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Introduction and Mathematical
Foundations





1. Introduction

1.1. Motivation

The need for modelling and analyzing connected random geometric graphs arises from a
variety of problems occurring in different fields of applications. At a macroscopic scale,
road networks provide important examples of geometric graphs. Here, the connectivity
property is natural, since the very purpose of a road system is to allow people to travel
between any two points in the network. The geometry and topology of the road system
is not only important for optimizing the traffic flow, but, maybe less obviously, can also
provide crucial information to insurance and telecommunication companies.
Consider for instance the German car insurance system. Of course, the premium paid

for car insurance can vary quite substantially from one driver to another since also the
risks that are inherent in such insurance contracts depend decisively on the individual
policy holder. In order to determine a fair premium, insurance companies typically
resort to generalized linear models or more complicated statistical tools that take into
a large number of covariates [70]. For instance, it is common knowledge that the risk
is sensitive to the age and gender of a driver. Moreover, also properties of the car,
such as the mileage, play an important role. However, even after taking these factors
into account the risk levels still exhibit a substantial geographic variability between the
different German counties. For instance, considering third-party liability insurance, one
can observe elevated risk levels in large cities, but also in some more rural parts of
Bavaria. Moreover, we will show in Chapter 8 that this risk class is strongly influenced
by the density of the underlying road system. Since the advent of the OpenStreetMap
project [122] high-quality data on the road network in Germany is publicly available.
We will explain in Chapter 8 how this additional information can be used to improve
the classical predictors of the risk level in subregions of counties. Our method combines
the random-forest approach from machine learning with the control-variate technique,
which is a popular means of variance reduction in Monte Carlo simulations.
Furthermore, understanding the geometry of road systems is also of fundamental im-

portance for performing precise cost estimations in fixed-access telecommunication net-
works. Indeed, since copper or fiber cables that are used to provide a connection between
a user and a higher-level access point of the network are usually deployed along roads,
the topology and geometry of telecommunication networks are closely linked to those of
the underlying road system. The stochastic subscriber line model (SSLM) (introduced
in [66]; for further developments, see [57, 67]) uses the machinery of stochastic geometry
to provide a realistic and flexible approach. To be more precise, one starts by choosing a
stationary planar random geometric graph in R2 that is used as a model for the under-
lying road network. For instance, popular choices are classical tessellation models from
stochastic geometry such as the Poisson-Delaunay tessellation, the Poisson-Voronoi tes-
sellation or the Poisson line tessellation. Recently, also iterated tessellations have gained
popularity, since they provide a natural framework for modelling side streets [119]. Sec-
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ond, so-called high-level components are scattered at random on the road network. These
components can be thought of as access points of the telecommunication network. Simi-
larly, also low-level components are scattered at random on the road system that can be
thought of as subscribers in the fixed-access networks. Finally, to each high-level compo-
nent a serving zone is associated and all subscribers in this region are connected to the
corresponding high-level node along the shortest Euclidean path in the network. From
this definition it is clear that the distribution of the underlying random geometric graph
influences important characteristics such as typical shortest-path lengths from low-level
nodes to high-level nodes or the length of the network backbone inside a serving zone.
In Chapter 7, we will analyze these quantities in an asymptotic regime, where the size
of the serving zones tends to infinity.
In addition to being capable of describing the aforementioned macroscopic networks,

connected random geometric graphs are also an ubiquitous modelling tool at micro-
and nanoscopic scales. For instance, in [139] a random geometric graph model has
been used as an important ingredient for describing the movement of charge carriers
within a system of molecules of an organic semi-conductor. Often also these types of
molecular networks exhibit a high degree of connectivity. An important characteristic of
a semi-conductor is its charge mobility, which can be loosely thought of as the velocity
at which a charge carrier traverses a semi-conductor. Typically, precise estimation of
this characteristic via simulations requires massive computational effort. Indeed, it is
quite common that materials contain regions called energy traps. When a charge carrier
enters an energy trap it will be confined to this area for a prolonged period of time before
continuing its trajectory in the direction of the external field. Recently a novel approach
has been proposed that accelerates the velocity estimation substantially [34]. Before
the actual simulation the Aggregate Monte Carlo algorithm identifies the energy traps
and computes the behavior of the charge carrier inside these regions in advance. This
reduces the problem to simulating transitions between the energy traps, which yields
a substantial computational acceleration. In Chapter 9, we prove consistency of this
accelerated mobility estimator.
Moreover, in [61] a modification of the three-dimensional Euclidean relative neigh-

borhood graph is used to describe the structure of the microscopic network of the solid
phase in an electrode material which is used in high-temperature fuel cells. While the
pore space of advanced materials may consist of several connected components, the solid
phase is usually very close to being completely connected. In literature, connectivity of
the relative neighborhood graph has been known for a vertex set that is finite or given by
a homogeneous Poisson point process in R2, see [2]. One of the main results in Chapter 3
shows that the Euclidean relative neighborhood graph is connected for a large class of
stationary point processes in the d-dimensional Euclidean space.
Motivated by these applications, the present thesis gives novel results related to con-

nectivity and percolation properties of random geometric graphs. The bulk of the exist-
ing literature on connected random geometric graphs can be subdivided into two streams.
The first analyzes random geometric graphs such as the Gilbert graph or the k-nearest
neighbor graph in a finite sampling window and studies the connectivity behavior as the
size of the sampling window tends to infinity. Both networks are based on a locally finite
set of vertices in the Euclidean space. In the Gilbert graph two nodes are connected
by an edge if their Euclidean distance is smaller than some fixed threshold. In the k-
nearest neighbor graph, any node maintains a list of all other nodes in the network,
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sorted in increasing Euclidean distance to the considered node. Then, connections are
added between any node and the k first entries in the corresponding list. In general,
when considering these networks on a randomly scattered family of points, connectivity
properties can be quite different from one realization to another. Unfortunately, in many
scenarios the probability that these graphs are disconnected tends to 1 as the size of the
sampling window tends to infinity, even when choosing the connectivity threshold in the
Gilbert graph or the parameter k in the k-nearest neighbor graph very large. In order to
obtain asymptotically connected networks, usually these parameters need to increase in
the size of the sampling window. We refer the reader to [125] for a textbook treatment
on this subject and to the original research articles for further results [18, 54, 123, 152].
The second main stream of results on connected random geometric graphs concerns an-
other special subfamily, namely random tessellations. These graphs classically describe
the edge set of a subdivision of the Euclidean space into convex polyhedra. Random tes-
sellations give rise to connected random geometric graphs that are defined in the entire
Euclidean space and have already been successfully used in the context of fixed-access
telecommunication networks. However, the class of well-established tessellation mod-
els is rather limited and imposes severe restrictions concerning the fitting of important
network characteristics (such as the degree distribution of vertices) to data.
In this thesis, we introduce creek-crossing graphs as a novel family of point-process

based graphs that provide greater flexibility than tessellations, but at the same time
are almost surely connected for a large class of underlying point processes. This is
shown in Chapter 3, see Theorem 3.13. Creek-crossing graphs can be seen as a family of
graphs approximating the minimal spanning forest arbitrarily closely. Introduced in [6],
minimal spanning forests are an analogue of classical minimal spanning trees on infinite
vertex sets. While [6] is devoted to the analysis of asymptotic properties of minimal
spanning trees, the connectivity properties of minimal spanning forests have been studied
in [9, 106], especially in relation to various models of percolation. The connectivity of
Poisson-process based minimal spanning forests in dimensions larger than 2 is an open
problem. Still the a.s. connectivity of the creek-crossing graphs shows that, in a sense, it
is very close to being connected for a large class of point processes. Thereby, we provide
a Euclidean counterpart to Theorem 1.3 of [106].
In addition to the basic property of connectivity, we also investigate more refined

characteristics of random geometric graphs. In the context of applications, for instance
in fixed-access telecommunication networks, also the quality of the connectivity plays a
crucial role. To be more precise, for the purpose of cost-estimation of upgrading copper
to fiber networks, it is not only relevant to know that a low-level node is connected to
some high-level node, but, clearly, also the length of this connection should be investi-
gated. Since low-level nodes are frequently connected to the next high-level node along
the shortest Euclidean path, this motivates the analysis of shortest-path lengths. This
area of research is also known under the name of first-passage percolation. First-passage
percolation has been investigated in detail in the scenario, where shortest-path lengths
are determined using iid edge weights. See e.g. [8, 72, 93, 94] for results on lattices
and [15, 86, 99, 130, 147, 148] for results on networks involving random geometric struc-
tures. However, the literature on shortest-path lengths based on the Euclidean distance
is rather sparse [2, 3, 5, 17].
In Chapter 4, we show for a rather general class of connected random geometric net-

works that with high probability shortest-path lengths grow at most linearly in the
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Euclidean distance, see Theorem 4.1. This result is slightly technical, but has important
implications. For instance, it yields a sufficient condition for the almost sure boundedness
of cells in two-dimensional random geometric graphs. This condition is particularly use-
ful for establishing the boundedness of cells for creek-crossing graphs, see Theorem 4.3.
Furthermore, it allows to derive a Euclidean analogue of the classical shape theorem
due to Kesten [93]. This Euclidean shape theorem, Theorem 4.2, plays a crucial role
in establishing for infinitely dense networks the asymptotic behavior of the length of
the longest branch in the shortest-path tree, an important structural characteristic in
telecommunication networks, see Theorem 7.7. We also investigate the asymptotic dis-
tribution of the typical shortest-path length from a low-level node to a high-level node,
see Theorem 7.1. In the non-asymptotic setting Monte Carlo simulations are required
in order to obtain some approximation formulas. In those simulations, the network has
to be generated seen from a typical high- or low-level node located at the origin. Rigor-
ously speaking, this amounts to simulating the Palm version of the underlying random
geometric graph. For Poisson-Voronoi and Poisson line tessellations the distribution of
the Palm version has been determined in [150]. In Theorem 7.13, the distribution of
the Palm version is also determined for the Poisson-Delaunay tessellation, so that now
direct simulation algorithms are available for all of the three classical two-dimensional
tessellation types, see [119].
Although it may be surprising at first sight, there are also strong links between ran-

dom geometric graphs, percolation theory and models for hard-core particle systems. We
will explore this connection in Chapters 5 and 6. In Chapter 5, we introduce stationary
Apollonian packings in the d-dimensional Euclidean space as a mathematical formaliza-
tion of random Apollonian packings and rotational random Apollonian packings, which
constitute popular grain packing models in physics. Loosely speaking, in random Apol-
lonian packings germs are added sequentially into a bounded sampling window, and
from each germ a grain grows until it hits one of the already existing grains. The growth
protocol for rotational random Apollonian packings is similar, but before a grain starts
to grow it is rotated so as to maximize the time until some other grain is hit. If germs
are added indefinitely, (rotational) random Apollonian packings yield hard-core particle
systems featuring fractal morphologies. We will show that the question of existence and
uniqueness of stationary analogues of such objects is closely linked to the absence of
percolation in suitably constructed random geometric graphs. Apart from dealing with
issues of existence and uniqueness in the entire Euclidean space, we provide asymptotic
results for the growth durations and show that the packing is almost surely space-filling
in the sense that the Lebesgue measure of the pore space is 0. Moreover, connecting
any two particle centers by an edge if the corresponding particles are in contact gives
rise to a random geometric graph, and we will investigate its percolation properties. For
the analysis of stationary Apollonian packings, the close connection to dynamic lilypond
models is crucial [51].
Next, in Chapter 6, we explain how the Peierls argument from percolation theory

can be used to derive sufficient conditions for the convergence of a family of collective-
rearrangement algorithms, when the input data is given by a stationary particle process,
see Theorem 6.3. In materials science these algorithms are frequently used in order to
create a hard-core system of particles from a random input, see [11, 89, 115]. Despite
their popularity in materials science, the convergence properties have not been investi-
gated from a rigorous mathematical point of view, yet. The difficulty in comparison to
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other packing algorithms arises from the entirely deterministic evolution of the algorithm
given the initial data. For instance, in [128] very detailed limit results have been obtained
for the random sequential adsorption model, which are based on the observation that
the temporal evolution of the model is governed by a space-time Poisson point process.
Despite its mathematical virtues, the random sequential adsorption model is not always
an eligible alternative to germ-grain models obtained from collective-rearrangement al-
gorithms, since the latter allow for considerably higher packing densities.

1.2. Outline
The present thesis is organized as follows. In Section 2.1, we introduce some basic
notation that will be used throughout the manuscript. Next, in Section 2.2, we review
fundamental notions from stochastic geometry, such as point processes, random measures
and random closed sets. Random geometric graphs play a crucial role in this thesis and
therefore we devote Section 2.3 to the introduction of important models that will be used
in the thesis. Section 2.4 collects some basic facts from discrete and continuous percola-
tion theory, while Section 2.5 contains some further fundamental mathematical results
(such as ergodic theorems), which will be used in the proofs of our main results. After
these recollections, Chapter 3 is devoted to the connectivity of creek-crossing graphs.
Next, Chapter 4 deals with the analysis of first-passage percolation in stationary ran-
dom geometric graphs. In Chapters 5 and 6, we investigate two models for hard-core
particle configurations and show how techniques from percolation theory can be applied
in their analysis. In Chapter 5, we provide a rigorous definition of stationary Apollonian
packings and investigate different characteristics such as the asymptotics of the growth
durations and the space-filling property. In Chapter 6, we consider convergence proper-
ties of a family of collective-rearrangement algorithms when stationary point processes
are used as initial data. Finally, in Chapters 7, 8 and 9, we discuss applications of
connected random geometric graphs to various issues of fixed-access telecommunication
networks, insurance and materials science.





2. Mathematical Foundations

2.1. Basic notions and notation
In the present section, we introduce some basic notions and notation that will be used
throughout the thesis. Let R, Q, Z, Z+ denote the set of all real numbers, all rational
numbers, all integers and all non-negative integers, respectively. If f : A → B is an
arbitrary function from a set A to a set B and if A′ ⊂ A, then we write f(A′) = {f(a) :
a ∈ A′} for the image of A′ under f . For any n ≥ 1 we write An6= for the set of all
n-tuples (a1, . . . , an) ∈ An = A× · · · ×A consisting of pairwise distinct coordinates, i.e.,
satisfying ai 6= aj for all i, j ∈ {1, . . . , n} with i 6= j. The family of all subsets of a set
A is denoted by P(A) and we write #A for the cardinality of A. For any set A and any
subset A′ ⊂ A we define the indicator function 1A′ : A→ {0, 1} by

1A′(x) =
{

1 if x ∈ A′,
0 otherwise.

For d ≥ 1 we write | · | : Rd → [0,∞), x = (x1, . . . , xd) 7→ |x| = (∑d
i=1 |xi|2)1/2 for the

L2-norm on Rd. We also write | · |∞ for the supremum norm on Rd, i.e., |(x1, . . . , xd)|∞ =
maxi∈{1,...,d} |xi|. For x ∈ Rd and r ≥ 0, we write Br(x) = {y ∈ Rd : |x− y| ≤ r} for the
closed ball of radius r centered at x and let Qr(x) = {y ∈ Rd : |x − y|∞ ≤ r/2} denote
the cube of side length r centered at x. Furthermore, 〈·, ·〉 denotes the standard scalar
product in Rd, i.e., for x = (x1, . . . , xd), y = (y1, . . . , yd) ∈ Rd we have 〈x, y〉 = ∑d

i=1 xiyi.
Moreover, [x, y] denotes the closed line segment connecting x ∈ Rd and y ∈ Rd, i.e.,
[x, y] = {λx+(1−λ)y : λ ∈ [0, 1]}. Let κd, ωd denote the volume and surface area of the
unit ball B1(o) in Rd, respectively, where o = (0, . . . , 0) is the origin in Rd. For A,B ⊂ Rd
we write A⊕B = {a+b : a ∈ A, b ∈ B} and A	B = {x ∈ Rd : x+b ∈ A for all b ∈ B}.
The operators ⊕ and 	 are called the dilation and erosion of A by B, respectively.
A countable family {An}n≥1 of subsets of Rd is called locally finite if for each bounded

B ⊂ Rd the number of elements in this family that admit non-empty intersection with
B is finite, i.e., #{n ≥ 1 : An ∩ B 6= ∅} < ∞. For d ≥ 1 the Borel σ-algebra on Rd
is denoted by B(Rd) and we write B0(Rd) ⊂ B(Rd) for the sub-family consisting of all
bounded Borel sets. A measure µ on B(Rd) is called locally finite if µ(A) < ∞ for all
A ∈ B0(Rd) and diffuse if µ({x}) = 0 for all x ∈ Rd. The n-fold product measure of µ is
denoted by µ⊗n, where n ≥ 1. Moreover, for i ∈ {1, . . . , d} we write πi : Rd → R for the
projection of Rd to the ith coordinate and νi for the i-dimensional Hausdorff measure
in Rd, which is given by

νi(A) = κi
2i lim

δ→0
inf
¶ ∞∑
j=1

(diamUj)i :
∞⋃
j=1

Uj ⊃ A, diamUi < δ for all j ≥ 1
©
,

for any A ∈ B(Rd) [135]. Here, for any U ⊂ Rd let diamU denote the diameter of U , i.e.,
diamU = supx,y∈U |x− y|. For any i ∈ {1, . . . , d} the Hausdorff measure νi defines an



10 2. Mathematical Foundations

outer measure on Rd and we say that a subset A ⊂ Rd is νi-measurable if it is measurable
with respect to this outer measure. We note that the d-dimensional Hausdorff measure
in Rd coincides with the d-dimensional Lebesgue measure in dimension d.
Denote by Id the d × d unit matrix and by SOd the group of all special orthogonal

matrices, i.e., SOd = {M ∈ Rd×d : M>M = Id and det(M) = 1}. Note that SOd can
be identified with the group of rotations around the origin o in Rd. For any M ⊂ Rd
let intM and ∂M denote the topological interior and the topological boundary of M ,
respectively.
We write Ber(p) for the Bernoulli distribution with success probability p ∈ [0, 1].

Furthermore, U(A) denotes the uniform distribution on A, where A ⊂ Rd is a bounded
Borel set with positive Lebesgue measure, i.e. νd(A) > 0. For λ > 0 let Exp(λ) and
Poi(λ) denote the Exponential and Poisson distribution with parameter λ, respectively.
Finally, Wei(γ, κ) denotes the Weibull distribution with scale parameter γ > 0 and
shape parameter κ > 0.
We always assume that the probability space under consideration is complete. More-

over, for {Aa}a≥1 a family of measurable sets in a certain probability space (Ω,A,P),
we say that the events Aa occur with high probability (whp) if

lim inf
a→∞

log(− log(1− P(Aa)))
log a > 0.

Note that this inequality is equivalent to the existence of constants c1, c2 > 0 such that
1−P(Aa) ≤ c1exp(−ac2) for all a ≥ 1. If A ∈ A is such that P(A) = 1, then we say that
A occurs almost surely (a.s.). Furthermore, if {Xn}n≥1 is a family of random variables
that are independent and for every m,n ≥ 1 the random variables Xm and Xn have
the same distribution, then the family {Xn}n≥1 is called independent and identically
distributed (iid). If X is a real-valued random variable defined on a probability spaces
(Ω,A,P) and for each n ≥ 1, Xn is a real-valued random variable defined on a probability
space (Ωn,An,Pn), then we write Xn

D−→ X if the random variables {Xn}n≥1 converge
to the random variable X in distribution.

2.2. Stochastic geometry
In this section, we briefly discuss some important notions from stochastic geometry.
Due to the wide range of this field, our presentation is heavily biased towards concepts
which will be of direct relevance in later sections. We also refer the reader to [37] for a
very accessible introduction to the basic concepts in stochastic geometry. For surveys of
further recent developments in this field, we recommend e.g. [92, 134, 137]. References
providing a detailed treatment of specific aspects of stochastic geometry are given in the
respective sections of the present section.

2.2.1. Random measures and point processes
Point processes are arguably the most basic concept in stochastic geometry and can
be seen as mathematical formalization of a random point pattern in Rd. Figure 2.1
shows realizations of various point process models that will be introduced in detail in
Section 2.2.1. For further information on point processes, we refer e.g. to [37], [46]
and [89].
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(a) Complete spatial ran-
domness

(b) Clustered point pattern (c) Repulsive point pattern

Figure 2.1.: Examples of point patterns being realizations of point processes

Definition and basic characteristics

It is technically convenient to embed the notion of point processes into the more general
concept of random measures. Let d ≥ 2 be an arbitrary fixed integer. Let M denote
the family of all locally finite measures on B(Rd) and consider the σ-algebra M on M
generated by the evaluation maps evA : M → [0,∞] for A ∈ B(Rd), which are defined
by mapping ϕ ∈ M to ϕ(A) ∈ [0,∞]. A random measure is then any (M,M)-valued
random variable. Furthermore, by N ⊂ M we denote the subset consisting of those
(Z+ ∪ {∞})-valued locally finite measures ϕ ∈ M with ϕ({x}) ∈ {0, 1} for all x ∈ Rd.
We write N = {A ∩ N : A ∈ M} for the trace σ-algebra of M on N. Then, a point
process is an (N,N )-valued random variable. Each ϕ ∈ N is uniquely determined by
its locally finite set of atoms {xi}i≥1, xi ∈ Rd. That is, {xi}i≥1 consists of all elements
xi ∈ Rd satisfying ϕ({xi}) = 1. In the following, it will be convenient to identify a point
process with its locally finite set of atoms. In particular, for ϕ ∈ N and A ∈ B(Rd) we
write ϕ(A) = #(ϕ ∩A) for the number of points in ϕ that are contained in A.
Like in many branches of probability theory, stationarity also plays an important role

for random measures.

Definition 2.1. A random measure Λ is said to be stationary if for every x ∈ Rd the
random measures Λ and txΛ : A 7→ Λ(A − x) have the same distribution. Similarly,
if for every ρ ∈ SOd the measures Λ and t′ρΛ : A 7→ Λ(ρ−1A) and Λ have the same
distribution, then Λ is said to be isotropic. Finally, Λ is said to be motion-invariant if
it is both stationary and isotropic.

Next, we consider an important first-order quantity related to random measures.

Definition 2.2. Let Λ be a random measure in Rd. Then, the measure µ on B(Rd)
defined by

µ(A) = EΛ(A), A ∈ B(Rd) (2.1)

is called the intensity measure of Λ. If λ : Rd → [0,∞) is a measurable function such
that µ(A) =

∫
A λ(x)dx for all A ∈ B(Rd), then λ is called intensity function of Λ.

Remark. Let Λ be a stationary random measure. As every translation-invariant
measure on Rd is proportional to the d-dimensional Lebesgue measure, there exists
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λ ∈ [0,∞] such that the intensity function of Λ is constant and equal to λ. The value λ
is also called the intensity of Λ.
One reason for the importance of intensity measures is Campbell’s theorem, which can

be seen as a variant of Fubini’s theorem adapted to random measures.

Theorem 2.3. Let Λ ∈M be a random measure with intensity measure µ. Then,

E
∫
Rd
f(x)Λ(dx) =

∫
Rd
f(x)µ(dx)

holds for any bounded measurable function f : Rd → [0,∞).

Proof. The result follows from (2.1) by algebraic induction.

Apart from the first-order characteristics encoded in the intensity measures, it is often
convenient to analyze higher-order properties.

Definition 2.4. Let n ≥ 1 and Λ be a random measure in Rd. Then the nth factorial
moment measure of Λ is the measure αn on B(Rdn) determined by

αn(B1 × · · · ×Bn) = EΛ(Rdn6= ∩ (B1 × · · · ×Bn)).

It is possible to extend Theorem 2.3 to factorial moment measures.

Theorem 2.5. Let n ≥ 1 and Λ be a random measure in Rd with factorial moment
measure αn. Then,

E
∫
Rdn6=

f(x1, . . . , xn)Λ⊗n(d(x1, . . . , xn)) =
∫
Rdn

f(x1, . . . , xn)αn(d(x1, . . . , xn))

holds for any bounded measurable function f : Rdn → [0,∞).

Proof. See e.g. [135, Theorem 3.1.3].

When dealing with stationary random measures the notion of ergodicity is of funda-
mental importance. Indeed, using this concept substantially simplifies the analysis of
translation invariant events, where an event E ∈M is called translation invariant if the
event txE = {txϕ : ϕ ∈ E} coincides with E for all x ∈ Rd.

Definition 2.6. Let Λ be a stationary random measure. Then Λ is called ergodic if
P(Λ ∈ E) ∈ {0, 1} for all E ∈ I, where I = {E ∈ M : txE = E for all x ∈ Rd} denotes
the σ-algebra of shift-invariant events.

Ergodicity allows to recover the intensity of a stationary random measure from a
spatial limit.

Theorem 2.7. Let Λ denote a stationary and ergodic random measure in Rd and A ⊂ Rd
be a convex compact set. Furthermore, assume that the intensity measure µ of Λ is locally
finite. Then,

lim
n→∞

Λ(nA)
ndνd(A) = EΛ(A)

almost surely and in L1.

Proof. See e.g. [46, Theorem 12.2.IV].
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Point-process models

In the present section, we introduce some important classes of point processes that will
be used in later parts of this thesis. Often, there exist many different point processes
with a given intensity measure µ. However, arguably the most important one is the
Poisson point process with intensity measure µ.

Definition 2.8. Let µ be a locally finite and diffuse measure on B(Rd). A point process
X in Rd is called Poisson point process with intensity measure µ if it satisfies the following
conditions.

(i) For every A ∈ B0(Rd) and every partition A = ⋃n
i=1Ai of A into Borel sets

A1, . . . , An the random variables {X(Ai)}i∈{1,...,n} are independent.

(ii) For every A ∈ B0(Rd) it holds that X(A) ∼ Poi(µ(A)).

A stationary Poisson point process with intensity λ ∈ [0,∞) is also called homogeneous
Poisson point process with intensity λ.

A realization of a homogeneous Poisson point process is shown in Figure 2.1a.
The Slivnyak-Mecke formula constitutes an important tool for dealing with Poisson

point processes.

Theorem 2.9. Let n ≥ 1 and let X denote a homogeneous Poisson point process in Rd
with intensity λ > 0. Then,

E
∑

(x1,...,xn)∈Xn
6=

f(x1, . . . , xn, X) = λn
∫
Rdn

f(x1, . . . , xn, X ∪ {x1, . . . , xn})d(x1, . . . , xn)

holds for any bounded measurable function f : Rdn × N→ [0,∞).

Proof. See e.g. [135, Theorem 3.2.3].

The independence property of Poisson point processes (item (i) in Definition 2.8)
is often a very convenient assumption for mathematical analysis. However, for point
patterns appearing in diverse fields of applications, this assumption is often violated, as
some interaction between points can be observed. Still, the interaction typically becomes
less pronounced as the distance between interacting points increases. In many situations
it is reasonable to assume that no interaction occurs between any two regions of distance
at least m, for some fixed m > 0.

Definition 2.10. Letm > 0. A point process X in Rd is calledm-dependent if the point
processesX∩A andX∩B are independent for all A,B ∈ B(Rd) with infx∈A,y∈B |x− y| ≥
m.

Randomization of the intensity measure allows to build more complex and flexible
models from the Poisson point processes. This leads to the class of Cox point processes.

Definition 2.11. A pair (Λ, X) consisting of a random measure Λ in Rd and a point
process X in Rd defined on a common probability space (Ω,A,P) is called Cox point
process with random intensity measure Λ if and only if

P(X(B1) = k1, . . . , X(Bn) = kn) = E
( n∏
i=1

Λ(Bi)kiexp(−Λ(Bi))
ki!

)
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holds for any k1, . . . , kn ≥ 0 and any pairwise disjoint B1, . . . , Bn ∈ B0(Rd). In other
words, the conditional distribution of X on the σ-algebra generated by Λ is given by the
distribution of a Poisson point process with intensity measure Λ.

For instance, if {λx}x∈Rd denotes a non-negativemeasurable random field, i.e., a family
of non-negative random variables such that (x, ω) 7→ λx(ω) is B(Rd) ⊗ A-measurable,
then we can define a random measure Λ on B(Rd) by Λ(A) =

∫
A λxdx for all A ∈ B(Rd).

A Cox process with this intensity measure Λ is also said to be driven by the random
intensity field {λx}x∈Rd .
In applications, Cox processes are often used for modeling point patterns that exhibit

a tendency to appear in clusters, see Figure 2.1b. In order to obtain more regular point
patterns, see Figure 2.1c, the class of Gibbs point processes has gained some popularity.

Definition 2.12. A point process X in Rd is called Gibbs process with conditional
intensity e : Rd×N→ [0,∞), where e : Rd×N→ [0,∞) is some measurable function, if

E
∑
x∈X

f(x,X \ {x}) = E
∫
Rd
e(x,X)f(x,X)dx

holds for all measurable functions f : Rd × N→ [0,∞).

The conditional intensity e(x,X) can be interpreted as the intensity of adding a point
at x conditioned on the already existing configuration X. For instance, in a repulsive
Gibbsian point process e(x,X) would be small if x is close to an already existing point
of X. We refer the reader e.g. to [113, Chapter 5] for further information on Gibbs point
processes.
There exist various possibilities to quantify whether a given point process model has

a tendency to form clusters or if it is rather regular. A comparison of factorial moment
measures leads to the notions of α-weakly sub-Poisson point processes and α-weakly
super-Poisson point processes, which are discussed in detail in [26, 27, 28]. In fact, the
property defining α-weakly sub-Poisson point processes has already been used in earlier
literature, see e.g. [44].

Definition 2.13. Let X be a point process in Rd whose nth factorial moment measure
is absolutely continuous with respect to νnd for each n ≥ 1. If there exists c > 0
such that for all n ≥ 1 the respective density ρ(n) satisfies ρ(n)(x1, . . . , xn) ≤ cn for
all (x1, . . . , xn) ∈ Rnd, then X is called α-weakly sub-Poisson (and similarly α-weakly
super-Poisson if ρ(n)(x1, . . . , xn) ≥ cn for all (x1, . . . , xn) ∈ Rnd) .

In order to discuss Poisson cluster processes, a further important class of point pro-
cesses, it is convenient to introduce the concept of a marked point process first.

Marked point processes

It is often useful to attach additional information to the points of a point process, which
mathematically leads to the concept of marked point processes. In the present section,
we provide a precise definition of this notion and discuss some of its most important
properties. We refer the reader to [135] for further information. Let H be a Polish space.
Then, let NH denote the set of all Z+-valued measures η on B(Rd×H) with the following
properties.
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(i) η({x} ×H) ∈ {0, 1} for each x ∈ Rd, and

(ii) η(C ×H) <∞ for each compact set C ⊂ Rd.

Furthermore, let NH denote the σ-algebra on NH generated by the evaluation maps
evA : NH → [0,∞] for A ∈ B(Rd × H), which are defined by mapping η ∈ NH to
η(A) ∈ [0,∞]. A marked point process is then any (NH,NH)-valued random variable.
Note that any marked point process X on the probability space (Ω,A,P) can be

written as {(Xi, Hi)}i≥1 for some random variables Xi : Ω → Rd and Hi : Ω → H,
see e.g. [135, Lemma 3.1.3]. We say that X is independently marked if the sequence
{Hi}i≥1 is iid and independent of {Xi}i≥1. In this case, the distribution of H1 is called
distribution of the mark of X or also simply themark distribution. Independently marked
point processes admit a very convenient extension of Campbell’s theorem.

Theorem 2.14. Let n ≥ 1 and Y = {(Xi, Hi)}i≥1 be an independently marked point
process with mark distribution µ. Furthermore, let αn denote the nth factorial moment
measure of the (unmarked) point process {Xi}i≥1. Then,

E
∑

(Y1,...,Yn)∈Y n6=

f(Y1, . . . , Yn)

=
∫
Hn

∫
Rdn

f((x1, h1), . . . , (xn, hn))αn(d(x1, . . . , xn))µ⊗n(d(h1, . . . , hn))

holds for any bounded measurable function f : (Rd ×H)n → [0,∞).

Proof. The result follows by applying Theorem 2.5 to the function g(x1, . . . , xk) =
Ef((x1, H1), . . . , (xk, Hk)).

The notion of m-dependence also plays an important role for marked point processes.
For any m > 0 a marked point process Y = {(Xn, Hn)}n≥1 is called m-dependent if the
random variables {(Xn, Hn) : Xn ∈ A} and {(Xn, Hn) : Xn ∈ B} are independent for all
A,B ∈ B(Rd) with infx∈A,y∈B |x− y| ≥ m. Finally, we can use the concept of marked
point processes to introduce Poisson cluster processes.

Example 2.15. Let X = {Xi}i≥1 be a homogeneous Poisson point process in Rd with
intensity λ > 0 and Z a point process in Rd such that EZ(Rd) < ∞. Let {Zi}i≥1 be a
sequence of iid copies of Z which are also independent of X. Then ⋃i≥1 Zi + Xi forms
a stationary point process, called Poisson cluster process with primary process X and
secondary process Z. A cutout of a realization of a Poisson cluster process is shown in
Figure 2.3a.

Palm calculus

Sometimes it is convenient to have information on the configuration of a stationary
point process X in Rd with intensity λ ∈ (0,∞) from the perspective of a randomly
chosen point of X. This can be expressed in a mathematically rigorous way by using the
concept of Palm distributions and Palm versions. To be more precise, define the Palm
distribution P∗X of X by the formula

P∗X(A) = λ−1E#{x ∈ X ∩Q1(o), X − x ∈ A}, A ∈ N .
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Let X∗ denote a point process in Rd with distribution P∗X . A point process X∗ with
distribution P∗X is called Palm version of X. More generally, if Λ denotes a random
measure in Rd, then define the Palm distribution P∗Λ of Λ by the formula

P∗Λ(A) = (EΛ(Q1(o)))−1E
∫
Q1(o)

1A(txΛ)Λ(dx), A ∈M.

A random measure Λ∗ on B(Rd) with distribution P∗Λ is called Palm version of Λ.
Finally, we also consider the Palm version of stationary marked point processes. To

be more precise, let Y = {(Xi, Hi)}i≥1 be a stationary marked point process. Then,
define the Palm mark distribution P∗H by the formula

P∗H(A) = λ−1E#{n ≥ 1 : Xn ∈ Q1(o), Hn ∈ A}, A ∈ H. (2.2)

The notion of the Palm mark distribution allows us to extend Campbell’s theorem to
the case of stationary marked point processes.

Theorem 2.16. Let Y = {(Xi, Hi)}i≥1 be a stationary marked point process with in-
tensity λ ∈ (0,∞). Then,

E
∑

n≥1:Xn∈Q1(o)
f(Hn) = λ

∫
H
f(h)P∗H(dh),

holds for any bounded measurable function f : H→ [0,∞).

Proof. The assertion follows from (2.2) using algebraic induction.

2.2.2. Random closed sets
In this section, we consider random closed sets, which, loosely speaking, can be regarded
as closed subsets of Rd generated according to some random mechanism. In the scope
of the present thesis we only provide a very brief discussion of this rich research area
and refer the reader to [111] or [135] for further information. Let F(Rd), C(Rd) and
U(Rd) denote the family of closed, compact and open subsets of Rd, respectively. The
Fell topology is a topology on F(Rd) which is generated by the sub-basis

{FC : C ∈ C(Rd)} ∪ {FU : U ∈ U(Rd)},

where for C ∈ C(Rd) and U ∈ U(Rd) we let

FC = {F ∈ F(Rd) : F ∩ C = ∅}

and
FU = {F ∈ F(Rd) : F ∩ U 6= ∅}

denote the families of closed sets not intersecting C and intersecting U , respectively.
A random closed set is any (F ,B(F))-valued random variable Z, where B(F) denotes
the Borel σ-algebra on F(Rd) formed with respect to the Fell topology and Z is called
stationary if for every x ∈ Rd the random closed sets Z and Z + x have the same
distribution. Additionally, the random closed set Z in Rd is called isotropic if for every
ϑ ∈ SOd the random closed sets Z and ϑ(Z) have the same distribution. Furthermore,
a stationary random closed set Z in Rd is called ergodic if P(Z ∈ E) ∈ {0, 1} for all
E ∈ I, where I = {E ∈ B(F) : txE = E for all x ∈ Rd} denotes the σ-algebra of
translation-invariant events, and where we put txE = {A− x : A ∈ E}.
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2.3. Geometric graphs
In Section 2.3.1, we briefly recall some elementary notions from graph theory. For a
more detailed introduction we refer the reader to [91]. The remainder of this section is
devoted to introducing specific examples of geometric graphs that play an important role
in this thesis. In Section 2.3.2, we consider tessellations of the Euclidean space and in
Section 2.3.3, we introduce the notions of minimal spanning forests and related graphs.

2.3.1. Preliminaries from graph theory
A (combinatorial) graph G consists of a set of vertices V and a set of edges E, where an
edge is described by an unordered pair of vertices, i.e., E ⊂ {{v1, v2} : v1, v2 ∈ V, v1 6=
v2}. Furthermore, if G = (V,E) denotes any graph with vertex set V and edge set E,
then for e ∈ E we write G \ {e} for the graph with vertex set V and edge set E \ {e}.
For v, w ∈ V we say that v and w are adjacent if {v, w} ∈ E and that v, w are connected
if there exists a sequence of vertices v0, v1, . . . , vk ∈ V such that

(i) v0 = v, vk = w and

(ii) vi, vi+1 are adjacent for all i ∈ {0, . . . , k − 1}.

For a vertex v ∈ V let C(v,G) ⊂ V denote the connected component of G containing v,
i.e., the largest connected set of vertices containing v. The number of vertices adjacent
to v is called the degree deg(v) of v. The following result provides a useful upper bound
for the number of connected subsets of a graph that are of a given size and contain a
fixed vertex. We refer the reader to [125, Lemma 9.3] for a proof of this statement.

Lemma 2.17. Let G = (V,E) be a graph with maximal vertex degree γ <∞ and v ∈ V
be arbitrary. Then, for every n ≥ 1 there are at most 2γn connected subsets of V that
contain v and consist of precisely n vertices.

By an edge-weighted graph G = (V,E,w) we understand a graph G = (V,E) together
with a weight function w : E → [0,∞). If x, y ∈ V are such that {x, y} ∈ E we often
simply write w(x, y) for w({x, y}). We say that an edge-weighted graph G = (V,E,w)
is locally finite if V is countable and for all r > 0 and v ∈ V there exist only finitely
many v′ ∈ V such that {v, v′} ∈ E and w(v, v′) < r. Similarly, we say that a graph
G = (V,E) is locally finite if the weighted graph G = (V,E,whop) is locally finite,
where whop : E → [0,∞) assigns to each edge of G the value 1. Note that summing all
whop-weights occurring in a path simply yields the hop count of this path.
By a geometric graph we understand a graph G = (V,E) whose vertex set V is embed-

ded in the Euclidean space Rd for some d ≥ 2. Furthermore, we call ⋃{v1,v2}∈E [v1, v2] ⊂
Rd the geometric realization of G. If the context is non-ambiguous, we also refer to the
geometric graph G as a subset of Rd although we should actually speak of its geometric
realization.
For an edge-weighted graph G = (V,E,w) let Gr denote the Gilbert subgraph of G at

level r > 0, i.e., the subgraph consisting of all edges e ∈ E with w(e) ≤ r. Sometimes
we also consider the graph G<r defined as the subgraph of G consisting of all edges
e ∈ E with w(e) < r. If ϕ ⊂ Rd is locally finite, then we also write G(ϕ, r) for
K(ϕ)r, where K(ϕ) denotes the edge-weighted graph on the vertex set ϕ and edge set
{{x, y} : x, y ∈ ϕ, x 6= y} with weight function w(x, y) = |x− y|.
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Of course, it is also possible to assign weights to the vertices and not the edges of
a graph, which leads to the notion of vertex-weighted graph. To be more precise, a
vertex-weighted graph G = (V,E,w) is given by a graph G = (V,E) together with a
function w : V → [0,∞). For G = (V,E,w) a vertex-weighted graph let Gr denote
the (vertex-)Gilbert subgraph of G at level r > 0, i.e., the subgraph consisting of all
vertices v ∈ V with w(v) ≤ r and all edges {v, v′} ∈ E with max{w(v), w(v′)} ≤ r.
Sometimes it is also convenient to consider graphs where each edge admits an orientation
towards one of its endpoints. A directed graph G consists of a set of vertices V and
a set of directed edges E, where an edge consists of an ordered pair of vertices, i.e.,
E ⊂ {(v1, v2) : v1, v2 ∈ V, v1 6= v2}.
We conclude this section by discussing some definitions related to subgraphs of the

lattice Zd. Following the standard convention, we also refer to vertices of Zd as sites. We
say that a subset S ⊂ Zd is ∗-connected if it forms a connected subset in the graph with
vertices Zd and edges given by the set {{z, z′} : |z−z′|∞ = 1}. For S ⊂ Zd finite we define
the outer boundary ∂outS of S by ∂outS = {z ∈ Sc : |z−z′| = 1 for some z′ ∈ S}. In [48,
Theorem A.1] the following lattice isoperimetric inequality is shown, which provides a
lower bound for the number of elements in ∂outS in terms of the number of elements in
S.

Lemma 2.18. Let S ⊂ Zd be finite. Then d−1(#S)(d−1)/d ≤ #(∂outS).

Figure 2.2.: Gray squares form outer external boundary of black disks

For every S ⊂ Zd consisting of finitely many sites we can decompose the complement
Sc of S into finitely many connected components, i.e., Sc = Sc1 ∪ · · · ∪ Sck. Observe
that precisely one of these components, say Sc1, is infinite. Furthermore, we write Ŝ =
S ∪ Sc2 ∪ · · · ∪ Sck and define the external outer boundary of S as ∂outextS = ∂outŜ, see
Figure 2.2. Recall from [131, Lemma 2.1] that the external outer boundary of any
∗-connected set is again ∗-connected.

2.3.2. Tessellations

Important classes of geometric graphs can be obtained from tessellations, which can be
thought of as subdivisions of the entire Euclidean space into compact cells. We begin
by providing a formal definition based on the one given in [37]. See also [30, Definition
1] and [140].

Definition 2.19. A locally finite family {cn}n≥1 of compact subsets of Rd is called
tessellation if the following items are satisfied.

(i) ⋃n≥1 cn = Rd.
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(ii) int cm ∩ int cn = ∅ for all m,n ≥ 1 with m 6= n,

Remark. Sometimes, for instance in [135, Definition 10.1.1], it is also required that
the sets cn, n ≥ 1 are convex. However, since this excludes important examples such as
Johnson-Mehl and dead-leaves tessellation (see [90] and [112]), we prefer to give a more
general definition. We also omit the constraint that the compact subsets {cn}n≥1 must
be non-empty, since this is not needed for our purposes.
For further information on tessellations we refer the reader e.g. to [37] and [121]. We

now continue to discuss important examples of tessellations.

Voronoi tessellation

For ϕ ∈ N and x ∈ ϕ the Voronoi cell cVor(x, ϕ) of x with respect to ϕ is given by
cVor(x, ϕ) = {y ∈ Rd : |y − x| ≤ infx′∈ϕ |y − x′|}. Under the assumption that the
convex hull convϕ = {tx1 + (1− t)x2 : t ∈ [0, 1], x1, x2 ∈ ϕ} of ϕ equals Rd, it is shown
in [135, Section 10.2] that the family of Voronoi cells {cVor(x, ϕ)}x∈ϕ forms a tessellation
in the sense of Definition 2.19, the Voronoi tessellation on ϕ. A cutout of a Voronoi
tessellation on a realization of a planar Poisson point process is shown in Figure 2.3a.
Since for each x ∈ ϕ the cell cVor(x, ϕ) can be regarded as the intersection of the half-
spaces {y ∈ Rd : 〈y, x′ − x〉 ≤ (|x′|2 − |x|2)/2}, x′ ∈ ϕ \ {x}, the Voronoi tessellation
consists of compact convex polyhedra. The edge set of these polyhedra forms a geometric
graph denoted by Vor(ϕ).

Delaunay tessellation

Next, we discuss Delaunay tessellations that can be seen as the dual of Voronoi tessel-
lations. The set of cell centers in a Delaunay tessellation is given by the set of vertices
of the respective Voronoi tessellation and vice versa. To be more precise, for ϕ ⊂ Rd
locally finite with convϕ = Rd let Vor(ϕ)(0) denote the set of vertices of Vor(ϕ) and
for each y ∈ Vor(ϕ)(0) define cDel(y, ϕ) = conv{x ∈ ϕ : y ∈ cVor(x, ϕ)} to be the con-
vex hull of all cell centers of Voronoi cells containing y. It is shown in [135, Theorem
10.2.6] that {Del(y, ϕ)}y∈Vor(ϕ)(0) forms a tessellation in the sense of Definition 2.19, the
Delaunay tessellation on ϕ. A cutout of a Delaunay tessellation on a realization of a
planar Poisson point process is shown in Figure 2.3b. Similar to the Voronoi model, the
cell cDel(y, ϕ) associated with y ∈ Vor(ϕ)(0) forms a compact convex polyhedron; in fact,
cDel(y, ϕ) constitutes a d-dimensional simplex. The edge set of these polyhedra gives rise
to a geometric graph denoted by Del(ϕ). This graph has vertex set ϕ and y1, y2 ∈ ϕ are
connected by an edge in Del(ϕ) if there exists a closed ball B ⊂ Rd with y1, y2 ∈ B and
ϕ ∩B = {y1, y2}.

Hyperplane tessellation

If {hn}n≥1 forms a locally finite system of hyperplanes in Rd, then we can consider the
family {cm}m≥1 of the closures of connected components of Rd\⋃n≥1 hn, where any max-
imal connected subset of Rd \⋃n≥1 hn is called a connected component of Rd \⋃n≥1 hn.
If this family defines a tessellation of Rd, then this tessellation is called hyperplane tes-
sellation based on {hn}n≥1, see [135]. We consider the planar case in greater detail and
turn to random processes of lines in R2. Let {(Rn, Un)}n≥1 ⊂ R × [0, π) denote an
independently marked Poisson point process in R with intensity λ > 0, where the marks
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are uniformly distributed on [0, π). Then the system of random lines {`n}n≥1 defined by
`n = {(x, y) ∈ R2 : x cosUn + y sinUn = Rn}, n ≥ 1 is called an isotropic Poisson line
process. With probability 1, the closures of connected components of R2 \⋃n≥1 `n form
a tessellation in the sense of Definition 2.19, which is called isotropic Poisson line tes-
sellation. A cutout of a realization of a Poisson line tessellation is shown in Figure 2.3c.

(a) Voronoi tessellation (b) Delaunay tessellation (c) Line tessellation

Figure 2.3.: Cutouts of tessellations with convex cells

Aggregate Voronoi tessellation

Let ϕ1, ϕ2 ∈ N be such that convϕ1 = convϕ2 = Rd. Then, the tessellation of Rd
consisting of the cells ⋃

x2∈ϕ2∩cVor(x1,ϕ1)
cVor(x2, ϕ2), x1 ∈ ϕ1

is called aggregate Voronoi tessellation associated with ϕ1, ϕ2, see [16]. A cutout of an
aggregate Voronoi tessellation on a planar Poisson point process is shown in Figure 2.4.
Note that the cells are not necessarily convex. Nevertheless, the edge set of any aggregate
Voronoi tessellation forms a geometric graph denoted by AVor(ϕ1, ϕ2).

Figure 2.4.: Aggregate Voronoi tessellation (cutout)
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2.3.3. Minimal spanning forests and related graphs
The minimal spanning tree of a finite graph is a classical object of interest in combi-
natorial optimization and admits diverse applications ranging from cluster analysis to
network protocols, see [42, 73, 97]. Also in probability theory minimal spanning trees
have received a substantial amount of attention. Initially, asymptotic properties of im-
portant quantities such as the total edge length of minimal spanning trees on random
configurations were investigated. A law of large numbers and a central limit theorem
have been established in [138, Theorem 1] and [10, Theorem 4.9], respectively. Now,
these asymptotic results are embedded in a very general framework and we refer the
reader to [154, 155] for further details.
As beneficial side effect, the asymptotic analysis also brought forth analogues of min-

imal spanning trees when the underlying graph may consist of infinitely many vertices.
Although these generalizations share many interesting features with minimal spanning
trees other important properties, such as their connectivity, are not guaranteed any
longer. Therefore, these generalizations are called minimal spanning forests.

Definition 2.20. Let ϕ be a locally finite subset of Rd. The minimal spanning forest
on ϕ (short MSF(ϕ)) describes the graph with vertex set ϕ whose edge set is defined by
drawing an edge between x, y ∈ ϕ if and only if there do not exist an integer n ≥ 2 and
distinct adjacent vertices x = x0, x1, . . . , xn = y such that maxi∈{0,...,n−1} |xi − xi+1| <
|x− y|.

If all distances between points of ϕ are pairwise distinct, then MSF(ϕ) does not contain
a sequence of pairwise distinct vertices x1, . . . , xn ∈ ϕ such that for every i ∈ {1, . . . , n}
the pair {xi, xi+1} forms an edge in MSF(ϕ), where we put xn+1 = x1. Indeed, when
choosing i0 ∈ {1, . . . , n} such that |xi0 − xi0+1| is maximal, then maxi∈{1,...,n}\{i0} |xi −
xi+1| < |xi0 − xi0+1|. An illustration in dimension d = 2 is shown in Figure 2.5.

Figure 2.5.: Point-process based minimum spanning forest (cutout)

Next, we introduce a class of approximations to minimal spanning forests. To begin
with, we consider a family of approximating graphs, which contain the minimal spanning
forest.

Definition 2.21. Let n ≥ 2 and ϕ be a locally finite subset of Rd. The n-creek crossing
graph on ϕ (short Gn(ϕ)) describes the graph with vertex set ϕ whose edge set is defined
by drawing an edge between x, y ∈ ϕ with {x, y} ∈ E if and only if there do not
exist an integer k ∈ {1, . . . , n} and adjacent vertices x = x0, x1, . . . , xk = y such that
maxi∈{0,...,k−1} |xi − xi+1| < |x− y|.
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It is an immediate consequence of Definition 2.21 that the graphs {Gn(ϕ)}n≥2 form
a descending family of graphs with ⋂n≥2Gn(ϕ) = MSF(ϕ). If ϕ ⊂ Rd is locally finite,
then the graphs {Gn(ϕ)}n≥2 are also related to well-known graphs in computational
geometry. The graph G2(ϕ) is then known as relative neighborhood graph (or β-skeleton
with β = 2) and was originally introduced in [145]. Limit theorems for certain functionals
on these graphs are considered in [127] and [129]. In particular, for β ∈ [1, 2] the following
inclusions hold

Del(ϕ) ⊃ G(1, ϕ) ⊃ G(β, ϕ) ⊃ G(2, ϕ) = G2(ϕ),
where G(β, ϕ) denotes the β-skeleton on ϕ. We refer the reader to [5] for a definition
and detailed discussion of these graphs. If X is a homogeneous Poisson point process
in Rd, then Gn(X) is called Poisson n-creek-crossing graph. Realizations of the graphs
Gn(X), where n ∈ {2, 5, 10} and where X is a homogeneous Poisson point process in Rd
are shown in Figure 2.6.

Figure 2.6.: Realizations of Poisson n-creek-crossing graph Gn for n = 2, 5, 10 (from left
to right; cutouts)

2.3.4. Random geometric graphs and random tessellations
So far we have discussed various possibilities to construct geometric graphs and tessella-
tions from some form of (deterministic) input data by using a deterministic connection
rule. In the present thesis we are interested in the behavior of these models when the
input data is random. This gives rise to random geometric graphs and random tessella-
tions, which are defined as follows.
To define the notion of random geometric graphs it is convenient to embed it into the

framework of marked point processes. More precisely, by a random geometric graph we
understand a C(Rd)-marked point process {(Xn, Cn)}n≥1 such that for any n ≥ 1 the
random compact set Cn in Rd is of the form Cn = [Yn, Zn] for some d-dimensional random
vectors Yn, Zn : Ω→ Rd. A random geometric graph {(Xn, Cn)}n≥1 can be considered as
a graph whose vertex and edge sets are given by the random sets ⋃n≥1{Xn+Yn, Xn+Zn}
and {{Xn + Yn, Xn + Zn} : n ≥ 1}, respectively. A random geometric graph is said to
be stationary if the corresponding marked point process {(Xn, Cn)}n≥1 is stationary.
Similarly, also random tessellations can be introduced in the framework of C(Rd)-

marked point processes, where the marks are used to describe the centered cells of
the tessellation. To be more precise, a C(Rd)-marked point process {(Xn,Ξn)}n≥1 is
called random tessellation if the shifted marks {Xn + Ξn}n≥1 form a tessellation of Rd
with probability 1. A random tessellation is said to be stationary if the corresponding
marked point process {(Xn,Ξn)}n≥1 is stationary. Applying Palm calculus of marked
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point processes developed in Section 2.2.1 to random tessellations leads to the notion of
a typical cell. To be more precise, a C(Rd)-valued random variable Ξ∗ is called typical
cell of the random tessellation {(Xn,Ξn)}n≥1 if its distribution is given by

P(Ξ∗ ∈ A) = E#{n ≥ 1 : Xn ∈ Q1(o),Ξn ∈ A}
E#{n ≥ 1 : Xn ∈ Q1(o)} , A ∈ B(F).

2.4. Percolation theory

One of the central topics of this thesis is the analysis of percolative properties of graphs
and related structures in stochastic geometry. In the present section, we recall some
elementary results in percolation theory. This branch of probability theory is concerned
with the investigation of properties of connected components (also called clusters) oc-
curring in random geometric graphs. Typical questions include (among others) the
existence and uniqueness of infinite connected components or the asymptotic behavior
of cluster sizes. More recent developments also provide subtle results and conjectures on
the geometry of clusters.
The theory of Bernoulli percolation investigates properties of connected components

of special random subgraphs of deterministic infinite connected graphs such as the d-
dimensional hypercubic lattice Zd. These subgraphs are obtained by independently
deleting vertices or edges of the original graph. Percolation theory was initially in-
troduced by Broadbent and Hammersley in [35] and since their seminal work it has
developed into one of the most fruitful research areas in probability theory. This excep-
tional development has been crowned by the Fields medal for S. Smirnov in 2010. For
very accessible introductory textbooks to percolation theory we refer the reader to [29]
and [69].
A locally finite graph G = (V,E) is said to percolate if it contains an infinite connected

component. To begin with, we introduce the concept of Bernoulli bond percolation.
Consider an iid sequence {Ue}e∈E , where each Ue is distributed uniformly on [0, 1] and
define an edge-weight function w : E → [0, 1] by w(e) = Ue for all e ∈ E. We say that
G percolates at p ∈ [0, 1] if Gp percolates in the sense just defined. Here Gp denotes
the Gilbert graph as introduced in Chapter 2.3. If G is a graph containing an infinite
connected component, then pc = pc(G) = inf{p ∈ [0, 1] : P(Gp percolates) > 0} denotes
the critical probability for Bernoulli bond percolation. If p < pc, then we say that Gp is
sub-critical, while for p > pc the graph Gp is called super-critical. The following lower
bound can be shown by elementary path-counting arguments, see [69, Theorem 1.33].

Theorem 2.22. Let G = (V,E) denote a locally finite graph with maximal vertex degree
γ <∞. Then pc(G) ≥ 1/(γ − 1).

It is usually more difficult to derive upper bounds for pc(G). For instance, in the
case G = Zd with d ≥ 1 we have pc(Z) = 1, whereas pc(Zd) < 1 holds for all d ≥ 2.
Additionally, when p is sufficiently small, it is possible to deduce results on the tail
probabilities of the radius of the connected component at the origin. More precisely, the
radius of the connected component C(v,Gp) containing v admits a finite exponential
moment, see Theorem [69, Theorem 1.33].
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Theorem 2.23. Let G = (V,E) denote a locally finite graph with maximal vertex degree
γ <∞. Then for every p < 1/(γ − 1) and v ∈ V ,

lim
n→∞

1
n

logP(C(v,Gp) 6⊂ BG,hop
n (v)) < 0.

Remark. Note that for a large class of graphs the exponential decay of the cluster
radius or the cluster size is valid already if p < pc, see e.g. [29, Chapter 4].
In some situations it is more suitable to consider subgraphs of G which are obtained

by randomly deleting vertices instead of edges. This leads to the concept of site percola-
tion. To be more precise, consider an iid sequence {Uv}v∈V , where each Uv is distributed
uniformly on [0, 1] and define a vertex weight function w : V → [0, 1] by w(v) = Uv for
all v ∈ V . We say that G percolates at p ∈ [0, 1] if Gp,s percolates, where Gp,s denotes
the vertex-Gilbert graph at level p. Note that for our applications it is usually clear,
whether we consider bond or site percolation and when there is danger of ambiguity we
say that bond percolation occurs for G at p or site percolation occurs for G at p to make
clear which model we are referring to. If G is a graph containing an infinite connected
component, then ps

c = ps
c(G) = inf{p ∈ [0, 1] : P(Gp,s percolates) > 0} denotes the criti-

cal probability for Bernoulli site percolation and under the assumptions of Theorem 2.22
this critical probability is at least 1/(γ − 1). In fact, we have ps

c(G) ≥ pc(G). Simi-
larly, an analogue of Theorem 2.23 can be shown for site percolation. Under stronger
assumptions we can also obtain exponential decay of the cluster size.

Theorem 2.24. Let G = (V,E) denote a locally finite graph with maximal vertex degree
γ <∞. Then P(#C(v,Gp,s) ≥ n) ≤ (2γp)n.

Proof. If #C(v,Gp) ≥ n, then C(v,Gp) encompasses a connected subset of G which
contains v and consists of precisely n open sites. By Lemma 2.17 the number of such
subsets is at most 2γn, and the probability that all of its sites are open is given by pn.

Although the Bernoulli setting is mathematically very elegant it is quite common in
applications that one has to deal with subgraphs, where vertices or edges are deleted at
random but these deletions do not occur independently. In the remainder of this section,
we discuss a result due to Liggett, Schonmann and Stacey [105], which is extremely
powerful when dealing with m-dependent percolation processes. First recall the notion
of stochastic domination. We will need this notion both for real-valued random variables
and also for random configurations in the lattice Zd.

Definition 2.25. Let η, η′ be probability measures on B(R). Then, η is said to stochas-
tically dominate η′ if η([a,∞)) ≥ η′([a,∞)) for every a ∈ R.

Definition 2.26. Consider {0, 1}Zd as a topological space endowed with the prod-
uct topology. Let η, η′ be probability measures on B({0, 1}Zd), where B({0, 1}Zd) de-
notes the Borel σ-algebra over {0, 1}Zd . Then, η is said to stochastically dominate η′ if∫
{0,1}Zd f(ω) η(dω) ≥

∫
{0,1}Zd f(ω)η′(dω) for any continuous componentwise increasing

function f : {0, 1}Zd → [0,∞).

Definition 2.27. For any d,m ≥ 1 and p ∈ [0, 1] let C(d,m, p) denote the class of {0, 1}-
valued random fields {Xz}z∈Zd such that P(Xz | {Xz′}z′∈Zd, |z−z′|∞≥m) ≥ p a.s. for all
z ∈ Zd.
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In other words, the property in Definition 2.27 requires that the conditional probability
of the event {Xz = 1} should be at least p irrespective of the value of the random
variables Xz′ for |z − z′|∞ ≥ m. The family C(d,m, p) contains an important sub-family
C′(d,m, p) with a more accessible definition.

Definition 2.28. Let C′(d,m, p) denote the class of {0, 1}-valued random fields {Xz}z∈Zd
such that

1. {Xz}z∈Zd is m-dependent, i.e., for all A,A′ ⊂ Zd with infz∈A,z′∈A′ |z − z′|∞ ≥ m
the random fields {Xz}z∈A and {Xz′}z′∈A′ are independent, and

2. P(Xz = 1) ≥ p for all z ∈ Zd.

In the following, we will frequently make use of the seminal stochastic domination
result [105, Theorem 0.0].

Theorem 2.29. Let d, k ≥ 1 and q ∈ (0, 1). Then, there exist p ∈ (0, 1) such that every
random field X = {Xz}z∈Zd ∈ C(d, k, p) stochastically dominates a product random field
with Ber(q)-distributed marginals.

We conclude the present section on Bernoulli percolation with a slightly more specific
result which will be used in Chapter 4 below. Fix an arbitrary p ∈ [0, 1] and let G =
(Zd, E) denote the lattice, where z, z′ ∈ Zd are connected by an edge if and only if
|z − z′|∞ = 1. For z ∈ Z let C′z ⊂ Zd denote the random collection of sites that takes
the value ∅ if z 6∈ Gp,s and the value C(z,Gp,s) otherwise. Furthermore, let {›Cz}z∈Zd
denote an independent family with the same marginal distributions as {C′z}z∈Zd . Then
in [48, Lemma 2.3] the following result is shown.

Lemma 2.30. Let S ⊂ Zd be a finite subset. Then, the random variable ∑z∈S #›Cz

stochastically dominates the random variable ∑z∈S #C ′z.

2.5. Miscellaneous results

In this section, we collect further auxiliary results that will be needed later in this
thesis. The first of these is Kingman’s celebrated sub-additive ergodic theorem [95]. See
also [104, Theorem 1.10] for a refined version.

Theorem 2.31. Let X = {Xk,`}0≤k<` denote a family of [0,∞)-valued random variables
with k, ` ∈ Z+. Furthermore, assume that the following conditions are satisfied.

(i) Sub-additivity. Assume that Xi,k ≤ Xi,j +Xj,k for all 0 ≤ i < j < k.

(ii) Stationarity. Assume that the process {Xk+1,`+1}0≤k<` has the same distribution
as X.

(iii) Moment condition. Assume that EX0,1 <∞.

Then there exists a finite non-negative random variable ξ such that ξ = limn→∞ n
−1X0,n

a.s. and in L1. Moreover, Eξ = infn≥0 n
−1EX0,n and if X is ergodic with respect to

diagonal shifts, then P(ξ = Eξ) = 1.
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Remark. Kingman’s sub-additive ergodic theorem given in Theorem 2.31 is usually
stated for real-valued random variables that may also take negative values. However,
since we will apply it only for non-negative ones, we made use of this extra assumption
to simplify the moment condition.
Another important result is Stirling’s formula.

Lemma 2.32.
lim
n→∞

n!√
2πn(n/e)n

= 1.

Next, recall from [125, Lemma 1.2] the following useful concentration result for Poisson
random variables.

Lemma 2.33. Let λ > 0 and N be a Poisson random variable with expectation λ. If
k ≥ e2λ, then P(N ≥ k) ≤ exp(−(k/2) log(k/λ)).

When dealing with stationary random geometric structures we will occasionally make
use of the mass-transport principle. At this point we only explain the most elementary
form of this powerful technique and refer the reader to [21, 63] for a detailed introduction
to more general versions.

Theorem 2.34. Let (Ω,F ,P) be a probability space and Y = {Yz1,z2}z1,z2∈Zd be a family
of non-negative random variables. Furthermore, assume that Y is stationary in the sense
that for every z, z1, z2 ∈ Zd the random variables Yz1,z2 and Yz1−z,z2−z have the same
distribution. Then E∑z∈Zd Yo,z = E∑z∈Zd Yz,o.

Proof. Indeed, the monotone convergence theorem implies that

E
∑
z∈Zd

Yo,z =
∑
z∈Zd

EYo,z =
∑
z∈Zd

EY−z,o = E
∑
z′∈Zd

Yz′,o,

where in the last step we used the substitution z′ = −z.

We will also need a standard ergodic theorem for Markov Chains and Markov Jump
Processes (MJP), where the following variants are taken from [120, Theorem 1.10.2,The-
orem 3.8.1].

Theorem 2.35. Let X = {Xn}n≥0 be an irreducible and positive recurrent Markov
Chain on a countable state space S and with invariant probability measure {λs}s∈S.
Furthermore let f : S → Rd be a measurable, bounded function. Then

lim
n→∞

1
n

n−1∑
k=0

f(Xk) =
∑
s∈S

λsf(s) a.s. and in L1.

Theorem 2.36. Let X = {Xt}t≥0 be an irreducible MJP on a countable state space
S and with invariant probability measure {λs}s∈S. Furthermore let f : S → Rd be a
measurable, bounded function. Then

lim
t→∞

1
t

∫ t

0
f(Xt)dt =

∑
s∈S

λsf(s) a.s. and in L1.
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Percolation and connectivity in
random geometric graphs





3. Connectivity of graphs related to
minimal spanning forests

Aldous and Steele [6, Conjecture 13] conjectured that the minimal spanning forest
MSF(X) introduced in Section 2.3.3 is a.s. connected in the case that X is a homo-
geneous Poisson point process in Rd. In [9, Theorem 2.6] this conjecture was proven for
dimension d = 2. However, now there is a strong belief that a.s. connectivity does not
hold as soon as the dimension d is large enough (see e.g. [7, Section 6.3]). Lattice-based
minimal spanning forests are studied in [106, 144], partly due to their intimate connec-
tion to percolation theory. Connectivity and related properties of Euclidean MSF are
discussed in [9] and also in [4] (in the general context of unimodular random networks).
The goal of the present section is to give criteria for point processes X in Rd ensuring

the a.s. connectivity of Gn(X) introduced in Definition 2.21. Although the conjecture
on the a.s. connectivity of MSF(X) in the case that X is a homogeneous Poisson point
process in Rd is still open for d > 2 (and may well depend on the dimension d), the
connectivity of Gn(X) is far more accessible: our criteria work in all dimensions and for
point processes more general than the homogeneous Poisson point process. Thus, in a
certain sense, we provide conditions that the MSF(X) is ’almost’ connected. From this
perspective these graphs can be seen as a Euclidean counterpart of Theorem 1.3 in [106].
Note that relative neighborhood graphs (or supergraphs such as β-skeletons) on point

processes in R2 could potentially be considered as stochastic models for road systems.
Also in this context connectivity is a desirable property, see [2, 5, 117]. An application of
creek-crossing graphs in R3 has recently been considered in [61] in order to investigate the
connectivity of nanoparticle systems in advanced functional materials. The main results
of the present chapter have been incorporated in our recent paper [83]. More refined
properties of creek-crossing graphs, such as the non-triviality of Bernoulli percolation
and the speed of convergence to the minimal spanning forest, are investigated in [77].

3.1. Connectivity of relative neighborhood graphs

In order to provide the reader with a gentle introduction, we start by discussing the
special case n = 2 in detail.

3.1.1. Descending chains

We first recall the definition of a descending chain with respect to a locally finite subset
of Rd, see [44, 84].

Definition 3.1. Let ϕ ⊂ Rd be a locally finite set. We say that ϕ contains an in-
finite descending chain if there exists an infinite sequence x1, x2, . . . ∈ ϕ satisfying
|xi+1 − xi+2| < |xi − xi+1| for all i ≥ 1.
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It is easy to see that each locally finite set ϕ ⊂ Rd, which contains a descending chain,
also contains a descending chain consisting of pairwise distinct elements, see Lemma 3.12
for a generalized version of this statement. Moreover, the absence of infinite descending
chains in ϕ implies connectivity of the relative neighborhood graph G2(ϕ).

Theorem 3.2. Let ϕ ⊂ Rd be locally finite. If ϕ does not contain infinite descending
chains, then G2(ϕ) is connected.

Proof. In order to show the assertion of the theorem, we use a similar construction as
in [2, Lemma 10]. First observe that G2(ϕ) is always connected if ϕ is finite. Suppose
now that ϕ is an infinite set such that G2(ϕ) is not connected. We write x ∼ y if
x, y ∈ ϕ belong to the same connected component of G2(ϕ). Then, an infinite sequence
x1, x2, . . . ∈ ϕ forming a descending chain can be constructed as follows. Choose an
arbitrary x1 ∈ ϕ and put

x2 = argminy∈ϕ(|x1 − y| : x1 6∼ y).

Now suppose that for some k ≥ 2, a sequence x1, . . . , xk ∈ ϕ is given such that

xi = argminy∈ϕ(|xi−1 − y| : xi−1 6∼ y)

for all i ∈ {2, . . . , k} and such that |x1 − x2| > · · · > |xk−1 − xk|. Then put

xk+1 = argminy∈ϕ(|xk − y| : xk 6∼ y) .

It is clear that |xk−1 − xk| ≥ |xk − xk+1|. Suppose that |xk−1 − xk| = |xk − xk+1|. Then,
as xk−1 6∼ xk, there exists z ∈ ϕ such that

max{|xk−1 − z| , |xk − z|} < |xk−1 − xk| = |xk − xk+1| .

This implies that xk−1 ∼ z ∼ xk leading to a contradiction. Thus, |xk−1 − xk| >
|xk − xk+1|, which proves the theorem.

The following result is an immediate consequence of Theorem 3.2.

Corollary 3.3. Let X ⊂ Rd be an arbitrary point process. If X has no infinite descend-
ing chain with probability 1, then G2(X) is a.s. connected.

3.1.2. Annulus continuum percolation threshold
In this subsection we discuss a connectivity condition for relative neighborhood graphs
G2(X) induced by random point processes X, which is stronger but easier to verify than
the condition formulated in Corollary 3.3. In connection with this, the following notion
of an annulus continuum percolation threshold is useful.

Definition 3.4. Let ε > 0, r ≥ 0 and ϕ ⊂ Rd be a locally finite set. Consider the
graph G(ϕ, r, ε) with vertex set ϕ and the following edge set. Assume that x, y ∈ ϕ
are connected by an edge if and only if r < |x− y| < r + ε. Furthermore, for r ≥ 0
and a point process X ⊂ Rd we define the annulus continuum percolation threshold
εc(X, r) = inf{ε > 0 : P(G(X, r, ε) percolates) > 0}, where we recall from Chapter 2.4
that a graph percolates if it contains an infinite self-avoiding path.



3.1. Connectivity of relative neighborhood graphs 31

It is easy to see that G(ϕ, r, ε) percolates for r = limn→∞ |xn+1 − xn| and for all ε > 0
if x1, x2, . . . is an infinite descending chain of ϕ. Moreover, a probabilistic counterpart
of this elementary statement is true, where we use the following auxiliary result.

Lemma 3.5. Let f : [0,∞)→ [0,∞) be a function which satisfies f(x) > x for all x ∈
[0,∞). Then, there exists a countable set C ⊂ R such that [0,∞) = ⋃

q∈C∩[0,∞)[q, f(q)).

Proof. For each q ∈ Q ∩ [0,∞) define `(q) = inf{r ≥ 0 : q ∈ [r, f(r))}. If this infimum
is in fact a minimum, then define rq,i = `(q) for all i ≥ 1. Otherwise choose any
sequence {rq,i}i≥1 such that rq,i ↘ `(q) monotonously and put C = {rq,i}q∈Q∩[0,∞),i≥1.
Now let x ∈ [0,∞) be arbitrary. We want to prove that x ∈ [rq,i, f(rq,i)) for some
q ∈ Q ∩ [0,∞), i ≥ 1. First choose some q ∈ [x, f(x)) ∩ Q. By definition, it holds that
`(q) ≤ x. Now we distinguish two cases. If `(q) = x, then the infimum in the definition of
`(q) is in fact a minimum and we have x ∈ [rq,1, f(rq,1)). On the other hand, if `(q) < x,
then there exists an i sufficiently large such that rq,i < x. Since x ≤ q < f(rq,i), we
obtain x ∈ [rq,i, f(rq,i)) thereby proving the lemma.

Theorem 3.6. If εc(X, r) > 0 for all r ≥ 0, then a.s. X has no infinite descending
chain.

Proof. Consider the function f : [0,∞) → [0,∞) with f(r) = r + ε(r), where ε(r) =
εc(X, r)/2 if εc(X, r) < ∞, and ε(r) = 1 otherwise (in fact the only requirements on
ε(r) are ε(r) > 0 and ε(r) < εc(X, r)). Clearly, this function satisfies the condition of
Lemma 3.5. Furthermore, for each ϕ = {xn} ⊂ Rd locally finite, let

R(ϕ) =
®

limn→∞ |x̃n − x̃n−1| if ϕ contains an infinite descending chain,
0 otherwise,

where {x̃n} ⊂ ϕ denotes the infinite descending chain of ϕ whose index set is minimal
in the lexicographic ordering. Using the notation R = R(X) we get that

P(X has an infinite descending chain)
≤ P(

⋂
ε>0
{G(X,R, ε) percolates})

≤ P(
⋃

r∈C∩[0,∞)
{R ∈ [r, r + ε(r)) and G(X,R, r + ε(r)−R) percolates})

≤
∑

r∈C∩[0,∞)
P(G(X, r, ε(r)) percolates) = 0,

where the second inequality follows from Lemma 3.5 and in the third inequality we used
sub-additivity of P and the relation G(X, r, ε) ⊃ G(X, s, ε+r−s) for all r ≤ s < r+ε.

3.1.3. Examples

We first provide some simple examples of point processes having positive annulus con-
tinuum percolation thresholds. In connection with this we consider m-dependent point
processes.
It is not difficult to see that the following point processes are m-dependent for a

suitable choice of m > 0: Cox processes whose random intensity field is m-dependent
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and cluster processes whose primary process is m′-dependent for some m′ > 0 and whose
secondary process has a bounded support.
Now we can state the following result whose proof is postponed to Section 3.3.1, where

it will be provided in a more general context.

Theorem 3.7. Let X ⊂ Rd be a stationary m-dependent point process with finite inten-
sity. Then εc(X, r) > 0 for all r ≥ 0.

By the results of Theorem 3.6 and Theorem 3.7, stationary point processes with finite
range of dependence and absolutely continuous second factorial moment measure do not
possess infinite descending chains. Therefore, by Theorem 3.2, the relative neighborhood
graphs on such point processes are a.s. connected. Furthermore, there are some classes
of stationary point processes for which conditions can be formulated that directly imply
the a.s. absence of infinite descending chains, see [44]. The following results have been
derived in Theorems 7.1 – 7.3 of [44], which we restate here for the convenience of the
reader.

Theorem 3.8. Let X be a Cox process with random intensity field {ξx}x∈Rd which is
stationary and satisfies lim supk→∞ k

»
E(ξk0 )/k < ∞. Then a.s. X does not contain

infinite descending chains.

For ϕ ∈ N let ϕ(n) denote the set of all n-tuples (x1, . . . , xn) ∈ ϕn with pairwise
different entries. Note that ϕ(n) can be identified with the measure ϕ(n) : B(Rnd) →
[0,∞] given by

ϕ(n)(B) =
∑

(x1,...,xn)∈ϕ(n)

1B(x1, . . . , xn), B ∈ B(Rnd),

Furthermore, we use the notation m[n] = m(m− 1) · · · (m− n+ 1) for any 1 ≤ n ≤ m.

Theorem 3.9. Let X be a stationary Poisson cluster process and Πn denote the con-
ditional distribution of a single cluster centered at the origin, given that this cluster has
exactly n points. Assume that there exists an M > 0 such that∫ ∫

1B(x2 − x1, . . . , xk+1 − x1)ϕ(k+1)(d(x1, . . . , xk+1))Πn(dϕ) ≤Mkn[k+1]νkd(B),

for all n ≥ 0, k ∈ {0, 1, . . . , n−1} and B ∈ B(Rnd). Furthermore, assume that the cluster
size distribution {pk, k ≥ 0} admits a finite exponential moment, i.e., ∑∞k=0 pkz

k <
∞ for some z > 1. Then X a.s. does not contain infinite descending chains.

Suppose that X is a stationary Gibbs point process with conditional intensity function
e : Rd × N → [0,∞). Recall that this notion was introduced in Definition 2.12. We
furthermore assume that there exists a measurable function µ : N → [0,∞) satisfying
e(x, ϕ) = µ(txϕ), where we recall from Definition 2.1 that tx : N → N denotes the shift
operator given by txϕ = ϕ− x. Using this notation, we can state the following result.

Theorem 3.10. Let c > 0 and X be a Gibbs process as described above and assume
additionally that

Ee(x1, X) · · · e(xn, X ∪ {x1, . . . , xn−1}) < cnn!

for all n ≥ 1 and for all pairwise distinct x1, . . . , xn ∈ Rd. Then a.s. X does not contain
infinite descending chains.
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3.2. Connectivity of creek-crossing graphs

3.2.1. Generalized descending chains

The sufficient condition for the connectivity of Gn(X) to be derived uses a generalization
of the notion of descending chains considered in Section 3.1 for n = 2. We also specify
a family of variations of continuum percolation models such that the strict positivity of
percolation thresholds will imply the a.s. absence of generalized descending chains.

Definition 3.11. Let b > 0 and ϕ ⊂ Rd a locally finite set. We say that ϕ contains
an infinite b-bounded generalized descending chain if there exists an infinite sequence
x1, x2, . . . ∈ ϕ and an ordered set I = {i1, i2, . . .} ⊂ {1, 2, . . .} with the following proper-
ties:

(i) |ij+1 − ij | ≤ 2 for all j ≥ 0,

(ii) 0 < |xi − xi+1| ≤ b for all i ≥ 1,

(iii) |xij+1 − xij | < |xij−1+1 − xij−1 | for all j ≥ 2,

where we use the convention i0 = 0. We say that ϕ contains an infinite generalized
descending chain if there exists some b > 0 such that ϕ contains an infinite b-bounded
generalized descending chain, see Figure 3.1.

x1

x2

x3
x4

x5

≤ b

x6

≤ b x7

Figure 3.1.: Generalized descending chain

First, we note that any generalized descending chain can be transformed into a gen-
eralized descending chain consisting of pairwise distinct elements.

Lemma 3.12. Let ϕ ⊂ Rd be locally finite. Suppose that ϕ contains an infinite gen-
eralized descending chain. Then ϕ contains an infinite generalized descending chain
consisting of pairwise distinct elements.

Proof. We show how to transform any infinite b-bounded generalized descending chain
x1, x2, . . . into an infinite 2b-bounded generalized descending chain consisting of pairwise
distinct elements. The proof is based on Lawler’s method of loop erasure [102]. We
begin by proving that any element xi of the descending chain can be visited only finitely
many times. Suppose to the contrary that there exists an infinite sequence k1 < k2 < · · ·
with xk1 = xk2 = · · · . Then, by Definition 3.11, there exist infinitely many points of ϕ
in the ball Bb(xk1) centered at xk1 with radius b. This contradicts the local finiteness
property of ϕ. Choose the smallest k1 with the property that xk1 is visited at least twice.
Furthermore, let k2 be chosen as the last index such that xk2 = xk1 . First, suppose that
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k1 − 1 ∈ I or that k2 ∈ I. In this case, we may simply remove the loop from xk1+1 to
xk2 from the sequence x1, x2, . . .. Now suppose that both k1 − 1 6∈ I and k2 6∈ I. Here
again, we need to distinguish two cases. First assume that xk2−1 is not visited again
after the time k2. Then delete all vertices from the loop between k1 and k2 except for
the vertex xk2−1 and redefine xk1 = xk2−1 (see Figure 3.2, left). On the other hand,
suppose xk2−1 is visited again after time instant k2. Let k3 be the last such time. Then
we define xk1+1 = xk2−1 and continue the path at xk3+1 (see Figure 3.2, right). These
steps ensure that in the new chain xk1 is visited only once. Iterating this procedure
yields the desired chain.

xk1−1
xk1

xk1+1

xk2−1

xk2+1

xk1−1
xk1

xk1+1

xk2−1

xk3+1

Figure 3.2.: New paths with cancelled (dashed) and added (dotted) edges

Now we prove a criterion for deterministic locally finite sets ϕ ⊂ Rd ensuring the
connectivity of Gn(ϕ), which is an extension of the criterion derived in Theorem 3.2.

Theorem 3.13. Let ϕ ⊂ Rd be locally finite. If ϕ does not contain infinite generalized
descending chains, then Gn(ϕ) is connected for all n ≥ 2.

Proof. First observe that Gn(ϕ) is always connected if ϕ is finite. Suppose now that
ϕ is an infinite set such that Gn(ϕ) is not connected. As in the proof of Theorem
3.2 we write x 6∼ y if x, y ∈ ϕ do not belong to the same connected component of
Gn(ϕ), otherwise we write x ∼ y. Then, an infinite sequence x1, x

′
1, x2, x

′
2, . . . ∈ ϕ

forming an infinite generalized descending chain can be constructed as follows. Choose
an arbitrary x1 ∈ ϕ and put x′1 = argminy∈ϕ(|x1 − y| : x1 6∼ y). In case the argmin is not
unique, choose an arbitrary member of this set. Now define x′′1 = argminy∈ϕ(|x′1 − y| :
x′1 6∼ y). Since x′1 6∼ x′′1, there exist z0 = x′1, z1, . . . , z` = x′′1 ∈ ϕ satisfying ` ≤ n
and maxi{|zi − zi+1|} < |x′1 − x′′1|. Let j = min{i : zi 6∼ x′1}. Now define x2 = zj−1
and x′2 = zj . Then x′2 6∼ x2 and consequently, |x1 − x′1| ≥ |x′′1 − x′1| > |x2 − x′2| .
Furthermore, suppose that for some k ≥ 2, a sequence x1, x

′
1, . . . , xk, x

′
k ∈ ϕ is given

such that x1 6∼ x′1, x2 6∼ x′2, . . ., xk 6∼ x′k, max{|x′i − xi+1| : i ≥ 1} ≤ (n − 1) |x1 − x′1|
and |x1 − x′1| > · · · > |xk − x′k|. Put x′′k = argminy∈ϕ(|x′k − y| : x′k 6∼ y). It is clear that
|xk − x′k| ≥ |x′k − x′′k|. Since x′k 6∼ x′′k, there exist z0 = x′k, z1, . . . , z` = x′′k ∈ ϕ satisfying
` ≤ n and max{|zi − zi+1| : i ≥ 1} < |x′k − x′′k|. Let j = min{i ≥ 1 : zi 6∼ x′k}. Now
define xk+1 = zj−1 and x′k+1 = zj . Then x′k+1 6∼ xk+1 and, consequently,∣∣xk − x′k∣∣ ≥ ∣∣x′′k − x′k∣∣ > ∣∣xk+1 − x′k+1

∣∣
and

(n− 1)
∣∣x1 − x′1

∣∣ ≥ `−2∑
i=0
|zi − zi+1| ≥

∣∣xk+1 − x′k
∣∣ ,

which proves the theorem.
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Corollary 3.14. Let X ⊂ Rd be a point process. If X does not contain infinite gener-
alized descending chains with probability 1, then Gn(X) is a.s. connected for all n ≥ 2.

3.2.2. Annulus continuum percolation threshold

In the following, we generalize the notion of the annulus continuum percolation threshold
introduced in Definition 3.4.

Definition 3.15. Let ϕ ⊂ Rd be a locally finite set, let b, r ≥ 0 and ε > 0. The
directed graph G(ϕ, b, r, ε) with vertex set ϕ is defined as follows. Assume that x ∈ ϕ is
connected by an oriented edge to y ∈ ϕ if and only if there exists a vertex z ∈ ϕ such
that |x− z| ≤ b and r < |z − y| < r+ε, see Figure 3.3. Furthermore, for a point process
X in Rd, let εc(X, b, r) = inf{ε > 0 : P(G(X, b, r, ε) percolates) > 0}, where we recall
that a directed graph is said to percolate if it contains an infinite self-avoiding directed
path.

Note that the notion of the annulus continuum percolation threshold introduced in
Definition 3.4 is included as a special case for b = 0.

x

z y

b

r
ε

Figure 3.3.: Connection rule in G(ϕ, b, r, ε)

It is easy to see that G(ϕ, b, r, ε) percolates for r = limn→∞ |xin+1 − xin | and for
all ε > 0 if x1, x2, . . . form an infinite b-bounded generalized descending chain of ϕ.
Moreover, a probabilistic counterpart of this elementary statement is true.

Theorem 3.16. Let b ≥ 0 be arbitrary but fixed. If εc(X, b, r) > 0 for all r ≥ 0, then
a.s. X does not contain infinite b-bounded generalized descending chain.

The proof of Theorem 3.16 is analogous to that of Theorem 3.6, where it suffices
to replace εc(X, r) by εc(X, b, r), the phrase descending chain by b-bounded generalized
descending chain, and G(X,R, ε) by G(X, b,R, ε).

3.3. Examples
We now consider two classes of stationary point processes that a.s. do not contain infinite
generalized descending chains. Regarding the first class, we consider point processes with
positive percolation thresholds. The second class consists of several examples for which
one can use a certain moment condition to prove the a.s. absence of infinite generalized
descending chains.
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3.3.1. Point processes with positive percolation thresholds
In this section we show that both m-dependent point processes as well as processes
whose factorial moment measures satisfy some product-form domination condition ex-
hibit positive percolation thresholds.

m-dependent point processes.

Since εc(X, r) ≥ εc(X, b, r) for any b, r ≥ 0, the following result is an extension of
Theorem 3.7.

Theorem 3.17. Let X ⊂ Rd be a stationary, m-dependent point process with finite
intensity. Then εc(X, b, r) > 0 holds for all b, r ≥ 0.

Proof. Let b, r ≥ 0 be arbitrary fixed numbers. The idea is to discretize Rd and then to
apply Theorem 2.29. Now let ε ∈ (0, 1) be arbitrary (the value of ε will be specified later).
Consider the lattice L = (V,E) with V = Zd and E = {{x, y} : x, y ∈ Zd, |x− y|∞ = 1},
where x = (x1, . . . , xd) and y = (y1, . . . , yd). Then we define a site percolation model
{Yz}z∈Zd on L as follows. We say that a site v ∈ V is open – and write Yv = 0 – if there
exist x, y ∈ X such that x ∈ Qr+b+1(v) and there exists a (directed) edge from x to y
in G(X, b, r, ε) (note that it is not necessary to assume that y ∈ Qr+b+1(v)). Otherwise,
the site v ∈ V is said to be closed. First, it is clear that if G(X, b, r, ε) percolates, then
the associated site model does so. Thus it is sufficient to show that the site model does
a.s. not percolate, when ε is chosen small enough.
First let ρ ∈ (0, 1) and consider Bernoulli site percolation {Y ′z}z∈Zd on the lattice L,

where the probability for any fixed site z ∈ Zd to be closed – write Y ′z = 1 – is given by
ρ. From Theorem 2.24 we conclude that by choosing ρ sufficiently close to 1 the set of
open sites a.s. does not percolate. In particular, the proof of Theorem 3.17 is completed,
if we can show that {Yz}z∈Zd dominates {Y ′z}z∈Zd . By Lemma 2.29 it suffices to show
that we can choose k ≥ 1 with the property that for every p ∈ (0, 1) there exists ε > 0
with {Yz}z∈Zd ∈ C′(d, k, p). First, observe that for every ε ∈ (0, 1) and every z ∈ Zd the
event Yz = 0 depends only on X ∩ Q5(r+b+1)((r + b + 1)v). In particular, {Yz}z∈Zd is
7-dependent and it remains to show that limε→0 P(Yo = 1) = 1. Observe that

P(Yo = 0) ≤ E
Ä∑
i≥1

1((r+b+1)Q1(v))⊕Bb(o)(Xi)1{y∈Rd:X∩{z∈Rd:r<|y−z|<r+ε}6=∅}(Xi)
ä
.

As ε→ 0 the expression in the expectation tends to 0. Thus, an application of dominated
convergence yields limε→0 P(Yo = 0).

Sub-Poisson processes.

Using ideas from [27] the positivity of the percolation thresholds can also be proven for
α-weakly sub-Poisson processes. To give a formal proof of this statement, we need to
introduce a further notion, which can be seen as a discretized path-oriented version of
the directed graph G(ϕ, b, r, ε) introduced in Definition 3.15. For ε ∈ (0, 1), r > 0 and
x ∈ Rd we put Zdε = εZd and R(r, ε) = {y ∈ Rd : r < |y| < r + ε}.

Definition 3.18. Let r ≥ 0, ε ∈ (0, 1), b ≥ r + ε and ϕ ⊂ Zdε be arbitrary. We say
that ϕ contains a (b, r, ε)-chain if there exists an infinite sequence z1, z2, . . . ∈ ϕ and an
ordered set I = {i1, i2, . . .} ⊂ {1, 2, . . .} with the following properties:
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(i) |ij+1 − ij | ≤ 2 for all j ≥ 0,

(ii) Qε(zi+1) ∩ (Qε(zi)⊕Bb(o)) 6= ∅ for all i ≥ 1,

(iii) Qε(zij+1) ∩
Ä
Qε(zij )⊕R(r, ε)

ä
6= ∅ for all j ≥ 1,

where we use the convention i0 = 0.

Similar to Lemma 3.12, we can show that any (b, r, ε)-chain can be transformed into
a chain of pairwise distinct elements.

Lemma 3.19. Let r ≥ 0, ε ∈ (0, 1), b ≥ r + ε and ϕ ⊂ Zdε. Suppose that ϕ contains a
(b, r, ε)-chain z1, z2, . . . with the additional property that every zn is only visited a finite
number of times. Then ϕ contains a (2b+

√
dε, r, ε)-chain consisting of pairwise distinct

elements.

Proof. We show how to transform a given (b, r, ε)-chain z1, z2, . . . into a (2b+
√
dε, r, ε)-

chain consisting of pairwise distinct elements. The proof is based on Lawler’s method of
loop erasure [102]. Choose the smallest k1 with the property that zk1 is visited at least
twice. Furthermore, let k2 be chosen as the last index such that zk2 = zk1 . First let us
suppose that k1 − 1 ∈ I or that k2 ∈ I. In this case, we may simply remove the loop
from zk1+1 and zk2 from the sequence z1, z2, . . .. Now suppose that both k1 − 1 6∈ I and
k2 6∈ I. Here again, we need to distinguish two cases. First assume that zk2−1 is not
visited again after the time k2. Then delete all vertices from the loop between k1 and
k2 except for the vertex zk2−1 and redefine zk1 = zk2−1. On the other, hand suppose
zk2−1 is visited again after time instant k2. Let k3 be the last such time. Then we define
zk1+1 = zk2−1 and continue the path at zk3+1. These steps ensure that in the new chain
zk1 is visited only once. Iterating this procedure yields the desired chain.

Theorem 3.20. Let X be an α-weakly sub-Poisson process. Then εc(X, b, r) > 0 for all
b, r ≥ 0.

Proof. It suffices to prove that there exists n ≥ 1 such that for every z1 ∈ Z1/n the point
process X does not contain an infinite path in G(X, b, r, 1/n) starting from Q1/n(z1) for
all z1 ∈ Z1/n. Note that any such infinite path would induce a (b, r, 1/n)-chain with the
property that each element is only visited a finite number of times (this follows from the
local finiteness of X). Using Lemma 3.19 it thus suffices to prove the a.s. absence of
(b, r, 1/n)-chains starting at z1 and consisting of pairwise distinct elements. Let m ≥ 0,
` ∈ {0, . . . ,m} and I = {i1, . . . , i`} ⊂ {0, . . . ,m−1}. Then we define the set AI,z1,b,r,n ⊂
Rd(m−1) as AI,z1,b,r,n = B ∩ C ∩D ∩ E, where

B = {(z2, . . . , zm) : ij − ij−1 ∈ {1, 2} for all j ∈ {1, . . . , `− 1}} ,
C = {(z2, . . . , zm) : Q1/n(zi+1) ∩ (Q1/n(zi)⊕Bb(o)) 6= ∅ for all i ∈ {1, . . . ,m− 1}} ,
D = {(z2, . . . , zm) : Q1/n(zij+1) ∩ (Q1/n(zij )⊕R(r, 1/n)) 6= ∅ for all j ∈ {1, . . . , `− 1}} ,
E = {(z2, . . . , zm) : zi 6= zj for all i 6= j} .

Thus we may think of AI,z1,b,r,n as a set of (b, r, n)-chains of length m, where the set I
is already specified. Furthermore, it is easy to see that there are constants C1, C2 > 1
(depending only on d) satisfying

#{z ∈ Zd1/n : Q1/n(z) ∩
Ä
Q1/n(o)⊕Bb(o)

ä
6= ∅} ≤ C1 · bdnd



38 3. Connectivity of graphs related to minimal spanning forests

and
#{z ∈ Zd1/n : Q1/n(z) ∩

Ä
Q1/n(o)⊕R(r, 1/n)

ä
6= ∅} ≤ C2 · rd−1nd−1 .

From this we conclude #AI,z1,b,r,n ≤ (C1b
dnd)m−1−#I(C2r

d−1nd−1)#I . Therefore, if Y is
an α-weakly sub-Poisson point process we obtain the following inequalities for all m ≥ 1:

P(there exists an infinite path in G(X, b, r, 1/n) starting from Q1/n(z1))

≤ P
( ⋃
I⊂{1,...,m}

⋃
(z2,...,zm)∈AI,z1,b,r,n

⋂
i∈{1,...,m}

{#X ∩Q1/n(zi) ≥ 1}
)

≤
∑

I⊂{1,...,m}

∑
(z2,...,zm)∈AI,z1,b,r,n

E(#X ∩Q1/n(z1) · · ·#X ∩Q1/n(zm))

≤
∑

I⊂{1,...,m}:#I≥m/2
(C1b

dnd)m−1−#I(C2r
d−1nd−1)#I(c(1/n)d)m

≤ Cm1 Cm2 bdmcmr(d−1)m ∑
I⊂{1,...,m}:#I≥m/2

n−#I

≤
Ä
C1C2b

dcr(d−1)2n−1/2äm ,
which for sufficiently large n tends to 0 as m→∞.

3.3.2. Moment condition for the absence of generalized descending chains
We show now that by strengthening the assumptions used in [44, Theorem 4.1] one can
obtain still another criterion for the absence of infinite generalized descending chains.
Let b, n ≥ 1, a, u ∈ (0, b) with a ≤ u, x0 ∈ Rd and I = {i1, . . . , im} ⊂ {0, . . . , n − 1}.

Then, we define ‹AI,x0,a,u,b ⊂ Rdn as ‹AI,x0,a,u,b = ‹B ∩ ‹C ∩ ‹D, where‹B = {(x1, . . . , xn) : ij − ij−1 ∈ {1, 2} for all j ∈ {1, . . . ,m}} ,‹C = {(x1, . . . , xn) : u > |xi1 − xi1+1| > · · · > |xim − xim+1| ≥ a} ,‹D = {(x1, . . . , xn) : |xi − xi+1| ≤ b for all i ∈ {0, . . . , n− 1}},

using the convention i0 = −1. Let K > 1 be chosen such that K > κd holds for all
d ≥ 1, where we recall that κd denotes the volume of the unit ball in Rd. We first state
an auxiliary result which will be useful for later computations.

Lemma 3.21. Let I = {i1, . . . , im} ⊂ {0, . . . , n − 1}, b ≥ 1, n ≥ 1, x0 ∈ Rd and
a, u ∈ (0, b) be such that 0 < ud − ad ≤ 1. Then

νdn(‹AI,x0,a,u,b) ≤ bdnKn (ud − ad)bn/2c
bn/2c! .

Proof. The assertion is shown by induction on n. The case n = 1 is clear. To prove the
general case, assume first that i1 = 0, and write Ĩ = {i2 − 1, . . . , im − 1}. Then

νdn(‹AI,x0,a,u,b) ≤
∫

1{y:u>|y−x0|≥a}(x1)νd(n−1)
Ä‹A

Ĩ,x1,a,|x1−x0|,b

ä
dx1

≤
∫

1{y:u>|y−x0|≥a}(x1)b
d(n−1)Kn−1(|x1 − x0|d − ad)b(n−1)/2c

b(n− 1)/2c! dx1

= bd(n−1)Kn (ud − ad)b(n−1)/2c+1

(b(n− 1)/2c+ 1)! .
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Now suppose that i1 = 1. Here we write Ĩ = {i2 − 2, i3 − 2, . . . , im − 2} and compute

νdn(‹AI,x0,a,u,b)

≤
∫

1{y:b≥|y−x0|}(x1)
∫

1{y:u>|y−x1|≥a}(x2)νd(n−2)
Ä‹A

Ĩ,x2,a,|x1−x2|,b

ä
dx2dx1

≤
∫

1{y:b≥|y−x0|}(x1)
∫

1{y:u>|y−x1|≥a}(x2)bd(n−2)Kn−2 (|x1 − x2|d − ad)bn/2c−1

(bn/2c − 1)! dx2dx1

= bd(n−1)Kn (ud − ad)bn/2c
bn/2c! .

Next, we need to recall some definitions and assumptions given in [44, Section 4]. Let
X be a stationary point process with intensity λ. Furthermore, let {ξx}x∈Rd denote a
stationary random field with values in a shift-invariant subset W ⊂ ERd (where (E, E)
is any measurable space) and let W denote the σ-algebra generated by the mappings
evx : ξ 7→ ξx. We also assume joint stationarity of (X, ξ) and that there exists a function
µ : N×W → R satisfying

λPX,ξ0 ((X \ {o}, ξ) ∈ (·, ·)) = E
Ä
µ(X, ξ)1(·,·)(X, ξ)

ä
, (3.1)

where the Palm distribution PX,ξ0 : N ⊗W → [0, 1] is defined by

PX,ξ0 (A) = λ−1E
( ∑
Xn∈[0,1]d

1A(TXn(X, ξ))
)
, A ∈ N ⊗W .

Finally, writing en(x1, . . . , xn) = ∏n
i=1 µ(Txi(X ∪ {x1, . . . , xi−1}), Txiξ), we assume that

there exist cn > 0 satisfying

Een(x1, . . . , xn) ≤ cn and lim sup
n→∞

bn/2c
√
cn

n
<∞. (3.2)

The following auxiliary result can be seen as extension of an argument used in the
proof of [44, Theorem 4.1]. For b ≥ u > a ≥ 0, x0 ∈ Rd, and I ⊂ {0, . . . , n−1} we define

Cn,I(x0, a, u, b) = {ϕ ∈ N : there exist x1, . . . , xn ∈ ϕ with (x1, . . . , xn) ∈ ‹AI,x0,a,u,b

and xi 6= xj for i 6= j}.

Furthermore, we use the abbreviating notation αk(I) = I∩ [0, k], βk(I) = (I−k)∩ [0, n−
k], and γ(k, I) = sup{` < k : ` ∈ I}, with the convention that |x−∞| = u.

Lemma 3.22. It holds that

P(X ∈ Cn,I(o, a, u, b))

≤
∫

1
Ãαk(I),0,a,u,b

(x1, . . . , x1 + · · ·+ xk)E
Ä
ek(o,−xk,−xk − xk−1, . . . ,−xk − · · · − x2)

× 1Cn−k,βk(I)(o,a,|xγ(k,I)+1|,b)(X)
ä
dx1 · · · dxk.
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Proof. The assertion is shown by induction on k, where the case k = 0 is trivial. Assume
now that the claim is true for 0 < k < n. Then,

P(X ∈ Cn,I(o, a, u, b))

≤
∫

1
Ãαk(I),o,a,u,b

(x1, x1 + x2, . . . , x1 + · · ·+ xk)

× E
(
ek(o,−xk, . . . ,−xk − · · · − x2)1Cn−k,βk(I)(o,a,|xγ(k,I)+1|,b)(X))

)
dx1 · · · dxk

≤
∫

1
Ãαk(I),o,a,u,b

(x1, x1 + x2, . . . , x1 + · · ·+ xk)

× E
î
ek(o,−xk, . . . ,−xk − · · · − x2)

×
∑

xk+1∈X
(1βk(I)(0)1{(y,z):|y|>|z|≥a}(xγ(k,I)+1, xk+1) + 1{0,...,n−k}\βk(I)(0)1{y:b≥|y|}(xk+1))

× 1Cn−(k+1),βk+1(I)(o,a,|xγ(k+1,I)+1|,b)(Txk+1X \ {o})
ó
dx1 · · · dxk

≤
∫

1
Ãαk+1(I),o,a,u,b

(x1, x1 + x2, . . . , x1 + · · ·+ xk+1)

× E
Ä
ek+1(o,−xk+1,−xk+1 − xk, . . . ,−xk+1 − · · · − x2)

× 1Cn−(k+1),βk+1(I)(o,a,|xγ(k+1,I)+1|,b)(X)
ä
dx1 · · · dxkdxk+1.

Using this auxiliary result, we can proceed similarly to [44, Theorem 4.1] to prove the
main result of this section.

Theorem 3.23. Let X be a stationary point process satisfying conditions (3.1) and
(3.2). Then a.s. X has no infinite generalized descending chain.

Proof. By sub-additivity it suffices to prove for every b ∈ Q ∩ [1,∞) that a.s. X does
not contain infinite b-bounded generalized descending chains. Furthermore, we write
Cn(x0, a, u, b) = ⋃

I⊂{0,...,n−1}Cn,I(x0, a, u, b) and C(x0, a, u, b) = ⋂
n≥1Cn(x0, a, u, b).

Now suppose we could show that for every b ≥ 1 and every u ≥ a ≥ 0 there exists
εb(a) > 0 satisfying

P(X ∈ C(o, a, u, b)) = 0 for all b ≥ u > a with u− a < εb(a) and ud − ad < 1. (3.3)

Then choose a countable S ⊂ [0,∞) such that [0,∞) = ⋃
a∈S [a, a+ εb(a)/2) – the exis-

tence of S follows from Lemma 3.5. From sub-additivity and stationarity, we then deduce
that also P

Ä⋃
x∈Qd

⋃
a∈S C(x, a, a+ εb(a)/2, b)

ä
= 0. But if ϕ has infinite b-bounded

generalized descending chains, then it is easy to see that ϕ ∈ ⋃x∈Qd ⋃a∈S C(x, a, a +
εb(a)/2, b). In particular, we obtain from Lemma 3.22 that

P(X ∈ Cn,I(a, u, b)) ≤ cn
∫ ‹AI,o,a,u,b(x1, x1 + x2, . . . , x1 + · · ·+ xn)dx1 · · · dxn.

Using Lemma 3.21 and the existence of c > 0 satisfying cn ≤ cbn/2cbn/2c! for sufficiently
large n (use (3.2) and Stirling’s formula), we obtain that

P(X ∈ Cn,I(a, u, b)) ≤ Knbdn
(ud − ad)bn/2c
bn/2c! cn ≤ Knbdn(ud − ad)bn/2ccbn/2c,

which converges to 0 as n→∞, provided that ud − ad is sufficiently small.
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Note that adapting the proofs of [44, Theorems 7.1, 7.3], we can see that conditions
(3.1) and (3.2) are satisfied for Cox processes and Gibbs processes (see Corollaries 3.24
and 3.25 below). We also remark that general Poisson cluster processes do not satisfy
(3.1). But, on the other hand, there are many Poisson cluster processes which satisfy
the conditions of Theorem 3.17.

Corollary 3.24. Let X be a Cox process with stationary random intensity field {ξx}x∈Rd
satisfying lim sup bn/2c

»
E(ξn0 )/n <∞. Then a.s. X does not contain infinite generalized

descending chains.

Proof. Condition (3.1) is satisfied for µ(ϕ,w) = w0. Repeated application of Hölder’s
inequality yields Een(x1, . . . , xn) = E∏n

i=1 ξ−xi ≤ Eξn0 . Thus the assumption of the
corollary implies (3.2).

Assume that X is a Gibbs process. Then, by definition, there exists a measurable
function e : Rd × N→ [0,∞) satisfying

E
∑
x∈X

f(x,X \ {x}) = E
∫
e(x,X)f(x,X)dx

for all measurable functions f : Rd × N → [0,∞). We also assume that there exists a
measurable function µ : N → [0,∞) satisfying e(x,X) = µ(TxX). Using this notation,
we obtain the following result.

Corollary 3.25. Let c > 0 and X be a stationary Gibbs process as described above.
Moreover, assume that Ee(x1, X) · · · e(xn, X ∪ {x1, . . . , xn−1}) < cn(bn/2c)! holds for
all n ≥ 1 and all x1, . . . , xn ∈ Rd. Then a.s. X does not contain infinite generalized
descending chains.

Proof. Condition (3.1) is satisfied for µ(ϕ,w) = µ(ϕ) and, additionally, we note that
en(x1, . . . , xn) = e(x1, X) · · · e(xn, X ∪ {x1, . . . , xn−1}). Hence, the required inequal-
ity (3.2) follows from the assumption of the corollary.

Note that in Corollaries 3.24 and 3.25 we impose stronger moment conditions than in
Theorem 3.8 and 3.10, respectively.
Remarks. In [61] Gaiselmann et al. proposed a stochastic model describing the 3D

morphology of nanoparticle systems in certain porous materials used for electrodes of
high-temperature fuel cells. As the nanoparticles form the solid phase of these porous
materials, they should be completely connected to each other. Therefore, a special
creek-crossing graph has been considered in [61] to model the nanoparticle systems. To
construct this graph one does not use the Euclidean distances, but certain more general
edge weights w that may also depend on the configuration of the point process in a
neighborhood of the end points. It is not difficult to see that Definitions 3.11 and 3.15 can
be easily extended to the case of an arbitrary weight function. Thus it still makes sense
to speak about b-bounded generalized descending chains and the graphs G(V,w, b, r, ε).
On the other hand, the proof of Theorem 3.13 makes use of the triangle inequality, so
we cannot expect it to hold in the more general setting of the present section, without
any additional conditions. Therefore, we additionally assume that V = ϕ ⊂ Rd is locally
finite and that w({x, y}) = |x− y| · f(x, y), where f : R2 → [0,∞) is a certain function
such that for some constants c1, c2 > 0 it holds that c1 ≤ f(x, y) ≤ c2 for all x, y ∈ Rd.
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Suppose that V and w are of this form. Then the proof of Theorem 3.13 can be easily
adapted – even if the triangle inequality does not hold for w. Furthermore, also the
proof of Theorem 3.17 can be suitably generalized. This yields a large class of stationary
point processes X with the property that also creek-crossing graphs based on certain
non-Euclidean edge weights are a.s. connected.



4. Bounds on tail probabilities for
shortest-path lengths

We investigate a first-passage percolation model on a large class of connected, station-
ary and isotropic random geometric graphs, where the edge-passage times are given by
the Euclidean lengths of the edges. The classical first-passage percolation model due
to J. Hammersley and D. Welsh [72] considers shortest-path lengths on a randomly
weighted lattice, where the edge weights form a sequence of independent and identically
distributed (i.i.d.) non-negative random variables. More recently, the analysis of the
asymptotic behaviour of such shortest-path lengths has been extended to geometrically
irregular random geometric graphs, such as Poisson-Delaunay graphs, see Figure 4.1 for
an illustration. While [130, 147, 148] consider the classical scenario of i.i.d. edge weights,
such connected random geometric graphs give rise also to another natural first-passage
percolation model, where the edge weights are determined by the Euclidean length of
the edge [2, 3, 5, 17].
In the present chapter, building on the work of [2, 5, 48], we show that not only the

Poisson-Delaunay graph, but in fact a considerably larger class of connected random ge-
ometric graphs satisfies a strong linear growth property. To be more precise, considering
the event that the growth of shortest-path lengths between two (end-) points does not
admit a linear upper bound in the direct (Euclidean) distance between the endpoints,
we show in Theorem 4.1 that its probability tends to zero at least sub-exponentially fast
as this distance tends to infinity.

Figure 4.1.: Realization of a Delaunay graph generated by a homogeneous Poisson point
process (cutout)

We continue to elaborate a variety of further implications of the strong linear growth
property stated in Theorem 4.1. First, for a rather general class of stationary and
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isotropic random geometric graphs in Rd, we show that this growth property implies
a shape theorem for the Euclidean first-passage model defined by such random geo-
metric graphs (Theorem 4.2). In particular, we extend the classical shape theorem,
which has been derived in [93] for first-passage percolation on the lattice Zd (with i.i.d.
edge weights), to a framework involving geometrically complex random graphs with
non-independent edge lengths. Furthermore, in a two-dimensional setting, the growth
property stated in Theorem 4.1 can be used to deduce the almost sure (a.s.) bounded-
ness of cells defined by planar random geometric graphs (Theorem 4.3). In this way,
the a.s. boundedness of cells of the creek-crossing graphs {Gn}n≥2 introduced in Defini-
tion 2.21 can be shown.
Our presentation is organized as follows. First, in Section 4.1 we state our main results

and introduce some general conditions on the considered random geometric graphs and
the underlying point processes, which are used later on in the proofs of our results. In
Section 4.2 we show that these conditions are satisfied for various well-known classes of
random geometric graphs and point processes from stochastic geometry. Then, in Sec-
tion 4.3 we provide a proof for the strong linear growth property stated in Theorem 4.1.
Finally, Section 4.4 is devoted to the proof of the shape theorem and the boundedness
of cells stated in Theorems 4.2 and 4.3, respectively.
The main results of the present chapter have been incorporated in [81]. In [82] the

results of the present chapter are extended to derive a concentration result for mod-
erate deviations of shortest-path lengths. Using the framework developed by Howard
and Newman [87], this concentration result makes it possible to provide a more pre-
cise description of certain properties shortest-path trees. This description can be used
to derive asymptotic results for certain bivariate functionals appearing in fixed-access
telecommunication networks, see [80].

4.1. Main results

4.1.1. Random geometric graphs based on point processes

In classical models of first-passage percolation, one considers shortest-path lengths in
independently marked lattices, but more recently also first-passage percolation on the
Poisson-Delaunay graph has received considerable attention. While [130, 147, 148] con-
sider the scenario of independently marked edges, in [2] a spatially dependent marking
using the Euclidean edge length is investigated not only for the Poisson-Delaunay graph,
but in fact for a more general class of connected random geometric graphs whose ver-
tices are given by a homogeneous Poisson point process in R2. However, even in two
dimensions important examples of connected random geometric graphs, such as the
Poisson-Voronoi tessellation, are not based on a Poisson point process of nodes. There-
fore, in the present chapter, we state our results using the notion of random geometric
graphs introduced in Section 2.3.4.
In order to deal with a large variety of commonly used connected random geometric

graphs, we do not need the notion of random geometric graphs in its entire generality,
but it is convenient to introduce a more specific and restricted subclass. To be more
precise, we consider random geometric graphs that are obtained from point processes
in a deterministic way. For instance, the edge set of the Delaunay tessellation forms a
geometric graph in Rd whose vertices are given by a point process and whose edges are
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constructed by applying a deterministic connection rule. This observation also applies
to the creek-crossing graphs {Gn}n≥2 introduced in Definition 2.21, which form a class
of subgraphs of the Delaunay tessellation approximating the minimal spanning forest.
Similarly, the Voronoi graph is defined as the edge set of a tessellation constructed from
a given point process of cell centers by a deterministic rule.
All of these random geometric graphs have two important attributes in common. On

the one hand, local changes in the underlying point process typically lead to local changes
in the structure of the random geometric graph and, on the other hand, the resulting
random geometric graphs consist of a single connected component with probability 1.
We show that for such random geometric graphs shortest-path lengths along the edges
grow at most linearly in the Euclidean distance of the endpoints of the paths.
In the following, we consider random geometric graphs in Rd of the type G = g(X),

where X ⊂ Rd denotes a point process, which is stationary, isotropic and m-dependent,
and g : N→ G is a measurable and motion-covariant mapping. In other words, we have
g(α(ψ)) = α(g(ψ)) for all ψ ∈ N and all rigid motions α : Rd → Rd. Note that since g
is motion-covariant, the random geometric graph G inherits from X its stationary and
isotropic character.
In the arguments used in the present chapter we need to make further suitable assump-

tions on G. In the following, it will be convenient to think of an element {(xn, un)}n≥1
of G as the subset of Rd formed by the union ∪n≥1(un + xn). First, we need a certain
growth condition, which allows us to control the total length of the random geometric
graph G inside cubic sampling windows (the total length in big windows should be pos-
itive and not too large, with high probability). Formally, the standard length of a line
segment can be measured using the 1-dimensional Hausdorff measure ν1. Furthermore,
the random geometric graph G = g(X) should satisfy a suitable stability condition with
respect to X, so that the configuration of G inside a bounded sampling window W ⊂ Rd
does not depend on the configuration of X far away from the set W . Finally, we require
a strong connectivity condition in the sense that any two points on G ∩W can be con-
nected by a path on G contained in a suitable neighborhood of the sampling window
W .
In the following, the existence of a suitable radius of stabilization for the construction

rule g will be crucial. Putting Z+,∞ = ((0,∞) ∩ Z) ∪ {∞}, a radius of stabilization is
defined to be a measurable function b : N→ Z+,∞ such that with probability 1, it holds
that

g(X) ∩Q1(o) = g
Ä
(X ∩Qb(X)(o)) ∪ ψ

ä
∩Q1(o) (4.1)

for all locally finite ψ ⊂ Rd \Qb(X)(o), and that

min{b(X), n+ 1} = min{b(X ∩Qn(o) ∪ ψ), n+ 1}, (4.2)

for all n ∈ Z with n ≥ 1 and locally finite ψ ⊂ Rd \Qn(o). While (4.1) guarantees that
the intersection g(X) ∩ Q1(o) only depends on the point process X inside the window
Qb(X)(o), we use (4.2) in order to ensure that for n ≥ 1 the event b(X) ≤ n only depends
on the point process X in the window Qn(o). Now, assume that

(G1) the events A(1)
a =

¶
G ∩ Qa(o) 6= ∅

©
∩
¶
ν1(G ∩ Q1(o)) ≤ a

©
occur whp (growth

condition),
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(G2) the events A(2)
a = {b(X) ≤ a} occur whp (stability condition),

(G3) the events A(3)
a =

¶
G ∩ Qa/2(o) is contained in a connected component of G ∩

Qa(o)
©
occur whp (connectivity condition).

In Section 4.2 we verify that these conditions are satisfied for the previously discussed
examples of random geometric graphs. Note that condition (G3) is a modification of
the asymptotic essential connectedness property introduced by D. Aldous, see [2]. Fur-
thermore, by an application of the Borel-Cantelli lemma it can be shown that condition
(G3) implies the a.s. connectivity of G.
The asymptotic behaviour of shortest-path lengths is a recurring theme in first-passage

percolation and is also the content of the main result of the present chapter. This result
deals with the sub-exponential decay of the probability that such path-lengths along
the edges of G increase superlinearly in the Euclidean distance of their endpoints. To
formulate it precisely, we put e1 = (1, 0, . . . , 0)> and q(x) = argminy∈G |x− y| for any
x ∈ Rd. In case this is not unique we take the lexicographically smallest point on G with
this property. Furthermore, for x, y ∈ Rd we write `(x, y) for the length of the shortest
Euclidean path between q(x) and q(y) on G.

Theorem 4.1. Let G denote a random geometric graph in Rd of the form G = g(X)
satisfying the conditions (G1)–(G3). Then there exists u0 ≥ 1 with

lim inf
ur→∞

u≥u0,r≥1

log
Ä
− logP(`(o, re1) ≥ ur)

ä
log(ur) > 0. (4.3)

The proof of Theorem 4.1 is postponed to Section 4.3. Note that this theorem is
an extension of a similar result which has been derived by D. Aldous for a class of
planar graphs, see [2, Theorem 1]. Before we move on, we also remark that Theorem 4.1
contains two interesting special cases. On the one hand, we may fix r and consider
the asymptotic behavior of the tail probabilities P(`(o, re1) ≥ ur) as u → ∞. In this
case, Theorem 4.1 yields sub-exponential decay of the tail function of the length of the
shortest path between two points at predefined locations of distance r, i.e., there exist
constants c1, c2 > 0 such that P(`(o, re1) ≥ ur) ≤ c1exp(−uc2) for all u > 1. On the
other hand, we can also fix u ≥ u0 and let r → ∞. Then we see that as r → ∞ the
shortest-path length between points at distance r grows at most linearly in r whp.
We believe that Theorem 4.1 is useful for future research, since the issue of exis-

tence of short paths in random geometric graphs occurs in rather diverse contexts, such
as the non-triviality of Bernoulli percolation on the Gabriel and relative-neighborhood
graphs [23, 25] or the transience of random walks on random geometric graphs [133].
Furthermore, note that the framework of Theorem 4.1 can be extended to include also
random geometric graphs with curved fibers, such as the dead leaves model or the
Johnson-Mehl tessellation [90, 112]. However, as proving Theorem 4.1 only for ran-
dom geometric graphs with straight segments simplifies the exposition, we restrict our
attention to this special class of fiber processes.

4.1.2. A general class of random geometric graphs
It turns out that the strong linear growth property (4.3) is satisfied not only by the
random geometric graphs considered in Theorem 4.1, but also by the isotropic Poisson
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line tessellation in R2, which does not fit into the framework of condition (G2), see
Section 4.2.3. Therefore, in the present section we assume that G ⊂ Rd is an arbitrary
stationary, ergodic and isotropic random geometric graph for which (4.3) holds and
which satisfies conditions (G1) and (G3).
In Theorems 4.2 and 4.3 whose proofs are postponed to Sections 4.4.1 and 4.4.2,

respectively, we provide two implications of property (4.3). We let BG
r (x) = {y ∈ Rd :

`(x, y) ≤ r} denote the ball of radius r and center x in the metric induced by the
shortest-path lengths `(x, y).

Theorem 4.2. There exists a constant (the time-constant) ξ ≥ 1 such that for every
ε > 0,

P
Ä
B(1−ε)r(o) ⊂ BG

ξr(o) ⊂ B(1+ε)r(o) for all sufficiently large r > 0
ä

= 1. (4.4)

Note that Theorem 4.2 supports the intuition that the notion of distance defined
by the shortest-path lengths `(x, y) behaves asymptotically as a scalar multiple of the
ordinary Euclidean metric. Moreover, Theorem 4.2 can be regarded as a shape theorem
for the first-passage percolation model, in which the passage time of an edge in G is
given by its length. We refer the reader to [93, Theorem 1.7] for the classical statement
in the situation of i.i.d. weights on the lattice Zd. Concerning random geometric graphs,
a shape theorem in the L1 sense is obtained in [1], where the existence of an a.s. shape
theorem is conjectured ([1, Conjecture 3]). Our result resolves this conjecture in an
isotropic setting.
The second implication of property (4.3) deals with the a.s. boundedness of cells

defined by random geometric graphs in R2, where for a planar random geometric graph
G in R2 we call the connected components of R2 \ G the cells of G. We note that the
a.s. boundedness of cells is a non-trivial statement, as for instance the minimal spanning
forest on a homogeneous Poisson point process in R2 forms a planar graph, which is
a.s. connected, but does not admit bounded cells, see [9].

Theorem 4.3. Let d = 2. Then, with probability 1 all connected components of R2 \G
are bounded.

4.2. Examples
In this section we show that many well-known connected random geometric graphs satisfy
the growth, stability and connectivity conditions (G1)-(G3) introduced in Section 4.1.1.
We consider the Delaunay graph, the family of creek-crossing graphs {Gn}n≥2 and the
Voronoi graph in arbitrary dimensions. See Sections 2.3.2 and 2.3.3 for further details
on these models. Finally, we show that the (two-dimensional) isotropic Poisson line tes-
sellation has property (4.3). Note, however, that the Poisson line tessellation does not fit
naturally into the framework of point-process-based random geometric graphs described
in Section 4.1.1 and also exhibits long-range dependencies which are incompatible with
the stability condition (G2) of Section 4.1.1.

4.2.1. Delaunay graph and the creek-crossing graphs Gn, n ≥ 2
Let X ⊂ Rd be a stationary and m-dependent point process that satisfies the following
additional conditions. Suppose that
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(D1) for a > 1 the events
¶
X ∩Qa(o) 6= ∅

©
∩
¶
X(Q1(o)) ≤ a

©
occur whp and

(D2) there exists c > 0 such that for every measurable function f : R2d → [0,∞),

E
∑
x,y∈X
x 6=y

f(x, y) ≤ c
∫
Rd

∫
Rd
f(x, y)dxdy.

Note that the stationary Poisson point process in Rd obviously satisfies the above con-
ditions. To begin with, we state an easy result for the maximum length of those
edges in Del(X) intersecting a bounded set (which then due to the sub-graph rela-
tion Gn(X) ⊂ Del(X) also holds for the creek-crossing graphs Gn(X), n ≥ 2). In the
following, we use the notation

bc1,c2(ϕ) = inf
¶
n ≥ c2 : ϕ ∩Qn,i 6= ∅ for all i ∈ {1, . . . , bnc1cd}

©
, ϕ ∈ N, (4.5)

where c1, c2 > 0 and where Qn,1, . . . , Qn,bnc1cd denotes a subdivision of Qn(o) into bnc1cd
congruent sub-cubes. Note that bc1,c2 satisfies (4.2).

Lemma 4.4. Let β ∈ (0, 1) be an arbitrary fixed number. Then there exists c′ > 1 such
that for all c > c′ when putting bβ(X) = b1−β/2,c(X), for a > 1 the events {bβ(X) ≤ a}
occur whp. Furthermore, with probability 1 it holds that |X1−X2| < bβ(X)β or [X1, X2]∩
Q1(o) = ∅ for all locally finite ψ ⊂ Rd \ Qbβ(X)(o) and X1, X2 ∈

Ä
X ∩ Qbβ(X)(o)

ä
∪ ψ

such that [X1, X2] forms an edge in Del
ÄÄ
X ∩Qbβ(X)(o)

ä
∪ ψ
ä
.

Proof. For n > 1 subdivide Qn(o) into k = bn1−β/2cd congruent sub-cubes Qn,1, . . . , Qn,k
of side length n/bn1−β/2c. Next observe that there exists c > 1 such that for all n ≥ c,
any ball of diameter at least nβ that intersects Q1(o) contains at least one of the cubes
Qn,1, . . . , Qn,k. Furthermore, ifX1, X2 ∈

Ä
X∩Qn(o)

ä
∪ψ are such that [X1, X2]∩Q1(o) 6=

∅, where |X1 −X2| ≥ nβ and X1, X2 are connected by an edge in Del
Ä
X ∩Qn(o) ∪ ψ

ä
,

then there exists a ball B of diameter at least nβ satisfying
Ä
X ∩Qn(o)∪ψ

ä
∩ intB = ∅.

Finally, note that for every a > 1 we have P
Ä
b1−β/2,c(X) > a

ä
≤∑k

i=1 P
Ä
X∩Qbac,i = ∅

ä
,

so that condition (D1) implies that for a > 1 the events {b1−β/2,c(X) ≤ a} occur whp.

We now verify the conditions (G1)-(G3) of Section 4.1.1 for the graphs Del(X) and
Gn(X), respectively.

Lemma 4.5. Let n ≥ 2 be an arbitrary fixed number. Then, for a > 1 the events
Gn(X) ∩ Qa(o) 6= ∅ and therefore also the events Del(X) ∩ Qa(o) 6= ∅ occur whp.
Moreover, for a > 1 the events ν1

Ä
Del(X) ∩ Q1(o)

ä
≤ a and therefore also the events

ν1
Ä
Gn(X) ∩ Q1(o)

ä
≤ a occur whp. In other words, for G = Del(X) and G = Gn(X)

the events A(1)
a in condition (G1) occur whp.

Proof. As X ⊂ Gn(X) ⊂ Del(X), the first assertion follows from condition (D1).
Due to the subgraph relation Gn(X) ⊂ Del(X), it suffices to prove the second claim
when G = Del(X). Observe that by Lemma 4.4, all edges intersecting Q1(o) have a
length bounded from above by a1/(2d+3) whp. Furthermore, by condition (D1) we have
X(Q3a1/(2d+3)(o)) ≤ a(d+1)/(2d+3) whp, so that ν1(Del(X)∩Q1(o)) ≤

√
da(2d+2)/(2d+3) ≤ a

whp.
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Lemma 4.6. Let G = Del(X). Then, there exists c > 1 such that the function b3/4,c :
N→ Z+,∞ introduced in (4.5) satisfies (4.1) and (4.2) and such that for a > 1 the events
{b3/4,c(X) ≤ a} occur whp.

Proof. We can use similar arguments as in the proof of Lemma 4.4. For n > 1 subdivide
Qn(o) into k = bn3/4cd congruent sub-cubes Qn,1, . . . , Qn,k of side length n/bn3/4c.
Next observe that there exists c > 1 such that for all n ≥ c, any ball of diameter at least√
n intersecting Q1(o) contains at least one of the cubes Qn,1, . . . , Qn,k. Furthermore, if

ψ ⊂ Rd\Qb3/4,c(X)(o) andX1, X2 ∈
Ä
X∩Qn(o)

ä
∪ψ are such that [X1, X2]∩Q1(o) 6= ∅ and

[X1, X2] forms an edge in exactly one of the two graphs Del(X) and Del(X ∩Qn(o)∪ψ),
then there exists a ball B ⊂ Rd intersecting both Q1(o) and Rd \ Qn(o) such that
X ∩ Qn(o) ∩ B = ∅. Finally, note that for every a > 1 we have P

Ä
b3/4,c(X) > a

ä
≤∑k

i=1 P
Ä
X ∩Qbac,i = ∅

ä
≤ ba3/4cdP

Ä
X ∩Qbac,1 = ∅

ä
, so that condition (D1) implies that

for a > 1 the events {b3/4,c(X) ≤ a} occur whp.

Lemma 4.7. Let G = Gn(X) for some n ≥ 2. Then, there exists c > 4(n+1)2 such that
the measurable function b(n) = b3/4,c satisfies (4.1) and (4.2) and for a > 1 the events
{b(n)(X) ≤ a} occur whp.

Proof. Indeed, suppose we could find ψ ⊂ Rd\Qb(n)(X)(o) locally finite and X1, X2 ∈ X∩
Q√

b(n)(X)(o) such that |X1 −X2| ≤
»
b(n)(X) and [X1, X2]∩Q1(o) 6= ∅, where [X1, X2]

forms an edge in exactly one of the two graphs Gn(X) and Gn(X ∩ Qb(n)(X)(o) ∪ ψ).
However, since |X1 −X2| ≤

»
b(n)(X), the existence of an edge between X1 and X2 only

depends on the X ∩ Q2(n+1)
√
b(n)(X)(o) ⊂ X ∩ Qb(n)(X)(o). This contradiction implies

that b(n) satisfies (4.1) so that an application of Lemma 4.5 completes the proof.

Let again G = Gn(X) for some n ≥ 2. Our next goal is to show that for a > 1 the
events A(3)

a occur whp. To prove this claim, we need a result on generalized descending
chains, that will also play an important role in Chapter 3. Let b > 0 and ϕ ⊂ Rd be
locally finite. We say that a finite sequence x1, . . . , xk ∈ ϕ forms a finite b-bounded
generalized descending chain in ϕ if there exists an ordered set I = {i1, . . . , ik′} ⊂
{1, . . . , k} with the properties |ij+1 − ij | ≤ 2 for all j ∈ {0, . . . , k′−1}, 0 < |xi−xi+1| ≤ b
for all i ∈ {1, . . . , k−1} and |xij+1−xij | < |xij−1+1−xij−1 | for all j ∈ {2, . . . , k′}, where we
use the convention i0 = 0. Furthermore, we use the notion of Bernoulli site percolation
on the lattice L with set of sites Zd and edges given by {{x, y} ⊂ Zd : |x− y|∞ ≤ 1}.

Lemma 4.8. Let A : Rd × [0,∞)2 × N → {0, 1} denote the function with the property
that for b, r > 0, ϕ ⊂ Rd locally finite and x ∈ ϕ it holds that A(x, b, r, ϕ) = 1 if and only
if there exists a b-bounded generalized descending chain in ϕ starting at x and leaving the
ball Br(x). Then, for b > 1 the events that A(η, b, 4db2d+3, X) = 0 for all η ∈ X ∩Q1(o)
occur whp.

Proof. Let p ∈ (0, 1) and consider Bernoulli site percolation on the lattice L introduced
above. By Theorem 2.24, the probability that the open cluster contains at least k sites
can be bounded from above by (23d−1p)k. We choose p such that γ = 23d−1p < 1 and
define suitable site-percolation models. Let b > 0 be an arbitrary fixed number. For
k ≥ 0, ε > 0 and w ∈ Zd we say that w is (k, ε)-open if there exists v ∈ Q4b(4bw) ∩X
with X(B(k+1)ε(v) \ Bkε(v)) > 0. For ε = b−2d and k ≥ 1 with kε ≤ b the probability



50 4. Bounds on tail probabilities for shortest-path lengths

that an arbitrary site w ∈ Zd is (k, ε)-open can be bounded from above in the following
way. It holds that

P(w is (k, ε)− open) ≤ E
∑
η∈X

∑
η′∈X\{η}

1Q4b(4bw)(η)1B(k+1)ε(η)\Bkε(η)(η′)

≤ c
∫
Q4b(4bw)

νd
Ä
v ∈ B(k+1)ε(u) \Bkε(u)

ä
du

= c(4b)dκdεd((k + 1)d − kd)
≤ 23dcκdεb

d(kε)d−1

≤ 23dcκdb
−1,

A similar upper bound can be deduced for k = 0. Thus we see that by choosing b
sufficiently large (independent of w and k), the probability of a site being open can be
made as small as desired. Furthermore, for sufficiently large b these site percolation
models are 2-dependent. In particular, by Theorem 2.29, if b is chosen sufficiently large,
then the site-percolation model of (k, ε)-open sites can be dominated from above by an
independent Bernoulli site percolation model at probability p chosen as above. Now
assume the existence of η1 ∈ X ∩Q1(o) such that A(η1, b, 4db2d+3, X) = 1. Then there
exists a b-bounded generalized descending chain η1, η2, . . . , ηn with ηn 6∈ B4db2d+3(η1).
Define a map f : {1, . . . , n} → Zd × {0, . . . , db2d+1e}, i 7→ (z, j), where z is determined
by ηi ∈ Q4b(4bz) and j = bb2d |ηi − ηi+1|c if i ∈ I and j = bb2d |ηi+1 − ηi+2|c otherwise.
Note that the composition of f and the projection π2 to the second argument defines
a monotonously decreasing function. Furthermore, the image of the composition of f
with the projection π1 to the first component is of size at least b2d+2 (otherwise we could
not reach Rd \B4db2d+3(η1) from Q1(o)). Thus we conclude the existence of at least one
j ∈ {0, . . . , db2d+1e} satisfying #π1((π2 ◦ f)−1({j})) ≥ b and we obtain

P(A(η, b, 4db2d+3, X) = 1 for some η ∈ X ∩Q1(o))

≤
b2d+1∑
j=0

P
Ä
there exists a(j, b−2d)− open cluster inside Qdb2d+2(o) of size at least b

ä
≤

b2d+1∑
j=0

∑
z∈Q

db2d+2 (o)∩Zd
P( the (j, b−2d)− open cluster at z has size at least b)

≤
Ä
b2d+1 + 1

äÄ
db2d+2ädγb.

This completes the proof.

Furthermore, we need the following auxiliary lemmas, see also [2, Lemmas 10,11,12]
concerning the relative neighborhood graph.

Lemma 4.9. Let a > 1 and ϕ ⊂ Rd locally finite. Furthermore, let η, η′ ∈ ϕ such
that 2n |η − η′| ≤ a where η, η′ are contained in different connected components of
Gn(ϕ)∩Ba(η). Then, A(η, n |η − η′| , a/2, ϕ) = 1, i.e., there exists an n |η − η′|-bounded
generalized descending chain starting at η and leaving the ball Ba/2(η).

Proof. We construct the desired chain x0, x
′
0, x1, x

′
1, . . . recursively, starting with x0 = η

and x′0 = η′. This construction will ensure that for all k ≥ 0 the sites xk, x′k belong to
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different connected components of Gn(ϕ) ∩Ba(η) and we stop the construction as soon
as |y − η| ≥ a/2 for y = xk or y = xk′ . Suppose that xk and x′k have been constructed.
By assumption, {xk, x′k} does not constitute an edge in Gn(ϕ)∩Ba(η). Thus there exist
z0 = xk, z1, . . . , zj = x′k ∈ ϕ with j ≤ n and |zi−zi+1| < |xk−x′k| for all i ∈ {1, . . . , j−1}.
As 2n |η − η′| ≤ a, we conclude that zi ∈ Ba(η)∩ϕ for all i ∈ {0, . . . , j}. By assumption,
there exists at least one index i0 such that zi0 and zi0+1 belong to different connected
components of Gn(ϕ) ∩Ba(η). Then we define xk+1 = zi0 and x′k+1 = zi0+1.

Recall that for r > 0 and ϕ ⊂ Rd locally finite, G(ϕ, r) denotes the graph on the
vertex set ϕ, where x1, x2 ∈ ϕ are connected by an edge if and only if |x1 − x2| ≤ r.

Lemma 4.10. Let α ∈ (0, 1). Then, for a > 1 the graphs G(X∩Qa(o), aα) are connected
whp.

Proof. Subdivide Qa(o) into k = d(d + 1)a1−αed sub-cubes Qa,1, . . . , Qa,k so that any
points in two neighboring cubes (i.e., cubes sharing a (d − 1)-dimensional face) are at
distance at most aα. Thus if each of these cubes contains at least one element from X,
then G(X ∩Qa(o), aα) is connected and we obtain

P
Ä
G(X ∩Qa(o), aα) not connected

ä
≤ P(X ∩Qa,i = ∅ for some i ∈ {1, . . . , k})
≤ k · P(X ∩Qa,1 = ∅).

An application of (D1) now completes the proof.

Lemma 4.11. Let G = Gn(X) for some n ≥ 2. Then, for a > 1 the events A(3)
a occur

whp.

Proof. If A(3)
a does not occur, then we may assume by Lemmas 4.4 and 4.10 that there

exist X1, X2 ∈ X ∩ Qa/2+
√
a(o) such that |X1 −X2| ≤ a1/(2d+4) where X1, X2 are con-

tained in different connected components of Gn(X) ∩ Ba/4(X1) ⊂ Gn(X) ∩ Qa(o). In
particular, we conclude from Lemma 4.9 that A(X1, na

1/(2d+4), a/8, X) = 1. An appli-
cation of Lemma 4.8 therefore completes the proof.

Due to the relation Gn(X) ⊂ Del(X), the statement of Lemma 4.11 is also true for
G = Del(X).

4.2.2. Voronoi tessellation
Let ϕ ⊂ Rd be locally finite and recall that Vor(ϕ) ⊂ Rd denotes the geometric graph
obtained by considering the edge set of the Voronoi tessellation with centers in ϕ. Let
X be a stationary and m-dependent point process in Rd, and G = Vor(X). Then, in
contrast to the random geometric graphs considered in Section 4.2.1, the point process
X does not describe the vertices of the graph G = Vor(X), but the locations of its cell
centers. In this subsection we make the following additional assumption on X. Suppose
that

(V) for a > 1 the events {X ∩Qa(o) 6= ∅} ∩ {X(Q1(o)) ≤ a} occur whp.

To begin with, we verify one part of condition (G1).

Lemma 4.12. For a > 1 the events ν1
Ä
Vor(X) ∩Q1(o)

ä
≤ a occur whp.
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Proof. Subdivide Q(4d+1)a(o) into k = (4d + 1)d congruent sub-cubes Qa,1, . . . , Qa,k of
side length a and write Aa = ⋂k

i=1{X(Qa,i) ≥ 1}. Choosing an odd number of subcubes
is convenient as it guarantees that the cube Qa(o) is a member of this decomposition.
The dimension d needs to enter the number of elements of this decomposition, since
also the diameter of the unit cube increases in d. We conclude from condition (V)
that for a > 1 the events Aa occur whp. Furthermore, provided that Aa holds, the
following is true: (i) if a Voronoi cell has non-empty intersection with Q1(o) then its
center is contained in Q(4d+1)a(o), and (ii) each edge intersecting Q1(o) is determined by
a collection of d adjacent cells. Indeed, (ii) follows from basic linear algebra and to show
(i), we proceed as follows. Let η ∈ X be such that there exists η′ ∈ Q1(o) contained in the
Voronoi cell associated with η. By assumption, X ∩Qa(o) 6= ∅, so that |η − η′| ≤

√
da,

implying that η ∈ Q(4d+1)a(o). Therefore, (provided that Aa holds) the number of
edges in Vor(X) ∩ Q1(o) is at most X(Q(4d+1)a(o))d, so that ν1(Vor(X) ∩ Q1(o)) ≤√
dX(Q(4d+1)a(o))d. Hence,

P
Ä
ν1
Ä
Vor(X) ∩Q1(o)

ä
> ad

2+3dä− P(Aca)

≤ P
Ä¶
ν1(Vor(X) ∩Q1(o)) ≤

√
dX(Q(4d+1)a(o))d

©
∩
¶
ν1
Ä
Vor(X) ∩Q1(o)

ä
> ad

2+3d©ä
≤ P
Ä
X
Ä
Q(4d+1)a(o)

ä
> ad+2ä,

so that an application of condition (V) completes the proof.

Next, we prove sub-exponential decay of P
Ä
Vor(X) ∩ Qa(o) = ∅

ä
, P(b(X) > a), and

1−P(A(3)
a ) as a→∞. For a > 1 subdivide Qa(o) into k = (8d+1)d congruent sub-cubes

Qa,1, . . . , Qa,k and put b(ϕ) = inf
¶
n ≥ 2 : ϕ ∩ Qn,i 6= ∅ for all i ∈ {1, . . . , k}

©
, where

ϕ ∈ N. Moreover, for the same reasons as those provided in the proof of Lemma 4.12, it
is convenient to consider a subdivision into an odd number of cubes, which is increasing
in the dimension d.

Lemma 4.13. The function b : N → Z+,∞ introduced above satisfies (4.1) and (4.2).
Moreover, for a > 1 the events Vor(X) ∩Qa(o) 6= ∅, {b(X) ≤ a} and A(3)

a occur whp.

Proof. We write Aa = ⋂k
i=1{X(Qa,i) ≥ 1} and conclude from condition (V) that the

events Aa and {b(X) ≤ a} occur whp. If Aa holds, then (i) the center of any Voronoi cell
intersecting Q1(o) is contained in Qa/2(o), (ii) the center of any Voronoi cell intersecting
Qa/2(o) is contained in Q3a/4(o) and (iii) the Voronoi cell associated with any Xn ∈
X ∩Q3a/4(o) is contained in Qa(o). We provide a proof of (iii), noting that (i) and (ii)
can be proven by similar arguments. Indeed, let η ∈ Rd \Qa(o) be arbitrary and let P
denote the intersection point of the line segment [Xn, η] and ∂Qa(o). Let i ∈ {1, . . . , k}
be such that P ∈ Qa,i and choose an arbitrary X0 ∈ X ∩Qa,i. Then

|η −X0| − |η −Xn| ≤ |η − P |+ |P −X0| − |η − P | − |P −Xn|

≤ a((
√
d+ 1)/(8d+ 1)− 1/8),

which is negative for d ≥ 2, so that η is not contained in the cell associated with Xn.
On the one hand, (i)-(iii) imply that b satisfies (4.1). On the other hand, as A(3)

a and
Vor(X) ∩Qa(o) 6= ∅ are implied by the simultaneous occurrence of (ii) and (iii), we see
that also the events A(3)

a and Vor(X) ∩Qa(o) 6= ∅ occur whp.
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4.2.3. Poisson line tessellation
In this subsection, we show that the linear growth property (4.3) holds for the isotropic
two-dimensional Poisson line tessellation. Although conditions (G1) and (G3) could be
verified using similar arguments as in Lemma 4.14 below, we believe that condition (G2)
(or some variant thereof) does not hold due to the long-range dependence inherent to
the Poisson line model. However, as we will see, it is quite simple to check (4.3) directly.

Lemma 4.14. Let G be the edge set of the tessellation induced by an isotropic Poisson
line process. Then property (4.3) holds.

Proof. For r, u > 1 let Er,u denote the event that there exist four random lines {`ni}1≤i≤4
of the Poisson line process such that they form the extensions of the edges of a quadrilat-
eral Ξ satisfying {q(o), q(re1)} ⊂ Ξ ⊂ Q12ur(o), where the notation q(·) was introduced
in Section 4.1. Observe that if Er,u occurs, then `(o, re1) ≤ 2

√
2 · 12ur+ 4 · 12ur, where

the notation `(·, ·) was also introduced in Section 4.1. Thus, it suffices to find sub-
exponential bounds for P(Ecr,u). Let E(1)

r,u denote the event that there exists a line ` of
the Poisson line process whose angle is contained in [π/2 − π/24, π/2 + π/24] and that
intersects the ball B√ur((r+ur)e1). Furthermore, we let E(i)

r,u denote the event obtained
from E

(1)
r,u by applying a rotation of angle (i− 1)π/2 and center o. See Figure 4.2 for an

illustration of the event ⋂4
i=1E

(i)
r,u.

We claim that the existence of u0 > 1 such that for all u ≥ u0 and for all sufficiently
large ur the event ⋂4

i=1E
(i)
r,u implies Er,u. The inclusion {q(o), q(re1)} ⊂ Ξ is clear. To

prove Ξ ⊂ Q12ur(o) choose an arbitrary intersection point P1 ∈ `1 ∩ ∂B√ur((r + ur)e1).
Similarly, choose P2 as an intersection point of `2 with the circle ∂B√ur((r + ur)e2).
Furthermore, we write {Q} = `1 ∩ `2. Using elementary geometry we see that for all ur
sufficiently large the angle α = ∠P2QP1 forms the largest angle in the triangle 4P2P1Q
and that |P1 − P2| ≤ 4ur, see Figure 4.2.

P1

P2

P3

P4

Q
α

o re1

`1

`2

`3

`4

r ur

Figure 4.2.: Occurrence of the event ⋂4
i=1E

(i)
r,K

In particular, the point Q is contained in Q12ur(o). Since the same is true for `2 ∩ `3,
`3∩ `4 and `4∩ `1 we see that Er,u holds. Therefore, it remains to prove sub-exponential
bounds for the complement of E(1)

r,u . However, by the definition of a Poisson line process
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the number of lines with the properties described in E(1)
r,u constitutes a Poisson random

variable with parameter λ/12
√
ur. In particular, P

Ä
E

(1)
r,u

ä
= 1− exp

Ä
− λ
√
ur/12

ä
.

4.3. Proof of Theorem 4.1

To prove Theorem 4.1 we proceed in three steps. First, in Section 4.3.1, we discretize
the space Rd and introduce a block construction so that we are in a position to use
results from percolation theory on lattices. Next, in Section 4.3.2 we explain how to
guarantee the existence of a global path, i.e., a path that is used to move from a point
on G close to o to a point on G close to re1. Finally, in Section 4.3.3, we provide a
proof for the existence of local paths that are used to connect q(o) and q(re1) to the
global path constructed in the previous step. The idea of constructing short paths by
distinguishing between global and local paths has been applied by several authors in
literature, see [2, 3, 13, 62, 153].

4.3.1. Discretization of the Euclidean space

In order to prove that for ur →∞ the probability P (`(o, re1) ≥ ur) decreases as stated
in (4.3), it suffices to show that with high probability, we can construct some path of
length at most ur connecting q(o) and q(re1) (because then `(o, re1) ≤ ur). To construct
such a path, we decompose the Euclidean space Rd into congruent d-dimensional sub-
cubes with a certain side length L > 0. In particular, our goal is to move only along
cubes for which the total length of the random geometric graph is bounded from above
and for which it is possible to directly pass to neighboring cubes along the random
geometric graph (we call these cubes L-good cubes/sites in the following, other cubes
are called L-bad cubes/sites, see also Definition 4.15 below). Like in [13], we will show
that this allows us to construct efficient paths inside connected components of L-good
cubes and also that non-percolation of L-bad cubes occurs for all sufficiently large L > 0.
For an illustration of the situation, see Figure 4.3 (L-bad cubes in gray).

o re1

Figure 4.3.: L-bad connected component containing o and re1

Next, we want to identify sub-regions of Rd, where the random geometric graph G
has good properties which are closely related to the growth, stability and connectivity
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conditions (G1)-(G3) introduced in Section 4.1.1. More precisely, we introduce the
following definition.

Definition 4.15. Let L > 0, z ∈ Zd and put cL = (5L)dL. Furthermore, let b : N →
Z+,∞ be the function considered in condition (G2) of Section 4.1.1. A site z ∈ Zd is said
to be L-good if the following items are satisfied:

(i) q(x) ∈ BL/4(x) for all x ∈ Qd ∩QL(Lz) and ν1(G ∩Q5L(Lz)) ≤ cL,

(ii) b
ÄÄ
X − z′

ä
∩QL/2(o)

ä
≤ L/2 for all z′ ∈ Zd ∩Q5L+1(Lz),

(iii) G ∩Q3L(Lz) is contained in a connected component of G ∩Q5L(Lz).

For given L > 0, we consider the site percolation model {Yz}z∈Zd of L-good sites,
where for z ∈ Zd the {0, 1}-valued random variable Yz takes the value 1 if and only if
z forms an L-good site. Observe that (due to item (ii)) there exists m ≥ 1 such that
for all sufficiently large L > 0, the percolation process defined above is m-dependent.
Furthermore, the following useful results hold.

Lemma 4.16. Let S ⊂ Zd be a finite and ∗-connected set of L-good sites. Then for all
z, z′ ∈ S and η ∈ G ∩Q3L(Lz), η′ ∈ G ∩Q3L(Lz′) the points η, η′ can be connected by a
path in G ∩

Ä
LS ⊕Q5L(o)

ä
satisfying `(η, η′) ≤ (#S + 1)cL.

Proof. Put z = z0, z′ = zk and let γ = 〈z0, z1, . . . , zk〉 ⊂ S be a self-avoiding path
of ∗-connected vertices connecting z and z′. Note that geometrically γ corresponds to
a sequence of vertex-adjacent cubes QL(Lz0), QL(Lz1), . . . , QL(Lzk). By condition (i)
of Definition 4.15 we have q(Lzi) ∈ G ∩ QL(Lzi) for all i ∈ {0, . . . , k}. Furthermore,
by condition (iii) we conclude that q(Lzi) and q(Lzi+1) can be connected by a path in
G∩Q5L(Lzi). By the same reasoning we can find corresponding paths from η to q(Lz0)
and from η′ to q(Lzk). Finally, using condition (i), the assertion follows.

Lemma 4.17. It holds that limL→∞ P
Ä
o is L-good

ä
= 1.

Proof. The growth and stability conditions (G1) and (G2) of Section 4.1.1 immediately
imply conditions (i) and (ii) in Definition 4.15 of L-goodness. To deal with condition
(iii) subdivide Q3L(o) into k = 6d congruent sub-cubes QL,1, . . . , QL,k of side length
L/2. The connectivity condition (G3) introduced in Section 4.1.1 implies that if QL,i
and QL,j are neighboring sub-cubes, then G ∩ QL,i and G ∩ QL,j are contained in the
same connected component of G ∩Q5L(o) whp. Noting that the growth condition (G1)
implies that G ∩QL,i 6= ∅ for all i ∈ {1, . . . , k} whp completes the proof.

Using m-dependence in conjunction with Lemma 4.17 and stationarity allows us to
apply Theorem 2.29. This means that the family of L-bad sites can be dominated from
above by a Bernoulli site percolation process with arbitrarily small marginal probability,
provided that L is chosen sufficiently large. In particular, we henceforth fix a value of L
such that in the dominating Bernoulli site percolation process the size of the ∗-connected
closed component at the origin (also called cluster size) admits a finite exponential
moment.
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4.3.2. Construction of global paths
In this section, we elaborate on how to construct an efficient global path, i.e., a path
that is used to move from a point on G close to o to a point on G close to re1. This is
done by searching L-good cubes close to o and re1 that are contained in a set of L-good
sites surrounding the L-bad connected components intersecting some cube between o
and re1, see Figure 4.4.

o re1z1,n z2,n

Figure 4.4.: Global path and the set Vn (dotted pattern)

If we consider the site percolation model introduced in Section 4.3.1, then for any
z ∈ Zd we let Cz denote the ∗-connected L-bad component at z. Furthermore, for
n ≥ 0 we define Vn = ∂outext

Ä⋃n−1
i=0 (Cie1 ∪ {ie1})

ä
as well as z1,n = supk≤0{ke1 ∈ Vn} and

z2,n = infk≥n{ke1 ∈ Vn}. Note that z1,n and z2,n are contained in the same ∗-connected
component of L-good sites, see Figure 4.4.
First, we provide an upper bound on the length of the shortest path connecting

q(Lz1,n) and q(Lz2,n).

Lemma 4.18. There exists u1 ≥ 1 with

lim inf
un→∞

u≥u1,n≥1

− logP
Ä
`(Lz1,n, Lz2,n) ≥ un

ä
un

> 0.

Proof. First observe that Lemma 4.16 implies `(Lz1,n, Lz2,n) ≤ cL(#Vn + 1) for all
n ≥ 1. Furthermore, there exists c > 0 with #Vn+1 ≤ c(n+#A), where A = ⋃n−1

i=0 Cie1

denotes the union of the ∗-connected L-bad components at ie1 for i ∈ {0, . . . , n− 1}. In
particular,

P
Ä
`(Lz1,n, Lz2,n) ≥ un

ä
≤ P
Ä
n+ #A ≥ un/(ccL)

ä
.

Recall that the percolation model of L-bad sites can be dominated from above by a sub-
critical Bernoulli site percolation model, whose cluster size admits a finite exponential
moment, see the remark at the end of Section 4.3.1. Furthermore, if we consider the
union of the closed connected components at the sites ie1 for i ∈ {0, . . . , n− 1}, then it
has been shown in [48, Lemma 2.3] that the size of this union is dominated from above
by ∑n−1

i=0 Di, where {Di}0≤i≤n−1 is a family of i.i.d random variables whose marginal
distributions coincide with the distribution of the cluster size. Recall from Section 4.3.1
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that L was chosen so that exp(a) = Eexp
Ä
h
Ä
D1 +1

ää
<∞ for some h > 0. In particular,

for all u ≥ 2accL/h the Markov inequality yields

P
Ä
n+ #A ≥ un/(ccL)

ä
≤ P

( n−1∑
i=0

(Di + 1) ≥ un/(ccL)
)
≤ exp

Ä
n(a− uh/(ccL))

ä
.

Since the latter expression is at most exp
Ä
− nuh/(2ccL)

ä
, this completes the proof.

4.3.3. Construction of local paths

Similar to the approach considered in [2], to prove Theorem 4.1 we need the existence
of suitable local paths in addition to the global paths constructed in Section 4.3.2, see
Figure 4.5.

q(o) q(re1)

Figure 4.5.: Local path (solid) connecting q(o) resp. q(re1) to the global path (dashed)

The goal of this subsection is to provide the following bounds on the lengths of such
local paths.

Lemma 4.19. For r ∈ R let n(r) ∈ Z be the uniquely determined integer n satisfying
−L/2 < L(n− 1)− r ≤ L/2. Then there exist u2, u3 ≥ 1 such that

lim inf
ur→∞

u≥u2,r≥1

log
Ä
− logP

Ä
`(o, Lz1,n(r)) > ur

ää
log(ur) > 0 (4.6)

and

lim inf
ur→∞

u≥u3,r≥1

log
Ä
− logP

Ä
`(Lz2,n(r), re1) > ur

ää
log(ur) > 0. (4.7)

Before we begin with the proof of Lemma 4.19, we extend the definition of Vn intro-
duced in Section 4.3.2 to negative values of n in a natural way. For n ≤ −1 and S =⋃0
i=n+1 Cie1 ∪{ie1} write Vn = ∂outextS and An = Zd \Sc1, where we recall that Sc1 denotes

the uniquely determined infinite component of the complement of S ⊂ Zd. The idea is
to consider the external boundary Vz1,n(r) of the union of L-bad components intersecting
one of the sites o,−e1, . . . , (z1,n(r) + 1)e1, i.e., Vz1,n(r) = ∂outext

Ä⋃0
i=z1,n(r)+1(Cie1 ∪ {ie1})

ä
.
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We first show in Lemma 4.20 that any two paths starting from the domain surrounded
by this external boundary intersect Vz1,n(r) in a particularly nice way that allows us to
efficiently join these two paths together along the external boundary. In a second step,
see Lemma 4.21 below, we derive a useful upper bound on #V−n(r) for suitable values
of r which holds whp.

Lemma 4.20. The points q(o) and q(Lz1,n(r)) are connected by a path in G∩
ÄÄ
LAz1,n(r)∪

LVz1,n(r)

ä
⊕Q5L(o)

ä
.

Proof. As G is connected and stationary, there exists a path γ in G starting at q(o) and
leaving (LAz1,n(r) ∪ LVz1,n(r)) ⊕ Q3L(o). Choose z0 ∈ Vz1,n(r) such that Lz0 ⊕ Q3L(o) is
the first cube of the form {Lz ⊕Q3L(o)}z∈Vz1,n(r)

that is intersected by γ. Furthermore,
we write η ∈ G ∩ (Lz0 ⊕Q3L(o)) for the first intersection point of γ and Lz0 ⊕Q3L(o).
Similarly, we can construct analogous objects γ′, z′0 and η′ which are obtained when
starting from q(Lz1,n(r)). Since Vz1,n(r) is a ∗-connected set of L-good sites, we conclude
from Lemma 4.16 that η and η′ can be joined by a path inside LVz1,n(r) ⊕Q5L(o).

Lemma 4.21. For each β > 0 there exists u4 = u4(β) > 0 with

lim inf
ur→∞

u≥u4,r≥1

− logP
Ä
#V−n(uβr2β) > (ur)2β

ä
(ur)2β > 0.

Proof. As in the proof of Lemma 4.18, there exist u4, c1 ≥ 1 such that for all u ≥ u4 and
r ≥ 1 we have P

Ä
#V−n(uβr2β) > n(uβr2β)uβ

ä
≤ exp

Ä
− c1n(uβr2β)uβ

ä
. Furthermore,

there exist constants c2(L), c3(L) > 0 such that for all u ≥ u4 and r ≥ 1 we have
c2(L) · (ur)2β ≤ n(uβr2β)uβ ≤ c3(L) · (ur)2β which proves the claim.

Finally, we show that |z1,n(r)| is rather small whp.

Lemma 4.22. It holds that

lim sup
a→∞

sup
r≥1

1
a logP(z1,n(r) < −a) < 0.

Proof. Let a > 0. Observe that the event z1,n(r) < −a implies the existence of k ≥ 0
such that Cke1 has diameter larger than k+a. As discussed in Section 4.3.1 we choose L
sufficiently large so that this diameter has an exponentially bounded tail. In particular,
we obtain the existence of a constant c > 0 with

P(z1,n(r) < −a) ≤
∞∑
k=0

P(diam(Cke1) > k + a) ≤
∞∑
k=0

exp(−c(k + a)),

thereby proving the claim.

Proof of Lemma 4.19. Using Lemma 4.20 and putting k = n
Ä
u1/(6d+12)r1/(3d+6)

ä
, we

get that

P(`(o, Lz1,n(r)) > ur) ≤ P
Ä
ν1
Ä
G ∩

Ä
(LAz1,n(r) ∪ LVz1,n(r))⊕Q5L(o)

ää
> ur

ä
≤ P(z1,n(r) < −k) + P

Ä
ν1
Ä
G ∩

Ä
(LA−k ∪ LV−k)⊕Q5L(o)

ää
> ur

ä
.
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Furthermore, observe that by the discrete isoperimetric inequality Lemma 2.18, #V−k
is at least d−1

Ä
#A−k

ä(d−1)/d. In particular, for all sufficiently large t > 0 the event
{#V−k ≤ t} implies A−k ∪ V−k ⊂ Qt3(o) and we obtain that

P(`(o, Lz1,n(r)) > ur) ≤ P(z1,n(r) < −k) + P
Ä
#V−k > t

ä
+ P
Ä
ν1
Ä
G ∩QLt3+5L(o)

ä
> ur

ä
,

where t = (ur)1/(3d+6). Applying the bounds of Lemmas 4.21 and 4.22, condition (G1)
therefore yields (4.6). The second assertion of Lemma 4.19 may be obtained by very
similar arguments.

4.3.4. Combining paths
Finally, we patch together the global and local paths constructed in Sections 4.3.2
and 4.3.3, respectively. For all r ≥ 1 and u ≥ u0 = 3 max{u1, u2, u3} we have

P(`(o, re1) > ur) ≤ P(`(o, Lz1,n(r)e1) > ur/3) + P(`(Lz1,n(r)e1, Lz2,n(r)e1) > ur/3)
+ P(`(Lz2,n(r)e1, re1) > ur/3).

The first and third expressions on the right-hand side of this inequality exhibit sub-
exponential decay by Lemma 4.19 (local paths) while the second expression exhibits
exponential decay by Lemma 4.18 (global path). In this way, we can deduce the desired
sub-exponential bound stated in Theorem 4.1.

4.4. Proofs of Theorems 4.2 and 4.3
In this section, we provide proofs of Theorems 4.2 and 4.3, which can be seen as appli-
cations of Theorem 4.1.

4.4.1. Shape theorem
Recall that Theorem 4.2 can be considered as a shape theorem (in the sense of [93,
Theorem 1.7]) for Euclidean first-passage percolation on random geometric graphs. Let
G ⊂ Rd be a stationary, ergodic and isotropic random geometric graph for which (4.3)
holds and which satisfies conditions (G1) and (G3). Having Theorem 4.1 at our disposal,
we can proceed similarly to [93] to derive the desired shape theorem. First we derive the
following preliminary results stated in Lemmas 4.23–4.25 below.

Lemma 4.23. Let ξ ≥ 1 be an arbitrary fixed number. Then

P
Ä
B(1−ε)r(o) ⊂ BG

ξr(o) ⊂ B(1+ε)r(o) for all sufficiently large r > 0
ä

= 1 (4.8)

for all ε > 0 if and only if for all ε > 0 it holds that

P
Ä
|`(o, x)/|x| − ξ| ≤ ε for all x ∈ Rd with |x| sufficiently large

ä
= 1. (4.9)

Proof. Let ε ∈ (0, 1) be arbitrary and choose a (random) threshold r0 > 0 such that
the inclusions in (4.8) hold for all r > r0 when using ε′ = ε/(2ξ) instead of ε. Then
for x ∈ Rd with (1 + ε/ξ) |x| > r0 we obtain that x ∈ B|x|(o) ⊂ B(1−ε′)(1+ε/ξ)|x|(o) ⊂
BG
ξ(1+ε/ξ)|x|(o), which means that `(o, x) ≤ (ξ+ε) |x|. Similarly, choosing r0 > 0 as above,
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the inequality `(o, x) < (ξ − ε) |x| for |x| > r0 would imply that x ∈ BG
ξ(1−ε/ξ)|x|(o) ⊂

B(1+ε/(2ξ))(1−ε/ξ)|x|(o) ⊂ B(1−ε/(2ξ))|x|(o), which is a contradiction to |y| < |x| for all
y ∈ B(1−ε/(2ξ))|x|(o). Thus, assuming that (4.8) holds for all ε > 0, we get that (4.9)
holds for all ε > 0. The reverse implication can be shown similarly.

Lemma 4.24. Let E(1) denote the event that |yn − q(yn)| / |yn| → 0 for all sequences
{yn}n≥1 with yn ∈ Rd and |yn| → ∞. Then, P(E(1)) = 1.

Proof. Let z ∈ Zd and ε ∈ (0, 1/d) be arbitrary. Subdivide the cube Qε|z|(z) into
k = (4d+ 1)d congruent sub-cubes Qz,1, . . . , Qz,k with side length ε |z| /(4d+ 1). We say
that z is ε-good if each of the k sub-cubes has non-empty intersection with G. It is easy
to check that if z is ε-good, then q(y) ∈ Q(2

√
d+1)ε|z|/(4d+1)(z) for all y ∈ Qε|z|/(4d+1)(z).

In particular,

|y − q(y)|
|y|

≤
√
d
Ä
2
√
d+ 1

ä
ε |z|4d+1

|z| −
√
dε |z|4d+1

≤ 3dε
4d+ 1−

√
dε
.

Furthermore, using stationarity, for any r ≥ 1 we compute

P(sup{|z| : z ∈ Zd is ε-bad} ≥ r) ≤
∑

z∈Zd:|z|≥r

P(z is ε-bad)

≤ (4d+ 1)d
∑

z∈Zd:|z|≥r

P(Qε|z|/(4d+1)(o) ∩G = ∅).

Now using condition (G1) in conjunction with the Borel-Cantelli lemma shows that with
probability 1 we only have a finite number of ε-bad lattice points and therefore

lim sup
n→∞

|yn − q(yn)|
|yn|

≤ 3dε
4d+ 1−

√
dε
.

Since ε > 0 was arbitrary this proves the claim.

Lemma 4.25. Let α > 0 be arbitrary. If X is a point process satisfying condition (G1),
then for a > 1 the events q(o) ∈ Qaα(o) occur whp.

Proof. First observe that if Qaα/√d(o) ∩ G 6= ∅ then q(o) ∈ Qaα(o). The proof is
completed by recalling that condition (G1) implies the existence of c1, c2 > 0 with

P
Ä
Qaα/

√
d(o) ∩G = ∅

ä
≤ c1exp

Ä
− (aα/

√
d)c2
ä
.

Next note the following two results.

Lemma 4.26. Let S̃ ⊂ ∂B1(o) be a fixed countable subset of the unit sphere in Rd.
Then there exists ξ ≥ 1 satisfying

P
Ä

lim
n→∞

`(o, ns)/n = ξ for all s ∈ S̃
ä

= 1.
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Proof. By isotropy and the countability assumption it suffices to prove the assertion
for fixed s = e1. It is easy to check that the family of random variables {`k,n =
`(ke1, ne1)}k,n≥0 is subadditive. Moreover, it is stationary with respect to the mappings
{`k,n}k,n≥0 7→ {`k+m,n+m}k,n≥0, m ≥ 1. Thus to apply Theorem 2.31 it suffices to verify
E`(o, e1) <∞. To prove this claim write E`(o, e1) =

∫∞
0 P(`(o, e1) > ρ)dρ. Relation (4.3)

implies that the integrand decays sub-exponentially fast in ρ, so that E`(o, e1) <∞. Fi-
nally, ergodicity of G implies that limn→∞ `(o, ne1)/n is a.s. constant.

Lemma 4.27. Let δ ∈ (0, 1) be arbitrary. For a > 1 and η ∈ G∩Qaδ(o) let E(2)
η,a denote

the event that `(o, η) ≤ a2dδ. Then there exists a family of events {E(2)
a }a>1 such that

the occurrence of E(2)
a implies the occurrence of E(2)

η,a for all η ∈ G ∩ Qaδ(o) and such
that for a > 1 the events E(2)

a occur whp.

Proof. By Lemma 4.25 we have q(o) ∈ Q3aδ(o) whp and by condition (G3) for any
η ∈ Q3aδ(o) we know that q(o) and η can be connected by a path in G∩Q5aδ(o) whp. In
particular, it suffices to show that for a > 1 the events ν1(Q5aδ(o)∩G) ≤ a2dδ occur whp.
To show this, we may subdivide Q5aδ(o) into k = d5aδed congruent sub-cubes of side
length at most 1 and apply condition (G1) to obtain that ν1(Q5aδ(o) ∩G) ≤ kaδ ≤ a2dδ

holds whp.

Finally, we need one further preliminary lemma. A similar result is also used in
Kesten’s original proof, see [93, Lemma 3.6].

Lemma 4.28. For 0 < ε < 1/4 write E(3)
ε for the following event. There exists a

random K > 0 such that `(η, η′) ≤ 4u0 |η − η′| for all η, η′ ∈ G with |η| ≥ K and
ε |η| /2 ≤ |η − η′| ≤ 2ε |η|. Then P(E(3)

ε ) = 1.

Proof. For every u > 1 and every z ∈ Zd with |z| sufficiently large, we consider the
probability

P
Ä
there exist η, η′ ∈ G with `(η, η′) ≥ u

∣∣η − η′∣∣ , η ∈ Q1(z) and |η − η
′|

ε|η|
∈ (1/2, 2)

ä
and, putting D(z, ε) = {z′ ∈ Zd : ε|z|/4 ≤ |z − z′| ≤ 4ε |z|}, we note that it is at most∑
z′∈D(z,ε)

P(there exist η, η′ ∈ G with `(η, η′) ≥ u
∣∣z − z′∣∣ /2, η ∈ Q1(z) and η′ ∈ Q1(z′))

≤
∑

z′∈D(z,ε)
P(`(z, z′) ≥ |z − z′|/4)

+
∑

z′∈D(z,ε)
P
Ä
there exists η ∈ G ∩Q|z|1/(4d)(z) with `(z, η) ≥

»
|z|
ä

+
∑

z′∈D(z,ε)
P
Ä
there exists η′ ∈ G ∩Q|z|1/(4d)(z

′) with `(z′, η′) ≥
»
|z|
ä
.

Choosing u = 4u0, and applying Lemma 4.27 and relation (4.3) in conjunction with the
Borel-Cantelli lemma then completes the proof.

Using these auxiliary results, we may now proceed similarly to [93, Theorem 1.7] to
prove Theorem 4.2.
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Proof of Theorem 4.2. Let ε > 0 be arbitrary. Our goal is to show that

−ε+ ξ ≤ `(o, y)
|y|

≤ ξ + ε (4.10)

for all y ∈ Rd with |y| sufficiently large. We assume that we are given a realization where
the event E(3)

m−1 in Lemma 4.28 occurs for all m ≥ 1 and where additionally the event
E(1) of Lemma 4.24 occurs. For the sake of deriving contradiction we assume that there
exists some sequence yn with |yn| → ∞, yn |yn|−1 → z ∈ ∂B1(o) so that (4.10) fails for
these yn ∈ Rd, when ε is replaced by 16u0ε. Observe that as |q(yn)− yn| / |yn| → 0 we
may assume yn = q(yn). Now choose an arbitrary countable dense subset S̃ ⊂ ∂B1(o)
and an element s ∈ S̃ such that ε ≤ |s− z| ≤ 5ε/4. Then,∣∣∣∣∣`(o, yn)

|yn|
− ξ

∣∣∣∣∣ ≤
∣∣∣∣∣`(o, yn)
|yn|

− ξ
∣∣∣∣∣

≤
∣∣∣∣∣`(o, yn)
|yn|

− `(o, b|yn|cs)
|yn|

∣∣∣∣∣+
∣∣∣∣∣`(o, b|yn|cs)|yn|

− ξ
∣∣∣∣∣

≤ `(yn, b|yn|cs)
|yn|

+
∣∣∣∣∣`(o, b|yn|cs)|yn|

− ξ
∣∣∣∣∣ .

By Lemma 4.26, the second expression tends to 0 as n→∞. Thus, it remains to consider
the behavior of the first expression. For simplicity write kn = b|yn|c and xn = q(kns),
so that `(yn, kns) = `(yn, xn). Now,

|yn − xn| ≤ |yn − knz|+ kn |z − s|+ |kns− xn|
= kn (|yn/kn − z|+ |z − s|+ |s− xn/kn|) .

By Lemma 4.24, the third summand is less than ε/8 for all n sufficiently large. Fur-
thermore, by the definition of z the same holds for the first summand. As the second
summand is bounded from above by 5ε/4 we conclude |yn − xn| ≤ 3knε/2 ≤ 2 |yn| ε.
Similarly, as |z − s| > ε, one shows |yn − xn| ≥ |yn| ε/2. An application of Lemma 4.28
thus yields `(yn, xn)/|yn| ≤ 4u0|yn − xn|/|yn| ≤ 8u0ε. Since ε > 0 was arbitrary this
completes the proof of Theorem 4.2.

We conclude this section by showing that if (4.9) is satisfied for G, then so it is for
the Palm version G∗ of G with respect to ν1(· ∩G).

Theorem 4.29. Let G ⊂ Rd be a stationary, ergodic and isotropic random geometric
graph. If (4.9) is satisfied for G, then it is also satisfied for G∗.

Proof. For enhanced readability, we write `G for lengths of shortest paths on G and `G∗
for lengths of shortest paths on G∗, respectively. We only prove the statement for the
first inequality in (4.9), the second one being very similar. First note that for all ε > 0
the definition of Palm versions yields

P
Ä
(ξ − ε) |x| ≤ `G∗(o, x) for all x ∈ Rd with |x| sufficiently large

ä
= 1
γ
E
∫
G∩[0,1]d

1(ξ−ε)|x−y|≤`G(y,x) for all x∈Rd with |x− y| sufficiently largedy.
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In particular, it suffices to prove that for all ε > 0 there exists a (random) threshold
r0 > 0 such that for all y ∈ [0, 1]d ∩ G and all x ∈ Rd with |x− y| ≥ r0 we have
(ξ − ε) |x− y| ≤ `G(y, x). Therefore, let ε > 0 be arbitrary and choose a (random)
threshold r′0 > 0 such that the inequalities in (4.9) hold for G with ε/4 instead of ε
and all x ∈ Rd with |x| ≥ r′0. Then we choose r0 > 0 sufficiently large such that
r0 ≥ max{2

√
dξε−1, r′0 +

√
d} and `G(y, o) ≤ (r0 −

√
d)ε/4 hold for all y ∈ G ∩ [0, 1]d.

In particular, for all y ∈ [0, 1]d ∩ G and all x ∈ Rd with |x− y| ≥ r0 we compute
`G(y, x) ≥ `G(o, x)− `G(o, y) ≥ (ξ − ε/4) |x| − ε |x| /4 ≥ (ξ − ε) |x− y| . This completes
the proof of (ξ− ε) |x− y| ≤ `G(y, x) and the second inequality of (4.9) can be obtained
by a similar reasoning.

4.4.2. Boundedness of cells
For the convenience of the reader, we recall the statement of Theorem 4.3. Let G be a
stationary, ergodic and isotropic random geometric graph in R2 for which relation (4.3)
holds and which satisfies conditions (G1) and (G3). Then, with probability 1 all cells of
G are bounded.

Proof of Theorem 4.3. For r > 0 we write Sr = {z ∈ Zd : |z|∞ = dre} for the discrete
d∞-sphere in Zd of radius dre centered at o. Moreover, for z ∈ Sr let zccw ∈ Z2 denote
the counter-clockwise successor of z in Sr. Additionally, let Cr denote the event that
q(rz) ∈ Q√r(rz) for all z ∈ Sr and that `(rz, rzccw) ≤ 2u0r for all z ∈ Sr. Note that
by stationarity it suffices to prove the a.s. boundedness of the zero cell of G. Moreover,
the occurrence of Cr implies the boundedness of the zero cell provided that r > 0
is sufficiently large. Hence, it suffices to prove that the probability that Cr fails for
infinitely many integer values of r is 0. Note that this probability is bounded from above
by P(Ccr) ≤

∑
z∈Sr

Ä
P(q(rz) 6∈ Q√r(rz)) + P(`(rz, rzccw) ≥ 2u0r)

ä
. The sub-exponential

decay of this sum follows from Lemma 4.25 and Theorem 4.1, so that the proof is
completed by an application of the Borel-Cantelli lemma.

Theorem 4.3 shows that the minimal spanning forest (or any other stationary planar
tree) cannot satisfy the strong linearity property (4.3). Indeed, trees do not admit
bounded cells. Theorem 4.3 also implies that Palm calculus is available for the graphs
Gn(X) in R2 so that typical cells can be defined. Indeed, note that there are several
ways to define a translation-covariant center-function which can be used to represent
the collection of cells as a marked stationary point process. If η is a cell of Gn(ϕ) first
choose the lexicographically smallest midpoint – say y – of one of the edges bounding η.
Next we can define a center point y′ of η by choosing a point y′ in the interior of η with
the property |y − y′| ≤ 1 by an arbitrary translation-covariant rule. Then the number of
such centers contained in the unit cube Q1(o) is bounded from above by the number of
midpoints of edges of the associated Delaunay tessellation that are contained in Q3(o).
Since the intensity of these midpoints is known to be finite, the intensity of cell centers
of Gn(X) is finite, too. This allows to consider Gn(X) as a stationary partition of the
Euclidean plane in the sense of [100].





Part III.

Applications of percolation theory to
hard-core particle systems





5. Stationary Apollonian packings
The task of creating dense packings of non-overlapping grains is a classical problem which
continues to be a highly topical and important research question more than 2000 years
after its initial appearance [14, 107, 132]. As noted in [49], random Apollonian packings
can be used for modelling dense packings of objects occurring in applications ranging
from the study of tree crowns in dense forests [85, 142] to the analysis of structural
properties in porous materials [75, 149, 146]. To create such packings one starts either
from an initial set of objects with a specified size or with an initial set of germs from
which grains start to grow radially at equal speed. Whenever two growing grains meet,
both cease to grow. Then, iteratively new germs are added, which grow until hitting an
already existing grain. In order to provide more realistic models the initial set of germs
is usually placed at random. A realization of a two-dimensional random Apollonian
packing is shown in Figure 5.1. Denser packings can be achieved in rotational random
Apollonian packings, where each grain is rotated around its germ so as to maximize the
time of growth until some other grain is hit. We refer the reader to [47] for a detailed
analysis of this model.

Figure 5.1.: Realization of a planar random Apollonian packing

From a mathematical perspective, it is an undesirable property of these packings that
their distribution could depend on the size of the sampling window or on properties of
the initial seed. Therefore, in the present chapter we study a framework where points
arrive in the entire Euclidean space Rd according to a space-time point process of germs
in Rd×[0,∞) which is stationary in its spatial component. Although random Apollonian
packings are based on a seemingly simple growth mechanism, when considering exten-
sions to the entire Euclidean plane, the size of a considered grain potentially depends on
the configuration of the point process in arbitrarily far away regions. Indeed, in order to
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determine the growth duration of a considered grain, one requires some information on
the growth durations of surrounding germs. A priori it is not clear that these iterated
dependencies can be resolved and do not continue indefinitely. Hence, there is no simple
expression that would allow one to compute the growth duration of a considered grain
by taking into account the configuration of the process of grains in its surrounding. This
complicated dependency structure is the reason, why the issue of existence of extensions
of Apollonian packings to the entire Euclidean space is a non-trivial one.
From a fundamental point of view, the growth protocol described above is of lilypond

type. These growth protocols have been investigated for almost 20 years, see e.g. [40,
44, 45, 51, 71, 76, 101], and by now there is well-established toolkit that can be used
to tackle the question of existence. Loosely speaking, this suggests to define stationary
Apollonian packings as the packing that results from letting each grain grow until a
certain growth-stopping time is reached, which may vary from one grain to another. This
family of growth-stopping times should satisfy two important properties. First, there
are no overlappings between grains, and second the growth of any grain is stopped by
getting into contact with some other grain. The first question considered in this chapter
deals with providing suitable sufficient conditions that not only imply the existence of
a family of growth stopping times satisfying the two constraints mentioned above, but
also that this family is unique.
In a locally finite setting, i.e., if there are only a finite number of germs arriving in any

bounded region of Rd, the corresponding model is investigated in [51], where in addi-
tion to issues of existence and uniqueness, also questions of percolation are studied and
a central limit theorem is established. In the present chapter, after adapting classical
methods to derive existence and uniqueness conditions for stationary Apollonian pack-
ings, we move in a slightly different direction. Our primary goal is to investigate effects
that are distinctive for non-locally finite settings, i.e., for configurations where in any
bounded region of the Euclidean space an infinite number of germs are born. For this
purpose, we will assume that the process of germs is a spatially homogeneous Poisson
point process, which is independently marked using certain star-shaped grain shapes.
The precise conditions on these shapes will be discussed in Section 5.2.
As mentioned above, there is no simple and exact formula expressing the growth

duration of a given germ in terms of properties of germs in its surrounding. Nevertheless,
in the present chapter, we show that it is possible to describe some asymptotic properties
of these growth durations as the time of birth tends to infinity. As time proceeds,
the growth duration of newly-born germs should decrease, since available (pore) space
becomes narrower, so that it takes less time until an already existing grain is hit. When
considering a bounded sampling window, we show that growth durations decay at a
polynomial speed, in the sense that we provide both upper and lower polynomial bounds
for growth durations. We also provide numerical evidence for the conjecture that the
upper bound is sharp.
Since in the setup considered in this chapter germs arrive incessantly, the pore space

left by stationary Apollonian packings is shrinking as time proceeds. Note that large
holes in the pore space cannot persist for a long period of time, as grains induced by
newly-arriving germs will fill up these holes quickly. Hence, it is natural to expect that
stationary Apollonian packings are space-filling, in the sense that almost surely, the
pore-space volume tends to 0 as time tends to infinity. This will be shown in Section 5.4.
Finally, we consider questions of percolation. Formally, percolation of stationary Apol-
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lonian packings can be captured by considering percolation on a directed graph whose
vertex set is given by the process of germs, and where an edge is drawn from one germ
to another if the grain corresponding to the latter one stops the growth of the former
one. Again, absence of percolation in lilypond models (see, e.g. [44, 71]) provides some
useful intuition, but still care has to be taken. Indeed, the non-local finiteness induces
effects that are not present in the classical setup. First, we show that there is absence
of oriented percolation. This is in accordance with intuition, as directed edges tend to
point in the direction of larger grains. Hence, the infinitely many small grains that are
added in the non-locally finite model do not play a role. For non-oriented percolation,
the rationale is different. Since bounded sampling windows typically contain an infinite
number of germs, we cannot hope for the absence of percolation in the sense of obtaining
cluster sizes consisting of finitely many grains. In fact, for a packing of balls, we show
under homogeneous Poisson assumptions that, with probability 1, every cluster consists
of infinitely many balls. On the other hand, when measuring clusters using their vol-
ume instead of the number of constituting grains, we show that the argumentation for
lilypond models can indeed be adapted to yield absence of percolation. In fact, we con-
jecture that there is absence of percolation in the stronger sense that, with probability
1, every cluster forms a bounded subset of Rd.
The present chapter is organized as follows. First, in Section 5.1, we introduce some

basic notation and state our main results. Next, in Section 5.2 we derive a sufficient
condition for existence and uniqueness of stationary Apollonian packings. In Section 5.3,
we show under Poisson assumptions that the growth time of a grain whose germ had
arrived at time t > 0 decays according to a power law in t and we provide rigorous
upper and lower bounds for the exponent depending only on the dimension and the
rate at which new germs enter the system. We also discuss the results of Monte Carlo
simulations which have been performed to study the dependence of this exponent on the
rate at which new germs arrive. Section 5.4 is devoted to the space-filling property of
stationary Apollonian packings. In Section 5.5, we observe that in stationary Apollonian
packings grains of the final configuration arrange in clusters and we consider percolation-
type properties including the finiteness of the volume covered by each cluster and the
absence of percolation after any finite amount of time. We also provide simulation results
for the number of connected components in a bounded sampling window depending on
the rate at which new germs arrive. Finally, in Section 5.6, we present some conjectures
and possible directions of future research.
The main results of the present chapter have been incorporated in our recent pa-

per [78].

5.1. Main results

Before analyzing various properties of stationary Apollonian packings, the first step is to
prove a rigorous existence and uniqueness result. In contrast to classical random Apol-
lonian packings where germs are added sequentially to a bounded sampling window and
each grain grows until it touches one of the previously determined grains, we consider
a model defined in the entire Euclidean space where several grains may grow simulta-
neously. In particular, the size of a given grain not only depends on the space-time
location of earlier germs, but can also be influenced by germs which appear at a later
point in time. The well-definedness of such a model is therefore a non-trivial issue and
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we establish a sufficient condition for existence and uniqueness of stationary Apollonian
packings based on the absence of a specific variant of descending chains. To make this
precise, we first introduce some basic notation.
Let d ≥ 2 be any fixed integer. We define Rd,+ = Rd× [0,∞). By S we denote the set

of all compact, star-shaped subsets B ⊂ Rd such that 1) the star center is given by the
origin o ∈ Rd and 2) intB = ∪t<1tB, where tB = {tb : b ∈ B}. Note that the second
condition has important implications. For instance, it allows us to conclude that for any
B ∈ S we have B ⊂ int sB for any s > 1. Furthermore, if ξ1, ξ2 ∈ Rd and B1, B2 ∈ S
satisfy (ξ1 + intB1) ∩ (ξ2 + intB2) = ∅, then (ξ1 +B1) ∩ (ξ2 + intB2) = ∅.
If there is no collision with other grains, then we assume that any grain grows homo-

thetically and linearly in time, where the center of the homothety is given by the spatial
location of the associated germ. To be more precise, let r0 > 0, ϕ ⊂ Rd,+ be locally
finite and ` = {`x}x∈ϕ be a family of r0-bounded elements of S, i.e., `x ⊂ Qr0(o) for all
x ∈ ϕ. Then, define the function g` : ϕ× [0,∞)→ B(Rd) by

g`((ξ, τ), t) =
{
ξ + (t− τ)`(ξ,τ) if t ≥ τ,
∅ otherwise,

For x ∈ ϕ write ϕx ⊂ ϕ for the subset consisting of x and those y = (η, σ) ∈ ϕ with
η ∈ int g`(x, σ). In a sense, germs from ϕx are not important for the growth of the grain
at x. Indeed, the interaction between grains will be defined in such a way that any germ
y = (η, σ) ∈ ϕx does not influence the growth of the grain at x: at time σ either the
grain corresponding to x does not grow any longer, or the appearance of the germ y does
not play a role, since its spatial coordinate η is covered by the interior of the grain at x.
Next, we define the notion of a family of growth-stopping times, which is closely related

to the kind of dynamic lilypond models introduced in [51]. These growth-stopping times
are used to describe two key features of stationary Apollonian packings. On the one
hand, they constitute hard-core particle packings in the sense that no two grains can
overlap. That is, once a grain is in contact with some other grain, it stops growing. On
the other hand, for any grain there exists a stopping neighbor provided that this grain
does not grow for an unbounded amount of time and that its germ is not covered by an
existing grain. Loosely speaking, the stopping neighbor can be thought of as the first
grain that will get into contact with the given grain.

Definition 5.1. A function f : ϕ → [0,∞] with f(ξ, τ) ≥ τ for all (ξ, τ) ∈ ϕ is said
to define a family of (ϕ, `)-growth-stopping times if the following two conditions are
satisfied.

(H) Hard-core property. (int g`(x, f(x)))∩ g`(y, f(y)) = ∅ for all x ∈ ϕ and y ∈ ϕ \ϕx.

(N) Existence of stopping neighbors. If x = (ξ, τ) ∈ ϕ is such that f(x) < ∞, then
there exists y ∈ ϕ \ ϕx such that
a) ξ ∈ int g`(y,min{τ, f(y)}), or
b) f(y) ≤ f(x) and g`(x, f(x)) ∩ g`(y, f(y)) 6= ∅.

In other words, the hard-core property says that any two grains do not overlap. It
also ensures that the spatial coordinate η of a germ y = (η, σ) ∈ ϕ can be covered by the
interior of the grain at x ∈ ϕ only if y ∈ ϕx. An element y ∈ ϕ \ϕx as in property (N) is
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also called stopping neighbor of x. The existence of stopping neighbors means that if we
consider a grain that does not grow for an unbounded amount of time and whose germ
is not covered by an existing grain, then there exists another grain with smaller or equal
growth-stopping time, and which is in contact with the considered grain. Furthermore,
for any given ϕ and `, we briefly say family of growth-stopping times instead of family of
(ϕ, `)-growth-stopping times. As mentioned above, existence and uniqueness of growth-
stopping times are non-trivial issues. We will derive a sufficient condition based on a
specific notion of descending chains.

Definition 5.2. Let ϕ ⊂ Rd,+ be locally finite and ` = {`x}x∈ϕ a family of elements in S.
Furthermore, let n′ ≥ 2 be a positive integer. Then, a sequence {xn}1≤n≤n′ of elements
in ϕ is said to form a strong `-descending chain if there exists a sequence {tn}1≤n≤n′ of
non-negative numbers such that

(i) tn > tn+1 for all n ∈ {1, . . . , n′ − 1},

(ii) xn1 6= xn2 for all n1, n2 ∈ {1, . . . , n′} with n1 6= n2, and

(iii) g`(xn, tn) ∩ g`(xn+1, tn) 6= ∅ and g`(xn, tn+1) ∩ g`(xn+1, tn+1) = ∅ for all n ∈
{1, . . . , n′ − 1}.

Finally, if {xn}n≥1 is a sequence of elements in ϕ × [0,∞) such that {xn}1≤n≤n′ is a
strong `-descending chain for every n′ ≥ 1, then {xn}n≥1 is said to form an infinite
strong `-descending chain.

For questions of percolation a weaker form of `-descending chains, will also play an
important role. Since this concept is not needed to state our main results, we defer
its introduction to Section 5.2.2. In Section 5.2, we prove the following result on the
existence and uniqueness of limit configurations.

Theorem 5.3. Let ϕ ⊂ Rd,+ be locally finite and ` = {`x}x∈ϕ any family of r0-bounded
elements of S for some r0 > 0. Furthermore, assume that ϕ does not contain infinite
strong `-descending chains. Then, there exists a unique family of (ϕ, `)-growth-stopping
times fϕ,` : ϕ→ [0,∞].

Theorem 5.3 builds on earlier work regarding the well-definedness of various models of
stochastic geometry on the whole space. As already mentioned in the introduction, the
growth protocol underlying the stationary Apollonian packings is of lilypond type and
for lilypond systems existence and uniqueness results have been thoroughly investigated
in literature (see, e.g. [51, 71, 76]). However, the idea behind imposing the absence
of descending chains, namely that the configuration in a bounded sampling window
should not be influenced by points that are arbitrarily far away, also appears in the
investigation of sandpile models [56]. Indeed, in [56] the absence of ‘infinite backwards
chains of topplings’ is used to establish the well-definedness of limit configurations of
topplings.
Next, we show that the sufficient condition in Theorem 5.3 is fulfilled with probability

1 for a large class of spatially stationary marked point processes. Let r0 > 0 and
consider the marked point process {(x, Lx)}x∈X , where X is a point process in Rd,+
and L = {Lx}x∈X is a family of r0-bounded random elements of S. In the following,
we say that {(x, Lx)}x∈X is spatially stationary, if the distribution of the marked point
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process {((ξ+η, t), L(ξ,t))}(ξ,t)∈X does not depend on the choice of η ∈ Rd. Additionally,
we say that {(x, Lx)}x∈X is m-dependent if for any bounded Borel sets A,B ⊂ Rd
that are of distance at least m the marked point processes {(x, Lx)}x∈X∩(A×[0,∞)) and
{(x, Lx)}x∈X∩(B×[0,∞)) are independent.

Theorem 5.4. Let r0 > 0 and consider the marked point process {(x, Lx)}x∈X , where X
is a point process in Rd,+ and L = {Lx}x∈X is a family of r0-bounded random elements of
S. Assume that {(x, Lx)}x∈X is spatially stationary and m-dependent for some m ≥ 1.
Then, for almost surely every realization (ϕ, `) of (X,L) the locally finite set ϕ does not
contain an infinite strong `-descending chain.

After having established a sufficient condition for the a.s. absence of infinite strong
`-descending chains in X, we address the issue of percolation of stationary Apollonian
packings. First, it is convenient to associate with each locally finite ϕ ⊂ Rd,+ and each
family ` = {`x}x∈ϕ of r0-bounded elements of S a directed graph G(ϕ, `) encoding the
stopping-neighbor relation.

Definition 5.5. Let ϕ ⊂ Rd,+ be locally finite, let ` = {`x}x∈ϕ be a family of r0-bounded
elements of S for some r0 > 0 and suppose that ϕ does not contain infinite strong `-
descending chains. Define a directed graph G(ϕ, `) on the vertex set ϕ as follows. For
x, y ∈ ϕ an edge is drawn from x to y if and only if y constitutes a stopping neighbor
of x. Furthermore, G′(ϕ, `) denotes the undirected graph on the vertex set ϕ, where
x, y ∈ ϕ are connected by an edge if and only if there is an edge from x to y in G(ϕ, `)
or there is an edge from y to x in G(ϕ, `).

Our goal is to analyze various properties of the connected components of G(X,L) and
G′(X,L) for a suitable class of spatially stationary marked point processes {(x, Lx)}x∈X .
A realization of the graph G′(X,L) is shown in Figure 5.2.

Figure 5.2.: Realization of the graph G′(X,L) and the underlying Apollonian packing

First, we consider the problem of oriented percolation in the directed graph G(X,L),
recalling that oriented percolation is said to occur in a directed graph if it contains an
infinite directed self-avoiding path.
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Theorem 5.6. Let {(x, Lx)}x∈X be an independently marked point process, where X is
a spatially stationary, m-dependent point process in Rd,+ for some m ≥ 1 with abso-
lutely continuous second factorial moment measure. Then, with probability 1, there is no
oriented percolation in G(X,L).

The issue of non-oriented percolation is more involved. Therefore, we now require
additionally that with probability 1 each x ∈ X admits precisely one stopping neighbor
y ∈ X. In Section 5.5, we will present specific examples of stationary point processes
satisfying this condition. In the following, for any x ∈ X let Cx ⊂ G′(X,L) be the
connected component of G′(X,L) containing x.

Theorem 5.7. Let {(x, Lx)}x∈X be an independently marked point process, where X is
a spatially stationary, m-dependent point process in Rd,+ for some m ≥ 1 with absolutely
continuous second factorial moment measure. Furthermore, assume that with probability
1 each x ∈ X admits precisely one stopping neighbor y ∈ X. Then, with probability 1,
the cluster volume νd

Ä⋃
y∈Cx gL(y, fX,L(y))

ä
is finite for all x ∈ X.

Theorem 5.7 can be seen as an analogue of the absence of percolation in classical
lilypond model [44, 71]. However, when investigating not the volume, but the number
of grains in a cluster, then the behavior is radically different in the sense that with
probability 1, all clusters percolate. We prove this claim for a specific model, where the
grains {Li}i≥1 are constant and equal to B1(o).

Theorem 5.8. Consider the marked point process {(x, Lx)}x∈X , where X is a homoge-
neous Poisson point process in Rd× [0,∞) with intensity λ > 0, and Lx = B1(o) for each
x ∈ X. Then, almost surely, for every x ∈ X there exist infinitely many y = (η, σ) ∈ Cx
with fX,L(y) > σ.

Next, we study the dependence of the growth duration of grains on the time of arrival
of the corresponding germ. We will see that asymptotically this duration is contained
within some polynomial bounds. In order to derive these bounds, we make specific
assumptions on the marked point process {(x, Lx)}x∈X . For some α > −1 and λ > 0
let X ⊂ Rd,+ be a spatially stationary Poisson point process with intensity function
λ : Rd,+ → [0,∞) given by

λ(ξ, τ) = λ(1 + τ)α. (5.1)

Furthermore, let (Ω,F ,P) denote the underlying probability space. Note that for α = 0
we obtain a stationary space-time Poisson point process in Rd,+. But by choosing α to
be either strictly negative or strictly positive, we can also consider models where the
rate at which new germs appear either decreases or increases over time.
First, we derive an upper bound. For ε ∈ (0, 1), t > 0 let Et,ε denote the event

that there exists x = (ξ, τ) ∈ X ∩
Ä
Q1(o) × [t,∞)

ä
with fX,L(x) − τ ≥ τ−α1+ε, where

α1 = (α+ 1)/d.

Theorem 5.9. Let {(x, Lx)}x∈X be an independently marked point process, where X is
a Poisson point process in Rd,+ with intensity function λ : Rd,+ → [0,∞) given by (5.1).
Furthermore, assume that there exists r1 > 0 such that Qr1(o) ⊂ Lx for all x ∈ X.
Then, for every ε ∈ (0, 1) there exist t1, c1 > 0 such that P

Ä
Et,ε
ä
≤ exp(−tc1) for all

t ≥ t1.
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In particular, using the Borel-Cantelli lemma shows that with probability 1 there
exists a random time T1 ∈ (0,∞) such that

fX,L(x)− τ ≤ τ−α1+ε for all x = (ξ, τ) ∈ X ∩
Ä
Q1(o)× [T1,∞)

ä
. (5.2)

Next, we derive a lower bound on the growth duration, which corresponds to (5.2).
Furthermore, we put α2 = (1 + 1/d)(α+ 1).

Theorem 5.10. Let {(x, Lx)}x∈X be an independently marked point process, where X
is a Poisson point process in Rd,+ with intensity function λ : Rd,+ → [0,∞) given
by (5.1). Furthermore, assume that L = {Lx}x∈X is of the form Lx = Θx(A) for all
x ∈ X, where A = {z ∈ Rd : β(z) ≤ 1} ∈ S is the unit ball with respect to a certain
norm β(·) on Rd and {Θx}x∈X a family of SOd-valued random variables. Let ε ∈ (0, 1)
be arbitrary. Then, with probability 1, there exists a random time T2 ∈ (0,∞) such
that fX,L(Θ,A)(x) − τ ≥ τ−α2−ε for all x = (ξ, τ) ∈ X ∩

Ä
Q1(o) × [T2,∞)

ä
such that

fX,L(Θ,A)(x) > τ .

Finally, under the same assumptions as in Theorem 5.10, we show that the stationary
Apollonian packing AP(X,L) defined by

AP(X,L) =
⋃
x∈X

int gL(x, fX,L(x))

is a.s. space-filling. To be more precise, considering the pore space Rd \ AP(X,L) as a
stationary random closed set, we show that with probability 1 its Lebesgue measure is
equal to 0.

Theorem 5.11. Let {(x, Lx)}x∈X be an independently marked point process, satisfying
the conditions of Theorem 5.10. Then, the packing AP(X,L) is a.s. space-filling, i.e.,
P
Ä
νd
Ä
Rd \ AP(X,L)

ä
= 0
ä

= 1.

5.2. Existence and uniqueness
Section 5.2.1 is devoted to the proof of Theorem 5.3. In Section 5.2.2, we relate ab-
sence of infinite `-descending chains to absence of percolation in specific graphs and also
show that almost sure absence of percolation holds for a large class of independently
marked point processes, which contains e.g. spatially homogeneous Poisson point pro-
cesses with absolutely continuous intensity function. We also discuss a specific family
of not necessarily independently marked models consisting of stationary approximations
to rotational random Apollonian packings.

5.2.1. A sufficient condition based on absence of descending chains
As observed in [51], Apollonian packings are intimately related to the well-studied lily-
pond models initially introduced in [71]. Various techniques have been established to
prove existence and uniqueness of lilypond models on different levels of generality. For
our purposes the approaches described in [43, 51, 76] turn out to be most suitable.
However, the main difference to [51] lies in the assumptions on the space-time process
of germs. While this process is assumed to be spatially locally finite in [51], we deal
with configurations that are locally finite only in the space-time domain. Considering
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finite-time approximations and using some further adaptations, the techniques devel-
oped in [43, 51] are powerful enough to derive the desired results in the present setting,
too. Still, to make our presentation self-contained, we provide a detailed proof of The-
orem 5.3. We first consider models truncated at a finite time t0 > 0, where it will be
convenient to use the abbreviation Rd,t0 = Rd × [0, t0]. Furthermore, for the proof it is
convenient to consider some variants of conditions (H) and (N), which are less intuitive
but more convenient for proofs. Later, in Lemma 5.25, we will see that when allowing
also t0 =∞, then these new conditions are equivalent to conditions (H) and (N).

Definition 5.12. Let r0, t0 > 0, ϕ ⊂ Rd,t0 be locally finite and ` = {`x}x∈ϕ a family
of r0-bounded elements of S. Then a function f : ϕ → [0, t0] with f(ξ, τ) ≥ τ for all
(ξ, τ) ∈ ϕ is said to define a family of (t0, ϕ, `)-growth-stopping times if the following two
conditions are satisfied.

(H′) Hard-core property. (int g`(x, f(x)))∩g`
Ä
y,min{f(x), f(y)}

ä
= ∅ for all x ∈ ϕ and

y ∈ ϕ \ ϕx

(N′) Existence of stopping neighbors. For all x = (ξ, τ) ∈ ϕ with f(x) < t0 there exists
y ∈ ϕ \ ϕx with g`(x, f(x)) ∩ g`

Ä
y,min{f(x), f(y)}

ä
6= ∅.

For Lemmas 5.13–5.24 and Corollaries 5.18–5.20 we assume that r0, t0 > 0, that
ϕ ⊂ Rd,t0 is locally finite and that ` = {`x}x∈ϕ is a family of r0-bounded elements of S.
If t0, ϕ and ` are given, then we also say family of growth-stopping times instead of family
of (t0, ϕ, `)-growth-stopping times. Note that most arguments in the present section can
be extended to the case, where the r0-boundedness assumption on ` is replaced by the
weaker condition that the system of grains {`x+ξ}x=(ξ,τ)∈ϕ defines a locally finite family
of compact sets. In order to make the presentation more accessible, we restrict ourselves
to the r0-bounded case.
Another very useful property of growth-stopping times – which initially has been

observed in [76] – is their possible interpretation as fixed points of a specific operator
Tt0 : [0, t0]ϕ → [0, t0]ϕ, [0, t0]ϕ denoting the family of functions from ϕ to [0, t0]. Given a
proposal h : ϕ→ [0, t0] for a family of growth-stopping times and a germ x ∈ ϕ the value
of the new function Tt0h evaluated at x is given by the largest time t such that the grain
g`(x, t) intersects neither another growing grain nor any grain that has stopped growing
at the time described by the function h. More precisely, for h : ϕ → [0, t0] define the
function Tt0h : ϕ→ [0, t0] by

(Tt0h)(x) = sup
¶
t ∈ [0, t0] : g`(x, t) ∩ ∪y∈ϕ\ϕx g`(y,min{t, h(y)}) = ∅

©
.

Additionally, (St0h)(x) ⊂ ϕ denotes the set of all points, where the above supremum is
assumed, i.e., all y = (η, σ) ∈ ϕ \ ϕx such that

g`(x, Tt0h(x)) ∩ g`(y,min{Tt0h(x), h(y)}) 6= ∅.

Our interest in Tt0 is based on the following observation.

Lemma 5.13. The function f : ϕ→ [0, t0] defines a family of growth-stopping times if
and only if Tt0f = f . Additionally, if x ∈ ϕ is such that f(x) < t0, then every element
of St0f(x) constitutes a stopping neighbor of x.
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Proof. First, assume Tt0f = f and observe that the hard-core property is immediately
implied by the definition of Tt0 . Furthermore, if x ∈ ϕ is such that f(x) < t0, then
clearly any y ∈ (St0f)(x) forms a stopping neighbor of x.
To prove the other direction, assume that f defines a family of growth-stopping times

and let x ∈ ϕ be arbitrary. For the inequality Tt0f(x) ≤ f(x) assume for the sake
of deriving a contradiction that there exists t > 0 with t ∈ (f(x), Tt0f(x)) and let
y ∈ ϕ be a stopping neighbor of x. Then g`(x, t) ∩ g`(y,min{t, f(y)}) 6= ∅, which
contradicts the definition of Tt0f(x). To show Tt0f(x) ≥ f(x) assume for the sake
of deriving a contradiction that there exists t > 0 with t ∈ (Tt0f(x), f(x)) and let
y ∈ St0f(x). In particular, using condition 2) of the definition of S, we conclude that
g`(x, Tt0f(x)) ⊂ int g`(x, t), so that (int g`(x, t)) ∩ g`(y,min{t, f(y)}) 6= ∅. However, this
yields a contradiction to the hard-core property.

We note the following useful properties of Tt0 and refer the reader to [76, Proposition
3.1] for a detailed discussion of the respective statements for lilypond models.

Lemma 5.14. Let h1, h2 : ϕ → [0, t0] be such that h1(x) ≤ h2(x) for all x ∈ ϕ. Then
Tt0h1(x) ≥ Tt0h2(x) for all x ∈ ϕ.

Proof. Applying the definition of Tt0 shows immediately that Tt0h1(x) ≥ Tt0h2(x) for all
x ∈ ϕ.

Lemma 5.15. Let {hn}n≥1 be a sequence of functions hn : ϕ→ [0, t0] with hn(ξ, τ) ≥ τ
for all n ≥ 1 and (ξ, τ) ∈ ϕ converging pointwise to a function h : ϕ → [0, t0]. Then
Tt0hn → Tt0h pointwise.

Proof. Let x ∈ ϕ be arbitrary. To prove Tt0h(x) ≥ lim supn→∞ Tt0hn(x), assume there
exists t > 0 with t ∈ (Tt0h(x), lim supn→∞ Tt0hn(x)). Choose y = (η, σ) ∈ ϕ \ ϕx such
that

(int g`(x, t)) ∩ g`(y,min{t, h(y)}) 6= ∅. (5.3)

Then, from t < lim supn→∞ Tt0hn(x) we conclude g`(x, t) ∩ g`(y,min{t, hn(y)}) = ∅, for
infinitely many n ≥ 1, which implies (int g`(x, t))∩ g`(y,min{t, h(y)}) = ∅. However, the
latter identity contradicts (5.3).
To prove Tt0h(x) ≤ lim infn→∞ Tt0hn(x), assume t ∈ (lim infn→∞ Tt0hn(x), Tt0h(x))

for a suitable t > 0. Since t > lim infn→∞ Tt0hn(x), we may choose y = (η, σ) ∈ ϕ \ ϕx
such that

g`(x, t) ∩ g`(y,min{t, hn(y)}) 6= ∅ (5.4)

for infinitely many n ≥ 1. In particular, g`(x, t)∩ g`(y,min{t, h(y)}) 6= ∅. However, from
Tt0h(x) > t we conclude g`(x, t) ∩ g`(y,min{t, h(y)}) = ∅, contradicting (5.4).

In the following, we construct a family of growth-stopping times f : ϕ → [0, t0] by
providing a family of functions {fn}n≥0 such that {f2n}n≥0 converges to f from above
and {f2n+1}n≥0 converges to f from below. To be more precise, for n = 0 we put f0 = t0
and for n ≥ 0 we define recursively fn+1 = Tt0f

n. Observe that by definition of g` and
Tt0 , we have τ ≤ fn(x) ≤ t0 for all n ≥ 0 and x = (ξ, τ) ∈ ϕ. For the proof of the
uniqueness of growth-stopping times, the following result is useful.
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Lemma 5.16. If f : ϕ→ [0, t0] defines a family of growth-stopping times, then f2n+1(x) ≤
f(x) ≤ f2n(x) for all n ≥ 0 and x ∈ ϕ.

Proof. The assertion follows immediately from Lemmas 5.13 and 5.14.

The convergence of the sequences {f2n}n≥0 and {f2n+1}n≥0 is based on the following
result.

Lemma 5.17. For every n ≥ 0 and x ∈ ϕ, it holds that

(i) f2n(x) ≥ f2n+2(x),

(ii) f2n+1(x) ≤ f2n+3(x),

(iii) f2n+1(x) ≤ min{f2n(x), f2n+2(x)}.

Proof. Properties (i)-(iii) follow immediately from Lemma 5.14 by induction.

In particular, Lemma 5.17 yields the existence of functions f−, f+ : ϕ → [0, t0] such
that for every x ∈ ϕ,

(i) limn→∞ f
2n(x) = f+(x),

(ii) limn→∞ f
2n+1(x) = f−(x),

(iii) f−(x) ≤ f+(x).

We also note an immediate corollary to Lemma 5.15.

Corollary 5.18. The identities f−(x) = Tt0f
+(x) and f+(x) = Tt0f

−(x) hold for all
x ∈ ϕ.

The next step in the construction of a family of growth-stopping times consists in
deriving a suitable sufficient condition that implies f−(x) = f+(x) for all x ∈ ϕ. To
achieve this goal, we need the following two auxiliary results, which show that growth-
stopping times decrease when passing to stopping neighbors.

Lemma 5.19. Let h, h′ : ϕ → [0, t0] be such that Tt0h′ = h and h′ = Tt0h. If x =
(ξ, τ) ∈ ϕ and y ∈ St0h′(x) are such that ξ 6∈ int g`(y,min{τ, h′(y)}), then h′(y) ≤ h(x).

Proof. We assume h′(y) > h(x) for the sake of deriving a contradiction. First, we deduce
from Tt0h

′(x) = h(x) that h(x) ≥ τ . Next, if x ∈ ϕy, then ξ ∈ int g`(y, τ) (note that the
roles of x and y are switched in comparison to the definition in Section 5.1). Thus, h′(y) >
h(x) ≥ τ would contradict our assumption ξ 6∈ int g`(y,min{τ, h′(y)}). Therefore, we
may assume x 6∈ ϕy. By definition of y, we have g`(x, h(x)) ∩ g`(y, h(x)) 6= ∅ and
since x 6∈ ϕy the assumption h′(y) = Tt0h(y) implies (int g`(y, h′(y))) ∩ g`(x, h(x)) = ∅.
However, taken together, these two relations yield a contradiction to h(x) < h′(y).

Corollary 5.20. Let f : ϕ → [0, t0] denote a family of growth-stopping time. If x =
(ξ, τ), y ∈ ϕ are such that y is a stopping neighbor of x and ξ 6∈ int g`(y,min{τ, f(y)}),
then f(y) ≤ f(x).
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Proof. Assume that f(y) > f(x). Then, using f(x) ≥ τ and ξ 6∈ int g`(y,min{τ, f(y)}),
we conclude that x 6∈ ϕy. Next, since y is a growth stopping neighbor of x, we have
g`(x, f(x)) ∩ g`(y, f(x)) 6= ∅. Hence, int(g`(y, f(y))) ∩ g`(x, f(x)) 6= ∅ contradicting
(H′).

The following result describes in greater detail the consequences of f−(x) < f+(x).

Lemma 5.21. Let x ∈ ϕ be such that f−(x) < f+(x). Then for all y ∈ St0f+(x),

(i) f−(y) < min{f−(x), f+(y)},

(ii) g`(x, f−(x)) ∩ g`(y, f−(x)) 6= ∅, and

(iii) g`(x, f−(y)) ∩ g`(y, f−(y)) = ∅.

Proof. Throughout the proof, we write x = (ξ, τ). First, consider the case, where
ξ ∈ int g`(y,min{τ, f+(y)}), so that f−(x) = τ . We can use Corollary 5.18 to deduce
that Tt0f−(x) = f+(x). Hence, applying the definition of Tt0 gives

(int g`(x, f+(x))) ∩ g`(y,min{f+(x), f−(y)}) = ∅, (5.5)

so that f−(y) < τ . For the second part of (i) we assume the contrary, i.e., f+(y) = f−(y).
Then ξ ∈ int g`(y, f−(y)) which contradicts (5.5). Property (ii) is clear by the choice of
y. Finally, (iii) follows immediately from f−(x) = τ and (i).
It remains to consider the case where ξ 6∈ int g`(y,min{τ, f+(y)}). By Lemma 5.19,

we have f+(y) ≤ f−(x), so that f−(y) < f−(x) follows once f−(y) < f+(y) is verified.
For the latter, observe that f−(y) = f+(y) would yield a contradiction to the relations
g`(x, f−(x)) ∩ g`(y, f+(y)) 6= ∅, (int g`(x, f+(x))) ∩ g`(y, f−(y)) = ∅ and our assump-
tion f−(x) < f+(x). From g`(x, f−(x)) ∩ g`(y, f+(y)) 6= ∅ we deduce g`(x, f−(x)) ∩
g`(y, f−(x)) 6= ∅, which is (ii). Finally, we also have (int g`(x, f−(x)))∩g`(y, f+(y)) = ∅,
which implies (iii) when noting f−(y) < f−(x) and f−(y) < f+(y).

Lemma 5.21 can be used to prove that if there exists x ∈ ϕ with f−(x) < f+(x), then
ϕ contains an infinite strong `-descending chain.

Lemma 5.22. If there exists x ∈ ϕ with f−(x) < f+(x), then ϕ contains an infinite
strong `-descending chain.

Proof. We define the sequence {xn}n≥1 with xn ∈ Rd,t0 for n ≥ 1 recursively by putting
x1 = x and by choosing xn+1 ∈ ϕ to be an arbitrary element from St0f

+(xn). Here
St0f

+(xn) 6= ∅, since Lemma 5.21 implies that f−(xn) < f+(xn) ≤ t0. Furthermore,
we put tn = f−(xn). Then Lemma 5.21 shows that {xn}n≥1 forms an infinite strong
`-descending chain using the sequence of times {tn}n≥1.

Lemmas 5.16 and 5.22 and Corollary 5.18 now immediately imply the existence and
uniqueness of a family of (t0, ϕ, `)-growth stopping times.

Corollary 5.23. If ϕ does not contain infinite strong `-descending chains, then there
exists a unique family of (t0, ϕ, `)-growth-stopping times ft0,ϕ,` : ϕ→ [0, t0].

To pass from Rd,t0 to Rd,+ we note the following compatibility result.
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Lemma 5.24. Let 0 < t′0 < t0, and f : ϕ → [0, t0] be a family of (t0, ϕ, `)-growth-
stopping times. Then f ′ = min{f, t′0} defines a family of (t′0, ϕ∩Rd,t

′
0 , `)-growth-stopping

times.

Proof. Since the hard-core property is immediate, it suffices to show existence of stopping
neighbors with respect to ϕ ∩ Rd,t′0 . So let x = (ξ, τ) ∈ ϕ ∩ Rd,t′0 be such that f(x) < t′0
and let y = (η, σ) ∈ ϕ \ ϕx denote a stopping neighbor of x with respect to ϕ. We
distinguish two cases and first assume ξ ∈ int g`(y,min{τ, f(y)}). Then, y ∈ ϕ ∩ Rd,t′0
and min{τ, f(y)} = min{τ, f ′(y)} which shows that y is a stopping neighbor of x with
respect to ϕ∩Rd,t′0 . On the other hand, if ξ 6∈ int g`(y,min{τ, f(y)}) then we may apply
Corollary 5.20 to deduce σ ≤ f(y) ≤ f(x) < t′0. Hence, y is contained in ϕ ∩ Rd,t′0 and
therefore forms a stopping neighbor of x in ϕ ∩ Rd,t′0 .

It can be checked that the result of Lemma 5.24 is also true in the case t0 = ∞,
i.e., when ϕ ⊂ Rd,+. Here, we say that a function f : ϕ → [0,∞] with f(ξ, τ) ≥ τ
for all (ξ, τ) ∈ ϕ defines a family of (∞, ϕ, `)-growth-stopping times if the following two
conditions are satisfied.

(H′′) Hard-core property. (int g`(x, f(x)))∩g`
Ä
y,min{f(x), f(y)}

ä
= ∅ for all x ∈ ϕ and

y ∈ ϕ \ ϕx.

(N′′) Existence of stopping neighbors. For all x = (ξ, τ) ∈ ϕ with f(x) <∞ there exists
y ∈ ϕ \ ϕx with g`(x, f(x)) ∩ g`

Ä
y,min{f(x), f(y)}

ä
6= ∅.

Before proving Theorem 5.3, we show that conditions (H) and (N) are equivalent to
conditions (H′′) and (N′′).

Lemma 5.25. Conditions (H) and (N) are equivalent to conditions (H′′) and (N′′).

Proof. Assume that conditions (H) and (N) hold. Condition (H′′) is a direct consequence
of condition (H). To verify condition (N′′), let x ∈ ϕ be such that f(x) < ∞ and let
y ∈ ϕ be as in condition (N). First, if ξ ∈ int g`(y,min{τ, f(y)}), then g`(x, f(x)) ∩
g`
Ä
y,min{f(x), f(y)}

ä
contains ξ. On the other hand, if f(y) ≤ f(x) and g`(x, f(x)) ∩

g`(y, f(y)) 6= ∅, then g`(x, f(x)) ∩ g`
Ä
y,min{f(x), f(y)}

ä
6= ∅.

For the other direction, assume that conditions (H′′) and (N′′) hold. To verify condition
(H), let x = (ξ, τ), y = (η, σ) ∈ ϕ\ϕx be arbitrary. Condition (H) is satisfied if f(x) = τ ,
so that we may assume f(x) > τ . If f(y) ≤ f(x), then condition (H′′) shows that
(int g`(x, f(x))) ∩ g`(y, f(y)) = ∅, so that we can restrict to the case f(y) > f(x). In
particular, (int g`(x, f(x))) ∩ g`(y, f(x)) = ∅, which shows that x 6∈ ϕy. Hence, we can
again apply condition (H′′) (with reversed roles of x and y) to conclude the verification of
condition (H). Finally, we verify condition (N). Let x = (ξ, τ) ∈ ϕ be such that f(x) <∞
and let y ∈ ϕ \ ϕx be as in condition (N′′). If y is such that ξ 6∈ int g`(y,min{τ, f(y)}),
then we conclude from Corollary 5.20 that f(y) ≤ f(x).

Proof of Theorem 5.3. Using Corollary 5.23, we see that for all n ≥ 1 there exists a
unique (n, ϕ∩Rd,n, `)-growth-stopping time fn,ϕ∩Rd,n,`. Define a function f : ϕ→ [0,∞)
by

f(x) = lim
n→∞
n≥n0

fn,ϕ∩Rd,n,`(x), (5.6)
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where n0 ≥ 1 is chosen such that x ∈ X ∩ Rd,n0 . Using Lemma 5.24 we see that the
limit (5.6) exists (or converges to ∞) and that f : ϕ→ [0,∞] constitutes a well-defined
(ϕ, `)-growth-stopping time. We also conclude from Lemma 5.24 and the subsequent
remark that any (ϕ, `)-growth-stopping time f ′ satisfies min{f ′�ϕ∩Rd,n , n} = fn,ϕ∩Rd,n,`,
which proves uniqueness.

5.2.2. Descending chains and dependent percolation

In Section 5.2.1 we solved the problem of existence and uniqueness of stationary Apol-
lonian packings under the condition of absence of infinite strong `-descending chains.
Hence, it is worthwhile to verify this condition for a large class of spatially stationary
point processes. In the case of convex grains, general sufficient conditions have been
derived for a closely related variant of descending chains in [51], which requires suitable
bounds on the factorial moment measures of the underlying point process. We propose a
further method, which is especially useful in situations with finite range of dependence.
To be more precise, the a.s. absence of infinite strong `-descending chains holds for spa-
tially stationary m-dependent marked point processes. This observation will be useful
when constructing approximations to optimally rotated versions of Apollonian packings
in Section 5.2.3.
We follow a similar approach as in Section 3 and relate the existence of infinite `-

descending chains to percolation in specific graphs on the vertex set ϕ. The absence of
percolation in these graphs may be proven within the dependent percolation framework
of [105].

Definition 5.26. Let b, ε, r0 > 0, ϕ ⊂ Rd,+ be locally finite and ` = {`x}x∈ϕ a family
of r0-bounded elements of S. Then, define a graph Gs(ϕ, `, b, ε) on the vertex set ϕ as
follows. Two vertices x, y ∈ ϕ are connected by an edge in Gs(ϕ, `, b, ε) if and only if
g`(x, b+ ε) ∩ g`(y, b+ ε) 6= ∅ and g`(x, b) ∩ g`(y, b) = ∅.

We say that a (directed) graph percolates if there exists a (directed) self-avoiding path
consisting of infinitely many vertices. The following result clarifies the relation between
percolation of Gs(ϕ, `, b, ε) and infinite strong `-descending chains.

Lemma 5.27. Let r0 > 0, ϕ ⊂ Rd,+ be locally finite and ` = {`x}x∈ϕ a family of r0-
bounded elements of S. If ϕ admits an infinite strong `-descending chain, then there
exists b ≥ 0 such that Gs(ϕ, `, b, ε) percolates for all ε > 0.

Proof. Let {xn}n≥1 be an infinite strong `-descending chain for some sequence {tn}n≥1,
put b = limn→∞ tn and let ε > 0 be arbitrary. Since {tn}n≥1 forms a strictly decreasing
sequence converging to b and since g`(xn, tn)∩ g`(xn+1, tn) 6= ∅ for all n ≥ 1, there exists
n0 ≥ 1 such that g`(xn, b+ε)∩g`(xn+1, b+ε) 6= ∅ for all n ≥ n0. Moreover, from tn > tn+1
and g`(xn, tn+1)∩ g`(xn+1, tn+1) = ∅ for all n ≥ 1 we conclude g`(xn, b)∩ g`(xn+1, b) = ∅
for all n ≥ 1. Hence, xn and xn+1 are connected by an edge in Gs(ϕ, `, b, ε) for all
n ≥ n0.

It will be convenient to use the abbreviation Qtr(ξ) for Qr(ξ) × [0, t], where r, t > 0
and ξ ∈ Rd. The following theorem constitutes a useful auxiliary result in proving the
a.s. absence of infinite strong `-descending chains.
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Theorem 5.28. Let b, r0, t > 0, X be a spatially stationary point process in Rd,+ and
L = {Lx}x∈X be a family of r0-bounded random elements of S. Furthermore, assume that
the marked point process {(x, Lx)}x∈X is spatially stationary and m-dependent. Then,
there exists ε > 0 such that with probability 1, the graph Gs(X ∩ Rd,t, L, b, ε) does not
percolate.

Proof. We define a site-percolation process Y = {Yz}z∈Zd as follows, where we put
Xt = X ∩ Rd,t. Say that z is open, i.e., Yz = 1 if and only if there exist x ∈ Xt ∩Qt1(z)
and y ∈ Xt such that x, y are connected by an edge in Gs(Xt, L, b, ε). For ε ∈ (0, 1)
this process clearly exhibits finite range of dependence and we claim that the probability
that a site is open can be made as small as desired if ε > 0 is chosen sufficiently small.
Once this claim is proven, using Theorem 2.29, we conclude that the site process Y
a.s. does not percolate provided that ε > 0 is sufficiently small. Therefore, also the
graph Gs(Xt, L, b, ε) does not percolate. In order to show that the probability that o
is open tends to 0 as ε → 0, we first note that by r0-boundedness of L, there exist
only finitely many pairs x, y ∈ Xt with x ∈ Qt1(o), gL(x, b + 1) ∩ gL(y, b + 1) 6= ∅ and
gL(x, b) ∩ gL(y, b) = ∅. For each such pair choose some (random) εx,y > 0 such that
gL(x, b+ εx,y) ∩ gL(y, b+ εx,y) = ∅. Then for every ε > 0 smaller than the minimum of
these finitely many values there do not exist x ∈ X ∩ Qt1(z) and y ∈ X such that x, y
are connected by an edge in Gs(Xt, L, b, ε).

Theorem 5.4 on the almost sure absence of strong `-descending chains form-dependent
marked point processes is now obtained from Theorem 5.28.

Proof of Theorem 5.4. It suffices to show that for every t > 0 with probability 1, the
set Xt = X ∩ Rd,t does not contain an infinite strong `-descending chain. The proof is
similar to Theorem 3.17, but we provide the details for the convenience of the reader.
Consider a function h : [0,∞) → [0,∞) with h(b) = b + ε(b), where ε(b) > 0 is
chosen such that Gs(Xt, L, b, ε(b)) a.s. does not percolate. Clearly, this function sat-
isfies the condition of Lemma 3.5, so that there exists a countable set C ⊂ [0,∞)
with ⋃

b∈C[b, b + ε(b)) = [0,∞). If Xt admits an infinite strong `-descending chain
{(xn, tn)}n≥1, then put b = limn→∞ tn. Choose b0 ∈ C and ε0 > 0 such that [b, b+ ε0) ⊂
[b0, b0+ε(b0)). Since Gs(Xt, L, b0, ε(b0)) ⊃ Gs(Xt, L, b, ε0) we conclude from Lemma 5.27
that Gs(Xt, L, b0, ε(b0)) percolates. In particular,

P(Xt admits an infinite strong `-descending chain)
≤ P
Ä
∪b0∈C∩[0,∞) G

s(Xt, L, b0, ε(b0)) percolates
ä

≤
∑

b0∈C∩[0,∞)
P(Gs(Xt, L, b0, ε(b0)) percolates).

Since Gs(Xt, L, b0, ε(b0)) a.s. does not percolate, this completes the proof.

For existence and uniqueness of stationary Apollonian packings, absence of infinite
strong `-descending chains is a sufficient condition. However, as we will see in Section 5.5,
for percolation-type questions, absence of another kind of infinite `-descending chains is
highly relevant.

Definition 5.29. Let ϕ ⊂ Rd,+ be locally finite and ` = {`x}x∈ϕ be a family of elements
of S. Furthermore, let n′ ≥ 2 be a positive integer. Then a sequence {xn}1≤n≤n′
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of elements in ϕ is said to form a weak `-descending chain if there exists a sequence
{tn}1≤n≤n′ such that

(i) tn ≥ tn+1 for all n ∈ {1, . . . , n′ − 1},

(ii) xn1 6= xn2 for all n1, n2 ∈ {1, . . . , n′} with n1 6= n2,

(iii) g`(xn, tn) ∩ g`(xn+1, tn) 6= ∅ and g`(xn, tn+1) ∩ int g`(xn+1, tn+1) = ∅ for all n ∈
{1, . . . , n′ − 1}.

Finally, if {xn}n≥1 is an infinite sequence of elements in ϕ such that {xn}1≤n≤n′ is a
weak `-descending chain for every n′ ≥ 1, then {xn}n≥1 is said to form an infinite weak
`-descending chain.

Note that in contrast to an infinite strong `-descending chain, in a weak `-descending
chain the sequence of times {tn}n≥1 could be eventually constant. Furthermore, if
{xn}n≥1 constitutes an infinite strong `-descending chain, then {xn}n≥1 forms also an
infinite weak `-descending chain.
As before, to verify absence of infinite weak `-descending chains, it is useful to inves-

tigate percolation of a specific graph.

Definition 5.30. Let b, ε > 0, ϕ ⊂ Rd,+ be locally finite and let ` = {`x}x∈ϕ be a family
of r0-bounded elements of S for some r0 > 0. Then, define a directed graph Gw(ϕ, `, b, ε)
on the vertex set ϕ as follows. For x, y ∈ ϕ an edge is drawn from x to y if

(i) g`(x, b+ ε) ∩ g`(y, b+ ε) 6= ∅, and

(ii) g`(x, b) ∩ int g`(y, b) = ∅.

Note that in comparison to the second condition in Definition 5.26, the second condi-
tion in Definition 5.30 is weaker since it only requires g`(x, b)∩ int g`(y, b) = ∅ instead of
g`(x, b) ∩ g`(y, b) = ∅. As in Lemma 5.27, we may now prove the following result.

Lemma 5.31. Let r0 > 0, ϕ ⊂ Rd,+ be locally finite and ` = {`x}x∈ϕ be a family of
r0-bounded elements of S. If ϕ contains an infinite weak `-descending chain, then there
exists b ≥ 0 such that Gw(ϕ, `, b, ε) percolates for all ε > 0.

Proof. Let {xn}n≥1 be an infinite weak `-descending chain for some sequence {tn}n≥1,
put b = limn→∞ tn and let ε > 0 be arbitrary. Since {tn}n≥1 forms a (not necessarily
strictly) decreasing sequence converging to b and since g`(xn, tn) ∩ g`(xn+1, tn) 6= ∅ for
all n ≥ 1, there exists n0 ≥ 1 such that g`(xn, b+ ε) ∩ g`(xn+1, b+ ε) 6= ∅ for all n ≥ n0.
Moreover, from tn ≥ tn+1 and g`(xn, tn+1) ∩ int g`(xn+1, tn+1) = ∅ for all n ≥ 1 we
conclude g`(xn, b) ∩ int g`(xn+1, b) = ∅ for all n ≥ 1. Hence, xn is connected to xn+1 by
a directed edge in Gw(ϕ, `, b, ε) for all n ≥ n0.

Similar to Theorem 5.28 and Theorem 5.4, one now establishes the a.s. absence of
infinite weak `-descending chains. However, a close inspection of the proof of Theo-
rem 5.28 shows that we need to make the additional assumption that for every b > 0
with probability 1, there do not exist x, y ∈ X such that gL(x, b) ∩ gL(y, b) 6= ∅ and
gL(x, b)∩ int gL(y, b) = ∅. The proof of the following result is omitted, since it would be
of a simple repetition of the arguments presented in Theorem 5.28 and Theorem 5.4.
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Corollary 5.32. Let r0 > 0, let X ⊂ Rd,+ be a spatially stationary point process and let
L = {Lx}x∈X be a family of r0-bounded random elements of S. Furthermore, assume that
the marked point process {(x, Lx)}x∈X is spatially stationary and m-dependent. Finally,
assume that for every b > 0 with probability 1 there do not exist x ∈ X and y ∈ X \Xx

such that gL(x, b) ∩ gL(y, b) 6= ∅ and gL(x, b) ∩ int gL(y, b) = ∅. Then, almost surely, X
does not contain an infinite weak `-descending chain.

We conclude this section by verifying the condition in Corollary 5.32 for independently
marked, m-dependent point processes.

Lemma 5.33. Let b, r0 > 0, X be a spatially stationary point process in Rd,+ and
L = {Lx}x∈X be a family of r0-bounded elements of S such that the process {(x, Lx)}x∈X
is independently marked. Furthermore, assume that the second factorial moment measure
of X is absolutely continuous. Then, with probability 1, there do not exist x, y ∈ X such
that gL(x, b) ∩ gL(y, b) 6= ∅ and gL(x, b) ∩ int gL(y, b) = ∅.

Proof. Let Nb denote the number of elements x, y ∈ X such that gL(x, b) ∩ gL(y, b) 6= ∅
and gL(x, b) ∩ int gL(y, b) = ∅. Then, it suffices to show that P(Nb = 0) = 1. If x =
(ξ, τ), y = (η, σ) ∈ X, are such that gL(x, b)∩ gL(y, b) 6= ∅ and gL(x, b)∩ int gL(y, b) = ∅,
then σ = b− dLy(gL(x, b), η), where dLy(gL(x, b), η) = min{r ≥ 0 : (η+ rLy)∩ gL(x, b) 6=
∅} denotes the smallest scaling factor r ≥ 0 such that the η+ rLy hits the grain gL(x, b).
Letting α(·, ·) denote the density of the second factorial moment measure and by A the
distribution of the typical mark, Campbell’s formula implies that

ENb ≤
∫
S

∫
S

∫
Rd

∫ b

0

∫
Rd

∫ b

0
α((ξ, τ), (η, σ))1σ=b−dB(ξ+(b−τ)A,η)dτdξdσdηA(dB)A(dA),

and the latter expression vanishes, since the Lebesgue measure of the set {(η, σ, ξ, τ) :
σ = b− dB(ξ + (b− τ)A, η)} is 0.

5.2.3. Examples
In Theorem 5.4 and Corollary 5.32, we provided explicit sufficient conditions for absence
of strong and weak infinite `-descending chains in independently marked point processes.
In particular, these conditions hold for spatially stationary Poisson point processes.

Theorem 5.34. Let λ > 0, α ∈ R, A ∈ S and X be a Poisson point process in Rd,+ with
some spatially constant intensity function λ : Rd × [0,∞) → [0,∞). Furthermore, let
{Θx}x∈X ⊂ SOd be such that the process {(x,Θx)}x∈X is independently marked. Then,
almost surely, X admits neither strong nor weak infinite L(Θ,A)-descending chains.

Proof. The absence of infinite L(Θ,A)-descending chains is a consequence of Theorem 5.4,
Corollary 5.32 and Lemma 5.33.

Example 5.35. In the following, sections, we consider intensity functions of the form λ :
Rd× [0,∞)→ [0,∞) given by λ(ξ, τ) = λ(1+τ)α for some α > −1 and λ > 0. Increasing
the value of α increases the speed at which new germs appear. Interesting special cases
include α = 0, where the space-time intensity measure of germs is proportional to
(d + 1)-dimensional Lebesgue measure or α = −1 + ε with small ε > 0, where the
number of germs in a bounded sampling window is infinite but increases very slowly in
time. Furthermore, the parameter α may also yield additional flexibility that could be
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useful when fitting the model to real data. In the following, we restrict our attention
to the case α > −1, since for α < −1 the number of grains arriving in any bounded
sampling window is almost surely finite. Additionally, a more detailed analysis of the
critical case α = −1 would also be worthwhile.

Apart from the case of independent marks, Theorem 5.4 also covers m-dependent
marks and as an application of this general framework we consider stationary approx-
imations to rotational random Apollonian packings. Recall that in the latter model,
which is investigated in [47], germs are added sequentially to a bounded sampling win-
dow and for each germ the corresponding grain is rotated so as to maximize the time
until an already existing grain is hit. When trying to create a stationary variant of
this packing, it is already difficult to define a suitable optimization criterion. Indeed,
since grains may still grow while further germs arrive, complex dependencies between
the optimal positioning of grains arise.
Let ϕ ⊂ Rd,+ be locally finite. We propose a family of stationary packings, where

at each point x = (ξ, τ) ∈ ϕ an approximation to the optimal rotation is determined
by inspecting a suitable neighborhood of x. Possible rotations of a grain A ∈ S are
restricted to a finite (but arbitrarily large) set of rotations U ⊂ SOd. To be more
precise, for b > 0 a fixed positive number, we consider the space-time neighborhood
ϕ∩Qτ+b

b (ξ) of x and write ϕ∩Qτ+b
b (ξ) = {x1, . . . , xn} for some n ≥ 1. First, recall that

for n ≥ 1, k ∈ {1, . . . , n} and ~t = (t1, . . . , tn) ∈ [0,∞)n the kth order statistic ordk,n
Ä
~t
ä

is the kth smallest element of ~t, i.e.,

ord1,n
Ä
~t) ≤ ord2,n

Ä
~t
ä
≤ · · · ≤ ordn,n

Ä
~t
ä
.

For k ∈ {1, . . . , n} we construct recursively a subset Uk ⊂ Un as follows. For k =
1 we define U1 ⊂ Un to be the set of all ~θ = (θ1, . . . , θn) ∈ Un that maximize
ord1,n(f

`(~θ)
(x1), . . . , f

`(~θ)
(xn)), where we write `(~θ) = {`(

~θ)
xi }1≤i≤n for the family deter-

mined by `(
~θ)
xi = θi(A). For k > 1 we define Uk ⊂ Uk−1 to be the set of all ~θ ∈ Uk−1 that

maximize ordk,n(f
`(~θ)

(x1), . . . , f
`(~θ)

(xn)). Finally, let θopt,U,b
x ∈ Un denote an element

of Un chosen according to some arbitrary (but deterministic rule) and put `opt,U,b
x =

θopt,U,b
x (A). Note that the construction of the family of marks {θopt,U,b

x }x∈ϕ is invariant
with respect to spatial translation of the underlying locally finite set ϕ and that for x ∈ ϕ
the value of θopt,U,b(x) is determined by ϕ∩ (Qb(ξ)× [0,∞)). In particular, Theorem 5.4
yields the following result.

Corollary 5.36. Let b > 0, let A ∈ S, let U ⊂ SOd be finite and let X ⊂ Rd,+ be a
spatially stationary and m-dependent point process. Then, almost surely, X does not
contain infinite strong `opt,U,b-descending chains.

It would be interesting to investigate if the marks `opt,U,b converge to some random
marking `opt,U,b as bn →∞ and for suitably increasing Un ⊂ SOd. This limit would then
qualify as stationary extension of the rotational random Apollonian packing.

5.3. Asymptotics for growth durations
In the present section, we study the dependence of the growth duration of grains on the
time of arrival of the corresponding germ. We will see that under Poisson assumptions
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this quantity exhibits a power-law decay in time and we provide rigorous bounds on the
corresponding exponent. We also performed Monte Carlo simulations to obtain more
precise information on the dependence of this exponent on the speed at which new germs
arrive. The simulation results are given in Section 5.3.2.

5.3.1. Rigorous bounds on the exponent

We begin by providing an elementary proof of Theorem 5.9, which is based on the
observation that a grain can only grow for a long time if there is a large space-time
environment of the corresponding germ that does not contain any further points.

Proof of Theorem 5.9. If r > 0 and x = (ξ, τ) ∈ X are such that τ > 1 and fX,L(x) >
r+ τ , then X ∩Qτr1r(ξ) = ∅. For t > 0 let Nt denote the number of elements x = (ξ, τ) ∈
X ∩ (Q1(o)× [t,∞)) such that X ∩Qτ

r1τ−α1+ε(ξ) = ∅. Using the Slivnyak-Mecke formula,
we compute for all sufficiently large t > 1

P(Nt > 0) ≤ ENt

= λ

∫
Q1(o)

∫ ∞
t

(1 + τ)αP
Ä
X ∩Qτr1τ−α1+ε(ξ) = ∅

ä
dτdξ

= λ

∫
Q1(o)

∫ ∞
t

(1 + τ)αexp
Ä
− λrd1τ−(α+1)+dε

∫ τ

0
(1 + σ)αdσ

ä
dτdξ

= λ

∫ ∞
t

(1 + τ)αexp
Ä
− λ(α+ 1)−1rd1τ

−(α+1)+dεÄ(1 + τ)α+1 − 1
ää

dτ

≤
∫ ∞
t

exp
Ä
− λ(α+ 1)−12−1rd1τ

dε
ä
dτ.

Since the latter expression is at most exp(−tdε/2), this proves the claim.

To prove a rigorous lower bound on the growth duration, we need a couple of auxiliary
results. We assume additionally that A ∈ S and that {Θx}x∈X ⊂ SOd is such that the
marked point process {(x,Θx)}x∈X is independently marked. First, we derive a more
refined upper bound on the growth duration of grains which arrive rather early. We fix
r1, r2 > 0 such that Br1(o) ⊂ intA and A ⊂ Br2(o). In the following, it will also be
convenient to use the abbreviation Bt

r(o) = Br(o)×[0, t], where r, t > 0. Finally, for t > 0
let E1,t denote the event that there exists x = (ξ, τ) ∈ X∩Rd,t with (fX,L(Θ,A)(x)−τ)r2 ≥
max{|ξ|/2, t}.

Lemma 5.37. There exists t2 > 0 such that P(E1,t) ≤ exp(−td/2) for all t ≥ t2.

Proof. For r > 0 and x ∈ X let Cx,r = x+
¶

(η, σ) ∈ Rd,r : η ∈ Brr1(o) \Bσr1(o)
©
denote

the complement inside x + Br
rr1(o) of the cone of height r > 0, base Brr1(o) and apex
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x ∈ Rd,+. Then, we obtain for every measurable function u : [0,∞)→ [0,∞)

E#
¶
x = (ξ, τ) ∈ X ∩ Rd,t : X ∩ Cx,u(|ξ|) = ∅

©
= λ

∫
Rd

∫ t

0
(1 + τ)αexp

Ä
− λκdrd1

∫ u(|ξ|)

0
(u(|ξ|)d − σd)(1 + τ + σ)αdσ

ä
dτdξ

≤ λ
∫
Rd

∫ t

0
(1 + τ)αexp

Ä
− λκd2−1(u(|ξ|)r1)d

∫ u(|ξ|)/2

0
(1 + τ + σ)αdσ

ä
dτdξ

≤ λ
∫
Rd

∫ t

0
(1 + τ)αexp

Ä
− λκd2−2(u(|ξ|)r1)du(|ξ|)(1 + τ + u(|ξ|)/2)min{0,α}ädτdξ

≤ λ2|α|t1+|α|
∫
Rd

exp
Ä
− λκd2−2rd1u(|ξ|)d+1(1 + t+ u(|ξ|)/2)min{0,α}ädξ.

Observe that if x = (ξ, τ) ∈ X ∩ Rd,t is such that (fX,L(Θ,A)(x) − τ)r2 ≥ max{|ξ|/2, t},
then X ∩ Cx,r−1

2 max{|ξ|/2,t} = ∅. Hence, c1 = λκd2−2rd1r
−d−1
2

P(E1,t)(λ2|α|t1+|α|)−1 ≤
∫
B2t (o)

exp
Ä
− c1t

d+1(1 + t + t/(2r2))min{0,α}ädξ
+
∫
Rd\B2t (o)

exp
Ä
− c12−d−1|ξ|d+1(1 + t + |ξ|/(4r2))min{0,α}ädξ.

We derive bounds for these two summands separately, which are valid for all sufficiently
large t > 0. For the first one, we have∫

B2t (o)
exp
Ä
c1t

d+1(1 + t + t/(2r2))min{0,α}ädξ
= κd2dtdexp

Ä
c1t

d+1Ä1 + (1 + 1/(2r2))t
ämin{0,α}ä

≤ κd2dtdexp
Ä
c1(2 + 1/(2r2))min{0,α}td+1+min{0,α}ä, (5.7)

whereas for the second one we compute∫
Rd\B2t (o)

exp
Ä
− c12−d−1|ξ|d+1(1 + t + |ξ|/(4r2))min{0,α}ädξ

≤
∫
Rd\B2t (o)

exp
Ä
− c12−d−1Ä2 + 1/(4r2)

ämin{0,α} |ξ|d+1+min{0,α} ädξ
≤ dκd

∫ ∞
2t

rd−1exp
Ä
− c12−d−1Ä2 + 1/(4r2)

ämin{0,α}
rd+1+min{0,α}ädr. (5.8)

Combining (5.7) and (5.8) completes the proof.

Additionally, we need a similar upper bound for grains that arrive rather late. For
t > 0, ε ∈ (0, 1) let E2,ε,t denote the event that there exists x = (ξ, τ) ∈ X∩

Ä
Rd× [t,∞)

ä
with (fX,L(Θ,A)(x) − τ)r2 ≥ uε,τ (|ξ|), where uε,τ : [0,∞) → [0,∞) denotes the function
defined by

uε,τ (r) =
{
τ−α1+ε if r ≤ 4,
r/2 otherwise.

Lemma 5.38. Let ε ∈ (0, 1) be arbitrary. Then, there exists t3 > 0 such that for every
t ≥ t3,

P(E2,ε,t) ≤ exp(−tmin{dε,(α+1)/2}/2).
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Proof. First, for all sufficiently large t > 0,

E#
¶
x ∈ X ∩

Ä
Rd × [t,∞)

ä
: X ∩Bτ

(r1/r2)uε,τ (|ξ|)(ξ) = ∅
©

= λdκd

∫ ∞
t

(1 + τ)α
∫ ∞

0
rd−1exp

Ä
− λκd(r1/r2)duε,τ (r)d

∫ τ

0
(1 + σ)αdσ

ä
drdτ

≤ λdκd
∫ ∞
t

(1 + τ)α
∫ ∞

0
rd−1exp

Ä
− λκd(r1/r2)d2−1(1 + α)−1uε,τ (r)dτα+1ädrdτ.

Observe that if x = (ξ, τ) ∈ X∩
Ä
Rd× [t,∞)

ä
is such that (fX,L(Θ,A)(x)−τ)r2 ≥ uε,τ (|ξ|),

then X ∩Bτ
(r1/r2)uε,τ (|ξ|)(ξ) = ∅. Hence, putting c2 = λκd(r1/r2)d2−1(1 + α)−1, P(E2,ε,t)

is bounded from above by

E#
¶
x ∈ X ∩

Ä
Rd × [t,∞)

ä
: X ∩Bτ

(r1/r2)uε,τ (|ξ|)(ξ) = ∅
©

≤ λdκd
∫ ∞
t

(1 + τ)α
∫ 4

0
rd−1exp

Ä
− c2τ

−α−1+dετα+1ädrdτ
+ λdκd

∫ ∞
t

(1 + τ)α
∫ ∞

4
rd−1exp

Ä
− c22−drdτα+1ädrdτ.

As before, we derive bounds for these two summands separately. For the first, we have∫ ∞
t

(1 + τ)α
∫ 4

0
rd−1exp

Ä
− c2τ

dε
ä
drdτ ≤ 4d+|α|

∫ ∞
t

ταexp
Ä
− c2τ

dε
ä
dτ, (5.9)

whereas for the second∫ ∞
t

(1 + τ)α
∫ ∞

4
rd−1exp

Ä
− c2r

dτα+1ädrdτ ≤ 2|α|
∫ ∞
t

exp
Ä
− c22d(1 + α)−1τα+1ädτ

≤
∫ ∞
t

exp
Ä
− τ (α+1)/2ädτ, (5.10)

provided that t > 0 is sufficiently large. Combining (5.9) and (5.10) completes the
proof.

As a final preliminary result we derive sufficient conditions implying that for suffi-
ciently large system times, germs are always born after their stopping neighbors. This
auxiliary result will also be used in Section 5.5. To be more precise, for a, t > 0, let E3,a,t
denote the event that there exist x = (ξ, τ) ∈ X ∩

Ä
Q1(o)× [t− 1, t]

ä
and y = (η, σ) ∈ X

such that fX,L(Θ,A)(x)− τ ≤ τ−a and y is a stopping neighbor of x with σ ≥ τ .

Lemma 5.39. Let a > 0 and ε ∈ (0, 1) be arbitrary. Then, there exists t4 > 0 such that
P(E3,a,t) ≤ t2α−(d+1)a+ε for all t ≥ t4.

Proof. For x = (ξ, τ) ∈ X ∩
Ä
Q1(o) × [t − 1, t]

ä
with fX,L(Θ,A)(x) − τ ≤ τ−a let E3,a,t,x

denote the event that there exists a stopping neighbor y = (η, σ) of x with σ ≥ τ . We
first claim that every x = (ξ, τ) ∈ X ∩

Ä
Q1(o) × [t − 1, t]

ä
with fX,L(Θ,A)(x) − τ ≤ τ−a

and for which there exists a stopping neighbor y = (η, σ) of x with σ ≥ τ satisfies
X ∩

Ä
B2r2τ−a(ξ) × (τ, τ + τ−a]

ä
6= ∅. Indeed, fX,L(Θ,A)(y) − σ ≤ fX,L(Θ,A)(x) − τ ≤ τ−a

implies Br2τ−a(ξ) ∩Br2τ−a(η) 6= ∅. Hence, for all ε > 0 there exists t4 > 0 such that for
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all t > t4

P
Ä
E3,a,t

ä
≤ E#

¶
x ∈ X ∩

Ä
Q1(o)× [t− 1, t]

ä
: E3,a,t,x holds

©
≤ λ

∫
Q1(o)

∫ t

t−1
(1 + τ)αP

Ä
X
Ä
B2r2τ−a(ξ)× [τ, τ + τ−a]

ä
> 0
ä
dτdξ

≤ λ
∫ t

t−1
(1 + τ)αEX

Ä
B2r2τ−a(o)× [τ, τ + τ−a]

ä
dτ

≤ λ
∫ t

t−1
(1 + τ)ακd2drd2τ−daτ−a2|α|ταdτ

≤ t2α−(d+1)a+ε.

Using Lemmas 5.37, 5.38 and 5.39 we can now prove Theorem 5.10. The idea is to
make use of the observation that if a grain has a small but non-zero growth duration,
then it is constrained to lie very closely to the boundary of its stopping neighbor. Recall
that we assume, additionally, that A = {z ∈ Rd : β(z) ≤ 1} is the unit ball with
respect to a certain norm β(·) on Rd. Furthermore, we also suppose that the process
{(x,Θx)}x∈X is independently marked.

Proof of Theorem 5.10. For readability we write f instead of fX,L(Θ,A) and ft instead of
min{t, fX,L(Θ,A)}, where t > 0. Moreover, without loss of generality we may assume ε ∈
(0,min{1, (α+1)/2}). We first show that the number of x = (ξ, τ) ∈ X∩

Ä
Q1(o)×[0,∞)

ä
satisfying 0 < f(x) − τ < τ−α2−ε and having a stopping neighbor y = (η, σ) ∈ X
with σ ≥ τ is finite with probability 1. Indeed, since 2α < (d + 1)α2 − 1 we may
combine the estimate obtained in Lemma 5.39 with the Borel-Cantelli lemma to obtain
the almost sure finiteness of the number of x = (ξ, τ) ∈ X ∩

Ä
Q1(o)× [0,∞)

ä
satisfying

0 < f(x)− τ < τ−α2−ε and having a stopping neighbor y = (η, σ) ∈ X with σ ≥ τ .
It remains to consider the case, where x = (ξ, τ) ∈ X admits a stopping neighbor

y = (η, σ) with σ < τ . We claim that then ξ must lie close to the boundary of the grain
associated with y. To be more precise, we assert that

ξ ∈ η + (fτ (y)− σ + ρτ−α2−ε)Θy(A) \ (fτ (y)− σ)Θy(A),

where ρ = 1 + r2/r1. Indeed, the assumption f(x) > τ yields ξ 6∈ η + (fτ (y)− σ)Θy(A).
On the other hand, from f(x)− τ < τ−α2−ε we conclude that

Ä
ξ+ τ−α2−εΘx(A)

ä
∩
Ä
η+

(fτ (y)− σ + τ−α2−ε)Θy(A)
ä
6= ∅. By the choice of r1, r2, we therefore obtainÄ

Θ−1
y (ξ) + r2r

−1
1 τ−α2−εA

ä
∩
Ä
Θ−1
y (η) + (fτ (y)− σ + τ−α2−ε)A

ä
6= ∅.

Finally, since A is the unit ball with respect to a norm, we conclude

ξ − η ∈ (fτ (y)− σ + ρτ−α2−ε)Θy(A),

where ρ = 1 + r2/r1. For x = (ξ, τ) ∈ X we say that the event E4,x occurs if there exists
y = (η, σ) ∈ X ∩Rd,τ such that ξ− η ∈ (fτ (y)− σ+ ρτ−α2−ε)Θy(A) \ (fτ (y)− σ)Θy(A).
Observe that when using the notation A(1)

y,τ = η +
Ä
A

(2)
y,τ ⊕ ρτ−α2−εΘy(A)

ä
\ A(2)

y,τ , with
A

(2)
y,τ = (fτ (y) − σ)Θy(A), we see that E4,x can be written as

¶
ξ ∈ ⋃y∈X∩Rd,τ A(1)

y,τ

©
.
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Hence, for any ε1 ∈ (0, 1) and t > 2,

P
Ä
∪x∈X∩(Q1(o)×[t−1,t]) E4,x

ä
≤ E#

¶
x ∈ X ∩

Ä
Q1(o)× [t− 1, t]

ä
: E4,x

©
= λ

∫
Q1(o)

∫ t

t−1
(1 + τ)αP

Ä
ξ ∈ ∪y∈X∩Rd,τA(1)

y,τ

ä
dτdξ

≤ λ2|α|tα
∫ t

t−1
P
Ä
o ∈ ∪y∈X∩Rd,τε1A

(1)
y,τ

ä
dτ (5.11)

+ λ2|α|tα
∫ t

t−1
P
Ä
o ∈ ∪y∈X∩(Rd×[τε1 ,τ ])A

(1)
y,τ

ä
dτ. (5.12)

We first consider expression (5.11). If y ∈ X is such that (fτ (y)−σ)r2 ≤ τ ε1 , then there
exists a constant c > 0 (not depending on y or τ) such that

νd
Ä
A(1)
y,τ

ä
= νd(A)

Ä
(fτ (y)− σ + ρτ−α2−ε)d − (fτ (y)− σ)d

ä
≤ cνd(A)τ−α2−ετ (d−1)ε1 ,

provided that τ > 0 is sufficiently large. Also observe that if Ec1,τε1 occurs, then B1(o)∩
A

(1)
y,τ = ∅ for all y ∈ X ∩Rd,τε1 with y 6∈ Bτε1

2τε1 (o) and, moreover, (fτ (y)− σ)r2 ≤ τ ε1 for
all y ∈ X ∩Bτε1

2τε1 (o). Hence,

P
Ä
o ∈ ∪y∈X∩Rd,τε1A

(1)
y,τ

ä
= κ−1

d Eνd
Ä
B1(o) ∩ ∪y∈X∩Rd,τε1A

(1)
y,τ

ä
≤ κ−1

d Eνd
Ä
∪
y∈X∩Bτε12τε1 (o) A

(1)
y,τ

ä
1Ec1,τε1 + P(E1,τε1 )

≤ κ−1
d E

∑
y∈X∩Bτε12τε1 (o)

νd
Ä
A(1)
y,τ

ä
1Ec1,τε1 + P(E1,τε1 ).

For the first summand we compute

E
∑

y∈X∩Bτε12τε1 (o)

νd
Ä
A(1)
y,τ

ä
1Ec1,τε1 ≤ cνd(A)τ−α2−ετ (d−1)ε1EX

Ä
Bτε1

2τε1 (o)
ä

≤ λcνd(A)τ−α2−ε+(d−1)ε1
∫
B2τε1 (o)

∫ τε1

0
(1 + σ)αdσdη

≤ λcνd(A)κd(α+ 1)−12d+1+|α|τ−α2+ε1(2d+α)−ε.

For any ε1 ∈ (0, ε/(4d+ 2α)) we use the inequality α2 ≥ α+ 1 to deduce that

λ2|α|tα
∫ t

t−1
P
Ä
o ∈ ∪y∈X∩Rd,τε1A

(1)
y,τ

ä
dτ ≤ t−1−ε/4, (5.13)

for all sufficiently large t > 0. Next, we derive a suitable upper bound for the expression
P
Ä
o ∈ ⋃y∈X∩(Rd×[τε1 ,τ ])A

(1)
y,τ

ä
appearing in (5.12). If y = (η, σ) ∈ X is such that (fτ (y)−

σ)r2 ≤ σ−α1+ε1 and σ < τ , then there exists a constant c′ > 0 (not depending on y or
τ) such that

νd
Ä
A(1)
y,τ

ä
= νd(A)

Ä
(fτ (y)− σ + ρτ−α2−ε)d − (fτ (y)− σ)d

ä
≤ c′νd(A)τ−α2−εσ−(d−1)α1+(d−1)ε1 ,

for all sufficiently large τ > 0. Also observe that if Ec2,ε1,τε1 occurs, then B1(o)∩A(1)
y,τ = ∅

for all y ∈ X ∩
Ä
(Rd \ B4(o)) × [τ ε1 , τ ]

ä
and, moreover, (fτ (y) − σ)r2 ≤ σ−α1+ε1 for all
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y ∈ X ∩ (B4(o)× [τ ε1 , τ ]). As before,

P
(
o ∈

⋃
y∈X∩(Rd×[τε1 ,τ ])

A(1)
y,τ

)
≤ κ−1

d Eνd
(
B1(o) ∩

⋃
y∈X∩(Rd×[τε1 ,τ ])

A(1)
y,τ

)
≤ κ−1

d Eνd
( ⋃
y∈X∩(B4(o)×[τε1 ,τ ])

A(1)
y,τ

)
1Ec2,ε1,τε1 + P(E2,ε1,τε1 )

≤ κ−1
d E

∑
y∈X∩(B4(o)×[τε1 ,τ ])

νd
Ä
A(1)
y,τ

ä
1Ec2,ε1,τε1 + P(E2,ε1,τε1 ),

and we also obtain that

E
∑
y∈X

y∈(B4(o)×[τε1 ,τ ])

νd
Ä
A(1)
y,τ

ä
1Ec2,ε1,τε1

≤ c′νd(A)τ−α2−εE
∑

(η,σ)∈X
(η,σ)∈(B4(o)×[τε1 ,τ ])

σ−(d−1)α1+(d−1)ε1

≤ λc′νd(A)τ−α2−ε
∫ τ

τε1

∫
B4(o)

(1 + σ)ασ−(d−1)α1+(d−1)ε1dηdσ

≤ λc′νd(A)τ−α2−εκd4d
∫ τ

1
(1 + σ)ασ−(d−1)α1+(d−1)ε1dσ

≤ τ−α2+α1−ε/2,

provided that τ > 0 is sufficiently large and that ε1 ∈ (0, ε/(2d−2)). We recall−α2+α1 =
−α− 1 to deduce that

λ2αtα
∫ t

t−1
P
(
o ∈

⋃
y∈X∩(Rd×[τε1 ,τ ])

A(1)
y,τ

)
dτ ≤ t−1−ε/4 (5.14)

for all sufficiently large t > 0. Finally, taking relations (5.13) and (5.14) into account,
and using the Borel-Cantelli lemma completes the proof.

Remark. In the proof of Theorem 5.10 we subdivided X ∩
Ä
Q1(o) × [0,∞)

ä
into

equidistant parts
¶
X ∩

Ä
Q1(o) × [n, n + 1)

ä©
n≥0, computed suitable bounds for these

parts and finally applied the Borel-Cantelli to obtain information on the global behavior.
One could try to improve the results by considering different subdivisions, but it is not
hard to check that e.g. the subdivision

¶
X ∩

Ä
Q1(o) ×

î∑n
k=1 k

β,
∑n+1
k=1 k

β
ää©

n≥0 with
β ∈ (−1,∞) is optimal for β = 0.

5.3.2. Simulation results
Using Theorems 5.9 and 5.10 we see that with probability 1 eventually the growth dura-
tion of a visible germ x = (ξ, τ) is contained in the interval

Ä
τ−(α+1)(d−1+1)−ε, τ−(α+1)/d+ε

ä
.

Before trying to determine the true value of the exponent in the power-law decay rig-
orously, it is reasonable to obtain estimates with the help of Monte Carlo simulations.
For t > 0 let N(t) denote the (random) number of all visible germs which have arrived
until time t in the unit cube Q1(o). In other words, N(t) = #

¶
(ξ, τ) ∈ X ∩ Qt1(o) :

fX,L(ξ, τ) > τ
©
. In Figure 5.3 we show plots of logN(t) versus log t for various values

of α and where the initial grain shape Lx is given by the unit disk B1(o) in R2 for every
x ∈ X.
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Figure 5.3.: logN(t) versus log t for α = −1/2 (black), α = 0 (green),
α = 1 (red), α = 2 (blue) and α = 3 (orange).

From a conceptional point of view, it would be slightly more natural to provide plots
of log t vs. logN(t). However, from a computational point of view, it makes sense to
first fix a large number N (in our simulations N = 106), and then to simulate the models
with varying parameter α, until N grains are visible. In Figure 5.3, we provide a plot of
logN(t) versus log t. In particular, for small values of α one can observe clearly that N(t)
is approximately of the form C(α)ta(α) for suitable C(α), a(α) ≥ 0. For higher values
of α, this relationship is still plausible although it is also apparent, that the higher the
value of α the more germs have to be created until the power law becomes visible.
In [49], numerical evidence is provided that the radius (which in our model is pro-

portional to the growth time) of the nth visible grain is of the order n−1/(α′−1), where
α′ ≈ 2.56. Furthermore, the relation α′ ≈ 2.56 was observed to be universal in the
sense that changing the speed at which grains grow does not have an effect on α′. The
change of growth speed corresponds in our model to a change in the rate at which new
germs appear. Making use of these results, we see that we can approximate the desired
exponent of the power law corresponding to the grain radius at time t by −a(α)/(α′−1).
A table of estimated values of a(α) and b(α) = a(α)/(α′ − 1) is shown in Table 5.3.2.
The values for a(α) were fitted using linear regression, based on the last 500, 000 data
points.

α −0.5 0 1 2 3
a(α) 0.391 0.781 1.57 2.33 3.05

b(α)/(α+ 1) 0.501 0.501 0.503 0.498 0.489

Table 5.1.: Estimated exponents a(α) and b(α) = a
Ä
α
ä
/(α′ − 1)

Taking into account errors induced by finite sample size and by performing the simula-
tion on a bounded torus instead of the entire Euclidean space, the last line in Table 5.3.2
suggests that the upper bound derived in Theorem 5.9 is in fact the true decay rate for
the growth durations. To be more precise, we make the following conjecture, where for
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any locally finite ϕ ⊂ Rd,+ and any A ∈ S let `(A) = {`(A)
x }x∈ϕ denote the family given

by `(A)
x = A for every x ∈ ϕ.

Conjecture. As t→∞, the distribution of t(α+1)/d(fX∪{(o,t)},L(A)(o, t)− t) conditioned
on the event {fX∪{(o,t)},L(A)(o, t) > t} converges to the distribution of a non-degenerate
random variable.

5.4. Space-filling property

In the present section, we prove Theorem 5.11, i.e., we show that stationary Apollonian
packings are space-filling in the sense that P

Ä
νd
Ä
Rd \ AP(X,L)

ä
= 0
ä

= 1. The proof
will be obtained by noting that there exists q ∈ (0, 1) such that with probability 1, for
every t > 0 the final pore-space volume νd(Q1(o) \AP(X,L)) is smaller than q times the
volume of the pore space in the unit cube at time t.

Proof of Theorem 5.11. Let t > 0 be arbitrary and write

AP(X,L, t) =
⋃
x∈X

int gL(x,min{t, fX,L(x)})

for the Apollonian packing observed at time t. Our goal is to show that there exists
q ∈ (0, 1) such that with probability 1, for every t > 0,

νd(Q1(o) \ AP(X,L)) ≤ qνd(Q1(o) \ AP(X,L, t)).

Letting t→∞ will then complete the proof of Theorem 5.11.
In order to control the volume of the pore space Q1(o) \ AP(X,L, t), we choose a

subdivision of Q1(o) into congruent subcubes of length a = 1/(2N − 1), where N ≥ 1 is
a positive integer. In the proof we will investigate properties of this subdivision for large
values of N . Without loss of generality, we may assume that νd(Q1(o)\AP(X,L, t)) > 0.
Furthermore, the subfamily consisting of vacant subcubes not intersecting AP(X,L, t)
will play an important role. Therefore, we put

Svac =
¶
z ∈ Zd ∩Q2N−1(o) : Qa(az) ∩ AP(X,L, t) = ∅

©
.

Also define ρmax = supx∈B√
d
(o) dA(o, x), ρmin = infx∈B1(o) dA(o, x), ρ = dρmax/ρmine

and ρ′ = d+3ρ, where dA denotes the metric induced by A. Furthermore, it is convenient
to consider the subset S int

vac of Svac consisting of those sites whose associated cube is
neither close to the boundary of the cube Q1(o) nor to the boundary of a grain in
AP(X,L, t), i.e.,

S int
vac =

¶
z ∈ Svac ∩Q2N−1−16ρ′(o) : Q16ρ′a(az) ∩ AP(X,L, t) = ∅

©
.

When covering the pore space Q1(o) \ AP(X,L, t), we distinguish between big and
small grains. For x ∈ X,

Sx =
¶
z ∈ S int

vac : gL(x, fX,L(x)) ∩Qa(az) 6= ∅
©
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denotes the family of all sites z ∈ S int
vac whose associated cube Qa(az) admits non-empty

intersection with the final grain gL(x, fX,L(x)). Moreover,

Sbig =
⋃

x=(ξ,τ)∈X
fX,L(x)−τ≥4ρmaxa

Sx

denotes the family of all sites z ∈ S int
vac whose associated cube Qa(az) intersects some

grain with growth duration at least 4ρmaxa. We also consider the environment S+
big

consisting of all z′ ∈ Svac such that z′ ∈ Q2ρ′(z) for some z ∈ Sbig.
The first step in the proof of Theorem 5.11 is to derive a lower bound for the con-

tributions νd
Ä
Qa(az) ∩ AP(X,L) \ AP(X,L, t)

ä
for z ∈ S+

big. We claim that for every
z ∈ Sbig there exists a site h(z) ∈ Svac such that h(z) ∈ Q2ρ′(z) and Qa(ah(z)) ⊂
AP(X,L) \ AP(X,L, t). To prove this claim, we first choose any x = (ξ, τ) ∈ X
with fX,L(x) − τ ≥ 4ρmaxa such that z ∈ Sx. Then, we distinguish two cases. If
dLx(az, ξ) ≥ 3ρmaxa, then we put

η = ξ + (az − ξ)(1− 3ρmaxa/dLx(az, ξ))

and choose h(z) ∈ Zd so that η ∈ Qa(ah(z)). First, observe that

|ah(z)− az| ≤ |ah(z)− η|+ |η − az| ≤
√
da+ 3ρmaxa|ξ − az|/dLx(az, ξ) ≤ a(

√
d+ 3ρ).

Next, we note that Qa(ah(z)) ⊂ AP(X,L), since for every ζ ∈ Qa(ah(z)),

dLx(ξ, ζ) ≤ dLx(ξ, η) + dLx(η, ah(z)) + dLx(ah(z), ζ)
≤ dLx(az, ξ)− 3ρmaxa+ ρmaxa+ ρmaxa

≤ fX,L(x)− τ,

where the last inequality follows from Qa(az)∩gL(x, fX,L(x)) 6= ∅. Finally, to show that
Qa(ah(z)) ∩ g`(x,min{t, fX,L(x)}) = ∅, we note that for every ζ ∈ Qa(ah(z)),

dLx(ξ, ζ) ≥ dLx(ξ, η)− dLx(η, ah(z))− dLx(ah(z), ζ)
≥ dLx(az, ξ)− 3ρmaxa− ρmaxa− ρmaxa

≥ min{fX,L(x), t}+ 8ρ′ρmina− 5ρmaxa,

where the last inequality follows from z ∈ S int
vac. It remains to consider the case, where

dLx(az, ξ) ≤ 3ρmaxa. Note that since z ∈ S int
vac, this can happen only if τ > t. Choosing

h(z) = z, for every ζ ∈ Qa(az) we obtain that

dLx(ξ, ζ) ≤ dLx(ξ, az) + dLx(az, ζ) ≤ 3ρmaxa+ ρmaxa ≤ fX,L(x)− τ,

where the last inequality follows from the choice of x. Hence,∑
z∈S+

big

νd
Ä
Qa(az) ∩ AP(X,L) \ AP(X,L, t)

ä
≥ ad#h(Sbig) ≥ ad#S+

big/(2ρ
′ + 1)2d,

(5.15)
where the second inequality uses #h(Sbig) ≥ #Sbig/(2ρ′ + 1)d and #Sbig ≥ #S+

big/(2ρ′ + 1)d.
Next, we consider lower bounds for the contributions from cubes associated with sites
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in Svac \ S+
big. We show that in a non-vanishing proportion of these cubes newly arriv-

ing grains cover a substantial amount of volume. To be more precise, we introduce the
subset Scent of S int

vac describing the set of sites z ∈ Zd for which

Uz ∈ Qa/2(az) and X ∩ (Q(8ρ+1)a(az)× (Tz, Tz + ρmina]) = ∅,

where (Uz, Tz) are the coordinates of the first germ appearing in X ∩ (Q(8ρ+1)a(az) ×
(t,∞)). The importance of Scent is due to the observation that for every z ∈ Scent \
S+

big, the set Qa(az) ∩ AP(X,L) \ AP(X,L, t) contains a ball of radius a/(4ρ). Indeed,
first note that ρminaL(Uz ,Tz) ⊃ Ba/(4ρ)(o), so that it suffices to show that Qa(az) ∩
gL(x, fX,L(x)) = ∅ for all x ∈ X ∩ Rd,Tz+ρmina \ {(Uz, Tz)}. Suppose we could find
x = (ξ, τ) ∈ X ∩ Rd,Tz+ρmina \ {(Uz, Tz)} such that Qa(az) ∩ gL(x, fX,L(x)) 6= ∅. First
note that ξ 6∈ Q(8ρ+1)a(az), since z ∈ S int

vac implies X ∩ (Q(8ρ+1)a(az) × Rd,t) = ∅ and
z ∈ Scent yields x 6∈ Q(8ρ+1)a(az)× [t, Tz + ρmina]. Thus,

fX,L(x)− τ ≥ dLx(ξ, ∂Qa(az)) ≥ 4ρρmina ≥ 4ρmaxa,

which contradicts the assumption that z 6∈ Sbig. Therefore, for every z ∈ Scent \ S+
big,

νd
Ä
Qa(az) ∩ AP(X,L) \ AP(X,L, t)

ä
≥ κd(4ρ)−dad,

so that∑
z∈Scent\S+

big

νd
Ä
Qa(az) ∩ AP(X,L) \ AP(X,L, t)

ä
≥ κd(4ρ)−dad#(Scent \ S+

big). (5.16)

Combining (5.15) and (5.16) yields∑
z∈Svac

νd
Ä
Qa(az) ∩ AP(X,L) \ AP(X,L, t)

ä
≥ c1a

d#Scent, (5.17)

where c1 = min{κd(4ρ)−2d, (2ρ′ + 1)−d}. Hence, the next goal consists in deriving a
lower bound for #Scent in terms of #S int

vac. This is achieved in two steps. First, choose a
subset Sind ⊂ S int

vac such that #Sind ≥ (8ρ+ 1)−d#S int
vac and such that intQ(8ρ+1)a(az1) ∩

intQ(8ρ+1)a(az2) = ∅ for all pairwise distinct z1, z2 ∈ Sind. Moreover, conditioned on
X ∩ Rd,t the events that {z ∈ Scent}z∈Sind are independent, identically distributed and
each occurs with some probability Pa > 0. Once we show that there exists a deterministic
p > 0 that does not depend on t and satisfies P(lim infa→0 Pa ≥ p) = 1, the law of large
numbers implies that

lim
a→0

P(#Scent ≥ c2#S int
vac) ≥ lim

a→0
P(#Scent ≥ p#Sind/2) = 1, (5.18)

where c2 = p(8ρ + 1)−d/2, noting that the definitions of the sets Scent, S int
vac and Sind

depend on a.
In order to prove the existence of p, we establish lower bounds for the probabilities of

the events {Uo ∈ Qa/2(o)} and

{X ∩ (Q(8ρ+1)a(o)× (To, To + ρmina]) = ∅}.

First, we note that the spatial homogeneity ofX implies that P(Uo ∈ Qa/2(o)) = 1/(16ρ+
2)d. In order to compute a lower bound for the second probability, it is convenient to
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distinguish between the cases α ≤ 0 and α > 0. First, assume that α ≤ 0. Then, the
rate at which new germs appear decreases in system time and we obtain that

P
Ä
X ∩

Ä
Q(8ρ+1)a(o)× (To, To + ρmina]

ä
= ∅
ä
≥ P
Ä
X ∩

Ä
Q(8ρ+1)a(o)× (0, ρmina]

ä
= ∅
ä

= exp(−λ(8ρ+ 1)dad
∫ ρmina

0
(1 + τ)αdτ)

≥ exp(−λ(8ρ+ 1)dadρmina).

The latter probability tends to 1 as a tends to 0. It remains to consider the case, where
α > 0. Then, for every b > 0,

P(To > t+ b) = exp
Ä
− λ(8ρ+ 1)dad

∫ t+b

t
(1 + τ)αdτ

ä
= exp(−λ(8ρ+ 1)dad((1 + t+ b)α+1 − (1 + t)α+1)/(α+ 1)).

In particular, choosing ba,t = (a−d + (1 + t)α+1)1/(α+1) − (1 + t), we see that p0 =
inft>0 lim infa→0 P(To− t ≤ ba,t) > 0. Moreover, conditioned on the event {To− t ≤ ba,t}
if a > 0 is sufficiently small, then the probability of the event {X∩(Q(8ρ+1)a(o)×[To, To+
ρmina]) = ∅} is at least

exp
Ä
− λ(8ρ+ 1)dad

∫ To+ρmina

To

(1 + τ)αdτ
ä

≥ exp
Ä
− λ(8ρ+ 1)dad

∫ t+ba,t+ρmina

t+ba,t
(1 + τ)αdτ

ä
= exp

Ä
− λ(8ρ+ 1)dad(1 + t+ ba,t)α+1((1 + ρmina/(1 + t+ ba,t))α+1 − 1)/(α+ 1)

ä
≥ exp

Ä
− 2λ(8ρ+ 1)dad(1 + t+ ba,t)α+1ä

= exp
Ä
− 2λ(8ρ+ 1)d(1 + ad(1 + t)α+1)

ä
,

and the latter expression is larger than some positive constant p1 provided that a ≤
(1 + t)−(α+1)/d. In particular, choosing p = p0p1/(16ρ+ 2)d proves the claim.
From (5.17) and (5.18), we conclude that the event

νd
Ä
Q1(o) ∩ AP(X,L) \ AP(X,L, t)

ä
≥ c1a

d#Scent ≥ c1c2a
d#S int

vac

occurs with a probability tending to 1 as a tends to 0. It remains to show for all
sufficiently small a > 0,

ad#S int
vac ≥ νd(Q1(o) \ AP(X,L, t))/2.

Indeed, as AP(X,L, t) consists of a finite union of convex bodies, it is elementary that
lima→0 a

d(#S int
vac−#Svac) = 0 and lima→0 νd(Q1(o)\AP(X,L, t))−ad#Svac = 0. Putting

q = 1− c1c2/2, we see that for every t > 0,

P
Ä
νd(Q1(o) \ AP(X,L)) ≤ qνd(Q1(o) \ AP(X,L, t))

ä
= 1,

as desired.

5.5. Results on percolation
In this section we investigate properties of connected components in stationary Apollo-
nian packings and prove Theorems 5.6 and 5.7.
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5.5.1. Oriented percolation
In the present subsection, we consider the problem of oriented percolation for the directed
graph G(X,L). This result can be seen as an immediate extension of [51] to the case
of germ configurations that are not spatially locally finite. It turns out that also in this
more general setting, the absence of infinite weak `-descending chains is the key to the
proof of Theorem 5.6.

Proof of Theorem 5.6. Indeed, it is an immediate consequence of Corollary 5.20 that
any infinite directed self-avoiding path γ = {xi}i≥1 in G(X,L) gives rise to the weak
`-descending chain {xi}i≥1. Combining this observation with Corollary 5.32 then proves
Theorem 5.6.

5.5.2. Non-oriented percolation
In Section 5.5.1 we have seen that for a large class of point processes X ⊂ Rd,+ there
is almost surely no oriented percolation in the graph G(X,L). However, when moving
from the oriented to the unoriented case, the problem of percolation becomes more
complicated and we will prove three results (Theorems 5.40, 5.42 and 5.7).
Before we can state these results precisely, some notation and assumptions need to be

introduced. Let X be a spatially stationary point process in Rd,+ and L = {Lx}x∈X be a
family of r0-bounded elements of S. Assume that the marked point process {(x, Lx)}x∈X
is spatially stationary, does not admit strong `-descending chains and that with proba-
bility 1 each x ∈ X admits a unique stopping neighbor. For instance, the latter property
is satisfied in models based on a Poisson point process of germs with independently
marked, strictly convex and non-rotated grains. This will be shown in Section 5.5.3.
Then, hX,L : X → X denotes the function which assigns to each x ∈ X its uniquely de-
termined stopping neighbor. Furthermore, we say that {x, hX,L(x)} defines a doublet if
hX,L(hX,L(x)) = x and note that if G(X,L) does not percolate, then for any x ∈ X there
exists a uniquely determined doublet {x′, hX,L(x′)} such that hnX,L(x) ⊂ {x′, hX,L(x′)}
for all sufficiently large n ≥ 1. Here hnX,L denotes the n-fold iteration of hX,L. We let
Xdoub ⊂ Rd,+ denote the spatially stationary point process consisting of all elements
of the form minlex{x′, hX,L(x′)}, where {x′, hX,L(x′)} forms a doublet in X and where
minlex denotes the lexicographical minimum. We can use Xdoub to interpret the family of
connected components of G(X,L) as a marked point process with centers in Xdoub by as-
sociating with a connected component C of G(X,L) the uniquely determined x′ ∈ Xdoub
such that hnX,L(x) ⊂ {x′, hX,L(x′)} for all x ∈ C and all sufficiently large n ≥ 1.
In the first result discussed in this section, we will use Lemma 5.39 to note that under

suitable assumptions the process of clusters in G(X,L) is locally finite in the sense that
the projection of its center process Xdoub from Rd,+ to Rd forms a stationary point
process with finite intensity.

Theorem 5.40. Let {(x, Lx)}x∈X be an independently marked point process, where X
is a Poisson point process in Rd,+ with intensity function λ : Rd,+ → [0,∞) given
by (5.1) with α ∈ (−1, 1/(d−1)). Furthermore, assume that L = {Lx}x∈X is of the form
Lx = Θx(A) for all x ∈ X, where A ∈ S and {Θx}x∈X a family of SOd-valued random
variables. It is also assumed that that with probability 1 each x ∈ X admits a unique
stopping neighbor. Then EK < ∞, where K denotes the number of (ξ, τ) ∈ Xdoub such
that ξ ∈ Q1(o).
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Proof. Choose r2 > 1 such that A ⊂ Br2(o). We distinguish several cases. First, if
x = (ξ, τ), y = (η, σ) ∈ X form a doublet with ξ ∈ Qr2(o) and η 6∈ Q6r2(o), then
(fX,L(Θ,A)(x) − τ)r2 ≥ r2, or |η| ≥ 2σ and (fX,L(Θ,A)(y) − σ)r2 ≥ |η|/2, or |η| ≤ 2σ and
(fX,L(Θ,A)(y)− σ)r2 ≥ r2. Hence, Lemma 5.38 shows that the expected number of such
doublets is finite. Therefore, it suffices to bound the expectation of the number K ′ of
doublets formed by x, y ∈ X ∩ (Q6r2(o)× [0,∞)).
Since α ∈ (−1, 1/(d−1)) there exists ε > 0 such that 2α− ((α+1)/d−ε)(d+1) < −1.

We note that K ′ is at most K1 +K2, where K1 is the number of x = (ξ, τ) ∈ X such that
ξ ∈ Q6r2(o), fX,L(Θ,A)(x)− τ ≤ τ−(α+1)/d+ε and x admits a stopping neighbor y = (η, σ)
with σ ≥ τ , and where K2 is the number of x = (ξ, τ) ∈ X such that ξ ∈ Q6r2(o) and
fX,L(Θ,A)(x)−τ ≥ τ−(α+1)/d+ε. Then, Lemma 5.39 implies EK1 <∞, while Theorem 5.9
yields EK2 <∞.

Remarks. Note that the distribution of the number of doublets observed in a bounded
sampling window depends on α. Intuitively, we would expect that the number of dou-
blets increases in α. Indeed, if the arrival rate of germs increases, then it should be
more probable that a growing grain will form a doublet with a newly arrived germ. In
Figure 5.4 we provide numerical evidence for this observation, where for each param-
eter α ∈ {−0.5, 0, 1, 2, 3} we provide a graph for one simulation run that shows how
the number of connected components evolves with the number of grains that have been
added to the system. For α ∈ {−0.5, 0} the number of clusters stabilizes already after
the first few hundred grains. For α ∈ {1, 2} it is hard to tell from the data whether the
number of connected components converges or diverges, but in either case the conver-
gence/divergence is rather slow. Finally, for α = 3 one can see more clearly a divergent
behavior.
Next, we consider the problem of percolation in Apollonian packings where growth is

stopped after a finite amount of time. To state the result precisely, consider the following
finite-time variant of Definition 5.5.
Definition 5.41. Let ϕ ⊂ Rd,+ be locally finite and ` = {`x}x∈ϕ a family of r0-bounded
elements of S for some r0 > 0. Furthermore, suppose that (ϕ, `) does not admit strong
`-descending chains. For each t0 > 0, we define a directed graph G(t0, ϕ, `) on ϕ, where
for x, y ∈ ϕ an edge is drawn from x to y if and only if the graph G(ϕ, `) contains the
edge (x, y) and max{fϕ,`(x), fϕ,`(y)} ≤ t0. The undirected graph G′(t0, ϕ, `) is defined
similarly.
We now show that with probability 1 there is no percolation after a finite amount of

time in the associated stationary Apollonian packing.
Theorem 5.42. Let m ≥ 1 and {(x, Lx)}x∈X be an independently marked point process,
where X is a spatially stationary, m-dependent point process in Rd,+ with absolutely
continuous second factorial moment measure. Furthermore, assume that with probability
1 each x ∈ X admits precisely one stopping neighbor y ∈ X. Then, for each t0 > 0, with
probability 1 the graph G′(t0, X, L) does not percolate.

Proof. Similar to [51, Theorem 3.1], the statement can be proven by applying the mass-
transport principle. Recall that hX : X → X denotes the function mapping each x ∈ X
to its unique stopping neighbor. By Theorem 5.6 with probability 1, the directed graph
G(X,L) does not percolate. Hence, for each x ∈ X the set

V (x) =
¶
y ∈ X | hjX,L(x) = y for infinitely many j ≥ 0

©
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Figure 5.4.: Evolution of the number of connected components with increasing number
of grains for α ∈ {−0.5, 0} (left) and for α ∈ {1, 2, 3} (right).

consists of precisely two elements. Define a function ψ : X × X → {0, 1/2} such that
ψ(x, y) is equal to 1/2, if y ∈ V (x) and is equal to 0 otherwise. Furthermore, define a
function ψ′ : Zd × Zd → [0,∞) by

ψ′(z1, z2) =
∑

x∈X∩Q1(z1)

∑
y∈X∩Q1(z2)

ψ(x, y)

and note that by stationarity

E
∑
z∈Zd

ψ′(z, o) = E
∑
z∈Zd

ψ′(o, z) = E#(X ∩ (Q1(o)× [0, t0])) <∞.

In particular, ∑z∈Zd ψ
′(z, o) is almost surely finite, so that with probability 1 there does

not exist an infinite path in G′(t0, X, L) which ends inside Q1(o). Another application
of stationarity thus completes the proof.

It is expected that the percolative behavior of G′(X,L) is quite different from that
of the graphs G′(t,X, L). More precisely, for ball-shaped grains and in a homogeneous
Poisson framework, Theorem 5.8 states that with probability 1, all connected compo-
nents of G′(X,L) consist of infinitely many points x = (ξ, τ) ∈ X satisfying fX,L(x) > τ .
Nevertheless, Theorem 5.7 shows that the connected components of G′(X,L) are small
in the sense that each covers only a finite volume.

Proof of Theorem 5.7. The proof is similar to the proof of Theorem 5.42. In particular,
the function V has the same meaning. Define a function ψ′ : Zd × Zd → [0,∞) by

ψ′(z1, z2) =
∑
x∈X

∑
y∈V (x)

1y∈Q1(z2)
νd(gL(x, fX,L(x)) ∩Q1(z1))

2 .

Then, by stationarity,

E
∑
z∈Zd

ψ′(z, o) = E
∑
z∈Zd

ψ′(o, z) ≤ νd(Q1(o)).

In particular, P(∑z∈Zd ψ
′(z, o) <∞) = 1. Note that νd

Ä⋃
x∈Cy gL(x, fX,L(x))

ä
=∞ for

some y ∈ X with V (y) ∩ Q1(o) 6= ∅ would imply ∑z∈Zd ψ
′(z, o) = ∞, which completes

the proof.
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Remark. We conjecture that Theorem 5.7 can be sharpened in the sense that with
probability 1, for every x ∈ X the cluster ⋃y∈Cx gL(y, fX,L(y)) forms a bounded subset
of Rd.
Finally, we prove Theorem 5.8. That is, we show that when measuring the size of

clusters in terms of the number of constituting germs, then percolation occurs almost
surely. For this purpose, we restrict ourselves to the special case, where X is a space-
time homogeneous Poisson point process in Rd,+ and L = {Lx}x∈X is a constant family
of shapes, where for any x ∈ X the shape Lx is given by the unit ball in Rd. Our idea of
proof is to consider locations where growing balls get into contact. We show that close
to any such location, there is an infinite number of smaller balls attaching to one of the
two balls that are in contact. By the hard-core property, the two balls in contact provide
a sufficient amount of protection against interaction from distant germs. To make this
precise, we first state an elementary geometric auxiliary result. It will be used to provide
(i) a lower bound for the distance of balls to the contact location of two other balls and
(ii) an upper bound for the radius of a ball subject to the non-overlapping condition
with the balls in contact.

Lemma 5.43. Let ξ, ξ′ ∈ Rd with ξ 6= ξ′ and put r = |ξ−ξ′|. Furthermore, let H denote
the hyperplane through ξ′ that is perpendicular to ξ − ξ′ and let η ∈ Rd \Br(ξ) be in the
same half space of H as ξ.

(i) If |η − ξ′| > r/2, then |η − ξ′| − (|η − ξ| − r) ≥ r/4.

(ii) If |η − ξ′| ≤ r/2, then |η − ξ| − r ≤ |η|/4.

Proof. Without loss of generality, let ξ′ = o. First, we deal with claim (i). If the distance
of η from H is at least r, then |η| ≥ |η − ξ|. Otherwise, let η′ denote the projection of η
on H. Then, since max{3|η′|, |η′ − ξ|} ≥ r,

|η| − |η − ξ| ≥ |η′| − |η′ − ξ| = − r2

|η′|+ |η′ − ξ| ≥ −
3r
4 .

Next, consider claim (ii). Again, write η′ for the projection of η to H. Then,

|η − ξ| − r ≤ |η′|2

|η′ − ξ′|+ r
≤ |η|

2

2r ≤
|η|
4 ,

which proves the second claim.

Proof of Theorem 5.8. We show a stronger statement in the sense that if we consider
any two balls that are in contact with each other, then there exists an infinite number
of balls attaching to the union of those balls. Let t0 > 0 be arbitrary and let x1 =
(ξ1, τ1), x2 = (ξ2, τ2) ∈ X ∩Rd,t0 be two germs whose associated balls are in contact, i.e.,
max{fX,L(x1), fX,L(x2)} ≤ t0 and gL(x1, fX,L(x1)) ∩ gL(x2, fX,L(x2)) = {ξ12} for some
ξ12 ∈ Rd. Put r1 = fX,L(x1)− τ1, r2 = fX.L(x2)− τ2, B = Br1(ξ1)∪Br2(ξ2) and assume
that r1, r2 > 0. Choose any s1 ∈ (0,min{1, r1/4, r2/4}) such thatX∩(Bs1(ξ12)×[0, t0]) =
∅. Let y1 = (η1, σ1) be chosen as the germ in X ∩ ((Bs1(ξ12) \ B)× [0,∞)) whose time
coordinate is minimal. We claim that if |η1− ξ12| ≤ s1/2 and X ∩ (Bs1(ξ12)× (σ1, (σ1 +
s1))) = ∅, then the ball at y1 attaches to the set B. Indeed, part (ii) of Lemma 5.43
shows that the radius of the ball (i.e., the growth duration) at y1 is at most s1/4, so
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that the ball is contained in B3s1/4(ξ12). Parts (i) and (ii) of Lemma 5.43 show that no
balls corresponding to germs in (Rd \ Bs1(ξ12)) × [0,∞) that are different from x1 and
x2 intersect B3s1/4(ξ12). Finally, using X ∩ (Bs1(ξ12) × (σ1, (σ1 + s1))) = ∅ shows that
the ball at y1 can only be in contact with the ball at x1 or the ball at x2.
Now, proceed recursively as follows. For i ≥ 2 choose any si ∈ (0, si−1) such that

X ∩ (Bsi(ξ12) × [0, σi−1 + si−1]) = ∅. Let yi = (ηi, σi) be chosen as the germ in X ∩
((Bsi(ξ12) \ B) × [0,∞)) whose time coordinate is minimal. Then, again Lemma 5.43
can be used to see that if |ηi − ξ12| ≤ si/2 and X ∩ (Bsi(ξ12) × (σi, σi + si)) = ∅, then
the ball at yi attaches to the set B.
Hence, we conclude that conditioned on X ∩Rd,σi−1+si−1 the probability that the ball

at yi attaches to the set B is at least

νd(Bsi/2(ξ12) \B)
νd(Bsi(ξ12) \B) exp

Ä
− λνd(Bsi(ξ12) \B)si

ä
.

The second factor is at least exp(−λκd), whereas elementary geometry shows that the
first can be bounded from below by a constant depending only on the radii r1 and r2.
Therefore, with probability 1, for infinitely many i ≥ 1 the ball at yi attaches to the set
B.

5.5.3. Uniqueness of stopping neighbors
In the previous subsection, we have seen that the question of uniqueness of stopping
neighbors plays an important role for proving the absence of percolation. This uniqueness
property has already been investigated in literature. If there exists some t0 > 0 such that
X ⊂ Rd,t0 , then the latter property has been considered in [51]. It should be possible
to adapt the arguments presented in that paper to the case X ⊂ Rd,+, but to keep
our presentation self-contained we provide a different proof for the Poisson case with
non-rotated grains. First, we discuss the effects on the family of growth-stopping times
when removing one germ from the process. To state this result precisely, we need to
introduce some notation.
Let ϕ ⊂ Rd,+ be locally finite, A ⊂ Rd the unit ball with respect to a certain norm

on Rd and f : ϕ → [0,∞) a family of (ϕ, `(A))-growth-stopping times. Furthermore,
let x0 = (ξ0, τ0) ∈ ϕ be such that ξ0 6∈

⋃
x∈ϕ\{x0} int g`(A)(x,min{τ0, f(x)}) and put

t0 = f(x0) < ∞. Also put ϕ′ = ϕ ∩ Rd,t0 \ {x0} and define ψ = ϕ′ ∩ ϕx0 as the
set of all x = (ξ, τ) ∈ ϕ′ with ξ ∈ int g`(A)(x0, τ). Finally, let f ′ : ψ → [0, t0] be a
family of (t0, ψ, `(A))-growth-stopping times and define the function f ′′ : ϕ′ → [0, t0] by
f ′′(x) = min{f(x), t0} if x ∈ ϕ′ \ ψ and f ′′(x) = f ′(x) if x ∈ ψ.

Lemma 5.44. The function f ′′ defines a family of (t0, ϕ′, `(A))-growth-stopping times.

Proof. To enhance readability we write g for g`(A) . First, observe that if x = (ξ, τ) ∈ ϕ′
is such that ξ ∈ g(x0, τ), then g(x, t) ⊂ g(x0, t) for all t ≥ τ . Indeed, for any ζ ∈ Rd we
note that ζ ∈ g(ξ, t) is equivalent to ζ − ξ ∈ (t− τ)A. From ξ− ξ0 ∈ (τ − τ0)A and from
the assumption that A describes the unit ball with respect to a certain norm on Rd, we
conclude ζ − ξ0 ∈ (t− τ0)A, i.e., ζ ∈ g(ξ0, t). To check the hard-core property of f ′′ we
have to verify that

(int g(x, f ′′(x))) ∩ g(y,min{f ′′(x), f ′′(y)}) = ∅ (5.19)
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for all x ∈ ϕ′ and all y ∈ ϕ′ \ϕ′x. The cases where x, y ∈ ψ or x, y ∈ ϕ′ \ψ are immediate.
Next, assume x ∈ ψ and y ∈ ϕ′ \ ψ. Then the argument at the beginning of the proof
yields g(x, f ′(x)) ⊂ g(x0, t0). Since f defines a family of (ϕ,A)-growth-stopping times,
we have (int g(x0, t0)) ∩ g(y,min{f(y), t0}) = ∅. Finally, assume that x ∈ ϕ′ \ ψ and
y ∈ ψ. Then,

(int g(x,min{f(x), t0})) ∩ g(y,min{f(x), f ′(y)}) ⊂ (int g(x,min{f(x), t0})) ∩ g(x0, t0),

where the right-hand side is empty, since f defines a family of (ϕ,A)-growth-stopping
times. This completes the proof of (5.19).
It remains to verify the existence of stopping neighbors. If x ∈ ψ is such that f ′(x) < t0

and y ∈ ψ forms a stopping neighbor of x with respect to f ′, then it is easy to see that
y also forms a stopping neighbor of x with respect to f ′′. So let x ∈ ϕ′ \ ψ be such that
f ′′(x) < t0 and let y ∈ ϕ denote a stopping neighbor of x with respect to f . Then we
distinguish two cases and first assume that ξ ∈ int g(y,min{τ, f(y)}). In particular, our
assumption x ∈ ϕ′ \ ψ implies y ∈ ϕ′ \ ψ, so that y is also a stopping neighbor of x
with respect to f ′′. Now assume ξ 6∈ int g(y,min{τ, f(y)}). Then Corollary 5.20 implies
f(y) ≤ f(x) < t0 so that it suffices to show y 6∈ ψ. However, y ∈ ψ would imply that

∅ 6= g(x, f(x)) ∩ g(y,min{f(x), f(y)}) ⊂ g(x, f(x)) ∩ g(x0,min{f(x), f(y)}).

Since the right-hand side is contained in (int g(x0, t0)) ∩ g(x,min{f(x), t0}) = ∅, this
completes the proof of Lemma 5.44.

In Lemma 5.45, we assume additionally that A is strictly convex, i.e., A is convex and
the topological boundary of A does not contain any line segments of positive length.

Lemma 5.45. Let α > −1, λ > 0 and X be a Poisson point process in Rd,+ with some
spatially constant intensity function λ : Rd,+ → [0,∞). Then, with probability 1 for each
x ∈ X there exists precisely one stopping neighbor y ∈ X with respect to fX,L(A).

Proof. For readability we write fX instead of fX,L(A) and g instead of gL(A) . Further-
more, since λ is spatially constant, we can write λ(τ) instead of λ(ξ, τ). The statement
is easy if there exists y ∈ X such that ξ ∈ int g(y, fX(y)). Therefore, from now on we
assume ξ 6∈ ⋃y∈X\{x} int g(y, fX(y)). To show that with probability 1, any such x does
not admit two distinct stopping neighbors y1, y2 ∈ X, we distinguish several cases.
Case 1: max{fX(y1), fX(y2)} < fX(x). Before we begin with the proof it is convenient
to recall some geometric notions from [88]. For x ∈ Rd and B ⊂ Rd a strictly convex body
with o ∈ intB we write h′B(x) = min{r ≥ 0 : x ∈ rB}. Furthermore, if additionally K ⊂
Rd is closed, put ΠB(K,x) = {y ∈ K : dB(K,x) = h′B(y−x)} and define the exoskeleton
exoB(K) of K with respect to B by exoB(K) =

¶
x ∈ Rd \K : #ΠB(K,x) ≥ 2

©
(recall

from Section 5.2.2 that we write dB(K,x) = min{r ≥ 0 : (x + rB) ∩ K 6= ∅}). It is
shown in [88, Lemma 2.1] that νd(exoB(K)) = 0 provided B ⊂ Rd is strictly convex and
K ⊂ Rd defines a closed subset of Rd. Note that if x ∈ X is such that x admits two
different stopping neighbors y1, y2 ∈ X, then

ξ ∈ exoA
Ä
g(y1, fX(y1)) ∪ g(y2, fX(y2))

ä
.

By Lemma 5.44, we compute

fX(yi) = min{fX(x), fX(yi)} = min{fX(x), fX\{x}(yi)} = fX\{x}(yi),
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for all i ∈ {1, 2}, so that

E
∑

x,y1,y2∈X
x,y1,y2 pw. disjoint

1ξ∈exoA(g(y1,fX\{x}(y1))∪g(y2,fX\{x}(y2)))

=
∫
Rd,+

λ(σ1)
∫
Rd,+

λ(σ2)
∫ ∞

0
λ(τ)

Eνd
Ä
exoA

Ä
g(y1, fX∪{y1,y2}(y1)) ∪ g(y2, fX∪{y1,y2}(y2))

ää
dτdy2dy1

= 0.

Case 2: fX(x) = fX(y1) > fX(y2). As before, we note that we may use Lemma 5.44
to deduce that

fX\{y1}(y2) = min{fX(y2), fX(y1)} = fX(y2).

Hence, the hard-core property implies fX\{y1}(x) ≤ fX(x) and another application of
Lemma 5.44 yields

fX\{y1}(x) = min{fX(x), fX(y1)} = fX(x).

In particular, we conclude that

σ1 = fX(y1)− dA
Ä
g(x, fX(x)), η1

ä
= fX\{y1}(x)− dA

Ä
g(x, fX\{y1}(x)), η1

ä
,

where y1 = (η1, σ1). Furthermore,

E
∑

x,y1∈X
x,y1 pw. disjoint

1σ1=fX\{y1}(x)−dA(g(x,fX\{y1}(x)),η1)

=
∫
Rd,+

λ(τ)
∫
Rd

E
∫ ∞

0
λ(σ1)1σ1=fX∪{x}(x)−dA(g(x,fX∪{x}(x)),η1)dσ1dη1dx

= 0.

Case 3: fX(x) = fX(y1) = fX(y2). As x and y2 are mutual stopping neighbors, we
obtain

σ1 = fX(y1)− dA
Ä
g(x, fX(x)), η1

ä
= f{x,y2}(x)− dA

Ä
g(x, f{x,y2}(x)), η1

ä
,

where y1 = (η1, σ1), so that as in Case 2,

E
∑

x,y1,y2∈X
x,y1,y2 pw. disjoint

1σ1=f{x,y2}(x)−dA(g(x,f{x,y2}(x)),η1)

=
∫
Rd,+

λ(τ)
∫
Rd,+

λ(σ2)
∫
Rd

∫ ∞
0

λ(σ1)1σ1=f{x,y2}(x)−dA(g(x,f{x,y2}(x)),η1)dσ1dη1dy2dx

= 0.
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5.6. Open problems and topics of further research
In the present chapter we provided the basis for a rigorous mathematical treatment of
random Apollonian packings and rotational random Apollonian packings which consti-
tute popular grain packing models in physics. The results discussed in Sections 5.2 to 5.5
provide a hint to the rich mathematical structure of stationary Apollonian packings and
we conclude this chapter by providing two conjectures, which we advertise as starting
points for further research. Let λ > 0, α > −1, A ∈ S and X ⊂ Rd,+ be a Poisson
point process with intensity function λ : Rd,+ → [0,∞) given by (5.1). We have seen in
Section 5.4 that AP(X,L) is space-filling in the sense that νd

Ä
Rd \ AP(X,L)

ä
= 0 a.s.

More precisely, the random closed set Rd \ AP(X,L) is expected to be of fractal nature
in the following sense.
Conjecture. P

Ä
d− 1 < dimHausdorff Rd \ AP(X,L) < d

ä
= 1.

The problem of determining the Hausdorff dimension has already been considered for
deterministic Apollonian packings of disks in dimension d = 2. In [31] it has been shown
that the latter dimension is at least 1.1 and at most 1.4. To estimate the Hausdorff
dimension for planar random Apollonian packings with α = 0 and disk-shaped grains,
we performed Monte Carlo simulations whose results support the conjecture that the
Hausdorff dimension is not an integer. To be more precise, Figure 5.5 shows a plot of log δ
versus log aδ, where aδ = P

Ä
Qδ(o) ∩ AP(X,L) 6= ∅

ä
. Estimating the slope based on the

last two data points suggests that, approximately, aδ ∈ O(δ0.43), regardless of the value
of α. It is well-known that aδ ∈ O(δ0.43) implies dimHausdorff AP(X,L) ≤ 2 − 0.43 with
probability 1, see e.g. [103, 114]. Hence, we obtain sound evidence that the Hausdorff
dimension is strictly smaller than 2.

Figure 5.5.: − log2 δ versus log2 aδ for α = −1/2 (black), α = 0 (green),
α = 1 (red), α = 2 (blue) and α = 3 (orange).
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A second research question concerns connectivity in rotational random Apollonian
packings. In Section 5.2.3 we provided an existence result for stationary approximations
to rotational Apollonian packings and we conjecture that in distribution these approx-
imations converge to a limiting object whose configurations inside a bounded sampling
window would be similar to ordinary rotational random Apollonian packings, as illus-
trated in Figure 5.6. Moreover, we conjecture that in contrast to the results obtained
in Section 5.5 the analogue of the graph G′(X,L) for stationary rotational Apollonian
packings consists of a single connected component with probability 1.

Figure 5.6.: Realization of a rotational random Apollonian packing



6. Asymptotic properties of
collective-rearrangement algorithms

6.1. Introduction
Dense sphere packings have fascinated mathematicians, physicists and engineers at least
since the 1930s, see [22, 39, 41, 52, 68, 128, 136]. In addition to proving theoretical
bounds on optimal packing densities, also a variety of algorithms have been proposed
that may be used to create random packings of (soft or hard) particles. Randomly gen-
erated packings play an important role in computational materials science. For instance,
in [20], the centers of particles obtained from an iterated dominance-competition model
are used to describe the location of molecules in a specific semi-conducting material.
Further well-known methods for the creation of dense packings include the force-biased
algorithm, random sequential adsorption, ballistic deposition and sedimentation. We
refer the reader to [141] for a survey of packing algorithms. For a discussion of further
examples for the use of random particle packings in chemistry and materials science, we
recommend the reader to consult [58, 68] and [11, 89, 115], respectively.
Since simulation of dense sphere packings usually starts from a suitable random seed,

it is important to understand the behavior of dense packing algorithms under random
input. A detailed mathematical analysis of random sequential adsorption algorithms can
be found in [128]; results on ballistic deposition are derived in [126, 124]. However, for
other packing algorithms, rigorous results seem to be rare. Input data given by station-
ary particle processes are of particular importance for applications in materials science,
since the microstructure of (locally) heterogeneous materials can often be appropriately
described within this framework, see e.g. [20].
In the present chapter, we consider a suitable class of collective-rearrangement al-

gorithms consisting of modifications of the force-biased algorithm (introduced in [115],
see also [24]). Loosely speaking, collective-rearrangement algorithms start from a pos-
sibly overlapping configuration of particles, which is gradually transformed into a non-
overlapping configuration by moving particles away from each other. When starting
from a finite and sufficiently sparse configuration of particles in a bounded sampling
window, this is achieved in a finite number of steps. However, when the initial configu-
ration is given by a stationary system of particles, the behavior is less obvious. In the
present chapter, we derive sufficient conditions implying the convergence of the itera-
tions in collective-rearrangement algorithms to a stationary particle process. Since our
conditions are rather conservative, it is reasonable to expect that convergence also holds
under weaker conditions on the intensity of the underlying (initial) stationary particle
process and this intuition is corroborated by numerical results.
This chapter is organized as follows. In Section 6.2, we state our main result con-

cerning the convergence of a class of packing algorithms under suitable conditions on
the point process representing the centers of an initial particle process, see Theorem 6.3.
Section 6.3 discusses a specific example in this class of algorithms and we show that



106 6. Asymptotic properties of collective-rearrangement algorithms

Theorem 6.3 applies to a large family of Coxian and m-dependent point processes. In
Section 6.4, we provide a proof of Theorem 6.3. Finally, in Section 6.5, we present nu-
merical results concerning the convergence and further related properties of the packing
algorithms.
The main results of the present chapter have been incorporated in our recent pa-

per [79].

6.2. Main results

We consider a class of dense packing algorithms, known as collective-rearrangement
algorithms in literature [115]. These algorithms start from an initial set of possibly
overlapping particles (e.g. spheres) and attempt to create a hard-core configuration by
iteratively moving particles apart from one another. Algorithms of this type are loosely
characterized by the property that one iteration step consists of moving all particles
simultaneously. We derive suitable conditions for such algorithms implying their con-
vergence if the input consists of particles whose centers form a stationary point process.
We begin by introducing some important definitions and notation that will be used

throughout the chapter. For d ≥ 2 and i ∈ {1, . . . , d} we let πi : Rd → R denote the
projection to the ith coordinate. Recall that for (H,H) an arbitrary measurable space we
write NH for the family of H-marked sets ϕ ⊂ Rd×H. In other words, we consider locally
finite sets in Rd with marks in H. Although the idea of collective rearrangement of points
would also be reasonable for unmarked sets, the flexibility of using marked sets will be
helpful in the construction of specific examples of algorithms in Section 6.3. Moreover,
using marks also allows to apply collective-rearrangement algorithms to fiber processes
or other particle processes. We are particularly interested in random elements of NH,
i.e., H-marked point processes. In order to avoid the difficulties of having to deal with
non-simple point processes (i.e., point processes, where multiple points could appear at
the same location), it is important to ensure that any two points are mapped to distinct
points after one iteration. To achieve this goal, for any fixed ε > 0 we let NεH ⊂ NH
denote the subset consisting of all ϕ ∈ NH such that ε−1

Ä
πi(ξ1) − πi(ξ2)

ä
6∈ Z for all

i ∈ {1, . . . , d} and (ξ1, h1), (ξ2, h2) ∈ ϕ with ξ1 6= ξ2. Since our algorithms will only move
particles according to displacement vectors in εZd this implies the desired property of not
leaving the framework of simple point processes. For ϕ ∈ NH and B ⊂ Rd bounded it is
convenient to write ϕ∩B for the set {(ξ, h) ∈ ϕ : ξ ∈ B} and ϕ(B) = #{(ξ, h) ∈ ϕ∩B}
for the number of elements of ϕ whose first component is contained in B. Similarly, we
write x = (ξ, h) ∈ B if ξ ∈ B and ϕ ⊂ B if x ∈ B for all x ∈ ϕ.
Next, we introduce the notion of collective-rearrangement rules F that are of funda-

mental importance for this chapter. A collective-rearrangement rule can be seen as an
algorithm describing the displacement of a particular particle given the locations of all
other particles. As a single iteration is not enough to create a hard-core system of par-
ticles, it is necessary to perform the rearrangements iteratively and the k-fold iteration
is denoted by F k.

Definition 6.1. Let ε > 0 be arbitrary. A measurable function F = (Fsp, Fmk) :
(Rd × H) × NH → Rd × H is called ε-discretized collective-rearrangement rule if for all
ϕ ∈ NH and (ξ, h) ∈ ϕ,

Fsp((ξ, h), ϕ)− ξ ∈ εZd.
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For ϕ,ψ ∈ NH with ψ ⊂ ϕ we also write F (ψ,ϕ) for the set {F (x, ϕ) : x ∈ ψ} and
Fi(ψ,ϕ) for {Fi(x, ϕ) : x ∈ ψ}, where i ∈ {sp,mk}. Moreover, for k ≥ 0, ϕ ∈ NH and
x = (ξ, h) ∈ ϕ we define the kth iteration F k(x, ϕ) of x recursively by F k(x, ϕ) = x if
k = 0, and by F k(x, ϕ) = F k−1(F (x, ϕ), F (ϕ,ϕ)) if k > 0. Similarly, for x = (ξ, h) ∈ ϕ
put F 0

sp(x, ϕ) = ξ and F ksp(x, ϕ) = F k−1
sp (F (x, ϕ), F (ϕ,ϕ)). Finally, if the collective-

rearrangement rule F is understood, we also write ϕ(k) instead of F k(ϕ,ϕ).

Hence, applying F (·, ϕ) to x = (ξ, h) may or may not change the mark h. Next, we
consider three important properties of collective-rearrangement rules that are used in
the following. First, we assume the existence of an upper bound for the distance that
any point can be moved in one iteration step. Second, the movement of any point in
one iteration step should only depend on the configuration of the locally finite set in a
suitable neighborhood of that point. Finally, the collective-rearrangement rule should
be compatible with shifting the given locally finite set by suitable lattice vectors.

Definition 6.2. Let ε > 0 and F : (Rd×H)×NεH → Rd×H be an ε-discretized collective-
rearrangement rule. For a positive real number s we say that F has range at most s if
|Fsp(x, ϕ)− ξ|∞ < s for all ϕ ∈ NH and x = (ξ, h) ∈ ϕ. We also say that F is s-local if
F (x, ϕ) = F (x, ϕ∩(⋃{z′∈Zd:|z−z′|∞≤1}Qs(sz′))) for all ϕ ∈ NH, z ∈ Zd and x ∈ ϕ∩Qs(sz).
In other words, for any x ∈ ϕ∩Qs(sz) the value F (x, ϕ) only depends on the configuration
of ϕ in Qs(sz) and cubes adjacent to Qs(sz). Finally, we say that F is s-covariant if
Fsp((ξ+ sz, h), ϕ+ sz) = Fsp((ξ, h), ϕ) + sz and Fmk((ξ+ sz, h), ϕ+ sz) = Fmk((ξ, h), ϕ)
for all z ∈ Zd, ϕ ∈ NH and (ξ, h) ∈ ϕ, where ϕ+ sz = {(ξ + sz,m) : (ξ, h) ∈ ϕ}.

Let X be a stationary H-marked point process and U be a random vector which is
uniformly distributed in Qs(o) and independent of X. Our goal is to derive suitable
sufficient conditions for the convergence of X(k) = F k(X,X) + U as k → ∞ to some
stationary H-marked point process X(∞). Apart from the notions introduced in Defini-
tion 6.2 we need to discuss two further conditions on our collective-rearrangement rules.
The first formalizes the heuristic idea that collective-rearrangement algorithms should
fill up the pore space.

(F1) Let ε > 0 and F : (Rd × H) × NH → Rd × H be an ε-discretized collective-
rearrangement rule. We assume that there exists s > 0 such that ϕ(1)∩Qs(sz) 6= ∅
for any z ∈ Zd and ϕ ∈ NH with ϕ ∩Qs(sz) 6= ∅.

In the following, if the value of s is clear, then for A ⊂ Zd we put QA = ⋃
z∈AQs(sz).

Iterative application of condition (F1) implies that ϕ(k) ∩ Qs(sz) 6= ∅ for all k ≥ 0 if
ϕ ∩ Qs(sz) 6= ∅. Finally, we also suppose the convergence of the iterated collective-
rearrangement algorithms for finite initial configurations.

(F2) Let ε > 0 and let F : (Rd × H) × NH → Rd × H be an ε-discretized collective-
rearrangement rule. We assume that for each finite ϕ ∈ NεH there exists k0 ≥ 0
such that ϕ(k) = ϕ(k0) for all k ≥ k0.

After having introduced our conditions on the collective-rearrangement rules, we next
specify suitable conditions on the initial point process X. Since the point process of
sphere centers in hard-core packings (with fixed radii) cannot attain arbitrarily high in-
tensities, it is natural to expect that convergence of collective-rearrangement algorithms
requires a sufficiently sparse initial configuration.
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(X1) We assume that when considering the initial marked point process X there exists
n0 ≥ 0 such that

logEexp
Ä
3d+2#(X ∩QA)

ä
≤ 3d+1 #A

for all finite subsets A ⊂ Zd consisting of at least n0 elements.

(X2) We assume that P(X ∈ NεH) = 1.

Using conditions (F1), (F2), (X1) and (X2) we now state the main theorem of this
chapter that concerns the convergence of the point processes X (k), k ≥ 0 obtained
by first iteratively applying the collective-rearrangement rule and then shifting with a
uniform vector from Qs(o), to a point process X (∞).

Theorem 6.3. Let ε, s > 0 and F : (Rd × H) × NH → Rd × H be a s-equivariant,
s-local ε-discretized collective-rearrangement rule satisfying (F2). Furthermore, assume
that F satisfies (F1) with parameter s and has range at most s. Finally, let X be a
stationary H-marked point process in Rd satisfying (X1) and (X2).Then, as n→∞ the
point processes X (n) converge to a stationary point process X (∞) in the sense that there
exists a family of integer-valued random variables {Nz}z∈Zd such that X (n) ∩Qs(sz) =
X (Nz) ∩Qs(sz) for all z ∈ Zd and n ≥ Nz. In particular, X(∞) can be represented as
X(∞) = ⋃

z∈Zd(X(Nz) ∩ Qs(sz) and the point processes {X (n)}n≥1 converge to X (∞)
in distribution.

Theorem 6.3 is shown in Section 6.4. We note that the notion of convergence described
in Theorem 6.3 is stronger than convergence in distribution, where the point processes
X (n) of the converging family would not necessarily need to locally coincide with the
limiting process X(∞) for sufficiently large n ≥ 1.

6.3. Examples
In the present section we provide admissible point processes and specific examples for
collective-rearrangement rules fitting into the framework described in Section 6.2.

6.3.1. Examples of admissible point processes
Theorem 6.4. Let X ⊂ Rd be a Cox process with stationary random intensity measure
Λ. Furthermore, suppose that

logEexp((exp(3d+2)− 1)Λ(QA)) ≤ 3d+1#A,

for all sufficiently large A ⊂ Zd. Then X satisfies condition (X1).

Proof. Indeed, if X is a Cox process with random intensity measure Λ, then

Eexp(3d+2#(X ∩QA)) = Eexp
∫

(exp(3d+21QA(x))− 1)Λ(dx)

= Eexp((exp(3d+2)− 1)Λ(QA)).

In the Poisson case, Theorem 6.4 reduces to a simple intensity condition.

Corollary 6.5. Let X ⊂ Rd be a stationary Poisson point process with intensity λ ≤
3d+1

Ä
exp
Ä
3d+2

ä
− 1
ä−1

s−d. Then X satisfies (X1).
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Another interesting class of examples is given by m-dependent point processes.

Theorem 6.6. Let m ≥ 1, s > 0 and X be a stationary point process in Rd such that
X∩QA1 and X∩QA2 are independent for all A1, A2 ⊂ Zd with infz1∈A1,z2∈A2 |z1−z2|∞ ≥
m. Moreover, assume that

logEexp
Ä
3d+2md#(X ∩Qs(o))

ä
≤ 3d.

Then,
logEexp

Ä
3d+2#(X ∩QA)

ä
≤ 3d+1#A

for all A ⊂ Zd with #A ≥ md.

Proof. Put k = md and observe that there exists a partition A = A1∪ · · ·∪Ak such that
|z1 − z2|∞ ≥ m for all z1, z2 ∈ Ai with z1 6= z2 and all i ∈ {1, . . . , k}. Hence,

Eexp
Ä
3d+2#(X ∩QA)

ä
≤

k∑
i=1

Eexp
Ä
3d+2k#(X ∩QAi)

ä
≤

k∑
i=1

Ä
Eexp

Ä
3d+2k#(X ∩Qs(o))

ää#Ai
.

Our assumption implies that Eexp
Ä
3d+2k#(X ∩Qs(o))

ä
≤ exp(3d). This yields

k∑
i=1

Ä
Eexp

Ä
3d+2k#(X ∩Qs(o))

ää#Ai ≤ exp(log k + 3d#A),

as claimed.

It is also useful to note that any stationary thinning of a point process satisfying
condition (X1) yields further examples of point processes satisfying condition (X1). The
following result deals with condition (X2).

Theorem 6.7. Let X be a stationary point process in Rd with absolutely continuous
second factorial moment measure. Then X satisfies (X2).

Proof. Let ε > 0 and i ∈ {1, . . . , d} be arbitrary. Let α denote the second factorial
moment measure of X. We write A for the set of all (ξ1, ξ2) ∈ R2d with πi(ξ1)−πi(ξ2) ∈
εZ \ {0}. Then α(A) = 0, since the 2d-dimensional Lebesgue measure of A vanishes.
Therefore, the expected number of ξ1, ξ2 ∈ X with (ξ1, ξ2) ∈ A is given by

E#{(ξ1, ξ2) ∈ X ×X : πi(ξ1)− πi(ξ2) ∈ εZ \ {0}} = α(A) = 0,

which proves the claim.

6.3.2. Avoidance algorithm for sphere systems
The force-biased algorithm introduced in [24, 115] has both an appealingly simple defi-
nition and at the same time performs very well in simulations. However, the verification
of condition (F1) or some variant of it for the original force-biased algorithm would be a
rather challenging problem, as it seems non-trivial to exclude that under very patholog-
ical circumstances the algorithm could create large regions of void space. Therefore, we
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consider a minor modification of this algorithm, and call the modified version avoidance
algorithm in the following. This algorithm is used to transform systems of spheres with
some fixed radius r > 0. The property required by condition (F1) is rigorously enforced
by construction. However, the changes of the algorithm only become apparent when con-
sidering huge sampling windows, so that on practical data sets the ensuing configurations
should be very close to the ones obtained by applying the original algorithm.
In the following, we first provide a formal definition of the avoidance algorithm and

then verify that it satisfies the condition required in Theorem 6.3. Let ε, r, s, Fmax > 0
be such that ε < min{r, Fmax} and max{Fmax, 4r} < w − 2r, where we put H = Z+. In
our algorithm the mark is used to keep track of the number of steps in the algorithm,
since the considered particle was moved by another particle for the last time. We will see
in Theorem 6.12 below that this additional information is useful for verifying condition
(F2), i.e., the convergence of the algorithm for finite input. Recall that for any ϕ ∈ NεH
we have ε−1(πi(ξ1) − πi(ξ2)) 6∈ Z for all i ∈ {1, . . . , d} and (ξ1, k1), (ξ2, k2) ∈ ϕ with
ξ1 6= ξ2.
The algorithm reduces the overlapping of balls of the initial configuration iteratively

by pushing pairs of overlapping spheres away from each other. More precisely, for all
x = (ξ, k), y = (η, `) ∈ Rd × H with ξ 6= η and Br(ξ) ∩ Br(η) 6= ∅ we compute the
displacement vector

v(x, y) = 2r − |ξ − η|
2

ξ − η
|ξ − η|

.

From these displacement vectors we compute the total displacement vector
vtotal,1(ξ, ϕ) =

∑
y∈B2r(ξ)∩ϕ\{x}

v(x, y)

for each x = (ξ, k) ∈ ϕ. Then, put

vtotal,2(x, ϕ) =
d∑
i=1

f(πi(vtotal,1(x, ϕ)))ei

where f(a) = sgn(a) min{d|a|ε−1e, bFmaxε
−1c}ε is a discretized variant of vtotal,1(x, ϕ).

Defining Fsp(x, ϕ) = ξ+vtotal,1(x, ϕ) corresponds to the ordinary force-biased algorithm.
Although the simplicity of this definition is conceptually appealing, it appears to violate
condition (F1). Therefore, we propose the following modification. For x = (ξ, k) ∈ ϕ
and z ∈ Zd with ξ ∈ Qs(sz) define F (x, ϕ) = (ξ′, k′), where (ξ′, k′) is given in the
following way. We partition ϕ into three subsets ϕ = R1(ϕ)∪R2(ϕ)∪R3(ϕ) and define
the collective-rearrangement rule on each of these subsets separately.

(i) We write that x ∈ R1(ϕ) if there exists (η, `) ∈ ϕ ∩Qs(sz) such that
a) η + vtotal,2(η, ϕ) ∈ Qs(sz) or
b) ` < k or
c) ` = k and η is lexicographically smaller than ξ.

In this case, we put ξ′ = ξ + vtotal,2(ξ, ϕ) and

k′ =


0 if B2r(ξ) ∩ ϕ 6= {x},
k if B2r(ξ) ∩ ϕ = {x} and Q3s(sz) ∩ B2r(ξ′′) ∩ ϕ = {x′′} for all

x′′ = (ξ′′, k′′) ∈ Q3s(sz) ∩ ϕ,
k + 1 otherwise,
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(ii) We write that x ∈ R2(ϕ) if x 6∈ R1(ϕ), but ϕ ∩ Qs(sz) 6= {x}. Then, we put
k′ = k + 1 and ξ′ = ξ.

(iii) Finally, we write that x ∈ R3(ϕ) if x 6∈ R1(ϕ) and ϕ ∩ Qs(sz) = {x}. Then, we
put k′ = k + 1 and

ξ′ = ξ +
d∑
i=1

sgn
Ä ∑

z′∈Zd
B2r(ξ)∩Qs(sz′)∩ϕ6=∅

πi(z − z′)
ä
dε−12reεei.

In the following, we briefly discuss the difference between the force-biased algorithm and
the avoidance algorithm, see also Figure 6.1. We think of R1 as the default case, in which
the avoidance algorithm agrees with the classical force-biased algorithm (Figure 6.1a),
whereas cases R2 and R3 are needed to enforce condition (F1). Indeed, if the force-biased
algorithm leads to a transition, where all points in ϕ ∩ Qs(sz) will leave Qs(sz), then
one of the points is chosen by a deterministic rule and the transition of this point is
redefined, so that it remains inside Qs(sz) (Figures 6.1b, 6.1c). The definition of F is
illustrated in Figure 6.1.

x

(a) x ∈ R1(ϕ)

x

(b) x ∈ R2(ϕ)

x

(c) x ∈ R3(ϕ)

Figure 6.1.: Black arrows indicate movement according to vtotal,2(x, ϕ); red arrows indi-
cate movement according to the avoidance algorithm

As already indicated at the beginning of this section we have included these technical
changes to the classical force-biased algorithm in order to prevent the occurrence of large
regions of void space.

Theorem 6.8. The collective-rearrangement rule F defined above satisfies condition
(F1).

Proof. Indeed, let z ∈ Zd be such that ϕ∩Qs(sz) 6= ∅ and choose x = (ξ, k) ∈ ϕ∩Qs(sz)
with a minimal value of k. If this minimum is not unique, then define x to be the
lexicographically smallest such element. If there exists y = (η, `) ∈ ϕ ∩ Qs(sz) with
η+vtotal,2(y, ϕ) ∈ Qs(sz), then x ∈ R1(ϕ) and we conclude Fsp(y, ϕ) ∈ Qs(sz). Otherwise
x ∈ R2(ϕ)∪R3(ϕ). If x ∈ R2(ϕ), then we conclude from the definition of F that ξ′ = ξ.
Finally, if x ∈ R3(ϕ), then we see that x is shifted only in directions towards the center
of Qs(sz), so that Fsp(x, ϕ) ∈ Qs(sz).

It is slightly more involved to prove the convergence of the avoidance algorithm for
finite sets of points. We start by discussing some preliminary results.
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Lemma 6.9. Let i ∈ {1, . . . , d}, a ∈ R and let A ⊂ Rd denote the hyperplane {ξ ∈ Rd :
πi(ξ) = a}. Furthermore, for j ∈ {1, 2} put Uj = {ξ ∈ Rd : (−1)jπi(ξ) > (−1)ja} and
let ϕ ∈ NεH be such that x ∈ U1 ∪ A for all x = (ξ, k) ∈ ϕ with B2r(ξ) ∩ ϕ 6= {x}. Then
F (x, ϕ) ∈ A ∪ U2 for all x ∈ ϕ ∩A.

Proof. We only have to deal with the cases x ∈ R1(ϕ) and x ∈ R3(ϕ). If x ∈ R1(ϕ),
then the condition x′ ∈ U1 ∪ A for all x′ = (ξ′, k′) ∈ ϕ with B2r(ξ′) ∩ ϕ 6= {x′} implies
πi(vtotal,2(x, ϕ)) ≥ 0, so that πi(Fsp(x, ϕ)−ξ) ≥ 0. But for the same reason, πi(Fsp(x, ϕ)−
ξ) ≥ 0 if x ∈ R3(ϕ), which completes the proof of Lemma 6.9.

Lemma 6.10. Let ϕ ∈ NεH and x ∈ ϕ be such that ϕ is finite and there exist infinitely
many n ≥ 0 with Fn(x, ϕ) ∈ R2(ϕ(n)). Then there exists n ≥ 0 with Fn(x, ϕ) ∈ R1(ϕ(n))
and B2r(Fnsp(x, ϕ)) ∩ ϕ(n) 6= {Fn(x, ϕ)}.

Proof. Assume the contrary for the sake of deriving a contradiction and let z ∈ Zd be
such that x ∈ Qs(sz). Observe that each time Fn(x, ϕ) ∈ R3(ϕ(n)) or B2r(Fnsp(x, ϕ)) ∩
ϕ(n) = {Fn(x, ϕ)} the total number of elements in ϕ(n) ∩ Qs(sz) whose mark is at
least as large as the mark of Fn(x, ϕ) decreases or stays constant. Moreover, each time
Fn(x, ϕ) ∈ R2(ϕ(n)) the total number of elements in ϕ(n) ∩ Qs(sz) whose mark is at
least as large as the mark of Fn(x, ϕ) decreases by at least 1. As ϕ is finite, the latter
event can only occur a finite number of times. This contradicts our condition that
Fn(x, ϕ) ∈ R2(ϕ(n)) occurs for infinitely many n ≥ 1.

Lemma 6.11. Let ϕ ∈ NεH and x ∈ ϕ be such that for every n ≥ 0 it holds that either
Fn(x, ϕ) ∈ R3(ϕ(n)) or Fn(x, ϕ) ∈ R1(ϕ(n)) and B2r(Fnsp(x, ϕ)) ∩ ϕ(n) = {Fn(x, ϕ)}.
Then there exists n1 ≥ 0 such that B2r(Fnsp(x, ϕ)) ∩ ϕ(n) = {Fn(x, ϕ)} for all n ≥ n1.

Proof. Let z ∈ Zd be such that x ∈ Qs(sz). For every n ≥ 0 and i ∈ {1, . . . , d}
define ai,n = mina>0{(Fnsp(x, ϕ) + [−a, a]ei) ∩ ∂Qs(sz) 6= ∅} as the distance Fns (x, ϕ)
to the boundary of Qs(sz) measured along the ith direction. Then, it follows from the
construction of F in the case R3(ϕ(n)) that for any i ∈ {1, . . . , d} the sequence {ai,n}n≥1
is increasing. Moreover, limn→∞ ai,n > 2r if there exist n ≥ 0, z′ ∈ Zd with πi(z−z′) 6= 0
and B2r(Fnsp(x, ϕ)) ∩ ϕ(n) ∩Qs(sz′) 6= ∅. In particular, it is not possible that there exist
z′ ∈ Zd \ {z}, 0 ≤ n2 < n3, with B2r(Fnisp (x, ϕ)) ∩ ϕ(ni) ∩ Qs(sz′) 6= ∅ for all i ∈ {2, 3},
which proves Lemma 6.11.

Using these auxiliary results we show that condition (F2) is satisfied.

Theorem 6.12. The collective-rearrangement rule F defined above satisfies condition
(F2).

Proof. We show by induction that for every ` ∈ {0, . . . ,#ϕ} there exists an integer k ≥ 1
and a decomposition ϕ = ϕ1 ∪ ϕ2 with #ϕ2 = ` and such that B2r(Fnsp(x, ϕ)) ∩ ϕ(n) =
{Fn(x, ϕ)} for all x ∈ ϕ2 and n ≥ k. This is clear for ` = 0. Now suppose that ` ≥ 0,
k′ ≥ 1 and ϕ = ϕ′1∪ϕ′2 are such that #ϕ′2 = ` and B2r(Fnsp(x, ϕ))∩ϕ(n) = {Fn(x, ϕ)} for
all x ∈ ϕ′2 and n ≥ k′. Observe that there exists a bounded set B ⊂ Rd with ϕ(n) ⊂ B
for all n ≥ 1. Indeed, writing Vn = {z ∈ Zd : Fn(ϕ,ϕ) ∩Qs(sz) 6= ∅}, we conclude from
Lemma 6.8 that the sequence {Vn}n≥1 is increasing and satisfies #Vn ≤ #ϕ for all n ≥ 1.
For n ≥ k′ let bn = maxξ∈Fnsp(ϕ′1,ϕ) |ξ|∞ denote the maximal d∞-distance from the origin
o to one of the points in Fnsp(ϕ′1, ϕ). Then, it follows from Lemma 6.9 that {bn}n≥1 forms
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an increasing sequence and that bn+1 ≥ bn+ε for all n ≥ k′ with bn 6= bn+1. Hence, there
exists k1 ≥ k′ with bk1

= bn for all n ≥ k1. Let x ∈ ϕ′1 be such that
∣∣∣F k1

sp (x, ϕ)
∣∣∣
∞

= bk1 .
We claim that there exists k2 ≥ k1 such that B2r(Fnsp(x, ϕ)) ∩ ϕ(n) = {Fn(x, ϕ)} for all
n ≥ k2. From Lemma 6.9 and the definition of k1 we see that there does not exist n ≥ k1
with Fn(x, ϕ) ∈ R1(ϕ(n)) and B2r(Fn(x, ϕ)) ∩ ϕ(n) 6= {Fn(x, ϕ)}. Hence, Lemma 6.10
implies that there exists k3 ≥ k2 such that for each n ≥ k3 either Fn(x, ϕ) ∈ R3(ϕ(n))
or Fn(x, ϕ) ∈ R1(ϕ(n)) and B2r(Fnsp(x, ϕ)) ∩ ϕ(n) = {Fn(x, ϕ)}. An application of
Lemma 6.11 completes the proof.

6.4. Proof of Theorem 6.3
For the remainder of the present section we fix a collective-rearrangement rule F as
in Theorem 6.3. As already explained in Section 6.1 we should expect that collective-
rearrangement algorithms only converge for sufficiently sparse locally finite input sets.
It is convenient to formalize this requirement as follows, where for ϕ ∈ NH and B ⊂ Rd
we put ϕ(B) = #(ϕ ∩B) for the number of elements of ϕ ∩B.

Definition 6.13. Let w > 0 and ϕ ∈ NH be arbitrary. We say that ϕ satisfies the non-
percolation condition if for every k ≥ 0 there exists n0(k) ≥ 1 such that #(ϕ ∩ QA) ≤
#A− k for any finite, ∗-connected set A ⊂ Zd with o ∈ A and #A ≥ n0(k).

Note that under the conditions of Theorem 6.3 the non-percolation condition is satis-
fied with probability 1.

Lemma 6.14. Let X denote a stationary point process in Rd satisfying (X1). Then X
satisfies the non-percolation condition with probability 1.

Proof. Let k ≥ 1 be arbitrary. For n ≥ 1 let En denote the event that there exists a finite,
∗-connected subset A ⊂ Zd with o ∈ A, #A ≥ n and #(X∩QA) > #A−k. Note that by
the lemma of Borel-Cantelli it suffices to show that P(En) ≤ 2exp(3d+2k)exp(−3d+1n)
for all sufficiently large n ≥ 1. For i ≥ 1 we define Γi to be the family of all ∗-connected
subsets of Zd containing o and consisting of precisely i sites and recall from Lemma 2.17
that #Γi ≤ 23di. In particular, (X1) implies that

P(En) ≤ P(#(X ∩QA) > i− k for some i ≥ n and A ∈ Γi)

≤
∞∑
i=n

∑
A∈Γi

P(#(X ∩QA) > i− k)

≤
∞∑
i=n

∑
A∈Γi

exp(3d+2k)exp(−3d+2i)Eexp(3d+2#(X ∩QA)),

where the third inequality is obtained by means of the Markov inequality. Hence,

P(En) ≤
∞∑
i=n

23diexp(3d+2k)exp(−(3d+2 − 3d+1)i) ≤ 2exp(3d+2k)exp(−3d+1n).

Our first goal is to show that the non-percolation condition is preserved when perform-
ing one step in our collective-rearrangement algorithm. If the non-percolation condition
is satisfied, we can deduce the following auxiliary results.
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Lemma 6.15. Let ϕ ∈ NH satisfy the non-percolation condition. If A ⊂ Zd and ψ ∈ NH
are such that A,ψ are finite, A is ∗-connected and Fsp(ψ,ϕ) ⊂ QA, then there exist finite
A′ ⊂ Zd and ψ′ ∈ NH with the following properties.

(i) A′ is ∗-connected,

(ii) A ⊂ A′ and ψ ⊂ ψ′ ⊂ QA′,

(iii) #ψ′ −#A′ ≥ #ψ −#A.

Proof. We show that if the conclusion of Lemma 6.15 does not hold, then there exist a
sequence of sites {zi}i≥1 ⊂ Zd and a sequence of points {xi}i≥1 ⊂ ϕ such that for all
i ≥ 1

(i) zi 6∈ A ∪ {z1, . . . , zi−1},

(ii) A ∪ {z1, . . . , zi} is ∗-connected,

(iii) Fs(xi, ϕ) ∈ Qs(szi),

(iv) ϕ ∩Qs(szi) 6= ∅.

See Figure 6.2 for an illustration of the construction of the sequences {zi}i≥1 and {xi}i≥1.
In particular, A∪{z1, . . . , zi} forms a ∗-connected set with #(ϕ∩QA∪{z1,...,zi})− (#A+
i) ≥ #(ϕ∩QA)−#A ≥ −#A, so that we obtain a contradiction to the non-percolation
condition when considering i = n0(#A+ 1). Suppose that {z1, . . . , zi} and {x1, . . . , xi}
have already been constructed and choose y ∈ ψ∪{x1, . . . , xi} such that y 6∈ QA∪{z1,...,zi}
(if such y did not exist, we could simply choose A′ = A ∪ {z1, . . . , zi} and ψ′ = ψ ∪
{x1, . . . , xi}). Furthermore, choose zi+1 ∈ Zd such that y ∈ Qs(szi+1). By (F1) there
exists y′ ∈ ϕ with Fsp(y′, ϕ) ∈ Qs(szi+1) and we put xi+1 = y′.

z1

z3

z2

x1

x2

x3

Figure 6.2.: Set A (gray), points ψ ∪ {x1, x2, x3} and their displacement in one iteration
step

As a corollary to Lemma 6.15 we obtain that the non-percolation condition is preserved
by the collective-rearrangement algorithm.

Corollary 6.16. Let ϕ ∈ NH satisfy the non-percolation condition. Then ϕ(1) satisfies
the non-percolation condition with the same constants n0(k), k ≥ 0.
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Proof. Let k ≥ 1 be arbitrary and A ⊂ Zd be a finite, ∗-connected set with o ∈ A,
#A ≥ n0(k) and #ψ > #A− k, where ψ = {x ∈ ϕ : F (x, ϕ) ∈ QA}. Then, Lemma 6.15
implies the existence of finite A′ ⊂ Zd and ψ′ ⊂ ϕ such that o ∈ A′, A′ is ∗-connected,
ψ′ ⊂ QA′ and #ψ′ − #A′ ≥ #ψ − #A > −k. This contradicts the non-percolation
condition on ϕ.

Using Corollary 6.16 we can detect a finite region containing the origin and with
the property that the displacement of particles inside this region is not influenced by
particles outside of the region.

Theorem 6.17. Let ε > 0 and ϕ ∈ NεH be such that ϕ satisfies the non-percolation
condition. For n ≥ 0 let An denote the largest ∗-connected subset A ⊂ Zd such that o ∈ A
and ϕ(n) ∩ Qs(sz) 6= ∅ for all z ∈ A. Furthermore, put A∞ = ⋃

n≥0An, ψn = ϕ ∩ QAn
and ψ∞ = ϕ ∩QA∞. Then

(i) {An}n≥0 forms an increasing family of finite subsets of Zd,

(ii) if n ≥ 0 and x ∈ ϕ are such that F k(x, ϕ) ∈ QAn for some k ∈ {0, . . . , n}, then
F k(x, ϕ) ∈ QAn for all k ∈ {0, . . . , n},

(iii) A∞ is finite,

(iv) if z ∈ Zd \ A∞ and z′ ∈ A∞ are such that |z − z′|∞ = 1, then Qs(sz) ∩ ϕ(n) = ∅
for all n ≥ 0,

(v) if x ∈ ψ∞, then Fn(x, ψ∞) = Fn(x, ϕ) for all n ≥ 0,

(vi) ψ(n)
∞ = ϕ(n) ∩QA∞ for all n ≥ 0.

See Figure 6.3 for an illustration of the statement of Lemma 6.17.

Proof. The first claim follows immediately from Corollary 6.16 and (F1) while the second
claim is a consequence of (F1) and our condition on the range of F . Therefore, #(ϕ ∩
QAn)−#An = #(ϕ(n) ∩QAn)−#An ≥ 0 and the non-percolation condition implies the
finiteness of A∞. Next, assume that n1, n2 ≥ 1 and z, z′ ∈ Zd are such that z 6∈ A∞,
z′ ∈ QAn1

, |z − z′|∞ = 1 and Qs(sz) ∩ ϕ(n2) 6= ∅. Putting n3 = max{n1, n2}, we
note that condition (F1) implies that Qs(sz) ∩ ϕ(n3) 6= ∅ and Qs(sz′) ∩ ϕ(n3) 6= ∅,
which yields a contradiction to z 6∈ An3 and the maximality property used to define
An3 . The last two assertions are proven jointly by induction on n, the case n = 0
being trivial. For n ≥ 1 and x ∈ ψ∞ the induction hypothesis yields Fn−1(x, ψ∞) =
Fn−1(x, ϕ). Additionally, by w-locality Fn(x, ψ∞) = Fn(x, ϕ) follows once we verify
Qs(sz′)∩ϕ(n−1) = Qs(sz′)∩ψ(n−1)

∞ for all z′ ∈ Zd with |z′′ − z′|∞ ≤ 1 for some z′′ ∈ A∞.
From induction hypothesis, we conclude that it suffices to show Qs(sz′)∩ϕ(n−1) ⊂ QA∞
and the latter inclusion is trivial for z′ ∈ A∞ and follows from item (iv) if z′ 6∈ A∞.
By what we have achieved so far, the proof of Theorem 6.17 is completed once we show
ϕ(n) ∩QA∞ ⊂ ψ

(n)
∞ . If x ∈ ϕ is such that Fn(x, ϕ) ∈ QA∞ , then item (2) gives x ∈ ψ∞,

so that Fn(x, ϕ) = Fn(x, ψ∞) ∈ ψ(n)
∞ .

Using Theorem 6.17 we can now complete the proof of Theorem 6.3.
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Figure 6.3.: The sets QA0 (left), QA1 (middle) and QA2 (right) in gray; QA∞ = QA2

bounded by thick line; densely dotted squares do not contain any points of
X

Proof of Theorem 6.3. By wZd-covariance of F it suffices to show the existence of an
integer- valued random variableN1 ≥ 0 such that Fn(X,X)∩Qs(o) = FN1(X,X)∩Qs(o)
for all n ≥ N1. The specific description of the metric on point processes given in [46]
then also implies that the point processes {X(n)}n≥0 converge to X(∞) in probability
and therefore also in distribution. Let E denote the event that X ∈ NεH and X satisfies
the non-percolation condition, where by condition (X2) and Lemma 6.14 this event
occurs with probability 1. Now let ϕ ∈ E be arbitrary. From Lemma 6.17 we deduce
the existence of a finite subset ψ of ϕ such that ψ(n) ∩ Qs(o) = ϕ(n) ∩ Qs(o) for all
n ≥ 0 (apply Lemma 6.17 with A = {o}, and choose ψ = ψ∞). Furthermore, by
condition (F2) we can choose n1 ≥ 0 such that ψ(n) = ψ(n1) for all n ≥ n1. Hence,
ϕ(n) ∩ Qs(o) = ψ(n) ∩ Qs(o) = ψ(n1) ∩ Qs(o) = ϕ(n1) ∩ Qs(o), thereby completing the
proof.

6.5. Numerical investigations of avoidance algorithm

In the present section, we discuss the numerical behavior of the avoidance algorithm for
a Boolean model in R3. More precisely, we choose as initial random sphere system a
collection of unit balls whose centers form a homogeneous Poisson point process in R3

with some intensity λ > 0.
Applying the avoidance algorithm introduced in Section 6.3.2 to the Boolean model

in R3 with unit radius and increasing intensities λ1 ≤ . . . ≤ λn, we check for which in-
tensities the avoidance algorithm converges. Since the condition on the intensity derived
in Corollary 6.5 is rather conservative, it is natural to expect that the algorithm also
converges for higher intensities.
After that, we numerically compare the differences in the resulting point patterns when

applying the avoidance algorithm and the force-biased algorithm to the same initial point
pattern. Before discussing the results of our simulation study we first state some details
about the implementation of the avoidance algorithm.

6.5.1. Implementation of avoidance algorithm

In order to reduce the edge effects occurring when performing simulations in a bounded
sampling window, we implement the avoidance algorithm with periodic boundary con-
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ditions. In other words, we do not use the Euclidean metric | · | but a periodic distance
function ρ′, which is defined for x = (x1, x2, x3)> and y = (y1, y2, y3)> and a window
W = [0, s1]× [0, s2]× [0, s3] by

ρ′(x, y) =
»
u2

1 + u2
2 + u2

3,

where for i ∈ {1, 2, 3} we put ui = min{|xi − yi|, si − |xi − yi|}.

6.5.2. Numerical results on the critical intensity

In this section, the convergence behavior of the avoidance algorithm applied to the
Boolean model is investigated for varying intensities λ of the underlying Poisson point
process. The framework of the present simulation study is as follows. As sampling
window W we consider the cube W = [0, 18]3. The intensity λ is varied from 0 to 0.2
in equidistant steps of 0.005. For each value of the intensity λ, m = 50 realizations of
the Boolean model are transformed by the avoidance algorithm as explained in Section
6.5.1. Then, we consider the frequency of convergence of the avoidance algorithm with
intensity λ. In the simulation study, we say that the algorithm has not converged if after
k = 10, 000 iteration steps of the algorithm there exists at least one pair of overlapping
balls. Otherwise, we say that the algorithm has converged. In other words, we check
how many realizations converge per intensity λ, i.e., rλ = number of convergence/50.
In Figure 6.4a, we plot λ against rλ. We can see clearly that a phase transition occurs
and that the transition point of the intensity λ is located in the interval [0.14, 0.17].
For intensities smaller than 0.14 the avoidance algorithm converged for all m = 50
realizations of the initial Boolean model, whereas the algorithm did not converge for any
realization if the intensity is larger than 0.17. That means using the avoidance algorithm,
we achieve dense sphere packings with maximal volume fractions of approximately 63%.

(a) Intensity vs. relative frequency of con-
vergence

(b) Intensity vs. distance deviation; sub-
cubes of side length s = 6 (black) and
s = 9 (blue).

Figure 6.4.: Dependence of model characteristics on the intensity of the Poisson point
process of sphere centers
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6.5.3. Comparison of force-biased and avoidance algorithm
In a first step, we compare the output of the avoidance algorithm introduced in Sec-
tion 6.3.2 with that of the force-biased algorithm. As noted before, the avoidance algo-
rithm can be seen as a modification of the force-biased algorithm for which condition
(F1) is rigorously enforced by definition. We analyze the two point patterns obtained
by applying the force-biased and the avoidance algorithm to an initial Boolean model,
which is constructed by attaching a unit ball to each of the points of a homogeneous
Poisson point process X = {Xi}i∈{1,...,N} in W . These two point patterns are compared
by considering the mean distance of corresponding sphere midpoints. More precisely,
we first run both algorithms until convergence. Then, for each sphere we compute the
distance of its final position in the avoidance algorithm to the final position in the
force-biased algorithm. Finally, these distances are averaged over all spheres. We in-
vestigate the behavior of these distance deviations depending on both the side length
s − 2 ≥ max{Fmax, 4} of the grid and the intensity λ of the underlying Poisson point
process of sphere centers.
In summary, we first simulate the Boolean model in the sampling windowW = [0, 18]3

with intensity λ varying from 0.005 to 0.135 in equidistant steps of 0.01 and for each
intensity m = 50 replications are sampled from the model. Then, to each of these
realizations, we apply both the force-biased algorithm and the avoidance algorithm for
side lengths of the grid s ∈ {6, 9}. We put Fmax = 0.5 and ε = 0.01. Note that s = 6
is the minimal side length for which Theorems 6.8 and 6.12 imply conditions (F1) and
(F2).
Next, the mean distance of corresponding sphere midpoints for the two resulting

point patterns is computed when applying the two algorithms to the same realization
of the Boolean model. In more detail, X(∞)a = {X(∞)a,i}i∈{1,...,N} and X(∞)fb =
{X(∞)fb,i}i∈{1,...,N} denote the final position of the sphere centers after convergence has
occurred in the avoidance and force-biased algorithm, respectively. The mean distance
deviation ρ̄ ofX(∞)a andX(∞)fb is then defined as ρ̄ = N−1∑N

i=1

∣∣∣X(∞)a,i −X(∞)fb,i

∣∣∣.
In Figure 6.4b, the intensity is plotted against the mean distance deviation for side

length of sub-cubes s = 6 (blue) and s = 9 (black) where we average over m = 50
replications. It can be seen that the mean distance deviation is constant 0 for s = 9 (i.e.,
the force-biased and the avoidance algorithm lead to the same result no matter which
intensity we consider) and for s = 6 only very small deviations occur. In summary, we
can conclude that even for relatively small grid sizes the avoidance algorithm and the
force-biased algorithm generate very similar final configurations.
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7. Applications in fixed-access
telecommunication networks

Stochastic network models based on connected random geometric graphs play an im-
portant role for problems of cost-estimation in fixed-access telecommunication networks.
Indeed, cables connecting subscribers or other low-level nodes to some higher-level node
are typically deployed along the road system. These fixed-access networks can be conve-
niently modeled using tools from stochastic geometry and for this purpose the Stochastic
Subscriber Line Model (SSLM) has been introduced and extended in [57, 66, 67]. The
SSLM consists of several layers, which will now be discussed.
The first layer is the geometry model, which uses a stationary random geometric

graph to describe the underlying road system. Here classical random tessellations such
as Poisson-Voronoi, Poisson-Delaunay and Poisson line tessellations play an important
role, see Section 2.3.2. More recently, iterated tessellations have been used since this
class is deemed to provide a more realistic model for existing road networks, see [119].
The actual network components are described in the second layer, the network model.

We consider a network consisting of two levels of hierarchy, i.e., of high-level components
(HLC) and low-level components (LLC). Since also the network components are typically
located at the road system, both HLC and LLC are modeled using Coxian point processes
whose random intensity measures are concentrated on the edge system of the random
geometric graph.
Finally, we consider the topology model describing how LLC and HLC should be

connected to each other. LLC are connected to HLC by using shortest paths in the
underlying network and each LLC is connected to precisely one HLC. We will investigate
two different scenarios, corresponding to the topologies where the HLC is chosen as the
closest HLC to the considered LLC either in the standard Euclidean metric or in the
metric induced by shortest-path lengths in the underlying network. The first option can
be equivalently described by noting that the HLC subdivide the plane into Euclidean
serving zones, which are given as the cells in the standard Voronoi tessellation associated
to the HLC. In the second case, serving zones can also be described using Voronoi
tessellations, but these tessellations are now formed with respect to the shortest-path
metric instead of the Euclidean metric. In both cases, all LLC inside one serving zone
are connected to the HLC corresponding to the cell center.
We investigate two different structural characteristics of the SSLM. First, in Section 7.1

we consider the asymptotic distribution of the shortest-path length from a typical LLC
to its associated HLC as the network density tends to infinity. For the scenario where
each LLC is connected to its closest HLC in the Euclidean metric, this problem has been
investigated in [151]. We show how to extend these results to the setting where HLC
are selected according to the metric based on shortest-path lengths in the network.
In the telecommunication context, it is not only important to have information on

the connection length to a single LLC. In addition, it is desirable to describe the joint
behavior of all connections to the LLC in serving zone associated with a given HLC.
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Since physical links from LLC to HLC are deployed along the shortest Euclidean path
in the underlying network, considering the collection of all such connections yields a
connected graph without cycles, which is also called shortest-path connection tree or
short shortest-path tree, see [118]. Cost estimations of fixed-access telecommunication
networks require knowledge of structural properties of this tree. In Section 7.2, we
describe the asymptotic distribution of the length of the longest branch in this tree as
the network intensity tends to infinity. For the investigation of this characteristic, we use
the well-established Euclidean topology model, where the serving zones are determined
using the Voronoi cells associated with the point process of the HLC.
Finally, we note that in contrast to the asymptotic results described in the previous

two paragraphs, no precise analytical formulas are known for the considered structural
characteristics, when the underlying network is neither exceedingly dense nor exceed-
ingly sparse. Since these intermediate cases are of fundamental importance in practical
applications, it is useful to establish approximation formulas that are obtained from
Monte Carlo simulations. A precise mathematical definition of the typical shortest-path
length or the typical longest-branch length in the shortest-path tree makes use of Palm
calculus. Therefore, in order to develop efficient Monte Carlo simulation algorithms it is
important to have a good understanding of the Palm version of the underlying network
model. For the Poisson-Voronoi and Poisson line tessellation, the Palm distribution is
well-understood and suitable algorithms have already been derived in [150]. However,
for the equally important case of Delaunay tessellations so far no direct simulation had
been developed, since no explicit analytical description for the distribution of the Palm
version was available. In Section 7.3 we provide a distributional result that can be used
to develop a direct simulation algorithm.
We start by introducing and recalling some basic definitions related to the SSLM. In

the following, G ⊂ R2 denotes a stationary, isotropic, ergodic and a.s. connected random
geometric graph in R2. We write γ = Eν1(G ∩ [0, 1]2) ∈ (0,∞) for its length intensity,
and G∗ for the Palm version of G with respect to the random measure ν1(· ∩ G), see
Section 2.2.1. That is, the distribution of the random geometric graph G∗ is determined
by

Eh(G∗) = γ−1E
∫
G∩[0,1]2

h(G− x)ν1(dx),

where h : G → [0,∞) is any G-measurable function. The random geometric graph G∗
can be regarded as the graph G seen from a typical HLC or LLC placed at the origin.
This interpretation can be expressed more rigorously using Palm calculus, see e.g. [117].
The most important results regarding asymptotic distributions of shortest-path lengths

and longest branch lengths in typical shortest-path trees discussed in this chapter are
summarized in [117] and [81]. The result on the Palm version of the Poisson-Delaunay
tessellation has been incorporated in [119].

7.1. Asymptotic distributions of shortest-path lengths
As explained in the introduction to Chapter 7, in the context of fixed-access telecommu-
nication networks, the shortest-path length between a typical LLC and the associated
HLC constitutes an important structural characteristic, which has already been investi-
gated in [67, 151]. The topology model used in these investigations connects each LLC
to its closest HLC in the Euclidean sense. Extending the results of [151] to a different
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topology mode, we determine in Theorem 7.1 the asymptotic distribution of the typical
shortest-path length as the network intensity tends to infinity, in the scenario where the
LLC is connected to the closest HLC in the network metric. Moreover, we also show
that the conditions of Theorem 7.1 are satisfied not only for the classical tessellations,
but also for Poisson-Voronoi aggregate tessellations.
The HLC are modeled by a Cox process XλH ⊂ R2 whose random intensity measure is

given by λHν1(· ∩G∗), for some linear intensity λH > 0. By XλH ,0 we denote the closest
point of XλH to the origin in the Euclidean distance and by Ce we denote the length
of the shortest-path on G∗ connecting o to XλH ,0. Similarly, we write X ′λH ,0 for the
closest point of XλH to the origin, when the distances are measured using shortest-path
lengths on G∗. Additionally, Cg denotes the length of the shortest path on G∗ connecting
o to X ′λH ,0. We are interested in the asymptotic behavior of Cg as the scaling factor
κ = γ/λH tends to infinity. Note that [151, Theorem 3.2] deals with the case when Cg
is replaced by Ce.
In order to state our result precisely, we need some additional conditions. We assume

that the random geometric graph G coincides with the edge set of a stationary and
isotropic random tessellation in R2. We also assume that G is mixing in the sense that
for every A,B ∈ B(F) as |x| → ∞ the probability P(G ∈ A,G − x ∈ B) converges to
P(G ∈ A)P(G ∈ B). Finally, we require that

E ν1(∂Ξ∗)2 <∞ , (7.1)

where ν1(∂Ξ∗) denotes the circumference of the typical cell Ξ∗ of the tessellation associ-
ated with G, see Section 2.3.2. Note that if G has length intensity γ and if γ′ > 0, then
G/(γ′/γ) has length intensity γ′. The main result of the present section is the following
description of the asymptotic behavior of Ce and Cg.

Theorem 7.1. If γ →∞ and λH → 0 with λHγ = λ fixed, then there exists a constant
ξ ≥ 1 such that

Ce(γ, λH) D→ ξZ and Cg(γ, λH) D→ ξZ , (7.2)
where ξZ ∼Wei(λπ/ξ2, 2).

In order to show Theorem 7.1, we recall the idea behind the proof of [151, Theorem 3.2].
By an argument based on Kingman’s sub-additive ergodic theorem (see Theorem 2.31)
one can show that there exists ξ ≥ 1 such that Ce − ξ|XλH ,0|

P−→ 0, where P−→ denotes
convergence in probability. Since |XλH ,0|

D−→ Wei(λπ, 2), an application of Slutsky’s
lemma (see [50, Chapter 2, Exc. 2.10]) yields Ce D−→ Wei(λπ/ξ2, 2). Moreover, this
strategy proves to be flexible enough to describe the asymptotic behavior of the quantity
Cg as well.
To show Cg

D−→Wei(λπ/ξ2, 2), we begin by proving an analogue of [151, Lemma 4.4].

Lemma 7.2. Let γ → ∞ and λH → 0 such that λHγ = λ is fixed. Then there is a
constant ξ ≥ 1 such that Cg(γ, λH)− ξ|X ′λH ,0|

P→ 0.

Proof. Let δ, ε > 0 be arbitrary. We prove that there exists a ξ ≥ 1 (which in fact
coincides with the ξ in [151, Lemma 4.4]) such that P(|Cg − ξ|X ′λH ,0|| > ε

ä
≤ δ for all

sufficiently large γ. Using

P(|Cg − ξ|X ′λH ,0|| > ε) ≤ P(|Cg − ξ|X ′λH ,0|| > ε, |X ′λH ,0| ≤ r) + P(|X ′λH ,0| > r),
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it suffices to show that there exists r > 0 such that for all sufficiently large γ we have

P(|Cg − ξ|X ′λH ,0|| > ε, |X ′λH ,0| ≤ r) < δ/2 and P(|X ′λH ,0| > r) < δ/2 .

Using the elementary inequalities |X ′λH ,0| ≤ `(o,X ′λH ,0) ≤ `(o,XλH ,0), we see that
P
Ä
|X ′λH ,0| > r

ä
≤ P
Ä
`(o,XλH ,0) > r

ä
. Here, we recall from Chapter 4 that `(o,X ′λH ,0),

`(o,XλH ,0) denote the lengths of the shortest Euclidean paths from o toX ′λH ,0 andXλH ,0,
respectively. Next, combining the inequality

P
Ä
`(o,XλH ,0) > r

ä
≤ P
Ä
ξ|XλH ,0| > r/2

ä
+ P
Ä∣∣∣ξ|XλH ,0| − `(o,XλH ,0)

∣∣∣ > r/2
ä
,

with [151, Lemma 4.2] (i.e., that |XλH ,0|
D−→Wei(λπ, 2)) we see that there exists r > 0

such that P(|X ′λH ,0| > r) < δ/2 for all sufficiently large γ > 0. To prove the remaining
estimate, let N = XλH (Br(o)) denote the number of points of XλH in the ball Br(o).
Using this notation, we may write

P(|Cg − ξ|X ′λH ,0|| > ε, |X ′λH ,0| ≤ r)

≤ E
Ä ∞∑
k=1

P(N = k | G∗γ) · E ( max
i=1,...,k

|`(o, Yi)− ξ|Yi|| > ε | G∗γ , N = k)
ä
,

where the random vectors Y1, . . . , Yk are conditionally independent and uniformly dis-
tributed on G∗γ ∩ Br(o) given G∗γ and N . Then, in the next steps, copying the corre-
sponding part of the proof of [151, Lemma 4.4] verbatim yields the assertion.

As a second ingredient in the proof of Cg D−→Wei(λπ/ξ2, 2), we show that the differ-
ence |X ′λH ,0| − |XλH ,0| is asymptotically negligible.

Lemma 7.3. Let γ →∞ and λH → 0 such that λHγ = λ is fixed. Then,

|X ′λH ,0| − |XλH ,0|
P−→ 0 (7.3)

and consequently,
|X ′λH ,0|

D−→Wei(λπ, 2) . (7.4)

Proof. Observe that by definition |X ′λH ,0| − |XλH ,0| ≥ 0. Furthermore, for every ξ > 0,

P(ξ|X ′λH ,0| − ξ|XλH ,0| > ε)
= P((ξ|X ′λH ,0| − `(o,X

′
λH ,0)) + (`(o,X ′λH ,0)− `(o,XλH ,0)) + (`(o,XλH ,0)− ξ|XλH ,0|) > ε)

≤ P(|ξ|X ′λH ,0| − `(o,X
′
λH ,0)| > ε/2) + P(|`(o,XλH ,0)− ξ|XλH ,0|| > ε/2) ,

where in the last inequality we used that `(o,X ′λH ,0) − `(o,XλH ,0) ≤ 0. But, by [151,
Lemma 4.4] and by Lemma 7.2, we know that both summands of the latter bound
converge to 0 as γ →∞. This proves (7.3) and, applying Slutsky’s lemma, (7.4) follows
by taking into account that |XλH ,0|

D−→Wei(λπ, 2).

Note that the convergence Cg∗(γ, λ`)
D→ ξZ stated in Theorem 7.1 is now an immediate

consequence of Lemmas 7.2 and 7.3, because

`(o,X ′λH ,0) = ξ|X ′λH ,0|+ (`(o,X ′λH ,0)− ξ|X ′λH ,0|)
D−→ ξZ ∼Wei(λπ/ξ2, 2) .
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We now discuss some examples of G for which the conditions of Theorem 7.1 are
satisfied. If G is the edge set of a Poisson-Delaunay tessellation (PDT), Poisson line tes-
sellation (PLT), or Poisson-Voronoi tessellation (PVT), respectively, then G is isotropic
by definition and it is well-known that G is mixing, see [135, Chapter 10.5]. Further-
more, it is not difficult to show in all these cases that the integrability condition (7.1) is
satisfied, see [151].
Moreover, it turns out that the conditions of Theorem 7.1 are satisfied if G is the

edge set of a Poisson-Voronoi aggregate tessellation (PVAT) introduced in Section 2.3.2.
Then, by definition, G is stationary and isotropic. In order to show that G is mixing, we
can apply an extended version of the arguments used in [135, Theorem 10.5.1] for PVT.

Lemma 7.4. Let T (1) =
¶

Ξ(1)
n

©
and T (2) =

¶
Ξ(2)
n

©
be independent Poisson–Voronoi

tessellations. Then the edge set G = ⋃
n≥1 ∂Ξn of the PVAT T = {Ξn} based on T (1)

and T (2) is mixing.

Proof. To begin with, we recall the basic ideas of the proof of [135, Theorem 10.5.1],
where it is shown that any PVT is mixing. First put T = {Ξn}, where Ξn = {x ∈ R2 :
|Xn − x| ≤ |Xi − x| for any i ≥ 1} and X = {Xn} is a homogeneous Poisson point
process in R2. We claim that for any fixed ε > 0 and bounded B1, B2 ∈ B2 it holds that

|P(G ∩B1 = ∅, G ∩ (B2 + x) = ∅)− P(G ∩B1 = ∅)P (G ∩ (B2 + x) = ∅)| < 6ε (7.5)

for all x ∈ R2 such that |x| is sufficiently large, where G = ⋃
n≥1 ∂Ξn denotes the edge

set of T . In order to prove (7.5) the following truncation technique has been used in
[135]. For r > 0 and x ∈ R2, let Gx denote the edge set of the Voronoi tessellation
induced by the point process X ∩ B15r(x). If |x| > 30r, then the random sets Go and
Gx are independent. This implies that

P(Go ∩B1 = ∅, Gx ∩ (B2 + x) = ∅) = P(Go ∩B1 = ∅)P(Gx ∩ (B2 + x) = ∅).

The next step in the proof of [135, Theorem 10.5.1], is to show that one can choose r > 0
such that

|P(Go ∩B1 = ∅, Gx ∩ (B2 + x) = ∅)− P(G ∩B1 = ∅, G ∩ (B2 + x) = ∅)| < 2ε
|P(Go ∩B1 = ∅)− P(G ∩B1 = ∅)| < 2ε (7.6)
|P(Gx ∩ (B2 + x) = ∅)− P(G ∩ (B2 + x) = ∅)| < 2ε

for all x ∈ R2 with |x| sufficiently large. Once (7.6) is established, (7.5) follows immedi-
ately. To prove (7.6), one first introduces the following family of events (parameterized
by y ∈ R2 and r > 0)

Eyr = ∪n≥1{Ξn ∩Br(y) 6= ∅} ∩ {Ξn 6⊂ B5r(y)}.

It is not difficult to see that for r > 0 sufficiently large, we have P(Eyr ) = P(Eor ) < ε for all
y ∈ R2. This yields P(F x1,x2) ≥ 1−2ε for any x1, x2 ∈ R2, where F x1,x2

r = (Ex1
r ∪Ex2

r )c.
Introducing the events Eyr and F x1,x2

r gives the following benefits. First choose r > 0
large enough such that B1, B2 ⊂ Br(o). Now suppose that the event F x1,x2

r occurs and
that Ξn ∩ (Bi + xi) 6= ∅ for some n ≥ 1 and i ∈ {1, 2}. Then Ξn ⊂ B5r(xi). Using
elementary geometry, this implies that the Voronoi cell Ξn is completely determined
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by X ∩ B15r(xi). Thus, the event G ∩ (Bi + xi) = ∅ occurs if and only if the event
Gxi ∩ (Bi+xi) = ∅ occurs, which implies the inequalities in (7.6). The basic ideas of this
approach may also be used in the case of PVAT. Denote by X(1) and X(2) independent
Poisson processes inducing the PVT T (1) = {Ξ(1)

n } and T (2) = {Ξ(2)
n }, respectively. For

y ∈ R2 and r > 0, let
Eyr = {Ξ(2)

n ∩Br(y) 6= ∅,Ξ(2)
n 6⊂ B5r(y) for some n ≥ 1}

∪ {Ξ(1)
n ∩B5r(y) 6= ∅,Ξ(1)

n 6⊂ B25r(y) for some n ≥ 1}
∪ {Ξ(2)

n ∩B25r(y) 6= ∅,Ξ(2)
n 6⊂ B125r(y) for some n ≥ 1} .

Then, as in the case of a (non–aggregate) PVT mentioned above, it is easy to see that for
r > 0 sufficiently large, we have P(Eyr ) = P(Eor ) < ε for all y ∈ R2 and P(F x1,x2) ≥ 1−2ε
for any x1, x2 ∈ R2, where F x1,x2

r = (Ex1
r ∪Ex2

r )c. Furthermore, if the event F x1,x2
r occurs,

then Ξn ∩ (Bi + xi) 6= ∅ for some n ≥ 1 and i ∈ {1, 2} implies that Ξn ⊂ B125r(xi),
where T = {Ξn} is the PVAT induced by X(1) and X(2). Thus, in this case, the cell Ξn
is completely determined by X(1) ∩B375r(xi) and X(2) ∩B375r(xi) and the proof can be
finished in the same way as indicated above for PVT.

Finally, we show that the integrability condition (7.1) is satisfied if G is the edge
set of a PVAT. To be more precise, let T (1) = {Ξ(1)

n } and T (2) = {Ξ(2)
n } be Voronoi

tessellations induced by the stationary and independent point processes X(1) =
¶
X

(1)
n

©
and X(2) =

¶
X

(2)
n

©
with intensities λ(1) and λ(2). Assume that Eν2(Ξ(1),∗)4 < ∞ and

Eν1(∂Ξ(2),∗)4 < ∞, where Ξ(1),∗ and Ξ(2),∗ denotes the typical cell of T (1) and T (2),
respectively.
Lemma 7.5. If X(2) is a homogeneous Poisson point process, then Eν1(∂Ξ∗)2 < ∞,
where Ξ∗ is the typical cell of the aggregate tessellation T = {Ξn} induced by X(1) and
X(2).
Proof. Consider the marked point processes Y (1) =

¶
(X(1)

n ,Ξ(1)
n − X(1)

n )
©
and Y (2) =¶

(X(2)
n ,Ξ(2)

n −X(2)
n )
©
. Let P∗1 denote the distribution of the typical cell of Y (1), and let

C2 be the Campbell measure of Y (2), i.e.,
C2(B × E ×A) = E

Ä
#{n ≥ 1 : X(2)

n ∈ B, Ξ(2)
n −X(2)

n ∈ E}1A(X(2))
ä
,

where B ∈ B2, E ∈ B(F), and A ∈ N . Then,

Eν1(∂Ξ∗)2 ≤ 1
λ(1) E

( ∑
n:X(1)

n ∈[0,1]2

( ∑
i:X(2)

i ∈Ξ(1)
n

ν1(∂Ξ(2)
i )
)2)

≤ 1
λ(1) E

( ∑
n:X(1)

n ∈[0,1]2
X(2)(Ξ(1)

n )
∑

i:X(2)
i ∈Ξ(1)

n

ν1(∂Ξ(2)
i )2

)
.

Thus, using Campbell’s theorem for stationary marked point processes (see Theorem 2.16),

Eν1(∂Ξ∗)2 ≤
∫

[0,1]2

∫
F

∫
R2×F×N

1m1+x(y)ϕ(m1 + x)ν1(∂m2)2 C2(dy,dm2,dϕ)P∗1(dm1) dx

≤
∫

[0,1]2

∫
F

(∫
R2×F×N

1m1+x(y)ϕ(m1 + x)2 C2(dy,dm2,dϕ)
)1/2

×
(∫

R2×F×N
1m1+x(y)ν1(∂m2)4 C2(dy,dm2, dϕ)

)1/2
P∗1(dm1) dx .
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Furthermore, by the definition of the typical cell Ξ(2),∗,∫
R2×F×N

1m1+x(y)ν1(∂m2)4 C2(dy,dm2,dϕ) = λ(2)ν2(m1)Eν1(∂Ξ(2),∗)4 ,

and applying Slivnyak’s theorem (Theorem 2.9) to the homogeneous Poisson process
X(2) yields ∫

R2×F×N
1m1+x(y)ϕ(m1 + x)2 C2(dy,dm2,dϕ)

= (λ(2))2ν2(m1)3 + 3λ(2)ν2(m1)2 + ν2(m1) .

Thus,

E(ν1(∂Ξ∗)2 ≤ (λ(2) Eν1(∂Ξ(2),∗)4)1/2

×
∫
F

Ä
(λ(2))2ν2(m1)4 + 3λ(2)ν2(m1)2 + ν2(m1)2)1/2P∗1(dm1)

≤ (λ(2) Eν1(∂Ξ(2),∗)4)1/2

×
Ä
E(ν2(Ξ(1),∗)2) + 3λ(2)E(ν2(Ξ(1),∗)3) + (λ(2))2E(ν2(Ξ(1),∗)4)

ä1/2
,

where the latter bound is finite, since Eν2(Ξ(1),∗)4 <∞ and Eν1(∂Ξ(2),∗)4 <∞.

Finally, Lemma 7.5 allows to deduce the desired bound on Eν1(∂Ξ(2),∗)2.

Corollary 7.6. Let X(1) and X(2) be homogeneous Poisson processes and denote by Ξ∗
the typical cell of the PVAT T = {Ξn} induced by X(1) and X(2). Then Eν1(∂Ξ∗)2 <∞.

Proof. Let B ∈ B2 be bounded and convex, and denote by R(B) the radius of the
smallest ball containing B. By the convexity of B we have ν1(∂B) ≤ 2πR(B) and
ν2(B) ≤ πR2(B). Thus, using of Lemma 7.5, it is sufficient to show that all moments of
R(Ξ(i),∗) are finite, where Ξ(i),∗ denotes the typical cell of the PVT T (i) for i ∈ {1, 2}.
But this follows from a result derived in [36] (see also [59]), where it is shown that
R(Ξ(i),∗) has exponential tails.

7.2. Asymptotics for longest-branch lengths in typical
shortest-path trees

The topology and geometry of fixed-access telecommunication networks is strongly in-
fluenced by the respective properties of the underlying street network. Typically, inside
a serving zone all low-level nodes (e.g. end users) are connected to a fixed high-level
node along the shortest Euclidean path in the road system. Since shortest paths do not
contain cycles, they induce a natural tree structure on the set of points of G∗ for which
the shortest path to o is unique. This tree is sometimes referred to as shortest-path
tree [118]. Therefore, a detailed understanding of statistical properties of shortest-path
trees on random networks can allow telecommunication companies to obtain accurate
cost estimates for large-scale operations such as upgrading copper networks to optical
fiber networks.
Obtaining a simple description of the distribution of the entire shortest-path tree that

can be applied to various network models is considered to be a daunting task. A feasible
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approach to tackle this problem is to develop a good description of several important
characteristics of the shortest-path tree in order to gradually improve the understanding
of the underlying tree structure.
In the present section, we show how the strong linear growth bound for shortest-path

lengths derived in Theorem 4.2 can be used to determine the limiting distribution of the
length of the longest branch in a typical shortest-path tree if the intensity of high-level
network stations converges to zero. By XλH we denote a Cox process on G∗ whose
random intensity measure is given by λHν1(· ∩ G∗), for some linear intensity λH > 0.
Denote by Ξ0,λH the zero-cell of the Voronoi tessellation on XλH ∪ {o}.
In the present section, we assume that G ⊂ R2 is a stationary, isotropic, ergodic and

a.s. connected random geometric graph satisfying (4.3) and conditions (G1) and (G3)
of Section 4.1.1. In the following, let Z(λH) = supx∈Ξ0,λH∩G

∗ `(o, x) denote the length
of the longest shortest path among all shortest paths emanating from the origin o and
ending at an element of x ∈ Ξ0,λH ∩ G∗. Although there is only little hope to obtain
an explicit analytical formula for the distribution of Z(λH) when considering general
values of λH ∈ (0,∞), we show how Theorem 4.2 in conjunction with a distributional
result due to P. Calka [36] on the circumradius of typical Poisson-Voronoi cells can be
used to obtain an explicit asymptotic formula in the case when λH → 0. It is also worth
mentioning that quantities closely related to the longest shortest-path length have been
considered in [12, 96] for different families of (combinatorial) random graphs.

Theorem 7.7. Let R be the radius of the smallest circle containing the zero-cell Ξ0 of
the Voronoi tessellation on Y ∪{o}, where Y is a homogeneous Poisson point process in
R2 whose intensity is equal to the length intensity γ of G. Then

√
λHZ(λH) D−→ ξR as

λH → 0, where ξ = limn→∞ E`(o, ne1)/n is the time constant appearing in Theorem 4.2.

A similar philosophy was applied in [117, 151] to another cost functional. The proof of
Theorem 7.7 will be provided in Section 7.2. Note that it is not too difficult to generalize
the statement of Theorem 7.7 to dimensions d > 2. However, an explicit description
for the distribution of R is only known in the case d = 2, see [36]. Moreover, for
practical applications to telecommunication networks, it is important not only to know
the behavior of the longest shortest path as λH → 0, but also to have some information
about its length for arbitrary values of λH > 0. Since it seems rather unlikely that
there exists an explicit analytical formula for the distribution of the longest shortest-
path length Z(λH), we fitted parametric density functions to simulated data. More
precisely, for a sufficiently large positive integer n, we generate n realizations of the
typical segment system Ξ0,λH ∩G∗ via Monte Carlo simulation and compute each time
the length of the longest shortest path. In order to determine the parameters of the
approximating distribution for each λH , we used maximum-likelihood estimation.
It turned out that one possible class of parametric distributions for Z(λH) is the family

of scaled Gamma distributions. This class of distributions provides a good fit for the
types of (non-iterated) tessellations that are most important for modelling fixed-access
telecommunication networks, see [117], namely Poisson-Delaunay tessellations, Poisson
line tessellations and Poisson-Voronoi tessellations. To be more precise, it holds that
approximately Z(λH) ∼ Γ(k, θ) with density function f(x; k, θ) = 1

θkΓ(k)x
k−1exp(−x

θ ),
for some k, θ > 0. Note that k and θ depend on λH . An illustration of the results
of this fitting procedure is given in Figure 7.1, which exemplarily shows histograms of
simulated data and fitted parametric density functions for the Poisson-Delaunay case
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with λH = 1/50 (left), the Poisson line case with λH = 1/120 (middle) and the Poisson-
Voronoi case with λH = 1/375 (right).

Figure 7.1.: Histograms of simulated data and fitted parametric densities

The proof of Theorem 7.7 is subdivided into several steps. First, we recall from [111,
Theorem 6.5] that if Ξ,Ξ1,Ξ2, . . . ⊂ R2 are random closed sets such that {Ξn}n≥1 con-
verges to Ξ in distribution, then P(Ξn∩K = ∅)→ P(Ξ∩K = ∅) for all compact K ⊂ R2

with P(Ξ ∩ K = ∅) = P(Ξ ∩ intK = ∅). To begin with, we consider an elementary
convergence property.

Lemma 7.8. Let Ξ ⊂ R2 and Ξ1,Ξ2, . . . ⊂ R2 be random compact convex sets with
Ξn D−→ Ξ. Furthermore, suppose that o ∈ int Ξ and P({Ξi = ∅} ∪ {o ∈ Ξi}) = 1 for all
i ≥ 1. Then P

Ä
Ξn ⊂ intB

ä
→ P

Ä
Ξ ⊂ B

ä
for all compact, convex B ⊂ R2 with o ∈ B

and P
Ä
Ξ ⊂ B

ä
= P
Ä
Ξ ⊂ intB

ä
.

Proof. Observe that Ξ ⊂ B if and only if Ξ ∩ (B ⊕ intB1(o)) \ B = ∅ and similarly
Ξ ⊂ intB if and only if Ξ ∩ (B ⊕B1(o)) \ intB = ∅. In particular,

lim
n→∞

P(Ξn ⊂ intB) = lim
n→∞

P(Ξn ∩ (B ⊕B1(o)) \ intB = ∅)

= P(Ξ ∩ (B ⊕B1(o)) \ intB = ∅)
= P(Ξ ⊂ B),

which completes the proof.

Next we show that the sets
√
λHΞ0,λH converge in distribution to a typical Poisson-

Voronoi cell.

Lemma 7.9. Denote by Ξ0 the zero-cell of the Voronoi tessellation based Y ∪{o}, where
Y is a homogeneous Poisson point process in R2 with intensity γ = Eν1(G∩Q1(o)). Then
√
λHΞ0,λH

D−→ Ξ0 as λH → 0.

Proof. First we claim
√
λHXλH

D−→ X as λH → 0. Indeed, observe that for any λH ∈
(0, 1) the point process XλH can be obtained from X1 by applying an independent
thinning with retention probability λH . In particular, the claim follows from [46, Exercise
11.3.4] or [109, Theorem 7.3.1]. By the continuous mapping theorem, it suffices to show
that the map which assigns to a point process the zero-cell of its associated Voronoi
tessellation has discontinuities only in a null set with respect to the distribution of
X ∪ {o}. So let ϕ ⊂ R2 be a locally finite set such that the interior of each of the
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four quadrants contains at least one point. For such locally finite ϕ we define Vor0(ϕ)
to be the unique cell of the Voronoi tessellation induced by ϕ ∪ {o} that contains the
origin. Now let {ϕn}n≥1 be a sequence of locally finite sets with ϕn → ϕ. We make use
of the characterization [46, Theorem A 2.6.II], where it is shown that this convergence
is equivalent to ϕn(A) → ϕ(A) for all A ∈ B0(R2) with the property ϕ(∂A) = 0.
Our goal is to deduce Vor0(ϕn) → Vor0(ϕ). First, choose some fixed r ≥ 4 such that
Br/4(o) contains Vor0(ϕ) and such that ∂Br(o) ∩ ϕ = ∅. Then, there exists k > 0 with
ϕn(Br(o)) = ϕ(Br(o)) = k for all sufficiently large n. Write ϕ ∩ Br(o) = {P1, . . . , Pk}.
Furthermore, choose ε0 > 0 such that B2ε0(Pi) ⊂ Br(o) for all i ∈ {1, . . . , k} and
such that Bε0(Pi) ∩ Bε0(Pj) = ∅ for all distinct i, j ∈ {1, . . . , k}. Then again for all
sufficiently large n, we have ϕn(Bε0(Pi)) = 1 for all i ∈ {1, . . . , k} so that for all such
n there exist unique P (n)

1 , . . . , P
(n)
k ∈ ϕn with

∣∣∣Pi − P (n)
i

∣∣∣ ≤ ε0 for all i ∈ {1, . . . , k}.
To prove the convergence Vor0(ϕn) → Vor0(ϕ) we use criterion (c) of [135, Theorem
12.2.2]. So let x ∈ Vor0(ϕ) and ε ∈ (0, ε0) be arbitrary. It is easy to see that there
exist δ > 0 and y0 ∈ Bε(x) with |y0 − Pj | ≥ |y0| + 2δ for all j ∈ {1, . . . , k}. We
prove Bε(x) ∩ Vor0(ϕn) 6= ∅ eventually by showing that for all sufficiently large values
of n ≥ 1 we have infP∈ϕn |y0 − P | ≥ |y0|. To prove this claim, we distinguish two cases.
If P ∈ ϕn \ Br(o), then |y0 − P | ≥ r/2 ≥ |y0|. On the other hand, suppose we are
given P = P

(n)
j for some j ∈ {1, . . . , k}. Note that

∣∣∣Pj − P (n)
j

∣∣∣ < δ for all j ∈ {1, . . . , k}
provided n is sufficiently large. In particular, we conclude

|y0 − P (n)
j | ≥ |y0 − Pj | − |Pj − P (n)

j | ≥ |y0|+ δ.

This completes the proof of the first item of condition (c). Next, suppose we are given
a subsequence {ni}i≥1 and xni ∈ Vor0(ϕni) with xni → x ∈ R2. We want to prove
x ∈ Vor0(ϕ). If this claim were false, we could find δ > 0 and j ∈ {1, . . . , k} with
|x| ≥ |x − Pj | + δ. But this implies |xni | ≥ |xni − P

(ni)
j | + δ/2 for all sufficiently large

values of i, thereby contradicting the assumption xni ∈ Vor0(ϕni).

Next we note that the cell Ξ0,λH is contained in QK/√λH (o) provided K > 0 is suffi-
ciently large and λH > 0 sufficiently small.

Lemma 7.10. It holds that limK→∞ limλH→0 P
Ä
Ξ0,λH ⊂ QK/√λH (o)

ä
= 1.

Proof. First, observe that P
Ä
Ξ0,λH ⊂ QK/√λH (o)

ä
= P

Ä√
λHΞ0,λH ⊂ QK(o)

ä
and that

Lemma 7.9 implies the convergence
√
λHΞ0,λH

D−→ Ξ0 as λH → 0. Furthermore, it is
easy to see that P(Ξ0 ⊂ QK(o)) = P(Ξ0 ⊂ intQK(o)), so that from Lemma 7.8 we ob-
tain limλH→0 P

Ä
Ξ0,λH ⊂ intQK/√λH (o)

ä
= P (Ξ0 ⊂ QK(o)) . We conclude by observing

limK→∞ P (Ξ0 ⊂ QK(o)) = 1.

Lemma 7.11. Let α ∈ (0, 1) and K > 0 be arbitrary. Then

lim
s→∞

P
Ä

sup
x∈QKs(o)

|x− q(x)| > sα
ä

= 0.

Proof. Subdivide QKs(o) into k = d
√

2Ks1−αe2 congruent sub-cubes Qs,1, . . . , Qs,k sat-
isfying diam(Qs,i) ≤ sα for all i ∈ {1, . . . , k}. Then P

Ä
supx∈QKs(o) |x− q(x)| > sα

ä
≤∑k

i=1 P(Qs,i ∩G∗ = ∅) which by condition (G1) tends to 0 as s→∞.
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We write K for the family of convex compact sets in R2.

Lemma 7.12. Let r > 0 and A be a convex polygon with no two parallel sides and such
that no circle of radius r touches three (or more) sides of A. Then the erosion operation
h : K → K, A′ 7→ h(A′) = A′ 	Br(o) is continuous at A.

Proof. Suppose An → A as n→∞. To prove the convergence An 	Br(o)→ A	Br(o)
we use criterion (c) of [135, Theorem 12.2.2]. Hence, we first suppose x ∈ A 	 Br(o),
i.e., Br(x) ⊂ A. By assumption Br(x) is tangent to at most 2 sides of A and we suppose
that it is tangent to exactly two sides (the other cases are similar, but easier). Write
u, v for the two unit vectors that point from x in the direction of the two tangent
points. Furthermore, define w = u + v (observe that w 6= 0 due to the non-parallelity
assumption). Then it is easy to check that for all sufficiently small δ > 0 the ball
Br(x− δw) has positive distance, say at least ε = ε(δ) > 0, from all sides of A. Denote
by {P1, . . . , Pk} the vertices of the polygon A, see Figure 7.2a. Then by condition (b1)
of [135, Theorem 12.2.2] for all sufficiently large j ≥ 1 we have Aj ∩ intBε/2(Pi) 6= ∅
for all i ∈ {1, . . . , k}. It is easy to check that the convex hull of {y1, . . . , yk} contains
Br(x− δw) for any choice of points yi ∈ intBε/2(Pi), so that also Br(x− δw) ⊂ Aj . But
this is simply a reformulation of x − δw ∈ Aj 	 Br(o). Since δ > 0 was arbitrary this
proves condition (c1).
To check condition (c2) we now start from a given a subsequence (ni)i≥1 and points

xni ∈ Ani 	 Br(o) with xni → x for some x ∈ R2. Our goal is to deduce Br(x) ⊂ A.
Suppose we could find y ∈ Br(x) \ A. Then, there exists ε > 0 with Bε(y) ∩ A = ∅, see
Figure 7.2b. By criterion (b2) of [135, Theorem 12.2.2] we then also have Bε(y)∩Ani = ∅
for all sufficiently large i ≥ 1. Now choose y′ ∈ Bε(y) with |y′ − x| ≤ r − ε. Then we
compute |y′ − xni | ≤ |y′ − x|+ |x− xni | ≤ r − ε+ |x− xni |. In particular, y′ ∈ Br(xni)
for all sufficiently large values of i thereby contradicting xni ∈ Ani 	Br(o).

P1

P2

P3
P4

x

(a) Polygon A and ball Br(x)

P1

P2

P3

P4 x

y

(b) Polygon A and balls Br(x), Bε(y)

Figure 7.2.: Configurations in the proof of Lemma 7.12

Observe that in general erosion is only upper semi-continuous, see [108, Proposition
1.5.2]. Now we have collected all necessary preliminaries prove Theorem 7.7.

Proof of Theorem 7.7. Let δ, ε ∈ (0, 1) be arbitrary. Then, from Lemmas 7.10 and 7.11,
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for all sufficiently small λH > 0 we obtain

P
Ä√

λHZ(λH) ≤ x
ä

= P
Ä

max
P1∈Ξ0,λH∩G

∗
`(o, P1) ≤ x/

√
λH
ä

≤ P
Ä

max
P∈Ξ0,λH	Bδ/

√
λH

(o)
`(o, q(P )) ≤ x/

√
λH
ä

+ ε

= P
Ä
Ξ0,λH 	Bδ/√λH (o) ⊂ BG∗

x/
√
λH

(o)
ä

+ ε.

Furthermore, Theorem 4.2 yields

P
Ä
Ξ0,λH 	Bδ/√λH (o) ⊂ BG∗

x/
√
λH

(o)
ä
≤ P
Ä
Ξ0,λH 	Bδ/√λH (o) ⊂ intB(x+δ)/(ξ

√
λH)(o)

ä
+ ε

= P
Ä√

λHΞ0,λH 	Bδ(o) ⊂ intB(x+δ)/ξ(o)
ä

+ ε,

for all sufficiently small λH > 0. By Lemma 7.12, the operation ·	Bδ(o) is a.s. continuous
at Ξ0. In particular, from

√
λHΞ0,λH

D−→ Ξ0 we deduce
√
λHΞ0,λH 	Bδ(o)

D−→ Ξ0	Bδ(o).
Using P

Ä
Ξ0 	 Bδ(o) ⊂ B(x+δ)/ξ(o)

ä
= P
Ä
Ξ0 	 Bδ(o) ⊂ intB(x+δ)/ξ(o)

ä
and Lemma 7.8

we conclude

lim sup
λH→0

P(
√
λHZ(λH) ≤ x) ≤ P(Ξ0 	Bδ(o) ⊂ B(x+δ)/ξ(o)) + 2ε,

so that letting δ → 0 yields

lim sup
λH→0

P(
√
λHZ(λH) ≤ x) ≤ P(int Ξ0 ⊂ Bx/ξ(o)) + 2ε

≤ P(ξR ≤ x) + 2ε.

In the next step we prove a similar inequality in the other direction. Let δ, ε > 0 be
arbitrary. Then, for all sufficiently small λH > 0,

P(
√
λHZ(λH) > x) = P

Ä
max

Q1∈Ξ0,λH∩G
∗
`(o,Q1) > x/

√
λH
ä

≤ P
Ä

max
Q∈Ξ0,λH

`(o, q(Q)) > x/
√
λH
ä

= P
Ä
Ξ0,λH 6⊂ B

G∗

x/
√
λH

(o)
ä
.

Using Theorem 4.2 we obtain for all sufficiently small λH > 0 that

P
Ä
Ξ0,λH 6⊂ B

G∗

x/
√
λH

(o)
ä
≤ P
Ä
Ξ0,λH 6⊂ intB(x−δ)/(ξ

√
λH)(o)

ä
+ ε

= P
Ä√

λHΞ0,λH 6⊂ intB(x−δ)/ξ(o)
ä

+ ε.

Using P(Ξ0 ⊂ B(x−δ)/ξ(o)) = P(Ξ0 ⊂ intB(x−δ)/ξ(o)) and Lemma 7.8,

lim sup
λH→0

P(
√
λHZ(λH) > x) ≤ P(Ξ0 6⊂ B(x−δ)/ξ(o)) + ε

= P(ξR > x− δ) + ε,

so that letting δ → 0 yields lim supλH→0 P(
√
λHZ(λH) > x) ≤ P(ξR ≥ x) + ε. As the

distribution function of R is continuous, this proves the claim.
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7.3. Explicit description of the Palm version of
Poisson-Delaunay tessellations

In Sections 7.1 and 7.2 we have seen the conceptual importance of Palm versions of
random geometric graphs for the investigation of structural characteristics that play
an important role in fixed-access telecommunication networks. Due to the lack of ex-
plicit analytical formulas in a non-asymptotic setting, the investigation of distributional
properties of these characteristics has to rely on Monte Carlo techniques. Hence, it is
important to have an explicit description of the Palm distribution of random geometric
graphs that can be used to devise suitable simulation algorithms. For two of the classi-
cal planar tessellation models, namely for Poisson-Voronoi and Poisson line tessellations,
such simulation algorithms have already been derived in [150], whereas so far, simulations
involving Poisson-Delaunay tessellations needed to resort to some indirect algorithm. In
the present section, we remove the need for such indirect algorithms by providing a ex-
plicit description of the Palm distribution of a Poisson-Delaunay tessellation that can
be used to develop a simulation algorithm.
Recall that for ϕ ⊂ R2 locally finite Del(ϕ) denotes the Delaunay tessellation on

ϕ, i.e., the geometric graph with vertex set ϕ where x, y ∈ ϕ are connected by an
edge if and only if there exists a closed disk B ⊂ R2 with ϕ ∩ B = {x, y}. For ρ ∈
[−π/2, π/2] write δρ : R2 → R2 for the rotation of R2 by angle ρ. Furthermore, for
u, v ∈ R2 with u 6= v, write L+(u, v) = {x ∈ R2 : 〈x − u, gπ/2(v − u)〉 > 0} for
the positive half-space whose boundary is determined by the ray with starting point
u and direction v − u. For a locally finite set ϕ ⊂ R2 define x1(ϕ), x2(ϕ) ∈ ϕ to be
the points such that [x1(ϕ), x2(ϕ)] is an edge of the Delaunay tessellation Del(ϕ) on ϕ
containing o and such that the first coordinate of x1(ϕ) is negative (provided that such
points exist). Furthermore, if such points exist choose x3(ϕ) ∈ ϕ such that the disc
B(x1(ϕ), x2(ϕ), x3(ϕ)) containing x1(ϕ), x2(ϕ), x3(ϕ) on its boundary does not contain
any further points of ϕ and such that x3(ϕ) ∈ L+(x1(ϕ), x2(ϕ)). In particular, then
x1(ϕ), x2(ϕ) and x3(ϕ) form a triangle in Del(ϕ) and o ∈ [x1(ϕ), x2(ϕ)], see Figure 7.3.

Figure 7.3.: Delaunay triangle through x1(ϕ), x2(ϕ) and x3(ϕ) containing the origin o

If such points do not exist, then we put x1(ϕ) = x2(ϕ) = x3(ϕ) = o. Furthermore,
define `(ϕ) = |x1(ϕ)− x2(ϕ)| to be the length of the edge in Del(ϕ) which contains the
origin o ∈ R2. We also put e1(ϕ) = (x2(ϕ)−x1(ϕ))/ |x2(ϕ)− x1(ϕ)|, e2(ϕ) = gπ/2(e1(ϕ))
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and consider these vectors to be a basis of R2, which is adapted to the direction of the
Delaunay edge [x1(ϕ), x2(ϕ)]. Furthermore, u1(ϕ), u2(ϕ) denote the coordinates of x3(ϕ)
in this basis, i.e., x3(ϕ) = (x1(ϕ) + x2(ϕ))/2 + u1(ϕ)e1(ϕ) + u2(ϕ)e2(ϕ).
Let furthermore G∗ be the Palm version of the Poisson-Delaunay tessellation G and

let us write G∗(0) for the vertex set of G∗.

Theorem 7.13. Let X ⊂ R2 be a homogeneous Poisson process with intensity λ > 0
and define the random vector (L,U1, U2) = (`(G∗(0)), u1(G∗(0)), u2(G∗(0))). Then the
joint distribution function of (L,U1, U2) is given by

P (L ≤ β, U1 ≤ a, U2 ≤ b) = 3π2λ5/2

32

∫ β

0

∫ a

−∞

∫ b

0
s2exp (−λν2 (Bu1,u2

s )) du2du1ds,

for any β > 0, a ∈ R and b > 0, where Bu1,u2
s = B

(
− s

2e1,
s
2e1, u

)
denotes the disk

containing − s
2e1,

s
2e1 and u = (u1, u2) on its boundary.

Proof. Let a ∈ R and β, b > 0 and be arbitrary and write γ = 32
√
λ/(3π) for the length

intensity of Del(X). Denote by f : R3 → [0,∞) the function f(`, u1, u2) = 1`≤β,u1≤a,u2≤b.
For x1, x2 ∈ R2 we write x1 ≤ x2 if the first coordinate of x1 is less or equal the first
coordinate of x2. Using the Slivnyak-Mecke formula (see Theorem 2.9) we then compute

E(f(L,U1, U2)) = 1
γ
E
∫
G∩[0,1]2

f(`(X − x), u1(X − x), u2(X − x))dx

= 1
γ
E

∑
X1,X2,X3∈X
pairwise distinct

∫ X2

X1
1x∈[0,1]21X∩B(X1,X2,X3)=∅, X1≤X2, X3∈L+(X1,X2)

× f(`(X − x), u1(X − x), u2(X − x))dx

= λ3

γ

∫
R2

∫
R2

∫
R2

∫ x2

x1
1x∈[0,1]21x1≤x21x3∈L+(x1,x2)P(X ∩B(x1, x2, x3) = ∅)

× f(|x1 − x2| , u1({x1, x2, x3} − x), u2({x1, x2, x3} − x))dxdx1dx2dx3

This gives that

E(f(L,U1, U2)) = λ3

γ

∫
R2

∫
R2

∫
R2

∫ x2−x1

o
1y+x1∈[0,1]21x1≤x21x3∈L+(x1,x2)

× f(|x1 − x2| , u1({o, x2 − x1, x3 − x1} − y), u2({o, x2 − x1, x3 − x1} − y))
× P((X − (x1 + y)) ∩B(−y, x2 − x1 − y, x3 − x1 − y) = ∅)dydx1dx2dx3

= λ3

γ

∫
R2

∫
R2

∫
R2

∫ y2

0
1y+x1∈[0,1]210≤y21y3∈L+(0,y2)P(X ∩B(−y, y2 − y, y3 − y) = ∅)

× f(|y2| , u1({o, y2, y3} − y), u2({o, y2, y3} − y))dydx1dy2dy3,

where we first reparameterized the integral
∫ x2
x1
· · · dx using the substitution y = x− x1,

then consider the further substitutions y2 = x2−x1 and y3 = x3−x1 and finally recalled
that X is stationary. Thus an application of Fubini’s theorem yields

E(f(L,U1, U2)) = λ3

γ

∫
R2

∫
R2

∫ y2

0
10≤y21y3∈L+(o,y2)P(X ∩B(o, y2, y3) = ∅)

× f(|y2| , u1({o, y2, y3} − y), u2({o, y2, y3} − y))dydy2dy3.
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Next we use the substitutions y2 = sδρ(e1), w = y − y2/2 and z4 = w+ y3 − y to obtain

E(f(L,U1, U2)) = λ3π

γ

∫ ∞
0

∫
R2

∫ sδρ(e1)/2

−sδρ(e1)/2

1
π

∫ π/2

−π/2
s1z4∈L+(o,δρ(e1))

× f(s, u1({−sgρ(e1)/2, sgρ(e1)/2, z4}), u2({−sgρ(e1)/2, sgρ(e1)/2, z4}))
× P(X ∩B(−sgρ(e1)/2− w, sgρ(e1)/2− w, z4 − w) = ∅)dρdwdz4ds.

These integrals can be made more explicit by using the substitutions w1 = δ−ρ(w) and
(u1, u2) = δ−ρ(z4).

E(f(L,U1, U2)) = λ3π

γ

∫ ∞
0

∫ ∞
−∞

∫ ∞
0

1
s

∫ (s/2,0)

(−s/2,0)

1
π

×
∫ π/2

−π/2
s2P(X ∩B(−se1/2, se1/2, (u1, u2)) = 0)f(s, u1, u2)dρdw1du2du1ds

= 3π2λ5/2

32

∫ β

0

∫ a

−∞

∫ b

0
s2exp (−λν2 (Bu1,u2

s )) du2du1ds.

Remark 7.14. To make Theorem 7.13 more accessible to the reader we only provided
a detailed proof for the joint distribution of (L,U1, U2). Very similar arguments can
be used to obtain a complete description of the Palm version of a PDT. To be more
precise, let ξ be a random angle chosen uniformly from [−π/2, π/2]. Assume that ξ
and L are independent and let W1 = (W1,x, 0) be a random point that is conditionally
uniformly distributed in [−L/2, L/2] given L. Write X ′1 = (−L/2, 0), X ′2 = (L/2, 0),
X ′3 = (U1, U2) and for all i ∈ {1, 2, 3} define Xi = δξ(X ′i −W1) (the points X1, X2, X3
will determine a Delaunay triangle in Del(G∗) such that o ∈ [X1, X2]). Furthermore let
X ′ denote the restriction of a homogeneous Poisson point process with intensity λ to
R2 \B(X1, X2, X3), which is conditionally independent of (X1, X2, X3). Writing (G∗)(0)

for the set of vertices in G∗ yields (G∗)(0) D= {X1, X2, X3} ∪X ′.





8. Applications in insurance
We have already seen in Chapter 7 in the context of telecommunication networks that
modeling the road system using connected random geometric graphs can be useful in
the context of cost analysis. Since also car accidents happen on roads, it is natural to
ask the question whether properties of the road system in a county have an influence on
the regional risk level in car insurance. The road system in each of the approximately
400 counties is not perfectly regular. Therefore, in a generic setting, we may think of it
as a realization of a random network. From this random network we may extract several
characteristics such as road density or tortuosity of paths and in this chapter, we show
how such covariates may be used to improve the quality of risk level prediction on a
subregional level.
To begin with, note that in Germany, car insurance premiums heavily depend on

regional classifications. In practice, premiums are multiplied by factors subject to the
residence of the car owner. These multipliers are estimated on the basis of statistical
observations from the recent past. Few car insurers, if any, have the necessary data to
estimate multipliers all over Germany. Therefore, the German Insurance Association
(GDV) pools claims data from its members in a central database and creates regional
classifications that are available to all insurers. Although the GDV classification di-
vides Germany into more than 400 regions, there appear erratic transitions at regional
borders. For example, we observe unrealistic differences in the risk multipliers of the
eastern outskirts of Berlin and their neighboring regions such as the Oder-Spree county.
Practitioners intuition suggests that these neighboring districts, which are very simi-
lar with regard to urban development and socio-economic circumstances, should have
similar multipliers. These erratic transitions become less striking if classifications are
refined to smaller subregions. However, reliable claims data are often not available on
the subregional level.
A possible way out is to use explanatory models, which can easily yield refined pre-

dictors if explanatory data are available for subregions. However, as far as we know,
there exist no explanatory models that come close enough to the real data (nevertheless,
see [70] for a more refined statistical approach to predict regional risk levels phenomeno-
logically). In the present chapter we propose a method that combines an explanatory
approach with the phenomenological GDV model when explanatory data but no claims
data are available on the level of subregions. The idea is to make use of an explanatory
component on the subregional level as far as possible and to supplement it with the GDV
model on the regional level in order to incorporate effects that cannot be explained so
far. Our approach is closely related to the control-variate technique, which constitutes
a popular means of variance reduction in Monte Carlo simulations, see e.g. [65, 98].
Within our modeling framework we can prove that our mixed approach is in some sense
optimal.
In our application to German car insurance data presented in Section 8.4 we solely

focus on third party insurance, which is compulsory in Germany since 1939. Indeed,
third party insurance data are particularly well-suited for our methods, since significant
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correlations between regional risks and publicly available road data can be observed. Yet,
our concept can also be applied in comprehensive car insurance and might be helpful in
other lines of business far beyond car insurances.
The main results of the present chapter have been incorporated in [38].

8.1. The regional classification of the GDV
In the present section we provide a brief description of the current approach, which is used
in German insurance industry for the prediction of regional risk levels. As has already
been explained at the beginning of the present chapter, in Germany it is common practice
that the premium for car insurance (third party as well as comprehensive) depends on
the county (Landkreis) where the corresponding vehicle is registered. In order to obtain
a reliable data basis the GDV collects claim data of various insurers and associates with
each county a risk level, which reflects the deviation of the claim sizes in the respective
county from the federal average, see [64]. A risk level of 100 corresponds precisely to the
federal average, while values below or above 100 correspond to more favorable or less
favorable risk situations, respectively. The precise formula which is used to determine
the risk level given the claim data is not publicly available, but it also incorporates
averaging over the most recent years. The risk levels are used to define 12 risk classes.
Figure 8.1 shows a map of German counties colored according to their risk class in third
party car insurance.

Figure 8.1.: Regional risk classes in third party car insurance (source: GDV, [64])

8.2. Statistical model
8.2.1. Predictors of risk levels
Assume that we have a country consisting of n ≥ 1 regions, where the ith region has mi

subregions, for each i ∈ {1, . . . , n}. In our application, the regions i ∈ {1, . . . , n} will
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equal the GDV classification regions, which we refine into further subregions in order
to make the regional classification more smooth. Let Θi and Θij describe fundamental
risk levels of region i and subregion ij, for each i ∈ {1, . . . , n} and j ∈ {1, . . . ,mi}.
We take a Bayesian perspective here and assume that the risk levels are identically
distributed random variables with finite second moment. For example, think of Θi

and Θij as claim costs per policy averaged over all policy holders in region i and in
subregion ij, respectively. These values may change from one year to another due to
certain random effects. Further, for some integer d ≥ 1 let ∆i and ∆ij be d-dimensional
explanatory covariates for region i and subregion ij. For example, ∆i and ∆ij could
contain information on the road density. Taking these covariates into our Bayesian
framework, we assume that (Θi,∆i), i ∈ {1, . . . , n} are identically distributed random
vectors. Similarly we also assume that (Θij ,∆ij), i ∈ {1, . . . , n}, j ∈ {1, . . . ,mi}, are
identically distributed random vectors. Suppose that covariate data are available for each
region and subregion but that claim data are only available for the regions and not for
the subregions. In our application, each insurer has access to the GDV classification for
regions i ∈ {1, . . . , n} but does not have more detailed information for any subregions.
That means that we can observe the Θi, ∆i, and ∆ij but not the Θij . In insurance
practice, Θij is then typically predicted by

Θ(1)
ij = Θi, (8.1)

i.e., the premium of a car insurance of an owner that is registered in subregion ij is
calculated with the general risk factor for the entire mother region i. Given the available
information Θi = θi, ∆i = δi, ∆ij = δij , the mean squared prediction error is given by

E(θi,δi,δij)(Θij −Θ(1)
ij )2 = E((Θij −Θi)2|Θi = θi,∆i = δi,∆ij = δij). (8.2)

In this context we investigate the following question: Can we find a predictor for Θij

that is better than Θi, i.e., a predictor whose mean squared prediction error is smaller
than the value given in (8.2)? An alternative to the phenomenological model of the GDV
is explanatory modeling. A natural idea is here to predict Θij by Θ(2)

ij = E(Θij |∆ij) =
fij(∆ij), since among all ∆ij-measurable random variables Θ with finite second moment
the mean squared error E(|Θ−Θij |2 | ∆ij) is minimized for Θ = Θ(2)

ij .
The function fij : Rd → R describes the effect of the explanatory covariate ∆ij on the

regional risk level Θij . Since we assumed that the (Θi,∆i), i ∈ {1, . . . , n} are identically
distributed and also that the (Θij ,∆ij), i ∈ {1, . . . , n}, j ∈ {1, . . . ,mi}, are identically
distributed, there exist measurable functions f, f ′ : Rd → R such that

E(Θi|∆i)= f(∆i),
E(Θij |∆ij)= f ′(∆ij)

(8.3)

for all i ∈ {1, . . . , n} and j ∈ {1, . . . ,mi}. We additionally assume that the functions f
and f ′ coincide. In other words, the effects that the covariates ∆ij and ∆i have on Θij

and Θi, respectively, are the same over the whole country and do not vary by region.
In our application this means for example that if a higher road density increases the
risk in some region by some amount, then this is also true for all other regions. This
seems to be a plausible assumption for car insurance. With using the same function f
for both regions and subregions, we can estimate f solely from data on the regional level
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and then make use of that information on the subregional level. However, finding the
function f is still not a trivial task. Section 8.3 explains how f can be estimated from
(Θ1,∆1), . . . , (Θn,∆n). We finally obtain

Θ(2)
ij = f(∆ij) (8.4)

as a predictor for Θij . This method works well in practice if f(∆ij) explains most of
the variance of Θij . In our application to car insurance, we were able to explain about
two-thirds of the variance, which is quite encouraging but not enough to clearly trump
the phenomenological GDV model. We therefore discuss the question whether there is
still another alternative.

8.2.2. Combined predictor

The GDV predictor Θ(1)
ij = Θi is motivated by the empirical observation that the sub-

regional risk level Θij positively correlates with the regional risk level Θi. Similarly, it
is plausible to assume that the error Γij = Θij − f(∆ij) of the predictor Θ(2)

ij positively
correlates with the (observable) quantity Γi = Θi − f(∆i). Therefore, we suggest to
replace the predictor Θ(2)

ij by

Θ(3)
ij = f(∆ij) + Θi − f(∆i). (8.5)

Our suggestion is motivated by the notion of control variates, a popular variance reduc-
tion method used in Monte Carlo simulations, see e.g. [65, 98]. Originally, this approach
is used to enhance the precision when computing the expectation EX for some random
variable X. Instead of considering the estimator X for EX it is often convenient to
consider estimators of the form X + (E(Y ) − Y ) for some random variable Y , whose
mean is analytically computable. If X and Y are highly correlated, then so are the
errors E(X)−X and E(Y )− Y and it is plausible that X + (E(Y )− Y ) yields a better
estimate for EX. We refer the reader to [65, 98] for further details on control variates.
We now derive conditions under which Θ(3)

ij is a better predictor for Θij than Θ(1)
ij and

Θ(2)
ij .

Theorem 8.1. Assume that

E(θi,δi,δij)Γij = E(θi,δi,δij)Γi. (8.6)

Then

E(θi,δi,δij)(Θij −Θi)2 = (f(δij)− f(δi))2 + E(θi,δi,δij)(Γij − Γi)2,

E(θi,δi,δij)(Θij − f(∆ij)− Γi)2 = E(θi,δi,δij)(Γij − Γi)2,

E(θi,δi,δij)(Θij − f(∆ij))2 = E(θi,δi,δij)Γ2
ij ,

and for every λ ∈ R,

E(θi,δi,δij)(Θij − f(∆ij)− λΓi)2 = E(θi,δi,δij)Γ2
ij − (2λ− λ2) (θi − f(δi))2.
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Proof. Note that we can rewrite E(θi,δi,δij)(Θi−Θij)2 as E(θi,δi,δij)(f(δij) + Γij − f(δi)−
Γi)2. Similarly, we can rewrite all other conditional expectations that occur in the
theorem and in the remaining part of the proof. By expanding the expression (f(δij) +
Γij − f(δi)− Γi)2 and by using the fact that

E(θi,δi,δij)Γij = E(θi,δi,δij)Γi = θi − f(δi),

we get that

E(θi,δi,δij)(Θij −Θi)2 − (f(δij)− f(δi))2 − E(θi,δi,δij)(Γij − Γi)2

= 2E(θi,δi,δij)
Ä
(f(∆ij)− f(∆i))(Γij − Γi)

ä
= 2 (f(δij)− f(δi))E(θi,δi,δij)(Γij − Γi)
= 0.

Analogously, by expanding the expression (Θij − f(∆ij) − λΓi)2 = (Γij − λΓi)2 we get
that

E(θi,δi,δij)(Θij − f(∆ij)− λΓi)2

= E(θi,δi,δij)
Ä
Γ2
ij − 2λΓiΓij + λ2Γ2

i

ä
= E(θi,δi,δij)Γ2

ij − 2λE(θi,δi,δij)
Ä
(θi − f(δi)) Γij

ä
+ λ2E(θi,δi,δij)(θi − f(δi))2

= E(θi,δi,δij)Γ2
ij − 2λ (θi − f(δi))2 + λ2(θi − f(δi))2.

This completes the proof.

Theorem 8.1 shows that predicting Θij by Θ(3)
ij = f(∆ij) + Γi instead of considering

the predictor Θ(1)
ij = Θi always leads to a decrease in mean squared error. Moreover, the

following result is true.

Corollary 8.2. Under assumption (8.6), it holds that

E(θi,δi,δij)(Θij −Θ(3)
ij )2 = min

λ∈R
E(θi,δi,δij)(Θij − f(∆ij)− λΓi)2. (8.7)

Furthermore,

E(θi,δi,δij)(Θij −Θ(2)
ij )2 ≤ E(θi,δi,δij)(Θij −Θ(1)

ij )2

if and only if (θi − f(δi))2 ≤ (f(δij)− f(δi))2.

Corollary 8.2 shows that Θ(3)
ij is the best estimator among all linearly combined esti-

mators of the form f(∆ij) + λΓi = f(∆ij) + λ(Θi− f(∆i)), λ ∈ R. In particular, Θ(3)
ij is

always better than Θ(2)
ij provided that (8.6) holds. In the special case E(θi,δi,δij)Γij = 0,

which is here equivalent to θi − f(δi) = 0, the mean squared error for the predictor Θ(2)
ij

of the pure explanatory model equals the mean squared error for Θ(3)
ij . Comparing the

GDV predictor Θ(1)
ij and the pure explanatory predictor Θ(2)

ij , there is no clear winner.
The assumption (8.6), i.e., E(θi,δi,δij)Γij = E(θi,δi,δij)Γi = θi − f(δi), implies that the

mean level of Γij is always θi − f(δi), regardless of the covariate ∆ij and regardless of
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j. In other words, Γij contains only risks that cannot be explained by ∆ij , and the
noise term Γij has about the same level within each subregion j ∈ {1, . . . ,mi}. In our
application that means for example that the effect that the road density in ij has on
Θij should already be completely included in f(∆ij), and that systematic differences in
the error terms Γij can appear between regions but not between subregions of the same
mother region. For instance, if legal practice is not accounted for in the covariates, then
it may be systematically different between Berlin and Potsdam, but there may be only
unsystematic differences within Berlin and within Potsdam. If we relax assumption (8.6)
to the weaker condition

E(δi,δij)Γij = E(δi,δij)Γi, (8.8)

it can happen that in some subregions ij the predictor Θ(3)
ij has a larger mean squared

error than Θ(2)
ij . However, if we replace E(θi,δi,δij) by E(δi,δij), we still get dominance

of Θ(3)
ij over Θ(1)

ij and Θ(2)
ij , given that we have a sufficiently high correlation between

subregions and their mother regions. Note that replacing E(θi,δi,δij) by E(δi,δij) means
that we average over the mean squared errors with respect to Θi and study them on a
grainier level.

Corollary 8.3. When replacing E(θi,δi,δij) by E(δi,δij), then the first three assertions of
Theorem 8.1 are still valid, and they are even true under the weaker assumption (8.8).

A similar computation as in the proof of Theorem 8.1 yields the following result.

Corollary 8.4. Under assumption (8.8), it holds that

E(δi,δij)(Θij − f(∆ij)− λΓi)2 = E(δi,δij)Γ2
ij − 2λE(δi,δij)(ΓiΓij) + λ2E(δi,δij)Γ2

i . (8.9)

The expression on the right-hand side of (8.9) is minimized when choosing

λ = E(δi,δij)(ΓiΓij)/E(δi,δij)Γ2
i .

It may occur that the mean squared error E(δi,δij)(Θij −Θ(3)
ij )2 is strictly larger than the

mean squared error E(δi,δij)(Θij −Θ(2)
ij )2. More precisely, this happens if and only if

E(δi,δij)(ΓiΓij)/E(δi,δij)Γ2
i < 1/2.

That is typically the case when Γi and Γij are weakly or negatively correlated. However,
in our application to car insurance, we expect that the random variables Γi and Γij are
highly positively correlated, so that Θ(3)

ij is still a better estimator than Θ(2)
ij .

In general, the quantity E(δi,δij)(ΓiΓij)/E(δi,δij)Γ2
i may be difficult to estimate, but we

note that under the stronger assumption (8.6) we compute

E(δi,δij)(ΓiΓij) = E(δi,δij)(ΓiE(θi,δi,δij)Γij) = E(δi,δij)Γ2
i .

Therefore, under (8.6), we see that the expression E(δi,δij)(Θij − f(∆ij)− λΓi)2 is mini-
mized for λ = 1, which is consistent with Corollary 8.2.
To put it into a nutshell, we learned that in our model the predictor Θ(3)

ij in some
sense dominates Θ(1)

ij and Θ(2)
ij and should be preferred.
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8.2.3. Example
In Theorem 8.1 we provided a rigorous explanation for the improved performance of
our refined predictor Θ(3)

ij in comparison to the GDV predictor Θ(1)
ij . In this subsection

we give an example of a stochastic model in which the assumptions of Theorem 8.1
are satisfied. We have already provided an economic explanation for the validity of the
equation E(θi,δi,δij)Γij = θi− f(δi) and now present a specific example which shows that
the conditions in Theorem 8.1 are also satisfied by a rigorously defined mathematical
model.
Let d, k ≥ 1, let (Ω,F ,P) be an arbitrary probability space, and let f : Rd → R as

well as g : Rd → Rk be measurable functions. Furthermore, for any i ∈ {1, . . . , n} and
j ∈ {1, . . . ,mi} let (Wi,Wij) be a (k + 1)-dimensional random vector with EWij = 0
and such that Wi and Wij are independent. We assume that the random variables Wi,
i ∈ {1, . . . , n} are identically distributed. Similarly, we also assume that the random
vectors Wij for i ∈ {1, . . . , n} and j ∈ {1, . . . ,mi} have the same distribution. For
δi, δij ∈ Rd we may then consider the random vector

(Θi,Θij) = (f(δi) +Wi, f(δij) +Wi + g(δij)>Wij), (8.10)

so that

(Γi,Γij) = (Θi − f(δi),Θij − f(δij)) = (Wi,Wi + g(δij)>Wij).

In particular, E(θi,δi,δij)Γi = E(θi,δi,δij)Γij and hence the assumption of Theorem 8.1 is
satisfied.
The random variable Wi can be interpreted as regional risk effect which is not influ-

enced by the covariates δi. In the subregion ij the same regional risk effectWi should be
present, but additionally it is possible to add mean-zero mixed effects g(δij)>Wij which
may depend both on covariates on the one hand and incorporate random effects on the
other hand. This could be reasonable for instance if the size of a subregion was included
in the list of covariates. Indeed, we would expect the risk level in smaller regions to be
more volatile than in larger regions, in the sense that its variance should be higher.
Also observe that when requiring the weaker condition (8.8) (instead of (8.6)), then it

would be possible to allow mixed effects also in the region i itself. To be more precise, fix
d, k ≥ 1 and a measurable function h : Rd → Rk. Furthermore, for each i ∈ {1, . . . , n}
we consider a k-dimensional random vector W ′i such that EW ′i = 0 and such that for
each j ∈ {1, . . . ,mi} the random vector (Wi,W

′
i ) is independent of Wij . We also assume

that the W ′i are identically distributed for all i ∈ {1, . . . , k}. Then we may consider the
model where for each i ∈ {1, . . . , n} and j ∈ {1, . . . ,mi} the random variables Θi and
Θij are defined byÇ

Θi

Θij

å
=
Ç

f(δi) +Wi + h(δi)>W ′i
f(δij) +Wi + h(δij)>W ′i + g(δij)>Wij

å
. (8.11)

While the model described in (8.10) enforces a strict additive decomposition of Θi into
the expression f(δi) depending only on the covariates and the random variable Wi as
the regional effect not depending on the covariates, in the model given in (8.11) it is also
possible to include mixed effects of the form h(δi)>W ′i . We observe that as explained in
Section 8.2.2 it is still possible to deduce

E(δi,δij)
(
Θij −Θ(1)

ij

)2
≥ E(δi,δij)

(
Θij −Θ(3)

ij

)2
,
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so that the refined predictor Θ(3)
ij remains superior to Θ(1)

ij , the current standard approach
in the car insurance industry. However, as we have seen in Section 8.2.2 the predictor
Θ(3)
ij is superior to Θ(2)

ij if and only if E(δi,δij)(ΓiΓij)/E(δi,δij)Γ2
i ≥ 1/2. In our application,

we expect that the risk levels Γi and Γij are highly positively correlated, so that it is
rather likely that the latter inequality holds.

8.3. Estimation of regression functions by random forests
In Section 8.2 we showed how information on covariates in subregions can be used to
construct a refined predictor for the risk level in a subregion, which exhibits a suitable
optimality property. One part in the refined predictor Θ(3)

ij introduced in (8.5) is based
on the conditional expectation f(δ) = E(Θi | ∆i = δ), δ ∈ Rd, which is supposed
to capture the dependence of the risk level on the covariates. In insurance practice,
however, this function is also unknown and must be estimated from data. In the field of
machine learning several approaches to the estimation of conditional expectations have
been developed.
In our application to the risk level in car insurance we are faced with a large number of

possibly relevant covariates and we have to expect non-linear dependencies. A parametric
linear regression approach would therefore be rather unnatural and prone to over-fitting.
Therefore, we decided to follow the random-forest methodology introduced in [32] which
we shall briefly recall for the convenience of the reader (see [32] and [74, Chapter 15] for
further details).
A first intermediate step is the construction of regression trees. A regression tree

defines an approximation f̂ : Rd → R of the desired function f that is given by a weighted
sum of indicator functions, i.e., f̂(δ) = ∑m

i=1 αi1Ri(δ) for suitable values αi ∈ R and a
suitable partition {Ri}i∈{1,...,m} of Rd. Typically, each set Ri, i ∈ {1, . . . ,m} is of the
form

Ri =
d⋂
j=1

¶
δ ∈ Rd : (−1)σjπj(δ) ≤ βj

©
,

for some βj ∈ R, σj ∈ {0, 1}, j ∈ {1, . . . , d}, where πj : Rd → R denotes the projec-
tion to the jth coordinate. There is no simple formula which expresses the parameters
{(αi, Ri)}i∈{1,...,m} in terms of given initial data {(δ`, θ`)}`∈{1,...,n}. The {(αi, Ri)}i∈{1,...,m}
are thus determined by a non-trivial fitting algorithm. For the convenience of the reader,
we provide a brief description of this algorithm and refer to [74, Chapter 9] for details.
The fitting proceeds in two steps, where the first step consists in defining a suitable

partition {Ri}i∈{1,...,m}. For j ∈ {1, . . . , d} and s ∈ R we consider the half-spaces
R1(j, s) = {δ ∈ Rd : πj(δ) ≤ s} and R2(j, s) = {δ ∈ Rd : πj(δ) > s}. Then, we find
j ∈ {1, . . . , d} and s, u1, u2 ∈ R minimizing the expression∑

δ`∈R1(j,s)
(θ` − u1)2 +

∑
δ`∈R2(j,s)

(θ` − u2)2. (8.12)

Stopping the fitting algorithm at this point would correspond to the estimator f̂(δ) =
u11R1(j,s)(δ) + u21R2(j,s)(δ). However, typically this approximation is considered too
rough and one proceeds to apply the above fitting procedure to each of the data sets
{(δ`, θ`) : δ` ∈ R1(j, s)} and {(δ`, θ`) : δ` ∈ R2(j, s)}. Continuing in this way, we can
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iteratively refine the constructed partition until a satisfactory level of approximation is
attained. Typically only those members of the partition are subdivided further which
contain more than a certain number of data points that has been specified in advance and
the fitting algorithm terminates when each of the members in the partition contains at
most this number of data points. Once the partition {Ri}i∈{1,...,m} has been determined,
the coefficient αi corresponding to Ri is defined as the average

αi =
Ä
# {(δ`, θ`) : δ` ∈ Ri}

ä−1 ∑
δ`∈Ri

θ`.

The algorithm described above often provides a regression tree which gives a good fit
to data. However, these fits tend to be rather unstable in the sense that adding only a
small number of new data points can lead to dramatic changes of the estimated function
f̂ .
Significant improvements in obtaining a stable estimate f̂ can be achieved by the use

of bagging. Starting from an initial training set M = {(δi, θi)}∈{1,...,n} new training sets
M1, . . . ,Mb can be constructed for any b ≥ 1, where Mi is obtained from M by drawing
independently from M with replacement. With the help of the so-defined training sets
M1, . . .Mb we get the regression trees f̂1, . . . , f̂b which can be used to define the aver-
age f̂ = b−1∑b

i=1
“fi. Finally, a random forest constitutes a refinement of the bagging

method, where also the subset of covariates used for fitting the regression trees is ran-
domized. To be more precise, first fix an integer d′ ∈ {1, . . . , d}. When constructing
the regression tree “fi from the training set Mi we use a variant of the fitting algorithm
described above. In each refinement step (8.12) the variable j is selected only from a
randomly chosen subset of {1, . . . , d} consisting of d′ elements.
We conclude the present section by recalling some useful quantities related to random

forest estimators. First, the out-of-bag estimator for the mean-squared regression error
may be obtained as follows. For each (δ, θ) ∈M consider the function

fδ,θ = (#{i ∈ {1, . . . , b} : (δ, θ) 6∈Mi})−1 ∑
i∈{1,...,b}
(δ,θ) 6∈Mi

“fi.
Then the out-of-bag estimator εoob for the mean-squared regression error is defined as

εoob = n−1 ∑
(δ,θ)∈M

(θ − fδ,θ(δ))2. (8.13)

We note that in (8.13) it is preferable to consider the quantity
Ä
θ − fδ,θ(δ)

ä2 instead ofÄ
θ− f̂(δ)

ä2. Indeed, the pair (δ, θ) was already used in the fitting of f̂ , so that the latter
alternative would lead to a significantly biased error estimate.
Although the use of bagging improves prediction accuracy, it makes the random-forest

methodology more difficult to interpret than models based on a single regression tree.
To decrease the severeness of this disadvantage different approaches are possible. On
the one hand, refined statistical approaches have been proposed in [60, 110] to reduce
model complexity without deteriorating the predictive power too much. On the other
hand, for random forests two types of variable importance scores may be computed that
provide a hint as to which covariates have the largest predictive power. We only discuss
the first type of these scores in greater detail and refer to [32, 74] for further information
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on the second. To determine the importance score of a variable j ∈ {1, . . . , d} first fix
i ∈ {1, . . . , b} and consider the out-of-bag sampleM \Mi, i.e., those data points not used
in the fitting of the ith regression tree. We let ρ : M \Mi → M \Mi, (δ, θ) 7→ (ρ(δ), θ)
denote a function which randomly permutes the jth coordinate. Then, we compute the
decrease in accuracy ∑

(δ,θ)∈M\Mi

(fi(ρ(δ))− θ)2 − (fi(δ)− θ)2

and average these quantities over all i ∈ {1, . . . , b} to obtain the importance score of
type 1 for variable j.

8.4. Improved regional classification
Finally, we provide an application of our prediction method to real data. In our data
set we consider n = 401 German counties. As already mentioned in Section 8.1, for
each of these counties the GDV provides a risk level describing the relative risk in
comparison to the federal average. Among all German counties, the lowest and highest
observed risk levels are given by 71.15 (Elbe-Elster county) and 131.05 (Kaufbeuren
county), respectively. A value of 100 corresponds to the federal average. In order to
develop a suitable covariate-based predictor, we consider a vector of d = 49 publicly
available covariates, see e.g. [55, 122], which can be categorized into geographic data
(e.g. longitude, latitude, altitude above sea level), demographic data (e.g. population
density, number of registered vehicles) and road data (e.g. density of roads of a given
type, density of junctions). We provide a more precise description of our data basis in
the appendix.

8.4.1. Construction of the random-forest estimator
In the first step we construct a suitable random-forest estimate f̂(δ) of the conditional
expectation E(Θ | ∆ = δ). Our random-forest estimate f̂ is based on b = 500 trees
and for the random feature selection d′ = 15 of the d = 49 covariates were used. This
corresponds to the smallest out-of-bag error estimate and is in good accordance with
the rule of thumb d′ ≈ d/3 suggested in [74]. Using these parameters we obtain a
random-forest estimate f̂ for which the out-of-bag error estimate εoob can be computed
as explained in (8.13). Performing this computation for our data set gives εoob = 40.32.
In a similar way as in linear regression [53] we may compute an estimated R2-value by
subtracting the quotient of the out-of-bag error estimate and the empirical risk level
variance from 1. That is,”R2 = 1− εoob

(n− 1)−1∑n
i=1
Ä
θi − n−1∑n

j=1 θj
ä .

The result of performing this computation suggests that using the random-forest estima-
tor a proportion of 66.63% of the risk level variance can be explained by the considered
covariates. Hence, there is significant correlation between publicly available data on the
one hand and the risk level of third party car insurance on the other hand. However,
at the same time this result also illustrates that performing a risk level prediction based
only on covariates would not yield satisfactory results.
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In Figure 8.2 we show the importance scores of the most relevant covariates. We see
that latitude, total road density, the density of residential streets and the indicator for
Bavarian counties are the four covariates with the highest importance scores (indepen-
dently of the considered type of importance score). We also see that the mean altitude
above sea level and the sum of county latitude and longitude seem to be of importance.

Figure 8.2.: Covariates with highest importance scores (first/second type in the left/right
hand figure), see Appendix for definition of considered variables

Furthermore, it may be interesting to perform a visual comparison of the predicted
risk levels on the one hand and the actual risk levels on the other hand. In Figure 8.3
we marked those counties where the relative deviation of the predicted risk level from
the actual risk level is larger than a 5% and 10% relative error threshold, respectively.
Counties exhibiting an underestimated risk level are colored red, while those exhibiting
an overestimated risk level are colored green. Figure 8.3 shows once more that although
there is clear correlation between covariates on the one hand and risk levels on the other
hand, a purely covariate-based approach might not lead to satisfactory results.

Figure 8.3.: Counties with significant mispredictions (5% and 10%-threshold in the left
and right hand figure, respectively)

8.4.2. Prediction of risk level in a subregion
After having computed an estimate f̂ for f , see Section 8.4.1 we may now consider
an application of the combined predictor Θ(3)

ij introduced in (8.5) to subregions of two
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specific counties. As already mentioned at the beginning of the present chapter, when
strictly adhering to the risk classification proposed by the GDV rather counter-intuitive
effects can be observed at the city boundary of Berlin. While the city of Berlin is
associated with the highest risk class 12, a car driver living just outside the city boundary
in the adjacent Oder-Spree county only has to pay the premium associated with the
lowest risk class 1. This situation is rather absurd and we will see that it is alleviated
to a certain extent by applying our refined estimator Θ(3)

ij to the subregion of the Oder-
Spree county colored red in Figure 8.4 and to the subregion of Berlin colored green in
Figure 8.4.

Figure 8.4.: Oder-Spree county (south-east) including the considered subregion (red), as
well as Berlin city (north-west) including the considered subregion (green)

In Section 8.4.1 we computed a random-forest estimate f̂ for the function f based on
geographic covariates, demographic covariates and covariates associated with road data.
Although demographic covariates such as population density are certainly correlated
with the risk level, Figure 8.2 suggests that the corresponding road-related covariates
exhibit an even better predictive power. Indeed, removing the demographic covariates
from the random-forest estimator does not significantly increase the out-of-bag error
estimates. Since it would require considerable effort to collect reliable demographic data
for the chosen subregions, we therefore decided to omit these 13 covariates. We let δBerlin,
δOder−Spree, δBerlin,sub and δOder−Spree,sub denote the 36-dimensional vectors of covariates
in Berlin city, the Oder-Spree county and the considered subregions, respectively. Eval-
uating the random-forest estimate f̂ at δBerlin and δBerlin,sub, we obtain

f̂(δBerlin) = 104.48 and f̂(δBerlin,sub) = 87.54. (8.14)

Similarly the evaluation of f̂ at δOder−Spree and δOder−Spree,sub yields

f̂(δOder−Spree) = 86.7 and f̂(δOder−Spree,sub) = 90.09. (8.15)

Moreover, the risk level for the city of Berlin and the Oder-Spree county as provided
by the GDV are given by

θBerlin = 122.78 and θOder−Spree = 77.68, (8.16)
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respectively. Thus, using (8.14), (8.15) and (8.16), the corresponding values of the
combined predictor Θ(3)

ij introduced in (8.5) can be computed as

87.54 + (122.78− 104.48) = 105.84.

for the considered subregion of Berlin

90.09 + (77.68− 86.70) = 81.07.

for the considered subregion of the Oder-Spree county. These results are summarized in
Table 8.1.

i θi ij θ
(1)
ij θ

(2)
ij θ

(3)
ij

Berlin 122.78 Berlin, sub 122.78 87.54 105.84
Oder-Spree 77.68 Oder-Spree, sub 77.68 90.09 81.07

Table 8.1.: Computed values θ(1)
ij , θ

(2)
ij , θ

(3)
ij of predictors Θ(1)

ij ,Θ
(2)
ij ,Θ

(3)
ij

The values θBerlin and θOder−Spree of the phenomenological predictors given by the
GDV are far apart from each other. Likewise, the values θ(1)

Berlin,sub and θ
(1)
Oder−Spree,sub

of the phenomenological predictors for the two neighboring subregions show a large
difference. However, practitioners intuition suggests that the difference between the
subregions should be rather small. The values θ(2)

Berlin,sub and θ
(2)
Oder−Spree,sub of the pure

explanatory predictors are very close, but the Berlin subregion gets now a lower risk
level than the Oder-Spree subregion. This change of order seems implausible and is an
unwanted feature. The most convincing prediction is given by the values θ(3)

Berlin,sub and
θ

(3)
Oder−Spree,sub of the combined predictors, where the difference between the risk levels
of the two neighboring subregions is significantly smaller than for the phenomenological
estimator and the order of the risk levels remains unchanged.
Note that once some data for risk levels θij in the subregions are available, this yields

a possibility to evaluate the quality of our predictor by computing the deviation of the
predicted value from the true one. In particular, an insurance company could first test
the approach in areas, where it possesses sufficiently detailed claims data at a subregional
level before applying the methodology in other areas. Moreover, we expect that the
following refinement of our approach could yield further improvements. For practical
purposes, when considering subregions close to the boundary of other subregions, it may
make sense to use as a control variate not only the regression error in the given subregion,
but also the regression error of the adjacent subregion. Trying to find a framework
where this approach can be made more rigorous would constitute an interesting subject
of further research.

Appendix

For the sake of completeness we provide a description of all covariates used in the con-
struction of our random forest estimation. These covariates can be roughly subdivided
into the categories geographic data, demographic data or road data.
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geographic data. We considered the following covariates of geographic type.

• lat. average latitude of the county

• lon. average longitude of the county

• latlon. sum of average longitude and average latitude

• alt. average altitude above sea level

• bavaria. indicator for being Bavarian county

demographic data. Moreover, we considered the following covariates of demographic
type. We relied on publicly available data from the Federal Statistical Office of Ger-
many [55].

• popDens. population density, i.e., number of inhabitants/area

• pkwDens. vehicle density, i.e., number of automotive vehicles/area

• pkwRat. ratio of numbers of vehicles and inhabitants

• totDens. road density, i.e., total length of roads inside county/area

• totPop. road length per inhabitant, i.e., total length of roads inside county/number
of inhabitants

• totPkw. road length per vehicle, i.e., total length of roads inside county/number
of vehicles

road data. The majority of covariates used in our application are associated with road
data. Our data are taken from the OpenStreetMap project [122]. OpenStreetMap is
a massively collaborative project to create a high-quality open-source alternative to
commercially available road data. On a technical level the available data consist of an
XML-database containing entries for nodes and ways connecting several nodes. The
possibility to cut out subsystems of a given road system inside an arbitrarily definable
boundary constitutes a feature which is especially useful for our purposes. Moreover, the
data not only contain information on the location of roads, but also on the type of the
road (e.g. motorway, primary road, secondary road, residential street, etc.). Therefore,
we can consider a variety of road-related covariates such as road density, mean curvature
or junction density of roads of different types. To be more precise, we include 38 further
covariates of the following form. For readability we only present a selection of these
covariates.

• motorway/primar/... road density for roads of given type, i.e., total length of
roads of given type inside county/area

• motorwayPop/primarPop/... road length per inhabitant for roads of given type,
i.e., total length of roads of given type inside county/number of inhabitants

• aTotal. curvature angle per km, i.e., sum of absolute values of all angles occurring
in polygonal representation of roads/total length of roads inside county
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• amotorway/aprimar/... curvature angle per km for roads of given type

• juncDens. density of junctions, i.e., number of junctions/area

• mwmw/mwpr/... density of junctions between roads of given types





9. Applications in computational materials
science

Considering the molecular network of materials used in organic solar cells provides a fur-
ther example of how to make use of connected random geometric graphs in applications.
In this network the vertices are given by the centers of gravity of the molecules and two
centers are connected by an edge if it is possible for a charge carrier to move from one
to the other. For the development of powerful and efficient semi-conductors the charge
mobility is an important characteristic describing the charge-transport capabilities of a
material. For the purpose of cost minimization it is desirable to use Monte Carlo sim-
ulation and carry out virtual material design as far as feasible. A possible approach to
achieve this goal is based on a random-walk approach [19] and has become a standard
method in the field of materials science. For instance, in [143] the charge movement
is modeled by a Markov Jump Process (MJP) on a molecular network. The transition
rates of this MJP are governed by two main contributions. First, if the material resides
within an external electric field, then this clearly induces a drift for the particle move-
ment. Second, each molecule has a certain amount of potential energy, and considering
the entire molecular network gives rise to an energy landscape. The transition rates
of the MJP are such that a charge-carrier is more likely to move from a high-energy
molecule to a low-energy molecule than to move from a low-energy molecule to a high-
energy molecule. If the external electric field is assumed to be constant then the charge
mobility is proportional to the average velocity at which the charge carrier traverses the
material. This velocity can be estimated using Monte Carlo methods, by simulating the
underlying MJP. In the following, the approach of computing charge mobility using this
method will be referred to as Crude Monte Carlo (CMC) algorithm.
For many organic semi-conductors the molecular energy landscape contains a large

number of energy traps. These can be thought of low-energy regions which are sur-
rounded high-energy regions. Once a charge-carrier enters one of these energy traps,
it will remain inside this region for a prolonged period of time, since it is very un-
likely to move across the high-energy boundary. This renders the CMC algorithm time-
consuming, since a high proportion of the computational cost is used to determine the
local movement of the charge carrier inside energy traps, so that a large number of
steps is needed to determine the global average velocity. Therefore, in [34], an Aggregate
Monte Carlo (AMC) algorithm has been developed, where the long-time behavior of the
particle inside energy traps is computed ahead of time, so that substantial improvement
with respect to the simulation time can be achieved. The goal of the present chapter is
to show that both the CMC and the AMC algorithms can be used for the purpose of
consistent velocity estimation.
The main results of the present chapter have been incorporated in our recent pa-

per [139].
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9.1. Efficient simulation of charge transport in connected
graphs

First, we provide a more formal description of the charge-transport model. For our
purposes it is convenient to work on the d-dimensional torus with side length a for
some fixed a > 0. As a set, this torus coincides with the cube Qa(o). However, for
x, y ∈ Rd the shortest distance vector connecting x to y is not always given by the direct
connection vector y − x, but one has also the possibility to exit the cube on one side
of the border and then to re-enter on the corresponding point at the opposite border.
To be more precise, for x = (x1, . . . , xd), y = (y1, . . . , yd) ∈ [−a/2, a/2), we define the
shortest connection vector dx,y = (z1, . . . , zd) ∈ Rd, where for every i ∈ {1, . . . , d},

zi = yi − xi + a
Ä
1[−a,−a/2](yi − xi)− 1[a/2,a](yi − xi)

ä
.

Furthermore, let V ⊂ Qa(o) be finite and consider an irreducible Markov jump process
(MJP) M = {Mt}t≥0, with state space V and generator matrix {qs,s′}s,s′∈V , describing
the movement of a charged particle in an energy landscape at a microscopic scale. We
set L = #V and define M̃ =

¶
M̃n

©
n≥0 to be the embedded Markov jump chain whose

transition matrix is denoted by J = {ps,s′}s,s′∈V , with ps,s′ = qs,s′/qs, where qs = −qs,s.
The associated sequence of waiting times is denoted by {Tn}n≥0. Let {Nt}t≥0 be the
random number of transitions up to time t. We are interested in the velocity of the
particle M , which heuristically can be understood as the limit of t−1∑Nt−1

i=0 d‹Mi,‹Mi+1
as

t→∞. More precisely, for any t > 0 we consider the Crude Monte Carlo estimator’vcmc(t) = 1
t

Nt−1∑
i=0

d‹Mi,‹Mi+1
. (9.1)

First, we note that this estimator is straightforward to implement.

Algorithm 9.1.1 (Crude Monte Carlo Estimation of Velocity).

(i) Choose M̃0 uniformly from {1, . . . , L}. Set t = 0 and d = o. Set n = 0.

(ii) The next state M̃n+1 is chosen at random from V , where the event M̃n+1 = s
occurs with probability q‹Mn,s

/q‹Mn
.

(iii) Put t = t+τ , where the waiting time τ is exponentially distributed with parameter
q‹Mn

.

(iv) Put d = d + d‹Mn,‹Mn+1
.

(v) Put n = n+ 1. If t > T , then return’vcmc(t) = d/t, otherwise go back to step 2.

In Section 9.2 we show that these estimators converge a.s. and in L1 to a deterministic
value v > 0. Furthermore, we also provide an explicit expression for v depending only
on the generator of M .

Theorem 9.1. Let v = ∑
s,s′∈V πsqs,s′ds,s′, where {πs}s∈V denotes the stationary dis-

tribution of the irreducible MJP M . Then limt→∞’vcmc(t) = v a.s. and in L1.
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The velocity v defined above has the following heuristic interpretation. Asymptoti-
cally, the proportion of time the MJP M spends in state s ∈ V is given by πs. When
the walker is in state s it moves to state s′ ∈ V at the infinitesimal rate qs,s′ with an
associated displacement vector given by ds,s′ . This yields an instantaneous velocity of
qs,s′ds,s′ . Averaging these velocities over all possible transitions results in the expression
v = ∑

s,s′∈V πsqs,s′ds,s′ .
In typical applications from computational materials science the speed of convergence

of the estimators ’vcmc(t), t ≥ 0 can be rather slow, so that precise estimates for v
require a substantial amount of computational effort. The reason for this behavior is
the occurrence of energy traps, i.e., subsets of V inside which the particle is stuck for a
prolonged period of time. In order to resolve this problem, an Aggregate Monte Carlo
estimator ’vamc(t) has been proposed in [33, 34], where it is also shown that, for practical
examples occurring in computational materials science, the convergence of this estimator
to the velocity v is considerably faster than for the crude estimators ’vcmc(t). The idea
for the construction of ’vamc(t) consists in first defining a partition ⋃Ki=1 Vi of the state
space V , where each energy trap is represented by one element of this partition. Then
the behavior of the particle inside each of these regions is computed in advance and in
actual simulations this information is used to replace time-consuming simulations of the
particle movement inside energy traps.
To be more precise, let V = ⋃K

i=1 Vi denote a partition of the state space with the
property that for every i ∈ {1, . . . ,K} and s, s′ ∈ V , the event that the particleM moves
from s to s′ without leaving Vi has positive probability. Furthermore, let V̊ ⊂ V denote
the set of outer states with respect to this partition. To be more precise, a state s ∈ Vi
is contained in V̊ if and only if there exists t ∈ V \ Vi such that pt,s > 0. Moreover, for
i ∈ {1, . . . ,K} let V ′i denote the union of Vi and all outer states s ∈ V̊ such that pt,s > 0
for some t ∈ Vi. In the following, it is convenient to assume that the V ′i are not too
large. To be more precise, we assume that
(A) for every j ∈ {1, . . . ,K}, there exists v0 ∈ Vj with |dv0,vi | ≤ a/4 for all vi ∈ Vj and

vi adjacent to an element of Vj .
For each i ∈ {1, . . . ,K} we consider a MJP M (i) = {M (i)(t)}t≥0 on the state space V ′i

whose transition rates are determined as follows. The rate of moving from a state s ∈ Vi
to a state s′ ∈ V ′i is given by the transition rate from state s to state s′ in the original
MJP M . Additionally, any state in V ′i \ Vi is absorbing. For outer states s ∈ Vi ∩ V̊ and
s′ ∈ V ′i \ Vi let p̊s,s′ denote the probability that the chain M (i) started in s is absorbed
in s′ (and formally put p̊s,s′ = 0 if s′ 6∈ V ′i \ Vi). Additionally, τ̊s,s′ denotes the expected
time until absorption in s′ when starting from s, conditioned on the event that M (i) is
absorbed in s′.
We then consider the Markov chain M̊ =

¶
M̊n

©
n≥0 on V̊ whose transition proba-

bilities are given by the matrix J̊ = {p̊s,s′}s,s′∈V̊ and for t > 0 let N̊t = sup{n ≥ 0 :∑n−1
i=0 τ̊M̊i,M̊i+1

< t} denote the number of jumps before time t. For any t > 0, the AMC
estimator is then formally defined by’vamc(t) = t−1

N̊t−1∑
i=0

dM̊i,M̊i+1
.

As the quantities J̊ = {p̊s,s′}s,s′∈V̊ and {τ̊s,s′}s,s′∈V̊ can be computed in advance, only
minor changes are needed to modify Algorithm 9.1.1 so that it computes the estimator
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¶’vamc(t)

©
t≥0 converge to the same

deterministic value as the estimators
¶’vcmc(t)

©
t≥0 as t→∞ .

Theorem 9.2. It holds that limt→∞’vamc(t) = v a.s. and in L1.

9.2. Convergence of the CMC estimator
Theorem 9.1 follows easily from the standard ergodic theorem for MJPs, see Theo-
rem 2.36. Some minor complications arise from the fact that the distances appearing
in ’vcmc(t) have to be considered as functionals of a related bivariate Markov chain and
that the sum in ’vcmc(t) is associated with the (discrete) jump chain, while the average
is considered in the continuous time variable t. Note that’vcmc(t) admits the alternative
representation ’vcmc(t) = 1

t

∑
s,s′∈V

Ns,s′(t)ds,s′ ,

where Ns,s′(t) denotes the number of times the MJP M jumps from state s to state s′
before time t. That is, for s, s′ ∈ V , Ns,s′(t) = #{n ∈ {0, . . . , Nt − 1} : M̃n = s, M̃n+1 =
s′}. In order to apply the ergodic theorem for MJPs it is convenient to consider the
intermediate estimator

vc,1(t) = 1
t

∑
s,s′∈V

Ts,s′(t)qs′ds,s′ ,

where Ts,s′(t) denotes the time the MJP M spends in state s′ with state s being the
previously visited state. That is, for s, s′ ∈ V , Ts,s′(t) = ν1

Ä
t′ ∈ [0, t] : M̃Nt′−1 =

s, M̃Nt′ = s′
ä
, where ν1 is the Lebesgue measure.

Theorem 9.3. P
Ä

limt→∞’vcmc(t)− vc,1(t) = 0
ä

= 1.

Proof. First, note that’vcmc(t)− vc,1(t) =
∑
s,s′∈V

(Ns,s′(t)
Ts,s′(t)

− qs′
)Ts,s′(t)ds,s′

t
.

Noting that Ts,s′(t)ds,s′/t is at most
√
da, it suffices to show that for every s, s′ ∈ V ,

P
Ä

lim
t→∞

Ts,s′(t)/Ns,s′(t) = 1/qs′
ä

= 1. (9.2)

To prove (9.2) we note that Ts,s′(t)−
∑Ns,s′ (t)−1
i=1 σi is contained in the interval [0, σNs,s′ (t)],

where the sequence {Si}i≥1 is defined by

Si = inf
t≥0

¶
{#{n ∈ {2, . . . , Nt} : M̃n−2 = s, M̃n−1 = s′} = i

©
− inf
t≥0

¶
#{n ∈ {1, . . . , Nt} : M̃n−1 = s, M̃n = s′} = i

©
.

In other words, Si denotes the waiting time at node s′ when it is visited for the ith
time coming from state s. By the Markovian structure of M , the times {Si}i≥1 form
independent Exp(qs′) distributed variables, so that (9.2) follows from the law of large
numbers.
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Next, we show that P
Ä

limt→∞ vc,1(t) = v
ä

= 1. For this purpose it is convenient to
introduce the bivariate process M sub =

¶Ä
M sub

1,t ,M
sub
2,t
ä©

t≥0 defined by M sub
1,t = M̃Nt−1

and M sub
2,t = M̃Nt . Here we choose M̃−1 to be an arbitrary neighbor of M̃0. Then M sub

forms an irreducible MJP on the subset V sub of V 2 consisting of those (s, s′) ∈ V 2 with
qs,s′ > 0. We denote the stationary distribution of M sub by {πsub

(s,s′)}(s,s′)∈V sub . Then it
follows from the ergodic theorem for MJPs that with probability 1,

lim
t→∞

vc,1(t) =
∑

(s,s′)∈V sub

πsub
(s,s′)qs′ds,s′ . (9.3)

In order to represent πsub
(s,s′)qs′ds,s′ in terms of the stationary distribution of the original

chain
¶
M̃n

©
n≥0, we first note that the generator

¶
qsub

(s,s′),(s′,s′′)
©

(s,s′),(s′,s′′)∈V sub of M ′ is
determined by qsub

(s,s′),(s′,s′′) = qs′,s′′ for s′′ 6= s′. Hence, for every (s′, s′′) ∈ V sub,

∑
s∈V \{s′}

πsqs,s′q
sub
(s,s′),(s′,s′′)/qs′ =

∑
s∈V \{s′}

πsqs,s′qs′,s′′/qs′ = πs′qs′,s′′ = πs′qs′,s′′q
sub
(s,s′′)/qs′′ .

Additionally, ∑(s,s′)∈V sub πsqs,s′/qs′ = ∑
s′∈V πs′ = 1, so that πsub

(s,s′) = πsqs,s′/qs′ .
This completes the proof of the a.s. convergence in Theorem 9.1. Finally, the following

uniform integrability result implies L1-convergence.

Lemma 9.4. The family of random variables {’vcmc(t)}t≥0 is uniformly integrable.

Proof. We construct a family {v(t)}t≥0 of L1-convergent random variables such that’vcmc(t) is a.s. bounded from above by v(t). Put d0 = maxs,s′∈V
∣∣ds,s′∣∣ and q0 =

maxs∈V qs. When the waiting times {Tn}n≥0 associated with the MJPM are conditioned
on the jump-chain M̃ , they form an independent sequence of exponentially distributed
variables, where the parameter of the nth waiting time is given by q‹Mn

. For any n ≥ 0
we define T (1)

n = Tnq‹Mn
/q0. Then

¶
T

(1)
n

©
n≥0 forms an (unconditionally) iid sequence

such that T (1)
n ≤ Tn a.s and such that T (1)

n is exponentially distributed with parameter
q0. Writing N (1)

t = sup{n ≥ 0 : ∑n−1
i=0 T

(1)
i < t}, we therefore obtain ’vcmc(t) ≤ v(t),

where v(t) = t−1N
(1)
t d0. Since the random variables N (1)

t /t converge to 1/q0 in L1, this
completes the proof of Lemma 9.4.

9.3. Convergence of the AMC estimator

The aim of the present section is to prove Theorem 9.2. Similar to the approach in
Section 9.2 it is convenient to consider a family of intermediate estimators {va,1(t)}t≥0
whose precise definition is given below. The proof of Theorem 9.2 is then subdivided into
showing limt→0’vcmc(t)−va,1(t) = 0 a.s. on the one hand and limt→0’vamc(t)−va,1(t) = 0
a.s., on the other hand. The L1-convergence is then an immediate consequence of the
dominated convergence theorem, as |’vamc(t)| is bounded from above by

max
s,s′∈V

|ds,s′ |/ min
s,s′∈V
τ̊s,s′>0

τ̊s,s′ .
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To introduce the estimators {va,1(t)}t≥0 we make use of a coupling of M̊ andM in the
sense that we define a Markov chain M̊ c that is defined on the same probability space
as the MJP M and has the same distribution as the Markov chain M̊ . We introduce
M̊ c in order to trace the superstate transitions of the jump process M̃ , as illustrated in
Figure 9.1.

M̊ c
0

M̊ c
1

M̊ c
2

Figure 9.1.: Possible trajectory of the random walker M with outer states identified in
red. The highlighted states M̊ c

0 , M̊
c
1 , M̊

c
2 correspond to the outer states at

which M enters a new superstate.

In order to define M̊ c precisely, we will need some notation that allows us to easily
switch between the state space V associated with the CMC algorithm and the state
space of V̊ associated with the AMC algorithm. For every s ∈ V let σ(s) ∈ {V1, . . . , VK}
denote the superstate containing s. In order to convert the CMC time scale into the
AMC time scale, we define a function fca : Z ∩ [0,∞)→ Z ∩ [0,∞) by

fca(n) = #
¶
i ∈ {1, . . . , n} : σ

Ä
M̃i

ä
6= σ
Ä
M̃i−1

ä©
,

i.e., fca(n) counts the number of superstates visited by M̃ in the first n steps. The
function fca can also be considered as random clock that advances each time a superstate-
transition is observed and remains constant otherwise. Similarly, in order to convert the
AMC time scale into the CMC time scale, we define a function fac : Z∩[0,∞)→ Z∩[0,∞)
by

fac(n) = inf{n′ ≥ 0 : fca(n′) = n},

i.e., fac(n) denotes the number of steps performed by M̃ at the time of the nth superstate
transition. Thus, the function fca can also be considered as generalized inverse of the
random clock fac. Using these definitions we consider the process M̊ c =

¶
M̊ c
n

©
n≥0 given

by M̊ c
n = M̃fac(n). We also put N̊ c

t = fca(Nt) and define the intermediate estimator

va,1(t) = 1
t

N̊c
t−1∑
i=0

dM̊c
i ,M̊

c
i+1
. (9.4)

The first step in the comparison of ’vamc(t) and va,1(t) consists in showing that the
processes M̊ and M̊ c have the same distributions. In the following, for the ease of
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presentation, it is convenient to assume M̃0 ∈ V̊ . The reader will have few difficulties in
modifying the subsequent arguments for the general case.

Lemma 9.5. The processes M̊ and M̊ c have the same distribution.

Proof. It suffices to show that the conditional distribution of the random variable M̊ c
n

given M̊ c
1 , . . . , M̊

c
n−1 only depends on M̊ c

n−1 and equals the conditional distribution of
M̊n given M̊n−1. Since M̊ c

n−1 = M̃fac(n−1) and since M̊ c
1 , . . . , M̊

c
n−1 are measurable with

respect to M̃0, M̃1, . . . , M̃fac(n−1) we can further reduce the problem to identifying the
conditional distribution of M̊ c

n given M̃0, M̃1, . . . , M̃fac(n−1). More precisely, we show

P
Ä
M̊ c
n = s′ | M̃fac(n−1) = s, M̃fac(n−1)−1, . . . , M̃0

ä
= p̊s,s′ (9.5)

for all i ∈ {1, . . . ,K}, s ∈ V̊ ∩ Vi and s′ ∈ V̊ \ Vi. Indeed, the strong Markov property
implies that the left hand side of (9.5) equals the probability that the MJPM started at
s exits the corresponding superstate σ(s) via s′. But, by definition, the latter probability
is just p̊s,s′ .

Using Lemma 9.5 we can now complete the asymptotic comparison of ’vcmc(t) and
va,1.

Theorem 9.6. P
Ä

limt→∞’vcmc(t)− va,1(t) = 0
ä

= 1.

Proof. Let i ∈
¶

1, . . . , L̊
©
be arbitrary. From assumption (A) that there exists s0 ∈ V ′i

such that |ds,s0 | ≤ a/4 we deduce ds,s′+ds′,s′′ = ds,s′′ for all s, s′, s′′ ∈ V ′i . In particular,

dM̊c
j ,M̊

c
j+1

=
fac(j+1)−1∑
n=fac(j)

d‹Mn,‹Mn+1

for all j ∈ {0, . . . , N̊t − 1}, so that summing over j ∈ {0, . . . , N̊ c
t − 1} yields’vcmc(t) = 1

t

fac(N̊c
t )−1∑

n=0
d‹Mn,‹Mn+1

+ 1
t

Nt−1∑
n=fac(N̊c

t )

d‹Mn,‹Mn+1

= 1
t
t−1

N̊c
t−1∑
n=0

dM̊c
n,M̊

c
n+1

+ 1
t
d‹Mfac(N̊c

t
),‹MNt

.

Since the diameter of Qa(o) equals
√
da, we conclude that |d‹Mfac(N̊t)

,‹MNt

| ≤
√
da.

Finally, we consider the difference between va,1(t) and the AMC estimator ’vamc(t).
Note that

|’vamc(t)− va,1(t)| = 1
t

∣∣∣ N̊t−1∑
n=0

dM̊c
n,M̊

c
n+1
−
N̊c
t−1∑
n=0

dM̊c
n,M̊

c
n+1

∣∣∣
≤ 1
t
|N̊t − N̊ c

t |
√
da,

so that the following result completes the proof of Theorem 9.2.
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Lemma 9.7. limt→∞ t
−1(N̊t − N̊ c

t ) = 0 a.s.

Proof. This auxiliary result is proven by showing that both N̊t/t and N̊ c
t /t converge

a.s. to the same deterministic value 1/b, where

b =
∑
s∈V̊

µs
∑
s′∈V̊
p̊s,s′>0

p̊s,s′ τ̊s,s′ ,

and where {µs}s∈V̊ denotes the stationary distribution of the Markov chain M̊ c. For
s, s′ ∈ V̊ with p̊s,s′ > 0 and n1, n2 ≥ 0 with n1 ≤ n2 we say that F = {n1, n1 + 1, . . . , n2}
forms a (s, s′)-excursion if M̃n1 = s, M̃n2+1 = s′ and M̃k ∈ σ(s) for all k ∈ {n1, . . . , n2}.
The family of all (s, s′)-excursions is denoted by Fs,s′ . Similarly, for s ∈ V̊ we put
Fs = ⋃

s′∈V Fs,s′ . For n ≥ 0 and s, s′ ∈ V we write Fs,s′(n) for the set of all F ∈ Fs,s′
satisfying F ⊂ {0, . . . , fac(n)− 1}. Furthermore, for n ≥ 0 and s ∈ V̊ let Ns(n) = #{i ∈
{0, . . . , n} : M̊ c

i = s} denote the number of visits in the state s ∈ V̊ during the first n
steps of the Markov chain M̊ c. Then

1 ≥ lim sup
t→∞

1
t

Nt−1∑
n=0

Tn ≥ lim sup
t→∞

N̊ c
t

t

∑
s∈V ′

Ns(N̊ c
t )

N̊ c
t

∑
s′∈V
p̊s,s′>0

#Fs,s′(N̊ c
t )

Ns(N̊ c
t )

∑
F∈Fs,s′ (N̊c

t )
∑
k∈F Tk

#Fs,s′(N̊ c
t )

,

where in the second inequality we decompose the path of the particle into its (s, s′)-
excursions. Note that this inequality is strict if Mt is not an outer state. Next, we
determine the asymptotic behavior of the fractions appearing in the latter expression. As
M̃ forms a Markov chain, for every s, s′ ∈ V̊ with p̊s,s′ > 0 the sequences

¶Ä
M̃k, Tk

ä©
k∈F ,

F ∈ Fs,s′ are iid. In particular, the random variables
¶∑

k∈F Tk
©
F∈Fs,s′

form iid copies
of the time to absorption of the particle M started at s and conditioned to be absorbed
in s′. Since N̊ c

t →∞ a.s. as t→∞ the law of large numbers yields

P
(

lim
t→∞

∑
F∈Fs,s′ (N̊c

t )
∑
k∈F Tk

#Fs,s′(N̊ c
t )

= τ̊s,s′
)

= 1.

Similarly, for every s ∈ V̊ the sequences
¶
M̃k

©
k∈F , F ∈ Fs are iid and for every s′ ∈ V ,

F ∈ Fs the random variable 1Fs,s′ (F ) constitutes a Bernoulli random variable with
success probability p̊s,s′ . Therefore, another application of the law of large numbers
shows

P
(

lim
t→∞

#Fs,s′(N̊ c
t )

Ns(N̊ c
t )

= p̊s,s′
)

= 1.

Finally, an application of Theorem 2.35 for the Markov chain M̊ c yields

P
(

lim
t→∞

Ns(N̊ c
t )

N̊ c
t

= µs
)

= 1.

Hence, we obtain lim supt→∞ N̊ c
t /t ≤ 1/b. Very similar arguments can be used to show

that lim inft→∞ N̊ c
t /t ≥ 1/b a.s., but for the convenience of the reader we provide some
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of the details. Indeed, noting

1 ≤ lim inf
t→∞

1
t

Nt∑
n=0

Tn

≤ lim inf
t→∞

N̊ c
t + 1
t

∑
s∈V̊

Ns(N̊ c
t + 1)

N̊ c
t + 1

∑
s′∈V
p̊s,s′>0

#Fs,s′(N̊ c
t + 1)

Ns(N̊ c
t + 1)

∑
F∈Fs,s′ (N̊c

t +1)
∑
k∈F Tk

#Fs,s′(N̊ c
t + 1)

= (lim inf
t→∞

N̊ c
t /t)b.

completes the proof of P
Ä

limt→∞ N̊
c
t /t = 1/b

ä
= 1.

To show P
Ä

limt→∞ N̊t/t = 1/b
ä

= 1 we may proceed similarly. Indeed, with proba-
bility 1,

1 ≥ lim sup
t→∞

1
t

N̊t−1∑
j=0

τ̊M̊j ,M̊j+1
≥ lim sup

t→∞

N̊t

t

∑
s∈V̊

Ns(N̊t)
N̊t

∑
s′∈V
p̊s,s′>0

#Fs,s′(N̊t)
Ns

Ä
N̊t

ä τ̊s,s′ ,

where in the second inequality we again decompose the path of the particle into its
(s, s′)-excursions. This yields P

Ä
lim supt→∞ N̊t/t ≤ 1/b

ä
= 1. Finally,

1 ≤ lim inf
t→∞

1
t

N̊t∑
j=0

τ̊M̊j ,M̊j+1
≤ lim inf

t→∞

N̊t + 1
t

∑
s∈V̊

Ns(N̊t + 1)
N̊t + 1

∑
s′∈V
p̊s,s′>0

#Fs,s′(N̊t + 1)
Ns(N̊t + 1)

τ̊s,s′ ,

so that P
Ä

lim inft→∞ N̊t/t ≥ 1/b
ä

= 1.
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Abstract
The present thesis is devoted to the investigation of connectivity and percolation prop-
erties of random geometric graphs, i.e., graphs that are embedded in some Euclidean
space. Related structures such as hard-core packings of particles are also considered.
First, in Chapter 3, the family of creek-crossing graphs is introduced. This can be

regarded as a family of approximations to the Euclidean minimal spanning forest. It
is shown that creek-crossing graphs based on a homogeneous Poisson point process are
almost surely connected. In addition, sufficient conditions are given to ensure almost
sure connectivity for more general classes of stationary point processes.
Chapter 4 discusses properties of Euclidean first-passage percolation on connected

random geometric graphs. In particular, the asymptotic behavior of the length of short-
est paths is analyzed. It is shown that under certain sufficient conditions, shortest-path
lengths in a large class of stationary and isotropic random geometric graphs grow at
most linearly in the Euclidean distance between the endpoints with high probability.
On the one hand, this result can be used to show that creek-crossing graphs in the
plane describe a tessellation consisting of almost surely bounded cells. Moreover, it also
implies a Euclidean variant of the shape theorem due to Kesten.
Next, in Chapters 5 and 6, methods from percolation theory are used to analyze prop-

erties of two models for non-overlapping particles, namely stationary Apollonian pack-
ings and configurations obtained from collective-rearrangement algorithms, respectively.
Stationary Apollonian packings can be thought of as mathematical formalizations of ran-
dom Apollonian packings and rotational random Apollonian packings, which constitute
popular grain packing models in physics. It is shown how the absence of percolation in
suitable random geometric graphs can be used to prove existence and uniqueness in the
entire Euclidean space. Moreover, asymptotic results are provided for the growth dura-
tions of grains and it is shown that the packing is a.s. space-filling. Finally, properties
related to percolation are investigated.
Regarding the second kind of models for non-overlapping particles considered in this

thesis, convergence properties of collective-rearrangement algorithms are studied when a
stationary point process is used as initial configuration. This class of algorithms provides
a possibility for generating hard-core particle configurations that are popular in materials
science. If a homogeneous Poisson point process with sufficiently low intensity is used
as initial point process, then using techniques from percolation theory it is shown that
the configurations generated by iterated applications of the collective-rearrangement
algorithm converge towards a stationary point process.
In fixed-access telecommunication networks, it is a common approach to use connected

random geometric graphs to model the underlying road network. In Chapter 7, asymp-
totic distributions of important cost functionals such as typical shortest-path lengths
and longest branch lengths are derived. Additionally, certain characteristics of the road
network influence the risk level in third-party liability insurance, see Chapter 8. Finally,
in Chapter 9, an application of connected random geometric graphs in computational
materials science is presented, where the consistency of the Aggregate Monte Carlo
velocity-estimator is proven.
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Zusammenfassung

Die vorliegende Arbeit befasst sich mit Problemen der Konnektivität und Perkolation in
zufälligen geometrischen Graphen, d.h. Graphen, die in einem geeigneten euklidischen
Raum eingebettet sind, wobei auch verwandte Strukturen, wie etwa überlappungsfreie
Partikelpackungen betrachtet werden.
Zunächst wird in Kapitel 3 die Familie der sogenannten creek-crossing Graphen einge-

führt, deren Knotenmenge durch eine lokal endliche Teilmenge des euklidischen Raumes
gegeben ist und die als Approximationen des minimal spanning forest aufgefasst werden
können. Es wird gezeigt, dass creek-crossing Graphen, die auf einem homogenen Pois-
sonschen Punktprozess basieren, fast sicher aus genau einer Zusammenhangskomponente
bestehen, und es werden hinreichende Kriterien diskutiert, welche die Konnektivität für
allgemeinere Klassen von stationären Punktprozessen sicherstellen.
In einem zweiten Themenblock wird in Kapitel 4 das Problem der first-passage Perko-

lation betrachtet, d.h. das asymptotische Verhalten von kürzesten Wegen auf stationären
und isotropen zufälligen zusammenhängenden geometrischen Graphen. Zunächst werden
hinreichende Bedingungen an zufällige geometrische Graphen hergeleitet, die implizieren,
dass die kürzesten Pfadlängen mit hoher Wahrscheinlichkeit asymptotisch durch eine
obere Schranke begrenzt sind, welche linear in der euklidischen Distanz zwischen den
Endpunkten wächst. Dieses Resultat kann einerseits dazu genutzt werden, um zu zeigen,
dass planare creek-crossing Graphen ein Mosaik definieren, das aus fast sicher beschränk-
ten Zellen besteht und impliziert andererseits, dass das auf Kesten zurückgehende klas-
sische Shape Theorem auch für das betrachtete Modell der euklidischen first-passage
Perkolation auf zufälligen geometrischen Graphen seine Gültigkeit behält.
Danach wird in Kapiteln 5 und 6 erläutert, wie Methoden aus der Perkolationstheorie

angewendet werden können, um Eigenschaften von zwei Modellen für überlappungsfreie
Partikelkonfigurationen zu untersuchen. Zunächst werden stationäre Apollonische Par-
tikelpackungen betrachtet, die als mathematische Formalisierung von zufälligen Apol-
lonischen Partikelpackungen und rotierten zufälligen Apollonischen Partikelpackungen
angesehen werden können. In der statistischen Physik wurden die beiden letztgenan-
nten Objekte bereits unter Zuhilfenahme heuristischer Argumente eingehend untersucht.
Es wird gezeigt, wie man aus der Nicht-Perkolation geeigneter zufälliger geometrischer
Graphen ein Existenz- und Eindeutigkeitsresultat für stationäre Apollonische Partikel-
packungen herleiten kann. Darüber hinaus werden asymptotische Ergebnisse für die
Wachstumsdauer von Partikeln hergeleitet, und es wird gezeigt, dass die Packungen
raumfüllend sind. Schließlich wird bemerkt, dass Partikel in Clustern auftreten, deren
Perkolationseigenschaften ebenfalls untersucht werden.
Weiterhin wird das Konvergenzverhalten von sogenannten collective-rearrangement

Algorithmen unter zufälligem Input betrachtet. In der Materialwissenschaft werden
diese Algorithmen häufig zur Simulation von überlappungsfreien Partikelkonfiguratio-
nen eingesetzt. Wenn die Eingabekonfiguration durch einen homogenen Poissonschen
Punktprozess mit hinreichend geringer Intensität gegeben ist, so zeigt man mit Hilfe
von Techniken aus der Perkolationstheorie, dass die Konfigurationen, die durch iteriertes
Anwenden der collective-rearrangement Regel erzeugt werden, gegen einen stationären
Punktprozess konvergieren.
Eine gängige Methode in der Modellierung von Telekommunikationsfestnetzen besteht

darin das zu Grunde liegende Straßensystem als zusammenhängenden zufälligen ge-



178

ometrischen Graphen anzusehen. In Kapitel 7 werden asymptotische Verteilungen wich-
tiger Kostenfunktionale, wie etwa typische kürzeste Weg- und längste Zweiglängen,
hergeleitet. Außerdem, beeinflussen gewisse geometrische Charakterisken des Straßen-
netzes das Risikoniveau in der Kraftfahrzeug-Haftpflichtversicherung, siehe Kapitel 8.
Schließlich wird in Kapitel 9 eine Anwendung zusammenhängender zufälliger geometri-
scher Graphen in den Materialwissenschaften vorgestellt, wobei die Konsistenz des ag-
gregierenden Monte Carlo Geschwindigkeitsschätzers bewiesen wird.
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