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Overview

This thesis contains selected results obtained during my time as a PhD student in
Ulm. It is divided into three parts reflecting three areas I was working on. At the
beginning of each part, there is an introductory chapter explaining the concepts
and definitions of the subsequent chapters. There we also give an overview on
related work and discuss the impact of our results. Every chapter, beside the
introductory chapters, contains the results of one manuscript I (co-)authored,
respectively. Some of the discussions found in these manuscripts I borrowed for
this thesis.

Let me shortly introduce the three parts. The first part includes two results
on the Erdős-Pósa property, where a family F of graphs has the Erdős-Pósa
property if there is a function f : N → N such that for every positive integer k
and every graph G, the graph G contains k disjoint copies of members from F
or there is a set X of vertices of G with |X| < f(k) such that G−X contains no
member from F . This notion is motivated by a result of Erdős and Pósa who
proved the Erdős-Pósa property for cycles [36].

In Chapter 2 we verify the Erdős-Pósa property for the family of cycles of
length at least ` containing at least one vertex of a prescribed set of vertices.
Note that this extends several previous results [40, 62, 85], in particular, it
extends the original result of Erdős and Pósa if we set ` = 3 and choose as our
prescribed set of vertices the entire vertex set.

In Chapter 3 we prove the Erdős-Pósa property for the family of odd cycles
containing at least one vertex of a prescribed set of vertices in graphs of suffi-
ciently high connectivity. Note that this family does not have the Erdős-Pósa
property if we omit the restriction to graphs of sufficiently high connectivity.
This result also extends several previous results [64, 86, 102].

The second part deals with geometric representations of graphs. We mainly
focus on intersection representations. That is, given a graph with vertex set
{v1, . . . , vn}, we assign to every vertex vi a geometric set Ai from some universe
Ω and two vertices vi, vj are joined by an edge if and only if Ai ∩ Aj 6= ∅.

In Chapter 5 we give a characterization of all graphs having an intersection
representation of stars in a tree. This corrects a serious flaw in a result of
Chang et al. [21] who claimed to have such a characterization. Moreover, in
Chapter 6 we characterize all graphs having an intersection representation where
Ai is a unit interval (open, closed, half-open) of the real line. This disproves a
conjecture of Dourado et al. [31].

Chapter 7 is devoted to results on the parameter Boxicity, which is defined
as the minimum dimension d in which a graph admits an intersection represen-
tation of axis-aligned boxes in Rd. We present among other results an additive
1-approximation FPT-algorithm for Boxicity parameterized by pathwidth.
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In the third part, we focus on induced matchings, where an induced matching
is the edge set of an induced 1-regular subgraph. Closely related to induced
matchings is the strong chromatic index χ′s(G) of a graph G defined as the
least number k such that the edge set of G admits a partition into k induced
matchings. A very famous open problem in this area is the conjecture of Erdős
and Nešetřil [38] claiming that χ′s(G) ≤ 5

4∆(G)2. This conjecture is widely open.
Molloy and Reed [80] showed χ′s(G) ≤ 1.998∆(G)2 for graphs of sufficiently large
maximum degree improving the trivial greedy bound χ′s(G) ≤ 2∆(G)2−2∆+1.

As one of the nicest results in this thesis, we present in Chapter 9 a proof for
χ′s(G) ≤ 1.93∆(G)2 for graphs of sufficiently large maximum degree. For this
result we need to show that certain a random variable X determined by several
independent random variables, is concentrated around its expected value. One
tool commonly used in the literature is Talagrand’s inequality [98]. However,
this inequality requires some kind of smoothness of X. We prove that it is
enough to have smoothness with high probability. Therefore, our inequality is
suitable for more applications than before.

In Chapter 10, we prove a tight lower bound for the induced matching num-
ber νs(G) for subcubic graphs in terms of the order and the size of G, respec-
tively. In Chapter 11, we show an analogous result for graphs of maximum
degree 4.

In Chapter 12, we give a tight lower bound for νs(G) in terms of the order
and the maximum degree if the maximum degree is at least 1000.

Last but not least, we present in Chapter 13 a very compact characterization
of graphs G satisfying ρk(G) = ρ2k(G), where ρk(G) is the k-packing number of
G defined as the largest integer p such that G contains a set of p vertices with
pairwise distance more than k in G. Note that a 1-packing equals an indepen-
dent set. Our characterization generalizes a result of Cameron and Walker [18]
describing all graphs having the same matching number and induced matching
number.

We consider only finite graphs. Usually our graphs are simple (there is only
one edge between two distinct vertices and no loops) unless stated otherwise.
Throughout the thesis we use standard notation as in the textbooks of Diestel
and West [28, 107].
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Part I

The Erdős-Pósa property
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Chapter 1

Introduction to the
Erdős-Pósa property

In this part we investigate the relationship between the packing number and the
covering number of families of graphs. For a family of graphs F and a graph G,
let a packing of F in G be collection of disjoint copies of members from F in G
and let a covering of F in G be a set of vertices that meets all copies of members
from F in G. Moreover, let the packing number νF (G) be the maximal number
of disjoint copies of members from F in G, and let the covering number τF (G)
be the least number of vertices that meet all copies of members from F in G.
If F = {F}, then we abbreviate ν{F}(G) and τ{F}(G) by νF (G) and τF (G),
respectively.

On the one hand, we directly conclude that

νF (G) ≤ τF (G),

for every family F of graphs and every graph G, because for every graph in a
packing one needs a private vertex to cover this graph.

On the other hand, it is an open problem to determine the families F for
which a function f : N→ N exist such that

τF (G) ≤ f(νF (G)).

Let us consider some examples. The packing number νK2 of a single edge is
also known as the matching number and τK2

is also known as the vertex cover
number – the least number of vertices in a set X such that every edge is incident
to at least one vertex in X. Since for every maximal matching M , the set of all
vertices incident to edges in M forms a vertex cover, we obtain

τK2(G) ≤ 2νK2(G)

for every graph G.
The same idea works for all families of graphs F where the orders of the

graphs in F are bounded by a constant CF ; that is, |F| is finite. Because the
vertices of all members in a maximal packing is always a covering of F in G, we
conclude in such cases

τF (G) ≤ CFνF (G).

5
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Thus for all finite families F , there is a linear function that bounds the covering
number in terms of the packing number. In view of complete graphs of suitable
orders, this is best possible up to a constant factor. Henceforth, we consider
only infinite families.

In their seminal work, Erdős and Pósa proved in 1962 that the covering
number is bounded in terms of the packing number for the family of cycles [36].
Therefore, we say F has the Erdős-Pósa property if there is a function f : N→ N
such that for every positive integer k and every graph G, the graph G contains
k disjoint copies of members from F or there is a set X of vertices of G with
|X| < f(k) such that G−X contains no member from F .

There is a huge number of results about families of graphs which have the
Erdős-Pósa property and about families which do not.

Theorem 1.1 (Fiorini and Herinckx [40]). For any graph and integers `, k,
the graph contains k disjoint cycles of length at least ` or a vertex set of size
O(` · k log k) that meets all such cycles.

The last mentioned theorem was proven with a weaker bound for the hitting
set by Birmelé, Bondy, and Reed [9]. The following seminal result is due to
Robertson and Seymour as a by-product in their Graph Minor Project.

Theorem 1.2 (Robertson and Seymour [93]). If F is the family of all graphs
that contain a fix graph F as a minor, then F has the Erdős-Pósa property if
and only if F is planar.

Note that Theorem 1.2 includes Theorem 1.1 by setting F = C`. Other
results include the following examples about families which have the Erdős-Pósa
property:

• the family of cycles of length 0 mod m for any integer m ≥ 2
(Thomassen [101]),

• the family of cycles of length not equal to 0 mod m for any odd integer
m ≥ 3 (Wollan [108]),

• and the family of all (directed) cycles in a digraph (Reed et al. and Havet
and Maia [89, 49]).

Other natural classes of graphs, in contrast, fail to have the Erdős-Pósa
property: for example, the family of odd cycles, clique minors (graphs that can
be contracted to a given complete graph Kp with p ≥ 5), and the family of
cycles of length ` mod m for any ` 6= 0 and even m. Somewhat surprisingly, this
changes if high connectivity is imposed. Indeed, in highly connected graphs,
odd cycles do have the Erdős-Pósa property, see Thomassen [102], Rautenbach
and Reed [86], and Kawarabayashi and Wollan [65]; as do clique minors, see
Diestel et al. [29]; and as do cycles with arbitrary modularity constraints, see
Kawarabayashi and Wollan [65].

Another line of research is due to Kakimura, Kawarabayashi and Marx [62]
who were the first extending the Erdős-Pósa theorem to S-cycles, the cycles in
a graph that each contain a vertex from a given vertex set S. The bound on
the hitting set in the theorem below is due to Pontecorvi and Wollan [85].

Theorem 1.3 (Kakimura et al. [62], and Pontecorvi and Wollan [85]). For
any graph, any vertex subset S and any integer k, the graph contains k disjoint
S-cycles or a vertex set of size O(k log k) that meets all S-cycles.
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Clearly Theorem 1.3 extends the original result by Erdős and Pósa by setting
S = V (G). Remarkably the bound on the hitting set is still of the magnitude
k log k.

We bring these two divergent directions together. That is, we prove the
following result, which extends both Theorems 1.1 and 1.3.

Let k and ` be integers. For any graph G and any subset of
vertices S at least one of the following holds:

(a) there exist k vertex-disjoint S-cycles of length at least `, or

(b) there is a set X with |X| = O(` · k log k) such that G − X
does not contain any S-cycle of length at least `.

Pontecorvi and Wollan describe anO(mn)-time algorithm that returns one of
the two possible outcomes of their Theorem 1.3. Our proof is also of algorithmic
nature.

Let f(`) = 22`(2`)! for positive integers `. There is an algorithm
that, on input of a graph G, a vertex subset S of size s and
integers k and `, computes in time O(k log k · s2 · (f(`) ·n+m))
one of the two outcomes (a), (b) of the result above.

Note that this algorithm runs in FPT time when parameterized by `. In
fact, the factor f(`) comes from the subroutine of finding cycles of length at
least `. Since this problem is NP-hard in general, we cannot expect a running
time which is polynomial in `.

As already mentioned earlier the family of odd cycles does not have the
Erdős-Pósa property but gain it if we impose sufficiently high connectivity. The
third main result concerning the Erdős-Pósa property is that this is also true
for the family of all odd S-cycles.

For any integer k, any 50k-connected graph G, and any subset S
of at least k vertices of G, at least one of the following statements
hold:

(a) G contains k disjoint odd S-cycles.

(b) There is a set X with |X| ≤ 3k − 3 such that G − X is
bipartite.

For more discussion on these results and the proof of those we refer the
reader to the following two chapters.
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Chapter 2

Long cycles through
prescribed vertices

In this chapter we combine the two directions of research – the study of S-cycles
and the study of long cycles – and prove the following theorem.

Theorem 2.1 ([14]). Let k and ` be integers. For any graph G and any subset
of vertices S one of the following holds:

(a) there exist k vertex-disjoint S-cycles of length at least `, or

(b) there is a set X with |X| = O(` · k log k) such that G−X does not contain
any S-cycle of length at least `.

Moreover, we present the proof in an algorithmic way such that it is easy to
extract an algorithm from the proof.

Theorem 2.2 ([14]). Let f(`) = 22`(2`)! for positive integers `. There is an
algorithm that, on input of a graph G, a vertex subset S of size s and integers
k and `, computes in time O(k log k · s2 · (f(`) ·n+m)) one of the two outcomes
(a), (b) of Theorem 2.1.

For a vertex set or subgraph H of some graph, we call a path an H-path
if the endvertices of the path are contained in H, while all internal vertices lie
outside H.

The best known proof of the Erdős-Pósa theorem is certainly due to Si-
monovits [95]. Indeed, both later proofs of the Theorems 1.1 and 1.3 rely on
refinements of Simonovits’ strategy. We will follow it as well.

In his proof Simonovits grows step by step a subgraph H of the graph G that
encapsulates at the same time a candidate hitting as well as a set of disjoint
cycles. The graph H is a subdivision of a cubic multigraph, and it turns out
that either H has many vertices of degree 3, in which case there are many cycles,
or there are few of them, which means they may play the role of hitting set.

That any such H with many vertices of degree 3 yields many disjoint cycles
is due to the theorem below. For an integer k ≥ 2 let

sk = 4k(log k + log log k + 4),

while we put sk = 1 for k = 1. (The logarithm is base 2.)

9



10 CHAPTER 2. LONG CYCLES THROUGH PRESCRIBED VERTICES

Theorem 2.3 (Simonovits [95]). Every cubic multigraph with at least sk many
vertices contains k disjoint cycles.

We note that the proof of the theorem can be turned into an algorithm that
runs in O(n)-time.

For the proof of our main result we naturally borrow some arguments from
Fiorini and Herinckx [40], from Pontecorvi and Wollan [85]. In particular, both
pairs of authors, Fiorini and Herinckx, and Pontecorvi and Wollan adapt Si-
monovits’ graph H so that it only contains cycles of the desired kind, that is,
either long cycles or S-cycles. We will do the same and force H to contain only
long S-cycles. Ensuring that this is still the case when we grow H takes up the
main effort of the proof.

The inductive proof of Fiorini and Herinckx relies on a result of Birmelé
et al. [9]1 for its base case: that every graph without two disjoint long cycles
has a hitting set of size at most 2` + 3. Strikingly, this case turns out to be
the longest and most involved part in the argumentation of [9].2 Moreover, the
non-constructive nature of the proof makes it difficult to extract an algorithm
from it.

Rather than extending the proof of Birmelé et al. to long S-cycles, we avoid
this somewhat complicated part completely. In that way, we not only can
present a shorter and simpler proof but also directly obtain an algorithm, with
only a little extra work.

2.1 The proofs

In this section we assume that G is a graph and S is a subset of the vertices of
G. Moreover, let k, ` be positive integers.

For a vertex set (interpreted as a graph without edges) or subgraph H of
some graph, we call a path an H-path if the endvertices of the path are contained
in H, while all internal vertices lie outside H and it contains at least one edge
not belonging to H. In particular, an H-path contains at least one edge.

We call a cycle (in G) long if its length is at least `. Let H be a subgraph
of G. A set X ⊆ V (H) is wide if any path in H with first and last vertex in
H −X that contains a vertex of X has length at least `.

A subgraph H of G is a frame if

• every vertex of H has degree 2 or 3 in H; and

• every cycle contained in H is a long S-cycle.

Any vertex of degree 3 of H is a branch vertex, and we usually denote the set
of branch vertices by B.

Step by step, we will make our frame larger. Here is a simple way to do just
that.

Lemma 2.4. Let H be a frame, and let X ⊆ V (H) be wide and containing all
branch vertices of H. Consider an H-path P of G−X that links two components

1 The main result of Birmelé et al. in [9] says that every graph without k long cycles
contains a hitting set for long cycles of size O(`k2) proved by induction on k.

2 While the result was recently improved by Meierling et al. [79], the proof still takes a
substantial effort.
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of H −X. If every cycle in H ∪ P (that passes through P ) is an S-cycle, then
H ∪ P is again a frame with more branch vertices than H.

Proof. Let H ′ = H ∪ P . Since X is wide, every cycle in H ′ is long. Moreover,
by assumption, every cycle in H ′ is an S-cycle. Finally, observe that H ′ satisfies
the degree condition because the branch vertices of H are contained in X.

A frame H might have pendant cycles; that is, a set K of pairwise disjoint
long S-cycles that each meet H in precisely one vertex.

For a tuple (H,K) of a frame together with a set of pendant cycles we define
its score as the tuple (|B|, |S ∩ V (H)|+ |K|). We order scores lexicographically,
which means that (H ′,K′) has larger score than (H,K) if either H ′ has more
branch vertices than H, or if they have the same number of branch vertices but
the number of vertices in S contained in H ′ plus the number of cycles in K′ is
higher than for (H,K).

Proof of Theorem 2.1. Inductively, we define pairs (H,K) of a frame H together
with a set K of pendant cycles until we either find k disjoint long S-cycles or a
hitting set X as in the theorem. We start the construction with (∅, ∅).

Now, assume such a pair (H,K) to be already constructed. Let L be the set
of components of H that are cycles, and let B the set of branch vertices of H.
We define a multigraph H on B ∪ L as vertex set with edge set E : let H − L
be the cubic multigraph of which H −

⋃
C∈L C is a subdivision, and let each

C ∈ L be a loop of H that is incident with itself, seen as a vertex. Thus, any
edge P ∈ E of H is either a B-path in H or a cycle component of H.

We bound the size of H. By Theorem 2.3, there are k disjoint long S-cycles
in G if |B| ≥ sk−|L|. As |E| = 3

2 |B| + |L| and sk ≥ sk−1 + 3
2 , we may assume

that

|B| < sk and |E| < 3

2
sk−|L| + |L| ≤

3

2
sk. (2.1)

If K consists of at least k cycles, then again we can obviously stop as we require
the cycles in K to be pairwise disjoint long S-cycles. So we may assume that

|K| < k. (2.2)

These estimations give us an upper bound on the score:

the score of (H,K) is less than (sk, |S|+ k). (2.3)

Next, we define a wide vertex set X that is a candidate for the hitting set
sought for in the theorem. The set X comprises three types of subsets, namely
sets Xb for every branch vertex b of H, sets XP for every edge P ∈ E of E and
finally sets XK for every pendant cycle K ∈ K. We put

X =
⋃
b∈B

Xb ∪
⋃
P∈E

XP ∪
⋃
K∈K

XK . (2.4)

An illustration of the different types making up X is given in Figure 2.1.
We define the different types, beginning with the branch vertices. For every

branch vertex b ∈ B of H, we let Xb be the set of vertices of distance at most
`−1

2 to b in H. We note for later use that∣∣∣∣∣⋃
b∈B

Xb

∣∣∣∣∣ ≤ 3`
2 |B| and B ⊆ X. (2.5)
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Xb

XbXP
XK XP

Figure 2.1: Definition of X; vertices of S in black

Next, for each P ∈ E we define a set XP ⊆ V (H). If P is disjoint from S
then we simply put XP = ∅. If P is a path that contains some vertex from
S, we let sP be the first and s′P be the last vertex of S in P . In this case, we
choose XP to be the set of vertices of P of distance at most `−1

2 from {sP , s′P }
in P . Finally, if P ∈ L, that is, if P is a cycle component of H, then it has to
contain a vertex of S, since every cycle of H is an S-cycle. We pick some vertex
sP and let XP again be the set vertices of P of distance at most `−1

2 from sP
in P . We note that in any of the cases |XP | ≤ 2`.

Finally, for each K ∈ K there is, by definition, a unique vertex yK shared
by K and H. We define XK to be the set of vertices in H of distance at most
`− 1 to yK . Note that |XK \

⋃
b∈B Xb| ≤ 2`. We observe that

|X| ≤ 3

2
` · sk + 2` · 3

2
sk + 2` · k. (2.6)

This estimation follows from (2.1), (2.2), and (2.5). Note, moreover, that

X and X \ {yK}, for all K ∈ K, are wide sets. (2.7)

Having defined X, we observe that there are two possibilities. Either G−X
is devoid of long S-cycles, in which case we are done, or there is still such a
cycle. In that case, which will occupy the rest of the proof, we will change
(H,K) into a frame-pendant cycles pair (H ′,K′) of higher score. The score,
however, is bounded from above, by (2.3), which means that this procedure
eventually ends.

So let us consider a long S-cycle C in G − X. We distinguish three cases,
depending on whether C meets H nowhere, in one vertex or in more vertices.

The easiest case is when C is disjoint from H. If C is in addition disjoint
from the cycles in K, then H ∪ C is a frame and (H ∪ C,K) has higher score
than (H,K), as the former contains more vertices from S. Suppose C intersects
a cycle K ∈ K. Let P be a path in K joining C and yK . Now (H ∪ P ∪ C, ∅)
has a higher score than (H,K) as it contains two more branch vertices. Note
that there is no cycle in H ∪P ∪C containing an internal vertex of P and hence
H ∪ P ∪ C is a frame.

Next, assume that C meets H in precisely one vertex yC . If C is disjoint
from any cycle in K, we can add C to K. As then (H,K∪{C}) has higher score
than (H,K) we are done again. Thus, assume there is some K ∈ K having a
vertex with C in common. Note that this cannot be the unique vertex yK of K
in H as X contains all such vertices.

Pick some vertex s ∈ (C ∪K) ∩ S, which exists as both are S-cycles. Then
there exists an H-path Q through s in C ∪K: if s ∈ {yC , yK} then any path
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in C ∪K from yC to yK will do as Q; if s /∈ {yC , yK}, on the other hand, then
s cannot, in C ∪K, be separated by single vertex from {yC , yK}, which means
there is such a Q.

Applying Lemma 2.4 to Q and the set X − yK , which is wide by (2.7), we
see that H ∪Q is a frame with more branch vertices than H. Thus (H ∪Q, ∅)
has higher score than (H,K). This finishes the case of a unique common vertex
of H and C.

We turn to the remaining case: C meets H in at least two vertices. Since
C is an S-cycle, C contains an H-path Q∗ through a vertex of S or there is
a vertex s∗ ∈ V (H) ∩ V (C) such that the two neighbours of s∗ in C coincide
with two neighbours of s∗ in H. In the latter case, we denote the trivial path
starting and ending in s∗ also by Q∗.

If Q∗ links two components of H − X then we apply Lemma 2.4 again to
see that H ∪ Q∗ is a frame with more branch vertices than H. Consequently,
(H ∪Q∗, ∅) has higher score than (H,K) and we are done.

Therefore, Q∗ meets a single componentD ofH−X. Since all branch vertices
of H are contained in X, the component D of H−X is a subset of some P ∗ ∈ E .
As an H-path, Q∗ meets H and thus P ∗ in precisely its endvertices; let these
be q∗1 , q

∗
2 (if Q∗ is not an H-path but a trivial path, then let q∗1 = q∗2 = s∗).

Suppose first that there is a K ∈ K such that Q∗ and K intersect. Recall
that yK ∈ X and hence yK /∈ V (Q∗). Picking any s ∈ S in the S-cycle K, we
see that, in Q∗ ∪K, there is an H-path P through s starting in one of {q∗1 , q∗2}
and ending in yK . Since X−yK is wide, we conclude by Lemma 2.4 that H ∪P
is a frame and (H ∪ P, ∅) has a higher score than (H,K).

Hence, we may assume that Q∗ meets no cycle in K. If q∗1P
∗q∗2 does not

contain an element of S, then let H ′ arise from H by replacing the path q∗1P
∗q∗2

by Q∗, which results in (H ′,K) having a higher score than (H,K).
Therefore, we may assume that D ∩ S 6= ∅. In particular, P ∗ contains at

least three vertices from S and hence D lies in P ∗ within sP∗ and s′P∗ . If C
contains vertices from H −D, then C also contains an H-path Q from H −D
to D. Observe that any cycle in H ∪Q that passes through Q contains a vertex
from {sP∗ , s′P∗} ⊂ S, which in turn lets us apply Lemma 2.4 again to deduce
that H ∪ Q is a frame with more branch vertices. Since (H ∪ Q, ∅) has higher
score than (H,K), we may assume that C meets H only in D.

Let r1 and r2 be the first and the last vertex of P ∗ belonging to C. In H,
replace the subpath r1P

∗r2 by C in order to obtain a graph H ′ of minimal
degree 2 and maximal degree 3. Moreover, as X is wide, any cycle in H ′ is long.
Let us check that all cycles in H ′ are S-cycles. This is clearly the case for C
and for any cycle that avoids C.

Any cycle that meets C, other than C itself, contains both of sP∗ and s′P∗
and is thus an S-cycle. Consequently, H ′ is a frame. However, H ′ has two more
branch vertices, namely r1, r2, than H. Again (H ′, ∅) has higher score than
(H,K).

Before we sketch how the proof can be turned into an algorithm let us note
that the hitting set has size at most

|X| ≤ 9

2
`sk + 2`k = 18`k(log k + log log k + 37/9). (2.8)

While, with a bit of effort, this bound can certainly be improved somewhat, we
did not see how to lower it substantially.
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Proof of Theorem 2.2. If s ≤ k, we simply output X = S as the removal of S
obviously destroys all S-cycles of G, long or not. Thus we may assume k ≤ s.

Following the steps of the proof of Theorem 2.1 we start with the frame-
pendant cycles pair (∅, ∅). In each iteration of the algorithm, we improve this
pair, measured by its score. Since the bound (2.3) will still be valid, the al-
gorithm will perform at most sk(k + s) = O(k log k · s) iterations (recall that
k ≤ s).

Assume that the algorithm has already constructed a pair (H,K), and let
B be the set of branch vertices of H, and L the set of its cycle components. In
Theorem 2.1 we argued via Simonovits’ Theorem 2.3 that |B| ≥ sk−|L| guaran-
tees k disjoint long S-cycles. As these cycles can be computed in O(n)-time,
we are done in that case. Similarly, the bound (2.2) on |K| ≤ k can also be
assumed; otherwise we output the k disjoint long S-cycles in K.

We can compute the set X as in (2.4) in O(`n) time, since H has only O(n)
many edges, while the graph G−X can be computed in O(m+ n) time.

Next, we need to check whether there is still a long S-cycle in G−X. For this,
we use an algorithm of Bodlaender [10, Thm. 5.3]: it finds a long cycle through
a prescribed vertex in any graph or concludes that there is no such cycle. We
run this algorithm for each vertex of S, which amounts to O(s(22`(2`)! ·n+m))
time in total.

Now, if there is no long S-cycle in G − X, we are done and output X.
Otherwise, Bodlaender’s algorithm finds a long S-cycle, say C. Since H ∪ C is
of maximal degree 4, it has a linear number of edges, and we may thus check in
O(n) time in which of the cases of Theorem 2.1 we are in, and improve (H,K)
accordingly.

As, consequently, each iteration takes O(s(22`(2`)! · n+m))-time, the total
running time amounts to O(k log k · s2 · (22`(2`)! · n+m)).

2.2 Further Aspects

We conclude the chapter with some observations. Our contribution consists in
a common generalization of Theorems 1.1 and 1.3. Introducing weights would
be another obvious extension. More precisely, given weights w : V (G) → R+

on the vertices of a graph G, we may ask whether there are k disjoint cycles of
weight at least ` each, or a hitting set X of a total weight w(X) bounded in k
and `.

This proposal, however, still needs a small adaption. Indeed, we cannot
expect to bound w(X) only in k and ` if we allow arbitrarily high weights. This
can be seen be taking any graph that does not contain any k disjoint cycles, for
instance a triangle, and imposing arbitrarily high weights on all the vertices.
On the other hand, there is no sense in having weights larger than `: any cycle
containing such a vertex has already a weight of at least `, and this does not
change if we cap the weights at `.

So a weighted version of Theorem 2.1 would be:

Theorem 2.5 ([14]). Let k and ` be integers. For any graph G, any weight
function w : V (G) → [0, `] and any subset of vertices S one of the following
holds:

(a) there exist k vertex-disjoint S-cycles of weight at least `, or
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(b) there is a set X with weight w(X) = O(` · k log k) such that G−X does not
contain any S-cycle of weight at least `.

Indeed, the proof of the above result is similar to that of Theorem 2.1, which
can be seen as unit weight version of Theorem 2.5. The major difference is in the
definition of the hitting set X, given a frame with pendant cycles, since we have
to adapt the notion of a wide set to the weighted setting. For example, instead
of including all vertices of distance `/2 from a branch vertex b, we simply have
to include all vertices reachable from b by a path of total weight at most `. The
other necessary adaptions we leave to the interested reader.

Next, we discuss the size of the hitting set. Our bound on the hitting set co-
incides, up to a constant factor, with the one given by Fiorini and Herinckx [40].
As they already discuss, the bound O(` · k log k) is asymptotically tight, up to
a constant factor, in k resp. ` if the other parameter is kept constant.

For fixed ` this follows already from the original probabilistic construction of
Erdős and Pósa [36], and also from the explicit constructions of Simonovits [95].
Indeed, in both cases the graphs have girth about log n, which means that every
cycle is long (provided n is large enough).

For fixed k, Fiorini and Herinckx give the example of the disjoint union of
k − 1 cliques on 2`− 1 vertices each. Obviously, there are no k long cycles, yet
(k − 1)` vertices need to be deleted to guarantee that no long cycle remains.

If both, ` and k, are allowed to grow it is not clear whether a size of O(` ·
k log k) for the hitting set is best possible. In our opinion the existing lower
bounds, provided by the above examples, are more convincing. Moreover, our
proof does seem a bit wasteful. Simonovits’ theorem assumes that the cycles
found in the cubic multigraph have length about log k; if the cycles were shorter,
one could obtain more cycles from it. If, however, the cycles obtained from our
frame already have length about log k in H, that is, in the cubic multigraph,
then they have length about `

2 log k in H and thus in G. This is because in our

construction branch vertices in H have a distance of at least `
2 from each other.

We conjecture:

Conjecture 2.6 ([14]). For every graph G, for any subset of vertices S, and
for any positive integers k, `, there is a set of k disjoint S-cycles of length at
least ` or a set X of size O(k(`+ log k)) such that G−X does not contain any
S-cycle of length at least `.

There are several more open problems related to our results.

1. Does the class of cycles that contain at least p vertices in S have the Erdős-
Pósa property? The same question can also be formulated in a weighted
version.

2. Already Birmelé et al. [9] asked for an edge-version for long cycles. While
such a version is well-known for the original Erdős-Pósa result it is not
obvious how to deduce it from the vertex-version. On the other hand, by
making good use of the set S Pontecorvi and Wollan [85] could prove an
edge-analogue of their result via an easy gadget construction. Unfortu-
nately, this construction breaks down in the case of long S-cycles (or even
just long cycles).
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Chapter 3

Odd cycles in highly
connected graphs

In contrast to the family of all cycles, the family of odd cycles does not have
the Erdős-Pósa property. In particular, there is a sequence of graphs (Gn)n∈N
such that Gn does not contain two disjoint odd cycles, all odd cycles are of
length Ω(

√
n), and every set that intersects all odd cycles has cardinality at

least Ω(
√
n) [88].

However, Thomassen [102] proved that the family of odd cycles has the
Erdős-Pósa property if we restrict ourselves to graphs with high connectivity.
Rautenbach and Reed [86] improved Thomassen’s connectivity bound from a
double-exponential to linear one. Later, Kawarabayashi and Reed [64] lowered
this bound to 24k, and Kawarabayashi and Wollan [65] improved this further
to 31

2 k.
Although, the Erdős-Pósa property does not hold for odd cycles, it is proved

in [61] that a half-integral version for the Erdős-Pósa property of odd S-cycles
holds. This generalizes a result of Reed [88], who proved the case S = V (G).

We continue the study of S-cycles by showing the following theorem. We say
a set of vertices X is an odd cycle cover of G if G−X is bipartite. As mentioned
above, the results in [64, 65, 86] show that linear connectivity ensures that a
graph has k vertex disjoint odd cycles or an odd cycle cover of size 2k − 2. We
show that a sufficiently connected graph has k vertex disjoint odd S-cycles for
any prescribed vertex set S of at least k vertices or has an odd cycle cover of
size 3k − 3.

Moreover, the bound of 3k − 3 is tight for any connectivity and this can
be seen as follows. Let G arise from a large complete bipartite graph with
bipartition (A,B) by adding the edges of a clique on 2k − 1 vertices to A and
the edges of a clique on k vertices to B. Let S be the set of k vertices in B
containing the k-clique. There do not exist k disjoint odd S-cycles, nor an odd
cycle cover of size 3k − 4 in G.

Theorem 3.1 ([57]). For any integer k, any 50k-connected graph G, and any
subset S of at least k vertices of G, at least one of the following statements hold:

1. G contains k disjoint odd S-cycles.

2. There is a set X with |X| ≤ 3k − 3 such that G−X is bipartite.

17
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In fact, we prove more detailed results than Theorem 3.1. These results in
turn imply the already known result that every 50k-connected graph G that
fails to have k disjoint odd cycles contains an odd cycle cover of size 2k − 2,
which corresponds to the case S = V (G) in [64, 65, 86].

It is not difficult to see that there are arbitrarily highly connected graphs
that contain k disjoint odd cycles and an odd cycle cover of size less than 2k−2.
In this chapter, we present an equivalent condition for 50k-connected graphs for
having k disjoint odd cycles and deduce the known Erdős-Pósa-type result from
this result.

A graph is k-linked if for every set of distinct vertices {s1, . . . , sk, t1, . . . , tk}
there are disjoint paths P1, . . . , Pk such that Pi connects si and ti. Moreover,
a graph G is parity-k-linked if it is k-linked and we can additionally specify
whether the length of each Pi should be odd or even for every 1 ≤ i ≤ k.

There are several results of the form if G is g1(k)-connected, then G is k-
linked. The best result is due to Thomas and Wollan [99] who proved that
g1(k) = 10k suffices. They even proved the following stronger result.

Theorem 3.2 ([99]). Every 2k-connected graph G with at least 5k|V (G)| edges
is k-linked.

Analogously, there are results of the form if G is g2(k)-connected and without
an odd cycle cover of size 4k − 4, then G is parity-k-linked. In particular,
Kawarabayashi and Reed [64] proved the following.

Theorem 3.3 ([64]). Every 50k-connected graph without an odd cycle cover of
size 4k − 4 is parity-k-linked.

The condition of having no small odd cycle cover is necessary and best
possible – there are graphs of arbitrarily high connectivity and with an odd
cycle cover of size 4k − 4 that are not parity-k-linked. For example, consider
a large complete bipartite graph G with bipartition (A,B) where we add to A
the edges of a clique on 2k − 1 vertices and we add to B the edges of a clique
on 2k vertices minus a perfect matching.

One can apply Theorem 3.3 almost directly to conclude that every 50k-
connected graph G without an odd cycle cover of size 4k− 4 has k disjoint odd
S-cycles for any set S of at least k vertices. However, the bound on the size of
the odd cycle cover is not optimal. In this chapter we prove a stronger version of
Theorem 3.3, reprove the Erdős-Pósa property for odd cycles for 50k-connected
graphs, and as the main result of this chapter, we prove Theorem 3.1.

In addition, we prove several results on the way that may be of independent
interest.

The chapter is organized as follows. In Section 3.1 we deal with the results
concerning the parity-k-linkage and in Section 3.2 we prove the results about
the Erdős-Pósa property for odd S-cycles.

3.1 Highly parity linked graphs

In the following theorem we explicitly characterize the obstruction for a 50k-
connected graph and a set S = {s1, . . . , sk, t1, . . . , tk} of 2k distinct vertices
for not having k disjoint P1, . . . , Pk paths of prescribed length parity where Pi
connects si and ti.
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Before we state the theorem, we introduce some definitions. A partition
(A,B) of G is partition of the vertex set into two sets A and B. For a partition
(A,B) of G, we denote by GA,B the graph G[A]∪G[B]. A partition (A,B) of G
is nice if there is a minimum odd cycle cover X of G for which (A \X,B \X) is
a bipartition of G−X such that a vertex of X is in A if and only if it has more
neighbors in B \X than in A \X. We say that a minimum odd cycle cover X
induces a nice partition (A,B) of G if (A\X,B \X) is a bipartition such that a
vertex of X is in A if and only if it has more neighbors in B \X than in A \X.

Let (A,B) be nice partition of G and let S = {s1, . . . , sk, t1, . . . , tk} be a set
of 2k distinct vertices. A parity breaking matching for S (with respect to the
partition (A,B)) is a matching M such that M ⊆ E(GA,B) and there is no edge
rr′ ∈M with r ∈ {si, ti} and r′ ∈ {sj , tj} for i 6= j.

Theorem 3.4 ([57]). Let k ∈ N. Let G be a 50k-connected graph and let
S = {s1, . . . , sk, t1, . . . , tk} be a set of 2k distinct vertices. Exactly one of the
following two statements holds.

1. G contains k disjoint paths P1, . . . , Pk of any prescribed parity such that
Pi connects si and ti.

2. For all nice partitions of G, there is no parity breaking matching for S of
size k.

There are plenty of consequences of Theorem 3.4. Firstly, it is easy to see
that it implies Theorem 3.5.

Theorem 3.5 ([57]). Let k ∈ N and let G be a 50k-connected graph. Exactly
one of the following two statements holds.

1. G is k-parity linked.

2. There is a set {s1, . . . , sk, t1, . . . , tk} ⊂ V (G) such that for all nice parti-
tions of G, there is no parity breaking matching of size k.

Secondly, later we deduce Theorem 3.3. The third consequence (Corollary
3.6) shows that the bound “4k − 4” in Theorem 3.3 can be strengthened to
“2k− 2” if {s1, . . . , sk, t1, . . . , tk} is an independent set. Note that both bounds
“4k − 4” and “2k − 2” are best possible, respectively. As a fourth consequence
we prove the Erdős-Pósa property for odd S-cycles (Theorem 3.1) in Section 3.

We say that G is parity-k-linked restricted to independent sets if for every
independent set of 2k vertices {s1, . . . , sk, t1, . . . , tk}, there are disjoint paths
P1, . . . , Pk such that Pi connects si and ti and we can choose whether the length
of Pi is odd or even.

Corollary 3.6 ([57]). Let k ∈ N and let G be a 50k-connected graph. At least
one of the following statements holds.

1. G is parity-k-linked restricted to independent sets.

2. There is a set X of 2k − 2 vertices such that G−X is bipartite.

Next, we mention two results needed in the proof of Theorem 3.4. The first
result is basically due to Mader and there is a slightly improved version in the
textbook of Diestel on page 13 [28].
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Lemma 3.7 (Mader [75]). If G is a graph such that |E(G)|
|V (G)| ≥ 2k, then G

contains a (k + 1)-connected graph H such that |E(H)|
|V (H)| ≥

|E(G)|
|V (G)| − k.

Hence, if δ(G) ≥ 12k, then G contains a 2k-connected subgraph H such that
|E(H)|
|V (H)| ≥ 5k. Using Theorem 3.2, this implies in turn that the subgraph H is

k-linked.
Another result which is used in the proof of Theorem 3.4 is due to Gee-

len et al. For a graph G and a set of vertices Z, a Z-path is a path P such that
V (P ) ∩ Z are exactly the end vertices of P .

Theorem 3.8 (Geelen et al. [46]). For any set Z of vertices of a graph G and
any positive integer ` at least one of the following statements holds;

• there are ` disjoint odd Z-paths or

• there is a vertex set X of order at most 2`− 2 such that G−X contains
no odd Z-path.

We proceed with the proof of Theorem 3.4 that leads to the several conse-
quences mentioned above.

Proof of Theorem 3.4. Suppose the first statement holds. Let (A,B) be some
nice partition of G. Let P1, . . . , Pk be disjoint paths where Pi is a si, ti-path
and we choose the parity of Pi to be even if exactly one vertex of {si, ti} belongs
to A and odd otherwise. Thus Pi contains at least one edge mi in E(GA,B).
Therefore, {m1, . . . ,mk} is a parity breaking matching for S of size k.

Next, suppose the second statement does not hold; that is, there is a nice
partition (A,B) of G with a parity breaking matching M = {m1, . . . ,mk}. If
an edge of M covers a vertex of {si, ti}, let mi = xiyi be this edge and choose
xi, yi such that si = xi or ti = yi. Let X be a minimum odd cycle cover of G
that induces the nice partition (A,B).

Suppose first that |X| < 8k. By the definition of a nice partition and
the fact that G is 50k-connected, we know that every vertex in a ∈ A has
at least 20k neighbors in B and so at least 12k in B \X. The same holds vice
versa for the vertices in B. Therefore, we can find a set of 4k distinct vertices⋃k
i=1{s′i, t′i, x′i, y′i} ⊂ V (G) \ (X ∪

⋃k
i=1{si, ti, xi, yi}) such that z′ is a neighbor

of z for z ∈
⋃k
i=1{si, ti, xi, yi} (symbolically written) and exactly one vertex of

the set {zi, z′i} belongs to A.

Let G′ = G− (X ∪
⋃k
i=1{si, ti, xi, yi}). Thus G′ is 38k-connected and bipar-

tite. In addition, by Theorem 3.2, we obtain that G′ is 2k-linked.
For every i we proceed as follows. If our choice of the parity of Pi shall

respect the parity naturally given by the sides of the partition (A,B), then let
P ′i be a path connecting s′i and t′i in G′ and let Pi be the conjunction of sis

′
i,

the path P ′i , and t′iti. Otherwise, let P ′i be a path connecting s′i and x′i and
P ′′i be a path connecting t′i and y′i. If {si, ti} ∩ {xi, yi} = ∅, then let Pi be the
conjunction of sis

′
i, the path P ′i , the path x′ixiyiy

′
i, the path P ′′i , and t′iti. If

si = xi and ti 6= yi, then let Pi be the conjunction of siyiy
′
i, the path P ′′i , and

t′iti. If si 6= xi and ti = yi, then let Pi be the conjunction of sis
′
i, the path P ′i ,

and x′ixiti Finally, if si = xi and ti = yi, then let Pi = siti.
As mentioned above, because G′ is 2k-linked, we can choose the corre-

sponding paths P ′1, P
′′
1 , . . . , P

′
k, P

′′
k in G′ to be pairwise disjoint and hence also

P1, . . . , Pk are pairwise disjoint.
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It remains to show that if X has size at least 8k, then the first state-
ment holds. This part of the proof can basically be found in [64]. However,
we change some arguments which leads to a shorter proof. Let G′ = G −
{s1, . . . , sk, t1, . . . , tk} and let (A′, B′) be a partition of G′ such that |E(GA′,B′)|
is minimized. Note that δ(G′) ≥ 24k. By Lemma 3.7, there is a 4k-connected
subgraph H of G′ with |E(H)| ≥ 10k|V (H)|. Moreover, by Theorem 3.2, the
graph H is 2k-linked. Let (AH , BH) be the (unique) bipartition of H such that
AH ⊂ A′.

Theorem 3.8 guarantees a set Y with |Y | ≤ 6k − 6 that intersects all odd
AH -paths in G′ or 3k disjoint odd AH -paths in G′. Suppose that there is a set
Y of at most 6k − 6 vertices such that G′ − Y contains no odd AH -path. For
a contradiction, we assume that G′ − Y is not bipartite. Thus there is an odd
cycle C in G′−Y . Since G′ is 48k-connected, G′−Y is 2-connected. Hence there
are two disjoint AH -C-paths in G′. Note that the length of these paths could
be zero. Nevertheless, combining these two paths with one part of the cycle C
leads to an odd AH -path, which is a contradiction. This in turn implies that
S ∪Y is an odd cycle cover of G of size at most 8k− 6, which is a contradiction
to the assumption |X| ≥ 8k. Thus Theorem 3.8 implies the existence of 3k odd
AH -paths.

Let P be one of these 3k odd AH -path. There is a natural partition of E(P )
into H-paths. Because P is an odd AH -path, there is a subpath P ′ of P such
that P ′ is an odd H-path and both endvertices of P ′ lie in the same side of the
bipartition of H or P ′ is an even H-path and exactly one endvertex of P ′ lies
in AH .

Therefore, there is a set Q of 3k disjoint H-paths Q1, . . . , Q3k where the
length of Qi is odd if both endvertices lie in the same side of the bipartition of
H and even otherwise.

SinceG is 50k-connected, there is a set of 2k disjoint paths P = {P1, . . . , P2k}
connecting {s1, . . . , sk, t1, . . . , tk} and H. Choose these paths such that they
intersect as few as possible paths from Q. Under this condition choose these
paths such that their edge intersection with Q is as large as possible. The latter
condition implies that if Q ∈ Q has nonempty intersection with a path in P –
let z′, z′′ be the endvertices of Q, and let P be first path that intersects Q seen
from the direction of z′ – then P follows the path Q up to z′ beside the case that
P is the only path intersecting Q, and P follows Q to z′′. Hence for every Q ∈ Q
that intersects a path in P, there is at least one path P ∈ P such that there is
vertex z that is an endvertex of P and Q. Therefore, the paths in P intersect
at most 2k paths in Q and hence there is a collection Q′ = {Q′1, . . . , Q′k} ⊂ Q
of k paths such that Q ∩ P = ∅ for P ∈ P and Q ∈ Q′.

Since H is 2k-linked, we can find the desired disjoint paths of specified parity
connecting si and ti by using the paths P and then either directly linking the
ends in H of the paths belonging to si and ti or by using the path Q′i in
between.

For a graph G, let a set of vertices X of G be a vertex cover of G if every
edge is incident to at least one vertex of X. Let the vertex cover number τ(G) of
G be the least number k such that G has a vertex cover X with |X| = k. Since
a vertex cover has to contain at least one vertex of every edge in a matching
M , we have on the one hand |M | ≤ τ(G) for every matching M in G. On the
other hand, we observe the following.
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In the following, we use the vertex cover number τK2
(G) of a graph G. For

better readability, we abbreviate τK2
(G) in this chapter by τ(G). Recall this

easy observation about a maximal matching of G and a vertex cover of G.

If M is a maximal matching of G, then the vertices covered by
M form a vertex cover of G and hence τ(G) ≤ 2|M |. (3.1)

A graph G is τ -critical if τ(G− e) < τ(G) and τ(G− v) < τ(G) for every edge
e ∈ E(G) and every vertex v ∈ V (G). A result of Erdős and Gallai [35] says if
G is τ -critical, then τ(G) ≥ |V (G)|/2.

Having these definitions in mind we reprove Kawabarayashi’s and Reed’s
result and directly afterwards Corollary 3.6.

Proof of Theorem 3.3. Suppose that X is a minimum odd cycle cover and |X| ≥
4k− 3. We show by induction on k that G contains a parity breaking matching
for S. Let (A,B) be a nice partition induced by X. Note that X is a minimum
vertex cover of GA,B .

Suppose k = 1. Since |X| ≥ 1, the graph GA,B must contain an edge e and
e is a parity breaking matching.

Hence we may assume that k ≥ 2. Because 2k < 4k − 3, there is a vertex r
such that r ∈ X\{s1, . . . , sk, t1, . . . , tk}. SinceX is minimum, r has a neighbor r′

inGA,B . If r′ /∈ {s1, . . . , sk, t1, . . . , tk}, we have τ(H−{s1, t1, r, r
′}) ≥ 4(k−1)−3

and combining rr′ and the induction hypothesis, we conclude that G contains a
parity breaking matching M . Now we may assume that, by symmetry, r′ = s1.
However, using the same argument again, there is a parity breaking matching
for S. Applying Theorem 3.4 completes the proof.

Proof of Corollary 3.6. Suppose thatX is a minimum odd cycle cover and |X| ≥
2k − 1. Fix some independent set S = {s1, . . . , sk, t1, . . . , tk} of 2k distinct
vertices. We show by induction on k that G contains a parity breaking matching
for S. Let (A,B) be a nice partition induced by X. Note that X is a minimum
vertex cover of GA,B .

In the following we show that there is a parity breaking matching of size k.
We proceed by induction on k. If k = 1, then GA,B contains an edge because
|X| ≥ 1 and this edge is a parity breaking matching of size 1.

Suppose GA,B − S contains no edges. This implies that GA,B is bipartite
with bipartition (V (GA,B) \ S, S). By König’s Theorem, the matching number
of GA,B equals the vertex cover number and hence GA,B contains a matching
M of size 2k − 1. Let N be the matching obtained from M by deleting one of
the matching edges sip and tiq if both exist in M . Therefore, |N | ≥ k and every
set of k edges of N is a parity breaking matching of size k.

In the following we may assume that GA,B − S contains edges. Suppose
si is an isolated vertex in GA,B . Let e = uv be an edge incident to ti if
such an edge exists otherwise let e be an edge in GA,B − S. By induction,
τ(GA,B−{u, v, si, ti}) ≥ 2k−3 and thus there exits a parity breaking matching
M of size k − 1. Combining M and e leads to the desired matching.

Therefore, we may assume that every vertex in S has a neighbor in GA,B .
Induction can also be applied if |X| ≥ 2k by deleting s1, t1, and a neighbor of
s1 from GA,B . Thus we may assume |X| = 2k − 1.

Let G′A,B be the induced subgraph of GA,B which is obtained from GA,B
by deleting all isolated vertices from GA,B . We may assume that the τ(G′A,B −
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e) < τ(G′A,B) for every e ∈ E(G′A,B) and τ(G′A,B − r) < τ(G′A,B) for every
r ∈ V (G′A,B)\S. Moreover, if τ(G′A,B−si) = τ(G′A,B), then let r be a neighbor
of ti and the statement follows by induction because τ(G′A,B − {si, ti, r}) ≥
τ(G′A,B)− 2. This implies that G′A,B is a τ -critical graph.

Since S is an independent set, the complement of an independent set is
a vertex cover, and |X| = 2k − 1, we conclude that τ(G′A,B) < n(G′A,B)/2.
However, this contradicts a theorem of Erdős and Gallai mentioned before.

3.2 Odd cycles through prescribed vertices

In this section we present several results concerning the Erdős-Pósa property of
odd S-cycles in highly connected graphs. This extends the results concerning
the Erdős-Pósa property of odd cycles in highly connected graphs. Furthermore,
assuming a slightly higher connectivity, we show how known results follow easily
from Theorem 3.4.

Lemma 3.9 ([57]). Let k ∈ N and let G be a 50k-connected graph. Let S be a
set of k vertices. Exactly one of the following statements holds.

1. G contains k disjoint odd S-cycles.

2. For all nice partitions (A,B) of G, there is no matching M of size k in
GA,B where an edge in M covers at most one vertex of S.

Proof. Suppose first that G contains k disjoint S-cycles and let (A,B) be a
partition of G. Since every odd cycle contains at least one edge of E(GA,B) and
by picking exactly one of these edges from every odd S-cycle, we get a matching
of size k in GA,B where one edge does not cover two vertices of S, which implies
that the second statement does not hold.

Next, we suppose that the second statement does not hold and let (A,B) be
a nice partition such that there is a matching M of size k in GA,B and one edge
in M does not cover two vertices of S.

Let T = {t1, . . . , tk} be a set of vertices distinct from S and distinct from
the vertices covered by M . By Theorem 3.4, there are disjoint paths P1, . . . , Pk
with prescribed parity such that Pi connects si and ti because M is a parity
breaking matching for {s1, . . . , sk, t1, . . . , tk}.

Let (Ã, B̃) be any partition of G. By suitably choosing the parity of Pi,
every path uses at least one edge in GÃ,B̃ and hence there is a matching in
GÃ,B̃ of size at least k such that each edge covers at most one vertex of S.

For every si, add to G a vertex s′i such that N(si) = N(s′i) and denote this
new graph by G′. Note that G′ is 50k-connected. Let (A′, B′) be a nice partition
of G′. As mentioned above, in the subgraph G of G′ for every partition (Ã, B̃),
the graph GÃ,B̃ contains a matching of size k such that each edge covers at most
one vertex of S, in particular, this holds for the partition induced by (A′, B′).
Let M be such a matching of size k. Note that M does not cover a vertex of
the set {s′1, . . . , s′k}. Thus M is a parity breaking matching for S ∪ {s′1, . . . , s′k}
in G′. By Theorem 3.4, there are disjoint paths P ′1, . . . , P

′
k of odd length where

P ′i joins si and s′i.
By identifying si and s′i, this in turn implies the existence of k disjoint odd

S-cycles C1, . . . , Ck in G where Ci contains si.
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After having proved Lemma 3.9, it is not difficult to prove the Erdős-Pósa
property of odd S-cycles in highly connected graphs.

Theorem 3.10 ([57]). Let k ∈ N and let G be a 50k-connected graph. Let S be
a set of k vertices. At least one of the following statements holds.

1. G contains k disjoint odd S-cycles.

2. There is a set X with |X| = 2k−2 + τ(G[S]) such that G−X is bipartite.

Proof. Let X be a minimum odd cycle cover. We may assume that |X| ≥
2k − 1 + τ(G[S]). Let (A,B) be nice partition of G and let Y be a minimum
vertex cover of S. Since X is a minimum vertex cover of GA,B , we conclude
τ(GA,B − Y ) ≥ 2k − 1. Using (3.1), this in turn implies the existence of a
matching M of size k in GA,B − Y such that no vertex of M covers more than
one vertex of S. Using Lemma 3.9, this implies the existence of k disjoint odd
S-cycles in G.

Note that τ(G[S]) ≤ k − 1 and thus 2k − 2 + τ(G[S]) ≤ 3k − 3. Moreover,
the bound “2k − 2 + τ(G[S])” is sharp for every possible value of τ(G[S]) no
matter how large the connectivity of G is. To see this, let G arise from a large
complete bipartite graph with bipartition (A,B) by adding the edges of a clique
on 2k − 1 vertices to A and the edges of a clique on τ vertices to B for some
1 ≤ τ ≤ k. Let S be a set of k vertices in B containing the τ -clique. Hence
τ(G[S]) = τ − 1, there do not exist k disjoint odd S-cycles, and there is no set
X of 2k − 3 + τ(G[S]) vertices such that G−X is bipartite.

In Theorem 3.10 we require that |S| = k. However, it is not difficult to
extend Theorem 3.10 to arbitrary subsets of V (G) as follows.

On the one hand, if |S| < k, then G does not contain k disjoint odd S-cycles
and one can remove (the small set) S from G to obtain a graph without an
odd S-cycle. Of course, one cannot hope for a small set X such that G−X is
bipartite because G could simply be a large clique.

On the other hand if |S| ≥ k, then let S′ ⊂ S such that |S′| = k. In the
case that G does not contain k disjoint odd S′-cycles, Theorem 3.10 implies the
existence of a set X of 3k−3 vertices such that G−X is bipartite, in particular,
G−X does not contain odd S-cycles. In addition, this proves Theorem 3.1.

We complete the chapter with two results concerning the case S = V (G).

Corollary 3.11 ([57]). Let k ∈ N and let G be a 50k-connected graph. Exactly
one of the following statements holds.

1. G contains k disjoint odd cycles.

2. For every nice partition (A,B), the graph GA,B does not contain a match-
ing of size k.

Proof. If the first statement holds, then the second does clearly not hold.
Suppose that the second statement does not hold. We may assume that

G contains an independent set of cardinality k, otherwise there are k disjoint
triangles in G. This can be seen as follows: Let x be any vertex in G. The
neighborhood of x contains an edge. Combining this edge with x leads to a
triangle. Repeating this argument k times, leads to the first statement. Thus
G contains an independent set S of cardinality k and we apply Lemma 3.9 to
obtain k disjoint odd (S-)cycles in G.
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The following corollary is already proven by Thomassen [102] and Rauten-
bach and Reed [86] with a higher connectivity bound. Later Kawarabayashi and
Reed [64] and Kawarabayashi and Wollan [65] improved this bound to 24k and
31
2 k, respectively.

Corollary 3.12 ([57]). Let k ∈ N and let G be a 50k-connected graph. At least
one of the following statements holds.

1. G contains k disjoint odd cycles.

2. G contains a set X of 2k − 2 vertices such that G−X is bipartite.

Proof. Suppose the second statement does not hold. Let (A,B) a nice partition
of G induced by a minimum odd cycle cover X. Note that X is a minimum
vertex cover of GA,B and since |X| ≥ 2k−1 by our assumption and by applying
(3.1), the graph GA,B contains a matching of size k. Because this holds for every
minimum odd cycle cover and so for every nice partition of G, the statement
follows by the previous corollary.

Clearly, assuming 50k-connectivity in our results in not the best function
in terms of k one can hope for. However, it is essentially best possible in that
sense as one can easily construct graphs that show that linear connectivity in
k is necessary. It would be interesting to know which connectivity is needed
to ensure that our results hold. It even seems possible that the approach via a
parity-k-linkage theorem cannot lead to the best connectivity bound.
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Chapter 4

Introduction to Graph
Representations

In this part we turn our attention to (geometric) representations of graphs.
Throughout the subsequent chapters, we deal with graph representations of the
following kind. We denote our ground set by Ω. A possible choice of Ω might
the Euclidean space Rd but we also consider others. Let A be a set of subsets
of Ω. We say an A-representation of a graph G is a function f : V (G) → A
such that two vertices u, v of G are adjacent if and only if f(u) ∩ f(v) 6= ∅. For
technical reasons, one may consider A as a multiset and so f can be seen as
bijection mapping u to f(u), which creates the big advantage that we can speak
of f(u) as being a vertex of G. Henceforth, we frequently do not distinguish
between u and f(u) and sometimes also write Au instead of f(u).

A good starting question could be the following one.

Which graphs can be represented by an A-representation for suit-
able choices of Ω and A?

(4.1)

Consider any graph G and set Ω = E(G). Moreover, let Au be the set
of all edges in G that are incident to u. Clearly, Au ∩ Av 6= ∅ if and only
if uv ∈ E(G). Thus every graph has a geometric representation. The just
mentioned construction can even be modified such that Ω = R. Therefore,
question (4.1) only becomes interesting if we restrict Ω as well as A. If Ω is
clear from the context, we call the class of all graphs having an A-representation
A-graphs.

For example, if Ω = R and I denotes the set of all intervals, then I-graphs
are known as interval graphs.1 This graph class is well understood structurally
[41, 47, 72] as well as algorithmically [24]. Since the class of intervals graphs
is hereditary, it can be characterized by forbidden induced subgraphs (see Fig-
ure 7.2 in Chapter 7).

Because in our (geometric) graph representations the adjacency relation of
a graph is described by the intersection relation of the (geometric) objects in
the (geometric) graph representation, we say – for example in case of interval
graphs – that the class of interval graphs are the intersection graphs of intervals

1We may assume that all intervals are closed intervals, because every interval graph has
an interval representation using closed intervals only.

29
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of the real line. This notion is analogously used for other graph classes defined
by the intersection relation of other geometric objects.

An important subclass of interval graphs are unit interval graphs – the class
of U++-graphs where U++ denotes the set of all closed intervals of unit length.

The class of all U-graphs, where U denotes the set of all intervals of unit
length (open, closed and half-open!), is known as the class of mixed unit interval
graphs. We emphasize that the claw is a mixed unit interval graph but not a unit
interval graph, which implies that the class of U-graphs is a proper superclass
of the class of U++-graphs. In Chapter 6 we characterize mixed unit interval
graphs by a list of minimal forbidden induced subgraphs. This disproves a
conjecture of Dourado et al. [31].

Let us consider a superclass of interval graphs. Therefore, we enlarge our
ground set to Rd for some d ≥ 1 and let Rd be the set of all axis-aligned
boxes in Rd. The class of R1-graphs coincides with I-graphs and if d ≥ 2, the
class of Rd-graphs is proper superclass of interval graphs (a 4-cycle is not an
interval graph but an Rd-graph for d ≥ 2). Since every dimension of an Rd-
representation may be seen as an I-representation, we note that every graph G
has an Rd-representation if and only if there exist d interval graphs G1, . . . , Gd
such that V (G) = V (Gi) for every i ∈ {1 . . . d} and E(G) =

⋂d
i=1E(Gi).

2

It is not difficult to see that for every graph G, there is an integer d ≥ 1
such that G is an Rd-graph. The boxicity of G, introduced by Roberts [92]
and denoted by box(G), is the smallest integer d for which G has an Rd-
representation. We denote the corresponding decision problem by Boxicity:
given G and d ∈ N, determine whether G has boxicity at most d.

Boxicity is algorithmically a very hard problem; it remains NP-complete
even for fixed d ≥ 2 (Yannakakis [109] and Kratochv́ıl [69]). In order to deal
with this hardness, we present in Chapter 7 an FPT-algorithm for Boxicity
parameterized by the cluster vertex deletion number. The cluster vertex dele-
tion number is the minimum number of vertices that have to be deleted to
obtain a disjoint union of complete graphs or a cluster graph. As discussed
by Doucha and Kratochv́ıl [30] cluster vertex deletion is an intermediate pa-
rameterization between vertex cover and cliquewidth. Moreover, we present an
algorithm which computes in f(pw(G)) · |V (G)|-time an Rd-representation of
G where d ≤ box(G) + 1 and pw(G) is the pathwidth of G (for a definition of
pathwidth see below).

Up to now, we mostly considered Ω = Rd. However, there is a very important
different choice for Ω, namely, in the following let Ω be the set of all trees.
Moreover, let T denote the set of all subtrees of trees in Ω. We may assume
that for every T -graph G, every subtree of the set {Tu : u ∈ V (G)} is contained
in one common tree T ∈ Ω and furthermore, V (T ) =

⋃
u∈V (G) V (Tu)3.

The class of T -graphs might look at first glance rather artificial. However,
it is known that this class coincides with the very important class of chordal
graphs [44] where a graph is chordal if it does not contain an induced cycle of
length at least 4. In particular, for every chordal graph G, there is a tree T and
a collection of subtrees {Tu : u ∈ V (G)} of T such that

(a) Tu ∩ Tv 6= ∅ if and only if uv ∈ E(G) and

(b) there is a bijection between the maximal cliques of G and the vertices of T .

2 In particular, this implies that we may assume that all sets in Rd are closed.
3 If this is not the case, we contract suitable edges of T .
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To see (b), we firstly note that the set of vertices/subtrees {Tu : q ∈ V (Tu)}
for q ∈ V (T ) induces a clique Q in G. Secondly, if the set {Tu : q ∈ V (Tu)}
for some q ∈ V (T ) does not induce a maximal clique, then there is a maximal
clique Q′ in G containing Q. By the Helly-Property of subtrees in a tree,4

there is a vertex q′ ∈ V (T ) such that the subtrees in {Tu : u ∈ Q′} intersect
pairwise in q′. Let q′′ be the unique neighbor of q on the q, q′-path in T . Thus
{Tu : q ∈ V (Tu)} ⊆ {Tu : q′′ ∈ V (Tu)} and contracting the edge qq′′ in T and
in all subtrees in {Tu : q ∈ V (Tu)} leads also to a T -representation of G. Using
this argumentation inductively, this proves the existence of a T -representation
of G satisfying (a) and (b).

The reader who is familiar with interval graphs knows that interval graphs
are chordal. Indeed, by an appropriate discretization of an interval represen-
tation of a graph G, one can construct an intersection representation of G by
subpaths in a path P . By making suitable edge contractions as before, there
is an intersection representation such that every vertex of P corresponds to a
maximal clique in G.

We say a graph is a substar graph if it has a intersection representation
by substars in a tree; that is, by using the above notation, Tu is a star or
equivalently Tu has diameter at most 2 for every u ∈ V (G). In [21] Chang
et al. claimed to prove a characterization of substar graphs by a list of eight
minimal forbidden induced subgraphs. However, we show in Chapter 5 that this
characterization is wrong, because there are infinitely many minimal forbidden
induced subgraphs. Moreover, we prove a characterization of substar graphs by
a list of minimal forbidden induced subgraphs.

The last paragraphs truly demonstrate that intersection representations of
subtrees in a tree is not an artificial construction at all. Quite the contrary,
beside the characterization of chordal graphs, it even has a very strong connec-
tion to one of the most fundamental width parameters, namely treewidth. For
a graph G, a tree decomposition of G is a tuple (T, {Tu : u ∈ V (G)}) where T
is a tree and for every vertex u, the tree Tu is a subtree of T and if uv is an
edge in G, then Tu ∩ Tv 6= ∅. Note that the only difference to an intersection
representation of subtrees in a tree is the fact that possibly Tu ∩ Tv 6= ∅ even
if uv is not an edge of G. The width of a tree decomposition is the largest
number k such that there is a vertex q in T contained in k + 1 subtrees of the
set {Tu : u ∈ V (G)}. Furthermore, the treewidth tw(G) of G is the smallest
width minimized over all tree decompositions of G. Just by our definition, we
see that

tw(G) + 1 = min
G⊆H

H is chordal

ω(H). (4.2)

It is also possible to use (4.2) as a definition of treewidth, but this defini-
tion would be rather unintuitive. A direct consequence of (4.2) is the fact the
tw(G) = 1 if and only if G is a tree.

The very closely related width parameter pathwidth pw(G) of a graph G
is defined analogously as treewidth by replacing every appearance of the word

4 If a collection of subtrees in a tree has pairwise nonempty intersection, then there is a
vertex contained in all subtrees.
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“tree” by “path”. In particular, we obtain

pw(G) + 1 = min
G⊆H

H is an interval graph

ω(H). (4.3)

By definition, we observe that pw(G) ≥ tw(G) for every graph G. It is
interesting to mention that for every positive integer k, there is a tree Tk such
that pw(Tk) = k although tw(Tk) = 1.



Chapter 5

Substar Graphs

In this chapter, we provide a characterization of substar graphs – intersection
graphs of substars of a tree – by a list of minimal forbidden induced subgraphs.
This corrects a wrong characterization given by Chang et al. [21]. We assume
that the reader is familiar with the basic concepts of intersection graphs ex-
plained in Chapter 4.

We start by giving a short overview on known results concerning substar
graphs and closely related graph classes. Recall that chordal graphs are in-
tersection graphs of subtrees in a tree. There are several important and well
investigated subclasses of chordal graphs. For example, the intersection graphs
of paths in a tree are investigated in many different varieties [45, 82]. More im-
portant than the class mentioned last is the class of intersection graphs of paths
in a path – better known as interval graphs. See [41] for a detailed discussion
on interval graphs.

Cerioli and Szwarcfiter [19] characterized a subclass of substar graphs, which
is the class of starlike graphs. These are intersection graphs of substars of a star.

Since every substar graph is chordal (and chordal graphs have a very nice list
of minimal forbidden induced subgraphs), every additional forbidden induced
subgraph is clearly chordal. Thus it is enough to give a minimal list of those
induced subgraphs whose absence imply that a chordal graph is also a substar
graph.

We first introduce the set S of minimal forbidden induced subgraphs. See
Figure 5.1 for an illustration. The graph H1 needs no further explanation.
The graphs of type H2 are as in Figure 5.1 and the dashed edges indicate the
following three possibilities:

• NH2(u) ∩ {v, y, b} = NH2(v) ∩ {u, x, a} = ∅,

• NH2
(u) ∩ {v, y, b} = {v} and NH2

(v) ∩ {u, x, a} = {u, x, a}, or

• NH2
(u) ∩ {v, y, b} = {v, y, b} and NH2

(v) ∩ {u, x, a} = {u, x, a}.

The graph Hk
3 for some k ≥ 3 satisfies V (Hk

3 ) = {u, v, c1, . . . , ck−1, a1, . . . ak}
and

E(Hk
3 ) =

((
{u, v, c1, . . . , ck−1}

2

)
∪ {ua1, vak} ∪

k−1⋃
i=1

{aici, ciai+1}

)
\ {uv}.
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Figure 5.1: The set S of minimal forbidden induced subgraphs for substar
graphs.

Note that the graphs Hk
3 for k ∈ {3, . . . , 6} equal the forbidden subgraphs H3,

H4, H5, H6, H7 introduced by Chang et al. and moreover, note that the graphs
H3 and H6 are isomorphic. The graphs Hk

3 , for k at least 7, are minimal
forbidden induced subgraphs for substar graphs and do not contain any graph
as an induced subgraph from the list of Chang et al.

Exactly similarly as shown for chordal graphs in Chapter 4, it is a trivial
observation that for every substar graph G, there is a tree T and a function f
mapping the vertices of G to substars of T such that

(a) f(u) ∩ f(v) 6= ∅ if and only of uv ∈ E(G) and

(b) there is a bijection between the maximal cliques of G and the vertices of T .

We say that the tuple (T, f) is a tree representation of G. Since the property de-
scribed in (b) can be obtained from any intersection representation by contract-
ing edges and this only decreases the diameter of subtrees, we may henceforth
consider only intersection representation with the additional property described
in (b).

Lemma 5.1 ([54]). The graphs in S are not substar graphs.

Proof: For a contradiction, we consider a substar representation (T, f) for some
G ∈ S such that f(v) does not contain a P4 as a subgraph for every v ∈ V (G).

First, let G = H1. There are four maximal cliques Q1 = {z, a, x}, Q2 =
{z, x, w}, Q3 = {z, w, y}, and Q4 = {z, y, b} with corresponding vertices q1,
q2, q3, and q4 in T , respectively. Since f(v) is connected for every v ∈ V (G),
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q1q2 ∈ E(T ), q2q3 ∈ E(T ), and q3q4 ∈ E(T ). Thus, T and f(z) is a P4, which
is a contradiction.

Now suppose that G is a graph of type H2. There are maximal cliques
which contain the sets {z, a, x}, {z, x, u}, {z, v, y}, and {z, y, b}, respectively.
Note that these maximal cliques are distinct, because for every pair Q and Q′

of these sets there is a vertex of G in Q which is nonadjacent to a vertex in Q′.
Suppose f(z) is a star. If the subtree f(x) contains the center vertex of f(z),
then f(y) is disconnected, otherwise f(x) is disconnected. Thus f(z) is not a
star, which is a contradiction.

Now we suppose G = Hk
3 for some k ≥ 3. We denote by Qu and Qv the

two maximal cliques {u, c1, . . . , ck−1} and {v, c1, . . . , ck−1} with corresponding
vertices qu and qv in T , respectively. In addition, there are k maximal cliques
Q1 = {u, a1, c1}, Qi = {ci−1, ai, ci} for i ∈ {2, . . . , k−1}, and Qk = {ck−1, ak, v}
with corresponding vertices q1, . . . , qk in T . Since f(v) is connected for every
v ∈ V (G), every vertex w ∈ Qu ∩Qv is contained in every maximal clique that
is associated with a vertex on the qu, qv-path in T . If k = 3 and quqv is not
an edge in T , then quq2 and q2qv are edges in T . Thus quq1 is an edge and
hence f(c1) is not a star, which is a contradiction. Since no maximal clique
beside Qu and Qv contains {c1, ck−1} if k ≥ 4, we conclude that quqv is an edge
in T . Since f(u) and f(v) is connected, we obtain quq1, qvqk ∈ E(T ). Since
f(c1) contains no P4, we conclude quq2 ∈ E(T ). By repeating the last argument
several times, we obtain quqi ∈ E(T ) for every i ∈ {1, . . . , k}, and hence there
is a cycle quqvqkqu in T . This is a contradiction to our assumption that T is a
tree, which completes the proof. �

Theorem 5.2 ([54]). A chordal graph is a substar graph if and only if it has
no induced subgraph in S.

Proof: By Lemma 5.1, a graph in the set S is not a substar graph. We show
that every graph that is not a substar graph contains a graph from the set S.
For a contradiction, we assume that G is a chordal graph that is a minimal
forbidden induced subgraph for substar graphs and does not belong to S. Thus
G is connected. Let (T, f) be a tree representation of G. We denote vertices
of T by q with an optional additional subscript/superscript. The correspond-
ing maximal clique in G is denoted by Q with the same optional additional
subscript/superscript.

We first show that we may assume that every subtree has diameter at most
3, i.e. no subtree contains a P5, otherwise this is a contradiction to our choice
of G. To see this, take a vertex u that is contained in only one maximal clique
Q (every leaf of T contains such a vertex). Since all proper induced subgraphs
of G are substar graphs, G − u is a substar graph. Therefore, let (T ′, f ′) be a
tree representation of G− u. Since Q− u is a clique, its vertices are contained
in some maximal clique Q′. Add to T ′ a vertex q′′ adjacent to q′. Associate to
q′′ all vertices of Q. All subtrees in T ′ to which a vertex of G− u is associated
are still subtrees and may contain a P4 but not a P5.

After this preliminary consideration, we proceed in the proof of Theorem 5.2.
We choose a tree representation (T, f) of G such that the subtree f(v) of some
tree T does not contain a P5 for every v ∈ V (G) and the number of vertices v
such that f(v) has diameter 3 is minimal. Note that for every edge qq′ ∈ E(T ),
by our assumptions on T and the connectedness of G, we conclude Q \Q′ 6= ∅,
and Q ∩ Q′ 6= ∅. Since G is not a substar graph, there is a vertex z of G such
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that f(z) contains a P4 : q1q2q3q4. Let q2q3 be the unique middle edge of all
P4s in f(z). Note that for q1 and q4 there are possibly multiple choices. We call
a neighbor q of q2 other than q3 in T good if there is a vertex u of G such that
u ∈ Q∩Q2 but u /∈ Q3, and otherwise bad. Let k be a positive integer. We say
that there is a construction of order k (with respect to q2 and q3) in G if the
following holds:

• there is sequence of distinct vertices w0, w1, . . . , wk of G such that w0 = z,

• there are distinct neighbors q1, . . . , qk of q2 other than q3 in T

such that

• f(z) ∩ {q1, . . . , qk} = {q1},

• f(wi) ∩ {q1, . . . , qk} = {qi, qi+1} for i ∈ {1, . . . , k − 1},

• f(wk) ∩ {q1, . . . , qk} = {qk}, and

• q3 ∈ f(wi) if and only if i ∈ {0, . . . , k − 1}.

We say that there is a mirrored construction of order k (with respect to q2 and
q3) in G, if there is a construction of order k with respect to q2 and q3 in G
after renaming qi by q5−i for i ∈ {1, . . . , 4}. We say that we switch a neighbor
q of q2 other that q3 if we delete the edge qq2 and add the edge qq3 in T .

In the following part of the proof we show that there is a construction of
order k and a mirrored construction of order ` with respect to q2 and q3 in G
for some positive integers k and `. Afterwards we show that this implies the
existence of an induced subgraph from the set S in G.

If there is a good neighbor of q2 in f(z), then there is a construction of order
1 in G. Therefore, we may assume that all neighbors of q2 in f(z) other that q3

are bad and denote this set by V1. Now we simultaneously switch all vertices of
V1 and get a new tree representation (T1, f1) of G. If no diameter of a subtree
f(v) (v ∈ V (G)) increased by this switch, then the subtree f1(z) is a star and
the number of vertices v of G such that f1(v) has diameter 3 decreased, which
is a contradiction to our choice of T . Let V ′1 ⊆ V1 be the set of vertices of V1

that contains vertices w of G such that the diameter of f1(w) is larger than
the diameter of f(w). This implies that V ′1 is exactly the set of vertices of V1

in T1 such that for every q ∈ V ′1 , there is a vertex xq of G with the following
properties

• q ∈ f(xq),

• q2, q3 ∈ f(xq),

• there is a neighbor q̌ of q2 other than q3 in T1 such that q̌ ∈ f(xq), and

• there is no neighbor q′ of q3 other than q2 and other than the vertices of
V1 in T1 such that xq ∈ Q′.

Note that for every q ∈ V ′1 the diameter of f(xq) increases from 2 to 3 or from
3 to 4 by switching q. Let V2 be set of all neighbors q̂ of q2 in T1 other that q3

with the property that there is a vertex x of G such that

• q̂ ∈ f(x),
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• q̃ ∈ f(x) for some q̃ ∈ V ′1 , (note that these properties imply that q2, q3 ∈
f(x)), and

• there is no neighbor q′ of q3 other than q2 and other than the vertices of
V1 in T1 such that q′ ∈ f(xq).

That means in V2 are all vertices of T1 that make problems because we switched
the vertices of V1. If there is a good vertex in V2, then there is construction of
order 2 in G. Therefore, we may assume all neighbors of q2 in V2 are bad. Now
we simultaneously switch all vertices of V2 and get a new tree representation
(T2, f2) of G. Note that for every vertex v of G for which the diameter of f1(v) is
larger than the diameter of f(v) the diameter of f2(v) is as large as f(v) again.
If no diameter of a subtree f1(v) (v ∈ V (G)) increased by this switch, then the
subtree f2(z) is a star and the number of vertices v of G such that f2(v) has
diameter 3 decreased, which is a contradiction to our choice of T . Let V ′2 ⊆ V2

be the set of vertices of V2 that contain vertices w of G such that the diameter
of f2(w) is larger than the diameter of f1(w). This implies that V ′2 is exactly
the set of vertices of V2 in T2 such that for every q ∈ V ′2 , there is a vertex xq of
G with the following properties

• q ∈ f(xq),

• q2, q3 ∈ f(xq),

• there is a neighbor q̌ of q2 other than q3 in T2 such that q̌ ∈ f(xq), and

• there is no neighbor q′ of q3 other than q2 and other than the vertices of
V2 in T2 such that q′ ∈ f(xq).

Note that for every q ∈ V ′2 the diameter of f(xq) increases from 2 to 3 or from
3 to 4 by switching q.

It is easy to repeat this arguments for Vi, V
′
i for i > 2, if Vi, V

′
i is defined

analogously. Extending the argumentation from above, we know, if there is a
good vertex v ∈ Vk for some j ∈ N, then there is a construction of order j in G.
However, if all vertices in Vj are bad, then Vj+1 is nonempty. Since the number
of vertices is finite, there is a good vertex in Vk for some positive integer k.
Thus we obtain a construction of order k in G. By symmetry, we can argue
analogously, if we swap the names of q2 and q3 . Thus we obtain a construction
of order k and a mirrored construction of order ` for some positive integers k, `
with respect to q2 and q3 in G.
Suppose k = 1 and ` = 1, then let

• x be the vertex that is associated with w1 in the construction of order 1,

• y be the vertex that is associated with w1 in the mirrored construction of
order 1,

• a ∈ Q1 \Q2,

• b ∈ Q4 \Q3,

• u ∈ Q2 \Q1, and

• v ∈ Q3 \Q4.
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If u = v, then these vertices, together with z, induce the graph H1, otherwise
the graph H1 or a graph of type H2.
Suppose k + ` > 2, then Hk+`

3 is an induced subgraph of G. To see this, let

• z = c`,

• c`+i be the vertex that is associated with wi in the construction of order
k for i ∈ {1, . . . , k − 1},

• v be the vertex that is associated with wk in the construction of order k,

• cj be the vertex that is associated with w`−j in the mirrored construction
of order ` for j ∈ {1, . . . , `− 1},

• u be the vertex that is associated with w` in the mirrored construction of
order `,

• a`+i be a vertex in Qi \Q2 for i ∈ {1, . . . , k} where Qi is associated with
the construction of order k, and

• a`+1−j be a vertex in Qj \ Q3 for j ∈ {1, . . . , `} where Qj is associated
with the mirrored construction of order `.

This completes the proof of Theorem 5.2. �



Chapter 6

Mixed Unit Interval Graphs

A graph G is an interval graph if there is a function I from the vertex set of G to
the set of intervals of the real line such that two vertices are adjacent if and only
if their assigned intervals intersect; that is, interval graphs are the intersection
graphs of intervals of the real line. The function I is an interval representation
of G.1 Interval graphs are well known and investigated [41, 47, 72]. There are
several different algorithms that decide whether a given graph is an interval
graph. See for example [24].

An important subclass of interval graphs are unit interval graphs. An in-
terval graph G is a unit interval graph if there is an interval representation I
of G such that I assigns to every vertex a closed interval of unit length. This
subclass is well understood and easy to characterize structurally [91] as well as
algorithmically [23].

Frankl and Maehara [42] showed that it does not matter whether we as-
sign the vertices of G only to closed intervals or only to open intervals of unit
length. Rautenbach and Szwarcfiter [87] characterized, by a finite list of for-
bidden induced subgraphs, all interval graphs G such that there is an interval
representation of G that uses only open and closed unit intervals.

We say a graph is a mixed unit interval graph if it has an intersection
representation of intervals of unit length (all four possible types are allowed).
Dourado et al. [31] gave a characterization of diamond-free mixed unit interval
graphs, where a diamond is a complete graph on four vertices minus an edge.
Furthermore, they made a conjecture concerning the general case. We prove
that their conjecture is not completely correct and give a complete character-
ization of this class. Since the conjecture is rather technical and not given by
a list of forbidden induced subgraphs, we refer the reader to [31] for a detailed
formulation of the conjecture, but roughly speaking, they missed the class of
forbidden induced subgraphs shown in Figure 6.6.

Because our proof is constructive, the proof of the main result of this chapter
also implies the existence of a polynomial-time recognition algorithm.

1 If we were very strict with the consistency of our notation and used the notation consistent
to Chapter 5, we would use (R, f) to denote an interval representation where f plays the role
of I. However, because the ground set R is the same for every interval graph, this notation is
awkward. Thus we omit the ground set and use I instead of f to indicate that we deal with
a function mapping to the set of all intervals.

39
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6.1 Preliminary Remarks

Recall that two distinct vertices u and v are true twins (in G) if NG[u] = NG[v].
If G contains no true twins, then G is true twin-free. For x, y ∈ R, we denote
by

[x, y] = {z ∈ R : x ≤ z ≤ y}

the closed interval, by

(x, y) = {z ∈ R : x < z < y}

the open interval, by
(x, y] = {z ∈ R : x < z ≤ y}

the open-closed interval, and by

[x, y) = {z ∈ R : x ≤ z < y}

the closed-open interval of x and y, respectively. For an interval A, let `(A) =
inf{x ∈ R : x ∈ A} and r(A) = sup{x ∈ R : x ∈ A}. If I is an interval
representation of G and v ∈ V (G), then we write `(v) and r(v) instead of
`(I(v)) and r(I(v)), respectively, if there are no ambiguities. Let I++ be the
set of all closed intervals, I−− be the set of all open intervals, I−+ be the set of
all open-closed intervals, I+− be the set of all closed-open intervals, and I be
the set of all intervals. In addition, let U++ be the set of all closed unit intervals,
U−− be the set of all open unit intervals, U−+ be the set of all open-closed unit
intervals, U+− be the set of all closed-open unit intervals, and U be the set of
all unit intervals.

By a result of [31] and [87], every interval graph is an I++-graph. With our
notation unit interval graphs equal U++-graphs and mixed unit interval graphs
equal U-graphs.

An interval graph G is a proper interval graph if there is an interval repre-
sentation of G such that I(u) 6⊆ I(v) for every distinct u, v ∈ V (G).

The next result due to Roberts characterizes unit interval graphs.

Theorem 6.1 (Roberts [91]). The classes of unit interval graphs, proper inter-
val graphs, and K1,3-free interval graphs are the same.

The second result shows that several natural subclasses of mixed unit interval
graphs actually coincide with the class of unit interval graphs.

Theorem 6.2 (Dourado et al., Frankl and Maehara [31, 42]). The classes of
U++-graphs, U−−-graphs, U+−-graphs, U−+-graphs, and U+−∪U−+-graphs are
the same.

A graph G is a mixed proper interval graph (respectively an almost proper
interval graph) if G has an interval representation I : V (G) → I (respectively
I : V (G)→ I++ ∪ I−−) such that

• there are no two distinct vertices u and v of G with I(u), I(v) ∈ I++,
I(u) ⊆ I(v), and I(u) 6= I(v), and

• for every vertex u of G with I(u) /∈ I++, there is a vertex v of G with
I(v) ∈ I++, `(u) = `(v), and r(u) = r(v).
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K1,4 K∗1,4 K∗2,3 K∗2,4

Figure 6.1: Forbidden induced subgraphs for true twin-free U++ ∪U−−-graphs.

Figure 6.2: A graph, which is a U-graph, but not a U++ ∪ U−−-graph.

A natural class extending the class of unit interval graphs are U++ ∪ U−−-
graphs. These were characterized by Rautenbach and Szwarcfiter.

Theorem 6.3 (Rautenbach and Szwarcfiter [87]). For a true twin-free graph
G, the following statements are equivalent.

• G is a {K1,4,K
∗
1,4,K

∗
2,3,K

∗
2,4}-free interval graph. (See Figure 6.1 for an

illustration.)

• G is an almost proper interval graph.

• G is a U++ ∪ U−−-graph.

Note that an interval representation can assign the same interval to true
twins and hence the restriction to true twin-free graphs does not weaken the
statement but simplifies the description.

Next, we consider intervals graphs with all different types of unit intervals.
The class of U-graphs is a proper superclass of the U++ ∪U−−-graphs, because
the graph illustrated in Figure 6.2 is a U-graph, but not a U++ ∪U−−-graph (it
contains a K∗1,4). Dourado et al. already made some progress in characterizing
this class.

Theorem 6.4 (Dourado et al. [31]). For a graph G, the following two state-
ments are equivalent.

• G is a mixed proper interval graph.

• G is a mixed unit interval graph.

They also characterized diamond-free mixed unit interval graphs. There is
another approach by Le and Rautenbach [71] to understand the class of U-
graphs by restricting the ends of the unit intervals to integers. They found a
infinite list of forbidden induced subgraphs, which characterize these so-called
integral U-graphs.

A couple of months after having completed the manuscript concerning the
characterization of mixed unit interval graphs the author was informed by Alan
Shuchat, Randy Shull, Ann Trenk and Lee West that they also characterized
the class of mixed unit interval graphs by a list of forbidden induced subgraphs.
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R0 R1 R2

i triangles
Ri

Figure 6.3: The class R.

S1 S2 i triangles
Si

Figure 6.4: The class S.

6.2 The Characterization of Mixed Unit Inter-
val Graphs

In this section we state and prove the main results of this chapter. We start
by introducing a list of forbidden induced subgraphs. See Figures 6.3, 6.4, 6.5,
and 6.6 for illustration. Let R =

⋃∞
i=0{Ri}, S =

⋃∞
i=1{Si}, S ′ =

⋃∞
i=1{S′i},

and T =
⋃
i≥j≥0{Ti,j}. For k ∈ N let the graph Qk arise from the graph Rk

by deleting two vertices of degree 1 that have a common neighbor. We call
the common neighbor of the two deleted vertices and its neighbor of degree 2
special vertices of Qk. Note that if a graph G is true twin-free, then the interval
representation of G is injective.

Lemma 6.5 (Dourado et al.[31]). Let k ∈ N.

(a) Every U-representation of the claw K1,3 arises by translation (replacing I
by I +x for some x ∈ R; that is, shifting all intervals by x) of the following
U-representation I : V (K1,3)→ U of K1,3, where I(V (K1,3)) consists of the
following intervals

• either [0, 1] or (0, 1],

• [1, 2] and (1, 2), and

• either [2, 3] or [2, 3).

(b) Every injective U-representation of Qk arises by translation and inversion
(replacing I by −I; that is, multiplying all endpoints of the intervals by −1)
of one of the two injective U-representations I : V (Qk) → U of Qk, where
I(V (Qk)) consists of the following intervals

• either [0, 1] or (0, 1],
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S′2S′1 i triangles
S′i

Figure 6.5: The class S ′.

T0,0 T1,0 T2,1

i triangles j triangles
Ti,j

Figure 6.6: The class T .

• [1, 2] and (1, 2), and

• [i, i+ 1] and [i, i+ 1) for 2 ≤ i ≤ k + 1.

(c) The graphs in {T0,0} ∪ R are minimal forbidden subgraphs for the class of
U-graphs with respect to induced subgraphs.

(d) If G is a U-graph, then every induced subgraph H in G that is isomorphic to
Qk and every vertex u∗ ∈ V (G) \ V (H) such that u∗ is adjacent to exactly
one of the two special vertices x of H, the vertex u∗ has exactly one neighbor
in V (H), namely x.

Lemma 6.6 ([53]). If a graph G is a true twin-free mixed unit interval graph,
then G is {K∗2,3} ∪ R ∪ S ∪ S ′ ∪ T -free.

Proof of Lemma 6.6: It is easy to see that G is {K∗2,3}-free. Lemma 6.5 (c)
shows that G is R-free and Lemma 6.5 (d) shows that G is S-free.

Let k ∈ N. Note that the graph S′k arises from the graph Qk by adding
a vertex z and joining it to the two special vertices of Qk and the unique
common neighbor of these two vertices. For a contradiction, we assume that
S′k has a U-representation I. By Lemma 6.5 (b) there are only two possibilities
for the U-representation of Qk. Thus we assume that the subgraph Qk of S′k
has the interval representation as described in Lemma 6.5 (b). In both cases
we conclude `(z) = k + 1 and k + 1 ∈ I(z). Thus r(z) = k + 2 and hence
I(z) ∈ {[k + 1, k + 2], [k + 1, k + 2)}. Therefore, G is not true twin-free, which
is a contradiction. This implies that G is S ′-free.

By Lemma 6.5 (c), G is T0,0-free. Let C be a claw having vertex set
{c, a1, a2, a3}, where c is the center vertex. Denote by vk and wk the special
vertices of Qk. Note that Tk,0 arises by the disjoint union of the graph Qk and
C, identifying vk and a1, and adding the edges wkc and vka2. For contradiction,
we assume that Tk,0 has a U-representation I. By Lemma 6.5 (b), we assume
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without loss of generality that the induced subgraph Qk of Tk,0 is represented by
exactly the intervals described in Lemma 6.5 (b). Thus I(vk) = [k+1, k+2] and
I(wk) = [k+ 1, k+ 2), because vka2 ∈ E(Tk,0) but wka2 /∈ E(Tk,0). Since I(vk)
is not an open interval and by Lemma 6.5 (a), we obtain I(c) = [k + 2, k + 3]
and hence I(wk) ∩ I(c) = ∅. This is a contradiction, which implies that G is⋃
i≥0{Ti,0}-free.

Let i, j ∈ N. Note that the graph Ti,j arises by the disjoint union of Qi
and Qj and adding three edges between the special vertices of Qi and Qj . We
may assume that the intervals of the subgraph Qi are exactly the intervals as
described in Lemma 6.5 (b). Let wi (respectively vi) be the vertex of Qi that
has one (two) neighbor(s) in the subgraph Qj ; that is, I(vi) = [i+ 1, i+ 2] and
I(wi) = [i + 1, i + 2) because NTi,j (wi) ⊂ NTi,j (vi). Let wj (respectively vj)
be the vertex of Qj that has one (two) neighbor(s) in the subgraph Qi. Since
the subgraph Qj has also an interval representation as described in Lemma 6.5
(b) and the vertices of Qi \ {vi, wi} and not joined by an edge to the vertices
of Qj \ {vj , wj}, we conclude that the intervals of the vertices of Qj arise by an
inversion and a translation of the interval representation as described in Lemma
6.5 (b). This implies that I(vj) = [x, x + 1] and I(wj) = (x, x + 1] for some
x ∈ R. Obviously, x ∈ [i+ 1, i+ 2]. If x = i+ 2, then neither vi is adjacent to
wj nor wi is adjacent to vi. If x ∈ [i+ 1, i+ 2), then the intervals of wi and wj
intersect, which is not possible. Therefore, G is T -free and this completes the
proof. �

We proceed to the characterization of mixed unit interval graphs.

Theorem 6.7 ([53]). A true twin-free graph G is a mixed unit interval graph
if and only if G is a {K∗2,3} ∪ R ∪ S ∪ S ′ ∪ T -free interval graph.

Proof of Theorem 6.7: We use a similar approach as in [87]. By Lemma 6.6, we
know if G is a true twin-free mixed unit interval graph, then G is a {K∗2,3}∪R∪
S∪S ′∪T -free interval graph. Let G be a true twin-free {K∗2,3}∪R∪S∪S ′∪T -
free interval graph. We show that G is a mixed proper interval graph. By
Theorem 6.4, this proves Theorem 6.7. Since G is an interval graph, G has
an I++-representation I. As in [87] we call a pair (u, v) of distinct vertices
a bad pair if I(u) ⊆ I(v). Let I be such that the number of bad pairs is as
small as possible. If I has no bad pair, then we are done by Theorem 6.1.
Hence we assume that there is at least one bad pair. The strategy of the proof
is as follows. Claim 6.1 to Claim 6.6 collect properties of G and I, before
we modify our interval representation of G to show that G is a mixed proper
interval graph. In Claim 6.7 to Claim 6.10 we prove that our modification
of the interval representation preserves all intersections and non-intersections.
Claim 6.1 to Claim 6.3 are similar to Claim 1 to Claim 3 in [87], respectively.
For the sake of completeness we state the proofs here.

Claim 6.1. If (u, v) is a bad pair, then there are vertices x and y such that
`(v) ≤ r(x) < `(u) and r(u) < `(y) ≤ r(v).

Proof of Claim 6.1: For a contradiction, we assume the existence of a bad pair
(w, v) such that there is no vertex x with `(v) ≤ r(x) < `(w). A symmetric
argument implies the existence of y. Let u be a vertex such that `(u) is as
small as possible with respect to I(u) ⊆ I(v). By our assumption there is
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no vertex x such that `(v) ≤ r(x) < `(u). Let ε be the smallest distance
between two distinct endpoints of intervals of I. Let I ′ : V (G)→ I++ be such
that I ′(u) = [`(v) − ε/2, r(u)], I ′(v) = [`(v), r(v) + ε/2], and I ′(z) = I(z) for
z ∈ V (G) \ {u, v}. By the choice of u and ε, we conclude that I ′ is an interval
representation of G, but I ′ has less bad pairs than I, which is a contradiction
to our choice of I. This completes the proof. �

Let a1 and a2 be two distinct vertices. Claim 6.1 implies that `(a1) 6= `(a2)
and r(a1) 6= r(a2). Suppose `(a1) < `(a2). If r(a1) = `(a2), then let ε be
as in the proof of Claim 6.1 and I ′ : V (G) → I++ be such that I ′(a1) =
[`(a1), r(a1) + ε/2], and I ′(z) = I(z) for z ∈ V (G) \ {a1}. By the choice of ε, we
conclude that I ′ is an interval representation of G with as many bad pairs as I.
Therefore, we assume without loss of generality that we chose I such that all
endpoints of the intervals of I are distinct. Hence the inequalities in Claim 6.1
are strict inequalities.

Claim 6.2. If (u,w) and (v, w) are bad pairs, then u = v, that is, no interval
contains two distinct intervals.

Proof of Claim 6.2: For contradiction, we assume that there are distinct vertices
u′, v′ and w such that (u′, w) and (v′, w) are bad pairs. Let u be a vertex such
that (u,w) is a bad pair and `(u) is as small as possible. Let v be a vertex such
that (v, w) is a bad pair and r(v) is as large as possible. Claim 6.1 ensures two
distinct vertices x and y such that `(w) < r(x) < `(u) and r(v) < `(y) < r(w).

If u 6= v and I(u) ∩ I(v) = ∅, then G[{w, x, u, v, y}] is isomorphic to R0,
which is a contradiction. If u 6= v and I(u) ∩ I(v) 6= ∅, then in the graph
G[{w, x, u, v, y}] the vertices u and v are true twins. Since G is true twin-free, u
and v do not have the same closed neighborhood in G and hence there is a vertex
z, which is adjacent to say u (by symmetry) and not to v. Since I(u) ⊂ I(w), z
is adjacent to w. If z is not adjacent to x, then G[{w, x, z, v, y}] is isomorphic to
R0 and if z is adjacent to x, then G[{w, x, z, u, v, y}] is isomorphic to S1, which
is a contradiction.

If u = v, then there is a vertex z such that (z, u) is a bad pair because u′ or
v′ is a suitable choice. We choose z such that `(z) is minimal. Claim 6.1 ensures
the existence of a vertex x′ such that `(u) < r(x′) < `(z). Note that the choice of
u and z guarantees `(x′) < `(w), so xx′ ∈ E(G). Therefore, G[{w, x, x′, u, z, y}]
is isomorphic to S1, which is a contradiction. This completes the proof of
Claim 6.2. �

Claim 6.3. If (u, v) and (u,w) are bad pairs, then v = w, that is, no interval
is contained in two distinct intervals.

Proof of Claim 6.3: Claim 6.2 implies that neither (v, w) nor (w, v) is a bad
pair. Thus we may assume `(w) < `(v) < `(u) and r(u) < r(w) < r(v).
By Claim 6.1, there are vertices x and y such that `(v) < r(x) < `(u) and
r(u) < `(y) < r(w). Now, G[{v, w, x, u, y}] is isomorphic to K∗2,3, which is a
contradiction and completes the proof of Claim 6.3. �

A vertex x is to the left (respectively right) of a vertex y (in I), if r(x) < `(y)
(respectively r(y) < `(x)). Two adjacent vertices x and y are distinguishable
by vertices to the left (respectively right) of them, if there is a vertex z, which
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Figure 6.7: The structure in G forced by a bad pair (u, v).

is adjacent to exactly one of them and to the left (respectively right) of one of
them. The vertex z distinguishes x and y. Next, we show that for a bad pair
(u, v) there is the structure as shown in Figure 6.7 in G. We introduce a positive
integer `max

u,v that, roughly speaking, indicates how large this structure is.

For a bad pair (u, v) let v = X0
u,v and let X1

u,v be the set of vertices that
are adjacent to v and to the left of u. Let yu,v be a vertex to the right of u
and adjacent to v. Claim 6.1 guarantees |X1

u,v| ≥ 1 and the existence of yu,v.
If |X1

u,v| = 1, then let `max
u,v = 1 and we stop here. Suppose |X1

u,v| ≥ 2. Since G
is R0-free, X1

u,v is a clique and since G is S′1-free, we conclude |X1
u,v| = 2. Let

{x, x′} = X1
u,v such that r(x) < r(x′). For contradiction, we assume that there

is a vertex z to the right of x that distinguishes x and x′. We conclude `(v) <
`(z). By Claim 6.2, r(v) < r(z). This implies that (u, z) is a bad pair, which
contradicts Claim 6.3. Thus z does not exist. In addition (x, x′) is not a bad
pair, otherwise Claim 6.1 guarantees a vertex z such that r(x) < `(z) < r(x′),
which is a contradiction. Thus `(x) < `(x′) < r(x) < r(x′). Let x1

u,v = x and

x1
u,v
′

= x′. Note that NG(x1
u,v
′
) ⊂ NG(x1

u,v).

Let X2
u,v = NG(x1

u,v)\NG(x1
u,v
′
). Note that all vertices in X2

u,v are to the left

of x1
u,v
′
. Since G is true twin-free, |X2

u,v| ≥ 1. If |X2
u,v| = 1, then let `max

u,v = 2
and we stop here. Suppose |X2

u,v| ≥ 2. Since G is R1-free, X2
u,v is a clique

and since G is S′2-free, we conclude |X2
u,v| = 2. Let {x, x′} = X2

u,v such that
r(x) < r(x′). For contradiction, we assume that there is a vertex z to the right

of x that distinguishes x and x′. Since z /∈ X2
u,v, we conclude `(x1

u,v
′
) < r(z).

If r(z) < `(v), then G[{z, x, x′, x1
u,v, x

1
u,v
′
, v, u, yu,v}] is isomorphic to S2, which

is a contradiction. Thus `(v) < r(z). If r(z) < `(u), then |X1
u,v| = 3, which is a
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contradiction. Thus `(u) < r(z). If r(u) < r(z), then (u, v) and (u, z) are bad
pairs, which is a contradiction to Claim 6.3. Thus `(u) < r(z) < r(u). Now

G[{z, x′, x1
u,v
′
, v, u, yu,v}] is isomorphic to T0,0, which is the final contradiction.

Note that (x, x′) is not a bad pair, otherwise Claim 6.1 guarantees a vertex
z such that r(x) < `(z) < r(x′), which is a contradiction. Thus `(x) < `(x′) <

r(x) < r(x′). Let x2
u,v = x and x2

u,v
′

= x′. Note that NG(x2
u,v
′
) ⊂ NG(x2

u,v).

Let X3
u,v = NG(x2

u,v) \NG(x2
u,v
′
). Note that all vertices in X3

u,v are to the left

of x2
u,v
′
.

We assume that for k ≥ 3, i ∈ [k − 1] and j ∈ [k]

• we defined Xj
u,v,

• |Xi
u,v| = 2 holds,

• we defined xiu,v and xiu,v
′
,

• `(xiu,v) < `(xiu,v
′
) < r(xiu,v) < r(xiu,v

′
) holds,

• the vertices in Xi+1
u,v are to the left of xiu,v

′
, and

• the vertices in Xi
u,v are not distinguishable to the right.

If |Xk
u,v| = 1, then let `max

u,v = k and we stop here. Suppose |Xk
u,v| ≥ 2. Since

G is Rk−1-free, Xk
u,v is a clique and since G is S′k-free, we obtain |Xk

u,v| = 2.

Let {x, x′} = Xk
u,v such that r(x) < r(x′). For contradiction, we assume that

there is a vertex z to the right of x that distinguishes x and x′. Since z /∈ Xk
u,v,

we conclude `(xk−1
u,v
′
) < r(z). If r(z) < `(xk−2

u,v ), then G[{z, x, x′, v, u, yu,v} ∪⋃k−1
i=1 X

i
u,v] is isomorphic to Sk, which is a contradiction. Thus `(xk−2

u,v ) <

r(z). If r(z) < `(xk−2
u,v
′
), then |Xk−1

u,v | = 3, which is a contradiction. Thus

`(xk−2
u,v
′
) < r(z). If r(z) < `(xk−3

u,v ), then G[{z, x′, xk−1
u,v
′
, v, u, yu,v} ∪

⋃k−2
i=1 X

i
u,v]

is isomorphic to Tk−3,0, which is a contradiction. Thus `(xk−3
u,v ) < r(z). If

r(z) < r(xk−2
u,v ), then |Xk−2

u,v | = 3, which is a contradiction. Thus r(xk−2
u,v ) < r(z)

and hence (xk−1
u,v
′
, z) and (xk−2

u,v , z) are bad pairs, which is a contradiction to
Claim 6.2. Thus x, x′ are not distinguishable to the right. We obtain that
(x, x′) is not a bad pair, otherwise Claim 6.1 guarantees a vertex z such that
r(x) < `(z) < r(x′), which is a contradiction. Thus `(x) < `(x′) < r(x) < r(x′).

Let xku,v = x and xku,v
′

= x′. Note that NG(xku,v
′
) ⊂ NG(xku,v). Let Xk+1

u,v =

NG(xku,v) \NG(xku,v
′
). Note that all vertices in Xk+1

u,v are to the left of xku,v
′
.

By induction this leads to the following properties.

Claim 6.4. If (u, v) is a bad pair, k ∈ [`max
u,v − 1], then the following holds:

(a) |Xk
u,v| = 2.

(b) The vertices in Xk
u,v are not distinguishable by vertices to the right of them.

(c) We have `(xiu,v) < `(xiu,v
′
) < r(xiu,v) < r(xiu,v

′
), that is (xku,v, x

k
u,v
′
) and

(xku,v
′
, xku,v) are not bad pairs.

Note that `max
u,v is the smallest integer k such that |Xk−1

u,v | = 2 and |Xk
u,v| = 1.
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Claim 6.5. If (u, v) is a bad pair and k ∈ [`max
u,v − 1], then the following holds.

(a) xku,v
′

is not contained in a bad pair.

(b) There is no vertex z ∈ V (G) such that (xku,v, z) is a bad pair.

Proof of Claim 6.5: (a): For contradiction, we assume that there is a vertex z ∈
V (G) such that (xku,v

′
, z) is a bad pair. Trivially z /∈ {{v, y, u}∪

⋃`max
u,v

i=1 Xi
u,v}. We

have r(xku,v
′
) < r(z) and `(z) < `(xku,v

′
). In addition `(xku,v) < `(z), otherwise

(xku,v, z) is also a bad pair, which contradicts Claim 6.2. Claim 6.1 implies the

existence of a vertex a, such that `(z) < r(a) < `(xku,v
′
).

Let k = 1. If r(z) < `(u), then z ∈ X1
u,v, which is a contradiction to

|X1
u,v| = 2. Thus `(u) < r(z). If r(z) < r(u), then G[{a, z, xku,v

′
, u, v, y}] is

isomorphic to T0,0, which is a contradiction. Thus r(u) < r(z) and now (u, z)
is a bad pair, which is a contradiction to Claim 6.2.

Let k ≥ 2. If r(z) < `(xk−1
u,v
′
), then z ∈ Xk

u,v, which is a contradiction to

|Xk
u,v| = 2. Thus `(xk−1

u,v
′
) < r(z). If r(z) < `(xk−2

u,v ), thenG[{a, z, xku,v
′
, v, u, y}∪⋃k−1

i=1 X
i
u,v] is isomorphic to Tk−1,0. Thus `(xk−2

u,v ) < r(z). If r(z) < r(xk−1
u,v ),

then z ∈ Xk−1
u,v , which is a contradiction to |Xk−1

u,v | = 2. Thus r(xk−1
u,v ) < r(z),

but now (xk−1
u,v , z) is also a bad pair, which is a contradiction to Claim 6.2 and

completes this part of the proof.
For contradiction, we assume that there is a vertex z ∈ V (G) such that

(z, xku,v
′
) is a bad pair. By Claim 6.1, `(xku,v

′
) < `(z) and r(z) < r(xku,v

′
). By

Claim 6.3, r(xku,v) < r(z). Let yz be the vertex guaranteed by Claim 6.1 such
that r(z) < `(yz), but this contradicts Claim 6.4 (b).

(b): For contradiction, we assume the existence of a vertex z ∈ V (G) such

that (xku,v, z) is a bad pair. Trivially z 6= xku,v
′
. If r(z) < r(xku,v

′
), then this

contradicts Claim 6.4 (a), that is |Xk
u,v| = 2 and if r(xku,v

′
) < r(z), then (xku,v

′
, z)

is also a bad pair and this contradicts Claim 6.2. This completes the proof of
Claim 6.5. �

For a bad pair (u, v) define Y ku,v as Xk
u,v by interchanging in the definition

right by left. Let rmax
u,v be the smallest integer k such that |Y k−1

u,v | = 2 and

|Y ku,v| = 1. By symmetry, one can prove a “y”-version of Claim 6.4, Claim 6.5

and Claim 6.6 (a) and (b). Let {yku,v, yku,v
′} = Y ku,v such that NG(yku,v

′
) ⊂

NG(yku,v) for k ≤ rmax
u,v − 1.

Claim 6.6. Let (u, v) and (w, z) be bad pairs and k ∈ [`max
u,v ].

(a) If Xk
u,v ∩X k̃

w,z 6= ∅, then xk−1
u,v = xk̃−1

w,z for k̃ ∈ [`max
w,z ].

(b) If Xk
u,v ∩X k̃

w,z 6= ∅, then Xk
u,v = X k̃

w,z for k̃ ∈ [`max
w,z ].

(c) If Xk
u,v ∩ Y k̃w,z 6= ∅, then Xk

u,v ∩ Y k̃w,z = xku,v = yk̃w,z for k̃ ∈ [rmax
w,z ]

Proof of Claim 6.6: (a): For contradiction we assume xk−1
u,v 6= xk̃−1

w,z . Without

loss of generality we assume `(xk−1
u,v ) < `(xk̃−1

w,z ). Note that xk̃−1
w,z is adjacent to
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the vertices in Xk
u,v ∩ X k̃

w,z. Since the vertices in Xk
u,v are not distinguishable

to the right, we conclude `(xk̃−1
w,z ) < r(xku,v).

First, we suppose k = 1. Thus v = xk−1
u,v . If r(xk̃−1

w,z ) < r(v), then (xk̃−1
w,z , v) is

a bad pair and this contradicts Claim 6.2 and if r(xk̃−1
w,z ) > r(v), then (u, xk̃−1

w,z ) is

a bad pair and this contradicts Claim 6.3. Now we suppose k ≥ 2. If r(xk−1
u,v
′
) <

r(xk̃−1
w,z ), then (xk−1

u,v
′
, xk̃−1
w,z ) is a bad pair, which contradicts Claim 6.5 (a). Thus

r(xk̃−1
w,z ) < r(xk−1

u,v
′
). If r(xk−1

u,v ) < r(xk̃−1
w,z ), then xk̃−1

w,z ∈ Xk−1
u,v , which implies

|Xk−1
u,v | = 3 and hence contradicts Claim 6.4 (a). Thus r(xk̃−1

w,z ) < r(xk−1
u,v ).

Therefore, (xk̃−1
w,z , x

k−1
u,v ) is a bad pair. Claim 6.1 implies the existence of a

vertex a which is to the left of xk̃−1
w,z and adjacent to xk−1

u,v . Thus a ∈ Xk
u,v.

However, r(a) < r(xku,v), which contradicts Claim 6.4 (c). This is the final
contradiction and this completes the proof of Claim 6.6 (a).

(b): If |Xk
u,v| = |X k̃

w,z| = 1, then there is nothing to show. Thus we assume,

|Xk
u,v| = 2. Note that by Claim 6.6 (a), xk−1

u,v = xk̃−1
w,z . If xku,v

′ ∈ X k̃
w,z, then

xku,v ∈ X k̃
w,z and we are done. Thus we assume xku,v

′
/∈ X k̃

w,z. SinceXk
u,v∩X k̃

w,z 6=
∅, we conclude xku,v ∈ X k̃

w,z. Hence w or xk̃−1
w,z

′
distinguishes the vertices in Xk

u,v

to the right of them, which is a contradiction to Claim 6.4 (b). This completes
the proof.

(c): If |Xk
u,v| = |Y k̃w,z| = 1, then there is nothing to show. Thus we assume

by symmetry |Y k̃w,z| = 2. First, we assume for contradiction yk̃w,z
′

= xku,v. Note

that `(yk̃−1
w,z ) < `(yk̃w,z

′
) and r(yk̃−1

w,z ) < r(yk̃w,z
′
).

Suppose |Xk
u,v| = 1. If `(xk−1

u,v ) < r(yk̃−1
w,z ), then yk̃−1

w,z ∈ Xk
u,v, which is a

contradiction to |Xk
u,v| = 1. Thus r(yk̃−1

w,z ) < `(xk−1
u,v ). Note that `(yk̃w,z

′
) <

`(yk̃w,z) < r(yk̃−1
w,z ) and r(yk̃w,z

′
) < r(yk̃w,z). Suppose k = 1. If r(yk̃w,z) < `(u),

then yk̃w,z ∈ Xk
u,v, which is a contradiction to |Xk

u,v| = 1. If `(u) < r(yk̃w,z) <

r(u), then G[{x1
w,z, w, z, u, v, y

1
u,v} ∪

⋃k̃
i=1 Y

i
w,z] is isomorphic to Tk̃,0, which is

a contradiction. If r(u) < r(yk̃w,z), then (u, yk̃w,z) is a bad pair, which is a

contradiction to Claim 6.3. Now we suppose k ≥ 2. If r(yk̃w,z) < `(xk−1
u,v
′
), then

yk̃w,z ∈ Xk
u,v, which is a contradiction to |Xk

u,v| = 1. If `(xk−1
u,v
′
) < r(yk̃w,z) <

`(xk−2
u,v ), then G[{x1

w,z, w, z, u, v, y
1
u,v} ∪

⋃k̃
i=1 Y

i
w,z ∪

⋃k−1
i=1 X

i
u,v] is isomorphic

to Tk̃,k−1, which is a contradiction. If `(xk−2
u,v ) < r(yk̃w,z) < `(xk−1

u,v
′
), then

yk̃w,z ∈ Xk−1
u,v and hence |Xk−1

u,v | = 3, which is a contradiction to Claim 6.4 (a).

If `(xk−1
u,v
′
) < r(yk̃w,z), then (xk−1

u,v
′
, yk̃w,z) is a bad pair, which is a contradiction

to Claim 6.5 (a).

This shows |Xk
u,v| 6= 1 and thus we suppose |Xk

u,v| = 2. If `(xk−1
u,v ) < r(yk̃−1

w,z ),

then yk̃−1
w,z ∈ Xk

u,v, which is a contradiction to |Xk
u,v| = 2. Thus r(yk̃−1

w,z ) <

`(xk−1
u,v ). Note that `(yk̃w,z

′
) < `(yk̃w,z) < r(yk̃−1

w,z ) and r(yk̃w,z
′
) < r(yk̃w,z). If

`(xku,v
′
) < r(yk̃−1

w,z ), then xku,v
′

= yk̃w,z. Thus {xku,v
′
, xku,v} = Y k̃w,z. By Claim 6.4

(b), these vertices are not distinguishable to the right and to the left. Thus they

are true twins, which is a contradiction. Thus r(yk̃−1
w,z ) < `(xku,v

′
). Note that
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`(yk̃w,z
′
) < `(yk̃w,z) < r(yk̃−1

w,z ). If r(yk̃w,z) < r(xku,v
′
), then yk̃w,z ∈ Xk

u,v, which is

a contradiction to |Xk
u,v| = 2 and if r(xku,v

′
) < r(yk̃w,z), then (xku,v

′
, yk̃w,z) is a

bad pair, which is a contradiction to Claim 6.5 (a). This shows yk̃w,z
′
6= xku,v. A

totally symmetric argumentation shows yk̃w,z 6= xku,v
′
.

To complete the proof, we show that yk̃w,z
′
6= xku,v

′
. For contradiction,

we assume yk̃w,z
′

= xku,v
′
. If `(xk−1

u,v ) < r(yk̃−1
w,z ), then xk−1

u,v = yk̃w,z. Thus

G[{x1
w,z, w, z, u, v, y

1
u,v}∪

⋃k̃
i=1 Y

i
w,z∪

⋃k−1
i=1 X

i
u,v] is isomorphic to Rk+k̃−1, which

is a contradiction. Hence we assume r(yk̃−1
w,z ) < `(xk−1

u,v ). If `(xku,v) < `(yk̃−1
w,z ),

then (yk̃−1
w,z , x

k
u,v) is a bad pair, which is a contradiction to the “y”-version of

Claim 6.5 (b). Hence we assume `(yk̃−1
w,z ) < `(xku,v). If xku,v ∈ Y k̃w,z, then this is

a contradiction to the “y”-version of Claim 6.4 (a), because `(xku,v) < `(yk̃w,z
′
).

Suppose k̃ = 1. Since xku,v /∈ Y k̃w,z, we conclude xku,vw ∈ E(G). If `(w) < `(xku,v),

then G[{x1
w,z, w, z, u, v, y

1
u,v} ∪

⋃k
i=1X

i
u,v] is isomorphic to Tk,0, which is a con-

tradiction. If `(xku,v) < `(w), then (w, xku,v) is a bad pair, which is a contra-

diction to Claim 6.3. Hence we suppose k̃ ≥ 2. Note that `(xku,v) < r(yk̃−1
w,z

′
).

If r(yk̃−2
w,z ) < `(xku,v), then G[{x1

w,z, w, z, u, v, y
1
u,v} ∪

⋃k̃−1
i=1 Y

i
w,z ∪

⋃k
i=1X

i
u,v] is

isomorphic to Tk̃−1,k. If `(yk̃−1
w,z

′
) < `(xku,v) < r(yk̃−2

w,z ), then xku,v ∈ Y k̃−1
w,z , which

is a contradiction to the “y”-version of Claim 6.4 (a). If `(xku,v) < `(yk̃−1
w,z

′
),

then (yk̃−1
w,z

′
, xku,v) is a bad pair, which is a contradiction to the “y”-version of

Claim 6.5 (a). This completes the proof of Claim 6.6. �

Next, we define step by step new interval representations of G as follows.
First we shorten the intervals of Xk

u,v for every bad pair (u, v) and k ∈ [`max
u,v ].

Let I ′ : V (G) → I++ be such that I ′(x) = [`(x), `(xk−1
u,v )] if x ∈ Xk

u,v for some
bad pair (u, v) and I ′(x) = I(x) otherwise. By Claim 6.6 (a), I ′ is well-defined;

that is, if x ∈ Xk
u,v ∩X k̃

w,z, then `(xk−1
u,v ) = `(xk̃−1

w,z ). Let `′(x) and r′(x) be the
left and right endpoint of the interval I ′(x) for x ∈ V (G), respectively.

Claim 6.7. I ′ is an interval representation of G.

Proof of Claim 6.7: Trivially, if two intervals do not intersect in I, then they
do not intersect in I ′. For contradiction, we assume that there are two vertices
a, b ∈ V (G) such that I(a) ∩ I(b) 6= ∅ and I ′(a) ∩ I ′(b) = ∅. At least one
interval is shortened by changing the interval representation. Say a ∈ Xk

u,v

for some bad pair (u, v) and k ∈ [`max
u,v ]. Hence b 6= xk−1

u,v and `(xk−1
u,v ) < `(b)

and by Claim 6.4 (b), `(b) < r(xku,v). We conclude that (b, xk−1
u,v ) is not a bad

pair, otherwise Claim 6.1 implies the existence of a vertex z ∈ Xk
u,v to the left

of b, but z /∈ {xku,v, xku,v
′}, which is a contradiction to Claim 6.4 (a). Thus

r(xk−1
u,v ) < r(b). If k = 1, then (u, b) is also a bad pair, which is a contradiction

to Claim 6.3. Thus k ≥ 2. Since `(b) < r(xku,v), we obtain `(b) < `(xk−1
u,v
′
). Since

(xk−1
u,v
′
, b) is not a bad pair by Claim 6.5 (a), r(b) < r(xk−1

u,v
′
). Thus b ∈ Xk−1

u,v ,

which is a contradiction to |Xk−1
u,v | = 2. �
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Claim 6.8. The change of the interval representation of G from I to I ′ creates
no new bad pair (a, b) such that {a, b} 6= Xk

u,v for some k ∈ [`max
u,v ] and some bad

pair (u, v).

Proof of Claim 6.8: For contradiction, we assume that (a, b) is a new bad pair
and {a, b} 6= Xk

u,v. Since (a, b) is a new bad pair, I ′(a) is a proper subset of

I(a). Thus let a ∈ Xk
u,v and b /∈ Xk

u,v. If a ∈ Xk
u,v and |Xk

u,v| = 2, then

`(b) < `(xku,v
′
) and r′(a) = `(xk−1

u,v ) < r(b) < r(xku,v
′
), because of Claim 6.5

(a). Thus b ∈ Xk
u,v, which is a contradiction. If a ∈ Xk

u,v and |Xk
u,v| = 1, then

`(b) < `(xku,v) and r′(a) = `(xk−1
u,v ) < r(b) < r(xku,v). Thus b ∈ Xk

u,v, which is
the final contradiction. �

In a second step, we shorten the intervals of Y iu,v for every bad pair (u, v)

and i ∈ [rmax
u,v ]. Let I ′′ : V (G) → I++ be such that I ′′(y) = [r′(yk−1

u,v ), r′(y)] if

y ∈ Y ku,v for some bad pair (u, v) and I ′′(y) = I ′(y) otherwise. Note that bad
pairs are only referred to the interval representation I. Let `′′(x) and r′′(x) be
the left and right endpoints of the interval I ′′(x) for x ∈ V (G), respectively.

Claim 6.9. I ′′ is an interval representation of G.

Proof of Claim 6.9: Again, two intervals do not intersect in I ′′ if they do not
intersect in I ′ (and in I). For contradiction, we assume that there are two
vertices a, b ∈ V (G) such that I(a) ∩ I(b) 6= ∅ and I ′′(a) ∩ I ′′(b) = ∅. Again, at
least one interval is shortened by the change of the interval representation. Say
a ∈ Y ku,v for some bad pair (u, v) and k ∈ [rmax

u,v ].

Suppose a ∈ X k̃
w,z for some bad pair (w, z) and k̃ ∈ [`max

w,z − 1]. By Claim 6.6

(c), we have a = xk̃w,z = yku,v. If yk−1
u,v = xk̃+1

w,z , then we did not change the

interval of a. Thus we assume yk−1
u,v 6= xk̃+1

w,z . Now `(yku,v) < r(b) < r(yk−1
u,v ). The

rest of the proof is similar to a symmetric version of the proof of Claim 6.7.

If a /∈ X k̃
ũ,ṽ, then r(b) < r(yk−1

u,v ) and `(yku,v
′
) < r(b), if yku,v

′
exists, otherwise

`(yku,v) < r(b). If `(yk−1
u,v ) < `(b), then by Claim 6.8, (b, yk−1

u,v ) is a bad pair
and by Claim 6.5, I(b) = I ′(b). Thus Claim 6.1 implies the existence of a
vertex, which contradicts the “y”-version of Claim 6.4 (a) and (b) and hence
we suppose `(b) ≤ `(yk−1

u,v ). Thus k ≥ 2, otherwise (u′, b) is a bad pair, which

contradicts Claim 6.3. If `(b) ≤ `(yk−1
u,v
′
), then (yk−1

u,v
′
, b) is a bad pair, which

contradicts the “y”-version of Claim 6.5 (a). Therefore, `(yk−1
u,v
′
) < `(b), which

implies b ∈ Y k−1
u,v , but b /∈ {yk−1

u,v , y
k−1
u,v
′}, which contradicts the “y”-version of

Claim 6.4 (a). �

Claim 6.10. The change of the interval representation of G from I to I ′′ creates
no new bad pair (a, b) such that {a, b} 6= Xk

u,v for some k ∈ [`max
u,v ] or {a, b} 6=

Y iu,v for some i ∈ [rmax
u,v ] and some bad pair (u, v).

Proof of Claim 6.10: For contradiction, we assume that (a, b) is a new bad
pair and Y iu,v 6= {a, b} 6= Xk

u,v. Thus a ∈ Xk
u,v or a ∈ Y iu,v and b /∈ Xk

u,v

or b /∈ Y iu,v, respectively. If a ∈ Xk
u,v and |Xk

u,v| = 2, then `(b) < `(xku,v
′
)

and `(xk−1
u,v ) < r(b) < r(xku,v

′
). Thus b ∈ Xk

u,v, which is a contradiction. If

a ∈ Xk
u,v and |Xk

u,v| = 1, then `(b) < `(xku,v) and `(xk−1
u,v ) < r(b) < r(xku,v).
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Thus b ∈ Xk
u,v, which is a contradiction. If a ∈ Y iu,v the proof is almost exactly

the same. �

Now we are in a position to blow up some intervals to open or half-open
intervals to get a mixed proper interval graph. Let I∗ : V (G)→ I be such that

I∗(x) =



(`(v), r(v)), if (x, v) is a bad pair,

(`′′(xku,v), r
′′(xku,v)], if x = xku,v

′
for some bad pair (u, v)

and k ∈ [`max
u,v − 1],[

`′′(yiu,v), r
′′(yiu,v)

)
, if x = yiu,v

′
for some bad pair (u, v)

and i ∈ [rmax
u,v − 1], and

[`′′(x), r′′(x)] , else.

Note that I∗ is well-defined by Claim 6.5 and Claim 6.6; that is, the four cases
in the definition of I∗ induces a partition of the vertex set of G. Moreover, the
interval representation I∗ defines a mixed proper interval graph. As a final step,
we prove that I ′′ and I∗ define the same graph. Since we make every interval
bigger, we show that for every two vertices a, b such that I ′′(a) ∩ I ′′(b) = ∅, we
still have I∗(a)∩ I∗(b) = ∅. For contradiction, we assume the opposite. Let a, b
be two vertices such that I ′′(a) ∩ I ′′(b) = ∅ and I∗(a) ∩ I∗(b) 6= ∅. It follows by
our approach and definition of our interval representation I ′′, that both a and
b are blown up intervals.

First we suppose a and b are intervals that are blown up to open intervals,
that is, there are distinct vertices ã and b̃ such that (a, ã) and (b, b̃) are bad
pairs. Furthermore, the intervals of ã and b̃ intersect not only in one point. By
Claim 6.2 and 6.3, we assume without loss of generality, that `′′(ã) < `′′(b̃) <
r′′(ã) < r′′(b̃). Therefore, by the construction of I ′′, we obtain a is adjacent to b̃
and ã is adjacent to b, and in addition they intersect in one point, respectively.
Now, G[{x1

a,ã, a, ã, b, b̃, y
1
b,b̃
}] is isomorphic to T0,0, which is a contradiction.

Now we suppose a is blown up to an open interval and b is blown up to
an open-closed interval (the case closed-open is exactly symmetric). Let ã be
the vertex such that (a, ã) is a bad pair. Let b̃, u, v ∈ V (G) and k ∈ N such
that {b, b̃} = Xk

u,v. We suppose ã 6= b̃. We conclude `′′(ã) < `′′(b̃) < r′′(ã) <

r′′(b̃). As above, we conclude a is adjacent to b̃ and ã is adjacent to b, and in
addition they intersect in one point, respectively. Thus G[{x1

a,ã, a, ã, v, u, y
1
u,v}∪⋃k

i=1X
i
u,v] induces a Tk,0, which is a contradiction. Now we suppose ã = b̃. We

conclude that G[{x1
a,ã, a, v, u, y

1
u,v} ∪

⋃k
i=1X

i
u,v] is isomorphic to Rk, which is a

contradiction.
It is easy to see that a and b cannot be both blown up to closed-open or

both open-closed intervals, because G is Rk-free for k ≥ 0 and the definition of
I ′′.

Therefore, we consider finally the case that a is blown up to a closed-open
and b to an open-closed interval. Let ã, b̃, u, v, w, z ∈ V (G) and k, k̃ ∈ N such

that {a, ã} = Y ku,v and {b, b̃} = X k̃
w,z. First we suppose ã 6= b̃. Again, we

obtain `′′(ã) < `′′(b̃) < r′′(ã) < r′′(b̃) and a is adjacent to b̃ and ã is ad-
jacent to b, and furthermore they intersect in one point, respectively. Thus

G[{x1
u,v, u, v, w, z, y

1
w,z}∪

⋃k
i=1 Y

i
u,v ∪

⋃k̃
i=1X

i
w,z] is isomorphic to Tk,k̃. Next we

suppose ã = b̃ and hence G[{x1
u,v, u, v, w, z, y

1
w,z} ∪

⋃k
i=1 Y

i
u,v ∪

⋃k̃
i=1X

i
w,z] is



6.2. THE CHARACTERIZATION OF MIXED UNIT INTERVAL GRAPHS53

S′′2 S′′3 S′′ii triangles

Figure 6.8: The class S ′′i .

G1

Figure 6.9: The graph G1.

isomorphic to Rk+k̃. This is the final contradiction and completes the proof of
Theorem 6.7. �

In Theorem 6.7 we only consider true twin-free U-graphs to reduce the num-
ber of case distinctions in the proof. In Corollary 6.8 we resolve this technical
condition. See Figure 6.8 and 6.9 for illustration. Let S ′′ =

⋃∞
i=2{S′′i }.

Corollary 6.8 ([53]). A graph G is a mixed unit interval graph if and only if
G is a {G1} ∪ R ∪ S ∪ S ′′ ∪ T -free interval graph.

Proof of Corollary 6.8: We first show that {G1} ∪ R ∪ S ∪ S ′′ ∪ T is the set of
all true twin-free graphs that contain all graphs of {K∗2,3} ∪R∪S ∪S ′ ∪ T and
are minimal with subject to induced subgraphs. We leave it as an exercise to
show that G1 is the only minimal true twin-free and R0-free graph that contains
K∗2,3. Since all graphs in R ∪ S ∪ T are true twin-free graphs, there is nothing
to show.

Let now G ∈ S ′, that is G = S′k for some k ∈ N. With the notation as in
the proof of Theorem 6.7, G can be interpreted as a bad pair (u, v) together

with {y1
u,v} ∪

⋃k
i=1X

i
u,v such that |Xi

u,v| = 2 if i < k and |Xk
u,v| = 3. Note that

Claim 6.4 (b) of Theorem 6.7 is still true even if G is not S ′-free. Therefore,
we know that the vertices in Xi

u,v cannot be distinguished by vertices from the

right. Thus the vertices that distinguish the vertices in Xk
u,v are only adjacent

to Xk
u,v. Clearly, there are at least two of them, say a, b. Without loss of gen-

erality a and b they do not have the same neighborhood on Xk
u,v. We conclude

either NG[Xku,v ](a) ⊂ NG[Xku,v ](b) or NG[Xku,v ](b) ⊂ NG[Xku,v ](a). We assume the

first possibility. Since 0 < |NG[Xku,v ](x) ∩ Xk
u,v| < 3 for x ∈ {a, b}, it follows

|NG[Xku,v ](a)∩Xk
u,v| = 1 and |NG[Xku,v ](b)∩Xk

u,v| = 2. Since G is Rk-free, a and

b are adjacent. Now G[
⋃k
i=1X

i
u,v ∪{a, b, u, v, y1

u,v}] is isomorphic to S′′k+1. This
completes this part of the proof.

Let G be an interval graph. The relation ∼, where u ∼ v if and only if u
and v are true twins, defines an equivalence relation on V (G). Let U ⊆ V (G)
such that there is exactly one vertex of every equivalence class in U . Therefore,
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G[U ] is a true twin-free graph. Furthermore, G contains an induced subgraph
in {G1} ∪ R ∪ S ∪ S ′′ ∪ T if and only if G[U ] contains an induced subgraph in
{K∗2,3} ∪ R ∪ S ∪ S ′ ∪ T . In addition, G[U ] is a true twin-free U-graph if and
only if G is a U-graph. By Theorem 6.7 this completes the proof. �

After submitting the manuscript containing the results of this chapter, Alan
Shuchat, Randy Shull, Ann N. Trenk, and Lee C. West informed me that they
also independently proved a characterization of mixed unit interval graphs by a
list of minimal forbidden subgraphs.



Chapter 7

Boxicity

Every graph G can be represented as an intersection graph of axis-aligned boxes
in Rd, provided d is large enough. The boxicity of G, introduced by Roberts [92],
is the smallest dimension d for which this is possible. We denote the correspond-
ing decision problem by Boxicity: given G and d ∈ N, determine whether G
has boxicity at most d.

Boxicity has received a fair amount of attention. This is partially due to the
wider context of graph representations, but also because graphs of low boxicity
are interesting from an algorithmic point of view. While many hard problems
remain so for graphs of bounded boxicity, some become solvable in polynomial
time, notably max-weighted clique (as observed by Spinrad [96, p. 36]).

Cozzens [26] showed that Boxicity is NP-complete. To cope with this
hardness result, several authors [1, 3, 43] studied the parameterized complexity
of Boxicity. Since the problem remains NP-complete for constant d ≥ 2
(Yannakakis [109] and Kratochv́ıl [69]), boxicity itself is ruled out as parameter.
Instead more structural parameters have been considered. The results in this
chapter follow this line. We prove:

Theorem 7.1 ([12]). Boxicity is fixed-parameter tractable when parameterized
by cluster vertex deletion number.

The cluster vertex deletion number is the minimum number of vertices that
have to be deleted to get a disjoint union of complete graphs or cluster graph.
As discussed by Doucha and Kratochv́ıl [30] cluster vertex deletion is an in-
termediate parameterization between vertex cover and cliquewidth. A d-box
representation of a graph G is a representation of G as intersection graph of
axis-aligned boxes in Rd.

Theorem 7.2 ([12]). Finding a d-box representation of G such
that d ≤ box(G) + 1 can be done in f(pw(G)) · |V (G)| time where pw(G)
is the pathwidth of G.

A natural parameter for Boxicity is the treewidth tw(G) of a graph G, in
particular as Chandran and Sivadasan [20] proved that box(G) ≤ tw(G) + 2.
However, Adiga, Chitnis and Saurabh [3] conjecture that Boxicity is NP-
complete on graphs of bounded treewidth. The next result provides evidence in
favor of this conjecture. For this, we recall the observation of Roberts [92] that

55
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Vertex Cover [3] Bandwidth
Maximum

leaf number [3]

Twin cover [43]
Pathwidth
(Th. 7.2)

Feedback
vertex set [3]

Cluster vertex
deletion (Th. 7.1) Treewidth

Cliquewidth

Figure 7.1: Navigation map through our parameterized complexity results for
Boxicity. An arc from a parameter k2 to a parameter k1 means that there
exists some function h such that k1 ≤ h(k2). A rectangle means fixed-parameter
tractability for this parameter and a dashed rectangle means an approximation
algorithm with running time f(k) · nO(1) is known.

a graph G has boxicity d if and only if G can be expressed as the intersection
of d interval graphs.

Theorem 7.3 ([12]). There is an infinite family of graphs G of boxicity 2 and
bandwidth O(1) such that, among any pair of interval graphs whose intersection
is G, at least one has treewidth Ω(|V (G)|).

Why do we see the result as evidence? An algorithm solving Boxicity on
graphs of bounded treewidth (or even stronger, of bounded bandwidth) is likely
to exploit the local structure of the graph in order to make dynamic program-
ming work. Yet, Theorem 7.3 implies that this locality may be lost in some
dimensions, which constitutes a serious obstacle for any dynamic programming
based approach. We discuss this in more detail in Section 7.4.

Figure 7.1 summarizes previously known parameterized complexity results
on boxicity along with those obtained in this chapter. Adiga et al. [3] initiated
this line of research when they parameterized Boxicity by the minimal size

k of a vertex cover in order to give an 2O(2kk2) · n-time algorithm, where n
denotes the number of vertices of the input graph, as usual. Adiga et al. also
described an approximation algorithm that, in time 2O(k2 log k) ·n, returns a box
representation of at most box(G) + 1 dimensions. Both results were extended
by Ganian [43] to the less restrictive parameter twin cover.1 Our Theorem 7.1
includes Ganian’s.

Other structural parameters that were considered by Adiga et al. for pa-
rameterized approximation algorithms are the size of a feedback vertex set – the
minimum number of vertices that need to be deleted to obtain a forest – and
maximum leaf number – the maximum number of leaves in a spanning tree of
the graph. They proved that finding a d-box representation of a graph G such

1 A set X of vertices of G is a twin-cover if every edge in G not joining two true twins is
incident to a vertex in X.
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that d ≤ 2 box(G) + 2 (resp. d ≤ box(G) + 2) can be done in f(k) · |V (G)|O(1)

time (resp. 2O(k3 log k) · |V (G)| time) where k is the size of a feedback vertex
set (resp. maximum leaf number). In [1], Adiga, Babu, and Chandran general-
ized these approximation algorithms to parameters of the type “distance to C”,
where C is any graph class of bounded boxicity. More precisely, the parameter
measures the minimum number of vertices whose deletion results in a graph
that belongs to C.

The algorithm of Theorem 7.2 generalizes the approximation algorithm for
the parameter vertex cover number, and improves the guarantee bound of the
approximation algorithm for the parameter maximum leaf number.

There is merit in studying approximation algorithms from a parameterized
perspective: not only is Boxicity NP-complete, but the associated minimiza-
tion problem cannot be approximated in polynomial time within a factor of
n

1
2−ε for any ε > 0 even when the input is restricted to bipartite, co-bipartite

or split graphs (provided NP6=ZPP). This is a result due to Adiga, Bhowmick
and Chandran [2]. There is, however, an approximation algorithm with factor
o(n) for general graphs; see Adiga et al. [1].

While Roberts [92] was the first to study the boxicity parameter, he was
hardly the first to consider box representations of graphs. Already in 1948
Bielecki [8] asked, here phrased in modern terminology, whether triangle-free
graphs of boxicity ≤ 2 had bounded chromatic number. This was answered af-
firmatively by Asplund and Grünbaum in [6]. Kostochka [68] treats this question
in a much more general setting.

Following Roberts who proved that box(G) ≤ n
2 , other authors obtained

bounds for boxicity. Esperet [37], for instance, showed that box(G) ≤ ∆(G)2+2,
while Scheinerman [94] established that every outerplanar graph has boxicity at
most two. This, in turn, was extended by Thomassen [100], who showed that
planar graphs have boxicity at most three.

In the next section, we will give formal definitions of the necessary concepts
for this chapter. We prove Theorem 7.1, Theorem 7.2, and Theorem 7.3 in
Sections 7.2, Section 7.3, and Section 7.4, respectively. Finally, we discuss the
impact and limitations of our results in Section 7.5, where we also outline some
future directions for research.

7.1 Preliminaries

Graph terminology. As before, a graph G is an interval graph if G has an
intersection representation by intervals of the real line.2 Recall, for an interval
graph G with an interval representation I, we denote by `(v) and r(v) the left
and the right endpoint of the interval representing v, respectively. Figure 7.2
shows the family of forbidden induced subgraphs for the class of interval graphs.

We call an axis-aligned d-dimensional box (or d-box ) a Cartesian product
of d closed real intervals. A d-box representation of a graph G is a mapping that
maps every vertex v ∈ V (G) to a d-box Bv such that two vertices u, v ∈ V (G)
are adjacent if and only if their associated boxes have a non-empty intersection.

2 Every interval graph has an interval representation such that all endpoints of the intervals
are distinct (and so in addition with closed intervals only). In this chapter we tacitly assume
that all interval representation have this property.
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(e)

(b)

(d)

(a) (c)

(f)

Figure 7.2: Forbidden induced subgraphs for interval graphs; the dashed paths
may have any length ≥ 1

Given a d-box representation of G, we denote by [`i(v), ri(v)] the interval
representing v in the i-th dimension.

Throughout the chapter, we make frequent use of the reformulation of box-
icity in terms of interval graphs:

Theorem 7.4 (Roberts [92]). The boxicity of a graph G is equal to the smallest
integer d so that G can be expressed as the intersection of d interval graphs.

The bandwidth of a graph G, say with vertex set V (G) = {v1, v2, . . . , vn},
is the least number k for which the vertices of G can be labeled with distinct
integers f(vi) such that k = max{|f(vi) − f(vj)| : vivj ∈ E(G)}. Equivalently,
it is the least integer k for which the vertices of G can be placed at distinct
integer points on the real line such that the length of the longest edge is at most
k. We denote the bandwidth of a graph G by bw(G).

We defined a path decomposition and path width already in Chapter 4.
Nevertheless, we give here an equivalent definition, which is more intuitive for
the purposes of this chapter. Let a path decomposition of a graph G be a
set W = {W1, . . . ,Wt} of subsets of V (G) called bags such that the following
conditions are met.

1.
⋃t
i=1Wi = V (G).

2. For each uv ∈ E(G), there is an i ∈ {1, . . . , t} such that u, v ∈Wi.

3. For each v ∈ V (G), if v ∈Wi ∩Wj for some i, j ∈ {1, . . . , t}, then v ∈Wk

with i ≤ k ≤ j.

The width of a path decomposition is maxi |Wi| − 1. The pathwidth pw(G) of a
graph G is the minimum width over all possible path decompositions of G.

Parameterized complexity. A decision problem parameterized by a problem-
specific parameter k is called fixed-parameter tractable if there exists an algo-
rithm that solves it in time f(k) · nO(1), where n is the instance size. The
function f is typically super-polynomial and only depends on k. One of the
main tools to design such algorithms is the kernelization technique. A ker-
nelization algorithm transforms in polynomial time an instance Π of a given
problem parameterized by k into an equivalent instance Π′ of the same problem
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parameterized by k′ ≤ k such that the size of Π′ is bounded by g(k) for some
computable function g. The instance Π′ is called a kernel of size g(k). The
following folklore result is well known.

Theorem 7.5. A parameterized problem P is fixed-parameter tractable if and
only if P has a kernel.

In the remainder of this chapter, the kernel size is expressed in terms of the
number of vertices.

For more background on parameterized complexity the reader is referred to
Downey and Fellows [32].

7.2 Cluster Vertex Deletion Number

Theorem 7.1 follows immediately from the following lemma:

Lemma 7.6 ([12]). Boxicity admits a kernel of at most k2O(k)

vertices, where k
is the cluster vertex deletion number of the input graph.

In the course of this section, we present a sequence of lemmas in order to
prepare the proof of our main lemma above.

Two adjacent vertices u, v in a graph G are true twins if u and v have the
same neighborhoods in G− {u, v}. As observed by Ganian [43], deleting one of
two true twins does not change the boxicity.

Lemma 7.7. Let u, v be true twins of a graph G. Then box(G) = box(G− u).

We remark, without proof, that there is also a reduction for false twins
(those that are non-adjacent): if there are at least three of them, then one may
be deleted without changing the boxicity. We will not, however, make use of
this observation.

Recall that a cluster graph is the disjoint union of complete graphs, called
clusters. In what follows, we implicitly identify a cluster with its vertex set.

Let G − X be a cluster graph for some X ⊆ V (G). We call two clusters
C,C ′ of G − X equivalent if there is a bijection C → C ′, v 7→ v′, such that
NG(v) ∩ X = NG(v′) ∩ X. Observe that, if G − X has no true twins, then
two clusters C and C ′ are equivalent if and only if {NG(u) ∩ X : u ∈ C} =
{NG(v) ∩X : v ∈ C ′}.

Lemma 7.8 ([12]). Let G be a graph without true twins, and let X be a set of k
vertices so that G−X is a cluster graph. Then every cluster in G−X contains
at most 2k vertices.

Proof. Consider a cluster C of G. Then the number of sets NG(v) ∩X, v ∈ C,
is bounded by 2k. As G has no true twins, no two vertices in C may have the
same neighborhood in X, which implies that |C| ≤ 2k.

We also need the following result.

Theorem 7.9 (Chandra and Sivadasan [20]). It holds that box(G) ≤ tw(G)+2
for any graph G.

In particular, box(G) ≤ pw(G) + 2 for any graph G.
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Lemma 7.10 ([12]). Let G be a graph without true twins, and let X be a
set of k vertices so that G − X is a cluster graph. Moreover, let D be an

equivalence class of clusters with |D| ≥ 2(2k+2)2k+1(2k+k+1). For every C∗ ∈ D,
box(G) = box(G− C∗).

Proof. As deleting vertices may only decrease the boxicity, it suffices to prove
that box(G) ≤ box(G− C∗).

Set H = G− C∗, d = box(H), k = |X| and C = D \ {C∗}. We claim that

d = box(H) ≤ 2k + k + 1. (7.1)

Indeed, define a path decomposition with a bag WC for every cluster C of H−X
such that WC = X ∪ C. This gives a path decomposition of H with width at
most k + 2k − 1, by Lemma 7.8. Theorem 7.9 now implies (7.1).

For the sake of simplicity, let us introduce the following notions. Fix a
d-box representation of H. The set of corners of a box of a vertex is the
Cartesian product ×di=1{`i(v), ri(v)}. By rescaling every dimension (compare
Lemma 7.12), we can ensure that every endpoint of an interval of a vertex
in X lies in {1, 2, . . . , 2k}. Thus every corner of a box of X lies in the grid
{1, 2, . . . , 2k}d. We may moreover assume that every other box of H is contained
in [0, 2k + 1]d. Points of {0, 1, . . . , 2k + 1}d we call grid points, and any set
[z1, z1 + 1] × . . . × [zd, zd + 1], where zi ∈ {0, . . . , 2k}, is a grid cell. In each
dimension i we say that the grid induces the grid intervals [0, 1], [1, 2], . . . ,
[2k, 2k + 1]. A box of a vertex in H −X is a cluster box.

By perturbing the boxes slightly we may always assume that

if s is a corner of a cluster box of a cluster C of H −X, and if
t is a corner of the box of any vertex z ∈ V (H −C) then si 6= ti
for all dimensions i = 1, . . . , d.

(7.2)

Moreover, we may assume that any corner of a cluster box lies in the interior
of a grid cell. A cluster box that does not contain any grid point we call a thin
box.

A

B

C

D

F

Figure 7.3: Boxes A,B are in the same position, as are C and D; F is not thin.

We concentrate on thin clusters, that is, clusters that consist of thin boxes
only. We claim that

at least (2k + 2)2k+1(2k+k+1) clusters in C are thin. (7.3)
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To prove this claim, observe that no grid point lies in a cluster box of two
different clusters as then two vertices in distinct clusters would be adjacent.
Thus, there is at most one cluster per grid point so that one of its cluster boxes

contains the grid point. As, by (7.1), there are (2k+ 2)d ≤ (2k+ 2)2k+2k+1 grid

points, it follows that C has at least |C|− (2k+2)2k+2k+1 ≥ (2k+2)2k+1(2k+k+1)

thin clusters.

We say that two cluster boxes B and B′ are in the same position if every
grid cell containing a corner of B also contains a corner of B′ and vice versa
(see Figure 7.3). Note that if two vertices v, v′ ∈ V (H) −X have boxes in the
same position then NH(v)∩X = NH(v′)∩X. (Here we use the fact that cluster
boxes have their corner strictly in the interior of grid cells.)

For every cluster C ∈ C we fix a point p(C) that lies in every cluster box
of C: such a point exists by the Helly property for boxes in Rd. We claim that,
using this Helly point, we can modify our box representation of H so that

for all thin clusters C ∈ C and for each dimension i ∈ {1, . . . , d}
holds the following: if p(C) and a corner t of a box of C lie in
the same grid interval in dimension i, that is, if there is a j so
that pi(C), ti ∈ [j, j + 1], then ti = pi(C).

(7.4)

To achieve (7.4), we proceed as follows. Let v be a vertex of any thin
cluster C ∈ C. Consider a dimension i where `i(v) or ri(v) lie in the same grid
interval as pi(C). Note that `i(v) ≤ pi(C) ≤ ri(v). In dimension i, we shrink the
box of v in the following way: if `i(v) lies in the same grid interval as pi(C), we
replace `i(v) by pi(C). Similarly, if ri(v) lies in the same grid interval as pi(C),
we replace `i(v) by pi(C). This procedure is illustrated in Fig. 7.4.

Since by shrinking a box we may only lose edges of the corresponding graph,
it suffices to show that every edge is still present. Since the new box of v still
contains p(C), the vertex v is still adjacent to every other vertex in C. As we
change the box of v only within a grid interval, the old and the new box of v are
in the same position. Thus, we do not lose any edge from v to X. Performing
this transformation iteratively for every box of C in every dimension, and for
every thin cluster C ∈ C, we obtain a box representation of H satisfying (7.4).

p

B

A
p A

B

Figure 7.4: Shrinking the boxes

Next, we claim that

there is a pair of distinct thin clusters C,C ′ ∈ C such that for
every v ∈ C and v′ ∈ C ′ with NH(v) ∩ X = NH(v′) ∩ X, the
boxes of v and v′ are in the same position.

(7.5)
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Note that, as C and C ′ are equivalent, there is indeed a bijection between the
vertices of C and C ′ that maps a vertex v to v′ ∈ C ′ with NH(v) ∩ X =
NH(v′) ∩X.

Observe that for the endpoints `i(v), ri(v) of the interval representing a
vertex v ∈ V (H) in the i-th dimension, there are at most (2k + 1)2 many
choices to select the grid intervals they lie in. Thus, any set of thin boxes,
pairwise not in the same position, has size at most (2k + 1)2d. Because G is
devoid of true twins, no cluster has two vertices whose boxes are in the same
position.

Recall that every cluster has at most 2k vertices. Thus, among any choice of

more than (2k+ 1)2d·2k thin clusters there are two thin clusters satisfying (7.5).

As (2k + 1)2d·2k ≤ (2k + 1)2(2k+k+1))·2k , by (7.1), and since C contains at least

(2k + 2)2k+1(2k+k+1) thin clusters, by (7.3), the claim follows.

Consider clusters C,C ′ as in (7.5). We now embed the deleted cluster C∗ in
the box representation of H = G− C∗. For this, choose ε > 0 small enough so
that

for all v ∈ C and w ∈ V (H − C) and all dimensions i it holds
that |si − ti| > ε, when s is a corner of the box of v and t is a
corner of the box of w.

(7.6)

(If such an ε does not exist, we may again perturb the box representation slightly
so as to guarantee (7.2) while keeping (7.4).)

Define q ∈ Rd by setting

qi =


1 if pi(C) < pi(C

′)

−1 if pi(C) > pi(C
′)

0 if pi(C) = pi(C
′).

Let v 7→ v∗ be the bijection between C and C∗ with NG(v)∩X = NG(v∗)∩X.
We define a box for every v∗ ∈ C∗ by taking a copy of the box of v and shifting
its coordinates by the vector ε · q, that is, for every dimension i we set

`i(v
∗) = `i(v) + εqi and ri(v

∗) = ri(v) + εqi

Note that, by choice of ε, the box of v∗ and the box of v are in the same position.
Let G̃ be the graph defined by this new box representation. We claim that

G̃ = G, which then finishes the proof of the lemma.
To prove this, we first note that we only added edges between vertices in C∗

and H, while all other adjacencies remain unchanged. Next, as p(C) + εq is a
point that lies in every box of C∗, it follows that G̃[C∗] is a complete graph.
Moreover, by choice of ε, we have

NG̃(v∗) \ (C ∪ C∗) = NG(v) \ (C ∪ C∗)

for any v ∈ C. In particular, NG̃(v∗) ∩ C ′ = ∅. It remains to show that also
NG̃(v∗) ∩ C = ∅.

For this, let w∗ ∈ C∗ and v ∈ C be arbitrary, where we allow that v = w.
Let us show that the boxes of v and w∗ do not intersect.

Since v and w′ are nonadjacent in H, there is a dimension i such that either
ri(v) < `i(w

′) or ri(w
′) < `i(v). By symmetry, we may assume ri(v) < `i(w

′).
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Let I be the grid interval such that ri(v) ∈ I. If `i(w
′) /∈ I, then ri(v) < `i(w

∗),
since by our construction `i(w

∗) is in the same grid interval as `i(w
′). This

means that the boxes of v and w∗ do not intersect. Thus, we may assume that
`i(w

∗) ∈ I. As v and w are in the same cluster and thus adjacent, it follows
that `i(w) ≤ ri(v), which implies that pi(C) ∈ [`i(w), ri(v)] ⊆ I. Now, (7.4)
implies that ri(v) = pi(C) = `i(w).

Since pi(C) = ri(v) < `i(w
′), it follows that pi(C) < pi(C

′). Thus, ri(v) =
`i(w) < `i(w)+ε = `i(w

∗). Consequently, the boxes of v and w∗ do not intersect.
This completes the proof.

We can now prove the main lemma of this section.

Proof of Lemma 7.6. Let I = (G = (V,E), b) be an instance of Boxicity with
cluster vertex deletion number k. We first compute a set X of size |X| ≤ 3k,
so that G − X is a cluster graph. To this end we use the fact that a graph is
a cluster graph if and only if it does not contain a P3 as an induced subgraph.
Start with X = ∅. If G contains three vertices v1, v2, v3 that induce a P3 in G
then add these three vertices to X. Reiterate the process on G \ {v1, v2, v3}
until no more induced P3 is found. Clearly any optimal solution needs to delete
at least one vertex in an induced P3. Thus |X| ≤ 3k.

Next, we iteratively remove one twin of any pair of true twins from G until
the graph becomes free of true twins. By Lemma 7.7, this does not change
the boxicity of G. In the next step, we divide the clusters of G −X into their
equivalence classes which can be done in polynomial time. Then we delete
clusters from every equivalence class until each equivalence class has at most

2(2k + 2)2k+1(2k+k+1) members. Since every cluster has size at most 2|X| ≤
23k, by Lemma 7.8, the resulting graph H has size at most k2O(k)

. Moreover,
Lemma 7.10 shows that box(H) = box(G). This completes the proof.

7.3 Bounded Pathwidth

Bounded pathwidth suggest a dynamic programming approach, and this is pre-
cisely what we do. There is a hitch, though. The standard approach would be
to solve the Boxicity problem on one bag after another of the path decompo-
sition, so that the local solutions can be combined to a global one. Boxicity,
however, does not permit this: as we are constructing the box representation
of the graph, we may have to completely rearrange the previous boxes to add a
new one.

Thus, the key issue is to force the problem to become “localized”. To this
end, we introduce a special interval graph I∗ that reflects the path structure
of the graph: two vertices are adjacent if and only if they appear in the same
bag of the path decomposition. Doing so, we can safely compute local box
representions of the subgraphs induced by the bags without paying attention to
how these representations overlap. Indeed, the interval graph I∗ gets rid of any
unwanted adjacency.

Having sketched the idea, we now give the formal description of the algo-
rithm. We say that two interval graphs I = ([`v, rv])v∈V

3 and I ′ = ([`′v′ , r
′
v′ ])v′∈V ′

3 By some abuse of terminology, we allow in this section that the function I : V (G) → I
is also a set of |V (G)| many intervals, because in this way it is much easier to compare two
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are consistent if the order of the interval endpoints of the common vertices is
the same, that is, if for all u, v ∈ V ∩ V ′

`u ≤ `v ⇔ `′u ≤ `′v; ru ≤ rv ⇔ r′u ≤ r′v;
`u ≤ rv ⇔ `′u ≤ r′v; and ru ≤ `v ⇔ r′u ≤ `′v.

In particular, if V ′ ⊆ V then I ′ is an induced subgraph of I. When we con-
sider tuples (I1, . . . , Id) and (I ′1, . . . , I

′
d) of interval graphs we say that they are

consistent if Ii is consistent with I ′i for i = 1, . . . , d.

Lemma 7.11 ([12]). If I = ([`v, rv])v∈V and I ′ = ([`′v′ , r
′
v′ ])v′∈V ′ are two

consistent interval graphs, then there is an interval graph J on V ∪ V ′ that is
consistent with both I and I ′. In particular, any edge in E(J) \ (E(I) ∪ E(I ′))
has one endvertex in V \ V ′ and the other in V ′ \ V .

Proof. Pick v∗ ∈ V ′ \ V and apply induction to the pair of consistent interval
graphs I and I ′ − v∗ in order to obtain an interval graph J ′ on (V ∪ V ′) \ {v∗}
that is consistent with I and with I ′. Let J ′ = ([˜̀v, r̃v])v∈(V ∪V ′)\{v∗}. Among
the interval endpoints of I ′−v∗, that is in

⋃
v′∈V ′\{v∗}{`′v′ , r′v′}, we pick the two

consecutive endpoints p, q for which p ≤ `′v∗ ≤ q. Notice that the endpoint p
(resp. q) might not exist; in such case we simply set p = `′v∗ (resp. q = `′v∗).
Let p′ (resp. q′) be the corresponding endpoint of p (resp. q) in J ′. Then we
put ˜̀

v∗ = 1
2 (p′ + q′) and define r̃v∗ in the analogous way. Observe that we

have ˜̀
v∗ ≤ r̃v∗ by the choice of p, q. Adding the resulting interval [˜̀v∗ , r̃v∗ ] to J ′

yields an interval graph J on V ∪ V ′ that is consistent with both I and I ′.
The second assertion of the lemma follows from the first.

The following observation is obvious:

Lemma 7.12 ([12]). If I is an interval graph on V as vertex set, then there
is an interval graph J on V that is consistent with I and so that each of the
intervals of J has its endpoints in {1, . . . , 2|V |}.

We can now state the main result of this section.

Theorem 7.13 ([12]). There is an algorithm that, for any graph G with a given

path decomposition of width w, determines in 2O(w2 logw) · |V (G)|-time a d ∈ N
so that d ≤ box(G) ≤ d+ 1.

Proof. By omitting duplicated bags and bags that are contained in other bags,
we may assume the given path decomposition W = {W1, . . . ,Wt} of G to have
length t ≤ |V (G)|. By Theorem 7.9, the boxicity of G is at most w+2. Thus, it
suffices to describe an algorithm that checks for some fixed d ≤ w + 2, whether
G has a box representation of dimension at most d+ 1. This algorithm is then
executed for every d = 1, 2, . . . , w + 2.

Our algorithm proceeds as follows.

1. Put B0 = {(∅, . . . , ∅)}, which we consider as a tuple of d empty interval
graphs.

2. For s from 1 to t do the following.

interval representations.
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Figure 7.5: A box representation computed by the algorithm, where d = 1.

a. Compute all tuples of interval graphs (J1, . . . , Jd), where each Ji is an
interval graph on the vertex set Ws so that all the interval endpoints are
in {1, . . . , 2w + 2}, and where G[Ws] =

⋂d
i=1 Ji.

b. For each of these tuples (J1, . . . , Jd), check whether there is a tuple
(J ′1, . . . , J

′
d) ∈ Bs−1 that is consistent with (J1, . . . , Jd). If yes, add

(J1, . . . , Jd) to Bs.
c. If Bs = ∅ exit with box(G) > d.

3. Exit with box(G) ≤ d+ 1.

For the running time, note that the loop of line 2 is executed t ≤ |V (G)|
times. Each execution of a–c requires 2O(w2 logw)-time. Indeed, each interval
graph Ji as in line 2a has vertex set Ws, and can thus be described by at
most 2(w + 1) numbers, all of which are in {1, . . . , 2w + 2}. Thus, there are
at most (2w + 2)2w+2 possible such interval graphs Ji and therefore at most
(2w+ 2)d(2w+2) tuples considered in line 2a. Thus, each execution of lines 2a–c
can be performed within the above claimed running time.

To verify that the algorithm is correct, we introduce a bit of notation and
state two claims. Let us define an interval graph I∗ = ([`∗v, r

∗
v ])v∈V (G), where

`∗v = min
v∈Wi

i and r∗v = max
v∈Wj

j.

We may perturb these points slightly, so that all endpoints become distinct.
Note that I∗ is the interval graph induced by the path decomposition of G; that
is u, v ∈ V (G) are adjacent in I∗ if and only if there is a bag Ws such that
u, v ∈ Ws. Furthermore, we denote by Gs the induced subgraph G[

⋃s
s′=1Ws′ ]

of G on the first s bags of the path decomposition.
Inductively, we prove two claims:

for every (J1, . . . , Jd) ∈ Bs there is a tuple (I1, . . . , Id) of interval
graphs that is consistent with (J1, . . . , Jd) and so that Gs =⋂d
i=1 Ii ∩ I∗.

(7.7)
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and

if there are interval graphs I1, . . . , Id with Gs =
⋂d
i=1 Ii then

there is a tuple (J1, . . . , Jd) ∈ Bs that is consistent with
(I1, . . . , Id).

(7.8)

Before proving the claims, we show how it follows from them that the algo-
rithm is correct. Consider the case when the algorithm stops in line 3. Then
Bt 6= ∅, and with Claim (7.7) for s = t, we obtain G = Gt as the intersec-
tion of d + 1 interval graphs, which proves that box(G) ≤ d + 1. Now suppose
the algorithm exits in line 2c, that is, that there is an s with Bs = ∅. From
Claim (7.8) we deduce that there is no tuple (I1, . . . , Id) of interval graphs with

Gs =
⋂d
i=1 Ii, which then precludes the existence of interval graphs I ′1, . . . , I

′
d

with G =
⋂d
i=1 I

′
i, as their restrictions I ′i[

⋃s
s′=1Ws] would intersect to Gs. Thus,

box(G) > d, which finishes the proof of correctness.

We first prove Claim (7.7). For this, consider (J1, . . . , Jd) ∈ Bs. If s = 1

then
⋂d
i=1 Jd = G[W1] = G1, and (7.7) is satisfied by setting Ii = Ji.

Hence let s > 1. By definition of Bs there is a tuple (J ′1, . . . , J
′
d) ∈ Bs−1

that is consistent with (J1, . . . , Jd). Induction yields a tuple of interval graphs

(I ′1, . . . I
′
d) that is consistent with (J ′1, . . . , J

′
d), and for whichGs−1 =

⋂d
i=1 I

′
i∩I∗.

Applying Lemma 7.11 to each consistent pair I ′i and Ji yields an interval graph
Ii consistent with both I ′i and Ji. Note that Ii is a supergraph of both I ′i and Ji.

Since G[Ws] =
⋂d
i=1 Ji this means that Gs is a subgraph of

⋂d
i=1 Ii ∩ I∗.

Consider i ∈ {1, . . . , d} and an edge e of Ii that is neither an edge of I ′i, nor
of Ji. From Lemma 7.11 it follows that e has an endvertex u in V (I ′i − Ji) and
another endvertex v in V (Ji − I ′i). Hence u ∈ Ws′ \Ws for some s′ < s and
v ∈ Ws \Ws−1. In particular, the corresponding intervals, [`∗u, r

∗
u] and [`∗v, r

∗
v ],

of I∗ do not intersect. Thus Ii ∩ I∗ = (I ′i ∪ Ji) ∩ I∗. Now, Gs−1 =
⋂d
i=1 I

′
i ∩ I∗

together with G[Ws] =
⋂d
i=1 Ji implies Gs =

⋂d
i=1 Ii ∩ I∗, as desired.

Finally, we show (7.8). If s = 1 then
⋂d
i=1 Ii = G[W1], and thus, by

Lemma 7.12, the algorithm computes in line 2a a tuple (J1, . . . , Jd) of interval
graphs that is consistent with (I1, . . . , Id). Since every such tuple is consistent
with (∅, . . . , ∅) ∈ B0, it is added to B1 in line 2b.

Hence consider now s > 1. Letting I ′i be the restriction of Ii on
⋃s−1
s′=1Ws′ ,

we see that induction yields a tuple (J ′1, . . . , J
′
d) ∈ Bs−1 that is consistent with

(I ′1, . . . , I
′
d). Next, we apply Lemma 7.12 to Ii[Ws] in order to obtain an inter-

val graph Ji that is consistent with Ii[Ws], and whose intervals have all their
endpoints in {1, . . . , w + 2}. Consequently, the tuple (J1, . . . , Jd) is among the
tuples computed in step 2a of the algorithm. Moreover, (J1, . . . , Jd) is consistent
with (I ′1, . . . , I

′
d), and thus, also consistent with (J ′1, . . . , J

′
d) ∈ Bs−1. Therefore,

(J1, . . . , Jd) is added to Bs in step 2b of the algorithm.

We mention that, while the algorithm as given only computes the number d,
we can also recover a concrete box representation of dimension d+ 1. For this,
it suffices to store for each tuple in Bs to which tuple in Bs−1 it is consistent (if
there are more, we simply choose one).

Together with the algorithm of Bodlaender [11] that computes a path-
decomposition of a graph G of width pw(G) in f(pw(G))·|V (G)| time, we obtain
Theorem 7.2. We note that the running time could conceivably be improved



7.4. BOUNDED BANDWIDTH 67

by using a faster approximation algorithm with, say, a constant approximation
factor.

7.4 Bounded Bandwidth

It is an open problem whether boxicity is polynomial-time solvable on graphs
of bounded treewidth. While we cannot solve the problem, we can offer an
indication why we suspect boxicity to be hard.

The first approach to prove tractability is usually dynamic programming.
Evidently, this is because Courcelle [25] proved that a vast number of problems,
namely those expressible in monadic second order logic, can be solved in poly-
nomial time by a generic dynamic programming algorithm, if the treewidth is
bounded. However, nobody appears to know how to formulate “box(G) ≤ d?”
in monadic second order logic, and it is doubtful that this is possible at all.
More generally, dynamic programming seems to fail. Why is that so? We think
this is because the tree-like structure of the input graph does not translate to
a tree-like structure in the interval representation: given an input graph G of
bounded treewidth, it may very well be the case that at least one interval graph
in any optimal interval representation of G has unbounded treewidth.

To illustrate this, consider a K2,n, where the smaller bipartition class is
comprised of two vertices x and y, and the larger consists of v1, . . . , vn. Clearly,
K2,n has pathwidth 2 and boxicity 2 as well: in fact, K2,n+xy and K2,n+{vivj :
i, j} are two interval graphs whose intersection is K2,n. Now, let I1, I2 be any
two interval graphs with K2,n = I1 ∩ I2. The vertices x and y are not adjacent
in at least one of I1 and I2, say in I1. Suppose that I1 contains a pair of non-
adjacent vi, vj : then xviyvjx is an induced 4-cycle, which is impossible in an
interval graph. Thus, {vi}ni=1 form a clique of size n in I1, and I1 has therefore
pathwidth at least n− 1.

What about stronger width-parameters? We have found a similar, albeit
more complicated, example for bounded bandwidth, a parameter even more
restrictive than pathwidth. Theorem 7.3 is a direct consequence of the following
lemma.

Lemma 7.14 ([12]). For every n there is a graph Gn of bandwidth at most 16
and boxicity 2, so that in any interval representation G = I1 ∩ I2 one of I1 and
I2 has treewidth ≥ |V (Gn)|/32.

In light of the lemma, we would like to strengthen the conjecture of Adiga et
al. [3]: We believe that Boxicity remains NP-complete even for graphs of
bounded bandwidth.

Proof of Lemma 7.14. As a basic building block for Gn we use copies of the
graph B, which consists of a path w1 . . . w6 and two vertices u, v adjacent to each
of w1, . . . , w6 but not to each other; see Figure 7.6. Clearly, B has boxicity 2,
and moreover, if B is represented as the intersection of two interval graphs I1, I2
then

for some k ∈ {1, 2}, uv ∈ E(Ik) and w1, . . . , w6 is a clique in I3−k. (7.9)

This follows directly from the fact that uwivwju is an induced 4-cycle in B for
each 1 ≤ i < j − 1 < 6.
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Figure 7.6: Glueing the gadgets (left) and a geometric realisation (right)

We define graphs G1, G2, . . . , Gn iteratively by taking as G1 a copy B1 of
B with vertex set u1, v1, w1

1, . . . , w
1
6. Then, given Gi we obtain Gi+1 by adding

another copy Bi+1 of B on vertex set ui+1, vi+1, wi+1
1 , . . . , wi+1

6 , where we make

• ui+1 adjacent to ui, vi and wi4;

• vi+1 adjacent to vi and wi3; and

• wi+1
1 adjacent to vi.

An indication that Gn has indeed boxicity 2 as claimed is given in Figure 7.6.
That Gn has bandwidth ≤ 16 can also easily be checked. We fix two interval
graphs I1, I2, so that Gn = I1 ∩ I2.

First, we prove that the edge uv flips between consecutive copies of B, that
is

for some k ∈ {1, 2}, uivi ∈ E(Ik) implies ui+1vi+1 ∈ E(I3−k). (7.10)

To keep notation simple, we consider the case when i = 1, and we assume that
u1v1 ∈ E(I1), so that our task is to show that u2v2 ∈ E(I2).

Observe that for each j = 1, 2, 3, 5, 6 the vertices u1w1
jv

1u2u1 form a 4-cycle

in Gn and thus in I2. Since I2 is chordal but u1 and v1 are not adjacent in
I2, it follows that u2w1

j ∈ E(I2). As this edge is not present in Gn, we have
consequently that

w1
4 is the only neighbor in I1 of u2 among w1

1, . . . , w
1
6. (7.11)

The graph (a) in Fig. 7.2 we call a Y , the graph (b) we call an umbrella. As
both I1 and I2 are interval graphs, neither of them contains a Y or an umbrella
as an induced subgraph.

We next show that
v1w2

2 ∈ E(I1). (7.12)
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From (7.11), we deduce that in I1 the induced path w1
2 . . . w

1
6 together with u2

and w2
2 forms an induced Y , unless w2

2 is adjacent to at least one of the vertices
w1

2, . . . , w
1
6. Thus, we can choose j such that w1

j is a neighbor of w2
2 in I1 and

closest to w1
4. If j 6= 4 then w1

j . . . w
1
4u

2w2
2 forms an induced cycle of length at

least 4, which contradicts the chordality of I1. Thus, w2
2w

1
4 is an edge of I1.

Now w1
2 . . . w

1
6 together with v1 and w2

2 form an induced umbrella in I1,
unless w2

2 has further neighbors among w1
2, . . . , w

1
6, or w2

2v
1 ∈ E(I1). In the

latter case, we have proved (7.12), so assume that in I1, w2
2 has a second neighbor

in {w1
2, . . . , w

1
6}. As I1 is chordal one of w1

3 and w1
5 has to be adjacent to w2

2.
By symmetry, let us say that w1

3w
2
2 ∈ E(I1). Then w1

3w
2
2u

2v1w1
3 is a 4-cycle

that is induced unless w2
2 and v1 are adjacent in I1 (here we use (7.11) again).

This proves (7.12).
Turning back to Gn, we observe that v1u2w2

2v
2v1 form an induced 4-cycle.

Thus, each of I1 and I2 must contain exactly one of the diagonals v1w2
2 and u2v2.

Since we have already proved that v1w2
2 ∈ E(I1) it follows that u2v2 ∈ E(I2).

This finishes the proof of (7.10).

Next, we see that consecutive copies of B rotate by 90◦. More formally, we
associate with a gadget Bi a matrix Di ∈ R2×2, where the first row encodes the
orientation of the induced path wi1 . . . w

i
6, while the second row corresponds to

u, v. If uivi ∈ E(Ik) for k = 1 or k = 2, we set

Di
1k =

{
1 if `k(wi1) < `k(wi6)

−1 otherwise
and Di

1,3−k = 0

and

Di
2k = 0 and Di

2,3−k =

{
1 if r3−k(vi) < `3−k(ui)

−1 otherwise

By symmetry, we may assume B1 to be embedded in such a way that u1v1 ∈
E(I1), r2(v1) < `2(u1) and `1(w1

1) < `1(w1
6). Then D1 is simply the identity

matrix. Below we see that Di is the (i − 1)th power of the rotation matrix
R :=

(
0 −1
1 0

)
.

We only prove D2 = R. For larger i this follows with analogous arguments.
As we assumed u1v1 ∈ E(I1), it follows from by (7.10) that u2v2 ∈ E(I2), which
implies D2

11 = 0 and D2
22 = 0. Let us next show that D2

21 = 1, that is

r1(v2) < `1(u2). (7.13)

Indeed, as u2v2 ∈ E(I2), we either have r1(v2) < `1(u2) or r1(u2) < `1(v2).
By (7.9), w1

1 . . . w
1
6 is an induced path in I1, and from the assumption that

`1(w1
1) < `1(w1

6) we deduce `1(w1
3) < `1(w1

4). From (7.11) it follows that
`1(u2) ∈ (r1(w1

3), r1(w1
4)]. Since v2 is adjacent to w1

3 we now see that
r1(u2) < `1(v2) is impossible as this would imply r1(w1

3) < r1(u2) < `1(v2).
This shows (7.13).

To show the rotation, it remains to prove that

`2(w2
1) > `2(w2

6), (7.14)

which is to say that D2
12 = −1.

Suppose that r2(v1) ≤ r2(w2
1). Then since r2(v1) < `2(u1) it follows that

each of w1
1, . . . , w

1
6 is adjacent to w2

1 in I2, from which we deduce that w2
1 is not a
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neighbor of any of w1
1, . . . , w

1
6 in I1. However, by (7.11), then w1

2 . . . w
1
6 induces

with u2 and w2
1 a Y -subgraph in I1, which is impossible. Thus r2(w2

1) < r2(v1).
Now, if `2(w2

1) < `2(w2
6) then one of w2

2, . . . , w
2
6 must be adjacent to v1 in

I2. Since I2 is a chordal graph and w2
1 . . . w

2
6 an induced path in I2, this is only

possible if v1w2
2 is an edge of I2. But, by (7.12), we also have v1w2

2 ∈ E(I1),
which contradicts v1w2

2 /∈ E(Gn). Therefore, we have proved (7.14).

v1

v2

v3

v4

v5

v6

v7

Figure 7.7: Spiral of vi-boxes, and vertical line intersecting ≥ n/4 boxes

Summing up, the boxes corresponding to the induced path v1v2 . . . vn are
arranged in a spiral pattern. This spiral has two options: either it may become
ever larger or, after a number of steps, it may become smaller and smaller.
In both cases, we find a vertical line that meets a quarter of the vi-boxes,
which translates to a clique of size n/4 in I1. In particular, tw(I1) ≥ n/4. As
|V (G)| = 8n, the proof is complete.

7.5 Discussion

In this chapter, we treated Boxicity from the perspective of parameterized
complexity. We presented

• a parameterized algorithm for Boxicity with respect to the parameter
cluster vertex deletion;

• an additive 1-approximation algorithm for Boxicity that runs
in 2O(w2 logw) · n time where w is the width of a given path decompo-
sition of the input graph;

• and a family of graphs of bounded bandwidth that need, in any optimal
box representation, dimensions of unbounded treewidth.

In some respect, the method of our first algorithm is a generalization of the
true twin reduction. The key insight is that if there are many vertex sets (the
clusters) that are identical in the graph then many of these sets will have essen-
tially the same geometric realization. Deleting one of these many “geometric
twins” is unlikely to change boxicity.

We believe this approach can exploited further. Indeed, we are convinced
that with similar methods as developed in this chapter, we can also formulate a
parameterized algorithm for Boxicity when the parameter is distance to stars
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– the smallest number of vertices whose removal results in a disjoint union of
stars. Like cluster vertex deletion, distance to stars provides a non-trivial pa-
rameterization for Boxicity between vertex cover (solved) and feedback vertex
set (open). Moreover, given a graph G, computing a minimum set X ⊆ V (G)
such that G[V −X] is a disjoint union of stars can be done in f(|X|) · |V (G)|O(1)

time [15].

Our second algorithm yields an additive 1-approximation for Boxicity on
graphs of bounded pathwidth. Two questions that immediately arise are: can
we get rid of the additive 1, such that the algorithm computes box(G) exactly?
Can the algorithm be lifted to run on graphs of bounded treewidth?

We stated earlier our impression of the first question – we conjecture
Boxicity to be NP-complete on graphs of bounded bandwidth, thus including
graphs of bounded pathwidth. Our reasoning is that, in any optimal representa-
tion as the intersection of interval graphs, some of the interval graphs may have
unbounded treewidth, even if the input graph has bounded bandwidth. This
seems to annul the main advantage of bounded pathwidth, that the number of
box representation of the union of previous bags can be compressed to a size
bounded by a function of the pathwidth.

We turn to the second question: why is it difficult to extend the algorithm
to graphs of bounded treewidth? We rely heavily on the fact that the one extra
dimension is sufficient to reflect the path decomposition of the whole graph.
If we mimic this approach for bounded treewidth we have to describe the tree
decomposition of the graph with as few extra dimensions as possible. How
many extra dimensions would we need? As many as the boxicity of the chordal
supergraph obtained by turning each bag of the decomposition into a clique. If
we started with a path decomposition, the boxicity will be one. For a general
tree decomposition, however, it could well be that the boxicity of this chordal
graph is about the treewidth of the input graph [20]. This suggests that there
might be input graphs G for which box(G) is much lower than the number
of dimensions required to describe their tree decomposition, which makes it
impossible to approximate using only the techniques of Section 7.3.



72 CHAPTER 7. BOXICITY



Part III

Induced Matchings
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Chapter 8

Introduction to Induced
Matchings

Let us first agree on the core definitions of Part III of the thesis. For a graph
G, a set of edges M of G is a matching of G if two edges in M do not share
a common vertex. Moreover, a matching M is an induced matching1 if for any
pair of edges in M , there is no edge in G adjacent to both edges. We define
the matching number ν(G) of G as the largest number k such that G contains
a matching of size k. The induced matching number2 νs(G) of G is defined
analogously.

The chromatic index χ′(G) of G is defined as the minimal number of colors
needed to color the edges of G properly; that is, no two adjacent edges are
colored the same. Equivalently, χ′(G) is the least number k such that E(G)
admits a partition into k matchings. Thus, we define the strong chromatic
index χ′s(G) of G as the least number k such that E(G) admits a partition into
k induced matchings.

Vizing’s famous result [105] proves that the chromatic index of G is at most
one larger than the trivial lower bound ∆(G); that is,

χ′(G) ∈ {∆(G),∆(G) + 1}.

The situation changes significantly for the strong chromatic index. Since the
number of edges in distance at most 1 from a fixed edge e in G (excluding e) is
bounded from above by 2∆(G)2 − 2∆(G), a simple greedy coloring gives

χ′s(G) ≤ 2∆(G)2 − 2∆(G) + 1. (8.1)

The analogue inequality for the chromatic index is χ′(G) ≤ 2∆(G)− 1, because
there are at most 2∆(G) − 2 many edges incident to fixed edge e (excluding
e). Vizing’s theorem teaches us that this bound is roughly twice as large as the
optimum value. This already gives evidence to the feeling that inequality (8.1)
may not be optimal. Indeed, Erdős and Nešetřil [38] posed in 1985 the following
conjecture.

1 Sometimes an induced matching is also called a strong matching.
2 Analogously, sometimes also known as the strong matching number.
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Figure 8.1: The extreme example: the blow up of a 5-cycle. The figure de-
picts C6

5 and C3
5 .

Conjecture 8.1. If G is a graph with maximum degree ∆, then

χ′s(G) ≤ 5

4
∆2. (8.2)

Moreover, if ∆ is odd, then χ′s(G) ≤ 5
4∆2 − 1

2∆ + 1
4 .

If true, this would be optimal. The blow up of a 5-cycle attains equality
in (8.2). See Figure 8.1 for illustration. If ∆(G) shall be an odd number ∆, we
replace two consecutive vertices of the 5-cycle by ∆+1

2 vertices and the remaining

three by ∆−1
2 vertices. We denote this blown-up 5-cycle with maximum degree

∆ by C∆
5 .

Conjecture 8.1 is still widely open. For sufficiently large maximum degree
of G, Molloy and Reed [80] showed that χ′s(G) ≤ 1.998∆(G)2. As one of the
main theorems of this thesis, we present in Chapter 9 a proof for the upper
bound

χ′s(G) ≤ 1.93∆(G)2 (8.3)

if the maximum degree of G is sufficiently large, which improves significantly
the previous mentioned bound due to Molloy and Reed.

Apart from these results attacking Conjecture 8.1 for sufficiently large
maximum degree, there are results dealing with graphs of small maximum de-
gree. Trivially, Conjecture 8.1 holds for with maximum degree at most 2. For
subcubic graphs, Conjecture 8.1, claiming χ′s(G) ≤ 10, was independently veri-
fied by Anderson and by Horák, Qing, and Trotter [5, 52]. For ∆(G) = 4, Erdős
and Nešetřil conjecture χ′s(G) ≤ 20. The best known bound due to Cranston
only gives χ′s(G) ≤ 22 [27].

Beside specific bounds in terms of the maximum degree, there are numerous
articles dealing with upper bounds in terms of the maximum degree on special
graphs classes. We mention two of them. For planar graphs G, it is known
that χ′s(G) ≤ 4∆(G) + 4 and there are planar graphs G such that χ′s(G) ≥
4∆(G) − 4 [39]. For graphs not containing a 4-cycle, Mahdian [76] proved

χ′s(G) ≤ (2 + o(1)) ∆(G)2

ln ∆(G) .

As we have seen, the strong chromatic index attracted much attention, how-
ever (or better because), it turned out to be a complicated parameter. Maybe,
this is not surprising at all, since coloring problems are notoriously hard prob-
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lems. By observing the following averaging argument

m(G)

χ′s(G)
≤ νs(G), (8.4)

we conclude that an upper bound on the strong chromatic index immediately
implies a lower bound on the induced matching number. Since Conjecture 8.1
is far away from being solved, people tried to prove the implication of Conjec-
ture 8.1 caused by (8.4) on the induced matching number.

Conjecture 8.2. If G is a graph with maximum degree ∆ and ∆ is even, then

νs(G) ≥ m(G)
5
4∆2

.

Moreover, if ∆ is odd, then

νs(G) ≥ m(G)
5
4∆2 − 1

2∆ + 1
4

.

Once again, for graphs with maximum degree at most 3, because Conjec-
ture 8.1 is true, we conclude that also Conjecture 8.2 holds for this case.

In particular, for subcubic graphs G, we have

νs(G) ≥ m(G)

10
. (8.5)

Can we improve (8.5) if G does not contain C3
5 as a subgraph or, less restrictive,

as a component? A first result in this direction is due to Kang, Mnich and Müller

[63] who proved that νs(G) ≥ m(G)
9 for planar subcubic graphs G. Note that

m(C3
5 ) = 10, n(C3

5 ) = 7, νs(C
3
5 ) = 1, and C3

5 is nonplanar, since it contains K3,3

as a minor. Their proof is rather involved, because they used the discharging
method with a long list of rules.

In Chapter 10 we give a much shorter proof for a more general result, which
is as follows.

Theorem 8.3 ([59]). If G is a subcubic graph of size m without a component
isomorphic to C3

5 , then

νs(G) ≥ m

9
.

In our proof we use induction on the order of G. This seems to be a stupid
idea, since we want to bound the matching number from below in terms of the
size. However, this is not the case. We prove

νs(G) ≥ 1

6
(n(G)− i(G)− nC3

5
(G)) (8.6)

for subcubic graphs G where nC3
5
(G) denotes the number of components isomor-

phic to C3
5 in G and i(G) denotes the number of isolated vertices in G. Inequal-

ity (8.6) is suitably adjusted for a proof by induction. Note that for all subcubic
graphs G without a component isomorphic to C3

5 , we obtain nC3
5
(G) = 0 and

3
2 (n(G)− i(G)) ≥ m(G). Hence (8.6) implies Theorem 8.3.
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With some more effort, a similar approach works for graphs with maximum
degree 4. The best known bound for the strong chromatic index implies via an

averaging argument that νs(G) ≥ m(G)
22 . Conjecture 8.2 claims νs(G) ≥ m(G)

20 ,
and we prove in Chapter 11 that

νs(G) ≥ 1

9
(n(G)− i(G)− nC4

5
(G))

for graphs of maximum degree at most 4. Firstly, this implies Conjecture 8.2

for graphs of maximum degree 4, saying νs(G) ≥ m(G)
20 , and secondly, if G does

not contain C4
5 , then even νs(G) ≥ m(G)

18 holds.
The described technique – the detour via induction on the order of the

graph – is not suitable for attacking Conjecture 8.2 for larger values of ∆(G).
For graphs with maximum degree 5 or 6, it works theoretically but the number
of case distinctions grows massively. For graphs with larger maximum degree
we are heading different problems explained below.

Somehow surprisingly if the maximum degree of G is at least 1000, then

νs(G) ≥ n(G)− i(G)(
d∆

2 e+ 1
) (
b∆

2 c+ 1
) . (8.7)

We prove (8.7) in Chapter 12. This result is sharp. Let ∆ be an integer at least
3 and let the graph H arise from the complete graph on

⌈
∆
2

⌉
+ 1 vertices by

attaching at each vertex
⌊

∆
2

⌋
pendant vertices. It follows that νs(H) = 1 and

n(H) =
(⌈

∆
2

⌉
+ 1
) (
b∆

2 c+ 1
)
.

Observe almost every vertex of H has degree 1 and hence the average degree
is bounded by 3 for every ∆. In order to turn (8.6) into a lower bound for the
induced matching number in terms of the size, we used the inequality

∆(G)

2
(n(G)− i(G)) ≥ m(G),

which is tight if G is regular and is the weaker the more the average degree
differs from the maximum degree. Using this inequality and combining it with
(8.7) does not lead to a useful inequality – not even of the correct magnitude in
∆(G). This evidently shows that for graphs of large maximum degree, trying
to prove Conjecture 8.2 by induction on the order irredeemably fails.

Nevertheless, the tight inequality (8.7) is interesting on its own even if it does
help to prove Conjecture 8.2 and so at least we better understand the induced
matching number in terms of the order of the graph.

Let us turn to an algorithmic prospective. Matchings are extremely well
investigated. There are easy testable criteria whether a graph has a perfect
matching. Over and above, there is the Gallai Edmonds Structure Theorem
describing in detail the behavior of maximum matchings [73, 103]. These nice
characterizations also reflect the fact that the matching number can be com-
puted efficiently [34].

On the contrary, everything working nice for matchings does not work for
induced matchings. Stockmeyer and Vazirani [97] proved the computational
hardness of the induced matching number. This was later strengthened by
many researchers by proving the same result on restricted graph classes as for
example cubic planar graphs [33] or bipartite graphs of maximum degree 3 [74].
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Moreover, it is even W [1]-hard on bipartite graphs [83]. Of course, there are
also graph classes where the problem becomes fixed parameter tractable or even
polynomial-time solvable [16, 17, 51].

Note that a matching in G corresponds to an independent set in the line
graph of G and an induced matching in G corresponds to an independent set in
the square of the line graph of G. Although the independent set problem is a
computational hard problem, as said before, it is efficiently computable on line
graphs. However, on squares of line graphs it is extremely hard. In Chapter 9
we will use the fact that a strong edge coloring of G corresponds to a vertex
coloring of the square of the line graph of G.

In [67] Kobler and Rotics showed that the graphs where the matching number
and the induced matching number coincide can be recognized efficiently. Their
result was extended by Cameron and Walker [18] who gave a complete structural
description of these graphs. In Chapter 13 we present a generalization of their
result together with a much simpler structural characterization, which easily
implies the description in [18]. To this end, we need the following definitions. A
set P of vertices of G is a k-packing of G for some positive integer k if every two
distinct vertices in P have distance more than k in G. The k-packing number
ρk(G) of G is the largest cardinality of a k-packing of G. Using this terminology,
independent sets correspond to 1-packings and the independence number α(G)
coincides with ρ1(G).3 In Chapter 13 we give a characterization of all graphs
G satisfying ρk(G) = ρ2k(G). Applying the description of graphs G fulfilling
ρ1(G) = ρ2(G) to line graphs, we obtain Cameron and Walker’s result.

Moreover, as another consequence our description implies the existence of a
very simple recognition algorithm for graphs G satisfying ρk(G) = ρ2k(G).

3 In Chapter 1 we introduced the packing number νF (G) as the maximal number of disjoint
subgraphs in G isomorphic to graphs from the family F . Note that ρ1(G) cannot be expressed
in terms of νF (G) for any choice of F . To underline this issue, we do not denote the 1-packing
number ρ1(G) by ν1(G), which also seems to be a very natural choice.
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Chapter 9

A new bound on the strong
chromatic index

As promised in the previous chapter, we give a new bound on the strong chro-
matic index.

Theorem 9.1 ([13]). If G is a graph of sufficiently large maximum degree ∆,
then

χ′s(G) ≤ 1.93∆2.

This improves a previous bound due to Molloy and Reed [80] which is as follows:

χ′s(G) ≤ 1.998∆(G)2

for graphs with ∆(G) sufficiently large. Their bound is numerically only a slight
improvement in comparison to the trivial greedy bound χ′s(G) ≤ 2∆(G)2 −
2∆(G) + 1, but it is definitely a large insight to the problem.

Let me recall Conjecture 8.1 claiming that χ′s(G) ≤ 5
4∆(G)2, which is tight

for even maximum degree for the blow-up of a 5-cycle.
A strong edge coloring of a graph G may be viewed as an ordinary vertex

coloring in the square L2(G) of the linegraph of G. (The square of any graph is
obtained by adding edges between any vertices of distance of most 2.) Working
in L2(G) permitted Molloy and Reed to split the strong edge coloring problem
into two weaker sub-problems. First, they showed that the neighborhood of any
vertex in L2(G) is somewhat sparse. Second, based on a probabilistic coloring
method, they proved a coloring result for graphs with sparse neighborhoods,
that holds for general graphs, not only for squares of linegraphs.

We follow these same steps but make a marked improvement in each sub-
problem: our sparsity result is asymptotically best-possible; and our coloring
lemma needs fewer colors. We discuss the differences between our approach and
that of Molloy and Reed in detail in Sections 9.1 and 9.4.

As a tool for our coloring lemma we develop in Section 9.6 a version of Tala-
grand’s inequality that excludes exceptional outcomes. Talagrand’s inequality is
used to verify that random variables on product spaces are tightly concentrated
around their expected value. It is particularly suited for random variables that
only change little when a single coordinate is modified. This will not be the

81
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case in our application: in some very rare events a single change might result
in a very large effect. To cope with this, we formulate a version of Talagrand’s
inequality in which such large effects of tiny probability can be ignored. We
take some effort to make the application of the inequality as simple as possible
as we have some hopes that it might be useful elsewhere.

A weakening of the strong edge coloring conjecture yields a statement on
strong cliques, the cliques of the square of the linegraph.

Conjecture 9.2. Any strong clique of a graph G has size at most ω(L2(G)) ≤
5
4∆2(G).

Note that the edge set of any blow-up of the 5-cycle is a strong clique, so
that the conjecture would be tight. Not much is known about this seemingly
easier conjecture. Chung, Gyárfás, Tuza and Trotter [22] showed that any graph
G that is 2K2-free has at most 5

4∆2(G) edges. In such a graph, the whole edge
set forms a strong clique. Faudree, Schelp, Gyárfás and Tuza [39] found an
upper bound of (2− ε)∆2(G) for the size of any strong clique, for some small ε.
Bipartite graphs are easier to handle in this respect: the same authors proved
that the strong clique can never have size larger than ∆(G)2. Again, this is
tight, as balanced complete bipartite graphs attain that bound.

We prove:

Theorem 9.3 ([13]). If G is a graph with maximum degree ∆ ≥ 400, then its
strong clique has size at most ω(L2(G)) ≤ 1.74∆2.

Coming back to strong edge colorings, let us note that there are a number
of results for special graph classes. The conjecture was verified for maximum
degree 3 by Andersen [5], and independently by Horek, Qing and Trotter [52].
For ∆(G) ≤ 4, Cranston [27] achieves a bound of χ′s(G) ≤ 22, which is off

by 2. Mahdian [76] proved that χ′s(G) ≤ 2∆(G)2

log ∆(G) if G does not contain 4-cycles

by quite involved probabilistic methods. Finally, a number of works concern
degenerated graphs, the earliest of which is by Faudree, Schelp, Gyárfás and
Tuza [39] who established the bound χ′s(G) ≤ 4∆(G) + 4 for planar graphs G.
Kaiser and Kang [60] consider a generalization of strong edge colorings, where
alike colored edges have to be even farther apart.

The use of probabilistic methods to color graphs is explored in depth in the
book of Molloy and Reed [81], where also many more references can be found.
We only mention additionally the article of Alon, Krivelevich and Sudakov [4] on
coloring graphs with sparse neighborhoods. However, their result only implies
something nontrivial if the neighborhoods are much sparser than we can expect
in squares of linegraphs.

Strong edge colorings seem much more difficult than edge colorings. This
is because already induced matchings are much harder to handle than ordinary
matchings. While the size of a largest matching can be quite precisely be de-
termined, it is even hard to obtain good bounds for induced matchings; see for
instance [59, 55].

9.1 Outline and proof of Theorem 9.1

A strong edge coloring of a graph G is nothing else than an ordinary vertex
coloring in L2(G), the square of the linegraph of G. Molloy and Reed [80] use
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this simple observation to prove their bound on the strong chromatic index in
two steps.

First, they show that neighborhoods in L2(G) cannot be too dense. To
formulate this more precisely denote by N s

e for any edge e of G the set of
edges of distance at most 1 to e, which is equivalent to saying that N s

e is the
neighborhod of e in L2(G). We will often call N s

e the strong neighborhood of e.
Molloy and Reed show that for every edge e

N s
e induces in L2(G) at most

(
1− 1

36

) (
2∆2

2

)
edges, (9.1)

where ∆ is the maximum degree of G.
In the second step, Molloy and Reed show that any graph with sparse neigh-

borhoods, such as L2(G), can by colored with a probabilistic procedure.
Following this strategy, we also prove a sparsity result and a coloring lemma.

Lemma 9.4 ([13]). Let G be a graph of maximum degree ∆ ≥ 1, and let e be
an edge of G. Then the neighborhood N s

e of e induces in L2(G) a graph of at
most 3

2∆4 + 5∆3 edges.

Lemma 9.5 ([13]). Let γ, δ ∈ (0, 1) be so that

γ <
δ

2(1− γ)
e−

1
1−γ − δ3/2

6(1− γ)2
e−

7
8(1−γ) . (9.2)

Then, there is an integer R so that for all r ≥ R it follows χ(G) ≤ (1− γ)r for
every graph G with maximum degree at most r in which, for every vertex v, the
neighborhoods N(v) induce graphs of at most (1− δ)

(
r
2

)
edges.

Condition (9.2) might be slightly hard to parse. Therefore, let us remark
that in a range of δ ∈ (0, 0.9]

γ = 0.1827 · δ − 0.0778 · δ3/2

satisfies the condition and is not too far away from the best-possible γ.
Theorem 9.1 is a direct consequence of the two lemmas.

Proof of Theorem 9.1. Let G be a graph with maximum degree ∆ sufficiently
large. With Lemma 9.4 we conclude that for every vertex v of L2(G) the neigh-

borhood induces a graph of at most (3
4 + o(1))

(
2∆2

2

)
edges. Therefore, we can

apply Lemma 9.2 with r = 2∆2, δ = 0.24, and γ = 0.035.

While Molloy and Reed developed this very neat proof technique, our con-
tribution consists in improving its two constituent steps. In particular, in the
sparsity lemma we improve Molloy and Reed’s 1

36 in (9.1) to roughly 1
4 . This

is almost as good as possible: in Section 9.3 we construct graphs that asymp-
totically reach the upper density bound of Lemma 9.4. Our coloring lemma
also yields a γ that is somewhat smaller than the corresponding γ of Molloy
and Reed. We discuss the differences between their coloring lemma and ours in
more detail in Section 9.4.

Let us have a look at some concrete numbers. There is a small oversight
in the proof of Molloy and Reed (a lost 2) that results in the actual bound of
χ′s(G) ≤ 1.9987∆(G)2 instead of the claimed χ′s(G) ≤ 1.998∆(G)2.
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To what improvements lead our lemmas? With our sparsity lemma and the
coloring lemma of Molloy and Reed it is possible to obtain χ′s(G) ≤ 1.99∆(G)2.
Our coloring lemma then leads to the factor 1.93 in Theorem 9.1. Viewing all
statements as bounds of the form χ′s(G) ≤ (2 − ε)∆(G)2, we improve ε by a
factor of 53.

Finally, even assuming that the coloring lemma could be vastly improved
(doubtful), this method can never go beyond 1.73∆(G)2. The sparsity bound
in Lemma 9.4, which, again, is asymptotically best-possible, does not exclude
a clique of size 1.73∆(G)2 in the neighborhood N s

e in L2(G). That means,
just considering edge densities will never yield a factor smaller than 1.73 (and
probably not even close to that number).

9.2 Density of the strong neighborhood

In this section we prove the sparsity lemma, Lemma 9.4. For any edge e in a
graph G, we write ds(e) for the degree in L2(G). Then ds(e) = |N s

e|.

Lemma 9.6 ([13]). Let G be a graph of maximum degree ∆, and let e be an
edge of G. Then

ds(e) ≤ (2− α− β)∆2 − 2∆,

where α∆ is the number of triangles in G containing e, and where β∆2 is
the number of 4-cycles containing e plus the number of triangles incident with
exactly one endvertex of e.

Proof. Let e = uv. Then |N(u) ∪N(v) \ {u, v}| ≤ 2(∆− 1)− |N(u) ∩N(v)| =
(2−α)∆−2. Every edge in N s

e has at least one of its endvertices in N(u)∪N(v).
Edges with both endvertices in N(u) ∪N(v) lie in a common 4-cycle with e or
form a triangle with either u or v, and thus count towards β∆2. In total we
obtain

ds(e) ≤ |N(u) ∪N(v) \ {u, v}| ·∆− β∆2 ≤ ((2− α)∆− 2)∆− β∆2,

which gives the affirmed bound.

We remark that the inequality given in Lemma 9.6 is even an equality if G
is ∆-regular. We will frequently use the observation that the containment of an
edge f in k 4-cycles implies ds(f) ≤ 2∆2 − k.

We will occasionally need to measure how many neighbors a vertex has in
some subset of the vertex set. So, for a vertex v in a graph G and some set
X ⊆ V (G), we write dX(v) for |NG(v) ∩X|. We will similarly use the notation
dsF (e) for the degree of an edge e in L2(G) restricted to some edge set F .

Proof of Lemma 9.4. Without loss of generality, we may assume G to be ∆-
regular. Indeed, if G is not then it may be embedded into a ∆-regular graph, in
which the number of edges induced by N s

e will only be larger. (The embedding
is a standard technique: iteratively make a second copy of G and connect copies
of vertices of too low degree by an edge.)

Let e = uv and set X = NG(u) ∪NG(v) \ {u, v}, while Y = NG(X) \ (X ∪
{u, v}). Then, using the notation of Lemma 9.6, we set α∆ = |NG(u) ∩NG(v)|
to be the number of triangles containing e, and let β∆2 be the number of edges
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u ve

X

Y

mX,Y

α∆

CX,Y4

β∆2

Figure 9.1: Some of the parameters used in the proof of Lemma 9.4

with both endvertices in X. Observe that |X| = (2−α)∆− 2. We furthermore
note that 0 ≤ α, β ≤ 1; for β this follows from 2β∆2 ≤ |X|·∆. We denote by me,
the number of edges induced by N s

e in L2(G). Our objective is to upper-bound
me.

Let us start with the estimation of me. Writing N s
e for E(G) \N s

e we obtain

2me =
∑
f∈N s

e

dsN s
e
(f) =

∑
f∈N s

e

(
ds(f)− ds

N s
e
(f)
)

To get an upper bound on
∑
f∈N s

e
ds(f) we use Lemma 9.6, where we omit the

triangles and only count those 4-cycles that consist entirely of edges between X
and Y . Let CX,Y4 be the number of those 4-cycles, that is, the number of those
4-cycles that consist only of edges with one endvertex in X and the other in
Y . Observe that each cycle counted by CX,Y4 reduces the degree of four edges

in N s
e. Thus,

∑
f∈N s

e
ds(f) ≤

(∑
f∈N s

e
2∆2

)
− 4CX,Y4 , by Lemma 9.6. Using

the lemma again, this time to upper-bound |N s
e|, and substituting in our above

estimation of me, we get

2me ≤ 2∆2|N s
e| − 4CX,Y4 −

∑
f∈N s

e

ds
N s
e
(f)

≤ 2∆2
(
(2− α− β)∆2 − 2∆

)
− 4CX,Y4 −

∑
f∈N s

e

ds
N s
e
(f)

= 2(2− α− β)∆4 − 4∆3 − 4CX,Y4 −
∑
f∈N s

e

ds
N s
e
(f)

In order to obtain a lower bound on
∑
f∈N s

e
ds
N s
e

(f), we consider paths of the

form pxyq in G, where x ∈ X, y ∈ Y and q /∈ X. The first edge px then is in
N s
e, while the last edge yq is outside. So, each such path pxyq contributes 1 to∑
f∈N s

e
ds
N s
e

(f). Since G is ∆-regular, there are ∆− 1 such paths for each fixed

xyq. Counting the number of such xyq we arrive at
∑
y∈Y dX(y)(∆ − dX(y)).

For later use, we give this parameter a name

γ∆3 :=
∑
y∈Y

dX(y)(∆− dX(y)),

and observe that 0 ≤ γ ≤ 1
2 . Indeed, for any y ∈ Y , we have dX(y)(∆−dX(y)) ≤

dX(y)2/4 ≤ ∆
4 dX(y) and consequently, γ∆3 ≤

∑
y∈Y

∆
4 · dX(y) ≤ ∆

4 · 2∆2, as

there can be at most 2∆2 edges between X and Y .
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Summing up our discussion:∑
f∈N s

e

ds
N s
e
(f) ≥ (∆− 1)γ∆3,

which leads to

me ≤
(

2− α− β − γ

2

)
∆4 − 2CX,Y4 +

(γ
2
− 2
)

∆3. (9.3)

It remains to estimate CX,Y4 . For this, let us first compute mX,Y , the number
of edges with one endvertex in X and the other in Y . On the one hand, we have∑

x∈X
dG(x) = mX,Y + 2β∆2 + |X|,

while ∆-regularity, on the other hand, gives us
∑
x∈X dG(x) = ∆ · |X|. Together

with |X| = (2− α)∆− 2, this implies

mX,Y = (2− α− 2β)∆2 − (4− α)∆ + 2. (9.4)

For x1, x2 ∈ X define c(x1, x2) to be the number of common neighbors of x1

and x2 in Y , where we put c(x1, x2) = 0 if x1 = x2. Then

CX,Y4 =
∑

x1,x2∈X

(
c(x1, x2)

2

)
.

We compute∑
x1,x2∈X

c(x1, x2) =
∑
y∈Y

(
dX(y)

2

)
=

1

2

∑
y∈Y

(dX(y))2 − 1

2
mX,Y .

Using the definition of γ, this gives

∑
x1,x2∈X

c(x1, x2) =
1

2

∆
∑
y∈Y

dX(y)− γ∆3

− 1

2
mX,Y

=
1

2

(
(∆− 1)mX,Y − γ∆3

)
.

Using mX,Y ≤ 2∆2 as well as (9.4), we get a lower and an upper bound:

1

2

(
(2− α− 2β − γ) ∆3 − 6∆2

)
≤

∑
x1,x2∈X

c(x1, x2) ≤
(

1− γ

2

)
∆3 (9.5)

We come back to the calculation of CX,Y4 :

CX,Y4 =
∑

x1,x2∈X

(
c(x1, x2)

2

)
=

1

2

∑
x1,x2∈X

(
c(x1, x2)2 − c(x1, x2)

)
≥ 1

2

∑
x1,x2∈X

c(x1, x2)2 − 1

2

(
1− γ

2

)
∆3, (9.6)
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where we used (9.5). We use the Cauchy-Schwarz inequality:

∑
x1,x2∈X

c(x1, x2)2 ≥
(
|X|
2

)(∑
x1,x2∈X c(x1, x2)(|X|

2

) )2

≥ 2 ·

(∑
x1,x2∈X c(x1, x2)

)2

|X|2

≥ 2 ·
(

1
2

(
(2− α− 2β − γ)∆3 − 6∆2

) )2
(2− α)2∆2

,

where the last inequality is because of |X| = (2−α)∆−2 and (9.5). We continue

∑
x1,x2∈X

c(x1, x2)2 ≥ 1

2

(
(2− α− 2β − γ)2∆4

(2− α)2
− 12 · (2− α)∆3

(2− α)2

)

≥ (2− α− 2β − γ)2

2(2− α)2
∆4 − 6∆3

We substitute this in our estimation (9.6) of CX,Y4 :

CX,Y4 ≥ 1

2

(
(2− α− 2β − γ)2∆4

2(2− α)2
− 6∆3

)
− 1

2

(
1− γ

2

)
∆3

=
1

2

(
(2− α− 2β − γ)2∆4

2(2− α)2
−
(

7− γ

2

)
∆3

)
.

We can finally complete our estimation (9.3) of me to:

me ≤
(

2− α− β − γ

2

)
∆4 − (2− α− 2β − γ)

2

2(2− α)2
∆4 + 5∆3.

To see that this gives

me ≤
3

2
∆4 + 5∆3,

observe first that we may assume that 0 ≤ α ≤ 1
2 or we are already done. Setting

x = β + γ
2 , we may also assume x ≤ 1

2 . Let f(α, x) = 2 − α − x − (2−α−2x)2

2(2−α)2 .

Note that ∂f(α,x)
∂α = −1 + 2x(2−α−2x)

(2−α)3 < 0 for 0 ≤ x ≤ 1
2 . Thus we may assume

that α = 0. Consequently, it remains to verify that 2− x− (2−2x)2

8 ≤ 3
2 , which

is an elementary task.

We note that a good number of elements used in the proof appear already
in the article of Molloy and Reed [80]: triangles through e, edges in X, paths
xyq and 4-cycles between X and Y . Our contribution consists in parameterising
these elements and then combining the parameters in the right way to give a
nearly tight bound.

Lemma 9.4 naturally gives an upper bound on the size of the largest clique
in L2(G). Although cliques have a very simple structure we were not able to
push the bound given in Theorem 9.3 significantly further.
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Proof of Theorem 9.3. Let K be a largest strong clique, that is, a largest clique
in L2(G), and let κ∆2 be its size. If e ∈ K is an edge of G, then its neighborhood
induces by Lemma 9.4 a graph of at most 3

2∆4 + 5∆3 edges. Thus(
κ∆2 − 1

2

)
≤ 3

2
∆4 + 5∆3,

which implies κ ≤ 3
2∆2 +

√
3 + 10

∆ + 9
4∆4 < 1.74 for ∆ ≥ 400.

9.3 The sparsity lemma is best-possible

In this section we describe a family of graphs with strong neighborhoods that
almost reach the upper density bound of Lemma 9.4. To show this, we turn to
Hadamard codes. For every k ≥ 2, the corresponding Hadamard code consists
of 2 · 2k 0, 1-strings of length 2k each with certain properties. For instance, for
k = 2, the Hadamard code is

{1111,0000,1100,0011,0110,1001,1010,0101}

Notably, the code always contains the all-0-string and the all-1-string. We drop
these and interpret the remaining code words as subsets of some fixed ground
set of n = 2k elements {x1, . . . , xn}. Then we can see the Hadamard code as a
set Hk of subsets of {x1, . . . , xn} with the following properties:

(i) Hk contains 2(n− 1) member-sets, each of which has cardinality n
2

(ii) every element xi lies in precisely n− 1 member-sets of Hk

(iii) if S, S′ ∈ Hk are two distinct member-sets of Hk then |S ∩ S′| ∈ {0, n4 }.

For a proof and more details, see for example van Lint [104].
Based on Hk = {S1, . . . , S2n−2} we construct a graph G. Make a copy

x′i for each xi, and put X = {x1, . . . , xn, x
′
1, . . . , x

′
n}. Let, furthermore, Y =

{y1, . . . , y2n−2} be a set of 2n − 2 vertices, that is disjoint from X. We define
a graph G on X ∪ Y ∪ {u, v}, where u, v are two vertices outside X ∪ Y . First
off, make u complete to x1, . . . , xn and v complete to x′1, . . . , x

′
n, and make u

adjacent to v. Now, let us add a bipartite graph onX∪Y . For this, we make each
yj adjacent to every vertex in Sj and to the set S′j of their copies. See Figure 9.2
for an illustration. With this, each vertex in X has (n − 1) + 1 neighbors, by
property (ii) of Hk, and each yj has degree 2n2 = n, by property (i). Each of
u and v has degree n + 1. Thus the maximum degree is ∆ = n + 1. We note,
furthermore, that there are (2n− 2)n = 2∆2 −O(∆) edges between X and Y .

We calculate the number of 4-cycles in G− u− v. Observe that for all i < j
the number c(yi, yj) of common neighbors of yi and yj is at most 2 · n4 (by
property (iii)). Thus, the number of 4-cycles in G− u− v is

∑
i<j

(
c(yi, yj)

2

)
≤
(

2n− 2

2

)
·
(
n/2

2

)
=
n4

4
+O(n3) =

∆4

4
+O(∆3).

Since there are only 2∆− 1 edges incident with u or v, deleting all these edges
will only result in a loss of O(∆3) edges in L2(G). In the square of the linegraph
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Y

X

u v

1100 0011 1010 0101 0110 1001

Figure 9.2: The graph G for k = 2

of G− u− v, however, only the 4-cycles counted above reduce the degree ds(e)
away from the maximal possible value 2∆2 (recall the argumentation in the
proof of Lemma 9.6). Thus, recalling that there are 2∆2−O(∆) edges between
X and Y , we obtain that the number muv of edges induced by N s

uv in L2(G)
satisfies

2muv ≥ 2∆2 · (2∆2 −O(∆))− 4

(
∆4

4
+O(∆3)

)
−O(∆3)

(Note that each 4-cycle reduces the degree of four edges in L2(G).) Therefore

muv ≥
3

2
∆4 −O(∆3),

which asymptotically coincides with the bound of Lemma 9.4.

9.4 The coloring procedure

Molloy and Reed [80] described a probabilistic method, called naive coloring
procedure in [81], to partially color a sparse graph. In the procedure, every
vertex first receives a color independently and uniformly at random. Then
follows a conflict resolution step: whenever two adjacent vertices received the
same color, both become uncolored. The brilliant insight here is that, with
a non-negligible probability, in every neighborhood a good number of colors
appear at least twice at the end of this procedure. In this way, the partial
coloring saves colors in comparison to a (∆(G) + 1)-coloring. This, then makes
it possible to complete the partial coloring greedily to a full coloring.

In the easiest manifestation of the procedure, whenever there is a conflict,
that is, whenever two adjacent vertices receive the same color, both vertices
lose their color. Molloy and Reed hint at a possible a improvement that is less
wasteful: if additionally random weights on vertices are chosen, only the vertex
of lower weight need to be uncolored. However, the analysis becomes much more
tedious. We propose a different conflict resolution mechanism that allows for
a simpler analysis. In addition, we not only count colors that are used exactly
twice in the neighborhood of a fixed vertex but also take into account multiple
occurrences. Molloy and Reed mentioned such a modification, too, but did not
discuss it in detail.



90 CHAPTER 9. STRONG CHROMATIC INDEX

We now describe the modified Molloy and Reed coloring procedure. For this,
assume G to be an r-regular graph, which we will color with C = d(1 − γ)re
colors, where γ ∈ (0, 1) is a constant. The following random experiment is
performed.

1. Color every vertex uniformly and independently at random from the set
{1, . . . , C}.

2. Choose for every edge uv independently and uniformly at random an ori-
entation duv.

3. If uv is an edge and u and v received the same color, then uncolor u if duv
points towards u and uncolor v otherwise.

The key parameter is the number of colors that are saved in the neighborhood
of an arbitrary vertex u, that is, the number of vertices that are assigned a color
that is already used by some other vertex in the neighborhood. To estimate
this quantity, we introduce the random variable Pu that counts the number of
pairs of non-adjacent vertices in N(u) that have, after the uncoloring step, the
same color. To control overcounting, we also define Tu, the number of triples
of distinct non-adjacent vertices v, w, x in N(u) that have the same color at the
end of the coloring procedure.

Most of the effort in the proof of Theorem 9.5 will be spent on estimating
the expected values of Pu and Tu. Later, in Section 9.7, we will show that the
random variables are strongly concentrated around their expectation:

Lemma 9.7 ([13]). Let γ ∈ (0, 1). There is an R so that for every r-regular
graph G with r ≥ R it holds that

P
[
|Pu − E[Pu]| ≥

√
r log3 r

]
≤ r− 1

2 log log r and

P
[
|Tu − E[Tu]| ≥

√
r log4 r

]
≤ r− 1

2 log log r

when the coloring procedure is performed with C = d(1− γ)re colors.

In order to prove the existence of a global partial coloring with certain nice
properties, we use the Lovász Local Lemma to deduce this from our local struc-
ture.

Lovász Local Lemma. Let p ∈ [0, 1), and A be a finite set of events so that
for every A ∈ A

(i) P[A] ≤ p; and

(ii) A is independent of all but at most d of the other events in A.

If 4pd ≤ 1, then the probability that none of the events in A occur is strictly
positive.

Proof of Lemma 9.5. How large R has to be will become clear at the end of the
proof. Consider some graph G with maximum degree at most r satisfying the
density condition on the neighborhoods. We may assume that G is r-regular,
otherwise we embed G, as in Lemma 9.4, in an r-regular graph while keeping
the local density condition.
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We will color G with C = d(1 − γ)re colors, which may be slightly more
that the claimed bound of χ(G) ≤ (1 − γ)r. However, by choosing R and
thus r large enough we can find a γ′ that still satisfies (9.2) and for which
d(1− γ′)re ≤ (1− γ)r for every r ≥ R. Thus, if necessary, we may replace γ by
γ′ in what follows.

Pick some vertex u of G. We start with the estimation of Pu, the number of
non-adjacent neighbors of u with the same (final) color. To this end, consider
two non-adjacent neighbors v and w of u. Note first that the probability that
v and w receive the same color in step 1 is equal to 1

C . Assuming that this is
the case, we observe that in order for v and w to keep their color in step 3, all
the edges between {v, w} and the neighbors of the same color as v, w have to
be chosen in step 2 so that they point away from {v, w}. Thus, if v and w have
k common neighbors, the probability that they both keep their (common) color
is (

1− 1

2C

)2r−2k (
1− 3

4
· 1

C

)k
,

where the factor 3
4 stems from the fact that, out of four orientations of the two

edges between v, w and a common neighbor, only one of these allows both v, w
to keep their color.

In total, we get

P[v, w received the same color and both stay colored]

=
1

C

(
1− 1

2C

)2r−2k (
1− 3

4
· 1

C

)k
=

1

C

(
1− 1

2C

)2r ( 1− 3
4C

1− 1
C + 1

4C2

)k
.

Note that, for any C ≥ 1, we have

1− 3
4C

1− 1
C + 1

4C2

≥ 1.

Thus, if r is large enough, then

P[v, w received the same color and both stay colored]

≥ 1

C

(
1− 1

2C

)2r

=
1

d(1− γ)re

(
1− 1

2d(1− γ)re

)2r

≥ (1 + o(1))
1

(1− γ)r
e−

1
1−γ

As there are at least δ
(
r
2

)
many pairs of non-adjacent vertices in N(u), the

calculation above implies

E[Pu] ≥ (1 + o(1))δ

(
r

2

)
1

(1− γ)r
e−

1
1−γ

= (1 + o(1))
δr

2(1− γ)
e−

1
1−γ .

We will need a similar estimation for triples of non-adjacent neighbors of u.
So, assume v, w, x to be three vertices in N(u) that are pairwise non-adjacent.
For 1 ≤ i ≤ 3, let ki be the number of vertices with i neighbors in {v, w, x}.
Since G is r-regular, k1 + 2k2 + 3k3 = 3r.
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The probability that all three of v, w, x receive the same color is 1
C2 . The

probability that all three retain their color is computed in a similar way as
above, where it should be noted that there are now eight possibilities for the
orientations of the three edges between v, w, x and a neighbor common to all of
them.

Using the binomial series (1+z)α =
∑∞
k=0

(
α
k

)
zk and 1

Cα = o(1/r) for α > 1,
we get

P[v, w, x received the same color and stay colored]

=
1

C2

(
1− 1

2C

)k1
(

1− 3

4C

)k2
(

1− 7

8C

)k3

=
1

C2

(
1− 3

2C
+ o(1/r)

)k1/3(
1− 9

8C
+ o(1/r)

)2k2/3(
1− 7

8C

)k3

≤ (1 + o(1))
1

(1− γ)2r2

(
1− 7

8(1− γ)r

)k1/3+2k2/3+k3

= (1 + o(1))
1

(1− γ)2r2
e−

7
8(1−γ) .

By using that every graph with δ
(
r
2

)
edges contains at most δ3/2r3

6 many
distinct triangles (see, for instance, Rivin [90]), we obtain

E[Tu] ≤ (1 + o(1))
δ3/2r3

6

1

(1− γ)2r2
e−

7
8(1−γ)

= (1 + o(1))
δ3/2r

6(1− γ)2
e−

7
8(1−γ) .

By the inclusion–exclusion principle, we save at least Pu−Tu many colors in
N(u), that is, the number of colored vertices minus the number of colors actually
used in N(u) is at least Pu − Tu. Now, if Pu − Tu ≥ γr, then the number of
uncolored vertices is smaller than the number of unused colors in N(u). Thus,
if we can show that, with positive probability, it holds that Pu − Tu ≥ γr, then
we can color all remaining uncolored vertices greedily, which then concludes the
proof.

To show this, let Au be the event that

Pu − Tu ≤
(

1− 1

log r

)(
δ

2(1− γ)
e−

1
1−γ − δ3/2

6(1− γ)2
e−

7
8(1−γ)

)
r.

Since both random variables Pu and Tu are highly concentrated (see Lemma
9.7), it follows for large r that

P [Au] ≤ O(r−
1
2 log log r).

Note that the event Au only depends on Au′ if there is some vertex z of distance
at most 2 to both u and u′. Thus, Au is independent of all other Au′ except for a
number of these that is polynomial in r. We deduce, therefore, from the Lovász
Local Lemma that there is a coloring of the vertices of G such that no Au holds.
This, however, implies together with (9.2) that Pu − Tu ≥ γr, provided that r
is large enough.
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9.5 How to possibly save more colors

The factor of 1.93∆2 of Theorem 9.1 is still very far from the conjectured factor
of 1.25∆2. While it seems doubtful that probabilistic coloring can ever get very
close to 1.25∆2, there is still some hope that with more sophisticated arguments
the factor can be improved. For us, two observations fuel this hope.

First, the two steps, the sparsity lemma and the coloring lemma, are com-
pletely dissociated. That is, the coloring lemma only exploits the sparsity of
strong neighborhoods but uses no structural information whatsoever. Surely,
not forgetting that the task consists in coloring edges should help!

Second, while the sparsity lemma, Lemma 9.4 is asymptotically tight, the
conjectured extreme example for the strong coloring conjecture, the blow-up of
the 5-cycle, has much sparser strong neighborhoods.

To be more concrete, consider the blow-up in which every vertex of the 5-
cycle is replaced by a stable set of size k, so that the maximum degree becomes
∆ = 2k. Then every edge e has as strong neighborhood all of the rest of the
graph, and consequently, the strong neighborhood induces about 25

32∆4 edges in
the square of the linegraph, which is much less than the 3

2∆4 of Lemma 9.4.
In some sense, this is not surprising because already the degree ds(e) of e in
the square of the linegraph is much smaller than the 2∆2 we are working with,
namely it is only about 5

4∆2. In conclusion, the blow-up of the 5-cycle is quite
different from what we assume in the sparsity lemma.

What kind of effects could be at work that explain this difference? In
Lemma 9.4 we assume that the edge e has degree ds(e) close to 2∆2 and at
the same time a very dense neighborhood. While it is possible to have such
edges, this cannot be the case for all edges. Indeed, for the strong neighbor-
hood N s

e to induce many edges, there have to be many 4-cycles in N s
e. (This is

simply because X and Y , the first and second neighborhoods of the endvertices
of e, cannot be very large so that the bipartite graph between X and Y is very
dense.) However, every 4-cycle reduces in L2(G) the degree of any of its edges
by 1, and consequently, there should be many edges f in N s

e of lower degree
ds(f) than 2∆2.

Obviously, an edge f of low degree ds(f) is to our advantage, as we can
always color f at the very end when all high degree edges are already colored.
But if we defer coloring of low degree edges then any high degree edge e with
many low degree edges in its strong neighborhood has, morally, low degree as
well. Unfortunately, we did not manage to exploit these observations in such a
way that they result in a substantial improvement.

9.6 Talagrand’s inequality and exceptional out-
comes

To finish the proof of Lemma 9.5, we still need to show that the probability of Pu
or Tu deviating significantly from their expected values is very small. To prove
that a random variable on a product probability space is strongly concentrated
around its expectation is a very common task, and consequently, a number of
powerful tools have been developed for this, among them McDiarmid’s, Azuma’s
or Talagrand’s inequality [77, 7, 98]. All of these tools have in common that
they require the random variable to be somewhat smooth.
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Consider a family of probability spaces ((Ωi,Σi,Pi))ni=1, and let (Ω,Σ,P)
be their product. One common smoothness assumption for a random variable
X : Ω → R is that each coordinate has effect at most c: whenever any two
ω, ω′ ∈ Ω differ in exactly one coordinate then |X(ω)−X(ω′)| ≤ c.

For McDiarmid’s or Azuma’s inequality to give strong concentration in this
situation, the effect c has to be small compared to n. If that is not the case,
then Talagrand’s inequality might still be useful. We describe a weaker version
that is easier to apply than the full inequality.

We say that X has certificates of size s for exceeding value k if for any ω ∈ Ω
with X(ω) ≥ k, there is a set I of at most s coordinates such that also X(ω′) ≥ k
for any ω′ ∈ Ω with ω|I = ω′|I . The following version of Talagrand’s inequality
appears in Molloy and Reed [81, p. 234]:

Theorem 9.8 (Talagrand). Let ((Ωi,Σi,Pi))ni=1 be probability spaces, and let
(Ω,Σ,P) be their product space. Let X : Ω → R be a non-negative random
variable with X 6= 0 so that each coordinate has effect at most c, and assume X
to have, for any k, certificates of size at most k` for exceeding k. Then for any
0 ≤ t ≤ E[X]:

P
[
|X − E[X]| > t+ 60c

√
`E[X]

]
≤ 4e

− t2

8c2`E[X] .

Unfortunately, for the random variables Pu and Tu that are of interest for
us, the effect c is too large, so that Talagrand’s inequality becomes useless.
Indeed, in an extreme case changing the color of a single vertex v ∈ N(u) to
new color λ might result in all other vertices in N(u) of color λ to lose their
color. This happens when all these vertices have an edge pointing away from
v. Then, all pairs of color λ counted in Pu are lost, and these might be up to
r2. (Recall that our graph G is r-regular.) Consequently, the effect c has to be
at least r2 – however, already an effect of c ≈ r would necessitate a deviation
of t ≈ r ≈ E[Pu] for the probability to become small. But for Talagrand’s
inequality to be useful for us, we need a vanishing probability for deviations t
that are small compared to E[Pu].

Changing a single color might have a very large effect but this is a rare
exception. Normally, only few vertices in N(u) have the same color, so that
also only few are affected by any color change. That is, very large effects only
occur with a very tiny probability. It seems unreasonable that exceedingly
unlikely events should have a serious impact on whether a random variable is
concentrated or not.

What we need, therefore, is a version of Talagrand’s inequality that excludes
a very unlikely set Ω∗ of exceptional outcomes that nevertheless spoils smooth-
ness. Warnke [106] (but see also Kutin [70]) extended McDiarmid’s inequality
in a similar direction by considering a sort of typical effect. However, Warnke’s
inequality is still too weak for us. Grable [48] as well presents a concentra-
tion inequality that excludes exceptional outcomes, which would be suitable for
our purposes, were it not for the fact that there is a serious error in its proof.
McDiarmid [78], too, describes a Talagrand-type inequality that excludes an
exceptional set. (Its main feature, though, is to allow permutations as coordi-
nates.) The inequality, however, does not seem to be of much use to us either.

We mention that the powerful, but technical, method of Kim and Vu [66]
can also handle large but unlikely effects.
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To deal with exceptional outcomes, we modify the definition of certificates.
Given an exceptional set Ω∗ ⊆ Ω and s, c > 0, we say that X has upward (s, c)-
certificates if for every t > 0 and for every ω ∈ Ω \ Ω∗ there is an index set I
of size at most s so that X(ω′) > X(ω) − t for any ω′ ∈ Ω \ Ω∗ for which the
restrictions ω|I and ω′|I differ in less than t/c coordinates.

Directly, Talagrand’s inequality does not give concentration around the ex-
pectation but around the median med(X) of X, that is, around

med(X) = sup

{
t ∈ R : P[X ≤ t] ≤ 1

2

}
.

However, in typical applications the median is very close to the expected value.
We will deal with this technicality later.

Lemma 9.9 ([13]). Let ((Ωi,Σi,Pi))ni=1 be probability spaces, and let (Ω,Σ,P)
be their product space. Let Ω∗ ⊆ Ω be a set exceptional events. Let X : Ω→ R
be a random variable and let t ≥ 0.

If X has upward (s, c)-certificates then

P[|X −med(X)| ≥ t] ≤ 4e−
t2

4c2s + 4P[Ω∗]. (9.7)

We prove Lemma 9.9 with the original, full version of Talagrand’s inequal-
ity. Recall that the Hamming distance of two points ω, ω′ ∈ Ω is defined by
the number of non-common coordinates or equally

∑
i:ωi 6=ω′i

1. For a weighted

version (together with a normalization), let α ∈ Rn be a unit vector with αi ≥ 0.
We define the α-Hamming distance between ω and ω′ by

∑
i:ωi 6=ω′i

αi.

For a set A ∈ Ω and a point ω ∈ Ω, let

d(ω,A) = sup
α

τ :
∑

i:ωi 6=ω′i

αi ≥ τ for all ω′ ∈ A

 ,

which is equivalent to the largest value τ such that all points in A have α-
Hamming distance at least τ to ω (for a best possible choice of α).

Theorem 9.10 (Talagrand [98]). Let ((Ωi,Σi,Pi))ni=1 be probability spaces, and
let (Ω,Σ,P) be their product space. If A,B ⊆ Ω are two (measurable) sets such
that d(ω,A) ≥ τ for all ω ∈ B, then

P[A]P[B] ≤ e−τ
2/4.

Proof of Lemma 9.9. The two-sided estimation (9.7) follows from the two one-
sided estimations

P[X ≤ med(X)− t] ≤ 2e−
t2

4c2s + 2P[Ω∗]

P[X ≥ med(X) + t] ≤ 2e−
t2

4c2s + 2P[Ω∗],

of which we only show the first; the argumentation for the second is analogous.
Let

A = {ω ∈ Ω \ Ω∗ : X(ω) ≤ med(X)− t} and

B = {ω ∈ Ω \ Ω∗ : X(ω) ≥ med(X)}.
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Pick an arbitrary ω ∈ B. By assumption, X has upward (s, c)-certificates, which
means, in particular, that there is an index set I of at most s indices such that
ω|I and ω′|I differ in at least t/c coordinates for every ω′ ∈ A. Consequently, if
we set α = 1/

√
|I| · 1I , where 1I is the characteristic vector of I, then ω and

ω′ have α-Hamming distance at least t
c
√
s
. Hence d(ω,A) ≥ t

c
√
s
.

Using Theorem 9.10, we obtain P[A]P[B] ≤ e−t2/4c2s. We conclude:

P[X ≤ med(X)− t] · 1

2
≤ P[X ≤ med(X)− t]P[X ≥ med(X)]

≤ P[A]P[B] + P[Ω∗]

≤ e−t
2/4c2s + P[Ω∗].

This completes the proof.

Next, we prove that usually the median is close to the expected value:

Lemma 9.11 ([13]). Let ((Ωi,Σi,Pi))ni=1 be probability spaces, and let (Ω,Σ,P)
be their product space. Let Ω∗ ⊆ Ω. Let X : Ω → R be a random variable, let
M = max{sup |X|, 1}, and let c ≥ 1. If X has upward (s, c)-certificates, then

|E[X]−med(X)| ≤ 20c
√
s+ 20M2P[Ω∗].

We note that the proof technique is not new. A similar proof appears, for
instance, in Molloy and Reed [81, Ch. 20].

Proof. Clearly,

|E[X]−med(X)| ≤ E[|X −med(X)|].

Put K = b2M/c
√
sc, and observe that |X − med(X)| < (K + 1)c

√
s. By

splitting the possible values of |X − med(X)| into intervals of length c
√
s, we

can upper-bound

E[|X −med(X)|] ≤
K∑
k=0

c
√
s(k + 1)P[|X −med(X)| ≥ kc

√
s}].

We apply Lemma 9.9 for each summand with t = kc
√
s:

E[|X −med(X)|] ≤ c
√
s

K∑
k=0

4(k + 1)(e−k
2/4 + P[Ω∗])

≤ 20c
√
s+ 20M2P[Ω∗],

as
∑∞
k=0(k + 1)e−k

2/4 ≈ 4.1869 < 5.

We conclude under the assumptions as in Lemma 9.11 by combining
Lemma 9.9 and 9.11:

P[|X − E[X]| ≥ t+ 20c
√
s+ 20M2P[Ω∗]] ≤ 4e−

t2

4c2s + 4P[Ω∗]. (9.8)

Let us come back to the certificates. As defined, they are witnesses for large
values of X. Sometimes, it is easier to certify smaller values. To capture such
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situations we say that X has downward (s, c)-certificates if for every t > 0,
and for every ω ∈ Ω \ Ω∗ there is an index set I of size at most s so that
X(ω′) < X(ω) + t for every ω′ ∈ Ω \ Ω∗ for which the restrictions ω|I and ω′|I
differ in less than t/c coordinates. By replacing X with −X we observe that
Lemmas 9.9 and 9.11, and thus (9.8), remain valid for downward certificates.

We simplify (9.8) a bit more. If t ≥ 50c
√
s and P[Ω∗] ≤ M−2 then t ≥

t/2 + (20c
√
s+ 20M2P[Ω∗]). Thus:

Theorem 9.12 ([13]). Let ((Ωi,Σi,Pi))ni=1 be probability spaces, (Ω,Σ,P) be
their product, and let Ω∗ ⊂ Ω be a set of exceptional outcomes. Let X : Ω→ R
be a random variable, let M = max{sup |X|, 1}, and let c ≥ 1. Suppose P[Ω∗] ≤
M−2 and X has upward (s, c)-certificates or downward (s, c)-certificates, then
for t > 50c

√
s

P[|X − E[X]| ≥ t] ≤ 4e−
t2

16c2s + 4P[Ω∗].

9.7 Concentration for coloring procedure

We finally complete the proof of Lemma 9.5 by proving that for every vertex u
the random variables Pu and Tu are tightly concentrated around their expected
values. Recall that Pu counts the number of vertex pairs in N(u) that at the
end of the coloring procedure have the same color, and recall that Tu counts the
number of such vertex triples.

Proof of Lemma 9.7. We show the statement for Pu, the proof for Tu is almost
the same.

Recall that the coloring procedure that defines Pu (and Tu) is based on a
random experiment on a product space Ω =

∏
Ωi, where the product ranges

over the vertices (that receive a color) and the edges (that receive a direction) of
the graph. Thus, every event ω ∈ Ω is a vector that is indexed by V (G)∪E(G).

To apply Theorem 9.12, we define the set Ω∗ of exceptional events as the
space of events that assign some color to more than log r vertices in N(u) (before
uncoloring). Recall that we work with C = d(1−γ)re colors. To estimate P[Ω∗]
observe first that the probability that a particular color appears more than log r
times in N(u) is at most

r∑
i=blog rc+1

(
r

i

)
1

Ci
≤

∑
i=blog rc+1

(er
i

)i 1

(1− γ)iri
≤ r ·

(
e

(1− γ) log r

)log r

Thus, we get

P[Ω∗] ≤ r2 ·
(

e

(1− γ) log r

)log r

≤ r− 2
3 log log r,

for large enough r.
Setting s = 3r and c = log2 r, let us check that Pu has downward (s, c)-

certificates. So, let t > 0 be given and consider an event ω /∈ Ω∗. We have to
define an index set I of size at most s. We start by including all vertices of N(u)
in I. Next, consider any vertex v ∈ N(u) that becomes uncolored in step 3 of
the coloring procedure. This is only the case, if there is a neighbor v′ of v that
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receives the same color under ω and if, again subject to ω, the edge vv′ points
towards v. We add v′ and vv′ to I for each such vertex v. In total, we have
|I| ≤ 3r = s as for every vertex v ∈ N(u) we add at most two additional indices
to I.

Let now ω′ /∈ Ω∗ be an event with Pu(ω′) ≥ Pu(ω) + t. As ω′ /∈ Ω∗, every
color may contribute at most

(
log r

2

)
≤ 1

2 log2 r pairs to Pu.
For every color λ for which there are more pairs of vertices colored with λ

contributing to Pu(ω′) than to Pu(ω), there is a vertex v in N(u) of color λ
under ω′ but that, under ω, is either uncolored or colored with a different color
than λ.

In the latter case, ω and ω′ differ in the coordinate v ∈ I (as v receives
different colors under ω and ω′). For the former case, observe that we had
added a vertex v′ and the edge vv′ to I to witness v being uncolored under ω.
Either the color of v′ or the direction of vv′ must be different in ω′, that is, ω
and ω′ differ again in at least one coordinate of I. In both cases, call such a
coordinate a λ-difference.

Can a coordinate in I be a λ-difference and a µ-difference for two different
colors λ and µ? Yes, but only if it is a vertex v′ ∈ I in N(u) that satisfies two
conditions: first, under ω it serves as a witness for one of its neighbors v ∈ N(u)
losing its color λ, say, in the conflict resolution step of the coloring procedure;
and second, by flipping from color λ under ω to color µ in ω′ the vertex v′

contributes new pairs of color µ in Pu. This then immediately shows that no
coordinate can be a λ-difference for three (or more) colors.

As a consequence, ω′ and ω must differ in at least t/ log2 r = t/c coordinates
in I as Pu(ω′) ≥ Pu(ω) + t. (Recall that under ω′ no color can contribute more
than 1

2 log2 r pairs to Pu.) This proves that Pu has downward (s, c)-certificates.

For Theorem 9.12, we set M = supPu ≤ r2. With t = log3 r
√
r, Theo-

rem 9.12 implies for large r that

P
[
|Pu − E[Pu]| ≥

√
r log3 r

]
≤ 4 exp

(
− r log6 r

16 log4 r · 3r

)
+ 4r−

2
3 log log r

≤ r− 1
2 log log r

The only difference of the proof for Tu lies in the fact that, outside Ω∗, every
color can contribute up to log3 r/6 triples to Tu; for Pu this was at most log2 r/2
pairs. The resulting higher value log3 r for c can easily be compensated for by
increasing t to log4 r

√
r in the application of Theorem 9.12.

9.8 Exceptional outcomes spoil triangle count-
ing

We close this article by arguing that Theorem 9.12 has potential applications
beyond our coloring lemma. To make this case, we discuss the number of trian-
gles in a random graph. We note that this problem also serves as a motivating
example for Kim and Vu [66], and for Warnke [106].

Consider the random graphs G(n, p) that are obtained from Kn by deleting
uniformly and independently at random an edge with probability 1− p, where
p = p(n) may be a function in n. The threshold probability for the triangles is
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p = 1
n : below that threshold there is with high probability no triangle, above it

there is with high probability at least one. Let us now examine the number T of
triangles in G(n, p), or rather the expected number of triangles E[T ] =

(
n
3

)
p3 ≈

1
6n

3p3.

Is T concentrated around its expected value, whenever np → ∞? We con-
sider here a relatively mild notion of concentration, where we allow deviations
from the expected value of up to t = εn3p3 for small but fixed ε > 0. For simpler
notation, set N =

(
n
2

)
.

For p relatively large, that is, for p ≥ n−1/3+γ for any γ > 0, McDiarmid’s
inequality [77] is strong enough to show concentration. Indeed, changing any
coordinate, that is, any edge, may result in at most n new triangles (or at
most n triangles less), so that the effect c of each coordinate is bounded by n.
Consequently, for McDiarmid’s inequality to show that |T − E[T ]| ≤ t for t =

εn3p3 it is necessary that t2

N ·n2 tends to infinity. This is the case if p ≥ n−1/3+γ .
A version of McDiarmid’s inequality for binary random variables, see [77] again,
allows to drop this threshold to p ≥ n−2/5+γ .

To go below this threshold, Warnke [106] (but also others) observed that,
while changing a single edge may create up to n − 2 new triangles (or destroy
that many), this is exceedingly unlikely. Indeed, we only expect a particular
edge to be in roughly np2 many triangles. Thus, by the standard Chernoff
bound, it is, for any δ > 0, extremely unlikely that an edge is contained in more
than max{2np2, nδ} triangles.

Exploiting the fact that, typically, the effect of changing a single edge is much

smaller, Warnke could verify concentration as long as t2

pN ·max{2np2,nδ} tends to

infinity, which is the case when p ≥ n−4/5+γ .

To go even below such p, Kim and Vu [66] developed a powerful method that
evidently has a very wide scope of application. Usually, great power does not
come for free, and this is also the case here: Kim and Vu’s inequality is rather
technical and not easy to use.

Let us now apply Theorem 9.12 and show the strong concentration of T also
for values of p smaller than n−4/5+γ . We exclude all outcomes where at least
one edge is contained in more than nδ many triangles. As seen above, this is
an event of very small probability. Moreover, we may use Warnke’s result (or a
previous application of Theorem 9.12) to observe that it is extremely unlikely
that T ≥ 2

6n
3 · n3(−4/5+γ) = 1

3n
3/5+3γ . (We have used here that T is monotone

in p.) We add all these outcomes to our exceptional set.

Next, let us check that T has upward (s, c)-certificates, where s = n3/5+3γ

and c = nδ. For a non-exceptional event ω, we use as index set I the set of all
edges lying in any triangle. As there are at most 1

3n
3/5+3γ triangles, it follows

that |I| ≤ s. Now, consider some non-exceptional event ω′ such that ω and ω′

differ in less than t′/c coordinates of I. Then, any edge in I that is present
in ω but lost in ω′ may only result in ω′ having at most nδ less triangles than
ω. Moreover, edges outside I obviously cannot result in the loss of triangles.
Therefore, T (ω′) > T (ω)− t′, and we see that T has upward (s, c)-certificates.

With these values of s and c, we deduce from Theorem 9.12 that T is strongly
concentrated if p ≥ n−9/10+γ .

For even smaller values of p, we may apply Theorem 9.12 once again, and
set s ≈ n−9/10+γ , which then will yield concentration for p ≥ n−19/20+γ . Of
course, this can iterated several times, so that we get strong concentration for
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p ≥ n−1+β for every β > 0.
Let us finally point out that we even have fairly tight concentration around

the expected value: namely, T is very likely within the range E[T ]±nδ
√

E[T ].



Chapter 10

Maximum Degree 3

In the following three chapters, we provide lower bounds for the induced match-
ing number in terms of the number of vertices (edges) and the maximum degree.
Let us start right ahead with the main result of this chapter. Recall that νs(G)
is the induced matching number of G.

Theorem 10.1 ([59]). If G is a cubic graph of size m, then νs(G) ≥ m
9 .

Theorem 10.1 generalizes a recent result of Kang, Mnich, and Müller, Corol-
lary 2 in [63], who proved the same bound for cubic planar graphs. Furthermore,
it solves a conjecture posed by Henning and Rautenbach [50].

The study of the induced matching number in cubic graphs is stimulated by a
conjecture of Erdős and Nešetřil [38] on an upper bound on the strong chromatic
index (Conjecture 8.1). For subcubic graphs, this conjecture is answered in the
affirmative; that is, χ′s(G) ≤ 10. This in turn implies

νs(G) ≥ m(G)

χ′s(G)
≥ m(G)

10
.

Theorem 10.1 is a strengthening of this consequence.
For more discussion on the induced matching number and strong chromatic

index, we refer the reader to Chapter 8.
Recall the definition of the graph C3

5 defined in Chapter 8. It arises by
replacing two consecutive vertices of a 5-cycle by two vertices, respectively.
Equivalently, it arises from K3,3 by subdividing one edge once. The connected
graph G that arises from the disjoint union of four copies of C3

5 and two adjacent
vertices u and v by joining each of u and v to two vertices of degree 2 in the
copies of C3

5 is cubic and has 45 edges. Since νs(G) = 5, this graph shows that
Theorem 10.1 is best possible. More examples are K3,3 and the Cartesian prod-
uct of K3 and K2. For a graph G, let nC3

5
(G) denote the number of components

of G that are isomorphic to C3
5 . Furthermore, let i(G) denote the number of

isolated vertices of G.
Our Theorem 10.1 is a consequence of the following more detailed result.

Theorem 10.2 ([59]). If G is a subcubic graph of order n(G), then

νs(G) ≥ 1

6
(n(G)− i(G)− nC3

5
(G)).

101
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Theorem 10.2 actually implies the main result of Kang, Mnich, and Müller,
Theorem 1 in [63], stating that every subcubic planar graph G of size m(G) has
an induced matching of size at least m(G)/9, which can be determined in linear
time. In fact, since C3

5 is nonplanar, every subcubic planar graph G satisfies
nC3

5
(G) = 0. Furthermore, since G is subcubic, we have m(G) ≤ 3

2 (n(G)− i(G))
and hence

νs(G) ≥ 1

6
(n(G)− i(G)− nC3

5
(G)) ≥ 1

9
m(G).

Our proof of Theorem 10.2 is constructive and leads to a linear time algorithm to
determine an induced matching of the guaranteed size as we will explain below.
While the proof in [63] is extremely involved, our proof of Theorem 10.2 is quite
simple. One reason for this simplicity is probably the fact that we express the
lower bound on the strong matching number in terms of the order. Since the
strong matching number is the cardinality of an edge set, it might seem more
natural to express this lower bound in terms of the size as in [63]. Nevertheless,
edges that are incident with low degree vertices should contribute more to the
strong matching number and our lower bound that is essentially linear in the
order implicitly captures this intuitive idea.

Next, we give the proof of Theorem 10.2 and afterwards we elaborate some
algorithmic aspects. Moreover, we discuss some ideas of further research.

10.1 The Proof

For a contradiction, we assume that G is a counterexample of minimum order,
that is, νs(G) < 1

6 (n(G)− i(G)−nC3
5
(G)). The minimality of G implies that G

is a connected graph of order at least 7 and i(G) = nC3
5
(G) = 0.

Claim 10.1. G does not contain C3
5 as a subgraph.

Proof of Claim 10.1: For a contradiction, we assume that G has a subgraph
H that is isomorphic to C3

5 . Let u be the vertex of degree 2 in H. Let e be
an edge of H − NH [u]. Let G′ be the graph obtained from G by deleting the
six vertices of degree 3 in H. Since nC3

5
(G) = 0, we have i(G′) = 0. Since

G is subcubic, we have nC3
5
(G′) = 0. Since every induced matching of G′

together with the edge e is an induced matching of G, we conclude νs(G) ≥
νs(G

′) + 1 ≥ 1
6 (n(G′)− i(G′)−nC3

5
(G′)) + 1 ≥ 1

6 (n(G)− 6) + 1 = 1
6n(G), which

is a contradiction. �

By Claim 10.1, we can use nC3
5
(G′) = 0 for every induced subgraph G′ of G

considered below.
A vertex of degree 1 is an end-vertex.

Claim 10.2. The neighbor of an end-vertex has degree 3.

Proof of Claim 10.2: For a contradiction, we assume that u is an end-vertex
of G whose unique neighbor v has degree 2 in G. Let G′ = G−NG[v]. Clearly,
i(G′) ≤ 2. Since every induced matching of G′ together with the edge uv is an
induced matching of G, we conclude νs(G) ≥ νs(G′)+1 ≥ 1

6 (n(G′)−i(G′))+1 ≥
1
6 (n(G)− 5) + 1 > 1

6n(G), which is a contradiction. �

Claim 10.3. No two end-vertices have a common neighbor.
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Proof of Claim 10.3: For a contradiction, we assume that the two end-
vertices u1 and u2 have the common neighbor v. Let G′ = G−NG[v]. Clearly,
i(G′) ≤ 2. Since every induced matching of G′ together with the edge u1v is an
induced matching of G, we conclude νs(G) ≥ νs(G′)+1 ≥ 1

6 (n(G′)−i(G′))+1 ≥
1
6 (n(G)− 6) + 1 ≥ 1

6n(G), which is a contradiction. �

Claim 10.4. No two end-vertices have distance 4 in G.

Proof of Claim 10.4: For a contradiction, we assume that u1v1wv2u2 is a
shortest path in G between the two end-vertices u1 and u2. Let G′ = G −
(NG[v1] ∪ NG[v2]). By Claim 10.3, we have i(G′) ≤ 4. Since every induced
matching of G′ together with the edges u1v1 and u2v2 is an induced matching
of G, we conclude νs(G) ≥ νs(G′)+2 ≥ 1

6 (n(G′)−i(G′))+2 ≥ 1
6 (n(G)−11)+2 >

1
6n(G), which is a contradiction. �

Claim 10.5. δ(G) ≥ 2.

Proof of Claim 10.5: For a contradiction, we assume that u is an end-vertex
in G. Let v be its neighbor. By Claim 10.2, v has degree 3. We denote the
two neighbors of v distinct from u by w1 and w2. Let G′ = G − NG[v]. By
Claims 10.3 and 10.4, we obtain i(G′) ≤ 2. Since every induced matching
of G′ together with the edge uv is an induced matching of G, we conclude
νs(G) ≥ νs(G

′) + 1 ≥ 1
6 (n(G′)− i(G′)) + 1 ≥ 1

6 (n(G)− 6) + 1 = 1
6n(G), which

is a contradiction. �

Claim 10.6. No two vertices of degree 2 are adjacent.

Proof of Claim 10.6: For a contradiction, we assume that u1 and u2 are
two adjacent vertices of degree 2. Let G′ = G − (NG[u1] ∪NG[u2]). Note that
u1 and u2 can have a common neighbor. By Claim 10.5, we obtain i(G′) ≤ 2.
Since every induced matching of G′ together with the edge u1u2 is an induced
matching of G, we conclude νs(G) ≥ νs(G

′) + 1 ≥ 1
6 (n(G′) − i(G′)) + 1 ≥

1
6 (n(G)− 6) + 1 = 1

6n(G), which is a contradiction. �

Claim 10.7. No vertex of degree 2 is contained in a triangle.

Proof of Claim 10.7: For a contradiction, we assume that u is a vertex of
degree 2 that has two adjacent neighbors v1 and v2. By Claim 10.6, the degrees
of v1 and v2 are 3. Let G′ = G−NG[v1]. By Claim 10.5, we obtain i(G′) ≤ 1.
Since every induced matching of G′ together with the edge uv1 is an induced
matching of G, we conclude νs(G) ≥ νs(G

′) + 1 ≥ 1
6 (n(G′) − i(G′)) + 1 ≥

1
6 (n(G)− 5) + 1 > 1

6n(G), which is a contradiction. �

Claim 10.8. No vertex of degree 2 is contained in a cycle of length 4.

Proof of Claim 10.8: For a contradiction, we assume that uv1wv2u is a cycle
of length 4 in G such that u is a vertex of degree 2. By Claims 10.6 and 10.7,
the vertices v1 and v2 are not adjacent and both of degree 3. Let z be the
neighbor of v1 distinct from u and w. Let G′ = G − (NG[v1] ∪ NG[u]). Every
induced matching of G′ together with the edge uv1 is an induced matching of G.
Therefore, if i(G′) ≤ 1, then we obtain a similar contradiction as above. This
implies i(G′) ≥ 2. By Claim 10.5 and since there are at most 4 edges between
NG[v1]∪NG[u] and V (G)\ (NG[v1]∪NG[u]), we obtain that i(G′) = 2 and that



104 CHAPTER 10. MAXIMUM DEGREE 3

the two isolated vertices of G′, say s1 and s2, have degree 2 in G. This implies
that G is a uniquely determined graph of order 7. Furthermore, we may assume
that NG(s1) = {z, v2} and NG(s2) = {z, w}. Since {uv2, s2z} is an induced

matching of G, we obtain νs(G) ≥ 2 > n(G)
6 , which is a contradiction. �

Claim 10.9. G is cubic.

Proof of Claim 10.9: For a contradiction, we assume that the vertex u has
degree 2 in G. Let v1 and v2 be the neighbors of u. By Claims 10.6 and 10.7,
the vertices v1 and v2 are not adjacent and both of degree 3. Let w1 and w2 be
the neighbors of v1 distinct from u. Let s1 and s2 be the neighbors of v2 distinct
from u. By Claims 10.7 and 10.8 all seven vertices u, v1, v2, w1, w2, s1, and
s2 are distinct. Let G′ = G− (NG[v1] ∪NG[u]). Every induced matching of G′

together with the edge uv1 is an induced matching of G. Therefore, if i(G′) ≤ 1,
then we obtain a similar contradiction as above. This implies i(G′) ≥ 2. By
Claims 10.5 and 10.8, no isolated vertex x of G′ satisfies NG(x) ⊆ {w1, w2}, that
is, every isolated vertex of G′ is adjacent to v2. This implies that i(G′) = 2 and
that s1 and s2 are the two isolated vertices of G′. Let G′′ = G−(NG[v2]∪NG[u]).
By symmetry, we obtain i(G′′) = 2 and that w1 and w2 are the two isolated
vertices of G′′. This implies that G has order 7. By Claim 10.1, we may assume
that w1 and s2 are not adjacent. Now {v1w1, v2s2} is an induced matching of

G, we obtain νs(G) ≥ 2 > n(G)
6 , which is a contradiction. �

Let g(G) denote the length of a shortest cycle of G.

Claim 10.10. g(G) > 3.

Proof of Claim 10.10: For a contradiction, we assume that v1v2v3v1 is a
triangle in G. Let G′ = G− (NG[v1] ∪NG[v2]). By Claim 10.9 and since there
are at most five edges between NG[v1] ∪NG[v2] and V (G) \ (NG[v1] ∪NG[v2]),
we obtain i(G′) ≤ 1. Since every induced matching of G′ together with the edge
v1v2 is an induced matching of G, we obtain a similar contradiction as above.
�

Claim 10.11. g(G) > 4.

Proof of Claim 10.11: For a contradiction, we assume that v1v2v3v4v1 is a
cycle of length 4 in G. By Claims 10.9 and 10.10, the vertex vi has a neighbor wi
outside of {v1, v2, v3, v4}. By Claim 10.10, the vertices w1 and w2 are distinct.
Let G′ = G − (NG[v1] ∪NG[v2]). Every induced matching of G′ together with
the edge v1v2 is an induced matching of G. If w1 and w2 are adjacent, then
Claims 10.9 and 10.10 imply i(G′) = 0 and we obtain a similar contradiction
as above. Hence, by symmetry, we may assume that w1 and w2, w1 and w4, as
well as w2 and w3 are not adjacent. Now Claim 10.9 implies i(G′) = 0 and we
obtain a similar contradiction as above. �

In view of the above claims, G is cubic and g(G) ≥ 5. Let u and v be two
adjacent vertices. Let G′ = G−(NG[u]∪NG[v]). Since G is cubic and g(G) ≥ 5,
we have i(G′) = 0. Since every induced matching of G′ together with the edge
uv is an induced matching of G, we obtain a similar contradiction as above,
which completes the proof of Theorem 10.2. �

Before we proceed to the conclusion we comment on algorithmic aspects of
proof of Theorem 10.2. Its eleven claims actually correspond to very simple
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local reductions. Repeatedly applying these reductions to a given input graph
in the order of their corresponding claims, produces an induced matching in a
recursive way. Since G is subcubic and each of these reductions only involves
a bounded number of vertices, the update of the remaining reduced graphs can
be done in constant time. Altogether, each edge of the induced matching found
by this algorithm generates a constant effort, which leads to an overall linear
time algorithm. For similar algorithmic considerations refer to [63].

10.2 Further Aspects

As we have already pointed out Theorems 10.1 and 10.2 are best possible. It
seems an interesting problem to generalize them to larger maximum degrees,
especially for regular graphs.

If ∆ ≥ 4 is even, then C∆
5 arises by replacing every vertex of a cycle of length

5 with an independent set of order ∆
2 and hence C∆

5 is a ∆-regular graph of
order 5

2∆ with νs(C
∆
5 ) = 1. Accordingly, we believe that for a regular graph

G of even maximum degree ∆(G), we have νs(G) ≥ 2n(G)
5∆(G) , which would also

follow from the conjecture of Erdős and Nešetřil. For ∆ = 4, this is proven in
the next chapter.

For odd regularity, one can generalize the construction explained after The-
orem 10.1. Let ∆ ≥ 3 be odd, say ∆ = 2r+1. Recall that C∆

5 arise by replacing
the five vertices of a cycle of length 5 with independent sets of order r+1, r+1,
r, r, and r in cyclic order, respectively. Note that C∆

5 has 4r + 2 vertices of
degree ∆ and r vertices of degree ∆− 1. Let G arise from the disjoint union of
four copies of C∆

5 , say G1, G2, G3, and G4, and two adjacent vertices u and v
by joining u to the vertices of degree ∆− 1 in G1 and G2 and v to the vertices
of degree ∆ − 1 in G3 and G4. Clearly, G is a ∆-regular graph of order 10∆
with νs(G) = 5. Accordingly, we believe that for a regular graph G of odd max-

imum degree ∆(G), we have νs(G) ≥ n(G)
2∆(G) , which is better than the immediate

consequence of the conjecture of Erdős and Nešetřil.
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Chapter 11

Maximum Degree 4

In this chapter, we give a proof for the analogous result of Chapter 10 for
graphs of maximum degree 4. We do not repeat all the preliminary discussion
once again and refer the reader to Chapter 8 and 10.

Theorem 11.1 ([56]). If G is a graph of maximum degree at most 4, then

νs(G) ≥
n(G)− i(G)− nC4

5
(G)

9

where nC4
5
(G) is the number of components of G that are isomorphic to C4

5 .

For 4-regular graphs without components isomorphic to C4
5 , this implies that

νs(G) ≥ n(G)

9

as well as for graphs of maximum degree at most 4 and without a component
isomorphic to C4

5 that

νs(G) ≥ m(G)

18
.

If we omit the assumption of the absence of a component isomorphic to C4
5 , these

two bounds have to replaced by νs(G) ≥ n(G)
10 and νs(G) ≥ m(G)

20 , respectively,
which is as good as the Conjecture 8.2 claims. In view of the graph C4

5 and
the graph obtained from a triangle by attaching two pendent vertices at every
vertex, respectively, Theorem 11.1 is best-possible.

However, I was not able to construct a graph G without a component isomor-

phic to C4
5 such that νs(G) = m(G)

18 . Let H be the graph obtained from a 5-cycle
by replacing the vertices by independent sets of orders 1, 1, 1, 3, and 3, respec-
tively. If G is the graph obtained from two disjoint copies of H by identifying

the unique vertices of degree 2 in the two copies, then νs(G) = 34
17 = m(G)

17 .

Conjecture 11.2 ([56]). If G is a graph of maximum degree at most 4 and no

component is isomorphic to C2
5 , then νs(G) ≥ m(G)

17 .

For simplicity, use the term degree-k vertex to denote a vertex of degree k.
Two edges e and f are independent if they do not share a common vertex and
there is no edge that is adjacent to both e and f . The rest of the chapter is
devoted to the proof of Theorem 11.1.

107
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Proof of Theorem 11.1. For a contradiction, we assume that G is a counterex-
ample of minimum order. Since the statement of the theorem is linear in terms
of the components, G is connected. It is easy to see that nC4

5
(G) = i(G) = 0.

By a sequence of claims, we establish several properties of G in order to derive
a final contradiction. All claims follow a common pattern. We mark particular
(pairwise independent) edges and delete all vertices S of G at distance at most 1
from these edges. We denote the resulting graph by G′. Note that nC4

5
(G′) = 0.

By the choice of G, we know that νs(G
′) ≥ 1

9 (n(G′) − i(G′)). Afterwards, we
obtain a contradiction by considering a maximum induced matching of G′ to-
gether with the marked edges of G; we only have to show that |S|+ i(G′) ≤ 9k
where k is the number of marked edges. In all our cases k is 1 or 2. Throughout
the proof we denote by I ′ the set of isolated vertices of G′. Note that a vertex
in I ′ has all its neighbors in S.

Claim 11.1. If v is a vertex of degree at least 2, then v is adjacent to at least
two vertices of degree at least 2.

Proof of Claim 11.1. For a contradiction, we assume that v is adjacent to at
most one vertex w of degree at least 2. If w does not exist, then G is a path of
order 3, which is a contradiction. Thus we may assume that w exists. Let u be
a degree-1 vertex adjacent to v and we mark the edge uv. Recall that S is the
set of vertices of G that are at distance at most 1 to some marked edge. Thus
|S| ≤ 5. Moreover, all isolated vertices of G′ = G − S are adjacent to w. This
implies that |S| + i(G′) ≤ 8, which is a contradiction and completes the proof
of Claim 11.1.

Claim 11.2. If u1 and u2 are distinct degree-1 vertices, then u1 and u2 do not
have a common neighbor.

Proof of Claim 11.2. Assume for a contradiction that v is the common neighbor
of u1 and u2. By Claim 11.1, v has degree 4. Let w1 and w2 be the neighbors
of v beside u1 and u2. We mark the edge u1v. This implies that |S| = 5. By
Claim 11.1, w1 and w2 are adjacent to at most two degree-1 vertices; that is,
if i(G′) ≥ 5, then i(G′) = 5, w1 and w2 are adjacent to two degree-1 vertices,
respectively, and there is a degree-2 vertex adjacent to both w1 and w2; thus
G is a graph of order 10 and νs(G) = 2, which is a contradiction. Therefore,
i(G′) ≤ 4 and hence |S|+ i(G′) ≤ 9, which is a contradiction.

Claim 11.3. If u1 and u2 are degree-1 vertices, then dist(u1, u2) 6= 4.

Proof of Claim 11.3. Assume for a contradiction that dist(u1, u2) = 4 and let vi
be the neighbor of ui for i ∈ {1, 2}. We mark u1v1 and u2v2 and hence |S| ≤ 9.
Note that, by Claim 11.2, there are at most five degree-1 vertices in V (G) \ S
adjacent to a vertex in S. Furthermore, there are at most 14 edges joining S
and vertices of G′. Thus i(G′) ≤ 9 and hence |S|+ i(G′) ≤ 18.

Claim 11.4. δ(G) ≥ 2.

Proof of Claim 11.4. Assume for a contradiction that there is a degree-1 vertex
u in G and let v be its neighbor. We mark uv. If dG(v) ≤ 3, then Claim 11.2
immediately implies |S| + i(G′) ≤ 8. Thus we may assume that w1, w2, w3 are
the neighbors of v beside u and hence |S| = 5.
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Suppose {w1, w2, w3} is an independent set in G. By Claim 11.2 and 11.3,
there is at most one degree-1 vertex in V (G)\S adjacent to a vertex in S. Since
there are at most nine edges joining S and vertices of G′, we have i(G′) ≥ 5 only
if G is a graph of order 10 and exactly one degree-1 vertex and four degree-2

vertices are adjacent to w1, w2, w3; this implies that νs(G) ≥ 2 ≥ n(G)
9 , which is

a contradiction.
Suppose now that G[{w1, w2, w3}] is not a triangle. By Claim 11.2 and 11.3,

there are at most two degree-1 vertices in V (G) \ S adjacent to a vertex in S.
Since there are at most seven edges joining S and vertices of G′, we conclude
i(G′) ≤ 4.

Suppose now that G[{w1, w2, w3}] is a triangle. By Claim 11.3, there are at
most three degree-1 vertices in V (G) \ S adjacent to a vertex in S. Since there
are at most three edges joining S and vertices of G′, we conclude i(G′) ≤ 3.

Claim 11.5. Degree-2 vertices are adjacent only to degree-4 vertices.

Proof of Claim 11.5. We assume for a contradiction that u is a degree-2 vertex
and v is a neighbor of u such that dG(v) ≤ 3. We mark uv and hence |S| ≤ 5.
This implies that at most nine edges join S and vertices of G′. By Claim 11.4,
this implies i(G′) ≤ 4.

Claim 11.6. Every degree-4 vertex is adjacent to at most two degree-2 vertices.

Proof of Claim 11.6. Assume for a contradiction that there is a degree-4 vertex
v which has at least three neighbors of degree 2. Let u be one of these neighbors
and mark uv. Thus |S| ≤ 6. Note that at most eight edges join S and V (G)\S.
Since i(G′) ≥ 4 implies that all isolated vertices of G′ have degree 2 in G.
Thus a degree-2 vertex of S and a degree-2 vertex of I ′ share a common edge
and this contradicts Claim 11.5. Thus we may assume that i(G′) ≤ 3 and so
|S|+ i(G′) ≤ 9, which is a contradiction.

Claim 11.7. Every degree-4 vertex is adjacent to at most one degree-2 vertex.

Proof of Claim 11.7. Assume for a contradiction that there is a degree-4 vertex
v with two neighbors u1, u2 of degree 2. Let w be the neighbor of u1 beside v.
We mark u1v and hence |S| ≤ 6. If |S| ≤ 5, then there are at most six edges
joining S and V (G) \S and hence i(G′) ≤ 3. Thus we may assume |S| = 6. For
a contradiction, we assume that i(G′) ≥ 4. Note that at most 10 edges join S
and I ′. Suppose u2 is adjacent to a vertex in I ′, then, by Claim 11.5, I ′ contains
a vertex of degree 4. Thus I ′ contains three degree-2 vertices. However, w is
adjacent to two of them and hence in total adjacent to at least three degree-2
vertices, which is a contradiction to Claim 11.6. Thus we may assume that u2 is
not adjacent to a vertex in I ′. Note that I either contains four degree-2 vertices
or three degree-2 vertices and one degree-3 vertex. In both cases w is adjacent
to at least two degree-2 vertices in I ′, which is a contradiction to Claim 11.6.

Claim 11.8. δ(G) ≥ 3.

Proof of Claim 11.8. For a contradiction, we assume that there is a degree-2
vertex u and if possible choose u to be contained in a C4. Let v, w be the
neighbors of u. We mark uv and hence |S| ≤ 6. If |S| ≤ 5, then at most eight
edges join S and I ′, which implies that i(G′) ≤ 4, which is a contradiction. Thus
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we may assume |S| = 6. If the graph G[S] has size at least 7, then there are at
most eight edges joining S and I ′ and because w is only adjacent to vertices of
degree at least 3 (Claim 11.7), we obtain i(G′) ≤ 3, which is a contradiction.

Suppose now that G[S] is a graph of size 6. Hence at most 10 edges join S
and I ′. Assume for contradiction that i(G′) ≥ 4. If i(G′) ≥ 5, then Claim 11.7
yields the contradiction. Thus we assume that i(G′) = 4 and hence I ′ contains
at least two degree-2 vertices x, y. By Claim 11.7, x, y have distinct neighbors
in S and hence w is adjacent to x or y. However, w is adjacent to u, which is a
contradiction to Claim 11.7.

Thus we may assume that G[S] is a graph of size 5; that is, G[S] is a tree and
thus u is not contained in a C4. Moreover, by our choice of u, no degree-2 vertex
is contained in a C4. This implies that I ′ contains no degree-2 vertex because
such a vertex cannot be adjacent to w (Claim 11.7) and if both neighbors in S
are distinct from w, then it is contained in a C4. Note that at most 12 edges
join S and I ′. If i(G′) ≥ 4, then i(G′) = 4 and all vertices in I ′ are degree-3
vertices and all vertices in S \ {u, v} are degree-4 vertices. Thus n(G) = 10 and
νs(G) ≥ 2, which is a contradiction.

Claim 11.9. The set of degree-3 vertices is an independent.

Proof of Claim 11.9. Assume for a contradiction that two degree-3 vertices u, v
are adjacent. We mark uv. Note that |S| ≤ 6 and at most 12 edges join S and
I ′. If |S|+ i(G′) ≥ 10, then |S| = 6, i(G′) = 4, all vertices in I ′ and S \ {u, v}
are degree-3 and degree-4 vertices, respectively, and n(G) = 10. It is easy to
see that νs(G) ≥ 2, which is a contradiction.

Claim 11.10. No degree-3 vertex is contained in a triangle.

Proof of Claim 11.10. Assume for a contradiction that a degree-3 vertex u is
contained in a triangle uvwu. We mark uv. Note that |S| ≤ 6 and at most 11
edges join S and I ′. This implies that i(G′) ≤ 3.

Claim 11.11. G is not a graph of order 10 and minimum degree 3.

Proof of Claim 11.11. We show that νs(G) ≥ 2 holds for every connected graph
G 6= C4

5 of order 10 with δ(G) = 3 such that the set of degree-3 vertices form
an independent set and every degree-3 vertex is not contained in a triangle.

Since the number of degree-3 vertices is even, we suppose first that there are
two degree-3 vertices u1, u2. If dist(u1, u2) ≥ 4, then νs(G) ≥ 2 trivially holds.

Note that for every edge xy, we may assume that the graph G−(N [x]∪N [y])
is an independent set. Let v1, v2, v3 be the neighbors of u1.

Suppose dist(u1, u2) = 3. Let w1, w2, w3 be the neighbors of v1 beside u1.
We mark u1v1 and thus S = N [u1]∪N [v1]. Since dist(u1, u2) = 3, we conclude
u2 /∈ S and hence N(u2) = {w1, w2, w3}. In order that {u2wi, u1vj} for i ∈
{1, 2, 3} and j ∈ {1, 2} is not an induced matching of size two, we conclude that
both v2 and v3 are adjacent to w1, w2, w3. Thus at most six edges leave S but
exactly 10 edges leave I towards S, which is a contradiction.

Suppose dist(u1, u2) = 2. By symmetry, let v1 be a common neighbor of u1

and u2. We mark u1v1 and thus S = N [u1] ∪ N [v1]. Note that V (G) \ S is
a set of three degree-4 vertices in G. Hence, by using that there are 12 edges
leaving V (G) \ S, there is exactly one edge within S \ {u1, v1}. By symmetry,
we assume that v2 has only neighbors in V (G) \ S; that is, v2 is adjacent to all
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vertices in V (G)\S. Moreover, u2 has at least one non-neighbor w in V (G)\S.
This implies that {u2v1, v2w} is an induced matching of size 2. This completes
the case that G contains exactly two degree-3 vertices.

Next, we suppose that G contains exactly four degree-3 vertices u1, . . . , u4.
Suppose there is a vertex v1 that is adjacent to u1, . . . , u4. We mark u1v1.

Since 12 edges leave V (G)\S, the graph G[S] is a tree. Let w be a non-neighbor
of u2 in V (G)\S and v2 be a neighbor of u1 beside v1. Since w has four neighbors
wv2 ∈ E(G). This implies that {u2v1, v2w} is an induced matching of size 2.

Suppose there is a vertex v1 that is adjacent to exactly three degree-3 ver-
tices, say u1, u2, u3. Let v2, v3 be the neighbors of u1 beside v1. We mark u1v1.
Hence u4 is contained in the independent set V (G) \ S and adjacent to v2, v3

and the degree-4 neighbor of v1. Hence, by using that there are 11 edges leaving
V (G)\S, there is exactly one edge within S \{u1, v1}. By symmetry, we assume
that u2v2 /∈ E(G). This implies that {u2v1, u4v2} is an induced matching of
size 2.

Suppose there is a vertex v1 that is adjacent to exactly two degree-3 vertices,
say u1, u2, but no vertex is adjacent to more than two degree-3 vertices. This
implies that u3, u4 ∈ V (G) \ S. Let v2, v3 be the neighbors of u1 beside v1. We
mark u1v1. Since no degree-3 vertex is contained in a triangle and {u1, . . . , u4}
is an independent set, u2 is adjacent to v2 or v3; by symmetry, say v2. Because
there are 10 edges leaving V (G) \ S, there are exactly two edges within S \
{u1, v1}. Thus there is a degree-4 neighbor x of v1 that has only neighbors in
V (G) \ S. Furthermore, there is a non-neighbor w of v2 in V (G) \ S (note that
w = u3 or w = u4 is possible). This implies that {u1v2, wx} is an induced
matching of size 2.

Suppose now that all degree-4 vertices are adjacent to at most one degree-3
vertex. This implies that there are at least 3-times as many degree-4 vertices as
degree-3 vertices, which is a contradiction that G has order 10. This completes
the case that G contains exactly four degree-3 vertices.

If G contains at least six degree-3 vertices, then at least 18 edges leave the
set of degree-3 vertices, but at most 16 edges leave the set of degree-4 vertices,
which is the final contradiction.

A vertex v is a cut vertex of a graph G if G− v has more components than
G and a block is a maximal 2-connected subgraph of G.

Claim 11.12. There is no cut vertex v such that there is a block B of order 10
with v ∈ V (B) such that B contains only one cut vertex of G.

Proof of Claim 11.12. For a contradiction, we assume that such a configuration
exists. Suppose there is an edge f in B at distance at least 2 from v. We mark
f and thus |S| + i(G′) ≤ 9, which is a contradiction. Thus all edges in B are
at distance at most 1 from v. Note that there are at most three vertices at
distance 1 from v and hence at most three vertices at distance 2 from v, which
is a contradiction.

Note the following: suppose we mark an edge incident to a degree-3 and
degree-4 vertex. Thus |S| = 7. If i(G′) = 3, then Claim 11.11 and 11.12 imply
that G′ has non-trivial components and at least two edges join S and these non-
trivial components. This simplifies the proofs of the next claims significantly.

Claim 11.13. No degree-4 vertex is adjacent to four degree-3 vertices.
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Proof of Claim 11.13. For a contradiction, we assume that there is a vertex v
that is adjacent to four degree-3 vertices u1, . . . , u4. We mark u1v; that is,
|S| = 7 and at most 12 edges join S and I ′. Every vertex in I ′ has degree 4
because there are only two degree-4 vertices which might be adjacent to a vertex
in I ′ (Claim 11.9). Thus i(G′) = 3 and G is a graph of order 10, which is a
contradiction to Claim 11.11.

Claim 11.14. No degree-4 vertex is adjacent to three degree-3 vertices.

Proof of Claim 11.14. For a contradiction, we assume that there is a vertex v
that is adjacent to three degree-3 vertices u1, u2, u3. If possible choose v and u1

such that u1v is contained in a C4. Let v1, v2 be the neighbors of u1 beside v.
We mark u1v; that is, |S| = 7 and at most 13 edges join S and I ′. If i(G′) ≥ 4,
then two degree-3 vertices share a common edge which contradicts Claim 11.9.
For contradiction, we assume that i(G′) = 3. By Claim 11.11 and 11.12, at least
two edges join S and V (G) \ (S ∪ I ′). Hence at most 11 edges join S and I ′.
Thus there is at least one degree-3 vertex w ∈ I ′ that is adjacent to the three
degree-4 vertices in S. If there are three degree-3 vertices in I ′, then all are
adjacent to v1 which is a contradiction to Claim 11.13. If there are two degree-3
vertices in I ′, then S induces a tree and both degree-3 vertices in I ′ are adjacent
to both v1 and v2. Thus v1 is a vertex adjacent to three degree-3 vertices and
v1w is contained in a C4, which is a contradiction to our choice of u1 and v.

Therefore, I ′ contains two degree-4 vertices and the degree-3 vertex w, and
exactly two edges join S and V (G) \ (S ∪ I ′). Thus there are two vertices
x, y /∈ {u1, v} such that one is a neighbor of u1, one is a neighbor of v, and x
has no neighbor in V (G) \ (S ∪ I ′) but y does. Marking x with its neighbor in
{u1, v} instead of u1v leads to a contradiction and this completes the proof of
the claim.

Claim 11.15. No degree-4 vertex is adjacent to two degree-3 vertices.

Proof of Claim 11.15. For a contradiction, we assume that there is a vertex v
that is adjacent to two degree-3 vertices u1, u2. If possible choose v and u1

such that u1v is contained in a 4-cycle C and if possible choose C to contain
two degree-3 vertices. Let v1, v2 be the neighbors of u1 beside v. We mark
u1v; that is, |S| = 7 and at most 14 edges join S and I ′. For a contradiction,
we assume i(G′) ≥ 3. Let x1, x2 be the degree-4 neighbors of v. Note that
v1, v2 and x1, x2 are adjacent to at most one degree-3 vertex and to at most two
degree-3 vertices in I ′, respectively; that is, I ′ contains at most two degree-3
vertices. If I ′ contains two degree-3 vertices w1, w2, then, by symmetry of v1, v2,
we obtain N(wi) = {vi, x1, x2}. Thus x1 is a degree-4 vertex adjacent to two
degree-3 vertices and x1w1x2w2x1 is a 4-cycle containing two degree-3 vertices.
Our choice of v implies that there is an edge joining u2 and v1 or v2, which is a
contradiction to Claim 11.14.

Thus we assume that I ′ contains at most one degree-3 vertex. A degree
counting argument implies that i(G′) = 3 and hence at least 11 edges join S
and I ′. Claim 11.11 and 11.12 imply that there are at most 12 edges joining S
and I ′. It follows that S induces a tree.

Suppose v1 has no neighbor in V (G) \ (S ∪ I ′). Thus N(v1) = I ′ ∪ {u1}.
Let w be a non-neighbor of u2 in I ′. Marking v1w instead of u1v leads to a
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contradiction because the edges v1w and u1v are independent and at most one
vertex in G− (S ∪ I ′) becomes an isolated vertex.

Thus, by symmetry in {v1, v2}, both v1 and v2 have a neighbor in V (G) \
(S ∪ I ′). By symmetry in {x1, x2}, we may assume that x1 has no neighbor in
V (G) \ (S ∪ I ′). Hence N(x1) = I ′ ∪ {v}. Let w′ be a non-neighbor of v1 in I ′.
Similar as above, marking x1w

′ instead of u1v leads to a contradiction.

Claim 11.16. δ(G) ≥ 4.

Proof of Claim 11.16. For a contradiction, we assume that there is a vertex v
which is adjacent to a degree-3 vertices u. Choose u, v such that uv is contained
in as many 4-cycles as possible. Let v1, v2 be the neighbors of u beside v and
x1, x2, x3 be the neighbors of v beside u. We mark uv; that is, |S| = 7 and at
most 15 edges join S and I ′.

If I ′ does not contain a degree-3 vertex, then i(G′) ≤ 3. Suppose I ′ contains
a degree-3 vertex w. By Claim 11.15, we conclude N(w) = {x1, x2, x3} and
thus, by our choice of uv, the set S \ {u, v} induces a graph of size at least 2,
which in turn implies that at most 11 edges join S and I ′. Hence i(G′) ≤ 3.

Therefore, we may assume that i(G′) = 3 and Claim 11.11 and 11.12 imply
that there are at most 13 edges joining S and I ′. If I ′ contains a degree-3 vertex,
then with the same argumentation as above there are at least two edges within
S \ {u, v} but then at most nine edges join S and I ′, which is a contradiction
to the fact there is at most one degree-3 vertex in I ′.

Thus we may assume that I ′ contains three degree-4 vertices. A degree
sum argument implies that S induces a tree and exactly three edges join S and
V (G)\(S∪I ′). If this three edges are incident with a common vertex z /∈ S and
z has degree 3, then z is contained in a 4-cycle and this contradicts the choice
of u and v because S induces a tree. Thus deleting vertices in S does not lead
to isolated vertices in G− (S ∪ I ′).

Suppose v1 or v2, by symmetry say v1, has at least one neighbor in V (G) \
(S ∪ I ′). Let w ∈ I ′ be a non-neighbor of v1. By symmetry in {x1, x2, x3}, we
conclude that x1 has no neighbor in V (G) \ (S ∪ I ′) and hence marking x1w
instead of uv leads to a contradiction.

Therefore, we may assume that N(vi) = {u}∪I ′ for i ∈ {1, 2}. By symmetry,
x1 has a neighbor in V (G) \ (S ∪ I ′) and a non-neighbor w ∈ I ′. Marking
v1w instead of uv leads to a contradiction, which completes the proof of the
claim.

Claim 11.17. G triangle-free.

Proof of Claim 11.17. For a contradiction, we assume that there is an edge uv
which is contained in a triangle. Choose uv such that it is contained in as many
triangles as possible. We mark uv. If uv is contained in at least two triangles,
then |S| ≤ 6 and at most 10 edges join S and I ′. Thus i(G′) ≤ 2, which is a
contradiction.

Therefore, we assume that uv is contained in one triangle uvwu only. More-
over, we choose the triangle edge uv such that it is contained in as many 4-cycles
as possible. Thus |S| = 7 and at most 14 edges join S and I ′. Hence i(G′) = 3.
Furthermore, S \ {u, v} induces a graph on at most one edge. Let x ∈ I ′. If
xw ∈ E(G), then either uw or vw is contained in a triangle and in two 4-cycles,
which is a contradiction to our choice of uv. This implies that S \ {u, v, w} ∪ I ′
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induces a complete bipartite graph. Let y ∈ N(x). Marking xy instead of uv
leads to a contradiction.

Since we may assume from now on thatG is triangle-free, we use the following
notation in the remaining part of the proof. The marked edge will be denoted by
uv. Moreover, let N(u) = {v, u1, u2, u3} and N(v) = {u, v1, v2, v3}. Note that
all these vertices are distinct and that |S| = 8. Furthermore, let S′ = S \{u, v}.
This implies that at most 18 edges join I ′ and S. For a contradiction, we assume
that i(G′) ≥ 2; that is, at least eight edges join I ′ and S′. Let I ′ = {w1, w2, . . .}.
Let mS′ be the number of edges in G[S′]. If mS′ ≥ 6, then at most six edges join
I ′ and S′ and this a contradiction. Since G is triangle-free, G[S′] is bipartite.

Claim 11.18. ∆(G[S′]) ≤ 2.

Proof of Claim 11.18. By symmetry, we assume for contradiction that v1 is ad-
jacent to u1, u2, u3. Suppose first that mS′ ≥ 4 and hence i(G′) = 2. By symme-
try, u1v2 ∈ E(G). If u1v3 ∈ E(G), then i(G′) = 2 and N(wi) = {u2, u3, v2, v3}
for i ∈ {1, 2}. Thus G = C4

5 , which is a contradiction. Hence we suppose
u1v3 /∈ E(G). We mark instead of uv the edge u1v1. If u1 has a neighbor in
I ′, say w1, then w2v3 is independent of u1v1, which leads to a contradiction. If
u1 has no neighbor in I ′, then w1v3w2 is a path independent from u1v1, which
leads to a contradiction.

Therefore, we may suppose mS′ = 3. If i(G′) = 3, then n(G) = 11 and u1

has a non-neighbor in I ′, say w1. Hence uu1 together with w1v2 is an induced
matching of size 2, which is a contradiction. Thus i(G′) = 2 and four edges join
S′ and V (G) \ (S ∪ I ′). The fact that i(G′) = 2 and mS′ = 3 imply that v2 and
v3 have at least one neighbor in V (G)\(S∪I ′). By symmetry in {u1, u2, u3}, we
assume that u1 has no neighbor in V (G) \ (S ∪ I ′). Thus marking u1v1 instead
of uv leads to a contradiction.

Claim 11.19. G[S′] contains no two independent edges.

Proof of Claim 11.19. By symmetry, we assume that u1v1 and u2v2 are inde-
pendent edges. This implies that at most 14 edges join S′ and I ′ and hence
i(G′) ∈ {2, 3}. We now mark u1v1 and u2v2 instead of uv. Suppose first that
i(G′) = 3. Let S′′ = N [u1]∪N [u2]∪N [v1]∪N [v2] and G′′ = G−S′′. It is easily
checked that i(G′′) + |S| ≤ 18, which is a contradiction.

Therefore, we may assume i(G′) = 2. Suppose that mS′ ≥ 3. Hence at
most four edges join S and V (G) \ (S ∪ I ′). This implies that |S′′ ∪ S ∪ I ′| ≤
14 and at most 12 edges join S′′ ∪ S ∪ I ′ and V (G) \ (S′′ ∪ S ∪ I ′); that is,
|S′′ ∪ S ∪ I ′|+ i(G′′) ≤ |S′′|+ i(G′′) ≤ 17, which is a contradiction.

Therefore, we may assume mS′ = 2. Since G is triangle-free, we conclude
that wi for i ∈ {1, 2} is adjacent to u3, v3 and to exactly one vertex of the two
marked edges, respectively. Thus both u3 and v3 have exactly one neighbor in
V (G)\(S∪I ′). Moreover, exactly four edges join {u1u1, u2v2} and V (G)\(S∪I ′);
that is, |S′′∪S∪I ′| ≤ 14 and at most 14 edges join S′′∪S∪I ′ and V (G)\(S′′∪S∪
I ′), which implies the contradiction |S′′∪S∪I ′|+i(G′′) ≤ |S′′|+i(G′′) ≤ 17.

Claim 11.19 implies thatG[S′] has at most one nontrivial component. Claims
11.17, 11.18 and 11.19 imply that the nontrivial component of G[S′], if it exists,
is a C4, a P4, a P3 or a P2.
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Claim 11.20. If it exists, then the nontrivial component of G[S′] is not a C4.

Proof of Claim 11.20. For a contradiction, we assume that the nontrivial com-
ponent of G[S′] is a C4. By symmetry, u1v1u2v2u1 is this C4. Since at most 10
edges join S and I ′, we have i(G′) = 2. Furthermore, since G is triangle-free
and by symmetry in {w1, w2}, we may assume that N(w1) = {u1, u2, u3, v3} and
N(w2) = {u3, v1, v2, v3}. Marking u1v1 instead of uv leads to a contradiction
to Claim 11.19.

Claim 11.21. If it exists, then the nontrivial component of G[S′] is not a P4.

Proof of Claim 11.21. For a contradiction, we assume that the nontrivial com-
ponent P of G[S′] is a P4. By symmetry, u1v2u2v1 is this P4; that is, at most
12 edges join S and I ′ and hence i(G′) ∈ {2, 3}. Suppose first i(G′) = 3. This
implies that n(G) = 11 and N(u3) = {w1, w2, w3, u}; by symmetry, say w1 is
nonadjacent to u2 and v2. Since {u3w1, u2v2} is an induced matching of size
2, which is a contradiction, we may assume that i(G′) = 2; that is, exactly
four edges join S and V (G) \ (S ∪ I ′). Since wi for i ∈ {1, 2} has at most two
neighbors in P , we conclude that wi is adjacent to u3 and v3. Moreover, u3 and
v3 have a neighbor in V (G)\ (S ∪ I ′). Suppose at least one of the endvertices of
P is adjacent to both w1 and w2, say u1. Marking uu1 instead of uv leads to a
contradiction because v3 has a neighbor in V (G)\(S∪I ′). Thus we may assume
that u2 and v2 have a neighbor in I ′. Then, marking u2v2 instead of uv leads
to a contradiction because u3 and v3 have a neighbor in V (G) \ (S ∪ I ′).

In the following we choose uv such that mS′ is maximal.

Claim 11.22. If it exists, then the nontrivial component of G[S′] is not a P3.

Proof of Claim 11.22. For a contradiction, we assume that the nontrivial com-
ponent P of G[S′] is a P3. By symmetry, u1v1u2 is this P3. If v1 has a neighbor
in I ′, say w1, then N(w1) = {u3, v1, v2, v3} because G is triangle-free. The
neighborhood of vv1 induces a graph of size at least 4, which is a contradic-
tion to the previous claims. Thus we may assume that v1 has a neighbor in
V (G) \ (S ∪ I ′).

If u1 or u2, say u1 has a neighbor in I ′, say w1, then since w1 is adjacent to
u2 or u3, neighborhood of uu1 induces a graph on at least three edges, which is
a contradiction to the previous claims. Thus we may assume that both u1 and
u2 have two neighbors in V (G) \ (S ∪ I ′).

Since G is 4-regular, w1 is adjacent to at least one vertex in P , which is a
contradiction to our assumptions.

Claim 11.23. If it exists, then the nontrivial component of G[S′] is not a P2.

Proof of Claim 11.23. For a contradiction, we assume that the nontrivial com-
ponent of G[S′] is an edge. By symmetry, let u1v1 be this edge. If u1 or v1,
say u1, is adjacent to a vertex in I ′, say w1, then w1 is nonadjacent to u2, u3, v1

according to our choice of uv, which is a contradiction to the 4-regularity of G.
This implies that the neighborhood of every vertex in I ′ is {u2, u3, v2, v3}. Since
i(G′) ≥ 2, the neighborhood of the edge u2w1 induces a graph on at least two
edges, which is a contradiction to our choice of uv.
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Claims 11.17-11.23 imply that G has girth at least 5. This implies that every
vertex in V (G) \ S has at most two neighbors in S and hence i(G′) = 0, which
is the final contradiction.

The result of this chapter were independently proved by Viet Hang
Nguyen [84]. We decided to merge both manuscripts and submit a joint
manuscript.



Chapter 12

Bounded Maximum Degree

After investigating the induced matching number in graphs of maximum degree
at most 3 and 4, respectively, we now give a tight lower bound for the induced
matching number terms of the order for graphs of sufficiently large maximum
degree. As we discussed in Chapter 8, nontrivial lower bounds in terms of the
size of a graph for graphs of large maximum degree seem to be very challenging.

The following theorem is the main result of this chapter.

Theorem 12.1 ([55]). There is an integer ∆0 such that for every graph G of
maximum degree ∆ at least ∆0 and without isolated vertices,

νs(G) ≥ n(G)(
d∆

2 e+ 1
) (
b∆

2 c+ 1
)

holds.

To the best of my knowledge, the only known bound in terms of the order and
the maximum degree for νs(G) is obtained by the following simple observation
[110]. Let G be a graph without isolated vertices. There are at most 2∆(G)2 −
2∆(G) + 1 many edges in distance at most 1 from e including e and m(G) ≥
1
2n(G). Thus a simple greedy algorithm implies

νs(G) ≥ n(G)

2(2∆(G)2 − 2∆(G) + 1)
,

which is far away from being sharp if G 6= K2.
The following construction shows that the bound in Theorem 12.1 is sharp.

Let ∆ be an integer at least 3 and let the graph H1 arise from the complete
graph on

⌈
∆
2

⌉
+ 1 vertices by attaching at each vertex

⌊
∆
2

⌋
pendant vertices.

Let H2 arise from the complete graph on
⌊

∆
2

⌋
+ 1 vertices by attaching at

each vertex
⌈

∆
2

⌉
pendant vertices. It follows that νs(Hi) = 1 and n(Hi) =(⌈

∆
2

⌉
+ 1
) (
b∆

2 c+ 1
)
; that is, the bound of Theorem 12.1 is sharp. Note that

H1 = H2 if ∆ is even.
For the sake of simplicity, I do not try to optimize the constant ∆0 inten-

sively. We show Theorem 12.1 for ∆0 = 1000 but with some more effort one
can lower the bound down to 200.

Since the proof of Theorem 12.1 is constructive, it is easy to derive a
polynomial-time algorithm, which computes an induced matching of size as
guaranteed in Theorem 12.1.

117
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Before we proceed with the proof of Theorem 12.1, I pose a conjecture con-
cerning the remaining cases. The graphs C3

5 and C4
5 show that Theorem 12.1

cannot be extend to graphs with maximum degree 3 or 4. However, I conjecture
that these two graphs are the only exceptions.

Conjecture 12.2 ([55]). If G /∈ {C3
5 , C

4
5} is a connected graph with maximum

degree ∆ ≥ 3, then

νs(G) ≥ n(G)(
d∆

2 e+ 1
) (
b∆

2 c+ 1
) .

Proof of Theorem 12.1. We prove the theorem for ∆0 = 1000. Let G be a
graph with maximum degree ∆ at least ∆0 and without isolated vertices. For
a contradiction, we assume that G is a counterexample such that

(1) νs(G) is minimum and

(2) subject to (1), the order of G is maximum.

Since νs(G) ≥ n(G)
2∆2 , the graph G is well-defined.

The choice of G implies that if v is a vertex of G that is adjacent to a vertex
of degree 1, then d(v) = ∆ because adding new vertices to G and joining them
to v does not increase νs(G) but the order of G.

For some calculations it might help to know that ∆2

4 + ∆ + 3
4 ≤(

d∆
2 e+ 1

) (
b∆

2 c+ 1
)
.

Claim 12.1. For every edge uv of G, we have d(u) + d(v) > ∆
4 .

Proof of Claim 12.1. For a contradiction, we assume that there is an edge uv
such that d(u) + d(v) ≤ ∆

4 . Let S = N [u] ∪ N [v] and let I be the set of all
isolated vertices of G − S. Let G′ = G − S − I. Since νs(G) ≥ νs(G

′) + 1, the

choice of G implies νs(G
′) ≥ n(G′)

(d∆
2 e+1)(b∆

2 c+1)
.

By using the assumption d(u) + d(v) ≤ ∆
4 , we conclude |S| + |I| ≤(

∆
4 − 2

)
∆ + 2 <

(
d∆

2 e+ 1
) (
b∆

2 c+ 1
)
. Therefore, uv together with a max-

imum induced matching of G′ is an induced matching of G of size at least
n(G)

(d∆
2 e+1)(b∆

2 c+1)
, which contradicts the choice of G.

Claim 12.2. Every vertex v of G is adjacent to at most 3
4∆ many vertices of

degree at most 9.

Proof of Claim 12.2. Choose v such that the number of neighbors of degree at
most 9 is maximal. Say v has α∆ many such neighbors. For a contradiction,
we assume that α > 3

4∆. Let u ∈ N(v) be of degree at most 9. As above,
let S = N [u] ∪ N [v] and let I be the set of all isolated vertices of G − S.
Let G′ = G − S − I. By Claim 12.1, every vertex in I that is adjacent to
a vertex of degree at most 9, has degree at least 10. Thus there are at most
(1− α)∆ + 8 many vertices in S that are adjacent to vertices in I of degree at
most 9. Hence there are at most α(1− α)∆2 + 8∆ many vertices in I of degree
at most 9. Furthermore, at most 8α∆ edges join vertices in I and vertices in
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N(v) \ {u} such that the vertices in N(v) \ {u} have degree at most 9. Since
α(1− α) + 1

10 (1− α)2 < 0.22, this implies

|I| ≤ α(1− α)∆2 + 8∆ +
1

10

(
(1− α)2∆2 + 8α∆

)
< 0.22∆2 + 9∆

≤ ∆2

4
− 9.

Since |S| ≤ ∆ + 9, we obtain

|I|+ |S| <
(⌈

∆

2

⌉
+ 1

)(⌊
∆

2

⌋
+ 1

)
.

Again, the edge uv together with a maximum induced matching of G′ is an

induced matching of G of size at least n(G)

(d∆
2 e+1)(b∆

2 c+1)
, which contradicts the

choice of G.

Let f : V (G)→ R be such that

f(v) =
∑

w∈N(v): d(w) 6=∆

1

d(w)
.

Claim 12.3. If a vertex v of G is not adjacent to a vertex of degree 1, then
f(v) ≤ 2

5∆.

Proof of Claim 12.3. Let v be a vertex that is not adjacent to a vertex of degree
1. By Claim 12.2, the vertex v has at most 3

4∆ neighbors of degree at most 9,
which contribute to f(v) at most 1

2 each; all remaining neighbors contribute at
most 1

10 each. Thus f(v) ≤ 1
2 ·

3
4∆ + 1

10 ·
1
4∆ = 2

5∆.

For the rest of the proof, let v ∈ V (G) be chosen such that f(v) is maximal.

Case 1. v is adjacent to a vertex of degree 1.

Recall that this implies d(v) = ∆. Let u ∈ N(v) be a vertex of degree 1.
As before, we want to combine uv with a maximum induced matching of G′ =
G − (N [v] ∪ I) to obtain a contradiction, where I are the isolated vertices of
G−N [v].

If z ∈ I has degree d < ∆, then z contributes exactly d times exactly 1
d

to f(w) for some w ∈ N(v); that is, the total contribution to
∑
w∈N(v) f(w)

is 1. Since no vertex in I is adjacent to u, there is no vertex z ∈ I such that
d(z) = ∆. This implies that

|I| ≤
∑

w∈N(v)

f(w). (12.1)

Let N1 and N∆ be the set of vertices in N(v) of degree 1 and ∆, respectively.
Let Ns be the set of vertices in N(v) \ (N1 ∪N∆) of small degree, say such that
their degree is between 2 and ∆

8 . Let N` = N(v) \ (N1 ∪ Ns ∪ N∆), and let
n1 = |N1|, ns = |Ns|, n` = |N`|, and n∆ = |N∆|.

Since all vertices in Ns ∪N` do not have degree ∆ and by the choice of G,
they are not adjacent to a vertex of degree 1. If w ∈ N1, then f(w) = 0 and w
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contributes 1 to f(v). If w ∈ Ns, then by Claim 12.1, we conclude f(w) ≤ 1,
and the contribution of w to f(v) is at most 1

2 . If w ∈ N`, then by Claim 12.3
and the choice of v, we obtain f(w) ≤ min

{
2
5∆, f(v)

}
and the contribution of

w to f(v) is at most 8
∆ . If w ∈ N∆, then f(w) ≤ f(v) and w contributes nothing

to f(v). These observations imply both

f(v) ≤ 8

∆
n` +

1

2
ns + n1

and, by using (12.1),

|I| ≤ f(v)n∆ + min

{
2

5
∆, f(v)

}
n` + ns.

In order to prove that |I| ≤ d∆
2 eb

∆
2 c, we show that

f ′n∆ + min

{
2

5
∆, f ′

}
n` + ns ≤

⌈
∆

2

⌉⌊
∆

2

⌋
, (12.2)

under the condition that n1, ns, n`, n∆ are non-negative integers and n1 + ns +
n` + n∆ = ∆ where

f ′ =
8

∆
n` +

1

2
ns + n1. (12.3)

Let i(n1, ns, n`, n∆) = f ′n∆ + min
{

2
5∆, f ′

}
n` + ns. Obviously, |I| ≤

i(n1, ns, n`, n∆).
Inequality (12.3) implies ns + n1 ≥ f ′ − 8. Thus n` + n∆ = ∆− n1 − ns ≤

∆− f ′ + 8 and hence, by (12.2), we obtain

i(n1, ns, n`, n∆) ≤ f ′(∆− f ′ + 8) + ∆.

If f ′ ≤ 2
5∆ + 8, then this implies that i(n1, ns, n`, n∆) ≤ 6

25∆2 + 24
5 ∆ ≤ ∆2

4 − 1,
which implies the desired result.

Thus we may assume that f ′ ≥ 2
5∆ + 8. Suppose n` ≥ 1 and hence n∆ ≤

∆− 1. This implies that

i(n1, ns, n` − 1, n∆ + 1)− i(n1, ns, n`, n∆) ≥ − 8

∆
n∆ −

2

5
∆ +

(
f ′ − 8

∆

)
· 1

≥ − 8

∆
(∆− 1)− 2

5
∆ +

2

5
∆ + 8− 8

∆
= 0.

Hence, we may assume that n` = 0.
Furthermore, we may assume that n∆ ≥ 2; otherwise, by using f ′, ns ≤ ∆,

we conclude i(n1, ns, n`, n∆) ≤ 2∆. Suppose ns ≥ 1. Thus

i(n1 + 1, ns − 1, n`, n∆)− i(n1, ns, n`, n∆) ≥ 1

2
· 2− 1 ≥ 0.

Therefore, we may assume that ns = 0. Thus n1 = ∆− n∆ and (12.3) implies
that f ′ = n1. By using (12.2), we conclude

i(n1, ns, n`, n∆) = n∆(∆− n∆) ≤
⌈

∆

2

⌉⌊
∆

2

⌋
.
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Therefore, |N [v]|+ |I| ≤
(
d∆

2 e+ 1
) (
b∆

2 c+ 1
)

and the edge uv together with

a maximum induced matching of G′ yields νs(G) ≥ n(G)

(d∆
2 e+1)(b∆

2 c+1)
, which is a

contradiction to our choice of G.

Case 2. v is not adjacent to a vertex of degree 1.

Let u ∈ N(v) such that d(u) is minimal. Let S = N [u] ∪ N [v] and G′ =
G− S − I where I is the set of isolated vertices of G− S. By double counting
the edges between S and I, it is straightforward to see that I contains at most
2∆ vertices of degree ∆. Thus similarly as in (12.1), we conclude that

|I| ≤
∑

w∈S\{u,v}

f(w) + 2∆. (12.4)

If d(u) ≥ 10, then f(v) ≤ ∆
10 . Thus |I| ≤ ∆2

5 + 2∆ and hence |S| + |I| ≤ ∆2

4 .
Therefore, uv together with a maximum induced matching of G′ yields νs(G) >

n(G)

(d∆
2 e+1)(b∆

2 c+1)
, which is a contradiction to our choice of G.

Thus we may assume that d(u) ≤ 9 and hence trivially
∑
w∈N(u)\{v} f(w) ≤

8∆ and |S| ≤ ∆ + 9. Let Ns be the set of neighbors of v of degree at most ∆
8 ,

let N` = N(v) \Ns, and let α = |Ns|
∆ and hence N` ≤ (1− α)∆.

The contribution of the vertices in Ns to f(v) is at most α∆
2 . Using Claim

12.1, we conclude that f(w) ≤ 1 for w ∈ Ns. The contribution of the vertices
in N` to f(v) is at most 8 and f(w) ≤ f(v) for w ∈ N` by the choice of v. This
implies that f(v) ≤ α∆

2 + 8. Note that (1− α)α2 ≤
1
8 . Moreover, by (12.4), we

obtain

|I| ≤
∑

w∈N(v)\{u}

f(w) +
∑

w∈N(u)\{v}

f(w) + 2∆

≤
∑

w∈N(v)\{u}:w∈N`

f(w) +
∑

w∈N(v)\{u}:w∈Ns

f(w) + 8∆ + 2∆

≤ (1− α)∆f(v) + α∆ + 10∆

≤ (1− α)∆

(
α∆

2
+ 8

)
+ 11∆

≤ ∆2

4
− 2∆.

Thus |I|+ |S| ≤ ∆2

4 . Therefore, uv together with a maximum induced matching

of G′ yields νs(G) > n(G)

(d∆
2 e+1)(b∆

2 c+1)
, which is the final contradiction.
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Chapter 13

Equality of Distance
Packing Numbers

In this chapter we give a very simple description of those graphs G satisfying

ρk(G) = ρ2k(G).

Recall that a set of vertices P is a k-packing for some positive integer k if the
vertices in P have pairwise distance more than k in G. Furthermore, let ρk(G)
be the largest size of a k-packing in G.

Our results are inspired by the following results. Kobler and Rotics presented
an efficient recognition algorithm for graphs having the same matching number
and induced matching number [67]. Their result was extended by Cameron and
Walker [18] who gave a complete structural description of these graphs.

We need some more definitions to see that we generalize their results. We
denote the line graph of G by L(G) and the k-th power of G for some positive
integer k by Gk where the graph Gk arises from G by adding all the edges
between pairs of vertices of distance at most k in G. Since matchings of G
correspond to 1-packings of L(G), the matching number ν(G) equals ρ1(L(G)).
Similarly, since induced matchings of G correspond to 2-packings of L(G), the
induced matching number ν2(G)1 equals ρ2(L(G)). Thus Cameron and Walker
characterized those line graphs G satisfying

ρ1(G) = ρ2(G).

More generally, a set M of edges of G is a k-matching of G if it is a k-packing
of L(G). The k-matching number νk(G) is defined in the obvious way.

We observe that a set of vertices P is a k1-packing of Gk2 for some positive
integers k1 and k2 if and only it is a k1k2-packing of G; that is, ρk1

(Gk2) =
ρ1(Gk1k2).

We introduce some more definitions and then we prove the main result of
this chapter. Afterwards, we give evidence to the claim that the class of graphs
satisfying ρk1(G) = ρk2(G) does not have a nice structural description.

A vertex u of G is simplicial if NG[u] is complete. Let S(G) be the set of
simplicial vertices of G. Let S(G) be the partition of S(G) where two simplicial

1 In this chapter we deviate from the usual notation νs(G) in order to be consistent with
the definition of a k-matching.
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vertices u, v belong to the same set of the partition if and only if NG[u] =
NG[v]. A transversal of S(G) is a set of simplicial vertices that contains exactly
one vertex from each part of the partition S(G). Note that the subgraph of
G induced by S(G) is a union of cliques, and that S(G) is the collection of
the vertex sets of these cliques. In particular, every transversal of S(G) is
independent.

Theorem 13.1 ([58]). A graph G satisfies ρ1(G) = ρ2(G) if and only if

(i) a set of vertices of G is a maximum 2-packing if and only if it is a transver-
sal of S(G), and

(ii) for every transversal P of S(G), the sets NG[u] for u in P partition V (G).

Proof: Let G be a graph.
In order to prove the sufficiency, let G satisfy (i) and (ii). Let P be a

transversal of S(G). By (i), we have |P | = ρ2(G). By (ii) and since P ⊆ S(G),
we obtain that {NG[u] : u ∈ P} is a partition of V (G) into complete sets. Since
every 1-packing contains at most one vertex from each complete set, this implies
ρ1(G) ≤ |P |. Since ρ1(G) ≥ ρ2(G), it follows ρ1(G) = ρ2(G).

In order to prove the necessity, let G satisfy ρ1(G) = ρ2(G). Let P be a
maximum 2-packing. If some vertex u in P has two non-adjacent neighbors v
and w, then (P \{u})∪{v, w} is a 1-packing with more vertices than P , which is
a contradiction. Hence all vertices in P are simplicial. Since no two vertices in
P are adjacent, the set P is contained in some transversal Q of S(G). Since Q
is a 1-packing, we obtain ρ2(G) = |P | ≤ |Q| ≤ ρ1(G) = ρ2(G), that is, P = Q,
which implies in particular that P is a transversal of S(G). If V (G)\

⋃
u∈P NG[u]

contains a vertex v, then P ∪{v} is 1-packing with more vertices than P , which
is a contradiction. Hence {NG[u] : u ∈ P} is a partition of V (G) into complete
sets. Since for every transversal P ′ of S(G), the partition {NG[u′] : u′ ∈ P ′}
equals the partition {NG[u] : u ∈ P}, it follows that every transversal of S(G)
is a maximum 2-packing. Altogether, (i) and (ii) follow. �

By considering suitable powers of the underlying graph, we obtain the following.

Corollary 13.2 ([58]). A graph G satisfies ρk(G) = ρ2k(G) for some positive
integer k if and only if

(i) a set of vertices of G is a maximum 2k-packing if and only if it is a
transversal of S(Gk), and

(ii) for every transversal P of S(Gk), the sets NGk [u] for u in P partition
V (G).

By Corollary 13.2, it is algorithmically very easy to recognize the graphs G
with ρk(G) = ρ2k(G).

In view of Theorem 13.1 and Corollary 13.2, it makes sense to consider the
equality of distance packing numbers ρk1

(G) and ρk2
(G) where k1 < k2 are

positive integers that do not satisfy k2 = 2k1. Our next observation shows that
for k2 > 2k1 such graphs are not very interesting.

Observation 13.3 ([58]). If k1 and k2 are positive integers with k2 > 2k1 and
G is a connected graph with ρk1(G) = ρk2(G), then ρk1(G) = ρk2(G) = 1.
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Figure 13.1: On the left, the cycle G(xi) : xix̄ix
′
ix̄
′
ixi created for the variable

xi. On the right, the graph G(C) created for a clause C with literals x, y, and
z, that is, C = x ∨ y ∨ z and x, y, z ∈ {xi : i ∈ [n]} ∪ {x̄i : i ∈ [n]}.

Proof: LetG be a graph that satisfies ρk1
(G) = ρk2

(G). Let P be a maximum
k2-packing. For a contradiction, we assume that P has more than one element.
Let u be a vertex in P . Since P has more than one element, there is a vertex v at
distance k1 + 1 from u. Since k2 + 1 ≥ 2(k1 + 1), every vertex in P has distance
more than k1 from v. Now P ∪ {v} is a k1-packing, which is a contradiction.
This completes the proof. �

Now we consider the case k1 < k2 < 2k1 and show that already the smallest
possible choice, k1 = 2 and k2 = 3, leads to graphs that will most likely not
have a nice structural description.

Theorem 13.4 ([58]). It is NP-hard to determine for a given graph G whether
ρ2(G) = ρ3(G).

Proof: We describe a reduction from 3SAT to the considered problem.
Therefore, let f be a 3SAT instance with m clauses C1, . . . , Cm over n boolean
variables x1, . . . , xn. We construct a graph G whose order is polynomially
bounded in terms of n and m such that f is satisfiable if and only if ρ2(G) =
ρ3(G). For every variable xi, we create a cycle G(xi) : xix̄ix

′
ix̄
′
ixi of length 4 as

shown in the left of Figure 13.1. For every clause Cj , we create a copy G(Cj)
of the graph in the right of Figure 13.1 and denote its vertices as explained in
the caption. All graphs G(xi) and G(Cj) created so far are disjoint. For every
clause C with literals x, y, and z, we create the three edges x′(C)x′, y′(C)y′, and
z′(C)z′. If, for example, C1 = x1 ∨ x̄2 ∨ x̄4, then these are the edges x′1(C)x′1,
x̄′2(C)x̄′2, and x̄4(C)′x̄′4 as shown in Figure 13.2. This completes the description
of G. It is easy to verify that ρ2(G(xi)) = 1 and ρ2(G(Cj)) = 2, which implies
that ρ2(G) ≤ n+ 2m. Since {a(Cj) : j ∈ [m]}∪{b(Cj) : j ∈ [m]}∪{xi : i ∈ [n]}
is a 2-packing of cardinality n+ 2m, we obtain ρ2(G) = n+ 2m. It remains to
prove that f is satisfiable if and only if ρ3(G) = n+ 2m.

First, we assume that f is satisfiable and consider a satisfying truth assign-
ment. For every clause Cj , we select a true literal tj . Note that there may be
several choices for tj . Now, by construction, the set {a(Cj) : j ∈ [m]}∪ {tj(C) :
j ∈ [m]} ∪ {xi : i ∈ [n] and xi is true} ∪ {x̄i : i ∈ [n] and xi is false} is a
3-packing of cardinality n+ 2m, which implies ρ3(G) = n+ 2m.

Next, we assume that ρ3(G) = n + 2m. Let P be a maximum 3-packing.
Since ρ2(G(xi)) = 1 and ρ2(G(Cj)) = 2, it follows that P contains exactly
one vertex from each G(xi) and exactly two vertices from each G(Cj). Clearly,
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Figure 13.2: The edges between G(C1) and G(x1) ∪G(x2) ∪G(x4) created for
the clause C1 = x1 ∨ x̄2 ∨ x̄4. If a satisfying truth assignment sets x1 and x2 to
true and x4 to false, the encircled vertices indicate elements of the corresponding
3-packing.

we may assume that for every i ∈ [n], the set P contains exactly one of the
two vertices xi and x̄i of the cycle G(xi). Similarly, we may assume that for
every j ∈ [m], the set P contains the vertex a(Cj) and exactly one of the three
vertices x(Cj), y(Cj), and z(Cj) where x, y, and z are the three literals in Cj .
See Figure 13.2 for an illustration. We consider the assignment of truth values
where the variable xi is set to true exactly if the vertex xi belongs to P . If C is
a clause and x ∈ {xi, x̄i} is a literal in C such that P contains x(C), then x′(C)
is adjacent to the vertex x′ of G(xi), and hence P cannot contain the vertex x̄
of G(xi). More specifically, if x = xi, then P contains the vertex xi of G(xi),
which means that xi is set to true, and if x = x̄i, then P contains the vertex
x̄i of G(xi), which means that xi is set to false. Altogether, it follows that the
truth assignment defined above satisfies f . This completes the proof. �

A simple modification of the construction in the proof of Theorem 13.4 allows
to establish the following.

Corollary 13.5 ([58]). Let k1 and k2 be positive integers with k1 < k2 and
d(3k2 + 1)/2e ≤ 2k1 + 1. It is NP-hard to determine for a given graph G
whether ρk1(G) = ρk2(G).

Proof: We apply the following modifications to the graph G constructed in
the proof of Theorem 13.4.

• For every variable xi, subdivide each of the two edges xix̄
′
i and x̄ix

′
i exactly

dk2

2 e − 2 times.
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• For each clause Cj with literals x, y, and z,

– subdivide the edge incident with a(Cj) exactly k2 − 3 times, and

– subdivide each of the three edges b(Cj)x(Cj), b(Cj)y(Cj), and
b(Cj)z(Cj) exactly bk2

2 c − 1 times.

Note that after these modifications, the distance between xi and x̄′i as well as
between x̄i and x′i is dk2

2 e − 1, the distance between a(Cj) and b(Cj) is k2,

and the distance between b(Cj) and each of x(Cj), y(Cj), and z(Cj) is bk2

2 c.
Renaming the three neighbors of b(Cj) that do not lie on the path to a(Cj) as
x(Cj), y(Cj), and z(Cj), and repeating the very same argument as in the proof
of Theorem 13.4, we obtain that f is satisfiable if and only if the modified graph
G′ satisfies ρk1(G′) = ρk2(G′).

Note that we require d(3k2 + 1)/2e ≤ 2k1 + 1 instead of just k2 < 2k1 in
order to ensure that ρk1(G′(Cj)) = 2. �

We proceed to consequences of Theorem 13.1 for distance matching numbers.
Note that a graph G satisfies νk(G) = ν2k(G) if and only if ρ1(L(G)k) =
ρ2(L(G)k), that is, these graphs can be recognized by a very simple algorithm.

For a positive integer k, a k-unit is a pair (G, e) where G is a connected
graph, e is an edge of G, and νk(G) = 1. The boundary ∂(G, e) of (G, e) is the
set of vertices of G that are at distance exactly k from e in G. Note that, since
G is connected and νk(G) = 1, no vertex of G is at distance more than k from
e in G, and the boundary ∂(G, e) is independent.

Corollary 13.6 ([58]). A graph G satisfies νk(G) = ν2k(G) for some pos-
itive integer k if and only if G arises from the disjoint union of k-units
(G1, e1), . . . , (G`, e`) by arbitrarily identifying vertices in

⋃`
i=1 ∂(Gi, ei), where

` = νk(G).

Proof: Let G be a graph.
In order to prove the sufficiency, let G arise in the described way from the

k-units (Gi, ei). Let P be a maximum 1-packing of L(G)k, that is, P is a
set of edges of G that are at pairwise distance more than k in L(G). Since
νk(Gi) = 1, the set P contains at most one edge from each Gi, which implies
that νk(G) = ρ1(L(G)k) = |P | ≤ `. By the definition of the boundary, the set
{ei : i ∈ [`]} is a 2-packing of L(G)k, and hence ν2k(G) = ρ2(L(G)k) ≥ `, which
implies νk(G) = ν2k(G).

In order to prove the necessity, let G satisfy νk(G) = ν2k(G), that is,
ρ1(L(G)k) = ρ2(L(G)k). Let P be a maximum 2-packing of L(G)k. By The-
orem 13.1, the set P is a transversal of S(L(G)k) and {NL(G)k [e] : e ∈ P} is

a partition of E(G), the vertex set of L(G)k, into sets that are complete in
L(G)k. Let P = {e1, . . . , e`} and let Ei = NL(G)k [ei] for i ∈ [`]. For i ∈ [`], let
Vi denote the set of vertices of G that are incident with an edge in Ei, and let
Gi = (Vi, Ei). By definition, and since Ei is a complete set in L(G)k, the graph
Gi is connected, ei is an edge of Gi, and νk(Gi) = 1, that is, (Gi, ei) is a k-unit.
Note that the graphs Gi are edge-disjoint yet not vertex-disjoint subgraphs of
G. If Gi and Gj share a vertex u for some i 6= j, and u does not belong to the
intersection of the boundaries ∂(Gi, ei) ∩ ∂(Gj , ej), then the distance in L(G)k

between ei and ej is at most 2, which is a contradiction. Hence G arises in the
described way from the k-units (Gi, ei). This completes the proof. �
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Let G be a graph. A vertex of degree 1 in G is a leaf of G. A triangle uvwu in
G such that the degree of u and v in G is 2 is a pendant triangle of G and the
edge uv is a triangle edge of G.

Corollary 13.7 (Cameron and Walker [18, 58]). A connected graph G satisfies
ν1(G) = ν2(G) if and only if G is either a star, or a triangle, or arises from a
connected bipartite graph with two non-empty partite sets V1 and V2 by

• attaching at least one and possibly more leaves to each vertex in V1, and

• attaching pendant triangles to some vertices in V2.

Proof: Let G be a graph that satisfies satisfies ν1(G) = ν2(G). By Corol-
lary 13.6, the graph G arises from the disjoint union of 1-units by arbitrarily
identifying vertices in their boundaries. It follows immediately from the defini-
tion that if (G, e) is a 1-unit, then

• either G is a star and ∂(G, e) is the set of leaves of G that are not incident
with e,

• or G is a triangle and ∂(G, e) consists of the vertex that is not incident
with e.

The desired structure follows immediately. In fact, V1 is the set of all centers of
1-units that are stars and V2 is the union of all boundaries (after identification).
�

Our results motivate some questions. In view of Observation 13.3 it might make

sense to consider bounds for
ρk1

(G)

ρk2
(G) rather than linear relations between ρk1

(G)

and ρk2(G). It would be interesting to know whether the decision problems
considered in Theorem 13.4 and Corollary 13.5 are in NP. We believe that for
all positive integers k1 and k2 with k1 < k2 < 2k1, it is NP-hard to determine
for a given graph G whether ρk1

(G) = ρk2
(G). Unfortunately, Corollary 13.5

does not cover all possible cases.
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[22] F.R.K. Chung, A. Gyárfás, Z. Tuza, and W.T. Trotter, The maximum
number of edges in 2k2-free graphs of bounded degree, Discrete Math. 81
(1990), 129–135.

[23] D.G. Corneil, A simple 3-sweep LBFS algorithm for the recognition of unit
interval graphs, Discrete Appl. Math. 138 (2004), 371–379.

[24] D.G. Corneil, S. Olariu, and L. Stewart, The ultimate interval graph
recognition algorithm? (extended abstract), Proceedings of the Ninth An-
nual ACM-SIAM Symposium on Discrete Algorithms (San Francisco, CA,
1998), ACM, New York, 1998, pp. 175–180.

[25] B. Courcelle, The monadic second-order logic of graphs I. Recognizable
sets of Finite Graphs, Information and Computation (1990), 12–75.

[26] M.B. Cozzens, Higher and multi-dimensional analogues of interval graphs,
Ph.d. thesis, Department of Mathematics, Rutgers University, New
Brunswick, NJ, 1981.

[27] D.W. Cranston, Strong edge-coloring of graphs with maximum degree 4
using 22 colors, Discrete Math. 306 (2006), 2772–2778.

[28] R. Diestel, Graph theory, fourth ed., Springer, Heidelberg, 2010.

[29] R. Diestel, K. Kawarabayashi, and P. Wollan, The Erdős-Pósa property
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long curcuits, J. Graph Theory 77 (2014), 251–259.

[80] M. Molloy and B. Reed, A bound on the strong chromatic index of a graph,
J. Combin. Theory Ser. B 69 (1997), 103–109.

[81] , Graph coloring and the probabilistic method, Springer, 2002.

[82] C.L. Monma and V.K. Wei, Intersection graphs of paths in a tree, J.
Combin. Theory Ser. B 41 (1986), 141–181.

[83] H. Moser and D.M. Thilikos, Parameterized complexity of finding regular
induced subgraphs, J. Discrete Algorithms 7 (2009), 181–190.



134 BIBLIOGRAPHY

[84] V.H. Nguyen, Induced matchings in graphs of degree at most 4, preprint
at arXiv:1407.7604 (2014).

[85] M. Pontecorvi and P. Wollan, Disjoint cycles intersecting a set of vertices,
J. Combin. Theory (Series B) 102 (2012), 1134–1141.

[86] D. Rautenbach and B. Reed, The Erdős-Pósa property for odd cycles in
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