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Abstract

Reduced basis methods (RBMs) have become an established model reduction method
for parameterized partial differential equations (PDEs). We introduce new RBMs for the
reduction of numerically expensive parameterized time-periodic parabolic equations.
Three kinds of RBMs are developed in this thesis, distinguished by the type of numerical
scheme that is employed for the solution of the high-dimensional (offline) quantities.
Rigorous a posteriori error estimators are developed in all settings and tested in numerical
experiments.
The first RBM is a further development of existing time-stepping methods for non-periodic
parabolic PDEs and provides a spatial reduction of the full problem, using fixed-point
iterations to ensure periodicity. We derive error estimators and discuss the reduction of
basis construction costs. This approach is easy to implement, yet suffers from relatively
long computation times for the reduced solutions. As a second method, we consider
therefore space-time formulations for both the original and the reduced time-periodic
model. Allowing to enforce periodicity in time through the choice of discretization, this
avoids the need for fixed-point iterations and enables a reduction in the full space-time
domain, leading to rapidly evaluable reduced models. We show that the error bounds
are similar to those in stationary elliptic settings. However, the additional temporal
dimension still causes a high numerical effort in the computation of the high-dimensional
solutions during the offline phase.
As a third scheme, we thus employ space-time adaptive wavelet Galerkin methods to
compute snapshots and error bounds. We show that this leads to a new framework
for RBMs in which the adaptively generated parameter-dependent discretizations allow
to bound the error with respect to the exact solution of the PDE. It is illustrated
why multiple snapshot selection can occur and what strategies can be used to avoid
a subsequent early termination of the Greedy training. We show that rigorous and
equivalent error bounds can be constructed and discuss implementable variants. The
results are underlined by numerical experiments and not restricted to a periodic setting.
In order to enable the adaptive computations in the third RBM, a multitree-based adaptive
wavelet Galerkin scheme is extended to an implementable version in the (space-time)
Petrov-Galerkin setting.
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Zusammenfassung

Reduzierte Basis Methoden (RBMs) haben sich in den letzten Jahren als Modellredukti-
onsmethode für parametrisierte partielle Differentialgleichungen (PDEs) mehr und mehr
etabliert. In dieser Arbeit stellen wir neue RBMs zur Reduktion von (numerisch aufwendi-
gen) parametrisierten zeit-periodischen parabolischen Gleichungen vor.
Dabei werden drei verschiedene Reduktionsmethoden entwickelt, welche sich in der
Wahl der numerischen Lösungsmethode für die hochdimensionalen Gleichungen in der
sogenannten Offline-Phase unterscheiden. Für jedes dieser Verfahren werden rigorose a
posteriori Fehlerschätzer hergeleitet und in numerischen Experimenten getestet.
Die erste Methode ist eine Weiterentwicklung bereits bestehender Zeitschritt-Verfahren
für nicht-periodische parabolische PDEs und erzeugt eine Reduktion des Originalmodells
in der Ortsvariablen. Dabei werden Fixpunkt-Verfahren verwendet, um die Periodizität
der Lösung sicherzustellen. Abgesehen von der Herleitung der Fehlerschätzer werden noch
Möglichkeiten zur Verringerung der numerischen Kosten in der Offline-Phase besprochen.
Dieser Ansatz ist zwar leicht zu implementieren, führt aber zu vergleichsweise langen
Laufzeiten bei der Bestimmung der reduzierten Lösungen. Deswegen betrachten wir als
eine alternative zweite Methode sowohl das volle als auch das reduzierte Problem in
einer Orts-Zeit-Formulierung. Die Periodizität kann dann durch eine geeignete Wahl der
Basisfunktionen des diskreten Approximationsraumes sichergestellt werden, so dass mit
diesem Ansatz Fixpunkt-Iterationen vermieden werden können. Außerdem erzeugt die
gleichzeitige Reduktion in Ort und Zeit sehr schnell auswertbare reduzierte Probleme,
wobei sich die entsprechenden Fehlerschätzer als ähnlich zu denen in stationären ellip-
tischen Problemen erweisen. Die zusätzliche Zeit-Dimension in der Formulierung führt
allerdings zu einem hohen numerischen Aufwand bei der Lösung der hoch-dimensionalen
Gleichungen im Originalmodell.
Deswegen werden als Drittes adaptive Wavelet-Galerkin-Methoden zur Berechnung der
sogenannten Snapshots und der Fehlerschätzer betrachtet. Es stellt sich heraus, dass da-
durch eine neue Sichtweise auf die klassischen RBM-Annahmen und -Techniken notwendig
wird. Unter anderem ermöglichen die adaptiv bestimmten, nun parameter-abhängigen,
Diskretisierungen eine Abschätzung des Fehlers gegenüber der exakten Lösung im Funk-
tionenraum. Gleichzeitig kann es aber während der Erstellung der reduzierten Basen
innerhalb eines Greedy-Trainings zu einer wiederholten Auswahl der gleichen Snapshots
kommen, was mit den klassischen Methoden eine frühzeitige Beendigung des Trainings
zur Folge hätte. Wir zeigen, wie dieses vermieden werden kann. Zusätzlich wird die Exis-
tenz rigoroser und äquivalenter approximativer Fehlerschätzer bewiesen und es werden
verschiedene Berechnungsmöglichkeiten solcher Schätzer vorgestellt. Alle theoretischen
Resultate werden in numerischen Experimenten untersucht und verifiziert. Wir möchten
betonen, dass die vorgestellten Ergebnisse nicht nur für periodische Probleme gelten.
Zur Durchführung der adaptiven Berechnungen in dieser dritten RBM-Variante wer-
den zusätzlich noch bestehende Multitree-basierte adaptive Wavelet-Galerkin-Verfahren
weiterentwickelt. Damit können implementierbare Versionen für die Lösung der in der
Orts-Zeit-Formulierung auftretenden Petrov-Galerkin-Gleichungen gewonnen werden.
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1Introduction

The main aim of this thesis is the development of a specific type of model reduction –
reduced basis methods – for time-periodic parameterized partial differential equations
(PDEs). We present three main variants of such reduction schemes, constructed for
different high-dimensional discretization methods with which the underlying equation
is solved. While the first two of those methods – a fixed-point and a space-time based
approach – are developed within the “standard” reduced basis method (RBM) framework,
the third variant, using adaptive offline computations, presents a new perspective on those
reduction methods. The arising challenges and observations, as well as the employed
methods, are therefore relevant and applicable far beyond the scope of time-periodic
problems.

Time-Periodic Problems

The flow of a fluid around a rigid obstacle, the distribution of heat in a material, the
electromagnetic fields around an antenna, the dependence of an option price on time
as well as the value of the underlying – many real-world phenomena in fluid dynamics,
physics, electrodynamics and finance as well as medicine, biology, chemistry and other
fields are described and modeled by partial differential equations.
Often, those phenomena are recurrent, i.e. periodic in time. Classical examples are flows
around a rotor or propeller [Jür+07], but also many biological models [SZ99] or chemical
reactions [KB06] are time-periodic. In contrast to initial value problems, where the initial
state at a time t0 is known and one is interested in the further evolution of the state
variable in time, periodic systems usually oscillate around an a priori unknown equilibrium
point which has to be determined by the (numerical) solution method. Naturally, this
introduces an additional difficulty.
In some applications, the period length T > 0 at which the system repeats itself is also
one of the unknowns. In this thesis, however, we restrict ourselves to problems with a
known period length given, e.g., by the rotation time of a propeller. That is, we consider
problems of the form

ut +A(t)u = f, u(0) = u(T ) (1.1)
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on the finite time interval [0, T ], where A(t) is a partial differential operator and f a
given source term function.
Like evolution equations, such problems can be treated by the classical numerical
methods for the solution of PDEs, e.g. finite volume (FV), finite element method (FEM)
or discontinuous Galerkin (DG) discretizations. While those are usually based upon an
approximation of the temporal derivative by finite differences (Rothe’s method), the
alternative (the method of lines) performs first a semi-discretization in space and then
allows for any ordinary differential equation scheme to solve the system of arising equations.
In contrast to initial value problems, however, and regardless of the chosen numerical
scheme, the additional challenge here is to ensure the periodicity of the computed solution.
A common characteristic of all above mentioned numerical schemes is that they lead to
high-dimensional discretizations. While single evaluations of the solution might thus still
be realizable, the numerical cost in an optimization or optimal control context – where
the PDE is usually parameterized and has to be evaluated often and rapidly, sometimes
even in realtime, for slightly different parameters – might become unfeasible.
It is therefore a natural objective to look for reduction methods that allow to construct a
low-dimensional approximation to problem (1.1) which can then be evaluated rapidly.

Model Reduction using Reduced Basis Methods

The field of model reduction is vast and still growing rapidly. Many methods – summarized
under the term model order reduction and popular in the field of dynamical systems –
aim to reduce the dimension of the state space domain Ω, usually by some projection onto
a low-dimensional PDE, cf. [SVR08; AS01]. Hence, for a given parameter an approximate
PDE is solved. Reduced basis methods, in contrast, target directly the reduction of the
manifold of parameter-dependent solutions.
The main idea is as follows: Consider a parameterized PDE of the form

A(µ)u(µ) = f(µ), µ ∈ D. (1.2)

Under the assumption of a smooth parameter dependence, the set of solutions M(D) :=
{u(µ) ∈ X : µ ∈ D} is usually of lower dimension than the solution space X itself and
can be approximated by a space XN spanned by so-called snapshots, i.e. solutions of
(1.2) for specific parameters µ1, . . . , µN ∈ D. Instead of (1.2), a Galerkin projection of
this equation onto XN is then solved in order to obtain a reduced solution uN (µ) that
is a direct approximation of the exact solution u(µ). The construction of XN is done
once in a so-called training or offline phase, while the computation of uN (µ) can then be
performed online, i.e. in O(N) operations.
Naturally, (1.2) can usually not be solved exactly. The snapshots are therefore computed
on a parameter-independent high-dimensional discretization. With respect to the solutions
on this high-dimensional discretization space, error bounds can be derived that are
rigorous, i.e. upper bounds for the reduction error, effective, i.e. bounded by some constant
multiple of the error, and most notably efficient, i.e. evaluable in O(N) operations,
regardless of the size of the high-dimensional discretization. It is one of the contributions
of this thesis to discuss RBMs that bound the reduction error with respect to the exact
solution u(µ) ∈ X .
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Many variants of RBMs for the application in different situations exist, yet none of them
have considered periodic problems so far. Most relevant for our work are the results
of Grepl and Patera [GP05] and Haasdonk and Ohlberger [HO08] for the reduction of
time-dependent initial value problems (IVPs)

ut(µ) +A(µ)u(µ) = f(µ), u(0;µ) = u0(µ), µ ∈ D. (1.3)

In these approaches, the high-dimensional solutions are computed by time-stepping
methods and the reduced spaces are constructed as a purely spatial approximation. While
this produces relatively low-dimensional RB spaces, the computation of a reduced solution
requires again a time-stepping procedure, where only the linear system at each time step
is of dimension N .
Using fixed-point iterations, we extended this method to periodic problems. While this
approach is at first glance inviting, it contains three major drawbacks: The first is related
to the repeated solution of the PDE in the fixed-point procedure. Not only causes this
several times the numerical cost of an IVP during the basis construction, the same fixed-
point procedure has to be repeated in the time-critical online phase. This is aggravated
by the fact that the number of necessary fixed-point iterations (offline or online) is a priori
unknown. The second drawback is the difficulty to handle time-dependent operators,
especially when the time-dependency is not separable from the spatial components. In
such cases, one can resort to affine approximations by the so-called empirical interpolation
method (EIM) [Bar+04; HOR08; Gre12], but this introduces an additional error. Even
for separable operators, the size of the reduced basis for strongly time-varying problems
might become undesirably large. In combination with the third problem – the error
bounds grow unproportionally much in time – this leads to the sometimes voiced criticism
that RBMs are not suited for long-term integration. An adaptive partitioning of [0, T ]
into subintervals with individually constructed reduced bases [DDH11] can mitigate, if
not completely avoid, this problem.
Several of these problems are addressed by space-time methods, where the distinction
between temporal and spatial dimensions is set aside. Apart from [RMM06] not yet
considered in the RB context, we develop space-time RBMs for time-periodic problems
and show that especially the online computation times can be drastically reduced by
this approach. Meanwhile, it has been observed by Urban and Patera [UP12] that the
space-time inf-sup constants – a crucial component of any RB error bound – reflect the
system behaviour far more correctly than former energy-estimate based bounds, causing
space-time error bounds to be apt even for long time horizons T > 0. Moreover, such
formulations are naturally able to treat even non-separable space-time dependencies of
the underlying operators.
While this therefore presents a significant advantage over fixed-point methods, a naive
implementation of such a space-time approach for the high-dimensional computations in
the offline phase results in often infeasibly large linear systems. The popular approach to
circumvent this problem by a Crank-Nicolson or DG discretization [RMM06; YPU13] and
thus to resort to time-stepping methods for the actual offline computations is precluded
in our case by the coupling of inital and final time point through the periodicity condition.
Instead, we consider space-time adaptive (wavelet) methods, which have been shown to
converge quasi-optimally for IVPs by Schwab and Stevenson [SS09].
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Adaptive Wavelet Galerkin Algorithms

In many applications, the solutions of (1.3) (and its periodic equivalent) exhibit strong
parameter-dependent local characteristics, especially in the full space-time domain. The
resolution of these characteristics can often best be done by adaptive discretizations,
which construct iteratively quasi-optimal finite element (FE) meshes (or wavelet index
sets) without a priori knowledge about the solution.

In fact, standard (i.e. uniform) FE or wavelet methods can be shown to yield approximation
rates of the form

‖u− uN ‖Hm(Ω) . N s, s = d−m
n

,

where n is the dimension of the underlying problem domain Ω ⊂ Rn, Hm(Ω) a standard
Sobolev space of order m and N the number of (uniformly refined) basis functions of
polynomial order d− 1. However, these rates are only achieved under the condition that
the solution is sufficiently smooth in the Sobolev sense, i.e. u ∈ Hs(Ω) with s as above.
If this is not the case, e.g. due to non-smooth source terms f , a non-smooth domain Ω or
an operator A that induces local singularities, but u still exhibits a certain regularity in
non-uniform approximation classes, the convergence rate can be recovered by adaptive
methods, cf. [NSV09; Ste09].

The typical iterative FEM procedure of such an adaptive scheme consists of the steps

SOLVE→ ESTIMATE→MARK→ REFINE,

where first an approximate solution uN is solved on a fixed index set. This approximation
is used to compute an (often residual based) error estimate identifying the elements that
are to be marked for refinement. Adaptive wavelet Galerkin methods (AWGMs) follow
a similar scheme, where the error estimate is used to guide the extension of (usually
nested) index sets of wavelet indizes.

The first adaptive wavelet Galerkin methods (AWGMs) with proven convergence were
developed for coercive elliptic problems by Cohen et al. [CDD01] and later extended
to non-coercive equations in [CDD02; GHS07]. As Schwab and Stevenson [SS09] have
shown, space-time formulations of parabolic IVPs fall into the latter category and can
thus be treated by those wavelet schemes. In practice, however, the implementation of
the mentioned algorithms requires either a good a priori knowledge about compressibility
properties of the space-time operator or the availability of specific wavelet basis construc-
tions [CS11] – none of which is convenient for the general parameter-dependent setting
in which RBMs are usually considered.

An alternative is presented by the multitree-based AWGMs that exploit exact matrix-vector
evaluations within linear complexity on multitree-structured index sets, proposed by
Kestler and Stevenson [KS14; KS13]. Together with Sebastian Kestler, we developed
implementable versions of these algorithms for the Petrov-Galerkin setting that forms the
framework for the space-time formulation of time-periodic problems. One of the main
challenges in this situation was the treatment of trial and test spaces that are equipped
with basis functions of different type. As this is not limited to the periodic setting, we
expect our results to carry over also to more general equations.
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Reduced Basis Methods with Adaptive Offline Computations

The developed AWGMs now enable us to mitigate the problem of the additional dimension
in the space-time offline computations during the RB constructions by determining
adaptively quasi-optimal high-dimensional space-time index sets.
Naturally, however, these index sets are now parameter-dependent. We therefore have
to abandon the paradigm of a common high-dimensional discretization for all computed
snapshots. Even though this appears not to be dramatic at first glance, it turns out that
it requires a significantly different approach to the reduced basis construction and the
evaluation of error bounds.
We show how the adaptive offline computations enable us to bound the reduction error
now with respect to the exact solution u(µ) ∈ X . At the same time, however, the usually
prevailing Petrov-Galerkin orthogonality with respect to the computed snapshots is lost.
We discuss how this can lead to a multiple selection of snapshots and how the resulting
stalling of the standard basis construction algorithm can be avoided.
Moreover, the error bounds are also evaluated adaptively and therefore only approximately,
so that the rigor of the theoretical estimates is not guaranteed by the computed values.
We derive conditions for the adaptive approximations to ensure that the resulting bounds
are still equivalent and can be scaled to recover rigorous estimates. Numerical experiments
investigate the dependence of both the constructed bases as well as the quality of the error
bounds on the respective approximation tolerances and compare the arising numerical
offline and online cost.
We stress that the presented observations and results are not restricted to the time-
periodic setting and therefore of larger relevance in the field of RBMs, especially because
to the best of our knowledge, a similarly consequent investigation of adaptive offline
computations has not been done before.

Thesis Outline

In Part I of this thesis, the time-periodic RBMs that rely on uniform (or rather parameter-
independent) discretizations are discussed. Chapter 2 assembles the functional analytic
framework for the formulation of equation (1.1) in both time-stepping and space-time
approach. Moreover, we give a more detailed introduction into RBMs and shortly state
the most fundamental results concerning wavelets and wavelet Galerkin methods.
The development of RBMs for time-periodic problems based on fixed-point iterations is
done in Chapter 3. Apart from the derivation of error bounds for both state variable
and output functionals, we discuss the a posteriori assessment of the distance between
iterates and the desired periodic solution as well as the reduction of offline cost by an
exploitation of existing information. The basic ideas in this chapter were obtained during
a research stay at A. T. Patera’s research group at MIT and have been published in
[SU12b; SU12a].
Chapter 4 is concerned with the introduction to space-time RBMs, restricted to a uniform
setting. Different discretization methods are discussed. We show that the error can be
bounded in continuous, more appropriate norms than in a time-stepping context and
compare in numerical experiments the space-time online evaluation times as well as the
error bound effectivities to the corresponding fixed-point values. Some of the results have
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been published in [SU12b; SU12a].
In Part II, the adaptive approaches are investigated. We begin with the adaptive
wavelet Galerkin methods in Chapter 5. A discussion of the space-time Petrov-Galerkin
discretization of (1.1) as well as the existing AWGM variants highlight the open issues in
the development of an implementable multitree-based least-squares algorithm. Numerical
experiments confirm the quasi-optimality of the proposed approach. The results of
this chapter are joint work with Sebastian Kestler and Karsten Urban and have been
submitted as [KSU13].
The discussion of RBMs with adaptive offline computations is presented in Chapter 6,
where the above mentioned consequences of parameter-dependent high-dimensional index
sets are examined in detail.
Finally, we give in Chapter 7 a short overview over the implementation of the wavelet-
based RB framework with which the numerical wavelet experiments were performed. It is
based on the C++ libraries LAWA [LAW11] and FLENS [FLE] developed at the Institute
for Numerical Analysis at Ulm University and assembles the main functionality for the
construction of stationary and space-time reduced bases, both for parameter-independent
and adaptively generated wavelet index sets. The corresponding source code will be
publicly available at

http://www.uni-ulm.de/mawi/mawi-numerik/forschung/wavelets.html

under the terms of the GNU General Public License (version 3).
We close with a summary and discussion of future applications of the presented results
as well as possible future research topics in Chapter 8.

http://www.uni-ulm.de/mawi/mawi-numerik/forschung/wavelets.html


2Preliminaries

Numerical model reduction methods like RBM usually comprise three different “levels” on
which the underlying problem (in our case a time-periodic PDE) is studied: The exact
formulation of the problem in function space, which gives rise to a numerical scheme
that is based on a high-dimensional discretization. The latter is then reduced – often
through projection – to some low-dimensional space on which the reduced solutions are
computed. Throughout this thesis, a recurrent issue is the interconnection between the
choice of high-dimensional numerical scheme and the applicable reduction method. Yet,
the same relation is present between the mathematical formulation of the PDE and the
(high-dimensional) discretization that can be applied.
In this chapter, we discuss in Sections 2.2 and 2.3 two of such formulations – the first a
standard variational formulation for time-dependent PDEs that holds at almost every time
point t ∈ [0, T ] and provides the basis for the fixed-point methods discussed in Chapter
3. The second expresses the same problem in a full space-time domain and thus leads
to the (uniform and adaptive) space-time methods that are topic of Chapters 4 – 6. As
we will see, both are equivalent, yet the numerical schemes developed for the different
formulations do not coincide in general.
Before we come to these formulations, however, we first set up the required functional
analytic framework in Section 2.1. As both subjects are repeatedly discussed in various
contexts, we further include a short introduction to RBMs in Section 2.4 as well as a
presentation of wavelets and wavelet Galerkin methods in Section 2.5 which serve as
basic references in later chapters.

2.1 Some Functional Analytic Results
To provide the background of the functional analytic treatment of time-periodic PDEs in
this thesis, we shortly repeat in this first section results concerning the well-posedness of
formulations both in the exact function space as well as in discrete subspaces needed in
numerical methods and discuss approximation properties of the latter. We are further
concerned with the properties of vector-valued function spaces which will turn out to be
the natural spaces arising in the formulation of the considered PDEs.
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2.1.1 Inf-Sup Theory and Petrov-Galerkin Solutions
All numerical schemes considered in this work are based on Galerkin projections of
PDEs in variational formulations. To provide a functional analytical framework in which
to analyze well-posedness of such equations, i.e. (following Hadamard) the existence,
uniqueness and continuous dependence on data of a solution, we discuss here some
fundamental results, mainly following [NSV09], but which can also be found e.g. in
[Bra07].

Well-Posedness in Infinite-Dimensional Function Spaces

Let V , W be Hilbert spaces with scalar products (·, ·)V , (·, ·)W and dual spaces V ′, W ′
and consider a linear operator B ∈ L(V,W ′). It is clear that this can be associated with
a continuous bilinear form b : V ×W → R through b(v, w) := 〈Bv, w〉W ′×W for all v ∈ V ,
w ∈W , where 〈·, ·〉W ′×W denotes the duality pairing of W ′ and W . Similarly, we have
the following result that relates a bilinear form to an operator.

Theorem 2.1 ([NSV09, Thm. 2.1]). Let b : V ×W → R be a continuous bilinear form
with norm ‖b‖ := supv∈V supw∈W

b(v,w)
‖v‖V ‖w‖W . Then there exists a unique linear operator

B ∈ L(V,W ′) such that

〈Bv, w〉W ′×W =
(
R−1
W Bv, w

)
W

= b(v, w) for all v ∈ V,w ∈W,

with operator norm ‖B‖L(V,W ′) = ‖b‖. Here, RW : W →W ′ denotes the isometric Riesz
isomorphism given by the Riesz representation theorem.

Proof. As Bv := b(v, ·) ∈W ′ for any v ∈ V , the existence of R−1
W Bv ∈W follows from

the Riesz representation theorem. Linearity and continuity of b then imply the same for
B and the norm equivalence follows from the definitions of ‖B‖L(V,W ′) and ‖b‖.

Consider now for given data f ∈W ′ the variational problem

Find u ∈ V : b(u,w) = 〈f, w〉W ′×W ∀w ∈W. (2.1)

Due to Theorem 2.1, this can be equivalently written as

Find u ∈ V : Bu = f in W ′, (2.2)

so that we have the well-posedness of (2.1) if and only if B : V →W ′ is an isomorphism,
as then u = B−1f exists and is unique for any f ∈W ′. The continuous dependence of
the solution u on the data is then given by the stability estimate

‖u‖V ≤ ‖B−1‖L(W ′,V )‖f‖W ′ .

Different conditions for the isomorphy of B are given in the following two theorems.

Theorem 2.2 (Babuška-Aziz, [NSV09, Thm. 2.1],[Bra07, Thm. 3.6],[BA72, Thm. 5.2.1]).
A linear operator B : V →W ′ is an isomorphism if and only if the corresponding bilinear
form b : V ×W → R satisfies the following Babuška-Aziz conditions:
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(BA1) Continuity: There exists γ <∞ such that

|b(v, w)| ≤ γ‖v‖V ‖w‖W for all v ∈ V,w ∈W.

(BA2) Inf-sup condition: There exists β > 0 such that

sup
w∈W

b(v, w)
‖w‖W

≥ β‖v‖V for all v ∈ V.

(BA3) Surjectivity: For every 0 6= w ∈W there exists v ∈ V such that b(v, w) 6= 0. Or,
equivalently,

sup
06=v∈V

|b(v, w)| > 0 for all 0 6= w ∈W.

In that case, the norm of B−1 : W ′ → V is bounded by

‖B−1‖L(W ′,V ) ≤ β−1. (2.3)

Proof. Condition (BA1) implies the continuity of B, see Theorem 2.1. From (BA2)
follows the injectivity: Let Bv1 = Bv2 for some v1, v2 ∈ V . Then b(v1 − v2, w) = 0
for any w ∈ W , so that ‖v1 − v2‖V = 0. This also yields the existence of an inverse
B−1 : B(V )→ V as well as its continuity: For any w′ ∈ B(V ) we have that

β‖B−1w′‖V ≤ sup
w∈W

b(B−1w′, w)
‖w‖W

= sup
w∈W

〈w′, w〉W ′×W
‖w‖W

= ‖w′‖W ′ . (2.4)

Condition (BA3) is indeed a surjectivity condition: Assume W ′ = B(V )⊕B(V )⊥ and
0 6= w′⊥ ∈ B(V )⊥, then (w′, w′⊥)W ′ = 0 for all w′ ∈ B(V ). Hence, 0 = (Bv, w′⊥)W ′ =
〈Bv,R−1

W w′⊥〉W ′×W = b(v,R−1
W w′⊥) for all v ∈ V , which contradicts (BA3). Thus

B(V ) = W ′ and B is indeed an isomorphism. The bound on ‖B−1‖L(W ′,V ) follows
directly from (2.4).
On the other hand, let B be an isomorphism. Its boundedness then implies the continuity
(BA1) of b. For any 0 6= w′ ∈W ′ there exists a 0 6= v ∈ V with Bv = w′ (surjectivity), so
that b(v,R−1

W w′) = (Bv, w′)W ′ = ‖w′‖W ′ > 0, i.e. (BA3). From the boundedness of B−1

follows that infv∈V supw∈W
b(v,w)

‖v‖V ‖w‖W = infv∈V supw∈W
〈Bv,w〉
‖v‖V ‖w‖W = infv∈V ‖Bv‖W ′‖v‖V =

infw′∈W ′ ‖w′‖W ′
‖B−1w′‖V =

(
supw′∈W ′

‖B−1w′‖V
‖w′‖W ′

)−1
= ‖B−1‖−1 ≥ β > 0, i.e. (BA2).

Theorem 2.3 (Nečas, [Neč62, Thm. 3.1 & 3.3], [NSV09, Thm. 2.2]). Let b : V ×W → R
be a continuous bilinear form. Then the variational problem (2.1) admits a unique solution
u ∈ V for all f ∈ W ′ if and only if b satisfies one of the equivalent inf-sup conditions
( Nečas conditions):

(N1) Conditions (BA2) and (BA3) are fulfilled.

(N2) It holds that

inf
v∈V

sup
w∈W

b(v, w)
‖v‖V ‖w‖W

> 0, inf
w∈W

sup
v∈V

b(v, w)
‖v‖V ‖w‖W

> 0.
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(N3) There exists β > 0 such that

inf
v∈V

sup
w∈W

b(v, w)
‖v‖V ‖w‖W

= inf
w∈W

sup
v∈V

b(v, w)
‖v‖V ‖w‖W

= β.

Proof. It is clear that (N1) holds if and only if the operator B : V →W ′ induced by b is
an isomorphism, Theorems 2.1, 2.2. This yields the well-posedness of (2.1). For the equiv-
alence of (N1) – (N3), recall from the proof of Thm. 2.2 that infv∈V supw∈W

b(v,w)
‖v‖V ‖w‖W =

‖B−1‖−1. Denoting by B∗ : W → V ′ the adjoint operator of B, we have analogously
infw∈W supv∈V

b(v,w)
‖v‖V ‖w‖W = infw∈W supv∈V

〈Bv,w〉
‖v‖V ‖w‖W = infw∈W supv∈V

〈v,B∗w〉
‖v‖V ‖w‖W =

‖B−∗‖−1
L(V ′,W ). The assertion then follows from ‖B−1‖L(W ′,V ) = ‖B−∗‖L(V ′,W ).

Well-Posedness in Finite-Dimensional Discretization Spaces of Equal Dimension

For the numerical treatment of problem (2.1), the infinite-dimensional spaces V , W are re-
placed by finite-dimensional subspaces. Here, we only consider conforming discretizations,
i.e. discrete subspaces VN ⊂ V , WN ⊂W .

Definition 2.4 (Petrov-Galerkin solution). Let VN ⊂ V and WN ⊂W beN -dimensional
subspaces, N ∈ N. A solution uN ∈ VN of the problem:

Find uN ∈ VN : b(uN , wN ) = 〈f, wN 〉W ′×W ∀wN ∈WN , (2.5)

is called Petrov-Galerkin solution of (2.1).

In difference to Galerkin discretizations of coercive problems with coinciding trial and
test spaces, i.e. V = W , VN = WN , the well-posedness of (2.5) is not inherited from the
well-posedness of the problem (2.1) in the infinite-dimensional function spaces. This is
due to the fact that supwN∈WN

b(v,wN )
‖v‖V ‖wN ‖W ≤ supw∈W

b(v,w)
‖v‖V ‖w‖W for any v ∈ V , so that

the discrete inf-sup condition

inf
vN∈VN

sup
wN∈WN

b(vN , wN )
‖vN ‖V ‖wN ‖W

= inf
wN∈WN

sup
vN∈VN

b(vN , wN )
‖vN ‖V ‖wN ‖W

= βN > 0 (2.6)

is not necessarily fulfilled.

Remark 2.5 (Discrete continuity and coercivity). Due to the conformity of the discrete
subspaces, the bilinear form is still continuous on the pair VN×WN . As follows easily from
the definition (BA1), the discrete continuity constant γN is bounded by the continuous
one, i.e. γN ≤ γ.
Similarly, coercivity is inherited onto conforming subspaces, i.e. if there exists α > 0
such that for b : V × V → R the inequality b(v, v) ≥ α‖v‖V holds for all v ∈ V , then this
is also true for all vN ∈ VN with coercivity constant αN ≥ α. Moreover, in that case,
naturally the discrete inf-sup condition (2.6) is fulfilled with βN ≥ αN .

Conditions for the well-posedness of the discrete Petrov-Galerkin problem (2.5) are
summarized in the following theorem.



2.1 • Some Functional Analytic Results 11

Theorem 2.6 (Well-posedness of the Petrov-Galerkin problem, [NSV09, Thm. 3.1,
Prop. 3.1, Cor. 3.1]). Let VN ⊂ V and WN ⊂W be N -dimensional subspaces. For any
f ∈W ′N there exists a unique Petrov-Galerkin solution uN ∈ VN of (2.5) if and only if
one of the following equivalent conditions is satisfied:

(1) The discrete inf-sup condition (2.6) is fulfilled.

(2) It holds: infvN∈VN supwN∈WN
b(vN ,wN )

‖vN ‖V ‖wN ‖W > 0.

(3) It holds: infwN∈WN supvN∈VN
b(vN ,wN )

‖vN ‖V ‖wN ‖W > 0.

(4) For every 0 6= vN ∈ VN there exists wN ∈WN such that b(vN , wN ) 6= 0.

(5) For every 0 6= wN ∈WN there exists vN ∈ VN such that b(vN , wN ) 6= 0.

In that case, uN satisfies the stability estimate ‖uN ‖V ≤ 1
βN
‖f‖W ′ .

Remark 2.7 (Equality of discrete primal and dual inf-sup constant). Note that in the
discrete setting, it suffices to guarantee either (2) or (3), as the dimensions of the
subspaces VN , WN are equal.

Proof. As b is still continuous on VN × WN , the existence and uniqueness of uN is
equivalent to (1) due to the Nečas condition (N3), Theorem 2.3. Moreover, it again
suffices to show that the discrete operator BN : VN →W ′N is invertible. As the spaces
VN and WN are finite with equal dimension, invertibility of BN is equivalent to its
injectivity, which, in turn, is equivalent to (4), as then b(vN , wN ) = b(v̄N , wN ) for all
wN ∈ WN if and only if vN = v̄N . Further, BN is invertible if and only if the adjoint
B∗N is invertible – this is equivalent to (5). As (1) implies (2) & (3) and (2) implies (4),
as well as (3) the injectivity condition (5), the equivalence of all conditions is shown.

For the discrete spaces VN , WN , the usual (Petrov-)Galerkin orthogonality holds:

b(u− uN , wN ) = 0 ∀wN ∈WN , (2.7)

and we have the following approximation property, which is an improvement over the
well-known bound ‖eN ‖V ≤

(
1+ γ

βN

)
infvN∈VN ‖u−vN ‖V from Babuška and Aziz [BA72].

Theorem 2.8 (Quasi-best approximation, [XZ03, Thm. 2], cf. [BA72]). Let b : V ×W →
R fulfill the Babuška-Aziz conditions (BA1) – (BA3) and VN ⊂ V , WN ⊂W such that
the discrete inf-sup condition (2.6) holds as well. The error eN := u − uN between
solutions u ∈ V , uN ∈ VN of (2.1), (2.5) is then bounded by

‖eN ‖V ≤
γ

βN
inf

vN∈VN
‖u− vN ‖V . (2.8)

Proof. Xu and Zikatanov consider the operator PN : V → VN , PNu = uN , which is
idempotent for unique solutions u, uN , and show that it fulfills ‖PN ‖L(V,V ) = ‖I −
PN ‖L(V,V ), [XZ03, Lem. 5]. For any vN ∈ VN , then ‖u−uN ‖V = ‖(I−PN )(u−vN )‖V ≤
‖(I − PN )‖L(V,V )‖(u− vN )‖V = ‖PN ‖L(V,V )‖(u− vN )‖V . To compute ‖PN ‖L(V,V ), note
that βN ‖PNu‖V ≤ supwN∈WN

b(uN ,wN )
‖wN ‖WN

= supwN∈WN
b(u,wN )
‖wN ‖W ≤ γ‖u‖V , due to (BA1),

(BA2) as well as (2.7). Taking the infimum over vN ∈ VN then yields the claim.
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For sequences {(VN ,WN )}N≥1 of discrete approximation spaces, one usually requires
the following stability property which ensures with Theorem 2.8 that the corresponding
sequence {uN }N≥1 is uniformly bounded.

Definition 2.9 (Stable discretizations). A sequence {(VN ,WN )}N≥1 of discrete spaces
with inf-sup constants {βN }N≥1 is called stable if and only if there exists β > 0 such that

inf
N≥1

βN ≥ β > 0.

Remark 2.10. When considering adaptive solution methods, we are interested in the
construction of solutions on sequences of discrete spaces that converge with quasi-optimal
rates compared to the respective best approximations, cf. Section 5.2.1. It is clear from
Theorem 2.8 that this can usually only be achieved for stable sequences of discretizations.

Minimal Residual Petrov-Galerkin Methods

The construction of stable discrete subspaces in the sense of Definition 2.9 is not always
straightforward, especially for non-symmetric operators B. Enlarging the discrete test
space, i.e. allowing for WM with dimWM ≥ dimVN , facilitates this task (as the supremum
is now determined over a larger set). However, the resulting discrete equation is then
usually overdetermined, so that the solution can only be defined in a least squares sense.
Criteria for the stability of families of such pairs {VN ,WM} are studied in [And12],
aiming mostly at the construction of uniformly refined nested FEM spaces for parabolic
problems.
A similar framework has been put forth by Dahmen et al. [Dah+11; DPW13]. Coming
from an approximation theoretic formulation, first optimal but numerically usually
infeasible test spaces for arbitrary adaptively constructed trial spaces are identified.
In a second step, using equivalent saddle point formulations, computationally feasible
approximations to these test spaces, so-called δ-proximal spaces are constructed.
There have been other studies of least squares based Petrov-Galerkin solutions, cf. e.g.
[DG11; MPR02] – for future reference in this thesis, however, we focus here mainly on
the above mentioned works of Dahmen et al. [DPW13] and Andreev [And12]. See also
[And12, Sec. 4.4.3] for remarks on the relation between both frameworks.

Definition 2.11 (Best approximation in VN , see [DPW13]). We call a discrete function
uN ∈ VN the best approximation in VN of the solution u of (2.2), if

uN = argmin
vN∈VN

‖f −BvN ‖W ′ = argmin
vN∈VN

sup
w∈W

〈BvN − f, w〉W ′×W
‖w‖W

. (2.9)

The above best approximation uN minimizes ‖u − uN ‖VB
in the operator-dependent

norm
‖v‖VB

:= sup
w∈W

b(v, w)
‖w‖W

= ‖Bv‖W ′ = ‖R−1
W Bv‖W ,

where we recall that R−1
W : W ′ →W denotes the inverse Riesz isomorphism between W

and W ′. This definition is motivated by the facts that ‖·‖VB
is not only equivalent to

‖·‖V , i.e. there exist constants 0 < cB, CB <∞ such that

cB‖v‖V ≤ ‖v‖VB
≤ CB‖v‖V , ∀ v ∈ V,
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but also yields continuity and inf-sup constants equal to 1 (cf. [DPW13, (3.7), (3.9)]), i.e.

sup
v∈V

sup
w∈W

b(v, w)
‖v‖VB

‖w‖W
= inf

v∈V
sup
w∈W

b(v, w)
‖v‖VB

‖w‖W
= 1.

The best approximation can be obtained as solution to the normal equation

Find uN ∈ VN : (f −BuN ,BvN )W ′ = 0, ∀ vN ∈ VN . (2.10)

Usually, especially for FEM discretizations, the evaluation of the scalar product in W ′ is
hard to realize numerically. We will discuss in Section 2.5 how certain norm equivalences
can be exploited in order to evaluate norms in W ′ for wavelet discretizations. This will
prove advantageous in the context of adaptive RBMs, see Chapter 6.
Remark 2.12 (Formulation of the best approximation as saddle point problem, [DPW13]).
The normal equation (2.10) can also be formulated equivalently as a saddle point problem,
which can be combined with a perturbation-based fixed-point iteration in order to avoid
excessively expensive computations related to an explicit construction of the test space
W ′ when determining the best approximation uN , see [Dah+11]. The formulation is
easily obtained with the Riesz map R−1

W , as (2.10) is equivalent to

〈R−1
W (f −BuN ) ,BvN 〉W×W ′ = b(vN ,R−1

W (f −BuN )) = 0, ∀ vN ∈ VN ,

so that with the definition of the Riesz representor pruN = R−1
W (f −BuN ) as solution of

(pruN , w)W = (f −BuN , w)W for all w ∈W , we have the relations
{

(pruN , w)W + b(uN , w) = (f, w)W ∀w ∈W,
b(vN , pruN ) = 0 ∀ vN ∈ VN .

While the best approximation (2.9) is formulated for the infinite-dimensional test space
W , we can also define a Petrov-Galerkin solution concept with respect to general pairs
of arbitrary discrete spaces (VN ,WM), following Andreev [And12].

Definition 2.13 (Minimal residual Petrov-Galerkin solution on VN × WM, [And12,
Def. 4.1.10]). We call a discrete function uN ∈ VN the minimal residual Petrov-Galerkin
solution on VN ×WM of (2.2) (or short minres solution), if

uN ,M = argmin
vN∈VN

sup
wM∈WM

|〈f −BvN , wM〉W ′×W |
‖wM‖W

.

The following is a slightly modified version of the existence result given in [And12].

Theorem 2.14 (Existence of minimal residual solution, [And12, Thm. 4.1.9]). Let B be
an isometry from V to W ′ and (VN ,WM) a pair of discrete subspaces so that the discrete
inf-sup condition (2.6) is fulfilled. Then for any u ∈ V there exists a uN ,M ∈ VN with

uN ,M = argmin
vN∈VN

sup
wM∈WM

|〈Bu−BvN , wM〉W ′×W |
‖wM‖W

which fulfills the stability estimate from Theorem 2.6 as well as the quasi-optimality
estimate (2.8).
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Theorem 2.14 does not give any explicit construction of WM so that (VN ,WM) forms a
stable pair. However, Definition 2.11 allows the identification of an ideal – yet numerically
in general unfeasible – discrete test space WVN for any trial space VN , in the sense that
the minres solution on VN ×WVN coincides with the best approximation in VN .
Remark 2.15 (Optimal test space for VN , [DPW13, Rem. 3.4]). The normal equation
(2.10) allows the identification of an optimal discrete test space WVN , as due to (f −
BuN ,BvN )W ′ = 〈f−BuN ,R

−1
W BvN 〉W ′×W , (2.10) is equivalent to the Petrov-Galerkin

problem

Find uN ∈ VN : b(uN , wN ) = 〈f, wN 〉W ′×W , ∀wN ∈WVN , (2.11)

with the test space
WVN := R−1

W BVN .

For the pair (VN ,WVN ), the minres solution uN ,M is thus exactly the best approximation
uN in VN .

Even though WVN can in general not be determined explicitly, Dahmen et al. [DPW13]
show that is suffices in (2.11) to consider an appropriate approximation of this ideal
space. This approximation is given by the (W -orthogonal) projection

W δ
VN ,M := PW,W δ

M
(R−1

W BVN ) = PW,W δ
M

(WVN )

of the ideal space WVN onto a discrete space W δ
M ⊂W that is δ-proximal to VN , i.e. that

fulfills the relation

‖(I − PW,W δ
M

)R−1
W Bq‖W ≤ δ‖R−1

W Bq‖W , ∀ q ∈ VN , (2.12)

for some 0 ≤ δ < 1. It is obvious that the larger W δ
M the smaller δ and thus the closer

W δ
VN ,M is to the optimal test space WVN .

Remark 2.16. The computation of the minimal residual solution uδN,M on VN ×W δ
VN ,M

can be realized by the solution of the saddle point problem




(pruδN,M , wM)W + b(uδN,M, wM) = (f, wM)W ∀wM ∈W δ
M,

b(vN , pruδN,M) = 0 ∀ vN ∈ VN , (2.13)

see [DPW13, Prop. 3.5].

The proximity measure (2.12) now allows the derivation of a quasi-best approximation
property for the approximate minres solution uδN,M in ‖·‖VB

as well as the equivalence
of δ-proximity and inf-sup stability of the saddle point problem (2.13).

Proposition 2.17 (cf. [DPW13, Prop. 3.6, 3.7]). Assume that W δ
M ⊂W is δ-proximal

to VN ⊂ V , i.e. (2.12) holds. Then,

‖u− uδN,M‖VB
≤ 1

1− δ inf
vN∈VN

‖u− vN ‖VB

as well as
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inf
vN∈VN

sup
wM∈W δ

M

b(vN , wM)
‖vN ‖VB

‖wM‖W
≥
√

1− δ2,

inf
vN∈VN

sup
wM∈W δ

M

b(vN , wM)
‖vN ‖V ‖wM‖W

≥ cB
√

1− δ2.

Conversely, if
inf

vN∈VN
sup

wM∈WM

b(vN , wM)
‖vN ‖V ‖wM‖W

≥ λ > 0

for some WM ⊂W , this test space WM is δ-proximal to VN with δ =
√

1− C2
Bλ

2.

From the fact that the supremum supwM∈W δ
M

b(vN ,wM)
‖wM‖W is attained for any vN ∈ VN for

the supremizer w∗M := PW,W δ
M

(R−1
W BvN ) ⊂W δ

VN ,M, it follows that the inf-sup constants
for the discrete pairs (VN ,W δ

M) and (VN ,W δ
VN ,M) coincide. Hence, naturally the inf-sup

stability of the minimal residual Petrov-Galerkin solution on δ-proximal test spaces
implies by Theorem 2.14 also the quasi-best approximation of uδN,M with respect to ‖·‖V .
The above results show that we can relax the optimal test space WVN to a more
numerically accessible approximation space, but that δ-proximity of trial and test space
is an necessary and sufficient criterion for the construction of stable discrete minimal
residual Petrov-Galerkin problems. This has also be remarked upon by Andreev [And12,
Prop. 4.4.7], where it was observed that for closed subspaces VN ⊂ V , W 1

M,W
2
M ⊂ W

holds that

inf
vN∈VN

sup
wM∈W 1

M

b(vN , wM)
‖vN ‖V ‖wM‖W

≥ inf
vN∈VN

sup
wM∈W 2

M

b(vN , wM)
‖vN ‖V ‖wM‖W

· inf
wM∈W 2

M
sup

wM∈W 1
M

(wM, wM)W
‖wM‖W ‖wM‖W

.

However, the explicit construction of such δ-proximal approximation spaces is not
straightforward.
Remark 2.18 (Construction of δ-proximal test spaces). Dahmen et al. [Dah+11] describe
an iterative procedure for the computation of uδN,M, which can also be combined with an
adaptive determination of the trial space VN . This procedure is based on auxiliary test
spaces ZK with dimension K ≥ N ,M, but avoids the explicit computation of W δ

M. In
numerical examples, possible choices of ZK are given for certain FEM discretizations.
We will see in Chapter 5 that using adaptive wavelet schemes, we can forego the explicit
computation of W δ

M and approximate computations on W with the help of adaptively
steered auxiliary test spaces.
Remark 2.19 (Construction of stable pairs of tensor product spaces). In the particular
context of linear parabolic IVPs, Andreev [And12; And13] gives sufficiency criteria as well
as different specific examples of unconditionally stable pairs of discrete spatio-temporal
subspaces by constructing tensor products of pairs that are stable in the respective
univariate dimensions. We will come back to these constructions in Sections 4.1 and
5.3.4.
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2.1.2 Vector-Valued Integration Spaces and Distributions
Being concerned mainly with evolution equations, we gather in this section properties of
vector-valued functions, i.e. functions of the form f : [a, b]→ X, where X is a Banach
or Hilbert space. Such functions arise naturally when considering time-dependent PDEs,
where for each time point t ∈ [0, T ] the solution u(t) = u(t, x) is in some Hilbert space,
e.g. H1(Ω). A fundamental notion in this context is the generalization of the Lp spaces to
vector-valued functions, the so-called Bochner spaces, defined as the following equivalence
classes.
The results of this section are summarized from [LM72; DL92; Trö09; Tem01].

Definition 2.20 (Bochner spaces, see e.g. [DL92]). Let X be a Banach space, −∞ ≤
a < b ≤ ∞ and 1 ≤ p < ∞. The Bochner space Lp(a, b;X) is then defined as the
equivalence class of Lp-integrable functions f : [a, b] → X with values in X, i.e. all
Lebesgue-measurable functions on [a, b] for which

‖f‖Lp(a,b;X) :=
(∫ b

a
‖f(t)‖pXdt

)1
p

<∞.

Similarly, L∞(a, b;X) denotes the equivalence class of functions that are bounded almost
everywhere on [a, b] with

‖f‖L∞(a,b;X) := ess sup
t∈[a,b]

‖f(t)‖X <∞.

Remark 2.21 (Generalization to d-dimensional sets). The above definitions can be gener-
alized to d-dimensional sets Ω ⊂ Rd, see [DL92]. As in our case [a, b] will usually denote a
time interval, we restrict ourselves here and in the following to the less general definition
for the one-dimensional case.

Lemma 2.22 ([DL92, Prop. XVIII.1], [LM72, Sec. 1.1.3]). For 1 ≤ p ≤ ∞, Lp(a, b;X)
is a Banach space. Moreover, for a Hilbert space H the space L2(a, b;H) is also Hilbert.

Lemma 2.23 (Properties of Lp(a, b;X), [DL92, Chap. XVIII.1.1],[LM72, Chap. 3.4.1],
[DU77, Thm. 4.1.1]).

a) For finite intervals [a, b], we have the inclusion
Lq(a, b;X) ↪→ Lp(a, b;X), q ≥ p ≥ 1.

b) For X, Y Banach with X ↪→ Y , we have the inclusion
Lp(a, b;X) ↪→ Lp(a, b;Y ), 1 ≤ p ≤ ∞.

c) Let the dual space X ′ have the Radon-Nikodym property, i.e. for any finite measure
µ on (X,Σ), any µ-continuous vector measure G : Σ→ X is representable:

∃ g ∈ L1(µ,X) : G(E) =
∫

E
g dµ ∀E ∈ Σ.

For the dual Bochner spaces, it then holds that
Lp(a, b;X)′ h Lq(a, b;X ′), 1 < p <∞, 1

p + 1
q = 1.

Note that the Radon-Nikodym property is fulfilled for reflexive Banach spaces (and
thus in particular for Hilbert spaces).
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Lemma 2.24 ([DL92, Prop. XVIII.2]). For X, Y Banach, u ∈ L1(a, b;X) and A ∈
L(X,Y ) it holds that Au ∈ L1(a, b;Y ) and

∫ b

a
Au(t)dt = A

(∫ b

a
u(t)dt

)
.

Definition 2.25. The space C(a, b;X) is defined as the space of continuous functions
f : [a, b]→ X with respect to the norm supt∈[a,b]‖f(t)‖X .

In order to define the analogon to weak derivatives in this setting, let us denote by C∞0 (Ω)
the space of all infinitely differentiable test functions with compact support in Ω. For a
more thorough derivation of u′ with a comprehensive overview over the framework of
vector-valued distributions, see e.g. [LM72; DL92; Trö09].

Definition 2.26 (Weak derivative in Bochner spaces, [DL92]). Let X, Y Banach with
X ↪→ Y . For u ∈ L2(a, b;X), the distributional derivative u′ = ∂

∂tu ∈ L2(a, b;Y ) is
defined as v ∈ L2(a, b;Y ) such that

∫ b

a
v(t)φ(t)dt = −

∫ b

a
u(t)φ′(t)dt ∀φ ∈ C∞0 (a, b),

if such a v exists. We will use the notations u′ = ∂
∂tu = ut interchangeably.

We will often consider the following setting:

Assumption 2.27. Let V , H real separable Hilbert spaces with duals V ′, H ′. Assume
that V is dense in H, so that by identification of H and H ′, we have the Gelfand triple

V ↪→ H h H ′ ↪→ V ′

with dense continuous embeddings. We denote by (·, ·)H the scalar product on H as well
as by 〈·, ·〉V ′×V the duality pairing which is induced by its unique extension by continuity
onto V ′ × V .

An example is given by H = L2(Ω) and V = H1(Ω).
Of particular interest for linear parabolic equations is the following space.

Definition 2.28. Under Assumption 2.27, define for u′ in the sense of Definition 2.26

W (0, T ) := {u ∈ L2(0, T ;V ) with u′ ∈ L2(0, T ;V ′)}.

This space is equipped with the norm

‖u‖W (0,T ) =
(∫ T

0
‖u′(t)‖2V ′dt+

∫ T

0
‖u(t)‖2V dt

)1/2

=
(
‖u′‖2L2(0,T ;V ′) + ‖u‖2L2(0,T ;V )

)1/2

and is a Hilbert space with the obvious scalar product induced by the respective scalar
products on V and V ′ (where (v, w)V ′ := (R−1

V v,R−1
V w)V ) ([DL92, Prop. XVIII.6]).

Note that an alternative representation of the above space is given by

W (0, T ) = L2(0, T ;V ) ∩H1(0, T ;V ′). (2.14)
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Remark 2.29 (Significance of W (0, T )). The space W (0, T ) arises naturally as the solution
space of linear parabolic PDEs. Consider under Assumption 2.27 a linear differential
operator A ∈ L(V, V ′), some functional f ∈ V ′ and the equation

ut +Au = f.

If we require the solution u to be of the regularity u ∈ Lp(0, T ;V ), it follows from Lemma
2.24 that ut = f −Au ∈ Lp(0, T ;V ′). For a Hilbert space setting (p = 2), this implies
that u ∈W (0, T ).

For these spaces, we have the following properties.

Theorem 2.30 (Continuity property, [LM72, Thm. 1.3.1], [DL92, Thm. XVIII.1]). Under
Assumption 2.27, let u ∈W (0, T ). Then u is almost everywhere equal to a continuous
function from [0, T ] into H and

W (0, T ) ↪→ C(a, b;H). (2.15)

Lemma 2.31 ([DL92, Thm. XVIII.2, Prop. XVIII.7], [Tem01, Lem. 3.1.3]). Under
Assumption 2.27, let u ∈W (0, T ). Then the following relations hold:

(i) Integration by parts: For v ∈W (0, T ) holds
∫ b

a
〈ut, v〉V ′×V dt+

∫ b

a
〈u, vt〉V×V ′dt = (u(b), v(b))H − (u(a), v(a))H .

(ii) In the distributional sense, we have for v ∈ V that
〈ut(·), v〉V ′×V = ∂

∂t (u(·), v)H .

(iii) It holds in the scalar distributional sense on (0, T ) that
d

dt
‖u‖2H = 2〈ut, u〉V ′×V .

2.2 Time-Periodic Problems
In this thesis, we focus on time-periodic linear parabolic PDEs. Our main aim is to develop
RBMs for problems that are governed by equations of such type. In order to provide an
adequate setting for the corresponding required numerical solutions methods, we discuss
in this section the “classical” approach to variational formulations of parabolic PDEs,
here formulated for the time-periodic case. The presented framework has been studied
exhaustively by Lions [Lio69] and others and is based on time-constant test functions
and formulations that are required to hold almost everywhere on the time interval [0, T ].
These formulations give rise to numerical methods that are based on semi-discretizations,
such as the method of lines or Rothe’s method. The RBMs developed for parabolic IVPs in
recent years are exclusively based on the latter, see Section 2.4.2 and e.g. [GP05; HO08].
These schemes are in turn the basis for our development of time-periodic RBMs based on
fixed-point iterations, presented in Chapter 3.
Here, we introduce the necessary notation and formulations and report some well-
posedness results.
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Problem Formulation and Well-Posedness

Consider the Gelfand triple V ↪→ H ↪→ V ′ as in Assumption 2.27.

On the finite time interval [0, T ], 0 < T < ∞, we consider for f ∈ L2(0, T ;V ′) and an
operator A(t) ∈ L(V, V ′) the parabolic time-periodic problem

ut(t) +A(t)u(t) = f(t) in V ′, for a.e. t ∈ (0, T ), (2.16a)
u(0) = u(T ) in H. (2.16b)

Here, we assume that A(t) is given by 〈A(t)u, v〉V ′×V := a(t;u, v) for u, v ∈ V and a
bilinear form a(t; ·, ·) : V × V → R and that t 7→ a(t;u, v) is measurable on [0, T ] for any
u, v ∈ V .

Moreover, we assume a(t; ·, ·) satisfies uniform continuity and coercivity conditions in
time, i.e. there exist constants γ ≤ γ(t) <∞, 0 < α(t) ≤ α such that for almost every
t ∈ [0, T ]

|a(t;u, v)| ≤ γ‖u‖V ‖v‖V ∀u, v ∈ V, (continuity) (2.17)
a(t;u, u) ≥ α‖u‖2V ∀u ∈ V. (coercivity) (2.18)

We are then able to state the weak formulation of (2.16a), namely to find u ∈W (0, T )
such that

〈ut(t), v〉V ′×V + a(t;u, v) = 〈f(t), v〉V ′×V , ∀ v ∈ V, a.e. t ∈ [0, T ], (2.19a)
(u(0), v)H = (u(T ), v)H ∀ v ∈ V. (2.19b)

Note that by the inclusion (2.15), the temporal boundary values u(0), u(T ) are well-
defined.

Under the above conditions, the time-periodic problem is well-posed:

Theorem 2.32 ([LM72, Thm. 3.6.1]). Assume that (2.17) and (2.18) hold. For a given
f ∈ L2(0, T ;V ′), there exists a unique u ∈W (0, T ) such that (2.19) is fulfilled.

2.3 Space-Time Formulation
We have seen in Section 2.2 that the solution u of (2.16) exhibits a certain regularity
with respect to the time variable t. Thus, instead of considering the problem for almost
every t ∈ (0, T ), we can also reformulate it as an equivalent space-time problem in the
appropriate Bochner spaces, cf. [HV95; GO07; SS09]. This allows for example to integrate
the time-periodicity conditions directly into the trial space and thus opens the door
to a wide range of different numerical solution methods, see e.g. Chapters 4 and 5.
Moreover, space-time approaches are especially interesting for the developments of RBMs,
as one can circumvent the expensive time-stepping procedures otherwise necessary in the
runtime-critical evaluation of both error estimators and reduced solutions. This will be
topic of Chapter 4.
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Space-Time Function Spaces

Aiming at a formulation that abandons the special role of the temporal variable in
(2.19), the time-constant test functions at each time point t ∈ [0, T ] are now taken to
be time-dependent functions in the appropriate Bochner space. Moreoever, instead of
working with the space u ∈W (0, T ) and requiring u(0) = u(T ) in H, we now integrate
condition (2.19b) directly into the trial space by restricting it to the subspace of periodic
functions. We thus arrive at the space-time function spaces

Y := L2(0, T ;V ), (2.20)
X := {v ∈ L2(0, T ;V ) : vt ∈ L2(0, T ;V ′), v(0) = v(T ) in H}. (2.21)

Note again that W (0, T ) ⊂ C(0, T ;H) (Theorem 2.30), so that the boundary values are
well-defined.
Similar to (2.14), we can use the definition of the univariate periodic space

H1
per(0, T ) := {v ∈ H1(0, T ) : v(0) = v(T )}, (2.22)

(where v(0), v(T ) are again well-defined due to H1(0, T ) ⊂ C([0, T ])) in order to write
X in the form

X := L2(0, T ;V ) ∩H1
per(0, T ;V ′).

Note that trivially X ⊂ Y. Moreover, due to the continuity in t (Theorem 2.30), X is a
closed subspace of W (0, T ) and thus again a Hilbert space.
The spaces Y and X are equipped with the usual norms, i.e.

‖v‖2Y :=
∫ T

0
‖v(t)‖2V dt, v ∈ Y, (2.23)

‖v‖2X := ‖v‖2L2(0,T ;V ) + ‖vt‖2L2(0,T ;V ′), v ∈ X . (2.24)

Remark 2.33 (Tensor representation of X , Y). The above Bochner spaces have a tensor
structure (see [GO95]), i.e. they admit decompositions of the form

X h
[
L2(0, T )⊗ V ] ∩ [H1

per(0, T )⊗ V ′], Y h L2(0, T )⊗ V. (2.25)

Problem Formulation

With the above function spaces, we are now able to state a space-time variational
formulation of problem (2.16), cf. [SS09, (5.6)-(5.7)]. With the now time-dependent test
functions and by integration of (2.19) over [0, T ], we obtain the problem

Find u ∈ X : b(u, v) = g(v) ∀ v ∈ Y, (2.26)

with a bilinear form b(·, ·) : X × Y → R and a linear functional g(·) : Y → R defined by

b(u, v) :=
∫ T

0
[〈ut(t), v(t)〉V ′×V + a(t;u, v)] dt, (2.27)

g(v) :=
∫ T

0
〈f(t), v(t)〉V ′×V dt. (2.28)

We define the space-time operator B ∈ L(X ,Y ′) by 〈B[u], v〉 := b(u, v) with 〈·, ·〉 :=
〈·, ·〉Y ′×Y , so that (2.26) is a variational formulation of the operator equation:

Find u ∈ X : B[u] = g, g ∈ Y ′. (2.29)
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Proposition 2.34 (Equivalence of formulations). The variational formulations (2.19)
and (2.26) are equivalent.

Proof. It is clear that any u ∈ W (0, T ) that solves (2.19) also solves (2.26). Consider
now a solution u ∈ X of (2.26), i.e. u fulfills periodicity condition (2.19b) and v ∈ Y. It
holds that ∫ T

0
〈ut(t) +Au(t)− f(t), v(t)〉Y ′×Y = 0,

hence (as v was arbitrary) ut(t) + Au(t) − f(t) = 0 for almost every t ∈ [0, T ]. This
implies that with v = v(t) ∈ V at time t equation (2.19a) is satisfied.

Remark 2.35 (Petrov-Galerkin formulation). For the space-time formulation (2.26), test
and trial space do not coincide, so that numerical solution schemes have to be based in
general on Petrov-Galerkin formulations, entailing the usual problems summarized in
Section 2.1.1. This is in difference to schemes based on the “classical” formulation (2.19)
– there, usually time-stepping methods are employed that lead to Galerkin problems (with
test and trial space V ) at each time point.

2.3.1 Well-posedness
The well-posedness of a space-time formulation of (non-periodic) initial value problems
has been discussed in [SS09] by verifying the Babuška-Aziz conditions (BA1) – (BA3), cf.
Theorem 2.2.
As formulations (2.19) and (2.26) are equivalent, the well-posedness of (2.26) follows
directly from Theorem 2.32. However, the direct verification of (BA1) – (BA3) provides
us with explicit continuity and inf-sup constants for B, as can be seen in the following.
These constants play a central role in the error estimator of RBMs. Moreover, they
simultaneously yield bounds on ‖B‖, ‖B−1‖ (see e.g. (2.3)), which are required in the
context of (adaptive) wavelet methods.

Proposition 2.36 (Continuity). The bilinear form (2.27) is continuous with continuity
constant

γB ≤
√

2 max{1, γ},
where γ is the time-uniform continuity constant of a(t; ·, ·) as in (2.17).

Proof. Let u ∈ X , v ∈ Y. With Cauchy-Schwarz and the uniform continuity of a(t; ·, ·),
we then obtain

|b(u, v)| ≤
∫ T

0
‖ut(t)‖V ′‖v(t)‖V dt+

∫ T

0
γ‖u(t)‖V ‖v(t)‖V dt

≤
∫ T

0
max{1, γ}

[
‖ut(t)‖V ′ + ‖u(t)‖V

]
‖v(t)‖V dt

Hölder
≤

(∫ T

0
max{1, γ2}

(
‖ut(t)‖V ′ + ‖u(t)‖V

)2
dt

) 1
2
(∫ T

0
‖v(t)‖2V dt

) 1
2

(∗)
≤

(∫ T

0
max{1, γ2}

[
2‖ut(t)‖2V ′ + 2‖u(t)‖2V

]
dt

) 1
2

‖v‖Y



22 Chapter 2 • Preliminaries

=
√

2 max{1, γ}‖u‖X ‖v‖Y ,

where (∗) follows from the binomial formulas as for some x, y ∈ R, (x − y)2 ≥ 0, thus
2xy ≤ x2 + y2 and consequently (x+ y)2 = x2 + 2xy + y2 ≤ 2x2 + 2y2.

Proposition 2.37 (Inf-sup condition). The bilinear form (2.27) is inf-sup stable with
inf-sup constant

βB ≥
αmin{γ−2, 1}√
2 max{1, α−1}

,

where α is the time-uniform coercivity constant of a(t; ·, ·) as in (2.18).

Proof. Let 0 6= u ∈ X be arbitrary. In the following, we construct a 0 6= vu = v(u) ∈ Y
such that b(u, vu) ≥ β0‖u‖X ‖vu‖Y for some β0 > 0. This immediately implies the inf-sup
condition, as then also sup06=v∈Y

b(u,v)
‖u‖X ‖v‖Y ≥ β0 > 0.

Denote by A∗(t) : V → V ′ the adjoint of A(t), i.e.

〈A∗(t)w, v〉V ′×V := a(t; v, w) ∀ v, w ∈ V,

and ‖A∗(t)‖ ≤ γ, ‖(A∗(t))−1‖ ≤ 1
α for almost every t ∈ [0, T ].

Define zu(t) := (A(t)∗)−1 ut(t) and vu(t) := zu(t) + u(t). Then

‖vu‖Y =
(∫ T

0
‖zu(t) + u(t)‖2V dt

) 1
2

≤
(∫ T

0

(
2‖(A(t)∗)−1 ut(t)‖2V + 2‖u(t)‖2V

)
dt

) 1
2

≤
(∫ T

0

( 2
α2 ‖ut(t)‖

2
V ′ + 2‖u(t)‖2V

)
dt

) 1
2

≤
√

2 max{1, α−1}‖u‖X <∞,

hence vu is in Y.

Moreover, we have

〈ut(t), zu(t)〉V ′×V = 〈A(t)∗zu(t), zu(t)〉V ′×V = a(t; zu(t), zu(t))

≥ α‖zu(t)‖2V = α‖(A(t)∗)−1 ut(t)‖2V ≥
α

γ2 ‖ut(t)‖
2
V ′ ,

as well as
a(t;u(t), zu(t)) = 〈A(t)∗zu(t), u(t)〉V ′×V = 〈ut(t), u(t)〉V ′×V

and
〈ut(t), u(t)〉V ′×V + 〈u(t), ut(t)〉V×V ′ = d

dt
‖u(t)‖2H = 0.
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Consequently,

b(u, vu) =
∫ T

0
〈ut(t), zu(t)〉V ′×V + 〈ut(t), u(t)〉V ′×V
+ a(t, u(t), zu(t)) + a(t, u(t), u(t))dt

≥
∫ T

0

α

γ2 ‖ut(t)‖
2
V ′ +

d

dt
‖u(t)‖2H + α‖u(t)‖2V dt

≥ min
{ α
γ2 , α

}‖u‖2X

≥
min{ α

γ2 , α}√
2 max{1, α−2}‖u‖X ‖vu‖Y =: β0‖u‖X ‖vu‖Y .

Hence βB ≥ β0 > 0.

Proposition 2.38 (Surjectivity). The bilinear form (2.27) is surjective.

Proof. Let v ∈ Y. If we can find some z ∈ X with

〈zt(t), w(t)〉+ a(t; z(t), w(t)) = a(t; v(t), w(t)) ∀w ∈ Y, a.e. t ∈ [0, T ],

we obtain

b(z, v) =
∫ T

0
〈zt(t), v(t)〉+ a(t; z(t), v(t))dt =

∫ T

0
a(t, v(t), v(t))dt ≥ α‖v‖2Y > 0,

so that the surjectivity condition is fulfilled. The existence of such a z will be derived in
four steps.
Faedo-Galerkin approximation of an initial value problem:
Let {φi : i ∈ N} be a basis for the separable space V , Vn := span{φi, i = 1, . . . , n} and
zn(t) := ∑n

i=1 z
(n)
i (t)φi for some coefficient vector z(n) := (z(n)

1 , . . . , z
(n)
n )>. Consider for

some (arbitrary) z0 ∈ H the problem
(
d

dt
zn(t), wn

)

H
+ a(t; zn(t), wn) = a(t; v(t), wn) ∀wn ∈ Vn, a.e. t ∈ [0, T ], (2.30)

zn(0) = zn0,

where zn0 is the orthogonal projection of z0 onto Vn. This is a linear system of ODEs of
the form

M (n) d

dt
z(n)(t) +A(n)(t)z(n)(t) = f (n)(t) for a.e. t ∈ [0, T ],

zn(0) = zn0,

and has a solution zn ∈ C(0, T ;Vn) with derivatives d
dtzn ∈ L2(0, T ;Vn).

Remark 2.39. The existence and regularity of zn follows from standard results for ODE
solutions. If there is no continuity in t, Carathéodory’s existence theorem A.7 can be
employed. The boundedness of zn shown below allows to choose an appropriate bounded
problem domain and to extend the Carathéodory solution to [0, T ].
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A priori estimates:
Let wn = zn(t) in (2.30). Then, due to continuity of a(t; ·, ·), it holds that

( d
dt
zn(t), zn(t)

)
H

+ a(t; zn(t), zn(t)) = a(t; v(t), zn(t)) ≤ γ‖v(t)‖V ‖zn(t)‖V .

By coercivity of a(t; ·, ·) and using the Young inequality with some ε < α
γ , we obtain

1
2
d

dt
‖zn(t)‖2H + α‖zn(t)‖2V ≤ γε‖zn(t)‖2V + γ

4ε‖v(t)‖2V ,

and thus

1
2
d

dt
‖zn(t)‖2H + (α− γε)‖zn(t)‖2V ≤

γ

4ε‖v(t)‖2V . (2.31)

Integration over [0, s] for some s ∈ [0, T ] yields

‖zn(s)‖2H − ‖zn(0)‖2H + 2 (α− γε)︸ ︷︷ ︸
≥0

∫ s

0
‖zn(t)‖2V dt ≤

γ

2ε

∫ s

0
‖v(t)‖2V dt. (2.32)

This implies

‖zn(s)‖2H ≤ ‖zn(0)‖2H + γ

2ε‖v‖
2
Y ,

so that for some c > 0

sup
s∈[0,T ]

‖zn(s)‖2H ≤ c‖z0‖2H + γ

2ε‖v‖
2
Y <∞.

Hence, zn is uniformly bounded in L∞(0, T ;H).
For s = T , we further have

2(α− γε)
∫ T

0
‖zn(t)‖2V dt ≤ ‖zn(0)‖2H − ‖zn(T )‖2H︸ ︷︷ ︸

≥0

+ γ

2ε‖v‖
2
Y

≤ c‖z0‖2H + γ

2ε‖v‖
2
Y < ∞,

so that we can also conclude that zn is also uniformly bounded in L2(0, T ;V ).

Periodicity:
Since ‖·‖V ≥ c1‖·‖H for some constant c1, we can write (2.31) for appropriately defined
ᾱ, c̄ > 0 in the following form:

d

dt
‖zn(t)‖2H + ᾱ‖zn(t)‖2H ≤ c̄‖v(t)‖2V .
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Multiplying the inequality by eᾱt yields

eᾱt
d

dt
‖zn(t)‖2H + eᾱtᾱ ‖zn(t)‖2H ≤ eᾱtc̄ ‖v(t)‖2V ,

⇐⇒ d

dt

(
eᾱt ‖zn(t)‖2H

)
≤ eᾱtc̄ ‖v(t)‖2V .

By integration over [0, T ], we obtain

eᾱT ‖zn(T )‖2H − eᾱ0 ‖zn(0)‖2H ≤
∫ T

0
eᾱtc̄ ‖v(t)‖2V dt

and consequently

‖zn(T )‖2H ≤ e−ᾱT ‖zn(0)‖2H + c̄ e−ᾱT
∫ T

0
eᾱt‖v(t)‖2V dt. (2.33)

Define K := c̄e−ᾱT
∫ T

0 eᾱt‖v(t)‖2V dt and set M := {z ∈ Vn : ‖z‖H ≤ R := K
1
2 (1 −

e−ᾱT )− 1
2 }. Then M is a convex and compact set in VN . Moreover, if zn(0) ∈M , (2.33)

implies that ‖zn(T )‖2H ≤ e−ᾱTR2 +K ≤ R, i.e. zn(T ) ∈M . Since by Gronwall’s lemma
the mapping S : M → M , zn(0) 7→ zn(T ), is continuous, the existence of a fixed-point
S(z̄n) = z̄n ∈M follows from Brouwer’s fixed-point theorem. By the a priori estimates,
the sequence {z̄n}n∈N is bounded in H, so that there exists a subsequence (also denoted
by {z̄n}) converging weakly to some z̄ ∈ H.

Convergence:
Consider the periodic solution zn(t) from above, i.e. the solution of (2.30) with initial
value zn0 = z̄n. From the a priori estimates, we have that zn is uniformly bounded in the
separable space L2(0, T ;V ), so that there exists a subsequence (also denoted by {zn})
converging weakly to some z in L2(0, T ;V ).
Choose wn := θ(t)φj with some θ(t) ∈ C1(0, T ) in (2.30) and integrate over [0, T ].
Integration by parts of the first term then yields for all j = 1, . . . , n

−
∫ T

0
(zn(t), θ′(t)φj)Hdt = (zn(0), θ(0)φj)H − (zn(T ), θ(T )φj)H

+
∫ T

0
a(t; v(t)− zn(t), θ(t)φj)dt

= (z̄n, θ(0)φj − θ(T )φj)H +
∫ T

0
a(t; v(t)− zn(t), θ(t)φj)dt.

As zn ⇀ z in L2(0, T ;V ) and z̄n ⇀ z̄ in H, we can pass to the limit n→∞ and obtain

−
∫ T

0
(z(t), θ′(t)φj)Hdt = (z̄, θ(0)φj − θ(T )φj)H +

∫ T

0
a(t; v(t)− z(t), θ(t)φj)dt. (2.34)

This particularly holds true for all θ ∈ C∞0 (0, T ), so that zt = A(·)(v − z) in the
distribution sense (cf. Definition 2.26) and zt ∈ L2(0, T ;V ′) due to Lemma 2.24, as
A : L2(0, T ;V )→ L2(0, T ;V ′).
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Moreover, (2.34) implies that for w ∈ C1(0, T ;V ), we have

−
∫ T

0
(z(t), wt(t))Hdt− (z̄, w(0)− w(T ))H =

∫ T

0
a(t; v(t)− z(t), w(t))dt

=
∫ T

0
(zt(t), w(t))Hdt

= −
∫ T

0
(z(t), wt(t))Hdt+ (z(T ), w(T ))H − (z(0), w(0))H ,

so that indeed z̄ = z(0) = z(T ) in H and hence z ∈ X . With this z, the surjectivity
condition is fulfilled.

The following lemma is now only a summary of the above results.

Lemma 2.40 (Well-posedness). Problem (2.26) is well-posed. In particular, B from
(2.29) is boundedly invertible with ‖B‖ ≤

√
2 max{1, γ}, ‖B−1‖ = 1

βB
≤
√

2 max{1,α−1}
αmin{1,γ−2} .

2.4 An Introduction to Reduced Basis Methods
In the following, we will give a short introduction into RBMs. Based on ideas developed
already in the 1980s, these reduction schemes for parameterized PDE and ODE problems
have gained popularity with the development of rigorous and efficient a posteriori error
estimators by Prud’homme et al. [Pru+02] in the past decade, see Patera and Rozza
[PR08] for a historical overview. Due to the number and variety of developments in RB
methods in recent years, a complete and exhaustive overview over this field of research
is beyond the scope of this thesis. We therefore focus on the basic ideas, notations and
algorithms needed for later reference and refer for an overview over current research
topics to the web sites [MoR; MIT].
The underlying idea is the following: Consider on a closed and convex parameter domain
D ⊂ Rp a parameterized PDE

Find u ∈ X : b(u, v;µ) = f(v;µ) ∀ v ∈ X , (2.35)

where we assume b(·, ·;µ) : X ×X → R to be a bilinear form such that (2.35) is well-posed
for all parameters µ ∈ D, as well as f(·;µ) : X → R linear. Numerical methods for
problems of the form (2.35) are typically solved by a Galerkin projection onto some
discrete space XN , obtained e.g. from a FEM, FV or wavelet discretization, where N
denotes the usually high dimension. Assuming that the discretization error between XN
and X is negligible for all parameters µ ∈ D, XN is also denoted as truth space and the
corresponding high-dimensional solutions uN (µ) of (2.35) as truth solutions or snapshots.
Under the assumption that the solutions u(µ) are smooth with respect to µ, the solution
manifold MN (D) := {uN (µ) : µ ∈ D} is typically rather low-dimensional. The reduced
basis method consists of approximating MN (D) by an N -dimensional reduced space

XN = XN (D) := span{uN (µ1), . . . , uN (µN )} = span{ζ1, . . . , ζN} (2.36)

spanned by selected snapshots uN (µ1), . . . , uN (µN ) ∈ XN , N � N . The reduced
solution uN (µ) is then obtained through a Galerkin projection of (2.35) onto XN and
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can be determined in the so-called online phase for new parameters µ 6= µi, i = 1, . . . , N ,
in O(N) operations. In particular, the numerical costs for the computation of uN (µ) are
independent of the high dimension N .

Additionally, the error eN (µ) := ‖uN (µ)− uN (µ)‖ can be bounded with respect to the
truth solution for µ ∈ D by a rigorous error bound ∆N (µ) that is also efficiently evaluable,
i.e. independently of N in O(N) operations. This can be achieved by the computation of
certain quantities detailed below during the basis construction in the so-called training
or offline phase.

Generally, there are two situations in which the construction of XN is worth the additional
computational effort compared to a single evaluation of uN (µ): On the one hand in the
so-called many-query context, where the solution of (2.35) has to be evaluated for many
parameters µ ∈ D, e.g. during an optimization process. In that case, the computational
savings in the evaluations of uN (µ) instead of uN (µ) in the online phase can compensate
the initial cost of the basis construction in the offline phase. The offline costs are even
considered more or less insignificant in the second, so-called real-time context. This is used
to designate settings where the constraints with respect to available computation time
and/or memory capacity are so restrictive that a solution of the full high-dimensional
problem is infeasible, so that one has to resort to reduced models. In the following
sections, we shortly discuss the standard basis construction methods in the stationary
elliptic as well as the standard parabolic case.

Remark 2.41 (Dense reduced matrices). While many numerical discretization schemes
lead to sparse linear systems, the system matrices in the reduced equations are in general
densely populated. The numerical effort to obtain a reduced solution is thus of the order
O(N3) instead of O(N 2) for the high-dimensional discretization. Reducing a system is
therefore only reasonable for N � N .

2.4.1 RBM for Stationary Problems

Reduced basis methods with rigorous error estimators were first developed for stationary
elliptic problems of the form (2.35), which are therefore the ones best suited to explain
the underlying concepts. The procedures and results described below are standard and
can be found e.g. in [PR08; RHP08].

Reduced Basis Training and Error Estimation

The central question in the construction of a RB space as in (2.36) for problems of the type
(2.35) is the choice of snapshot parameters µ1, . . . , µN for which the high-dimensional
solutions are computed. While this can in principle be done by a proper orthogonal
decomposition (POD) approach [CBS00; KV02; RHP08], this would involve sampling the
parameter space and computing the truth solutions uN (µ) on a fine grid in D which is
usually computationally expensive and only suited for low-dimensional parameter spaces.

The standard method and state-of-the-art is therefore a Greedy sampling scheme [PR08;
Pru+02; RHP08; MPT02]: Iteratively, one chooses the parameter µ∗ ∈ D that maximizes
the reduction error of the current basis. The corresponding truth solution uN (µ∗)
is computed and – usually after an orthogonalization process – added as new basis



28 Chapter 2 • Preliminaries

function to the reduced space XN . By SN := {µ∗1, . . . , µ∗N} we denote the set of snapshot
parameters.
In order to arrive at a feasible numerical scheme, one considers in the parameter search a
rigorous, equivalent and efficient error estimator ∆N (µ), i.e. a N -independent value with

‖eN (µ)‖ ≤ ∆N (µ) ≤ C‖eN (µ)‖, 0 < C <∞,

as surrogate for the true error. Moreover, the parameter domain D is typically replaced by
a sufficiently large training set Ξtrain ⊂ D of magnitude |Ξtrain| =: ntrain. In combination,
this enables the practicability of the Greedy scheme, as the Greedy search for µ∗ can
now be performed in O(ntrainN) operations. Additionally, it has to be stressed that in
contrast to a POD approach, only N truth solutions have to be computed during the
construction of an N -dimensional basis. This feasible Greedy scheme is presented in
Algorithm 2.1.

Algorithm 2.1 A Greedy training scheme
Input: tol: target RB tolerance,

Nmax: maximum RB size,
Ξtrain: parameter training set.

Output: XN : RB space.

1: procedure Greedy(tol, Nmax, Ξtrain) → XN
2: X0 = S0 = {}, initialize offline quantities
3: for N = 1, . . . , Nmax do
4: µ∗N ← argmaxµ∈Ξtrain ∆N−1(µ)
5: if ∆N−1(µ∗N ) < tol then return

6: Compute uN (µ∗N ) ∈ XN : b(uN (µ∗N ), v;µ∗N ) = f(v;µ∗N ) ∀ v ∈ XN
7: XN ← XN−1 ∪ {uN (µ∗N )}, SN ← SN−1 ∪ {µ∗N}, update offline quantities

Remark 2.42.
a) The feasible Greedy method that is based on the error estimator, as in Algorithm 2.1,

is also called weak Greedy. In contrast, using the true error ‖eN (µ)‖ in the parameter
search is denoted as strong Greedy.

b) For high-dimensional parameter spaces, the construction of a sufficiently good
training set Ξtrain as well as the sweep over Ξtrain in line 4 of the Greedy algorithm
2.1 – even though online efficient, i.e. N -independent – can become unfeasibly
expensive. As an alternative, one can employ e.g. random training sets [HSZ11] or
replace the discrete search with an optimization procedure [BWG08; UVZ14].

c) It can be shown that the Greedy scheme is quasi-optimal in the sense that it
converges with the same rate as the best N -dimensional approximation, given by
the Kolmogorov-N -width, see [Bin+11] and Chapter 6.2.

The error bound ∆N (µ) is generally based on the residual rN (v;µ) := f(v;µ) −
b(uN (µ), v;µ) and has the following form:
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Proposition 2.43 (Elliptic error bound, [Pru+02; Ver+03]). Let b(·, ·;µ) be continuous
and inf-sup stable (or coercive) with inf-sup constant β(µ) and continuity constant γ(µ)
for all µ ∈ D. Then, the error bound

∆N (µ) := ‖rN (·;µ)‖X ′
β(µ)

is rigorous and effective, i.e.

1 ≤ η(µ) := ∆N (µ)
‖eN (µ)‖X

≤ γ(µ)
β(µ) ∀µ ∈ D,

where η(µ) is called the effectivity of the error bound ∆N .

Here, the dual norm ‖rN (·;µ)‖X ′ is determined as ‖prN (µ)‖X , where the Riesz representor
prN (µ) ∈ X is the solution of

Find prN (µ) ∈ X : (prN (µ), v)X = rN (v;µ) ∀ v ∈ X . (2.37)

In order to turn this into an online computable bound, one employs offline-online
decomposition techniques explained below.

Offline-online Decomposition

The N -independent online computability of both the reduced solution uN (µ) and the error
bound ∆N (µ) relies on the assumption that all N -dependent values can be assembled
and stored during the offline phase. For that purpose, one needs the following separability
of parameter and spatial components:

Assumption 2.44 (Affine decomposition). We assume that b(·, ·;µ) and f(·;µ) are
affine in µ, i.e. that for some Qb, Qf ∈ N

b(u, v;µ) =
Qb∑

q=1
θqb(µ)bq(u, v), f(v;µ) =

Qf∑

q=1
θqf (µ)f q(v). (2.38)

Remark 2.45 (Empirical Interpolation Method). If Assumption 2.44 is not met, the
EIM introduced by Barrault et al. [Bar+04] can be employed. Originally developed for
non-affine (scalar-valued) parameter functions of the form g(·;µ) ∈ L∞(Ω), this scheme
constructs a series of interpolation points tm ∈ Ω and basis functions qm ∈ L∞(Ω) such
that

g(·;µ) ≈
M∑

m=1
θm(µ)qm(·) ∀µ ∈ D,

and the coefficients θm(µ) can be computed in O(M2) operations.
For the specific case of POD modes as basis functions, this was investigated under the
name “discrete empirical interpolation method” (DEIM) by Chaturantabut and Sorensen
[CS10]. The original concept was extended to the affine decomposition of non-affine
operators A(µ) ∈ L(X ,X ′) by Drohmann et al. [DHO12].
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The affine form (2.38) enables now the computation of uN (µ) = ∑N
n=1 u

n
N (µ)ζn ∈ XN as

a solution of
Qb∑

q=1
θqb(µ)BqN · [unN (µ)] =

Qv∑

q=1
θqv(µ)FqN , BqN := [bq(ζj , ζi)]Ni,j=1, F

q
N := [f q(ζi)]Ni=1,

where BqN , FqN can be computed and stored offline and the online assembly of the N ×N
linear system requires only N -dimensional matrix-vector computations.
Similarly, the Riesz representor prN (µ) can be written as

prN (µ) :=
Qf∑

q=1
θqf (µ) pf q +

Qb∑

q=1
θqb(µ)

N∑

n=1
unN (µ)pbq,n,

so that ‖prN (µ)‖X can efficiently be assembled online if the Riesz representor components

pf q ∈ X : ( pf q, v)X = f q(v) ∀ v ∈ X , q = 1, . . . , Qf ,
pbq,n ∈ X : (pbq,n, v)X = −bq(ζn, v) ∀ v ∈ X , q = 1, . . . , Qb, n = 1, . . . , N,

(2.39)

and their inner products
[
( pf q, pf q′)X

]Qf
q,q′=1,

[
( pf q,pbq′,n)X

]Qf ,Qb
q,q′=1,

[
(pbq,n,pbq′,n′)X

]Qb
q,q′=1 for

n, n′ = 1, . . . , N are computed and stored during the offline phase (in lines 2 and 7 of
Algorithm 2.1, respectively).

Computable Lower Bounds of Stability Constants

The inf-sup constant β(µ), respectively the coercivity constant α(µ) in case b(·, ·;µ) is
coercive, are solutions of eigenvalue problems, as they can be represented via the Rayleigh
quotients

α(µ) = inf
v∈XN

bs(v, v;µ)
‖v‖X

, β(µ) = inf
v∈XN

‖Tµ(v)‖
‖v‖X

,

where bs(w, v;µ) := 1
2(b(w, v;µ) + b(v, w;µ)) denotes the symmetric part of b(·, ·;µ) and

Tµ : X → X , Tµ(w) := argsupv∈XN
b(w,v;µ)
‖v‖X is the so-called supremizing operator of

b(w, ·;µ).
However, these eigenproblems are N -dimensional. Therefore, as a last ingredient in an
online evaluable bound ∆N (µ), the inf-sup constant β(µ) (respectively α(µ)) is replaced
by some computable lower bound βLB(µ) ≤ β(µ) (αLB(µ) ≤ α(µ)).
A simple bound can be obtained in the following special case:

Lemma 2.46 (Min-θ bound, [PR08, Lem. 4A]). Let b(·, ·;µ) be parametrically coercive,
i.e. θqb(µ) > 0, bqs(w,w) ≥ 0 for all q = 1, . . . , Qb, w ∈ X , µ ∈ D. Then

0 < αmin,µ
LB (µ) := min

1≤q≤Qb

θqb(µ)
θqb(µ) ≤ α(µ) ∀µ ∈ D. (2.40)

If the assumptions of Lemma 2.46 do not hold, one usually resorts to the successive
constraint method (SCM) introduced by Huynh et al. [Huy+07]. This method constructs
iteratively a finite and discrete sub- and a polyhedral superset YUB(CK) ⊂ Y ⊂ YLB(CK)
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to a set Y given by vectors of eigenvalues of the individual components bq(·, ·), where
CK := {µ1, . . . , µK} corresponds to parameter values for which the full eigenproblems
are solved during the offline phase. On these sets, upper and lower bounds for α(µ), β(µ)
can be evaluated efficiently by solving online only low-dimensional linear optimization
problems (for the lower bounds) or doing simple point evaluations (for the upper bounds).

2.4.2 RBM for Initial Value Problems

The development of RBMs for evolution initial value problems has been initiated by Grepl
and Patera [GP05] and later been extended by Haasdonk and Ohlberger [HO08]. These
RBMs are based on time-stepping schemes of the following form: With appropriate spaces
V ↪→ H ↪→ V ′ as in Assumption 2.27, consider a parameterized parabolic initial value
problem, i.e.

ut +A(µ)u = f(µ), u(0;µ) = u0(µ), µ ∈ D,

for a continuous and coercive operator A(µ) : V → V ′. This or the respective variational
formulation

(ut, v)H + a(u, v;µ) = 〈f(µ), v〉V ′×V , ∀ v ∈ V, a.e. t ∈ [0, T ],

lends itself to a semidiscretization in time (Rothe’s method) that can be combined with a
FEM or FV discretization VNx ⊂ V in space. For ease of exposition, we formulate this for
a uniform time partition tk := k∆t, k = 0, . . . ,K, ∆t := T

K and an implicit Euler scheme,
yielding with ukNx(µ) := uNx(tk, µ) ∈ VNx and the projection u0

Nx := PVNxu0(µ) the fully
discretized equations

(
ukNx(µ), vNx

)
H

+ ∆t a(tk, ukNx(µ), vNx ;µ) (2.41)
=
(
uk−1
Nx (µ), vNx

)
H

+ ∆t 〈f(tk;µ), vNx〉[V ′×V ] ∀ vNx ∈ VNx , k = 1, . . . ,K.

The reduction step is restricted to the spatial variable, so that the reduced system
consists in a Galerkin projection onto a RB space VN ⊂ VNx : Find {ukN (µ)}Kk=1 with
u0
N (µ) := PVNu0(µ) and

(
ukN (µ), vN

)
H

+ ∆t a(tk, ukN (µ), vN ;µ)
=
(
uk−1
N (µ), vN

)
H

+ ∆t 〈f(tk;µ), vN 〉[V ′×V ] ∀ vN ∈ VN , k = 1, . . . ,K.

Thus, even the reduced solution requires a time-stepping procedure, albeit with low-
dimensional linear systems in each step.

The reduction error can then be bounded in a spatio-temporal discrete energy norm, see
[GP05], defined as

|||v(tk;µ)|||k,V :=
((
v(tk;µ), v(tk;µ)

)
H

+ ∆t
k∑

k′=1
a(v(tk′ ;µ), v(tk′ ;µ);µ)

)1
2
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Lemma 2.47 (Parabolic error bound, [GP05, Prop. 4.1]). With the residual at the k-th
time step given by

rkN (w;µ) := 〈f(tk;µ), w〉V ′×V − 1
∆t
(
ukN (µ)− uk−1

N (µ), w
)
H
−a(tk, ukN (µ), w;µ),

the error ekN (µ) := ukNx(µ)− ukN (µ) is bounded by

|||ekN (µ)|||k,V ≤
(

∆t
α2

LB(µ)

k∑

k′=1
‖rk′N (·;µ)‖2V ′

)
=: ∆k

N (µ). (2.42)

Note that this bound is strictly growing in time and thus tends to overestimate the real
error for large t. An adaptive time partitioning approach [DDH11] can mitigate this
effect by constructing different reduced bases on subsequent (small) time intervals.

POD-Greedy basis construction

The construction of the spatial reduced space VN ⊂ VNx is usually done with a so-called
POD-Greedy procedure [HO08] that roughly consists of the following two steps:

1) Based on the error estimator ∆K
N (µ) from (2.42) at the final time tK = T , greedily

choose the next snapshot parameter µ ∈ Ξtrain and compute the corresponding
snapshot, i.e. the trajectory {ukNx(µ), k = 1, . . . ,K}.

2) Project the trajectory onto the existing reduced basis, perform a POD with respect
to time of the projection error and add the first r modes as (time-independent)
basis functions.

Algorithm 2.2 A Greedy training scheme
Input: tol: target RB tolerance,

Nmax: maximum RB size,
Ξtrain: parameter training set.

Output: XN : RB space.

Parameters: r ∈ N: number of added POD modes in each iteration.
1: procedure POD-Greedy(tol, Nmax, Ξtrain) → XN
2: X0 = S0 = {}, initialize offline quantities
3: for N = 1, . . . , Nmax do
4: µ∗N ← argmaxµ∈Ξtrain ∆K

N−1(µ)
5: if ∆K

N−1(µ∗N ) < tol then return

6: Compute {ukNx(µ∗N )} as solution of (2.41)
7: eproj

N,k (µ∗N )← ukNx(µ
∗
N )− PXNukNx(µ∗N ), k = 0, . . . , K

8: {ζN1 , . . . , ζNr} ← POD({eproj
N,k (µ∗N )}Kk=1, r)

9: XN ← XN−1 ∪ {ζN1 , . . . , ζNr}, SN ← SN−1 ∪ {µ∗N}, update offline quantities

This procedure is summarized in Algorithm 2.2. Note that in most applications already
r = 1 yields good results, cf. [HO08; KP10].
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2.4.3 Extensions and Adaptive Approaches in RBM
While we have presented in the above short introduction only error bounds ∆N (µ) for
the error in the state variable, bounds for both linear and quadratically non-linear output
functionals s(u(µ)) can equally be constructed, see e.g. [Pru+02], and enhanced by
primal-dual approaches, e.g. [HP07; Ton11; GP05].

Similarly, error bounds have been derived for different quadratically nonlinear equations.
Examples are the steady and unsteady Burgers, Stokes or Boussinesq equations, see e.g.
[VPP03; VP05; CTU09; KNP11].

Parameterized geometries that can be mapped by affine or non-affine transformations
onto some reference domain have been studied e.g. in [Roz09; CTU09; GV11]. RBMs for
optimal control problems are investigated in [Ded08; KG13]. Other applications include
multiscale problems [Alb+12], PDEs with stochastic influences [HUW13] and variational
inequalities [HSW12a; HSW12b].

Moreover, especially the above elliptic concepts can be extended to Petrov-Galerkin
settings, as they arise e.g. for transport equations or saddle point problems, cf. [GV12;
DPW13]. In that context, a central issue is the stabilization of the reduced test space,
often achieved by an enrichment by supremizers, [RV07; GV11; DPW13].

Several adaptive approaches have also been investigated. These include an adaptive
refinement of the training set Ξtrain [HDO11; HSZ11], adaptive parameter domain
partitioning [EPR10; EKP11; Wie13], adaptive steering of the RB basis size [HO09]
or stabilization through adaptive test spaces [DPW13]. Recent developments include
in particular adaptive online choices of the reduced basis, cf. [MS13; DKH12] and a
static condensation method for the online assembly of reduced systems from pre-specified
components [HKP13].

2.5 A Short Introduction to Wavelets
Several of the high-dimensional truth discretization schemes considered in this thesis
rely on wavelet discretizations, see e.g. Chapters 4, 5 and 6. As much as possible in the
limited scope of this thesis, we therefore give in the following an introduction to the most
important concepts of wavelets and (non-)adaptive wavelet Galerkin methods for the
solution of operator equations of type (2.29).

The results can be found in [Dah97; Dij09; Kes13; Urb09], among others.

Following mainly Kestler [Kes13], we first discuss the notion of Riesz bases for Hilbert
spaces and discuss how certain multilevel biorthogonal space decompositions can be used
to construct (wavelet) bases for whole ranges of Sobolev spaces. We shortly present
several examples of such bases used throughout this thesis and explain the extension
of these concepts to multidimensional tensor product spaces. Further, we describe the
formulation of operator equations as bi-infinite matrix-vector equations to be treated by
wavelet Galerkin methods, as used later in Chapter 4. This also provides the fundamental
notions for the later discussion of adaptive wavelet Galerkin methods, whose presentation
is deferred to Chapter 5.
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2.5.1 Biorthogonal Wavelet Construction and Norm Equivalences
Let us denote by H in the following a separable (infinite-dimensional) Hilbert space with
scalar product (·, ·)H and induced norm ‖·‖H . Moreover, define for a countable index set
I the sequence space

`2(I) :=
{

c = (cλ)λ∈I , cλ ∈ R : ‖c‖2`2(I) :=
∑

λ∈I
|cλ|2 <∞

}
,

where c ∈ `2(I) is interpreted as (possibly infinite-dimensional) column vector.

Definition 2.48 (Riesz basis). A countable dense collection Υ := {γλ : λ ∈ I} ⊂ H is
called a Riesz basis of H if there exist constants 0 < C1,C2 <∞ such that

C1‖c‖2`2(I) ≤
∥∥∑

λ∈I
cλγλ

∥∥2
H ≤ C2‖c‖2`2(I) ∀ c ∈ `2(I). (2.43)

The constants CΥ(H) := max C1, CΥ(H) := min C2 are referred to as Riesz constants.

Hence, any element v ∈ H can be (uniquely) expanded as v = ∑
λ∈I cλγλ =: c>Υ and

‖v‖H is equivalent to the sequence norm of the expansion coefficients c. We will see
below that norm equivalences of this type can be ensured for whole ranges of Sobolev
spaces.
Remark 2.49 (Riesz constants).

a) Note that sometimes the term Riesz constants refers to
√

CΥ(H),
√

CΥ(H).

b) For CΥ(H) = CΥ(H) = 1, i.e. if and only if the collection is orthogonal, Υ is an
orthonormal basis (ONB) of H.

c) The constants CΥ(H), CΥ(H) can be computed as smallest, respectively largest,
eigenvalues of the (possibly infinite) Gramian matrix (Υ,Υ)H := [(γλ, γν)]λ,ν∈I .

d) Sequences of Riesz bases (Υj)j∈Z, are called uniform if the respective sequences of
Riesz constants can be bounded from above and below by j-independent quantities.

Two Riesz bases Υ, Υ̃ are called biorthogonal or dual to each other if (Υ, Υ̃)H = Id, where
Id is the identity matrix of appropriate dimension.

Definition 2.50 (Multiresolution analysis, [Dah97]). A sequence S = (Sj)j≥j0 , j0 ∈ N0,
of closed subspaces Sj ⊂ H is called multiresolution analysis (MRA) of H if

(i) the subspaces are nested, i.e. Sj ⊂ Sj+1, j ≥ j0,
(ii) their union is dense in H, i.e. closH(⋃j≥j0 Sj) = H,
(iii) the subspaces can be equipped with uniform Riesz bases Φj , i.e.

Sj = closH(span Φj), Φj := {φλ : λ ∈ Ij}.

The index j0 is called minimal level, while the spaces Sj are referred to as single scale
spaces and their elements φλ as scaling functions.

Given such MRAs, we can now define the notion of (biorthogonal) wavelets.
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Definition 2.51 (Biorthogonal wavelets). Let S = (Sj)j≥j0 , S̃ = (S̃j)j≥j0 be MRAs with
biorthogonal uniform Riesz bases (Φj)j≥j0 , (Φ̃j)j≥j0 , respectively, and assume that we
are given another sequence of uniform Riesz bases (Ψj)j≥0 ⊂ H and corresponding duals
(Ψ̃j)j≥0. If Ψj , Ψ̃j constitute stable biorthogonal completions of Φj , Φ̃j in the sense that
for all j ≥ j0

(i) Sj+1 = Sj ⊕Wj , Wj = closH(span Ψj),

(ii) S̃j+1 = S̃j ⊕ W̃j , W̃j = closH(span Ψ̃j),

(iii) Wj ⊥ S̃j , W̃j ⊥ Sj ,

the spaces Wj , W̃j are called primal, respectively dual wavelet or detail spaces and their
elements ψλ ∈Wj , ψ̃λ ∈ W̃j primal, respectively dual wavelets.

Norm Equivalences – Characterization of Sobolev Spaces

In the following, we restrict ourselves to the case of H = L2(Ω) for some (open) domain
Ω ⊆ R, usually Ω ∈ {R, (0, 1)} and derive conditions under which biorthogonal wavelet
bases in the sense of Definition 2.51 exist not only for H, but for a whole range of
Sobolev spaces Hs(Ω), H̃s(Ω) ⊂ H. Here, s > 0 is the (fractional) order of smoothness,
H0(Ω) = H = L2(Ω) and the spaces may include some (Dirichlet) boundary conditions,
see also Appendix A.1. For s < 0, we set Hs(Ω) = (H̃−s(Ω))′, H̃s(Ω) = (H−s(Ω))′.

Assumption 2.52. Assume that S = (Sj)j≥j0 is a MRA that satisfies a direct or Jackson
estimate of order dS ,

inf
vj∈Sj

‖v − vj‖L2 . 2−sj‖v‖Hs ∀ v ∈ Hs(Ω), 0 ≤ s ≤ dS , (J)

and an inverse or Bernstein estimate of order γS ,

‖vj‖Hs . 2sj‖vj‖L2 , ∀ vj ∈ Sj , 0 ≤ s < γS . (B)

We can formulate analogous assumptions, denoted by (J̃), (B̃) for a dual MRA S̃, where
dS , γS and Hs(Ω) are replaced by dS̃ , γS̃ and H̃s(Ω).

Remark 2.53. Note that the direct estimates (J) characterize the highest possible (uniform)
order of approximation by functions in Sj , whereas the inverse estimates (B) describe
the smoothness of v ∈ Sj , cf. [Urb09, Sec. 5.6].

Under this assumptions, existence criteria for biorthogonal space decompositions as in
Definition 2.51 can be formulated, which hold for whole ranges of Sobolev spaces.

Theorem 2.54 (Wavelet Characterization Theorem, [DS99; Dij09]). Let S, S̃ be MRAs
of L2(Ω) with biorthogonal uniform Riesz bases (Φj)j≥j0 , (Φ̃j)j≥j0 and assume that there
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exist γS , dS , γS̃ , dS̃ such that (J), (B) as well as (J̃), (B̃) hold uniformly in j. Given for
j ≥ j0 uniform Riesz bases Ψj ⊂ L2(Ω) of the spaces

Wj := Sj+1 ∩ S̃⊥j ,

the collection
Ψ = Φj0 ∪

⋃

j≥j0
2−2sjΨj (2.44)

is a Riesz basis for Hs(Ω) for all s ∈ (−γ̃, γ), where γ = min{γS , dS}, γ̃ = min{γS̃ , dS̃}.
We call Ψ a multiscale basis.

Remark 2.55.
a) The spaces Wj are indeed wavelet spaces as in Definition 2.51, as it can be shown

(cf. [DS99, Rem. 2.2]) that Sj+1 = Sj ⊕Wj for all j ≥ j0.

b) To the above Riesz basis Ψ, there exists a unique dual Riesz basis Ψ̃ of H̃s(Ω),
s ∈ (−γ, γ̃), that can be decomposed as Ψ̃ = Φ̃j0 ∪

⋃
j≥j0 2−2sjΨ̃j and where Ψ̃j are

uniform Riesz bases for W̃j := S̃j+1 ∩ S⊥j , see [Dij09, Prop. 2.1.4].

c) We denote the index sets of the single scale bases Φj , Φ̃j by Ij and that of the
wavelet bases Ψj , Ψ̃j by Jj . Moreover, J := Ij0 ∪

⋃
j≥j0 Jj . To shorten notation,

we further often set
Ψj0−1 := Φj0 (2.45)

(and analogously for Ψ̃j0−1), so that we can write

Ψ =
⋃

j≥j0−1
Ψj and J =

⋃

j≥j0−1
Jj . (2.46)

d) Additionally, we introduce the notation

ΨJ := Φj0 ∪
J−1⋃

j=j0
Ψj , ∇J := Ij0 ∪

J−1⋃

j=j0
Jj ,

to indicate multiscale bases and the corresponding index sets for SJ .

We obtain from Theorem 2.54 the announced norm equivalences. These equivalences are
the basis for later evaluations of norms in the space-time trial space X (2.21) as well
as of dual norms in Y (2.20), necessary for the implementation of space-time wavelet
schemes and adaptive RBMs.

Corollary 2.56 (Norm equivalences, [Urb09, Thm. 5.12][Dah97, Thm. 5.8]). Let S, S̃
be dual MRAs of L2(Ω) with associated biorthogonal wavelet bases Ψ, Ψ̃ such that (J), (B)
as well as (J̃), (B̃) hold for some γS , dS , γS̃ , dS̃ . Then the norm equivalences

‖c>Ψ‖2Hs(Ω) ∼
∑

λ∈J
22sj |cλ|2 ∀ s ∈ (−γ̃, γ) (2.47)

hold, where γ, γ̃ are defined as in Theorem 2.54.
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Usually, we assume that the Riesz bases Ψ are normalized in L2(Ω), i.e. that ‖ψλ‖L2(Ω) = 1
for all λ ∈ J . Corollary 2.56 then states that by a renormalization in Hs(Ω), i.e. setting

ΨHs := {ψλ/‖ψλ‖Hs(Ω), λ ∈ J },

we obtain a normalized Riesz basis of Hs(Ω).
We further require in general the following (standard) assumptions.

Assumption 2.57 (Uniformly local, piecewise polynomial multiscale bases). Let S, S̃
be dual MRAs and Ψ a Riesz wavelet basis as in Theorem 2.54. Assume that Ψ is a
uniformly local, piecewise polynomial multiscale basis of order dS , i.e. that we have
(W1) Local supports: diam(suppψλ) h 2−j for all λ ∈ Ij ,Jj, j ≥ j0,

(W2) Level-wise finite number of overlaps: There exists C ∈ N such that supλ∈Jj #{ν ∈
Jj : |suppψλ ∩ suppψν | > 0} < C uniformly for all j ≥ j0 − 1.

(W3) Piecewise polynomials: Scaling functions and wavelets are piecewise polynomials
of degree dS − 1, i.e. for a partition of the support as suppψλ = ⋃m

i=1 Iλ,i with
Iλ,i ∩ Iλ,i′ = ∅ for i 6= i′, it holds that ψλ|Iλ,i ∈ PdS−1. Moreover, m = m(λ) is
uniformly bounded.

Moreover, up to the order dS̃ from the Bernstein estimate (B̃) for S̃, we require
(W4) Vanishing moments:

sup
j≥j0−1

#{λ ∈ Jj : ∃ p ∈ PdS̃−1 s.t. (ψλ, p)L2(Ω) 6= 0} <∞.

Remark 2.58. Note that the polynomial exactness (W3) of Φj together with uniform
locality (i.e. (W1), (W2)) of the dual basis Φ̃j implies a Jackson estimate for S, see
[Dah97, Prop 5.1].

The vanishing moments property (W4) determines the compressibility potential of the
wavelet representation of a function f ∈ Hs(Ω), as it implies that wavelet coefficients in
regions of high smoothness are small and can thus be neglected ([Urb09, Prop. 5.9]). This
provides amongst other things the basis for so-called APPLY-based adaptive wavelet
schemes, see Section 5.2.

Refinement Properties

On the real line, i.e. for Ω = R, one often works with scaled and shift invariant spaces,
defined by the properties

f ∈ Sj ⇐⇒ f(2 ·) ∈ Sj+1 ∀ j ≥ j0, (dilation)
f ∈ Sj0 ⇐⇒ f(· − k) ∈ Sj0 ∀ k ∈ Ij0 = Z. (shift-invariance)

In that case, the bases Φj of S can be generated from one single refinable function φ,
also called generator or mother scaling function of S, due to the recursion property
φ(x) = ∑

k∈Z akφ(2x − k) for almost every x ∈ R with level-independent refinement
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coefficients ak ∈ R, see [Urb09, Sec. 2.4]. Thus, basis functions φλ ∈ Ij can be identified
by their level j as well as the translation index k, both encoded in index λ as

λ := (j, k), |λ| := j,

so that with the slight abuse of notation k ∈ Ij for λ = (j, k) ∈ Ij , we have the relation

φ(j,k) =
∑

m∈Ij+1

ak,mφ(j+1,m).

On bounded intervals Ω = (0, 1), however, where in general and amongst other things
boundary functions have to be taken into account, such a level-independent representation
is in general not possible. However, the nestedness of the single scale spaces Sj implies
that basis functions in Φj can still be expressed as linear combinations of functions in
Φj+1. This implies that there exist linear bounded operators Mj,0 ∈ L(`(Ij), `(Ij+1)),
interpreted as (possibly bi-infinite, but sparsely populated) refinement matrices, with

Φj = M>
j,0Φj+1, j ≥ j0,

see [Urb09, Sec. 8.1]. The k-th row in M>
j,0 then contains the now level-dependent

refinement coefficients (ajk,m)m∈Ij+1 such that

φ(j,k) =
∑

m∈Ij+1

ajk,mφ(j+1,m).

Similarly, the stable completions Ψj of the wavelet spaces Wj are usually constructed in
such a way that the wavelets are uniformly finite linear combinations of scaling functions
on a higher level [Urb09, Sec. 8.2], i.e. there exist Mj,1 ∈ L(`(Jj), `(Ij+1)) with

Ψj = M>
j,1Φj+1, j ≥ j0.

Combining both refinement matrices in Mj := [Mj,0 Mj,1] ∈ L(`(Ij)× `(Jj), `(Ij+1)),
one then has the relation

[Φ>j Ψ>j ] = M>
j Φj+1, j ≥ j0.

Similar relations hold for the dual scaling functions and wavelets, cf. [Urb09]. Note that
this provides an equivalent representation of functions f ∈ SJ as

f =
∑

k∈IJ
c(J,k)φ(J,k), (single scale representation)

=
J−1∑

j=j0−1

∑

k∈Jj
d(j,k)ψ(j,k), (multiscale representation)

where we used again the notation (2.45), (2.46) of ` = j0 − 1 as scaling function indizes.
The coefficients c(j,k), d(j,k) are given by

c(j,k) = (f, φ̃(j,k))L2(Ω), d(j,k) = (f, ψ̃(j,k))L2(Ω). (2.48)

The switch between these two representations can efficiently be realized in O(|IJ |)
operations by the Fast Wavelet Transform (FWT) and its inverse.
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Remark 2.59 (Computation of wavelet coefficients). Even though the wavelet coefficients
cλ, dλ can in theory be computed via (2.48), the usually low regularity of the dual scaling
functions φ̃λ and wavelets ψλ prohibits a sufficiently accurate numerical evaluation of
the integrals (·, ψ̃λ)L2(Ω). Instead, for any f ∈ SJ one can e.g. use the relation

∑

λ∈∇J
(f, ψ̃λ)L2(Ω)ψλ = f

⇐⇒
( ∑

λ∈∇J
(f, ψ̃λ)L2(Ω)ψλ, ψν

)
L2(Ω)

= (f, ψν)L2(Ω) ∀ψν ∈ ∇J

⇐⇒
[
(ψλ, ψν)

]
λ,ν∈∇J

[
(f, ψ̃λ)L2(Ω)

]
λ∈∇J

=
[
(f, ψν)L2(Ω)

]
ν∈∇J

(2.49)

and solve the matrix-vector equation Md∇J = F of (2.49) for the desired coefficients
d∇J .

Examples of Wavelet Bases

We shortly present here a selection of wavelet bases used during the numerical experiments
in later chapters.
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(d) Dual wavelet
d,d̃
ψ̃(x)

NFigure 2.1 — Biorthogonal B-spline wavelets on R from [CDF92] – generator functions
for primal and dual scaling functions and wavelets for d = d̃ = 2.

Example 2.60 (Biorthogonal B-spline wavelets on R). A standard MRA on the real line
is generated by (centralized) cardinal B-splines of order d, defined as

dϕ(x) := Nd(x+ bd2c), Nd(x) :=
∫ 1

0
Nd−1(x− t)dt, N1(t) = 1[0,1)(x).

With suppd ϕ(x) =
[−bd2c, dd2e

]
:= [`1, `2], dϕ(x) can be used as a generator of a shift-

invariant MRA
dΦR

j := {φ(j,k) = 2j/2 dϕ(2j · −k), k ∈ Z}
that can be shown to be a uniformly stable Riesz basis of L2(R), [Urb09, Prop. 2.12]
and to fulfill (J), (B) with dS = d and γS = d− 1

2 . Cohen et al. [CDF92] showed that
one can construct corresponding dual MRAs that fulfill (J̃), (B̃) for some γS̃ with dual
order dS̃ = d̃ > d if d̃ large enough and d̃+ d even, see also [Dij09, Sec. 2.2]. Moreover,
they developed corresponding uniformly stable wavelet bases dΨR

j , dΨ̃R
j that can be

derived from primal and dual mother wavelets
d,d̃
ψ(x),

d,d̃
ψ̃(x) by the usual scaling and

translation transformations. These generator functions for d = d̃ = 2 are shown in Figure
2.1, while the translation and scaling of the basis functions is depicted in Figure 2.2.
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(a) Translation: B-splines, j = 2, k =
0, . . . , 4
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(b) Scaling: wavelets, j = 2, 3, k = 0

JFigure 2.2
— Translation
and scaling of
biorthogonal
B-spline wavelets
with d = d̃ = 2
from [CDF92].

Example 2.61 (Periodic B-spline wavelets on (0, 1)). While the construction of stable
wavelet bases on the interval (w.l.o.g. always taken to be Ω = (0, 1)) is a non-trivial task,
it is rather easy to construct periodic MRAs and wavelets from shift-invariant bases on R.
This is obtained by simple periodization, i.e. setting for j ≥ j0

φper
λ (x) :=

∑

l∈Z
φλ(x− l), x ∈ [0, 1], ∀λ ∈ Ij ,

ψper
ν (x) :=

∑

l∈Z
ψν(x− l), x ∈ [0, 1], ∀ ν ∈ Jj ,

if φλ ∈ dΦR
j , ψν ∈ dΨR

j . The periodic wavelet bases using in this thesis are all periodized
functions of the B-spline wavelets constructed in [CDF92], see Example 2.60. Examples
of φper

λ , ψper
ν are depicted in Figure 2.3.
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0 0.2 0.4 0.6 0.8 1

0

0.5

1

1.5

2

2.5

k = 6
k = 7

0 0.2 0.4 0.6 0.8 1

−2

0

2
k = 7
k = 8

(b) B-splines and wavelets, d = d̃ = j = 3

NFigure 2.3 — Periodized B-spline wavelets from [CDF92].

Example 2.62 (Dijkema wavelets on (0, 1)). The main challenge in the construction of
wavelet bases on bounded intervals is the correct design of boundary functions. Simply
cutting off scaling functions and wavelets that overlap the boundaries would result in
possibly numerically instable collections and certainly destroy biorthogonality relations
or other required regularity properties as well as the equal cardinality of primal and dual
index sets, see [Urb09, Sec. 8.1]. Interval constructions thus usually retain functions from
wavelet bases on R in an inner part of the domain and design special boundary functions
near 0 and 1, often as linear combinations of other pre-defined functions. Among the first
B-spline constructions of that type were those presented in [DKU99; Pri06]. Here, we use
the bases proposed by Dijkema [Dij09] that are also based on the ones from [CDF92], but
exhibit smaller condition numbers CΥ(H)/CΥ(H), see [Dij09, Sec. 2.3] and Figure 2.4.
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I Figure 2.4 —
Dijkema B-spline
wavelets on (0, 1),
general boundary
functions (blue)
at x = 0 and ho-
mogenous boundary
conditions at x = 1
(red).
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(b) d = d̃ = j = 3

Example 2.63 (L2-orthonormal multiwavelets on (0, 1)). Instead of the biorthogonality
relation Def. 2.51 (iii), one can also aim at the construction of orthonormal spaces in the
sense that

W` ⊂ S`+1 ⊆ Sj ⊥Wj , ∀ ` < j,

so that (Ψ,Ψ)L2(Ω) = Id. Additionally requiring a compact support leads to the uniquely
defined Daubechies wavelets – a famous family of L2(R)-bases that are not, however,
piecewise polynomials (cf. (W3)).
An alternative is to relax the idea of having a single generator function and/or mother
wavelet and consider so-called multiwavelets that are obtained from linear combinations
of several generators. Such constructions were proposed e.g. by Donovan et al. [DGH96;
DGH99] – we use the implementation described in [Rup13]. The generators of linear
L2-multiwavelets (d = 2) are shown in Figure 2.5.

I Figure 2.5 —
Generators for
L2-orthogonal mul-
tiwavelets on (0, 1),
d = 2.
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Tensor Product Spaces

From the above univariate wavelet bases, multidimensional bases can easily be con-
structed for wide ranges of Sobolev spaces through tensor product compositions, if the
multidimensional domain Ω ⊂ Rn is a product domain of the form

Ω := Ω1 × · · · × Ωn.

On such a domain, it can be shown that L2(Ω) h⊗n
i=1 L2(Ωi), see e.g. [LC85, Cor. 1.52].

In that case, the following lemma states that one can construct a multidimensional Riesz
wavelet basis as a simple tensor product of one-dimensional bases.
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Lemma 2.64 ([Dij09, Lemma 3.1.5]). For i ∈ {1, . . . , n}, let H(i) be a Hilbert space
with Riesz basis Υ(i). Then Υ := ⊗n

i=1 Υ(i) := {⊗ni=1γi, γi ∈ Υ(i)} forms a Riesz basis of
the Hilbert space ⊗n

i=1H(i).

Even though not all Hilbert spaces allow such a tensor decomposition, many can be written
as so-called intersection spaces H = ⋂n

i=1H(i) with norm ‖·‖⋂n

i=1H(i) := (∑n
i=1‖·‖2H(i))1/2.

For such cases, the following lemma was shown in [GO95, Prop. 2].

Lemma 2.65 ([Dij09, Lemma 3.1.8]). Let Υ := {γλ : λ ∈ I} be a Riesz basis of a Hilbert
space H, such that there exist dλ,(i) ∈ R by which the rescaled sets Υ(i) := {γλ/dλ,(i) : λ ∈
I} form Riesz bases of the Hilbert spaces H(i) ⊂ H for i = 1, . . . , n. Then, the collection

Υip :=
{

γλ√∑n
i=1 d

2
λ,(i)

: γ ∈ I
}

forms a Riesz basis of Hip := ⋂n
i=1H(i). For the Riesz constants, it holds that

min
i

CΥ(i)(H(i)) ≤ CΥip(Hip), CΥip(Hip) ≤ max
i

CΥ(i)(H(i)).

These results now allow the construction of Riesz wavelet bases for e.g. the Bochner
spaces X , Y as tensor products of univariate wavelet bases. This will be described in
detail in the respective Sections 4.1.2 and 5.1.
To fix notation, we define the following finite dimensional tensor product index sets,
indexed by the multi-index λ = (λ0, . . . , λn), λi ∈ Υ(i), with |λ| := (|λ0|, . . . , |λn|).

∇J := {λ ∈ Υ : ‖ |λ| ‖∞ ≤ J} = ∇(0)
J × · · · × ∇(n)

J , (full index set) (2.50)
∇sp
J := {λ ∈ Υ : ‖|λ| ‖1 ≤ J}. (sparse index set) (2.51)

2.5.2 Wavelet Galerkin Methods
In order to illustrate the wavelet Galerkin method, we consider the following model
problem: Define H and X ,Y ⊂ H to be separable Hilbert spaces with duals X ′, Y ′ and
let B ∈ L(X ,Y ′) be a linear operator so that for any given f ∈ Y ′, the problem

Find u ∈ X : B[u] = f in Y ′, (2.52)

is well-posed.
Assume that Ψ is a basis of H that can be rescaled to be a Riesz basis of X and Y , i.e. that
fulfills norm equivalences of the form ‖d>Ψ‖X ∼ ‖D−1

X d‖`2(J ), ‖d>Ψ‖Y ∼ ‖D−1
Y d‖`2(J ).

Example 2.66. Let H := L2(Ω) and set X = Y = H1
0 (Ω) ⊂ H. By Corollary 2.56, there

exists a uniform Riesz basis Ψ such that

‖d>Ψ‖X = ‖
∑

j≥j0

∑

k∈Jj
d(j,k)Ψ(j,k)‖X ∼

(∑

j≥j0

∑

k∈Jj
22j |d(j,k)|2

)1/2
=: ‖D−1d‖`2(J ),

with (for δi,j denoting the Kronecker delta) D−1 :=
[
2j · δk,k′

]
(j,k),(j′,k′)∈J .
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Hence, ΨX := DXΨ, ΨY := DYΨ are Riesz bases of X , Y. Defining the stiffness matrix
BΨ through the bilinear form b(·, ·) associated to B as

BΨ := 〈Ψ,B[Ψ]〉Y×Y ′ = b(Ψ,Ψ)> = [b(ψλ, ψν)]>λ,ν∈J ,

we obtain for u = u>ΨX the relation

b(u,ΨY)> = DY [b(u,Ψ)]> = DY [b(Ψ,Ψ)]>DXu = DYBΨDXu,

so that with B := DY [b(Ψ,Ψ)]>DX and f := 〈ΨY , f〉Y×Y ′ , we have the following
equivalent formulation of (2.52) as a (bi-infinite) matrix-vector equation with infinite
right hand side in the sequence space `2(J ).

Corollary 2.67 (See also [Urb09, Thm. 6.3]). The function u ∈ X solves B[u] = f for
given f ∈ Y ′ if and only if u ∈ `2(J ) solves

Bu = f , (2.53)

where B := DY [b(Ψ,Ψ)]>DX , f = DY(f,Ψ)H and u = u>DXΨ.

We denote the matrix norm of B by

‖B‖ = ‖B‖L(`2( pJ ),`2( qJ )) := sup
v∈`2( pJ )

‖Bv‖
`2( qJ )

‖v‖
`2( pJ )

and its condition number cond(B) = κ(B) := ‖B‖‖B−1‖.
Note that we have the following relation between the operator B and its stiffness matrix
B, see [Ste09, Sec. 2.1]:

‖B‖`2(J ) ≤ ‖B‖L(X ,Y ′) · [CΨX (X )]
1
2 [CΨY (Y)]

1
2 , (2.54)

‖B−1‖`2(J ) ≤ ‖B−1‖L(X ,Y ′)[CΨX (X )]−
1
2 [CΨY (Y)]−

1
2 , (2.55)

with the previously introduced notation for the Riesz constants of ΨX , ΨY (cf. Def. 2.48).
This implies that cond(B) <∞, i.e. that (2.53) is well-conditioned.

I Figure 2.6 — Structure
of the stiffness matrix B on
index set ∇J , J = 7, corre-
sponding to the Laplace oper-
ator B[u] = ∆u in n = 1 di-
mension, discretized with lin-
ear wavelets (d = d̃ = 2) from
[Dij09].
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Remark 2.68 (Quasi-Sparsity). Unlike for finite elements, the stiffness matrices arising
from wavelet discretizations are in general not sparse. Yet, for many PDE operators it
can be shown that due to the multilevel structure, the corresponding matrices exhibit a
so-called finger structure consisting of several blocks with large diagonals but rapidly
decaying entries at outward indizes. The number of non-zero entries in BΨj is then of
order O(Nj log(Nj)) and B is called quasi-sparse, cf. [Urb09, Sec. 6.2] and Figure 2.6.
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Remark 2.69. Note that D−1
X , D−1

Y can also be considered as (left and right) preconditioner,
as the following can e.g. be shown (cf. [Urb09, Sec. 6.1]) in a symmetric Galerkin setting,
i.e. for DX = DY = D: We have for the matrix sections BΨj := B|Jj×Jj corresponding
to a given level j ≥ j0 and with Dj := D|Jj that

cond(DjBΨjDj) = O(1), j →∞.

Due to the infinite discretization, problem (2.53) is indeed equivalent to the exact problem
in the function space. It can now be solved approximately by a Galerkin projection
onto an appropriate subspace, obtained by restricting the index set J , e.g. levelwise to
∇J for a fixed maximum level J , or using an adaptive method in order to determine
(quasi-)optimal index sets, see Section 5.2.
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Uniform Methods





3Fixed-Point Methods

Using fixed-point methods for the approximation of time-periodic solutions in the context
of RBMs is a natural approach, as it extends existing results from the reduction of initial
value problems (IVPs) as described in Section 2.4.2 to the periodic setting.

We will see, however, that this extension comes at a cost – the computation of peri-
odic solutions via time-stepping methods involves a considerable additional amount of
computational work in comparison to IVPs, which can also not be circumvented in the
time-critical online phase. For this reason, we discuss different approaches in order
to reduce the computational cost at least in the offline training phase and prove their
effectivity in numerical experiments.

Moreover, it is known that in general IVP error bounds are growing in time – this carries
over to the bounds in the periodic setting, even though due to the periodicity of the error
it is even less appropriate here. We will discuss several error bounds, indicate possible
enhancements and investigate their quality at the hand of a numerical example, but
postpone a comparison with alternative methods to Chapter 4 on space-time methods.

Note that we discuss the fixed-point methods in a purely uniform setting, i.e. computing all
solutions on a fixed, parameter-independent finite element mesh. Likewise, all reduction
errors are considered with respect to this truth solution, as in standard RBM.

The chapter is organized as follows: After formulating and discussing possible solution
methods for the periodic truth problem in a time-stepping setting in Section 3.1, we
derive the corresponding RB problem and error estimators for state variable and output
functionals in Sections 3.2 and 3.3. Additional methods to bound the so-called periodicity
error, i.e. the distance of an approximation to a periodic solution, are given in Section
3.4. In Section 3.5, we discuss methods that exploit information computed during the
training phase in order to reduce offline cost. The theoretical results are investigated in
numerical experiments with time-dependent parameter functions in Section 3.6 and we
finally end with a short conclusion in Section 3.7.

Note that some of the results presented here have already been published in [SU12b;
SU12a]. Most were joint work with Antony T. Patera and obtained during a research
stay of the author at Patera’s group at MIT.
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3.1 Fixed-Point Truth Problem
In this chapter, we present fixed-point methods for periodic problems of the form (2.16).
These will then constitute the reference (or truth) for the reduction approaches in the
following section. We begin with a short discussion of the infinite-dimensional problem
in the exact function space setting.
Within the framework of Section 2.2, consider the parameterized linear IVP

ut(t;µ) +A(t;µ)u(t;µ) = f(t, µ) in V ′, t ∈ (0, T ],
u(0;µ) = u0(µ),

(3.1)

for a parameter µ ∈ D ⊂ Rp, endowed with suitable spatial boundary conditions.
Introducing the (parameterized) solution operator

ST,µ : V → V, u(0;µ) 7→ u(T ;µ),

which maps any initial value function u(0;µ) to the corresponding solution u(T ;µ) at time
T of (3.1), periodic solutions of (2.16) can be characterized as fixed points u : ST,µ(u) = u
of ST,µ (cf. [Ste79]).
This suggests the computation of such periodic solutions using Picard iterations: starting
with an initial value u0 := u(0) ∈ V , solve

u(ν+1) = ST,µ(uν), ν = 0, 1, . . . ,

until convergence, i.e. until ‖u(ν+1) − u(ν)‖V ≤ tol for some tolerance tol.
The feasibility of this approach is assured by the following property of ST,µ, which implies
that the sequence of Picard iterations converges to its unique fixed point for any initial
value u(0) ∈ V .

Lemma 3.1 ([LM72; Han91; Ste79; Car74]). Under the assumptions on A(t;µ) in
Section 2.2, the solution operator ST,µ is a strict contraction, i.e.

‖ST,µ‖ ≤ e−α(µ)T < 1.

This immediately indicates that the convergence rate mainly depends on the coercivity
constant α(µ) of the underlying operator A(t;µ), and may thus be rather slow for small
α(µ). Moreover, even though the choice of initial value function u(0) is theoretically
arbitrary, it is a decisive factor for the number of Picard iterations needed to reach
convergence. In Sections 3.5 and 3.4, we further investigate both of these topics in order
to quantify convergence in the RBM setting and to reduce the associated computational
cost.
Remark 3.2. Note that the above property of ST,µ is mainly due to the linearity of A(t;µ).
For non-linear problems, where the periodic solution is not necessarily unique, the choice
of initial value may also determine which of the then several possible fixed-points is found
by the iteration procedure or even whether the approach converges at all. This can be a
serious problem in applications, especially when considering the parameterized setting
where good initial guesses would have to be available for all parameters µ ∈ D, and could
hinder the largely automated RBM procedure.
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Alternative Methods

Admittedly, Picard iterations are the simplest approach for the computation of fixed
point solutions. Under certain assumptions, convergence can be enhanced by employing
for example Newton’s method [Ste79]. This requires, however, both a representation of
the Gateaux derivative of ST,µ as well as the a priori knowledge of strict upper and lower
solutions (fulfilling (3.1) as inequalities), which is usually difficult in our parameterized
setting. Similar obstructions arise in the Newton-Picard scheme proposed in [Lus+98]
and adapted to the embedding into an optimal control context in [Pot12] as well as in
the monotone iterative method of [Pao01].

A fast alternative to compute periodic solutions is the multigrid method presented in
[Hac81]. In the context of optimal control problems with time-periodic states, multigrid
approaches are also employed by [Pot12; ADV09]. As this approach does not lend itself
as easily to the computation of the necessary RBM quantities (see below), we do not
consider it further.

Note that some of the above approaches, e.g. [ADV09; Lus+98], are based on a (vertical)
method of lines formulation, which is then treated by (multiple) shooting or wavefront
relaxation schemes. Alternatively, one can employ Rothe’s method in order to arrive at
a sequence of coupled elliptic problems. The problem of ensuring periodicity, however,
remains essentially the same for both semi-discretizations.

Based on a primal-dual formulation, one can also determine the solution of a time-periodic
problem as the minimizer of the optimization problem

G(u0) := 1
2‖u(T )− u0‖2 → min

u0∈V
. (3.2)

Ambrose and Wilkening [AW10] proposed a quasi-Newton approach for the solution
of (3.2). We have investigated this approach for the example presented in Section 3.6
and found it to converge slower with more PDE evaluations than the simple iterations
described below.

Further approaches include spectral decompositions in the time variable. Such methods
have been investigated for time-independent operators A(t) ≡ A by [Ber82]. See Chapter
4.1.2 for a further discussion of this approach.

Truth Discretization

The above fixed-point approach requires for each evaluation of ST the numerical solution
of one IVP (3.1), respectively its variational formulation

(ut(µ), v)H + a(t, u(µ), v;µ) = 〈f(t;µ), v〉V ′×V ∀ v ∈ V, a.e. t ∈ [0, T ]. (3.3)

Usually, especially in the context of RBMs, such problems are treated by time-stepping
methods, i.e. fully discretized numerical schemes derived either by the method of lines or
Rothe’s method, where spatial discretizations like FEM or FVs are combined with some
θ-scheme in the time variable [GP05; HO08].
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Consider for the ease of exposition a uniform time discretization of [0, T ], i.e.
T := {k∆t =: tk}k=0,...,K , with ∆t = T

K ,

and the implicit Euler method. The discrete solution at time tk is denoted by ukNx ∈ VNx
and corresponds for example to a FEM discretization with Nx basis functions. Setting
u0
Nx(µ) := PVNxu0(µ), i.e. projecting the initial value onto the discrete space VNx , one

then solves for one evaluation of the discretized operator SNx,KT,µ the linear system

(ukNx(µ), vNx)H + ∆t a(tk, ukNx(µ), vNx ;µ)
= (uk−1

Nx (µ), vNx)H + ∆t 〈f(tk;µ), vNx〉V ′×V ∀ vNx ∈ VNx
(3.4)

at each time point tk = 1, . . . ,K.
Remark 3.3. Instead of an implicit Euler scheme, one could employ for example Crank-
Nicolson or a DG approximation. Note, though, that the RBM error estimators (cf. Section
3.3 below) are usually constructed for a specific time-stepping scheme and thus have to
be adapted to other methods. The extension to Crank-Nicolson for time-independent
operators A(t) ≡ A has been done in [KNP11].

The computation of a periodic solution to (3.4) is now obvious: Starting with some
initial value u0,(0)

Nx (µ), solve (3.4) repeatedly, setting u0,(ν)
Nx (µ) = u

K,(ν−1)
Nx (µ) in subsequent

iterations until ‖u0,(I)
Nx (µ)− u0,(I−1)

Nx (µ)‖H ≤ tol. By I = I(tol), we denote the required
number of fixed-point iterations before convergence. We stress that the computational
complexity for the computation of a single snapshot u(µ) is thus of the order O(IKN 2

x ),
that is, increased by a factor I in comparison to snapshot approximations in an IVP
setting.
Remark 3.4. It can be shown (cf. [Han91]) that the contraction property of the solution
operator ST,µ extends to discrete approximations SNx,KT,µ which are obtained by some
spatial discretization combined with, for example, a backward Euler or Crank-Nicolson
temporal scheme, so that convergence of the discretized scheme is ensured as well.

3.2 Fixed-Point RB Problem
Following the usual approach for IVPs, the reduced basis space in the above setting is
then constructed as a spatial approximation VN ⊂ VNx in a POD-Greedy training phase
(see Section 2.4). Note that, having computed a periodic snapshot, the POD step in the
construction of the basis functions does not entail any more computational cost in the
periodic setting than in an IVP context.
By a Galerkin projection of (3.3) onto VN , we thus obtain the reduced problem of finding
uN (µ) ∈ L2(0, T ;VN ) ∩H1(0, T ;V ′N ) such that for almost every t ∈ [0, T ]

( ∂∂tuN (µ), vN )H + a(t, uN (µ), vN ;µ) = 〈f(t;µ), vN 〉V ′×V ∀ vN ∈ VN , (3.5)
uN (0;µ) = uN (T ;µ).

As before, we consider a time-stepping approximation, so that the reduced solution
uN (µ) = {ukN (µ)}Kk=0 then corresponds to a solution of the online fixed-point problem

(ukN (µ), vN )H + ∆t a(tk, ukN (µ), vN ;µ)
= (uk−1

N (µ), vN )H + ∆t 〈f(tk;µ), vN 〉V ′×V ∀ vN ∈ VN , k = 1, . . . ,K,
(3.6)
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with u0
N (µ) = uKN (µ). As in Section 3.1, we denote analogously by Ion = Ion(µ) the number

of fixed-point iterations needed to reach convergence and by u(ν)
N , ν = 0, . . . , Ion(µ), the

reduced solution in the ν-th iteration.

Note that the above POD-Greedy construction of the RB space decreases only the
spatial, not the temporal discretization dimension. The latter is fixed to the original
number of time steps K that is necessary to obtain sufficiently accurate truth solutions.
Moreover, ensuring the periodicity of the reduced solution uN (µ) necessitates a full
fixed-point procedure with Ion(µ) ≥ 1 iterations, resulting in an online computational
effort of O(IonKN3). Again, this means that also in the time-critical online phase the
computational cost in the periodic setting is a multiple of that for IVPs.

However, as the reduced basis contains already some temporal information due to the
POD construction of the basis functions, we can expect the number of necessary online
iterations Ion to be smaller than I in the full truth problem (3.4). This is confirmed in
our numerical experiments, see Section 4.4.

3.3 RB Error Estimators

Similar to the known framework for IVPs, the above discretization allows the construction
of rigorous a posteriori error bounds for the reduced solutions uN (µ), as needed in both
the Greedy training for snapshot selection and the online stage for a posteriori verification
of the approximation quality.

We denote by
ekN (µ) := ukNx(µ)− ukN (µ)

the reduction error with respect to the full truth discretization in the k-th time step and
consider for k ≥ 1 the corresponding residual rkN (·;µ) : VNx → R defined as

rkN (v;µ) := 〈f(tk;µ), v〉V ′×V −
1

∆t(u
k
N (µ)− uk−1

N (µ), v)H − a(tk, ukN (µ), v;µ). (3.7)

The time-stepping approach in both offline and online stage restricts the nature of the
norms in which we can hope to bound the reduction error for the full solution trajectory
uN (µ) = {ukN (µ)}Kk=0 to time-discrete functionals. Like [GP05; HO08], we consider
a spatio-temporal norm for IVPs, but the periodic structure of our problem allows to
interpret this quantity as trapezoidal approximation to ‖ · ‖Y . More specifically, we have
the following error bound for the state variable u.

Proposition 3.5 (Fixed-point error bound). The error eN (µ) := uNx(µ) − uN (µ) =
{ekN (µ)}Kk=1 is bounded in a discrete spatio-temporal norm as

(
∆t

K∑

k=1
‖ekN (µ)‖2V

) 1
2

≤
(

∆t
α2

LB(µ)

K∑

k=1
‖rkN (·;µ)‖2V ′

) 1
2

=: ∆FP
N (µ). (3.8)
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Proof. For k = 1, . . . ,K, the error eN fulfills the recursion

(ekN (µ), vN )H + ∆t a(tk, ekN (µ), vN ;µ) = (ek−1
N (µ), vN )H + ∆t rkN (vN ;µ) ∀ vN ∈ VN .

Testing with vN := ekN (µ) and using coercivity (2.18) as well as Young’s inequality, we
obtain

(
ekN (µ), ekN (µ)

)
H

+ ∆t αLB(µ)‖ekN (µ)‖2V
≤ (ekN (µ), ekN (µ)

)
H

+ ∆t a(tk, ekN (µ), ekN (µ);µ)
=
(
ek−1
N (µ), ekN (µ)

)
H

+ ∆t rkN (ekN (µ);µ)

≤
√(

ek−1
N (µ), ek−1

N (µ)
)
H

√(
ekN (µ), ekN (µ)

)
H

+ ∆t ‖rkN (·;µ)‖V ′‖ekN (µ)‖V

≤ 1
2
((
ek−1
N (µ), ek−1

N (µ)
)
H

+
(
ekN (µ), ekN (µ)

)
H

+ ∆t
αLB(µ)‖r

k
N (·;µ)‖2V ′ + ∆t αLB(µ)‖ekN (µ)‖2V

)
,

so that
(
ekN (µ), ekN (µ)

)
H
− (ek−1

N (µ), ek−1
N (µ)

)
H

+ ∆t αLB(µ)‖ekN (µ)‖2V ≤
∆t

αLB(µ)‖r
k
N (·;µ)‖2V ′ .

Summing over all time steps and using the periodicity of the error yields

(
eKN (µ), eKN (µ)

)
H
− (e0

N (µ), e0
N (µ)

)
H

+ ∆t αLB(µ)
K∑

k=1
‖ekN (µ)‖2V

= ∆t αLB(µ)
K∑

k=1
‖ekN (µ)‖2V ≤

∆t
αLB(µ)

K∑

k=1
‖rkN (·;µ)‖2V ′ .

Remark 3.6. Due to the periodic structure of both truth and RB solution, ‖e0
N (µ) −

eKN (µ)‖V ≤ 2·tol, so that for a sufficiently small tolerance the norm in (3.8) is a trapezoidal
approximation of ‖ · ‖Y :

∆t
K∑

k=1
‖ekN (µ)‖2V ≈ ∆t

(
‖e0
N (µ)‖2V + ‖eKN (µ)‖2V

2 +
K−1∑

k=1
‖ekN (µ)‖2V

)
≈ ‖eN (µ)‖2Y .

Note that the approximation order of the quadrature is restricted a priori by the choice
of time discretization.
Remark 3.7 (Coercivity constants).

a) The above bound can easily be improved by considering time-dependent coerciv-
ity constants, respectively their lower bounds, i.e. αLB(t;µ) ≥ αLB(µ) > 0 with
a(t;u, u;µ) ≥ αLB(t;µ)‖u‖2V for all u ∈ V . The inequality then reads

(
∆t

K∑

k=1
‖ekN (µ)‖2V

) 1
2

≤
(

∆t
αLB(µ)

K∑

k=1

‖rkN (·;µ)‖2V ′
αLB(tk;µ)

) 1
2

=: ∆FP,α(t)
N (µ), (3.9)

but involves the computation of αLB(t;µ) at all considered time points.
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b) We have assumed the existence of a time-independent coercivity constant α(µ) ≤
α(t;µ), t ∈ [0, T ]. In practice, however, if we cannot derive α(µ) analytically, it
has to be approximated as α(µ) ≈ αmin(µ) := mink=0,...,K α(tk;µ). Note that the
above bounds remain exact by replacing αLB(µ) by a computable lower bound
to αmin(µ). In that case, though, the tighter bound (3.9) does not involve any
additional numerical cost in comparison to (3.8) and is thus to be preferred.

Output Error Estimators

Similarly, assuming e0
N (µ) = eKN (µ), we can derive a direct error estimator for linear

output functionals of the form

s(u(µ);µ) :=
∫ T

0
`(t, u(t, µ);µ)dt (3.10)

for some (possibly time-dependent) linear functional `(t, ·; ·) : V ×D → R. Denoting by
p̀k(µ) the Riesz representor of `(tk, ·;µ) in V , i.e.

`(tk, v;µ) =
(p̀k(µ), v

)
V

∀ v ∈ V, k = 1, . . . ,K,

we have the following relation.

Proposition 3.8 (Fixed-point output error bound). The time-discrete output error

s∆t(eN (µ);µ) :=
(∆t

2
[
`(t0, e0

N (µ);µ) + `(tK , eKN (µ);µ)
])

+ ∆t
K−1∑

k=1
`(tk, ekN (µ);µ),

is bounded by

s∆t(eN (µ);µ) ≤
(

∆t
2
[‖p̀0(µ)‖2V + ‖p̀K(µ)‖2V

]
+ ∆t

K−1∑

k=1
‖p̀k(µ)‖2V

) 1
2 ∆FP

N (µ)√
αLB(µ)

=: ∆FP
N,out(µ). (3.11)

In the case of a time-constant functional `(t) ≡ `, this reduces to

s∆t(eN (µ);µ) = ‖p̀(µ)‖V
(

∆t
2
[
e0
N (µ) + eKN (µ)

]
+ ∆t

K−1∑

k=1
ekN (µ)

)

≤ ‖p̀(µ)‖V
∆FP
N (µ)√
αLB(µ)

. (3.12)

Proof. By Cauchy-Schwarz, we have

`(tk, ekN , µ) =
(p̀k(µ), ekN

)
V
≤ ‖p̀k(µ)‖V ‖ekN‖V .
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Then, using the periodicity of the error and Hölder’s inequality, it holds that

s∆t(eN (µ);µ) =
(∆t

2
[
`(t0, e0

N (µ);µ) + `(tK , eKN (µ);µ)
])

+ ∆t
K−1∑

k=1
`(tk, ekN (µ);µ)

≤
(∆t

2
[‖p̀0(µ)‖V ‖e0

N‖V + ‖p̀K(µ)‖V ‖eKN‖V
])

+ ∆t
K−1∑

k=1
‖p̀k(µ)‖V ‖ekN‖V

≤
(∆t

2
[‖p̀0(µ)‖V + ‖p̀K(µ)‖V

]) ‖eKN‖V + ∆t
K−1∑

k=1
‖p̀k(µ)‖V ‖ekN‖V

≤
(

∆t
2
[‖p̀0(µ)‖2V + ‖p̀K(µ)‖2V

]
+ ∆t

K−1∑

k=1
‖p̀k(µ)‖2V

) 1
2

·
(

∆t
2 ‖e

K
N‖V + ∆t

K−1∑

k=1
‖ekN‖2V

) 1
2

≤
(

∆t
2
[‖p̀0(µ)‖2V + ‖p̀K(µ)‖2V

]
+ ∆t

K−1∑

k=1
‖p̀k(µ)‖2V

) 1
2 ∆FP

N (µ)√
αLB(µ)

.

The bound for time-independent outputs can be derived similarly by considering

s∆t(eN (µ);µ) =
(∆t

2
[
`(e0

N (µ);µ) + `(eKN (µ);µ)
])

+ ∆t
K−1∑

k=1
`(ekN (µ);µ)

and proceeding as above.

Remark 3.9. Note that in analogy to Remark 3.6, we can interpret s∆t(eN (µ);µ) as
trapezoidal approximation of the time-continuous output error

s(eN (µ);µ) = s(uN (µ)− uN (µ);µ) =
∫ T

0
`(t, eN (µ);µ)dt.

The error of this approximation depends on the time discretization size ∆t as well as on
the functional `(t, ·;µ) – see Chapter 4.2 for bounds with respect to the time-continuous
output functional s(·;µ).
Remark 3.10. In analogy to (3.9), we define

∆FP,α(t)
N,out (µ) :=

(
∆t
2
[‖p̀0(µ)‖2V + ‖p̀K(µ)‖2V

]
+ ∆t

K−1∑

k=1
‖p̀k(µ)‖2V

) 1
2 ∆FP,α(t)

N (µ)√
αLB(µ)

, (3.13)

which is of course also an upper bound for s∆t(eN (µ);µ).

Calculation of Error Bound Components

The computation of the error bound involves lower bounds of the coercivity constant α(µ)
as well as dual norms of the residuals in each time step. Offline-online decomposition can
be exploited in the calculation of these quantities in an analogous way to Section 2.4 if,
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in addition to the assumption of affine structure (2.38) in the parameter, time and space
can also be separated, i.e. if the involved linear and bilinear forms have the structure

a(t;w, v;µ) =
Qa∑

q=1
θqa(t, µ) aq(w, v), f(t; v;µ) =

Qf∑

q=1
θqf (t, µ) f q(v), (3.14)

for all w, v ∈ V , with θqa, θ
q
f : [0, T ] × D → R and parameter-independent forms aq :

V × V → R, 1 ≤ q ≤ Qa, fq : V → R, 1 ≤ Qf .
If this assumption is not met, one could consider constructing spatial reduced bases V k

N

for each time step separately or, alternatively, employ a temporal EIM [Gre12] to obtain
the required structure. Note that the first approach significantly increases the memory
requirement for a reduced basis, as then all reduced quantities have to be stored for each
time step k = 1, . . . ,K. This is not the case for the temporal EIM, but the performed
interpolatory approximation introduces an additional error contribution which can only
under specific assumptions be bounded rigorously.
The calculation of αLB(µ) in this context is then straightforward and involves the usual
spatial generalized eigenvalue problems. The computation of ‖rkN (·;µ)‖V ′ requires the
computation of Qf + N(Qa + 1) Riesz representors in V , as the composition of the
residual (3.7) from parameter-independent quantities contains not only the affine terms
aq, f q, but also inner products of the type (ukN (µ), w)H , so that Riesz representors for
(ζi, w)H have to be computed for all basis functions ζi, i = 1, . . . , N .

Non-Coercive Problems

So far we have assumed the coercivity of the operator A. For initial value problems, it
is known that the RB theory can be extended to non-coercive problems. In such cases,
an additional stability constant is employed to bound the influence of the non-coercive
parts, cf. e.g. [KNP11; KP10]. However, it turns out that this approach cannot easily be
imitated in a time-periodic setting.
Consider problem (3.3) with an additional continuous but non-coercive operator part
b(t, ·, ·;µ) : V × V → R. With the former notation of αLB(t, µ) as coercivity constant of
a(t, ·, ·;µ), we get as in the proof of Proposition 3.5 for all k = 1, . . . ,K

1
∆t

[(
ekN (µ), ekN (µ)

)
H
− (ek−1

N (µ), ek−1
N (µ)

)
H

]

+ a(tk, ekN (µ), ekN (µ);µ) + 2b(tk, ekN (µ), ekN (µ);µ) ≤ ‖r
k
N (·;µ)‖2V ′
αLB(tk, µ) .

Defining the stability constant

τ(t, µ) := inf
v∈V

1
2a(t, v, v;µ) + 2b(t, v, v;µ)

‖v‖2H
(3.15)

then yields with
(
ekN (µ), ekN (µ)

)
H

= ‖ekN (µ)‖2H at all time steps that

(1 + ∆t τ(tk, µ))‖ekN (µ)‖2H − ‖ek−1
N (µ)‖2H + ∆t

2 a(tk, ekN (µ), ekN (µ);µ)
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= ‖ekN (µ)‖2H − ‖ek−1
N (µ)‖2H + ∆t τ(tk, µ)‖ekN (µ)‖2H + ∆t

2 a(tk, ekN (µ), ekN (µ);µ)

≤ ‖ekN (µ)‖2H − ‖ek−1
N (µ)‖2H + ∆t

[
a(tk, ekN (µ), ekN (µ);µ) + 2b(tk, ekN (µ), ekN (µ);µ)

]

≤ ‖r
k
N (·;µ)‖2V ′
αLB(tk, µ) .

Summing over all time steps and using the periodicity of the error leads to

∆t
2

K∑

k=1
a(tk, ekN (µ), ekN (µ);µ)

≤ ‖e0
N (µ)‖2H − ‖eKN (µ)‖2H −

K∑

k=1
∆t τ(tk, µ)‖ekN (µ)‖2H +

K∑

k=1

∆t‖rkN (·;µ)‖2V ′
αLB(tk, µ)

= −
K∑

k=1
∆t τ(tk, µ)‖ekN (µ)‖2H +

K∑

k=1

∆t‖rkN (·;µ)‖2V ′
αLB(tk, µ)

≤ −
K∑

k=1,
τ(tk,µ)<0

∆t τ(tk, µ)‖ekN (µ)‖2H +
K∑

k=1

∆t‖rkN (·;µ)‖2V ′
αLB(tk, µ) ,

which involves the H-norm of the error at time tk. However, it is exactly this quantity
which is not easily boundable for periodic problems. In order to see this, define a second
stability constant

ρ(t, µ) := inf
v∈V

a(t, v, v;µ) + 2b(t, v, v;µ)
‖v‖2V

, (3.16)

so that for each tk, k = 1, . . . ,K,

‖ekN (µ)‖2H − ‖ek−1
N (µ)‖2H + ∆tρ(tk, µ)‖ekN (µ)‖2H

= (1 + ∆tρ(tk, µ))‖ekN (µ)‖2H − ‖ek−1
N (µ)‖2H

≤ ∆t‖rkN (·;µ)‖2V ′
αLB(tk, µ) .

The usual techniques (see [KP10]) then lead to the bound

‖ekN (µ)‖2H ≤
‖e0
N (µ)‖2H + ∆t∑k

k′=1
‖rk′N (·;µ)‖2

V ′
αLB(tk′ ,µ) ·

∏k′
l=1(1 + ∆tρ(tl, µ))

∏k
l=1(1 + ∆tρ(tl, µ))

. (3.17)

This estimate is computable in IVP problems, as ‖e0
N (µ)‖2H is known for a given initial

value u0(µ). In periodic problems, however, this is not the case, as u0(µ) is unknown.
We can, however, use the estimate (3.17) for k = K and exploit ‖e0

N (µ)‖2H = ‖eKN (µ)‖2H
to obtain

‖eKN (µ)‖2H ≤
∆t∑K

k=1
‖rkN (·;µ)‖2

V ′
αLB(tk,µ) ·

∏k
l=1(1 + ∆tρ(tl, µ))

∏K
l=1(1 + ∆tρ(tl, µ))− 1

=: ∆̃FP,α(t)
K,N,H (µ). (3.18)

It is known [KP10] that (3.17) already overestimates the error unsatisfactorily much and,
moreover, grows exponentially in k, even for asymptotically stable problems. As ρ(t, µ)
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is often rather small in practice, the denominator in (3.18) will be near zero, yielding
another rather inexact bound, which we can, however, formally insert into (3.17) in
order to obtain the required bound in H. These results are summarized in the following
proposition.

Proposition 3.11 (Fixed-point error bounds for non-coercive problems). With the
stability constants τ(t, µ), ρ(t, µ) defined in (3.15), (3.16) and the definition of ∆̃FP,α(t)

K,N,H (µ)
in (3.18), we obtain for all k = 0, . . . ,K the rigorous error bound

‖ekN (µ)‖2H ≤
∆̃FP,α(t)
K,N,H (µ) + ∆t

k∑
k′=1

‖rk′N (·;µ)‖2
V ′

αLB(tk′ ,µ) ·
k′∏
l=1

(1 + ∆tρ(tl, µ))

k∏
l=1

(1 + ∆tρ(tl, µ))
=: ∆̃FP,α(t)

k,N,H (µ).

Moreover, the error is bounded in a squared discrete spatio-temporal norm as

∆t
K∑

k=1
‖ekN (µ)‖2V ≤ −

2∆t
αLB(µ)

K∑

k=1,
τ(tk,µ)<0

τ(tk, µ)∆̃FP,α(t)
k,N,H (µ) + 2∆t

αLB(µ)

K∑

k=1

‖rkN (·;µ)‖2V ′
αLB(tk, µ) .

Remark 3.12. While the above bounds are indeed rigorous, they have two major drawbacks
that render them of less interest in practice. The first is the significant amount of
computational effort involved – not only do we have to estimate τ(t, µ) and ρ(t, µ) at
all evaluated time points, but in order to bound ‖ekN (µ)‖2H , we need the error estimator
∆̃FP,α(t)
K,N,H (µ) which requires information about all steps k = 1, . . . ,K. This implies that

∆̃FP,α(t)
k,N,H (µ) can only be evaluated at tK = T , so that its computation – and, accordingly,

the bound on ∆t∑K
k=1‖ekN (µ)‖2V as well – involve the additional storage of the time-

dependent components.
The second – and more fundamental – difficulty is the known lack of effectivity. For
experiments with (3.17) in IVPs, this has been investigated in [KP10] and [KNP11], as
mentioned above. Here, we additionally replace components of that bound by yet another
(in all probability not very sharp) estimate, so that we cannot expect ∆̃FP,α(t)

k,N,H (µ) and
the resulting bound for ∆t∑K

k=1‖ekN (µ)‖2V to yield useful estimates.
As a possible alternative in case of IVPs, Urban and Patera showed in [UP12] that space-
time bounds can provide far better estimates which correctly mirror the system behaviour
– growing e.g. for non-coercive but stable systems only linearly in T . Such approaches
are even more important in case of periodic problems, even for coercive problems, as
we know that the error (in constrast to the above bounds) does not grow monotonously
(and even less exponentially) in time. We will investigate this issue further in Chapter 4.

3.4 Non-Periodicity Bounds
As mentioned in Section 3.2, the computation of a reduced periodic solution to (3.6) in
the time-critical online stage involves a fixed-point iteration, i.e. a repeated computation
of an N -dimensional IVP over K time steps. Unfortunately, the number of required
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fixed-point iterations is not known a priori and it is thus difficult to assess the online
evaluation costs beforehand.
However, having computed some non-periodic approximation ũN (µ) to the periodic RB
solution uN (µ) of (3.6), e.g. ũN (µ) = u

(ν)
N (µ) for some fixed-point iteration number

ν < Ion(µ), we are able to derive some bounds for the periodicity error

eper
N (t;µ) := uN (t;µ)− ũN (t;µ). (3.19)

This allows to estimate the subsequent online costs to reach a fully periodic solution and
thus enables trade-off decisions between computational effort and required accuracy in
the periodicity of the RB solution.
Let

αH(t;µ) := inf
v∈V

a(t; v, v;µ)
‖v‖2L2(Ω)

(3.20)

be the time-dependent coercivity constant of operator A(t;µ) with respect to the norm
in H = L2(Ω) and denote by

αH(µ) :=
∫ T

0
αH(t;µ)dt (3.21)

its time integrated value. We then obtain the following exponential decay of the periodicity
error over time.

Lemma 3.13 (Exponential decay of periodicity error in H). For a non-periodic RB
solution ũN (µ) of (3.5), the periodicity error decreases exponentially over [0, T ]:

‖eper
N (t;µ)‖H ≤ e−

∫ t
0 αH(s;µ)ds‖eper

N (0;µ)‖H , ∀ 0 ≤ t ≤ T,

so that in particular

‖eper
N (T ;µ)‖H ≤ e−αH(µ)‖eper

N (0;µ)‖H . (3.22)

Proof. As both ũN (µ) and the periodic solution uN (µ) solve (3.6), we have for almost
every t ∈ [0, T ]

(
∂
∂tuN (t;µ), vN

)
H

+ a(t, uN (t;µ), vN ;µ) = 〈f(t;µ), vN 〉V ′×V ∀ vN ∈ VN ,
(
∂
∂t ũN (t;µ), vN

)
H

+ a(t, ũN (t;µ), vN ;µ) = 〈f(t;µ), vN 〉V ′×V ∀ vN ∈ VN ,

so that
(
∂
∂t e

per
N (t;µ), vN

)
H

+ a(t, eper
N (t;µ), vN ;µ) = 0 ∀ vN ∈ VN . (3.23)

Testing with vN = eper
N (t;µ) then yields

(
∂
∂t e

per
N (t;µ), eper

N (t;µ)
)
H

+ a(t, eper
N (t;µ), eper

N (t;µ);µ) = 0 for a.e. t ∈ [0, T ].
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Integration over [0, t], 0 ≤ t ≤ T , leads to

1
2
(
‖eper
N (t;µ)‖2H − ‖eper

N (0;µ)‖2H
)

+
∫ t

0
a(s, eper

N (s;µ), eper
N (s;µ);µ)ds = 0, (3.24)

so that we obtain easily with
∫ t

0 a(s, eper
N (s;µ), eper

N (s;µ);µ)ds ≥ 0 the inequality

‖eper
N (t;µ)‖2H ≤ ‖eper

N (0;µ)‖2H .

However, using (3.20), we can also observe that
1
2
∂
∂t (eper

N (t;µ), eper
N (t;µ)) + αH(t;µ)‖eper

N (t;µ)‖2H ≤ 0,

so that, using Gronwall, we obtain the exponential decay

‖eper
N (t;µ)‖2H ≤ ‖eper

N (0;µ)‖2He−2
∫ t

0 αH(s;µ)ds.

Note here that
∫ t

0 αH(s;µ)ds > 0 as a(t, ·, ·;µ) is assumed to be coercive and ‖·‖V & ‖·‖H .
Inequality (3.22) follows directly for t = T with definition (3.21).

Moreover, we can consider the energy norm

|||v(t)|||2µ := a(t, v(t), v(t);µ)

and obtain the following decay of the periodicity error, even though we cannot specify
any decay rate.

Lemma 3.14 (Decay of periodicity error in the energy norm). For a non-periodic RB
solution ũN (µ) of (3.5), the periodicity error in the energy norm decays over [0, T ]:

|||eper
N (t;µ)|||µ < |||eper

N (0;µ)|||µ, 0 < t ≤ T.

Proof. Consider (3.23) and test with vN = ∂
∂t e

per
N (t;µ):

‖ ∂∂t e
per
N (t;µ)‖2H + 1

2
∂
∂ta
(
t, eper

N (t;µ), eper
N (t;µ);µ

)
= 0.

As this holds for almost every t ∈ [0, T ], integration with respect to time yields

0 =
∫ t

0
‖ ∂∂t e

per
N (s;µ)‖2Hds

+ 1
2
[
a
(
t, eper

N (t;µ), eper
N (t;µ);µ

)− a(0, eper
N (0;µ), eper

N (0;µ);µ
)]

=
∫ t

0
‖ ∂∂t e

per
N (s;µ)‖2Hds+ 1

2
[
|||eper
N (t;µ)|||2µ − |||eper

N (0;µ)|||2µ
]
.

From Lemma 3.13 we know that eper
N (t;µ) 6= eper

N (0;µ) for t > 0. Moreover, both uN (t;µ)
and ũN (t;µ) are linear combinations of snapshots uN (µi) ∈ C(0, T ;H), i = 1, . . . , N , cf.
Theorem 2.30, so that ∂

∂t e
per
N (s;µ) 6= 0 for a non-empty set {s ∈ [0, t]}. This implies∫ t

0‖ ∂∂t e
per
N (s;µ)‖2Hds > 0 and thus the claim.

Finally, we deduce from Lemma 3.13 the following bound on the periodicity error.
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Lemma 3.15 (Periodicity error bound). For a non-periodic RB solution ũN (µ) of (3.5),
the periodicity error can be bounded as

‖eper
N (0;µ)‖H ≤

1
1− e−αH(µ) ‖ũN (T ;µ)− ũN (0;µ)‖H ,

or, equivalently,

‖eper
N (T ;µ)‖H ≤

e−αH(µ)

1− e−αH(µ) ‖ũN (T ;µ)− ũN (0;µ)‖H .

Proof. As uN (µ) is periodic, i.e. uN (0;µ) = uN (T ;µ), we can deduce that

‖ũN (T ;µ)− ũN (0;µ)‖2H = ‖ũN (T ;µ)− uN (T ;µ) + uN (0;µ)− ũN (0;µ)‖2H
= ‖eper

N (T ;µ)− eper
N (0;µ)‖2H . (3.25)

Lemma 3.13 implies that

‖eper
N (T ;µ)− eper

N (0;µ)‖H ≥
∣∣‖eper

N (T ;µ)‖H − ‖eper
N (0;µ)‖H

∣∣

= ‖eper
N (0;µ)‖H − ‖eper

N (T ;µ)‖H (3.26)
≥ ‖eper

N (0;µ)‖H − e−αH(µ)‖eper
N (0;µ)‖H

=
(
1− e−αH(µ)

)
‖eper
N (0;µ)‖H ,

which yields the first inequality. Moreover, we conclude again from Lemma 3.13 that

‖eper
N (T ;µ)‖H ≤ e−αH(µ)‖eper

N (0;µ)‖H

≤ e−αH(µ)

1− e−αH(µ) ‖e
per
N (T ;µ)− eper

N (0;µ)‖H

= e−αH(µ)

1− e−αH(µ) ‖ũN (T ;µ)− ũN (0;µ)‖H .

Output Periodicity Error

Having computed bounds for the periodicity error in the state variable uN (µ), we can
similarly derive estimates for the corresponding error in the output that is caused by a
non-periodic approximation ũN (µ) to uN (µ). Define for a linear output functional (3.10)
this output periodicity error as

eper, out
N (µ) := sN (µ)− s̃N (µ)

:=
∫ T

0
`(uN (t;µ);µ)dt−

∫ T

0
`(ũN (t;µ);µ)dt.

We then obtain the following simple bound.

Lemma 3.16 (Output periodicity error bound). For a non-periodic RB solution ũN (µ)
of (3.5), the output periodicity error can be bounded as

eper, out
N (µ) ≤

(∫ T

0

‖`(µ)‖2V ′
α(t;µ)

)1
2
(

1 + e−αH(µ)

2(1− e−αH(µ))

)1
2
‖ũN (T ;µ)− ũN (0;µ)‖H ,

where α(t;µ) is the coercivity constant of A(t;µ).



3.4 • Non-Periodicity Bounds 61

Proof. Using Cauchy-Schwarz, Hölder’s inequality and the coercivity of A(t;µ), it is clear
that

eper, out
N (µ) =

∫ T

0
`(eper

N (t;µ))dt

≤
(∫ T

0

‖`(µ)‖2V ′
α(t;µ)

)1
2
(∫ T

0
α(t;µ)‖eper

N (t;µ)‖2V
)1

2

≤
(∫ T

0

‖`(µ)‖2V ′
α(t;µ)

)1
2
(∫ T

0
a(eper

N (t;µ), eper
N (t;µ))

)1
2

(3.24)=
(∫ T

0

‖`(µ)‖2V ′
α(t;µ)

)1
2 (1

2
(
‖eper
N (0;µ)‖2H − ‖eper

N (T ;µ)‖2H
))1

2
.

We further observe that

‖eper
N (0;µ)‖2H − ‖eper

N (T ;µ)‖2H
= (‖eper

N (0;µ)‖H − ‖eper
N (T ;µ)‖H) · (‖eper

N (0;µ)‖H + ‖eper
N (T ;µ)‖H)

(3.25),(3.26)
≤ ‖ũN (T ;µ)− ũN (0;µ)‖H · (‖eper

N (0;µ)‖H + ‖eper
N (T ;µ)‖H)

Lemma 3.13
≤ ‖ũN (T ;µ)− ũN (0;µ)‖H ·

(
‖eper
N (0;µ)‖H + e−αH(µ)‖eper

N (0;µ)‖H
)

Lemma 3.15
≤ ‖ũN (T ;µ)− ũN (0;µ)‖H ·

1 + e−αH(µ)

1− e−αH(µ) · ‖ũN (T ;µ)− ũN (0;µ)‖H ,

which yields the claim.

Computation of αH(µ)

So far, we have not discussed how the decay rate αH(µ) can be computed. A simple
lower bound is of course given by

αmin
H (µ) := T · min

t∈[0,T ]
αH(t;µ) ≤ αH(µ), (3.27)

however, as the main computational effort lies in the solution of the eigenvalue problem
αH(t;µ) = infv∈V a(t;v,v;µ)

‖v‖2
L2(Ω)

for each t ∈ [0, T ], this is not easier to compute than αH(µ)
itself.
We can, however, exploit the assumed affine structure (3.14) of a(t, ·, ·;µ) to obtain the
following decomposed bound on αH(µ):

Lemma 3.17 (Computable lower bound for αH(µ)). Let a(t, ·, ·;µ) be given in the affine
form (3.14) and define αqH(t) := infv∈V aq(t;v,v)

‖v‖2
L2(Ω)

. We then have the lower bound

αH,LB(µ) :=
Qa∑

qa=1

[∫ T

0
θqa(t, µ)dt

]
αqH(t) ≤ αH(µ). (3.28)
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Proof. With the definitions (3.21), (3.20) and the affine decomposition (3.14), we obtain

αH(µ) =
∫ T

0
αH(t;µ)dt =

∫ T

0
inf
v∈V

a(t; v, v;µ)
‖v‖2L2(Ω)

dt

=
∫ T

0
inf
v∈V



Qa∑

qa=1
θqa(t, µ) a

q(v, v)
‖v‖2L2(Ω)


 dt

≥
∫ T

0

Qa∑

qa=1
θqa(t, µ) inf

v∈V
aq(v, v)
‖v‖2L2(Ω)

dt

=
Qa∑

qa=1

[∫ T

0
θqa(t, µ)dt

]
inf
v∈V

aq(v, v)
‖v‖2L2(Ω)

,

which proves the claim.

Note that this reduces the computational effort to Qa parameter-independent eigenvalue
problems for αqH(t), q = 1, . . . , Qa, and, similarly, Qa time integrals over the parameter
functions θqaa .

3.5 Reduction of Offline Cost
As we have seen in Section 3.1, the computational cost for the computation of a periodic
solution by a fixed-point approach is several times higher than that of the corresponding
IVP. Moreover, this holds true for both truth solutions as well as the time-critical reduced
solutions. During the construction step of a reduced basis, where several snapshots as
well as RB solutions for all parameters in a given training set have to be determined
repeatedly, this might add up to a substantial, even sometimes prohibitively large total
numerical cost. For this reasons, we are interested in techniques to reduce these offline
cost while maintaining the approximation quality of the reduced basis.
In this section, we propose two main ideas that will then be tested numerically in
Section 3.6.3. We begin by a discussion on favorable choices for the initial guesses in the
fixed-point iterations.

3.5.1 Choice of Initial Values
As we have noted before, the number of fixed-point iterations (I, Ion) before convergence
is highly dependent on the initial value u0,(0) in the first iteration. While this fact is
usually a drawback of iteration methods, we can use it to our advantage by deliberately
choosing initial values that are already good approximations to our desired periodic
solution. This is possible in the training stage of a RBM because we can use existing
information from previous computations.
More specifically, note that in each Greedy iteration we perform a sweep over all
parameters µ ∈ Ξtrain and compute a reduced solution uN (µ) for each one in order
to evaluate the error estimator (cf. Algorithm 2.1). As those are approximations to the
truth solution uN (µ), it is intuitively clear that the following choice of initial value in
snapshot evaluations is probably a good strategy:
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(IT) Assume a reduced basis of dimension N has been constructed and a reduced
solution uN (µ) is available. Then, in order to determine uN (µ), choose as initial
value in the fixed-point algorithm

u
0,(0)
Nx (µ) := u0

N (µ).

Note that for the computation of the (N + 1)-th basis function during training, reduced
solutions of dimension N at all parameters µ ∈ Ξtrain are available.
Similarly, we propose the following strategy for the initialization of reduced fixed-point
problems:

(IR1) Assume a reduced basis of dimension N has been constructed and a reduced
solution uN−1(µ) is available. For the computation of uN (µ), use the initial value

u
0,(0)
N (µ) := u0

N−1(µ).

As we assume that the solutions u are smooth in the parameter (see Section 2.4), another
strategy might be to initialize the fixed-point algorithm for uN (µ) with a reduced solution
of the same dimension but for a “close” parameter. During the Greedy training, this
might be realized by an appropriate ordering of the training set Ξtrain and the following
procedure:

(IR2) Assume a reduced basis of dimension N has been constructed and a reduced solu-
tion uN (µ̃) is available for a close parameter ‖µ̃− µ‖ < tol. For the computation
of uN (µ), use then the initial value

u
0,(0)
N (µ) := u0

N (µ̃).

Note that for an ordering Ξtrain = {µ1, . . . , µntrain}, this is realized as µ̃ = µi−1 for µ = µi,
but might be not ideal for some parameters if ‖µi − µi−1‖ is too large.
Remark 3.18. In linear problems, the fixed-point iterations converge for any initial value
u(0) to a unique solution u = ST,µ(u). Choosing an appropriate initial function u(0)

thus does not alter the obtained periodic solution, so that the iteration procedure is
accelerated without any (negative) effect on the quality of the reduced basis. To be more
precise, the basis that is constructed while using (IT) and/or (IR1) or (IR2) during
training is exactly the same as with any other choice of initial solutions.
As already mentioned in Remark 3.2, this does not hold true for nonlinear problems
where the choice of initial value can determine whether a periodic solution is found by
the fixed-point algorithm and if so, which one of possibly several solutions.

3.5.2 Non-Periodic Basis Functions
Unlike the choice of initial values proposed in Section 3.5.1, the second approach for the
reduction of offline cost does affect the quality of the reduced basis. The underlying idea
is to abandon the paradigm of using periodic snapshots for basis construction.
So far, the point of departure was that reduced problems are obtained as Galerkin
projections onto a basis consisting of highly accurate solutions at specific parameters.
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However, in the usual RBM setting for parabolic problems this is not even the case. Recall
that the POD-Greedy procedure (Section 2.4.2) performs a POD in time in order to obtain
modes that roughly capture the temporal behaviour of the solution, but that the reduced
basis VN is generated only in the spatial domain. This necessitates the solution of another
(reduced) fixed-point problem for every online computation, and it is only this online
procedure that ensures the periodicity of the reduced solution uN (µ).
Instead of performing the POD with periodic snapshots (or rather, their error components
with respect to the reduced basis), we therefore propose to use snapshots u(ν)

Nx(µ), ν < I(µ),
that are not yet converged to a periodic solution. As the number of necessary iterations
I(µ) can be large (and is a priori unknown), this might significantly reduce the offline
computational effort and lead to more predictable training phase durations. However,
with this approach, the approximation quality of the temporal behaviour of the “true”
solution uNx(µ) will suffer, as the POD modes do not contain information about the
periodicity. We thus expect a less optimal reduced basis. However, as the periodicity
of a reduced solution uN (µ) is still assured through the online fixed-point iteration, we
hope that this effect is not too significant.
We summarize the above in the following procedure:

(NPT) Specify a maximum number of iterations νmax that can be spend for each
snapshot computation during the training phase and perform the POD-step
with the possibly non-periodic solution

uNx(µ) :=




u

(νmax)
Nx (µ), if νmax ≤ I = I(µ),
u

(I)
Nx(µ), else .

.

Remark 3.19. Note that this approach might lead to lower computational offline effort
at the expense of increased online cost, as more online fixed-point iterations might be
necessary to obtain periodic reduced solutions. Moreover, as the basis is constructed
from less accurate solutions, we might expect an overall loss in approximation quality,
i.e. a generally larger reduction error.

The consequences of such a procedure can only be determined numerically. We will
return to an analysis of the offline cost reduction possibilities presented in 3.5.1 and 3.5.2
when discussing the numerical experiments in Section 3.6.3. But first, let us present the
parabolic example that will be examined.

3.6 Example: “Moving Boundary”
The error bounds derived in Section 3.3 are proven to be rigorous. However, it is not
clear how sharp those bounds are nor how costly the fixed-point procedure effectively is,
i.e. whether I, Ion � 1. Both are problem-dependent and can thus best be determined
in numerical experiments. In the following, we will present such experiments for a
periodic example problem, focusing especially on the possibilities of offline cost reduction
as presented in Section 3.5. Other examples are considered later in Section 4.4 in
comparison with space-time approaches.
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As this numerical example, we consider the heat equation on a one-dimensional parame-
terized domain. More specifically, we introduce for 0 < µmax < 1 on the time interval
[0, T ] a time-periodic parameter function

µ : [0, T ]→ [0, µmax], µ(0) = µ(T ), (3.29)

which describes the temporal displacement of the left side of the computational domain,
which is given by

Ω = Ωµ(t) := (µ(t), 1) ⊂ R.

Assumption 3.20 (Regularity of parameter function). In addition to (3.29), we require

µ(·) ∈ H1(0, T ) (3.30)

and denote by
D([0, T ]) := {µ fulfills (3.29), (3.30)} (3.31)

the space of all admissible parameter functions.

On the above parameter-dependent domain Ωµ(t), we look for a periodic solution u(t, x) =
u(t, x;µ(t)) to the problem

(MB)





∂
∂tu(t, x)− κ∆u(t, x) = 0 on Ωµ(t), t ∈ [0, T ],

u(t, 1) = 0 ∀ t ∈ [0, T ],
∂nu(t, µ(t)) = g(t;µ(t)) ∀ t ∈ [0, T ],

u(0, x) = u(T, x) on Ωµ(t),

where κ ∈ R+\{0} is some (fixed) parameter describing the diffusivity on the domain
Ωµ(t), ∂nu = ∇u·n denotes the exterior derivative with respect to the normal vector n and
g(·;µ(·)) ∈ L2([0, T ]) the possibly parameter-dependent Neumann boundary condition.
In order to simplify notation, we will in the following often use µ̇(t) := ∂

∂tµ(t) as the time
derivative of the parameter function.
Moreover, we are interested in the linear outputs

sΩ(u) := 1
T

∫ T

0

∫

Ωµ(t)
u(t, x)dxdt,

sΓ(u) := 1
T

∫ T

0

∫

ΓN
µ(t)

u(t, x)dxdt,

where ΓN
µ(t) := {µ(t)}, i.e. the time averages of the solution over the complete domain

and the Neumann boundary, respectively.
Defining additionally the Dirichlet boundary ΓD

µ(t) := {1} and the parameter-dependent
function spaces

Hµ(t) := L2(Ωµ(t)),
Vµ(t) := H1(Ωµ(t)), (3.32)
V D
µ(t) := {v ∈ Vµ(t) : v = 0 on ΓD

µ(t)},

we can formulate the variational formulation corresponding to (MB).
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Corollary 3.21 (Variational formulation of (MB)). For µ(·) ∈ D([0, T ]), define

( ∂∂tw, v)H(µ(t)) :=
∫

Ωµ(t)

∂
∂tw(t, x)v(x)dx,

a(t, w, v;µ(t)) := κ

∫

Ωµ(t)
∇w(t, x) · ∇v(x)dx,

f(t, w;µ(t)) := κ

∫

ΓN
µ(t)

g(t;µ(t))v(s) ds.

If a time-periodic u(µ(·)) is such that for a.e. t ∈ [0, T ] the function u(µ(t)) ∈ V D
µ(t) and

u(µ(t)) satisfies

( ∂∂tu(µ(t)), v)H(µ(t)) + a(t, u(µ(t)), v;µ(t)) = f(t, v;µ(t)) ∀ v ∈ V D
µ(t), (3.33)

it corresponds to a weak solution of (MB).

Proof. Consider a fixed parameter function µ(·) ∈ D([0, T ]). The derivation of the above
formulation then only uses standard arguments as can be found e.g. in [DL92].

We will discuss the existence and uniqueness of such a weak solution in Section 3.6.2 after
having derived in the next section an equivalent problem formulation on a stationary
and parameter-independent reference domain. This formulation is not only necessary for
the application of a RBM, but also facilitates the derivation of necessary conditions on
the parameter function µ(t) for the well-posedness of problem (MB).

3.6.1 Transformation to a Reference Domain
Note that the problem domain Ωµ(t) is not only changing over [0, T ], as the left boundary
is moved back and forth, cf. Figure 3.1, but that this movement is also parameter-
dependent. At the same point in time t ∈ [0, T ], different snapshots are thus defined
on possibly different domains. This effectively prevents the construction of a reduced
solution which is based on the linear combination of such snapshots, cf. Chapter 2.4.
As is usual for parameter-dependent domains (cf. [CTU09; RHP08]), we thus transform
the problem to a single parameter-independent reference domain Ω̂t. In fact, we even
consider an additionally also time-independent domain Ω̂t ≡ Ω0, t ∈ [0, T ].

0 1µ(t)

Ωµ(t)

NFigure 3.1 — Problem domain Ωµ(t)

Before we state the problem formulation of (MB) on such a reference domain, let us first
recall some requirements on the regularity of such transformations. For this purpose,
we introduce the following notational conventions: The spatial variable x̂ ∈ Ω0 on the
reference domain as well as functions v̂ = v̂(t, x̂) : [0, T ] × Ω0 → Rn are marked by ·̂,



3.6 • Example: “Moving Boundary” 67

whereas x ∈ Ωµ(t), v = v(t, x) : [0, T ]× Ωµ(t) → Rn denote the corresponding quantities
on the time- and parameter-dependent domains Ωµ(t). Similarly, ∇̂x and ∇x denote
the gradient with respect to the spatial variable on the reference domain and on Ωµ(t),
respectively.
The following theorem is the well-known chain rule in Sobolev spaces.

Theorem 3.22 (Substitution in Sobolev spaces, [AU10, Theorem 6.22] & [Bré93, Proposi-
tion IX.6]). For all µ(·) ∈ D([0, T ]) and t ∈ [0, T ], let Ω0, Ωµ(t) ⊂ Rn be open domains and
Tµ(t) : Ω0 → Ωµ(t) a family of bijective mappings with Tµ(t)(x̂) = (T (1)

µ(t)(x̂), . . . , T (n)
µ(t)(x̂))>,

x̂ ∈ Ω0, and
Tµ(t) ∈ C1(Ω0

)
, T −1

µ(t) ∈ C1(Ωµ(t)) (3.34)
and Jacobi matrices

JTµ(t) ∈ L∞(Ω0), JT −1
µ(t)
∈ L∞(Ωµ(t)). (3.35)

Then if v ∈ H1(Ωµ(t)), the composition v̂ := v ◦ Tµ(t) ∈ H1(Ω0) and

∂

∂x̂j
(v ◦ Tµ(t))(x̂) =

n∑

i=1

∂

∂xi
v(Tµ(t)(x̂)) ∂

∂x̂j
T (i)
µ(t)(x̂), j = 1, . . . , n,

or, with x = Tµ(t)(x̂),

∇̂xv̂(x̂) = ∇̂x(v ◦ Tµ(t))(x̂) = J>Tµ(t)
(x̂) · (∇xv)(Tµ(t)(x̂)) = J>Tµ(t)

(x̂) · ∇xv(x). (3.36)

Proof. Consider a fixed parameter function µ(·) and time point t ∈ [0, T ]. Then the
above statement can be found e.g. in [AU10, Theorem 6.22] and [Bré93, Proposition
IX.6].

Remark 3.23. The conditions in Theorem 3.22 can be weakened, see e.g. [FN99, Propo-
sition 2.1], where Tµ(t) is only required to be invertible with bounded and Lipschitz
continuous image Ωµ(t) = Tµ(t)(Ω0) and

Tµ(t) ∈W 1,∞(Ω0), T −1
µ(t) ∈W 1,∞(Ωµ(t)).

Similarly, when considering the transformations Tµ(·) as functions in time, we have the
following regularity statement.

Proposition 3.24 (Temporal regularity conditions, [FN99, Proposition 2.2]). Under the
assumptions of Theorem 3.22, let for a fixed parameter function µ(·) the transformation
Tµ(·) : [0, T ] → W 1,∞ ∈ H1([0, T ];W 1,∞(Ω0)

)
. It then holds for v̂ ∈ H1([0, T ];H1(Ω0)

)

that

v = v̂ ◦ T −1
µ(·) ∈ H1([0, T ];H1(Ωµ(t))

)
and ∂v

∂t

∣∣∣∣
T −1
µ(·)(x)

∈ L2
(
[0, T ];H1(Ωµ(t))

)
,

where ∂v
∂t

∣∣
T −1
µ(·)(x) denotes the time derivative of v for a fixed reference point x̂ , i.e.

∂v

∂t

∣∣
T −1
µ(t)(x)(t, x) = dv̂

dt (t, x̂) for x̂ = T −1
µ(t)(x).
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Note that, using the chain rule, we can perform the change of variables

∂v

∂t
(t, x) = ∂v

∂t

∣∣
T −1
µ(·)(x)(t, x) = dv̂

dt (t, T −1
µ(t)(x)) = ∂v̂

∂t
(t, x̂) +

n∑

i=1

∂v̂

∂x̂i
(t, x̂) · ∂x̂i

∂t

= ∂v̂

∂t
(t, x̂) +

n∑

i=1

∂v̂

∂x̂i
(t, x̂) · ∂

∂t
T −1,(i)
µ(t) (x)

= ∂v̂

∂t
(t, x̂) + ∇̂xv̂(t, x̂)> · ∂

∂t
T −1
µ(t)(x) (3.37)

for x̂ = T −1
µ(t)(x), x ∈ Ωµ(t).

Remark 3.25. Note that the above transformation of the temporal derivative introduces
an additional convective term in the spatial component on the reference domain.

We are now ready to state the reference domain and corresponding mapping Tµ(t) for
problem (MB).

Definition 3.26 (Reference domain for (MB)). The parameter- and time-independent
reference domain for example (MB) is defined as Ω0 := [0, 1]. The corresponding
transformation Tµ(·) : [0, T ]× Ω0 → Ωµ(t), (t, x̂) 7→ x = Tµ(t)(x̂) and its inverse are then
given by

Tµ(t)(x̂) = µ(t) + (1− µ(t))x̂, x̂ ∈ Ω0,

T −1
µ(t)(x) = 1

1− µ(t)x(t)− µ(t)
1− µ(t) , x ∈ Ωµ(t).

(3.38)

Note that both functions are well-defined as µ(t) ∈ [0, µmax] is bounded away from 1, so
that |Ωµ(t)| > 0 for all t ∈ [0, T ] and parameter functions µ(·) ∈ D([0, T ]).

Proposition 3.27 (Properties of Tµ(t)). It holds that
(i) The transformations Tµ(t), T −1

µ(t) given in (3.38) fulfill the conditions (3.34), (3.35)
of Theorem 3.22 for any fixed parameter function µ(t), t ∈ [0, T ].

(ii) Tµ(·) ∈ H1([0, T ];W 1,∞(Ω0)
)

for all µ(·) ∈ D([0, T ]), so that the mapping also
meets the requirements of Proposition 3.24.

Proof. (i) The first statement is clear, as Tµ(t), T −1
µ(t) are linear in the spatial variables

for all x̂ ∈ Ω0, x ∈ Ωµ(t), respectively.

(ii) Consider a fixed parameter function µ(·) ∈ D([0, T ]). It holds that Tµ(·) ∈
L2(0, T ;W 1,∞(Ω0)), since
∫ T

0
‖Tµ(t)‖2W 1,∞(Ω0)dt =

∫ T

0
max
|α|≤1
‖∂αx̂Tµ(t)‖2L∞(Ω0)dt

=
∫ T

0
max{ max

x̂∈[0,1]
[µ(t)− (1− µ(t))x̂], max

x̂∈[0,1]
[1− µ(t)]}2dt

=
∫ T

0
1 dt <∞,

as µ(t) < µmax < 1 for all t ∈ [0, T ].
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For the time derivative ∂Tµ(t)
∂t (x̂) = µ̇(t)− µ̇(t) x̂ = µ̇(t)(1− x̂) of the transformation,

we have that
∫ T

0
‖∂Tµ(t)

∂t ‖2W 1,∞(Ω0)dt =
∫ T

0
max{ max

x̂∈[0,1]
[µ̇(t)(1− x̂)],−µ̇(t)}2dt

=
∫ T

0
|µ̇(t)|2dt <∞,

as µ̇(·) ∈ L2(0, T ) due to Assumption 3.20. This implies that also ∂Tµ(·)
∂t ∈

L2(0, T ;W 1,∞(Ω0)) and thus Tµ(·) ∈ H1([0, T ];W 1,∞(Ω0)
)
.

The above results now allow the variational formulation of (MB) on the stationary
reference domain Ω0 = [0, 1]. In analogy to (3.32), we consider the boundaries ΓD

0 := {1},
ΓN

0 := {0} and function spaces

H := L2(Ω0), V := H1(Ω0), V D := {v ∈ V : v = 0 on ΓD
0 }.

Lemma 3.28 (Transformation onto reference domain). For µ(·) ∈ D([0, T ]), define

( ∂∂t ŵ, v̂)H :=
∫

Ω0

∂
∂t ŵ(t, x̂)v̂(x̂)dx̂,

â(t, ŵ, v̂;µ(t)) := µ̇(t)
1− µ(t)

∫

Ω0
(x̂− 1)∇̂xŵ(t, x̂)v̂(x̂)dx̂

+ κ

(1− µ(t))2

∫

Ω0
∇̂xŵ(t, x̂) · ∇̂xv̂(x̂)dx̂,

f̂(t, v̂;µ(t)) := κ g(t;µ(t))
(1− µ(t))2

∫

ΓN
0

v̂(ŝ) dŝ.

Then for any time-periodic solution û(µ(·)) which satisfies for a.e. t ∈ [0, T ] that
u(µ(t)) ∈ V D and

( ∂∂t û(µ(t)), v̂)H + â(t, û(µ(t)), v̂;µ(t)) = f̂(t, v̂;µ(t)) ∀ v̂ ∈ V D, (3.39)

the mapped function u(µ(·)) := û(µ(·)) ◦ Tµ(·) is a weak solution of (MB).

Proof. Consider (3.33). By the chain rule (3.36) for x := Tµ(t)(x̂) ∈ Ωµ(t), x̂ ∈ Ω0, we
find that

∇xw(t, x) = J−>Tµ(t)
(x̂) · ∇̂xŵ(t, x̂) = J>T −1

µ(t)
(x) · ∇̂xŵ(t, x̂).

With (3.37) and

J−>Tµ(t)
(x̂) =

[
∂
∂x̂Tµ(t)(x̂)

]−1
= (1− µ(t))−1,

∂
∂tT −1

µ(t)(x) = ∂

∂t

x− µ(t)
1− µ(t) = −µ̇(t)(1− µ(t))− (x− µ(t))(−µ̇(t))

(1− µ(t))2

= µ̇(t)
(1− µ(t))2 (x− 1) = µ̇(t)

(1− µ(t))2 (µ(t) + (1− µ(t))x̂− 1)

= µ̇(t)
1− µ(t)(x̂− 1),
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we obtain

∇xw(t, x) = (1− µ(t))−1∇̂xŵ(t, x̂),
∂
∂tw(t, x) = ∂ŵ

∂t
(t, x̂) + µ̇(t)

1− µ(t)(x̂− 1) · ∇̂xŵ(t, x̂),

and can thus transform the integrals in (3.33):
∫

Ωµ(t)

∂
∂tw(t, x)v(x)dx =

∫

Ω0

[
∂ŵ

∂t
(t, x̂) + µ̇(t)(x̂− 1)

1− µ(t) ∇̂xŵ(t, x̂)
]
v̂(x̂)|det JTµ(t)(x̂)|dx̂

= (1− µ(t))
∫

Ω0

[
∂ŵ

∂t
(t, x̂) + µ̇(t)(x̂− 1)

1− µ(t) · ∇̂xŵ(t, x̂)
]
v̂(x̂)dx̂,

∫

Ωµ(t)
∇w(t, x)∇v(x)dx =

∫

Ω0
(1− µ(t))−1∇̂xŵ(t, x̂)(1− µ(t))−1∇̂xv̂(x̂)|det JTµ(t)(x̂)|dx̂

= (1− µ(t))−1
∫

Ω0
∇̂xŵ(t, x̂) · ∇̂xv̂(x̂)dx̂,

∫

ΓN
µ(t)

g(t;µ(t))v(s) ds =
∫

ΓN
0

g(t;µ(t))v̂(ŝ)|det JTµ(t)(ŝ)| dŝ

= (1− µ(t))−1
∫

ΓN
0

g(t;µ(t))v̂(ŝ) dŝ.

Dividing by 1− µ(t) > 0 then yields the above formulation.

Remark 3.29. In fact, as we are working on a one-dimensional domain Ω, the boundary
integrals

∫
ΓN

0
v̂(ŝ) dŝ reduce to simple point evaluations v̂(0).

Remark 3.30.
a) Note that the transformation onto the reference domain Ω0 means that we have

moved the time and parameter dependency of the underlying geometry Ωµ(t) into
parameter-dependent coefficients of the linear and bilinear forms in the variational
formulation 3.39. This permits now a joint discretization for all solutions û(µ(·)),
defined on Ω0, so that linear combinations of snapshots for different parameter
functions and thus the construction of reduced solutions are rendered possible.

b) It is clear from (3.39) that the variational problem on the reference domain admits
an obvious affine decomposition of the form (2.38) with Qb = 3 and Qf = 1 terms.

3.6.2 Well-Posedness
Apart from enabling the use of RBM for problems with time- and parameter-dependent
geometries, the transformation onto a reference domain in the preceding section has
supplied us with a variational formulation that now allows the derivation of conditions
for its well-posedness by standard arguments from PDE theory.
More precisely, we aim at conditions on the coefficients of â(t, ŵ, v̂;µ(t)) such that this
bilinear form is coercive. As we have discussed in Chapter 2.2, this ensures the existence
and uniqueness of solutions of problems of the form (3.39). Note that in addition
to the coercive Laplace operator a(t, ·, ·;µ(t)) on the computational domain, the form
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â(t, ·, ·;µ(t)) includes a convection term that has been introduced by the transformation
onto Ω0, so that coercivity is not ensured naturally.
The following theorem establishes such conditions on the parameter functions µ(·) and
the diffusivity constant κ. It requires, however, the existence of a positive Rayleigh
quotient

ρ := inf
v̂∈V

|v̂|V
‖v̂‖H + v̂2(0) , (3.40)

which – like the related Poincaré constant – depends on the domain Ω0 as well as on V .
Remark 3.31. Usually, the constant ρ can be estimated by solving an appropriate
eigenvalue problem on V D. For this purpose, it can be computationally beneficial to use
the equivalent representation

ρ = inf
v̂∈V D

∫
Ω0
∇̂xv̂(x̂) · ∇̂xv̂(x̂)dx̂

∫
Ω0
v̂(x̂)v̂(x̂)dx̂− 2

∫
Ω0
v̂(x̂)∇̂xv̂(x̂)dx̂ ,

which can be obtained by the observation that
∫

Ω0
v̂(x̂) · ∇̂xv̂(x̂) dx̂ =

∫

Ω0

1
2∇̂x

(
v̂2(x̂)

)
dx̂ = 1

2
[
v̂2(x̂)

∣∣∣
1

0
= −1

2 v̂(0),

since v̂(1) = 0 for v̂ ∈ V D.

Theorem 3.32 (Existence of solution). If ρ > 0 and µ(·) ∈ D([0, T ]) such that

|µ̇(t)| < κρ

1− µ(t) ∀ t ∈ [0, T ], (3.41)

the bilinear form â(t, ŵ, v̂;µ(t)) is coercive with coercivity constant

α̂(µ(t)) = min{1, κρ}
2(1− µ(t))2 > 0.

This implies that there exists a unique solution of (3.39) and hence a unique weak solution
of (MB).

Proof. Defining the notation

ΘL(µ(t)) := κ

(1− µ(t))2 , ΘC(µ(t)) := µ̇(t)
1− µ(t) ,

we obtain for all v̂ ∈ V D (dropping the integration arguments for the sake of better
readability) that

â(t, v̂, v̂;µ(t)) = ΘL(µ(t))
∫

Ω0
∇̂xv̂∇̂xv̂ + ΘC(µ(t))

∫

Ω0
(x̂− 1) · ∇̂xv̂ · v̂

= ΘL(µ(t))
∫

Ω0
∇̂xv̂∇̂xv̂ + ΘC(µ(t))

∫

Ω0
(x̂− 1) · 1

2∇̂x(v̂v̂)

= ΘL(µ(t))
∫

Ω0
∇̂xv̂∇̂xv̂ + 1

2ΘC(µ(t))
([
v̂2(x̂)(x̂− 1)

∣∣1
0 −

∫

Ω0
v̂v̂

)
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= 2 · 1
2ΘL(µ(t))

∫

Ω0
∇̂xv̂∇̂xv̂ + 1

2ΘC(µ(t))
(
v̂2(0)−

∫

Ω0
v̂v̂

)

≥ 1
2ΘL(µ(t))

∫

Ω0
∇̂xv̂∇̂xv̂ + 1

2
[
ρΘL(µ(t))−ΘC(µ(t))

] ∫

Ω0
v̂v̂

+ 1
2
[
ρΘL(µ(t)) + ΘC(µ(t))

]
v̂2(0)

≥ 1
2 min

{
ΘL(µ(t)), ρΘL(µ(t))−ΘC(µ(t))

}‖v̂‖2V

+ 1
2
[
ρΘL(µ(t)) + ΘC(µ(t))

]
v̂2(0).

Since
ρΘL(µ(t))±ΘC(µ(t)) = κρ± µ̇(t)(1− µ(t))

(1− µ(t))2 ,

it holds that

ρΘL(µ(t))−ΘC(µ(t)) > 0 ⇐⇒ µ̇(t) < κρ

1− µ(t) ,

ρΘL(µ(t)) + ΘC(µ(t)) > 0 ⇐⇒ µ̇(t) > − κρ

1− µ(t) .

As ΘL(µ(t)) > 0 and v̂2(0) > 0, the condition (3.41) ensures that

â(t, v̂, v̂;µ(t)) ≥ c(µ(t))‖v̂‖2V , ∀ t ∈ [0, T ],

where

c(µ(t)) = 1
2 min

{
ΘL(µ(t)), ρΘL(µ(t))−ΘC(µ(t))

}

= 1
2(1− µ(t))2 min

{
1, κρ− µ̇(t)(1− µ(t))

}

≥ 1
2(1− µ(t))2 min

{
1, κρ

}

=: α̂(µ(t)).

The well-posedness of the variational problem (3.39) now follows as in Chapter 2.2.

3.6.3 Numerical Experiments
For our numerical experiments, we first have to specify how to deal with the infinite-
dimensional space of parameter functions. As usual, we will not consider the full
space of all admissible parameter functions as defined in (3.31), but look only at a
subset D̃MB ⊂ D([0, T ]). Having discussed possible choices of D̃MB, reduced bases are
constructed using the different error bounds derived in Section 3.3.
The error bounds as well as the fixed-point procedures described in Sections 3.1–3.5 were
implemented in C++, based on the RBM software rbOOmit [KP11], which is published
as part of the high-performance parallel FEM library libMesh [Kir+06], using the svn
revision r4323.
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Parameterization of Parameter Functions

As we have seen in Section 2.4, the training of a reduced basis is usually effectuated
over a representative discrete parameter training set Ξtrain ⊂ D, which is in most cases
realized as a (uniform or logarithmic) grid over the parameter space D ⊂ Rp. In the case
of parameter functions µ(·) ∈ D([0, T ]), however, defining such a training sample in an
infinite-dimensional space is not straightforward.
A possible solution is to replace the Greedy step in line 4 in Algorithm 2.1 by an
optimization procedure, as proposed in [BWG08; UVZ14]. This avoids the need to
construct a discrete Ξtrain, but entails in this case an optimization over (a part of) an
infinite-dimensional function space. Using random sample sets as in [HSZ11] allows the
construction of a discrete training set if a uniform random sampler over D̃MB is available,
which is not always constructed easily. In [May15], infinite-dimensional parameter spaces
are treated with the help of series expansions, using e.g. wavelets.
Here, we follow a different approach and restrict ourselves to certain function types, i.e.
parameterized time-dependent functionals f : D ⊂ Rp → D([0, T ]), a 7→ µa(·). This now
allows an easy construction of Ξtrain via the selection of a grid covering D.
More specifically, we consider for a parameter a ∈ R the two parameterized functions

µcos(t; a) := a (cos(2πt− π) + 1) ,

µquad(t; a) := −a
(
t− 1

2

)2
+ 1

4a,

with µ(0; a) = µ(T ; a) = 0 for all a ∈ R, µ = µcos, µquad, see Figure 3.2a for examples of
µcos, µquad for selected parameters. In the following, we will frequently refer to a as the
inner parameter of a parameter function µ(·).
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(a) Parameter functions
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x

(b) Solution u(µ(·)) for µcos(·; 0.015)

NFigure 3.2 — Moving boundary example.

Moreover, we set κ = 0.2 as well as the Neumann boundary condition

g(t;µ(t)) = −µ̇(t), t ∈ [0, T ],

in all numerical examples.
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As truth discretization, we use linear Lagrangian finite elements on a uniform mesh on
Ω0, choosing Nx = 50 and a uniform time discretization on [0, T ], T = 1, with K = 100
time steps. A sample solution for µ(·) = µcos(t; 0.015) is shown in Figure 3.2b, where we
plot u(µ(ti)), ti = 0.01 · i for i = 1, . . . ,K.
On this discretization, the Rayleigh quotient (3.40) is computed to be ρ = 0.740179, so
that we obtain for the above parameter functions the parameter domains

D̃cos
MB := {µcos(·; a), a ∈ Dcos := [0, 0.023]},

D̃quad
MB := {µquad(·; a), a ∈ Dquad := [0, 0.14]},

for which the parameter functions fulfill the admissibility condition (3.41).

POD-Greedy Training
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(a) Greedy training errors

N µcos µquad

1 0.0092 0.056
2 0.023 0.14
3 0.023 0.14
4 0.023 0.14
5 0.023 0.14
6 0.023 0.14
7 0.023 0.14
8 0.023 0.14

(b) Greedy parameters a ∈ D

NFigure 3.3 — POD-Greedy training.

In order to train the reduced bases, we construct Ξtrain to be a uniform mesh over Dcos

and Dquad, respectively, with ntrain = 15 parameters and perform a separate POD-Greedy
training with error bound (3.9) as in Algorithm 2.2 for both parameter function types. As
fixed-point tolerance we choose ‖u(0)− u(T )‖2 ≤ 10−8 for both truth and RB solutions.
The inner parameters for the initial basis function are set to a = 0.0092 ∈ Dcos and
a = 0.056 ∈ Dquad, respectively.
The training behaviour for both is displayed in Figure 3.3, where we see the Greedy
errors maxµ∈Ξtrain ∆FP

N (µ) (3.3a) and the inner parameters a ∈ Dcos,Dquad chosen in each
Greedy iteration (3.3b).
We see that 8 basis functions are enough for parameter function type µcos to fully
represent the truth problem, as then an error plateau (at approximately the square root
of the machine precision) is reached, while the basis for µquad is clearly not yet saturated
at that point. Note that this might be an effect of the larger inner parameter domain
Dquad which is due to its smaller temporal variation.
Noticeable is also the Greedy parameter choice in both RB constructions – after the initial
snapshot, only POD modes for the respective extremal inner parameter values are added.
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This implies that the temporal variation within the snapshots is in both cases larger than
the difference due to the values of a. As this is only an academic example, this allows
us to focus our attention on the challenges arising from the time periodicity. However,
before we turn to the numerical verification of the offline cost reduction approaches
presented in Section 3.5, we first examine the quality of the error bounds.

Error Bound Quality

In order to assess the sharpness of the error bounds (3.8), (3.9), we consider a test set
Ξtest ∩ Ξtrain = ∅ with ntest = 23 parameters and compute for µ ∈ Ξtest the error in
the discrete spatio-temporal norm approximation to ‖eN (µ)‖Y , N = 1, . . . , Nmax, (cf.
Remark 3.6) as well as the corresponding bounds. The maxima of these quantities over
Ξtest are displayed in Figure 3.4a (for µcos) and 3.4b (µquad), respectively.
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NFigure 3.4 — Online tests – error in state variable uN (µ).

It is apparent that the maximum error converges as predicted by the Greedy estimate
in the training phase, indicating that the training set Ξtrain sufficiently covers the
parameter domain. Moreover, we observe that the effectivies of ∆FP

N (µ) are for both
parameter function types in the range of about 2 orders of magnitude (ηcos ∈ [7, 230],
ηquad ∈ [108, 225]). Using the more precise bound ∆FP,α(t)

N (µ) reduces this to ηcos ∈ [4, 67],
ηquad ∈ [49, 98]. Note that the apparent loss of rigor at N = 8 for µcos is only due to
numerical errors, as both error and error bound are at machine precision. However, both
bounds exhibit essentially the same convergence behaviour as the error itself.
Unfortunately, this does not hold true for the output bounds (3.11), (3.13), for which
we performed the same calculations as above. The results for the domain output sΩ(u)
can be seen in Figure 3.5. The output errors converge for both parameter function types
faster than the bounds indicate, resulting in effectivities between 116 and 41056 (ηcos),
respectively between 470 and 71885 (ηquad) for ∆FP

N,out(µ). Using ∆FP,α(t)
N,out (µ) reduces this

to ηcos ∈ [5, 3653] and ηquad ∈ [229, 32553], but is still far from sufficient. This behaviour
might be due to the crude Cauchy-Schwarz inequality that is the basis of the output
error bounds (cf. Prop. 3.8) and could then be improved by primal-dual error estimators.
Similarly, targeting the training of the respective bases to a specific output by using
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NFigure 3.5 — Online tests – error in domain output sΩ(u(µ)).
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NFigure 3.6 — Online tests – error in boundary output sΓ(u(µ)).

e.g. ∆FP
N,out(µ) in the Greedy procedure would probably result in better online output

estimates.
For completeness, we display the analogous data for the boundary output sΓ(u) in Figure
3.6. Without giving detailed numbers, we find that the results are qualitatively similar
to those for sΩ(u).

Reduction of Offline Cost – Choice of Initial Values

In Section 3.5.1, we discussed the possible reduction of computational costs during the
offline training phase by a good initialization of the fixed-point procedures. We test the
strategies presented there in the construction of a RB for µcos. The respective number
of iterations I, Ion necessary to reach the fixed-point tolerance tol = 10−8 is given in
Table 3.1, where “Truth” corresponds to the computation of the N -th snapshot uNx(µ∗)
in each Greedy iteration and “∅ RB” is the average over all reduced solutions uN (µ),
µ ∈ Ξtrain. As mentioned, the choice of initial values does not influence the periodic
solution, so that the constructed bases are the same for each strategy. This is reflected
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in the Greedy errors at N = 8 which are all in [1.12 · 10−7, 2.53 · 10−7], i.e. at about the
square root of machine precision.

No Init. (IT) (IT) & (IR1) (IT) & (IR2)
N a Truth ∅ RB Truth ∅ RB Truth ∅ RB Truth ∅ RB
1 0.0092 25 2.87 25 2.87 25 2.87 25 2.87
2 0.0230 27 11.87 26 11.87 26 11.53 26 11.13
3 0.0230 27 24.60 23 24.60 23 19.47 23 23.40
4 0.0230 27 24.67 8 24.67 8 5.00 8 23.40
5 0.0230 27 24.67 2 24.67 2 2.67 2 23.40
6 0.0230 27 24.67 2 24.67 2 1.93 2 23.40
7 0.0230 27 24.67 1 24.67 1 1.93 1 23.40
8 0.0230 27 24.67 1 24.67 1 1.93 1 23.40

Total 214 162.69 88 162.69 88 47.33 88 154.40

NTable 3.1 — Number of fixed-point iterations for different initial values, RB training
for µcos.

Without initialization, the number of both truth and fixed-point iterations is stable,
influenced only by the parameter in case of uNx and the size of the basis in case of uN .
In total, we thus need for the complete training resulting in a basis with dimension
N = 8 214 truth and on average 162 reduced fixed-point iterations, which is 25-27 times
the effort of a training for a non-periodic IVP. Since we are interested in the effects of
initialization, we neglect here that the number of snapshot iterations could be reduced in
this specific example by calculating the solution for a = 0.023 only once.

Setting u0,(0)
Nx (µ∗) := u0

N−1(µ∗) in the N -th snapshot computation (strategy (IT), N > 1)
shows the potential of an appropriate initialization. While the effect is visible but still
marginal for small basis sizes N = 2, 3, where uN (µ∗) is only a rough approximation, we
can reduce the number of fixed-point iterations to I = 2 and even I = 1 in later Greedy
steps, so that the computation of a periodic snapshot is not much more computationally
expensive than the solution of a single IVP. The total effort for snapshot computations is
thus only 40% of the training without initialization.

Combining this with the initialization (IR1) of the reduced fixed-point procedures, i.e.
setting u

0,(0)
N (µ) := u0

N−1(µ) for all µ ∈ Ξtrain, further lowers the training effort. We
observe the same reduction of iterations, here to Ion ≈ 2 on average for N large enough,
resulting in an average of 47 iterations instead of 163 per parameter in the training set.

Strategy (IR2), however, which sets u0,(0)
N (µi) := u0

N (µi−1) for sorted training parameters
µ1, . . . , µntrain , is not as successful. Here, the number of iterations decreases on average
only by 1, which corresponds to a reduction to about 95% of the original computational
effort. Note that the strategy is based on the assumption that solutions are similar for
nearby parameters, which might be violated here. Another reason might be that the
training set Ξtrain does not cover D̃cos

MB densely enough, so that the distance between µi,
µi−1 is too large.
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In summary, we see that the simple utilization of already available information during
the RB training can decrease the amount of total computational offline effort for periodic
problems significantly.

Reduction of Offline Cost – Non-Periodic Basis Functions

The second approach for offline cost reduction employs non-periodic snapshots as basis
functions, on the basis that the periodicity of reduced solutions uN (µ) is guaranteed by
the inevitable fixed-point iteration in the online phase, cf. Section 3.5.2. The constructed
basis is then surely not optimal, which might result on the one hand in reduced bases of
a larger dimension N and on the other hand in an increased online cost, as more reduced
fixed-point iterations are needed to obtain a periodic RB solution.
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Tol Orig. (NPT) (NPT)&(IT)

1 · 10−1 3 3 3
1 · 10−2 3 4 4
2 · 10−3 4 5 5
1 · 10−3 5 5 5
1 · 10−4 5 7 6
5 · 10−5 5 8 6
1 · 10−5 6 9 7
1 · 10−6 6 10 8

(b) Nb. of basis functions for Greedy tol

NFigure 3.7 — RB training for µcos with non-periodic snapshots.

In order to examine both possible effects, we construct again reduced bases for µcos and
examine the maximum errors over the test set Ξtest as above. In Figure 3.7, we compare
the original basis construction with the “worst case” strategy (NPT) with νmax = 1 as
well as with a combination of (NPT) and the initialization (IT).
It is obvious from Figure 3.7a that not only the reduction error itself but also its
convergence with respect to the basis dimension N is far worse when using non-periodic
snapshots. However, this can be improved with the combination of (NPT) and (IT), as
this leads to snapshots with a smaller periodicity error after νmax = 1 iterations. The
same picture presents itself when looking at the basis dimension N that is necessary
to reach a given Greedy tolerance for the different strategies in Figure 3.7b. Training
only with (NPT) leads to bases that are for some tolerances 1.5 times as large as those
with periodic basis functions. Again, additionally using (IT) reduces this drawback
significantly. Note that both strategies have the same computational effort, which is
for νmax = 1 equivalent to that of an IVP and thus in this example about 1

27 of the
unmodified snapshot computation (cf. Table 3.1).
Online tests for the maximum error in the outputs sΩ, sΓ for the different basis construc-
tions (Figure 3.8) confirm the above observations.
As additional information, the average numbers of RB fixed-point iterations during the
Greedy trainings are listed in Table 3.2. Apart from some slight variation for N = 2, . . . , 4
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NFigure 3.8 — Output online tests with non-periodic snapshots.

we observe no significant difference between the various basis constructions. Thus, while
the impact of non-periodic snapshots on the basis quality, i.e. on the reduction error,
seems to be non-negligible, the offline cost appear not to be affected.

N Orig. (NPT) (NPT)&(IT)

1 2.87 2.87 2.87
2 11.87 13.73 9.20
3 24.60 23.87 23.40
4 24.67 24.60 24.67
5 24.67 24.67 24.67
6 24.67 24.67 24.67
7 24.67 24.67 24.67
8 24.67 24.67 24.67

NTable 3.2 — ∅ RB fixed-point iterations with non-periodic basis functions.

Non-Periodicity Bounds

Finally, we would like to investigate the bounds for non-periodicity derived in Section
3.4. For this purpose, we compare for a uniform grid of inner parameters a ∈ Dcos the
non-periodic approximation u

(ν)
Nx(µcos(a)), ν = 1, with a periodic solution uNx(µcos(a))

and compute for both the solution uNx(T ;µcos(a)) at the final time T and the domain
output sΩ(uNx(µcos(a))) the exact periodicity errors ‖eper

N (T ;µcos(a))‖H , eper, out
N (µcos(a))

as well as the bounds given in Lemmas 3.15 and 3.16. As computable bound for the
decay rate αH(µ), we investigate both the simple lower bound αmin

H (µcos(a)) as well as
the affine decomposition αH,LB(µ)(µcos(a)).

The results are displayed in Figure 3.9. For both the state variable and the output, the
respective bounds behave like the error, with effectivities of ηper

u ∈ [1.55, 2] for the state
at time t = T and ηper

sΩ ∈ [2.7, 4.3] in case of the domain output.
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NFigure 3.9 — Periodicity errors and bounds for parameter function µcos(a).

It is also apparent that the computation of the decay rate αH(µ) does not visibly influence
the output bound while especially for larger inner parameter values the difference in the
bound for‖eper

N (T ;µ)‖H is not negligible.

3.7 Conclusions
In this chapter, we have developed RB methods for time-periodic problems based on fixed-
point time-stepping methods. We derived error bounds for state and output variables as
well as for the periodicity error. The numerical experiments indicated that the estimator
effectivities are for the state variable within the usual range for IVP problems but larger
than desired for the considered outputs. In both cases, the effectivity can be improved
significantly by using time-dependent coercivity constants αLB(t, µ).
As the numerical cost for fixed-point evaluations in both offline and online phase is
significant, we discussed possible approaches for offline cost reduction. Especially the
reutilization of already computed information during the Greedy training for the choice
of good initial values proved to be very effective and did not influence the resulting
basis. Using non-periodic basis functions did not increase online cost but introduced
a significant additional error, resulting in larger RB dimensions. This effect could be
diminished by a combination with initialization strategies.
In the following, we will compare fixed-point approaches with space-time methods, paying
special attention to the online cost which cannot easily be reduced in this setting, as well
as the dependency on e.g. the time discretization.
For completeness, we stress that employing a POD-Greedy method in order to construct
a solely spatial reduced basis is by no means compulsory in a fixed-point setting. Under
certain circumstances it is also possible to use fixed-point methods in the construction of
a space-time basis in order to profit from the corresponding online benefits. This will be
discussed further in the next chapter.
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The RB method proposed in Chapter 3 relies on time-stepping techniques, which are
among the most common numerical techniques for the solution of time-dependent PDEs.
We have seen, however, that employing them in the context of RBM for time-periodic
problems raises some difficulties: The necessary fixed-point iterations to ensure the
periodicity of the truth snapshots lead to a high, a priori unknown computational effort
in the offline stage which is several times that of an IVP. Even more unfortunately, this
problem carries over to the time-critical online stage when using the usual POD-Greedy
basis construction for a purely spatial reduced basis, as neither the number of time steps
nor of the fixed-point iterations is diminished. Moreover, it is a well-known problem that
the RB error estimators grow in time, independent of the error behaviour.
While the last point can be improved by using techniques that adaptively partition the
time interval [0, T ] and construct reduced bases on each time partition [DDH11], we aim
at developing techniques that address several of the above issues at once. For this reason,
we consider space-time approaches that treat time and space equally, i.e. consider time
as an additional dimension. In that case, we obtain Petrov-Galerkin schemes that can be
analyzed almost as in the elliptic RBM. The price to be paid, however, is the obvious
increase in dimension.
Space-time variational formulations for initial value problems in particular include space-
time multigrid methods [HV95], space-time sparse grids [And13; GO07] or space-time
wavelet collocation methods [AKV06]. Other space-time formulations based on special
test bases or discontinuous Galerkin (DG) methods are e.g. [MV07; UP12; UP13]. These
approaches exploit the space-time approach mainly for theoretical considerations and allow
the use of a time-stepping scheme – thus effectively circumventing the main drawback
of space-time methods, but setting aside the possibility of computing a solution with
optimal adaptive discretization in space and time.
Space-time methods for RBM have first been considered for IVPs by Rovas et al. [RMM06],
who derive a posteriori estimates for linear output functionals within a space-time
Galerkin framework. There, the authors employ DG methods in order to cope with the
size of the full space-time discretization. Recently, Urban and Patera [UP12; UP13]
proposed a specific choice of finite element (FE) basis in space-time which leads to a
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Crank-Nicolson time-stepping scheme. It was found there that especially for spatially
non-coercive but asymptotically stable problems the space-time error bounds correctly
reflect the system behaviour while the time-stepping bounds grow exponentially in T .
This has been further developed in [YPU13], yet using an only interpolation-based RB
construction. More recently, Yano [Yan14] presented an hp-adaptive projection-based
space-time RBM which builds again on a DG truth discretization.
Both approaches above use space-time techniques for RB error estimation but reduce the
computations to some form of time-stepping in order to sidestep the additional problem
dimension. Note that this is advantageous for IVPs, but not imitable in our context as
initial and final time step are coupled by the periodicity condition, so that time-stepping
computations would again necessitate fixed-point iterations.
We therefore propose a different approach for space-time RBM construction: Considering
time as a full dimension allows to equip the space-time basis with periodic basis functions,
which yields periodic solutions without any fixed-point procedure. This can be combined
with adaptive methods in the space-time domain, as proposed in [SS09], so that the
difficulty of the additional dimension is mitigated. As this raises the need for a different
understanding of RBM, we concentrate here on non-adaptive methods in the full space-
time dimensions and postpone the discussion of adaptive methods within RBM to Part II
of this thesis.
In this chapter, we focus on the derivation of the space-time error estimators as well as
the investigation of the RB online phase. Indeed, the projection of the truth problem
onto a basis consisting of space-time snapshots uN (t, x) reduces the online RB problem to
a single N -dimensional system – recall that time-stepping RBM methods involve such an
N -dimensional equation at each time step. However, the reduced dimension N in both
settings is usually not the same. We will compare both offline and online stages and
discuss the advantages and disadvantages of both approaches. Numerical experiments
show the online efficiency of the space-time RBM.
The remainder of this chapter is organized as follows. Based on the existence and
uniqueness results of Section 2.3, we discuss possible discretizations of test and trial
spaces in Section 4.1. The construction of space-time RB spaces and error estimators
for state and output in the Bochner spaces X and Y is presented in Section 4.2. After a
short discussion of the possible combination of time-stepping and space-time approaches
in Section 4.3, we compare both methods in numerical experiments, Section 4.4. The
chapter is concluded with a short summary and discussion in Section 4.5.
Parts of this chapter have been published in [SU12b; SU12a].

4.1 Space-Time Truth Discretizations
Having discussed the well-posedness of space-time formulations of time-periodic problems
in Section 2.3, we restrict ourselves to the introduction of the necessary notation in the
parameter-dependent case here and rather focus on possible truth discretizations.
Consider for µ ∈ D the parameterized analogon to the time-periodic problem in space-time
formulation (2.26), which reads

Find u = u(µ) ∈ X : b(u, v;µ) = g(v;µ) ∀ v ∈ Y, (4.1)
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with Y = L2(0, T ;V ) and X = Y ∩H1
per(0, T ;V ′) as in Section 2.3 and

b(u, v;µ) :=
∫ T

0
[(ut(t), v(t))H + a(t;u, v;µ)] dt, (4.2)

g(v;µ) :=
∫ T

0
〈f(t;µ), v(t)〉V×V ′dt. (4.3)

For numerical simulation, we discretize both trial and test space, i.e. consider XN ⊂ X ,
YN ⊂ Y , assuming here for ease of presentation a common discrete dimension N , so that
we arrive at the space-time truth problem

Find uN (µ) ∈ XN : b(uN (µ), vN ;µ) = g(vN ;µ) ∀ vN ∈ YN , (4.4)

i.e. a N ×N -dimensional non-symmetric linear system that has to be solved for each
snapshot parameter µ.
Remark 4.1 (Truth dimension N ). It is, of course, also possible and sometimes even
necessary to equip in a Petrov-Galerkin setting the spaces X and Y with bases of different
sizes NX , NY . An example is given by the stabilization techniques for transport equations
developed in [Dah+11]. In that case, one would resort to least squares approaches, i.e.
working with normal equations, cf. also Section 2.1.1. We will come back to this issue
when discussing space-time RB spaces in Section 4.2, 4.4 and adaptive RBMs in Part II.

In the following, we will present two possible space-time discretizations, based respectively
on FE and wavelets, that lead for time-periodic problems to truth systems of the form
(4.4).

4.1.1 A special Finite Element Basis
A common technique in FEM to enforce periodicity is the coupling of boundary nodes,
which leads us to the following discretization:
Consider some nx-dimensional spatial FE space Vh ⊂ V ,

Vh = span ΣNx , ΣNx := {σ1, . . . , σNx}.
We cover the time interval [0, T ] with some K-dimensional triangulation

T time
∆t := {Ik := [tk, tk+1), k = 0, . . . ,K − 1},

e.g. a uniform triangulation with tk := k∆t, ∆t := T
K . On this mesh, we define

S∆t := span ΘK ⊂ H1
per(0, T ), ΘK := {ϑ0, . . . , ϑK−1, ϑK = ϑ0},

as the space of piecewise linear periodic finite elements, where periodicity is enforced
by coupling the degrees of freedom corresponding to the time points tK = T and t0 = 0.
Moreover, let

Q∆t := span TK ⊂ L2(0, T ), TK := {τ0, . . . , τK−1},
be the space of piecewise constant finite elements. Based on the tensor representation
(2.25), we can define now

XN := S∆t ⊗ Vh, YN := Q∆t ⊗ Vh,
with dimXN = dimYN = K · Nx =: N .



84 Chapter 4 • Space-Time Methods

The discrete system can be derived as follows. Let

uN (t, x;µ) =
K−1∑

k=0

Nx∑

i=1
uki (µ) ·

[
ϑk(t)σi(x)

]
= u>N (µ) [ΘK ⊗ ΣNx ] ,

with coefficient vector uN (µ) := (uki (µ)) i=1,...,Nx,
k=0,...,K−1

. Then we get

b(uN (µ),ΘK ⊗ ΣNx ;µ)

=
∫ T

0

[(
∂
∂tu
N (µ), TK ⊗ ΣNx

)
H

+ a(t;uN (µ), TK ⊗ ΣNx ;µ)
]
dt

= u>N (µ)
[(

∂
∂tΘK , TK

)
L2(0,T )⊗ (ΣNx ,ΣNx)H +

∫ T

0
a(t; ΘK ⊗ ΣNx , TK ⊗ ΣNx ;µ)dt

]
.

For the linear time invariant (LTI) case a(t;u, v;µ) ≡ a(u, v;µ), we even have the tensor
decomposition

b(uN (µ), TK ⊗ ΣNx ;µ)
= u>N (µ)

[(
∂
∂tΘK , TK

)
L2(0,T )⊗ (ΣNx ,ΣNx)V + (ΘK , TK)L2(0,T ) ⊗ a (ΣNx ,ΣNx ;µ)

]

and arrive with Mh := (ΣNx ,ΣNx)V , Ah(µ) := a (ΣNx ,ΣNx ;µ) and

(
∂
∂tΘK , TK

)
L2(0,T ) =




1 −1
1 −1

. . . . . .
1 −1

−1 1


 , (ΘK , TK)L2(0,T ) = ∆t

2




1 1
1 1

. . . . . .
1 1

1 1


 ,

as well as the notation uN
k± 1

2
:= 1

2

(
uNk ± uNk+1

)
and an appropriate quadrature formula

for the right hand side at the scheme

2
∆tMhu

N
k− 1

2
(µ) + Ah(µ)uN

k+ 1
2
(µ) = gk+ 1

2
(µ), k = 0, . . . ,K−2,

1
∆tMh

(
uNK−1(µ)− uN0 (µ)

)
+ 1

2Ah(µ)(uNK−1(µ) + uN0 (µ)) = 1
2(gK−1(µ) + g1(µ)).

Here, uNk := (uki )1≤i≤Nx is the spatial solution at time point tk. This is obviously a
Crank-Nicolson scheme with cyclic (i.e. periodic) temporal conditions which can be solved
using either fixed-point approaches as in Chapter 3 or as a global quadratic system of
dimension N = K ×Nx.

4.1.2 Wavelet Discretization
Other possible discretizations of the truth space X are based on periodic basis functions.
While this could in principle be e.g. Fourier series, we choose to work with wavelet bases
for several reasons. First, there exist many wavelet constructions with compact support.
In contrast to spectral methods [Can+06], this leads for many operators to quasi-sparse
system matrices for which asymptotically optimal preconditioners exist [Urb09; Ste04].
Moreover, we do expect the solutions u(µ) of the considered PDEs to exhibit partly
strong variations in time and space, so that the ability of wavelets to represent localized
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features is of advantage. Note that spectral methods often have the problem of artificial
oscillations (the so-called Gibbs phenomenon) in such situations. This will be further
exploited by adaptive wavelet schemes that select quasi-optimal sets of basis functions
and can thus attenuate the drawback of the additional time dimension, see Part II of this
thesis. We would like to note in advance that the decision for wavelets was for a large
part also motivated by the fact that there exist a sound mathematical framework for
error analysis in such adaptive wavelet methods. Further, the complicated construction
of wavelets on general non-rectangular domains is not as relevant here, since we always
consider time intervals and could, in theory, also combine a wavelet approach in time with
the more flexible finite elements in space. More importantly in our context, the norm
equivalences (Corollary 2.56) enable the simple evaluation of norms in a complete range
of Sobolev spaces Hs(Ω), s ∈ (−γ̃, γ), and consequently – by the tensor representation
(2.25) – in the Bochner spaces X , Y. Last but not least, periodic wavelets are easily
constructed, see Example 2.61.

For ease of exposition, we restrict ourselves to product domains Ω = Ω1 × · · · ×Ωn ⊂ Rn.
Moreover, we assume that the Gelfand triple introduced in Section 2.2 is of the form
V ↪→ H := L2(Ω) ↪→ V ′ with V a Sobolev space of non-negative order that permits the
following intersection structure

V :=
n⋂

i=1

n⊗

j=1
Wij , where Wij :=

{
L2(Ωi), i 6= j,

V (i), i = j,
(4.5)

and, for a fixed m ∈ N, V (i) is either Hm(Ωi) or a subspace incorporating essential
boundary conditions. As an example, consider V = H1

0 (Ω), V (i) = H1
0 (Ωi), see [GO95].

Following [GO95; SS09; Dij09], we can now construct Riesz bases for X and Y from
univariate wavelet bases as follows.

From the Wavelet Characterization Theorem 2.54, we know that if the elements of a
univariate wavelet Riesz basis Ψ for L2(Ω), Ω ⊂ R, (and also those of the unique dual
wavelet basis) fulfill certain smoothness conditions, such collections can be normalized to
be Riesz bases for Sobolev spaces H ⊂ L2(Ω) and H′, respectively.

In order to ensure the temporal periodicity conditions, we choose as such a collection in
time a univariate Riesz wavelet basis of L2(0, T ), denoted by

Θper := {ϑper
λ , λ ∈ J per

t } ⊂ H1
per(0, T ),

where the time-periodic elements are sufficiently smooth so that the renormalized collection
{ϑper

λ /‖ϑper
λ ‖H1(0,T ), λ ∈ J per

t } is a Riesz basis for H1
per(0, T ).

Similarly, for the spatial Riesz basis, we assume that we have for i ∈ {1, . . . , n} collections

Σ(i) := {σ(i)
µ , µ ∈ J (i)

x } ⊂ V (i),

that are Riesz bases of L2(Ωi), consisting of spatial wavelet functions that are smooth
enough to be renormalizable to uniform Riesz bases {σ(i)

µ /‖σ(i)
µ ‖V (i) , µ ∈ J (i)

x } and
{σ(i)

µ /‖σ(i)
µ ‖V (i)′ , µ ∈ J (i)

x } of both V (i) and its dual space V (i)′.
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With these bases, we can use that L2(Ω) h L2(Ω1)⊗ · · · ⊗ L2(Ωn) as well as the tensor
structure (4.5) of V to construct tensor product wavelets σµ := σ

(1)
µ1 ⊗ · · · ⊗ σ(n)

µn . With
Jx := J (1)

x × · · · × J (n)
x , the collection

Σ := {σµ,µ ∈ Jx} := Σ(1) ⊗ · · · ⊗ Σ(n)

then forms a Riesz basis for L2(Ω), see Lemma 2.64. Moreover, the normalized collections
[Σ]V :=

{
σµ/‖σµ‖V ,µ ∈ Jx

}
, [Σ]V ′ :=

{
σµ/‖σµ‖V ′ ,µ ∈ Jx

}

are Riesz bases for V , V ′, Lemma 2.65.
We are now in the position to define Riesz bases for X and Y. As L2(0, T ;L2(Ω)) h
L2(0, T )⊗ L2(Ω), the tensor product collection

Ψ := Θper ⊗Σ =
{
ψλ := ϑper

λ ⊗ σµ,λ := (λ,µ) ∈ J := J per
t ×Jx

}

is a Riesz basis of L2(0, T ;L2(Ω)). From [GO95, Propositions 1 & 2]), it follows that the
appropriately renormalized collections

[Ψ]X := DXΨ = {ψλ/‖ψλ‖X ,λ ∈ J } with DX := diag
[(‖ψλ‖−1

X
)
λ∈J

]
,

[Ψ]Y := DYΨ = {ψλ/‖ψλ‖Y ,λ ∈ J } with DY := diag
[(‖ψλ‖−1

Y
)
λ∈J

]
,

are the desired Riesz bases of X and Y.
Remark 4.2. Due to the tensor product structure (2.25) of X and Y and hence of the
associated norms, the normalized collections have the form

[Ψ]X =



(t, x) 7→ ϑλ(t)σµ(x)√

‖ϑλ‖2L2(0,T )‖σµ‖2V + ‖ϑλ‖2H1(0,T )‖σµ‖2V ′
, (λ,µ) ∈ J



 ,

[Ψ]Y =
{

(t, x) 7→ ϑλ(t)σµ(x)
‖ϑλ‖2L2(0,T )‖σµ‖2V

, (λ,µ) ∈ J
}
,

cf. Lemma 2.65 and [SS09, Sec. 6].
Remark 4.3 (Coinciding index sets). Note that here we choose to equip not only X but
also the non-periodic Bochner space Y with periodic wavelets in time. Since the basis for
both spaces is constructed by a normalization of the same collection of wavelets Ψ, the
index sets of both [Ψ]X and [Ψ]Y coincide. As we will see in the following, this allows
us to obtain quadratic system matrices, hence avoiding the need for normal equations,
even though we still work within a Petrov-Galerkin framework. This is in difference to
[RMM06], where already the variational equation was formulated in a Galerkin setting.
We will discuss the implications of choosing non-periodic temporal wavelets for Y in the
context of AWGMs in Chapter 5.

For a given index set ∇J ⊂ J (2.50) of cardinality |∇J | = N (or its sparse equivalent
∇sp
J , (2.51)), we thus obtain the discrete system approximating the linear equation (4.4)

as in Section 2.5.2 as
B∇J (µ)u∇J = f∇J (µ). (4.6)

with B∇J (µ) := DY [b(Ψ∇J ,Ψ∇J ;µ)]>DX ∈ RN×N , f∇J = DYg(Ψ∇J ;µ) ∈ RN and
Ψ∇J := {ψλ ∈ Ψ : λ ∈∇J}.
This quadratic system can be solved with common iterative methods for non-symmetric
matrices, as e.g. a generalized minimal residual method (GMRES) method [Saa03].
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Stability
For space-time formulations of IVPs, Andreev [And12; And13] observes that FE Crank-
Nicolson schemes of the type introduced in Section 4.1.1 are only unconditionally stable if
a CFL condition is fulfilled (see [And12, Sec. 5.2.3]). This CFL condition can be ensured
by choosing a temporal discretization that is finer than the spatial mesh width, but
this leads naturally to non-quadratic linear systems and thus requires a least squares
approach. However, the condition is employed in order to introduce stability not only
uniformly in the discretization width (∆t, h), but also uniformly with respect to the
parameter of the bilinear form b(·, ·;µ) – a requirement that is of course welcome in the
RB context, but due to the consideration of parameter-dependent (inf-sup and other)
constants not actually necessary.
Similar arguments lead to the identification of stable pairs of uniformly refined space-time
wavelet discretizations. Again in the context of IVPs, Andreev [And13, Prop. 6.1] shows
that tensor product spaces with one additional level in the temporal test space give rise
to uniformly inf-sup stable finite dimensional spaces. Again, the corresponding solutions
u∇J can then only be computed in a least squares sense, hence afflicted with an additional
error component. We will make use of this result in order to identify initial index sets for
the adaptive Petrov-Galerkin wavelet schemes introduced in Chapter 5. Here, however,
we content ourselves with a fixed truth discretization quality, i.e. a fixed discretization
width, so that the guaranteed stability with respect to a decreasing mesh width is not as
relevant.

4.2 RB Spaces and Error Estimators
As can be expected from the form of the space-time Petrov-Galerkin formulation
(4.4), the construction of RB spaces and the derivation of appropriate error bounds
is now very similar to the elliptic case. Having obtained space-time truth solutions
uN (µ1), . . . , uN (µN ) ⊂ X from a standard Greedy training using one of the bounds given
below, we set the reduced trial space to be as in Section 2.4.1

XN := span{uN (µ1), . . . , uN (µN )}.

Unlike in the elliptic Galerkin setting, however, the construction of the test space is not
as self-evident. Recall that in a Petrov-Galerkin framework, the stability of a discrete
pair (XN ,YN ) is not implied by the stability of the superspaces (X ,Y) or (XN ,YN ). For
Petrov-Galerkin problems arising from saddle-point formulations in fluid dynamics, it is
known that enhancing the reduced spaces with so-called supremizers Tµ : X → Y that
fulfill for each w ∈ X

b(w, Tµw;µ) ≥ β(µ)‖w‖X ‖Tµw‖Y , (Tµw, v)Y = b(Tµw, v;µ) ∀ v ∈ Y,

leads to provably stable pairs of RB spaces, see [RV07; GV11]. Similar ideas have
been put forward by Rovas [Rov03] and Dahmen et al. [DPW13] (the so-called Double
Greedy method) for general Petrov-Galerkin formulations of non-coercive systems. These
approaches are based on the (sometimes rather heuristic) approximation of the optimal
stable test space and usually lead to RB spaces YN with a dimension dimYN = M(N) > N .
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Recall that this then necessitates a least squares formulation of the reduced system (i.e.
the consideration of normal equations).

In a space-time setting, we have the special situation that X ⊂ Y . This can be exploited
by using the snapshots uN (µ) ∈ X also as basis functions for the reduced test space and
setting

YN := XN = span{uN (µ1), . . . , uN (µN )},

so that the RB solutions can again be obtained from a linear, non-symmetric but quadratic
system, here of dimension N . Even though this choice does not correspond to an optimal
test space, we see in the numerical experiments (Section 4.4) that the reduced systems
are acceptably stable.

Remark 4.4. Note that in an analogous space-time setting, Yano employs the minimum
residual scheme developed by Maday et al. [MPR02] (see also Rovas [Rov03]) which
avoids the explicit construction of a reduced test space at the cost of solving online an
optimization problem (using Newton’s method for each parameter). Nevertheless, he also
remarks that the above Galerkin projection works well for many practical applications
[see Yan14, Remark 3.2].

A reduced space-time approximation uN (µ) ∈ XN is thus computed as a solution to the
projected system

Find uN (µ) ∈ XN : b(uN (µ), vN ;µ) = g(vN ;µ) ∀ vN ∈ YN .

Note that in contrast to the fixed-point approach (3.6), we thus have to solve online only
one N ×N -dimensional system.

A posteriori Error Bounds

Defining the space-time error

eN (µ) := uN (µ)− uN (µ) ∈ XN

as well as the space-time residual rN (·;µ) : YN → R given by

rN (v;µ) := g(v;µ)− b(uN (µ), v;µ),

we can now derive the space-time error bounds necessary e.g. in the Greedy training as
well as for online verification of the reduced solutions.

Proposition 4.5 (Space-time error bound in Y). The error of the space-time RB ap-
proximation uN (µ) in Y can be bounded rigorously by

‖eN (µ)‖Y ≤
‖rN (·;µ)‖Y ′
αLB(µ) =: ∆ST,Y

N (µ). (4.7)
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Proof. For any u ∈ X , we have due to the periodicity of u and the uniform coercivity of
a(t; ·, ·;µ) that

b(u, u;µ) =
∫ T

0
(ut, u)Hdt+

∫ T

0
a(t;u, u;µ)dt

= 1
2
(
‖u(T )‖2H − ‖u(0)‖2H

)
+
∫ T

0
a(t;u, u;µ)dt =

∫ T

0
a(t;u, u;µ)dt

≥
∫ T

0
α(µ)‖u‖2V dt

= α(µ)‖u‖2Y .

Moreover, it holds for all v ∈ Y that

b(eN (µ), v;µ) =
∫ T

0

(
∂
∂t eN (µ), v

)
H
dt+

∫ T

0
a(t; eN (µ), v;µ)dt

=
∫ T

0
(f(t;µ), v)Hdt− b(uN (µ), v;µ)

= rN (v;µ). (4.8)

With eN (µ) ∈ XN ⊂ X , we thus conclude with Cauchy-Schwarz that

α(µ)‖eN (µ)‖2Y ≤ b(eN (µ), eN (µ);µ) = rN (eN (µ);µ) ≤ ‖rN (·;µ)‖Y ′‖eN (µ)‖Y .

Assuming the usual computable lower bound αLB(µ) ≤ α(µ), this implies the claim.

Proposition 4.6 (Space-time error bound in X ). For the error of the space-time RB
approximation uN (µ) in X , we have the rigorous a posteriori bound

‖eN (µ)‖X ≤
‖rN (·;µ)‖Y ′
βLB(µ) =: ∆ST,X

N (µ). (4.9)

Proof. From Proposition 2.37, we know that the inf-sup constant

βB(µ) = inf
u∈X

sup
v∈Y

|b(u, v;µ)|
‖u‖X ‖v‖Y

= inf
u∈X
‖b(u, ·;µ)‖Y ′
‖u‖X

exists for all µ ∈ D. Assuming again a computable lower bound βLB(µ) ≤ βB(µ), it
follows with (4.8) that

βLB(µ) ≤ βB(µ) ≤ ‖b(eN (µ), ·;µ)‖Y ′
‖eN (µ)‖X

= ‖rN (·;µ)‖Y ′
‖eN (µ)‖X

,

which yields the claim.

Remark 4.7 (Error Norms). Note that we obtain error bounds with respect to the norms
in both trial and test space. This is in contrast to the fixed-point approach, where the
bound was with respect to a discrete spatio-temporal norm that could be considered as a
trapezoidal approximation to ‖·‖Y , cf. Proposition 3.5 and Remark 3.6. However, the
error eN (µ) is an element of the smaller space X . Thus, the space-time method does not
only provide estimations for the non-discrete norm in Y, but can moreover bound the
error in the correct space X (and not only Y).
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Output Errors

Considering again linear output functionals s(u(µ);µ) : X → R of the form (3.10), we
could in principle derive as for the fixed-point methods a direct output estimate, using
Cauchy-Schwarz and Hölder’s inequality:

s(eN (µ);µ) =
∫ T

0
`(t, eN (t, µ);µ)dt ≤ ‖`‖Y ′‖eN (µ)‖Y ≤ ‖`‖Y ′∆ST,Y

N (µ).

However, the space-time method also allows an easy derivation of a primal-dual bound,
as in the elliptic setting, which yields the well-known quadratic convergence rate of these
approaches.
For that purpose, we denote the dual problem to (4.1) as

Find z(µ) ∈ Y : b(w, z(µ);µ) = s(w;µ) ∀w ∈ X , (4.10)

with the obvious discrete approximation in XN , YN , and assume that appropriate dual
reduced spaces X̃

Ñ
, Ỹ

Ñ
have been constructed (cf. [RHP08]).

Defining the dual residual r̃
Ñ

(·;µ) : XN → R for a dual reduced solution z
Ñ
∈ ỸÑ as

r̃
Ñ

(w;µ) := s(w;µ)− b(w; z
Ñ

;µ),

and the dual inf-sup constant

β̃B(µ) := inf
v∈Y

sup
u∈X

|b(u, v;µ)|
‖u‖X ‖v‖Y

with lower bound β̃LB(µ) ≤ β̃B for all µ ∈ D, we can derive the a posteriori estimate

‖zN (µ)− z
Ñ
‖Y ≤

‖r̃
Ñ

(·;µ)‖X ′
β̃LB(µ)

=: ∆̃ST,Y
Ñ

(µ) (4.11)

as for the primal case (Lemma 4.6) and then obtain the following output bound result.

Proposition 4.8. For the corrected output approximation

s
N,Ñ

(µ) := s(uN (µ), µ)− rN (z
Ñ

;µ),

the output error is bounded by

|s(uN (µ), µ)− s
N,Ñ

(µ)| ≤ β̃LB(µ) ·∆ST,X
N (µ) · ∆̃ST,Y

Ñ
(µ),

Proof. With the linearity of s(·;µ) and (4.8), we have

|s(uN (µ), µ)− s
N,Ñ

(µ)| = |s(eN (µ), µ)− rN (z
Ñ

;µ)|
= |s(eN (µ), µ)− b(eN (µ), z

Ñ
;µ)|

= |r̃
Ñ

(eN (µ);µ)|
≤ ‖r̃

Ñ
(·;µ)‖X ′‖eN (µ)‖X .

The bound (4.9) and the definition of ∆̃ST,Y
Ñ

(µ) then yield the claim.

Remark 4.9. Note that again, the space-time approach allows us not only to derive a
primal-dual bound, but especially to bound the correct output error and not only an
approximation as in the fixed-point estimate (3.11).



4.2 • RB Spaces and Error Estimators 91

Space-Time Eigenproblems

All above error bounds require lower bounds for the inf-sup constant βB(µ) or the
coercivity constant α(µ).
The inf-sup constant βB(µ) (as well as the continuity constant γB(µ)) can be computed
as in the elliptic case via an eigenproblem involving the supremizing operator, since with
Tµ : X → Y defined as

Tµ(w) := argsupv∈YN
b(w, v;µ)
‖v‖Y

,

it can be written as the space-time Rayleigh quotient

βB(µ) = inf
w∈XN

sup
v∈YN

b(w, v;µ)
‖w‖X ‖v‖Y

= inf
w∈XN

‖Tµw‖Y
‖w‖X

.

As (Tµw, v)Y = b(w, v;µ) for all v ∈ YN , the corresponding space-time eigenproblem is
thus finding eigenpairs (λi(µ), ei(µ)) ∈ R+

0 ×XN with ‖ei‖X = 1, so that

(Tµei(µ), Tµw)Y = λi(µ)(ei(µ), w)X ∀w ∈ YN , i = 1, . . . ,N .

Then βB(µ) =
√

mini λi(µ), γB(µ) =
√

maxi λi(µ).
In order to obtain α(µ) ≤ α(t;µ), t ∈ [0, T ], first observe that due to periodicity

b(u, u;µ) =
∫ T

0
a(t;u, u;µ)dt ∀u ∈ X ,

so that

α(µ) = inf
w∈X

bs(w,w;µ)
‖w‖2Y

= inf
w∈X

∫ T
0 as(t;u, u;µ)dt

‖w‖2Y
,

where the subscript s denotes the symmetric part of the respective bilinear forms. Thus,
α(µ) can be obtained as mini λi(µ), where λi(µ), i = 1, . . . ,N , are the eigenvalues of the
space-time eigenproblem

bs(ei, w;µ) = λi(ei, w)Y ∀w ∈ YN , i = 1, . . . ,N .

For time-independent operators a(t; ·, ·;µ) ≡ a(·, ·;µ), we can compute α(µ) ≡ α(t;µ)
even via a purely spatial eigenproblem, as the Rayleigh quotient reduces to

α(µ) = inf
v∈V

as(v, v;µ)
‖v‖2V

.

Lower bounds can then be constructed via the usual methods, e.g. the min-θ approach
or a SCM, cf. Section 2.4. Yano et al. [YPU13], [Yan14] recently proposed a successive
constraint method (SCM) variant for FEM bases similar to the one presented in Section 4.1.1
that permits offline computations of space-time inf-sup constants which fully decouple
with respect to the time steps.
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Remark 4.10 (Space-time inf-sup constant). Space-time inf-sup constants βB(µ) were
investigated by Urban and Patera [UP12] in an IVP context. It was found that these
quantities correctly reflect time-dependent system behaviour in the sense that for non-
coercive, but stable systems βB(µ) grows linearly with the time horizon (i.e. βB ∼ T when
computed on time intervals [0, T ]) whereas for parameters that yield unstable systems it
behaves as βB(µ) ∼ eT . This is in contrast to other known approximations for stability
constants of non-coercive systems (cf. [KP10]) that are based on energy estimates and
exhibit exponential behaviour independent of the actual system characteristics. As these
constants inversely enter the error bounds, the use of βB(µ) can drastically improve the
error bound effectivity, especially for long time horizons, and is thus highly advantageous.

4.3 Separation of Offline and Online Solution Method
In the above, we maintained a strict separation between fixed-point (or rather time-
stepping) and space-time methods in the sense that we considered them always for offline
and online computations. It has, however, been mentioned already that some space-
time discretizations lead to time-stepping schemes for the offline truth computations.
On the other hand, the trajectories {ukh(µ), k = 1, . . . ,K} resulting from a fixed-point
computation could in principle be reinterpreted as space-time basis functions for an
appropriate time basis and not be subjected to a POD. The distinction between both
methods is thus not as definite as it may seem at first glance.

However, the choice of method for offline and online phase cannot be separated completely.
As the a posteriori error bounds involve reduced solutions, their type is implied by the
choice of RB solution method, even during training. Moreover, recall that in the offline
phase we calculate not only the basis functions but also all N -dependent, parameter-
independent quantities necessary for RB solutions and error bounds (like the evaluation
of the bilinear forms for the basis functions, the inner products of Riesz representors,
etc.). Obviously, this has to be done in accordance with the desired online method. In
order to construct space-time reduced bases, for example, space-time Riesz representors
have to be determined, even if a time-stepping method is used to compute the snapshots
themselves.

In the following, we shortly discuss the different requirements when trying to combine
both methods in one RBM.

Space-time methods have the advantage of fast online phases and good error bounds, cf.
also 4.10. When aiming for a space-time RB with time-stepping offline computations, the
main difficulty lies in finding discretizations of X , Y that form a stable pair (XN ,YN )
and provide an easy representation of the solution uN (tk, x;µ) ∈ XN as well the Riesz
representors pr(tk, v;µ) ∈ YN for given time points tk, e.g. as a (time-dependent) linear
combination of spatial basis vectors. Moreover, this discretization should allow for a
significant decoupling of time steps, i.e. the computation of uN (tk, x;µ), pr(tk;µ) at tk
should only depend on a small number of (previous) time-steps, e.g. on tk−1. Depending
on the discretization and RB construction method, it is in most cases possible to construct
SCM variants that also allow a decoupled computation of the inf-sup lower bound βLB(µ).
Possible truth discretizations are the linear FEM in Section 4.1.1 as well as certain DG
formulations presented in [RMM06; Yan14].
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However, under some circumstances it might be preferable to construct purely spatial
reduced bases, e.g. if memory limitations are more crucial than online runtime issues or
one is especially interested in error estimates at certain time points 0 < t < T . It is, of
course, no problem to subject any offline space-time snapshot to a POD in time and thus
to obtain an N -dimensional basis VN ⊂ V . In theory, one could then employ any online
time-stepping scheme in order to compute an N -dimensional solution at each time point,
but this would certainly not correspond to a Galerkin projection of uN onto VN . The
computation of a RB solution at given time points from space-time snapshots as well as
the derivation of error bounds (which are usually based on projection properties) are thus
not as clear. Using space-time discretizations with an equivalent formulation as time-
stepping scheme would enable one to recover such projection properties, yet still require
individual error bounds tailored to the specific method, since the bound construction
and the computation method for uN , uN cannot be separated in time-stepping methods.

4.4 Numerical Examples
In the following, we apply both the space-time approach as well as the fixed-point methods
to some numerical examples, using the Library for Adaptive Wavelet Applications (LAWA)
[LAW11] for the wavelet-based space-time calculations and the finite element library
libMesh/rbOOmit [Kir+06; KP11] (svn revision r4665) for the fixed-point calculations.

We restrict ourselves to problems with affine structures in the tensor form

Q∑

q=1
θq(µ)bq,t(t)bq,x(x),

i.e. without actual space-time interdependence, since such a separation allows for com-
pletely independent discretizations in space and time and can thus be treated with both
space-time and fixed-point methods.

Note that this is a somewhat unfair situation for the space-time approaches. Their
main advantages are twofold: First, the space-time formulation allows an easy numerical
treatment of non-separable space-time interactions and dependencies. This is in contrast
to fixed-point methods, where the treatment of time-dependent operators is rather
cumbersome, cf. Section 3.3. Second, the approach lends itself easily to space-time
adaptivity, especially when considering wavelet discretizations (see [SS09]). These adaptive
methods, treated in Part II, are our main aim, since it is to be expected that a full
space-time discretization with its additional dimension is not competitive in the offline
stage (even when compared to a fixed-point and not only a single initial value problem).

As adaptive snapshot computations in RBM raise their own separate issues, however,
we restrict ourselves to uniform discretizations here. The following numerical examples
hence do not address any of the strengths the space-time approach might display in the
offline (truth) computations. Thus, in the discussion of the numerical experiments, we
rather focus on comparisons of the quality of the error estimates as well as the online
stages of both approaches.
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Choice of Discretizations

As in Section 3.6.3, we employ linear nodal finite elements on a uniform mesh over
the respective domains Ω for the fixed-point implementation, as well as a uniform time
discretization.
For the preconditioned space-time Wavelet-Galerkin scheme, we set Θper as a collection
of bi-orthogonal B-spline wavelets on the real line [Urb09] of order dt = d̃t = 2, periodized
onto [0, T ], see Example 2.61. As spatial wavelet collection, we choose the construction
of bi-orthogonal B-spline wavelets on an interval from [Dij09] (Example 2.62), and use
again linear functions, i.e. dx = d̃x = 2.

4.4.1 Heat Equation – “Curve”
In order to test our approach, we first consider the simple example of a time-periodic
heat equation with homogeneous Dirichlet boundary conditions on the one-dimensional
domain Ω = (0, 1), i.e.

(C)





∂
∂tu(t, x)−∆u(t, x) = f(t, x;µ) on Ω× [0, T ],

u(t, 0) = u(t, 1) = 0, ∀ t ∈ [0, T ]
u(0, x) = u(T, x) on Ω,

setting the time horizon to T = 1. As reference solution, we choose

u(t, x) = e−a(x−1/2)2 (x− µc(t))2 , with c(t) = b+ d sin(2πt),

with a = 60, b = 1
2 , d = 1

4 , see Figure 4.1, and consider the parameter space µ ∈ D :=
[0.5, 2].
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NFigure 4.1 — Heat equation – Reference solution for µ = 1.

Observation 4.11. With the above reference solution, the right hand side can be written
as

f(t, x;µ) =
2∑

i=0
µif (i)(t, x) =

5∑

q=1
θ̂qf (t, µ)f̂ (i)(x),

so that it has the appropriate affine forms for both space-time and fixed-point methods.
Moreover, as the problem is linear, this implies that three space-time basis functions are
sufficient to span the solution manifold.
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Proof. Straightforward computations yield

f(t, x;µ) = 2e−a(x− 1
2 )2 [−1 + 4ax(x− 1

2) + ax2
(
1− 2a(x− 1

2)2
)]

+ µ · 2e−a(x− 1
2 )2 [−2πxd cos(2πt)− ac(t)

{
4(x− 1

2)− 2x
(
1− 2a(x− 1

2)2
)}]

+ µ2 · 2e−a(x− 1
2 )2 [

c(t)2πd cos(2πt) + ac2(t)
(
1− 2a(x− 1

2)2
)]
,

as well as

f(t, x;µ) = 2e−a(x− 1
2 )2 [−1 + 4ax(x− 1

2) + ax2
(
1− 2a(x− 1

2)2
)]

+ µ cos(2πt)· 2e−a(x− 1
2 )2 [−2πxd]

+ µ c(t)· 2e−a(x− 1
2 )2 [4a(x− 1

2)− 2ax
(
1− 2a(x− 1

2)2
)]

+ µ2 c(t) cos(2πt)· 2e−a(x− 1
2 )2 [2πd]

+ µ2 c2(t)· 2e−a(x− 1
2 )2 [

a
(
1− 2a(x− 1

2)2
)]
,

so that the claimed representation follows with obvious definitions of f (i)(t, x), f̂ (i)(x)
and θ̂qf (t, µ).

As truth discretization, we employ wavelets of level J = 6 in both time and space, yielding
a dimension N ST = 4032. For the fixed-point approach, we choose K = 64 uniform time
steps as well as a uniform spatial mesh with Nx = 64 finite elements, corresponding to
the discretization of the wavelet index set. The reduced bases are then trained with a
uniform parameter set Ξtrain ⊂ D, ntrain = 50, choosing µ(0) = 2 as parameter for the
first basis function.
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NFigure 4.2 — Heat equation – Comparison of space-time and fixed-point approach.

In Figure 4.2a, it can be seen that the space-time Greedy training indeed yields the
minimum number of 3 basis functions. The POD-Greedy training for the fixed-point
approach, however, needs more than the optimal 5 functions to incorporate all temporal
information into the reduced basis. Note that this significantly increases the online
complexity.
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N 1 2 3 4 5 6
Fixed-point 1.987 2.022 2.100 1.990 1.991 1.994
Space-time 1.110 1.110 – – – –

NTable 4.1 — Heat equation – Maximum effectivity of error bounds over Ξtest.

Moreover, a computation of the maximal error ‖eN (µ)‖Y (respectively its trapezoidal
approximation) and the corresponding error bounds ∆FP,α(t)

N (µ) (see (3.9)) and ∆ST,Y
N (µ)

(4.7) for both approaches over a parameter test set Ξtest ⊂ D with |Ξtest| = 49 reveals
that the effectivity η(µ) = ∆N (µ)

‖eN (µ)‖ in both approaches is very good (Figure 4.2b). Note
that the error bounds in the offline-online decomposition involve square roots and are
thus bounded from below by the root of the machine precision. For the space-time
approach, we additionally show the bounds without such a decomposition, i.e. using the
Riesz representation of the complete parameter-dependent residual, which can then be
computed up to machine precision.
In Table 4.1, the comparison of the maximum effectivities over Ξtest for different N reveals
that the space-time effectivities are in the range [1.09, 1.12], whereas maxµ∈D η(µ) ≈ 2
in the fixed-point calculations. Moreover, the detailed presentations for N = 1, 2 in
Figure 4.3 show that the effectivities are less parameter-dependent in space-time, which
ensures the correct choice of snapshots in the Greedy algorithm and hence a good training
behaviour.
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NFigure 4.3 — Heat equation – Effectivity of error bounds for N = 1, 2.

4.4.2 Convection-Diffusion-Reaction Equation
For further studies, we consider on the same space-time domain as in the previous exam-
ple a parameterized convection-diffusion-reaction example with homogeneous Dirichlet
boundary conditions

(CDR)





∂
∂tu−∆u+ µ1b(x)∇u+ µ2u = f(µ) on Ω× [0, T ],

u(t, 0) = u(t, 1) = 0, ∀ t ∈ [0, T ],
u(0, x) = u(T, x) on Ω.
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The convection coefficient function is chosen as b(x) = 1
2 − x and the right hand side set

to f(t, x;µ) ≡ f(t) = cos(2πt). As parameters, we consider the intensity of convection
and reaction, respectively, for a parameter set D := [0, 30]× [−9, 15] ⊂ R2.
The truth computations are again performed on comparable discretizations: We choose
uniform wavelets of level J = 5 for the space-time methods, yielding a truth discretization
of N ST = 992, while we take for the fixed-point approach Nx = 32 and investigate both
time step numbers K1 = 32 and K2 = 50. Note that K1 = 32 corresponds to the wavelet
discretization of the time domain.
Remark 4.12 (Space-Time FEM). The same problem was also implemented in Matlab,
using the FEM basis described in Section 4.1.1 with Nx = 32 and K = 50. As the results
are qualitatively the same as for the wavelet implementation, we do not list them here
explicitly and refer to [SU12a] for details. Note that there, numerical experiments with
different temporal and spatial mesh widths allowed the conclusion that the discretization
was indeed stable for the investigated problem.

Space-Time Inf-Sup Constant and Lower Bound

Proposition 2.37 gives an analytical lower bound βB,LB := αmin{γ−2,1}√
2 max{1,α−1} for the space-time

inf-sup constant βB(µ), depending only on the spatial quantities γ(µ), α(µ), and thus
less expensive to compute than βB(µ) itself.
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(b) Inf-sup lower bound βB,LB

NFigure 4.4 — CDR example – Inf-sup constant and bound

To investigate the quality of this analytical bound, we plot in Figure 4.4 both βB as well
as βB,LB over the extended parameter domain D̃ := [0, 30]× [−15, 15] ⊃ D. All constants
(α, γ, βB) are computed as spatial, respectively space-time eigenvalue problems on a FEM
discretization as in Section 4.1.1.
As expected, the true inf-sup constant (Figure 4.4a) degrades with growing convection
as well as with decreasingly negative reaction parameters and reliably indicates the
parameter region of non-stability (note that the values with β2(µ) < 0 for parameters
near (0,-15) are not plotted). The bound (Figure 4.4b) mirrors this behaviour in the
region of low and no stability, but proves to provide poor estimates for large parameter
values. This is mainly due to the influence of the continuity constant γ that grows in
both parameters and enters βB,LB as γ−2.
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Even though the computational effort for βLB is significantly lower than for the full
space-time constant βB, it is thus not advisable for this example to use it as a surrogate
for the true inf-sup constant. For efficient and good online estimates of βB, common
techniques like min-θ or SCM (cf. Section 2.4.1) are to be preferred.

Training and Online Tests

The training and test results for a uniform training set Ξtrain ⊂ D, ntrain = 20× 20 = 400,
and an equally uniformly spaced Ξtest ⊂ [0.5, 29.5]× [−8.5, 14.5], ntest = 15× 15 = 225,
are presented in Figure 4.5.
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NFigure 4.5 — CDR example – Comparison of Greedy training and average effectivities
for space-time and fixed-point approach.

We see in Figure 4.5a that in this example the training error maxµ∈Ξtrain ∆N (µ) (where
we use again ∆N (µ) = ∆ST,Y

N (µ) or ∆FP,α(t)
N (µ), respectively) decreases faster for the

fixed-point method, so that the number of basis functions to reach a given tolerance is
approximately half as large as in the space-time approach. Recall, however, that with
this method we construct only a spatial reduced basis and thus have an online effort
of the order of O(IonKN3

FP) = O(Ion · 50 · N3
FP) in contrast to O(N3

ST) = O(8N3
FP)

in the space-time case. In our example, the number of online fixed-point iterations
Ion is not prohibitively large: Ion ∈ {1, . . . , 11}, depending on parameter and RB size
– Ion ∈ {2, . . . , 5} for most parameters. As described in Section 3.5, the fixed-point
convergence can sometimes be accelerated by systematic choices of initial values, yet a
certain number of iterations as well as of time steps K is necessary to maintain online
solution quality.

The average effectivities over the test set Ξtest for different N are presented in Figure
4.5b. It is apparent that the space-time error bound is consistently very good with
ηav = 1

ntest

∑
µ∈Ξtest η(µ) close to unity. For the fixed-point method, however, we observe

that a uniformly effective bound requires a minimum number of time steps – in this
example more than the corresponding number of temporal wavelets in the space-time
discretization (where 1

∆t = 32). Note that for the maximum basis size both error
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bounds and errors are in the order of (the square root of) machine precision, effectivity
computations are hence little reliable and not plotted.

Average Runtime
Space-Time 0.0981 s
Fixed-Point (∆t = 1

32) 0.0542 s
Fixed-Point (∆t = 1

50) 0.0817 s

NTable 4.2 — CDR example – Runtime comparison for truth solution uN .

To further discuss the online behaviour of both methods, we measure the average runtimes
needed for the solution of truth and RB problems over a uniformly randomly chosen
parameter set Ξrd

test with ntest = 25, and additionally differentiate for the online solutions
between the times necessary to compute both the RB solution uN (µ) as well as the error
bounds ∆ST,Y

N (µ), ∆FP,α(t)
N (µ) and that to obtain only uN (µ). Apart from the absolute

offline and online runtimes, presented in Table 4.2 and Figures 4.6b, 4.7b, we look at
the runtime reduction, i.e. the RB solution time in % of the full truth solution time,
Figures 4.6a, 4.7a. In addition to the average times, error bars indicate the minimum
and maximum runtimes over Ξrd

test. All numerical experiments have been performed on a
3.06 Ghz Intel Core Duo 2 with 4 GB RAM; the runtimes are always averaged over 1000
computations.

0 2 4 6 8 10 12 14

10−2

10−1

100

N

Online runtimes (in % of offline times)

Space-Time
Fixed-Point (∆t = 1

32 )
Fixed-Point (∆t = 1

50 )

(a) Runtime reduction (including ∆N )

0 2 4 6 8 10 12 14

0

1

2

3
·10−3

N

Online runtimes (in s)

ST
FP (∆t = 1

32 )
FP (∆t = 1

50 )

(b) Online runtimes (including ∆N )

NFigure 4.6 — Runtime comparison for the CDR example, including ∆N .

Even though a full space-time offline solution here is computationally more expensive
than a fixed-point solution, both the runtime reduction as well as the online runtimes
are significantly better in space-time, both in- and excluding the computation of the
respective error bounds ∆ST,Y

N (µ), ∆FP,α(t)
N (µ), even when we compare the space-time

runtimes with the minimum online times for a fixed-point solution.
Moreover, while we see the expected dependency of the online runtimes of the fixed-point
calculations on the number of time steps K, they additionally vary significantly over the
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NFigure 4.7 — Runtime comparison for the CDR example, without ∆N .

parameter set. This is caused by the different number of necessary iterations, even in
this with Ion ∈ {1, . . . , 11} rather moderate example.

4.5 Conclusions
In this chapter, we have proposed a space-time framework for the construction of RB
approximations of time-periodic solutions and presented possible FEM and wavelet truth
discretizations of the involved Bochner spaces X , Y . We derived error bounds in both Y
and the solution space X , as well as primal-dual output bounds, all of which can also be
applied in the case of time-dependent (non-LTI) operators.
This was compared to the alternative fixed-point time-stepping methods presented in
Chapter 3, which allow rigorous a posteriori estimates for the approximation error only
in a discrete spatio-temporal Y-norm. Moreover, some problems are easily computable
in a space-time context, while being not directly feasible in a time-stepping approach,
e.g. if the bilinear forms cannot be separated into time and space contributions. We
also discussed possible combinations of different approaches in offline and online stage,
allowing a minimization of the total computational effort. However, this appeared to be
of greater interest in initial value problems, as the periodicity condition prevents a full
decoupling of time steps.
Numerical experiments confirm the good effectivity of the error bounds and show that
both methods yield reduced bases of similar size. This implies a significant reduction
of online computational effort within the space-time framework, as only one equation
system has to be solved online (O(N3)), whereas the calculation in the fixed-point
framework requires the computation of several initial value problems until convergence is
reached (O(IonKN3)). Moreover, the independence of the fixed-point iteration number
Ion = Ion(µ) in the space-time online calculations allows a reliable a priori prediction of
online runtimes, which may be crucial for real-time problems. We have also seen that
the effectivity of the fixed-point error bounds may depend on the quality of the temporal
discretization.
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Apart from the more precise inf-sup constant, space-time methods thus seem to be able
to lead to fast online phases and provide effective RB error bounds. For many examples,
however, the additional time dimension causes significantly increased numerical cost in
the offline stage. Especially for IVPs, this can be mitigated by space-time discretizations
with decoupled time steps. In the time-periodic context, though, the disadvantage in
comparison to the also at times very expensive fixed-point iterations is not as pronounced.
Moreover, the periodicity condition prohibits a full decoupling of all discrete time points.
Hence, it appears to be more promising to avoid the large offline cost for time-periodic
problems through the use of space-time adaptive truth methods. The consequences and
implications of this approach are discussed in Part II, within the framework of wavelet
discretization schemes.



102



Part II

Adaptive Methods





5A Least Squares Adaptive Wavelet Galerkin
Method

We have seen in Chapter 4 that space-time RBMs for time-periodic parameterized problems
have the advantage of sharp error bounds as well as short online times. A major problem,
however, was the increased computational cost in the offline basis training phase due
to the additional time dimension. It is therefore of fundamental interest to investigate
adaptive solution methods for time-periodic space-time formulations.

For linear parabolic IVPs, such algorithms, based on tensor-product wavelet discretizations,
have been developed by Schwab and Stevenson [SS09] and have since been successfully
employed e.g. in space-time optimal control contexts ([GK11]). It was shown in [SS09]
that the adaptive wavelet algorithms from [CDD01; CDD02; GHS07], developed for
symmetric and non-symmetric elliptic problems and all relying on so-called APPLY-
routines corresponding to wavelet compression schemes, are (quasi-)optimal in this setting,
in a sense to be specified below in Definition 5.4.

As a further development, Chegini and Stevenson [CS11] presented a construction of
wavelets leading to truly sparse system matrices B (see (2.53)) in the same space-time
initial value setting. This approach allows to elude the sometimes rather complicated
construction of the compression schemes and thus renders the efficient evaluation of
certain matrix-vector products possible.

In parallel, Kestler and Stevenson [KS14; KS13] developed another advance to avoid
expensive APPLY-evaluations, based on so-called multitree structured index sets. The
AWGMs using such multitree-based applications of system matrices were shown to be quasi-
optimal in both Galerkin as well as Petrov-Galerkin settings. Numerical experiments in
elliptic Galerkin settings revealed their potential for significant reduction of computational
cost in comparison with APPLY-based schemes.

However, the practical realization of these multitree AWGMs for Petrov-Galerkin problems,
especially such arising from (time-periodic) space-time formulations, has not yet been
adressed. In that respect, a central open issue is the optimal choice of certain auxiliary
index sets required to solve on the one hand the arising normal equations, and on the
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other hand to estimate the (infinite-dimensional) residual that plays a crucial role as a
posteriori error indicator in all AWGMs.
In this chapter, we investigate the application of these multitree-based schemes to general
Petrov-Galerkin problems. Possible index set constructions are proposed and tested in
numerical experiments for space-time formulations of time-periodic PDEs.
We stress that other adaptive schemes for IVPs usually focus either on the spatial or on
the temporal variable or are based on local error estimators (e.g. [Raa07]), thus forfeiting
optimality. Numerically efficient methods for space-time variational formulations, on
the other hand, include space-time multigrid methods [HV95], space-time sparse grids
[And13; GO07] or space-time adaptive multilevel wavelet collocation methods [AKV06].
Of these, only the latter use adaptive algorithms that can realize the full convergence
potential of the approximate solution in certain situations.
The chapter is organised as follows: Starting with the formulation of a Petrov-Galerkin
tensor-product wavelet discretization of the time-periodic problem (2.26) in Section 5.1,
we review AWGMs in Section 5.2. More specifically, we give an overview over the optimality
concepts as well as the approaches from [CDD01; CDD02; GHS07] for elliptic problems.
We discuss the problems arising for parabolic equations and how to mitigate those by
considering normal equations. In Section 5.3, we present the developed multitree-based
implementation of the AWGM for the normal equations (called least squares AWGM) and
finally give results of the corresponding numerical experiments in Section 5.4. The
outcomes of those results are discussed in a short conclusion in Section 5.5.
The results of this chapter are joint work with Sebastian Kestler and Karsten Urban and
have been submitted for publication as [KSU13].

5.1 Petrov-Galerkin Discretizations of Linear Operator Equa-
tions

We have seen in Section 2.5.2 that well-posed operator equations of the type

Find u ∈ X : B[u] = f in Y ′, B ∈ L(X ,Y ′), (5.1)

lead to equivalent, yet infinite, matrix-vector equations in the sequence space `2(J ).
These can be solved by a level-wise restriction to finite index sets ∇J , as detailed in
Section 2.5.2, 4.1.2 and used in Section 4.4. However, one can also try to find index sets
λ ⊂ J that are optimal in a certain sense detailed below. This is the aim of adaptive
wavelet methods and will lead us to algorithms with best possible convergence rates that
can nevertheless be realized in linear complexity.
In the following, we assume that X , Y are separable (infinite-dimensional) Hilbert spaces
over R (with scalar products (·, ·)X , (·, ·)Y and induced norms ‖·‖X , ‖·‖Y) that can be
equipped with uniform Riesz bases

pΨX := { pψXλ : λ ∈ pJ }, (5.2)
qΨY = { qψYν : ν ∈ qJ }. (5.3)

We stress that the bases pΨX , qΨY may be obtained from different collections of wavelets
pΨ, qΨ with respect to possibly different (countable) index sets pJ , qJ with even possibly
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different cardinalities on each level j ≥ j0 – this is in difference to the formulation in
Section 4.1.2, where a single collection Ψ was scaled with respect to two different norms.
Therefore, we use the notation p·, q· in order to distinguish between the two collections,
whereas sub- or superscripts X , Y indicate an appropriate scaling. The upper and lower
Riesz constants (see Definition 2.48) for the two bases are denoted by C pΨX (X ), C pΨX (X )
and C qΨY (Y), C qΨY (Y), respectively.
We thus arrive at the equivalent `2-problem:

Find u ∈ `2( pJ ) : Bu = f , f ∈ `2( qJ ), (5.4)
where B = 〈 qΨY ,B[ pΨX ]〉Y×Y ′ = b( pΨX , qΨY)>, f = 〈f, qΨY〉Y ′×Y and the solution u ∈ X
of (5.1) is given by the linear combination u = u> pΨX .
Remark 5.1. Note that here a level-wise restriction as in (4.6) leads to finite matrix-vector
systems that are in general not quadratic, as the respective number of wavelets on each
level does not have to be equal for the two distinct collections pΨ, qΨ.

5.1.1 Petrov-Galerkin Periodic Space-Time Discretization
Before we come to a description of AWGMs, we first discuss the wavelet discretization of
our problem – cf. also Section 4.1.2, where a slightly different wavelet approach to the
same problem was used.
Recall from Section 2.2 that we consider the space-time problem

Find u ∈ X : b(u, v) = g(v) ∀ v ∈ Y, (5.5)
on the spaces
Y = L2(0, T ;V ), X = {v ∈ L2(0, T ;V ) : vt ∈ L2(0, T ;V ′), v(0) = v(T ) in H},

where

b(u, v) =
∫ T

0
[(ut(t), v(t))H + a(t;u, v)] dt, g(v) =

∫ T

0
〈f(t), v(t)〉V×V ′dt.

As before, we assume that the problem is posed on a product domain Ω = Ω1×· · ·×Ωn ⊂
Rn and that the Gelfand triple is of the form V ↪→ H := L2(Ω) ↪→ V ′ with V a Sobolev
space of non-negative order with

V :=
n⋂

i=1

n⊗

j=1
Wij , where Wij :=

{
L2(Ωi), i 6= j,

V (i), i = j.

In this context, V (i) is assumed to be either Hm(Ωi) (for m ∈ N fix) or a subspace
incorporating essential boundary conditions and we stress again that many spaces arising
naturally in PDEs admit such a structure, e.g. V = H1

0 (Ω), V (i) = H1
0 (Ωi), [GO95].

As in Section 4.1.2, a multivariate basis for the equivalent `2-problem can then be
constructed as a tensor product of univariate wavelet Riesz bases (recall that we can
write X h

[
L2(0, T )⊗ V ] ∩ [H1

per(0, T )⊗ V ′], Y h L2(0, T )⊗ V , (2.25)). Unlike before,
however, where a single wavelet collection was normalized in different norms in order to
span X , respectively Y, we now aim at constructing different wavelet collections pΨX ,
qΨY as in (5.2), (5.3) for the trial and test space.
For the univariate bases, we assume that they are uniformly local, piecewise polynomial
wavelet bases of order d in the sense of Assumption 2.57, with d̃ vanishing moments.
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Temporal Discretization

It is the temporal discretization that differs from the one in Section 4.1.2, as we employ
here periodic wavelets only in the trial space X . More exactly, let again

Θper := {ϑper
λ , λ ∈ J per

t } ⊂ H1
per(0, T ),

be a uniformly local, piecewise polynomial periodic wavelet basis of order dt > 1 for
L2(0, T ) which can be renormalized to the Riesz basis

{
ϑper
λ /‖ϑper

λ ‖H1 , λ ∈ J per
t

}
of

H1
per(0, T ). We denote the respective Riesz constants by CΘper(L2), CΘper(L2) and – in a

slight abuse of the notation so far – CΘper(H1
per), CΘper(H1

per).

The temporal basis for the test space Y, however, is not required to be periodic. Thus,
we choose here a uniformly local, piecewise polynomial wavelet basis for L2(0, T ),

Θ :=
{
τλ, λ ∈ Jt

} ⊂ L2(0, T ), (5.6)

with Riesz constants CΘ(L2), CΘ(L2) and wavelets being not necessarily periodic.

Spatial Discretization

The spatial discretization is chosen exactly as in Section 4.1.2 for both test and trial
space. To recall the notation, we assume that we have for i ∈ {1, . . . , n} collections

Σ(i) := {σ(i)
λ , λ ∈ J (i)

x } ⊂ V (i),

that are uniformly local, piecewise polynomial Riesz bases of order dx > m1 of L2(Ωi)
and can be renormalized to Riesz bases of both V (i) and V (i)′ with respective Riesz
constants CΣ(i)(V (i)), CΣ(i)(V (i)) and CΣ(i)(V (i)′), CΣ(i)(V (i)′).

Then – by Lemma 2.64, due to L2(Ω) h L2(Ω1) ⊗ · · · ⊗ L2(Ωn) as well as the tensor
structure (4.5) of V – the collection

Σ := {σλ, λ ∈ Jx} := Σ(1) ⊗ · · · ⊗ Σ(n)

with tensor product wavelets σλ := σ
(1)
λ1
⊗· · ·⊗σ(n)

λn
and index set Jx := J (1)

x ×· · ·×J (n)
x

is a Riesz basis for L2(Ω). With Lemma 2.65, it is clear that the properly normalized
collections

[Σ]V :=
{
σλ/‖σλ‖V , λ ∈ Jx

}
, [Σ]V ′ :=

{
σλ/‖σλ‖V ′ , λ ∈ Jx

}

are moreover Riesz bases for V and V ′. The respective Riesz constants are denoted
by CΣ(V ), CΣ(V ) as well as CΣ(V ′), CΣ(V ′), where we again implicitly consider the
properly normalized collections, i.e. CΣ(V ) = C[Σ]V (V ), etc.

1 Recall that we assumed V (i) ⊆ Hm for all i = 1, . . . , n.
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Space-Time Discretization

The space-time Riesz bases pΨX , qΨY of X and Y can now be obtained from the Riesz
bases

pΨ :=
{pψλ := ϑper

λt
⊗ σλx , λ := (λt,λx) ∈ pJ := J per

t ×Jx
}

= Θper ⊗Σ, (5.7)
qΨ :=

{qψλ := τλt ⊗ σλx , λ := (λt,λx) ∈ qJ := Jt ×Jx
}

= Θ⊗Σ, (5.8)

of L2(0, T ;L2(Ω)) h L2(0, T )⊗ L2(Ω) by the normalization

pΨX :=
{pψλ/‖pψλ‖X , λ ∈ pJ } = DX pΨ, DX := diag

[(‖pψλ‖−1
X
)
λ∈ pJ

]
,

qΨY :=
{qψλ/‖qψλ‖Y , λ ∈ qJ } = DY qΨ, DY := diag

[(‖qψλ‖−1
Y
)
λ∈ qJ

]
.

As in [SS09, Sec. 6], the Riesz constants corresponding to pΨ, qΨ can then be bounded as
follows:

C pΨ(X ) ≥ min{CΘper(L2) · CΣ(V ), CΘper(H1) · CΣ(V ′)},
C pΨ(X ) ≤ max{CΘper(L2) · CΣ(V ), CΘper(H1) · CΣ(V ′)},

as well as

C qΨ(X ) ≥ CΘ(L2) · CΣ(V ), C qΨ(X ) ≤ CΘ(L2) · CΣ(V ).

Note that for convenience, we shall often label the temporal dimension with index i = 0,
i.e. write a tensor product wavelet basis Ψ ∈ { pΨ, qΨ} as

Ψ = Ψ(0) ⊗Ψ(1) ⊗ · · · ⊗Ψ(n) =
{
ψλ := ψ

(0)
λ0
⊗ ψ(1)

λ1
⊗ · · · ⊗ ψ(n)

λn
, λ ∈ J

}
,

where λ = (λ0, λ1, . . . , λn) and J := J (0) × J (1) × · · · × J (n). In this setting, it is clear
that Ψ(0) ∈ {Θper,Θ}, J (0) ∈ {J per

t ,Jt} and Ψ(i) = Σ(i) for i ∈ {1, . . . , n}.
We thus obtain a discretization of the form (5.21), where

B = 〈 qΨY ,B[ pΨX ]〉Y×Y ′ = DY
[
b( pΨ, qΨ)

]>DX , f = DY〈f, qΨ〉Y ′×Y ,

with pΨ, qΨ as above.

5.2 Adaptive Wavelet Galerkin Methods
Even though heuristic adaptive wavelet strategies have been used before (cf. [Urb09,
Sec. 7.2.2]), the first AWGMs with proven complexity and convergence rates have been
introduced in [CDD01] and further developed in [CDD02; GHS07]. Space-time schemes
for parabolic problems have been analyzed in [SS09]. In the limited scope of this thesis,
we present in this section the main ideas of these methods, as well as the multitree-based
matrix-vector evaluation from [KS14], mainly following the survey article by Stevenson
[Ste09].
In order to fix notation, we consider again the Petrov-Galerkin discretization of Section 5.1
in its general form (i.e. not necessarily restricted to space-time parabolic equations). As
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before, all collections pΨX , qΨY as well as sequences of wavelet coefficients v ∈ `2( pJ ), `2( qJ )
are formally interpreted as infinite column vectors. By Λ ⊂ J , e.g. J ∈ { pJ , qJ }, we
denote (usually finite-dimensional) arbitrary subsets of indizes with cardinality #Λ.
In order to restrict (bi-)infinite quantities to such finite index sets, we introduce the
operators

EΛ : `2(Λ)→ `2(J ), (5.9)
RΛ : `2(J )→ `2(Λ), (5.10)

where EΛ is the trivial embedding, i.e., the extension of vΛ ∈ `2(Λ) by zeros to an
element of `2(J ). Consequently, its adjoint RΛ = E>Λ is the restriction of v ∈ `2(J ) to
v|Λ ∈ `2(Λ). Often, we write vΛ as a shorthand notation for RΛv. If the index set, e.g.
J , is obvious from the context, we sometimes also write `2 instead of `2(J ).
For pΛ ⊆ pJ and qΛ ⊆ qJ , we define the following restriction of a bi-infinite matrix
B ∈ L(`2( pJ ), `2( qJ )) and its adjoint B>:

qΛBpΛ := RqΛ B EpΛ = B|qΛ×pΛ, BpΛ := qJ BpΛ, (5.11)

pΛBqΛ
> := RpΛ B>EqΛ = B>|pΛ×qΛ, pΛB> := pΛB qJ

>. (5.12)

Remark 5.2 (Norm Relations, [Ste09, p.565]). For a symmetric positive definite matrix
A ∈ L(`2(J ), `2(J )), it holds for the restriction ΛAΛ to Λ ⊆ J that

‖ΛAΛ‖ ≤ ‖A‖, ‖ΛAΛ
−1‖ ≤ ‖A−1‖,

as well as for the induced energy norm

|||v|||2A := 〈v,Av〉`2(J )×`2(J )

that for all vΛ ∈ `2(Λ)

‖ΛAΛ
−1‖−

1
2 ‖vΛ‖`2 ≤ |||v|||A ≤ ‖ΛAΛ‖

1
2 ‖vΛ‖`2 ,

‖ΛAΛ
−1‖−

1
2 |||v|||A ≤ ‖ΛAΛvΛ‖`2 ≤ ‖ΛAΛ‖

1
2 |||v|||A.

Finally, C . D means that C can be bounded by a constant times D and C & D is
defined as D . C. In this setting, C h D is defined as C . D and C & D.

5.2.1 Best N -term Approximation and Quasi-Optimality
When discussing optimality of an adaptive algorithm, it first has to be clarified in
which sense this optimality is measured. Here, we take as benchmark the nonlinear
approximation concept of best N -term approximations. This is defined as the best
approximation of v ∈ X by elements with N degrees of freedom (dofs) in a given basis, cf.
e.g. [DeV98; Ste09]:

Definition 5.3 (Best N -term approximation in X ). Let Υ := {γλ : λ ∈ I} be a Riesz
basis for X and denote by ΣN := span{γλ : λ ∈ Λ,#Λ ≤ N} the set of all linear
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combinations with at most N elements. The best N -term approximation vN ∈ X of
v ∈ X w.r.t. Υ is then defined as

vN := arginfwN∈ΣN ‖v − wN ‖X

with best N -term error
σN (v) := inf

wN∈ΣN
‖v − wN ‖X .

Since Υ is a Riesz basis of X , we can define the same notions with respect to the
coefficient vectors: Denote by supp v the non-zero coefficients of a sequence v ∈ `2(I).
Then, with ΣN := {w ∈ `2(I) : # supp w ≤ N}, we have

σN (v) := inf
wN∈ΣN

‖v−wN ‖`2(I) h σN (v) ∀ v = v>Υ ∈ X .

and any vN ∈ `2(I) for which ‖v − vN ‖`2(I) = σN (v) is a (non-unique) best N -term
approximation. It is clear that vN corresponds to vectors consisting of the N largest
coefficients in modulus from v.
We can then categorize functions u ∈ X , respectively their coefficient vectors u ∈ `2(I),
u = u>Υ, by the convergence rate s > 0 of their respective best N -term approximations
and define the approximation classes

As = As(X ,Υ) := {u ∈ `2(I) : ‖u‖As <∞},

where
‖u‖As := sup

ε>0

(
ε · (min{N ∈ N0 : ‖u− uN ‖`2(I) < ε})s)

is a (quasi-)norm on As, cf. [Ste09]. In a slight abuse of notation, we say that u =
u>Υ ∈ As if u ∈ As. Note that As = {u ∈ `2(I) : supN∈N0 N sσN (u) < ∞}, so that
infwN∈ΣN ‖u− wN ‖X . N−s for all u ∈ As. Moreover, the above definition yields that
the number of dofs needed to approximate u ∈ As with a given tolerance ε, i.e. to realize
‖u− uN ‖`2(I) ≤ ε, is bounded as

N ≤ ε−1/s‖u‖1/sAs .

Stevenson [Ste09, Sec. 1.3] remarks that this bound is generally sharp.
The approximation rate s is not only depending on the (Besov) regularity of the solution
u, but is also influenced by the choice of Riesz basis collection Υ for X , as indicated
above. Indeed, it can be shown that there exists for any pair (X ,Υ) a best possible rate
smax > 0, in the sense that the convergence

‖u− uΛi‖X . (#Λi)−smax ,

but no better, can be realized for some choice of (Λi)i ⊂ I and sufficiently smooth u ∈ X ,
see [Ste09, Sec. 1.1]. Note that the (trivial) examples u that admit a finite representation
in Υ or are exceptionally close to one are excluded from this definition of smax.
This implies the following definition of a (quasi-)optimal adaptive wavelet method.
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Definition 5.4 (Quasi-optimal adaptive wavelet methods, [Ste09]). Let u = u>Υ ∈ As
for some s ∈ (0, smax]. An adaptive wavelet method is then called (quasi-)optimal if it
produces for any ε > 0 an approximation uε so that

‖u− uε‖`2(I) ≤ ε with # supp uε . ε−1/s‖u‖1/sAs (5.13)

within linear complexity, i.e. so that the computational cost to compute uε is also bounded
by some absolute multiple of ε−1/s‖u‖1/sAs .

Remark 5.5 (Best approximation rate for space-time Petrov-Galerkin problems). Re-
garding the space-time wavelet discretization of time-periodic PDEs given in Section
5.1.1, Schwab and Stevenson [SS09, Sec. 7.2] have shown that under the stated as-
sumptions on the univariate bases, especially on the orders dt > 1, dx > m such that
u = u> pΨX ∈ X ∩Hdt(0, T )⊗H dx(Ω) for the Sobolev space H dx of dominating mixed
derivatives defined as

H dx(Ω) :=
n⋂

i=1

n⊗

j=1
Zij , where Zij :=

{
L2(Ωi), i 6= j,
Hdx(Ωi), i = j,

the best possible rate – independent of the spatial dimension n – is given by

smax = min{dt − 1, dx −m}. (5.14)

This result also applies in our setting. Note that the order of the wavelet bases for the
test space Y does not enter the best approximation rate.

In order to arrive at algorithms with linear complexity in the sense of Definition 5.4, it is
essential to have routines at hand that can compute the application of the (bi-infinite)
system matrix B to a finitely supported vector vΛ approximately within a prescribed
tolerance. This is rather a property of the operator B and leads to the following definition.

Definition 5.6 (s∗-Admissibility, [Ste09, Def. 3.1]). A matrix B is called s∗-admissible
for some s∗ > 0 if there exists a routine that yields for any ε > 0 and finitely supported
upΛ ∈ `2(pΛ) a finitely supported w ∈ `2( qJ ) with

‖BupΛ −w‖
`2( qJ ) ≤ ε

with computational cost that are for any s̄ ∈ (0, s∗) bounded by some absolute multiple
of ε−1/s̄‖upΛ‖

1/s̄
As̄ + # supp upΛ + 1 and for which

# supp w . ε−1/s̄‖upΛ‖
1/s̄
As̄ .

It can be shown (cf. [SS09, Thm. 4.10]) that a matrix is s∗-admissible if it is close enough
to a computable sparse matrix in the following sense.

Definition 5.7 (s∗-Computability, [SS09, Def. 4.9]). A matrix B ∈ L(`2( pJ ), `2( qJ ))
is called s∗-computable if for each N ∈ N there exists BN ∈ L(`2( pJ ), `2( qJ )) having
in each column at most N nonzero entries that can (in total) be computed in O(N )
computations and for which

sup
N∈N
N · ‖B−BN ‖1/s̄L(`2( pJ ),`2( qJ )) <∞, s̄ ∈ (0, s∗).
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Note that s∗-computability implies that there exist approximations ‖B−BN ‖ < ε with
N ∈ O(ε−1/s̄) nonzero entries in each column of BN .
In the following, we describe known wavelet schemes that fulfill the optimality conditions
in Definition 5.4. We start with an exposition of methods for elliptic problems and then
discuss their extension to parabolic problems.

5.2.2 Elliptic Problems
The ideas and results of the following two sections have been developed mostly in [CDD01;
CDD02; GHS07]. We largely follow the presentation of [Ste09].
Consider an elliptic problem of the form

Find u ∈ X : A[u] = f, f ∈ X ′,
where A ∈ L(X ,X ′) is a linear, self-adjoint operator induced by a continuous and coercive
bilinear form, i.e. for all v, w ∈ X holds

〈v,A[w]〉X×X ′ . ‖v‖X ‖w‖X ,
〈v,A[v]〉X×X ′ & ‖v‖2X .

Analogously to (2.53), the equivalent `2-problem to this problem reads:

Find u ∈ `2( pJ ) : Au = f , f ∈ `2( pJ ), (5.15)

where A = 〈 pΨX ,A[ pΨX ]〉X×X ′ and f = 〈 pΨX , f〉X×X ′ with pΨX from (5.2).
We stress that in this elliptic case test and trial space coincide, i.e. X = Y, so that
we obtain the above Galerkin formulation and may use pΨX as trial and test basis.
Furthermore, due to the above assumptions, A is symmetric positive definite and ||| · |||A
defines an equivalent norm, cf. Remark 5.2, that is

‖A−1‖− 1
2 ‖v‖`2 ≤ |||v|||A ≤ ‖A‖

1
2 ‖v‖`2 , ∀v ∈ `2( pJ ). (5.16)

The idea of an AWGM now is to construct a series of nested finite index sets (pΛk)k ⊂ pJ
in such a way that the corresponding Galerkin solutions upΛk

fulfill (5.13) for εk → 0.
The choice of pΛk+1 is based on the a posteriori estimate of the residual on Λk, i.e.
f −AupΛk

⊂ `2( pJ ), and realized by a bulk-chasing strategy. This procedure is depicted
in Algorithm 5.1. It is, however, only an idealized scheme, as from the three main steps –
determination of the Galerkin solution, computation of the residual and bulk-chasing
choice of wavelet indizes – only the first can be realized numerically. As the residual is
supported on the infinite-dimensional `2( pJ ), we have to discuss how lines 4 and 6 can
be realized approximately while still ensuring the quasi-optimality of the algorithm.
First, however, let us comment on the role of the residual and its norm νk. As mentioned
above, the residual information is used as an a posteriori error estimate in order to
steer the extension (usually corresponding to a refinement) of the index set Λk. Due to
coercivity of A as well as (2.3), we have the relation

‖A‖−1‖f −AuΛk
‖
`2( pJ ) ≤ ‖u− uΛk

‖
`2( pJ ) ≤ ‖A

−1‖‖f −AuΛk
‖
`2( pJ ), (5.19)

so that the stopping criterion in line 5 indeed guarantees that ‖u − uε‖`2( pJ ) ≤ ε. By
the bulk chasing procedure, one aims at constructing index sets that reduce the error as
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Algorithm 5.1 An idealized AWGM for quasi-optimal approximations uε to u
Input: ε: target tolerance,

pΛ1 6= ∅: initial index set.
Output: uε: approximate solution.
Parameters: δ ∈ (0, κ(A)− 1

2 ).

1: procedure IDEALIZED–AWGM(ε, pΛ1) → uε
2: for k = 1, 2, . . . do
3: Solve the Galerkin problem:

Find upΛk
∈ `2(pΛk) : pΛk

ApΛk
upΛk

= fpΛk
. (5.17)

4: Residual computation: Compute f −AupΛk
and νk := ‖f −AupΛk

‖`2 .

5: if νk ≤ ε/‖A−1‖ then return uε := upΛk
.

6: Bulk chasing criterion: Find the smallest index set pΛk+1 ⊃ pΛk such that

‖RpΛk+1
(f −AupΛk

)‖`2( pΛk+1) ≥ δ‖f −AupΛk
‖
`2( pJ ). (5.18)

much as possible by capturing the main error contribution (the bulk) while keeping the
computational effort (i.e. the cardinality of Λk+1) as small as possible. The first property
is guaranteed by condition (5.18), which is also known as bulk criterion and implies a
certain saturation property, as detailed in the following lemma.

Lemma 5.8 ([CDD01, Lem. 4.1], [Ste09, Lem. 4.1]). Let Λ ⊂ Λ̃ ⊂ J and w ∈ `2(Λ)
such that for 0 < δ < 1 holds that

‖RΛ̃(f −Aw)‖`2 ≥ δ‖f −Aw‖`2 ,

then the so-called saturation property |||uΛ̃ −w|||A ≥ δκ(A)−
1
2 |||u−w|||A holds and

|||u− uΛ̃|||A ≤
√

1− δ2κ(A)−1|||u−w|||A.

Note that (5.18) can be realized by adding the indizes corresponding to the largest entries
in the residual to Λk. With that, we have the following quasi-optimality result for the
idealized Algorithm 5.1.

Proposition 5.9 ([Ste09, Prop. 4.1]). The iterates upΛk
produced by Algorithm 5.1 satisfy

|||u− upΛk
|||A ≤

[
1− δ2κ(A)−1]k2 |||u|||A.

For the output uε, it holds ‖u−uε‖`2( pJ ) ≤ ε. If u ∈ As for some s > 0, it also holds for
Nk := #pΛk that

‖u− upΛk
‖
`2( pJ ) . ‖u‖

1/s
AsN−sk , # supp uε . ε−1/s‖u‖1/sAs . (5.20)
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Note that the output uε yields an approximation uε := u>ε pΨX that satisfies due to the
Riesz property of the basis the relation

√
C pΨX (X )‖u− uε‖`2 ≤ ‖u− uε‖X ≤

√
C pΨX (X )‖u− uε‖`2 ≤

√
C pΨX (X ) · ε.

Implementable AWGM Versions

There are different approaches to turn Algorithm 5.1 into an implementable scheme.
Most of them have in common that they address the problem of computing the infinite
quantities in the residual by replacing them with appropriate approximative schemes.
These mainly include, amongst others, a so-called APPLY-routine that – given the
operator B allows a corresponding compression scheme – provides an approximation w
with ‖Au−w‖`2 ≤ ε within acceptable numerical complexity. Note that these schemes
are also used in the iterative solution of (5.17), so that the Galerkin solutions uΛ are only
computed up to some tolerance. Similarly, a routine RHS providing fε ≈ f is assumed to
be available.
The above is the case in all of [CDD01; CDD02; GHS07]. For a distinction, note that
[CDD01] introduce an additional coarsening of the iterands in order to ensure the bound
on the computational complexity, which has been shown to be dispensable in [GHS07] if
the bulk chasing parameter δ is chosen to be small enough (as defined in Algorithm 5.1).
Strictly speaking, the method presented in [CDD02] does not fall into the category of
AWGMs, as there the Galerkin projection in (5.17) is replaced by an inexact Richardson
iteration.
It has to be stressed that using APPLY-based methods is not straightforward, as the
derivation and implementation of the necessary compression schemes is not always easy
and can, moreover, be quantitatively quite demanding.
Therefore, other approaches aim e.g. at the construction of truly sparse matrices A
in order to avoid the APPLY-approximations, see [Dij09; CS11; CS12]. Yet, those
constructions are necessarily highly specialized on the underlying operator.
In [KS14; KS13], fast matrix-vector and residual evaluation schemes based on multitree
index sets were presented for operators that are separable with respect to the coordinate
directions, replacing the compression-based APPLY-routines. As we will employ these
methods in the following, we refer for more details to the given references and Section 5.3.

5.2.3 Parabolic Problems
At first glance, the `2-problem

Find u ∈ `2( pJ ) : Bu = f , f ∈ `2( qJ ), (5.21)

arising from the general linear operator problem (5.1) looks quite similar to (5.15). One
may thus try to analyze the procedure IDEALIZED–AWGM (Alg. 5.1) for equation
(5.21). However, the generalization of the idealized scheme to (5.21) is not trivial. Note
that ultimately, we have the solution of time-periodic PDEs in space-time formulation, i.e.
equation (2.29) in mind. For the arising equivalent problems, the following issues are
problematic:
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(1) Symmetry and positive definiteness: Recall that B from (5.21) is in general not
symmetric positive definite (spd), so that 〈 · ,B · 〉1/2

`2( pJ )×`2( qJ ) is not an equivalent
norm on `2( pJ ). However, the availability of an equivalent energy norm as in (5.16)
is crucial for the convergence analysis of Algorithm 5.1, see e.g. [Ste09, Proposition
4.1]. In particular, the choice of the bulk chasing parameter δ in Algorithm 5.1
relies on this assumption. This problem also extends to the implementable AWGMs
given in [CDD01; GHS07].

(2) Bulk chasing and residual computation: It is not clear how to construct the next
index set pΛk+1 from pΛk. In analogy to (5.19), the residual f −BupΛk

∈ `2( qJ ) with
error estimator ‖f −BupΛk

‖
`2( qJ ) satisfies

‖B‖−1‖f −BuΛk
‖
`2( qJ ) ≤ ‖u− uΛk

‖
`2( pJ ) ≤ ‖B

−1‖‖f −BupΛk
‖
`2( qJ ). (5.22)

But the residual is an element of the sequence space `2( qJ ), so that it is labeled
w.r.t. qJ , where in general qJ 6= pJ . Thus, we cannot select pΛk ⊂ pJ by selecting
the most important contributions from the residual as is done in (5.18).

(3) Petrov-Galerkin problems: Since pΨX 6= qΨY , the (well-posed) Galerkin problem
in line 3 of Algorithm 5.1 here becomes a Petrov-Galerkin problem. Hence the
uniform well-posedness of the finite-dimensional problems is no longer inherited
from the infinite dimensional problem (5.21) and has to be ensured for all pΛk.

As a solution to the above problems, it was proposed in [CDD02] to work with the
associated normal equations instead, i.e. to consider

Find u ∈ `2( pJ ) : B>Bu = B>f , B>f ∈ `2( pJ ). (5.23)

Since B is boundedly invertible, the unique solution of (5.23) is also the unique solution
of (5.21) (see [CDD02, Thm. 7.1]). Indeed, (5.23) are the (infinite) normal equations
associated to the least squares problem

Find u ∈ `2( pJ ) : u = argmin
v∈`2( pJ )

‖Bv− f‖2
`2( qJ ), f ∈ `2( qJ ), (5.24)

cf. [CDD02, (7.7), (7.8)] and Section 2.1.1.

AWGMs for Normal Equations

The reformulation of (5.21) in terms of (5.23) addresses the issues mentioned above as
follows:

(1) Symmetry and positive definiteness: Obviously, B>B is symmetric. Moreover, by
(2.54),(2.55) it is also positive definite and it holds that

‖B>B‖ ≤ ‖B‖2, ‖(B>B)−1‖ ≤ ‖B−1‖2, (5.25)

so that κ(B>B) ≤ ‖B‖2‖B−1‖2. The considered operator B>B fulfills thus the
conditions from Section 5.2.2.
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(2) Bulk chasing and residual computation: Instead of considering the residual in
`2( qJ ), we now obtain B>(f −BupΛk

) ∈ `2( pJ ) with error estimator ρk := ‖B>(f −
BupΛk

)‖
`2( pJ ). In analogy to (5.19) and (5.22), we infer that

‖B‖−2ρk ≤ ‖u− upΛk
‖
`2( pJ ) ≤ ‖B

−1‖2ρk. (5.26)

Observe that this kind of residual allows again for a bulk chasing strategy as used
in line 6 of IDEALIZED–AWGM (Alg. 5.1).

(3) Well-posedness of the Petrov-Galerkin problems: With pΛB> and BpΛ defined in
(5.11), (5.12), we get (B>B)|pΛ×pΛ = pΛB>BpΛ as well as (B>f)|pΛ = pΛB>f ∈ `2(pΛ).
Hence, (5.17) for general pΛ ⊂ pJ with A = B>B now reads as

Find upΛ ∈ `2(pΛ) : pΛB>BpΛupΛ = pΛB>f . (5.27)

Observe that the unique solution to (5.27) can also be characterized as the solution
of a least squares problem, namely

upΛ = argmin
v pΛ∈`2( pΛ)

‖BpΛvpΛ − f‖2
`2( qJ ),

see also Definition 2.11 of a best approximation in `2(pΛ). Moreover, the Galerkin
problem (5.27) is uniformly well-posed. Note, however, that the direct computation
of pΛB>BpΛ is not feasible due to the infinite-dimensional matrix-matrix multipli-
cation. However, since B>B is spd, we infer from (5.25) that ‖pΛB>BpΛ‖ ≤ ‖B‖2
as well as ‖(pΛB>BpΛ)−1‖ ≤ ‖B−1‖2 for all pΛ ⊆ pJ . In particular, the condition
number κ(pΛB>BpΛ) is thus bounded independently of pΛ.

Remark 5.10 (Primal and dual residual). For future reference, we distinguish between
the two residuals in `2( pJ ) and `2( qJ ) with the following nomenclature:

Primal residual : f −BupΛk
∈ `2( qJ ),

Dual residual : B>(f −BupΛk
) ∈ `2( pJ ).

All in all, we are thus again in the setting of Section 5.2.2 and can in theory use any of
the implementable schemes mentioned there. In practice, however, there are still some
implementational issues: The main difficulty in working with the normal equations (5.23)
is the already mentioned infinite dimension of the inner products in pΛB>BpΛ and pΛB>f .
We therefore need to discuss how to turn the idealized AWGM into an implementable
scheme for normal equations.

5.2.4 Implementable AWGMs for Normal Equations
In order to propose a multitree-based implementation of an AWGM for normal equa-
tions in the next section, we first describe the requirements for an implementable
AWGM for problems of the type (5.23) in detail. Like the implementable versions of the
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IDEALIZED–AWGM, it is based on the availability of certain approximative subrou-
tines, which we will specify in the following. The complete procedure – called LS–AWGM
(least squares adaptive wavelet Galerkin method) – is then given in Algorithm 5.2. Assume
in the following that the solution u of (5.1) is sufficiently smooth so that u ∈ As for some
0 < s < smax.

Approximate Residual Computation

For a given (approximate) solution wpΛ of (5.27), we need to be able to compute a
sufficiently good approximation of the dual residual, given in terms of a relative accuracy.
For this, we require a routine

function RESIDUAL(wpΛ, ωls) → pr

Input: wpΛ ∈ `2(pΛ): approximate solution to (5.27),
ωls ∈ (0, 1): relative output tolerance.

Output: pr ⊂ `2( pJ ): approximate residual.

that satisfies the assumption
(RES) For the output pr of RESIDUAL(wpΛ, ωls) holds that

‖B>(f −BwpΛ)− pr‖
`2( pJ ) ≤ ωls · νls, νls := ‖pr‖

`2( pJ ), (5.28)

and the associated computational cost is of order O(#pΛ + ν
−1/s
ls ‖u‖1/sAs ).

Approximate Galerkin Solution

As (5.27) in its given form is not feasible, we assume the existence of a numerical scheme
that approximates the exact solution upΛ up to some tolerance ε. The required routine is
usually based on some iterative linear system solver and has the form

function GALSOLVE(pΛ, win
pΛ, ε) → wpΛ

Input: pΛ ⊂ pJ : index set on which (5.27) is solved,
win

pΛ ∈ `2(pΛ): initial solution,
ε > 0: approximation tolerance.

Output: wpΛ ∈ `2(pΛ): ε-approximate solution.

We assume that the following assumption holds:
(GAL) The output wpΛ of GALSOLVE (pΛ, win

pΛ, ε) satisfies

‖pΛB>(f −BpΛwpΛ)‖`2( pΛ) ≤ ε. (5.29)

For an initial value win
pΛ that satisfies ‖pΛB>(f −BpΛwin

pΛ)‖`2( pΛ) ≤ ρ for some ρ > 0,
the associated computational cost is assumed to be of order O(c(ρ/ε) · #pΛ +
ρ−1/s‖u‖1/sAs ), where c : R+ → R+ is some non-decreasing function.
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In the AWGM, the tolerance ε is usually determined as a fraction 0 < γls < 1 of the
a posteriori error estimator νls = ‖pr‖

`2( pJ ). During the algorithm, we can ensure that
‖pΛB>(f −BpΛwin

pΛ)‖`2( pΛ) ≤ (1 + γls)νls, so that the computational cost is then bounded
by an absolute multiple of #pΛ + (νls)−1/s‖u‖1/sAs .

Approximate Bulk Chasing

Finally, we need a routine that realizes the bulk chasing process, based on the residual
approximation from RESIDUAL. This can be obtained by an approximate sorting of pr,
combined with a subsequent thresholding step, see e.g. [Ste09, p. 569].

function EXPAND(pΛ, pr, δ) → pΛ

Input: pΛ ⊂ pJ : current index set,
pr ∈ `2( pJ ): (approximate) residual w.r.t. pΛ,
δ ∈ (0, 1): bulk chasing parameter.

Output: pΛ ⊃ pΛ: index set containing the bulk of the error.

For the above routine, we assume

(EXP) The expanded index set pΛ ⊂ pJ produced by EXPAND(pΛ,pr, δ) satisfies the bulk
chasing criterion with parameter δ, i.e.

pΛ ⊃ pΛ, ‖RpΛpr‖`2( pΛ) ≥ δ‖pr‖`2( pJ ). (5.30)

Moreover, up to some absolute multiple, pΛ is minimal among all sets that satisfy
(5.30). The computational cost of this routine is of order O(#pΛ + # supppr).

Quasi-Optimal Implementable AWGM for Normal Equations

With the above routines at hand, we can now state the implementable AWGM for the
normal equations (5.23) in Algorithm 5.2.
Its quasi-optimality is given by the following result, which is a direct consequence of
[Ste09, Proposition 4.2 & Theorem 4.1], see also [GHS07, Theorem 2.7].

Theorem 5.11 ([GHS07; Ste09]). Let the assumptions (RES), (GAL) and (EXP) and
the requirements on δ, ωls, γls from Algorithm 5.2 hold. The iterates wpΛk

produced by
LS–AWGM then satisfy

|||u−wpΛk
|||A ≤ ρk/2|||u|||A,

where
ρ := 1−

(δ − ωls
1 + ωls

)
κ(B>B)−1 + γ2

ls
(1− ωls)2κ(B>B) < 1.

The output uε satisfies ‖u− uε‖`2( pJ ) ≤ ε. If, moreover, u ∈ As for some s > 0, it holds
for Nk := #pΛk that

‖u−wpΛk
‖
`2( pJ ) . ‖u‖

1/s
AsN−sk , # supp uε . ε−1/s‖u‖1/sAs . (5.31)
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Algorithm 5.2 An implementable AWGM for normal equations
Input: ε: target tolerance,

pΛ1 ⊂ pJ : initial index set,
ν0

ls h ‖B>f‖`2( pJ ): initial error estimate (and tolerance).
Output: uε: ε-approximate solution.

Parameters: Tolerances δ, γls ∈ (0, 1), ωls ∈ (0, δ) such that δ+ωls
1−ωls

< κ(B>B)− 1
2 and

γls ∈
(
0, (1−ωls)(δ−ωls)

1+ωls
κ(B>B)−1).

1: procedure LS–AWGM(ε, Λ1, ν0
ls) → uε

2: wpΛ0
← 0

3: for k = 1, 2, . . . do
4: wpΛk

← GALSOLVE(pΛk,wpΛk−1
, γls · νk−1

ls ))
5: prk ← RESIDUAL(wpΛk

, ωls)
6: νkls ← ‖prk‖`2
7: if νkls ≤ ε/‖B−1‖2`2 then return uε := wpΛk

8: pΛk+1 ← EXPAND(pΛk,prk, δ)

While the EXPAND-procedure is relatively standard and relies in most implementations
on an approximate bucket sorting of the residual pr, there are different variants for
realizations of GALSOLVE and RESIDUAL.

The initial approach, presented in [CDD02] and adopted e.g. in [SS09; GK11], is to reuse
the APPLY-routines developed for the approximate evaluation of Bv, transform them
into approximations of B>v and combine successive applications of APPLY, respectively
APPLY and RHS, with appropriate tolerances and parameters in order to approximate
the left and right hand side from (5.23). This can analogously be done with the respective
schemes from [CDD01; GHS07] (recall that [CDD02] work with inexact Richardson
iterations rather than a Galerkin projection of (5.23) to a fixed index set).

Similar as for elliptic operator equations, Chegini and Stevenson [CS11] developed
wavelets that lead to truly sparse system matrices B for parabolic operators with
constant coefficients in space-time formulation. With those at hand, the application
of B or B> to any finitely supported vector vΛ can be performed exactly with only
linear cost, as the columns of the system matrices have only a fixed number of non-zero
entries. Combined with a RHS-routine, this enables the implementation of an AWGM as
in [CDD01; CDD02] or [GHS07] without compression methods.

We aim in the following at applying the multitree methods from [KS14; KS13] to the
normal equations. As we shall see, these methods exploit tensor product structures of the
wavelet bases in order to decompose the application of a system matrix B arising from a
linear differential operator with polynomial coefficients into unidirectional computations,
which can be evaluated exactly on multitree-structured index sets. This allows the use
of a wide range of (existing) wavelet bases for a large class of operators – enabling
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us to apply them easily as truth solvers for the parameterized time-periodic problems
(5.5), without having to construct special sparse periodic wavelet bases or particular
compression schemes for the parameterized operators, thus given us the full flexibility
required in the considered RBM setting. Moreover, the multitree approach has been
shown to outperform APPLY-based AWGMs in elliptic settings, see [KS13].

5.3 Multitree-Based Implementation of LS–AWGM

The concept of multitree-based evaluation schemes for system matrices arising from
general Petrov-Galerkin wavelet discretization of PDEs was introduced in [KS14; Kes13].
Its main principles are the separation of the operator B into unidirectional operations,
which can then be applied successively, as well as their efficient evaluation by the
exploitation of the multilevel structure of wavelet bases.
Especially the latter can only be taken advantage of if the considered finite index sets
have a so-called tree structure. Given a univariate uniformly local, piecewise polynomial
basis Ψ as in Assumption 2.57, this is defined in one dimension as follows:

Definition 5.12 (Trees). A subset Λ ⊂ J is called a tree if for any λ ∈ Λ with |λ| ≥ j0
it holds that

supp ψλ ⊂
⋃

µ∈Λ;|µ|=|λ|−1
supp ψµ,

i.e. if the support of ψλ is fully covered by the supports of some wavelets on the next
lower level.

Note that again, we denote by index j0− 1 the corresponding scaling functions, cf. (2.45).
A simple tree in J is given by the full index sets ∇J , i.e. the collection of all (wavelet)
indices from the coarsest level j0 up to level J ∈ N. Observe, though, that the tree is not
required to contain all wavelets on level |λ| − 1 with intersecting supports, i.e. for which
suppψµ ∩ suppψλ 6= ∅, as in the so-called expanded trees from e.g. [CDD03, Section 3.2].
The following property is crucial.

Lemma 5.13 (Nested Extended Support, [KS14, Lem. 2.1]). Let λ, µ ∈ Λ with |µ| =
|λ| − 1 and | suppψλ ∩ suppψµ| > 0. Then, the extended support defined as

Sµ := {x ∈ Ω : dist(x, suppψµ) ≤ DΨ2−|µ|}, DΨ := sup
λ∈J

2|λ| diam(suppψλ), (5.32)

fulfills Sµ ⊃ Sλ.

In order to extend this concept to the notion of multitrees in higher dimensions, consider
a tensor product wavelet basis Ψ = {ψλ, λ ∈ J } ∈ { pΨ, qΨ} with pΨ and qΨ as in (5.7)
and (5.8). The extension of Definition 5.12 then reads:

Definition 5.14 ([KS14]). An index set Λ ∈ J is called a multitree if for all i ∈ {0, . . . , n}
and all indices µj ∈ J (j) for j 6= i, the index set

Λ(i) := {λi ∈ J (i) : (µ0, . . . , µi−1, λi, µi+1, . . . , µn) ∈ Λ} ⊂ J (i) (5.33)

is either the empty set or a tree in the sense of Definition 5.12.
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Loosely speaking, a multitree Λ ∈ J is “when frozen in any n coordinate directions, a
tree in the remaining coordinate” (see [KS13, Sec. 3.1]).
Remark 5.15 (Quasi-optimality on multitree sets). When working with multitrees, we
consider the constrained approximation space

Asmtree := {v ∈ `2( pJ ) : ‖v‖Asmtree <∞} ⊂ A
s,

where the minimum in the definition of the norm

‖v‖Asmtree := sup
ε>0

(
ε · [min{N ∈ N0 : ‖v− vN ‖`2( pJ ) ≤ ε ∧ supp vN is a multitree}]s)

is restricted to the set of vN supported on a multitree. Then, if the index sets pΛk in
Algorithm 5.2 are required to be multitrees, the quasi-optimality of LS–AWGM (with
respect to Amtree) is maintained, see [KS13].

5.3.1 Multitree-Based Fast Evaluation of System Matrices
With the concept of multitrees at hand, we can now describe how these structures can
be used to efficiently realize the application of a system matrix B to finite-dimensional
vectors vpΛ. More precisely, the multiplication of the restricted matrix qΛBpΛ to vpΛ ∈ `2(pΛ)
can be realized exactly in linear complexity O(#pΛ+#qΛ) if pΛ ⊂ pJ , qΛ ⊂ qJ are multitrees.
This can be used for the computation of the infinite-dimensional quantities in (5.23): We
will see that for any multitree pΛ, there exist multitree sets in qJ on which the resulting
approximation to e.g. the primal residual is sufficiently close, confer [KS13]. In that sense,
the use of multitree schemes can replace APPLY- and RHS-routines by very efficient
numerical evaluations. While the existence of those sets has been proven in a general
Petrov-Galerkin setting, explicit constructions have so far only been investigated for
elliptic residual approximations, [KS13]. Here, we investigate appropriate constructions
for the computation of the quantities arising during the solution of the normal equations,
i.e. the dual residual B>(f −BupΛ) as well as qΛB>BpΛupΛ.
An important principle – investigated first in a sparse grid context, see e.g. [Zen91;
BG04] – is the separation of qΛBpΛ into unidirectional operations. For that, we require
the following assumption:

Assumption 5.16 (Tensor product structure of B). We assume that B is a (precondi-
tioned) sum of tensor product bilinear forms, i.e. that there exists M ∈ N and univariate
bilinear forms b(i)m such that B can be written as

B = DY
[ M∑

m=1

n∏

i=0
b(i)m (pΨ(i), qΨ(i))

]
DX = DY

[ M∑

m=1

n⊗

i=0

~B(i)
m

]
DX , (5.34)

where ~B
(i)
m := b

(i)
m (pΨ(i), qΨ(i)) for i = 0, . . . , n and m = 1, . . . ,M . Moreover, we assume

that the b(i)m are local in the sense that b(i)m (w, v) = 0 whenever | supp v ∩ suppw| = 0.

Observe that Assumption 5.16 is indeed an assumption on the operator B – which holds
true for a large class of operators, however, see below – as well as on the underlying
spaces X , Y which are implicitly also required to be representable as tensor product
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spaces (or intersections thereof). Note, moreover, that the product structure (5.34) does
not imply that B is sparse. Indeed, this is usually not the case.
The main result is the following.

Theorem 5.17 ([KS14, Theorem 3.1]). Let B be a linear differential operator with
polynomial coefficients and let pΛ ⊂ pJ , qΛ ∈ qJ be multitrees. Then, for any vpΛ ∈ `2(pΛ),
the product qΛBpΛvpΛ can be computed in O(#pΛ + #qΛ) operations.

Without giving a detailed proof, we outline in the following the major underlying ideas.
For more details and the exact algorithms, refer to [KS14] or [Kes13, Chapter 6].
Recall the decomposition of the Kronecker product of two general (possible bi-infinite)
matrices ~A(1), ~A(2) and identity matrices ~Id(1), ~Id(2) of appropriate dimension:

~A(1) ⊗ ~A(2) =
[
~A(1) ⊗ ~Id(2)] ◦ [~Id(1) ⊗ ~A(2)] =

[
~Id(1) ⊗ ~A(2)] ◦ [ ~A(1) ⊗ ~Id(2)]. (5.35)

Splitting each component ~B(i)
m as

~B(i)
m = ~L(i)

m + ~U (i)
m with ~L(i)

m :=
[
( ~B(i)

m )λ,µ]|λ|>|µ|, ~U (i)
m :=

[
( ~B(i)

m )λ,µ]|λ|≤|µ|

into a strictly lower triangular matrix ~L
(i)
m and an upper triangular matrix ~U

(i)
m and

using (5.35), it can be shown that there exists multitrees Ξ and Ξ such that we have the
following equivalent representation of qΛBpΛ:

qΛBpΛ = DY
[ M∑

m=1
RqΛ

[
~Id(0) ⊗ ~B(1)

m ⊗ · · · ⊗ ~B(n)
m

]
EΞ︸ ︷︷ ︸

=: (I)

◦RΞ
[
~U (0)
m ⊗ ~Id(1) ⊗ · · · ⊗ ~Id(n)]EpΛ︸ ︷︷ ︸

=: (II)

+
M∑

m=1
RqΛ

[
~L(0)
m ⊗ ~Id(1) ⊗ · · · ⊗ ~Id(n)]EΞ︸ ︷︷ ︸

=: (III)

◦RΞ
[
~Id(0) ⊗ ~B(1)

m ⊗ · · · ⊗ ~B(n)
m

]
EpΛ︸ ︷︷ ︸

=: (IV)

]
DX .

Moreover, for the auxiliary index sets it holds that #Ξ+#Ξ . #qΛ+#pΛ, which is crucial
to realize the matrix-vector multiplication in linear complexity (see [KS14, Theorem
3.1]).
The above decomposition shows that an application of qΛBpΛ can be realized by a combi-
nation of (partly successive) applications of the terms (I) – (IV). The advantage is now
that these require (in the case of (I), (IV) only for n = 1, however) only the multiplication
with the univariate matrices ~L(0)

m |qΛ(0)×pΛ(0) , ~U (0)
m |qΛ(0)×pΛ(0) and ~B

(1)
m |qΛ(1)×pΛ(1) . Even though

neither of the univariate matrices is sparse in general, the tree structure of the index sets
can then be exploited so that these unidirectional operations can be performed in linear
complexity. For n > 2, the remaining parts (I) and (IV) can be treated recursively by
applying the same procedure to ~B

(1)
m ⊗ · · · ⊗ ~B

(n)
m .

Remark 5.18. Note that at this point the multitree structure of pΛ, qΛ, Ξ and Ξ is crucial,
as this guarantees the tree structure of the one-dimensional sets pΛ(0), qΛ(0), etc. Moreover,
the decomposition ~B

(i)
m = ~L

(i)
m + ~U

(i)
m (as well as the sequence of the unidirectional

operations) is fundamental in keeping the cardinalities of the required intermediate index
sets as small as possible.
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5.3.2 Multitree-Based Residual Evaluation

We are now in the position to describe the multitree-based implementation of the routine
RESIDUAL fulfilling (RES). The main idea is to approximate the residual B>(f−BwpΛ)
by a residual of type pΞBqΞ

> (fqΞ − qΞBpΛwpΛ
)

with properly chosen auxiliary index sets
pΞ ⊂ pJ , qΞ ⊂ qJ . Recall that in order to retain the quasi-optimality of the multitree
LS–AWGM, the computational cost is required to be of linear complexity in N = #pΛ –
this implies that the auxiliary index sets have to be chosen as small as possible while
still large enough to ensure the simultaneously required approximation quality.

We determine pΞ, qΞ in two steps. First, we approximate the primal residual f −BwpΛ ∈
`2( qJ ) with some relative tolerance. In the second step, we use a sparse approximation
Bη of B such that ‖B−Bη‖ < η and the approximative dual residual computed as B>η qr
is again accurate up to some appropriately defined tolerance.

Approximation of the Primal Residual

For the approximation of the primal residual, we recall the results from [KS13].

Theorem 5.19 ([KS13]). Let 0 < ω < 1, let B be a differential operator with polynomial
coefficients and let u ∈ Asmtree for some s > 0. Then, for all finite multitrees pΛ ⊂ pJ
and all wpΛ ∈ `2(pΛ), there exists a multitree qΞ = qΞ(pΛ, ω) ⊂ qJ such that the residual
approximation

qr := fqΞ − qΞBpΛwpΛ, fqΞ := RqΞf , (5.36)

has the relative accuracy

‖(f −BwpΛ)− qr‖
`2( qJ ) ≤ ω‖qr‖`2( qJ ), (5.37)

and #qΞ . #pΛ + ν−1/s with ν := ‖qr‖
`2( qJ ).

Remark 5.20. Due to the multitree structure of pΛ and qΞ, the computational cost for
computing qr is O(#pΛ + ν−1/s) if an entry fλ of f = (fλ)

λ∈ qJ can be computed exactly at
unit cost, which is e.g. the case if f is a (piecewise) polynomial. If this assumption is not
met, replace f by some approximation fε with ‖f − fε‖`2( qJ ) ≤ ε and # supp fε . ε−1/s

which is possible if f is sufficiently (piecewise) smooth (see [KS13, Sec. 3.4]). Note that
this amounts to assuming the existence of a RHS-routine, which is a standard assumption
in the analysis of AWGMs.

Approximation of the Dual Residual

Having approximated the primal residual by qr, we now aim at constructing some matrix
Bη such that

‖B>(f −BwpΛ)−B>η qr‖
`2( pJ ) ≤ ωls‖B>η qr‖

`2( pJ ), (5.38)

i.e. B>η qr is a sufficiently accurate approximation of the dual residual.
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This can be obtained using a wavelet compression of B and B>, see [KS13, Sec. 1.1].
Indeed, it can be shown that for a linear differential operator B with polynomial coef-
ficients, B and B> are s∗-computable for some s∗ > smax, see [SS09, Sec. 7]. For the
η-approximations Bη, B>η with

‖B−Bη‖ ≤ η, ‖B> −B>η ‖ ≤ η, 0 < η < 1, (5.39)

holds the result:

Lemma 5.21 ([KS13]). For sufficiently small η < 1, Bη ∈ L(`2( pJ ), `2( qJ )) and B>η Bη ∈
L(`2( pJ ), `2( pJ )) are boundedly invertible with bounds depending on η.

The following result from [KS13] then yields the desired estimate. For clarification, we
include the short proof.

Proposition 5.22 ([KS13, Sec. 1.1]). Let the assumptions of Theorem 5.19 hold and η
be small enough so that the statement of Lemma 5.21 holds true. Then, there exists a
constant

ωls =
(
η(1 + 2ω) + ω‖B‖

)
‖B−1

η ‖ → 0, ω, η → 0,

such that for prη := B>η qr,

‖B>(f −BwpΛ)− prη‖`2( pJ ) ≤ ωls ‖prη‖`2( pJ ).

Proof. With qr from Theorem 5.19, we obtain the following estimate

‖B>(f −BwpΛ)− prη‖`2( pJ ) ≤ ‖(B
> −B>η )(f −BwpΛ)‖

`2( pJ ) + ‖B>η (f −BwpΛ − qr)‖
`2( pJ )

(5.37)
≤ η

(
1 + ω

)
‖qr‖

`2( qJ ) + (‖B‖ + η)ω‖qr‖
`2( qJ )

=
[
η(1 + 2ω) + ω‖B‖

]
‖qr‖

`2( qJ ).

Since B>η is boundedly invertible, we have ‖B−>η B>η qr‖
`2( qJ ) ≤ ‖B−1

η ‖‖prη‖`2( pJ ). Hence
we get the assertion with ωls =

(
η(1 + 2ω) + ω‖B‖)‖B−1

η ‖.

For fixed η, both Bη and B>η are sparse. Unfortunately, however, the approximate
residual B>η qr is not necessarily supported on a multitree. This entails that the product
structure of B in (5.34) cannot be exploited and thus the application of these matrices
to finite vectors can be computationally expensive.
As a solution, we let pΞ be the smallest multitree containing supp B>η qr and define the
multitree-based residual

pr := pΞBqΞ
> (fqΞ − qΞBpΛwpΛ

)
= pΞBqΞ

> qr (5.40)

such that still ‖B>(f −BwpΛ)−prη‖`2( pJ ) ≤ ωls ‖prη‖`2( pJ ). Due to the multitree structure,
we are then able to compute this residual within O(#pΞ + #qΞ) operations.
Remark 5.23. Theorem 5.19 only ensures the existence of an appropriate multitree qΞ but
does not give any information on its explicit construction. The same holds true for pΞ. In
Section 5.3.4, we will discuss how we can construct multitrees qΞ and pΞ with preferably
small cardinalities and optimal balancing of the approximation error without setting up
the compressed matrix B>η .
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5.3.3 Multitree-Based Galerkin Solution
In order to solve the least squares problem (5.23) numerically, it is necessary to approxi-
mate pΛB>BpΛ by a routine that satisfies (GAL).
Due to the s∗-computability, there exist again sparse matrices Bη, B>η so that ‖pΛB>BpΛ−
pΛ[B>η Bη]pΛ‖ . η, [SS09; Ste09]. Similar to the discussion in Proposition 5.22, one could
thus solve the approximate system

Find uη,pΛ ∈ `2(pΛ) : pΛ[B>η Bη]pΛuη,pΛ = RpΛB>η fqΛ, (5.41)

using some linear iterative solver in order to compute ‖upΛ − uη,pΛ‖`2( pΛ) . η without
explicitly setting up the matrix pΛ[B>η Bη]pΛ but so that (GAL) is still satisfied.
The disadvantage of these APPLY-based approaches is again, however, that the sparse
approximations Bη do not possess the required tensor product structure so that the fast
multitree-based evaluation of the matrix-vector products cannot be employed.
We thus intend to compute the Galerkin solution wpΛ as an approximate solution of the
problem:

Find xpΛ ∈ `2(pΛ) : pΛBqΛ
>

qΛBpΛxpΛ = pΛBqΛ
>fqΛ. (5.42)

As for fixed multitrees pΛ, qΛ the system (5.42) is now a fully finite-dimensional spd
matrix-vector equation, its solution can be computed e.g. with a conjugate gradients (CG)
method.
Note that this corresponds to finding the minres-solution

xpΛ = argmin
v pΛ∈`2( pΛ)

‖qΛBpΛ
>vpΛ − fqΛ‖

2
`2( qΛ)

on `2(pΛ)× `2(qΛ) in the sense of Definition 2.13.
We could – in analogy to the dual residual computation (5.40) – choose qΛ as the smallest
multitree that contains supp BηvpΛ. However, this would have to be ensured for all
functions vpΛ ∈ `2(pΛ) and is thus not a feasible approach. It is thus a priori not clear how
the multitree qΛ can be chosen. It is obvious that the construction of such an auxiliary
index set depends on pΛ. Moreover, the design should be such that the condition number
of pΛBqΛ

> is uniformly bounded, so that the finite systems (5.42) are stable. Further,
the approximate solutions wpΛ = wpΛ(qΛ) have to satisfy (GAL) in order to arrive at a
quasi-optimal AWGM. Possible (heuristic) choices of qΛ will be discussed in Section 5.3.4
and tested in Section 5.4.

5.3.4 Construction of Multitree Index Sets
Let us review the different index sets required in an iteration k of the multitree-based
LS–AWGM. First, there is the trial set pΛk, the support set for the approximate solution
wpΛk

. It is determined from pΛk−1 by the bulk-chasing routine EXPAND. In order to
determine wpΛk

as a solution of (5.42), we further need the test set qΛk = qΛk(pΛk), see
Section 5.3.3, The approximation of the infinite-dimensional (dual) residual prk that steers
the bulk chasing and serves as a posteriori error estimate is based upon another two
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auxiliary test index sets: On the first, qΞk, the primal residual is computed as in (5.36).
Appropriate constructions in Galerkin settings have been investigated in [KS13], but so
far no results for good choices of qΞk – nor for the second set, pΞk, required to determine
pr from qr as in (5.40) – within a Petrov-Galerkin framework are available.

Choice of test sets qΛk

For a given index set pΛk ∈ pJ , we have to ensure that the finite-dimensional test set
qΛk ∈ qJ is large enough to ensure well-posedness of (5.42). At the same time, for
efficiency we would like to choose qΛk as small as possible. We propose the following
approach.
As initial sets pΛ0, qΛ0, we follow [And13, Sec. 6.2] and choose a sparse but uniform tensor
bases on a pre-specified level J with one additional time discretization level in the test
basis, i.e.,

pΛ0 := p∇sp
J ⊂ pJ , (5.43)

qΛ0 := q∇sp
J ∪ {λ ∈ qJ : |λt| = J + 1, |λi| = 0, i = 1, . . . , n} ⊂ qJ , (5.44)

where p∇sp
J , q∇sp

J are as in (2.51). Such bases are provably stable, however, this only holds
true for uniform (full or sparse) discretizations, cf. Section 4.1.2.
In later iterations, i.e. for adaptively constructed trial sets pΛk, k > 0, we propose the
following (heuristic) choices and refer to the proof of [KS13, Prop. 2] to see that the
following index sets are indeed multitrees:

(i) FullStableExpansion: For each basis function pψλ ∈ pΨX |pΛk
in Λk, we include all

wavelets (respectively scaling functions on j = j0 − 1) qψµ ∈ qΨY on the same level
and on up to ` levels higher whose supports intersect in each component (i.e. each
dimension i = 0, . . . , n) that of pψλ, thus forming a superset of all wavelets on these
levels for which 〈qψµ,B[pψλ]〉 6= 0. We then complete this index set to have a multitree
structure:

function FullStableExpansion(pΛ, `) → qΛfull

Input: pΛ ⊂ pJ : current trial index set,
` ∈ N: number of additional levels.

Output: qΛfull ⊂ qJ , where

qΛfull :=
{
λ ∈ qJ : ∃µ ∈ pΛ s.t. ∀ 0 ≤ i ≤ n : |λi| ≤ |µi|+ `

and dist
(
supp qψ(i)

λi
, supp pψ(i)

µi

) ≤ DqΨ(i)2−|λi|
}
. (5.45)

(ii) ReducedStableExpansion: As a subset of the full stable expansion from (i), we
consider among the higher wavelets only one-dimensional extensions, i.e., for each
basis function pψλ ∈ pΨX |pΛk

in Λk wavelets (resp. scaling functions) qψµ ∈ qΨY that
are on the same level or in one dimension up to ` levels higher. This yields an index
set of the form qΛred = ⋃n

s=0 qΛ(s):
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function ReducedStableExpansion(pΛ, `) → qΛred

Input: pΛ ⊂ pJ : current trial index set,
` ∈ N: number of additional levels.

Output: qΛred ⊂ qJ , where

qΛred :=
n⋃

s=0

{
λ ∈ qJ : ∃µ ∈ pΛ s.t. ∀ 0 ≤ i ≤ n : |λi| ≤ |µi|+ δs,i `

and dist
(
supp qψ(i)

λi
, supp pψ(i)

µi

) ≤ DqΨ(i)2−|λi|
}
. (5.46)

(iii) TemporalStableExpansion: We further restrict the test index set by considering
only temporal higher level extensions, i.e. for each basis function pψλ ∈ pΨX |pΛk

we
include wavelets (resp. scaling functions) qψµ ∈ qΨY that are on the same level or in
the first dimension up to ` levels higher:

function TemporalStableExpansion(pΛ, `) → qΛtemp

Input: pΛ ⊂ pJ : current trial index set,
` ∈ N: number of additional levels.

Output: qΛtemp ⊂ qJ , where

qΛtemp :=
{
λ ∈ qJ : ∃µ ∈ pΛ s.t. ∀ 0 ≤ i ≤ n : |λi| ≤ |µi|+ δ0,i `

and dist
(
supp qψ(i)

λi
, supp pψ(i)

µi

) ≤ DqΨ(i)2−|λi|
}
. (5.47)

Algorithm 5.3 Construction of the FullStableExpansion
Input: pΛ ⊂ pJ : current trial index set,

` ∈ N: number of additional levels.
Output: qΛfull ⊂ qJ

1: function FullStableExpansion(pΛ, `) → qΛfull
2: qΛfull ← ∅ ⊂ qJ
3: for λ = (λ0, . . . , λn) ∈ pΛ do
4: Find all “neighbours” µ = (µ0, . . . , µn) ∈ qJ on the same level:

qΛfull ← qΛfull ∪ {µ ∈ qJ : |µi| = |λi|, supp qψµi ∩ supp pψλi 6= 0 ∀ 0 ≤ i ≤ n}

5: Find all “neighbours” µ̃ = (µ̃1, . . . , µ̃n) ∈ qJ on the ` higher levels:

qΛfull ← qΛfull ∪ {µ̃ ∈ qJ : |µ̃i| = |λi|+ j, 1 ≤ j ≤ `,
supp qψµ̃i ∩ supp pψλi 6= 0 ∀ 0 ≤ i ≤ n}

6: Complete qΛfull to form a multitree in the sense of Definition 5.14
7: return qΛfull
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As an example, Algorithm 5.3 details the algorithmic construction of the index set for
the full stable expansion. The numerical experiments in Section 5.4 show that for all of
the above index sets the approximative problem (5.42) is indeed stable.

Choice of auxiliary sets pΞk, qΞk

In [KS14; KS13], it was shown that in a Galerkin setting, i.e. where pΨX = qΨY and
pΞ = qΞ, the auxiliary sets pΞk defined analogously to the ReducedStableExpansion (but
with the output index set being part not of the test basis, but of the same trial basis as
pΛk) are with ` = 1 adequate choices for an accurate approximation of the primal residual
qr. More precisely, this index set is defined as

function ReducedMultitreeCone(pΛ, `) → pΞ

Input: pΛ ⊂ pJ : current trial index set,
` ∈ N: number of additional levels.

Output: pΞ ⊂ pJ , where

pΞ :=
n⋃

s=0

{
λ ∈ pJ : ∃µ ∈ pΛ s.t. ∀ 0 ≤ i ≤ n : |λi| ≤ |µi|+ δs,i `

and dist
(
supp pψ(i)

λi
, supp pψ(i)

µi

) ≤ DpΨ(i)2−|λi|
}
. (5.48)

Remark 5.24 (Alternative Choices for pΞk). Analogously, one can also define a procedure
FullMultitreeCone (with Petrov-Galerkin generalization FullStableExpansion). Kestler
and Stevenson [KS14; KS13] investigated similarly to the above also the index set
FullMultitreeCone(pΛ, 1) as a choice for pΞk and found it equally satisfatory. However,
since ReducedMultitreeCone produces the index set with smaller cardinality, we restrict
ourselves for computational efficiency reasons to this choice in the following.

pΛk ⊂X : pΞtmp
k

(5.48)

qΞk

pΞk

Y :

(5.45)-(5.47) (5.45)

(a) FullResConstruction

pΛkX : ⊂ pΞtmp
k =: pΞk

(5.48)

qΞkY :

(5.45)-(5.47)

(b) OptimResConstruction

NFigure 5.1 — Constructions of index sets pΞk, qΞk for residual approximation.

For the approximation of the dual residual pr in our Petrov-Galerkin setting, we combine
the above multitree cone extension in the trial index set pJ with the expansions (5.45)
– (5.47) of pΛk ⊂ pJ into the set of test basis indizes qJ . More precisely, we consider
the two variants FullResConstruction and OptimResConstruction depicted in Figure
5.1, which will be explained in the following. Recall that the approach was to first
approximate the primal residual qr and then pr = pr(qr) from (5.40).
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For the primal residual qr = fqΞ − qΞBpΛwpΛ – which is in `2( qJ ) – we expand in both cases
the trial index set pΛk to pΞtmp

k = ReducedMultitreeCone(pΛk, `) and obtain the desired
qΞk by one of the expansion variants in (5.45) – (5.47).
For the dual residual pr = pΞBqΞ

> qr (in `2( pJ )), we consider two approaches. In the first
one – FullResConstruction, shown in Figure 5.1a – we take the set qΞk as above and set
pΞk =FullStableExpansion(qΞk, `) (with obvious inverted roles of primal and dual basis).
This corresponds to the requirement formulated in Section 5.3.2 that pΞk is the smallest
multitree containing supp B>η qrk for sufficiently small η.

The second approach – OptimResConstruction– uses the by far smaller set pΞk = pΞtmp
k as

indicated in Figure 5.1b. Note that this is just the construction (5.48) proposed in [KS13].
While this index set does not necessarily cover supp B>η qrk, we find in our numerical
experiments in the next section that it still provides sufficiently good approximations.
Remark 5.25 (Adaptivity in the test and auxiliary index sets). For both the least squares
problem and the residual approximation, the test sets qΛk, qΞk are always constructed
to be consistent with the current trial sets pΛk, pΞk, but do not necessarily have any
relation to sets qΛk−1, qΞk−1 from previous iterations. This implies that all index set
adaptation inside the AWGM is performed only in the trial basis set pΨX , based on only
the information from the dual residual prk ∈ `2( pJ ).

5.4 Numerical Examples
In order to investigate the quasi-optimality of the multitree-based LS–AWGM, we
perform in the following several numerical experiments for time-periodic problems in
space-time formulation as in Section 5.1.1. We focus on the behaviour that is most
affected by the choice of multitree- instead of APPLY-based procedures. This is on
the one hand the stability of the arising normal equations (5.42), especially in view of
the different choices (5.45) – (5.47) of stable expansions for qΛk. On the other hand, we
examine the quantitative behavior of approximate primal and dual residuals in view of
Remark 5.23.
The LS–AWGM is compared to a (uniform) sparse grid approach (in the following often
abbreviated as SG), cf. e.g. [Zen91; BG04]. This is realized by computing the solutions
on a sequence of uniform finite-dimensional sets p∇sp

J , q∇sp
J , J = 0, 1, . . . , as in (5.43),

(5.44), based on the same wavelet discretization as the adaptive approach.
This discretization is constructed in trial and test space as a tensor product of form (5.7),
(5.8). As univariate periodic basis Θper, we use a collection of bi-orthogonal B-spline
wavelets of order dt = d̃t = 2 on the real line, periodized onto [0, T ] as in Example 2.61,
[Urb09]. As collection of temporal test functions, we employ bi-orthogonal B-spline
wavelets from [Dij09] with dt = d̃t = 2, cf. Example 2.62.
The results reported in the following are all obtained for the choice of spatial wavelet
bases Σ as L2(0, 1)-orthonormal (multi-)wavelets as in [Rup13] (Example 2.63), with
dx = 2 and homogeneous boundary conditions. Note that due to the orthogonality
structure, the Riesz constants CΣ(V ), CΣ(V ) are independent of the dimension n. In
particular, the condition numbers of B>B and of pΛBqΛ

> qΛBpΛ do not depend on n, either.
Without loss of generality, we can thus restrict ourselves to the 1D case n = 1.
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As further parameters for the LS–AWGM, we choose δ = 0.7, γls = 0.01 and, if not
indicated differently, ` = 1 for the stable extensions from Section 5.3.4. Observe that we
have chosen a larger value for δ than required by Algorithm 5.2 for efficiency reasons.
All arising normal equations were solved by a least squares conjugate gradients (CGLS)
algorithm, cf. [Saa03, Sec. 8.3].

Remark 5.26. As an alternative discretization, we have also tested a bi-orthogonal spatial
collection Σ as in [Dij09] (Example 2.62), with dx = d̃x = 2. The obtained results are
qualitatively similar – even though these wavelets do not satisfy the assumptions, as they
cannot be renormalized to a Riesz basis of H−1(Ω) – and thus not reported here.

5.4.1 Heat Equation with Discontinuous Source Function

As a first time-periodic example, we consider the inhomogeneous heat equation

(S)





∂
∂tu(t, x)−∆u(t, x) = f(t, x) on Ω× [0, T ],

u(t, 0) = u(t, 1) = 0, ∀ t ∈ [0, T ]
u(0, x) = u(T, x) on Ω,

T

t

1

K

f(t)

on the one-dimensional domain Ω = (0, 1), setting the time horizon to T = 1. We assume
homogeneous Dirichlet boundary conditions, but consider a discontinuous source function
f(t, x) ≡ f(t) := K

(
Nt
T − bNtT c

)
, N ∈ N, K ∈ R+, as shown on the right hand side

exemplarily for N = 3, K = 1.

0 0.2 0.4 0.6 0.80

0.2

0.4

0.6

0.8

t

x

0

2

4

6

8

·10−2

(a) Solution u(t, x) at iteration k = 9,
plotted with discretization ∆t = 0.01,
∆x = 0.02.

0 0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

t

x

2

4

6

8

10

12

(b) Support centers of basis functions pψλ in
pΛk for k = 9, colors indicate ‖ |λ| ‖1.

NFigure 5.2 — Adaptive heat equation – Adaptivity behavior of the LS–AWGM.

Naturally, the discontinuities of the source function are reflected in the solution, see
Figure 5.2a, justifying the use of an adaptive solver. The basis functions chosen by the
LS–AWGM are visualized in Figure 5.2b, where the centers of supp pψλ are plotted for
all λ ∈ pΛk, k = 9. The color – and, for better visualization, the size – of the marks
corresponds to the (total) wavelet levels ‖ |λ| ‖1. We see that the algorithm correctly
detects the necessity to refine in the time variable, especially around the sharp peaks at
t = 1

3 , t = 2
3 , t = 1, but not overly much in the spatial component. Note, though, that the
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plot is slightly misleading in this respect, as the first few levels of spatial multiwavelets
have their support centers at x = 0.5.

Considering first the optimized residual construction OptimResConstruction (as in
Figure 5.1b) and the full stable expansions as in (5.45), we investigate the convergence
of the adaptive algorithm and the stability of the finite-dimensional systems (5.42).
The norms of primal and dual residuals are shown in Figure 5.3a for the LS–AWGM
and the sparse grid computations. As expected, LS–AWGM reaches the optimal rate
smax = d − 1 = 1, whereas the uniform sparse grid approach suffers from the lack of
smoothness of the solution.
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NFigure 5.3 — Adaptive heat equation – Comparison of LS–AWGM (AWGM) and
Sparse Grids (SG).

We observe in Figure 5.3b that the iteration numbers for the CGLS method in each
LS–AWGM-iteration stabilize at about 150 iterations in both approaches. This indicates
that the choice of test sets qΛk = qΛFull yields stability.

Figure 5.3c shows the cardinalities of the test sets. They grow only linearly with #pΛk,
so that both wpΛk

and prk can be computed within linear complexity in each iteration and
thus the bounds on the computational cost formulated in (GAL), (RES) for quasi-optimal
algorithms are fulfilled.
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NFigure 5.4 — Adaptive heat equation – Comparison of residual constructions.
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Recall that the above results are based on OptimResConstruction for pΞk. In Figure 5.4
FullResConstruction– which corresponds more to the theoretic requirements – is used.
As pΞk hardly impacts the primal residual qrk, we monitor only the dual residual. Note that
we now use a larger index set in order to approximate prk, so that its norm ‖prk‖`2( pJ ) can
be expected to be slightly increased. This is visible in the convergence plot in Figure 5.4a,
which however also shows that this inexactness in the residual approximation due to the
optimized construction is not significant and that both error estimators exhibit the same
behaviour. Moreover, this marginal improvement in the computation of prk by the full
construction comes at a high cost, as #pΞk is 40-50 times larger than for the optimized
index set, see Figure 5.4b. For most purposes it it thus sufficient to regard only the
optimized variant.
Finally, in Figure 5.5, we compare the stable expansion types (Full, Reduced, Temporal,
cf. (5.45) – (5.47)) that determine the finite-dimensional Galerkin system that is solved
in each iteration. We find no discernible differences in the residual, plotted in Figure 5.5a,
and only a very slight increase in the iteration numbers in GALSOLVE, see Figure 5.5b.
It seems that choosing qΞk = TemporalStableExpansion(pΞtmp

k , 1) yields results that are
comparable to the other extensions. Note that this could not be deduced from [KS14;
KS13]. All three methods seem stable – we can thus reduce the size of the test sets qΛk

by a factor of about 3.4 by choosing the temporal expansion (5.47) without any impact
on the LS–AWGM behaviour.
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NFigure 5.5 — Adaptive heat equation – Comparison of stable expansions.

5.4.2 Convection-Diffusion-Reaction Equation
As a second example, we consider again on the space-time domain [0, T ] × Ω, T = 1,
Ω = (0, 1) the convection-diffusion-reaction (CDR) equation

(EC)





∂
∂tu−∆u+∇u+ u = f(t, x) on Ω× [0, T ],

u(t, 0) = u(t, 1) = 0, ∀ t ∈ [0, T ]
u(0, x) = u(T, x) on Ω.

for a source function f(t, x) that yields u(t, x) = e−1000(x−(0.5+0.25 sin(2πt)))2 , see Figure
5.6a. Note that u is infinitely smooth but exhibits large gradients in non axis-aligned
directions.
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(a) Solution u(t, x) of the CDR example
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NFigure 5.6 — Adaptive CDR – Solution and adaptive refinement.

The support centers (i.e., the centers of supp pψλ, λ ∈ pΛk) in Figure 5.6b indicate that the
LS–AWGM benefits from its ability to refine not only independently in each dimension,
but in particular locally in the full space-time domain.
This is also mirrored in Figure 5.7a, where we observe the optimal rate smax = 1
for the LS–AWGM. The results are based on the optimized construction of pΞk by
OptimResConstruction as well as only temporal stable expansions (5.47) for qΛk and qΞk.
Even though we thus employ rather small test and auxiliary index sets, the number of
inner iterations proves to be stable, see Figure 5.7b. When comparing this with the sparse
grid approach, we see that the smoothness of the solution allows here for a convergence
rate close to 1 as well – however, the asymptotic regime and comparable residual norms
are only reached for index sets that are over a magnitude larger.
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NFigure 5.7 — Adaptive CDR – Convergence and stability of LS–AWGM (AWGM)
and Sparse Grids (SG).

Finally, we compare the above LS–AWGM results with those obtained for larger sets,
i.e., using full stable expansions (5.45) and the FullResConstruction for pΞk. As before,
we see in Figures 5.8a, 5.8b that we can reduce the size of the test sets qΛk, qΞk by factors
from 2 to 3 without losing accuracy. Likewise, the full construction of pΞk yields index
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sets that are approximately 20 times as large as for the optimized version, cf. Figure 5.8c,
with only a slight improvement in the residual approximation.
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5.5 Conclusions
We have developed an implementable version of the least squares adaptive wavelet
Galerkin method LS–AWGM based on the multitree concepts presented in [KS14; KS13].
It has been detailed how the theoretical findings from [KS14; KS13] extend to the Petrov-
Galerkin setting of parabolic problems in space-time formulations. Simultaneously, the
open questions in the realization of the multitree-based adaptive scheme for such problems
were pointed out.
Moreover, we proposed several practical schemes for the construction of auxiliary in-
dex sets required for an implementation of such a multitree LS–AWGM. Numerical
experiments with time-periodic heat and convection-diffusion-reaction equations proved
that all of these choices lead to stable finite-dimensional (Petrov-)Galerkin problems
and good residual approximations. It was also visible that the implemented version
of the algorithm is indeed (quasi-)optimal, as we observed the theoretically predicted
convergence rate within linear complexity. In addition, a comparison of the different
constructions revealed the potential in computational savings – choosing optimized index
sets reduces the computational cost significantly while not affecting the approximation
or convergence qualities.
The advantage of full space-time adaptive methods was highlighted through a comparison
with a uniform sparse-grid method which showed lower convergence rates, respectively a
larger error, in both considered numerical examples.
All in all, the presented multitree LS–AWGM provides an apparently good space-time
adaptive solver for time-periodic PDEs in variational space-time formulation and can thus
be employed as truth solver in RBMs.





6RBM with Adaptive Offline Computations

As we have seen in Chapters 2.4, 3.1 and 4.1, “classical” RBMs rely on a common truth
discretization XN , YN that is assumed to be smooth enough to ensure an adequate
discretization tolerance for all parameters µ ∈ D. This is the justification for not
taking the discretization error into account – recall that the classical RB error is always
measured with respect to the “truth” solution uN (µ). While it cannot be argued that for
N →∞ such an appropriate discretization exists, there are several issues that have to
be considered in practice – especially the parameter-independence of XN , YN can raise
some problems.
More specifically, consider that in many applications, the parameters describe geometric
features of the domain (e.g. [GV11]), local material characteristics such as diffusivity and
permeability [RHP08], or direction and magnitude of (non-)linear transport [DHO12;
DPW13]. In such cases, the solutions usually exhibit strong parameter-dependent local
features. Defining a priori a discretization that is guaranteed to be fine enough to
represent u(µ) for all parameters µ ∈ D then requires knowledge about the shapes of
all these solutions and is thus often not possible. Note that the common approach –
to construct a RBM with respect to a truth discretization which is adequate for some
selected µi ∈ D, i = 1, . . . , I, and to assume that this can resolve the features of all u(µ)
– can be drastically misleading. Indeed, usually the coarser the discretization the smaller
the RB error for a fixed RB dimension N , as less fine-scale characteristics of u(µ) (which
are then not represented by the truth solutions uN (µ)) have to be reproduced by the
reduced basis.
Moreover, even if the shapes of the exact solutions u(µ) can be determined a priori, they
often are highly anisotropic, so that acceptable convergence rates in the computation
of uN (µ) can only be achieved by adaptive numerical methods. This is e.g. the case in
linear transport equations that may exhibit shear layers or shock fronts, cf. [Dah+11].
Apart from being usually not feasible in practice, considering a joint discretization over
the adaptively refined FEM meshes or wavelet bases for all parameters in order to recover
a common truth space XN is then prohibitively expensive, even in the less time-critical
offline phase.
We therefore abandon the idea of a common truth space and discuss the construction of



138 Chapter 6 • RBM with Adaptive Offline Computations

RBMs with adaptive offline computations in Section 6.1. The consequences are twofold:
First, the lack of a reference truth space impedes the classical (Petrov-)Galerkin orthogo-
nality, leading to non-reproducible basis functions and a possibly multiple selection of
snapshot parameters. This will be discussed in Section 6.2. Second, it is natural in such
a setting to consider the error with respect to the exact solution in X . As a consequence,
this requires an (adaptive) approximation of the error estimators. We discuss in Section
6.3 the ensuing implications and derive criteria to guarantee equivalence and rigor of
the approximative bounds. In Section 6.4, numerical examples illustrate the different
concepts.
Note that while there exist several adaptive approaches within RBMs, they are usually
concerned with adaptive refinement of the parameter domain [EPR10; EKP11; Wie13] or
the parameter training set [HDO11; HSZ11], as well as adaptive online selection of (local)
reduced bases [MS13; DKH12], cf. also Chapter 2.4.3. In [DPW13], adaptively generated
test and trial sets are treated numerically using a common discretization containing the
parameter-dependent sets. To the best of our knowledge, the present investigation of
adaptive snapshot computations and Riesz representors has not been done before.

6.1 Adaptive Setting
In this chapter, we consider the following general situation: Let Ω ⊂ Rn be a bounded
domain and B : X ×D → Y ′ a parameterized differential operator on suitable function
spaces X = X (Ω), Y = Y(Ω) and a parameter set D ⊂ Rp. By b : X × Y × D → R
we denote the corresponding bilinear form defined by b(w, v;µ) := 〈B[w;µ], v〉Y ′×Y and
assume uniform continuity with respect to the parameter, i.e.

∃ γB(µ) ≤ γB <∞ such that b(w, v;µ) ≤ γB(µ)‖w‖X ‖v‖Y ∀w ∈ X , v ∈ Y,

as well as uniform inf-sup stability and surjectivity, i.e. that the Nečas condition

βB(µ) = inf
w∈X

sup
v∈Y

b(w, v;µ)
‖w‖X ‖v‖Y

= inf
v∈Y

sup
w∈X

b(w, v;µ)
‖w‖X ‖v‖Y

.

is fulfilled for βB(µ) ≥ βB > 0, cf. Theorem 2.3. Recall that this implies the well-posedness
of the variational problems

Find u ∈ X : b(u, v;µ) = g(v;µ) ∀ v ∈ Y, (6.1)

where g(v;µ) := 〈f(µ), v〉Y ′×Y for given f(µ) ∈ Y ′, µ ∈ D.
Remark 6.1. The above framework is more general than the hitherto considered scope of
time-periodic problems in space-time formulation – which can obviously be formulated
in the form (6.1), see (2.26) – and comprises amongst others also non-periodic IVPs in
space-time formulation, where e.g. X := {u ∈W (0, T ), u(0) = 0 ∈ H}, cf. Chapter 2.1.2.
Another large class of included problems are elliptic PDEs with usually X = Y ⊂ H1(Ω)
with appropriate boundary conditions and a uniformly coercive bilinear form b(·, ·;µ).
The presented ideas extend for large parts also to other RBMs – for example for parabolic
IVPs with time-stepping methods. For notational simplicity, however, we restrict ourselves
to problems of the form (6.1).
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Adaptive Solutions

We aim at replacing the high-dimensional RBM offline computations on the parameter-
independent truth spaces XN , YN by adaptive approximations and therefore assume in
the following that we have a numerical routine SOLVE of the form

function SOLVE(A, f , ε) → (xε, X ε)

Input: A : X → Y ′ : invertible operator,
f ∈ Y ′: right hand side,
ε > 0: approximation tolerance.

Output: xε ∈ X ε: approximation of x = A−1f with ‖x−xε‖X ≤ ε,
X ε ⊂ X : discrete approximation space of dimension N ε.

at our disposal. AWGMs as presented in Chapter 5 are one possibility to realize SOLVE in
linear complexity. Other possible schemes can be constructed for example with adaptive
FEMs, cf. the survey paper by Nochetto et al. [NSV09].
Using SOLVE, we compute snapshots uε(µ) as ε-exact approximations of the infinite-
dimensional solution u(µ) ∈ X of (6.1). The approximations uε(µ) are then supported
on parameter-dependent discrete spaces X εu,µ of arbitrary (but finite) dimension NX (µ, ε),
i.e. we have

uε(µ) ∈ X εu,µ : ‖u(µ)− uε(µ)‖X ≤ ε. (6.2)

Moreover, we assume that we can similarly employ SOLVE to determine δ-exact approx-
imations pr εN,δ of the infinite-dimensional Riesz representors

pr εN (µ) ∈ Y : (pr εN (µ), v)Y = rεN (v;µ) ∀ v ∈ Y,
of the (equally infinite-dimensional) residual rεN (v;µ) := f(v;µ) − b(uεN (µ), v;µ) ∈ Y ′
w.r.t. some RB solution uεN (µ). That is, we construct adaptive Riesz representors on
finite-dimensional, parameter-dependent discrete spaces Yδpr εN ,µ ⊂ Y:

pr εN,δ(µ) ∈ Yδpr εN ,µ : ‖pr εN (µ)− pr εN,δ(µ)‖Y ≤ δ,

and denote NY(pr εN , µ, ε) := dimYδpr εN ,µ.
Remark 6.2 (Distinct discrete approximation spaces).
a) It has to be stressed that the spaces X εu,µ, Yδpr εN ,µ are usually not nested for different

parameters µ(1), µ(2) ∈ D in the sense that in general

X εu,µ(1) * X εu,µ(2) for dimX εu,µ(1) ≤ dimX εu,µ(2) ,

similarly for Yδpr εN ,µ(1) , Yδpr εN ,µ(2) .

b) Most adaptive solvers construct nested approximations for decreasing approximation
tolerances, i.e.

X ε1u,µ ⊆ X ε2u,µ for ε1 ≥ ε2, µ ∈ D fixed, (6.3)
but we do not assume this to always be the case. If (6.3) holds, however, snapshot
approximations uε1 can be updated to uε2 without additional computational cost
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in comparison to a direct computation of uε2 . Obviously, the analogon for Riesz
representors pr εN,δ1(µ), pr εN,δ2(µ) holds as well.

c) The above adaptive framework can be interpreted as using different FE meshes
or wavelet index sets for different µ ∈ D in both snapshot generation and Riesz
representor calculations. We refer to the set {ϕi, i ∈ I} of finite elements or wavelets
that spans the respective approximation spaces, i.e. for example

X εu,µ = span{ϕi, i = 1, . . . ,NX (µ, ε)},

as the set of local basis functions (in contrast to the RB basis functions defined below).

6.1.1 RB Construction and Error Estimation in the Adaptive Setting

The lack of a common truth space XN in the adaptive setting necessitates a re-
interpretation of several RB quantities, most importantly the concept of reduction error.

The reason for this is the following: The adaptively computed parameter-dependent
truth spaces X εu,µ (with corresponding test spaces Yεu,µ) are not known a priori, as they
are only determined during the computation of the approximate solution uε(µ). For
general parameters µ ∈ D that are not in the snapshot parameter set SN , it is therefore
impossible to compute a Riesz representor prN (µ) of the residual rN (·;µ) : Yεu,µ → R
without determining Yεu,µ through a computation of uε(µ) first. Recall that prN (µ) is
required in order to bound the RB reduction error with respect to uε(µ), cf. Sections 2.4,
4.2. This implies that we cannot compute “classical” error bounds for parameters for
which the truth solution is unknown.

We therefore propose the following approach: Let the reduced basis space X εN ⊂ X be
spanned by (possibly orthogonalized) approximate snapshots, i.e.

X εN := span{uεi(µi), i = 1, . . . , N} = span{ζεii , i = 1, . . . , N}. (6.4)

Here, ε := (ε1, . . . , εN ) is the vector of (not necessarily equal) snapshot approximation
accuracies. We assume that a corresponding reduced test space YεN ⊂ Y can be con-
structed so that the restriction b(·, ·;µ) : X εN × YεN → R is inf-sup stable with inf-sup
constants βB,N (µ) that are uniformly bounded in D. The reduced basis solution is the
Petrov-Galerkin projection onto these reduced spaces and is denoted by uεN ∈ X εN .

Remark 6.3 (Test space construction). As in classical (non-adaptive) RB frameworks, one
can set YεN = X εN in Galerkin settings, as inf-sup stability (or even coercivity) is inherited
from the infinite-dimensional trial and test space X = Y . In Petrov-Galerkin frameworks,
the stability of B|X εN×YεN has to be ensured explicitly, e.g. through an enrichment by
supremizers, cf. [RV07; GV11; DPW13], leading to test spaces with possibly larger
dimensions dimYεN = M ≥ N . As this is not specific to the adaptive setting, we refrain
from a detailed discussion here and just assume the stable computability of a RB solution
uεN ∈ X εN .



6.1 • Adaptive Setting 141

Instead of the error with respect to a parameter-independent truth discretization, we
now consider the difference between the reduced solution and the exact solution in the
function space X , i.e.

eεN (µ) := u(µ)− uεN (µ). (6.5)

We thus obtain the following error bound. The proof is included for completeness, but
relies on standard arguments.

Proposition 6.4 (Error bound with respect to exact solution). Define the residual w.r.t.
the reduced solution uεN ∈ X εN as

rεN (v;µ) := g(v;µ)− b(uεN (µ), v;µ) ∀ v ∈ Y. (6.6)

The error (6.5) is then bounded by

‖eεN (µ)‖X ≤
‖rεN (·;µ)‖Y ′
βB(µ) =: ∆ε

N (µ) ≤ γB(µ)
βB(µ)‖e

ε
N (µ)‖X , (6.7)

i.e. ∆ε
N (µ) is rigorous and effective.

Proof. Note that the following relation holds:

b(eεN (µ), v;µ) = g(v;µ)− b(uεN (µ), v;µ) = rεN (v;µ) ∀ v ∈ Y.

By definition and the Cauchy-Schwarz inequality, we have

βB(µ) = inf
u∈X

sup
v∈Y

b(u, v;µ)
‖u‖X ‖v‖Y

≤ sup
v∈Y

b(eεN (µ), v;µ)
‖eεN (µ)‖X ‖v‖Y

= sup
v∈Y

rεN (v;µ)
‖eεN (µ)‖X ‖v‖Y

≤ sup
v∈Y

‖rεN (·;µ)‖Y ′‖v‖Y
‖eεN (µ)‖X ‖v‖Y

= ‖rεN (·;µ)‖Y ′
‖eεN (µ)‖X

.

Moreover, the Riesz representor pr εN (µ) := R−1
Y rεN (·;µ) ∈ Y fulfills (pr εN (µ), v)Y = rεN (v;µ)

for all v ∈ Y, so that

‖rεN (·;µ)‖2Y ′ = ‖pr εN (µ)‖2Y = rεN (pr εN (µ);µ)
= b(eεN (µ), pr εN (µ);µ) ≤ γB(µ)‖eεN (µ)‖X ‖pr εN (µ)‖Y ,

which implies the effectivity.

Note that in contrast to classical RBMs, the residual rεN (µ) ∈ Y ′ is a member of an
infinite-dimensional function space, not of some high-dimensional but discrete subspace.
In Section 6.3, (approximative) computations of this residual and consequently the error
bound ∆ε

N (µ) are discussed.
Apart from being feasible even for adaptively computed snapshots, the above formulation
with respect to the exact solution u(µ) has the additional advantage that we are now
monitoring both the discretization as well as the reduction error at the same time. Indeed,
it will be discussed in the following how both error components can (and have to) be
balanced out.



142 Chapter 6 • RBM with Adaptive Offline Computations

6.1.2 An Adaptive Greedy Scheme
Under the assumption that ∆ε

N (µ) is computable, the RB construction of X εN can now
be performed by a standard (weak or strong) Greedy scheme, cf. Algorithm 2.1, where
the snapshot computation in line 6 is replaced by the adaptive approximations that are
provided by SOLVE.
We can, moreover, relax the required computability of ∆ε

N (µ) to the following standard
minimum requirement for a weak Greedy scheme, see Section 2.4:

Assumption 6.5 (Equivalent error bound). Let ∆ε
N,δ(µ), δ ≥ 0, be a computable

approximation to ∆ε
N (µ) that is for all µ ∈ D equivalent to the error eεN (µ). i.e.

cδ‖eεN (µ)‖X ≤ ∆ε
N,δ(µ) ≤ Cδ‖eεN (µ)‖X ∀µ ∈ D,

for some constants 0 < cδ ≤ Cδ <∞.

Possible realizations of such an equivalent bound are discussed in Section 6.3. We stress
that computability refers here to the existence of a numerical scheme that provides
∆ε
N,δ(µ), not to an efficient offline-online decomposition of this quantity.

A Greedy scheme with adaptive offline computations is then formulated in Algorithm 6.1.
Note that the produced RB space now depends on the tolerances ε, δ in the respective
(adaptive) approximations of snapshots and error estimator and is therefore denoted by
X εN,δ.

Algorithm 6.1 An adaptive Greedy scheme
Input: tol: target RB tolerance,

Nmax: maximum RB size,
Ξtrain: parameter training set.

Output: X εN,δ: RB space.

Parameters: Snapshot tolerances ε(µ), estimator tolerance δ.

1: procedure AdaptGreedy(tol, Nmax, Ξtrain) → X εN,δ
2: X ε0,δ = {}, initialize offline quantities
3: for N = 1, . . . , Nmax do
4: µ∗N ← argmaxµ∈Ξtrain ∆εN−1,δ(µ)
5: if ∆εN,δ(µ∗N ) < tol then return

6: uε(µ∗N )← SOLVE(B, f, ε) for ε = ε(µ∗N )
7: X εN,δ ← X εN−1,δ ∪ {uε(µ∗N )}, update offline quantities

In this formulation, the tolerances ε(µ), δ may be parameter-dependent, but are otherwise
fixed at the beginning. We will see in the following that it is often more sensible to
adaptively steer the approximation tolerances as well, i.e. to choose

ε = ε(X εN,δ, µ), δ = δ(X εN,δ).
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6.2 Consequences of Adaptive Snapshot Computations
Before turning to the implications of an approximatively computed error bound ∆ε

N,δ(µ),
we first discuss the consequences of adaptively computed snapshots and the abandonement
of a common truth space.
As we are now considering the reduction error (6.5) with respect to the exact solution
u(µ) ∈ X , it seems natural that it is bounded from below by the discretization error ε
in the sense that the total error cannot be smaller than the accuracy of the snapshot
approximations. Indeed, a result from Binev et al. [Bin+11] shows that this can lead to a
stalling of the Greedy training at a certain level. It compares the RB spaces obtained from
a Greedy training to the best N -dimensional approximation as given by the following
benchmark:

Definition 6.6 (Kolmogorov N -width). Let Σ ⊂ X be some subspace of X that is to
be approximated. The Kolmogorov N -width w.r.t. Σ is defined as

dN (Σ) := inf
dim(XN )=N

sup
f∈Σ

dist(f,XN ), (6.8)

where XN ⊂ X and dist(f,XN ) := ming∈X ‖f − g‖X .

It is obvious that the Kolmogorov N -width indicates the worst case error over all functions
f ∈ Σ in the approximation by an optimal N -dimensional subspace. As the RB spaces aim
to approximate all solutions u(µ), µ ∈ D, uniformly well, it makes sense to compare the
behaviour of the reduction error to (6.8). For a (fixed) snapshot approximation accuracy
ε, the following result states that the convergence of the RB error is quasi-optimal (with
a constant depending on δ) until a certain ε-dependent level is reached.

Theorem 6.7 (Quasi-optimal Greedy convergence, [Bin+11, Thm. 3.5]). Let M(D) :=
{u(µ) : µ ∈ D} be compact and suppose that the Kolmogorov N-width of M(D) ⊂ X
decreases polynomially in M , i.e. there exist M, θ > 0 such that

dN (M(D)) ≤MN−θ, N ≥ 0.

Then, under Assumption 6.5, the approximation X εN,δ = AdaptGreedy(tol,Nmax,Ξtrain)
with parameters ε, δ satisfies

sup
σ∈M(D)

dist(σ,X εN,δ) ≤ C max{MN−α, ε},

with a constant C = C(θ, cδ/Cδ).

Remark 6.8. Similar results can be obtained for exponentially decreasing Kolmogorov
N -widths, cf. [Bin+11].

In the context of adaptive snapshot computations, Theorem 6.7 is a worst case result
in the sense that the error plateau Cε is dictated by the worst approximation accuracy
ε = maxµ∈SN ε(µ) over all selected snapshots that span the reduced basis. However,
we will see in the following that we can both in theory and in practice improve on this
worst case bound by considering appropriate snapshot accuracy update strategies, i.e.
situation-dependent choices of the tolerances ε = ε(X εN,δ, µ).
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6.2.1 Lost Snapshot Reproducibility and Multiple Snapshot Selection

In this section, we would like to highlight one of the major differences between “classical”
RBMs and our framework with adaptive snapshot computations that will both shed
light on the practical relevance of Theorem 6.7 as well as indicate possible improvement
approaches.

Let us first observe in the non-adaptive setting the following property that is often called
snapshot reproducibility, as it states that all snapshots can be reconstructed exactly from
the reduced basis.

Lemma 6.9 (Snapshot reproducibility). Let XN , YN be fixed discretization spaces for
all µ ∈ D and XN ⊂ XN , YN ⊂ YN appropriate RB spaces spanned by snapshots uN (µ),
µ ∈ SN . For the reduction error eN (µ) = uN (µ) − uN (µ) at the snapshot parameters
µ ∈ SN , we then have

‖eN (µ)‖X = ‖rN (·;µ)‖Y ′ = 0 ∀µ ∈ SN .

Proof. The claim follows from the Petrov-Galerkin orthogonality (2.7): as XN ⊂ XN ,
YN ⊂ YN , it holds that

b(uN (µ)− uN (µ), vN ;µ) = g(vN ;µ)− g(vN ;µ) = 0 ∀ vN ∈ YN .

This, in turn, implies the quasi-best approximation (2.8):

‖(uN − uN )(µ)‖X ≤
γB(µ)
βB,N (µ) inf

vN∈XN
‖uN (µ)− vN‖X .

As uN (µ) ∈ XN for µ ∈ SN , we have infvN∈XN ‖uN (µ)− vN‖X = ‖uN (µ)−uN (µ)‖X = 0,
so that ‖eN (µ)‖X = 0. Moreover, it follows with the above and the continuity of b(·, ·;µ)
that

‖rN (·;µ)‖Y ′ = sup
vN∈YN

rN (vN ;µ)
‖vN ‖Y

= sup
vN∈YN

b(eN (µ), vN ;µ)
‖vN ‖Y

≤ sup
vN∈YN

γB(µ)‖eN (µ)‖X ‖vN ‖Y
‖vN ‖Y

= 0.

Lemma 6.9 yields directly that not only the error, but also any “classical” error estimator
∆N (µ) that is equivalent to eN (µ) and/or ‖rN (·;µ)‖Y ′ vanishes on the snapshot parame-
ters µ ∈ SN . This is the case e.g. for the standard elliptic or space-time parabolic error
bounds.

Observe that the reproducibility is a direct consequence of the conformity of the RB
spaces with respect to the truth discretization spaces XN , YN . This conformity is
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lost when we span X εN or X εN,δ by adaptively computed snapshots uε(µi), i = 1, . . . , N ,
supported on X εu,µi , respectively, see (6.2). In that case, we have the relation

X εN,δ = span{uε(µi), µi ∈ SN} ⊂
⋃

µi∈SN
X εu,µi ⊂ X ,

but in general
X εN,δ * X εu,µi , YεN,δ * Yεu,µi for any µi ∈ SN .

With respect to the adaptive high-dimensional discretizations X εu,µ, Yεu,µ, we thus have
neither Petrov-Galerkin orthogonality nor the quasi-best approximation property. This
implies that in general

b(uε(µ)− uεN (µ), vN ;µ) 6= 0, for any vN ∈ YεN , µ ∈ SN ,
i.e. snapshots are not reproduced in the adaptive setting.
Remark 6.10. We stress that the non-reproducibility of the snapshots is not related to any
inexact error estimation, but a property of the error uε(µ)− uεN (µ) itself. Moreover, it is
a direct consequence of the lack of a common truth space and the fact that the reduced
space is not spanned by the exact solutions u(µ) ∈ X , but only by approximations uε(µ),
so that the Petrov-Galerkin orthogonality with respect to the snapshots is lost.

The reproducibility error can, however, be bounded in the following way.

Proposition 6.11 (Snapshot reproducibility error). Let b(·, ·;µ) be inf-sup stable on
X ×Y as well as on X εN,δ ×YεN,δ and ε(µi) the accuracy of the i-th approximate snapshot
uε(µi). Then

‖u(µi)− uεN (µi)‖ ≤
γB(µi)
βB,N (µi)

· ε(µi) ∀µi ∈ SN ,

‖uε(µi)− uεN (µi)‖ ≤
γB(µi)
βB,N (µi)

· ε(µi) ∀µi ∈ SN .

Proof. Note that X εN,δ ⊂ X , YεN,δ ⊂ Y, so that we still have conformity and thus
Petrov-Galerkin orthogonality with respect to the exact function spaces, i.e.

b(u(µ)− uεN (µ), vN ;µ) = b(u(µ), vN ;µ)− b(uεN (µ), vN ;µ)
= g(vN ;µ)− g(vN ;µ) = 0, ∀ vN ∈ YεN,δ. (6.9)

This implies that the quasi-best approximation property (2.8) holds with respect to u(µ),
i.e.

‖u(µ)− uεN (µ)‖ ≤ γB(µ)
βB,N (µ) inf

vN∈X εN,δ
‖u(µ)− vN‖X ∀µ ∈ D.

As snapshots uε(µi), µi ∈ SN , are elements of X εN,δ, it follows that

‖u(µi)− uεN (µi)‖ ≤
γB(µi)
βB,N (µi)

inf
vN∈X εN,δ

‖u(µi)− vN‖X

≤ γB(µi)
βB,N (µi)

‖u(µi)− uε(µi)‖X

≤ γB(µi)
βB,N (µi)

· ε(µi).
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Moreover, the Petrov-Galerkin orthogonality (6.9) implies that for any µi ∈ SN

βB,N (µi) = inf
uN∈X εN,δ

sup
vN∈YεN,δ

b(uN , vN ;µi)
‖uN‖X ‖vN‖Y

≤ sup
vN∈YεN,δ

b(uε(µi)− uεN (µi), vN ;µi)
‖uε(µi)− uεN (µi)‖X ‖vN‖Y

= sup
vN∈YεN,δ

b(uε(µi)− u(µi), vN ;µi) + b(u(µi)− uεN (µi), vN ;µi)
‖uε(µi)− uεN (µi)‖X ‖vN‖Y

= sup
vN∈YεN,δ

b(uε(µi)− u(µi), vN ;µi)
‖uε(µi)− uεN (µi)‖X ‖vN‖Y

≤ sup
vN∈YεN,δ

γB(µi)‖uε(µi)− u(µi)‖X ‖vN‖Y
‖uε(µi)− uεN (µi)‖X ‖vN‖Y

≤ γB(µi)ε(µi)
‖uε(µi)− uεN (µi)‖X

,

which yields the claim.

Multiple Snapshot Selection

The fact that the snapshots are not exactly reproduced has the important consequence
that unlike in the “classical” RB setting, snapshot parameters can be selected more than
once during the Greedy training. That is, it may happen that µ∗N+1 ∈ SN if

ε(µ∗N+1)
γB(µ∗N+1)
βB,N (µ∗N+1) ≥ ‖u

ε(µ∗N+1)− uεN (µ∗N+1)‖ ≥ max
µ∈Ξtrain\{µ∗N+1}

‖uε(µ)− uεN (µ)‖

(6.10)
in case of a strong Greedy training using the true approximation error, or if in the weak
Greedy described in Algorithm 6.1

∆ε
N,δ(µ∗N+1) ≥ max

µ∈Ξtrain\{µ∗N+1}
∆ε
N,δ(µ). (6.11)

Remark 6.12.
a) We stress again that the multiple snapshot selection is not an effect of an inadequate

error bound, but a direct consequence of the non-vanishing error at snapshot param-
eters. This means that it can also be observed when training with the approximation
errors in a strong Greedy training.

b) Note that the “classical” Greedy training with adaptive snapshots – that is, with
a priori fixed snapshot tolerances ε(µ) – effectively stalls if a snapshot parameter
µ∗N+1 ∈ SN is chosen a second time. The reason is that with the recomputed
snapshot uε(µ∗N+1) ∈ X εN,δ no new information is added to the reduced basis, so
that the procedure ends in an infinite loop. This corresponds to the error plateau
predicted by Theorem 6.7.

c) One could think of discarding the idea of error computation w.r.t. u(µ) ∈ X and
retrieving a common truth space by considering the joint space X ε,SNN,δ := ⋃

µi∈SN X εu,µi .
In that case, one could in theory return to a setting with reproducible snapshots.
However, this would involve a recomputation of all basis functions on the N -dependent
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space X ε,SNN,δ in each Greedy loop, thus effectively “changing the history” of the
training. Apart from the immense computational burden that is caused by such
recomputations on the usually drastically growing space X ε,SNN,δ , the behaviour of the
Greedy scheme in such a situation is completely unknown.

6.2.2 Snapshot Accuracy Update Strategies
We have seen in Section 6.2.1 that due to the possible multiple selection of snapshots, a
Greedy training with adaptively computed snapshots with respect to fixed accuracies ε
can reach some “absorbing” state, where the same snapshot parameter is chosen again
and again, as no new information is added to the basis. In other words, the effective
reduced basis size does not change since only basis vectors that are linearly dependent
on the existing ones are added. In that situation, the RB error does not decrease below a
certain threshold which is directly related to the accuracy ε, compare Theorem 6.7.
Since in practical applications this threshold might be larger than the desired reduction
error, we discuss in the following different strategies for the choice of ε that enable us to
control the location of this error “plateau”.

Lowering the Error Plateau

Theorem 6.7 indicates that the Greedy error is bounded by C max{MN−α, ε}. Even
though this is a worst case estimate, it implies that there is some N∗ ∈ N such that for
N > N∗ the optimal Greedy convergence cannot be guaranteed. The size of N∗ and the
corresponding Greedy error is directly controlled by the (maximum) snapshot accuracy:
the smaller ε the later the threshold Cε is reached.
This is mirrored in the snapshot error bounds in Lemma 6.11: The smaller ε, the smaller
the error uε(µi)− uεN (µi) with respect to the RB error over the non-snapshot parameters
in Ξtrain (cf. (6.10)) and the more unlikely a multiple snapshot selection.
This implies that we can expect a lower threshold level if we choose a small (but fixed)
snapshot accuracy ε. For future reference, we denote this strategy by

(S–) Fix a snapshot tolerance ε(µ) ≡ ε and compute all snapshots adaptively such
that ‖u(µ)− uε(µ)‖X ≤ ε for µ ∈ SN .

Avoiding Multiple Snapshot Selection

From equations (6.10), (6.11) we obtain that a snapshot parameter is chosen more than
once and consequently the Greedy training terminates in an “absorbing” state if the error
(or error estimator, respectively) at the snapshot parameter is too large.
A first idea may therefore be to avoid this repeated selection of the same µ∗ and to
change line 4 in Algorithm 6.1 to

µ∗N+1 ← argmax
µ∈Ξtrain\SN

∆ε
N,δ(µ),

i.e. to restrict the parameter search to non-snapshot parameters. Even though the optimal
Greedy convergence rate may then not be attainable anymore, it prevents a stalling of
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the algorithm, since (unless all snapshots are linearly dependent) the effective RB basis
size is enlarged.
We summarize this strategy in

(Sw/o) Fix a snapshot tolerance ε(µ) ≡ ε and compute all snapshots adaptively such
that ‖u(µ)− uε(µ)‖X ≤ ε for µ ∈ SN . Restrict the Greedy parameter search in
iteration N to the parameter set Ξtrain\SN .

Using the Multiple Snapshot Selection

Theorem 6.7 suggests to choose equal snapshot accuracies ε, as the error threshold is
determined by the maximum accuracy. Recall, however, that this is only a worst case
estimate.
One can also consider the repeated selection of a snapshot parameter µ∗ as an indicator
that the discretization error (represented by ε) is in the order of the reduction error, cf.
(6.10), and a further reduction of eεN can only be obtained with better (i.e. more exact)
snapshot approximations. In that sense, one can use the multiple snapshot selection as a
type of “refinement indicator” in the following strategy:

(S1) Choose an inital snapshot accuracy ε0. If a snapshot parameter is re-selected,
i.e. if µ∗N+1 ∈ SN , reduce the snapshot tolerance by some pre-specified factor
ρu ∈ (0, 1). That is, compute in the N -th Greedy iteration the next snapshot
uε(µ∗N+1) with adaptivity tolerance

εN :=
{
ρu · εN−1, if µ∗N+1 ∈ SN ,
εN−1, else.

Remark 6.13. If the numerical solver allows, one can reduce the computational effort and
update basis functions in X εN to new accuracies.

Observe that the set of RB basis vectors may now contain high-dimensional solutions
uεi(µ), uεj (µ) with different accuracies εj < εi to the same parameter µ. We denote
by µj ∈ D the j-th snapshot parameter and by ε := (ε1, . . . , εN ) the approximation
accuracies of the high-dimensional solutions uε1(µ1), . . . , uεN (µN ) that are computed
during the training. Moreover, we set

|SN | := #{µi ∈ SN : µi 6= µj for i 6= j}

the number of distinct snapshot parameters chosen in the first N Greedy iterations of
AdaptGreedy(tol,Nmax,Ξtrain). We further introduce

ε∗(µ) := min{εj ∈ ε : µj = µ}

the smallest approximation tolerance of a (snapshot) parameter µ ∈ SN as well as

ε∗N := max
1≤i≤n

ε∗(µi)

the maximum error over all best snapshot approximations to u(µ), µ ∈ SN .
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In this situation, there are two possibilities:
On the one hand, one can replace the less accurate snapshot uεi by uεj (µ). This implies
that the RB size dimX εN is not increased in that Greedy iteration, yet the RB error is
usually decreased due to the improvement in approximation quality of the single snapshot.
However, replacing the M -th basis function in iteration N > 0, 1 ≤M ≤ N , by a more
accurate update requires usually a recomputation of many offline quantities. This is for
example the case if the snapshots are orthogonalized, as then the orthogonalization has
to be repeated for all basis functions M + 1, . . . , N and entails amongst other things a
recomputation of the respective Riesz representors as well as their inner products.
As this might increase the computational cost during the Greedy training (especially
because it might have to be performed repeatedly), one can also decide on the other hand
to simply add the updated snapshots to the reduced basis. This requires, however, that
the convergence of the RB error is not hindered by the presence of less accurate snapshots
in the reduced basis – as it is at first glance implied by Theorem 6.7 that states that the
error bound depends on the maximum approximation tolerance over all snapshots.
The following proposition shows that this statement can be improved and the required
behaviour is ensured:

Proposition 6.14 (Greedy convergence for multiple snapshot selection). Let M(D) :=
{u(µ) : µ ∈ D} be compact and suppose that the Kolmogorov N-width of M(D) ⊂ X
decreases polynomially in M , i.e. there exist M, θ > 0 such that

dN (M(D)) ≤MN−θ, N ≥ 0.

The approximation X εN,δ = AdaptGreedy(tol,Nmax,Ξtrain) with snapshot parameters
ε ⊂ RN and estimator parameter δ ensuring Assumption 6.5 then satisfies

sup
σ∈M(D)

dist(σ,X εN,δ) ≤ C max{M |SN |−α, ε∗N},

with constant C as in Theorem 6.7.

Proof. Consider the approximation spanned by the respective best snapshots:

X ε,∗N,δ := span{uε∗(µ)(µ), µ ∈ SN}.

Then dimX ε,∗N,δ = |SN | < N and ‖u(µ)− uε∗(µ)(µ)‖ ≤ ε∗(µ) for all µ ∈ SN . Theorem 6.7
then yields that

sup
σ∈M(D)

dist(σ,X ε,∗N,δ) ≤ C max{M |SN |−α, ε∗N}

and the claim follows with X ε,∗N,δ ⊆ X εN,δ, as then

sup
σ∈M(D)

dist(σ,X εN,δ) ≤ sup
σ∈M(D)

dist(σ,X ε,∗N,δ).

Remark 6.15.
a) Adding updated snapshots to the basis effectively increases the dimension of the RB

space X εN,δ, as the updated uε(µi) are usually not linearly dependent on the former
snapshots.
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b) At the end of the training phase, a so-called “pruning” step can be inserted in which
basis functions to the same snapshot parameter are removed from X εN,δ in order to
reduce the basis to the “optimal” size dimX ε,∗N,δ.

6.3 Adaptive Error Estimator Computations
We now come back to the computation of the error bound ∆ε

N (µ) defined in (6.7). Recall
that this involves the dual norm of the infinite-dimensional residual rεN (·;µ) ∈ Y ′, see
(6.6). As usual, this is determined as the norm of the (equally infinite-dimensional) Riesz
representor pr εN (µ), computed as the solution of

pr εN (µ) ∈ Y : (pr εN (µ), v)Y = rεN (v;µ) ∀ v ∈ Y. (6.12)

Like for the snapshot equation (6.1), the solution to (6.12) can only be determined
approximately – it is therefore quite natural to employ an adaptive numerical method for
that purpose as well.
As mentioned in Section 6.1, we therefore use SOLVE in order to compute approximations

pr εN,δ(µ) ∈ Yδpr εN ,µ ⊂ Y : ‖pr εN (µ)− pr εN,δ(µ)‖Y ≤ δ̃, (6.13)

for some δ̃ ≥ 0. In the following, we will discuss appropriate choices of δ̃.

Observation 6.16. Define for pr εN,δ(µ) from (6.13) the approximate error bound

∆ε
N,δ(µ) :=

‖pr εN,δ(µ)‖Y
βB(µ) . (6.14)

Then,

∆ε
N,δ(µ) ∈

[
∆ε
N (µ)− δ̃

βB(µ) , ∆ε
N (µ) + δ̃

βB(µ)

]
.

In particular, ∆ε
N,δ(µ) is in general not rigorous with respect to eεN (µ).

6.3.1 Equivalent Approximative Error Estimators
Assumption 6.5 gives an essential requirement on any error estimator that is used within
a Greedy scheme. The demanded equivalence with respect to the error eεN (µ) can be
guaranteed by a proper choice of δ in (6.13):

Lemma 6.17 (Equivalence criterion for approximate error estimators). Assume that
∆N ≥ 0 is an equivalent bound for an error eN ≥ 0, i.e. there are parameter-independent
constants 0 < ce, C

e
<∞ with

ceeN ≤ ∆N ≤ Ce
eN . (6.15)

Let δ ∈ [0, 1) and ∆N,δ be an approximation of ∆N satisfying

|∆N −∆N,δ| ≤ δ ·
{

∆N,δ, if ∆N > 0,
0, if ∆N = 0.

(6.16)

Then, the approximative error estimator ∆N,δ is equivalent to the error in the sense that

ce

1 + δ
eN ≤ ∆N,δ ≤

C
e

1− δ eN . (6.17)
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Proof. If ∆N = 0, then eN = 0 and ∆N = ∆N,δ = 0, hence (6.17) holds. Now let ∆N 6= 0,
then (6.16) implies that

(1− δ)∆N,δ ≤ ∆N ≤ (1 + δ)∆N,δ.

Together with (6.15), it follows that (1− δ)∆N,δ ≤ C
e‖eN‖X as well as (1 + δ)∆N,δ ≥

ce‖eN‖X , i.e. the two inequalities in (6.17).

Corollary 6.18. Let (6.13) be fulfilled with δ̃ = δ̃(µ) := δ · ‖pr εN,δ(µ)‖Y . Then ∆ε
N,δ(µ)

from (6.14) is an equivalent error bound w.r.t. ‖eεN (µ)‖X in the sense of Assumption 6.5.

Remark 6.19 (Computability of (6.16)). Obviously, criterion (6.16) is a relative bound.
It is therefore useful to have an adaptive solver with a relative stopping criterion at hand.
However, the right hand side of (6.16) only depends on the online computable quantity
‖pr εN,δ(µ)‖Y . Thus, the equivalence criterion can be verified a posteriori for all µ ∈ D.

Corollary 6.20 (Rigorous approximate error bounds). Let pr εN,δ(µ) fulfill (6.16). As
∆ε
N (µ) is a rigorous bound for ‖eεN (µ)‖X , i.e. ce = 1, the quantity

∆ε,rig
N,δ (µ) := (1 + δ)∆ε

N,δ(µ)

is a rigorous bound for ‖eεN (µ)‖X as well.

Remark 6.21 (Rigorous bounds).
a) Note that the effectivity of ∆ε,rig

N,δ (µ) is given by ηε,rigN,δ (µ) := 1+δ
1−δC

e and therefore
improves for decreasing δ. On the other hand, one has to take into account that the
amount of work required to compute ∆ε

N,δ(µ) grows as δ → 0.

b) During the Greedy training, the equivalence of an error estimator is more important
than its rigor, as the main requirement of the surrogate ∆ε

N,δ(µ) is a correct choice
of the next snapshot parameter in terms of the maximization maxµ∈Ξtrain ∆ε

N,δ(µ).

c) Note that the Greedy stopping tolerance tol has to be adapted to tol
1+δ if one uses the

non-rigorous estimate ∆ε
N,δ(µ).

Most adaptive solvers that implement SOLVE guarantee an absolute approximation error.
It is not hard to see that an appropriate choice of this absolute bound implies the relative
error tolerance (6.16):

Lemma 6.22. Let for δ ∈ [0, 1) the approximation ∆ε
N,δ(µ) have the absolute accuracy

|∆ε
N (µ)−∆ε

N,δ(µ)| ≤ δ ∆ε
N (µ)
2 .

Then ∆ε
N,δ(µ) fulfills the relative approximation (6.16) with δ.

Proof. Since δ < 1, we have that |∆ε
N (µ)−∆ε

N,δ(µ)| < ∆ε
N (µ)
2 , so that

∆ε
N,δ(µ) ∈

(1
2∆ε

N (µ), 3
2∆ε

N (µ)
)
.

This implies that
|∆ε

N (µ)−∆ε
N,δ(µ)| ≤ δ ∆ε

N (µ)
2 < δ∆ε

N,δ(µ).
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Of course, the quantity ∆ε
N (µ) is determined by the usually unknown solution pr εN (µ), so

that δ ∆ε
N (µ)
2 cannot be computed a priori. However, Lemma 6.22 ensures the existence

of a tolerance δ so that (6.16) is fulfilled.

Affine Offline-Online Decomposition

The efficiency of RBMs relies on the affine forms (2.38) that enable offline-online decom-
posed computations of both the reduced solutions and error bounds. This is no different
in the adaptive setting. For the error bounds, this means that we compute

Find pf q ∈ Y :
( pf q, v)Y = f (q)(v) ∀ v ∈ Y, 1 ≤ q ≤ Qf , (6.18a)

Find pbq,n ∈ Y :
(pbq,n, v)Y = −b(q)(ζn, v) ∀ v ∈ Y, 1 ≤ q ≤ Qb, 1 ≤ n ≤ N,

(6.18b)

where the basis function independent Riesz representors (6.18a) are calculated once in
line 2 of Algorithm 6.1, while the systems (6.18b) can be solved for each 1 ≤ n ≤ N after
the snapshot computation, i.e. in line 7.

Naturally, (6.18) are again variational problems on the infinite-dimensional space Y.
Using the adaptive scheme SOLVE yields for tolerances δfq , δbq,n approximations pf qδ , pbq,nδ
with

‖ pf q − pf qδ ‖Y ≤ δfq , ‖pbq,n −pbq,nδ ‖Y ≤ δbq,n ∀ q,∀n. (6.19)

As in “classical” RBMs, one can then compute and store the respective inner products
of the Riesz representors and assemble them online to obtain an affine approximation
pr ε,aff
N,δ (µ) of the infinite-dimensional representor pr εN (µ). The corresponding error bound is

denoted by ∆ε,aff
N,δ (µ).

The equivalence criterion in (6.16) can then be verified as follows:

Lemma 6.23 (Affine equivalence criterion).
Define for a RB solution uεN = (uε,1N , . . . , uε,NN )> the affine tolerance bound

δ2
aff(µ) :=

Qf∑

q,q′=1

(
θqf (µ) θq

′
f (µ)

)+
δfq δfq′ + 2

N∑

n=1

Qf∑

q=1

Qb∑

q′=1

(
uε,nN (µ) θqf (µ) θq

′
b (µ)

)+
δfq δbq′,n

+
N∑

n,n′=1

Qb∑

q,q′=1

(
uε,nN (µ)uε,n

′
N (µ) θqb(µ) θq

′
b (µ)

)+
δbq,n δbq′,n′ , (6.20)

where (·, ·)+ := max{·, ·}. If it then holds that

δaff(µ) < ‖pr ε,aff
N,δ (µ)‖Y , µ ∈ D, (6.21)

the bound ∆ε,aff
N,δ (µ) is equivalent to ‖eεN (µ)‖X in the sense of Assumption 6.5.
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Proof. With the accuracies (6.19), it holds that

‖pr εN (µ)− pr ε,aff
N,δ (µ)‖2Y =

∥∥∥∥
Qf∑

q=1
θqf (µ)

( pf q − pf qδ
)

+
N∑

n=1
uε,nN (µ)

Qb∑

q=1
θqb(µ)

(pbq,n −pbq,nδ
)∥∥∥∥

2

Y

≤ δaff(µ)2. (6.22)

The criterion (6.21) then implies that there exists some δ ∈ [0, 1) such that

‖pr εN (µ)− pr ε,aff
N,δ (µ)‖Y ≤ δ‖pr ε,aff

N,δ (µ)‖Y ,

so that (6.16) is fulfilled for ‖pr ε,aff
N,δ (µ)‖Y and in consequence also for ∆ε,aff

N,δ (µ).

Remark 6.24.
a) Again, from Lemma 6.22 we obtain the existence of some δaff(µ) such that (6.21) is

fulfilled. Moreover, by choosing sufficiently small tolerances δfq , δbq,n any δaff(µ) > 0
can be obtained. Note, however, that this comes at the expense of possibly high
numerical cost.

b) Even though the affine components pf qδ , pbq,nδ do not depend on the parameter, the
relative error tolerance δaff(µ) is µ-dependent. This implies that the equivalence
criterion (6.21) can only be checked a posteriori and that the accuracies δfq , δbq,n might
have to be adjusted during the training phase, i.e. the adaptive Riesz representors
might have to be updated to better approximations in order to guarantee an equivalent
error bound. Note that we assume here that Ξtrain is representative for D, so if (6.21)
holds on Ξtrain, it is also true for µ ∈ D. Otherwise it might even be necessary to
return to offline computations during the online stage.

c) Another consequence of the parameter-independence of pf qδ , pbq,nδ is the fact that the
tolerances δfq , δbq,n are determined by maxµ∈D δaff(µ), i.e. in a way the worst case.
Moreover, the criterion (6.21) is due to the rather crude estimates in (6.22) a far
stronger bound than the non-affine one from Corollary 6.18. For both reasons, we
therefore expect rather small bounds for δfq , δbq,n when using the affine equivalence
criterion.

Equivalent Error Estimators

Based on the results in Corollary 6.18 and Lemma 6.23, we define two equivalent error
estimators. The first is based on the direct relative error criterion (6.16):

(DE) Fix δ ∈ [0, 1) and compute for each µ ∈ Ξtrain an approximative Riesz representor
pr εN,δ(µ) as adaptive solution of (6.12) with ‖pr εN (µ) − pr εN,δ(µ)‖Y ≤ δ · ‖pr εN,δ(µ)‖Y .
Set ∆ε,rig

N,δ (µ) := (1 + δ)‖pr
ε
N,δ(µ)‖Y
βB(µ) .

By Corollary 6.20, (DE) is a rigorous error estimator, as well as equivalent to the total
error ‖eεN (µ)‖Y . However, the computation of (6.12) for each µ ∈ D is of course not
online efficient at all. We therefore exploit the affine decomposition as discussed in
Lemma 6.23 and define the following affine error estimation strategy:
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(AE) Fix δ ∈ [0, 1) as well as initial tolerances δ(0)
fq , δ(0)

bq,n . Compute the corresponding
Riesz representor components pf q

δ(0) , pbq,n
δ(0) as adaptive solutions of (6.18). During

the Greedy parameter search (Alg. 6.1, line 4) in iteration N , calculate for each
µ ∈ Ξtrain the indicator (6.20). If (6.21) is fulfilled for all µ ∈ Ξtrain, continue.
Otherwise, determine new accuracies δ(N)

fq , δ(N)
bq,n such that (6.21) holds and update

the components pf q
δ(N) , pbq,n

δ(N) .

Set ∆ε,aff
N,δ (µ) := (1 + δ)‖pr

ε,aff
N,δ

(µ)‖Y
βB(µ) .

As discussed above, ∆ε,aff
N,δ (µ) is also rigorous and equivalent to ‖eεN (µ)‖Y . Moreover,

due to the affine decomposition of pr ε,aff
N,δ (µ), it is online efficient, as all high-dimensional

computations can be performed in the offline stage (at least given Ξtrain is sufficiently
large, see Remark 6.24 b)).
It is naturally desirable to reduce the computational cost for potential update procedures
in (AE) as far as possible. One therefore has to discuss how to (automatically) choose
new accuracies δ(N)

fq , δ(N)
bq,n . While there are numerous strategies to perform this selection,

we decided to balance the number of updated components and the individual accuracies
by decreasing δfq , δbq,N uniformly, as detailed in Algorithm 6.2. This approach avoids
the recomputation of unnecessary many Riesz representor components, as we try to
restrict the update only to the ones for the most recent snapshots. At the same time, the
procedures favors the slight increase in accuracy of several representors over a computation
of nearly exact single components, as the latter usually involves a disproportionate amount
of computational cost in the adaptive solver. In our case, we usually set ρ = 0.5.

Algorithm 6.2 An update scheme for the Riesz representor accuracies
Input: δ(N−1)

fq , δ(N−1)
bq,n : current representor accuracies,

uεN (µ): RB solution at “worst case parameter” µ = argmax
µ∈Ξtrain

δaff(µ),
r > 0: current value of ‖pr ε,aff

N,δ (µ)‖Y .

Output: δ(N)
fq , δ(N)

bq,n : representor accuracies s.t. (6.21) is fulfilled.
Parameters: Equivalence factor δ ∈ [0, 1), reduction factor ρ ∈ (0, 1).

1: procedure UpdateTolerances(δ(N−1)
fq , δ(N−1)

bq,n , uεN (µ), r) → δ(N)
fq , δ(N)

bq,n

Narrow down the number of pbq,nδ that are considered for updating:
2: M ← max{m ≤ N : δaff(µ) ≤ δ · ‖pr ε,aff

N,δ (µ)‖Y if δfq = δbq,m′ = 0 ∀ q,m′ ≥ m}
Determine new accuracies for pf qδ , pbq,mδ , m ≥M , q:

3: while δaff(µ) > δ · r do
4: for m = M, . . . , N do
5: δbq,m ← ρ · δbq,m , q = 1, . . . , Qb

6: if δaff(µ) > δ · r then
7: δfq ← ρ · δfq , q = 1, . . . , Qf

Note that we determine δ(N)
fq , δ(N)

bq,n with respect to the former value of ‖pr ε,aff
N,δ (µ)‖Y . This

necessitates an iterative procedure in (AE), where after a call to UpdateTolerances the
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Riesz representor components are updated and ‖pr ε,aff
N,δ (µ)‖Y is recomputed. These steps

are repeated until (6.21) is satisfied. Hence, while the online cost in the evaluation of
(AE) are small in the sense that they only depend on the reduced dimension N , the
offline cost for the construction of an equivalent estimator for all parameters can be
significant.

6.3.2 Heuristic Error Estimators

Checking the equivalence criteria for the error estimators from Section 6.3.1 involves a
non-negligible amount of computational work – either online, as in the case of (DE), or
offline for (AE).

Therefore, we additionally consider heuristic approximations ∆ε
N,δ(µ) to ∆ε

N (µ). As
(AE), the presented estimators are based on the affine decomposition and approximate
the individual components as in (6.19). The difference is that we do not determine δfq ,
δbq,n in dependency of (6.21), but by one of the heuristic strategies described below.
It has to be stressed, however, that this still enables a posteriori examinations of the
equivalence criterion.

The first, very simple heuristic is to use some small but fixed tolerances in the adaptive
computations of all pf qδ , pbq,nδ :

(H–) Fix δfq , δbq,n for all q, n and determine pf qδ , pbq,nδ as in (6.19). Use ∆ε
N,δ(µ) as in

(6.14).

We therefore recover the online efficiency of (AE), but simultaneously control the offline
cost for the assembly of ∆ε

N,δ(µ). The price to pay is the uncertainty of whether (H–) is
an equivalent estimator.

Another drawback of (H–) is the independence of δfq , δbq,n from the snapshot accuracies
εi, i = 1, . . . , N . Recall that the multiple selection of snapshots described in Section 6.2.1
motivates update strategies that change the accuracy ε during the Greedy training, cf.
(S1).

This is the reason for additionally considering the following heuristic updates of δfq , δbq,n
that parallel the snapshot strategy (S1):

(H1) Choose initial Riesz representor accuracies δ(0)
fq , δ(0)

bq,n . If in iteration N the snapshot
tolerance εN is reduced, reduce likewise the tolerances for the representors: For
some fixed ρf , ρb ∈ (0, 1), set

δ(N)
fq :=

{
ρf · δ(N−1)

fq , if εN < εN−1,

δ(N−1)
fq , else

δ(N)
bq,n :=

{
ρb · δ(N−1)

bq,n , if εN < εN−1,

δ(N−1)
bq,n , else.

If δ(N)
fq < δ(N−1)

fq or δ(N)
bq,n < δ(N−1)

bq,n , update the respective Riesz representor compo-
nents.
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6.4 Numerical Experiments
We test the RBM with adaptive offline computations for two numerical examples described
below in Section 6.4.1. In order to distinguish between influences of adaptive snapshot
and adaptive error estimator computations, we first investigate the consequences of
adaptive snapshots and the snapshot accuracy strategies proposed in Section 6.2 before
we turn to the implications of approximative error bounds.
All reduced bases were constructed using the RB framework within the wavelet library
LAWA [LAW11]. As adaptive truth solver SOLVE, we used the multitree-based LS–
AWGM from Chapter 5 for the snapshot computation, as well as its Galerkin version
from [KS14; KS13] for the Riesz representor calculations.

6.4.1 Numerical Examples
In the following, we consider two different types of example: The first is an elliptic heat
conduction in 2D with a non-continuous right hand side, while the second one is the
parameterized time-periodic space-time convection-diffusion-reaction example already
introduced in Section 4.4.2.

Elliptic Example

In this example, we consider stationary heat conduction in a 2D thermal block Ω = (0, 1)2

consisting of two subdomains Ω0 = [0.5, 1] × [0, 1], Ω1 = [0, 0.5] × [0, 1], with different
conductivities µ0 = 1, µ1 ∈ [0.01, 100], cf. [RHP08]. The heat influx is modeled as
a constant local source on different parts Ω̃i, i = 1, . . . , P , of the domain, where the
current location depends on a parameter µ2 ∈ {1, . . . , P}. We impose homogeneous
Dirichlet boundary conditions on ΓD := {x = 0 ∨ x = 1} and homogeneous Neumann
conditions on ΓN := {y = 0 ∨ y = 1}. The variational formulation then reads: Find
u ∈ X := {v ∈ H1(Ω) : v = 0 on ΓD} such that

∫

Ω0
∇u · ∇v + µ1

∫

Ω1
∇u · ∇v = (f(µ2), v)L2(Ω) ∀ v ∈ X ,

where

f(µ2) :=
P∑

i=1
δµ2,i1{Ω̃i}.

For the local source function, we choose a partition into rectangular domains

Ω̃i := [aj , aj+1]× [bk, bk+1], j = i mod 3, k = b i3c,

with a = (0, 1
3 ,

2
3 , 1), b = (0, 2

5 ,
4
5 , 1), so that P = 9, cf. Figure 6.1.

We employ a multitree-based AWGM from [KS14; KS13] with a tensor basis ΨX = DXΨ,
Ψ = Ψ(x) ⊗ Ψ(y) consisting of bi-orthogonal B-spline wavelets Ψ(x) from [Dij09] of
order dx = d̃x = 2 (see also Example 2.62) and L2(0, 1)-orthonormal multiwavelets Ψ(y)

with homogeneous boundary conditions as in [Rup13] of order dy = 2, cf. Example
2.63. See Sections 2.5.1 and 2.5.2 for more details on tensor product bases and wavelet
constructions.
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I Figure 6.1 — Thermal
block consisting of two parts
Ω1, Ω2 with 9 local sources de-
fined on Ω̃1, . . . , Ω̃9. Ω1 Ω0

Ω̃1

Ω̃2

Ω̃3

Ω̃4
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ΓD
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Due to the local heat influx, the shape of solutions u(µ) varies strongly with the parameter,
as can be seen at the hand of two chosen snapshots displayed in Figure 6.2. In the same
figure, the support centres of the respective local wavelet basis functions are shown – color
and size of the marks indicate the wavelet levels ‖ |λ| ‖1. The visible local refinement
motivates the use of an adaptive solver.
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NFigure 6.2 — Thermal block – Selected (non-orthogonalized) snapshots and the
support centers of their local wavelet basis functions.

As RB parameter training set Ξtrain, we choose a tensor product of 20 logarithmically
spaced parameters in [0.01, 100] for µ1 and the 9 possible values of µ2, so that |Ξtrain| =
180.

Periodic Space-Time Parabolic Example

The second test example is the parameterized convection-diffusion-reaction example
with homogeneous Dirichlet boundary conditions on [0, T ]× Ω := [0, 1]× (0, 1) already
introduced in Section 4.4.2, i.e.

(CDR)





∂
∂tu−∆u+ µ1b(x)∇u+ µ2u = f(µ) on Ω× [0, T ],

u(t, 0) = u(t, 1) = 0, ∀ t ∈ [0, T ],
u(0, x) = u(T, x) on Ω,

with b(x) = (1
2−x), f(t, x;µ) ≡ f(t) = cos(2πt). The convection and reaction parameters

are restricted to the parameter domain D := [0, 30]× [−9, 15] ⊂ R2, on which the problem
(CDR) is stable.
Again, the space-time variational formulation reads

Find u ∈ X : b(u, v;µ) = f(v) ∀ v ∈ Y, µ = (µ1, µ2) ∈ D, (6.23)
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with V := H0(Ω) ↪→ H := L2(Ω) ↪→ V ′ and

X = {v ∈ L2(0, T ;V ) : vt ∈ L2(0, T ;V ′), v(0) = v(T ) in H}, Y = L2(0, T ;V ),

see also Section 2.3.
As Petrov-Galerkin discretization, we use the space-time tensor wavelet bases described
in Chapter 5.1.1: The trial space X is equipped with the tensor wavelet collection
pΨ := Θper ⊗ Σ, where Θper is a periodized collection of B-spline wavelet on R of order
dt = d̃t = 2, [Urb09], Example 2.61. The spatial collection Σ is chosen as bi-orthogonal
B-spline wavelets on [0, 1] with homogeneous boundary conditions from [Dij09], Example
2.62, where dx = d̃x = 2. As test space discretization, we choose qΨ := Θ ⊗ Σ with
the same spatial collection Σ and temporal test functions Θ as the same bi-orthogonal
(non-periodic) B-spline wavelets without the boundary conditions of Σ.
In order to solve (6.23), we employ the LS–AWGM from Chapter 5 and are thus in
the setting of RBMs with adaptive snapshot computations. The different temporal
evolutions of the snapshots in this example favor the adaptive discretizations in the
space-time domain. Moreover, we can now mitigate the drawback of the additional
(temporal) dimension in the space-time formulation while exploiting the advantages of
small space-time RB online problems, cf. Chapter 4.
As in Chapter 4.4.2, the training set Ξtrain consists of a uniform grid of ntrain = 20× 20 =
400 parameters in D.

6.4.2 Snapshot Accuracies
We start by investigating reduced bases constructed by adaptively computed snapshots,
see Section 6.2. In order to distinguish between consequences of adaptive snapshots
and that of equally adaptively computed error estimators, we restrict ourselves here to
so-called strong Greedy trainings, i.e. training phases that use the true error instead
of some error estimator in the parameter selection step in line 4 in Algorithm 6.1. In
order to calculate the “true” error, we compute sufficiently accurate approximations to
each u(µ), µ ∈ Ξtrain (the respective tolerances are ε = 2.5× 10−4 for the thermal block,
ε = 5× 10−4 in (CDR)).
The convergence of the (strong) Greedy error maxµ∈Ξtrain‖eεN (µ)‖ of the respective basis
constructions in both examples is shown in Figure 6.3. We compare in both cases the
snapshot accuracy strategies presented in Section 6.2.2, namely

• (S–): fixing the snapshot approximation tolerance to some fixed ε (here we compare
in both examples snapshots approximations with accuracies ε = 0.5 and ε = 0.005),

• (Sw/o): restricting the parameter search to Ξtrain\SN ,
• (S1): decreasing the tolerance by some factor ρu if the snapshot has been computed

before (here ρu = 0.1 in both examples).
It is obvious that without any update of the snapshot accuracies (i.e. with strategy (S–)),
the Greedy error does not decrease beyond a certain threshold. These “error plateaus”
are indeed caused by a multiple selection of the same parameter µ∗ ∈ SN , as proven by
the lists of snapshot parameters µ ∈ SN displayed in Tables 6.1 and 6.2. As in that case
the same (linearly dependent) basis function is added to X εN , the effective RB dimension
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NFigure 6.3 — Strong Greedy training with adaptive snapshots.

I Table 6.1 —
Thermal block –
Selected snapshot
parameters during
strong Greedy training
(the symbol ” indicates
parameters as in column
(S–), ε = 0.5).

ε = 0.5 ε = 0.005
N (S–) (Sw/o) (S1) (S–) (Sw/o)
1 (0.01, 2) ” ” ” ”
2 (0.01, 1) ” ” ” ”
3 (0.01, 3) ” ” ” ”
4 (0.01, 5) ” ” ” ”
5 (0.01, 4) ” ” ” ”
6 (0.01, 6) ” ” ” ”
7 (0.01, 2) (0.014, 2) (0.01, 2) (0.01, 1) (0.014, 1)
8 (0.01, 2) (0.014, 6) (0.01, 2) (0.01, 1) (0.014, 3)
9 (0.01, 2) (0.014, 3) (0.01, 6) (0.01, 1) (0.014, 2)

10 (0.01, 2) (0.014, 1) (0.02, 3) (0.01, 1) (0.014, 4)

does not increase and the training ends in an infinite loop. In accordance with Theorem
6.7, the plateau appears later for increased snapshot accuracies.
This stalling of the Greedy training can be avoided by strategy (Sw/o). While this
strategy significantly improves the constructed basis in the thermal block example
(Figure 6.3a), it has only litte effect in the reduction of the parameterized CDR equation
(Figure 6.3b). In both cases, it is apparent that the parameters selected by (Sw/o) are
close (in fact, the direct neighbours in Ξtrain) of the respective terminal parameters in
scenario (S–). The difference in impact on the reduced basis can therefore be explained
by the sensitivity of u(µ) with respect to the parameter – if u(µ(1)) ≈ u(µ(2)) for µ(1),
µ(2) close, the error reduction will not be significant, while for u(µ(1)) 6= u(µ(2)) strategy
(Sw/o) represents a considerable improvement over (S–).
The snapshot update strategy (S1), on the other hand, proves very effective in example
(CDR). In fact, after updating the snapshot for the critical value µ = (0,−9), we
completely recover the original Greedy convergence and obtain the same reduction error
as with the fixed small tolerance ε = 0.005 (note that in this case the measured error
is not reliable for N ≥ 9, as then the snapshot tolerance is in the order of the accuracy
of the reference solution). This implies that it is indeed possible to significantly lower
the total amount of computational work by using different ε for different uε(µ) and that
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ε = 0.5 ε = 0.005
N (S–) (Sw/o) (S1) (S–) (Sw/o)
1 (0.0,−9.0) ” ” ” ”
2 (6.3,−9.0) ” ” ” ”
3 (0.0,−2.7) ” ” ” ”
4 (30.0,−9.0) ” ” ” ”
5 (0.0,−9.0) (1.6,−9.0) (0.0,−9.0) (0.0, 15.0) ”
6 (0.0,−9.0) (0.0,−7.7) (0.0,−9.0) (17.4,−9.0) ”
7 (0.0,−9.0) (3.2,−9.0) (12.6,−9.0) (0.0,−5.2) ”
8 (0.0,−9.0) (4.7,−9.0) (0.0,−0.2) (0.0,−5.2) (0.0,−3.9)
9 (0.0,−9.0) (1.6,−7.7) (30.0,−9.0) (0.0,−5.2) (0.0,−6.5)

10 (0.0,−9.0) (0.0,−6.5) (4.7,−9.0) (0.0,−5.2) (4.7,−9.0)
11 (0.0,−9.0) (3.2,−7.7) (0.0,−5.2) (0.0,−5.2) (1.6,−9.0)
12 (0.0,−9.0) (7.9,−9.0) (0.0, 15.0) (0.0,−5.2) (0.0,−7.7)

NTable 6.2 — CDR example – Selected snapshot parameters during strong Greedy
training (the symbol ” indicates parameters as in the respective next left column).

the multiple snapshot selection can be used to indicate the snapshots that have to be
computed with a higher accuracy.

6.4.3 Error Estimator Accuracies
Using the above bases obtained through the strong Greedy trainings as benchmarks,
we can now investigate how the approximate error estimators ∆ε

N,δ(µ) perform in those
different scenarios. Recall that an error estimator has two distinct functions that have to
be evaluated separately: On the one hand, it is an indicator for the actual error. Apart
from being rigorous, it therefore should also be sharp, i.e. not overestimate the true
error too much. This is measured as the effectivity, cf. also Chapters 3.6.3, 4.4. On the
other hand, it serves in the parameter selection during the Greedy training. Here, the
equivalence to the error is more important than the effectivity, as only then (near-)optimal
basis functions are added to the basis.

Rigorous Equivalent Error Estimators

We first investigate the rigorous and equivalent estimators discussed in Section 6.3.1:
• (DE): a direct computation of pr εN,δ(µ) that fulfills the equivalence criterion (6.16)

for all µ ∈ Ξtrain, scaled as in Corollary 6.18 to be rigorous, but online inefficient,

• (AE): an affine decomposition pr ε,aff
N,δ (µ) the components of which are updated if

the affine equivalence criterion (6.21) is not satisfied for all µ ∈ Ξtrain, scaled to be
rigorous.

The corresponding weak Greedy trainings in different snapshot scenarios ((S–), (S1) with
varying snapshot accuracies ε) are displayed in Figures 6.4 and 6.5, where for comparison
the “true errors” obtained by the strong Greedy schemes with (S–), ε = 0.005 are also
indicated. We thus see in Figures 6.4a, 6.5a, where the Greedy errors maxµ∈Ξtrain ∆ε

N,δ(µ)
are plotted, that the effectivies of the direct estimator (DE) are very good: less than 10 in
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NFigure 6.4 — Thermal block – Weak Greedy training and test with rigorous bounds.

the case of the CDR example and almost exact for the thermal block. The affine bounds
(AE) perform less well and show a significantly weaker convergence (CDR example) or a
large overestimation factor (thermal block).
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NFigure 6.5 — CDR example – Weak Greedy training and test with rigorous bounds.

That the poorer performance of (AE) is only an issue of the error bound sharp-
ness is shown in Figures 6.4b, 6.5b. Here, we compute the “true” maximum error
maxµ∈Ξtrain‖eεN (µ)‖ with respect to the reference solutions as an indicator of the real RB
basis quality. It is obvious that the constructed bases are very near the benchmark of the
strong Greedy scheme. This is equally true for the bases constructed using (AE) – here,
even though the error estimate is worse, the same snapshot parameters are selected (in
case of the thermal block in a slightly different order), so that the bases obtained from
(DE) and (AE) do not or almost not differ.

Observe, however, that especially in the thermal block example, the error estimators
tend to indicate an improvement of the basis quality by adding more basis functions
when in fact this amelioriation is only marginal (see Figures 6.4a, 6.4b for N ≥ 10).
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ε = 0.5 ε = 0.005
N Str. Greedy (DE) Str. Greedy (DE) (AE)
1 (0.0,−9.0) ” ” ” ”
2 (6.3,−9.0) (1.6,−9.0) (6.3,−9.0) (1.6,−9.0) ”
3 (0.0,−2.7) (0.0,−9.0) (0.0,−2.7) (0.0,−6.5) ”
4 (30.0,−9.0) (0.0,−9.0) (30.0,−9.0) (30.0,−9.0) ”
5 (0.0,−9.0) (0.0,−6.5) (0.0, 15.0) (0.0,−9.0) ”
6 (0.0,−9.0) (30.0,−9.0) (17.4,−9.0) (3.5,−9.0) ”

JTable 6.3 —
CDR example –
Snapshot parame-
ters during weak
Greedy training
with rigorous and
equivalent error
estimators for
scenario (S1).

It is apparent that the possibility to refine snapshots (i.e. (S1)) is crucial in the weak
Greedy training for the CDR example in order to prevent a premature stalling of the
algorithm. An investigation of the selected CDR snapshot parameters in Table 6.3 shows
that due to the use of the error estimator in the weak Greedy scheme, only near-optimal
snapshots are selected as basis functions, so that the situation of multiple snapshot
selection can be encountered even earlier than in the strong Greedy. The refinement
strategy then allows to avoid the termination of the training scheme in some “absorbing
state”. The situation is slightly different in the thermal block example, where in contrary
to the strong Greedy results, no snapshot is chosen a second time as long as N < 12.

Heuristic Error Estimators

Additionally, we compare the above results to that obtained from the heuristic estimators

• (H–): fixed tolerances δfq = δbq,n = 0.0005 in the computations for the affine
representor pr ε,aff

N,δ ,

• (H1): in parallel to the snapshot update (S1) a simultaneous decrease of δfq , δbq,n
by factors ρf , ρb (here ρf = ρb = 0.1 in both examples),

defined in Section 6.3.2. Again, we investigate the performance of the error indicators
for different snapshot scenarios, but restrict ourselves to ε = 0.005 here. Moreover, in
addition to the benchmark of the strong Greedy, we plot below for comparison also the
results for the equally affine but rigorous estimator (AE).

The efficiency of the heuristic error estimators is close to that of the rigorous and
equivalent bound obtained by (DE) and in both examples significantly better than the
certified equivalent affine bound (AE), see Figures 6.6a, 6.7a. While the Greedy errors
in the thermal block example do not visible differ for either different snapshot scenarios
or different heuristic error bounds, the picture is more complex in the CDR example.

The heuristic indicator (H–) obviously mirrors the errors in the different snapshot
scenarios correctly. However, the snapshot selection is less optimal – even though for
a refined snapshot (S1) the error indicator is smaller than in scenario (S–) (and the
weak Greedy training with certified equivalent estimators continues by choosing a new
parameter µ, cf. N = 6 in Table 6.3), here the same parameter µ = (0,−9) is selected
repeatedly, see Table 6.4a. This is reflected in the almost identical “true” error of both
bases depicted in Figure 6.7b.
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NFigure 6.6 — Thermal block – Weak Greedy training and test with heuristic bounds.
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NFigure 6.7 — CDR example – Weak Greedy training and test with heuristic bounds.

The update (H1) is a remedy in this case: using a more exact error indicator ∆ε,aff
N,δ (µ)

avoids the termination of the Greedy scheme as it selects a different parameter, see
Table 6.4a. The so constructed basis is even comparable to the strong Greedy benchmark
(which includes only snapshots with original accuracy ε0).

It thus appears that the heuristic estimators can prove valid substitutes for the certified
equivalent estimators (DE), (AE). In Table 6.4b, we compare the respective offline
computational work needed for the construction of ∆ε

N,δ(µ), ∆ε,aff
N,δ (µ) in the CDR example,

measured by the (total) size of the (parameter-independent) local adaptive wavelet bases
constructed during the computations of the Riesz representors. For the parameter-
dependent bases of the direct estimate (DE), we indicate the average size over µ ∈ Ξtrain.
The large discrepancy between the average parameter-dependent representor size for
(DE) and that for the union of the representor components in the affine decompositions
underlines the twofold problem that the estimate in the affine equivalence criterion (6.21)
is rather crude and that additionally the representor accuracy is oriented on the worst
parameter case, so that the individual discretizations are extremely (and overly) fine.
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N Str. Greedy (H–) (H1)
1 (0.0,−9.0) ” ”
2 (6.3,−9.0) (1.6,−9.0) ”
3 (0.0,−2.7) (0.0,−6.5) ”
4 (30.0,−9.0) (30.0,−9.0) ”
5 (0.0, 15.0) (0.0,−9.0) ”
6 (17.4,−9.0) (0.0,−9.0) (4.7,−9.0)
7 (0.0,−5.2) (0.0,−9.0) (0.0, 15.0)

(a) Snapshot parameters chosen during weak Greedy
training with heuristic error estimators in snapshot
scenario (S1)

N ∅(DE) (AE) (H–) (H1)
1 175 2335 41 127 52 604
2 183 76 876 59 705 70 010
3 200 85 100 62 648 72 812
4 251 106 997 74 459 84 409
5 509 517 771 74 529 521 927
6 684 667 823 76 082 656 590
7 1611 – – 956 996

(b) Sizes of adaptive wavelet bases constructed
for the calculation of error estimator ∆ε

N,δ(µ) in
snapshot scenario (S1)

NTable 6.4 — CDR example – Snapshot parameters and Riesz representor index set
sizes.

This effectively leads to even offline infeasible cost for the equivalent estimator (AE),
while it is large but manageable for (H1).
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NFigure 6.8 — CDR example – Comparison of heuristic estimators for different
accuracies δfq = δbq,n .

Finally, we investigate the role of the error estimator accuracy δ, steered by the representor
component accuracies δfq , δbq,n , at the hand of the heuristic estimator ∆ε,aff

N,δ (µ) without
updates in the snapshot setting (S–). This is also motivated by the observation that the
offline cost for the rather small (initial) approximation tolerances δfq = δbq,n = 0.0005
in the above experiments are non-negligibly large. The training behaviour of (H–) for
different δfq , δbq,n is depicted in Figure 6.8. It is obvious that the trainings can be classified
into groups that are distinguished by the RB size at which the first snapshot (µ = (0,−9))
is chosen a second time and the Greedy scheme stalls, cf. Figure 6.8b. As expected, the
“rougher” estimates based on δfq = δbq,n ∈ (0.0025, 0.01) perform worse than the more
accurate ones with δfq = δbq,n ≤ 0.001. Note, however, that the estimations first decrease
for smaller tolerances but grow again for δfq = δbq,n < 0.001. As an exception, the most
inaccurate estimator (δfq = δbq,n = 0.05) appears to be the best in this scenario – we
stress that this is the only one for which the adaptively generated representor index sets
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are all equal (as they correspond to the initial index sets in the adaptive solver SOLVE)
and are also subsets of the different snapshot index sets.
The different estimations of the error ‖eεN (µ)‖, N = 1, at the critical parameter µ = (0,−9)
plotted in Figure 6.9 illustrate the above observation. With the exception of ∆ε,aff

N,δ (µ)
with δfq = δbq,n = 0.05, it appears that a certain accuracy is necessary to avoid a large
overestimation of the real error, while for too small tolerances δfq = δbq,n < 0.001 the
estimates deteriorate again. This behaviour is known from adaptive FEM methods [DN02;
MNS02] and can be explained by an adaptive resolution of (in this case numerical)
oscillations in the residual.

I Figure 6.9 — CDR example – Heuristic
estimation of error at µ = (0,−9) for different
accuracies δfq = δbq,n , N = 1.
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6.5 Conclusions
This chapter presented a first systematic investigation of RBMs based on adaptively
computed snapshots and error estimators. We presented a framework where the reduction
error is measured with respect to the exact error in the infinite-dimensional function space
X and the “classical” RBM concept of a common discrete truth space for all parameters
is abandoned both in theory and numerically.
We showed that the consequences of this approach include a loss of Petrov-Galerkin
orthogonality and consequently the possible multiple selection of snapshots. Different
strategies to prevent the resulting early termination of the Greedy basis training have
been proposed. It was shown numerically that fixed adaptive tolerances in the snapshot
computation lead to “error plateaus” which can be avoided by a restriction of the Greedy
parameter search to the training set without former snapshot parameters or by an
appropriate update of the snapshot tolerances.
Moreover, we derived criteria for the computation of equivalent and rigorous approximate
error estimators, both for affine and non-affine adaptive computations. We numerically
compared efficiency as well as offline and online cost of these bounds. Further, different
heuristic estimators were investigated. While the equivalent estimators showed very good
effectivities, the respective numerical costs were significant. It was also apparent that in
a weak Greedy training, the possibility to react to a multiple selection of snapshots is
crucial to prevent a stalling of the algorithm.
The heuristic estimators provided less effective bounds, but nevertheless lead to similar
reduced bases at less numerical cost. Here as well, the possibility to adaptively steer
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the approximation tolerances of the computed Riesz representors proved to be beneficial.
An investigation of the approximate error estimator at different tolerances showed that
there exists some optimal δ balancing the performance of the estimator in the parameter
selection and the resulting computational cost.



7LAWA-RB – a Wavelet RBM Framework

The numerical results in this thesis that use wavelet bases for the high-dimensional
(adaptive and non-adaptive) discretizations have all been obtained by a RB framework
that we have implemented as part of the C++ wavelet library LAWA [LAW11].

Originally designed by Alexander Stippler and Mario Rometsch (cf. [Rom10]) at the
Institute for Numerical Analysis of Ulm University, this library specifically aims to
provide adaptive wavelet algorithms for the solution of elliptic and parabolic PDEs. In
that it relies for any linear algebra computations highly on the C++ library Flexible
Library for Efficient Numerical Solutions (FLENS) developed by Michael Lehn [Leh08].

For runtime efficiency and to support generic programming, LAWA makes heavy use of
the concept of templates. A major challenge of the presented RB framework was therefore
to find a reasonable compromise between this paradigm and the somewhat contrary
demands of RB offline computations, most notably the establishment of affine structures
(2.38). We further aimed at a framework that is flexible and modular enough to support
extensions well beyond the applications presented in this thesis, yet retains the high
performance provided by LAWA and FLENS.

In the following, we shortly present the basic data structures and concepts of the LAWA
core library in Section 7.1. The individual RB classes as well as an example for the set
up of a Greedy training are then detailed in Section 7.2.

7.1 LAWA Data Structures
We begin with a short overview over the basic LAWA data structures and the concept of
operators – the building blocks of any equation system that is to be solved. While LAWA
has some functionality that is constrained to uniform indexsets, e.g. the the assembly
of matrices B∇J on full index sets ∇J (2.50), we restrict ourselves in the following to a
description of those parts that allow to work with arbitrary index sets Λ ⊂ J for some
collection Ψ := {ψλ,λ ∈ J }, cf. Chapter 5.2, and thus enable adaptive wavelet Galerkin
methods. We stress that this naturally incorporates Λ = ∇J and that the uniform results
of e.g. Chapter 4.4 have also been obtained with these “adaptive” data structures.
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Remark 7.1 (Contributors). The basis constructions in LAWA are mainly due to Alexander
Stippler, with the exception of the L2-multiwavelet implementation that was contributed
by Andreas Rupp [Rup13]. Most of the adaptive algorithms and data structures, as well as
all multitree-related functionality has been written by Sebastian Kestler [Kes13], where we
added only the extensions and generalizations necessary for periodic and Petrov-Galerkin
computations, cf. Chapter 5.3.

Basic Data Structures

LAWA provides several basis constructions, obtained as specializations of the general
class

template <typename T, FunctionSide Side, DomainType Domain, Construction Cons>
class Basis

Here, as in the following, the typename T denotes the underlying data type, e.g. double.
Associated to such a basis are MRAs and wavelet constructions with collections of basis
functions Φ, Ψ, respectively, cf. Chapter 2.5.1. The scaling functions φλ ∈ Φ and wavelets
ψλ ∈ Ψ are distinguished by their XType and uniquely identified by their index λ = (j, k),
which are collected in index classes, e.g.

struct Index1D {
short j;
long k;
XType xtype;
...

};

struct Index2D {
Index1D index1, index2;
Index2D(const Index1D &index1,

const Index1D &index2);
...

};

Arbitrary collections Λ of such indices (corresponding to the same basis, however) are
handled by the classes

template <typename T, typename Index> struct Coefficients<Lexicographical,T,Index>

which are – depending on the user’s installation – derived from one of the hash map
implementations unordered_map from the C++11 standard, Boost or the C++ Technical
Report 1 and map coefficient indizes λ to the corresponding coefficient values uλ.
In order to define equations of the variational form

Find u ∈ X : b(u, v) = 〈f, v〉Y ′×Y ∀ v ∈ Y, (7.1)

LAWA uses for the specification of the left hand side operator classes that wrap the
necessary integral evaluations b(ψλ, ψν). Such operators are implemented in 1D-3D
both for Galerkin and Petrov-Galerkin settings and extended to adaptive operators that
additionally include data structures to store already computed values in order to reduce
computation times. An example of a (non-adaptive) Galerkin operator in 1D is the
following:

template <typename T, typename Basis>
class LaplaceOperator1D{

public:
const Basis& basis;

LaplaceOperator1D(const Basis& _basis);

T operator()(const Index1D &row_index, const Index1D &col_index) const;
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private:
Integral<Gauss, Basis, Basis> integral;

};

Similar structures exist for the evaluation of the right hand sides F (ψλ) := 〈f, ψλ〉Y ′×Y
and in order to specify preconditioners.
A typical solver that provides methods for the solution of equation systems (7.1) has
then the form

template <typename T, typename Index, typename Basis, typename Operator, typename RHS>
struct Solver {

...
void solve(Coefficients<Lexicographical,T,Index> &u);

}

Depending on the implementation of the operator Operator, it might additionally be
templated on the preconditioner and/or some specified compression scheme.

Multitree Structures

In order to realize the evaluations qΛBpΛupΛ for multitree index sets pΛ, qΛ (cf. Chapter
5.3.1), additional operator types were introduced by Sebastian Kestler [Kes13]. Recall
that the multitree evaluations are based on decompositions of the form (5.34), i.e.

B = DY
[ M∑

m=1

n∏

i=0
b(i)m (pΨ(i), qΨ(i))

]
DX .

The unidirectional operators b(i)m (pΨ(i), qΨ(i)) (respectively the products∏n
i=0 b

(i)
m (pΨ(i), qΨ(i)))

are implemented as so-called LocalOperators that have additional (multitree) index
set based evaluation functions, e.g.

// LocalOperator1D:
void eval(const TreeCoefficients1D<T> &PsiLambdaHat,

TreeCoefficients1D<T> &PsiLambdaCheck);
// LocalOperator2D:
void eval(const Coefficients<Lexicographical,T,Index2D> &v,

Coefficients<Lexicographical,T,Index2D> &AAv);

In that context, the first argument always corresponds to the vector upΛ, while the second
one is the resulting vector vqΛ = qΛBpΛupΛ. Up to M = 4 of these operators can be
combined via template parameters in an object of type CompoundLocalOperator.
Additionally, in order to handle the arbitrary number of operator components required
for the affine decompositions (2.38) in the RB context, we have extended this concept to
FlexibleCompoundOperator that are based on standard vectors of pointers to objects
from a template type LocalOperatorType. In combination with the equally introduced
abstract classes AbstractLocalOperator, serving as interfaces for the above local
operators, this provides the flexibility required for a RB framework.
Remark 7.2 (Static vs. dynamic polymorphism). Note that LAWA as well as FLENS is
almost exclusively based on static or compile-time polymorphism, i.e. relying on templates
in order to provide abstract but flexible and efficient code, see [Str13, Chap. 25], [Leh08].
However, the exigencies of a RB implementation – most notably the requirement to
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construct arbitrarily long affine decompositions (2.38) from arbitrary (and in general
different) operators bq(u, v), weighted with parameter-dependent scalar online functions
θq(µ) – induced us to loosen this paradigm and combine the existing structures with
dynamic or run-time polymorphism provided by class hierarchies, [Str13, Chap. 20, 27].
Note that due to the additional cost of pointer and virtual function evaluations, this may
produce a slight runtime overhead, which is, however, not visible in our examples, see
the runtime comparisons in Figure 7.1.

Remark 7.3 (Periodic Multitrees). Even though easily constructed, see Example 2.61,
periodic wavelets often induce increased computational cost caused by the possibly not
simply connected support, i.e. there exist λ = (j, k) ∈ J for which suppψλ = [0, a]∪ [b, 1],
a < b. Especially in the implementation of multitree evaluations, this necessitates a
significant number of additional distinctions of cases (i.e. switch and if statements),
for example in the realization of the local refinements or the multitree extension and
completion procedures, cf. [Kes13, Sec. 6.3.3]. In order not to compromise the runtimes
for non-periodic applications, we decided in that matter on a “Substitution Failure Is
Not An Error” (SFINAE) approach, i.e. a compile-time selection of overloaded function
templates at the hand of certain characteristics of the template parameters, even though
this leads to a substantial amount of code duplication.

7.2 RB Framework
The RB framework integrated into LAWA is build around three main classes, shown
schematically in Figure 7.2. Central for the basis construction is RB Base, which
contains the N -dependent RB data and functionality in order to perform a Greedy
training. The actual N -dependent calculations, however, e.g. the snapshot or Riesz
representor calculations (2.35), (2.39) as well as inner product evaluations, are dispatched
to some class implementing a TRUTH MODEL. As RB Base is templated on this truth
model, this gives the flexibility to change e.g. from “standard” to multitree-based matrix-
vector evaluations. The RB online quantities – the parameter-independent RB vectors and
matrices as well as the parameter functions – are stored in the class RB System, which
also provides methods to compute a reduced solution and the corresponding error bound.
Objects of this class can serve as online standalones, so that for online evaluations with
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respect to an already constructed RB space neither the operators nor the truth solvers
have to be defined or instantiated.

I Figure 7.2 — Schematic
overview over the three main
RB classes and their main
data members and functional-
ity. Online standalone class in
red.

RB_Base
rb_basisfunctions
F_representors
A_representors
train_Greedy()

RB_System
thetas_a, thetas_f
RB_A_matrices
RB_F_vectors
representor_norms
get_rb_solution()
get_errorbound()

Truth_Model
Truth_Solver
Riesz_Solver_A
Riesz_Solver_F
get_truth_sol()
get_representor()
get_inner_product()

In the following, we describe these main classes in more detail. Note that the operator –
denoted B in the main part of this thesis – is usually referenced to as A in function and
variable names, while F refers to the right hand side functional.

7.2.1 RB Training: RB Base
In order to keep the implementation as generic as possible, the central RB class is
templated on both the online RB class as well as the class wrapping the truth computations.
Additionally, it is parameterized on the data and parameter types, so that in particular
the problem dimension n and the number of parameters p are variable:

template <typename RB_Model, typename TruthModel, typename DataType, typename ParamType>
class RB_Base

Note that the template DataType usually corresponds to the above mentioned coefficient
maps Coefficients<Lexicographical,T,Index>, where the index is of the appropriate
dimension.
The main data members are references to the RB and the truth model as well as the
N -dependent quantities that are constructed during a Greedy training, stored in standard
vectors of length N :

std::vector<DataType> rb_basisfunctions;
std::vector<DataType> F_representors;
std::vector<std::vector<DataType> > A_representors;

Moreover, it contains an object of the class RB Greedy Parameters that assembles
all parameters required during the Greedy trainings from Algorithms 2.1, 6.1. Apart
from the standard ones – maximum number of RB basis functions Nmax, tolerance tol,
number of training parameters ntrain, etc.– this includes the type of training

enum TrainingType {weak, strong, strong_adaptive, weak_direct};

where strong_adaptive indicates a strong Greedy training with respect to a reference
solution, as employed in Chapter 6.4.2, and weak_direct a training with a direct (non-
affine) computation of the residual Riesz representors, cf. (DE), Section 6.3.1. Other
parameters specify the adaptive snapshot strategies (Sw/o), (S1) as well as the (adaptive)
error bounds (H1):

bool erase_snapshot_params; // -> (Sw/o)
bool tighten_tol; // -> (S1)
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bool tighten_tol_rieszA; // -> (H1)
bool tighten_tol_rieszF; // -> (H1)

Similarly, further details (tolerance reduction factors ρu, ρf , update or re-computation of
snapshots, verbosity, I/O files, . . . ) can be set. All parameters are equipped with default
values that amount to a standard weak Greedy training on a uniformly spaced training
set Ξtrain.
The reduced basis training is then initiated (or continued) by calling the function void
train_Greedy(std::size_t N = 0), where N denotes the number of already computed RB
basis functions.
During the training, a number of auxiliary functions, e.g.

T find_max_errest(std::size_t N, std::vector<ParamType>& Xi_train,
ParamType& current_param, std::map<ParamType, DataType>& truth_sols);

void add_to_basis(const DataType& u);
void add_to_RB_structures(const DataType& bf);

ensure a certain modularisation and readibility of the code. The actual N -dependent
calculations, however, are dispatched to the truth model class, e.g. the calculation of a
new snapshot:

DataType u = rb_truth.get_truth_solution(mu);

Analogously, the computed RB quantities are stored directly in the RB System class
object, which is also used for the computation of error bounds, e.g.

for(auto& mu : Xi_train){ ...
T error_est = rb_system.get_errorbound(u_N,mu);
...

}

Moreover, information about the Greedy training itself, e.g. the set of snapshot parameters,
the Greedy errors in each iteration as well as the sizes of (adaptively) generated snapshots
and Riesz representors, are stored in an object of the class RB Greedy Information
and can be printed to some text file at the end of training.

7.2.2 Online Computations: RB System
The class RB System is designed to be independent of all N -dependent quantities and
functions, so that it can serve as an online RB standalone. It is templated only on the
parameter (and the underlying data) type, i.e.

template <typename T, typename ParamType> class RB_System

and contains in particular all assembled RB data of dimension N , i.e. the matrices BqN ,
vectors FqN and the inner products

[
( pf q, pf q′)X

]
q,q′ ,

[
( pf q,pbq′,n)X

]
q,q′ ,

[
(pbq,n,pbq′,n′)X

]
q,q′ , cf.

Chapter 2.4.1:
std::vector<FullColMatrixT> RB_A_matrices;
std::vector<DenseVectorT> RB_F_vectors;
FullColMatrixT RB_inner_product;

FullColMatrixT F_F_representor_norms;
std::vector<FullColMatrixT> A_F_representor_norms;
std::vector<std::vector<FullColMatrixT> > A_A_representor_norms;

Here, the storage format is based on the (dense) matrix and vector classes
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typedef flens::GeMatrix<flens::FullStorage<T, cxxblas::ColMajor> > FullColMatrixT;
typedef flens::DenseVector<flens::Array<T> > DenseVectorT;

that are part of the user-friendly overhead-free FLENS interface to Basic Linear Algebra
Subprograms (BLAS) and Linear Algebra PACKage (LAPACK) functions, [Leh08; Law+79;
And+99]. Based on overloaded operators, this interface allows the easy implementation
of matrix and vector computations (addition, multiplication, etc.) and consequently of
(iterative) linear system solvers like CG or GMRES, which are already part of LAWA.

Parameter Functions

In order to assemble the reduced linear systems, we additionally need the parameter
functions θqb(µ), θqf (µ) that are managed in (references to) objects of the type ThetaS-
tructure. This class stores standard vectors of function pointers

typedef T (*ThetaFct)(const ParamType& param);

as well as a (current) parameter µ ∈ D and provides evaluation methods
T eval(size_t i, const ParamType& mu) const;
T eval(size_t i) const; // evaluate at current parameter

for 1 ≤ i ≤ Q.
Remark 7.4. Note that this design allows to use those structures at different parts in the
framework (most notably also in the truth systems for snapshot computation) without
duplication. Moreover, it lends itself well to extension, as e.g. time-dependent parameter
functions can be implemented easily using derived classes.

Online Computations and Eigenvalue Problems

Using the above parameter function structure and the matrix functionality supplied by
FLENS, the reduced system is assembled and solved for a given RB parameter µ ∈ D
at a call of DenseVectorT get_rb_solution(std::size_t N, ParamType& mu). Another
parameter object of type RB Parameters provides the possibility to choose between
different iterative solvers for the reduced system by setting a variable of type

enum SolverCall { call_cg, call_gmres, call_gmresm, call_cgls};

The implemented error bound is standard, i.e. of the form
virtual T
get_errorbound(const DenseVectorT& u_N, ParamType& mu) {

return residual_dual_norm(u_N, mu) / alpha_LB(mu);
}

where the default implementation of virtual T alpha_LB(ParamType& mu) realizes the
min-θ criterion (2.40). However, both functions are meant to be adapted through
overriding by a derived class.
Such customized RB online classes can additionally make use of precomputed values α(µ),
e.g. to compute lower bounds αLB(µ) ≤ α(µ) via a SCM, see Chapter 2.4.1. The basic
functionality for the computation of constants like α(µ) is supplied by the class

template <typename ParamType, typename TruthModel> class LB_Base

which provides methods for the assembly and solution of the respective eigenvalue
problems, based on the FLENS LAPACK interface. Note, however, that LB Base is not an
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online RB class, as it accesses the truth model for e.g. inner product and other operator
evaluations.

7.2.3 Offline Computations: MT Truth
Recall that the truth model entered the class RB Base as a template parameter. As long
as it adheres to some (not explicitly defined) interface, the actual implementation may thus
vary. Currently, the standard truth model class, called MT Truth, relies on multitree
matrix-vector multiplications in that we assume the existence of member functions
eval(const DataType& u, DataType& Au) for the different operators, see Section 7.1.
Apart from this, the class itself is kept as generic as possible. In order to be able to handle
both Galerkin and Petrov-Galerkin, adaptive and non-adaptive offline computations,
it is templated on the different solvers for truth and Riesz representor computations.
Recall that a LAWA solver instantiation corresponds to the explicit definition of an
equation system, as it is templated on both operator and right hand side. Beyond this,
MT Truth is parameterized as well on the in space-time Petrov-Galerkin problems useful
additional operators defining the different variational forms, e.g. bq(u1, u2), (u1, u2)Y , for
two functions u1, u2 ∈ X – in contrast to the Petrov-Galerkin versions bq(u, v), (v, v)Y for
u ∈ X , v ∈ Y that are part of the operator definitions in the different solvers. Omitting
the appropriate default values that are defined to avoid redundant specifications in
Galerkin settings, the declaration has thus the form

template <typename DataType, typename ParamType,
typename TruthSolver, typename RieszSolver_F, typename RieszSolver_A,
typename InnProd_Y_u_u, typename LHS_u_u, typename RHS_u,
typename RieszSolver_Res>

class MT_Truth

The offline quantities – snapshots uN (µ) or uε(µ) and Riesz representors prN (µ), pr εN (µ),
respectively the individual components pf q, pbq,n – can then be obtained by the functions

DataType get_truth_solution(ParamType& mu);
DataType get_riesz_representor_f(std::size_t i);
DataType get_riesz_representor_a(std::size_t i, const DataType& u);
DataType get_riesz_representor_res(const DataType& u, ParamType& mu);

or their overloaded variants that allow updates of existing (adaptive) solutions. The task
of these functions is for the most part limited to pre- and postprocessing of the actual
solver call – setting the parameters µ ∈ D and/or basis functions uN in operators and
right hand sides of the solvers, selecting (for the Riesz representor computations) the
correct parts of the affine decompositions and rescaling the returned wavelet coefficients
with preconditioners to obtain coefficients of the L2-basis collections pΨ, qΨ, cf. Corollary
2.67.
Moreover, auxiliary functions allow to access the solvers in order to e.g. change their
parameters, as is necessary for the adaptive accuracy strategies in Chapter 6.

7.2.4 Offline Solvers and Affine Data Structures
The LAWA RB framework is not constrained to specific implementations of solvers for the
offline computations. Yet, due to the templatization, we require those solvers to adhere
to a certain interface. Most notably, they are expected to provide functions
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DataType solve();
void solve(DataType& u);

for the solution of the respective system. Further, they should grant access to operator
and left hand side through

Operator& get_lhs();
RHS& get_rhs();

This is required in order to perform the preprocessing steps mentioned in Section 7.2.3, i.e.
setting the current parameter µ ∈ D as well as for the Riesz representor calculations the
appropriate basis functions. Similarly, the internal solver parameters should be bundled
in some class ParamClass which is accessible via

ParamClass& access_params();

As a minimum requirement, these parameters should include the members tol and
max_its – as all currently implemented solution methods rely on iterative methods, this is
not much of a constraint, however. Moreover, we expect to be able to obtain information
about bases and preconditioners of the respective equation system and to be able to reset
stored information about the solution process for subsequent solver calls:

const TrialBasis& get_trialbasis();
const TestBasis& get_testbasis();
TrialPreconditioner& get_trialprec();
TestPreconditioner& get_testprec();
void remove_preconditioner(DataType& u);
void reset_info();

Flexible Data Structures

It has been mentioned in Section 7.1 that LAWA solvers are templated on single operators
and right hand sides. In order to handle RB equation systems that are based on affine
decompositions (2.38), we therefore introduce additional classes wrapping collections of
single, parameter-independent operators and corresponding parameter functions.

FlexibleCompoundLocalOperator
localops: std::vector<LocalOperatorType*>&
void eval(const DataType& u, DataType& Au)

AffineLocalOperator
thetas: ThetaStructure<ParamType>&
void eval(const DataType& u, DataType& Au)
void set_param(ParamType& mu)

NFigure 7.3 — Schematic overview over the RB operator classes, denotes class
derivation.

In Figure 7.3, this is schematically presented for the operator classes that enable an
affine decomposition of the left hand side. From the already mentioned class Flex-
ibleCompoundOperator, a class AffineLocalOperator is derived that over-
rides the evaluation function eval(). As the corresponding functions eval() that
are called in the LAWA solvers do not take a parameter as an argument, we set
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the parameter µ ∈ D at which the functions θq(µ) are evaluated in the preprocess-
ing step performed in MT_Truth::get_truth_solution(ParamType& mu). The function
AffineLocalOperator::eval() then assembles the affine decomposition by calling the
respective evaluation functions of all parameter functions θq(µ) as well as those of the
local operators.
For the right hand sides, we need even more affine structures. Recall that we would like
to be able to solve the Riesz representor equations

Find prh ∈ Y : (prh, v)Y = h(v) ∀ v ∈ Y,

where the right hand side h ∈ Y ′ can be one of the functions

h(v) =





f q(v), 1 ≤ q ≤ Qf ,
−bq(ζn, v), 1 ≤ q ≤ Qb, 1 ≤ n ≤ N,
rN (v;µ) = f(v;µ)− b(uN (µ), v;µ).

FlexibleCompoundRhs
rhsvec: std::vector<RHSType*>&
active_comp: std::vector<int>&
T operator()(const Index&)
void set_active_comp(int)

AffineRhs
thetas: ThetaStructure<ParamType>&
T operator()(const Index&)
void set_param(ParamType&)

FlexibleBilformRhs
bilformvec: std::vector<OpType*>&
active_comp: std::vector<int>&
active_u: DataType*
T operator()(const Index &index)
void set_active_comp(int)
void set_active_u(DataType*)

AffineBilformRhs
thetas: ThetaStructure<ParamType>&
T operator()(const Index&)
void set_param(ParamType&)

ResidualRhs
lhs_bilform: AffineBilformRhs&
rhs_fct: AffineRhs&
T operator()(const Index &index)
void set_param(ParamType&)
void set_active_u(DataType*)

NFigure 7.4 — Schematic overview over the RB right hand side classes, denotes
class derivation.

To be able to compute the representors pf q, pbq,n, we therefore introduce in analogy to
the class FlexibleCompoundOperator the classes FlexibleCompoundRhs and
FlexibleBilformRhs that store vectors of functionals f q(·), q = 1, . . . , Qf , and bq(u, ·),
q = 1, . . . , Qb, and provide auxiliary functions set_active_comp() in order to choose
the “active” component q as well as set_active_u() to set the coefficient vector u in
the first argument of bq(u, ·), see Figure 7.4. In order to set up a right hand side that
represents rN (v;µ), we further define the derived classes AffineRhs (for f(·;µ)) and
AffineBilformRhs (for b(u, ·;µ)), which are then combined in the class ResidualRhs.

7.2.5 How To Set Up an RB Training
To provide more insight into the above mentioned concepts, we shortly state in the
following the main steps in the implementation of a RB training at the hand of the
thermal block example from Chapter 6.4.1. Note that for ease of presentation, we set
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aside the usual separation of type declarations and variable definitions into a header and
an implementation file and only focus on selected exemplary code lines.

1) Basis Definitions and Preconditioners

The first step is usually the definition of the wavelet bases, in our case interval wavelets
from [Dij09], Example 2.62, in the first coordinate direction and L2-multiwavelets with
homogeneous Dirichlet boundary conditions ([Rup13], Ex. 2.63) in the second:

typedef Basis<T,Primal, Interval, Dijkema> Basis_X;
typedef Basis<T,Orthogonal, Interval, Multi> Basis_Y;
typedef TensorBasis2D<Adaptive,Basis_X,Basis_Y> Basis2D;

Basis_X basis_x(d,d_,j0);
Basis_Y basis_y(d,0);
basis_y.enforceBoundaryCondition<DirichletBC>();
Basis2D basis2d(basis_x,basis_y);

Additionally, we select appropriate preconditioners, in this case a diagonal preconditioner
that scales the wavelets in the H1(Ω)-norm:

typedef H1NormPreconditioner2D<T, Basis2D> Prec2D;
typedef NoPreconditioner<T, Index2D> NoPrec2D;
Prec2D prec(basis2d);
NoPrec2D noPrec;

2) Operator Definitions

The definition of the operators for the left hand side of the equation system is done
in several steps. First, the univariate bilinear forms are constructed, shown here for
the “identity” (i.e. reaction) operator b(0)

1 ( pψ(x), qψ(x)) =
∫

Ω
pψ(x)(x) qψ(x)(x)dx in the first

coordinate direction. Note that for later multitree evaluations, corresponding “refinement
operators” have to be defined as well – for periodic and multi-wavelets, the so-called
refinement basis differs from the original one.

typedef AdaptiveIdentityOperator1D<T,Primal, Interval, Dijkema> Identity1D_X;
typedef Identity1D_X RefIdentity1D_X;
Identity1D_X IdentityBil_x(basis_x);
RefIdentity1D_X RefIdentityBil_x(basis_x.refinementbasis);

Similar operators exist for the required unidirectional Laplace as well as for the weighted
reaction and Laplace terms (recall that the problem domain is divided into two parts,
which is realized by appropriate weight functions) and have to be defined for both
coordinate directions.

In a next step, the objects of the multitree LocalOperator classes are first defined in 1D
and then assembled to 2D operators:

typedef LocalOperator1D<Basis_X,Basis_X,RefIdentity1D_X,Identity1D_X> LOp_Id1D_X;
LOp_Id1D_X lOp_Id1D_x(basis_x, basis_x, RefIdentityBil_x, IdentityBil_x);
...
typedef LocalOperator2D<LOp_Id1D_X, LOp_Id1D_Y> LOp_Id_Id_2D;
LOp_Id_Id_2D localIdentityIdentityOp2D(lOp_Id1D_x, lOp_Id1D_y);

These are the parameter-independent components bq(·, ·) of the affine operator.
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3) Right Hand Side Definitions

In order to analogously set up the structures for the parameter-independent parts f q(·)
of the equation’s right hand side, again several instantiations have to be combined.
Starting with standard one-dimensional functions (that define in this case the weights
that determine the domain parts Ω̃i, i = 1, . . . , 9), e.g.

T f_1_x(T x) { return (x <= 1./3. ? 1. : 0);}

these are combined into functions in two dimensions as
SeparableFunction2D<T> F1_Fct(f_1_x, singular_support, f_1_y, singular_support);

where singular_support denotes a (possibly empty) vector of singular points for which the
quadrature scheme can be appropriately adapted. These are then used to initialize right
hand side integral structures that evaluate 〈f, qψ〉Y ′×Y and further (possibly) equipped
with a preconditioner. Note that in our case the preconditioning step is taken over by
the multitree evaluation after the affine structures have been assembled.

typedef RHS<T,Index2D,SeparableRHS2D<T,Basis2D>, NoPrec2D> SeparableRhs;
SeparableRHS2D<T,Basis2D> rhs_1(basis2d, F1_Fct, deltas, deltas, 20);
SeparableRhs F1(rhs_1,noPrec);

4) Defining the Affine Structures

For a complete assembly of the example equation, the parameter functions θq(µ) have to
be defined. Here, both the state variable as well as the parameter vector are of dimension
n = P = 2, so that we set

const size_t PDim = 2;
typedef Coefficients<Lexicographical,T,Index2D> DataType;
typedef array<T,PDim> ParamType;

The individual parameter functions
T no_theta(const ParamType& /*mu*/ ){ return 1.; }
T theta_1(const ParamType& mu){ return mu[0]; }

are first stored in a vector for 1 ≤ q ≤ Qb (including all possible repetitions), which is
then used to instantiate an object of the type ThetaStructure:

vector<ThetaStructure<ParamType>::ThetaFct> lhs_theta_fcts;
lhs_theta_fcts.push_back(no_theta);
lhs_theta_fcts.push_back(no_theta);
lhs_theta_fcts.push_back(theta_1);
lhs_theta_fcts.push_back(theta_1);
ThetaStructure<ParamType> lhs_theta(lhs_theta_fcts);

Together with a vector of associated parameter-independent bilinear forms (where the
order of these operators has to correspond to those of the parameter functions)

vector<AbstractLocalOperator2D<T>* > lhs_ops;
lhs_ops.push_back(&localWeightLaplaceIdentityOp2D_0);
lhs_ops.push_back(&localWeightIdentityLaplaceOp2D_0);
lhs_ops.push_back(&localWeightLaplaceIdentityOp2D_1);
lhs_ops.push_back(&localWeightIdentityLaplaceOp2D_1);

an affine structure can be declared:
typedef AffineLocalOperator<Index2D,AbstractLocalOperator2D<T>,ParamType> Affine_Op_2D;
Affine_Op_2D affine_lhs(lhs_theta, lhs_ops);
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Observe that we rely here on the abstract class AbstractLocalOperator2D in order
to handle vectors of arbitrary bilinear forms.
Similarly, the inner product

typedef CompoundLocalOperator<Index2D,LOp_Id_Id_2D,LOp_Lapl_Id_2D,LOp_Id_Lapl_2D> H1_InnProd_2D;
H1_InnProd_2D innprod(localIdentityIdentityOp2D, localLaplaceIdentityOp2D, localIdentityLaplaceOp2D);

and the right hand side
typedef AffineRhs<T,Index2D,SeparableRhs,ParamType> Affine_Rhs_2D;
Affine_Rhs_2D affine_rhs(rhs_theta, rhs_fcts);

can be assembled.
For the Riesz representor equations, we additionally need

typedef FlexibleCompoundRhs<T, Index2D, SeparableRhs> RieszF_Rhs_2D;
typedef FlexibleBilformRhs<Index2D, AbstractLocalOperator2D<T> > RieszA_Rhs_2D;
typedef AffineBilformRhs<Index2D, AbstractLocalOperator2D<T>, ParamType> AffineA_Rhs_2D;
typedef ResidualRhs<Index2D, AffineA_Rhs_2D, Affine_Rhs_2D, ParamType, DataType> RieszRes_Rhs_2D;
RieszF_Rhs_2D rieszF_rhs(rhs_fcts);
RieszA_Rhs_2D rieszA_rhs(lhs_ops);
AffineA_Rhs_2D affineA_rhs(lhs_theta, lhs_ops);
RieszRes_Rhs_2D rieszRes_rhs(affineA_rhs, affine_rhs);

where the last two objects are only needed in case one means to compute representors
prN (µ) of the full residual directly, e.g. when using the error bound (DE), Chapter 6.3.1.

5) Offline Solver Instantiation

In a next step, the solvers for the different offline computations are specified and
instantiated. Here, we use multitree-based AWGMs for all computations:

typedef MultiTreeAWGM2<Index2D,Basis2D,Affine_Op_2D,Affine_Rhs_2D,Prec2D> MT_AWGM_Truth;
typedef MultiTreeAWGM2<Index2D,Basis2D,H1_InnProd_2D,RieszF_Rhs_2D,Prec2D> MT_AWGM_Riesz_F;
typedef MultiTreeAWGM2<Index2D,Basis2D,H1_InnProd_2D,RieszA_Rhs_2D,Prec2D> MT_AWGM_Riesz_A;
typedef MultiTreeAWGM2<Index2D,Basis2D,H1_InnProd_2D,RieszRes_Rhs_2D,Prec2D> MT_AWGM_Riesz_Res;
MT_AWGM_Truth awgm_u(basis2d, affine_lhs, affine_rhs, prec);
MT_AWGM_Riesz_F awgm_rieszF(basis2d, innprod, rieszF_rhs, prec);
MT_AWGM_Riesz_A awgm_rieszA(basis2d, innprod, rieszA_rhs, prec);
MT_AWGM_Riesz_Res awgm_rieszRes(basis2d, innprod, rieszRes_rhs, prec);

Note that also Petrov-Galerkin as well as non-adaptive versions of such solvers are
available.
For the configuration of these solvers, different parameters can be set – in this case for
the AWGM procedure as well as for the “inner solver” computing the finite-dimensional
solutions on the adaptively chosen index sets (here via a CG method), e.g.

awgm_u.awgm_params.tol = 5e-03;
awgm_u.awgm_params.max_its = 1000;
awgm_u.is_params.init_tol = 0.0001;

Alternatively, objects of those parameter classes, e.g. IS Parameters, can be instanti-
ated, configured and then passed to the constructors of several of the solver classes, so
that the parameter specification is centralized.
Usually, also the initial index sets for the AWGM procedures are defined:

IndexSet<Index2D> Lambda;
getSparseGridIndexSet(basis2d,Lambda,2,0);
awgm_u.set_initial_indexset(Lambda);
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6) RB Framework and Training

Having defined all of the above components, the actual RB setup and training can be
done in only a few lines:

typedef MT_Truth<DataType,ParamType,MT_AWGM_Truth,
MT_AWGM_Riesz_F,MT_AWGM_Riesz_A,H1_InnProd_2D,
Flex_COp_2D, Flex_Rhs_2D, MT_AWGM_Riesz_Res> MTTruthSolver;

typedef RB_System<T,ParamType> RB_Model;
typedef RB_Base<RB_Model,MTTruthSolver,DataType,ParamType> RB_BaseModel;

MTTruthSolver rb_truth(awgm_u, awgm_rieszF, awgm_rieszA,
&awgm_rieszRes, innprod, affine_lhs, rieszF_rhs);

RB_Model rb_system(lhs_theta, rhs_theta, lb_base);
rb_system.rb_params.ref_param = {{1., 1.}};
rb_system.rb_params.call = call_cg;

RB_BaseModel rb_base(rb_system, rb_truth);

ParamType mu_min = {{0.01, 0}};
ParamType mu_max = {{10, 1}};

rb_base.greedy_params.training_type = weak;
rb_base.greedy_params.tol = 1e-04;
rb_base.greedy_params.min_param = mu_min;
rb_base.greedy_params.max_param = mu_max;
rb_base.greedy_params.Nmax = 20;
rb_base.greedy_params.nb_training_params = {{20, 20}};
rb_base.greedy_params.log_scaling = {{1, 0}};

rb_base.greedy_params.print();

rb_base.train_Greedy();

rb_system.write_rb_data();
rb_base.write_basisfunctions();
rb_base.write_rieszrepresentors();

Remark 7.5.
a) Instead of the class RB System, it is possible to use a derived class, e.g.

template <typename T, typename ParamType>
class Simple_RB_System: public RB_System<T,ParamType>

in order to override functions like T alpha_LB(ParamType& mu).
b) Having constructed a reduced basis, the online class RB System can be used

individually in order to compute reduced solutions for new parameters µ ∈ D. In
that case, only the parameter functions θqb(µ), θqf (µ) have to be defined, so that
steps (2), (3) and (5) are not necessary. In particular, neither the offline solvers
nor the objects rb_truth, rb_base are needed. With the function call

rb_system.read_rb_data("/path/to/offline/data");

the constructed offline data is read and the RB system prepared for online calcula-
tions.
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The computation of time-periodic solutions to parabolic PDEs presents significant chal-
lenges compared to “simple” initial value problems. Nevertheless, periodic phenomena
arise in various scientific fields and are therefore often found in the mathematical models
that describe them. To keep the arising numerical effort at bay, we aimed to construct
reduced models in situations where the impact of the additional cost is noticed most: in
parameterized settings, where the same type of equations has to be solved repeatedly for
different parameter values.
In such settings, reduced basis methods have proven to be adequate tools for the
construction of low-dimensional surrogate models that are controlled by online computable,
rigorous error bounds. We developed different variants of these reduction methods for
time-periodic problems.
The first RBM, based on time-stepping offline solution methods, was presented in Chapter
3 and used fixed-point iterations to ensure the periodicity of the computed solution. We
derived error bounds for state and output variables and also considered the periodicity
error. Moreover, the offline cost could be significantly reduced by strategies that reuse
previously computed information in order to choose good initial values for the fixed-point
iterations. Still, due to the online fixed-point procedure, the cost for the computation of
a reduced solution are comparatively large.
We therefore considered in Chapter 4 a space-time formulation of the periodic problem.
This led to small and thus rapidly evaluable RB systems that significantly reduced the
online runtimes in comparison with the fixed-point approaches. Besides, where the
errors in Chapter 3 could only be bounded in some discrete spatio-temporal norm, we
showed that the space-time formulation enables bounds in the correct continuous space
for the error. Numerical experiments showed that these bounds were moreover sufficiently
effective.
The remaining problem of the expensive offline phase in space-time RBMs was addressed
in Chapter 5, where we extended an existing multitree-based least squares AWGM to the
Petrov-Galerkin setting that is the adaquate space-time formulation of time-periodic
problems. We showed that previous results from [KS14; KS13] on the quasi-optimality of
these algorithms could be extended to the present setting. Moreover, several practical
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schemes for the implementation of the LS–AWGM were proposed and tested in numerical
experiments. The advantage of adaptive space-time approaches in comparison with
uniform (sparse grid) methods were demonstrated for problems with a discontinuous right
hand side as well as for a strongly time-variant solution. The methods were developed
for the general setting that the basis functions which constitute the infinite-dimensional
discretizations of trial and test space differ not only in scaling or concerning boundary
functions, but are of generally different types. As such, the obtained results are not
restricted to the periodic setting.
Employing these adaptive methods in the offline computations of an RBM proved to require
a different concept for the reduction method. Instead of a common high-dimensional
discretization that serves as reference for all reduced solutions, we now had to treat
parameter-dependent adaptive index sets for the individual snapshots in Chapter 6.
Interpreting these as approximations to the exact function space allowed the derivation
of error bounds with respect to the exact solutions, i.e. integrated both the discretization
as well as the reduction error in the RB measure. However, this implied a loss of
Petrov-Galerkin orthogonality with respect to the snapshots and consequently led to a
situation where snapshots could be chosen repeatedly by the RB training algorithm. We
showed that this was not a consequence of numerical inaccuracies and provided several
strategies to avoid the resulting early termination of the basis construction by an adequate
adjustment of the snapshots’ adaptivity tolerances. Similarly, the accuracy of the equally
adaptively computed error bounds had to be chosen appropriately in order to guarantee
an equivalent and rigorous error bound. We investigated both provably rigorous as well
as heuristic error bounds and found that the first struggled with undesirably large offline
or online cost. For the heuristic bounds, it proved again essential to adjust the adaptivity
tolerances in the offline computations during the course of the training.
In the future, it is therefore desirable in the RB setting with adaptive offline computations
to search for provenly rigorous error bounds that are at the same time offline and
online efficient. Likewise, the adjustment strategies for the adaptivity tolerances of both
snapshots and error bound components can certainly still be improved. Most interesting
in our opinion, however, is future research in how the obtained results can be used
to steer the total reduction cost in the construction of a reduced basis with a given
target tolerance. The prerequisites are promising: On the one hand, the error bounds
in this setting monitor both the adaptivity (or discretization) as well as the reduction
error. On the other hand, the AWGMs discussed in Chapter 5 construct solutions for a
prescribed accuracy at optimal cost and thus allow a control of both. In combination
with adequate adjustment strategies for snapshot and error bound tolerances, it should
therefore be possible to choose with minimal cost basis functions in the offline phase that
are sufficiently accurate and thus to construct in a sense optimal reduced bases.



AAppendix

A.1 Sobolev Spaces
We shortly recall the basic definitions and properties of Sobolev spaces, as they can be
found e.g. in [AF03; Urb09]. Here, Ω ⊆ Rn is assumed to be open with piecewise smooth
boundary, L1,loc(Ω) := {u ∈ L1(U), U ⊆ Ω open} and C∞0 (Ω) the space of infinitely often
differentiable functions with compact support in Ω. Moreover, α := (α1, . . . , αn) ∈ Nn0
denotes a multi-index with ∂α = ∂α1 · · · ∂αn , |α| := ‖α‖1. The following then generalizes
the concept of derivatives:

Definition A.1 (Weak derivative, cf. [AF03, Sec. 1.62]). Let u ∈ L1,loc(Ω) and α ∈ Nn0
a multi-index. A function v = ∂αu ∈ L1,loc(Ω) is called a weak derivative of order α of u
if ∫

Ω
φ(x)v(x)dx = (−1)|α|

∫

Ω
∂αφ(x)u(x)dx ∀φ ∈ C∞0 (Ω).

Based on this notion, the following definition is standard:

Definition A.2 (Sobolev spaces of integer order, [AF03, Sec. 3.2]). For m ∈ N and
1 ≤ p ≤ ∞, define

Wm,p(Ω) := {u ∈ Lp(Ω) : ∂αu ∈ Lp(Ω), 0 ≤ |α| ≤ m},
Wm,p

0 (Ω) := clos‖·‖Wm,p(Ω) C
∞
0 (Ω).

We usually consider the special case for p = 2, denoted by

Hm(Ω) := Wm,2(Ω), Hm
0 (Ω) := Wm,2

0 (Ω).

Theorem A.3 ([AF03, Thm. 3.6]). The space Hm(Ω) is a separable Hilbert space with
inner product

(u, v)Hm(Ω) :=
∑

|α|≤m

(
∂αu, ∂αv

)
L2(Ω).
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This definition can be generalized to Sobolev spaces with fractional order using Fourier
transforms F : L2(Rn)→ L2(Rn), given by

F [u](ξ) := (2π)−
n
2
∫

Rn
e−ix·ξu(x)dx, ξ ∈ Rn.

With the well-known properties

F
[
∂α

∂xα
u

]
(ξ) = (iξ)αF [u](ξ), ∂α

∂ξα
F [u](ξ) = F [(−ix)αu](ξ),

it can be shown that

‖u‖2Hm(Ω) h
∫

Rn
(1 + |ξ|2m)|F [u](ξ)|2dξ.

One then arrives at the following generalization to fractional orders:

Definition A.4 (Sobolev spaces of fractional order on Rn, [AF03, Sec. 7.62], [Urb09,
Def. A.9]). With the norm

‖u‖2Hs(Rn) :=
∫

Rn
(1 + |ξ|2s)|F [u](ξ)|2dξ,

the Sobolev space Hs(Rn) of fractional order s ∈ R+ can be characterized as

Hs(Rn) := {u ∈ L2(Rn) : ‖u‖Hs(Rn) <∞}.

For bounded domains Ω ⊂ Rn, another approach has to be taken:

Definition A.5 (Sobolev spaces of fractional order on Ω, [Urb09, Def. A.10, A.13]).
Define

(u, v)Hs(Ω) := (u, v)Hbsc(Ω) +
∑

|α|=bsc

∫

Ω

∫

Ω

(∂αu(x)− ∂αu(y))(∂αv(x)− ∂αv(y))
|x− y|n+2(s−bsc) dxdy.

Then, the Sobolev spaces on Ω of fractional order s ∈ R+ are given by

Hs(Ω) := {u ∈ L2(Ω) : ‖u‖Hs(Ω) <∞}, Hs
0(Ω) := clos‖·‖Hs(Ω) L2(Ω).

With ‖·‖Hs denoting the appropriate norm as above, one can then also define Sobolev
spaces for s < 0:

Definition A.6 (Sobolev spaces of negative order, [Urb09, Def. A.14]). Consider for
s ∈ R+, u ∈ L2(Ω) the operator norm

‖u‖H−s(Ω) := sup
v∈Hs

0(Ω)

(u, v)L2(Ω)
‖v‖Hs(Ω)

.

Then
H−s(Ω) := clos‖·‖H−s L2(Ω).

It then holds that for s ∈ R+

(
Hs

0(Ω)
)′ h H−s(Ω),

(
Hs(Rn)

)′ h H−s(Rn),

cf. [AF03, Thm. 3.12], [Urb09].
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A.2 Carathéodory’s Existence Theorem for ODEs
The following theorem relaxes the usual continuity conditions in time on the right hand
side f of ordinary differential equations. We regard the ODE system

y′i(t) = fi(t, y(t)) with yi(t0) = yi0, i = 1, . . . , N, (A.1)

on the rectangular domain I ×K, where I := {t ∈ R : |t − t0| ≤ a}, K := {y ∈ RN :
|y − y0| ≤ b} for some a, b > 0.

Theorem A.7 (Carathéodory’s Existence Theorem, cf. [CL55, Thm. 2.1.1]). If fi :
I ×K → R, i = 1, . . . , N , fulfill a Carathéodory condition, i.e.

• t→ fi(t, y) is measurable on I for all y ∈ K,

• y → fi(t, y) is continuous on K for all t ∈ I.

and there is a measurable function M : I → R with

|fi(t, x)| ≤M(t) ∀ y ∈ K,∀ t ∈ I,

then there exists some interval [t0, tmax] and absolutely continuous functions y1, . . . , yN
that solve (A.1) for almost all t ∈ [t0, tmax] and for which

yi(t) = yi0 +
t∫

t0

fi(s, y(s))ds ∈ K

on [t0, tmax].
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