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Abstract
This thesis is concerned with the development of a new method for an efficient calculation
of optimal rigid body positions in Navier-Stokes flow. The application that we consider in
particular is the calculation of ship running attitudes, i.e. the change of the ship position
for different operating speeds and the corresponding resistance value. For this purpose
the problem formulation and the so far commonly used calculation procedure based on
the equations of motion are examined for possible savings in computational effort. As
this approach suffers from inertial effects, the problem is mathematically reformulated as
an optimization problem, which promises to reach the wanted final equilibrium position
significantly faster. In order to efficiently solve the optimization problem, we make use of
gradient-based solution algorithms. The main idea here is to achieve an efficient gradient
evaluation using adjoint calculus. This provides the benefit of a gradient evaluation for
which the calculation effort is independent of the parameter space dimension. To this end
a continuous adjoint formulation is derived for single-phase and multiphase Navier-Stokes
flow and the optimization of arbitrary, weighted force and moment components with respect to rigid body positions. For the differentiation with respect to domain variations
a transformation approach to a reference domain is employed. Together with the help of
the adjoint solution variable this allows the setup of an exact analytical formula for the
objective function gradient of the optimization problem. This formula is derived for arbitrary, parametrized transformation functions. The analytical derivation is supplemented
with the numerical implementation of the new method and its application to realistic
test cases. Numerical examples show that the developed adjoint gradient evaluation is
very accurate and considerably more efficient in comparison to finite differences gradients. Therefore the adjoint solution procedure is capable to speed up the calculation of
ship running attitudes significantly without loss of accuracy in the results for resistance
and rigid body positions.

Zusammenfassung
Diese Arbeit befasst sich mit der Entwicklung einer neuen Methode zur effizienten Berechnung von optimalen Starrkörperpositionen in Navier-Stokes Strömung. Als Anwendung werden insbesondere Schwimmlagen von Schiffen betrachtet, d.h. die Änderung
der Schiffsposition bei verschiedenen Betriebsgeschwindigkeiten und der dazugehörige
Widerstandswert. Zu diesem Zweck werden die Problemformulierung und das bislang
üblicherweise eingesetzte Berechnungsverfahren in Hinsicht auf mögliche Einsparungen
im Berechnungsaufwand analysiert. Da der Standardansatz unter Trägheitseffekten leidet, wird die Aufgabenstellung in ein Optimierungsproblem mathematisch umformuliert.
Dies verspricht, den gesuchten Gleichgewichtsendzustand deutlich schneller zu erreichen.
Um das Optimierungsproblem effizient zu lösen, werden gradientenbasierte Berechnungsmethoden eingesetzt. Die Grundidee ist dabei, eine effiziente Gradientenauswertung über
adjungierte Berechnungen zu erzielen. Der Vorteil hiervon ist eine Gradientenauswertung,
deren Berechnungsaufwand unabhängig von der Dimension des Parameterraums ist. Zu
diesem Zweck wird eine kontinuierliche adjungierte Formulierung für ein- und mehrphasige Navier-Stokes Strömung und die Optimierung von beliebigen, gewichteten Kraftund Momentenkomponenten in Hinsicht auf Starrkörperpositionen hergeleitet. Für die
Ableitung nach den Gebietsveränderungen wird ein Ansatz verwendet, bei dem das Rechengebiet auf ein Referenzgebiet transformiert wird. Zusammen mit den adjungierten
Lösungsvariablen ermöglicht dies das Aufstellen einer exakten, analytischen Formel für
den Zielfunktionsgradienten des Optimierungsproblems. Diese Formel wird für beliebige,
parametrisierte Transformationsfunktionen hergeleitet. Die analytische Herleitung wird
durch die numerische Umsetzung der neuen Methode und ihren Einsatz für realistische
Testfälle ergänzt. Dabei zeigen die numerischen Beispiele, dass die entwickelte adjungierte Gradientenauswertung sehr genau und deutlich effizienter im Vergleich zu Finiten
Differenzen Ableitungen ist. Damit ist das adjungierte Berechnungsverfahren in der Lage, die Berechnung von Schwimmlagen von Schiffen deutlich zu beschleunigen, ohne an
Genauigkeit bei den Ergebnissen für Widerstand und Starrkörperposition zu verlieren.
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Glossaries
0.1

Nomenclature

0d
0d
a
aΨ
i,N,j

aΨ
i,P

α
αΨ
AΨ
AW L
B (X)
BW L
C
Cµ
d
d
D
δ
δi
δϕ , δθ , δψ
∆xG or ∆xG,1
∆yG or ∆xG,2

zero vector of dimension d
zero matrix of dimension d × d
weighting factor in the objective function of the optimization problem
off-diagonal coefficient in the ith row and jth column of the system
matrix AΨ (resulting from contributions of the jth neighboring cell
center xi,N,j in the discretization of the ith cell)
diagonal coefficient in the ith row of the system matrix AΨ (resulting from contributions of the cell center xP in the discretization of
the ith cell)
phase fraction variable
relaxation factor for the flow variable Ψ
system matrix of the algebraic equation for the flow variable Ψ
waterline area of the ship
neighborhood of the corresponding set X
maximum beam of a ship at the waterline
Courant number
turbulent viscosity constant
space dimension, d = 2 or d = 3
component vector for the extraction of force or moment components of interest
draft of a ship
thickness of the transitional area at the interface of multiphase flow
decay constant for oscillation in the ith coordinate direction with
i ∈ {1, 2, 3}
decay constant for oscillation around the x-, y- and z-axes
translation of the center of gravity in x-direction
translation of the center of gravity in y-direction
xi

Nomenclature

∆zG or ∆xG,3
di
dj
dϕ , dθ , dψ
D (v)
ε
f
fB
f ext
f field
f flow
fG
Fr
fxf
g
g
γ
γ0
ΓB
Γin
Γout
ΓΨ
Γwall
GML
GMT
Hx
Hy
I
I
IB
IG
i, j, k
Ixx , Iyy , Izz
Ixy , Ixz , Iyz
j

xii

translation of the center of gravity in z-direction
damping coefficient for oscillation in the ith coordinate direction
with i ∈ {1, 2, 3}
jth column vector of the transformation matrix Θ, j ∈ {1, . . . , d},
i.e. Θ = (d1 , . . . , dd )
damping coefficient for oscillation around the x-, y- and z-axes

rate of strain tensor D (v) = 21 ∇v + ∇v T
dissipation rate of turbulent kinetic energy
vector of forces acting on the body or in the momentum equation
acceleration due to body forces acting in the flow field
buoyant force
vector of external forces acting on the body
vector of field forces
vector of flow forces acting on the body
gravity force
Froude number
interpolation factor for central differences discretization
gravitational acceleration
gravitational acceleration vector
adjoint phase fraction variable
trace operator
body part of the domain boundary ∂Ω of the domain Ω
inlet part of the domain boundary ∂Ω of the domain Ω
outlet part of the domain boundary ∂Ω of the domain Ω
diffusivity coefficient of the flow variable Ψ
wall part of the domain boundary ∂Ω of the domain Ω
longitudinal metacentric height
transverse metacentric height
longitudinal metacentric height
transverse metacentric height
time interval I = (0, T )
unit tensor (if in doubt, the dimension is indicated by a subscript)
inertia tensor with respect to the body-fixed reference system
inertia tensor with respect to the global reference system
coordinate axes of the body-fixed frame of reference in the calculation of rigid body motions
roll, pitch and yaw moment of inertia
products of inertia
reduced objective function of the optimization problem

xiii

J
Jf (x)
Jf
Jm
k
κ
ki
kϕ , kθ , kψ
L

λ
LP P
LW L
m
M
m
mext
mflow
µ
µeff
µT
n
N
n
ν
νeff
νT
O
ω
ω0,i
ω0,ϕ , ω0,θ , ω0,ψ
Ω

Nomenclature

objective function of the optimization problem
Jacobian matrix of the function in the subscript
part of the objective function J that contains the forces calculation
part of the objective function J that contains the moments calculation
turbulent kinetic energy
curvature at the interface
spring constant for oscillation in the ith coordinate direction with
i ∈ {1, 2, 3}
spring constant for oscillation around the x-, y- and z-axes
characteristic length of the flow for the calculation of Reynolds and
Froude numbers, e.g. for ship calculations the ship length at the
waterline LW L
adjoint state variable of the adjoint system
length between perpendiculars (distance between the forward perpendicular (FP) and the aft perpendicular (AP))
length of a ship at the waterline
mass of the body surrounded by fluid flow
number of neighboring cells with contributions to the discretized
cell equation
vector of moments acting on the body
vector of external moments acting on the body
vector of flow moments acting on the body
dynamic viscosity
effective dynamic viscosity (µ + µT )
dynamic eddy viscosity
dimension of the design space U in the optimization problem
number of cell faces
outer unit normal
kinematic viscosity
effective kinematic viscosity (ν + νT )
kinematic eddy viscosity
set of domains Ω ⊂ Rd
specific dissipation rate or turbulent frequency
(undamped) natural frequency for oscillation in the ith coordinate
direction with i ∈ {1, 2, 3}
(undamped) natural frequency for oscillation around the x-, y- and
z-axes
(physical) domain that is part of Rd

Nomenclature

∂Ω
ωG
ω̇ G
Ωref
p
Φa
Φf,k
Φ00
Φ0
ϕ
Pk
p0
p00
ψ
Ψ
p∗
q
qΨ
R (α)
R
Re
r P si
S
S
σ
Sk
SW
t
T
τ
θ

xiv

domain boundary of the domain Ω
angular velocity of the center of gravity xG
angular acceleration of the center of gravity xG
reference domain in the optimization problem that is part of Rd
pressure variable
adjoint flux field
flux over the kth cell face, k ∈ {1, . . . N }
second approximation of the flux field for the new time step in the
SIMPLE and PISO algorithms (corrected flux)
first approximation of the flux field for the new time step in the
SIMPLE and PISO algorithms (flux predictor)
roll or heel angle (rotation around the x-axis)
rate of production of turbulent kinetic energy
first approximation of the pressure field for the new time step in
the SIMPLE and PISO algorithms
second approximation of the pressure field for the new time step
in the SIMPLE and PISO algorithms (pressure solution)
yaw or drift angle (rotation around the y-axis)
generic flow field variable
pressure variable without hydrostatic pressure part
adjoint pressure variable
source or sink of the flow variable Ψ
rotation matrix with rotation angle α, additional subscripts like x,
y and z can indicate the axis of rotation
operator of the state/constraint equation in the optimization problem
Reynolds number
right-hand side of the algebraic equation for the flow variable Ψ
cell surface
design-to-state operator of the optimization problem
surface tension coefficient for the combination of two fluids
kth cell face
wetted area of a ship
time variable t ∈ I = (0, T )
end time
transformation function between the reference domain Ωref and the
physical domain Ω
trim or pitch angle (rotation around the y-axis)

xv

Nomenclature

Θ
ti

u
U
δu
v
V
|V |
vG
vm
v0
v 00
vr
VS
w
x
xext
xG
y
Y (Ω)
Z(Ω)

transformation matrix in order to extract forces or moment components of interest
one of the unit vectors that is tangential to the domain boundary, i ∈ {1, . . . , d − 1} such that the vectors t1 , . . . , td−1 span the
tangential plane
vector of design parameters in the optimization problem
space of design parameter vectors in the optimization problem
direction vector for the directional derivative in u in direction δu
velocity vector
cell domain
R
cell volume (|V | = V dx)
linear velocity of the center of gravity xG
motion velocity of the domain
first approximation of the velocity field for the new time step in
the SIMPLE and PISO algorithms (momentum predictor)
second approximation of the velocity field for the new time step in
the SIMPLE and PISO algorithms (velocity update)
relative velocity appearing in the modeling of the artificial compression term for interface sharpening
immersed volume of the ship at rest
adjoint velocity vector
coordinate vector
coordinate vector of the point of application of the external force
f ext acting on the object in flow
coordinate vector of the center of gravity of the object
state variable of the state equation
function space on Ω of the solutions of the constraint equation in
the optimization problem
function space on Ω in which the operator R of the constraint
equation system maps

Subscripts
(·)A
Xad

subscript to indicate that the flow variable value is taken at the
neighboring cell center of the acceptor cell
subscript to indicate a subset of the corresponding set X that is
admissible for the optimization problem

Nomenclature

Xref
(·)D
xf
(·)f,k

(·)i
xm
vn

(·)N,j

(·)P
vt

(·)U

xvi

subscript to indicate that the denoted functionspace is defined on
the reference domain Ωref , i.e. Xref := X(Ωref )
subscript to indicate that the flow variable value is taken at the
neighboring cell center of the donor cell
subscript to indicate that the denoted variable corresponds to the
calculation of the forces acting on the body
subscript to indicate that the flow variable value is taken at the
face center xf,k of the kth cell face Sk , k ∈ {1, . . . N } (if necessary,
evaluated by interpolation)
subscript to indicate that the variable value corresponds to the ith
cell
subscript to indicate that the denoted variable corresponds to the
calculation of the moments acting on the body
subscript to indicate the component of the vector v that is normal
to the boundary, with v n = vn n, where vn = v T n is the length of
the vector v n
subscript to indicate that the flow variable value is taken at the
cell center xN,j of the jth neighboring cell contributing to the
discretization of the considered cell, j ∈ {1, . . . M }
subscript to indicate that the flow variable value is taken at the
cell center xP
subscript to indicate the component of the vector v that is tanPd−1
P
gential to the boundary, with v t = d−1
i=1 vti ti , where
i=1 v ti =
T
vti = v ti is the length of the vector v t in the tangential direction
ti
subscript to indicate that the flow variable value is taken at the
neighboring cell center of the upstream cell

Superscripts
X∗

A∗

superscript to indicate the dual space of the corresponding space
X, i.e. the space L (X, R) of real-valued bounded linear functionals
on X. The dual pairing between X ∗ and X is then denoted by
h·, ·iX ∗ ,X
superscript to indicate the dual operator of the corresponding space
A, i.e. A∗ ∈ L (Y ∗ , X ∗ ) with hA∗ y, xiX ∗ ,X = hy, AxiY ∗ ,Y for all
y ∈ Y ∗, x ∈ X ∗

xvii

(·)CD
JΩ
J ∂Ω
(·)n
(·)n
(·)n+1
(·)0
(·)Ψ
(·)U D

Nomenclature

superscript to indicate that the interpolated flow variable value is
determined by central differencing
superscript to indicate the part of the objective function J that is
defined on the interior of the domain Ω
superscript to indicate the part of the objective function J that is
defined on the boundary ∂Ω of the domain Ω
superscript to indicate the value of the nth time step tn of the flow
variable in parentheses with n ≥ 0
superscript to indicate that the variable value is taken at the old
time value tn
superscript to indicate that the variable value is taken at the new
time value tn+1 = tn + ∆t
superscript to indicate the fluctuation part of the flow variable in
parentheses in turbulence modeling
superscript to indicate that the variable is related to the flow variable Ψ
superscript to indicate that the interpolated flow variable value is
determined by upwind differencing

Oversymbols
X̄
u∗
Jˆ
x̃

oversymbol to indicate that the corresponding operator X is defined on the physical domain
oversymbol to indicate that the corresponding variable u is optimal
for the optimization problem
oversymbol to indicate the integrand of the objective function J :
R
J = Ω Jˆdx
oversymbol to indicate that the corresponding variable x is defined
on the physical domain
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Definitions and Notations

adj (A)

adjugate matrix of the matrix A ∈ Rd×d which is the transpose of
the cofactor matrix of A:
adj (A) := C T

AT
{X, || · ||X }
Cf,k

with ci,j = (−1)i+j mi,j (A)

and mi,j (A) is the (i, j)-minor of A, i.e. the determinant of the
(d − 1) × (d − 1) matrix built by deleting the ith row and the jth
column of A
transpose of the matrix A ∈ Rd×d
Banach space X with associated norm || · ||X
local Courant number for arbitrary n-dimensional meshes, defined on
the cell faces Sk by
Cf,k = C (xf,k , t) :=

C k (Ω)
(w · ∇) v

where |Φf,k | = |v (xf,k , t)T S f,k | is the magnitude of the flux over
the cell face Sk and ||dk || is the magnitude of the connection vector
between the neighboring cell centers of the face Sk
k-times continously differentiable functions f : Ω → R
convection term of vector valued v, w : Ω → Rd , with v =
(v1 , . . . , vd )T , w = (w1 , . . . , wd )T , vj ∈ C k (Ω), k ≥ 1, ∀j = 1, . . . , d,
given by:

(w · ∇) v = 

d
X
j=1

CP

|Φf,k |∆t
,
|Sk | ||dk ||

d
wj

∂vi 
∂xj


d
= (∇vi )T w

i=1

= (∇v)T w

i=1

local Courant number for one-dimensional cases or equidistant spatial
discretization, defined in the cell centers xP by
CP = C (xP , t) :=

||v (xP , t) ||∆t
,
∆x

where ||v (xP , t) || is the local velocity magnitude and ∆x is the interval spacing

xix

x×y

A×x

Definitions and Notations

cross product between vectors x, y ∈ Rd , given by:


x2 y3 − x3 y2


x × y := x3 y1 − x1 y3 
x1 y2 − x2 y1
with |x × y| = |x| |y| sin α, where α is the smaller angle between x
and y (0◦ ≤ α ≤ 180◦ )
cross product between matrix A = (a1 , . . . , ad ) ∈ Rd×d and vector
x ∈ Rd , given by:
A × x = (a1 , . . . , ad ) × x := (a1 × x, . . . , ad × x)

det A
Ax (x, y) [δx]
∇· v

determinant of the matrix A ∈ Rd×d
directional derivative of the operator A with respect to x in direction
δx also written as hAx (x, y) , δxiX ∗ ,X
divergence of vector valued v : Ω → Rd , with v = (v1 , . . . , vd )T ,
vj ∈ C k (Ω), k ≥ 1, ∀j = 1, . . . , d, given by:
∇· v := tr (∇v) =

d
X
∂vi
∂xi
i=1

∇· A

divergence of matrix A : Ω → Rd×d , with A = (a1 , . . . , ad ) =
d
aij i,j=1 , aij ∈ C k (Ω), k ≥ 1, ∀i, j = 1, . . . , d, given by:
∇· A := ∇· aj

d
j=1

= tr (∇aj )

d
j=1

=

d
X
∂aij
i=1

h·, ·iX ∗ ,X
ei

∂xi

!d
j=1

dual pairing between X ∗ and X
ith canonical unit vector in Rd , given by:
ei := (δ1,i , . . . δd,i )T = (0, . . . , 0, 1, 0, . . . , 0)T

h·i

filter for the temporal averaging of the flow fields in RANS turbulence
modeling

Definitions and Notations

Fr

xx

Froude number, dimensionless indicator for the ratio of gravity and
inertial forces, defined by
v
Fr = √ ,
gL

A:B

where v and L are the characteristic velocity and length of the considered flow (e.g. the inflow velocity v in and the ship length at the
waterline LW L )
Frobenius inner product between matrices A, B ∈ Rd×d , given by:
A:B=

d
X

Aij Bij = tr AT B



i,j=1

∇f

moreover, A : B = B : A = AT : B T = B T : AT and if A is
symmetric, i.e. A = AT then A : B = A : B T
gradient of scalar valued f : Ω → R, f ∈ C k (Ω), k ≥ 1, given by:
∂f
∂x1
 ∂f 
 ∂x2 





∇f =

∂f
∂xi

d
i=1



= . 
 .. 
∂f
∂xd

∇v

∇⊥
i,f,k

sometimes with subscript “ x ” to indicate the differentiation variable
if in doubt or to indicate the part of the gradient that is used
gradient of vector valued v : Ω → Rd , with v = (v1 , . . . , vd )T , vj ∈
C k (Ω), k ≥ 1, ∀j = 1, . . . , d, given by:


∂vd
∂v1
·
·
·

d
∂x1
 ∂x. 1 .
T
∂vj
.. 
..
..
=
∇v = v 0 := (∇v1 , . . . , ∇vd ) =
. 


∂xi i,j=1
∂vd
∂v1
∂xd · · · ∂xd
sometimes with subscript “ x ” to indicate the differentiation variable
if in doubt or to indicate the part of the gradient that is used
gradient in face normal direction of the kth cell face belonging to the
ith cell, defined by
T
∇⊥
i,f,k Ψ = ni,f,k ∇Ψ,
where ni,f,k is the face normal vector of the kth cell face, k ∈
{1, . . . N }

xxi

∇u

H (f (x))

Ixx , Iyy , Izz

Definitions and Notations

part of the gradient matrix containing derivatives with respect to
components of u, e.g. for τ (x, u) : Ω × U → Rd :


(x,u)
∂τ1 (x,u)
· · · ∂τd∂u


∂u1
1
 .

∂τj (x, u)
..
..

..
=
∇u τ (x, u) :=
.
.


i=1,...,n
∂ui
∂τd (x,u)
∂τ1 (x,u)
j=1,...,d
·
·
·
∂un
∂un
alternative notation: τ u (x, u) := ∇u τ (x, u)T
Hessian matrix of scalar valued f : Ω → R, f ∈ C k (Ω), k ≥ 2 at
x ∈ Ω, given by:
 ∂ 2 f (x)

∂ 2 f (x)
·
·
·
 2
d
∂x1 ∂xd
 ∂x1.∂x1 .
∂ f (x)
.. 
..
..
H (f (x)) :=
=
. 


∂xi ∂xj i,j=1
2
2
∂ f (x)
∂ f (x)
∂xd ∂x1 · · · ∂xd ∂xd
roll, pitch and yaw moment of inertia of a body, defined by
Z
Z


2
2
Ixx =
y + z ρB dx, Iyy =
x2 + z 2 ρB dx,
VB
Z VB

Izz =
x2 + y 2 ρB dx,
VB

Ixy , Ixz , Iyz

where VB is the volume of the body, ρB is the density of the body
and x = (x, y, z) is the coordinate vector with respect to the center
of gravity xG
products of inertia of a body, defined by
Z
Z
xyρB dx = Iyx , Ixz =
xzρB dx = Izx ,
Ixy =
VB
VB
Z
Iyz =
yzρB dx = Izy ,
VB

Jf (x)

where VB is the volume of the body, ρB is the density of the body
and x = (x, y, z) is the coordinate vector with respect to the center
of gravity xG
Jacobian matrix of vector valued f : Ω → Rm , f ∈ C k (Ω), k ≥ 1, at
x ∈ Ω, given by:


∂f1
∂f1
(x)
·
·
·
(x)
∂xd
 ∂x1 .

..
T
.
0


.
.
Jf (x) := f (x) = ∇f (x) = 
.
.
.

∂fm
∂fm
(x)
·
·
·
(x)
∂x1
∂xd

Definitions and Notations

∆f

xxii

Laplacian of scalar valued f : Ω → R, f ∈ C k (Ω), k ≥ 2, given by:
∆f := ∇· (∇f ) = tr (H (f )) =

d
X
∂2f
i=1

∆v

∂x2i

vector Laplacian of vector valued v : Ω → Rd , with v = (v1 , . . . , vd )T ,
vj ∈ C k (Ω), k ≥ 2, ∀j = 1, . . . , d, given by:
∆v := (∆vj )dj=1 = ∇· (∇v) = tr (H (vj ))

d
j=1

=

d
X
∂ 2 vj
i=1

∂x2i

!d
j=1

(·)i,j
(·)·,j

entry in the ith row and jth column of the matrix in parentheses
jth column vector of the matrix in parentheses also denoted by the
corresponding lower-case character, e.g.


A = (A)·,1 , . . . , (A)·,d , (A)·,j = aj

(·)i,·

ith row vector (written as column vector) of the matrix in parentheses
also denoted by the corresponding lower-case character, e.g.


(A)T1,·
 . 
. 
A=
 .  , (A)i,· = ai
(A)Td,·

(·)j=1,...,d

entry in parentheses is iterated along the row, e.g.
(aj )j=1,...,d = (a1 , . . . , ad )

(·)di=1

entry in parentheses is iterated along the column, e.g.
 
aT1


d
.. 

aTi i=1 = 
 . 
aTd
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0.3 Acronyms

Re

Reynolds number, dimensionless indicator for the ratio of inertial to
viscous forces and thus the presence of turbulence, defined by
Re =

sgn (·)
trA

ρvL
vL
=
,
µ
ν

where v and L are the characteristic velocity and length of the considered flow (e.g. the inflow velocity v in and the ship length at the
waterline LW L )
sign of the scalar in parentheses
trace of a square matrix A ∈ Rd×d given by:
trA :=

d
X
i=1
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d
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Chapter 1

Introduction
1.1

Motivation

Computational Fluid Dynamics (CFD) is a simulation method for the numerical computation of fluid flow which has been gaining more and more interest for the development
of industrial products in recent years. The basis of CFD is the numerical calculation of
pressure and velocity fields within a given calculation domain, which are described by the
Navier-Stokes equations. Due to the complexity of the applications that are of industrial
importance and the underlying physical principals the limiting factor for such calculations is still the simulation time. For this reason, there is always a trade-off between the
necessary accuracy of the results and the required effort for the computation. Hence, the
development of efficient algorithms is of mayor importance in the area of CFD.
For applications of ship hydrodynamics, like the simulation of fluid flow around ships,
several different aspects of CFD have to be combined. As a start, this includes the precise
approximation of the turbulent multiphase flow fields (water and air) around the fixed
ship with the help of the Navier-Stokes equations (see e.g. [51]). On top of this, a model
for the motion of the ship due to flow forces acting on the ship surface is needed. As a ship
is floating on the water surface it is free to move in six motion directions (translation in
x-, y- and z-direction and rotation around x-, y- and z-axis). Hence, for different speeds
the ship assumes different positions in the water, called running attitudes. Usually an
increased speed leads to a deeper immersion of the ship into the water, called sinkage
and moreover to a rotation of the ship, called trim.
One of the most important figures in ship design is the resistance value. The change
of the running attitude for different ship speeds can have a significant influence on the
resistance value of the ship and thus on its efficiency. Therefore it is important to consider
this motion for the appropriate dimensioning of the ship propeller. Consequently, a flow
simulation of the ship should be able to accurately determine the change of position of
the ship due to changes of its speed and the corresponding resistance value.
1
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The approach that has been applied for such calculations so far makes use of the
equations of motion (see [4, 115]). These equations describe the acceleration of an object
due to forces acting on its surface. The velocity and position of the accelerated object for
a given time value are delivered by integrating the equations twice in time. The forces
are calculated with the help of the pressure and velocity fields around the ship, which
are in turn determined by the Navier-Stokes equations. Thus, we can directly resolve the
movement of the object enforced by the fluid flow during a given time horizon. In our
applications we look at ships with moderate speeds like it is common e.g. for tug boats
or container ships. For an undisturbed water surface approaching the ship without waves
and a constant ship speed, the ship assumes a fixed equilibrium position, that does not
change in time and is specific to the ship speed. So far the approach to determine this
position is to start a calculation with the position of the ship in hydrostatic equilibrium
for zero speed. Then the ship is released to move freely. Due to the hydrodynamic
forces acting on the ship surface the ship will perform an oscillatory movement until it
finally reaches its equilibrium position. This is simulated by the following procedure.
First the Navier-Stokes equations are solved for a specific position. Then the determined
pressure and velocity fields are inserted into the equations of motion in order to determine
the movement of the ship within a given time step. According to this movement the
calculation domain is adjusted and the Navier-Stokes equations are solved for this new
position. This procedure is repeated until the position is reached where the forces are
balanced. The procedure described here is illustrated in Figure 1.1. Due to inertia
the oscillatory movement to the final position can take very long until it reaches the
fixed equilibrium position. As this movement is completely calculated in a time-resolved
manner, a very large number of flow evaluations has to be performed and therefore such
calculations are computationally expensive.

1.2

Objectives of the Work

The aim of this work is to develop a completely new method for this problem setup in
order to significantly reduce the effort for such calculations. If we take a closer look at
this problem, we can observe that actually only the static final ship position and the
corresponding resistance value are of interest in their results. The complete time history
of the oscillatory movement is not required. Moreover, we know that the final position is
the position where all forces and moments acting on the ship body are in equilibrium, i.e.
this is the zero point of the force and momentum balance, or alternatively, if we consider
absolute values for the forces and moments, it is their minimum point. Hence, the
idea for a new calculation method is to formulate the problem setup as an optimization
problem. This optimization problem consists of the forces and moments balance as
objective function and the validity of the physical laws of fluid flow, in terms of the

3
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Start
Navier-Stokes
equations

⇒ pressure, velocity,
...

Mesh transformation

Forces
and moments
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Equations of
motion
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End

no

⇒ ship position

Figure 1.1: Procedure of the calculation of running attitudes of ships using the equations
of motion
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Navier-Stokes equations, as constraint. This means that we consider different static
ship positions individually without regarding the equations of motion. Consequently, we
get static flow calculations where the ship position takes up the role of the parameter
for which the system is to be optimized. Since no inertial effects are considered any
longer but an optimization algorithm is used to obtain the equilibrium position this
concept promises to reach the final position much faster. The new calculation procedure
is presented in Figure 1.2, where the determination of the next ship position using the
equations of motion is substituted by an optimization step.

Start
Navier-Stokes
equations

⇒ pressure, velocity,
...

Mesh transformation

Forces
and moments
balanced?

→

Optimization step

yes

End

no

⇒ ship position

Figure 1.2: Procedure of the calculation of running attitudes of ships using an optimization algorithm
In order to achieve an efficient convergence of the optimization run gradient-based
optimization algorithms are used in this work. The easiest approach to calculate the gra-
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dient of the objective function is by disturbing the parameter value slightly and building
a finite differences quotient with the evaluated function value of the disturbed parameter.
This approach, however, is computationally extremely expensive if a function evaluation
corresponds to the solution of a flow problem defined by the Navier-Stokes equations.
Moreover, if the parameter space is more than one-dimensional this procedure has to be
done for every dimension of the parameter space. This involves the solution of a flow
problem for every parameter space dimension. Hence, an efficient method for the gradient evaluation is needed with a calculation effort that is independent of the dimension of
the parameter space.
A method for constrained optimization problems that fulfills this requirement is the
so-called adjoint method (see e.g. [22, 36, 84]). The basic idea of this approach is
to accomplish the gradient calculation with the help of an additional equation system,
namely the adjoint system, for which the solution effort is independent of the parameter
space dimension. In recent years the adjoint method has become an area of very active
research which is gaining more and more interest for industrial applications (cf. [71, 83,
82, 101]). It has great advantages especially in the context of shape optimization. This is
due to the fact that within this application area usually extremely big parameter spaces
occur which enforce the necessity for a derivative evaluation with a calculation effort that
is independent of the parameter space dimension (see [10, 69, 100]). The setup that we
look at can be seen as such a shape optimization problem where the change of the object
shape is very restricted. In particular the change of the shape is restricted to only those
shape variations that originate from a rigid body motion.
A difficulty of the adjoint method resides in the derivation of the adjoint system
intrinsic to the considered constrained optimization problem. This system is obtained by
differentiation of the objective function and the constrained system with respect to the
state variables, which in turn are defined implicitly by the constrained system. There
are two different procedures for the derivation of the adjoint system for optimization
problems constrained by partial differential equations (PDEs). These methods can be
distinguished by the order of differentiation and discretization of the equations and are
called discrete and continuous adjoint methods. In the discrete adjoint method the
optimization problem is discretized first and then the resulting linear equation system
is differentiated. In contrast for the continuous adjoint approach the differentiation is
carried out for the PDE system. After this the resulting adjoint PDE system is discretized
(see [22] for an introduction to both procedures). Both approaches have their specific
advantages and disadvantages. Therefore there is active research in both areas, see e.g.
[21, 65] for the discrete adjoint method, see [10, 69, 73, 97] for the continuous adjoint
method and see a comparison of both methods in [11, 22, 63].
An advantage of the discrete adjoint approach in comparison to the continuous adjoint
approach is that it is easier to derive the discrete adjoint system such that the procedure
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in some cases can even be automated (see e.g. [15]). However, the resulting software code
usually requires more computational effort [64]. An advantage of the continuous adjoint
approach is that the adjoint equations and their corresponding boundary conditions are
derived in closed form. Therefore more insight into the equations can be gained and it
is easier to control the justification of assumptions made for simplifications if necessary.
Moreover, the continuous adjoint approach is more efficient in run time and memory. A
disadvantage, however, is that the derivation of the adjoint equations and the adjoint
boundary conditions is more difficult. Because of its advantages described above the
continuous adjoint procedure is used in this work.
As the constrained system of our application consists in the Navier-Stokes equations,
not only for single-phase but also for multiphase flow, the corresponding adjoint singlephase and multiphase Navier-Stokes equations and boundary conditions have to be derived. In literature so far adjoint systems for Navier-Stokes flow can only be found for
single-phase flow and in contexts different than rigid body motion. Some literature can
be found for multiphase applications (see [31, 37, 38, 58]), however with easier underlying
flow models than the Navier-Stokes equations and especially not with the Volume of Fluid
(VOF) method [33] which is used for the multiphase modeling in this work. Hence, a
main contribution of this work is the development and realization of a multiphase adjoint
approach for Navier-Stokes flow which is, to the best of our knowledge, completely new
in literature.
As mentioned above the adjoint system is used for an efficient evaluation of the objective function gradient. This means in particular that the result of the adjoint system
is inserted as Lagrange multiplier into the Lagrangian of the constrained optimization
problem. Then, the Lagrangian is differentiated with respect to the optimization parameter. The difficulty in our case is that this implies the differentiation of the objective
function and the Navier-Stokes equations with respect to domain variations in terms of
the rigid body motions. In literature for adjoint shape optimization problems domain
variations are often expressed by changes of the object boundary in normal direction
on a discretization-based level. The derivative with respect to the change of the object
boundary in normal direction is then determined using a Taylor approximation (see e.g.
[69, 85, 97, 100]). An exception to this procedure can be found in [9]. The underlying idea there is similar to the approach adopted in this work. The domain changes
are expressed in terms of transformation functions with respect to a previously defined
reference domain. The individual domain variations are then described by parameters
defining the transformation function. This provides the possibility of transforming the
objective function and constrained system to the reference domain and then analytically
differentiating with respect to the transformation function parameters. The derivation
of this analytical differentiation is very technical, however, it has the advantage of determining the objective function gradient with respect to the rigid body motion directions
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exactly and independently of the discretization. This is a big advantage in comparison
to the only approximated gradient achieved when using a Taylor approximation in the
derivation process which is moreover mesh dependent.
To the best of our knowledge the derivation of such an adjoint derivative with respect
to rigid body motions for flow forces and moments originating from multiphase NavierStokes flow has not been considered in literature so far. The aim of this work is to develop
this approach in a general framework for arbitrary differentiable transformation functions
defined by a set of design variables which take the role of the optimization parameter.
Hence, the application of the developed approach is not only restricted to our application
of rigid body motions, but can widely be used for any optimization of forces and moments
acting on a body surface in the context of shape variations. Consequently, it can also
be applied directly to shape optimization problems where for instance the drag of a flow
body is to be optimized.
Apart form the analytical derivation the newly developed adjoint approach for multiphase Navier-Stokes flow has also successfully been implemented within the framework
of the object-oriented CFD software library OpenFOAM R . Moreover, it is tested and
validated with respect to its accuracy, efficiency and robustness for simplified geometries
as well as the ship geometry of the Kriso Container Ship (KCS) which has become well
known through several benchmark conferences (see [50, 51, 28]).

1.3

Structure of the Work

The present thesis can be divided into four main parts:
1. Theoretical foundation of the main subject matters (Chapters 2 and 3).
2. Development of a new single-phase and multiphase adjoint approach for efficient
calculation of rigid body positions in Navier-Stokes flow (Chapters 4 and 5).
3. Numerical realization and practical considerations of the theoretical topics presented in Part 1 and 2 (Chapter 6).
4. Numerical results and validation (Chapter 7).
The purpose of the first part is to give an introduction into the main subject matters.
Moreover, it serves as a theoretical foundation for the subsequent research topics. Yet, it
is not only restricted to an overview of facts known from literature but already includes
additional features and new research for special topics that serve as starting points for
later research. This is especially the case for the damped dynamic calculation of Section
2.7.4 which already presents a first approach for the acceleration of running attitude
calculations of ships.
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The second part contains the complete theoretical derivation of the newly developed
single-phase and multiphase adjoint approach. Its purpose is to use efficient gradientbased optimization techniques in order to accelerate the calculation of optimal rigid body
positions in fluid flow. The fluid flow is governed by the physical law of the Navier-Stokes
equations which enter the optimization problem in terms of constraints. As example
applications, for which the method has particularly been developed, serve a hydrofoil
with changeable angle of attack and a ship with changing running attitude for different
ship speeds.
The third part is concerned with the implementation of the new approach. Different
aspects for the numerical discretization and solution of the derived equation systems and
gradient formulas are covered. Moreover, challenges for the realization and their solution
in the software implementation are discussed.
The fourth part is dedicated to the application of the newly developed method to
selected test cases, the presentation of numerical results and their detailed validation
with the help of known benchmark test cases and measurements.
In more detail the individual chapters are structured as follows:
In Chapter 2 the reader is made familiar with the basic principals of fluid flow governed
by the Navier-Stokes equations. It presents the mathematical setting and summarizes
additional models which are used on top of the Navier-Stokes equations, that are important for further studies. These models, mostly well-known from literature, comprise
turbulence treatment, multiphase flow and rigid body motion.
Chapter 3 is dedicated to the topic of constrained optimization in the context of
domain variations. A mathematical framework for the considered problem is established.
Moreover, the principals of the adjoint approach are introduced, which is a method for
efficient derivative calculations and the main topic of this work.
After the presentation of the mathematical foundation Chapter 4 deals with the specific derivation of the adjoint approach for our flow application in the context of forces
and moments optimization with respect to domain variations in single-phase NavierStokes flow. First the problem is formulated as a constrained optimality system. For
this system, denoted as primal system, the specific adjoint system is established. This
includes the adjoint equations as well as the adjoint boundary conditions corresponding
to the specific choice of objective function and primal boundary conditions. With the
result of the adjoint system the derivative of the objective function can be evaluated.
For this purpose, the objective function as well as the constrained system need to be
differentiated with respect to the domain variations. The generalized derivation of this
analytical differentiation with the help of transformations to a reference domain is the
purpose of the last part of this chapter. Furthermore, the particular realization for a
specific transformation function for rigid body motion is established.
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Chapter 5 extends the whole procedure of formulating the constrained optimality
system and deriving the corresponding adjoint system and adjoint derivative to the multiphase context. The multiphase flow model used for this extension is the Volume of
Fluid method presented in Chapter 2.
Having presented the theoretical derivation of the new adjoint approach for rigid body
motions, Chapter 6 is concerned with practical issues for its numerical realization. This
includes the discretization as well as iterative calculation procedures for the solution of
the coupled equation systems. For discretization the Finite Volume method (FVM) is
used which is presented first. The segregated solution of the Navier-Stokes equations is
achieved by the so-called SIMPLE (Semi-Implicit Method for Pressure Linked Equations)
and PISO (Pressure-Implicit with Splitting of Operators) algorithms for pressure-velocity
coupling. These algorithms are adapted to the adjoint systems for single-phase and
multiphase flow. Furthermore, the decoupled solution of the flow equations and the
equations of motion are presented.
Finally in Chapter 7 all presented and newly established approaches are tested with
the help of diverse numerical simulations for three representative test cases and the results are validated with the help of measurements. For single-phase flow the test case
consists in the calculation of the flow field around a NACA0012 hydrofoil which is optimized with respect to its angle of attack. For multiphase flow two different test cases for
running attitude calculations of ships are examined. To start with this is a simplified ship
geometry in form of a three-dimensional box. Building upon the results of this test case
a real ship geometry, namely the Kriso Container Ship (KCS) is evaluated. For each test
case the evaluation includes the validation of the primal and adjoint flow solutions, the
adjoint derivative calculation and the solution using gradient-based iterative optimization or root search algorithms. In case of the multiphase running attitude calculations
the results are moreover compared to the conventional calculation approach using the
equations of motion. For all test cases the newly developed adjoint method is analyzed
with respect to its robustness, accuracy, as well as efficiency, i.e. whether the developed
approach is faster than the conventional approach with an accuracy that is at least in
the same range.
In Chapter 8 the most important results of this thesis are summarized and promising
extensions and concepts for further studies are suggested.

Chapter 2

Incompressible Navier-Stokes Flow
The purpose of this work is the calculation of flow around ships described by the incompressible Navier-Stokes equations. For this reason we take a closer look at the mathematical context of this problem in the present chapter. The physical principles of momentum
conservation and mass conservation form the basis for the mathematical description of
fluid flow. With these principles the so-called momentum equation (Navier-Stokes equation) and the continuity equation (mass conservation equation) can be derived. They are
partial differential equations that define the velocity and pressure of a fluid. In principle
with these equations the flow of a fluid is completely defined, which is why they are
referred to as governing equations. We will present these equations in the first section of
this chapter.
For the mathematical treatment it is important to have a problem formulation that
ensures well-posedness, i.e. the existence of solutions and their uniqueness and regularity.
We dedicate the second section to this topic and give an overview of known theorems
that cover these aspects for the Navier-Stokes equations.
A mathematical understanding of the type of partial differential equations that are
considered provides the possibility of adjusting the numerical solution procedure more
closely to the properties of the equations. Such an adjustment is essential for the quality
of the determined numerical solution. For this reason we will present a mathematical
classification of second order partial differential equations in the third section of this
chapter.
In the numerical calculation of fluid flows the calculation domain is usually chosen as
a subset of a larger domain. Hence, at the boundary parts of this calculation domain
suitable boundary conditions have to be applied that are able to express the physical
behavior at the different boundary parts. The different types of boundaries and their
mathematical description will be discussed in the fourth section.
For an efficient computational realization of the equations for fluid flow it is often
useful to apply additional models to describe flow phenomena which are e.g. computa11
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tionally too expensive to be resolved in all detail. This is the case for turbulence effects
where a simplification is realized by averaging of field variables. This leads to additional
equations which will be described in the fifth section.
Another flow phenomenon which is usually described by additional models is the
multiphase flow, i.e. flow where more than one fluid is present, e.g. water and air. There
are several methods to incorporate the possibility of different fluids in the flow domain
into the system. Among these models there is the Volume of Fluid method which will
be described in the sixth section.
We do not only want to examine the flow in a fixed domain but also the impact that
the flow field has on objects that are located inside the flow domain and are free to move.
Therefore, in the last section of this chapter, we take a look at the equations of motion
which describe the acceleration of an object due to forces acting on its surface. This
is the conventional approach to model the movement of objects, such as a ship in fluid
flow, by directly resolving their movements enforced by the fluid flow during a given time
horizon. If it is not necessary to know the whole time history of an object movement but
only its final position, this method can be replaced by different approaches that make
use of this fact. One approach based on physical considerations using damped oscillation
is presented at the end of this chapter. A second approach based on more mathematical
considerations that lead to an optimization problem was developed as the main part of
this work and will be described in the subsequent chapters.

2.1

Governing Equations

For our application we look at the incompressible Navier-Stokes equations for viscous,
Newtonian fluids which have the form



∂ (ρv)
+ ∇· ρvv T − ∇· µ ∇v + ∇v T + ∇p = ρf ,
on Ω × I,
(2.1)
∂t
∇· v = 0,
on Ω × I
(2.2)
with
• the time variable t > 0, t ∈ I = (0, T ) with a finite end time T,
• the velocity field v : Ω × I → Rd ,
• the pressure field p : Ω × I → R,
• the density ρ : Ω × I → R with ρ ≡ const. on Ω × I,
• the dynamic viscosity µ : Ω × I → R with µ ≡ const. on Ω × I and
• the acceleration due to body forces acting in the flow field f : Ω × I → Rd .
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Equation (2.1) is the momentum conservation equation and Equation (2.2) is the continuity equation. As mentioned above the two equations are derived by the principles of
momentum and mass conservation. A detailed derivation thereof can be found e.g. in
[16].
For incompressible fluids, i.e. fluids with constant density ρ and constant dynamic
viscosity µ, we can extract these two variables from the derivatives and get for the
momentum equation

ρ




∂v
T
− µ∇· ∇v + ∇v T + ∇p = ρf ,
+ ∇· vv
∂t

on Ω × I.

In this case the whole equation is often divided by density and the variable for the
kinematic viscosity ν = µρ is introduced. Moreover, the term ρp is usually substituted
again by p in the notation which means that p then stands for pressure divided by
density. Hence, the equation modifies to


∂v
+ ∇· vv T − ν∇· ∇v + ∇v T + ∇p = f ,
∂t

on Ω × I.

This form of the Navier-Stokes equations is also called conservative form as so far we
did not use the information of the continuity equation to simplify the formulation of the
momentum equation. We can use this information with the following two relations

∇· vv T = (v · ∇) v + v (∇· v)
| {z }
=0

∇· ∇v

T



= ∇ (∇· v)
| {z }
=0

and substitute the notation of ∇· (∇v) by ∆v. The momentum equation then reads
∂v
+ (v · ∇) v − ν∆v + ∇p = f ,
∂t

on Ω × I.

For the stationary case we do not have time dependency of the variables and thus the
momentum equation reduces to
(v · ∇) v − ν∆v + ∇p = f ,

on Ω.

These two equations for the description of fluid flow are accompanied by suitable
boundary conditions on ∂Ω and, in the instationary case, initial conditions v (·, 0) = v 0
and p (·, 0) = p0 on Ω. The easiest type of boundary conditions is a prescribed zero value
for all flow variables on ∂Ω which is called homogeneous boundary condition. Further,
more elaborate, boundary conditions for different physical situations on boundary parts
will be discussed in Section 2.4.
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Existence and Uniqueness

Existence, uniqueness and regularity for the Navier-Stokes equations is still a topic of
intensive research and major questions are still unanswered. This is especially the case
for topics regarding smoothness for long-time behavior of the time-dependent NavierStokes equations, regarding the phenomenon of turbulence, and regarding smoothness
and uniqueness of the solution in three space dimensions (cf. [103]). Moreover, there are
many problems which have already been investigated extensively in terms of their practical numerical realization. However, the existence and uniqueness of their solution is still
basically uncovered in literature. Among these problems are topics like the Navier-Stokes
equations accompanied by models of turbulence such as the k-ε model, the description
of the forces exerted by a turbulent flow on its boundary, thermal properties of turbulent
flow, and multiphase flow (cf. [104]).
In this section we first state some definitions of function spaces that are needed in
the context of existence and uniqueness statements. With these definitions at hand we
will give an overview of known existence and uniqueness results for the homogeneous,
stationary and instationary Navier-Stokes equations. The presentation closely follows [9]
and [104] to which we refer for detailed proofs. Of course we are fully aware that the
presented theorems do not completely cover all aspects of the Navier-Stokes problems
discussed in later chapters. However, the presented results serve to give an insight into
the difficulties and limitations that arise when trying to show existence and uniqueness
results for more complex problem formulations.

2.2.1

Function Spaces

This section is dedicated to the introduction of several function spaces which will be used
in subsequent sections. Unless stated otherwise, the set Ω is always an open subset of
Rn with boundary ∂Ω, which is locally Lipschitz with Ω located on one side of ∂Ω.
Lp Spaces
For 1 ≤ p < ∞, Lp (Ω) denotes the space of real Lebesgue-measurable functions v defined
on Ω such that
1/p
|v (x) | dx
<∞

Z

p

kvkLp (Ω) :=

(2.3a)

Ω

and likewise for p = ∞
kvkL∞ (Ω) := ess sup |v (x) | < ∞.
Ω

(2.3b)
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With the norm defined as in (2.3a) or (2.3b), respectively, this is a Banach space. For
p = 2, L2 (Ω) is a Hilbert space with scalar product
Z
u (x) v (x) dx.
hu, viL2 (Ω) =
Ω

Sobolev Spaces
For k ∈ N0 and 1 ≤ p ≤ ∞, the Sobolev space W k,p (Ω) is the space of functions in
Lp (Ω) whose derivatives (in the distributional sense) of order ≤ k are in Lp (Ω), i.e.
W k,p (Ω) := {v ∈ Lp (Ω) : Dα v ∈ Lp (Ω) , ∀|α| ≤ k} ,
with the multiindex α ∈ Nd0 , |α| = α1 + . . . + αd .
Equipped with the norm

1/p
X
kvkW k,p (Ω) := 
kDα ukpLp (Ω) 
|α|≤k

this is a Banach space.
For p = 2, H k (Ω) := W k,2 (Ω) is a Hilbert space with the scalar product
X
hu, viH k (Ω) :=
hDα u, Dα viL2 (Ω) .
|α|≤k

For d-dimensional vector functions with components in these spaces the product spaces
are denoted by
Lp (Ω) = {Lp (Ω)}d ,
n
od
W k,p (Ω) = W k,p (Ω) ,
n
od
H k (Ω) = H k (Ω) ,
n
od
C k (Ω) = C k (Ω) .
Further Specific Spaces
Furthermore, we consider the following specific spaces
• C0∞ (Ω) : space of C ∞ functions with compact support contained in Ω,

• C0k (Ω) := v ∈ C k (Ω) : Dα v is compactly supported in Ω, |α| ≤ k ,
• W0k,p (Ω) : closure of C0∞ (Ω) in W k,p (Ω),
for p = 2 : H0k (Ω) := W0k,2 (Ω) ,
• H −1 (Ω) : dual space of H01 (Ω) ,
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• V := {v ∈ C ∞
0 (Ω) : ∇· v = 0} ,
• H : closure of V in L2 (Ω) ,
• V : closure of V in H 10 (Ω) ,
• Ve : closure of V in H 10 (Ω) ∩ Ld (Ω) .
Bochner Spaces
In order to be able to look at the instationary Navier-Stokes equations we also need
function spaces including time, which are called Bochner spaces.
Let I = [0, T ] be a time interval and let {X, k·kX } be a Banach space. The space
Lp (I; X)
is defined to be the space of all measurable functions f : I → X such that
for 1 ≤ p < ∞:
Z
kf kLp (I;X) :=

T

kf
0

(t) kpX

1/p
dt

<∞

and for p = ∞:
kf kL∞ (I;X) := ess sup kf (t) kX < ∞.
0≤t≤T

Trace Operator and Trace Theorem
When we look at the solutions of partial differential equations we usually work with
functions in Sobolev spaces. In these spaces it is not obvious how the boundary condition
is defined. For functions v ∈ C (Ω) the boundary values are described by the restriction
v|∂Ω , however for functions in Lp (Ω) the value on the boundary ∂Ω can be arbitrarily
changed without changing the function in the sense of Lp (Ω). By introducing the socalled trace operator γ0 , the restriction to ∂Ω can be generalized even to Lp -spaces. This
is stated in the following trace theorem, which can be found in [104] and [107].
Theorem 2.1 (Trace theorem). Let Ω be a Lipschitz bounded open set, then there exists
a bounded linear operator γ0 : W 1,p (Ω) → Lp (∂Ω) such that
γ0 v = v|∂Ω ,
kγ0 vkLp (∂Ω) ≤ c (p, Ω) kvkW 1,p (Ω) ,


∀v ∈ W 1,p (Ω) ∩ C Ω ,
∀v ∈ W 1,p (Ω) ,

where γ0 v is called trace of v. For 1 < p < ∞ the trace operator γ0 maps into the space
1− 1 ,p
W p (∂Ω).
Proof: See [12].
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For the special case of p = 2 we have γ0 : H01 (Ω) → L2 (∂Ω) with the image space
H 1/2 (∂Ω). Moreover, the dual space of H 1/2 (∂Ω) is H −1/2 (∂Ω).
For the space W01,p (Ω) defined by

∞
1,p
W01,p := v ∈ W 1,p (Ω) : ∃ {vm }∞
(Ω) ,
m=1 ⊂ C0 (Ω) : vm → v ∈ W
we have the relation that W01,p (Ω) is the kernel of γ0

W01,p (Ω) = v ∈ W 1,p (Ω) : γ0 v = 0 .
This means that for a domain Ω that is Lipschitz bounded the functions belonging to
W 1,p (Ω) with zero trace can be approximated by smooth functions with compact support.

2.2.2

Well-Posedness for the Stationary Navier-Stokes Equations

In this section we specifically take a look at the well-posedness of the homogeneous
stationary Navier-Stokes equations. For this purpose we first give a definition of the
problem formulation.
Definition 2.2. Let Ω be a Lipschitz bounded open set in Rd with boundary ∂Ω. Let
f ∈ L2 (Ω) be a given vector function. The problem of solving the homogeneous stationary
Navier-Stokes equations is to find a vector function v = (v1 , . . . , vd )T : Ω → Rd and a
scalar function p : Ω → R, representing the velocity and the pressure of the fluid which
satisfy the following equations and boundary conditions
−ν∆v + (v · ∇) v + ∇p = f ,

on Ω,

(2.5a)

∇· v = 0,

on Ω,

(2.5b)

on ∂Ω.

(2.5c)

v = 0,

Existence results are usually obtained by constructing approximate solutions to the
equation by means of the Galerkin method and then passing to the limit. Therefore they
are usually derived by looking at a different problem formulation, the so-called variational
formulation. This admits the use of function spaces with less regularity than it would be
required for the problem formulation in Definition 2.2.
Definition 2.3. Let Ω be a Lipschitz bounded open set in Rd with boundary ∂Ω. Let
f ∈ L2 (Ω) be a given vector function. The variational formulation associated to Problem
(2.5a) - (2.5c) is the problem to find v ∈ V such that
Z
Z
Z
T
ν∇v : ∇ϕ dx +
v ∇vϕ dx =
f T ϕ dx,
∀ϕ ∈ Ve ,
(2.6)
Ω

where v is called weak solution.

Ω

Ω
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The Variational Form (2.6) of the homogeneous stationary Navier-Stokes equations is
obtained by testing (2.5a) with a function ϕ ∈ Ve , integrating over the domain Ω and
applying integration by parts to the first term. Note that Equation (2.5b) is contained
in the test space Ve and thus the pressure gradient has disappeared in the variational
formulation as the test functions ϕ are divergence free.
If v and p are smooth functions satisfying (2.5a) - (2.5c), then it is clear that v satisfies
(2.6) as well. Conversely, if v ∈ V satisfies (2.6) then
Z 
T
−ν∆v + (∇v)T v − f ϕ dx = 0,
∀ϕ ∈ V,
Ω
0

∂
with ∆v ∈ H −1 (Ω), f ∈ L2 (Ω), vi ∂x
v ∈ Ld (Ω) ( d10 = 1 − d1 ), vi ∈ L2d/(d−2) (Ω) and
i
2
∂
1
1
∂xi v ∈ L (Ω). Moreover, a distribution p ∈ Lloc (Ω) (i.e. p|O ∈ L (Ω) for every open
bounded set O ⊂ Ω) exists, such that (2.5a) is satisfied in the sense of distributions and
the trace theorem (cf. [104]).
With these definitions at hand we can state the following known theorems which can
be found in [104].

Theorem 2.4 (Existence). Let Ω be a Lipschitz bounded open set in Rd and let f be
given in H −1 (Ω), then Problem (2.6) has at least one solution v ∈ V and there exists a
distribution p ∈ L1loc (Ω) such that (2.5a) and (2.5b) are satisfied.
Proof: See [104, Ch. II, Thm 1.2].
In general we do not have uniqueness of solutions. Hence, we can only give statements
regarding uniqueness assuming additional requirements on the data, i.e. on ν or f .
Theorem 2.5 (Uniqueness). If d ≤ 4 and if ν is “sufficiently large” or f “sufficiently
small” such that
ν 2 > c (d) kf kV ∗ ,
then there exists a unique solution v of (2.6). Here c(d) is a constant depending on the
space dimension d that appears after applying Hölder’s inequality to the trilinear from
b (u, v, w) =

d Z
X
i,j=1 Ω


ui


Z
∂
vj wj dx =
uT ∇vw dx
∂xi
Ω

when showing its continuity.
Proof: See [104, Ch. II, Thm 1.3].
For the case of dimension d ≤ 3 we can additionally show results on the regularity of
the solution.
Proposition 2.6 (Regularity). Let Ω be an open set of class C ∞ in R2 or R3 and let f


be in C ∞ (Ω), then any solution (v, p) of (2.5a) - (2.5c) belongs to C ∞ Ω × C ∞ Ω
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Proof: See [104, Ch. II, Prop 1.1].
If, however, less regularity is assumed for f , this certainly also leads to less regularity
for v and p.
Corresponding statements regarding the case of an unbounded domain Ω can also be
found in [104, Ch. II, Thms 1.5 and 1.6].

2.2.3

Well-Posedness for the Instationary Navier-Stokes Equations

After having presented results for the stationary case, we now take a closer look at the
instationary case, i.e. the Navier-Stokes equations with time dependency on a time interval I = [0, T ]. For this reason we again start with a definition of this modified problem
formulation and its associated variational formulation. Afterwards we will present known
results for the existence and the uniqueness of this problem.
Definition 2.7. Let Ω be a Lipschitz, bounded open set in Rd with boundary ∂Ω.
The problem of solving the homogeneous instationary Navier-Stokes equations is to find
a vector function v = (v1 , . . . vd ) : Ω × I → Rd and a scalar function p : Ω × I → R,
representing the velocity and the pressure of the fluid which satisfy the following equations
and boundary and initial conditions
∂
v − ν∆v + (v · ∇) v + ∇p = f ,
∂t
∇· v = 0,
v = 0,
v (·, 0) = v 0 ,

on Ω × I,

(2.7a)

on Ω × I,

(2.7b)

on ∂Ω × I,

(2.7c)

on Ω.

(2.7d)

As in the preceding section f and v 0 are given functions defined on Ω × I and Ω.
The variational formulation of this problem is defined in a similar manner as for the
stationary case.
Definition 2.8. Let Ω be a Lipschitz, bounded open set in Rd with boundary ∂Ω. Let
f ∈ L2 (I; V ∗ ) and v 0 ∈ H be given vector functions. The variational formulation
associated to Problem (2.7a) - (2.7d) is the problem to find v ∈ L2 (I; V ) such that
Z Z
Z Z
Z Z
T
−
v ϕt dxdt +
ν∇v : ∇ϕ dxdt +
v T ∇vϕ dxdt =
I Ω
I Ω
I Ω
Z Z
Z
T
T
=
f ϕ dxdt +
v 0 ϕ (0) dx,
∀ϕ ∈ C0∞ ([0, T ) ; V) (2.8)
I

Ω

Ω

where v is called weak solution.
For the variational formulation of the homogeneous instationary Navier-Stokes equations we again present some known statements and theorems which are taken from [103]
and [104].
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Theorem 2.9 (Existence). Let Ω be a Lipschitz, bounded open set in Rd and let I =
(0, T ), T > 0. Moreover, let f ∈ L2 (I; V ∗ ) and v 0 ∈ H be given vector functions. Then,
there exists a weak solution v of the variational form of the homogeneous instationary
Navier-Stokes equations with v ∈ L2 (I; V ) ∩ L∞ (I; H) and v is weakly continuous from
[0, T ] into H.
Proof: See [104, Ch. III, Thm 3.1].
The statements that we can give regarding regularity and uniqueness depend on the
space dimension d. We start with the results for d = 2.
Theorem 2.10 (Regularity and uniqueness for d = 2). Under the assumptions of Theorem 2.9 with space dimension d = 2, the weak solution v ∈ L2 (I; V ) ∩ L∞ (I; H) is
unique and has the regularity properties
v ∈ C (I; H) ,
v t ∈ L2 (I; V ∗ )
and v (·, t) → v 0 in H for t → 0.
Proof: See [104, Ch. III, Thm 3.2].
For the space dimension d = 3 we do not know whether the weak solution is unique.
Moreover, it is not clear if a strong solution exists for an arbitrary time T . However, if
it exists, it is unique in the class of weak solutions. These results are formally described
in the next theorems.
Theorem 2.11 (Regularity for d = 3). Under the assumptions of Theorem 2.9 with
space dimension d = 2, the weak solution v satisfies

v ∈ L8/3 I; L4 (Ω) ,
v t ∈ L4/3 (I; V ∗ ) .
Proof: See [104, Ch. III, Thm 3.3].
Theorem 2.12 (Uniqueness for d = 3). Under the assumptions of Theorem 2.9 with
space dimension d = 3, there is at most one solution such that
v ∈ L2 (I; V ) ∩ L∞ (I; H) ,

v ∈ L8 I; L4 (Ω) .
This solution, if it exists, is in C (I; H) and satisfies
v (·, t) → v 0 in H for t → 0.
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Proof: See [104, Ch. III, Thm 3.4].
With stronger assumptions on ∂Ω, f and v 0 , again further statements with higher
regularity for the weak solution can be made (cf. [104, Ch. III, Thms 3.5 - 3.8]). Moreover,
we have the following results regarding strong solutions.
Theorem 2.13 (Strong solutions for d = 2, 3). Let Ω be a bounded open set of class C 2
in R2 .
For d = 2 and f ∈ L2 (I; H), v 0 ∈ V there exists a unique solution v with

v ∈ L2 I; H 2 (Ω) ∩ L∞ (I; V ) ,
v t ∈ L2 (I; H) ,
v ∈ C (I; V ) .
For d = 3 and f ∈ L∞ (I; H), v 0 ∈ V there exists a T∗ = T∗ (v 0 ) ≤ T such that on
[0, T∗ ] there exists a unique solution v with

v ∈ L2 0, T∗ ; H 2 (Ω) ∩ L∞ (0, T∗ ; V ) ,
v t ∈ L2 (0, T∗ ; H) ,
v ∈ C ([0, T∗ ] ; V ) .
Proof: See [103, Part I, Thm 3.2] and [104, Ch. III, Thm 3.10 and Thm 3.11].
Summarizing these theorems in words we can formulate the problem that we are facing
for existence and uniqueness considerations in the case of three space dimensions by the
following citation:
“we know the existence but not the uniqueness of weak solutions, and we know the
uniqueness but not the existence of strong solutions (except in some very restrictive
cases).” [104, p. 209]

2.3

Mathematical Classification of Partial Differential Equations

The Navier-Stokes equations are semi-linear second-order partial differential equations.
In order to determine the mathematical type of these equations we introduce a classification of such equations which can be found e.g. in [2].
The classification is carried out w.r.t the term containing the highest derivative. We
start with the classification for linear second-order PDEs.
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Definition 2.14. Let the following general linear second-order partial differential equation be given
−

d
X
i,j=1

d

ai,j (x)

∂
∂ 2 Ψ (x) X
+
Ψ (x) + c (x) Ψ (x) = f (x) .
bi (x)
∂xi ∂xj
∂xi

(2.9)

i=1

with coefficients A(x) = (ai,j (x))i,j=1,...,d ∈ Rd×d satisfying ai,j = aj,i , b(x) = (bi (x))di=1 ,
c (x) ∈ R for x ∈ Ω ⊆ Rd where x can consist of location and/or time and the solution
variable Ψ (x) : Rd → R. Then, Equation (2.9) is called
(a) elliptic in x ∈ Ω if A (x) or −A (x) is positiv definite,
(b) hyperbolic in x ∈ Ω if A (x) or −A (x) has exactly one negative and (d − 1) positive
eigenvalues,
(c) parabolic in x ∈ Ω if A (x) or −A (x) is positiv semi-definite, but not definite, and
the extended matrix (A (x) , b (x)) ∈ Rd×(d+1) has full rank d.
Equation (2.9) is called elliptic, hyperbolic or parabolic if the respective property given
above is satisfied for all x ∈ Ω.
Remark 2.15. In Definition 2.14 we assumed that the coefficient matrix is symmetric.
We can generalize this definition to unsymmetrical coefficients by using Schwarz’ theorem
and replacing ai,j and aj,i by 12 (ai,j + aj,i ) without changing the equation.
Remark 2.16. In dimensions d > 2 this categorization is not complete as the coefficient matrix may belong to neither of the above stated types. However, Definition 2.14
is complete for d = 2 and can equivalently be expressed by the following alternative
categorization.
Lemma 2.17 (cf. [2]). For d = 2 Equation (2.9) is called
(a) elliptic in x ∈ Ω if both eigenvalues λ1 and λ2 of A (x) possess the same sign,
(b) hyperbolic in x ∈ Ω if both eigenvalues λ1 and λ2 of A (x) have a different sign,
(c) parabolic in x ∈ Ω if one of the eigenvalues of A (x) is equal to zero.
Proof: See [2, Lemma 2.9].
This concept of a classification for linear second-order PDEs can be extended to nonlinear second-order PDEs, which can again be found in [2]. Such PDEs can be written
in the following form


∂2
∂
F x, Ψ (x) ,
Ψ (x) ,
Ψ (x) = f (x) , i, j = 1, . . . , d,
(2.10)
∂xi
∂xi ∂xj
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where x ∈ Ω ⊆ Rd may consist of location and time, f : Ω → R is a given right-hand
side, Ψ : Ω → R is the solution variable and F : Ω × R × Rd × Rd×d → R is a nonlinear
function. We consider the function F applied to variables q = (qi )i=1,...,d ∈ R and
p = (pi,j )i,j=1,...,d ∈ Rd×d , i.e. F (x, Ψ, q, p). Then, we define the matrix
∂
A (x) = A (Ψ (x) , x) :=
F
∂p



∂2
∂
Ψ (x) ,
Ψ (x)
x, Ψ (x) ,
∂xi
∂xi ∂xj
i,j=1,...,d

for x ∈ Ω, i.e. we consider the derivative with respect to the last d × d variables. Now
we take a look at the following linear Taylor approximation of Equation (2.10)
∇Ψ (x)T A (x) ∇Ψ (x) + G (x, Ψ, ∇Ψ) = f (x)

(2.11)

and call Equation (2.10) elliptic, hyperbolic or parabolic in x if Equation (2.11) possesses
the respective property. Note that the type of mathematical classification can depend on
the location x ∈ Ω and moreover on the solution variable Ψ. This can make the numerical
treatment very difficult as a mixed equation type would require the solution method to
change according to the local type of the equation. Moreover, often the different regions
cannot be determined before solving the equation, which demands the application of an
adaptive method in order to consider this property in the numerical treatment.
For a more illustrative interpretation of the different classification types we state some
example equations and physical properties that are characteristic of the different types.
These can be found in more detail and with a wider collection of additional examples in
[2], [16] and [72].
Elliptic partial differential equations are typical of steady state problems such as the
determination of potentials or equilibria. The classical example for elliptic equations is
Poisson’s equation given by
−∆Ψ = f.
Other examples are the steady temperature distribution and subsonic steady flow. A
typical property of such equations is that disturbances influence the entire computational
domain.
The model hyperbolic equation is the following wave equation
∂2
Ψ − ∆Ψ = 0.
∂t2
In the context of fluid flow another example for this category is the so-called supersonic
steady compressible flow. A characteristic of such equations is the propagation of information through the system like shock waves in compressible flow. In contrast to elliptic
or parabolic equations, information that travels through the system is damped only little
or not at all. This, of course, makes the solution of such equations more difficult.
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Parabolic partial differential equations typically describe dissipative processes. This
is e.g. the case for the model example of heat conduction that describes the instationary
temperature distribution given by the so-called heat equation
∂
Ψ − ∆Ψ = 0.
∂t
The instationary incompressible Navier-Stokes equations can be written in the form
∂
v − ν∆v + G (∇v, v, p) = f
∂t
and consequently are also parabolic. Further parabolic partial differential equations
occur e.g. for diffusion processes of concentrations. In parabolic problems any local
perturbation influences the whole flow domain. However, the magnitude of the influence
decreases with increasing distance from the perturbation source (cf. [72]).
As mentioned above, an equation can also change its type depending on the location
and even the solution variable. Then the equation is of mixed type. This is e.g. the case
for steady transonic compressible flow which contains both supersonic (hyperbolic) and
subsonic (elliptic) regions.

2.4

Boundary Conditions

The application that we look at is the external flow around an object surrounded by
water and/or air with linear inflow. Therefore, on one side of the calculation domain we
have an inlet boundary and on the other side an outlet boundary. On the top, bottom
and side boundaries we either have walls or inlet and outlet boundaries according to their
location with respect to the main velocity direction. Moreover, on the boundary of the
object body itself, we have a wall with friction. Finally, for the mathematical calculation
it might be possible to make use of symmetries. Then only a part of the actual domain
has to be calculated and symmetry conditions are imposed on the plane of symmetry
which is equivalent to a wall without friction. Altogether for the complete boundary ∂Ω
of the domain Ω we get
∂Ω = Γin ∪ Γout ∪ Γwall ∪ ΓB ∪ Γsymm ,
where the single boundary parts might be empty sets and the intersections of the boundary parts are empty. For the mathematical description of the boundary types we distinguish between conditions that prescribe a fixed value for a flow variable (Dirichlet
conditions) and conditions that assign a value to the gradient of the flow variable (Neumann conditions). The conditions that we get for the different boundary parts are the
following:
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• Inlet: prescribed velocity and zero pressure gradient
v (x, t) = v in ,

nT ∇p (x, t) = 0,

on Γin × I.

• Outlet: zero velocity gradient and zero pressure
(n · ∇) v (x, t) = 0,

p (x, t) = 0,

on Γout × I.

• Wall (no-slip): zero velocity and zero pressure gradient
v (x, t) = 0,

nT ∇p (x, t) = 0,

on (Γwall ∪ ΓB ) × I.

• Symmetry (slip): zero normal velocity, zero tangential velocity gradient and zero
pressure gradient
v n (x, t) = 0,

(n · ∇) v t (x, t) = 0,

nT ∇p (x, t) = 0,

on Γsymm × I.

Existence and uniqueness considerations for Navier-Stokes equations with boundary
conditions that are not homogeneous can be found e.g. in [27, 49, 56, 57].

2.5

Turbulence Modeling

The flow of most industrial relevant applications is typically turbulent. This is also the
case for our applications of ship hydrodynamic problems. The development of turbulence
in the flow field depends on the ratio of inertial forces to viscous forces. For this ratio
vL
the Reynolds number Re = ρvL
µ = ν is a dimensionless indicator. Turbulent flow is
characterized by properties such as instationarity, high irregularity, three dimensionality,
vortices which induce a rapid variation of pressure and velocity in time and space and
the presence of very different length- and time scales. Especially small vortices are
computationally very expensive to resolve as the spacial discretization for the numerical
calculation has to be very small. Therefore a Direct Numerical Simulation (DNS) is
not affordable for large-scale industrial applications and a turbulence model has to be
applied. The approach for turbulence modeling that is still most commonly used is that of
Reynolds-averaged Navier-Stokes (RANS) equations. Other approaches like Large Eddy
Simulation (LES) [92], Detached Eddy Simulation (DES) [98] or hybrid approaches [47]
get more and more attention but they have not yet become common standard due to
their higher computational effort.
The idea of the RANS approach is based on the fact that in practice very small
details are often of minor importance and averaged quantities are in general sufficient for
the calculation of the considered quantities. Therefore a filter h·i is used for temporal
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averaging of the flow fields, i.e. they are decomposed in the Reynolds-averaged parts hvi
and hpi and the fluctuations v 0 and p0 with
v = hvi + v 0

and p = hpi + p0 .

(2.12)

Then, the impact of the fluctuations is modeled with a turbulence model while the NavierStokes equations are only solved for the averaged quantities. More precisely, we filter the
whole Navier-Stokes equations and get




∂ (ρhvi)
T
+ ∇· ρhvihviT + ρhv 0 v 0 i − ∇· µ ∇hvi + ∇hviT + ∇hpi = ρf ,
∂t
∇· hvi = 0.
By filtering nonlinear terms additional terms arise like e.g. for the convective term in the
momentum equation. Here we have
hvv T i = h hvi + v 0



hvi + v 0

T

i

0 0T

= hvihviT + hv v i
where the additional term ρhv 0 v 0 T i is called Reynolds stress tensor. The various turbulence models that exist can be distinguished by the way they model this term. The
modeling can e.g. be based on additional differential equations (one or two equation models), on the Reynolds stress tensor transport equation or on algebraic models. In this
work we have focused on two-equation models, namely the k-ε-model [41], the k-ω-model
[114] and the k-ω-SST-model [59], where the latter is a combination of the former two.
These turbulence models are based on the Boussinesq eddy-viscosity hypothesis, which
assumes that the Reynolds stress tensor is proportional to the mean strain rate tensor
 2
T
ρhv 0 v 0 i = −µT ∇hvi + ∇hviT + ρkI,
3
where µT is the turbulent eddy viscosity, k is the turbulent kinetic energy defined by
1 T
k = hv 0 v 0 i
2
and I is the unit tensor. This assumption illustrates that turbulence has a similar effect
as an increase of the viscosity of the fluid. Therefore the filtered momentum equation
can be written as




∂ (ρhvi)
2 
+ ∇· ρhvihviT − ∇· (µ + µT ) ∇hvi + ∇hviT
+ ∇ hpi + ρk = ρf ,
∂t
3
with the effective viscosity µeff = µ + µT and the modified mean pressure hpi + 23 ρk.
In order to simplify the notation we omit the brackets of the turbulence filter for the
remainder of the work, but keep in mind that in the context of RANS turbulence modeling
we have Reynolds-averaged flow quantities in the Navier-Stokes equations. Moreover, the
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additional term 23 ρk to the mean pressure hpi is incorporated into the pressure variable
and thus we get for the turbulent Navier-Stokes system



∂ (ρv)
on Ω × I,
+ ∇· ρvv T − ∇· µeff ∇v + ∇v T + ∇p = ρf ,
∂t
∇· v = 0,
on Ω × I.
The turbulent eddy viscosity µT is calculated via one of the turbulence models. The
k-ε model is one of the most frequently used turbulence models. Here we have the
following relation for the turbulent eddy viscosity
µT = ρCµ

k2
,
ε

with the dissipation rate ε of the turbulent kinetic energy k and a dimensionless constant
Cµ . In order to close this model we get two additional transport equations for k and ε,
namely

µT  
∂ (ρk)
∇k − Pk + ρε = 0,
on Ω × I
+ ∇· (ρvk) − ∇· µ +
∂t
σk
and

∂ (ρε)
µT  
ε
ε2
+ ∇· (ρvε) − ∇· µ +
∇ε − Cε1 Pk + Cε2 ρ = 0,
∂t
σε
k
k

on Ω × I,

with the production of turbulent energy Pk defined by

T
Pk = −ρhv 0 v 0 i : ∇v ≈ µT ∇hvi + ∇hviT : ∇v,
where “:” denotes the Frobenius inner product. Moreover, the closure coefficients that
appear in these equations are
Cµ = 0.09,

Cε1 = 1.44,

Cε2 = 1.92,

σk = 1.0 and σε = 1.3.

The k-ω model uses a different relation for µT
µT = ρ

k
ω

with the specific dissipation rate or turbulent frequency ω. Therefore the associated
transport equations are formulated with regard to k and ω, namely

 
∂ (ρk)
+ ∇· (ρvk) − ∇· µ + σ ∗ µT ∇k − Pk + β ∗ ρkω = 0,
on Ω × I
∂t
and

 
∂ (ρω)
ω
+ ∇· (ρvω) − ∇· µ + σµT ∇ω − α Pk + βρω 2 = 0,
∂t
k

on Ω × I.
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The model coefficients are
5
α= ,
9
1
σ= ,
2

3
,
40
1
σ∗ = ,
2

β∗ =

β=

9
,
100

ε = β ∗ ωk.

With respect to the two turbulence models discussed so far we have to note that the kε-model is not valid close to the wall. Hence, it is usually supplemented by wall functions
which utilize that there is a logarithmic region of the velocity profile close to the wall.
The k-ω-model, in turn, is able to describe the flow close to the wall accurately, however,
it has the disadvantage that it is very sensitive to the inlet turbulence properties. For
this reason the k-ω-SST-model [59] was created in order to get a combination of the
best properties of both of the models. A blending function F1 is used as indicator which
turbulence model is valid at which location. A value of F1 = 0 corresponds to the usage
of the k-ε-model while a value of F1 = 1 corresponds to the usage of the k-ω-model. The
transport equations and coefficients are in detail

 
∂ (ρk)
+ ∇· (ρvk) − ∇· µ + σk µT ∇k − Pk + β ∗ ρkω = 0,
∂t

on Ω × I

and

 
∂ (ρω)
+ ∇· (ρvω) − ∇· µ + σω µT ∇ω − αρS 2 + βρω 2
∂t
1
+2 (1 − F1 ) ρσω2 ∇k T ∇ω = 0,
ω
with the rate of strain S and the rate of strain tensor D given by
√
S=

2D : D,

D=


1
∇v + ∇v T ,
2

the production term Pk with


Pk = ρ min νT ∇v + ∇v T : ∇v, 10β ∗ kω ,
and the first blending function F1 defined by
(
!
"
#)4 
√


k 500ν
4σω2 k
,
,
,
F1 = tanh
min max


β ∗ ωy y 2 ω
CDkω y 2
with
CDkω



1
T
−10
= max 2ρσω2 ∇k ∇ω, 10
.
ω

In this case the turbulent eddy viscosity is calculated by
µT = ρ

a1 k
,
max (a1 ω, SF2 )

on Ω × I,
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with the second blending function
"
F2 = tanh  max

!#2 
√
2 k 500ν
.
,
β ∗ ωy y 2 ω

The closure coefficients are
5
α1 = ,
9
α2 = 0.44,

3
,
40
β2 = 0.0828,

β1 =

σk1 = 0.85,

σω1 = 0.5,

σk2 = 1,

σω2 = 0.856,

β∗ =

9
,
100

where we have the relations
φ = φ1 F1 + φ2 (1 − F1 ) ,

2.6

for φ = α, β, σk , σω .

Volume of Fluid Method for Multiphase Treatment

In many applications of fluid dynamics there is actually more than one fluid present in the
flow domain. Often this is a combination of a gas and a liquid phase, like it is the case for
the ship hydrodynamic applications that we focus on. Here it is essential to determine the
location of the free surface in order to get correct overall forces that act on the ship body.
Especially in resistance calculations for ships the wave pattern that develops around the
ship has a considerable impact on an accurate resistance determination. In this context
an important dimensionless indicator which enables the comparison of objects of different
size is the Froude number
v
Fr = √ ,
gL
where v is the velocity of the ship, g is the gravitational acceleration and L is the
characteristic length of the flow, which is for ships the length of the ship at the waterline
denoted by LWL . The Froude number describes the ratio of inertial to gravitational
forces. The greater its value, the greater the resistance of the partially submerged object
moving through water.
In order to be able to calculate flows with different fluids we need to add special
models for multiphase treatment to the flow equations. For these models we have to
consider additional requirements and difficulties that in parts already contain aspects of
the multiphase description on a discrete level. They include (cf. [108])
• the determination of the interface between the fluids as a result of the computation,
• the transportation of the interface according to the flow field throughout the computational time,
• the representation of the interface on a discrete computational mesh,
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• the treatment of calculation cells intersected by the interface,
• the coupling of the multiphase fluid properties with the flow equations.
In literature there are several approaches for the modeling of multiphase flow. They can
be categorized in two main classes of methods, the interface tracking methods and the
interface capturing methods.
Interface tracking methods are approaches that define a sharp interface between the
fluids and directly follow its movement. This can be realized for instance by marker
particles at the interface that are convected with the flow or a calculation mesh that
follows the evolution of the free surface. Often only the part of the liquid phase is
calculated. The advantage of such methods is that they can describe the location of
simple free surfaces quite accurately. However, they have serious drawbacks for more
complex flow phenomena as the deformation of the interface is very restricted. For
instance overturning waves or break-ups cannot be simulated. In addition the mesh
quality can degenerate quite rapidly.
In interface capturing methods both sides of the interface are simulated. The free
surface is obtained by an additional field variable that determines whether a specific location belongs to the water or air phase. The movement of this field variable is described
by an additional transport equation defined on the whole flow domain and the interface
is reconstructed from its solution. This configuration with an additional transport equation certainly increases the effort of the computation. However, it also provides much
more flexibility for complex flow phenomena as there is no restriction to keep the original
interface topology. Therefore these methods are most widely used in ship hydrodynamic
applications and other complex multiphase problems. The most common interface capturing approaches are the Level Set (LS) method [68] and the Volume of Fluid (VOF)
method [34].
A description of several multiphase approaches of interface tracking and interface
capturing type can be found in [108]. Due to the serious restrictions of interface tracking
methods we have decided to use an interface capturing method for this work, namely the
VOF method. This method will be described in more detail in the following paragraphs.
The main idea of the VOF method is to introduce an indicator variable
α : Ω × I → {0, 1} called volume fraction or phase fraction defined as field variable
over the whole flow domain. Under the condition that the fluids are immiscible, i.e. on a
specific location there is always either the one phase or the other, this variable is defined
by

1 for points (x, t) occupied by fluid 1 (water),
α (x, t) =
0 for points (x, t) occupied by fluid 2 (air).
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With this configuration it is possible to consider the two phases as one continuum with
variable phase properties. This allows the usage of a unique Navier-Stokes system for
both fluids. Therein the local density and viscosity are obtained by
ρ (x, t) = α (x, t) ρ1 + (1 − α (x, t)) ρ2 ,
µ (x, t) = α (x, t) µ1 + (1 − α (x, t)) µ2 ,
where we assume that the individual fluids are each incompressible and Newtonian, i.e.
with a constant density ρ1 and ρ2 and a constant viscosity µ1 and µ2 , respectively.
As mentioned above, the movement of the interface between water and air is determined via an additional transport equation for the phase fraction α. This equation is
given by
∂α
+ ∇· (αv) = 0.
(2.13)
∂t
With this definition the phase fraction variable α is a step function. Consequently the
density and viscosity are also step functions and only piecewise continuous. In order
to model the two fluids as a continuum, however, they should be continuous and differentiable over the whole flow domain. For the calculation of surface tension at the
free surface this gets additional importance. For this reason we briefly describe the
phenomenon of surface tension which is inherent to multiphase flows and occurs at the
interface of two fluids. Its value depends on the combination of the considered fluids.
Roughly speaking, it describes the effort needed to extend the free surface against the
attractive forces between the molecules. At curved interfaces the surface tension has a
component normal to the surface. If the two fluids are in equilibrium this is compensated by a pressure jump at the interface. Otherwise the free surface would accelerate.
The value of this pressure jump depends on the curvature of the interface and ensures
the equilibrium in the momentum equation. In order to incorporate the surface tension
force into the momentum equation it has to be considered that this force only occurs at
the interface, the momentum equation, however, is defined over the whole flow domain.
Moreover, in the computation the pressure gradient has to be calculated numerically although the pressure jump causes a discontinuity at exactly the relevant position. For this
reason in [8] the so-called Continuum Surface Force (CSF) model was developed on top
of the Volume of Fluid Method. In this model the phase fraction variable α is modeled
with a transitional area of finite thickness δ at the interface such that



1,
for points (x, t) occupied by fluid 1 (water),


α (x, t) = 0,
for points (x, t) occupied by fluid 2 (air),



0 < α < 1, for points (x, t) in the transitional area.
The phase fraction variable is then assumed to change smoothly from zero to one in the
transitional area between the fluids, defined by a continuous twice differentiable function.
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The CSF model describes the effects of surface tension as a continuous volume force acting
in the transitional area. In the model the vector normal to the interface pointing from
fluid 2 to fluid 1 is obtained by the gradient of α
n = ∇α,
where ∇α is only nonzero in the small transitional area of the two fluids. The curvature
κ of the interface is determined by computing the divergence of the unit normal vector


∇α
κ = −∇·
|∇α|
and the surface tension force can then be approximated by


∇α
σκ∇α = −σ∇·
∇α,
|∇α|
with the surface tension coefficient σ. Using this model the surface tension force can be
inserted as further acting volume force into the momentum equation together with the
gravity force ρg. The momentum equation then reads



∂ (ρv)
+ ∇· ρvv T − ∇· µeff ∇v + ∇v T + ∇p − σκ∇α − ρg = 0,
∂t

on Ω × I.

Remark 2.18. With regard to the thickness of the transitional area we have the following
conflict: on the one hand a sharp interface is desirable in order to accurately determine
the location of the free surface, however, on the other hand an abrupt change of density
may lead to an incorrect momentum conservation at the interface as described in more
detail in [108]. Especially if the density ratio of the considered fluids is high (e.g. for a
combination of water and air the ratio is about 1000) then the transition from one fluid
to the other causes a small pressure perturbation in the numerical simulation. Especially
in the case of a very sharp interface this can cause unphysical behavior which eventually
culminates in divergence of the numerical solution procedure. We will come back to this
problem in more detail in Chapter 6 when talking about numerical discretization and
solution procedures for the Navier-Stokes equations.
Another specialty of multiphase flow treatment is that the pressure variable is often
decomposed into hydrostatic and hydrodynamic pressure contributions with
p = p∗ + ρg T x,
where the hydrostatic pressure ρg T x is referred to an initial free surface location, usually
x3 = 0 (compare e.g. [91]) . The purpose of this treatment is to improve the accuracy of
the calculations since only the part of the pressure that actually experiences changes due
to the fluid flow is considered. This means in particular that we subtract the possibly very
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high contribution of the hydrostatic pressure, that can cause bigger discretization errors
due to its order of magnitude, from the flow equations. In addition, this decomposition
of the pressure simplifies the specification of the pressure boundary condition as far away
from the object we can assume a quiescent liquid and thus the modified pressure is zero.
In order to introduce this modified pressure variable into the momentum equation, we
have to build the gradient for the pressure formula and substitute ∇p by the resulting
terms

∇p = ∇p∗ + ∇ ρg T x
= ∇p∗ + ρg + g T x∇ρ.
Hence, we get for the multiphase momentum equation with modified pressure variable
p∗



∂ (ρv)
+ ∇· ρvv T − ∇· µeff ∇v + ∇v T + ∇p∗ + g T x∇ρ − σκ∇α = 0,
∂t
on Ω × I.

2.7

Rigid Body Motion via Equations of Motion

If we look at objects floating on the water surface, such as ships, we also have to consider
the possible movements that the object undergoes due to the forces acting on its surface.
In order to include this into the calculations we first need two different frames of reference
that will be described in the first part of this section. Then we need additional governing
equations for the rigid body motion which will be presented afterwards. Moreover, we
have to work with moving domains. For this reason we look at domain transformation
methods in the third part of this section. Finally, we want to accelerate these calculations
and state two possible approaches for this purpose.

2.7.1

Frames of Reference

Considering the deformations of the object due to the forces as negligible, we get a rigid
body motion which can generally be described by six motion directions. These directions
consist of three translations in the three coordinate axes directions and three rotations
around the axes. Altogether this results in a total of six degrees of freedom for the
movement. For the description of the body motions two different frames of reference are
used which are both orthogonal right-handed Cartesian coordinate systems:
1. A global coordinate system, that is non-rotating, non-accelerating and either fixed
in space or moving forward with a constant velocity (the ship speed) with axes
parallel to the space-fixed coordinate system: For our simulations the orientation
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of this coordinate system is such that the undisturbed free surface is parallel to
the xy-plane, the x-axis is pointing toward the bow of the ship, the y-axis toward
port side and the z-axis is pointing upward. The flow field calculations are always
evaluated with respect to this coordinate system and therefore it is reasonable to
also describe the position and orientation of the body with respect to this frame of
reference.
2. A body-fixed coordinate system with origin in the center of rotation (the center of
gravity of the body) that moves according to the body motion: The coordinate
axes of this system are denoted by i,j,k. For the body in the initial condition this
coordinate system coincides with the global coordinate system.
In the context of ship or aircraft movements the motion directions for the translations
are called surge, sway and sinkage or heave and are denoted by ∆xG , ∆yG and ∆zG or
∆xG,1 , ∆xG,2 and ∆xG,3 . The motion directions for the rotation are called roll or heel,
pitch or trim and yaw or drift and are denoted by the Euler angles ϕ, θ and ψ. Note
that as the rotation angles are not commutative, care has to be taken with respect to
a consistent order of the rotations (compare e.g. [4] and [115]). Therefore often other
methods are used to describe the rotation not in terms of Euler angles but e.g. by an
orientation matrix or by quaternions.
With the help of the two coordinate systems the calculation of the rigid body motions
can be decomposed in two independent problems for translation and rotation.

2.7.2

Governing Equations for Rigid Body Motion

The governing equations for the motion of a rigid body are determined by the variations
of the linear and angular momentum. For the calculation of the translation motions, we
use that the variation of linear momentum is equal to the acting forces
∂
(mv G ) = f , i.e. mẍG = f ,
(2.14)
∂t
where m is the mass of the body, f the force vector, v G = ẋG the velocity and ẍG
the acceleration of the center of gravity xG . The total force f consists of surface forces
f flow , field forces f field and external forces f ext . The surface forces are the static and
dynamic flow forces of water and air flow acting on the body. They can be calculated by
integrating pressure and shear forces acting on the body surface. In most applications
gravity is the only acting field force. External forces can be e.g. towing forces that act
on a specific point of the body surface xext ∈ Γu,B . They can be used to constrain the
degrees of freedom of a body motion. This can be accomplished by adding a towing
force with the opposite sign of the actual force value of the component that is to be
constrained. Thus, this component of the total force vanishes and the body does not
move in that direction.
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Moreover, as we have subtracted the hydrostatic pressure ρg T x in the multiphase
equation system we now, in turn, have to add this pressure part to the pressure variable
again for the calculation of forces and moments. Altogether the total force acting on the
body can be computed by
Z 


∗
f ((v, p , α) , Ω) =
p∗ + ρg T x I − µeff ∇v + ∇v T n dS + mg + f ext ,
ΓB


where I is the unit tensor and µeff ∇v + ∇v T the viscous stress tensor.
By integration of (2.14) with respect to time we get the velocity ẋG of the center of
gravity and another integration with respect to time yields its position xG .
Similar for the calculation of the rotations we use the relation that the variation of
angular momentum with respect to the center of rotation xG is equal to the acting
moments:
∂
(IG ω G ) = m,
(2.15)
∂t
where IG is the matrix of the moments of inertia (inertia tensor) described in terms
of the global coordinate system


Ixx −Ixy −Ixz


IG = −Iyx Iyy −Iyz  ,
−Izx −Izy

Izz

m is the moment vector and ω G is the angular velocity. Here the derivation of the
equations of motion for rotation is a little bit more complicated as in the end we want to
describe the equations in terms of the global coordinate system. Therefore the matrix IG
is time dependent. Consequently we have to make use of the transformations between the
coordinate systems in order to describe IG in terms of IB , which is the inertia tensor with
respect to the body-fixed coordinate system and thus constant in time. For this purpose
we use the matrix T with the directional unit vectors i, j, k of the body fixed system
expressed in the global coordinates as column vectors. This allows to write Equation
(2.15) as
T IB T T ω̇ G + ω G × T IB T T ω G = m,
i.e.

−1 T
ω̇ G = T IB
T m − ω G × T IB T T ω G ,

(2.16)

where ω̇ G is the angular acceleration.
The formula for the calculation of moments m acting on the body is similar to the
formula for forces, however, with the lever arm (x − xG ) multiplied via cross product.
The vector mext contains the explicit external moments.
m ((v, p) , Ωu ) = mflow ((v, p) , Ω) + mext
Z
 
=
(x − xG ) × pI − νeff ∇v + ∇v T n dS + (xext − xG ) × f ext .
ΓB
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By integration of (2.16) in time we get the angular velocity ω G of the center of gravity
and a second integration in time yields the orientation, e.g. in terms of the Euler angles
ϕ, θ and ψ.
Equations (2.14) and (2.16) build a system of second-order ordinary differential equations. In the case of translations (2.14) can be solved as three independent scalar differential equations which each can be transformed into a system of ordinary differential
equations of first order. In the case of rotations this is in general not possible as the rotations are strongly coupled if more than one rotational direction is considered. Therefore
the rotational equations have to be solved together in one system.
There are many possible numerical methods for the integration of ordinary differential
equations like e.g. Euler integration (implicit or explicit) or Runge-Kutta methods. A
special approach for the integration of second-order differential equations in the form
that we have is the so-called leapfrog integration. This method was applied here and will
be described in detail in Chapter 6.

2.7.3

Moving Domains

Due to the body motions the flow domain Ω changes in time. This has to be accounted
for in the governing equations of the flow calculation. For this purpose the Arbitrary
Lagrangian Eulerian (ALE) formulation of the momentum equation is used (see e.g. [32]),
which corrects the convective term with the actual motion velocity v m of the domain

∇· ρ (v − v m ) v T .
For all other equations that are used, such as turbulence and phase fraction equations,
the same correction has to be applied to the convective term.
For the precise transformation of the calculation domain resulting from the body
motions there are also several possible approaches. We can e.g. move the whole flow
domain according to the rigid body motions, which is called whole-grid method. Another
alternative is to just move the object boundary ΓB according to the rigid body motion
and leave the rest of the domain boundary ∂Ω at its original position. Hence, we get
a deformation of our computational domain. How exactly the deformation is described
inside the computational domain often depends on aspects like the preservation of a good
mesh quality for the numerical realization of the flow solution. In literature there are
several approaches for this task, among others a Laplace equation based mapping (cf.
[106, 116]) and the transfinite element mapping (cf. [23, 24]).
We will give a brief description of the Laplace equation based mapping as this is one
of the most commonly used methods and is applied in later simulations. In this method
we use a partial differential equation which is solved for the values of the transformation
function τ (x, t) over the whole domain Ω. The desired displacements τ B (x, t) of the
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body boundary ΓB are specified as Dirichlet boundary conditions of the equation system.
Hence, we get the following system for a given time t.


∇· (γ τ (x, t) ∇τ (x, t)) = 0,
on Ω,


τ (x, t) = τ B (x, t) , on ΓB ,



τ (x, t) = 0,
on ∂Ω \ ΓB ,
where γ τ is a diffusivity coefficient which is used to control the extent of the local
deformation throughout the domain. With this coefficient we can for example specify that
most of the deformation of the domain takes place close to the outer domain boundary
while at the object boundary the distortion of the domain is only very small. The choice
of γ τ is therefore crucial for the robustness of the transformation method in the numerical
realization as highly distorted mesh elements in critical areas can lead to divergence of
the simulation code. Hence, γ τ should be chosen such that most of the deformation takes
place in an uncritical part of the domain. As a consequence, γ τ is often specified as a
function depending on the distance to the object boundary ΓB .
Remark 2.19. We have to note that with this approach there is no guarantee that
the achieved mapping τ (x, t) is a diffeomorphism, i.e. in particular that τ is invertible,
which is actually needed. Often this is only the case for small displacements of the
boundary ΓB . However, for ship motions we usually have relatively small displacements
of ΓB . Moreover, it is possible to confirm after the determination of τ that it is indeed
invertible. This is done by calculating the Jacobian determinant and verifying that
|det Jτ u (x)| =
6 0 for all x ∈ Ω. If then it turns out that the calculated transformation
function is not invertible a new transformation function can be determined by a different
approach.

2.7.4

Acceleration for Running Attitude Calculations

The kind of ship simulation that we mainly look at is the calculation of the resistance and
the running attitude (i.e. translations and rotations) of a ship with constant velocity and
linear inflow. For the simulation via the equations of motions, as presented above, this
means that we start with the position of the ship at rest, i.e. with the hydrostatic forces
in equilibrium. Then we simulate the whole movement according to the acting forces
and moments until we get to a static end position. In this end position the forces are
in equilibrium for this specific considered ship velocity. However, due to inertia the ship
does not directly move to its static end position but performs an oscillatory movement.
As we completely simulate this process in a time resolved manner, the calculations are
extremely time-consuming. The purpose of this work is to accelerate these simulations by
improving the calculation method and developing new methods that are better adjusted
to the problem and thus faster.
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The precondition for the acceleration is that we are actually only interested in the
final position and the accurate time resolved movement to this position is of no interest.
Moreover, we know that the final position is the equilibrium of all acting forces. In
addition usually not all of the possible six degrees of freedom are actually relevant for
the movement. Due to a symmetric shape of the ship they often even reduce to only two
relevant directions, trim and sinkage.
For the acceleration of the solution process we have followed two different approaches.
• The first is based on physical considerations regarding the oscillation. The idea is
to dampen the oscillation arising from the equations of motion in such a way that
we get as close as possible to a critically damped system. This means the dynamic
ship motion performs the fastest possible movement in terms of damped oscillation
in order to get to the static end position.
• The second approach is based on more mathematical considerations. We take a
look at different static ship positions and the corresponding forces and try to find
the optimal position with regard to the balance of the acting forces. This means
in particular that we reformulate the problem as an optimization problem with
respect to the ship position, i.e. with respect to the six degrees of freedom for the
movement as parameters. Therefore we no longer look at the equations of motion
and the effect of the forces in terms of accelerations, but consider the different ship
positions completely independent of each other. In order to get to the optimal
position quickly we perform an optimization algorithm with the help of gradient
calculation of the forces function with respect to the motion directions. Thus, we
aim at overcoming the disadvantage of inertial effects in the determination of the
static end position.
For the efficient solution of the described optimization problem in the second approach
we developed a new method that uses the technique of adjoint calculus. For this reason we
derived the adjoint system for the flow problem presented in the present chapter, i.e. for
incompressible multiphase Navier-Stokes flow, and applied it to the gradient calculation of
our specific optimization problem. The adjoint approach offers the possibility of efficiently
calculating the gradient of an objective function that is constrained by partial differential
equations. The main advantage is that we get a method for the gradient calculation for
which the effort is independent of the parameter space dimension. For this reason the
adjoint method has recently gained more and more attention especially in the context
of shape optimization which usually involves very large parameter dimensions (see e.g.
[69, 82, 100]). In our context the parameter space is not extremely big, but can have
a dimension up to six. Hence, the advantage of a dimension independent calculation
effort can already be quite beneficial. The derivation of the adjoint system for this
flow field problem, i.e. in particular for the multiphase Navier-Stokes equations, is the
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main contribution of this work and will be described in detail throughout the following
chapters. The first of the two presented approaches will be described briefly in the
remainder of this section.
Regarding the damping of the dynamic movement, we use the equations of motion
described above (Equations (2.14) and (2.16)) with an additional damping term. This
means that we consider the system as a free, damped oscillation for which we try to
determine the damping coefficient d such that a critical damping is achieved. The idea
for the particular choice of d for this context of ship dynamics is according to [95] and
will be explained in the following.
For the translations we take a closer look at the equation for the oscillatory movement
of the center of gravity in one specific translational direction xG,i , i ∈ {1, 2, 3}, given by
mẍG,i + di ẋG,i + ki xG,i = 0,

(2.17)

where m is the mass of the ship, di the damping coefficient, di ẋG,i the damping force,
ki the spring constant and ki xG,i the restoring force. In this equation it is assumed that
the position of the ship at rest is at xG,i = 0, i.e. we have ∆xG,i = xG,i .
In order to determine the damping coefficient that is needed for the critical damping
we rearrange Equation (2.17) into
ẍG,i + 2δi ẋG,i + ω0,i 2 xG,i = 0,

(2.18)

di
and the (undamped) natural frequency of the system
with the decay constant δi = 2m
q
ki
ω0,i =
m . Equation (2.18) is a linear homogeneous ordinary differential equation of
second order which can be solved by the ansatz

xG,i (t) = aeλt ,
where λ is in general a complex number. Thus, as solutions for the roots of (2.18) we get
q
λ1/2 = −δi ± δi2 − ω0,i 2 .
The behavior of the oscillatory movement can be classified by the properties of these
solutions. If the oscillation equation has only one real solution then it is a critically
damped system, if it has two real solutions then it is overdamped and if it has two
complex conjugate solutions then it is underdamped. We are interested in the case of
critical damping and thus need the condition δi = ω0,i to be fulfilled. In terms of the
original variables this is equivalent to
r
p
ki
di
=
or di = 2 mki .
(2.19)
2m
m
For the case of ship motions we can calculate the ship mass m in terms of the water
density ρ1 and the immersed volume of the ship at rest VS by
m = ρ1 VS .

(2.20)
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The relevant translation direction for the calculation of the running attitude for linear
inflow is the sinkage, i.e. the translation in z- (or x3 -)direction. For an approximation
of the damping coefficient we look at the different motion directions separately. Looking
only at the oscillation in x3 -direction the restoring force k3 xG,3 can be determined as
the difference of buoyant force fB in dependency of the sinkage ∆xG,3 and gravity force
fG = mg. The buoyant force can be calculated by
fB (∆xG,3 ) = V (∆xG,3 ) ρ1 g,
where V (∆xG,3 ) is the immersed volume of the ship for a sinkage of ∆xG,3 with regard
to a position of the ship at rest at xG,3 = 0. The gravity force can be calculated by
fG = V (0) ρ1 g,
with V (0) = VS . Thus, we get for the difference of both forces
k3 xG,3 = fB (∆xG,3 ) − fG = (V (0) − V (∆xG,3 )) ρ1 g.
Assuming that the waterline area of the ship AW L does not change significantly due to
the sinkage we can approximate the term (V (0) − V (∆xG,3 )) by
(V (0) − V (∆xG,3 )) ≈ AW L ∆xG,3 .
From these considerations we can conclude for the spring constant k3
k3 ≈ AW L ρ1 g
and get the following approximation for the damping coefficient that we can use in the
calculation of the translation motion
p
d3 ≈ 2ρ1 VS AW L g.
The relevant rotation for the calculation of running attitudes is the trim angle. Looking only at the motion of this rotation we can make similar considerations as for the
sinkage. We start with the equation for torsional oscillation with respect to the trim
angle θ
Iyy θ̈ + dθ θ̇ + kθ θ = 0,
(2.21)
where Iyy is the moment of inertia around the y-axis. Here kθ θ corresponds to the moment
around the y-axis due to buoyancy. For the buoyancy force vector in dependency of the
trim angle θ we now get
f B (θ) = V (θ) ρ1 g,
where V (θ) is the immersed volume for the trim angle θ which we approximate for
simplicity reasons by the constant value VS , i.e. by the value for θ = 0. The restoring
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lever arm is given by (xB − xG ) where xB is the center of buoyancy. Thus, we get for
the restoring moment
  

0
(xB,2 − xG,2 ) fB
  

(xB − xG ) × f B = (xB − xG ) ×  0  = − (xB,1 − xG,1 ) fB  .
fB
0
For the relevant component around the y-axis we have
xB,1 − xG,1 = GML sin θ ≈ GML θ,
where GML is the longitudinal metacentric height and we used the approximation for
small angles: sin θ ≈ θ. Hence we get for kθ and dθ
kθ ≈ VS ρ1 gGML
and
q
p
dθ = 2 Iyy kθ ≈ 2 Iyy VS ρ1 gGML .
Equally, for roll motion we get with the same argumentation
kϕ ≈ VS ρ1 gGMT
and
q
p
dϕ = 2 Ixx kϕ ≈ 2 Ixx VS ρ1 gGMT ,
where Ixx is the moment of inertia around the x-axis and GMT is the transverse metacentric height.
Results of the approach presented above are illustrated in Chapter 7 together with a
comparison to the standard calculation method without damping and the newly developed adjoint optimization approach of the following chapters.

Chapter 3

Optimality Systems and the Adjoint
Approach in the Context of Domain
Variations
In industrial applications we can find many examples of optimality systems. A specific
type of optimization problems are those where the domain of the system (or design
parameters u ∈ U describing the shape of the domain) are subject to optimization. This
special group of optimization problems is called optimal shape design and is part of the
field of constrained optimization. The problem we deal with in this work can be seen as
such a problem, as we also have varying domains in which we perform an optimization.
However, the difference is that the domain variations are actually very restricted as they
originate from a rigid body motion.
In this chapter we review the abstract mathematical setting of the well known theory
of constrained optimization and in particular optimal shape design. Thereby we give a
mathematical framework for the problem we deal with and introduce the notation that
will be used throughout this work. The chapter starts with the presentation of three
equivalent formulations for the optimization problem, where the optimization is first
subject to the physical domain, then subject to transformation functions that transform
the physical domain on a reference domain and at last subject to design parameters
defining the transformation function and thus the physical domain. Next, the reduced
problem formulation is introduced that formally eliminates the dependency of the objective function on the state variable. General definitions for the mathematical formulation
are given and several statements regarding optimality conditions, including existence of
optimal solutions and first-order necessary optimality conditions, for the considered context of domain variations are presented. We finish the chapter with the presentation
of the adjoint approach for derivative calculation of constrained optimization problems
which builds upon the first-order necessary optimality conditions. A detailed analysis
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of several specific constrained optimization problems can be found e.g. in [9], [105] and
[107].

3.1

Abstract Optimization Problem for Optimal Shape Design

Roughly speaking, an optimal shape problem is the problem to find a shape Ω which is
optimal in that it minimizes an objective function J¯ which depends on a state ỹ and a
domain Ω, while satisfying certain constraints given by the state equation R̄ (ỹ, Ω) = 0.
Often the state equation consists of a set of partial differential equations defined on Ω.
In our application the constraints consist of the incompressible Navier-Stokes equations.
In mathematical terms we can describe the idea of optimal shape design in the following way:
Definition 3.1. Let Oad be a set of admissible domains Ω ⊂ Rd and for Ω ∈ Oad let
Y (Ω) and Z(Ω) be Banach spaces on Ω. Let J¯ be a real valued function on Y (Ω) × Oad
and R̄ be an operator between Y (Ω) × Oad and Z(Ω),
J¯ : Y (Ω) × Oad → R,
R̄ : Y (Ω) × Oad → Z(Ω).
The optimal shape design problem is given by
min J¯ (ỹ, Ω)
Ω

(3.1)

s.t. R̄ (ỹ, Ω) = 0,

3.1.1

Ω ∈ Oad .

Problem Formulation on the Reference Domain

The difficulty of optimization problems where the domain itself is subject to optimization
is that the geometry on which to solve the governing partial differential equations is not
fixed. A possible way to deal with this is to transform the problem onto a fixed domain
Ωref . This is for instance proposed by [61] and was applied to the Stokes and NavierStokes equations in the context of shape optimization e.g. by [6, 7, 9, 96]. The basic idea
is to choose one specific admissible domain Ωref ∈ Oad as reference domain and specify
all other admissible domains Ω ∈ Oad as transformations of this reference domain by
τ (Ωref ) = Ω,
with τ being a transformation function. Thus, we have to define a space T (Ωref ) of
transformation functions on the reference domain Ωref . In this space we can choose the
subset of admissible transformation functions Tad ⊂ T (Ωref ) such that every admissible
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physical domain Ω can be described by the reference domain Ωref and an appropriate
transformation function τ , i.e.
Oad = {τ (Ωref ) : τ ∈ Tad }.
It is assumed that the reference domain Ωref has the same regularity as the physical
domain Ω and τ : Ωref → Ω is a C k -diffeomorphism, i.e., τ is a bijection and τ and
its inverse function τ −1 : Ω → Ωref are k times continuously differentiable. The value
of k depends on the order of the highest derivative appearing in the partial differential
equation that we want to map to the reference domain. In the case of the incompressible
Navier-Stokes equations the highest derivative is of order 2. Hence, we need k ≥ 2.
Since we want to perform an optimization w.r.t. the transformation functions using
an iterative optimization algorithm, T (Ωref ) has to be normed and complete, i.e. a Banach space. Depending on the specific numerical optimization algorithm in use further
requirements on T (Ωref ) might be necessary. Therefore, it can be rather challenging to
find appropriate transformation functions for a given problem. This is especially the
case in the context of design optimization where the set of admissible domains should
not be too much restricted in order not to reject possible solutions before the actual
optimization. Moreover, when it comes to the numerical realization of the transformations, difficulties can arise in ensuring that a good mesh quality is conserved. In order to
overcome this problem, it is also possible to choose different transformation functions for
the analytical setting than for the numerical realization of the transformation. We will
discuss this in more detail in later chapters. In the following we will indicate functions
on the physical domain τ (Ωref ) with “ ˜” and the corresponding functions on the reference domain Ωref by the same character without “ ˜”. Equally, operators on the physical
domain are marked with the oversymbol “ ¯”. The notation of function spaces on the
reference domain Ωref is abbreviated by the index “ ref ”, e.g. Yref := Y (Ωref ).
With appropriate transformation functions τ at hand the Optimization Problem (3.1)
can be reformulated as
min J (y, τ )
τ

(3.2)

s.t. R (y, τ ) = 0,

τ ∈ Tad .

The operator
R : Y (Ωref ) × T (Ωref ) → Z(Ωref )
is defined such that
R (y, τ ) = 0 ⇔ R̄ (ỹ, Ω) = 0,

∀τ ∈ Tad , ∀ỹ ∈ Y (τ (Ωref ))

with Ω = τ (Ωref ) and y = ỹ ◦ τ and the additional requirement that the state ỹ should
be independent of the particular transformation function representation used to map Ωref
to Ω. Mathematically this requirement is formulated in the following assumption:
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Assumption 3.2. Let τ 1 , τ 2 ∈ Tad such that Ω := τ 1 (Ωref ) = τ 2 (Ωref ), let y 1 , y 2 be
solutions of R (y, τ i ) = 0, i = 1, 2. Then it holds that
−1
ỹ = y 1 ◦ τ −1
1 = y2 ◦ τ 2 .

This assumption is automatically satisfied if we choose the set of transformation functions T (Ωref ) such that the transformation representation is indeed unique, which we
will do in our case.
Equally as the operator R the operator J : Y (Ωref ) × T (Ωref ) → R is defined such
that
J (y, τ ) := J¯ (ỹ, τ (Ωref )) , ∀τ ∈ Tad .
With this reformulation the optimization problem is now defined on the reference
domain Ωref and the optimization is now subject to the transformation functions τ ∈ Tad .

3.1.2

Problem Formulation with Design Parameters

In most cases the transformation functions and thus the corresponding domains Ω =
τ (Ωref ) are uniquely defined by a design parameter vector u ∈ U on a finite dimensional
design space U , i.e. dim (U ) = n < ∞. Thus we can write τ as a map

U → T (Ω ),
ref
τ:
u 7→ τ u (·) := τ (·, u) ,
with a reference control u0 ∈ U that characterizes the identity transformation τ u0 (·) =
τ (·, u0 ) = id (·). Subsequently, we can define the subset of admissible design parameters
Uad ⊂ U such that
Tad = {τ u (·) : u ∈ Uad }
and we can write the optimization problem as follows:
min J (y, u)
u

(3.3)

s.t. R (y, u) = 0,

u ∈ Uad ,

with
J : Yref × Uad → R,
R : Yref × Uad → Zref ,
such that
J (y, u) := J (y, τ u ) ,
R (y, u) := R (y, τ u ) .
The domain corresponding to the design parameter u ∈ Uad is then denoted by Ωu with
Ωu := τ u (Ωref ) = τ (Ωref , u).
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Reduced Problem

So far, we have stated the optimization problem in a form where the two variables y
and u (or τ respectively) have equal standing. However, if we choose Ωref and Uad in
such a way that R (y, u) = 0 has a unique solution y (u) for each u ∈ Uad , then we can
formally eliminate y in the functional J . For that purpose we introduce the operator S
that assigns to each u ∈ Uad the corresponding state y.
Definition 3.3. Let Ωref ⊂ Rd and Uad ⊂ U be defined such that R (y, u) = 0 has a
unique solution y (u) for each u ∈ Uad then we call the operator

U → Y ,
ad
ref
S:
u 7→ y (u) ,
design-to-state operator.
With this definition at hand we can formulate the reduced objective function j where
we only have the parameter u left as variable.
Definition 3.4. Let the design-to-state operator S of Definition 3.3 be well defined. We
call the function
j (u) := J (S (u) , u)

(3.4)

reduced objective function.
Consequently, we can reformulate the shape optimization problem as reduced shape
optimization problem:
Definition 3.5. Let the reduced objective function j be defined as in Definition 3.4.
The optimization problem
min j (u) = J (y (u) , u) ,

u∈Uad

(3.5)

where y (u) is the solution of R (y (u) , u) = 0, is called reduced shape optimization
problem.

3.3

Optimality Conditions

Before it is possible to start with approaches to find optimal solutions for the optimization
problem it should be clarified first whether optimal solutions exist. Therefore, in this
paragraph we first state some general definitions and conditions regarding the existence
of optimal solutions. Next, the question arises which conditions have to be fulfilled by
optimal solutions. These conditions are called first-order necessary optimality conditions
and are often used in order to construct methods for the calculation of optimal solutions.
We will give some general statements regarding first-order necessary optimality conditions
in the second part of this section.
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Existence of Optimal Solutions

Definition 3.6. A parameter value ū ∈ Uad is called a globally optimal solution and
ȳ = y (ū) ∈ Yref with R (ȳ, ū) = 0 is called optimal state of the Optimization Problem
(3.3) if
J (ȳ (ū) , ū) ≤ J (y (u) , u) ,

(3.6)

∀u ∈ Uad , ∀y (u) ∈ Yref with R (y (u) , u) = 0.
It is called a locally optimal solution if there exists a neighborhood B (ū) of ū such
that (3.6) is satisfied for all u ∈ Uad ∩ B (ū), y (u) ∈ Yref with R (y, u) = 0.
As the objective function J depends on the domain Ω or rather the corresponding
shape parameter u as well as on the solution y of the state equation R it has to be
guaranteed that for a convergent sequence of domains (Ωuk )k≥0 defined by a convergent
sequence of shape parameters (uk )k≥0 the corresponding sequence of solutions (y k )k≥0
of the state equation R (y k , uk ) = 0 also converges to the solution of the state equation
over the limit domain. Technically speaking, this means that the solution operator
S : Uad → Yref defined by R (S (u) , u) = 0 has to be continuous.
Moreover, if we have the very strong condition that the set of admissible design parameters Uad is compact (which is fulfilled for our case of transformations due to rigid
body motions where Uad ⊂ Rn ), then we can make use of the following existence theorem:
Theorem 3.7. Let Uad be compact and let J : Yref ×U → R and the design-to-state operator S : Uad → Yref , defined by R (S (u) , u) = 0, be continuous. Then, the Optimization
Problem (3.3) has a globally optimal solution.
Proof: With the continuity of S and J the reduced objective function j : Uad → R,
j (u) = J (S (u) , u) is continuous as well. Since Uad is compact the Theorem of Weierstraß can be applied and therefore j attains its minimum in a point ū on Uad and (ȳ, ū)
with ȳ = S (ū) is a globally optimal solution of (3.3).
As the conditions for this theorem are very strong, they are often hard to verify.
Especially the compactness condition on Uad is in general not valid for the case of infinite
parameter spaces, as in function spaces closed and bounded sets are not necessarily
compact. However, it is often possible to show existence results for weaker conditions
depending on the special case (cf. [1], [9] and [107]). For this reason we state a weaker
form of this theorem where the compactness condition is no longer used which can be
found similarly in [107].
Theorem 3.8. Let {U, k · k} and {Yref , k · k} be Hilbert spaces and Uad ⊂ U nonempty,
bounded, closed and convex. Moreover, let the design-to-state operator S : Uad → Yref
and the objective function J : Yref × U → R be continuous and the reduced objective
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function j : U → R be bounded from below and convex. Then, the Optimization Problem
(3.3) has a globally optimal solution.
Proof: As j (u) is bounded from below and Uad is nonempty the infimum of all admissible
function values of j (u) exists
i := inf j (u) .
u∈Uad

Consequently, there is a sequence {un }∞
n=1 in Uad with j (un ) → i for n → ∞. Uad is a
bounded set in a Hilbert space and thus Uad is relatively weakly sequentially compact.
This implies that there is a subsequence {unk }∞
k=1 which converges weakly to an ū ∈ U ,
i.e.
unk * ū,

for k → ∞,

on U.

As Uad is convex and closed, it is also weakly sequentially closed, i.e. ū ∈ Uad . With the
continuity of S and J , the reduced objective function j is also continuous. As j is in
addition convex, it is weakly lower semi-continuous, i.e.
j (ū) ≤ lim inf j (unk ) = i.
k→∞

As i is infimum of all admissible function values of j (u) and ū ∈ Uad , we have j (ū) = i.
Hence, ū is an optimal solution.
Remark 3.9. Theorem 3.8 is still valid if U is a reflexive Banach space. This becomes
clear with the following propositions in the context of weakly convergent sequences which
can e.g. be found in [107].
Proposition 3.10. Every bounded set of a reflexive Banach space is relatively weakly
sequentially compact.
Proposition 3.11. Every convex and closed set is weakly sequentially closed.
Proposition 3.12. Every convex and continuous functional in a Banach space is weakly
lower semi-continuous.
Remark 3.13. In the proof of Theorem 3.8 ū is the limit of a weakly convergent sequence. If the design-to-state operator S is a continuous linear operator, then it is also

weakly continuous and thus y nK converges weakly to ȳ, i.e.
y nK * ȳ = S ū.
If S is not a continuous linear operator, in general we do not get the weak continuity
of S. Then, we would need further assumptions on y (u) and Yref or have to look at
compact embeddings of U .
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First-Order Necessary Optimality Conditions

In this paragraph we present conditions that have to be fulfilled by optimal solutions
with the aid of the first derivative of the objective function. These conditions form the
basis for the development of numerical methods for the calculation of optimal solutions
via derivative-based optimization algorithms. The following variational inequality constitutes the key for the derivation of first-order necessary optimality conditions for bounded
parameter u ∈ U and can be found e.g. in [107].
Lemma 3.14. Given a Banach space U , a convex subset Uad ⊂ U and a Gâteaux differentiable real-valued functional j : Uad → R. Let ū ∈ Uad be a solution of
min j (u) ,

(3.7)

u∈Uad

then the following variational inequality holds
hj 0 (ū)T , (u − ū)iU ∗ ,U ≥ 0,

∀u ∈ Uad

(3.8)

Proof: Let u ∈ Uad and
u (t) = ū + t (u − ū)
for arbitrary t ∈ (0, 1]. The convexity of Uad ensures u (t) ∈ Uad . Due to the optimality
of ū the relation
j (u (t)) ≥ j (ū)
holds and thus

1
(j (ū + t (u − ū)) − j (ū)) ≥ 0.
t

The limit t → 0+ yields
hj 0 (ū)T , (u − ū)iU ∗ ,U ≥ 0.

Lemma 3.14 constitutes a first-order necessary optimality condition. The statement
apparently maintains validity even if only the existence of the directional derivatives
hj 0 (ū)T , (u − ū)iU ∗ ,U for each u ∈ Uad is assumed (i.e. without the additional condition
that the first variation constitutes a bounded linear operator which is part of Gâteaux
differentiability).
Furthermore, if j is convex then (3.8) is both necessary and sufficient for ū to
minimize j.
Lemma 3.15. Let the functional j be convex in addition to the assumptions of Lemma
3.14. If ū ∈ Uad is a solution of the Variational Inequality (3.8) then ū solves the
Optimality Problem (3.7).
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Proof: Let t ∈ (0, 1]. The convexity of j yields for arbitrary admissible u ∈ Uad
j (ū + t (u − ū)) − j (ū) = j (tu + (1 − t) ū) − j (ū)
≤ tj (u) + (1 − t) j (ū) − j (ū)
= t (j (u) − j (ū)) .
Division by t and the limit t → 0+ leads to
j (u) − j (ū) ≥ hj 0 (ū)T , (u − ū)iU ∗ ,U .

(3.9)

Due to the Variational Inequality (3.8) the right-hand side of (3.9) is nonnegative and
hence
j (u) − j (ū) ≥ 0,
which indicates the optimality of ū.

3.4

Adjoint Approach

As mentioned in the previous section the first-order necessary optimality conditions are
the starting point to develope derivative-based optimization algorithms. In such algorithms we use derivatives of the objective function with respect to the shape parameter in
order to find directions in which the value of the objective function is reduced. Thereby
we hope to get to a point that satisfies the first-order necessary optimality conditions.
Overall this implies that we have to calculate the first derivative of j. However, this can
be a task that is computationally very expensive, especially if we have a high dimensional
design space U . Thus, it is advantageous to calculate the derivative in such a way that
the computational effort is independent of the dimension of the design space. At this
point the adjoint method comes into play which can be found in more detail e.g. in [9],
[29] and [107] and will be reflected briefly in the following.

3.4.1

The Idea behind the Adjoint Approach

Before we start to present the approach of calculating the reduced derivative with the
aid of the adjoint approach we first state some differentiability assumptions that we will
need in the course of the derivation.
Assumption 3.16.
(A1) Uad ⊂ U is nonempty, convex and closed.
(A2) J : Yref × U → R, R : Yref × U → Zref are continuously Fréchet-differentiable with
Banach spaces Yref , U and Zref .
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(A3) The design-to-state operator S exists in a neighborhood B (Uad ) ⊂ U of Uad and is
continuously Fréchet-differentiable.
Moreover, we use the following definitions for scalar products in the vector space U
and the function spaces Yref and Zref , respectively:
Definition 3.17. The scalar products on U , Yref and Zref are defined by
hu, viU ∗ ,U := uT v,
Z
y (x)T z (x) dx,
hy (x) , z (x)iYref ∗ ,Yref :=
ZΩref
λ (x)T µ (x) dx.
hλ (x) , µ (x)iZref ∗ ,Zref :=
Ωref

Under the Assumptions 3.16 the reduced derivative of j at u ∈ Uad in direction δu ∈ U
is given by the chain rule as
j 0 (u) [δu] = hj 0 (u)T , δuiU ∗ ,U
T

(3.10)
T

T

= hy 0 (u) Jy (y (u) , u) , δuiU ∗ ,U + hJu (y (u) , u) , δuiU ∗ ,U
= Jy (y (u) , u) y 0 (u) [δu] + Ju (y (u) , u) [δu] .
The calculation of y 0 (u) is often computationally very expensive. This is due to the
fact that the state variable y is only implicitly defined by the state equation and usually
belongs to a space of large dimension. The idea of the adjoint approach is to avoid
this calculation and rather substitute it by an expression that we can calculate more
efficiently. For this purpose we introduce an additional variable, the so called adjoint
state, with the following definition.
Definition 3.18. The adjoint state λ ∈ Zref ∗ associated to the Optimization Problem
(3.3) is defined by
hλ, Ry (y (u) , u) [δy]iZref ∗ ,Zref = −Jy (y (u) , u) [δy] ,

∀ (y + δy) ∈ Yref ,

(3.11)

where (3.11) is called adjoint system.
Remark 3.19. For the expression on the left-hand side of Equation (3.11) we have the
equivalence
hλ, Ry (y (u) , u) [δy]iZref ∗ ,Zref = hλ, Ry (y (u) , u) δyiZref ∗ ,Zref
= hRy (y (u) , u)∗ λ, δyiYref ∗ ,Yref ,
where Ry (y (u) , u)∗ is the adjoint operator of Ry (y (u) , u), which explains the naming
of (3.11) as adjoint system.
With this definition at hand we can show the following theorem.
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Theorem 3.20. Under the Assumptions 3.16 the reduced derivative of the objective
function j (u) at u in direction δu ∈ U is given by
j 0 (u) [δu] = Ju (y (u) , u) [δu] + hλ, Ru (y (u) , u) [δu]iZref ∗ ,Zref ,

∀δu ∈ U.

(3.12)

Proof: Differentiation of the state equation with respect to u in direction δu ∈ U yields
Ry (y (u) , u) y 0 (u) [δu] + Ru (y (u) , u) [δu] = 0.

(3.13)

By multiplication of (3.13) with the adjoint state λ ∈ Zref ∗ we get
hλ, Ru (y (u) , u) [δu]iZref ∗ ,Zref = −hλ, Ry (y (u) , u) y 0 (u) [δu]iZref ∗ ,Zref .
With Definition 3.18 for the adjoint state we can substitute the right-hand side of this
equation to
hλ, Ru (y (u) , u) [δu]iZref ∗ ,Zref = Jy (y (u) , u) y 0 (u) [δu] .
Inserting this in (3.10) leads to Formula (3.12).
Furthermore, under the Assumptions 3.16 we can directly state the formula for the
reduced gradient j 0 (u)T = ∇u j (u) by
j 0 (u)T = Ju (y (u) , u)T + hRu (y (u) , u)T , λiZref ,Zref ∗

(3.14)

= ∇u J (y (u) , u) + h∇u R (y (u) , u) , λiZref ,Zref ∗ .
Remark 3.21. With the preceding theorem the calculation of j 0 (u) [δu] is independent
of the value of y 0 (u) but uses the Adjoint System (3.11) instead. As the computational
cost for the adjoint system is independent of the precise number of parameters contained
in u, i.e. independent of the dimension of the design space U the computation is much
more efficient. This is of great benefit especially for applications where many parameters
are considered for the optimization.
Remark 3.22. As mentioned before the introduction of the adjoint state is motivated by
the desire to cancel the appearances of y 0 (u) in the calculation of j 0 (u) [δu]. The exact
choice for the definition of the adjoint state is better illustrated by a slightly different
derivation of the adjoint approach which we briefly line out: we first choose λ as an
arbitrary differentiable function in Zref ∗ that we can multiply to Equation (3.13) without
changing its zero value
hλ, Ru (y (u) , u) [δu]iZref ∗ ,Zref + hλ, Ry (y (u) , u) y 0 (u) [δu]iZref ∗ ,Zref = 0.
Hence, adding this expression to the right-hand side of Equation (3.10) does not change
the value of j 0 (u) [δu] either. As λ is arbitrary, we can choose it such that the terms
with appearances of y 0 (u) vanish, which in turn leads to Definition 3.18.
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Computation of the Reduced Derivative via the Adjoint Approach

Altogether we can describe the procedure of calculating the reduced gradient j 0 (u)T =
∇u j (u) on the reference domain Ωref by means of the adjoint approach as follows:
1. Constraint/state equation
For given u ∈ Uad compute y (u) ∈ Yref by solving the state equation
R (y (u) , u) = 0,

on Ωref .

2. Adjoint equation
Determine the corresponding adjoint state λ ∈ Zref ∗ by solving the adjoint equation
hλ, Ry (y (u) , u) [δy]iZref ∗ ,Zref = −Jy (y (u) , u) [δy] ,

on Ωref , ∀ (y + δy) ∈ Yref .

3. Reduced derivative
Evaluate the reduced derivative of j (u) with respect to u by
j 0 (u)T = ∇u j (u) = ∇u J (y (u) , u) + h∇u R (y (u) , u) , λiZref ,Zref ∗ .
Computational Procedure on the Physical Domain
Although we need the transformation to the reference domain in order to calculate derivatives with respect to the domain variation, it can still be advantageous to actually solve
the equivalent equations on the physical domain Ωu = τ u (Ωref ) = τ (Ωref , u). On the
one hand the operators on the physical domain in general have a simpler structure than
the corresponding operators on the reference domain and on the other hand existing
solver implementations for the state equation can be utilized.
As described in Section 3.1.1, for a given shape parameter u ∈ Uad solving R (y, u) = 0
on Ωref is equivalent to solving R̄ (ỹ, Ωu ) = 0 on Ωu = τ (Ωref , u) and there are operators
R̄y , R̄u , J¯y and J¯u on the physical domain Ωu that correspond to the operators Ry , Ru ,
Jy and Ju on the reference domain Ωref . Thus, the reduced derivative on the physical
domain Ωu can be calculated as follows:
1. Constraint/state equation on Ωu
For given u ∈ Uad compute ỹ (u) ∈ Y (Ωu ) by solving the state equation
R̄ (ỹ (u) , Ωu ) = 0,

on Ωu .

2. Adjoint equation on Ωu
Determine the corresponding adjoint state λ̃ ∈ Z(Ωu )∗ by solving the adjoint
equation
˜
˜ Z(Ω )∗ ,Z(Ω ) = −J¯ỹ (ỹ (u) , Ωu ) [δy],
hλ̃, R̄ỹ (ỹ (u) , Ωu ) [δy]i
u
u

on Ωu ,

˜ ∈ Y (Ωu ).
∀(ỹ + δy)
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3. Reduced derivative on Ωu
Evaluate the reduced derivative of j (u) with respect to u by
j 0 (u)T = ∇u j (u) = ∇u J (y (u) , u) + h∇u R (y (u) , u) , λiZref ,Zref ∗ .
Computational Procedure with Lagrangian
In mathematical optimization the method of Lagrange multipliers provides a technique
to reformulate an optimization problem subject to constraints in such a way that the
constraints are formally eliminated.
Definition 3.23. The function
L : Yref × U × Zref ∗ → R
defined by
L (y, u, λ) := J (y, u) + hλ, R (y, u)iZref ∗ ,Zref
is called Lagrangian for the optimization problem on the reference domain (3.3) with
Lagrange multiplier λ ∈ Zref ∗ .
With this definition at hand we obtain the following derivatives of L with respect to
λ, y and u:
Lλ (y, u, λ) = R (y, u)T ,
Ly (y, u, λ) = Jy (y (u) , u) + hλ, Ry (y, u)iZref ∗ ,Zref ,
Lu (y, u, λ) = Ju (y (u) , u) + hλ, Ru (y, u)iZref ∗ ,Zref .
Hence, the procedure of calculating the reduced gradient can be formulated with the
aid of the Lagrangian as:
1. Constraint/state equation
For given u ∈ Uad compute y (u) ∈ Yref by solving the state equation
Lλ (y, u, λ) = 0.
2. Adjoint equation
Determine the corresponding adjoint state λ ∈ Zref ∗ by solving the adjoint equation
Ly (y, u, λ) = 0.
3. Reduced derivative
Evaluate the reduced derivative of j (u) with respect to u by
j 0 (u) = Lu (y, u, λ) .
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Under Assumptions 3.16 the first-order necessary optimality condition of Lemma 3.14
for a local solution (ȳ, ū) ∈ Yref × Uad of the Optimization Problem (3.3) with adjoint
state λ̄ ∈ Zref ∗ can be written as:

Lλ ȳ, ū, λ̄ = R (ȳ, ū)T = 0,

Ly ȳ, ū, λ̄ = Jy (ȳ, ū) + hλ, Ry (y, u)iZref ∗ ,Zref = 0,
hLu ȳ, ū, λ̄

T

, u − ūiU ∗ ,U = hJu (ȳ, ū)T + Ru (ȳ, ū)T λ̄, u − ūiU ∗ ,U ≥ 0,
∀u ∈ Uad .

In the context of Navier-Stokes constrained optimization and objective functions also
including drag, some results regarding the existence of optimal solutions, differentiability
of the state equation and objective function, existence and uniqueness of adjoint states
and first-order necessary optimality conditions for some specific optimal control problems
and shape optimization problems can be found in [1, 6, 9, 29, 30, 107, 109].

Chapter 4

Navier-Stokes Flow Constrained
Optimality System for Rigid Body
Motion
In the last chapter we presented the general idea of solving optimality systems with
the help of the adjoint formulation. This chapter is dedicated to the precise derivation
of the mathematical formulas for the case of Navier-Stokes flow as constraint and an
evaluation of the forces and moments acting on a body as objective function. Moreover,
the degrees of freedom of the body movement serve as parameters. In this chapter we
first take a closer look at a system with incompressible single-phase Navier-Stokes flow.
For calculations of ship motions on water this model needs to be extended to multiphase
flow with water and air, which will be presented in the subsequent chapter.
The chapter is organized as follows. In the first section we present the optimality problem that we look at with the specific formulation of the objective function and constraint
system in use also denoted as primal system. Following this introduction of the problem
formulation in the next section we derive the corresponding adjoint system. This is done
in terms of the adjoint field equations and adjoint boundary conditions for specific primal boundary conditions at the different parts of the domain boundary. The last section
is dedicated to the derivation of the reduced derivative of the objective function. This
includes the transformation to the reference domain, the differentiation of the constraint
system and the objective function and the application to one specific transformation
function that can generally be applied for problems with rigid body motion.

4.1

Problem Formulation as Optimality System

For the problem setting we first consider the case of stationary Navier-Stokes flow and
have a 2D hydrofoil surrounded by water as application in mind. We want to adjust
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the position of this hydrofoil in an optimal way with regard to the approaching flow.
Therefore we minimize the resistance while restricting the movement of the hydrofoil to
rotation around the center of gravity. For this test case we know that the optimal position
is the hydrofoil aligned with the main flow direction which gives us a good possibility
of testing our numerical results. Besides, this problem formulation is very similar to
our final problem. As a consequence later it can directly be extended by a model for
multiphase treatment in order to obtain the system for our final problem. This has the
advantage that wide parts of the derivation for single-phase flow can directly be adopted
for the multiphase case.
As described before we want to formulate our problem as an optimality system which
means that we state it in the form
min J¯ (ỹ, Ωu )
Ωu

s.t. R̄ (ỹ, Ωu ) = 0,

Ωu ∈ Oad .

as given in Section 3.1 with the constraint system R̄ and the objective function J¯.

4.1.1

Constraint System

First, we take a closer look at the constraint system R̄ (ỹ, Ωu ) = 0 that consists of
the stationary, incompressible Navier-Stokes equations defined on the domain Ωu with
inflow and outflow boundary conditions on the inlet and outlet part Γu,in and Γu,out of
the domain boundary ∂Ωu and no-slip boundary conditions on the body part Γu,B of the
domain boundary. Altogether we have




T 
T

∇·
ṽ
(x̃)
ṽ
(x̃)
+
∇p̃
(x̃)
−
∇·
ν̃
= 0, x̃ ∈ Ωu ,
∇ṽ
(x̃)
+∇ṽ
(x̃)

eff






∇ · ṽ (x̃) = 0, x̃ ∈ Ωu ,

















ṽ (x̃) = v in ,

ñT ∇p̃ (x̃) = 0,
T

ṽ (x̃) = 0,

ñ ∇p̃ (x̃) = 0,

(ñ · ∇) ṽ (x̃) = 0,

p̃ (x̃) = 0,

x̃ ∈ Γu,in ,
x̃ ∈ Γu,wall ∪ Γu,B ,
x̃ ∈ Γu,out ,
(4.1)

with the velocity field ṽ : Ωu → Rd , the pressure field p̃ : Ωu → R, the outer unit normal
ñ : ∂Ωu → Rd and the effective kinematic viscosity ν̃eff . The state variable ỹ thus consists
of velocity and pressure: ỹ = (ṽ, p̃) . Actually, we would have to add further equations
for the turbulence modeling to the system as described in Section 2.5. Those equations
are used to calculate the eddy viscosity part νT of the effective viscosity ν̃eff . However, we
consider the variation of the eddy viscosity νT due to domain variations to be negligible
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and thus neglect the turbulence equations in the derivation of the adjoint system. Strictly
speaking, this is only true for laminar flows, in turbulent flows we would also have to
consider derivatives with respect to turbulent quantities. However, this is a common
approximation which is called ’frozen turbulence’ in literature (compare e.g. [14, 69, 82]).

4.1.2

Objective Function

For the particular objective function in our specific case we take a closer look at the
impressed forces and moments acting on the body. As described in Section 2.7 the forces
can be calculated with the formula
f̃ ((ṽ, p̃) , Ωu ) = f̃ flow ((ṽ, p̃) , Ωu ) + f̃ field + f ext
Z

=
p̃I − µ̃eff ∇ṽ + ∇ṽ T ñ dS + mg + f ext .
Γu,B

A way of subtracting the force components of interest for the optimization is by
multiplying the force vector with a diagonal matrix Θ with zero entries on the diagonal
elements of the constrained components and entries of value 1 for the unconstrained components and thereby extracting only the components of interest. Equally, by multiplying
a matrix, we can extract force components in directions that are not aligned with the
coordinate axes simply by multiplying a transformation matrix with the corresponding
orthonormal unit vectors di in its rows. This turns out to be practical for example if
the objective function is chosen to be the drag of the object surrounded by flow and the
main flow direction is not aligned with one of the coordinate axes.
The formula for the calculation of moments m̃ acting on the body was also already
described in Section 2.7 and is given by
m̃ ((ṽ, p̃) , Ωu ) = m̃flow ((ṽ, p̃) , Ωu ) + m̃ext
Z
 
=
(x̃ − x̃G ) × p̃I − ν̃eff ∇ṽ + ∇ṽ T ñ dS + (x̃ext − x̃G ) × f ext .
Γu,B

In the Constraint System (4.1) for incompressible single-phase Navier-Stokes flow we
actually solve for pressure divided by fluid density ρ. For consistency reasons in the
optimization we therefore also take a look at the forces divided by ρ. Hence, the formulas
for forces and moments modify to
Z

mg f ext
+
f̃ ((ṽ, p̃) , Ωu ) =
p̃I − ν̃eff ∇ṽ + ∇ṽ T ñ dS +
ρ
ρ
Γu,B
and
m̃ ((ṽ, p̃) , Ωu ) =
Z
=
(x̃ − x̃G ) ×
Γu,B

p̃I − ν̃eff ∇ṽ + ∇ṽ T

 
f
ñ dS + (x̃ext − x̃G ) × ext ,
ρ
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where ν̃eff = µ̃ρeff is the effective kinematic viscosity.
In our optimization problem we want to minimize the forces and moments acting
on the object. If only one force or moment component is of interest we can directly
use this component as objective function. Then, we only have to multiply a vector d
which extracts the component of interest from the force vector. As a result the objective
function has the form
J¯f ((ṽ, p̃) , Ωu ) := dTf f̃ ((ṽ, p̃) , Ωu )
or
J¯m ((ṽ, p̃) , Ωu ) := dTm m̃ ((ṽ, p̃) , Ωu ) .
In order to distinguish between variables that correspond to the calculation of forces and
those that correspond to the calculation of moments we assign an index “f ”, or “m”,
respectively, to the variables in doubt.
If several components are to be treated in one scalar valued objective functional, we
can take the squared absolute value of the force and moment vectors, for instance
J¯f ((ṽ, p̃) , Ωu ) :=kΘTf f̃ ((ṽ, p̃) , Ωu ) k22
Z

f
mg
T
+ ΘTf ext k22 ,
p̃I − ν̃eff ∇ṽ + ∇ṽ T ñdS + ΘTf
=kΘf
ρ
ρ
Γu,B
J¯m ((ṽ, p̃) , Ωu ) :=kΘTm m̃ ((ṽ, p̃) , Ωu ) k22
Z
(x̃ − x̃G ) ×
=kΘTm

p̃I − ν̃eff ∇ṽ + ∇ṽ T

 
ñ dS

Γu,B

+

ΘTm



f ext
(x̃ext − x̃G ) ×
k22 .
ρ

If in addition both, forces and moments, should be considered in the objective function
at the same time, we have to build an objective function combining J¯f and J¯m . As
the values of J¯f and J¯m do not necessarily have the same order of magnitude, it is
reasonable to make use of weighting factors af and am . Thus, the combined objective
function J¯ could take the form
J¯ ((ṽ, p̃) , Ωu ) := af J¯f ((ṽ, p̃) , Ωu ) + am J¯m ((ṽ, p̃) , Ωu )

(4.2)

= af kΘTf f̃ ((ṽ, p̃) , Ωu ) k22 + am kΘTm m̃ ((ṽ, p̃) , Ωu ) k22 .
The difficulty here is the choice of appropriate values for af and am . As the objective
function with all force and moment components considered is the most general case, we
will focus on this objective function in the remainder of the work. Yet, it is straightforward to change to an objective function with only one force or moment component
considered. We will give further remarks regarding those alternatives at relevant passages.
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4.2

4.2 Adjoint System

Adjoint System

Following the calculation procedure described in Section 3.4.2 we can determine the
adjoint state λ̃ ∈ Z(Ωu )∗ by solving the adjoint equation Ly (y, u, λ) = 0. i.e.
˜ Z(Ω )∗ ,Z(Ω ) = −J¯ỹ (ỹ (u) , Ωu ) [δy],
˜
hλ̃, R̄ỹ (ỹ (u) , Ωu ) [δy]i
u
u

˜ ∈ Y (Ωu ). (4.3)
∀(ỹ+ δy)

The solution ỹ = (ṽ, p̃) ∈ Y (Ωu ) of our primal system describing stationary incompressible Navier-Stokes flow contains velocity and pressure which we get by solving equations
of corresponding dimensions. Thus, we introduce adjoint variables for each of these equations which we call, in correspondence to the primal variables, adjoint velocity w̃ and
adjoint pressure q̃. We keep the boundary conditions of System (4.1) as explicit constraints in Y (Ωu ). This means in particular that we do not introduce extra Lagrange
multipliers (or adjoint variables) for the boundary condition terms. Hence, the equations for the boundary conditions are formally shifted from the operator R̄ to Y (Ωu ).
Therefore, the adjoint variable λ̃ is composed by λ̃ = (w̃, q̃) ∈ Z(Ωu )∗ and we can write
Equation (4.3) as
˜ δp)]i
˜ Z(Ω )∗ ,Z(Ω ) = −J¯(ṽ,p̃) ((ṽ, p̃) , Ωu ) [(δv,
˜ δp)],
˜
h(w̃, q̃) , R̄(ṽ,p̃) ((ṽ, p̃) , Ωu ) [(δv,
u
u
˜ p̃ + δp)
˜ ∈ Y (Ωu ).
∀(ṽ + δv,

4.2.1

(4.4)

Derivation of the Adjoint System

This section is dedicated to the derivation of the Adjoint System (4.4) for the specific
case of single-phase incompressible Navier-Stokes flow constraints defined as in System
(4.1) and a general objective function J¯ consisting of contributions from the domain Ωu
and the domain boundary ∂Ωu with
J¯ ((ṽ, p̃) , Ωu ) = J¯∂Ω ((ṽ, p̃) , Ωu ) + J¯Ω ((ṽ, p̃) , Ωu )
Z
Z
∂Ω
ˆ
J ((ṽ, p̃) , Ωu ) dx +
JˆΩ ((ṽ, p̃) , Ωu ) dx,
=
∂Ωu

(4.5)

Ωu

where contributions from the boundary ∂Ωu are indicated by superscript ∂Ω and contributions from the interior of Ωu are indicated by superscript Ω . The oversymbol “ ˆ “ is
used to indicate the integrand of the objective function parts. We first state the resulting
system in the following proposition and will prove its validity with a detailed derivation
thereof in the remainder of the section.
Proposition 4.1 (Adjoint Field Equations). For the optimization problem with a general objective function J¯ as in (4.5) and Constraint System (4.1) where the boundary
conditions therein are contained in the solution space Y (Ωu ), the adjoint system implied
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by Condition (4.4) takes the form




− ∇w̃ + ∇w̃T ṽ − ∇· ν̃eff ∇w̃ + ∇w̃T − ∇q̃






+JˆṽΩ ((ṽ, p̃) , Ωu )T = 0,






∇ · w̃ = −Jˆp̃Ω ((ṽ, p̃) , Ωu ) ,






Z



˜ T ñw̃T ṽ + w̃ṽ T ñ + ν̃eff ∇w̃ + ∇w̃T ñ + ñq̃

δv



∂Ωu





T

T

˜ = 0,
˜
˜

ñdS + J¯ṽ∂Ω ((ṽ, p̃) , Ωu ) [δv]
−
w̃
ν̃
∇
δv
+
∇
δv
eff



Z





˜ w̃T ñ dS + J¯∂Ω ((ṽ, p̃) , Ωu ) [δp]
˜ = 0,
δp

p

on Ωu ,
on Ωu ,
(4.6)
on ∂Ωu ,

on ∂Ωu ,

∂Ωu

˜ p̃ + δp)
˜ ∈ Y (Ωu ).
which has to be valid for arbitrary (ṽ + δv,
Proof: First of all we take a closer look at the left-hand side of Equation (4.4) and hence
at the term
˜ = R̄(ṽ,p̃) ((ṽ, p̃) , Ωu ) [(δv,
˜ δp)]
˜
R̄ỹ (ỹ (u) , Ωu ) [δy]
˜ + R̄p̃ ((ṽ, p̃) , Ωu ) [δp]
˜
= R̄ṽ ((ṽ, p̃) , Ωu ) [δv]
which is the directional derivative of R̄ (ỹ (u) , Ωu ) = R̄ ((ṽ, p̃) , Ωu ) (as described in
˜ = (δv,
˜ δp).
˜
(4.1)) with respect to ỹ = (ṽ, p̃) in direction δy
In concrete terms, this
˜ and
means that we have to build the derivatives with respect to ṽ and p̃ in direction δv
˜ respectively, for all terms in R̄ ((ṽ, p̃) , Ωu ).
δp,
For terms with linear operator A (x) (i.e. A (x1 + x2 ) = A (x1 )+A (x2 ) and A (hx) =
hA (x)) the directional derivative Ax (x) [δx] is given by A (δx) as
lim

h→0

hA (δx)
A (x + hδx) − A (x)
= lim
= A (δx) .
h→0
h
h

All terms in (4.1) are linear operators except for the convection term ∇ · ṽṽ T

d

d
(∇ṽ)T ṽ + ṽ (∇· ṽ) = (∇v˜i )T ṽ
+ v˜i (∇· ṽ)
. Here we have
i=1



˜i
∇ v˜i + hδv

lim

 T

i=1


˜ − (∇v˜i )T ṽ
ṽ + hδv
h

h→0



˜ + ∇δv
˜i
= lim (∇v˜i )T δv
h→0

˜ + ∇δv
˜ i T ṽ
= (∇v˜i )T δv

T

=
T

˜i
ṽ + h ∇δv

˜
δv



and


˜ i ∇· ṽ + hδv
˜ − v˜i (∇· ṽ)
v˜i + hδv
lim
=
h→0
h



˜ + δv
˜ i (∇· ṽ) + h2 δv
˜ i ∇· δv
˜
= lim v˜i ∇· δv
h→0

˜ + δv
˜ i (∇· ṽ) .
= v˜i ∇· δv



=
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Altogether we get
˜ =
R̄ṽ ((ṽ, p̃) , Ωu ) [δv]





˜ + ∇δv
˜ T ṽ + ṽ ∇· δv
˜ + δv
˜ (∇· ṽ) − ∇· ν̃eff ∇δv
˜ + ∇δv
˜T
(∇ṽ)T δv
=
 ∇ · δv
˜





˜ T − ∇· ν̃eff ∇δv
˜ + ∇δv
˜T
˜ T + ∇· ṽ δv
 ∇· δvṽ
=
 ∇· δv
˜
and
(
˜ =
R̄p̃ ((ṽ, p̃) , Ωu ) [δp]

˜
∇δp
0

and thus
˜ = R̄(ṽ,p̃) ((ṽ, p̃) , Ωu ) [(δv,
˜ δp)]
˜
R̄ỹ (ỹ (u) , Ωu ) [δy]





˜ T + ∇· ṽ δv
˜ T − ∇· ν̃eff ∇δv
˜
˜ + ∇δv
˜ T + ∇δp
 ∇· δvṽ
=
.
 ∇ · δv
˜
Inserting this in Equation (4.4) we get for the left-hand side of the equation
˜ δp)]i
˜ Z(Ω )∗ ,Z(Ω ) =
h(w̃, q̃) , R̄(ṽ,p̃) ((ṽ, p̃) , Ωu ) [(δv,
(4.7)
u
u
Z
Z
Z


˜ dx̃ +
˜ T ṽ dx̃ +
˜ dx̃
=
w̃T (∇ṽ)T δv
w̃T ∇δv
w̃T ṽ ∇· δv
Ωu
Ωu
Ωu
Z
Z


˜ (∇· ṽ) dx̃ −
˜ + ∇δv
˜ T dx̃
w̃T ∇· ν̃eff ∇δv
w̃T δv
+
Ωu
Z
ZΩu
˜ dx̃.
˜ dx̃ +
+
w̃T ∇δp
q̃∇· δv
Ωu

Ωu

As we take a look at the directional derivatives at the moment we have to make sure that
the adjoint equation is valid for all directions (δv, δp) satisfying (v + δv, p + δp) ∈ Y (Ωu ),
i.e. (v + δv, p + δp) solves the primal system. In order to guarantee this we assume
sufficient regularity for w̃ and q̃ and first apply some modifications to the terms in
Equation (4.7) by means of integration by parts and Green’s identity (cf. Section 8.2.5).
For that purpose we take a look at the equation term by term:
Z
˜ dx̃ =
w̃T (∇ṽ)T δv
(4.8a)
Ωu
Int. by parts
(A.18)

=

=

Z

Z
Z

T
˜
˜
˜ T ñ dS
−
ṽ (∇w̃) δv dx̃ −
ṽ w̃∇· δvdx̃ +
ṽ T w̃δv
Ωu
∂Ωu
Z
ZΩu
Z
˜ T (∇w̃) ṽ dx̃ −
˜
˜ T ñw̃T ṽ dS,
−
δv
w̃T ṽ∇· δvdx̃
+
δv
Ωu

T



T

Ωu

∂Ωu
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T
˜
w̃T ∇δv
ṽ dx̃ =

Ωu
Int. by parts
(A.18)

=

(4.8b)

Z


T
T
˜
δv (∇w̃) ṽ dx̃ −

Z
−

Z

Z

˜ T w̃ṽ T ñ dS,
δv

∂Ωu

Ωu

Ωu

−

˜ T w̃∇· ṽdx̃ +
δv

 

˜
w̃T ∇· ν̃eff ∇δv
dx̃ =

Ωu
Green’s identity
(A.11)

Z

(4.8c)

˜ dx̃ −
ν̃eff ∇w̃ : ∇δv

=

Z

Ωu
Green’s identity
(A.11)

=

˜ T ñ dS
w̃T ν̃eff ∇δv

∂Ωu

Z

˜ T (∇· (ν̃eff ∇w̃)) dx̃ +
δv

−

Z

˜ T ν̃eff (∇w̃)T ñ dS
δv

∂Ωu

ZΩu

T

˜ ñ dS,
w̃T ν̃eff ∇δv

−
∂Ωu

Z
−

 

˜T
dx̃ =
w̃T ∇· ν̃eff ∇δv

Ωu
Green’s identity
(A.12)

Z

˜ dx̃ −
ν̃eff ∇w̃ : ∇δv
T

=

=

Z

˜ ñ dS
w̃T ν̃eff ∇δv

∂Ωu

Ωu
Green’s identity
(A.12)

(4.8d)

Z

˜ T ∇· ν̃eff ∇w̃T
δv

−
ZΩu



Z

˜ T ν̃eff (∇w̃)ñ dS
δv

dx̃ +
∂Ωu

˜ ñ dS,
w̃T ν̃eff ∇δv

−
∂Ωu

Z

˜ dx̃
w̃ ∇δp
T

Int. by parts
(A.17)

=

Z
−

Ωu

Z
Ωu

˜
δp∇·
w̃ dx̃ +

Z

˜ dx̃
q̃∇· δv

Int. by parts
(A.17)

=

Z
−
Ωu

˜ T ∇q̃ dx̃ +
δv

˜ w̃T ñ dS,
δp

(4.8e)

∂Ωu

Ωu

Z

˜ T ñq̃ dS.
δv

(4.8f)

∂Ωu


R
R
T ˜
˜ dx̃ and
The terms Ωu w̃T ṽ ∇· δv
Ωu w̃ δv (∇· ṽ) dx̃ are not transformed here, as they
directly cancel with the additional field integrals arising in (4.8a) and (4.8b), respectively.
On the right-hand side of Equation (4.4) we decompose the cost function J¯ ((ṽ, p̃) , Ωu )
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into contributions from the boundary ∂Ωu and contributions from the interior of Ωu as
described in (4.5). Moreover, we make use of the fact that
˜ + J¯p̃ ((ṽ, p̃) , Ωu ) [δp].
˜
J¯(ṽ,p̃) ((ṽ, p̃) , Ωu ) [(ṽ, p̃)] = J¯ṽ ((ṽ, p̃) , Ωu ) [δv]

(4.9)

For this proposition the objective function is left in this general form and we will derive
the derivatives with respect to ṽ and p̃ for our specific objective function in Section
4.2.2, when dealing with specific boundary conditions on the individual boundary parts
of ∂Ωu . Combining the results of (4.8a) - (4.8f) and (4.5)/(4.9) we get the following
˜ and δp
˜ respectively, and by domain and boundary
equation (sorted by appearances of δv
contributions)
˜ + hλ̃, R̄ỹ (ỹ, Ωu ) [δy]i
˜ Z(Ω )∗ ,Z(Ω ) =
J¯ỹ (ỹ, Ωu ) [δy]
u
u
Z



T
˜
=
δv
− ∇w̃ + ∇w̃T ṽ − ∇· ν̃eff ∇w̃ + ∇w̃T − ∇q̃ dx̃
(4.10a)

Ωu

˜
+JṽΩ ((ṽ, p̃) , Ωu ) [δv]
Z

˜
˜
δp∇·
w̃ dx̃ + J¯p̃Ω ((ṽ, p̃) , Ωu ) [δp]

+

(4.10b)

Ωu

Z
+



˜ T ñw̃T ṽ + w̃ṽ T ñ + ν̃eff ∇w̃ + ∇w̃T ñ + ñq̃
δv
(4.10c)

∂Ωu
T

Z
+


˜
˜ + ∇δv
˜ T ñ dS + J¯∂Ω ((ṽ, p̃) , Ωu ) [δv]
∇δv
ṽ

−w̃ ν̃eff

˜ w̃T ñ dS + J¯∂Ω ((ṽ, p̃) , Ωu ) [δp]
˜
δp
p̃

(4.10d)

∂Ωu

= 0.
˜ δp)
˜ such that
As stated before, this equation needs to be valid for all directions (δv,
˜ p̃ + δp)
˜ ∈ Y (Ωu ). This can only be fulfilled if the Terms (4.10a) - (4.10d) vanish
(ṽ + δv,
individually. In this way the integrals over the domain Ωu ((4.10a) and (4.10b)) lead to
the adjoint equations, whereas the integrals over the domain boundary ∂Ωu ((4.10c) and
(4.10d)) lead to the adjoint boundary conditions in (4.6).
Remark 4.2. For the first term arising from the differentiation of the convection term
in the primal system we can alternatively apply a different treatment. In particular that
means that we do not apply the transformation with integration by parts in (4.8a) but
leave this term in its original form. This implies that the term −(∇w̃)ṽ has to be replaced
by (∇ṽ)w̃ in the adjoint field equations and we do not get the boundary contribution
of this transformation for the boundary conditions of the adjoint system. Moreover, the

R
˜ dx̃ can no longer be cancelled with the additional field integral
term Ωu w̃T ṽ ∇ · δv
˜ is chosen such that (ṽ + δv,
˜ p̃ + δp)
˜ ∈ Y (Ωu ),
arising in the transformation. However, δv
˜ p̃+ δp)
˜ solves the primal equation system, and thus ∇· δv
˜ = 0 and the integral
i.e. (ṽ + δv,
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still vanishes. Hence, the alternative adjoint system reads:



(∇ṽ) w̃ − ∇w̃T ṽ − ∇· ν̃eff ∇w̃ + ∇w̃T − ∇q̃






+JˆṽΩ ((ṽ, p̃) , Ωu )T = 0,




 ∇ · w̃ = −JˆΩ ((ṽ, p̃) , Ω ) ,

u

p̃





Z



˜ T w̃ṽ T ñ + ν̃eff ∇w̃ + ∇w̃T ñ + ñq̃

δv

 ∂Ω

u





T

T

˜
˜
˜ = 0,

−
w̃
ν̃
∇
δv
+
∇
δv
ñdS + J¯ṽ∂Ω ((ṽ, p̃) , Ωu ) [δv]
eff



Z





˜ = 0,
˜ w̃T ñ dS + J¯∂Ω ((ṽ, p̃) , Ωu ) [δp]
δp

p
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on Ωu ,
on Ωu ,
(4.11)
on ∂Ωu ,

on ∂Ωu .

∂Ωu

This alternative treatment for the convection term was pursued for instance by [1, 9, 29,
100], the treatment presented first is utilized e.g. in [48, 69, 97]. Moreover, some other
works suggest neglecting this term altogether, which results in a first-order approximation
for Ly (y, u, λ) = 0. Then, the adjoint equations have the same convective diffusive character as the primal equations which simplifies the numerical realization and, in addition,
the convergence of the numerical computation procedure is improved (cf. [97, 101]).
Remark 4.3. If we take a closer look at the adjoint system we can make several observations:
• The adjoint system is linear which means that it has a simpler mathematical structure than its primal counterpart.
• The terms of the system are similar to those in the primal system, which is advantageous for the implementation as wide parts of the discretization implementation
can directly be adopted for the adjoint system.
• The main difference in the structure of the adjoint and primal systems lies in the
minus sign in front of the convective term. This implies that the adjoint information is convected upstream compared to the direction of the primal flow. We will
have to keep that in mind for the discretization of the adjoint system, as many
discretization schemes for the convective term take the flow direction into account.
Thus, the discretization schemes have to be adjusted accordingly. Another effect
of the different flow direction is that for the adjoint variables different areas of the
domain are of special interest and need additional refinement than for the primal
variables.
• In our specific application the objective function is a surface integral over parts of
the domain boundary. This means that the contributions of the objective function
in the adjoint equations defined on the domain interior vanish. Hence, we can
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change the exact formulation of the boundary integral in the objective function
without having to adopt the implementation of the adjoint equations. Only changes
in the boundary conditions have to be made. Moreover, it implies that the adjoint
flow field is divergence-free like the primal flow field.

4.2.2

Special Boundary Conditions and their Adjoint Counterparts

In this section we will simplify the adjoint boundary conditions of System (4.6) by adjusting them more closely to our specific application and in particular to the boundary
conditions used for the primal variables. Here, in parts we make similar transformations
as in [69]. As presented in Section 2.4 the boundary conditions of the primal system that
appear in our context are:
• Inlet:
ñT ∇p̃ (x̃) = 0,

ṽ (x̃) = v in ,

on Γu,in .

(4.12)

• Wall (no-slip):
ñT ∇p̃ (x̃) = 0,

ṽ (x̃) = 0,

on Γu,wall ∪ Γu,B .

(4.13)

• Outlet:
(ñ · ∇) ṽ (x̃) = 0,

p̃ (x̃) = 0,

on Γu,out .

(4.14)

With the information of the boundary conditions of the primal variables at hand, we can
insert them into the boundary conditions of the Adjoint System (4.6) in order to simplify
them for the specific parts of the domain boundary. We first of all take a closer look at
the terms
Z
˜ T ν̃eff (∇w̃) ñ dS
δv
(4.15)
∂Ωu

and

Z
−


˜ ñ dS
w̃T ν̃eff ∇δv

(4.16)

∂Ωu

of the first boundary condition in (4.6). In order to simplify those terms we show that
˜ and w̃ these two terms together are equal to
for divergence-free fields δv
Z


T
˜ − δv˜n w̃ dS,
−
∇ν̃eff
w̃n δv
∂Ωu

˜ T ñ are the normal components of w̃ and δv,
˜ respectively.
where w̃n = w̃T ñ and δv˜n = δv
With this relationship we can argue for laminar flows that the Terms (4.15) and (4.16)
vanish completely as the viscosity ν is constant and thus ∇ν ≡ 0. For turbulent flows
this is generally not the case as the viscosity ν̃eff consists of the molecular viscosity ν
and the turbulent eddy viscosity νT . Yet, for all boundaries besides the outlet, we have
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˜ = 0, or at least δv˜n = 0 and w̃n = 0, as we will see in the following paragraphs. For
δv
the outlet we assume that it is far enough away from the object such that the variation
of the turbulent part of the viscosity νT can be neglected and thus again ∇ν̃eff = 0.
˜ and w̃ be divergence-free fields then the following relationship holds:
Lemma 4.4. Let δv
Z



Z

T
T
˜
˜
δv ν̃eff ∇w̃ − w̃ ν̃eff ∇δv ñ dS = −



T
˜ − δv˜n w̃ dS.
∇ν̃eff
w̃n δv

(4.17)

∂Ωu

∂Ωu

Proof: We start with the first part on the left-hand side (Term (4.15)) and apply the
product rule of ∇ (ν̃eff w̃)
Z
Z
Z
(A.22)
T
T
˜ T ∇ν̃eff w̃T ñ dS.
˜
˜
δv ν̃eff (∇w̃) ñ dS =
δv ∇ (ν̃eff w̃) ñ dS −
δv
∂Ωu

∂Ωu

∂Ωu

The second term is already the first part of the right-hand side term in our Assumption
(4.17). To the first term we apply Green’s first identity twice and get:
Z
˜ T ∇ (ν̃eff w̃) ñ dS =
δv
∂Ωu
Green’s identity
(A.12)

Z

˜ T : ∇ (ν̃eff w̃) dx̃ +
∇δv

=

ZΩu
=

˜ dx̃ +
∇ (ν̃eff w̃)T : ∇δv

Z
ZΩu

Ωu
Green’s identity
(A.12)

Z

 

˜ T ∇· ∇ (ν̃eff w̃)T
δv
dx̃

Ωu

Z




˜T
ν̃eff w̃T ∇· ∇δv
dx̃
Ωu
|
{z
}
˜ )= 0
= ∇ (∇· δv



˜ T ∇· ∇ (ν̃eff w̃)T
δv
dx̃.


˜ ñ dS −
ν̃eff w̃T ∇δv

=

 

˜ T ∇· ∇ (ν̃eff w̃)T
δv
dx̃

∂Ωu

Z
+
Ωu

The first term is exactly Term (4.16) with an opposite sign. Thus, these terms cancel
˜ is divergence-free. To the remaining term we
and the second term vanishes as well as δv
apply the relation

 (A.32)
∇· ∇ (ν̃eff w̃)T
= ∇ (∇· (ν̃eff w̃))
(A.27)



= ∇ w̃T ∇ν̃eff + ∇ ν̃eff (∇· w̃)
| {z }
= 0

and with the help of integration by parts we get
Z

˜ T ∇ w̃T ∇ν̃eff dx̃ =
δv
Ωu
Int. by parts
(A.17)

=

Z
−
Ωu

T
∇ν̃eff
w̃

Z

T
˜
˜ T ñ dS
∇ν̃eff
w̃δv
∇· δv dx̃ −
∂Ωu
| {z }


= 0
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Finally, what remains is the second part of the right-hand side in (4.17), which proves
the relation.
After these simplifications the resulting general boundary conditions of the adjoint
system now read
Z

˜ T ñw̃T ṽ + w̃ṽ T ñ + ν̃eff ∇w̃T ñ + ñq̃
δv
∂Ωu
∀x̃ ∈ ∂Ωu ,
(4.18)
T
∂Ω
T
˜ = 0,
˜ ñ dS + J¯ ((ṽ, p̃) , Ωu ) [δv]
−w̃ ν̃eff ∇δv
ṽ
Z


˜ w̃T ñ dS + J¯∂Ω ((ṽ, p̃) , Ωu ) [δp]
˜ = 0,
δp
p

∀x̃ ∈ ∂Ωu .

(4.19)

∂Ωu

In the following paragraphs we take a look at the different segments of the boundary
and analyse the impact of the type of their primal boundary conditions on the exact
formulation of their adjoint boundary conditions.
Inlet Boundaries
Inlet boundary conditions imply that we have a Dirichlet condition with a fixed value
v in for the primal velocity ṽ and a Neumann condition for pressure p̃. The next proposition states the impact of this choice for the primal boundary conditions on the adjoint
boundary conditions on Γu,in . In the proposition we make the assumption that the inlet
boundary is located sufficiently far away from the object such that there are no perturbations of the inflow due to reflections at the object. Then, the tangential part of the
˜ t do not change in the direction normal to the boundary
velocity field ṽ t and equally δv
T
˜ ñ = 0. This assumption should be valid anyway in order to avoid
and therefore ∇δv
t
numerical instabilities in the calculation procedure of the primal solution.
Proposition 4.5 (Adjoint Inlet Boundary Conditions). Let the field variables ṽ and w̃
be divergence-free and let inlet boundary conditions, defined as in (4.12), hold on Γu,in .
Moreover, let the inlet boundary be located sufficiently far away from the object such
˜ T ñ = 0 on Γu,in . For an objective function without contributions from Γu,in ,
that ∇δv
t
i.e. J¯∂Ω ((ṽ, p̃) , Ωu ) = 0 on Γu,in , the boundary conditions of System (4.6), fulfilled for
˜ p̃ + δp)
˜ ∈ Y (Ωu ), imply the condition
arbitrary (ṽ + δv,
w̃n (x̃) = 0,
˜ and δp
˜
Proof: The variables δv
ṽ and p̃, respectively, and have
primal equation system (i.e. (ṽ
on inlet boundaries and for this

∀x̃ ∈ Γu,in .

(4.20)

are perturbations of the primal velocity and pressure
˜ and p̃ + δp
˜ satisfy the
to be chosen such that ṽ + δv
˜ p̃ + δp)
˜ ∈ Y (Ωu )). This implies that δv
˜ = 0
+ δv,
reason the term that we get by application of Lemma

4 Navier-Stokes Flow Contrained Optimality System

70

4.4 cancels and the first term of the adjoint boundary condition in (4.18) as well. For
J¯∂Ω ((ṽ, p̃) , Ωu ) = 0 on Γu,in , in addition, the remaining conditions on Γu,in are
Z
˜ T ñ dS = 0,
(4.21)
−
w̃T ν̃eff ∇δv
Γu,in

Z


˜ w̃T ñ dS = 0.
δp

(4.22)

Γu,in

˜ T ñ in the first relation we make similar transformations
In order to simplify the term ∇δv
˜ Therein we divide δv
˜ into its component which
as in [69] and take a closer look at ∇· δv.
˜ n and its component tangential to the boundary δv
˜ t such
is normal to the boundary δv
that
˜ = δv
˜ n + δv
˜t
δv
with

˜ n = δv
˜ T ñ ñ = δv˜n ñ
δv
and
˜t=
δv

d−1
X

˜t =
δv
i

d−1
X

i=1

d−1
X
T 
˜
˜
˜
δv ti ti =
δv˜ti t˜i ,

i=1

i=1

where we choose d − 1 linear independent normalized vectors t˜i that span the tangential
˜ t = 0 holds as
plane of the boundary in x̃ ∈ ∂Ωu . We can show that ∇· δv

d−1
d−1 

 (A.27) X
X
T 
T 
T 
T
˜
˜
˜
˜
˜
˜
˜
˜
˜
˜
∇· δv t =
∇· δv ti ti
=
ti ∇ δv ti + δv ti ∇· ti = 0,
{z
} | {z }
|
i=1
i=1
= 0

= 0

˜ (and thus δv
˜ T t˜i , for i = 1, . . . , d − 1) is equal to zero everywhere
where we use that δv
˜T˜
on the inlet. This in addition implies that the value of
 δvT ti does not change in the
T
˜ t˜i is equal to zero as well.
direction of t˜i and thus the directional derivative t˜i ∇ δv
˜ n we get
For the divergence of δv



 


˜ n = ∇· δv
˜ T ñ ñ = ñT ∇ δv
˜ T ñ + δv
˜ T ñ ∇· ñ = ∇δv˜n T ñ,
∇· δv
| {z }
= 0

˜ = 0. Altogether we get for (ṽ + δv,
˜ p̃ + δp)
˜ ∈
where we again made use of the fact that δv
Y (Ωu )

˜ = ∇· δv
˜ n + ∇· δv
˜ t = ∇δv˜n T ñ
0 = ∇· δv
and therefore
˜
∇δv

T

ñ =
(A.22)




 T
˜ t T ñ
∇ δv˜n ñ
ñ + ∇δv

= ñ ∇δv˜n
| {z

=

T

T

˜ t T ñ
ñ + δv˜n ∇ñ ñ + ∇δv
|{z}
}

= 0

˜ t T ñ.
∇δv

= 0
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Inserting this in (4.21) we have
Z
−

˜ T ñ dS = 0.
ν̃eff w̃T ∇δv
t

(4.23)

Γu,in

As mentioned in the requirements of the proposition we assume that the inlet boundary is
˜ T ñ = 0, i.e. Condition (4.23) is
located sufficiently far away from the object such that ∇δv
t
automatically fulfilled. Hence, only the second relation (Equation (4.22)) remains, which
˜ and δp
˜ with (ṽ + δv,
˜ p̃ + δp)
˜ ∈ Y (Ωu ). In order to guarantee
has to be valid for all δv
this, we finally conclude the Boundary Condition (4.20) for the normal part of the adjoint
velocity at the inlet boundary as stated in the proposition .
For the tangential part w̃t of the adjoint velocity and the adjoint pressure q̃, however,
we do not get any conditions from the derivations in Proposition 4.5. Therefore, equally as
for the primal pressure p̃, we apply zero gradient boundary conditions for these variables
at the inlet in order to avoid getting an under-determined adjoint system. This choice is
common in literature as the zero gradient condition is the condition which least affects
the value of the flow variable throughout the calculation domain (see e.g. [69]):
(ñ · ∇) w̃t = 0,

∀x̃ ∈ Γu,in ,

∇q̃ T ñ = 0,

∀x̃ ∈ Γu,in .

Wall boundaries without Objective Function
Very similar to the inlet conditions discussed above we have Dirichlet conditions for the
velocity and Neumann conditions for pressure at wall boundaries. First we take a look
at those walls where the objective function is not defined, i.e. J¯∂Ω ((ṽ, p̃) , Ωu ) = 0 on
Γu,wall . This leads to the following proposition for wall boundaries.
Proposition 4.6 (Adjoint Boundary Conditions for Walls without Objective Function).
Let ṽ and w̃ be divergence-free fields and let wall boundary conditions, defined as in
(4.13), hold for Γu,wall . For J¯∂Ω ((ṽ, p̃) , Ωu ) = 0 on Γu,wall , the boundary conditions of
˜ p̃ + δp)
˜ ∈ Y (Ωu ), imply the condition
System (4.6), fulfilled for arbitrary (ṽ + δv,
∀x̃ ∈ Γu,wall .

w̃ (x̃) = 0,

(4.24)

˜ p̃ + δp)
˜ ∈ Y (Ωu ) we have ∇ · δv
˜ = 0 and due to the Dirichlet
Proof: From (ṽ + δv,
˜ = 0. Thus, with the same argumentation
boundary condition for ṽ on Γu,wall we have δv
as for inlet boundary conditions the boundary conditions of System (4.6) again simplify
to
Z
˜ T ñ dS = 0,
−
ν̃eff w̃T ∇δv
(4.25)
t
Γu,wall

Z


˜ w̃T ñ dS = 0.
δp

Γu,wall

(4.26)
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˜ we now divide the adjoint velocity w̃ in its normal
Similarly as we did before with δv,
and tangential components
w̃ = w̃n + w̃t = w̃n ñ + w̃t .
In doing so we can argue that the part of (4.25) containing w̃n also vanishes, as with
δv˜ti = 0 and ñT t˜i = 0 we get
˜t
(w̃n ñ)T ∇δv

T


T
d−1 

X
(A.22)
T
ñ = (w̃n ñ)T 
(∇δv˜ti )t˜i + δv˜ti ∇ñ  ñ
|{z}
i=1

d−1
X

=

i=1

= 0

w̃n ñT t˜i ∇δv˜ti
| {z }

T

ñ

= 0

= 0.
Hence, the remaining part is
Z
−

T

˜ ñ dS = 0.
ν̃eff w̃Tt ∇δv
t

(4.27)

Γu,wall

Due to the well known boundary layer theory (cf. [86]) we know that ∇ṽ Tt ñ 6= 0 and
˜ T ñ 6= 0 holds on no-slip wall boundaries. As (4.27) and (4.26) have to be valid
thus ∇δv
t
˜ and δp
˜ with (ṽ + δv,
˜ p̃ + δp)
˜ ∈ Y (Ωu ) we conclude the following boundary
for all δv
conditions for the adjoint velocity at wall boundaries where the objective function is not
defined:
w̃t = 0,

∀x̃ ∈ Γu,wall ,

w̃n = 0,

∀x̃ ∈ Γu,wall .

Again, for the adjoint pressure q̃ we do not get any conditions from these derivations
and therefore we apply zero gradient boundary conditions:
∇q̃ T ñ = 0,

∀x̃ ∈ Γu,wall .

Wall boundaries with Objective Function
At this boundary we start with the same conditions of the primal boundary conditions as
for the wall boundaries discussed above, however, with the difference that the objective
function is not zero on the object boundary Γu,B but is defined as in (4.2). Hence,
we get a different condition for the adjoint velocity w̃, which is stated in the following
proposition.
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Proposition 4.7 (Adjoint Boundary Conditions for Walls with Objective Function). Let
ṽ and w̃ be divergence-free fields and let wall boundary conditions, defined as in (4.13),
hold for Γu,B . For an objective function J¯∂Ω ((ṽ, p̃) , Ωu ), defined as in (4.2) on Γu,wall ,
˜ p̃ + δp)
˜ ∈ Y (Ωu ),
the boundary conditions of System (4.6), fulfilled for arbitrary (ṽ + δv,
imply the condition

w̃ (x̃) = −2af Θf ΘTf f̃ ((ṽ, p̃) , Ωu ) − 2am Θm ΘTm m̃ ((ṽ, p̃) , Ωu ) × (x̃ − x̃G ) ,
∀x̃ ∈ Γu,B . (4.28)
˜ = 0 and J¯∂Ω ((ṽ, p̃) , Ωu ) 6= 0 the remaining boundary
Proof: With Lemma 4.4, δv
conditions of System (4.6) on Γu,B are:
Z
˜ T ñ dS = −J¯∂Ω ((ṽ, p̃) , Ωu ) [δv],
˜
−
w̃T ν̃eff ∇δv
(4.29)
ṽ
Γu,B

Z


˜
˜ w̃T ñ dS = −J¯∂Ω ((ṽ, p̃) , Ωu ) [δp].
δp
p

(4.30)

Γu,B

In order to get the exact boundary conditions for our special objective function we now
take a closer look at the derivatives of J¯ with respect to ṽ and p̃. As stated in Section
4.1.2 the objective function is defined by
J¯ ((ṽ, p̃) , Ωu ) = af kΘTf f̃ ((ṽ, p̃) , Ωu ) k22 + am kΘTm m̃ ((ṽ, p̃) , Ωu ) k22
= af f̃ ((ṽ, p̃) , Ωu )T Θf ΘTf f̃ ((ṽ, p̃) , Ωu )
+ am m̃ ((ṽ, p̃) , Ωu )T Θm ΘTm m̃ ((ṽ, p̃) , Ωu ) .
and thus the directional derivatives with respect to ṽ and p̃ are given by
˜
˜ = 2af f̃ ((ṽ, p̃) , Ωu )T Θf ΘT f̃ ((ṽ, p̃) , Ωu ) [δv]
J¯ṽ ((ṽ, p̃) , Ωu ) [δv]
f ṽ
˜
+ 2am m̃ ((ṽ, p̃) , Ωu )T Θm ΘTm m̃ṽ ((ṽ, p̃) , Ωu ) [δv]
and
˜ = 2af f̃ ((ṽ, p̃) , Ωu )T Θf ΘT f̃ ((ṽ, p̃) , Ωu ) [δp]
˜
J¯p̃ ((ṽ, p̃) , Ωu ) [δp]
f p̃
˜
+ 2am m̃ ((ṽ, p̃) , Ωu )T Θm ΘTm m̃p̃ ((ṽ, p̃) , Ωu ) [δp].
This means that we need to calculate the derivatives
˜ f̃ ((ṽ, p̃) , Ωu ) [δp]
˜ and m̃p̃ ((ṽ, p̃) , Ωu ) [δp]:
˜
m̃ṽ ((ṽ, p̃) , Ωu ) [δv],
p̃
Z


˜ =
˜ + ∇δv
˜ T ñ dS
f̃ ṽ ((ṽ, p̃) , Ωu ) [δv]
−ν̃eff ∇δv

˜
f̃ ṽ ((ṽ, p̃) , Ωu ) [δv],

Γu,B

˜ =
m̃ṽ ((ṽ, p̃) , Ωu ) [δv]

Z

˜ =
f̃ p̃ ((ṽ, p̃) , Ωu ) [δp]

Z

˜ =
m̃p̃ ((ṽ, p̃) , Ωu ) [δp]

Z



 
˜ + ∇δv
˜ T ñ dS
(x̃ − x̃G ) × −ν̃eff ∇δv

Γu,B




˜
δpI
ñ dS

Γu,B

Γu,B




˜
(x̃ − x̃G ) × δpI ñ dS.

4 Navier-Stokes Flow Contrained Optimality System

74

Inserting these results in (4.29) and (4.30) leads to
Z
˜ T ñ dS =
w̃T ν̃eff ∇δv

(4.31)

Γu,B

= 2af f̃ ((ṽ, p̃) , Ωu )

T

Θf ΘTf

Z



˜ + ∇δv
˜ T ñ dS
−ν̃eff ∇δv

Γu,B

+ 2am m̃ ((ṽ, p̃) , Ωu )

T

Θm ΘTm

Z



 
˜ + ∇δv
˜ T ñ dS
(x̃ − x̃G ) × −ν̃eff ∇δv

Γu,B

and
Z


˜ w̃T ñ dS =
δp

(4.32)

Γu,B
T

= − 2af f̃ ((ṽ, p̃) , Ωu )

Θf ΘTf

Z




˜
δpI
ñ dS

Γu,B

− 2am m̃ ((ṽ, p̃) , Ωu )

T

Θm ΘTm

Z



˜
(x̃ − x̃G ) × δpI
ñ dS.

Γu,B

In order to be able to easily conclude the boundary condition for w̃, we add the term
R
˜ ñ dS to the left-hand side of Equation (4.31). For this purpose we show
w̃T ν̃eff ∇δv
Γu,B
˜ ñ is equal to zero everywhere on the object wall boundary Γu,B .
that the term w̃T ∇δv
˜ = 0 on Γu,B we have that
As δv


˜ ñ = ∇ δv
˜ T ñ − ∇ñ δv
˜
˜
∇δv
|{z} = ∇δvn .
= 0

Moreover, with the same argumentation as for inlet boundary conditions and wall boundary conditions without objective function we have that

ñT ∇δv˜n = 0.
Equally,

T
t˜i ∇δv˜n = 0,

∀t˜i , i = 1, . . . , d − 1

as δv˜n = 0 everywhere on Γu,B , which in addition implies that it does not change its

T
value in the direction of t˜i and hence t˜i ∇δv˜n = 0.
˜ ñ yields
Applying these relations to the term w̃T ∇δv

˜ ñ = w̃T ∇δv˜n
w̃T ∇δv
= w̃n + w̃t

T

∇δv˜n

= w̃n ñT ∇δv˜n +
| {z }
= 0

= 0.

d−1
X
i=1

T

w˜ti t˜i ∇δv˜n
| {z }
= 0
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Hence, we can add the above mentioned integral to Equation (4.31) and get
Z

˜ + ∇δv
˜ T ñ dS =
w̃T ν̃eff ∇δv

(4.33)

Γu,B

= 2af f̃ ((ṽ, p̃) , Ωu )T Θf ΘTf

Z



˜ + ∇δv
˜ T ñ dS
−ν̃eff ∇δv

Γu,B
T

+ 2am m̃ ((ṽ, p̃) , Ωu )

Θm ΘTm

Z



 
˜ + ∇δv
˜ T ñ dS.
(x̃ − x̃G ) × −ν̃eff ∇δv

Γu,B

Using the formula
(v × w) = (u × v)T w for cross products, we can now conclude
from Equations (4.32) and (4.33) the boundary condition for the adjoint velocity w̃ on
Γu,B :

w̃ (x̃) = −2af Θf ΘTf f̃ ((ṽ, p̃) , Ωu ) − 2am Θm ΘTm m̃ ((ṽ, p̃) , Ωu ) × (x̃ − x̃G ) ,
uT

∀x̃ ∈ Γu,B .

Note that if we choose an objective function where we only consider forces, we get a
constant Dirichlet boundary condition for w̃. However, if moments are also involved, we
get a Dirichlet boundary condition which depends on the specific position of x̃ ∈ Γu,B .
Like for the preceding boundaries, we again do not have any condition on q̃ and
therefore apply zero gradient boundary conditions:
∇q̃ T ñ = 0,

∀x̃ ∈ Γu,wall .

Outlet Boundaries
The boundary conditions that are usually used for outlet conditions are zero velocity
gradient and zero pressure. In addition to these conditions we make the assumption that
we have planar outlet boundary patches with ∇ñ = ∇t˜i = 0, for i = 1, . . . , d − 1. This
is the case in our setup and in most other setups as well. Moreover, as stated for the
result of Lemma 4.4, we assume that the outlet boundary is far enough away from the
object such that we can use ∇ν̃eff = 0 on Γu,out . With this assumptions we can state the
subsequent proposition for adjoint outlet boundaries.
Proposition 4.8 (Adjoint Outlet Boundary Conditions). Let ṽ and w̃ be divergencefree fields and let outlet boundary conditions, defined as in (4.14), hold for Γu,out . For
∇ñ = ∇t˜i = 0, for i = 1, . . . , d − 1, J¯∂Ω ((ṽ, p̃) , Ωu ) = 0 and ∇ν̃eff = 0 on Γu,out ,
˜ p̃ + δp)
˜ ∈ Y (Ωu ),
the boundary conditions of System (4.6), fulfilled for arbitrary (ṽ + δv,
imply the conditions
0 = v˜n w̃t + ν̃eff (∇w̃t )T ñ,
q̃ = − w̃T ṽ − w̃n v˜n − ν̃eff (∇w̃n )T ñ,

∀x̃ ∈ Γu,out .

(4.34)
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˜ p̃ + δp)
˜ ∈ Y (Ωu ), i.e. (ṽ + δv,
˜ p̃ + δp)
˜ ∈ Y (Ωu ) solves the
Proof: Again as (ṽ + δv,
˜
Navier-Stokes equations, we also have the following conditions on the perturbations δv
˜
and δp
˜ = ∇δv
˜ T ñ = 0,
(ñ · ∇) δv

˜ = 0,
δp

on Γu,out .

Hence, for outlet boundary conditions with application of Lemma 4.4 the second term of
(4.18) cancels and (4.19) is automatically fulfilled. If the objective function is not defined
on outlet boundaries, this part of (4.18) cancels as well and the boundary conditions of
System (4.6) result in

ñw̃T ṽ + w̃ṽ T ñ + ν̃eff ∇w̃T ñ + ñq̃ = 0,

∀x̃ ∈ Γu,out .

In order to fulfill this, we split the term in its normal and tangential components and get
w̃T ṽ + w̃n v˜n + ν̃eff (∇w̃n )T ñ + q̃ = 0,

∀x̃ ∈ Γu,out ,

(4.35)

v˜n w̃t + ν̃eff (∇w̃t )T ñ = 0,

∀x̃ ∈ Γu,out ,

(4.36)

where we used that

(∇w̃)T ñ = (∇ (w̃n ñ))T ñ +

d−1
X

∇ w˜ti t˜i

T

ñ

i=1
(A.22)

= ñ (∇w̃n )T ñ + (w̃n ∇ñ)T ñ +

d−1 
X

t˜i (∇w˜ti )T ñ + w˜ti ∇t˜i

T


ñ

i=1

= ñ (∇w̃n )T ñ +

d−1
X

t˜i (∇w˜ti )T ñ

i=1

for planar outlet boundary patches with ∇ñ = ∇t˜i = 0.
The normal part (Equation (4.35)) can be fulfilled by determining the adjoint pressure
q̃ as in (4.34). The tangential part (Equation (4.36)) is utilized to calculate the tangential
component w̃t of the adjoint velocity.

Altogether, we get from Proposition 4.1 (adjoint field equations) and Proposition 4.5
to Propostion 4.8 (adjoint boundary conditions) the following adjoint system (4.37).
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Adjoint Navier-Stokes equations:








− ∇w̃ + ∇w̃T ṽ − ∇· ν̃eff ∇w̃ + ∇w̃T − ∇q̃ = 0,






∇· w̃ = 0,











Adjoint boundary conditions:






w̃n = 0,






(ñ · ∇) w̃t = 0,






∇q̃ T ñ = 0,


















































4.3

w̃ = 0,
∇q̃ T ñ = 0,

on Ωu .

on Γu,in ,

(4.37)
on Γu,wall ,

w̃ = − 2af Θf ΘTf f̃ ((ṽ, p̃) , Ωu )

− 2am Θm ΘTm m̃ ((ṽ, p̃) , Ωu ) × (x̃ − x̃G ) , on Γu,B ,
∇q̃ T ñ = 0,
0 = v˜n w̃t + ν̃eff (∇w̃t )T ñ,
q̃ = − w̃T ṽ − w̃n v˜n − ν̃eff (∇w̃n )T ñ,

on Γu,out .

Derivatives with Respect to the Parameter

As stated in Section 3.4 we can utilize the solution of the adjoint system in order to
calculate the reduced derivative of j (u) efficiently by the following formula:
ju (u) [δu] = hj 0 (u)T , δuiU ∗ ,U

T
= hLu ỹ, u, λ̃ , δuiU ∗ ,U
= hJ¯u (ỹ, Ωu )T , δuiU ∗ ,U + hλ̃, R̄u (ỹ, Ωu ) δuiZ(Ωu )∗ ,Z(Ωu )
in which ỹ = (ṽ, p̃) is the solution of the Navier-Stokes Equations (4.1) and λ̃ = (w̃, q̃)
is the solution of the corresponding Adjoint System (4.37) for given u ∈ Uad . For the
evaluation of this formula we need to derive the derivatives of R̄ and J¯ with respect to u.
However, in the present formulations of R̄ and J¯ the dependency of u is contained in Ωu
and Γu,B , respectively, i.e. in the integration domain. Thus, we first have to transform
the integrals on a reference domain Ωref in order to be able to differentiate with respect
to u.
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Transformation to the Reference Domain

As described in Section 3.1.1 we choose one specific admissible domain as reference domain Ωref ∈ Oad and specify all other admisible domains Ωu ∈ Oad as transformations
of this reference domain by
τ u (Ωref ) = Ωu ,
with τ u = τ (x, u) as transformation function. In order to distinguish between functions
defined on the reference domain Ωref and functions defined on the physical domain Ωu =
τ u (Ωref ) we use the common notation that indicates all variables defined on the physical
domain by “ ˜” and the corresponding functions on the reference domain Ωref by the same
character without “ ˜”. Moreover, we use the following relations for x̃ ∈ Ωu , x ∈ Ωref and
arbitrary state variables z (x) appearing in the state equations, such as v (x) and p (x):
x̃ := τ u (x) ,
x := (τ u )−1 (x̃) ,
z (x) := z̃ (τ u (x)) = z̃ (x̃) .
For the transformation of the integrals to the reference domain Ωref , we can then apply
the transformation rule for integrals. In order to substitute the derivatives with respect
to x̃ = τ u (x) ∈ Ωu by derivatives with respect to x ∈ Ωref we make use of the following
identities where we add the subscripts x̃ and x to indicate the particular differentiation
variable, if in doubt:
∇x̃ z̃ (τ (x)) = ∇τ (x)−1 ∇x z (x) ,
∆x̃ z̃ (τ (x)) = (∆x̃ z̃j (τ (x)))dj=1

= (∇x zj (x))T ∆x̃ τ −1 (x̃) +

 d
+ tr H (zj (x)) (∇x τ (x))−T (∇x τ (x))−1
.
j=1

We get these identities from
∇x z (x) = ∇x z̃ (τ (x))
!d
d
X
∂ z̃ (τ (x)) T ∂τk (x)
=
∂ x̃k
∂xi
k=1
i=1
 ∂τ (x)
  ∂ z̃(τ (x)) T 
∂τ
(x)
1
d
···
∂x1
 ∂x. 1
 ∂ x̃.1

.. 
..


..
..
= 
.
. 



T
∂τ1 (x)
∂τd (x)
∂
z̃(τ
(x))
···
∂xd
∂xd

(A.1)

∂ x̃d

= ∇τ (x) ∇x̃ z̃ (τ (x))
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and
∆x̃ z̃j (τ (x)) =

= ∆x̃ zj τ −1 (x̃)
d
X
∂
=
∂ x̃i

=

i=1
d
X
i=1

=

∂
∂ x̃i

d X
d
X
i=1 k=1

∂zj τ −1 (x̃)
∂ x̃i

!

!

d
X
∂zj τ −1 (x̃) ∂τk−1 (x̃)
∂xk
∂ x̃i
k=1

d
X
∂ 2 zj τ −1 (x̃)
∂xl ∂xk

∂zj (x) ∂ 2 τk−1 (x̃)
+
∂xk
∂ 2 x̃i


= (∇x zj (x))T ∆x̃ τ −1 (x̃) +

= (∇x zj (x))T ∆x̃ τ −1 (x̃) +

l=1
d
d
XX
l=1 k=1
d 
X



∂τl−1 (x̃)
∂ x̃i

!

∂τk−1 (x̃)
∂ x̃i

!

T

∂ 2 zj (x) 
∇x̃ τ −1 (x̃)
∇x̃ τ −1 (x̃)
∂xl ∂xk
k,l

T

H (zj (x)) ∇x̃ τ −1 (x̃)
∇x̃ τ −1 (x̃)

l=1




= (∇x zj (x))T ∆x̃ τ −1 (x̃) + tr H (zj (x)) (∇x τ (x))−T (∇x τ (x))−1

l,l



where we made use of the fact that ∇x̃ τ −1 (x̃) = (∇x τ (x))−1 and (·)k,l denotes the
entry in the kth row and lth column of the matrix in parentheses.

4.3.2

Transformation and Differentiation of the Constraint System

With the formulas of the last paragraph at hand, we can now begin to transform the
integrals in the calculation of the reduced derivative to the reference domain. We start
with the term containing the operator of the constraint system R̄. As we later use the
converged variables of the primal and adjoint systems for the calculation of the reduced

derivative we can now cancel the terms ∇· ∇ṽ T = ∇ (∇· ṽ) and ṽ (∇· ṽ) in R̄, which
are equal to zero if the Navier-Stokes equations are satisfied (∇· ṽ = 0). So far we kept
this term inside the equations for stability reasons of the iterative calculation scheme
that we will use later in the numerical treatment of the primal and adjoint equations.
Hence, we have
hλ̃, R̄ (ỹ, Ωu )iZ(Ωu )∗ ,Z(Ωu ) = h(w̃, q̃), R̄ ((ṽ, p̃) , Ωu )iZ(Ωu )∗ ,Z(Ωu )
Z
Z
T
=
w̃ ((ṽ · ∇) ṽ + ∇p̃ − ∇· (ν̃eff ∇ṽ)) dx̃ +
q̃∇· ṽ dx̃
Ωu

Z
=

Ωu



wT ∇v T (∇τ u )−1

T

v + (∇τ u )−1 ∇p

Ωref

!


  
d 
T
u −1
u −T
u −1
− ν̃eff ∇v ∆x̃ (τ )
+ tr H (vj ) (∇τ ) (∇τ )
|det Jτ u (x)| dx
j=1
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q tr (∇τ u )−1 ∇v |det Jτ u (x)| dx

+
Ωref

=:h(w, q), R ((v, p) , u)iZref ∗ ,Zref
with

R ((v, p) , u) =
















T
∇v T (∇τ u )−1 v + (∇τ u )−1 ∇p − ν̃eff ∇v T ∆x̃ (τ u )−1
 
d
+ tr H (vj ) (∇τ u )−T (∇τ u )−1











 tr (∇τ u )−1 ∇v |det Jτ u (x)|

!

j=1

|det Jτ u (x)|

on Ωref . Now, the dependency of u is no longer in the integration domain and we can
build the derivative of R ((v, p) , u) with respect to u. For this purpose we take a closer
look at the derivatives of the single terms. We denote by ∇u the part of the gradient
matrix containing derivatives with respect to components of u and make use of the
product rule for matrix vector multiplication (cf. (A.25)), the formula for the gradient
of the trace (cf. (A.9)) and Jacobi’s formula which is a formula for the differentiation of
determinants (cf. (A.21)). Note that for some variables in R̄ only the weak derivative may
exist. However, the concept of product rules for strong derivatives is equally transferable
to weak derivatives. Moreover, the field variables v (x) and p (x) do not have an explicit
dependency on u and thus in the end only derivatives of the transformation function τ
with respect to u remain.



T  (A.25)
T 
T
u −1
u −1
∇u ∇v (∇τ )
v
= ∇u
(∇τ )
v ∇v
(4.38a)
n
 
∂
(A.25)
∇v,
(∇τ u )−1
=
vT
∂ui
i=1


u −1

∇u (∇τ )


n
 (A.24) 
∂
T
u −T
∇p
,
=
∇p
(∇τ )
∂ui
i=1



 (A.25) 
 


∇u ∇v T ∆x̃ (τ u )−1
=
∇u ∆x̃ (τ u )−1 ∇v ,

∇u

!
 
d
u −T
u −1
tr H (vj ) (∇τ ) (∇τ )
=
!
 

u −T
u −1
∇u tr H (vj ) (∇τ ) (∇τ )
j=1,...,d
(A.9)

=

(4.38c)

(4.38d)

j=1

=

(4.38b)

!
 
n
∂ 
tr
H (vj ) (∇τ u )−T (∇τ u )−1
∂ui
i=1

j=1,...,d

81

4.3 Derivatives with Respect to the Parameter


=



tr H(vj )



  !
u )−1  n
∂ (∇τ u )−T
∂
(∇τ
−1
−T
(∇τ u ) + (∇τ u )
∂ui
∂ui
i=1

,

j=1,...,d

∇u (|det Jτ u (x)|) = sgn (det Jτ u (x)) ∇u (det Jτ u (x))

(4.38e)

= sgn (det Jτ u (x)) ∇u (det (∇τ u ))
n
 
∂
(A.21)
u
u
= sgn (det Jτ u (x)) tr adj (∇τ )
(∇τ )
,
∂ui
i=1
 
 (A.9)   ∂ 
n
u −1
u −1
∇u tr (∇τ ) ∇v
=
tr
(∇τ ) ∇v
∂ui
i=1
!!n
−1
u
∂ (∇τ )
∇v
=
tr
.
∂ui

(4.38f)

i=1

Combining (4.38a) - (4.38f) we get
h∇u R ((v, p) , u) , (w, q)iZref ,Zref ∗ =
(4.39)


 
n
n
Z
∂
∂
=
∇v + ∇pT
vT
(∇τ u )−1
(∇τ u )−T
∂ui
∂ui
Ωref
i=1
i=1
h
 


− ν̃eff ∇u ∆x̃ (τ u )−1 ∇v
 
∂ (∇τ u )−T
(∇τ u )−1
+ tr H (vj )
∂ui
 !
i
u )−1  n
∂
(∇τ
−T
u
+ (∇τ )
|det Jτ u (x)|
∂ui
i=1 j=1,...,d
 
n
∂
u
u
u
·
+ sgn (det Jτ (x)) tr adj (∇τ )
(∇τ )
∂ui
i=1

T
· ∇v T (∇τ u )−1 v + (∇τ u )−1 ∇p


  
d
− ν̃eff ∇v T ∆x̃ (τ u )−1 + tr H (vj ) (∇τ u )−T (∇τ u )−1

!T

j=1

!
wdx
Z
+
Ωref

!!n
∂ (∇τ u )−1
tr
∇v
|det Jτ u (x)|
∂ui
i=1
!
 
n 

∂
−1
u
u
u
+ sgn (det Jτ u (x)) tr adj (∇τ )
(∇τ )
tr (∇τ ) ∇v
qdx
∂ui
i=1
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=
Ωref

Z
+
Ωref
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n

n
∂
∂
T
u −1
u −T
T
v
∇v + ∇p
(∇τ )
(∇τ )
∂ui
∂ui
i=1
i=1
h
 


− ν̃eff ∇u ∆x̃ (τ u )−1 ∇v
 
∂ (∇τ u )−T
+ tr H (vj )
(∇τ u )−1
∂ui
!
 !
i
u )−1  n
∂
(∇τ
|det Jτ u (x)| wdx
+ (∇τ u )−T
∂ui
i=1 j=1,...,d
!!n
!
∂ (∇τ u )−1
tr
∇v
|det Jτ u (x)| qdx
∂ui
i=1

where we made use of the product rule for scalar-vector multiplication and vector-vector
multiplication (cf. (A.22) and (A.23)) and get the last equivalence as R ((v, p, α) , u) is
equal to zero component-wise and |det Jτ u (x)| =
6 0.

4.3.3

Transformation and Differentiation of the Objective Function

For the objective function we have
J¯f ((ṽ, p̃) , Ωu ) = dTf f̃ ((ṽ, p̃) , Ωu ) ,
J¯m ((ṽ, p̃) , Ωu ) = dTm m̃ ((ṽ, p̃) , Ωu )
or
J¯ ((ṽ, p̃) , Ωu ) = af kΘTf f̃ ((ṽ, p̃) , Ωu ) k22 + am kΘTm m̃ ((ṽ, p̃) , Ωu ) k22 .
We focus on the last form of the three presented objective functions as it is the most
general one and the other two options can easily be derived from this function. The
integration domains of f̃ ((ṽ, p̃) , Ωu ) and m̃ ((ṽ, p̃) , Ωu ) again depend on u. Thus, we
again have to transform the integrals to the reference domain Ωref , or, more precisely, to
its part of the boundary Γref,B .
f̃ ((ṽ, p̃) , Ωu ) =
Z

mg f ext
+
=
p̃I − ν̃eff ∇ṽ + ∇ṽ T ñdS +
ρ
ρ
Γu,B
Z



=
pI − ν̃eff (∇τ u )−1 ∇v + ∇v T (∇τ u )−T
ñ (τ u (x)) |det Jτ u (x)| dS
Γref,B

+

mg f ext
+
ρ
ρ

=: f ((v, p) , u)
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and
m̃ ((ṽ, p̃) , Ωu ) =
Z
=
(x̃ − x̃G ) ×

p̃I − ν̃eff ∇ṽ + ∇ṽ T

Γu,B



Z
=

 
f
ñ dS + (x̃ext − x̃G ) × ext
ρ

(τ u (x) − τ u (xG )) ×

Γref,B

×





u −1

pI − ν̃eff (∇τ )

T

u −T

∇v + ∇v (∇τ )

+ (τ u (xext ) − τ u (xG )) ×




ñ (τ (x)) |det Jτ u (x)| dS
u

f ext
ρ

=: m ((v, p) , u) .
Note that we did not substitute the surface normal vector ñ (τ u (x)) with an equivalent
variable n (x) as we did for the other variables, since this could lead to the wrong impression that the surface normal vector of the reference domain Ωref is meant. Moreover,
as we consider only rigid body motions, we can express the surface normal vector of
the physical domain directly as a function of the surface normal vector of the reference
domain by rotating it according to the rotational part of the rigid body motion. We will
take a closer look at this in Section 4.3.4.
Inserting the transformed integrals for forces and moments into the objective function
we get
J¯ ((ṽ, p̃) , Ωu ) =
Z 


T
= af kΘf
pI − ν̃eff (∇τ u )−1 ∇v + ∇v T (∇τ u )−T ñ (τ u (x)) |det Jτ u (x)|dS
Γref,B


mg f ext 2
+
k2
+
ρ
ρ
Z

+ am kΘTm
(τ u (x) − τ u (xG )) ×
Γref,B




pI − ν̃eff (∇τ u )−1 ∇v + ∇v T (∇τ u )−T
ñ (τ u (x)) |det Jτ u (x)|dS

f ext 2
u
u
+ (τ (xext ) − τ (xG )) ×
k2
ρ
×



= af kΘTf f ((v, p) , u) k22 + am kΘTm m ((v, p) , u) k22
=: J ((v, p) , u) .
Now we can build the derivative with respect to u which is given by
Ju ((v, p) , u)T = ∇u J ((v, p) , u)
= 2af f u ((v, p) , u)T Θf ΘTf f ((v, p) , u)
+ 2am mu ((v, p) , u)T Θm ΘTm m ((v, p) , u) .
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For the other two objective functions we would have
Juf ((v, p) , u)T = ∇u J f ((v, p) , u)
= f u ((v, p) , u)T df
and
Jum ((v, p) , u)T = ∇u J f ((v, p) , u)
= mu ((v, p) , u)T dm .
Hence, for the evaluation of these formulas we need to build the derivatives of f ((v, p) , u)
and m ((v, p) , u) with respect to u.
f u ((v, p) , u)T = ∇u f ((v, p) , u) ,
mu ((v, p) , u)T = ∇u m ((v, p) , u) .
Again, we take a closer look at the derivatives of the single terms in f ((v, p) , u) and
m ((v, p) , u), which we finally combine with the help of the product rule for scalarvector multiplication, matrix-vector multiplication and cross product (cf. (A.22), (A.24)
and (A.26)). The derivative of the Jacobian determinant is already calculated in (4.38e).
Hence, the remaining derivatives are:
∇u




(∇τ u )−1 ∇v ñ (τ u (x)) =
(4.40a)




 n
∂  T
+ ∇u ñ (τ u (x)) ∇v T (∇τ u )−T
∇v (∇τ u )−T
=
ñ (τ u (x))T
∂ui

n i=1


T
u
T ∂
u −T
=
ñ (τ (x)) ∇v
(∇τ )
+ ∇u ñ (τ u (x)) ∇v T (∇τ u )−T ,
∂ui
i=1

∇u





∇v T (∇τ u )−T ñ (τ u (x)) =
(4.40b)


 n


∂ 
(A.25)
(∇τ u )−1 ∇v
+ ∇u ñ (τ u (x)) (∇τ u )−1 ∇v
=
ñ (τ u (x))T
∂ui

n i=1


∂
=
ñ (τ u (x))T
(∇τ u )−1 ∇v
+ ∇u ñ (τ u (x)) (∇τ u )−1 ∇v ,
∂ui
i=1


f 
∇u (τ u (xext ) − τ u (xG )) × ext =
ρ

 f T  n
∂ u
∂ u
(A.26)
=
τ (xext ) −
τ (xG ) × ext
.
∂ui
∂ui
ρ
i=1

(4.40c)
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Combining (4.38e) and (4.40a) - (4.40c) we get

f u ((v, p) , u)T =
(4.41)


n
Z
∂
∂
=
− ν̃eff ñ (τ u (x))T
(∇τ u )−1 ∇v + ∇v T
(∇τ u )−T
∂u
∂u
i
i
Γref,B
i=1
!



·
+ ∇u (ñ (τ u (x))) pI − ν̃eff (∇τ u )−1 ∇v + ∇v T (∇τ u )−T
· |det Jτ u (x)|
 
n
∂
u
u
+ sgn (det Jτ u (x)) tr adj (∇τ )
(∇τ )
·
∂ui
i=1



· ñ (τ u (x))T pI − ν̃eff (∇τ u )−1 ∇v + ∇v T (∇τ u )−T
dS

and

mu ((v, p) , u)T =
(4.42)
"
Z

 ∂
∂ u
τ u (x) −
τ (xG ) ×
=
∂ui
∂ui
Γref,B



T n
u −1
T
u −T
u
× pI − ν̃eff (∇τ ) ∇v + ∇v (∇τ )
ñ (τ (x))
i=1


+

(τ u (x) − τ u (xG )) ×



 ∂
∂
− ν̃eff
(∇τ u )−1 ∇v + ∇v T
(∇τ u )−T ñ (τ u (x))
∂ui
∂ui


+ pI − ν̃eff (∇τ u )−1 ∇v + ∇v T (∇τ u )−T ·
 !T n #
∂
u
·
ñ (τ (x))
|det Jτ u (x)|
∂ui
i=1
n
 
∂
u
u
+ sgn (det Jτ u (x)) tr adj (∇τ )
(∇τ )
·
∂ui
i=1

· (τ u (x) − τ u (xG )) ×
×

×

+





u −1

pI − ν̃eff (∇τ )

u −T

T

∇v + ∇v (∇τ )
!

 f T n
∂ u
∂ u
.
τ (xext ) −
τ (xG ) × ext
∂ui
∂ui
ρ
i=1



T
ñ (τ (x))
dS
u
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Transformation Function for Rigid Body Motions in up to Six
Degrees of Freedom

In this chapter we take a closer look at the form of the transformation function for our
special case. A rigid body can generally experience motion in up to six degrees of freedom
which are in particular three translations in the x-, y- and z-directions and three rotations
around the x-, y- and z-axes. The parameter vector u describing the body motion and
hence the transformation function thus consists of three rotation parameters ur,1 , ur,2
and ur,3 for the angles of rotation around the x-axis (roll or heel), around the y-axis (trim
or pitch) and around the z-axis (yaw) with the centre of mass xG as rotation centre and
three translation parameters ut,1 , ut,2 and ut,3 for translations in x-direction (surge), in
y-direction (sway) and z- direction (heave). Altogether we have
u = uTr , uTt

T

= (ur,1 , . . . , ur,d , ut,1 , . . . , ut,d , )T
=: (u1 , . . . , u2d )T ∈ R2d
with u ∈ U ⊂ R2d . The transformation function is then given by

Ω × U → Ω ,
u
ref
τ:
(x, u) 7→ τ (x, u) =: τ u (x) .
In order to incorporate these possible movements into our transformation function we
can e.g. move the whole computational domain according to the rigid body motions. We
can also use other approaches like the Laplace equation based mapping or the transfinite element mapping as already mentioned in the context of rigid body motion via
equations of motion in Section 2.7. How exactly the deformation is described inside the
computational domain in terms of the exact formulation of the transformation function
e.g. depends on regularity properties that are required for the transformation function.
Moreover, when it comes to the numerical realization of the transformation other aspects
again play an important role such as the preservation of a good mesh quality.
It has to be noted that the transformation function that is actually used to transform
the mesh for the numerical calculations does not necessarily have to be the same as the
transformation function that is used for the calculation of the objective function gradient.
This becomes clear if we take a look at the situation for one specific given parameter
iterate uk of the optimization algorithm. As stated in previous chapters it is advantageous
to solve the state equations on the corresponding physical domain Ωuk := τ uk (Ωref ).
Without loss of generality we can choose Ωref := Ωuk and evaluate the objective function
gradient for τ = id. We can successively do that for every parameter iterate uk , k ≥ 0.
Therefore it is also obvious that the gradient calculation is independent of the particular
transformation method that we actually used to transform the computational domain
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from one parameter iterate uk−1 to the next parameter iterate uk as long as the physical
problem that is solved is still the same. This can be numerically very useful, as for the
transformation of the computational domain we can focus on the preservation of a good
mesh quality, while for the gradient calculation we can choose a transformation function
that has a simple structure by means of its differentiability with respect to the parameter
u.
As a result, we have chosen to always use the whole-grid approach as the transformation function in the gradient calculation as this function can easily be differentiated
with respect to the coordinate vector x and with respect to the rigid-body parameters
u. Hence, we can concentrate the derivation of the transformation function derivatives
appearing in the gradient calculation on this specific transformation function.
For the three-dimensional case (d = 3) the whole-grid transformation function τ is
defined by
τ u (x) = τ (x, u) := Rz (ur,3 ) Ry (ur,2 ) Rx (ur,1 ) (x − xG ) + xG + ut
= Rz (u3 ) Ry (u2 ) Rx (u1 ) (x − xG ) + xG + ut ,

∀x ∈ Ωref .
(4.43)

where Rx , Ry , Rz are rotation matrices around the x-, y- and z-axis, respectively, given
by




1
0
0
cos u2 0 sin u2




Rx (u1 ) = 0 cos u1 − sin u1  , Ry (u2 ) =  0
1
0 ,
0 sin u1 cos u1
− sin u2 0 cos u2


cos u3 − sin u3 0


Rz (u3 ) =  sin u3 cos u3 0 ,
0

0

1

with
Rz (u3 ) Ry (u2 ) Rx (u1 ) =

cos u2 cos u3 sin u1 sin u2 cos u3 − cos u1 sin u3

=  cos u2 sin u3 sin u1 sin u2 sin u3 + cos u1 cos u3
− sin u2
sin u1 cos u2


cos u1 sin u2 cos u3 + sin u1 sin u3

cos u1 sin u2 sin u3 − sin u1 cos u3 .
cos u1 cos u2

Thus, we get for x = xG
τ (xG , u) = xG + ut
as the rotation is around xG and therefore only the translation actually moves the centre
of gravity. Conversely, for the transformation of the surface normal vectors, only the
rotation takes effect and we have the relation
ñ (τ (x, u)) = Rz (u3 ) Ry (u2 ) Rx (u1 ) n (x) ,
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where n (x) denotes the surface normal vector on the reference domain Ωref , i.e. n (x) :=
ñ (τ (x, 0)).
The inverse function (τ u )−1 is given by

Ω → Ω ,
u
ref
(τ u )−1 (x̃) :
x̃ 7→ (τ u )−1 (x̃) ,
with
(τ u )−1 (x̃) := Rx (−u1 ) Ry (−u2 ) Rz (−u3 ) (x̃ − ut − xG ) + xG .

(4.44)

The gradients of τ u (x) and (τ u (x̃))−1 with respect to x and x̃, respectively, are
given by
∇x τ u (x) = Rx (u1 )T Ry (u2 )T Rz (u3 )T
∇x̃ (τ u )−1 (x̃) = Rz (−u3 )T Ry (−u2 )T Rx (−u1 )T
= Rz (u3 ) Ry (u2 ) Rx (u1 )
= (∇x τ u (x))T
= (∇x τ u (x))−1 .
The Laplacian operators of τ u (x) and (τ u )−1 with respect to x and x̃, respectively,
vanish
∆x τ u (x) = 0,
∆x̃ (τ u )−1 (x̃) = 0
and we get for the Jacobian determinant
det Jτ u (x) = det (∇x τ u (x)) = 1
independently of u and x.
So far we considered spatial derivatives of the transformation function and its inverse
with respect to the coordinate vectors x and x̃, respectively, which we need in order to
set up the constraint operator R and the objective function J on the reference domain.
For the derivative of the constraint operator and objective function with respect to u we
need the derivatives with respect to u of the terms presented above.
We start with looking at the derivative with respect to u of the transformation function
itself:

τ u (x)

(A.24)

∇u τ u (x) =





∇u (Rz (u3 ) Ry (u2 ) Rx (u1 ))i,· (x − xG )

i=1,...,d

+ ∇u ut .

(4.45)
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The second term on the right-hand side is

0

0

0

∇u ut = 
1

0

0

given by

0 0

0 0

0 0

=
0 0

1 0

0 1

03
I3

!
.

For the different values of i, the derivative of the ith row of the rotation matrices product
in the first term is given by
i = 1:

cos u2 cos u3


= ∇u sin u1 sin u2 cos u3 − cos u1 sin u3 
cos u1 sin u2 cos u3 + sin u1 sin u3


∇u (Rz (u3 ) Ry (u2 ) Rx (u1 ))1,·


0


−sin u2 cos u3

−cos u2 sin u3
=

0



0
0

(4.46a)


cos u1 sin u2 cos u3 + sin u1 sin u3 −sin u1 sin u2 cos u3 +cos u1 sin u3

sin u1 cos u2 cos u3
cos u1 cos u2 cos u3


−sin u1 sin u2 sin u3 −cos u1 cos u3 −cos u1 sin u2 sin u3 +sin u1 cos u3 


0
0



0
0
0
0

i = 2:


∇u (Rz (u3 ) Ry (u2 ) Rx (u1 ))2,·


0

−sin u2 sin u3

 cos u2 cos u3
=

0



0
0


cos u2 sin u3


= ∇u sin u1 sin u2 sin u3 + cos u1 cos u3 
cos u1 sin u2 sin u3 − sin u1 cos u3

cos u1 sin u2 sin u3 − sin u1 cos u3
sin u1 cos u2 sin u3
sin u1 sin u2 cos u3 − cos u1 sin u3
0
0
0

(4.46b)


−sin u1 sin u2 sin u3 − cos u1 cos u3

cos u1 cos u2 sin u3


cos u1 sin u2 cos u3 + sin u1 sin u3 


0



0
0

i = 3:


∇u (Rz (u3 ) Ry (u2 ) Rx (u1 ))3,·


− sin u2


= ∇u  sin u1 cos u2 
cos u1 cos u2

0
cos u1 cos u2

0
− cos u2

 0
−
sin
u
1 sin u2
=
 0
0


 0
0
0
0

(4.46c)

− sin u1 cos u2

− cos u1 sin u2 


0
.

0



0
0
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Inserting the two special values xG and xext

0

0

0

u
∇u τ (xG ) = 
1

0

0

we get:

0 0

0 0

0 0

=
0 0

1 0

0 1

∇u τ u (xext ) = (∇u τ u (x))
For the derivatives
i = 1:

∂
∂ui
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03
I3

x=xext

!
,

(4.47)

.

(4.48)

(∇τ u ) we get for the different values of i

∂
(∇τ u ) =
∂u1


(4.49a)


0
0
0


=  cos u1 sin u2 cos u3 + sin u1 sin u3 cos u1 sin u2 sin u3 − sin u1 cos u3 cos u1 cos u2 
−sin u1 sin u2 cos u3 +cos u1 sin u3 −sin u1 sin u2 sin u3 −cos u1 cos u3 −sin u1 cos u2

i = 2:


− sin u2 cos u3
∂

(∇τ u ) = sin u1 cos u2 cos u3
∂u2
cos u1 cos u2 cos u3


− sin u2 sin u3
− cos u2

sin u1 cos u2 sin u3 −sin u1 sin u2 
cos u1 cos u2 sin u3 −cos u1 sin u2

(4.49b)

i = 3:
∂
(∇τ u ) =
∂u3


(4.49c)

− cos u2 sin u3

= − sin u1 sin u2 sin u3 − cos u1 cos u3
− cos u1 sin u2 sin u3 + sin u1 cos u3

cos u2 cos u3
sin u1 sin u2 cos u3 − cos u1 sin u3
cos u1 sin u2 cos u3 + sin u1 sin u3


0

0
0

i = 4, . . . , 6:



0 0 0
∂


(∇τ u ) = 0 0 0 = 03 .
∂ui
0 0 0

(4.49d)

∂
Next, we need the derivatives ∂u
(∇τ u )−T . As (∇τ u )−T = ∇τ u for this special
i
transformation function, we have the relation

∂
∂
(∇τ u )−T =
(∇τ u )
∂ui
∂ui
and thus we get the derivatives directly from (4.49a)-(4.49d).
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Equally, for the terms

∂
∂ui

(∇τ u )−1 , we have

∂
(∇τ u )−1 =
∂ui



T
∂
(∇τ u )
∂ui

and therefore the derivatives are the transpose matrices

of the matrices in (4.49a)-(4.49d).
−1
u
As the second-order spatial derivative ∆x̃ (τ )
is equal to zero in this case of
course the derivative with respect to u of this term vanishes as well:



∇u ∆x̃ (τ u )−1
= 0.
(4.50)
Similarly for the gradient with respect to u of the absolute value of the Jacobian
determinant we get
∇u (|det Jτ u (x)|) = 0
(4.51)
as the Jacobian determinant has a constant value of 1.
It remains to compute the gradient with respect to u of the surface normal vector on
the physical domain:

∇u (ñ (τ u (x))) = ∇u Rz (u3 ) Ry (u2 ) Rx (u1 ) n (x)
2d

(A.25)
T ∂
(Rz (u3 ) Ry (u2 ) Rx (u1 ))
,
=
n (x)
∂ui
i=1
∂
(Rz (u3 ) Ry (u2 ) Rx (u1 )) are the transpose matrices of the matriwhere the matrices ∂u
i
ces in (4.49a)-(4.49d).

Remark 4.9. If we follow the approach to always choose Ωref := Ωuk for a given iterate
uk of the optimization algorithm, then we always have τ u (x) = id and we only need
these derivatives specifically for u = 0. Hence, the calculation of the formulas derived in
Section 4.3.2 and 4.3.3 simplifies significantly.

Chapter 5

Multiphase Navier-Stokes Flow
Constrained Optimality System for
Rigid Body Motion
In the last chapter the adjoint system and the gradient calculation for rigid body motion
in incompressible single-phase flow was presented. The aim of this thesis, however, is to
be able to calculate the position of ships floating in water with a constant speed. Thus,
we need to incorporate a model for multiphase flow (water and air) in our calculations,
which is the purpose of this chapter.
In the first section the changes in the formulation of the optimality system that result
from the consideration of two different fluids in the flow field are discussed. Of course,
the changes of the primal system have an immediate effect on the formulation of the
adjoint system. Hence, the second section deals with the derivation of the adjoint system
and the corresponding adjoint boundary conditions for multiphase Navier-Stokes flow.
Finally, the subject of the last section is the gradient calculation of the objective function
for rigid body motion with the help of the multiphase adjoint flow variables.

5.1

Optimality System for Multiphase Navier-Stokes Flow

In the same manner as in Chapter 4, we want to formulate our problem as an optimality
system of the form
min J¯ (ỹ, Ωu )
Ωu

s.t. R̄ (ỹ, Ωu ) = 0,

Ωu ∈ Oad ,

though with a different constraint system R̄ (ỹ, Ωu ) = 0 and a slightly different objective
function J¯ (ỹ, Ωu ) as we want to consider the possibility of having both, water and air
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flow, in the computational domain. We start again with the formulation of the constraint
system.

5.1.1

Constraint System

As mentioned before, we need to equip our equation system with a model for multiphase
treatment. We have chosen to use the VOF-Method for this purpose. As described
in Section 2.6, this model uses an indicator variable α : Ωu × I → R to locally distinguish between water and air. Hence, we get an additional scalar transport equation and
additional boundary conditions for this variable. The system then reads:




∂ ρ̃ṽ
T
∗
T


+∇·(ρ
ṽṽ
+∇p̃
−∇·
µ̃
∇
ṽ
+
∇ṽ
+ g T x̃∇ρ̃−σκ̃∇α̃ = 0,
on Ωu ×I,
eff


∂t





∇· ṽ = 0,
on Ωu ×I,





∂ α̃


+ ∇· (α̃ṽ) = 0,
on Ωu ×I,


∂t























ṽ = ṽ in ,

ñT ∇p̃∗ = 0,

ṽ = 0,

nT ∇p̃∗ = 0,
∗

(ñ · ∇) ṽ = 0,

p̃ = 0,

ṽ (·, 0) = ṽ 0 ,

p̃∗ (·, 0) = p̃∗0 ,

on Γu,in ×I,

α̃= α̃in ,
ñT ∇α̃= 0,

on (Γu,wall ∪ Γu,B )×I,

T

ñ ∇α̃= 0,

on Γu,out ×I,

α̃ (·, 0)= α̃0 ,

on Ωu ,
(5.1)

with
• the time variable t ≥ 0, t ∈ I = (0, T ) with a finite end time T,
• the velocity field ṽ : Ωu × I → Rd ,
• the pressure field (without hydrostatic pressure) p̃∗ : Ωu × I → R,
• the phase fraction variable α̃ : Ωu × I → R,
• the phase-averaged density ρ̃ : Ωu × I → R with
ρ̃ (x̃, t) = α̃ (x̃, t) ρ1 + (1 − α̃ (x̃, t)) ρ2 ,
• the phase-averaged effective dynamic viscosity µ̃eff : Ωu × I → R

µ̃eff (x̃, t) = α̃ (x̃, t) µ1 + (1 − α̃ (x̃, t)) µ2 + µ̃T (x̃, t) ,
• the curvature at the interface κ̃ : Ωu × I → R and
• the outer unit normal ñ : ∂Ωu × I → Rd .
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The state variable ỹ thus consists of velocity, pressure and phase fraction: ỹ =
(ṽ, p̃∗ , α̃) . The presented system is instationary, i.e. it contains time derivatives in the
state equations. This is mainly due to the special modeling of the phase fraction transport characterizing the VOF approach. For problems with linear inflow and moderate
inflow velocity, like the problems we want to simulate, the solution indeed is a stationary
flow field. Hence, for the converged primal flow variables, the time derivatives vanish. In
our calculation procedure the calculation of the adjoint flow variables is separated from
the calculation of the primal flow variables and uses the already computed, converged
solutions for the primal flow fields. Thus, we can directly start the derivation of the
adjoint multiphase system from a modified primal system without time derivatives. This
is very beneficial as we get a stationary multiphase adjoint system which can be solved
much more efficiently.
As already mentioned for the single-phase case we would again have to add additional equations for the turbulence modeling. These equations are indeed used for the
computation of the turbulent dynamic viscosity µT in the primal flow field calculation.
Yet, for the derivation of the adjoint multiphase system we again pursue the strategy of
“frozen turbulence” which neglects the variation of the turbulent viscosity due to domain
changes.
Another special characteristic of our problem is that the surface tension forces at the
interface of water and air play a limited role. This is due to the fact that we simulate
more or less flat water surfaces in contrast to the highly curved interfaces that appear
for example in the simulation of closed surfaces like droplets. In fact for our calculations
of multiphase flow around ships the surface tension force is often completely neglected
by choosing the surface tension coefficient equal to zero. Therefore, we also do not
consider the variation of the surface tension due to domain changes in the derivation of
the multiphase adjoint system.
Putting all these aspects together we end up with the following stationary system for
multiphase flow without surface tension from which we derive the adjoint equations in
Section 5.2:




T
∗
T

∇·
ρ̃ṽṽ
+
∇p̃
−∇·
µ̃
∇ṽ+∇ṽ
+ g T x̃∇ρ̃ = 0,
on Ωu ,

eff






∇ · ṽ = 0,
on Ωu ,






∇· (α̃ṽ) = 0,
on Ωu ,

















ṽ = ṽ in ,

ñT ∇p̃∗ = 0,

ṽ = 0,

nT ∇p̃∗ = 0,

ñT ∇α̃ = 0,

on Γu,wall ∪ Γu,B ,

(ñ · ∇) ṽ = 0,

p̃∗ = 0,

ñT ∇α̃ = 0,

on Γu,out .

α̃ = α̃in ,

on Γu,in ,

(5.2)
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Objective Function

Equally as before, we want to optimize with respect to the forces and moments acting
on the body. Therefore we get a very similar objective function as in Section 4.1.2. The
differences reside in the dependency of density ρ̃ and viscosity µ̃eff on the local value of
α̃ and in the different pressure treatment. For single phase calculations we worked with
the pressure variable divided by density. Consequently, we also optimized for the forces
divided by density. Here, the pressure that we get from the flow calculations is no longer
divided by density. The specialty now is that we have subtracted the hydrostatic pressure
ρ̃g T x̃ in the multiphase equation system as described in Section 2.6. In the calculation of
forces and moments we add this pressure part to the pressure variable again. Altogether
this leads to the following formulas as already described more detailed in Section 2.7
Z 


∗
f̃ ((ṽ, p̃ , α̃) , Ωu ) =
p̃∗ + ρ̃g T x̃ I − µ̃eff ∇ṽ + ∇ṽ T ñ dS + mg + f ext
Γu,B

and
m̃ ((ṽ, p̃∗ , α̃) , Ωu ) =


Z


∗
T
T
(x̃ − x̃G ) ×
=
p̃ + ρ̃g x̃ I − µ̃eff ∇ṽ + ∇ṽ
ñ dS + (x̃ext − x̃G ) × f ext .
Γu,B

Again, we can combine different components of the forces and moments in a single
objective function by using squared absolute values and appropriate weighting factors af
and am
J¯ ((ṽ, p̃∗ , α̃) , Ωu ) := af kΘTf f̃ ((ṽ, p̃∗ , α̃) , Ωu ) k22 + am kΘTm m̃ ((ṽ, p̃∗ , α̃) , Ωu ) k22 . (5.3)
For the case where we want to calculate the position of objects floating on water
we can also think of a slightly different objective function. Here, we do not only know
that the desired position is the minimum in terms of the absolute value of all force and
moment components but indeed it is the zero point of all components. Consequently,
we can change the problem setting from an optimization problem to the determination
of the root of the objective function. Hence, we can use the gradient of the objective
function directly for an iterative algorithm, such as Newton’s method, that determines
the root of the objective function. This is a clear advantage as there is no longer the
need for a line search strategy in the procedure of the iterative solution algorithm as it
is the case in gradient-based optimization methods.
In this context it can also be convenient to take a look at the multidimensional objective function with all force and moment components combined in a vector instead of
combining all components to a scalar valued objective function by taking the absolute
value and appropriate weighting factors. This means in particular that we avoid the
problem of finding appropriate weighting factors. Then, of course we need to calculate
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the component-wise root of the objective function and therefore need the gradient of
every component w.r.t the single parameters. In terms of adjoint gradient calculation
this means that we get a different adjoint system for every component of the objective
function. This obviously increases the effort for the gradient calculation, however, if
the dependencies of the single parameters are nearly linear the iterative solution algorithm converges very fast, which in turn reduces the effort for the overall calculation
significantly. Moreover, as the objective function is only defined on the boundary object
the adjoint system only changes in the adjoint boundary conditions. The multidimensional objective function J¯ ((ṽ, p̃∗ , α̃) , Ωu ) : Y (Ωu ) × Ωu → R2d described above, can be
detailed as


dTm,1 m̃ ((ṽ, p̃∗ , α̃) , Ωu )


..


.


! 

T
T
∗
∗

Θm m̃ ((ṽ, p̃ , α̃) , Ωu )
dm,d m̃ ((ṽ, p̃ , α̃) , Ωu )
∗
¯

.
J ((ṽ, p̃ , α̃) , Ωu ) :=
= T
(5.4)

∗
ΘTf f̃ ((ṽ, p̃∗ , α̃) , Ωu )
 df,1 f̃ ((ṽ, p̃ , α̃) , Ωu ) 


..


.


T
∗
df,d f̃ ((ṽ, p̃ , α̃) , Ωu )

5.2

Multiphase Adjoint System

By adding the phase fraction variable and its transport equation to the system, the
dimension of the state variable ỹ is extended. Consequently, the adjoint state λ̃ also has
to be extended by an adjoint counterpart of α̃ which we call γ̃ with
γ̃ : Ωu → R.
Moreover, similarly as in Section 4.2 we keep most of the boundary conditions of System
(5.2) as explicit constraints in Y (Ωu ). Therefore, we do not introduce extra adjoint
variables for the boundary condition terms but formally shift the boundary condition
from the operator R̄ to Y (Ωu ). The only exception of this treatment is the Dirichlet
boundary condition of the phase fraction variable α̃ on the inlet boundary Γu,in . Here,
in contrast to all other boundary conditions, we have a dependency of the α̃ value on
the spacial variable x̃ and thus on the domain parameter u. Hence, we leave this term
in the form
α̃ (x̃) − α̃in (x̃) = 0,

on Γu,in

in the constraint system as the fourth component of the operator R̄ together with the
three field equations and introduce another additional adjoint variable γ̃in with
γ̃in : Γu,in → R.
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With these additional components the complete adjoint variable λ̃ is now defined by
λ̃ = (w̃, q̃, γ̃, γ̃in ). The adjoint equation Ly (y, u, λ) = 0 or

˜ Z(Ω )∗ ,Z(Ω ) = −J¯ỹ (ỹ (u) , Ωu ) [δy],
˜
hλ̃, R̄ỹ (ỹ (u) , Ωu ) [δy]i
u
u

˜ ∈ Y (Ωu ),
∀(ỹ + δy)

can now be written in terms of the precise variables as

˜ δp,
˜ δα)]i
˜ Z(Ω )∗ ,Z(Ω ) =
h(w̃, q̃, γ̃, γ̃in ) , R̄(ṽ,p̃∗ ,α̃) ((ṽ, p̃∗ , α̃) , Ωu )[(δv,
u
u

(5.5)

˜ δp,
˜ δα)],
˜
= −J¯(ṽ,p̃∗ ,α̃) ((ṽ, p̃∗ , α̃) , Ωu ) [(δv,
˜ p̃∗ + δp,
˜ α̃ + δα)
˜ ∈ Y (Ωu )
∀(ṽ + δv,

and will be derived throughout the following paragraphs.

5.2.1

Derivation of the Adjoint System for Multiphase Flow

This section is dedicated to the derivation of the Adjoint System (5.5) for the specific
case of multiphase incompressible Navier-Stokes flow constraints defined as in System
(5.2) and a general objective function J¯ consisting of contributions from the domain Ωu
and the domain boundary ∂Ωu with

J¯ ((ṽ, p̃∗ , α̃) , Ωu ) = J¯∂Ω ((ṽ, p̃∗ , α̃) , Ωu ) + J¯Ω ((ṽ, p̃∗ , α̃) , Ωu )
(5.6)
Z
Z
JˆΩ ((ṽ, p̃∗ , α̃) , Ωu ) dx.
Jˆ∂Ω ((ṽ, p̃∗ , α̃) , Ωu ) dx +
=
∂Ωu

Ωu

We first state the resulting system in the following proposition and will prove its validity
with a detailed derivation thereof in the remainder of this section.

Proposition 5.1 (Multiphase Adjoint Field Equations). For the optimization problem
with a general objective function J¯ as given in (5.6) and Constraint System (5.2) where
all boundary conditions except for the phase fraction inlet condition are contained in the
solution space Y (Ωu ), the adjoint system implied by Condition (5.5) takes the form
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Multiphase adjoint Navier-Stokes equations:








−ρ̃ ∇w̃ + ∇w̃T ṽ − ∇· µ̃eff ∇w̃ + ∇w̃T − ∇q̃ − α̃∇γ̃






+JˆṽΩ ((ṽ, p̃∗ , α̃) , Ωu )T = 0,











∇ · w̃ = −Jˆp̃Ω∗ ((ṽ, p̃∗ , α̃) , Ωu ) ,













(µ1 − µ2 ) ∇ṽ + ∇ṽ T : ∇w̃ − (ρ1 − ρ2 ) ṽ T (∇w̃) ṽ






− (ρ1 − ρ2 ) g T (w̃ + x̃∇· w̃) − ṽ T ∇γ̃ + Jˆα̃Ω ((ṽ, p̃∗ , α̃) , Ωu )T = 0,










 Multiphase adjoint boundary conditions:
Z



˜ T ρ̃ ñw̃T ṽ + ρ̃w̃ṽ T ñ + µ̃eff ∇w̃ + ∇w̃T ñ + ñ q̃ + α̃γ̃ ñ

δv



∂Ωu





T
˜ + ∇δv
˜ T ñdS + J¯∂Ω ((ṽ, p̃∗ , α̃) , Ωu ) [δv]
˜ = 0,

−
w̃
µ̃
∇
δv
eff

ṽ






Z





˜ = 0,
˜ w̃T ñ dS + J¯∂Ω ((ṽ, p̃∗ , α̃) , Ωu ) [δp]

δp

p


∂Ω
u






Z





˜ − (µ1 − µ2 ) w̃T ∇ṽ + ∇ṽ T ñ + (ρ1 − ρ2 ) w̃T ṽṽ T ñ

δα



∂Ωu


Z




T
T
T

˜ in dS
+
(ρ
−
ρ
)
g
x̃
w̃
ñ
+
γ̃
ṽ
ñ
dS
+
δαγ̃

1
2


Γ

u,in




˜ = 0,
+J¯α̃∂Ω ((ṽ, p̃∗ , α̃) , Ωu ) [δα]

on Ωu ,

on Ωu ,

on Ωu .

(5.7)
on ∂Ωu ,

on ∂Ωu ,

on ∂Ωu .

Proof: For the directional derivative of R̄ (ỹ (u) , Ωu ) with respect to the flow variables
ỹ = (ṽ, p̃∗ , α̃) we have
˜ = R̄(ṽ,p̃∗ ,α̃) ((ṽ, p̃∗ , α̃) , Ωu ) [(δv,
˜ δp,
˜ δα)]
˜
R̄ỹ (ỹ (u) , Ωu ) [δy]
˜ + R̄p̃∗ ((ṽ, p̃∗ , α̃) , Ωu ) [δp]
˜ + R̄α̃ ((ṽ, p̃∗ , α̃) , Ωu ) [δα].
˜
= R̄ṽ ((ṽ, p̃∗ , α̃) , Ωu ) [δv]
˜
Thus, we have to build the derivatives with respect to ṽ, p̃∗ and α̃ in the directions δv,
˜ and δα,
˜ respectively, for all terms in R̄ ((ṽ, p̃∗ , α̃) , Ωu ).
δp






˜ T + ∇· ρ̃ṽ δv
˜ T − ∇· µ̃eff ∇δv
˜ + ∇δv
˜T

∇·
ρ̃
δvṽ





 ∇· δv
˜
∗
˜


R̄ṽ ((ṽ, p̃ , α̃) , Ωu ) [δv] =

˜

∇·
α̃
δv






0,
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˜

∇δp




0
∗
˜
R̄p̃∗ ((ṽ, p̃ , α̃) , Ωu ) [δp] =
0





0
and
˜ =
R̄α̃ ((ṽ, p̃∗ , α̃) , Ωu ) [δα]





˜ (ρ1 − ρ2 )
˜ (ρ1 − ρ2 )ṽṽ T − ∇· δα
˜ (µ1 − µ2 ) ∇ṽ + ∇ṽ T + g T x̃∇δα
 ∇· δα






0


=

˜

∇·
δαṽ





 δα.
˜

Inserting the directional derivatives into (5.5) we obtain for the left-hand side of the
equation
˜ δp,
˜ δα)]i
˜ Z(Ω )∗ ,Z(Ω ) =
h(w̃, q̃, γ̃, γ̃in ) , R̄(ṽ,p̃∗ ,α̃) ((ṽ, p̃∗ , α̃) , Ωu ) [(δv,
(5.8)
u
u
Z
Z


˜ T dx̃ +
˜ T dx̃
=
w̃T ∇· ρ̃δvṽ
w̃T ∇· ρ̃ṽ δv
Ωu
Ωu
Z
Z


T
T
˜ dx̃
˜
˜
−
w̃ ∇· µeff ∇δv + ∇δv
dx̃ +
w̃T ∇δp
Ωu
Ωu
Z
Z



˜ (ρ1 − ρ2 )ṽṽ T dx̃ −
˜ (µ1 − µ2 ) ∇ṽ + ∇ṽ T dx̃
+
w̃T ∇· δα
w̃T ∇· δα
Z Ωu
Z
ZΩu

T T
˜
˜
˜ dx̃
w̃ g x̃∇δα (ρ1 − ρ2 )dx̃ +
q̃∇· δv dx̃ +
γ̃∇· α̃δv
+
Ωu
Ωu
Z
ZΩu

˜ dS.
˜ dx̃ +
+
γ̃∇· δαṽ
γ̃in δα
Ωu

Γu,in

Following the procedure of Section 4.2.1 we again assume sufficient regularity for w̃, q̃ and
γ̃ and transform the terms of Equation (5.8) with the aid of Gauss’ theorem, integration
by parts and Green’s identity. These transformations enable us to subsequently derive
necessary conditions for the validity of the adjoint system. The Equations (4.8e) and
(4.8f) of the derivations for single-phase flow can directly be adopted for multiphase flow.
In the Relations (4.8c) and (4.8d) we have to substitute ν̃eff by µ̃eff . This does not affect
the validity of the transformations and therefore we can also adopt these results. The
remaining transformations are
Z

˜ T dx̃ =
w̃T ∇· ρ̃δvṽ
(5.9a)
Ωu
Gauss’ theorem
(A.8)

=

Z
−
Ωu

Z


˜ T dx̃ +
∇w̃ : ρ̃δvṽ
∂Ωu

T

˜ ñ dS
w̃T ρ̃ṽ δv
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Z

˜ T ρ̃ (∇w̃) ṽ dx̃ +
δv

−

=

Ωu

Z

Z

˜ T ρ̃ñw̃T ṽ dS,
δv

∂Ωu


˜ T dx̃ =
w̃T ∇· ρ̃ṽ δv

Ωu
Gauss’ theorem
(A.8)

=

=

(5.9b)

Z

T
˜
˜ T ñ dS
∇w̃ : ρ̃ṽ δv dx̃ +
w̃T ρ̃δvṽ
−
∂Ωu
Ωu
Z
Z
˜ T ρ̃w̃ṽ T ñ dS,
˜ T ρ̃ (∇w̃)T ṽ dx̃ +
δv
δv
−
Z



∂Ωu

Ωu

Z


˜ (ρ1 − ρ2 )ṽṽ T dx̃ =
w̃T ∇· δα

Ωu
Gauss’ theorem
(A.8)

=

=

Z

(5.9c)

Z

T
˜
˜ (ρ1 − ρ2 ) ṽṽ T ñ dS
−
∇w̃ : δα (ρ1 − ρ2 ) ṽṽ dx̃ +
w̃T δα
Ωu
∂Ωu
Z
Z
˜ (ρ1 − ρ2 ) ṽ T (∇w̃)T ṽ dx̃ +
˜ (ρ1 − ρ2 ) w̃T ṽṽ T ñ dS,
−
δα
δα


Ωu

Z

∂Ωu



˜ (µ1 − µ2 ) ∇ṽ + ∇ṽ T dx̃ =
w̃T ∇· δα

−

Ωu
Gauss’ theorem
(A.8)

Z

(5.9d)


˜ (µ1 − µ2 ) ∇w̃ : ∇ṽ + ∇ṽ T dx̃
δα

=

Ωu

Z


˜ (µ1 − µ2 ) w̃T ∇ṽ + ∇ṽ T ñ dS,
δα

−
∂Ωu

Z

˜ (ρ1 − ρ2 ) dx̃ =
w̃T g T x̃ ∇δα

Ωu
Int. by parts
(A.17)

=

Z

−
Ωu

Z
=

−

(5.9e)
Z

˜ (ρ1 − ρ2 ) g T x̃ w̃T ñ dS
δα
Z

˜ (ρ1 − ρ2 ) w̃T g + g T x̃ ∇· w̃ dx̃ +
˜ (ρ1 − ρ2 ) g T x̃ w̃T ñ dS,
δα
δα

˜ (ρ1 − ρ2 ) ∇· g T x̃ w̃ dx̃ +
δα

∂Ωu

Ωu

Z


˜ dx̃
γ̃∇· α̃δv

∂Ωu

Int. by parts
(A.17)

=

Z
−

Ωu

Z
Ωu

˜ T α̃∇γ̃ dx̃ +
δv

Ωu


˜ dx̃
γ̃∇· δαṽ

Int. by parts
(A.17)

=

Z
−
Ωu

Z

˜ T α̃γ̃ ñ dS,
δv

(5.9f)

˜ γ̃ ṽ T ñ dS.
δα

(5.9g)

∂Ωu

˜ ṽ T ∇γ̃ dx̃ +
δα

Z
∂Ωu

Combining (5.9a) - (5.9g) with the objective function we get the following equation for
˜ δp
˜ and δα,
˜ respectively, and by domain and boundary
(5.5) (sorted by appearances of δv,
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contributions)
˜ + hλ̃, R̄ỹ (ỹ, Ωu ) [δy]i
˜ Z(Ω )∗ ,Z(Ω ) =
J¯ỹ (ỹ, Ωu ) [δy]
u
u
˜ δp,
˜ α̃)]
= J¯(ṽ,p̃∗ ,α̃) ((ṽ, p̃∗ , α̃) , Ωu ) [(δv,
˜ δp,
˜ α̃)]iZ(Ω )∗ ,Z(Ω )
+ h(w̃, q̃, γ̃, γ̃in ) , R̄(ṽ,p̃∗ ,α̃) ((ṽ, p̃∗ , α̃) , Ωu ) [(δv,
u
u
Z




˜ T −ρ̃ ∇w̃ + ∇w̃T ṽ − ∇· µ̃eff ∇w̃ + ∇w̃T − ∇q̃ − α̃∇γ̃ dx̃
δv

=

(5.10a)

Ωu

˜
+JṽΩ ((ṽ, p̃∗ , α̃) , Ωu ) [δv]
Z

˜
˜
δp∇·
w̃ dx̃ + J¯p̃Ω∗ ((ṽ, p̃∗ , α̃) , Ωu ) [δp]

+

(5.10b)

Ωu

Z


˜ T (µ1 − µ2 )
δα



∇ṽ + ∇ṽ T : ∇w̃ − (ρ1 − ρ2 ) ṽ T (∇w̃) ṽ
Ωu

˜
− (ρ1 − ρ2 ) g T (w̃ + x̃∇· w̃) − ṽ T ∇γ̃ dx̃ + J¯α̃∂Ω ((ṽ, p̃∗ , α̃) , Ωu ) [δα]

+

Z
+




˜ T ρ̃ñw̃T ṽ + ρ̃w̃ṽ T ñ + µ̃eff ∇w̃ + ∇w̃T ñ + ñq̃ + α̃γ̃ ñ
δv
(5.10d)

∂Ωu
T

−w̃ µeff
Z


˜
˜ + ∇δv
˜ T ñ dS + J¯∂Ω ((ṽ, p̃∗ , α̃) , Ωu ) [δv]
∇δv
ṽ


∗
˜ w̃T ñ dS + J¯∂Ω
˜
δp
p̃∗ ((ṽ, p̃ , α̃) , Ωu ) [δp]

+

(5.10c)

(5.10e)

∂Ωu

Z
+



˜ − (µ1 − µ2 ) w̃T ∇ṽ + ∇ṽ T ñ + (ρ1 − ρ2 ) w̃T ṽṽ T ñ
δα
∂Ωu
Z

˜ in dS
δαγ̃
+ (ρ1 − ρ2 ) g T x̃w̃T ñ + γ̃ ṽ T ñ dS +

(5.10f)

Γu,in

˜
+J¯α̃∂Ω ((ṽ, p̃∗ , α̃) , Ωu ) [δα]
= 0.

˜ p̃∗ + δp,
˜ α̃ + δα)
˜ ∈ Y (Ωu ). As a result,
This equation needs to be valid for all (ṽ + δv,
the Terms (5.10a)-(5.10f) have to vanish individually in order to satisfy this condition
which leads to the multiphase adjoint system as described in (5.7).
Remark 5.2. Equally as described in Remark 4.2 we could follow an alternative approach and instead of applying the Gauss’ theorem in Equation (5.9a) we could just
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modify the term by dissolving the divergence
Z

˜ T dx̃ =
w̃T ∇· ρ̃δvṽ
Ωu
Z
Z
Z
T
T T
˜
˜
δv ρ̃ (∇ṽ) w̃ dx̃ +
=
δv w̃ ṽ∇ρ̃ dx̃ +
Ωu

Ωu

Ωu

˜
ρ̃w̃T ṽ ∇·
| {zδv} dx̃,
= 0

˜ p̃∗ + δp
˜ )∈Y
(ṽ + δv,

where the last term cancels due to the continuity equation. With this modified transformation we no longer get a boundary contribution from that term and in the field equation
for w̃ we get the terms ρ̃ (∇ṽ) w̃ and w̃T ṽ ∇ρ̃ instead of −ρ̃ (∇w̃) ṽ.
A similar alternative is possible for the term of Equation (5.9f), i.e. we use the relation
Z
Z
Z

T
˜
˜
˜
γ̃ ∇· α̃δv dx̃ =
δv γ̃∇α̃ dx̃ +
α̃γ̃ ∇·
| {zδv} dx̃.
Ω
Ω
Ω
u

u

u

= 0

˜ p̃∗ + δp
˜ )∈Y
(ṽ + δv,

Likewise, the boundary contribution of this term disappears and in the adjoint momentum equation the term −α̃∇γ̃ is replaced by γ̃∇α̃. Hence, the alternative adjoint system
reads:


 Multiphase adjoint Navier-Stokes equations:







ρ̃ (∇ṽ) w̃ − ∇w̃T ṽ + w̃T ṽ ∇ρ̃ − ∇· µ̃eff ∇w̃ + ∇w̃T − ∇q̃



on Ωu ,



+γ̃∇α̃ + JˆṽΩ ((ṽ, p̃∗ , α̃) , Ωu )T = 0,











∇ · w̃ = −Jˆp̃Ω∗ ((ṽ, p̃∗ , α̃) , Ωu ) ,
on Ωu ,













(µ1 − µ2 ) ∇ṽ + ∇ṽ T : ∇w̃ − (ρ1 − ρ2 ) ṽ T (∇w̃) ṽ


on Ωu .



− (ρ1 − ρ2 ) g T (w̃ + x̃∇· w̃) − ṽ T ∇γ̃ + Jˆα̃Ω ((ṽ, p̃∗ , α̃) , Ωu )T = 0,










 Multiphase adjoint boundary conditions:
Z
(5.11)



˜ T ρ̃w̃ṽ T ñ + µ̃eff ∇w̃ + ∇w̃T ñ + ñq̃

δv



∂Ωu
on ∂Ωu ,



T

T
∂Ω
∗
˜
˜
˜
¯

−w̃ µ̃eff ∇δv + ∇δv ñdS + Jṽ ((ṽ, p̃ , α̃) , Ωu ) [δv] = 0,






Z





˜ w̃T ñ dS + J¯∂Ω ((ṽ, p̃∗ , α̃) , Ωu ) [δp]
˜ = 0,

δp
on ∂Ωu ,

p


∂Ω
u






Z





˜ − (µ1 − µ2 ) w̃T ∇ṽ + ∇ṽ T ñ + (ρ1 − ρ2 ) w̃T ṽṽ T ñ

δα



∂Ωu


Z




T
T
T
on ∂Ωu .

˜ in dS
+
(ρ
−
ρ
)
g
x̃
w̃
ñ
+
γ̃
ṽ
ñ
dS
+
δαγ̃

1
2


Γ

u,in




˜ = 0,
+J¯∂Ω ((ṽ, p̃∗ , α̃) , Ωu ) [δα]
α̃
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Boundary Conditions for the Multiphase Adjoint System

The boundary conditions that we derived in (5.7) so far do not have an appropriate form
˜ δp
˜ and δα
˜ still appear in the conditions.
for their application as the perturbations δv,
Thus, we take a closer look at the imposed primal boundary conditions on the different
parts of the boundary ∂Ωu and determine which simplifications can be deduced according
to those. The boundary conditions for the primal multiphase system that are relevant in
our context are:
• Inlet:
ṽ (x̃, t) = v in ,

ñT ∇p̃∗ (x̃, t) = 0,

on Γu,in × I.

α̃ (x̃, t) = α̃in (x̃, t) ,

(5.12)

• Wall (no-slip):
ṽ (x̃, t) = 0, ñT ∇p̃∗ (x̃, t) = 0, ñT ∇α̃ (x̃, t) = 0, on (Γu,wall ∪ Γu,B ) × I. (5.13)

• Outlet:
(ñ · ∇) ṽ (x̃, t) = 0,

p̃∗ (x̃, t) = 0,

ñT ∇α̃ (x̃, t) = 0,

on Γu,out × I.

(5.14)

Equally as in Section 4.2.2 we first take a closer look at the terms
Z
˜ T µ̃eff (∇w̃) ñ dS
δv
∂Ωu

and

Z
−


˜ ñ dS
w̃T µ̃eff ∇δv

∂Ωu

of the first boundary condition in (5.7). As the objective function is only defined on
˜ and w̃ and can apply
the object boundary Γu,B , we again have divergence-free fields δv
Lemma 4.4 which gives us the relation
Z
Z
 T



T
˜
˜
˜ − δv˜n w̃ dS.
δv µ̃eff ∇w̃ − w̃ µ̃eff ∇δv ñ dS = −
∇µ̃Teff w̃n δv
(5.15)
∂Ωu

∂Ωu

˜ = 0,
For all boundary conditions apart from the outlet this term cancels as either δv
or at least δv˜n = 0 and w̃n = 0. For the outlet boundary, though, we have to take a
closer look at this term. Hence, for the moment, we leave the term that we get as the
result of Lemma 4.4 in the following general formulation for boundary conditions of the
multiphase adjoint system:
Z

˜ T ρ̃ ñw̃T ṽ + ρ̃w̃ṽ T ñ + µ̃eff ∇w̃T ñ + ñ q̃ + α̃γ̃ ñ
δv
∂Ωu


˜ T ñ − ∇µ̃T w̃n δv
˜ − δv˜n w̃ dS
−w̃T µ̃eff ∇δv
eff
˜ = 0,
+J¯ṽ∂Ω ((ṽ, p̃∗ , α̃) , Ωu ) [δv]

on ∂Ωu ,

(5.16)
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Z


˜ = 0,
˜ w̃T ñ dS + J¯∂Ω ((ṽ, p̃∗ , α̃) , Ωu ) [δp]
δp
p

on ∂Ωu ,

(5.17)

on ∂Ωu .

(5.18)

∂Ωu

Z



˜ − (µ1 − µ2 ) w̃T ∇ṽ + ∇ṽ T ñ + (ρ1 − ρ2 ) w̃T ṽṽ T ñ
δα
∂Ωu
Z

˜ in dS
+ (ρ1 − ρ2 ) g T x̃w̃T ñ + γ̃ ṽ T ñ dS +
δαγ̃
Γu,in

˜ = 0,
+J¯α̃∂Ω ((ṽ, p̃∗ , α̃) , Ωu ) [δα]
Starting from this general form of the boundary conditions we now take a closer look at
the different parts of the boundary.
Inlet Boundaries
For the derivation of the adjoint inlet boundary conditions we again make the assumption
that the inlet boundary is located sufficiently far away from the object such that there are
˜ T ñ = 0.
no perturbations of the inflow due to reflections at the object and we have ∇δv
t
We can then formulate the following proposition for the inlet boundary.
Proposition 5.3 (Multiphase Adjoint Inlet Boundary Conditions). Let the field variables ṽ and w̃ be divergence-free and let inlet boundary conditions, defined as in (5.12),
hold on Γu,in . Moreover, let the inlet boundary be located sufficiently far away from the
˜ T ñ = 0 on Γu,in . For an objective function without
object. This is to guarantee that ∇δv
t
∂Ω
¯
contributions from Γu,in , i.e. J ((ṽ, p̃∗ , α̃) , Ωu ) = 0 on Γu,in , the boundary conditions
˜ p̃∗ + δp,
˜ α̃ + δα)
˜ ∈ Y (Ωu ), imply the
of System (5.7), fulfilled for arbitrary (ṽ + δv,
condition
w̃n (x̃) = 0,

γ̃in (x̃) = (µ1 − µ2 ) w̃T ∇ṽ + ∇ṽ T ñ − (ρ1 − ρ2 ) w̃T ṽṽ T ñ − γ̃ ṽ T ñ,

∀x̃ ∈ Γu,in .

Proof: We can follow the exact same line of argumentation as for the single-phase case
(cf. Section 4.2.2) and get from Equations (5.16) and (5.17) the condition
w̃n = 0,

∀x̃ ∈ Γu,in .

With this condition we can directly cancel the term containing w̃T ñ in Equation (5.18).
As the boundary condition of α̃ is not incorporated in the solution space Y (Ωu ) we can
˜ arbitrarily and hence for the rest of this equation to become zero we get the
choose δα
condition

γ̃in (x̃) = (µ1 − µ2 ) w̃T ∇ṽ + ∇ṽ T ñ − (ρ1 − ρ2 ) w̃T ṽṽ T ñ − γ̃ ṽ T ñ,

∀x̃ ∈ Γu,in .
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We neither have a condition for the tangential part of the velocity w̃t , nor for the
adjoint pressure q̃, nor for the adjoint phase fraction γ̃. Therefore, similar as in the
derivation of the single-phase adjoint system, we choose a zero gradient boundary condition for those variables in order to avoid getting an under-determined adjoint system:
(ñ · ∇) w̃t = 0,

∀x̃ ∈ Γu,in ,

∇q̃ T ñ = 0,

∀x̃ ∈ Γu,in ,

∇γ̃ T ñ = 0,

∀x̃ ∈ Γu,in .

Wall boundaries without Objective Function
Concerning wall boundaries we start again with those walls on which the objective function is not defined, i.e. J¯∂Ω ((ṽ, p̃∗ , α̃) , Ωu ) = 0.
Proposition 5.4 (Multiphase Adjoint Boundary Conditions for Walls without Objective
Function). Let ṽ and w̃ be divergence-free fields and let wall boundary conditions, defined
as in (5.2.2), hold for Γu,wall . For J¯∂Ω ((ṽ, p̃∗ , α̃) , Ωu ) = 0 on Γu,wall , the boundary
˜ p̃∗ + δp,
˜ α̃ + δα)
˜ ∈ Y (Ωu ), imply
conditions of System (5.7), fulfilled for arbitrary (ṽ + δv,
the condition
w̃ (x̃) = 0,
∀x̃ ∈ Γu,wall .
(5.19)
Proof: We can adopt the argumentation of the single-phase case for Equations (5.16)
and (5.17) and complement it with an examination of Equation (5.18). From the first
two conditions we already obtain the requirement w̃ = 0. Inserting this in the third
condition together with ṽ = 0, the equation is automatically fulfilled, which means that
we do not get any further requirements for q̃ and γ̃.
Consequently, for q̃ and γ̃ we again choose Neumann boundary conditions on Γu,wall
∇q̃ T ñ = 0,
T

∇γ̃ ñ = 0,

∀x̃ ∈ Γu,wall ,
∀x̃ ∈ Γu,wall .

Wall boundaries with Objective Function
For the wall boundaries with objective function we now take a look at the adjoint boundary condition with the objective function defined as in (5.3).
Proposition 5.5 (Multiphase Adjoint Boundary Conditions for Walls with Objective
Function). Let ṽ and w̃ be divergence-free fields and let wall boundary conditions, defined
as in (5.2.2), hold for Γu,B . For an objective function J¯∂Ω ((ṽ, p̃∗ ) , Ωu ), defined as in
(5.3) on Γu,wall , the boundary conditions of System (5.7), fulfilled for arbitrary (ṽ +
˜ p̃∗ + δp,
˜ α̃ + δα)
˜ ∈ Y (Ωu ), imply the condition
δv,
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w̃ (x̃) = −2af Θf ΘTf f̃ ((ṽ, p̃∗ , α̃) , Ωu ) − 2am Θm ΘTm m̃ ((ṽ, p̃∗ , α̃) , Ωu ) × (x̃ − x̃G ) ,
∀x̃ ∈ Γu,B . (5.20)
Proof: For wall boundaries with objective function we have to take a look at the derivative
of the objective function part on the boundary J¯∂Ω ((ṽ, p̃∗ , α̃) , Ωu ) with respect to the
flow variables ṽ, p̃∗ and α̃. We start with the objective function in a form that is equivalent
to the form that we already discussed for single-phase flow
J¯ ((ṽ, p̃∗ , α̃) , Ωu ) := af kΘTf f̃ ((ṽ, p̃∗ , α̃) , Ωu ) k22 + am kΘTm m̃ ((ṽ, p̃∗ , α̃) , Ωu ) k22 .
The functions for forces and moments in multiphase flow are slightly different from the
functions for single-phase flow. If in accordance to the flow equations we consider the
forces that are not divided by density, we obtain from Equations (5.16) and (5.17) the
same condition for w̃ on Γu,B as in Section 4.2.2, namely

w̃ (x̃) = −2af Θf ΘTf f̃ ((ṽ, p̃∗ , α̃) , Ωu ) − 2am Θm ΘTm m̃ ((ṽ, p̃∗ , α̃) , Ωu ) × (x̃ − x̃G ) ,
∀x̃ ∈ Γu,B . (5.21)
In the derivation of the condition we simply have to replace appearances of ν̃eff by µ̃eff
˜ by p̃∗ and δp,
˜ respectively.
and appearances of p̃ and δp
For the third condition we need the derivative of the objective function with re˜ and
spect to the phase fraction variable α̃, i.e. the derivatives f̃ α̃ ((ṽ, p̃∗ , α̃) , Ωu ) [δα]
˜ Furthermore, we use the relation µ̃eff = α̃µ1 + (1 − α̃) µ2 + µ̃T :
m̃α̃ ((ṽ, p̃∗ , α̃) , Ωu ) [δα].
˜ =
f̃ α̃ ((ṽ, p̃∗ , α̃) , Ωu ) [δα]
Z 

˜ (µ1 − µ2 ) ∇ṽ + ∇ṽ T ñ dS,
˜ (ρ1 − ρ2 ) g T x̃I − δα
=
δα
Γu,B

˜ =
m̃α̃ ((ṽ, p̃∗ , α̃) , Ωu ) [δα]


Z

T
T
˜
˜
=
(x̃ − x̃G ) ×
δα (ρ1 − ρ2 ) g x̃I − δα (µ1 − µ2 ) ∇ṽ + ∇ṽ
ñ dS.
Γu,B

Altogether we get for (5.18)
Z



˜ (µ1 − µ2 ) w̃T ∇ṽ + ∇ṽ T ñ − (ρ1 − ρ2 ) g T x̃w̃T ñ dS =
δα
∂Ωu
Z 
˜ (ρ1 − ρ2 ) g T x̃I
= 2af f̃ ((ṽ, p̃∗ , α̃) , Ωu )T Θf ΘTf
δα
Γu,B

˜ (µ1 − µ2 ) ∇ṽ + ∇ṽ T
− δα

Z
˜ (ρ1 − ρ2 ) g T x̃I
+ 2am m̃ ((ṽ, p̃∗ , α̃) , Ωu )T Θm ΘTm (x̃ − x̃G ) ×
δα



ñ dS

Γu,B

˜ (µ1 − µ2 ) ∇ṽ + ∇ṽ T
− δα




ñ dS,
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where we directly cancelled the second and the fourth term in the integral of (5.18) as
ṽ T ñ = 0 on walls. We can easily see that this again leads to Equation (5.21) and hence
the condition arising from the third equation confirms what we have already received
from the other two equations.
As we do not obtain any additional requirements for q̃ and γ̃ we again choose zero
gradient boundary conditions for those variables on the boundary Γu,B
∇q̃ T ñ = 0,

∀x̃ ∈ Γu,B ,

∇γ̃ T ñ = 0,

∀x̃ ∈ Γu,B .

Remark 5.6. For an objective function of the form
J¯f ((ṽ, p̃∗ , α̃) , Ωu ) := dTf f̃ ((ṽ, p̃∗ , α̃) , Ωu )
or
J¯m ((ṽ, p̃∗ , α̃) , Ωu ) := dTm m̃ ((ṽ, p̃∗ , α̃) , Ωu )
˜ δp
˜ and δα
˜ are
the directional derivatives with respect to ṽ, p̃∗ and α̃ in directions δv,
defined as
˜ = dT f̃ ((ṽ, p̃∗ , α̃) , Ωu ) [δv],
˜
J¯ṽf ((ṽ, p̃∗ , α̃) , Ωu ) [δv]
f ṽ
˜
˜ = dT f̃ ∗ ((ṽ, p̃∗ , α̃) , Ωu ) [δp],
J¯p̃f∗ ((ṽ, p̃∗ , α̃) , Ωu ) [δp]
f p̃
˜ = dT f̃ ((ṽ, p̃∗ , α̃) , Ωu ) [δα],
˜
J¯α̃f ((ṽ, p̃∗ , α̃) , Ωu ) [δα]
f α̃
or
˜
˜ = dT m̃ṽ ((ṽ, p̃∗ , α̃) , Ωu ) [δv],
J¯ṽm ((ṽ, p̃∗ , α̃) , Ωu ) [δv]
f
˜ = dT m̃p̃∗ ((ṽ, p̃∗ , α̃) , Ωu ) [δp],
˜
J¯p̃m∗ ((ṽ, p̃∗ , α̃) , Ωu ) [δp]
f
˜
˜ = dT m̃α̃ ((ṽ, p̃∗ , α̃) , Ωu ) [δα],
J¯α̃m ((ṽ, p̃∗ , α̃) , Ωu ) [δα]
f
respectively, with the directional derivatives of f̃ and m̃ that we have already derived
for the above presented form of the objective function (cf. Section 4.2.2). Together with
the simplifications specific to the primal wall boundary conditions the Equations (5.16),
(5.17) and (5.18) result in
Z
Z

T
T
T
˜
˜
˜ + ∇δv
˜ T ñ dS,
w̃ µ̃eff ∇δv + ∇δv ñ dS = df
−µeff ∇δv
(5.22)
Γu,B

Z

Γu,B


˜ w̃T ñ dS = dT
δp
f

Γu,B

Z


˜ ñ dS,
− δpI

(5.23)

Γu,B

Z




˜ (µ1 − µ2 ) w̃T ∇ṽ + ∇ṽ T ñ − (ρ1 − ρ2 ) g T x̃w̃T ñ dS =
δα
∂Ωu
Z 

T
˜ (ρ1 − ρ2 ) g T x̃I − δα
˜ (µ1 − µ2 ) ∇ṽ + ∇ṽ T ñ dS,
= df
δα
Γu,B

(5.24)
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or
Z


˜ + ∇δv
˜ T ñ dS =
w̃T µ̃eff ∇δv

Γu,B

=

Z

dTm



(x̃ − x̃G ) × −µeff

 
˜ + ∇δv
˜ T ñ dS,
∇δv

(5.25)

Γu,B

Z


˜ w̃T ñ dS = dT
δp
m

Γu,B

Z
− (x̃ − x̃G ) ×



 
˜ ñ dS,
δpI

(5.26)

Γu,B

Z




˜ (µ1 − µ2 ) w̃T ∇ṽ + ∇ṽ T ñ − (ρ1 − ρ2 ) g T x̃w̃T ñ dS =
δα
(5.27)
∂Ωu
Z

 
T
˜ (ρ1 − ρ2 ) g T x̃I − δα
˜ (µ1 − µ2 ) ∇ṽ + ∇ṽ T ñ dS,
= dm
(x̃ − x̃G ) × δα
Γu,B

˜ ñ = 0 to the left-hand
respectively. Here, again we added the additional term w̃T µeff ∇δv
side of (5.22) and (5.25) equivalently to what we did for this condition in the single-phase
case. Now we can directly deduce the adjoint boundary condition
w̃ (x̃) = −df ,

∀x̃ ∈ Γu,B ,

for a force component specified as objective function, or
w̃ (x̃) = −dm × (x̃ − x̃G ) ,

∀x̃ ∈ Γu,B ,

for a moment component as objective function. The boundary conditions for q̃ and γ̃ are
again chosen as zero gradient boundary conditions
∇q̃ T ñ = 0,

∀x̃ ∈ Γu,B ,

∇γ̃ T ñ = 0,

∀x̃ ∈ Γu,B .

Outlet Boundaries
For outlet boundaries we make the assumption that we have planar outlet boundary
patches with ∇ñ = ∇t˜i = 0, for i = 1, . . . , d-1 as already introduced for single-phase
flow. Moreover, for the turbulent part of the viscosity we again assume, that the outlet
boundary is in the far field and therefore ∇µ̃T is negligible, i.e. we assume ∇µ̃T = 0. We
can then formulate the proposition for the adjoint outlet boundary conditions as follows.
Proposition 5.7 (Multiphase Adjoint Outlet Boundary Conditions). Let ṽ and w̃
be divergence-free fields and let outlet boundary conditions, defined as in (5.2.2), hold
for Γu,out . For ∇ñ = ∇t˜i = 0, for i = 1, . . . , d − 1, J¯∂Ω ((ṽ, p̃∗ , α̃) , Ωu ) = 0 and
∇µ̃T = 0 on Γu,out , the boundary conditions of System (5.7), fulfilled for arbitrary
˜ α̃ + δα)
˜ ∈ Y (Ωu ), imply the conditions
˜ p̃∗ + δp,
(ṽ + δv,
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0 = ρ̃v˜n w̃t + µ̃eff (∇w̃t )T ñ,

∀x̃ ∈ Γu,out
T

T

T

q̃ = − ρ̃w̃ ṽ − ρ̃w̃n v˜n − µ̃eff (∇w̃n ) ñ − α̃γ̃ − (µ1 − µ2 ) ∇α̃ w̃t ,

(µ1 − µ2 ) w̃T (∇ṽ) ñ − (ρ1 − ρ2 ) w̃T ṽṽ T ñ + g T x̃w̃T ñ
γ̃ =
,
ṽ T ñ

∀x̃ ∈ Γu,out
∀x̃ ∈ Γu,out

Proof: As the boundary conditions are incorporated into the solution space Y (Ωu ),
equally as described in Section 4.2.2 we get the following conditions in addition to the
conditions of the primal flow variables
˜ = ∇δv
˜ T ñ = 0,
(ñ · ∇) δv

∀x̃ ∈ Γu,out ,

˜ = 0,
δp

∀x̃ ∈ Γu,out ,

T

˜ ñ = 0,
δα

∀x̃ ∈ Γu,out ,

where the third equation is an additional condition for multiphase flows. As a conse˜ T ñ = 0. With
quence, the last term in the integral of Equation (5.16) cancels due to ∇δv
˜ = 0 Equation (5.17) is automatically fulfilled and with ∇ṽ T ñ = 0 a part of the first
δp

˜ − δv˜n w̃ arising in Lemma 4.4 we take
term in (5.18) vanishes. For the term ∇µ̃Teff w̃n δv
a look at ∇µ̃eff = ∇µ̃ + ∇µ̃T . For the turbulent part we again assumed that the outlet
boundary is in the far field and therefore ∇µ̃T is negligible. For the remaining part we
have
∇µ̃ = ∇ (αµ1 + (1 − α) µ2 ) = (µ1 − µ2 ) ∇α.
˜ has to fulfill the equations of the primal flow field we get from the phase fraction
As δv
˜ = 0 and the phase fraction boundary condition ∇α̃T ñ = 0. This leads
equation ∇αT δv
to


˜ − δv˜n w̃ = (µ1 − µ2 ) ∇α̃T w̃n δv
˜ − δv˜n w̃
∇µ̃Teff w̃n δv
= − (µ1 − µ2 ) ∇α̃T δv˜n w̃
˜ T ñ (µ1 − µ2 ) ∇α̃T w̃t .
= −δv

˜ and δα
˜ are chosen arbitrarily in Y (Ωu ), this leads to the following two conditions
As δv
ρ̃ñw̃T ṽ + ρ̃w̃ṽ T ñ + µeff ∇w̃T ñ + ñq̃ + α̃γ̃ ñ + (µ1 −µ2 ) ∇α̃T w̃t ñ = 0, ∀x̃ ∈ Γu,out ,

−(µ1 − µ2 ) w̃T (∇ṽ) ñ + (ρ1 − ρ2 ) w̃T ṽṽ T ñ + g T x̃w̃T ñ + γ̃ ṽ T ñ = 0, ∀x̃ ∈ Γu,out .
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The second relation can be achieved by choosing the adjoint phase fraction γ̃ accordingly

γ̃ =


(µ1 − µ2 ) w̃T (∇ṽ) ñ − (ρ1 − ρ2 ) w̃T ṽṽ T ñ + g T x̃w̃T ñ
ṽ T ñ

.

For the denominator of this fraction ṽ T ñ 6= 0 is justified by the choice of the boundary
part as outlet, otherwhise this choice has to be reconsidered.
In a similar manner as for the single-phase derivation, we split the first relation into
its normal and tangential component and get the conditions

ρ̃w̃T ṽ + ρ̃w̃n v˜n + µ̃eff (∇w̃n )T ñ + q̃ + α̃γ̃ + (µ1 − µ2 ) ∇α̃T w̃t = 0,

∀x̃ ∈ Γu,out ,

ρ̃v˜n w̃t + µ̃eff (∇w̃t )T ñ = 0,

∀x̃ ∈ Γu,out ,

where the first equation is achieved by determining the adjoint pressure q̃ by

q̃ = −ρ̃w̃T ṽ − ρ̃w̃n v˜n − µ̃eff (∇w̃n )T ñ − α̃γ̃ − (µ1 − µ2 ) ∇α̃T w̃t

and the second equation constitutes a condition on the tangential adjoint velocity w̃t .

Altogether, this leads to the following adjoint system for multiphase Navier-Stokes
equations:



Multiphase adjoint Navier-Stokes equations:







T
T

−ρ̃
∇
w̃
+
∇
w̃
ṽ
−
∇·
µ̃
∇
w̃
+
∇
w̃
− ∇q̃ − α̃∇γ̃

eff




Ω

+Jˆṽ ((ṽ, p̃∗ , α̃) , Ωu )T = 0,






on Ωu ,



∇· w̃ = −Jˆp̃Ω∗ ((ṽ, p̃∗ , α̃) , Ωu ) ,
on Ωu ,












T

(µ
−
µ
)
∇ṽ
+
∇ṽ
:
∇
w̃
− (ρ1 − ρ2 ) ṽ T (∇w̃) ṽ

1
2



− (ρ − ρ ) g T (w̃ + x̃∇· w̃) − ṽ T ∇γ̃ + JˆΩ ((ṽ, p̃∗ , α̃) , Ω )T = 0, on Ωu .
1
2
u
α̃

(5.28a)
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Multiphase adjoint boundary conditions:






w̃n = 0,







γ̃in = (µ1 − µ2 ) w̃T ∇ṽ +∇ṽ T ñ − (ρ1 − ρ2 ) w̃T ṽṽ T ñ − γ̃ ṽ T ñ,





on Γu,in ,

(ñ · ∇) w̃t = 0,





∇q̃ T ñ = 0,






∇γ̃ T ñ = 0,










w̃ = 0,






on Γu,wall ,
∇q̃ T ñ = 0,





 ∇γ̃ T ñ = 0,





















































w̃ = − 2af Θf ΘTf f̃ ((ṽ, p̃∗ , α̃) , Ωu )

− 2am Θm ΘTm m̃ ((ṽ, p̃∗ , α̃) , Ωu ) × (x̃ − x̃G ) ,

on Γu,B ,

∇q̃ T ñ = 0,
∇γ̃ T ñ = 0,
0 = ρ̃v˜n w̃t + µ̃eff (∇w̃t )T ñ,
q̃ = − ρ̃w̃T ṽ − ρ̃w̃n v˜n − µ̃eff (∇w̃n )T ñ − α̃γ̃

on Γu,out .

− (µ1 − µ2 ) ∇α̃T w̃t ,
γ̃ =


(µ1 − µ2 ) w̃T (∇ṽ) ñ − (ρ1 − ρ2 ) w̃T ṽṽ T ñ + g T x̃w̃T ñ
ṽ T ñ

,
(5.28b)

5.3

Derivatives with Respect to the Parameter

For the calculation of the objective function gradient, we use the formula
ju (u) [δu] = hJ¯u (ỹ, Ωu )T , δuiU ∗ ,U + hλ̃, R̄u (ỹ, Ωu ) δuiZ(Ωu )∗ ,Z(Ωu ) ,
introduced in Section 3.4, with ỹ = (ṽ, p̃∗ , α̃) as the solution of the multiphase NavierStokes Equations (5.1) which is equivalent to the solution of the stationary System (5.2)
for converged flow field variables and λ̃ = (w̃, q̃, γ̃, γ̃in ) as the solution of the corresponding Adjoint System (5.28a) for given u ∈ Uad . For the evaluation of this formula, we start
with the transformation of the multiphase constraint system to the reference domain and
its differentiation with respect to the parameter u. In the subsequent section we present
the transformation and differentiation of the multiphase objective function.
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5.3.1

Transformation and Differentiation of the Multiphase Constraint
System

For the evaluation of the objective function gradient we assume that the variables ṽ, p̃∗
and α̃ fulfill the primal equation system. Hence, we cancel terms in R̄ that are zero due
to the continuity equation ∇· ṽ = 0. With these cancelations we have
hλ̃, R̄ (ỹ, Ωu )iZ(Ωu )∗ ,Z(Ωu ) = h(w̃, q̃, γ̃, γ̃in ), R̄ ((ṽ, p̃∗ , α̃) , Ωu )iZ(Ωu )∗ ,Z(Ωu )
Z
Z

T
∗
T
q̃∇· ṽ dx̃
w̃ ρ̃ (ṽ · ∇) ṽ + ∇p̃ − ∇· (µ̃eff ∇ṽ) + g x̃∇ρ̃ dx̃ +
=
Ωu
Ωu
Z
Z
+
γ̃ (ṽ · ∇) α̃dx̃ +
γ̃in (α̃ − α̃in ) dS
Ωu

Z

Γu,in



wT ∇v T (∇τ u )−1

=

T

v + (∇τ u )−1 ∇p∗ − ∇v T (∇τ u )−T (∇τ u )−1 ∇µeff

Ωref



  
d 
T
u −1
u −T
u −1
+ tr H (vj ) (∇τ ) (∇τ )
−µeff ∇v ∆x̃ (τ )
j=1
!
+g T τ u (x) (∇τ u )−1 ∇ρ |det Jτ u (x)| dx
Z
+
ZΩref
+
ZΩref
+



q tr (∇τ u )−1 ∇v |det Jτ u (x)| dx
γ∇αT (∇τ u )−T v |det Jτ u (x)| dx
γin (α − α̃in (τ u (x))) |det Jτ u (x)| dS

Γref,in

=:h(w, q, γ), R ((v, p, α) , u)iZref ∗ ,Zref
with
R ((v, p, α) , u) =




∇v T (∇τ u )−T v + (∇τ u )−1 ∇p∗ − ∇v T (∇τ u )−T (∇τ u )−1 ∇µeff








  
d 


−1
−T
−1
T
u
u
u


− µeff ∇v ∆x̃ (τ )
+ tr H (vj ) (∇τ ) (∇τ )


j=1


!






+ g T τ u (x) (∇τ u )−1 ∇ρ |det Jτ u (x)|



=






u −1


tr
(∇τ
)
∇v
|det Jτ u (x)|










 ∇αT (∇τ u )−T v |det Jτ u (x)|









γin (α − α̃in (τ u (x))) |det Jτ u (x)|
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Note, that we left the notation with “ ˜” for the phase fraction inlet value α̃in (τ u (x)).
This is due to the fact that, in contrast to the field variables in the calculation domain Ωu ,
this variable is a given input function and not the result of the flow calculation. Therefore
its dependency on the domain parameter u is explicit and not implicit through the state
equations. This is of importance for the derivative with respect to u as we must not
forget to differentiate this function as well.
The derivatives of many of the terms in R ((v, p, α) , u) are the same as in Section 4.3.2
or only have a ρ multiplied in addition. Thus, we have already derived the derivatives of
most of the terms. The remaining terms are


 (A.24)
∇u ∇v T (∇τ u )−T (∇τ u )−1 ∇µeff
=
(5.29a)


 n
∂ 
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∂ui
∂ui
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 (A.24)
∇u g T τ u (x) (∇τ u )−1 ∇ρ
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(5.29b)
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 (A.23)


∇u ∇αT (∇τ u )−T v
= ∇u (∇τ u )−1 ∇α v

n
(A.24)
T ∂
u −T
=
∇α
(∇τ )
v,
∂ui
i=1

(5.29c)

n
∂
u
α̃in (τ (x))
∇u (α − α̃in (τ (x))) = −
∂ui
i=1

n
∂ u
(A.1)
T
u
= − ∇x̃ α̃in (τ (x))
τ (x)
.
∂ui
i=1

(5.29d)

u



Combining the Terms (5.29a) - (5.29d) with the Derivatives (4.38a) - (4.38f) derived in
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Section 4.3.2 we get
h∇u R ((v, p∗ , α) , u) , (w, q, γ, γin )iZref ,Zref ∗ =

(5.30)
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Z
−

where the last equivalence is due to R ((v, p, α) , u) being equal to zero component-wise
and |det Jτ u (x)| =
6 0.
Remark 5.8. For the differentiation of the phase fraction variable α and its inlet condition α̃in (τ u (x)) we assumed that we modeled the two fluids with a smooth phase fraction
field as described in Section 2.6 and hence with a transition area of finite thickness defined
as a continuous twice differentiable function. Therefore, the term
n
Z 
T ∂
u
u
−
∇x̃ α̃in (τ (x))
τ (x)
|det Jτ u (x)| γin dx
∂ui
Ωref
i=1
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is only nonzero in the very small transition area of the interface, which is only existent due to the requirement of differentiability of the phase fraction variable and to
prevent possible pressure perturbations resulting from incorrect momentum conservation
(cf. Section 2.6). However, this transition area should actually be as small as possible
which provokes steep gradients that probably cannot be reproduced very accurately by
the numerical discretization method. Consequently, this is a source of very big errors in
the calculation of the objective function gradient. If the deployed discretization method
is not able to reproduce this gradient very accurately, it might be better not to consider its contributions for the gradient calculation as the error that is introduced due to
its numerical modeling can be a lot bigger than the error that we get by neglecting its
contribution.
Remark 5.9. An alternative to modeling the phase fraction variable using a transitional
area would be to strictly define α̃ as an indicator function with values α̃ (x) ∈ {0, 1}.
Then, for the differentiation of α̃ the strong derivative does no longer exist, but we would
have to look at derivatives in the sense of distributions (or generalized functions cf. [20]).
For the derivative of the inlet term with respect to u, we would e.g. get
n

Z
∂ u
|det Jτ u (x)| γin (x) dx
τ3 (x)
Γref,in |{τ u (x)=0} ∂ui
i=1
3

instead of
Z
−



Γref,in

n
∂
∂ u
u
α̃in (τ (x))
τ (x)
|det Jτ u (x)| γin (x) dx
∂ x̃3
∂ui 3
i=1

in the case of an inlet water surface at x̃3 = 0. Experiments show that this derivative
is less prone to errors in the numerical treatment than the calculation of an inaccurate
phase fraction gradient.

5.3.2

Transformation and Differentiation of the Multiphase Objective
Function

For the transformation and differentiation of the objective function, we take a look at it
in the form
J¯f ((ṽ, p̃∗ , α̃) , Ωu ) = dTf f̃ ((ṽ, p̃∗ , α̃) , Ωu ) ,
J¯m ((ṽ, p̃∗ , α̃) , Ωu ) = dTm m̃ ((ṽ, p̃∗ , α̃) , Ωu )
or
J¯ ((ṽ, p̃∗ , α̃) , Ωu ) = af kΘTf f̃ ((ṽ, p̃∗ , α̃) , Ωu ) k22 + am kΘTm m̃ ((ṽ, p̃∗ , α̃) , Ωu ) k22 .
For the transformations of f̃ ((ṽ, p̃∗ , α̃) , Ωu ) and m̃ ((ṽ, p̃∗ , α̃) , Ωu ), we have
f̃ ((ṽ, p̃∗ , α̃) , Ωu ) =
Z 


=
p̃∗ + ρ̃g T x̃ I − µeff ∇ṽ + ∇ṽ T ñ dS + mg + f ext
Γu,B
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·
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=: f ((v, p∗ , α) , u)
and
m̃ ((ṽ, p̃∗ , α̃) , Ωu ) =
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ñ (τ (x)) ·
u

· |det Jτ u (x)| dS + (τ u (xext ) − τ u (xG )) × f ext
=: m ((v, p∗ , α) , u) .
Inserting the transformed force and moment functions into the objective functions,
we get the transformed objective functions J f ((v, p∗ , α) , u), J m ((v, p∗ , α) , u) and
J ((v, p∗ , α) , u). These functions can be differentiated with respect to u by
Juf ((v, p∗ , α) , u)T = ∇u J f ((v, p∗ , α) , u) = f u ((v, p∗ , α) , u)T df ,
Jum ((v, p∗ , α) , u)T = ∇u J m ((v, p∗ , α) , u) = mu ((v, p∗ , α) , u)T dm ,
and
Ju ((v, p∗ , α) , u)T = ∇u J ((v, p∗ , α) , u)
= 2af f u ((v, p∗ , α) , u)T Θf ΘTf f ((v, p∗ , α) , u)
+ 2am mu ((v, p∗ , α) , u)T Θm ΘTm m ((v, p∗ , α) , u) .
For the differentiation of the terms in f u ((v, p∗ , α) , u) and mu ((v, p∗ , α) , u), we can
reuse most of the terms already derived for the single-phase case in Section 4.3.3. The
only derivative missing is

 (A.24)
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ñ (τ u (x))T ρg T
∂ui
i=1

119

5.3 Derivatives with Respect to the Parameter

Altogether we get

f u ((v, p∗ , α) , u)T =
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=

(5.32)
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· ñ (τ u (x))T
p∗ + ρg T τ u (x) I


− µeff (∇τ u )−1 ∇v + ∇v T (∇τ u )−T
dS

and

mu ((v, p∗ , α) , u)T =
"
Z

h ∂
∂ u
=
τ u (x) −
τ (xG ) ×
∂ui
∂ui
Γref,B


×
p∗ + ρg T τ u (x) I
u −1

− µeff (∇τ )

(5.33)

T


u −T

∇v + ∇v (∇τ )



u
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(∇τ u )−T ñ (τ u (x))
− µeff
∂ui
∂ui


∗
T u
+ p + ρg τ (x) I

− µeff (∇τ u )−1 ∇v + ∇v T (∇τ u )−T ·
!T n #
∂
u
·
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Remark 5.10. As mentioned in Section 4.3.4, the transformation function used for the
evaluation of the objective function gradient does not have to be the transformation
function actually used to transform the computational domain to the physical domain
Ωu for the calculation of the constraint and adjoint systems. For the evaluation of the
objective function we can hence again employ the whole-grid transformation discussed
in detail in Section 4.3.4 and directly use the derivatives presented therein.

Chapter 6

Numerical Discretization and
Solution of the Navier-Stokes
Equations and their Adjoint
Counterpart
In general, the Navier-Stokes equations and their adjoint counterpart presented in the
previous chapters cannot be solved analytically. Therefore we have to make use of numerical methods in order to achieve approximated solutions. Before we describe the
method that we use for that purpose, we state some general requirements on numerical
solution procedures and introduce mathematical concepts of numerical approximations
in the first section of this chapter.
The basis for the numerical approximation is the discretization of the problem formulation. On the one hand this implies the discretization in space and time of the
underlying domain by a computational grid and time intervals. On the other hand, this
also includes the discretization of the equations, i.e. the discretization of the individual
terms and in particular the approximation of the derivatives. The result is an algebraic
system of equations which can be solved by iterative solution algorithms for systems of
linear equations. There are several numerical methods which can be employed for the
discretization of partial differential equations. In this work the Finite Volume Method
(FVM) is used which will be discussed in the second section of this chapter.
One special difficulty of the Navier-Stokes equations is that they are strongly coupled
with each other. For efficiency reasons, however, it is usually not possible to solve the
equations in a single common system. Therefore the equations have to be decoupled and
solved separately in an iterative manner. The different solution techniques that are used
to accomplish a decoupled iterative solution procedure for the Navier-Stokes equations
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and their adjoint equations will be presented in the third section of this chapter.
The final task of our flow simulations is the calculation of running attitudes of ships.
This means in particular that we do not only want to know the flow solution throughout
the computational domain but also its impact on the motion of an object located in this
flow field. For this reason we have already presented additional equations in Section 2.7,
namely the equations of motion, that are applied to solve the motion of a rigid body due
to acting forces. These equations are also coupled with the flow field equations and have
to be solved in an iterative solution procedure together with the flow equations. This
procedure will be presented in the last section of the present chapter.

6.1

Requirements on Numerical Solution Methods

In order to guarantee a reasonable numerical approximation of the solution the numerical solution method has to fulfill certain mathematical requirements. These comprise
the concepts of convergence, consistency, stability and accuracy. Depending on the considered problem the properties may be complemented by further requirements such as
conservation and boundedness.
In many cases it is not possible to analyze the complete solution process in its entirety
with respect to these aspects. Then the individual components of the solution process are
analyzed separately. If a certain component does not meet one of these requirements this
will also not be the case for the complete method, however, the reverse is not necessarily
true either. This means that we have to be aware that there is no guarantee for the
complete method to fulfill the desired properties even if each component does. We will
take a closer look at each of the different mathematical aspects stated above in the
following paragraphs. These can similarly be found in [16] and [72].

6.1.1

Convergence

If the considered PDE is solved by numerical methods, it should be guaranteed that the
numerical solution approaches the exact solution as the grid spacing and the time step
tend to zero. In order to formulate this requirement mathematically we introduce some
terms and definitions used in this context.
Definition 6.1 (Local error and discretization error). Let Ωh be a grid on the domain
Ω, let Ih be a discretization of the time interval I and let Ψh : Ωh × Ih → Xh be a
grid function that is an approximation to the solution Ψ : Ω × I → X of the PDE on
Ωh × Ih . The local error εh at (x, t) ∈ Ωh × Ih is defined as the difference between the
exact solution and its approximation, i.e.

Ω × I → X ,
h
h
h
εh :
(x, t) 7→ Ψ (x, t) − Ψ (x, t) .
h
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The discretization error is defined by
kεh k∞ :=

max

(x,t)∈Ωh ×Ih

kεh (x, t)k .

Definition 6.2 (Convergence). Let ∆x be the grid spacing of Ωh and ∆t the time step
of Ih . A family of grid functions Ψh is said to converge to Ψ if the discretization error
tends to zero as the grid spacing and the time step tend to zero, i.e.
kεh k∞ → 0,

for ∆x, ∆t → 0.

It is said to converge with order p ∈ N if

O (∆xp , ∆tp ) , p > 1,
kεh k∞ =
o(1),
p = 1,

for ∆x, ∆t → 0.

This implies that we can reach whatever level of accuracy we want, as long as the
discretization is fine enough. In most cases, however, the exact solution is unknown and
therefore convergence is difficult to show. In these cases the convergence has to be tested
with numerical experiments. This means in particular that the calculation is repeated
for a series of successively refined grids and time steps and it is checked whether the
results converge to a grid-independent solution. Alternatively, a weaker concept is often
considered, the so-called consistency.

6.1.2

Consistency

Instead of requirements on the discrete solution Ψh , the consistency condition enforces
good approximation properties on the discretized PDE. Therefore consistency constitutes
a necessary condition for convergence. In order to describe this concept more detailed
we introduce the truncation error (also called consistency error ) which is a measure to
which extent the true solution satisfies the discrete equation.
Definition 6.3 (Truncation error). Let L : X → Y be a bounded linear operator. For
f ∈ Y let the partial differential equation LΨ = f be well defined and Lh : Xh → Yh
a discretized operator to this problem. With Lh Ψh = fh for fh ∈ Yh and Ψh ∈ Xh the
local truncation error τh is defined by

Ω × I → Y ,
h
h
h
τh :
(x, t) 7→ L Ψ (x, t) − f (x, t) ,
h

h

where Ψ stands for the exact solution restricted to Ωh × Ih .
Definition 6.4 (Consistency). A discretization scheme Lh : Xh → Yh is called consistent
with a partial differential equation LΨ = f if the truncation error tends to zero as the
grid spacing and the time step tend to zero, i.e.
kτh k∞ → 0,

for ∆x, ∆t → 0.
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The discretization scheme is said to be consistent of order p ∈ N if

O (∆xp , ∆tp ) , p > 1,
kτh k∞ =
for ∆x, ∆t → 0.
o(1),
p = 1,
The order of consistency of a discretized scheme is usually determined by using a
Taylor series expansion of the discrete approximation of the solution. This leads to a
formulation consisting of the exact partial differential equation plus a remainder that is
the truncation error given in terms of ∆x and ∆t. Unfortunately the consistency of a
discretization scheme does not guarantee convergence. Therefore a third concept, the
so-called stability is introduced, which, in some special cases, together with consistency
guarantees convergence.

6.1.3

Stability

The concept of stability can be described by the requirement of the discretization scheme
that small disturbances in the input data should only lead to small disturbances in the
solution. In other words the discretization method should not magnify the error that
appears in the course of the numerical solution process (cf. [16]). Thus, stability can also
be considered as the continuity of the mapping L−1
h : Yh → Xh which maps the discrete
input data fh to the discrete solution Ψh . Therefore a quantity to measure stability can
be defined by
L−1
h gh Xh
.
= L−1
Ch = sup
h
L(Yh ,Xh )
kg
k
h Yh
06=gh ∈Yh
which is called stability constant (cf. [3]).
Definition 6.5 (Stability). A discretization scheme is called stable if the stability constant Ch is bounded uniformly in ∆x and ∆t, i.e. for a constant C > 0
Ch ≤ C < ∞,

for all ∆x, ∆t > 0.

The most commonly used approaches for the investigation of stability of a discretization scheme are the matrix method and the von Neumann method (see [16, 72]). However,
both schemes can only be applied to linear equations with constant coefficients. For complicated, nonlinear and coupled equations with complex boundary conditions only few
stability results are known. A common stability requirement of discretization schemes
is that the time step needs to be below a certain limit or underrelaxation (see Section
6.2.9) needs to be used [16].
As mentioned above, for some special cases consistency and stability can imply convergence. This relation is formulated in the Lax equivalence theorem (see e.g. [52, 89]).
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Theorem 6.6 (Lax equivalence theorem). “Given a properly posed linear initial value
problem [...] and a finite difference approximation [...] to it that satisfies the consistency
condition, stability is a necessary and sufficient condition [for convergence]” [52].
Proof: See [52].
For fluid dynamics, however, we normally deal with nonlinear boundary value problems or mixed initial and boundary value problems. Thus, this theorem is only a necessary
but not necessarily a sufficient condition (cf. [3]).

6.1.4

Accuracy

As the solutions of the numerical calculations are only approximations it is important to
analyze the extent of the errors that are included in the solution. These errors can be
classified in three categories:
• modeling errors,
• discretization errors and
• iterative convergence errors.
Modeling errors describe the effect of assumptions made during the derivation of the
equation system on the accuracy of the modeled system. Therefore they are defined as the
difference between the real flow and the exact solution of the modeled system. Depending
on how accurate the modeled mathematical equation system represents the actual flow
situation these errors are nearly negligible (e.g. for laminar flows) or quite large when
complex flow phenomena have to be modeled that can only be reflected imprecisely. This
can be the case for turbulent and multiphase flows or complex geometries.
Discretization errors are the errors already discussed when talking about the concept of convergence (cf. Definition 6.1). They arise due to the application of numerical
discretization methods. As mentioned before these errors diminish with decreasing gridspacing and time steps where the order of convergence serves as a measure of accuracy.
However, we have to keep in mind that this order is only a rate of error reduction but
does not tell anything about the absolute error of the used discretization scheme. Moreover, the different types of errors may cancel each other. Consequently it may be the
case that due to previous modeling errors the solution on a more refined computational
mesh actually differs more from experimental data than a solution on a coarser domain,
which should be less accurate.
Iterative convergence errors arise as the algebraic equations that are derived during the
discretization procedure can usually not be solved exactly. This is due to the fact that
an exact solution is usually not affordable due to its computational effort. Therefore
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iterative solution algorithms are used that successively improve the approximation of
the solution. The difference between this approximation and the exact solution of the
algebraic equation system can be reduced to an arbitrary order of magnitude. The effort
needed for this reduction can be described by the convergence order of the iterative
solution method which is defined as follows.
Definition 6.7 (Convergence order of iterative approximations). Let Ψ(i) be a sequence
that converges toward the exact solution Ψ∗ . The sequence is at least of convergence
order p ≥ 1 if there exists a constant C > 0 and an i0 ∈ N such that for all i ≥ i0
Ψ(i+1) − Ψ∗ ≤ C Ψ(i) − Ψ∗

p

.

(6.1)

There is always a trade-off between accuracy and computational effort. For iterative
convergence errors it is often not justified to reduce this error further if modeling and
discretization errors already dominate the overall error. “The ultimate goal is to obtain
desired accuracy with least effort, or the maximum accuracy with the available resources”
[16, p. 35].

6.1.5

Conservation

Conservation means that without sources in the fluid domain, the amount of a flow
quantity entering a control volume has to be the same as the amount leaving it. In fluid
dynamics the equation system originates from conservation laws. Therefore this should
also be reflected in the numerical discretization schemes. In the Finite Volume method
this is guaranteed for every control volume and the whole domain by construction of the
method as long as the fluxes through the faces in between the individual control volumes
are kept consistent. For other discretization methods this is generally not the case, which
can lead to artificial sources or sinks. This is one reason why the Finite Volume method
is often preferred to other discretization methods for problems of fluid dynamics.

6.1.6

Boundedness

For many flow quantities the range of physically reasonable values is restricted. This can
either be a restriction to positive values, as it is the case for density and viscosity, or
the restriction to a bounded range within an upper and a lower bound like for the phase
fraction variable or concentrations (restriction within [0, 1]). The boundedness should
be preserved during the numerical calculation process. Unfortunately, this is a rather
difficult task as only first-order discretization schemes can strictly preserve boundedness.
Especially for higher-order schemes unbounded results can occur on coarse grids which
might result in an unstable calculation behavior and eventually lead to divergence. We
will discuss this problem further when talking about the different schemes in the equation
discretization.
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6.2

Finite Volume Discretization

There are several different discretization approaches that can be used for the discretization of partial differential equations and especially the Navier-Stokes equations. The
most well-known methods are the Finite Difference method (FDM), the Finite Element
method (FEM) and the Finite Volume method (FVM). The FVM has the advantage over
the other two methods that it is conservative and very flexible for the use of unstructured
meshes. Therefore the FVM is most commonly used in computational fluid dynamics
(CFD) implementations and is used in this work as well. A detailed comparison of the
three methods mentioned and individual advantages and disadvantages can be found in
[94]. Here we restrict ourselves to the description of the FVM.
The starting point for the FVM is the discrete description of the computational domain
in space and time. This means that the computational domain is split into a finite number
of so-called control volumes (CVs), usually cells, and the time interval is split into time
steps. Then, the flow variables are only determined for the finite number of cell center
points and time steps. The flow equations are thus reduced to a system of algebraic
equations coupled to each other via dependencies at the cell boundaries and via the time
derivative. The FVM uses the integral form of the Navier-Stokes equations. For a generic
variable Ψ the transport equation in integral form reads

Z Z
I

V

Z Z
∂ (ρΨ (x, t))
dxdt +
ρΨ (x, t) v (x, t)T n dSdt
∂t
Z IZ S
Z Z
T
Ψ
−
Γ ∇Ψ (x, t) n dSdt −
q Ψ (x, t) dxdt = 0, (6.2)
I

S

I

V

where ΓΨ and q Ψ are the diffusivity coefficient and the source or sink of the flow variable
Ψ, and V and S are the cell domain and the cell surface, respectively. The divergence
terms are described in the form of surface integrals which can be transformed into volume
integrals by application of the Gauss’ Theorem (see Formula (A.7)). As we deal with
conservation equations, they have to be valid for arbitrary control volumes. Therefore in
the discretization the conservation equation is established for every cell. This guarantees
a conservative discretization under the condition that the values at the cell surfaces are
consistent, i.e. the cell quantity that leaves a cell has to enter the neighboring cell in the
same amount. This is assured by the coupling of the equations at the cell boundaries.
The equation discretization is carried out by a term by term approximation and will be
described in the following sections.

6.2.1

Approximation of Surface and Volume Integrals

The surface and volume integrals in Equation (6.2) are approximated by numerical
quadrature formulas. The surface integrals describe the convective and diffusive flux
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over the control volume boundary. These integrals can be determined by splitting the
integral into contributions of individual cell faces of the control volume
Z
f (x, t) dS =
S

N Z
X
k=1

f (x, t) dS.

Sk

Here f (x, t) stands for the convective (ρΨ (x, t) v (x, t)T n) or diffusive (ΓΨ ∇Ψ (x, t)T n)
flux over the cell boundary and Sk is the k-th cell face of a total of N cell faces. Moreover,
the union of all cell faces Sk builds the cell boundary S and the cell faces are pairwise
disjoint, i.e.
[
Sk = S
and
Sk ∩ Sl = ∅, for k 6= l.
k

In order to determine the integrals over the cell faces exactly, we would need to know the
value of the integrand f over the whole surface Sk . As described before we only store
the flow values for the cell centers of the control volumes. Therefore, we approximate the
integrals by the midpoint rule which describes the surface integral by the product of the
R
surface area |Sk | = Sk dS and the integrand value fk = f (xk , t) in the surface center
R
xk = Sk x dS. This results in the approximation
Z

f (x, t) dS = fk |Sk | + O h2 ,
with h = max kx − xk k .
x∈Sk

Sk

The value at the surface center, in turn, is expressed by means of interpolating neighboring cell center values. The approximation by the midpoint rule is an approximation of
second-order. In order to preserve this approximation order in the interpolation to the
cell faces the inserted method has to be at least of second-order as well.
Volume integrals in the form
Z
g (x, t) dx
V

appear in the terms for the temporal variation of the flow variables and in the source
terms. They can be approximated similarly by the midpoint rule, i.e. using the product
R
of the cell volume |V | = V dx and the integrand value gP = g (xP , t) in the cell center
R
xP = V x dx. This results in
Z

g (x, t) dS = gP |V | + O h2 ,
with h = max kx − xP k .
V

x∈V

As the flow variables are stored in the cell centers we do not need an interpolation here.

6.2.2

Interpolation between Cell Center Values

As described above we also require values of the flow variables at other locations than
the cell centers. For this reason we need interpolation methods to get approximations for
these values. Linear interpolation is the easiest approach to achieve an approximation of
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second-order accuracy for an arbitrary point x based on the value given in the cell center
xP . Here we use the first two terms of the Taylor expansion for Ψ in xP where we have
the relation


Ψ (x, t) = Ψ (xP , t) + (∇Ψ (xP , t))T (x − xP ) + O kx − xP k2 .
(6.3)
For the calculation of surface integrals we need the flow variables at the cell face centers
xk . However, using Equation (6.3) would result in different values at the face center
depending on which cell center adjacent to the cell face is used for the approximation.
A symmetric alternative is achieved by the so-called central differencing (CD) which in
addition uses the variable value in the neighboring cell center xN with the relation


ΨCD
= Ψ (xf , t) := fxf Ψ (xP , t) + 1 − fxf Ψ (xN , t) + O h2 ,
f

(6.4)

where h = max {kxf − xP k , kxf − xN k} and the interpolation factor fxf is defined by
the ratio
xf − xN
fxf :=
.
xP − xN
As can be observed from Equation (6.4) this is again an approximation of second order. However, a great disadvantage of this scheme is that it may produce unphysical
oscillations in the calculation of convection dominant flow problems. Then, the boundedness of the solution can be seriously affected (cf. [79]). A discretization scheme that
overcomes this problem is the so-called upwind differencing (UD) which is a first-order
approximation given by

Ψ (x , t) , for v (x , t)T n ≤ 0,
P
f
UD
Ψf :=
Ψ (x , t) , for v (x , t)T n > 0.
N

f

This approach takes the flow direction into account which can be determined by the scalar
product of velocity v and cell face normal n. For v (xf , t)T n > 0 the fluid is leaving the
cell through the cell face, while for v (xf , t)T n < 0 it is entering the cell. The upwind
scheme is the only scheme that guarantees boundedness of the solution, however, at the
expense of a great amount of numerical diffusion that is introduced into the system.
This can even change the character of the flow problem from convection-dominant to
convection-diffusion-balanced (see e.g. [79]).
Another scheme that takes the flow direction into account is the second-order upwind
scheme usually called linear upwind differencing (LUD) given by

Ψ (x , t) + (∇Ψ∗ (x , t))T (x − x ) , for v (x , t)T n ≤ 0,
P
P
N
P
f
LUD
Ψf
:=
(6.5)
T
Ψ (x , t) + (∇Ψ∗ (x , t)) (x − x ) , for v (x , t)T n > 0.
N

N

P

N

f

where the gradient ∇Ψ∗ is calculated by values in upstream direction only. Hence, like for
the linear interpolation, this scheme uses the second term of the taylor expansion for the
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approximation and is therefore second-order accurate. However, it no longer guarantees
boundedness.
In order to benefit from the advantage of the boundedness in the upwind scheme
as well as profit from a higher approximation order the blended differencing scheme is
proposed in [81]. It consists of a combination of both schemes that is weighted by a
blending factor γ
Ψ (xf , t) = (1 − γ (x, t)) ΨUD (xf , t) + γ (x, t) ΨCD (xf , t) ,
where 0 ≤ γ ≤ 1 defines the amount of numerical diffusion that is brought into the
system. In [81] a constant blending factor for the whole flow domain is proposed.
There are several other discretization schemes that also aim at finding a compromise
between accuracy and boundedness of the solution. Amongst others this includes the
QUICK [53] and the MINMOD [26] schemes. Especially for the convective term the
choice of the discretization scheme can have a mayor influence on the solution. This is
especially true for the simulation of multiphase flow, as then the preservation of a sharp
interface between the fluids is an additional requirement that prohibits the introduction
of too much numerical diffusion. We will discuss this in more detail in Section 6.2.8.

6.2.3

Diffusion

As described in Section 6.2.1 the surface integral of the diffusion term is approximated
by
Z
N
X

T
Ψ
ΓΨ (xf,k , t) S Tf,k ∇Ψ (xf,k , t) ,
Γ (x, t) ∇Ψ (x, t) ndS ≈
S

k=1

where S f,k = |Sk | nf,k is the normal vector in the cell face center of the kth cell face
scaled with the size of the cell face area. This means that we have to approximate the
gradient of Ψ in normal direction of the cell face. If the spatial discretization is chosen
such that the mesh is orthogonal, i.e. the connection vector dk = xNk − xP is parallel to
nf,k , then the gradient of Ψ in normal direction of the cell face can be approximated by
|Sk | nTf,k ∇Ψ (xf,k , t) ≈ |Sk |

Ψ (xNk , t) − Ψ (xP , t)
.
|dk |

In the case of a discretization mesh that is nonorthogonal we have to split the vector
S f,k in two components (cf. [39]). The first part ∆f,k is supposed to be parallel to the
vector dk and the second part is determined by kk = S f,k − ∆f,k . thus, we get
S Tf,k ∇Ψ (xf,k , t) = ∆Tf,k ∇Ψ (xf,k , t) + kTk ∇Ψ (xf,k , t) .
As before the first part can be approximated by
∆Tf,k ∇Ψ (xf,k , t) ≈ |∆f,k |

Ψ (xNk , t) − Ψ (xP , t)
.
|dk |
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The second part is a correction term. In [39] several possibilities for the choice of ∆f,k
and kk are presented. A mayor drawback is that the correction term for the nonorthogonality can cause unboundedness of the solution. If the preservation of boundedness is
of importance this term has to be limited or completely neglected. This, however, is on
the expense of the second-order accuracy. For this reason orthogonality is an important
factor in the construction of a good discretization mesh.

6.2.4

Convection

As described in Section 6.2.1 the surface integral of the convection term is also approximated by the midpoint rule with
Z
X
X
ρΨ (x, t) v (x, t)T ndS ≈
S Tf,k ρv (xf,k , t) Ψ (xf,k , t) =
Φf,k Ψf,k ,
(6.6)
S

k

k

where Φf,k = S Tf,k ρv (xf,k , t) is the mass flux over the cell face Sk . The crucial issue in
the discretization of the convective term is the determination of the cell face values Φf,k
and Ψf,k by interpolation. The way in which this is realized can significantly influence
the accuracy and the stability of the numerical solution procedure. It would be straight
forward to approximate the convection term by central differencing. However, looking
at the physical significance of the convective and the diffusive terms, we can make the
following observation: The diffusive term leads to a propagation of the transported flow
property along its gradients in all directions, while the convective term, in contrast, only
leads to a propagation in flow direction. Using central differencing this property is not
taken into account. For this reason we have to take additional care in the choice of the
discretization scheme for the convection term.
We have already discussed the upwind scheme that considers the flow direction in
the determination of the interpolated flow variable. Yet, this scheme is only of firstorder accuracy and additionally introduces numerical diffusion if the flow direction is not
oriented along the grid lines. This can be overcome by grid refinement, however, with
additional computational effort. For this reason throughout the years a lot of research
effort has been put into the development of more sophisticated discretization schemes.
The requirements on a discretization scheme can be described in four categories. As
mentioned before, the most important property is that the discretization scheme should
be conservative, i.e. the discretization of the fluxes through a cell face of two neighboring
cells has to be consistent. Then, the boundedness of the flow variable considered should
be assured. Moreover, the flow direction should be taken into account and the accuracy
in terms of the approximation order should be as high as possible in order to achieve an
efficient calculation. For a better analysis of the accuracy and boundedness requirements
of a discretization scheme the so-called total variation diminishing (TVD) concept [26]
and the normalized variable diagram (NVD) ([54, 18]) were developed. The former is a
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concept to avoid oscillations due to the discretization scheme. The later offers the possibility to graphically illustrate the boundedness and accuracy properties of a discretization
scheme, graphically distinguish areas in which a scheme has to reside to satisfy boundedness and compare different schemes with respect to these properties. Moreover, this also
offers the possibility of constructing new schemes with special properties on the basis of
the TVD and the NVD concepts. A description of these concepts can be found e.g. in
[39] and [110]. An example of a discretization scheme that was developed on the basis of
the NVD criterion is the gamma differencing scheme [40].

6.2.5

Time Derivative

The discretization of the term containing the time derivative can be accomplished explicitly or implicitly. For an explicit approach only values at known time steps are used.
Hence, the value for the new time step can be directly evaluated. In contrast, in an
implicit discretization also values at the new time step are used and therefore an equation system has to be solved for the determination of the values at the new time step.
Implicit approaches usually offer the possibility to use bigger time steps and still get a
numerically stable solution.
The easiest and most commonly used implicit discretization approach is the implicit
Euler approach. This approach is first-order accurate and given by


Z
Ψ xP , tn+1 − Ψ (xP , tn )
∂ρΨ xP , tn+1
dx ≈ ρ
|V | ,
∂t
∆t
V
where tn denotes the old time step and tn+1 = tn + ∆t the new time step with the time
increment ∆t.

6.2.6

Source Term

For the discretization of the source term in the Generic Transport Equation (6.2) the
integrand can e.g. be linearized into an implicit and an explicit part by
Ψ
q Ψ (x, t) ≈ Ψ (x, t) qIΨ (x, t) + qE
(x, t) ,
Ψ may depend on Ψ. Then, the volume integral is approximated according
where qIΨ and qE
to Section 6.2.1 by
Z
Ψ
q Ψ (x, t) dx ≈ Ψ (xP , t) qIΨ (xP , t) |V | + qE
(xP , t) |V | .
V

The linearization has the advantage that a part of the source term can be treated implicitly which can improve the diagonal dominance of the system matrix and thus the
convergence of the iterative equation solver.
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Time integration

For instationary flows the conservation equations do not only have to be integrated over
the control volumes but also over the time intervals, i.e. we have
Z tn+1Z
∂ρΨ (x, t)
ρΨ (x, t) v (x, t)T n dSdt
dxdt +
∂t
tn
S
tn
V
Z tn+1Z
Z tn+1Z
T
q Ψ (x, t) dxdt = 0.
ρΨ (x, t) v (x, t) n dSdt −
−

Z

tn+1Z

tn

tn

S

V

With the discretization of the previous sections and the assumption that the control
volume does not change in time we get

Z tn+1
Z tn+1X
Ψ xP , tn+1 − Ψ (xP , tn )
ρ
|V | dt +
Φ (xf,k , t) Ψ (xf,k , t) dt
∆t
tn
tn
k
Z tn+1X

ΓΨ (xf,k , t) S Tf,k ∇Ψ (xf,k , t) dt
−
tn

Z

k

tn+1

+
tn

Ψ
Ψ (xP , t) qIΨ (xP , t) |V | + qE
(xP , t) |V | dt = 0.

For the time integration we can again make use of explicit or implicit approaches. In an
explicit discretization the variables of the previous time step are used and we can directly
evaluate the new variable value for Ψ by
n+1

Ψ xP , t



 X
N
∆t
−
Φ (xf,k , tn ) Ψ (xf,k , tn )
= Ψ (xP , t ) +
ρ |V |
n

+

k=1
N
X

ΓΨ (xf,k , tn ) S Tf,k ∇Ψ (xf,k , tn )



k=1
n

− Ψ (xP , t

) qIΨ (xP , tn ) |V

|+

Ψ
qE
(xP , tn ) |V


| .

This approach has an accuracy of first order.
For the analysis of the stability of the time discretization the so-called Courant number
C is used. For the one-dimensional case or equidistant spatial discretization the local
Courant number is defined in the cell centers xP by
CP = C (xP , t) :=

kv (xP , t)k ∆t
,
∆x

where kv (xP , t)k is the local velocity magnitude and ∆x is the interval spacing. For
arbitrary n-dimensional meshes the local Courant number is defined on the cell faces Sk
by
|Φf,k | ∆t
Cf,k = C (xf,k , t) :=
,
|Sk | kdk k
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where |Φf,k | = |v (xf,k , t)T S f,k | is the magnitude of the flux over the cell face Sk and
kdk k is the magnitude of the connection vector between the neighboring cell centers of
the face Sk .
The Courant number determines which portion of the cell is passed by the flow in
one time step. For a value greater than 1 more than the whole cell is passed in one step.
This leads to instabilities in the explicit discretization. Therefore the time discretization
should make sure that the Courant number is below 1 throughout the whole flow domain.
This can be realized by an adaptive determination of the time step on the basis of the
Courant number.
We can also use an implicit Euler discretization which is again of first-order accuracy
and uses flow values of the new time step. Then, we get the following equation system

N
X


Ψ xP , tn+1 − Ψ (xP , tn )
|V | +
ρ
Φ xf,k , tn+1 Ψ xf,k , tn+1
∆t
k=1

−
+

N
X
k=1
Ψ
qE

ΓΨ xf,k , tn+1



S Tf,k ∇Ψ xf,k , tn+1





+ Ψ xP , tn+1 qIΨ xP , tn+1 |V |


xP , tn+1 |V | = 0.

This approach can also be stable for Courant numbers greater than 1.
Another method for the time integration is the Crank-Nicolson approach that is a
combination of explicit and implicit treatment with a weighting factor of 12 . This leads
to an approximation accuracy of second order.

6.2.8

Discretization of Multiphase Flow

For the discretization of the Phase Fraction Equation (2.13) of the VOF approach (see
Section 2.6) we need special discretization methods. This is due to the fact that for
the phase fraction variable α not only the boundedness in [0, 1] is needed but also the
preservation of a sharp interface between the fluids. This means in particular that we
need to avoid numerical diffusion of the interface. Consequently, these requirements are
contradicting as the only discretization scheme that guarantees boundedness (upwind
differencing) does this at the expense of a great amount of numerical diffusion (see Section
6.2.2). For this reason many different concepts have been developed to overcome this
problem. These include special discretization schemes for the convective term of the
phase fraction equation as well as an additional compression term added to the equation.
We will present some of these approaches in the following paragraphs.
Interface Construction Schemes
Among the concepts for the phase fraction convection term are the so-called interface
construction schemes that determine the value of α in two steps based on geometrical

135

6.2 Finite Volume Discretization

considerations. First the location of the interface is reconstructed and then, using this
information, the value for the convective term is interpolated. In Figure 6.1 we compare
two interface construction methods. The donor-acceptor discretization proposed in [33]
is the historically first interface construction scheme. It builds the basis for many high
resolution (HR) schemes. In this scheme the interface is placed horizontally or vertically
in the cell depending on the direction of the normal vector. Another method is the
geometric reconstruction which uses a piecewise linear approach. One example of this
category is the PLIC (Piecewise Linear Interface Calculation) scheme.

Figure 6.1: Interface construction schemes: (a) real interface shape, (b) donor-acceptor
scheme, (c) geometric reconstruction scheme (PLIC) [60]
For the donor-acceptor approach the cells are denoted in the following way: the donor
cell (D) is the considered cell for the discretization, the upwind cell (U) is the cell in
upstream direction from which the fluid flows into the donor cell and finally the acceptor
cell (A) is the cell in which the fluid of the donor cell flows. Figure 6.2 illustrates this
notation for the case of one-dimensional flow. The phase fraction variable α is evaluated

Figure 6.2: Donor-acceptor notation [93]
at the face between donor and acceptor cell for which the value is denoted by αf . The
idea is that αf is determined by the downstream cell, i.e. the same fluid flows over the cell
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face as contained in the acceptor cell and therefore αf = αA which is called downwinding.
However, it has to be considered that in one time step only as much fluid 1 can pass the
cell face as contained in the donor cell. Otherwise α would become smaller than 0 in
the donor cell. The amount of fluid 1 that passes the cell face can be determined using
the Courant number on the cell face Cf with the term αf Cf |VD |. This leads to the
mathematical restriction
αf Cf |VD | ≤ αD |VD |
and thus
αf ≤

αD
.
Cf

Equally only as much fluid 2 as contained in D can pass the cell face in one time step
and therefore
(1 − αf ) Cf |VD | ≤ (1 − αD ) |VD |
or
αf ≥

1 − Cf
αD
−
.
Cf
Cf

Altogether this leads to






1 − αD
αD
αf = min αA + min (1 − αA ) −
,0 ,
Cf
Cf




1 − Cf
αD
αD
= min max
−
, αA ,
,
Cf
Cf
Cf
which is called controlled downwinding. With this formulation the boundedness of α in
[0, 1] is guaranteed for one-dimensional flow. However, if the fluid flow leaves the cell
through more than one face the boundedness is no longer guaranteed as the values αf,k
for the single cell faces have to be calculated independently of each other. Moreover,
the explicit interface reconstruction is not trivial for unstructured meshes and its effort
can become immense. To overcome this problem more sophisticated high-order convection schemes that ensure the sharpness of the interface have been developed throughout
the years. They comprise the CICSAM (Compressive Interface Capturing on Arbitrary
Meshes) [108] and HRIC (High Resolution Interface Compression) [62] schemes. These
two schemes will be briefly outlined in the following paragraphs and can be found e.g. in
[112] and [113] with a comparison of their ability to capture the interface subjected to
strong deformation.
CICSAM Scheme
The CICSAM scheme is based on the donor-acceptor approach. In order to assure boundedness for more than one-dimensional flow an explicit split operator technique is used
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which applies the one-dimensional approach in separate steps for each coordinate direction. Thereby the discretization is based on the NVD representation mentioned in Section
6.2.4 with a linear blending between the HYPER-C discretization and the UltimateQuickest (UQ) scheme ([53, 55]). This is due to the fact that the strong compression
of the HYPER-C scheme can lead to a wavy interface if the interface is oriented nearly
tangential to the flow direction. For this reason the blending factor depends on the angle
between the interface and the flow direction. As this still does not assure the boundedness of the phase fraction variable α for more than one-dimensional flow, a weighting
factor depending on the Courant number on the cell faces and the cell centers is introduced. This weighting factor distributes the available fluid amount among the cell faces.
Moreover a predictor-corrector procedure is used which applies a corrector step whenever
unboundedness still appears despite the use of the weighting factor. For a more detailed
description see [108].
HRIC Scheme
The HRIC scheme of [62] is another high-resolution scheme for multiphase calculations.
Its construction is similar to the CICSAM scheme, however without an explicit dependency on the Courant number. The Courant number only enters the discretization in
a correction step to avoid stability issues. This scheme is also based on the NVD representation but the underlying discretization schemes here are downwind and upwind
discretizations. As the downwind scheme, like the HYPER-C scheme, provokes a wavy
interface for small angles between flow direction and interface, the blending factor again
depends on this angle.
Both CICSAM and HRIC automatically get closer to an upwind discretization for
increasing Courant numbers and the HRIC scheme completely turns into an upwind
scheme for Courant numbers higher than 0.7. This implies that both schemes become
very diffusive for higher Courant numbers. Therefore a maximal Courant number of 0.5
is proposed.
Compression Term
A different approach to achieve a sharp interface is to add an additional artificial compression term to the phase fraction equation. In the simulation software OpenFOAM R ,
which has been used for the realization of the calculations in this work, this approach is
followed for the simulation of multiphase flow. The phase fraction equation then reads
∂α
+ ∇· (αv) + ∇· (v r α (1 − α)) = 0,
∂t
where v r is an artificial velocity which is used to compress the interface. The factor
α (1 − α) assures that the additional term is only active in the regions with 0 < α < 1,
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i.e. in the smeared interface area. The choice of this term can be motivated by looking at
a two-fluid approach for multiphase modeling (see e.g. [91]). In this approach two fluids
a and b are considered. In contrast to the VOF approach these fluids both have their own
velocity fields v a and v b . The phase fraction part of fluid b is defined by β = 1 − α and
therefore again only one phase fraction equation for fluid a (phase fraction α) is solved:
∂α
+ ∇· (αv a ) = 0.
∂t

(6.7)

The velocity for the fluid mixture is then obtained by
v = αv a + βv b ,
for which the continuity equation
∇· v = 0
has to be valid. In order to express Equation (6.7) in terms of the mixture velocity v we
use the relation
αv a = α (α + (1 − α)) v a
= α (v − βv b ) + αβv a
= αv + αβ (v a − v b ) .
Inserting this in (6.7) yields
∂α
+ ∇· (αv) + ∇· (α (1 − α) v r ) = 0,
∂t
with the relative velocity v r = v a − v b .
In order to use this equation in the VOF context the velocity field v r has to be modeled
appropriately as here the velocity fields v a and v b do not exist. In OpenFOAM R this is
for instance done by the formula
v r (x) = min cα kv (x)k , max (kv (x)k)
x∈Ω

T

n (x),

where maxx∈Ω (kv (x)k) is the maximal velocity magnitude throughout the domain, the
factor cα is a coefficient for the intensity of the compression which in practice is usually
chosen within the range 1 ≤ cα ≤ 2 and n is the interface normal vector modeled by
∇α
. For more details about this compression term see [91].
n = k∇αk
As the additional compression term is nonlinear in α, it is not possible to guarantee
boundedness in the discretization. For this reason in the OpenFOAM R library the socalled MULES (Multidimensional universal limiter with explicit solution) was developed.
This method cuts the unbounded values of α on the cell faces. As this leads to a loss off
continuity this has to be compensated by the remaining cell face values. This is achieved
by means of several iterative passes through the whole computational domain. Moreover,
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to reduce the effective Courant number in the discretization of the phase fraction equation
and thus improve stability a sub-stepping procedure is employed. In this sub-stepping
especially for the solution of the phase fraction equation the time step ∆t is decomposed
in several smaller time steps. Then the phase fraction equation is solved several times
for each of these sub-steps.
Despite all these presented techniques to obtain a sharp interface while maintaining
the boundedness of the phase fraction variable, it is still essential to have an especially
refined discretization mesh at the interface in order to determine the interface accurately.

6.2.9

Resulting System of Algebraic Equations

As the result of the discretization and linearization of all terms in the different equations
we get a system of algebraic equations. This system contains an equation for every cell in
the computational mesh. These equations depend on the flow variable values in the cell
center and the flow variable values in several neighboring cells. The exact number M of
neighboring cells that have a contribution to the discretized equation of the considered
cell depends on the discretization schemes in use. This may also include cells that are
not directly next to the cell but for instance one cell apart. Nevertheless, for simplicity
reasons they are still denoted as neighboring cells. The dependencies for the ith cell can
be expressed in the following form
n+1
aΨ
i,P Ψi,P

+

M
X

n+1
Ψ
aΨ
i,N,j Ψi,N,j = ri,P .

(6.8)

j=1

Here the subscript (·)i,N,j defines the value in the jth neighboring cell (in terms of
n
Ψ
discretization contributions) of the ith cell. Moreover, aΨ
i,P = ai,P (Ψ ) and ai,N,j =
ai,N,j (Ψn ) are the coefficients resulting from the discretization which can contain explicit
Ψ =
dependencies on the flow variable Ψn of the old time step tn . The right-hand side ri,P
ri,P (Ψn ) contains all terms with explicit contributions on Ψn or without dependencies
on Ψ.
Ψ
Ψ
The coefficients aΨ
i,P and ai,N,j of the equations for all cells build a system matrix A
Ψ build a vector r Ψ . Thus, the equations can be written as the
and equally the values ri,P
following equation system

AΨ ψ n+1 = r Ψ .
This linear equation system has to be solved in order to get a value of the flow variable
for the next time step tn+1 = tn + ∆t in all cell centers. As this system has the dimension
of the number of cells in the computational domain, it is usually very large. Therefore
iterative solution techniques are applied to solve these systems. This is especially justified
as the coupled nonlinear flow equations are segregated and linearized. Consequently, a
discretization error has already been introduced into the system and it is sufficient to
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exhibit only as many iterations of the equation solver until the iterative convergence error
has the same order of accuracy as the discretization error of the coefficients. Moreover,
the coefficient matrix AΨ is sparse as in every row there is a maximum value of nonzero
entries equal to the number of neighboring cells used in the discretization. This can be
very beneficial for the convergence of iterative equation solvers. The most commonly
used iterative solution algorithms for linear equation systems are the conjugate gradient
algorithm and the geometric or algebraic multigrid method (see e.g. [43, 90]).
Many iterative solution algorithms for linear equation systems need a diagonal dominant system matrix in order to guarantee convergence. For the acceleration of the
convergence it is therefore desirable to increase the diagonal dominance. This can, for
instance, be achieved by partly discretizing the source term implicitly as mentioned in
Section 6.2.6. In particular this means that the linear part of the source term is only
treated implicitly if this leads to an increase of the diagonal dominance, otherwise it
is treated explicitly. However, this approach is usually not sufficient to guarantee the
diagonal dominance and hence the stability of the equation solver. Another method to
increase the diagonal dominance is underrelaxation. Here, the idea is to limit the change
of the solution variable Ψ in one iteration step by a factor αΨ with 0 < αΨ ≤ 1 in order
to stabilize the algorithm. This is done with the following relation


0
n+1
n
n
Ψ
,
(6.9)
−
Ψ
=
Ψ
+
α
Ψ
Ψn+1
i,P
i,P
i,P
i,P
where Ψn+1
is the solution of the algebraic Equation (6.8) for the variable Ψ. If we insert
P
0
(6.9) into (6.8) we get the equation that has to be solved to directly determine Ψn+1
i,P
aΨ
i,P
αΨ

0

Ψn+1
i,P +

M
X
j=1

n+1
Ψ
aΨ
i,N,j Ψi,N,j = ri,P +

1 − αΨ Ψ n
ai,P Ψi,P .
αΨ

Altogether this leads to an increase of the diagonal dominance in the system matrix as
Ψ
the diagonal coefficient aΨ
i,P is divided by α while the remaining coefficients keep the
same.

6.3

Solution Techniques for the Pressure-Velocity Coupling

In the preceding sections we showed the procedure for the solution of general transport
equations for a generic solution variable Ψ where a flow field convecting the flow variable Ψ is a priori known. However, in general this in not the case, but a velocity and
pressure distribution have to be determined first by solving the momentum and continuity equations. This mathematically constitutes a saddle-point problem. The difficulty
here resides in the nonlinearity of the momentum equation and the strong coupling of
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the equations. Therefore it would be best to solve these equations simultaneously in
a coupled approach. The resulting equation system would, however, have a dimension
which is a multiple of the number of cells in the computational mesh. This makes the
effort for coupled solutions prohibitive for most applications. For this reason usually a
segregated approach is used where the individual equations are solved separately in an
iterative manner. We will start this section with the presentation of some well-known
solution procedures for the segregated solution of the primal equation systems presented
in Sections 4.1 and 5.1. Afterwards we adapt these methods to the solution of the corresponding adjoint systems derived in Sections 4.2 and 5.2.

6.3.1

Segregated Approaches for the Primal Systems

Segregated algorithms for the Navier-Stokes equations are for instance the SIMPLE
(Semi-Implicit Method for Pressure Linked Equations) algorithm proposed in [80] and
the PISO (Pressure-Implicit with Splitting of Operators) algorithm developed in [35].
The special challenges of these algorithms reside in the treatment of the nonlinearity in
the convective term of the momentum equation and the strong coupling of the equations
which both lead to the need of sub iterations.
Regarding the nonlinearity issue the convective term is discretized as described in
Section 6.2.4 using Equation (6.6) with Ψ = v by
Z
Z

∇· ρvv T dx =
ρv (x, t) v (x, t)T n dS
V

S

≈

=

N
X
k=1
N
X

S Tf,k ρv (xf,k , t) v (xf,k , t)
Φf,k v f,k .

k=1

In order to get a linear algebraic equation, the velocity field contained in the fluxes Ψf,k
is calculated explicitly with an existing velocity approximation. Thus, it enters the linear
equation system in terms of the coefficients in the system matrix. Here the crucial point
is that the flux field has to fulfill the continuity condition.
Regarding the decoupling of the equations the momentum equation is used to solve
for the velocity field v as the momentum equation is indeed the transport equation for
the velocity variable. The remaining continuity equation, however, does not contain the
pressure variable. Therefore this equation has to be reformulated to become an equation
for pressure.
Derivation of the Pressure Equation
A possible approach to construct a pressure equation is the so-called Rhie-Chow interpolation proposed in [88]. Here the velocity field is interpolated onto the cell faces using
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the discretized form of the momentum equation. In this work we have used the slightly
modified version of the Rhie-Chow interpolation like it is used in the simulation software
OpenFOAM R (cf. [25, 39, 91]). For this purpose the momentum equation


∇· vv T − ∇· ν̃eff ∇v + ∇v T = −∇p
is considered in the following semi-discretized form for the ith cell where the pressure
gradient is left undiscretized
avi,P v n+1
i,P = −

M
X

v
n+1
avi,N,j v n+1
i,N,j + ri,P − ∇p


i,P

j=1



= Hi v n+1 − ∇pn+1 i,P .

P
n+1
v
v
Here Hi v n+1 := − M
j=1 ai,N,j v i,N,j +ri,P contains all contributions of neighboring cells
and the source term. The advantage of the usage of this discretized form is that it assures
a consistent discretization of the terms in the pressure equation and the corresponding
terms in the momentum equation. Otherwise it could not be guaranteed that the resulting
pressure field invokes a velocity field that fulfills both momentum and continuity equation.
Consequently, for the discretized velocity field we get the equation

Hi v n+1
1
n+1
− v (∇p)n+1
(6.10)
v i,P =
i,P .
v
ai,P
ai,P
For the discretization of the continuity equation the Gauss’ theorem is used with
Z
Z
v T n dS
∇· v dx =
Si

Vi

which leads to the following discretized form as described in Section 6.2.1
N
X

S Ti,f,k v n+1
i,f,k = 0.

(6.11)

k=1

The velocity values on the cell faces v n+1
i,f,k are determined by interpolating Equation
(6.10) to the cell faces with
!
!
n+1
H
v
1
i
v n+1
−
(∇p)n+1
(6.12)
i,f,k ,
i,f,k =
avi,P
avi,P
f,k

f,k

where the subscript (·)f,k denotes the value of the term in parentheses interpolated to
the kth cell face of the considered cell. Inserting (6.12) into the discretized Continuity
Equation (6.11) yields the discretized pressure equation


!
!
N
N
n+1
X
X
H
v
1
i

(∇p)n+1
S Ti,f,k
.
(6.13)
S Ti,f,k  v
i,f,k =
ai,P
avi,P
k=1

f,k

k=1

f,k
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Moreover, the volumetric flux can be determined by

n+1
T
T

Φn+1
i,f,k = S i,f,k v i,f,k = S i,f,k

Hi

v n+1

!

avi,P

−
f,k

1



!


(∇p)n+1
i,f,k .

avi,P

(6.14)

f,k

Thus, the Pressure Equation (6.13) guarantees that the continuity equation is fulfilled
and the flux on the cell faces is conservative. In the calculation procedure the part of
the right-hand side of Equation (6.14) without the pressure dependency is used as flux
predictor Φ0i,f,k . The remaining term is used as flux corrector to determine Φ00i,f,k after
having solved for the pressure variable. Having derived this pressure equation, algorithms
for the pressure velocity coupling can be applied using the completely discretized form of
the momentum equation with a discretization of the pressure gradient by means of the
Gauss’ theorem
N

1 X
n+1
v
n+1
S i,f,k pn+1
(6.15)
ai,P v i,P = Hi v
−
i,f,k .
|Vi |
k=1

SIMPLE Algorithm for Stationary Single-phase Equations
If a pressure distribution was given a priori, then the momentum equation could be solved
directly. However, the pressure is usually not known beforehand and can only be estimated preliminarily. This leads to the requirement of sub-iterations. With an estimated
pressure distribution a first approximation of the velocity field can be determined, which
in turn can be used for a correction of the pressure field. With this correction it is then
guaranteed that the pressure and velocity fields are consistent. The whole procedure of
the SIMPLE algorithm can be described as follows:
• First the Momentum Equation (6.15) is solved to get an approximation v 0 for the
new velocity field v n+1 . As no exact value for the pressure field is known it is
approximated by p0 = pn , i.e. with the value of the preceding time step. Moreover,
the momentum equation is underrelaxed with the velocity relaxation factor αv as
described in Section 6.2.9. This step is called momentum predictor. The resulting
velocity field in general does not satisfy the continuity equation.
• With the velocity field v 0 a first approximation Φ0 of the flux field is determined
which only uses the part of Equation (6.14) without the pressure gradient, i.e.
Φ0i,f,k = S Ti,f,k
which is called flux predictor.

Hi (v 0 )
avi,P

!
,
f,k

(6.16)
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• With the flux predictor Φ0 the Pressure Equation (6.13) is established by


N
N
X
1

 X 0
 (∇p)n+1
S Ti,f,k  
=
Φi,f,k .

i,f,k
avi,P
k=1
k=1

(6.17)

f,k

Resolving the pressure gradient on the cell faces with the pressure values from the
neighboring cell centers we get the values for pn+1
i,P in all cells. This value is called
00
pressure solution and is denoted by p .
• Using Equation (6.14) new conservative fluxes Φ00 are achieved which are consistent
to the pressure field p00 .
• The velocity is also adjusted explicitly by Equation (6.12) with pressure p00 underrelaxed by the factor αp . This leads to the new velocity field v 00 which is consistent
to the pressure field and is called explicit velocity corrector.
• The conservative fluxes Φ00 can then be used to solve all further transport equations.
Afterwards new iterations are carried out until a desired tolerance is achieved.
Altogether the SIMPLE procedure for stationary single-phase Navier-Stokes flow can be
summarized by the following Algorithm 6.1.
Algorithm 6.1 (SIMPLE Algorithm for Stationary Single-phase Flow)
1.
2.
3.
4.
5.
6.
7.
8.

Initialization of all variables for n = 0.
Solution of Equation (6.15) as momentum predictor using
p0 = pn .
Calculation of the fluxes on the cell faces by (6.16).
Solution of the Pressure Equation (6.13) using the fluxes
Φ0 .
Calculation of conservative fluxes by Equation (6.14)
which are consistent to p00 .
Explicit update of the velocity by Equation (6.12) using
an underrelaxed pressure p00 .
Solution of all other transport equations using the flux
field Φ00 .
If convergence is not reached, set pn+1 := p00 , v n+1 := v 00 ,
Φn+1 := Φ00 , n := n + 1 and proceed with step 2.

⇒
⇒

p 0 , v 0 , Φ0
v0

⇒
⇒

Φ0
p00

⇒

Φ00

⇒

v 00

⇒

additional
variables

PISO Algorithm for Instationary Multiphase Equations
The PISO algorithm was especially developed for transient calculations. In this work it
is employed for the transient multiphase calculations. In the calculation of the primal
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multiphase flow fields the momentum equation


∂ρv
+ ∇· ρvv T − ∇· µeff ∇v + ∇v T + ∇p∗ + g T x∇ρ − σκ∇α = 0
∂t
is used as described in Section 2.6. Moreover, the procedure of the PISO algorithm in the
form it is implemented in the OpenFOAM R solver interFoam was adopted. This procedure will be described in the following paragraphs. As we employ the PISO algorithm
for our multiphase calculation using the VOF-method the fluid is treated as a continuum
with variable fluid properties (density ρ (x) and viscosity µ (x)). This implies that for
the determination of the velocity field using the momentum equation the distributions
of the fluid properties for the new time step have to be known in advance. Therefore
first the phase faction equation has to be solved in order to be able to determine the
new distributions of ρn+1 and µn+1 according to the values of the phase fraction αn+1 .
As a consequence for the solution of the phase fraction equation we still do not have
the new volumetric fluxes Φn+1 and therefore have to use the values Φn of the old time
step. However, the compressive discretization that is usually used for the phase fraction
equation normally requires a very small time step. Hence, the usage of the old flux values
usually does not have a very big influence on the accuracy of the solution.
In the PISO algorithm the solution of the coupled governing equations (momentum
and continuity equation) is also based on a pressure equation derived in a similar way as
v also contains the explicit part of the
for Equation (6.13). Now, however, the term ri,P
n
n+1
v
time derivative (− ρv
∆t ) and equally the term ai,P v i,P additionally contains the implicit
n+1

part of the time derivative ( ρv∆t ). Moreover, all terms contain the density ρ. For
the semi-discretized form the pressure gradient and additionally the surface tension and
buoyancy terms are again left undiscretized. This leads to the following equation
avi,P v n+1
i,P

=−

M
X

n+1
v
∗ n+1
T
avi,N,j v n+1
i,N,j + ri,P − (∇p )i,P − g xi,P (∇ρ)i,P

j=1
n+1
+ σκn+1
i,P (∇α)i,P

n+1
n+1
n+1
T
=Hi v n+1 − (∇p∗ )n+1
i,P − g xi,P (∇ρ)i,P + σκi,P (∇α)i,P .

For the discretized velocity field in the cell center and interpolated to the cell faces we
therefore get the relations


Hi v n+1
1 
n+1
n+1
n+1
n+1
∗ n+1
T
v i,P =
+
−
(∇p
)
−
g
x
(∇ρ)
+
σκ
(∇α)
(6.18)
i,P
i,P
i,P
i,P
i,P
avi,P
avi,P
and
v n+1
i,f,k =

Hi v n+1
avi,P

!
+
f,k

1
avi,P

!


f,k

n+1
T
− (∇p∗ )n+1
i,f,k − g xi,f,k (∇ρ)i,f,k
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n+1
+ σκn+1
(∇α)
i,f,k .
i,f,k

(6.19)

Inserting this into the discretized Continuity Equation (6.11) yields the following pressure
equation


N
X
1

n+1 
 (∇p∗ )i,f,k
S Ti,f,k  
(6.20)
=
avi,P
k=1
f,k
!
"
!
N


n+1
n+1
X
H
v
1
i
T
⊥
+
kS
k
−
g
x
+
∇
ρ
=
S Ti,f,k
i,f,k
i,f,k
i,f,k
avi,P
avi,P
k=1
f,k
f,k
#

n+1 
n+1
⊥
+ σκi,f,k ∇i,f,k α
where ∇⊥
i,f,k denotes the gradient in face normal direction of the kth cell face belonging
to the ith cell. In the calculation of the PISO algorithm, analogously to the SIMPLE
algorithm, the term in the summation of the right-hand side is used as flux predictor.
We again insert the velocity approximation v 0 that we get from the first solution of the
momentum equation and obtain
!
0)
H
(v
i
+
(6.21)
Φ0i,f,k = S Ti,f,k
avi,P
f,k
!
n+1 

n+1


1
n+1
⊥
T
⊥
α
.
∇
ρ
+
σκ
+
kS
k
−
g
x
∇
i,f,k
i,f,k
i,f,k
i,f,k
i,f,k
avi,P
f,k

The final flux is determined after the solution of the pressure equation by correcting the
flux predictor Φ0 with the part on the left-hand side of Equation (6.20) containing the
pressure dependency, i.e.


!
n+1
T
0
T
 1

Φn+1
(∇p∗ )n+1
(6.22)
i,f,k .
i,f,k = S i,f,k v i,f,k = Φi,f,k − S i,f,k
avi,P
f,k

Now discretizing the pressure variable and the surface tension and buoyancy terms using
the Gauss’ theorem the completely discretized momentum equation reads
N



1 X
n+1
n+1 n+1
∗ n+1
T
n+1
avi,P v n+1
=
H
v
+
S
−
(p
)
−
g
x
ρ
+
σκ
α
i
i,f,k
i,f,k
i,f,k
i,P
i,f,k
i,f,k i,f,k .
|Vi |
k=1
(6.23)
Together with the multiphase Pressure Equation (6.20) the procedure of the PISO algorithm can be described as follows.

• First solve the phase fraction equation using the flux values Φn of the preceding
time step. This can be done in several sub-steps using smaller time steps in order
to improve stability. With the solution αn+1 determine the new mixture density
and viscosity distributions ρn+1 and µn+1 .

147

6.3 Pressure-Velocity Coupling

• Then, using the new fluid properties ρn+1 and µn+1 the Momentum Equation (6.23)
is solved to get an approximated velocity field v 0 using the pressure field p0 = pn of
the preceding time step (momentum predictor ). Different to the SIMPLE procedure
here the momentum equation is not underrelaxed. The resulting velocity field in
general still does not satisfy the continuity equation.
• With the velocity field v 0 the flux predictor Φ0 is determined by (6.21).
• Using the flux predictor Φ0 the pressure Equation (6.20) is established and solved
for the pressure variable p00 .
• With the pressure field p00 the flux field is corrected according to Equation (6.22)
which provides a flux field Φ00 which is consistent to p00 (flux corrector ).
• Afterwards the velocity is also corrected explicitly with Equation (6.19) using the
pressure field p00 (momentum corrector).
• Using an explicit update the correction influence of the new velocity values in
the neighboring cells contained in the term H (v) on the updated velocity field is
neglected. Therefore afterwards H (v) has to be corrected with the new velocity
value. Using the corrected H (v 00 ) a new Pressure Equation (6.20) is established
which delivers the pressure field p000 .
• The pressure field p000 is used again to correct the flux field Φ00 with Equation (6.22).
Thus, we get a flux field Φ000 which is again consistent to the pressure field p000 .
• The velocity field is explicitly corrected as before using Equation (6.19) which
delivers the new velocity field v 000 .
• The pressure solution of Equation (6.20) followed by an explicit flux and velocity
correction according to Equations (6.22) and (6.19) are repeated until a desired
tolerance or iteration number is reached.
• Afterwards the conservative fluxes are used to solve the transport equations of all
remaining flow variables.
• As long as the end time is not reached, the time step is increased and the algorithm
is repeated for the new time step.
Altogether the procedure of the PISO algorithm for instationary multiphase NavierStokes flow can be summarized by Algorithm 6.2.
Remark 6.8. In the correction of H (v) only the implicitly treated velocity values are
corrected. However, the coefficients are not corrected with the new flux field. The
justification for this is that in the instationary case the error due to the linearization of

6 Numerical Discretization and Solution

148

Algorithm 6.2 (PISO Algorithm for Instationary Multiphase Flow)
1.
2.

3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.

Initialization of all flow variables for the start time t0 , i.e.
n = 0.
Solution of the phase faction equation using the old flux
value Φn with possible sub-steps and determination of the
new distibutions of the fluid properties ρn+1 , µn+1 .
Solution of Equation (6.23) as momentum predictor using
ρn+1 , µn+1 and p0 = pn .
Determination of the flux predictor on the cell faces by
(6.21).
Solution of the Pressure Equation (6.20) using the fluxes
Φ0 .
Flux correction by Equation (6.22) using p00 to achieve
fluxes that are consistent to p00 .
Explicit update of the velocity by Equation (6.19).
Solution of the Pressure Equation (6.20) using the updated H (v 00 ).
Flux correction by Equation (6.22) using p000 to achieve
fluxes that are consistent to p000 .
Explicit velocity correction using Equation (6.19).
Repetition of steps 8, 9 and 10 until a desired tolerance
or iteration number is reached.
Solution of all other transport equations using the calculated flux field.
If the end time is not reached, set pn+1 := p000 , v n+1 := v 000 ,
Φn+1 := Φ000 and n := n + 1, determine the new time step
tn+1 := tn + ∆t and proceed with step 2.

⇒
⇒

α0 , ρ0 , µ0 ,
p0 , v 0 , Φ0
αn+1 , ρn+1 ,
µn+1

⇒

v0

⇒

Φ0

⇒

p00

⇒

Φ00

⇒
⇒

v 00
p000

⇒

Φ000

⇒

v 000

⇒

additional
variables

the nonlinear terms in H(v) is considerably less important than the errors due to the
pressure-velocity decoupling and can therefore be neglected. This is due to the fact that
for instationary calculations in general small time steps have to be chosen and thus the
changes for the next time step are small. Hence, the time-delay of the nonlinear part is
of little consequences for the accuracy and the coefficients are kept constant during the
whole correction process. Thus, the PISO algorithm consists of an implicit momentum
predictor followed by a sequence of pressure solutions and explicit velocity corrections.
In stationary cases the changes from one iteration to the next are significantly bigger.
Therefore the consideration of the nonlinearity is more important and the momentum
equation is always solved in alternation with the pressure equation (cf. [39]).
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Remark 6.9. In [35] it is observed that after two correction steps the accuracy of
the PISO algorithm is usually sufficient. For this purpose it is shown using Taylor

expansion that the order of the errors for v and p after two corrections is O ∆t4 and

O ∆t3 , respectively. With further corrections this order is increased by one for each
correction loop. However, the equation discretization already contains discretization


errors of the order O ∆t3 for schemes of second order and O ∆t2 for schemes of
first order. According to this, further correction steps appear to be unnecessary as the
discretization error is already dominant. Yet, at least two correction steps are needed
to achieve a satisfying accuracy order for velocity and pressure. Therefore using two
correction steps is recommended.
With this restriction on the number of correction steps the PISO algorithm can be
considered a direct solution technique. This is a clear advantage in comparison to the
instationary SIMPLE algorithm. Moreover, this is also the reason why no underrelaxation
is used for the equations as this would contradict the limitation to two correction steps.
However, it has to be noted that only the accuracy order of the error is considered and
not the absolute error. Additional errors can appear if
• the initial values do not satisfy the continuity equation which leads to errors in the
coefficients of H(v) or
• the pressure equation is not solved exactly, which is the case for the usually applied
iterative equation solvers.

6.3.2

Segregated Approaches for the Adjoint Systems

The adapted SIMPLE algorithm for the single-phase adjoint system adapts the solution
procedure of the primal equations to the form of the adjoint equations in a similar manner
as it is done in [70]. The adjoint momentum equation for stationary single-phase NavierStokes flow with a boundary objective function as stated in System (4.37) of Chapter 4
is given by


− ∇w + ∇wT v − ∇· ν̃eff ∇w + ∇wT − ∇q = 0
and the adjoint continuity equation is given by
∇· w = 0.
All other transport equations that may appear in the primal system are "frozen" for
the adjoint system, i.e. the variation of the additional field variables due to parameter
variations are neglected. Therefore no further equations are present here. Similar as in
the primal equation system, these equations are strongly coupled to each other. If the
equations are to be solved in a segregated algorithm, they have to be decoupled and
solved in an iterative manner. If the adjoint momentum equation is used to solve for the
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adjoint velocity variable w, we do not have an equation that can be solved for the adjoint
pressure variable q. Therefore, like for the primal system, we first have to reformulate
the adjoint continuity equation in order to get an equation for the adjoint pressure.
Derivation of the Adjoint Pressure Equation
Adapting the procedure described in Section 6.3.1 for the derivation of the primal pressure
equation, we start with the semi-discretized form of the adjoint momentum equation given
by

n+1
n+1
aw
+ (∇q)n+1
i,P w i,P = Hi w
i,P
with
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where the dependencies on the primal flow variables are contained in the coefficients
w
w
aw
i,P , ai,N,j and the term ri,P where fixed primal flow fields are used. Hence, for the
semi-discretized adjoint velocity field at the cell centers and faces we get
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Consequently, the adjoint pressure equation established by inserting the semi-discretized
adjoint velocity into the discretized adjoint continuity equation
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Moreover, the volumetric adjoint flux field Φa can be determined by
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with the adjoint flux predictor Φ0a given by
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Finally, the completely discretized adjoint momentum equation is given by
N
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Note, the opposite sign in front of the terms containing the adjoint pressure variable q
in comparison to the primal pressure variable p.
Adapted SIMPLE Algorithm for the Stationary Single-phase Adjoint System
Having derived the two discretized equations for adjoint velocity and adjoint pressure
these equations are now again solved separately in an iterative manner. Altogether this
leads to the adapted SIMPLE algorithm for stationary single-phase adjoint Navier-Stokes
flow of Algorithm 6.3.
Algorithm 6.3 (Adapted SIMPLE Algorithm for Stationary Single-phase Adjoint Flow)
1.
2.
3.
4.
5.
6.
7.

Initialization of all adjoint variables for n = 0.
Solution of Equation (6.30) as adjoint momentum predictor using the first adjoint pressure approximation q 0 = q n .
Calculation of the adjoint fluxes on the cell faces by (6.29).
Solution of the Adjoint Pressure Equation (6.27) using the
fluxes Φ0a .
Calculation of conservative adjoint fluxes by Equation
(6.28) which are consistent to q 00 .
Explicit update of the adjoint velocity by Equation (6.25)
using an underrelaxed adjoint pressure q 00 .
If convergence is not reached, set q n+1 := q 00 , wn+1 := w00 ,
Φn+1
:= Φ00a and n := n + 1 and proceed with step 2.
a

⇒
⇒

q 0 , w0 , Φ0a
w0

⇒
⇒

Φ0a
q 00

⇒

Φ00a

⇒

w00

Adapted SIMPLE Algorithm for the Stationary Multiphase Adjoint System
Similar as for the single-phase adjoint system we also adapt the procedure of the primal
velocity-pressure coupling to the multiphase adjoint system. In our application the primal
multiphase equations lead to a static final solution. Therefore in Chapter 5 we have
derived a stationary multiphase adjoint system corresponding to the final primal flow
fields. Hence, the adjoint multiphase equations are solved with an adapted stationary
SIMPLE algorithm, unlike the primal multiphase equations that are solved with an
instationary PISO algorithm.
In the same way as for the primal multiphase system first the adjoint phase fraction equation is solved. The further algorithm is based on the algorithm used for the
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single-phase adjoint equations. This algorithm is extended to the multiphase adjoint governing equations by deriving a multiphase adjoint pressure equation following the same
procedure as for the single-phase adjoint pressure equation.
The stationary adjoint momentum equation for multiphase Navier-Stokes flow as
stated in System (5.28a) with a boundary objective function is given by


−ρ ∇w + ∇wT v − ∇· µeff ∇w + ∇wT − ∇q − α∇γ = 0
and the corresponding adjoint continuity equation by
∇· w = 0.
Therefore we get for the semi-discretized multiphase adjoint momentum equation
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where αi,P is the final value of the phase fraction variable resulting from the primal flow
solution. Again the remaining dependencies on the primal flow variables are contained
w
w
in the coefficients aw
i,P , ai,N,j and the term ri,P where the fixed results of the primal flow
fields are used. Hence, for the semi-discretized multiphase adjoint velocity field at the
cell centers and faces we get
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Consequently the multiphase adjoint pressure equation established by inserting the semidiscretized multiphase adjoint velocity into the discretized multiphase adjoint continuity
equation reads
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Moreover, the volumetric multiphase adjoint flux field Φa can be determined by
n+1
T
(Φa )n+1
i,f,k = S i,f,k w i,f,k

!
n+1
H
w
i
= S Ti,f,k 
aw
i,P

1

+

aw
i,P

f,k

!

(6.34)



f,k

with the multiphase adjoint flux predictor Φ0a given by
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Finally, the completely discretized multiphase adjoint momentum equation is given by
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This leads to the following adapted SIMPLE algorithm for stationary multiphase adjoint
Navier-Stokes flow presented in Algorithm 6.4.
Algorithm 6.4 (adapted SIMPLE Algorithm for Stationary Multiphase Adjoint Flow)
1.
2.
3.
4.
5.
6.
7.
8.

6.4

Initialization of all adjoint variables for n = 0.
Solution of the adjoint phase fraction equation.
Solution of Equation (6.36) as adjoint momentum predictor using the first pressure approximation q 0 = q n .
Calculation of the adjoint fluxes on the cell faces by (6.35).
Solution of the multiphase Adjoint Pressure Equation
(6.33) using the fluxes Φ0a .
Calculation of conservative adjoint fluxes by Equation
(6.34) which are consistent to q 00 .
Explicit update of the adjoint velocity by Equation (6.32)
using an underrelaxed adjoint pressure q 00 .
If convergence is not reached, set q n+1 := q 00 , wn+1 := w00 ,
Φn+1
:= Φ00a and n := n + 1 and proceed with step 2.
a

⇒
⇒
⇒

γ 0 , q 0 , w0 , Φ0a
γ n+1
w0

⇒
⇒

Φ0a
q 00

⇒

Φ00a

⇒

w00

Coupling of the Flow Solution with the Equations of
Motion

In the last sections we presented how the coupled flow equations are solved in an iterative
algorithm. If we additionally consider moving objects, i.e. we perform dynamic calculations, then we have to solve further equations for the rigid body movement as described
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in Section 2.7. These equations are also coupled with the flow equations. On the one
hand the flow equations influence the equations of motion in terms of the flow forces and
moments that act on the body surface of the object located in the flow. On the other
hand the equations of motion influence the flow equations. This is due to the fact that
the flow domain changes according to the determined body motion.
In order to resolve this coupling, again an iterative segregated scheme is used to
consider the influence of the equations on each other. In this approach in every time
step the flow solution and the rigid body motion are solved after each other. Further
sub-iterations could be carried out for every time step, however, usually it is sufficient
to solve the equations only once. This is due to the fact that stability constraints on the
flow solution usually already restrict the time step size very much. The time scale for the
object dynamics is normally much higher, therefore this only weakly coupled approach
is justified. Moreover, usually a static simulation for the initial object position is carried
out first, which serves as initial condition for the dynamic calculation. This has the
advantage that numerical instabilities due to the initial transient convergence process
of the multiphase flow solution using the VOF approach are filtered out in advance. In
cases where the solution process is very instable an additional relaxation of the equations
of motion can be applied which restricts the advancement during one time step. This
relaxation is realized equally as already described for the flow equations in Section 6.2.9.
For the solution of the equations of motion (Equations (2.14) and (2.16)) a leapfrog
integration based on [13] is used. This is an algorithm especially developed for numerical
integration of ordinary differential equations with second-order time derivatives as it is
the case for the calculation of the acceleration aG (t) = ẍG (t). The leapfrog algorithm
has second-order accuracy. Therefore with the same amount of function evaluations
it has a higher accuracy order than the explicit Euler approach which is only firstorder accurate. Furthermore, a symmetric decomposition assures time-reversibility of the
numerical integration. This is not given for standard numerical integration approaches.
Without this property unphysical dynamical behavior can be introduced into the system.
Moreover, the leapfrog algorithm accurately conserves the total angular momentum when
applied to rigid body motion problems (cf. [13]).
The idea of the leapfrog method for the integration of the equation
ẍG =

f
m

is to evaluate the position xG and the velocity v G = ẋG at staggered time points. This
means in particular that the position is calculated for integer time steps tn and the
velocity is calculated for intermediate time steps tn+1/2 = tn + ∆t/2. This leads to
Algorithm 6.5.
If the velocity is also needed at integer time steps, an additional step can be introduced
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Algorithm 6.5 (Leapfrog Integration)

1. Initialization of tn , ∆t, xG (tn ) and v G tn−1/2 for n = 0.
2. Calculation of the acceleration at tn by
aG (tn ) =

f (tn )
.
m

3. Calculation of the intermediate velocity at tn+1/2 = tn + ∆t/2 by




v G tn+1/2 = v tn−1/2 + aG (tn ) ∆t.
4. Calculation of the new position at tn+1 = tn + ∆t by



xG tn+1 = xG (tn ) + v G tn+1/2 ∆t.
5. Set n := n + 1 and repeat from step 3 until tn = T .

at the end of the algorithm with




v G tn+1 = v G tn+1/2 + aG tn+1 ∆t/2
and step 2 can then be changed to


v G tn+1/2 = v (tn ) + aG (tn ) ∆t/2.

(6.37)

(6.38)

This leads to the following modified Algorithm 6.6.
The same procedure is carried out for the determination of the rotational movements,
i.e. of angular velocity and orientation/angles.
Altogether the algorithm for the dynamic calculation of rigid body motions coupling
the solution of the flow equations with the equations of motion is given by Algorithm
6.7.
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Algorithm 6.6 (Leapfrog Integration with Velocity Values at Integer Time Steps)

1. Initialization of tn , ∆t, xG (tn ) , v G tn−1/2 for n = 0.
2. Calculation of the acceleration at tn by
aG (tn ) =

f (tn )
.
m

3. Calculation of the intermediate velocity at tn+1/2 = tn + ∆t/2 by


v G tn+1/2 = v (tn ) + aG (tn ) ∆t/2.
4. Calculation of the new position at tn+1 = tn + ∆t by



xG tn+1 = xG (tn ) + v G tn+1/2 ∆t.
5. Calculation of the velocity at tn = tn + ∆t by




v G tn+1 = v G tn+1/2 + aG tn+1 ∆t/2.
6. Set n := n + 1 and repeat from step 2 until tn = T .

Algorithm 6.7 (Dynamic Calculation of Rigid Body Motions)
1. Initialize all fluid flow and rigid body motion variables for n = 0, i.e. tn = t0 .
2. Increase the time step tn+1 = tn + ∆t.
3. If the object moves, calculate the forces f n ((v n , pn , αn ) , Ωn ) and moments
mn ((v n , pn , αn ) , Ωn ) for the last position from the flow variables at time tn .
4. Solve the body motion equations according to Algorithm 6.6 to obtain new val

ues for linear velocity v tn+1 , the center of gravity xG tn+1 , angular velocity





ω G tn+1 and orientation T tn+1 or angles ϕ tn+1 , θ tn+1 and ψ tn+1 .
5. Transform the domain and the computational mesh according to the rigid body
motion result of step 4. to obtain the new domain Ωn+1 .
6. Solve the fluid flow equations according to Algorithm 6.2 to obtain new flow variables v n+1 , (p∗ )n+1 , αn+1 .
7. Repeat from step 3 until a given tolerance or iteration number is reached.
8. Set n := n + 1 and repeat from step 2 until tn = T , i.e. the end time T is reached.

Chapter 7

Numerical Results
In this chapter we present the results of numerical examples for the theory developed
in the previous chapters has been applied. The examples are chosen in the context of
ship hydrodynamics and have all in common that the forces which act on movable rigid
bodies in incompressible fluid flow are evaluated and optimized.
We will start with a description of the software library OpenFOAM R that was used
for implementation and discuss some implementation details in the first section. In the
second section we will describe the three different test cases that were used for this work
and their numerical realization for the calculation of the primal solutions. In particular
this means that the flow fields governed by the incompressible single-phase and multiphase Navier-Stokes equations are calculated and validated. Following these simulations
of flow problems with static objects we will take a look at dynamic calculations for the
determination of running attitudes of ships in multiphase flow in the third section. After
the realization and validation of these dynamic simulations using the equations of motion
the aim is to accelerate the solution process of this flow problem. The first approach to
achieve this is by the application of damping forces to the equations of motion as described in Section 2.7.4. This will be presented in the same section and compared to the
results computed before, which serve as reference solutions. Afterwards the flow problem is solved with the mathematical approach developed throughout the Chapters 3-5
that deploys gradient-based optimization. Hence, in the fourth section the calculation of
gradients is realized with the newly developed adjoint method, and the results are compared and validated. Finally the gradient-based optimization process for the calculation
of optimal body positions is carried out and validated.

7.1

Software for the Implementation

For the implementation of this work, the software library OpenFOAM R (Open Field
Operation and Manipulation) was chosen [25]. OpenFOAM R is an open source software
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toolbox especially for CFD applications. It has been developed since 1993 with its origin
at the Imperial College in London. It was distributed commercially first under the name
FOAM until 2004 when it was released as open source software licensed under the GNU
General Public License. Apart from no license costs, an advantage of OpenFOAM R
being open source is that there is the possibility to extend the software for customized
numerical solutions. This is of great benefit especially for academic work at universities where the possibility of adding newly developed solution methods to the existing
software is essential. For the simulations in this work mainly the OpenFOAM R release
2.1.x was used and for preliminary validation studies the releases OpenFOAM 1.5-dev,
OpenFOAM 1.6 and OpenFOAM 1.6-ext were applied.

7.1.1

Program Structure of OpenFOAM R

The software OpenFOAM R is based on object-oriented programming in C++. This
characteristic distinguishes it from most other CFD software that is usually implemented
with procedural programming. A big advantage of object-oriented programming is the
possibility to abstract complex models onto a higher programming level while hiding
away implementation details. On the one hand this can greatly facilitate the readability
of the program code and on the other hand, it allows the reuse of existing code without
duplicating the code which migth easily lead to inconsistencies.
The software OpenFOAM R is structured into solvers, utilities and libraries. Solvers
are ready to use applications that are adjusted to the simulation of specific flow problems. They can directly be used for flow simulations or can be extended with additional
functionality if further features are needed for the considered flow problem. Utilities are
applications for pre- and post-processing tasks such as meshing, data manipulation and
visualization. Finally the libraries are precompiled software parts that can be linked
dynamically to solvers or utilities and are often used for runtime selection of physical
models. In the current OpenFOAM R release there are over 80 solver applications and
over 170 utility applications available which are constantly extended (see [25]).
The selection of solver and utility settings is realized via input files which contain
so-called dictionaries for the different setting categories. All input files are located in
three different case directories: 0/, constant/ and system/. The folder 0/ contains all
specifications of initial and boundary conditions for the individual flow variables. In
the constant/ folder all mesh data and information about employed physical models
and physical constants are stored. Finally, the system/ folder is used for all control
parameters of the solution algorithm, such as selected discretization schemes and linear
equation solvers, time step size, loop iterations, stopping criteria, storage of result data,
etc. Having set all properties for the simulation run in the input files the solver is started
by executing it on the command line. During the simulation further output folders are
created for the storage of calculation results of specified time steps which are named by

159

7.1 Software for the Implementation

the time step value.

7.1.2

Discretization and Solution Algorithms in OpenFOAM R

For the discretization in OpenFOAM R principally the finite volume method is used as
described in Chapter 6. The method is implemented for arbitrary unstructured meshes
based on polyhedras. The discretization has a strict distinction between explicit and
implicit schemes which are divided into two different implementation classes. The implicit schemes are realized in the class fvm. This class contains several functions for the
discretization of the different terms in the partial differential equations. These functions
return a matrix that can be added to the system matrix of the linearized equation system.
The particular discretization schemes that are used for the individual equation terms are
runtime selected by the user in the input files. Equally the class fvc consists of several
functions for explicit discretization. These functions, however, return a data field that
can be added to the right-hand side of the linearized equation system. OpenFOAM R
has a great variety of different discretization schemes. A selection of used schemes has
already been presented in Chapter 6. This provides the user with full control over accuracy, conservation and boundedness issues as discussed in Section 6.1. The additional
requirements of multiphase flow, including the preservation of a sharp interface and the
boundedness of the phase fraction variable are approached with an additional compression term and the application of the multidimensional universal limiter with explicit
solution (MULES) described in Section 6.2.8.
Depending on the particular solvers different solution algorithms for the pressurevelocity coupling are implemented. Stationary solvers generally use a SIMPLE algorithm
and for instationary solvers usually either PISO or PIMPLE (a combination of PISO and
SIMPLE) is used (see Section 6.3.1).
Parallelization is based on geometrical decomposition of the calculation domain. This
means in particular that each processor has its own sub-domain for which the system
matrix is solved. Information on the boundaries of the domain parts are interchanged.
The communication between the processors is realized by an interface for software using
the Message Passing Interface (MPI) communications protocol. Such an geometrical partitioning is very flexible and can be applied equally for all different solver configurations.
As the applications considered are computationally very complex and time-consuming
the possibility of parallelization is essential and was therefore used for all calculations.

7.1.3

Selected Solvers for Extension to the Developed Adjoint Context

The implementation of this work is based on three already existing solvers of
OpenFOAM R that were extended for our needs. These three solvers are simpleFoam,
adjointShapeOptimizationFoam and interFoam. The solver simpleFoam is a “Steady-
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state solver for incompressible, turbulent flow” [67]. It was used for the calculation of
the primal flow fields in the stationary test case (NACA0012 hydrofoil). The solver
adjointShapeOptimizationFoam is a “Steady-state solver for incompressible, turbulent
flow of non-Newtonian fluids with optimisation of duct shape by applying ’blockage’ in
regions causing pressure loss as estimated using an adjoint formulation” [67]. As it is
specifically implemented for topology optimization of duct shapes the primal as well as
the adjoint systems are different to our equation systems. Moreover, the parameters for
the optimization are very different as they consist of the porosity values for the cells
in the flow domain. In addition the calculation of the primal and adjoint flow fields is
strongly coupled, solving alternatingly for both systems in every iteration. The optimization is carried out directly during the convergence of the flow fields adjusting the
porosity in every iteration step. Although the whole setup and the equations are different
to the adjoint procedure that was developed in this work, still the structure of this solver
together with the simpleFoam solver could be used as a basis for the newly developed
stationary adjoint solver. Therein the primal and adjoint equations presented in Chapter
4 are solved according to the solution Algorithms 6.1 and 6.3 presented in Section 6.3.1
and 6.3.2. The evaluation of the adjoint gradient is implemented as a post-processing
utility that is executed after the calculation of the primal and adjoint flow fields. By
inserting the flow solutions and the gradient value into the optimization algorithm a new
parameter value is determined for which a new flow calculation is started.
The calculation of the primal and adjoint flow equations for the multiphase test cases,
as presented in Chapter 5, is carried out in two different solvers. The primal solution
is based on the solver interFoam. This is a “Solver for 2 incompressible isothermal
immiscible fluids using a VOF (volume of fluid) phase-fraction based interface capturing
approach” [67]. As the multiphase primal equations are transient the pressure-velocity
coupling is realized with a PISO algorithm (see Algorithm 6.2 in Section 6.3.1).
Based on the results for the primal equations the adjoint equations are solved in a
second solver. This solver is implemented as a stationary solver which calculates the multiphase adjoint system (4.37) with the adjoint pressure-velocity coupling of Algorithm 6.4
developed in Section 6.3.2. The adjoint gradient is again evaluated in a post-processing
step for which we implemented several utilities depending on the objective function component and the considered motion parameter.
Putting the results of the multiphase primal and adjoint flow fields and the multiphase
gradient together the new parameter value is determined for which the flow calculation
is started anew. The detailed results of these calculation steps are presented in the
following sections.
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7.2

Setup and Validation for Static Primal Flow Fields

In this section three different test cases are present that are used throughout the numerical examples. For those test cases first the static primal solutions, i.e. the flow fields
which are the results of the incompressible single- or multiphase Navier-Stokes equations,
are calculated and validated. Afterwards parameter studies of all test cases with an evaluation of the objective functions as proposed in Sections 4.1.2 and 5.1.2 are performed.
This is done in order to analyze the applicability of gradient-based optimization to such
problems using these objective functions. The test cases are in particular
• a two-dimensional NACA0012 hydrofoil in single-phase flow,
• a three-dimensional box in multiphase flow which serves as a simplified ship hull,
• the Kriso Container Ship (KCS) in multiphase flow.

7.2.1

Single-phase NACA0012

The first test case serves as a simplified test case for the final flow problem as it only
contains single-phase flow, i.e. the formulas developed in Chapter 4 are used. A hydrofoil was chosen as a test case as it is of importance in ship hydrodynamic applications
e.g. for propeller design. NACA is the abbreviation for National Advisory Committee for
Aeronautic which was transferred to the NASA (National Aeronautics and Space Administration) in 1958. The NACA foils belong to a series of tests that were developed for air
foil design. With these tests the NACA conducted a huge number of measurements for
different foil profiles that are documented in the NACA reports. In the NACA four-digit
series the different profiles of the foils are classified by four digits that represent
• the maximum camber as percentage of the chord (first digit),
• the distance of maximum camber from the airfoil leading edge in terms of percentage of the chord (second digit),
• the maximum thickness of the airfoil as percentage of the chord (last two digits).
For the NACA0012 profile this implies that it has no camber and a maximum thickness
of 12% of the chord.
The purpose of the methods developed in the previous chapters is to optimize the
forces acting on an object in the flow field. Therefore the setting for this test case was
chosen such that the hydrofoil is free to rotate around the z-axis while the drag of the
hydrofoil is minimized. One reason for this choice is that it is very close to the test
case setup that we later deal with in the calculation of the hydrodynamic equilibrium
position. Another reason is that for the drag objective function we know that the optimal
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parameter value is the value where the hydrofoil is aligned with the main flow direction,
i.e. at an angle of attack of 0◦ , which facilitates the validation of the results.
The case setup is presented in Figure 7.1. Depending on the sign of the rotation angle
the top and bottom boundaries either belong to the inlet or the outlet.

Figure 7.1: NACA0012: Case setup, left: with zero angle of attack; right: with positive
angle of attack
Note that for this test case, when looking at flow simulations with single-phase flow
and without the influence of gravity, the rotation around the z-axis is in fact the only
motion direction that has an effect on the flow solution.
The flow domain for the numerical calculations was chosen with the following dimensions: [−20, 10] × [−10, 10] × [0, 0.5]. Therein the foil profile is located within the area
[−0.667, 0.333] × [−0.06, 0.06] × [0, 0.5]. For the calculation a structured hexahedral mesh
is used where the length of the z-direction corresponds to exactly one cell, as the calculation is conducted two-dimensional. The calculation mesh and its resolution as well as
the form of the single cells have a significant influence on the quality of the calculation
results. In areas with big gradients it is necessary to choose a fine resolution. This is
especially the case in the area close to the wall of objects located in the flow. In regions
where the fluid flow does not change very much it is sufficient to use a coarser local
discretization of the mesh. It is important to actually use this information if it is known
beforehand in order to save resources. Figure 7.2 shows the computational mesh, where
it can be observed that the vicinity of the hydrofoil is especially resolved. Altogether the
mesh has an amount of 30 261 cells.
The boundaries of the domain are denoted by IN and OUT in x-direction, by TOP and
BOTTOM in y-direction and on the hydrofoil profile by PROF. As a two-dimensional
calculation is actually realized by a three-dimensional mesh with one cell in z-direction,
there are also boundaries in z-direction which are called SB1 and SB2 and for which
OpenFOAM offers the special boundary condition “empty”. Table 7.1 shows the selected
boundary conditions for the numerical simulation in the case of a positive angle of attack.
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Figure 7.2: Computational Mesh of the NACA0012 foil; left: complete mesh, right:
enlarged view

v

p

k/ε

fixed value v in

zero gradient

fixed value kin /εin

OUT, TOP (Γout )

zero gradient

fixed value 0

zero gradient

PROF (Γwall )

fixed value 0

zero gradient

zero gradient

empty

empty

empty

IN, BOTTOM (Γin )

SB1, SB2

Table 7.1: NACA0012: Boundary conditions

The hydrofoil is oriented in such a way that the main flow direction is in negative
x-direction. The calculations were carried out for a Reynolds number of 3.3 × 105 ; this
is realized by setting the inflow velocity magnitude to a value of 0.33 m/s. For the
turbulence modeling the k-ε turbulence model was employed. Moreover, if not indicated
otherwise, the physical properties of Table 7.2 are used.
Physical Properties
Kinematic viscosity ν
Density ρ
Inflow velocity v in
Inflow turbulent kinetic energy kin
Inflow turbulent dissipation εin

2

10−6 ms
kg
1000 m
3
m
0.33 s
2
0.0001 ms2
2
0.0001 ms3

Table 7.2: NACA0012: Physical properties
For the comparison of flow solutions in the context of hydrofoils usually the lift coefficient cL and drag coefficient cD are of interest. These are dimensionless indicators of
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the lift and drag forces which can be calculated according to the following formulas
cL =

fL
2
1
2 ρ kvk A

and cD =

fD
2 ,
1
2 ρ kvk A

(7.1)

where A is the reference area of the hydrofoil and fL and fD are the lift and drag
forces. In our case they are aligned with the y- and x-directions. This test case was
already validated extensively by the author in [99] for older versions of OpenFOAM R
and a Reynolds number of 3.18 × 106 . Therein several investigations have been carried
out regarding different aspects of the case setup influencing the accuracy, such as the
choice of appropriate boundary conditions, the accuracy and the stability of different
discretization schemes, and the influence of different amounts of under-relaxation on the
solution procedure. Moreover, a mesh refinement study was carried out in order to test if
the employed refinement is sufficient to accurately reproduce the flow effects of interest.
The conclusions that have been drawn from these validation simulations were adopted for
the setup of the test case in this work. In the calculations here, a lower Reynolds number
of 3.3 × 105 was used. However, as a lower Reynolds number indicates less turbulent
flow. Therefore this is generally less prone to inaccuracies and the quality of the results
should be equal or even better.
The purpose for the numerical examples in this work is to do an optimization where
forces acting on the object located in the flow field are minimized. In order to analyze
the behavior of this test case for different angles of attack and later test the accuracy
of the developed method, we have performed a parameter study for angles ranging from
0◦ to 12◦ . The different angles of attack are realized in the computation by rotating the
whole computational domain accordingly. The calculated flow fields in terms of velocity
magnitude kvk and pressure p for selected angles of attack are presented in Figures 7.3
and 7.4. The graph of the resulting values for the drag coefficient is shown in Figure 7.5.

7.2.2

Multiphase Box

The second test case that is considered includes both, water and air flow, and is the flow
around a three-dimensional box, which represents a simplified ship hull geometry. The
advantage of such a simplified geometry is that for the whole flow domain orthogonal
cells can be used and therefore the quality of the computational mesh is very good.
Nevertheless, the physical phenomena of this test case are still complex and may even be
more complex than for ships that are actually designed to have a streamlined geometry.
The situation that we want to simulate is a ship moving forward with constant speed.
In order to keep the computational domain fixed this is realized by using a reference
frame which moves with the constant ship speed. With this modeling the ship is at a
fixed location within the computational domain and the ship speed is turned into an
inflow velocity of the approaching flow. The case setup is presented in Figure 7.6.
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Figure 7.3: NACA0012: Velocity magnitude for angles of attack of 2◦ , 4◦ , 6◦ , 8◦ , 10◦ ,
12◦ (from left to right, top to bottom)
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Figure 7.4: NACA0012: Pressure distribution for angles of attack of 2◦ , 4◦ , 6◦ , 8◦ , 10◦ ,
12◦ (from left to right, top to bottom)
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Figure 7.5: NACA0012: Drag coefficient for different angles of attack

Figure 7.6: Box: Case setup
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The computational domain is oriented such that the inflow is in negative x-direction
and the undisturbed water plane is parallel to the xy-plane and located at z = 0. The
dimensions of the computational domain are [−2.75, 1.25] × [−1.1, 1.1] × [−1.07, 0.93]
where the box is located in the area [−0.25, 0.25] × [−0.1, 0.1] × [−0.07, 0.18] with the
center of gravity at (0, 0, 0.011) and a draft of 0.07 m.
The boundaries of the domain are denoted by IN and OUT in x-direction, by SIDE
in y-direction, by TOP and BOTTOM in z-direction and on the box by HULL. The
mesh is again structured and hexahedral and it is especially resolved in the area of the
box and the water surface where the steepest gradients of the flow solution are expected.
In contrast, in areas far away from the object the mesh is very coarse in order to save
computational effort. Altogether this leads to a cell number of 830,322. Figure 7.7 shows
the overall mesh and Figure 7.8 the refinement at the box.

Figure 7.7: Computational mesh for the box in multiphase flow

Figure 7.8: Enlarged view of the computational mesh at the box

169

7.2 Setup and Validation for Static Primal Flow Fields

The settings for the boundary conditions for a positive trim angle (i.e. the front of the
box is turned downwards) are given in Table 7.3. The calculations were carried out for
an inflow velocity of 0.8 m/s and with turbulence modeling using the k-ω-SST model.
Furthermore, the physical properties of Table 7.4 were set.
v

p

α/k/ε

fixed value v in

zero gradient

fixed value αin /kin /εin

OUT, BOTTOM (Γout )

zero gradient

fixed value 0

zero gradient

HULL (Γwall )

fixed value 0

zero gradient

zero gradient

SIDE (Γsymm )

symmetry

symmetry

symmetry

IN, TOP (Γin )

Table 7.3: Box: Boundary conditions
Physical properties
Kinematic viscosity water ν1
Kinematic viscosity air ν2
Density water ρ1
Density air ρ2
Inflow velocity v in
Inflow turbulent kinetic energy kin
Inflow turbulent frequency ωin
Gravity g

1.25 × 10−06
1.48 × 10−05
kg
998.2 m
3
kg
1.0 m3
0.8 ms
2
0.0003 ms2
0.01 1s
9.81 sm2

m2
s
m2
s

Table 7.4: Box: Physical properties
Like for the NACA0012 test case, here also a similar test case was already validated
extensively by the author in [99] for older versions of OpenFOAM R . Therein several investigations were carried out regarding different aspects of the case setup influencing the
accuracy, such as the choice of appropriate boundary conditions, the accuracy and stability of different discretization schemes and the influence of different numbers of pressure
corrector loops in the solution procedure. Furthermore, different turbulence models and
mesh refinement levels were tested. The calculations were validated by measurements
that were conducted in the test tank at Voith. Figure 7.9 shows a comparison of the wave
elevation around the box for a velocity of v = 1.3 m/s. As can be seen in the pictures,
the calculated results are in good agreement to the results of the model test, which is
also quantitatively the case for resistance values. The conclusions that were drawn from
these validations were adopted for the setup of the test case in this work. Moreover,
in [99] the influence of different inflow velocities on the wave elevation and resistance
values was investigated by the author. As already discussed for the hydrofoil test case,
the purpose of the test case here is to optimize the forces acting on the object, i.e. we
now look at the influence of different trim and sinkage values for a given velocity. In this
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Figure 7.9: Box: Wave elevation for v = 1.3 m/s; left: simulation, right: test tank
measurement
test case this is done with the aim to find for a given ship velocity the static position
for which the acting forces are in equilibrium. As the box is symmetrical in the y = 0
plane (which is usually the case for ships as well) the relevant rotation for linear inflow
in negative x-direction is the trim, i.e. the rotation around the y-axis. Other rotations
do not occur due to the symmetric case setup. With respect to the translation motions
only sinkage (translation in z-direction) is considered, as the other directions do not have
any effect on the flow solution. Consequently, the force and moment components that we
later have to consider in the objective function are the moment with regard to the y-axis
(my ) and the force in z-direction (fz ). Figure 7.10 shows the calculation results for two
different parameter combinations at an inflow velocity of v =1.3 m/s. The water surface
is colored by its elevation with respect to the undisturbed water surface at z = 0. The
picture on the left shows the result when the box is fixed to its position for zero velocity
and the picture on the right is the position that the box assumes at a velocity of v =1.3
m/s, when it is free to move.

Figure 7.10: Flow solution for two different parameter combinations for the position of
the box
Here, the differences of the solutions can only be recognized by comparing the pictures
very carefully. However, the effect on the forces and moments acting on the box and in
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particular on the resistance value is significant, which is actually what we want to analyze.
In order to quantitatively better investigate the behavior of the flow solution with
respect to different positions of the box, a parameter study for combinations of the
trim angles 0◦ , 2◦ , 4◦ , 6◦ , 8◦ and sinkages 0 mm, -5 mm, -10 mm, -11 mm, and -15
mm in negative z-direction was performed. The different positions of the box are again
realized in the computation by rotating and translating the whole computational mesh
accordingly. The interpolated results of y-moment and z-force in between the selected
parameter combinations can be seen in Figures 7.11 - 7.13.

2
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−15
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Trim angle [°]

Figure 7.11: Box: Interpolated results y-moment

Figure 7.12: Box: Interpolated results z-force
Figure 7.11 illustrates the y-moment where the color red corresponds to a low value
whereas blue indicates a high value. Equally Figure 7.12 shows the results for the z-force.
For the search of the equilibrium position the values of the y-moment and z-force are
the nonzero components of the multidimensional objective function
!
T m̃ ((ṽ, p̃∗ , α̃) , Ω )
Θ
u
m
∗
J¯((ṽ, p̃ , α̃) , Ωu ) :=
ΘTf f̃ ((ṽ, p̃∗ , α̃) , Ωu )
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Figure 7.13:
Box:
interpolated results of combined y-moment and z-force
(=
b quadratic error of multidimensional root determination)
as described in Section 5.1.2 and

0 0

Θm = 0 1
0 0

therefore we have



0
0 0 0



and
Θf = 0 0 0 .
0
0
0 0 1

(7.2)

Using this objective function we search the zero point of all components, i.e. the point
where both, y-moment and z-force, are simultaneously zero. From the pictures we can
guess that this value lies within the range [3◦ , 4◦ ] and [10 mm, 11 mm].
Figure 7.13 shows the results for the combined scalar-valued objective function of the
minimization problem given by the definition of Formula (5.3) with
J¯ ((ṽ, p̃∗ , α̃) , Ωu ) := af kΘTf f̃ ((ṽ, p̃∗ , α̃) , Ωu ) k22 + am kΘTm m̃ ((ṽ, p̃∗ , α̃) , Ωu ) k22 ,
where af = am = 1 and Θf and Θm are defined as in (7.2). This also corresponds to
the quadratic error of the determination of the root of the multidimensional objective
function. Here, the graphs are each presented in a 3D plot as well as in a 2D plot in
order to get a better impression of the course of the functions. Subsequent plots will be
restricted to 2D presentation only where details can be better recognized.
As expected, it can be clearly seen from the pictures that the parameter component for
trim has the dominant influence on the y-moment and there is only very slight dependency
on the sinkage parameter. This holds similarly for the z-force. Here we can better observe
some influence of the trim angle on the z-force, but the dominant influence definitely
originates from the sinkage value. Additionally, we can see that the dependency of the
individual components on the main influencing parameter is almost linear. This indicates
that the realization with the multidimensional function where the z-force and the ymoment are each optimized in separate components might be more efficient for such
problems than the combined approach because we can then benefit from its linearity.

173

7.2 Setup and Validation for Static Primal Flow Fields

This is based on the fact that e.g. a Newton algorithm converges in only one iteration
when applied to linear functions. Therefore we can expect a very fast convergence.
Furthermore, for the derivative calculation of the components it might be possible to
neglect the dependency of the parameter that has the minor impact without affecting its
accuracy very much. This will be useful for an efficient optimization procedure and we
will have a closer look at this in Section 7.4.3.

7.2.3

Multiphase Kriso Container Ship

The third test case is the Kriso Container Ship (KCS) which is a modern cargo vessel
with bulb bow and stern. This ship has already been used many times as a benchmark
case for CFD calculations and therefore a lot of validation data is available (compare e.g.
the CFD Workshops in Gothenburg in the years 2000 [50] and 2010 [51] and the CFD
Workshop in Tokyo in the year 2005 [28]). The technical data of the ship is given in
Table 7.5 (cf. [51]).
Technical data (for full scale)
Length between perpendiculars (LP P )
Length at waterline (LW L )
Maximum beam at waterline (BW L )
Draft (D)
Wetted area w/o rudder (SW )
Service speed (v)
Froude number at service speed (F r)

230 m
232.5 m
32.2 m
10.8 m
9424 m2
24 kn
0.26

Table 7.5: KCS: Technical data
In order to be able to validate the results the case is setup in accordance with the
benchmark test case 2.1. of the Gothenburg 2010 Workshop. The ship is simulated in
model scale with a ratio of 31.6 : 1. The boundaries of the domain are denoted in the
same way as for the box test case and the computational domain is again oriented such
that the inflow is in negative x-direction and the undisturbed water plane is parallel
to the xy-plane and located at z = 0. Furthermore, the boundary conditions are set
as described in Table 7.3 for the box test case. The dimensions of the computational
domain are [−30.8, 15.4] × [−10, 10] × [−6.01, 3.005] where the KCS is located in the area
[0, 7.7] × [−0.5, 0.5] × [−0.34177, 0.402] with its center of gravity at (3.722, 0, −0.2) and
a draft of 0.34177 m. For the turbulence modeling the k-ω-SST model was used and a
hybrid turbulence model that is a combination of a RANSE turbulence model (k-ω-SST)
and a LES model (dynamic Smagorinsky) and was developed within the research project
ShipLES funded by the German Federal Ministry of Economics and Technology together
with the University of Rostock (see [42] and [47]). In order to improve the robustness
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of the calculation procedure we first start with a laminar simulation for some iterations,
i.e. without a turbulence model, and use these results as initial values for the calculation
with turbulence model. Moreover, the physical properties of Table 7.6 are set.
Physical properties
Kinematic viscosity water (ν1 )
Kinematic viscosity air (ν2 )
Density water (ρ1 )
Density air (ρ2 )
Inflow velocity (v in )
Inflow turbulent kinetic energy (kin )
Inflow turbulent frequency (ωin )
Gravity (g)
Reynolds number (Re)

1.25 × 10−06
1.48 × 10−05
kg
998.2 m
3
kg
1.0 m3
2.1962 ms
2
0.0003 ms2
0.01 1s
9.81 sm2
1.3 × 107

m2
s
m2
s

Table 7.6: KCS: Physical properties

Mesh Generation for Complex Ship Geometries
As a mesh for a real ship geometry cannot be generated as easily as the mesh for a box,
we will briefly describe the mesh generation tool used for this purpose. Afterwards we
will present the results for several validation calculations carried out for this test case.
The results of these validations have in parts already been published in [42] and [47].
The computational mesh was generated using the OpenFOAM R mesh generator
snappyHexMesh which is a tool for constructing three-dimensional unstructured meshes.
The advantage of unstructured meshes is that it is possible to locally refine the mesh
without the refinement extending over the whole flow domain. Therefore it is possible to
achieve a very good refinement in the areas of interest while keeping the overall amount
of cells in the flow domain low. SnappyHexMesh offers the possibility to generate a mesh
around an object geometry given in STL (Surface Tesselation Language) format. The
starting point is a very coarse, structured, cartesian background mesh that defines the
outer boundaries of the flow domain and extends over the whole flow domain, including
the part of the object. At the intersection of the mesh with the object boundary and at
additional previously defined areas the mesh is successively refined by splitting the cells
in all coordinate directions until a given level of refinement is reached. Then, for the
computational mesh only the cells are selected for which more than 50% of their volume
is located outside the object geometry. In order to reflect the object surface accurately,
the cell vertex points next to the object surface are projected onto it. As a last step
of the mesh generation process there is the possibility to add layers of hexahedral cells
at the object surface in order to achieve better results for the calculation of the steep
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velocity gradient in the boundary layer. Another advantage of such meshes, apart from
the possibility of local refinement, is that the meshes consist of mainly hexahedral and
orthogonal cells which is of importance for the mesh quality as discussed in more detail
in Section 6.2.3. Figure 7.14 shows cuts through a mesh around a ship generated by
snappyHexMesh. It can be observed clearly how the mesh is refined toward the surface
of the ship and inside additionally specified refinement boxes around the ship, at the
water surface and at the bow and the propeller plane of the ship in order to accurately
reproduce the geometry and the steep gradient of the phase fraction variable expected at
the water surface. For the validation calculations of this test case four meshes were used

Figure 7.14: Mesh generation for the KCS ship with snappyHexMesh
with different levels of refinement at the ship surface and in the additional refinement
box at the propeller plane. The meshes have the following amounts of cells in the flow
domain:
• 1. mesh: 860,000 cells,
• 2. mesh: 1.05 million cells,
• 3. mesh: 1.51 million cells,
• 4. mesh: 1.73 million cells.
Validation of the Resistance Value
For the validation of the flow calculations around the KCS ship we first look at the
resistance values. The resistance of the ship is evaluated as described in Section 5.1.2 as
the x-component of
Z 


∗
p̃∗ + ρ̃g T x̃ I − µeff ∇ṽ + ∇ṽ T ñ dS
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Z
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where the resistance value can be decomposed in pressure and viscous resistance. Figure 7.15
exemplarily shows the convergence history for the calculation with the coarsest mesh. In
120
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Figure 7.15: KCS: Convergence of the resistance
this convergence history we can observe that the pressure part of the resistance is oscillating for a long time until we get to the converged solution. In oder to shorten the
simulation time often the calculation is only performed until the pressure contribution
oscillates around a fixed value for some periods and then the time-averaged value is used
for the evaluation. This value is already very close to the final converged value but needs
significantly less computational effort. Therefore it is often worth abstaining from the
extra accuracy of the completely converged value which is computationally too expensive
for its comparatively low benefit on the results.
Table 7.7 shows the results for the time-averaged resistance calculations with the four
different meshes. In order to evaluate the quality of the results, the calculated values
were compared to measurements conducted in [44].
The results are in very good agreement with the measurements. The hybrid turbulence
model automatically detects in which areas of the flow domain the mesh refinement is
sufficient for the application of the LES model and uses this model therein. For the
refined meshes this is the case in greater parts of the flow domain therefore we can see
an improved result especially for the finest mesh.
Validation of the Velocity in the Propeller Plane
For the validation of the velocity in the propeller plane the setup of the benchmark
case 2.1-10 of the Gothenburg Workshop 2010 [51] was used. As defined in the test
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turbulence
measurements

pressure [N]

viscous [N]

total [N]

16.61

64.87

81.48

k-ω-SST

17.9

68.1

86.0

(+5.5%)

hybrid

15.7

68.9

84.6

(+3.8%)

k-ω-SST

17.3

66.1

83.4

(+2.3%)

hybrid

13.7

65.4

79.1

(-2.9%)

k-ω-SST

16.92

65.95

82.87

(+1.71%)

hybrid

15.24

64.83

80.07

(-1.73%)

k-ω-SST

17.27

65.90

83.17

(+2.07%)

hybrid

17.01

64.52

81.53

(+0.06%)

860k cells

1.05m cells

1.51m cells

1.73m cells

Table 7.7: Comparison of the calculated resistance values with k-ω-SST and hybrid
turbulence models to measurements conducted in [44]

case description the velocity values in the propeller plane on the axis x/LP P = 0.9825,
z/LP P = −0.0302 are validate, where the coordinates are given with respect to a different
coordinate system than ours, namely with x = 0 at the forward perpendicular (FP) of
the ship and an x-axis pointing from bow to stern. For better comparability with further
results in [51], the same notation as specified in the test case description is used, i.e. the
inlet velocity is denoted by U. The velocity components u, v and w are normed with
U and are plotted in the diagram as a function of the horizontal distance y/LP P to the
ship symmetry plane. The results are again compared to measurements of [44] where the
abbreviation EFD in the diagram stands for experimental fluid dynamics.
Figures 7.16 and 7.17 show the influence of mesh refinement on the velocity components for calculations with the RANSE turbulence models and the hybrid turbulence
model, respectively. Figure 7.18 shows a comparison of the RANSE solution and the
hybrid solution for the finest mesh. It can be observed that especially in the vicinity of
the ship, where the hybrid solver applies LES turbulence modeling, an improved result is
achieved in that solution. Figure 7.19 compares the achieved results for the finest mesh
with results from participants of the Gothenburg 2010 Workshop on Numerical Ship Hydrodynamics. In accordance with the instructions of the benchmark case the legend of
the graphs is composed of the institution and the software code, i.e. the results of this
work have the legend “VOITH-OpenFOAM”. Overall it can be concluded that the results
agree very well with the measurements and other computational results.

7 Numerical Results

178

1.2
1
0.8

Velocity

0.6
0.4
0.2
0
-0.2
-0.4
-0.05

-0.04

-0.03

-0.02

-0.01

0

y/L pp
Cells
u/U (EFD)
v/U (EFD)
w/U (EFD)

u/U (860 K)
v/U (860 K)
w/U (860 K)

u/U (1.0 Mio)
v/U (1.0 Mio)
w/U (1.0 Mio)

u/U (1.5 Mio)
v/U (1.5 Mio)
w/U (1.5 Mio)

Figure 7.16: KCS: Influence of mesh refinement on the velocity values (RANSE)
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Figure 7.17: KCS: Influence of mesh refinement on the velocity values (hybrid)
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Figure 7.18: KCS: Comparison of velocity values for RANSE and hybrid modeling
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Figure 7.19: KCS: Comparison of velocity results with participants of the Gothenburg
2010 Workshop [51]
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Validation of the Wave Elevation
For the validation of the wave elevation the test case 2.1-1 of the Gothenburg 2010
Workshop [51] is used. The validation area as defined in the test case description is given
by
0.1 ≤ x/LP P ≤ 2.0,
−0.5 ≤ y/LP P ≤ 0.
The contour levels are within
−0.005 ≤ z/LP P ≤ 0.01
with intervals of ∆z = 0.0005 LP P and a total of 31 levels. Positive contour lines are
indicated by black solid lines while the negative contour lines are indicated by grey or
dotted lines. Figure 7.20 shows the selected area by colored highlighting. The results
for the wave elevation of the RANSE and hybrid simulations are again validated with
measurements from [44] (see Figures 7.21 and 7.22) and are once again compared to
results of the Gothenburg 2010 Workshop in Figure 7.23. In the latter figure the results
of this work are highlighted by colored illustration and are directly positioned next to the
measurement results whereas further calculation results of other benchmark participants
are presented as published in [51] in black-and-white. It can clearly be observed, that
the wave elevation is better reproduced than in most workshop results.

Figure 7.20: KCS: Validation area of the wave elevation (coarse mesh, RANSE)
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Figure 7.21: KCS: Validation of the wave elevation (fine mesh, RANSE) with measurements from [44]

Figure 7.22: KCS: Validation of the wave elevation (fine mesh, hybrid) with measurements from [44]
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Figure 7.23: KCS: Comparison of the wave elevation with results from the Gothenburg
2010 Workshop [51]
Parameter Study for Different Combinations of Trim and Sinkage
Similarly as for the box test case we also analyze the behavior of the flow solution around
the KCS ship for different parameter combinations of trim angles and sinkages. For this
purpose we have chosen the trim angles 0.0◦ , 0.05◦ , 0.1◦ , 0.15◦ and 0.2◦ and the sinkages
0.0 m, −0.005 m, −0.01 m, −0.015 m and −0.02 m and have performed calculations of
all parameter combinations thereof. This time the different positions are not realized
by rotating and translating the whole domain accordingly but by the Laplace equationbased transformation approach described in Section 2.7. The reason for this choice is
that the cells at the inlet stay in the same position and are therefore aligned with the
main flow direction for all different parameter combinations. This is important for the
stability of the numerical calculations. The interpolated results of y-moment and z-force
in between the selected parameter combinations can be seen in Figures 7.24 - 7.26. In
particular Figure 7.24 shows the y-moment in a 3D and a 2D plot. Figure 7.25 equally
shows these plots for the z-force. For the search of the equilibrium position the values
of the y-moment and z-force are again the nonzero components of the multidimensional
objective function as described in Section 5.1.2 given by
!
T m̃ ((ṽ, p̃∗ , α̃) , Ω )
Θ
u
m
∗
J¯((ṽ, p̃ , α̃) , Ωu ) :=
.
ΘTf f̃ ((ṽ, p̃∗ , α̃) , Ωu )
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Therefore we have


Θm


0 0 0


= 0 1 0 
0 0 0



and


0 0 0


Θf = 0 0 0 .
0 0 1

(7.3)

Figure 7.24: KCS: Interpolated results y-moment

Figure 7.25: KCS: Interpolated results z-force
From the pictures we can guess that the zero point of both components lies in between
0.15◦ and 0.2◦ and around 15 mm. Figure 7.26 shows the results for the combined scalarvalued objective function of the minimization problem. In turn his function is defined as
in Formula (5.3) by
J¯ ((ṽ, p̃∗ , α̃) , Ωu ) := af kΘTf f̃ ((ṽ, p̃∗ , α̃) , Ωu ) k22 + am kΘTm m̃ ((ṽ, p̃∗ , α̃) , Ωu ) k22 .
with af = am = 1 and Θf and Θm defined as before by (7.3). This again corresponds to
the quadratic error of the determination of the root for the multidimensional objective
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Figure 7.26:
KCS: interpolated results of combined y-moment and z-force
(=
b quadratic error of multidimensional root determination)
function. As already observed for the box test case we can clearly see that the main
influence on the y-moment results from the trim angle and the main influence on the
z-force results from the sinkage value. However, now there is also a notable influence of
the sinkage parameter on the y-moment. Moreover, also for this more complicated test
case with a real ship, the dependencies on the main parameters are almost linear, which
we will make use of in the optimization procedure.

7.3

Rigid Body Motion via Equations of Motion

So far we have only looked at calculations for static ship simulations. However, the ship
changes its position for different velocities due the changing hydrodynamic forces acting
on its surface. We now take a look at the first approach to include this additional effect,
namely by the equations of motion as described in Section 2.7. These calculations will be
presented and validated first. Afterwards we accelerate these calculations by employing
the damped oscillation procedure described in Section 2.7.4.

7.3.1

Calculation and Validation of Running Attitudes

The calculations of the running attitude in multiphase flow of water and air are realized
for the two multiphase test cases presented in the previous sections. We start with the
presentation of the box test case.
Dynamic Calculations for the Box Test Case
The calculations for the box test case are performed for an inflow velocity of 0.8 m/s.
The initial position of the box is the hydrostatic equilibrium position which corresponds
to a center of gravity at (0, 0, 0.011) and a trim angle of 0◦ . We calculated the flow field
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for this position in the static simulation in Section 7.2.2. The result of this calculation
is used as initial condition for the dynamic calculations with free trim and sinkage. For
the determination of the movement via equations of motion we use the following settings
given in Table 7.8. The acceleration limit alim is introduced to avoid divergence of
Dynamic setup
Inflow velocity v in
Initial center of mass xG
Moment of inertia (IXX , IY Y , IZZ )
Mass m
Acceleration limit alim

0.8 ms
(0, 0, 0.011)
(0.084828, 0.211132, 0.186036)
7 kg
5 sm2

Table 7.8: Box: Dynamic Setup
the calculation process due to numerical inaccuracies. These inaccuracies can provoke
extreme unphysical force values for individual time steps which would lead to a huge
movement. In order to prevent this, all accelerations that are higher than a reasonable
previously defined maximum acceleration value alim are limited by this value. This
significantly improves the robustness of the calculation procedure. The computational
mesh is transformed by a Laplace equation based transformation as described in Section
2.7 with a diffusivity coefficient that depends quadratically on the inverse distance to the
box. Figure 7.27 shows the linear and angular velocities that we get for every iteration
after integrating the z-force and y-moment. A second integration yields the translation
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Figure 7.27: Box: Linear and angular velocities in z-direction and y-rotation
of the center of gravity in z-direction (sinkage) and the rotation around the y-axis (trim)
and is shown in Figure 7.28. According to these values the box is moved in every iteration
and consequently the flow domain is transformed correspondingly. It can be observed
that due to inertia the box is oscillating a lot which results in a very long simulation
time.
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Figure 7.28: Box: Sinkage and trim

Depending on the position we get different resistance (x-force) values of the box which
converge to a fixed value when the position is converging. This is the resistance value
that takes effect when the ship reaches its static position for a linear inflow with a given
constant ship speed. This is the value we want to analyze through these calculations.
The resistance evolution during the whole simulation is presented in Figure 7.29.
−4

total resistance

Resistance [N]

−5

−6

−7

−8

−9
0

1000

2000

3000

4000

5000

6000

7000

Iterations

Figure 7.29: Box: Resistance
As the calculation results for trim, sinkage and resistance are still slightly oscillating
at the end of the simulation time, we build the average over the last 2000 iterations in
order to get a time-averaged solution that enables us to evaluate the results. The timeaveraged values are presented in Table 7.9 where we also state the maximum positive
and negative deviations from the averaged value within the averaging range, which gives
an impression of the accuracy of the calculated values.
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time-averaged values

maximum deviation

-11.60

-4.0% +4.6%

3.45

-3.9% +4.8%

pressure resistance [N]

-6.06

-4.3% +4.4%

viscous resistance [N]

0.034

-8.0% +8.3%

total resistance [N]

-6.03

-4.3% +4.4%

sinkage [mm]
trim

[◦ ]

Table 7.9: Box: Time-averaged calculation results
Dynamic Calculations for the KCS Test Case
For the KCS test case we have also calculated the running attitude via the equations
of motion. We have again adopted the same settings as described for the static case in
Section 7.2.3 and have used the results for the hydrostatic equilibrium position (center of
gravity at (3.722, 0, −0.2) trim angle 0◦ ) as initial conditions for the dynamic calculations
with free trim and sinkage. This test case was also part of the benchmark cases at the
Gothenburg 2010 Workshop [51] and was denoted by test case 2.2.b. However, in this
benchmark case, other then for the static simulations, the geometry of the KCS ship
with rudder was used in experimental data. We have not included the rudder for our
simulations, but used the same geometry as for the static simulation, however, still the
measurements serve as a good approximation for validation. The settings for the dynamic
setup are given in Table 7.10.
Dynamic setup
Inflow velocity v in
Initial center of mass xG
Moment of inertia (IXX , IY Y , IZZ )
Mass m

2.196 ms
(3.722, 0, −0.2)
(300, 17500, 1200)
1649 kg

Table 7.10: KCS: Dynamic Setup
The computational mesh is again transformed by a Laplace equation based transformation with a diffusivity coefficient that depends quadratically on the inverse distance
to the ship surface. Figure 7.30 illustrates the flow solutions for the initial hydrostatic
equilibrium position and the final static position, that is assumed for a ship speed of
2.196 m/s if the ship is free to move. In order to better illustrate the differences in the
positions of the ship the computational mesh in the symmetry plane is colored by the
cell displacement magnitude. Although the differences in the ship positions are hard to
observe in the graphics, the changes in the flow forces are significant and for instance
lead to a considerable increase of the resistance value.
The variables describing the motion of the ship throughout the simulation process
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Figure 7.30: KCS: Initial and final position for the dynamic simulation
are presented in Figures 7.31 - 7.33. Figure 7.31 shows the linear and angular velocities,
Figure 7.32 the translation of the center of gravity in z-direction and the rotation around
the y-axis and Figure 7.33 the resulting resistance of the moving ship.
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Figure 7.31: KCS: Linear and angular velocities in z-direction and y-rotation
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Figure 7.32: KCS: Sinkage and trim
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Figure 7.33: KCS: Resistance

Due to instability in the calculation, there are a lot of unphysical spikes in the forces
result that extend far beyond the limits of the displayed coordinate range. If these values
were directly applied to the motion calculation, they would lead to an extremely big
unrealistic motion. Therefore such spikes are the reason why an acceleration limitation
for the equations of motion is essential for the convergence of the solution procedure.
We can once again observe that the ship is oscillating a lot until it reaches a more or
less stable position. In order to get comparable values for the validation of the results we
again apply an averaging as described for the box test case. The time-averaged solution
values for an averaging over the last 3000 iterations and the maximum deviations within
the averaging period are given in Table 7.11.
time-averaged values

maximum deviation

-1.477

-3.7% +3.3%

0.1654

-2.8% +2.7%

pressure resistance [N]

-37.23

-11.6% +1.4%

viscous resistance [N]

-65.08

-0.1% +0.1%

total resistance [N]

-102.31

sinkage [cm]
trim

[◦ ]

Table 7.11: KCS: Time-averaged calculation results

A comparison of the calculated values for trim and sinkage to the measurement values
of [51] and the deviation of the averaged values is presented in Table 7.12.
We can observe that the deviations from the measurements have a similar magnitude
as the remaining oscillations of the solution at the end of the calculation time.
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sinkage [cm]

trim [◦ ]

measurement

-1.394

0.169

simulation

-1.477

-5.95%

0.1654

-2.13%

Table 7.12: KCS: Comparison of trim and sinkage to measurements

7.3.2

Acceleration with Damped Oscillation

As observed in the simulation results for the dynamic running attitude calculation the
simulation process via equations of motion is very time-consuming. For this reason we
presented a method of accelerating this approach by means of damping in Section 2.7.4.
This approach is tested and validated in this section.
Acceleration of the Box Test Case
For the damping of the oscillation in z-direction we apply Equation (2.17) and use a
damping coefficient dz = 166. Equally for the damping of the oscillation around the
y-axis (Equation (2.21)) we use a damping coefficient of dθ = 1.44. The results for
linear/angular velocity, trim/sinkage and resistance in comparison to the above presented
results without damping are shown in Figures 7.34 to 7.36. It can be clearly observed
that the final values of the averaged results are not affected by the damping and the
oscillations for all variables are considerably reduced. Hence, it is possible to achieve
reliable time-averaged results with significantly fewer iterations. Table 7.13 shows the
time-averaged results and their deviations for an averaging range of 2000 iterations.
Another positive effect of the damping is that the maximum amplitudes of the movements are reduced and therefore we have less distortion of the mesh due to the transformations. Consequently the solution process is more robust.
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Figure 7.34: Box: Linear and angular velocities in z-direction and y-rotation for calculations with and without damping
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Figure 7.35: Box: Sinkage and trim for calculations with and without damping
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Figure 7.36: Box: Resistance for calculations with and without damping

time-averaged values

maximum deviation

sinkage [mm]

-11.59

-1.1% +1.1%

trim [◦ ]

3.48

-0.9% +1.0%

pressure resistance [N]

-6.058

-0.7% +0.6%

viscous resistance [N]

0.032

-0.6% +0.5%

total resistance [N]

-6.026

-0.8% +0.9%

Table 7.13: Box: Time-averaged calculation results for damped oscillations
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Acceleration of the KCS Test Case
Equally as for the box we also apply this damping approach to the KCS test case. Here,
we use a damping coefficient for the vertical direction of dz = 30 000 and a damping
coefficient for the rotation around the y-axis of dθ = 200 000. The results of this test
case for linear and angular velocity as well as trim and sinkage are shown in Figures
7.37 and 7.38. Similar as already observed for the box test case the damping leads to
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Figure 7.37: KCS: Linear and angular velocities in z-direction and y-rotation for calculations with and without damping
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Figure 7.38: KCS: Sinkage and trim for calculations with and without damping
a considerable acceleration of the convergence of trim and sinkage and ensures a more
robust solution procedure due to the significantly reduced maximal oscillations. The
time-averaged results for an averaging period of 3000 iterations are given in Table 7.14.
It can be observed that the averaged values are not affected due to the additionally
applied damping, but they are even slightly closer to the measurements, however this is
only marginal. Yet, the maximal deviations are very much reduced, as already observed
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time-averaged values

maximum deviation

-1.475

-0.08% +0.07%

0.1660

-0.14% +0.15%

pressure resistance [N]

-37.63

-4.8% +4.8%

viscous resistance [N]

-63.74

-0.3% +0.4%

total resistance [N]

-101.38

sinkage [cm]
trim

[◦ ]

Table 7.14: KCS: Time-averaged calculation results for damped oscillations
in the graphics. This improves the reliability of the calculated averaged values and, what
is more, this is achieved without additional computational effort or even with reduced
effort.

7.4

Rigid Body Motion via Gradient-Based Optimization

After having presented the calculation of running attitudes via equations of motion in the
last section we will focus on the newly proposed approach via gradient-based optimization
of Chapters 4 and 5 in this section. This is done in the following three steps which are
each performed for the three different test cases presented in the previous sections:
• calculation of the single-phase or multiphase adjoint flow fields,
• evaluation and validation of the adjoint gradients with the help of two alternative
calculation methods using finite differences,
• gradient-based optimization, where the single-phase test case is directly solved with
adjoint gradients and the multiphase test cases are first analyzed using finite differences derivatives before they are finally solved efficiently with adjoint gradients.

7.4.1

Adjoint Flow Fields

For the evaluation of the single-phase and multiphase adjoint systems we take another
look at our test cases of the last sections and start with the single-phase case.
Single-phase Adjoint Flow Fields for the NACA0012 Test Case
In order to analyze the behavior of the solution procedure for the single-phase adjoint system (4.37) presented in Section 4.2 we calculate the adjoint flow fields for the NACA0012
test case. The adjoint system always corresponds to a special objective function. For
this test case the drag objective function (x-force) is used. This objective function leads
to a boundary condition at the hydrofoil boundary ΓB with the adjoint velocity specified
by the unit vector in x-direction (cf. Section 5.2.2). The close up view of Figure 7.39
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shows an example of how the adjoint flow field adapts from a low surrounding velocity
to the enforced boundary condition resulting from the drag objective function. Building

Figure 7.39: Adjoint velocity vectors adapting to the adjoint boundary condition in the
vicinity of the leading (top) and trailing (bottom) edge of the hydrofoil
upon the results for the primal flow field the adjoint flow field is solved for angles of
attack of 2◦ , 4◦ , 6◦ , 8◦ , 10◦ and 12◦ . The resulting adjoint velocity fields and adjoint
pressure fields are presented in Figures 7.40 and 7.41. It can be observed that the flow
direction of the adjoint velocity goes in opposite direction compared to the primal flow
field. We already expected this due to the reversed sign in front of the convective term
of the adjoint momentum equation in comparison to the primal momentum equation.
Multiphase Adjoint Flow Fields for the Box Test Case
For testing the multiphase adjoint system developed in Section 5.2, we first look at
the results for the box test case. For the adjoint computation the adjoint multiphase
system (5.28a) presented in Section 5.2 is used, however, with the alternative derivation
of the adjoint convective term of Remark 5.2. For the solution of the coupled adjoint
flow equations a segregated solution procedure is used as described in Section 6.3.2,
i.e. the equations are solved successively in an iterative procedure. Therefore variables
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Figure 7.40: NACA0012: Adjoint velocity magnitude for angles of attack of 2◦ , 4◦ , 6◦ ,
8◦ , 10◦ , 12◦ (from left to right, top to bottom)
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Figure 7.41: NACA0012: Adjoint pressure distribution for angles of attack of 2◦ , 4◦ , 6◦ ,
8◦ , 10◦ , 12◦ (from left to right, top to bottom)
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that are not solved for in the considered equation have to be treated with an explicit
discretization. As a consequence the cross-coupling terms in between the equations, like
α̃∇γ̃ and − (∇w̃) ṽ or (∇ṽ) w̃ can destabilize the solution procedure considerably, which
eventually leads to the divergence of the whole solution process. Hence, in order to get
a converged solution, we sometimes had to neglect some of these cross-coupling terms
in the multiphase adjoint calculations. Of course this affects the accuracy of the results.
Therefore it is necessary to first validate in Section 7.4.2 whether the accuracy in the
gradient evaluation is still sufficient, before employing the adjoint gradient calculations
in the optimization algorithm in the subsequent Section 7.4.3. A method to overcome this
problem could be to solve the adjoint equations in a coupled way. Usually this implies
a huge increase of computational effort, however, due to the linearity of the adjoint flow
equations it is possible to avoid this. This possible alternative treatment for our solution
procedure will briefly be discuss in the outlook of Chapter 8.
Again the adjoint system corresponds to a special objective function and the boundary
condition at the object boundary ΓB has to be adapted accordingly. Due to the results
of the parameter study in Section 7.2.2 we decided to use the multidimensional objective
function with the considered force and moment components separated in different components of the objective function. The two relevant force and moment components for
this case are z-force and y-moment. Therefore two different adjoint systems have to be
solved. The system for the z-force has a similar boundary condition as in the single-phase
NACA0012 case. However, as we consider the force in a different direction we now get
the unit normal vector pointing in negative z-direction for the adjoint velocity. For the
y-moment we get the following boundary condition as derived in Section 5.2.2
 


0
−x3 + xG,3
 


w̃ (x̃) = − 1 × (x − xG ) = 
0
.
0

x1 − xG,1 .

The test calculations were performed for two different parameter combinations. The
first one corresponds to the initial parameter combination for the optimization algorithm,
namely a trim angle of 0◦ and a sinkage of 0 mm, and the second parameter combination
is located close to the optimum at 4◦ trim angle and -11 mm sinkage. With the above
mentioned modifications to stabilize the solution process a very fast convergence of the
adjoint multiphase system is reached as we can see in the residual plot in Figure 7.42.
The stopping criterion was set such that the calculation terminates when the residuals
of all equations are below 10−8 and the individual equations are no longer iterated when
their residual is below 10−10 .
The close up view of Figures 7.43 and 7.44 shows how the adjoint velocity field (glyphs)
adapts to the enforced boundary condition resulting from the y-moment and z-force objective functions. In the background of these figures the symmetry plane of the computational domain is colored by the adjoint phase fraction variable. Some very high
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Figure 7.42: Box: Example of residuals for the segregated multiphase adjoint equations
in the iterative solution process (4◦ , -11 mm)

velocity values appear at the edges of the box, which could probably affect the accuracy
of the gradient calculation. This will be evaluated in the next section dealing with the
validation of the gradient values. Figures 7.45 and 7.46 show the adjoint pressure fields
for the two objective functions.

Figure 7.43: Box: Adjoint velocity field (glyphs) and adjoint phase fraction (background)
in the vicinity of the box for the y-moment objective function
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Figure 7.44: Box: Adjoint velocity field (glyphs) and adjoint phase fraction (background)
in the vicinity of the box for the z-force objective function

Figure 7.45: Box: Adjoint pressure field in the vicinity of the box for the y-moment
objective function
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Figure 7.46: Box: Adjoint pressure field in the vicinity of the box for the z-force objective
function
Multiphase Adjoint Flow Fields for the KCS Test Case
For the KCS ship we also performed some test calculations to analyze the behavior of the
adjoint solution procedure. Here the same form of the equations and boundary conditions
as for the box test case discussed above were used. The test calculation was carried out
for the y-moment objective function and the hydrostatic equilibrium position with a trim
angle of 0◦ and a sinkage of 0 mm. Employing the modifications in the cross-coupling
terms discussed above, a very stable and fast convergence of the adjoint system could be
achieved, as we can see in the residual plot in Figure 7.47. The stopping criterion was
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Figure 7.47: KCS: Residuals of the segregated multiphase adjoint equations in the iterative solution process (0◦ , 0 mm)
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set such that the calculation terminates when the residuals of all equations are below
10−10 and the individual equations are no longer iterated when their residual is below
10−12 . Figures 7.48 to 7.50 show the adjoint flow fields for adjoint phase fraction, adjoint
velocity magnitude and adjoint pressure in the symmetry plane of the ship.

Figure 7.48: KCS: Adjoint phase fraction field for y-moment objective function

Figure 7.49: KCS: Adjoint velocity field for y-moment objective function

7.4.2

Adjoint Gradient Evaluation and Validation

For the calculation of the gradient of our objective function j (u) = J (y (u) , u) we take
a look at three different alternatives to determine the derivative values. The first method
is the gradient evaluation as described in the third step of the adjoint approach presented
in Sections 4.3 and 5.3 with the help of the adjoint flow field variable λ calculated via
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Figure 7.50: KCS: Adjoint pressure field for y-moment objective function
the adjoint system. This means we evaluate the formula
j 0 (u) [δu] = Ju (y (u) , u) [δu] + hλ, Ru (y (u) , u) [δu]iZref ∗ ,Zref
|
{z
} |
{z
}
(1)

(7.4)

(2)

which enables us to get the gradient of the objective function with an effort that is
independent of the parameter space dimension n and without the dependency on a discretization increment h in the parameter space. The first term of this formula (Term
(1)) can be evaluated using purely primal flow field variables and the second term (Term
(2)) is calculated with the help of the adjoint flow variable λ = (w, q, γ, γin ) presented
in the preceding section.
The second alternative approximates the directional derivatives j 0 (u) [δu] by using
the finite differences (FD) quotient
j 0 (u) [δu] ≈

j (u + hδu) − j (u)
.
h

(7.5)

The advantage of this method is that it is very easy to realize. The only requirement for
Formula (7.5) is another calculation with a slightly disturbed parameter value in that
direction for which the directional derivative is determined. Thus, this provides a method
to validate the adjoint derivative which is not really prone to errors in its implementation
due to its simplicity. However, if our parameter space is more than one-dimensional, the
directional derivative has to be calculated for as many directions as the dimension of
the parameter space. Consequently, the effort for the gradient evaluation is proportional
to the space dimension n of the parameter space. Moreover, it must be kept in mind
that evaluating the objective function for one specific parameter combination actually
means solving the Navier-Stokes equations, which implies a very high computational
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effort. Besides the high effort another disadvantage of the finite differences quotient is
the dependency of its accuracy on the choice of the discretization increment h.
Finally the third alternative is to use the relation
j 0 (u) [δu] = Ju (y (u) , u) [δu] + Jy (y (u) , u) y 0 (u) [δu],
|
{z
} |
{z
}
(1)

(2)

where we decompose the derivative of j (u) = J (y (u) , u) into the derivative with
respect to the explicit dependency on u (Term (1)) and the derivative with respect to
the implicit dependency contained in y (u) (Term (2)). This is the same decomposition
as for the adjoint Formula 7.4, however, here we do not substitute the second term by
the expression containing the adjoint flow fields. Instead we evaluate the second term
with the help of the following finite differences quotient
y 0 (u) [δu] ≈

y (u + hδu) − y (u)
.
h

The derivative of the first term can be directly evaluated with the help of the transformation approach also used for the same term in the adjoint gradient calculation (cf. Sections
4.3.3 and 5.3.2). This gives us the possibility to separately validate the two components
of the gradient in the adjoint approach. Similarly as for the first alternative, we make use
of a finite differences quotient. Therefore the effort is again proportional to the parameter space dimension n and its accuracy depends on the discretization increment h. As
only one part of the gradient calculation is approximated by a finite differences quotient
we denote this alternative by “SemiFD”.
Regarding the three different methods altogether we can conclude, that the last two
approaches for the gradient calculation need additional flow calculations for slightly disturbed parameter combinations which is computationally very expensive. As an advantage, however, they can directly be evaluated with the help of already well validated
primal flow field calculations only. For the first approach no additional parameter combinations are needed, but instead the adjoint system as presented above is solved.
Single-Phase Adjoint Gradient Validation for the NACA0012 Test Case
For the gradient evaluation of the NACA0012 case we look at the non-dimensionalized
drag as objective function, i.e. the drag coefficient that is achieved by dividing the forces
of the flow calculation (already divided by density) by the term 12 v 2in A = 12 · 0.332 · 0.5 =
0.02723. The adjoint gradients for single-phase flow are evaluated using Formulas (4.39)
and (4.41) with the derivatives of the whole-grid transformation function as presented in
Section 4.3.4. The evaluations were performed for parameter values in the range of 0◦ to
10.5◦ with increments of 0.5◦ . In order to save computational effort for the FD evaluation
no extra parameter values are calculated but the already evaluated parameters next to
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the considered parameter are reused employing a central differences scheme. Of course
this is quite a big step size for the FD quotient (1◦ ) but as the objective function is
rather smooth this is still a good approximation for validation. The results for the drag
coefficient and the three gradient alternatives for the selected validation range of 4.5◦ to
9.5◦ are illustrated in Figure 7.51 and the exact values are given in Table 7.15.
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Figure 7.51: NACA0012: Single-phase gradient validation; left: drag coefficient, right:
gradient of the drag coefficient
j 0 (u)
u

j (u)

4.5

0.032

5.0

(FD)

j 0 (u) (SemiFD)

j 0 (u) (Adjoint)

Term (1)

Term (2)

total

Term (1)

Term (2)

total

2.86·10−3

7.38·10−3

-4.51·10−3

2.87·10−3

7.38·10−3

-5.26·10−3

2.12·10−3

0.033

3.22·10−3

8.14·10−3

-4.92·10−3

3.22·10−3

8.14·10−3

-5.80·10−3

2.34·10−3

5.5

0.035

3.58·10−3

8.89·10−3

-5.31·10−3

3.58·10−3

8.89·10−3

-6.31·10−3

2.58·10−3

6.0

0.037

3.95·10−3

9.63·10−3

-5.67·10−3

3.95·10−3

9.63·10−3

-6.79·10−3

2.84·10−3

6.5

0.039

4.33·10−3

1.03·10−2

-6.01·10−3

4.34·10−3

1.03·10−2

-7.22·10−3

3.13·10−3

7.0

0.041

4.74·10−3

1.10·10−2

-6.30·10−3

4.75·10−3

1.10·10−2

-7.62·10−3

3.43·10−3

7.5

0.044

5.17·10−3

1.17·10−2

-6.54·10−3

5.18·10−3

1.17·10−2

-7.45·10−3

4.27·10−3

8.0

0.046

5.61·10−3

1.24·10−2

-6.76·10−3

5.62·10−3

1.24·10−2

-7.55·10−3

4.83·10−3

8.5

0.049

6.07·10−3

1.30·10−2

-6.93·10−3

6.08·10−3

1.30·10−2

-7.82·10−3

5.19·10−3

9.0

0.052

6.54·10−3

1.36·10−2

-7.06·10−3

6.55·10−3

1.36·10−2

-8.21·10−3

5.41·10−3

9.5

0.056

7.03·10−3

1.42·10−2

-7.16·10−3

7.04·10−3

1.42·10−2

-8.34·10−3

5.86·10−3

Table 7.15: NACA0012: Single-phase gradient validation
It can be observed that the SemiFD values are very close to the values of the FD
calculation and the adjoint gradient value is a little bit below. This is logical as the
FD and SemiFD gradients have the same order of inaccuracy arising from the increment
in the finite differences quotients. Moreover, finite differences quotients over-predict the
gradient for functions with increasing slope.
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As the values for FD and SemiFD are nearly the same we can conclude that the
calculations of the SemiFD gradient are correct. Term (1) of the SemiFD gradient is
the same as Term (1) of the adjoint gradient. The only difference in the implementation
is that for the SemiFD method it is evaluated on the reference domain whereas for the
adjoint calculation it is evaluated on the physical domain of the considered parameter.
This, however, only leads to a deviation in the last digit of the results. Therefore the
second term of the SemiFD approach can be used to validate the contribution of the
adjoint gradient involving the adjoint flow fields. Altogether we can summarize that the
adjoint method is capable of calculating the single-phase adjoint gradient for this test
case with sufficient accuracy so that an optimization algorithm based on these results
can be performed.
Multiphase Adjoint Gradient Validation for the Box Test Case
The adjoint gradients for multiphase flow are evaluated using Formulas (5.30), (5.32) and
(5.33) again with the derivatives of the whole-grid transformation function as presented
in Section 4.3.4. Using this transformation approach we can observe that for derivatives
with respect to translational directions nearly all terms containing adjoint flow variables
∂
(∇x τ (x, u)) = 0 for i = 4, 5, 6. The parts that remain are terms that only
vanish as ∂u
i
exist in the artificial transition area of the interface between water and air. Therefore, as
already mentioned in Remark 5.8, these terms cannot be evaluated accurately and in some
cases it results in less inaccuracies to neglect these terms altogether. Besides, neglecting
these contributions allows us to directly evaluate the derivative for translational directions
using only primal flow fields, i.e. completely without the need of additional adjoint flow
field calculations. Therefore we pursued this approach for all derivatives with respect
to translational directions and saved the additional effort for the solution of the adjoint
system. For rotations, unfortunately, this is not the case and for those derivatives the
corresponding adjoint system still needs to be solved.
The gradient validation was performed for the parameter combinations 0◦ , 0 mm and
4◦ , -11 mm. For the first parameter combination additional calculations for the FD
evaluation with disturbances of 0.2◦ and -0.2 mm, respectively, were performed. For
the second parameter combination, in order to save computational effort, no additional
parameter combinations were calculated, but the already evaluated parameters next to
the considered parameter were reused, as e.g. for the sinkage parameter there are already
closer calculation results at -10 mm. This is still a relatively big step size for the finite
differences quotient but due to the almost linear objective function components this
nevertheless again provides a reasonable approximation for validation.
In the present test case there are four different relevant derivatives resulting from two
different objective function components (y-moment and z-force) and two parameters considered (trim and sinkage, denoted by u2 and u6 ). As already observed in the parameter
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study in Section 7.2 the main influence on the y-moment results from the trim angle
and the main influence on the z-force results from the sinkage. Therefore the validation
calculations were performed for the corresponding derivatives
∂j2 (u)
∂u2

∂j6 (u)
.
∂u6

and

Figure 7.52 shows the convergence for the adjoint derivative of the y-moment objective
function with respect to the trim parameter exemplarily at 4◦ , -11 mm.
0.4

∂ j2 /∂ u2 = ∂ my /∂ u2 + < ∂ R/∂ u2 , λ >
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Figure 7.52: Box: Convergence of the adjoint derivative of the y-moment objective function with respect to the trim parameter at 4◦ , -11 mm
The exact calculated values for the two parameter combinations and the three gradient
alternatives are given in Table 7.16 where percentage deviations are given with respect
to the finite differences results as reference values. The maximal deviation is 7.4% and
∂j2 (u)
∂u2

∂j2 (u)
∂u2

∂j2 (u)
∂u2

u2

u6

0◦

0 mm

-0.328

-0.344 (+4.6%)

-0.329 (+0.3%)

4◦

-11 mm

-0.365

-0.36042 (-8.9%)

-0.338 (-7.4%)

(FD)

(SemiFD)

(Adjoint)

Table 7.16: Box: Multiphase derivative validation for

∂j2 (u)
∂u2

thus the agreement of the adjoint derivative values is very good and definitely accurate
enough to perform a gradient-based solution algorithm.
6 (u)
For the derivative ∂j∂u
, as mentioned above, the terms existing only in the artificial
6
transition area of the interface between water and air, which remain when inserting the
relation ∂u∂ 6 (∇x τ (x, u)) = 0 are neglect . Therefore we want to analyze if the accuracy is
still acceptable if we neglect these contributions. In Table 7.17 the results are compared
with the FD derivative. The approximations are very good with deviations of under
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∂j6 (u)
∂u6

∂j6 (u)
∂u6

u2

u6

0◦

0 mm

-1.064

-0.978 (-8.0%)

4◦

-11 mm

-1.013

-0.985 (-2.8%)

(FD)

(Adjoint)

Table 7.17: Box: Multiphase derivative validation for

∂j6 (u)
∂u6

10%, which is very accurate for derivative values. We therefore decided to pursue this
6 (u)
calculation approach for ∂j∂u
for the remainder of the work.
6
Multiphase Adjoint Gradient Validation for the KCS Test Case
For the KCS test case the adjoint gradient was also evaluated for the parameter combination 0◦ , 0 m, as this is the initial value for the optimization algorithm. The evolution of
2 (u)
the derivative value for ∂j∂u
throughout the solution of the adjoint system is presented
2
in Figure 7.53. It can observe that the derivative converges very fast within only about
1000
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Figure 7.53: KCS: Convergence of the adjoint derivative of the y-moment objective
function with respect to the trim parameter at 0◦ , 0 m
1,000 iterations. Thus, in comparison to the amount of iterations of the primal flow
solution, where we simulated a time of 100s corresponding to around 100, 000 iterations,
this derivative value is achieved at hardly any computational cost. In Table 7.18 the results are compared with the FD derivative and the SemiFD derivative. Moreover further
derivative validations for the parameter combinations 0.5◦ , 0 m and 0.5◦ , -0.01 m, for
which we also computed the primal flow solutions in the parameter study of Section 7.2.3,
were performed. The derivative values all have deviations below 20% in comparison to
the finite differences values which are once again very good results for derivative values.
6 (u)
Equally the results for the derivative ∂j∂u
of all three parameter combinations are
6
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∂j2 (u)
∂u2

∂j2 (u)
∂u2

∂j2 (u)
∂u2

u2

u6

0◦

0m

-3551

-3906 (+10.0%)

-4188 (+17.9%)

0.05◦

0m

-3159

-3283 (+3.9%)

-3333 (+5.5%)

0.05◦

-0.01 m

-3360

-3337 (-0.7%)

-4012 (+19.4%)

(FD)

(SemiFD)

Table 7.18: KCS: Multiphase derivative validation for

(Adjoint)

∂j2 (u)
∂u2

presented in Table 7.19. Although the contributions of the artificial transition area of
the fluid interface were again neglected the deviations are less than 6% which is by all
means sufficiently accurate.
∂j6 (u)
∂u6

∂j6 (u)
∂u6

u2

u6

0◦

0m

-58779

-61923 (+5.4%)

0.05◦

0m

-59996

-60597 (+2.3%)

0.05◦

-0.01 m

-59979

-60597 (+1.0%)

(FD)

(Adjoint)

Table 7.19: KCS: Multiphase derivative validation for

∂j6 (u)
∂u6

Summing up the observations of the adjoint derivative validation, the results of all
test cases are very promising for the application of multiphase adjoint derivatives in
gradient-based solution algorithms, with which we proceed in the following section.

7.4.3

Gradient-Based Optimization

In the last sections we performed parameter studies for our calculation problems in order
to analyse the behavior of the corresponding objective function. Moreover, we validated
the adjoint gradient calculations. With these results at hand, we can now be sure that, as
expected before, the objective function of our application problem is sufficiently smooth,
the initial parameter values are sufficiently close to the optimum and the adjoint gradients
are sufficiently accurate to indeed apply gradient-based algorithms to such rigid body
motion problems. The realization of these gradient-based algorithms is the purpose of
the present section. It starts with the single-phase test case where we search for the
angle of attack (rotation around the z-axis) that minimizes the drag coefficient of the
NACA0012 hydrofoil. This means that we look at the objective function
j (u) = cD (u) =

fx (y (u) , u)
2
1
2 ρ kvk A

and the parameter
u = u3 = ψ.
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Afterwards we proceed with the multiphase test cases searching the multidimensional
simultaneous root of the y-moment and the z-force and the corresponding trim angle and
sinkage value. Thus, in these test cases the objective function is given by
!
my (y (u) , u)
j (u) =
fz (y (u) , u)
with the parameter
u=

u2
u6

!
=

θ
∆z

!
.

Single-phase Optimization for the NACA0012 Test Case
As mentioned above we want to carry out a gradient-based optimization. The most
commonly used approach is the so-called gradient descent. This approach belongs to
the descent methods and is a first-order optimization algorithm which can be shown
by Taylor expansion. The algorithm is based on the idea of iteratively advancing in
the direction with the steepest descent of the objective function. This direction is the

negative gradient −∇j (u). Having determined the descent direction d(k) = −∇j u(k)
for the kth iteration, an appropriate step size s(k) in that direction has to be found next.
For simplicity reasons a fixed step size s(k) ≡ s is often used. However, as the negative
gradient guarantees only local descent of the objective function it is cannot be guaranteed
that the objective function reduces its value for all points in negative gradient direction.
Therefore it is advisable to employ so-called line search strategies to assure a reduction
of the objective function value in every iteration step. Altogether the procedure of the
gradient descent is given by Algorithm 7.1. Note that the third step contains the fluid
Algorithm 7.1 (Gradient Descent)
1. Choose a starting point u(0) and set k := 0.
2. If u(k) satisfies a previously defined stopping criterion: STOP.


3. Determine j u(k) and the descent direction d(k) = −∇j u(k) .
4. Set s(k) to the fixed step size s > 0 or determine a step size s(k) > 0 with




j u(k) + s(k) d(k) < j u(k)
using a line search strategy.
5. Set u(k+1) = u(k) + s(k) d(k) , k := k + 1 and repeat from step 2.

calculation including calculations of the primal and adjoint flow fields and the gradient
evaluation.
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An obvious approach for the determination of the step size s(k) in step 4 would be to
choose s(k) such that it minimizes the function j (u) in direction d(k) , i.e.




s(k) = s(k) u(k) , d(k) := arg min j u(k) + sd(k) .
s∈R+

Generally speaking, this strategy is impractical due to the associated effort and furthermore usually an inexact line search is sufficient. For this purpose there are several
methods that comprise the Armijo rule, the Goldstein condition and the Wolfe Powell
step size rule. For details see e.g. [19] and [111]. For the determination of the step size
in this test case three different settings were used. The first employs a fixed step size of
s = 0.5. The other two approaches make use of an Armijo line search where a descent is
guaranteed by means of a condition on the minimal reduction of the objective function.
This is realized according to Algorithm 7.2. The coefficient β is a factor for the reduction
of the step size in every sub-iteration and the coefficient σ determines how strictly the
condition on the minimal descent is chosen. The higher the value of σ, the stricter the
Condition (7.6) on the minimal descent of the objective function. This of course leads to
a bigger reduction per iteration step. However, for a stricter condition the new parameter value is rejected more often which may lead to an increased effort of the individual
iterations. For efficiency reasons σ is usually chosen in the range of 0 < σ < 0.5 (see e.g.
[66]). For β the value 0.5 was used and for σ the two different values of 0.1 and 0.4 were
applied.
Algorithm 7.2 (Armijo Line Search)
1. Let a descent direction d(k) and σ ∈ (0, 1), β ∈ (0, 1) be given, set l := 0, s(k) := β l .
2. If s(k) satisfies
T





j u(k) + s(k) d(k) ≤ j u(k) + σs(k) ∇j u(k) d(k) ,

(7.6)

STOP.
3. Set l := l + 1, s(k) := β l and repeat from step 2.

The initial parameter value was set to an angle of attack of 10◦ . The gradient was
calculated by the adjoint approach described in Chapter 4 for the objective function
fx (y (u) , u)
ρ
1
which was non-dimensionalized with the factor 1 kvk
afterwards. For the optimization
2
A
2
algorithm the stopping criterion was set as a restriction to the absolute error of the
objective function, namely


j u(k) − j (u∗ ) < 10−6 ,
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where u∗ is the optimal solution that is for this test case known to be u∗ = 0 with j (u∗ ) =
0.0255289. If the optimal parameter u∗ had not been known beforehand, a different
stopping criterion could have been set for the calculated gradient. In the presented cases
the criterion

 !0




fx y u(k) , u(k)
< 10−4
or
j 0 u(k) = c0D u(k) < 2 · 10−3
ρ
would have led to the same results.
The results of the individual iterations for the optimization run with adjoint gradient
calculation and fixed step size s = 0.5 are shown in Table 7.20. Moreover, Figure 7.54
illustrates the assumed parameter values throughout the optimization algorithm and the


corresponding logarithmic error log j u(k) − j (u∗ ) .

k

Parameter
u(k) [◦ ]

Objective function
j(u(k) ) = cD (u(k) )

Adjoint gradient
j 0 (u(k) )

Step size
s(k)

Error
|j(u ) − j(u∗ )|

0
1
2
3

10.0
-0.83578
-0.14163
0.01335

0.05943
0.02574
0.0255357
0.0255290

6.60·10−3
-4.23·10−4
-9.44·10−5
3.42·10−5

0.5
0.5
0.5
-

3.4·10−2
2.1·10−4
6.8·10−6
1.1·10−7

(k)

Table 7.20: NACA0012: Results of the optimization run with fixed step size s = 0.5
(reference value j (u∗ ) = 0.0255289)
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Figure 7.54: NACA0012: Convergence of the optimization run with fixed step size
(s = 0.5)
Even though it cannot be taken for granted that a fixed step size produces decreasing
objective function values in every iteration, this is actually the case here. However, if we
had lowered the convergence criterion such that we would have had to perform further
iterations, then in this test case the next calculated parameter value would actually have
increased the objective function value. Therefore it is indeed reasonable to use the line
search strategy presented above in order to get a more robust calculation procedure.
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The results for the optimization run with Armijo line search using the factor σ = 0.1
are presented in Table 7.21 and Figure 7.55.

k

Parameter
u(k) [◦ ]

Objective function
j(u(k) ) = cD (u(k) )

Adjoint gradient
j 0 (u(k) ) [1/◦ ]

Step size
s(k)

Error
|j(u ) − j(u∗ )|

0
1
2
3
4

10.0
-0.83578
0.55253
-0.23414
-0.00814

0.05943
0.02574
0.02562
0.0255467
0.0255290

6.60·10−3
-4.23·10−4
2.40·10−4
-1.38·10−4
-3.17·10−5

0.5
1.0
1.0
0.5
-

3.4·10−2
2.1·10−4
9.5·10−5
1.8·10−5
5.1·10−8

(k)

Table 7.21: NACA0012: Results of the optimization run with Armijo line search and
σ = 0.1 (reference value j (u∗ ) = 0.0255289)
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Figure 7.55: NACA0012: Convergence of the optimization run with Armijo line search
(σ = 0.1)
It can be observed that in Iteration 1 and 2 the step size is rejected once, whereas
for the initial and last step Criterion (7.6) is directly fulfilled. In the optimization run
with Armijo line search and σ = 0.4 the Criterion (7.6) is stricter due to the higher
value of σ and therefore the step size is rejected more often. Actually this leads to a
rejection of the step size s = 1 in every iteration step and the criterion is not fulfilled
until the step size is reduced to s(k) = 0.5. Therefore here the same iteration results are
achieved as for the fixed step size, however, due to the rejections a higher computational
effort is needed. Yet, in contrast to the fixed step size, performing further iterations this
approach guarantees a decrease of the objective function.
Exemplary for all optimization runs, Figure 7.56 shows the flow fields for the individual
iterations of the optimization run with fixed step size.
On the whole, all performed optimization runs converge very quickly within a maximal
iteration number of k = 5. Thus, the results are absolutely satisfying and promising for
the application of this approach to the rigid body movements of further objects like ships.
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Figure 7.56: NACA0012: Pressure fields (left) and velocity fields (right) for the optimization run with fixed step size s = 0.5, iterations 0 to 3 from top to bottom
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Multiphase Optimization for the Box Test Case
In contrast to the single-phase test case, a multidimensional root search instead of a
minimization was performed for the multiphase test cases. Moreover, there is an output functional in addition to the objective function for which the evaluated value of
the final parameter combination is of interest. This output functional is the resistance
fx (y (u) , u) of the ship. The most commonly used approach for a root search is Newton’s
method. This is an algorithm that successively calculates approximations of the root of
a given function by linearizing the function and determining the root of the linearized
function. At best, this method converges asymptotically with quadratic convergence
order. The exact procedure of this method for a multidimensional objective function
j (u) : Rn → Rn is given in Algorithm 7.3.
Algorithm 7.3 (Newton’s method)
1. Choose a starting point u(0) , k := 0.
2. If u(k) satisfies a previously defined stopping criterion: STOP.

3. Determine j u(k) and the gradient matrix


∂
(k)
j
u
...
1
  ∂u1

..
(k)

=
∇j u
.

∂
(k)
...
∂un j1 u
4. Set u(k+1) = u(k) − ∇j u(k)

−T

∂
∂u1 jn

u(k)



..
.

∂
∂un jn

u(k)




.



j u(k) , k := k + 1 and repeat from step 2.

Note, that step 3 again contains the computationally expensive flow simulation. A disadvantage of Newton’s method is that it only guarantees local convergence. However, the
hydrostatic equilibrium position of the ship for zero speed can easily be determined and
is used as initial value. Therefore we are close enough to the solution and no convergence
problems occur.
As mentioned above our objective function is defined by
!
!
j1 (u)
my (y (u) , u)
j (u) =
=
with
u=
j2 (u)
fz (y (u) , u)
Therefore the gradient matrix is given by


∂
∂u2 my


∇j (u) = 


...

..
.
∂
∂u6 my . . .

∂
∂u2 fz

..
.

∂
∂u6 fz



.


u2
u6

!
=

θ
∆z

!
.
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and its transposed inverse can directly be evaluated using Cramer’s rule by
!
∂
∂
f
−
m
1
z
y
∂u6
∂u6
.
∇j (u)−T = ∂
∂
∂
∂
∂
∂
m
f
−
m
f
f
−
∂u2 y ∂u6 z
∂u6 y ∂u2 z
∂u2 z
∂u2 my
This leads to the following iteration rule for step 4 of Algorithm 7.3.
u(k+1) =
!
(k)
u2
=
(k) −
u6
(k)

with fz

1
(k) ∂
(k)
∂
∂u2 my ∂u6 fz

−

(k) ∂
(k)
∂
∂u6 my ∂u2 fz

(k)
(k)
(k)
(k)
∂
∂
∂u6 fz · my − ∂u6 my · fz
(k)
(k)
(k)
(k)
− ∂u∂ 2 fz · my + ∂u∂ 2 my · fz

!
,





(k)
:= fz y u(k) , u(k) and my := my y u(k) , u(k) used for abbreviation.

Optimization of the Box Test Case Using Finite Differences. For the multiphase box test case we perform some preliminary calculations with a finite differences
gradient first. This is done in order to evaluate the applicability of this newly proposed
optimization approach to the calculation of rigid body positions of ships. Moreover, before applying the new adjoint gradient calculation, the robustness of this approach, its
accuracy in comparison to the previously performed dynamic calculations and possible
savings of computational effort are analyzed. Therefore, in a first setup, we calculate
the derivatives ∂u∂ 2 my , ∂u∂ 6 my , ∂u∂ 2 fz and ∂u∂ 6 fz with the help of two additional flow
calculations where the two parameters for trim and sinkage are disturbed individually by
−0.2 mm and 0.2◦ , respectively, in the first iteration step and in subsequent iterations
by −0.1 mm and 0.1◦ . The stopping criterion for the solution algorithm was chosen
using the relative quadratic error
j u(k)



j u(0)



2
2
2
2


2

2
my y u(k) , u(k) + fz y u(k) , u(k)
=

2

2 .
my y u(0) , u(0) + fz y u(0) , u(0)

Hence, the stopping criterion is set as a measure of the error reduction with respect to
the initial value. This is done in order to get a criterion that is independent of the exact
order of magnitude of the objective function in the individual case setup. Note, that
the initial flow field calculation for u(0) is the calculation of the hydrostatic equilibrium
position that is equally used in the dynamic calculations as initial value before adding
the equations of motion to the system.
For the first calculations a relatively strict stopping criterion is used with
j u(k)



u(0)



j

2
2
2
2

< 10−4

This value is adjusted afterwards when analyzing how much iterations are actually needed
in order to get an accuracy of the results that is comparable to the accuracy of the
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dynamic calculations. The results of the Newton iterations are presented in Table 7.22,
the iterations and the logarithmic relative quadratic errors are illustrated in Figures 7.57
and 7.58.
Parameter
k

*

0
1
2
3
*

(k)

u2

Objective function
(k)

u6

my (u(k) )

fz (u(k) )

Relative quadratic
 2

j u(k)

error

2

kj (u(0) )k22
[-]

[◦ ]

[mm]

[Nm]

[N]

3.45

-11.60

-

-

-

0.00
3.63 (+5.0%)
3.54 (+2.7%)
3.51 (+1.5%)

0.00
-10.29 (-11.3%)
-11.98 (+3.3%)
-11.71 (+0.9%)

1.2183
-0.0453
-0.0148
-0.0040

-9.7026
-1.3439
0.2446
0.0008

1.0
1.9·10−2
6.3·10−4
1.7·10−7

Output
fx (u(k) )
[N]
-6.03
-4.41
-6.08
-6.14
-6.11

(-26.9%)
(+0.8%)
(+1.9%)
(+1.4%)

Reference values (time-averaged results of the dynamic calculation in Section 7.3.1)

Table 7.22: Box: Results of the Newton iterations using finite differences derivatives

Figure 7.57: Box: Convergence of Newton iterations using finite differences derivatives
(background color: quadratic error)
As expected, due to the almost linear behavior of the objective function components
on the main parameter the convergence is very fast and the convergence criterion is
already reached after Iteration 3. However, the calculation effort should be reduced
even more, as the gradient evaluation with two additional flow evaluations is especially
expensive. We recall that the reference values are time-averaged values resulting from
an oscillatory movement at the end of the dynamic calculation with deviations from the
mean value of around 4% in all variables (trim and sinkage, as well as resistance, cf.
Table 7.9). Hence, we can observe that we are already within this accuracy range with
the results of Iteration 2 and in the case of the resistance value even with the results of
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0
Logarithmic relative quadratic error

Newton’s method
-2
-4
-6
-8
-10
-12
-14
-16
0

1

2

3

Iteration

Figure 7.58: Box: Logarithmic relative quadratic error of Newton iterations using finite
differences derivatives
Iteration 1. Thus, in order to achieve similar accuracy as for the dynamic calculations
it is sufficient to perform only two iterations. Consequently, for further calculations the
stopping criterion can be reduced to
 2
j u(k) 2
−3
 2 < 10 .
j u(0) 2
Another idea to reduce the computational effort is based on observations of the parameter study in Section 7.2.2. There we observed that the objective function components
always have one parameter that mainly influences the function value. Hence, we assume
that we can neglect the dependency of the objective function component on the second
parameter with minor influence and thus separate the parameter influences to the individual object function components. With this assumption it is possible to evaluate the
finite differences quotient using the results of the current and previous parameter combinations, i.e. without additional slightly disturbed flow calculations. This becomes clear
when looking at themultidimensional
 Taylor expansion of fz and my for the previous

(k−1) (k−1)
(k) (k)
(k−1)
parameter u
= u2
, u6
around the current parameter u(k) = u2 , u6 .





 
 ∂
(k−1)
(k)
fz u(k)
fz uk−1 = fz u(k) + u2
− u2
∂u2


 ∂


(k−1)
(k)
+ u6
− u6
fz u(k) + O ∆u22 , ∆u26 ,
∂u6




 
 ∂

(k−1)
(k)
my u(k−1) = my u(k) + u2
− u2
my u(k)
∂u2

 ∂



(k−1)
(k)
my u(k) + O ∆u22 , ∆u26 .
+ u6
− u6
∂u6

(7.7)

(7.8)
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(k)
(k−1)
(k)
(k−1)
For ∆u2 = u2 − u2
6= 0 and ∆u6 = u6 − u6
6= 0 if we assume that the
second order terms and derivative terms ∆u2 ∂u∂ 2 fz and ∆u6 ∂u∂ 6 my in (7.7) and (7.8),
respectively, are negligible in comparison to the derivative term with mayor influence,
then we get as approximations

 f u(k)  − f u(k−1) 
∂
z
z
(k)
fz u
≈
∂u6
∆u6
and

 m u(k)  − m u(k−1) 
∂
y
y
(k)
my u
≈
.
∂u2
∆u2
As can be seen in the results, this approximation works very well for iterations with
k ≥ 1 and in these cases there is no need to perform additional flow calculations for
the gradient evaluation. For the initial iteration (k = 0), however, there is no previous
iteration that can be used. The straightforward idea is to perform only one additional
flow calculation and disturb both parameters simultaneously. Yet, a test calculation
with 0.2◦ and 0.2 mm revealed that here the approximation for ∂u∂ 6 fz actually becomes
too inaccurate. This is due to the fact that the influence of u2 on fz (i.e. ∂u∂ 2 fz ) is
bigger for smaller trim angles and therefore cannot be neglected in the approximation

of ∂u∂ 6 fz u(0) using finite differences. This is in accordance with what we can observe
in the parameter study of Section 7.2.2 where we see that the value of ∂u∂ 2 fz reduces
significantly with increasing trim angles. Consequently, for the initial parameter two
additional flow calculations where the parameter components are disturbed individually,
must be performed. Though, for later iterations when the parameter value is already
closer to the solution, the approximations described above are sufficient. The results of
the Newton iterations with the gradient evaluation performed in this way are presented
in Table 7.23 and Figure 7.59.
Parameter
k

*

0
1
2
3
*

Objective function

Relative quadratic

 2
j u(k)

(k)
u2

(k)
u6

my (u(k) )

fz (u(k) )

[◦ ]

[mm]

[Nm]

[N]

3.45

-11.60

-

-

-

0.00
3.63 (+5.0%)
3.50 (+1.25%)
3.50 (+1.25%)

0.00
-10.29 (-11.3%)
-11.94 (+2.91%)
-11.71 (+0.9%)

1.2183
-0.0453
-0.00001
0.00014

-9.7026
-1.3439
0.2204
0.0049

1.0
1.9·10−2
5.1·10−4
2.5·10−7

error

2

kj (u(0) )k22
[-]

Output
fx (u(k) )
[N]
-6.03
-4.41
-6.08
-6.12
-6.11

(-26.9%)
(+0.8%)
(+1.6%)
(+1.4%)

Reference values (time-averaged results of the dynamic calculation in Section 7.3.1)

Table 7.23: Box: Results of the Newton iterations using finite differences derivatives
calculated with the flow solution of the previous parameter
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Figure 7.59: Box: Convergence of Newton iterations using finite differences derivatives
calculated with the flow solution of the previous parameter (background color: quadratic
error)
It can be seen again that the Newton iterations converge very fast, in Iteration 3 for
a stopping criterion of
 2
j u(k) 2
−4
 2 < 10 ,
(0)
j u
2
and even in Iteration 2 for a stopping criterion of
j u(k)



u(0)



j

2
2
2
2

< 10−3 ,

while reaching the accuracy of the final oscillations in the dynamic calculation of parameter and output values in both cases.
For our parameter evaluations so far we have always started a new static calculation
from scratch. A further idea to reduce the overall computational effort is to use the
results of the last parameter as an initial value for the next parameter. As the results
of the flow fields are very similar, the last parameter result already provides a good
approximation and thus used as initial approximation saves computational time. Yet, a
difficulty resides in the changing calculation domains for different parameter values. In
order to get from one parameter setup to the next it is possible to directly rotate and
translate the whole domain and the flow fields accordingly. However, for big iteration
steps this transformation might be too big and lead to instabilities. This happens as
even small angles at the ship can lead to big transformations at the domain boundaries
depending on the extensions of the computational domain.
Another approach that promises more stability is to realize the transition by a forced
movement of the object over a certain period of time. The calculation then resolves the
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effects of this movement on the flow fields in a time resolved manner, similar to the way
it its done in the dynamic calculations presented in Section 7.3 also considering mesh
fluxes. In order not to generate too many forces due to an abrupt acceleration of the flow
body, we decided to use a movement where both, velocity and acceleration of the body,
are zero at the beginning and at the end of the movement period tmov . These conditions
together with the conditions on the initial and end position of the body require at least
a polynomial of order 5, which was used for the curve of the movement of the individual
parameter components. For a normed time interval of [0, 1] and a normed transformation
of ∆ui = 1 it results in the following curve for the movement of the parameter component
ui .
ui (t) = 6t5 − 15t4 + 10t3 .
Adjusting this curve to an arbitrary time interval [t0 , t0 + tmov ] and an arbitrary overall
transformation ∆ui leads to

ui (t) = ui (t0 ) + ∆ui 6

t − t0
tmov

5


− 15

t − t0
tmov

4


+ 10

t − t0
tmov

3
,

with i = 2, 6 for trim and sinkage.
We used a transition time of tmov = 0.35s for our calculations, which corresponds
to approximately 100 iterations. Using a whole grid transformation this approach still
turned out to cause very big oscillations due to the big displacements at the domain
boundaries and especially the changing free surface location at the inflow boundary.
As these oscillations were in a similar range as the oscillations at the start of a newly
setup calculation, no benefit in calculation effort could be achieved here. However, using a Laplace equation based transformation approach (see Section 2.7.3), where the
transformation is only locally near the ship, a significantly smoother transition could be
obtained. This also resulted in a reduced calculation effort. Hence, we decided to only
use the Laplace equation based transformation for further calculations.
In order to further accelerate the calculations, the evaluation of each parameter iteration is not computed until convergence. Instead, it is only calculated until the forces
oscillate around a fixed value and then the time-averaged value over the last period is
built.
For the calculation this early averaging is combined with the forced movement between
parameter iterations to reuse previously calculated flow fields. Moreover, the approach
of separated dependencies for the derivative calculation in iteration steps with k ≥ 1 is
used. Altogether this leads to the following Newton iterations presented in Table 7.24
and illustrated in Figure 7.60.
Although several approaches were applied to get a more efficient calculation, no accuracy was lost and the Newton algorithm still converges in Iteration 2 for the stopping
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Parameter

 2

j u(k)

Output

my (u(k) )

fz (u(k) )

[◦ ]

[mm]

[Nm]

[N]

3.45

-11.60

-

-

-

-6.03

0.00
3.98 (+15.3%)
3.49 (+1.1%)

0.00
-12.34 (+6.4%)
-11.85 (+2.1%)

1.2302
-0.1729
0.0201

-9.7272
0.4065
0.1671

1.0
2.0·10−3
2.9·10−4

-4.45 (-26.1%)
-6.38 (+5.9%)
-6.17 (+2.4%)

*

*

Relative quadratic

(k)
u6

k

0
1
2

Objective function

(k)
u2

error

2

kj (u(0) )k22
[-]

fx (u(k) )
[N]

Reference values (time-averaged results of the dynamic calculation in Section 7.3.1)

Table 7.24: Box: Results of the Newton iterations using finite differences derivatives
calculated with the flow solution of the previous parameter and using the previous
parameter as approximation

Figure 7.60: Box: Convergence of Newton iterations using finite differences derivatives
calculated with the flow solution of the previous parameter and using the previous parameter as approximation (background color: quadratic error)
criterion
j u(k)



j u(0)



2
2
2
2

< 10−3 .

In order to compare the calculation effort with the effort for the dynamic calculation
the needed iterations for the flow solutions are summed up. We start the summation from
the static result of the flow calculation for zero trim and zero sinkage, which is also used
as initial value for the dynamic calculation: For the calculation of the finite differences
gradient we performed two additional calculations for the parameter values 0.2◦ , 0 mmm
and 0◦ , 0.2 mm which needed 1,445 and 1,158 iterations, respectively, until they could be
averaged. The parameter evaluation for k = 1 needed 1,771 iterations and the parameter
evaluation for Iteration k = 2 needed another 1,157 iterations. This results in an overall
effort of 5531 iterations. In comparison to that, for the initial dynamic calculation that
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serves as reference, we had even used 7,064 iterations.
Although the computational effort could be significantly reduced with different approaches there is still a relatively big effort for the computation of the objective function
gradient. For this reason we introduced the multiphase adjoint gradient calculation which
we will now apply to the calculations.
Optimization of the Box Test Case Using Adjoint Derivatives. Putting all
the results of the previous paragraphs together we adopted the following approach for
the Newton iterations and in particular the adjoint derivative calculations. As presented
in Chapter 5 the two derivatives ∂u∂ 2 my and ∂u∂ 6 my are evaluated with only one additional adjoint calculation as the adjoint flow fields only depend on the objective function
but not on the parameter. For the derivative ∂u∂ 6 fz we perform the evaluation using
only primal flow fields as we observed in Section 7.4.2 that this approach is sufficiently
accurate. This allows us to evaluate this derivative component completely without any
further flow calculations. Finally, the last derivative component of the objective function
gradient is ∂u∂ 2 fz . For all iterations, apart from the initial iteration, this component is
completely negligible as we observed in the previous calculations. For the finite differences evaluation of ∂u∂ 6 fz in the initial iteration, though, the influence of u2 could not be
neglected. However, having already calculated an accurate value for ∂u∂ 6 fz via adjoint
calculations, the influence of ∂u∂ 2 fz in the Newton iterations is of minor importance.
Therefore this derivative can either be approximated using only the derivative part that
can be calculated with the primal flow field variables or the term can even be neglected
completely.
Summing up this means that we get the gradient for the Newton iterations with only
one additional adjoint calculation. As we saw in Section 7.4.2, this calculation converges
in only about 1,000 iterations and is therefore very efficient and significantly faster than
the calculation with finite differences derivatives. Moreover, the accuracy in comparison
to the finite differences values is very good and we can expect the Newton algorithm to
be equally accurate and therefore the entire algorithm to converge equally fast. For all
iterations with k ≥ 1 we can come back to the finite differences evaluation of the gradient
using the previous iteration step. As presented above this can be realized completely
without additional effort for flow calculations. Alternatively, we can proceed with adjoint
gradient calculations which are a little more accurate but require an additional effort of
about 1,000 iterations. The results of the Newton iterations for both alternatives are
presented in Tables 7.25 and 7.26 and are illustrated in Figures 7.61 and 7.62.
After only one iteration the output value of the resistance is already very accurate
with a deviation under 0.5% with respect to the reference value of the initial dynamic
calculation of Section 7.3.1. This is clearly within the accuracy of the oscillations of
the dynamic calculation. The values for trim and sinkage are less accurate with 7.1%
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Figure 7.61: Box: Convergence of Newton iterations using adjoint derivatives in the initial
iteration and finite differences derivatives in further iterations and using the previous
parameter as approximation (background color: quadratic error)

Figure 7.62: Box: Convergence of Newton iterations using adjoint derivatives in all iterations and using the previous parameter as approximation (background color: quadratic
error)
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Parameter
k

*

0
1
2
*

Objective function

Relative quadratic
 2

j u(k)

Output

(k)
u2

(k)
u6

my (u(k) )

fz (u(k) )

[◦ ]

[mm]

[Nm]

[N]

3.45

-11.60

-

-

-

-6.03

0.00
3.70 (+7.1%)
3.45 (-0.07%)

0.00
-9.92 (-14.5%)
-11.58 (-0.2%)

1.2183
-0.0833
-0.0065

-9.7026
-1.6321
-0.0223

1.0
2.8·10−2
5.6·10−6

-4.41 (-26.9%)
-6.00 (-0.4%)
-6.00 (-0.4%)

error

2

kj (u(0) )k22
[-]

fx (u(k) )
[N]

Reference values (time-averaged results of the dynamic calculation in Section 7.3.1)

Table 7.25: Box: Results of the Newton iterations using adjoint derivatives in the
initial iteration and finite differences derivatives in further iterations and using the
previous parameter as approximation
Parameter
k

*

0
1
2
*

(k)

u2

Objective function
(k)

u6

my (u(k) )

fz (u(k) )

Relative quadratic
 2

j u(k)

error

2

kj (u(0) )k22
[-]

Output
fx (u(k) )

[◦ ]

[mm]

[Nm]

[N]

3.45

-11.60

-

-

-

-6.03

0.00
3.70 (+7.1%)
3.55 (+2.8%)

0.00
-9.92 (-14.5%)
-11.58 (-0.2%)

1.2183
-0.0833
-0.0352

-9.7026
-1.6321
-0.0401

1.0
2.8·10−2
3.0·10−5

-4.41 (-26.9%)
-6.00 (-0.4%)
-6.04 (+0.2%)

[N]

Reference values (time-averaged results of the dynamic calculation in Section 7.3.1)

Table 7.26: Box: Results of the Newton iterations using adjoint derivatives in all
iterations and using the previous parameter as approximation

and 14.5% deviation from the reference value after the first iteration. However, with the
second parameter evaluation this deviation already reduces to under 3% in both cases.
Therefore, if the focus is on the resistance value, it is sufficient to perform only a single
iteration for k = 1 and if the parameter values for trim and sinkage are also needed more
accurate, the parameter value for the next iteration can be evaluated without performing
the corresponding flow calculation. This corresponds to a stopping criterion of e.g.
j u(k)



j u(0)



2
2
2
2

< 3.0 · 10−2 .

Another observation of the parameter studies of Section 7.2.2 is that the dependency
on the main parameter component is almost linear and therefore the respective derivative
values for ∂u∂ 2 my and ∂u∂ 6 fz do not change much during the iterations. Hence, in further
iterations the derivative values calculated accurately in the initial iteration are reused.
This means that the additional accuracy of the parameters is achieved without further
effort. The results of this strategy are shown in Table 7.27 and Figure 7.63.
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Parameter
k

*

0
1
2
*

Objective function

Relative quadratic
 2

j u(k)

Output

(k)
u2

(k)
u6

my (u(k) )

fz (u(k) )

[◦ ]

[mm]

[Nm]

[N]

3.45

-11.60

-

-

-

-6.03

0.00
3.70 (+7.1%)
3.50 (+1.4%)

0.00
-9.92 (-14.5%)
-11.58 (-0.2%)

1.2183
-0.0833

-9.7026
-1.6321

1.0
2.8·10−2

-4.41 (-26.9%)
-6.00 (-0.4%)

error

2

kj (u(0) )k22
[-]

fx (u(k) )
[N]

Reference values (time-averaged results of the dynamic calculation in Section 7.3.1)

Table 7.27: Box: Results of the Newton iterations using adjoint derivatives in
the initial iteration and old derivative values in further iterations and using the
previous parameter as approximation

Figure 7.63: Box: Convergence of Newton iterations using adjoint derivatives in the
initial iteration and old derivative values in further iterations and using the previous
parameter as approximation (background color: quadratic error)
Multiphase Optimization for the KCS Test Case
Building upon the results achieved for the multiphase box test case the developed methods was finally applied to the KCS ship in multiphase flow. Again we started with some
preliminary tests using a finite differences derivative calculation in order to analyze if the
optimization approach performs satisfactorily.

Optimization of the KCS Test Case Using Finite Differences. In order to
save computational effort, the parameter dependencies of the two objective function
components on the parameter with minor influence were again considered negligible.
Hence, we ignored the two gradient components ∂u∂ 6 my and ∂u∂ 2 fz in the calculation of the
Newton iterations for iterations with k ≥ 1. For the finite differences derivatives of ∂u∂ 2 my
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and ∂u∂ 6 fz in the initial iteration this negligence, however, could again not be applied as
it turned out to be inaccurate. To analyze this, a test calculation was performed using
only one additional flow calculation where both parameters, u2 and u6 , are simultaneously
disturbed with −0.05◦ and 0.005 m, respectively. For the derivative ∂u∂ 2 my this resulted in
deviations of about 50% in comparison to finite differences derivatives from a calculation
where the parameter components are individually disturbed. Therefore we again decided
to use two additional flow calculations with individually disturbed parameters for the
derivative calculation in the initial iteration. As mentioned before for the box test case,
for further parameter evaluations the derivative values computed in the initial iteration
were reused in order to save computational effort in these steps. For the stopping criterion
the value of the last considerations in the box test case was used, namely
j u(k)



u(0)



j

2
2
2
2

< 3.0 · 10−2 .

The results of the Newton iterations of the KCS test case are shown in Table 7.28 and
Figure 7.64.
Parameter
k

*

0
1
2
*

(k)

u2

Objective function
(k)

u6

my (u(k) )

fz (u(k) )

Relative quadratic

 2
j u(k)

error

2

kj (u(0) )k22
[-]

Output
fx (u(k) )

[◦ ]

[m]

[Nm]

[N]

0.16536

-0.01477

-

-

-

-102.31

0.00
0.148 (-10.7%)
0.16426 (-0.7%)

0.00
-0.01493 (+1.1%)
-0.01481 (+0.3%)

294.0
60.7

-824.4
13.1

1.0
5.0·10−3

-91.89 (-10.2%)
-101.09 (-1.2%)

[N]

Reference values (time-averaged results of the dynamic calculation in Section 7.3.1)

Table 7.28: KCS: Results of the Newton iterations using finite differences derivatives in
the initial iteration and old derivative values in further iterations and using the previous
parameter as approximation
As expected the approximation with old derivative values is sufficiently accurate to get
a very fast convergence. After only one iteration the output value of the resistance (fx )
and the sinkage parameter (u6 ) are already very accurate with deviations of a maximum of
1.2% with respect to the reference value of the initial dynamic calculation in Section 7.3.1.
This is clearly within the accuracy of the oscillations of the dynamic calculation. The
trim value (u2 ) is a little further away with 10.7% deviation from the reference value after
the first iteration. However, with the second parameter evaluation this deviation already
reduces to 0.7%. Therefore, as the resistance value is very accurate, it is sufficient here,
too, to perform only a single iteration. If the parameter values for trim and sinkage are
also needed more accurate, the parameter value for the next iteration can be additionally
evaluated and used without performing the corresponding flow calculation.
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Figure 7.64: KCS: Convergence of Newton iterations using finite differences derivatives in
the initial iteration and old derivative values in further iterations and using the previous
parameter as approximation (background color: quadratic error)
Altogether starting from an initial static calculation for zero trim and sinkage the
effort for this calculation consists of two additional flow calculations for the finite differences derivatives in the initial iteration and another flow calculation for the parameter
evaluation in Iteration 1. This sums up to 3 flow calculations. Using the adjoint approach
the two additional calculations for the derivative evaluation can be substituted by one
adjoint calculation for which the effort is significantly lower (about 1,000 iterations in
contrast to at least around 20,000 iterations for a flow evaluation of the KCS ship, cf.
Section 7.2.3). Moreover, for the calculations using finite differences we used many considerations regarding the negligibility and linearity of parameter dependencies in order
to save computational effort. Though, it is not generally clear if all these considerations
can be adopted to other test cases. Here the adjoint derivative calculation provides the
possibility of a much more robust calculation process as the efficiency and accuracy of
this derivative evaluation do not depend on such considerations.

Optimization of the KCS Test Case Using Adjoint Derivatives. For the
calculation of the KCS test case using an adjoint derivative evaluation the same approach
as already described for the box test case was adopted. This means in particular that we
solve only one adjoint system for the evaluation of ∂u∂ 2 my and ∂u∂ 6 my and evaluate ∂u∂ 6 fz
and ∂u∂ 2 fz using purely primal flow fields. Moreover, the stopping criterion was again set
to
 2
j u(k) 2
−2
 2 < 3.0 · 10 .
(0)
j u
2
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Equally as for the box test case we performed one calculation with adjoint derivatives in
the initial iteration and old derivative values in further iterations and another calculation
with adjoint derivatives in all iterations. The results are given in Tables 7.29 and 7.30
and Figures 7.65 and 7.66.
Parameter
k

*

0
1
2
*

Objective function

Relative quadratic
 2

j u(k)

Output

(k)
u2

(k)
u6

[◦ ]

[m]

0.16536

-0.01477

-

-

-

-102.31

0.00
0.154 (-6.9%)
0.16415 (-0.7%)

0.00
-0.01436 (-2.8%)
-0.01478 (+0.07%)

294.0
32.4

-824.4
-21.5

1.0
2.0·10−3

-91.89 (-10.2%)
-101.32 (-1.0%)

my

(u(k) )

[Nm]

fz

(u(k) )
[N]

error

fx (u(k) )

2
2
2

kj (u(0) )k
[-]

[N]

Reference values (time-averaged results of the dynamic calculation in Section 7.3.1)

Table 7.29: KCS: Results of the Newton iterations using adjoint derivatives in the initial
iteration and old derivative values in further iterations and using the previous parameter
as approximation

Parameter
k

*

0
1
2
*

Objective function

Relative quadratic

 2
j u(k)

Output

(k)
u2

(k)
u6

my (u(k) )

fz (u(k) )

[◦ ]

[m]

[Nm]

[N]

0.16536

-0.01477

-

-

-

-102.31

0.00
0.154 (-6.9%)
0.16541 (+0.03%)

0.00
-0.01436 (-2.8%)
-0.01478 (+0.07%)

294.0
32.4

-824.4
-21.5

1.0
2.0·10−3

-91.89 (-10.2%)
-101.32 (-1.0%)

error

2

kj (u(0) )k22
[-]

fx (u(k) )
[N]

Reference values (time-averaged results of the dynamic calculation in Section 7.3.1)

Table 7.30: KCS: Results of the Newton iterations using adjoint derivatives in all iterations
and using the previous parameter as approximation
Equally as seen for the preliminary calculations with finite differences derivatives the
calculation yields very accurate resistance results (fx ) that are within the accuracy of
the dynamic oscillations after only one iteration step. Using the additional evaluation for
the parameter values of the next iteration step (without the corresponding flow solution)
the trim and sinkage parameter values are equally accurate. As already observed in the
gradient validation of Section 7.4.2 the derivative value of ∂u∂ 2 my for 0◦ and 0 m is a little
(1)

over-estimated, which results in a value for u2 that is further away from the final value
than in the finite differences calculation. However, even if this derivative value is reused
(2)
for the parameter evaluation at the end of Iteration 1, the parameter value u2 already
has a deviation of under 1% which is very accurate. Furthermore, especially for this test
case with a real ship the effort for the adjoint calculation is very low in comparison to
static flow calculations of the ship. Therefore even performing a new adjoint derivative
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Figure 7.65: KCS: Convergence of Newton iterations using adjoint derivatives in the
initial iteration and old derivative values in further iterations and using the previous
parameter as approximation (background color: quadratic error)

Figure 7.66: KCS: Convergence of Newton iterations using adjoint derivatives in all iterations and using the previous parameter as approximation (background color: quadratic
error)
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calculation does not have a mayor impact on the overall effort. Moreover, the parameter
value of Iteration 1 is still good enough to deliver a sufficiently accurate resistance value
even in the first iteration. Hence, the deviation of the initial derivative value is all in all
not very relevant.
These results clearly show that we are now able to calculate the resistance value
of a ship considering trim and sinkage with the effort of only one additional static flow
calculation and one or two adjoint evaluations depending on the accuracy needed for trim
and sinkage. Moreover, in comparison to dynamic calculations, static calculations are
more robust and therefore need fewer inner iterations per outer iteration. Consequently
this newly developed method provides a significant reduction of computational effort.

Chapter 8

Conclusion and Outlook
This chapter summarizes and discusses the main contributions of this work and provides
ideas for future research.

8.1

Conclusion

The aim of this work was to develop a new, efficient calculation approach for resistance
calculations of ships including the effect of changing running attitudes (trim and sinkage)
for different ship speeds. This goal was reached by changing the physical view point of
the calculation procedure to a mathematical one that makes use of a newly developed
efficient gradient-based optimization method.
In particular we started from the conventional approach that has been applied for
such calculations so far. This approach, denoted as dynamic calculation in this work,
makes use of the equations of motion. Starting from an initial ship position (usually
the hydrostatic forces equilibrium for zero ship speed) the complete transient oscillation
to the final running attitude, where the hydrodynamic flow forces are in equilibrium, is
calculated. Due to inertia effects this oscillation can take very long and therefore its
time-accurate calculation is computationally very expensive. Analyzing this calculation
problem for possible savings the main observation is that only the final running attitude
position is of interest. The complete time history for the motion that leads to that
position, however, is of no interest at all. Moreover, the running attitude is known to be
the particular position where all forces and moments acting on the object surface are in
equilibrium. Hence, in this work a new calculation procedure was developed where the
problem is reformulated as an optimization problem.
As the initial value of the optimization algorithm (the hydrostatic equilibrium position) is close to the optimal value and the forces and moments functions in dependence of
the object position are sufficiently smooth, the idea of this work was to deploy a gradientbased optimization algorithm for the solution of the optimization problem. This approach
231
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was first realized using finite differences quotients for the gradient calculation and proved
to converge very fast. Indeed, due to the almost linear behavior of the main forces and
moment components the algorithm converged in only about two Newton iterations while
fulfilling the requirement of an accuracy within the range of the final oscillations of the
standard method using dynamic calculations. Moreover, in contrast to dynamic calculations, in this approach only static calculations are used which need significantly fewer
inner iterations per time step (around 1-2 iterations in comparison to about 6 iterations
for dynamic calculations).
The calculation of finite differences gradients is straight-forward but very inefficient.
Therefore, a main contribution of this work was to develop a new approach for an efficient calculation of adjoint gradients in the context of domain variations in multiphase
Navier-Stokes flow. This approach has the advantage that its effort is independent of
the dimension of the parameter space. Hence, it overcomes this deficiency of the finite
differences calculation. As the main part of this work the whole adjoint calculation procedure for single-phase as well as multiphase applications was derived. This includes the
following aspects:
• Derivation of the adjoint equations corresponding to the considered flow problem
• Derivation of adjoint boundary conditions corresponding to objective functions of
single force or moment components or arbitrary weighted combinations of several
components and several different primal boundary conditions
• Derivation of the exact analytical adjoint derivative formula with the help of transformation functions to a reference domain.
The application of the developed approach to test cases revealed that it has the ability
to provide very accurate derivative values at very low computational cost. This low
computational cost has several reasons. The multiphase adjoint system is stationary in
contrast to the additional multiphase primal flow calculations needed for the evaluation
of the finite differences gradient. Moreover, the calculated force and moment values used
in the finite differences calculation oscillate. Therefore these values have to be timeaveraged and afford a longer simulation time in order to get a reliable averaged value.
As these oscillations do not appear in the convergence of the adjoint derivative value this
calculation is not only faster but also more robust, accurate and reliable. Altogether for
the final test case with the well-known KCS benchmark ship we achieved an accurate
adjoint derivative evaluation in only about 1,000 iterations in contrast to around 100,000
iterations for additional pseudo-transient primal flow calculations needed for the finite
differences derivative calculation. Hence, we get the adjoint derivative at almost no
cost. The whole calculation procedure has the computational cost of only one additional
static flow evaluation and one or two adjoint derivative evaluations depending whether
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the running attitude position (trim and sinkage) is also needed accurately or whether
an accurate resistance value is sufficient. Considering the additional benefit for the
calculation time resulting form the low number of inner iterations per time step in static
calculations, this means a very significant reduction in overall computation time. Hence,
the goal of reducing the computational effort has definitely been achieved with the new
calculation approach.

8.2

Suggestions for Future Research

As with any research there are always further topics that could not be fit into the scope
of the present work but provide promising ideas for extensions or additional aspects for
further studies. They are briefly outlined here to give incentives for future research.

8.2.1

Block Coupling of the Adjoint System

For the solution of adjoint systems in this work we used a segregated approach similar
to the procedure that is commonly used for the primal equation system. Hence, the
equations for adjoint pressure, velocity and phase fraction are decoupled and solved
individually one after the other in an iterative manner. This implies that all dependencies
on adjoint variables other than the present solution variable of the considered equation
have to be treated explicitly. Therefore especially for the multiphase adjoint equations we
had to neglect cross-coupling terms in between the equations in order to still get a robust
convergence. This of course provokes some inaccuracies in the solution. This problem
could be avoided e.g. by applying a coupled solution procedure to the adjoint equations
where all adjoint equations are solved simultaneously in one big equation system. Such
an approach has already been successfully developed by the author for a better coupling
of pressure and phase fraction equations in primal flow solutions (see [45]). For the primal
solution such a treatment with a block-coupled approach is often prohibitive due to the
increased dimension of the system matrix and the resulting increased overall effort. Here,
however, the situation is different. We still get a five times increased dimension of the
system matrix as we consider five equations simultaneously in the system (three equations
from the adjoint momentum equation, one equation from the adjoint continuity equation
and one equation from the adjoint phase fraction equation). However, as the adjoint flow
equations are indeed linear in all adjoint variables, this allows implicit treatment for all
appearances of adjoint solution variables in the discretization for the system matrix. This
implies that we no longer need to perform updates for explicitly treated flow variables in
the matrix coefficients. Consequently, we get the solution by solving the equation system
only once, i.e. within only one iteration. Taking a closer look at the increased effort for
this equation system we can make the following considerations. The effort for common

iterative solvers of linear equation systems is usually around O n2 , where n is the matrix
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dimension. For a system matrix with a five times bigger dimension we therefore get a
25 times bigger solution effort. However, the amount of iterations that we usually have
to perform due to the segregation (and linearization in the case of the primal system)
lies in the range of thousands of iterations. Therefore this approach actually promises to
reduce the computational effort significantly.

8.2.2

Adjoint Turbulence Treatment

Another simplification that we used throughout this work, that can be a source of inaccuracies depending on the case setup, is the “frozen turbulence” assumption. It presumes
that the turbulence variations due to domain changes can be neglected and therefore
the computation of adjoint turbulence equations can be omitted. This is an approach
commonly used for adjoint computations, though it is not necessarily always justified.
This is illustrated for a shape optimization test case in [48] where the omission of adjoint
turbulence equations leads to derivative values with wrong signs. Therefore in recent
research there are attempts to incorporate turbulence variations into the derivation of
the adjoint system. In [117], for instance, a corresponding adjoint equation to the lowReynolds Spalart-Allmaras turbulence model is derived. Equally, in [118], the adjoint
equations for the high-Reynolds k-ε turbulence model and in addition a concept for adjoint wall functions is presented. In our test cases, however, we mainly used the k-ω-SST
turbulence model. In this turbulence treatment the value of the specific dissipation variable ω tends to infinity near the wall. Therefore it is not possible to differentiate this
turbulence model in order to get the corresponding adjoint equation. Hence, we either
have to continue using the “frozen turbulence” assumption for the k-ω-SST model or
use a different turbulence model in the primal flow calculations to be able to apply a
consistent adjoint turbulence treatment.

8.2.3

Combination of Continuous and Discrete Adjoint Approach for
Consistent Discretization

In this work we decided to use the continuous adjoint approach for the derivation of the
multiphase adjoint system. A disadvantage of this approach is that, due to its procedure
of first differentiating the closed equations and then discretizing, the consistency of the
discretized primal solution and the discretized adjoint solution is often violated. As
a consequence, numerical instabilities, especially in the non-linear coupling terms, can
occur. To overcome this problem a so-called “hybrid-adjoint” approach is developed in
[102]. This approach pursues the following procedure: the adjoint partial differential
equations are derived in continuous form. Then, the primal Navier-Stokes equations are
first discretized and the discretization of the continuous adjoint equations is constructed
term by term via summation by parts form the primal discretization. This procedure
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enables a consistent discretization of primal and adjoint equations also for the continuous
adjoint approach and thus overcomes this commonly stated drawback in comparison to
the discrete adjoint approach. Hence, it is worth considering the development of the
hybrid-adjoint discretization for the multiphase adjoint equations derived in this work as
well.

8.2.4

Calculation of Second-Order Derivatives

In the computation of our multiphase applications we have presented the Newton algorithm as a method to iteratively solve for the root of an objective function. This
algorithm, however, can equally be used for the optimization of an objective function
like in the single-phase test case. Then the root of the objective function gradient is determined. This has the advantage that we no longer need to make use of inefficient line
search strategies for the computation of the next iteration parameter, as in the gradientdescent methods, and therefore it promises much faster convergence. However, then the
second-order derivative of the objective function is needed for the algorithm. Examples
for the computation of a second-order derivative in the context of adjoint optimization
can be found in [30, 75, 76, 77, 109]. The adjoint approach can either be used for the
computation of both, first and second-order derivatives, or it can be combined with direct
differentiation approaches, like e.g. in [75, 76, 77]. In these papers the most efficient of
the presented approaches is shown to be the computation of the first derivative via direct
differentiation methods and the second derivative via the adjoint method. Though, even
for this approach we have the problem that the computational cost for the second-order
derivative scales with the number of design variables. Hence, for an increasing number
of design variables the cost for computing the exact Hessian matrix in every Newton iteration can quickly become prohibitive. An approach to improve this is proposed in [74]
where the exact Hessian matrix is only computed in the first iteration and in subsequent
iterations a quasi-Newton method is used. In [74] this method is referred to as “exactly
initialized quasi-Newton” method and it is shown for test cases that this approach outperforms exact and quasi-Newton methods. Still, the computation of the exact Hessian
matrix in the first Newton iteration can be very time-consuming for a large number of
design variables. An approach to overcome even this problem is presented in [78] with a
truncated Newton algorithm using the adjoint approach. This method benefits from the
possibility of computing the product of the Hessian matrix with any vector with an effort
that is independent of the design space dimension. Hence, it is much more efficient than
the calculation of the Hessian matrix itself.
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Further Applications of the Developed Method

The multiphase adjoint approach of this work has been developed having a specific application in mind that should be improved in terms of computational effort, namely running
attitude calculations of ships. Though, the method is not only restricted to this application, but can also be useful for many other computational problems. Some of these
further fields of application will briefly be illustrated.
Shape Optimization
The presented multiphase adjoint approach has been developed for arbitrary domain
variations expressed in terms of transformation functions. Hence, it is straight-forward
to adopt this approach to shape optimization problems in multiphase flow. The only requirement is that the shape variations have to be expressed by transformation functions
which are differentiable with respect to the describing parameters. An additional aspect
beyond the adjoint derivative calculation that gains importance in the context of shape
optimization is the validity of the deformed geometry and the quality of the computational mesh. When proceeding from one optimization step to the next the change of the
geometry and consequently the calculation mesh is usually realized by a deformation.
This, however, can quickly lead to poor quality meshes. Therefore additional effort has
to be put into methods that assure that the deformed mesh remains in a good quality.
Otherwise a re-meshing step has to be included into the calculation process which can
be computationally expensive. Moreover, for shape optimization applications, different
to the presented approach with parametrized transformation functions, a mesh-based
parametrization is often used. This allows the deformation of the geometry in terms of
changing the geometry individually for every cell surface in cell normal direction. This
can quickly lead to high surface curvatures and hence non-manufacturable designs. Thus,
additional aspects like gradient filtering play an important role for this kind of application. Recent research work on shape control and mesh regularization can e.g. be found
in [17].
Goal-Oriented Error Estimation
Another application of the adjoint method is goal-oriented error estimation. In this
application the computed discrete solution itself is used to analyze its accuracy with
respect to a specific quantity of interest. This is done by an error estimator for the
difference between the discrete solution and the exact continuous solution. With the
information of the error estimator at hand the mesh discretization can adaptively be
refined in areas that have a large contribution to the overall error. Such an error estimator
can for instance be calculated by means of the corresponding adjoint system, see [5, 9].
In the later of these references the goal-oriented error estimator is even combined with
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adjoint shape optimization by using the error estimator in order to adaptively refine the
computational mesh during optimization. Such an approach is quite useful in order to
save computational effort. Thus, it could be quite promising to apply the multiphase
adjoint system derived in this work to the calculation of error estimators of multiphase
flow problems as well.
Apart from the cases presented here, the adjoint system can be used in many other
contexts like optimal active flow control (see [118, 65, 11]), topology optimization (see
[69]), etc. There are innumerable possible applications with the common feature that
some optimization problem is solved that is constrained by the single-phase or multiphase
Navier-Stokes equations. If the constraint system is the same for the different applications, the part of the adjoint system originating from the differentiation of the constraint
stays the same. The objective function, however, is usually different and consequently its
appearance in the adjoint system and the objective function derivative w.r.t. the design
variables have to be adjusted. All in all there are many possibilities to efficiently reuse
the multiphase adjoint system of this work in future research.

Appendix
Basic Identities
Chain Rule for Multivariable Functions
Let f : Rm → Rl , g : Rd → Rm :
m

∂f (g (x)) X ∂f (g (x)) ∂gk (x)
=
.
∂xi
∂gk
∂xi

(A.1)

k=1

Cross Product Properties
Let α, β : Ω → R and u, v, w : Ω → Rd :
u × v = − v × u,

(A.2)

u × (αv + βw) = α (u × v) + β (u × w) ,

(A.3)

(αu + βv) × w = α (u × w) + β (v × w) ,

(A.4)

T

u (v × w) = det (u, v, w) ,

(A.5)

uT (v × w) = v T (w × u) = wT (u × v) .

(A.6)

Gauss’ Theorem
Let u : Ω → Rd , A : Ω → Rd×d :
Z
Z
∇· u dx =
uT n dS,
Ω
Z
Z∂Ω
Z
Z
∇· (Au) dx =
uT ∇· Adx +
∇u : A dx =
Ω

Ω

Ω

(A.7)
uT AT n dS,

(A.8)

∂Ω

where n : ∂Ω → Rd is the outer unit normal on the domain boundary ∂Ω.
Gradient of the Trace
Let A : I → Rd×d :
d
 
∂A
.
∇ (tr (A)) = tr
∂xi
i=1
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Green’s First Identity
Let p, q : Ω → R and u, v : Ω → Rd :
Z
Z
Z
p∇q T n dS,
p∆q dx = − ∇p · ∇q dx +
∂Ω
Ω
Ω
Z
Z
Z
T
uT ∇v T n dS,
u ∆v dx = − ∇u : ∇v dx +
∂Ω
Ω
Ω
Z
Z
Z


T
T
T
uT ∇vn dS,
u ∇· (∇v) dx = − ∇u : ∇v dx +

(A.11)
(A.12)

∂Ω

Ω

Ω

(A.10)

where n : ∂Ω → Rd is the outer unit normal on the domain boundary ∂Ω.
Green’s Second Identity
Let p, q : Ω → R and u, v : Ω → Rd :
Z
Z
∆q dx =
∇q T n dS,
ZΩ
Z∂Ω
∆v dx =
∇v T n dS,
Ω

Z

Z

Ω

uT ∆v − v T ∆u dx =

Ω

(A.14)

∂Ω

p∆q − q∆p dx =
Z

(A.13)

(p∇q − q∇p)T n dS,

Z∂Ω

(A.15)


uT ∇v T − v T ∇uT n dS,

(A.16)

∂Ω

where n : ∂Ω → Rd is the outer unit normal on the domain boundary ∂Ω.
Integration by Parts
Let p : Ω → R and u, v, w : Ω → Rd :
Z
Z
Z
∇pT u dx = − p∇· u dx +
puT n dS,
Ω
∂Ω Z
Z
ZΩ
Z
T
T
T
T
T
u ∇v w dx = − v ∇u w dx −
v u∇· w dx +
Ω

Ω

Ω

(A.17)
v T uwT n dS,

∂Ω

(A.18)
Z
Ω

uT ∇vw dx = −

Z
Ω

v T ∇wT u dx −

Z

v T w∇· u dx +

Ω

Z

v T wuT n dS,

∂Ω

(A.19)
where n : ∂Ω → Rd is the outer unit normal on the domain boundary ∂Ω.
Interchanging Differentiation and Integration (cf. [87])
Let M ⊂ Rn be measurable, D ⊂ Rp open and q ∈ N0 . Let f : M × D → C and
• for every fixed y ∈ D let f (·, y) ∈ L1 (M ),
• for almost every fixed x ∈ M let f (x, ·) ∈ C q (D),
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 α
∂
• let a function F ∈ L1 (M ) exist with | ∂y
f (x, y) | ≤ F (x) for almost all
p
x ∈ X, all y ∈ Y and all α ∈ N0 with |α| ≤ q,
R
then M f (x, y) ∈ C q (D) and for every α ∈ Np0 with |α| ≤ q there exists
R  ∂ α
f (x, y) dx with
M ∂y


∂
∂y

α Z

Z



f (x, y) dx =
M

M

∂
∂y

α
f (x, y) dx,

(A.20)

 α   α p
 α 1
∂
where |α| = α1 + . . . + αp and ∂y
· · · ∂y∂ 1
= ∂y∂ p
.
For a proof with q = 1 see e.g. [46].
Jacobi’s Formula
Let A : I → Rd×d :


d
dA (t)
,
det (A (t)) = tr adj (A (t))
dt
dt

(A.21)

where adj (A (t)) is the adjugate matrix of A.
Product Rule (multidimensional)
d
Let α : Ω → R, u, v : Ω → Rd and A = (aj )j=1,...,d = aTi i=1 : Ω → Rd×d :
∇ (αv) = (∇α) v T + α∇v,

∇ uT v = (∇u) v + (∇v) u,

(A.22)
(A.23)
T

∇ (Av) = ((∇ai ) v)i=1...d + (∇v) A
 
d
∂
T
A
+ (∇v) AT ,
= v
∂xi
i=1

T
∇ A v = ((∇aj ) v)j=1...d + (∇v) A
 
d
∂ T
T
+ (∇v) A,
= v
A
∂xi
i=1

T !d

 T !d
∂
∂
∇ (u × v) =
u×v
v
+
u×
∂xi
∂xi
i=1

(A.24)

(A.25)

.

(A.26)

i=1

Product Rule for Divergence
Let α : Ω → R, u, v : Ω → Rd and A : Ω → Rd×d :
∇· (αv) = v T ∇α + α∇· v,
∇· (u × v) = v T (∇ × u) − uT (∇ × v) ,

∇· uv T = (∇v)T u + v (∇· u) ,
∇· (αA) = AT ∇α + α∇· A,
T

∇· (Av) = v ∇· A + A : ∇v.

(A.27)
(A.28)
(A.29)
(A.30)
(A.31)
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Sequences of Gradient and Divergence
Let v : Ω → Rd :

∇· ∇v T = ∇ (∇· v) ,

(A.32)

∇· (∇v) = ∆v.

(A.33)

Transformation of Derivatives in Domain Transformations
Let τ : Ωref → Ω be a transformation function and x ∈ Ωref , x̃ ∈ Ω:
∇x̃ z̃ (τ (x)) = ∇τ (x)−1 ∇x z (x) ,

(A.34)

(x)))dj=1

∆x̃ z̃ (τ (x)) = (∆x̃ z̃ j (τ

= (∇x zj (x))T ∆x̃ τ −1 (x̃)

 d
+ tr H (zj (x)) (∇x τ (x))−T (∇x τ (x))−1

j=1

(A.35)

.

Transformation Rule for Integrals
Let Ωref ⊂ Rd be an open set, τ : Ωref → Ω = τ (Ωref ) ⊂ Rd a diffeomorphism and
f : Ω → Rd :
Z
Z
f (x̃) dx̃ =
f (τ (x)) |det Jτ (x)| dx
(A.36)
τ (Ωref )
Ωref
Z
=
f (τ (x)) |det (∇τ (x))| dx.
Ωref
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