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A B S T R AC T

The non-deterministic rule-based programming language of Constraint
Handling Rules (CHR) features a remarkable combination of desirable
properties: a foundation in classical logic, powerful analysis methods for
deciding program properties – especially confluence – and an efficient
execution model. Upon a closer look, we observe several limitations to
this asset.

(1) The traditional theoretical formulation of the operational seman-
tics makes program analysis unnecessarily complicated. (2) Diverging
branches of research weaken the applicability of theoretical analysis
results to program behavior in a concrete implementation. (3) The foun-
dation on classical logic is of limited use as the relationship between
CHR and classical logic is too weak for significant reasoning on program
behavior.

In this thesis, we introduce several concepts to amend for these short-
comings. Firstly, we propose an unusually concise formulation of the
two most important semantic interpretations of CHR. We achieve this by
providing a well-motivated notion of state equivalence for each of these
interpretations.

Secondly, we analyse the relationship between the major diverging
interpretations of CHR. Our analysis leads to a novel well-behavedness
property that restores the applicability of many theoretical analysis meth-
ods to implementation-oriented interpretations of CHR.

Finally, we found CHR on intuitionistic linear logic. We show that
this substructural logical formalism is substantially better-suited than
classical logic to express the operational behavior of CHR. Our non-
classical logical foundation entails novel analysis methods for program
behavior.
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Z U S A M M E N FA S S U N G

Die nichtdeterministische regelbasierte Programmiersprache Constraint
Handling Rules (CHR) verfügt über eine bemerkenswerte Kombination
erstrebenswerter Eigenschaften: Eine Begründung in klassischer Logik,
aussagekräftige Methoden zur Analyse von Programmeigenschaften
– insbesondere Konfluenz – und eine effiziente Implementierung. Bei
näherer Betrachtung zeigen sich einige wesentliche Einschränkungen
dieses Merkmals.

(1) Die gängige theoretische Formulierung der operationalen Semantik
macht die Analyse von Programmeigenschaften unnötig kompliziert.
(2) Divergierende Forschungsrichtungen erschweren die Anwendung
theoretischer Programmanalyse auf das Verhalten von Programmen in
einer tatsächlichen Implementierung. (3) Die Begründung der Sprache
auf klassischer Logik ist nur begrenzt nutzbar, da der Zusammenhang
zwischen CHR und klassischer Logik zu schwach ist, um daraus wesent-
liche Aussagen über das Verhalten von Programmen abzuleiten.

In dieser Arbeit führen wir eine Reihe von Konzepten ein, die die
beschriebenen Schwächen beheben. Zum einen formulieren wir die bei-
den wichtigsten Deutungen der operationalen Semantik in sehr kompak-
ter Weise. Dies erreichen wir durch die wohlbegründete Formulierung
einer Äquivalenzrelation auf Programmzuständen.

Zum anderen analysieren wir die Beziehung zwischen den wichtigsten
Deutungen der operationalen Semantik. Unsere Ergebnisse ermöglichen
die direkte Anwendung theoretischer Analyseergebnisse auf die imple-
mentierungsnahe Deutung der Semantik.

Schließlich begründen wir CHR auf intuitionistischer linearer Logik.
Diese substrukturelle Logik eignet sich deutlich besser als klassische
Logik um die Ausführung von CHR zu beschreiben. Die nicht-klassische
logische Begründung impliziert neue Methoden der theoretischen Anal-
yse von Programmeigenschaften.
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For decades, the world of industry-standard software development
seemed virtually untouched by successful research in non-traditional
programming approaches such as functional programming, logic pro-Non-conventional

programming
paradigms attracts

increasing attention
in the mainstream of

software
development.

gramming or rule-based programming. The recent success of functional
concepts in multi-paradigm programming languages such as Python,
Scala and C#, however, may indicate a paradigm shift. These languages
combine functional programming with more conventional programming
styles such as object orientation. This approach greatly reduces the costs
and the risks that necessarily come with major changes in the software
development process. Functional programming, once considered an ex-
otic concept by the mainstream of software development, has become a
buzzword in the wake of these languages.

From the recent success of functional programming concepts, two
lessons can be learned: Firstly, the ever-increasing complexity of soft-
ware projects continues to foster the need for more high-level formu-Coexistence with

other programming
paradigms is a key to
wide-range adoption.

lations of algorithmic tasks. Hence, the adoption of new programming
paradigms in the mainstream of software development is unlikely to stop
at functional programming. Secondly, the ability to blend in with tradi-
tional programming concepts is essential for the wide-range adoption of
a non-conventional programming paradigm.

Constraint Handling Rules (CHR) [21, 22, 24] is a non-deterministic
declarative rule-based programming language. While deeply rooted in
the traditions of logic programming (LP) and constraint logic program-
ming (CLP), it is characterized by a pervasive openness towards other
programming paradigms. This openness manifests itself in two main
aspects.Constraint Handling

Rules (CHR) is a
programming

language designed
for multi-paradigm

environments.

1. From its very beginnings, CHR has been designed as a language ex-
tension to other programming languages. In particular, it has been
designed as a language extension for traditional CLP languages
for the implementation of user-defined extensions to black-box
constraint handlers. Over time, it has also been implemented in
Java [51], C++ [52], and Haskell [35], in each case adding to the
expressive power of its respective host language.

2. CHR is a multi-paradigm language itself, seamlessly blending
multi-headed rule-based multiset rewriting with constraint logic
programming into a unique programming paradigm. With its popu-
lar language extension Constraint Handling Rules with Disjunction
(CHR∨), it furthermore integrates traditional logic programming
without compromising on the homogeneity of the language.

CHR is highly
performant. With respect to performance, it has been shown that any algorithm can be

implemented in CHR with optimal time and space complexity [47, 48].
Owing to its roots in logic programming, CHR has a logical foundation

in form of a declarative semantics. The declarative semantics is reflectedCHR has a logical
foundation. in its very syntax. Hence, CHR code is inherently on a high level of

abstraction, which guarantees platform independence.
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Operationally, the semantics of CHR is formulated as a state transi-
tion system. This allows for the application of powerful proof methods CHR is a state

transition system.to decide program properties. Most notably, these include confluence,
which is an important property for any non-deterministic transition sys-
tem. While CHR execution is non-deterministic by nature, confluence
guarantees that the eventual outcome of a terminating computation is
deterministic. Paradoxically, this turns non-determinism from an obstacle
into an asset of the language, allowing for concurrent execution[36] of
constraint handling rules and faithful processing of incomplete inputs.

What makes CHR stand out among other non-conventional program-
ming paradigms is the following promise: CHR combines in a unique CHR has a unique

combination of
desirable features.

manner (1) the strong logical foundation of logic programming, (2) the
powerful analysis tools of transition systems, and (3) an efficient, highly
performant execution model.

However, when looking somewhat closer at the reality of CHR, we
find that there are several limitations to this promise.

unclear analytic foundation As we argued before, the definition
of CHR as a non-deterministic state transition system entails vari- CHR lacks a unified

formulation.ous proof methods for program properties, most notably conflu-
ence. Confluence, in short, states that a terminating computation,
while essentially non-deterministic in execution, will invariably
yield a deterministic computation result – modulo some notion of
equivalence.

Until recently, however, there was no generally agreed-upon notion
of state equivalence in the CHR community. Scientific papers fo-
cusing on program analysis usually came up with an ad-hoc notion
of equivalence. Moreover, these definitions mostly came without
an elaborate discussion of their motivation and consequences. This
made comparison and integration of analysis methods difficult
where not infeasible. CHR analysis and

CHR execution are
partly incompatible.the “analytic gap” (between analysis and implementation)

In the past, the majority of analysis methods on the one hand
and the majority of implementations on the other hand were
largely based on two significantly different interpretations of the
operational semantics.

The origin of this incompatibility lies in a class of program rules
called propagation rules. When executed naively, these rules invari-
ably cause trivial non-termination of any program. Any practical
implementation therefore has to provide a strategy to avoid this
pathological behavior. The de facto standard to achieve this goal is
the implementation of a so-called token store which keeps track of
past rule applications and prohibits their redundant re-application
and consequently: trivial non-termination.

The downside is that the token-store strategy, in general, affects
the operational behavior of a program. Most analysis methods for
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CHR programs, however, are strictly based on the naive interpreta-
tion of the language which has no token store and therefore does
not prevent trivial non-termination. This negates the immediate
applicability of many analysis results to program behavior in an
actual implementation. We will use the term analytic gap to de-
note the resulting situation, where we have both powerful analysis
methods and powerful implementations for CHR but no immediate
strategy to integrate the one with the other.

limitations of the logical foundation Concerning its logical
foundation, we find that the declarative semantics of CHR offers aThe logical

foundation is too
weak for logic-based

reasoning.

strong soundness result but only a weak completeness result.

More precisely, every CHR program establishes a logical theory,
such that each computation step corresponds to an equivalence
transformation modulo that theory. The inputs and outputs of every
program are hence in a relationship of logical equivalence with
respect to the logical theory. By contraposition we have that for
two program states A, B, which are not logically equivalent, neither
A can be operationally derived from B, nor B from A.

Reversely, however, establishing logical equivalence between the
two program states does not imply an operational relationship
between the two. This limits the application of the declarative se-
mantics for program analysis. Moreover, we find that many useful
CHR programs have declarative readings that are either tautologies
or contradictory. In both cases, no meaningful conclusions can be
drawn from the declarative semantics at all.

The above-mentioned limitations motivate the work which is docu-
mented in this thesis. Our goal is – in short – to provide the necessary
theoretical tools to overcome these limitations. Our major scientific
contributions are the following.

unification of state equivalence We develop a well-motivated
axiomatic notion of state equivalence for CHR states and weWe propose a

well-motivated
general-purpose

notions of
equivalence.

discuss its properties. Considering the sometimes contradictory
interpretations of CHR we provide a separate definition of equiv-
alence for (1) the naive operational semantics for CHR, (2) the
naive semantics for the language extension CHR∨, and (3) the
token-store semantics of CHR. The definitions build upon each
other and we will discuss their respective relationships.We simplify and

unify the formulation
of the operational

semantics.
simplified formulations of the transition systems We apply

state equivalence to define significantly simplified formulations
of the operational semantics. For the naive interpretation, such a
formulation has been proposed by Frank Raiser [43] based on our
notion of state equivalence. We propose simplified formulations
for naive CHR∨ and for CHR with token stores. Surprisingly, we
are able to formulate each interpretation with no more than one
transition rule.
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closing the analytic gap We show how the equivalence-based for-
mulation of the token-based interpretation allows us to lift the
established methods for deciding confluence to token-based ap-
proaches. We furthermore introduce a well-behavedness property We make analysis

compatible with
execution.

which guarantees that token-based execution of a CHR program
does not affect the operational semantics with respect to the pro-
gram output. This property allows us to reason over programs
assuming a naive interpretation and then directly apply these re-
sults to the token-based semantics. Together, these results close
the analytic gap.

a linear-logic semantics for chr Intuitionistic linear logic is a
substructural logical formalism [28] bearing a close relationship to We found CHR on

linear logic.concurrent committed-choice systems [41, 17]. It is characterized
by two main features: Firstly, in terms of its basic set of judge-
ments, it is a real subset of both classical logic and intuitionistic
logic. The judgements of classical (or intuitionistic) logic that
directly correspond to CHR state transitions are contained in that
subset. Secondly, by means of a dedicated exponential symbol
– the bang symbol – it allows for the controlled recovery of the
power of intuitionistic logic. The bang exponential can also be
used to provide an embedding of intuitionistic logic into intuition-
istic linear logic.

With those properties in mind, we propose a linear-logic semantics
for CHR and its language extension CHR∨. Our semantics maps
transition steps in CHR to the judgement relation in intuitionistic
linear logic. The constraint logic programming aspects of CHR are
modelled in intuitionistic logic and then embedded in intuitionistic
linear logic using the bang exponential. Furthermore, the language
extension CHR∨ is modelled in a way that preserves its character-
istic dichotomy of don’t-know and don’t-care non-determinism.

Moreover, we investigate the conditions under which we can apply
our semantics to reason about programs. We show that linear-logic
reasoning over the language extension CHR∨ is less powerful in
general. We then introduce two well-behavedness properties which
identify a segment of CHR∨ where the full power of linear-logic
reasoning is preserved.

The remaining parts of this thesis are structured as follows. structure of the
thesis

• In Chapter 2, we recall intuitionistic linear logic – or more pre-
cisely: the intuitionistic segment of linear logic.

• In Chapter 3, we recall the syntax of CHR and its popular language
extension CHR∨. We furthermore recall the operational semantics
ωva and ωt and the classical declarative semantics.

• In Chapter 4, we present three axiomatic definitions for state equiv-
alence and we discuss their properties. We recall the equivalence-
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based operational semantics ωe that is based on the first of these
definitions. We present the operational semantics ω∨e for CHR∨

and the operational semantics ωτ for CHR with token stores.

• In Chapter 5, we recall several established methods to prove pro-
gram confluence for ωe. We then show how the operational se-
mantics ωτ enables us to prove confluence for the token-based
interpretation of CHR. We introduce the well-behavedness prop-
erty of answer stability, which relates the notions of confluence
under ωe and ωτ and thus closes the analytic gap. We give a suffi-
cient criterion to decide answer stability.

• In Chapter 6, we propose a linear-logic semantics for CHR. This
semantics comes in two variants: The first variant is based on
introducing proper axioms in the sequent calculus of linear logic.
This allows us to elegantly prove the properties of the semantics,
in particular its soundness and completeness. The second variant
is similar to the semantics previously published in [8, 9, 10]. It is
better suited for program analysis and allows for a broader range
of reasoning tasks. We formalize and prove the equivalence of
both representations.

• In Chapter 7, we discuss the conditions under which we can apply
the linear-logic semantics to reason about CHR∨ programs. We
show that linear-logic reasoning is in general less precise over the
language extension CHR∨ than over CHR itself. We explain this
discrepancy and then introduce the well-behavedness properties of
compactness and analyticness which define a segment of CHR∨

where linear-logic reasoning is possible with the same precision
as for CHR.

• In Chapter 8 we will give three examples on how to apply the
linear-logic semantics for CHR to reason about program proper-
ties.

• In Chapter 9, we discuss related work.

• We conclude in Chapter 10.

• In the appendix, we present those proofs that we have excluded
from the main body of the thesis in order to preserve clarity.
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P R E L I M I NA R I E S : I N T U I T I O N I S T I C L I N E A R
L O G I C
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A substructural logic
is a logic that is

weaker than classical
logic.

Linear logic is a substructural logic, introduced by Jean-Yves Gi-
rard in [28]. The term substructural denotes a logical formalism that
disallows certain judgements that are allowed in classical logic. It is
therefore weaker than classical logic. The most prominent example of a
substructural logic is intuitionistic logic.Linear logic is a

logic of resources. Unlike classical logic, linear logic does not allow free copying or
discarding of assumptions as in the judgements α∧ β⇒ β or α⇒ α∧ α.
(Neither of these judgements is valid in linear logic.) Therefore, the
atoms and formulas of linear logic are usually considered to represent
resources rather than truths. As a consequence, classical conjunction
desintegrates into two distinct connectives, representing the aspects of
coexistence and (internal) choice. A fine distinction between internal
and external choice (the latter being an aspect of disjunction) follows
naturally.Linear logic can be

viewed both as a
subset of and as an

extension to classical
logic.

While linear logic is a substructural logic at its core, it also features
a powerful exponential that restores the full power of classical logic:
the bang symbol. Classical logic can thus be soundly and completely
embedded into linear logic. Thus, linear logic can be viewed both as a
subset of and as an extension to classical logic.Intuitionistic linear

logic is a subset of
full linear logic.

In this chapter, we recall the so-called intuitionistic fragment of linear
logic. We will usually refer to this fragment as intuitionistic linear logic
(ILL). We will also sometimes refer to intuitionistic logic as classical
intuitionistic logic to distinguish it from ILL.Intuitionistic linear

logic has less
symbols than linear

logic.

Intuitionistic linear logic is derived from full linear logic straightfor-
wardly by omitting some of the logical connectives of the former. This
stands in contrast to intuitionistic logic, which shares a common set of
connectives with classical logic but allows fewer judgements over these
connectives.Intuitionistic linear

logic embeds
intuitionistic logic.

Analogously to full linear logic, intuitionistic linear logic can be
viewed both as a subset of and an extension to classical intuitionistic
logic. Similarly, intuitionistic linear logic allows a sound and complete
embedding of classical intuitionistic logic by using the bang exponential.Intuitionistic linear

logic models CHR. The intuitionistic fragment has proved sufficient to model CHR and
CHR∨[11]. It is also simpler and easier to handle than the full frag-
ment of linear logic. Our choice of restricting our consideration to the
intuitionistic fragment of linear logic thus comes naturally.

In this chapter, we recall the intuitionistic fragment of linear logic. Inchapter structure
Section 2.1, we formally recall intuitionistic linear logic and its calculus.
In Section 2.2, we recall some properties of ILL that will be useful in the
upcoming chapters. In Section 2.3, we recall the so-called phase seman-
tics of linear logic. The phase semantics is an algebraic interpretation of
(intuitionistic) linear logic. It is an important proof tool and we will see
its application to CHR in Chapter 8.

14



2.1 the sequent calculus of intuitionistic linear logic

We will recall the formal definition of ILL in form of its sequent calculus.
Sequent calculi are a family of formal systems tracing back to Gentzen’s
systems LK and LJ. The calculus is based on binary sequents of the form sequents

Γ ` α

where Γ is a multiset of formulas (usually written without the curly
braces) called antecedent and α is a formula called consequent. A sequent
Γ ` α represents the fact that, assuming the formulas in Γ, we can
conclude α. A sequent is a formalization of logical judgement. We will A sequent represents

a judgement.therefore call ` the judgement relation.
inference rulesThe sequent calculus is given as a set of inference rules. An inference

rule is composed of zero, one, or several premises and exactly one
conclusion. Inference rules with zero premises are called axioms of the
system. introduction rules

vs. structural rulesMost inference rules are dedicated to the introduction of a symbol
or connective of the logic and named accordingly. Those that do no
introduce a specific symbol are called structural rules. A proof tree – A proof tree

represents a formal
proof.

or simply: proof – is a finite labeled tree whose nodes are labeled with
sequents such that every sequent node is the consequence of its direct
children according to one of the inference rules of the calculus. A proof
tree is called complete if all its leaves are axioms. tree completeness

We call a sequent Γ ` α valid if there exists a complete proof tree π
with Γ ` α at the root. The following two structural rules are common to
most logical systems. They establish reflexivity and a form of transitivity
of the judgement relation.

α ` α (Identity)
Γ ` α α, ∆ ` β

Γ, ∆ ` β
(Cut)

The formulas of (intuitionistic) linear logic are commonly considered
as representing resources rather than truths. This terminology reflects Formulas represent

resources rather than
truths.

the fact that assumptions may not be copied nor discarded freely in linear
logic. Rather, each resource must be used exactly once. From a different
point of view, we might say that linear logic consumes assumptions in
judgements and is aware of their multiplicities.

Multiplicative conjunction is distinguished from classical or intuition-
istic conjunction in that it lacks idempotence. The conjunction α ⊗ β ⊗ is conjunction

with multiset
semantics.

represents exactly one instance of α and one instance of β. The atomic
formula α represents exactly one instance of α. The conjunction α ⊗ α
represents exactly two instances of α. Hence, α is not equivalent to
α ⊗ α.

Multiplicative conjunction is introduced by the following inference
rules.

Γ,α, β ` γ
Γ,α ⊗ β ` γ

(L ⊗ )
Γ ` α ∆ ` β
Γ, ∆ ` α ⊗ β

(R ⊗ )
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For a complete picture, note that the term multiplicative refers to the
fact that the two premises of the right-hand introduction rule (R ⊗ ) have
distinct antecedents Γ, ∆. This in in contrast to the additive connectives
introduced below, where the premises share the same context Γ. The
constant 1 represents the empty resource and is consequently the neutral1 is the empty

resource. element with respect to multiplicative conjunction.

Γ ` α
Γ, 1 ` α (L1)

` 1 (R1)

Linear implication( allows the application of modus ponens where( represents con-
sumption/production

of resources.
the preconditions of a linear implication are consumed on application.
For example, the sequent α ⊗ (α ( β) ` β is valid whereas α ⊗ (α (

β) ` α ⊗ β is not. The following two inference rules introduce(.

Γ ` α β, ∆ ` γ
Γ,α( β, ∆ ` γ

(L()
Γ,α ` β

Γ ` α( β
(R()

The ! (“bang”) exponential marks formulas that might be considered! restores the power
of classical logic. as stable facts or unlimited resources. It recovers the behavior of propo-

sition classical (or intuitionistic) logic. For example, a banged resource
may be freely copied or discarded. Hence, !α ⊗ !(α( β) ` !α ⊗ !β is a
valid sequent, while α ⊗ (α( β) ` α ⊗ β is not.

Four inference rules introduce the bang: Weakening allows the inser-
tion of (redundant) banged assumptions into the antecedent. Contraction
restores the set semantics for banged resources. R! affirms that a banged
resource always infers its non-banged counterpart. Dereliction completes
the recovery of classical and intuitionistic logic by allowing banged
conclusions, provided that all assumptions are banged.

Γ, !α, !α ` β
Γ, !α ` β (Contraction)

Γ ` β
Γ, !α ` β (Weakening)

!Γ ` α
!Γ `!α (R!)

Γ,α ` β
Γ, !α ` β (Dereliction)

coffee cup example
Example 2.1.1 We can model the fact that one cup of coffee (c) costs
one euro (e) as !(e ( c). A “bottomless cup” is an offer including an
unlimited number of refills. We assume that any natural number of refills
is possible. We model this as !(e( !c). From this, we may judge that it
is possible to get two cups of coffee for one euro: !(e( !c) ` e( c ⊗ c.
Figure 2.1.1 gives an exemplary proof tree, proving this judgement.

Internal choice means that we can freely choose one out of two options.
In classical (and intuitionistic) logic, internal choice is an aspect of
conjunction, as exemplified by the judgement α∧ β ` α. This is inherited
by the additive conjunction & of linear logic. The formula α&β expresses& represents internal

choice. an internal choice between α and β. That is, both sequents α&β ` α and
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e ` e (Identity)

c ` c (Identity)

!c ` c
(Dereliction) c ` c (Identity)

!c ` c
(Dereliction)

!c, !c ` c ⊗ c
(R ⊗ )

!c ` c ⊗ c
(Contraction)

e( !c, e ` c ⊗ c
(L()

e( !c ` e( c ⊗ c
(R()

!(e( !c) ` e( c ⊗ c
(Dereliction)

Figure 2.1: A sample proof tree

α&β ` β are valid. Internal choice also means that we cannot choose
both options at the same time. Consequently, α&β ` α ⊗ β is not valid.

Γ,α ` γ
Γ,α&β ` γ

(L&1)
Γ, β ` γ

Γ,α&β ` γ
(L&2)

Γ ` α Γ ` β
Γ ` α&β

(R&)

The > (“top”) is the resource that all other resources can be mapped
to. In other words: For every α, the implication α ( > is a tautology.
The > is hence the neutral element with respect to additive conjunction. Every formula can be

consumed to yield >.

Γ ` > (R>)

External choice means that one out of two alternatives will occur,
but we cannot choose which. External choice is an aspect of classical
(and intuitionistic) disjunction. In linear logic, it is represented by the
additive disjunction ⊕. The disjunction α⊕βmeans that we will get either ⊕ represents external

choice.α or β. Analogous to classical disjunction, we cannot judge α ⊕ β ` α.
However, a formula that is a consequence of both α and β can be obtained.
!(α( γ), !(β( γ),α ⊕ β ` γ is valid.

Γ,α ` γ Γ, β ` γ
Γ,α ⊕ β ` γ

(L⊕) Γ ` α
Γ ` α ⊕ β (R⊕1)

Γ ` β
Γ ` α ⊕ β (R⊕2)

Analogous to falsity in the classical sense, absurdity 0 is the constant 0 represents
absurdity.that yields every other resource. It is the neutral element with respect to

⊕.

0 ` α (L0)

Example 2.1.2 We assume that, besides coffee, our cafeteria offers also
pie (p) at the price of one euro per piece: !(e ( p). We infer that for
one euro, we have the choice between an arbitrary amount of coffee and
a piece of pie: !(e ( !c), !(e ( p) ` e ( (!c&p). Let us furthermore
assume that rather than with euros, we can also pay with dollars (d)
at a 1 : 1 ratio: !(d ( !c), !(d ( p). We may infer that either one of coffee cup example,

revisited
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one dollar or one euro buys us a choice between an arbitrary amount of
coffee and one pie:

!(e( !c), !(e( p), !(d ( !c), !(d ( p) ` (e ⊕ d)( (!c&p).
Adding quantifiers

gives us a first-order
system.

We can extend intuitionistic linear logic into a first-order system
with the quantifiers ∃ and ∀. Their introduction rules are the same as
in classical logic. In the following rules, t stands for an arbitrary term
whereas a stands for a variable that is not free in Γ, α or β.

Γ,α [x/t] ` β
Γ,∀x.α ` β

(L∀)
Γ ` β [x/a]

Γ ` ∀x.β
(R∀)

Γ,α [x/a] ` β
Γ,∃x.α ` β

(L∃)
Γ ` β [x/t]
Γ ` ∃x.β

(R∃)

2.2 properties of intuitionistic linear logic

The logical system which arises from the sequent calculus we recalled in
Section 2.1 allows for a sound and complete embedding of intuitionistic
first-order logic. This is widely considered one of the most important
features of linear logic. The following translation from classical intu-
itionistic logic into intuitionistic linear logic is a variant of a translation
proposed by Negri [42].

embedding of
intuitionistic logic Definition 2.2.1 (·)∗ is a translation from formulas of intuitionistic logic

to formulas of intuitionistic linear logic, recursively defined by the fol-
lowing rules.

(p(t̄))∗ ::= !p(t̄)
(⊥)∗ ::= 0
(>)∗ ::= 1

(A∧ B)∗ ::= A∗ ⊗ B∗

(A∨ B)∗ ::= A∗ ⊕ B∗

(A→ B)∗ ::= !(A∗ ( B∗)
(∀x.A)∗ ::= !∀x.(A∗)
(∃x.A)∗ ::= ∃x.(A∗)

p(t̄) stands for an atomic proposition. The definition is extended to
sets and multisets of formulas in the obvious manner. It has been proved
in [42] that an intuitionistic sequent Γ `IL α is valid if and only if
Γ∗ `ILL α

∗ is valid in intuitionistic linear logic.
We distinguish two sorts of axioms in the sequent calculus. The

(Identity) axiom and the constant axioms (L1), (R1), (L0) and (R>)
constitute the logical axioms of intuitionistic linear logic. All axioms welogical axioms vs.

proper axioms add on top of these are called non-logical axioms or proper axioms. We
usually use the letter Σ to denote the set of proper axioms.
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We express the fact that a judgement Γ ` α is provable using a non-
empty set Σ of proper axioms by indexing the judgement relation with
the set of proper axioms: `Σ.

linear-logic
equivalenceDefinition 2.2.2 (Linear-Logic Equivalence) 1. We call two

linear-logic formulas α, β logically equivalent if both α ` β and
β ` α are provable. We write this as α a` β.

2. For any set of proper axioms Σ, we call two linear-logic formulas
α, β logically equivalent modulo Σ if both α `Σ β and β `Σ α are
provable. We write this as α a`Σ β.

As a well-behaved logical system, linear logic features a cut-
elimination theorem.

cut elimination
Theorem 2.2.3 (Cut Elimination Theorem [28]) 1. If a sequent

Γ ` α has a proof π that does not contain any proper axioms,
then it has a proof π′ that contains neither proper axioms nor the
(Cut) rule.

2. If a sequent Γ `Σ α has a proof π containing proper axioms, then
it has a proof π′ where the (Cut) rule is only used at the leaves
such that one of its premises is an axiom.

cut-free proofs
A proof without any applications of (Cut) is called cut-free. A proof

where (Cut) is only applied at the leaves is called cut-reduced.
An important consequence of cut elimination is the subformula prop-

erty. We quote a weak formulation of this property, which will suffice
for our purpose.

subformula
propertyProperty 2.2.4 (Subformula Property) 1. Every formula α in a

cut-free proof of a sequent Γ ` β is a subformula of either Γ
or β, modulo variable renaming.

2. In a cut-reduced proof of a sequent Γ `Σ β, every formula α is
either a subformula of Γ or β, modulo variable renaming, or there
exists a proper axiom (∆ ` γ) ∈ Σ such that α is a subformula of
∆ or γ, modulo variable renaming.

2.3 the phase semantics of linear logic

The phase semantics [28] of linear logic is an important tool to decide
provability in linear logic and its fragments (such as intuitionistic linear
logic). It has been applied successfully to reason in LCC by [19] and to
CHR by [30]. Linear logic is

viewed as an
algebraic structure.

The phase semantics interprets linear logic as an algebraic structure.
Formulas of linear logic are mapped to subsets of a monoid and linear-
logic connectives are mapped to operations on those subsets. The judge-
ment relation ` is mapped to the subset relation ⊆. Formulas represent

sets.
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In this section, we recall the phase semantics for intuitionistic linear
logic. The definition given here is based on the formulation given in [19]
as well as the one in [30].

Definition 2.3.1 (Enriched Phase Space) An enriched phase space is a
phase space is a 5-tuple P = (P, ·, 1,F ,O) such that

• P is a set, · is an operation on P and 1 is an element of P such that
〈P, ·, 1〉 is a monoid,

• F is a subset of the power set 2P, called facts,

• O is a subset of F called open facts,

• F is closed under arbitrary intersection,

• for all A ⊂ P and F ∈ F , A( F is a fact, where A( F = {x ∈
P : ∀a ∈ A, a · x ∈ F}.

• O is closed under arbitrary ⊕,

• 1 is the greatest open fact,

• O is closed under finite ⊗,

• ⊗ is idempotent on O (if A ∈ O then A ⊗ A = A).

A parametric fact A is a total function from variables to facts assigning
to each variable x a fact A(x). Any fact can be seen as a constant
parametric fact, and any operation defined on fact (A? B)(x) = A(x)?
B(x).Logical connectives

are interpreted
algebraically.

Assuming that A and B are parametric facts, we now define the con-
nectives of intuitionistic linear logic as operations in F .

A&B = A∩ B
A ⊗ B =

⋂
{F ∈ F : A · B ⊂ F}

A ⊕ B =
⋂
{F ∈ F : A∪ B ⊂ F}

∃x.A =
⋂{

F ∈ F : (
⋃

x A(x)) ⊂ F
}

∀x.A =
⋂{

F ∈ F : (
⋂

x A(x)) ⊂ F
}

We furthermore map > to P, 0 to the smallest fact and 1 =⋂
{F ∈ F : 1 ∈ F}. !A is defined as the greatest open fact contained

in A.
A valuation maps

atomic formulas to
sets.

Definition 2.3.2 (Valuation) A valuation is a mapping η from atomic
ILL formulas to the facts of an enriched phase space P such that η(>) =
>, η(1) = 1 and η(0) = 0.
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Definition 2.3.3 (Interpretation) The interpretation η(A) of a formula
A is defined inductively in the obvious manner.

η(A ⊗ B) = η(A) ⊗ η(B)
η(A( B) = η(A)( η(B)
η(A&B) = η(A)&η(B)
η(A ⊕ B) = η(A) ⊕ η(B)

η(!A) = !η(A)
η(∃x.A) = ∃x.η(A)

η(A) = η(A)
The interpretation
inductively maps all
formulas to sets.

This interpretation is extended to multi-sets of formulas by considering
the comma as ⊗ and the empty multiset η(∅) as 1.

The following theorem establishes the relationship between the phase
semantics and provability.

Theorem 2.3.4 (Soundness [28]) If there is a sequent calculus proof
of Γ ` A, then for any phase space P and any valuation η, we have
η(Γ) ⊆ η(A).

The following corollary follows by contraposition.

Corollary 2.3.5 (Refuting Soundness [19]) If there exists a phase
space P and any valuation η such that η(Γ) * η(A), then Γ 0 A.

The phase semantics
allows us to refute
sequents.

Corollary 2.3.5 is of particular importance as it provides a general
method to refute the validity of a sequent. It thus complements the
sequent calculus, which gives us a general method to prove validity.
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P R E L I M I NA R I E S : C O N S T R A I N T H A N D L I N G
RU L E S W I T H D I S J U N C T I O N
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In this chapter, we recall the foundations of Constraint Handling Rules
(CHR) and Constraint Handling Rules with Disjunction (CHR∨). Inchapter structure
Section 3.1 we recall the syntax of CHR. In Section 3.2 we explain why
talking about the operational semantics of CHR can be a complicated
matter. We recall the operational semantics ωva and ωt. In Section 3.3,
we recall the syntax and semantics of the popular program extension
CHR∨.

3.1 the syntax of constraint handling rules

CHR system
A CHR system is a tuple 〈Πu, Πb,F ,V〉, whereV is a set of variables,F
is a set of function symbols and Πu, Πb are two disjoint sets of predicate
symbols. From variablesV and function symbols F we build terms in
the usual manner.atomic constraints,

constraints and
goals

An atomic constraint is a predicate of first-order logic, consisting of
a predicate symbol in Πu ∪Πb and terms built over V and F . A con-
straint is a possibly empty conjunction of first-order predicates. (Atomic)
constraints built from the predicate symbols in Πb are called (atomic)
built-in constraints, those built from the predicate symbols in Πu are
called (atomic) user-defined constraints.

A possibly empty conjunction of both atomic built-in and atomic user-
defined constraints is called goal1. We observe that an atomic constraint
is a special case of a constraint. A constraint is a special case of a goal.

The syntax of constraints is summarized in the following Definition.
formal syntax

Definition 3.1.1 (Constraint Syntax) Let cb(t̄) and cu(t̄) denote an n-
ary atomic built-in and atomic user-defined constraint, respectively,
where t̄ is an n-ary sequence of terms.

Built-in constraint: B ::=> | cb(t̄) | B∧B′

User-defined constraint: U ::=> | cu(t̄) | U∧U′

Goal: G ::=> | cu(t̄) | cb(t̄) | G∧G′

> stands for the empty constraint or the empty goal, respectively. The
set of built-in constraints furthermore contains at least falsity ⊥ and
syntactic equality�.

We furthermore define a notion of equivalence over goals.
goal equivalence

Definition 3.1.2 (Goal Equivalence) For any two goals G, G′, the goal
equivalence G ≡g G′ relation denotes equivalence between goals with
respect to commutativity and associativity of ∧ and the neutrality of >
with respect to ∧. The set of variables occurring in a goal G is denoted
as vars(G).

1 The term goal is used in CHR for historical reasons. It does not imply that program
execution is understood as proof search. The use of the terms head and body is closer to
their use in production rule systems than to their use in logic programming.
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The goal equivalence relation ≡g does not account for idempotence of
∧. It thus enforces a multiset semantics on conjunctions. For example,
b∧ a∧> ≡g a∧ b but a∧ a 6≡g a. We observe that goal equivalence is
thus stronger than logical equivalence. In normal form,

user-defined and
built-in constraints
are separated.

We define that a goal is in normal form if it is written as a conjunction
of exactly one user-defined constraint and exactly one built-in constraint.

Definition 3.1.3 (Normal Form of Goals) A goal G is considered to
be in normal form if G = U ∧B for some user defined constraint U

and some built-in constraint B.

Example 3.1.4 (Normal Form of Goals) Let G = au ∧ cb ∧ bu be a
goal where au, bu are user-defined constraints and cb is a built-in con-
straint. Then G′ = au ∧ bu ∧ cb is a normal form of G.

Every goal has a
normal form.Since constraints may be empty, every goal has a normal form. The

following property formalizes this observation.

Property 3.1.5 (Existence of the Normal Form) For every goal G

there exists a goal G′ with G′ ≡g G such that G′ is in normal form.

Property 3.1.5 follows directly from Definition 3.1.2.

Example 3.1.6 (Normal Form) Let G = au ∧ bu be a goal where au

and bu are user-defined constraints. Then G′ = au ∧ bu ∧> is a normal
form of G where U = au ∧ bu and B = >.

In the following, we often assume that goals are in normal form.
A CHR program is a set of rules adhering to the following definition.

syntax of rules
Definition 3.1.7 (Rule Syntax) 1. A general form of a CHR rule is

r @ H1 \ H2 ⇔ G | B

The rule head H1 \H2 consists of the kept head H1 and the removed
head H2. Both H1, H2 are user-defined constraints. At least one of
them must be non-empty. The guard G is a built-in constraint. The
body B is a goal. The rule name r serves to identify the rule.

2. The rule name r may be omitted along with the @. An empty guard
G = > can be omitted along with the |. A rule with an empty
kept head H1 can be written as r @ H2 ⇔ G | B. Such a rule is
called a simplification rule. A rule where the removed head H2 is
empty can be written as r @ H1 ⇒ G | B. Such a rule is called
a propagation rule. A rule where neither H1 nor H2 is empty is
called a simpagation rule.

3. A variant of a rule r @ H1 \ H2 ⇔ G | B with variables x̄ is
of the form (r @ H1 \ H2 ⇔ G | B)[x̄/ȳ] where ȳ is an arbi-
trary sequence of pairwise distinct variables and [x̄/ȳ] denotes
substitution of the variables in x̄ with those in ȳ.
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4. A CHR program is a set P of CHR rules.

The rule name is operationally ignored. However, we need it in the
definition of the operational semantics. It also simplifies discussion and
analysis of programs.

We often assume that the rule body B is in goal normal form. In this
case, we usually write it as Bu ∧ Bb, where Bu is a user-defined constraintWe usually assume

that the rule body is
in normal form.

and Bb is a built-in constraint.

Example 3.1.8 (CHR Syntax) The following is a well-known example
program. We will discuss its semantics in the following section. The pred-
icate symbol ≤ is a user-defined constraint symbol. By Definition 4.3.1,
> and�are by definition built-in constraint symbols.the famous

partial-order
program

P≤ =


rI @ x ≤ y \ x ≤ y ⇔ >

rR @ x ≤ x ⇔ >

rS @ x ≤ y∧ y ≤ x ⇔ x�y
rT @ x ≤ y∧ y ≤ z ⇒ x ≤ z


Rule rI is a simpagation rule with one atomic user-defined constraint

in the kept head and one in the removed head. Rules rR and rS are
simplification rules. Rule rT is a propagation rule as its removed head is
empty. The bodies of rI and rR are empty, wheres the bodies of rS and rT

hold a built-in constraint and a user-defined constraint, respectively.
The following example program consists of a single simpagation rule

with an atomic user-defined constraint in each of the heads, a built-in
constraint in the guard and an empty body.

P min =
{

rM @ min(x) \ min(y) ⇔ x ≤ y | >
}

3.2 semantics of constraint handling rules

This section recalls the operational and declarative semantics of CHR.
We will by no means do so in an exhaustive manner. Rather, we highlight
the aspects of operational and declarative semantics that are relevant
for this thesis. In Section 3.2.1 we outline the role of the various oper-
ational semantics in the history and present of CHR. In Section 3.2.2,
we present some ideas and definitions that are common to several or
all operational semantics. In Section 3.2.3 and Section 3.2.4 we recall
the operational semantics ωva and ωt. In Section 3.2.5 we recall the
declarative semantics.

3.2.1 Layers of Abstraction

When considering the respective literature, we find that quite an array
of operational semantics has been defined for CHR. This might seem
confusing to the casual observer. However, it must not be taken for aMultiple operational

semantics exist for
CHR.

disorganized situation as we will explain in this section.
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An operational semantics for CHR is always defined in terms of a
state transition system over a yet-to-be-defined notion of program state.
In the following, we consider an operational semantics more abstract
when it allows for more state transitions. We call it more concrete as
it allows for less state transitions. Hence, any operational semantics is
more concrete than any of its real supersets and more concrete than any
of its real subsets. In these terms, a deterministic operational semantics abstract vs.

concreteis perfectly concrete.
Note that different operational semantics usually consider different

notions of program states. The above definitions of the terms abstract
and concrete are modulo these respective notions. They are therefore
necessarily imprecise and should not be mistaken for formal definitions. historical

developmentFor one thing, the existence of the various operational semantics for
CHR is the result of a historical development: In early papers, CHR is
usually depicted as a non-deterministic and rather abstract state transition
system with many execution details still open. For example, a variant
of the abstract operational semantics ωva has been published as early as ωva

1992 [20]. Over time, popular implementations and common practice
have inspired more concrete formalizations of the operational semantics:
The operational semantics ωt [23] was introduced in 1998. The determin- ωt

istic refined operational semantics ωr [15] was formalized in 2004. The ωr

different operational semantics have thus come to form several layers of
abstraction. Abstract semantics

are proof tools.The continued coexistence of these layers is partly due to the fact
that CHR is a small and concise formalism with a strong connection to
classical logic and linear logic. CHR is especially suitable for formal
and/or automated proving of program properties. For such purposes, it is
convenient to consider a more abstract formalization of the operational
semantics as such a formalism is more light-weight and abstracts away
from implementation specifics. Abstract semantics

generalize over
implementations.

Another reason for the continued existence of the aforementioned
layers of abstraction is that actual implementations of CHR are founded
on different concrete operational semantics. According to their respective
field of application, these might be deterministic or probabilistic [26],
sequential or parallel [35], multi-set based or set-based [45]. A more
abstract semantics is a natural formalism to consider common properties
of the possibly contradictory concrete semantics that it subsumes.

In the following, we recall the operational semantics ωva, which is the
most abstract formalization of CHR execution found in the literature. We
also recall the operational semantics ωt, which constitutes an abstraction
layer halfway between ωva and actual implementations.

3.2.2 Common Semantic Notions

This section describes ideas and notions that are common to most opera-
tional semantics covered in this thesis (and many others). built-in handlers vs.

user programs
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One of the foundational concepts of CHR is that built-in and user-
defined constraints are handled separately and differently. For the han-
dling of built-in constraints, CHR requires a so-called predefined con-
straint handler (or built-in handler) whereas user-defined constraints
are handled by the actual user program. We assume that the predefinedconstraint theory
solver implements a decidable first-order constraint theory CT over the
built-in constraints.

While decidability may sound like a harsh requirement, it serves as
a necessary device that allows us to identify logical judgements withdecidability of the

constraint theory judgements made by the built-in solver and disregard solver limitations.
In practice, we can assume that CT is the theory that a specific built-in
solver actually decides. For example, it is well known that the theory of
natural numbers is not decidable. Rather than considering the built-in
solver as an incomplete solver over an undecidable theory, we assume
that it is a complete solver over a decidable subset of this theory. We
then call this subset CT .

For automated proof search over CHR, we get a correct implementa-
tion of CT for free if the automated prover is implemented on the same
built-in solver as the CHR implementation over which we want to reason.

constraint theory
Definition 3.2.1 (Constraint Theory) 1. A coherent theory is a set

of axioms of the form

α ::= ∀(∃x̄.G→ ∃x̄′.G′)

where G, G′ are possibly empty goals and x, x′ are possibly empty
sequences of variables.

2. A constraint theory CT for a CHR system is a decidable coherent
theory over its built-in constraints.

Theoretical papers about CHR usually treat syntactic equality�as
a logical symbol. Hence the substitution property follows implicitly.Equality is a

non-logical symbol. For our purposes, it is more convenient to consider syntactic equality
as a non-logical symbol. Therefore we make the substitution property
explicit.

equality theory
Definition 3.2.2 (Equality Theory) Let G[x] be a goal which is para-
metric in a variable x and let t be a term. For a given CHR system, the
equality theory ET is the smallest coherent theory such that for every
goal G[x], we have:

ET |= G[x] ∧ x�t → G[t]

In the following, we will denote the union of a constraint theory CT
and the equality theory ET as CT�.

We will also make use of the notion of matching. Matching is an
equivalence relation over goals, but weaker than goal equivalence. WeCT� denotes the

union of CT and ET . define it as follows.

28



Definition 3.2.3 (Constraint Matching) 1. For an n-ary sequence
of variables x̄ = x1, . . . , xn and an n-ary sequence of terms t̄ =
t1, . . . , tn, we write x̄�t̄ as a shorthand for x1�t1 ∧ . . .∧ xn�tn.

2. For user-defined constraints U, U′, we define its match as

match(U, U′) ::=
{
x̄�t̄ | U[x̄/t̄] ≡g U′[x̄/t̄]

}
constraint
matching

3. A reduced match rm(U, U′) is a subset of match(U, U′) where
for every x̄�t̄ ∈ match(U, U′) there is a x̄′�t̄′ ∈ rm(U, U′) such
that CT |= x̄�t̄ → x̄′�t̄′.

4. A fully reduced match f rm(U, U′) is a reduced match of U, U′

such that no subset of f rm(U, U′) is a reduced match.

5. We furthermore define the matching U�U′ as follows, where
f rm(U, U′) is a fully reduced match of U,U’.

U�U′ ::=
∨

(x̄�̄t) ∈ f rm(U,U′)

x̄�t̄

Matchings
correspond to most
general unifiers
(mgu’s).

A match is similar to what is commonly known as a unifier. Similarly,
a matching roughly corresponds to a most general unifier.

Example 3.2.4 (Matching) Some examples shall illustrate Defini-
tion 3.2.3.

(c(1)�c(1)) = >

(c(x)�c(x)) = >

(c(x)�c(1)) = (x�1)
(c(x)�d(x)) = ⊥

(c(0)�c(1)) = ⊥

(c(x) ∧ c(y)�c(0) ∧ c(1)) = (x�0∧ y�1) ∨ (x�1∧ y�0)

3.2.3 Very Abstract Operational Semantics

The very abstract operational semantics ωva [24] is the most abstract
established formalization of the operational semantics found in the liter-
ature. Its notion of state definition only contains one component and the
transition system consists in a single rule.

ωva state
Definition 3.2.5 (ωva State) A ωva-state S va = 〈G〉 is a 1-tuple where
G is a goal.

The only allowed state transition in ωva is the application of a CHR
rule.

Definition 3.2.6 (ωva Transition) Let r @ H1 \ H2 ⇔ G | B be a vari-
ant of a rule r ∈ P with local variables x̄ where CT� |= ∀(G → ∃x̄.G).
Then

〈H1 ∧ H2 ∧G〉 7→r 〈H1 ∧G ∧ B∧G〉
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The above definition requires that all arguments of the atomic constraints
in H1 and H2 are variables and no variable occurs more than once in the
head. Ground terms in the head and multiple occurrences of variablesωva transition

system can be simulated using guard constraints (cf. Example 3.2.7).
This restriction simplifies the formulation of ωva but also results in

less elegant programs. Other formalizations of the operational semantics
– including the operational semantics ωe (cf. Section 4) – avoid this
restriction.ωva restricts the

syntax.

Example 3.2.7 The following is an ωva compatible version of the pro-
gram P≤ from Example 3.1.8.

rI @ x ≤ y \ x′ ≤ y′ ⇔ x�x′ ∧ y�y′ | >
rR @ x ≤ x′ ⇔ x�x′ | >

rS @ x ≤ y∧ y′ ≤ x′ ⇔ x�x′ ∧ y�y′ | x�y
rT @ x ≤ y∧ y′ ≤ z ⇒ y�y′ | x ≤ z

A sample derivation could look as follows.

〈a ≤ b∧ b ≤ c∧ c ≤ a〉
7→rT 〈a ≤ b∧ b ≤ c∧ b�b∧ a ≤ c∧ c ≤ a〉
7→rS 〈a ≤ b∧ b ≤ c∧ b�b∧ a�a∧ c�c∧ a�c〉
7→rS 〈a�c∧ b�b∧ a�b∧ b�b∧ a�a∧ c�c∧ a�c〉

Modulo the equality theory, our final state equals 〈a�c∧ a�b〉.
ωva entails trivial
non-termination. In the operational semantics ωva, propagation rules do not eliminate

the pre-conditions of their firings. Hence, if a state can fire a propagation
rule once, it can do so again and again, ad infinitum. This property is
commonly called trivial non-termination.

Example 3.2.8

〈a ≤ b∧ b ≤ c〉
7→rT 〈a ≤ b∧ b ≤ c∧ b�b∧ a ≤ c〉
7→rT 〈a ≤ b∧ b ≤ c∧ b�b∧ a ≤ c∧ b�b∧ a ≤ c〉
7→rT . . .

Trivial non-termination of ωva is not a problematic property per se.
Keep in mind that ωva is not an execution model but an abstraction over
actual CHR execution. Of course, any concrete execution model has to
avoid trivial non-termination.strategies to avoid

trivial
non-termination

The most common strategy to avoid trivial non-termination consists
in keeping a history of propagation rule firings and preventing redundant
rule firings [1, 15]. A more recent approach [13] is based on finite
representations of infinite program states and computations.
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3.2.4 The Token-based Operational Semantics ωt

The operational semantics ωt [24, 49] is based on the idea of using a
token store to avoid trivial non-termination. In the literature, this se-
mantics is usually referred to as the theoretical semantics of CHR. This
term refers to the fact that ωt is an abstraction over the so-called refined
operational semantics ωr. In ωt, we keep a

record of past
propagations.

In ωt, a propagation rule can only be applied once to each combination
of constraints matching the head. Hence, the token store keeps a history
of fired propagation rules. The history is based on constraint identifiers.

identified
constraintsDefinition 3.2.9 (Identified CHR Constraints) An identified con-

straint cu(t̄)#i is an atomic user-defined constraint cu(t̄) associated with
a unique integer i, the constraint identifier. We introduce the functions
chr(c#i) = c and id(c#i) = i, and extend them to sequences and sets of
identified CHR constraints in the obvious manner.

For several reasons, states in ωt are more complex than in ωva. Firstly,
we keep a set of global variables. Secondly, identified constraints are
separated from unidentified constraints. Thirdly, we have a token store
and a value for the next unassigned constraint identifier [24]. Except ωt states contain

elements that are not
motivated by logic.

for global variables, the notion of state is therefore augmented with
information that is not motivated by logic.

Definition 3.2.10 (ωt State) A ωt-state is a tuple of the
form 〈G; S; B; T〉Vn where the goal store G is a goal, the user-
defined (constraint) store S is a set of identified atomic user-defined
constraints, and the built-in (constraint) store B is a built-in constraint.
The propagation history (or token store) T is a set of tuples (r, ī), where
r is the name of a propagation rule and ī is an ordered sequence of the
identifiers of constraints that matched the head constraints of r in a
previous application of r. Finally, the set V of global variables contains
the variables that occur in the initial goal. The integer value n keeps
track of assigned constraint identifiers.

Naturally, this state definition comes with a more complicated transi-
tion system, consisting of the following three types of transitions. a more complex

transition system
Definition 3.2.11 (ωt-Transitions) 1. solve.

〈cb(t̄) ∧G; S; B; T〉Vn 7→ωt 〈G; S; B′; T〉Vn

where cb(t̄) is an atomic built-in constraint and CT�|= ∀(cb(t̄) ∧
B↔ B′).

2. introduce.

〈cu(t̄) ∧G; S; B; T〉Vn 7→ωt 〈G; {cu(t̄)#n} ∪ S; B; T〉Vn+1

where cu(t̄) is an atomic user-defined constraint.
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3. apply.

〈G; H1 ∪ H2 ∪ S; B; T〉Vn
7→ωt 〈B∧G; H1 ∪ S; chr(H1)�H′1 ∧ chr(H2)�H′2 ∧G ∧B;

T∪ {(r, id(H1) + id(H2))}〉Vn

where r @ H′1 \ H′2 ⇔ G | B is a fresh variant of a rule in P
with fresh variables variables x̄ such that CT�|= ∃(B) ∧ ∀(B→

∃x̄(chr(H1)�H′1 ∧ chr(H2)�H′2 ∧G)) and (r, id(H1 ∧H2)) < T.

By construction, ωt restricts the number of applications of a propa-
gation rule for each given combination of head constraints to one. Thisωt avoids trivial

non-termination. avoids trivial non-termination. This stands in contrast to its declarative
reading and to its execution under ωva. In ωva, a propagation rule may
be applied any number of times.

3.2.5 Declarative Semantics

From its very beginnings, CHR has featured an declarative semantics in
classical logic. We recall this semantics in this section. The declarativePrograms and states

are mapped to
formulas.

semantics is a formalism that maps any state, rule and program to a
logical formula. CHR rules and programs are translated to classical logic
as follows.

logical reading of
programs Definition 3.2.12 (Logical Readings of Rules and Programs) For

any CHR rule R = r @ H1 \ H2 ⇔ G | B, its logical reading is defined
as

R† ::= ∀ (G → (H1 → (H2 ↔ ∃ȳr.B)))

For any CHR program, its logical reading is the union of the logical
readings of its rules.

The following definition of the logical reading of ωt states has been
established in [24].logical reading of

ωt states
Definition 3.2.13 (Logical Reading of ωt States) Let S be an ωt state
of the form 〈G; S; B; T〉Vn . Then the logical reading of S is defined as

∃̄V (G∧ chr(S) ∧B)

where ∃̄V is existential quantification of all free variables except those
in V.

Definition 3.2.13 can easily be adapted to any operational semantics,
such as ωva.

logical reading of
ωva states Definition 3.2.14 (Logical Reading of ωva States) Let S be an ωva

state of the form 〈G〉. Then the logical reading of S is defined as

∃̄V.G

where V denotes the variables occurring in the initial state and ∃̄V

stands for existential quantification of all free variables except those in
V.
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The following theorem – cited from [25] – establishes the relationship
between the logical readings of programs, constraint theories and states.

Theorem 3.2.15 (Logical Equivalence of States [25]) Let P be a
CHR program, CT�be a constraint theory, and S be a state. Then for all relationship

between declarative
and operational
semantics

states T1, T2 which can be derived from S , the following holds.

P†, CT�|= ∀(T
†

1 ↔ T †2 )

3.3 constraint handling rules with disjunction

The language extension CHR∨ has a richer syntax and semantics than
CHR in that its definition of goals is extended by the disjunction operator
∨. (Alluding to its operational treatment, we also refer to ∨ as the split
operator.) We introduce the notion of configuration, which can be read
as a disjunction of states. We extend the definition of goal equivalence to
account for distributivity.

In order to avoid confusion with CHR∨, we will refer to the CHR
language as defined in Section 3.1 and Section 3.2 as pure CHR.

3.3.1 The Syntax of CHR∨

syntax extended by
disjunction ∨Definition 3.3.1 (Goals, States, Configurations) We adapt the defini-

tions of goal and state, and we define configuration as follows.

Built-in constraint: B ::=> | cb(t̄) | B∧B′

User-defined constraint: U ::=> | cu(t̄) | U∧U′

CHR∨ goal: G ::=> | cu(t̄) | cb(t̄) | G∧G′ | G∨G′

CHR∨ state: S ::= 〈G; V〉

Configuration: S̄ ::= ε | S | S ∨ S̄

For any two goals G, G′, goal equivalence G ≡g G′ denotes equiva-
lence between goals with respect to associativity and commutativity of
∧, the neutrality of > with respect to ∧, and the distributivity of ∧ over ∨.
ε stands for the empty configuration, which is operationally equivalent
to a failed state S⊥. extended goal

equivalenceA goal which does not contain disjunctions is called flat. A state
〈G; V〉 where G is flat is also called flat. A configuration S̄ is called flat
if it is empty or consists only of flat states. flatness

Allowing ∧ to distribute over ∨ guarantees that every goal is equivalent
to its disjunctive normal form (DNF). We do not allow the opposite law Goals can be

represented in DNF.of distributivity. For example, we have G1 ∧ (G2 ∨G3) ≡g (G1 ∧G2)∨

(G1 ∧G3) but G1 ∨ (G2 ∧G3) 6≡g (G1 ∨G2) ∧ (G1 ∨G3). Thus any
finite goal has only a finite number of equivalent representations.

The definition of CHR∨ rules is similar to the definition of rules in
pure CHR. The difference is that we allow CHR∨goals in the rule body.
That is, rule bodies may contain disjunctions. CHR∨ allows

disjunction in rule
bodies.
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Definition 3.3.2 (CHR∨ Rule) A CHR∨ rule is of the form

r @ H1 \ H2 ⇔ G | B

The kept head H1 and the removed head H2 are user-defined constraints.
The guard G is a built-in constraint. The rule body B is a CHR∨ goal. r
serves as an identifier for the rule and may be omitted along with the @.
An empty guard may be omitted along with the |.

We observe that restricting CHR∨ to the segment without disjunction
restores pure CHR. Hence, pure CHR is a subset of CHR∨.CHR ⊆ CHR∨

3.3.2 The Semantics of CHR∨

The operational semantics of CHR∨ has originally been defined in [5].
The formulation we presented here considers CHR∨ as an extension to
ωva. This has been exemplified in [24].operational

semantics, ωva style An additional transition rule called Split resolves disjunctions by
branching the computation.

Split: 〈G1 ∨G2〉 7→
sp 〈G1〉 ∨ 〈G2〉

The following example shows a possible computation in CHR∨.
a CHR∨ program

Example 3.3.3 (CHR∨) Consider the following CHR∨ program.

r1 @ bird ⇔ albatross∨ penguin
r2 @ penguin∧ flies ⇔ ⊥

Running this program with the initial state 〈bird ∧ f lies; ∅〉 produces the
following fixed-point computation.

〈bird∧ flies〉
7→r1 〈(albatross∧ flies) ∨ (penguin∧ flies)〉
7→sp 〈albatross∧ flies〉 ∨ 〈penguin∧ flies〉
7→r2 〈albatross∧ flies〉 ∨ 〈⊥〉

We extend the declarative semantics in the obvious manner.
logical reading

Definition 3.3.4 (Logical Readings of Rules and States) 1. For
any CHR∨ rule R = r @ H1 \ H2 ⇔ G | B, its logical reading is
defined as

R† ::= ∀ (G → (H1 → (H2 ↔ ∃ȳr.B)))

2. For any CHR∨ program, its logical reading is the union of the
logical readings of its rules.

3. For any CHR∨ state S = 〈G〉, its logical reading is defined as

S † = ∃̄VG

where V is the set of variables contained in the initial state.
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4. For any configuration S̄ = S 1 ∨ . . . ∨ S n, its logical reading is
defined as

S̄ † = S †1 ∨ . . .∨ S †n

One of the most significant features of CHR∨ is that it naturally
embeds Horn programs with SLD resolution. The following definition
and theorem were published in [5]. The notation has been adapted.

embedding of Horn
programsDefinition 3.3.5 (Horn Embedding) Let p/n be an n-ary Horn predi-

cate, defined by m clauses of the form

p(t̄i)← Gi

Then its embedding into CHR∨ is defined as

p(x̄)⇔
m∨

i=0

(x̄�t̄i) ∧Gi

The embedding of a Horn program H is the set of the embeddings of its
predicates. We denote this embedding as H∨.

The following theorem was presented in [5]. A proof sketch can be
found there. The terminology has been adapted.

correctness of the
embeddingTheorem 3.3.6 (Horn Embedding [5]) Let H be a Horn program and

let H∨ be its embedding in CHR∨. Furthermore, let p(t̄) be a predicate
in H. For every successful leaf 〈>; θ〉 in the SLD tree of p(t̄), there is a
state 〈B; vars(t̄)〉 in configuration derivable from 〈p(t̄); vars(t̄)〉 such
that

CT�|= B↔ (t̄� t̄θ)

and vice versa.
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4

E Q U I VA L E N C E A N D T H E O P E R AT I O NA L
S E M A N T I C S
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State equivalence is a crucial notion when it comes to the analysis of
any state transition system. State equivalence allows to abstract awaysignificance of

equivalence from purely syntactical differences between states that do not impact
their behavior. By ridding the notation from syntactical ballast, state
equivalence allows us to concentrate on the logical and operational core
content of states. This chapter is dedicated to the discussion of equiva-
lence between CHR states and some of its immediate consequences.

We begin in Section 4.1 by presenting a notion of program state for
pure CHR that has a strong logical foundation. Based on this notion,chapter structure
we present a well-motivated definition of state equivalence. These two
notions lead to a novel formulation of the operational semantics of CHR,
called ωe, which we originally proposed in [43]. We continue in Sec-
tion 4.2 by adapting the notion of state equivalence and the equivalence-
based approach to CHR∨resulting in the equivalence-based semantics
ω∨e for Constraint Handling Rules with Disjunction. In Section 4.3, we
propose the equivalence-based semantics ωτ. This semantics features
a token store to prevent trivial non-termination of propagation rules. It
is close to the operational semantics ωt whilst preserving the analytic
power of ωe. It bridges the gap between the more analytic operational
semantics like ωe and ωva and the more concrete operational semantics
such as ωt and ωr.

The results presented in Section 4.1 have originally been published in
[43]. The results presented in Section 4.2 have been published in [11].
The final Section 4.3 presents previously unpublished material.

4.1 the equivalence-based semantics ωe

ωe combines
concepts from ωva

and ωt.
The equivalence-based semantics ωe loosely follows along the lines of
ωt. Those elements of ωt that do not have a foundation in the declarative
semantics are removed. States in ωe are thus richer than ωva states but
more concise than ωt states. As in ωva, propagation rules can fire ad
infinitum in ωe. This means we do not avoid trivial non-termination.

4.1.1 Constructing a Logically Founded Semantics

Firstly, we define a state as a binary tuple, consisting of a goal and a set
of global variables. We also define a notational variant based on ternary
states. This variant will simplify many of the upcoming proofs and
definitions and help to preserve clarity (cf. Definition 3.1.3 for normal
form of goals).

ωe state
Definition 4.1.1 (ωe State) 1. An ωe state S is a tuple 〈G; V〉. The

goal (store) G is a goal, V is a set of global variables.

2. A state S = 〈U ∧B; V〉, i.e. where the goal is in normal form,
can be written as S = 〈U; B; V〉.

38



States in ωe emphasize the connection with the declarative semantics
more strongly than the notions of state we encountered in Chapter 3.
Unlike ωva states, global variables are made explicit here. Therefore ωe states have a

stronger logical
foundation than ωva
or ωt states.

ωe states contain all information needed to construct their declarative
reading. Unlike ωt states, they do not contain any elements that are not
reflected in the logical reading, such as the propagation history.

For every ωe state, we distinguish several characteristic sets of vari-
ables.

variables
Definition 4.1.2 (Characteristic Variables) Let S = 〈U; B; V〉 be an
ωe state. We then distinguish the following three characteristic variable
sets.

1. a variable v ∈ V is called a global variable

2. a variable v < V is called a local variable

3. a variable v < (V∪ vars(U)) is called a strictly local variable

The operational semantics of ωe mixes ideas from ωva and ωt. We use Preliminary
semantics uses
matching.

head matching as in ωt to support the full syntax of CHR. (This is not the
case for ωva as shown in Example 3.2.7.) We also disallow transitions
from failed states. Unlike ωt, we omit the token store and thus allow ωe uses no token

store.trivial non-termination of propagation rules. A similar formulation of the
operational semantics can be found in [25]. We call this operational se-
mantics preliminary as it will be replaced by a more concise formulation
in Section 4.1.3.

preliminary
operational
semantics

Definition 4.1.3 (Preliminary Operational Semantics for ωe) For a
CHR program P, the operational semantics is defined as the follow-
ing state transition system, where (r @ H1 \ H2 ⇔ G | Bu, Bb) is a
variant of a rule in P with variables ȳ.

r @ H1 \ H2 ⇔ G | Bu, Bb

CT�|= ∀(B→ ∃ȳ.(H1�H′1 ∧ H2�H′2 ∧G))

〈H′1 ∧ H′2 ∧G; B; V〉 7→r

〈H′1 ∧ Bu ∧G; H1�H′1 ∧ H2�H′2 ∧G ∧ Bb ∧B; V〉

For a set of rules R (such as a program or a subset of a program), we
write S 7→R T if there exists a rule r ∈ R such that S 7→r T. generalization to

sets
S 7→r T r ∈ R

S 7→R T

abstraction from
rulesWe may omit the index from the transition arrow altogether when the

applied rule or set of rules is not important. closures
We denote the reflexive closure of 7→ as 7→≡ and its reflexive-transitive

closure as 7→∗. The reversal of 7→r ( 7→, 7→≡, 7→∗) is denoted as ←[r reversals
(← [,←[≡,← [∗). Composition of relations is denoted by the composition composition
operator ◦.
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We call to mind that a program is defined as a set of rules. Hence,
we have implicitly defined the transition 7→P for any program P and
accordingly for any subset of a program.

We define the notion of rule applicability.
applicability

Definition 4.1.4 (Applicability) A rule r is called applicable to a state
S if there exists a state T such that S 7→r T.

We adapt the notion of logical reading to our new notion of program
state in the obvious manner.declarative

semantics
Definition 4.1.5 (Logical Reading of ωe States) Let S be a CHR state
of the form 〈U; B; V〉. The logical reading S † of S is defined as

S † ::= ∃̄V (U∧B)

where ∃̄V is existential quantification of all free variables except those
in V.

4.1.2 An Axiomatic Definition of State Equivalence

In order to motivate our definition of state equivalence, we explain what
properties we consider desirable for such a relation. To avoid confusion
with logical equivalence, we denote state equivalence as ≡e.desirable properties

of equivalence
declarative soundness If two states are considered equivalent, their

declarative readings should be logically equivalent:

S ≡e S ′ ⇒ S † ≡e S ′†

declarative completeness Ideally, two states with logically equiva-
lent declarative readings should be semantically equivalent.

S † ≡e S ′† ⇒ S ≡e S ′

semantic compliance Let S , S ′, T be states and r be a rule such that
S ≡e S ′ and S 7→r T . Then there should exist a state T ′ such that
S ′ 7→r T ′ and T ≡e T ′.

Failure to satisfy the semantic completeness requirement would imply
that our notion of equivalence affects the operational semantics. This is
strictly unwanted. Therefore we consider declarative compliance a hard
constraint.

We can furthermore show that semantic compliance is in general
incompatible with declarative completeness as the following example
will illustrate.Semantic compliance

and declarative
completeness are

incompatible.
Example 4.1.6 Let S = 〈a(0) ∧ a(0);>; ∅〉 and S ′ = 〈a(0);>; ∅〉 be
states. We observe that logically a(0) ∧ a(0) ≡e a(0) and therefore
S † ≡e S ′†. That is, declarative completeness is satisfied.
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Now we consider the rule

r @ a(x) ∧ a(x) ⇔ b(x)

We observe that for T = 〈b(0);>; ∅〉, we have S 7→r T but S ′ 67→.
Therefore, semantic compliance is not satisfied.

Since we consider semantics compliance a hard constraint, we will
compromise on declarative completeness. We will later show that our no-
tion of equivalence satisfies both declarative soundness (cf. Lemma 4.1.9)
and semantic compliance (cf. Theorem 4.1.13).

We exemplify our requirements.
These equations
exemplify the
desirable properties.

Example 4.1.7 (Desirable Properties of State Equivalence)

〈a(x); x ≤ 0∧ x ≥ 0; ∅〉 ≡e 〈a(x); x�0; ∅〉 (4.1)

〈a(x); x�0; ∅〉 ≡e 〈a(y); y�0; ∅〉 (4.2)

〈a(y); y�0; ∅〉 ≡e 〈a(0); y�0; ∅〉 (4.3)

〈a(0); y�0; ∅〉 ≡e 〈a(0);>; ∅〉 (4.4)

〈a(0);>; ∅〉 ≡e 〈a(0);>; {x}〉 (4.5)

〈a(0);⊥; ∅〉 ≡e 〈a(0);⊥; ∅〉 (4.6)

〈a(x);>; {x}〉 6≡e 〈a(y);>; {y}〉 (4.7)

〈a(0);>; ∅〉 6≡e 〈a(0) ∧ a(0);>; ∅〉 (4.8)

Equations (4.1)-(4.6) all exemplify the declarative completeness condi-
tion. In Equation (4.1) and Equation (4.4) we reformulate the built-in application of CT

store under logical equivalence. In the latter example, we see that infor-
mation about strictly local variables is logically redundant. In formal
terms:

CT�|= ∃x.a(0) ∧ x�0↔ a(0).

Equation (4.2) shows that the names of local variables are interchange- renaming of local
variablesable as they are quantified in the declarative reading

CT�|= ∃x.a(x) ∧ x�0↔ ∃y.a(y) ∧ y�0.

In Equation (4.3) we see the equality y�0 applied to the user-defined equivalence as
substitutionstore as substitution. In Equation (4.5) we observe that global variables
redundant global
variables

that do not occur in the stores are redundant. This is because they do not
affect the declarative reading.

〈a(0);>; ∅〉† = 〈a(0);>; {x}〉† = a(0) ∧>.

This trivially gives us

CT�|= 〈a(0);>; ∅〉† ≡e 〈a(0);>; {x}〉†.

Equation (4.6) realizes the ex falso quodlibet principle: logical con- equivalence of
failed statestradiction trivially implies anything. For failed state S , S ′ we have that
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S † ≡e S ′† ≡e ⊥. Consequently, the logical readings of failed states imply
each other. We account for this relationship by requiring that all failed
states should be equivalent.

Equation (4.7) is motivated by the declarative soundness requirement.
As global variables are not quantified, we have

CT� 6|= a(x)↔ a(y).

global variables
Equation (4.8) actualizes the semantic compliance requirement asmultiplicities

explained in Example 4.1.6.

It has been shown in [43], that no notion of state equivalence pub-
lished before that time satisfies all of the given examples. In the sameThe only definition

of state equivalence
to satisfy all

desirable properties.

publication, it is shown that the notion of state equivalence given below
does satisfy all of them.

Definition 4.1.8 (State Equivalence) Equivalence between CHR states
is the smallest equivalence relation ≡e over CHR states that satisfies the
following conditions.ωe equivalence

1. Equality as Substitution

〈U; x�t ∧B; V〉 ≡e 〈U [x/t] ; x�t ∧B; V〉

2. Transformation of the Constraint Store If CT� |= ∃s̄.B ↔

∃s̄′.B′ where s̄, s̄′ are the strictly local variables of B, B′, re-
spectively, then

〈U; B; V〉 ≡e 〈U; B′; V〉

3. Equivalence of Failed States

〈U;⊥; V〉 ≡e 〈U
′;⊥; V〉

4. Omission of Redundant Global Variables If x is a variable that
does not occur in U or B then

〈U; B; {x} ∪V〉 ≡e 〈U; B; V〉

Where there is no ambiguity, we may write ≡ rather than ≡e to
preserve clarity.

Lemma 4.1.9 states several useful properties that follow directly from
Definition 4.1.8, including declarative soundness.

properties of ωe
equivalence Lemma 4.1.9 (Properties of ≡e) The equivalence relation over CHR

states given in Definition 4.1.8 has the following properties.

1. Renaming of Local Variables For any variables x, y such that
x, y < V and y does not occur in U or B, we have

〈U; B; V〉 ≡e 〈U [x/y] ; B [x/y] ; V〉
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2. Partial Substitution For a variable x and a term t, let [x o t]
denote the substitution of some occurrences of x with t. We have
in general

〈U; x�t ∧B; V〉 ≡e 〈U [x o t] ; x�t ∧B; V〉

3. Declarative Soundness If

〈U; B; V〉 ≡e 〈U
′; B′; V′〉

then CT� |= ∃ȳ.U ∧B ↔ ∃ȳ′.U′ ∧B′, where ȳ, ȳ′ are the local
variables of 〈U; B; V〉, 〈U′; B′; V′〉, respectively.

Semantic compliance of the state equivalence relation will be proved
below in Theorem 4.1.13.

Theorem 4.1.10 gives a necessary and sufficient criterion for deciding
state equivalence. It has been proposed and proved by Frank Raiser
in [43].

criterion for ωe
equivalenceTheorem 4.1.10 (Criterion for Deciding ≡) Let S , S ′ be CHR states

such that S = 〈U; B; V〉, S ′ = 〈U′; B′; V〉. Let their local vari-
ables ȳ, ȳ′ be renamed apart. Then S ≡e S ′ if and only if

CT�|= ∀(B→ ∃ȳ′.((U�U′)∧B′))∧∀(B′ → ∃ȳ.((U�U′)∧B))

4.1.3 A Simplified Formulation of the Operational Semantics

In this section, we present a formulation of the operational semantics
based on equivalence classes of states. We show its equivalence to the
preliminary operational semantics presented in Definition 4.1.3.

Traditional formulations of the operational semantics rely usually on
constraint matching (cf. Definition 3.2.3) between the rule head and a
subset of the user-defined store and an implication check between the
built-in store and the rule guard. This strategy blows up the applicability
condition and makes the transition system unintuitive and complicated
to analyse.

Formulating the operational semantics on top of a notion of equiv-
alence permits removing the matching condition and the implication
check from the transition system. We obtain the following simplified Equivalence replaces

matching.operational semantics.
simplified
operational
semantics

Definition 4.1.11 (Simplified Operational Semantics for ωe) We de-
fine the simplified operational semantics for ωe as the following state
transition system, where (r @ H1 \ H2 ⇔ G | Bu ∧ Bb) is a variant of a
rule in P containing only fresh variables.

(r @ H1 \ H2 ⇔ G | Bu ∧ Bb) CT |= ∃(G ∧B)

〈H1 ∧ H2 ∧U; G ∧B; V〉�r 〈H1 ∧ Bu ∧U; G ∧ Bb ∧B; V〉

S ′ ≡e S S �r T T ≡e T ′

S ′�r T ′
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If the rule r is clear from the context or not important we may write
S � T.

Theorem 4.1.12 proves the equivalence of the preliminary operational
semantics and the simplified operational semantics. The proof can beThe two semantics

are equivalent. found in Appendix A.1.

Theorem 4.1.12 (Equivalence of the Formulations) For any ωe

state S we have

1. If S �r T then there exists a state T ′ ≡e T with S 7→r T ′

2. If S 7→r T ′ then there exists a state T ≡e T ′ with S �r T

From this theorem follows semantic compliance of state equivalence
with both the simplified and the preliminary operational semantics.

semantic
compliance Theorem 4.1.13 (Semantic Compliance) 1. For states S , S ′, T

such that S ≡e S ′ and S 7→r T, there exists a state T ′ such
that S ′ 7→r T ′ and T ≡e T ′.

2. For states S , S ′, T such that S ≡e S ′ and S �r T, there exists a
state T ′ such that S ′�r T ′ and T ≡e T ′.

Proof 4.1.14 (Sketch) (1.) follows directly from Definition 4.1.11. (2.)
follows from (1.) by application of Theorem 4.1.12.

From semantic compliance of state equivalence follows that all states
belonging to the same equivalence class with respect to ≡e behave alike
with respect to the operational semantics. Hence, we can abstract away
from individual states and reason over equivalence classes of states
instead. Frank Raiser has therefore proposed an alternative formulationWe found the

operational semantics
on equivalence

classes.

of the operational semantics based on equivalence classes of states [43].

Definition 4.1.15 (Transition System of ωe) For any state S , let [S ]
be the equivalence class of S modulo ≡e. CHR is a state transition
system over equivalence classes of CHR states defined by the followingThe operational

semantics is defined
in a single rule.

transition rule, where (r @ H1 \ H2 ⇔ G | Bu ∧ Bb) is a variant of a
CHR rule whose local variables ȳr are renamed apart from any variable
in vars(H1, H2, U, B, V).

r @ H1 \ H2 ⇔ G | Bu ∧ Bb CT�|= ∃(G ∧B)

[〈H1 ∧ H2 ∧U; G ∧B; V〉] 7→r [〈H1 ∧ Bu ∧U; G ∧ Bb ∧B; V〉]

We define the extension to sets of rules 7→R, its abstraction 7→, its
reflexive and transitive-reflexive closures ( 7→≡, 7→∗) and their respective
reversals in the usual manner (cf. Definition 4.1.3).

In the following, we sometimes write S 7→ T rather than [S ] 7→ [T ] to
preserve clarity.

Definition of
equivalence entails a
notion of confluence.

This concise definition of the operational semantics of CHR requires
only one rule and combines all of our results on state equivalence and its
behavior with regard to rule applications.
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4.1.4 Properties and Observables

In this section we supplement our formulation of the operational seman-
tics with some further definitions that we will refer to in the upcoming
sections.

Confluence is defined in the usual manner.

Definition 4.1.16 (Confluence) A CHR program P is confluent if for
all states S , T , T ′ such that [S ] 7→∗ [T ] and [S ] 7→∗ [T ′], there exists a
state T ′′ such that [T ] 7→∗ [T ′′] and [T ′] 7→∗ [T ′′]. confluence

When reasoning about programs, we usually refer to the following
observables.

computable states,
answers,
data-sufficient
answers

Definition 4.1.17 (Observable Sets) Let S be a CHR state and let P be
a program. We distinguish three sets of observables: Computable states
CP(S ), answersAP(S ), and data-sufficient answers SP(S ). These are
defined by the following equations where B is an arbitrary built-in
constraint and V is an arbitrary set of variables.

CP(S ) ::= {[T ] | [S ] 7→∗ [T ]}
AP(S ) ::= {[T ] | [S ] 7→∗ [T ] 67→}
SP(S ) ::= {[〈>; B; V〉] | [S ] 7→∗ [〈>; B; V〉]

As the transition system does not allow transitions from an empty user-
defined store (nor from failed states), the set of data-sufficient answers
SP(S ) are a subset of the set of answers AP(S ). Furthermore, every
answer is naturally computable. The following property follows directly.

Program observables
contain each other.Property 4.1.18 (Hierarchy of Observables) For any state S and pro-

gram P, we have

SP(S ) ⊆ AP(S ) ⊆ CP(S )

Example 4.1.19 illustrates our definitions.

Example 4.1.19 (ωe Execution) We consider the partial-order pro-
gram P≤ from Example 3.1.8.

rI @ x ≤ y \ x ≤ y ⇔ >

rR @ x ≤ x ⇔ >

rS @ x ≤ y∧ y ≤ x ⇔ x�y
rT @ x ≤ y∧ y ≤ z ⇒ x ≤ z

The following is a sample derivation, starting from an initial state ωe example
S 0 = 〈a ≤ b ∧ b ≤ c ∧ c ≤ a;>; V〉 where V = {a, b, c}. According to

45



the usual practice, all variables occurring in the initial state are global.
Equivalence transformations are stated explicitly.

[〈a ≤ b∧ b ≤ c∧ c ≤ a;>; V〉] (4.1)

= [〈x ≤ y∧ y ≤ z∧ c ≤ a; x�a∧ y�b∧ z�c; V〉]

7→rT [〈x ≤ z∧ x ≤ y∧ y ≤ z∧ c ≤ a; x�a∧ y�b∧ z�c; V〉]

= [〈a ≤ c∧ a ≤ b∧ b ≤ c∧ c ≤ a;>; V〉] (4.2)

= [〈x ≤ y∧ y ≤ x ∧ a ≤ b∧ b ≤ c; x�a∧ y�c; V〉]

7→rS [〈a ≤ b∧ b ≤ c; x�y∧ x�a∧ y�c; V〉]

= [〈a ≤ b∧ b ≤ c; a�c; V〉] (4.3)

= [〈x ≤ y∧ y ≤ x; x�a∧ y�b∧ a�c; V〉]

7→rS [〈>; x�y∧ x�a∧ y�b∧ a�c; V〉]

= [〈>; a�b∧ a�c; V〉] (4.4)

Usually, we do not make equivalence transformations explicit and list
only states where local variables are eliminated as far as possible such
as the labeled states (4.1)-(4.4). The derivation is then reduced to

[〈a ≤ b∧ b ≤ c∧ c ≤ a;>; V〉] (4.1)

7→rT [〈a ≤ c∧ a ≤ b∧ b ≤ c∧ c ≤ a;>; V〉] (4.2)

7→rS [〈a ≤ b∧ b ≤ c; a�c; V〉] (4.3)

7→rS [〈>; a�b∧ a�c; V〉] (4.4)

By confluence of P (cf. Example 5.1.11) and [S 0] 7→∗ [〈>; a�b∧ a�
c; V〉] 67→, we haveobservable sets

SP(S 0) = AP(S 0) =
{
[〈>; a�b∧ a�c; V〉]

}
The set CP(S 0) is infinite as the operational semantics ωe allows poten-
tially unlimited applications of rT .

4.2 an equivalence-based operational semantics for chr∨

In Section 3.3 we presented the traditional operational semantics for CHR
with Disjunction, based onωva. In this section we construct a formulation
of CHR∨which is based on the ωe. We will call this semantics ω∨e .We extend ωe to

CHR∨. We proceed in two steps: Firstly, we define a notion of equivalence
of configurations, denoted as ≡∨. Secondly, we generalize the transition
system of ωe from equivalence classes of states to equivalence classes of
configurations.

The following two basic requirements will guide our definition of ≡∨
and ω∨e : On the one hand, the equivalence relation should reflect the
declarative semantics as far as possible. On the other hand, we require
that the subset of CHR∨where no disjunctions occur coincides with pure
CHR. That is, we require that ωe is a subset of ω∨e .

We will state a number of (in)equalities to exemplify these require-
ments.
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Example 4.2.1 (Desirable Properties of Configuration Equivalence)
The following (in)equations exemplify desired behavior of the configura-
tion equivalence relation ≡∨.

〈a(0); ∅〉 ∨ 〈b(0); ∅〉 ≡∨ 〈b(0); ∅〉 ∨ 〈a(0); ∅〉 (4.1)

(〈a(0); ∅〉 ∨ 〈b(0); ∅〉)
∨〈c(0); ∅〉

≡∨
〈a(0); ∅〉∨
(〈b(0); ∅〉 ∨ 〈c(0); ∅〉)

(4.2)

〈a(0); ∅〉 ∨ 〈b(0); ∅〉 ≡∨ 〈a(x) ∧ x�0; ∅〉 ∨ 〈b(0); ∅〉 (4.3)

〈a(0); ∅〉 ∨ 〈b(0) ∧⊥; ∅〉 ≡∨ 〈a(0); ∅〉 (4.4)

〈a(0) ∨ b(0); ∅〉 ≡∨ 〈a(0); ∅〉 ∨ 〈b(0); ∅〉 (4.5)

〈a(0); ∅〉 6≡∨ 〈a(0) ∨ a(0); ∅〉 (4.6)

Equation (4.1) and Equation (4.2) exemplify commutativity and associa-
tivity of configuration equivalence. On the one hand, these properties are commutativity and

associativitymotivated by the declarative semantics. On the other hand, they formal-
ize the intuition that the individual states of a configuration represent
independent and non-interacting computations. Hence, there is no need
to impose any order or hierarchy upon them.

Equation (4.3) shows that state equivalence should carry over to config-
uration equivalence. This is motivated by the requirement that ωe should compliance with

state equivalencebe a subset of ω∨e . Since ≡e itself reflects the declarative semantics, it
also reflects the declarative semantics.

Equation (4.4) establishes as a desirable property that failed states
should be neutral with respect to ≡∨. This is logically motivated, given
that falsity is the neutral element to disjunction: α∨⊥ ≡ α. It is further- falsity as neutral

elementmore motivated by the fact that we consider all failed states equivalent.
Hence, failed states formally cannot carry any information besides failure
and are therefore uninteresting.

Equation (4.5) is motivated by the fact that a state containing a disjunc-
tion and the configuration resulting from applying the Split rule have
equivalent logical readings. As a desirable side-effect, this equivalence the Split rule
allows us to omit the Split rule altogether. Hence, we can reduce the
transition system to one transition rule, analogously to ωe.

Inequation (4.6) shows that ≡∨ should not be idempotent with respect
to multiplicities of equivalent states with a configuration. While not preservation of

multiplicitieslogically motivated, this property ensures that a CHR∨program where
no disjunctions are present behaves exactly as under pure CHR. That is,
no disjunctions are introduced. It is necessary to ensure that ωe is indeed
a subset of ω∨e .

Having established its desired properties, we now define the equiva-
lence relation over configurations.

configuration
equivalenceDefinition 4.2.2 (Equivalence of Configurations) Equivalence of con-

figurations, denoted as ≡∨, is the smallest equivalence relation over
configurations satisfying all of the following properties.

1. Associativity and Commutativity

S̄ ∨ (T̄ ∨ Ū) ≡∨ (S̄ ∨ Ū) ∨ T̄
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2. State Equivalence For equivalent states S ≡e S ′,

S ∨ T̄ ≡∨ S ′ ∨ T̄

3. Neutrality of Failed States

S⊥ ∨ T̄ ≡∨ T̄

4. Split

[〈G1 ∨G2; V〉] ∨ T̄ ≡∨ [〈G1; V〉] ∨ [〈G2; V〉] ∨ T̄

Definition 4.2.2.1 realizes commutativity and associativity as es-
tablished in Examples 4.2.1.4.1 and Examples 4.2.1.4.2. Defini-
tions 4.2.2.2, 4.2.2.3, and 4.2.2.4 correspond directly to Exam-
ples 4.2.1.4.3, 4.2.1.4.4, and 4.2.1.4.5, respectively.

We establish some properties that follow directly from Definition 4.2.2.
properties of ω∨e

equivalence Lemma 4.2.3 (Properties of Configuration Equivalence) The equiv-
alence relation ≡∨ over configurations given in Definition 4.1.8 entails
the following properties.

1. (Commutativity)

S̄ ∨ T̄ ≡ T̄ ∨ S̄

2. (Associativity)

S̄ ∨ (T̄ ∨ Ū) ≡∨ (S̄ ∨ T̄ ) ∨ Ū

3. (State equivalence) Let S 1, . . . , S n and S ′1, . . . , S ′n be states such
that S i ≡e S ′i for i ∈ {1, . . . , n}. Then

S̄ 1 ∨ . . .∨ S̄ n ≡∨ S̄ ′1 ∨ . . .∨ S̄ ′n

Proof 4.2.4 (Sketch) Property 1 follows from Definition 4.2.2.1 and Def-
inition 4.2.2.3 by letting S̄ = S⊥. We then have T̄ ∨ Ū ≡∨ S⊥ ∨ (T̄ ∨
Ū) ≡∨ (S⊥ ∨ Ū) ∨ T̄ ≡∨ Ū ∨ T̄ . Property 2 then follows from Defini-
tion 4.2.2.1 by commutativity. Property 3 follows from Definition 4.2.2.2
by commutativity and associativity.

We adapt the operational semantics ωe to CHR∨. In analogy to the
latter, we call this operational semantics ω∨e .ω∨e

Definition 4.2.5 (Transition System of ω∨e ) CHR∨is a state transition
system over equivalence classes of configurations. It is defined by the
following transition rule, where (r @ H1 \H2 ⇔ G | B) is a variant of a
CHR∨rule whose local variables ȳr are renamed apart from any variable
occurring in vars(H1, H2, G, V).
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r @ H1 \ H2 ⇔ G | B CT |= ∃(G ∧B)

[〈H1 ∧ H2 ∧G ∧G; V〉 ∨ T̄ ] 7→r [〈H1 ∧G ∧ B∧G; V〉 ∨ T̄ ]

If the applied rule is obvious from the context or irrelevant, we write
transition simply as 7→. We define the extension to sets of rules 7→R, its
abstraction 7→, its reflexive and transitive-reflexive closures (7→≡, 7→∗)
and their respective reversals in the usual manner.

We adapt our definitions of confluence and observables in the obvious
manner:

confluence
Definition 4.2.6 (Confluence) A CHR∨ program P is called confluent,
if for arbitrary configurations S̄ , T̄ , Ū such that [S̄ ] 7→∗ [T̄ ] and [S̄ ] 7→∗

[Ū], there exists a configuration V̄ such that [T̄ ] 7→∗ [V̄ ] and [Ū] 7→∗ [V̄ ].
observables

Definition 4.2.7 (Observables) We distinguish three sets of observable
states, called computable configurations C̄P(S ), answer configurations
ĀP(S ) (or answers for short), and data-sufficient answers S̄P(S ). These
are defined as follows, where B̄ = B1, . . . , Bn is an arbitrary disjunction
of built-in constraints and V is an arbitrary set of variables.

C̄P(S ) ::= {[T̄ ] | [S ] 7→∗ [T̄ ]}
ĀP(S ) ::= {[T̄ ] | [S ] 7→∗ [T̄ ] 67→}
S̄P(S ) ::= {[〈B̄; V〉] | [S ] 7→∗ [〈B̄; V〉]}

All three sets are parametric in a singular state S rather than a
configuration, meaning that we assume every computation to start from
such a singular state. Since C̄, Ā and S̄ coincide with C,A, and S for
pure CHR programs, we may also write them as C, A, and S without
creating ambiguity.

Analogously to Property 7.3.3, we have a hierarchy of observables.
hierarchy of
observablesProperty 4.2.8 (Hierarchy of Observables) For any state S , program

P and constraint theory CT, we have

S̄P,CT (S ) ⊆ ĀP,CT (S ) ⊆ C̄P,CT (S )

The following example illustrates our definitions.

Example 4.2.9 We recur to the program from Example 3.3.3. ω∨e example

bird ⇔ albatross∨ penguin
penguin∧ flies ⇔ ⊥

Using ω∨e , we can construct the following derivation starting from the
initial state S 0 = 〈bird∧ flies; ∅〉.

[〈bird∧ flies; ∅〉]
7→ [〈(albatross∨ penguin) ∧ flies; ∅〉]
= [〈albatross∧ flies; ∅〉 ∨ 〈penguin∧ flies; ∅〉]
7→ [〈albatross∧ flies〉 ∨ 〈⊥; ∅〉]
= [〈albatross∧ flies〉]
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In comparison with Example 3.3.3, the application of the Split rule
has disappeared. Furthermore, the equivalence relation allows us to
omit the failed state from the final configuration, yielding a more elegant
representation of the answer.

With respect to the observable sets, we have

CP(S 0) = {[S 0], [〈(albatross∨ penguin) ∧ flies; ∅〉],
[〈albatross∧ flies〉]}

AP(S 0) = {[〈albatross∧ flies〉]}
SP(S 0) = ∅

4.3 the equivalence-based token-store semantics ωτ

In this section, we lift the successful approach of ωe – to provide a
general-purpose analytical operational semantics based on equivalenceWe translate ωe to

the token-based
interpretation.

classes of states – from the naive interpretation to the token-store interpre-
tation of CHR. The token-store interpretation is traditionally exemplified
by the operational semantics ωt. We encourage the reader to refer to
Section 3.2.4 for details on ωt and particularly to Definition 3.2.9 and
Definition 4.3.1 for the extended syntax with respect to goals. A notion
of state equivalence for ωt has been proposed in [16].

In the following, we will motivate and develop propose the
equivalence-based token-store semantics ωτ. This semantics preservesWe close the gap

between ωe and ωt. most of the clarity and brevity of ωe while adapting the token-store strat-
egy for avoiding trivial non-termination. Its notion of state equivalence
incorporates the approach of ωe equivalence with ideas from [16]. It
closes the gap between the analytical interpretation as exemplified by
ωva and ωe and the practical interpretation exemplified by ωt.

4.3.1 Motivation and Requirements

The fundamental merit of ωe lies in the reduction of the transition system
to a single, straightforward, and intuitive transition rule. All complicated
aspects found in other operational semantics are either relocated to
the equivalence relation (such as application of the constraint store) or
eliminated (such as the token store). Compared to more elaborate notions
of state as found in other semantics, the states of ωe are reduced to their
logically founded and observable elements.

When formulating a token-based semantics, we have to compromise
on our restriction to logically founded observable elements in the state.
This is because the token store itself is a purely operational construct
which is neither founded in logic nor directly observable. Instead, we
restrict our notion of state to contain only such elements that are eitherconstruction of ωτ
logically founded observable or may influence the logically founded
and observable content of the final state of a possible computation. This
translates to practice as follows.

omission of the user-defined store Constraint identifiers are notmerged stores

50



observable by the user. Therefore we want to omit the introduce
transition. Constraint identifiers themselves, however, are indis-
pensable to model the token-store approach. Therefore we merge
the goal store and the user-defined store and assume that all user-
defined constraints occurring in a state are identified.

omission of the built- in store Analogously to ωe, we merge the
user-defined and the built-in store to a unified goal store. We allow
a separated notation of user-defined and built-in constraints when normal form

notationthe goal is in normal form.

renaming of identifiers The choice of token identifiers is neither
observable nor does it influence the outcome of any computation.
Therefore, we allow free renaming of token identifiers. renaming

identifiers
relevant and redundant tokens A history token can only influ-

ence the outcome of a computation if all corresponding identified
constraints are still present in the store. Therefore, if at least one of redundant tokens
its referenced constraints is no longer in the store, a history token
may be omitted.

proximity to ωe Our equivalence-based semantics for the token-store
interpretation of CHR should follow the lines of ωe as far as pos- proximity to ωe

sible in order to simplify the analysis of the relationship between
the two semantics.

4.3.2 States and State Equivalence

We firstly extend the constraint syntax to account for the merging of
the three constraint stores into one. Concretely, we extend the concept
of identified (atomic) constraints (cf. Definition 3.2.9) to (non-atomic)
user-defined constraints and goals, introducing the notions of annotated
constraint and annotated goal. To avoid confusion, we denote annotated
constraints and goals by C and A, rather than U and G.

Definition 4.3.1 (Extended Constraint Syntax) An annotated con-
straint is a user-defined constraint whose atoms are identified constraints.
An annotated goal is a goal whose user-defined atomic constraints are
identified constraints.

In the following, cu(t̄)#i denotes an identified user-defined constraint,
where cu(t̄) is an n-ary constraint symbol and t̄ is an n-ary sequence of
terms.

Annotated constraint: C, C′ ::=> | cu(t̄)#i | C∧C′

Annotated goal: A, A′ ::=> | cu(t̄)#i | cb(t̄) |A∧A′

We extend the definition of goal equivalence ≡g (cf. Definition 4.3.1) extended syntax
such that two identified (atomic) constraints are equivalent with respect
to ≡g if their syntactically equal and have the same constraint identifier.
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We furthermore extend ≡g to annotated constraints and goals in the
obvious manner.

goal equivalence,
revisited For example, we have a(x)#1 ∧ b(y)#2 ≡g b(y)#2 ∧ a(x)#1, but

a(x)#1∧ b(y)#2 6≡g b(y)#1∧ a(x)#2.
In order to refer exclusively to the non-identified constraint parts of

goals or their identifiers, we extends the functions chr/1 and id/1 from
Definition 3.2.9.

chr/1 and id/1

Definition 4.3.2 (chr/1 and id/1) Let cu(t̄) denote an atomic user-
defined constraint and let cb(t̄) denote an atomic built-in constraint,
where cu(t̄), cb(t̄) are n-ary constraint symbols and t̄ is an n-ary se-
quence of terms. Furthermore, let i denote a constraint identifier. The
functions chr/1 and id/1 are defined as follows.

chr(cu(t̄)#i) ::= cu(t̄)
chr(cb(t̄)) ::= cb(t̄)
chr(A∧A′) ::= chr(A) ∧ chr(A′)

id(cu(t̄)#i) ::= i
id(cb(t̄)) ::= ε

id(A∧A′) ::= id(A), id(A′)

We abuse the comma “,” to denote concatenation of sequences. The
empty sequence is denoted by ε.

Definition 4.3.3 entails that the function id/1, applied to an an-id/1 respects
sequential order. notated goal, yields the sequence of its identifiers respecting their

order in the goal. For example: id(a(x)#1 ∧ b(y)#2) = 1, 2 and
id(a(x)#2∧ b(y)#1) = 2, 1.

extended matching
Definition 4.3.3 (Extension of Matching to Annotated Goals) We ex-
tend the scope of constraint matching�to annotated goals as follows.

A�A′ ::= chr(A)�chr(A′)

Our considerations from Section 4.3.1 entail the following notion of
state.

Definition 4.3.4 (ωτ State) An ωτ state is a 3-tuple of the
form 〈A; T, V〉 where the goal (store) A is an annotated goal.ωτ state
The token store (or propagation history) T is a set of tuples (r, I), called
history tokens, where r is the name of a propagation rule and I is an
ordered sequence of constraint identifiers. V is a set of variables called
global variables. We use Στ to denote the set of all ωτ states.

If the goal store is in normal form, that is A = C∧B, we may write
the state as a 4-tuple 〈C; B; T, V〉 rather than 〈C∧B; T, V〉.

Next, we develop an equivalence relation on ωτ states. In the following
example, we illustrate some desirable properties of such a relation.
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Example 4.3.5 (Desirable Properties of ωτ State Equivalence) The
following (in)equations exemplify desired behavior of the equivalence
relation ≡τ over ωτ states.

〈a(x)#1; x ≥ 0∧ 0 ≥ x; ∅; ∅〉 ≡τ 〈a(x)#1; x�0; ∅; ∅〉 (4.1)

〈a(x)#1; x�0; ∅; ∅〉 ≡τ 〈a(0)#1; x�0; ∅; ∅〉 (4.2)

〈a(x)#1;⊥; ∅; {x}〉 ≡τ 〈b(0)#2;⊥; {(r, 1)}; ∅〉 (4.3)

〈a(x)#1;>; ∅; {x}〉 6≡τ 〈b(y)#1;>; ∅; {y}〉 (4.4)

〈a(x)#1;>; {(r, 1)}; ∅〉 ≡τ 〈a(x)#2;>; {(r, 2)}; ∅〉 (4.5)

〈a(x)#1;>; {(r, 1)}; ∅〉 6≡τ 〈a(x)#2;>; {(r, 1)}; ∅〉 (4.6)

〈b(x)#2;>; {(r, 1)}; ∅〉 ≡τ 〈b(x)#2;>; ∅; ∅〉 (4.7)

〈a(x)#1;>; {(r, 1)}; ∅〉 6≡τ 〈a(x)#1;>; ∅; ∅〉 (4.8)

Equations (4.1)-(4.4) show ≡τ behaving analogously to ≡e. The respec-
tive equations demonstrate application of the constraint theory, equal-
ity as substitution, equivalence of failed states, and immutability of
global variables. Equation (4.5) and Equation (4.6) illustrate renaming
of constraint identifiers. Equation (4.7) and Equation (4.8) exemplify the
distinction between redundant and relevant history tokens.

Next, we define the equivalence relation ≡τ over ωτ states such that it
adheres to all equation in Example 4.3.5. ωτ equivalence

Definition 4.3.6 (Equivalence of ωτ States) Equivalence of ωτ states,
denoted as ≡τ , is the smallest equivalence relation over ωτ states satis-
fying all of the following axioms.

1. Equality as Substitution ωe-like axioms

〈C; x�t ∧B; T; V〉 ≡τ 〈C [x/t] ; x�t ∧B; T; V〉

2. Transformation of the Constraint Store If CT� |= ∃s̄.B ↔

∃s̄′.B′ where s̄, s̄′ are the strictly local variables of B, B′, re-
spectively, then

〈C; B; T; V〉 ≡τ 〈C; B′; T; V〉

3. Equivalence of Failed States

〈C;⊥; T; V〉 ≡τ 〈C
′;⊥; T′; V′〉

4. Omission of Non-Occurring Global Variables If x is a variable
that does not occur in C or B then

〈C; B; T; {x} ∪V〉 ≡τ 〈C; B; T; V〉

5. Renaming of Identifiers Let i, j be constraint identifiers such that
j does not occur in C, T. renaming

identifiers
〈C; B; T; V〉 ≡τ 〈C [i/ j] ; B; T [i/ j] ; V〉
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6. Omission of Redundant History Items Let i be a constraint iden-
tifier such that i < id(C) and let I be a sequence of constraint
identifiers containing i.

〈C; B; T∪ {(r, I)}; V〉 ≡τ 〈C; B; T; V〉

redundant
identifiers

To preserve clarity, we may write ≡ rather than ≡τ if the context pre-
vents confusion.

Conditions 4.3.6.1 to 4.3.6.4 capture the intuition that ωτ equivalence
should follow ωe equivalence as closely as possible. Condition 4.3.6.5
allows equivalence-preserving renaming of constraint identifiers. Condi-
tion 4.3.6.6 states that redundant history token can be removed.

For any ωτ state S , we denote by [S ] the equivalence class of S with
respect to ≡τ.

4.3.3 The Operational Semantics of ωτ

Having established the notions of state and state equivalence for ωτ,
we can now construct an equivalence-based token-store semantics. We
formulate the transition system as follows.

Definition 4.3.7 (State Transition System of ωτ) Let C be an anno-
tated user-defined constraint, B be a built-in constraint and A be an an-
notated goal such that A = C∧B. Furthermore, let T be a token store
and V be a set of variables. Let (r @ chr(H1) \ chr(H2)⇔ G | chr(B))
be a variant of a CHR rule whose local variables ȳr are renamed apart
from any variable in vars(H1, H2, A, V).a single-rule

token-based
transition system

The transition system of ωτ is defined by the following transition rule.

r @ chr(H1) \ chr(H2)⇔ G | chr(B) CT |= ∃(G ∧B)

[〈H1 ∧ H2 ∧G ∧A; T; V〉] 7→r [〈H1 ∧G ∧ B∧A; T∪ τ; V〉]

where τ = (r, id(H1, H2)) and τ < T.

At first glance, it might seem counter-intuitive that our transition
system adds tokens to the token store regardless of whether we apply
a propagation rule or a non-propagation rule. Note however, that in thehistory tokens for

non-propagation
rules

case of non-propagation rule, we add a redundant token.
According to Definition 4.3.6.6 we can immediately remove the added

token. For example, the minimal program {r@a⇔ b} would allow the
following derivation.

[〈a#1; ∅; ∅〉] 7→r [〈b#2; {(r, 1)}; ∅〉] = [〈b#2; ∅; ∅〉]

In order to directly compare computations under ωe and ωτ, we define
a translation between ωe states and ωτ states.translating between

ωe, ωτ
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Definition 4.3.8 (Expansion and Reduction) Let C be an annotated
user-defined constraint, B be a built-in constraint, T be a token store
and V be a set of variables. Expansions and reductions of equivalence
classes of states are defined as follows.

〈chr(C); B; V〉τ ::= [〈C; B; ∅; V〉]

〈C; B; T; V〉e ::= [〈chr(C); B; V〉]

For any ωe state S , we call S τ the ωτ-expansion of S . For any ωτ state
T , we call T e the ωe-reduction of S .

Example 4.3.9 (Expansion and Reduction) The following equations
exemplify Definition 4.3.8.

〈a(x)#1; x�0; {(r, 1)}; {x}〉e = [〈a(x); x�0; {x}〉] (4.1)

〈a(x); x�0; {x}〉τ = [〈a(x)#1; x�0; ∅; {x}〉] (4.2)

We define our observable sets analogously toωe. We define them based
on the expansion and reduction functions in order to directly compare observables, based

on ωe statesthe behavior of a program under ωe with its behavior under ωτ.

Definition 4.3.10 (Observable Sets) Let S be an ωe state and let P be
a program. We distinguish three sets of observables: Computable states
CP(S ), answersAP(S ), and data-sufficient answers SP(S ). These are
defined as follows.

Cτ
P
(S ) ::= {T e | [S τ] 7→∗ [T ]}

Aτ
P
(S ) ::= {T e | [S τ] 7→∗ [T ] 67→}

Sτ
P
(S ) ::= {[〈>; B; V〉] | [S τ] 7→∗ [〈>; B; T; V〉]}

Note that in the last rule, we could equivalently have written
〈>; B; T; V〉e rather than [〈>; B; V〉].

As the transition system does not allow transitions from an empty
user-defined store (nor from failed states), the data-sufficient answers Program observables

contain each other.Sτ
P
(S ) are a subset of the answersAτ

P
(S ) of any state S . This implies

the following property.

Property 4.3.11 (Hierarchy of Observables) For any state S and pro-
gram P, we have

SτP(S ) ⊆ A
τ
P(S ) ⊆ C

τ
P(S )

We can furthermore establish a close relationship between the com-
putable states under ωe and ωτ.

ωτ-computable states
are also
ωe-computable
states.

Property 4.3.12 (Relationship Between ≡e and ≡τ) For any state S
and program P, we have

CτP(S ) ⊆ CP(S )
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Proof 4.3.13 (Sketch) For any two ωτ states S , T such that S 7→r T for
some CHR rule r ∈ P, we have S e 7→r T e by Definition 4.1.11 and
Definition 4.3.7. For any T ∈ Cτ

P
(S ) we prove T ∈ CP(S ) by induction

over the length of any one computation S 7→∗ T ′.

Note that we cannot straightforwardly state an analogous property
for data-sufficient answers or answers. This problem is addressed in
Section 5.3.

Analogous to ωe and ω∨e , we define confluence.ωτ confluence

Definition 4.3.14 (ωτ Confluence) A CHR program P is ωτ confluent
if for all ωτ states S , T , T ′ such that [S ] 7→∗ [T ] and [S ] 7→∗ [T ′], there
exists a state T ′′ such that [T ] 7→∗ [T ′′] and [T ′] 7→∗ [T ′′].

The following theorem establishes the equivalence of ωτ andωt and ωτ are
idempotent modulo

syntax.
ωt. In abuse of notation, we will treat a user-defined constraint
c(t̄)1 ∧ . . . ∧ c(t̄)n as equal to a set of atomic user-defined con-
straints {c(t̄)1, . . . , c(t̄)n}. Similarly, we will treat an annotated con-
straint c(t̄)1#i1 ∧ . . .∧ c(t̄)n#in as equal to a set of identified constraints
{c(t̄)1#i1, . . . , c(t̄)n#in}. This will facilitate the comparison of ωt states
with ωτ states significantly.

Theorem 4.3.15 (Equivalence Between ωt and ωτ) Let S, S′ be iden-
tified constraints, B, B′ built-in constraints, T, T′ be token stores and
V be a set of variables. Let S = 〈S; B; T; V〉, S ′ = 〈S′; B′; T′; V〉 be
ωτ states and T = 〈chr(S); ∅; B; T; V〉, T ′ = 〈∅; S′; B′; T′; V〉 be ωt

states.

1. If T 7→ωt T ′ then S 7→ S ′.

2. If S 7→ S ′ then there exists an ωt state 〈∅; S′′; B′′; T′′; V〉 such
that T 7→ωt 〈∅; S′′; B′′; T′′; V〉 and 〈S ′′; B′′; T′′; V〉 ≡τ S ′.

Proof 4.3.16 (Sketch) By applying Definition 4.1.15 and Defini-
tion 4.3.7, we can prove both properties for the special case of single-step
computations. We complete the proof by induction over the length of the
respective derivation in both directions. �

The following example illustrates our definitions.

Example 4.3.17 We recur to Example 4.1.19. The following is a sample
derivation in ωτ, starting from an initial state S 0 = 〈a ≤ b∧ b ≤ c∧ c ≤
a; ∅; V〉 where V = {a, b, c}. For clarity, the states are written in normal
form and all equivalence transformations are stated explicitly in this
example.
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[〈a ≤ b#1∧ b ≤ c#2∧ c ≤ a#3;>; ∅; V〉] (4.1)

= [〈x ≤ y#1∧ y ≤ z#2∧ c ≤ a#3; x�a∧ y�b∧ z�c; ∅; V〉]

7→rT [〈x ≤ z#4∧ x ≤ y#1∧ y ≤ z#2∧ c ≤ a#3; x�a∧ y�b∧ z�c; {(rT , 1, 2)}; V〉]

= [〈a ≤ c#4∧ a ≤ b#1∧ b ≤ c#2∧ c ≤ a#3;>; {(rT , 1, 2)}; V〉] (4.2)

= [〈x ≤ y#4∧ y ≤ x#3∧ a ≤ b#1∧ b ≤ c#2; x�a∧ y�c; {(rT , 1, 2)}; V〉]

7→rS [〈a ≤ b#1∧ b ≤ c#2; x�y∧ x�a∧ y�c; {(rT , 1, 2), (rS , 4, 3)}; V〉]

= [〈a ≤ b#1∧ b ≤ c#2; a�c; {(rT , 1, 2)}; V〉] (4.3)

= [〈x ≤ y#1∧ y ≤ x#2; x�a∧ y�b∧ a = c; {(rT , 1, 2)}; V〉]

7→rS [〈>; x�y∧ x�a∧ y�b∧ a�c; {(rT , 1, 2), (rS , 1, 2)}; V〉]

= [〈>; a�b∧ a�c; ∅; V〉] (4.4)

ωτ derivation
As with ωe, we do not usually make equivalence transformations

explicit. The derivation is thus reduced to

[〈a ≤ b#1∧ b ≤ c#2∧ c ≤ a#3;>; ∅; V〉] (4.1)

7→rT [〈a ≤ c#4∧ a ≤ b#1∧ b ≤ c#2∧ c ≤ a#3;>; {(rT , 1, 2)}; V〉] (4.2)

7→rS [〈a ≤ b#1∧ b ≤ c#2; a�c; {(rT , 1, 2)}; V〉] (4.3)

7→rS [〈>; a�b∧ a�c; ∅; V〉] (4.4)

ωτ observables
By [S 0] 7→ [〈>; a � b ∧ a � c; ∅; V〉] 67→ and confluence of P≤ (cf.

Example 5.2.9), we have

SτP(S 0) = A
τ
P(S 0) = {[〈>; a�b∧ a�c; ∅; V〉]}

Although ωτ, like ωt, avoids trivial non-termination of propagation rules,
the set Cτ

P
(S 0) is infinite. This is due to the fact that we can perpetually

apply rT on freshly propagated constraints, ad infinitum.

[〈a ≤ b#1∧ b ≤ c#2∧ c ≤ a#3;>; ∅; V〉]
7→rT [〈a ≤ c#4∧ a ≤ b#1∧ b ≤ c#2∧ c ≤ a#3;>; {(rT , 1, 2)}; V〉]
7→rT [〈a ≤ a#5∧ a ≤ c#4∧ a ≤ b#1∧ b ≤ c#2∧ c ≤ a#3;>; {. . . , (rT , 4, 3)}; V〉]
7→rT [〈a ≤ c#6∧ a ≤ a#5∧ a ≤ c#4∧ a ≤ b#1∧ b ≤ c#2∧ c ≤ a#3;>; {. . . , (rT , 5, 4)}; V〉]
7→rT . . .

ωt answer
By Theorem 4.3.15 and Theorem 4.1.10 we have that for every ωt state

〈>; C; B; T〉Vn such that

〈a ≤ b∧ b ≤ c∧ c ≤ a; ∅;>; ∅〉V1 7→
∗ 〈>; C; B; T〉Vn 67→

we have C = ∅ and CT�|= (∃−V.B)↔ (a�b∧ a�c).
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In this chapter we consider what is arguably the most important prop-
erty in transition systems: confluence. In Section 5.1, we recall estab-chapter structure
lished methods for proving confluence in CHR. In Section 5.2, we adapt
these results to the equivalence-based theoretical operational semantics
ωτ. In Section 5.3, we show that confluence in ωe and ωτ alone does not
suffice to guarantee equivalent behavior of a program under both seman-
tics. We therefore introduce the well-behavedness property of answer
stability and show a criterion to prove it.

The original results presented in Section 5.2 and Section 5.3 have not
been previously published.

5.1 preliminaries: confluence for ωe

In this section, we recall some of the most prominent results on conflu-
ence of CHR programs by other authors.We recall established

results. It should be noted that most research on CHR confluence in the past
has considered the very abstract semantics ωva. The proof methods
as presented in this section have been adapted to the semantics ωe as
presented in [29]. We recall Definition 4.3.14.

A CHR program P is confluent if for all states S , T , T ′ such that
[S ] 7→∗ [T ] and [S ] 7→∗ [T ′], there exists a state T ′′ such that [T ] 7→∗

[T ′′] and [T ′] 7→∗ [T ′′].
Confluence restricts the number of possible answers to a query to zero

or one.Confluence bounds
the answer set.

Property 5.1.1 Let P be a confluent CHR program. Then for every
CHR state S , we have |SP(S )| ∈ {0, 1} and |AP(S )| ∈ {0, 1}, where | · |
denotes cardinality.

Proof 5.1.2 We assume that for some states S , T , T ′ and some confluent
program P, we have S 7→∗ T 67→ and S 7→∗ T ′ 67→ and [T ] , [T ′].
Applying Definition 4.3.14 leads to a contradiction.

All methods for proving CHR confluence discussed below draw on
the notion of critical peaks.critical peak

Definition 5.1.3 (Critical Ancestor State, Critical Peak) Let P be a
CHR program. Let r@H1 \ H2 ⇔ G | B and r′@H′1 \ H′2 ⇔ G′ | B′

be rules such that r, r′ ∈ P and whose variables have been renamed
apart. Let furthermore H, H̃, H′, H̃′ be user-defined constraints such that
H ∧ H̃ ≡g H1 ∧ H2 and H′ ∧ H̃′ ≡g H′1 ∧ H′2.

Then S 0 = 〈H̃ ∧ H̃′ ∧ H ∧G ∧G′ ∧ (H�H′); VH〉 is a critical an-
cestor state where VH denotes the variables occurring in the head con-
straints H, H̃, H′, H̃′. If H , > and CT |= G ∧G′ ∧ (H�H′), we call
S 0 a non-trivial critical ancestor state.composition

notation If S 0 is a non-trivial critical ancestor state, the pair of transitions
S ←[r S 0 7→r′ S ′ is called critical peak. If S 0 is not important, we denote
the critical peak as a composition: S ←[r ◦ 7→r′ S ′.
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Traditionally, the criteria of local confluence and strong confluence
have been formulated with respect to so-called critical pairs rather than
critical peaks. A critical pair is actually a critical peak S ← [r ◦ 7→r′ S ′

denoted as a pair of states: (S , S ′). This is possible because for those critical peaks vs.
critical pairsmethods the applied rules r, r′ are not important. However, adapting

those criteria to the notion of critical peaks is straightforward.
local confluence

Theorem 5.1.4 (Local Confluence [2]) For a terminating program P,
if for every non-trivial critical peak S ←[r ◦ 7→r′ S ′ such that r, r′ ∈ P,
there exists a state T such S 7→∗ T ←[∗ S ′ and P is terminating, then P

is confluent.

Example 5.1.5 (Local Confluence) We consider the partial order pro-
gram from Example 3.1.8. Due to the presence of a propagation rule, the
program is not terminating. Hence, Theorem 5.1.4 is not applicable.

strong confluence
Theorem 5.1.6 (Strong Confluence [44]) If for every non-trivial criti-
cal peak S ←[r ◦ 7→r′ S ′, there exist states T , T ′ such S 7→≡ T ←[∗ S ′

and S 7→∗ T ′ ← [≡ S ′, then P is confluent.
strong confluence
exampleExample 5.1.7 (Strong Confluence) We consider the partial order pro-

gram from Example 3.1.8. Rules rI , rT produce the following critical
peak.

〈a ≤ a∧ a ≤ a; {a}〉.

rIvv

�

rT ))
〈a ≤ a; {a}〉 〈a ≤ a∧ a ≤ a∧ a ≤ a; {a}〉

Let S = 〈a ≤ a ∧ a ≤ a ∧ a ≤ a; {a}〉 and S ′ = 〈a ≤ a; {a}〉. We
observe that S 7→≡ T implies

T ∈
{
〈a ≤ a∧ a ≤ a; {a}〉, 〈a ≤ a∧ a ≤ a∧ a ≤ a; {a}〉,
〈a ≤ a∧ a ≤ a∧ a ≤ a, a ≤ a; {a}〉

}
whereas S ′ 7→∗ T implies

T ∈ {〈>; ∅〉, 〈a ≤ a; {a}〉}

Hence, S 7→≡ T ←[∗ S ′ cannot be satisfied. Consequently, we cannot
apply Theorem 5.1.6 to prove confluence.

The diagrammatic confluence method recalled below draws on the
following definition of rule ordering, which is a slight simplification of rule ordering
a similar definition in [29].

Definition 5.1.8 (Rule Ordering) We assume a total order · 2 · over a
set of CHR rules. We define the following three functions.

2(r) ::= {r′ ∈ P | r′ 2 r}
≺(r) ::= {r′ ∈ P | r′ 2 r ∧ r 62 r′}
≺(r, r′) ::= ≺(r)∪ ≺(r′)
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Definition 5.1.9 (Local Decreasingness) Assuming a total order · 2 ·,
a critical peak S ← [r ◦ 7→r′ S ′ is called diagrammatically decreasing, if
there exists a state T such that

S 7→∗
≺(r) ◦ 7→

≡

2(r′) ◦ 7→
∗

≺(r,r′) T ←[∗
≺(r,r′) ◦ ←[≡

2(r) ◦ ←[∗
≺(r′) S ′

Theorem 5.1.10 (Diagrammatic Confluence [29]) Let P be a CHR
program and let · 2 · be a total order over the rules of P. If for everydiagrammatic

confluence non-trivial critical peak S ←[r ◦ 7→r′ S ′ is diagrammatically decreasing,
then P is confluent.

diagrammatic
confluence example Example 5.1.11 (Diagrammatic Confluence) We assume the follow-

ing order over the rules of the program from Example 3.1.8.

rI ≺ rR ≺ rS ≺ rT

Considering the critical peak from Example 5.1.7, we observe that

〈a ≤ a∧ a ≤ a∧ a ≤ a; V〉

7→rI 〈a ≤ a∧ a ≤ a; V〉

7→rI 〈a ≤ a; V〉

7→rI 〈>; V〉

and therefore

S 7→∗rI
〈>; ∅〉 ←[∗rI

S ′

As rI ∈≺ (rI , rT ), the state T = 〈>; ∅〉 satisfies

S 7→∗
≺(rI ,rT )

T ←[∗
≺(rI ,rT )

S ′

and then

S 7→∗
≺(rI)
◦ 7→≡

2(rT )
◦ 7→∗

≺(rI ,rT )
T ←[∗

≺(rI ,rT )
◦ ←[≡

2(rI)
◦ ←[∗

≺(rT )
S ′

Hence, it is diagrammatically decreasing. By testing local decreasingness
for all critical peaks, we prove confluence.

Theorem 5.1.10 has been published in [29] along with a hybrid methodNone of the
confluence methods
subsumes the others.

combining the local confluence method and the diagrammatic method
into a single formalism.

5.2 confluence for ωτ

In this section, we explore how the existing results on confluence can
be adapted to ωτ. We begin be introducing some definitions to simplify
notation.

additional notation
Definition 5.2.1 (Additional Notation For ωτ Confluence) Let P be
a CHR program, C be an annotated user-defined constraint, B a built-in
constraint and A annotated goal such that A = C∧B.
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1. We denote by T∗(C) the smallest set T of propagation tokens
such that 〈C; B; T; ∅〉 67→rp for any built-in constraint B and any
propagation rule rp ∈ P.

2. We define T∗(A) ::= T∗(C).

3. We define 〈A; ∗; ∗〉 ::= 〈A; T∗(A); vars(A)〉.
additional notation

Example 5.2.2 (Additional Notation For ωτ Confluence) Let

C = a ≤ b#1∧ b ≤ c#2
B = a�c∧ c�d

We furthermore have that A = C∧B. It follows that

vars(A) = {a, b, c}

With respect to the partial-order program P≤, we furthermore have

T∗(A) =
{
(rT , 1, 2), (rT , 2, 1)

}
Monotonicity is an essential tool to prove the validity of the confluence

criteria for ωτ. Monotonicity proves
the validity of the
confluence checking
methods.

Lemma 5.2.3 (Monotonicity of ωτ) Let P be a CHR program and let
S = 〈A; T; V〉, S ′ = 〈A′; T∪ {τ}; V〉 be ωτ states such that S 7→r S ′

for some CHR rule r and where τ = (r, I) is the history token introduced
by the transition from S to S ′ by application of r.

Then for any annotated goal Ã, token store T̃ and set of variables Ṽ,
we have

〈A∧ Ã; T \ T̃; V \ Ṽ〉 7→r 〈A
′ ∧ Ã; (T \ T̃) ∪ {τ}; V \ Ṽ〉

Proof 5.2.4 (Sketch) By application of Definition 4.3.7.

We adapt the notions of critical peak to ωτ.
critical peaks in ωτ

Definition 5.2.5 (Critical Ancestor State, Critical Peak) Let P be a
CHR program. Let H1, H2, H′1, H′2 be annotated user-defined constraints
such that

r @ chr(H1) \ chr(H2) ⇔ G | chr(B)
r′ @ chr(H′1) \ chr(H′2) ⇔ G′ | chr(B′)

are rules r, r′ ∈ P whose variables have been renamed apart. Let fur-
thermore H, H̃, H′, H̃′ be annotated user-defined constraints such that
H ∧ H̃ ≡g H1 ∧ H2 and H′ ∧ H̃′ ≡g H′1 ∧ H′2.

Then S 0 = 〈H̃ ∧ H̃′ ∧ H ∧G ∧G′ ∧ (H �H′); T); V〉 is a critical
ancstor state where V = Vall(H ∧ H̃ ∧H′ ∧ H̃′) and T = T∗(H ∧ H̃ ∧
H′ ∧ H̃′) \ {τ, τ′} with τ = (r, id(H1 ∧ H2), τ′ = (r′, id(H′1 ∧ H′2).

If H = > or CT 6|= G ∧G′ ∧ (H�H′), we call S 0 a trivial critical
ancestor state.

If S 0 is a non-trivial critical ancestor state, the pair of transitions
S ←[r S 0 7→r′ S ′ is called critical peak. If S 0 is not important, we denote
the critical peak as a composition of transitions: S ←[r ◦ 7→r′ S ′.
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The following example shall illustrate our definition of critical peaks
for ωτ.

Example 5.2.6 We consider the rules rS , rT from the partial-order pro-
gram from Example 3.1.8. The variables are named apart.example for critical

peaks
rS @ x ≤ y∧ y ≤ x ⇔ x�y
rT @ x′ ≤ y′ ∧ y′ ≤ z′ ⇒ x′ ≤ z′

general
considerations By Definition 5.2.5, H1, H2, H′1, H′2 have the following general form,

where i1, i2, i3, i4 represent constraint identifiers.

H1, H′2 = >

H2 = x ≤ y#i1 ∧ y ≤ x#i2
H′1 = x′ ≤ y′#i3 ∧ y′ ≤ z′#i4

We now let i1 = i3 = 1 and i2 = i4 = 2, resulting in the following
definitions.

H̃, H̃′ = >

H = x ≤ y#1∧ y ≤ x#2
H′ = x′ ≤ y′#1∧ y′ ≤ z′#2

We obtain the critical ancestor state

S 0 = 〈x ≤ y#1, y ≤ x#2; x�x′ ∧ y�y′ ∧ x = z′; {(rT , 2, 1)}; ∗〉
= 〈x ≤ y#1, y ≤ x#2; {(rT , 2, 1)}; ∗〉

This entails the following critical peakfirst critical peak

S 0=

rS
~~

�

rT
  

S 1 S 2

where

S 1 = 〈x�y; {(rT , 2, 1)}; ∗〉
S 2 = 〈x ≤ y#1, y ≤ x#2, x ≤ x#3; {(rT , 2, 1), (rT , 1, 2)}; ∗〉

However, choosing constraint identifiers i1 = i3 = 1, and i2 = 2, and
i4 = 3 we obtain

H̃ = y ≤ x#2
H = x ≤ y#1
H̃′ = y′ ≤ z′#3
H′ = x′ ≤ y′#1

This entails the following critical peak.second critical peak

S ′0?

rS
��

�

rT
��

S ′1 S ′2

where
S ′0 = 〈x ≤ y#1∧ y ≤ x#2∧ y ≤ z′#3; {(rT , 1, 2), rT , 2, 1)}; ∗〉
S ′1 = 〈x�y∧ y ≤ z′#3; ∅; ∗〉
S ′2 = 〈x ≤ y#1∧ y ≤ x#2∧ y ≤ z′#3∧ x ≤ z′#4; {(rT , 2, 1), (rT , 1, 2), (rT , 1, 3)}; ∗〉

64



Now that we established a notion of critical pair for ωτ, we can apply
the usual methods for proving confluence.

established
confluence criteria
in ωτ

Theorem 5.2.7 (Confluence Criteria For ωτ) All the established
methods for proving confluence are valid for ωτ.

1. Local Confluence If for every non-trivial critical peak S ←[r
◦ 7→r′ S ′, there exists a state T such S 7→∗ T ←[∗ S ′ and P is
terminating, then P is confluent.

2. Strong Confluence If for every non-trivial critical peak S ←[r
◦ 7→r′ S ′, there exist states T , T ′ such S 7→≡ T ← [∗ S ′ and
S 7→∗ T ′ ←[≡ S ′, then P is confluent.

3. Diagrammatic Confluence Let P be a CHR program and let · 2 ·
be a partial order over the rules of P. If for every non-trivial
critical peak S ←[r ◦ 7→r′ S ′ is diagrammatically decreasing, then
P is confluent.

Proof 5.2.8 (Sketch) All three methods are based on research in the
field of term rewriting systems. Those underlying methods are based on
the so-called joinability of local peaks, where a local peak is any pair of
transitions S ′ ←[ S 7→ S ′′. By Lemma 5.2.3, we can show that every local
peak is represented by a critical peak as given in Definition 5.2.5. Then
confluence can be proved using Theorem 5.2.7. Note that Theorem 5.1.4,
Theorem 5.1.6, and Theorem 5.1.10 – the respective theorems for ωe –
have been proved analogously in their respective publications.

The following example illustrates the application of the established
methods for deciding confluence to programs under ωτ.

example for
confluence in ωτExample 5.2.9 (Confluence In ωτ) Again, we consider the critical

peaks from Example 5.2.6.

S 0?

rS
��

�

rT
��

S ′0?

rS
��

�

rT
��

S 1 S 2 S ′1 S ′2

Since P is not terminating under ωτ (cf. Example 4.3.17), we cannot
apply the local confluence criterion.

Analogously to Example 5.1.7, we can show that there exists no T to
satisfy S 2 7→

≡ T ←[∗ S 1. (Nor can S ′2 7→
≡ T ′ ← [∗ S ′1 be satisfied.) Hence,

we cannot prove the precondition for the strong confluence criterion.
With respect to the diagrammatic confluence criterion, we have

S 1 ←[rR ◦ ←[rS S 2

We let T = S 1 and get

S 1 ≡ T ←[∗
≺(rT )

S 2
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This proves diagrammatical decreasingness.
With respect to the second critical peak, we similarly have

S ′1 ←[rI ◦ ←[rS S ′2

And therefore:

S ′1 ≡ T ← [∗
≺(rT )

S ′2

Hence, both peaks are diagrammatically decreasing. By testing local
decreasingness for all critical peaks, we positively prove confluence.

5.3 answer stability

The methods discussed in Section 5.1 and Section 5.2 allow us to assertWe investigate the
relationship between

ωe and ωτ.
well-behavedness of a CHR program under ωe or ωτ, respectively. They
do not per se yield information about the relationship between the behav-
ior of a program under ωe and its behavior under ωτ. In this section, we
formalize and discuss the relationship between program behavior under
ωe and ωτ.

5.3.1 Justification and Impact of the Token-Store Strategy

Operationally, it is clear that the analytical interpretation of CHR as ex-
emplified by ωva and ωe – with its trivial non-termination on propagation
rules – is not adequate for an actual implementation of CHR. Hence,
any concrete implementation needs some strategy to avoid this trivial
non-termination.

Several aspects speak in favor of the token-store strategy: Firstly,
having been the de facto standard for CHR implementations for many
years, it has stood the test of time. Secondly, where no propagation rules
are involved, it coincides with the analytic interpretation of CHR. Thirdly,
it has a thorough declarative foundation.

In the following, we will consider this declarative foundation. We
consider the trivial example program Pp.

Pp =
{
rp@a⇒ b

}
Under ωe, this program is trivially non-terminating.

〈a;>; ∅〉
7→Pp 〈a∧ b;>; ∅〉
7→Pp 〈a∧ b∧ b;>; ∅〉
7→Pp 〈a∧ b∧ b∧ b;>; ∅〉
7→Pp . . .

We observe that repeated application of the propagation rule r results
in no significant impact on the declarative reading of the program state.

〈a;>; ∅〉† = a
〈a∧ b;>; ∅〉† = a∧ b

〈a∧ b∧ b;>; ∅〉† = a∧ b∧ b ≡ a∧ b
〈a∧ b∧ b∧ b;>; ∅〉† = a∧ b∧ b∧ b ≡ a∧ b
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This observation easily generalizes to propagation rules in general. It
follows that every but the first application of one propagation rule to the
same set of head constraints is declaratively redundant. This observation Repeated application

of propagation rules
is logically
redundant.

speaks strongly in favor of the token-store approach. It also gives rise to
the intuition that for a large segment of CHR programs, the token-store
approach should not influence the operational semantics in an unexpected
manner. In the following paragraphs, we will test this intuition.

We will compare the answer sets under ωe and ωτ for some deliber-
ately chosen example programs. Firstly, we show that programs without
propagation rules are well-behaved with respect to ωτ.

Example 5.3.1 We consider the trivial example program Ps.

Ps = {rs@a⇔ b}

As Ps contains no propagation rules, the abstract and token-store inter-
pretations coincide. The answer sets under ωe and ωτ are indeed the
same: For every state S , we have

APs(S ) = A
τ
Ps
(S )

Secondly, we will give an example for well-behavedness of a propaga-
tion program with respect to ωτ.

Example 5.3.2 We revisit the trivial example program Pp.

Pp =
{
rp@a⇒ b

}
The situation is slightly different from Ps in that the program is in general
non-terminating under ωe and therefore has no answer for initial states
containing a. Formally:APp(〈a;>; ∅〉) = ∅. Conforming to the purpose
of the token-store approach, the program is terminating under ωτ and
therefore does have an answer: Aτ

Pp
(〈a;>; ∅〉) = {〈a ∧ b;>; ∅〉}. In

general, we have

APp(S ) ⊆ A
τ
Pp
(S )

While we observe a discrepancy between the answer sets of Pp under
ωe and ωτ, it is obviously a direct consequence of trivial non-termination
being avoided. We will therefore consider this also desirable behavior.

Finally, we show that there are also programs where the application of
ωτ has undesirable (in the sense of: unexpected) effects on the answer
set.

Example 5.3.3 Consider the following program.

P =



r1 @ a ⇒ b
r2 @ b, b \ a ⇔ c
r3 @ c \ a ⇔ >

r4 @ c \ b ⇔ >

r5 @ c \ c ⇔ >
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Assuming the rule ordering r5 ≺ r4 ≺ r3 ≺ r2 ≺ r1, we can prove
confluence by the diagrammatic confluence method for both semantics.

Under ωe, the initial state 〈a;>; ∅〉 will yield the answer 〈c;>; ∅〉.
Under ωτ, the corresponding initial state 〈a#i;>; ∅, V〉, however, will
produce the answer 〈a#i, b# j;>; (r1, i); ∅〉.

We observe that in the last example program, there is no obvious
relationship between the answer set under ωe and ωτ. The fact that
programs with such behavior can be constructed makes it necessary
to investigate the relationship between answer sets under ωe and ωτ
more closely. In the following sections we will formalize our notion of
program well-behavedness with respect to different semantics and give a
criterion to prove such well-behavedness.

5.3.2 Answer Stability

In this section we formalize our notion of program well-behavedness
with respect to ωτ execution – a property we will henceforth call answer
stability – and discuss some of its properties. The following definition is
motivated by Example 5.3.1 and Example 5.3.2.

answer stability
Definition 5.3.4 (Answer Stability) 1. A program P is called

answer-stable, if for every initial state S , we have

AP(S ) = Aτ
P(S )

2. Let S be a set of states. A program P is called weakly answer-
stable in S, if for every initial state S , we have

AP(S ) ⊆ Aτ
P(S )

3. A program P is called partially answer-stable in S, if for every
initial state S ∈ S, we have

AP(S ) = Aτ
P(S )

The following property follows directly from Definition 5.3.4. It states
that weak and strong answer stability – while defined on answers –
necessarily extends to data-sufficient answers as well.

Answer stability
naturally extends to

data-sufficient
answers.

Property 5.3.5 (Answer Stability And Data-Sufficient Answers) 1.
Let program P be answer-stable. Then for every initial state S ,
we have

SP(S ) = SτP(S )

2. Let program P be weakly answer-stable. Then for every initial
state S , we have

SP(S ) ⊆ SτP(S )
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3. Let P be partially answer-stable in a set of states S. Then for
every initial state S ∈ S, we have

SP(S ) = SτP(S )
relationship
between
data-sufficient
answers under
answer stability

Proof 5.3.6 (1) Let S be the set of ωe states of the form S = 〈>; B; V〉.
By Definition 4.1.17 we have that SP(S ) = AP(S ) ∩ S. By Def-
inition 4.3.10, we furthermore have Sτ

P
(S ) = Aτ

P
(S ) ∩ S. From

AP(S ) ⊆ Aτ
P
(S ) then follows SP(S ) ⊆ SτP(S ). (2) and (3) are proved

analogously. �

Inspired by the term normalization in the field of abstract rewriting
systems, we define the normalizing class of a program as the set of initial
states for which every computation will eventually lead to an answer.

Definition 5.3.7 (Normalizing Class) For any CHR program P, its nor-
malizing class – denoted as N(P) – is defined as

N(P) ::=
{
S | ∀T ∈ CP(S ).AP(T ) , ∅

}
For a confluent program P, the normalizing class coincides with the

class of states that have an answer.

Lemma 5.3.8 (Confluence and the Normalizing Class) For a pro-
gram P such that P is confluent under ωe, we have

N(P) =
{
S | AP(S ) , ∅

}

Proof 5.3.9 We assume that P is a confluent program and S is a state
such that AP(S ) , ∅. From Property 5.1.1 follows that there exists
a state T ′ such that AP(S ) = {T ′} and therefore S 7→∗ T ′ 67→. By
confluence of P, it then follows that for every T such that S 7→ T, we
have T 7→ T ′. Therefore S ∈ N(P). �

While a close investigation of the normalizing class is beyond the
scope of this thesis, we will exemplify that a non-trivial normalizing
class does exist.

Example 5.3.10 (Normalizing Class) We consider the partial-order
program P≤ from Example 3.1.8. We know from Example 4.1.19 that
AP(S 0) = {[〈>; a�b ∧ a�c; {a, b, c}〉]} for S 0 = 〈a ≤ b ∧ b ≤ c ∧ c ≤
a;>; V〉. As P≤ is confluent under ωe (cf. Example 5.1.11), it follows
by Lemma 5.3.8 that S 0 is in the normalizing class of the partial-order
program.

Let us now consider the initial state S ′0 = 〈a ≤ b∧ b ≤ c;>; {a, b, c}〉.
The only rule applicable to both S ′0 and all its successor states is rT .
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Hence, we get an infinite derivation as the only possible derivation from
S ′0.

〈a ≤ b∧ b ≤ c;>; {a, b, c}〉
7→rT 〈a ≤ b∧ b ≤ c∧ a ≤ c;>; {a, b, c}〉
7→rT 〈a ≤ b∧ b ≤ c∧ a ≤ c∧ a ≤ c;>; {a, b, c}〉
7→rT 〈a ≤ b∧ b ≤ c∧ a ≤ c∧ a ≤ c∧ a ≤ c;>; {a, b, c}〉
7→rT . . .

Therefore, S ′0 is not in the normalizing class of P≤.

The normalizing class of a confluent program is especially useful in
that it makes the weak and strong answer-stability properties coincide.

Theorem 5.3.11 A weakly answer-stable program P which is confluent
under both ωe and ωτ is partially strongly answer-stable in its normaliz-
ing class.

Proof 5.3.12 By ωe confluence of P we have that AP(S ) has a cardi-
nality of 1 for every S ∈ N(P). By ωτ confluence of P we have that
Aτ

P
(S ) has a cardinality of 0 or 1. By weak answer stability of P we

have thatAP(S ) ⊆ Aτ
P
(S ). It follows thatAP(S ) = Aτ

P
(S ).

5.3.3 Proving Answer Stability

In this section, we present one criterion to prove answer stability and a
variation of the criterion to reject answer stability. Before we focus on
the criterion, we define some shorthand notation.

notation for the
replication of

identified
constraints

Definition 5.3.13 (Replication of Identified Constraints) Let A be
an annotated goal, x̄ be a sequence of variables and n be a natural
number such that n ≥ 2. We define

A[x̄/] ::= A[x̄/ȳ]
A[id/] ::= A[id(A)/I]
A ↑1

x̄ ::= A

A ↑n
x̄ ::= A ↑n−1

x̄ ∧A[x̄/][id/]

where ȳ is an arbitrary sequence of fresh variables of the same length as
x̄ and I is a sequence of fresh constraint identifiers of the same length as
id(A).

The following example illustrates our definition.
example for

replication of
identified

constraints

Example 5.3.14 (Replication of Identified Constraints) Let c/2 be a
binary constraint symbol, let x, x′, x′′, y, y′ be variables, and let 1, 2, 3
constraint identifiers. Then

c(x, y)#1[x, y/][id/] = c(x′, y′)#2
c(x, y)#1 ↑3

x = c(x, y)#1∧ c(x′, y)#2∧ c(x′′, y)#3

provided that neither the variables x′, x′′, y nor the constraint identi-
fiers 2, 3 are in use in the context.
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The following theorem states a sufficient criterion for proving answer
stability of confluent programs. criterion for answer

stability
Theorem 5.3.15 (Criterion for Answer Stability) Let P be a CHR
program that is confluent under both ωe and ωτ. If for every propa-
gation rule (r@ chr(H) ⇒ G | chr(B)) ∈ P with local variables ȳ,
there exists an ωτ state T such that

〈H ∧G ∧ B; ∗; ∗〉 7→∗ T
〈H ∧G ∧ B ↑2

ȳ ; ∗; ∗〉 7→∗ T

under ωτ, then P is answer-stable.

As the proof for this theorem is rather bulky, we discuss it in Ap-
pendix A.2. The following example illustrates its application.

Example 5.3.16 (Partial Order Program) We reconsider the partial-
order program P≤ from Example 3.1.8.

P≤ =


rI @ x ≤ y \ x ≤ y ⇔ >

rR @ x ≤ x ⇔ >

rS @ x ≤ y∧ y ≤ x ⇔ x�y
rT @ x ≤ y∧ y ≤ z ⇒ x ≤ z


There is only one propagation rule to consider. answer stability of

the partial order
programrT @x ≤ y∧ y ≤ z⇒ x ≤ z

In order to decide answer stability, we consider the following states.

S = 〈x ≤ y#1∧ y ≤ z#2∧ x ≤ z#3; T; V〉

S ′ = 〈x ≤ y#1∧ y ≤ z#2∧ x ≤ z#3∧ x ≤ z#4; T; V〉

Where T = {(rT , 1, 2)} and V = {x, y, z}. We observe that we have

S ≡τ S
S ′ 7→rI S

Hence, we define T = S and get

S 7→∗ T ←[∗ S ′

By Theorem 5.3.15, this proves answer stability of P≤. Definition 5.3.4
and Property 5.3.5 then entail that in terms of answers and data-sufficient
answers, both of the following hold.

AP(S ) ⊆ Aτ
P
(S )

SP(S ) ⊆ Sτ
P
(S )

As we have shown that P≤ is confluent under both ωe and ωτ,
Lemma 5.3.8 and Theorem 5.3.11 entail the following.

∀S .(AP(S ) , ∅ ⇒ AP(S ) = Aτ
P(S ))

That is, for any ωe state S such that P≤ yields an answer to S under ωe,
the corresponding ωτ state S τ yields the same answer under ωτ.
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We emphasize that the criterion we established in Theorem 5.3.15 is
sufficient but not necessary. Hence, we cannot apply it to refute answer
stability. Next, we present a sufficient criterion to refute answer stability.

Theorem 5.3.17 (Refuting Answer Stability) Let P be a CHR pro-
gram that is confluent under both ωe and ωτ. Let (r@ chr(H) ⇒ G |
chr(B)) ∈ P be a propagation rule in P with local variables ȳ. We
furthermore assume that 〈chr(H); G; vars(G, H)〉 is in the normalizing
class of P. If there does not exist an ωτ state T such that

〈H ∧G ∧ B; ∗; ∗〉 7→∗ T
〈H ∧G ∧ B ↑2

ȳ ; ∗; ∗〉 7→∗ T

under ωτ, then P is not answer-stable.

The proof of of Theorem 5.3.17 can be found in Appendix A.2. The
following example demonstrates its application.

negative example
for answer stability Example 5.3.18 (Refuting Answer Stability) We revisit the program

P from Example 5.3.3.

P =



r1 @ a ⇒ b
r2 @ b, b \ a ⇔ c
r3 @ c \ a ⇔ >

r4 @ c \ b ⇔ >

r5 @ c \ c ⇔ >


There is only one propagation rule for us to consider.

r1 @ a ⇒ b

In order to decide answer stability, we let

S = 〈a#1∧ b#2; {(r1, 1)}; ∅〉
S ′ = 〈a#1∧ b#2∧ b#3; {(r1, 1)}; ∅〉

We observe that both S and S ′ are final states and S 6≡τ S ′. Therefore
the hypothesis of Theorem 5.3.15 is not satisfied.

Furthermore, we observe that 〈a;>; ∅〉 7→∗ 〈>;>; ∅〉. Hence, 〈a;>; ∅〉
is in the normalizing class of P. We have by Theorem 5.3.17 that P is
not answer stable. (As we have already shown in Example 5.3.3.)
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6
A L I N E A R - L O G I C S E M A N T I C S F O R
C O N S T R A I N T H A N D L I N G RU L E S W I T H
D I S J U N C T I O N

73



In this chapter, we develop the linear-logic semantics for Constraint
Handling Rules. We firstly recall the foundation of CHR on classical
logic in Section 6.1. We discuss the classical declarative semantics in
details in Section 6.2, focusing on its assets and drawbacks. Then we
motivate and present a linear-logic semantics based on proper axioms
in Section 6.3. (We will henceforth call this the axiomatic linear-logic
semantics for CHR.) Its soundness with respect to the operational seman-
tics is shown in Section 6.4. We continue by introducing the notion of
state entailment and using it to formulate and prove the completeness of
our semantics in Section 6.5. We show an alternative linear-logic seman-
tics that encodes programs and constraint theories into linear logic in
Section 6.6. We conclude the chapter with a discussion of our semantics
in Section 6.7.

The results presented in this chapter have been published in the current
form in [11]. They build on earlier results which have previously been
published in [8, 10, 9].

6.1 chr syntax and classical logic

CHR syntax is
motivated by

classical logic.
As we argued in Section 3.2.5, CHR is founded on a classical declarative
semantics (cf. Definition 3.2.12), which is reflected in its very syntax.
We recall that for any CHR rule R = r @ H1 \ H2 ⇔ G | B, its logical
reading is defined as

R† ::= ∀ (G → (H1 → (H2 ↔ ∃ȳr.B)))

Consider the following rule from Example 3.1.8.

rS @x ≤ y∧ y ≤ x⇔ x�y

The rule represents the anti-symmetry property of the partial orderSimplification
models logical

equivalence.
relation. In the declarative reading, it translates to the biconditional
connective↔.

∀x, y.(x ≤ y∧ y ≤ x↔ x�y)

The biconditional relationship between x ≤ y∧ y ≤ x and x�y motivatesPropagation models
logical implication. the⇔ notation. Similarly, the single arrow notation⇒ in propagation

rules is motivated by its relationship to logical implication. This is exem-
plified by the transitivity rule.

rT @x ≤ y∧ y ≤ z⇒ x ≤ z

This rule represents the transitivity property of the partial order relation.
Its declarative reading uses the conditionality connective.

∀x, y, z.(x ≤ y∧ y ≤ z→ x ≤ y)

In the following section, we discuss the assets and limitations of the
classical declarative semantics.
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6.2 analysis of the classical declarative semantics

The declarative semantics of CHR must be distinguished from the declar-
ative semantics of LP languages in the narrower sense. That is, declar-
ative languages applying backward reasoning on Horn clauses. Unlike
these, CHR is not founded on the notion of execution as proof search.
Declaratively, execution of a CHR program means stepwise transforma- distinction between

CHR∨ and LPtion of the information contained in the state under logical equivalence
as defined by the program’s logical reading P† and the constraint theory
CT . Founding CHR on such a declarative semantics is an obvious choice
for several reasons.

Firstly, the notion of execution as proof search naturally implies a
notion of search and therefore don’t-know non-determinism. This stands
in contrast to the committed-choice execution of CHR. Furthermore, the one-sided matching

vs. unificationforward-reasoning approach faithfully captures the one-sided variable
matching between rule heads and constraints in CHR, as opposed to
unification. For example, a CHR state 〈p(x);>; ∅〉 (where x is a variable)
does not match with the rule head (p(a)⇔ . . .) (where a is a constant)
just as we cannot apply modus ponens on a fact ∃x.p(x) and an implica-
tion (p(a)→ . . .). In contrast, an LP goal p(x) would be unified with a
rule head (p(a) ← . . .), accounting for the fact that application of the
rule might lead to a proof of an instance of p(x).

assets of the declarative semantics Let us have another look
at the program discussed in Example 4.1.19.

Pleq =


rI @ x ≤ y \ x ≤ y ⇔ >

rR @ x ≤ x ⇔ >

rS @ x ≤ y∧ y ≤ x ⇔ x�y
rT @ x ≤ y∧ y ≤ z ⇒ x ≤ z


We claimed earlier that the rules of the program implement the logical

properties of the partial-order relation. We shall now substantiate this
claim. Its declarative reading is as follows.

P
†

leq =


∀x, y. ( x ≤ y∧ x ≤ y ↔ x ≤ y )

∀x. ( x ≤ x ↔ > )

∀x, y. ( x ≤ y∧ y ≤ x ↔ x�y )

∀x, y, z. ( x ≤ y∧ y ≤ z → x ≤ y )


The translations of rR, rR and rT logically express the properties of a
partial-order relation. The translation of rI is a logical tautology and thus
redundant to the logical reading. By Theorem 3.2.15 follows that P≤ The declarative

semantics faithfully
captures the
operationalization of
logical theories.

correctly implements the partial-order relation. That is, every state in a
computation controlled by P≤ is logically equivalent to the initial state.

Consider furthermore the program Pbirds from Example 3.3.3.

P
†

birds =

{
bird ⇔ albatross∨ penguin
penguin∧ flies ⇔ ⊥

}
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Its classical semantics looks as follows.

P
†

birds =

{
( bird ↔ albatross∨ penguin )

( penguin∧ flies ↔ ⊥ )

}
We observe that the logical reading nicely captures the theory imple-
mented by Pbirds, including the meaning of disjunction.The declarative

semantics faithfully
captures abduction.

limitations There are, however, several limitations to the classical
declarative semantics of CHR.

directionality One limitation lies in the fact that the classical declar-
ative semantics does not capture the inherent directionality of CHR rules.
Rather, all states within a computation are considered logically equiva-
lent. Consider for example the minimal CHR program Pab.The declarative

semantics is not
directional. Pab = {a⇔ b}

This program computes a state 〈b;>; ∅〉 from 〈a;>; ∅〉 but not vice versa.
This is not captured in its logical reading (a↔ b) which, for example,
implies (b → a). The classical declarative semantics hence cannot
be used to show that the state 〈a;>; ∅〉 is not computable from state
〈b;>; ∅〉.

Declarative
semantics may
translate useful

programs to logical
tautologies.

candidate elimination Any program that stepwisely approximates
a result by eliminating candidates eludes the classical semantics. Con-
sider the following program.

Pmin =
{

rM @ min(x) \ min(y) ⇔ x ≤ y | >
}

On a fixed-point execution, the program correctly computes the minimum
of all arguments of min constraints found in the store at the beginning of
the computation. ITs logical reading is as follows.

P
†

min =
{
∀x, y.x ≤ y→ min(x)→ (min(y)↔ >)

}
We observe that the logical reading confuses elimination with validity,
falsely assuming that an element is eliminated because it is valid rather
than because it is invalid. Consequently, P

†

min directly contradicts the
definition of a minimum, whereas the program is supposed to imple-
ment this definition. We encounter similar problems for any program
simulating destructive updates.

The declarative
semantics is
oblivious to

non-determinism.

deliberate non-determinism Any program that makes deliberate
use of the inherent non-determinism of CHR has a misleading declarative
semantics as well. Consider the following program, which simulates a
coin throw in an appropriate probabilistic semantics of CHR (cf. [26]).
(Note that coin is a variable, head and tail are constants.)

Pcoin =

{
throw(coin) ⇔ coin�head
throw(coin) ⇔ coin�tail

}

76



The logical reading of this program implies ∀coin.(coin�head ↔ coin�
tail). From this follows head�tail and – since head and tail are distinct
constants – falsity ⊥. The program’s logical reading is thus inconsistent,
trivially implying anything.

P
†

coin |= ∀x.pig(x)→ flies(x)

multiplicities While CHR faithfully keeps track of the multiplici-
ties of constraints, this aspect eludes the classical semantics. Consider
the idempotence rule from Example 4.1.19, which removes multiple
occurrences of the same constraint.

rI @ leq(x, y) ∧ leq(x, y) ⇔ leq(x, y)

The logical reading of this rule is a tautology, falsely suggesting that the The declarative
semantics is
oblivious to
multiplicities.

rule is redundant.

r†I = ∀x, y.( leq(x, y) ∧ leq(x, y) ↔ leq(x, y))

In conclusion, the classical declarative semantics is a powerful tool to
prove the soundness and a certain notion of completeness of a program
that directly implements a logical theory. This holds for both pure CHR
and CHR∨. However, it is not adequate to capture directionality or up-
dates. It cannot express the logic behind programs that make deliberate
use of non-determinism or rely on the multiplicities of constraints. By
lack of a strong completeness property, it is not suitable to prove safety
conditions, that is: to show that a certain intermediate or final state cannot
be derived from a certain initial state.

6.3 the axiomatic linear-logic semantics for chr

similarities between
linear logic and
CHR∨

Our linear-logic semantics is based on two observations: Firstly, the
difference in behavior between built-in and user-defined constraints in
CHR resembles the difference between linear and banged atoms in linear
logic. Secondly, the application of simplification rules on user-defined
constraints resembles the application of modus ponens in linear logic.
Building on the first observation, we define an adequate representation
of CHR constraints in linear logic. Translation to linear logic will be
denoted as (·)L. The translation is summed up in Figure 6.1. mapping of atomic

constraintsAtomic user-defined and built-in constraints are mapped to atoms
and banged atoms, respectively. Classical conjunction is mapped to
multiplicative conjunction for both built-in and user-defined constraints.
This mapping is motivated by the fact that multiplicative conjunction is
aware of multiplicities and has no notion of weakening, thus capturing
the multiset semantics of user-defined constraints. It is also adequate for Multiplicative

conjunction captures
multiset semantics.

built-in constraints as the bangs attached to the atomic built-in constraints
restores the set semantics. We observe the mapping of built-in constraints
is equal to the translation quoted in Definition 2.2.1.
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Atomic built-in constraints: cb(t̄)L ::= !cb(t̄)
Atomic user-defined constraints: cu(t̄)L ::= cu(t̄)
Falsity: ⊥L ::= 0
Empty constraint/goal: >L ::= 1
Constraints/goals: (G1 ∧G2)L ::=GL

1 ⊗GL
2

Disjunction within goals: (G1 ∨G2)L ::=GL
1 ⊕GL

2
States: 〈G; V〉L ::= ∃−V.GL

Configurations: (S̄ ∨ T̄ )L ::= S̄ L ⊕ T̄ L

Empty configuration: (ε)L ::= 0

Figure 6.1: Translation of goals, states, configurations

We also follow Definition 2.2.1 by mapping the empty goal > to 1 and
falsity ⊥ to 0. It is an obvious choice to map the split connective ∨ to
multiplicative disjunction ⊕, as absurdity 0 is neutral with respect to ⊕
just as failed states are neutral to configurations. The translation of states
is analogous to the classical case, and the translation of configurations
follows from the mapping of ∨ to ⊕.

proper axioms The constraint theory CT , the explicit equality theory
ET and programs are translated to proper axioms. Firstly, we define a
set of proper axioms encoding the constraint theory as well as modelling
the interaction between equality�and user-defined constraints.

Definition 6.3.1 (ΣCT ) For built-in constraints B, B′ and sets of vari-mapping of CT�
ables x̄, x̄′ such that CT |= ∃x̄.B → ∃x̄′.B′, the following is a proper
axiom.

∃x̄.BL `ΣCT ∃x̄′.B′L

We denote the set of all such axioms as ΣCT .

Definition 6.3.2 (Σ�) For goals G, G′ and sets of variables x̄, x̄′ such
that ET |= ∃x̄.G→ ∃x̄′.G′, the following is a proper axiom.

∃x̄.GL `Σ� ∃x̄′.G′L

is a proper axiom. We denote the set of all such axioms as Σ�.
mapping of

programs Definition 6.3.3 (ΣP) If r @ H1 \ H2 ⇔ G | Bb ∧ Bu is a variant of a
rule with local variables ȳr, the sequent

HL
1 ⊗ HL

2 ⊗ GL `ΣP
HL

1 ⊗ ∃ȳr.(BL
b ⊗ BL

u ⊗ GL)

is a proper axiom. For a program P, we denote the set of all axioms
derived from its rules as ΣP.

The existential quantification of the local variables ȳr corresponds
to the fact that these variables are by definition disjoint fromExistential

quantification models
introduction of fresh

variables.

vars(H1, H2, U, B, V), assuring that fresh variables are introduced for
the local variables of the rule. Figure 6.2 sums up the three sets of proper
axioms, represented as inference rules.
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CT |= ∃x̄.B→ ∃x̄′.B′

∃x̄.BL `ΣCT ∃x̄′.B′L
(ΣCT )

ET |= ∃x̄.G→ ∃x̄′.G′

∃x̄.GL `Σ� ∃x̄′.G′L
(Σ�)

(r @ H1 \ H2 ⇔ G | B) [x/y] ∈ P

HL
1 ⊗ HL

2 ⊗ GL `ΣP
HL

1 ⊗ ∃ȳr.(BL ⊗ GL)
(ΣP)

Figure 6.2: The axiomatic linear-logic semantics for CHR∨

6.4 soundness of the axiomatic semantics

In this section, we establish the soundness of the axiomatic linear-logic
semantics for CHR with respect to the operational semantics. The fol-
lowing lemma states that equivalence of states or configurations always
implies logical equivalence. The proof can be found in Appendix A.3.

Lemma 6.4.1 (≡⇒a`Σ) 1. Let CT be a constraint theory and Σ =

ΣCT ∪ Σ�. For arbitrary CHR states S , T, we have

S ≡ T ⇒ S L a`Σ T L

Configuration
equivalence implies
linear-logic
equivalence.

2. For arbitrary configurations S̄ , T̄ , we have

S̄ ≡∨ T̄ ⇒ S̄ L a`Σ T̄ L

Theorem 6.4.2 states the soundness of our semantics. The proof can
be found in Appendix A.3. Derivations imply

logical judgement.

Theorem 6.4.2 (Soundness) For any CHR∨ program P, constraint the-
ory CT and configurations Ū, V̄,

[Ū] 7→∗ [V̄ ] ⇒ ŪL `Σ V̄L

where Σ = ΣP ∪ ΣCT ∪ Σ�.

To illustrate Theorem 6.4.2, we give an example of a CHR∨ derivation
and show that it corresponds to a valid linear-logic judgement.

Example 6.4.3 Let P be the partial-order constraint solver from Exam-
ple 4.1.19 and let CT be a minimal constraint theory. We observe that
under P, we have

[〈3 ≤ a∧ a�3; ∅〉] 7→∗ [〈>; ∅〉]

This corresponds to the judgement 〈3 ≤ a; a�3; ∅〉L `Σ 〈>;>; ∅〉L or
∃a.(3 ≤ a ⊗ !a = 3) `Σ 1, respectively, where Σ = ΣCT ∪ Σ� ∪ ΣP.
Figure 6.3 shows a proof tree for this sequent.

The sequent 1 ⊗ !x�3 ` 1 is a tautology and as such could be derived
without proper axioms, but it is also trivially included in ΣCT .
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3 ≤ x ⊗ !x�3 `Σ x ≤ x ⊗ !x�3
(Σ�)

x ≤ x `Σ 1
(ΣP) !x ≤ 3 `Σ !x�3

(Identity)

x ≤ x, !x�3 `Σ 1 ⊗ !x�3
(R⊗)

x ≤ x ⊗ !x�3 `Σ 1 ⊗ !x�3
(L⊗)

3 ≤ x ⊗ !x�3 `Σ 1 ⊗ !x�3
(Cut)

1 ⊗ !x�3 `Σ 1
(ΣCT )

3 ≤ x ⊗ !x�3 `Σ 1
(Cut)

∃a.(3 ≤ a ⊗ !a�3) `Σ 1
(L∃)

Figure 6.3: A proof tree for the sequent ∃a.(3 ≤ a ⊗ !a�3) `Σ 1

While the soundness result for our semantics is straightforward, defin-
ing completeness is not quite as simple. Consider the following example.

Example 6.4.4 In the proof tree given in Example 6.4.3 we use the
following proper axiom from ΣCT .

1 ⊗ !x�3 ` 1

This implies

〈x�3; {x}〉L `Σ 〈>; ∅〉L

We observe, however, that 〈x�3; {x}〉 7→∗ 〈>; ∅〉 is untrue.
Completeness does

not follow. In the following section, we develop the notion of state entailment and
apply this notion to specify a completeness result.

6.5 completeness of the axiomatic semantics

In this section, we define the notion of entailment and apply it to formu-
late our theorem of completeness. We introduce it first for flat states and
then extend it to configurations. We present it alongside various proper-
ties which follow from it. These will be used in upcoming sections.

Definition 6.5.1 (Entailment of Flat States) Entailment between flat
states, written as · B ·, is the smallest partial-order relation over equiva-Entailment is an

anti-symmetric
relation with a

logical foundation.

lence classes of flat states that satisfies the following conditions.

1. (Weakening of the Built-In Store) Let 〈U; B; V〉, 〈U; B′; V〉 be
ωe states with local variables s̄, s̄′ such that CT� |= ∀(∃s̄.B →
∃s̄′.B′). Then we have

[〈U; B; V〉] B [〈U; B′; V〉]

2. (Omission of Global Variables)

[〈U; B; {x} ∪V〉] B [〈U; B; V〉]

Analogously to state entailment, we define a notion of configuration
entailment.

80



Definition 6.5.2 (Entailment of Configurations) Entailment of config-
urations, denoted as · I ·, is the smallest reflexive-transitive relation over
equivalence classes of configurations satisfying the following conditions.

1. Weakening: For any state S and configuration T̄ ,

[T̄ ] I [S ∨ T̄ ]

configuration
entailment

2. Redundance of Stronger States: For any CHR∨ states S 1, S 2, T
such that S 1 B S 2,

[S 1 ∨ S 2 ∨ T̄ ] I [S 2 ∨ T̄ ]

The following property follows from the Definition 6.5.1 and Defini-
tion 6.5.2.

Configuration
entailment subsumes
state entailment.

Property 6.5.3 (B⇒I) For CHR∨ states S 1, S 2 such that S 1 B S 2,

[S 1 ∨ T̄ ] I [S 2 ∨ T̄ ]

Proof 6.5.4 [S 1 ∨ T̄ ] I [S 2 ∨ S 1 ∨ T̄ ] = [S 1 ∨ S 2 ∨ T̄ ] I [S 2 ∨ T̄ ] �

Theorem 7.1.15 gives a decidable criterion for state entailment. The cri- a criterion for
entailmentterion requires that the global variables of the entailed state are contained

in the global variables of the entailing state. This is never a problem,
as we may freely choose a representative of the respective equivalence
class that satisfy the condition. Note that the criterion is – intuitively
speaking – a one-sided version of Theorem 4.1.10. The proof can be
found in Appendix A.3.

Theorem 6.5.5 (Criterion for B) Let S , S ′ be CHR stats such that
S = 〈U; B; V〉, S ′ = 〈U′; B′; V′〉. Let the local variables l̄′ of S ′

be renamed apart from the local variables of S and let V′ ⊆ V. Then
we have

[S ] B [S ′] ⇔ CT�|= ∀(B→ ∃l̄′.((U�U′) ∧B′))

Lemma 6.5.6 establishes an important relationship between
configuration entailment and state transition. The proof can be found in Entailment may be

delayed till the end
of a derivation.

Appendix A.3.

Lemma 6.5.6 (Exchange of 7→ and I) Let S̄ , Ū, T̄ be configurations.
If S̄ I Ū and Ū 7→r T̄ then there exists a configuration V̄ such that
S̄ 7→∗ V̄ and V̄ I T̄ .

The completeness of the linear-logic semantics is formulated in
Theorem 6.5.7. The proof can be found in Appendix A.3. Based on entailment,

we formulate
completeness.
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Theorem 6.5.7 (Completeness of the Semantics for CHR∨) Let S̄ , T̄
be configurations, let P be a program and CT be a constraint theory. If
the sequent S̄ L ` T̄ L is provable in a sequent calculus system with proper
axioms Σ = ΣCT ∪ Σ� ∪ ΣP then there exists a configuration Ū such
that S̄ 7→∗ Ū and Ū B T̄ .

The following example illustrates the completeness theorem.

Example 6.5.8 (Completeness) We consider the partial-order program
P≤ given in Example 4.1.19. For Σ = ΣP ∪ ΣCT ∪ Σ�, we have

a ≤ b ⊗ b ≤ c ⊗ c ≤ a `Σ !a�b

which equals

〈a ≤ b∧ b ≤ c∧ c ≤ a;>; {a, b, c}〉L `Σ 〈>; a�b; {a, b}〉L

This corresponds to

〈a ≤ b∧ b ≤ c∧ c ≤ a;>; {a, b, c}〉
7→∗ 〈>; a�b∧ a�c; {a, b, c}〉
B 〈>; a�b; {a, b}〉

Lemma 6.5.9 establishes the relationship between entailment and
logical judgement. The proof can be found in Appendix A.3.Entailment implies

linear-logic
judgement. Lemma 6.5.9 (I⇔`) For configurations S̄ , T̄ , we have [S̄ ] I [T̄ ] if and

only if S̄ L `Σ T̄ L where Σ = ΣCT ∪ Σ�.

The following example illustrates Lemma 6.5.9.

Example 6.5.10 (Entailment) In Example 6.4.4, we showed that the
following judgement, which does not correspond to any transition in
CHR, is provable in our sequent calculus system.

〈x�3; {x}〉L `Σ 〈>; ∅〉L

We observe that the two states are connected by the entailment relation.

〈x�3; {x}〉 B 〈>; ∅〉

In the following section, we will show that state entailment precisely
covers the discrepancy between transitions in a CHR program and judge-
ments in its corresponding sequent calculus system as exemplified in
Example 6.4.4.
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6.6 encoding programs and constraint theories

In the axiomatic linear-logic semantics presented in Section 6.3 to Sec-
tion 6.5, only states are represented in logical judgements. Both programs
and constraint theories disappear into the proper axioms of a sequent
calculus system and hence are not objects of logical reasoning.

In this section, we show how to encode programs and constraint theo-
ries into logical judgements, enabling us to reason directly about them
as well. In Section 7.3, we will use this encoding to decide operational
equivalence of programs. As a further benefit, a complete encoding of
programs and constraint theories guarantees the existence of cut-free
proofs for the respective judgements. This ensures compatibility with We aim to avoid the

use of proper axioms.established methods for automated proof search that rely on this property.
As usual, (·)L stands for translation into linear logic.

encoding of constraint and equality theories The con-
straint theory CT and the equality theory ET are encoded according to
the translation quoted in Definition 2.2.1.

encoding of theories
Definition 6.6.1 (CT L,ET L) For a constraint theory CT and an equality
theory ET their encodings are given as CT L ::= CT ∗ and ET L ::= ET ∗

encoding of programs The translation of CHR rules follows along
the same lines as the encoding of the CT axioms.

encoding of
programsDefinition 6.6.2 (RL, PL) 1. Let R = r @ H1 \ H2 ⇔ G | B be a

CHR rule with local variables ȳr. Then its linear-logic reading RL

is defined as

RL ::=!∀(HL
1 ⊗ HL

2 ⊗ GL ( HL
1 ⊗ ∃ȳr.(BL ⊗ GL))

2. Let P = {R1, . . . , Rn} be a CHR program. Then its linear-logic
reading PL is defined as

PL ::=
⋃
R∈P

RL

For the encoding semantics, the following soundness and completeness
theorem holds.

soundness and
completenessTheorem 6.6.3 (Soundness and Completeness) Let S̄ , T̄ be configura-

tions. There exists a configuration Ū such that

S̄ 7→∗ Ū and Ū B T̄

in a program P and a constraint theory CT if and only if

PL, ET L, CT L ` ∀(S̄ L ( T̄ L)

As the encoding semantics is logically equivalent to the one proposed
in [9], Theorem 6.6.3 also proves the equivalence of the axiomatic linear-
logic semantics with that earlier semantics.
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6.7 discussion

In this section, we shall revisit the limitations of the classical declara-
tive semantics discussed in Section 6.2 and show how the linear-logic
semantics overcomes these limitations.

directionality We showed that the classical declarative semanticsThe linear-logic
semantics captures

directionality.
does not capture the inherent directionality of CHR rules.

a⇔ b

For example, the classical declarative semantics cannot be used to show
that the state 〈a;>; ∅〉 is not computable from state 〈b;>; ∅〉 in this
program. On the contrary, in the linear-logic semantics we have

a `Σ b

but we also have

b 0Σ a

This captures precisely the directionality of the operational semantics.

candidate elimination We also showed that the classical declar-
ative semantics does not capture candidate generation or destructiveThe linear-logic

semantics does not
map programs to

contradictions.

updates.

Pmin =
{

rM @ min(x) \ min(y) ⇔ x ≤ y | >
}

Its linear-logic declarative reading faithfully captures the strategy fol-
lowed by the program.

PL
min =

{
∀x, y. min(x) ⊗ min(y) ⊗ (!x ≤ y)↔ min(x) ⊗ (!x ≤ y)

}
deliberate non-determinism We furthermore showed that the clas-
sical declarative semantics is inadequate to capture deliberately non-The linear-logic

semantics captures
non-determinism.

deterministic programs.

Pcoin =

{
throw(coin) ⇔ coin�head
throw(coin) ⇔ coin�tail

}
In the classical declarative semantics, the logical reading for the above
program is contradictory, i.e. it proves falsity. In the linear-logic se-
mantics, this is not the case: PL

coin 0Σ 0. Rather, we can show that the
non-deterministic choice is mapped to internal choice.

PL
coin a`

{
∀coin. throw(coin)( (!coin�head)&(!coin�tail)

}
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multiplicities We also showed that in the classical declarative se-
mantics, the logical reading of the idempotence rule from Example 4.1.19
is a tautology.

rI @ leq(x, y) ∧ leq(x, y) ⇔ leq(x, y)

In linear logic, this is not the case. Instead, we get a faithful description
of its operational behavior. The linear-logic

semantics captures
multiset semantics.rL

I = ∀x, y.( leq(x, y) ⊗ leq(x, y) ( leq(x, y))
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L I N E A R - L O G I C R E A S O N I N G OV E R C O N S T R A I N T
H A N D L I N G RU L E S W I T H D I S J U N C T I O N
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In this chapter, we outline how the linear-logic semantics can be
applied to reason over programs and their respective observables. Inchapter structure
Section 7.1, we discuss the conditions under which we can use linear
logic to reason about CHR∨. In Section 7.2, we discuss the relationship
between the linear-logic semantics and program observables. In Sec-
tion 7.3, we show how we can compare the operational semantics of
programs by means of their linear-logic semantics. The results presented
in this chapter have been published in [11].

7.1 congruence and equivalence

In this section, we discuss the conditions under which logical equivalence
and configuration equivalence coincide which is a prerequisite for using
the declarative semantics to reason about programs. We then identify a
segment of CHR∨ where this property applies. We show that this segment
encompasses pure CHR in its entirety.Pure CHR is per se

well-behaved.

7.1.1 Limitations of the Linear-Logic Semantics

Configuration
equivalence is

founded on
operational

considerations.

In Chapter 4, we have established notions of equivalence over states and
configurations. Together they serve as a convenient high-level abstraction
to reason about CHR∨ computations. When we apply linear logic to
reason about CHR∨, we desire to do so on the granularity level imposed
by those equivalence relations. However, the granularity of a logical
theory is naturally limited by logical equivalence.

Congruence is a
logically founded

equivalence relation
over configurations.

Definition 7.1.1 (Congruence of Configurations) Given a constraint
theory CT, two configurations S̄ , T̄ are considered congruent if S̄ I T̄
and T̄ I S̄ . Congruence of S̄ and T̄ is denoted as S̄JIT̄ .

From Lemma 6.5.9 follows that congruence of configurations coin-
cides with logical equivalence over the respective linear-logic readings.

Congruence
coincides with

logical equivalence.
Property 7.1.2 For arbitrary configurations S̄ , T̄ , we have S̄JIT̄ ⇔
S̄ a` T̄ .

Proof 7.1.3 (Sketch) Apply Lemma 6.5.9 in both directions. �

Hence, any reasoning over CHR∨ via the linear-logic semantics is
necessarily modulo congruence. It shows, however, that congruence,
does not necessarily coincide with equivalence of configurations.Congruence does not

coincide with
configuration

equivalence.
Example 7.1.4 Consider the configurations S̄ = 〈cu(x); ∅〉 and T̄ =

〈cu(0); ∅〉 ∨ 〈cu(x); ∅〉. Since S̄ I T̄ and T̄ I S̄ , we have S̄JIT̄ . How-
ever, the two are not equivalent: S̄ 6≡∨ T̄ .

To emphasize that this is not merely a cosmetic problem, we show that
congruence does not in general comply with rule application.Congruence does not

comply with rule
application.
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Example 7.1.5 (Non-Compliance with Rule Application) By compli-
ance, we mean the property that for arbitrary configurations S̄ , S̄ ′, T̄
such that S̄ ≡∨ S̄ ′ and S̄ 7→∗ T̄ , there exists a T̄ ′ such that S̄ ′ 7→ T̄ ′ and
T̄ ′ ≡∨ T̄ .

Let S̄ = 〈a(x); ∅〉 and T̄ = 〈a(0); ∅〉 ∨ 〈a(x); ∅〉 be configurations.
From the entailment 〈a(0); ∅〉 B 〈a(x); ∅〉 follows congruence: S̄JIT̄ .
Now consider the following minimal CHR program.

r @ a(0)⇔ b(0)

We observe that we have

T̄ 7→r 〈b(0); ∅〉 ∨ 〈a(x); ∅〉
S̄ 67→

We thus observe that congruence of configurations is not in general
compliant with rule application.

However, we can make a somewhat weaker statement about the rela-
tionship between congruence and rule application. Congruence does

comply with rule
application modulo
entailment.

Property 7.1.6 (Weak Compliance with Rule Application) Let
S̄ , S̄ ′, T̄ be configurations such that S̄JIS̄ ′. Then S̄ 7→∗ T̄ implies that
there exists a T̄ ′ such that S̄ ′ 7→∗ T̄ ′ and T̄ ′ I T̄ .

Proof 7.1.7 S̄JIS̄ ′ implies S̄ ′ I S̄ . Furthermore, we have S̄ 7→∗ T̄ .
Hence, Lemma 6.5.6 proves S̄ ′ 7→∗ T̄ ′ and T̄ ′ I T̄ . �

In order to allow precise logical reasoning over CHR∨, we identify a
class of configurations and then a segment of CHR∨ where congruence
and equivalence of configurations coincide in the following section.

7.1.2 Compactness and Analyticness

Considering Example 7.1.5, we observe that we can construct similar
examples for any configuration S̄ of the form S̄ = S 1 ∨ S 2 ∨ S̄ ′ where
S 1 I S 2 by formulating a rule r that fires for S 1 but not for S 2. Hence,
our strategy is to explicitly exclude such configurations from consid-
eration. We formalize this idea into the well-behavedness property of
compactness. compactness

Definition 7.1.8 (Compactness) A configuration S̄ is called compact
if it does not have a flat normal form S̄ ′ = S 1 ∨ S 2 ∨ . . . ∨ S̄ n where
S 1 . S⊥ and S 1 B S 2.

Compactness of a configuration S̄ can straightforwardly be decided
by transforming S̄ into a flat normal form S̄ F , removing all failed states deciding

compactnessfrom S̄ F and pairwisely verifying (S i 6I S j) for all remaining states
where i , j.

We extend the compactness property to equivalence classes of con-
figurations in the obvious manner. The following lemma states that
compactness guarantees that congruence and equivalence coincide.
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Lemma 7.1.9 Let S̄ , T̄ be compact configurations such that S̄JIT̄ .
Then S̄ ≡∨ T̄ .For compact states,

equivalence
coincides with

congruence.
Proof 7.1.10 We assume that both S̄ and T̄ are in normal form: S̄ ≡∨
S 1 ∨ . . . ∨ S n, T̄ ≡∨ T1 ∨ . . . ∨ Tm. From Definition 6.5.2 follows that
for every consistent S i, we have a T j such that S i B T j, and for every
consistent T j there is an S i such that T j B S i. It follows that for every
consistent S i, we have T j, S k such that S i B T j B S k. As S̄ is compact,
S i B S k implies i = k and furthermore S i ≡ T j. As T̄ is compact, there is
exactly one T j such that S i ≡ T j. Since every consistent S i has a unique
corresponding state T j with S i ≡ T j and vice versa, Definition 4.2.2
implies that S̄ ≡∨ T̄ . �

We furthermore introduce a well-behavedness property for CHR∨ pro-
grams which guarantees compactness of all computable configurations.

analyticness

Definition 7.1.11 (Analyticness) 1. A CHR∨ program is called an-
alytic for a class of initial states S if for any flat state S ∈ S and
configuration T̄ such that [S ] 7→∗ [T̄ ], we have that T̄ is compact.

2. A CHR∨ program is called generally analytic if it is analytic for
any class of initial states S.

It appears that a large number of CHR∨ programs satisfy this property
for their intended class of initial states. This is due to the fact that an
analyticness of a CHR∨program means that it explores a search space
non-redundantly. (This motivates the term analytic.)

positive example
for analyticness Example 7.1.12 (Analyticness) The following program is analytic for

the class of initial states of the form 〈 search(t, t′); V〉 where t, t′ are
arbitrary terms. This can be proved by building a state graph.

P′ =


rsrc @ search(x, y) ⇔ lower(x, y) ∨ geq(x, y)
rleq @ leq(x, y) ⇔ lower(x, y) ∨ x�y
rgeq @ geq(x, y) ⇔ greater(x, y) ∨ x�y


However, the program is not generally analytic, as for example

〈 search(x, y) ∧ search(x, y); V〉 7→∗ 〈 lower(x, y) ∧ lower(x, y); V〉

∨〈 geq(x, y) ∧ lower(x, y); V〉

∨〈 lower(x, y) ∧ geq(x, y); V〉

∨〈 geq(x, y) ∧ geq(x, y); V〉

and 〈 geq(x, y) ∧ lower(x, y); V〉 B 〈 lower(x, y) ∧ geq(x, y); V〉.
negative example

for analyticness Example 7.1.13 (Analyticness: Negative Example) In contrast, con-
sider the following program fragment.

P =


rsrc @ search(x, y) ⇔ leq(x, y) ∨ geq(x, y)
rleq @ leq(x, y) ⇔ lower(x, y) ∨ x�y
rgeq @ geq(x, y) ⇔ greater(x, y) ∨ x�y
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Let S 0 = 〈 search(x, y); V〉 and V = {x, y}. We then have

S 0 7→
∗ 〈 lower(x, y); V〉 ∨ 〈x�y; V〉 ∨ 〈x�y; V〉 ∨ 〈 greater(x, y); V〉

Since we have 〈x � y; V〉 B 〈x � y; V〉, the final state is non-compact.
Hence, P is not analytic for any set S such that S 0 ∈ S.

We give a necessary and sufficient criterion for general analyticness
of CHR∨ programs.

analyticness
criterionLemma 7.1.14 (Criterion for General Analyticness) Let P be a

CHR∨ program consisting of rules R1, . . . , Rn where every rule Ri is
of the form r @ H1 \ H2 ⇔ G | (U1 ∧B1) ∨ . . . ∨ (Um ∧Bm). The
program P is generally analytic if and only if CT 6|= ∃(Bi ∧ B j) for
every i, j ∈ {1, . . . , n}.

Proof 7.1.15 (’⇒’): We assume w.l.o.g. P contains a rule of the form
r @ H1 \ H2 ⇔ G | (U1 ∧B1) ∨ (U2 ∧B2) where CT |= ∃(B1 ∧ B2).
Then we have

〈H1 ∧ H2 ∧ H2 ∧G〉 (7.1)

7→r 〈H1 ∧U1 ∧B1 ∧ H2 ∧G〉 ∨ 〈H1 ∧U2 ∧B2 ∧ H2 ∧G〉 (7.2)

7→r 〈H1 ∧U1 ∧B1 ∧U1 ∧B1 ∧G〉 ∨ 〈H1 ∧U1 ∧B1 ∧U2 ∧B2 ∧ H2 ∧G〉∨

〈H1 ∧U2 ∧B2 ∧U1 ∧B1 ∧G〉 ∨ 〈H1 ∧U2 ∧B2 ∧U2 ∧B2 ∧G〉 (7.3)

We observe, that the state we reach in step (3) is not compact.
(’⇐’): We assume a single rule application S 7→r T̄ where the applied
rule is of the form Ri = r @ H1 \ H2 ⇔ G | (U1 ∧B1) ∨ . . . ∨ (Um ∧

Bm) such that CT� 6|= ∃(Bi ∧ B j) for i, j ∈ {1, . . . , n}.
It follows that for every T1 = 〈U1; B1; V1〉, T2 = 〈U2; B2; V2〉

such that T̄ ≡ T1 ∨ T2 ∨ T̄ ′, we have CT� 6|= ∃(B1 ∧B2). It follows by
Theorem that T1 6BT2.

As the built-in store grows monotonically stronger, correctness for the
transitive closure of 7→ follows by induction. For the reflexive closure, it
follows from the fact that the state S is trivially a compact configuration.
�

We observe that analyticness naturally holds for all pure CHR pro-
grams.

7.2 reasoning about observables

In this section, we show how to apply our results to reason about CHR∨

observables. We define two sets of observables based on the linear logic
semantics, paralleling the observable sets of computable states and data-
sufficient answers.

logically motivated
observablesDefinition 7.2.1 Let P be a pure CHR program, CT a constraint theory,

and S an initial state. Assuming that Σ = ΣP∪ΣCT ∪Σ�, we distinguish
two sets of observables based on the linear logic semantics.
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LC
P(S ) ::= {[T̄ ] | S L `Σ T̄ L}

LS
P(S ) ::= {[〈B̄; V〉] | S L `Σ 〈B̄; V〉L}

In the definition of LS
P
(S ), B̄ stands for a disjunction of built-in con-

straints.

The following definition and property establish the relationship be-
tween the logical observablesLC

P
andLS

P
and the operational observables

CP and SP.

Definition 7.2.2 (Lower Closure of I) For any set S of equivalence
classes of configurations,

HS ::= {[T̄ ]|∃S̄ ∈ S.[S̄ ] I [T̄ ]}

The following property establishes the relationship between the linear-
logic observables and the ones based on the operational semantics.We establish the

relationship with the
operationally

motivated
observables.

Property 7.2.3 (Relationship Between Observables) For a pure CHR
program P and an initial state S , we have

LC
P
(S ) = HCP(S )

LS
P
(S ) = HSP(S )

Proof 7.2.4 By Theorem 6.4.2 and Theorem 6.5.7, we have that S L `Σ

T̄ L iff there exists a configuration Ū such that S L 7→∗ Ū and Ū I T̄ L.
Hence LC

P
(S ) = HCP(S ). We recall that by Definition 4.1.17 SP(S ) is

the projection of CP(S ) to configurations with a representation of the
form 〈B̄; V〉 by Definition 7.2.1, LS

P
(S ) and is the projection of LC

P
(S )

to those configurations. Therefore, LS
P
(S ) = HSP(S ). �

From this relationship follow several properties that we can use to
reason about the operational semantics. Firstly, in order to prove that aWe discuss logical

criteria for program
properties.

state S cannot develop into an empty configuration, it suffices to show
that there exists any configuration T̄ , such that [T̄ ] is not contained in
C(S ).

failure crieterion
Property 7.2.5 (Deciding Failure) 1. Let P be a program P, let

CT be a constraint theory CT, and let S be a flat state. Then
ε ∈ CP(S ) if and only if ε ∈ LC

P
(S ).

2. If P is furthermore confluent, then a computation beginning with
S will invariably fail if and only if ε ∈ LC

P
(S ).

Proof 7.2.6 (sketch) Since ε I S̄ for any S̄ , we have that ε ∈ HCP(S ) if
and only if ε ∈ CP(S ). The second property follows from Property 5.1.1.
�
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Secondly, we can guarantee data-sufficient answers for a state S if we
can prove the empty resource 1 in linear logic. (Remember that 1 is the
logical reading of the empty state 〈>; ∅〉.)

Property 7.2.7 (Existence of Data-Sufficient Answers) 1. Let P

be a program, CT a constraint theory, and S a flat state. The
state S has at least one data-sufficient answer if and only if
〈>; ∅〉 ∈ LS

P
(S ). existence of

data-sufficient
answers2. If P is furthermore confluent, S has exactly one data-sufficient

answer if and only if 〈>; ∅〉 ∈ LS
P
(S ).

Proof 7.2.8 (sketch) The first property follows from the fact that for
any data-sufficient configuration 〈B̄; V〉, we have 〈B̄; V〉 I 〈>; ∅〉. The
second property follows from Property 5.1.1. �

Finally, if a specific state does not follow in linear logic, it is guaran-
teed not to follow in the operational semantics.

safety properties
Property 7.2.9 (Safety Properties) Consider a program P and a flat
state S and a configuration T̄ . If T̄ < LC

P
(S ) then T̄ < CP(S ).

Proof 7.2.10 (sketch) CP(S ) is a subset of LC
P
(S ). �

7.3 comparison of programs

In this section, we concentrate on the comparison of CHR∨ with respect
to program equivalence. We define four notions of operational equiva-
lence, each one corresponding to one set of observables as introduced in
Section 4.2.

operational
equivalenceDefinition 7.3.1 (Operational Equivalence) 1. Two CHR∨ pro-

grams P1, P2 are operationally C-equivalent if for any state S ,
we have C̄P1(S ) = C̄P2(S ).

2. Two CHR∨ programs P1, P2 are operationallyA-equivalent if for
any state S , we have ĀP1(S ) = ĀP2(S ).

3. Two CHR∨ programs P1, P2 are operationally S-equivalent if for
any state S , we have S̄P1(S ) = S̄P2(S ).

4. Two CHR∨ programs P1, P2 are operationally S(S)-equivalent
for a class of flat initial states S if for any state S ∈ S, we have
S̄P1(S ) = S̄P2(S ).

It will turn out in this section that the linear-logic semantics is not
adequate to reason aboutA-equivalence. Hence, we will mainly focus on
C-equivalence and S-equivalence. Note that what we callA-equivalence
has already been researched extensively in the past (cf. [3]).
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Definition 7.3.2 (Logical Equivalence of Programs) Two CHR pro-
grams P1, P2 are called logically equivalent if

CT L
� `

⊗
PL

1 �
⊗

PL
2

where the unary operator
⊗

stands for element-wise multiplica-logical equivalence
tive conjunction and

⊗
PL

1 �
⊗

PL
2 is shorthand for (

⊗
PL

1 (⊗
PL

2)&(
⊗

PL
2 (

⊗
PL

1).

The following proposition relates C- and S-equivalence.

Proposition 7.3.3 Operational S-equivalence is a necessary but not a
sufficient condition for C-equivalence.

Proof 7.3.4 To show that S-equivalence is a necessary condition, we
assume two C-equivalent programs P1, P2. For every state S , we have
CP1(S ) = CP2(S ). As each SPi is the projection of CPi(S ) to configu-
rations with empty user-defined stores, we also have SP1(S ) = SP2(S ).

S-equivalence is
necessary for
C-equivalence.

To show that S-equivalence is not a sufficient condition, consider the
following two programs.

P1 =

{
a(x) ⇔ b(x)
b(x) ⇔ x�0

}
P2 =

{
a(x) ⇔ x�0
b(x) ⇔ x�0

}
Both programs ultimately map every a(x) and b(x) to x�0. Hence, they
are S-equivalent. For S = 〈a(x); ∅〉 and T = 〈b(x); ∅〉 we have [T ] ∈
C̄P1(S ) but [T ] < C̄P2(S ). Hence, the programs are not C-equivalent. �

We can show that operational C-equivalence implies logical equiva-
lence of programs.

C-equivalence
implies logical

equivalence.
Proposition 7.3.5 Let P1, P2 be two C-equivalent CHR∨ programs.
Then CT L

� `
⊗

P1 �
⊗

P2.

Proof 7.3.6 Since P1 and P2 are C-equivalent, we have that C̄P1(S ) =
C̄P2(S ) for all S . For every rule R = (r @ H1 \ H2 ⇔ G | B) ∈ P2,
we have by Definition 4.2.5 [〈H1 ∧ B∧G; x̄〉] ∈ C̄P2(〈H1 ∧ H2 ∧G; x̄〉)
where x̄ = vars(H1 ∧ H2 ∧G) and then by our hypothesis [〈H1 ∧ B∧
G; x̄〉] ∈ C̄P1(〈H1 ∧ H2 ∧G; x̄〉). Therefore, we get CT L

� `
⊗

PL
1 ( RL.

Applying this to all rules R ∈ P2, we show CT L
� `

⊗
PL

1 (
⊗

PL
2 .

Analogously, we get CT L
� `

⊗
PL

2 (
⊗

PL
1 . �

The reverse direction does not hold in general as the following example
shows.C-equivalence does

not imply logical
equivalence. Example 7.3.7 Let the constraint theory CT contain at least the theory

of natural numbers. We compare the following two programs, where the
greater-or-equal constraint ≥ is a built-in constraint.

P1 =
{

c(x) ⇔ x ≥ 1
}

P2 =

{
c(x) ⇔ >

c(x) ⇔ x ≥ 1

}
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Since ≥ is a built-in constraint, we have (x ≥ 1)L =!(x ≥ 1). As
!(x ≥ 1) ` 1, we furthermore have

⊗
PL

1 a`Σ
⊗

PL
2 . We observe

that S̄P1(〈c(x); x〉) = {〈x ≥ 1; x〉} and S̄P2([〈c(x); {x}〉]) = {[〈x ≥
1; {x}〉], [〈>; {x}〉]}. As the sets are not equal, P1 and P2 are not opera-
tionally S-equivalent and hence, by Property 7.3.3, not C-equivalent.

However, if we restrict ourselves to analytic, confluent programs,
we can show that logical equivalence of programs implies operational
S-equivalence.

Proposition 7.3.8 1. Let P1, P2 be two confluent CHR∨ programs
that are analytic for a class of initial states S and where CT L

� `⊗
PL

1 �
⊗

PL
2 . Then P1, P2 are S(S)-equivalent.

2. If P1, P2 are furthermore generally analytic, they are S-
equivalent. For well-behaved

programs, logical
equivalence implies
S-equivalence.

Proof 7.3.9 It will suffice to prove the first property as the second is its
straightforward extension to arbitrary initial states: As both P1 and P2

are confluent, we have |S̄Pi(S )| ∈ {0, 1} for any state S and i ∈ {1, 2},
where | · | denotes cardinality. If |S̄Pi(S )| = 0 then |HS̄Pi(S )| = 0.
Otherwise, |HS̄Pi | ≥ 1. In the former case, our proposition is trivially
true since S̄Pi = ∅. In the following, we assume |S̄Pi | = 1.

Logical equivalence implies that LC
P1
(S ) = LC

P2
(S ) for all S . Since

LS is the projection of LC to configurations with empty user-defined
stores, we also have LS

P1
(S ) = LS

P2
(S ) and hence HS̄P1(S ) =

HS̄P2(S ).
Since |S̄Pi(S )| = 1 for i ∈ {1, 2}, each lower closure HS̄Pi(S ) has

a maximum [M̄i] ∈ HS̄Pi(S ) such that ∀[S̄ ] ∈ HS̄Pi(S ).[M̄i] B [S̄ ] and
S̄Pi(S ) = {[M̄i]}. As HS̄P1(S ) = HS̄P2(S ), we have M̄1JIM̄2. As
both programs are analytic in S, we furthermore have that M̄1, M̄2 are
compact. Hence, we have M̄1 ≡∨ M̄2 and therefore: S̄P1(S ) = S̄P2(S ).
�

The following example shows that logical equivalence does not imply
operationalA-equivalence. Logical equivalence

does not imply
A-equivalence.Example 7.3.10 We consider the program P =

{
c(x)⇔ c(x)

}
and the

empty program P∅ = ∅. As the logical reading PL =!∀(c(x) ( c(x))
of P is a logical tautology, it follows that PL a`Σ PL

∅
for any Σ. Yet,

for S = 〈c(x);>; ∅〉, we have ĀP(S ) = ∅ whereas ĀP∅(S ) = {[S ]}.
Therefore ĀP(S ) , ĀP∅(S ).

A detailed example for program comparison is given in Section 8.3.
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In this chapter, we give several examples for the application of linear
logic to reason about CHR and CHR∨. In Section 8.1, we show exemplar-
ily how we can use Property 7.2.5 to decide program failure in CHR∨. In
Section 8.2, we show how we can apply the phase semantics of CHR to
decide safety properties in pure CHR. In Section 8.3, we give an example
on how to reason about program equivalence using linear logic.

8.1 deciding program failure

In this example, we implement a recursive descent parser for a context-
free grammar. This is a typical CHR∨ program as it makes use of both
don’t-know non-determinism and multiple heads. This example has
previously been published in [11].

Consider the following simple grammar whose start symbol and only
non-terminal is S , and a, f are terminal symbols.a recursive-descent

parser in CHR∨
S → f S S
S → a

For our recursive descent parser, we wrap the stack into a constraint st
and the input into a constraint inp. The parser for our grammar looks as
follows.

Pp=



rS @ st([S |rs]) ⇔ st([ f , S , S |rs])
∨st([a|rs])

rpop−a @ st([a|rs]) ∧ inp([a|ri]) ⇔ st([rs]) ∧ inp([ri])
rpop− f @ st([ f |rs]) ∧ inp([ f |ri]) ⇔ st([rs]) ∧ inp([ri])
r f ail− f @ st([a|rs]) ∧ inp([ f |ri]) ⇔ ⊥

r f ail−a @ st([ f |rs]) ∧ inp([a|ri]) ⇔ ⊥

r f ail−i @ st([]) ∧ inp([i|ri]) ⇔ ⊥

r f ail−s @ st([s|rs]) ∧ inp([]) ⇔ ⊥

racc @ st([]) ∧ inp([]) ⇔ accept


If called with an initial state 〈st([S ]), inp(ri); ∅〉 where ri is a word
of the language defined by our grammar, it will derive a configuration
containing at least one final state 〈accept; ∅〉 in flat normal form. If ri is
not a word of the grammar, it will invariably fail. (This is a very standard
technique, hence we do not need to prove it.)

We assume that we use the axiomatic semantics. This is, we encode
the rules as well as the constraint and equality theories into a set of
axioms Σ. In the following proof, we want to reason about arbitrary
inputs. To this end, we add the symbol x to our terminal symbols and
add the judgementWe modify the

grammar to add
expressivity. inp([x|ri]) ` inp([a|ri]) ⊕ inp([ f |ri])

to Σ. We shall refer to it as the arbitrarity axiom. We furthermore assume,
that for any natural number n and for any symbol σ of our grammar, σn

is a list [σ,σ, . . . ,σ] of length n and σ0 = [] is an empty list. Hence,⊕
n∈2N+1 st(S n)
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is the additive disjunction of all st constraints whose argument is a list
of S ′s with odd length. We observe that by rule rS , we have⊕

n∈2N+1 st(S n) `Σ
⊕

n∈2N
st([a|S n]) ⊕ st([ f |S n])

By adding a multiplicative conjunction with inp([a|ri]) and expanding
on the right-hand side we get:

inp([a|ri]) ⊗
⊕

n∈2N+1 st(S n) `Σ⊕
n∈2N

(inp([a|ri]) ⊗ st([a|S n])) ⊕ (inp([a|ri]) ⊗ st([ f |S n]))

By rules rpop−a and r f ail−a we then have

inp([a|ri]) ⊗
⊕

n∈2N+1 st(S n) `Σ
⊕

n∈2N
inp(ri) ⊗ st(S n)

Similarly, we can show for an input beginning with f :

inp([ f |ri]) ⊗
⊕

n∈2N+1 st(S n) `Σ
⊕

n∈2N
inp(ri) ⊗ st([S , S |S n])

Our arbitrarity axiom and factorising inp(ri) gives us

inp([x|ri]) ⊗
⊕

n∈2N+1 st(S n) `Σ

inp(ri) ⊗
⊕

n∈2N
(st(S n) ⊕ st([S , S |S n]))

Due to the idempotence of ⊕, we can merge the disjoint stacks on the
right-hand side and get

inp([x|ri]) ⊗
⊕

n∈2N+1 st(S n) `Σ inp(ri) ⊗
⊕

n∈2N
st(S n)

Similarly (but with an additional application of r f ail−i) we show

inp([x|ri]) ⊗
⊕

n∈2N
st(S n) `Σ inp(ri) ⊗

⊕
n∈2N+1 st(S n)

So we can finally conclude

inp(xm+2) ⊗
⊕

n∈2N+1 st(S n) `Σ inp(xm) ⊗
⊕

n∈2N+1 st(S n)

And then,

inp(xm) ⊗
⊕

n∈2N+1 st(S n) `Σ inp(xm mod 2) ⊗
⊕

n∈2N+1 (st(S n))

For m mod 2 = 0 and any n > 0, inp(xm mod 2) ⊗ st(S n) proves 0 by
rule r f ail−s.

inp(xm mod 2) ⊗
⊕

n∈2N+1 st(S n) `Σ 0

We now recall either inference rule (R⊕1) or (R⊕2) to remind ourselves
that

st([S ]) `Σ
⊕

n∈2N+1 st(S n)

Hence, for every even natural number m, we have

inp(xm) ⊗ st([S ]) `Σ 0
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By Property 7.2.5, we then have for every even natural number m,

〈inp(xm) ⊗ st([S ]); ∅〉 7→∗ ε

That is to say: Every input word whose length is an even number has
a failed answer. As Pp is furthermore confluent, it will invariably fail.
Similarly, if we change the arbitrarity axiom to

inp([x|ri]) ` inp([a|ri])&inp([ f |ri])

we can show that for every odd m there exists an input of length m for
which the computation invariably fails.

8.2 applying the phase semantics to prove safety proper-
ties

As Fages et al. [18] have done for the CC paradigm, we can use the phase
semantics presented in Section 2.3 to prove safety properties for CHR.
Indeed, pure CHR under the operational semantics ωe can be viewed
as a subset of a Linear CC language. The following technique and the
illustrating examples have been presented in detail in [30].

By Corollary 2.3.5 we know that if there exists a phase space P and a
valuation η such that η(CT L

� , PL) 1 η(∀(S L ( T L)), then ∀CT L
� , PL 0

∀(S L ( T L). By using the contrapositive of the soundness theorem
6.6.3, we get that ∀CT L

� , PL 0 ∀(S L ( T L) then S 67→∗ T .A criterion to prove
safety properties by

using the phase
semantics.

Proposition 8.2.1 (Criterion for Safety Properties [30]) Let be CT�a
constraint theory with equality and P a CHR program. To prove a
safety property of the kind S 67→∗ T it is enough to prove there exists
a phase space P, a valuation η, and an element a ∈ η(S L) such that
P, η |= CT L

� , PL and a < η(T L).

Proof 8.2.2 First notice that if P, η |= CT L
� , PL, then 1 ∈ η(CT L

� , PL).
Now let us suppose that that a ∈ η(S L) and a < η(T L). Hence we infer
that 1 < η(S L) ( η(T L). Therefore 1 < η(∀(S L) ( η(T L)) and then
η(CT L

� , PL) 1 ∀η(S L) ( η(T L). Using soundness Theorem 2.3.5 we
infer that (CT L

� , PL) 0 ∀η(S L) ( η(T L). Using Property 7.2.9, we
conclude that S 67→∗ T. �

8.2.1 The Three Dining Philosophers Problem

In this example, we formulate a CHR program that implements the
Dining Philosophers Problem for three philosophers. Subsequently, we
use the phase semantics of linear logic to prove that from the canonical
initial state, our program we will never reach a state in which both
philosopher #1 and philosopher #2 are eating at the same time. This
example has previously been published in [30].
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the program In the following, we assume that CT� is the trivial
constraint theory. The following program implements the dining philoso-
phers problem in CHR. It has appeared in a similar fashion in [30].

Pphil =



fork(1), fork(2) ⇔ eat(1)
fork(2), fork(3) ⇔ eat(2)
fork(3), fork(1) ⇔ eat(3)
eat(1) ⇔ fork(1), fork(2)
eat(2) ⇔ fork(2), fork(3)
eat(3) ⇔ fork(3), fork(4)


We consider the initial state the 3-dining-

philosophers
programS 0 = 〈 fork(1) ∧ fork(2) ∧ fork(3); ∅〉

formulating the property Our goal is to prove, using proposition
8.2.1, the following safety property.

S 0 67→
∗ 〈 eat(1) ∧ eat(2) ∧G; ∅〉

where G is an arbitrary goal.

We construct a phase
space and a
valuation.

the phase space We define the phase space, to which our program
will map. For this example, a very basic phase space will do. We choose
to build our phase space on the monoid of the natural numbers with
multiplication: {N, ·, 1}. Our phase space is hence of the form P =

(N, ·, 1,F ,O). We now define F = P(N) and O = {∅, {1}}, where
P(N) is the power set of N.

We observe that for this phase space, any valuation η respects the two
conditions: η(1) = {1} and η(>) = N.

the valuation We define η as follows.

η( fork(1)) = {2}
η( fork(2)) = {3}
η( fork(3)) = {5}
η( eat(1)) = {6}
η( eat(2)) = {15}
η( eat(3)) = {10}

We observe that We show the validity
of phase space and
valuation.η( eat(1)) = η( fork(1) ⊗ fork(2)) = {6}

η( eat(2)) = η( fork(2) ⊗ fork(3)) = {15}
η( eat(3)) = η( fork(3) ⊗ fork(1)) = {10}

then the program is valid with respect the phase space P and the valuation
η. As the constraint theory CT�is trivially valid for the phase space P, we
have P, η |= CT L

� , PL.
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the counter-example Considering our initial state, we have

η(S L
0 ) = η( fork(1) ⊗ fork(2) ⊗ fork(3)) = {30}

Considering the class of states 〈 eat(1) ∧ eat(2) ∧G; ∅〉, we have

η(〈 eat(1) ∧ eat(2) ∧G〉L) ⊂ η( eat(1) ⊗ eat(2) ⊗>) = 90 ·N

Which leads to our counter-example.We prove the
property by giving a

counter-example. 30 ∈ η(〈 fork(1) ∧ fork(2) ∧ fork(3); ∅〉L)
30 < η(〈 eat(1) ∧ eat(2) ∧G; ∅〉L)

Therefore we have by Property 8.2.1

S 0 67→
∗ 〈 eat(1) ∧ eat(2) ∧G; ∅〉

8.2.2 The n-Dining-Philosophers Problem

In this example, we broaden the scope of our example to the dining
philosophers problem with n philosophers. Again, we show using the
phase semantics that the program can never reach a state in which any
two philosophers directly neighboring each other are eating at the same
time.

the program For the sake of simplicity, we add to each CHR con-
straint an extra argument N for the total number of philosophers. We
suppose that CT�includes the constraint theory for natural numbers.the n-dining-

philosophers
program

Pphil =


eat @ fork(I, N), fork(I + 1%N, N) <=> eat(I, N)
think @ eat(I, N) <=> fork(I, N), fork(I + 1%N, N)
rec @ putfork(I, N) <=> I < N | fork(I, N), putfork(I + 1, N)
base @ putfork(I, N) <=> I ≥ N | true


We consider the initial state

S 0 = 〈putfork(0, N); ∅〉

formulating the property We will prove the following safety
property.

∀N∀I.(S 0 67→
∗ 〈 eat(I, N) ∧ eat(I + 1%N, N) ∧G; ∅〉)

We construct a phase
space and a valuation. the phase space We use the same phase space P = (N, ·, 1,F ,O)

as in our previous example.

the valuation In the following, let % denote the modulo operator.
Let φ be an arbitrary bijection between natural numbers and prime% stands for

modulo numbers. Now, let us define η as

• η( fork(I, N)) = {φ(I%N)}
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• η( eat(I, N)) = {φ(I%N) · φ(I + 1%N)}

• η( putfork(I, N)) =


N−1∏
j=I

φ( j)


• η(I < N) =

{
{1} i f I < N
∅ otherwise

• η(I ≥ N) =

{
{1} i f I ≥ N
∅ otherwise

We show the validity
of phase space and
valuation.

We must now prove that the constraint theory and the program are
valid with respect to P and η.

• For all I and N, we have η( fork(I, N), fork(J + 1%N, N), J =

I + 1%N) = η( eat(I, N)). Therefore rules eat and think are
valid.

• For all I and N such that I < N we have η( putfork(I, N), I <
N) = η( fork(I, N), putfork(I + 1, N)) and for all all I and N
such that I ≥ N we have η( putfork(I, N), I < N) = ∅. Therefore
rule rec is valid.

• For all I and N such that I < N η( putfork(I, N), I ≥ N) =

η(trueL) = ∅ and forall all I and N such that I ≥ N we have
η( putfork(I, N), I ≥ N) = 1. Therefore base is valid, too.

We prove the
property by giving a
counter-example.

the counter-example We observe that for our initial state S 0 =

〈putfork(0, N); ∅〉, we have

η( putfork(0, N)) =


N−1∏
j=0

φ( j%N)


For the class of states 〈 eat(I, N) ∧ eat(I + 1%N, N) ∧G; ∅〉), we have

η( eat(I, N) ⊗ eat(I + 1, N) ⊗>)

= φ(I) · φ(I + 1%N) · φ(I + 1%N) · φ(I + 2%N) ·N

Since all φ(I + 1%N) are distinct prime numbers we infer that

η( putfork(0, N)) < η( eat(I, N) ⊗ eat(I + 1, N) ⊗>)

Therefore we have that for all N, I,

〈putfork(0, N); ∅〉 67→∗ 〈 eat(I, N), eat(I + 1%N, N) ∧G; ∅〉

8.3 program comparison

Automatic generation of CHR solvers from Horn programs is a topic
of ongoing research [4, 50]. In [50], a generation method based on the
classical declarative semantics was proposed.
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As CHR∨ embeds both CHR and Horn programs, the linear logic
semantics carries over to these formalisms as well. Hence, it should be
a promising approach to investigate automatic generation of rule-based
solvers on the basis of this semantics. In this example, we show that the
linear logic semantics allows us to compare the operational semantics
of Horn programs and CHR programs on a very fine-grained level. This
example has previously been published in [11].We compare a native

CHR program with
an embedded Horn

program.

We begin with the following example [5] of a Horn program embedded
in CHR∨. It implements a ternary append predicate for lists, where the
third argument is the concatenation of the first two.

the Horn program

H =


append(x, y, z) ← x�[ ] ∧ y�z
append(x, y, z) ← x�[h|l1] ∧ z�[h|l2]

∧ append(l1, y, l2)


We embed this program into CHR∨ according to Definition 3.3.5.the embedding

P1 =


append(x, y, z) ⇔ (x�[ ] ∧ y�z)∨

x�[h|l1] ∧ z�[h|l2]
∧ append(l1, y, l2)


The linear-logic reading of the embedded program looks as follows.

PL
1 =


!∀x, y, z.(append(x, y, z)(

∃l1, l2, h.(!x�[ ] ⊗ !y�z)⊕
(!x�[h|l1] ⊗ !z�[h|l2]
⊗ append(l1, y, l3)))


Secondly, we write a program to implement the append predicate the
way it would be expected in CHR.the native CHR

program

P2 =

{
append([ ], y, z) ⇔ y�z
append([h|l1], y, z) ⇔ z�[h|l2] ∧ append(l1, y, l2)

}
The two programs are not per se S-equivalent. Consider their behavior
in case the first argument of append is bound to anything else than
a list. For S 0 = 〈append(3, x, y); ∅〉, we have S̄P1(S 0) = {S⊥} but
S̄P2(S 0) = ∅.Restriction to a class

of initial state is
modelled in linear

logic.

Now let us assume that the first argument is always bound to a list. We
can model this by the following formula:

ϕ = ∀(append(x, y, z)( append(x, y, z)⊗ (!x�[ ] ⊕ ∃h, l.!x�[h|l]))

We observe that CT L,ϕ `
⊗

P1 �
⊗

P2. Hence, under the assump-
tion that the first argument is always bound to a (non-empty or empty)
list, the two programs are operationally S-equivalent. We also observeWe extend the native

program to achieve
operational

equivalence.

that ϕ is equivalent to the logical reading of the CHR∨ rule Rϕ:

Rϕ = (r @ append(x, y, z)⇔ append(x, y, z)∧ (x�[ ]∨ x�[h|l]))

Moreover CT L,ϕ `
⊗

P1 �
⊗

P2 implies that CT L ` (
⊗

P1 ⊗

ϕ)� (
⊗

P2⊗ϕ). Hence, the programs P′1 = P1∪Rϕ and P′2 = P2∪

Rϕ are operationally S-equivalent (without any further assumptions).

104



9

R E L AT E D W O R K

105



Concerning our definition of state equivalence for ωe, it should be
noted that various definitions of equivalence have been proposed beforestate equivalence
the initial publication of our axiomatic equivalence for ωe in [43]. Most
notably, the definitions given in [31] and [44] bear similarity to our
definition in that they allow both variable renaming and transformation
of the built-in constraint store.

These definitions have in common that they were designed to serve a
specific purpose within their immediate context of publication. Our own
proposal is distinct in its claim to universal applicability. We support
this claim by a clear operational and logical motivation and a detailed
discussion of the consequences and implications of our definition.

Concerning CHR∨, the notion of equivalence of configurations docu-
mented in this thesis – originally proposed in [11] – was, to the best ofstate equivalence

for CHR∨ our knowledge, the first of its kind.
The most influential definition of state equivalence for a token-based

semantics of CHR so far has been proposed in [16] and has inspired ourstate equivalence
for token-based

semantics
definition of state equivalence for ωτ. Unlike our definition, it allows
renaming of global variables and disallows omission of redundant global
variables. In this respect, our own definition is clearly charaterized by
its proximity to ωe state equivalence. More importantly, the definition
of [16] is defined on ωt states and meant for analytical purposes only.
Our approach is significantly more radical in that it is based on the novel
notion ofωτ states, omits all information that is not strictly necessary, and
thus allows for a decisively more concise formulation of a token-based
operational semantics.

Various approaches have been proposed to close the analytic gap be-
tween abstract and token-based interpretations of CHR. Most notably,the analytic gap
these include the set-based semantics of CHR [45] and CHR with Persis-
tent Constraints [12]. Both approaches propose operational semantics
that avoid trivial non-termination without introducing a constraint store.approaches based

on novel
operational

semantics

Our approach to closing the analytical gap is unique in that it accounts
for the supremacy of the token-based approach in most major implemen-
tations. Rather than proposing alternatives to this standard approach, weOur approach

respects the
supremacy of the

token-based method.

provide the theoretical tools to lift existing methods for program analysis
from the naive interpretation to the token-based interpretation of CHR.

The relationship between linear logic and programming languages
has been studied intensively ever since its advent in the 1980s. Variouslinear-logic

programming
languages

programming languages based on linear logic have been proposed, such
as LO [7], Lolli [32], LinLog [6], and Lygon [33]. Analogous to the
role of Prolog with respect to classical logic, these languages rely on
generalizations of backward-chaining backtracking resolution of Horn
clauses in linear logic.

The earliest approach at defining a linear-logic semantics for a
committed-choice programming language that we are aware of has beenlinear-logic

semantics and
committed choice

proposed in [53]. The corresponding language is indeed a fragment of
pure CHR without multiple heads and with substantial restrictions on the
use of built-in constraints. The first approach to a linear logic semantics
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for CHR was published in [8] and shortly after – though independently –
in [14]. Both approaches correspond to the encoding semantics presented linear-logic

semantics for CHRin Section 6.6, although the definition given in [14] features only trans-
lations for CHR rules and not for CHR states. An alternative approach
has been investigated by [40], using transaction logic and mapping CHR
states to databases. This approach is restricted to the range-restricted transition-logic

semanticsground segment of CHR because non-ground states do not map naturally
to databases.

The linear-logic programming language LolliMon, proposed in [37], LolliMon
integrates backward-chaining proof search with committed-choice for-
ward reasoning. It is based on the aforementioned language Lolli. The
sequent calculus underlying Lolli is extended by a set of dedicated
committed-choice inference rules. The corresponding connectives are
syntactically detached from the original connectives of Lolli. Opera-
tionally, they are processed within a monad. The actual committed-
choice behavior comes by the explicit statement in the definition of
the operational semantics, that these inferences are to be applied in a
committed-choice manner during proof search. With respect to Lolli,
committed choice thus comes at the cost of giving up the general notion
of execution as proof search. Outside the monad, this notion is preserved.

The linear-logic based committed-choice programming language Lin-
ear Logical Algorithms (LLA) was proposed in [46]. LLA distinguishes Linear Logical

Algorithms (LLA)between linear and persistent propositions. This distinction bears similar-
ities to the dichotomy of user-defined and built-in constraints in CHR.
However, LLA has no direct counterpart to the constraint theory CT in
CHR. Rather, both types of constraints are handled by user programs.
The segment of LLA without persistent propositions corresponds to the
segment of CHR without built-in constraints and where only ground con-
straints occur. For this rather restricted segment, programs can directly LLA and CHR
be translated between the two languages. In these cases, the linear-logic
reading of a rule in LLA coincides with the linear-logic semantics of
CHR.

More recently, assertion and retraction of facts in Datalog [27] has Datalog
been modelled in linear logic [34]. Datalog is syntactically a subset
of Prolog and operationally significantly different from CHR in that
it does not feature consumption of facts. The latter is among the core
characteristics of CHR. The linear-logic modelling for Datalog relies
on a semantic extension of linear logic which limits comparability with
other approaches such as ours.

The class LCC of linear logic concurrent constraint programming
languages [17] has a very close relationship with CHR. While CHR LCC
is based on multi-headed rules, LCC is based on agents. Similar to
CHR, LCC languages are non-deterministic and they are executed in a
committed-choice fashion.

The equivalence in expressivity between CHR under a naive interpre-
tation (such as ωe) and LCC has been proved in [38]. This result entails CHR is equivalent to

LCC.
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an alternative proof of the linear logic semantics of CHR by reduction to
LCC.

While there is no operator denoting don’t-know non-termination –
such as the disjunction operator of CHR∨ – in LCC, there is a com-
parable concept in the so-called frontier semantics[17] of LCC: Underthe frontier

semantics of LCC this semantics, the committed-choice operator of LCC is interpreted
analogously to the disjunction operator ∨ in CHR∨. In the linear-logic
interpretation of the frontier semantics, it is correspondingly mapped
to the multiplicative disjunction ⊕. The frontier semantics has not been
developed as distinct programming language but as a tool to reason
about properties of LCC programs and committed choice never co-exists
with disjunction in any interpretation of LCC. Unlike CHR, LCC has no
concept comparable to the token-store semantics for CHR.

Angelic CHR[39] introduces a novel execution model for CHR, com-Angelic CHR
parable to the frontier semantics of LCC. Unlike the frontier semantics,
however, Angelic CHR is intended as a programming language in its
own right. In contrast to traditional interpretations of CHR, it replaces
don’t-care non-determinism by don’t-know non-determinism. Therefore,
CHR∨ coincides with pure CHR under the angelic interpretation. Where
traditional CHR is only potentially complete with respect to the linear-
logic semantics, Angelic CHR achieves actual completeness. As Angelic
CHR explores the complete search space, every linear-logic consequence
of the original state will be reached at some point.
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In this thesis, we have presented several theoretical contributions
which contribute decisively to the effort of making CHR a more unified,
more well-defined and more well-founded language and entail significant
advances in program analysis.

We have given a well-motivated axiomatic definition of equivalence
for CHR states. While not the first of its kind, it is the first notion of stateaxiomatic

equivalence equivalence which claims general-purpose applicability. We proved the
compliance of our equivalence with rule application. To the best of our
knowledge, it is the first such notion for which this important property
has been proved. Its most notable impact has been the definition of a
simplified formulation of the operational semantics of CHR, called ωe,
by Frank Raiser[43].

We have extended this significant result to CHR∨ and, more impor-
tantly, to CHR under the token-store interpretation, which lead to theωτ

operational semantics ωτ. This semantics is based on a notion of state
that contains the minimum of information required to provide a faith-
ful formulation for the token-based interpretation of CHR. We have
discussed the relationship between this formulation of the operational
semantics with the operational semantics ωt.

The equivalence-based token-store semantics ωτ is, to the best of
our knowledge, the first of its kind. It allows for the full application of
established methods for proving program confluence to the sphere of
token-based semantics. Hence, it partially closes the analytical gap.

Some of the methods to decide program properties under ωe – in
particular: all methods entailed by the linear-logic semantics – elude
the token-based interpretation even under ωτ. Therefore, we have in-answer stability
vestigated the relationship between ωe and ωτ. We proposed the well-
behavedness property of answer stability, which guarantees equivalent
behavior of a program with respect to its answers under both semantics.

The answer stability property is defined on arbitrary programs. Never-
theless, it is especially useful for programs that are confluent under bothanswer stability

criterion ωe and ωτ. We proposed a necessary and a sufficient criterion for answer
stability that is valid for such programs. Together with the analytical
formulation ωτ of the token-based interpretation, this result closes the
analytical gap.

We have furthermore presented the definition of a sound and complete
linear-logic declarative semantics for CHR and its extension CHR∨.linear-logic

semantics This declarative semantics maps the dualism between don’t-care and
don’t-know non-determinism in CHR∨ to the dualism of internal and
external choice in linear logic. We have defined a notion of configuration
entailment to characterize the discrepancy between state transition and
logical judgement. It is a key notion for the study and the application of
our semantics.

We have shown that in the full segment of CHR∨, logical equivalence
does not necessarily coincide with configuration equivalence. This makeslinear-logic

semantics for
CHR∨

linear-logic based reasoning over CHR∨ in general imprecise. We have
then presented a well-behavedness property for CHR∨ – analyticness
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– that identifies a segment of CHR∨ for which this restriction does not
apply. This segment includes the full segment of pure CHR.

We have finally shown how to apply our results to reason about CHR reasoning in CHR∨

and CHR∨ programs. We have defined sets of linear-logic based observ-
ables that correspond with the usual program observables of computable
state and data-sufficient answer by means of state entailment or con-
figuration entailment, respectively. We have presented criteria to prove
various program properties, foremost safety properties, which consist
in the non-computability of a specific state from a certain initial state.
Furthermore, we have given a criterion to prove operational equivalence
with respect to data-sufficient answers.

In conclusion, we have presented three significant scientific contribu-
tions.

• Three closely related axiomatic notions of equivalence: two for unified formulation
CHR and CHR∨ under the naive interpretation and one for CHR
under the token-based interpretation. We furthermore proposed
the operational semantics ω∨e for CHR∨ and the token-based oper-
ational semantics ωτ, based on those notions of equivalence.

• The closure of the analytical gap: Firstly by lifting established closing the
analytical gapmethods for proving confluence to the token-based sphere. Sec-

ondly, by identifying a class of programs where the most important
set of program properties – those on answers – coincide for ωe

and ωτ.

• The linear-logic declarative semantics for CHR under a naive
interpretation. This declarative semantics founds CHR on a logical linear-logic

foundationformalism that is adequate to express its operational behavior.
From this declarative semantics arise powerful proof methods
for program properties for CHR. Using our previous results on
the closure of the analytic gap, these methods are applicable to
answer-stable CHR programs under the token-based semantics ωτ
as well.

In their totality, these contributions justify the claim of this thesis of
providing a unified analytical foundation for Constraint Handling Rules.

The research documented in this thesis has been partly funded by
Baden-Württemberg federal state grant LGFG #0518.

111





B I B L I O G R A P H Y

[1] Slim Abdennadher. Operational Semantics and Confluence of Con-
straint Propagation Rules. In Gert Smolka, editor, CP, volume 1330
of Lecture Notes in Computer Science, pages 252–266. Springer,
1997.

[2] Slim Abdennadher, Thom W. Frühwirth, and Holger Meuss. On
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[20] Thom W. Frühwirth. Constraint Simplification Rules. Techni-
cal report, European Computer-Industry Research Center GmbH,
Munich, Germany, 1992.
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A
A P P E N D I X : P RO O F S

In this appendix, we present several proofs that have been removed from
the chapters of this thesis for more clarity.

a.1 proofs for chapter 4

In this section, we present the proofs for Theorem 4.1.12 and
Lemma 4.1.9. These proofs have originally been published in [43] and
are cited here for reference.

Proof A.1.1 (Theorem 4.1.12)

thm. 4.1.12.1: Let r @ H1 \ H2 ⇔ G | Bc ∧ Bb, S = 〈H1 ∧ H2 ∧

U; G ∧B; V〉�r T = 〈H1 ∧ Bu ∧G; G ∧ Bb ∧B; V〉, and S ′ ≡
S . Let ȳ, ȳ′ be the local variables of S , S ′ respectively.

Since r uses only fresh variables, we can assume w.l.o.g. that the
local variables of S are renamed apart from the local variables
of S ′ and S ′ is of the form 〈H′1 ∧ H′2 ∧U′; B′; V〉.

As S ≡ S ′ we get by Thm. 4.1.10 that

CT�|= ∀(B′ → ∃ȳ.((H′1 ∧H′2 ∧U′�H1 ∧H2 ∧U)∧G∧B))

and consequently:

CT |= ∀(B′ → ∃ȳ.(H′1�H1 ∧ H′2�H2 ∧G))

Therefore, we can apply the state-based operational semantics and
get:

S ′ 7→r 〈H′1∧ Bu∧U′; H1�H′1∧H2�H′2∧G∧ Bb∧B′; V〉 = T ′

By the above and Def. 4.1.8.2 we get:

T ′ ≡ 〈H′1 ∧ Bc ∧G′; (H1 ∧ H2 ∧G�H′1 ∧ H′2 ∧G′)∧

G ∧ Bb ∧B′ ∧B; V〉

By Def. 4.1.8.1 and Def. 4.1.8.2 we then get:

T ′ ≡ 〈H1 ∧ Bu ∧U; G ∧ Bb ∧B; V〉 = T
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thm. 4.1.12.2: Let S = 〈H′1 ∧ H′2 ∧U; B; V〉 7→r T ′ = 〈H′1 ∧ Bu ∧

G; H1�H′1 ∧ H2�H′2 ∧G ∧ Bb ∧B; V〉.

As CT� |= ∀(B → ∃ȳ.(H1 � H′1 ∧ H2 � H′2 ∧ G)) we apply
Def. 4.1.8.2 to S :

S ≡ 〈H′1 ∧ H′2 ∧U; H1�H′1 ∧ H2�H′2 ∧G ∧B; V〉

Using Def. 4.1.8.1 we get by substitution:

S ≡ 〈H1 ∧ H2 ∧U; H1�H′1 ∧ H2�H′2 ∧G ∧B; V〉

We can apply rule r according to Def. 4.1.11 now resulting in

S �r 〈H1∧Bu∧U; G∧Bb∧ (H1�H′1∧H2�H′2∧B); V;=; T 〉

By Def. 4.1.8.1 we get T ≡ T ′. �

Proof A.1.2 (of Lemma 4.1.9) prop. 1: By transformation of the
constraint store, we have that 〈G; B; V〉 is equivalent to
〈G; X � Y ∧ B; V〉. We apply equality as substitution and get
〈G [x/y] ; X � Y ∧B; V〉 which by transformation is equivalent
to 〈G [x/y] ; B [x/y] ; V〉.

prop. 2: By substitution, we have that both 〈G; B; V〉 and 〈G [x o t] ; x�
t ∧B; V〉 are equivalent to 〈G [x/t] ; x� t ∧B; V〉. The equiva-
lence relation is implicitly symmetric and transitive.

prop. 3: All conditions given in Def. 4.1.8 correspond to valid logical
equivalences:

def. 4.1.8.1 preserves logical equivalence since

G∧ x�t ↔ G [x/t] ∧ x�t

def. 4.1.8.2: As CT |= ∃s̄.B↔ ∃s̄′.B′ and the variables in s̄, s̄′

do not occur in G, G′, we have

CT |= ∃ȳ.B∧G↔ ∃ȳ′.B′ ∧G

def. 4.1.8.4: For a variable X that does not occur in B or G we
obviously have

CT |= ∃X.∃ȳ.B∧G↔ ∃ȳ.B∧G

def. 4.1.8.3 preserves logical equivalence due to the ex falso
quodlibet property.

As logical equivalence is reflexive, transitive, and symmetric,
Prop. 3 holds.

119



a.2 proofs for chapter 5

In this section, we present proofs for the main theorems of Chapter 5:
Theorem 5.3.15 and Theorem 5.3.17. In Section A.2.1 we present several
definitions and lemmas leading up to these proofs. The actual proofs are
presented in Section A.2.2.

The material presented in this section has been previously unpublished.

a.2.1 Lemmata and Proof Devices

Firstly, we generalize the criterion given in Theorem 5.3.15 to arbitrary
n.

Lemma A.2.1 (Generality of the Answer Stability Criterion) Let P

be confluent. If there exists an ωτ state T such that

〈G∧G′; ∗; ∗〉 7→∗ T
〈G∧G′ ↑2

ȳ ; ∗; ∗〉 7→∗ T

then for any n > 1 there exists a state T ′ such that

〈G∧G′; ∗; ∗〉 7→∗ T ′

〈G∧G′ ↑n
ȳ ; ∗; ∗〉 7→∗ T ′

Proof A.2.2 (Sketch) We assume that n = 3. By applying Lemma 5.2.3
to our precondition, we have that there exists T ′′ with

〈G∧G′ ↑2
ȳ ; ∗; ∗〉 7→∗ T ′′

〈G∧G′ ↑3
ȳ ; ∗; ∗〉 7→∗ T ′′

By the precondition and confluence of P, we have that there exists a T ′

such that T 7→∗ T ′ ←[∗ T ′′. This proves the lemma for n = 3.
We prove the lemma in general by induction over n.

Now we define the following auxiliary semantics:

Definition A.2.3 (Auxiliary Semantics) The auxiliary operational se-
mantics ωaux is defined by the following two rules:

1. For every rule r ∈ P, if S 7→r T then

S �r T

2. For every propagation rule r ∈ P with local variables ȳ and rule
body chr(B), if 〈G; T; V〉 7→r 〈G∧ B; T′; V〉, then

〈G; T; V〉�rn 〈G∧ B ↑n
by; T′; V〉

where n is a natural number such that n ≥ 1.

120



We define the answer set analogously to ωτ (cf. 4.3.8 for the expan-
sion/reduction notation:)

Definition A.2.4

Aτ
P
(S ) ::= {[T e] | [S τ] 7→∗ [T ] 67→}

We observe that the auxiliary semantics ωaux is an extension of ωτ. It
emulates the consecutive application of a propagation rule with identical
head constraints as it would be possible in ωe.

Example A.2.5 Consider the program

P =
{

r @ a(x) ⇒ b(x, y)
}

The semantics ωe allows the following (non-exhaustive) computation.

〈a(x); {x}〉
7→r 〈a(x) ∧ b(x, y′); {x}〉
7→r 〈a(x) ∧ b(x, y′) ∧ b(x, y′′); {x}〉

In ωaux we have accordingly:

〈a(x)#1; {x}〉
7→2

r 〈a(x)#1∧ b(x, y′)#2∧ b(x, y′′)#3; {x}〉

However, ωaux only mocks finitely many applications.

Lemma A.2.6 (Relationship Between ωe and ωaux) For every CHR
program P and every state S , we have:

Ae
P(S ) ⊆ A

aux
P (S )

Proof A.2.7 (Sketch) Every finite computation in ωe can be emulated
in ωaux. (This might require rearranging the computation steps in ωe.)
ThereforeAe

P
(S ) is contained inAaux

P
(S ). Infinite computations cannot

be mocked. ThereforeAe
P
(S ) is in general smaller thanAaux

P
(S ).

Lemma A.2.8 (Relationship Between ωaux and ωτ) For every CHR
ωτ confluent program P and every state S , we have:

Aaux
P (S ) ⊆ Aτ

P(S )

Proof A.2.9 (Sketch) We assume consider a finite computation S 0 �
∗

T in ωaux. We assume that S 0 �
∗ T is of the form

S 0 �
∗ S �rn S ′ 7→∗ T

That is, the computation contains at least one computation non-ωτ com-
putation step and S �rn S ′ is the last such step to occur in our
computation. By Lemma A.2.1, we have that S �r1 S ′′ such that
S ′′ 7→∗ T ′ ← [∗ S ′ for some T ′. As P is ωτ confluent and T is a fi-
nal state, we have that T ′ 7→∗ T. Therefore, S 7→∗ T. By induction over
the number of non-ωτ computation steps in the computation, we show
that S 0 7→

∗ T. This proves the lemma.
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a.2.2 Proofs

With these tools at hand, we can prove the theorem:

Proof A.2.10 (Theorem 5.3.15) By Lemma A.2.8 we have that
Ae

P
(S ) ⊆ Aaux

P
(S ). By Lemma A.2.6 we have thatAaux

P
(S ) ⊆ Aτ

P
(S ).

Hence we have

Ae
P(S ) ⊆ A

τ
P(S )

Thus, P is answer-stable.

Proof A.2.11 (Theorem 5.3.17) Let V = vars(H, G). By our hypothe-
sis, we have

〈chr(H ∧G); V〉

7→r 〈chr(H ∧G ∧ B); V〉

7→r 〈chr(H ∧G ∧ B ↑2
ȳ); V〉

We also have that 〈chr(H) ∧G; V〉 is in the normalizing segment of P.
By confluence under ωe we then have that there exists a state T ′ such
that

{T ′} = AP(〈chr(H ∧G); V〉)

= AP(〈chr(H ∧G ∧ B);>; V〉)

= AP(〈chr(H ∧G ∧ B ↑2
ȳ);>; V〉)

From confluence under ωτ follows that the cardinality ofAτ
P
(S ) is 0 or

1 for any state S . Our hypothesis furthermore implies that there exists no
state T such that

{T } = Aτ
P
(〈chr(H ∧G ∧ B); V〉)

= Aτ
P
(〈chr(H ∧G ∧ B ↑2

ȳ);>; V〉)

Therefore, at least one of the following statements is true.

AP(〈chr(H ∧G ∧ B); V〉) * Aτ
P
(〈chr(H ∧G ∧ B); V〉)

AP(〈chr(H ∧G ∧ B ↑2
ȳ); V〉) * Aτ

P
(〈chr(H ∧G ∧ B ↑2

ȳ); V〉)

Hence, weak answer stability is refuted. �

a.3 proofs for chapter 6

In this section we prove several Theorems and Lemmas from Chapter 6.
Section A.3.1 presents several definitions and lemmas that will be used
in these proofs. The actual proofs can be found in Section A.3.2.

The proofs in this section have originally been published in an elec-
tronic appendix to [11] and are quoted here for reference.
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a.3.1 Lemmata and Proof Devices

In the following, we present definitions and lemmas that will be of lesser
interest for the reader but are necessary for the proofs in this section.

The notion of merging of states is an important tool for the proof of
Theorem 6.5.7. We define it as follows:

Definition A.3.1 (· � ·) Let S = 〈G; V〉, S ′ = 〈G′; V〉 be CHR∨ states
that share the same set of global variables and whose local variables
are renamed apart. Their merging is defined as:

S � S ′ ::= 〈G∧G′; V〉

The following property assures that we can without loss of generality
assume the existence of S � T for any two states S , T :

Property A.3.2 For any CHR∨ states S , T, there exist states S ′, T ′

where S ≡ S ′, T ≡ T ′ such that S ′ � T ′ exists.

Proof A.3.3 (sketch) Lemma 4.2.3.1 allows to rename the local vari-
ables apart, and Def. 4.1.8.4 allows the union of their respective sets of
global variables. �

Lemma A.3.4 states two properties of merging that will be used in
upcoming proofs:

Lemma A.3.4 (Properties of · � ·) Let S , S ′, T be CHR states such that
both S � T and S ′ � T exist. The following properties hold:

1. S B S ′ ⇒ S � T B S ′ � T

2. S 7→r S ′ ⇒ S � T 7→r S ′ � T

Proof A.3.5 Lemma A.3.4.1: We assume w.l.o.g. that the states S , S ′, T
share the same set of global variables. Let S = 〈U ∧ B; V〉, S ′ =
〈U′ ∧B′; V〉, T = 〈UT ∧BT ; V〉 with local vars l̄, l̄′, l̄T . From S B S ′

follows by Thm. 4.1.10: CT |= ∀(B → ∃l̄′.((U � U′) ∧ B′)). As
UT�UT = >, we get CT |= ∀(B ∧BT → ∃l̄′.∃l̄T .((U�U′) ∧ (UT�

UT ) ∧B′ ∧BT )) which proves S � T B S ′ � T.
Lemma A.3.4.2: We assume w.l.o.g. that the states S , S ′, T share the

same set of global variables. According to Def. 4.1.15, there exists a
variant of a CHR rule r @ H1 \ H2 ⇔ G | Bu ∧ Bb, such that S ≡
〈H1 ∧H2 ∧U; G ∧B; V〉 and S ′ ≡ 〈H1 ∧ Bc ∧U∧G ∧ Bb ∧B; V〉. By
Prop. A.3.2, there exists a state T ′ = 〈U′ ∧B′; V〉 such that T ′ ≡ T
whose local variables are renamed apart from those of S and T . By
Def. 4.1.15, we get S � T 7→r S ′ � T.

Lemma A.3.6 Let π be a cut-reduced proof of a sequent S̄ L ` T̄ L where
S̄ , T̄ are arbitrary configurations. Any formula α in π is either of the
form α = S̄ L

α or of the form α = cb(t̄) where S̄ α is a configuration and
cb(t̄) is an atomic built-in constraint.
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Proof A.3.7 (sketch) We firstly observe that both the root of π and all
proper axioms in Σ are of the form ŪL

1 ` ŪL
2 where Ū1, Ū2 are configu-

rations. The subformula property hence guarantees that every formula α
in π is a subformula of the logical reading ŪL of some configuration Ū.

We secondly observe that an atomic subformula of ŪL is either an
atomic built-in constraint cb(t̄) or an atomic user-defined constraint
cu(t̄). Both cases support our claim since 〈cu(t̄); vars(t̄)〉L = cu(t̄)
and 〈cu(t̄); vars(t̄)〉 is a singular configuration. We proof the lemma by
induction over the depth of the fomula ŪL.

It should be noted that the configuration S̄ α is not necessarily unique,
i.e. more than one configuration might map to a specific formula.
For example, let formula α = cu(t̄) ⊕ cu(t̄). We then have 〈cu(t̄) ∨
cu(t̄); vars(cu(t̄))〉L = (〈cu(t̄); vars(cu(t̄))〉 ∨ 〈cu(t̄); vars(cu(t̄))〉)L =

α. However, we have by Def. 4.2.2.4 that S̄ L = T̄ L ⇒ S̄ I T̄ .
Lemma A.3.8 establishes an important relationship between state

transition and entailment of flat states.

Lemma A.3.8 Let S , U, T be CHR states. If S BU and U 7→r T then
there exists a state V such that S 7→r V and V B T.

Proof A.3.9 Let S = 〈U; B; V〉 and let ȳS , ȳU , ȳT be the local variables
of S , U, T. By definition, U 7→r T implies that there is a variant of a
CHR rule r @ (H1 \ H2 ⇔ G | Bb ∧ Bu) such that [U] = [〈H1 ∧ H2 ∧

Û; G ∧ B̂; V̂〉] and [T ] = [〈H1 ∧ Bu ∧ Û; G ∧ Bb ∧ B̂; V̂〉].
Now let V = 〈H1 ∧ Bu ∧ Û; G ∧ Bb ∧ B̂ ∧ (U� (H1 ∧ H2 ∧ Û) ∧

B; V̂〉. From [S ] B [U] follows by Thm. 7.1.15: CT |= ∀(B →

∃ȳU .((U�(H1 ∧H2 ∧ Û))∧G∧ B̂)). Assuming w.l.o.g. that ȳS ∩ ȳU =

∅, we can apply Def. 4.1.8.2 to get S ≡ 〈U; B ∧ G ∧ B̂ ∧ (U �

(H1 ∧ H2 ∧ Û)); V〉 and then S ≡ 〈(H1 ∧ H2 ∧ Û; B ∧G ∧ B̂ ∧ (U�

(H1 ∧ H2 ∧ Û)); V〉. According to Def. 4.1.11, we have S 7→r V. We
apply Def. 6.5.1 to show that V B T.

Lemma A.3.10 will be used to prove Lemma 6.5.9:

Lemma A.3.10 (B ⇒`) For arbitrary singular configurations S , T, en-
tailment S B T implies S L `Σ T L for Σ = ΣCT ∪ Σ�.

Proof A.3.11 (of Lemma A.3.10) (’⇐’) Follows from Thm. 6.5.7 by as-
suming an empty program P = ∅. (’⇒’) We proof that all conditions
in Def. 6.5.1 comply with the judgement relation `: For Def. 6.5.1.1,
CT |= ∀(B→ B′) implies that ΣCT contains an axiom B ` B′. Hence,
we can prove ∃−V.U ∧B ` ∃−V.U ∧B′. For Def. 6.5.1.2, it is valid
since S L ` ∃x.S L holds for any S L. Concerning the implicit conditions
of a partial order relation, reflexivity and anti-symmetry hold for the
judgement relation ` as well and anti-symmetry is a natural consequence
of Def. 2.2.2.
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a.3.2 Proofs

Proof A.3.12 (of Lemma 6.4.1) lemma 6.4.1.1 We prove that state
equivalence S ≡ T implies linear judgement S `Σ T by show-
ing that every of the conditions given for S ≡ T in Def. 4.1.8
implies S ` T:

For Def. 4.1.8.1, linear judgement is guaranteed, as Σ� allow us
to prove ∃−V.U ⊗ x � t ⊗ B `Σ ∃−V.U [x/t] ⊗ x � t ⊗ B. For
Def. 4.1.8.2, it is similarly guaranteed by ΣCT . Def. 4.1.8.4 implies
linear judgement since the addition or removal of a global vari-
able not occurring in a state does not change the logical reading
of the state. With respect to Def. 4.1.8.3, linear judgement holds
since ϕ ⊗ 0 ` ψ is valid for any ϕ,ψ. All the above arguments can
be shown to apply in the reverse direction as well, thus proving
compliance with the implicit symmetry of · ≡ ·. The implicit re-
flexivity and transitivity of state equivalence comply with linear
judgement due to the (Identity) and (Cut) rules.

By the symmatry of ≡, it follows, that S ≡ T also implies T `Σ S .

lemma 6.4.1.2 We consider the properties given in Def. 4.2.2 –
Def. 4.2.2.1: For all α, β, γ, we have α ⊕ β a` β ⊕ α and
(α⊕ β)⊕ γ a` α⊕ (β⊕ γ). Def. 4.2.2.2: The property follows from
(1). Def. 4.2.2.3: For all α, we have 0⊕α a` α. Def. 4.2.2.4: For all
α, β, γ, V, we have (∃−V.α ⊕ β) ⊕ γ a` (∃−V.α) ⊕ (∃−V.β) ⊕ γ.

Proof A.3.13 (of Theorem 6.4.2) Let Ū, V̄ be configurations such that
Ū 7→r V̄. According to Def. 4.1.11, there exists a variant of a rule
with fresh variables (r @ H1 \ H2 ⇔ G | B) and configurations Ū′ =
〈H1 ∧H2 ∧G ∧G; V〉 ∨ T̄ ′, V̄ ′ = 〈Bu ∧H1 ∧ Bb ∧G ∧G; V〉 ∨ T̄ ′ such
that Ū′ ≡ Ū and V̄ ′ ≡ V̄. Consequently, ΣP contains:

HL
1 ⊗ HL

2 ⊗ GL `Σ HL
1 ⊗ ∃ȳr.(BL ⊗ GL)

From which we prove:

∃−V.HL
1 ⊗ HL

2 ⊗ GL ⊗ G `Σ ∃−V.HL
1 ⊗ GL ⊗ BL ⊗ G

The local variables ȳr of r are by Def. 4.1.11 disjoint from
vars(H1, H2, U, B, V). Hence, we have:

(∃−V.HL
1 ⊗ HL

2 ⊗ GL ⊗ G)⊕ T̄ L `Σ (∃−V.HL
1 ⊗ GL ⊗ BL ⊗ G)⊕ T̄ L

This corresponds to Ū′L `Σ V̄ ′L. Lemma 6.4.1 then proves that ŪL `Σ V̄L.
As the judgement relation `Σ is transitive and reflexive, the relationship
can be generalized to the reflexive-transitive closure Ū 7→∗ V̄.

Proof A.3.14 (of Theorem 7.1.15) ’⇒’: We show that the explicit ax-
ioms of entailment, as well as the implicit conditions reflexivity, anti-
symmetry and transitivity comply with the criterion:
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def. 6.5.1.1 We assume w.l.o.g. that the strictly local variables of
〈U; B; V〉, 〈U; B′; V〉 are renamed apart. We observe that (U�

U) = > is a tautology for any U. Hence, from CT |= ∀(∃s̄.B→
∃s̄.B′) follows CT |= ∀(∃s̄.B → ∃l̄′.(U � U) ∧ B′), which
proves: CT |= ∀(B→ ∃l̄′.((U�U) ∧B′))

def. 6.5.1.2 Let l̄ be the local variables of 〈U; B; {x} ∪V〉. For any x
we have: CT |= ∀(B→ ∃x.∃l̄.((U�U) ∧B))

reflexivity Let 〈U; B; V〉, 〈U′; B′; V′〉 be CHR states such that
[〈U; B; V〉] = [〈U′; B′; V′〉], i.e. 〈U; B; V〉 ≡ 〈U′; B′; V′〉.
Assuming that the local variables l̄, l̄′ have been named apart,
Thm. 4.1.10 implies CT |= ∀(B→ ∃ȳ′.((U�U′) ∧B′)).

anti-symmetry Let 〈U; B; V〉, 〈U′; B′; V′〉 be CHR states with local
variables l̄, l̄′ such that CT |= ∀(B → ∃l̄′.((U � U′) ∧ B′))

and CT |= ∀(B′ → ∃l̄.((U�U′) ∧B)). By Thm. 4.1.10, we
have that 〈U; B; V〉 ≡ 〈U′; B′; V′〉 and hence [〈U; B; V〉] =

[〈U′; B′; V′〉].

transitivity Let 〈U; B; V〉, 〈U′; B′; V′〉, 〈U′′; B′′; V′′〉 be CHR
states where the local variables l̄, l̄′, l̄′′have been renamed apart
and such that CT |= ∀(B → ∃l̄′.((U � U′) ∧ B′)) and
CT |= ∀(B′ → ∃l̄′′.((U′ � U′′) ∧ B′′)). Therefore, CT |=
∀(B → ∃ȳ′.((U�U′) ∧ ∃l̄′′.((U′ �U′′) ∧B′′))). As the sets
of local variables are disjoint, we get CT |= ∀(B→ ∃l̄′ l̄′′.((U�

U′) ∧ (U′�U′′) ∧B′′)) and finally

CT |= ∀(B→ ∃l̄′′.((U�U′′) ∧B′′))

’⇐’: Let S = 〈U; B; V〉, S ′ = 〈U′; B′; V′〉 be CHR states with local
variables ȳ, ȳ′ that have been renamed apart and such that V′ ⊆ V and
CT |= ∀(B → ∃ȳ′.((U�U′) ∧B′)). We apply Def. 6.5.1.1 to infer:
S B 〈U; (U�U′) ∧B′; V〉. By Def. 4.1.8.1 and Def. 4.1.8.2, we get
S B 〈U′; B′; V〉. Since V′ ⊆ V, several applications of Def. 6.5.1.2 give
us S B 〈U′; B′; V′〉 = S ′.

Proof A.3.15 (of Lemma 6.5.6) Firstly, we consider hypothesis with
respect to the axioms of configuration entailment (cf. Def. 6.5.2):

def. 6.5.2.1 Assume that [S̄ ] I [S ∨ S̄ ] 7→r [T̄ ]. It follows that either
(i) [S ] 7→r [S ′] and [T̄ ] = [S ′ ∨ S̄ ] or (ii) [S̄ ] 7→r [S̄ ′] and
[T̄ ] = [S ∨ S̄ ′]. In case (i), we have [V̄ ] = [S̄ ] and [S̄ ] I [T̄ ]. In
case (ii), we have [V̄ ] = [S̄ ′] and [S̄ ] 7→r [S̄ ′] I [S ∨ S̄ ′] = [T̄ ].

def. 6.5.2.2 Assume that [S 1 ∨ S 2 ∨ S̄ ] I [S 2 ∨ S̄ ] 7→r [T̄ ] where
[S 1] B [S 2]. It follows that either (i) [S 2] 7→r [S ′2] and [T̄ ] =

[S ′2 ∨ S̄ ] or (ii) [S̄ ] 7→r [S̄ ′] and [T̄ ] = [S 2 ∨ S̄ ′]. In case (i),
Lemma A.3.8 proves that there exists an S ′1 such that [S 1] 7→r [S ′1]
and [S ′1] B [S

′
2]. Hence, we get [V̄ ] = [S ′1 ∨ S ′2 ∨ S̄ ] and [S 1 ∨
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S 2 ∨ S̄ ] 7→r [S ′1 ∨ S 2 ∨ S̄ ] 7→r [S ′1 ∨ S ′2 ∨ S̄ ] I [S ′2 ∨ S̄ ] = [T̄ ].
In case (ii), we have [V̄ ] = [S 1 ∨ S 2 ∨ S̄ ′] and [S 1 ∨ S 2 ∨ S̄ ] 7→r

[S 1 ∨ S 2 ∨ S̄ ′] I [S 2 ∨ S̄ ] = [T̄ ].

For the reflexive closure of these axioms, the hypothesis is true as [S̄ ] =
[Ū] implies [V̄ ] = [T̄ ]. For their transitive closure, it follows by induction.
Hence, the hypothesis holds for configuration entailment in general.

Proof A.3.16 (of Theorem 6.5.7) To preserve clarity, we will omit the
set of proper axioms from the judgement symbol. Furthermore,D(Ū, V̄)
denotes the fact that for configurations Ū, V̄, there exist configurations
Ū1, . . . , Ūn for some n such that:

Ū 7→∨ Ū1 7→∨ . . . 7→∨ Ūn I V̄

Entailment Ū I V̄ implies D(Ū, V̄). We define ·�· as in the proof of
Thm. 6.5.7.

Secondly, we define an operator on formulas analogous to merging
on states: For any two (possibly empty) sequences of variables x̄, ȳ
and quantifier-free formulas α, β let ∃x̄.α�∃ȳ.β ::= ∃x̄.∃ȳ.α ⊗ β. We
observe that for arbitrary CHR states U, V where U � V exists, we
have UL�VL a` (U � V)L. In the following, we assume w.l.o.g. that all
existentially quantified variables in the antecedent of a sequent occuring
in π are renamed apart. Hence, for every two formulas of the form UL, VL

occurring in the antecedent of one sequent in π, both U � V and UL�VL

exist.
We introduce a completion function η, defined by the following table,

where S̄ is a configuration, cb(t̄) is a built-in constraint and Γ ` α is a
sequent:

η(S̄ L) ::= S̄ L

η(cb(t̄)) ::= !cb(t̄)
η(α, Γ) ::= η(α)�η(Γ)
η(Γ ` α) ::= η(Γ) ` η(α) for non-empty Γ
η(` α) ::= 1 ` η(α)

From Lemma A.3.6 follows that for every sequent Γ ` α in π, we
have η(Γ ` α) = ŪL ` V̄L for some configurations Ū, V̄. We show by
induction over the depth of π that for every such ŪL ` V̄L, we have
D(Ū, V̄).

Base case: In case the proof of S̄ L ` T̄ L consists of a single leaf, it
is either an instance of a (Identity), (R1), or (L0), or a proper axiom
(Γ ` α) ∈ (Σ� ∪ ΣCT ∪ ΣP).

• (Identity), (R1), (L0):

α ` α (Identity)
` 1 (R1) 0 ` α (L0)

In the case of (Identity), we have η(α ` α) = ŪL ` ŪL for some
configuration ŪL. In the case of (R1), we have η(` 1) = ŪL ` ŪL
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for Ū = 〈>; V〉. As the entailment relation is reflexive, we have
D(Ū, Ū). In the case of (L0), we have η(0 ` α) = ŪL ` V̄L

where Ū ≡ S⊥. By Def. 4.1.8, Def. 6.5.1, and Def. 6.5.2, we have
that ŪL I V̄L and thereforeD(U, V).

• For a proper axiom (Γ ` α) ∈ (Σ� ∪ΣCT ) we have Γ ` α = ŪL `

V̄L where Ū, V̄ are singular configurations such that Ū I V̄ and
thereforeD(Ū, V̄).

• For a proper axiom (Γ ` α) ∈ ΣP we have Γ ` α = ŪL ` V̄L

where Ū, V̄ are singular configurations such that Ū 7→ V̄ and
thereforeD(Ū, V̄).

Induction step: We distinguish thirteen cases according to which is
the last inference rule applied in the proof. Cut reduction implies that
it must be one of (Cut), (L1), (L⊗), (R⊗), (Weakening), (Dereliction),
(Contraction), (R!), (L∃), (R∃), (L⊕), (R⊕1), and (L⊕2):

• (L⊗), (Dereliction), (R!): For (Dereliction) and (R!), the
banged formula must be an atomic built-in constraint cb(t̄):

Γ,α, β ` γ
Γ,α ⊗ β ` γ

(L ⊗ )
Γ, cb(t̄) ` β
Γ, !cb(t̄) ` β

(Dereliction)
!Γ ` cb(t̄)
!Γ `!cb(t̄)

(R!)

Since η(α, β) = η(α ⊗ β) and η(!cb(t̄)) = η(cb(t̄)), each of these
rule is invariant to the η-completion of the sequent, thus trivially
satisfying the hypothesis.

• (L1):

Γ ` α
Γ, 1 ` α (L1)

We assume that S Γ = 〈GΓ, VΓ〉 is a singular configuration and
S̄ α is a configuration such that S L

Γ = η(Γ), S̄ L
α = η(α), and

D(S Γ, S̄ α). Then by Def. 4.1.8.2, we haveD(UΓ, S α) where UΓ =

〈GΓ ∧>, VΓ〉. As UL
Γ = η(Γ, 1), this proves the hypothesis.

• (Weakening): By Lemma A.3.6, we have that the introduced for-
mula is of the form !cb(t̄).

Γ ` β
Γ, !cb(t̄) ` β

(Weakening)

We assume that S Γ = 〈GΓ, VΓ〉 is a singular configuration and
S̄ β is a configuration such that S L

Γ = η(Γ), S̄ L
β = η(β) and

D(S Γ, S̄ β). Furthermore, let U = 〈GΓ ∧ cb(t̄); VΓ〉. Since UL =

η(Γ, !cb(t̄)) and U B S Γ, Lemma 6.5.6 proves the hypothesis.

• (Contraction): By the subformula property, we have that the con-
tracted formula is of the form !cb(t̄).

Γ, !cb(t̄), !cb(t̄) ` β
Γ, !cb(t̄) ` β

(Contraction)
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Since 〈U; B∧ cb(t̄); V〉B 〈U; B∧ cb(t̄) ∧ cb(t̄); V〉 we prove the
hypothesis analogously to (Weakening).

• (R⊗): The subformula property implies that the joined formulas
must be singular configurations UL and VL without local vari-
ables:

Γ ` UL ∆ ` VL

Γ, ∆ ` UL ⊗ VL (R⊗)

Let S Γ, S ∆ be singular configurations such that S L
Γ = η(Γ), S L

∆ =

η(∆). The induction hypothesis gives usD(S Γ, U) andD(S ∆, V).
By Lemma A.3.4.1 and Lemma A.3.4.2 we have D(S Γ � S ∆, U �
S ∆) and D(U � S ∆, U � V). By Lemma 6.5.6, we get D(S Γ �

S ∆, U � V).

• (Cut): Since π is a cut-reduced proof and all axioms are of the
form UL

1 ` UL
2 , the eliminated formula must be the logical reading

of a singular configuration U:

Γ ` UL UL, ∆ ` β
Γ, ∆ ` β

(Cut)

Let S Γ, S ∆ be singular configurations and S̄ β a configuration
such that S L

Γ = η(Γ), S L
∆ = η(∆), and S̄ L

β = η(β). The induc-
tion hypothesis gives usD(S Γ, U) andD(U � S ∆, S̄ β). Applying
Lemma A.3.4, we get D(S Γ � S ∆, U � S ∆). By Lemma 6.5.6, we
getD(S Γ � S ∆, S̄ β) which proves the hypothesis.

• (L∃): In the preconditional sequent, the quantified variable x is
by definition replaced by a fresh constant a that does not occur in
Γ, α, or β:

Γ,α [x/a] ` β
Γ,∃x.α ` β

(L∃)

Let U = 〈G [x/a] ; V ∪ {a}〉 be a singular configuration and S̄ β

a configuration such that UL = η(Γ,α [x/a]), S̄ L
β = η(β), and

x < V. The definition of state equivalence gives us U ≡ 〈G∧ x�
a; V∪ {a}〉. Furthermore, we have η(Γ,∃x.α) = 〈G, V〉L. By the
induction hypothesis, we have singular configurations U1, . . . , Un

such that U 7→r1 U1 7→
r2 . . . 7→rn Un B S β where Ui = 〈Gi ∧ x�

a; V∪ {a}〉 for i ∈ {1, . . . , n}. Neither the binding x�a nor the set of
global variables affect rule applicability. Hence, we can construct
an analogous derivation 〈G; V〉 7→r1 U′1 7→

r2 . . . 7→rn U′n where
U′i = 〈Gi; V〉 for i ∈ {1, . . . , n}. Since Un I S̄ β and a must
not occur in β, we also have have 〈Gn; V〉 I S̄ β. Therefore, we
have D(〈U; B; V〉, S̄ β). As η(Γ,∃x.α) = 〈G; V〉L, this proves
the hypothesis.

129



• (R∃): By definition, the quantified variable x substitutes an arbi-
trary term t.

Γ ` β [x/t]
Γ ` ∃x.β

(R∃)

Let S̄ Γ be a configuration and U, V be singular configurations
such that S̄ L

Γ = η(Γ), UL = η(β [x/t]), and VL = η(∃x.β). By
the induction hypothesis we haveD(S̄ Γ, U) for some n. Let V =

〈G; V〉 and U = 〈G [x/t] ; {x} ∪V〉. We have U ≡ 〈G∧ x�t; {x} ∪
V〉 B 〈G∧ x�t; V〉 B 〈G; V〉 ≡ V, and therefore,D(S̄ Γ, V).

• (L⊕):

Γ,α ` γ Γ, β ` γ
Γ,α ⊕ β ` γ

(L⊕)

Let Gα, Gβ be goals, let S Γ = 〈G; V〉 be a state and let S̄ β

be a configuration such that GL
α = η(α), GL

β = η(β), S L
Γ =

η(Γ) and S̄ L
γ = η(γ). Let furthermore ȳα = vars(Gα) and

ȳβ = vars(Gβ). Hence, η(Γ,α) = 〈G∧Gα; V∪ ȳα〉L, η(Γ, β) =
〈G∧Gβ; V∪ ȳβ〉L, and η(Γ,α⊕ β) = 〈G∧ (Gα ∨Gβ); V∪ ȳα ∪
ȳβ〉L. The induction hypothesis gives usD(〈G∧Gα; V∪ ȳα〉, S̄ γ)

and D(〈G ∧ Gβ; V ∪ ȳβ〉, S̄ γ). By Def. 4.2.2.4 we have that
η(Γ,α ⊕ β) ≡ 〈G ∧Gα; V ∪ ȳα〉 ∨ 〈G ∧Gβ; V ∪ ȳβ〉. Finally by
Lemma 6.5.6, we getD(〈G∧ (Gα ∨Gβ); V∪ ȳα ∪ ȳβ〉, S̄ γ).

• (R⊕1), (R⊕2):

Γ ` α
Γ ` α ⊕ β (R⊕1)

Γ ` β
Γ ` α ⊕ β (R⊕2)

We consider (R⊕1): By the subformula property, there exist con-
figurations S̄ Γ, S̄ α, S̄ β, such that S̄ L

Γ = η(Γ), S̄ L
α = η(α), and

S̄ L
β = η(β). By the induction hypothesis, we haveD(S̄ Γ, S̄ α). By

Def. 6.5.2.1, we have S̄ α I (S̄ α ∨ S̄ β) and thereforeDn(S̄ Γ, S̄ α ⊕

S̄ β). (The proof for (R⊕2) works analogously.)

Finally, we have D(S̄ , T̄ ), i.e. there exist configurations S̄ 1, . . . S̄ n

such that:

S̄ 7→ S̄ 1 . . . 7→ S̄ n B T̄

It follows that for Ū = S̄ n, we have S̄ 7→∗ Ū and Ū B T̄ .

Proof A.3.17 (of Lemma 6.5.9) (’⇐’) Follows from Thm. 6.5.7 by as-
suming an empty program P = ∅.
(’⇒’) We consider the axioms for configuration entailment in Def. 6.5.2:
W.r.t. axiom (1), [T̄ ] I [S ∨ T̄ ] implies T̄ L ` (S ∨ T̄ )L since β ` α ⊕ β.
For Def. 6.5.2.2, [S 1] B [S 2] implies S L

1 `Σ S L
2 by Lemma A.3.10. From a

proof of S L
1 `Σ S L

2 , we can construct a proof of S L
1 ⊕ S L

2 ⊕ T̄ L `Σ S L
2 ⊕ T̄ L.

As `Σ is furthermore reflexive and transitive, the hypothesis is reduced to
Lemma 6.4.1.
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Proof A.3.18 (of Theorem 6.6.3) We prove Thm. 6.6.3 by showing that
any proof tree in the axiomatic semantics can be transformed into a proof
tree in the encoding semantics and vice versa. To ensure of clarity, we
will omit the set of proper axioms from the judgement symbol.

axiomatic to encoding: We assume a proof π of a sequent S̄ L ` T̄ L

in the axiomatic semantics. We replace every axiom ∃x̄.BL ` ∃x̄′.B′L

in ΣCT by a sub-tree proving CT L,∃x̄.BL ` ∃x̄′.B′L. Analogously,
we replace every axiom ∃x̄.GL ` ∃x̄′.G′L in Σ� by a sub-tree prov-
ing ET L,∃x̄.BL ` ∃x̄′.B′L. Similarly, every axiom HL

1 ⊗ HL
2 ⊗ GL `

HL
1 ⊗ ∃−ȳr .(BL ⊗ GL) in ΣP is replaced with a sub-tree proving

PL, HL
1 ⊗ HL

2 ⊗ GL ` HL
1 ⊗ ∃−ȳr .(BL ⊗ GL). We propagate the thus in-

troduced instances of CT L and PL throughout the proof tree, thus pro-
ducing a proof π′ of

CT L, . . . , CT L, ET L, . . . , ET L, PL, . . . , PL, S̄ L ` T̄ L

We insert π′ into:

π′

CT L, ET L, PL, S̄ L ` T̄ L (Contraction)∗

CT L, ET L, PL ` S̄ L ( T̄ L (R()

CT L, ET L, PL ` ∀(S̄ L ( T̄ L)
(R∀)

encoding to axiomatic: Let
⊗

stand for element-wise multiplica-
tive conjunction of a set and let π be a proof of a sequent CT L, PL `

∀(S̄ L ( T̄ L) in the encoding semantics.
For every !∀(∃x̄.BL ( ∃x̄′.B′L) ∈ CT L, we have `Σ!∀(∃x̄.BL (

∃x̄′.B′L) where Σ = ΣCT . Hence, there exists a proof πCT of `Σ
⊗

CT L.
Similarly, there exist proofs πET of `Σ

⊗
ET L and πP of `ΣP

⊗
PL.

πP

πET

πCT

π⊗
CT L,

⊗
ET L,

⊗
PL ` ∀(S̄ L ( T̄ L)

(L⊗)∗⊗
ET L,

⊗
PL ` ∀(S̄ L ( T̄ L)

(Cut)⊗
PL ` ∀(S̄ L ( T̄ L)

(Cut)

` ∀(S̄ L ( T̄ L)
(Cut)

S̄ L ` S̄ L
(Identity)

T̄ L ` T̄ L
(Identity)

S̄ L, S̄ L ( T̄ L ` T̄ L
(L()

∀(S̄ L ( T̄ L), S̄ L ` T̄ L
(L∀)∗

S̄ L ` T̄ L
(Cut)

As we can transform the respective proof tree from the axiomatic
to the encoding semantics and vice versa, the two representations are
equivalent.
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B
A P P E N D I X : L I S T O F S Y M B O L S

In this appendix, we give a list of all non-standard symbols we use in
this thesis, as well as some commonly used identifiers. Where applicable,
we point the reader to the corresponding definition, otherwise to the first
occurrence of the respective symbol or identifier.

Transition Relations

7→ p. 29 (39, 44, 49, 54) state transition
7→r p. 29 state transition by rule r
7→R p. 44 state transition by rule r ∈ R

7→≡ p. 39 reflexive closure of 7→
7→∗ p. 39 reflexive-transitive closure of 7→
← [ p. 39 reversal of 7→
7→ωt p. 31 ωt state transition
X ◦ Y p. 39 composition of X and Y

Other Relations

a` p. 19 linear-logic equivalence
� p. 24 syntactic equality
≡g p. 24 equivalence of goals
≡e p. 40 equivalence of ωe states
≡∨ p. 47 equivalence of configurations
≡τ p. 53 equivalence of ωτ states
2 p. 61 a rule ordering
≺ p. 61 the strict order corresponding to 2
B p. 80 entailment of ωe states
I p. 81 entailment of configurations
JI p. 88 congruence of configurations
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Linear Logic and Phase Semantics

⊗ p. 15 multiplicative conjunction
( p. 16 linear implication
� p. 94 mutual linear implication
! p. 16 persistence exponential

& p. 16 additive conjunction
1 p. 16 the empty resource
> p. 17 the trivial resource
0 p. 17 absurdity
P p. 20 a phase space
F p. 20 a set of facts
O p. 20 a set of open facts

Operational Semantics

ωva p. 29 the very abstract semantics of CHR
ωt p. 31 the theoretical semantics of CHR
ωr p. 27 the refined semantics of CHR
ωe p. 38 the equivalence-based semantics of CHR
ω∨e p. 46 the equivalence-based semantics of CHR∨

ωτ p. 50 the equivalence-based token-store semantics of CHR

Theories and Programs

CT p. 28 a constraint theory
ET p. 28 an equality theory
CT� p. 28 union of CT and ET
P p. 26 a CHR program
H p. 35 a Horn program
H∨ p. 35 CHR∨ embedding of a Horn program

Sets of Axioms

Σ p. 18 set of logical axioms
ΣCT p. 78 set of axioms derived from a constraint theory
Σ� p. 78 set of axioms derived from an equality theory
ΣP p. 78 set of axioms derived from a program
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Program Observables

A(S ) p. 45 set of answer states
Ā(S ) p. 49 set of answer configurations
Aτ(S ) p. 55 set of ωτ answer states
C(S ) p. 45 set of computable states
C̄(S ) p. 49 set of computable configurations
Cτ(S ) p. 55 set of computable ωτ states
LC(S ) p. 91 set of logically computable configurations
LS (S ) p. 91 set of logical answers
S(S ) p. 45 set of data-sufficient answer states
S̄(S ) p. 49 set of data-sufficient configurations
Sτ(S ) p. 55 set of data-sufficient ωτ answer states

Commonly Used Identifiers

A p. 51 an annotated goal
B p. 24 a built-in constraint
B̄ p. 49 a disjunction of built-in constraints
C p. 51 an annotated constraint
G p. 24 a goal
R p. 39 a set of rules
S p. 68 a set of states
S p. 31 a set of identified constraints
S , T , U, V p. 29 a computation state
S̄ , T̄ , Ū, V̄ p. 33 a configuration
T p. 31 a set of history tokens
U p. 24 a user-defined constraint
V p. 39 a set of (global) variables
c(t̄) p. 24 an atomic constraint
cb(t̄) p. 24 an atomic built-in constraint
cu(t̄) p. 24 an atomic user-defined constraint
ī p. 52 a set of constraint identifiers
l̄ p. 39 a set of local variables
s̄ p. 39 a set of strictly local variables
t̄ p. 18 a sequence of terms
x̄, ȳ p. 25 a sequence of variables
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Miscellaneous

∃̄ p. 32 quantification of variables not in V

% p. 102 the modulo operator
ε p. 33 an empty sequence or configuration
N(P) p. 69 class of normalizing states
P p. 101 power set
S⊥ p. 33 the failed state
T∗ p. 63 largest set of history tokens
chr(X) p. 52 function removing all constraint identifiers
id(X) p. 52 function extracting all constraint identifiers
vars(X) p. 24 set of variables occurring in X
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