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We are such stuff
As dreams are made on, and our little life

Is rounded with a sleep.

— W. Shakespeare

a Francesco





A B S T R A C T

This thesis deals with two optimization problems of rational investors, who
want to maximize their expected utility in the presence of random endow-
ments or claims in incomplete markets.
In Part i we focus on the problem of hedging a European contingent claim
under exponential preferences in an incomplete market where prices are
modeled as stochastic exponentials of additive processes. We use the mar-
tingale optimality principle and the theory of BSDEs (backward stochastic
differential equations) to write the value function.
First we consider the problem of the existence of an optimal strategy when
the classical hypothesis of convexity of the constraint set is relaxed. We
give a representation of a candidate optimal strategy as the limit inferior
of strategies which are optimal for a sequence of approximating compact
problems. Then, we consider the same problem in a market where the stock
price is modelled as a Lévy-driven pure jump process, and analyze its well-
definedness. This leads to some conditions on the market model. Finally, we
discuss the example of a cross-hedging problem and, under some assump-
tions on the structure of the claim, we give explicit solutions.
In Part ii we deal with the utility maximization and optimal asset allocation
problem in the presence of a stream of stochastic contributions that cannot
be fully hedged through trading in the financial market. This is, e.g., the
problem a defined contribution beneficiary is faced with if his income is
random.
We rely on the dynamic programming approach and the theory of viscosity
solutions to solve the optimization problem in the presence of a random
endowment. The properties of the value function, particularly the homo-
geneity, are used to reduce the HJB (Hamilton-Jacobi-Bellman) equation by
one dimension. We can therefore apply finite difference methods to solve
numerically the PDE (partial differential equation).
These results are then used to investigate target date funds. We show that
stochastic contributions can play an essential role in the determination of
optimal investment strategies, and we find that an age-increasing equity
holding can be optimal too.

ix



Z U S A M M E N FA S S U N G

Diese Arbeit beschäftigt sich mit zwei Problemen rationaler Investoren, die
ihren erwarteten Nutzen unter zufällige, Zahlungen in unvollständigen Märk-
ten maximieren wollen.
In Teil i betrachten wir ein Hedgingproblem für Europäische Kontrakte mit
exponentiellen Nutzenfunktionen. Preise werden dabei als stochastisches
Exponential von Lévy-Itô Prozessen modelliert. Das Prinzip der Martinga-
loptimalität und die Theorie der BSDEs (Rückwärts-Stochastischen- Differ-
entialgleichungen) werden zum Beschreiben der Wertfunktion verwendet.
Dabei betrachten wir zunächst die Existenz einer optimalen Strategie, wobei
die Annahme über Konvexität der Nebenbedingung abgeschwächt wird.
Der Limes inferior aller Strategien, welche optimal für eine Folge approx-
imierender kompakter Probleme sind, ergibt einen Kandidaten für eine
optimale Strategie. Dasselbe Problem betrachten wir dann in einem Markt,
in dem der Aktienpreis als reiner Sprungprozess modelliert wird. Hier wird
die Wohldefiniertheit des Optimierungsproblems untersucht, was zu zusät-
zlichen Annahmen an das Marktmodell führt. Als Beispiel betrachten wir
ein Cross-Hedgingproblem, wobei wir unter bestimmten Annahmen an die
Auszahlungsfunktion eine explizite Lösung erzielen.
Im zweiten Teil der Arbeit behandeln wir das Nutzenmaximierungs- und
Portfoliooptimierungsproblem unter stochastischen Einzahlungen, die nicht
vollständig am Finanzmarkt repliziert werden können. Dies ist zum Beispiel
der Fall, wenn man ein auf gehaltsabhängige Zusagen basierendes Pension-
schema betrachtet, wobei das Einkommen zufällig sein kann. Durch dynamis-
che Programmierung und mit Hilfe der Theorie über Viskositätslösungen
lösen wir das Optimierungsproblem. Die Eigenschaften der Wertfunktion,
insbesondere die der Homogeneität, werden verwendet, um die resultierende
HJB (Hamilton-Jacobi-Bellmab) Gleichung um eine Dimension zu reduzieren.
Somit dürfen finite Differenzenmethoden angewandt werden, um die Lö-
sungen numerisch zu bestimmen. Mit diesen Ergebnissen werden Target
Date Funds untersucht. Wir zeigen, dass stochastische Einzahlungen eine
wesentliche Rolle in der Bestimmung der optimalen Anlagestrategie spielen
können und dass die Strategie mit zunehmendem Alter verstärkt in Aktien
zu investieren unter bestimmten Voraussetzungen durchaus optimal sein
kann.
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1
I N T R O D U C T I O N

Mathematical Finance, or “Quantitative Finance” for practitioners, has been
considered with suspect and prejudice by the public opinion since the recent
crisis brought it to the media’s attention. “Hedging strategies”, “futures”, and
“derivatives” are commonly perceived as sophisticated financial instruments
for evil Wall-Street sharks to con normal people. But what are they exactly
and what are they for? Far from wanting to absolve the people behind the
financial crisis, the present work is concerned with some typical problems
an investor is faced with, and the rational way he should handle them. This
is the subject of Mathematical Finance. This field, as we will see, deals with
perfectly reasonable problems which could and should interest everyone of
us.
The thesis, in particular, deals with two problems of high practical relevance:

• (Finance) A company wants to minimize its risk, by protecting itself
against a rise in the future prices of a commodity they need in their
business. Futures contracts, normally, provide protection in this kind
of situations. However, no futures on the commodity are traded. How
can the company optimally hedge the risk?

• (Insurance) A defined contribution (DC) beneficiary wants to invest
his money in order to have a pension (in the form of a lump-sum) at
retirement. His contributions are determined according to his salary,
which is not constant but subject to random changes (stochastic). How
should he optimally invest, and based on what criteria?

As a branch of Applied Mathematics, Mathematical Finance formulates
simpliefied, abstract models in order to better understand the real phenomena.
Results are therefore always related to the models and their assumptions,
and should not be taken as universal truth1.
Typical problems concerning a rational investor are the following:

• Given an initial amount of money, what is the best strategy leading to
the highest future profit? This is called portfolio optimization.

• Assume that the investor is interested in buying some contingent claim.
What is the price he should be willing to pay? This is the problem of
pricing. If he instead sells a contingent claim for a certain price, how
should he invest the gained money so that he is solvent when the
contract is claimed? This is the problem of hedging.

1 The first, already criticised, assumption is that investors are rational. The field of Behavioural
Finance relaxes this assumption merging Psychology and Mathematics.

1



2 introduction

In the pioneering work of Robert C. Merton in the 70’s these questions
were answered under the fundamental assumptions of completeness (every
claim can be perfectly hedged) and additive, stationary logarithms of returns
(Black-Scholes model).
It did not take long to recognize significant discrepancies from reality and
soon researchers and practitioners started to look for models which better fit
reality, but are possibly still handy from an analytical point of view. This led
to models which:

• relax the assumption of completeness,

• consider a wider class of possible price processes.

In this thesis we will investigate portfolio optimization problems where one
or both assumptions are relaxed.

Under the assumption of completeness of the financial market, a unique
price for the contingent claim can be always determined in such a way that no
risk-free profits can be made. This arbitrage-free price will be the initial value
of the replicating strategy and can be computed using a (unique) pricing
measure. Moreover, no risk from selling a contingent claim for this price has
to remain unhedged.
In incomplete markets, a non hedgeable risk, called residual risk or basis
risk, can remain even if the correlation between the hedging instrument and
the hedged risk is very high. Moreover, there is no unique pricing measure
anymore and other criteria need to be used in order to deal with the problem
of pricing and hedging.
Portfolio optimization is more complicated already under the assumption
of completeness, since the investor’s individual preferences must be consid-
ered in order to determine which investment strategy is optimal. Several
approaches have been used to deal with this problem. The classical approach
is based on the so-called utility theory: Each investor has his own perception
of the value of goods and services, measured in terms of the use, or “utility”,
he can make of them. The investor aims therefore at maximizing the utility
he draws from his final wealth. In order to estimate the utility, he measures
this wealth through some utility function. Such a function describes the agent
prefences, and different utilities describe different attitudes with respect to
risk.
The investor faces therefore an optimization problem. There are two main
approaches to stochastic optimization:

• Primal approach: The optimization carries on the possible investment
strategies influencing the wealth process and yields some relations
between the associated expected utilities.
In Markovian models, it produces the dynamic programming principle
(Bellman, 1957) which is a necessary condition for optimality and
leads to a certain partial differential equation, called Hamilton-Jacobi-
Bellman equation.
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In more recent years, another approach based on stochastic methods has
been developed, by means of BSDEs (backward stochastic differential
equations),

• Dual approach: The original optimization problem is transformed into
a convex optimization problem and Lagrangian methods are used to
derive a dual problem.

All the described approaches have advantages and drawbacks. Depending
on the problem considered, the one or the other could be more advisable.
In the present work, we will solve the studied stochastic optimization prob-
lems by means of two different primal methods.
The thesis is divided into two main parts. It is structured in such a way that
every chapter is mainly autonomous and can be read independently of the
others. There are however stronger connections among chapters belonging
to the same part.

In the first part we will discuss the problem of hedging a European con-
tingent claim under exponential preferences in an incomplete market where
prices are modeled as stochastic exponentials of Lévy-Itô processes.
Chapter 2 deals with the problem of the existence of an optimal strategy
when the classical hypothesis of convexity of the constraint set is relaxed.
This is still an open problem in the case of a closed and not necessarily
compact constraint set for the admissible strategies. We give a representation
of a candidate optimal strategy as the limit inferior of strategies which are
optimal for a sequence of approximating compact problems.
We use the martingale optimality principle and the theory of BSDEs to write
the value function. Finally, we prove optimality for any strategy that can be
approximated as the limit of strategies which are optimal for the approxi-
mating compact problems.
Chapter 3 deals with the problem in a market where the stock price is
modelled as a Lévy-driven pure jump process. We use again the martingale
optimality approach and the theory of BSDEs to characterize the value func-
tion, and analyze the well-definedness of the optimization problem. This
leads to some conditions on the market model, which in many cases also
imply there is no free lunch with vanishing risk. Finally, we discuss the
example of a cross-hedging problem and, under some assumptions on the
structure of the claim, we give explicit solutions.

The second part focuses on the utility maximization and optimal asset
allocation problem in the presence of a stream of stochastic contributions
that cannot be fully hedged through trading in the financial market.
In Chapter 4, based on Chen, Mereu & Stelzer (2014), we solve the opti-
mization problem in the presence of a random endowment for power utility
functions. We choose the dynamic programming approach and rely on the
theory of viscosity solutions to relax the regularity hypotheses on the value
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function. The properties of the value function, particularly the homogeneity,
are used to reduce the HJB equation by one dimension, which enables us to
implement some numerical schemes to solve the partial differential equation
(PDE) and to investigate the regularity of the value function. Furthermore,
the optimal strategy is derived, and its asymptotic behavior is discussed.
In Chapter 5, based on Chen, Mereu & Stelzer (2015), the results of Chapter 4

are applied in order to investigate target date funds. Since Target Date Funds
(TDFs) became one of the default investment strategies for the 401(k) defined
contribution (DC) beneficiaries, they have developed rapidly. Usually they
are structured according to the principle “young people should invest more
in equities”. In Chapter 5 we ask ourselves: Is this really a good recommen-
dation for DC beneficiaries to manage their investment risks? We show that
stochastic contributions can play an essential role in the determination of
optimal investment strategies. Depending on the correlation of the contribu-
tion process with the market’s stock, we find that an age-increasing equity
holding can be optimal too. This result depends on how the contribution
rule is defined.

The context where the problems originate, Finance for the first part and
Insurance for the second one, is not the only feature distinguishing the two
parts. The approach used is also different:

• In the first part, we use BSDEs to relax the hypothesis of convexity of
the constraint set, necessary instead to apply dual methods.

• In the second part, we use a dynamic programming approach to deal
with the presence of a random endowment, since in this case duality
methods do not lead to an explicitly computable solution.

The reader interested in knowing why we preferred the one method rather
than the other in the studied problems is referred to Appendix A.
In the appendix one can also find some useful additional background ma-
terial. The martingale optimality principle, extensively used in Part i, is
illustrated in Appendix B; some results of convex Analysis, and their applica-
tion to the generator of the BSDE studied in Part i, are listed in Appendix C;
an explicit representation of the solutions of BSDEs for generators depending
only on a given strategy can be found in Appendix D. Finally, a listing of the
Matlab codes used to compute the viscosity solutions of the PDEs in Part ii

is given in Appendix E.
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H E D G I N G I N M A R K E T S W I T H J U M P S V I A
B S D E S





2
H E D G I N G W I T H B S D E S F O R N O N - C O M PA C T
C O N S T R A I N T S E T S

2.1 introduction

One classical problem in Financial Mathematics is the one of utility max-
imization, which in incomplete markets turns out to be a valid approach
to the problems of pricing and hedging. The standard method to solve this
problem prescribes the application of duality results, but it also requires the
constraint set to be convex. Relaxing this assumption, it is hence necessary to
look for alternative tools. In a continuous framework (see, e.g. Hu, Imkeller
& Müller (2005)), it was done through the use of backward stochastic differ-
ential equations (BSDEs for short), and this approach has been extended in
the last years to the discontinuous framework.
Theoretical results on existence of solutions as well as comparison theo-
rems have been already stated under different assumptions on the regularity
of the parameters of BSDEs (see, among others, Tang & Li (1994), Royer
(2006)), and the utility maximization problem has been also treated (see
Mania & Tevzadze (2008), Becherer (2006), Morlais (2009), Morlais (2010),
Lim & Quenez (2011) and the references therein). Under the only hypotheses
of closedness of the constraint set, however, no answer has been given for
the problem of existence of an optimal strategy. Morlais (2009) and Mor-
lais (2010) show existence under the additional hypothesis of compactness
of the constraint set, whereas Lim & Quenez (2011) require convexity and
compactness but relax the assumptions on the coefficients of the model. Our
model is the very same as in Morlais (2010), and in the present chapter we
extend her results by describing a candidate optimal strategy in the general
setting. To do this, we give a representation of it as the limit inferior of an
approximating sequence.
The work is structured as follows: in Section 2.2 we introduce the used
notation, in Section 2.3 we recall the description of the model and some
known results, Section 2.4 is dedicated to the derivation of the generator.
In Section 2.5 and Section 2.6 we show that any strategy that can be repre-
sented as limit of a sequence of strategies optimal for some approximating
compact problems yields a value higher than the one obtained by trading
according to any admissible strategy. We also show that the same holds for
the limit inferior of such a sequence, which gives a representation for the
candidate optimal strategy. Finally in section 2.7 we show the optimality of
any strategy which can be represented as the limit of optimal strategies for
some approximating compact problems.

7



8 hedging with bsdes for non-compact constraint sets

2.2 notation

Consider a probability space (Ω,F, P) satisfying the usual assumptions and
let T > 0 be a fixed time horizon.
On this space, assume that two independent processes are given:

• a standard (one dimensional) Brownian motion (Wt)t∈[0,T ];

• a real-valued Poisson point process p with associated counting measure
Np(dt, dx), and compensator N̂p(dt, dx) = ν(dx)dt, where the Lévy
measure ν is positive and satisfies

ν({0}) = 0, and
∫

R∗
(1∧ |x|2)ν(dx) <∞. (2.1)

Let Ñp denote its compensated measure.

Here, we denote by R∗ := R \ {0}. Let F = (Ft)t∈[0,T ] be the right-continuous
filtration generated by the two processes, and completed by the P-null sets.
Denote by P = P(Ft) its associated predictable σ-algebra on [0, T ]×Ω.
We define the following spaces:

S∞(R) :=
{
(Yt)t∈[0,T ] adapted, with cádlág paths s.t. ess sup

t,ω
|Yt(ω)| <∞}

L2(W) :=
{
(Zt)t∈[0,T ] predictable s.t. E

[∫T
0
|Zs|

2 ds

]
<∞}

L2(Ñp) :=
{
(Ut)t∈[0,T ] P⊗B(R∗)-measurable s.t.

E
[ ∫

[0,T ]×R∗
|Us(x)|

2ν(dx)ds
]
<∞}

For a measure ν on R∗ we define L0(ν) as the space {u : R→ R∗}, equipped
with the (local) topology of the convergence in measure (see e.g. Bauer (2001),
§20, Part II);
L2(ν) := {u ∈ L0(ν) such that

∫
R∗ |u(x)|

2 dν(x) <∞};
L∞(ν) := {u ∈ L0(ν) such that u takes bounded values ν-almost surely}.

2.3 the model

Consider a financial market where one riskless asset (bond), and one risky
asset are available. From now on consider a fixed time horizon T > 0.
Taking the bond as numeraire, we assume that the discounted price process
(St)t∈[0,T ] of the risky asset follows the dynamics:

{
dSt = St

(
bt dt+ σt dWt +

∫
R∗ βt(x)Ñp(dt, dx)

)
, ∀t ∈ [0, T ]

S0 = s,
(2.2)



2.3 the model 9

for b, β, σ uniformly bounded, predictable processes with β > −1 a.s.. If we
assume σ > 0 a.s., we can define for all t ∈ [0, T ] the “market price of risk” θ
as θt = σ−1t bt P-a.s.. We will assume that θ is also bounded.

Assume now that we want to hedge a position at the terminal time T , i.e.
that we know we will have to pay an amount B FT -measurable. We want
to maximize the expected utility of the terminal wealth. The wealth process
Xπ,t,x is composed of a capital x ∈ R at time t, and gains from trading with
a self financing strategy π in the market. The amount π is the fraction of
wealth invested in the stock, the number of shares is πt/St.

The wealth process for an initial capital x at time t solves the equation

Xπ,t,x
s = x+

∫s
t
πr

dSr
Sr−

, ∀s ∈ [t, T ].

Often we will denote by Xπ,x := Xπ,0,x.
It then holds that the dynamics of the wealth process can be rewritten as{

dXπ,t,x
s = πsσsθs ds+ πsσs dWs +

∫
R∗ πsβs(x)Ñp(ds, dx), ∀s ∈ [t, T ]

Xπ,t,x
t = x.

(2.3)
We hence want to solve the maximization problem

V(x) = sup
π∈A

E[U(Xπ,x
T −B)], x ∈ R

where U is a utility function, and A is a fixed set of admissible trading
strategies, which will be specified below.
By utility we will, in the following, always mean the exponential utility, i.e.
we assume that the function U is of the form

U(·) = − exp{−α·},

with α ∈ (0,+∞).

Definition 2.1. Let C be a closed set in R with 0 ∈ C. The set of admissible
strategies A consists of all predictable processes π = (πt)t∈[0,T ] ∈ L2([0, T ]×
Ω), taking values in C λ⊗ P−a.s., where λ denotes the Lebesgue measure on
R, such that

{exp {−αXπτ } s.t. τ is a stopping time with values in [0, T ]} (2.4)

is a uniformly integrable family.

We can characterize the value function V , and the corresponding optimal
strategy π∗, via the so called martingale optimality principle (see, e.g., Korn
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(2003)).
We are then looking for a process which solves an equation of the type{

−dYt = f(t, Yt−,Zt,Ut)dt−Zt dWt −
∫

R∗ Ut(x)Ñp(dt, dx), ∀t ∈ [0, T ]
YT = B,

(2.5)
where the generator f is chosen such that (U(Xπ,x − Y)t)t∈[0,T ] is a super-
martingale for every strategy π ∈ A and a martingale for some π∗ ∈ A. More
precisely, we will need to solve a backward SDE (BSDE).

2.4 the choice of the generator

In an analogous way as in Becherer (2006), one can compute the expression
for the generator as follows.
An application of Itô’s Formula gives:

dU(Xπ,x
t − Yt) =U

′(Xπ,x
t − Yt)(dXπ,x

t − dYt)

+
1

2
U ′′(Xπ,x

t − Yt)d[Xπ,x − Y,Xπ,x − Y]t

+4U(Xπ,x
t − Yt) −U

′(Xπ,x
t− − Yt−)4(Xπ,x

t − Yt)

=U(Xπ,x
t− − Yt−)

{
−αdXπ,x

t +αdYt

+
1

2
α2 (d[Xπ,x,Xπ,x]ct + d[Y, Y]ct − 2d[Xπ,x, Y]ct)

+U(4(Xπ,x
t − Yt)) − 1+α4(Xπ,x

t − Yt)
}

=U(Xπ,x
t− − Yt−)

{
α(Zt − πtσt)dWt

+

∫
R∗

(e−α(πtβt(x)−Ut(x)) − 1)Ñp(dx, dt) −αft dt

−απtσtθt dt+
1

2
α2|πtσt|

2 dt+
1

2
α2|Zt|

2 dt−α2πtσtZt dt

+

∫
R∗

(
e−α(πtβt(x)−Ut(x))−1+α(πtβt(x) −Ut(x))

)
ν(dx)dt

}
(2.6)

where we used the dynamics of Xπ,x and Y given in (2.3) and (2.5), respec-
tively, together with the fact that U ′ = −αU, U ′′ = α2U and 4U(g(t)) =

U(g(t−))(−U(4g(t)) − 1) for a càdlàg function g of the time. We now write
the expression above as a product of a stochastic exponential and a finite
variation process.
Equation (2.6) implies that the process Dt := U(X

π,x
t − Yt) solves an equation

of the type {
dDt = Dt− d(Mπt +Aπt ), ∀t ∈ [0, T ]
D0 = − exp{−α(x− Y0), }

(2.7)

where Mπt is a martingale and Aπt is a continuous process of finite variation.
Yor’s formula implies then that

Dt = D0E(M
π +Aπ)t = D0E(M

π
t )e

Aπt ,
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where the two processes are given by

Mπt = −α

∫t
0
(πsσs −Zs)dWs +

∫t
0

∫
R∗

(e−α(πsβs−Us) − 1)Ñp(ds, dx)

and

Aπt =

∫t
0

(1
2
α2(πsσs −Zs)

2 −απsσsθs −αf(s, Ys−,Zs,Us)

+

∫
R∗

(e−α(πsβs−Us) − 1+α(πsβs −Us))dν(x)
)

ds.

In order to have a supermartingale for every strategy π, it is sufficient to
impose that the finite variation term is decreasing, i.e. that −eA

π
t is decreasing

in t. This happens if the argument of the integral defining Aπt is non negative
for every t and every π.

Aπt =

∫t
0

(
α2

2

∣∣∣∣πsσs −(Zs + θs

α

)∣∣∣∣2 − θ2s
2

−αθsZs −αf(s, Ys−,Zs,Us)

+

∫
R∗

(e−α(πsβs−Us) − 1+α(πsβs −Us))ν(dx)
)

ds

=

∫t
0

(α2
2

∣∣∣∣πsσs −(Zs + θs

α

)∣∣∣∣2 − θ2s
2

−αθsZs −αf(s, Ys−,Zs,Us)

+

∫
R∗
gα(πsβs −Us)ν(dx)

)
ds,

where gα is the real convex function defined by

gα(y) =
eαy −αy− 1

α
.

It is then apparent that, taking f as

f(s, z,u) = inf
π∈A

(
α

2

∣∣∣∣πσs −(z+ θs

α

)∣∣∣∣2 + ∫
R∗
gα(u− πβs)dν

)
−θsz−

|θs|
2

2α
,

(2.8)
the required property is satisfied.

We will later on also use the compact notation | · |α to denote the operator
defined for every u ∈ (L2 ∩ L∞)(ν) by:

|u|α =

∫
R∗
gα(u(x))ν(dx).

The existence of a solution of BSDEs with generators of this type has
already been shown in Morlais (2010), where the author proves for C as in
Definition 2.1 the following

Theorem 2.2 (Morlais, 2008). For any BSDE of the form

Yt = B+

∫T
t
f(s, Ys−,Zs,Us)ds−

∫T
t
Zs dWs −

∫T
t

∫
R∗
Us(x)Ñp(ds, dx).
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with generator f given by

f(s, z,u) = inf
π∈C

(
α

2

∣∣∣∣πσs −(z+ θs

α

)∣∣∣∣2 + |u− πβs|α

)
− θsz−

|θs|
2

2α
, (2.9)

and terminal condition B such that B is a bounded FT−measurable random vari-
able, there exists at least one solution (Y,Z,U) in S∞ × L2(W)× L2(Ñp).

Morlais (2010), as an application to the utility maximization problem, also
gives a characterization of the value function in the vein of the martingale
optimality approach of Hu et al. (2005).
More precisely, the value process at time 0 is given by

V(x) = − exp{−α(x− Y0)},

where Y0 represents the initial value of a solution (Y,Z,U) to the BSDE with
parameters (f,B), for a bounded terminal condition B and a generator of
the given form. This can be achieved using an approximation argument,
approximating the closed constraint set via compact subsets. In particular,
Morlais (2010) proves (see also Lemma 5.8 in Morlais (2007)) that if (fm)m is
the sequence of generators for the compact approximating problems, i.e. for
every m ∈N, fm is defined by:

fm(s, z,u) := inf
π∈Cm

(
α

2

∣∣∣∣πσs −(z+ θs

α

)∣∣∣∣2 + |u(·) − πβs(·)|α

)
−θsz−

|θs|
2

2α
,

with Cm := C∩ [−m,m], for all m ∈N, then the sequence satisfies:

(i) all the BSDEs given by the parameters (fm,B) admit a unique solu-
tion (Ym,Zm,Um), and a comparison result holds for the sequence of
solutions;

(ii) (Ym) is decreasing and the triplet (Ym,Zm,Um) converges in the fol-
lowing sense:

E

[
sup
t∈[0,T ]

|Ymt − Yt|

]
+ |Zm −Z|L2(W) + |Um −U|L2(Ñp)

→ 0, (2.10)

where (Y,Z,U) ∈ S∞ × L2(W)× L2(Ñp) is the solution of the BSDE
with parameters (f,B);

(iii) the following convergence in ds⊗ P-measure holds:

fm(s,Zm,Um)→ f(s,Z,U).

We refer to Morlais (2010) for all the results in the compact case.



2.5 approximation of an optimal strategy 13

2.5 approximation of an optimal strategy

Theorem 2.2 leaves open the problem of whether there exists an optimal
strategy.
We will also show that the limit inferior of such a sequence always yields a
value higher than any admissible strategy does.

To be more precise, we have the following

Proposition 2.3. Let Cm := C ∩ [−m,m] for m ∈ N. Let (πm)m∈N be a se-
quence of strategies optimal in the compact approximating sets, i.e. πm in the class
of admissible strategies defined as in Definition 2.1 but with Cm as constraint set.
Then, if π∗ is an accumulation point of the sequence, i.e. there exists (mn)n∈N

with π∗ = limn→∞ πmn ds⊗ P a.e. it holds

π∗s ∈ argmin
π∈C

(
α

2

∣∣∣∣πσs −(Zs + θs

α

)∣∣∣∣2 + |Us − πβs|α

)
, ds⊗ P-a.e. (2.11)

Proof. Let π∗ = limn→∞ πmn be an accumulation point. Since the conver-
gence in (iii) holds, there exists a sub-sub-sequence (mnk)k∈N such that

fmnk (s,Zmnk ,Umnk )→ f(s,Z,U) ds⊗ P − a.s.

and, since it is a subsequence of a convergent sequence, of course
limk→N π

mnk = π∗.
In the same fashion, we can select the sub-sub-sequence in such a way that
the convergence in (2.10) also holds ds⊗ P-a.s. We can therefore restrict
ourselves to the set M of outer measure 1 where the convergences above
hold for every point, and consider from now on just pairs (s,ω) ∈M.
To simplify the notations, we will directly assume that the sequence (πm)m∈N

converges towards π∗ and that the convergence of the generators in (iii) and
in (2.10) holds on M for the whole sequence. The arguments in the following
will indeed hold when substituting the sub-sub-sequence (πmnk )k∈N to the
sequence (πm)m∈N.

Define for any self-financing strategy π

J(π, s, z,u) :=
α

2

∣∣∣∣πσs −(z+ θs

α

)∣∣∣∣2 + |u(·) − πβs(·)|α.

Since the generators fm correspond to compact constraint sets, every πm

satisfies πm ∈ argminπ∈Cm
(
α
2

∣∣∣πσs − (Zm + θs
α

)∣∣∣2 + |Um(·) − πβs(·)|α
)

and hence

fm(s,Zms ,Ums ) =
α

2

∣∣∣∣πms σs −(Zms +
θs

α

)∣∣∣∣2+ |Ums −πms βs|α−θsZ
m
s −

|θs|
2

2α
.
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We hence have

inf
π∈Cm

J(π, s,Zm,Um) = J(πms , s,Zm,Um)→ inf
π∈C

J(π, s,Z,U). (2.12)

Given (2.12), we then want to show that the limit of predictable strategies
π∗ = limm→∞ πm, which is therefore itself predictable, minimizes the func-
tional defining the generator f(s, z,u).
Basically, we have to show that

J(π∗, s,Zs,Us) = inf
π∈C

J(π, s,Zs,Us). (2.13)

We can decompose the functional in (2.12) in two parts, depending on z and
u respectively:

J(πm, s,Zm,Um) =
α

2

∣∣∣∣πmσs −(Zms +
θs

α

)∣∣∣∣2︸ ︷︷ ︸
I

+ |Ums − πms βs|α︸ ︷︷ ︸
II

Ad (I):
Since the function x 7→ |x|2 is continuous, for the part of the functional
depending on z we have that, taking the limm→∞ and noticing that Zm → Z

a.s., it converges to
α

2

∣∣∣∣π∗σs −(Zs + θs

α

)∣∣∣∣2 .

Ad (II):
Concerning the integral part we have that we are basically considering

lim
m→∞

∫
R∗
Gm(x)dν(x),

where Gm(x) := gα(U
m
s (x) − πms βs(x)). Since |Um −U|L2(Ñp)

→ 0, it con-
verges also in measure and therefore, up to subsequences, ν-a.e. (see e.g.
Bauer (2001) p.120 Exercise 5). If we now recall that gα is a non-negative
continuous function, and that βs and Um are ν-measurable, it is easy to see
that Gm is a sequence of non-negative measurable functions. Fatou’s Lemma
hence applies and∫

R∗
lim
m→∞Gm(x)dν(x) 6 lim

m→∞
∫

R∗
Gm(x)dν(x).

Putting the pieces together, we obtain

inf
π∈C

J(π, s, Y,U) = lim
m→∞(I + II)

>
α

2

∣∣∣∣π∗σs −(Zs + θs

α

)∣∣∣∣2 + ∫
R∗
gα(π

∗
sβs(x) −U

m
s (x))dν(x)

= J(π∗, s, Ys,Us).
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Let us also remark that it cannot be that the only accumulation points of
the sequence (πm)m∈N are ±∞. Indeed, if the sequence (or one of its subse-
quences) would go to ±∞ on a set of positive measure, the quadratic term in
the sequence of generators would explode implying that fm(s,Zms ,Ums )→
+∞, and contradicting the convergence towards f(s,Zs,Us) < ∞ (see
Lemma 7 in Morlais (2009)).
Now, since π∗ is also in C, due to closedness and finiteness, the equality
must hold for every (ω, s) ∈M.
We then have that (2.13) holds ds⊗ dP-a.s..

In a similar way, we can also show the following

Proposition 2.4. With the same notations of Proposition 2.3, there exists a subse-
quence (πmn)n∈N such that π∗ := lim infn→∞ πmn satisfies (2.11).

Proof. We can select from the sequence (πm)m a subsequence such that

• the generators converge in the following sense:

fmn(s,Zmn ,Umn)→ f(s,Z,U) ds⊗ P-a.s..

• (Ymn) is decreasing and the triplet (Ymn ,Zmn , |U|mnL2(ν)) converges

ds⊗ P-a.e. to (Y,Z, |U|L2(ν)), with (Y,Z,U) ∈ S∞ × L2(W)× L2(Ñp),
which is a solution of the BSDE with parameters (f,B).

For π∗ = lim infn→∞ πmn the arguments in the proof of Proposition 2.3 hold,
yielding the thesis.

2.6 submartingale optimality principle

Lemma 2.5 (Morlais (2007) Lemma 5.7). Every predictable strategy satisfying
(2.11) is necessarily also in L2(Ω× [0, T ]).

Proof. To see this, first observe that

α

2

∣∣∣∣π∗sσs −(z+ θ

α

)∣∣∣∣2 |·|α>0
6

α

2

∣∣∣∣π∗sσs −(z+ θ

α

)∣∣∣∣2 + |u− π∗βs|α

π∗∈argminC
6
0∈C

α

2

∣∣∣∣z+ θ

α

∣∣∣∣2 + |u|α
bounded

6
coefficients

C(|z|2 + |u|α).

On the other hand, by the triangle inequality and the inequality (a+ b)2 6

2a2 + 2b2, we have

|π∗|2 6 ‖σ−1‖∞
(
2

∣∣∣∣π∗sσs −(z+ θ

α

)∣∣∣∣2 + 4z2 + 4‖θ‖2∞α2
)

6 ‖σ−1‖∞
[
4

α
C(|z|2 + |u|α) + 4|z|

2 + 4
‖θ‖2∞
α2

]
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Now, it follows from Lemma 2.17 that there exists a C̃ such that

|π∗|2 6 C̃(|z|2 + |u|L2(ν) + 1),

which concludes.

We will need some known results from Stochastic Analysis, which we
write down in the following Lemmas 2.6, 2.8 and 2.10 and Definition 2.9.

Lemma 2.6. A non-negative local supermartingale D s.t. D0 is integrable is a
supermartingale.

Proof. It is a consequence of Fatou’s Lemma.
Let τn ↑ T be a localizing sequence for D.
Then ∀s 6 t it holds

E
[
Dτnt

∣∣Fs] 6 Dτns .

In particular, ∀A ∈ Fs and every K > 0 fixed constant,

E
[
1A∩{Dτns <K}D

τn
t

]
6 E

[
1A∩{Dτns <K}D

τn
s

]
.

We can therefore apply Fatou’s Lemma to the non-negative sequence
(1A∩{Dτns <K}D

τn
t )n on the one side and dominated convergence to the

sequence (1A∩{Dτns <K}D
τn
s )n on the other to obtain

E
[
1A∩{Ds<K}Dt

]
6 lim inf
n→∞ E

[
1A∩{Dτns <K}D

τn
t

]
6 lim inf
n→∞ E

[
1A∩{Dτns <K}D

τn
s

]
= E

[
1A∩{Ds<K}Ds

]
.

Letting K ↑ +∞, monotone convergence gives

E[1ADs] > E[Dt1A]

and therefore D is a proper supermartingale.

Remark 2.7. In particular, as a consequence of Lemma 2.6, every non-negative
local martingale integrable for t = 0 is a supermartingale.

Lemma 2.8. Every submartingale D such that E[DT ] = E[D0] is a martingale.

Proof. Let D be a submartingale such that E[DT ] = E[D0]. Then the expec-
tation is constant, since ∀s 6 t ∈ [0, T ] by the submartingale property it
holds

E[D0] > E[Ds] > E[Dt] > E[DT ]

and therefore the equality must hold.
Moreover, ∀s 6 t, Ds − E[Dt|Fs] is a non-positive random variable (sub-
martingale property) and E[Ds − E[Dt|Fs]] = 0 due to the remark above. It
follows that Ds − E[Dt|Fs] = 0 a.s. and therefore D is a martingale.

Let us recall (cf. e.g. Chapter V in He, Wang & Yan (1992)) the following
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Definition 2.9. Let T be the collection of all stopping times. A measurable
process X is said to be of class (D), if {Xτ1{τ<∞} : τ ∈ T} is a uniformly
integrable family of random variables.

Lemma 2.10. A non-positive local supermartingale of class (D) is a supermartin-
gale.

Proof. Suppose that D is a class (D) local supermartingale. Then there is
a localizing sequence τn ↑ ∞ such that Dτns > E[Dτnt | Fs] for s < t.
Since D is of class (D), uniform integrability can be used to take the limit
n → ∞ on both sides of this inequality, showing that Dt is integrable and
Ds > E[Dt | Fs].

Lemma 2.11. For π ∈ A, (U(Xπt − Yt))t∈[0,T ] is a supermartingale.

Proof. First notice that, thanks to Itô’s formula, (U(Xπt − Yt))t∈[0,T ] is a non-
positive local supermartingale (local martingale + non-increasing part of
finite variation).
If we show that it is a local supermartingale of class (D) by Lemma 2.10 we
can conclude.
First observe that, since {

e−αX
π
τ : τ ∈ T

}
is uniformly integrable (by the very definition of π ∈ A) and Y is uniformly
bounded then {

e−α(X
π
τ−Yτ) : τ ∈ T

}
is also uniformly integrable. This can be seen, for example, by recalling the
definition of uniform integrability:
The family Dτ := e−α(X

π
τ−Yτ), τ ∈ T is uniformly integrable if ∀τ ∈ T and

∀ε > 0 ∃δ > 0 such that ∫
{|Dτ|>δ}

|Dτ|dP 6 ε.

Let now ε > 0. Since (e−αX
π
τ )τ is uniformly integrable, for the strictly

positive value ε‖eαY‖−1∞ there will be a δ̃ > 0 s.t.∫
{|e−αX

π
τ |>δ̃}

e−αX
π
τ 6 ε‖eαY‖−1∞ .

Take δ = δ̃‖eαY‖∞. Then, since
{
e−αX

π
τ eαYτ > δ̃‖eαY‖∞} ⊆ {e−αXπτ > δ̃}∫

{|Dτ|>δ}
|Dτ|dP 6

∫
{|e−αX

π
τ |>δ̃}

|Dτ|dP 6∫
{|e−αX

π
τ |>δ̃}

|e−αX
π
τ |dP‖eαY‖∞ 6 ε‖eαY‖−1∞ ‖eαY‖∞ = ε

and the claimed property is proven.
Therefore, (e−α(X

π
t−Yt))t∈[0,T ] is a local supermartingale of class (D), and

hence a proper supermartingale.
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Proposition 2.12. The value of the portfolio obtained by trading according to any
strategy π∗ characterized by (2.11) is higher than the one obtained along any ad-
missible strategy.

Proof. Note that the square integrability of any strategy π∗ characterized by
(2.11), also implies that the wealth process in (2.3) can be defined.
We will use a “submartingale” criterion to see that the value of the portfolio
obtained by trading according to those strategies is higher than the one
obtained along any admissible strategy. This can be seen by first observing
that the process U(Xπ

∗,x − Y) is a non-positive local martingale, and hence a
submartingale (apply Lemma 2.10 to −U(Xπ

∗,x − Y)). Since on the other side
Lemma 2.11 implies that for every π ∈ A U(Xπ,x − Y) is a supermartingale,
it holds

E[U(XπT −B)] 6 V(x) = E[U(x− Y0)] 6 E[U(Xπ
∗
T − YT )] = E[U(Xπ

∗
T −B)].

2.7 remarks about the existence of an optimal strategy

2.7.1 The issue of optimality

The standard technique to prove optimality is based on BMO (bounded mean
oscillation) arguments. In the following we will give some results in this
direction and explain the issues in the case of a general closed set. While in the
case of continuous martingales the BMO property gives a sufficient condition
for the stochastic exponential to be a uniformly integrable martingale, this is
not the case for right continuous martingales, and conditions on the jumps
must be satisfied in order to obtain the same result.
Let us first recall the definition of a BMO martingale (see e.g. Chapter X in
He et al. (1992)).

Definition 2.13. Let M be a square integrable martingale. Put

‖M‖BMO = sup
τ∈T

√
E[(M∞ −Mτ−1{τ>0})

2]

P(τ <∞)
,

where T is the collection of all stopping times and 0
0 = 0 by convention. M is

then called a BMO martingale if ‖M‖BMO <∞.

One possible criterion is given in the following result, due to Kazamaki
(see e.g. Chapter X in He et al. (1992)).

Lemma 2.14. Let M be a BMO martingale with M0 = 0 such that there exists
a real constant δ ∈ (0, 1] for which ∆M > −1 + δ. Then E(M) is a uniformly
integrable martingale.

Remark 2.15. The result by Kazamaki does not give a necessary and sufficient
condition. Nevertheless, Sekiguchi proved that a general result analogous
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to the continuous case can’t be given in the case with jumps (see Remark
2.3 in Kazamaki (1994)). The topic of uniform integrability of stochastic
exponentials is of course very popular in Financial Mathematics, and it
has been further studied in more recent years (among others, by Protter &
Shimbo (2008a), Kallsen & Shiryaev (2002), Cheridito, Filipović & Yor (2005)).
At least up to our knowledge, there has not been however further research on
conditions based on the BMO property of the martingales involved, which is
rather handy for the formulation of our problem.

In the literature, Lemma 2.14 is used in the following way. Let (Y,Z,U) ∈
S∞ × L2(W)× L2(Ñp) be a solution of the BSDE (2.5).
The process U(Xπ,x

t ) can be represented for π ∈ A multiplicatively1 as

U(Xπ,x
t ) = U0E(M

π
t )e

Aπt

for Aπ a process of finite variation and

Mπt = −α

∫t
0
(πsσs−Zs)dWs+

∫t
0

∫
R∗

(
e−α(πβs(x)−Us(x)) − 1

)
Ñp(ds, dx).

To verify that (2.4) holds for π∗ satisfying (2.11), it is enough to check that
Mπ

∗
t is a BMO martingale satisfying the bound in the hypotheses of Lemma

2.14, since Aπ
∗
t = 0 for π∗ satisfying (2.11).

What we can prove is the following

Lemma 2.16. Let π∗ be a predictable strategy satisfying (2.11), namely

π∗ ∈ argmin
π∈C

(
α

2

∣∣∣∣πσs −(Zs + θs

α

)∣∣∣∣2 + |Us − πβs|α

)
, λ⊗ P − a.e.

with (Y,Z,U) ∈ S∞ × L2(W)× L2(Ñp) being a solution of the BSDE (2.5) with
generator given as in (A.5).
Then

∫·
0 Zs dWs and

∫·
0

∫
R∗ Us(x)Ñp(ds, dx) are BMO martingales.

Proof. Let k be an upper bound for Y. Itô’s formula applied to (Yt − k)
2

yields for stopping times τ 6 T

E

[∫T
τ
|Zs|

2 ds+
∫T
τ

∫
R∗

|Us(x)|
2ν(dx)ds

∣∣∣Fτ
]
= (2.14)

E[(B− k)2|Fτ] − (Yτ − k)
2 − 2E

[∫T
τ
(Ys − k)f(s,Zs,Us)ds

∣∣∣Fτ
]

.

Using this inequality we can now show:
Step 1:

∫·
0 Zs dWs is a BMO martingale.

Observe that it holds:

−f(s, z,u) 6 zθt +
1

2α
|θt|

2.

1 For details about this representation see Section 2.4.
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From this and from (2.14) follows that there exist non-negative constants
c1, c2, c̃1 such that

E

[∫T
τ
|Zs|

2 ds
∣∣∣Fτ
]
6 c1 + c2E

[∫T
τ
|Zs + 1|ds

∣∣∣Fτ
]

6 c̃1 +
1

2
E

[∫T
τ
|Zs|

2 ds
∣∣∣Fτ
]

and therefore
∫·
0 Zs dWs is a BMO martingale.

Step 2:
∫·
0

∫
R∗ Us(x)Ñp(ds, dx) is a BMO martingale.

Again starting from (2.14), we can use Step 1 to obtain a bound on the right
hand side. Thanks to the compensation formula for conditional expectations
(see e.g. Kyprianou (2006), Corollary 4.5)

E

[∫T
τ

∫
R∗

|Us(x)|
2ν(dx)ds

∣∣∣Fτ
]
= E

[∫T
τ

∫
R∗

|Us(x)|
2N(ds, dx)

∣∣∣Fτ
]

and therefore we have a bound on the conditioned increments of the quadratic
variation of

∫·
0

∫
R∗ Us(x)Ñp(ds, dx).

The BMO property then follows from the fact that the jumps of∫·
0

∫
R∗ Us(x))Ñp(ds, dx) are the jumps of Y, and hence are bounded.

To be able to use the previous result, one needs to reduce the BMO property
of Mπ to the BMO properties of

∫·
0 Zs dWs and

∫·
0

∫
R∗ Us(x)Ñp(ds, dx). A

result in this direction is given in the following

Lemma 2.17. Let g(1),g(2) : R → R be two continuous non-negative functions
whose only zero is at the origin, with the property that ∃ε > 0, and two constants
c1, c2 > 0 such that

c1g
(1)(h) 6 g(2)(h) 6 c2g

(1)(h) for |h| < ε.

For a process H which is bounded it holds that ∃ C > 0 such that

1

C
E

[∫T
0

∫
R∗
g(1)(Hs(x))ν(dx)ds

]
6 E

[∫T
0

∫
R∗
g(2)(Hs(x))ν(dx)ds

]

6 CE

[∫T
0

∫
R∗
g(1)(Hs(x))ν(dx)ds

]
.

Moreover, for every stopping time τ taking values in [0, T ] it holds

1

C
E

[∫T
τ

∫
R∗
g(1)(Hs(x))Np(ds, dx)

∣∣Fτ
]
6

E

[∫T
τ

∫
R∗
g(2)(Hs(x))Np(ds, dx)

∣∣Fτ
]
6

CE

[∫T
τ

∫
R∗
g(1)(Hs(x))Np(ds, dx)

∣∣Fτ
]

.
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Proof. Let ε be as in the hypothesis. We have that

c1E

[∫T
0

∫
{|Hs(x)|<ε}∩R∗

g(1)(Hs(x))ν(dx)ds

]
6

E

[∫T
0

∫
{|Hs(x)|<ε}∩R∗

g(2)(Hs(x))ν(dx)ds

]
6

c2E

[∫T
0

∫
{|Hs(x)|<ε}∩R∗

g(1)(Hs(x))ν(dx)ds

]
.

On the other hand, the only zero of the two functions is in zero, and since H
is bounded ∃c3, c4 > 0 such that

c3 6
g(2)(Hs(x))

g(1)(Hs(x))
6 c4 (2.15)

on the set {|Hs(x)| > ε}.
Summing up, we obtain that

(c1 ∧ c3)

(
E

[∫T
0

∫
{|Hs(x)|<ε}∩R∗

g(1)(Hs(x))ν(dx)ds

]
+

E

[∫T
0

∫
{|Hs(x)|>ε}∩R∗

g(1)(Hs(x))ν(dx)ds

])
6

E

[∫T
0

∫
R∗
g(2)(Hs(x))ν(dx)ds

]
6

(c2 ∨ c4)

(
E

[∫T
0

∫
{|Hs(x)|<ε}∩R∗

g(1)(Hs(x))ν(dx)ds

]
+

E

[∫T
0

∫
{|Hs(x)|>ε}∩R∗

g(1)(Hs(x))ν(dx)ds

])
.

The second statement follows from the same argument applied to the integral
with respect to Np(dx, ds) on each set A ∈ Fτ (instead of the expectation).

Remark 2.18. From Lemma 2.17 follows that a process of the form∫T
0

∫
R∗ g

(1)(Hs(x))Ñp(dx, ds) is in BMO if and only if∫T
0

∫
R∗ g

(2)(Hs(x))Ñp(dx, ds) is, provided that H satisfies the hypotheses of
Lemma 2.17.
To see this, just observe that the jumps of the one are bounded if and only if
the jumps of the other are, since as in the Lemma it is easy to verify that

(c1 ∧ c3)g
(1)(Hs(∆Ls)) 6 g

(2)(Hs(∆Ls)) 6 (c2 ∨ c4)g
(1)(Hs(∆Ls)),

for L a Lévy process with jump measure Np(ds, dx).
The statement follows from He et al. (1992) Theorem 10.9.

Remark 2.19. The assumption on the boundedness of H can be relaxed by
assuming that the process Hs is bounded for every (s,ω) fixed and assuming
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that there exist processes c3, c4 ∈ L1([0, T ]×Ω) such that Equation (2.15)
holds.

Proposition 2.20. Let π∗ be characterized by (2.11) and define for every m ∈ N

km := minCm, Km := maxCm, where Cm := C ∩ [−m,m]. Define a sequence
of bounded strategies as follows

π(m) := km ∨ π∗ ∧Km, m ∈N. (2.16)

Then every π(m) is admissible, i.e. π(m) ∈ A.

Proof. We prove the admissibility for every bounded strategy π which is in
L2 and takes values in C.
One can easily see that the two integrals adding up to Mπt ,

∫t
0(πsσs −

Zs)dWs and
∫t
0

∫
R∗
e−α(πβs(x)−Us(x))−1

α Ñp(ds, dx), have zero quadratic co-
variation, and therefore it is enough to check separately the BMO property
of the single terms.
By Lemma 2.17

∫t
0

∫
R∗
e−α(πβs(x)−Us(x))−1

α Ñp(ds, dx) is a BMO martingale if
and only if

∫t
0

∫
R∗(πβs(x) −Us(x))Ñp(ds, dx) is. The previous arguments

together with analogous observations also imply that it is enough to show
the BMO property for the martingale

−α

(∫t
0
(πsσs −Zs)dWs +

∫t
0

∫
R∗

(πβs(x) −Us(x))Ñp(ds, dx)
)

.

But due to Lemma 2.16 this is true, since∫·
0 πsσs dWs +

∫·
0

∫
R∗ πsβs(x)Ñp(ds, dx) is a BMO martingale.

Remark 2.21. One could think of a convergence approach to show that the
strategy π∗ is also in BMO.
Indeed, since the space of BMO martingales is a Banach space, one possible
way could be to show that N :=

∫·
0 π
∗
sσs dWs +

∫·
0

∫
R∗ π

∗
sβs(x)Ñp(ds, dx) is

a limit of BMO martingales in the BMO-norm.
Then the sequence

N(m) :=

∫ ·
0
π
(m)
s σs dWs +

∫ ·
0

∫
R∗
π
(m)
s βs(x)Ñp(ds, dx)

with π(m) defined in (2.16) is a sequence of BMO martingales.
We want to show that ‖N −N(m)‖BMO → 0 as m → ∞. Using He et al.
(1992), Lemma 10.7 and Lemma 10.8, this follows from the existence of a
sequence (cm)m∈N, cm → 0 such that, for every stopping time τ ∈ T :=

{τ stopping time with values in [0, T ]},

E

[∫T
τ
(π∗s − π

(m)
s )2σ2s ds+

∫T
τ

∫
R∗

(π∗s − π
(m)
s )2(βs(x))

2ν(dx)ds
∣∣∣Fτ
]

+ (∆(N−N(m))τ)
2

6cm.
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Since the coefficients σ,β are assumed to be bounded and square integrable,
the first addend will converge to zero as a consequence of the L2-convergence
of the strategies relative to the compact sets towards π∗, which in turn follows
from the monotonicity of the sequence (π(m)) and the L2-bound given in
Proposition 2.5.
The second addend, on the other way, causes troubles, since the jumps of N
could be unbounded.

We head instead again for a martingale approach.

Theorem 2.22. Any strategy π∗ characterized as in Proposition 2.3 is optimal.

Proof. Since, thanks to Propositon 2.3 the strategy π∗ satisfies (2.11), it is
enough to show admissibility, i.e. π∗ ∈ A.
Indeed we already know that π∗ is in L2 and U(Xπ

∗,x− Y) is a submartingale
(see Proposition 2.12), and hence

E[U(XπT −B)] 6 V(x) = E[U(x− Y0)] 6 E[U(Xπ
∗
T − YT )] = E[U(Xπ

∗
T −B)].

We first prove that U(Xπ
∗,x − Y) has constant expectation.

This follows if we can find a sequence (πm)m ⊆ A such that

E[U(Xπ
m,x
T −B)]→ E[U(Xπ

∗
T −B)].

By assumption, π∗ is an accumulation point of a sequence of optimal strate-
gies for some approximating compact sets. Without loss of generality, we can
assume that limm→∞ πm = π∗, where the πm are given as in Proposition
2.3.
But then, since (πm)m are optimal for their compact-constrained problems
and at the same time in A,

E[U(x− Y0)] > E[U(Xπ
m

T −B)] = U(x− Ym0 ) ↑,

i.e. the integrals are uniformly bounded and non-decreasing.
Here πm → π∗ a.s. and π∗ ∈ L2 due to Lemma 2.5. Moreover, as in the proof
of Lemma 2.5 it is possible to show that ∀m

|πm|2 6 C̃(|Zm|2 + |Um|L2(ν) + 1),

where C̃ is a constant depending only on the coefficients of the model.
In particular, due to the L2(Ω× [0, T ])-convergence of the right hand side
towards C̃(|Z|2 + |U|L2(ν) + 1), the L2-norms of the πm’s are uniformly
bounded:

sup
m∈N

E

[∫T
0
|πmt |dt

]
6 E

[
K(|Z|2 + |U|L2(ν) + 1)

]
=: K̃ < +∞

for some constant K.
We now want to prove that this family is actually uniformly integrable and
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therefore derive that the convergence also holds in L2. To ease the notations
let us denote µ := P⊗ λ|[0,T ].
Fix ε > 0. Let δ := ε

K̃
. If A ⊆ Ω× [0, T ] is a measurable set with µ(A) < δ we

hence have∫
A
|πm|2 dµ 6 C̃

∫
A
(|Zm|2 + |Um|L2(ν) + 1)dµ 6 δK̃ 6 ε.

So the sequence (πm)m converges a.s. and in L2 towards π∗.
Now, the L2-convergence implies that

U(Xπ
m

T −B)→ U(Xπ
∗
T −B) a.s.

which means that U(Xπ
m

T − B) converges in L1 and a.s., so the limits must
agree yielding

E[U(Xπ
∗
T −B)] = U(x− Y0).

But then U(Xπ
∗
− Y) is a submartingale with constant expectation and there-

fore a martingale by Lemma 2.8. Moreover, it is closed and hence uniformly
integrable. Since Y is bounded, this implies that (2.4) holds (same arguments
as in the proof of Lemma 2.11), and in turn that π∗ ∈ A.

Remark 2.23. In the proof of Theorem 2.22 we can actually also prove that
a sort of “squeeze theorem” holds. Indeed, we know that the sequence is
dominated by a converging sequence in L2.
Let (fm) and (gm) be two sequences of measurable functions such that
fm → f a.s. and gm → g in L2 and such that a.s.

|fm|2 6 |gm|2.

Then fm → f in L2.
Up to subsequences, we can assume that the gm’s also converge a.s. and
restrict ourselves to the set of full measure where the convergence holds in
every point and the gm’s are finite.
The proof of the dominated convergence theorem then works in this case,
the main idea being the following:

• the sequence |gm|2 − |fm|2 being a sequence of non-negative functions,
Fatou’s Lemma applies, and therefore

lim inf
n→∞

∫
(|gm|2 − |fm|2)dµ >

∫
lim inf
n→∞ (|gm|2 − |fm|2)dµ

=

∫
(|g|2 − |f|2)dµ,

which yields

lim sup
n→∞

∫
|fm|2 dµ 6

∫
|f|2 dµ
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• the same argument applied to the non-negative sequence |gm|2 + |fm|2

yields

lim inf
n→∞

∫
|fm|2 dµ >

∫
|f|2 dµ

• combining the two we obtain∫
|f|2 dµ 6 lim inf

n→∞
∫
|fm|2 dµ 6 lim sup

n→∞
∫
|fm|2 dµ 6

∫
|f|2 dµ.

Taking fm = πm and gm = C̃
∫
A(|Z

m|2 + |Um|L2(ν) + 1) concludes the proof
of Theorem 2.22.





3
W E L L - P O S E D E N E S S O F A U T I L I T Y M A X I M I Z AT I O N
P R O B L E M F O R M U L AT E D V I A B S D E S I N A J U M P
M A R K E T M O D E L

3.1 introduction

In the context of utility maximization, exponential utility has been widely
used because of its nice analytic tractability. In particular, it shows funda-
mental separation properties when dealing with contingent claims.
For Itô-diffusion and continuous martingale models, backward stochastic
differential equations (BSDEs for short) methods have been applied in order
to relax the assumption of convexity on the constraint set in the seminal
paper by Hu et al. (2005) as well as in many following papers by various
authors. Hu et al. (2005) rely on the so-called “martingale optimality princi-
ple” to derive a BSDE characterizing the solution of the problem. The first
paper using this methodology in the context of utility maximization in the
presence of jumps, at least to the best of our knowledge, is Becherer (2006).
Becherer (2006) considers again an Itô-diffusion market model, but relaxes
the assumptions on the filtration. This is assumed to be the natural filtration
generated by a multidimensional Brownian motion and an independent
integer-valued random measure. Morlais (2009) and Morlais (2010) extend
the results to the case of a Lévy-Itô diffusion model, i.e. allow also jumps in
the stock price process. In all the above mentioned papers, a fundamental
assumption is that the Gaussian covariance matrix is striclty positive-definite,
which ensures the existence of an equivalent martingale measure. In absence
of a Gaussian component in the dynamics of the price, additional conditions
on the Lévy measure and the drift term need to be imposed for the model
to admit an equivalent (local) martingale measure (see e.g. Bardhan & Chao
(1996); Protter & Shimbo (2008b); Kardaras (2009)).
The purpose of this chapter is to analyze the “complementary” case to the
one proposed in Becherer (2006), namely when the stock price is a Lévy-
driven pure jump process and the filtration is generated by its associated
jump measure and an independent Brownian motion. In this setting, we
construct a BSDE by means of the martingale optimality principle and give
conditions for the corresponding generator to be well-defined. Let us also
mention here that these conditions turn out in some cases (e.g. finite activ-
ity of the jump measure) to imply no free lunch with vanishing risk. The
motivation driving our work comes from an application. We are indeed in-
terested in investigating a cross-hedging problem in the case where the stock
price is described by a pure jump process but the investor wants to hedge
a derivative on another (illiquid) asset. Imagine that the price of this asset

27
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is strongly correlated with the price of the stock, but that their logspread is
not constant and exhibits a mean reverting behaviour. This is in the present
chapter modeled by a market where the stock price is a Lévy-driven pure
jump process and the logspread follows an Ornstein-Uhlenbeck process.

The remainder of the chapter is structured as follows. In Section 3.2
we introduce the model. Section 3.3 deals with the well-posedness of the
optimization problem and, in particular, Theorem 3.3 gives conditions on the
market parameters under which the problem is well-defined. In Section 3.4
we illustrate an example of a cross-hedging problem where explicit solutions
can be obtained, under the assumption that the claim is logarithmic in the
price of the illiquid asset. Finally, in Section 3.5 we discuss the difficulties of
extending the approach of Section 3.4 to more general claims.

3.2 the market model

Assume (Ω,F, (Ft)t∈[0,T ], P) to be a filtered probability space with T > 0 a
finite time horizon and a filtration (Ft)t∈[0,T ] satisfying the usual conditions.
Assume that the above filtration is generated by the following two processes,
independent of each other:

• a standard (one-dimensional) Brownian motion (Wt)t∈[0,T ];

• a real-valued Poisson point process p with associated counting measure
Np(dt, dx), and compensator N̂p(dt, dx) = ν(dx)dt, where the Lévy
measure ν is positive and satisfies

ν({0}) = 0, and
∫

R∗
(1∧ |x|2)ν(dx) <∞. (3.1)

Let Ñp denote its compensated counting measure.

Here, we denote by R∗ := R \ {0}. F is hence the right-continuous filtration
generated by the two processes, and completed by the P-null sets. Denote by
P = P(Ft) its associated predictable σ-algebra on [0, T ]×Ω.
We define the following spaces:

S∞(R) :=
{
(Yt)t∈[0,T ] adapted, with cádlág paths s.t. ess sup

t,ω
|Yt(ω)| <∞}

L2(W) :=
{
(Zt)t∈[0,T ] predictable s.t. E

[∫T
0
|Zs|

2 ds

]
<∞}

L2(Ñp) :=
{
(Ut)t∈[0,T ] P⊗B(R∗)-measurable s.t.

E
[ ∫

[0,T ]×R∗
|Us(x)|

2ν(dx)ds
]
<∞}

For a measure ν on R \ {0} we define L0(ν) as the space {u : R → R \ {0}},
equipped with the (local) topology of the convergence in measure (see e.g.
Bauer (2001), §20, Part II);
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L2(ν) := {u ∈ L0(ν) such that
∫

R∗ |u(x)|
2ν(dx) <∞};

L∞(ν) := {u ∈ L0(ν) such that u takes bounded values ν-almost surely}.
Consider a market model consisting of a riskless asset, taken as numeraire,
and a risky asset whose discounted price process S = (St)t∈[0,T ] evolves
according to the following SDE:{

dSt = St−

(
ϕt dt+

∫
R∗ ψt(x)Ñp(dt, dx)

)
, ∀t ∈ [0, T ]

S0 = s ∈ (0,∞),
(3.2)

for ϕ, ψ uniformly bounded predictable processes with ψ ∈ L2(ν), and
ψ > −1 P−a.s. at every time. The latter assumption ensures that the price
stays strictly positive.
In this framework, we want to hedge a position at the terminal time T , i.e.
we know that we will have to pay an FT -measurable amount B. We want
to maximize the expected utility of the terminal wealth. The wealth process
Xx,π is composed of the initial capital x ∈ R, and gains from trading with
a self-financing strategy π in the market. The strategy π corresponds to the
amount of money invested in the stock, the number of shares is πt/St.

The wealth process for an initial capital x at time t solves the equation

Xπ,t,x
s = x+

∫s
t
πr

dSr
Sr−

, ∀s ∈ [t, T ].

It then holds that the dynamics of the wealth process can be rewritten as{
dXπ,t,x = πsϕs ds+

∫
R∗ πsψs(x)Ñp(ds, dx), ∀s ∈ [t, T ]

Xπ,t,x
t = x.

(3.3)

To ease the notation, we will sometimes omit one or more superscripts in the
wealth process, the parameters being implicitely fixed. If not specified, the
initial time is assumed to be t = 0.
We want to solve the following maximization problem

V(x) = sup
π∈A

E[U(Xπ,0,x
T −B)], x ∈ R

where U(x) = − exp(−αx) is the exponential utility function, α ∈ (0,∞) the
risk aversion parameter, and A is a fixed set of admissible trading strategies
characterized according to the following

Definition 3.1. Let C be a closed set in R with 0 ∈ C. The set of admissible
strategies A consists of all predictable processes π = (πt)t∈[0,T ] ∈ L2(Ñp),
taking values in C λ⊗ P−a.s. such that the set

{exp {−αXπτ } s.t. τ is a stopping time with values in [0, T ]} (3.4)

is a uniformly integrable family.
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Here, λ denotes the Lebesgue measure on R.

Remark 3.2. We do not discuss yet the absence of arbitrage on the market
model.
The “no free lunch with vanishing risk” property would require additional
assumptions on the drift and/or the Lévy measure (see Bardhan & Chao
(1996); Protter & Shimbo (2008b); Kardaras (2009) among many others).

Define a dynamic version of the value function associated to the problem
as follows

Vt(x) = sup
π∈A

E[U(Xx,t,π
T −B)], x ∈ R, t ∈ [0, T ]. (3.5)

We will describe the solution to this problem by a BSDE of the type:{
−dYt = f(t, Yt,Zt,Ut)dt−Zt dWt −

∫
R∗ Ut(x)Ñ(dt, dx), ∀t ∈ [0, T)

YT = B.
(3.6)

A BSDE is determined by a terminal condition (in this case the claim B) and
a generator. One can determine the generator via the “martingale optimality
principle” as follows (cf. Appendix B):
Decompose the process U(Xx,π

t − Yt) in such a way that it is a supermartin-
gale for every admissible π and a martingale for an admissible strategy π∗.
We start by applying Itô’s formula to the function U composed with the
process Xx,π − Y and recalling (3.3). We then obtain

dU(X− Y)t =U(Xt− − Yt−)

{∫
R∗

(e−α(πsψs(x)−Us(x)) − 1)Ñ(dt, dx)

+αZt dWt −αf(t, Yt,Zt,Ut)dt−απtϕt dt+
1

2
α2|Zt|

2 dt

+

∫
R+

(
e−α(πtψt(x)−Ut(x))−1+α(πtψt(x) −Ut(x))

)
ν(dx)dt

}
.

We want to choose the generator f in such a way that the process above is a
supermartingale for every admissible strategy. We hence look at the finite
variation part which can be seen to be of the form −eA

π
t (cf. Section 2.4)

where

Aπt =

∫t
0

[(
1

2
α2Z2s −απsϕs −αf(s, Ys,Zs,Us)

)

+

∫
R∗
αgα(Us(x) − πsψs(x))ν(dx)

]
ds

and gα is the real convex function defined by

gα(y) =
eαy −αy− 1

α
.
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In particular, the supermartingale property translates in requiring that the ar-
gument of the integral defining Aπ is non-negative. To satisfy the martingale
optimality principle we therefore choose the generator f as follows:

f(t,y, z,u) = f(t, z,u) : = inf
π∈C

{
α

2
|z|2 +

∫
R∗
gα(u(x) − πψs(x))ν(dx) − πϕs

}
= inf
π∈C

{∫
R∗
gα(u(x) − πψs(x))ν(dx) − πϕs

}
+
α

2
|z|2.

(3.7)

3.3 well-posedness of the optimization problem

At a first glance, it is immediate to ask whether the generator in Equation
(A.5) is well-defined, since we are taking the infimum of a function with a
negative linear term. We will determine conditions for the problem to be
well-posed.
In the previous section we led the optimization problem back to the con-
struction of a BSDE with a specific generator, given in Equation (A.5). The
infimum in the definition of the generator is attained if the argument, as
a function of π ∈ C, admits a minimum belonging to the closed set. The
study of this minimization problem then leads to conditions on the market
parameters. This is the content of the following

Theorem 3.3. Let T + be the set of (t,ω) ∈ [0, T ]×Ω such that ν({ψt < 0}) = 0
(i.e. the jump sizes are non-negative). Similarly, let T − be the set of (t,ω) ∈
[0, T ]×Ω such that ν({ψt > 0}) = 0 (i.e. the jump sizes are non-positive). Assume
that

• ϕt <
∫

R∗ ψt(x)ν(dx) ∀(t,ω) ∈ T +,

• ϕt >
∫

R∗ ψt(x)ν(dx) ∀(t,ω) ∈ T −.

Then for every u ∈ L2(ν)∩ L∞(ν) the function λ : C→ R defined as

λ(π) =

∫
R∗
gα(u(x) − πψt(x))ν(dx) − πϕt

admits a minimum (in C).

We will first need a lemma guaranteeing that differentiability under the
integral sign is allowed.

Lemma 3.4. The function π 7→
∫

R∗ gα(u(x) − πψ(x))ν(dx) is holomorphic and
may be differentiated under the integral sign, for every u,ψ ∈ L2(ν) ∩ L∞(ν)
B(R∗)−measurable.

Proof. The result follows from results of differentiability under the integral
sign (see e.g. Mattner (2001)), thanks to the following properties:

1) gα(u(·) − πψ(·)) is B(R∗)−measurable for every π ∈ R.
This simply follows from the fact that both u and ψ are mesaurable
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functions and the affine transformation as well as the function gα are
measurable operations.

2) π 7→ gα(u(x) − πψ(x)) is holomorphic for every x ∈ R∗.
This follows from the fact that this function is the composition of the
holomorphic function gα with an affine function of the argument.

3)
∫

R∗ |gα(u(x) − πψ(x))|ν(dx) is locally bounded in π.
Indeed, the function π 7→ gα(u(x) − πψ(x)) is non-negative, continuous
and concave and achieves its maximum at the boundary in every compact
set. Moreover this maximum is integrable, since u,ψ ∈ L2(ν) ∩ L∞(ν)
and the function gα is quadratic around 0, which yields that gα(u(x) −
πψ(x)) ∈ L1(ν).

Proof. Fix t ∈ [0, T ].
A sufficient condition for the optimization problem to be well-posed, is that
the function λ above admits a minimum point in the closed set C.
Lemma 3.4 implies that λ is an holomorphic function of π and moreover
allows us to differentiate under the integral sign. Differentiating, we get

λ ′(π) =

∫
R∗
ψt(x)

(
1− e−α(πψt(x)−u(x))

)
ν(dx) −ϕt.

Lemma 3.4 again guarantees that λ ′ is differentiable, λ ′′ is continuous and it
is given by

λ ′′(π) =

∫
R∗
α(ψt(x))

2e−α(πψt(x)−u(x))ν(dx) > 0.

This implies that λ ′ is increasing and that λ is a convex function. Thanks to
convexity, we have that λ admits a minimum if λ(π)→ +∞ for π→ ±∞.

If we show that λ ′ has a zero and λ ′ 6= 0 for ‖π‖ big enough, we can
conclude, since then:

• λ ′ is bounded from below and strictly positive for values of π big
enough, which implies that λ ↑ +∞ for π→ +∞

• λ ′ is bounded from above and negative for values of π small enough,
which implies that λ ↑ +∞ for π→ −∞.

We will need to distinguish two cases:
Case 1: Assume that ν({ψt > 0}) > 0 and ν({ψt < 0}) > 0.
Under this assumption, for π 6 0, the following inequality holds

λ ′′(π) >
∫
{ψt>0}

α(ψt(x))
2e−α(πψt(x)−u(x))ν(dx)

>
∫
{ψt>0}

α(ψt(x))
2eαu(x)ν(dx) > 0
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and on the other hand for π > 0 we have that

λ ′′(π) >
∫
{ψt<0}

α(ψt(x))
2e−α(πψt(x)−u(x))ν(dx)

>
∫
{ψt<0}

α(ψt(x))
2eαu(x)ν(dx) > 0.

It follows that λ ′′ is everywhere bounded from below by a positive number,
and hence limπ→+∞ λ ′(π) = +∞ and limπ→−∞ λ ′(π) = −∞, and λ ′ hits the
origin.
Case 2: Assume that either ν({ψt > 0}) = 0 or ν({ψt < 0}) = 0.
By symmetry, it is enough to consider ν({ψt > 0}) > 0 and ν({ψt < 0}) = 0.
In this case it still holds that limπ→−∞ λ ′(π) = −∞, but as π→ +∞ its limit
is not necessarily +∞.
If
∫
{ψt>0}

ψt(x)ν(dx) = +∞,

lim
π→+∞ λ ′(π) = lim

π→+∞
∫
{ψt>0}

ψt(x)
(
1− e−α(πψt(x)−u(x))

)
ν(dx) −ϕt

=

∫
{ψt>0}

ψt(x)ν(dx) −ϕt = +∞,

where in the first equality we used Lemma 3.4.
If
∫
{ψt>0}

ψt(x)ν(dx) < +∞, under the assumption that
ϕt <

∫
{ψt>0}

ψt(x)ν(dx), λ ′ is again continuous and increasing and

lim
π→+∞ λ ′(π) =

∫
{ψt>0}

ψt(x)ν(dx) −ϕt > 0.

Therefore by the mean value theorem we can conclude.

As a corollary of the previous result, we obtain the well-posedness of the
generator in (A.5).

Remark 3.5. It turns out that the assumptions of Theorem 3.3 are in some
special cases sufficient to have the no free lunch with vanishing risk condition.
Indeed Bardhan & Chao (1996) prove it under the assumption that N has
finite activity (cf. Theorem 5.2 in Bardhan & Chao (1996)) and Cont & Tankov
(2004) in the case of exponential Lévy models (cf. Proposition 9.9 in Cont &
Tankov (2004)). In this latter case, the conditions are even necessary.

Under the assumptions of Theorem 3.3, we can analyze the optimization
problem. To do this, we need to solve the BSDE (3.6) with generator as in
(A.5).
If the optimal strategy π∗ is known, one can write an explicit representation
for the corresponding BSDE (see Appendix D). In general, however, the
optimal strategy is not known and one would first derive a solution (Y,Z,U)
to (3.6) and than the optimal strategy by minimizing∫

R∗
gα(Us(x) − πψs(x))ν(dx) − πϕs
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over all π ∈ C. In the next section, we will give an example of market model
where explicit solutions, and therefore the correspondent optimal strategies,
can be found.

3.4 cross-hedging in a jump market model

In the same market model as in the previous section, consider an additional
illiquid asset with price process (It)t∈[0,T ] and assume that we want to hedge
a position B = h(IT ) at the terminal time, for a payoff function h : R→ R to
be specified later.
We assume that the stock is given as in the previous sections whereas the
logspread (Ξt = logSt − log It)t∈[0,T ] has dynamics given in terms of the
one dimensional independent Brownian motionW and has continuous paths.
It is well-known (cf. e.g. Kallsen & Shiryaev (2002)) that the stochastic
exponential can always be represented as a classical exponential of an-
other process, denoted here by N := logS. With this notation we have that
I = exp(N− Ξ).
Let now F = (Ft)t∈[0,T ] be the right-continuous filtration generated by the
two processes, and completed by the P-null sets.
This setting can be e.g. suitable for a company that wants to hedge itself
against losses for a massive rise in the price of a needed commodity. A
classical example is the one of “fuel hedging”, where a company needs to
buy jet fuel on a regular basis, e.g. an airline company. If no futures on the
needed commodity are available in the market, the company could think
of buying futures in another commodity whose price is strongly correlated
with the price of the needed one (in the example above, the company could
decide to buy futures on crude oil, which is needed in the production of
fuel). We assume that the logspread of the two prices evolves according to a
diffusion, but has a mean reverting behaviour.

3.4.1 Explicit solutions of FBSDEs with affine forward dynamics

Take the couple R = (N,Ξ) as source of uncertainty.
The discounted logarithmic price process will have dynamics{

dNt = βdt+
∫

R∗ γ(x)Ñp(dt, dx), ∀t ∈ [0, T ]
N0 = n

(3.8)

where γ := log(ψ+ 1) and β := ϕ−
∫

R∗(e
γ(x) − 1− γ(x))ν(dx). Assume

that β,γ are deterministic and time-independent, and that ϕ,ψ satisfy the
hypotheses of Theorem 3.3. Assume also that the logspread satisfies{

dΞt = −BΞt dt+ ΣdWt, ∀t ∈ [0, T ]
Ξ0 = ξ,

(3.9)
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where B,Σ are real constants, Σ > 0.
The assumption on the dynamics of the logspread gives the process R an
important property: Since the first component is a Lévy process, and the
second is an Ornstein-Uhlenbeck process, the risk source driving the forward
equation of the considered FBSDE turns out to be an affine process.
This family of processes is particularly tractable. In fact, there exist some
results on explicit solutions to FBSDEs when the forward process is affine,
see Richter (2014). In this case, the wealth process has dynamics

dXx,π
t =πt

(
β+

∫
R∗

(eγ(x) − 1− γ(x))ν(dx)
)

︸ ︷︷ ︸
ϕ

dt+

πt

∫
R∗

(eγ(x) − 1)︸ ︷︷ ︸
ψ(x)

Ñp(dx, dt).

We will consider a system of a forward and a backward stochastic differential
equations (FBSDE) where the forward process is given by the R2−valued
process

Rt =

(
Nt

Ξt

)
. (3.10)

with

dRt =

β︷ ︸︸ ︷(
β

0

)
dt+

B︷ ︸︸ ︷(
0 0

0 −B

)(
Nt

Ξt

)
dt

+

∫
R∗

(
γ(x)

0

)
︸ ︷︷ ︸

γ

Ñp(dt, dx) +

(
0

Σ

)
︸ ︷︷ ︸
Σ

dWt

The generator is obtained as in the previous section by imposing the
supermartingale condition on the utility of (Xt − Yt), where for Yt, due
to the martingale representation property of the filtration, we assume the
dynamics{

−dYt = f(t, Yt−,Zt,Ut)dt−Zt dWt −
∫

R∗ Ut−(x)Ñp(dt, dx),
YT = G(exp(NT − ΞT )).

(3.11)
As shown in Section 3.2, the generator has to be taken according to (A.5).
We will first assume that the infimum in (A.5) is attained at some optimal
strategy π∗ ∈ A. Then

f(t,Zt,Ut) =
∫

R∗
gα (Ut(x) − π

∗
tψ(x))ν(dx) − π∗tϕ+α

|Zt|
2

2
, (3.12)

where ϕ = β+
∫

R∗(e
γ(x) − 1− γ(x))ν(dx), ψ := exp(γ) − 1 and (Y,U,Z) is

a solution of the BSDE with generator f and terminal condition B = h(IT ) =
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F(RT ), for F(n, s) := h(exp(n− s)).
We will see that the above assumption does not lead to cyclic arguments.
The idea is now to use the approach described in Richter (2014) for processes
in the positive semidefinite matrices to find an explicit solution for the
studied FBSDE making an affine ansatz. Since we are considering here a
slightly different generator, we will directly give the proof.

Proposition 3.6. Let Γ : [0, T ]×R2 → R2 andω(·,a, v) : [0, T ]→ R be solutions
to the following generalized Riccati equations{

−∂Γ∂t (t,a) = B∗Γ(t,a), ∀t ∈ [0, T)
Γ(T ,a) = a

(3.13)


−∂ω∂t (t,a, v) = 〈Γ(t,a),β〉− π∗tϕ+

∫
R∗ gα

(
〈Γ(t,a),γ(x)〉− π∗tψ(x)

)
ν(dx)

+α
‖ΣΓ(s,a)‖2

2 ∀t ∈ [0, T)
ω(T ,a, v) = v,

(3.14)

for a ∈ R2 and v ∈ R some constant initial conditions. Here B∗ denotes the adjoint
operator of B.
Then, for every (t,a, v) ∈ [0, T ]×R2 ×R,

Yt =

〈
Γ(t,a),

(
Nt

Ξt

)〉
+ω(t,a, v)

Zt = 〈Γ(t,a),Σ〉
Ut(x) = 〈Γ(t,a),γ(x)〉

(3.15)

solves the BSDE (3.11) with terminal condition

F(NT ,ΞT )

and generator

f(t, z,u) =
∫

R∗
gα(u(·) − π∗ψ(·))dν− π∗ϕ+α

|z|2

2
,

where

F(n, s) =

〈
a,

(
n

s

)〉
+ v.

Proof. Recall that Rt = (Nt,Ξt) satisfies

dRt = βdt+BRt dt+ ΣdWt +
∫

R∗
γ(x)Ñp(dt, dx) (3.16)
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and that the generator is given as in (3.12).
The ansatz Yt = 〈Γ(t,a), (Nt,Ξt)T 〉+ω(t,a, v) together with an application
of Itô’s (backwards) Formula, yields

Yt =〈Γ(t,a),Rt〉+ω(t,a, v) Itô
=

=〈Γ(T ,a),RT 〉+ω(T ,a, v)

−

∫T
t

(
〈Γ(s,a),β〉+ 〈Γ(s,a),BRs−〉

)
ds−

∫T
t

∫
R∗

Us(x)︷ ︸︸ ︷
〈Γ(s,a),γ(x)〉 Ñp(ds, dx)

−

∫T
t

Zs︷ ︸︸ ︷
〈Γ(s,a),Σ〉 dWs −

∫T
t

(
〈∂Γ(s,a)
∂s

,Rs−〉+
∂ω(s,a, v)

∂s

)
ds =

=

F(RT )︷ ︸︸ ︷
〈a,RT 〉+ v

−

∫T
t

(
〈Γ(s,a),β〉+ 〈B∗Γ(s,a),Rs−〉− 〈B∗Γ(s,a),Rs−〉− 〈Γ(s,a),β〉

+ π∗sϕ−

∫
R∗
gα (Us(x) − π

∗
sψ(x))ν(dx)

)
ds−

∫T
t
α
|Zs|

2

2
ds

−

∫T
t

∫
R∗
Us(x)Ñp(ds, dx) −

∫T
t
Zs dWs

=F(RT ) +

∫T
t
f(s,Zs,Us)ds−

∫T
t

∫
R∗
Us(x)Ñp(ds, dx) −

∫T
t
Zs dWs.

This shows that (3.15) gives indeed a solution to the studied FBSDE.

Thanks to this result, under the assumptions of Theorem 3.3 we can now
compute the optimal strategy by pointwise minimizing the generator in (3.12).
Since the pair (Z,U) does not depend on π∗, we can plug it in Equation
(3.12), obtaining

f(t,Zt,Ut) = inf
π∈A

{∫
R∗
gα
(
〈Γ(t,a),γ(x)〉− πψ(x)

)
ν(dx) − πϕ

}
+α

|〈Γ(t,a),Σ〉|2

2
.

Computing the infimum we obtain an optimal solution to the utility maxi-
mization problem.

Remark 3.7. In this example we are able to achieve explicit solutions, but this
is more the exception than the rule.
An affine terminal condition in the BSDE means hedging a logarithmic claim
on the illiquid asset, and it would be interesting to have similar risults with
exponential terminal conditions, in order to solve the standard cross-hedging
problem. One could think of extending the “ansatz”-approach to more gen-
eral terminal conditions. This works actually in the exponential case, as we
will see in the following section. The procedure has, however, a drawback
since it leads to some restrictions on the choice of the generator. This makes
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it unsuitable for an application to the cross-hedging case discussed in the
current section.

3.5 an exponential ansatz

One could think of generalizing the approach of Section 3.4 by doing an
ansatz on the solution of the BSDE, but this requires a restriction on the
generator and the terminal condition. In the following, we will give another
example where explicit solutions can be achieved but at a cost in the structure
of the generator.

Proposition 3.8. Consider an FBSDE of the following form:{
dRt = βdt+BRt dt+ ΣdWt +

∫
R∗ γ(ξ)Ñp(dt, dξ),

R0 = r,{
−dYt = f(t, Yt,Zt,Ut)dt−Zt dWt −

∫
R∗ Ut(x)Ñp(dt, dx)

YT = F(RT ).

Assume now that:

• the terminal condition is exponential of the form F(r) = exp(〈a, r〉)w+ v for
a ∈ R2, v,w ∈ R constants;

• the generator f is of the form

f(s,y, z,u) = cy(s)y+ cz(s)z+
∫

R∗
cu(s)u(x)ν(dx) + c(s) (3.17)

with cy, c, cz, cu : [0, T ]→ R, continuous functions of time.

Let Γ(·,a) : [0, T ] → R2, ω(·,a,w) : [0, T ] → R and ξ(·,a,w, v) : [0, T ] → R be
the unique solutions to the following differential equations:{

−∂Γ∂s (s,a) = B∗Γ(s,a)
Γ(T ,a) = a

−∂ω∂s (s,a,w) = ω(t,a,w)
[
1
2 tr

(
ΣΣT Γ(s,a)Γ(s,a)T

)
+ 〈Γ(s,a),β

s
〉

+
∫

R∗

(
e〈Γ(s,a),γ(x)〉 − 1− 〈Γ(s,a),γ(x)〉

)
ν(dx) + cy(s)

+cz(s)〈Γ(s,a),Σ〉+ cu(s)
∫

R∗

(
e〈Γ(s,a),γ(·)〉 − 1

)
ν(dx)

]
ω(T ,a,w) = w{

−∂ξ∂s (s,a,w, v) = cy(s)ξ(s,a,w, v) + c(s)
ξ(T ,a,w, v) = v.
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where B∗ is the adjoint operator of B.
Then the triplet of adapted processes

Yt = exp (〈Γ(t,a),Rt〉)ω(t,a,w) + ξ(t,a,w, v),
Zt = exp (〈Γ(t,a),Rt〉)ω(t,a,w)〈Γ(t,a),Σ〉

Ut(x) = exp (〈Γ(t,a),Rt〉)ω(t,a,w)
(
e〈Γ(t,a),γ(x)〉 − 1

)
,

(3.18)

solves the FBSDE.

Proof. Apply Itô’s Formula to the regular function h(t, x) := exp(〈Γ(t,a), x〉)ω(t,a,w)+
ξ(t,a,w, v). The ansatz Yt = h(t,Rt) = exp (〈Γ(t,a),Rt〉)ω(t,a,w)+ξ(t,a,w, v)
together with the assumptions on the time evolution of the coefficients Γ ,ω
and ξ yields

Yt = exp (〈Γ(T ,a),RT 〉)ω(T ,a,w) + ξ(T ,a,w, v)

−

∫T
t
{exp (〈Γ(s,a),Rs−〉)

·
[
ω(s,a,w)

(〈
∂Γ(s,a)
∂s

,Rs−

〉
+
1

2
tr
(
ΣΣT Γ(s,a)Γ(s,a)T

))
+
∂ω(s,a,w)

∂s

]
+
∂ξ(s,a,w, v)

∂s

}
ds

−

∫T
t

exp (〈Γ(s,a),Rs−〉)ω(s,a,w)〈Γ(s,a),β
s

ds+BRs− ds+ ΣdWs〉

−

∫T
t
e〈Γ(s,a),Rs−〉ω(s,a,w)

∫
R∗

(
exp

(
〈Γ(s,a),γ(x)〉

)
− 1
)
Ñp(ds, dx)

−

∫T
t
e〈Γ(s,a),Rs−〉ω(s,a,w)

∫
R∗

(
eΓ(s,a),γ(x)〉 − 1− 〈Γ(s,a),γ(x)〉

)
ν(dx)ds

=F(NT ,ΞT )

−

∫T
t
e〈Γ(s,a),Rs−〉

{
ω(s,a,w)

[〈
∂Γ(s,a)
∂s

,Rs−

〉
+
1

2
tr
(
ΣΣT Γ(s,a)Γ(s,a)T

)
+〈Γ(s,a),β

s
〉− 〈Γ(s,a),BRs−〉+

∫
R∗

(
eΓ(s,a)γ(x) − 1− 〈Γ(s,a),γ(x)〉

)
ν(dx)

]
+
∂ω(s,a,w)

∂s

}
ds−

∫T
t

∂

∂s
ξ(s,a,w, v)ds

−

∫T
t

exp (〈Γ(s,a),Rs−〉)ω(s,a,w)〈Γ(s,a),Σ〉︸ ︷︷ ︸
:=Zs

dWs

−

∫T
t

∫
R∗

exp (〈Γ(s,a),Rs−〉)ω(s,a,w)
(
e〈Γ(s,a),γ(x)〉 − 1

)
︸ ︷︷ ︸

:=Us(x)

Ñp(ds, dx) =
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=F(NT ,ΞT )

−

∫T
t

{
e〈Γ(s,a),Rs−〉ω(s,a,w)

·
[
−cy(s) − cz(s)〈Γ(s,a),Σ〉− cu(s)

∫
R∗

(
e〈Γ(s,a),γ〉 − 1

)
ν(dx)

]
− cy(s)ξ(s,a,w, v) − c(s)

}
ds

−

∫T
t

∫
R∗
Us(x)Ñp(ds, dx) −

∫T
t
Zs dWs =

=F(NT ,ΞT )

−

∫T
t

{
− cy(s)

(
e〈Γ(s,a),Rs−〉ω(s,a,w) + ξ(s,a,w, v)

)
︸ ︷︷ ︸

Ys

− cz(s) e
〈Γ(s,a),Rs−〉ω(s,a,w)〈Γ(s,a),Σ〉︸ ︷︷ ︸

Zs

− cu(s)

∫
R∗
e〈Γ(s,a),Rs−〉ω(s,a,w)

(
e〈Γ(s,a),γ(·)〉 − 1

)
︸ ︷︷ ︸

Us(x)

ν(dx) − c(s)
}

ds

−

∫T
t

∫
R∗
Us(x)Ñp(ds, dx) −

∫T
t
Zs dWs =

=F(NT ,ΞT ) +
∫T
t
f(s, Ys,Zs,Us)ds−

∫T
t

∫
R∗
Us(x)Ñp(ds, dx) −

∫T
t
Zs dWs.

This therefore proves that the triplet given in (3.18) solves the studied FBSDE
with terminal condition F(r) = exp(〈a, r〉)w+v and generator as in (3.17).

Remark 3.9. Observing the structure of the controls, one can see that this
approach results in determining some ODE just in the case of a linear affine
generator in Y, Z and U. This is due to the fact that no random factors can
appear in the time evolution of the functions parametrizing the ansatz.
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4
O P T I M A L I N V E S T M E N T W I T H T I M E - VA RY I N G
S T O C H A S T I C E N D O W M E N T S

4.1 introduction

In the present chapter, which is based on Chen et al. (2014), we analyze the
utility maximization or optimal investment problem of an economic agent
under stochastic endowments for a finite time period. We deal with an incom-
plete market setting because the endowment risk is not perfectly correlated
with the traded assets in the market. A specific example to motivate our
approach would be an economic agent who receives random salaries during
her working life and invests her initial wealth and a fixed proportion of the
salary, optimizing the utility of her wealth at the retirement age. Another
example could be a pension fund which receives random contributions from
the members of the pension fund and invests to generate cash flows. In fact,
the original idea arises from the study of defined contribution (DC) pension
plans. This kind of pension schemes has become very popular over the last
years and is completely substituting defined benefit pension plans.

The problem of maximizing the expected utility of an economic agent by
investment and/or consumption dates back to Merton (1969) and Merton
(1971) and is further studied e.g. in Cuoco (1997); Duffie, Fleming, Soner &
Zariphopoulou (1997); El Karoui & Jeanblanc-Picqué (1998); Koo (1998), just
to quote a few. Such problems have originally been solved by the dynamic
programming approach which requires the assumption of Markovianity on
the state process and leads to a Hamilton-Jacobi-Bellman (HJB) equation.
In the literature, this approach is called primal approach. In the 1980s, re-
searchers developed an alternative approach, the so called dual approach
where the assumption of Markovian asset prices can be relaxed to solve the
optimal investment problem. In a complete market setting the dual method
has been studied e.g. in Cox & Huang (1989); Pliska (1986) and in an incom-
plete market setting e.g. by He & Pearson (1991a) and He & Pearson (1991b).

We consider an optimal asset allocation problem under power utility and
solve it via the classical HJB approach, taking account of exogenous stochastic
endowments. Focusing on a special class of strictly positive endowments,
namely the ones following a (possibly) time-inhomogeneous geometric Brow-
nian motion, we exploit the properties of the value function of the studied
control problem, particularly the homogeneity, to reduce its dimension. To
do this, we study the viscosity solutions to the HJB equation associated to
our control problem. The reduction in the dimension of the problem and

43
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the characterization of the value function as the viscosity solution of a re-
duced equation allow us to easier apply finite different schemes in order
to numerically compute the value function and the corresponding optimal
strategy. Furthermore, it allows us to prove, under some assumptions on
the coefficients, that the value function belongs to the class C1,2. Relying on
the theory of viscosity solutions, we are also able to study the asymptotic
behavior of the value function and of the optimal strategy when the initial
capital invested grows to infinity. The optimal strategy turns out to converge
to the famous Merton ratio when the additional endowments over time
become negligible relative to the initial wealth.

The idea of incorporating a stochastic endowment in the classical utility
maximization problem is indeed not new. Both dual and primal approaches
(sometimes combined with Backward Stochastic Differential Equation (BSDE)
techniques) are adopted to solve this optimization problem. Most of the pa-
pers in this field restrict themselves however to the analytically more nicely
treatable case of exponential utility functions (among several others Davis
(2006) and Hu et al. (2005)). Some authors deal also with the problem of
maximizing the expected power utility from the terminal wealth in the pres-
ence of exogenous endowments. In Cvitanić, Schachermayer & Wang (2001),
the problem is solved via duality for a broad class of utility functions under
the assumption that the random endowment is bounded. The existence and
uniqueness of an optimal control are proven, but an explicit representation
of the optimal strategy is subordinated to the decomposition of the elements
of (L∞)∗ into a regular and a singular part, which is hard to characterize
explicitly. The authors of Hugonnier & Kramkov (2004) overcome the prob-
lem and relax the hypothesis of boundedness, by introducing the number of
random endowments as a new control variable. Horst, Hu, Imkeller, Réveillac
& Zhang (2014) extends the approach of Hu et al. (2005) to the case of power
utility functions, based on the martingale optimality principle combined with
BSDE methods. They reduce the problem to the solution of a fully-coupled
forward-backward stochastic differential equation, which is still not easy to
solve. The most closely related to this work is Duffie et al. (1997), in which
the expected HARA utility from consumption is optimized in an infinite-time
horizon and it yields an elliptic HJB equation, not depending on time. We
adopt their techniques to our different setting in which the expected utility
of the terminal wealth is optimized. We adjust their methods, developed
in the elliptic case (infinite-time horizon), to the parabolic case (finite-time
horizon) and allow for a slightly broader class of random endowments, i.e.,
it allows for time-varying coefficients.

The remainder of the chapter is organized as follows. Section 4.2 describes
the model setup and particularly the endowment process. In Section 4.3,
we develop some dimension-reduction methods for the value function. In
Section 4.4, we study the asymptotic behavior of the optimal strategy, as the
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initial investment approaches infinity. Section 4.5 concludes the chapter and
provides some perspectives for future research.

4.2 the model

On a fixed filtered probability space (Ω,F, {Ft}t∈[0,T ], P), satisfying the usual
hypotheses, consider a financial market consisting of a riskless and a risky
asset. From now on let T be a fixed finite time point.
(S0,S1) will denote respectively the savings account and the risky asset, and
we assume that the two assets follow a Black-Scholes model:

dS0t = rS0t dt,

dS1t = µS1t dt+ σS1t dW1t ,

where µ, r ∈ R, σ > 0 andW1 is a Brownian motion on the above mentioned
filtered space.
Assume that there is another process c with stochastic dynamics driven by
another Brownian motion WC on the same space, correlated with W1 with
a correlation coefficient1 ρ ∈ (−1, 1). So, there is a Brownian motion W2,
independent of W1 such that WC = ρW1 +

√
1− ρ2W2.

The process ct describes a random endowment or income, with the following
dynamics:

dct = µC(t)ct dt+ σC(t)ct dWCt , (4.1)

where µC : [0, T ]→ R, σC : [0, T ]→ R+ are deterministic càdlàg functions.

Remark 4.1. Time-homogeneous geometric Brownian motions are sometimes
chosen in the literature to model the behavior of a stochastic income (see
Sundaresan & Zapatero (1997)). Thinking of the example of a DC pension
scheme, we can interpret the process c as a diffusion income, or rather a
proportion of it possibly changing over time, which is paid continuously into
the pension fund.
From an analytical point of view, the fundamental feature of this family is
that the value function of the optimization problem we are going to introduce
turns out to be homogeneous in the spatial variables. This will be the crucial
property to achieve a reduction in the dimension of the problem.

We assume that the agent invests at any time t a proportion πt of the
wealth in the stock S1 and 1− πt in the bond S0 with interest rate r. In
addition, the random income is paid continuously to the account at rate ct.
We will often talk about a “strategy” π meaning by this the pair (1− π,π).

1 We exclude the perfect correlation cases: ρ = 1 and ρ = −1. In these extreme cases, both the
risky asset and the random income are fully driven by W1

t . The optimization problem becomes
simpler and differs from what we will present in the remaining texts.
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The wealth process corresponding to the strategy π, {Aπt }t∈[0,t], has the
following dynamics:

dAπt =
Aπt πt

S1t
dS1t +

Aπt (1− πt)

S0t
dS0t + ct dt, (4.2)

and hence, defining θ := µ−r
σ , for an initial wealth x ∈ R+ we get{

dAπt = [Aπt (πtσθ+ r) + ct] dt+Aπt πtσdW1t ,
Aπ0 = x.

(4.3)

This definition reflects the fact that the only allowed additional cash injec-
tions to the fund are due to the continuous payments at rate ct which means,
of course, that we only look at “self-financing” strategies.
A progressively measurable process π is said to be admissible, if it takes values
in a fixed closed convex subset A of R,

∫T
0 |πs|

2 ds <∞ a.s. and Aπt > 0 for
every t ∈ [0, T ]. We denote by A the set of all admissible strategies.
We assume that A is compact, as it is prescribed by the classical HJB ap-
proach.

Remark 4.2. The square-integrability condition ensures the existence and
uniqueness of a solution for Equation (4.3).

Remark 4.3. In the definition of admissibility, one usually has to ensure
that the wealth process never becomes negative. Under our assumption,
the wealth process stays positive without any extra requirement on the
admissible strategies, since the contribution process is always positive. The
latter also reflects the fact that withdrawals do not occur.

4.3 the stochastic optimization problem : an hjb approach

Recall that the driving Brownian motion WC represents the uncertainty in
the income, which is supposed not to be traded in the market. This makes
the market incomplete and we are then facing the problem of maximizing the
expected utility of an investment in an incomplete market. More precisely,
we are looking for an optimal investment strategy π∗ such that

E
[
U(Aπ

∗
T )
]
= sup
π∈A

E [U(AπT )] ,

where U : R → R+ is a CRRA power utility function and A is the set of
admissible strategies, i.e. for a risk aversion parameter γ < 1, γ 6= 0,

U(x) =
xγ

γ
.

The power utility is abundantly used in both theoretical and empirical
research because of its nice analytical tractability. Most importantly, the use
of the power utility is also well-motivated economically, since the long-run
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behavior of the economy suggests that the long run risk aversion cannot
strongly depend on wealth, see Campbell & Viceira (2002).

The agent wants to maximize the expected utility from the terminal wealth
at the final time T , and thus the value function of the utility maximization
problem is given by

v(t, x,y) := sup
π∈A

E
[
U(Aπ,t,x,y

T )
]

, (t, x,y) ∈ [0, T ]× (0,+∞)× (0,+∞),

(4.4)
where we are taking as controlled process the pair Xπ = (Aπ, c), and the
notation Aπ,t,x,y stands for the first coordinate of the process Xπ starting
from the point (x,y), respectively the initial wealth and the initial endowment,
at time t.
Note that the process c actually does not depend on the control π, nor on the
initial wealth. We will therefore write sometimes ct,y for cπ,t,x,y. Applying
well-known results in stochastic control, see e.g. Pham (2009) Chapter 3,
we can write down the HJB equation for the value function of our control
problem:

−vt = sup
π∈A

{
[x(πσθ+ r) + y] vx + µC(t)yvy +

1

2
(πσx)2vxx

+
1

2
σ2C(t)y

2vyy + ρσσC(t)yπxvxy

}
, (4.5)

v(T , x,y) =U(x), ∀(x,y).

Here, and in the following, we will denote the partial derivatives by sub-
scripts, and often omit the argument of the function in the equations.
Unfortunately, it is very hard to make an educated guess on the solution
of the above PDE, and so we are unable to apply the classical verification
methods. To better understand the behaviour of the value function, we first
study some of its properties. We will then choose a viscosity approach and
look for numerical methods to find a solution of the equation.

4.3.1 Some properties of the value function

Proposition 4.4. The value function v(t, x,y) is increasing, concave, and hence
continuous in the interior of the domain, in the second variable x.

Proof. The proof works along standard lines (cf. e.g. Section 3.6.1 in Pham
(2009)).
Fix 0 < x1 < x2, 0 < t < T and y > 0. Define Bs := A

π,t,x2,y
s −Aπ,t,x1,y

s for
s > t. The process B hence satisfies

dBs = Bs(πsθσ+ r)ds+ πsBsσdW1s .
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Since x2 − x1 > 0 is the initial condition at time t, it follows that Bs > 0 a.s.
and hence Aπ,t,x2,y

s > Aπ,t,x1,y
s for every s > t. Since the utility function U

is increasing, it also holds a.s. that

U(Aπ,t,x2,y
T ) > U(Aπ,t,x1,y

T ),

and ∀π ∈ A

E
[
U(Aπ,t,x2,y

T )
]
> E

[
U(Aπ,t,x1,y

T )
]

.

This implies that v(t, x1,y) < v(t, x2,y), i.e. that the value function is mono-
tonically increasing in the second variable.
To see that it also fulfills the second property claimed, fix again 0 < t < T
and let x1, x2 > 0 and π1,π2 ∈ A, and denote by Ai := Aπ

i,t,xi,y, i = 1, 2.
For λ ∈ [0, 1] write xλ := λx1 + (1− λ)x2, and Aλ := λA1 + (1− λ)A2. Now,
the strategy

πλs :=
λA1sπ

1
s + (1− λ)A2sπ

2
s

Aλs

is in A since the set A is convex.
Moreover, the dynamics of the process Aλ are given by

dAλs = Aλs (π
λ
sθσ+ r)ds+ ct,ys ds+Aλsπ

λ
sσdW1s ,

Aλt = xλ.

This shows that Aλ is a wealth process starting from xλ at t and controlled
by πλ. Using the concavity of the utility function, we get that

U(AλT ) = U(λA
1
T + (1− λ)A2T ) > λU(A

1
T ) + (1− λ)U(A2T ),

and hence

v(t, λx1 + (1− λ)x2,y) > λv(t, x1,y) + (1− λ)v(t, x2,y).

Lemma 4.5. The value function (4.4) is homogeneous in (x,y) with degree γ, and
therefore there exists a function u : [0, T ] × (0,+∞) → R such that v can be
represented in a separable form as

v(t, x,y) = yγu
(
t,
x

y

)
, ∀y > 0. (4.6)

Proof. First recall that, under the assumptions of our model, for every fixed
strategy π the wealth process A := Aπ has dynamics given in (4.3) by{

dAt = [At (πtσθ+ r) + ct] dt+AtπtσdW1t ,
A0 = x.
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and observe that the explicit solution to this equation is given as (see, e.g.,
Protter (2004), Ch. V, Theorem 52):

At,x,y
s =

(
x+

∫s
t

c
t,y
u

Zu
du

)
Zs,

where Z is a stochastic exponential factor given as:

Zs := exp
{∫s
t

[
(πuσθ+ r) −

1

2
(πuσ)

2

]
du+

∫s
t
σπu dW1u

}
.

It holds

ct = c0E(P)t, Pt =

∫t
0
µC(s)ds+

∫t
0
σC(s)dWCs .

The formula above implies the linearity property of the endowment process
with respect to the initial data, and the process c has hence the property that
c
t,ky
s = kct,ys .

Now, it is straightforward to check homogeneity. Indeed, for every k > 0 we
have:

v(t,kx,ky) = sup
π∈A

E
[
U(Aπ,t,kx,ky

T )
]
= sup
π∈A

E

[
(kAπ,t,x,y

T )γ

γ

]
= kγv(t, x,y).

This implies that we can define a function u : [0, T ]× (0,+∞)→ [0,+∞) by

u(t, z) := v(t, z, 1),

and then, for every y > 0, we will have that

v(t, x,y) = yγu
(
t,
x

y

)
.

4.3.2 A reduced equation for the control problem

We can now use the homogeneity property to reduce the problem by one
dimension. This technique is used already in Duffie et al. (1997) to deal with
the problem of optimization of consumption in presence of a random income
modelled as a GBM. All results in the following are basically obtained by
extending the methods in Duffie et al. (1997) to the parabolic case. In that
work, the problem of maximizing the utility from consumption is considered
over an infinite time horizon, which yields an elliptic HJB equation not de-
pending on time. We consider here the problem of maximizing the utility of
the terminal wealth in a finite time horizon (time-dependent HJB equation),
and allow for a slightly more general class of random endowments, since we
allow for time-dependent coefficients in the GBM.
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The assumption that the value function belongs to the class C1,2 is too
demanding in the general case. We hence look for a characterization of the
value function which uses the well-known property of the value function
being a viscosity solution of the HJB equation associated to the control
problem (see, e.g., Chapter 4 of Pham (2009)). Moreover the finite difference
schemes applied in Section 4.3.4 work all the same to compute viscosity
solutions.
We refer to Crandall, Ishii & Lions (1992) for the definition of (and all
important results on) viscosity solutions of second order non-linear PDEs.
Let us recall the following fundamental classical result.

Theorem 4.6. The value function v is a viscosity solution of the Hamilton-Jacobi-
Bellman equation (4.5) associated to the optimization problem.

Proof. See, e.g., Theorem 4.3.1 in Pham (2009), together with Remark 4.3.4.
Note that the value function of our control problem is locally bounded on
[0, T)× (0,+∞)× (0,+∞), due to Proposition 4.4.

Theorem 4.7. 1) For a fixed initial random endowment ȳ > 0, define ū(t, z) :=

v(t, z, ȳ). Then ū : [0, T)×R+ → R is a viscosity solution of the reduced PDE
with parameter ȳ:

ūt + ȳūz + µC(t) [γū− zūz] +
1

2
σ2C(t)

[
γ(γ− 1)ū− 2(γ− 1)zūz + z

2ūzz

]
+ sup
π∈A

{
(πσθ+ r)zūz +

1

2
(πσ)2z2ūzz (4.7)

+ ρσC(t)σπ(γ− 1)zūz − ρσσC(t)πz
2ūzz

}
= 0,

ū(T , z) =
zγ

γ
, ∀z > 0.

In particular, for ȳ = 1

ut + uz + µC(t) [γu− zuz] +
1

2
σ2C(t)

[
γ(γ− 1)u− 2(γ− 1)zuz + z

2uzz

]
+ sup
π∈A

{
(πσθ+ r)zuz +

1

2
(πσ)2z2uzz (4.8)

+ ρσC(t)σπ(γ− 1)zuz − ρσσC(t)πz
2uzz

}
= 0,

2) The value function of the control problem (4.4) is given by

v(t, x,y) = yγu
(
t,
x

y

)
, ∀(t, x,y) ∈ [0, T)× (0,+∞)× (0,+∞),

where u : [0, T)×R+ → R is the unique viscosity solution to Equation (4.7)
for ȳ = 1 with polynomial growth at infinity.
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Proof. Define the following operators:
for t ∈ [0, T), x ∈ (0,+∞), y ∈ (0,+∞), s ∈ R, q ∈ R, p ∈ R2, M ∈ S2 (S2

being the space of the 2−dimensional symmetric matrices)

F (t, x,y, s,q,p,M) =− q+ sup
π∈A

{
− yp1 − µC(t)yp2 − (πσθ+ r)xp1

−
1

2
σC(t)

2y2M22 −
1

2
(πσx)2M11 − ρσC(t)σπxyM12

}
;

for each ȳ ∈ (0,+∞) fixed, and t ∈ [0, T), z ∈ (0,+∞), s ∈ R, q ∈ R, p ∈ R,
M ∈ R

F(ȳ)(t, z, s,q,p,M) =− q− ȳp− µC(t) [γs− zp]

+
1

2
σ2C(t)

[
γ(γ− 1)s− 2(γ− 1)zp+ z2M

]
+ sup
π∈A

{
(πσθ+ r)zp+

1

2
(πσ)2z2M

+ ρσC(t)σπ(γ− 1)zp− ρσσC(t)πz
2M
}

.

1) To prove 1) we have to show that the function ū is both a super- and a
subsolution. We just show the subsolution property, since the arguments
for the supersolution property are completely analogous.
Recall that, thanks to Theorem 4.6, v is known to be a viscosity solution
of Equation (4.5). In particular, v is a viscosity subsolution, which implies
that for each fixed point (t0, z0, ȳ) and for each ϕ ∈ C1,2([0, T)× [0,+∞)×
(0,+∞)) such that ϕ > v on [0, T)× [0,+∞)× (0,+∞) and ϕ(t0, z0, ȳ) =
v(t0, z0, ȳ), it holds

F
(
t0, z0, ȳ, v(t0, z0, ȳ),ϕt(t0, z0, ȳ),Dϕ(t0, z0, ȳ),D2ϕ(t0, z0, ȳ)

)
6 0.

(4.9)
We want to show that the function ū is also a viscosity subsolution of
the reduced form F(ȳ), i.e. that for every (t0,y0) ∈ [0, T)× (0,+∞) and
ψ ∈ C1,2([0, T)× (0,+∞)) such that ψ(t0, z0) = ū(t0, z0) and ψ 6 ū,

F(ȳ)(t0, z0, ū(t0, z0),ψt(t0, z0),Dψ(t0, z0),D2ψ(t0, z0)) 6 0.

Let hence ψ ∈ C1,2([0, T)× (0,+∞)) be such that ψ(t0, z0) = ū(t0, z0)
and ψ 6 ū on [0, T)× (0,+∞). We will denote by (t, z) the variables of
the function ψ and by ψt and ψz its partial derivatives with respect to
the first and (resp.) the second variable.
Define

ϕ(t, x,y) :=
(
y

ȳ

)γ
ψ

(
t, ȳ

x

y

)
.

Then at the point (t0, z0, ȳ)

ϕ(t0, z0, ȳ) =
(
ȳ

ȳ

)γ
ψ (t0, z0) = ū(t0, z0) = v(t0, z0, ȳ)
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and for every (t, x,y)

ϕ(t, x,y) :=
(
y

ȳ

)γ
ψ

(
t, ȳ

x

y

)
>

(
y

ȳ

)γ
ū

(
t, ȳ

x

y

)
= v(t, x,y),

where the last equality follows from the homogeneity property of the
function v and the definition of the function ū. Moreover, the function
ϕ is of class C1,2([0, T)× (0,+∞)× (0,+∞)) and the viscosity subsolu-
tion property of the value function yields (4.9). We can write the partial
derivatives of ϕ in terms of the partial derivatives of ψ, getting:

ϕt =
(
y
ȳ

)γ
ψt,

ϕx =
(
y
ȳ

)γ−1
ψz,

ϕxx =
(
y
ȳ

)γ−2
ψzz,

ϕxy = (γ− 1)
(
y
ȳ

)γ−2
1
ȳψz −

(
y
ȳ

)γ−2
x
yψzz,

ϕy = γ
(
y
ȳ

)γ−1
1
ȳψ−

(
y
ȳ

)γ−1
x
yψz,

ϕyy = γ(γ− 1)
(
y
ȳ

)γ−2
1
ȳ2
ψ− 2(γ− 1)

(
y
ȳ

)γ−2
1
ȳ
x
yψz

+
(
y
ȳ

)γ−2 (
x
y

)2
ψzz.

The form above hence becomes, at the point (t0, z0, ȳ),

0 6− F
(
t0, z0, ȳ, v(t0, z0, ȳ),ϕt(t0, z0, ȳ),Dϕ(t0, z0, ȳ),D2ϕ(t0, z0, ȳ)

)
=(

ȳ

ȳ

)γ
ψt +

(
ȳ

ȳ

)γ
ȳψz + µC(t0)

[
γ

(
ȳ

ȳ

)γ
ψ−

(
ȳ

ȳ

)γ
z0ψz

]
+
1

2
σ2C(t0)

[
γ(γ− 1)

(
ȳ

ȳ

)γ
ψ− 2(γ− 1)

(
ȳ

ȳ

)γ
z0ψz +

(
ȳ

ȳ

)γ
z20ψzz

]
+ sup
π∈A

{
(πσθ+ r)

(
ȳ

ȳ

)γ
z0ψz +

1

2
(πσ)2z20

(
ȳ

ȳ

)γ
ψzz

+ ρσC(t0)σπ(γ− 1)

(
ȳ

ȳ

)γ
z0ψz − ρσσC(t0)πz

2
0ψzz

}
=− F(ȳ)(t0, z0, ū(t0, z0),ψt(t0, z0),Dψ(t0, z0),D2ψ(t0, z0)).

This implies that, at the point (t0, z0)

F(ȳ)(t0, z0, ū(t0, z0),ψt(t0, z0),Dψ(t0, z0),D2ψ(t0, z0)) 6 0,

which gives the stated viscosity subsolution property.

2) We will first show that the function u has polynomial growth in z at
infinity.
As the behavior of the power utility function at infinity is rather different
for 0 < γ < 1 and for γ < 0, we will consider the two cases separately.
Let hence γ > 0. Using standard moment estimation arguments (see e.g.
Lemma 4.5.3 in Kunita (1997)) and the compactness of the constraint set
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A , we can show that u(t, z) := v(t, z, 1) has polynomial growth. From the
definition of the value function v we have:

v(t, z, 1) := sup
π∈A

E
[
(AπT )

γ

γ

∣∣∣Aπt = z, ct = 1
]

,

and hence the above mentioned Lemma yields

|u(t, z)| =

∣∣∣∣∣sup
π∈A

E
[
(AπT )

γ

γ

∣∣∣Aπt = z, ct = 1
]∣∣∣∣∣

6 sup
π∈A

∣∣∣∣E [ (AπT )γγ ∣∣∣Aπt = z, ct = 1
]∣∣∣∣

6 sup
π∈A

{
C(γ,π)

(
1+ |z|

γ
2

)2}
6 K(γ,A)

(
1+ |z|

γ
2

)2
,

where C and K denote some constants independent of z. In the last in-
equality we use the compactness of the constraint set A together with the
fact that the coefficients of the SDE describing the process Aπ depend
linearly on the strategy π.
The case γ < 0 is actually straightforward. Indeed, in this case the function
u(t, z) is bounded from above by 0 and increasing in z. We can therefore
bound |u(t, z)| uniformly on each set of the form [0, T ]× (z̄,+∞), for every
z̄ > 0 fixed.

This shows that the function u has polynomial growth at infinity which,
combined with the strong comparison principle for viscosity solutions
(Theorem 4.4.5 and Remark 4.3.5 in Pham (2009)), yields uniqueness.
Notice that Theorem 4.4.5 requires the coefficient of the function u in the
HJB equation to be constant. The arguments in the proof stay nevertheless
true in the case where its coefficient is time dependent, and the results
still apply in this case (see Remark 4.8).
The statement follows hence from the results above.

Remark 4.8 (Extension to time-dependent coefficients). We show here that
Theorem 4.4.5 of Pham (2009) can be still applied if the coefficient of the
function u in the HJB equation is not assumed to be constant anymore. The
arguments in the proof stay true in the case where its coefficient is time
dependent.
Let −c(t) = −c(t,y) be this coefficient. In our case we would have that
c(t) = −γµC(t) +

1
2σ
2
C(t)γ(1− γ), but it suffices to have a locally integrable
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coefficient c for our argument to work.
Define a transformed function w(t, z) := e

∫t
0 c(s)dsu(t, z). Then

∂tw = e
∫t
0 c(s)ds∂tu(t, z) + e

∫t
0 c(s)dsc(t)u(t, z);

∂zw = e
∫t
0 c(s)ds∂zu(t, z);

∂zzw = e
∫t
0 c(s)ds∂zzu(t, z).

Hence, since u satisfies Equation (4.8), which is of the type

ut = −c(t)u+G(uz,uzz),

where G is a positive homogeneous function (of degree 1) in the two variables,
we have that

e
∫t
0 c(s)dsut = −e

∫t
0 c(s)dsc(t)u+G(e

∫t
0 c(s)dsuz, e

∫t
0 c(s)dsuzz),

and the transformed function w satisfies

wt = e
∫t
0 c(s)dsut + e

∫t
0 c(s)dsc(t)u = G(e

∫t
0 c(s)dsuz, e

∫t
0 c(s)dsuzz) =

= G(wz,wzz).

Remark 4.9. The reason we are allowed to just ignore the boundary conditions
at z = 0 is due to the structure of the equation. Indeed, one can apply the
arguments in Oleinik & Radkevich (1971) to see that the behavior of the
function at the part of the boundary characterized by {z = 0} can be ignored,
since the corresponding Fichera function is strictly positive in that region.
If we denote the coefficients of uzz, and uz respectively by

a(t, z,π) :=
1

2
σ2C(t)z

2 +
1

2
(πσ)2z2 − ρσσC(t)πz

2; (4.10)

b(t, z,π) := 1− µC(t)z+ σ2C(t)(1− γ)z+ (πσθ+ r)z+ ρσC(t)σπ(γ− 1)z,
(4.11)

c(t, z,π) = c(t) := −γ

(
µC(t) −

1

2
σ2C(t)(1− γ)

)
, (4.12)

and denote by Lπ the operator

Lπu := a(t, z,π)uzz + b(t, z,π)uz − c(t, z,π)u,

our equation reads
−ut = sup

π∈A
Lπu.

Now, if we take the limit of the Fichera function, we obtain for every t ∈ [0, T ]
and every π

lim
z→0

b(t, z,π) − az(t, z,π) = 1 > 0,

which implies that no boundary condition is required at {z = 0}.
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Remark 4.10 (Regularity of solutions). It is natural to ask whether there exist
classical solutions to the studied equation.
In Federico, Gassiat & Gozzi (2015a) and Federico, Gassiat & Gozzi (2015b)
regularity is studied for some different optimization problems. In particular,
the problem studied in Federico et al. (2015a) leads to a similar HJB equation
as in our case. The authors operate a change of variable in the control to
simplify the form of the Hamiltonian, which in our case corresponds to

π̃ = zπ−
ρσC(t)

σ
.

This allows them to obtain a nondegenerate parabolic equation and to prove
regularity.
The change of variable in the strategy is not really suitable in our case since
we consider a compact constraint set and it would yield a dependence on the
spatial variable of the constraint set in the new equation. Moreover, it does
not always ensure nondegeneracy.
Under suitable conditions on the parameters in the dynamics of the endow-
ment process it can still be shown that classical solutions to our reduced HJB
equation exist. To obtain regularity we will need to opt for a slightly different
approach, adapting the idea from Federico et al. (2015a) to obtain sufficient
conditions for the equation to be nondegenerate.

Theorem 4.11 (Regularity of solutions). Assume that the coefficients σC,µC :

[0, T ]→ R are continuously differentiable and that there exists an ε > 0 such that
σC(t) > ε for every t ∈ [0, T ].
Then the value function V ∈ C1,2([0, T ]× (0,+∞)× (0,+∞)).

Proof. It is sufficient to prove regularity for the unique solution of the reduced
function. The value function will be as regular thanks to Theorem 4.7.
We first apply an exponential change of variable in the reduced function
u(t, z), i.e. reparametrize the positive axis by z := eζ. We obtain a transformed
equation for the function w(t, ζ) := u(t, eζ)

wt +

(
µ̃C(t, 1)γ−

1

2
σ̃C(t, 1)2γ(1− γ)

)
w

+
(
(1− γ)σ̃C(t, 1)2 − µ̃C(t, 1)

)
wζ +wζe

−ζ +
1

2
σ̃C(t, 1)2(wζζ −wζ)

+ sup
π∈A

{
(πσθ+ r)wζ +

1

2
(πσ)2(wζζ −wζ)

− ρσ̃C(t, 1)σπ(1− γ)wζ − ρσ̃C(t, 1)σπ(wζζ −wζ)
}
= 0,

w(T , z) =
eγζ

γ
∀z ∈ R. (4.13)

The above equation is of the form

−wt − sup
π∈A

L̃πw = 0,
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where the operator L̃π is

L̃πw := ã(t, ζ,π)wζζ + b(t, ζ,π)wζ − c(t)w,

and the coefficients are given by

ã(t, ζ,π) :=
1

2
σ2C(t) +

1

2
(πσ)2 − ρσσC(t)π

=
σ2

2

[(
π− ρ

σC(t)

σ

)2
+ (1− ρ2)

(
σC(t)

σ

)2]
b̃(t, ζ,π) :=e−ζ − µC(t) + σ2C(t)(1− γ) + (πσθ+ r) + ρσC(t)σπ(γ− 1)

− ã(t, ζ,π).

With this transformation and thanks to our assumptions, we obtain a parabolic
equation which is uniformly non-degenerate on each bounded set [−M,M],
M > 0, and admits therefore a smooth solution, say w(M)(t, ζ), on [0, T)×
[−M,M] which satisfies the continuous (spatial) boundary conditions
w(M)(t,−M) = u(t, e−M), w(M)(t,M) = u(t, eM).
The backward tranformation will still yield a family of smooth functions
u(M)(t, z) := w(M)(t, log(z)) on [0, T)× [e−M, eM], and uniqueness will im-
ply that the function u itself must be smooth in every interval of this form
(see Krylov (1987), Chapter 6, Theorem 3, §6.4).

4.3.3 The optimal strategy: a verification argument for the regular case

We have already shown how to reduce the HJB equation by one dimension,
in order to simplify the optimization problem. Due to this, we can then
solve (possibly numerically) the reduced problem and get the solution of the
original one. But what about the optimal strategy? Can we derive an optimal
strategy for the original problem given an optimal strategy for the reduced
one? This will be done by means of a verification theorem. Verification
results are available in this setting (see e.g. Pham (2009) Theorem 3.5.2). The
arguments used to prove optimality mostly rely on the regularity of the value
function.

Proposition 4.12. Assume that u ∈ C1,2 is a classical solution to Equation (4.8).
Let π∗ := h(t, x,y), where

h(t, x,y) = argmax
π∈A

{
(πσθ+ r)

x

y
uz(t, x/y) +

1

2
(πσ)2

(
x

y

)2
uzz(t, x/y)−

(4.14)

ρσC(t)σπ(1− γ)

(
x

y

)
uz(t, x/y) − ρσC(t)σπ

(
x

y

)2
uzz(t, x/y)

}
.
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Then the optimal strategy is Markovian and given by

Πt = h
(
t,AΠt , ct

)
. (4.15)

Remark 4.13. One can actually compute the supremum analytically. It is given
by

π∗ = −
θ− ρσC(t)(1− γ)

σ

yuz

xuzz
+
ρσC(t)

σ
, if it belongs to A

and is attained at some point on the boundary of A otherwise, since the
function

A 3 π 7→ (πσθ+ r)zuz+
1

2
(πσ)2z2uzz−ρσC(t)σπ(1−γ)zuz−ρσC(t)σπz

2uzz

is strictly concave on the closed convex set A .

Proof. The proof works along standard lines (cf. e.g. Section 3.5 in Pham
(2009)), and strongly relies on the regularity of the value function.
Fix t ∈ [0, T ] and let hence {At}s∈[t,T ] be the solution to

dAs = [As (Πsσθ+ r) + cs] ds+AsΠsσdW1s , ∀s ∈ (t, T ]
At = x,

dcs = cs
(
µC(s)ds+ σC(s)dWCs

)
, ∀s ∈ (t, T ]

ct = y,

with Π as in Equation 4.15.
First observe that, since Zs := As

cs
is a well defined semimartingale, and

u(s, ·) is a concave function, the process Us := u(s,Zs) is also a well-defined
semimartingale. This is a consequence of an application of the Itô formula,
which yields:

• for the process Z:

dZs =Zs
{
−µC(s) + σ

2
C(s) −ΠsρσσC(s) +Πsθσ+ r

}
ds+ ds+

Zs

{
ΠsσdW1s − σC(s)dWCs

}
.

• for the process Us, under the assumption that u ∈ C1,2,

dUs =
{
us(s,Zs) +

1

2
uzz(s,Zs)Z2s(Πsσ− ρσC(s))

2

+
1

2
uzz(s,Zs)Z2s(1− ρ

2)σ2C(s) + uz(s,Zs)

+ uz(s,Zs)Zs
(
−µC(s) + σ

2
C(s) −ΠsρσσC(s) +Πsθσ+ r

)}
ds

+ uz(s,Zs)Zs
{
ΠsσdW1s − σC(s)dWCs

}
.
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• finally, for the process Vs := c
γ
sUs we get again by the partial integra-

tion formula

dVs =cγs
{
us(s,Zs) +

1

2
uzz(s,Zs)Z2s(Πsσ)

2 +
1

2
uzz(s,Zs)Z2sσ

2
C(s)

− uzz(s,Zs)Z2sΠsρσσC(s) + uz(s,Zs)

+ uz(s,Zs)Zs

·
(
−µC(s) + (1− γ)σ2C(s) − (1− γ)ΠsρσσC(s) +Πsθσ+ r

)
+ γu(s,Zs)

(
µC(s) +

γ− 1

2
σ2C(s)

)}
ds

+ (local martingale terms).

It is then immediate to see that, after a localization argument to make
the local martingale term vanish, and due to the fact that u solves
Equation (4.8) for every value of cs,

v(t, x,y) = E
[
U(AΠ

∗
T )
]

,

which yields the optimality of Π, as conjectured.

4.3.4 A numerical example

We want now to apply some finite difference methods to solve Equation (4.8).
Finite difference methods are well-known to work for finding viscosity
solutions of non-linear PDEs, and the literature on the topic is rich. We will
apply the methods developed in Wang & Forsyth (2008), and refer to this
paper for a more detailed description of the algorithms and a survey of the
literature on the topic.

If we specify the model for T = 20 years, by taking the following parame-
ters

σ = 0.2 µ = 0.04 σC = 0.13 µC = 0.02
r = 0 ρ = −0.5 γ = −1

we obtain that the optimal proportion to be invested in the stock is given
as in Figure 1. The choice of the parameters is purely academic, but it is
roughly based on the empirical estimations in Topel & Ward (1992), since we
have in mind the optimization problem of a defined contribution pension
scheme, where the random endowment will be (a portion of) the related
salary process.

The numerical results, and in particular Figure 2, show that the optimal
strategy converges towards the Merton ratio as the initial wealth significantly
exceeds the initial endowment, or as T − t→ 0. This is actually perfectly in-
tuitive, since the amount available to the investor is always higher compared
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Figure 1: Optimal equity proportion as a function of the ratio wealth to
income z = x/y and of the time to maturity T − t.

Figure 2: Optimal equity proportion at different time points.
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to the case without endowments, and a riskier behavior is allowed due to the
future endowments. Moreover, as the endowments become negligible with
respect to the wealth, the problem resembles the classical one considered by
Merton.
These phenomena can be actually rigorously shown (see Section 4.4).
Interesting results can be also obtained by a sensitivity study with respect to
the correlation parameter ρ. There are indeed two main factors driving the
choice of the investor:
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• the presence of a strictly positive random endowment, which allows
for higher investments in the risky asset

• and the correlation between the random endowment and the risky
asset, which allows to hedge partially away risk from the random
future endowment by the choice of the investment strategy.

If we look at Figure 3, we can indeed observe that:

Figure 3: Optimal equity proportion for different values of the correlation
parameter ρ.
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ρ = 0: If the risky asset and the random endowment are uncorrelated, no
hedging is possible. Future endowments allow to take higher risks and
imply therefore an higher investment in the risky asset.

ρ > 0: In the case of positive correlation, hedging the risk in the endowment is
possible by “short selling” the stock. This results in smaller investments
in the stock compared to the case ρ = 0. The proportion invested in the
risky asset can even be below the Merton ratio, when there is a very
high positive correlation (here e.g. ρ = 0.95).

ρ < 0: In the case of negative correlation, it is possible to (partially) hedge
away the risk in the endowment by investing “long” in the stock. This
results in higher investments in the stock, compared to the case ρ = 0.

4.4 asymptotics

In this section, we examine the asymptotic behavior of the value function
and the optimal policy as the initial capital converges to infinity.
We will see that for this model a sort of “turnpike property” holds (see e.g.
Zaslavski (2006)) in the sense that for x � y (i.e. in the limit z := x

y → ∞)
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the optimal policy consists in investing a constant proportion of wealth in
the risky asset.

Proposition 4.14. Let ϕ : [0, T ] → R+, be the non-negative solution of the fol-
lowing linear ODE{

ϕt = ϕ(r− µC(t) + θρσC(t)) − 1

ϕ(T) = 0.
(4.16)

It holds

exp{K(T − t)}U(x) 6 v(t, x,y) 6 exp{K(T − t)}U(x+ϕ(t)y), (4.17)

where K is constant and given by

K :=
θ2

2

γ

1− γ
+ rγ.

Proof. To prove the two inequalities in (4.17) we will use the comparison
results for viscosity solutions (see e.g. Pham (2009), Section 4.4). It will be
therefore sufficient to prove that

(i) f(t, x,y) = f(t, x) := exp{K(T − t)}U(x) is a subsolution to (4.5)

(ii) g(t, x,y) := exp{K(T − t)}U(x+φ(t,y)) is a supersolution to (4.5), for
φ(t,y) = ϕ(t)y.

(i) First observe that at the terminal time t = T , f(T , x,y) = U(x) and the
terminal condition of (4.5) is satisfied.
Computing the derivatives with respect to t and x we obtain

ft(t, x) = −K exp{K(T − t)}U(x),

fx(t, x) = exp{K(T − t)}U ′(x),

fxx(t, x) = exp{K(T − t)}U ′′(x).

Substituting in (4.5) and computing the maximum in π we obtain

−
K

γ
exp{K(T − t)}xγ −

1

2

θ2 exp{2K(T − t)}x2γ−2

(γ− 1) exp{K(T − t)}xγ−2

+ y exp{K(T − t)}xγ−1 + rx exp{K(T − t)}xγ−1

= exp{K(T − t)}
[
−
xγ

γ

(
K−

1

2

θ2γ

1− γ
− rγ

)
+ yxγ−1

]
=xγ−1y exp{K(T − t)} > 0.

(ii) Again notice that also the function g satisfies the terminal condition in
(4.5), at least with the inequality. Indeed, at the terminal time t = T , we
have g(T , x,y) = U(x+φ(T ,y)) = U(x), since the function φ satisfies
φ(T ,y) = 0.
Denote by ζ = ζ(t, x,y) := x

φ(t,y) and ξ(t) := exp{K(T − t)}.
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To check the supersolution property, after computing again the partial
derivatives of g, substituting in (4.5), and computing the supremum,
we therefore obtain in terms of the new variable

Kξ(t)(φ(t,y))γ(1+ ζ)γ
1

γ
− ξ(t)(φ(t,y))γ−1(1+ ζ)γ−1φt(t,y)

+
1

2

(ξ(t))2(1+ ζ)2γ−4(φ(t,y))2γ−4

ξ(t)(γ− 1)(φ(t,y))γ−2(1+ ζ)γ−2
·

·
{
(φ(t,y))2(ζ+ 1)2θ2 + ρ2σ2C(t)y

2(γ− 1)2(φy(t,y))2

+ 2θρσC(t)yφ(t,y)φy(t,y)(γ− 1)(1+ ζ)
}

− ξ(t)(φ(t,y))γ−1(1+ ζ)γ−1y− rξ(t)(φ(t,y))γ−1(1+ ζ)γ−1x

− µC(t)yξ(t)(φ(t,y))γ−1φy(t,y)(1+ ζ)γ−1+

−
1

2
σ2C(t)y

2ξ(t)
[
(γ− 1)(φ(t,y))γ−2(φy(t,y))2(1+ ζ)γ−2

+ (φ(t,y))γ−1(1+ ζ)γ−1φyy(t,y)
]
=

ξ(t)(φ(t,y))γ
{
K

γ
(1+ ζ)γ − (1+ ζ)γ−1

φt(t,y)
φ(t,y)

+
1

2

1

γ− 1

θ2

(φ(t,y))2
(φ(t,y))2(1+ ζ)γ+

−
1

2

1

γ− 1

(φy(t,y))2

(φ(t,y))2
(1+ ζ)γ−2ρ2σ2C(t)y

2(γ− 1)2

+
1

2

1

γ− 1

φy(t,y)
φ(t,y)

(γ− 1)2θρσC(t)y(1+ ζ)
γ−1

+
y

φ(t,y)
(1+ ζ)γ−1 − rζ(1+ ζ)γ−1 − µC(t)y

φy(t,y)
φ(t,y)

(1+ ζ)γ−1

−
1

2

σC(t)y(γ− 1)(φy(t,y))2

(φ(t,y))2(1+ ζ)γ−2
−
1

2

σ2C(t)y
2φyy(t,y)
φ(t,y)

(1+ ζ)γ−1

}
.

We can rewrite the expression above by collecting the coefficients of the
powers of (1+ ζ), obtaining

ξ(t)(φ(t,y))γ·

·

{
(1+ ζ)γ

=0︷ ︸︸ ︷[
K

γ
−

θ2

1− γ
− r

]
+ (1+ ζ)γ−1

[
r−

φt(t,y)
φ(t,y)

+
φy(t,y)
φ(t,y)

θρσC(t)y

−
y

φ(t,y)
−
φy(t,y)
φ(t,y)

µC(t)y−
1

2

φyy(t,y)
φ(t,y)

σ2C(t)y
2
]

+ (1+ ζ)γ−2
[
1

2

(φy(t,y))2

φ(t,y)2
(1− ρ2)(1− γ)σ2C(t)y

2

]
︸ ︷︷ ︸

>0

}
.
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From this representation it is then easy to see that, if φ(t,y) = ϕ(t)y and ϕ
is a solution of (4.16), the function g will be a supersolution to (4.5), which
concludes.

Remark 4.15. Another possible way to prove the estimates in (4.17) is to use
financial arguments and notice that

• the lower bound corresponds to the value function of the problem
without random endowments over time, and can therefore be improved
when random endowments are present

• an alternative upper bound could be found by comparing the problem
to the one of an artificial market model where the endowment can also
be traded.

Also notice that the lower bound for the value function in the proposition
above holds without any extra assumption.

Corollary 4.16. For y > 0 fixed and x→ +∞ it holds

v(t, x,y) ∼ exp{K(T − t)}U(x). (4.18)

As a consequence of the previous theorem, extending again to the parabolic
case the arguments in Duffie et al. (1997), we can get some asymptotics for
the reduced function u, as stated in the following.

Proposition 4.17. It holds that

(i) For z→∞, u(t, z) ∼ exp{K(T − t)}z
γ

γ .

(ii) The function h defined as in (4.14) is such that, out of a negligible set, for
x/y→∞

h(t, x,y) ∼
θ

σ(1− γ)
,

if this is in A, i.e. it converges to the Merton ratio.

Proof. (i) This is an immediate consequence of Theorem 4.16.

(ii) For λ > 0, define

w(λ)(t, z) := e−K(T−t)λ−γu(t, λz).

First notice that, due to Theorem (4.18), it holds for λ→∞
w(λ)(t, z)→ zγ

γ
,

locally uniformly. Moreover, w(λ) is concave in z, which implies (see
Rockafellar (1997), Theorem 25.7) that the partial derivatives with
respect to z will also converge

w
(λ)
z → zγ−1.
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From (4.16) it follows also that

w
(λ)
t → 0,

being the convergence of the functions w(λ) and their derivatives uni-
form in t.

Now, since u solves (4.7) for almost every (t, z),
for w(t, z) := e−K(T−t)u(t, z) it will hold a.e.

wt −Kw+

(
µC(t)γ−

1

2
σC(t)

2γ(1− γ)

)
w

+
(
(1− γ)σC(t)

2 − µC(t)
)
zwz +

1

λ
wz +

1

2
σC(t)

2z2wzz

+ sup
π∈A

{
(πσθ+ r)zwz +

1

2
(πσ)2z2wzz

− ρσC(t)σπ(1− γ)zwz − ρσC(t)σπz
2wzz

}
= 0,

If we now define by

`(z) := lim
z→∞ wzz

zγ−2
= lim
z→∞ uzz

eK(T−t)zγ−2
,

and take the limit for z→∞ in the above equation, we obtain a second
degree polynomial for `(z)(
µCγ−K−

1

2
σ2Cγ(1− γ)

)
1

γ
+
(
r− µC + (1− γ)(1− ρ2)σ2C + θρσ̃C

)
+
1

2
(1− ρ2)σ2C`(z) −

1

2
(θ− ρσC(1− γ))

2 1

`(z)
= 0.
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By the concavity of the function w in z, we know that we will have to
select the negative root, which is given as

`(z) =
1

(1− ρ2)σ2C(t)

{
−
1

2

1

1− γ
(k0(t, z) − k1(t, z))

−

√
1

4

1

(1− γ)2
(k0(t, z) − k1(t, z))2 +

1

(1− γ)2
k0(t, z)k1(t, z)

}
=

1

(1− ρ2)σ2C(t)

{
−
1

2

1

1− γ
(k0(t, z) − k1(t, z))

−

√
1

4

1

(1− γ)2
(k0(t, z) + k1(t, z))2

}

=
1

(1− ρ2)σ2C(t)

{
−
1

2

1

1− γ
(k0(t, z) − k1(t, z))

−
1

2

1

1− γ
(k0(t, z) + k1(t, z))

}

=
1

(1− ρ2)σ2C(t)

{
−

1

1− γ
k0(t, z))

}
= γ− 1,

where the coefficients k0 and k1 are defined as

k0(t, z) := σC(t)(1− γ)2(1− ρ2) > 0,

k1(t, z) := (θ− ρ(1− γ)σC(t))
2 > 0.

This implies that

lim
z→∞wzz(t, z) = (γ− 1)zγ−2

and therefore
lim
z→∞ uz

zuzz
=

1

γ− 1
,

which, substituted in (4.15), yields the claim.

4.5 conclusion

We consider an optimal asset allocation problem in an incomplete market,
where exogenous stochastic endowments flow continuously into the portfolio
according to a time-inhomogeneous geometric Brownian motion. We analyze
the viscosity solution of the HJB PDE, reduce its dimension, and prove that
the optimal strategy can be recovered from the optimal policy of a reduced
problem.
We are also able to describe the asymptotic behavior of the value function,
and the strategy when the initial wealth goes to infinity.





5
TA R G E T D AT E F U N D S : M A R K E T I N G O R F I N A N C E ?

5.1 introduction

In this chapter, based on Chen et al. (2015), we investigate the design of
so-called target date funds.
Target date funds (TDF) are investment funds with a prespecified maturity
(target date). Because of their structure, these funds place themselves in the
category of “life-cycle” funds, rather than in the category of “life-style” funds
where the target is the risk profile of the investor. TDFs have developed
very rapidly, particularly after they became one of the default investment
strategies of a 401(k) defined contribution (DC) beneficiary.1 According to
Morningstar Fund Research (2012), assets in the TDFs have grown from 71

billion US dollars at the end of 2005 to approximately 378 billion dollars at
the end of 2011. These funds are directly coupled with the retirement year
of the DC plan investors and have the advantage that the investors do not
have to choose a number of investments, but only a single fund. The main
mechanism behind these TDFs is: those who retire later shall invest more
in equity, while those who retire earlier shall invest less in equity. In other
words, equity holding in TDFs shall decrease in age. Therefore, TDFs are
usually identified by practitioners with “glide paths”, i.e. the decreasing curve
of the equity holding (as a fraction of wealth) over time.

But is this shaping of target date funds really a good recommendation for
DC beneficiaries to manage the investment risks? Shall every DC beneficiary
who retires in 2050 take the same target date fund, independent of his income,
and risk preference? Is the popular financial advice just anecdotal evidence?
Or can it be justified by rigorous theory?

There is few literature aiming to find an optimal equity holding which
justifies the target date fund.2 At first sight, target date funds are inconsistent
with Merton’s portfolio (c.f. Merton (1969) and Merton (1971)), which has
sometimes been considered as an economic puzzle. For an investor with a con-
stant relative risk aversion preference, Merton’s optimal portfolio prescribes

1 DC beneficiaries need to bear the entire investment risks and management of their pension
plans. In the US, they can manage it by so called “Individual Retirement Accounts”, or more
frequently by making contributions to 401(k) plans, where the amount of contributions mainly
depends on the development of an employee’s salary (income).

2 In the academic literature, the study of target date funds has been mostly based on simulation
studies: taking several prevailing strategies (target date fund and constant mix strategy), compare
them and find the best strategy among them. For instance, Spitzer & Singh (2008) compare
the target date funds with constant-mix strategy (50-50%) by examining the ruin probability
via bootstrap simulation and rolling period analysis and show that constant mix strategy
outperforms the TDF all the time.
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to invest a constant proportion of wealth in equity (constant-mix strategy
is optimal), i.e. the optimal portfolio does not depend on time/age. One
of the most famous rigorous economic justifications for the age-dependent
(particularly age-decreasing) investment behavior is given in Jagannathan
& Kocherlakota (1996). In their paper, by using economic reasonings, the
robustness of the arguments justifying glide paths is called into question.
They discuss the three prevailing hypotheses supporting it and accept human
capital, in form of present value of expected future earnings, as the only valid
reason to solve this apparent puzzle. Using a simplified model and some
qualitative arguments, they also show the validity of the argument “younger
people shall invest more in stocks because younger people have more labor
income ahead” under certain conditions, e.g. if labor income is relatively
uncorrelated with stock returns.

In a DC pension plan, the beneficiary makes contributions whose amount
mainly depends on the development of her salary (income). Based on this
fact and also motivated by Jagannathan & Kocherlakota (1996), we use an
optimal dynamic asset allocation approach in continuous time to investigate
the role of labor income in the form of stochastic contributions in the utility
maximization of the wealth of a DC beneficiary. We find that stochastic
contributions can play an essential role in the determination of the optimal
equity holding. More interestingly, it depends on how the contribution rule
is set. We mainly discuss two models as representatives of the following
general forms:

1) Contributions are adjusted as a varying proportion of the fund value,
where the proportion is allowed to be stochastic but just depends on the
salary process.

2) Contributions depend only on the salary process.

We show that in the first case the correlation between the asset and salary
risk plays the dominant role in the asset allocation, which decides whether
the equity proportion is equal to, higher or lower than Merton’s portfolio.
The effect of human capital, interpreted as discounted value of future wages,
is rather secondary and influences the magnitude of the equity holding when
there is some correlation between the two risks.

In the second case, the effect of human capital becomes more relevant.
The resulting equity holding is a time dependent and, in most -but not all-
cases, time-decreasing proportion of wealth which suggests a higher equity
holding than in Merton’s portfolio. We will see that the correlation between
the asset and salary risk is still a deciding factor in the equity holding.
However, uncorrelated risks do not imply an equity holding identical to
Merton’s portfolio. Through our analysis, we show that the optimality of
glide paths (age-decreasing equity holding) can be in most cases verified
in the presence of stochastic contributions. However, in some extreme cases
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(e.g. the asset and income risks are highly positively correlated), the optimal
equity holding could recommend that an older beneficiary shall invest more in
stocks than a younger one. In other words, it is not necessarily true that one
should use a glide path as reference, as already conjectured in Jagannathan
& Kocherlakota (1996).
Let us mention here that similar conclusions are also drawn by Dybvig
& Liu (2010). However, the main focus in their paper is on the impact of
retirement flexibility and borrowing constraints in determining the optimal
consumption and investment for the problem of maximizing the utility
from consumption and bequest. Our model neglects on the one side the
fact that the retirement time could be random and the optimal stopping
problem deriving from that, on the other side better fits the structure of TDFs.
Moreover, from a technical point of view, Dybvig & Liu (2010) are able to
reduce the optimization problem to a time-independent ODE, whereas in
our case of maximizing the utility of terminal wealth complex non-linear
parabolic equations need to be considered.

The mathematical foundation of the current chapter is optimal dynamic
asset allocation (in an incomplete financial market)3. In the present chap-
ter, we incorporate untradable salary risk in the contribution process and
analyze the optimal asset allocation for a target date fund in the context of
defined contribution schemes. We rely on dynamic programming and use the
dimension-reduction technique developed in Chapter 4 to solve the optimal
asset allocation problem.

The remainder of the chapter is organized as follows. Section 5.2 describes
the model setup, introduces our optimization problem and particularly
the two contribution rules. In the subsequent Section 5.3, we rely on the
separation theorem and solve the optimization problem for the first case in
which the contribution is a proportion of the fund value. We also provide
an example of a model with mean-reverting contributions depending both
on the wealth process and the salary, and obtain an analytical solution. In
Section 5.4, we treat the second case in which the contribution is a function
of salary exclusively and use Chapter 4 to solve the optimization problem.
Moreover, we study numerically the effects of correlation and human capital

3 There exists a stream of literature on optimal dynamic asset allocation applied for a DC pension
scheme with diverse financial market settings and different preferences. Gao (2008) studies
this problem under stochastic interest rates. Boulier, Huang & Taillard (2001) solve it under the
constraint that a guaranteed amount is provided to the beneficiary in a stochastic interest rate
framework. Blake, Wright & Zhang (2013) investigate this problem with a loss-averse preference
(instead of using a conventional utility function) and study so called target-driven investing.
Incorporating salary (income) risk by modelling it as a geometric Brownian motion, Zhang,
Korn & Ewald (2007) focus on the influence of inflation on pension products. Cairns, Blake &
Dowd (2006) consider this optimization problem under a utility function which uses the plan
member’s salary as a numeraire. Our formulation differs from Cairns et al. (2006): In Cairns et al.
(2006), the pension beneficiary maximizes the expected utility of the terminal wealth divided by
his terminal salary, while in our work we maximize the expected utility of the terminal wealth.
This objective is the traditional one considered in the literature, and appears to us to be more
natural.
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on the optimal equity holding. Lenghty computations are relegated to the
Section 5.5. We provide some concluding remarks in Section 5.6.

5.2 model setup

On a fixed filtered probability space (Ω,F, {Ft}t∈[0,T ], P), satisfying the usual
hypotheses, consider a financial market consisting of a riskless asset and a
risky asset. From now on let T be a fixed finite time point, representing the
age of retirement4.
(S0,S1) will denote respectively the savings account (riskless asset) and the
risky asset, and we assume that the two assets follow a Black-Scholes model:

dS0t = rS0t dt,

dS1t = µS1t dt+ σS1t dW1t ,

where µ, r ∈ R, σ > 0 andW1 is a Brownian motion on the above mentioned
filtered probability space.

The contributions of DC plan investors are usually coupled to their salary.
We assume that the salary process I has stochastic dynamics driven by
another Brownian motion WI on the same space, correlated with W1 with a
correlation coefficient ρ. So, there is a Brownian motion W2, independent of
W1 such that WI = ρW1 +

√
1− ρ2W2.

The process It is not constant, but rather describes a time-varying salary (e.g.
overtime payments, bonuses etc.):

dIt = µI(t, It)dt+ σI(t, It)dWIt , (5.1)

where µI : [0, T ]×R+ → R, σI : [0, T ]×R+ → R+ are càdlàg in time, and
locally Lipschitz continuous of at most linear growth in the second variable.
We assume that the fund manager invests at any time t a proportion πt of the
wealth in the stock S1 and 1−πt in the bond S0 with interest rate r, and that
the corresponding wealth process evolves according to a stochastic process
{Aπt }t∈[0,t], whose dynamics will be specified in detail later on. In addition,
there are contributions continuously flowing to the plan member’s individual
account at rate ct := f(Aπt , It). The contribution rule is a function f : R2 → R+,
f ∈ C2, depending on the fund’s value Aπt and on the salary process It. There
are several special cases, among the ones that can be considered:

• f(Aπt , It) = λ(It) ·Aπt , where λ ∈ C2(R). Contributions are here ad-
justed as a varying proportion of the fund value, where the proportion
is allowed to be stochastic but just depends on the salary process.

• f(Aπt , It) = f(It), where f ∈ C2 is strictly positive and just depends on
the second variable. Here the contributions are based on the wage.

4 We neglect the mortality risk, assume that the retirement time is deterministic and focus on the
stochastic contribution risk.



5.2 model setup 71

We will see that the first case can be treated sometimes in an analytic way
(see Section 5.5.1), while the second one requires more efforts, but reflects
more realistic contribution processes in the DC plan. For instance, the case
f(Aπt , It) = λIt is mostly considered, i.e. the contribution ct is taken as a
constant fraction λ ∈ (0, 1) of the salary process. This is just a special case of
f(Aπt , It) = f(It).

Remark 5.1. Under the above assumptions, the contributions ct := f(Aπt , It)
are also Itô diffusions, and will have stochastic dynamics of the type:{

dcπt=µC(t,A
π
t , It,πt)dt+ σ1C(t,A

π
t , It,πt)dW1t + σ

2
C(t,A

π
t , It,πt)dW2t

cπ0=y,
(5.2)

where µC : [0, T ]×R+×R+×A → R and σiC : [0, T ]×R+×R+×A → R+,
i = 1, 2, are deterministic functions obtained in terms of the first and second
derivatives of f, and A ⊆ R is a set the strategies take values in. We will
therefore sometimes give directly the contribution process as a general Itô
diffusion without referring to the income dynamics.

We will often talk about a “strategy” π meaning by this the pair (1− π,π).
Given an investment strategy π, the pension wealth process obtained by trading
according to the strategy π, {Aπt }t∈[0,T ], has the following dynamics:

dAπt =
Aπt πt

S1t
dS1t +

Aπt (1− πt)

S0t
dS0t + ct dt, (5.3)

and hence, defining θ := µ−r
σ , for an initial wealth x ∈ R+ we get{

dAπt = [Aπt (πtσθ+ r) + ct] dt+Aπt πtσdW1t ,
Aπ0 = x.

(5.4)

Note that this definition reflects the fact that the only allowed additional
cash injections to the fund are due to the continuous payments at rate
ct = f(A

π
t , It).

A progressively measurable process π is said to be admissible, if it takes values
in a fixed convex subset A of R such that

∫T
0 |πs|

2 ds <∞ a.s. and Aπt > 0

for every t ∈ [0, T ].5 We denote by A the set of all admissible strategies.
For simplicity, let us assume that A is compact.

Remark 5.2. In the definition of admissibility, one has to ensure that the fund
process never becomes negative. The general contribution process does not
necessarily ensure positivity. In our second case in which f(Aπt , It) = f(It)
(with f strictly positive), the wealth process stays positive without any extra
requirements on the admissible strategies.

Recall that the driving Brownian motion WI represents the uncertainty in
the salary, and is spanned by two Brownian motions one of which, W2, is

5 The square-integrability condition ensures the existence and uniqueness of a solution for
Equation (5.4), provided some regularity assumptions on the contribution rule (e.g. Lipschitz
continuity in the first variable) hold, together with some assumptions on the contribution
process.
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assumed not to be traded in the market. This makes the market incomplete.
Assume that the DC plan investor gets a lump-sum payment at time of
retirement T 6 and wants to maximize the expected utility from this terminal
wealth. More precisely, we are looking for an optimal investment strategy π∗

such that
E
[
U(Aπ

∗
T )
]
= sup
π∈A

E [U(AπT )] ,

where U : R → R+ is a CRRA power utility function and A is the set of
admissible strategies, i.e. for a risk aversion parameter γ < 1, γ 6= 0,

U(x) =
xγ

γ
.

The power utility is abundantly used in both theoretical and empirical re-
search because of its nice analytical tractability. Most importantly, the use of
the power utility is also motivated economically, since the long-run behaviour
of the economy suggests that the long run risk aversion cannot strongly de-
pend on wealth, see Campbell & Viceira (2002).

The value function of the utility maximization problem is given by

v(t, x,y) := sup
π∈A

E
[
U(Aπ,t,x,y

T )
]

, (t, x,y) ∈ [0, T)× (0,+∞)× (0,+∞),

(5.5)
where we are taking as controlled process the pair Xπ = (Aπ, I), and the
notation Aπ,t,x,y stands for the first coordinate of the process Xπ starting
from the point (x,y), respectively the initial wealth and the initial income, at
time t.
Please note that the process I actually does not depend on the control π.
Applying well-known results in stochastic control, see e.g. Pham (2009)
Chapter 3, in particular Theorem 3.5.2, we can write down the HJB equation
for the value function of our control problem:

−vt(t, x,y) = sup
π∈A

{
[x(πσθ+ r) + f(x,y)] vx(t, x,y) + µI(t,y)vy(t, x,y)

+
1

2
(πσx)2vxx(t, x,y) +

1

2
σI(t,y)2vyy(t, x,y)

+ ρσσI(t,y)πxvxy(t, x,y)
}

, (5.6)

v(T , x,y) =U(x), ∀(x,y).

Here and in the remainder, we will denote the partial derivatives by sub-
scripts, and often omit the argument of the function in the equations.

The solution to the HJB PDE (5.6) depends on the contribution rule and
cannot be solved analytically in general. In what follows, we discuss a

6 Most DC pension plans pay out a lump-sum instead of annuities.
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representative model of each of the two contribution rules: f(Aπt , It) =

λ(It) ·Aπt in Section 5.3 and f(Aπt , It) = f(It) in Section 5.4.

5.3 contribution as a fraction of the fund value

If we are ready to constrain the contribution rule to the form f(x,y) = λ(y)x,
as a fraction of the fund value, where λ is exclusively a function of y, in some
cases we are able to achieve analytic solutions.

Example 5.3. Take as contribution rule f(x,y) = λ(y)x, and assume that the
process λ(It) evolves according to an Ornstein-Uhlenbeck process7.
We assume directly that the dynamics of the process Λt = λ(It) are given
as8: {

dΛt = κΛ(µΛ −Λt)dt+ σΛ dWIt ,
Λ0 = y,

(5.7)

where the constant parameters are such that κΛ > 0 denotes the mean
reversion speed, and µΛ the mean reversion level, whereas σΛ > 0 is the
volatility. For this model, it can be seen (see Section 5.5.1 for more details)
that the optimal strategy is given by

π∗ =π∗(t) =

(
θ− ρσΛ

γ

κΛ

(
e−κΛ(T−t) − 1

)) 1

σ(1− γ)

=
θ

σ(1− γ)
−

1

σ(1− γ)

ρσΛγ(e
−κΛ(T−t) − 1)

κΛ
. (5.8)
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Figure 4: Optimal equity proportion against time in the model of Section 5.3
Parameters: σ = 0.2, µ = 0.06, r = 0.02, σΛ = 0.05, κΛ = 0.02, γ = −2,
T = 30.

Let us comment on the optimal strategy (5.8).

• First, it consists of two terms: the first term is the famous Merton
portfolio, and the second term is an additional component which

7 This function is obviously Lipschitz continuous in x, and since the Ornstein-Uhlenbeck process
is predictable, there is a solution to Equation (5.4).

8 In the case where the dynamics of the process It are given instead of the dynamics of the
contribution process, up to an application of Itô’s formula to the process λ(It), we get a similar
result.
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accounts for the (hedgeable) correlated contribution risk. This clear-cut
decomposition of the strategy, particularly filtering out the Merton
portfolio, is only possible because the contribution rule f(x,y) = λ(y)x
allows us to use the separation ansatz v(t, x,y) = φ(t,y)U(x) on the
value function.

• Second, the correlation coefficient ρ between the tradeable and the
untradeable risk plays the most important role in the magnitude of
the strategy. The sign of ρ decides whether the optimal investment is
identical to, higher or lower than the Merton portfolio. For γ < 0 (a
relative risk aversion larger than 1), a positive correlation leads to an
optimal equity holding lower than the Merton portfolio, and a negative
correlation results in an optimal equity holding higher than the Merton
portfolio. For 0 < γ < 1 (a relative risk aversion between 0 and 1), the
effect of ρ is reversed. A higher correlation means that more untradable
risks can be eliminated through going short in the tradable stock.

• Third, the optimal strategy varies in time and converges towards the
Merton portfolio when the time approaches maturity, as can be read
from Equation (5.8) and is illustrated in Figure 4.

• Fourth, compared to the influence of the correlation coefficient ρ, the
effect of income risk (contribution) is secondary. For instance, for ρ = 0,
the resulting optimal strategy coincides with the Merton portfolio: the
parameters κΛ and σΛ which drive the contribution process do not
influence this result. You might argue that the effect of the income
is secondary just due to our modelling, i.e. since we use Ornstein-
Uhlenbeck process to model λ(It), which means that the contribution
might become negative. Therefore, in this place, let us briefly men-
tion another simpler example which helps us see the secondary effect
of the contribution on the optimal investment strategy: λ(It) = λ, i.e.
f(x,y) = λx, λ > 0. In this case, we have a continuous stream of positive
contributions flowing to the pension fund, but the optimal strategy is
not time-dependent and it is easy to see that it coincides with Merton’s
portfolio. In this simple example, although the contributions are always
strictly positive, the income has no effect at all.

The analysis in this section shows that adding a contribution (depending
on income) in the form f(Aπt , It) = λ(It) ·Aπt to the original Merton setting
might lead to a time-dependent optimal portfolio, depending on the specifi-
cation of λ(It). Under certain circumstances, it is also possible to achieve a
strategy which decreases in time, suggesting that younger participants shall
optimally hold more equity. However, even in this case, the contribution/in-
come does not play the most important role. The correlation together with
the risk aversion level and income parameter determines consequently the
magnitude of the equity holding.
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5.4 contribution depending only on the income

In the current section, we look at the more realistic contribution process:
f(Aπt , It) = f(It). The optimization problem becomes much more compli-
cated. No separation ansatz seems to be adoptable to derive the value func-
tion and the optimal strategy, which has the consequence that explicitly
filtering out the Merton portfolio is impossible. A natural question which
needs to be answered in the next section: will the income (contribution)
become now the dominant effect in the optimal strategy? In this case, do
you always achieve an optimal strategy which decreases in time? Here, we
model the contribution process as a process depending only on the wage, i.e.
f(x,y) = f(y). If f ∈ C2(R) is an invertible function, the contribution process
itself will be again an Itô-diffusion, whose dynamics can be derived from the
dynamics of the wage process I. Slightly changing the setting with respect to
the previous sections, and with a little abuse of notation, we will therefore
directly model the contribution process.

In the following, we assume that the contributions have stochastic dynamics
given as: {

dct = ct
(
µC(t)dt+ σC(t)dWIt

)
,

c0 = y,
(5.9)

where µC : [0, T ]→ R and σC : [0, T ]→ R+ are càdlàg in time, and y > 0 is
the initial contribution.
Unfortunately, it is very hard to make an educated guess on the solution of
the PDE corresponding to this case, and so we are unable to apply classical
verification methods. To solve this optimal asset allocation problem, in Chap-
ter 4 we reduce the HJB equation by one dimension to make the optimization
problem well solvable through numerical methods. In Chapter 4 we show
that the value function reads v(t, x,y) = yγu

(
t, xy

)
, where u is a solution of

a reduced PDE (see Section 5.5.2 for more details and a precise statement of
the theorem). In the same chapter, we also show that the optimal strategy is
described by π∗t = h

(
t,AΠt , ct

)
where

h(t, x,y) :=
θ

σ ·
−uzz(t, xy )
uz(t, xy )

x
y

−
ρσC(t)

σ

 1− γ
−uzz(t, xy )
uz(t, xy )

x
y

− 1

 , (5.10)

if it belongs to A a.e.
This also proves that the optimal strategy will depend on the current wealth
x and income y only though their ratio z = x

y .
Note that the strategy in (5.10) also consists of two parts:

• The first term has a similar form as, but is not identical to, the Merton
portfolio. In fact, it is now impossible to explicitly obtain the Merton
portfolio as a separate summand. The difference lies in the coefficient
in the denominator. Since the separation ansatz does not work in this
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case, the additional contribution/income influences also the relative
risk aversion of the indirect utility: We now have a coefficient changing
with time and the ratio of wealth over income, z. This varying RRA
is given by −uzz

uz
z, which does not necessarily equal 1− γ. In Chapter

4, we show that when z goes to infinity (i.e. the income is negligible
compared to the wealth), this quantity converges to 1− γ. In other
words, asymptotically we are back to Merton’s case. Due to this effect
of the contribution, even when there is no correlation between asset and
contribution risk, we are already obtaining a time-dependent equity
holding.

• The second term is again the hedging component which accounts for
the (hedgeable) correlated untradable contribution risk. It disappears
when ρ = 0 or the relative risk aversion of the indirect utility −uzz

uz
z con-

verges to 1− γ, for z ↑ ∞. In this case, since the comparison between
the two magnitudes (−uzzuz

z and 1− γ) depends on specific parameter
choices, we can identify the unambiguous impact of ρ.

There are two main factors driving the choice of the investor:

1. the correlation between the random endowment and the risky asset, which
allows to hedge partially away risks from the random future contribution
by choosing the investment strategy accordingly,

2. the presence of a strictly positive random endowment, which corresponds
to the availability of future incomes, and corresponds to an extra - non
financial - wealth, called “human capital”.

In the following two subsections, we will analyze these two effects in detail.

5.4.1 The impact of correlation

With the contribution rule studied in Section 5.3, the effect of correlation is
very important and the value of the correlation for the qualitative change of
the strategy is ρ = 0. However, in this second contribution rule ρ = 0 is not
crucial anymore.
Numerical studies seem to suggest that also in the second contribution
rule there is a value of the correlation determining whether the optimal
proportion lies above or below the Merton ratio, but that this critical value
will be now always strictly bigger than 0 (cf. Figure 3). The following result
aims at understanding this issue a little deeper.

Proposition 5.4. In the model of Section 5.4, assume that σC is constant over time
and µ > r. If the parameters are such that 1− γ > µ−r

σσC
, then for the value

ρ∗ =
µ− r

σσC(1− γ)
> 0 (5.11)
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the corresponding optimal strategy is constant and coincides with the Merton ratio,
namely

h(t, x,y) ≡ µ− r

σ2(1− γ)
,

if it belongs to A .

Proof. To show the claim, we look for conditions on the correlation such
that the optimal policy in (5.10) coincides with the Merton ratio. To this end,
define for z = x

y

δ(t, z) := −
uzz(t, z)
uz(t, z)

z− (1− γ).

We basically have to look for a ρ∗ such that

µ− r

σ2(1− γ)
=

µ− r

σ2(1− γ+ δ)
− ρ∗

σC
σ

(
1− γ

1− γ+ δ
− 1

)
.

Rearranging the terms, this holds if and only if

µ− r

σ

(
1

1− γ
−

1

1− γ+ δ

)
= −ρ∗σC(1− γ)

(
1

1− γ+ δ
−

1

1− γ

)
.

One can then see that this equation is satisfied for ρ∗ = µ−r
σσC(1−γ)

.
That ρ∗ is strictly positive follows from Equation (5.11) since µ > r. Moreover,
ρ∗ is a correlation coefficient thanks to the assumptions on the parameters.

Remark 5.5. Note that also for δ(t, z) = 0 ∀(t, z) we would have that the
optimal proportion corresponds to the Merton ratio. It seems however hard
to prove whether and for which parameters this holds.
From the upcoming numerical results, we can actually conjecture that the
value ρ∗ in Equation (5.11) is critical in the following sense:

• if ρ > ρ∗, then π∗ < µ−r
σ2(1−γ)

for all t ∈ [0, T)

• if ρ < ρ∗, then π∗ > µ−r
σ2(1−γ)

for all t ∈ [0, T).

Moreover, for 1− γ 6 µ−r
σσC

, i.e. for a sufficiently small relative risk aversion
parameter (sufficiently big γ), all values of the correlation should yield
optimal strategies lying over the Merton ratio.

Figure 5 plots the optimal equity proportion as a function of time for 5 dif-
ferent values of ρ. For the given parameters, the critical correlation coefficient
is ρ∗ ≈ 0.1923. Therefore, for all ρ < 0.1923 (i.e. here ρ = −0.95, −0.5, 0), the
optimal equity holding is higher than than the Merton portfolio. Furthermore,
it demonstrates a glide path, a time-decreasing equity-holding. On the con-
trary, for all ρ > 0.1923 (i.e. here ρ = 0.5, 0.95), we observe a time-increasing
equity holding which is overall lower than the Merton portfolio. This in
particular shows that in this model the optimal strategy is not necessarily
given as a glide path, but can be also increasing in time in some cases, de-
pending on the correlation of the contribution process with the market assets.
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Figure 5: Optimal equity proportion in the model of Section 5.4 for different
values of the correlation parameter ρ.
Parameters: T = 30 years, and σ = 0.4, µ = 0.04, σC = 0.13, µC = 0.02,
r = 0.02, γ = −1, z = 15.
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If we compare now Figure 5 and Figure 6 for γ = −1 and γ = 0.5 respec-
tively (i.e. RRA = 2 and 0.5, resp.), the typical glide path structure of TDFs
can be better justified for less risk-averse agents, because there is a bigger
region of ρs where a time-decreasing equity holding results as the optimal
solution (ρ∗ ≈ 0.1923 in the case of Figure 5 and ρ∗ ≈ 0.7692 in the case of
Figure 6). This is a direct consequence of Proposition 5.4, since the critical
value of the correlation for which the optimal strategy concides with the
Merton ratio is decreasing in the RRA (cf. Equation (5.11)).

Also, the volatility of the stock plays a fundamental role: for a stock with a
higher volatility, we observe a conservative behavior for a risk-averse investor
(cf. Figure 7) already for smaller values of the correlation.

Figure 6: Optimal equity proportion in the model of Section 5.4 for different
values of the correlation parameter ρ and positive γ.
Parameters: T = 30 years, and σ = 0.4, µ = 0.04, σC = 0.13, µC = 0.02,
r = 0.02, γ = 0.5, z = 15.
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5.4.2 Human capital

Let us now briefly analyze the effect of human capital on the investment
choices. Usually, human capital is understood as discounted value of future
wages, social security, and other benefits. The total wealth of a person will
then include both his current financial assets and his human capital.

In the following, we compare the behaviour of a young and an old investor
with the same (relative) risk aversion and the same working category (in the
sense that their salary has the same correlation with the market assets). We
distinguish between the two investors by choosing a different initial value
z = x/y and a different contract duration T . A higher z means a higher initial
capital compared to the initial contribution. The young investor still needs
to work for another 30 years until retirement and starts with a lower initial
z = 5, while the old investor only needs to work for another 10 years and
has an initial z = 20. We can consider the scenario where the young investor
chooses the Target Date Fund 2045 and the old one the Target Date Fund
2025. The resulting optimal equity holdings are plotted in Figures 7 and 8

respectively.

Comparing the two blue curves in these two graphics, some “expected”
observations result: Young investors have a longer time to work and have not
had much time to accumulate wealth. The ability to work (human capital) is
therefore their largest asset. Older investors have already converted most of
their human capital to financial capital. In this sense, young investors can
borrow from their future income to invest more in the risky asset, which
leads to a higher equity holding. Sometimes there is another interpretation to
human capital: Young and old investors with the same relative risk aversion
want to achieve the same “ideal” portfolio (in our case a certain mixture
of the risky and risk free asset). Since the ability to work is not affected by
market risk, human capital is frequently considered more like the risk free
asset. Young investors, which have a lot of human capital (i.e. risk free asset),
need to invest more in equity to achieve this ideal portfolio. On the other
side, old investors have little human capital and will consequently invest less
in equity to achieve this ideal portfolio.

Note that the above-mentioned “expected” result can be only achieved for
some specific choices of the parameters. In many situations, the validity of
the argument about the human capital will be violated, e.g. by choosing a
higher correlation coefficient between the market and income risk. In our
example, we exhibit how the investment behavior of the young and old
investor will change when we move from σ = 0.2 to σ = 0.4. The resulting
optimal equity holding for the young and old investor for the more volatile
risky asset are shown by the dotted curves in Figures 7 and 8. Both investors’
investment behavior does not indicate a glide path and suggests a lower
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equity holding than the Merton portfolio. In particular, the young investor
rich in human capital shall optimally invest less in the risky asset than the
older one. This example also shows that the optimal equity holding can
demonstrate a rising glide path (dotted curves corresponding to σ = 0.4 in
Figures 7 and 8) also for moderate values of the correlation. Our results go
therefore beyond the conjectures of Jagannathan & Kocherlakota (1996) by
stressing the dependence of this inverse behavior also on other parameters
of the model, like relative risk adversion and volatility of the stock.

Figure 7: Optimal equity proportion in the model of Section 5.4 for a young
investor.
Here T = 30 years, ρ = 0.25 and σ = 0.2, 0.4, µ = 0.04, σC = 0.13,
µC = 0.02, r = 0.02, γ = −1.
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Figure 8: Optimal equity proportion in the model of Section 5.4 for an old
investor.
Here T = 10 years, ρ = 0.25 and σ = 0.2, 0.4, µ = 0.04, σC = 0.13,
µC = 0.02, r = 0.02, γ = −1.
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5.5 computing the strategies

In this section we give a more detailed derivation of the strategies of Section
5.3 and 5.4.
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5.5.1 Computing the strategy 1. f(Aπt , It) = λ(It) ·Aπt

If we consider contribution rules of the form: f(x,y) = λ(y)x, where λ is
exclusively a function of y, it is possible to reduce the dimension of the HJB
equation.
Assume indeed that the contribution rule f is of the type f(x,y) = λ(y)x,
i.e. the contributions are proportional to the fund value. Thinking of the
basic case of the Merton portfolio allocation problem, we could try to solve
the HJB equation by making an ansatz for the value function of the type
v(t, x,y) = φ(t,y)U(x) to get rid of the dependence on x. Recalling that in
the power utility case

xU ′(x)

U(x)
= γ,

x2U ′′(x)

U(x)
= γ(γ− 1),

we get

φt(t,y) = − sup
π∈A

{
(πσθ+ r)γφ(t,y) + γρσσI(t,y)φy(t,y)+

γ(γ− 1)
1

2
(πσ)2φ(t,y) + γρσσI(t,y)πφy(t,y)

}
−
γf(x,y)
x

φ(t,y) − µI(t,y)φy(t,y) −
1

2
σI(t,y)2φyy(t,y).

(5.12)

This yields an independent two-dimensional PDE9.
Now, in the setting described in Example 5.3 we can directly take Λ as the

second component of the controlled process instead of I, and the associated
HJB equation reads:

−vt = sup
π∈A

{
πσθxvx +

1

2
(πσx)2vxx + ρσσΛπxvxy

}
+ (r+ y)xvx + κΛ(µΛ − y)vy +

1

2
σ2Λvyy.

(5.13)

The ansatz approach works in this case, and enables us to reduce the previous
equation by one dimension. Deriving a reduced equation as in (5.12), it is
then enough to find a function φ : R+ ×R→ R, φ ∈ C1,2, such that

−φt = sup
π∈A

{
πσγ(θφ+ ρσΛφy)−

1

2
π2σ2γ(1− γ)φ

}
+ (r+ y)γφ

+ κΛ(µΛ − y)φy +
1

2
σ2Λφyy,

φ(T ,y) =1, ∀y ∈ R.

(5.14)

Taking a look at the supremum in this equation, it is easy to see that if the
function φ depends exponentially on y, the structure simplifies. This leads
to the ansatz:

φ(t,y) = exp {α(t)y+β(t)} ,

9 It is apparent that such an ansatz cannot work if the dependence on x of the function f is of a
different type (e.g. constant in x).
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for α,β : R+ → R, C1−functions such that α(T) = β(T) = 0. Computing the
derivatives, we have

φt(t,y) = φ(t,y)(α ′(t)y+β ′(t))

φy(t,y) = φ(t,y)α(t)

φyy(t,y) = φ(t,y)(α(t))2.

Substituting into the equation of φ the above expressions, we get for the
optimal strategy

π∗ =
θφ+ ρσΛφy
σ(1− γ)φ

=
θ

σ(1− γ)
+

ρσΛφy

σ(1− γ)φ
. (5.15)

Using now that the function φ is strictly positive, it is possible to factorize
the dependence on φ in Equation (5.14), and a polynomial of first degree
in y is obtained. For the equation to be satisfied, the coefficient of y as well
as the constant term in the equation above must be zero, and this condition
yields the following two (integrable) ODEs for α and β:{

−α ′(t) = γ− κΛα(t), ∀t ∈ [0, T ]
α(T) = 0,{

−β ′(t) = γ(θ+ρσΛα(t))
2

2(1−γ) + rγ+ κΛµΛα(t) +
1
2σ
2
Λα

2(t), ∀t ∈ [0, T ]

β(T) = 0,

where the last expression derives from substituting (5.15) in the equation for
φ.
If we recall that their solutions are given by:

α(t) =
γ

κΛ

(
1− e−κΛ(T−t)

)
,

β(t) =

[
γ

2(1− γ)

(
θ+ ρσΛ

γ

κΛ

)2
+ rγ+ µΛγ+

1

2
σ2Λ

γ2

κ2Λ

]
(T − t)+[

γ

1− γ

(
θ+ ρσΛ

γ

κΛ

)
ρσΛ

γ

κΛ
+ µΛγ+ σ

2
Λ

γ2

κ2Λ

]
e−κΛ(T−t) − 1

κΛ
+[

−
γ

2(1− γ)
ρ2σ2Λ

(
γ

κΛ

)2
−
1

2
σ2Λ

γ2

κ2Λ

]
e−2κΛ(T−t) − 1

2κΛ
.

we can recover the optimal strategy, which is given in Equation (5.8). A
standard verification argument yields then that the value function is given
by φ(t,y)U(x) and the optimal strategy is as in Equation (5.15).
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5.5.2 Computing the strategy 2. f(Aπt , It) = f(It)

If we now take as controlled process the pair Xπ = (Aπ, c), we obtain, exactly
as in Section 5.5.1, the HJB equation in terms of the parameters describing
the dynamics of the contribution process:

−vt(t, x,y) = sup
π∈A

{
[x(πσθ+ r) + y] vx(t, x,y) + µC(t,y)vy(t, x,y)

+
1

2
(πσx)2vxx(t, x,y) +

1

2
σC(t,y)2vyy(t, x,y)

+ ρσσC(t,y)πxvxy(t, x,y)
}

,

v(T , x,y) =U(x), ∀(x,y).

(5.16)

To solve this optimal asset allocation problem, in Chapter 4 we rely on the
properties of the value function, particularly homogeneity, to reduce the HJB
equation by one dimension and to make the optimization problem thus well
solvable through numerical methods. More concretely, the solution to the
reduced problem is given in Theorem 4.7, which we reformulate here as
follows

Theorem 5.6. The value function of the control problem (5.5) is given by

v(t, x,y) = yγu
(
t,
x

y

)
, ∀(t, x,y) ∈ [0, T)× (0,+∞)× (0,+∞),

where u : [0, T)×R+ → R is the unique viscosity solution with polynomial growth
at infinity to the following equation

−ut =uz + µC(t) [γu− zuz] +
1

2
σ2C(t)

[
γ(γ− 1)u− 2(γ− 1)zuz + z

2uzz

]
+

sup
π∈A

{
(πσθ+ r)zuz +

1

2
(πσ)2z2uzz

+ ρσC(t)σπ(γ− 1)zuz − ρσσC(t)πz
2uzz

}
,

(5.17)
Furthermore, the optimal strategy is given by Πt = h

(
t,AΠt , ct

)
where

h(t, x,y) :=
θ

σ ·
−uzz(t, xy )
uz(t, xy )

x
y

−
ρσC(t)

σ

 1− γ
−uzz(t, xy )
uz(t, xy )

x
y

− 1

 ,

if it belongs to A a.e.

5.6 conclusion

Given the rapidly increasing popularity of target date funds, the present
chapter aims to find a rigorous theoretical foundation to justify their policy,
and to find out whether they can help the DC beneficiaries to effectively
manage the investment risks of their pension plans. Motivated by the quali-
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tative results provided by Jagannathan & Kocherlakota (1996) to verify the
hypothesis “young people shall invest more in risky stocks”, we come up
with a more realistic continuous-time model setup to examine the essence of
TDFs. Compared to their paper, our model extends their qualitative analysis
to a more quantitative one, and allows us to examine the effect of different
time horizons. We designed two different contribution rules to describe the
contributions flowing to the 401(k) plans, both of which depend on salary.
When the contribution process is a function of salary only, say a constant
fraction of the salary, the resulting optimal strategy is in most cases a time-
decreasing equity holding, i.e. the common policy used in TDFs is justified.
However, in some cases, e.g. when the asset and salary are highly positively
correlated, the optimal strategy could be a time-increasing equity holding,
which suggests that older beneficiaries shall invest more in equity.
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A
T H E C H O I C E O F T H E A P P R O A C H

The current chapter is dedicated to the explanation of the choice of the
different primal approaches to the problems analyzed in the thesis.

hjb approach in the problem of part i

For the problem of cross hedging discussed in Part I, one can also try
a more classical PDE approach to dynamic programming. This approach
consists basically in first derive the HJB equation for the value function under
assumptions of high regularity and then give a weaker formulation in terms
of viscosity solutions. We will see that this approach can require a lot of
efforts for studying the cross-hedging problem.
Assume that we are facing the problem of maximizing the expected utility
from the wealth process with a terminal liability

G(IT ),

where (It)t∈[0,T ] denotes a non-tradeable (illiquid) asset.
Assume that the liquid asset has dynamics given according the equation

dSt = St

(
bt dt+ σt dW(S)

t +

∫
R∗
β̃t(z)Ñ

(S)(dz, dt)
)

.

where W(S) is a Brownian motion with respect to the given filtration, and
N(S) a Poisson random measure with respect to the same filtration. Assume
that the illiquid asset has dynamics given according the equation

dIt = dt(It)dt+ at(It)dW(I)
t +

∫
R∗
ct(It, z)Ñ(I)(dz, dt),

whereW(I) is a Brownian motion with respect to the given filtration, possibly
correlated to the one driving the liquid asset, and N(I) a Poisson random
measure with respect to the same filtration. The wealth process obtained
by dealing in the liquid asset according to an admissible strategy π has
dynamics

dXπ = πtb̃t dt+ πtσt dW(S)
t + πt

∫
R∗
β̃t(z)Ñ

(S)(dz, dt).

87
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Let A be the set of the admissible strategies. We will denote by ρ ∈ [−1, 1]
the correlation between the two Brownian motions W(I) and W(S).
The performance criterion we are considering is hence

J(π)(x,y) = E [U(XπT −G(IT ))|X
π
0 = x, I0 = y] .

With the help of the dynamic programming principle, the stochastic control
problem is to find the value function V defined on [0, T ]×R>0 ×R>0 by

V(x,y, t) := sup
π∈A

E [U(XπT −G(IT ))|X
π
t = x, It = y] (A.1)

and an optimal control π∗ ∈ A such that

J(π
∗) = sup

π∈A
J(π),

i.e. such that

V(t, x,y) = E
[
U(Xπ

∗
T −G(IT ))

∣∣∣Xπ∗t = x, It = y
]

.

To simplify notations in what follows, also denote by A(I) and A(S) respec-
tively the infinitesimal generator of the processes I and N, i.e. for every
function φ ∈ C2(R)

A(I)φ(y) = dt(y)
∂φ

∂y
(y) +

1

2
(at(y))

2 ∂
2φ

∂y2
(y)+∫

R∗
{φ(y+ ct(y, z)) −φ(y) −∇φ(y)ct(y, z)}ν(I)(dz),

A(S)φ(x) =A(S,π)φ(x) = b̃t
∂φ

∂x
(x) +

1

2
(σt)

2 ∂
2φ

∂x2
(x)+∫

R∗

{
φ(x+ πtβ̃t(z)) −φ(x) −∇φ(x)β̃t(z)

}
ν(S)(dz),

and for a function φ : [0, T ]×R2 → R, φ ∈ C1,2([0, T ]×R2) denote by

Aφ(t, x,y) =A(π)φ(t, x,y)

=
∂φ

∂t
(t, x,y) +A(S,π)φ(t, ·,y)(x) +A(I)φ(t, x, ·)(y)

+
∂2φ

∂x∂y
(t, x,y)πtρat(y).

We can show the following
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Proposition A.1. Let φ : [0, T ]×R2 → R, φ ∈ C1,2((0, T)× S) ∩ C([0, T ]× S),
S being the set {(x,y) ∈ R2|x > 0,y > 0} satisfy the HJB equation:

0 =φt + sup
π∈A

{
1

2
tr
(
π2tσ

2
tφxx

)
+ πt(ρσtat(y)φxy) + πtb̃tφx∫

R∗

[
φ(x+ πtβ̃t(z),y) −φ(x,y) −φx(x,y)πtβ̃t(z)

]
ν(S)(dz)

}
+
1

2
tr
(
π2tat(y)

2
tφyy

)
+ πtdt(y)φy∫

R∗
[φ(x,y+ ct(y, z)) −φ(x,y) −φy(x,y)ct(y, z)]ν(S)(dz)

and such that

(i) E
[
|φ(IT )|+

∫T
0 |A(π)φ(t,Xt, It)|dt

]
< +∞ for all π ∈ A,

(ii) for each π ∈ A it holds

φ(T ,X(π)
T , IT ) = U(X

(π)
T −G(IT ))a.s. (A.2)

Then V > φ on [0, T ]× S.
Moreover, if the supremum is achieved for an optimal strategy π∗ ∈ A, φ is the
value function of the controlled problem.

Proof. Assume that φ fullfills Condition (i) and (ii). Denote with φ(y)(x) =

φ(t, x,y) the function with (t,y) fixed, considered as a function on R, and
analogously define φ(x)(y). Then, for every π ∈ A it holds

φt +A
(S)φ(y)(x) + πtσtat(y)φxy +A(I)φ(x)(y) 6 0.

By the Dynkin formula (see e.g. Øksendal & Sulem (2005)) and using the
explicit formula for the infinitesimal generators on the class of C2 functions
given above, we get

E
[
φ(X

(π)
T , IT )

∣∣∣X(π)
t = x, It = y

]
= φ(t, x,y) + E

[∫T
0
A(π)φ(s,Xπs , Is)ds

]
6φ(t, x,y)

which, together with condition (A.2), gives

φ(t, x,y) > J(π)(t, x,y) ∀π ∈ A.

On the other hand, if for an optimal π∗ equality holds, equalities hold in the
chain of estimates above and φ(t, x,y) = J(π

∗)(t, x,y) 6 V(t, x,y). These two
facts imply what claimed.

Following the dynamic programming approach, we therefore need to solve,
possibly by means of viscosity, a highly non-linear partial-integro differential
equation. This can be very costly numerically especially for non-convex
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constraint sets.
Part I suggests that, al least in the case of exponential preferences, a BSDE
approach can be more tractable.

bsde approach in the problem of part ii

On a fixed filtered probability space (Ω,F, {Ft}t∈[0,T ], P), satisfying the usual
hypotheses, consider a financial market consisting of a riskless asset and a
risky asset. From now on let T be a fixed finite time point, representing the
age of retirement.
(S0,S1) will denote respectively the savings account (riskless asset) and the
risky asset, and we assume that the two assets follow a Black-Scholes model:

dS0t = rS0 dt,

dS1t = µS1t dt+ σS1t dW1t ,

where µ, r ∈ R, σ > 0 andW1 is a Brownian motion on the above mentioned
filtered probability space.

The contributions of DC plan investors are usually coupled to their salary.
We assume that the contribution process c has stochastic dynamics driven by
another Brownian motion W2 on the same space.
The process ct is not constant, but rather describes a time-varying salary (e.g.
overtime payments, bonuses etc.):{

dct = ct
(
µC(t)dt+ σC(t)dW2t

)
,

c0 = y,
(A.3)

where µC : [0, T ]→ R and σC : [0, T ]→ R+ are càdlàg in time, and y > 0 is
the initial contribution. We will denote by θ = µ−r

σ the market price of risk.
For the sake of simplicity, we will assume that the correlation of the two
Brownian motions W1 and W2 is zero.
In the spirit of Hu et al. (2005), we want to construct a BSDE associated to
the utility maximization problem via the martingale optimality principle.
Let π denote the proportion of wealth invested in the stock. The pension
asset (or wealth) process for an intial positive capital x is defined by{

dAt = [At (πtσθ+ r) + ct] dt+AtπtσdW1t ,
A0 = x.

and therefore (cf. Proposition 4.5 in Chapter 4)

At,x,y
s =

(
x+

∫s
t

c
t,y
u

Ft,πu
du

)
Ft,πs ,
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where Ft,π is a stochastic exponential factor given as:

Ft,πs := exp
{∫s
t

[
(πuσθ+ r) −

1

2
(πuσ)

2

]
du+

∫s
t
σπu dW1u

}
.

It holds

ct = yE(P)t, Pt =

∫t
0
µC(s)ds+

∫t
0
σC(s)dW2s .

The investor aims at maximizing the expected utility from this terminal
wealth, and he is looking for an optimal investment strategy π∗ such that

E
[
U(Aπ

∗
T )
]
= sup
π∈A

E [U(AπT )] ,

where U : R→ R+ is the power utility

U(x) =
xγ

γ
,

for a risk aversion parameter γ < 1, γ 6= 0.
In order to find the value function and an optimal strategy, the martin-
gale optimality principle (see Appendix B) prescribes to construct a family of
stochastic processes Rπ such that:

• RπT = 1
γ

(
AπT
)γ for all π admissible strategy

• Rπ0 = R0 is constant for all π admissible strategy

• Rπ is a supermartingale for all admissible π and there is an admissible
π∗ such that Rπ

∗
is a martingale.

Let

Rπt := xγ exp
{ ∫t
0
γπs dWs +

∫t
0
γ(πsθ+ r)ds−

1

2

∫t
0
γ|πs|

2 ds︸ ︷︷ ︸
=γFt,πs

+Yt

}
·

· exp
{
γ ln

(
1+

∫t
0

exp(−Ft,πs )c
0,y/x
s ds

)}
,

where Y is a solution of the BSDE

Yt = 0−

∫T
t
Zs dWs −

∫T
t
f(s,As,Zs)ds. (A.4)

In order to ensure the supermartingale property of the process Rπ for every
admissible strategy π, the drift should satisfy:

f(t,At,Zt) 6− γπtθ− γr+
1

2
γ|πt|

2 − γ
ct

Aπt
−
1

2
|γπt +Zt|

2

=
1

2
γ(1− γ)

∣∣∣∣πt − 1

1− γ
(Zt + θ)

∣∣∣∣2 − 1

2

γ|Zt + θ|
2

1− γ

−
1

2
|Zt|

2 − γ
ct

Aπt
− γr,
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and it will be a martingale for a π∗ such that the equality holds.
Due to this conditions, it is apparent that, choosing f such that

f(t,At,Zt) = inf
π

{
γ(1− γ)

2

∣∣∣∣ 1

1− γ
(Zt + θ) − π

∣∣∣∣2 − γ ctAπt
}

(A.5)

−
γ|Zt + θ|

2

2(1− γ)
−
1

2
|Zt|

2 − γr,

and taking Y a solution to (A.4) with the above generator, the needed proper-
ties for Rπ are satistfied.

This procedure yields a fully coupled forward-backward system. Such
systems are difficult to solve even numerically.
From Part II it is apparent that a dynamic programming approach may be
more suitable in this context, as it gives a PDE that can be nicely handled
numerically.



B
T H E M A RT I N G A L E O P T I M A L I T Y P R I N C I P L E

In the following, we recall some classical results on verification criteria and,
in particular, on the so called “Martingale optimality principle”.
The idea behind the martingale optimality principle is that, dealing with a
control problem, one could for some reasons be able to guess a candidate
optimal control and needs a way to confirm this guess. It is indeed possible
by checking the following property.
Martingale optimality principle (Rogers & Williams (2000)):
Find a functional which is a martingale for the optimally controlled process,
but a supermartingale for any other control.
It is actually possible, in the setting of Part i, to show that this principle gives
a complete characterization of optimal controls.

For the reminder, we refer to Korn (2003). We can state now more precisely
what is described above.
Consider a control problem, where

• (Xπt )t∈[0,T ] is a controlled process, i.e. it depends on a strategy π (the
control);

• the state space is a subset of Rd;

• the control π belongs to a suitable family of progressively measurable
(wrt a given filtration) admissible controls and, in particular, is such
that the resulting controlled process exists;

• the controlled process is a Markov process.

Assume that we want to solve the control problem

max
π∈A(x,I)

E0,x [U(XπT )] (B.1)

where U : Rd → R is a given utility function and A(x, I) denotes the set of
admissible control processes on the time set I := [0, T ] given that the initial
state of the controlled process is x.
In other words, we want to maximize the expected utility obtained by doing
admissible actions.
To do this, define the value function of the control problem as

V(t, x) := sup
π∈A(x,I(t))

Et,x [U(XπT )] , (B.2)

where I(t) denotes a restricted time set starting at t.
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94 the martingale optimality principle

Theorem B.1 (The Martingale Optimality Principle). If there esists a control
strategy π∗(·) such that with the definition of the function

g(t, x) := Et,x
[
U(Xπ

∗
T )
]

(B.3)

we have that

1. g(t,Xπ
∗
t ) is a martingale;

2. g(t,Xπt ) is a supermartingale for all admissible strategies π(·);

then we obtain

a. π∗(·) is an optimal control strategy for the control problem;

b. for all possible initial states of the time and the controlled process (t, x) we get

g(t, x) = V(t, x). (B.4)

The theorem hence states that the function g in Eq. (B.3) is the value
function of the controlled problem.



C
S O M E N O T I O N S F R O M C O N V E X A N A LY S I S

In the following we sample some basic definitions and results from convex
analysis (see e.g. Rockafellar (1997)).

Definition C.1. Let X be a vector space. A function h : X→ R is said to be
convex if it holds that

h((1− λ)π+ λξ) 6 (1− λ)h(π) + λh(ξ) ∀λ ∈ [0, 1]

for every couple of points π, ξ ∈ X.
If in the points π, ξ for all λ ∈ (0, 1)

h((1− λ)π+ λξ) < (1− λ)h(π) + λh(ξ),

the function h is called strictly convex.

Example C.2. Consider the function h defined, with the same notations of
Chapter 2, on R as follows:

h(π) :=
α

2

∣∣∣∣πσs −(Zs + θs

α

)∣∣∣∣2︸ ︷︷ ︸
I

+

∫
R∗
gα (US − πβs) dν︸ ︷︷ ︸

II

. (C.1)

Then, part I is clearly a convex function of π. The function gα is also a convex
function of the argument π. Hence, for λ ∈ [0, 1] and π, ξ ∈ R, we have

h((1− λ)π+ λξ) 6(1− λ)
α

2

∣∣∣∣πσs −(Zs + θs

α

)∣∣∣∣2 + λα2
∣∣∣∣ξσs −(Zs + θs

α

)∣∣∣∣2
+

∫
R∗

dν [(1− λ)gα (Us − πβs) + λgα (US − ξβs)]

6(1− λ)h(π) + λh(ξ)

for the properties of linearity and monotonicity of the integral.

Definition C.3. Let X be a vector space. A convex function h : X → R is
proper (on X) if h(π) > −∞ ∀π ∈ X and there exists a π ∈ X such that
h(π) < +∞.

Definition C.4. Let X be a topological space. A function h : X→ R is lower
semi-continuous on X if

h(π0) 6 lim inf
π→π0

h(π) ∀π0 ∈ X.

Example C.5. Take h to be the function in Example C.2. Then part I is obvi-
ously continuous in π. Since gα is also continuous in π and positive, Fatou’s
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Lemma entails lower semi-continuity for part II.
Also remark that the function h is proper on R. Moreover, it goes to infinity
for ‖π‖ →∞.

We now give some properties of convex functions.

Theorem C.6. Let X be a reflexive Banach space and h : X → R a lower semi-
continuous convex function.
If K is a subset of X which is bounded, weakly closed and non empty, then h admits
a minimum on K.
If h is a proper function on K, this minimum is finite.
If K is convex and h is strictly convex, this minimum is unique.

Corollary C.7. Let X be a reflexive Banach space, and let h : X → R be a lower
semi-continuous, convex function. If

lim
‖π‖X→∞h(π) = +∞,

then h admits a minimum on every weakly closed, non empty subset of H ⊆ X. If
h is proper on H, this minimum is finite.
Moreover, if H is a convex subset and h is strictly convex, this minimum is unique.



D
E X P L I C I T R E P R E S E N TAT I O N O F S O L U T I O N S

As shown in Section 3.2, the generator for the problem studied in Chapter 3

can be seen to be

f(t, z,u) := inf
π∈C

{∫
R∗
gα(u(x) − πψs(x))ν(dx) − πϕs

}
+
α

2
|z|2.

To better understand how the solution of the corresponding BSDE looks like,
we prove the following

Proposition D.1. Let π ∈ A be an admissible strategy such that πϕ is bounded
(e.g. π takes values in a compact set). Define the function fπ as

fπ(s, z,u) =
∫

R∗
gα(u(x) − πψs(x))ν(dx) − πϕs +

α

2
|z|2,

and let (Yπ,Zπ,Uπ) ∈ S∞ × L2(W)× L2(Ñp) be a solution of the BSDE with
parameters (fπ,B).
Then this solution is unique and has the representation

Yπt =
1

α
log E

[
e
α
(∫T
t ϕsπs ds−

∫T
0

∫
R∗ πsψs(x)Ñp(ds, dx)+B

)∣∣∣Ft]
−

∫T
t

∫
R∗
πsψs(x)Ñp(ds, dx).

Zπt =
1

α

Zt

E
[
e
α
(∫T
t ϕsπs ds−

∫T
0

∫
R∗ πsψs(x)Ñp(ds, dx)+B

)∣∣∣Ft]

Uπt (x) =
1

α
log

 Ut(x)

E
[
e
α
(∫T
t ϕsπs ds−

∫T
0

∫
R∗ πsψs(x)Ñp(ds, dx)+B

)∣∣∣Ft] + 1


− πtψt(x)

where Z and U are derived from the martingale representation

exp

{
α

∫T
0
πs

(
ϕs ds−

∫
R∗
ψs(x)Ñp(ds, dx)

)
+αB

}
=

E
[
eα
∫T
0 πs(ϕs ds−

∫
R∗ ψs(x)Ñp(ds, dx))+αB

]
+

∫T
0
Zs dWs +

∫T
0

∫
R∗

Us(x)Ñp(ds, dx).
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Proof. If (Yπ,Zπ,Uπ) is a solution to the BSDE with parameters (fπ,B),
where the generator is given by

fπ(t, z,u) =
α

2
|z|2 − πϕt +

∫
R∗
gα (u(x) − πψt(x))ν(dx),

we have that for Ỹ := Yπ +
∫·
0

∫
R∗ πsψs(x)Ñp(ds, dx), Z̃ = Z, Ũ = U− πψ,

(Ỹ, Z̃, Ũ) solves

Ỹt =B̃+

∫T
t

(
α

2
|Z̃s|

2 +

∫
R∗
gα(Ũs(x))ν(dx) − πsϕs

)
ds

−

∫T
t
Z̃s dWs −

∫T
t

∫
R∗
Ũs(x)Ñp(ds, dx),

where the terminal condition B̃ is given by

B̃ = B−

∫T
0

∫
R∗
πsψs(x)Ñp(ds, dx)

and is still bounded since, for π ∈ A,
∫·
0

∫
R∗ πsψs(x)Ñp(ds, dx) is a BMO

martingale.
Define now Ŷ := eαỸ . Since Ỹ solves the equation above, an application of
Itô’s formula yields that Ŷ must solve

Ŷt =e
αB̃ −

∫T
t
αeαỸsπsϕs ds−

∫T
t
αeαỸsZ̃s︸ ︷︷ ︸

:=Ẑs

dWs

−

∫T
t

∫
R∗
eαỸs− (eα(Ũs(x)) − 1)︸ ︷︷ ︸

:=Ûs(x)

Ñp(ds, dx).

We conclude therefore that Ŷ solves a linear BSDE of the form

−dŶt = αŶtπtϕt dt− Ẑt dWt −
∫

R∗
Ût(x)Ñp(dt, dx).

Under the assumption that πϕ is bounded (e.g. if it takes values in a compact
set), we have therefore that it admits a unique solution (Ŷ, Ẑ, Û) (see e.g.
Chapter 3 in Delong (2013)) which is given by

Ŷt = E
[
eα
∫T
t πsϕs ds+αB̃∣∣Ft]

and the control processes Ẑ and Û are given as

Ẑt = e
−α
∫t
0 πsϕs dsZt

Ût(x) = e
−α
∫t
0 πsϕs dsUt(x)
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where Z and U are derived from the representation

exp

{
α

∫T
0
πsϕs ds+αB̃

}
=E
[
eα
∫T
0 πsϕs ds+αB̃

]
+

∫T
0
Zs dWs +

∫T
0

∫
R∗

Us(x)Ñp(ds, dx).





E
MATLAB CODES

In Part ii we illustrated some numerical results obtained by solving the PDEs
via finite difference methods.
In this chapter, we illustrate the numerical schemes used and give a listing of
the codes. We implement the schemes developed in Wang & Forsyth (2008),
and refer to this paper for a more detailed analysis of the algorithms and a
survey of the literature on the topic.
First, let us write the reduced HJB Equation (4.7) of Theorem 4.7 in the
general form used in Wang & Forsyth (2008). Consider the time change
τ := T − t. With a slight abuse of notation, we will still denote by u(τ, z) the
time changed function (meaning by this u(T − τ, z)).
Denote now the coefficients of uzz, uz, and u, with the same abuse of
notation, respectively by a, b and c (see (4.10), (4.11), (4.12)):

a(z, τ,π) :=
1

2
σ̃2C(T − τ)z

2 +
1

2
(πσ)2z2 − ρσσ̃C(T − τ)πz

2

b(z, τ,π) :=1− µ̃C(T − τ)z+ σ̃2C(T − τ)(1− γ)z

+ (πσθ+ r)z+ ρσ̃C(T − τ)σπ(γ− 1)z

c(z, τ,π) :=c(τ) := max
{
−γ

(
µ̃C(T − t) −

1

2
σ̃2C(T − t)(1− γ)

)
, 0
}

and denote by Lπ the following operator:

Lπu := a(z, τ,π)uzz + b(z, τ,π)uz − c(τ)u.

With this notation, our tranformed equation reparametrized backwards reads

uτ = sup
π∈A

Lπu.

Remark E.1. Note that the coefficient a is always non-negative. Indeed,

0 6
1

2
(σ̃C(T − τ) − πσ)

2 z2 =
1

2
z2
(
σ̃2C(T − τ) + π

2σ2 − 2πσσ̃C(T − τ)
)

ρ61
6

1

2
z2
(
σ̃2C(T − τ) + π

2σ2 − 2ρπσσ̃C(T − τ)
)
= a(z, τ,π).

On a fixed grid {z1, . . . , znodes}, the operator Lπ will be hence discretized
using forward, backward or central differencing in the space direction and
fully implicitely in the time direction. Let uni be a discrete approximation of
u(τn, zi), un = (un1 , . . . ,unnodes)

T , and (Lπhu
n
i )i denote the discrete form of
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the differential operator Lπ applied to u at node (τn, zi). The discretization
Lπh in the space direction of the operator Lπ can be written as

(Lπhu
n+1
i )i = α

n+1
i un+1i−1 +βn+1i un+1i+1 − (αn+1i +βn+1i + cn+1i )un+1i .

Here, αi,βi are selected in such a way that the positive coefficient condition
holds. If πni denotes the vector of optimal controls at node i and time level
n, for

ani := a(τn, zi,πni ), bni := b(τn, zi,πni ),

we can use central, forward or backward differencing at any node, as follows:
with central differencing

αni,central =

[
2ani

(zi − zi−1)(zi+1 − zi−1)
−

bni
zi+1 − zi−1

]
, (E.1)

βni,central =

[
2ani

(zi − zi−1)(zi+1 − zi−1)
+

bni
zi+1 − zi−1

]
; (E.2)

or with forward/backward differencing (bni > 0, b
n
i < 0):

αni,forward/backward =

[
2ani

(zi − zi−1)(zi+1 − zi−1)
+ max

(
0,

−bni
zi − zi−1

)]
,

βni,forward/backward =

[
2ani

(zi − zi−1)(zi+1 − zi−1)
+ max

(
0,

bni
zi − zi−1

)]
.

e.1 boundary conditions

Since we are dealing with a semi-infinite domain, when we go to the nu-
merics we need to artificially truncate the solution domain, and introduce
some boundary conditions to replace the cutted part, minimizing the effects
of truncation. The practical reason why we need an additional condition
at the boundary is also that central differences (and in general higher or-
der methods) do not apply there, since for interior points adjacent to the
boundary there are not enough upstream points. We therefore determine
relevant numerical boundary conditions. To do this, we need to understand
the behaviour of the solutions at infinity. Corollary 4.16 supplies numerical
boundary conditions for our equation. The result above justifies the choice of
a zero boundary condition at infinity or, more precisely, at the upper bound
of the cutted domain zmax in the case γ < 0. If γ > 0 we impose the boundary
condition in its differential form, which seems to be more stable.
At the point zmin = 0, we will assume that u satisfies

u(τ, z = 0) = uz, (E.3)

and we refer to Forsyth & Labahn (2007) for a justification of this choice.
To introduce the boundary condition at z = 0, we use a one-sided discretiza-
tion (see, e.g. Tavella & Randall (2000)) for the first-order derivatives in the
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reduced equation (E.3).
Let τ1 = 0 < τ2 < . . . < τtimesteps = T be the time partition and zmin = z1 <

z2 < . . . < znodes = zmax. Denote by uni the approximation of u(τn, zi). We
can then discretize the reduced equation at the boundary points (τn, 0) using
again a fully implicit method for the time-direction, and forward differences
in the z-direction as follows:

un+11 − un1
∆τ

−
un+12 − un+11

2∆z
= 0.

From the formula above, we can hence recover an expression for un+11 in
terms of the values un1 and un+12 . We can therefore construct the matrix in
the iteration step as to incorporate the boundary condition at 0.

e.2 listings

We list here an implementation of the method illustrated above. In the
following program, the method has been implemented for the case of time
independent coefficients, but it can be easily modified to get the general case.
The progam DC_corr.m is the main program. This has been written to test the
sensibility in the correlation parameter ρ in the case of an old investor. The
subsequent functions a_coeff.m, b_coeff.m, c_coeff.m, mu_C.m, sigma_C.m,
Utility.m specify the parameters of the problem. The function analytic_max.m
computes analytically the maximum in the HJB equation.
fd_hjb.m is the core function of the program which, given the parameters of
the equation, computes its solution and the corresponding optimal strategy.
The time iteration takes place here, and the approximation of the solution at
any fixed time step is computed by calling the function impl_fbc.m. At each
iteration, the function impl_fbc.m computes the approximation by using an
implicit discretization in time and maximizing the use of central differencing
in space. Finally, tridiag.m is used to costruct a tridiagonal matrix given the
vectors of the upper, lower and principal diagonal.

Listing 1: DC_corr.m

1 %Program to compute the viscosity solution to an HJB

2 %equation in [0,T)x(0,\ infty) of parabolic type

3 %u_\tau = sup_{q\in \^Q}L^\q u

4 %where the operator L^q is given by

5 %L^q u = a(z,\tau ,q)u_{zz}+b(z,\tau ,q)u_z -c(z,\tau ,q)u

6

7 %The program has been implemented for the case of time

8 %independent coefficients , but it can be easily

9 %modified to get the general case.

10

11 %The coefficients of the equation are given by the

12 %special form obtained in the control problem derived

13 %for a utility maximization problem with stochastic
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14 %contributions

15

16 %INPUT:

17 %For the model:

18 %rra , r, mu, rho , sigma , sigma_c(tau), mu_c(tau);

19 %For the data:

20 %T, z_min , z_max;

21 %For the discretization:

22 %delta_tau , delta_z;

23

24 %MODEL

25 rra = 2; %gamma=1-rra=-1<0

26 r = 0.02;

27 mu = 0.04;

28 sigma = 0.2;

29 theta = (mu-r)/sigma;

30

31 %Vector of test values

32 rho (1) = -0.95;

33 rho (2) = -0.5;

34 rho (3) = 0;

35 rho (4) = 0.5;

36 rho (5) = 0.95;

37

38 %For the plots

39 style = {’m*-’,’c:’,’g--’,’b-.’,’ko-’,’r-’};

40

41 %DATA

42 T = 10; %interpreted as years

43 z_min = 0;

44 z_max = 344;

45

46 %DISCRETIZATION

47 timesteps = 40960;

48 nodes = 1377;

49 %Generate and save the plots

50 delta_tau = T/(timesteps -1);

51 delta_z = (z_max -z_min)/(nodes -1);

52 %The vectors "points" (resp. "times") contain the

53 %(equidistant) space nodes (respectively times)

54 %at which the function will be estimated

55 points = z_min*ones(nodes ,1) + cumsum ([0; delta_z*ones(

nodes -1,1)]);

56 times = cumsum ([0; delta_tau*ones(timesteps -1,1)]);

57

58 %CONVERGENCE

59 tolerance = 1e-2;

60 scale =1;

61
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62 %Specify the parameter functions for the given model

63 c = c_coeff(T,rra);

64 Ut = Utility(rra);

65

66 %Numerical boundary condition at z_max

67 G_z_max = @(t) 0;

68

69 %To save the strategy for different values of the

70 %parameter rho

71 q_rho = cell((nodes -1)/4 + 1,timesteps /4,5);

72

73 parfor j=1:5

74 comp_max = analytic_max( theta , sigma , rho(j), rra ,

sigma_c );

75

76 a = a_coeff( T, sigma , rho(j));

77 b = b_coeff( T, rra , rho(j), r, theta , sigma );

78

79 %Call of the function FD_HJB which ,

80 %given the function handles a,b,c

81 %and the discretization parameters ,

82 %returns the viscosity solution to

83 %the HJB equation above and the corresponding

84 %optimal strategy

85 [U,q] = fd_hjb(a,b,c,Ut ,G_z_max ,comp_max ,T,z_min ,

z_max ,timesteps ,nodes);

86

87 %to compare different values of the correlation

88 q_rho{j} = q(1:4: nodes ,1:4: timesteps);

89 end %for j

90

91 %Comparison of the strategies for different values of

92 %the correlation

93

94 %Reduced vectors for the plot

95 times_plot = T-times (1:4: timesteps);

96 points_plot = points (1:4: end);

97

98 parfor i=0:4 %plot for different values of z...

99 z_index = 5*i + 1;

100 if i==0

101 z_index =2;

102 end

103 for j=1:5 %... the different strategies for a

104 %varying correlation

105 q_plot = q_rho{j};

106 plot(times_plot ,q_plot(z_index ,:),style{j})

107 hold on

108 end
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109 plot(T-times ,( theta/( sigma*rra))*ones(size(times)),

’r’)

110 h_legend= legend(’\rho = -0.95’, ’\rho = -0.5’,’\

rho = 0’,’\rho = 0.5’,’\rho = 0.95’,’Merton

ratio’);

111 set(h_legend ,’FontSize ’ ,14);

112 xlabel(’t’, ’fontsize ’ ,16)

113 ylabel(’\pi^*’,’fontsize ’ ,16)

114 title([’Optimal equity proportion , z= ’, num2str(

points_plot(z_index))],’fontsize ’ ,16);

115 imagename = sprintf(’OEP_old_%d.fig’,i);

116 saveas(gcf ,imagename)

117 imagename = sprintf(’OEP_old_%d.eps’,i);

118 print(’-depsc2 ’,imagename)

119 hold off

120 end

Listing 2: a_coeff.m

1 function [ a ] = a_coeff( T, sigma , rho )

2 %parameter of the term u in the operator defining the

3 %HJB equation

4

5 a = @(z, q) (0.5* sigma_c (0)*sigma_c (0)*z*z + 0.5* sigma*

sigma*q*q*z*z - rho*sigma*sigma_c (0)*q*z*z);

6

7 end

Listing 3: b_coeff.m

1 function [ b ] = b_coeff( T, rra , rho , r, theta , sigma

)

2 %parameter of the term u_z in the operator defining the

3 %HJB equation

4

5 b = @(z, q) 1 - mu_c (0)*z + sigma_c (0)*sigma_c (0)*rra*z

+ (q*sigma*theta + r)*z - rho*sigma_c (0)*sigma*q*

rra*z;

6

7 end

Listing 4: c_coeff.m

1 function [ c ] = c_coeff( T, rra )

2 %parameter of the term u_{zz} in the operator defining

3 %the HJB equation

4

5 c = @(z, q) -(1-rra)*(mu_c (0) -0.5* sigma_c (0)*sigma_c (0)

*rra);

6
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7 end

Listing 5: mu_c.m

1 function [ mu_c ] = mu_c( tau )

2 %Function describing the drift of the stochastic

3 %contribution process

4

5 mu_c = 0.02;

6

7 end

Listing 6: sigma_c.m

1 function [ sigma_c ] = sigma_c( tau )

2 %function describing the volatility of the stochastic

3 %contribution process

4

5 sigma_c = 0.13;

6

7 end

Listing 7: Utility.m

1 function [ Utility ] = Utility( rra )

2 %U describes the boundary condition , given in this case

3 %by a power utility function

4

5 epsilon = 1e-3;

6 Utility = @(z) (max(z,epsilon))^(1-rra)/(1-rra);

7

8 end

Listing 8: analytic_max.m

1 function [ q_max ] = analytic_max( theta , sigma , rho ,

rra , sigma_c )

2 %The function computes the analytic maximum in the HJB

3 %equation , given an approximation of the first and the

4 %second derivatives and the current space point

5

6 %It takes as arguments: the market price of risk theta ,

the volatility

7 %coefficients sigma and sigma_c , the correlation rho

and the risk

8 %aversion coefficient sigma_c

9

10 c_1 = -(theta -rho*sigma_c*rra)/sigma;

11 c_0 = rho*sigma_c/sigma;

12 q_max = @(z,d,d_2) c_1*d/(z*d_2) + c_0;

13
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14 end

Listing 9: fd_hjb.m

1 function [U,q] = fd_hjb(a,b,c,BC,G_z_max ,comp_max ,T,

z_min ,z_max ,timesteps ,nodes)

2 %fd_hjb computes the viscosity solution of an HJB

3 % equation using finite difference methods

4

5 %The function takes as arguments three function

6 %handles a,b,c, which correspond to the

7 %parameters of the equation

8 % u_\tau = sup_{q\in \^Q}L^\q u

9 %where the operator L^q is given by

10 %L^q u = a(z,\tau ,q)u_{zz}+ b(z,\tau ,q)u_z -c(z,\tau ,q)u

11 %and an initial boundary condition BC ,

12 %also a function handle.

13

14 %It returns the computed solution U and the optimal

15 %policy q in a grid of nodes*timesteps points

16 %in the rectangle [z_min ,z_max]x[0,T]

17

18 U = zeros(nodes , timesteps);

19 q = zeros(nodes , timesteps);

20

21 %GRID

22 delta_tau = T/(timesteps -1);

23 delta_z = (z_max -z_min)/(nodes -1);

24 %the vectors "points" (resp. "times") contain the

25 %(equidistant) space nodes (respectively times)

26 %at which the function will be estimated

27 points = z_min*ones(nodes ,1) + cumsum ([0; delta_z*ones(

nodes -1,1)]);

28

29 %CONVERGENCE PARAMETERS

30 tolerance = 1e-2;

31 scale =1;

32

33 %initial values (tau=0, n=1)

34 U(:,1) = arrayfun(BC ,points); %boundary condition

35 tau =0;

36 for n=1: timesteps -1;

37 % compute the value at timestep tau_{n+1}

38 %from the value at tau_n

39 tau_n=tau;

40 tau=tau_n+delta_tau;

41

42 k=0;

43

44 %U_current will be the current (k-th) approximation
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45 %of U(:,n+1)

46 U_current = U(:,n);

47 Delta_G = [zeros(nodes -1,1);G_z_max(tau)-G_z_max(

tau_n)];

48 const_term=U(:,n) + Delta_G;

49 control =0;

50 while((control >tolerance) || (k==0))

51 k=k+1;

52 %impl_fbc computes the matrix A_k for

53 %the iteration step

54 [A_k ,q_opt] = impl_fbc(a,b,c,comp_max ,z_min ,

z_max ,U_current);

55

56 %Solve the discretized system: we are using a

57 %fully implicit method for the discretization

58 %in time.

59 B = eye(nodes) - delta_tau*A_k;

60

61 U_old=U_current;

62 U_current = linsolve(B, const_term);

63 control=max(abs(U_current -U_old)./max(scale ,abs

(U_current)));

64 end %while

65

66 U(:,n+1)= U_current;

67 q(:,n+1) = q_opt;

68

69 end %for n

70

71 end %fd_hjb

Listing 10: impl_fbc.m

1 function [A,q_opt] = impl_fbc(a,b,c,comp_max ,z_min ,

z_max ,U_current);

2 %impl_fbc computes the matrix A for the iteration step

3 %according to an implicit (in time) and central , when

4 % possible , or forward/backward (in space)

5 %approximation method

6

7 %The function takes the parameters a,b,c of the

equation

8 %(depending now just on space and the control variable)

9

10 nodes = length(U_current);

11 delta_z = (z_max -z_min)/(nodes -1);

12 points = z_min*ones(nodes ,1) + cumsum ([0; delta_z*

ones(nodes -1,1)]);

13 alph_k = zeros(1,nodes -2);

14 bet_k=zeros(1,nodes -2);
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15 d_k=zeros(1,nodes -2);

16

17

18

19 for i=2:nodes -1

20 check = 0;

21 F_max = -inf;

22 U_zz = (U_current(i+1) + U_current(i-1) - 2*

U_current(i))/( delta_z*delta_z);

23 % U_zz is the approximation of the second order

24 % space derivative based on the current

25 % approximation

26 comp_max_curr = @(d) comp_max(points(i), d,

U_zz);

27 % comp_max_curr computes the analytic maximum

28 % depending on the different (c/fwd/bwd)

29 % approximations of the first order derivative

30

31 % Compute the maximum analytically using:

32

33 %1. Central differencing

34 alph = @(q) a(points(i),q)/( delta_z*delta_z) -

b(points(i),q)/(2* delta_z);

35 bet = @(q) a(points(i),q)/( delta_z*delta_z) + b

(points(i),q)/(2* delta_z);

36 fun = @(q) alph(q)*U_current(i-1) + bet(q)*

U_current(i+1) - (alph(q) + bet(q) + c(

points(i),q))*U_current(i);

37

38 U_z = (U_current(i+1) - U_current(i-1))/(2*

delta_z);

39 q_opt_c = comp_max_curr(U_z);

40 if(alph(q_opt_c) >=0 && bet(q_opt_c) >=0)

41 F_max = fun(q_opt_c);

42 q_opt(i) = q_opt_c;

43 alph_k(i-1) = alph(q_opt(i));

44 bet_k(i-1) = bet(q_opt(i));

45 d_k(i-1) = -(alph(q_opt(i)) + bet(q_opt(i))

+ c(points(i),q_opt(i)));

46 check = 1;

47 end

48

49 % Forward or backward differencing

50 alph = @(q) a(points(i),q)/( delta_z*delta_z) +

max(0,-b(points(i),q)/delta_z);

51 bet = @(q) a(points(i),q)/( delta_z*delta_z) +

max(0,b(points(i),q)/delta_z);



E.2 listings 111

52 fun = @(q) alph(q)*U_current(i-1) + bet(q)*

U_current(i+1) - (alph(q) + bet(q) + c(

points(i),q))*U_current(i);

53

54 %2. Fwd differencing

55 U_z = (U_current(i+1) - U_current(i))/delta_z;

56 q_opt_fwd = comp_max_curr(U_z);

57 if(b(points(i),q_opt_fwd) >=0 && fun(q_opt_fwd)>

F_max)

58 F_max = fun(q_opt_fwd);

59 q_opt(i) = q_opt_fwd;

60 alph_k(i-1) = alph(q_opt(i));

61 bet_k(i-1) = bet(q_opt(i));

62 d_k(i-1) = -(alph(q_opt(i)) + bet(q_opt(i))

+ c(points(i),q_opt(i)));

63 check = 1;

64 end

65

66 %3. Bwd differencing

67 U_z = (U_current(i) - U_current(i-1))/delta_z;

68 q_opt_bwd = comp_max_curr(U_z);

69 if(b(points(i),q_opt_bwd) <0 && fun(q_opt_bwd)>

F_max)

70 F_max = fun(q_opt_bwd);

71 q_opt(i) = q_opt_bwd;

72 alph_k(i-1) = alph(q_opt(i));

73 bet_k(i-1) = bet(q_opt(i));

74 d_k(i-1) = -(alph(q_opt(i)) + bet(q_opt(i))

+ c(points(i),q_opt(i)));

75 check = 1;

76 end

77

78 if(check == 0)

79 error(’the maximizing procedure is not

exhaustive ’)

80 end

81

82 end %for i

83

84 % Extend the strategy at the space boundaries

85 q_opt (1) = q_opt (2);

86 q_opt(nodes) = q_opt(nodes -1);

87

88 %Define the triangular matrix A^{n+1} adding two

89 %empty rows corresponding to the boundary

90 %conditions. In the case gamma <0

91 d_k = [-1/delta_z ,d_k ,0];

92 alph_k =[alph_k ,0];

93 bet_k =[1/ delta_z ,bet_k];
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94 A = tridiag(d_k , alph_k , bet_k);

95 %tridiag constructs the corresponding matrix with

96 %diagonal elements d, upper diagonal bet and

97 %lower diagonal alph

98

99 end %impl_fbc

Listing 11: tridiag.m

1 function [ A ] = tridiag( d, a, b )

2 %The function constructs , given one vector d of length

3 %n, and two of length n-1, a and b, a tridiagonal

4 %matrix having the elements of d in the diagonal ,

5 %the elements of a in the lower diagonal

6 %and the elements of b in the upper diagonal

7

8 n = length(d);

9 A = diag(d, 0) + diag(a, -1) + diag(b,1);

10

11 end
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N O TAT I O N S

N {0, 1, 2, . . .}
R, R∗ (−∞,∞), R \ {0}

x∧ y, x∨ y min{x,y}, max{x,y} for x,y ∈ R

Rd the Euclidean d-dimensional space
|x| the absolute value of x ∈ R

‖x‖ the Euclidean norm of x ∈ Rd,d > 2

〈x,y〉 the scalar product of two vectors x,y ∈ Rd

AT the transpose of the matrix A
F,G σ-fields
P a probability measure
(Ω,F, P) a probability space
(Ω,F, (Ft)t∈[0,T ], P) a filtered probability space
E[X] expectation of the random variable X (under the

fixed measure P)
E[X|G] the conditional expectation of X given G (under the

fixed measure P)
s.t. such that
u.i. uniformly integrable
L0(ν) {u : R→ R∗}, equipped with the (local) topology of

the convergence in measure,ν a measure on R∗

Lp(ν) {u ∈ L0(ν) such that
∫

R∗ |u(x)|
p dν(x) < ∞}, for

p ∈ [1,+∞)

L∞(ν) the set of functions u ∈ L0(ν) such that u takes
bounded values ν-almost surely

λd the Lebesgue measure on Rd

ν-a.s., ν-a.e. almost surely, almost everywhere w.r.t ν
⊗ the product of σ-fields or measures
B the Borel σ-field on R

P the predictable σ-field
AC the complement of the set A
1A the indicator function of the set A
A1 ×A2 the Cartesian product of the sets A1 and A2
Ck([0, T ];Rd) the spaces of k-times continuously differentiable

functions f : [0, T ]→ Rd

C∞([0, T ]; Rd) ∩k∈NCk([0, T ];Rd)
C1,2([0, T ]× Rd) the space of functions f : [0, T ] → R which are one

time continuously differentiable in time and twice
continuously differentiable in space

f ′ the derivative of a real function f
f|A the restriction of the function f to the set A
argminx∈A f the point where f|A attains its minimum



V∗ the dual of a vector space V
L(X) the set of processes integrable w.r.t. X
Xt− the left limit lims↑t Xs of the process X
∆Xt the jump Xt −Xt− of the process X
E(X) the stochastic exponential of the process X
[X, Y] the quadratic covariation of the processes X, Y
[X, Y]c the path-by-path continuous part of [X, Y]
W a standard Brownian motion (Wt)t∈[0,T ]

p a real-valued Poisson point process
Np(dt, dx) the associated counting measure of a a real-valued

Poisson point process p
N̂p(dt, dx) the compensator of the counting measure of a real-

valued Poisson point process p
ν a Lévy measure
Ñp(dt, dx) the compensated measureNp(dt, dx)− N̂p(dt, dx)

S∞(R)
{
(Yt)t∈[0,T ] adapted, with cádlág paths s.t.

ess supt,ω |Yt(ω)| <∞}
L2(W)

{
(Zt)t∈[0,T ] predictable s.t. E

[∫T
0 |Zs|

2 ds
]
<∞}

L2(Ñp)
{
(Ut)t∈[0,T ] P ⊗ B(R∗)-measurable s.t.

E
[ ∫

[0,T ]×R∗ |Us(x)|
2ν(dx)ds

]
<∞}

T the collection of all stopping times
‖M‖BMO for a square integrable martingale M,

supτ∈T

√
E[(M∞−Mτ−1{τ>0})

2]

P(τ<∞)

class (D) the class of all measurable processes X such that
{Xτ1{τ<∞} : τ ∈ T} is a uniformly integrable family
of random variables

A a set of admissible strategies

A C R O N Y M S

ODE Ordinary Differential Equation

PDE Partial Differential Equation

SDE Stochastic Differential Equation

BSDE Backward Stochastic Differential Equation

FBSDE Forward Backward Stochastic Differential Equation

BMO Bounded Mean Oscillation

HJB Hamilton-Jacobi-Bellman

BM Brownian Motion
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122 acronyms

GBM Geometric Brownian Motion

OU Ornstein-Uhlenbeck

NFLVR No Free Lunch with Vanishing Risk

DB Defined Benefit

DC Defined Contribution

FD Finite Differences

TDF Target Date Fund

RRA Relative Risk Aversion
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Odi et amo. Quare id faciam, fortasse requiris?
Nescio, sed fieri sentio et excrucior.

— Catullus.
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