡ σx defines a rotation that is both orthogonal to σz and σy.

Or in more detail: By explicitly choosing σϑ ≡ σθ,φ for a global second order driving with (θ, φ) de-
noting the corresponding rotation axis in spherical coordinates, i.e. σθ,φ = cos θ σz+sin θ(cosφσx+
sinφσy), the effective secular interaction of the dipolar coupling (5.8.4) follows out of (5.8.7) as

σz ⊗ σz + σy ⊗ σy → (1− µθ,φ) σθ,φ ⊗ σθ,φ + (1 + µθ,φ)
1

2

(
σ⊥(1) ⊗ σ⊥(1) + σ⊥(2) ⊗ σ⊥(2)

)

with µθ,φ = sin2 θ
(
1− sin2 φ

)
.

(5.8.8)

The parallel component is exactly zero for θ = π/2, φ = 0, that is σθ,φ ≡ σx, whereas the second
orthogonal contribution is non-zero for any choice of θ and φ as 0 ≤ µθ,φ ≤ 1. Therefore, at least
two local orthogonal rotation axes are involved on each qubit in the two-qubit interaction, for most
choices σθ,φ even all three axes are involved.

As a remark, second nearest neighbour interactions following out of a Hamiltonian evolution (5.8.1)
either exhibit the dipolar coupling form (5.8.4) if both qubits involved in the coupling are not affected
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by the Ω2-driving or the form (5.8.8) with θ = φ = π/2. Removing those interactions by combining
the evolution with local pulses as discussed in section 5.7.4 is more complicated in the second case,
requiring at least a two-step process as no local operation can invert the sign of all three σ-components
involved simultaneously.

5.8.3 Simulating a Heisenberg chain Hamiltonian by a global second order driving

Whereas the preceding section revealed that a single rotation axis cannot be achieved by means of
a global continuous (microwave) driving, it also showed in (5.8.7) and (5.8.8) that such a driving
can allow for the appearance of up to three different rotation axes in a two-qubit interaction. The
form of these effective interactions closely resembles the Heisenberg-chain Hamiltonian presented in
section 5.6.2, namely an XXZ-type Heisenberg chain

Hhe =
Jz
2

∑

j

σjz σ
j+1
z +

Jxy
2

(
σjx σ

j+1
x + σjy σ

j+1
y

)
. (5.8.9)

We will focus here on the creation of a continuously decoupled version by combining the dipolar
coupling appearing in (5.8.4) with a global second order continuous driving of the form (5.8.6). A
similar approach can be carried out for the undecoupled dipolar coupling form (5.8.1) or the full
dipolar coupling form (5.4.4) in a homogeneous system by using (5.8.7); in an inhomogeneous system
flip-flop terms do not survive.

For the decoupled implementation, replacing the local second order driving in (5.8.4) with a global
one around σθ,φ of the form (5.8.6) and assuming that Jij = J , the coupling constants can be identi-
fied out of (5.8.8) to

Jz = J/2 (1− µθ,φ) and Jxy = J/4 (1 + µθ,φ) . (5.8.10)

As 0 ≤ µθ,φ ≤ 1 this allows to tune different ratios Jz/Jxy ∈ [0, 2] by merely adjusting the angle
of the global single qubit rotation σθ,φ. Note that we did not fix the explicit axes directions to the
ones defined in (5.8.9), that in fact depend on the choice of (θ, φ). However, a mapping to an explicit
coordinate basis can easily be achieved by a global single qubit coordinate rotation, i.e. single qubit
pulses before and after the application of the Heisenberg Hamiltonian interaction.

Two advantages are associated with an implementation by a second order driving instead of a time-
addition implementation as discussed in section 5.6.2: First, the omission of the addition steps itself,
that can be seen in figure 5.8 to be quite cumbersome and therefore prone to errors. Second, an
implementation on a (for most cases) shorter timescale, advantageous in the presence of decoherence.
For a configuration characterized by µθ,φ a second order implementation is faster in time by a factor
r = 1/2 (3− µθ,φ). Therefore, a time addition implementation for Jz/Jxy = 2 takes r = 3/2 times
as long as for the second order driving version, whereas the required times become equal r=1 for
Jz/Jxy = 0. This equality of times when Jz approaches zero can be easily understood in that in this
case the effective Hamiltonian form in the presence of decoupling already takes on the Heisenberg
form, thus making time addition steps unnecessary.
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Figure 5.11: Recovering the Ising-type interaction by a second order driving. (a) Setup and
coupling interactions for two qubits. Aside from the resonant decoupling microwave field with Rabi
frequency Ω1 and frequency ω0 a local second order driving is added on qubit two with Rabi Fre-
quency Ω2 � Ω1 and a frequency ω0 ± Ω1 ensuring resonance with the dressed state system of
the first order (Ω1) coupling. J12 denotes the dipolar coupling, which basic form is altered by the
microwave fields. (b) Fidelity for achieving the effective Hamiltonian interaction H(3) (5.8.5) for
different magnitudes of the Rabi frequencies Ω1 and Ω2, J12 = 2π · 26 kHz and in the absence of
decoherence. The fidelities are obtained as the minimal final state fidelities based on 25 evolution
angles within the interval θ ∈ [0.2π, π]. As expected, Ω1 > Ω2 > J12 is required for the scheme to
work. If both microwave couplings are comparable in magnitude, a non-applicability of the rotating
wave approximation for the second order driving renders the fidelities small. (c), (d) Simulations of
a θ = π/2 evolution for J12 = 2π · 26 kHz, different magnitudes of the microwave coupling Ω1,Ω2

as indicated in the figure, and dephasing noise as in figure 5.2. Dashed lines indicate the evolution
in the frame of (5.8.4) with the final total evolution form (5.8.5) obtained by a global echo π-pulse
Sxπ = exp(−iπ/2 ∑i σ

i
x) in between. Solid lines refer to the frame of (5.8.5). Blue, red, green and

black corresponds to the populations of the states |−−〉, |+ +〉, |+−〉 and |−+〉, respectively, with
|±〉 the eigenstates of σx. Cyan and orange solid lines correspond to the |−−〉 and |++〉 populations
for the noiseless case. Final fidelities compared to a perfect evolution under Hamiltonian (5.8.5) are
given by F = 0.97 for (a) and F = 0.98 for (b), respectively.
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5.9 Conclusion and Outlook

In this chapter a new approach for the scalable creation of nitrogen vacancy center arrangements has
been presented, that, in contrast to current attempts based on implanting NV-centers in a bulk crystal,
follows a bottom up routine by the precise, protein scaffold assisted arrangement of nanodiamonds
on a nanometer scale. In particular it has been shown how controlled decoupled interactions can be
implemented in such a system. A complete framework has been developed for that task, ranging
from the analysis of decoherence, the implementation of continuous decoupling and decoupled gates,
the creation of a uniform coupling, to compensation sequences for systematic errors and studies of
cluster state and quantum simulation applications. In the following some of the fundamental results
will be emphasized: First, a combination of diamond surface coating, high sample purity and the
incorporation of decoupling can enable to reach coherence times approaching milliseconds. This
then enables to exploit the 20-50 kHz magnetic dipolar coupling for coherent manipulations even
in the multiqubit case. Second, by means of an external magnetic field a homogeneous magnetic
dipolar coupling can be achieved; an inhomogeneity in the energy level splitting associated with the
random orientation of the symmetry axes provides individual addressability. Third, a full Ising-type
dipolar coupling emerges in the presence of decoherence decoupling by either using a Trotterization
of different configurations in time or relying on a second order microwave driving.
Such a regular spin system combined with the previously outlined concepts then forms a natural and
promising platform for the implementation of either cluster computation approaches or the quantum
simulation of solid state spin properties and phases. We have shown the viability of such applications
by performing numerical simulations including dephasing noise, which reveals that both this leads
to typically high fidelities exceeding 90 % and all required operations can be designed based on the
availability of individual control and the noise decoupled magnetic dipolar interaction.

The reliance on individual addressing might seem troublesome at first. However it forms certainly
a viable path in small arrangements of diamonds as have been obtained to date [A2]. Moreover, a
closer inspection of the proposed concepts reveals that for most applications, as the construction of an
Ising type interaction, only individual control of two (global) sublattices is required. Each of those is
composed of non-neighbouring qubits. That is, in principle, only two different axes orientations, each
associated with a sublattice would be required. Whereas this is certainly challenging to arrange, the
adjustment of the NV symmetry axis orientation for nanodiamonds trapped in optical tweezers has
already been demonstrated [108]. Last, even for the unlikely case of oriented axes for neighbouring
qubits, a magnetic gradient field can assist in guaranteeing addressability [8].

Given that to date only the entanglement of up to two NV-centers has been demonstrated [87, 36],
the realization of such assembled nanodiamond systems forms a promising route for pushing the field
of NV-center physics further into the direction of quantum computation or quantum limited sensing.
This holds even for modest numbers of diamonds as have been achieved [A2]; which however still
lack the guaranteed presence and verification of NV centers so far.
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Chapter 6

Nanodiamond interferometry for the
detection of quantum gravity effects1

6.1 Introduction

A framework, unifying classical general relativity with quantum mechanics, remains a crucial scien-
tific challenge to date. As incompatibilities hinder the straightforward inclusion of gravity into the
standard framework of quantum field theory, the development of a new theory, the quantum gravity
(QG), seems essential. Spacetime quantization is a natural ingredient of such a theory as a result of
its dynamical nature in general relativity. This has led to the notion of minimal length- and maximal
energy scales [122, 139], commonly ascribed to the Planck-scales: The Planck-length lp as the length
where the Compton radius of quantum mechanics meets the Schwarzschild equivalent of gravitation
lp =

√
G~/(c3) ' 1.6 · 10−35 m, and the Planck mass Mp = ~/(cLp) =

√
~ c/G ' 2.1 · 10−8 kg.

More abstract, these scales arise in a combination of three fundamental constants, thereby form-
ing new quantities that may or may not be of fundamental importance in nature. This minimal
lengthscale plays a crucial role in candidates for quantum gravity theories [122] such as string the-
ory [110, 42], loop quantum gravity [22], doubly special relativity [181, 15] and in the field of black
hole physics [179]. The complete frameworks however are rather complex and incomplete in their
physical interpretation. It has therefore been proposed to test common impacts of a spacetime quan-
tization on standard quantum mechanics instead, such as the modification of the energy dispersion
relation [17] or the change of quantum mechanical commutator relations [70, 11, 219, 139]. Incorpo-
rating such ‘universal’ effects into existing frameworks inspired the proposal of numerous verification
experiments both in the relativistic and non-relativistic regime. This has led to bounds on the magni-
tude of the anticipated fundamental scales, though, due to the smallness of the effects, an existence
verification is still pending. In particular tests have been proposed within the framework of quantum
optics as constraining the energy dispersion relation in atom interferometers [17, 196], commuta-
tor measurements on optomechanical oscillator systems [219], observation of energy level shifts and
modified tunnelling rates [11, 70], holographic noise measurements [132, 33] and the appearance of
modified photon scattering rates [30].

Following these developments and proposals, interferometry with massive particles shows promise
for exploring potential modifications as arise from theories of quantum gravity or more generally
limitations of standard quantum mechanics [219, 17, 196]. In particular, particles involving a well-
controlled internal level structure allow for ‘path-state entangled’ interferometry setups, thus mapping
the external phase to the internal degrees of freedom for a convenient read-out [61, 17]. This makes
nanodiamonds with an NV-center a capable choice as an interferometric particle, providing both

1Large parts of this chapter have been first published in [A3] (see List of Publications on page v) and have been directly
taken from this publication.
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an atomic-like discrete level structure and a significant mass as a mesoscopic particle. Moreover,
optical trapping [108, 201] and optical ground state manipulation [296, 131] have been demonstrated,
which from important prerequisites for recoil based interferometry experiments. The interferometric
application of nanodiamonds in a trapped configuration has been proposed only recently [299, 243].

In this chapter, we will focus on the approach developed in [17, 196], that proposes to analyze quan-
tum gravity induced modifications to the energy dispersion relation in a Ramsey-Bordé interfero-
metric setup [43, 285, 52]. Importantly, larger masses might be capable of enhancing Planck scale
corrections, thus allowing for tighter bounds in constraining the form of the energy dispersion rela-
tion. As an illustrative and promising example nanodiamonds will be considered as interferometric
particles. Based on different nanodiamond sizes, bounds on the achievable precision in the deter-
mination of the unknown parameters are given, thus identifying the contributions that are amenable
for verification in such a setup. Moreover, it is shown that the influences of gravitation and ther-
mal particle motion lead to a suppression of the interference phase, thus hinder the straightforward
extraction of these parameters and phases from current experimental setups. Hence a new setup is
proposed, which is insensitive to these detrimental effects and leads to a recovery of the relevant phase
term correction. A complete description of the anticipated interference pattern is given, based on the
proposed modifications of the energy dispersion relation and comprising the influence of all 28 path
interference combinations in such a setup. This leads to insight in how the initial motional state and in
particular the temperature influences the interference pattern, reflected in the visibility of interference
from non-closed path combinations. Possibilities for the combination of such interference setups with
decoupling sequences on the NV-center are discussed. Last, collisional and thermal decoherence are
analyzed along with the impact of pulse errors on the interference pattern; for the particular setup
here and the scaling of the interferometer area a favorable mass scaling can be identified that way.

The chapter is organized as follows: In section 6.2 the interferometry setup will be introduced along
with methods for the phase calculation. This starts with a general overview of atom interferome-
ters in section 6.2.1. Section 6.2.2 then carries out the interferometer phase calculation for the rel-
evant Ramsey-Bordé setup in an operator based formalism. Such a treatment leads to a very gen-
eral expression of the phase in terms of the kinetic energy for arbitrary paths. For comparison and
completeness, section 6.2.3 introduces the same phase calculation within the widely-used path in-
tegral approach, leading to equivalent results; however a generalization and introduction of modi-
fied energy-momentum dispersion relations is less obvious in that framework. The anticipated setup
based on nanodiamonds and proposed quantum gravity corrections to the energy-momentum disper-
sion relation will be presented in section 6.3. Section 6.4 then provides precision bounds that can be
achieved in constraining the proposed quantum gravity corrections, taking into account a variety of
error sources. An analysis of their scaling with mass allows to identify a Planck scale correction term
linear in momentum as promising for verification in a nanodiamond based setup; this contribution will
be focused on in the remainder of this chapter. Section 6.5 then addresses the question if this contri-
bution can be extracted from current experimental setups. In particular it is shown that both thermal
particle motion (section 6.5.2) and gravitation (section 6.5.3) are responsible for a suppression of the
relevant phase term. Thus, in general the quantum gravity phase contribution cannot be extracted out
of current experiments, requiring a revision of previously reported results obtained that way in the lit-
erature. To solve that problem, a modified interferometric setup based on an intermediate momentum
inversion is proposed in section 6.6. This allows to recover the unperturbed phase and is insensi-
tive to both thermal and gravitational effects. So far the analysis has been based on a single closed
paths combination of the interferometer, which forms the dominant phase contribution and moreover
enables the identification of basic general properties. More generally, section 6.7 presents the interfer-
ence pattern including all possible interferometric pathways (sections 6.7.1 and 6.7.2), obtained out
of a rather general framework that can be applied to a wide variety of interferometric setups. This in-
volves the contribution and visibility of paths open in position or momentum, and their dependencies
on temperature and particle size will be addressed. Moreover, a fundamental temperature limitation
for the observation of spatially open paths in the interference pattern will be given in section 6.7.3. A
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fundamental limitation based on the uncertainty principle for the simultaneous wavefunction overlap
in both position and momentum, as required for the interference of paths open in both coordinates,
will be introduced in section 6.7.4. Following, section 6.8 addresses the question if nanoparticles
are suitable for the detection of quantum gravitational effects, thereby giving an overview of the
controversial, yet unsolved discussion in the literature. Practical considerations as the combination
with decoupling sequences, spatial decoherence, visibility reduction by imperfect pulses, time and
pulse errors are discussed in section 6.9, focusing again on the particularities of nanoparticle setups.
Section 6.10 gives a literature overview of alternative implementations, both for the interferometry
with nanodiamonds in a harmonically trapped configuration (section 6.10.1) and for the detection of
Planck-scale modifications in an optomechanical setup (section 6.10.2). Following the conclusion of
this chapter, a number of appendices supplement the previous discussion: Appendix 6.A is devoted to
the calculation of the momentum overlap (coherence) matrix element as has been used in section 6.7.
Details on the ‘stability configuration’ proposed in section 6.6 and its analysis in any arbitrary mo-
mentum regime can be found in Appendix 6.B. Appendix 6.C discusses the difference of Planck scale
modifications of the energy dispersion relation to studies based on modified commutator relations.
An analysis of the complete interference pattern including all paths analogue to the treatment in sec-
tion 6.7 but for the unmodified Ramsey-Bordé setup is given in Appendix 6.D. The influence of a
magnetic gradient on the interferometer phase is analyzed in Appendix 6.E, along with the possibility
for its decoupling. Last, Appendix 6.F provides details for the calculation of the visibility decay by
background gas collisions as has been used in the discussion of section 6.9.

6.2 Interferometry and interferometer phase calculation for the Ramsey-
Bordé setup

6.2.1 Atom interferometry

Interferometry has emerged as a powerful tool for the high-precision measurement of frequencies and
phase shifts and thus is nowadays one of the basic foundations in metrology. Known originally in
the field of optics, the interferometry with (massive) particles and atoms often benefits from enlarged
interaction strengths with potentials and environments, in addition addressing fundamental questions
of quantum mechanics. Numerous applications have been developed for particle interferometers [66],
ranging from the ultraprecise measurement of the gravitational constant [148, 213], gravitational wave
detection [81], the recoil based determination of the fine structure constant [285, 45], to the explo-
ration of the quantum nature of macroscopic particles [135, 109], decoherence sources [120, 121]
and fundamental limitations and tests of quantum mechanics [208, 17]. Essentially such an inter-
ferometric setup is composed of four stages: (i) A beam splitter operation, resulting in the creation
of well-separated distinct paths in position and/or momentum. (ii) An evolution stage, leading to a
phase accumulation that depends on the potential within each path. (iii) A final recombination of
paths; such a stage can be omitted for sufficiently large coherence lengths, albeit this turns out to be
challenging for massive particles [66, 52]. (iv) A detection process of the interference pattern, either
of the particles itself or of internal state populations.

Several approaches have been developed for creating spatial superpositions of wavepackets [66, 61],
as the scattering at mechanical and optical gratings [120, 109], splitting paths by internal transitions
associated with momentum recoils [148] or by potential deformations to double wells [250]. Here we
will focus on atomic-type interferometers, in which the internal states of the particles are entangled
with the external path degrees of freedom [148, 61, 285, 45]. This then allows to map the external
phase shift on the internal degrees of freedom, making them available for a straightforward read-out
by internal population measurements. Such a setup resembles the well-known Ramsey-interferometry
configuration [238], by additionally taking the external degrees of freedom into account. The basic
mechanism for such a beam-splitting operation can be seen in the following: Assuming a (laser)-
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interaction of the form H = Ω/2 (σ+e
i k ẑ + h.c.) on the internal two level subsystem composed of

{|g〉, |e〉} and an initial thermal state |ψext〉 =
∫

dpψ(p) |p〉 that for convenience has been expanded
in the momentum basis, then a π/2 (Ω t = π/2) pulse leads to

Uπ/2 (|g〉 ⊗ |ψext〉) =

∫
dpψ(p)

1√
2

[
|g〉|p〉 − i |e〉 |p+ ~k〉

]
. (6.2.1)

Here it has been used that eikẑ|p〉 = |p+ ~k〉, which describes the recoil momentum associated with
a photon absorption. Thus, any product state |g, p〉 evolves into an entangled state, a superposition of
two paths separated by ~k in momentum space; a subsequent free evolution generally leads to an ad-
ditional separation in position. As the different external paths are connected to distinct internal states,
an accumulated path-related phase is measurable as population oscillations, generally after a disen-
tangling process by a second π/2-pulse. Conveniently two ground states are chosen for {|g〉, |e〉},
often highly insensitive ‘clock states’, due to their non-dissipative character and longer coherence
times. In that case a direct recoil-induced transition can be implemented by a Raman transition as
discussed in section 2.1.4 with the recoil k → 2k.
Different types of such ‘path state entangling’ interferometers have been developed for various appli-
cations. We will here focus on the Ramsey-Bordé interferometer [43, 285, 52], that will be introduced
in the subsequent section. Such a setup has the advantage that it directly reveals the energy disper-
sion relation in the interferometric phase, even in the absence of accelerating external fields. It has
been previously used in particular for recoil (~/m) measurements, which combined with the Rydberg
constant and the speed of light allows for a QED (quantum electrodynamics) independent determi-
nation of the fine structure constant. Postulating modifications to the energy-momentum dispersion
relation as occur in theories of quantum gravity [17], leads to modifications in the phase of such an
interferometric setup.

6.2.2 Phase calculation in the operator based formalism

Here the interferometric phase of the Ramsey Bordé setup [43, 285, 52] is derived using the operator
based formalism developed in [247]. Such an interferometric setup as depicted in figure 6.1, has been
frequently used for recoil and ~/m measurements. It consists essentially of four π/2 laser pulses
(‘beam splitter operations’), separated by free evolution times T and τ , respectively. An inversion of
the laser direction, thus of the recoil transfer, in the second half of the interferometer sequence, ensures
the existence of closed interferometric paths combinations. In the following the interferometric phase
is derived for the lower closed paths configuration as depicted in figure 6.1(a). Thereby we focus on
keeping the analysis as general as possible, which allows for a simple inclusion of a modified energy
dispersion relation or accelerating inertial forces at a later stage. From this specific example a general
rule for the interferometric phase calculation is obtained based on the kinetic energy, in cases when
the external potential is at most linear in position (inertial force). This then allows for the phase
calculation of any arbitrary paths combination as carried out in section 6.7.

We will assume the two level system {|g〉, |e〉} initially prepared in the state |ψi〉 = |g〉⊗ |ψext〉, with
|ψext〉 describing the external, motional degrees of freedom. The π/2- laser interaction pulse, that
takes the role of a beam-splitter, is described by the unitary operation

Uπ/2 =
1√
2

(
1− i

[
e−i ϕ ei k ẑσ+ + ei ϕ e−i k ẑσ−

])
(6.2.2)

with the rotation axis defined by σϕ = cos(ϕ)σx + sin(ϕ)σy. Note that, most importantly, the
recoil contribution exp(ikẑ) leads to a splitting in momentum space (6.2.1), which is responsible for
the relevant splitting in the external degrees of freedom (‘interferometric beam splitter operation’).
During the free evolution periods, the external degrees of freedom evolve according to

Uf = exp (−(i/~)H(p̂, ẑ) t) with H(p̂, ẑ) = E(p̂) + V (ẑ) and V ′(ẑ) = const. (6.2.3)
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Figure 6.1: Ramsey Bordé interferometer and phase space area [A3]. (a) Ramsey Bordé inter-
ferometry setup. Black and red dashed lines correspond to the internal states |g〉 and |e〉, respectively.
Red arrows indicate π/2-laser pulses in the corresponding direction. The unitary evolution operators
for the upper and lower path, leading to U (g) as defined in the main text, are shown in green and
orange boxes, respectively. (b) Phase space evolution and area for E(p) = p2/(2m) in the absence
of an external potential. Laser interaction paths are marked by the superimposed red arrow and in
addition the corresponding times are given under the assumption of instantaneous laser pulses.

Herein E(p̂) denotes the kinetic energy and V (ẑ) an external potential; importantly we restricted this
potential to inertial forces that are linear in position, as only in that case a simple closed form for the
phase can be obtained. Note however that for the case of quadratic harmonic oscillator potentials, a
straightforward phase expression can be obtained as well by a slightly different approach [274, 243]
as will be outlined in section 6.10.1. The internal degrees of freedom evolution follows out of

Uin = exp

(
− i
~

∫ t

Hin(t′) dt′
)

with Hin = −~ δ(t)/2σz (6.2.4)

in a frame rotating with the beam splitter laser frequency, δ(t) the corresponding detuning and σz the
Pauli z-matrix defined in the two level internal state system. This term can be included conveniently
in (6.2.2) by replacing ϕ→ ϕl(t) = ϕ(t) +

∫ t
δ(t′)dt′. Right after the interferometer sequence, and

restricting to the two paths involved in the sequence, i.e. the ones that lead to equal states, the system
ends up in the state

|ψf 〉 =

(
1√
2

)4 ([
U (g)
u + U

(g)
l

]
|ψi〉+ i

[
U (e)
u − U

(e)
l

]
|ψi〉

)
(6.2.5)

with Uu and Ul describing the evolution operators of the upper and lower path, respectively, and the
left part evolution ends up in the atomic state |g〉, whereas the right one ends up in |e〉 as indicated by
the indices g and e, respectively.
The ‘closed path’ contribution to the probability for finding the system in the internal state |g〉 (=the
initial state) after the interferometer sequence follows out of (6.2.5) and is given by

p′g = tr ([|g〉〈g| ⊗ 1] |ψf 〉〈ψf |) =
1

8

[
1 +

1

2

(
〈ψi|U (g)†

l U (g)
u |ψi〉+ c.c.

)]
. (6.2.6)

For an initial mixed state ρin the interference term 〈ψi|U (g)†
l U

(g)
u |ψi〉 has to be replaced by

tr(U (g)†
l U

(g)
u ρin).
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Thus it remains to calculate U (g)†
l U

(g)
u , a quantity that delivers a pure phase for the closed interfer-

ometer path combinations here, making it independent of the specific form of the initial state |ψi〉.
Note that, as both paths do end up in the same state, both evolutions are formally equivalent up to
an operator ordering, i.e. the non-commutativity of operators is responsible for the appearance of an
interferometric phase.

Important operator relations for the evaluation of the unitary path evolution operators

For the calculation of the unitary path evolution operators it is important to recall some operator
relations, obtained out of the operator identity

e−αÂ B̂ eαÂ =
∞∑

ν=0

(−α)ν/ν! [Â, B̂]ν with [Â, B̂]0 = B̂ and [Â, B̂]ν = [Â, [Â, B̂]ν−1] (6.2.7)

along with [ẑ, p̂] = i~. Moreover as mentioned before, we will assume the potential being at most
linear in position, such that V ′(ẑ) = const.
Then it follows that

e±ik ẑ e−i φ(p̂) e∓ikẑ = e−iφ(p̂∓~k) and e
i
~V (ẑ) t e−iφ(p̂) e−

i
~V (ẑ) t = e−i φ(p̂−V ′(ẑ) t) (6.2.8)

where it has been used in addition that [V (ẑ), p̂] = V ′(ẑ) [ẑ, p̂]. This represents the momentum
gain by the beam splitter operation and the external potential, respectively. Moreover the evolution
sequence calculation is significantly simplified by separating the position and momentum operator
contributions in the evolution (6.2.3), namely

e−
i
~ H(p̂,ẑ) t = e−

i
~ V (ẑ) t e−

i
~
∫ t
0 E(p̂−V ′ t′) dt′ , (6.2.9)

where V ′ ≡ V ′(ẑ) and the second contribution corresponds to the interaction picture evolution with
respect to the potential, i.e. exp(−(i/~)

∫
Hint(t

′)dt′) with

Hint(t) = exp[(i/~)V (ẑ)t]E(p̂) exp[−(i/~)V (ẑ)t] , (6.2.10)

whereas the first contribution accounts for the ‘back-transformation’ to the original frame.

Path evolution operators and interference phase calculation

We will now turn to the calculation of the evolution operators, that are given by (see figure 6.1)

U (g)
u = ei∆ϕ ei k ẑ e−i/~H (tf−t2) e−i k ẑ e−i/~H (t2−t1) e−i k ẑ e−i/~H (t1−t0) ei k ẑ

U
(g)
l = e−i/~H (tf−t0)

(6.2.11)

with the laser and internal phase contribution

∆ϕ = [ϕl(tf )− ϕl(t2) + ϕl(t1)− ϕl(t0)]

= [ϕ(tf )− ϕ(t2) + ϕ(t1)− ϕ(t0)] +

∫ t1

t0

δ(t′) dt′ +

∫ tf

t2

δ(t′) dt′
(6.2.12)

that does take the value ∆ϕ = 2 δ T for fixed laser phases and a constant detuning δ(t) ≡ δ.
Substituting the free evolution sequences by (6.2.9) and commuting the position operator dependent
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terms to the left with the help of (6.2.8), the evolution sequence can be simplified to (again assuming
that V ′(ẑ) is independent of ẑ)

U
(g)
u,int = ei∆ϕ e−

i
~
∫ tf
t2

E(p̂−~k−V ′ t′)dt′ e−
i
~
∫ t2
t1
E(p̂−V ′ t′)dt′ e−

i
~
∫ t1
t0
E(p̂+~k−V ′ t′)dt′

= ei∆ϕ e−
i
~
∫ tf
t0

E(p̂u(t′))dt′

U
(g)
l,int = e−

i
~
∫ tf
t0

E(p̂−V ′ t′)dt′ = e−
i
~
∫ tf
t0

E(p̂l(t
′))dt′ ,

(6.2.13)

where in the last step we used that the external phase part corresponds just to the kinetic energy along
the path. Here p̂(t′) is the classical momentum in time along that path with the initial momentum
replaced by the operator p̂. Therefore the operator product appearing in the interference term (6.2.6)
is given up to the laser phase contributions by the kinetic energy integrated along the closed path

U
(g)†
l U (g)

u = ei∆ϕ exp

(
− i
~

∮
E[p̂(t′)] dt′

)
. (6.2.14)

This phase calculation, following the same steps as above, can be generalized to arbitrary paths in-
volved, resulting in

Uj = eiϕlaser e
i
~p
j
f ẑ e−

i
~
∫ tf
t0

E(p̂j(t
′)) dt′ (6.2.15)

for a path j with pjf the effective total momentum gain, p̂j(t) the momentum along that path and ϕlaser

the laser phase internal contribution. More generally, this holds true for any interferometer subject
to laser pulses and under a potential at most linear in position and has been used previously for the
phase evaluation based on a semiclassical treatment e.g. in [52].

As an explicit example let us consider the closed path combination as above subject to the standard
energy dispersion relation E(p̂) = p̂2/(2m), a gravitational field V (x̂) = mg x and assuming
that the laser phase is kept constant as well as the detuning. Noting that in the above derivation
only the force component parallel to the pulse direction does contribute (the non-commuting p̂ and ẑ
components), one obtains the well-known expression for the phase (T = T ′)

φ =
~ k2

m
T + kT

[
g (T + τ)− 1

m
∆pacc

]
+ 2 δ T (6.2.16)

where we introduced an additional acceleration of momentum ∆pacc during the evolution time τ ,
besides the gravitational influence, often used in experiments to increase the signal by adding a series
of N acceleration pulses such that ∆pacc = −N ~k.

Relation to the phase space area

As previously noted by many authors, the motional part of the interferometer phase φext is, in many
cases, related to the phase space area aps by the relation

aps =

∮
pdz = 2 ~φext , (6.2.17)

which seems to hold for E(p) = p2/(2m) by noting that in that case the phase space area, in the
absence of any acceleration, is given by aps = 2 (~k2)/mT (see figure 6.1(b)). Moreover such a
relation can be strictly proven for trapped particle interferometers, in which the interferometer action
can be described by a series of continuous displacements in phase space [274] (see section 6.10.1).
For the case considered here, as has been shown in [247], the phase space area can be related to the
kinetic energy by noting that dz = (i/~)[H, z]dt = (i/~)[E(p), z]dt = (d/dp)E(p) dt

aps =

∮
pdz =

∮
p

d

dp
E(p) dt

?
= 2 ~φext = 2

∮
dt E(p) . (6.2.18)
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Thus, the relation of the phase space area to the external interferometric phase as given in (6.2.17)
follows naturally if two conditions are fulfilled: (i) the energy dispersion relation is of the standard
form E(p) = p2/(2m) and (ii) the system is at most subject to inertial forces for allowing to express
the phase in terms of the kinetic energy.

6.2.3 Interference phase out of the path integral formalism

The path integral formalism naturally includes the phase relation of different paths, as it describes
the propagation of a particle by an integration over all different paths weighted by a complex phase
factor [61, 256]. In the semiclassical limit and even beyond in the case of quadratic Lagrangians [256]
this allows to extract a definite phase factor that can be attributed to a wavefunction propagation along
a classical interferometric path.

The time evolution of the quantum mechanical wavefunction in position space, subject to the unitary
evolution operator U(tf , t0), with initial and final time t0 and tf , respectively, can be described by

ψ(zf , tf ) = 〈zf |U(tf , t0)|ψ(t0)〉 =

∫
dz̃0K(zf , tf ; z̃0, t0)ψ(z̃0, t0) (6.2.19)

with K(zf , tf ; z̃0, t0) = 〈zf |U(tf , t0)|z̃0〉 the quantum mechanical propagator connecting the initial
probability amplitudes to the final ones. Based on the composition property of the unitary time evo-
lution operator, that allows for a product form of the propagator in time involving an integration over
all possible spatial positions for the intermediate times, this leads to the well-known Feynman path
integral [100, 177, 237]

K(zf , tf ; z̃0, t0) =

∫ z(tf )=zf

z(t0)=z̃0

Dz(t) e
i
~ SΓ[z(t)] with SΓ[z(t)] =

∫ tf

t0

L(z(t′), ż(t′)) dt′

(6.2.20)
where Dz(t) denotes an integration over all possible paths in between the fixed start and end points
z̃0 and zf , respectively. SΓ is the classical action, defined as the time integration of the Lagrangian
L(z, ż) = T − V (z) (with T the kinetic energy and V (z) an external potential) over a path Γ.
In classical mechanics, the equation of motion and therefore the classical particle evolution path
follow out of the principle of least action, that is for the action being extremal δSΓ = 0. This then
leads to the Euler-Lagrange equation, that for the one-dimensional situation considered here takes the
form

d

dt

∂L
∂ż
− ∂L
∂z

= 0 . (6.2.21)

We will denote the resulting classical path Γcl by zcl(t) and the corresponding action by Scl. Moreover
it will become useful at a later stage, that by means of a Legendre transformation the action can be
rewritten as

Scl =

∫

Γcl

(pdz −H dt) (6.2.22)

with the momentum p and the energy (Hamiltonian) H .

In the semi-classical regime SΓ � ~ only the classical path region corresponds significantly to the
propagator integral (6.2.20). This follows out of the observation that the classical path leads to a
stationary phase that adds constructively, a result of the slow varying phase for small deviations from
that path (neighbouring paths) as ensured by the condition δS = 0. On the other hand, it varies
rapidly for neighbouring paths away from the classical path in that limit, thus leading to destructive
interference. Notably, for quadratic Lagrangians it has been shown [256], that a description only in
terms of the classical path phase holds true even outside the semi-classical limit. This includes e.g.
the case of a free particle or a particle in a gravitational field. In both the semi-classical and the
quadratic case the propagator can be expressed as [256]

K(zf , tf ; z̃0, t0) ' F(tf , t0) exp

(
i

~
Scl(zf , tf ; z̃0, t0)

)
(6.2.23)
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with F(tf , t0) a purely time-dependent factor of second order in the deviations from the classical
path, that importantly is independent of the path starting and end-points. The equal sign holds in
expression (6.2.23) for the case of a quadratic Lagrangian. Thus, inserting (6.2.23) into (6.2.19) the
wavefunction evolution follows as

ψ(zf , tf ) ' F(tf , t0)

∫
dz̃0 exp

(
i

~
Scl(zf , tf ; z̃0, t0)

)
ψ(z̃0, t0) . (6.2.24)

This amplitude evolution still includes an integration over all possible starting points, preventing
to assign a unique phase to the final wavefunction. Now, in complete analogy to the derivation of
(6.2.23), the stationary phase method allows to reduce the integral over all possible starting points to
the physical classical one z0. The total phase in (6.2.24) is composed of the classical action and the
wavefunction contribution. We will assume that the wavefunction can be described by ψ(z̃0, t0) =
ψ̃(z̃0, t0) exp ((i/~) (p0 z̃0 − E0 t0)), thereby separating the phase contribution, as is for example the
case for a plane wave or a coherent state. Using (6.2.22), the z̃0 dependent phase part can then be
written as

φz̃0 =
1

~

[∫ zf

z̃0

p(z′) dz′ + p0 z̃0

]
(6.2.25)

and out of the stationary phase condition (d/dz̃0)φz̃0
!

= 0 it immediately follows that p(z̃0) = p0.
That is, the path for which the initial momentum corresponds to the incident momentum p0 leads to
the dominating phase contribution in (6.2.24), which just corresponds to the classical path starting
point at t0 of a particle with a given initial momentum ending up in zf at a later time tf . Therefore,
in cases in which such a unique point z0 can be deduced, (6.2.24) can be simplified to

ψ(zf , tf ) ' F̃(tf , t0) exp

(
i

~
Scl(zf , tf ; z0, t0)

)
ψ(z0, t0) . (6.2.26)

Again the equal sign holds for the case of quadratic Lagrangians [256], and second order contributions
in deviations from the stationary phase have been included in the prefactor F̃ . This has a rather simple
interpretation: The final probability amplitude ψ(zf , tf ) essentially corresponds to the inital one at
the classical path starting point z0 multiplied by a phase factor as given by the classical action of that
path.

In an interference experiment consisting of two paths, the total final wavefunction using (6.2.26) can
then be described by

ψtot
f (zf , tf ) = N

(
ψ(z′0, t0) ei/~S

u
cl(zf ,tf ;z′0,t0) + ψ(z′′0 , t0) ei/~S

l
cl(zf ,tf ;z′′0 ,t0)

)
(6.2.27)

where we allowed for different initial points z′0 ≡ z′0(zf ) and z′′0 = z′′0 (zf ) for the upper (u) and lower
(l) path, respectively, that are equal for a closed interferometer setup. N denotes a normalization
constant. The probability p∆zf to find the particle within a final position range ∆zf then follows as

p∆zf =

∫

∆zf

|ψtot
f (zf , tf )|2 dzf = N 2

(∫

∆zf

[∣∣ψ(z′0, t0)
∣∣2 +

∣∣ψ(z′′0 , t0)
∣∣2
]

dzf

)

+N 2

(∫

∆zf

ψ(z′0, t0) · ψ∗(z′′0 , t0) ei∆φ(zf ,tf ,t0) dzf + h.c.

) (6.2.28)

with the relative path phase ∆φ(zf , tf , t0) = 1/~[Sucl(zf , tf ; z′0, t0) − Slcl(zf , tf ; z′′0 , t0)]. The last
term contribution in (6.2.28) represents the interference term; potential contrast reductions as occur
in open interferometers are accounted for by the spatial wavefunction overlap.

As a final remark, it is interesting to note the analogy of the wavefunction evolution (6.2.26) to the
semi-classical WKB (Wentzel-Kramers-Brillouin) approximation [197]. The WKB method provides
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an approximate solution to the Schrödinger equation by an expansion in terms of the Planck constant,
in cases that the potential is slowly varying. More precise, if the (de Broglie) particle wavelength
λ = h/p(z) is small compared to the scale on which the potential V (z) varies, the wavefunction can
be approximated by

ψ(z, t) ' A0

√
p0

p(z)
e
− i

~
∫ z
z0

dz p(z′)
e−

i
~ E t (6.2.29)

with the particle momentum p(z) =
√

2m(E − V (z)) (m: mass, E: energy). Note that for p(z) =
const. this solution is straightforward to verify. Provided that the amplitude A0 at a specific space-
point z0 is known, the wavefunction at a later time and a point z follows by a path dependent phase
factor and weighted by the particle velocity. This is in accordance with the evolution equation for the
probability amplitudes derived from the path integral formalism (6.2.26) taking into account (6.2.22)
and assuming a constant energy H ≡ E.

Perturbative phase calculation

Provided that the evolution under a Lagrangian L0 is known, the effect and in particular the additional
phase induced by a small perturbation L1, such that L = L0 +L1, can be calculated in a perturbative
way. More precise, the additional phase follows as the integration of the perturbative Lagrangian L1

around the classical unperturbed (L0) path Γ0
cl. The wavefunction can then be described by [256, 61]

ψ(zf , tf ) ' ψ0(zf , tf ) exp

(
i

~

∫

Γ0
cl

L1 dt′

)
(6.2.30)

with ψ0(zf , tf ) the corresponding wavefunction for the unperturbed Lagrangian L0. For a closed
interferometer the L1 induced phase contribution therefore follows as

∆φL1 =
1

~

∮

Γ0
cl

L1 dt . (6.2.31)

Such a treatment is valid as long as the initial points z0 derived from the stationary phase condition
used in obtaining (6.2.26), are sufficiently close for an evolution under L0 and L (are located within
the same “Fresnel zone”). More details on the validity range and the derivation can be found in [256].
The perturbative form (6.2.31) is particularly useful in analyzing the sensitivity scaling for a spe-
cific contribution L1. For example, if L1 = C z with C a time and position independent con-
stant as e.g. C = mg for the gravitational potential, then the phase (6.2.31) is given by ∆φL1 =
C/~

∮
z(t) dt = C/~Az,t with Az,t the space-time area of the interferometer (e.g. the blue shaded

area in figure 6.1 (a)). That is, the sensitivity and phase contribution connected with the potential L1

scales with the corresponding space-time area of the interferometer.

Semiclassical phase calculation for the Ramsey-Bordé interferometer

In the following the semi-classical phase calculation method will be applied to the Ramsey Bordé
interferometer (lower path combination) depicted in 6.1 (a). This will lead to the same phase expres-
sion as obtained in the operator approach, however its interpretation and generalization is much less
obvious. In fact, it has been shown in [247] that the physical interpretation of the semiclassically
derived phase origin is often ambiguous, depending on how to group the different phase contributions
and on the reference frame choice. In addition, a modification of the energy dispersion relation leads
to a rather complicated behaviour in that analysis, as this requires the modified equations of motion
and the calculation of the corresponding paths z(t).
Two approaches will be followed: First, calculating the phase by means of the path integral approach
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by considering the total Lagrangian including gravitation. Second, calculating the phase contribution
of the gravitational part alone in the perturbative approach.

Phase for the total Lagrangian including gravitation
For the total interferometric setup including gravitation the Lagrangian is given by

L = T − V =
1

2
mv2 −mg z − Vlp = Lkin + Lgrav + Llp (6.2.32)

with Vlp the time dependent effective potential of the laser pulses inducing transitions at time tli and
given by [247] Vlp(ẑ, t) =

∑
i∓~ [k ẑ − φl(t)] δ(t − tli). This laser interaction accounts for the

phase imprinted by the laser (beam) splitter pulses, as well as the acceleration involved. In the phase
expression (6.2.26) it simply reproduces the phase of the beam splitter operation (6.2.2) with a sign
dependent on the internal state transition.

In the following we will calculate the individual phase contributions appearing in (6.2.32). Therefore
we will adapt the notation of figure 6.1 and assume a closed interferometer with T = T ′. The upper
and lower paths are denoted by u and l, respectively.

The kinetic phase contribution follows out of (6.2.26) as

φukin =
m

2~

[∫ t1

t0

(
vl(t
′) +

~ k
m

)2

dt′ +

∫ t2

t1

vl(t
′)2dt′ +

∫ tf

t2

(
vl(t
′)− ~ k

m

)2

dt′

]

φlkin =
m

2~

∫ tf

t0

vl(t
′) dt′

(6.2.33)

with vl(t′) = v0−g (t′−t0) the velocity in the lower path subject to the gravitational field acceleration.
The phase difference can be evaluated in a straightforward way, leading to

∆φkin ≡
1

~

∮
Ekin(t′) dt′ ≡ φukin − φlkin =

~k2

m
T + k g T (T + τ) . (6.2.34)

The phase that can be ascribed to the gravitational contribution Lgrav follows in an analogue way, that
is

φugrav = φlgrav −
mg

~
~ k
m

(∫ T

0
t′ dt′ +

∫ T+τ

T
T dt′ +

∫ 2T+τ

T+τ
(T − [t′ − (T + τ)]) dt′

)

φlgrav = −mg

~

∫ tf

t0

zl(t
′)dt′

(6.2.35)

with zl(t′) = z0 + v0 t− 1/2 gt2 the lower path evolution in position. This then leads to the gravita-
tional relative phase contribution

∆φgrav = φugrav − φlgrav = −k g T (T + τ) . (6.2.36)

Finally the laser pulse contributes as

φulp = k [z(t0)− z(t1)− z(t2) + z(tf )]− φl(t0) + φl(t1)− φl(t2) + φl(tf )

φllp = 0
(6.2.37)

that upon evaluation of the positions analogue to the gravitational contribution leads to the laser
induced interferometric phase contribution

∆φlp = φulp − φdlp = −2
~ k2

m
T − k g T (T + τ) + ∆ϕ , (6.2.38)
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with ∆ϕ the laser phase and detuning contribution as defined in (6.2.12). The total phase, that is the
addition of the contributions (6.2.34), (6.2.36) and (6.2.38) finally results in

∆φ = ∆φkin + ∆φgrav + ∆φlp = −
(
~ k2

m
T + k g T (T + τ)

)
+ ∆ϕ

= −∆φkin + ∆ϕ = −1

~

∮
Ekin(t′) dt′ + ∆ϕ.

(6.2.39)

Note that ∆φgrav +∆φlp = −2∆φkin +∆ϕ. Thus, the phase calculated in the semiclassical approach
corresponds exactly to the one derived in the operator approach (6.2.14).

Gravitational phase in the perturbative framework
Here, the gravitational phase contribution as derived in (6.2.39) will be reanalyzed using the pertur-
bative approach (6.2.31). The unperturbed phase is given by (6.2.39) upon setting g = 0. In the
perturbative framework the gravitational contribution L1 = −mg z can then be calculated as (6.2.31)

∆φgrav =
1

~

∮

Γ0
cl

L1 dt′ = −mg

~

∮

Γ0
cl

z(t′) dt′ = −mg

~
A0
zt = −k g T (T + τ) (6.2.40)

where the interferometer area as depicted in figure 6.1 (a) is straightforwardly identified as A0
zt =

(~k/m)T (T + τ). This equals the gravitation related phase term of (6.2.39) obtained by including
the gravitation in first place in the Lagrangian. Note that the gravitational interferometric phase shift
is directly proportional to the interferometer space-time area. Thus the setup becomes more sensitive
by either increasing the recoil k or the total interferometer time.
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6.3 Modified energy dispersion relation and interferometric setup

In the preceding section, the Ramsey-Bordé setup has been introduced. Importantly, it has been
shown that the interferometric phase essentially follows as the kinetic energy integrated along the
classical path. More precise, for the closed path combination as illustrated in figure 6.2 and assuming
the particle being initially in a definite momentum state |p〉

φint =
1

~

[∫ t1

t0

∆E(p−∇V (x) t′, ~k) dt′ +

∫ tf

t2

∆E(p−∇V (x) t′,−~k) dt′
]

+ ∆ϕ (6.3.1)

with ∆E(p, δp) = E(|p + δp|)−E(|p|) the kinetic energy difference. Moreover, V (x) denotes an
accelerating potential at most linear in position, thus leading to an inertial force with∇V (x) = const.,
and ~k the recoil splitting as induced by the optical beam-splitter π/2-pulses. The laser phase and
detuning phase ∆ϕ equals the one defined in (6.2.12). In the absence of an accelerating force, for
equidistant time intervals T and a constant laser phase and detuning δ, (6.3.1) reduces to the simple
form

φint = (1/~) (∆E(p, ~k) + ∆E(p,−~k))T + δ T . (6.3.2)

Upon completing the interferometer sequence, this phase is measurable as population oscillations
with the selected path combination contributing to the probability for finding the particle in the ground
state as (6.2.6) p′g = 1/8(1 + cos(φint)). For now we will restrict to this single path combination, as
it allows for an intuitive explanation and analysis of the basic mechanisms and scalings; moreover it
will turn out to form the dominant contribution to the total phase. The total interferometric population
probability pg, incorporating the influence of additional paths involved in the interferometric setup
will be analyzed later on in section 6.7. Importantly, the same phase expressions (6.3.1) and (6.3.2)
have been obtained in [17, 196], purely based on energy-momentum conservation considerations.

The interferometric phase dependence on the kinetic energy allows for the test of its explicit form,
i.e. the test of the energy-momentum dispersion relation. In particular, non-relativistic modifications
that might arise from quantum gravity can be incorporated by analyzing the modified form [17, 196]

E(p) =
p2

2m
+ ξ1

mcp

2Mp
+ ξ2

p2

2Mp
(6.3.3)

with p = |p| the particle momentum, m the mass and c the speed of light. ξ1 and ξ2 form free param-
eters, that will have to be constrained by experiments. If the Planck scale plays a fundamental role
both parameters are expected to be of order one. Indications for such linear and quadratic corrections
in the particle momentum can be found in loop quantum gravity [10] and doubly special relativity
approaches [15], respectively. More abstract, the modifications induced can be considered as the first
order correction in the Planck mass of the form ∆E(1) = (1/Mp) ∆(1)(p,m) under the assumption
that m still takes the role of the rest mass (∆(1)(p → 0,m) = 0) and that for Mp → ∞ the standard
dispersion relation is recovered [196]. In the non-relativistic limit p � mc the ξ1 and ξ2 contribu-
tions then form the leading and next to leading possible contributions to ∆(1)(p,m), respectively. In
a broader context, the general ansatz (6.3.3), and in particular the ξ2 contribution, also serves as a test
for Lorentz symmetry breaking [187, 17].

Inspecting (6.3.3) and recalling its appearance in the interferometric phase, suggests that higher masses
may be capable of enhancing the impact of corrections to the energy-momentum dispersion relation;
in particular as it concerns the ξ1-term. Replacing atoms as originally proposed [17, 196] by nanopar-
ticles thus allows for tighter bounds on ξ1 and can even allow for the prove of its existence and
non-existence as will be the subject of the upcoming sections. We will therefore focus on a poten-
tial implementation with nanodiamonds comprising a NV-center as illustrated in figure 6.2. For the
initialization and detection, these diamonds can be optically trapped [108, 201]. Moreover, the beam
splitter π/2-pulses can be realized by Raman transitions, using either the Λ-scheme between the 3A2
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ground states |+ 1〉, | − 1〉 [270] as discussed in section 1.3.1 or the states |0〉, |+ 1〉 [296], combined
with an appropriate excited state of the manifold 3E. Such a Raman transition (see section 2.1.4)
results in a photon recoil momentum (‘beam-splitting’) of ~k ' 2~ · 2π/(637 nm).

time

T τ
t0 t1 t2 tf

T
detection

|0�

| − 1�
| + 1�
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Figure 6.2: Ramsey-Bordé interferometer setup and NV-center energy levels [A3]. An initially
trapped nanodiamond undergoes the illustrated interferometer sequence where black lines correspond
to the NV being in the ground state |g〉 (e.g. |−1〉 or |0〉) and red dashed lines to the excited state |e〉
(e.g. | + 1〉). Red arrows indicate π/2-laser Raman transitions, beam splitter operations with recoil
transfer ~k in the corresponding laser directions. The inset depicts the nitrogen vacancy center energy
level structure, pointing out a potential Raman ‘beam-splitter’ transition.

6.4 Precision bounds on quantum gravity parameters

A variety of error sources and uncertainties, both of practical and fundamental nature, limit the achiev-
able precision in the interferometric determination of the quantum gravity parameters ξ1 and ξ2. It
will turn out that for a bound on ξ2 no gain in precision can be expected in going for more massive
particles such as nanodiamonds; from a practical perspective even the contrary holds true. On the
other hand, bounds on ξ1 benefit considerably from increasing masses and already a rather small nan-
odiamond size could make its existence amenable to verification provided ξ1∼1. However some care
is required in extracting this data from existing interference experiments as performed in [17, 196],
which will generally lead to a misinterpretation of the ξ1 phase term. This will be the subject of
the upcoming section 6.5, which shows that thermal and gravitational effects significantly alter and
suppress such a ξ1-contribution.

For now a (perfect) interferometric phase will be assumed, and concepts for its measurement will be
addressed in section 6.6. Combining (6.3.2) with (6.3.3), the external phase contribution in this case
takes the form

φ =
~k2

m
T + ξ1

m

Mp
c k T + ξ2

~k2

Mp
T (6.4.1)

and we will refer to the first term, the phase of an unmodified energy dispersion, as the ‘zero order’
contribution φ0 = (~k2/m)T in what follows.

The magnitudes of the different phase contributions are depicted in figure 6.3 for different particle
masses. Note in particular that for nanodiamonds the ξ1-term, provided that it exists, forms the
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Figure 6.3: Frequency contributions and recoil splitting [A3]. Interferometry phase frequency
for different nanodiamond radii: The unperturbed recoil phase φ0 (blue solid), the ξ1 quantum grav-
ity correction (red dashed) and the ξ2 correction (black dashed dotted). The circles in the green area
indicate the corresponding values for a Cs atom interferometer in the same colours. Inset: Maximal
spatial separation of the interferometer paths for an interferometer time T = 100µs and nanodia-
monds.

dominant phase contribution, whereas this role is ascribed to φ0 for an atomic system. This turns out
to be crucial as it concerns the error scaling for the determination of ξ1 and ξ2, in that uncertainties
in the φ0 phase term, denoted as ‘relative errors’, play a significant role for atomic systems whereas
they only have minor influence for nanodiamonds. For nanoparticles, ‘absolute errors’, defined as
mass and wavevector independent uncertainties unrelated to φ0, form the dominant limitations.

The uncertainties and their scalings for different types of errors are given in table 6.1; along with the
scaling of the two different fundamental ‘absolute’ and ‘relative’ error sources. Here, the average er-
ror for a quantity α has been calculated as ∆ξαi = |∂ξi/∂α|∆α with ∆α the uncertainty in α and ξi
(i ∈ {1, 2}) as obtained out of (6.4.1). Moreover, the shot noise limit, characterizing the uncertainty
associated with the discrete output of a population measurement, follows out of ∆φ = ∆ω T with
∆ω = 1/

√
N T 2 [49]. Here, T and N denote the interferometer time and the number of measure-

ment repetitions, respectively. For the error introduced by the laser frequency stability, an additional
internal phase contribution φlf = δ T with frequency uncertainty ∆δ has been introduced in (6.4.1).
Recalling the dominant nature of the ‘absolute errors’ for nanodiamonds, their uncertainty scaling
∆ξ1 ∝ 1/(mk) and ∆ξ2 ∝ 1/k2 favours larger recoil contributions (larger ~k). The opposite
conclusion can and has been drawn for atomic systems [196], based on the relative error scaling
∆ξ1 ∝ k/m2.

For realistic parameters, the bounds resulting out of these different types of uncertainties and nanopar-
ticle sizes have been plotted figure 6.4. The ξ1-bound benefits for both types of errors, absolute and
relative, from an increasing mass. Remarkably, due to ξ1 being the dominant phase contribution for
nanodiamonds, already a rather small radius of 5 nm (∼ 106 amu, ∼ 9·10−14Mp) might allow for the
existence or non-existence verification of such a ξ1-term. The shot noise is, along with imprecisions
in the laser detunings, the main and limiting error source.
In contrast, the ξ2-bound exhibits a mass independent scaling for ‘absolute’ errors. From a practical
point of view this favours atoms over nanoparticles, the former benefiting from the ability to realize
parallel interferometric setups of up to ∼ 108 atoms [45], long coherence times T2∼ 10 ms , higher
mass precisions originating in their elementary particle nature and elaborated techniques for large
momentum transfers [59, 60, 45]. In particular the lack of parallelism for nanoparticle setups forms
a challenging obstacle in overcoming a predominant shot noise error. Only for the, in the case of
nanoparticles much smaller, relative errors, a favorable scaling can be expected with particle mass.
In any case, a tight ξ2-estimation remains a challenging task as any frequency imprecisions, e.g. the
laser detuning stability, have to be compared to the very small ∝ 10−13 Hz ξ2-contribution frequency
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(see figure 6.3). In previous work based on the experimental data of a Cs atom interferometer [285],
the ξ2 parameter has been constrained to [196] ∆ξ2 ' 2.6 · 109, and an improvement of one order of
magnitude ∆ξ2 ' 3·108 can be obtained from more recent experimental data based on Rb-atoms [45],
still far from verifying or falsifying the existence of such a quantum gravity correction.

Shot noise limit ∆ξsn
1 = 1√

N

Mp

cT
1

mk ∆ξsn
2 = 1√

N

Mp

T ~k2

Laser frequency stability (∆δ) ∆ξlf
1 =

Mp

c
1

mk ∆δ ∆ξlf
2 =

Mp

~
1
k2 ∆δ

Mass precision ∆ξmass
1 = ξ1

∆m
m +

Mp

m2
~k
c

∆m
m ∆ξmass

2 =
Mp

m
∆m
m

Precision of the fine structure constant / of (~/me) ∆ξα1 =
Mpme
c

k
m2 ∆

(
~
me

)
∆ξα2 =

Mp

m
1

~/me ∆
(

~
me

)

General scaling
absolute value ∆ξ1 ∝ 1/(mk) ∆ξ2 ∝ 1/k2

relative value ∆ξ1 ∝ k/m2 ∆ξ2 ∝ 1/m

Table 6.1: Uncertainty formulas for the estimation of the parameters ξ1 and ξ2 arising from different
sources of imperfection [A3]. The last row indicates the general scaling with the particle massm and
the wavevector k for errors that are due to fluctuations in φ0 (relative value) and mass and wavevector
independent errors independent of φ0 (absolute value), respectively.
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Figure 6.4: Precision bounds on (a) ξ1 and (b) ξ2 arising from various error sources [A3]. Dashed
dotted lines indicate the bounds for an atomic interferometry setup (Cs atoms). For the shot noise
limitation a number of N= 1000 repetitions per data point and an interferometer time of T = 500µs
for nanodiamonds has been assumed, whereas for Cs atoms N = 108 and T = 10 ms in accordance
with recent atomic interference experiments [45]. The wavevector corresponds to a Raman transi-
tion recoil contribution with k ∼ 2 · 107 m−1. The mass precision for Cs atoms is given by [286]
∆mCs/mCs = 10−9, whereas for nanodiamonds a variance of ∆mNV = ±mC12 corresponding to
one carbon atom is assumed. The ∆ (~/me) (fine structure) uncertainty has been extracted from elec-
tron magnetic moment anomaly measurements [124, 18], leading to ∆ (~/me) = 5.9 · 10−14 Js/kg.
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6.5 Can a ξ1-term be observed in experiments?

As outlined in the previous section, it is merely the ξ1 contribution that may gain advantage from
an increased mass, in addition, it is the quantity for which the verification of its existence or non-
existence seems within range. However this term exhibits two crucial drawbacks: First, there remains
in general a dependence on the particle momentum p even for a perfect interferometer sequence. This
resembles the situation of open interferometers, in which by averaging over an initial thermal distri-
bution of particle momenta, decoherence, and therefore a reduction of the interferometer visibility,
may be anticipated (see also section 6.7). Second, contrary to the phase contributions quadratic in
momentum which lead to a phase of the form (6.2.16), the impact of gravitation on the linear ξ1 term
does not appear as a separate phase factor nor can it be eliminated by choosing the recoil momentum
orthogonal to the gravitation direction. In contrast, pure gravitation suppresses the ξ1 phase term
contribution. Therefore, in the absence of a specific preparation of the interferometer sequence, the
coherent ξ1 contribution appearing in (6.4.1) will generally be unobservable. Whereas the thermal
phase suppression scales ∝ √m, thus leading to more restrictive prerequisites for an increasing par-
ticle mass, the equally challenging gravitational counterpart turns out to be mass independent. In the
following we will begin by analyzing the phase term for a constant non-zero initial momentum (sec-
tion 6.5.1), which will lead to a description of the phase-term behaviour for a thermal particle along
with conditions for its observation (section 6.5.2). Next, the influence of gravitation will be consid-
ered in more detail (section 6.5.3) with a subsequent discussion of the influence of both gravitation
and thermal motion (section 6.5.4).

6.5.1 ξ1-phase and suppression for a constant momentum

The phase contribution of the ξ1-term according to (6.3.3) & (6.3.1) for the lower closed path inter-
ference contribution, follows as

φξ1 = µ

(∫ t1

t0

[∣∣p1(t′) + ~k
∣∣−
∣∣p1(t′)

∣∣
]

dt′ +

∫ tf

t2

[∣∣p2(t′)− ~k
∣∣−
∣∣p2(t′)

∣∣
]

dt′
)

(6.5.1)

with µ ≡ ξ1mc/(2~Mp), the times as defined in figure 6.2 and we will assume that t1 − t0 =
tf − t2 = T . As a special, and particularly relevant case, we will consider the situation of a constant
momentum in each of the two intervals, but allow for different momenta p1 and p2 in the first ([t0, t1])
and second ([t2, tf ]) interferometer cycle, respectively.

Let us first consider the case of equal momenta p1 = p2 = p as illustrated in figure 6.5 (a). Such a
situation describes a fixed particle momentum up to the beam splitter induced modifications, as might
correspond to a particular momentum out of a thermal distribution. With increasing magnitude of
that initial momentum, the ξ1 phase term reveals a purely decaying behaviour. Thus, a significant
phase contribution in that regime can be expected exclusively in the limit |p| � |~k|. Such a decay
behaviour with the momentum generally characterizes the ξ1-phase, which will turn out to make the
phase observation challenging.

Originating in the rather small recoil induced momentum shift ~k, that in most cases is much smaller
than the thermal momentum variance or the momentum gain by gravitation, the limiting regime
|p1|, |p2| � ~ k will be of particular importance. In that case

|pi(t) + ~k| ' |pi(t)| (1 + ~k/|pi(t)| cos θi + |~k|2/(2 |pi(t)|2) [1− cos2 θi]) , (6.5.2)

and with that, the phase (6.5.1) can be approximated by

φξ1 ' µT
{
|~k| (cos θ1 − cos θ2) +

|~k|2
2

[
(1− cos2 θ1)

1

|p1|
+ (1− cos2 θ2)

1

|p2|

]}
(6.5.3)
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with θi the angle between the momentum pi and the recoil ~k direction. That is, for the particular
coordinate choice in figure 6.2, cos θi = pzi /|pi| sgn(~k). The second contribution in (6.5.3), purely
decaying in the momentum magnitude, describes the recoil components orthogonal to the momentum
direction. This decay behaviour holds at each instant of time and leads to a significant suppression
of that term. In contrast, the first term vanishes as a result of the phase cancellation in the first and
second interferometric cycle unless there occurs a change in the momentum direction, that is, unless
θ1 6= θ2. This term corresponds to the momentum parallel recoil contribution.

Two important consequences follow out of the observed behaviour in the limit p � ~k: First, in the
absence of any directional momentum change (θ1=θ2=const.) or for a momentum purely orthogonal
to the recoil direction, the ξ1-phase contribution decays with an increasing absolute momentum. We
will see in the following sections that, unless for specifically designed setups, this renders the phase
observation essentially unobservable under the influence of gravitation or a thermal momentum dis-
tribution. Second, for the recoil being sufficiently parallel to the particle momentum and a momentum
inversion in between the first and second interferometric cycle, a significant phase contribution can be
expected. This latter observation will lead us to the creation of a ‘stability setup’ in section 6.6, which
will turn out to recover the unperturbed phase in the presence of gravitation and thermal motion.
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Figure 6.5: Momentum phase suppression and frequency distribution [A3]. (a) Suppression of
the ξ1-phase contribution for an initial non-zero momentum p (constant during the interferometric
cycle) and different orientations to the recoil contribution ~k. Intermediate orientations do fall into
the blue shaded region. (b) ξ1-term frequency distribution for the dimensionless frequency x =
ω/(2µ~k) and a Gaussian momentum distribution with different variances σ̃ = σ/(~k) and assuming
p ⊥ ~k.

6.5.2 Thermal momentum distribution

We will now assume the initial momentum of the interferometric particle being thermally distributed.
Correspondingly the final population has to be averaged over that distribution of initial momenta, as
will be described in more detail in section 6.7. This directly follows by noting that (6.2.6) leads to

p′g =
1

8

(
1 +

1

2

∫
dp P(p) eiφ(p)

)
(6.5.4)

with the momentum distribution defined as P(p) = 〈p|ρin|p〉 and φ(p) the phase with a momentum
dependence as given by (6.5.1). From a different point of view, this corresponds to an average over
the frequencies ω(p) of the ξ1 phase contribution defined by φξ1 = ω(p)T .

Two important consequences arise from such a thermal distribution: First, as described in the preced-
ing section and as can be deduced from (6.5.3), the suppression of ω(p) with increasing p, i.e. the
average frequency decreases with an increasing momentum variance. Second, the momentum vari-
ance is reflected in the frequency variance ω(p), the latter responsible for a coherence decay, that is a
decay of the corresponding interference term.
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We will assume the initial momentum to be Gaussian distributed. This is the case for an initial thermal
harmonic oscillator state as discussed in Appendix 6.A, which leads to a zero-mean distribution with
variance σ2 = (~/2)mωα(1 + 2 〈n̂〉). Herein the thermal population 〈n̂〉 = (exp(~ωα/(kB T ) −
1))−1 and ωα the oscillator frequency in the corresponding spatial direction α ∈ x, y, z. This reduces
to the Boltzmann distribution σ2 ' mkB T for kB T � ~ωα or equivalently for a free particle. In
any limit the momentum variance, responsible for the phase suppression, grows with increasing mass
σ ∝ √m, and consequently makes a phase observation more challenging for massive particles.

A transformation of random variables [47], allows to obtain the frequency distribution out of the
thermal momentum distribution (here for the one-dimensional case and p ⊥ ~k)

P(x) =
1√

2πσ̃2

(
1 +

1

x2

)
exp

(
− 1

2 σ̃2

1

4

(
1

x
− x
)2
)

(6.5.5)

with the dimensionless frequency and variance defined as x = ω/(2µ~k) and σ̃ = σ/(~ k), respec-
tively. Figure 6.5 (b) illustrates that distribution for different relative magnitudes of the momentum
variance to the recoil momentum. Albeit this assumes the momentum orthogonal to the recoil direc-
tion, a similar behaviour holds true for a parallel configuration. This allows to identify three different
regimes:

• For |σ| � |~k| the mean frequency approaches the optimal phase ω ' 2µ ~k as given in (6.4.1).
As the frequency variance around this optimal frequency is small, decoherence only has a
negligible influence.

• In contrast, for |σ| ' |~k| all possible frequencies ω ∈ [0, 2µ ~k] appear with almost equal
probability, therefore leading to the largest frequency variance and a decay of interference
fringes. Consequently, coherent phase contributions cannot be observed in that regime.

• For |σ| � |~k| the phase suppression with increasing momentum is responsible for a dominant
frequency contribution ω ' 0. As only very few momentum states have significant non-zero
frequencies, the frequency variance decreases again. Thus no coherent ξ1-oscillations can be
observed in that regime, but at the same time decoherence decreases with increasing σ, there-
fore not disturbing the observation of other phase contributions on that timescale (e.g. the
zero-order contribution φ0).

The behaviour of the interference term in each of the regimes for a three-dimensional thermal momen-
tum distribution is illustrated in figure 6.6 (a) and exhibits exactly the previously discussed behaviour.
Only the regime σ̃ � 1 is appropriate to analyze the ξ1-phase as expected. In the overdamped regime
(σ̃ � 1) a coherent oscillation on the T2-timescale emerges, representing the very small non-zero av-
erage frequency in that regime. The coherence times T2 (see figure 6.6 (b)) are smallest in the σ̃ ∼ 1
regime and increase linearly with σ̃ and 1/σ̃ in the σ̃ � 1 and σ̃ � 1 limit, respectively. Importantly,
whereas the relevant regime depends only on the value of σ̃ ∝ √m, the absolute timescales are pro-
portional to m−1 as expected by the mass dependent prefactor µ in (6.5.1). A non-zero mean particle
momenta in the momentum distribution pushes the interferometer further into the σ̃ � 1 regime as
is readily seen from figure 6.5 (a), thus into a regime, in which neither a coherent nor a decoherent
signature of the ξ1-term can be observed, which then might lead to the premature conclusion that such
a term does not exist.

Typical values for the momentum variance σ̃ and the coherence time T2 are shown in table 6.2. Orig-
inating from the smallness of the recoil momentum transfer those values are generally located far
in the overdamped σ̃ � 1 regime, except for challenging low temperatures. As a consequence of
the variance scaling with the particle mass, reaching the regime of coherent oscillations (σ̃ � 1)
seems very hard for more massive particles and might at most be possible for small nanodiamond
radii (∼ 5 nm), following a harmonic ground state cooling with subsequent adiabatic relaxation of
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Figure 6.6: Thermal influence on the ξ1-contribution [A3]. (a) ξ1-interference contribution (red)
p′g = (1/8) (1 + p̃g) for different values of the thermal momentum variance σ̃ = σ/(~k) plotted
versus the dimensionless interferometer time T̃ = 2µ(~k)T . A fast oscillation frequency, whose
absolute value contribution is plotted here, has been added artificially (dark blue) to extract the deco-
herence decay envelope (black). The lower panel shows the coherent phase contribution (light blue)
with subtracted decay envelope and the actually observed ξ1-interference contribution (red). (b) Di-
mensionless coherence time T̃2 = 2µ~k T2 vs the variance for a three (red) and one-dimensional
(blue, in an orthogonal direction to ~k) thermal distribution out of a thermal Monte Carlo simulation.

the trap frequency. Note that increasing the beam-splitter momentum ~k [59, 60, 45], recalling that
σ̃ = σ/(~k), can help in the achievement of a coherent regime.

r=5 nm r=50 nm Cs atom

HO ground state σ̃ 0.37 12 4 · 10−3

(ω = 2π · 1 Hz) T2/s 0.03 2.5 · 10−4 9 · 103

T =4µK
σ̃ 153 5 · 103 1.7

T2/s 3.2 0.1 3.6 · 102

T =1 mK
σ̃ 2 · 103 8 · 104 27

T2/s 52 1.6 4.5 · 103

T =10 K
σ̃ 2 · 105 8 · 106 2.6 · 103

T2/s 5 · 103 1.6 · 102 4.7 · 105

Table 6.2: Thermal momentum variances and T2-times [A3]. Thermal momentum variance σ̃ =
σ/(~k) for k = 1.9 ·107m−1 corresponding to a 637 nm Raman transition and the corresponding T2-
time for different nanodiamond radii / a Cs atom and different temperatures. The first row corresponds
to the quantum fluctuations of an harmonic oscillator (HO) ground state with frequency ω. Note
that the variance, which determines the regime, scales ∝ √m, whereas the absolute timescale is
proportional to 1/m reflecting the mass dependence of the ξ1-contribution term.
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6.5.3 Influence of gravitation

For phase contributions quadratic in the momentum, gravitation leads at most to an additional phase
factor as follows out of (6.2.16). In the case of the ξ1-contribution however, recalling the observa-
tion of figure 6.5 (a), it can have a destructive effect on the observation of the phase itself. With no
additional pulse sequences involved, the gravitational effect can be described by choosing p1(t′) =
p2(t′) = p0 −mg t′ in (6.5.1), with a potential non-zero initial momentum p0, that we will set to
zero for now. Such a situation is characterized by the dimensionless quantity

x ≡ [mg/(~k)] / [2µ~k] = Mp g/(~ k2 c) , (6.5.6)

that corresponds to the ratio between the phase suppression rate and the coherent (optimal) phase evo-
lution frequency. As both quantities scale proportional to the mass, this regime characterizing factor
is mass independent, i.e. there exists no advantage concerning the fringe observation by changing the
mass. For x > 1 the overdamped regime is reached, in which coherent oscillations are essentially
suppressed. In that regime (mgT � ~k), and for k ⊥ g, the phase (6.5.1) can be approximated by
φξ1 ' 1/(2x) [1/2 + log(4xT̃ )] with T̃ = 2µ~k T . In contrast x � 1 forms the desired regime
in which gravitation is merely a perturbative factor to the ξ1-phase evolution. However for a Ra-
man recoil contribution with wavelength λ = 637 nm, the regime characterizing factor is given by
x = 1.7·104, a value located deep in the suppression regime independent of the particle’s size. A chal-
lenging recoil of ∼ 102 ~k would be required to turn this into a coherent oscillatory x � 1 regime,
potentially feasible with atomic systems [59, 60, 45]. Figure 6.7 (a) illustrates this phase behaviour
for different x-values showing a slowdown of the accumulated phase and consequently a fringe sup-
pression for increasing magnitudes. For realistic x-values, no oscillations would be observable at
all.
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Figure 6.7: Gravitational suppression and combined simulations [A3]. (a) Influence of gravita-
tion on the ξ1-phase (left) and oscillation fringe suppression p′g = 1/8 (1 + p̃g) (right) for different
values of x = Mp g/(~ k2c). A zero initial momentum is assumed and the gravitational direction has
been chosen orthogonal to the recoil momentum. (b) Real value ξ1-simulations combining gravita-
tion (g ⊥ k) and thermal effects for Cs and a nanodiamond with radius 50 nm (blue lines) and the
perfect unperturbed situation for comparison (red dashed dotted lines). For Cs gravitation dominates
whereas in the nanodiamond case both thermal and gravitational effects are of the same magnitude.
This latter situation leads to an enhanced decoherence compared to the value given in table 6.2.
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6.5.4 Combining both effects

Up to now, the thermal and gravitational influences have been analyzed separately. The combination
of both is illustrated in figure 6.7 (b), for the case of a Cs atom and a nanodiamond under realistic
experimental temperatures. As expected from the limiting cases discussed in the two preceding sec-
tions, ξ1-oscillations are essentially suppressed. In cases where χgrav ≡ 2mg T � σ, i.e. when
the gravitational momentum gain is large compared to the typical thermal momentum magnitudes,
the situation is well described by the pure gravitational case as is the case for the Cs atom simulation
(χgrav/(~k) ∼ 2 · 104, σ̃ = 1.7). In the opposite regime χgrav � σ the thermal description holds.
However, in an intermediate regime of comparable magnitudes the behaviour can deviate from the
individual ones. Such a regime allows for the observation of ξ1- signatures in the interference signal.
This is best understood in the (relevant) |p| � |~k| regime approximated in (6.5.3). For a significant
phase the first non-decaying term, reflecting the parallel component, has to be non-zero. This is only
the case if there occurs a momentum angle change with respect to the recoil momentum axis in be-
tween the first and second interferometric cycle. For a purely thermal or gravitational situation this
angle remains fixed. However combining both, gravitation induces a change in the relative pz com-
ponent, leading to θ1 6= θ2 for any thermal p non-parallel to the gravitational direction. This leads to
a significant phase contribution in the limit when both the thermal momentum and the gravitational
momentum gain are of the same magnitude. In the absence of any initial effective momentum this
does lead to a fluctuating contribution (〈cos θ1 − cos θ2〉 = 0), resulting in an increased decoherence
instead of a coherent contribution, an effect that can be seen in the nanodiamond simulation of fig-
ure 6.7 (b). In that case χgrav/(~k) ' 2 · 106 ∼ σ̃ = 8 · 106; for a purely thermal influence a much
smaller decay rate would have to be expected out of table 6.2. Note however, that a non-zero initial
momentum combined with gravitation can lead to a significant real coherent ξ1-phase based on the
same enhancement mechanism, a discussion that will be the subject of the next section.

In summary, only two situation can lead to the observation of a significant coherent ξ1-phase contri-
bution: The first is cooling of the particle to a regime σ̃ � 1, requiring ground state cooling for trap
frequencies < 1Hz in the typical nanodiamond regime, along with performing the setup in a zero-
gravity space. Both of those conditions could be significantly relaxed by increasing the recoil transfer
of the beam splitter operation [59, 60] by at least a factor of 102. Second, preparing the system in
a non-zero initial momentum state non-parallel to the gravitation direction, with both the gravita-
tional momentum transfer and the initial momentum being of the same magnitude and exceeding the
momentum variance.

6.6 Stability configuration for the ξ1-measurement, resilient to gravita-
tion and initial (thermal) momenta

As outlined in the previous section, a change in the momentum direction relative to the recoil ori-
entation k within the interferometric sequence, can lead to the appearance of a significant non-zero
phase term even in the presence of a large absolute momentum value. In the following the terms
‘parallel’ and ‘orthogonal’ will always refer to the momentum relative to the recoil direction k of
the first interferometric cycle [t0, t1], unless stated otherwise. As can be seen out of (6.5.3), for the
orthogonal component, the phase contribution of each individual cycle decays to zero with increasing
|p|, whereas for the parallel component the combination of both cycles is crucial. Thus an interme-
diate change of the parallel momentum component, obtained by changing the momentum direction
with respect to the recoil axis such that p0

1 6= p0
2, leads to a momentum independent contribution.

This fact can be used to construct a regime, in which the ξ1-phase can be observed despite thermal
and gravitational influences. For static momenta, the optimal condition can be identified from (6.5.3),
following as

p0
1 ↑↑ k && p0

2 ↑↓ k (⇔ p0
1 ↑↓ p0

2) (6.6.1)
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Figure 6.8: Stability regime setup and phase recovery [A3]. (a) Interferometric setup in the
stability ξ1-regime using gravitation for the momentum inversion. (b) ξ1-phase for different values
of the recoil orthogonal momentum p̃⊥ = p⊥/(~k), leading to a suppression of the phase term, vs.
an increasing parallel component p 0

1,z =−p 0
2,z= pz . For |pz| � |p⊥| the stability regime is reached

leading to the maximal optimal ξ1-phase φξ1= 2µ ~kT . (c) Recovery configuration for an isotropic
thermal momentum variance σ/(~k) = 100 and x = Mp g/(~k2c) = 5 in a configuration as depicted
in (a). T̃ denotes the dimensionless time T̃ = 2µ~kT . Herein p̃0

z = p0
z/(~k) = x T̃ + (1 + ζ

√
2) σ̃

with ζ = 5 guaranteeing that the parallel component exceeds the perpendicular one most likely by
a factor of ζ = 5 even at its smallest value at time T. The time τ is chosen to allow for the same
ratio in the second cycle. Red solid lines show the ξ1-population oscillations in the recovery regime,
blue dotted lines the optimal phase without any disturbance, whereas green and black dashed lines
correspond to a non-adjusted ‘normal’ configuration for g ⊥ k and g ‖ k, respectively, with τ = 0
and p0

1 = 0.

i.e. the first initial momentum is parallel to the recoil whereas there occurs a change in the momentum
direction in between the two interferometer cycles, such that the second initial momentum is antipar-
allel to the first one, thus parallel to the inverted recoil directions. In that case φξ1 = 2µ ~k T , which
corresponds to the optimal phase (6.4.1), the same as would appear in the absence of any momenta
except the beam splitter operations. We will call this regime the ‘stability regime’ as, once the parallel
and antiparallel condition is reached, the phase is highly stable and independent of the absolute mo-
mentum value, thereby making it stable against decoherence and suppression. Moreover this holds
for any momentum even outside the |p| � |~ k| regime as will be shown in Appendix B. One could
anticipate from (6.5.3) that a configuration p0

1 ↑↓ k and p0
1 ↑↓ p0

2 leads to the same phase magnitude
despite a negative overall sign, however such a regime is only momentum independent in the limiting
case of the validity of (6.5.3). A configuration based on changing the parallel momentum direction
in between the first and second cycle, is demonstrated in figure 6.8 (b). Once the parallel regime is
approached, i.e. the parallel momentum dominates the orthogonal component, the phase is recovered
up to its optimal unperturbed value.

Experimentally, one has merely to guarantee the parallel condition along with a momentum direc-
tion change in between the two cycles involved. The first one can be arranged by an initial parallel
momentum sufficiently large such that it exceeds the momentum gain of gravitation and the thermal
momentum variance σ. The second condition requires a directional momentum change during the
intermediate time period τ , that can be obtained by an external acceleration or making use of grav-
itation. We will focus on the latter, as a momentum transfer by e.g. laser pulses may be prone to
destroy the spatial superposition state by e.g. incoherent photon scattering. This leads to a possible
setup as depicted in figure 6.8 (a) in a configuration such that g is antiparallel to the initial recoil di-
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Figure 6.9: Phase recovery for a 50 nm nanodiamond [A3]. Phase recovery scheme simulation
for a setup as depicted in figure 6.8 (a), a nanodiamond of radius 50 nm, and a parallel component
exceeding the orthogonal one upon design by a factor ζ = 5 as defined in the caption of figure 6.8. The
temperature has been chosen as 1 mK in order to make the thermal momentum variance comparable
to the gravitational momentum gain. The intermediate (inversion) time is given by τ = 140µs. (a)
Population oscillations for the combination of zero order φ0 and ξ1-term (blue solid), the ξ1-term
alone (red dashed) and the φ0-contribution alone (black dashed-dotted). The orange line indicates
the perfect ξ1-phase population in the absence of thermal noise and gravitation. (b) Interference
oscillations in the absence of a specifically designed recovery sequence for the same parameters, but
τ = 0 and p 0

1 = 0. Blue solid and green dashed lines correspond to g ‖ k and g ⊥ k, respectively.
(c) Initially transferred velocity parallel to the recoil vs T .

rection: (i) An initial momentum is transferred such that its magnitude exceeds the thermal variance
and gravitation, |p0

1| > σ, 1/2χgrav. This enforces the parallel regime, and can be performed in the
trapped regime. (ii) In the free evolution sequence τ , gravitation provides the change to an antiparallel
configuration with |p0

2| > σ. Conveniently, the thermal variance should be at most comparable (or
smaller) in magnitude to the gravitational momentum gain σ . |χgrav| as otherwise the intermediate
time period τ would have to be much longer than the interferometric time T (τ � T ). This will in
general necessitate an initial motional particle cooling [154] more restrictive for increasing particle
mass.

Figure 6.8 (c) demonstrates the phase recovery mechanism in dimensionless units. For a parallel mo-
mentum component exceeding the orthogonal fluctuating thermal ones by at least a factor of five,
an almost perfect recovery of coherent oscillation fringes is achieved. A realistic example is pro-
vided in figure 6.9 for a nanodiamond of radius 50 nm. Here an initial cooling to a temperature of
1mK combined with an initial velocity transfer of the order of 1 mm/s, allows for the observation of
well-defined coherent interference fringes on a timescale of 200µs, within range of the NV-center
coherence time. This would be a sufficient test for the existence of such a term.

Note that, by working in the parallel regime, in particular in a regime with the gravitation being
parallel to the recoil direction, the zero order phase contribution φ0 is altered as well, namely by
an additional phase (6.2.16) ∆φ0 = (1/m) k

[
p0

1 − p0
2

]
T . This term has to be accounted for in a

proper determination of ξ1, requiring a precise knowledge of the initial momentum and the gravita-
tion direction. To avoid that additional phase one could also use alternative momentum schemes by
choosing the gravitation orthogonal to k ‖ p0

1, with the initial momentum subsequently changed by at
most a π/2 rotation for the second cycle under the influence of gravitation; however, with the draw-
back that such a regime is only approximately momentum-independent for |p| � |~k| and according
to (6.5.3) the maximal phase is one half of the one in the parallel gravitational approach.
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6.7 Total interference pattern: multi-path interference

Up to now we have considered a single closed interferometric path combination. Aside from demon-
strating the basic concepts such a description holds whenever the spatial separation to neighbouring
paths is large, such that additional interference can be neglected and only a single path lies within the
detection region. This is generally fulfilled for interferometric setups with atoms, where the single
path model is widely used [285, 52, 45]. For an implementation with nanodiamonds however, noting
that the spatial separation ∝ (~k/m)T scales inversely with the mass, the path splitting turns out to
be very small. As a consequence, the influence of additional paths will has to be taken into account.
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Figure 6.10: Ramsey-Bordé paths and interference phase contributions [A3]. Left: The
complete path scheme involved in the interferometer sequence with red arrows denoting Raman-
π/2 pulses and black and red (dashed) lines corresponding to the particle internal state being in
the ground and excited state, respectively. The two closed interferometer configurations are high-
lighted by the cyan and pink shaded areas. Right: Path contributions to the interferometer phase.
pf denotes the total momentum gain and zf the final position (both neglecting accelerations that
are common to all paths and therefore have no impact on the interference). φ0 describes the mo-
mentum independent phase part relative to the second path (φ2(p)) from below, and φξ1 the quan-
tum gravity phase part (µ = ξ1mc/(2~Mp)). For the latter, terms in curved brackets are absent
(present) in a setup with the gravitation orthogonal (parallel) to the recoil direction ~k. η accounts
for the beam-splitter phase as defined in (6.7.1) and (6.7.3). The total phase (6.7.5) follows as
φj(p) − φ2(p) = φj0 + (1/~)zjf p + φjξ1 with φ2(p) = 1/(6m2~g) (p3 − [p − mg(2T + τ)]3). A

direct connection to the interference element form (6.7.13) and (6.7.14) is given by ∆pij = pif − p
j
f ,

∆zij0 = zif − z
j
f and ∆φij(0,∆p) = ∆φij(0, 0)−∆p/(2~)(zif + zjf − g[2T + τ ]2) with ∆φij(0, 0)

the corresponding phase difference out of φ0 and φξ1 .

The total interference pattern is then determined by eight paths involved in the Ramsey-Bordé setup
as illustrated in figure 6.10. Importantly, a second closed path interferometric combination with equal
area exists on top of the previously discussed partial interferometer. Two possible effects might
arise by including the additional paths: First, the appearance of additional interference contributions,
namely each path may interfere with each of the other paths. This then leads to additional phase terms
and possibly additional frequencies in the interference pattern. Second, an addition of the partial in-
terference patterns from distinct spatial regions, that is an addition of populations as a consequence
of the inability to resolve individual path combinations in the detection process. This second prop-
erty even holds if these regions are independent in terms of interference. Importantly, the ability for
interference decreases with increasing separations in momentum or position of the pathways under

141



consideration. Whereas interference of closed paths can be accomplished even with thermal (incoher-
ent) particle states, for open paths this property depends crucially on the state coherence in momentum
and position. Generally this coherence, and thus the interference contribution of open path combina-
tions, decreases with increasing temperature. This behaviour manifests the predominant influence of
the closed interferometer pathways, whose interference contribution corresponds to the one analyzed
in the preceding sections. For sufficiently large temperatures, these pathways are in fact the only
significant ones contributing to the interference phase.

6.7.1 Total interference pattern and interference fringe visibility decay

The total unitary evolution, describing paths that do end up in the ground state |g〉 of the ‘two-level’
particle, takes the form

U
(g)
tot =

(
1√
2

)n 2n−1∑

i=1

η
(g)
i U

(g)
i (6.7.1)

with n the number of π/2-pulses involved in the sequence (here n = 4) and η(g)
i = (−i)k with k the

number of population inversions of the corresponding path accounting for the beam splitter operation
as defined in (6.2.2). U (g)

i describes the unitary evolution of path i, whose calculation is exemplified
for the lower closed path interferometer in section 6.2.2. The evolution U (e)

tot of all paths ending up in
the internal excited state |e〉 and again leading to 2n−1 paths, can be described analogously by merely
replacing the index (g) by (e) in (6.7.1). Thus, the final state after the interferometric sequence
follows as ρf = Utot ρin U

†
tot from the initial state ρin with Utot = U

(g)
tot + U

(e)
tot . The probability for

finding the internal state in its ground state configuration is therefore given by

pg = tr (ρf |g〉〈g|) = tr
(
U

(g)
tot ρi U

(g) †
tot

)
. (6.7.2)

With the help of (6.7.1) this can be re-expressed as

pg =

(
1

2

)n
tr

(
2n−1∑

i,j=1

(
η

(g)
i η

(g)∗
j

)
U

(g)
i ρin U

(g) †
j

)

=
1

2

(
1 +

1

2n−1

2n−1∑

i<j

[(
η

(g)
i η

(g)∗
j

)
tr(U (g)

i ρinU
(g)†
j ) + h.c.

])
(6.7.3)

where in the last step the 2n−2 (2n−1 − 1) interference terms have been separated from the pure
population contributions. The evaluation of the total Ramsey Bordé setup (n=4) necessitates the
calculation of 28 interference contributions, therein two paths configurations closed in position and
momentum.
Essentially this requires calculating contributions of the form tr(U (g)

i ρin U
(g)†
j ), whereby the evolution

operators can be expressed as (see (6.2.15) in section 6.2.2)

U
(g)
j = e(i/~)pjf ẑ e−iφj(p̂) (6.7.4)

with pjf the total final (classical) momentum gain of the path j through the beam splitter and acceler-
ating forces during the interferometer sequence. Thus the first contribution in (6.7.4) corresponds to
a displacement operation in momentum space. The momentum dependent phase factor, by restricting
to potentials at most linear in position, is shown in section 6.2.2 to equal the kinetic energy integrated
along the classical interferometer path

φj(p̂) =
1

~

∫ tf

t0

E(p̂j(t
′)) dt′ + ϕjl (6.7.5)
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with p̂j(t) the time dependent momentum in path j and t0 and tf the initial and final times, respec-
tively. Herein, the momentum evolution operator corresponds to the classical momentum evolution,
with the initial momentum p replaced by the operator analogue p̂. The phase factor ϕjl accounts for
the purely internal state dependent detuning and laser phase contributions and will be assumed to
be zero in the following. Note that momentum operator dependent contributions of φj(p̂) in (6.7.4)
describe the path displacement in position space. Explicit expressions for the phase factor and the
final momentum for the individual paths can be found in figure 6.10.

With the general form of the unitary operators (6.7.4) at hand, the interference terms evaluated in
momentum space take the form

tr
(
U

(g)
i ρinU

(g)†
j

)
=

∫
dp e−i[φi(p̂)−φj(p̂+∆p)] 〈p|ρin|p+ ∆p〉 (6.7.6)

with ∆p ≡ ∆pij = pif − p
j
f the final momentum difference of both paths. The evaluation in mo-

mentum representation is of particular advantage as it allows the simple inclusion of modifications to
the energy dispersion relation. The calculation of (6.7.6) involves the matrix element 〈p|ρin|p+ ∆p〉,
characterizing the overlap (‘coherence’) of the initial state at the two different momentum values p
and p+ ∆p. This can be interpreted in that only paths starting in the two different momentum states2,
end up in the same final momentum state and therefore contribute constructively to the interference
pattern. That is, an initial separation of the paths by ∆p in momentum space translates into a perfect
overlap in the detection region. Moreover the momentum distribution determined by the matrix over-
lap element and the average (integration) involved accounts for the separation and overlap in position
space.

We will calculate the matrix element in Appendix 6.A for an initial thermal harmonic oscillator state
of frequency ωt, which leads to

〈p|ρin|p+ ∆p〉 = P (p+ ∆p/2) e−
1

2~2 ∆p2〈ẑ2〉 (6.7.7)

with P(p) a Gaussian distribution of variance 〈p̂2〉

P(p) =
1√

2π〈p̂2〉
e−

1
2
p2/〈p̂2〉 (6.7.8)

and the variances given by

〈ẑ2〉 =
~

2mωt
(2〈n̂〉+ 1) and 〈p̂2〉 =

mωt~
2

(2〈n̂〉+ 1) (6.7.9)

where the average phonon number 〈n̂〉 = [exp(~ωt/(kBT )) − 1]−1. In the high temperature limit
kBT /(~ωt) � 1 the momentum variance 〈p̂2〉 ' mkBT and (6.7.8) reduces to the Boltzmann
distribution independent of the trap frequency; in contrast the position variance 〈ẑ2〉 ' kBT /(mω2

t )
retains its dependence on the initial localization (trap frequency).

Inserting (6.7.7) and (6.7.8) into (6.7.6) allows then to rewrite the interference element as

tr
(
U

(g)
i ρin U

(g)†
j

)
= e−

1
2~2 ∆p2〈ẑ2〉

∫
dpP(p) e−i∆φij(p,∆p) (6.7.10)

with the definition of the phase difference

∆φij(p,∆p) = φi(p−∆p/2)− φj(p+ ∆p/2) . (6.7.11)

That way, based on the momentum difference of the paths involved and their phase (6.7.5), the inter-
ference matrix element (6.7.10) can be readily evaluated. Whereas the decay due to a path separation

2E.g. each of the paths corresponds to a different momentum state in the expansion of (6.2.1), whose simultaneous
existence is determined by the amplitude ψ(p) being significantly non-zero at least over a momentum range ∆p.
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in momentum appears directly in expression (6.7.10), the decay due to a separation in position as char-
acterized by the momentum dependent terms in ∆φ follows as a result of the momentum averaging
process.

In the following we will make this decay behaviour more explicit by assuming that ∆φij can be
rewritten in the particular form

∆φij(p,∆p) = ∆φij(0,∆p) + (1/~) ∆z p , (6.7.12)

which holds for the standard form of the energy dispersion relation E(p) = p2/(2m) as well as in the
‘stability configurations’; in the latter case the quantum gravity phase part is momentum independent,
or in other words does not lead to additional (final) path separations in position. Herein ∆φ(0,∆p)
corresponds to a pure phase whereas ∆z, recalling its origin from a displacement operator in (6.7.4)
evaluated in momentum space, describes the path separation in position. That way (6.7.10) can be
calculated to

tr
(
U

(g)
i ρinU

(g)†
j

)
= e−i∆φij(0,∆p)e−

1
2~2 ∆p2〈ẑ2〉e−

1
2~2 ∆z2〈p̂2〉 (6.7.13)

which does have an intuitive interpretation in that path separations in position and momentum lead to
a decay of the interference element with the momentum and position variance of the initial thermal
state, respectively. This decay is more pronounced for an increasing temperature which reduces the
state coherence. ∆φij(0,∆p) takes the role of the relevant phase factor. It is worth noting that,
whereas ∆p corresponds to the classical momentum difference of the paths involved, the analogue
interpretation for ∆z holds true only in cases of ∆p = 0. Otherwise, as the interference is then
characterized by the two contributing paths starting in different momentum states as indicated by the
overlap matrix element of (6.7.6), the effective separation in position follows as

∆z = ∆z0 −
∆p

m
ttot . (6.7.14)

Here ∆z0 = ~(d/dp)∆φij(p, 0) denotes the classical path difference for a particle with a well defined
initial momentum and the second contribution accounts for the deviation from that situation, namely
initial momenta that differ by ∆p. Remarkably, this means that closed paths in position but differing
in momentum, can be effectively open in position in the evaluation of (6.7.13); though this situation
does not occur in the interferometric setup under consideration.

6.7.2 Nanodiamond interference setup including all paths

For nanodiamonds, the final path separation ∆z ∝ 1/m turns out to be very small, which prevents
the selection of individual paths in the detection process and in addition may lead to interference
contributions of additional paths other than the closed ones. As can be seen in figure 6.10, the typical
path separations in position and momentum are given by ∆z ' (~k/m)T ∼ 1/m, or ∼ 1/m2 on the
typical period time T ′ = 2π/(2µ~k) ∼ 1/m of the interference fringes, and ∆p = 2~k, respectively.
In contrast, the state overlap in position and momentum space as defined in (6.7.13) together with
(6.7.9) follows as

∆zr =

√
4~

mω [2〈n̂〉+ 1]
, ∆pr =

√
4~mω

2〈n̂〉+ 1
(6.7.15)

leading to a visibility reduction V∆z = exp(−∆z2/∆z2
r ) and V∆p = exp(−∆p2/∆p2

r). Therefore,
the interference of open paths in measuring a possible ξ1-quantum gravity contribution becomes more
probable with increasing particle mass.

It is worth considering first the impact of the two closed paths interferometric configurations. Their
contribution to the interference pattern is independent of the initial particle state, and thus independent
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of temperature and the state coherence overlap as defined in (6.7.15). Thus, for any particle mass the
final population takes the form

pclosed
g =

1

2

(
1 +

1

4

[
cosφl + cosφu

])
(6.7.16)

with φl and φu the phase of the upper and lower closed interferometric combination

φl/u = ±~k2

m
T + k g T (T + τ) + 2µ~kT (6.7.17)

(µ = ξ1mc/(2~Mp)). For a general momentum inversion the gravitational term can be replaced by
k[p0

1 − p0
2](T/m) with p0

1 and p0
2 the initial momenta and the one at time T + τ , respectively. As

can be seen out of figure 6.3, the recoil contribution (~k2T/m) is significantly smaller for nanodia-
monds compared to the anticipated quantum gravitational corrections such that φl ' φu. Thus the
constructive addition of the two closed paths combinations leads to a doubling of the interference
fringe contrast. In case that interference of open pathways contributes, this will lead to additional
phase terms in (6.7.16).

Noting that the ξ1-phase contribution increases linearly with mass, larger diamonds of radius∼ 50 nm
have been identified optimal in section 6.6 for observing ξ1-induced interference fringes within the
internal state coherence time. As stated at the beginning, this makes the interference of open path
combinations more probable.

Let us assume a nanodiamond of radius 50 nm, the initial localization to be characterized by a trap
frequency ω = 2π · 165 kHz, a temperature of 1 mK and an interferometer time of T = 500µs.
This corresponds to a configuration as in figure 6.9. Paths open in position are then characterized
by a typical path separation ∆z ' 0.6 pm, leading to an interference term visibility of V∆z ' 0.7,
and V∆p ' 1 for paths open in momentum. On the timescale of a single oscillation fringe (T ′ =
(2π)/(2µ~k) = 12µs), the path separation is even smaller and V∆z ' 1. That is, all path combina-
tions contribute significantly to the interference pattern.
The expected interference pattern and the frequency contributions involved are illustrated in fig-
ure 6.11; characterized in this configuration by an almost perfect coherence overlap and thus interfer-
ence comprised of all paths involved and a full contrast in the fringe visibility. For clarity, the pure
quantum gravity phase contribution is shown by configuration (iii) in figure 6.11. It is characterized
by the frequency ωξ1 = 2µ~k, as already appears in the exclusive interference of the closed paths
(6.7.17), and additional frequency contributions at the double frequency 2ωξ1 along with a static con-
tribution. Including the effect of gravitation, crucial in case it is used as the underlying mechanism
for momentum inversion, results in an interference pattern as illustrated by (iv). The gravitational
influence, or the momentum inversion component, introduces an additional frequency modulation in
time that tends to smear the sharp frequency characteristic.

Decreasing the nanodiamond size, a viable scenario for larger internal coherence times, changes the
expected interference pattern significantly. That is, the path separation increases and the interference
pattern is gradually reduced towards the situation with interference terms exclusively arising from the
closed paths contributions (6.7.16) and (6.7.17). For a diamond of radius 10 nm and otherwise equal
parameters (ω = 2π · 165 kHz, 1 mK, T = 500µs), the visibility decay of spatially open paths is
characterized by V∆z ' 10−20 ' 0 and V∆p ' 0.97. Thus interference contributions of open paths
can be essentially excluded. The interference pattern contribution for the ξ1-phase then takes the form
as illustrated by configuration (i) in figure 6.11, characterized by a single frequency ωξ1 = 2µ~k and
a reduced fringe visibility. Note that, as the coherence overlap (6.7.15) decrease with temperature,
such a reduction of the interference pattern to the closed paths contribution also holds true for larger
particles by increasing the temperature.

The additional frequency modulation in time introduced by gravitation, with a contribution φg ∝
T 2 ∝ 1/m2, can be avoided by an orthogonal regime as described at the end of section 6.6. In such
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Figure 6.11: Interference pattern comprising all paths [A3]. (a) Ground state population after
passing the Ramsey-Bordé interferometer vs interferometer time T assuming a ‘stability configura-
tion’ and a linear QG correction to the energy dispersion relation as defined in (6.3.3). (i)-(iii) cor-
respond to the QG phase part alone for (i) (solid red) both closed interferometric path combinations
(r = 10 nm, T =1 mK, g=0) and (ii) (black dashed) a single closed path interferometer contribution
and (iii) (solid blue) all paths of the interferometer with an (almost) perfect state overlap guaran-
teeing the interference of all paths involved (r = 50 nm, T =1 mK, g=0). (iv) (blue dashed dotted)
represents a r=50 nm diamond at T = 1 mK for the total phase including gravitation. (b) Frequency
contributions of the interference oscillations for the situations as illustrated in (a) based on a FFT
analysis over 25 oscillation periods. For ξ1 ' 1, µ~k ' 2π · 41 kHz for a diamond of radius 50 nm
(µ = ξ1mc/(2~Mp)).

a configuration, the initial parallel momentum p0
1, leading to the perfect ξ1-phase recovery during the

first half of the interferometer sequence, is modified during the intermediate time τ to an orthogonal
regime by the orthogonal gravitational acceleration, such that p0

2 ⊥ k with |p0
2| � |~k|. Thus

according to (6.5.3) the ξ1-phase is suppressed in the second half of the interferometer cycle, resulting
in a total ξ1-phase half in magnitude compared to the parallel ‘stability configuration’. This regime,
as illustrated in figure 6.12, can be shown to be characterized by a single frequency ωo

ξ1
= µ~k even

for a perfect overlap of all paths involved and is describable by an analogue form as (6.7.16) and
(6.7.17) with kg = 0 and µ→ µ/2.

As a final remark, we have assumed a symmetric momentum inversion in the intermediate τ -region
that does not lead to additional ξ1-phase contributions. If that condition is not strictly fulfilled, all
frequency contributions are shifted by the corresponding phase, except for the closed paths contribu-
tions; additional spatial displacement contributions push the system faster into the ‘closed paths only’
regime.

6.7.3 Fundamental temperature limitations for spatially open paths

The observation of interference from paths open in position requires a significant spatial overlap
(‘spatial coherence’) of the quantum state, which should at least be comparable to the path separation.
The state overlap ∆zr =

√
4 ~/(mω[2〈n̂〉+ 1]) (6.7.15) dependence on the trap frequency suggests

that any arbitrary overlap can be achieved by decreasing that frequency, i.e. by decreasing the initial
particle localization. While this is certainly true at zero temperature, a finite temperature defines a
maximally achievable spatial overlap; or conversely a minimal temperature required can be defined
for a particular spatial overlap to hold. This originates from the fact that the thermal state population
〈n̂〉, responsible for a degradation of the coherences, becomes more sensitive to the temperature for a
decreasing trapping frequency.

Two important properties lead to the emergence of a temperature limitation for the observation of
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Figure 6.12: Orthogonal configuration interference pattern comprising all paths. (a) Interfer-
ence population fringes vs. interferometer time T in a ‘stability regime’ for the gravitation orthogonal
to the recoil momenta. Blue fringes correspond to a perfect state overlap in position and momentum,
implying the interference of all paths involved. Red (dashed) fringes assume an interference of the
closed path combinations only. For a temperature of 1 mK and an initial localization characterized by
a trap frequency ω ' (2π)·165 kHz these situations correspond to a nanodiamond or radius r= 50 nm
(blue) and r =10 nm (red), respectively. (b) Frequency contributions based on a FFT analysis over
20 oscillation periods with the colours matching the situations of (a). Only a single frequency at
ωoξ1 = µ~k, half the frequency of a parallel setup, appears in the spectra. The frequency is given by
µ~k = (2π) · 41 kHz and µ~k = (2π) · 0.3 kHz for a nanodiamond of r = 50 nm and for r = 10 nm,
respectively (ξ1 ' 1, µ = ξ1mc/(2~Mp)).

interference from spatially open paths: First, for the thermal energy being large compared to the
energy separation of the oscillator states (kB T � ~ω), the spatial overlap becomes independent of
the trap frequency and approaches the free particle case (ω → 0), that is ∆zfree

r =
√

2~/(mkB T ).
Second, for a fixed temperature the spatial overlap ∆zr can be shown to be monotonically decreasing
for increasing the localization, i.e. the trapping frequency.
Therefore the maximal spatial overlap is always obtained for the free particle situation ∆zfree

r , which
is gradually obtained by decreasing the trap frequency. Recalling that decreasing the temperature
always increases the coherent overlap, lower temperatures are required for increasing trap frequencies
to obtain an overlap equivalent to that of the free particle limiting case. It is therefore possible to define
a maximal temperature T ∗ for a spatial overlap ∆zr ≥ ∆z out of the free particle situation, following
as

T ≤ T ∗ ≡ 2~2

mkB ∆z2
. (6.7.18)

We will make this more explicit for the interferometric setup under consideration. In that case the
typical path openness on the oscillation fringe timescale can be defined by

∆z′ =
~k
m
T2π (6.7.19)

with T2π = π/(µ~k) the oscillation period time. According to (6.7.18), this then leads to a maximal
temperature T ∗ = 2(~µm)2/(mkBπ

2) revealing a mass scaling T ∗ ∝ m3. Hence, this requires
temperatures T ≤ 2.4µK for a 10 nm and T ≤ 4.6 K for a 50 nm diamond. As already noted
previously, this reveals again that the observation of open paths interference contributions for small
nanodiamonds (10 nm) will be rather unlikely, whereas for larger (50 nm) particles open paths may
have to be taken into account in the low temperature regime. In any case, the fundamental maximal
temperatures turn out to be small, such that in the absence of significant cooling, interference is
restricted to the two closed path combinations involved.
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6.7.4 Limitation on a simultaneous overlap in both position and momentum space

As can be seen from figure 6.10, some of the path combinations involved are both open in position
and momentum; this holds for an interference of any of the upper four paths with the lower four
paths involved. Their interference therefore requires a significant overlap (‘coherence’) of the particle
quantum state simultaneously in position and momentum space. However the quantum nature, or in
particular the uncertainty principle, imposes a mutual restriction on the position ∆zr and momentum
∆pr overlap. As can be seen out of (6.7.15)

∆pr ∆zr =
4~

2 〈n̂〉+ 1
⇒ ∆pr ≤

4~
∆zr

. (6.7.20)

Thus, a given position overlap limits the maximally achievable overlap in the conjugate momentum
space. The inverse situation equally holds true. One might then ask the question if this fundamental
restriction limits the simultaneous overlap in position and momentum space. For that we will assume
that ∆zr is chosen such that there exists a significant overlap of open paths, that is ∆zr = ∆z′ =
(~k/m)T2π with ∆z′ the typical final path separation in position on the oscillation period timescale
T2π. For the quantum gravity setup considered here T2π = π/(µ~k) and thus with equation (6.7.20)
the overlap in momentum space is limited to ∆pr ≤ 4m~µ/π ∝ m2. Comparing this to the openness
in momentum ∆p = 2~k leads to ∆pr/∆p ≤ 5·102 for a diamond of radius r=10 nm and ∆pr/∆p ≤
7 · 106 for r=50 nm (assuming ξ1 ' 1). That is, for typical nanodiamond sizes a sufficient overlap
in position does, dependent on the temperature, not necessarily exclude a simultaneous overlap in
momentum space. In addition the bound on the momentum overlap becomes less restrictive with the
particle mass. Note also that a spatial overlap is crucial as any of the open paths is open in position,
though not necessarily open in momentum.

This behaviour becomes quite different for the standard ‘recoil measurement’ Ramsey-Bordé setup
(see also Appendix 6.D), that is for the measurement of the zeroth order phase contribution (φ0 =
(~k2/m)T ). In that case the typical interference fringe period time follows as T2π = 2πm/(~k2)
and thus ∆z′ = 2π/k. With the inequality (6.7.20) this results in a restriction of the conjugate
momentum overlap ∆pr/∆p ≤ 1/π < 1 where again the path separation in momentum is given
by ∆p = 2~k. For larger times, resulting in larger ∆z′ and thus spatial overlaps required, this
momentum ratio becomes even smaller. That is, for such a recoil measurement setup the simultaneous
overlap in both position and momentum space is excluded. Notably, this property is independent of
the particle mass, as the smaller recoil splitting acceleration for increasing masses is compensated by
larger required interferometer times due to the inverse mass scaling of the fringe frequency. Hence,
for the standard recoil measurement configuration only paths closed in momentum can contribute
significantly to interference; more precise combinations within the upper and lower four paths as
illustrated in figure 6.10. In practice, this is restricted to the closed paths as the achievement of a
sufficient spatial overlap turns out to be challenging as will be discussed in Appendix 6.D.

As a final remark, the observed difference between the standard (zeroth order) recoil setup and a
quantum gravity configuration arises from a difference in the scaling of the splitting and the fringe
oscillation frequency. In the first case both the spatial splitting and the measurable phase arise from
the same standard form of the energy dispersion (E = p2/(2m)), whereas in the quantum gravity
configuration the spatial splitting is a result of the zeroth order and the phase of the ξ1-correction.

6.8 Can quantum gravity effects be expected in interferometric setups
of massive particles?

The question whether quantum gravitational effects can be expected in such a quantum optical in-
terferometric setup turns out to be very controversial. Whereas an energy dispersion modification
has been proposed in many theories to date [10, 181, 15], its inclusion into the ‘test framework’ of
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standard quantum mechanics [196] remains debatable. In light of the incompleteness and controver-
sies of existing quantum gravity theories, probing such a small detail in a large framework seems a
promising starting point, that can both help to validate and promote a better understanding of Planck
scale physics. However one should keep in mind, that a theory of quantum gravity is much more than
merely a modified energy dispersion relation or a modified commutator. It should in addition spec-
ify the underlying metric, the behaviour under transformations that might go along with a deformed
Poincaré symmetry, a kinematic description of the equations of motion, and an interpretation of the
physically relevant coordinates and observables [139].
The question remains whether massive particles are appropriate for testing quantum gravity. As
for macroscopic bodies the proposed energy dispersion corrections would be large, what is unob-
served on a macroscopic scale, it is a natural assumption to introduce a restriction to particle sizes
that do behave ‘quantum mechanically’ [196]. Note that the proposed energy dispersion corrections
(6.3.3) constitute a perturbative expansion for small masses and would consequently not be valid in
the macroscopic limit anyway. Even more delicate, a consistent framework would most probably
require a modification of special relativity, and for a curved metric this will result in a non-linear
momentum addition law. This can be motivated by the fact, that a minimal lengthscale maintains a
fundamental role only if it is observer independent, contradictory to the standard framework of spe-
cial relativity [181, 15]. As a modified velocity addition law has been the consequence of defining
a fundamental velocity in special relativity (the speed of light), it is not surprising that introducing
in addition a fundamental lengthscale can lead to a modified momentum addition. Such a non-linear
addition however leads to a scaling problem as an iteration of a correction quadratic in the momen-
tum scales quadratically with the number of constituents and eventually becomes significantly large
in contradiction to the ‘macroscopic world’ observation. This is well-known in the literature as the
‘soccer ball problem’ [16, 180, 139], such that a restriction of the theory to ‘fundamental particles’
has been stated by many authors, even though this notion remains imprecise. A possible solution
for composite particles of N constituents has been proposed by replacing the Planck mass Mp by
N Mp [16, 180]; an approach that would not result in any advantages for nanoparticles over atoms
in testing quantum gravity. Last, there have been proposals, that the quantum gravity corrections
depend on the mass density rather than the absolute particle mass [138]. Remarkably, apart from all
those controversies, a test of the energy dispersion relation serves as a test for the validity of special
relativity even in a broader context [187, 17].
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Figure 6.13: Pulsed decoupling scheme [A3]. Left: Internal decoupling by a recoil free (mi-
crowave) π-pulse. Right: Decoupling of the internal and external degrees of freedom by a Raman-
(recoil)-laser pulse, leading to an accelerometer (gravimeter) interferometry setup. Red arrows indi-
cate Raman laser transitions whereas blue wavy arrows represent microwave transitions. Black and
red dashed lines represent the internal ground and ‘excited’ state, respectively.
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6.9 Interferometry with massive particles and decoherence

In this section practical issues of such an interferometric implementation based on nanoparticles are
discussed: The decoupling from decoherence, collisional decoherence, imperfect pulses and time
constraints, and their impact on the interference fringe visibility. We will focus here on the robust
‘stability regime’ introduced in section 6.6; note that such a regime is specifically designed such that
potential momentum contributions in the ξ1-phase do have a negligible effect on the interference
visibility. Thus the effects discussed in the following are mainly based on the zeroth order phase
term φ0 or are of general nature. These results therefore equally hold true for other interferometric
applications with nanoparticles and even the same scaling properties can be expected for different
types of interferometers.

Decoherence decoupling schemes [75, 200] for the internal degrees of freedom, crucial to reach sig-
nificant T2- coherence times and in addition removing quasi-static energy shifts, can be implemented
by (almost) recoil free microwave π-pulses within the ground state triplet, as shown in figure 6.13.
Note that recoil based π-pulses, obtained in analogy to the beam splitter interactions, would lead to
the well-known gravimeter configuration [148, 149, 247]. This latter setup, unsuitable for the antici-
pated task, reveals a decoupling in both the external and internal degrees of freedom, which makes it
only sensitive to accelerations (V ′(x) 6= 0).

Figure 6.14 analyzes several sources of decoherence and visibility loss at the example of the inter-
ference contribution of the lower closed path combination of section 6.3. Following the fact that for
recoil based beam splitters the space-time area scales inversely with the particle mass∝ 1/m and that
the thermal velocity variance (6.7.9) σ2

v ≡ 〈p̂2〉/m2 ∝ 1/m, these decoherence effects show a favor-
able scaling with increasing mass. In a more general context, best seen in perturbative path integral
approaches for the interferometer phase calculation [256] as discussed in section 6.2.3, smaller space-
time areas reduce the phase contributions of mass independent spatial Hamiltonian perturbations.
Background gas collision induced decoherence, the prominent spatial decoherence source [135] for
nanoparticles, is illustrated in figure 6.14 (a) for different pressures and particle sizes. Here a gas
particle momentum change ∆p during the scattering process leads to a (random) phase ∆φ =
(1/~)∆p ∆x with ∆x ∝ 1/m the interferometer path separation. A more exact master equation
approach for this decoherence source along with details for the visibility calculation can be fround in
Appendix 6.F.
The effects of time imprecisions and Doppler shift induced imperfect population transfer are de-
picted in figure 6.14 (b). A deviation of the interferometer cycle times by ∆T leads to a final spatial
path separation ∆z = (~k/m) ∆T , and thus to a visibility decay V = exp(−(1/2~2)〈p̂2〉∆z2) =
exp(−(1/2)k2σ2

v∆T
2) dependent on the state coherence in complete analogy to the discussion in

section 6.7.1. Such a decay rate and thus the required time precision, scales inversely with the mass
as a result of the velocity variance mass scaling. Similarly, a Doppler shift detuning δ ' vk affects
the population transfer of the interferometric beam splitter operations, an effect that is not removed
by introducing decoupling sequences. Owing to the velocity variance mass scaling, its influence also
decreases with increasing particle size. As follows out of figure 6.14 (b), these effects are negligi-
ble for nanodiamonds combined with sufficiently large Rabi frequencies (∼ MHz) and precise time
control ∆T < 0.1µs.

Note however that, despite the advantages outlined above, from a practical perspective the interference
with nanoparticles is much more complex compared to atomic setups (see also section 6.4). In addi-
tion this decoherence scaling only holds for nanoparticles, as going towards larger sizes would lead
to significant other decoherence contributions, like photon scattering and thermal decoherence [135],
and would eventually end up in classical behaviour.
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Figure 6.14: (a) Collisional decoherence [A3]. Interferometer visibility for a (background gas)
temperature of 10 K and different nanodiamond radii and pressures as indicated in the figure. The
total interferometer time has been chosen as 2T = 200µs and the interferometric path splitting is
assumed constant and approximated by its maximal value ∆z = (~k2/m)T with k = 2 · 107 m−1.
An isotropic elastic scattering cross section has been assumed in a description as developed in [136].
(b) Time and pulse errors. Visibility reduction for time (blue solid) and pulse errors (red dashed)
arising from Doppler shift detunings, for different thermal velocity variances σv. Values for Cs atom
and nanodiamond (radius 5 nm) setups at different temperatures are indicated in the figure, assuming
Ω = 2π · 10 MHz and ∆T = 10 ns, respectively.

6.10 Alternative approaches for nanodiamond interferometry and quan-
tum gravity measurements

Here, an alternative approach for nanodiamond interferometry as proposed in [243] will be reviewed
(section 6.10.1), based on a trapped particle in an internal state dependent harmonic well. The trapped
nature makes that realization rather simple, and even though the test of energy dispersion relations
does not seem straightforward to include, it might provide a platform for testing modified commutator
relations. Moreover, section 6.10.2 briefly introduces another quantum optical approach developed
in [219] for the test of quantum gravity modifications based on an optomechanical coupling.

6.10.1 Harmonically trapped nanodiamond interferometry setups

Using nanodiamonds for creating interferometric setups and spatial superposition states has been
proposed recently in harmonically trapped configurations [243, 299]. Based on progress in trapping
nanodiamonds in optical traps and tweezers both in fluids [137, 108] and in vacuum [201] including
control and manipulation of the NV axis orientation [108], this allows for a highly controllable setup.
The basic idea consists of designing a spin-optomechanical coupling by means of an external mag-
netic field gradient. That way, the NV center spin system can be used for both manipulating and
sensing the mechanical oscillator state. In addition the spatial phase shift induced by the oscillator
time evolution can be mapped to the spin system for a subsequent read-out process. Importantly, for
specific times, the initial motional state is restored and the spin-oscillator system becomes disentan-
gled again; analogue to closed interferometers, this makes such a setup robust to thermal initial states.
Similar concepts have been proposed earlier in the framework of geometric phase and decoherence
measurements [274, 44] and for coupled cooper pair micromechanical oscillator [20], cavity photon
mirror systems [186] and for trapped ions [44].

The general idea of these concepts will be outlined in the following. For a trapped nanodiamond in
the presence of a magnetic gradient field, the Hamiltonian can be described by [243]

H = DS2
z + ω a†a+ 2λSz (a+ a†) + 2 ∆λ (a+ a†) . (6.10.1)
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Herein D denotes the zero field splitting of the NV center ground state triplet, ω the harmonic
trap frequency, λ = γe/2

√
~/(2mω) dB/dz the magnetic gradient frequency shift and ∆λ =

(1/2)mg cos θ
√
~/(2mω) the gravitational potential with θ the angle to the trap direction z-axis.

Notably, the magnetic gradient is responsible for an internal state dependent spatial displacement
of the harmonic oscillator as shown in figure 6.15 (a). In an interaction picture with respect to the
harmonic oscillator and zero-field splitting contribution, (6.10.1) takes the form

Hint = 2 [λSz + ∆λ]
(
a e−iωt + a† eiωt

)
, (6.10.2)

which is exactly of the form (4.A.1) (page 81) with γ(t) = −2i exp(iωt) and Ô = λSz + ∆λ.
Therefore its time evolution U(t) = T exp

(
−i
∫ t

0 Hint(t
′) dt′

)
can be exactly integrated analogue

to the treatment in section 4.A, leading to

Uint(t) = D

(
2

ω

(
1− eiωt

)
Ô

)
exp

(
i

4

ω2
(ω t− sin(ω t))

[
S2
z λ

2 + 2∆λλSz + ∆λ2
])

(6.10.3)

with D(β) = exp(βa† − β∗a) the displacement operator. Thus, at times ω tn = n 2π (n ∈ N) the
motional state is restored, i.e. the displacement corresponds to the identity and (6.10.3) is given by a
pure internal state dependent phase shift

Uint(tn = n 2π/ω) = exp

(
i
4

ω
tn
[
S2
z λ

2 + 2∆λλSz + ∆λ2
])

. (6.10.4)

Therefore, initially preparing the system in the state |ψ0〉 = 1/
√

2(| + 1〉 + | − 1〉) |α〉 with |α〉 a
coherent oscillator state, after a time t = n2π/ω the state can be described as

|ψ(tn = n2π/ω)〉 =
1√
2
eiφ0

(
ei∆φ/2|+ 1〉+ e−i∆φ/2| − 1〉

)
|α〉 with ∆φ =

16 tn
ω

λ∆λ

(6.10.5)
and φ0 = (4/ω) tn(λ2 + ∆λ2) a state independent global phase part. Following a subsequent π/2-
pulse population mapping, the phase shift can then be detected as the probability p|+1〉 = 1/2 (1 +
cos ∆φ) for finding the internal system in the state |+1〉. This allows for the interferometric detection
of the gravitational field or any other potential linear in position or momentum. Importantly, the
phase appearing in (6.10.5) is independent of the motional state, the latter one restored to its initial
configuration. This makes the phase measurement robust to thermal averaging, i.e. the phase retains
its form for thermal initial oscillator states [248] ρosc

th =
∫

dαp(α)|α〉〈α|, overcoming the need for
challenging motional cooling.

The time evolution in the original frame of (6.10.1) follows as U(t) = exp(−i(DS2
z + ω a†a) t) ·

Uint(t), withUint(t) given in (6.10.3). Noting that the free evolution of a coherent state results again in
a coherent state, i.e. e−iωa

†a t|β〉 = |β(t)〉 ≡ |βe−iωt〉, the internal spin state dependent phase-space
evolution of the oscillator state takes the form

|α〉|sz〉 →
t
eiφsz

∣∣∣∣α+
2

ω
[λ sz + ∆λ]

(
e−iωt − 1

)〉
|sz〉 (6.10.6)

resulting in a time-dependent coherent oscillator state |α(t)〉. The spin state dependent phase fac-
tor φsz follows out of (6.10.3) and using the displacement addition property D(α)D(β) = D(α +
β) exp(i Im(αβ∗)).
Equation (6.10.6) allows for the calculation of the displacement in position
〈ẑ〉|α(t)〉≡|α′〉 = 2

√
~/(2mω) Re(α′) and momentum 〈p̂〉|α(t)〉≡|α′〉 = 2

√
~mω/2 Im(α′). The re-

sulting total internal spin dependent phase-space evolution, leading to a closed path for t = 2π/ω
is illustrated in figure 6.15 (b). As has been shown in [274], the phase for a closed loop is given by
φsz = 1/~Apz with Apz the area enclosed in the p-z phase space (or equivalently φsz = 2Aα with
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Aα the area in the complex plane defined by the real and imaginary part of α(t)). Therefore the
phase difference can be interpreted as the difference of the phase space areas for the different control
spin states. The spatial and momentum path separations are illustrated in figure 6.15 (c), leading to a
maximal spatial separation ∆z = 16λ/ω

√
~/(2mω) for the initial state |ψ0〉 as previously defined.

Notably, recalling the definition of λ, for a constant trap frequency ω the maximal path separation
scales inversely with the particle mass ∝ 1/m whereas the accumulated gravitational phase shift
(6.10.5) is mass independent. This resembles the situation of free evolution pulsed interferometers
as discussed in section 6.2, that for recoil based beam splitter operations exhibit the same scaling
properties.

Remains the question if such a configuration could be used to test potential modifications of the en-
ergy dispersion relation of the form (6.3.3). A significant drawback is given by the absence of the
unperturbed free evolution kinetic energy in the phase evolution as a consequence of the harmonic
trapping. Therefore the interferometric phase does not show a direct correspondence to the kinetic
energy and is more related to linear displacements in phase space. Corrections linear in momen-
tum can be straightforwardly integrated in (6.10.1) and allow for the exact integration of the unitary
time evolution; however such a treatment is hindered by the absolute value dependence of the cor-
rection (6.3.3). That way, measurements based on the energy turn out to be rather complicated in a
trapped setup. Nevertheless those setups are promising for testing commutator modifications [219]
(see Appendix 6.C), leaving the Hamiltonian form unchanged with modifications introduced in the
displacement operator addition.
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Figure 6.15: Trapped particle interferometer. (a) Trapping configuration. A nanodiamond is
harmonically trapped with a relative internal spin state dependent shift ∆z of the trap center induced
by a magnetic gradient. (b) Phase space evolution for λ = ω, ∆λ = 0.2ω and an initial external
state |α(0)〉 ≡ |0〉, leading to a closed, spin state dependent loop in phase space for t = 2π/ω. The
accumulated phase corresponds to φ = 1/(~)Apz with Apz the area enclosed in the phase space
evolution. (c) Position ∆〈ẑ〉 = 〈ẑ〉|−1〉 − 〈ẑ〉|+1〉 and momentum splitting ∆〈p̂〉 = 〈p̂〉|−1〉 − 〈p̂〉|+1〉
in time between the different spin control configurations |+1〉 and |−1〉. The parameters correspond
to the ones of (b).

6.10.2 Optomechanical measurement of the commutation relation

The phase calculation performed in section 6.2.2, involving the commutation and reordering of op-
erators, depends crucially on the form of the position-momentum commutation relation. That is,
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postulating a modified form as explained in more detail in Appendix 6.C, the accumulated phase
and interferometric visibility change correspondingly. Besides for interferometric setups, changes
in the energy spectrum and time evolution are a consequence of such a commutator form modifi-
cation [70, 11], however due to the smallness of these potential effects in general unobservable in
current experimental setups.

A measurement of the commutation relation by mapping the phase shift of a mechanical oscillator
onto an optical cavity field, has been proposed in [219]. Hereby the rather massive nature of the
oscillator might be capable of enhancing corrections due to quantum gravity, whereas a subsequent
interferometric measurement of the optical field allows for a high precision measurement. Based on
an optomechanical coupling of the form Hint = −g0 n̂ X̂ , where g0 denotes the coupling frequency,
n̂ the number operator of the optical field and X̂ =

√
mω/~ x̂ the dimensionless oscillator position

operator, a pulse sequence of the form [219]

ξ = ei λ n̂ P̂ e−iλ n̂ X̂ e−iλn̂ P̂ eiλn̂ X̂ (6.10.7)

can be constructed, with P̂ = 1/
√
~mω p̂ the dimensionless momentum operator and λ the pulse

length dependent dimensionless displacement. The pulse sequence in (6.10.7) has a simple interpre-
tation as a closed rectangular displacement in phase space and would be just the identity for com-
muting operators. Using the operator relation (6.2.7), assuming a commutation relation of the form
C̃(p) ≡ [X̂, P̂ ] = 1/~C(p), this can then be directly expressed in terms of the commutation relation
as

ξ = exp

( ∞∑

ν=1

(−iλ n̂)ν+1

ν!

[
X̂, P̂

]
ν

)
with [X̂, P̂ ]1 = [X̂, P̂ ] = C̃(p),

[X̂, P̂ ]n = [X̂, [X̂, P̂ ]n−1] .

(6.10.8)

This implies a displacement of the optical cavity field through n̂, dependent on the particular form
of the commutator. Assuming the standard commutation relation C̃(p) = i, the evolution sequence
results in a phase ξ = exp(−iλ2n̂2) and can be measured by measuring the mean of the optical field
〈â〉 = 〈α|ξ†âξ|α〉 = α exp(−iλ2) exp(−|α|2[1 − exp(−i2λ2)]) initially prepared in the coherent
state |α〉. This expectation value straightforwardly follows by noting that ân̂ = (n̂ + 1) â, the free
evolution of a coherent state exp(−iφn̂)|α〉 = |α exp(−iφ)〉 resulting in a time dependent coherent
state along with the coherent state overlap 〈β|α〉 = exp(−1/2 (|β|2 + |α|2 − 2β∗α)). For a modi-
fied form of the commutator relation the series (6.10.8) can be expanded in the correction analogue
to (6.C.3) in Appendix 6.C, that subsequently allows the correction to the mean-field displacement to
be calculated [219]. Assuming experimentally feasible parameters, such a setup has been shown [219]
to allow, dependent on the proposed corrections of the commutator, for a verification or at least a suf-
ficient improvement of precision bounds for quantum gravity modifications.

In principle such a commutator dependence can be measured in any coupled system with the mechan-
ical subsystem displaced in phase-space, as e.g. the Ramsey-Bordé interferometric setup previously
discussed. However, the pulsed form (6.10.7) linear in momentum and position has the advantage
that the commutator shows up in a rather simple form in the relevant ‘phase term’ (6.10.8) with the
first order contribution corresponding to the commutator itself. A similar system consisting exclu-
sively of linear displacement terms, however in a continuous evolution form between X̂ and P̂ type
propagations, is given by the trapped particle interferometer as discussed in section 6.10.1. Such an
interferometer can be realized with massive particles (nanodiamonds) and allows for the interfero-
metric measurement of the motional phase by measuring an internal spin state; therefore a promising
system for verifying commutation relations.
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6.11 Conclusion and Outlook

In this chapter it has been shown how interferometry with massive particles, for the specific example
of nanodiamonds, can improve existing bounds on proposed quantum gravity (QG) corrections to the
energy dispersion relation. Such a setup can even allow for a proof of the existence or non-existence
of a ‘momentum-linear’ Planck scale correction term under realistic experimental conditions. How-
ever, both gravitation and the thermal particle motion have been identified to suppress the observation
of such a QG induced phase term, unless for challenging low temperatures and under near gravitation
free conditions. This effect is not restricted to nanoparticles and equally holds true for atomic setups.
As a result, extracting the data from existing interferometric setups and experiments is not a viable
path; and in fact this requires a reanalysis of bounds on QG parameters obtained that way in the liter-
ature. We have therefore proposed an alternative setup based on momentum inversion by gravitation,
which allows to recover the QG induced phase. Such a setup in a ‘stability configuration’ turns out
to be insensitive to the deleterious thermal and gravitational phase suppression mechanisms, thus al-
lowing the QG phase detection even in regimes that have been previously inaccessible. Moreover, a
complete description of the interference pattern has been given, including all path combinations both
closed and open in position and momentum space. Thereby, the temperature and particle mass de-
pendence has been investigated, showing that, as a result of a reduced spatial splitting, the relevance
of ‘open paths’ to the interference pattern is more likely for larger nanodiamond sizes and generally
negligible for atomic setups. This calculation of the interference contributions turns out to be rather
general: First, a universal form for the path phase evolution operators, describable in terms of the
kinetic energy along the classical path, has been identified. Second, for a thermal initial motional
state the visibility reduction by open paths can be straightforwardly calculated based on the classical
path separations. Such a treatment is therefore applicable to a wide range of interferometers even be-
yond the focus on QG phase terms here. Furthermore, it allows to identify fundamental temperature
requirements and maximally allowed position-momentum separations, as follow out of the thermal
momentum variance and the uncertainty principle. The combination of the interferometric setup with
decoupling sequences and mass scalings for decoherence and visibility reducing processes have been
analyzed. The latter reveal an increasing robustness with the particle size, originating in decreasing
interferometer areas for increasing masses. This behaviour renders the interference of nanoparticles,
despite technical challenges, a viable scenario.
In total, interference experiments with nanoparticles have the capability to shed light on the yet vastly
unexplored field of quantum gravity. Certainly more theoretical and experimental insight will be
required in the future, up to the fundamental questions if a ‘semi-quantum mechanical’ description
retains its validity and if composite mesoscopic particles are suitable as test particles. Currently there
exists no consent about the answer to these questions, nor on alternative proposals. This underlines
the importance of proposals for detecting QG signatures, but also for careful studies on how interac-
tions with the environment influence the phase as have been performed for the setup here, in order to
clearly distinguish anticipated effects from detrimental ones.
Last, interference experiments with nanodiamonds are interesting on their own, both for the creation
of macroscopic superpositions [299] and for studies of decoherence [121, 120] along with the transi-
tion from ‘quantum’ to ‘classical’ behaviour. Several of these decoherence sources have been studied
here and can straightforwardly be generalized to different setups. Despite first proposals, there ex-
ist no such interferometric realizations with nanodiamonds to date, however individual prerequisites
as particle trapping and Raman transitions have been demonstrated. Techniques adopted from the
well-explored interferometry with atoms, as enlarged momentum transfer [59, 60, 45], could further
increase the sensitivity.
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Appendix

6.A Momentum overlap matrix element for a thermal harmonic oscil-
lator state

In this appendix we will derive the momentum overlap matrix element 〈p|ρth|p+ ∆p〉, that accounts
for the finite state overlap in the interference term calculations (6.7.6). This matrix element defines the
visibility decay for paths open in position or momentum space. We will assume the particle starting
initially in a thermal harmonic oscillator state, that is ρth = 1/Z exp(−Ĥ/(kB T )) with Ĥ =
~ω(n̂+ 1/2), n̂ = â†â the number operator and the partition function Z = tr[exp(−Ĥ/(kB T ))].

Using that exp ((i/~)∆p ẑ ) |p〉 = |p + ∆p〉 along with the Fourier representation of the δ-function
δ(p− p̂) = 1/(2π~)

∫∞
−∞ exp(i/~(p− p̂)y) dy, the matrix element can be rewritten as

〈p|ρth|p+ ∆p〉 = 〈e i~∆p ẑ δ(p− p̂)〉ρth
=

1

2π~

∫ ∞

−∞
dy e

i
~p y 〈e i~∆pẑe−

i
~yp̂〉ρth

. (6.A.1)

We will start by evaluating the thermal expectation value, that upon application of the Baker-Campbell
Hausdorff theorem can be cast into the form

〈e i~∆p ẑe−
i
~y p̂〉ρth

= e
i
~ (∆p/2)y

〈
e
i
~ [∆p ẑ−y p̂]

〉
ρth

= e
i
~ (∆p/2)y

〈
e−

i
~ [(γ+iδ) a†+(γ−iδ) a]

〉
ρth

(6.A.2)
where in the last step we have used that ẑ =

√
~/(2mω) (a + a†) and p̂ = i

√
(~mω)/2 (a† − a).

Furthermore, for simplicity of the expressions, we have defined γ ≡ −
√
~/(2mω) ∆p and δ ≡√

(~mω)/2 y. Now, making use of
〈
eλâ
†+µ â

〉
ρth

= e
1
2
〈(λâ†+µâ)2〉ρth (6.A.3)

and noting that ρth is diagonal in the energy eigenbasis and thus only excitation number conserving
terms have to be considered, expression (6.A.2) can be evaluated to

〈e i~∆pẑe−
i
~yp̂〉ρth

= e
i
~ (∆p/2)y e−

1
2~2 (γ2+δ2) (2〈n〉+1) = e

i
~ (∆p/2)y e−

1
2~2 〈p̂2〉 y2

e−
1

2~2 〈ẑ2〉∆p2

(6.A.4)

with the momentum and position variance given by

〈p̂2〉 ≡ σ2
p =

mω~
2

(2〈n̂〉+ 1) , 〈ẑ2〉 ≡ σ2
z =

~
2mω

(2〈n̂〉+ 1) . (6.A.5)

and the thermal population 〈n̂〉 = (exp(~ω/(kB T ))− 1)−1. Now inserting (6.A.4) into (6.A.1) and
performing the y-integration, one obtains the final result

〈p|ρth|p+ ∆p〉 =
1√

2π〈p̂2〉
e
− 1

2〈p̂2〉 (p+ ∆p
2 )

2

e−
1

2~2 〈ẑ2〉∆p2

. (6.A.6)

The first contribution corresponds to a Gaussian distribution in momentum, that converges to the
Boltzmann distribution in the high temperature limit kB T � ~ω where 〈p2〉 ' mkBT . It will
turn out to characterize the interference visibility decay for path combinations open in position. In
addition, the finite overlap in momentum space is accounted for by the last term, that does represent
a direct decay in ∆p on a characteristic momentum scale [~/

√
ẑ2].
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6.B The stability regime

0 0.5 1 1.5 2
0

0.5

1

1.5

2

p1 !! p2 p1 !" p2

p1 !! k, (p2 !! k) p1 !" k, (p2 !" k) p1 !! k, (p2 "! k) p1 !" k, (p2 "" k)

|p
2
|/

|!
k
|

|p1|/|!k| |p1|/|!k|

|p
2
|/

|!
k
|

|p
2
|/|

!k
|

|p
2
|/|

!k
|

|p1|/|!k| |p1|/|!k|

!""""""""""""""""""""""""""""""#""""""""""""""""""""""""""""""$

!""""""""""""""""""""""""""""""#""""""""""""""""""""""""""""""$

Figure 6.B.1: Phase contribution in the parallel regime [A3]. Phase contribution φξ1/(2µ |~k|T )
vs different momentum values p1 and p2. The third configuration corresponds to the ‘stability regime’.

In the absence of specifically designed momenta directions, the ξ1-phase contribution is most likely
to decay in the presence of momenta exceeding the beam splitter recoil contribution, |p| ≥ |~k|. As
shown in section 6.5, this leads to a suppression of coherent ξ1-phase oscillations under the influence
of gravitation and thermal momentum distributions. However based on an analysis in the regime
|p| � |~k| (6.5.3) it turned out that a change in the momentum with respect to the recoil direction
in between the two interferometric cycles leads to a significant unsuppressed phase term, and more
precise in a stability configuration p0

1 ↑↑ k && p0
2 ↑↓ k (⇔ p0

1 ↑↓ p0
2) the optimal phase

φξ1 = 2µ~kT is recovered independently of the momentum value. Here, as defined before, ‘parallel’
and ‘orthogonal’ refers to the direction of the momentum relative to the first recoil k direction; the first
interferometric cycle is defined by [t0, t1] and the second one by [t2, tf ] (see figure 6.2, page 130). We
will demonstrate here, that this does not only hold in the regime of large momenta, but in any possible
limit as long as the parallel condition is fulfilled.

An orthogonal component always leads to a decay with increasing momentum and that even holds
for the individual cycles, i.e. p1 and p2 components alone. In contrast, for a parallel component
only the combination of both leads to a potential suppression. Figure 6.B.1 analyzes this effect in
more detail for static, but potentially different parallel momenta p1 = |p0

1|, p2 = |p0
2| for the two

interferometer cycles. It turns out that, without a momentum direction change (p0
1 ↑↑ p0

2), the phase
contribution always decays to zero in the large momentum limit |p1|, |p2| � |~k|, and therefore the
only solution consists of working in the rather challenging |p1|, |p2| � |~k| regime. In contrast, in a
p0

1 ↑↓ p0
2 configuration, i.e. if there occurs a change in the momentum direction, the large momentum

limit is characterized by a non-zero, momentum independent phase. Particularly, the stability regime
p0

1 ↑↑ k && p0
2 ↑↓ k (⇔ p0

1 ↑↓ p0
2) retains this property in any possible momentum regime, as

long as the parallel condition is fulfilled.

6.C Modified dispersion relation vs. modified commutator relations

It is widely assumed that a quantization of space-time in quantum gravity will lead to a minimal
length-scale of the order of the Planck length Lp = ~/(Mp c), that can be accounted for by a modifi-
cation of the commutation relation of the form [139]

[x̂, p̂] = C(p̂) (6.C.1)

with C(p̂) = i~ in the standard case of quantum mechanics and e.g. C(p̂) = i~
(
1 + ξ p2/(Mp c)

2
)
,

that leads to a minimal lengthscale ∆x =
√
ξ Lp according to the general uncertainty principle

∆x∆p ≥ −1/2 i〈C(p̂)〉 [139, 219, 11]. Herein ξ denotes a dimensionless parameter that for a Planck-
scale correction is of order one and is in general upper bounded by the electroweak length scale to

158



ξ ≤ 1034 [11, 70]. Such a modified commutation relation then leads to a modified interferometer
phase, that can be calculated, at least in a perturbative way with respect to the Planck scale correction,
in the formalism of section 6.2.2, and its measurement has already been proposed in a more simplistic
setup in [219] (see section 6.10.2). As the interferometer phase considered here corresponds merely
to the kinetic energy integrated along a closed path, it is a natural question to ask if both, the modified
energy dispersion relation and the modified commutation relation, are equivalent. That is, can the
modified energy dispersion be reproduced by choosing the standard dispersion E(p̂) = p̂2/(2m) and
modifying the commutator instead (in particular with respect to its application (6.2.8) and its appear-
ance in the phase (6.2.13))? For this purpose we will begin by defining the energy dispersion relation
via the displacement operation as

E(p̃) =

〈
p = 0

∣∣∣∣e−
i
~ p̃x̂

p̂2

2m
e
i
~ p̃x̂

∣∣∣∣ p = 0

〉
(6.C.2)

that can be evaluated (see also (6.2.7) and using that [x, f(p̂)] = f ′(p̂)[x, p]) to

E(p̃) =

〈
p = 0

∣∣∣∣
1

2m

[
p̂2 − 2

i

~
p̃ p̂C(p̂)− p̃2

~2
C(p)2 + i

p̃3

~3
C ′(p̂)C(p̂)2 +O(p̃4)

]∣∣∣∣ p = 0

〉

(6.C.3)
which corresponds to an expansion in the Planck scale correction. For the modification of the com-
mutation relation given above, this would lead to (with β = ξ/(Mpc)

2)

E(p̃) =
1

2m

(
p̃2 +

2

3
β p̃4 +

17

45
β2p̃6 +O(β3)

)
. (6.C.4)

It is worth noting that, due to the quadratic form of the unmodified energy dispersion relation, a cor-
rection term linear in the momentum does not appear according to (6.C.2), whereas the absence of
higher order odd powers in (6.C.3) is only due to the specific form chosen for the commutator and in
contrast to the absence of a linear term non-fundamental. Thus a quadratic Planck scale correction
could be reproduced by a modified commutator whereas a linear correction term is impossible within
that framework. As a remark, such a conclusion is only valid if p̂ corresponds to the physical mo-
mentum; if in contrast p̂ is a function of the physical momentum operator as often used in quantum
gravity approaches [139], a linear term correction would not be forbidden any more however related
to a different coordinate framework of quantum mechanics.

6.D Path contributions to the Ramsey-Bordé interferometer for the stan-
dard energy momentum dispersion relation

In this section the interference pattern and path contributions for a recoil measurement in the Ramsey-
Bordé setup will be briefly discussed; i.e. the measurement of the zeroth order phase contribution φ0.
Such a setup has been frequently used for a measurement of (~/m), that combined with the Rydberg
constant and the speed of light allows for a QED (quantum electrodynamics) independent determina-
tion of the fine structure constant. Restricting to the interference of the closed paths interferometer
combinations and following the phase calculation in section 6.7 and 6.2.2, the ground state population
after an interferometer time T and incorporating all paths takes the form (see also (6.7.16))

pclosed
g =

1

2

(
1 +

1

4
[cosφl + cosφu]

)
with φl/u = ±~k2

m
T + 2δT (6.D.1)

where we assumed a constant laser detuning δ and the indices l and u refer to the upper and lower
closed interferometric path combinations, respectively. As the motional phase term scales inversely
with the mass, such a measurement is conveniently carried out with atoms and does not benefit from
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going for more massive particles. This also results in much larger path separations, that are already
in the µm range for a single oscillation period time T2π = 2πm/(~k2) ' 34µs (for a Cs atom)

∆z′ =
~k
m
T2π = 2π/k ' 0.3µm (6.D.2)

and can be made even larger within the atomic coherence time. Thus, in general individual paths can
be resolved in the detection process with a single closed path leading to the population

pl/ug =
1

8

(
1 + cosφl/u

)
(6.D.3)

and the phases as defined in (6.D.1).
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Figure 6.D.1: Interference pattern comprising all paths in the standard Ramsey-Bordé setup.
Interference and frequency contributions for the Ramsey-Bordé setup, the standard energy dispersion
relation (E(p) = p2/(2m)) and the gravitation orthogonal to the recoil direction. (a) Interference
population fringe dependence on the interferometer time T for: (i) Only the two closed configurations
lead to interference (without cross-interference), (ii) interference of a single closed path configuration,
(iii) an (almost) perfect spatial overlap of all paths involved rz = 35 (V∆z ' 1), rp = 10−2 (V∆p ' 0)
and (iv) rz = 1.8 (V∆z ' 0.7), rp = 0.18 (V∆p ' 0). For the configurations involving an interference
of open paths, this requires an initial coherent wavepacket localization ∆z ≥ z0 ≡

√
~/(2mωt) with

the zero-point localization z0 = 4µm (ωt . 2 Hz) and z0 = 0.2µm (ωt . 1 kHz) for (iii) and
(iv), respectively. Note that for a single path in the detection region, the average population would
be reduced from 1/2 to 1/8. (b) The corresponding frequency spectrum out of a FFT transformation
over 25 oscillation periods. The peak height corresponds to the frequency amplitudes in the pure
interference part (2pg − 1). For a Cs-atom: ~ k2/m ' (2π) · 29.5 kHz.

The interference pattern for different ratios of the wavefunction overlap (‘coherence’) in position and
momentum space to the corresponding final path separation is illustrated in figure 6.D.1 along with
the different frequency contributions involved. The corresponding ratios quantifying the degree of the
quantum state overlap for open paths are denoted by rz = ∆zr/∆z

′ and rp = ∆pr/(2~k) with the
coherent state overlap ∆zr and ∆pr as defined in (6.7.15) and the final path separations ∆z′ (6.D.2)
and ∆p = 2~k. Following the discussion in section 6.7, this then leads to a typical interference
visibility reduction V∆z = exp(−(1/r2

z)) and V∆p = exp(−(1/r2
p)). For a large overlap in position

rz > 1, the interference of open paths leads to additional frequency contributions at 0.5ωc, 1.5ωc
and 2ωc where ωc = (~k2/m) is the motional phase frequency of the closed paths. Reducing this
overlap reduces the interference pattern gradually to the closed path one (6.D.1).

For most practical applications, interference effects will be reduced to the two closed paths configu-
rations ((i) in figure 6.D.1 and (6.D.1)); or to a single closed path combination (6.D.3) if the detection
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region is spatially limited to that particular one. This originates in the rather large spatial splitting ∆z′

(6.D.2) on the oscillation timescale T2π ' 34µs, which necessitates challenging low temperatures for
a significant coherent state overlap. Following the discussion in section 6.7.3 and for the spatial split-
ting ∆z′ = 2π/k on the fringe frequency timescale, the temperature limitation is given by (for a Cs
atom)

T ≤ ~2k2

2π2mkB
' 0.07µK . (6.D.4)

Only below that temperature, significant interference of spatially open paths can be expected. Note
also that the quantum uncertainty excludes the simultaneous overlap in both position and momentum
for paths separated in both coordinates, as has been worked out in the discussion of section 6.7.4.

6.E Impact of a magnetic gradient field on the interferometer phase

A general rule for the phase calculation for potentials at most linear in displacement has been derived
in section 6.2.2. However, some care is required in extending this concept to internal state dependent
forces, what will be discussed here at the example of a magnetic gradient field and for the lower
closed paths combination as in section 6.2.2. In that case the Hamiltonian for the free evolution is
given by

H(p̂, x̂) = E(p̂) + V (ẑ) + η x̂σz with η = ~γel∇B (6.E.1)

with E(p̂) and V (ẑ) ≡ V′x ≡ V ′ẑ the kinetic energy and the inertial force potential as previously
defined in (6.2.3), respectively. η accounts for a magnetic field gradient ∇B, which leads to a state
dependent force.

The phase calculation can be performed in close analogy to the description in section 6.2.2 and is
conveniently evaluated in the ‘semi-interaction frame’ form analogue to (6.2.9)

U(t) = e−
i
~ H(p̂,x̂) t = e−

i
~H0(x̂) t e−

i
~
∫ t
0 E(p̂−[V′+ησz ] t′)dt′ . (6.E.2)

with the definition H0(x̂) ≡ V (ẑ) + ηx̂σz . The sign of the η contribution thus depends of the
internal state, and σz can be replaced by sj(t) = ±1 with the upper and lower sign corresponding
to the internal state being in |e〉 and |g〉 for path j, respectively. With that, the evolution as given by
(6.2.11) can be straightforwardly evaluated, and commuting the position dependent quantities to the
left by using (6.2.8), a form analogue to (6.2.15) is obtained for each path

U
(g)
j = ei φlaser exp

(
− i
~
V ′ẑ ttot

)
exp

(
− i
~
η x̂sjF (ttot)

)
exp

(
− i
~

∫ ttot

0
E(p̂j(t

′)) dt′
)

(6.E.3)
with sjF (t) =

∫ t
0 sj(t

′)dt′ and p̂j(t
′) = p̂ − (V′t′ + ηsjF (t′)) ± [~k] corresponding to the classical

momentum along the interferometer path in an operator description (the appearance of the ~k term
in square brackets depends on the beam splitter interactions). Without loss of generality we have set
t0 = 0 in the above analysis. For a perfect interferometric sequence ttot = 2T + τ , and suF (ttot) =
2T − τ and slF (ttot) = −(2T + τ) for the upper and lower path, respectively. This difference in
sF (ttot) and the interferometric paths in position and momentum as depicted in figure 6.E.1 (a) reveal
that the paths, in the absence of a magnetic gradient closed in both position an momentum space, now
become open in both coordinates. The impact on the interference pattern can thus be evaluated in the
general framework of section 6.7 and will result in a fringe visibility decay.

More precise, the final separation in position ∆x and momentum ∆p analogue to the definitions in
section 6.7 (below (6.7.6) and (6.7.14)) can be identified as

∆x =
2

m
η T (2T + τ) and ∆p = η 4T . (6.E.4)
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Figure 6.E.1: Ramsey-Bordé setup in the presence of a magnetic field gradient. Interferometer
paths in position (upper) and momentum space (lower) originating from a magnetic gradient field
for the undecoupled (a) and decoupled (b) setup. Here the x-direction, equivalent to the gradient
direction, has been chosen orthogonal to the beam splitter recoil pulses, such that the displacements
originate purely from the gradient presence for a clearer illustration. For other gradient directions
additional beam splitter and potential displacements would be superimposed to that dynamics. Red
arrows indicate beam splitter pulse positions whereas blue wavy arrows represent microwave decou-
pling π-pulses. The momentum displacement is given by pη(t)u/l = η s

u/l
F (t) with su/lF (t) defined as

in the main text and u and l referring to the upper and lower path, respectively (η = ~γdB/dx); the
position displacement follows as xu/lη = 1/m

∫
p
u/l
η (t′) dt′. The separations of the classical paths

∆x and ∆p at the end times are responsible for a visibility decay of the interferometric fringes and
are zero for the decoupled setup.

As illustrated in figure 6.E.1 (a), these separations correspond just to the relative displacements of
the classical paths 3. The phase difference ∆φ(0,∆p) (6.7.12) can be expressed as ∆φ(0,∆p) =
−∆ϕ + ∆φ0 + ∆φξ1 + ∆φη + ∆φηξ1 with ∆ϕ the laser and detuning phase as defined in (6.2.12),
∆φ0 and ∆φξ1 the phase in the absence of a magnetic gradient field for the standard energy dispersion
(E(p) = p2/(2m)) and the first order QG correction ξ1, respectively, and ∆φη and ∆φηξ1 the gradient
field related phase contributions

∆φ0 =
~k2

m
T +

1

m
k V′ T (T + τ), ∆φξ1 = 2µ|~k|T,

∆φη =
1

m
kη T (T − τ) +

1

m~
η2 Tτ (T + τ) +

1

3m~
ηV′ T (16T 2 + 15Tτ + 3τ2),

∆φηξ1 = −2µ |η| cos θη T
2

(6.E.5)

whereby for the ξ1-contribution the ‘stability configuration’ has been assumed, such that at any instant
of time Eξ1(t) ' ~µ (|p|+ |∆p| cos θ∆p + |η| sF (t′) cos θη + |V ′| t′ cos θv), with ∆p accounting
for the beam splitter pulses and θ the angles with respect to the momentum p direction (the z-axis).
Moreover the momentum inversion in such a regime has been assumed to be symmetric in the inter-
mediate τ period.

3For the special case here the additional momentum contribution appearing in (6.7.14) just leads to a sign inversion of
∆z0.
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Thus the effect of a magnetic gradient is twofold: First, it does lead to a final separation in position
and momentum and thus a fringe visibility reduction. Second, it is responsible for additional phases
and remarkably provides a beam-splitter interaction itself, thus a phase exists even for k = 0.

Adding an internal state decoupling sequence (see figure 6.E.1 (b)) allows essentially to remove the
effect of a magnetic gradient field. After an application of two population inverting π-pulses the
gradient induced path separation both in position and momentum is removed, thus leading to ∆x = 0
and ∆p = 0. More formally s(t) and sF (t) appearing in (6.E.3) are modified by the decoupling
sequence with sF (t) taking the form of a triangular wavefunction as illustrated in figure 6.E.1 (b),
leading to both sjF (ttot) = 0 and

∫ ttot

0 sjF (t′)dt′ = 0. Based on that insight, the only effect of η
reveals in a cross-term with the acceleration ∆φη = 1/(24~m)ηV′T 2(3τ + 5T ) and ∆φηξ1 = 0
in (6.E.5).

visibility decay ∆x ∆p add. phase contrib. ∆φη ∆φη
ξ1

V
(
dB
dx = 2 T/m

)
0.7 1 φ

(
dB
dx = 2 T/m

)
10−5 3.5 · 2π

(
dB
dx

)
max 3.3 T/m 480 T/m

(
dB
dx

)
max 0.2 T/m

Table 6.E.1: Influence of a magnetic gradient on the visibility V and phase contribution φ.
The interferometric setup and parameters correspond to the ones of the stability regime in figure 6.9
(page 140), i.e. a nanodiamond of r = 50 nm, T = 50µs, τ = 180µs and a temperature of 1 mK.
The harmonic trap frequency, that determines the initial state and in particular its spatial localization
has been chosen to ωt = 2π · 165 kHz. Moreover the gradient direction, in a setup as depicted in
figure 6.E.1 (a), is assumed perpendicular to the beam splitter and gravitation direction. The first data
row corresponds to the visibility V , related to the openness in position ∆x and momentum ∆p, and
the magnetic gradient induced additional phase for the standard energy dispersion relation ∆φη and
the linear ξ1-correction ∆φηξ1 . (dB/dx)max indicates the gradient field for a 1/e visibility decay and
a phase correction 1/10 of the unperturbed (zero gradient) one, respectively.

6.F Collisional decoherence

The collision with gas particles, leading to an incoherent addition of phases in time, is one of the
prominent mechanisms of decoherence for massive particles [135]. Such a process can be accounted
for in a master equation formalism

dρ(x,x′)

dt

∣∣∣∣
coll

= −η(t,x− x′) ρ(x,x′) (6.F.1)

with the decoherence decay rate η(t,∆x) being zero in the absence of a spatial superposition, i.e. for
x = x′. This leads to a reduction of the interference fringe visibility by V = exp(−

∫
η(t′)dt′), i.e.

p′g = 1/8
(
1 + exp(−

∫
η(t′) dt′) cos(φ)

)
with φ the coherent interferometer phase. The decay rate

is then given by [136] (for an elastic scattering process and the interferometric particle in a rest frame)

η = n

∫
d3p
|p|
m
Pgas(|p|)

∫
dn
(
1− exp

[
i/~ (p− np) (x− x′)

])
|f(np,p)|2 , (6.F.2)

with n the background gas density (ideal gas n = pressure/(kB T )), p the momentum of the gas
particle that is scattered to p′ = n p, Pgas(p) = 1/(2πmgas kB T )3/2 exp(−p2/(2mgaskB T )) the
three dimensional thermal momentum distribution and f(n,p) the scattering cross section for the
corresponding process. A detailed derivation can be found in [136], and we will restrict here to
a motivation of the form of equation (6.F.2). In case an elastic scattering event occurs with mo-
mentum p → np the system’s density matrix acquires a phase, i.e. ρ(x,x′) → Sρ(x,x′) =
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exp [i/~ (p− np) (x− x′)] ρ(x,x′).
Such an event occurs with a probability µ(p,n) = Pgas(|p|) |f(np,p)|2/σ(p), with the first term
describing the probability for a specific momentum and the second term the probability for a specific
scattering direction for that initial momentum (with the total cross section σ(p) =

∫
dn|f(np,p)|2).

The numberN(p) of such events in a time ∆t is given by the gas density times the scattering volume,
i.e. N(p) = nσ(p) (p/m) ∆t, resulting in the scattering rate

γ =
µ(p,n)N(p)

∆t
= n
|p|
m
Pgas(p) |f(np,p)|2 . (6.F.3)

Therefore the density matrix evolution takes the form

ρ(t+ dt) = γ dt (Sρ(t)) + (1− γ dt) ρ(t) ⇔ dρ

dt
=
ρ(t+ dt)− ρ(t)

dt
= −γ (1− S) ρ(t) .

(6.F.4)
Integrated over all possible momenta and directions this leads to the decoherence rate (6.F.2). For
the calculation of the visibility V = exp(−

∫
η(t′)dt′) as depicted in figure 6.14 (a) (page 151) a

hard sphere scattering cross section (see e.g. [118]) has been assumed, and further approximated
for the T = 10 K visibility plot by an isotropic scattering cross section |f(n,p)| ' 1/2 r2 with
r the interferometric (nanodiamond-) particle size. Such an approximation has been checked with a
numerical integration of the exact cross section at lower temperatures T = 1 mK and produces results
in good agreement, but requiring a significantly shorter computation time and complexity.
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Chapter 7

Filter formalism for the interpretation of
coherent couplings and gate design

7.1 Introduction

Uncontrolled interactions with the environment, causing decoherence, form the main limitations in
realizing quantum technologies as quantum computation, sensing and quantum simulations. Sev-
eral remedies have been designed and demonstrated to combat that issue, among which, besides the
framework of quantum error correction or the exploitation of decoherence free subspaces, dynami-
cal decoupling [91, 40, 75, 55, 236] forms one of the most promising strategies to date. Based on
either pulses or continuous control fields, a refocusing of deleterious interactions and with that a
significant elongation of coherence times has been achieved without the need for measurements or
ancilla overheads. Whereas this technique is well-understood for single qubit states, its general-
ization to multiple qubits, more fragile entangled states and combination with gate operations turns
out to be much more involved [294, 114, 275]. This frequently brings up the question how to sup-
press a wide range of environmental couplings, the actual source of decoherence, at the same time
keeping a set of desirable ones. The creation of so-called quantum ‘lock-in’ setups [162], based on
specifically designed control fields, has been demonstrated to accomplish that task. Moreover in
the field of NMR, the controlled selective reintroduction of initially averaged out interactions for
additional structural information gain, in particular dipolar recoupling in magic angle spinning ex-
periments [173, 212, 76], is a well-studied concept. Similar concepts have been proposed to tailor
highly specific Hamiltonians [13, 8], thereby suppressing undesired couplings while retaining and
weighting desired ones. The feasibility of coherence protected gate operations has been theoretically
proven [151, 153, 284, 207, 56], yet a straightforward general implementation remains elusive. This
latter task requires tailored concepts [34, 268] (see also chapter 5) based on the specific system proper-
ties. Several experimental implementations of coherence protected gate operations have been demon-
strated recently, both for pulsed and continuous decoupling schemes, ranging from single [294, 301]
and multiqubit gates [275, 87] in nitrogen vacancy centers to trapped ion implementations [268].
A very convenient and illustrative approach to analyze the impact of a control field on the quan-
tum system evolution is provided by the filter formalism [69, 158, 38, 78, 114, 116, 273] (see chap-
ter 3), allowing for a description in frequency space as an overlap between a control dependent filter
and the system’s coupling or noise spectrum. Introduced in the framework of decoherence descrip-
tion [40, 39], it has been successfully applied to the optimization of quantum memories [152], the
design of Hamiltonian interactions [8] and the construction of sensitive mechanical motion [159] and
mass spectrometers [305]. From a reverse perspective, a gradual scanning of the filter can be ap-
plied for noise spectroscopy [12, 14], successfully demonstrated both for spin systems [27, 14] and
superconducting flux qubits [51].
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Here we will focus on hybrid couplings of the nitrogen vacancy center’s electron spin to nuclear
spins, the latter represented by either the nitrogen spin involved in the center itself [104, 275] or
carbon-13 spins [92, 203] in the diamond crystal. Based on their weak environmental couplings,
along with concepts for initialization and mapping operations, those nuclear spins have been proposed
and demonstrated useful as a quantum memory with extraordinary long coherence times. While this
interaction weakness can be an advantage, the limited access however poses significant problems
as well. Mandatory decoupling pulses on the NV-center cannot be applied simultaneously on both
systems, an application on the NV-center alone however would cancel the desired dipolar coupling
along the way. Thus adding a continuous rf-driving on the nuclear spins and carefully adjusting
the pulsed decoupling sequence on the NV center has been proposed and demonstrated as a viable
alternative [275]. A completely analogue situation emerges in recent single spin sensing experiments,
in which the pulse sequence is tuned to resonance with the Larmor frequency for a frequency selective
individual coupling, that allows for nuclear spin detection [306, 260, 160] and manipulation [260, 261]
via the central NV center electron spin. Such concepts bear resemblance to ac-magnetic sensing
approaches of classical fields [265, 73, 217], for which an adjustment to the field frequency is equally
crucial in obtaining significant sensing signals.

Here these decoupled and frequency selective gate interactions are connected to the filter formalism
in the perturbative limit of strong and weak coupling, typical regimes for close [275] and distant
nuclear spin coupling [306, 260, 160, 261], respectively. Such a description allows for an intuitive
interpretation of the available types of couplings, the resonance condition and width, the interpretation
of the coherent interactions away from the optimal points and the construction of more advanced
rotations around different axes. In addition it links the gate formalism to the decoherence description,
that in particular for the weak coupling regime reveals a close similarity.

Following an introduction of the system under consideration in section 7.2, we will analyze the filter
description of the time evolution in a first order (Magnus-) expansion, both in the weak (section 7.3)
and strong dipolar coupling (section 7.4) regime. Section 7.5 then analyzes the validity and limita-
tions of the lowest order time expansion, thereby identifying regions, namely the resonance positions,
for which such a treatment is exact even in the long time limit. Moreover a sliced evolution concept
is discussed, that allows to overcome these limitations along with providing an interpretation of se-
quences outside the short-time approximation. The summary in section 7.6 then provides a review of
the different coupling mechanisms and regimes. Last, the filter function calculations are provided in
Appendix 7.A, followed by a discussion of second order contributions for the specific example of the
weak coupling regime in Appendix 7.B.

7.2 Basic setup, Hamiltonian and decoupling configuration

As a basic configuration we will consider an electron spin system, in particular represented by the
NV center ground state triplet manifold, coupled to a nuclear spin. For the crucial elongation of
coherence time, the electron spin system is decoupled by a pulsed dynamical decoupling sequence as
illustrated in figure 7.1. An equidistant CPMG decoupling sequence will be assumed for that task, a
configuration used in most spin experiments [73, 275] and in fact has been shown to be optimal for
the decoupling from a spin bath [236, 7, 283]. For a quasistatic noise bath, i.e. if the bath correlation
time is long compared to the decoupling pulse time interval τ , a n-pulse sequence leads to an increase
of the coherence time [283] T [n]

2 = n2/3T2 with T2 the spin-echo decay time (see section 3.4).

As the large energy mismatch of such a hybrid system prevents population exchange (‘flip-flop’)
interactions, the Hamiltonian reduces to [275]

H(t) =
Ω

2
σx +

A

2
σz ⊗ Sz(t) (7.2.1)

with Ω an additional continuous control rf-field on the nuclear spin, A the dipolar coupling constant
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Figure 7.1: Decoupling pulse sequence. Basic decoupling sequence consisting of a π-pulse in
the σx/ σy-plane bisecting a 2τ time period. n such pulses form the full decoupling setup. The
lower graph illustrates the stepfunction s(t) (green) accounting for the population inversion in the
Hamiltonian along with its integral sF (t) (7.4.3) (blue) that forms a triangle type function.

and σ and S representing Pauli matrices on the nuclear and electron spin part, respectively. The elec-
tron spin z-component exhibits a time dependence, a direct consequence of the decoupling process,
that for a spin 1/2 electron spin takes the form Sz(t) = sz s(t), with sz the Pauli spin-1/2 operator
and s(t) accounting for the periodic population inversion as illustrated in figure 7.1

s(t′) =

n∑

k=0

(−1)k θ(tk+1 − t′) θ(t′ − tk) (7.2.2)

and θ the Heaviside step-function.

We will focus for clarity on that basic form (7.2.1) in the upcoming discussion, however it represents
as well the Hamiltonian of typical spin-sensing setups by merely replacing the external field by the
Larmor frequency Ω → ωL and interchanging σx ↔ σz . That way, the perpendicular hyperfine
coupling component is of relevance in that regime; the parallel one would just cancel in the decoupled
evolution in the perturbative limits considered here, however its effect can be taken into account in
exact approaches [260, 160, 306].

The nuclear spin, the ‘target qubit’, will be assumed to be of spin-1/2, an arbitrary spin is auto-
matically projected to that two-level configuration by the driving interaction Ω. Merely in the sens-
ing regime and for different spin numbers, the description requires adjustment, what however is a
straightforward task consisting of replacing the operators by their higher spin analogues and adjust-
ing the appearing frequencies. On the contrary, for the electron ‘control spin’ we allow for spin-1
and spin-1/2, which can lead to vastly different behaviours. For a spin-1 system, e.g. the NV center
ground state triplet, naturally two states of this three level system are selected by the decoupling se-
quence, and therefore an effective two level pseudo-spin description is sufficient (neglecting the third
level)

Sz(t)→





(1/2) (sz s(t) + 1) for ms = +1, 0

(1/2) (sz s(t)− 1) for ms = 0,−1

sz s(t) for ms = +1,−1

(7.2.3)

withms the spin z-projections of the relevant levels, and sz the Pauli spin-1/2 operator. As a matter of
notation, we will refer to the first two cases involving the ms = 0 state as the ‘spin-1 case’, whereas
the third choice is equivalent in any limit to the ‘spin-1/2 situation’.
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7.3 Weak coupling limit (A � Ω)

In the weak coupling limit A � Ω, following an application of the rotating wave approximation,
an equivalent form holds both for a control spin-1/2 and spin-1 qubit. More precise, the identity
contributions appearing in (7.2.3) can be neglected, thus making these two situations equal (up to a
replacement of A→ A/2).
In the interaction picture with respect to the driving, Hamiltonian (7.2.1) then becomes

Hint =
A

2
(ς+ eiΩ t + h.c.) s(t)⊗ sz (7.3.1)

with ς± the σ± ladder operators in the σx eigenbasis. In the following we will focus on a first order
expansion of the time evolution, i.e. performing a Magnus expansion [41] to lowest order for the
time evolution operator. Such a treatment is justified for small enough times and rotation angles,
respectively, and we will discuss its limitations along with approaches for its extension in more detail
in section 7.5. Then the time evolution is given by

U ' exp

(
−iA

2
t [σz Fr(n, x)− σy Fi(n, x)]⊗ sz

)
(7.3.2)

with the filter function Fr = Re(χ(t))/t and Fi = Im(χ(t))/t and

χ(t) =

∫ t

0
exp

(
iΩ t′

)
s(t′) dt′ . (7.3.3)

Here n denotes the number of decoupling π-pulses and x = Ωτ with the total time t = 2nτ . This
leads to the solutions (see Appendix 3.B, page 54)

Fr(n, x) = {∓} 1

nx

sin(x/2)2

cos(x)
sin(2nx)

Fi(n, x) = − 2

nx

sin(x/2)2

cos(x)

{
sin2(nx)

cos2(nx)

} (7.3.4)

with the upper and lower cases in curly brackets corresponding to an even and odd number of decou-
pling pulses n, respectively. That is, for small enough times and a fixed n and x, the system undergoes
rotations U ' exp(−i θ/2σφ ⊗ sz) with the rotation angle and axis given by

θ = A tFtot =
A

Ω
2nxFtot and σφ =

Fr(n, x)

Ftot(n, x)
σz −

Fi(n, x)

Ftot(n, x)
σy , (7.3.5)

where Ftot has been defined as the total filter Ftot =
√
F2
r + F2

i . That is, the system rotates with an
effective Rabi frequency given by AFtot. The filter contributions are illustrated in figure 7.2 (a) and
become more and more sharply peaked around the resonance condition

x = (2 k + 1)
π

2
with k ∈ N0 (7.3.6)

for an increasing number of decoupling pulses n; which means more selective to the precision of the
driving frequency Ω.

It is interesting to note that around the peak position x = (2k+ 1)π/2 + c ·π/(2n) the rotation angle
is given by σφ = (−1)k [cosφσz − sinφσy] with

φ = c · (π/2) (7.3.7)
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and the filter function becomes universal in the limit of a large number of decoupling pulses n (or
c = 0)

Ftot =
2
√

2

π2

1

|c| (1 + 2k)

√
1− cos(cπ) . (7.3.8)

This clearly indicates that around these resonance peaks, the filter function is independent of the
decoupling pulse number, or equivalently, the accumulated rotation angle scales linearly with n.
Away from these resonances the 1/n prefactor appearing in (7.3.4) leads to a suppression of the
filter functions and therefore prevents a rotation angle accumulation in time. Interesting limiting
cases are c = 0, resulting in a pure conditional σz-rotation with the maximal filter amplitude Ftot =
(2/π) 1/(2k + 1), and c = ±1 describing a pure σy-type rotation with Ftot = (4/π2) 1/(2k + 1).
A σz-type rotation, characterized by a n-independent resonance condition and the maximal ampli-
tude (for smaller n’s this maximal amplitude position is slightly shifted), is purely additive per cycle
whereas a σy-type behaviour relies on an n-dependent optimization and includes subtractive contribu-
tions in addition (see figure 7.2 (b)). Moreover, inserting (7.3.8) into (7.3.5), the rotation angle turns
out to be (for c 6= 0 in an approximate way) independent of the resonance order k in the resonance
region, and only depends on n; however the total required time increases for increasing resonance
orders causing a degradation of the noise decoupling for a fixed number of decoupling pulses.
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Figure 7.2: Weak coupling regime. (a) Filter functions for 6 decoupling cycles vs x = Ω τ .
Resonance peaks are formed at x = (2k + 1)π/2. The black dashed line illustrates the 1/x decay
for higher order resonances. (b) Interpretation of the filter (phase) accumulation according to (7.3.3)
for the real part (upper, at resonance c=0) and the imaginary part (lower, at the σy rotation point
c=1) contribution and n=6 decoupling pulses. Blue lines correspond to {Re/Im} exp(iΩ t)s(t) and
red dashed lines to the analogue situation in the absence of s(t), i.e. without decoupling pulses. The
integrated shaded area equals Fx · (Ωt) and Fy · (Ωt), respectively. Whereas the real part resonance
is strictly additive, the imaginary part optimization depends on n and can be even destructive for
sub-decoupling intervals.

Connection to the decoherence decoupling filter description: As previously noted [306], there ex-
ists an analogy between the classical noise filter describing coherence decay and the perturbative
gate interaction previously discussed, that upon entanglement generation and a subsequent subsystem
projection will show signatures of ‘quantum’ decoherence as well. This allows for the qualitative
description of single spin sensing experiments within the framework of the semiclassical decoher-
ence theory. To clarify this relation, let us briefly review the filter spectrum overlap description for
a classical Gaussian distributed noise field b(t), i.e. H = b(t)/2 sz . This leads to the decay of
coherences [78, 69] (see section 3.4)

|〈s+〉| = exp
(
− t

2

4π

∫
dωS(ω)Fdecoh(n, ω)

)
with Fdecoh(n, ω) = |χ(t)|2/t2 = Ftot(n, ωτ)2

(7.3.9)

169



with the noise spectrum defined as S(ω) =
∫

eiωτ 〈b(t+τ) b(t)〉dτ . That is, the noise filter describing
classical decoherence noise is just the square of the filter characterizing the gate amplitude. To further
clarify the close analogy, (7.3.5) can be rewritten as the overlap with a single frequency spectrum
given by the driving frequency Ω, i.e. θ = A t

∫
dωSΩ(ω)Ftot(n, ωτ) with SΩ(ω) = δ(ω − Ω).

7.4 Strong coupling limit (A � Ω)

In the strong coupling regime, a spin-1 control qubit leads to significantly different results as com-
pared to the spin-1/2 counterpart. Whereas the first one allows for scalable conditional quantum
operations, the latter situation does not provide such a mechanism. We will therefore consider both
cases separately in the following.

7.4.1 Spin-1 control qubit

Under the assumption that one of the control qubit states includes the spin projection ms = 0 state,
the system evolves subject to the Hamiltonian (see (7.2.1) and (7.2.3))

H =
Ω

2
σx +

A

2

1

2
σz ⊗ [sz s(t)± 1] (7.4.1)

with the upper sign corresponding to the second level being in ms=+1 and the lower one to ms=-1.
In an interaction picture with respect to the strong coupling

Hint =
Ω

2

[
cos

(
A

2
sF (t)

) [
cos

(
A

2
t

)
σx ∓ sin

(
A

2
t

)
σy

]
⊗ 1

− sin

(
A

2
sF (t)

) [
± sin

(
A

2
t

)
σx + cos

(
A

2
t

)
σy

]
⊗ sz

]
,

(7.4.2)

with

sF (t) =

∫ t

0
s(t′)dt′ (7.4.3)

describing a triangular wave function as illustrated in figure 7.1. Such a form suggests the existence
of both conditional and unconditional rotations around an axis in the equatorial plane, whose specific
orientation depends crucially on the decoupling pulse sequence. In lowest order, this does lead to a
rotation (t = 2nτ )

U ' exp

(
−i Ω

2
t [Fc

tot(n, y)σφc ⊗ sz + Fu
tot(n, y)σφu ⊗ 1]

)
(7.4.4)

with (y = Aτ )

Fc
tot =

1

2n

∣∣∣∣∣

{
sin(ny/2)

cos(ny/2)

}
tan

(y
2

)∣∣∣∣∣

Fu
tot =

1

2ny

∣∣∣
[
2 + y cot

(y
2

)]
sin
(ny

2

)∣∣∣ .
(7.4.5)

and indices c and u denoting the conditional and unconditional rotational part, respectively (curly
brackets again accounting for even and odd pulse numbers). A detailed description of the rotation
axis for any arbitrary y is given at the end of this section and the filters are plotted in figure 7.3 (a);
in the following we will only discuss the behaviour in the vicinity of the resonance positions. These
peaks are given by yc = (2k + 1)π + c π/n and yu = k 2π + c π/n (k ∈ N) for the conditional
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and unconditional part, respectively, with a maximum at the pure σx-type rotation c = 0, and c = ±1
describing a pure σy type rotation, or more general (see figure 7.3 (b))

σφ = cosφσx + sinφσy with φc = ∓c π
2

+ (1± 1)π/2, φu = ∓c π
2
. (7.4.6)

for ms = ±1. In the limit of large n (n & 4), the total filter function around the peak position
converges to a universal behaviour given by (see figure 7.3 (c))

Fc/utot '
sin (cπ/2)

c π
, (7.4.7)

leading to Fc/utot = 1/2 for a σx-rotation (c=0) and Fc/utot = 1/π for a σy-type rotation (c = ±1).
The accumulation of the cycles leads to a n-independent quantity, moreover the k-independence re-
veals that higher order resonances do not lead to a reduction in gate speed quite opposed to the limit
discussed in section 7.3. That is, a larger total rotation angle can be obtained both by increasing n
or increasing the resonance order k. These higher resonances only lead to a reduced noise decou-
pling for a fixed coupling A, thus decoherence sets an upper limit for k. A pure additive behaviour
of individual cycles is exclusively obtained for c = 0, in which case the resonance condition is a
n-independent quantity, such that each cycle contributes with the same amount to the total rotation
angle without the need of taking the cycle number into account in the optimization process. In that
case, both trigonometric functions appearing as products in (7.4.2) evolve exactly in phase and there-
fore maximally contribute to the integration area in the time evolution operator. Any non-resonant
contribution is not scaling in n, such that e.g. the unconditional filter contribution at the conditional
resonance peak yc can be neglected for sufficiently large n and vice versa. The resonance landscape
becomes more and more sharply peaked around these resonances with increasing n. Even apart from
those large n limiting cases, the unconditional filter Futot is exactly zero at the conditional resonance
with c = 0 and c = 1 for an even and odd number of total decoupling sequences, respectively, thus
allowing for pure conditional σx and σy rotations. The analogue situation holds for the conditional
contributions at the unconditional peak, except that in this case the conditional contribution for odd
n is zero both at c = 0 and c = ±1. Thus, for a small total number of cycles, an even number of
pulses favours σx type rotations whereas an odd number shows advantages for σy-type ones. In the
limit of large n’s, off-resonant contributions are highly suppressed and render such a discrimination
gratuitous. However some care is required when dealing with n = 1, the only case that differs from
the above considerations.

General filter functions and rotation axis

Starting from (7.4.2), the ‘short time’ evolution following a first order Magnus expansion can be
written as

U ' exp

(
−i Ω

2
t
([
Fux (n, y)σx ∓Fuy (n, y)σy

]
⊗ 1−

[
±Fcx(n, y)σx + Fcy(n, y)σy

]
⊗ sz

))

(7.4.8)
with

Fux/y = (1/t) Re / Im
(∫ t

0
dt′ cos(A/2 sF (t′)) ei (A/2) t′

)

Fcx/y = (1/t) Im / Re
(∫ t

0
dt′ sin(A/2 sF (t′)) ei (A/2) t′

) (7.4.9)
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Figure 7.3: Strong coupling regime (spin-1 control qubit). (a) Filter functions for n=4 as defined
in (7.4.5) and (7.4.10). (b) Rotation axis angle φ (up to a π-inversion) for the conditional (red) and
unconditional resonance peak (blue, dashed dotted) as defined in (7.4.6). (c) Conditional filter around
the resonance peak (7.4.7) for the universal large n limit (red) and for n=4 (black dashed). The inset
shows the unconditional filter contribution at the conditional first order k=0 resonance point for n=4
(even,blue solid) and n=5 (odd, blue dashed).

which does lead to the results (see Appendix 7.A)

Fcx(n, y) = {∓} 1

4n

[
sin(ny) tan

(y
2

)]

Fcy(n, y) =
1

2n

{
sin2(ny/2)

cos2(ny/2)

}
tan

(y
2

)

Fux (n, y) =
1

4ny
sin(ny) (2 + y cot(y/2))

Fuy (n, y) =
1

2ny
sin2(ny/2) (2 + y cot(y/2)) .

(7.4.10)

with upper and lower expressions corresponding to even and odd sequences, respectively. The to-
tal filter functions for the conditional and unconditional rotations (7.4.5) follow out of (7.4.10) by
Fctot(n, y) =

√
Fcx(n, y)2 + Fcy(n, y)2 and Futot(n, y) =

√
Fux (n, y)2 + Fuy (n, y)2. The angle as

defined in (7.4.6) is then given by

cosφu =
Fux
Futot

, sinφu = ∓
Fuy
Futot

, cosφc = ∓ F
c
x

Fctot

, sinφc = −
Fcy
Fctot

(7.4.11)

that reduces to the more simple angle expression (7.4.6) around the peak positions.

7.4.2 Spin-1/2 control qubit

For a spin-1/2 control qubit, the Hamiltonian analogue to (7.4.2) takes the form

Hint =
Ω

2

(
σ+ e

i A sz sF (t) + h.c.
)

=
Ω

2
[cos (AsF (t))σx − sin(AsF (t))σy ⊗ sz] (7.4.12)

with sF (t) as defined in (7.4.3). Contributions can be either conditional or unconditional on the
control qubit, leading to a perturbative first order evolution description

U ' exp

(
−iΩ

2
t [σxFr − σy ⊗ sz Fi]

)
(7.4.13)
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with the filter defined as

F{r/i} = (1/t) {Re/Im}
∫ t

0
dt′
(
exp(i A sF (t′))

)
(7.4.14)

that does lead to the result (see Appendix 7.A)

Fr =
1

y
sin(y), Fi =

{
0

1/(ny) (1− cos(y))

}
(7.4.15)

with y = Aτ and upper and lower expressions referring to even and odd decoupling cycle numbers,
respectively. Whereas the unconditional filter Fr is additive in n, the conditional one Fi is not and
even zero for even sequences. This can be ascribed to the properties of the cosine and sine appearing
in the integral (7.4.14) and its symmetric and antisymmetric behaviour under inversion at the origin, a
property that arises due to the specific form of sF (t) in time. Thus in the conditional case subsequent
basic decoupling (Hahn-echo) sequences cancel, such that at most one such element survives for an
odd sequence, that way explaining its non-scalability.

In contrast, the unconditional part scales with the number of sequences and reaches its maximal
(almost equal to one) value in the regime of very fast decoupling pulses y � π with smaller higher
order peaks at y = (2k + 1) · π/2 (k ∈ N).

In summary, for a spin-1/2 control qubit in the strong coupling limit, a decoupled conditional gate
interaction turns out to be infeasible. Thus for most quantum information applications that regime
will be of little practical interest. Note that this implies, that for a spin-1 system the choice of the
decoupled subsystem as stated in (7.2.3) crucially determines its behaviour in the strong coupling
regime.

7.5 Limitations of the perturbative evolution and sliced evolution se-
quences

In the above analysis, only the first order Magnus expansion contribution has been retained. This is
certainly correct for small interaction periods and moreover to identify the different kinds of interac-
tions. However some care is required in generalizing these results to significant rotation angles, such
as e.g. the creation of maximally entangled states. We will analyze these limitations here and outline
a path for the generation of large rotation angles based on a sliced evolution sequence.

7.5.1 Validity range of the first order expansion

With the definition Hint = Ω/2 H̃int (Ω has to be replaced by A in the Ω � A case), the Magnus
expansion can be written as

U = T exp

(
−i
∫ t

0
Hint(t

′) dt′
)
' exp

( ∞∑

i=1

Ωi(t)

)
(7.5.1)

with

Ω1(t) = −iΩ/2

∫ t

0
H̃int(t

′) dt′

Ω2(t) = −1

2

(
Ω

2

)2 ∫ t

0
dt1

∫ t1

0
dt2

[
H̃int(t1), H̃int(t2)

]
.

(7.5.2)
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To guarantee absolute convergence, it is sufficient that [151]
∫ t

0‖Hint(t
′)‖dt′ < π. With ‖H̃int‖ ≤ J

(sup0<t1<t‖H̃int(t1)‖ = J), it follows that ‖Ω1(t)‖ ≤ Ω/2J t and ‖Ω2(t)‖ ≤ 1/2 (Ω/2)2 t2 J2.
More general, if absolute convergence is ensured [151]

∥∥∥∥∥
∞∑

i=k

Ωi(t)

∥∥∥∥∥ ≤ Ck
(

Ω

2

)k
(J t)k (7.5.3)

with a constant Ck = O(1).
We will assume a unitarily invariant matrix norm in the following, as e.g. the trace and Frobe-
nius norm, in which case ‖H̃int(t)‖ = J . Then the above estimations allow for a bound on the
time evolution in order to neglect higher order terms dependent on the actual first order contribution
||Ω1(t)|| = |Ω|/2J F t and F < 1 the total filter function as previously described.

More approximate, in the limit of large n′s and close to resonance

∥∥∥∥
∫ t

0
dt1

∫ t1

0
dt2

[
H̃int(t1), H̃int(t2)

]∥∥∥∥ ≤ 2

∫ t

0
dt1

∥∥∥H̃int(t1)
∥∥∥
∥∥∥∥
∫ t1

0
dt2H̃int(t2)

∥∥∥∥

. 2 J2F
∫ t

0
dt1 t1 = J2F t2

(7.5.4)

where the ‘coarse grain’ estimation, approximately valid in the quasi-resonant (positive additive)
regime for sufficiently long times, ‖

∫ t1
0 dt2 H̃int(t2)‖ . FJt1 has been used, a result that arises from

the previously discussed filter function discussion and is strictly valid only for the filter end time
t = 2nτ . This then leads to

‖Ω2(t)‖ .
(

Ω

2
J t

)2 1

2
F ∼

(
Ω

2
F t J

)2

(7.5.5)

that, compared to the first order contribution ‖Ω1(t)| = (Ω/2FtJ) = θ/2 J , reveals that the second
order contribution is of O([θ/2]2). An exact analysis for the second order expansion contribution in
the weak coupling limit, in accordance with the results stated above, is presented in Appendix 7.B.
This clearly limits arbitrary gate interactions to small rotation angles θ; however, as will be seen in
the following section, a sliced evolution of a series of smaller θ′ rotations allows for the construction
of larger angles, a process that either arises naturally (c=0 resonances) or can be constructed by a
modified decoupling sequence.

7.5.2 Sliced gate evolution sequences

As previously noted, retaining only the first order terms of the Magnus expansion, restricts the achiev-
able rotation angle to θ/2 � 1, which does not give much benefit for practical applications as e.g.
the creation of entanglement. However, for a single or few decoupling cycles n′ this forms a valid
approximation in the perturbative limit discussed here. In the following discussion we will focus on
the Spin-1 A � Ω situation as discussed in section 7.4.1, however it should be noted that it holds
as well for the situation discussed in section 7.3 by merely replacing Ω → A and A/2 → Ω and
exactly the same conclusions can be drawn. In the A � Ω limit the acquired phase is given by
θ = 2 (Ω/A)n yFtot(n, y), with the filter referring to the conditional or unconditional one dependent
on the pulse sequence, which is small as long as n and y are. Let us assume that the total sequence
is split into s smaller sequences as depicted in figure 7.4 (b), with sequence k containing nk-basic
π-pulse decoupling sequences in the time interval [tk, tk+1), such that for each sequence the first
order Magnus expansion forms a good approximation. In that case the (non-interaction frame) time
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evolution sequence can be reliably approximated by

U '
s−1∏

k=0

e−iH0 ∆tk e−i
∫ ∆tk
0 Hk

int(t
′) dt′ = e−iH0 t

s−1∏

k=0

e+iH0 tke−i
∫ ∆tk
0 Hk

int(t
′) dt′e−iH0 tk

= e−iH0 t
s−1∏

k=0

e
−i

∫ tk+1
tk

Hint(t
′) dt′

(7.5.6)

where we have defined ∆tk = tk+1 − tk, t0 = 0 and the absolute time t ≡ ts. Hk
int(t

′) indicates that
sz acting on the control qubit has to be replaced by−sz for a total odd preceding number of π-pulses.
From this equation it becomes clear that for the kth sequence, or equivalently for the lower integral
time limit ‘t0 = tk’ in the interaction picture integral, the evolution can be described as the initial
(‘t0 = 0’) Hamiltonian evolution but in a frame rotated by exp(−iH0 tk). This means that in order
to maintain the desired rotation axis, the pulse sequence for subsequent pulses has to be adapted in
order to account for that rotation.
In the spin-1 model, exp(−iH0 tk) = exp(−i A/4 (sf (tk)sz + tk)σz) = exp(−i A/4 tk σz), where
we used that sF (t) is always zero at the end of a basic decoupling cycle. This implies a coordinate
system rotation by ϑ = A/2 tk for the kth sequence (see figure 7.4 (a)), an angle that is closely linked
to the rotation axis as will be seen in the following. As an illustration we will consider a conditional
rotation adjusted to a rotation axis φ(c) = −c π/2 (up to a global minus sign of the rotation angle),
which requires that y ≡ Aτ = (2k+1)π+c π/n1 for the first cycle consisting of n1-pulses. Thus, at
the end of this cycle, the coordinate system for the second slice will be rotated by ϑ = (A/2) 2n1τ =
(2k + 1)n1π + cπ. In order to maintain the original rotation axis for an accumulation of the rotation
angle, the decoupling pulse sequence has to be adjusted to φ(−c) = +c π/2 for the second slice. It
might seem puzzling at first that for an odd number of preceding decoupling sequences the whole
situation is additionally inverted by a π-pulse; however note that also sz → −sz in that case, such
that the subsequent pulse has to be adjusted to the negative initial rotation axis and this does not cause
additional complications. For the unconditional resonance regions such an inversion does not occur
in the coordinate system rotation as can be easily verified. After a second slice with a decoupling
sequence tuned to −c, ϑ restores to the initial coordinate frame up to a potential π-pulse, such that a
total large angle rotation can be performed by a series of slices with

c→ −c→ c→ −c . . . (7.5.7)

that guarantees a constant rotation axis. For c different from zero such a slicing leads to a significant
improvement of the gate interaction as illustrated in figure 7.4 (c). The refocusing after two slices
also allows for the simple subsequent implementation of other rotation axes, by simply choosing a
different value for c after an even number of slices.

An interesting special case is given by c=0. In that case no adjustment of the pulse sequence for
subsequent slices is necessary and any large rotation angle accumulation of a large n sequence can
be considered as a sliced evolution of basic decoupling sequences, each contributing as a rotation
around the same axis and therefore purely additive; a fact also reflected in the n-independence of the
resonance condition. That is, the c=0 case is (approximately) exact for any rotation angle as long
as the time evolution within a single basic decoupling unit is sufficiently small, a prerequisite that is
automatically fulfilled in the perturbative, A� Ω limit considered here.

For c = 1 on the other hand, an adjustment of the rotation angle between individual slices is crucial,
as otherwise subsequent slices are subtractive resulting in no rotation angle accumulation at all.

As the total filter function is symmetric under the inversion of c, the total gate speed is preserved in
the spin-1 case. For the spin-1/2 situation this symmetric amplitude behaviour is only fulfilled in the
limit of large n’s, i.e. if a single slice contains sufficiently many π-pulses. Note also that such an
iterative sequence does not destroy the decoupling which is merely slightly enhanced for smaller y,
i.e. in the -c sequence.
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Figure 7.4: Sliced gate setup. (a) Rotation of the coordinate system after a single slice tuned
to the σcφ rotation axis gate evolution. The second slice can be described in the ϑ = cπ rotated
frame {σ̃x, σ̃y} and a change of the sequence to -c is required to maintain the original rotation axis.
For odd conditional sequences an additional π inversion has to be taken into account. (b) Sliced
evolution setup composed of a total of s iterating sequences characterized by c and -c, respectively.
(c) Conditional σy (c=1) π/2-rotation composed out of 4 slices with three π-pulse slices (shaded in
different colors analogue to (b)) with A/Ω ' 0.07. Echo pulse positions are indicated by the red
arrows. Blue and red dashed lines illustrate the perfect (effective) conditional gate evolution; the
coincidence with the real gate evolution at the end of each slice being a measure for the process
fidelity. For comparison, the evolution of a single n=12 slice is shown plotted in dashed-dotted lines
(A/Ω ' 0.06, upper x-axis). The slightly different evolution timescales for the sliced and non-sliced
analogue arise from the non-universality of the filter for small n’s (n=3).

The sliced evolution formula as given in (7.5.6) also allows, besides the construction of accurate
rotation sequences, for the interpretation of large (fixed c) constant decoupling sequences that exceed
the perturbative first order expansion range (see figure 7.5). A sequence with e.g. y = (2k + 1)π + ξ
consisting of n-pulses can be interpreted as a sequence of smaller n′ units each with a rotation axis
φ(c′=n′ ξ/π) in a coordinate frame that rotates by ϑ = c′ π = n′ ξ in between each sequence (up to
a π-pulse for odd sequences). That is, e.g. a sequence that is tuned to the n-th order c = 1 resonance
y = (2k + 1) + π/n can be split in slices of n′ < n sequences with effectively c′ = n′/n and a
coordinate system rotation by ϑ = c′π = πn′/n for each slice up to a total rotation angle ϑmax = π.
In the limit of large n, the axis parameter c′ ' 0 such that in this case the rotation axis corresponds to
φ′ ' 0 in a rotating coordinate frame.

Finally it should be noted that a c 6= 0 rotation axis can alternatively be achieved by mapping the evo-
lution on the stable c=0 axis via local operations. In the perturbative limit, noting that the individual
Hamiltonian contributions act on significantly different timescales, such local rotations can often be
approximately realized through an adjustment of the total interaction time (similar to the treatment in
section 5.5.2).

7.6 Summary and Overview

Gate interactions in the filter framework have been analyzed both in the strong and weak coupling
regime, which allows for a close analogy to the description of decoherence decoupling and is sum-
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Figure 7.5: Interpretation of a large n sequence. (here: spin-1/2, Ω� A) (a) A large n sequence
can be decomposed in a series of smaller n′ sequences accompanied by a coordinate system rotation
of ϑ = c′π with c′ = c n′/n up to a total cπ-rotation. This also leads to a rotation of the rotation
axis (red arrow) in time. (b) Simulation of a n=20 conditional c=1 sequence with A/Ω ' 0.06 that
does reveal the behaviour outlined in (a). For comparison a pure effective σy rotation has been added
(dashed lines).

marized in table 7.1. Remarkably, in the weak coupling regime, the filters of both frameworks turn
out to be equivalent, despite they do describe vastly different dynamics: the quantum entanglement
of a central control spin with a distinct target spin on the one and the dephasing of a central spin
by a classical (Gaussian) fluctuating noise field on the other hand. From a decoherence perspective
on the control spin subsystem, both mechanism can have similar, yet distinctive effects [306, 260].
The filter discussion here, to maintain simplicity, has been limited to a first order time expansion,
which practically is a limitation to small rotation angles θ < 1 and well suited to identify the range
of possible universal interactions. For the relevant resonance peaks such a treatment is exact even in
the long time limit and approximately exact in the close vicinity of these peaks (c� 1 in the preced-
ing discussion), allowing for the identification of the resonance condition and an exact description of
the most important parameter region in a simple and illustrative formalism. Moreover, slicing of the
total evolution in smaller time intervals offers a path for obtaining different rotation axes outside the
main resonances as well as provides a description for the interpretation of arbitrary evolutions beyond
the perturbative limitations within the formalism. This insight can be useful for the construction of
high-resolution filters for spin sensing [304] by alternating pulse spacings, which are currently often
limited by the break-down of the filter formalism applicability range for longer times. General exact
evolution descriptions valid in any limit have been derived previously [275, 260, 160, 306], leading
to the same conditions for the main resonance peak. Albeit their advantage of being exact, these
expressions are more cumbersome in their formulation and interpretation.
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Spin 1/2 & 1 Spin 1/2 Spin 1

A�Ω (weak coupling) A�Ω (strong coupling) A�Ω (strong coupling)

Scalable interaction conditional unconditional conditional or unconditional

Rotation plane σzσzσz - σy σx σxσxσx - σy

Max. res. coupling 2 / (π(2k + 1))A → 1Ω (y→ 0), 2/(π(2k + 1))Ω (1/2) Ω

(‘c=0’ amplitude) scales in n scales in n scales in n and k

Resonance condition x = (2k + 1)π2 + c π
2n y → 0, y = (2k + 1)π2

cond.: y = (2k + 1)π + cπ/n

uncond.: y = k 2π + c π/n

Coord. rotation ϑ
cπ 0 cπ(up to π invers.)

Applications [306, 160, 260, 261] [275]

Table 7.1: Gate interactions and properties for H = Ω/2σx + A/2σz ⊗ Sz(t) for different control
spin states Sz and coupling regimes. Spin-1 assumes that the ms = 0 state is involved in the decou-
pled two level system; otherwise the situation reduces to the spin-1/2 analogue. The bold rotation axis
corresponds to the additive one, that is exact even outside the perturbative limit. The coordinate rota-
tion indicates the rotation angle ϑ after a complete decoupling sequence according to the resonance
condition. (x = Ωτ and y = Aτ )
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Appendix

7.A Filter functions for the strong coupling limit

7.A.1 Spin-1 control qubit

The filter functions for the spin-1 strong coupling configuration can be calculated according to (7.4.9).
Based on the notation provided in figure 7.1, the triangular wavefunction appearing in these expres-
sions can be expressed as

sF (t′) =

n∑

k=0

(−1)k (t− k 2τ) θ(tk+1 − t′) θ(t′ − tk) (7.A.1)

with the Heaviside step function θ(t). We will start by calculating

Ξc :=

∫ t

0
dt′ sin

(
A

2
sF (t′)

)
ei(A/2) t′ (7.A.2)

out of which the conditional filter functions follow essentially as the real and imaginary parts. Insert-
ing (7.A.1) in (7.A.2), noting that the (−1)k prefactor can be placed in front of the sine-function and
re-expressing the latter in terms of exponential functions yields

Ξc =

[
1

2i

n∑

k=0

(−1)ke−iAkτ
∫ tk+1

tk

eiAt
′
dt′

]
−
[

1

2i

n∑

k=0

(−1)keiAkτ
∫ tk+1

tk

dt′

]
= Ξlc − Ξrc (7.A.3)

where the defined quantities Ξlc and Ξrc correspond to the left and right terms in square brackets,
respectively, and will be evaluated separately. Performing the integration in Ξlc and subsequently
separating the ‘special’ times t0 = 0 and tn+1 = 2nτ

Ξlc = − 1

2A

n∑

k=0

(−1)ke−iAkτ
(
eiAtk+1 − eiAtk

)

= − 1

2A

[
−1 + (−1)n eiAnτ +

n−1∑

k=0

(−1)ke−iAkτeiAtk+1 −
n∑

k=1

(−1)ke−iAkτeiAtk

]

=
1

2A

[
1− (−1)neiAnτ + 2 cos

(
A

2
τ

)
e−i(A/2)τ

n∑

k=1

(−1)keiAkτ

]
(7.A.4)

where in the last step both sums have been combined by shifting the sum index and in addition
tk = −τ + k 2τ (for k 6= {0, n+1}) has been inserted.
For Ξrc , upon evaluating k=0 and k=n separately, and noting that ∆tk := tk+1 − tk takes the value
∆tk = 2τ except for ∆t0 = ∆tn = τ , one obtains

Ξrc =
τ

2i

[
1− (−1)n eiAnτ + 2

n∑

k=1

(−1)k eiAkτ

]
. (7.A.5)
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Thus it remains to calculate the sum appearing in both (7.A.4) and (7.A.5), that, using the geometric
series property

∑n
k=1 x

n = x(1− xn)/(1− x) evaluates to

n∑

k=1

(−1)k
(
eiAτ

)k
=
ei(A/2)(n+1)τ

cos((A/2)τ)

{
i sin ((A/2)nτ) for n even
− cos ((A/2)nτ) for n odd .

(7.A.6)

Now combining (7.A.6), (7.A.5) and (7.A.4), the conditional filter integral (7.A.3) can be evaluated
to

Ξc ≡
∫ t

0
dt′ sin

(
A

2
sF (t′)

)
ei(A/2) t′ =

[
1− (−1)neiAnτ

]( 1

2A
+ i

τ

2

)

+ ei(A/2)nτ

[
1

A
+ i

τ

cos((A/2)τ)
ei(A/2)τ

]{
i sin ((A/2)nτ) for n even
− cos ((A/2)nτ) for n odd .

(7.A.7)

The conditional filters (7.4.10) then follow out of Fcx = (1/t)Im (Ξc) and Fcy = (1/t)Re (Ξc) and the
total conditional filter (7.4.5) Fctot = (1/t)|Ξc|.
An analogue calculation can be performed for the unconditional filters, resulting in

Ξu :=

∫ t

0
dt′ cos

(
A

2
sF (t′)

)
ei(A/2)t′ =

[
1− eiAnτ

]( i

2A
+
τ

2

)

+ ei(A/2)nτ sin

(
A

2
nτ

) [
1

A
+

τ

sin((A/2)τ)
ei(A/2)τ

]
,

(7.A.8)

which holds for both, even and odd numbers of decoupling cycles, and leads to the filter expressions
(7.4.5), (7.4.10) via Fux = (1/t)Re(Ξu), Fuy = (1/t)Im(Ξu) and Futot = (1/t)|Ξu|.

7.A.2 Spin-1/2 control qubit

For the spin-1/2 strong coupling regime the filter functions are defined by (7.4.14). For the conditional
part it remains to calculate

ζc :=

∫ t

0
dt′ sin(AsF (t′)) . (7.A.9)

Inserting (7.A.1) and performing the integration, this leads to

ζc =
n∑

k=0

(−1)k
∫ tk+1

tk

dt′ sin
(
A[t′ − k2τ ]

)

= − 1

A

n∑

k=0

(−1)k [cos(A[tk+1 − k2τ ])− cos(A[tk − k2τ ])] .

(7.A.10)

Upon separation of k=0 and k=n, and inserting tk = −τ + k2τ except for t0 = 0 and tn+1 = 2nτ ,
this leads to

ζc = − 1

A

[
(1− cos(Aτ))(−1 + (−1)n) +

n−1∑

k=1

(cos(Aτ)− cos(−Aτ))

]

=
1

A
(1− cos(Aτ))(1− (−1)n)

(7.A.11)

and finally results in the filter (7.4.15) defined by Fi = (1/t)ζc. A completely analogue calculation,
replacing the sine by a cosine in (7.A.9), can be performed to deduce the unconditional filter.
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7.B Second order filter contribution

For the weak coupling limit as described in section 7.3, the second order contribution of the Magnus
expansion (7.5.1) and (7.5.2) follows as

Ω2(t) = −i (A/2)2 t2F (2)(n, x)σx ⊗ 1 (7.B.1)

with the second order filter function defined as

F (2)(n,Ωτ) =
1

(2nτ)2

∫ t

0
dt1

∫ t1

0
dt2 sin(Ω[t1 − t2]) s(t1)s(t2) . (7.B.2)

and illustrated in figure 7.B.1. For the first order (x=π/2 + cπ/(2n)) resonance it turns out that the
filter is zero at the main resonance peak c=0 and takes its maximal value for c=1. However this be-
haviour is non-universal for higher order resonances.
Note that, up to second order the time evolution takes the form (7.3.5)
U ' exp(−i

[
θ/2σφ ⊗ σz + (θ/2)2 (F (2)/F2

tot)σx ⊗ 1
]
) with Ftot the total first order filter as de-

fined in section 7.3. As can be deduced from figure 7.B.1, F (2)/F2
tot . 1 in the resonance regions

(0 ≤ c ≤ 1) rendering the second order contribution . (θ/2)2 as expected out of (7.5.5).
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Figure 7.B.1: Second order filter. Filter function of the second order Magnus expansion term F (2)

in the weak coupling limit. (a) Comparison of the second order filter to the first order contributions
Fr and Fi as defined in (7.3.2) and (7.3.4) for a fixed number of decoupling pulses n=6. (b) Second
order filter F (2) for different numbers of decoupling pulses n.
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Chapter 8

Concluding Remarks and Outlook

Novel schemes for manipulating, controlling and scaling nitrogen vacancy centers (NV-centers) in
diamond have been proposed, which open up new fields of application. This concerns in particular
the proposed avenue for coupling the defect center to intrinsic phonon modes, the bottom-up arrange-
ment of nanodiamonds along with techniques for the fully coherent addressing of NV-centers in such
structures, the interferometry with nanodiamonds which relies on the mesoscopic‘particle’ nature,
and the development of an illustrative framework for designing and understanding hybrid NV-nuclear
spin couplings. The impact of these studies can be ascribed to different fields: On the one hand to
the field of coherent control, which comprises protocols for gate interactions and tailoring the system
properties by external fields. On the other hand the better understanding of existing properties, as
e.g. the phonon mode spectrum and its size dependence or the analysis of surface noise. Moreover,
fundamental questions of physics have been approached, the interferometry with ‘massive particles’,
the role of decoherence, and the validity of quantum mechanics.

Whereas the vibronic properties with its associated appearance of sidebands in the spectrum have
been known for decades [71, 72, 199], approaches for the coherent coupling to well-designed intrin-
sic modes are being pursued only recently. In fact, this has become a very active field within the last
years with several experiments designed and proposed [178, 210, 266, 31]. However, further minia-
turization will be required in order to reach a coherent quantum regime, which is certainly within
range in the near future. To date, most anticipated experiments focus on the weaker ground state
phonon coupling, as these ground state manipulation techniques are well-controlled and coherence
times are less restrictive, thus allowing at least in principle for larger scale structures. A close inspec-
tion however shows that reaching a quantum regime in these structures requires coherence times at
the very maximum of what is currently reported [26]; nanoscale structures clearly deviate from those
values as has been covered in the discussion of close to surface NV-centers in chapter 5. In particular
in this nanoscale regime, using the ground-excited state phonon mechanism as proposed in chapter 4
can provide a clear advantage in coupling strength and thus has the potential for reaching coherent
quantum regimes even in the presence of much shorter ground state coherence times; despite the
additional decoherence mechanism associated with radiative decay. With the development of tech-
niques for optical control of the NV-center states [296, 131] and better understandings of the excited
state properties [28, 113], significant hurdles for involving the excited state level structure have been
overcome, thus making such concepts feasible.
A closer inspection will have to be carried out in the future for analyzing the mode quality factors of
nanocrystals and their dependence on the shape and boundary conditions. For the spherical nanocrys-
tal, the lowest order breathing mode has been identified as promising and high quality factors can be
expected as a result of energy conservation and its non-degeneracy. However, such types of modes
crucially depend on the surface properties and shape, and deviations from the perfect situation may
need further consideration, either perturbatively [262] or numerically [214]. Nevertheless, the pro-
posed phonon coupling mechanism is not restricted to nano-particles, but also holds for designed
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nanostructures with well-known mode properties [31, 287].
An analysis on how the dipolar coupling influences possible phonon-mediated gate interactions has
been carried out in the discussion of chapter 4. This effect can exceed the coupling strength of the
phonon mechanism on the nanoscale. Optimizing gate interactions by the methods of optimal con-
trol [88, 245] can help to clearly select a particular interaction mechanism. As a last remark, a closer
inspection of the, advantageously particle size independent, optical phonon mode in diamond [168]
and its capability for coherent addressing via NV centers would be certainly worth doing.

The creation of a controllable system of multiple, coherently interacting NV-centers remains a yet to
be realized milestone for the application of colour centers for quantum computation or simulation. To
date, the record is given by the entanglement of two NV centers [87, 36]; a further scaling is highly
restricted by the limited implantation controllability for close enough NV-centers, or by the rather
complex optical coupling mediating the entanglement generation, respectively. Thus even modest
numbers of coherently interacting NV-centers can be considered as a significant step towards scala-
bility. The proposed method of using biological scaffolds for the directive ordering of nanodiamonds
in chapter 5 thus forms a promising approach in that direction. We have shown that coherent condi-
tional quantum operations with the potential for individual addressing are feasible in such systems; the
latter holds at least for a limited amount of nanodiamonds. Improvements, in particular as it concerns
the sample purity, will be necessary in augmenting coherence times in nanocrystals for ultimately
reaching the surface limited times required for high fidelities; moreover high probabilities for nan-
odiamonds containing NV-centers are required to achieve significant yields. Currently the coherence
behaviour in nanodiamonds and for close to surface NV-centers is actively explored [157, 233, 229].
Moreover, the importance of nanodiamonds as sensors [134, 246] gives additional significance to the
quest for amended diamond sample properties and fabrication techniques, such that improvements in
that direction can be expected within the next years. There are also currently attempts going on in
connecting nanodiamonds by the method of DNA origami; such a technique allows for irregularly
shaped structures or the controlled creation of disorder [166].
Continuous dynamical decoupling has been chosen in the proposal, advantageous in that only a mod-
est (∼MHz) field strength is required; combined with the inhomogeneous level splitting as a result
of the random symmetry axes orientation this allows for individual decoupling configurations. Con-
ceptually simpler gates based on pulsed decoupling [87] are prone to imperfect population inversions
in such inhomogeneously broadened systems as they operate neither in the perfect ‘individual ad-
dressing’ regime nor in the ‘global population inversion’ regime. Related to this symmetry axes
randomness, which brings both advantages (e.g. addressability) and disadvantages, techniques for
the readout and initialization of NV-centers in the limit of strong magnetic fields will have to be
refined; a viable path is given for example by applying resonant excitation techniques [226].

As it concerns the interference with diamonds, we have shown in chapter 6 that this does have poten-
tial to test fundamental limitations of quantum mechanics, namely modifications induced by quantum
gravity (QG). Experimental techniques for nanodiamonds will yet have to be demonstrated and can
be adopted partly from the well-known framework of interference with atoms [61]; moreover simi-
lar harmonically trapped, conceptually rather simple interferometric setups can be constructed [243].
Naturally, interference setups crucially depend on high-precision implementations, as any small error
has the potential to significantly alter the interference phase. Thus it is crucial to identify the different
sources alternating the interference phase for a clear identification of e.g. QG signatures; this has
been shown to require a re-analysis of previously estimated bounds on QG in [17, 196].
It is also interesting to consider the impact of the analyzed linear QG correction to the energy momen-
tum dispersion on the particle dynamics. In the time evolution this does have a clear interpretation
as a displacement in position, however the absolute value dependence complicates such an analysis.
In fact, the non-continuous behaviour at |p|=0 can lead to non-Hermitian properties. Thus the impact
of QG on the equations of motion requires further studies and is in fact the subject of controversial
discussions [139].
Apart from QG applications, the proposed interference framework and analysis holds equally true for
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decoherence studies or standard interferometric measurements with nanodiamonds or other nanopar-
ticles. Even though the inverse mass scaling of the beam-splitter operation does not lead to an ef-
fective phase enhancement for the measurement of potentials linear in mass, as e.g. gravitation, the
same phase is obtained by a smaller interferometric area and thus less prone to decoherence. In fact,
increasing the sensitivity by purely increasing the area enhances at the same time the deleterious
components and can render an observation of the anticipated phase impossible [59, 60]. Last, the
proposed general framework for the interference pattern calculation can be applied to a wide-range of
pulsed interferometric setups; in particular for many paths involved it allows for the straightforward
numerical evaluation.

In chapter 7 an illustrative framework for the analysis of hybrid NV-nuclear spin interactions has been
presented based on the ‘filter formalism’. In particular this has led to a clear identification of its va-
lidity range, and related with that to a clarification under which conditions single spin sensing experi-
ments can be described within the framework known from decoherence. Such a description has been
previously used for single-spin sensing experiments [306] and its limitation to small interaction times
has been noted [304]; however a clear explanation why the modelling in such a semi-classical frame-
work holds true and rigorous identifications of its validity range have not been given in these works.
Besides clarifying these issues, we have extended the framework to long times and rotation angles
by a ‘slicing’ into smaller timesteps. Whereas the ‘resonance positions’ can generally be correctly
identified in the perturbative limit, the ‘resonance width’ crucially depends on the timescale. The
insight gained from the performed analysis is crucial for constructing gate interactions but also for an
understanding of the coupling dependence on the (decoupling) pulse spacing beyond the perturbative
limit. Importantly, this allows for the straightforward construction of non-equidistant pulse sequences
for a tailored interaction. In a subsequent step these sequences can then be tested and refined by using
exact evolution formulas [260, 159, 306]; the non-linear dependencies of the exact formulas signif-
icantly complicate an intuitive construction of designed interactions from first principles. Notably,
non-equidistant sequences show potential for improving spin-sensing protocols and apart from very
recent work [304] have not been well-studied for NV centers yet. They thus have the potential for
further improving the very important application of NV centers as spin-sensors [246, 306, 183].
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