
Universität Ulm

Universität Ulm
Institut für Theoretische Physik

Controlled Quantum Dynamics Group

Efficient System Identification and
Characterization for Quantum

Many-Body Systems

Dissertation zur Erlangung des Doktorgrades (Dr. rer. nat.)
an der Fakultät für Naturwissenschaften der Universität Ulm

vorgelegt von

Tillmann Baumgratz
aus Schwäbisch Hall

Ulm, Juni 2014





The work presented in this thesis was carried out at the
Institute of Theoretical Physics
University of Ulm
Albert-Einstein-Allee 11
89069 Ulm, Germany

under the supervision of
Dr. Marcus Cramer and
Prof. Dr. Martin B. Plenio.

Dekan der Fakultät: Prof. Dr. Joachim Ankerhold
Erstgutachter: Prof. Dr. Martin B. Plenio
Zweitgutachter: PD Dr. Simone Montangero
Drittgutachter: Prof. Dr. Andreas Winter
Tag der Prüfung: 4. Juni 2014





Abstract

The analytical, experimental, and even numerical investigation of quantum many-body systems
is pushed to its limits rather rapidly as the dimension of the Hilbert space scales exponentially
with the number of subsystems. As a result, tasks such as the exact diagonalization of general
quantum many-body Hamiltonians and the analysis of quantum experiments are limited to small
system sizes. In this thesis, we address two issues related to the exponential scaling of the Hilbert
space dimension: (i) The approximation of the ground state energy of many-body systems with
a lower bound and (ii) efficient strategies for quantum state tomography experiments.
While upper bounds on the ground state energy of quantum many-body systems are readily
available using well-established techniques such as density matrix renormalization group meth-
ods, lower bounds are hard to come by. Here, we formulate this problem without an explicit
representation of the ground state but rather minimize the energy over the set of reduced density
matrices by imposing partial N -representability conditions. The so-obtained lower bounds now
allow us to rigorously benchmark conventional techniques that estimate the ground state energy
and hence – together with the upper bounds obtained by DMRG methods – bound the ground
state energy of many-body systems from above and below.
Quantum state tomography addresses the problem of learning the quantum state of a well-
controlled physical system by inverting the measurements performed on identically prepared
realizations of the state in the laboratory. If a large number of particles is involved, state tomog-
raphy suffers from the exponential scaling of both the number of measurements that are required
to uniquely determine the quantum state and the post-processing resources that are needed to
invert the measurements performed on the system. We discuss how these limitations can be
overcome for a large class of physically relevant quantum states and states that are of interest for
quantum information processing, namely, ground states of gapped local Hamiltonians, thermal
states of local Hamiltonians, the classes of GHZ-type states and W-type states, and the permu-
tationally invariant states of indistinguishable particles. These states are similar in that their
parameterization scales algebraically in the number of subsystems. Some of them are matrix
product operators (matrix product states if they are pure) of low bond dimension, or very well
approximated by them. Others have a non-zero support only in the symmetric subspace of the
whole Hilbert space. We show that a vast majority of these states is uniquely specified if only
partial information about the full quantum state is available. For instance, we discuss states on
one-dimensional lattices which are uniquely determined by local information, that is, by mea-
suring the reduced density matrices to all blocks of contiguous sites. Furthermore, the n-particle
reduced density matrix of permutationally invariant states of N > n indistinguishable particles
allows to determine, e.g., coherent and spin-squeezed states – at least approximately. Further, we
discuss and introduce several reconstruction algorithms that are scalable in the system size and
hence allow for an efficient inversion of these measurements. Extensive numerical simulations
and the application to real experimental data demonstrate that these schemes enable quantum
state tomography to scale up to very large system sizes.
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Introduction

The word cloud2 on page ix depicts terms and phrases that capture the main content of this thesis.
The word sizes are scaled proportional to their importance to create a rough impression of the
presented topics. Words that suddenly catch one’s eye are tomography, quantum, efficient, and
many-body and, in fact, the discussion and development of efficient tomography techniques for
quantum many-body systems is indeed the main purpose of this thesis. Words like lower bound
and ground state energy appear smaller, yet are of no less importance indicating another part of
this work: the estimation of the ground state energies of quantum many-body Hamiltonians by
a lower bound. The intricacy of quantum operations implemented in laboratories are steadily
increasing, highlighting the importance of a reliable and scalable tomography of the prepared
states for the future of quantum technologies. Historically, the development of techniques to
rigorously benchmark properties and describe phenomena that appear in quantum many-body
systems furthered understanding of their complexity. The difficulty with the experimental and
numerical identification and characterization of quantum many-body systems stems from the
exponentially scaling dimension of the Hilbert space with the number of subsystems. This poses
great challenges for the efficient acquisition of sufficiently many data in an experiment and the
subsequent post-processing of the latter. Additionally, the theoretical determination of properties
of large-scale quantum many-body systems is hindered by the same issue – the exponential
scaling of the number of parameters in the models.
This thesis addresses these problems using two opposing methods: First, for some applications
it is convenient to restrict the considered states to a sound and physically justified subset of the
full Hilbert space. Secondly, we discuss scenarios where we enlarge the possible set of opera-
tors describing the quantum systems by relaxing the physically dictated constraints such as the
positivity of the overall quantum state. The former strategy enables quantum state tomography
techniques for large-scale quantum systems, while the latter leads to lower bounds for the ground
state energies of many-body systems.
Quantum state tomography seeks to determine a mathematical description of a quantum state
prepared in a well-controlled environment by inverting a complete set of measurements that
specifies the state uniquely [63,138]. Some systems of current interest allowing for the necessary
precision in control and readout for quantum experiments involving tomography schemes are,
for instance, linearly aligned ions in ion traps [54,66,75,85], photonic implementations [70,140],
cold atoms in optical lattices [6, 42], and two-component Bose-Einstein condensates [106]. In a

2Word cloud created via http://www.wordle.net/.
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2 Introduction

growing number of laboratories, full quantum state tomography is used as part of a regular tool to
verify the algorithms realized on quantum mechanical systems for small system sizes. In general,
quantum state tomography [63, 138], quantum process tomography [23], and quantum detector
tomography [78, 141] together are capable of characterizing the three main stages of a quantum
experiment. For quantum state tomography, in particular, the following basic ingredients are
required [88]:

(i) A convenient representation of the involved quantum states,

(ii) the experimental capability of determining a tomographically complete set of measure-
ments, and

(iii) a technique, i.e., a reconstruction algorithm, to invert the experimental data.

For a moderate number of particles, these three steps have been demonstrated to yield satisfac-
tory results when it comes to the characterization of quantum many-body states manipulated
under well-controlled conditions [54, 63, 70]. With increasing experimental control of the re-
alized systems, however, the exponentially scaling dimension of the Hilbert space hampers the
task of quantum state tomography due to constantly growing system sizes [54, 66, 75, 85, 140].
As of this writing – and to the best knowledge of the author – the largest quantum system on
which full quantum state tomography has been performed consists of eight qubits implemented
on a string of linearly arranged ions [54]. Full state tomography was realized by collecting
the data for a tomographically complete set of measurements in about ten hours, with a post-
processing time of more than one week [54, 86]. Extrapolating the required resources to larger
system sizes such as 14 ions – a system size that has been demonstrated to be experimentally
accessible [85] – exposes the underlying difficulty of state tomography on large system sizes:
With the technology used for the eight ion experiment, the collection of a complete set of mea-
surements for 14 qubits would last for more than 300 days – for 36 ions the required time would
be more than the age of the universe. These illustrative examples stress the need for tomography
schemes that overcome the exponential scaling of the items (i)-(iii) on the agenda for large-scale
state tomography.
At this point, one could either give up and abandon the wish for quantum state tomography
of large system sizes, or try to overcome these limitations and face the exponential scaling of
the Hilbert space dimension. Here, we pursue the latter by discussing and developing tailored
tomography schemes that rely on physically well-motivated assumptions about the considered
quantum states. Hence, this work embeds into recent developments that set out to circumvent
the exponential scaling by exploiting additional structures of the quantum state such as a low
rank [52], a local nature of correlations [30] or a specific form of the state [126]. For instance,
compressed sensing allows one to significantly reduce the number of required measurements
by implying a low rank of the considered state [19, 21, 45, 51, 52, 102], while permutation in-
variant tomography [30, 86, 126] and schemes that impose a matrix product state structure [30]
additionally allow to overcome the exponential scaling of the post-processing resources.
In this work, we exploit symmetries of the considered systems and adopt results from quantum
information theory to significantly reduce the number of parameters in the state representations
– restricting the full Hilbert space to sound and physically well-motivated subsets. For instance,
in the case of bosonic gases the symmetric subspace is the part of the full Hilbert space that cap-
tures all the information necessary to describe the internal degrees of freedom for the quantum
states of indistinguishable particles. Furthermore, a physically interesting and well-motivated
family of quantum states suitable for the description of one-dimensional systems are the so-
called matrix product states and operators [43, 95, 114, 131, 142]. This class of states lies at the
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heart of common density matrix renormalization group (DMRG) methods that set out to nu-
merically analyze the ground state properties of quantum many-body systems and has proven to
capture the relevant properties of these states [93, 107, 139]. In particular, we develop tailored
tomography schemes for two different physical realizations of quantum many-body systems:
finite-dimensional quantum systems on a one-dimensional lattice and clouds of indistinguish-
able particles with finite-dimensional internal degrees of freedom. Note that large classes of
physically well-motivated quantum states and states that are of interest for quantum informa-
tion processing fall into these categories. For instance, these representations are suitable to
characterize states on one-dimensional lattices such as ground states of gapped local Hamiltoni-
ans [58–60], thermal states of local Hamiltonians [58,72] and the classes of GHZ-type states [50]
and W-type states [37]. In addition, we consider states realized in two-component Bose-Einstein
condensates such as coherent and spin-squeezed states [1, 4, 35, 71, 111], emphasizing the fact
that the considered systems cover a wide range of physically relevant systems which are avail-
able today [54, 69, 75, 85, 105, 106, 140].
Moreover, as we will see, a substantial number of quantum states that fall into these categories
are not only determined by a linear number of measurements, but may also be efficiently recon-
structed from these measurements. In fact, addressing the issues (ii) and (iii), i.e., the ability to
determine a set of measurements that specify the state uniquely and the development of scalable
reconstruction algorithms that allow for the inversion of the data, are two of the main contribu-
tions of this thesis.
Another aim of this thesis is to approximate the ground state energy of quantum many-body sys-
tems. Methods such as the DMRG approach overcome the exponential scaling of the number of
parameters in the energy minimization problem by formulating the minimization as a variational
problem over a well-chosen class of states that can be parametrized efficiently [93,107,114,139].
As one varies over a subclass of all valid quantum states, methods of this type provide upper
bounds on the ground state energy. On the contrary, lower bounds may be obtained by differ-
ent techniques: Instead of restricting to a specific subset of the full Hilbert space, one explicitly
avoids the full representation of quantum states in the optimization but rather formulates the min-
imization problem by means of the reduced density matrices of the considered system [81, 83].
The ground state energy is minimized over the set of reduced density matrices that are com-
patible with a valid quantum state by incorporating the so-called N -representability conditions.
If only partial conditions are specified, one minimizes over too large a set of reduced density
matrices which results in a lower bound on the ground state energy. As the variational DMRG
methods find upper bounds on the ground state energy, this result in combination with these
well-established techniques, allows us to bound the ground state energy of many-body systems
from above and below.
While some aspects of the argumentation throughout this thesis3 are presented in great detail,
the chapters are not self-consistent but mostly built on the material that is presented in Part I.
In Chapter 1, we discuss efficient state representations for the physical systems analyzed in this
work [56, 95, 114]. The results of this chapter allow to overcome key point (i) discussed above,
that is, the capability to store state representations of quantum many-body systems on a classical
device. Chapter 2 is devoted to the discussion of the measurement process for certain classes of
physically relevant quantum systems and further to review some common reconstruction tech-
niques for small system sizes [63, 64, 103, 138].
Part II discusses the numerical analysis of quantum many-body systems by pointing out routes

3Parts of this thesis have first been published in [B1,B2,B3] – see the List of Publications on page vii – with the
author of this thesis as the first author. Phrases, figures and entire paragraphs from these references have directly
been included into this work where citations to these references are often omitted.
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that address the issues with the exponential scaling of the Hilbert space dimension. Chap-
ter 3 reviews ways to simulate ground states and thermal states of local Hamiltonians on one-
dimensional geometries. This chapter provides a variety of tools that will help to numerically
analyze the results throughout this thesis. In Chapter 4, we discuss a complementary method to
common DMRG techniques that determines lower bounds on the ground state energy of many-
body systems. These results rigorously benchmark the upper bounds obtained by the DMRG
methods discussed in Chapter 3. The results of Chapter 4 have already been published in [B1].
The largest part of this thesis, Part III, outlines and develops several efficient and scalable re-
construction techniques for large-scale quantum state tomography. While Chapter 5 reviews
methods for the tomography of pure states in one-dimensional geometries, Chapter 6 introduces
a direct inversion method for mixed quantum states published in [B2] and motivated by [43].
Moreover, we show that a large class of mixed quantum states is uniquely determined by a small
number of measurements, that is, by their reduced density matrices to all blocks of contigu-
ous sites. These results overcome issues (i)-(iii) that are necessary for a scalable tomography
scheme. A generalization of a common maximum likelihood approach for quantum state to-
mography for large systems is presented in Chapter 7 and has first been published in [B3]. The
only limitations for the application of this reconstruction scheme are that the set of measurement
operators grows only algebraically with the number of subsystems and, further, the individual
POVM elements are of tensor product form. The last chapter of Part III, i.e., Chapter 8, covers
an efficient reconstruction method for two-component Bose-Einstein condensates of N parti-
cles. Here, we exploit the multipole operators determined by the Clebsch-Gordan coefficients
to transform the state reconstruction into a matrix completion problem. We identify the exper-
imentally available measurements as the coefficients in the multipole expansion specifying the
reduced density matrix corresponding to n < N particles and, further, provide a certificate for
the reconstructed quantum state. We close with a detailed summary of this thesis and point out
potential future research directions related to this work.
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Chapter 1

Efficient State Representations for Quantum
Many-Body Systems

The intrinsic complexity of quantum many-body systems – namely the exponential scaling of
the number of variables not only for mixed, but also for pure states where full knowledge about
the systems’ quantum state is available – is a feature which clearly distinguishes it from classical
physics. This curse of dimensionality prohibits the desire to simulate the behavior of quantum
many-body systems and the quest for exact solutions of these systems. The mathematical charac-
terization of finitely correlated states [43] and the invention of the density matrix renormalization
group (DMRG) methods [93, 139] have greatly influenced the development of analytical tech-
niques and numerical algorithms approximating properties of quantum many-body systems in
one-dimension [93, 95, 114]. These methods have in common that they truncate the full Hilbert
space to reduce the number of parameters and hence to approximate the states within these mod-
els. This allows not only to determine properties of low lying eigenfunctions of Hamiltonians
with a finite interaction range but also the characterization of thermal mixtures at finite tempera-
tures [25,93,104,107,131,133,134,142]. These states are well approximated by states which do
not occupy the full Hilbert space but rather are restricted to a small subset characterized by the
families of matrix product states and operators [25, 31, 95, 104, 114, 131, 142]. This restriction
is motivated by applying results established in the field of quantum information theory where a
wide range of analytical techniques have been exploited to justify the approximation of phys-
ically relevant states by matrix product structures [5, 15, 41, 57–60, 72, 115, 130]. While these
approximations are a powerful tool to describe and analyze one-dimensional systems on lattices
such as distinguishable ions in an ion trap, we need to rely on different strategies to reduce the
exponential scaling of the Hilbert space when it comes to higher-dimensional systems such as
atomic clouds. For the latter system, we will exploit the indistinguishability of the constituents
to restrict our description to the totally symmetric subspace of the full Hilbert space. This, again,
reduces the number of parameters in the state representation from an exponential to an algebraic
scaling. In this chapter we discuss the intrinsic complexity of quantum many-body systems to-
gether with the notation used throughout this thesis. We review and motivate the families of
matrix product states and operators and outline properties that help to simplify computations at
later stages of this thesis. In the last section of this chapter, we discuss the restriction of quan-
tum states describing permutation invariant systems to the totally symmetric subspace. This
convenient representation arises naturally from the indistinguishability of the subsystems and is

7
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basically a text-book second quantization approach for their state representation. The results of
this chapter are pivotal for most parts of this thesis and hence are discussed in great detail.

1.1 Exact Description of Many-Body States

1.1.1 The Curse of Dimensionality

We set out to introduce the notation of quantum systems composed of N finite-dimensional
d-level subsystems. Examples falling into this class of states are certainly one-dimensional
arrangements of qubits with d = 2 levels [54,75,85] or atomic clouds of bosons with two internal
degrees of freedom [106, 113]. These kind of systems have been realized, e.g., for atomic ions
confined in electromagnetic traps [54, 75], photons in different spacial modes [70, 140], cold
atoms in optical lattices [6, 42], or two-component Bose-Einstein condensates realized on atom
chips [106]. Before we introduce the notion of quantum many-body states, let us first focus
on the description of states realized on one particle. For a mathematical description of these
states we equip the particle with a complex Hilbert space H. As we are only considering finite
dimensional d-level systems, we choose H = Cd. A pure quantum state |ψ〉 ∈ H is described
by a unit vector in this space [90]. Hence, we denote by

D =
{
|ψ〉 ∈ H

∣∣ ‖|ψ〉‖ = 1
}

(1.1)

the state space comprising all physically allowed pure realizations of one d-level system. Mixed
states naturally arise due to (i) the lack of information in which (pure) quantum state the system
is actually realized and (ii) the restriction of the observation to a subsystem of a larger Hilbert
space. To introduce mixed states, assume that the state is with probability pi in one of the states
|ψi〉 where i = 1, . . . , |∆| enumerates the ensemble of state realizations, i.e., we do not have
enough information to characterize the system in a specific pure quantum state. Then, the density
matrix for this system is defined by

%̂ =
∑
i∈∆

pi|ψi〉〈ψi| (1.2)

where 0 ≤ pi ≤ 1 for all i ∈ ∆ such that
∑

i∈∆ pi = 1. Note that %̂ ∈ B(H), where B(H)
denotes the set of bounded operators from the Hilbert spaceH toH and for finite dimensional d-
level systems we choose B(H) = Cd×d. Only a convex subspace of B(H) is suitable to describe
quantum mixed states as the density matrix is constrained to the set D1, i.e., the state space of
mixed states defined by

D = {%̂ ∈ B(H) | %̂ = %̂†, %̂ ≥ 0, tr[%̂] = 1}. (1.3)

Now, let {|i〉 | i = 1, . . . , d} and {P̂ (i) | i = 1, . . . , d2} be orthonormal bases for the Hilbert
spacesH = Cd and B(H) = Cd×d for pure and mixed states, respectively. Then, every pure and
mixed state, |ψ〉 and %̂, can be written as a linear combination of the respective basis elements,
i.e.,

|ψ〉 =
d∑
i=1

ψi |i〉 and %̂ =
d2∑
i=1

%i P̂
(i), (1.4)

1Note that, to simplify notation, we use the same character to denote the state space for pure and mixed states.
The difference for D describing pure and mixed states should be clear from the context.
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with ψi, %i ∈ C for all i. Note that, due to the Hermiticity of the density matrix %̂, one can choose
a Hermitian basis {P̂ (i) | i = 1, . . . , d2} such that %i ∈ R for all i, i.e., %̂ is an operator in a real
Hilbert space. Let us introduce two examples of orthonormal bases for the characterization of
qubits – one representative for the description of pure states and one for mixed states [90]:

Definition 1 (Computational basis for pure states (d = 2)) Let |ψ〉 be a pure quan-
tum state in H = C2. Then, |ψ〉 can be decomposed in the orthogonal basis
{|i〉 | i = 0, 1} where

|0〉 =

(
0
1

)
and |1〉 =

(
1
0

)
. (1.5)

Furthermore, the basis elements are orthonormal, i.e., 〈i|j〉 = δi,j .

For mixed states, a possible candidate for the orthonormal basis for qubits is given by the nor-
malized Pauli basis. Note that only one element of the Pauli basis satisfies tr[P̂ (1)] 6= 0.

Definition 2 (Pauli basis for mixed states (d = 2)) Let %̂ be a mixed quantum state
in B(H) = C2×2. Then %̂ can be decomposed in the orthogonal basis {P̂ (i) | i =
1, . . . , 4} where

P̂ (1) = σ̂(I)/
√

2, P̂ (2) = σ̂(X)/
√

2, P̂ (3) = σ̂(Y )/
√

2, P̂ (4) = σ̂(Z)/
√

2 (1.6)

and σ̂(i), i = I,X, Y, Z, are the Pauli matrices given by

σ̂(I) := 1 =

(
1 0
0 1

)
, σ̂(X) := X̂ =

(
0 1
1 0

)
,

σ̂(Y ) := Ŷ =

(
0 −i
i 0

)
, σ̂(Z) := Ẑ =

(
1 0
0 −1

)
.

(1.7)

Furthermore, the basis elements are orthonormal, i.e., tr
[
(P̂ (i))†P̂ (j)

]
= δi,j .

If we now allow for N particles and collect the N sites in the index set N = {1, . . . , N}, the
corresponding state will live in a Hilbert space which is the tensor product of the respective
subsystems, e.g., HN = H1 ⊗ H2 ⊗ . . . ⊗ HN for pure states [90], see Figure 1.1. A basis of
the full Hilbert space is readily constructed as the tensor product of the individual orthonormal
basis elements, i.e., {|i1, i2, . . . , iN 〉 | ik = 1, . . . , d for k = 1, . . . , N} and where

|i1, i2, . . . , iN 〉 = |i1〉 ⊗ · · · ⊗ |iN 〉 (1.8)

denotes one basis element. Equivalently, we obtain a basis of the Hilbert space required for the
description of mixed states by choosing {∏k∈N P̂

(ik)
k | ik = 1, . . . , d2 for k = 1, . . . , N} where

∏
k∈N

P̂
(ik)
k = P̂

(i1)
1 · · · P̂ (iN )

N = P̂
(i1)
1 ⊗ · · · ⊗ P̂ (iN )

N (1.9)
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H1

. . . . . .

1 2 k k + 1 NN − 1

⊗ ⊗ ⊗. . . . . .

N

H2 Hk Hk+1 HN−1 HN

Ik Jk

Figure 1.1: A one-dimensional quantum system composed ofN d-dimensional subsystems. The
dots represent the individual constituents, while the associated Hilbert spaces are denoted byHk
for k = 1, . . . , N . For pure states, we choose Hk = Cd, for mixed states Hk is replaced by
B(Hk) = Cd×d. The full system is described by objects occupying the Hilbert space which
is the tensor product of the individual subsystems, e.g., HN = H1 ⊗ H2 ⊗ . . . ⊗ HN . The
index set N = {1, . . . , N} collects all N sites whereas Ik = {1, . . . , k} ⊂ N and Jk =
{k + 1, . . . , N} ⊂ N are such that N = Ik ∪ Jk.

and, as for the pure setting, the subscripts denote the sites in the chain on which the operators
act. The individual states can then be expressed as

|ψ〉 =
d∑

i1,...,iN=1

ψi1,...,iN |i1, . . . , iN 〉 and %̂ =
d2∑

i1,...,iN=1

%i1,...,iN P̂
(i1)
1 ⊗ · · · ⊗ P̂ (iN )

N (1.10)

for pure and mixed states, respectively, whereψi1,...,iN , %i1,...,iN ∈ C for all ik and k = 1, . . . , N .
Counting the linearly independent basis elements in the respective Hilbert spaces HN and
B(HN ) reveals the intrinsic complexity of quantum many-body systems. The dimensions grow
exponentially with the number of subsystems, i.e., we have

|ψ〉 ∈ Cd
N

with dim[HN ] = dN and %̂ ∈ Cd
N×dN with dim[B(HN )] = d2N . (1.11)

This fact already points out the main problems addressed throughout this thesis, namely, the
task to overcome this scaling issue with respect to ground state characterization and quantum
state tomography for large N . Let us emphasize that, apart from some exactly solvable models,
this scaling even restricts the direct numerical analysis of quantum many-body systems to just
a few subsystems. In the next subsection, we discuss three selected Hamiltonians that describe
physically relevant quantum many-body systems. Then, we aim to introduce two representations
of quantum many-body states together with a justification of the latter such that these systems
are numerically and analytically tractable – at least approximately.

1.1.2 Exactly Solvable Models in One-Dimension – Some Examples

In this subsection, we briefly discuss examples of one-dimensional many-body systems. Note
that the list presented below is just a small sample of interesting quantum systems discussed in
the literature [7, 76, 97, 109, 122]. We solely restrict to systems and their properties we exploit
in later chapters to verify the schemes and techniques introduced in the context of ground state
characterization and large-scale quantum state tomography. We start our discussion with a spe-
cific Hamiltonian and then proceed by generalizing the structure of the Hamiltonians to a class
that covers a wide range of physically well-motivated systems – the family of R-local Hamilto-
nians. To analyze some systems, in particular the Ising model and the Heisenberg Hamiltonian,
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we will exploit the Jordan-Wigner transformation to map the spin systems to fermionic settings
given by the creation and annihilation operators ĉ†k and ĉk for all k = 1, . . . , N [76, 104]:

Definition 3 (Jordan-Wigner transformation) Let HN be the Hilbert space corre-
sponding to a one-dimensional system of N 2-level subsystems. The Jordan-Wigner
transformation

σ̂
(Z)
k = 1− 2ĉ†k ĉk, σ̂+

k = Ẑk−1ĉk, σ̂−k = Ẑk−1ĉ
†
k (1.12)

with Ẑk =
∏
l≤k σ̂

(Z)
l and σ̂±k = 1

2(σ̂
(X)
k ± iσ̂

(Y )
k ) maps the set of spin operators

{σ̂(Z)
k , σ̂+

k , σ̂
−
k } onto spinless fermions given by the creation and annihilation operators

ĉ†k and ĉk satisfying

{ĉk, ĉ†l } = δk,l, {ĉk, ĉl} = 0 = {ĉ†k, ĉ
†
l } (1.13)

for all k, l = 1, . . . , N .

As σ̂(Z)σ̂(Z) = 1 the inverse of the Jordan-Wigner transformation is computed straightfor-
wardly. Note that, however, the fermionic operators are highly non-local as, due to the factor
Ẑk, they are described by spin operators acting on many sites. We are now ready to review three
particular examples of many-body Hamiltonians.

The Ising Model: The Ising Hamiltonian in a transverse field is given by [97, 104, 109]

Ĥ = −J
∑
i

σ̂
(X)
i σ̂

(X)
i+1 − Γ

∑
i

σ̂
(Z)
i (1.14)

where we impose either open (1 ≤ i ≤ N − 1) or periodic (1 ≤ i ≤ N with σ̂(X)
N+1 =

σ̂
(X)
1 ) boundary conditions and for the second sum we have 1 ≤ i ≤ N . Here, we

restrict to the ferromagnetic system with J ≥ 0 and, further, consider only Γ ≥ 0 for
simplicity. While the first term specifies the interaction between nearest-neighbors with
coupling constant J , the second term describes the influence of an external magnetic field
of strength Γ in a transverse direction. In the limit g = Γ/J � 1 the ground state of
the system is in one of two distinct states where all spins either point up or down with
respect to the direction specified by X . Increasing the value of the parameter Γ destroys
this ordering, which leads to an orientation along the Z direction in the limit g � 1.
In fact, this is the dominant behavior for g < 1 and g > 1 whereas for g = 1 one
obtains a quantum critical point with vanishing excitation gap in the thermodynamic limit
N → ∞ [104, 109]. The Ising Hamiltonian can be diagonalized exactly with the help of
the Jordan-Wigner transformation. For this, let

ẐN =
N∏
l=1

σ̂
(Z)
l =

N∏
l=1

(1− 2ĉ†l ĉl) = (−1)
∑N
k=1 ĉ

†
k ĉk (1.15)

be the parity operator. For the Ising Hamiltonian we have [Ĥ, ẐN ] = 0, dividing the
Hilbert space into two subspaces with even and odd parity. The Hamiltonian transformed
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to the fermionic picture with periodic boundary conditions in the spin representation is
given by [104]

Ĥ =− J
N−1∑
k=1

(ĉ†k − ĉk)(ĉk+1 + ĉ†k+1)− Γ

N∑
k=1

(1− 2ĉ†k ĉk)

+ JẐN (ĉ†N − ĉN )(ĉ1 + ĉ†1).

(1.16)

As ẐN depends on the fermionic creation and annihilation operators, this Hamiltonian
cannot be diagonalized straightforwardly. Note, however, that the eigenstates of the Ising
Hamiltonian may be chosen to possess a definite parity as Ĥ and the parity operator ẐN
can be diagonalized simultaneously. Now, let {|ψi〉 | i = 0, . . . , 2N − 1} denote the set
of eigenstates of the Hamiltonian where each |ψi〉 lies in one of the two parity sectors,
then 〈ψi|ẐN |ψi〉 is either equal to +1 in the even parity sector or −1 for an odd parity
eigenstate. Hence, solving the two separate Hamiltonians Ĥ± given by

Ĥ± =− J
N−1∑
k=1

(ĉ†k − ĉk)(ĉk+1 + ĉ†k+1)− Γ
N∑
k=1

(1− 2ĉ†k ĉk)

± J(ĉ†N − ĉN )(ĉ1 + ĉ†1)

(1.17)

allows to assemble the spectrum of Ĥ . The states in the odd parity sector of the Ising
Hamiltonian correspond to the odd parity eigenstates of the fermionic Hamiltonian Ĥ−

while the states in the even parity sector are obtained by the even parity eigenstates of Ĥ+.
In fact, we have Ĥ = P̂+Ĥ+P̂+ + P̂−Ĥ−P̂− where P̂± = 1

2 [1 ± ẐN ] is the projector
onto the even and odd parity sector [38]. The Hamiltonians Ĥ± are quadratic in the cre-
ation and annihilation operators describing non-interacting fermions. Such Hamiltonians
can be diagonalized straightforwardly by means of a linear transformation preserving the
anti-commutator relations [76]. The ground state energies are given by

E±0 = −J
N−1∑
k=0

√
g2 + 1− 2g cos[ω±k π/N ] (1.18)

where ω+
k = 2k + 1 for even parity and ω−k = 2k for odd parity [104].

The Heisenberg Model: The Heisenberg model results by allowing correlated interac-
tions in all directions between the individual spins. In particular, the antiferromagnetic
Heisenberg Hamiltonian (J > 0) is given by [122]

Ĥ = J
∑
i

[σ̂
(X)
i σ̂

(X)
i+1 + σ̂

(Y )
i σ̂

(Y )
i+1 + σ̂

(Z)
i σ̂

(Z)
i+1], (1.19)

where we assume isotropic coupling strengths and impose either open (1 ≤ i ≤ N − 1)
or periodic (1 ≤ i ≤ N with σ̂

(k)
N+1 = σ̂

(k)
1 for k = X,Y, Z) boundary conditions.

Again, [Ĥ, ẐN ] = 0, such that the parity operator and the Heisenberg Hamiltonian can
be diagonalized simultaneously. The Jordan-Wigner transformation of the Heisenberg
Hamiltonian leads to an interacting fermionic system, i.e.,

Ĥ =2J
L∑
k=1

[
(ĉ†k ĉk+1 + ĉ†k+1ĉk)− ĉ

†
k ĉk − ĉ

†
k+1ĉk+1 + 2ĉ†k ĉ

†
k+1ĉk+1ĉk + 1/2

]
− 2J(1 + ẐN )

[
ĉ†N ĉ1 + ĉ†1ĉN

]
δL,N ,

(1.20)
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where we choose L = N − 1 (L = N ) for a system with open (periodic) boundary condi-
tions in the spin picture, and for L = N we impose periodic boundary conditions for the
fermionic operators, i.e., ĉN+1 = ĉ1. Now, if for a system with periodic boundary condi-
tions in the spin picture the ground state for a particular choice ofN and J lies in the sector
with odd parity, i.e., 〈ψ0|ẐN |ψ0〉 = −1, this state can be interpreted as the ground state
of a translationally invariant Hamiltonian with periodic boundary conditions as the term
in the second line is zero. In the thermodynamic limit N → ∞ the Hamiltonian (1.19)
can be solved analytically. The ground state energy is given by [122]

e∞ = E∞0 /N = −4|J |
[

ln(2)− 1/4
]
, (1.21)

while the nearest- and next-nearest-neighbor correlations of the ground state are [122]

〈σ̂(Z)
k σ̂

(Z)
k+1〉∞ =

[
1− 4 ln(2)

]
/3 (1.22)

and

〈σ̂(Z)
k σ̂

(Z)
k+2〉∞ =

[
1− 16 ln(2) + 9ζ(3)

]
/3 (1.23)

with ζ(3) =
∑∞

k=1
1
k3
≈ 1.202057.

R-local Hamiltonians: If we now allow for any kind of short-range interaction we arrive
at R-local Hamiltonians. An operator Ĥ acting on a one-dimensional quantum system
consisting of N d-level subsystems is called R-local Hamiltonian if it has the form

Ĥ =

N−R+1∑
i=1

ĥ
[i,...,i+R−1]
i (1.24)

where each term ĥ
[i,...,i+R−1]
i is an operator acting on the subsystem {i, . . . , i+R− 1}.

Note that the Ising and the Heisenberg models are particular instances of R-local Hamiltonians.
What is more, the assumption of short-range interactions is justified in many physically relevant
systems. This observation will justify a particular representation of quantum many-body states
introduced in the next section.

1.2 One-Dimensional Lattices – Distinguishable Particles

1.2.1 The Schmidt Decomposition

In this section we restrict to one-dimensional lattices and review an efficient representation of
quantum many-body states for these systems. For this, we start by reviewing an important theo-
retical result which allows to write quantum mechanical states in a more convenient way, given
that one can identify two separate subsystems I and J , see Figure 1.1. This state representa-
tion is known as Schmidt decomposition and becomes important when trying to approximate
the quantum state by means of a representation with far less parameters. Before we discuss
this efficient characterization in a later subsection, we need to introduce this specific representa-
tion [90, 91].
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Theorem 1 ((Operator) Schmidt decomposition) Let |ψ〉 ∈ HI∪J and %̂ ∈
B(HI∪J ) be a pure and mixed state on the composite system I ∪ J with HI∪J =
HI ⊗HJ . Then, |ψ〉 and %̂ can be written as

|ψ〉 =

χ[I]∑
i=1

λi|s(i)
I 〉|s

(i)
J 〉 and %̂ =

χ[I]∑
i=1

λiŜ
(i)
I ⊗ Ŝ

(i)
J , (1.25)

where {|s(i)
I 〉} together with {|s(j)

J 〉} and {Ŝ(i)
I } together with {Ŝ(j)

J } are two sets
of orthonormal bases on subsystems I and J with i = 1, . . . ,dim[HI ] and
j = 1, . . . ,dim[HJ ] for the pure and i = 1, . . . ,dim[B(HI)] together with
j = 1, . . . ,dim[B(HJ )] for the mixed setting. Further, the λi for i = 1, . . . , χ[I]

are non-negative real numbers where χ[I] ≤ min
[
dim[HI ], dim[HJ ]

] (
χ[I] ≤

min
[
dim[B(HI)], dim[B(HJ )]

])
is known as the (operator) Schmidt rank.

The proof of this theorem is quite simple and helps to gain insight into the structure of quantum
many-body states. In the following, we restrict ourselves to the mixed setting – the prove for
pure states is obtained analogously [90].

Proof: Let
{
P̂

(i)
I
∣∣ i = 1, . . . ,dim[B(HI)]

}
and

{
P̂

(j)
J
∣∣ j = 1, . . . ,dim[B(HJ )]

}
be any or-

thonormal bases for subsystems I and J . Then, %̂ can be written as

%̂ =
∑
i,j

%i,jP̂
(i)
I ⊗ P̂

(j)
J . (1.26)

The coefficients %i,j can be interpreted as the entries of a dim[B(HI)]× dim[B(HJ )] complex
matrix %. The singular value decomposition [10, 61] of this matrix yields % = USV † where
U ∈ Cdim[B(HI)]×dim[B(HI)] and V ∈ Cdim[B(HJ )]×dim[B(HJ )] are unitary matrices and S ∈
Rdim[B(HI)]×dim[B(HJ )] has real and positive entries unequal to zero – the singular values – only
on its main diagonal. Hence

%̂ =
∑
i,j

χ[I]∑
k=1

Ui,kSk,kV
†
k,jP̂

(i)
I ⊗ P̂

(j)
J

=

χ[I]∑
k=1

Sk,k

dim[B(HI)]∑
i=1

Ui,kP̂
(i)
I

⊗
dim[B(HJ )]∑

j=1

V †k,jP̂
(j)
J

 ,

(1.27)

where χ[I] is the rank of the matrix % (not to be confused with the rank of the operator %̂),
i.e., the number of non-zero singular values. The linear combinations collected in the brack-
ets yield two sets of orthonormal bases, i.e.,

{
Ŝ

(k)
I
∣∣ k = 1, . . . ,dim[B(HI)]

}
and

{
Ŝ

(l)
J
∣∣ l =

1, . . . ,dim[B(HJ )]
}

, with Ŝ(k)
I =

∑dim[B(HI)]
i=1 Ui,kP̂

(i)
I and Ŝ(l)

J =
∑dim[B(HJ )]

j=1 V †l,jP̂
(j)
J , re-

spectively. We have

tr
[
(Ŝ

(k)
I )†Ŝ

(l)
I
]

=
∑
i,j

U∗i,kUj,l tr
[
(P̂

(i)
I )†P̂

(j)
I
]

=
∑
i

U †k,iUi,l = (U †U)k,l = δk,l. (1.28)

Similarly, one establishes that {Ŝ(j)
J } is an orthonormal basis on subsystem J . Hence, every

state on I ∪ J can be written as

%̂ =

χ[I]∑
k=1

λkŜ
(k)
I ⊗ Ŝ

(k)
J , (1.29)
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where we denote the singular values, i.e., the elements unequal to zero of the diagonal matrix S,
by λk = Sk,k for k = 1, . . . , χ[I]. This proves the theorem. �

The coefficients λk, k = 1, . . . , χ[I], in the Schmidt decomposition are non-negative real num-
bers called (operator) Schmidt coefficients which we assume to be arranged non-increasingly,
i.e., λ1 ≥ λ2 ≥ . . . ≥ λχ[I] . The (operator) Schmidt decomposition is applicable to general el-
ements in (B(H)) H and not restricted to the quantum states in D. If we restrict to D, however,
we additionally find

‖|ψ〉‖2 = 〈ψ|ψ〉 =

χ[I]∑
i=1

λ2
i = 1 but ‖%̂‖2F = tr[%̂†%̂] =

χ[I]∑
i=1

λ2
i ≤ 1, (1.30)

that is, the sum of the squared (operator) Schmidt coefficients is a measure of the purity of the
considered quantum state. Note that the last inequality follows from the fact that the purity of a
density matrix is always less than or equal to one [90]. Moreover, we will see that the (operator)
Schmidt rank plays an important role for the task of efficiently approximating quantum many-
body states. Here, we set out to find a first indication for this efficient representation. For
this, consider the pure and mixed states |ψχ[I]〉 and %̂χ[I] in the corresponding Hilbert spaces
HI∪J and B(HI∪J ) given in their (operator) Schmidt decomposition with Schmidt rank χ[I]

and Schmidt coefficients λ1 ≥ . . . ≥ λχ[I] , see Theorem 1. Further, let |ψχ̃[I]〉 and %̂χ̃[I] be the
elements in HI∪J and B(HI∪J ) obtained by keeping only the Schmidt coefficients of |ψχ[I]〉
and %̂χ[I] up to the index χ̃[I] < χ[I]. Then

‖|ψχ[I]〉 − |ψχ̃[I]〉‖2 =

χ[I]∑
k=χ̃[I]+1

λ2
k and ‖%̂χ[I] − %̂χ̃[I]‖2F =

χ[I]∑
k=χ̃[I]+1

λ2
k, (1.31)

i.e., the norm distance only depends on the discarded Schmidt coefficients, that is, the truncation
error

εk(χ̃
[I]) =

χ[I]∑
k=χ̃[I]+1

λ2
k. (1.32)

Later, we will see that if we demand that the truncation error vanishes for every bipartite splitting
{Ik} ∪ {Jk} = {1, . . . , k} ∪ {k + 1, . . . , N} for k = 1, . . . , N − 1 of a chain of N d-level
subsystems, and the corresponding Schmidt ranks χ̃[Ik] of the considered states do not grow
exponentially in the system size N , then there is an efficient description of the quantum many-
body state based on the matrix product state and operator representations. We will introduce
these classes of states in the next subsection.

1.2.2 Every State is a Matrix Product State or Operator

The dimension of the Hilbert space describing quantum many-body systems grows exponen-
tially with the number of subsystems, see Equation (1.11). For instance, considering N d-level
subsystems we have dim[HN ] = dN for the dimension of the Hilbert spaceHN for pure states.
In this subsection, we show that every state in this exponentially large Hilbert space can be trans-
formed into the form of a matrix product state [43, 95, 114] or operator [131, 142]. We start by
defining matrix product states before we prove this assertion. Then, we proceed by establishing
this result for mixed states.
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Definition 4 (Matrix product state) For all k = 1, . . . , N , let {Pk[ik] | ik =
1, . . . , d} be a set of complex matrices of dimension Dk × Dk+1 where D1 = 1 =
DN+1. Further, let {|ik〉} denote a set of orthonormal basis vectors for site k. Then

|ψ〉 =

d∑
i1,...,iN=1

P1[i1] · · ·PN [iN ] |i1, . . . , iN 〉 (1.33)

is called matrix product state representation of |ψ〉 ∈ HN . Furthermore, D =
maxkDk is called the bond dimension of the matrix product state.

Note that, for |ψ〉 to be a proper quantum state, i.e., |ψ〉 ∈ D, the matrices characterizing the
expansion coefficients in the considered basis have to satisfy additional criteria. In particular,
the normalization of the pure state has to be encoded in the matrices Pk[ik].

Lemma 1 Let |ψ〉 ∈ HN be a pure quantum state describing a one-dimensional quan-
tum mechanical system on N d-dimensional subsystems. Then, |ψ〉 is a matrix product
state with bond dimension D = maxk χ

[Ik] where χ[Ik] is the Schmidt rank for the
bipartite splitting N = Ik ∪ Jk with Ik = {1, . . . , k} and Jk = {k + 1, . . . , N}.

Proof: For every bipartite splitting N = Ik ∪ Jk and k = 1, . . . , N − 1 (see Figure 1.1),
Theorem 1 states that there is a Schmidt decomposition for |ψ〉 of the form

|ψ〉 =

χ[Ik]∑
i=1

λ
[Ik]
i |s

(i)
Ik 〉|s

(i)
Jk〉. (1.34)

Now, let

F [Ik] =

χ[Ik]∑
i=1

|s(i)
Ik 〉〈s

(i)
Ik | (1.35)

be the projector onto the subspace spanned by the χ[Ik] Schmidt vectors {|s(i)
Ik 〉}. Then, for all

k = 1, . . . , N − 1 with Ik = {1, . . . , k} we have |ψ〉 = F [Ik]|ψ〉. Now, write |ψ〉 in its Schmidt
decomposition for the splitting IN−1 ∪ JN−1 where JN−1 = {N}. Then

|ψ〉 = F [IN−2]|ψ〉 =

χ[IN−2]∑
lN−2=1

|s(lN−2)
IN−2

〉〈s(lN−2)
IN−2

|ψ〉

=

χ[IN−2]∑
lN−2=1

χ[IN−1]∑
lN−1=1

λ
[IN−1]
lN−1

|s(lN−2)
IN−2

〉〈s(lN−2)
IN−2

|s(lN−1)
IN−1

〉|s(lN−1)
JN−1

〉,

(1.36)

where 〈s(lN−2)
IN−2

|s(lN−1)
IN−1

〉 =
∑d

iN−1=1 P
(iN−1)
lN−2,lN−1

|iN−1〉 ∈ HN−1 can be decomposed in the

orthogonal basis {|iN−1〉}. Furthermore, we have |s(lN−1)
JN−1

〉 =
∑d

iN=1 P
(iN )
lN−1
|iN 〉 such that we
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find

|ψ〉 =
d∑

iN−1,iN=1

χ[IN−2]∑
lN−2=1

χ[IN−1]∑
lN−1=1

P
(iN−1)
lN−2,lN−1

P
(iN )
lN−1

λ
[IN−1]
lN−1

 |s(lN−2)
IN−2

〉|iN−1〉|iN 〉. (1.37)

Next, we apply F [IN−3] to this representation of the pure state. We find

|ψ〉 = F [IN−3]|ψ〉

=

χ[IN−3]∑
lN−3=1

d∑
iN−1,iN=1

χ[IN−2]∑
lN−2=1

χ[IN−1]∑
lN−1=1

P
(iN−1)
lN−2,lN−1

P
(iN )
lN−1

λ
[IN−1]
lN−1

×
× |s(lN−3)

IN−3
〉〈s(lN−3)
IN−3

|s(lN−2)
IN−2

〉|iN−1〉|iN 〉

(1.38)

where, as before, 〈s(lN−3)
IN−3

|s(lN−2)
IN−2

〉 =
∑d

iN−2=1 P
(iN−2)
lN−3,lN−2

|iN−2〉 ∈ HN−2 such that

|ψ〉 =
d∑

iN−2,...,iN=1

 ∑
lN−3,...,lN−1

P
(iN−2)
lN−3,lN−2

P
(iN−1)
lN−2,lN−1

P
(iN )
lN−1

λ
[IN−1]
lN−1

×
× |s(lN−3)

IN−3
〉|iN−2, . . . , iN 〉.

(1.39)

Now, we sweep through the chain from right to left by applying F [Ik] for k = N − 4, . . . , 1 in
each step. We arrive at

|ψ〉 =

d∑
i2,...,iN=1

 ∑
l1,...,lN−1

P
(i2)
l1,l2
· · ·P (iN )

lN−1
λ

[IN−1]
lN−1

 |s(l1)
I1 〉|i2, . . . , iN 〉

=
d∑

i1,...,iN=1

 ∑
l1,...,lN−1

P
(i1)
l1

P
(i2)
l1,l2
· · ·P (iN )

lN−1
λ

[IN−1]
lN−1

 |i1, . . . , iN 〉
(1.40)

where we decomposed |s(l1)
I1 〉 =

∑d
i1=1 P

(i1)
l1
|i1〉 ∈ H1 in an orthogonal basis on site one. Ab-

sorbing the Schmidt coefficients λ[IN−1]
lN−1

in the complex numbers P (iN )
lN−1

, the term in brackets is

equivalent to a matrix product with complex matrices (Pk[ik])lk−1,lk = P
(ik)
lk−1,lk

of dimension

χ[Ik−1] × χ[Ik] with χ[I0] = 1 = χ[IN ]. Hence we find that every state |ψ〉 is a matrix product
state with bond dimension D = maxk χ

[Ik], i.e., the matrix dimension is in one to one corre-
spondence with the Schmidt ranks of the pure state. This proves the lemma. �

Note that, so far, the matrix product state representation is just another description of the pure
quantum state. To justify its usefulness, let us count the maximal number of parameters in the
matrix product state model. For this, let D = maxk χ

[Ik] be the bond dimension of the pure
state |ψ〉 on N d-level subsystems. Then, the state has at most

p = 2dD + (N − 2)dD2 (1.41)

parameters. In general, the maximal Schmidt rank can grow exponentially with the number of
subsystems N , i.e., D ≤ dbN/2c [114]. For instance, consider the maximally entangled state on
two d-level subsystems, that is, the state

|ψ〉 =
1√
d

d∑
i=1

|i〉 ⊗ |i〉. (1.42)
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Obviously, this state is given in its Schmidt decomposition with Schmidt rank χ[I1] = d. Now,
let |ψ〉 ∈ HN and assume that N is even such that

|ψ〉 =
1√
dN/2

dN/2∑
i=1

|s(i)
IN/2〉 ⊗ |s

(i)
JN/2〉, (1.43)

where |s(i)
IN/2〉 = |i〉 and |s(i)

JN/2〉 = |i〉 with i = 1, . . . , dN/2. Hence, the Schmidt rank of this

state for the bipartite splitting N = IN/2 ∪ JN/2 is equal to χ[IN/2] = dN/2. That is, the bond
dimension of that state is D = dN/2 and grows exponentially with the number of subsystems.
Consequently, there is no advantage in writing this state in its matrix product form. On the
other hand, when the bond dimension does not grow exponentially with the number of particles
(e.g., is a constant for all bipartite splittings), this representation can be stored and manipulated
efficiently. This will be discussed in great detail in the following subsections. Next, we introduce
the family of matrix product operators. This class of states is a natural generalization of matrix
product states for density matrices [131, 142].

Definition 5 (Matrix product operator) For all k = 1, . . . , N , let {Pk[ik] | ik =
1, . . . , d2} be a set of complex matrices of dimension Dk × Dk+1 where D1 = 1 =

DN+1. Further, let {P̂ (ik)
k } denote a set of orthonormal operators for site k. Then

%̂ =
d2∑

i1,...,iN=1

P1[i1] · · ·PN [iN ] P̂
(i1)
1 ⊗ · · · ⊗ P̂ (iN )

N (1.44)

is called matrix product operator representation of %̂ ∈ B(HN ). Furthermore, D =
maxkDk is called the bond dimension of the matrix product operator.

Note that – apart from the normalization – we do not require the matrices defining the matrix
product operator to satisfy any further constraints. In particular, solely by considering the sets of
matrices {Pk[ik]} for all k does not allow to infer the positive semidefiniteness of the quantum
state %̂. Now, similarly to the pure setting, we find for the mixed states the following lemma.

Lemma 2 Let %̂ ∈ B(HN ) be a quantum state describing a one-dimensional quantum
mechanical system onN d-dimensional subsystems. Then, %̂ is a matrix product opera-
tor with bond dimension D = maxk χ

[Ik] where χ[Ik] is the operator Schmidt rank for
the bipartite splitting N = Ik ∪ Jk with Ik = {1, . . . , k} and Jk = {k + 1, . . . , N}.

Proof: Recall Theorem 1 that states that every mixed state %̂ ∈ B(HN ) can be written as

%̂ =

χ[Ik]∑
i=1

λ
[Ik]
i Ŝ

(i)
Ik ⊗ Ŝ

(i)
Jk , (1.45)
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where k = 1, . . . , N − 1 and we split the system according to N = Ik ∪ Jk. Next, we define
the linear map F [Ik] : B(HN )→ B(HN ) given by

F [Ik](X̂) =

χ[Ik]∑
i=1

Ŝ
(i)
Ik ⊗ trIk [(Ŝ

(i)
Ik )†X̂]. (1.46)

Hence, for all k = 1, . . . , N − 1 with Ik = {1, . . . , k}, we have F [Ik](%̂) = %̂. We start with the
decomposition of the mixed state for the bipartite splitting IN−1 ∪ JN−1. Then

%̂ = F [IN−2](%̂) =

χ[IN−2]∑
lN−2=1

Ŝ
(lN−2)
IN−2

⊗ trIN−2

[
(Ŝ

(lN−2)
IN−2

)†%̂
]

=

χ[IN−2]∑
lN−2=1

χ[IN−1]∑
lN−1=1

λ
[IN−1]
lN−1

Ŝ
(lN−2)
IN−2

⊗ trIN−2

[
(Ŝ

(lN−2)
IN−2

)†Ŝ
(lN−1)
IN−1

]
⊗ Ŝ(lN−1)

JN−1

(1.47)

where trIN−2
[(Ŝ

(lN−2)
IN−2

)†Ŝ
(lN−1)
IN−1

] =
∑d2

iN−1=1 P
(iN−1)
lN−2,lN−1

P̂
(iN−1)
N−1 ∈ B(HN−1) can be decom-

posed in the orthogonal basis {P̂ (iN−1)
N−1 } on site N − 1. Additionally, we decompose Ŝ(lN−1)

JN−1
=∑d2

iN=1 P
(iN )
lN−1

P̂
(iN )
N in the respective basis to find

%̂ =

d2∑
iN−1,iN=1

χ[IN−2]∑
lN−2=1

χ[IN−1]∑
lN−1=1

P
(iN−1)
lN−2,lN−1

P
(iN )
lN−1

λ
[IN−1]
lN−1

 Ŝ
(lN−2)
IN−2

⊗P̂ (iN−1)
N−1 ⊗P̂ (iN )

N . (1.48)

Now, we proceed as in the proof of Lemma 1. We successively apply the maps F [Ik] to the state
%̂ for k = N − 3, . . . , 1 to arrive at

%̂ =

d2∑
i1,...,iN=1

 ∑
l1,...,lN−1

P
(i1)
l1

P
(i2)
l1,l2
· · ·P (iN )

lN−1
λ

[IN−1]
lN−1

 P̂
(i1)
1 ⊗ . . .⊗ P̂ (iN )

N , (1.49)

which is – by absorbing the operator Schmidt coefficients λ[IN−1]
lN−1

in the complex numbers P (iN )
lN−1

and interpreting the term in the brackets as a matrix product – a matrix product operator with
bond dimension D = maxk χ

[Ik] where {χ[Ik]} are the operator Schmidt ranks of the state %̂ for
all bipartite splittings. �

As in the pure setting, let us count the number of parameters of the model. If D = maxk χ
[Ik] is

the maximal operator Schmidt rank for all k = 1, . . . , N − 1 of the mixed state %̂, then the state
depends on at most

p = 2d2D + (N − 2)d2D2 (1.50)

parameters. As before, the maximal bond dimension of every mixed state is D ≤ d2bN/2c. For
states where the bond dimension grows at most algebraically, we will see in a later subsection
that most physically relevant operations can be performed only by means of the matrices Pk[ik]
for ik = 1, . . . , d2 and k = 1, . . . , N . Note that we consider only matrix product states and
operators with open boundary conditions. Lemmata 1 and 2 prove that this is no restriction as
all relevant states can be written in this form. Furthermore, the results of this subsection are
special cases of a much more general lemma we will present in Subsection 1.2.4. Indeed, every
set of numbers ci1,...,iN with ik = 1, . . . ,m for k = 1, . . . , N can be transformed into a product
of matrices.
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1.2.3 Matrix Product States and Operators of Low Bond Dimension – Some Ex-
amples

In this subsection we discuss some examples of matrix product states and operators with alge-
braically growing bond dimensions. Note that this list is far from being complete and we focus
on quantum states that will be useful in the remainder of this thesis. The results of this subsec-
tion suggest that physically interesting states possess an exact matrix product representation that
can be stored and manipulated efficiently on classical devices.

Separable pure states: Let |ψ〉 ∈ HN be a separable pure state. Then, it can be written
as |ψ〉 = |ψ1〉 ⊗ . . . ⊗ |ψN 〉. If we now decompose every pure single site state |ψk〉 =∑d

ik=1 ψik |ik〉 in an orthonormal basis {|ik〉} with complex coefficients {ψik} for all k =
1, . . . , N , then, every product state satisfies the matrix product state representation

|ψ〉 =
∑

i1,...,iN

ψi1 · · ·ψiN |i1, . . . , iN 〉 (1.51)

with bond dimension D = 1. Note that this is simply due to the fact that the maximal
Schmidt rank of a non-entangled separable state is equal to one, see Theorem 1.

GHZ-type states: More interestingly, for a set of N 2-level subsystems, Greenberger-
Horne-Zeilinger (GHZ)-type states are given by [50]

|GHZkN (φ)〉 =
[
|0〉⊗k|1〉⊗(N−k) + eiφ |1〉⊗k|0〉⊗(N−k)

]
/
√

2, (1.52)

where k ∈ {1, . . . , N} and φ ∈ [0; 2π) is a relative phase. Further, {|0〉, |1〉} is the com-
putational basis presented in Definition 1. Since the GHZ-type states are a superposition
of two separable states, they can be written as matrix product states with bond dimension
D = 2 (note that bond dimensions add under an addition of individual matrix product
states, see Subsection 1.2.6). For simplicity, let us restrict to even N and k = N/2. One
finds, with the computational basis given in Definition 1, that the state in its matrix product
representation is given by

|GHZN/2N (φ)〉 =
1∑

i1,...,iN=0

P1[i1] · · ·P1[iN ]|i1, . . . , iN 〉 (1.53)

with matrices

P1[0] =
(
1/
√

2 0
)
, Pk[0] =

(
1 0
0 0

)
, Pl[0] =

(
0 0
0 1

)
, PN [0] =

(
0
1

)
,

P1[1] =
(
0 eiφ /

√
2
)
, Pk[1] =

(
0 0
0 1

)
, Pl[1] =

(
1 0
0 0

)
, PN [1] =

(
1
0

)
,

where k = 2, . . . , N/2 and l = N/2 + 1, . . . , N − 1.

W-type states: Another class of entangled states is formed by the W-type states on N
2-level subsystems that are given by [37]

|WN (φ)〉 =
[
eiφ1 |100 . . . 0〉+ eiφ2 |010 . . . 0〉+ . . .+ eiφN |000 . . . 1〉

]
/
√
N, (1.54)

where φ ∈ RN with φk ∈ [0; 2π) for all k = 1, . . . , N denote local phases. As a sum of
N separable states, this is a matrix product state with bond dimension at most D = N ,
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i.e., the matrix product representation is algebraic in the system size. In fact, one can even
find a representation of |WN (φ)〉 with bond dimension D = 2. With k = 2, . . . , N − 1
and

P1[0] =
(
1/
√
N 0

)
, Pk[0] =

(
1 0
0 1

)
, PN [0] =

(
0
1

)
,

P1[1] =
(
0 eiφ1 /

√
N
)
, Pk[1] =

(
0 eiφk

0 0

)
, PN [1] =

(
eiφN

0

)
one finds the matrix product state representation

|WN (φ)〉 =

1∑
i1,...,iN=0

P1[i1] · · ·P1[iN ]|i1, . . . , iN 〉, (1.55)

where the state is decomposed in the computational basis given in Definition 1.

Totally mixed state: Let us analyze the matrix product operator representation of the to-
tally mixed state %̂ ∈ B(HN ), i.e., %̂ = 1/dN . The operator Schmidt rank for all bipartite
splittings is equal to one such that the state can be represented as a matrix product operator
with bond dimension D = 1, see Lemma 2. For d = 2 and with the orthonormal Pauli
spin basis in the matrix product operator representation (see Definition 2), one possible
choice for the 1× 1 matrices is given by

Pk[1] = 1

N ·
√

2N
, Pk[ik] = 0 (1.56)

for all ik = 2, . . . , 4 and k = 1, . . . , N . Hence,

%̂ =
4∑

i1,...,iN=1

P1[i1] · · ·PN [iN ] P̂
(i1)
1 · · · P̂ (iN )

N (1.57)

with P̂ (1) = σ̂(I)/
√

2, P̂ (2) = σ̂(X)/
√

2, P̂ (3) = σ̂(Y )/
√

2, and P̂ (4) = σ̂(Z)/
√

2.

Mixture of poly(N) pure separable states: We have seen that a pure separable state is a
matrix product state with bond dimension D1 = 1. Hence, the density matrix representa-
tion of this state is a matrix product operator with bond dimension D = D2

1 = 1. Now, as
a result of Corollary 3 in Subsection 1.2.6, adding two matrix product operators with bond
dimensions D1 and D2 results in a matrix product operator with bond dimension at most
D = D1 + D2. Consequently, mixing poly(N) pure separable states results in a matrix
product operator with bond dimension at most D = O(poly(N)). Note that this shows
that even separable mixed states can have a very large bond dimension – opposed to the
fact that separable pure states always obey D = 1.

So far, the discussed states possess a matrix product state and operator representation with ei-
ther a constant bond dimension or a bond dimension growing polynomially in the system size.
Moreover, a large class of naturally occurring quantum states are well approximated by matrix
product states and operators. For instance, ground states of gapped local Hamiltonians [58–60],
thermal states of local Hamiltonians, i.e., %̂ = e−βĤ /Z with inverse temperature β and partition
function Z [58,72], and the time evolution e−iĤt |ψ〉 under a local Hamiltonian for short times t
of, e.g., a product state |ψ〉, are all matrix product states (matrix product operators if they are
mixed) or well approximated by them.
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1.2.4 Normal and Canonical Forms

The structure of matrix product states and operators stems from the representation of the coef-
ficients as matrix products. In this subsection, we introduce specific forms of matrix product
states and operators that simplify the numerical and analytical manipulation of these states. We
start by introducing a lemma which allows to write every set of complex numbers ci1,...,iN with
ik = 1, . . . ,m for k = 1, . . . , N as a product of matrices [114, 134].

Lemma 3 Let c ∈ CmN be a normalized vector with entries ci1,...,iN and ik =
1, . . . ,m for all k = 1, . . . , N , i.e., ‖c‖2 =

∑m
i1,...,iN=1 c

∗
i1,...,iN

ci1,...,iN = 1. Then,

ci1,...,iN = Λ0Γ1[i1]Λ1 · · ·ΛN−1ΓN [iN ]ΛN , (1.58)

where Λ0 = 1 = ΛN and Λk is a real diagonal matrix for all k = 1, . . . , N − 1
containing the (non-zero) singular values of the bipartite splitting c(i1,...,ik),(ik+1,...,iN )

of c ∈ CmN . Further, the matrices Γk[ik] are such that

m∑
ik=1

Pk[ik]
†Pk[ik] = 1 where Pk[ik] = Λk−1Γk[ik] (1.59)

and

m∑
ik=1

Bk[ik]Bk[ik]
† = 1 where Bk[ik] = Γk[ik]Λk (1.60)

for all k = 1, . . . , N .

Proof: In this proof we apply singular value decompositions of the form X = USV † where
X ∈ Cd1×d2 is of rank r and U ∈ Cd1×r is such that U †U = 1r×r, S ∈ Rr×r is diagonal
and V † ∈ Cr×d2 with V †V = 1r×r. Note that with this decomposition the diagonal matrix S is
invertible. We start with a singular value decomposition of the partition ci1,...,iN = ci1,(i2,...,iN ) ∈
Cm×mN−1

to find

ci1,...,iN =
∑
a1

U [1]i1,a1(Λ1)a1,a1V [1]†a1,(i2,...,iN ) =
∑
a1

Λ0(Γ1[i1])a1X(a1,i2),(i3,...,iN ), (1.61)

where the unitary matrix U [1] has been reshaped to yield the vectors (Γ1[i1]) ∈ C1×r1 for all i1,
i.e., U [1]i1,a1 = (Γ1[i1])a1 , and where Λ0 = 1. Here, we define the matrix X(a1,i2),(i3,...,iN ) =

(Λ1)a1,a1V [1]†a1,(i2,...,iN ) and denote the rank of the matrix ci1,(i2,...,iN ) ∈ Cm×mN−1
by r1 ≤ m.

Now, we perform a singular value decomposition of the matrix X(a1,i2),(i3,...,iN ) to obtain

ci1,...,iN =
∑
a1,a2

Λ0(Γ1[i1])a1U [2](a1,i2),a2(Λ2)a2,a2V [2]†a2,(i3,...,iN )

=
∑
a1,a2

Λ0(Γ1[i1])a1(Λ1)a1,a1Γ2[i2]a1,a2X(a2,i3),(i4...,iN ),
(1.62)

where we insert the diagonal matrix 1r1×r1 = Λ1Λ−1
1 from the previous step and reshape the

product Λ−1
1 U [2] into the matrices Γ2[i2] ∈ Cr1×r2 , i.e., (Λ−1

1 )a1,a1U [2](a1,i2),a2 = Γ2[i2]a1,a2 ,
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and where r2 ≤ m2 is the rank of the matrix X(a1,i2),(i3,...,iN ). Further, we define the matrix
X(a2,i3),(i4,...,iN ) = (Λ2)a2,a2V [2]†a2,(i3,...,iN ). Now, we move rightwards through the chain re-
shaping the remaining block on the right-hand side of the current bipartition and performing a
singular value decomposition of the resulting matrices X(ak,ik+1),(ik+2,...,iN ). In each step, we
insert the diagonal matrix gained in the previous step, i.e., 1rk×rk = ΛkΛ

−1
k and define the new

matrices by (Λ−1
k )ak,akU [k + 1](ak,ik+1),ak+1

= Γk+1[ik+1]ak,ak+1
for k = 1, . . . , N − 1. We

will finally end up with a decomposition of the form

ci1,...,iN =
∑

a1,...,aN−1

Λ0(Γ1[i1])a1(Λ1)a1,a1 · · · (ΛN−1)aN−1,aN−1V [N − 1]†aN−1,iN
, (1.63)

where we define (ΓN [iN ])αN−1 = V [N − 1]†aN−1,iN
. Hence, with ΛN = 1 we find

ci1,...,iN = Λ0Γ1[i1]Λ1 · · ·ΛN−1ΓN [iN ]ΛN . (1.64)

This proves the first part of the lemma. Now, for each k = 1, . . . , N − 1 we have

δak,bk = (U [k]†U [k])ak,bk =
∑

ik,ak−1

U [k]∗(ak−1,ik),ak
U [k](ak−1,ik),bk

=
∑

ik,ak−1

Γk[ik]
∗
ak−1,ak

(Λk−1)ak−1,ak−1
(Λk−1)ak−1,ak−1

Γk[ik]ak−1,bk

=
∑

ik,ak−1

Pk[ik]
∗
ak−1,ak

Pk[ik]ak−1,bk =
∑
ik

(Pk[ik]
†Pk[ik])ak,bk

(1.65)

and hence, with Pk[ik] = Λk−1Γk[ik],∑
ik

Pk[ik]
†Pk[ik] = 1 (1.66)

for all k = 1, . . . , N − 1. Furthermore, since the vector ci1,...,iN is normalized, we find with
PN [iN ] = ΛN−1ΓN [iN ] and ΛN = 1 that

1 =
∑

i1,...,iN

c∗i1,...,iN ci1,...,iN =
∑

i1,...,iN

PN [iN ]† · · ·P1[i1]†P1[i1] · · ·PN [iN ]

=
∑
iN

PN [iN ]†PN [iN ],
(1.67)

where we iteratively exploited relation (1.66) for sites k = 1, . . . , N − 1 and the second part of
the lemma is established. For the last part, recall that (ΓN [iN ])αN−1 = V [N − 1]†aN−1,iN

and
hence

δaN−1,bN−1
= (V [N − 1]†V [N − 1])aN−1,bN−1

=
∑
iN

V [N − 1]†aN−1,iN
V [N − 1]iN ,bN−1

=
∑
iN

ΓN [iN ]aN−1ΓN [iN ]∗bN−1
=
∑
iN

(ΓN [iN ]ΓN [iN ]†)aN−1,bN−1
,

(1.68)

such that with BN [iN ] = ΓN [iN ]ΛN and ΛN = 1 we arrive at∑
iN

BN [iN ]BN [iN ]† = 1. (1.69)
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Now, recall that for each k = 2, . . . , N − 1 we have the decomposition

ci1,...,iN =
∑

a1,...,ak

Λ0(Γ1[i1])a1 · · · (Γk[ik])ak−1,ak(Λk)ak,akV [k]†ak,(ik+1,...,iN ) (1.70)

where V [k]† is further decomposed to yield V [k]† = Γk+1[ik+1]Λk+1 · · ·ΓN [iN ]ΛN+1 =
Bk+1[ik+1] · · ·BN [iN ] where we define Bk[ik] = Γk[ik]Λk. Starting with V [N − 2]†, we find

1 = V [N − 2]†V [N − 2] =
∑

iN−1,iN

BN−1[iN−1]BN [iN ]BN [iN ]†BN−1[iN−1]†

=
∑
iN−1

BN−1[iN−1]BN−1[iN−1]†.
(1.71)

Now, we move leftwards through the chain and iteratively obtain

1 = V [k − 1]†V [k − 1] =
∑
ik

Bk[ik]Bk[ik]
† (1.72)

for all k = 2, . . . , N . Again, since the vector ci1,...,iN is normalized, we additionally find this
relation for k = 1. To see that the singular values of the matrix c(i1,...,ik),(ik+1,...,iN ) are indeed
given by the entries of the diagonal matrix Λk, note that

c(i1,...,ik),(ik+1,...,iN ) = P1[i1] · · ·Pk[ik]ΛkBk+1[ik+1] · · ·BN [iN ]

=
∑
l

U(i1,...,ik),l(Λk)l,lV
†
l,(ik+1,...,iN ).

(1.73)

This is a valid singular value decomposition as U †U = 1 and V †V = 1 due to the normalization
of the matrices {Pk[ik]} and {Bk[ik]} and (Λk)l,l ≥ 0 for all l. This proves the lemma. �

Now, assume that ci1,...,iN is not normalized with ‖c‖2 =
∑

i1,...,iN
c∗i1,...,iN ci1,...,iN 6= 1. Then,

we can find a decomposition of the form

ci1,...,ik,ik+1,...,iN = P1[i1] · · ·Pk[ik]Λ̃kBk+1[ik+1] · · ·BN [iN ] (1.74)

where {Pk[ik]} and {Bk[ik]} are normalized as before and Λ̃k = ‖c‖Λk is a diagonal matrix
with positive entries. Further, note that the rank rk of the matrix c(i1,...,ik),(ik+1,...,iN ) for each
decomposition k = 1, . . . , N satisfies rk ≤ mmin[k,N−k] ≤ mbN/2c. If the rank is upper
bounded by some constant D, the maximal matrix dimension in the decomposition given in
Lemma 3 is equal to D. If the vector ci1,...,iN represents the coefficients of a pure or mixed state,
D is the bond dimension of the state and is equivalent to the maximal (operator) Schmidt rank
of each bipartite splitting. This can be seen as follows. For mixed states (the argument for pure
states is equivalent), we have

%̂ =
∑

i1,...,iN

P1[i1] · · ·Pk[ik]Λ̃kBk+1[ik+1] · · ·BN [iN ] P̂
(i1)
1 ⊗ · · · ⊗ P̂ (iN )

N

=

D∑
l=1

(Λ̃k)l,l Ŝ
(l)
{1,...,k} ⊗ Ŝ

(l)
{k+1,...,N}.

(1.75)

This is a valid operator Schmidt decomposition since the operators

Ŝ
(l)
{1,...,k} =

∑
i1,...,ik

P1[i1] · · ·Pk[ik]|l〉P̂ (i1)
1 ⊗ · · · ⊗ P̂ (ik)

k (1.76)
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are orthonormal, i.e., tr
[
(Ŝ

(l)
{1,...,k})

†Ŝ
(m)
{1,...,k}

]
= δl,m, due to the normalization of the matrices

{Pn[in]} for n = 1, . . . , k. Equivalently, the operators
{
Ŝ

(l)
{k+1,...,N}

}
are orthonormal exploit-

ing the normalization of the matrices {Bn[in]} for n = k + 1, . . . , N . Hence, given the coef-
ficients in the representation of Lemma 3 we can read off the (operator) Schmidt coefficients
directly and the (operator) Schmidt rank of the considered state is equivalent to the rank of
the coefficient matrix. This allows to define some specific forms of matrix product states and
operators [27, 114].

Definition 6 (k-normal matrix product state and operator) Let |ψ〉 ∈ HN be a
matrix product state and %̂ ∈ B(HN ) be a matrix product operator onN d-dimensional
subsystems given by the matrices Pk[ik] ∈ CDk×Dk+1 for all ik = 1, . . . ,m and
k = 1, . . . , N with bond dimension D = maxkDk. If the matrices that define the
state satisfy

m∑
il=1

Pl[il]
†Pl[il] = 1Dl+1×Dl+1

, for all l = 1, . . . , k − 1 and

m∑
il=1

Pl[il]Pl[il]
† = 1Dl×Dl , for all l = k + 1, . . . , N,

(1.77)

then |ψ〉 is called a k-normal matrix product state (m = d) and %̂ is called a k-normal
matrix product operator (m = d2).

Note that every matrix product state and operator can be transformed into this representation [27,
114]. Moreover, for pure states (or matrix product operators representing pure states with purity
equal to one, i.e., ‖%̂‖2F = tr[%̂†%̂] = 1), the normalization can also be obtained for k = 0 and
k = N + 1, see Lemma 3. The former is called right-normalized, the latter left-normalized
matrix product state. Next, we define the canonical form of the vector ci1,...,iN ∈ CmN [95,114].

Definition 7 (Canonical form) Let c ∈ CmN be a normalized vector with en-
tries ci1,...,iN and ik = 1, . . . ,m for all k = 1, . . . , N , i.e., ‖c‖2 =∑m

i1,...,iN=1 c
∗
i1,...,iN

ci1,...,iN = 1. The decomposition

ci1,...,iN = B1[i1] · · ·BN [iN ] (1.78)

with

m∑
ik=1

Bk[ik]Bk[ik]
† = 1 and

m∑
ik=1

Bk[ik]
†Λ2

k−1Bk[ik] = Λ2
k (1.79)

is called canonical form of c ∈ CmN . Here, the matricesBk[ik] are of dimensionDk×
Dk+1 and the diagonal matrices Λk ∈ RDk+1×Dk+1 contain the (non-zero) singular
values of the bipartite splitting c(i1,...,ik),(ik+1,...,iN ) with Λ0 = 1 = ΛN .
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We refer to pure and mixed states whose coefficients are given in this form as matrix product
states and operators in canonical form. Every normalized vector c ∈ CmN can be transformed
into this representation. With the help of Lemma 3 and with the definitionBk[ik] = Γk[ik]Λk the
first part is straightforwardly verified. For the second relation, note that by grouping Pk[ik] =
Λk−1Γk[ik] we have

Λ2
k = Λk

m∑
ik=1

Pk[ik]
†Pk[ik]Λk = Λk

m∑
ik=1

Γk[ik]
†Λ2

k−1Γk[ik]Λk

=

m∑
ik=1

Bk[ik]
†Λ2

k−1Bk[ik],

(1.80)

where we exploited the left-normalization of the matrices Pk[ik], i.e.,
∑m

ik=1 Pk[ik]
†Pk[ik] = 1.

1.2.5 Operator-Valued Matrix Product Representation

Let us introduce another representation for matrix product operators that will be helpful in a later
chapter. Note that the representation introduced in this subsection not only applies to matrix
product operators, but also to matrix product states [114].

Definition 8 (Operator-valued matrix product operator) Let %̂ ∈ B(HN ) be a ma-
trix product operator on N d-level subsystems given by the matrices Pk[ik] of dimen-
sion Dk × Dk+1 for all ik = 1, . . . , d2 and k = 1, . . . , N with D1 = 1 = DN+1.
Then,

%̂ = %̂[1] · · · %̂[N ] (1.81)

is called the operator-valued matrix product operator representation, where %̂[k] is an
operator-valued matrix acting on site k and defined by

(%̂[k])αk,αk+1
=
(∑
ik

(Pk[ik])αk,αk+1
P̂

(ik)
k

)
(1.82)

for αk = 1, . . . , Dk and αk+1 = 1, . . . , Dk+1.

Every matrix product operator can be transformed into this representation. We have [114]

%̂ =
∑

i1,...,iN

P1[i1] · · ·PN [iN ] P̂
(i1)
1 · · · P̂ (iN )

N

=
∑

i1,...,iN

∑
α2,...,αN

(P1[i1])1,α2(P2[i2])α2,α3 · · · (PN [iN ])αN ,1 P̂
(i1)
1 · · · P̂ (iN )

N

=
∑

α2,...,αN

(∑
i1

(P1[i1])1,α2P̂
(i1)
1

)
· · ·
(∑
iN

(PN [iN ])αN ,1P̂
(iN )
1

)
=: %̂[1] · · · %̂[N ],

(1.83)

where (%̂[k])αk,αk+1
=
(∑

ik
(Pk[ik])αk,αk+1

P̂
(ik)
k

)
acts on subsystem k. Moreover, given the

operator-valued matrices, the matrices of the matrix product operator representation are deter-
mined by inversion, i.e.,

(Pk[ik])αk,αk+1
= tr

[(
P̂

(ik)
k

)†
(%̂[k])αk,αk+1

]
. (1.84)
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1.2.6 Basic Matrix Product State and Operator Manipulations

In this subsection, we show that the matrix product states and operators of bond dimension D
allow to compute most of the relevant physical quantities by means of the matrices that form
the expansion coefficients of the state in the considered basis [95, 114]. Instead of storing and
manipulating a vector or matrix with dimensions that grow exponentially with the system size
N , we are left with mN matrices of dimensions at most D × D (m = d or d2 for pure and
mixed states). Obviously, the efficiency of this approach is constrained by the bond dimension
of the state. The computations presented in this subsection are efficient in the system size if
D = O(poly(N)).

Corollary 1 (Scalar product) Let |ψ〉 and |φ〉 ∈ HN be matrix product states given
by the matrix sets {Pk[ik] | ik = 1, . . . , d} and {Bk[ik] | ik = 1, . . . , d} for k =
1, . . . , N . Further, let %̂ and σ̂ ∈ B(HN ) be matrix product operators given by
{Rk[ik] | ik = 1, . . . , d2} and {Qk[ik] | ik = 1, . . . , d2} for k = 1, . . . , N , respec-
tively. Then

〈ψ|φ〉 =

N∏
k=1

Fk and tr[%̂†σ̂] =

N∏
k=1

Ek, (1.85)

where Fk =
∑d

ik=1Bk[ik]⊗ Pk[ik]∗ and Ek =
∑d2

ik=1Qk[ik]⊗Rk[ik]∗.

Proof: We consider matrix product states. The proof for matrix product operators is estab-
lished accordingly. Recall that the basis elements in the matrix product state representation are
orthonormal. Hence, we find

〈ψ|φ〉 =
d∑

i1,...,iN=1

P1[i1]∗ · · ·PN [iN ]∗ ·B1[i1] · · ·BN [iN ]

=
N∏
k=1

d∑
ik=1

Bk[ik]⊗ Pk[ik]∗.
(1.86)

Here, we used the fact that tr[A⊗B] = tr[A] tr[B] and that (A⊗B) · (C ⊗D) = AC ⊗BD.
This proves the corollary. �

Corollary 2 (Expectation values for product observables) Let |ψ〉 ∈ HN be a ma-
trix product state given by the matrix sets {Pk[ik] | ik = 1, . . . , d} for k = 1, . . . , N .
Further, let %̂ ∈ B(HN ) be a matrix product operator given by {Bk[ik] | ik =
1, . . . , d2} for k = 1, . . . , N . Let Π̂ = π̂1 ⊗ · · · ⊗ π̂N be a product observable.
Then

〈ψ|Π̂|ψ〉 =
N∏
k=1

Fk and tr[%̂Π̂] =
N∏
k=1

Ek, (1.87)

where Fk =
∑d

ik,lk=1〈lk|π̂k|ik〉Pk[ik]⊗ Pk[lk]∗ and Ek =
∑d2

ik=1 tr[P̂
(ik)
k π̂k]Pk[ik].
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Proof: For the matrix product operators, one finds

tr[%̂Π̂] =
∑

i1,...,iN

P1[i1] · · ·PN [iN ] tr
[
P̂

(i1)
1 ⊗ · · · ⊗ P̂ (iN )

N π̂1 ⊗ · · · ⊗ π̂N
]

=
∑

i1,...,iN

P1[i1] · · ·PN [iN ] tr
[
(P̂

(i1)
1 π̂1)⊗ · · · ⊗ (P̂

(iN )
N π̂N )

]
=

∑
i1,...,iN

P1[i1] · · ·PN [iN ] tr
[
P̂

(i1)
1 π̂1

]
· · · tr

[
P̂

(iN )
N π̂N

]
=

N∏
k=1

Ek

(1.88)

where Ek =
∑d2

ik=1 tr
[
P̂

(ik)
k π̂k

]
Pk[ik] ∈ CDk×Dk+1 . The result for matrix product states is

obtained equivalently. �

With the same techniques used to establish Corollaries 1 and 2, one finds an efficient expression
for the overlap of a matrix product state with a matrix product operator, i.e., the fidelity [90]

f(|ψ〉, %̂) = 〈ψ|%̂|ψ〉, (1.89)

or the Hilbert-Schmidt norm distance ‖%̂ − σ̂‖2F for two matrix product operators. Apart from
computing expectation values and overlaps, one finds for the addition and multiplication of
matrix product states the following corollaries which relate the mathematical operations, i.e.,
addition and multiplication, to the bond dimension of the resulting matrix product form.

Corollary 3 (Addition of matrix product operators) Let %̂ and σ̂ ∈ B(HN ) be ma-
trix product operators with matrices {Pk[ik] | ik = 1, . . . , d2} of dimensionDk×Dk+1

and {Bk[ik] | ik = 1, . . . , d2} of dimensionD′k×D′k+1 for k = 1, . . . , N , respectively.
Then %̂+σ̂ is a matrix product operator given by the matricesRk[ik] = Pk[ik]⊕Bk[ik]
of dimension (Dk +D′k)× (Dk+1 +D′k+1).

Proof: We have

%̂+ σ̂ =
∑

i1,...,iN

(P1[i1] · · ·PN [iN ] +B1[i1] · · ·BN [iN ]) P̂
(i1)
1 · · · P̂ (iN )

N

=
∑

i1,...,iN

R1[i1] · · ·RN [iN ] P̂
(i1)
1 · · · P̂ (iN )

N

(1.90)

where Rk[ik] = Pk[ik] ⊕ Bk[ik] ∈ C(Dk+D′k)×(Dk+1+D′k+1) for all ik = 1, . . . , d2 and k =
1, . . . , N . Here, we exploited the fact that tr[A⊕B] = tr[A]+tr[B] and that (A⊕B)·(C⊕D) =
AC ⊕BD. �

This shows that adding two matrix product operators with bond dimensions D1 and D2 results
in a matrix product operator of bond dimension at most D = D1 + D2. A similar statement is
true for matrix product states. For the multiplication of matrix product operators, one finds the
following corollary.
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Corollary 4 (Multiplication of matrix product operators) Let %̂ and σ̂ ∈ B(HN )
be matrix product operators with matrices {Pk[ik] | ik = 1, . . . , d2} of dimension
Dk × Dk+1 and {Bk[ik] | ik = 1, . . . , d2} of dimension D′k × D′k+1 for k =
1, . . . , N , respectively. Then, %̂ · σ̂ is a matrix product operator given by Rk[ik] =∑

nk,lk
tr
[
(P̂

(ik)
k )†P̂

(nk)
k P̂

(lk)
k

]
Pk[nk]⊗Bk[lk] of dimension (Dk·D′k)×(Dk+1·D′k+1).

Proof: We find

%̂ · σ̂ =
∑

i1,...,iN

∑
l1,...,lN

P1[i1] · · ·PN [iN ] B1[l1] · · ·BN [lN ] P̂
(i1)
1 · · · P̂ (iN )

N P̂
(l1)
1 · · · P̂ (lN )

N

=
∑

i1,...,iN

∑
l1,...,lN

(P1[i1]⊗B1[l1]) · · · (PN [iN ]⊗BN [lN ])×

× (P̂
(i1)
1 P̂

(l1)
1 ) · · · (P̂ (iN )

N P̂
(lN )
N ).

(1.91)

Now, for every site k = 1, . . . , N , the set
{
P̂

(ik)
k

}
denotes an operator basis such that we have

P̂
(ik)
k P̂

(lk)
k =

∑
nk
cik,lknk P̂

(nk)
k with cik,lknk = tr

[
(P̂

(nk)
k )†P̂

(ik)
k P̂

(lk)
k

]
. Consequently, the product

of two matrix product operators gives

%̂ · σ̂ =
∑

n1,...,nN

(∑
i1,l1

ci1,l1n1
P1[i1]⊗B1[l1]

)
· · ·
(∑
iN ,lN

ciN ,lNnN
PN [iN ]⊗BN [lN ]

)
×

× P̂ (n1)
1 · · · P̂ (nN )

N

=
∑

n1,...,nN

R1[n1] · · ·RN [nN ] P̂
(n1)
1 · · · P̂ (nN )

N

(1.92)

with Rk[nk] =
∑

ik,lk
tr[(P̂

(nk)
k )†P̂

(ik)
k P̂

(lk)
k ] Pk[ik]⊗Bk[lk] ∈ C(Dk·D′k)×(Dk+1·D′k+1). �

The corollary shows that the product of two matrix product operators with bond dimensions D1

and D2 is itself a matrix product operator with bond dimension at most D = D1 ·D2.

1.2.7 Justifying the Approximation – Some Error Bounds

In Subsection 1.2.3 we presented states with an exact matrix product state or operator represen-
tation. Here, we set out to motivate the matrix product structure of quantum states as an approx-
imation technique for a large class of physically relevant states [5, 15, 16, 41, 57–60, 115, 130].
A one-dimensional quantum state |ψ〉 ∈ HN on N d-level subsystems can be approximated
efficiently by a matrix product state |ψD〉 ∈ HN with bond dimension D if D = D(N) =
O(polyδ(N)) such that

‖|ψ〉 − |ψD〉|‖ ≤ δ, (1.93)

i.e., the bond dimension grows polynomially with the system size [115]. By replacing the vec-
tor norm ‖|ψ〉‖ with the Frobenius norm (Hilbert-Schmidt norm) ‖%̂‖F , the notion of efficient
approximations can straightforwardly be extended to mixed states. Before we establish bounds
on the norm difference for pure and mixed states, let us quote three theorems. For the individual
proofs we refer to the literature [62, 96].



30 Chapter 1. Efficient State Representations for Quantum Many-Body Systems

Theorem 2 (Contractivity of trace norm, see [96]) Let E : Cn×n → Cr×r be a pos-
itive and trace-preserving linear map, i.e., it maps positive semidefinite matrices to
positive semidefinite matrices and tr[E(A)] = tr[A] for all A ∈ Cn×n. Then, for all
A ∈ Cn×n

‖E(A)‖∗ ≤ ‖A‖∗, (1.94)

where ‖A‖∗ denotes the trace norm (nuclear norm) of matrix A.

Now, let E(A) =
∑

k B
†
kABk with

∑
k BkB

†
k = 1 be a quantum operation where Bk ∈ Cn×r

for all k [90]. Obviously, tr[E(A)] = tr[A] due to the right-normalization of the matrices,
i.e., the map is trace-preserving. Moreover, we have 〈ψ|E(A)|ψ〉 =

∑
k〈ψ|B

†
kABk|ψ〉 =∑

k〈ψk|A|ψk〉 such that E(A) ≥ 0 if A ≥ 0. With this, we find∥∥∑
k

B†kABk
∥∥
∗ ≤ ‖A‖∗ (1.95)

for all A ∈ Cn×n and {Bk} with
∑

k BkB
†
k = 1. Let us cite yet another theorem.

Theorem 3 (Corollary 3.1.3 in [62]) Let A ∈ Cm×n be given, and let Ar denote a
submatrix of A obtained by deleting a total of r rows and/or columns from A. Then

σk(A) ≥ σk(Ar) (1.96)

for all k = 1, . . . ,min[m,n] and where for X ∈ Cp×q we set σj(X) = 0 if j >
min[p, q]. Here, σk(X) denotes the kth singular value of the matrix X and we assume
the singular values to be arranged in a non-increasing order σ1(X) ≥ σ2(X) ≥ · · · ≥
σmin[p,q](X).

Let P =
∑r

k=1 |k〉〈k| ∈ Cn×n, 〈k|k′〉 = δk,k′ , be a projector such that for A ∈ Cm×n we have

AP =
[
(A)(1,...,m),(1,...,r) Om×n−r

]
, (1.97)

i.e., we delete a total of n − r columns of the matrix A. Now, Theorem 3 shows that σk(A) ≥
σk(AP ) such that

∑
k σk(A) ≥∑k σk(AP ), i.e.,

‖AP‖∗ ≤ ‖A‖∗. (1.98)

With similar arguments one finds ‖PA‖∗ ≤ ‖A‖∗. Finally, let us quote the following theorem.

Theorem 4 (Equation (3.5.31) in [62]) LetA ∈ Cm×n with singular values σ1(A) ≥
. . . ≥ σmin[m,n](A). If B ∈ Cm×n is any matrix with rank[B] = r ≤ min[m,n], then

‖A−B‖ ≥ ‖diag(0, . . . , 0, σr+1(A), . . . , σmin[m,n](A))‖, (1.99)

where ‖ · ‖ can be any unitarily invariant matrix norm.
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Note that the Hilbert-Schmidt norm is unitarily invariant, i.e., ‖UXV ‖F = ‖X‖F for any X ∈
Cn×m and unitary matrices U ∈ Cn×n and V ∈ Cm×m. Hence,

min
rank[M ]=r

‖A−M‖2F ≥
min[m,n]∑
k=r+1

σ2
k(A) (1.100)

such that

min
rank[M ]≤r

‖A−M‖2F = min
l≤r

min
rank[M ]=l

‖A−M‖2F

≥ min
l≤r

min[m,n]∑
k=l+1

σ2
k(A) =

min[m,n]∑
k=r+1

σ2
k(A).

(1.101)

We are now ready to establish bounds on the norm difference of pure and mixed states with
respect to matrix product structures [130].

Lemma 4 Let |ψ〉 and %̂ be a pure and mixed quantum state on N d-dimensional
subsystems. Then, for all matrix product states and operators with bond dimension
D = maxkDk, i.e., |ψD〉 and %̂D, one finds

εl(Dl+1) ≤ ‖|ψ〉 − |ψD〉‖2 and εl(Dl+1) ≤ ‖%̂− %̂D‖2F (1.102)

for all l = 1, . . . , N−1. Moreover, there exists a matrix product state |ψ′D〉 and matrix
product operator %̂′D with bond dimension D = maxkDk such that

‖|ψ〉 − |ψ′D〉‖2 ≤ 2

N−1∑
k=1

εk(Dk+1) and ‖%̂− %̂′D‖2F ≤ 2
N−1∑
k=1

εk(Dk+1). (1.103)

Here, εl(Dl+1) =
∑

i>Dl+1
λ2
i is the truncation error of the states |ψ〉 and %̂ for the

bipartite splitting {1, . . . , l} ∪ {l + 1, . . . , N}.

Recall the definition of the truncation error, see Equation (1.32). The positive numbers {λl} are
the singular values of the coefficient matrix for the considered bipartite splitting of the chain.
We now prove the lemma.
Proof: We start by establishing the lower bounds. For the pure setting, we write

|ψ〉 =
∑

i1,...,iN

ψi1,...,iN |i1, . . . , iN 〉 (1.104)

and let |ψD〉 be any matrix product state with bond dimension D, i.e.,

|ψD〉 =
∑

i1,...,iN

B1[i1] · · ·BN [iN ]|i1, . . . , iN 〉. (1.105)

Now, note that ‖|φ〉‖2 =
∑

i1,...,iN
|φi1,...,iN |2 and let k ∈ {1, . . . , N − 1} such that

‖|ψ〉 − |ψD〉‖2 =
∑

i1,...,iN

|ψi1,...,iN −B1[i1] · · ·BN [iN ]|2

=
∑

i1,...,iN

|ψ(i1,...,ik),(ik+1,...,iN ) −B(i1,...,ik),(ik+1,...,iN )|2,
(1.106)
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where we defined the matricesψ ∈ Cdk×dN−k andB ∈ Cdk×dN−k with entriesψ(i1,...,ik),(ik+1,...,iN ) =
ψi1,...,iN and B(i1,...,ik),(ik+1,...,iN ) = B1[i1] · · ·BN [iN ]. Hence, we have

‖|ψ〉 − |ψD〉‖2 = ‖ψ −B‖2F . (1.107)

Note that rank[B] ≤ Dk+1. This can be seen as follows:

B =
∑

i1,...,iN

B1[i1] · · ·BN [iN ] |i1, . . . , ik〉〈ik+1, . . . , iN |

=

Dk+1∑
l=1

 ∑
i1,...,ik

B1[i1] · · ·Bk[ik]|l〉|i1, . . . , ik〉

×
×

 ∑
ik+1,...,iN

〈l|Bk+1[ik+1] · · ·BN 〈ik+1, . . . , iN |


=

Dk+1∑
l=1

|ψ[k]
l 〉〈φ

[k]
l |

(1.108)

where we inserted the identity
∑Dk+1

l=1 |l〉〈l| = 1 between sites k and k + 1 and defined the
vectors |ψ[k]

l 〉 and |φ[k]
l 〉 accordingly. Hence, B is a sum of at most Dk+1 rank one matrices, i.e.,

rank[B] ≤ Dk+1. Thus, exploiting Equation (1.101), i.e., Theorem 4, we find

‖|ψ〉 − |ψD〉‖2 ≥ min
rank[M ]≤Dk+1

‖ψ −M‖2F ≥
∑

l>Dk+1

λ2
l (ψ) = εk(Dk+1). (1.109)

As this is valid for all k = 1, . . . , N − 1 it establishes the lower bound for the pure states. The
lower bound for the mixed state scenario is established accordingly by realizing that

‖%̂− %̂D‖2F = ‖%−B‖2F (1.110)

where % ∈ Cdk×dN−k and B ∈ Cdk×dN−k with entries %(i1,...,ik),(ik+1,...,iN ) = %i1,...,iN and
B(i1,...,ik),(ik+1,...,iN ) = B1[i1] · · ·BN [iN ] are defined by the expansion coefficients of %̂ and the
matrix product operator %̂D given by {Bk[ik] | ik = 1, . . . , d2} for all k = 1, . . . , N . The proof
for the upper bound in the pure setting is presented in [130]. For the mixed states, we proceed
similarly. Recall that %̂ is a matrix product operator with bond dimension D′ ≤ d2bN/2c, i.e.,

%̂ =
∑

i1,...,iN

P1[i1] · · ·PN [iN ] P̂
(i1)
1 · · · P̂ (iN )

N

=: ‖%̂‖F
∑

i1,...,iN

B1[i1] · · ·BN [iN ] P̂
(i1)
1 · · · P̂ (iN )

N =: ‖%̂‖F σ̂,
(1.111)

where ci1,...,iN = B1[i1] · · ·BN [iN ] is normalized, i.e., ‖c‖ = 1, and we write the matrices
Bk[ik] in the canonical form, see Definition 7. Furthermore, we define the normalized matrix
product operator σ̂ = %̂/‖%̂‖F . Now, let %̂′D be given by

%̂′D = ‖%̂‖F
∑

i1,...,iN

B1[i1]P1B2[i2]P2 · · ·PN−1BN [iN ] P̂
(i1)
1 · · · P̂ (iN )

N =: ‖%̂‖F σ̂′D, (1.112)

where Pk =
∑Dk+1

l=1 |l〉〈l| with Dk+1 = min[dmin[k,N−k], D] for all k = 1, . . . , N − 1 is the
projector such that Pk−1Bk[ik]Pk = [(Bk[ik])(1,...,min[dmin[k−1,N−k+1],D]),(1,...,min[dmin[k,N−k],D])]
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is the upper left block of the matrix Bk[ik]. First, we show that ‖%̂′D‖F ≤ ‖%̂‖F . Note that

‖%̂′D‖2F = ‖%̂‖2F
∑

i1,...,iN

BN [iN ]†P †N−1 · · ·P
†
1B1[i1]†B1[i1]P1 · · ·PN−1BN [iN ]

= ‖%̂‖2F tr
[∣∣∣∑

iN

BN [iN ]†XBN [iN ]
∣∣∣] = ‖%̂‖2F

∥∥∥∑
iN

BN [iN ]†XBN [iN ]
∥∥∥
∗
,

(1.113)

where X =
∑

i1,...,iN−1
P †N−1 · · ·P

†
1B1[i1]†B1[i1]P1 · · ·PN−1. Since the matrices BN [iN ] are

right-normalized, they can be identified as Kraus operators of a positive and trace-preserving
map EN (X) =

∑
iN
B†N [iN ]XBN [iN ] [90]. Further, recall that these maps are contractive

under the trace norm, see Theorem 2 and Equation (1.95). Hence, we arrive at

‖%̂′D‖2F ≤ ‖%̂‖2F
∥∥∥ ∑
i1,...,iN−1

P †N−1 · · ·P
†
1B1[i1]†B1[i1]P1 · · ·PN−1

∥∥∥
∗
. (1.114)

With Theorem 3 and Equation (1.98) we have that ‖Fk(X)‖∗ = ‖P †kXPk‖∗ ≤ ‖XPk‖∗ ≤
‖X‖∗ where we defined the map Fk(X) = P †kXPk . We now iteratively identify the maps
Ek(X) =

∑
ik
B†k[ik]XBk[ik] and Fk(X) = P †kXPk and exploit the contractivity of the trace

norm to find

‖%̂′D‖2F ≤ ‖%̂‖2F
∥∥∥∑
i1

B1[i1]†B1[i1]
∥∥∥
∗

= ‖%̂‖2F
∥∥∥∑
i1

B1[i1]†Λ2
0B1[i1]

∥∥∥
∗

= ‖%̂‖2F ‖Λ2
1‖∗,

(1.115)

where we inserted Λ0 = 1 (recall that the matrices Bk[ik] are given in canonical form, see Def-
inition 7). As Λ1 is a diagonal matrix with positive entries, we further have ‖Λ2

1‖∗ = tr[Λ2
1] =

tr[
∑

i1
B1[i1]†Λ2

0B1[i1]] = tr[
∑

i1
B1[i1]B1[i1]†Λ2

0] = tr[Λ2
0] = 1 such that ‖%̂′D‖2F ≤ ‖%̂‖2F .

With this, we have

‖%̂− %̂′D‖2F = ‖%̂‖2F − tr[%̂†%̂′D] + ‖%̂′D‖2F − tr[(%̂′D)†%̂]

≤ ‖%̂‖2F (1− tr[σ̂†σ̂′D]) + ‖%̂‖2F (1− tr[(σ̂′D)†σ̂])

= 2‖%̂‖2F Re[1− tr[σ̂†σ̂′D]]

≤ 2‖%̂‖2F
∣∣1− tr[σ̂†σ̂′D]

∣∣.
(1.116)

Further, we find with ΛN = 1∣∣1− tr[σ̂†σ̂′D]
∣∣ = tr

∣∣∣Λ2
N −

∑
i1,...,iN

BN [iN ]† · · ·B1[i1]†B1[i1]P1 · · ·PN−1BN [iN ]
∣∣∣

=
∥∥∥∑
iN

BN [iN ]†
(
Λ2
N−1 −X1,...,N−1PN−1

)
BN [iN ]

∥∥∥
∗

≤ ‖Λ2
N−1 −X1,...,N−1PN−1‖∗,

(1.117)

whereX1,...,N−1 =
∑

i1,...,iN−1
BN−1[iN−1]† · · ·B1[i1]†B1[i1]P1 · · ·PN−2BN−1[iN−1] and the

diagonal matrix ΛN−1 contains the singular values of the matrix ci1,...,iN = B1[i1] · · ·BN [iN ]
for the bipartite splitting {1, . . . , N − 1} ∪ {N} (see Lemma 3 and Definition 7). As before, we
exploit the contractivity of the positive and trace-preserving map EN with respect to the trace
norm. Further, one finds

‖Λ2
N−1 −X1,...,N−1PN−1‖∗
= ‖Λ2

N−1PN−1 −X1,...,N−1PN−1 + Λ2
N−1(1− PN−1)‖∗

≤ ‖(Λ2
N−1 −X1,...,N−1)PN−1‖∗ + ‖Λ2

N−1(1− PN−1)‖∗
≤ ‖(Λ2

N−1 −X1,...,N−1)‖∗ + ‖Λ2
N−1(1− PN−1)‖∗,

(1.118)
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where the last term is given by the truncation error δN−1(DN ) =
∑

l>DN
(Λ2

N−1)l,l of the matrix
product operator σ̂ for the splitting {1, . . . , N − 1} ∪ {N}. Hence, by exploiting the canonical
form of the matrices Bk[ik], we arrive at∣∣1− tr[σ̂†σ̂′D]

∣∣
≤
∥∥∥Λ2

N−1 −
∑
iN−1

BN−1[iN−1]†X1,...,N−2PN−2BN−1[iN−1]
∥∥∥
∗

+ δN−1(DN )

=
∥∥∥∑
iN−1

BN−1[iN−1]†
(
Λ2
N−2 −X1,...,N−2PN−2

)
BN−1[iN−1]

∥∥∥
∗

+ δN−1(DN ).

(1.119)

We proceed by applying the contractivity relation for the map Ek for k = N − 1, . . . , 1 and
exploit the canonical form of the respective matrices such that we finally end up with

∣∣1− tr[σ̂†σ̂′D]
∣∣ ≤ N−1∑

k=1

δk(Dk+1). (1.120)

Now, note that the truncation errors δk(Dk+1) are quadratic functions of the singular values
(Λk)l,l for each bipartite splitting of the coefficients of the matrix product operator σ̂. Further,
multiplying the (Λk)l,l of the matrix product operator σ̂ with the norm ‖%̂‖F yields the singular
values of the coefficient matrix of the matrix product operator %̂. Hence,

‖%̂− %̂′D‖2F ≤ 2‖%̂‖2F
∣∣1− tr[σ̂†σ̂′D]

∣∣ ≤ 2‖%̂‖2F
N−1∑
k=1

δk(Dk+1) = 2
N−1∑
k=1

εk(Dk+1), (1.121)

where εk(Dk+1) is the truncation error for the desired state %̂. This proves the lemma. �

Again, this lemma shows that if the (operator) Schmidt coefficients decay fast for each bipartite
splitting (in particular, if the truncation error for each bipartite splitting grows at most alge-
braically with N ), then there is an efficient matrix product state (operator) approximation of
the considered state with respect to the Euclidean norm (Hilbert-Schmidt norm). Note that,
however, a bound on the trace norm difference between two density matrices would allow a
physically motivated interpretation of the quality of the approximation. Indeed, let %̂ and σ̂ be
two density matrices and Ô an arbitrary observable. Then, we have∣∣tr[Ô%̂]− tr[Ôσ̂]

∣∣ ≤ ‖Ô‖ · ‖%̂− σ̂‖∗, (1.122)

where ‖Ô‖ denotes the operator norm of the considered observable Ô. Hence, a bound on the
trace norm of two density matrices immediately establishes a bound on the deviation of the
expectation values of these mixed states with respect to all bounded operators, i.e., all Ô with
‖Ô‖ ≤ δ. As the analysis of the trace norm distance for mixed states incorporates the singular
value decomposition of a matrix product operator, computing the latter scales exponentially in
N given that all singular values are unequal to zero and contribute to the trace norm. Thus, in
this thesis, we restrict ourselves to the determination of the Hilbert-Schmidt norm distance (or
a renormalization of the latter) for matrix product operators. For pure states, exact analytical
bounds for the truncation error exist [130]. These bounds are related to the scaling of the Rényi
entropy of the reduced density matrices. The next subsection is devoted to give a short review
of physically motivated states which are well approximated by matrix product structures.
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1.2.8 Area Laws for the Rényi Entropy

The analysis of quantum many-body systems strongly benefits from the application of tech-
niques known from the field of quantum information theory. These information theoretical ap-
proaches allow to formulate conditions when the number of parameters required to represent
pure quantum many-body states can be reduced without throwing away important parts. These
results suggest that the physically relevant pure states do not occupy the full Hilbert space but
rather a small subset of the latter, i.e., are very well approximated by matrix product states [39].
In this subsection, we briefly discuss techniques which help to understand these propositions.
Quantum theory allows for states which have no classical counterpart. For instance, the entropy
of a system can be non-zero not only due to the lack of knowledge in which pure state the system
is realized but also due to the fact that the system is a reduction of an entangled pure state. For
pure states, one way of quantifying these quantum correlations is given by the von Neumann
entropy of the reduced system, i.e., the entropy of entanglement [9, 100, 128]. Now, in fact, the
von Neumann entropy is a specific realization of a whole family of entropies, the so called Rényi
entropies:

Definition 9 (Rényi entropy) Let %̂ be a mixed quantum state. For 0 ≤ α ≤ ∞, the
Rényi entropy is defined as

Sα(%̂) =
log
[
tr(%̂α)

]
1− α , (1.123)

where log[x] denotes the logarithm to the basis 2.

Note that for α→ 1, one obtains the usual von Neuman entropy, i.e., S1(%̂) = limα→1 Sα(%̂) =:
S(%̂) = − tr

[
%̂ log(%̂)

]
; whereas for α → 0 one recovers the rank of the density matrix, i.e.,

S0(%̂) = limα→0 Sα(%̂) = log
[
rank(%̂)

]
[132]. Furthermore, the Rényi entropies for α = 0, 1

are functions suitable to quantity the entanglement for pure states on bipartite systems when
being applied to their reduced state on a particular subsystem I [40, 100], that is, to the reduced
density matrix

%̂I = trN\I [%̂N ]. (1.124)

One might now pose the question of how the Rényi entropy of the reduced state scales with
respect to the size of the subregion I. The origin of these questions stems from the motiva-
tion of understanding the role of entanglement in quantum many-body systems [15, 41, 99].
Moreover, the scaling of the Rényi entropy of reduced density matrices allows to detect pure
states which can be approximated efficiently by a state representation with far less parameters
for very large system sizes N by introducing bounds on the truncation error for each bipartite
splitting [115, 130] (see also the discussion in the previous subsection). One might think that
the entropy always scales like the volume of the considered region |I| (that is, the number of
considered subsystems), i.e., the entropy possesses an extensive character which is referred to
as a volume law. While this is true for random states, for a large class of physically relevant
systems, however, one observes that the entropy might scale as the boundary of the considered
region |∂I|, see Figure 1.2. This is called an area law [41].
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I∂I ∂I
... ... ...

Figure 1.2: A one-dimensional chain consisting of N d-dimensional subsystems illustrating the
partition into subregions I with cardinality |I| and N \ I where the boundary of I is denoted
as ∂I. Note that in one dimension the cardinality is a constant, e.g., for the boundary of a block
of contiguous sites we have |∂I| = 2.

Definition 10 (Area law for the Rényi entropy) Let |ψ〉 be a pure quantum state on
a bipartite system N = I ∪ J . This system satisfies an area law for the Rényi entropy
if

Sα(%̂I) = O
(
|∂I|

)
, (1.125)

where %̂I = trJ
[
|ψ〉〈ψ|

]
denotes the reduced density matrix on subsystem I.

Now, motivated by area laws, one tries to relate the approximability of matrix product states
to the scaling of entropies with respect to reduced systems. In particular, let us distinguish
a region of the quantum system with some sites collected in the set I and all other sites in
J = N \I. If there exist constants c, c′ ≥ 0 such that the Rényi entropy for 0 ≤ α < 1 satisfies
Sα(%̂I) ≤ c log[N ] + c′ for all reduced states %̂I = trJ [|ψ〉〈ψ|], then it is well known that |ψ〉
can be approximated efficiently as a matrix product state [115,130]. The case α = 0 is obvious.
Let S0(%̂I) be constant, i.e., S0(%̂I) = O(|∂I|) = O(1) in one dimension. Then, this has to
hold for all bipartite splittings and since the Rényi entropy S0(%̂I) is equivalent to the Schmidt
rank, the state |ψ〉 is a matrix product state with bond dimension D = O(1). The converse is
also true. Assume that the state is a matrix product state with bond dimension D = poly(N).
The bond dimension is directly related to the Schmidt rank and hence to the Rényi entropy with
α = 0. Hence, there are constants c, c′ such that S0(%̂I) = log[D] = c log[N ] + c′, i.e., every
matrix product state with bond dimension D = poly(N) satisfies an area law. More generally,
area laws have been found, among others, for the entropy of entanglement S1(%̂) for unique
ground states of gapped local Hamiltonians in one dimension [15, 28, 29, 41, 59, 99].
Note that area laws are a way to characterize the amount of correlations within a system [15,16].
An important class of states with exponentially decaying correlations are ground states of short-
range gapped local Hamiltonians [57]. It is well known that ground states of gapped R-local
Hamiltonians with short interaction range R (recall the definition of R-local Hamiltonians in
Subsection 1.1.2) are well approximated by matrix product states [58–60]. Moreover, thermal
states corresponding to these Hamiltonians, i.e., %̂ = e−βĤ /Z with inverse temperature β and
partition function Z, are well approximated by matrix product operators [58, 72]. With the
physically motivated assumption that interactions are local, i.e., physically relevant systems are
described by R-local Hamiltonians, this (together with the results for the scaling of the Rényi
entropy) justifies the approximation of a large class of interesting one-dimensional quantum
many-body states as matrix product states and operators.
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1.3 Symmetries – Indistinguishable Particles

1.3.1 The Symmetric Subspace

In this section, we discuss quantum many-body states that are symmetric with respect to parti-
cle permutations and review the standard text-book second quantization approach to obtain an
efficient state representation for these systems [86, 120, 124, 125]. Symmetric quantum states
arise naturally for indistinguishable particles and allow, e.g., to characterize the internal degrees
of freedom of an atomic gas that is composed of indistinguishable bosons where each atom can
be in a superposition of two orthogonal quantum states [106]. We review the symmetric sub-
space of HN = CdN and introduce the orthogonal projection onto the latter. Then, we discuss
a convenient basis of the symmetric subspace and show that this basis can be interpreted as the
symmetric Dicke states, that is, the symmetric subset of the simultaneous eigenvectors of the an-
gular momentum operators. Finally, we discuss some symmetric states that will help to analyze
these systems at a later stage of this thesis.
Let π ∈ SN be an element of the symmetric group SN of N distinct elements. Hence, π ∈ SN
represents one possible permutation of the index set N = {1, . . . , N}. With this, we can define
the permutation operator corresponding to π ∈ SN [56]:

Definition 11 (Permutation operator) Let π ∈ SN be an element of the symmetric
group on the index set N = {1, . . . , N}. The permutation operator P̂π ∈ B(HN ) that
permutes the particles of a quantum state inHN according to π is given by

P̂π =
d∑

i1,...,iN=1

|iπ−1(1), . . . , iπ−1(N)〉〈i1, . . . , iN |. (1.126)

Note that the permutation operators satisfy the group axioms and hence form a representation of
the symmetric group onHN = CdN . In particular, we have

P̂π1P̂π2 = P̂π1◦π2 , P̂πP̂
†
π = 1 and P̂ †π = P̂π−1 . (1.127)

This can be seen straightforwardly:

P̂π1P̂π2 =
∑

i1,...,iN

∑
l1,...,lN

|iπ−1
1 (1), . . . , iπ−1

1 (N)〉〈l1, . . . , lN |×

× 〈i1, . . . , iN |lπ−1
2 (1), . . . , lπ−1

2 (N)〉.
(1.128)

Further,

〈i1, . . . , iN |lπ−1
2 (1), . . . , lπ−1

2 (N)〉 = 〈iπ2(1), . . . , iπ2(N)|l1, . . . , lN 〉 (1.129)

such that with π−1
2 ◦ π−1

1 = (π1 ◦ π2)−1

P̂π1P̂π2 =
∑

i1,...,iN

|iπ−1
1 (1), . . . , iπ−1

1 (N)〉〈iπ2(1), . . . , iπ2(N)|

=
∑

i1,...,iN

|i(π−1
2 ◦π

−1
1 )(1), . . . , i(π−1

2 ◦π
−1
1 )(N)〉〈i1, . . . , iN | = P̂π1◦π2 .

(1.130)
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For the second relation, we find

P̂πP̂
†
π =

∑
i1,...,iN

∑
l1,...,lN

|iπ−1(1), . . . , iπ−1(N)〉〈lπ−1(1), . . . , lπ−1(N)|×

× 〈i1, . . . , iN |l1, . . . , lN 〉
=

∑
i1,...,iN

|iπ−1(1), . . . , iπ−1(N)〉〈iπ−1(1), . . . , iπ−1(N)| = 1.

(1.131)

The third relation is established by observing

P̂ †π =
∑

i1,...,iN

|i1, . . . , iN 〉〈iπ−1(1), . . . , iπ−1(N)|

=
∑

i1,...,iN

|iπ(1), . . . , iπ(N)〉〈i1, . . . , iN | = P̂π−1 .
(1.132)

The symmetric subspace is defined as the set of states in HN that are invariant under particle
permutations [56].

Definition 12 (The symmetric subspace Sym(HN )) The symmetric subspace of
HN = CdN is defined as

Sym(HN ) =
{
|ψ〉 ∈ HN

∣∣∣ P̂π|ψ〉 = |ψ〉 for all π ∈ SN
}
. (1.133)

We will now introduce the orthogonal projector onto the symmetric subspace, i.e., the operator
which transforms every element fromHN into Sym(HN ) [56]:

Corollary 5 Let |ψ〉 ∈ HN be a quantum state on N d-level systems. The orthogonal
projection of |ψ〉 onto Sym(HN ) is given by P̂Sym(HN )|ψ〉 where

P̂Sym(HN ) =
1

N !

∑
π∈SN

P̂π (1.134)

and the sum is over all N ! permutations.

Proof: In order to prove the orthogonality of the projection, we need to establish that for every
|ψ〉, |φ〉 ∈ HN we have

0 = 〈(1− P̂Sym(HN ))ψ|P̂Sym(HN )φ〉 = 〈ψ|(1− P̂ †Sym(HN ))P̂Sym(HN )|φ〉. (1.135)

As this has to hold for every |ψ〉, |φ〉 ∈ HN , we conclude that P̂ †Sym(HN )P̂Sym(HN ) = P̂Sym(HN )

is necessary and sufficient for P̂Sym(HN ) being an orthogonal projection. To show this, note that
by the first relation in Equation (1.127) we have

P̂π̃P̂Sym(HN ) =
1

N !

∑
π∈SN

P̂π̃P̂π =
1

N !

∑
π∈SN

P̂π̃◦π =
1

N !

∑
π̃−1◦π∈SN

P̂π. (1.136)
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Now, by the rearrangement theorem [36], multiplying every element of a group by an arbitrary
element maps the group onto itself such that every element appears only once. That is, multipli-
cation of the group SN by a fixed element π ∈ SN only rearranges the group elements. Hence,

P̂π̃P̂Sym(HN ) =
1

N !

∑
π̃−1◦π∈SN

P̂π =
1

N !

∑
π∈SN

P̂π = P̂Sym(HN ). (1.137)

We find with P̂ †π = P̂π−1 that

P̂ †Sym(HN )P̂Sym(HN ) =
1

N !

∑
π∈SN

P̂π−1P̂Sym(HN ) =
1

N !

∑
π∈SN

P̂Sym(HN ) = P̂Sym(HN ) (1.138)

as the order of SN is N ! and, hence, P̂Sym(HN ) is an orthogonal projection. It remains to show
that the range of P̂Sym(HN ) is equivalent to the symmetric subspace Sym(HN ). First, we find
for all |ψ〉 ∈ HN

P̂πP̂Sym(HN )|ψ〉 = P̂Sym(HN )|ψ〉, (1.139)

where we exploited relation (1.137). Hence, by the definition of the symmetric subspace we find
that P̂Sym(HN )|ψ〉 is an element of Sym(HN ), i.e., ran[P̂Sym(HN )] ⊆ Sym(HN ). Secondly, to
show that we also have Sym(HN ) ⊆ ran[P̂Sym(HN )], note that with |ψ〉 ∈ Sym(HN ) we find

P̂Sym(HN )|ψ〉 =
1

N !

∑
π∈SN

P̂π|ψ〉 =
1

N !

∑
π∈SN

|ψ〉 = |ψ〉. (1.140)

Thus, Sym(HN ) = ran[P̂Sym(HN )]. This proves the corollary. �

1.3.2 Efficient Description of Symmetric States

We set out to find a basis for the symmetric subspace Sym(HN ) ⊂ HN . For this, we analyze
how the basis vectors |i1, . . . , iN 〉 ∈ HN transform under the orthogonal projector P̂Sym(H) :
HN → Sym(HN ) introduced in the preceding subsection, see Corollary 5. Counting the lin-
early independent basis elements shows that the dimension of Sym(HN ) is growing linearly
with the number of subsystems. This will allow us to represent fully symmetric states by a num-
ber of parameters that grows only linearly with N . For simplicity, let d = 2 for the remainder of
this section. One finds the following lemma.

Lemma 5 The symmetric subspace Sym(HN ) is of dimension dim
[
Sym(HN )

]
=

N + 1 and spanned by the orthogonal vectors

|k,N − k〉 = ck,N
∑
π∈SN

P̂π| 1, . . . , 1︸ ︷︷ ︸
k

, 0, . . . , 0︸ ︷︷ ︸
N−k

〉, (1.141)

where k = 0, . . . , N and ck,N ∈ R is a normalization constant.
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Proof: Due to the construction, there are N + 1 distinct vectors |k,N − k〉 for k = 0, . . . , N .
Moreover, Corollary 5 guarantees that |k,N − k〉 ∈ Sym(HN ) as

|k,N − k〉 = c̃k,N P̂Sym(ĤN )| 1, . . . , 1︸ ︷︷ ︸
k

, 0, . . . , 0︸ ︷︷ ︸
N−k

〉, (1.142)

where c̃k,N = N ! ·ck,N ∈ R is a normalization constant. Note that these vectors are mutually or-
thogonal as each of them is an equal superposition of all permutations with exactly k excitations.
It remains to show that the basis is complete. For this, we analyze the transformation behavior
of the basis elements of the full space HN . We start by grouping the full basis |i1, . . . , iN 〉 into
N + 1 subsets where each element |ψkπ̃〉 of one subset has a definite number of k excitations.
Note that we can construct each element of one of these subsets by a permutation of the standard
vectors

| 1, . . . , 1︸ ︷︷ ︸
k

, 0, . . . , 0︸ ︷︷ ︸
N−k

〉 , i.e., |ψkπ̃〉 = P̂π̃| 1, . . . , 1︸ ︷︷ ︸
k

, 0, . . . , 0︸ ︷︷ ︸
N−k

〉. (1.143)

Now, it is easy to see that – up to a constant – each element of one subspace maps onto the same
state for fixed k. We have

P̂Sym(HN )P̂π̃| 1, . . . , 1︸ ︷︷ ︸
k

, 0, . . . , 0︸ ︷︷ ︸
N−k

〉 =
1

N !

∑
π∈SN

P̂πP̂π̃| 1, . . . , 1︸ ︷︷ ︸
k

, 0, . . . , 0︸ ︷︷ ︸
N−k

〉 (1.144)

and, again by the rearrangement theorem [36], we find

P̂Sym(HN )P̂π̃| 1, . . . , 1︸ ︷︷ ︸
k

, 0, . . . , 0︸ ︷︷ ︸
N−k

〉 =
1

N !

∑
π∈SN

P̂π| 1, . . . , 1︸ ︷︷ ︸
k

, 0, . . . , 0︸ ︷︷ ︸
N−k

〉 (1.145)

which, normalized, is |k,N − k〉. Hence, each element of the grouped subspaces maps onto
the same symmetric state. Note that there are N + 1 different subspaces labeled by k =
0, . . . , N each with cardinality

(
N
k

)
. Further, by the binomial theorem, we have

∑N
k=0

(
N
k

)
=∑N

k=0

(
N
k

)
1k1N−k = (1+1)N = 2N such that the dimensions match. This proves the lemma. �

The results of this lemma allow to represent the elements of Sym(HN ) ⊂ HN = C2N as
elements of a vector space whose dimension grows only linearly with the number of particles.
In fact, every element in Sym(HN ) can be represented by an element in CN+1. Now, let us
relabel the symmetric states |k,N − k〉 with k = N/2 +m, i.e.,∣∣∣∣N2 +m,

N

2
−m

〉
= cm,N

∑
π∈SN

P̂π| 1, . . . , 1︸ ︷︷ ︸
N
2

+m

, 0, . . . , 0︸ ︷︷ ︸
N
2
−m

〉, (1.146)

where m = −N/2, . . . , N/2 and cm,N ∈ R is the normalization constant. In the remainder
of this subsection, we show that these symmetric states are the simultaneous eigenstates of the
angular momentum operators Ŝ2 and ŜZ given by

Ŝ2 = Ŝ2
X + Ŝ2

Y + Ŝ2
Z and Ŝk =

1

2

N∑
i=1

σ̂
(k)
i , (1.147)

where σ̂(k)
i for k = X,Y, Z denotes the Pauli matrix on site i, see Definition 2. First, we

establish the following corollary:
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Corollary 6 Let Ô =
∑N

k=1 ô
[k] be an observable acting on HN where ô[k] = ô for

all k = 1, . . . , N . Then

[P̂π, Ô] = 0 (1.148)

for all π ∈ SN .

Proof: We have (note that we explicitly label the position in the notation by an exponent)

P̂πÔP̂
†
π =

∑
i1,...,iN

∑
l1,...,lN

|i[1]
π−1(1)

, . . . , i
[N ]
π−1(N)

〉〈l[1]
π−1(1)

, . . . , l
[N ]
π−1(N)

|×

×
N∑
k=1

〈i[1]
1 , . . . , i

[N ]
N |ô[k]|l[1]

1 , . . . , l
[N ]
N 〉

=

N∑
k=1

∑
i1,...,,iN

∑
lk

〈i[k]
k |ô[k]|l[k]

k 〉×

× |i[1]
π−1(1)

, . . . , i
[n]
π−1(n)

, . . . , i
[N ]
π−1(N)

〉〈i[1]
π−1(1)

, . . . , l
[n]
π−1(n)

, . . . , i
[N ]
π−1(N)

|,

(1.149)

where n = π(k). Hence, as ô[k] = ô for all k = 1, . . . , N , we arrive at

P̂πÔP̂
†
π =

N∑
k=1

∑
ik,lk

〈i[k]
k |ô[k]|l[k]

k 〉 1⊗ . . .⊗ 1⊗ |i
[n]
π−1(n)

〉〈l[n]
π−1(n)

| ⊗ 1⊗ . . .⊗ 1

=

N∑
k=1

1⊗ . . .⊗ 1⊗ ô[π(k)] ⊗ 1⊗ . . .⊗ 1 = Ô.

(1.150)

With relation (1.127) we have [P̂π, Ô] = 0. �

With this, one finds the following corollary:

Corollary 7 The basis
{
|N/2 + m,N/2 − m〉 |m = −N/2, . . . , N/2

}
of the sym-

metric subspace Sym(HN ) given by∣∣∣∣N2 +m,
N

2
−m

〉
= cm,N

∑
π∈SN

P̂π| 1, . . . , 1︸ ︷︷ ︸
N
2

+m

, 0, . . . , 0︸ ︷︷ ︸
N
2
−m

〉 (1.151)

with cm,N ∈ R as the normalization constant satisfies

Ŝ2

∣∣∣∣N2 +m,
N

2
−m

〉
=
N

2

(
N

2
+ 1

) ∣∣∣∣N2 +m,
N

2
−m

〉
(1.152)

and

ŜZ

∣∣∣∣N2 +m,
N

2
−m

〉
= m

∣∣∣∣N2 +m,
N

2
−m

〉
, (1.153)

i.e., these states are simultaneous eigenvectors of the angular momentum operators Ŝ2

and ŜZ .
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Proof: First, we show that |N/2 +m,N/2−m〉 is an eigenvector of ŜZ . According to Corol-
lary 6, we have [P̂π, ŜZ ] = 0 for all π ∈ SN . Hence (note that we choose σ̂(Z)|1〉 = |1〉 and
σ̂(Z)|0〉 = −|0〉, see Definitions 1 and 2),

ŜZ

∣∣∣∣N2 +m,
N

2
−m

〉
= cm,N

∑
π∈SN

P̂πŜZ | 1, . . . , 1︸ ︷︷ ︸
N
2

+m

, 0, . . . , 0︸ ︷︷ ︸
N
2
−m

〉. (1.154)

Moreover,

ŜZ | 1, . . . , 1︸ ︷︷ ︸
N
2

+m

, 0, . . . , 0︸ ︷︷ ︸
N
2
−m

〉 =
1

2

[(
N

2
+m

)
−
(
N

2
−m

)]
| 1, . . . , 1︸ ︷︷ ︸

N
2

+m

, 0, . . . , 0︸ ︷︷ ︸
N
2
−m

〉 (1.155)

and hence ŜZ |N/2 +m,N/2−m〉 = m|N/2 +m,N/2−m〉. Next, we prove

Ŝ−
∣∣∣∣N2 +m,

N

2
−m

〉
= c̃m,N

∣∣∣∣N2 + (m− 1),
N

2
− (m− 1)

〉
(1.156)

such that we can generate all N + 1 basis vectors of Sym(HN ) by applying the operator Ŝ− =∑N
k=1 σ̂

−
k with σ̂−k = 1

2

(
σ̂

(X)
k − iσ̂(Y )

k

)
to the state |N, 0〉. Recall that σ̂−|1〉 = |0〉 and σ̂−|0〉 =

0. Now, note that [P̂π, Ŝ
−] = 0 according to Corollary 6 and that

Ŝ−| 1, . . . , 1︸ ︷︷ ︸
N
2

+m

, 0, . . . , 0︸ ︷︷ ︸
N
2
−m

〉 =

N/2+m∑
l=1

P̂πl | 1, . . . , 1︸ ︷︷ ︸
N
2

+(m−1)

, 0, . . . , 0︸ ︷︷ ︸
N
2
−(m−1)

〉, (1.157)

where P̂πl are appropriate permutations. With this, we find

Ŝ−
∣∣∣∣N2 +m,

N

2
−m

〉
= cm,N

N/2+m∑
l=1

∑
π∈SN

P̂πP̂πl | 1, . . . , 1︸ ︷︷ ︸
N
2

+(m−1)

, 0, . . . , 0︸ ︷︷ ︸
N
2
−(m−1)

〉. (1.158)

Now, again by the rearrangement theorem [36], we have

Ŝ−
∣∣∣∣N2 +m,

N

2
−m

〉
= cm,N

N/2+m∑
l=1

∑
π∈SN

P̂π| 1, . . . , 1︸ ︷︷ ︸
N
2

+(m−1)

, 0, . . . , 0︸ ︷︷ ︸
N
2
−(m−1)

〉

= c̃m,N

∣∣∣∣N2 + (m− 1),
N

2
− (m− 1)

〉
.

(1.159)

This proves that we can write∣∣∣∣N2 +m,
N

2
−m

〉
= dm,N

(
Ŝ−
)N/2−m

|N, 0〉 (1.160)

with appropriate normalization constants dm,N . Finally, we show that |N/2 + m,N/2−m〉 is
an eigenvector of Ŝ2. For this, note that Ŝ2|N, 0〉 = N/2(N/2 + 1)|N, 0〉. Now, recall that Ŝ2

commutes with Ŝk for all k = X,Y, Z. Finally, we have [Ŝ2, Ŝ−] = 0, and hence

Ŝ2

∣∣∣∣N2 +m,
N

2
−m

〉
= dm,N

(
Ŝ−
)N/2−m

Ŝ2|N, 0〉

=
N

2

(
N

2
+ 1

) ∣∣∣∣N2 +m,
N

2
−m

〉
,

(1.161)
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i.e., |N/2 +m,N/2−m〉 is an eigenvector of Ŝ2 with eigenvalue N/2(N/2 + 1). �

The results of this corollary allow to identify the basis elements |N/2 + m,N/2 − m〉 of the
symmetric subspace with the simultaneous eigenvectors |j,m〉 of the angular momentum oper-
ators Ŝ2 and ŜZ with eigenvalues j(j + 1) and m = −j, . . . , j for j = N/2. Hence, from now
on, we denote the basis of Sym(HN ) by |j,m〉 where we restrict to the subspace j = N/2.
These states are often referred to as the symmetric Dicke states [86] and can be interpreted, for
large N , as states with large angular momentum [113].

1.3.3 Symmetric States – Some Examples

Here, we review some prominent examples of states that are completely supported in the totally
symmetric subspace. First, we discuss two specific realizations of the GHZ-type and W-type
states which have been introduced in the context of matrix product states in Subsection 1.2.3.
Then, we consider two classes of states which will serve as model states for the analysis of
quantum state tomography techniques for symmetric systems that are presented in Chapter 8.

GHZ-type states: Recall the definition of a GHZ-type state, see Subsection 1.2.3. For
k = N , we have

|GHZNN (φ)〉 =
[
|0〉⊗N + eiφ |1〉⊗N

]
/
√

2 (1.162)

with φ ∈ [0; 2π). Obviously, this is a superposition of the symmetric states |N/2,−N/2〉
and |N/2, N/2〉 with j = N/2 and m = −N/2, N/2 and hence is an element of
Sym(HN ).

W-type states: Let φ = 0. Then, the W-type state in Equation (1.54) of Subsection 1.2.3
is given by

|WN (0)〉 =
[
|100 . . . 0〉+ |010 . . . 0〉+ . . .+ |000 . . . 1〉

]
/
√
N. (1.163)

This state is invariant under a permutation of the particles and, hence, an element of
Sym(HN ). In fact, we have |WN (0)〉 = |N/2,−N/2 + 1〉, i.e., this particular W-type
state is equivalent to a symmetric Dicke state with j = N/2 and m = −N/2 + 1.

Next, we discuss the coherent and spin-squeezed states. Before we introduce these families of
states, we need to define the rotation operator together with the Wigner D-matrix [4, 17, 71, 84].

Definition 13 (Rotations and the Wigner D-matrix) Let Ŝk, k = X,Y, Z, be the an-
gular momentum operators given by Ŝk = 1

2

∑N
i=1 σ̂

(k)
i . The rotation operator describ-

ing the rotation with the angles α, β, γ about the axes Z, Y, Z is defined by

R̂(α, β, γ) = e−iαŜZ e−iβŜY e−iγŜZ . (1.164)

Further, let |j,m〉 be the simultaneous eigenvectors of ŜZ and Ŝ2 = Ŝ2
X + Ŝ2

Y + Ŝ2
Y ,

then

Dj
m,m′(α, β, γ) = 〈j,m|R̂(α, β, γ)|j,m′〉 = e−iαm djm,m′(β) e−iγm

′
(1.165)

is called Wigner D-matrix and djm,m′(β) = 〈j,m| e−iβŜY |j,m′〉 is referred to as
Wigner (small) d-matrix.



44 Chapter 1. Efficient State Representations for Quantum Many-Body Systems

Note that the Wigner D-matrix is a (2j + 1) dimensional representation of the rotation operator,
i.e.,Dj

m,m′(α, β, γ) can be represented as an element of C(2j+1)×(2j+1). In Chapter 8 we discuss
several properties of the Wigner D-matrix. For the moment, it is sufficient to give the following
relations:

Corollary 8 (Properties of the Wigner D-matrix – part I [17]) Let djm,m′(β) be the
Wigner (small) d-matrix with m,m′ = −j, . . . , j. Then,

1. djm,m′(β) = (−1)m−m
′
djm′,m(β) and

2. djj,m(β) = (−1)j−m

√(
2j

j +m

)
cos(β/2)j+m sin(β/2)j−m.

With this, we are now ready to introduce coherent and spin-squeezed states [1, 4, 35, 71, 111].

Coherent states: A coherent state is a rotation of the state |j, j〉 pointing along the direc-
tion

(
sin(θ) cos(φ), sin(θ) sin(φ), cos(θ)

)
[111], i.e.,

|θ, φ〉 = R̂(φ, θ, φ)|j, j〉 = e−iφŜZ e−iθŜY e−iφŜZ |j, j〉. (1.166)

Now, note that [Ŝ2, Ŝk] = 0 for all k = X,Y, Z such that |θ, φ〉 still lies in the subspace
spanned by the eigenvectors of Ŝ2 with eigenvalue j(j + 1). Hence, we find

|θ, φ〉 =

j∑
m=−j

〈j,m|R̂(φ, θ, φ)|j, j〉 |j,m〉

=

j∑
m=−j

e−i(m+j)φ djm,j(θ) |j,m〉
(1.167)

and by Corollary 8 we have

|θ, φ〉 =

j∑
m=−j

e−i(m+j)φ

√(
2j

j +m

)
cos(θ/2)j+m sin(θ/2)j−m |j,m〉. (1.168)

Coherent states are particularly interesting as they satisfy a minimum uncertainty rela-
tionship similar to the usual coherent states of quantum optics [117]: For the rotated
components of the angular momentum operators Ŝk(θ, φ) = R̂(φ, θ, φ)ŜkR̂(φ, θ, φ)† we
have ∆ŜX(θ, φ)2 = ∆ŜY (θ, φ)2 = |〈ŜZ(θ, φ)〉|2/2 where the uncertainty is given by
∆Ŝi(θ, φ)2 = 〈Ŝi(θ, φ)2〉 − 〈Ŝi(θ, φ)〉2 [4, 35, 71]. Moreover, for j = N/2 the coherent
state is a superposition of symmetric states and hence itself symmetric with respect to
particle permutations.

Squeezed states: Let us finally define spin-squeezed states as the result of a particular
nonlinear interaction Û(µ) = e−iµŜ

2
Z/2 applied to a coherent state [71], i.e.,

|ψµ(θ, φ)〉 = Û(µ)|θ, φ〉 = e−iµŜ
2
Z/2 |θ, φ〉 (1.169)
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with µ ∈ R. Now, as [Ŝ2, ŜZ ] = 0 the spin-squeezed states remain eigenvectors of the
total angular momentum operator Ŝ2. Hence, applying the squeezing operator Û(µ) to a
symmetric state results in a state that lies in Sym(HN ). With this, we find by exploiting
Corollary 8 [71]

|ψµ(θ, φ)〉 =

j∑
m=−j

e−i(m+j)φ e−iµm
2/2×

×
√(

2j

j +m

)
cos(θ/2)j+m sin(θ/2)j−m |j,m〉.

(1.170)

These states are called squeezed states as the uncertainty along one direction is reduced at
the expense of the uncertainty along a perpendicular direction [71].

Finally, let us stress that the examples listed in this subsection (for j = N/2) are all symmetric
with respect to permutations and hence can be represented as vectors in a Hilbert space with
dimension N + 1.

1.4 Discussion

In this chapter, we discussed the difficulties for handling quantum many-body systems. Due to
the exponential scaling of the Hilbert space dimension with respect to the number of constituents
the analytical and numerical analysis of these systems is infeasible when a large number of par-
ticles is involved. To overcome the scaling issue, we reviewed two classes of states which
allow for an efficient analysis of many-body systems: (i) We discussed the families of matrix
product states and operators which are completely determined by a set of matrices that grows
linearly in the number of subsystems [93, 95, 114, 139]. For states that are uniquely determined
or well approximated by a matrix product structure with matrix dimensions not growing expo-
nentially with N , this representation allows for an efficient computation of physical properties
such as overlaps of matrix product states or expectation values of product observables. More-
over, we analyzed how bond dimensions behave when adding and multiplying matrix product
states and operators. We showed that for fast decaying (operator) Schmidt coefficients there
is an efficient matrix product state (operator) approximation for the considered system [130].
Further, we discussed that physically interesting states are well approximated by these struc-
tures [15,41,57–60,115,130]. What is more, (ii) we analyzed many-body systems that are com-
posed of indistinguishable particles. We reviewed the symmetric subspace of the full Hilbert
space and discussed that its dimension grows linearly with the number of particles. Moreover,
we connected the descriptions of the symmetric states with simultaneous eigenstates of the an-
gular momentum operators Ŝ2 and ŜZ . This allows to analyze symmetric systems with the
mathematical framework introduced for the characterization of the latter states.
The results of this chapter will help to establish algorithms to simulate ground and thermal
state properties of quantum many-body systems in one-dimension corresponding to Hamilto-
nians with finite interaction range. This is discussed in Part II of this thesis. Moreover, the
family of matrix product states and operators will allow us to develop and implement a variety
of techniques for one-dimensional quantum state tomography for a large number of subsystems.
Additionally, the findings for symmetric states allows for efficient state tomography on, e.g.,
two-component Bose-Einstein condensates that consist of a large number of particles. These
results and techniques are presented in Part III. Before we discuss these tomography schemes in
great detail, let us – in the next chapter – review some conventional reconstruction methods that
can be applied to many-body systems of moderate system sizes.
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Chapter 2

Quantum State Estimation for Small System
Sizes

Quantum state tomography addresses the problem of completely characterizing a state of a phys-
ical system by measuring a set of observables that determine the state uniquely [94]. Inverting
these measurements to deduce a quantum mechanical description of the system is by no means
trivial and the debate about the most appropriate method is still ongoing [13, 103]. The strate-
gies for quantum state tomography range from directly inverting the measurements [67] over
statistical approaches known from classical probability theory such as maximum likelihood es-
timation [63, 67] and Bayesian inference [13, 101] to recently developed techniques adopting
results from the field of matrix completion [21, 45, 51, 52, 102]. Linear inversion is the imme-
diate approach to state tomography. For experimental data, however, it may happen that no
solution on the state space exists. To avoid the possibility of negative eigenvalues of the state
estimate – which may arise by directly inverting Born’s rule for relative frequencies – statistical
methods where introduced into the field to circumvent this issue: While maximum likelihood
estimation is the method of choice for the frequentist statisticians where probabilities are in-
terpreted as the infinite limit of relative frequencies obtained in a measurement process, the
Bayesian statisticians interpret probabilities as a degree of belief in a certain event and allow
to update their prior knowledge (i.e., prior probability distribution) of the system by additional
measurements exploiting Bayes’ rule. Transferring these approaches to quantum state tomogra-
phy, both methods have their advantages and drawbacks: The maximum likelihood principle is
known to be biased towards rank deficient states but requires no prior knowledge. In contrast,
in Bayesian inference it is often not clear how to choose the prior distribution – the estimates,
however, will have full rank [13, 101]. Besides these classical approaches to quantum state to-
mography, strategies emerged during the last years which seek state estimates in a restricted
subset of the full Hilbert space. The field of matrix completion [21, 102] triggered the develop-
ment of techniques for the state reconstruction in the ansatz class of low-rank states for quantum
tomography [45, 51, 52]. The imposed assumption of a low-rank state is certainly justified for
a wide class of quantum experiments where one intends to prepare pure states. In this chapter,
we discuss the general measurement process in quantum mechanics and specialize the measure-
ment procedure for, e.g., linearly arranged qubits and systems with large angular momentum.
The second part of this chapter is devoted to review a number of reconstruction algorithms ca-
pable of finding estimates given the measurements on a physical system. We discuss the linear
inversion technique, maximum likelihood reconstruction, mean Bayesian estimation and the ma-

47
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trix completion formalism. Note, however, that we merely touch the broad list of reconstruction
techniques for state tomography and that this list is far from being complete [94]. The algorithms
introduced in this chapter are all restricted to small system sizes due to the exponential scaling
of the Hilbert space dimension with the number of subsystems. One of the main contributions of
this thesis to the field of quantum state tomography will be the generalization of some algorithms
and aspects of the methods discussed in this chapter to large system sizes.

2.1 Measurements in Quantum Mechanics

2.1.1 Measurement Operators

A quantum measurement is the process of the quantum mechanical system interacting with a
measurement apparatus. This process is modeled by a set of operators which together ensure
that the overall probability of finding the system in any possible post-measurement state is equal
to one. Before we discuss the measurement process in more detail, let us define physically
allowed measurement operators [90].

Definition 14 (Measurement operators) Quantum measurements are described by a
set of measurement operators {M̂i} where the subscript refers to the different outcomes
of the measurement i = 1, . . . , |∆| and the operators satisfy

∑|∆|
i=1 M̂

†
i M̂i = 1.

Let |ψ〉 and %̂ be a pure and mixed quantum state. Directly after the measurement process the
system is in the state

|ψM̂i
〉 =

M̂i|ψ〉√
〈ψ|M̂ †i M̂i|ψ〉

and %̂M̂i
=

M̂i%̂M̂
†
i

tr[M̂i%̂M̂
†
i ]

(2.1)

with probability pi = 〈ψ|M̂ †i M̂i|ψ〉 and pi = tr[M̂i%̂M̂
†
i ], respectively. Note that the normal-

ization of the measurement operators implies that the probabilities sum to one. A frequently
occurring example of a measurement is the observation of a quantum mechanical observable Ô,
i.e., an Hermitian operator acting on the considered state space where measurement operators
are given by projectors onto the subspaces spanned by eigenvectors of degenerate eigenvalues.
This setting is referred to as the projective measurement [90].

Definition 15 (Projective measurements) Let Ô be a quantum mechanical observ-
able, i.e., an Hermitian operator with spectral decomposition

Ô =
∑
i

λiP̂i, (2.2)

where P̂i is the projector onto the subspace corresponding to the eigenvalue λi. Then,
the measurement setting given by {P̂i} is called projective measurement whose out-
comes are specified by the eigenvalues {λi} of the observable Ô.
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It is easily verified that the projectors are a valid set of measurement operators. We have∑
i

P̂ †i P̂i =
∑
i

P̂i = 1, (2.3)

where P̂iP̂j = δi,jP̂i for projectors and the eigenbasis of a finite dimensional Hermitian operator
satisfies a completeness relation. In fact, every set of measurement operators with the additional
restriction that the operators are orthogonal projectors, i.e., the M̂i are Hermitian satisfying
M̂iM̂j = δi,jM̂i, is a projective measurement [90]. To complete the discussion of quantum
measurements let us briefly review the positive operator valued measurements (POVM) [90].
This formulation of quantum mechanical measurements is applicable when one is solely inter-
ested in the probability outcomes of the measurements and the post-measurement state is of no
interest. This is the case, e.g., in quantum state tomography experiments.

Definition 16 (Positive operator valued measurements (POVM)) Let {Êi | i =
1, . . . , |∆|} be a set of operators. Further, let Êi be

Hermitian: Êi = Ê†i ∀ i,
positive semidefinite: Êi ≥ 0 ∀ i, and
complete:

∑
i Êi = 1.

(2.4)

Then, Êi is an element of a positive operator valued measurement.

Note that with the measurement operators {M̂i} the set {Êi}with Êi = M̂ †i M̂i defines a positive
operator valued measurement setting where outcome i is obtained with probability pi = tr[Êi%̂].
The three conditions specifying a set of POVM elements guarantee that (i) the elements are
observables, (ii) the probabilities for the measurement outcomes are positive, and (iii) sum to
one. Note that a projective measurement falls into the class of POVM measurements. In the
next subsection, we discuss two possible measurement procedures applicable for the systems
discussed in this thesis.

2.1.2 Characterization of Many-Body Systems

The task of quantum state tomography addresses the problem of characterizing an unknown
state by a series of measurements on the physical system. As seen in the previous subsection,
the quantum state is destroyed in the measurement process and hence is lost for further investi-
gations. Therefore, it is crucial to be capable of producing a total number M ∈ N of identically
prepared quantum states of the desired physical system. Moreover, one needs to be able to per-
form measurements given, for instance, by the POVM elements {Π̂i}, i ∈ ∆, where ∆ is an
index set associated to the measurements and specifying the different measurement outcomes.
Since probabilities cannot be measured directly, one records the number of times ni each mea-
surement outcome i ∈ ∆ is obtained. These measurements are then used to estimate the state
prepared in the laboratory. Next, we briefly discuss two examples of tomography settings which
are realized, e.g., on ions in linear ion traps [54] and systems with large angular momentum
realized in cold gases composed of a large number of particles [106, 113].
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Example – Linearly Arranged Qubits

In ion trap experiments the experimental procedure for quantum state tomography is mostly
divided into a sequence of three steps [54, 67]. First, the initialization of the state, secondly,
the rotation of the measurement basis and thirdly, the final state detection. The rotation of
the measurement basis is generally done to implement the POVM elements corresponding to a
specific observable. For instance, a general state implemented on one 2-level system is uniquely
determined by the projectors onto the eigenvectors of the Pauli spin operators σ̂(X), σ̂(Y ) and
σ̂(Z) [67], see Definition 2. These observables correspond to measurements along the X , Y and
Z direction and are generally implemented by rotating the corresponding 2-level system in the
respective basis. For one qubit, each observable σ̂(k), k = X,Y, Z, defines a POVM with two
outcomes. For N qubits, this results in 3N different measurement bases (i.e., POVMs). Further,
every particle for every basis orientation can be in one of two orientations which sum up to
2N different realizations per basis orientation (i.e., the cardinality of each POVM). Note that
one repeats the experiment until one obtains a sufficient statistic for each measurement basis.
Hence, for full quantum state tomography (for, e.g., three qubits) one measures a table as shown
in Table 2.1 where the rows indicate the different basis orientations and the columns specify the
corresponding projectors

Π̂i
j = |yij〉〈yij | = |yi1j1〉〈y

i1
j1
| ⊗ · · · ⊗ |yiNjN 〉〈y

iN
jN
| (2.5)

in the respective basis, i.e., i = 1, . . . , 3N , j = 1, . . . , 2N and where |yij〉 is the jth eigen-

vector of the Pauli basis element
∏N
k=1 P̂

(ik)
k with i ∈ {(i1, . . . , iN )} and ik = X,Y, Z,

j ∈ {(j1, . . . , jN )} and jk = 0, 1 for all k = 1, . . . , N . Hence, the POVMs represent pro-
jective measurements, see Definition 15. Further, the nij denote the number of counts for basis
orientation i and projector j and are obtained by measuring each measurement basis m times.
This results in M = 3Nm measurements for full quantum state tomography of a system com-
posed of N particles. The probability of outcome Π̂i

j is approached for m→∞ by the relative
frequency f ij = nij/m. Note that this results in an overdetermined system of equations as a
system of N 2-level subsystems is uniquely determined by 22N − 1 parameters and this mea-
surement program provides 3N · 2N = 6N relative frequencies. This measurement protocol is
known as the Pauli measurement scheme [67] and has been applied not only to qubit systems of
up to N = 8 ions [54] but also, for instance, to photonic systems with N = 4 photons [70].

Table 2.1: Measurement table for three qubits. The rows indicate the different measurement
bases

∏N
k=1 P̂

(ik)
k with ik = X,Y, Z for all k = 1, . . . , N while the columns label the corre-

sponding projectors |yij〉 for i = 1, . . . , 3N and j = 1, . . . , 2N for N = 3.

|111〉 |110〉 |101〉 . . . |001〉 |000〉
ZZZ nZZZ111 nZZZ110 nZZZ101 . . . nZZZ001 nZZZ000

ZZX nZZX111 nZZX110 nZZX101 . . . nZZX001 nZZX000

...
...

...
...

...
...

Y Y Y nY Y Y111 nY Y Y110 nY Y Y101 . . . nY Y Y001 nY Y Y000
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Example – Characterization of Systems With Large Angular Momentum

Next, we discuss an experimental procedure for detecting the symmetric state of a system com-
posed of N indistinguishable particles. In Section 1.3 we discussed how these states can be
interpreted as systems with angular momentum j = N/2 where N = N1 +N0 is the sum of the
number of particles N1 in state |1〉 and the number of particles N0 in state |0〉. The symmetric
Dicke states |N/2, l〉 for l = −N/2, . . . , N/2 form a basis of Sym(HN ) and hence the density
matrix of fully symmetric states can be decomposed in this basis. Thus, a measurement with the
POVM elements

Π̂l = |N/2, l〉〈N/2, l| (2.6)

for l = −N/2, . . . , N/2 does not yield enough information to uniquely specify a symmetric
state %̂ ∈ Sym(B(HN )). Note that this POVM is given by the eigenvectors of the observable
ŜZ . Moreover, the specific measurement outcome Π̂l is uniquely determined by measuring the
particle numbers N1 and N0 as l = (N1 − N0)/2, see Corollary 7. To access the coherences,
i.e., the off-diagonal elements of the density matrix (for a discussion of quantifying coherence
in quantum states see [B4]), one conducts this projective measurement along many different
quantization axis orientations (θk, φk) for θk ∈ [0;π) and φk ∈ [0; 2π) where k = 1, . . . ,Mdirect
enumerates the different measurement directions. That is, one additionally measures

Π̂k
l = Π̂l(θk, φk) = R̂(φk, θk, φk) |N/2, l〉〈N/2, l| R̂†(φk, θk, φk) (2.7)

for k = 1, . . . ,Mdirect and l = −N/2, . . . , N/2 where R̂(φ, θ, φ) is the rotation operator pre-
sented in Definition 13. These measurements are referred to as generalized projective Stern-
Gerlach measurements and have been applied to Bose-Einstein gases with two internal degrees
of freedom [106]. As before, the experimental procedure for quantum state tomography is di-
vided into the three steps: (i) state preparation, (ii) rotation of the measurement basis, and (iii)
the final state detection. In this process, one records the specific measurement directions (θk, φk)
and corresponding measurement outcomes. In particular one detects the number N1 of particles
in state |1〉 and the number N0 of particles in state |0〉. With this, one has N = N1 + N0 and
l = (N1 − N0)/2 and can deduce the number of times nkl the specific measurement outcome
Π̂k
l is observed. Note furthermore, that this measurement scheme allows for post-selection if the

number of particles N fluctuates. Hence, one determines a table as shown in Table 2.2 where
the rows enumerate the basis orientations for k = 1, . . . ,Mdirect and the columns specify the
respective measurement outcomes Π̂k

l . Again, the measurement scheme is repeated m times per
basis orientation (θk, φk). This results in M = mMdirect total measurements.

2.2 Inverting the Experimental Data – Some Examples

Before we review conventional reconstruction schemes, let us introduce some notation. Let M
be the number of identically prepared quantum systems and {Π̂i}, Π̂i ∈ B(HN ) with i ∈ ∆,
be the set of all POVM elements corresponding to the measurements performed on the system
where ∆ is an index set associated to these measurements. We record the number of times ni
the outcome Π̂i is obtained for all i ∈ ∆, i.e., M =

∑
i∈∆ ni. Born’s rule prescribes how these

measurements are interpreted. Accordingly, the conditional probability of measuring outcome
i ∈ ∆ given state %̂ ∈ D is equal to

pi = p(Π̂i|%̂) = tr[Π̂i%̂]. (2.8)

In this section, we discuss several strategies of how to invert Born’s rule for the acquired mea-
surements. We discuss the linear inversion tomography, the maximum likelihood principle, the



52 Chapter 2. Quantum State Estimation for Small System Sizes

Table 2.2: Measurement table for a state of a symmetric system of indistinguishable particles.
The rows indicate the different basis rotations (θk, φk) while the columns label the corresponding
measurement outcomes |N/2, l〉 for k = 1, . . . ,Mdirect and l = −N/2, . . . , N/2. Note that
N = N1 +N0 and l = (N1−N0)/2 allowing for post-selection for fluctuating particle numbers.

|N/2,−N/2〉 |N/2,−N/2 + 1〉 . . . |N/2, N/2〉
(θ1, φ1) n1

−N/2 n1
−N/2+1 . . . n1

N/2

(θ2, φ2) n2
−N/2 n2

−N/2+1 . . . n2
N/2

...
...

...
...

(θMdirect , φMdirect) nMdirect
−N/2 nMdirect

−N/2+1 . . . nMdirect
N/2

Bayesian mean estimation and the matrix completion framework. Note that these methods are
restricted to just a few particles N . This is due to (i) the exponentially growing number of mea-
surements with respect to the particle numberN to uniquely specify a general quantum state and
results in an exponentially growing measurement time required to acquire all the experimental
data. Moreover, the methods are restricted to small N because (ii) the number of parameters in
the model used to describe the quantum mechanical states grows exponentially with N which
leads to an exponential growth of the post-processing resources needed to invert the measure-
ments.

2.2.1 Linear inversion

Let %̂ ∈ B(HN ) be a quantum state and {P̂ (i)}, i = 1, . . . ,dim[B(HN )], be an orthogonal,
Hermitian basis, i.e., tr[(P̂ (i))†P̂ (j)] = δi,j and P̂ (i) = (P̂ (i))†. Then, %̂ can be written as

%̂ =

dim[B(HN )]∑
i=1

〈P̂ (i)〉%̂P̂ (i), (2.9)

where 〈P̂ (i)〉%̂ = tr[(P̂ (i))†%̂] = %i ∈ R for all i = 1, . . . ,dim[B(HN )]. For a system consisting
of N 2-dimensional subsystems one possible orthonormal basis is the set of all tensor products
of Pauli basis elements, i.e., P̂ (i) =

∏
k∈N P̂

(ik)
k where i = (i1, . . . , iN ) and ik = 1, . . . , d2 for

all k = 1, . . . , N , see Definition 2. With this, Born’s rule (2.8) can be recast to

pi = tr[Π̂i%̂] =

dim[B(HN )]∑
l=1

tr[Π̂iP̂
(l)]〈P̂ (l)〉%̂ =

dim[B(HN )]∑
l=1

Πi,l%l, (2.10)

where we define the matrix Π with elements Πi,l = tr[Π̂iP̂
(l)]. Then, with p ∈ R|∆|, % ∈

Rdim[B(HN )] and Π ∈ R|∆|×dim[B(HN )] we have

p = Π · %. (2.11)

A finite number of repetitions of the experiment prevents us from determining the probabili-
ties exactly. In practice, the exact probabilities pi are not known but rather approximated by
the relative frequencies obtained in a series of measurements, i.e., pi ≈ fi = ni/M for all
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i ∈ ∆. When the sample size approaches infinity, the relative frequencies represent the prob-
abilities, i.e., fi → pi for M → ∞. Solving Equation (2.11) is referred to as linear inversion
tomography [67].

Definition 17 (Linear inversion principle) Let %̂ =
∑

i %iP̂
(i) ∈ B(HN ) be a de-

composition of the quantum state %̂ in the Hermitian and orthonormal basis {P̂ (i)},
i = 1, . . . ,dim[B(HN )]. Further, let f ∈ R|∆| be the relative frequencies obtained in
a series of measurements for the POVM {Π̂i} with i ∈ ∆. The solution of the equation

f = Π · % (2.12)

with Πi,l = tr[Π̂iP̂
(l)] for i = 1, . . . , |∆| and l = 1, . . . ,dim[B(HN )] is called the

linear inversion estimate %̂LI of the measurement series given by f .

In principle, Equation (2.12) can be solved using the Moore-Penrose pseudoinverse [61]. Now,
two main problems might arise for the linear inversion principle. First, assume that the num-
ber of measurement outcomes exceeds the number of parameters in the model, i.e., |∆| >
dim[B(HN )]. Then, it is not guaranteed that there is a solution of Equation (2.12) given a partic-
ular set of measurements f . This might happen, for instance, in the Pauli measurement scheme
explained before where the set of equations is overcomplete, i.e., Π ∈ R6N×4N . This issue can
be addressed by introducing a loss function [87]. One possible relaxation of Equation (2.12) is
the following minimization problem:

minimize ‖f −Π%‖2 =
∑

i∈∆

[
fi − tr[Π̂i%̂]

]2
. (2.13)

Note that this minimization problem has a unique solution given that f is in the range of the
matrix Π. The solution is given by the Moore-Penrose pseudoinverse, i.e., %LI = Π‡f . Oth-
erwise, it is searching for the best approximation in the subspace spanned by the column space
of the matrix Π, i.e., the range of the matrix. Problem (2.13) is referred to as the least squares
problem [14].
The second issue arising in linear inversion tomography is that the solution %̂LI often fails to
be positive semidefinite. This might happen when relative frequencies are used instead of exact
probabilities. If positive semidefiniteness is required, altering the previous optimization problem
to

minimize ‖f −Π%‖2 =
∑

i∈∆

[
fi − tr[Π̂i%̂]

]2
subject to %̂ ≥ 0,

tr[%̂] = 1

(2.14)

will find a state in D which satisfies best the measurements with respect to the distance measure
D(x,y) = ‖x − y‖2. This is equivalent to restricting the feasible set in the optimization
problem (2.13) from B(HN ) to D, i.e., from the set of all Hermitian matrices of dimension
dim[HN ] × dim[HN ] to the set of positive semidefinite matrices with trace one. Note that the
trace constraint is often automatically satisfied by appropriate measurement operators. Next, we
show that problem (2.14) can be recast to fit into the formalism of semidefinite programming [14,
127].
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Definition 18 (Semidefinite program) Let c ∈ Rn and F0, F1, . . . , Fm ∈ Cn×n be
symmetric (Hermitian) matrices. Then, the constrained minimization

minimize cTx
subject to F (x) ≥ 0

(2.15)

of the linear function cTx over x ∈ Rn with

F (x) = F0 +
m∑
i=1

xiFi (2.16)

is called semidefinite program.

Here, the linear matrix inequality F (x) ≥ 0 states that the matrix F (x) is positive semidefinite.
Before we show that the optimization problem (2.14) is a semidefinite program, let us quote the
following theorem without a proof.

Theorem 5 (See [14] appendix A.5.5) Let the symmetric matrix X ∈ Rn×n be parti-
tioned as

X =

(
A B
BT C

)
(2.17)

where A and C are symmetric matrices. Then

X ≥ 0⇔ A ≥ 0, (1−AA‡)B = 0, C −BTA‡B ≥ 0, (2.18)

where A‡ denotes the Moore-Penrose pseudoinverse of the matrix A.

With this, one finds the following lemma:

Lemma 6 Let %̂ ∈ B(HN ) be a quantum state. Further, let f ∈ R|∆| and {Π̂i},
i ∈ ∆, be a set of operators with Π̂i ∈ B(HN ). Then, the optimization problem

minimize
∑

i∈∆

[
fi − tr[Π̂i%̂]

]2
subject to %̂ ≥ 0

(2.19)

can be expressed as

minimize cTy

subject to F̂0 +
∑dim[B(HN )]

i=1 yiF̂i ≥ 0,
(2.20)

where yi = %i = tr[P̂ (i)%̂] for i = 2, . . . ,dim[B(HN )] and where {P̂ (i)} is
an Hermitian and orthonormal basis for the Hilbert space B(HN ) with P̂ (1) =
1/
√

dim[B(HN )]. Further, {F̂i} is a set of symmetric matrices.
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Note that by the choice of the specific Hermitian basis the normalization of the density matrix
is automatically satisfied by demanding %1 = tr[P̂ (1)%̂] = 1/

√
dim[B(HN )]. For a string of

qubits the Pauli basis satisfies this requirement.
Proof: First, note that the optimization variables are %i for i = 2, . . . ,dim[B(HN )] due to
the choice of the basis. The optimization problem (2.19) can be rewritten by introducing the
auxiliary variable y1,

minimize y1 = cTy
subject to y1 −

∑
i∈∆[fi − (Π%)i]

2 ≥ 0,
%̂ ≥ 0,

(2.21)

where c =
(
1 0 . . . 0

)T, yi = %i = tr[P̂ (i)%̂] for i = 2, . . . ,dim[B(HN )] and Πi,l =

tr[Π̂iP̂
(l)]. Further, we collect the new optimization variables in the vector y ∈ Rdim[B(HN )].

It remains to show that the constraints can be transformed into a linear matrix inequality. First,
note that by Theorem 5 we have y1 −

∑
i∈∆[fi − (Π%)i]

2 ≥ 0 if and only if

X̂ =

(
1 f −Π%

fT − (Π%)T y1

)
=

(
1 f

fT 0

)
+

(
O −Π%

−(Π%)T y1

)
≥ 0. (2.22)

Now, this is obviously a linear matrix inequality since

X̂ = Â0 +

dim[B(HN )]∑
i=1

yiÂi ≥ 0, (2.23)

where

Â0 =

(
1 f − %1Π1

fT − %1Π
T
1 0

)
, Â1 =

(
O 0
0T 1

)
and Âi =

(
O −Πi

−ΠT
i 0

)
(2.24)

for i = 2, . . . ,dim[B(HN )] and where Πi denotes the ith column of the matrix Π and 0 is a
vector that contains only zeros. Further, note that %1 = 1/

√
dim[B(HN )]. Secondly, the density

matrix %̂ can be decomposed using the Hermitian and orthogonal basis {P̂ (i)} and hence

%̂ = 1/ dim[B(HN )] +

dim[B(HN )]∑
i=2

%iP̂
(i) = B̂0 +

dim[B(HN )]∑
i=1

yiB̂i ≥ 0 (2.25)

is a linear matrix inequality with B̂0 = 1/ dim[B(HN )], B̂1 = O and B̂i = P̂ (i) for i =
2, . . . ,dim[B(HN )]. Hence, we find for the optimization problem

minimize y1 = cTy

subject to F̂0 +
∑dim[B(HN )]

i=1 yiF̂i ≥ 0,
(2.26)

where F̂i = Âi ⊕ B̂i for all i. This proves the lemma. �

This result allows for the use of standard solvers for semidefinite programs to address the prob-
lem of a constrained least squares method for quantum state tomography.

2.2.2 Maximum Likelihood Reconstruction

Consider the POVM {Π̂i} with distinct outcomes i ∈ ∆. Born’s rule, i.e., Equation (2.8),
prescribes how measurement outcomes are interpreted as conditional probabilities of measuring
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outcome i ∈ ∆ given the particular state %̂. The joint probability p(n|%̂) of a measurement series
registering the specific outcomes ni, i ∈ ∆, is then given by

Ln(%̂) = p(n|%̂) =
∏
i∈∆

pnii =
∏
i∈∆

tr[Π̂i%̂]ni . (2.27)

Here, for fixed n ∈ R|∆|, Ln(%̂) : D → R+ is called the likelihood function. It is interpreted
as the conditional probability of measuring on the state %̂ when registering outcome n ∈ R|∆|
and hence, considered as a function on the state space D. Maximizing Ln over D yields the
maximum likelihood estimate %̂ML which is interpreted as the most likely state given a set of
measurement outcomes [13, 63, 94, 103, B3].

Definition 19 (Maximum likelihood principle) Let ni for i ∈ ∆ be the number of
times each outcome i of the experiment specified by the POVM {Π̂i} is obtained. Then,
the state %̂ML ∈ D maximizing the log-likelihood function

logLn(%̂) =
∑
i∈∆

ni log
(
tr[Π̂i%̂]

)
(2.28)

is called the maximum likelihood estimate of the measurement series given by n.

As the likelihood function is positive on the state space and the logarithm is strictly increas-
ing, maximizing the log-likelihood function logLn(%̂) yields the same result as maximizing the
likelihood function Ln(%̂) directly. This allows to exploit tools from convex optimization as the
resulting function is concave and we are optimizing over a convex set, i.e., the state space D as
the set of all positive semidefinite matrices with trace equal to one. Hence, in principle, minimiz-
ing the log-likelihood function is a convex optimization problem [14]. There is, however, a more
direct approach to address the maximum likelihood principle. It is well known that the state %̂ML
maximizing the log-likelihood satisfies %̂ML = R̂(%̂ML)%̂ML where the positive operator R̂(%̂) is
given by [64]

R̂(%̂) =
1

M

∑
i∈∆

ni
pi

Π̂i =
1

M

∑
i∈∆

ni

tr[Π̂i%̂]
Π̂i. (2.29)

Now, R̂(%̂) and %̂ are both Hermitian, allowing to transform the extremal equation %̂ML =
R̂(%̂ML)%̂ML into a Hermitian form, i.e., %̂ML = R̂(%̂ML)%̂MLR̂(%̂ML). Hence, the maximum
likelihood estimate is a fixed point of the function R(X̂) = R̂(X̂)X̂R̂(X̂), which leads to the
well-established iterative fixed point algorithm [64]

%̂k+1 = N
[
R̂(%̂k)%̂kR̂(%̂k)

]
, (2.30)

where the functionN : B(HN )→ B(HN ) denotes normalization to trace one and this algorithm
is usually initialized by an unbiased initial state such as the completely mixed state. Remarkably,
the structure of the algorithm preserves the positivity of the current estimate %̂k and hence,
iterates over the positive semidefinite cone by default. Although heuristically convergent, there
is no analytical proof that the iterative fixed point algorithm in Equation (2.30) converges to
the maximum of the log-likelihood function. One can show, however, that diluting the operator
R̂(%̂) to (1 + εR̂(%̂))/(1 + ε) increases the log-likelihood in each step of the algorithm given
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that ε� 1. As the log-likelihood function is a concave function over D, the convergence of the
diluted fixed point algorithm is guaranteed at the expense of the rate of convergence [103].
In some cases, e.g., when the experiment is focused to prepare pure states and the tomography
task is to determine the principal component in the state space, it is favorable to reconstruct pure
state estimates. Given that this assumption is justified, the fixed point algorithm can be rewritten
to optimize only over pure states. In particular, with %̂k = |ψk〉〈ψk|, one can deduce that [B3]

|ψk+1〉 = N
[
R̂(|ψk〉)|ψk〉

]
(2.31)

will yield a pure estimate of the desired state. This, however, alters the optimization problem
to being non-convex due to the restriction of the state space to the set of rank one matrices.
This implies that although the objective function, i.e., the log-likelihood, is still concave the
feasible set, i.e., the set of rank one matrices, is non-convex and hence it is not guaranteed
that the global maximum is attained by increasing the log-likelihood in every step – both in
the standard formulation and the diluted version of this pure state algorithm. Nevertheless,
numerical simulations that are presented in a later chapter suggest that iterating only over pure
states yields satisfactory results in practice even for noisy data [B3].
Next, we point out that the maximum likelihood approach to quantum state tomography is yet
another strategy to minimize a loss function over some feasible set, see the equivalent prob-
lem (2.14) for the linear inversion principle. To see this, we write [13]

logLn(%̂) =
∑
i∈∆

ni log(tr[Π̂i%̂]) = M
∑
i∈∆

fi log(pi)

= M
∑
i∈∆

[fi log(fi)− (fi log(fi)− fi log(pi))]

= −M [H(f) +D(f ||p)]

(2.32)

where pi = tr[Π̂i%̂], H(f) = −∑i∈∆ fi log[fi] denotes the Shannon entropy and D(f ||p) =∑
i∈∆ fi log[fi/pi] the relative entropy (Kullback-Leibler divergence) [90]. Note thatD(f ||p) ≥

0 andD(f ||p) = 0 if and only if f = p. This is why the relative entropy is often regarded as be-
ing a distance measure for the probability distributions given by f and p. Now, for a specific set
of measurement outcomes f the entropyH(f) is fixed and hence maximizing the log-likelihood
function is equivalent to the optimization problem

minimize D(f ||p) =
∑

i∈∆ fi log[fi/pi]
subject to %̂ ≥ 0,

tr[%̂] = 1,
(2.33)

where the constraints restrict the feasible set to the state space D. Hence, the linear inversion
strategy (2.14) and the maximum likelihood principle (2.33) deviate only by the choice of the
loss function D(f ,p). Now, let

%̂ = %1P̂
(1) +

dim[B(HN )]∑
i=2

%iP̂
(i) with P̂ (1) ∝ 1 and tr[P (i)] = 0 (2.34)

for all i = 2, . . . ,dim[B(HN )] be a decomposition of the quantum state %̂ ∈ B(HN ) in the
orthonormal, Hermitian basis {P̂ (i)}. An example for this decomposition is, again, the Pauli
basis, see Definition 2. The maximum likelihood reconstruction can thus be interpreted as an
estimation procedure for the unknown parameters % ∈ Rdim[B(HN )]−1. There is an elegant way
to bound the errors of a maximum likelihood estimate by means of the Fisher information (at
least for large sample sizes [53, 64]). This is the Cramér-Rao bound [73, 92, 94].
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Theorem 6 (Cramér-Rao bound) Let %0 be the true parameters which are to be es-
timated. Further, let Ln(%) be the likelihood function given by the data n. Let %est be
an unbiased estimate of %0, i.e., E[%est] = %0. Then, the covariance of the estimate
C(%est) satisfies

C(%est) = E
[
(%est − %0)(%est − %0)T

]
≥ F(%0)−1 (2.35)

given that the Fisher information matrix

F(%0) = E
[(
∇% logLn(%)

)(
∇% logLn(%)

)T
]∣∣∣∣

%=%0

(2.36)

is invertible.

We quote this theorem without a proof but rather give an explicit expression for the Fisher
information matrix for the quantum state tomography scenario [64]. The log-likelihood function
logLn(%̂) for the POVM {Π̂i} is given by Equation (2.28). We have

∂

∂%k
log
(
tr[%̂Π̂i]

)
=

tr[P̂ (k)Π̂i]

pi(%)
, (2.37)

where, as before, pi(%) = tr[%̂Π̂i]. Hence,

Fk,l(%0) =
∑
i,j

tr[P̂ (k)Π̂i] tr[P̂ (l)Π̂j ]

pi(%0)pj(%0)
E[ninj ]. (2.38)

The system is always detected in one of the |∆| output channels of the POVM {Π̂i}. Hence, the
overall statistics of the experiment is multinomial and we have E[ni] = Mpi and C(ni, nj) =
δi,jMpi − Mpipj [64]. Consequently, we find with E[ninj ] = C(ni, nj) + E[ni]E[nj ] =
M2pipj −Mpipj +Mpiδi,j that [64]

Fk,l(%0) = M
∑
i

tr[P̂ (k)Π̂i] tr[P̂ (l)Π̂i]/pi(%0) (2.39)

as
∑

i tr[P̂ (k)Π̂i] = 0 for all i due to the normalization of the POVM and the choice of the
particular basis, see Equation (2.34). Note that the Fisher information matrix still depends on
the true probabilities pi(%0) but that one can approximately calculate them from the maximum
likelihood estimate. Furthermore, it is well known that the maximum likelihood estimate %̂ML
saturates the Cramér-Rao bound for a large number of repetitions M [53, 64].
Although the maximum likelihood estimate avoids the problem of being unphysical, i.e., does
not yield negative eigenvalues, and allows to determine errors for the estimated parameters (at
least asymptotically), it leaves room for further discussions as it is known that it tends to re-
port rank deficient states when the probabilities p are not known exactly, i.e., states with zero
eigenvalues [12, 13, 101]. Suppose that the maximum likelihood estimate %̂ML has one zero
eigenvalue with corresponding eigenvector |ψ0〉. This estimate hence predicts the measurement
outcome 〈ψ0|%̂ML|ψ0〉 = 0 with certainty. But the estimate is obtained by a finite amount of
measurements and thus should not infer zero probabilities. This issue is just one reason why the
best way of inverting the measurements is still a matter of controversy in the field of quantum
state tomography [12, 13].
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2.2.3 Mean Bayesian Estimation

The maximum likelihood principle is based on the frequentist approach to statistical inference
where probabilities are interpreted as the infinite limit of the relative frequencies. This can be
seen by the fact that the maximum likelihood principle sets out to minimize the Kulback-Leibler
divergence of the measured frequencies f with respect to a probability distribution specifying a
valid quantum state p, i.e., one tries to fit the data f as precisely as possible, see Equation (2.33).
There is yet another concept to interpret probabilities which is at the heart of a different approach
to statistical inference: Bayesian estimation. Here, probabilities are a degree of personal believe
and updated by inquiring the physical system exploiting Bayes’ rule [13, 94]. Recall that the
conditional probability of measuring outcome i of the POVM {Π̂i} given state %̂ is determined
by Born’s rule p(Π̂i|%̂) = tr[Π̂i%̂]. Strictly speaking, this is a probability distribution over a
discrete space given by the individual measurement outcomes. Now, assume that the knowledge
of the observer about the system can be accumulated by a prior probability distribution p0(%̂)
over the state spaceD. Then, updating the prior distribution p0(%̂) with the help of the probability
p(Π̂i|%̂) we find the conditional probability p(%̂|Π̂i), i.e., the posterior distribution, on the state
space given by Bayes’ rule

p(%̂|Π̂i) =
p(Π̂i|%̂)p0(%̂)∫
p(Π̂i|%̂)p0(%̂) dD

. (2.40)

The integral is over the state space D where we assume a proper parametrization of the lat-
ter [13, 18]. Now, this posterior distribution is interpreted as the prior distribution for the next
measurement given by the considered POVM. The final posterior distribution is hence given by

p(%̂|n) =
p(n|%̂)p0(%̂)∫
p(n|%̂)p0(%̂) dD =

Ln(%̂)p0(%̂)∫
Ln(%̂)p0(%̂) dD (2.41)

with the likelihood function Ln(%̂) given in Equation (2.27). A state estimate is then obtained
as the mean of the posterior distribution – this is the mean Bayesian estimation principle [13,18,
68, 94].

Definition 20 (Mean Bayesian estimation principle) Let ni for i ∈ ∆ be the number
of times each outcome i of the experiment specified by the POVM {Π̂i} is obtained.
Further, letLn(%̂) be the associated likelihood function and p0(%̂) the prior distribution
imposed by the observer. Then, the state

%̂MBE =

∫
Ln(%̂)p0(%̂)%̂ dD∫
Ln(%̂)p0(%̂) dD (2.42)

is called the mean Bayesian estimate of the measurement series given by n.

An interesting feature of the mean Bayesian estimation principle is that the estimate will have
full rank, thus circumventing the possibility of assigning zero probabilities to certain measure-
ment outcomes [13,101]. On the other hand, however, it is often not clear how to choose the prior
distribution. Additionally, while there are analytical results to integrate over the state space of
pure quantum states for very small system sizes [18], increasing the complexity by adding more
particles and allowing for mixed states one has to rely on numerical algorithms to approximate
the occurring integrals [13]. This is why the mean Bayesian estimation principle is much harder
to accomplish than simply maximizing the likelihood.
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2.2.4 Matrix Completion

The techniques and assumptions we will discuss in this subsection were initially introduced to
the field of quantum state tomography as they allow to reduce the number of measurements
required to uniquely specify an unknown state by imposing a specific structure on the state.
Hence, in some sense, it is methodologically related to the Bayesian approach where one starts
with a prior distribution over the state space reflecting the knowledge of the observer about the
system. On the other side, however, these methods are more restrictive as the state space is
reduced to a subset which is assumed to form a reliable ansatz class for the state reconstruction.
One such restriction is the assumption that the state prepared in the laboratory is of low rank
or at least well approximated by a low-rank state. Under this promise, techniques known from
the field of compressed sensing but generalized to matrices (i.e., matrix completion [21, 102])
help to substantially reduce the measurement complexity [45, 51, 52]. What is more, there are
efficient and reliable reconstruction algorithms which allow to find a low-rank state estimate
given the reduced set of measurements on the system. In this subsection, we restrict to quantum
systems consisting ofN 2-dimensional subsystems. Now, assume that the true state σ̂ ∈ B(HN )
prepared in the laboratory is of low rank and that measurements are performed on identically
prepared states which enable to estimate entries of the true state with respect to the orthonormal
Pauli basis {P̂ (i)}, i = 1, . . . , 4N , see Definition 2. Further, let Ω be an index set and assume
that |Ω| entries of the Pauli basis are known. Translating these assumptions to linear algebra we
are faced to solve the following problem:

minimize rank[%̂]
subject to PΩ(σ̂) = PΩ(%̂),

(2.43)

where

PΩ(%̂) =
∑
i∈Ω

tr[P̂ (i)%̂]P̂ (i) (2.44)

sets to zero all entries in the considered basis which are not contained in the index set Ω. The rank
of a matrix is a non-convex function. Moreover, in general, the affine rank minimization is NP-
hard [102]. Instead of solving (2.43) one addresses the problem of minimizing the nuclear norm
(i.e., the trace norm ‖X̂‖∗ =

∑
i σi(X̂)) which is a convex relaxation of the latter optimization

problem [102], i.e.,

minimize ‖%̂‖∗
subject to PΩ(σ̂) = PΩ(%̂).

(2.45)

Now, it is well known that roughly O
(
r log2(2N )2N

)
randomly chosen entries are sufficient to

reconstruct an unknown density matrix of rank r and dimension 2N × 2N [45,51,52]. Addition-
ally, since the nuclear norm is convex, there are techniques to efficiently solve problem (2.45).
In fact, the nuclear norm minimization can be transformed into a semidefinite program [8, 44].
An algorithm solving an optimization problem closely related to the nuclear norm minimization
is the singular value thresholding algorithm [19]. Consider the minimization problem

minimize τ‖%̂‖∗ + 1
2‖%̂‖2F

subject to PΩ(σ̂) = PΩ(%̂),
(2.46)

where ‖%̂‖2F = tr[%̂†%̂] denotes the Frobenius norm (Hilbert-Schmidt norm). Note that for large
τ ∈ R+ the first term dominates and the solution nearly minimizes the nuclear norm [19]. The
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singular value thresholding algorithm is initialized by Ŷ0 ∈ B(HN ), τ ≥ 0 and a sequence {δk}
of positive step sizes and iteratively computes [19]

X̂k = Dτ (Ŷk)

Ŷk+1 = Ŷk + δkPΩ(σ̂ − X̂k),
(2.47)

where the shrinkage operator Dτ : B(HN )→ B(HN ) is given by

Dτ (X̂) = ÛDτ (Σ̂)V̂ † with Dτ (Σ̂) = diag[(σ(Σ̂)− τ)+]. (2.48)

Here, X̂ = Û Σ̂V̂ † is the singular value decomposition of the matrix X̂ with singular values
σ(Σ̂) and [x]+ denotes the positive part of x. This algorithm provably converges to the solution
of the optimization problem (2.46) [19]. In this subsection, we focused on the singular value
thresholding algorithm as we will exploit this iterative scheme in a later chapter for the state
reconstruction of symmetric quantum states of indistinguishable particles. Note, however, that
this is just one algorithm which allows to determine low-rank estimates if some entries are known
in the considered basis and that there are other constrained minimization techniques which yield
equally good estimates [45]. These tools for finding a valid low-rank estimate together with the
fact that low-rank states are uniquely specified by O

(
r log2(2N )2N

)
measurements establishes

a well-motivated reconstruction scheme for state tomography. These strategies, however, do not
overcome the exponential growth of the resources with respect to the number of subsystems.

2.3 Discussion

In this chapter, we reviewed the theory of measurements in quantum state tomography. We
introduced the notion of measurement operators and further specified to projective measure-
ment operators and POVMs. As two examples, we discussed the Pauli measurement scheme
which allows to measure an informationally complete set of observables to uniquely determine
a general quantum state on N 2-level systems in one dimension and the generalized projective
Stern-Gerlach scheme for systems of indistinguishable particles. Then, we introduced and dis-
cussed a variety of tomography schemes and reconstruction algorithms which help to find a state
estimate given a set of measurements on identically prepared quantum states. We reviewed the
linear inversion tomography, maximum likelihood principle, Bayesian mean estimation and ma-
trix completion framework. The fact that it is still a matter of controversy of how to properly
invert the measurements reasons that this list is far from being complete. There are techniques
that address the discussed issues for the individual tomography schemes, e.g., among others, the
hedged maximum likelihood estimation [12] and the maximum entropy principle [123]. The
presented schemes have in common that they are feasible only for small system sizes. In Part III
of this thesis we pick up some ideas and reconstruction schemes outlined in this chapter and
formulate them such that they are applicable to systems consisting of a large number of subsys-
tems.
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Part II

Simulation of Quantum Many-Body
Systems

63





Chapter 3

Approximation of Ground States and States at
Finite Temperature

As only a few simple quantum mechanical many-body models can be solved analytically, one
has to resort to numerical methods approximating the desired quantum states. This chapter ex-
plains and discusses techniques which exploit the families of matrix product states and operators
to simulate ground and thermal states of physically relevant (e.g., 2-local) Hamiltonians. The
former is achieved by variationally minimizing the energy of the considered Hamiltonian with
respect to the family of matrix product states with fixed bond dimension. We will explain an
algorithm which iteratively minimizes the expectation value of a matrix product state with re-
spect to the Hamiltonian in each step of the execution. The stationary point of this algorithm
serves as an approximation of the exact ground state of the model whereas the expectation value
yields an upper bound on the ground state energy [24,27,104,114]. Thermal states are obtained
by the application of a Suzuki-Trotter decomposition to the exponentiation of the considered
Hamiltonian [121]. Iteratively applying the individual terms of this decomposition to the matrix
product operator representation of the maximally mixed state and keeping the bond dimension
fixed throughout the execution results in an algorithm which converges to an approximation of
the exact thermal state [25,108,133–135,142]. Hence, both algorithms introduced in this chapter
help to approximately determine physically relevant pure and mixed states. The techniques (i)
allow to simulate states on large system sizes which serve as model states for the verification of
the tomography techniques introduced in Part III of this thesis, (ii) will help to implement algo-
rithms for pure quantum state tomography by means of matrix product states and, (iii) describe
how to upper bound the ground state energy of quantum many-body Hamiltonians.

3.1 Variational Matrix Product State Ansatz for Ground State Ap-
proximation

3.1.1 Approximating Ground States – the Idea

We start the exposition of the variational ground state approximation of a Hamiltonian Ĥ by
stating the general ideas underlying this method. The determination of the ground state energy

65
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E0 can be formulated as a minimization problem over the set of pure quantum states, i.e.,

minimize 〈ψ|Ĥ|ψ〉
subject to 〈ψ|ψ〉 = 1.

(3.1)

Throughout this section, we assume that the ground state sector of the considered Hamiltonian
is one-dimensional, i.e., the ground state is not degenerated. If this assumption is not satisfied,
E0 is still uniquely determined by this minimization problem whereas the state minimizing the
energy can be any state lying in the subspace spanned by the states with energy E0. In general,
this optimization problem can be solved efficiently only for systems with a moderate number of
variables. Assume that the system under consideration consists of N d-level systems, then |ψ〉
is an element of HN = CdN and hence the computational resources grow exponentially with
the number of subsystems. To overcome this scaling issue, one restricts to a subset of the total
Hilbert space and parametrizes the states within this subset by a set of parameters of cardinality
m, e.g., |φ(α)〉 where α ∈ Cm. One then minimizes the expectation value of this parametrized
state with respect to the Hamiltonian Ĥ . As this family of states does not encompass the entire
state space, this method will find a state |φ0〉 that is optimal in

{
|φ(α)〉

∣∣α ∈ Cm
}

and which
yields an upper bound on the true ground state energy, i.e., we have E0 ≤ Emin where Emin is
the solution of the minimization problem

minimize 〈φ(α)|Ĥ|φ(α)〉
subject to α ∈ Cm,

〈φ(α)|φ(α)〉 = 1.

(3.2)

Since we are mostly interested in one-dimensional geometries composed of N d-level subsys-
tems, we will restrict ourselves to the family of matrix product states with bond dimension D to
reduce the full Hilbert space to a physically motivated ansatz class and hence to approximate the
ground states efficiently, i.e., we solve

minimize 〈ψD|Ĥ|ψD〉
subject to |ψD〉 ∈ MD,

〈ψD|ψD〉 = 1.

(3.3)

Here,MD comprises all matrix product states with fixed bond dimension D. In this model, the
number of variables is determined by the bond dimension D of the considered matrix product
states and, in principle, all computations can be done only by means of the set of matrices spec-
ifying the state, i.e.,

{
Pk[ik]

∣∣ ik = 1, . . . , d
}

for k = 1, . . . , N , see Section 1.2. Nevertheless,
optimizing over the full set of matrices can still be intractable in particular if one tries to approx-
imate the ground state with high accuracy by choosing a matrix product state with large bond
dimension D. This is why one usually breaks the optimization over all matrix product states
of bond dimension D into smaller optimization problems where the number of parameters is
restricted to the entries of the matrices at site k. One considers the optimization problem

minimize 〈P [k]|Ĥ [k]|P [k]〉
subject to |P [k]〉 ∈ CdDkDk+1 ,

〈P [k]|P [k]〉 = 1,

(3.4)

where the entries of the optimization variable |P [k]〉 ∈ CdDkDk+1 define the set of matrices
{Pk[ik]} on site k for the matrix product state |ψD〉 of bond dimension D = maxkDk such
that 〈ψD|Ĥ|ψD〉 = 〈P [k]|Ĥ [k]|P [k]〉. The ground state estimate is then obtained by solving this
optimization problem site by site sweeping through the chain several times until a stationary
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point is reached. Note, however, that this optimization strategy is only efficient given that the
Hamiltonian Ĥ consists of a number of product observables which scales at most algebraically
in the number of subsystems. Obviously, if Ĥ is the sum of a number of terms scaling expo-
nentially in N , even in the matrix product state picture the expectation value with respect to this
Hamiltonian may not be computable efficiently. As we already discussed in Chapter 1, phys-
ically relevant systems interact locally such that we will mainly be confronted with handling
R-local Hamiltonians. The techniques to obtain a ground state approximation discussed in this
chapter are hence perfectly suitable for these quantum systems.

3.1.2 Expectation Value of Product Observables for Site k

In this subsection, we consider the expectation value of a matrix product state |ψD〉 of bond
dimension D with respect to the observable Ô = Ô1 ⊗ . . . ⊗ ÔN and show how to reshape the
entries of the matrices on site k such that the expectation value can be written as 〈ψD|Ô|ψD〉 =
〈P [k]|Ô[k]|P [k]〉 for an appropriate Ô[k]. One finds the following lemma [27, 104].

Lemma 7 Let |ψD〉 ∈ HN be a matrix product operator of bond dimension D =
maxkDk given by the matrices {Pk[ik]} with Pk[ik] ∈ CDk×Dk+1 for all ik = 1, . . . , d
and k = 1, . . . , N . Further, let Ô = Ô1 ⊗ . . . ⊗ ÔN be a product observable acting
onHN . Then, for all n = 1, . . . , N , we have

〈ψD|Ô|ψD〉 = 〈P [n]|Ô[n]|P [n]〉, (3.5)

where |P [n]〉 is such that 〈an|Pn[in]|bn〉 = 〈in, an, bn|P [n]〉 for all in = 1, . . . , d and
where |an〉 ∈ RDn and |bn〉 ∈ RDn+1 for an = 1, . . . , Dn and bn = 1, . . . , Dn+1

denote the Euclidean basis for the respective vector spaces. Further, Ô[n] is given by

Ô[n] = Ôn ⊗
←−−−−−−−−→
Fn+1 · · ·Fn−1 ∈ CdDnDn+1×dDnDn+1 , (3.6)

where Fk =
∑

ik,lk
〈lk|Ôk|ik〉Pk[ik] ⊗ Pk[lk]

∗ for all k ∈ {1, . . . , n − 1} ∪ {n +

1, . . . , N} and the general transpose
←→
E ∈ C(DkDk+1)×(DkDk+1) of the matrix

E ∈ CD
2
k+1×D

2
k is defined by 〈b1, b2|E|a1, a2〉 = 〈a2, b2|

←→
E |a1, b1〉 where a1, a2 =

1, . . . , Dk and b1, b2 = 1, . . . , Dk+1.

Proof: With Corollary 2 and Fn =
∑

in,ln
〈ln|Ôn|in〉Pn[in]⊗ Pn[ln]∗ we have that

〈ψD|Ô|ψD〉 =
N∏
n=1

Fn =

Dk∑
a1,a2=1

Dk+1∑
b1,b2=1

〈a1, a2|Fk|b1, b2〉〈b1, b2|Fk+1 · · ·Fk−1|a1, a2〉

=
∑

a1,a2,b1,b2

∑
ik,lk

〈lk|Ôk|ik〉〈a1|Pk[ik]|b1〉〈a2|Pk[lk]∗|b2〉×

× 〈b1, b2|Fk+1 · · ·Fk−1|a1, a2〉.

(3.7)

Now, let 〈a1|Pk[ik]|b1〉 =: 〈ik, a1, b1|P [k]〉 and define the general transpose such that we have
〈b1, b2|Fk+1 · · ·Fk−1|a1, a2〉 =: 〈a2, b2|

←−−−−−−−−→
Fk+1 · · ·Fk−1|a1, b1〉. With this, we find

〈lk|Ôk|ik〉〈a1|Pk[ik]|b1〉〈a2|Pk[lk]∗|b2〉〈b1, b2|Fk+1 · · ·Fk−1|a1, a2〉
= 〈P [k]|lk, a2, b2〉〈lk, a2, b2|Ôk ⊗

←−−−−−−−−→
Fk+1 · · ·Fk−1|ik, a1, b1〉〈ik, a1, b1|P [k]〉

(3.8)
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and hence 〈ψD|Ô|ψD〉 = 〈P [k]|Ô[k]|P [k]〉 with Ô[k] = Ôk ⊗
←−−−−−−−−→
Fk+1 · · ·Fk−1. This proves the

lemma. �

If the matrix product state is given in its n-normal form, see Definition 6, one finds the following
corollary.

Corollary 9 Let |ψD〉 ∈ HN be a matrix product operator of bond dimension D =
maxkDk given in its n-normal form by the matrices {Pk[ik]} with Pk[ik] ∈ CDk×Dk+1

for all ik = 1, . . . , d and k = 1, . . . , N . Then,

〈ψD|ψD〉 = 〈P [n]|P [n]〉, (3.9)

where |P [n]〉 is such that 〈an|Pn[in]|bn〉 = 〈in, an, bn|P [n]〉 for all in = 1, . . . , d and
where |an〉 ∈ RDn and |bn〉 ∈ RDn+1 for an = 1, . . . , Dn and bn = 1, . . . , Dn+1

denote the Euclidean basis for the respective vector spaces.

Proof: With Corollary 1 we have

〈ψD|ψD〉 =

N∏
k=1

Fk =
∑

i1,...,iN

P1[i1] · · ·PN [iN ] PN [iN ]† · · ·P1[i1]†

=
∑
in

tr
[
Pn[in]Pn[in]†

]
=
∑
in

∑
an,bn

〈an|Pn[in]|bn〉〈bn|Pn[in]†|an〉

= 〈P [n]|P [n]〉,

(3.10)

where we exploited the normalization of the matrices in the n-normal matrix product state rep-
resentation from line one to line two. �

Now, these results allow to formulate an iterative algorithm where the matrices are manipulated
only on one particular site at each step of the computation. This will be explained in the next
subsection.

3.1.3 The Iterative Algorithm

With the results of the previous subsection, we are now ready to formulate the matrix product
state algorithm to approximate the ground state of an Hamiltonian of the form

Ĥ =
∑
i

ĥi1 ⊗ · · · ⊗ ĥiN . (3.11)

Recall that we approximate the ground state energy together with the ground state by solving
the optimization problem (3.3), i.e., we minimize the expectation value of the Hamiltonian over
the set of matrix product states with fixed bond dimension. With the results of the previous
subsection, i.e., Lemma 7 and Corollary 9, we indeed find that this optimization problem can be
transformed into problem (3.4) such that for all k = 1, . . . , N we have

E0 ≤ min
{
〈ψD|Ĥ|ψD〉

∣∣ |ψD〉 ∈ MD and 〈ψD|ψD〉 = 1
}

≤ min
{
〈P [k]|Ĥ [k]|P [k]〉

∣∣ |P [k]〉 ∈ CdDkDk+1 and 〈P [k]|P [k]〉 = 1
}
,

(3.12)
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where the second inequality follows from restricting the number of parameters to the matrices
on site k and writing the matrix product state |ψD〉 in its k-normal form. The operator Ĥ [k] is
given by

Ĥ [k] =
∑
i

ĥik ⊗
←−−−−−−−−→
Fk+1 · · ·Fk−1, (3.13)

where the Fn for all n ∈ {1, . . . , k − 1} ∪ {k + 1, . . . , N} are defined in Lemma 7. Now,
one tries to saturate the second inequality in Equation (3.12) by sweeping through the chain and
optimizing the matrices site by site. Note that the minimum in each step is given by the small-
est eigenvalue of Ĥ [k] with corresponding (normalized) eigenvector |B[k]〉. Hence, replacing
the matrices {Pk[ik]} on site k by {Bk[ik]} lowers the energy while keeping the state normal-
ized to one. Finally, approximating the ground state energy can be summarized as depicted in
Algorithm 1 [24, 27, 104, 114]:

Algorithm 1: Matrix product state algorithm for approximating the ground state energy
input : Maximal bond dimension D, maximal number of sweeps kmax, Hamiltonian

Ĥ =
∑

i ĥ
i
1 ⊗ . . .⊗ ĥiN .

output: Approximated ground state energy Emin ≥ E0, matrix product state given by the
set {Bk[ik] | ik = 1, . . . , d for k = 1, . . . , N} approximating the ground state.

1 Generate random matrix product state with bond dimension D given by {Bk[ik]} ;
2 for l = 1 : 1 : kmax do
3 # Left-sweep
4 for k = N : −1 : 1 do
5 Transform the state into k-normal form ;
6 Construct Ĥ [k] ;
7 Determine the smallest eigenvalue Ekmin of Ĥ [k] with corresponding (normalized)

eigenvector |B[k]〉 ;
8 Reshape |B[k]〉 to obtain the new matrices {Bk[ik]} on site k ;
9 end

10 # Right-sweep
11 for k = 1 : 1 : N do
12 Transform the state into k-normal form ;
13 Construct Ĥ [k] ;
14 Determine the smallest eigenvalue Ekmin of Ĥ [k] with corresponding (normalized)

eigenvector |B[k]〉 ;
15 Reshape |B[k]〉 to obtain the new matrices {Bk[ik]} on site k ;
16 end
17 Set Emin = ENmin ;
18 end

3.1.4 Numerical Simulations

In this subsection, we illustrate the efficiency of the iterative matrix product state algorithm by
approximating the ground state energy of the Heisenberg Hamiltonian, see Subsection 1.1.2.
Figure 3.1 shows the results for different bond dimensions together with the exact ground state
energy obtained by diagonalizing the Hamiltonian numerically. The algorithm sweeps through
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the chain kmax = 10 times and we achieve convergence of the iterative scheme for all consid-
ered examples. As expected, increasing the number of parameters, i.e., the bond dimension D,
improves the upper bound. In Chapter 4 we are going to develop a method to lower bound the
ground state energy. This, together with the techniques explained in this chapter allows to con-
fine the ground state energy in an interval whose boundaries are obtained by the two opposing
methods.
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e N

N

8 12 16 20
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D = 2
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Figure 3.1: Upper bound on the ground state energy eN = EN/N of the Heisenberg Hamilto-
nian for N particles given in Equation (1.19) with parameter J = 1/2. Squares: exact ground
state energy, downward-pointing triangles: approximation with bond dimensionD = 2, upward-
pointing triangles: approximation with bond dimension D = 4. As expected, increasing the
bond dimension, i.e., increasing the number of parameters, improves the approximation of the
ground state energy.

3.2 Time Evolving Block Decimation for Thermal State Approxi-
mation

3.2.1 Approximating Thermal States – the Idea

In this section, we illustrate the idea of efficiently approximating thermal states, i.e., states of
the form

%̂ =
e−βĤ

Z
, (3.14)

where β denotes the inverse temperature and Z = tr
[
e−βĤ

]
the partition function for the

Hamiltonian Ĥ . Obviously, a direct computation of these states is only possible for systems
with a small Hilbert space dimension or solvable models. Since we are interested in deter-
mining thermal states for one-dimensional systems composed of a large number of subsys-
tems N , we have to rely on techniques which allow to obtain an approximation of the desired
state [25, 108, 133, 134, 142]. For this, note that

e−βĤ = e−
β
2
Ĥ
1 e−

β
2
Ĥ = Eβ(Ĥ)1Eβ(Ĥ) (3.15)
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and the thermal states can be interpreted as the result of the symmetric application of the Her-
mitian operator Eβ(Ĥ) = e−

β
2
Ĥ to the (unnormalized) totally mixed state. By restricting to

Hamiltonians with at most next-neighbor interaction, i.e., 2-local Hamiltonians, this operator is
approximately a product of operations which themselves only act non-trivially on two consecu-
tive sites. This can be seen as follows: First, let λ ∈ R such that λ < 1 and β/2λ ∈ N. Then,

Eβ(Ĥ) =
(

e−λĤ
)β/2λ

=

β/2λ∏
k=1

e−λĤ =

β/2λ∏
k=1

E2λ(Ĥ). (3.16)

Secondly, since we assume only next-neighbor interaction, we have

Ĥ =

N−1∑
i=1

ĥ
[i,i+1]
i =

∑
i, even

ĥ
[i,i+1]
i +

∑
i, odd

ĥ
[i,i+1]
i = Ĥeven + Ĥodd, (3.17)

where all individual terms that compose Ĥeven and Ĥodd commute as no two terms involve the
same sites, whereas [Ĥeven, Ĥodd] 6= 0 in general. Thirdly, the term E2λ(Ĥeven + Ĥodd) =

e−λ(Ĥeven+Ĥodd) can be approximated by exploiting the Suzuki-Trotter expansion [25, 108, 121].
This approximation allows to write this term as a product of individual exponentiations of the
operators Ĥeven and Ĥodd, i.e., as a product of Eδ(Ĥeven) and Eε(Ĥodd) where δ and ε depend
on the particular decomposition. For instance, the simplest Suzuki-Trotter expansion results in
a first-order decomposition given by [25]

E2λ(Ĥeven + Ĥodd) = e−λĤeven e−λĤodd +O(λ2) = E2λ(Ĥeven)E2λ(Ĥodd) +O(λ2), (3.18)

whereas the second-order expansion is the symmetric product [25]

E2λ(Ĥeven +Ĥodd) = e−
λ
2
Ĥeven e−λĤodd e−

λ
2
Ĥeven +O(λ3) = s(Ĥeven, Ĥodd, λ)+O(λ3) (3.19)

with s(Ĥeven, Ĥodd, λ) = Eλ(Ĥeven)E2λ(Ĥodd)Eλ(Ĥeven). If high accuracy is required, a prod-
uct of five second-order type terms results in the fourth-order decomposition [25]

E2λ(Ĥeven + Ĥodd) =
5∏
l=1

s(Ĥeven, Ĥodd, qlλ) +O(λ5), (3.20)

where q1 = q2 = q4 = q5 = (4−41/3)−1 while q3 = 1−4q. Even higher-order decompositions
are possible but rarely used due to an disproportional increase of the computational complexity
and the attained accuracy [25]. Fifthly, note that

Eδ(Ĥeven) = e−
δ
2
Ĥeven =

∏
i, even

e−
δ
2
ĥ
[i,i+1]
i =

∏
i, even

Eδ

(
ĥ

[i,i+1]
i

)
(3.21)

and similarly for Eδ(Ĥodd) where we exploit the commutation relation of the individual terms
that compose Ĥeven and Ĥodd. Finally, combining the five steps establishes that Eβ(Ĥ) is ap-

proximately a product of operatorsEδ
(
ĥ

[i,i+1]
i

)
which act only non-trivially on two consecutive

sites. Hence, thermal states can be approximated by a successive application of two-site opera-
tions from both sides with respect to the (unnormalized) totally mixed state. Note that the latter
is a matrix product operator with bond dimension D = 1, see Subsection 1.2.3. To make this
procedure efficient in the system size, we need to show that the application of two-site operations
with respect to matrix product operators again results in a matrix product structure. In general,
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the bond dimension of the resulting matrix product operator will increase after each application
of the two-site operations. Keeping the bond dimension at a certain level can be achieved ap-
proximately by truncating the matrix dimensions as we will see in the next subsection. Note that
with the techniques discussed above even the approximation of the time evolution of pure and
mixed states are achievable. This is why this method is usually referred to as the time evolving
block decimation (TEBD) algorithm [142].

3.2.2 Two-Site Updates

Next, we discuss the application of two-site operators to the matrix product operator %̂ and show
how to truncate the state such that the bond dimension of the resulting matrix product operator
is kept constant. The following lemma discusses the error which is made by keeping the bond
dimension fixed.

Lemma 8 Let %̂ ∈ B(HN ) be a matrix product operator of bond dimension D =
maxkDk given in its n-normal form by the matrices {Pk[ik]} with Pk[ik] ∈ CDk×Dk+1

for all ik = 1, . . . , d2 and k = 1, . . . , N . Further, let Ân,n+1 and B̂n,n+1 be operators
acting on sites n and n + 1. Then, there is a matrix product operator σ̂ of bond
dimension D such that

‖σ̂ − Ân,n+1%̂B̂n,n+1‖2F =

min[d2Dn,d2Dn+2]∑
l=Dn+1+1

(Λ2
n)l,l (3.22)

where (Λn)l,l are the singular values of the matrix Θ[n,n+1] ∈ Cd2Dn×d2Dn+2 with
entries

Θ
[n,n+1]
(in,an),(in+1,an+1) =

d2∑
ln,ln+1=1

c
(ln,ln+1)
il,il+1

〈an|Pn[ln]Pn+1[ln+1]|an+1〉 (3.23)

and where c(ln,ln+1)
il,il+1

= tr
[(
P̂

(in)
n ⊗ P̂ (in+1)

n+1

)†
Ân,n+1P̂

(ln)
n ⊗ P̂ (ln+1)

n+1 B̂n,n+1

]
.

Proof: We have

Ân,n+1%̂B̂n,n+1 =
∑

i1,...,iN

P1[i1] · · ·Θn,n+1[in, in+1] · · ·PN [iN ] P̂
(i1)
1 ⊗· · ·⊗ P̂ (iN )

N , (3.24)

where Θn,n+1[in, in+1] =
∑

ln,ln+1
c

(ln,ln+1)
il,il+1

Pn[ln]Pn+1[ln+1] with c(ln,ln+1)
il,il+1

= tr
[(
P̂

(in)
n ⊗

P̂
(in+1)
n+1

)†
Ân,n+1P̂

(ln)
n ⊗P̂ (ln+1)

n+1 B̂n,n+1

]
. Now, consider the singular value decomposition of the

matrix Θ[n,n+1] ∈ Cd2Dn×d2Dn+2 with entries Θ
[n,n+1]
(in,an),(in+1,an+1) = 〈an|Θn,n+1[in, in+1]|an+1〉,

i.e.,

Θ
[n,n+1]
(in,an),(in+1,an+1) =

min[d2Dn,d2Dn+2]∑
bn=1

U [n](in,an),bn(Λn)bn,bnV [n]†bn,(in+1,an+1), (3.25)

where the singular values are arranged in decreasing order. Now, let Θ̃[n,n+1] be the resulting
matrix when keeping only the Dn+1 largest singular values of the matrix Θ[n,n+1]. Then, we
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have

Θ̃
[n,n+1]
(in,an),(in+1,an+1) =

Dn+1∑
bn=1

U [n](in,an),bn(Λn)bn,bnV [n]†bn,(in+1,an+1)

=
(
Bn[in]Bn+1[in+1]

)
an,an+1

=: 〈an|Θ̃n,n+1[in, in+1]|an+1〉,

(3.26)

where
(
Bn[in]

)
an,bn

= U [n](in,an),bn(Λn)bn,bn and
(
Bn+1[in+1]

)
bn,an+1

= V [n]†bn,(in+1,an+1)

such that Bn[in] ∈ CDn×Dn+1 and Bn+1[in+1] ∈ CDn+1×Dn+2 . Now, let σ̂ be the matrix
product operator which is equivalent to %̂ but where we replace the matrices on site n and n+ 1
by the sets {Bn[in]} and {Bn+1[in+1]}. By construction, this is a matrix product operator with
bond dimensionD = maxkDk. Further, we find by exploiting the normalization of the matrices
{Pl[il]} for l = 1, . . . , n− 1 and l = n+ 2, . . . , N that

‖σ̂‖2F =
∑

in,in+1

tr[(Θ̃n,n+1[in, in+1])†Θ̃n,n+1[in, in+1]] = ‖Θ̃[n,n+1]‖2F (3.27)

and similarly ‖Ân,n+1%̂B̂n,n+1‖2F = ‖Θ[n,n+1]‖2F . Moreover,

tr[σ̂†Ân,n+1%̂B̂n,n+1] =
∑

in,in+1

tr[(Θ̃n,n+1[in, in+1])†Θn,n+1[in, in+1]]

= tr[
(
Θ̃[n,n+1]

)†
Θ[n,n+1]]

(3.28)

such that

‖σ̂ − Ân,n+1%̂B̂n,n+1‖2F = ‖Θ̃[n,n+1] −Θ[n,n+1]‖2F =

min[d2Dn,d2Dn+2]∑
l=Dn+1+1

(Λ2
n)l,l. (3.29)

This proves the lemma. �

The proof of this lemma explicitly outlines a strategy to regain the matrix product structure after
the application of two-site operations, i.e., Ân,n+1 and B̂n,n+1, from both sides to the matrix
product operator %̂. The truncation of the resulting matrices by means of a singular value de-
composition results in the error given in Equation (3.22). Again, for a fixed bond dimension D,
the approximation of Ân,n+1%̂B̂n,n+1 by a matrix product operator is justified if the singular
values of the matrix Θ[n,n+1] decay fast.

3.2.3 The Iterative Algorithm

In this subsection, we formulate the time evolving block decimation algorithm for the ther-
mal state approximation by combining the results of the previous subsections. Recall that we
consider only 2-local Hamiltonians Ĥ =

∑N−1
i=1 ĥ

[i,i+1]
i . For simplicity, we restrict to a second-

order Suzuki-Trotter decomposition. The generalization to, e.g., a fourth-order decomposition,
is straight-forward. Under these assumptions, one finds with Equation (3.19)

Eβ(Ĥ) =

β/2λ∏
k=1

E2λ(Ĥ) ≈
β/2λ∏
k=1

Eλ(Ĥeven)E2λ(Ĥodd)Eλ(Ĥeven) =: Ẽβ(Ĥ) (3.30)
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such that

%̂ =
e−βĤ

Z
≈ Ẽβ(Ĥ)1Ẽβ(Ĥ)

Z
. (3.31)

The algorithm now applies the two-site operations successively starting with the matrix product
operator representation of the (unnormalized) totally mixed state. After each application, the
state is truncated to keep the bond dimension at a predefined value D. The normalization of
the state is enforced by dividing the matrices of the matrix product operator by a fraction of
the initial trace. With this, approximating thermal states can be summarized as presented in
Algorithm 2 [25, 108, 133, 134, 142].

Algorithm 2: Time evolving block decimation algorithm for approximating thermal states
input : Maximal bond dimension D, inverse temperature β, λ < 1 such that β/2λ ∈ N,

Suzuki-Trotter order (here: second-order), 2-local Hamiltonian
Ĥ =

∑N−1
i=1 ĥ

[i,i+1]
i .

output: Matrix product operator approximating the thermal state.

1 Generate matrix product operator representation of the (unnormalized) totally mixed
state ;

2 for k = 1 : 1 : β/2λ do
3 # First Suzuki-Trotter-Sweep: Apply Eλ(Ĥeven)
4 for i = 2 : 2 : N do
5 Transform the state into i-normal form ;

6 Apply Eλ
(
ĥ

[i,i+1]
i

)
from both sides to the current matrix product operator ;

7 Truncate to keep the bond dimension fix ;
8 end
9 Normalize the state ;

10 # Second Suzuki-Trotter-Sweep: Apply E2λ(Ĥodd)
11 for i = 1 : 2 : N do
12 Transform the state into i-normal form ;

13 Apply E2λ

(
ĥ

[i,i+1]
i

)
from both sides to the current matrix product operator ;

14 Truncate to keep the bond dimension fix ;
15 end
16 Normalize the state ;
17 # Third Suzuki-Trotter-Sweep: Apply Eλ(Ĥeven)
18 for i = 2 : 2 : N do
19 Transform the state into i-normal form ;

20 Apply Eλ
(
ĥ

[i,i+1]
i

)
from both sides to the current matrix product operator ;

21 Truncate to keep the bond dimension fix ;
22 end
23 Normalize the state ;
24 end

Finally, let us briefly comment on the two different error sources of this approximation proce-
dure. The error in the Suzuki-Trotter decomposition scales as a polynomial in λ < 1. Decreasing
this quantity certainly increases the accuracy of the decomposition. However, this also increases
the computational complexity of this scheme by increasing the number of two-site operations
that have to be applied to the totally mixed state. The second error source stems from the fact that
the bond dimension increases after applying the two-site operations from both sides. Keeping
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the bond dimension fixed throughout the computation leads to a truncation error, see Lemma 8.
This error can be reduced by increasing the bond dimension of the approximation resulting in
an increase of the computational cost for the individual operations.

3.3 Discussion

In this chapter, we reviewed techniques to analyze one-dimensional quantum many-body sys-
tems. The discussed techniques rely on matrix product state and operator approximations of
the considered states. In particular, we showed how to approximate ground states of Hamilto-
nians that are the sum of a moderate number of product operators [27, 104, 114]. This tech-
nique not only allows for an approximation of the ground states, but also to determine upper
bounds on the ground state energies of these systems. In the next chapter we outline a procedure
addressing the task of lower bounding the ground state energy. Combining the two contrary
techniques establishes a means to bound the exact ground state energy from above and below,
even when no analytical solution of the model exists. Moreover, we discussed the time evolving
block decimation algorithm in the context of approximating thermal states of 2-local Hamilto-
nians [25, 108, 133, 134, 142]. Results of these algorithms serve as model states to demonstrate
the performance of the reconstruction algorithms for large-scale quantum state tomography in-
troduced in Part III of this thesis.
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Chapter 4

Lower Bounds for Ground States of Condensed
Matter Systems1

The methods discussed in the previous chapter allow to (approximately) determine the ground
state properties of strongly interacting quantum systems. To overcome the exponential scaling
of the Hilbert space dimension of quantum many-body systems, one uses the family of matrix
product states to minimize the expectation value of the Hamiltonian with respect to this class
of states. As the minimization is over a subclass of all possible quantum states, these methods
provide upper bounds on the ground state energy. Assessing the quality of the so obtained upper
bounds is then difficult, calling for the development of efficient methods for the determination
of lower bounds on the ground state energy. First attempts in this direction were provided by
the determination of Anderson bounds [3]. Here, lower bounds are obtained in a two stage
process: First, one decomposes the considered Hamiltonian in a sum of individual terms, i.e.,
Ĥ =

∑
k Ĥk, and, secondly, determines the ground state energy of each Ĥk. The sum of these

energies then yields a lower bound on the ground state energy of Ĥ . Although this approach
is useful, it does not scale well with the system sizes due to an unfavorable scaling in the size
of the support of each Ĥk. The methods discussed in the previous chapter applied to each Ĥk

might overcome this issue but amounts to finding an upper bound to a lower bound. A more
elaborate approach to the ground state energy finding problem suggests to avoid the use of wave
functions and rather consider reduced density matrices together with conditions that these arise
from valid quantum states [65, 77, 79] – the so-called N -representability problem [26, 47]. If
all N -representability conditions are known, the minimization over the compatible reduced den-
sity matrices yields the exact ground state energy. If only partial conditions are specified, the
feasible set of the minimization problem encompasses the set of all physically allowed reduced
density matrices, i.e., one minimizes over too large a set of reduced density matrices, resulting
in a lower bound on the ground state energy. While the analytical treatment of this problem is
highly challenging, it has been realized that the problem can be formulated as a semidefinite
program, see Definition 18, and use can be made of the guaranteed and certified convergence of
primal-dual interior-point algorithms for semidefinite programming [14,89,98,127]. In practice,
however, these algorithms come with a considerable overhead in computation and memory that
challenges the scaling to very large systems. Some progress in the development of new algo-
rithms to address the problem of finding lower bounds on the ground state energy have been

1Large parts of the material presented in this chapter have first been published in [B1] and are directly taken from
this publication.

77



78 Chapter 4. Lower Bounds for Ground States of Condensed Matter Systems

reported [80,82,119] and considerable improvements towards the interior-point algorithms have
been demonstrated. In this chapter, we review one possible route of introducing relaxations of
the ground state energy finding problem that help to efficiently compute lower bounds. By re-
stricting to bosons and fermions, we formulate the 1-positivity and 2-positivity conditions and
further restrict the number of optimization variables by considering particle number conservation
and translational invariance. We then propose a new algorithm – a combination of a projected
gradient algorithm with Dykstra’s algorithm [8, 33, 34] – for solving the resulting optimization
problem in a memory-efficient manner and prove its convergence. To demonstrate the usefulness
of this approach, we apply this algorithm to two one-dimensional lattice models, i.e., to the Ising
and Heisenberg Hamiltonian, see Subsection 1.1.2, and compare the so obtained lower bounds
to the upper bounds of the methods presented in the previous chapter.

4.1 Obtaining Lower Bounds for the Ground State Energy

4.1.1 Relaxation of the Optimization Problem – the Idea

Recall that the determination of the ground state energy E0 of a many-body system composed
of N particles and described by the Hamilton operator Ĥ can be formulated as an optimiza-
tion problem over pure states, see the optimization problem (3.1). Extending the feasible set
to the convex set of all density matrices D, the ground state energy E0 can be found by the
minimization problem

minimize tr[Ĥ%̂]
subject to %̂ = %̂†, %̂ ≥ 0, and tr[%̂] = 1.

(4.1)

This approach is pushed to its limits rather rapidly as it uses the positivity constraint on %̂,
which grows dramatically with the system size, e.g., for particles with spin-1/2 or spinless
fermions %̂ is a 2N × 2N matrix. Hence, this problem cannot be solved efficiently due to the
exponentially increasing parameter space. To overcome the scaling issues and to provide lower
rather than upper bounds on the ground state energy, we need to relax the positivity constraint
%̂ ≥ 0, replacing it by a weaker set of constraints which scale only polynomially in the system
size [83,98]. This enlarges the class of states over which one varies the energy and hence yields
lower bounds on the ground state energy. To this end, we use the fact that

%̂ ≥ 0⇒ tr[Ô†Ôρ] ≥ 0 (4.2)

for all operators Ô. Demanding only

〈Ô†Ô〉 = tr[Ô†Ô%̂] ≥ 0 (4.3)

for some operator Ô does not, in general, imply %̂ ≥ 0. For some subset of operators {Ôk}, we
can then define Ô =

∑
k αkÔk and the requirement that 〈Ô†Ô〉 ≥ 0 for all choices of αk is then

equivalent to the positivity of the matrix X with components Xk,l = 〈Ô†kÔl〉, imposing a partic-
ular N -representability condition. Hence, replacing in the original optimization problem (4.1)
the condition %̂ ≥ 0 with the weaker condition X ≥ 0 and omitting the normalization tr[%̂] = 1,
we find that

E0 ≥ min
{

tr[Ĥ%̂]
∣∣X ≥ 0

}
. (4.4)

The present formulation still contains the density operator %̂ explicitly in the computation of
tr[Ĥ%̂]. Judicious choice of the set {Ôk} alleviates this shortcoming. Indeed, writing Ĥ =
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∑
k,l hk,lĤk,l, where hk,l ∈ C are the coefficients of the operators Ĥk,l in the Hamiltonian

Ĥ , one ensures that the set {Ôk} contains all operators such that for all k, l the expectation
value 〈Ĥk,l〉 is in

{
〈Ô†kÔl〉

}
. Note, furthermore, that the entries of X will generally not be

independent but suffer some linear equality constraints due to, e.g., (anti)-commutation relations
between operators. Denoting by C the set of all Hermitian matrices that satisfy X ≥ 0 and any
other linear constraints, the energy minimization problem can be written as [81, 83]

E0 ≥ min
{∑

k,l

hk,lXk,l

∣∣∣X ∈ C}, (4.5)

which is evidently a semidefinite program, see Definition 18, and efficiently solvable as long as
the set {Ôk} contains a number of operators that scale polynomially in the system size. The
decomposition of Ĥ into Ĥk,l, and hence the choice of the set {Ôk}, is not unique and the
optimal choice is not obvious. From a practical point of view, however, the systematic choice
presented in the remainder of this chapter leading to the so-called p-positivity conditions [81,83]
does perhaps provide the most straightforward formulation.

4.1.2 Restriction to Bosons and Fermions

For concreteness, let us now consider the class of bosonic or fermionic operators defined by

Ô =
∑
k

δk ĉk +
∑
k

εk ĉ
†
k +

∑
k,l

αk,lĉk ĉl +
∑
k,l

βk,lĉ
†
k ĉl +

∑
k,l

γk,lĉ
†
k ĉ
†
l , (4.6)

where δk, εk, αk,l, βk,l, γk,l ∈ C are arbitrary complex variables. The N -representability con-
ditions arising from this class of operators are called 1-positivity and 2-positivity conditions,
which is a terminology used to reveal the powers of the creation and annihilation operators ĉ†i
and ĉi in Ô. In general, allowing polynomials of order p in the second-quantized operators leads
to restrictions called p-positivity conditions [81, 83]. For the particular choice of operators of
the order of 2, requiring the positivity of 〈Ô†Ô〉 is equivalent to

X =


T U † A† B† C†

U S D† E† F †

A D M G† H†

B E G R I†

C F H I Q

 ≥ 0, (4.7)

where the N ×N matrices comprising the second moments are defined as follows:

Tk,l = 〈ĉ†k ĉl〉,
Sk,l = 〈ĉk ĉ†l 〉,
Uk,l = 〈ĉk ĉl〉 (4.8)

and for the third and fourth moments, we find the N2 ×N and N2 ×N2 matrices

Akl,m = 〈ĉ†k ĉ
†
l ĉm〉, Mkl,mn = 〈ĉ†k ĉ

†
l ĉnĉm〉,

Bkl,m = 〈ĉ†k ĉlĉm〉, Gkl,mn = 〈ĉ†k ĉlĉnĉm〉,
Ckl,m = 〈ĉk ĉlĉm〉, Hkl,mn = 〈ĉk ĉlĉnĉm〉,
Dkl,m = 〈ĉ†k ĉ

†
l ĉ
†
m〉, Rkl,mn = 〈ĉ†k ĉlĉ

†
nĉm〉,

Ekl,m = 〈ĉ†k ĉlĉ
†
m〉, Ikl,mn = 〈ĉk ĉlĉ†nĉm〉,

Fkl,m = 〈ĉk ĉlĉ†m〉, Qkl,mn = 〈ĉk ĉlĉ†nĉ†m〉.

(4.9)
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In addition to the positivity constraint on the (2N + 3N2) × (2N + 3N2) Hermitian matrix
X ∈ H, where, here, H denotes the vector space of all Hermitian matrices with appropriate
dimension, there are linear constraints relating its entries. In fact, the fermionic anti-commutator
relations

{ĉk, ĉl} = 0 = {ĉ†k, ĉ
†
l }, {ĉk, ĉ†l } = δk,l (4.10)

or the bosonic commutator relations

[ĉk, ĉl] = 0 = [ĉ†k, ĉ
†
l ], [ĉk, ĉ

†
l ] = δk,l (4.11)

force some entries of X to be equal, to differ by sign or to be a linear function of others. Now,
let C be the set of all positive semidefinite Hermitian matrices of the form of Equation (4.7)
and satisfying the additional requirement that the entries of X obey the constraints given by
the commutation or anti-commutation relations. Further, let E(X) : H → R be a function
expressing the expectation value of a Hamiltonian with up to 4-mode terms, i.e., E(X) = 〈Ĥ〉.
Then, the original optimization problem (4.1) can be replaced by

E0 ≥ min {E (X) |X ∈ C} , (4.12)

where the relaxed optimization problem scales polynomially in the system size N . Note that
it is straightforward to extend this formulation to higher moments, e.g., 3-positivity conditions,
when the Hamiltonian comprises higher order terms. In the following, we are going to present
scenarios and strategies where the number of variables can be decreased considerably.

4.1.3 Consequences of Superselection Rules and Particle Number Conservation
for Fermions

For the remainder we will consider fermionic systems. In that case, superselection rules require
that the Hamiltonian commutes with the parity operator given by ẐN =

∏
k≤N (1 − 2ĉ†k ĉk) =

(−1)
∑N
k=1 ĉ

†
k ĉk , see Equation (1.15). As a consequence, only superpositions of states with an

even or odd number of fermions are allowed and hence only Hamiltonians comprising terms
with an even number of creation and annihilation operators are physically relevant. This, in turn,
ensures that only expectation values of products of an even number of creation and annihilation
operators are non-vanishing. Hence, we find that we can restrict X to take the form

X =


T U † 0 0 0
U S 0 0 0
0 0 M G† H†

0 0 G R I†

0 0 H I Q

 (4.13)

and to satisfy the constraints dictated by the fermionic anti-commutator relations.
Now, if the Hamiltonian conserves the particle number, a further simplification ensues. In this
case, each term in the Hamiltonian will consist of an equal number of annihilation and creation
operators. Hence, the Hamiltonian is invariant under the transformation ĉk → ĉke

iφ and ĉ†k →
ĉ†k e−iφ and we find that expectation values vanish unless they concern operators with the same
number of annihilation and creation operators so that X can be assumed to take the form

X =


T 0 0 0 0
0 S 0 0 0
0 0 M 0 0
0 0 0 R 0
0 0 0 0 Q

 . (4.14)
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Note that the elements of the matrices T, S are coefficients of the one-electron reduced den-
sity matrix, while the matrices M,R,Q are representations of the two-electron reduced density
matrix [81]. Restricting matrices of the form of Equation (4.14) to be positive semidefinite is
equivalent with the positivity of the individual matrices T, S andM,R,Q. This constraint on the
matrices containing the second moments defines the 1-positivity conditions, while the positivity
of the matrices containing the fourth moments generates the 2-positivity conditions [81, 83].

4.1.4 Constraints Implied by Fermionic Anti-Commutator Relations

Here, we list the linear constraints on the matrices for the second and fourth moments which arise
by applying the fermionic anti-commutator relations and further specify the matrices under the
additional assumption of particle number conservation for a system composed of two spinless
fermions. Note that the constraints listed below together with the fact that the matrix X is
positive semidefinite constitute the convex set C. For the second moments of a general, fermionic
system, we find

Tk,l = 〈ĉ†k ĉl〉,
Sk,l = 〈ĉk ĉ†l 〉 = δk,l − Tl,k,
Uk,l = 〈ĉk ĉl〉 = −Ul,k.

The fourth moments yield

Mkl,mn = 〈ĉ†k ĉ
†
l ĉnĉm〉 = −Mlk,mn = −Mkl,nm = Mlk,nm,

Gkl,mn = 〈ĉ†k ĉlĉnĉm〉 = −Gkl,nm = Gkm,nl
= −Gkn,ml = −Gkm,ln = Gkn,lm,

Hkl,mn = 〈ĉk ĉlĉnĉm〉
= −Hkl,nm = Hkm,nl = −Hkm,ln = Hkn,lm

= −Hkn,ml = −Hnl,mk = Hnk,ml = −Hnm,kl

= Hnl,km = −Hnk,lm = Hnm,lk = −Hlk,mn

= Hlk,nm = −Hlm,nk = Hlm,kn = −Hln,km

= Hln,mk = −Hml,kn = Hml,nk = −Hmk,nl

= Hmk,ln = −Hmn,lk = Hmn,kl,

and

Rkl,mn = 〈ĉ†k ĉlĉ
†
nĉm〉 = δl,nTk,m −Mkn,ml,

Ikl,mn = 〈ĉk ĉlĉ†nĉm〉 = δl,nUk,m − δk,nUl,m +Gnk,ml,

Qkl,mn = 〈ĉk ĉlĉ†nĉ†m〉
= δl,nδk,m − δl,nTm,k − δk,nδl,m + δk,nTm,l + δl,mTn,k − δk,mTn,l +Mnm,lk.

Assuming particle number conservation for a system composed of two spinless fermions, the
matrices containing the second moments read

T =

(
〈a†1a1〉 〈a†1a2〉
〈a†1a2〉∗ 〈a†2a2〉

)
, S =

(
1− 〈a†1a1〉 −〈a†1a2〉∗
−〈a†1a2〉 1− 〈a†2a2〉

)
,

while the matrices for the fourth moments are

M =


0 0 0 0

0 〈a†1a†2a2a1〉 −〈a†1a†2a2a1〉 0

0 −〈a†1a†2a2a1〉 〈a†1a†2a2a1〉 0
0 0 0 0

 ,
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R =


〈a†1a1〉 0 〈a†1a2〉 〈a†1a†2a2a1〉

0 〈a†1a1〉 − 〈a†1a†2a2a1〉 0 〈a†1a2〉
〈a†1a2〉∗ 0 〈a†2a2〉 − 〈a†1a†2a2a1〉 0

〈a†1a†2a2a1〉 〈a†1a2〉∗ 0 〈a†2a2〉

 ,

Q =


0 0 0 0

0 1 + 〈a†1a†2a2a1〉 − 〈a†1a1〉 − 〈a†2a2〉 −1− 〈a†1a†2a2a1〉+ 〈a†1a1〉+ 〈a†2a2〉 0

0 −1− 〈a†1a†2a2a1〉+ 〈a†1a1〉+ 〈a†2a2〉 1 + 〈a†1a†2a2a1〉 − 〈a†1a1〉 − 〈a†2a2〉 0
0 0 0 0

 .

The presented matrices T, S,M,R and Q now satisfy the fermionic anti-commutator relations
for two spinless fermions. For a system where the particle number is conserved the constraint
on the relaxed optimization problem (4.12) is that these matrices are all simultaneously positive
semidefinite, which generates the 1- and 2-positivity conditions.

4.1.5 Exploiting Translational Invariance

So far we considered optimization problems for up to 2-positivity conditions which reduced the
number of variables to scale as N4. Apart from superselection rules and the particle number
conservation, no specific assumption on the structure of the underlying Hamiltonian has been
exploited such that in principle this procedure is applicable to a wide range of different systems,
e.g., quantum chemistry calculations [80] or higher spacial dimensions [119]. Since our inten-
tion is to apply this method to large lattice models, we now discuss a further simplification of
the system to decrease the number of parameters, namely the translational invariance. Transla-
tion invariance with periodic boundary conditions of the physical system reduces the number of
variables considerably. In fact for the second moments, i.e., for the matrices T, S and U , this
can be exploited immediately as these matrices then obey Ti,j = ti−j , etc. Consequently, for
translational invariant systems with periodic boundary conditions, the matrices comprising the
second moments become circulant matrices [61] and can therefore be diagonalized by a discrete
Fourier transform

Vk,l =
1√
N
e−2πi(k−1)(l−1)/N (4.15)

for k, l = 1, . . . , N . Reducing the number of variables for the fourth moments is not so transpar-
ent as for the second moments, but manageable. To do so, note that the ordering of the entries of
the matrices M,G,H,R, I and Q is not fixed but can be chosen arbitrarily. Remember that the
indices of these matrices are of the form [(k, l), (m,n)] for k, l,m, n = 1, . . . , N . Rearranging
the two-digit indices labeling the rows and columns in the following way:

(k, l) =
{

(1, 1), (2, 2), . . . , (N,N),

(1, 2), (2, 3), . . . , (N, 1),

(1, 3), (2, 4), . . . , (N, 2),

. . .

(1, N), (2, 1), . . . , (N,N − 1)
}
,

(4.16)

the matrices comprising the fourth moments decompose in a block structure where each block
can be diagonalized by the unitary matrix Vk,l given above. For example, we find for the matrix
M = UDMU

†, where U = diag(V, V, . . . , V ) with V given by Equation (4.15) and

DM =

D
1,1 D1,2 . . . D1,N

...
...

. . .
...

DN,1 DN,2 . . . DN,N

 (4.17)
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with diagonal matrices Di,j , i, j = 1, . . . , N . Hence, for translational invariant systems the
matrices contained in set C will have the following form:

X =


DT DU† 0 0 0
DU DS 0 0 0
0 0 DM DG† DH†

0 0 DG DR DI†

0 0 DH DI DQ

 , (4.18)

where the matrices denoting the second moments in the upper left block are diagonal matrices
and the matrices considering the fourth moments have a block diagonal structure as described
above. These considerations reduce the complexity of the constraints considerably and hence
make the numerical study feasible for large systems.

4.1.6 Varying System Size for Higher Moments

As the treatment of the fourth-order correlations is computationally costly, it may in some cases
be advantageous to consider fourth-order constraints on a smaller lattice, while the computation-
ally cheaper second-order constraints are treated on the full lattice. In particular, while T,U and
S are N ×N matrices, M,G,H,R, I and Q are N2 ×N2 matrices leading to the unfavorable
scaling. To overcome this issue, it might therefore be beneficial to restrict higher moments to
smaller subsystems; that is, for the second moments one would consider system size N2, while
for fourth moments one would considerN4 whereN2 � N4. Reducing the support of the matri-
ces M,G,H,R, I and Q, on the one hand, will lead to disproportionate savings in memory and
computation time and, on the other hand, will certainly lead to a decrease of the lower bounds.

4.2 The Projected Gradient Algorithm

So far we have described how to relax the original optimization problem (4.1) and discussed
how to include symmetries to reduce the number of variables. Now we are going to describe an
iterative algorithm for addressing this minimization problem. Recall the minimization problem
we have to face, that is,

minimize E (X)
subject to X ∈ C, (4.19)

where the functionE (X) : H → R expresses 〈Ĥ〉 and the set C consists of all positive semidef-
inite Hermitian matrices X fulfilling the constraints dictated by the (anti)-commutator relations
and potential other symmetries of the system. Note that the function E (X) is indeed linear in
the elements of matrix X and hence can be written as

E (X) = tr [G ·X] + c, (4.20)

where G is a Hermitian matrix and c ∈ R. Furthermore, the set C is the intersection of the
convex cone consisting of positive semidefinite matrices and the affine set defined by the linear
constraints on the entries. Hence C is convex, too [14]. We suggest to solve the minimization
problem by a projected gradient algorithm [20]. Since this algorithm relies heavily on projec-
tions onto convex sets, we need to define the latter.
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Definition 21 (Projection onto convex sets) Let H be a vector space and A ∈ H be
a convex set. The projection of X ∈ H onto A is defined by

PA (X) = argmin
{
||X − Y ||F

∣∣Y ∈ A}, (4.21)

where || · ||F : H → R denotes the Frobenius (Hilbert-Schmidt) norm.

As the name suggests, the projection determines the nearest point in the convex set A with
respect to a given norm. With this, we claim that the solution of problem (4.19) can be found by
iterating

Xk+1 = PC (Xk − αG) , (4.22)

where the algorithm is initialized by a Hermitian matrix X0 ∈ H and α > 0 is an arbitrary
real and positive number. Furthermore, PC : H → C denotes the projection onto set C, i.e.,
the intersection of the positive semidefinite Hermitian matrices and the set given by the linear
constraints. The scheme of this algorithm is visualized in Figure 4.1. We find that the following
lemma holds.

Lemma 9 Let E : H → R be a linear function of the form E (X) = 〈G,X〉 + c
where G ∈ H and c ∈ R is a constant. Assume that the function E (X) is lower
bounded on the closed convex set C, i.e., there is an X̄ ∈ C such that E

(
X̄
)
≤ E (X)

for all X ∈ C. Let Ek = E (Xk) be the sequence determined by the iterations of the
algorithm

Xk+1 = PC (Xk − αG) . (4.23)

Then Ek = E (Xk)→ E∗ where E∗ ≤ E (X) for all X ∈ C.

The analysis of Lemma 9 requires some basic properties of the projection operators, see Defini-
tion 21.

Lemma 10 (See Theorems 4.1 and 5.5 in [34]) Let PC : H → C be the projection
onto the convex set C. Then,

1. for all Z ∈ C and all X ∈ H we have 〈PC (X)−X,Z − PC (X)〉 ≥ 0 and

2. for all X,Y ∈ H we have 〈PC (X)− PC (Y ) , X − Y 〉 ≥ 0.

We are now ready to prove Lemma 9. The following proof is motivated by [20].
Proof: Before we start with the main proof, we need to establish the relation

〈G,Xk −Xk+1〉 ≥
||Xk+1 −Xk||2F

α
(4.24)
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G

X1

X0 − αG

X0

A
B

E∗

E�

E��

Figure 4.1: Illustration of the gradient projection algorithm (4.22). The convex sets A and B
have a non-empty intersection. The straight parallel lines clarify the level sets of the function
E (X) such that E∗ < E′ < E′′, where E∗ is the minimum value the function attains on the
intersection. The projections are represented by arrows to demonstrate their directions. Note
that these projections are computed using Dykstra’s algorithm, which itself uses the projections
onto A and B. The algorithm is initialized with the matrix X0.

for α ≥ 0 and where the sequence {Xk} is defined via

Xk+1 = PC (Xk − αG) , (4.25)

i.e., the projected gradient algorithm. To verify relation (4.24), note that with the first inequality
of Lemma 10, we find

〈Xk+1 −Xk + αG,Xk −Xk+1〉
= 〈PC (Xk − αG)−Xk + αG,Xk − PC (Xk − αG)〉 ≥ 0

(4.26)

since Xk ∈ C. Hence we have

〈αG,Xk −Xk+1〉 ≥ ||Xk −Xk+1||2F (4.27)

and relation (4.24) is established. Note that with this expression the following holds for all
α > 0:

〈G,Xk+1 −Xk〉 ≤ 0. (4.28)

In a first step, we show that the sequence E (Xk) is monotonically decreasing. We find that

〈G,Xk+1〉 ≤ 〈G,Xk〉,
⇔ 〈G,Xk+1〉+ c ≤ 〈G,Xk〉+ c,
⇔ E (Xk+1) ≤ E (Xk) ,

(4.29)

where E (X) = 〈G,X〉 + c, which holds for all α ≥ 0. Hence the sequence E (Xk) is mono-
tonically decreasing. Since we assume that the function E (X) is lower bounded on C, we then
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conclude that this sequence converges for all α ≥ 0, i.e., E (Xk)→ E∗ for k →∞. It remains
to be shown that E∗ is indeed the minimum of the function in C.
In a second step, we show that

lim
k→∞
||Xk+1 −Xk||F = 0. (4.30)

Since E (X) is linear in X , we have

E (Xk) = 〈G,Xk〉+ c+ 〈G,Xk+1〉 − 〈G,Xk+1〉
= 〈G,Xk+1〉+ c+ 〈G,Xk −Xk+1〉
= E (Xk+1) + 〈G,Xk −Xk+1〉

(4.31)

and hence

lim
k→∞

E (Xk) = lim
k→∞

E (Xk+1) + lim
k→∞
〈G,Xk −Xk+1〉. (4.32)

Since the sequence E (Xk) converges, i.e., E (Xk)→ E∗, we find that

lim
k→∞
〈G,Xk −Xk+1〉 = 0. (4.33)

Inequality (4.24) then yields

lim
k→∞
〈G,Xk −Xk+1〉 ≥ lim

k→∞
||Xk+1−Xk||2F

α ,

⇔ 0 ≥ lim
k→∞

||Xk+1−Xk||2F
α

(4.34)

and hence

lim
k→∞
||Xk+1 −Xk||2F = 0. (4.35)

Thus we have

lim
k→∞
||Xk+1 −Xk||F = 0. (4.36)

In a third step, we show that the elements Xk are bounded. Let X̄ ∈ C be such that E
(
X̄
)
≤

E (X) for all X ∈ C. Then

||Xk − X̄||2F = ||Xk −Xk+1 +Xk+1 − X̄||2F
= ||Xk −Xk+1||2F + ||Xk+1 − X̄||2F

+2〈Xk −Xk+1, Xk+1 − X̄〉
= ||Xk −Xk+1||2F + ||Xk+1 − X̄||2F

+2〈Xk − αG+ αG−Xk+1, Xk+1 − X̄〉
= ||Xk −Xk+1||2F + ||Xk+1 − X̄||2F (4.37)

+2〈Xk − αG− PC (Xk − αG) , PC (Xk − αG)− X̄〉
+2〈αG,PC (Xk − αG)− X̄〉

= ||Xk −Xk+1||2F + ||Xk+1 − X̄||2F
+2〈PC (Xk − αG)−Xk + αG, X̄ − PC (Xk − αG)〉
+2α

[
E (Xk+1)− E

(
X̄
)]
,
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since 〈G,PC (Xk − αG) − X̄〉 = 〈G,Xk+1 − X̄〉 = E (Xk+1) − E
(
X̄
)
. Note that with

Lemma 10 and the fact that E
(
X̄
)
≤ E (X) for all X ∈ C, one can show that the last two terms

are greater than or equal to zero. Therefore

||Xk − X̄||2F ≥ ||Xk −Xk+1||2F + ||Xk+1 − X̄||2F (4.38)

and consequently

||Xk+1 − X̄||2F ≤ ||Xk − X̄||2F − ||Xk −Xk+1||2F , (4.39)

which leads to

||Xk+1 − X̄||2F ≤ ||Xk − X̄||2F . (4.40)

We conclude that the elements Xk are bounded. As a consequence we know that, since C is
closed, there is at least one converging subsequence Xnk → X∗ for k → ∞, where X∗ is an
accumulation point of the sequence {Xk}.
In a last step, we show that for any accumulation point X∗ it holds that E (X∗) ≤ E (X) for all
X ∈ C. With Lemma 10, we find for all Z ∈ C

〈Xk+1 −Xk + αG,Z −Xk+1〉 ≥ 0,
⇔ α〈G,Xk+1 − Z〉 ≤ 〈Xk+1 −Xk, Z −Xk+1〉.

(4.41)

Further, we have

α〈G,Xk+1 − Z〉 ≤ 〈Xk+1 −Xk, Z −Xk+1〉
= 〈Xk+1 −Xk, Z −Xk +Xk −Xk+1〉
= 〈Xk+1 −Xk, Z −Xk〉+ 〈Xk+1 −Xk, Xk −Xk+1〉
= 〈Xk+1 −Xk, Z −Xk〉 − ||Xk+1 −Xk||2F
≤ 〈Xk+1 −Xk, Z −Xk〉
≤ ||Xk+1 −Xk||F · ||Z −Xk||F ,

(4.42)

where we exploited the Cauchy-Schwarz inequality. Finally, we find that

〈G,Xk − Z〉 = 〈G,Xk −Xk+1〉+ 〈G,Xk+1 − Z〉

≤ 〈G,Xk −Xk+1〉+
1

α
||Xk+1 −Xk||F · ||Z −Xk||F

(4.43)

holds for all Z ∈ C. Now choose a converging subsequence Xnk such that Xnk → X∗. We
already know that 〈G,Xnk −Xnk+1〉 → 0 due to Equation (4.33). Further, Equation (4.36)
claims that ||Xnk+1 − Xnk ||F → 0 for k → ∞. Additionally, since the sequence {Xk} is
bounded, we know that for X̄ ∈ C, where E

(
X̄
)
≤ E (X) for all X ∈ C,

||Z −Xnk ||F = ||Z − X̄ + X̄ −Xnk ||F ≤ ||Z − X̄||F + ||X̄ −Xnk ||F
≤ ||Z − X̄||F + ||X̄ −X0||F ≤ C (Z) ,

(4.44)

where we exploited that the sequence ||X̄ − Xnk ||F is upper bounded by ||X̄ − X0||F , see
Equation (4.40), and where C (Z) is a constant which may depend on arbitrary Z ∈ C. Hence
we find for all Z ∈ C and all accumulation points X∗

lim
k→∞
〈G,Xnk − Z〉 ≤ 0,

⇒ 〈G,X∗ − Z〉 ≤ 0,
⇒ 〈G,X∗〉 ≤ 〈G,Z〉,
⇒ 〈G,X∗〉+ c ≤ 〈G,Z〉+ c,
⇒ E (X∗) ≤ E (Z) .

(4.45)
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Since we know that the sequence E (Xk) converges, we can choose the subsequence defined by
Xnk → X∗ to see that E (Xnk)→ E∗ = E (X∗). With the argumentation above, we know that
E∗ ≤ E (Z) for all Z ∈ C and hence the algorithm (4.25) finally ends up at a point minimizing
the function E (X) in the convex set C. �

So far we have shifted the problem of minimizing the function E (X) with respect to the convex
set C to the problem of computing the projection onto C. As pointed out above, this set is the
intersection of two convex sets. This complicates the computation of the projection because in
principle one has to solve the optimization problem (4.21) in each step of the algorithm. The
most obvious method at hand to overcome this difficulty is to use Dykstra’s algorithm [11, 34].
Dykstra’s algorithm is an elaborate technique to compute the projection of X onto the intersec-
tion of several convex sets by means of modified iterative projections onto the individual sets.
To apply this procedure to the computation of the projection onto C we need to determine the
projections onto the set of positive semidefinite Hermitian matrices and onto the affine set given
by the constraints imposed by the canonical (anti)-commutation relations and other symmetries.
The former can be implemented straightforwardly. For the latter, one is able to determine for-
mulae for the submatrices in Equation (4.13) and thus gain a method to compute PC : H → C
efficiently. Note that since C is convex, PC (X) is unique for all X ∈ H [34]. Further, the pro-
posed algorithm finds a lower bound on the ground state energy by only considering boundary
points of the feasible set and hence is slightly related to the algorithm proposed in [82].
There are two parameters defining the accuracy of the estimated lower bound. In principle
the algorithm (4.22) converges for perfect projections PC (X) to a matrix X ∈ C minimizing
the function E (X) in the limit k → ∞, where k is the iteration number. As for all iterative
algorithms we need to introduce stopping criteria, on the one hand, for the projected gradient
algorithm and, on the other hand, for Dykstra’s algorithm. For the latter we use the robust
stopping criterion introduced in [11] and determined by a small number τDykstra ∈ R. For the
former one can exploit the fact that the dual problem of the optimization problem (4.19), which
we identify as the primal problem, can be solved using the projected gradient algorithm, too.
Note that the primal problem can be written as a semidefinite program in its standard form, see
Definition 18, i.e.,

minimize g†x
subject to F0 +

∑
i xiFi ≥ 0,

(4.46)

where we identify the matrices G and X with the vectors g and x such that E (X) − c =
〈G,X〉 = g†x. The Hermitian matrices F0, {Fi} comprise the linear constraints dictated by
the fermionic anti-commutator relations such that the matrix F0 +

∑
i xiFi is an element of the

affine set for all xi ∈ R. The dual problem of (4.46) is then for the dual variable Z ∈ H [127]

maximize −〈F0, Z〉
subject to gi = 〈Fi, Z〉,

Z ≥ 0.
(4.47)

Note that the constraints of the dual problem force the solution Z∗ to lie both in the positive
semidefinite cone and in the affine set given by the linear equations. The intersection of these
two convex sets is again convex and the dual problem becomes

minimize 〈F0, Z〉
subject to Z ∈ G, (4.48)

where G denotes the intersection of the positive semidefinite cone with the set given by the lin-
ear constraints gi = 〈Fi, Z〉. Finally, Lemma 9 shows that the projected gradient algorithm can
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be applied to solve the dual problem as well. The benefit of the formulation as a primal-dual
problem is that the solution of the dual problem is a lower bound on the solution of the pri-
mal problem. Hence, solving the primal and dual problems simultaneously using the projected
gradient algorithm provides us with an ingenious certificate for the accuracy of the solution.
Consequently, one way to introduce a stopping criterion for the projected gradient algorithm is
to initiate a small quantity τprimal-dual and stop the computations when

E (Xk)−H (Zk) ≤ τprimal-dual, (4.49)

where H (Z) = −〈F0, Z〉 + c is basically the dual function up to a constant. Note that Equa-
tion (4.49) is equivalent to the duality gap of the primal and dual problem and that for strictly
feasible primal problems, i.e., for optimization problems of the form of Equation (4.46) for
which there exists an x such that F0 +

∑
i xiFi > 0, the duality gap is zero if evaluated at opti-

mal points [127]. For the optimization problem (4.19), one can easily find a point in the feasible
set which is strictly feasible. Consequently, we have E (X∗) − H (Z∗) = 0, where X∗ and
Z∗ are solutions of the primal and dual problems, respectively, and hence Equation (4.49) suits
perfectly as a stopping criterion. Due to the numerical cost to solve the primal and dual prob-
lems simultaneously, we decide on using a different stopping criterion for the projected gradient
algorithm. We stop when the improvement per iteration step, i.e.,

E (Xk+1)− E (Xk) ≤ τE , (4.50)

falls below a predetermined small number τE ∈ R. We implemented both routines for sys-
tems considering only second moments and numerical experiments suggest that for a sufficiently
small number τE the latter stopping criterion yields results that are as good as in the primal-dual
formalism.

4.3 Numerical Simulations

Here, we provide a number of numerical examples that demonstrate that the proposed method
can be applied to rather large systems and is capable of extracting accurate information con-
cerning the ground state energy as well as correlation functions. We start our exposition of
the numerical application by considering the translationally invariant Hamiltonian Ĥ− in Equa-
tion (1.17). Recall that this is the Hamiltonian whose odd parity states coincide with the odd
parity states of the Ising Hamiltonian with periodic boundary conditions [104]. This operator
describes non-interacting spinless fermions and hence we require only constraints that are due to
second moments [116]. Solving the relaxed minimization problem (4.19) by applying the pro-
jected gradient algorithm and comparison of the so-obtained lower bound to the exact ground
state energy E−0 , see Equation (1.18), yields the results presented in Table 4.1. In fact, even for
non-translational invariant Hamiltonians one is able to solve the optimization problem for large
particle numbers since one is only considering the 1-positivity conditions which scale linearly
in the system size.
While the Ising model is quasi-free it is of considerable interest to study interacting models,
such as the Heisenberg Hamiltonian, that contain, for example, fourth-order fermionic operators
(see [55] for the study of another interacting fermionic system where a different numerical ap-
proach is employed). In the following, we consider the performance of the proposed algorithm
in this situation. The Heisenberg Hamiltonian transformed to a system of spinless fermions
is given in Equation (1.20). Let us first analyze a system with open boundary conditions (i.e.,
Equation (1.20) with L = N−1). We compare the exact ground state energy of this Hamiltonian
with coupling constant J = 1/2 for different system sizes N with (i) the lower bounds of the
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Table 4.1: Lower bounds on the ground state energies for the Hamiltonian Ĥ−, see Equa-
tion (1.17), with parameters J = 1 and Γ = 1/2 for N sites [B1]. The relative deviation
∆E is of the order of the parameters of the stopping criteria τDykstra = 10−8 = τE , which limits
the accuracy of this method. We initialized the algorithm with α = N for the first step and
α� N for the remaining steps until convergence.

N 1000 5000 10000 50000 100000 500000

∆E 2.4 · 10−8 2.5 · 10−8 2.6 · 10−8 2.4 · 10−8 2.4 · 10−8 2.9 · 10−8

gradient projection algorithm and (ii) the upper bounds obtained by the techniques exploiting
matrix product states as described in the previous chapter. Figure 4.2 presents the results.
The range of applicability of the projected gradient algorithm can be extended considerably by
analyzing a system that is translationally invariant. To this end, we consider the Hamiltonian
in Equation (1.20) with L = N . The results for the ground state energy of this Hamiltonian
are presented in the left-hand side of Figure 4.3. As a reference, we depict the exact ground
state energies for this model for up to N = 22. Additionally, the right-hand side of Figure 4.3
presents the nearest-neighbor and next-nearest-neighbor correlations determined by the gradient
projection algorithm. Note that in all calculations we initialized the algorithm with the zero
matrix since we wanted to test the algorithm without imposing prior knowledge. Generally, for
translational invariant systems it is advantageous to complete the circulant submatrices obtained
from a run with site number N1 to circulant matrices describing N2 sites and use these matri-
ces as an initial matrix for N2 > N1. Furthermore, since the matrices comprising the fourth
moments in the translational invariant case decompose into blocks of diagonal matrices, it is
possible to parallelize the projection onto the positive semidefinite matrices. In fact, this step
in the computation is the most expensive since one has to diagonalize the matrices in each step.
Parallelizing this computation might speed up the calculations. So far, no effort has been made
to do so since our intention is rather to demonstrate that this technique yields good results.
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Figure 4.2: Results for the Heisenberg Hamiltonian (1.20) with open boundary conditions
and coupling constant J = 1/2 [B1]. Squares: Exact ground state energies eN = EN/N ,
downward-pointing triangles: lower bounds by imposing constraints on up to fourth moments,
upward-pointing triangles: upper bounds by the matrix product state algorithm with bond di-
mension D = 4.
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Figure 4.3: The system under consideration is the Hamiltonian (1.20) for L = N with param-
eter J = 1/2 [B1]. The stopping criteria are initialized with τDykstra = 10−4 and τE = 10−4.
(a): Lower bounds on the ground state energies eN = EN/N per site. Downward-pointing tri-
angles indicate the estimated lower bounds obtained via the projected gradient algorithm. The
exact energies per particle are illustrated as upward-pointing triangles for up to N = 22 parti-
cles. Additionally, the energy per particle in the thermodynamical limit is shown as a horizontal
line to indicate where the exact energies converge to, see Equation (1.21). (b): Nearest- and
next-nearest-neighbor correlations. Shown are the estimated correlations as downward-pointing
triangles, the exact correlations as upward-pointing triangles and the correlations in the ther-
modynamical limit as horizontal lines, see Equations (1.22) and (1.23). The nearest-neighbor
correlations are obtained by averaging over 〈σ̂(l)

i σ̂
(l)
i+1〉 for l = X,Y, Z, which is possible as the

system is rotationally invariant. For the next-nearest-neighbor correlations, we proceeded the
same way.

4.4 Discussion

In this chapter, we have presented a method for the determination of lower bounds on the ground
state energy of quantum many-body systems. To this end, we followed a large body of work to
relax the general ground state energy finding problem to obtain a semidefinite program that
involves a number of variables that scales polynomially with the system size. To overcome
unfavorable scaling in time and memory of standard primal-dual interior point solvers, we com-
bined a projected gradient algorithm with Dykstra’s algorithm to obtain access to larger system
sizes and proved its convergence. The numerical simulations suggest that this method is not only
applicable to yield good results for the quasi-free systems, but also for general interacting mod-
els where it provides lower bounds together with correlation functions between sites. Different
properties of the underlying system such as higher spatial dimensions [119], bosonic degrees
of freedom [48], symmetries [49] and translational invariance can be included straightforwardly
and the relative weight of higher order correlation functions can be adjusted to optimize for
computational performance.
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Chapter 5

Efficient Quantum State Tomography for Pure
States

The conventional tomography schemes discussed in Chapter 2 are not scalable to large system
sizes due to both the limited time that is realistically available for the experiment and the lim-
itations to the resources that are available for the classical post-processing of the experimental
data [54]. As a result of the exponentially growing dimension of the Hilbert space, it seems
impossible to formulate a general strategy to efficiently identify any possible quantum state for
a large number of particles. Hence, to overcome the scaling issue with respect to state tomog-
raphy, one possible route is to restrict the potential state estimates to a sound subset of the full
Hilbert space. The identification of the required measurements together with a reconstruction
algorithm that selects one particular state estimate in this subset, hence, allows to scale to large
system sizes given that (i) the state representation in the considered subset, (ii) the number of
required measurements, and (iii) the reconstruction algorithm scale moderately with the num-
ber of particles. Here, we start the discussion of scalable tomography schemes by restricting
to pure states that are well approximated by matrix product states [30]. Recall that many natu-
rally occurring quantum states and many states of interest for quantum information tasks are of
this form: ground states of gapped local Hamiltonians [41, 59, 99], W-type states and GHZ-type
states are all matrix product states of low bond dimension, or very well approximated by them,
see Chapter 1. The key insight here is not that these states are matrix product states (recall that
any pure state is a matrix product state, see Subsection 1.2.2) but that the matrix dimension is
low, in particular independent of the system size. Hence, the restriction to this class of states
seems a reasonable assumption for large-scale quantum state tomography of pure states. As we
will see, there is a considerable number of physically interesting states that are not only com-
pletely determined by a linear number of observables but may also be efficiently reconstructed
from such measurements [27,30], which makes the formalism we present in this and the follow-
ing chapters powerful tools for quantum state tomography on large system sizes. While, in this
chapter, we focus on the reconstruction of pure states on one-dimensional lattices, we consider
mixed states in the subsequent chapters. Here, we start by motivating that a large number of
pure states is uniquely determined by local information only. Then, we discuss two reconstruc-
tion schemes for pure quantum state tomography. One of which is based on a modification of
the singular value thresholding algorithm introduced in Subsection 2.2.4 [30], the other scheme
exploits the parent Hamiltonian formalism for matrix product states [95]. Moreover, we dis-
cuss how to construct a certificate for the reconstructed state by local information only, lower

95
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bounding the fidelity of the estimate with respect to the state prepared in the laboratory [30].

5.1 Pure States Uniquely Determined by a Small Number of Mea-
surements

5.1.1 Non-Degenerate Ground States of Local Hamiltonians

We start the exposition of the efficient tomography schemes for pure states by motivating that
non-degenerate ground states of R-local Hamiltonians are uniquely determined by a number of
measurements that scales linearly in the number of subsystems. Note that this overcomes one
shortcoming mentioned in the introduction, namely the exponential scaling of the measurement
time with respect to N . One finds the following lemma [8, 30]:

Lemma 11 Let Ĥ ∈ B(HN ) be a R-local Hamiltonian, i.e.,

Ĥ =
N−R+1∑
k=1

ĥ
[k,...,k+R−1]
k , (5.1)

where the ĥ[k,...,k+R−1]
k only act on R contiguous sites. Further, assume that this

Hamiltonian has a unique and non-degenerate ground state |ψ0〉. Then, |ψ0〉 is
uniquely determined by its reduced density matrices to all blocks ofR contiguous sites,
i.e., by %̂k = tr{1,...,k−1}∪{k+R,...,N}

[
|ψ0〉〈ψ0|

]
for all k = 1, . . . , N −R+ 1.

Proof: Let E0 be the ground state energy of the Hamiltonian Ĥ , then

E0 = 〈ψ0|Ĥ|ψ0〉 =
N−R+1∑
k=1

〈ψ0|ĥ[k,...,k+R−1]
k |ψ0〉 =

N−R+1∑
k=1

tr[%̂kĥ
[k,...,k+R−1]
k ]. (5.2)

Now, suppose there is another pure state that has the same reduced density matrices than |ψ0〉,
i.e., there exists a |φ〉 such that tr{1,...,k−1}∪{k+R,...,N}

[
|φ〉〈φ|

]
= %̂k for all k = 1, . . . , N−R+

1. With this, we find

E0 = 〈ψ0|Ĥ|ψ0〉 = 〈φ|Ĥ|φ〉 (5.3)

violating the assumption of a non-degenerate ground state. Hence, there is only one pure state
with reductions %̂k for all k = 1, . . . , N−R+1 and the ground state |ψ0〉 is uniquely determined
by the latter. �

Now, assume that R is independent of the system size N . Then, pure states satisfying the
requirements of this lemma are uniquely determined by at most d2R(N − R + 1) parameters.
Restricting to qubits, i.e., d = 2, and assuming a measurement setting where we collect the data
via the Pauli measurement scheme discussed in Subsection 2.1.2, we find that

M = 3Rm(N −R+ 1) (5.4)

measurements are sufficient to characterize these states uniquely. Recall that m denotes the
number of measurements per basis orientation of a reduced system on R consecutive sites. As
stated above, this overcomes the exponential scaling of the measurement time with respect to the
number of subsystems N . The next section shows that a vast majority of physically interesting
states satisfy the criteria of Lemma 11.
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5.1.2 Parent Hamiltonians for Matrix Product States

Next, we discuss the parent Hamiltonians in the framework of matrix product states [30, 95].
The results of this subsection (i) motivate the findings of the previous subsection by showing
that generic matrix product states satisfy the requirements of Lemma 11 [27, 95], (ii) will help
to formulate a reconstruction scheme for pure states in a later section, and (iii) pave the way to
establish certificates for the reconstructed pure states, that is, they will allow to construct lower
bounds on the fidelity of a pure state estimate with respect to the true (and possibly mixed) state
prepared in the laboratory [30]. One finds the following lemma [27, 30, 95].

Lemma 12 Let |ψ〉 be a matrix product state describing a quantum system on N d-
level subsystems. Assume that the matrices Bs[is], is = 1, . . . , d with s = 1, . . . , N ,
defining |ψ〉 are given in canonical form and that there is an r ∈ N, r ≥ 1, such that
for all k = 1, . . . , N − r − 1 the set{

Bk+1[ik+1] · · ·Bk+r[ik+r]
∣∣ is = 1, . . . , d with s = k + 1, . . . , k + r

}
(5.5)

spans CDk+1×Dk+r+1 over C. Then, |ψ〉 is the unique ground state of the operator
Ĥ =

∑N−r
k=1 P̂k where P̂k is the projector onto the subspace orthogonal to ran[Γk]

and the linear map Γk : CDk+r+1×Dk → Cdr+1
is given by

Γk(X) =
∑

ik,...,ik+r

tr
[
XBk[ik] · · ·Bk+r[ik+r]

]
|ik, . . . , ik+r〉. (5.6)

The operator Ĥ defined in this lemma is referred to as the parent Hamiltonian of the matrix
product state |ψ〉 and is in fact a R-local Hamiltonian with R = r + 1. Recall the definition of
the canonical form, see Definition 7, where the matrices Bk[ik] are such that – among others –∑d

ik=1Bk[ik]Bk[ik]
† = 1 for all k = 1, . . . , N . Note furthermore, that for the requirement (5.5)

to hold, r has to satisfy dr ≥ Dk+1Dk+r+1, i.e., the cardinality of the set of matrix products is
at least as large as the dimension of CDk+1×Dk+r+1 . We now give a proof of Lemma 12 [27,95].
Proof: First, we show that |ψ〉 is indeed a ground state of the parent Hamiltonian Ĥ . For this,
note that for all k = 1, . . . , N − r

|ψ〉 =
∑

i1,...,iN

B1[i1] · · ·BN [iN ]|i1, . . . , iN 〉

=
∑

i1,...,iN

tr
[
Bk+r+1[ik+r+1] · · ·Bk−1[ik−1]Bk[ik] · · ·Bk+r[ik+r]

]
|i1, . . . , iN 〉

=
∑

i1,...,ik−1,

ik+r+1,...,iN

Γk
(
Bk+r+1[ik+r+1] · · ·Bk−1[ik−1]

)
|i1, . . . , ik−1〉|ik+r+1, . . . , iN 〉.

(5.7)

Now, since Pk is the projector onto the orthogonal subspace of ran[Γk], we have PkΓk(X) = 0
for all X ∈ CDk+r+1×Dk and hence Pk|ψ〉 = 0 for all k = 1, . . . , N − r. We conclude that
Ĥ|ψ〉 = 0 such that |ψ〉 is a ground state of Ĥ (recall that Ĥ is a sum of projectors and hence
the eigenvalues are greater than or equal to zero). Secondly, we prove the uniqueness of |ψ〉.
For this, assume that |φ〉 is a ground state of Ĥ . We justify the uniqueness by establishing
that |φ〉 = eiξ |ψ〉 for ξ ∈ R. We have 0 = 〈φ|Ĥ|φ〉 =

∑N−r
k=1 〈φ|P̂k|φ〉 ≥ 〈φ|P̂k|φ〉 =

〈φ|P̂kP̂k|φ〉 ≥ 0 such that P̂k|φ〉 = 0 for all k = 1, . . . , N − r. With the decomposition
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|φ〉 =
∑

i1,...,iN
φi1,...,iN |i1, . . . , iN 〉 and (1 − P̂k)|ik, . . . , ik+r〉 = Γk

(
X

[k]
ik,...,ik+r

)
for some

X
[k]
ik,...,ik+r

∈ CDk+r+1×Dk (recall that (1 − P̂k)|ik, . . . , ik+r〉 ∈ ran[Γk]) we find for k =
1, . . . , N − r

|φ〉 = (1− P̂k)|φ〉
=

∑
i1,...,ik−1,

ik+r+1,...,iN

|i1, . . . , ik−1〉|ik+r+1, . . . , iN 〉
∑

ik,...,ik+r

φi1,...,iNΓk
(
X

[k]
ik,...,ik+r

)
=

∑
i1,...,ik−1,

ik+r+1,...,iN

Γk
(
X [k]

)
|i1, . . . , ik−1〉|ik+r+1, . . . , iN 〉

=
∑

i1,...,iN

tr
[
X [k]Bk[ik] · · ·Bk+r[ik+r]

]
|i1, . . . , iN 〉

(5.8)

for some X [k] =
∑

ik,...,ik+r
φi1,...,iNX

[k]
ik,...,ik+r

not depending on ik, . . . , ik+r. Now, employing
the above for k and k + 1 we have

tr
[
X [k]Bk[ik] · · ·Bk+r[ik+r]

]
= tr

[
X [k+1]Bk+1[ik+1] · · ·Bk+r+1[ik+r+1]

]
(5.9)

and as the set
{
Bk+1[ik+1] · · ·Bk+r[ik+r]

∣∣ is = 1, . . . , d for s = k + 1, . . . , k + r
}

spans
CDk+1×Dk+r+1 we have

X [k]Bk[ik] = Bk+r+1[ik+r+1]X [k+1]. (5.10)

Exploiting the right-normalization of the matrices given in canonical form we arrive at

X [k] = Bk+r+1[ik+r+1]
d∑

ik=1

X [k+1]Bk[ik]
† (5.11)

such that |φ〉 takes on the form

|φ〉 =
∑

i1,...,iN

tr
[
fk(X

[k+1])Bk[ik] · · ·Bk+r+1[ik+r+1]
]
|i1, . . . , iN 〉, (5.12)

where the Dk+r+2 ×Dk matrix fk(X [k+1]) with

fk(X) =
d∑

ik=1

XBk[ik]
† (5.13)

does not depend on ik, . . . , ik+r+1. Hence, we have shown that the following holds for l = 1:
For every 1 ≤ l ≤ N − r − 1, the ground state |φ〉 of Ĥ can be written as

|φ〉 =
∑

i1,...,iN

tr
[
(f1 ◦ · · · ◦ fl)(X [l+1])B1[i1] · · ·Bl+r+1[il+r+1]

]
|i1, . . . , iN 〉, (5.14)

where the matrix (f1 ◦ · · · ◦ fl)(X [l+1]) of dimension Dl+r+2 × D1 does not depend on the
indices i1, . . . , il+r+1. For the induction step we show that if this holds for l that this implies
that it also holds for l + 1. For this, note that with result (5.12) and claim (5.14) we find

tr
[
fl+1(X [l+2])Bl+1[il+1] · · ·Bl+r+2[il+r+2]

]
= tr

[
(f1 ◦ · · · ◦ fl)(X [l+1])B1[i1] · · ·Bl+r+1[il+r+1]

] (5.15)
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and hence, exploiting the constraint (5.5), we find

Bl+r+2[il+r+2]fl+1(X [l+2])Bl+1[il+1] = (f1 ◦ · · · ◦fl)(X [l+1])B1[i1] · · ·Bl+1[il+1]. (5.16)

Due to the right-normalization of the matrices we have

(f1 ◦ · · · ◦ fl)(X [l+1]) = Bl+r+2[il+r+2]
∑
i1,...,il

fl+1(X [l+2])Bl[il]
† · · ·B1[i1]†

= Bl+r+2[il+r+2](f1 ◦ · · · ◦ fl+1)(X [l+2])

(5.17)

such that

|φ〉 =
∑

i1,...,iN

tr
[
(f1 ◦ · · · ◦ fl+1)(X [l+2])B1[i1] · · ·Bl+r+2[il+r+2]

]
|i1, . . . , iN 〉 (5.18)

and theDl+r+3×D1 dimensional matrix (f1◦· · ·◦fl+1)(X [l+2]) does not depend on the indices
i1, . . . , il+r+2. Hence, Equation (5.14) is established and we can choose l = N − r − 1 to find

|φ〉 =
∑

i1,...,iN

tr
[
(f1 ◦ · · · ◦ fN−r−1)(X [N−r])B1[i1] · · ·BN [il]

]
|i1, . . . , iN 〉, (5.19)

where x = (f1 ◦ · · · ◦ fN−r−1)(X [N−r]) is of dimension DN+1 ×D1 and does not depend on
the indices i1, . . . , iN . With this, we find

|φ〉 = x
∑

i1,...,iN

B1[i1] · · ·BN [iN ]|i1, . . . , iN 〉 = x|ψ〉 (5.20)

for some x ∈ C (recall that DN+1 = 1 = D1). Due to the normalization of the ground state |φ〉
we find

1 = 〈φ|φ〉 = |x|2〈ψ|ψ〉 = |x|2 (5.21)

such that |φ〉 = eiξ |ψ〉 for some ξ ∈ R. Thus, every ground state of Ĥ is equivalent to |ψ〉 up to
a global phase, i.e., |ψ〉 is the unique ground state of the parent Hamiltonian. �

A matrix product state satisfying the requirements of Lemma 12 is referred to as an injective
matrix product state [95]. This will become clear in Section 5.3 where we present a corollary
establishing the injectivity of the map Γk(X). Furthermore, note that this lemma shows that
injective matrix product states are the unique ground states of (r + 1)-local Hamiltonians, i.e.,
they are uniquely determined by their reduced density matrices to all blocks of R = r + 1 con-
secutive sites, see Lemma 11. This makes quantum many-body states which are representable
as injective matrix product states good candidates for large-scale quantum state tomography:
(i) they are uniquely determined by a small number of measurements, i.e., by their reduced den-
sity matrices, and (ii) these states are efficiently representable on classical devices and can be
stored for large system sizes N . In the remainder of this chapter, we address the question of
how to invert the local measurements and hence to obtain a matrix product state estimate of the
prepared system.

5.2 The 1-SVT Algorithm

In this subsection, we set out to motivate the 1-SVT algorithm which is capable of reconstructing
pure states when the set of measurements on the system is restricted to a subset which scales
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only moderately in the system size [30]. For this, let %̂ = |ψ〉〈ψ| be the desired state on N
d-dimensional subsystems. Now, recall the singular value thresholding (SVT) algorithm, see
Equation (2.47), i.e.,

X̂k = Dτ (Ŷk)

Ŷk+1 = Ŷk + δkPΩ(%̂− X̂k),
(5.22)

which is designed to solve a modification of the nuclear norm minimization problem under
some linear constraints specified by the index set Ω, see the optimization problem (2.46). This
algorithm is suitable to address the matrix completion problem discussed in Subsection 2.2.4
but lacks an efficient implementation for large system sizes. This is because (i) in each step
the algorithm performs a singular value decomposition to compute the shrinkage operator Dτ :
B(HN ) → B(HN ), see Equation (2.48), and (ii) although the matrices Ŷk are sparse, their
dimensions grow exponentially with the number of subsystems restricting this algorithm to small
system sizes. For the tomography of pure states, however, we will see that a modification of this
algorithm can be implemented efficiently by means of matrix product states overcoming these
two shortcomings. In a first step, we replace the shrinkage operator Dτ : B(HN ) → B(HN )
by the projection onto rank one matrices, i.e., we restrict the feasible set of the algorithm to the
non-convex set of rank one matrices, that is, to

R =
{
X̂ ∈ B(HN )

∣∣ rank[X̂] = 1
}
. (5.23)

The projection onto rank one matrices with respect to the Frobenius norm is defined by [61] (see
also Definition 21 for the projection onto convex sets)

PR(Ŷ ) = argmin
{
‖Ŷ − X̂‖2F

∣∣ X̂ ∈ R}. (5.24)

For matrices Ŷ with singular decomposition Ŷ = Û Λ̂V̂ † we have PR(Ŷ ) = λ|u〉〈v| where λ
denotes the maximal singular value with corresponding left- and right-singular vectors |u〉 and
|v〉, respectively [8, 61]. With this, the modified algorithm is given by the iteration

X̂k = PR(Ŷk)

Ŷk+1 = Ŷk + δkPΩ(%̂− X̂k),
(5.25)

which is initialized by the zero matrix, i.e., Ŷ1 = O, and {δk} denotes a series of step sizes.
To execute this algorithm, we still need to perform a singular value decomposition of the sparse
matrices Ŷk in each iteration. This is an expensive step in the computation if the variables are
stored as full dN × dN matrices but can be overcome by restricting the allowed set of measure-
ments. Hence, in a second step, we consider only tomography settings where the desired pure
states are uniquely determined by their reduced density matrices to all blocks of R contiguous
sites. That is, the input to the reconstruction scheme are the numbers

pil,...,il+R−1
(%̂) = 〈P̂ (il)

l · · · P̂ (il+R−1)
l+R−1 〉%̂ = tr

[
P̂

(il)
l · · · P̂ (il+R−1)

l+R−1 %̂
]

(5.26)

for all l = 1, . . . , N − R + 1. Again,
{
P̂

(i)
l

∣∣ i = 1, . . . , d2
}

denotes a complete operator basis
on site l. The operator PΩ : B(HN )→ B(HN ) is thus given by

PΩ(X̂) =

N−R+1∑
l=1

d2∑
il,...,il+R−1=1

pil,...,il+R−1
(X̂) P̂

(il)
l · · · P̂ (il+R−1)

l+R−1 . (5.27)
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Now, as the algorithm is initialized by the zero matrix, the matrices Ŷk, for all k, only have
non-zero support for the basis elements specified by Ω, i.e., they are of the form

Ŷk =
N−R+1∑
l=1

ŷ
[l,...,l+R−1]
l , (5.28)

where ŷ[l,...,l+R−1]
l =

∑d2

il,...,il+R−1=1 pil,...,il+R−1
(Ŷk) P̂

(il)
l · · · P̂ (il+R−1)

l+R−1 only acts on the sites

l, . . . , l+R− 1. Obviously, Ŷk is a R-local Hamiltonian and hence the maximal eigenvalue and
corresponding eigenvector can be approximated by determining the ground state energy and the
corresponding ground state of the operator −Ŷk exploiting the family of matrix product states
and the techniques discussed in Section 3.1. Hence, under the assumption that in each step
the maximal singular value of the Hermitian matrix Ŷk is equivalent to its maximal eigenvalue,
the algorithm reduces to iteratively updating the coefficients of a R-local Hamiltonian and a
successive determination of the largest eigenvalue with corresponding eigenvector. With this,
the 1-SVT algorithm reads [30]

X̂k = yk|yk〉〈yk|
Ŷk+1 = Ŷk + δkPΩ(%̂− X̂k),

(5.29)

where yk is the maximal eigenvalue with corresponding eigenvector |yk〉 of theR-local Hamilto-
nian Yk. While this algorithm heuristically yields good results for physically relevant states [30],
e.g., W-type states and ground states of local Hamiltonians, it lacks a proof of convergence in
contrast to the original singular value thresholding algorithm [8]. Note, furthermore, that for
the efficient implementation and the argumentation given above it is not necessary that a tomo-
graphically complete set of measurements on all blocks of R contiguous sites is known. For
instance, for ground states of local Hamiltonians it suffices to know the expectation values of
the local operators that appear in the Hamiltonian, see Lemma 11 and note that the proof only
requires the uniqueness of the ground state with respect to these expectation values. This is in
contrast to the direct tomography scheme we are going to introduce in the next section where
full information on the reduced systems is required to reconstruct a state estimate.

5.3 Parent Hamiltonian Reconstruction

Before we start to outline the direct reconstruction algorithm for pure state tomography, let us
present a corollary for the linear map Γk : CDk+r+1×Dk → Cdr+1

introduced in Lemma 12 [95].

Corollary 10 Let |ψ〉 be a matrix product state describing a quantum system on N
d-level subsystems. Assume that the matrices Bs[is], is = 1, . . . , d for s = 1, . . . , N ,
defining |ψ〉 are given in canonical form and that there is an r ∈ N, r ≥ 1, such that
for all k = 1, . . . , N − r − 1 the set{

Bk+1[ik+1] · · ·Bk+r[ik+r]
∣∣ is = 1, . . . , d with s = k + 1, . . . , k + r

}
(5.30)

spans CDk+1×Dk+r+1 over C. Then, for all k = 1, . . . , N − r, the linear map Γk :
CDk+r+1×Dk → Cdr+1

given by

Γk(X) =
∑

ik,...,ik+r

tr
[
XBk[ik] · · ·Bk+r[ik+r]

]
|ik, . . . , ik+r〉 (5.31)

is injective.
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Proof: For all k = 1, . . . , N − r − 1, let X and Y be elements in CDk+r+1×Dk . Further, let
Γk(X) = Γk(Y ). We show that this implies X = Y . Note that Γk(X) = Γk(Y ) is equivalent
to

0 = Γk(X − Y ) =
∑

ik,...,ik+r

tr
[
(X − Y )Bk[ik] · · ·Bk+r[ik+r]

]
|ik, . . . , ik+r〉. (5.32)

Then tr
[
(X − Y )Bk[ik] · · ·Bk+r[ik+r]

]
= 0 for all ik, . . . , ik+r. This is equivalent to

(X − Y )Bk[ik] = 0 (5.33)

for all ik = 1, . . . , d due to condition (5.30). Moreover, the matrices are right-normalized as
they are given in canonical form. With this, we find

0 =
∑
ik

(X − Y )Bk[ik]Bk[ik]
† = (X − Y ) (5.34)

and hence X = Y . For k = N − r, note that from ΓN−r(X − Y ) = 0 it follows that
BN [iN ](X − Y ) = 0. Multiplying by the matrix Λ2

N−1 and exploiting the canonical form
of the state, we find

∑
iN
BN [iN ]†Λ2

N−1BN [iN ](X − Y ) = 0 and hence Λ2
N (X − Y ) = 0. As

ΛN = 1, we have X = Y . Thus, the linear map Γk : CDk+r+1×Dk → Cdr+1
is injective for all

k = 1, . . . , N − r. �

Note that states that satisfy the constraints of this corollary are referred to as injective matrix
product states. Next, we discuss a reconstruction scheme for pure states that directly deter-
mines the matrices of the matrix product state representation. The concept presented in this
section relies on the fact that injective matrix product states are the unique ground states of lo-
cal Hamiltonians. Given the local parent Hamiltonian, determining the ground state by means
of the techniques discussed in Section 3.1 is straightforward. Recall that the parent Hamilto-
nian is defined by the projectors onto the subspaces orthogonal to the ranges of the linear maps
Γk : CDk+r+1×Dk → Cdr+1

for all k = 1, . . . , N − r, see Lemma 12. Hence, the parent Hamil-
tonian cannot be constructed directly by measurements on the system. Here, we show that the
parent Hamiltonian is determined by the reduced density matrices on all blocks of R = r + 1
contiguous sites. One finds the following lemma.

Lemma 13 Let |ψ〉 be a matrix product state describing a quantum system on N d-
level subsystems. Assume that the matrices Bs[is], is = 1, . . . , d for s = 1, . . . , N ,
defining |ψ〉 are given in canonical form and that there is an r ∈ N, r ≥ 1, such that
for all k = 1, . . . , N − r − 1 the sets{

Bk+1[ik+1] · · ·Bk+r[ik+r]
∣∣ is = 1, . . . , d with s = k + 1, . . . , k + r

}
(5.35)

span CDk+1×Dk+r+1 over C. Further, let %̂k = tr{1,...,k−1}∪{k+r+1,...,N}
[
|ψ〉〈ψ|

]
for all k = 1, . . . , N − r be the reduced density matrices of |ψ〉. Then, for all
k = 1, . . . , N − r, the subspace orthogonal to the range of the linear map Γk :
CDk+r+1×Dk → Cdr+1

given by

Γk(X) =
∑

ik,...,ik+r

tr
[
XBk[ik] · · ·Bk+r[ik+r]

]
|ik, . . . , ik+r〉 (5.36)

is equivalent to the kernel of %̂k, i.e., (ran[Γk])
⊥ = ker[%̂k].
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Proof: First, we show that (ran[Γk])
⊥ ⊆ ker[%̂k]. For this, note that

|ψ〉 =
∑

i1,...,iN

B1[i1] · · ·BN [iN ]|i1, . . . , iN 〉

=

Dk∑
α=1

Dk+r+1∑
β=1

|φ[1,...,k−1]
α 〉 Γk

[
|β〉〈α|

]
|ξ[k+r+1,...,N ]
β 〉,

(5.37)

where

|φ[1,...,k−1]
α 〉 =

∑
i1,...,ik−1

B1[i1] · · ·Bk−1[ik−1]|α〉 |i1, . . . , ik−1〉 (5.38)

and

|ξ[k+r+1,...,N ]
β 〉 =

∑
ik+r+1,...,iN

〈β|Bk+r+1[ik+r+1] · · ·BN [iN ] |ik+r+1, . . . , iN 〉. (5.39)

Note that we choose
{
|α〉
∣∣α = 1, . . . , Dk

}
and

{
|β〉
∣∣β = 1, . . . , Dk+r+1

}
to be the Euclidean

basis for the respective vector spaces. Next, we show that
{
|φ[1,...,k−1]
α 〉

∣∣α = 1, . . . , Dk

}
con-

stitutes an orthogonal set of vectors and, furthermore,
{
|ξ[k+r+1,...,N ]
β 〉

∣∣β = 1, . . . , Dk+r+1

}
an

orthonormal basis. We have

〈φ[1,...,k−1]
β |φ[1,...,k−1]

α 〉 =
∑

i1,...,ik−1

〈β|Bk−1[ik−1]† · · ·B1[i1]†B1[i1] · · ·Bk−1[ik−1]|α〉. (5.40)

Now, |ψ〉 is given in canonical form such that
∑

ik
Bk[ik]

†Λ2
k−1Bk[ik] = Λ2

k. With Λ0 = 1, see
Definition 7, we find

〈φ[1,...,k−1]
β |φ[1,...,k−1]

α 〉 =
∑
ik−1

〈β|Bk−1[ik−1]†Λ2
k−2Bk−1[ik−1]|α〉

= 〈β|Λ2
k−1|α〉 = (Λ2

k−1)α,αδα,β

(5.41)

as Λk−1 is a diagonal matrix with non-zero real diagonal elements, see Definition 7. Conse-
quently,

{
|φ[1,...,k−1]
α 〉/(Λk−1)α,α

}
is orthonormal. Moreover, we find with the right-normalization

of the matrices Bk[ik], i.e.,
∑

ik
Bk[ik]Bk[ik]

† = 1, that

〈ξ[k+r+1,...,N ]
α |ξ[k+r+1,...,N ]

β 〉
=

∑
ik+r+1,...,iN

〈β|Bk+r+1[ik+r+1] · · ·BN [iN ]BN [iN ]† · · ·Bk+r+1[ik+r+1]†|α〉

= δα,β.

(5.42)

With this, the reduced density matrix of |ψ〉 can be written as

%̂k = tr{1,...,k−1}∪{k+r+1,...,N}
[
|ψ〉〈ψ|

]
=

Dk∑
α=1

Dk+r+1∑
β=1

(Λk−1)2
α,αΓk

[
|β〉〈α|

]
Γk
[
|β〉〈α|

]†
.

(5.43)

Now, let |φ〉 ∈ (ran[Γk])
⊥. Thus, 〈φ|Γk[X] = 0 such that Γk(X)†|φ〉 = 0 for all X . Hence,

%̂k|φ〉 = 0 and we have (ran[Γk])
⊥ ⊆ ker[%̂k]. Secondly, we establish that dim

[
(ran[Γk])

⊥] =

dim
[
ker[%̂k]

]
. For this, note that for the map Γk : CDk+r+1×Dk → Cdr+1

we have

dim
[
(ran[Γk])

⊥] = dr+1 − dim
[
ran[Γk]

]
= dr+1 −Dk+r+1Dk + dim

[
ker[Γk]

]
(5.44)
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by the rank-nullity theorem. Now, by Corollary 10, we find that Γk(X) is injective such that the
zero matrix is the only element in its kernel, i.e., dim

[
ker[Γk]

]
= 0. Hence,

dim
[
(ran[Γk])

⊥] = dr+1 −Dk+r+1Dk. (5.45)

Note that this implies dr+1 ≥ Dk+r+1Dk. Let us now analyze the kernel of the reduced density
matrix %̂k. We find that

{
Γk(|β〉〈α|)

}
is a set of linear independent vectors. This can be seen as

follows: Let cα,β ∈ C such that

0 =
∑
α,β

cα,βΓk(|β〉〈α|) = Γk

(∑
α,β

cα,β|β〉〈α|
)
. (5.46)

Since Γk(X) is injective, we have
∑

α,β cα,β|β〉〈α| = 0 and hence cα,β = 0, i.e., the set{
Γk(|β〉〈α|)

}
is linearly independent for all k = 1, . . . , N − r. Now, let the matrix A =

[a1,1,a1,2, . . . ,aDk,Dk+r+1
] ∈ Cdr+1×DkDk+r+1 be such that the columns are given by aα,β =

(Λk−1)α,αΓk(|β〉〈α|) for all α = 1, . . . , Dk and β = 1, . . . , Dk+r+1. Further, let A = USV †

be the singular value decomposition of A. Since the columns of A are linearly independent, A
has full rank, i.e., rank[A] = Dk+r+1Dk (recall that dr+1 ≥ Dk+r+1Dk). Hence, we find

%̂k = tr{1,...,k−1}∪{k+r+1,...,N}
[
|ψ〉〈ψ|

]
= AA† = US2U †

(5.47)

such that the rank of %̂k is given by rank[%̂k] = rank[S2] = rank[S] = rank[A] = Dk+r+1Dk.
Now, by the rank-nullity theorem we have

dr+1 = dim
[
ker[%̂k]

]
+ dim

[
ran[%̂k]

]
= dim

[
ker[%̂k]

]
+ rank[%̂k]

= dim
[
ker[%̂k]

]
+Dk+r+1Dk

(5.48)

such that dim
[
ker[%̂k]

]
= dr+1 −Dk+r+1Dk. Finally, with (ran[Γk])

⊥ ⊆ ker[%̂k] and the fact
that dim

[
(ran[Γk])

⊥] = dim
[
ker[%̂k]

]
we arrive at (ran[Γk])

⊥ = ker[%̂k]. �

Now, for injective matrix product states it is possible to construct the parent Hamiltonian not
only from the maps Γk : CDk+r+1×Dk → Cdr+1

but also from the reduced density matrices
on all blocks of R = r + 1 contiguous sites. That is, the parent Hamiltonian Ĥ =

∑N−r
k=1 P̂k

can be computed either by the projectors onto the orthogonal complement of the range of the
maps Γk(X) or by the equivalent projectors onto the kernel of the reduced density matrices %̂k
for all k = 1, . . . , N − r. The direct reconstruction scheme exploiting the parent Hamiltonian
formalism hence consists of

(i) the determination of the reduced density matrices on all blocks of R contiguous sites,

(ii) the computation of the projectors onto the kernels of the reduced density matrices, and

(iii) the determination of the ground state of the resulting R-local parent Hamiltonian exploit-
ing the techniques discussed in Section 3.1.

Note that for this tomography scheme, the full local density matrices on all blocks of R con-
tiguous sites are required. The results of the next section strengthen the argument why this
reconstruction scheme is suitable for large-scale quantum state tomography of pure states.
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5.4 Certification and Verification

Let %̂ be the exact state prepared in the laboratory and |ψ0〉 be a pure estimate of the latter. We
now set out to find a lower bound on the fidelity f(|ψ0〉, %̂) = 〈ψ0|%̂|ψ0〉. To this end, one finds
the following lemma [30].

Lemma 14 Let %̂ ∈ B(HN ) be a state on N d-level subsystems. Further, let Ĥ be a
Hamiltonian with positive spectrum, i.e., Ĥ =

∑
nEn|ψn〉〈ψn| with 0 ≤ E0 ≤ E1 ≤

. . . ≤ E∗ ≤ . . . ≤ EdN . Then,

∑
n,En<E∗

〈ψn|%̂|ψn〉 ≥
E∗ − tr[Ĥ%̂]

E∗ − E0
, (5.49)

where
{
|ψn〉

}
are the eigenstates of Ĥ .

Proof: We have

tr[Ĥ%̂] =
∑

n,En≥0

En〈ψn|%̂|ψn〉 =
∑

n,En≥E∗
En〈ψn|%̂|ψn〉+

∑
n,En<E∗

En〈ψn|%̂|ψn〉

≥ E∗
∑

n,En≥E∗
〈ψn|%̂|ψn〉+

∑
n,En<E∗

En〈ψn|%̂|ψn〉

= E∗
∑
n

〈ψn|%̂|ψn〉+
∑

n,En<E∗

(En − E∗)〈ψn|%̂|ψn〉

= E∗ +
∑

n,En<E∗

(En − E∗)〈ψn|%̂|ψn〉 ≥ E∗ + (E0 − E∗)
∑

n,En<E∗

〈ψn|%̂|ψn〉.

(5.50)

Hence, we arrive at∑
n,En<E∗

〈ψn|%̂|ψn〉 ≥
E∗ − tr[Ĥ%̂]

E∗ − E0
(5.51)

which proves the lemma. �

Now, suppose that the state |ψ0〉 is the unique ground state of the R-local Hamiltonian Ĥ =∑N−R+1
k=1 ĥ

[k,...,k+R−1]
k with positive spectrum and that %̂ is the state prepared in the laboratory.

Then, with Lemma 14, we have

〈ψ0|%̂|ψ0〉 ≥
E1 − tr[Ĥ%̂]

E1 − E0
=
E1 −

∑N−R+1
k=1 tr

[
ĥ

[k,...,k+R−1]
k %̂k

]
E1 − E0

, (5.52)

where %̂k are the reductions of %̂ to the sites k, . . . , k + R − 1. The importance of Lemma 14
and inequality (5.52) is summarized by the following remarks:

(i) Let |ψ0〉 be an injective matrix product state such that it is the unique ground state of its
R-local parent Hamiltonian Ĥ . Further, assume that %̂k for all k = 1, . . . , N −R+ 1 are
the reduced density matrices of %̂ = |ψ0〉〈ψ0|. Then, inequality (5.52) achieves equality,
i.e., 〈ψ0|%̂|ψ0〉 = 1. Hence, the ground state of the parent Hamiltonian of the measured
reduced density matrices yields a pure estimate for the state in the laboratory, given that
the stated assumptions hold.
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(ii) Let %̂ be the unknown state prepared in the laboratory and |ψ0〉 be a pure estimate of that
state (e.g., the result of an efficient tomography scheme such as the 1-SVT algorithm). If
the reduced density matrices of %̂ are known and Ĥ is the parent Hamiltonian of the state
|ψ0〉, inequality (5.52) yields a lower bound on the fidelity of the reconstructed state and
the unknown state in the experiment – this gives a certificate on the reconstructed state.
Note that, for instance, this observation helps to certify the result of the 1-SVT algorithm
for which no convergence guarantee is known.

(iii) Suppose the goal is to create a given state |ψ0〉 and one wants to verify that it was indeed
prepared. If ĥ[k,...,k+R−1]

k is the projector onto the kernel of the reduction of |ψ0〉 to sites
k, . . . , k +R− 1 for all k = 1, . . . , N −R+ 1, then

Ŵ =
E1 −

∑N−R+1
k=1 ĥ

[k,...,k+R−1]
k

E1 − E0
(5.53)

is a witness for the state |ψ0〉 as the expectation of the witness is a lower bound to the
fidelity with which |ψ0〉 was created. Note that in contrast to learning the state in the labo-
ratory, this simply verifies that it was indeed created (and hence requires prior knowledge
of the prepared state).

(iv) More generally, let |φ〉 be a pure state estimate of the state prepared in the laboratory, e.g.,
the result of the 1-SVT algorithm. Construct the parent Hamiltonian Ĥ of this estimate
and determine the eigenvectors

{
|ψk〉

}
corresponding to the eigenvalues smaller than E∗.

Further, let %̂k be the reduced density matrices of the state prepared in the laboratory.
Then, Lemma 14 provides a lower bound on the overlap of the subspace given by

{
|ψk〉

}
with respect to the desired state %̂. Additional measurements in this subspace, e.g., with
the methods presented in [118], allow for a determination of a mixed state spanned by
these vectors – giving rise to an adaptive state tomography procedure.

For the remainder of this section we restrict to the (r + 1)-local Hamiltonians which are ob-
tained by determining the projectors P̂k onto the kernel of the reduced density matrices %̂k =
tr{1,...,k−1}∪{k+r+1,...,N}

[
|ψ〉〈ψ|

]
of the pure state |ψ〉 for all k = 1, . . . , N −r. Due to the con-

struction, the lowest eigenvalue of the Hamiltonian Ĥ =
∑N−R+1

k=1 P̂k is equal to zero. Now,
denote by ∆E the energy gap above the ground state. It remains to show how this quantity can
be determined efficiently. One finds the following lemma [27, 30]:

Lemma 15 Let |ψ〉 ∈ HN be a pure state on N d-level subsystems. Further, let P̂k be
the projector onto ker[%̂k] for all k = 1, . . . , N − r. Then, the energy gap ∆E of the
Hamiltonian Ĥ =

∑N−r
k=1 P̂k satisfies ∆E ≥ 1 + γ where

γ = min
1≤k≤N−r

N−r∑
l=1

1≤|k−l|≤r

γk,l (5.54)

with γk,l = λk,l − 1. Here, λk,l denotes the smallest non-zero eigenvalue of P̂k + P̂l.

Proof: First, note that |ψ〉 is a ground state of Ĥ with zero eigenvalue and that Ĥ ≥ 0. With
this, we have Ĥ =

∑N−r
k=1 P̂k =

∑
n,En>0En|n〉〈n|. Hence Ĥ2 =

∑
n,En>0E

2
n|n〉〈n|, such
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that we find

max
{
λ
∣∣ Ĥ2 ≥ λĤ

}
= max

{
λ
∣∣ ∑
n,En>0

(E2
n − λEn)|n〉〈n| ≥ 0

}
= max

{
λ
∣∣ E2

n − λEn ≥ 0 for all n with En > 0
}
.

(5.55)

Let ∆E be the energy gap above the ground state sector. For λ > ∆E we have ∆E2−λ∆E < 0
such that we find

max
{
λ
∣∣ Ĥ2 ≥ λĤ

}
= ∆E. (5.56)

Next, note that P̂kP̂l ≥ 0 whenever |k − l| ≥ r + 1. With this, and exploiting the fact that the
P̂k are projectors, i.e., P̂kP̂k = P̂k for all k = 1, . . . , N − r, we find

Ĥ2 =

N−r∑
k,l=1

P̂kP̂l =

N−r∑
k=1

P̂k +

N−r∑
k,l=1
k 6=l

P̂kP̂l ≥
N−r∑
k=1

P̂k +

N−r∑
k,l=1

1≤|k−l|≤r

P̂kP̂l. (5.57)

Now, for Ô with Ô = Ô† we have Ô = (Ô + Ô†)/2 such that

Ĥ2 ≥ Ĥ +
1

2

N−r∑
k,l=1

1≤|k−l|≤r

(P̂kP̂l + P̂lP̂k). (5.58)

We now set out to find a lower bound on this expression in terms of a constant multiplied by the
Hamiltonian. For this, consider the problem

γk,l = max
{
λ
∣∣ P̂kP̂l + P̂lP̂k ≥ λ(P̂k + P̂l)

}
. (5.59)

We have

P̂kP̂l + P̂lP̂k = (P̂k + P̂l)
2 − P̂k − P̂l (5.60)

such that

γk,l = max
{
λ
∣∣ (P̂k + P̂l)

2 ≥ (λ+ 1)(P̂k + P̂l)
}

= max
{
λ
∣∣ (P̂k + P̂l)

2 ≥ λ(P̂k + P̂l)
}
− 1.

(5.61)

Now, note that P̂k + P̂l ≥ 0 and thus the maximum is given by the smallest non-zero eigenvalue
of P̂k + P̂l. With this, the fact that γk,l = γl,k, and Equation (5.58) we find

Ĥ2 ≥ Ĥ +
1

2

N−r∑
k,l=1

1≤|k−l|≤r

γk,l(P̂k + P̂l) = Ĥ +

N−r∑
k=1

P̂k

N−r∑
l=1

1≤|k−l|≤r

γk,l ≥ (1 + γ)Ĥ (5.62)

where

γ = min
1≤k≤N−r

N−r∑
l=1

1≤|k−l|≤r

γk,l. (5.63)

Hence, with Equation (5.56), we have ∆E ≥ (1 + γ). This proves the lemma. �
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This lemma allows to determine a lower bound on the energy gap of the parent Hamiltonians of
injective matrix product states. Let |ψ0〉 be an injective matrix product state such that it is the
unique ground state of its parent Hamiltonian with ground state energy equal to zero. Then, with
Equation (5.52) and the result of the previous lemma we find [27, 30]

〈ψ0|%̂|ψ0〉 ≥ 1− 1

1 + γ

N−R+1∑
k=1

tr[ĥ
[k,...,k+R−1]
k %̂k], (5.64)

with R = r + 1. Here, both γ and ĥ[k,...,k+R−1]
k for all k = 1, . . . , N − R + 1 can be com-

puted efficiently for large system sizes. What is more, note that the ground state space of the
Hamiltonian Ĥ in the previous lemma might be degenerated (e.g., for parent Hamiltonians of
non-injective matrix product states). Then, the results of Lemmata 14 and 15 still hold, certifying
the overlap of %̂ and the ground state space [30].

5.5 Numerical Simulations

Let us finally present some numerical simulations that demonstrate the performance of the
1-SVT algorithm. For this, we approximate the exact ground states of random 2-local Hamilto-
nians of the form

Ĥ =

N−1∑
i=1

r̂i,i+1, (5.65)

exploiting the method described in Section 3.1. Here, the operators r̂i,i+1 only act on sites i and
i + 1 and we draw their real and imaginary parts from a Gaussian distribution with zero mean
and standard deviation one. We simulate the measurements by drawing m times from the exact
multinomial distributions of the reduced density matrices on all blocks of R = 2 contiguous
sites. Further, we invert the local probability distributions to approximate the measured reduced
density matrices. These reductions are the input to the 1-SVT algorithm. Figure 5.1 presents
the results for N = 10 and N = 20 sites. The simulations suggest that the modified singular
value thresholding algorithm iterating only over pure states finds valid pure state estimates even
for a relatively small number of measurements. We refer to [30] where extensive numerical
simulations for the 1-SVT algorithm are presented.

5.6 Discussion

In this section, we started the discussion of large-scale quantum state tomography techniques
with schemes that are suitable for the tomography of pure states. We discussed pure states
that are uniquely determined by a small number of measurements, e.g., non-degenerate ground
states ofR-local Hamiltonians. Further, we reviewed the parent Hamiltonian formalism together
with the notion of injective matrix product states. Under the promise that the state prepared
in the laboratory is pure and uniquely determined by local measurements, we showed how to
invert the experimental data to obtain a valid state estimate. In particular, we discussed the
1-SVT algorithm – a modification of the singular value thresholding algorithm introduced in
Subsection 2.2.4 – and a direct reconstruction relying on the construction of a parent Hamilto-
nian from the measured reduced density matrices. We then outlined a strategy for the certifica-
tion of the reconstructed pure state or the verification of a particular pure state only by means
of local measurements. Moreover, all results of this chapter are efficient in the system size, i.e.,
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Figure 5.1: Performance of the iterative 1-SVT algorithm for simulated measurements, see
Equation (5.29). We stop the algorithm after 500 iterations. The exact states are the ground
states of random next-neighbor Hamiltonians of the form of Equation (5.65). The input to the
reconstruction scheme are relative frequencies corresponding to a tomographically complete set
of measurements on all blocks of R = 2 contiguous sites. These relative frequencies are ob-
tained by drawing from the exact probability distributions m times. Upward-pointing triangles:
N = 10, downward-pointing triangles: N = 20. The densities illustrate the results for 30 ran-
dom Hamiltonians and corresponding reconstructions while the triangles emphasize the mean
value. All estimates have a bond dimension of D = 5.

they can be formulated by the help of matrix product states. Now, in a real experiment, the
assumption of pure states prepared in the laboratory is by no means justified. One rather imple-
ments mixed states due to the influence of experimental uncertainties. Hence, it is desirable to
generalize the ideas presented in this chapter to general density matrices. This is the task of the
chapters hereafter where the estimates are represented as matrix product operators.
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Chapter 6

Scalable Reconstruction of Density Matrices1

The reconstruction schemes discussed in the previous chapter have shown that, despite the ex-
ponential growth of the dimension of the Hilbert space with the number of subsystems, tomog-
raphy of one-dimensional quantum systems is still feasible by tailored reconstruction schemes.
The efficient and scalable tomography techniques discussed in Chapter 5 are only applicable to
pure states, i.e., to tomography scenarios where one has the promise that the state prepared in
the laboratory is pure. These schemes have demonstrated that the reconstruction of (a specific
subclass of all) pure quantum states for large systems is possible with the knowledge of local
information only [30]. While most experiments have so far focused on the controlled creation of
pure states and scalable tomography methods have been tailored to the pure setting [30,46,118],
experimental simulations of open system dynamics have begun to emerge [110], calling for ef-
ficient tomography schemes for mixed states. Here, we discuss a scalable method to reconstruct
density matrices that are well approximated by matrix product operators with low bond dimen-
sion [131, 142]. Recall that, for instance, thermal states of local Hamiltonians fall into the latter
category, justifying this restriction by physical arguments [41, 58]. The reconstruction scheme
only requires local information about the state, again, giving rise to a reconstruction technique
that is scalable in the system size. This approach works provably under a mild technical as-
sumption on the state to be reconstructed and is not restricted to pure states. Similar to the pure
setting, it is based on the fact that generic matrix product operators are uniquely determined by
their reduced density matrices to all blocks of R contiguous sites – a fact that we will prove
in this chapter. These reductions may be obtained by measuring the expectation values of an
informationally complete set of observables on all blocks of R contiguous sites, e.g., by locally
applying the Pauli measurement scheme discussed in Subsection 2.1.2. We do not require the
estimates to the reductions to be states, i.e., empirical estimates to the expectation values of local
observables suffice and post-processing such as maximum likelihood estimation for the subsys-
tems is not required. As R is fixed, this corresponds to an experimental effort that is linear in
the system size N . This chapter is organized as follows: We start by introducing the invert-
ibility condition before we show that generic matrix product operators satisfy this constraint.
Then, we prove our main result which allows to perfectly reconstruct mixed states satisfying the
invertibility condition. We briefly discuss a modification of the algorithm when the input data
are prone to noise before we present extensive numerical simulations demonstrating the perfor-
mance of this reconstruction scheme. Furthermore, we apply this tomography scheme to real

1Large parts of the material presented in this chapter have first been published in [B2] and are directly taken from
this publication.
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experimental data of an ion trap experiment on eight qubits implemented on a one-dimensional
string of ions which was prepared in 2005 [54]. This demonstrates for the first time that – al-
ready for system sizes available today – the scalable algorithms compare with results obtained
by conventional reconstruction techniques and shows that our scheme still works well when the
invertibility condition is not necessarily met. Large parts of this chapter are motivated by [43].

6.1 The Invertibility Condition

Let the to-be-reconstructed state be denoted by %̂. As for the pure setting, the input to the recon-
struction scheme are estimates of expectation values which completely specify all reductions of
%̂ toR contiguous sites. We denote these reductions by %̂k, k = 1, . . . , N−R+1. Put mathemat-
ically, %̂k = tr{1,...,k−1}∪{k+R,...,N}[%̂], i.e., the trace over all but the R sites {k, . . . , k+R− 1}.
Now, let

{
P̂

(ik)
k

∣∣ ik = 1, . . . , d2
}

be a complete operator basis on site k. Again, a common

choice for spin-1/2 particles is given by the orthonormal Pauli spin basis, i.e., P̂ (1)
k = σ̂

(I)
k /
√

2,
P̂

(2)
k = σ̂

(X)
k /
√

2, P̂ (3)
k = σ̂

(Y )
k /
√

2, and P̂ (4)
k = σ̂

(Z)
k /
√

2, see Definition 2. We may then write

%̂k =
∑

ik,...,ik+R−1

〈
P̂

(ik)
k · · · P̂ (ik+R−1)

k+R−1

〉
%̂
P̂

(ik)
k · · · P̂ (ik+R−1)

k+R−1 , (6.1)

i.e., the %̂k are completely specified by the local expectation values 〈P̂ (ik)
k · · · P̂ (ik+R−1)

k+R−1 〉%̂ =

tr
[
%̂P̂

(ik)
k · · · P̂ (ik+R−1)

k+R−1

]
, estimates to which are the input to our tomography scheme. One of

the main contributions of this chapter is a proof that the %̂k completely specify the state %̂ if a
certain technical invertibility condition is met. To state the invertibility condition, we first need
to establish some notation. We collect the N sites of the one-dimensional system in the set
N = {1, . . . , N}. For I ⊂ N , we define the complex vector spaces B(HI) spanned by{∏

k∈I
P̂

(ik)
k

∣∣∣ ik = 1, . . . , d2 for all k ∈ I
}
. (6.2)

For given Ô ∈ B(HN ) and I,J ⊂ N we define the linear map EJI : B(HJ )→ B(HN\I) as

X̂ 7→ EJI (X̂) = trN\I [X̂Ô]. (6.3)

We note that the map EJI depends only on the reduction ÔI∪J = trN\I∪J [Ô] of Ô to sites
I ∪ J as EJI (X̂) = trJ [X̂ÔI∪J ], this is illustrated in Figure 6.1. We find the following
lemma:

Lemma 16 Let Ô ∈ B(HN ), I ′ ⊆ I ⊂ N and J ′ ⊆ J ⊂ N . Further, let the linear
map EJI : B(HJ )→ B(HN\I) be defined by

EJI (X̂) = trN\I [X̂Ô]. (6.4)

Then,

(i) rank
[
EJ

′

I
]
≤ rank

[
EJI
]

and

(ii) rank
[
EJI′
]
≤ rank

[
EJI
]
.
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Figure 6.1: Definition of the sets N = {1, . . . , N} and I,J ⊂ N . The linear map EJI (X̂) =

trJ [X̂ÔI∪J ] maps operators X̂ (e.g., observables) acting on set J into operators on set I by
means of the reductions of Ô (e.g., the state) to I ∪ J .

Proof: We have J ′ ⊆ J such that B(HJ ′) ⊆ B(HJ ). Hence, ran
[
EJ

′

I
]
⊆ ran

[
EJI
]

and (i) is
established. Further, with X̂ ∈ B(HJ ) and I ′ ⊆ I we have

EJI′(X̂) = trN\I′ [X̂Ô] = trI\I′
[
trN\I [X̂Ô]

]
= trI\I′

(
EJI (X̂)

)
= F II′

(
EJI (X̂)

)
, (6.5)

where the linear map F II′ : B(HI) → B(HI′) is defined by F II′(X̂) = trI\I′(X̂). Hence,
rank

[
EJI′
]

= rank
[
F II′(E

J
I )
]
≤ rank

[
EJI
]
. This proves the lemma. �

Note that from now on we will only consider cases where I ∪ J is connected. Let us finally
define the invertibility condition:

Definition 22 (Invertibility condition) Let l, r ∈ N, 2 ≤ l + r ≤ N − 2. If Ô is such
that for all k ∈ N, l ≤ k ≤ N − r − 1, the equality

rank
[
E
{k+1,...,k+r}
{k−l+1,...,k}

]
= rank

[
E
{k+1,...,N}
{1,...,k}

]
(6.6)

holds, we call Ô (l, r)-invertible.

Later, we will see that quantum states satisfying the invertibility condition are uniquely deter-
mined by their reduced density matrices to R = l + r + 1 sites. Moreover, in the next section,
we prove that injective matrix product operators are invertible, i.e., the set of invertible quantum
states contains the set of injective matrix product operators.

6.2 Generic Matrix Product Operators are Invertible

Here, we show that a vast majority of matrix product operators fulfill the invertibility condition.
Together with the result of the next section this proves that a large subset of all matrix product
operators can be recovered from local information only. Consider matrix product operators, see
Definition 5, given by

Ô =
∑

i1,...,iN

P1[i1] · · ·PN [iN ] P̂
(i1)
1 · · · P̂ (iN )

N , (6.7)
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with Pk[ik] ∈ CDk×Dk+1 for ik = 1, . . . , d2 and k = 1, . . . , N . Further, recall that D1 = 1 =

DN+1. Throughout this chapter, we assume w.l.o.g. that P̂ (1)
k ∝ 1k for all k = 1, . . . , N .

First, we establish a general relation that is satisfied by matrix product operators. One finds the
following lemma [43].

Lemma 17 Let Ô be a matrix product operator with matrices {Pk[ik] | ik =
1, . . . , d2} of dimension Dk × Dk+1 for k = 1, . . . , N and where D1 = 1 = DN+1.
Then, for all k = 1, . . . , N − 1, the inequality

rank
[
E
{k+1,...,N}
{1,...,k}

]
≤ Dk+1 (6.8)

holds.

Proof: For X̂ ∈ B(H{k+1,...,N}),

X̂ =
∑

ik+1,...,iN

xik+1,...,iN P̂
(ik+1)
k+1 · · · P̂ (iN )

N , (6.9)

we find

E
{k+1,...,N}
{1,...,k} (X̂) = tr{k+1,...,N}[X̂Ô]

=
∑
i1,...,ik

P1[i1] · · ·Pk[ik]X P̂
(i1)
1 · · · P̂ (ik)

k

:= Γ(X),

(6.10)

where

X =
∑

ik+1,...,iN

xik+1,...,iNPk+1[ik+1] · · ·PN [iN ] ∈ CDk+1×1 (6.11)

and we defined the linear map Γ : CDk+1×1 → B(H{1,...,k}). Note that ran
[
E
{k+1,...,N}
{1,...,k}

]
⊆

ran[Γ]. Now, Γ(X) = 0 implies

P1[i1] · · ·Pk[ik]X = 0 (6.12)

for all i1, . . . , ik. Next, assume that the matrix product operator is given in N -normal form
(see Definition 6 and recall that this is no restriction as every matrix product operator can
be transformed into this representation). Then, exploiting the left-normalization of the matri-
ces, for all k = 1, . . . , N − 1 the relation above implies X = 0 which proves that the map
Γ is injective and hence dim

[
ker[Γ]

]
= 0. Thus, by the rank-nullity theorem, together with

ran
[
E
{k+1,...,N}
{1,...,k}

]
⊆ ran[Γ], we have

rank
[
E
{k+1,...,N}
{1,...,k}

]
≤ dim

[
ran[Γ]

]
= dim

[
CDk+1×1

]
− dim

[
ker[Γ]

]
= Dk+1. (6.13)

This proves the lemma. �

With this result, we can now show that generic matrix product operators satisfy the invertibility
condition. This is the result of the following lemma:
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Lemma 18 Let l, r ∈ N such that 2 ≤ l + r ≤ N − 2. Let Ô be a matrix product
operator with Pk[ik] ∈ CDk×Dk+1 where D1 = 1 = DN+1. If tr[Ô] 6= 0 and for all
k ∈ N, l ≤ k ≤ N − r − 1, the sets{

Pk−l+1[ik−l+1] · · ·Pk[ik]
∣∣ is = 1, . . . , d2 for s = k − l + 1, . . . , k

}
(6.14)

span CDk−l+1×Dk+1 over C and the sets{
Pk+1[ik+1] · · ·Pk+r[ik+r]

∣∣ is = 1, . . . , d2 for s = k + 1, . . . , k + r
}

(6.15)

span CDk+1×Dk+r+1 over C, then Ô is (l, r)-invertible.

Proof: First, we show that rank
[
E
{k+1,...,k+r}
{k−l+1,...,k}

]
= Dk+1. For X̂ ∈ B(H{k+1,...,k+r}),

X̂ =
∑

ik+1,...,ik+r

xik+1,...,ik+r P̂
(ik+1)
k+1 · · · P̂ (ik+r)

k+r , (6.16)

we find (recall that we assume w.l.o.g. P (1)
k ∝ 1)

E
{k+1,...,k+r}
{k−l+1,...,k} (X̂) ∝

∑
ik−l+1,...,ik

P1[1] · · ·Pk−l[1]Pk−l+1[ik−l+1] · · ·Pk[ik]×

×
∑

ik+1,...,ik+r

xik+1,...,ik+rPk+1[ik+1] · · ·Pk+r[ik+r]×

× Pk+r+1[1] · · ·PN [1] P̂
(ik−l+1)
k−l+1 · · · P̂ (ik)

k

=:
∑

ik−l+1,...,ik

w†Pk−l+1[ik−l+1] · · ·Pk[ik]Xv P̂ (ik−l+1)
k−l+1 · · · P̂ (ik)

k

=: Γ(X),

(6.17)

where we defined the matrix

X =
∑

ik+1,...,ik+r

xik+1,...,ik+rPk+1[ik+1] · · ·Pk+r[ik+r] ∈ CDk+1×Dk+r+1 , (6.18)

the vectors

w† = P1[1] · · ·Pk−l[1] ∈ C1×Dk−l+1 , v = Pk+r+1[1] · · ·PN [1] ∈ CDk+r+1×1, (6.19)

and the mapping Γ : CDk+1×Dk+r+1 → B(H{k−l+1,...,k}). Now, Γ(X) = 0 is equivalent to

0 = w†Pk−l+1[ik−l+1] · · ·Pk[ik]Xv = tr[Pk−l+1[ik−l+1] · · ·Pk[ik]Xvw†] (6.20)

for all ik−l+1, . . . , ik. Hence, if
{
Pk−l+1[ik−l+1] · · ·Pk[ik]

}
spans CDk−l+1×Dk+1 over C, this

is equivalent to Xvw† = 0. Now, tr[Ô] 6= 0 implies w 6= 0 such that this is equivalent to
Xv = 0. Hence,

ker[Γ] =
{
X ∈ CDk+1×Dk+r+1

∣∣Xv = 0
}
, (6.21)

i.e., by the rank-nullity theorem the rank of Γ is equal to

rank[Γ] = dim
[
ran[Γ]

]
= Dk+1Dk+r+1 − dim

{
X ∈ CDk+1×Dk+r+1

∣∣Xv = 0
}
. (6.22)
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Now, if
{
Pk+1[ik+1] · · ·Pk+r[ik+r]

}
spans CDk+1×Dk+r+1 over C, we have

rank
[
E
{k+1,...,k+r}
{k−l+1,...,k}

]
= rank

[
Γ
]

(6.23)

asX in Equation (6.18) reaches all elements in CDk+1×Dk+r+1 . Hence, the rank ofE{k+1,...,k+r}
{k−l+1,...,k}

is equal to

rank
[
E
{k+1,...,k+r}
{k−l+1,...,k}

]
= Dk+1Dk+r+1 − dim

{
X ∈ CDk+1×Dk+r+1

∣∣Xv = 0
}
. (6.24)

As v 6= 0, which is implied by tr[Ô] 6= 0, we may set v1 = v and assume that there are vectors
vi ∈ CDk+r+1×1, i = 2, . . . , Dk+r+1, such that {vi | i = 1, . . . , Dk+r+1} is an orthogonal basis
for CDk+r+1×1. Letting {ui} for i = 1, . . . , Dk+1 be an orthogonal basis for CDk+1×1, we may
write

X =

Dk+1∑
i=1

Dk+r+1∑
j=1

xi,juiv
†
j , (6.25)

i.e., 0 = Xv = Xv1 is equivalent to 0 = xi,1 for all i = 1, . . . , Dk+1. Hence, we find

dim
{
X ∈ CDk+1×Dk+r+1

∣∣Xv = 0
}

= Dk+1(Dk+r+1 − 1) (6.26)

such that the rank of E{k+1,...,k+r}
{k−l+1,...,k} is equal to

rank
[
E
{k+1,...,k+r}
{k−l+1,...,k}

]
= Dk+1Dk+r+1 −Dk+1(Dk+r+1 − 1) = Dk+1. (6.27)

Next, note that with Lemma 16 for I ′ ⊆ I ⊂ N and J ′ ⊆ J ⊂ N we have rank
[
EJ

′

I
]
≤

rank
[
EJI
]

and rank
[
EJI′
]
≤ rank

[
EJI
]
. Hence, rank

[
EJ

′

I′
]
≤ rank

[
EJI′
]
≤ rank

[
EJI
]

such

that rank
[
E
{k+1,...,k+r}
{k−l+1,...,k}

]
≤ rank

[
E
{k+1,...,N}
{1,...,k}

]
. With this, and the result of Lemma 17, we thus

find

Dk+1 = rank
[
E
{k+1,...,k+r}
{k−l+1,...,k}

]
≤ rank

[
E
{k+1,...,N}
{1,...,k}

]
≤ Dk+1 (6.28)

such that rank
[
E
{k+1,...,k+r}
{k−l+1,...,k}

]
= rank

[
E
{k+1,...,N}
{1,...,k}

]
. This proves the lemma. �

We refer to states satisfying the requirements of Lemma 18 as injective matrix product operators
since the constraint on the matrices is equivalent to the constraint for injective matrix product
states, see Lemma 12. Moreover, recall that injective matrix product states are the unique ground
states of local Hamiltonians and as such are uniquely determined by their reduced density ma-
trices. Here, we introduced the operator equivalent of injective matrix product states which
provably satisfy the invertibility condition. With the results of the next section, we conclude that
injective matrix product operators are uniquely determined by their reduced density matrices.
This generalizes the known relation for matrix product states [95] to the class of matrix product
operators [B2].

6.3 The Reconstruction of Matrix Product Operators

6.3.1 The Reconstruction Scheme

In this subsection, we provide a technical proof that expectation values of product observables
with respect to all (l, r)-invertible states are fully determined by the reduced density matrices
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to all blocks of R = r + l + 1 contiguous sites. The proof of this theorem provides a scheme
to determine a matrix product operator representation of the state [B2]. Before we present the
main result of this section, let us prove the following lemma.

Lemma 19 Let l, r ∈ N such that 2 ≤ l+r ≤ N . Let Ô ∈ B(HN ) be (l, r)-invertible.
Then, for all X̂k+1 · · · X̂N ∈ B(H{k+1,...,N}) there is a Ŷk ∈ B(H{k+1,...,k+r}) such
that

E
{k+1,...,N}
{1,...,k} (X̂k+1 · · · X̂N ) = E

{k+1,...,k+r}
{1,...,k} (Ŷk) (6.29)

for all l ≤ k ≤ N − r − 1.

Proof: With J ′ ⊆ J ⊂ N and I ′ ⊆ I ⊂ N we have rank
[
EJ

′

I′
]
≤ rank

[
EJ

′

I
]
≤ rank

[
EJI
]
,

see Lemma 16. Hence

rank
[
E
{k+1,...,k+r}
{k−l+1,...,k}

]
≤ rank

[
E
{k+1,...,k+r}
{1,...,k}

]
≤ rank

[
E
{k+1,...,N}
{1,...,k}

]
(6.30)

such that the invertibility condition implies rank
[
E
{k+1,...,k+r}
{1,...,k}

]
= rank

[
E
{k+1,...,N}
{1,...,k}

]
. More-

over, as ran
[
E
{k+1,...,k+r}
{1,...,k}

]
⊆ ran

[
E
{k+1,...,N}
{1,...,k}

]
we have

ran
[
E
{k+1,...,k+r}
{1,...,k}

]
= ran

[
E
{k+1,...,N}
{1,...,k}

]
. (6.31)

Hence, for all X̂k+1 · · · X̂N ∈ B(H{k+1,...,N}) there is a Ŷk ∈ B(H{k+1,...,k+r}) such that

E
{k+1,...,N}
{1,...,k} (X̂k+1 · · · X̂N ) = E

{k+1,...,k+r}
{1,...,k} (Ŷk). (6.32)

This proves the lemma. �

We are now ready to prove the following theorem [B2]:

Theorem 7 Let l, r ∈ N such that 2 ≤ l + r ≤ N − 2. Let Ô ∈ B(HN ) be (l, r)-
invertible. Then, for all X̂i ∈ B(Hi), the equality

trN [X̂1 · · · X̂N Ô] = trN [X̂1 · · · X̂lŶlÔ] (6.33)

holds. Here, the Ŷl ∈ B(H{l+1,...,l+r}) are recursively defined as follows. We set
ŶN−r = X̂N−r+1 · · · X̂N and

Ŷk−1 = Ē
{k,...,k+r−1}
{k−l,...,k−1}

(
E
{k,...,k+r}
{k−l,...,k−1}(X̂kŶk)

)
(6.34)

for k = l + 1, . . . , N − r. Here, the bar indicates the Moore-Penrose pseudoinverse.

Note that, for Equation (6.33) the reduction of Ô to sites {1, . . . , l+r} is needed, for the inverse
we require the reduction of Ô to sites {k − l, . . . , k + r − 1}, and for E{k,...,k+r}

{k−l,...,k−1}(X̂kŶk) we
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require the reduction of Ô to sites {k − l, . . . , k + r}. Hence, expectation values of the form
trN [X̂1 · · · X̂N Ô] are completely specified by reductions of Ô to the sites {k − l, . . . , k + r},
k = l+ 1, . . . , N − r, i.e., by all reductions to R = r+ l+ 1 contiguous sites. By choosing the
X̂k to be the basis operators P̂ (ik)

k , this implies that (l, r)-invertible operators Ô may be fully
reconstructed from their reductions to R consecutive sites. We now give a prove of Theorem 7.
Proof: First, let

E
{k,...,k+r−1}
{k−l,...,k−1} (Ŷk−1) = E

{k,...,k+r}
{k−l,...,k−1}(X̂kŶk). (6.35)

We start by showing that for all k = l + 1, . . . , N − r, this is equivalent to

E
{k,...,k+r−1}
{1,...,k−1} (Ŷk−1) = E

{k,...,k+r}
{1,...,k−1} (X̂kŶk). (6.36)

Obviously, taking the trace over sites {1, . . . , k − l− 1} on both sides of Equation (6.36) estab-
lishes one direction, i.e., Equation (6.36) implies Equation (6.35). For the other direction, we
define the linear map φ : ran

[
E
{k,...,k+r}
{1,...,k−1}

]
→ ran

[
E
{k,...,k+r}
{k−l,...,k−1}

]
, where the domain and the

range of φ are the ranges of the denoted linear maps, as

φ
(
E
{k,...,k+r}
{1,...,k−1} (Ẑ)

)
= tr1,...,k−l−1

[
E
{k,...,k+r}
{1,...,k−1} (Ẑ)

]
= E

{k,...,k+r}
{k−l,...,k−1}(Ẑ), (6.37)

i.e., ran[φ] = ran
[
E
{k,...,k+r}
{k−l,...,k−1}

]
. Therefore, by the rank-nullity theorem,

dim
[
ker[φ]

]
= rank

[
E
{k,...,k+r}
{1,...,k−1}

]
− rank

[
E
{k,...,k+r}
{k−l,...,k−1}

]
≤ rank

[
E
{k,...,N}
{1,...,k−1}

]
− rank

[
E
{k,...,k+r−1}
{k−l,...,k−1}

]
= 0,

(6.38)

where the inequality follows from the fact that for I ⊂ N and J ′ ⊆ J ⊂ N we have
rank[EJ

′

I ] ≤ rank[EJI ], see Lemma 16, and the third line is due to the invertibility condition,
see Definition 22. Hence, φ(Ẑ) = 0 is equivalent to Ẑ = 0, i.e., Equation (6.36) is equivalent to

φ
(
E
{k,...,k+r}
{1,...,k−1} (Ŷk−1 ⊗ 1)

)
= φ

(
E
{k,...,k+r}
{1,...,k−1} (X̂kŶk)

)
, (6.39)

which is implied by Equation (6.35). This establishes that Equation (6.35) is equivalent to
Equation (6.36). The theorem now follows by induction over k = N − r− 1, . . . , l+ 1, starting
at k = N − r − 1: Lemma 19 guarantees the existence of ŶN−r−1 ∈ B(H{N−r,...,N−1}) such
that

E
{N−r,...,N−1}
{1,...,N−r−1} (ŶN−r−1) = E

{N−r,...,N}
{1,...,N−r−1}(X̂N−rŶN−r)

= E
{N−r,...,N}
{1,...,N−r−1}(X̂N−rX̂N−r+1 · · · X̂N ).

(6.40)

As shown above, this is equivalent to

E
{N−r,...,N−1}
{N−r−l,...,N−r−1}(ŶN−r−1) = E

{N−r,...,N}
{N−r−l,...,N−r−1}(X̂N−rX̂N−r+1 · · · X̂N ) (6.41)

from which ŶN−r−1 can be obtained by the Moore-Penrose pseudoinverse. Now, multiplying
Equation (6.40) from the left by X̂1 · · · X̂N−r−1 and taking the trace over {1, . . . , N − r − 1},
we find

trN [X̂1 · · · X̂N Ô] = trN [X̂1 · · · X̂kŶkÔ] (6.42)
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for k = N − r − 1. Suppose now that this equality holds for l < k ≤ N − r − 1 for some
Ŷk ∈ B(H{k+1,...,k+r}). We now show that it then also holds for l ≤ k − 1 ≤ N − r − 2.
Given X̂kŶk ∈ B(H{k,...,k+r}) ⊆ B(H{k,...,N}), Lemma 19 guarantees the existence of Ŷk−1 ∈
B(H{k,...,k+r−1}) such that

E
{k,...,k+r−1}
{1,...,k−1} (Ŷk−1) = E

{k,...,k+r}
{1,...,k−1} (X̂kŶk). (6.43)

Again, as shown above, this is equivalent to

E
{k,...,k+r−1}
{k−l,...,k−1} (Ŷk−1) = E

{k,...,k+r}
{k−l,...,k−1}(X̂kŶk) (6.44)

from which Ŷk−1 can be obtained by the Moore-Penrose pseudoinverse. Multiplying Equa-
tion (6.43) from the left by X̂1 · · · X̂k−1 and taking the trace over {1, . . . , k − 1}, we find

trN [X̂1 · · · X̂N Ô] = trN [X̂1 · · · X̂kŶkÔ] = trN [X̂1 · · · X̂k−1Ŷk−1Ô], (6.45)

the desired equality for l ≤ k − 1 ≤ N − r − 2. This proves the theorem. �

Note that, due to the orthonormality of the basis
{
P̂

(ik)
k

∣∣ ik = 1, . . . , d2
}

for all k = 1, . . . , N ,
the expectation value of a matrix product operator Ô – given by the matrices

{
Pk[ik]

∣∣ ik =

1, . . . , d2
}

for k = 1, . . . , N – with respect to P̂ (l1)
1 · · · P̂ (lN )

N is

tr
[
P̂

(l1)
1 · · · P̂ (lN )

N Ô
]

= P1[l1] · · ·PN [lN ]. (6.46)

Moreover, Theorem 7 establishes that – for state satisfying the invertibility condition – the com-
putation of an expectation value of any product observable is the successive execution of the
linear maps defining the observables Ŷk−1 for k = l + 1, . . . , N − r. Now, the successive exe-
cution of linear maps is equivalent to the product of their matrix representations. Hence, we can
identify the matrices

{
Pk[ik]

∣∣ ik = 1, . . . , d2
}

for all k = 1, . . . , N as the matrix representa-
tions of the linear maps of Theorem 7, giving rise to a reconstruction scheme for matrix product
operators. One has to be careful at the left- and right-hand side of the chain, however, where it
might be necessary to group sites. As noted in Section 1.2, practically relevant states are (well
approximated by) matrix product operators of low bond dimension, i.e., we expect the scheme
to work for a large class of mixed states. Now, of course, experimentally, the exact expectation
values even for states satisfying the invertibility condition are only known to within a certain
statistical error (e.g., the estimated standard deviation of the mean after a finite number of mea-
surements). This error propagates into the singular values of the map E{k,...,k+r−1}

{k−l,...,k−1} . As this
map needs to be inverted, even small errors on singular values close to zero will lead to a large
error in the reconstruction. This issue may be avoided by using stochastic robust approximation
techniques [14, 78, 141]. This will be discussed in the next subsection.

6.3.2 Non-Invertible Inputs

The main issue arising when applying the reconstruction scheme to experimental data is that the
local reductions are not known exactly. But of course, we may simply use their estimates (e.g.,
the direct inversions of the measurements or local maximum likelihood estimates) as an input to
compute the mapsE{k,...,k+r−1}

{k−l,...,k−1} andE{k,...,k+r}
{k−l,...,k−1}. However, as we need to compute the inverse

of the former map, already a small uncertainty will lead to a large error in the inverse. This issue
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can be dealt with the method of stochastic robust approximation [14]. Before we introduce this
regularization technique, let us first ease notation a bit. We write

P̂i = P̂
(ik−l)
k−l · · · P̂

(ik−1)
k−1 , i = 1, . . . , d2l,

Q̂i = P̂
(ik)
k · · · P̂ (ik+r−1)

k+r−1 , i = 1, . . . , d2r.
(6.47)

Suppose now that one had access to the exact local expectation values. The matrix representa-
tion, A, of E{k,...,k+r−1}

{k−l,...,k−1} would then be given by (note that we assume Hermiticity of the local
estimates as well as the considered basis)

Ai,j = trk−l,...,k−1

[
P̂iE

{k,...,k+r−1}
{k−l,...,k−1} (Q̂j)

]
= tr

[
P̂iQ̂jÔ

]
, (6.48)

whereA ∈ Rd2l×d2r . Instead, we have only access to the noisy version of the entries tr[P̂iQ̂jÔ].
Let us denote the resulting matrix by B ∈ Rd2l×d2r . The errors in the measurements propagate
into errors of the matrix A. In particular, we write B = A+G where the matrix G ∈ Rd2l×d2r

contains the errors due to imperfect measurements. Now, when applying the reconstruction
scheme we have to solve linear equations of the formBx = ewhereB is as described above and
e is known. Instead of directly inverting this equation, we take possible variations in the matrix
B into account, implying that the entries of B are themselves prone to noise and attempting to
undo the imperfect measurements. This is done by introducing the matrix G′ ∈ Rd2l×d2r and
solving the statistical least-squares problem [14]

x∗ = argminE
[
‖(B +G′)x− e‖2

]
, (6.49)

whereE denotes the expectation value and we try to annul the errors inB by the matrixG′ which
we assume to be a random matrix with zero mean and covariance matrix C′. This minimization
problem can be rewritten as [14]

x∗ = argmin
[
‖Bx− e‖2 + xTPx

]
(6.50)

with P = E
[
(G′)TG′

]
and, thus, solved analytically. The solution is given by [14]

x∗ =
(
BTB + P

)−1
BTe, (6.51)

where the entries of P are closely related to the covariance matrix C′ ofG′ (recall that we assume
G′ ∈ Rd2l×d2r to have zero mean)

Pi,j = E

[[
(G′)TG′

]
i,j

]
=

d2l∑
k=1

E
[
G′k,iG

′
k,j

]
=

d2l∑
k=1

C′(k,i),(k,j). (6.52)

It remains to find an appropriate model for the covariance matrix C′ of the assumed error G′. In
the remainder, we distinguish between two scenarios: (i) The input to the reconstruction scheme
are estimates of (unnormalized) Pauli strings which are prone to noise. We assume that the errors
are independent Gaussian distributed random numbers with zero mean and standard deviation σ.
Further, we consider the scenario where (ii) the input to the reconstruction scheme are local
maximum likelihood estimates. An error model, and hence an estimate for the covariance matrix
C′, is obtained by exploiting the Fisher information matrices for each reduction together with the
Cramér-Rao lower bound.
First, for scenario (i), we assume the covariance matrix C′ to be proportional to the identity. Tak-
ing the normalization factor of the Pauli basis into account we have C′(k,i),(k,j) = δi,j · σ2/dr+l.
Hence Pi,j = δi,j · σ2d2l/dr+l =: δi,j · λ2, and the minimization problem reads

x∗ = argmin
[
‖Bx− e‖2 + λ2‖x‖2

]
. (6.53)
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Problems of this form are known as Tikhonov regularizations [14, 78, 141] with solution

x =
(
BTB + λ2

)−1
BTe. (6.54)

Let us denote the singular values of B by s1 ≥ · · · ≥ smin{d2l,d2r} such that B = USV T. Then,
the solution of the statistical least-square problem (6.49) is given by x = B̄e with B̄ = V S̄UT

where S̄ is a diagonal matrix with entries fi/si and where fi = s2
i /(s

2
i + λ2) is a smoothing

factor suppressing the effect of the smallest singular values of B – and hence, the noisy map
E
{k,...,k+r−1}
{k−l,...,k−1} – in its inverse. In the next section, when analyzing the performance for numerical

simulations, we take this approach into account.
Secondly, for scenario (ii), we perform maximum likelihood locally to obtain estimates of the
reduced density matrices, see Subsection 2.2.2. The remaining problem is to find an error model
of the expansion coefficients of the maximum likelihood estimate in the Pauli basis, i.e., the en-
tries of the matrixB. These entries can be modeled as the parameters which have to be estimated
by the maximum likelihood scheme. To obtain an estimate of the error of these real parameters,
we compute the Fisher information matrix F , see Equation (2.36) [64], for each subset whose
inverse gives a lower bound on the covariance matrix of the matrix B (with respect to the pos-
itive semidefinite cone). This is known as the Cramér-Rao lower bound, see Theorem 6 [64].
Note that for the quantum state tomography setting the Fisher information matrix is given by
the expression (2.39). With this, we model the covariance matrix C′ of the random matrix G′

in Equation (6.49) with the inverse of the Fisher information matrix for the respective reduction
(recall that G′ tries to undo the errors in B). Hence, the matrices P can be computed for all
subsystems and the solution of the local inversion problems are given by Equation (6.51). Fi-
nally, let us stress that with this procedure the input to the reconstruction scheme are solely the
relative frequencies of locally complete measurements obtained in the laboratory and the total
number of performed measurements [B2]. This is the approach we take for analyzing the real
experimental data in the next section.

6.4 Applications

6.4.1 Numerical Simulations

We restrict our attention to qubits d = 2 and illustrate the behavior of the tomography scheme
for two different classes of mixed states: (i) thermal states of local Hamiltonians and (ii) mixed
states obtained by tracing out parts of a matrix product state. In all numerical simulations, we
simulate the measurements in the following way: We first compute the exact local expectation
values pik,...,ik+R−1

= 〈σ̂(ik)
k · · · σ̂(ik+R−1)

k+R−1 〉%̂ for all k = 1, . . . , N − R + 1, where
{
σ̂

(il)
l

∣∣ il =

I,X, Y, Z
}

denotes the Pauli spin matrices on site l, see Definition 2. Statistical noise is then
simulated by adding random numbers – drawn from a Gaussian distribution with zero mean
and standard deviation σ – to them. The resulting p̄ik,...,ik+R−1

then serve as the input to our
reconstruction scheme. We compare the reconstructed state %̂rec to the exact state %̂ by computing
the Hilbert-Schmidt norm difference D (%̂, %̂rec) = ‖%̂rec − %̂‖2/‖%̂‖2. To obtain meaningful
results, we have rescaled the norm such that the deviations are measured in units of ‖%̂‖2, the
natural length scale of the state to be learned. As a first example, we consider thermal states of
the Ising Hamiltonian at its quantum critical point, see Subsection 1.1.2,

Ĥ = −
N−1∑
i=1

σ̂
(X)
i σ̂

(X)
i+1 −

N∑
i=1

σ̂
(Z)
i . (6.55)
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Figure 6.2: Quality of our reconstruction scheme for thermal states of the Ising Hamiltonian in
Equation (6.55) for β = 5 and R = 5, i.e., the state is reconstructed from local expectation
values on five consecutive sites [B2]. For each pair (N, σ), the plot shows the mean of the norm
difference obtained from 100 realizations and renormalized by the purity of the exact state, i.e.,
D (%̂, %̂rec) = ‖%̂rec − %̂‖2/‖%̂‖2. This corresponds to 100 experiments, each of which carries an
uncertainty of σ about the local expectation values.

We obtain the thermal states by the time evolving block decimation algorithm2 [142], see Sec-
tion 3.2. In Figure 6.2, we show the norm difference for the exact and the reconstructed states
as a function of the system size N and the error σ. It indicates that, for given N , the error
D (%̂, %̂rec) scales roughly as σ; similarly, for given σ, it scales roughly as N .
In a second numerical simulation, let us analyze the behavior of the algorithm for states which
are exactly representable as matrix product operators but subject to statistical noise. We pick
such matrix product operators at random by generating a matrix product state with a bond di-
mension of D = d. The entries of the matrices defining the states are drawn from a Gaus-
sian distribution with zero mean and standard deviation one. Then, we let these sites inter-
act with an auxiliary system each of dimension d according to the unitary Ûk = e−iĤkt for
k = 1, . . . , |Naux|, where Ĥk is a two-particle interaction Hamiltonian acting on site k and its
auxiliary system with entries picked from a Gaussian distribution with zero mean and standard
deviation one. Finally, we trace over the |Naux| auxiliary sites to obtain a matrix product operator
with bond dimension D = d2. From these states, we compute the exact local expectation values
pik,...,ik+R−1

, il = 1, . . . , d2 for all l = k, . . . , k+R−1 and k = 1, . . . , N −R+1, simulate the
measurements by adding random numbers (again, drawn from a Gaussian distribution with zero
mean and standard deviation σ), and reconstruct the state by means of the noisy local expectation
values. Figure 6.3 shows the results for different system sizes and different noise levels. Note
that the bond dimension of the estimate is fixed by the number of sites on which measurements
are performed, see Theorem 7. The larger these blocks (i.e., the larger R), the larger the bond
dimension of the estimate. This close connection between bond dimension and block size can be
seen in Figure 6.3: Increasing the block size dramatically increases the accuracy of the estimate,
suggesting the experimental strategy: The block size should be increased until a desired accu-
racy is reached or measurement time runs out, whichever happens first. Again, the numerical
results suggest that the scaling of our scheme is polynomial in both N and σ.

2To generate the thermal states we use a fourth order Trotter expansion and adjust the step size in the imaginary
time evolution to δT = 10−3 for the Ising Hamiltonian and the random next-neighbor Hamiltonians, respectively,
i.e., %̂ = (e−δTĤ)β/δT /Z. Further, we keep the 100 largest singular values in each decomposition, i.e., we approxi-
mate the state as a matrix product operator with bond dimension D = 100.
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Figure 6.3: Reconstruction errors for randomly chosen matrix product operators as described in
the text with |Naux| = N [B2]. The interaction is weak in a sense that we choose t such that
t‖Ĥk‖op = 1/100 for all k. For each pair (N, σ) we draw 4000 random states, simulate one
measurement each and reconstruct the state with the disturbed local expectation values. The
plot shows the mean values of the renormalized norm differences in dependence on the system
size N and the error in the measurements σ. (a): The states are reconstructed with R = 3, i.e.,
measurements are done on all blocks of three contiguous sites. Here, for givenN (σ), the scaling
of D (%̂, %̂rec) is roughly linear in σ (N ). (b): Reconstruction with R = 5. D (%̂, %̂rec) improves
significantly when measuring on larger blocks.

Thermal states of random next-neighbor Hamiltonians of the form

Ĥ =

N−1∑
i=1

ĥ
[i,i+1]
i (6.56)

serve as our last example. Here, the ĥ[i,i+1]
i are Hermitian matrices acting on sites i and i + 1

with entries that have real and imaginary part picked from a Gaussian distribution with zero
mean and standard deviation one. Again, we use the time evolving block decimation algorithm
to obtain the exact thermal states [142]. For each system size we generate 50 random Hamil-
tonians together with their corresponding thermal states and simulate one experiment for each
σ and state. Figure 6.4 shows the error of the reconstructions as a function of the error of the
measurements for two different system sizes. The densities illustrate the distribution of the error
for the 50 different states while the black arrows indicate the mean.

6.4.2 Application to Experimental Data

Next, let us apply the reconstruction scheme to experimental data obtained in an ion trap experi-
ment in a full quantum state tomography setting. The considered state is a W state implemented
on N = 8 qubits with local phases [54], i.e.,

|WN (φ)〉 =
[
eiφ1 |0 . . . 001〉+ eiφ2 |0 . . . 010〉+ . . .+ eiφN |1 . . . 000〉

]
/
√
N, (6.57)

see Subsection 1.2.3. The available experimental data are the set of relative frequencies corre-
sponding to 100 measurements in each of the 3N different basis rotations (measurements along
the X , Y , and Z directions). From these, we obtain maximum likelihood estimates to the re-
duced density matrices on all blocks of R sites, see Subsection 2.2.2 [64]. As described in
Subsection 6.3.2, we apply a stochastic robust approximation technique to avoid difficulties in
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Figure 6.4: Quality of our reconstruction scheme for thermal states of randomly chosen next-
neighbor Hamiltonians as in Equation (6.56) with β = 2 and R = 5, i.e. the state is re-
constructed from local expectation values on five consecutive sites [B2]. Downward-pointing
triangles: system size N = 16, upward-pointing triangles: system size N = 32. We gener-
ate 50 different random Hamiltonians and compute their corresponding thermal states using the
time evolving block decimation algorithm [142]. For each state and pair (N, σ), the density plot
shows the simulations of one experiment carrying an uncertainty of σ about the local expectation
values. Mean values are indicated as triangles.

ill-conditioned inversion problems making use of the Fisher information matrix of the local
estimates. Let us stress that the input to the reconstruction scheme are merely the relative fre-
quencies corresponding to the measurements on all subsystems of R contiguous sites and the
total number of measurements. Absolute values of the reconstructed density matrices for R = 3
and R = 5 along with the maximum likelihood estimate obtained in the full tomography pro-
cedure [54] are presented in Figure 6.5. Comparing the maximum likelihood estimate with our
results we find for the renormalized Hilbert-Schmidt norm difference D(%̂ML, %̂rec) = 0.087 for
R = 3 andD(%̂ML, %̂rec) = 0.012 forR = 5. For the full quantum state tomography experiment,
maximizing the fidelity of the maximum likelihood estimate with respect to the local phases of a
pure W state yields f = 〈W (φopt)|%̂|W (φopt)〉 = 0.722 [54]. With the matrix product operator
scheme we achieve a fidelity of f = 0.688 for R = 3 and f = 0.718 for R = 5 with respect
to the optimal W state |W (φopt)〉 revealing that the main contribution in our estimates stems
from the same |W (φopt)〉 as in [54]. We are only using local information and hence a local ad-
dressing of the ions in the trap is sufficient, resulting in the linear scaling of the scheme with the
number of constituents. Further, the full maximum likelihood algorithm uses a huge amount of
resources since it requires the storage and manipulation of 6N measurement operators resulting
in a time consuming post-processing. In contrast, our reconstruction takes about one second on a
laptop given the local maximum likelihood estimates and the corresponding Fisher information
matrices [64].

6.5 Discussion

In this chapter, we have presented a scheme to reconstruct mixed states from local measurements
efficiently. We have shown that, in principle, all states may be reconstructed from reductions to
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Figure 6.5: Absolute value |%̂rec| of the corresponding reconstructed density matrix of the exper-
imentally realized W state [B2]. (a): Reconstructed operator using the scheme described in this
chapter where the reductions to R = 3 sites are known. (b): Estimate with R = 5 sites. (c):
Maximum likelihood estimate of full quantum state tomography (see also [54]). The numbers
1, 2, . . . , 2N denote the entries of the density matrix %̂rec.

contiguous sets of sites alone and that the reconstruction is efficient with respect to the measure-
ment time and the post-processing resources for practically relevant states. It should be noted,
however, that our rigorous performance guarantees apply only when the model assumption of an
essentially one-dimensional geometry is justified. As is the case for most statistical estimators,
the scheme is not suitable for model selection; i.e., it cannot certify unconditionally from data
alone that the model is valid. To investigate the latter issue, the impact of statistical noise and the
performance of the reconstruction scheme for states that do not necessarily fulfill the condition
which guarantees perfect reconstruction have been investigated for simulated states and exper-
imental data in detail. For all simulations the Hilbert-Schmidt norm difference (normalized by
the purity of the exact state) between the exact state and the reconstructed state was obtained
and the numerical results suggest that the quality of the reconstruction scales algebraically in N
and σ. The methods presented here hence pave the way for the reconstruction of mixed states of
a large number of qubits. Note, however, that for noisy data, such as measurements obtained in
an experiment, the reconstructed estimate is not necessarily positive semidefinite nor can global
measurements be included in the reconstruction process. In the next section, we show that the
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iterative maximum likelihood algorithm discussed in Chapter 2 is applicable to matrix product
states and operators. This constitutes just another efficient and scalable reconstruction technique
for mixed (and pure) quantum states which addresses the shortcomings of the methods presented
in this chapter.



Chapter 7

A Scalable Maximum Likelihood Method for
Quantum State Tomography 1

The reconstruction scheme for states that are well approximated by (invertible) matrix product
operators introduced in the previous chapter can be seen as a generalization of a direct inversion
scheme for large system sizes. This is due to the fact that this method seeks matrix product op-
erator approximations by a successive (nonlinear) inversion of local measurements resulting in
an estimate that has the same reduced density matrices than imposed by the measurements, i.e.,
it tries to fit the data by inversion. Therefore, it suffers the same drawbacks as linear inversion
for small system sizes when the method is applied to experimental data: As no restriction on the
positivity of the state estimate is enforced, it yields an operator estimate that is close to the true
state given that the requirements are (almost) fulfilled, but might not be a valid quantum state. If
positivity is required, the solution for this problem on moderate system sizes is the restriction of
the feasible set to the state space. Incorporating this restriction to matrix product operators is not
obvious as, for instance, a naive positivity check would require the determination of exponen-
tially many eigenvalues. One might think of describing matrix product operators as purifications
in an enlarged Hilbert space, representing the pure state as a matrix product state. Here, the pos-
itivity of the reduced state, i.e., the desired matrix product operator, is automatically fulfilled.
The descriptions of mixed states (i) as matrix product operators with bond dimension D and
(ii) as purifications in form of matrix product states of bond dimension D′ have, however, been
shown to be inequivalent as D′ cannot be upper bounded by D only, i.e., there are mixed states
with small D but large D′ [31]. The iterative maximum likelihood algorithm discussed in Chap-
ter 2 elegantly preserves the positivity of the state estimate when initialized by a valid quantum
state – raising the hope that this algorithm is applicable to matrix product operators conserving
this property. In this chapter, we strive to push the applicability of large-scale state tomography
further towards an efficient implementation of a maximum likelihood estimation scheme. To
realize the scalable tomography scheme, we show how to implement the well-established fixed
point algorithm maximizing the likelihood function [103] by means of matrix product states
and operators [93, 95, 114]. Note that, in this chapter, we restrict to the iterative fixed point
algorithm discussed in Subsection 2.2.2. One could, however, also adopt a direct maximization
of the likelihood function using convex optimization tools together with a suitable represen-
tation of the considered states (this has been demonstrated, e.g., for permutationally invariant

1Large parts of the material presented in this chapter have first been published in [B3] and are directly taken from
this publication.

127
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systems in reference [86]). First, we show that all operations necessary for the execution of the
maximum likelihood algorithm can be implemented by means of matrix product states and op-
erators. Then, we present numerical results demonstrating the performance of the algorithm for
numerically simulated states. The details for an efficient implementation of this algorithm are
postponed to a later section of this chapter. There, we discuss how a certain operator comprising
the POVM elements of the measurement setting can be recast to fit into the framework of matrix
product states and operators for two specific measurement settings.

7.1 Merging Matrix Product Operators with the Maximum Likeli-
hood Algorithm

Before we outline the implementation details of the maximum likelihood algorithm for large
system sizes, let us briefly revise the notion of matrix product operators and further recall this
iterative algorithm. Let %̂ ∈ B(HN ) be a state describing a physical system comprising N
d-level subsystems. Then, %̂ can be written as a matrix product operator, see Definition 5,

%̂ =
∑

i1,...,iN

P1[i1] · · ·PN [iN ] P̂
(i1)
1 · · · P̂ (iN )

N , (7.1)

where {P̂ (ik)
k } is an operator basis of Cd×d for site k, ik = 1, . . . , d2 enumerates the basis

elements per site and Pk[ik] ∈ CDk×Dk+1 are complex matrices for k = 1, . . . , N with D1 = 1
andDN+1 = 1. Recall that every state can be brought to this form and the exponentially growing
dimension of the Hilbert space (with respect to the number of subsystems N ) can be covered
by exponentially growing matrix dimensions Dk, see Lemma 2. As discussed in Section 1.2,
however, many interesting quantum states (in particular on one-dimensional lattices) can be
represented with a moderate number of parameters. Examples, amongst others, are ground
states and thermal states of gapped local Hamiltonians [5, 15, 41, 58, 59, 99]. These states have
in common that they can be approximated very well by states with low bond dimension D =
maxkDk. We collect matrix product states or operators with maximum bond dimension equal
to D in the setMD. We set out to show that the iterative maximum likelihood algorithm, see
Equations (2.29) and (2.30), i.e.,

%̂k+1 = N
[
R̂(%̂k)%̂kR̂(%̂k)

]
with R̂(%̂) =

1

M

∑
i∈∆

ni

tr[Π̂i%̂]
Π̂i, (7.2)

can be implemented by means of matrix product states and operators when the set of POVM
elements {Π̂i | i ∈ ∆} is properly chosen. Recall that M ∈ N is the total number of measure-
ments and ni specifies the number of times outcome Π̂i is obtained for all i ∈ ∆. Now, we list
the operations required to run the algorithm and then proceed by pointing out the corresponding
matrix product operator equivalents. In what follows, we restrict ourselves to a POVM which
contains solely observables of tensor product form, i.e., Π̂i = π̂i1 ⊗ · · · ⊗ π̂iN for i ∈ ∆. The
fixed point algorithm is commonly initialized with the completely mixed state. Then, in the kth

iteration, the algorithm:

(i) determines the expectation values of the POVM elements {Π̂i}, i ∈ ∆, i.e., pi = tr[Π̂i%̂k],

(ii) constructs the operator R̂(%̂k),

(iii) multiplies the current iteration %̂k from both sides with R̂(%̂k), and

(iv) normalizes the output to obtain iteration k + 1.
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Whenever %̂k, R̂(%̂k) and hence R̂(%̂k)%̂kR̂(%̂k) may be written as matrix product operators of
small bond dimension, all these steps may be performed efficiently. Next, we outline the ideas
of the matrix product operator equivalents of the four steps. We postpone details of the different
operations to a later section.
First, computing expectation values of product observables of the form Π̂ = π̂1 ⊗ · · · ⊗ π̂N is
straightforward as shown by Corollary 2:

tr[%̂ Π̂] =

N∏
k=1

Ek, (7.3)

where Ek =
∑d2

ik=1 tr
[
P̂

(ik)
k π̂k

]
Pk[ik].

Secondly, the operator R̂(%̂k) has to be determined. This operator acts on the state space and
hence, generally, has the same dimension as %̂k. To efficiently implement the maximum likeli-
hood algorithm we therefore need to represent this operator as a matrix product operator with
small bond dimension. Since R̂(%̂k) is basically a weighted sum of the POVM elements, this
restricts the set of measurements for which this is possible. To give an example for which this
can be achieved, consider POVM elements Π̂i

k of the form

Π̂i
k = 1⊗ · · · ⊗ 1⊗ π̂ik ⊗ · · · ⊗ π̂ik+R−1 ⊗ 1⊗ · · · ⊗ 1, (7.4)

where k = 1, . . . , N − R + 1 labels all blocks of R consecutive spins and i enumerates the set
of local POVM elements. Key point for the efficient representation of the operator R̂(%̂k) is that
with this specific kind of measurement setup this operator is in fact a local Hamiltonian. But
local Hamiltonians are matrix product operators of low bond dimension and hence R̂(%̂k) can be
stored efficiently in its matrix product operator representation, see Subsection 7.3.1 for further
details. Note again, that every measurement setting where the operator R̂(%̂k) has an efficient
matrix product operator representation with small bond dimension is suitable for the efficient
implementation of the maximum likelihood algorithm and the above form is merely an example.
One may also add global observables to the POVM set, a scenario which we consider for the
reconstruction of a GHZ-type state, with a discussion of the construction of the operator R̂(%̂k)
in Subsection 7.3.2.
Thirdly, to compute the next iteration of the algorithm (7.2), we need to multiply the current
iteration %̂k with the operator R̂(%̂k) from both sides. Both objects are stored as matrix product
operators. Multiplying two matrix product operators with bond dimensions D1 and D2 results
in a matrix product operator of dimension D1 · D2, i.e., bond dimensions multiply, see Corol-
lary 4. To keep the bond dimension at a certain level (e.g., D), we compress the current iteration
R̂(%̂k)%̂kR̂(%̂k) that has been obtained after multiplication of the previous estimate %̂k with the
operator R̂(%̂k), i.e., we solve [114]

ξ̂k = argmin
[∥∥%̂− R̂(%̂k)%̂kR̂(%̂k)

∥∥2

F

∣∣ %̂ ∈MD

]
, (7.5)

where ‖ · ‖F denotes the Hilbert-Schmidt norm andMD comprises all matrix product operators
with bond dimension D, see Subsection 7.3.3 for a detailed discussion. Obviously, solving
Equation (7.5) is a crucial point in the algorithm. If the operator is not compressible to a low
bond dimension, the algorithm will not be efficient. To recognize this issue in the execution of
the algorithm, we choose a method which allows us to track the error made in the compression,
i.e., the algorithm aborts when the minimum in Equation (7.5) is not zero (or greater than a
prescribed tolerance). Hence, if the norm difference does not converge to zero, we either choose
a larger bond dimension or abort the maximum likelihood algorithm (i.e., throw a flag and abort
the tomography scheme).
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Fourthly, in the final step of one iteration, we have to normalize the current estimate to trace one.
Again, this can be done efficiently since the trace of a matrix product operator can be computed
directly using Equation (7.3). Normalization is then equivalent to dividing each matrix by a
fraction of the initial trace.
Finally, initializing the algorithm by the completely mixed state in terms of matrix product op-
erators is straightforward as the latter is a matrix product operator with bond dimension D = 1,
see Subsection 1.2.3. Recall that the algorithm can be altered to optimize over pure states –
a modification that we demonstrate for matrix product states in the next section. Before we
discuss steps (ii) and (iii) in more detail, we present some numerical simulations verifying the
performance of the maximum likelihood algorithm implemented by means of matrix product
states and operators.

7.2 Numerical Simulations

In this section, we present results of our implementation of the maximum likelihood algorithm
iterating over matrix product states and operators2. The results suggest that applying maxi-
mum likelihood reconstruction to system sizes where the conventional implementations of full
tomography fail due to (i) the number of required measurement settings and (ii) the limited post-
processing resources is still manageable for appropriate POVM settings. We are considering a
one-dimensional chain of quantum systems implemented on N d-level systems with d = 2, i.e.,
qubits. We let the POVM elements be of the local form

Π̂i,j
k =W(11,...,k−1 ⊗ π̂i,jk,...,k+R−1 ⊗ 1k+R,...,N ), (7.6)

see Figure 7.1. Here,

π̂i,jk,...,k+R−1 = |yi,jk,...,k+R−1〉〈y
i,j
k,...,k+R−1|, (7.7)

with k = 1, . . . , N − R + 1 labeling the block of size R, i = 1, . . . , 3R enumerating the basis
rotation (all combinations of orientations along the X ,Y and Z direction) and j = 1, . . . , 2R de-
noting the corresponding projectors per basis orientation on the eigenbasis of the respective Pauli
spin operators. This corresponds to measurements on blocks of R contiguous spins. Note that
this is the Pauli measurement scheme presented in Subsection 2.1.2 applied to the subsystems of
size R. For fixed R, the experimental effort, and hence the associated experiment time, grows
linearly in the number of subsystems N reducing the exponential scaling of the total number of
measurements from M = 3Nm to a linearly scaling M = 3Rm(N −R+ 1). Again, m denotes
the number of measurements per basis orientation. We verify the performance of the maximum
likelihood algorithm optimizing over matrix product operators (and matrix product states) for
thermal states and ground states of next-neighbor Hamiltonians and for GHZ-type states. For
the latter, we need to enlarge the above POVM, resulting in a set of measurements determining
the GHZ-type state uniquely and a total number of measurementsM = 3Rm(N−R+1)+Km,
where K is the cardinality of the set of additional (global) measurements. We simulate the mea-
surements by drawing m times from the exact multinomial distributions corresponding to the
POVM elements specifying each basis orientation. Hence, the input to the reconstruction scheme
are the relative frequencies f i,jk = ni,jk /m for all i, j and k approximating the exact probability
distributions. The reconstructed states %̂rec and |ψrec〉 are compared to the exact states by means
of the renormalized Hilbert-Schmidt norm differenceD(%̂, %̂rec) = ‖%̂− %̂rec‖2/‖%̂‖2, the fidelity
f(|ψ〉, %̂rec) = |〈ψ|%̂rec|ψ〉| or f(|ψ〉, |ψrec〉) = |〈ψ|ψrec〉|2.

2Due to the multiplication of the matrix product operators and a subsequent compression one has to be careful by
implementing the algorithm to maintain the Hermiticity in the current iteration.
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k,...,k+R−1

Figure 7.1: The considered measurements on blocks of R consecutive spins [B3]. For
π̂i,jk,...,k+R−1 see Equation (7.7). Here, k = 1, . . . , N − R + 1 labels the block of size R,
i = 1, . . . , 3R enumerates the basis rotation and j = 1, . . . , 2R denotes the corresponding
projectors per basis orientation.

The first example outlines the performance of the algorithm (7.2) iterating over matrix product
operators for thermal states of random next-neighbor Hamiltonians,

Ĥ =

N−1∑
i=1

ĥ
[i,i+1]
i , (7.8)

where the Hermitian matrices ĥ[i,i+1]
i act on sites i and i + 1. The real and imaginary parts of

these matrices are drawn from a Gaussian distribution with zero mean and standard deviation
one. Thermal states %̂ = e−βĤ/Z are obtained by an imaginary time evolution using the time
evolving block decimation algorithm3 [142], see Section 3.2. From these states, we compute
the exact probability distributions corresponding to all contiguous blocks of size R for local
tomographically complete measurements, simulate the measurements and reconstruct a state
estimate %̂rec. Results are shown in Figure 7.2. The plot indicates that, as expected, (i) the
accuracy of the reconstruction scheme increases with an increasing number of measurements
and (ii) extending the range R on which measurements are performed decreases the error of
the reconstructed estimate. Notably, the mean error for the reconstruction of thermal states
corresponding to 45 different random Hamiltonians of the form of Equation (7.8) with R = 3
and perfect measurements, i.e., m =∞, is of order 10−3.
Ground states of Hamiltonians of the form of Equation (7.8) serve as our second example. We
obtain the ground states by minimizing the expectation value of the Hamiltonian with respect to
a matrix product state with given bond dimension. Sweeping through the chain and optimizing
the matrices in the matrix product state site by site such that in each iteration the expectation
value with respect to the Hamiltonian decreases, we will end up in a stationary point which
serves as an approximation to the exact ground state4, see Section 3.1. Again, we compute the
exact expectation values corresponding to local measurements on all blocks of R sites, simulate
the measurements by drawing m times from the exact multinomial distributions and reconstruct
the state using the maximum likelihood algorithm. Here, we are optimizing only over pure states
using the iterative algorithm in Equation (2.31), i.e.,

|ψk+1〉 = N
[
R̂(|ψk〉)|ψk〉

]
. (7.9)

3We use a fourth order Trotter expansion with a step size in the imaginary time evolution of δT = 10−3. Further,
we approximate the state as a matrix product operator with bond dimension D = 100.

4The random character of the Hamiltonian suggests that the eigenfunctions of the Hamiltonian are strongly local-
ized and hence the ground state is very well approximated by a matrix product state of low bond dimension.
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Figure 7.2: Performance of the iterative algorithm (7.2) for thermal states (TS) of random next-
neighbor Hamiltonians of the form of Equation (7.8) for N = 16 qubits with β = 2 after 1000
iterations [B3]. The input to the reconstruction scheme are relative frequencies corresponding
to a tomographically complete set of measurements on all blocks of R contiguous sites. These
relative frequencies are obtained by drawing from the exact probability distributions m times.
Downward-pointing triangles: R = 2, upward-pointing triangles: R = 3. The densities il-
lustrate the results for 45 random Hamiltonians and corresponding reconstructions while the
triangles emphasize the mean value. All estimates have a bond dimension of D = 16.

Figure 7.3 presents the results. Even for very small m we obtain a mean fidelity larger than 0.80
for N = 20 qubits. Moreover, for the exact probabilities (m = ∞) the mean fidelity is close
to 1.00 after 5000 iterations indicating that iterating only over pure states does not get stuck in
local minima. Note that the iterative algorithm is known to converge very slowly in comparison
to other maximization techniques for the likelihood function [86].
Finally, let us consider GHZ-type states of the form

|GHZN/2N (φ)〉 =
[
|0〉⊗N/2|1〉⊗N/2 + eiφ|1〉⊗N/2|0〉⊗N/2

]
/
√

2, (7.10)

where the number of sites N is even and φ ∈ [0; 2π) is a relative phase, see Subsection 1.2.3.
These states are not uniquely determined by local measurements. The relative phase φ is a global
feature and hence, besides local measurements, we need to perform some global measurements
to fully determine the state. This could be done by additionally measuring the operators X̂⊗N

and Ŷ ⊗ X̂⊗N−1 since the expectation values

〈GHZN/2N (φ)|X̂⊗N |GHZN/2N (φ)〉 = cos(φ) (7.11)

and

〈GHZN/2N (φ)|Ŷ ⊗ X̂⊗N−1|GHZN/2N (φ)〉 = sin(φ) (7.12)

fix the local phase – for a definition of the Pauli matrices σ̂(X) = X̂ and σ̂(Y ) = Ŷ , see
Definition 2. Note that these expectation values can be determined experimentally for large
system sizes because only a simultaneous rotation of all spins is required plus a single site
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Figure 7.3: Results for the maximum likelihood algorithm iterating over matrix product states
after 5000 iterations [B3], see Equation (7.9). The exact states are ground states (GS) of random
next-neighbor Hamiltonians of the form of Equation (7.8). Note that the reconstructed estimates
have a bond dimension ofD = 5. Upward-pointing triangles: N = 10 sites, downward-pointing
triangles: N = 20 sites. Measurements are simulated for all blocks ofR = 2 contiguous sites by
drawing from the exact multinomial distributions m times. For each m we generate 30 random
Hamiltonians. The densities depict the distributions of the obtained fidelities while triangles
indicate the mean value. Here, for N = 20, one iteration of the algorithm takes about one
second on a standard laptop.

addressing to rotate one spin along an orthogonal direction (e.g., the spin on the very left-hand
side). We define the POVM {Π̂i}, i = 1, . . . , 4, with

Π̂1 = (1+ X̂⊗N )/4, Π̂2 = (1− X̂⊗N )/4,

Π̂3 = (1+ Ŷ ⊗ X̂⊗N−1)/4, Π̂4 = (1− Ŷ ⊗ X̂⊗N−1)/4.
(7.13)

These operators are positive and sum to one. Incorporating these operators into the POVM de-
scribing the local measurements can be done by a straightforward normalization of the operators.
Let us denote the index set of the full POVM set by ∆ = ∆1 ∪∆2 where ∆1 comprises the ele-
ments corresponding to local measurements and ∆2 the four elements defined above. To apply
the maximum likelihood algorithm for matrix product operators to this measurement scheme, it
remains to show that the operator R̂(%̂), see Equation (7.2), can be written as a matrix product
operator with small bond dimension D. In fact, we find

R̂(%̂) = R̂1(%̂) + R̂2(%̂), (7.14)

where R̂k(%̂) = 1
M

∑
i∈∆k

ni
pi

Π̂i for k = 1, 2. As before, R̂1(%̂) corresponds to a matrix product
operator with small bond dimension D1 due to its local character, see Subsection 7.3.1. More-
over, R̂2(%̂) can be written as a matrix product operator with bond dimension D2 = 2 such
that R̂(%̂) is a matrix product operator with bond dimension D = D1 + 2, see Subsection 7.3.2
for further details. We simulate measurements on the exact GHZ-type state (which is a matrix
product state with bond dimension DGHZ = 2, see Subsection 1.2.3) for R = 2 and use the
algorithm iterating over matrix product operators to obtain a state estimate. Results are shown
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Figure 7.4: Results for GHZ-type states as shown in Equation (7.10) where we choose φ =
π/2 [B3]. Apart from the local measurements (on all blocks of size R = 2), global observables
have to be measured given by {Π̂i}, i ∈ ∆2. Here, we draw m = 100 times from the exact
probability distributions and reconstruct 30 states per N . Mean values are indicated by the
downward-pointing triangles. The reconstructed estimates have bond dimension D = 10. The
plot shows the fidelity after 1000 iterations of the maximum likelihood algorithm.

in Figure 7.4. This example illustrates that this method is also applicable to states that are not
uniquely determined by local measurements only. In general, however, the experimentalist has
to have some prior knowledge about the state he intends to implement on a physical system to
decide whether additional measurements are necessary. The results suggest that – even for a
very small number of measurements where each considered basis rotation is measured m = 100
times – the algorithm is capable of reconstructing GHZ-type states very accurately.

7.3 Implementation Details – Iterating over Matrix Product Oper-
ators

7.3.1 R-local Hamiltonians are Matrix Product Operators

Here, we discuss the individual computational steps required to implement the iterative maxi-
mum likelihood algorithm (7.2) by means of matrix product operators. We start by considering
the specific measurement setting where all POVM elements act non-trivially only on subsets
of R consecutive sites. We collect the indices specifying these POVM elements by the index
set ∆1. In this scenario, the operator R̂(%̂), i.e.,

R̂(%̂) =
1

M

∑
i∈∆1

ni
pi

Π̂i =
1

M

∑
i∈∆1

ni

tr[Π̂i%̂]
Π̂i, (7.15)

has the structure of a R-local Hamiltonian and hence is a matrix product operator where the
bond dimension can be related to the interaction range R. This is crucial for the scalability of
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the matrix product operator formulation of the maximum likelihood algorithm [64]. Now, let the
POVM elements {Π̂i}, i ∈ ∆1, only act non-trivially on a subset of R consecutive sites. Then,
we find

R̂(%̂) =
N−R+1∑
k=1

n∑
ik,...,ik+R−1=1

ck[ik, . . . , ik+R−1] Ŝ
(ik)
k · · · Ŝ(ik+R−1)

k+R−1 , (7.16)

where we consider n operators on each site and comprise all coefficients of the operator R̂(%̂) in{
ck[ik, . . . , ik+R−1]

}
. Note, that the operator Ŝ(ik)

k · · · Ŝ(ik+R−1)
k+R−1 only acts on sites k, . . . , k +

R − 1 and that, for the moment, we do not require that
{
Ŝ

(il)
l

∣∣ il = 1, . . . , n
}

is a basis on site
l. Obviously, the operator R̂(%̂) obeys the form of a R-local Hamiltonian. It is well known that
R-local Hamiltonians are matrix product operators [114]. This can be seen as follows [114]: We
rewrite Equation (7.16) as

R̂(%̂) =
N−R+1∑
k=1

n∑
ik+1,...,ik+R−1=1

Q̂
(ik+1,...,ik+R−1)
k Ŝ

(ik+1)
k+1 · · · Ŝ(ik+R−1)

k+R−1 = R̂[1] · · · R̂[N ], (7.17)

where Q̂(ik+1,...,ik+R−1)
k =

∑n
ik=1 ck[ik, . . . , ik+R−1] Ŝ

(ik)
k for all k = 1, . . . , N −R+1 and the

set
{
R̂[k]

}
for k = 1, . . . , N specifies the operator-valued matrix product operator representation

of R̂(%̂), see Definition 8. Let us illustrate the operator-valued matrices R̂[k] building up R̂(%̂) in
the case of next-neighbor interaction, i.e., we measure only on all blocks of two contiguous sites
and hence R = 2. It is easily verified that the operator-valued matrices take on the form [114]

R̂[1] =
[
0 Q̂

(1)
1 Q̂

(2)
1 . . . Q̂

(n)
1 1

]
∈ Cd×d(n+2) (7.18)

for site 1,

R̂[k] =



1 0 . . . 0

Ŝ(1) 0 . . . 0

Ŝ(2)
...

...
...

. . .

Ŝ(n) 0 . . . 0

0 Q̂
(1)
k Q̂

(2)
k . . . Q̂

(n)
k 1


∈ Cd(n+2)×d(n+2) (7.19)

for sites 2, . . . , N − 1, and

R̂[N ] =



1

Ŝ(1)

Ŝ(2)

...

Ŝ(n)

0


∈ Cd(n+2)×d (7.20)

for site N , such that R̂(%̂) = R̂[1] · · · R̂[N ]. The rules to obtain the operator-valued matrices
for R-local Hamiltonians can be generalized straightforwardly. The dimensions of the resulting
operator-matrices grow according to d(2 +

∑R−1
i=1 ni) where d is the on-site dimension, n the
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number of considered operators per site (i.e., the cardinality of the set
{
Ŝ

(ik)
k

}
) and R the num-

ber of consecutive sites in one block on which measurements are performed. Equation (1.84)
allows to compute the matrices of the standard matrix product operator representation result-
ing in a bond dimension of at most d(2 +

∑R−1
i=1 ni). For the quantum state tomography of

qubits (d = 2) we have n = 6 as every basis rotation (orientation along X ,Y and Z) allows
for two spin orientations (spin up or down in the respective basis). Consequently, for realistic
quantum state tomography settings the bond dimension of the operator R̂(%̂) still grows rapidly
when measured on large block sizes R. Heuristically, it turns out that the so constructed matrix
product operator representation of the operator R̂(%̂) is not optimal and that one can find a rep-
resentation with smaller bond dimension by compressing the corresponding matrices with the
technique discussed in Subsection 7.3.3.
Note that with the strategy discussed above one constructs an exact matrix product operator rep-
resentation of the operator R̂(%̂). Of course, to obtain a matrix product operator approximation
one could simply add the individual terms of the operator R̂(%̂) which are often of matrix prod-
uct operator structure or straightforwardly converted into the latter. Here, the bond dimensions
of the individual terms add to the overall bond dimension. To keep the bond dimension at a cer-
tain level, one could compress this operator to keep the bond dimension fixed if one exceeds a
predetermined threshold. This provides a general strategy to obtain the matrix product operator
representation of the operator R̂(%̂).

7.3.2 GHZ-Type States

For the GHZ-type states we suggest to measure on all blocks ofR contiguous sites and, addition-
ally, to determine the expectation values of the observables Π̂i for i ∈ ∆2 with ∆2 = {1, . . . , 4}
given in Equation (7.13). In this subsection, we show that the operator

R̂(%̂) =
1

M

∑
i∈∆

ni
pi

Π̂i =
1

M

∑
i∈∆

ni

tr[Π̂i%̂]
Π̂i (7.21)

can still be written efficiently in the matrix product operator formalism when incorporating these
global observables. Here, ∆ is an index that contains all indices corresponding to the local
measurements comprised by ∆1 plus the four indices contained in ∆2 labeling the global POVM
elements in Equation (7.13). As before, M is the total number of measurements and ni denotes
the number of times outcome Π̂i is obtained for all i ∈ ∆. Now, the operator R̂ is given by

R̂(%̂) = R̂1(%̂) + R̂2(%̂), (7.22)

where R̂1(%̂) contains the local measurements and R̂2(%̂) the four global POVM elements. One
easily agrees that R̂(%̂) is indeed a matrix product operator with small bond dimension: The
first term is a matrix product operator with small bond dimension D1 due to its locality (see
Subsection 7.3.1) and the global POVM elements are all matrix product operators with bond
dimensions equal to 1. Hence, R̂(%̂) is a matrix product operator with bond dimension equal to
D1 + 4. In fact, we can even find a representation of R̂2(%̂) with a smaller bond dimension. We
have

R̂2(%̂) =
1

M

4∑
i=1

ni
pi

Π̂i =
1

4M

[(n1

p1
+
n2

p2
+
n3

p3
+
n4

p4

)
· 1⊗N

+
(n1

p1
− n2

p2

)
· X̂⊗N +

(n3

p3
− n4

p4

)
· Ŷ ⊗ X̂⊗N−1

]
.

(7.23)

In this notation, the second and third terms can be combined to a matrix product operator with
bond dimension 1 such that R̂2(%̂) has bond dimension D2 = 2. Consequently, R̂(%̂) is a matrix
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product operator with bond dimension D1 + 2. The matrices of the matrix product operator
representation of c1 · X̂⊗N + c2 · Ŷ ⊗ X̂⊗N−1 can be chosen as

Pk[1] = 0 for k = 1, . . . , N,

Pk[2] =
√

2 for k = 2, . . . , N ; P1[2] =
√

2c1,

Pk[3] = 0 for k = 2, . . . , N ; P1[3] =
√

2c2, and
Pk[4] = 0 for k = 1, . . . , N,

(7.24)

where the indices 1, 2, 3 and 4 correspond to the normalized Pauli basis elements P̂ (1) = 1/
√

2,
P̂ (2) = X̂/

√
2, P̂ (3) = Ŷ /

√
2, and P̂ (4) = Ẑ/

√
2, see Definition 2. Thus, we have

c1 · X̂⊗N + c2 · Ŷ ⊗ X̂⊗N−1 =
3∑
i=2

P1[i]P2[2] · · ·PN [2] P̂
(i)
1 ⊗ P̂

(2)
2 ⊗ . . .⊗ P̂ (2)

N (7.25)

such that R̂2(%̂) is a sum of two matrix product operators with bond dimensions equal to 1.

7.3.3 Compressing Matrix Product Operators

We have seen that the bond dimension of the current iteration %̂k increases in each step of the
algorithm due to the matrix product operator multiplication with the operator R̂(%̂k). Hence, it
is essential to introduce subroutines to keep the bond dimension of the state estimate low. This
is done by compressing the matrix product state to a state with smaller bond dimension at each
iteration of the tomography algorithm [114]. Here, we describe the compression of a matrix
product operator

%̂ =
∑

i1,...,iN

A1[i1] · · ·AN [iN ] P̂
(i1)
1 · · · P̂ (iN )

N (7.26)

with bond dimension D1 to a matrix product operator σ̂ with bond dimension D2 < D1. For
that, we show how to (approximately) solve the optimization problem

σ̂ = argmin
[
‖%̂− %̂′‖2F

∣∣∣ %̂′ ∈MD2

]
, (7.27)

i.e., we determine the matrix product operator with bond dimension D2 < D1 closest to %̂ with
respect to the Hilbert-Schmidt norm (hence, σ̂ is a compression of the latter). To determine σ̂,
we use a procedure where the minimization is performed iteratively by sweeping through the
chain several times while optimizing the compressed matrices site by site [114]. That is, we
minimize∥∥%̂− %̂′∥∥2

F
= tr

[
%̂†%̂
]
− tr

[
%̂†%̂′

]
− tr

[
(%̂′)†%̂

]
+ tr

[
(%̂′)†%̂′

]
(7.28)

with respect to the complex conjugate matrices {Bk[ik]∗} on site k of the state

%̂′ =
∑

i1,...,iN

B1[i1] · · ·BN [iN ] P̂
(i1)
1 · · · P̂ (iN )

N (7.29)

given in k-normal form (see Definition 6) while keeping all the other matrices fixed. Note that
only the last two terms in Equation (7.28) contribute to the minimization such that

∂

∂(Bk[ik]∗)αk,αk+1

∥∥%̂− %̂′∥∥2

F
=

∂

∂(Bk[ik]∗)αk,αk+1

(
− tr

[
(%̂′)†%̂

]
+ tr

[
(%̂′)†%̂′

])
. (7.30)
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Since the state %̂′ is given in k-normal form, we find with tr
[
(%̂′)†%̂′

]
=
∑

ik
tr
[
Bk[ik]

†Bk[ik]
]

that

∂

∂(Bk[ik]∗)αk,αk+1

(
tr
[
(%̂′)†%̂′

])
=
(
Bk[ik]

)
αk,αk+1

(7.31)

and

∂

∂(Bk[ik]∗)αk,αk+1

(
− tr

[
(%̂′)†%̂

])
= −

(
L1,...,k−1 ·Ak[ik] ·Rk+1,...,N

)
αk,αk+1

, (7.32)

where

L1,...,k−1 =

∑
ik−1

(Bk−1[ik−1])†

(
. . .

(∑
i1

(B1[i1])†A1[i1]

)
. . .

)
Ak−1[ik−1]

 (7.33)

and

Rk+1,...,N =

∑
ik+1

Ak+1[ik+1]

. . .
∑

iN

AN [iN ](BN [iN ])†

 . . .

 (Bk+1[ik+1])†

 . (7.34)

Hence, the extremal point is given by

Bk[ik] = L1,...,k−1 ·Ak[ik] ·Rk+1,...,N (7.35)

for all ik = 1, . . . , d2. Finally, the iterative minimization of the norm difference can be per-
formed by starting with a N -normal matrix product operator of dimension D2, updating the
matrices L1,...,N−1 and {BN [iN ]} and a successive (N − 1)-normalization of the resulting ma-
trix product operator. The matrices on sites N − 1, . . . , 1 are subsequently updated by the rule
in Equation (7.35) while one needs to keep the matrix product operator in its k-normal form
when optimizing on site k. Sweeping through the chain back and forth several times will lead
to a convergence of this procedure. Since we are minimizing the norm distance in an iterative
manner, this scheme might get stuck in local minima [114]. Therefore, we monitor the norm
difference by exploiting that after updating the matrices on site k we have

‖%̂− %̂′‖2F = ‖%̂‖2F −
∑
ik

tr
[
Bk[ik](Bk[ik])

†]. (7.36)

With this, we can either abort the algorithm if the norm difference does not converge to zero
or increase the bond dimension and redo the compression. To avoid the attraction of local
minima, one can consider two sites instead of only one site in each step of the compression
algorithm. Decomposing the optimized matrix products on two sites by means of a singular value
decomposition yields the matrices on the single sites and hence the matrix product structure is
preserved [114].

7.4 Discussion

In this chapter, we discussed a scalable maximum likelihood algorithm for quantum state to-
mography. The only restrictions for the applicability are that the set of measurement operators
is polynomial in the system size and that the individual POVM elements are of tensor product
form, both of which are anyway generally desirable from an experimental point of view. The
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reconstruction technique relies on a well-established fixed point algorithm for maximizing the
likelihood function. We have shown that this algorithm can be generalized to iterate over matrix
product states and operators and hence yields a scalable reconstruction algorithm for quantum
state tomography. Of course, for a general state where the measurements do not uniquely spec-
ify the state, the fixed point of the scalable maximum likelihood algorithm will not always come
close to the true state. If the state is uniquely determined by the measured POVM elements,
however, we provided numerical evidence that the algorithm chooses a state estimate which is
close to the true state. We observed that the convergence of the algorithm is very slow caused by
the flat log-likelihood function when measurements are done only on a small subset of the full
Hilbert space. The numerical results, however, suggest that the generalization of the iterative
algorithm to matrix product operators is able to find state estimates which are close to the exact
states already for a small number of measurements, which we verified for thermal and ground
states of random next-neighbor Hamiltonians and for GHZ-type states. What is more, as the al-
gorithm intrinsically preserves the positivity, this feature translates to the matrix product operator
formalism when the bond dimension is chosen large enough. This is indicated by a negligible
compression error that is observed throughout the computations. As numerical simulations are
never exact, we suspect that the state estimates are not perfectly positive semidefinite – but at
least approximately. Furthermore, restricting the algorithm to optimize only over pure states has
shown to yield satisfactory results under the assumption that the desired state is pure. This is
remarkable since one iterates over a non-convex set. To certify the reconstructed pure estimate
one could use the techniques described in Section 5.4 to find a lower bound on the fidelity of the
state in the laboratory with respect to the pure state estimate.
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Chapter 8

Tomography of Two-Component Bose-Einstein
Condensates

In the preceding chapters we discussed tomography schemes for one-dimensional systems. Here,
we focus on analyzing systems that are symmetric with respect to particle permutations, that is,
we restrict the description of the system to the symmetric subspace. Such systems are realized,
for instance, in atomic clouds whose constituents are indistinguishable bosons with two internal
degrees of freedom [106]. The constraint on the symmetric subspace allows to efficiently store
and manipulate the resulting density matrices and measurement operators on classical devices.
As we have seen in Chapter 1, the state space of N indistinguishable particles with two internal
degrees of freedom is described by a Hilbert space with dimension growing linearly in N . Full
state tomography, however, remains infeasible as these systems typically consist of thousands of
particles. Measuring a tomographically complete set of observables for these systems with, e.g.,
N = O(103) particles is hence beyond reach. Several tomography schemes have been proposed
which aim to reconstruct a quasi-probability distribution of these states [2, 113]. Note, how-
ever, that the reconstructed density matrices in some schemes are unphysical (i.e., not positive
semidefinite) when the experimental data are prone to noise. In this chapter, we aim to further
investigate reconstruction techniques for systems that consist of N indistinguishable particles,
i.e., systems occupying only the symmetric subspace of the full Hilbert space. The tomography
strategy discussed in this chapter falls into the category of permutation invariant state tomogra-
phy introduced recently [32, 86, 126]. Here, however, we propose a scheme where only partial
knowledge about the system is obtained in the experiment. We argue that physically available
measurements, e.g., for the experiment in [106, 113], correspond to the reduced density matrix
of n < N particles. What is more, these measurements are the entries of the symmetric density
matrix of N particles in an orthogonal basis that is fully determined by the Clebsch-Gordan
coefficients. Finding a valid density matrix under the constraint of knowing some entries in a
specific basis is readily transformed into a matrix completion problem and efficiently solved un-
der the assumption of a low-rank density matrix. This allows to apply techniques described in
Subsection 2.2.4 for finding a valid state estimate. The intuition gives rise to the assumption that
(at least some) physically interesting states are determined by the knowledge of their reduced
density matrices – recall the discussion of non-degenerate ground states of local Hamiltonians
in Section 5.1 – and hence we expect the methods discussed in this chapter to yield satisfactory
results. To operationally strengthen this intuition, we discuss a strategy (similar to the construc-
tion of the certificate presented in Section 5.4 for one-dimensional geometries) to determine a

141
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lower bound on the overlap of the state prepared in the laboratory with respect to a subspace
that is constructed only by means of the restricted set of measurements on the system. Finally,
we present some numerical simulations which justify the assumption that this reconstruction
scheme is superior to conventional techniques due to the reduced number of measurements and
the fact that the estimates are positive semidefinite.

8.1 Transformation Between State Representations

We start by reviewing some state representations for symmetric states which will simplify fur-
ther discussions. For this, recall that symmetric pure states on N particles can be written as a
superposition of symmetric Dicke states

{
|j,m〉

∣∣m = −j, . . . , j
}

, i.e., by states with angular
momentum j = N/2, see Section 1.3. Hence, for |ψ〉 ∈ Sym(HN ) and %̂ ∈ Sym(B(HN )) we
have

|ψ〉 =

j∑
m=−j

ψm|j,m〉 and %̂ =

j∑
m,m′=−j

%m,m′ |j,m〉〈j,m′|, (8.1)

with ψm, %m,m′ ∈ C for all m,m′. Note that, as we are restricting the allowed states to the
symmetric subspace, we choose j = N/2 for the remainder of this chapter. For mixed symmetric
states one finds an equivalent operator basis that is determined by the Wigner 3-j symbols [1,17,
35, 113].

Corollary 11 Let |j,m〉 be the simultaneous eigenvectors of the angular momentum
operators Ŝ2 and ŜZ with eigenvalues j(j + 1) and m = −j, . . . , j for fixed j. Then,
the operators

T̂k,q =

j∑
m,m′=−j

(−1)j−m
′+q
√

2k + 1

(
j j k
m −m′ −q

)
|j,m〉〈j,m′| (8.2)

for k = 0, . . . , 2j and q = −k, . . . , k are mutually orthogonal, i.e., they satisfy

tr
[
T̂ †k,qT̂k′,q′

]
= δk,k′δq,q′ (8.3)

for all k, k′ and q, q′. Further, these operators form a basis for the (2j + 1) × (2j +
1) dimensional subspace spanned by

{
|j,m〉〈j,m′|

∣∣m,m′ = −j, . . . , j
}

. Here,(
j1 j2 j3
m1 m2 m3

)
denotes the Wigner 3-j symbol.

Note that, in fact, the operators T̂k,q depend on the parameter j. As we set j = N/2 throughout
this chapter we suppress this dependency wherever the value of j is unambiguous. To emphasize
the value of j, if necessary, we write T̂ [j]

k,q. Individual entries of these basis elements are denoted

by tj,m,m
′

k,q = 〈j,m|T̂k,q|j,m′〉. Further, note that the Wigner 3-j symbols are in one-to-one
correspondence to the Clebsch-Gordan coefficients as [17]

〈j1,m1| ⊗ 〈j2,m2|j3,−m3〉 = (−1)j1−j2−m3
√

2j3 + 1

(
j1 j2 j3
m1 m2 m3

)
(8.4)
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for m1 = −j1, . . . , j1 and m2 = −j2, . . . , j2. Recall that, for instance, the Clebsch-Gordan
coefficients are unequal to zero only if m1 +m2 +m3 = 0 and j3 ≤ j1 + j2.
Proof: We have

tr
[
T̂ †k,qT̂k′,q′

]
=

j∑
m,m′=−j

j∑
n,n′=−j

(−1)j−m
′+q
√

2k + 1 (−1)j−n
′+q′
√

2k′ + 1 ×

×
(
j j k
m −m′ −q

)(
j j k′

n −n′ −q′
)
〈j, n′|j,m′〉〈j,m|j, n〉

=
√

2k + 1
√

2k′ + 1 (−1)q+q
′
j∑

m,m′=−j

(
j j k
m −m′ −q

)(
j j k′

m −m′ −q′
) (8.5)

as the Dicke states are orthogonal, i.e., 〈j,m|j, n〉 = δm,n. Note that [17]

j1∑
m1=−j1

j2∑
m2=−j2

(
j1 j2 j3
m1 m2 m3

)(
j1 j2 j′3
m1 m2 m′3

)
=
δj3,j′3δm3,m′3

(2j3 + 1)
(8.6)

and we find tr
[
T̂ †k,qT̂k′,q′

]
= δk,k′δq,q′ . Hence, we obtain

2j∑
k=0

k∑
q=−k

1 =

2j∑
k=0

(2k+ 1) = 2

2j∑
k=0

k+ (2j+ 1) = 2j(2j+ 1) + (2j+ 1) = (2j+ 1)2 (8.7)

mutually orthogonal operators. As
{
|j,m〉〈j,m′|

}
for m,m′ = −j, . . . , j spans a subspace of

dimension (2j + 1)2 and the (2j + 1)2 mutually orthogonal operators T̂k,q are linear combina-
tions of this basis,

{
T̂k,q

∣∣ k = 0, . . . , 2j, q = −k, . . . , k
}

spans the same subspace. �

The operators T̂k,q for k = 0, . . . , 2j and q = −k, . . . , k are called multipole operators or
Clebsch-Gordan basis [1, 35, 113]. With the help of Corollary 11, every symmetric state %̂ ∈
Sym(B(HN )) can be written as

%̂ =

2j∑
k=0

k∑
q=−k

%
(W )
k,q T̂k,q (8.8)

with %(W )
k,q = tr[T̂ †k,q%̂]. This indicates that the state is uniquely determined by the complex

numbers %(W )
k,q for all k, q. Next, we define the Wigner function [1, 35, 113].

Definition 23 (The Wigner function) Let %̂ ∈ Sym(B(HN )) be a symmetric mixed
state and %(W )

k,q = tr[T̂ †k,q%̂] be the corresponding expansion coefficients in the Clebsch-
Gordan basis for k = 0, . . . , 2j and q = −k, . . . , k. Then, the Wigner function of the
state %̂ is defined by

W%̂(θ, φ) =

2j∑
k=0

k∑
q=−k

%
(W )
k,q Yk,q(θ, φ), (8.9)

where Yk,q(θ, φ) denotes the spherical harmonics.
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Note that, as the spherical harmonics Yk,q(θ, φ) are orthogonal, i.e., they satisfy∫ π

0

∫ 2π

0
sin(θ)dθdφ Y ∗k,q(θ, φ)Yk′,q′(θ, φ) = δk,k′δq,q′ , (8.10)

and the mixed state is uniquely determined by the coefficients %(W )
k,q for k = 0, . . . , 2j and

q = −k, . . . , k, the Wigner function W%̂(θ, φ) uniquely specifies every %̂ ∈ Sym(B(HN )) [35].
Moreover, the Wigner function is real valued and normalized. This can be verified straightfor-
wardly:

W ∗%̂ (θ, φ) =

2j∑
k=0

k∑
q=−k

[
%

(W )
k,q

]∗
Y ∗k,q(θ, φ), (8.11)

where
[
%

(W )
k,q

]∗
= tr

[
T̂k,q%̂

]
and Y ∗k,q(θ, φ) = (−1)qYk,−q(θ, φ) [17]. Now,

T̂ †k,q =

j∑
m,m′=−j

(−1)j−m
′+q
√

2k + 1

(
j j k
m −m′ −q

)
|j,m′〉〈j,m|

=

j∑
m,m′=−j

(−1)j−m
′+q
√

2k + 1(−1)k
(

j j k
−m m′ q

)
|j,m′〉〈j,m|,

(8.12)

where we exploited the fact that [17](
j1 j2 j3
m1 m2 m3

)
= (−1)j1+j2+j3

(
j1 j2 j3
−m1 −m2 −m3

)
. (8.13)

Further, swapping the label of the indices m and m′ and exploiting [17](
j1 j2 j3
m1 m2 m3

)
= (−1)j1+j2+j3

(
j2 j1 j3
m2 m1 m3

)
(8.14)

we find

T̂ †k,q =

j∑
m,m′=−j

(−1)j−m+q
√

2k + 1 (−1)k
(

j j k
−m′ m q

)
|j,m〉〈j,m′|

=

j∑
m,m′=−j

(−1)j−m+q
√

2k + 1

(
j j k
m −m′ q

)
|j,m〉〈j,m′|

=

j∑
m,m′=−j

(−1)j−m
′√

2k + 1

(
j j k
m −m′ q

)
|j,m〉〈j,m′|,

(8.15)

which follows due to the constraint m − m′ + q = 0 for the Wigner 3-j symbol. Hence, this
is equivalent to T̂ †k,q = (−1)qT̂k,−q such that

[
%

(W )
k,q

]∗
= tr

[
T̂k,q%̂

]
= (−1)q tr

[
T̂ †k,−q%̂

]
=

(−1)q%
(W )
k,−q. With this,

W ∗%̂ (θ, φ) =

2j∑
k=0

k∑
q=−k

[
%

(W )
k,q

]∗
Y ∗k,q(θ, φ) =

2j∑
k=0

k∑
q=−k

%
(W )
k,−qYk,−q(θ, φ) = W%̂(θ, φ) (8.16)
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and the Wigner function is real valued. The normalization is guaranteed as with Y0,0(θ, φ) =
1/
√

4π [17] we have∫ π

0

∫ 2π

0
sin(θ)dθdφW%̂(θ, φ) =

√
4π

2j∑
k=0

k∑
q=−k

%
(W )
k,q

∫ π

0

∫ 2π

0
sin(θ)dθdφYk,q(θ, φ)Y0,0(θ, φ) =

√
4π%

(W )
0,0 .

(8.17)

Moreover,

T̂0,0 =

j∑
m,m′=−j

(−1)j−m
′
(
j j 0
m −m′ 0

)
|j,m〉〈j,m′| = 1√

2j + 1

j∑
m=−j

|j,m〉〈j,m|, (8.18)

where we exploited the fact that [17](
j1 j2 0
m1 m2 0

)
=

(−1)j1−m1

√
2j1 + 1

δj1,j2δm1,−m2 . (8.19)

With this [111]∫ π

0

∫ 2π

0
sin(θ)dθdφW%̂(θ, φ) =

√
4π

2j + 1

j∑
m=−j

〈j,m|%̂|j,m〉 =

√
4π

2j + 1
tr[%̂]. (8.20)

Hence, the Wigner function can be interpreted as a graphical representation of quantum states
with fixed angular momentum on a sphere [111]. This fact, among others, will help to depict
the results of the tomography scheme in a later section. Apart from the Wigner function, the
P representation of the symmetric state %̂ ∈ Sym(B(HN )) will be useful for further investiga-
tions. This representation, which can be interpreted as a diagonal representation of the quantum
state with respect to coherent states, is defined as follows [1, 4, 22, 35, 111]:

Definition 24 (The P representation) Let %̂ ∈ Sym(B(HN )) be a symmetric mixed
state. Then, the P representation of the state %̂ is defined by

P%̂(θ, φ) =

2j∑
k=0

k∑
q=−k

%
(P )
k,q Yk,q(θ, φ), (8.21)

where %(P )
k,q ∈ C for k = 0, . . . , 2j and q = −k, . . . , k are such that

%̂ =

∫ π

0

∫ 2π

0
sin(θ)dθdφ P%̂(θ, φ) |θ, φ〉〈θ, φ|. (8.22)

Again, Yk,q(θ, φ) denotes the spherical harmonics and |θ, φ〉 the coherent states.

For the definition of coherent states, see Subsection 1.3.3. Before we show how the coefficients
of the Wigner function, i.e., %(W )

k,q , are related to the coefficients of the P representation, i.e.,

%
(P )
k,q , we continue our review of properties of the Wigner D-matrix started in Corollary 8. We

have [17]:
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Corollary 12 (Properties of the Wigner D-matrix – part II [17]) Let
Dj
m,m′(α, β, γ) be the Wigner D-matrix with m,m′ = −j, . . . , j. Then,

3. Dj
m,0(α, β, 0) =

√
4π

2j + 1
Y ∗j,m(β, α),

4.
∫ π

0

∫ 2π

0

∫ 2π

0
sin(β)dβdαdγ Dj3

m3,m′3
(α, β, γ)Dj1

m1,m′1
(α, β, γ)Dj2

m2,m′2
(α, β, γ)

= 8π2

(
j1 j2 j3
m1 m2 m3

)(
j1 j2 j3
m′1 m′2 m′3

)
, and

5.
[
Dj
m1,m2

(α, β, γ)
]∗

= (−1)m1−m2Dj
−m1,−m2

(α, β, γ).

With this, we can prove the following corollary [4].

Corollary 13 Let |θ, φ〉 ∈ Sym(HN ) be a coherent state, Yk,q(θ, φ) be the spherical
harmonics, and T̂k,q be the Clebsch-Gordan basis for all θ, φ and all k = 0, . . . , 2j
and q = −k, . . . , k. Then,∫ π

0

∫ 2π

0
sin(θ)dθdφ Yk,q(θ, φ)|θ, φ〉〈θ, φ|

=

√
4π

2j + 1

√
(2j)!(2j + 1)!

(2j + k + 1)!(2j − k)!
T̂k,q.

(8.23)

Proof: Recall the definition of a coherent state, i.e., |θ, φ〉 =
∑j

m=−j D
j
m,j(φ, θ, φ)|j,m〉, see

Subsection 1.3.3. Hence, with Corollary 12, we have∫ π

0

∫ 2π

0
sin(θ)dθdφ Yk,q(θ, φ)|θ, φ〉〈θ, φ|

=

√
2k + 1

4π

j∑
m,m′=−j

∫ π

0

∫ 2π

0
sin(θ)dθdφ×

×
[
Dk
q,0(φ, θ, 0)

]∗
Dj
m,j(φ, θ, φ)

[
Dj
m′,j(φ, θ, φ)

]∗|j,m〉〈j,m′|.
(8.24)

Now, note that (see Definition 13)

Dj
m,j(φ, θ, φ) = e−iφm djm,j(θ) e−iφj e−i(γ−γ)j = e−i(φ−γ)j Dj

m,j(φ, θ, γ) (8.25)

and hence, with Corollary 12, we obtain[
Dj
m′,j(φ, θ, φ)

]∗
= (−1)m

′−jDj
−m′,−j(φ, θ, φ) = (−1)m

′−j ei(φ−γ)j Dj
−m′,−j(φ, θ, γ) (8.26)

and [
Dk
q,0(φ, θ, 0)

]∗
= (−1)qDk

−q,0(φ, θ, 0) = (−1)qDk
−q,0(φ, θ, γ). (8.27)
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With this and Corollary 12∫ π

0

∫ 2π

0
sin(θ)dθdφ Yk,q(θ, φ)|θ, φ〉〈θ, φ|

=

∫ π

0

∫ 2π

0

∫ 2π

0
sin(θ)dθdφdγ

1

2π
Yk,q(θ, φ)|θ, φ〉〈θ, φ|

=

√
2k + 1

4π

j∑
m,m′=−j

(−1)m
′−j+q

2π
|j,m〉〈j,m′|×

×
∫ π

0

∫ 2π

0

∫ 2π

0
sin(θ)dθdφdγ Dk

−q,0(φ, θ, γ)Dj
m,j(φ, θ, γ)Dj

−m′,−j(φ, θ, γ)

=

√
2k + 1

4π

j∑
m,m′=−j

(−1)m
′−j+q

2π
8π2

(
j j k
m −m′ −q

)(
j j k
j −j 0

)
|j,m〉〈j,m′|.

(8.28)

Now [4],(
j j k
j −j 0

)
=

√
(2j)!(2j)!

(2j + k + 1)!(2j − k)!
, (8.29)

such that with the definition of the Clebsch-Gordan basis, see Corollary 11, we find∫ π

0

∫ 2π

0
sin(θ)dθdφ Yk,q(θ, φ)|θ, φ〉〈θ, φ|

=

√
4π

2j + 1

√
(2j)!(2j + 1)!

(2j + k + 1)!(2j − k)!
T̂k,q.

(8.30)

This proves the corollary. �

This result now helps to establish a relation between the Wigner function and the P representation
of the considered state and, hence, will allow us to use these quasi-probability distributions
interchangeably. Recall the definition of the P representation, see Definition 24. We find

%̂ =

∫ π

0

∫ 2π

0
sin(θ)dθdφ P%̂(θ, φ) |θ, φ〉〈θ, φ|

=

2j∑
k=0

k∑
q=−k

%
(P )
k,q

∫ π

0

∫ 2π

0
sin(θ)dθdφ Yk,q(θ, φ) |θ, φ〉〈θ, φ|

=

2j∑
k=0

k∑
q=−k

%
(P )
k,q

√
4π

2j + 1

√
(2j)!(2j + 1)!

(2j + k + 1)!(2j − k)!
T̂k,q,

(8.31)

such that the one-to-one correspondence between the coefficients of the P representation and the
Wigner function reads

%
(W )
k,q = %

(P )
k,q

√
4π

2j + 1

√
(2j)!(2j + 1)!

(2j + k + 1)!(2j − k)!
. (8.32)

Hence, the Wigner function and the P representation allow for a unique representation of all
symmetric states.
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8.2 The Set of Measurements

8.2.1 Determination of low k Amplitudes

In this section, we show how the coefficients of the Wigner function can be determined experi-
mentally. Further, we argue that the coefficients corresponding to low k values are related to the
coefficients of the reduced density matrices to n < N particles. First, we continue reviewing
properties of the Wigner D-matrix (here, we suppress the dependency on the angles α, β, γ) [17]:

Corollary 14 (Properties of the Wigner D-matrix – part III [17]) Let
Dj
m,m′(α, β, γ) be the Wigner D-matrix with m,m′ = −j, . . . , j. Then,

6. Dj1
m1,m′1

Dj2
m2,m′2

=
∑
k,q,q′

〈j1,m1| ⊗ 〈j2,m2|k, q〉Dk
q,q′〈k, q′|j1,m′1〉 ⊗ j2,m′2〉,

where 〈j1,m1| ⊗ 〈j2,m2|j3,m3〉 denotes the Clebsch-Gordan coefficient and the sum
is over all allowed k, q and q′.

Note that this corollary, together with Equation (8.4) and Corollary 12, leads to

Dj1
m1,m′1

Dj2
m2,m′2

=
∑
k,q,q′

(2k + 1)(−1)q+q
′
Dk
q,q′

(
j1 j2 k
m1 m2 −q

)(
j1 j2 k
m′1 m′2 −q′

)

=
∑
k,q,q′

(2k + 1)
[
Dk
q,q′
]∗( j1 j2 k

m1 m2 q

)(
j1 j2 k
m′1 m′2 q′

)
.

(8.33)

Now, we are able to derive an explicit formula for the expectation values of the POVM elements
Π̂m(θ, φ) discussed in Subsection 2.1.2. One finds the following corollary [113].

Corollary 15 Let Π̂m(θ, φ) = R̂(φ, θ, φ)|j,m〉〈j,m|R̂†(φ, θ, φ) for m = −j, . . . , j
be the projection operators given by the rotation operator R̂(φ, θ, φ) for all θ, φ. Then,
the expectation value of Π̂m(θ, φ) with respect to %̂ ∈ Sym(B(HN )) is given by

pm(θ, φ) = tr
[
R̂(φ, θ, φ)|j,m〉〈j,m|R̂†(φ, θ, φ)%̂

]
=

2j∑
k=0

k∑
q=−k

%
(W )
k,q

[
Dk
q,0(φ, θ, 0)

]∗
tj,m,mk,0 ,

(8.34)

where Dj
m,m′(α, β, γ) denotes the Wigner D-matrix and tj,m,m

′

k,q = 〈j,m|T̂k,q|j,m′〉 is
an entry of the Clebsch-Gordan basis for all m,m′ = −j, . . . , j.

Proof: We have

pm(θ, φ) = 〈j,m|R̂†(φ, θ, φ)%̂R̂(φ, θ, φ)|j,m〉

=

2j∑
k=0

j∑
q=−j

%
(W )
k,q 〈j,m|R̂†(φ, θ, φ)T̂k,qR̂(φ, θ, φ)|j,m〉.

(8.35)
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Further, we find with Corollaries 12 and 14 that

〈j,m|R̂†(φ, θ, φ)T̂k,qR̂(φ, θ, φ)|j,m〉

=

j∑
n1,n2=−j

tj,n1,n2

k,q

[
Dj
n1,m(φ, θ, φ)

]∗
Dj
n2,m(φ, θ, φ)

=

j∑
n1,n2=−j

tj,n1,n2

k,q (−1)n1−mDj
−n1,−m(φ, θ, φ)Dj

n2,m(φ, θ, φ)

=

j∑
n1,n2=−j

tj,n1,n2

k,q (−1)n1−m
∑

K,Q,Q′

(2K + 1)
[
DK
Q,Q′(φ, θ, φ)

]∗ ×
×
(

j j K
−n1 n2 Q

)(
j j K
−m m Q′

)
.

(8.36)

Note that the second Wigner 3-j symbol is unequal to zero only if −m + m + Q′ = 0, i.e.,
Q′ = 0. Further, with

[
DK
Q,0(φ, θ, φ)

]∗
= (−1)QDK

−Q,0(φ, θ, φ) and the substitution of Q with
−Q we obtain

〈j,m|R̂†(φ, θ, φ)T̂k,qR̂(φ, θ, φ)|j,m〉

=

j∑
n1,n2=−j

tj,n1,n2

k,q (−1)n1−m
∑
K,Q

(2K + 1)(−1)−QDK
Q,0(φ, θ, φ) ×

×
(

j j K
−n1 n2 −Q

)(
j j K
−m m 0

)
=

j∑
n1,n2=−j

tj,n1,n2

k,q (−1)n1−m
∑
K,Q

(2K + 1)(−1)−QDK
Q,0(φ, θ, φ) ×

×
(
j j K
n2 −n1 −Q

)(
j j K
m −m 0

)
,

(8.37)

where we exploited Equation (8.14) to change the order of the columns in the Wigner 3-j sym-
bols. Now, we can identify the Clebsch-Gordan basis as

tj,n2,n1

K,Q = 〈j, n2|T̂K,Q|j, n1〉 = (−1)j−n1+Q
√

2K + 1

(
j j K
n2 −n1 −Q

)
(8.38)

and

tj,m,mK,0 = 〈j,m|T̂K,0|j,m〉 = (−1)j−m
√

2K + 1

(
j j K
m −m 0

)
. (8.39)

With this, we arrive at

〈j,m|R̂†(φ, θ, φ)T̂k,qR̂(φ, θ, φ)|j,m〉

=
∑
K,Q

DK
Q,0(φ, θ, φ) tj,m,mK,0

j∑
n1,n2=−j

tj,n1,n2

k,q tj,n2,n1

K,Q

=
∑
K,Q

DK
Q,0(φ, θ, φ) tj,m,mK,0 tr[T̂k,qT̂K,Q].

(8.40)
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Now, recall that T̂ †K,Q = (−1)QT̂K,−Q, see Equation (8.15), such that

〈j,m|R̂†(φ, θ, φ)T̂k,qR̂(φ, θ, φ)|j,m〉
=
∑
K,Q

(−1)QDK
−Q,0(φ, θ, φ) tj,m,mK,0 tr[T̂k,qT̂

†
K,Q]

= (−1)qDk
−q,0(φ, θ, φ) tj,m,mk,0 =

[
Dk
q,0(φ, θ, φ)

]∗
tj,m,mk,0 ,

(8.41)

where we used Corollary 12. Note that Dk
q,0(φ, θ, φ) = e−iφq djq,0 = Dj

q,0(φ, θ, 0), see Defini-
tion 13, and hence

pm(θ, φ) =

2j∑
k=0

j∑
q=−j

%
(W )
k,q 〈j,m|R̂†(φ, θ, φ)T̂k,qR̂(φ, θ, φ)|j,m〉

=

2j∑
k=0

j∑
q=−j

%
(W )
k,q

[
Dk
q,0(φ, θ, 0)

]∗
tj,m,mk,0

(8.42)

This proves the corollary. �

This result allows to outline a strategy to experimentally determine the coefficients of the Wigner
function, i.e., %(W )

k,q . Exploiting the orthogonality of the spherical harmonics, see Equation (8.10),

and the fact that
[
Dk
q,0(φ, θ, 0)

]∗
=
√

4π
2k+1Yk,q(θ, φ), see Corollary 12, we find∫ π

0

∫ 2π

0
sin(θ)dθdφ pm(θ, φ)Yk,q(θ, φ) =

√
4π

2k + 1
%

(W )
k,q t

j,m,m
k,0 . (8.43)

Now, note that T̂k,0 is diagonal for all k = 0, . . . , 2j as

T̂k,0 =

j∑
m,m′=−j

(−1)j−m
′√

2k + 1

(
j j k
m −m′ 0

)
|j,m〉〈j,m′|, (8.44)

where, due to the Wigner 3-j symbol, only the terms with m −m′ = 0 contribute to the sum.
With this, we have

∑j
m=−j t

j,m,m
k,0 tj,m,mk′,0 = tr[T̂k,0T̂k′,0] = tr[T̂ †k,0T̂k′,0] = δk,k′ . Hence [113],

%
(W )
k,q =

√
2k + 1

4π

∫ π

0

∫ 2π

0
sin(θ)dθdφ Yk,q(θ, φ)

j∑
m=−j

pm(θ, φ)tj,m,mk,0 . (8.45)

This equality allows to determine the values %(W )
k,q by measuring the quantum system along many

different quantization axes (θn, φn) and replacing the integral by a sum over n. Further, the ex-
pectation value of tj,m,mk,0 with respect to the probability distribution pm(θ, φ) is estimated by the
mean value of the measurement outcomes, i.e., for M repetitions of one particular measurement
axis (θn, φn) with outcomes ml for l = 1, . . . ,M one approximates

j∑
m=−j

pm(θ, φ)tj,m,mk,0 ≈ 1

M

M∑
l=1

tj,ml,mlk,0 . (8.46)

Recall that ml = (N1 − N0)/2, see Subsection 2.1.2, where N1 (N0) denotes the number of
particles in state |1〉 (|0〉) for the measurement l. Note, however, that although Equation (8.45)
allows to determine all coefficients of the Wigner function, it is known that coefficients obtained
by this reconstruction scheme corresponding to large k values are unreliable due to experimental
imperfections [113]. In the next subsection, we discuss that the coefficients %(W )

k,q do have a
physical interpretation that will help to motivate the reconstruction scheme we propose at a later
stage of this chapter.
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8.2.2 The n-particle Reduced Density Matrix

As we restrict ourselves to the symmetric subspace, we have j = N/2 for a system of N
particles. Here we show that the n-particle reduced density matrix %̂(n) = trN−n[%̂(N)] of the
state %̂(N) ∈ Sym(B(HN )) is uniquely determined by the Wigner function coefficients %(W,N)

k,q

of the N -particle state for k = 0, . . . , 2j and q = −k, . . . , k with j = n/2. One finds the
following lemma [111].

Lemma 20 Let %̂(N) ∈ Sym(B(HN )) with corresponding Wigner function coeffi-
cients %(W,N)

k,q = tr
[(
T̂

[N/2]
k,q

)†
%̂(N)

]
for all k = 0, . . . , N and q = −k, . . . , k. Then,

the n-particle reduced density matrix is given by

%̂(n) = trN−n
[
%̂(N)

]
=

n∑
k=0

k∑
q=−k

%
(W,n)
k,q T̂

[n/2]
k,q , (8.47)

where for all k = 0, . . . , n and q = −k, . . . , k we have

%
(W,n)
k,q =

√
4π
n+1

√
n!(n+1)!

(n+k+1)!(n−k)!√
4π
N+1

√
N !(N+1)!

(N+k+1)!(N−k)!

%
(W,N)
k,q . (8.48)

Proof: First, recall the definition of a coherent state on N particles, see Subsection 1.3.3, i.e.,

|N, θ, φ〉 = R̂N (φ, θ, φ)|j, j〉 = e−iφŜZ e−iθŜY e−iφŜZ |j, j〉
= R̂1(φ, θ, φ)⊗ . . .⊗ R̂1(φ, θ, φ)|0, . . . , 0〉
= |1, θ, φ〉 ⊗ . . .⊗ |1, θ, φ〉,

(8.49)

where the indices indicate the number of particles on which the operators act and we specifically
emphasize the size of the coherent state by the number of particles. Hence,

|n, θ, φ〉〈n, θ, φ| = trN−n
[
|N, θ, φ〉〈N, θ, φ|

]
(8.50)

such that the reduced density matrix on n particles of the symmetric state %̂(N) ∈ Sym(B(HN ))
is given by

%̂(n) = trN−n[%̂(N)] =

∫ π

0

∫ 2π

0
sin(θ)dθdφ P%̂(N)(θ, φ)|n, θ, φ〉〈n, θ, φ|, (8.51)

where we write %̂(N) by means of the P representation, see Definition 24. SubstitutingP%̂(N)(θ, φ)
we find by exploiting Corollary 13 that

%̂(n) =

N∑
k=0

k∑
q=−k

%
(P,N)
k,q

∫ π

0

∫ 2π

0
sin(θ)dθdφ Yk,q(θ, φ)|n, θ, φ〉〈n, θ, φ|

=
N∑
k=0

k∑
q=−k

%
(P,N)
k,q

√
4π

n+ 1

√
n!(n+ 1)!

(n+ k + 1)!(n− k)!
T̂

[n/2]
k,q .

(8.52)
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Now, note that T̂ [n/2]
k,q = O for k > n, see Corollary 11 together with the fact that the Wigner 3-j

symbol is unequal to zero only if k ≤ 2j. Thus, we can identify

%
(W,n)
k,q =

√
4π

n+ 1

√
n!(n+ 1)!

(n+ k + 1)!(n− k)!
%

(P,N)
k,q (8.53)

for all k = 0, . . . , n and q = −k, . . . , k. Finally, recall Equation (8.32) for the relation of the
coefficients of the Wigner function and the coefficients of the P representation, i.e.,

%
(W,N)
k,q = %

(P,N)
k,q

√
4π

N + 1

√
N !(N + 1)!

(N + k + 1)!(N − k)!
. (8.54)

Solving for %(P,N)
k,q and substituting the result in Equation (8.53) proves the lemma. �

Lemma 20 shows that, determining the coefficients of the Wigner function of the state on N
particles for k = 0, . . . , n and q = −k, . . . , k specifies the n-particle reduced density matrix of
the system. This insight helps to motivate and reformulate the state reconstruction as a matrix
completion problem. This is discussed in the next section.

8.3 The State Reconstruction as a Matrix Completion Problem

In this section we translate the state reconstruction into a matrix completion problem. The task
is to estimate the symmetric state of a system that consists of hundreds of particles. Recall that
%̂ ∈ Sym(B(HN )) is an object of dimension (N + 1) × (N + 1), i.e., there is a representation
of %̂ such that %̂ ∈ C(N+1)×(N+1), see the discussion in Section 1.3. This overcomes the issue
of the exponential scaling of the Hilbert space dimension and allows to store and manipulate the
states on classical devices. The number of measurements for full quantum state tomography,
however, still exceeds the experimental capabilities of the tomography process. This is, on
the one hand, due to the fact that the number of variables in symmetric mixed states scales
as N2 and one aims to prepare and verify states on hundreds of particles in a two-component
Bose-Einstein condensate. On the other hand, as we have seen in Equation (8.45), determining
the Wigner coefficients %(W )

k,q results in sampling the resulting integral along many different
quantization axes. Hence, it is desirable to reduce the number of measurements that are required
to determine a valid state estimate. This will certainly restrict the quantum states for which
this state reconstruction procedure is applicable but allows to push these tomography schemes
to systems with large N . The intuition is similar to that for the reconstruction of states on
one-dimensional lattices. There, we have seen that states which are only slightly entangled,
i.e., states that are efficiently representable as matrix product states with small bond dimension,
are suitable for reconstruction schemes that require only the reduced density matrices on all
blocks of R contiguous sites. Hence, we expect symmetric states that are close to product
states, e.g., coherent states or spin-squeezed states with small µ, see Equation (1.169), to be
suitable for a reconstruction scheme where the input is given by the reduced density matrix on
n < N particles. For instance, given a permutation invariant n-body Hamiltonian Ĥ and the
promise that the prepared pure state |ψ〉 is the unique ground state of Ĥ , then |ψ〉 is uniquely
determined by the n-particle reduced density matrix %̂(n) = trN−n

[
|ψ〉〈ψ|

]
, see Lemma 11 for

the equivalent argument for states on one-dimensional lattices. Moreover, assume that the state
of interest is the (imaginary) time evolution of a product state |ψ0〉 under a 2-body Hamiltonian
Ĥ , i.e., |ψ(t)〉 = e−itĤ |ψ0〉. On small time scales, i.e., t � 1, the time evolution up to
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order O(tn) is equivalent to the application of a 2n-body Hamiltonian to the product state and
hence one expects that the 2n-particle reduced density matrix is sufficient to reconstruct a state
estimate, at least approximately. Note that spin-squeezed states fall into the latter category. This
intuition paves the way for a reconstruction scheme where only partial knowledge about the full
quantum state is known. Thus, we set out to solve the following optimization problem:

find %̂(N) ∈ Sym(B(HN ))

subject to σ̂(n) = trN−n
[
%̂(N)

]
,

(8.55)

where σ̂(n) denotes the measurements on the system corresponding to the reduced density matrix
on n < N particles. This optimization problem is formulated too loosely and it is most likely
that there are many different solutions that correspond to distant quantum states. Hence, we need
to restrict the formulation of the reconstruction problem even further. The assumption that the
state is low-rank is physically justified as (i) we expect the system in the laboratory to be cooled
down to very low temperatures and (ii) we assume that the system is prepared close to a pure
state. Under these premises, we reformulate the reconstruction problem to find

minimize rank
[
%̂(N)

]
subject to %̂(N) ∈ Sym(B(HN )),

σ̂(n) = trN−n
[
%̂(N)

]
.

(8.56)

Now, as every %̂(N) ∈ Sym(B(HN )) is representable by the Clebsch-Gordan basis and, more-
over, the coefficients of the reduced density matrix in the Clebsch-Gordan basis are – up to a
prefactor – the coefficients of the full state, see Lemma 20, we have

minimize rank
[
%̂(N)

]
subject to PΩ

(
σ̂(N)

)
= PΩ

(
%̂(N)

)
.

(8.57)

Again, Ω denotes an index set that specifies the indices in the considered basis corresponding to
the measurements on the system, i.e.,

PΩ

(
%̂(N)

)
=

n∑
k=0

k∑
q=−k

%
(W,N)
k,q T̂

[N/2]
k,q . (8.58)

Now, note that this optimization problem is equivalent to the optimization problem presented
in Equation (2.43) in the context of matrix completion. Hence, we can apply, for instance, the
singular value thresholding algorithm discussed in Subsection 2.2.4 to find a valid state estimate
by minimizing the nuclear norm, i.e., the convex relaxation of the rank minimization problem
presented above. Note that this is only one possible way of solving the problem of finding a valid
state estimate given some entries in a particular basis. One could think of applying algorithms
that are related to alternating projection or gradient projection schemes [8], other algorithms
minimizing the trace norm of the state [45] or even applying the iterative maximum likelihood
algorithm directly to the measured frequencies exploiting the efficient representation of the states
in the symmetric subspace. Here, we demonstrate the usefulness of the tomography scheme as a
matrix completion problem with respect to the Clebsch-Gordan basis by exploiting the singular
value thresholding algorithm but emphasize that this is by no means the only choice of solving
this optimization problem.

8.4 Certification and Verification

For one-dimensionally arranged quantum systems there is the means of constructing a subspace
together with a lower bound on the overlap of the prepared state with this subspace exploiting lo-
cal information only [30], see Section 5.4. This is achieved in the parent Hamiltonian formalism
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for matrix product states. Here, we generalize these techniques to symmetric states. For this, we
construct an Operator Π̂(N) on N particles from a rank deficient operator Ô(n) on n particles
such that the overlap of the eigenspace of Π̂(N) corresponding to the smallest eigenvalues and
the state prepared in the laboratory %̂ can be lower bounded only by means of the measured
n-particle reduced density matrix of %̂. The operator Π̂(N) plays the same role as the parent
Hamiltonian for one-dimensional chains. Further, one chooses Ô(n) to be the reduced density
matrix of either the desired state or a state estimate – depending on whether one is interested in
verifying the implementation of a particular quantum state or certifying a state estimate that is
obtained by some reconstruction algorithm. In particular, we find the following lemma:

Lemma 21 Let %̂(n) = trN−n
[
%̂(N)

]
be the n-particle reduced density matrix of the

state %̂(N) ∈ Sym(B(HN )) prepared in the laboratory and let Ô(n) be rank deficient
and acting only on n particles. Further, let Π̂(n) be the projector onto the kernel of
Ô(n) and define

Π̂(N) =

n∑
k=0

k∑
q=−k

Π
(n)
k,q

√
4π
n+1

√
n!(n+1)!

(n+k+1)!(n−k)!√
4π
N+1

√
N !(N+1)!

(N+k+1)!(N−k)!

T̂
[N/2]
k,q (8.59)

with coefficients Π
(n)
k,q = tr

[(
T̂

[n/2]
k,q

)†
Π̂(n)

]
and eigenvalue decomposition Π̂(N) =∑

l pl|ψl〉〈ψl| with increasing eigenvalues 0 ≤ p1 ≤ . . . ≤ p∗ ≤ . . . ≤ pN+1. Then∑
l,pl<p∗

〈ψl|%̂(N)|ψl〉 ≥
1

p∗ − p1

(
p∗ − tr

[
Π̂(n)%̂(n)

])
. (8.60)

Proof: We start by establishing the positivity of the operator Π̂(N), i.e., Π̂(N) ≥ 0. For this, let
|ψ〉 ∈ Sym(HN ) with ‖|ψ〉‖ = 1. We find with Lemma 20 that

〈ψ|Π̂(N)|ψ〉 = tr[Π̂(N)|ψ〉〈ψ|] = tr[Π̂(N)σ̂(N)]

=

n∑
k=0

k∑
q=−k

Π
(n)
k,q

√
4π
n+1

√
n!(n+1)!

(n+k+1)!(n−k)!√
4π
N+1

√
N !(N+1)!

(N+k+1)!(N−k)!

[
σ

(W,N)
k,q

]∗

=
n∑
k=0

k∑
q=−k

Π
(n)
k,q

[
σ

(W,n)
k,q

]∗
= tr[Π̂(n)σ̂(n)] ≥ 0

(8.61)

as Π̂(n) ≥ 0 by construction and σ̂(n) ≥ 0 as it is the reduction of the pure state |ψ〉. Hence,
Π̂(N) ≥ 0. Consequently, Π̂(N) =

∑
l pl|ψl〉〈ψl〉 with pl ≥ 0 for all l = 1, . . . , N + 1 and we

arrange the eigenvalues in increasing order, i.e., 0 ≤ p1 ≤ . . . ≤ p∗ ≤ . . . ≤ pN+1. Now,

tr[Π̂(N)%̂(N)] =
∑

l,pl<p∗

pl〈ψl|%̂(N)|ψl〉+
∑

l,pl≥p∗

pl〈ψl|%̂(N)|ψl〉

≥
∑

l,pl<p∗

pl〈ψl|%̂(N)|ψl〉+ p∗
∑

l,pl≥p∗

〈ψl|%̂(N)|ψl〉

=
∑

l,pl<p∗

(pl − p∗)〈ψl|%̂(N)|ψl〉+ p∗
∑
l

〈ψl|%̂(N)|ψl〉

=
∑

l,pl<p∗

(pl − p∗)〈ψl|%̂(N)|ψl〉+ p∗

(8.62)
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since tr
[
%̂(N)

]
= 1 and we used the fact that pl ≥ 0 for l = 1, . . . , N + 1. Further,

tr[Π̂(N)%̂(N)] ≥ (p1 − p∗)
∑

l,pl<p∗

〈ψl|%̂(N)|ψl〉+ p∗ (8.63)

such that∑
l,pl<p∗

〈ψl|%̂(N)|ψl〉 ≥
1

p∗ − p1

(
p∗ − tr[Π̂(N)%̂(N)]

)
=

1

p∗ − p1

(
p∗ − tr[Π̂(n)%̂(n)]

)
(8.64)

due to the construction of the operator Π̂(N) and Lemma 20. �

Lemma 21 allows to construct a subspace spanned by {|ψl〉} for all l with pl < p∗ together with
a lower bound on the overlap of the latter with respect to the full state prepared in the laboratory
only by means of a positive semidefinite and rank deficient operator Ô(n) acting on the reduced
system and the knowledge of the reduced density matrix %̂(n) of the full state. The following
corollary highlights the importance of Lemma 21 in the context of quantum state tomography.

Corollary 16 Let %̂(N) ∈ Sym(B(HN )) be the state prepared in the laboratory and
%̂(n) its n-particle reduced density matrix. Further, assume that %̂(n) is rank deficient
and let Π̂(n) be the projector onto the kernel of the reduction. Then∑

l,pl=0

〈ψl|%̂(N)|ψl〉 = 1, (8.65)

where {|ψl〉} and {pl} are the eigenvectors and eigenvalues of the operator

Π̂(N) =
n∑
k=0

k∑
q=−k

Π
(n)
k,q

√
4π
n+1

√
n!(n+1)!

(n+k+1)!(n−k)!√
4π
N+1

√
N !(N+1)!

(N+k+1)!(N−k)!

T̂
[N/2]
k,q (8.66)

with coefficients Π
(n)
k,q = tr

[(
T̂

[n/2]
k,q

)†
Π̂(n)

]
.

Proof: We show that the minimal eigenvalue of Π̂(N) is zero. For that, let %̂(N) =
∑

k λk|φk〉〈φk|
be the eigenvalue decomposition of the state %̂(N) with λk ≥ 0 for all k = 1, . . . , N + 1. With
this and Lemma 20, we find

0 = tr[Π̂(n)%̂(n)] = tr[Π̂(N)%̂(N)] =
∑
k

λk〈φk|Π̂(N)|φk〉, (8.67)

where we have tr[Π̂(n)%̂(n)] = 0 due to the fact that Π̂(n) is the projector onto the kernel of the
reduction. We already known that Π̂(N) ≥ 0 by construction (see the proof of Lemma 21) and
that λk ≥ 0. Hence, for k with λk 6= 0 we have 〈φk|Π̂(N)|φk〉 = 0 and hence the minimal
eigenvalue of Π̂(N) is zero. Lemma 21 yields∑

l,pl=0

〈ψl|%̂(N)|ψl〉 ≥ 1, (8.68)

where we choose p∗ as the first eigenvalue of Π̂(N) unequal to zero. Since tr
[
%̂(N)

]
= 1 and

%̂(N) ≥ 0 we also have that
∑

l,pl=0〈ψl|%̂(N)|ψl〉 ≤ 1. This proves the corollary. �
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Corollary 16 allows to construct the range of the state prepared in the laboratory, i.e., the sub-
space which completely specifies the state, only by the knowledge of the reduced density matrix
and the promise that the reduced state is rank deficient. Note that Corollary 16 shows that the
operator Π̂(N) constructed from the projection onto the kernel of the reduced density matrix
plays the same role as the parent Hamiltonian in the matrix product state formalism discussed in
Section 5.4. The importance of Lemma 21 is summarized by the following remarks:

(i) Let Π̂(N) be constructed by means of the rank deficient n-particle reduced density matrix
%̂(n) of |ψ0〉 ∈ Sym(HN ). Further, assume that |ψ0〉 is the unique ground state of Π̂(N).
Then, Corollary 16 yields 〈ψ0|%̂(N)|ψ0〉 = 1. Hence, under these assumptions, the ground
state of the operator Π̂(N) yields the correct state that is prepared in the laboratory. If Π̂(N)

is constructed by means of the measured reduced density matrices, this strategy yields a
(pure) estimate for the desired state.

(ii) Let %̂(N) ∈ Sym(B(HN )) be the unknown state prepared in the laboratory and |ψ0〉 be a
pure estimate of that state (e.g., the result of a reconstruction algorithm such as the singular
value thresholding algorithm). If the reduced density matrix of %̂(N) is known and Π̂(N)

is the operator constructed from the n-particle reduced density matrix of |ψ0〉, Lemma 21
yields a lower bound on the fidelity of |ψ0〉 and the unknown state in the experiment given
that |ψ0〉 is the only element in ker

[
Π̂(N)

]
– this gives a certificate on the pure estimate.

(iii) Suppose the goal is to create a given state |ψ0〉 ∈ Sym(HN ) and one wants to verify that
it was indeed prepared. If Π̂(n) is the projector onto the kernel of the reduction of |ψ0〉 to
n particles, then

Ŵ (N) =
p1 − Π̂(n)

p1 − p0
(8.69)

is a witness for the state |ψ0〉 as the expectation of the witness is a lower bound to the
fidelity with which |ψ0〉 was created. Note that in contrast to learning the state in the labo-
ratory, this simply verifies that it was indeed created (and hence requires prior knowledge
of the prepared state).

(iv) In general, let σ̂(N) be an estimate of the state %̂(N) prepared in the laboratory and con-
struct the operator Π̂(N) from its reduction to n sites. Let {|ψk〉} be the eigenvectors of
Π̂(N) corresponding to the eigenvalues smaller than p∗. Further, let %̂(n) be the reduced
density matrix of the state prepared in the laboratory. Then, Lemma 21 provides a lower
bound on the overlap of the subspace given by {|ψk〉} with respect to the desired state
%̂(N). Additional measurements in this subspace allow for a determination of a mixed
state spanned by these vectors.

Remark (iv) outlines an adaptive reconstruction procedure for symmetric states: First, deter-
mine the reduced density matrix on n particles by estimating the Wigner coefficients %(W,N)

k,q for
k = 0, . . . , n and q = −k, . . . , k. Here, the number of measurements is constrained by the
available resources, that is, the available experiment time. Secondly, reconstruct a state estimate
by an appropriate matrix completion algorithm (e.g., the singular value thresholding algorithm,
gradient projection techniques or the iterative maximum likelihood method). Thirdly, compute
the reduced density matrix of the state estimate and construct the operator Π̂(N) from the latter.
Fourthly, the kernel of Π̂(N) together with the results of Lemma 21 specifies a subspace together
with a lower bound on the overlap of this subspace and the state in the laboratory. This subspace
is pivotal for the state prepared in the laboratory and hence worth for further investigations. In
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a sense, this reconstruction procedure gives feedback for the experimental strategy as it allows
to determine significant parts of the Hilbert space that are crucial for the considered symmetric
state.

8.5 Numerical Simulations

In this section, we present results of the singular value thresholding algorithm for a state recon-
struction in the symmetric subspace. The input to this algorithm is the n-particle reduced density
matrix of the considered state. We analyze the performance of the algorithm for coherent and
spin-squeezed states, see Subsection 1.3.3. Errors in the measurement process are simulated by
adding Hermitian noise to the exact state |ψ〉 ∈ Sym(HN ) [112], i.e.,

%̂′ = |ψ〉〈ψ|+ σ∆%̂, (8.70)

where ∆%̂ = (Ĝ + Ĝ†)/
√

2j + 1. The entries of the matrices Ĝ are picked from a complex
Gaussian distribution with zero mean and standard deviation one.
We start by analyzing the performance of the algorithm for a coherent state |θ, φ〉 on N = 500
particles with parameters θ = π/2 and φ = 0, see Equation (1.168). First, we determine
the exact expectation values of the reduced density matrices corresponding to n sites, i.e., the
coefficients %(W,n)

k,q for q = −k, . . . , k and k = 0, . . . , n, before we apply the singular value
thresholding algorithm to these measurements. The input to the reconstruction scheme are re-
ductions to n = 2 and n = 4 atoms and experimental noise is simulated as described above
with σ = 0.05 [112]. The parameters in the algorithm are τ = 100 and δk = 1.98 and
we stop the iteration after 20 000 steps. We find f

(
|π/2, 0〉, %̂(N)

rec
)

= 0.8935 for n = 2 and

f
(
|π/2, 0〉, %̂(N)

rec
)

= 0.9951 for n = 4, where

f
(
|θ, φ〉, %̂(N)

rec

)
= 〈θ, φ|%̂(N)

rec |θ, φ〉 (8.71)

denotes the fidelity of the reconstructed state %̂(N)
rec with respect to the exact coherent state |θ, φ〉.

It is remarkable that the state estimate – already for measurements on n = 4 particles – is very
close to the exact pure state in therms of the fidelity.
Next, we analyze spin-squeezed states |ψµ(θ, φ)〉 on N = 100 particles, see Equation (1.170).
Figure 8.1 presents the Wigner functions of the exact and the reconstructed states with parame-
ters µ = 0.05, θ = π/2 and φ = 0 when the reductions to n = 2, n = 4, and n = 6 atoms are
known. The Wigner function of the reconstructed states are represented by a Hammer projection
similar to the two-dimensional depiction of the globe [112]. The results suggest that techniques
from the field of matrix completion help to obtain symmetric state estimates when only a small
subset of a tomographically complete set of measurements is known. Note that the estimates are
all positive semidefinite Hermitian matrices as opposed to, e.g., the estimates obtained from a
direct inversion of the measurements [113].

8.6 Discussion

In this chapter, we reviewed different representations of states constrained to the symmetric sub-
space Sym(B(HN )) of the full Hilbert space. We introduced the Clebsch-Gordan basis (i.e., the
multipole operators) and discussed how the coefficients of a symmetric state with respect to this
basis can be determined experimentally. These coefficients are equivalent to the coefficients of
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Figure 8.1: Results of the singular value thresholding algorithm (2.47) for a spin-squeezed state
with µ = 0.05 for N = 100 particles, i.e., |ψµ(π/2, 0)〉. The parameters in the algorithm are
τ = 100 and δ = 1.98. All plots show the Wigner function with kmax = 40 [112] . (a): Exact
spin-squeezed state, (b): reconstructed Wigner function where the reductions to n = 2 particles
are known, (c): estimate with n = 4, and (d): n = 6. We stop the algorithm after 20 000

iterations and find f
(
|ψµ(π/2, 0)〉, %̂(N)

rec
)

= 0.8574 for n = 2, f
(
|ψµ(π/2, 0)〉, %̂(N)

rec
)

= 0.9874

for n = 4, and f
(
|ψµ(π/2, 0)〉, %̂(N)

rec
)

= 0.9992 for n = 6.

the Wigner function which is a unique representation of the symmetric state on a sphere. Further-
more, we discussed the P representation which yields an equivalent representation of symmetric
states. The combination of properties of the Wigner function and the P representation allows to
identify the coefficients that specify the n-particle reduced density matrices of these states. As
these coefficients are experimentally available, and the intuition from Chapter 5 suggests that
many interesting states are uniquely determined by their reduced density matrices, we reformu-
lated the reconstruction procedure as a matrix completion problem in the symmetric subspace
with respect to the Clebsch-Gordan basis. Numerical simulations exploiting the singular value
thresholding algorithm introduced in Subsection 2.2.4 suggest that this reconstruction principle
is capable of completing the entries of the state that have not been determined experimentally.
Moreover, we outlined a strategy to certify and verify the state prepared in the laboratory only by
means of the n-particle reduced density matrix. This, together with the results of the numerical
simulations, suggests that tomography of symmetric states on a large number of particles is still
feasible when restricting to the measurements that specify the n-particle reduced density matrix
of the considered state.



Summary and Outlook

This work presented different aspects of efficient system identification and characterization for
quantum many-body systems. The main obstacle with respect to these systems is the exponential
growing dimension of the considered Hilbert spaces for finite-dimensional compound quantum
systems. The focus throughout this thesis was to develop theoretical methods to overcome the
resulting limitations. In particular, we discussed a strategy to lower bound the ground state en-
ergy of Hamiltonians of condensed matter systems [B1] and introduced several reconstruction
techniques for large-scale quantum state tomography on one-dimensional geometries [B2,B3]
and symmetric systems. In what follows, we briefly summarize the content of this thesis. In par-
ticular, we highlight the minor and major contributions that are spread throughout the chapters:
In Part I, we discussed the characterization of quantum states on a large number of constituents.
We reviewed the family of matrix product states [43, 95, 114] and operators [131, 142] and dis-
cussed their importance and properties in great detail.

(i) In Chapter 1, we generalized a result presented in [130] justifying the approximation of
matrix product states to the mixed setting. By exploiting techniques similar to those in the
original proof for pure states, we were able to show that the norm difference in terms of the
Frobenius norm for every mixed state with respect to a (particular) matrix product operator
is upper bounded by an expression given by the truncation errors for each bipartite splitting
of the considered state.

Moreover, we reviewed the totally symmetric subspace and motivated the efficient description
of these systems [56]. In Chapter 2, we discussed a number of tomography schemes that are
applicable to small quantum systems [13, 45, 51, 52, 63, 67, 94, 103]. The first part of this thesis
laid the foundation for the subsequent chapters as it introduced the main objects of this thesis:
matrix product states and operators together with the totally symmetric quantum states and,
further, discussed tomography schemes that we set out to generalize to large quantum systems.
In the first chapter of Part II, i.e., Chapter 3, we reviewed means to efficiently simulate ground
states and thermal states of quantum systems corresponding to local Hamiltonians [104, 114,
133–135, 142]. Here, we exploited matrix product structures to tackle the exponentially scaling
Hilbert space dimension. What is more, the pure state algorithm allows to upper bound the
ground state energy of quantum many-body Hamiltonians.

159
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(ii) In contrast, the method outlined in Chapter 4 is probably the most direct and intuitive
approach to lower bound the ground state energy of condensed matter systems. Avoiding
the explicit treatment of a quantum state description in the energy minimization prob-
lem and introducing, instead, an optimization over reduced density matrices [65, 77, 79]
together with the formulation of N -representability conditions [26, 47] allowed for the
implementation of a fast algorithm to solve the optimization problem. The combination
with Dykstra’s algorithm and the introduction of further constraints, such as particle num-
ber conservation or translation invariance of the systems, resulted in a powerful tool for
the determination of lower bounds [B1]. These results – together with common DMRG
methods such as the one discussed in Chapter 3 – now allow us to efficiently bound the
ground state energies of condensed matter systems from above and below.

The largest part of this thesis, Part III, focused on the discussion and development of reconstruc-
tion schemes for large-scale quantum state tomography. From chapter to chapter, we generalized
the class of states for which the reconstruction methods are applicable. In Chapter 5, we moti-
vated that a large class of pure states is uniquely determined by local information only, exploiting
the framework of parent Hamiltonians [95]. The discussion of the 1-SVT algorithm revealed that
there are means to invert these measurements to obtain a valid state estimate [30]. What is more,
we showed that the parent Hamiltonians for a certain class of states are obtained by the reduced
density matrices specifying the state uniquely. This led to a simple strategy of large-scale state
tomography for pure states: First, determine the expectation values that, together, constitute
the reduced density matrices on all blocks of contiguous sites. Secondly, determine the parent
Hamiltonian from these reductions and, thirdly, determine the ground state of this local Hamil-
tonian to obtain a state estimate. We discussed that the pure state estimates can be certified by
constructing a lower bound on the overlap of the estimate with the state prepared in the labora-
tory exploiting only local information. Moreover, the same techniques verify that a particular
state has been prepared in the laboratory [30].

(iii) In Chapter 6, we introduced a direct reconstruction scheme for mixed quantum states [B2].
Input to the reconstruction scheme were, again, the reduced density matrices to R con-
tiguous sites, reducing the number of measurements that are required for this tomography
procedure. In this scheme, the state estimates are represented as matrix product opera-
tors such that they can be stored and manipulated on classical computers. The crux lay
in the identification of the invertibility condition that allowed us to rigorously prove the
reconstruction algorithm for states satisfying this constraint.

(iv) Moreover – in Chapter 6 – we proved that injective matrix product operators satisfy the
invertibility condition [B2]. Hence, injective matrix product operators are uniquely deter-
mined by their reduced density matrices on all blocks of R contiguous sites. This is in
close analogy to the well-known result that injective matrix product states are the unique
ground states of local Hamiltonians [95], and as such uniquely specified by their reduced
density matrices.

(v) In Chapter 6 we have demonstrated that – already for system sizes available today –
the scalable tomography schemes compare with results obtained by conventional recon-
struction techniques [B2]. This has been shown by applying these techniques to real
experimental data obtained in an ion trap experiment of a W state implemented on eight
qubits [54]. Superior to standard reconstruction techniques, the scalable methods require
only local measurements, that is, far less measurement settings.
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While the reconstruction algorithm introduced in Chapter 6 is fast and obtains satisfactory re-
sults, it suffers from the fact that, for experimental data, it may yield state estimates with negative
eigenvalues and, furthermore, allows only local measurements as input. If positivity is required
or global measurements are necessary, the reconstruction algorithm presented in Chapter 7 al-
lows one to overcome these drawbacks.

(vi) The reconstruction algorithm discussed in Chapter 7 is equivalent to the standard maxi-
mum likelihood algorithm for small system sizes [103]. We have shown that under mod-
erate conditions this algorithm is implementable by matrix product states and operators
and hence, scalable in the system sizes [B3]. The only constraint on the application of this
tomography scheme is that the set of measurement operators is polynomial in the system
size and that the individual POVM elements are of tensor product form. Superior to other
scalable schemes, this reconstruction algorithm handles not only local measurements, but
also global POVM elements allowing for a broader application of this technique. What
is more, the algorithm contains the positivity of the current iteration throughout the com-
putations. For large enough bond dimension, this feature may be preserved such that the
output is close to a positive semidefinite quantum state.

After discussing reconstruction algorithms for one-dimensional lattices, we introduced a means
to perform efficient state tomography in the symmetric subspace for states of indistinguishable
particles in Chapter 8.

(vii) The linear scaling of the dimension of the symmetric subspace allowed to apply algo-
rithms developed in the field of matrix completion [19, 21, 45, 102] to perform state to-
mography for a large number N of indistinguishable particles. In Chapter 8, we identified
the Clebsch-Gordan basis [1,17,35,113] as a suitable basis to perform matrix completion
and discussed how the reduced density matrix to n < N particles is related to the mea-
surements that are available in experimental setups [106, 111, 113]. The applied singular
value thresholding algorithm [19] yields positive semidefinite state estimates, compared to
indefinite density matrices that might appear in standard linear inversion techniques when
applied to noisy data [113].

(viii) Moreover, in Chapter 8, we showed how to construct a subspace together with a lower
bound of the overlap of this subspace with respect to the N -particle state prepared in
the laboratory only exploiting the n-particle reduced density matrix. The so-constructed
subspace might be the subject for further measurements, giving rise to an adaptive tomog-
raphy scheme.

Although the list of potential reconstruction methods increased through the results of this thesis,
the quest to establish a rigorous framework and toolbox for large-scale quantum tomography
is by no means completed: (i) The reconstruction schemes discussed and introduced in this
thesis can be seen as generalizations of inversion techniques [67] or the maximum likelihood
principle [63, 103] to large quantum systems. Therefore, it would be interesting whether one
finds scalable generalizations of schemes that rely on the Bayesian interpretation of statistical
inference [13, 101]. It is well known that maximum likelihood techniques are biased towards
rank deficient states [13] – exploiting Bayesian methods might overcome this issue. (ii) It is
necessary to develop rigorous bounds on distance measures with respect to the true state in the
laboratory and the reconstructed estimate. This would certainly strengthen the scalable schemes
when it comes to judge the accuracy of the state estimate for real experimental data. For pure
states, some progress in this direction has been reported which allows one to lower bound the
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overlap with a specific subspace that is determined by the measured reduced density matrices of
the prepared states [30]. For mixed states, however, a method to bound any distance measure
only by means of measurements on subsystems is still lacking. (iii) Having gained much insight
into large-scale quantum state tomography, it is certainly worthwhile to connect these meth-
ods to Hamiltonian and quantum process tomography exploiting the structure of matrix product
states and operators [118]. (iv) Studying higher dimensional efficient representations of quan-
tum states (e.g., projected entangled pair states – PEPS [129]; or the multi-scale entanglement
renormalization ansatz – MERA [136, 137]) and their properties will result in scalable quantum
state tomography methods together with reconstruction algorithms for, e.g., two-dimensional
systems [74]. So far, the methods for efficient state tomography discussed in this thesis mainly
apply to one-dimensional lattice systems. Extending the scalable schemes to higher dimensions
is relevant to address the problem of characterizing states involved in, e.g., non-trivial quantum
circuits. (v) Related to the scalable tomography schemes for one-dimensional systems is the
question of which states are uniquely determined by local measurements (e.g., by all reduced
density matrices on blocks of R contiguous particles). It is well known that injective matrix
product states are uniquely specified locally [30] and, additionally, that they are the unique
ground states of local Hamiltonians [95]. For mixed states, we have seen that injective matrix
product operators are uniquely determined by their reduced density matrices [B2]. A physical
interpretation of these states, however, is still lacking. Hence, it is desirable to answer questions
like: Are injective matrix product operators the unique steady states of local Lindbladians?
Finally, (vi) the point of quantum state tomography is to reconstruct experimentally prepared
quantum states and, hence, the demonstration of the performance of the presented algorithms
for experimental data and large system sizes, i.e., for systems where the conventional techniques
fail, deserves the highest priority.
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Notations

Some specific sets

A Some set (capital italic letter).
|A| Cardinality of the set A.
∆ Some index set (capital Greek letter).
N Set of indices describing a quantum system composed of N subsystems, i.e.,

N = {1, . . . , N}.
I,J Sets of indices describing subsets of a quantum many-body system, i.e., I ⊆

{1, . . . , N} and J ⊆ {1, . . . , N}.
R Real numbers.
Rn Euclidean n-dimensional real vector space.
Rn×m Euclidean vector space of n×m dimensional real matrices.
C Complex numbers.
Cn Euclidean n-dimensional complex vector space.
Cn×m Euclidean vector space of n×m dimensional complex matrices.
Z Set of integers (positive, negative, and zero).
H Complex Hilbert space equipped with a scalar product.
B(H) Hilbert space of all bounded operators acting on H. B(H) is equipped with a

scalar product.
Hk Complex Hilbert space equipped with a scalar product for subsystem k.
HI Complex Hilbert space equipped with a scalar product for the subsystem spec-

ified by the index set I.
HN Complex Hilbert space equipped with a scalar product for a one-dimensional

system composed of N subsystems.
D State space for either pure or mixed states. The context should make this un-

ambiguous.
MD Set of all matrix product states (or operators, the context should make this

unambiguous) of bond dimension D.
SN Symmetric group of N distinct elements.
Sym(HN ) Symmetric subspace of the Hilbert spaceHN .
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Vectors, matrices and operators

δij Kronecker delta with δi,j =

{
1 i = j

0 i 6= j.

x Vector (bold lower case letters).
xi ith entry of vector x.
1n×n n× n identity matrix.
On×m n×m zero matrix.
X Matrix (capital letter).
Xi,j Entry in the ith row and jth column of matrix X .
X̂ Operator. Note that the notation of an operator and its matrix representation in

a specific basis is used interchangeably throughout this thesis.
|x〉 State vector. Note that the notation of a state vector and its vector representa-

tion in a specific basis is used interchangeably throughout this thesis.
xT Vector transpose.
x∗ Complex conjugate of vector x.
x† Hermitian transpose (conjugate transpose) of vector x, x† = (x∗)T .
XT Matrix transpose.←→
X General transpose as defined in Lemma 7.
X∗ Complex conjugate of matrix X .
X† Hermitian transpose (conjugate transpose) of matrix X , X† = (X∗)T .
X−1 Inverse of matrix X .
X‡ Moore-Penrose inverse (pseudoinverse) of matrix X . If X = UΣV † is the

singular value decomposition of X then X‡ = V Σ‡U †, where Σ‡ is the trans-
pose of the matrix Σ in which the positive singular values of X are replaced
by their reciprocals. Also denoted as X† = X̄ .

X ≥ 0 Matrix X is positive semidefinite. X ≥ Y is equivalent to X − Y ≥ 0, i.e.,
the matrix X − Y is positive semidefinite.

X̂T Operator transpose.
X̂∗ Complex conjugate of operator X̂ .
X̂† Hermitian transpose (conjugate transpose) of operator X̂ , 〈a|X̂†|b〉 =

〈b|X̂|a〉∗ for all |a〉, |b〉 ∈ H.
X̂ ≥ 0 Operator X̂ is positive semidefinite, i.e., 〈a|X̂|a〉 ≥ 0 for all |a〉 ∈ H.
|ψ〉 State vector of a pure quantum state.
〈ψ| Vector dual of |ψ〉.
%̂ Density operator of a mixed quantum state.
Re[a] Real part of a ∈ C.
Im[a] Imaginary part of a ∈ C.
|a| Absolute value of a ∈ C.
tr[X] Trace of matrix X (or operator X̂).
X ⊗ Y Kronecker product (tensor product) of the elements X and Y . Note that X,Y

could either be vectors, matrices, state vectors or operators.
X ⊕ Y Direct sum of the elements X and Y . Note that X,Y could either be vectors,

matrices, state vectors or operators.
rank[X] Rank of matrix X .
trB[X] Partial trace of matrix X (or operator X̂). Let X̂ = |a1〉〈a2| ⊗ |b1〉〈b2| be an

operator that can be composed into two subsystems A and B with the vectors
|ai〉 ∈ A and |bi〉 ∈ B for i = 1, 2. Then trB[X] = |a1〉〈a2| tr (|b1〉〈b2|)
implies computing the trace over the state space B.
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diag (x) Diagonal matrix with entries x1, . . . , xn.
σi (X) ith largest singular value of generic matrix X .
P̂ (i) Operator basis forH = Cd×d, i = 1, . . . , d2. The same symbol is used for the

Pauli basis, see Definition 2.
σ̂(i) Pauli matrices with i = X,Y, Z and I , see Definition 2.

Norms

〈X,Y 〉 Scalar product of element X with element Y . Note that X,Y could either be
vectors, matrices, state vectors or operators.

||x|| Euclidean norm (l2 norm) of vector x ∈ Cn, ||x||2 =
∑n

i=1 |xi|2.
||X||F Frobenius norm (Hilbert-Schmidt norm) of matrix X ∈ Cm×n, ||X||2F =

tr[X†X] =
∑n

j=1

∑m
i=1 |Xij |2.

||X||∗ Nuclear norm (trace norm) of matrix X ∈ Cm×n, ||X||∗ = tr
[√
XX†

]
=∑r

i=1 σi(X) where r is the rank of the matrix X . Often denoted as tr[|X|] =

tr
[√
XX†

]
= ||X||∗.

||X|| General, unitarily invariant norm of matrix X ∈ Cm×n.

Functions

f : A → B f is a function of the set A into set B.
argmin
x∈A

f (x) Minimal argument, i.e., x0 = argminx∈A f (x) is a vector minimizing the
function f in the set A.

min
x∈A

f (x) Minimum of a function f for x ∈ A.

max
x∈A

f (x) Maximum of a function f for x ∈ A.

bxc Floor function, i.e., bxc = max{m ∈ Z |m ≤ x}.
dim[H] Dimension of the Hilbert spaceH.
poly(x) Polynomial of arbitrary degree in the variable x.
ran[F ] Range of the linear map F .
ker[F ] Kernel of the linear map F .
E[X] Expectation value of random variable X .
C(Xi, Xj) Covariance of the random variables Xi and Xj (entries of the covariance ma-

trix C for the random variablesX).

[x]+ Positive part of the vector x, i.e., [x]+ =

{
xi xi ≥ 0

0 xi < 0.
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