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1. General

The front page shows a variant of the Poggendorff illusion, where the visible part of the test line 
appear rotated compared to the continuing lines at both ends. The diagram to the right gives a 
function which has been fitted to the experimental results of the Cafe Wall illusion. 

Any perception may be called an illusion in the sense that perception doesn´t tell a length or size in 
absolute units, it just gives ones subjective impression. This may differ from individual to 
individual, too. However, varying a specific parameter, eg, the angle at the triangles´ apex in the 
mirrored triangles´ illusion (section 2.1.2), it turns out that the apparent distance between the 
triangles seems to vary in a quite systematic way. 

Measuring the magnitude of a visual illusion, usually one of the parameters is varied in steps over 
the course of the experiment. The result is plotted as a diagram, together with the standard 
deviation, and it is common practice to connect the data points by straight lines which give an 
impression of the characteristic features of the illusion. Occasionally, this is called a signature 
(Ninio and O´Regan, 1999). 

The goal now is to replace the signature by a continuous mathematical function, derived from a 
hypothesized conceptual model, and to determine numerical parameters for the purpose of 
comparison with similar experiments. Psychophysical experiments on illusions may be helpful to 
reveal the underlying neurophysiological mechanisms. It turns out that, for some of the illusions, 
just one quite simple expression serves the purpose, meaning that the data points coincide with the 
curve calculated within their error limits. Examples are the exponential decay function (in 
connection with a variant of the Delboeuf illusion), the power function (size constancy) or the 
logarithmic normal distribution (cafe wall illusion). It is assumed that these illusions are mainly due
to one particular mechanism in the course of data processing by the visual system. In case of other 
illusions, the results can be approximated by a combination of these basic expressions, indicating 
that there may be several of these basic mechanisms involved. Comparing different illusions, it 
turns out that they partly share identical functions, suggesting that these illusions may be partly due 
to similar mechanisms, too. Occasionally, some variants of the same illusion appear not to be based 
on identical mechanisms. 

Coren, Girgus, Erlichmann, and Hakstian (1976) published a classification system for visual-
geometric illusions, based upon the interrelationship between behavioral responses to various 
distortions, employing forty five illusion configurations, among them being eleven variants of the 
Müller-Lyer  illusion. Factor analysis lead to five or rather two classes of illusions. The authors also
report on earlier attempts to classify geometric visual illusions.
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2. Basic Effects and Basic Functions    

In the following, examples are given for models of thought with particular reference to geometric-
optical illusions. These conceptual models are based on scientific or rather neurophysiological 
phenomena. Mathematical functions are derived which characterize these processes. In case the 
values predicted such way correspond to the data determined experimentally, there may be at least a
chance that this illusion is due to the phenomenon supposed. 

2.1 Size Constancy / Zoom Effect.  Power function

Size constancy in a wider sense means that a change in the size of the retinal image of an object 
does not result in a proportionate change of its perceived size (Schur, 1925; Gilinsky, 1955). Schur 
measured the perceived size of a bright disk seen in the dark at different distances  (Fig 1). The 
yellow inner circle at a distance of 16 meters corresponds to the size of the retinal image, the red 
outer circle indicates the apparent size [Kreiner (2009a)].

Fig 1     Experimental study on size constancy performed by Schur in 1925. B indicates the position of the 
observer, who compares the apparent size of a bright disc at varying distances with the size of a disc at a  fixed 
distance of four meters (left). At sixteen meters the disc´s diameter on the retina is just one quarter in comparison 
to that at four meters (yellow inner circle), but it appears to be more than half as large (red outer circle).

Following geometrical optics (Fig 2), the relative height of the image, HI, on the retina, depends on 
the height of the object (HO) as well as on the focal length f and gets smaller with increasing 
distance O of the stimulus according to the equation

                                HI=HO·
f

O−f
       or, as f>>O,           HI=HO·

f
O

                       EQ 1

4

d
0
=4m

B
4m

d =16m



Choosing O0 as a standard distance of the Object (the stimulus), and HI0 as the corresponding size 
of the image, one obtains 

            HI
HI 0

=[ O
O0

]
−1

    or:     Size of the image ~ 1
Distance of the Object

                     EQ 2

Fig 2   Size and distance             
relationships due to       
geometrical optics. The focal 
length of the eye´s lens is 
negligible compared with the 
distance of the object. 

As experiments by Schur (1925) and Gilinsky (1955) show, the perceived image does not                 
follow this law. It rather gives the impression as if the focal length of the eye´s lens would increase 
continuously by a factor F which, in turn, depends on the object´s distance due to the equation 

HI
HI 0

=F [ O
O0

]
−1

;  with F = [ O
O0

]
n

one obtains          HI
HI 0

=[ O
O0

]
n

[ O
O0

]
−1

→ HI
HI 0

=[ O
O0

]
n−1

 

or                                                            Y (x)=x(n−1)                                                   EQ 3

where x is the relative distance of the stimulus and n is called the size constancy parameter.

As there is no zoom lens in the eye, it cannot manage the apparent magnification.  Size constancy 
must be due to another mechanism comparable in its effect. It is hypothesized that the visual system
retrieves information from only part of the retinal surface (Fig 3): The red rectangular contour on 
the eyeball represents the area chosen by the visual system for data processing. Due to the model, 
the information retrieved from the retinal image is transferred to kind of an internal visual memory 
screen (of constant size), in this way producing the perceived image (blue contour on the right). The
size of the area chosen corresponds to the size of the perceptual field in the real world. In case the 
stimulus is receding from the observer, its image will get smaller and smaller (Fig 3, middle). To 
compensate for this, the selected retinal area is reduced progressively with increasing distance of 
observation (schematic drawing at the bottom). The perceived image will give the impression as if 
it were taken with a zoom lens, its focal length being increased steadily [Kreiner (2004, 2010)]. 
This zooming in is known as size constancy. The effect of introducing n in EQ 3 is the same as if 
one had substituted a smaller distance O of the object into EQ 2. The example in Fig 3, bottom, is 
somewhat exaggerated in the sense that it corresponds to 100% constancy.
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Fig 3   Optical imaging and size constancy
Top: An object/soccer ball at close distance is projected onto the retina. The visual system retrieves information   
        from only part of the retina (red contour) in order to produce the perceived image (soccer ball within the 
        blue contour, at the right).

Middle: The same object at far distance, same conspicuity range (wide angle). The retinal image is reduced 
        in size due to the laws of geometrical optics. The object appears smaller, in proportion to the distance of  
        observation. 

Bottom: Size constancy. The object at the same far distance as before, but seen within a reduced 
         conspicuity range (narrow angle). Information is retrieved from a smaller section of the retina only,  
         leading to an enlarged and highly resolved apparent image.  
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Fig 4

( X
d 0

)
n−1

Fig 4     Shows size constancy at at varying distance. The yellow circles give the size of the retinal 
image at distances x= (X/d0) from 1 to 4 units (1= d0). Its size is inversely proportional to the 
distance. So the smallest yellow circle measures a quarter of the size of the one at close distance d0.

The red circles indicate the perceived size in proportion to Y(x) = ( X
d 0

)
n−1

. An example is given 

in section 2.1.1 . In case not the distance of observation but the size of the target is varied [Gilinsky 

Fig 5
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(1955)], the apparent size is in proportion to Y(x) = ( S
S0

)
1−n

. Fig 5 gives the situation when 

targets of different size are observed from the same distance. The retinal image follows x = (S/S0). 
A numerical example is given in section 2.1.2 . 
                                                
What may be the reason for the visual system to choose this tele mode? A major factor can be seen 
in the limited channel capacity of the visual cortex [Estimates are given by Barlow (1961); Berlit 
(1999); Kreiner (2009a)]. As a consequence, resolution can only be increased while sacrificing part 
of the visual field. This is essential in order to recognize fine details of an object one pays particular
attention to, eg, infront of the setting sun. Other examples are various forms of illusions, eg,  the 
Oppel-Kundt illusion (section 3.5). Baruch and Yheshurun (2014) explain various forms of 
attention by attraction of receptive fields. 

2.1.1 Apparent Size as a Function of Distance

Fig 6 refers to a bright disk seen in the dark (Fig 1). Distance of observation was varied between 
4.8m and 16m. The diameter of the disk was increased until subjects told it matched the reference 
disk at the left at a constant distance of 4m. Due to geometrical optics, the retinal image gets 
smaller in proportion to the distance. This is indicated by the blue solid line. In contrast to this, the 
apparent size does not decrease as fast (red line). The values found in the experiment are 
standardized to the apparent size of the reference disk seen at x= d0 = 4 meters. At longer distance 
the disc appears increasingly larger than one would expect it from optical imaging. It looks as if the 
object was more and more zoomed in.
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Fig 6 

Red curve: Perceived diameter of a bright 
disk in the dark as a function of the 
distance of observation (independent 
variable x, in meters, horizontal 
direction). 

Functions: 
Red curve:  Y= (X/d0)^(n-1) = x^(n-1)

   Results of fitting:                n= 0.578(22)
   
 Lower curve:   Y= (X/d0)^(-1)  = x^(-1) 
   (retinal image)  
            

Choosing n= 1 in EQ 3 leads to Y(x) = (x/d0)^0 = 1 = const. In this case the apparent size would 
stay the same for any distance of observation (dashed blue horizontal line in Fig 4). For vertical 
direction of observation, n turned out to be considerably smaller [0.319(34)]. This is of particular 
significance in connection of the moon illusion [Kreiner (2004)].
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                                                                                                                                                            A

                                                                                                                                                            B  

                                                                                                    

2.1.2 Apparent Size as a Function of the Object´s Extension.
         The Mirrored Triangles´ Illusion

Isosceles triangles are arranged horizontally such that their tips face each other (Fig 7). The shape 
of the triangles is varied, while their area as well as their distance is kept constant. Nevertheless, the
gap between the tips appears to change in size as a function of the shape (Kreiner, 2012 b4; 2018). 
Strictly speaking, it is a function of the radius of the outer circle. Due to size constancy, an object at
fixed distance, becoming smaller, will be perceived as being slightly enlarged due to a reduced 
receptive field. This field is related to the circles encompassing each pair of triangles (Fig 8). 

  

 

 

  

  

Fig 7    Two pairs of isosceles triangles. Depending on their shape, the radii of their outer circles differ widely. All
triangles are of the same area. The gap between the tips serves as the target. Due to the effect of size constancy, it 
appears enlarged in Fig A (upper figure) compared to B. Actually, the distance is exactly the same. This is 
attributed to the size of the receptive field, which is supposed to be considerably smaller in A.

Assuming the apparent distance of the dips to be a function of the apparent radius of the outer circle
R (Fig 8), the function to be fitted to the experimental results is

  y (apparent distance) = 60*A*[Rperceived/R0]   = 60*A*[((30 + x)2 + (756/x)2)/62.332] -n/2       EQ 4

60 means the true distance of the dips in millimeters. n and A are the parameters to be fitted. The 
expression in square brackets is the square of the radius R of the outer circle, divided by the square 
of the smallest radius which can occur (62.3mm). It corresponds to a horizontal extent of one 
triangle of 22.2 mm. (30 + x) means the sum of half the target´s length plus the horizontal 
dimension x of one triangle (its height). A is a parameter. Details of the geometry are given in 
Kreiner (2012 b4; 2018).
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Fig 8   Fitting of the EQ 4 to the results of the experiment. The values obtained for A and n are given in Table 2. The 
maximum of the curve is around x=22mm. Below, there are examples of stimuli: A pair of the tallest triangles (left), of 
the longest ones (right), and a pair of nearly rectangular triangles. 

Parameters
fitted

              A n [size constancy parameter]
      1.139(12)                    0.477(33)

 
 The parameter n is comparable to the one obtained from experiments at varying distance.
 
2.1.3 Influence of Structural Density of the Context. Stroke Pattern

There are examples of illusions where the apparent size of a target depends on the spatial frequency 
of the contextual structure. Bearing in mind the conceptual model which explains one of the size 
constancy effects from a reduction of the extent of the visual field in order to improve resolution, it 
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follows that a finer stroke pattern will result in perceptual enlargement and, as a consequence, lead 
to a perceptional enlargement of the target line [Kreiner (2012 b3)].  

As a stimulus, there is a horizontal target line, with a regular pattern of five parallel vertical strokes 
as the inducing context elements. The subjects determined the apparent length from comparison 
with a staple of parallel standard lines. Reducing the size of the pattern leads to a continuous 
increase of the apparent length of the target. In Fig 9 the perceived length of the red line is plotted 
versus the structural density (inverse line width) of the inducing pattern, consisting of five white 
vertical lines above black ground. On a DIN A4 plot, the length of the target line was 61mm. The 
stimuli were projected by a beamer. 
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Fig 9   Perceived length of a red line as a function of the spatial frequency of the contextual pattern (five vertical 
strokes). The red dots on the abscissa correspond to the stimuli shown underneath. The dotted line at 61mm gives 
the true length of the target [Kreiner (2012 b3)]. 

In case the effect is triggered by a texture exhibiting a spatial frequency x, the perceived increase in 
the target´s size can be expressed as a power function of x, ie, 

                                                        y(perc, target) ~ x^(n),                                                 EQ 5

where n is the size constancy parameter. To check this expression, one may set n=0. In this case, as 
x^(0) = const., a finer structure of the context elements will induce no apparent enlargement of the 
target. For n=1, on the other hand, the target will appear enlarged in proportion to the spatial 
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frequency, which may be expressed by the number of lines per unit length or by the inverse 
separation of any sort of structural elements.

Inspecting the diagram in Fig 9, one finds that the perceived length of the red line is considerably 
smaller than its true length of 61mm. There may be several reasons. One may be related to the 
observation that a line divided vertically appears shorter than a continuous one (NN 1).  Another 

Data referring to Fig 9

Target: 
Horizontal line, length 61mm
Inducing pattern: 5 vertical stripes

Function:      y=A*x^(+n)

Parameters fitted: 
                     A= 56.46(45);    n= 0.0757(77) 
        

may be derived from the way how the experiment was performed: The subjects determined the  
apparent length from comparison with a staple of parallel standard lines. So, each of these lines was
imbedded into another kind of contextual structure, leading to some other sort of size constancy 
effect. However, this has no influence on the value of the size constancy parameter n. 

In case the moon, with a clear sky at night, appears particularly large, this can be interpreted as 
sacrificing part of the visual field in order to improve resolution [Kreiner (2004; 2009 a; 2010)].

2.2  Cross Talk / Probability of Interaction. Exponential Function

The term cross talk was coined in communication engineering. Originally it meant unwanted 
coupling between signal paths. Van Essen and Deyoe (1995) report that substantial crosstalk occurs 
between the streams of visual processing. Cross talk is discussed and investigated in connection 
with the interaction of dorsal and ventral streams [Milner (2017)]. In the context of geometric 
optical illusions the term assimilation means that the perceived images of two closely related 
stimuli become more similar to each other. This is interpreted as due to cross talk in the course of 
visual data processing.

2.2.1 Assimilation in the Delboeuf Illusion

A variant of the Delboeuf illusion is given in Fig 10. Skinner and Simmons (1998) report that the 
apparent size of the small square (target T) depends on its position in relation to the larger one (L). 
T appears largest when it is concentric with respect to L, but appears gradually smaller as soon as it 
moves sideways. The diagram in Fig. 10 gives the apparent size of the target as a function of the 
displacement x. Out of the six values obtained by the authors, only four are shown where T and L 
overlap at least partly. 

It is assumed that the information representing the two squares is processed along channels which 
interact continuously, thus causing the illusion. This will occur with a certain probability. 
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Information on the two contours is processed in parallel, with some exchange of information. 
Further it is assumed that, as soon as the squares move apart, the probability of interaction 
decreases continuously. As due to a probability, the degree of interaction can be expressed as an 
exponential function. The relative shift of the squares is taken as the variable. 

Fig 10 

Delboeuf illusion on two squares 
[Kreiner (2015)]. The 
experimental values refer to the 
perceived size of the target T (the 
smaller square) as a function of its
position relative to L. Data from 
Skinner and Simmons (1998).

 Function fitted:
          y = 4.3∙exp(-B∙x)

The factor 4.3 means the 
maximum illusion (in mm), at 
x=0.

Result of fitting:
              B= 0.00469(48)   
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As in the classic Delboeuf illusion on circles, the squares, when concentric, appear more similar in 
size than they really are. The exponential decay function can be derived in the following way:  
Maximum illusion occurs when T and L are exactly concentric. In this case the two squares are 
processed in the visual system as a coherent system. Even a small shift would already distort the 
symmetry considerably and, therefore, cause a fairly strong effect, ie, a change in apparent size. 
However, the same shift, applied to squares already out of center, has a considerably smaller impact
(in proportion to the actual y). This leads to the differential equation:
 

                
dy
dx

=− y∗B           
dy
y

=−B∗dx          ∫ dy
y

=−∫B∗dx

     lny=−B∗x+C ;          with C = lny0  →                     y= y0∗e−B∗x
                         EQ 6

 [ y =apparent size,  y0 = maximum size,  x =displacement  and B =parameter].

An exponential decay function starts from a maximum value y0 at x= 0, decreasing rapidly first, 
then approaching the x-axis increasingly slower. 
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2.2.2  Luminance Contrast and Stereoscopic Threshold in the Zöllner Illusion

For other examples of visual-geometric illusions, the probability of interaction depends on the 
contrast. This again may be interpreted in terms of a probability: Extremely feeble contours will 
provide little information only. The Zöllner illusion is based on the information provided by the 
lines and a stroke pattern, which seem to interact, making the lines appear to be non-parallel. 

This example refers to the effect of the luminance contrast on the magnitude of the Zöllner (1860) 
illusion [Li and Guo, (1995); Kreiner (2015)]. The goal was to measure the error in estimating the 
parallelism of adjacent lines as a function of the contrast. The error was found to approach a 
constant 

value D (Fig 11). The function fitted is                  y=D+A∙exp(-B∙x)                                EQ 7
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Fig 11   

Effect of luminance contrast on the
magnitude of the Zöllner illusion. 
Data from Li and Guo (1995).

Function:       y= D-A∙exp(-B∙x)
  
Parameters fitted:

D= 1.029(22)  
A= 2.37(27)
B= 0.0670(72)  
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Fig 12 

Effect of luminance contrast on 
stereoscopic threshold.

Function:
y=D+A∙exp(-B∙x)

Parameters obtained:
  
D= 1.143(63)
A= 56.0(38)
B= 0.1810(63)  
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with x being the contrast. The same authors investigated the effect of the luminance contrast on the 
stereoscopic threshold (Fig 12). x means the disparity threshold. 

                                                               y=D+A∙exp(-B∙x)                                                 EQ 8

2.3 Subjective Contours. Lognormal Function

2.3.1  Kanizsa Triangle

It is the classic example of a subjective contour [Kanizsa (NN 2)]. These contours connect 
preferably elements with identical properties, edges of the same brightness contrast in this case:

Fig 13

Kanizsa Triangle

2.3.2 The Café Wall Illusion

In the Café Wall illusion black and white rectangles arranged in rows appear wedge shaped     
[Fraser, (1908); Gregory (1977)]. In the version given in Fig 14 only one kind of shadowed tiles is 
employed (Kreiner, 2008; 2012 b2). Each two rows are separated by a grey line. One finds that the 
wedge illusion is crucially dependent on the width of the line which is chosen as the independent 
variable x.  The illusion is caused by virtual lines connecting areas of comparable brightness, as 
shown below in Figs 14, 15. As the magnitude of the illusion depends on the luminance contrast of 
the line, so does the exact position of the maximum. In the example given the lines´ darkness is 
40%. The separation line appears pretty dark between bright areas above and below (Fig 15, 
position A) and, simultaneously, fairly bright between dark fields (position B), due to lateral 
inhibition (NN 3). In both cases the line contributes to a virtual contour which forms a bridge, from 
dark to dark in position A and from bright to bright at B. To meet these requirements, a medium 
grey produces the optimum illusion. Beside that, the line has to be wide enough to be noticed and, 
simultaneously, faint enough not to to appear as a horizontal element of its own. 
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Fig. 14

Basic pattern. The middle 
row is slightly shifted with 
respect to the rows above 
and below.

The tiles are shadowed 
from white to black and to 
white again.

Inserting two grey lines (as 
shown to right) 

causes the tiles of
the middle row to appear 
wedge shaped.

So the maximum of the illusion must be at some intermediate line width. Starting from zero width, 
the illusion first increases and then, after a maximum, decreases again for x→∞ . Therefore, a 
lognormal function appears to be appropriate: 

                                                       y = A*exp[-B*(log(x/C)^2)]                                       EQ 9  

Parameters fitted:           A=59.7(26);     B=0.527(63);  C=1.549(81)
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Fig 15

A: The grey line  appears darker 
due to the bright surrounding 
above and below. This induces a
virtual line connecting the 
adjacent dark areas. 

B: The grey line  appears 
brighter due to the dark 
surrounding. This induces a 
virtual line connecting the 
adjacent bright areas. 

                                           A                B

Fig 16
Magnitude of the Cafè wall  
illusion as a function of the width
of the line separating rows of 
shadowed rectangles. Semi-
logarithmic plot. 40% grey refers 
to the darkness of the line. The 
bar indicates the resolution limit 
of the eye (one min arc = 2.91E-4
rad). The maximum illusion 
occurs at a line width clearly 
below this limit. 

Function: 
y = A*exp[-B*(log(x/C)^2)]

Parameters fitted:
A= 59.7(26)
B= 0.527(63)
C=1.549(81)

 

In Fig 16 a semi-logarithmic plot is shown. It turns out that the maximum illusion occurs at a line 
width definitely below the resolution limit of the eye (which is at about 1 min arc).The Münsterberg
illusion [Münsterberg (1897); Kreiner (2016)] appears to be based on the identical principle where 
real and virtual lines are combined. Further examples of subjective contours are found with the 
Kanisza Triangle [Kanizsa (NN 2)] and the Kitaoka Contours [Kitaoka (2020)]. 
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2.4   Subjective Orientation. Linear Function
2.4.1  Extrapolation

Fig 17 showes a variant of the Poggendorff illusion, investigated by Wenderoth, Beh, and White     
(1978). There is an oblique black test line and a vertical inducing line at its right end. The goal of 
the experiment was to measure the point of subjective vertical alignment at each of the ten 
horizontal coordinates. It turned out that the subjects shifted the dots slightly towards the horizontal 
in order to achieve alignment. The effect is less pronounced near the open end of the oblique line, 
but seems to be enhanced by the vertical inducing line. However, in any case the perceived vertical 
offset depends linearly on the distance from the end of the test line. Fig 17 gives the perceived 
positions of the dots where they appear to be aligned. The grey oblique line gives the true direction 
of the test line.  A linear function can be fitted to the subjective positions of the dots:

                                                            D + A*x                                                                  EQ 10

Fig 17   
A variant of the Poggendorff 
illusion. The ten dots are aligned 
with the oblique test line, their true 
position is along the oblique grey 
line. In the experiment only one dot 
was shown at a time. The goal was 
to determine the point of subjective 
vertical alignment.

Along the red lines there are the
subjective alignments [Kreiner 
(2015)]. The subjective vertical 
offset is in proportion to the 
distance from the end of the test 
line. Fit of the function 
                     y(x) = D+A*x.  

Result of the fit:      dots near left tip dots near vertical line

D       -1.43(31)   -0.28(14)
A        0.888(12)  0.756(12)

There is an inducing element (the vertical line) as well as an induced effect (the vertical shift of the 
dots). As a possible mechanism it is hypothesized that the black vertical line induces a virtual 
directional component extending perpendicularly to its own extent, ie. horizontally (blue arrows 
marked with a v). Cross talk between the prolongation of the test line and the virtual horizontal 
component could then lead to the vertical deviation observed.

It can be argued that the classic version of the Poggendorff (1860) illusion is due to such an effect 
of crosstalk as well (Fig 18 A). In B and C additional subjective contours are induced, by dots 
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aligned horizontally (in B), and by an offset of the vertical lines in C. The virtual directions are 
indicated in D.  E shows three mini-Poggendorff arrangements in a row. There is not only an offset, 
but also an apparent rotation of the visible parts of the black line in between the bars. They appear 
not to be colinear with the straight black continuations at the ends. 

                                 A                                                 B                                            C                              

        

                          D

                                       

                      E

Fig 18   Possible contribution of virtual lines to the Poggendorff illusion. The effect is particularly pronounced in 
B, where the dots induce to a horizontal virtual line (marked in D). A shows the classic version while in C the 
illusion seems to be even less obvious than in the classic variant. This is attributed to the fact that the virtual 
contours connecting the ends of the inducing lines run parallel to the test line. D gives supposed virtual contours
interacting with the test line or its thought continuation. Below (E): Three mini-Poggendorff drawings in a row. 
Poggendorff and Zöllner illusion appear to merge in this case. It is not just that the thought continuations of the 
short visible parts of the test line seem to miss each other, in addition, it looks as if the visible parts of the test line 
were rotated in comparison to the horizontal and not colinear with the long horizontal strokes at both ends.              
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2.5 Periodic Rotation/Trigonometric Function
2.5.1 Poggendorff Rotated

The intensity of this illusion depends on the orientation of the stimulus, as it has been
observed by Weintraub and Krantz (1971, 1980). Weintraub, Krantz, and Olson (1980) found that 
the magnitude of the Poggendorff illusion oscillates while rotating, following a sinusoidal function. 
With the test line oriented vertically (Fig 19, C) or horizontally, the illusion is at its a minimum. 

               
               
   

                 A                                                       B                                    C

Fig 19  The intensity of the classic illusions depends on the orientation of the stimulus.

Fig 20 Average of four data sets [Kreiner (2012 a)]. x=0 refers to the orientation in Fig 19 A.           
A trigonometric function reproduces the periodicity of the illusion following from rotation:

                                                           y=D+S1*cos(4*(x-S2))                                        EQ 11
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Fig 20     Fit of a cosine function to 
the results of an investigation of the
Poggendorff illusion. Average of 
four data sets (Kreiner, 2012 a).

Function:
y=D+S1*cos(4*(x-S2))

Parameters:
D= 5.10(19)
S1= 2.58(25);    S2= -2.75(156)  

The effect appears to be strongest when the inducing lines are parallel to one of the principal 
directions of orientation. From the result it is concluded that a virtual directional component is 
induced running perpendicularly with respect to the inducing line. Interaction of this component 
with the oblique test lines and their continuations is ascribed to crosstalk. 
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3  Compound Illusions in Alphabetical Order

The basic functions described so far may serve as a modular system which allows building up more 
complicated expressions suitable to characterize illusions where more than one of the basic effects 
appear to play a major role. Occasionally,  opposing effects contribute to the illusion. In case they 
depend on the independent variable x in a different way, the magnitude of the illusion may exhibit a
maximum above a certain value of x. 

3.1  Baldwin Illusion

3.1.1 The Classic Baldwin Illusion

Context elements, their shape, their size and their position, exert an influence on the perceived 
midpoint or on the length of a line (Baldwin, 1895). The apparent length of a horizontal line 
extending between two squares (Fig 21) first increases slightly as a function of the framing ratio FR
(size of the two boxes plus length of the line divided by the length of the line). Then, after a 
maximum it decreases steeply, finally approaching an asymptotic value [Brigell, Uhlarik, and 
Goldhorn (1977); Wilson and Pressey (1988); Figs. 22, 23; data from Brigell et al. (1977)].  

 

Fig 21    Classic Baldwin illusion, examples of stimuli. In contrast to the stimulus described in chapter 3.1.2, the 
context elements are always attached to the ends of the target. They just vary in size. FR means the framing ratio,

The increase and the decrease are usually ascribed to assimilation and contrast effects, respectively. 
Here they are interpreted as due to averaging (induced by crosstalk; chapter 2.2) and size constancy 
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 FR = (2S + L0)/L0 = x



(chapter 2.1). Details are given in [Kreiner (2004), (2015)]. With increasing framing ratio, the 
overall extension of the stimulus increases, too. In contrast to the stimuli with a gap, described in 
chapter 3.1.2, the three elements are always attached to each other, forming a unity. This, in 
addition to the fact that the variation of the total size of the stimulus extends over nearly one order 
of magnitude, may be a major reason why size constancy plays the dominant role in this case. 

0 2 4 6 8 10
0,90

0,92

0,94

0,96

0,98

1,00

1,02

1,04

1,06

Framing ratio x

y 
 L

(p
er

ce
iv

ed
) 
/ L

0

    

     y=D+A*(x-1)         D= 0.979(14)   A= 0.086(29)

       Linear function, fitted to first values only.

Fig 22 a
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  Multiplication with an exponential decay function

Fig 22 b

The experimental values plotted in Figs 22 and 23 give the perceived length of the target line 
divided by its true length L0 (=100) as a function of the framing ratio. The function employed for 
fitting is built up in the following way (EQ 12):

For small boxes (small FR), these may appear roughly as extensions or components of the line. 
Crosstalk (conventionally called averaging) could make the line appear longer, proportionally to the
size S of the boxes in relation to L0. Then, to first order of approximation, the apparent deviation of

the target from L0 is given by the expression A*(x-1) =
A∗2 S

L 0
, reflecting the averaging effect. 

A is a parameter to be fitted, (x-1) is equal to the width of the two boxes divided by L0. This 
expression is zero for x=1, where the boxes are yet infinitely small. Further, it is assumed that 
averaging fades away gradually, because increasingly larger boxes S cannot be seen any longer as 
part of the test line. This is approximated by the exponential decay function exp(-B*L0*abs(x-1)), 
where L0*(x-1) = 2S. Finally, size constancy is taken into account by the power function   
(L0*x)^(-n), where (L0*x) in EQ 12 means the full extension of the stimulus and n, again, the size 
constancy parameter. In case n=1 the stimulus would always appear of the same size, the length of 
the target then being inversely proportional. For n=0 the stimulus as well as the target line would 
appear in the right size.
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y= 1+A*(x-1)*exp(-B*L0*abs((x-1)))   

A= 0.11(23) B= 0.017(26)  L0=100 (fixed)



 For large x the exponential decay term seems to play the dominant role.  The complete function is

                                     y=(1+A*(x-1)*exp(-B*L0*abs(x-1)))*(L0*x)^(-n)                      EQ 12
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                     y=(1+A*(x-1)*exp(-B*L0*abs(x-1)))*(L0*x)^(-n)

Fig 23   Effect of adding a 
power function with the size
constancy parameter n as its 
exponent [Kreiner (2015)]. 
Data: Brigell (1977)

A= 0.355(26)
B= 0.01147(67) 
L0= 100 (fixed)
n= 0.01327(84)

3.1.2 Baldwin with Gaps

In contrast to Baldwin´s (1895) original version of the illusion, the following variant is one of the 
rare examples where the magnitude of the illusion exhibits a singularity concerning its dependence 
on the independent variable. In this experiment full black squares of constant side length S are 
placed symmetrically at various positions along the axis of the target line (three times S), either 
within the length of the line, attached to the target or at some distance beyond its ends (Fig 24). In 
the experiment the perceived length of the target is determined. Starting from the arrangement 
where the boxes are close to the center, the apparent length will increase steadily as soon as they 
move apart. In Figs 25 and 26 the apparent length of the target is plotted above the framing ratio      
[FR = x = (2S + 2d + L0)/L0], which was varied between 0.67 and 3.08 (Kreiner, 2011, 2012 b1). It
will be noticed that there is a sharp peak in the plots. This peak corresponds to the situation when 
the boxes are attached to the ends of the target line. 
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Fig  24  Examples of stimuli 
presented.  

The numbers give the length 
on the original drawing in 
mm. 

The framing ratio is defined 
as FR=(2S + 2d + L0)/L0.

d may be either positive or 
negative.

In the function used for the fitting procedure [EQ 13] the values for S and L0 are chosen arbitrarily 
as 1 and 3 units, respectively. y means the apparent length (normalized to L0):

                                        y= D+A*x+A2*exp(-B*(abs((3*x - 5)/2)))                               EQ  13

The constant D gives the change in the apparent length due to the fact that the target is imbedded 
into some surrounding structure. As the main reason of the illusion crosstalk effects are presumed: 
The second term in EQ 13 gives an increase in perceived length in proportion to the framing ratio, 
commonly termed averaging, while the third term gives a decrease in the apparent size with 
increasing width of the gap. It is assumed that the interaction leading to the apparent lengthening of 
the target line decreases exponentially when the boxes leave their position right at the ends, moving 
either off the line or towards its center (negative value of the gap size d).  

The expression (3*x-5)/2 follows from the geometry of the stimulus. It means the size of the gap. 
With the squares attached to the ends of the target line, the framing ratio is x= 5/3 =1,67 which 
gives (3*x – 5)/2 = 0. There, the exponential function reaches its maximum and will drop off 
towards higher as well as towards lower x.

Size constancy was not taken into account. 

Concerning the magnitude of the effect, the orientation of the stimulus plays an important role, too. 
Tilting the stimulus by 30, 45, and 90 degrees enhances the illusion, but not quite in proportion to 
the angle of inclination [Kreiner (2011)].                                           
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                                       y=D+A*x+A2*exp(-B* (abs((3*x - 5)/2)))

Fig 25 a   Perceived length of 
the red target line as a function
of the framing ratio. The sharp
peak occurs when the squares 
are attached to the ends of the 
target line [Kreiner (2011)].
Target: Horizontal orientation

D= 0.924(13)
A= 0.0153(61)
A2= 0.195(14)
B= 3.49(67)
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Fig 25 b

Target: Oriented horizontally

Contribution of the linear function
only:  y = D +A*x

D and A are taken from Fig 25a.

 

A quite similar observation is made on the dumbbell illusion, where the squares are replaced by full
circles. In this case, the exponential decay on either side of the maximum is less steep [Kreiner 
(2009 b)]. 
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Fig 26 a  Perceived length of 
the target line for vertical 
orientation of the stimulus
[Kreiner (2011)].

 

Function fitted: EQ 13

D= 0.895(19)
A= 0.0566(63)
A2= 0.283(13)
B= 1.89(29)
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Fig 26 b

Target: Vertical orientation

Function:
 y = D +A*x

D and A from Fig 26a. 

3.2  Checkerboard Illusion 

Giora and Gori (2011) found that the perceived size of a square depends on the space frequency of 
the filling texture. This texture was a square pattern with either (2x2), (4x4), (8x8), (16x16) or 
(32x32) subparts of equal size. The small squares were filled either in the checkerboard manner 
(black and white), or randomly (black, grey and white), arranged in an irregular way (Fig 27). Figs 
28 and 29 give the results of the checkerboard experiment. There, the relative perceived increase in 
the length of one side (square root of the relative increase in size of the area) is plotted versus the 
number of microelements x along one edge (space frequency). The existence of a maximum 
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Fig 27
Examples of square patterns 
presented in the experiments of Giora
and Gori (2011). Checkerboard (left) 
and random.

suggests that there are at least two opposing effects involved. The visual system, so the size 
constancy hypothesis, will zoom into structured texture in order to improve resolution [Kreiner 
(2012 b3; 2015; 2019)]. According to this argument, the perceived side length is expected to 
increase in proportion to x (Fig 28 a). As this – in a strict sense – occurs for low x only , just the 
first four 
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Fig 28 a
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Fig 28 b

Linear fit: y= 1+A*x;           A= 0.00325(51) 
  

Power function:  y= x^(n)      n= 0.01177(79)
             

 

values have been used for fitting. However, there is a limit to the resolving power of the eye, where 

further reduction of the visual field would not reveal any more details. Therefore, the exponent n<1 

was introduced, the effect of which is shown in Fig 28 b. n is the size constancy parameter which 

applies in this form when not the distance of the target is increased but an entity characterizing the 

smallness of its structure (n= 1 would indicate that the apparent enlargement is in exact proportion 

to x; Fit 28b). At even finer structure, when no resolution is possible at all, one expects the apparent

side length to be similar to the one without any structure. To account for this, the size constancy 

parameter is assumed to decrease exponentially with the space frequency (Fig 29). The function is 

                                                         y=A*x^(n*exp(-B*x))                                  EQ 14

Fig 29 gives the fit with the complete function for the regular as well as for the random 
arrangement. The values are normalized to the apparent side length of the empty board.
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Fig 29
Perceived enlargement of the 
side length of a quadratic 
field with increasing number 
of squares along the side 
length [Kreiner (2015)].

Function: 
       y=x^(n*exp(-B*x))

Upper curve:
Checkerboard arrangement
     n = 0.0148(6)        
     B=0.038(26)

Lower curve:
Random arrangement
      n = 0.01039(71)        
      B=0.0331(41)

3.3  Delboeuf Illusion

The radius of a circle of constant size appears to depend on the size of an inducing circle which may
be much smaller, nearly equal or considerably larger than the target (Fig 30). The Delboeuf (1892) 
illusion shows both the effects of assimilation and contrast. Again, assimilation will be replaced by 
the term averaging (due to cross talk) and contrast by size constancy effect. Both the target and the 
inducing circle seem to form a unit because they are concentric, giving the impression of a ring. In 
all nine examples shown in Fig 30, the red circle is of the same diameter [Kreiner (2014c)]. 

 

 Fig 30   All the red circles are of identical size. Examples of the Delboeuf illusion [Kreiner (2014c)]. 
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       A

        B

Fig 31      Slightly exaggerated sketch of the situation leading to the size constancy effect in the Delboeuf 
illlusion. To the left, there is the stimulus. In both examples, the inner, red circle, is of the same diameter. The 
retinal image is shown, together with the retinal area selected for data procession. To the right, there is the 
perceived image, where the rectangles symbolize the internal visual memory screen. In A (top) the large outer 
circle makes the inner circle appear smaller than in the drawing below (B), where the visual field has been 
reduced due to the smaller extension of the whole stimulus. In the literature this is referred to as contrast and 
assimilation, respectively.

Crosstalk: As long as the circles differ by a small fraction of their radii only, they may interact 
mainly via crosstalk [term A*(1-x) in EQ 15], where (1-x) means [(Rred -Rblack) / Rred ], which is 
positive for Rblack < Rred .  The term exp(-B *abs(1-x)) gives the decay of this interaction with 
growing difference of the radii. 

Size constancy: As an inner circle, the red target will appear progressively smaller in relation to the 
growing black outer – the inducing – circle. Due to the effect of size constancy, the growing outer 
circle induces a steadily widening of the visual field and, therefore, a larger retinal image, while the 
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red target circle becomes increasingly smaller on the internal visual memory screen (Fig 31 A). 
This is taken into account by the term C2*x^(-n) in EQ 15. With x as the framing ratio (diameter of 
the black circle divided by the diameter of the red target), the complete expression fitted is

                                      y=  [1-A*(1-x)*exp(-B *abs(1-x))]*C2*x^(-n)                          EQ 15

1                                                                          4                                                 7

Fig 32 

One of the transparencies 
presented. Framing ratio is 
4.49 (ratio of the outer 
diameters).  Standard circle  
# 4 matches the red target.

0 1 2 3 4 5
0,90

0,95

1,00

1,05

1,10

1,15

Framing Ratio X 

y 
 A

pp
ar

e
nt

 S
iz

e:
 T

ar
ge

t  
w

ith
 c

o
nt

ex
t v

s.
 T

 w
ith

ou
t 

co
nt

Function fitted:

 y= (1-A*(1-x)*                        
exp(-B*(1-x)))*C2*x^(-n) 

Parameters obtained:
 
       A= 0.422(57)
       B= 2.29(31)
       C2= 1.0387(37)
        n =  0.0584(64)

Fig 33   Delboeuf  illusion. Apparent size of the target circle (normalized to d0, its apparent size without context) as a 
function of the framing ratio. For framing ratios just below and above 1, averaging leads to an apparent decrease or 
increase of the target circle, respectively. For very large x-values the size constancy effect causes apparent shrinking of 
the stimulus [Kreiner (2015)].
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In EQ 15, y means the diameter of the “red target with context” in relation to its size “without 
context”. As long as the inducing circle (black) is smaller than the red target, the latter will shrink. 
As soon as the inducing circle becomes larger, (1-x) turns negative and will – together with the 
minus in front of A -  make the target appear larger, too (Fig 33). 

3.4   Müller-Lyer Illusion 

Since Müller-Lyer (1889) this illusion has been investigated by several authors (eg, Yanagisawa, 
1939; Fellows, 1967; Pressey, Di Lollo, and Tait, 1977; Predebon, 1994). The apparent length of 
the shaft depends primarily on the geometric properties of the wings (their length, the angle they 
subtend, whether the wings are ingoing or outgoing), and on the framing ratio as well. This 
phenomenon, usually called assimilation, is explained by a theory of Pressey (1971). It states that 
the apparent length of the line is averaged with the contextual magnitudes.

In the investigations discussed next, a gap d was left between the shaft and the wings (Figs 35 and 
36), its size being varied from zero up to about half the length of the shaft.  It was found that the 
perceived length of the shaft as a function of the framing ratio first increases (reversed Müller-Lyer 
effect; Pressey et al., 1977), but then decreases again. For ingoing wings, the smooth maximum 
(Fig. 34) occurs at a framing ratio where the wings are positioned near the ends of the shaft, but still
partly overlap with its ends. In contrast to this, in case of outgoing wings (Fig. 36) the apparent 
length of the shaft decreases rapidly from zero gap on (Predebon, 1994). The question arises what 
the apparent length would be when the outgoing fins were positioned at even shorter distance, i.e., 
within the length of the shaft (Fig. 36, bottom) and whether the shape of the curve would be similar 
or significantly different from the one describing ingoing wings.

3.4.1   Ingoing Wings

The data used in Fig 34 have been published by Pressey et al. (1977). Horizontally, the framing 
ratio FR is plotted (defined in Fig 35). On the vertical axis the perceived length of the shaft in 
relation to its true length L0 is given. For fitting, the function

                                    L(perceived)/ L0 = D + A∙x∙ exp[-B∙abs(x)]                             EQ 16

has been employed. The curve shows the magnitude of the illusion as a function of the framing ratio
x. It is assumed that the illusion is in proportion to the framing ratio, but decreases exponentially 
with abs(x). The illusion had been measured for six angles of the (ingoing) fins. For the plot, the 
experimental results of each two of them have been combined (300+600, 900+1200, 1500+1800). 
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 α α

Fig 34    Apparent
distortion of the shaft in
mm as a function of the
framing ratio. For large
angles the maximum
occurs at a smaller
framing ratio than for
smaller angles [Kreiner
(2015)].
 

D A B

1500 + 1800 -1,07(11) 0.795(49) 0.1071(35)

  900 + 1200 -2.341(59) 0.918(24) 0.0851(13)

  300 + 600 -3.07(15) 0.937(56) 0.0708(20)

Observation shows that there is a steep increase of the curve followed by a flat decrease. For a 
large angle between the wings the maximum occurs at lower angle of aperture α between
the wings. This may be due to the fact that the overlap gets lost earlier than for a small angle.  It is 
presumed that cross talk triggers the illusion.

Fig 35 Ingoing wings
 
   Framing ratio            
        FR = x = (L0 ± 2d ) / L0

                    dd 

                   

32

 L0
 S

 L0  + 2d

 d  



 L0
 α

 L0

3.4.2  Outgoing Wings

Outgoing wings (Fig 36) produce a noticeably different curve. On a DIN A4 print, the shaft was 
61mm long and 1.6mm wide, the length of the wings was 25mm (= 0.41∙L0), subtending an angle 
of 500. The horizontal extension of one wing is 0.371∙L0 (Fig 36). Details are given in Kreiner 
(2012 b4). With the wings attached to the ends FR= 1.74

                                                                                                                                                                                                 

        Fig 36  Examples of the stimulus with outgoing wings.  α = 50 degrees.  FR = x = (2W ± 2d + L0)/L0

With the function                 y = D+A*(x-1.74) + A2*exp(-B*abs(x-1.74))                           EQ 17 

the parameters given in Fig 37 have been obtained.
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Fig 37 The Müller-Lyer 
illusion on a shaft with 
outgoing wings [Kreiner 
(2015)].

 Function:
y = D+A*(x-1.74) +
A2*exp(-B*abs(x-1.74))

Parameters fitted:
D=   1.017(22)
A=   -0.0077(78)
A2=  0.209(19)
B=    4.2(10)

 

    

There is a sharp peak at x=1.74, occurring at the x-value where the wings are just attached to the 
ends of the target line. In addition, there is a general trend of the magnitude of the illusion to 
decrease steeply towards higher as well as towards lower values of x (Fig 37).

3.5 Oppel-Kundt 

The experiments performed by Spiegel (1937) were carried out in the dark. Slits were cut into black
cardboard and illuminated from the back (Fig 38). The distance cd between the long slits was fixed 
in length. It was filled successively with up to x=47 vertical short slits. In the basic experiments 
they were equally spaced. The position of the slit a was variable. The subjects compared the two 
distances (cd vs. ab) and indicated as soon as they judged them to be equal. Results and data are 
presented in Fig 39 [Kreiner (2014 b)]. The increase of the perceived distance at low x is interpreted
as due to the attempt of the visual system to improve resolution (size constancy effect). More and

                             a                                              b            c                                               d

Fig 38    The distance between the long slits on the left (ab) appears to be shorter than on the right (cd).   
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more strokes lead to a situation where further resolution cannot be achieved (maximum of the 
curve) and, finally would not pay at all, because the strokes merge into a bright field. Therefore the 
visual field is widened up again, similar to the situation without any structure. 
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Fig 39   Perceived length of a distance of horizontal extent (400 mm) as a function of the number of slits. The 
increase at low x is interpreted as due to the attempt of the visual system to improve resolution (size constancy 
effect) while the decrease at high x indicates that resolution becomes idle and drops again. Distance of observation
was 2.7 m [Kreiner (2014b)].   

For this reason, n is assumed to decrease exponentially, leading to the function                                  

                                                              y= 1+A∙x^[n∙exp(-B∙x)]                                         EQ 18

with the parameters A=0.0325(22), n=0.775(0,047), and B=0.0274(13).                                      

3.6   Poggendorff llusion with Context Elements

An oblique line is partly occluded by a vertical bar, margined by two vertical inducing lines. The 
thought continuations of each of the oblique test lines appear to miss each other.  The questions is 
whether this is due to a perceived vertical shift of the segments or whether the test lines or just their 
thought extensions are rotated slightly towards the horizontal. This has been studied extensively  
[eg, Obonai, 1931; Weintraub and Krantz, 1971;  Weintraub, Krantz, and Olson, 1980); Wenderoth 
et al., 1978)]. In the example given here the influence of context elements has been investigated 
[Kreiner (2012 a); (2013); Figs 40 A, C): Stimuli were shown, with the dots in different positions. 
Experiments of Wenderoth et al. (1978) have demonstrated that a single inducing line can cause a 
rotation of the thought extension of the oblique test line in a way as if it had been rotated towards 
the horizontal. Therefore, two dots were positioned horizontally to enhance this effect. It was 
ecpected that this influence would fade away with the dots moving apart vertically in opposite 
directions. To reproduce this effect an exponential decay function has been chosen. 
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Fig 40    Classic Poggendorff illusion (center): The protruding ends of the crossing line appear to be offset 
vertically or, to put it that way, the thought continuations miss each other. Left: The magnitude of the illusion is 
enhanced, when the dots are positioned at the same height halfway between the merging points, but reduced, when
they are just above and below them (right). The Poggendorff effect is given in relation to the width of the 
occluding bar [Kreiner (2012 a); (2013).

The thought extension of an oblique line merging with a vertical inducing line is deflected 
noticeably towards the horizontal. Shifting the dots in opposite directions causes the Poggendorff 
effect to increase or decrease as shown in Fig 41. x means the vertical shift of the dots, starting from
the zero position just in between the merging points. Positive x means that the dot to the right is 
moving upwards while the dot to the left moves downwards. Negative x means that the dot to the 
right is below the horizontal dashed line and the left one above.

       

            +x          

            -x               

Fig 41a   The grey horizontal line 
indicates x = 0;  Dots in this position
induce the maximum horizontal 
effect.

b    Dots positioned within the 
merging points. The gap in between 
appears perceptually enlarged. The 
mismatch illusion is enhanced.   

c   Dots positioned outside the 
merging points. The apparent shift 
of the test lines reduces the illusion.

The dots seem to act in a twofold way, depending on their position: 
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A) Crosstalk. When the dots are placed horizontally halfway between the merging points Fig (41a), 
they strongly enhance the apparent shift. They seem to support the basic effect of this illusion, 
where the thought extensions of the test lines are rotated towards the horizontal (section 2.4.1 and 
Fig 17). This effect fades away when the dots move apart due to

                                                               ~ exp[-A2*(abs(x))]                 

B) Size constancy: In case a dot is close to the merging point (Fig 41b and c), its distance is 
perceptually enlarged, so the merging points appear to be slightly shifted off the dots. Enhancement 
of the illusion is observed in Fig 41 b, reduction in c.   

 

Fig 42       Fit of EQ 19 to the
experimental values. The  blue
curve gives the contribution of the
horizontal effect only (first line of
EQ 19), the red one corresponds to
the contribution of line two and
three (size constancy). 

The function consists of two parts:      

                y = D+A*exp[-A2*abs(x)] – 

                    - B*[(x-8)/abs(x-8)]*[B2*abs(x-8)^[1-n*exp(-B3*abs(x-8))]+

                   + B*B2*(x-8)                                                                                             EQ 19

The first term, A*exp[-A2*abs(x)], gives the cross talk effect which is assumed to decrease 
exponentially with abs(x). The maximum occurs at x=0. The second term accounts for size 
constancy, where (x-8)/abs(x-8) stands for the proper sign. [B2*abs(x-8)^[1-n*exp(-B3*abs(x-8))] 
represents the increasing distance plus size constancy effect (exponent) which fades away 

exponentially. This part follows the expression ( S
S0

)
1−n

. which is introduced in section 2.1. 

Finally, from the total increase the linear increase in distance, +B*B2*(x-8), has to be deducted, 
leaving the size constancy effect only. The signs are chosen in a way that x-values above 8 lower 
the illusion. 

D A A2 B B2 n B3

    -0.74(12)       2.56(38)      0.086(33)    26 (fixed) 0.0351(28) 0.089 (28) 0.0074(fixed)
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Due to the large error margins fitting has been performed in a staircase manner, so the data have to 
be regarded as approximate. The values given in Fig 42 refer to the illusion due to the dots´ position
only, the classic illusion has been deducted. It is assumed that the intensity of the illusion is 
dominated by different effects at low and high x-values, respectively. In Fig 42 the blue curve 
means the part ascribed to cross talk (first line in EQ 19), while the red function means the second 
and third line only. It clearly shows the decrease of the illusion for x> 8. The constant D has been 
omitted.

3.7 Split Circle Illusion

Dividing a circle asymmetrically by a vertical bar causes the two segments appear as if they 
belonged to circles of different size (Fig 43). Although it is the identical circle they are parts of, the 
size of the smaller segment is underestimated [Ehrenstein (1954); Lingelbach (1984); Kreiner (2014
a)]. Its relative apparent size further decreases with increasing true size of the larger segment. In the
experiment the circle of the small segment was always 68mm in diameter while the circle of the 
larger segment was varied between 63 and 75mm. This illusion, again, is ascribed to a size 
constancy effect.  For this reason the function y= C2∙x^(-n) has been chosen for the fitting 
procedure, where x means the true size of the left segment (Figs 44 and 45). Rotating the stimulus 
modulates the magnitude of the illusion. 

A

  

B

Fig 43     Both segments are parts of the identical circle. A: The size of the small segment is underestimated. The 
illusion depends on the size of the larger segment as well as on the angle of rotation. Inclination by 450 makes the 
smaller segment appear nearly correctly in size (B) [Kreiner (2014 a)].

The fact that the angle of rotation has an influence on the perceived size of the target segment is 
explained in a similar was as the Poggendorff illusion:  With the bar in vertical position the thought 
continuations of the small segment appear to be bent slightly towards the horizontal. Therefore, in 
comparison to the large segment, the small one appears to be reduced in size. This effect is less 
pronounced when the occluder is not in a position parallel to one of the main orientation axes. The 
influence of the orientation of the occluding bar at different angles of orientation has been 
investigated on a stimulus with dots placed symmetrically on the edges of the bar (Fig 46). 
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Fig 44    Apparent size of the small 
segment in relation to the large one. 
The size of the smaller segment is 
underestimated and its relative 
apparent size decreases with 
increasing true size of the large 
segment (size constancy effect)
[Kreiner (2014 a)].  

Function:
y(x) = C2*x^(-n)               EQ   20

Parameters:
C2= 354(109)
n= 0.32(7)
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Fig 45    With the bar tilted by 450, 
the size of the smaller segment is 
still underestimated, but to a lesser 
degree. Again, its relative apparent 
size decreases with increasing true 
size of the large segment. 

Function:
y(x) = C2*x^(-n)               EQ 20

Parameters:
C2= 192(80)
n= 0.37(11)

Fig 46   Examples of stimuli with dots on the occluder. Examples show rotational angles of  80, 450, and 820. The 

apparent size of the segment within the dashed rectangles is given in Fig 47 (right) [Kreiner (2014 a)].

39



0 20 40 60 80
38

40

42

44

46

48

50

52

Orientation of the occluding bar/ degrees arc

A
pp

ar
en

t 
si

ze
 o

f 
th

e 
la

rg
e 

se
gm

en
t

0 20 40 60 80
38

40

42

44

46

48

50

52

Orientation of the occluding bar/ degrees arc

A
pp

ar
en

t 
si

ze
 o

f t
he

 s
m

al
l s

eg
m

en
t

Fig 47   Left: Apparent size of the large segment at nine different angles of inclination of the occluder. At 00 
(vertical) and 900 (horizontal) the segment appears to be slightly enlarged.  Fourth order polynomial fit was 
performed. Right: For the small segment, the apparent and the true size coincide only for a tilt angle around 450.
For the other angles between zero and ninety degrees the segment appears too small. A sine function has been 
fitted. Both segments are part of the identical circle. The dotted line gives its true diameter [Kreiner (2014 a)]. 

While the size of the large segment was estimated nearly correctly as a function of the tilt angle, the
small segment appeared correctly in size only at an angle of 450

. In Fig 47 (right) a sine function has
been fitted [Kreiner (2014 a)].                                                                                                                

3.8 Zöllner and Related Illusions. Tilt Effects

Several mechanisms seem to contribute to different variants of the Zöllner (1860) illusion. Fig 48 
gives one of them, where size constancy is argued to make some contribution. There are parallel 
lines crossed by horizontal and vertical strokes, bevelled at their dips. Focusing on the end of one 
pair of the parallel lines, one finds that the lines seem to converge while the opposite occurs at the 
other end. It is hypothesized that, where the strokes diverge, the visual field is widened up while it 
is reduced at the opposite end where the strokes converge (red circles). The smaller visual field 
triggers enlargement of the gap, while a wide visual angle makes the gap between the main lines 
look smaller. The effect seems not do depend strongly on the orientation of the whole patten.
Tilt effect: Due to Gibson and Radner (1937)  a field of parallel lines which is inclined at a small 
angle to the vertical can make vertical lines to appear tilted. Wallace and Crampin (1969) 
investigated the effect of background density of parallel lines on the Zöllner (1860) illusion. In the 
herringbone pattern (Fig 49 A) the strokes are not oriented horizontally or vertically like in Fig 48, 
but at 190 with the horizontal (A). While the classic illusion is almost insensitive to rotation by 450, 
the herringbone pattern is hardly noticeable at this orientation (B).
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Fig 48     In this version, the Zöllner illusion is interpreted mainly as due to a size constancy effect. Towards the 
end the strokes either approach or move apaart from each other, respectively. In the first case the conspicuity 
range is reduced (small red circle), leading to a subjective magnification. The opposite holds for the other end.

                                                                             B

        A

           

           

      
 
 Fig 49    A)   The herringbone illusion. The strokes are oriented at 190 to the horizontal, a Zöllner like illusion is   
                 recognizable. This effect is less pronounced in the 450 orientation (B). 
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3.8.1 Rhombus in a Field of Lines 

In general, a field of oblique parallel lines makes a single horizontal or vertical line to appear tilted 
[Gibson and Radner (1937)].  In the example given here the magnitude of the illusion has been 
investigated on the parallel sides of a rhombus (which are close to the vertical) as a function of the 
rotational angle of the inducing field (Fig 50). The orientation of the background field was varied in
steps from 40 to 450 (with respect to the vertical; counterclockwise). Its effect is to rotate the parallel
sides of the rhombus slightly clockwise. A set of five diamonds was given for comparison. The 
results are plotted in Fig 51. They give the perceived additional deviation of the parallel sides from 
the vertical [Kreiner (2015)]. 

1 2 3 4 5-12/00

Fig 50  The parallel sides of a 
rhombus appear to be inclined 
even more [Kreiner (2015)]. 

Target:
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Fig 51   Additional apparent 
inclination of the nearly vertical 
sides of a rhombus as a function of 
the angle of rotation of the 
inducing field.
Maximum inclination is 2.60, when
the field is rotated by 160.

Function: 
y=A∙x∙exp(-B∙x)

Parameters:
A= 25.11(72)
B= 3.545(76)
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It is assumed that, at small intersect angles, the perceived additional tilt of the parallel sides is in 
proportion to the angle of rotation of the inducing field. This influence is supposed to decrease 

exponentially with increasing angle of rotation which is expressed by the function        

                                                               y=A∙x∙exp(-B∙x),                                              EQ 21

where x means the angle of counterclockwise rotation of the inducing field. 

4. Summary

Usually the intensity of an illusion can be plotted as a function of one crucial parameter. From 
conceptual models mathematical functions are derived and fitted to the experimental results. This 
has been performed investigating several classic geometric-optical illusions and some of their 
variants. 

One of these concepts is based on the idea of cross talk, meaning that optical information of closely 
related stimuli (eg, concentric circles) are processed by the visual system along closely related 
pathways, too. In many cases such a relationship triggers an illusion. Dissolving this relationship 
step by step leads to a change in the intensity of the illusion which can be characterized by an 
exponential function. Depending on the kind of stimuli, models of thought suggest different variants
of exponential functions, among them being the lognormal function (Café Wall illlusion).

Another concept is size constancy. This is interpreted such that the section of the retinal image, 
from where visual information is retrieved, varies in size, depending on the properties of the 
stimulus. Various forms of power functions are derived from this model which appears to be 
suitable to characterize several size constancy illusions, among them the Mirrored Triangles´ 
illusion or size illusions depending on the structural density of the context (among them being the 
Oppel-Kundt and the Moon illusion).

Tilt illusions are treated by functions derived from the observation that line patterns exert a 
rotational effect on each other, occasionally depending on their relative orientation with respect to 
the principal axes. Other rotational effects on lines are supposed to be due to cross talk or size 
constancy.

While some of the visual geometric illusions seem to follow a fairly simple function, other illusions 
appear to be due to several interacting or even opposing effects (eg, variants of the Müller-Lyer or 
the Baldwin and the Oppel-Kundt illusion) or due to the influence of virtual contours (eg. the 
Poggendorff illusion with dots as context elements or the rotated Split-circle illusion). These 
compound effects can be described by a combination of basic functions. 

Examples indicate that just a fairly low number of simple functions or their combinations is needed 
to reproduce the experimental results of several geometrical visual illusions well within their error 
limits. 
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Basic Functions Employed
Derived from Conceptual Models

             y(x)=
        (example)

     Power 
     x^(-1)

Exponential 
    exp(-B∙x)

     Linear
     D+A∙x
     

Lognormal 
exp[-(ln x)2]  

Trigonometric
cos(4∙(x-S2)) 

Illusion

               
Baldwin

                 
Café wall

                      
Checkerboard 

                    
Delboeuf

               
Müller-Lyer

                   
Oppel-Kundt

                  
Poggendorff

          
Size constancy

        
Split circle

                   
Zöllner and 

related illusions 

Power Exponential      Linear Lognormal Trigonometric
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Mechanisms Contributing to Illusions 

Different variants of an illusion may employ different combinations of mechanisms

              
                              

Crosstalk Size 
Constancy

Tilt Effect Subjective 
Contour

Lateral 
Inhibition

Illusion 
                        
Baldwin
             
Café wall  
                    
Checkerboard 
                    
Delboeuf

Kitaoka squares

Mirrored Triangles

Moon illusion          

Müller-Lyer
                    
Oppel-Kundt
                               
Poggendorff
         
Split circle
                               
Zöllner
                            

               Crosstalk
Size 
constancy Tilt Effect

Subjective 
contour

Lateral 
inhibition
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