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Aristotele, meta physics VII1

Understanding the fascinating features of quantum systems, or even more to influ-
ence these systems in a directed way, i.e. to control them, is a challenging task,
worth the effort.
Quantum systems, as any real system, are unavoidably in contact with their sur-
roundings; yet normal environments, in particular in condensed matter scenarios,
do lack a little in positive attitude towards objectives for quantum systems popular
with physicists. However, the detrimental influence such a reservoir has on quantum
interference effects, relies on the general ability of the environment to impact all ob-
servables of the system. This ability offers great possibilities: Our work is focused
on making use of this idle resource by applying tailored external controls. In fact,
in our case, the environment is not only not disturbing and provides even more than
simple noise assisted control: the reservoir is essential to fulfill the given tasks at
all.
Basically, we take two ingredients, the unavoidable thermal reservoir and external
control, which are both incapable of reaching the objective on their own. Only the
combined effort gives rise to our results: We were able to cool a thermalized state
below the reservoir temperature and even to generate such a pure quantum feature
as entanglement due to a cooperative effort of driving and dissipation.

1In short: The whole is greater than the sum of its parts.
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This thesis, as requested for a cumulative one, is divided into two parts:
The purpose of Part I, that is Chapters 1 to 5, is to set our work in the context of
related work. Beginning with the methods used to describe open quantum system
dynamics in Chapter 1, the applicability of these methods for optimal control is
discussed. Chapter 2 presents an overview of the state of the art in optimal control
of quantum systems, both for closed and open quantum systems. Here, we also
present our method for the optimal control of non-Markovian open quantum sys-
tems, treating driving and dissipation consistently. The experimental significance of
Gaussian states and some mathematical tools to describe Gaussian continuous vari-
able systems are discussed in Chapter 3. The objectives considered for our optimal
control tasks and the results we achieved are topic of Chapter 4, while Chapter 5
provides the conclusion.
Part II, that is Chapters 6 and 7, is dedicated to the publications, building the core
of this cumulative thesis. Chapter 6 gives a summary of the publications, while
Chapter 7 consists of the published articles.
In the last years, I had the chance to learn from many wonderful physicists in
discussions and talks, both on conferences and, in particular, ’back home’ at this
university. For giving me a deeper understanding of the fascinating field of controlled
open quantum systems and of physics in general, I would like to thank all these
colleagues and professors.
May the reader find this work on ’cooperative phenomena in open quantum systems
subject to external controls’ as interesting and inspiring as I do.
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Part I.

Optimal control of open quantum
systems
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There has been great progress in the fabrication of tailored quantum systems, in-
creasing in scale from atomic systems up to solid state devices. These tailored
systems, such as atoms and ions in traps [SKHR+03, ARJ+12], Bose-Einstein con-
densates [AEM+95, JBA+03], superconducting devices [VAC+02, YPA+03, SG08,
HWA+09], nanomechanical systems [OHA+10, STP+10] or NV-centers in diamonds
[JGP+04], offer a great variety of controllable quantum systems. This progress comes
with the demand to control these systems, i.e. to drive them to desired objectives
with a high fidelity, in order to use them for instance for quantum computation or
quantum simulations.
Optimal control aims to determine the best possible external controls, which are
actively disrupting the systems dynamics, to drive the system to a favored objective.
In order to find these optimal controls, an exact description of the dynamics of the
system, that, in particular, includes the driving consistently, is needed.
Real quantum systems are open systems [Wei12, BP06], they interact with their
environment; even in the most sophisticated experimental realisations, the systems
can never fully be isolated. Therefore, the interaction with the environment has to
be taken into account, when it comes to the description of the dynamics of such a
system. Moreover, controlled systems are driven systems, they are more or less far
from equilibrium. Depending on the strength of the intervention into the dynamics
of the system, performed by the applied control, even the stationary state might
change. Common approximations made in the context of open system dynamics
have to be re-evaluated in this light, concerning their validity. We do describe the
driven dynamics of non-Markovian open systems by an exact stochastic Liouville-
von Neumann equation (SLN) [SG02], treating both driving and dissipation on the
same footing.
In many works, employing control schemes aims for reducing the interaction time
of the system of interest and its environment, such as the search for the quantum
speed limit [CMC+09], or for mitigating the detrimental effect of dissipation. On
the other hand, based on the notion that an environment can also have positive
effects on a quantum system, there are works with artificial environments, carefully
designed reservoirs, such as in [MHdC+13, ACVM13, WC13], which are acting as
an effective control, driving the system to a desired stationary state.
However, standard environments, in particular in condensed matter scenarios, do
usually counteract the quantum interference phenomena, physicists are interested
in. Due to dissipation and decoherence effects these thermal baths tend to make
the system more classical. Furthermore, heat baths are an unavoidable part of the
setting and therefore not simply replaceable by an artificial reservoir. Nevertheless,
ordinary reservoirs come free of charge and possess in principle the possibility to
influence any system observable, an idle resource asking for utilization. We were
successful in completing optimal control tasks by a combined effort of environment
and controls, where neither part was capable of achieving the result alone. Therefore,
in order to learn about the complex interplay between system, environment and
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control, we restrict ourselves to Gaussian systems and ohmic reservoirs, keeping our
components as simple as possible. In fact, it is due to the simplicity of our settings,
that we can definitely attribute our achievements, like cooling a quantum system
and generating entanglement, to a cooperative effect of driving and dissipation.
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1. Open quantum systems

Real quantum systems are open systems [Wei12, BP06]1, they can never fully be
separated from their environment. This is in particular true for condensed matter
systems, even for such a highly elaborate system like the quantronium; though
any efforts have been made to isolate this system, there are still unavoidable noise
sources [ICJ+05]. Also quantum optical systems can never fully be decoupled from
the surroundings, e.g. atoms and ions in traps are still exposed to comparatively
hot surfaces [THS+04].
Derivation of the dynamics of open quantum systems usually starts from the so-
called system-plus-reservoir model presented in the next Section 1.1. In this frame,
any reservoir with Gaussian statistics and in thermal equilibrium, is described by
the Caldeira-Leggett model (Section 1.1.1). Both path integral methods (Section
1.2), and quantum master equations (Section 1.4) are used to calculate open systems
dynamics, differing in the approximations made for their derivations. Based on the
path integral formalism, we employ the stochastic Liouville-von Neumann equation
(Section 1.3) derived by Stockburger and Grabert [SG02], for alternative stochastic
approaches to dissipative dynamics cf. the review articles of Tanimura [Tan06] and
Biele and D’Agosta [BD12].

1.1. System-plus-reservoir model

Open quantum systems are generally described by the system-plus-reservoir model,
where a system of interest S interacts with a reservoir R. The total system is
conservative and can therefore be quantized easily. For the density matrix W of the
total system the Liouville-von Neumann equation holds:

Ẇ = L W (1.1)

where L is the Liouville operator, a superoperator which is defined by is action on
an operator A. As the total system is conservative, here the Liouvillian acts as
L A = − i

h̄
[H, A]. The Hamilton operator H of the whole system:

H = HS + HI + HR, (1.2)

is the sum of the Hamiltonian of the relevant system HS, the interaction part between
system and reservoir HI and the reservoir part HR.

1In what is textbook knowledge in this Chapter, I roughly follow the book of Ulrich Weiss [Wei12].
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1. Open quantum systems

Figure 1.1.: System-plus-reservoir model: The quantum system S, we are interested
in, is embedded into a large reservoir R; they interact with each other.
Only the total system is conservative, and can therefore be quantized
easily.

The full dynamics, while being exact, contains an arbitrary amount of degrees of
freedom, we are not interested in, making the calculation of the full dynamics need-
lessly cumbersome or impossible. Instead, one can gain an effective description for
the relevant degrees of freedom, namely for the reduced density matrix ρ of the
relevant system S, by tracing out the reservoir degrees of freedom:

ρ = trR{W}, (1.3)

where trR signifies the trace with respect to the reservoir degrees of freedom.

1.1.1. Caldeira-Leggett model

Caldeira and Leggett [CL83] have shown, that any thermal reservoir in equilibrium,
given its statistics is Gaussian, can be modeled by a set {k} of harmonic oscillators
with mass mk and frequency ωk. The reservoir is then fully described by its inverse
thermal energy β and spectral density J(ω):

J(ω) =
π

2

∑
k

c2
k

mkωk

δ(ω − ωk), (1.4)

where ck is the coupling constant of the k-th reservoir degree of freedom to the
systems coordinate. For a large number of bath degrees of freedom, the Poincaré
recurrence time is infinitely larger than any relevant time scale of the system. In
this continuums limit J(ω) becomes a smooth function.
For strictly linear dissipation, the system coordinate2 q couples bilinearly to the

2for the sake of readability, we stick here to one degree of freedom q of the system. Generalization
is straightforward.
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1.2. Path integral formalism

reservoir:

fk = ck · q, (1.5)

where fk is the force acting on the system due to the reservoir degree of freedom k.
As the reservoir needs to consist of many harmonic modes, coupling a comparably
small system to the reservoir does not disturb the reservoir. Nonetheless, from
the point of view of the system the interaction can be strong, so the model is not
restricted to weak coupling.

Given q, p, are the coordinates of the system and xk, pk are the ones of the reservoir,
the Hamilton operator (1.2) takes the form:

H = HS + q
∑

k

ckxk +
∑

k

p2
k

2mk

+
∑

k

1

2
mω2

kx
2
k +

∑
k

c2
k

2mkω2
k

q2

︸ ︷︷ ︸
counter term

(1.6)

The last term,
∑

k

c2k
2mkω2

k
q2 = µ

2
q2, called counter term, is an additionally added

potential term which cancels out the potential renormalisation arising due to the
linear coupling term. As we wish to introduce only dissipation, not a quasi-static
effect, we take this term into account. This modeling is motivated by a vast class of
condensed matter realisations, such as in [MSS01], where the reservoir gives rise to
a dynamic dissipation effect only.

The Caldeira-Leggett model has been successfully used for some thirty years for
modeling dissipation [Wei12] and is a standard model in condensed matter physics:
the model provides an ergodic description, i.e. the system thermalizes to exact
thermal limes ρtherm = trRe−βH , and includes low temperature effects, such as the
nonexponential decay of correlation functions.

1.2. Path integral formalism

One exact way to formulate quantum mechanics is the path integral method of
Feynman and Vernon [FV63],[FH65]. In this frame, the time evolution of the full
density matrix:

W (t) = e−
i
h̄

Ht W (0) e
i
h̄

Ht, (1.7)

is represented as:

〈qf ,xf |W (t)|q′f ,x′f〉 =∫
dqi dq′i dxi dx′i K(qf ,xf , t; qi,xi, 0) 〈qi,xi|W (0)|q′i,x′i〉 K∗(q′f ,x

′
f , t; q

′
i,x

′
i, 0)

(1.8)

9



1. Open quantum systems

Figure 1.2.: Left: Contour for the imaginary path integral, right: for factorizing
initial conditions, the contour can be divided into two real time paths
integrals (adapted from [Sto06]).

where the indices i and f signify the initial and final value respectively. The prop-
agator K is given by:

K(qf ,xf , t; qi,xi, 0) =

∫
Dq Dx e

i
h̄

S[q,x] (1.9)

and

K∗(q′f ,x
′
f , t; q

′
i,x

′
i, 0) =

∫
Dq′ Dx′ e−

i
h̄

S[q′,x′]. (1.10)

The classical action S[q,x], weighting the individual paths in the Equations (1.9)
and (1.10), can be divided into a system, interaction, and reservoir part:

S[q,x] = SS[q] + SI [q,x] + SR[x]. (1.11)

For factorizing initial conditions and the reservoir in thermal equilibrium, the initial
density matrix of the total system, W (0), takes the form:

W (0) = ρ(0) ⊗ WR(0) = ρ(0) ⊗ 1

ZR

e−βHR , (1.12)

where ZR is the partition sum of the undisturbed reservoir. Factorizing initial condi-
tions neglect any correlations between system and reservoir (at t = 0), but allows for
real time path integration, cf. Figure 1.2. For a rigorous treatment of non-factorizing
initial conditions, see [GSI88].
Having established the initial conditions, we can proceed to the actual path integra-
tion. For that purpose, one first defines the path variables q1 and q2, cf. Figure 1.2
[FV63],[Sto06]:

q1(t) = q(t− ih̄β) (1.13)

und q2(t) = q(t) (1.14)

10



1.2. Path integral formalism

Figure 1.3.: Contributions to the influence action. Left: Self-interaction of the anti-
symmetric path y(t), where the exchange line (blue) is the propagator
Re

(
L(t′ − t′′)

)
, i.e. the quantum fluctuations. Right: Correlations be-

tween the symmetric r(t) and the antisymmetric path y(t), here the
exchange line (red) is the propagator Im

(
L(t′ − t′′)

)
, i.e. the friction

(adapted from [Wei12]).

Taking the trace with respect to the reservoir degrees of freedom (eq. (1.3)):

ρ
(
qf , q

′
f ; t

)
=

∫
dxf〈qf ,xf |W (t)|q′f ,x′f〉, (1.15)

provides us with a path integral for the reduced density matrix:

ρ
(
qf , q

′
f ; t

)
=

∫
dqi

∫
dq′i

qf∫
qi

D[q1]

q′f∫
q′i

D[q2] exp

{
i

h̄
(Ss[q1]− Ss[q2])

}

×F
[
q1 − q2,

q1 + q2

2

]
ρ (qi, q

′
i; 0) (1.16)

The influence functional F
[
q1 − q2,

q1+q2

2

]
contains the interaction between system

and reservoir. In general, when the reservoir is non-Markovian, it is non-local in
time, containing memory terms, i.e. information about the common history of sys-
tem and reservoir. As a consequence, the path integral is in general not analytically
solvable. Numerically it can be treated in terms of path integral quantum Monte
Carlo methods (cf. e.g. [Suz93]).

We introduce new coordinates r = q1+q2

2
and y = q1 − q2. The symmetric path

r(t) is the so-called quasiclassical path, while the antisymmetric path y(t) describes
quantum fluctuations, cf. Figure 1.3. Hence, the influence functional takes the form:

F [y, r] = exp
{
−1

h̄
Φ[y, r]

}
, (1.17)

11



1. Open quantum systems

where:

Φ[y, r] =

t∫
t0

dt′
t′∫

t0

dt′′y(t′) Re
(
L(t′ − t′′)

)
y(t′′)

+

t∫
t0

dt′
t′∫

t0

dt′′y(t′)2i Im
(
L(t′ − t′′)

)
r(t′′)

+
i

h̄
µ

t∫
t0

dt′
t∫

t0

dt′′y(t′)δ(t′ − t′′)r(t′′) (1.18)

The integral kernel3 L(t− t′) is the correlation matrix of the undisturbed reservoir
with the elements Ljk(t−t′) = 〈xjxk〉β. L(t−t′) contains the full physical information
of the reservoir interaction. The imaginary part of L(t − t′) can be identified with
friction, as the response function χR(t− t′) of the reservoir is given by χR(t− t′) =
2
h̄
Θ(t− t′) · Im(L(t− t′)). The real part of L(t− t′) are the quantum fluctuations (cf.

Figure 1.3). L(t) only depends on the inverse thermal energy β and the spectral
density J(ω) of the reservoir:

L(t) =
h̄

π

∞∫
0

dωJ(ω)
(
coth

h̄ωβ

2
cos ωt− i sin ωt

)
. (1.19)

The kernel L(t − t′) contains therefore a statistic description of the bath and the
memory of the interaction history, as it is non-local in time. For solving the path
integral analytically, an expression local in time is needed, without loosing the infor-
mation of the progress made. Therefore, an ’outsourcing’ of the memory is required.

1.3. Stochastic Liouville-von Neumann equation

As shown by Stockburger and Grabert [SG02, Sto03, Sto04, Sto06], the influence
functional (1.17) can be replaced by a stochastic one:

F [y, r] =

∫
D2[ξ]

∫
D2[ν] W [ξ, ξ∗, ν, ν∗]

× exp
{ i

h̄

t∫
t0

dt′ ξ(t′)y(t′) +
h̄

2
ν(t′)r(t′)

}
, (1.20)

3As the reservoir is assumed to be in thermal equilibrium, L only depends on the time difference
t− t′, not on t, t′ individually, i.e. L(t, t′) ≡ L(t− t′).
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1.3. Stochastic Liouville-von Neumann equation

where ξ(t) and ν(t) are two complex valued noise variables and W [ξ, ξ∗, ν, ν∗] is a
normalized Gaussian functional, which can be seen as probability density of the real
valued noise fluctuations ξ+ξ∗

2
, ξ−ξ∗

2i
,ν+ν∗

2
and ν−ν∗

2i
.

The replacement of the Feynman-Veron influence functional in eq. (1.17) with the
stochastic one in eq. (1.20) is exact if the correlation functions of ξ(t) and ν(t),
reproduce the statistics of the reservoir:

E [ξ(t)ξ(t′)] = Re(L(t− t′)) (1.21)

E [ξ(t)ν(t′)] = 2
i

h̄
Θ(t− t′) · Im(L(t− t′)) +

i

h̄
µ δ(t− t′)

= −iχR(t− t′) +
i

h̄
µ δ(t− t′) (1.22)

E [ν(t)ν(t′)] = 0, (1.23)

and, additionally:
E [ξ(t)] = E [ν(t)] = 0. (1.24)

The E [·] indicates stochastic averaging. So, the autocorrelation function of ξ(t)
eq. (1.21) matches the quantum noise of the reservoir, while the crosscorrelations
eq.(1.22) match the dynamical response of the environment. That is, both contri-
butions non-local in time to the influence functional (cf. Figure 1.3), are replaced
by stochastic variables. To fulfill eq. (1.23), ν(t) has to be a complex variable with
random phase.
Now, the memory terms are stored in the correlation functions of the noise variables,
which allows for a stochastic unravelling of the path integral eq. (1.16): the sequence
of path integration and stochastic averaging can be changed. For a single stochastic
realisation z(t) = {ξ(t), ν(t)} the path integral is solvable, resulting in the stochastic
Liouville-von Neumann equation (SLN):

ρ̇z = Lρz

= − i

h̄
[HS, ρz] +

i

h̄
ξ(t)[q, ρz] +

i

2
ν(t){q, ρz} (1.25)

This equation can be solved numerically for a large number of realisations. The
physical reduced density matrix ρ(t) is gained by averaging over all realisations:

ρ(t) = E [ρz(t)] (1.26)

The SLN equation (1.25) provides an exact description of non-Markovian open sys-
tem dynamics: The quantum mechanical dissipation fluctuation theorem is fulfilled
by the SLN and in the classical limit it reduces to the Langevin equation.
Here, we use this method only in the context of systems consisting of harmonic
modes coupled to ohmic reservoirs. Nevertheless, the SLN is not restricted to these
systems, as has been shown in [SG02, KGSA08, KGAS09]. However, for our systems
the method is numerically more stable and easier to implement.
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1. Open quantum systems

1.3.1. Ohmic reservoir

For an ohmic spectral density the SLN (1.25) reduces to the stochastic Liouville
equation for dissipation (SLED) [SM99], we introduce in this Subsection.

The spectral density of an ohmic bath is given by J(ω) = mγ0ω, where γ0 is the
damping constant. However, any physical system has a high frequency cut-off ωc.
There are several ways to avoid an unphysical modeling, i.e. to take into account,
that J(ω) → 0 for ω → ∞. One way is to take an ohmic spectral density with
algebraic cut-off:

J(ω) =
mγ0ω(

1 + ω2

ω2
c

)2 . (1.27)

The cut-off frequency ωc has to be chosen in such a way, that it is much larger than
any relevant system frequencies. It defines the shortest physical time scale in our
system, and it is the relevant time scale for the correlations E [ξ(t)ν(t′)]. Without
loss of generality for the ohmic setting, this allows for performing a Markovian
approximation for the imaginary part of L, i.e. the friction, only. The relevant time
scale for the quantum fluctuations, i.e. the real part of L, is the thermal time scale
h̄β, which, at low temperatures, is substantially larger than 1

ωc
. Here, the Markovian

assumption would come with a substantial loss of generality.

However, memory-less friction comes with a simplification for the noise realisations
(eqs. (1.21) - (1.23)). The SLED equation [SM99, Sto06] only depends on realisa-
tions of one, real-valued noise variable ξ(t):

d

dt
ρξ = − i

h̄
[HS, ρξ] +

i

h̄
ξ(t)[q, ρξ]−

i

h̄

γ0

2
[q, {p, ρξ}] (1.28)

For the stetting of a reservoir with ohmic spectral density, coupled to a system
consisting of harmonic modes, this is an exact stochastic equation of motion. Again,
it has to be solved numerically, averaging over all realisations to get the physics. In
the extreme high temperature limit, this equation gets fully Markovian and identical
with the Caldeira-Leggett master equation.

1.4. Quantum master equations

Starting from the system-plus-reservoir model, i.e. the Hamiltonian eq. (1.1), and
the dynamics of the total system eq. (1.2), so-called quantum master equations can
be derived. In order to trace out the irrelevant part, usually a projector formalism
is employed.
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1.4. Quantum master equations

1.4.1. Projector formalism

The projection on the relevant part only is performed by a projection operator P ,
defined by:

PW (t) = ρ(t) (1.29)

with: P+Q = 1 and P2 = P . This results in the exact Nakajima-Zwanzig equation:

d

dt
ρ(t) = PLρ(t) +

t∫
0

dt′ PLeQLt′QLρ(t− t′) + PLeQLtQW (0), (1.30)

which, for non-trivial systems, cannot be solved without further assumptions. Ne-
glecting the initial value of the irrelevant part QW (0) and assuming [P ,LS] = 0,
with LS being the system part of the Liouville operator4, gives the homogenous
time-retarded quantum Master equation:

d

dt
ρ(t) = P(LS + LI)ρ(t) +

t∫
0

dt′ PLIe
QLt′QLIρ(t− t′). (1.31)

Again, as in eq. (1.3) the resulting equation is non-local in time. This is the price
to be payed for getting an equation solely for the relevant degrees of freedom. The
information about the common history of bath and system has to be stored some-
where, as it is needed for the full description of the reduced system.

1.4.2. Born-Markov master equation

In order to gain a differential equation from the integro-differential equation (1.31)
suitable for practical purposes, further assumptions have to be made. To derive the
Born-Markov master equation from eq. (1.31), the kernel is only considered up to
second order in LI (Born approximation) and the retardation effects are neglected
(Markov assumption). This yields to the Born Markov master equation:

d

dt
ρ(t) = P(LS + LI)ρ(t) +

t∫
0

dt′ PLIe
Q(LS+LR)t′QLIρ(t). (1.32)

If this equation is formulated in the energy eigenstate basis of HS, this equation is
also known as Redfield equation. Due to the Born approximation, its applicability
is restricted to weakly damped systems, i.e. γ0 � ω0 and h̄γ0 � kBT [GWT84].
Omitting the Markov approximation leads to a master equation non-local in time,
which can be replaced by a hierarchy of coupled equations, solvable with some
numerical effort, as has been done, in the context of optimal control, in [XYO+04,
HG12].

4Assuming L can be divided into a system, interaction and reservoir part L = LS + LI + LR
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1. Open quantum systems

Figure 1.4.: The Lindblad dissipator L consists of three parts: system and reser-
voir propagator and interaction. Without driving (top), the Lindblad
master equation holds, as long as τrelaxation � τreservoir (separation of
time scales). Bottom: For weak driving (red crosses) nothing changes,
but strong driving (blue crosses) changes the dissipator (adapted from
J. Stockburger).

1.4.3. Lindblad master equation

If the time scales of reservoir and system separate (cf. Figure 1.4), that is the
relevant dynamics of the system is faster than the relaxation time, the rotating wave
approximation (RWA) can be applied additionally to the Born-Markov assumption,
and the Lindblad master equation is derived:

d

dt
ρ(t) = − i

h̄
[HS, ρ(t)] +

1

2

∑
j

([
Ljρ(t), L†j

]
+

[
Lj, ρ(t)L†j

])
(1.33)

where Lj are the Lindblad operators, describing the effect of the environment on
the system in Born-Markov approximation.
Unfortunately, the RWA does not hold in strongly driven systems [KK04], cf. Figure
1.4. As driving is the purpose of optimal control, the Lindblad master equation
might not be the best use for optimal control in open quantum systems. In fact,
for a standard Lindblad master equation, with Lindblad operators fixed in time, we
were able to show its failure [SNA+11a].
However, there are master equations for driven systems in use with dissipation oper-
ators changing in time, depending on the driving, cf, e.g., [BBG+91]. In the context
of optimal control, where the pulses are not known beforehand, this has to be done
’en route’, i.e. alongside and consistently with the control update, which turns out
to be quite cumbersome.
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2. Optimal control of quantum
systems

Optimal control aims for driving a system to a desired objective. To realize that
aim, external control signals are applied, which are disrupting the original dynamics
of the system. Finding the best of all possible control pulses is the central focus of
optimal control theory.
Formally (cf. [Kro96]), the desired objective is defined in terms of an objective
functional J [w] for an admissible process w = (x(t),u(t)). A process w consists
of a state x(t) of the system and the corresponding controls u(t). The controlled
dynamics of the system are governed by:

ẋ(t) = f(x(t),u(t), t) (2.1)

Optimal control is the search for the control signals u(t) which extremizes the objec-
tive functional J [w] under the constraint, that the equations of motions (2.1) hold,
i.e.

J [d] = min
w∈D

J [w]. (2.2)

D = {w} is the set of admissible processes.
The objective functional

J [w] = F (x(T )) +

T∫
0

dt L(t,x,u(t)) (2.3)

consists of two contributions: F (x(T )) represents the part of the functional depend-
ing on the final value of x, while the running costs L give the dependence on the
process. Both F and L need to be functions, which are two times continuously
differentiable and are defined for all x, u and t. We are interested in driving the
system to a certain objective at a fixed final time T , but time-optimal control is also
possible in this frame.
In the next section, a short overview is given for which quantum systems optimal
control is used, which methods are commonly employed and which objectives are
pursued. Before we present our method for optimal control of non-Markovian open
systems, the context of related work in optimal control of open systems is sketched.
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2. Optimal control of quantum systems

2.1. Applications: physical systems, methods,
objectives

The advent of the laser and achievements in tailoring quantum systems made con-
trolled quantum dynamics accessible and created at the same time increasing de-
mand for systematic controls. Inspired by the success optimal control schemes were
having since long in classical physical systems, see, e.g., [BH69, Kro96, Dav02], there
have been great efforts made to transfer such schemes to quantum systems. Typical
objectives for the optimization are to drive the respective system into a desired state,
to do quantum processes in a time-optimized way or to enhance quantum features
of a system, like entanglement.

2.1.1. Quantum systems

By now, there are various quantum systems, where optimal control is applied. Em-
ploying the possibilities of the laser, early applications of optimal control theory
have been to quantum systems at hand, both in quantum chemistry and in spin sys-
tems in the context of nuclear magnetic resonance (NMR) spectroscopy. The huge
progress made in the design of quantum systems, such as atom and ion-traps, optical
lattices, Bose-Einstein condensates and mesoscopic systems, for instance supercon-
ducting devices, lead to the advent of a variety of controllable quantum systems. At
the same time, this progress creates a demand for optimal control. In particular,
the efforts made to realize quantum computation, ask for high fidelity command of
the respective systems. In the following a short overview is given, focussing on the
possibilities and challenges in the respective area of research.

Quantum chemistry

In the context of quantum chemistry optimal control schemes have been proposed to
perform controlled reactions, both to enhance the yield of preferred reaction prod-
ucts, such as Tannor et al. [TKR86], but also to learn about reaction mechanisms,
such as Rabitz and Coworkers [PDR88, SR90]. An overview is given in the review
article of Brif et al. [BCR10]. The unavoidable environment in chemical settings
prevented the success of these schemes, until feedback methods (cf. Subsection 2.2.3)
were employed [ABB+98, RdVRMK00, WR03].

Furthermore, building on the progress made in isolating molecules, implementations
of a quantum computer in molecular systems have been proposed by Palao and
Kosloff [PK02]and by Tesch and de Vivie-Riedle [TdVR02].

Recently, the control of molecules, important in a biological context, came into focus,
such as in [CMC+12].
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2.1. Applications: physical systems, methods, objectives

NMR

In the context of NMR spectroscopy, optimal control techniques have been used
with great success to fight dephasing. Therefore, the environment is part of the de-
scription; the dynamics is usually formulated in terms of a Bloch-Redfield equation,
cf., e.g., Glaser, Luy and Coworkers ([GSHS+98, SRL+03, KSK+08]).

Also, proposals for implementations of quantum gates in spin systems, governed
by optimal pulses, have been put forward, cf., e.g. Schulte-Herbrüggen et al.
[SHSKG05].

Quantum optical systems

Tailored quantum optical systems offer many possibilities for applying controls and
for the study of controlled dynamics. Usually in this field, one aims to isolate these
systems as much as possible from their surroundings, which can be achieved to a
high degree, due to the high quality in preparation. Therefore the influence of the
environment is discussed in terms of separation of time scales, i.e. whether a task,
measurement, etc., can be performed faster than the typical decoherence times.
Rapidness provided, these systems can be treated as isolated ones.

For the purpose of quantum information processing, controls have been designed
to perform unitary transformations with high fidelity, such as for atoms [THS+04,
CHJ+00] and molecules [MRM+11] in traps. In the context of quantum information
processing, special interest lie on reliable quantum gates [CHJ+00, NS09, BMM+10,
MMC+11].

Generation and storing of entanglement by the means of optimal control was also
investigated, cf, e.g. [Häb08, PMB10, CCM12], as well as phase control of Bose-
Einstein condensates [ST02].

Solid state

Solid state systems, such as superconducting circuits and devices, are also promis-
ing candidates for the implementation of quantum computing. In these condensed
matter quantum devices, the influence of the environment is no longer negligible,
there are different strategies to cope, as we will discuss cf. Section 2.2.

Among the systems that have been considered in the context of optimal control,
are charge qubits [SSHG+07, MCF07] and transmon qubits coupled to a resonator
[EW13]. As a model for control in a dissipative solid state device, Rebentrost et al.
[RSSHW09] discussed the control of a qubit coupled to a two-level fluctuator which
is exposed to a thermal bath.

Recently, NV-Centers in diamonds, got into the focus of optimal control, such as in
[FDT+09].
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2. Optimal control of quantum systems

Figure 2.1.: Basic idea of gradient-based control schemes. Forward propagation of
state x(t), backward propagation of the Lagrange multiplier, i.e. the
costate, λ(t). Update of the control u(t) is done by demanding the gra-
dient ∂H

∂u
≡ 0. H is a generalized Hamilton function, H = L + λ · ẋ,

depending on the running costs L and the dynamics. Aim of the algo-
rithm is to find the optimal path xopt. To allow for graphical represen-
tation, xopt(T ) = λ(T ) is one of the simplifications made (adapted from
[SRL+03]).

2.1.2. Control methods

Solving the optimization problem of equation (2.2), can be done in various ways,
prominent in use among them are gradient-based methods, evolutionary learning
algorithms for feedback control schemes, and simplex algorithms (like Nelder-Mead).
For systems, which are well understood, one can employ strategies, which truncate
the search space beforehand in a sophisticated way.

Gradient-based methods

Tackling the optimization problem by the means of variational calculus, provides us
with gradient type methods, which are widely used in the optimal control context.
These numerical methods consist basically of an iteratively solvable set of differen-
tial equations for the state, costate (in terms of variation calculus, the Lagrange
multiplier) and the control update, cf. Figure 2.1. The control update is found
by calculating a gradient with respect to the controls. More sophisticated gradient
methods employ a so-called line search, for this the Hesse matrix itself or an approx-
imation of it is computed. Gradient based methods are used by many groups, such
as [SR90, WG07], the GRAPE algorithm [SHSKG11] and the SPINACH package
for controlled spin dynamics [KKC+11].
A special class of gradient type control schemes are the Krotov-based [Kro96] meth-
ods: here the state and the costate are propagated with different iterations of the
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2.1. Applications: physical systems, methods, objectives

control signal. This avoids getting stuck in local minima, inspiring Krotov to call it
a ’global’ method. To apply this classical method to quantum systems, fundamental
contributions were made by Sklarz and Tannor [ST02], Palao and Kosloff [PK02]
and Koch and Coworkers, as in [RNK12]. We extended the method to stochastic
open system dynamics [SNA+11a], cf. Section 2.3.
Some comparisons have been made of the performance of the different types of con-
trol algorithms in use in the optimal control community (cf., e.g., [SdF11, NLKS13]).
It has been shown, that the Krotov method is turning into an ordinary gradient
method for higher iteration numbers. And, while Krotov’s method provides rather
dramatic improvements of the performance in the early iteration steps, it is outper-
formed by the other methods, when it comes to highest fidelity requests.
In any case, for our problem of open system control, which comes with a numerically
rather expensive stochastic dynamics, the feature, that a Krotov-based method of-
fers good results for comparatively few iteration steps, is quite convincing for us. Of
equal importance is another feature: The Krotov-based algorithm is almost insensi-
tive to the initial guess of the control signals [RNK12], and it can be a considerable
challenge to guess a neat initial control pulse.

Basis sets

Searching for the optimal control in the whole search space can be cumbersome.
However, given that the experimental setting, control pulses are searched for, is
well known, the basis of functions for the control fields can be truncated in a so-
phisticated way. This comes with the additional benefit of pulses, which are easily
implementable in experiments. In the context of NMR this is done by allowing
only for a few system frequencies [Min12]. As a more general method Calarco,
Montagero and Coworkers developed the chopped random basis method (CRAB)
[DCM11, CCM11]. It has been successfully applied to various experimental settings,
as in [MKL+13]. To avoid the cumbersome gradient calculations, CRAB employs
the Nelder-Mead algorithm, a simplex downhill method, also used by other control
groups, e.g. [EW13].

2.1.3. Objectives

Objectives considered in the context of optimal control of quantum systems are in
particular the maximization of the overlap with a desired target state (’state-to-
state transfer’), time-optimal control and the enhancement of quantum features like
entanglement. All the controlled gate operations and the NMR applications are
state-to-state transfers. Time-optimal control, i.e. performing the given task in the
shortest possible time, is one promising way to deal with noise [WG07, MJKC09,
CMC+09]. Optimal control has also been applied to generate entanglement, e.g. in
[PK02, Häb08, PMB10].
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2. Optimal control of quantum systems

2.2. Optimal control and noise

There are different strategies to deal with the fact, that the system, we want to con-
trol, is coupled to an environment. First, one might think of being fast in performing
the desired tasks, to simply give the environment not enough time to interfere. Such
schemes are called time-optimal control. Then, one can ask, how the performance
of the control pulses, calculated without noise, will change, if noise is added. If the
pulses are robust, i.e. the task is still performed with the desired fidelity, there will
be no reason to take the environment into account.

Since feedback control is a successful way in classical systems to treat imperfections,
such as noise, in the modeling, one might explore this approach for quantum sys-
tems also. However, performing a measurement in a quantum system comes with
preparing a new probe, so there is a trade-off between experimental effort and labor
invested in the theoretical modeling. Control can also be actively used, to fight
decoherence, e.g. to drive the system towards decoherence-free subspaces.

All these strategies imply, that the environment is ’hostile’, i.e., working against the
pursued goal. However, it is known, that there are ’friendly’ reservoirs, as discussed
in the context of engineered reservoirs, carefully designed baths, driving the system
to the aimed for target. As these are artificial environments, they are not the typical
unavoidable ones we are faced with in condensed matter. Indeed, we were able to
show, that it might not be necessary to invest the effort of engineering a reservoir,
but that optimal control pulses can turn a hostile environment into a friendly one.

2.2.1. Time-optimal control

Assuming that noise is detrimental, the natural demand for a control scheme is
to perform the desired task quickly, at least faster than the relaxation time scale.
Spörl et al. [SSHG+07] proposed time optimized pulses for Josephson charge qubits.
Murphy et al. [MJKC09] showed that optimal controlled quantum transport can be
faster than the adiabatic case, without losing fidelity.

This gives rise to the question, how fast a given task can be performed by the means
of optimal control. Caneva et al. [CMC+09] showed that a quantum speed limit
exists, i.e. there is actually a lower bound to the time needed to achieve a defined
goal.

However, Schirmer and Coworkers [FdFS12] showed in a general frame, that for
minimizing detrimental noise effects, being as quick as possible is the best way only
for Markovian environments. For systems with such an environment, the control
signal found for the isolated system is still the optimal one. In agreement with
our result [SNA+11a], they found, that for non-Markovian environments, given the
coupling mechanisms are known, the memory effects of the environment can be used.
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2.2. Optimal control and noise

Figure 2.2.: Optimal control schemes in quantum systems. While for open loop con-
trol (left) the main effort comes with the exact modeling needed, closed
loop, also called feedback, control (right) comes with a high experimen-
tal effort.

2.2.2. Control in the presence of noise

Sometimes, the environment can not be ignored, e.g. if there is no way to perform
the desired task faster than the typical interaction times or if either the system or
the control pulses themselves are subject to imperfections. Then, a natural question
is, how the control signals, calculated for an isolated perfect system, will perform.
Or, in other words, how robust the pulses are with respect to typical noise sources.
This has been done by, e.g., Treutlein et al. [THR+06], Montangero et al. [MCF07]
and Murphy et al. [MJKC09], who found their respective pulses to be quite robust
against typical noise sources in their respective settings.

2.2.3. Open vs. closed/feedback control

In the classical frame, feedback control, i.e., adjusting the controls by feeding back
measurement results of the actual state of the system in a closed loop, is successfully
used to take the effects of noise into account. However, as any measurement on
a quantum system disturbs this system, the transfer of these closed loop control
schemes to quantum systems is not straightforward. Such feedback schemes do
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2. Optimal control of quantum systems

come with a new preparation of the system after each measurement, which can be
experimentally costly, cf. Figure 2.2. In quantum chemistry, where the experimental
effort to prepare a new probe is managable, there exist successful feedback control
experiments, cf. [RdVRMK00, WR03]. Serafini and Mancini proposed a feedback
scheme to generate entanglement [SM10]. Also, there are several proposals, for
instance [DMB+09], to combine non-demolition measurement, like in [NRO+99],
with feedback control schemes.

Admittedly, in particular in an open system, the exact modeling of the total system,
including the noise, which is needed for the open loop control, can be elaborate and
- numerically - costly. On the other hand, there comes a reward with the effort
invested: If the control pulses work, they not only confirm the modeling but allow
for a deeper understanding of the driven dynamics.

For an actual experimental implementation, there can be specific noise sources, not
taken into account in the modeling, because this noise is not of fundamental interest,
yet fatal for applications with highest fidelity demands. Egger and Wilhelm [EW13]
suggested a combined schemes of open and closed loop control, where the controls
signals gained in the open loop are adjusted to the imperfections of the actual
experimental setting by the means of an additional feedback scheme.

2.2.4. Optimal control to fight decoherence

A prominent goal for optimal control in open systems has been to reverse the detri-
mental effects of decoherence and dissipation, e.g., by driving the system into a
decoherence free subspace: Viola and Lloyd [VL98] employed a bang-bang control
scheme to fight decoherence of a two-level system. Kofman and Kurizki [KK04]
showed that suitably chosen controls can dynamically suppress decoherence of a
qubit in a thermal bath, using generalized Bloch equations, including explicitly non-
RWA effects. Schulte-Herbrüggen et al. [SHSKG11] investigated driving of systems
subject to Markovian environments into subspaces of weak relaxation.

2.2.5. Artificial environments

It is known, however, that the interaction with an environment can be helpful in
special cases. This gave rise to the exciting field of engineered reservoirs, cf., e.g.,
[MHdC+13, ACVM13, WC13], that is coupling a system to a carefully designed
environment, where the stationary state of the system is the desired one. In terms
of optimal control, ’incoherent controls’ are discussed, i.e. noise sources, which
interaction with the system can be switched at will, e.g., Barreiro et al. [BMS+11].
Clausen et al.[CBK12] considered a coupling to the reservoir that can be modulated.
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2.2.6. Real environments

In a strict sense, the artificial environments, discussed in the previous Subsection,
are controls, in the sense that one can not only choose their design, but even whether
they are part of the setting at all. These reservoirs are components added to the
system fully under the experimentalist’s command, and that is not what we are
typically faced with in the context of solid state physics. Here, the environment is
a non negligible part of the system and generally not helpful.

However, the sought-after features, i.e. an impact on all observables of the system,
are in principle inherent to any environment, even an ordinary thermal one. They
are just not used in a productive way. We employed driving in order to make use
of this idle resources: arbitrary fast and strong driving changes the system and
therefore the interplay with the environment. This gives rise to nonequilibrium
physics showing cooperative effects of driving and dissipation. We employed the
control scheme presented in the next Section, to calculate control pulses, which
in a combined effort with the thermal environment are capable to perform tasks,
like cooling and generating entanglement, which neither of the components can
accomplish alone.

2.3. Dissipative optimal control

We derived a control algorithm, which provides a consistent description of both
driving and dissipation. In [Sch09, SNA+11b]1 we extended the work of Sklarz and
Tannor [ST02] to open non-Markovian quantum systems. In their method for closed
quantum systems, Sklarz and Tannor build up on the work of Krotov and Coworkers
[KF83, Kro96, KK99] for classical systems. Here, we give a short overview of the
derivation of our control algorithm.

The exact dynamics of an open non-Markovian quantum system can be described
by a stochastic Liouville- von Neumann (SLN) equation (for details cf. Section 1.3):

ρ̇z = Lρz, (2.4)

valid for one single noise realisation z(t) = {ξ(t), ν(t)}. At this point, no speci-
fication to our objective F [u(t), {ρz(T )}] is made; also we made no other restric-
tion on our controls signals u(t), than that they act on the relevant system only
(HS → HS + HC).

As we do only know the dynamics of a single noise realization z, the control formalism
has to be formulated for one realisation also. With an admissible process w ≡

1The derivation of the optimal control formalism was topic of my diploma thesis [Sch09]. Part of
the results were published in the supplemental material [SNA+11b] of [SNA+11a].
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(u(t), {ρz(t)}), the dissipative objective functional reads:

J̃ [w, φz] = G(ρz(T ))−
T∫

0

R(t,u(t), ρz(t))dt− φz(0, ρz(0)), (2.5)

where φz(t, ρz(t)) is an arbitrary continuously differentiable function Krotov intro-
duces. It can be shown, that J̃ [w, φz] = J [w] for all φz(t) [KF83]. Here, the auxiliary
functions of Krotov’s formalism G, R and HKrotov take the form:

G(ρz(T )) := Fz(ρz(T )) + φz(T, ρz(T )) (2.6)

HKrotov

(
t, ρz(t),u(t),

∂φz(t, ρz(t))

∂ρz

)
:= tr

{(
∂φz(t, ρz(t))

∂ρz

Lρz

)
+

(
ρ†zL†

(∂φz(t, ρz(t))

∂ρz

)†)}
(2.7)

R(t,u(t), ρz(t)) := HKrotov

(
t, ρz(t),u(t),

∂φz(t, ρz(t))

∂ρz

)
+

∂

∂t
φz(t, ρz(t)) ,

(2.8)

where Fz(ρz(T )) is the objective for one realisation z.

The functional (2.5) is subjected to variational calculus:

δJ̃ [w, φz] = δ

G(ρz(T ))−
T∫

0

R(t,u(t), ρz(t))dt− φz(0, ρz(0))

 !
= 0, (2.9)

in order to find the minimum of J̃ [w, φz]. For fixed controls u(t), the auxiliary
function φz is chosen in such a way, that J̃ [w, φz] is maximized with respect to ρz

for any admissible process w. This provides, that afterwards, now with fixed φz any
change in u(t) will achieve an improvement. That implies, that we calculate in each
iteration step j of our control algorithm:

R(t, ρz
(j)(t),u(j)(t)) = min

ρz , ρ†z

R(t, ρz(t),u(j)(t)) (2.10)

and

G(ρz
(j)(T )) = max

ρz(T ), ρ†z(T )

G(ρz(T )) (2.11)
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to fix φj
z. Then, the new control and the new state have to be calculated consistently:

u(j+1)(t) = arg max
u

E
[
Rz(t, ρ(j+1)

z ,u)
]

(2.12)

d

dt
ρz

(j+1)

(t) = L(j+1)ρ(j+1)
z (t) (2.13)

With the definition of the costate, i.e. the Lagrange multiplier, Λz:

Λ(j)
z :=

∂φ
(j)
z

∂ρ†z

∣∣∣∣∣
ρz=ρ

(j)
z

(2.14)

the variational calculus with respect to the state ρz provides us with a stochastic
equation of motion for the costate Λz:

L†Λz +
d

dt
Λz(t) = 0 (2.15)

with the end time boundary condition:

Λz(T ) =
∂

∂ρ†z(T )
Fz(ρz(T )). (2.16)

Variation with respect to the costate Λz regains eq. (2.4) and finally, variation with
respect to the controls, results in the update formula for these controls:

u
(new)
(i) (t) = u

(old)
(i) (t) +

1

λ(i)(t)
E

[
∂HKrotov

∂u(i)(t)

]
(2.17)

where i is the respective component of the vector u(t), and λ is a tuning param-
eter, which can be suitably chosen in order to enhance numerical stability. The
contribution of each noise realisation to the new control signal is given by:

∂HKrotov

∂u(i)

= 2 · Re

[
tr

{
Λ†

z

∂L
∂ui

ρz

}]
=

2

h̄
Im

[
tr

{
Λ†

z

[
∂HC

∂ui

, ρz

]}] (2.18)

where HC is the part of the Hamiltonian of the system describing the influence of
the controls. Note, that Λz(t) is propagated with the old control signals, while ρz(t)
is propagated with the new ones. In detail, the algorithm can be found in Appendix
B.
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3. Gaussian states

Many quantum systems are continuous variable systems (CVS) such as the different
degrees of freedom of the electromagnetic field, vibrational modes of solids, atomic
ensembles, nuclear spins in a quantum dot, Josephson junctions and Bose-Einstein
condensates [WPGP+12]. These systems can be described in terms of quantized har-
monic modes, which can be represented by Gaussian functions, as the ground state,
the thermal, squeezed and coherent states of a harmonic oscillator are Gaussian.
Therefore, the research of Gaussian quantum information is a field of great interest,
cf. the review articles of Braunstein and van Loock [BvL05] and of Weedbrock et
al. [WPGP+12].
While being relevant for many experimental realisations, Gaussian states can be
treated rather straightforward in terms of mathematics. Also, the Wigner func-
tions, introduced below, of Gaussian states are Gaussians and are a beneficial tool
for visualizing, and, hence, for understanding the driven dissipative dynamics. The
mathematical description in terms of first and second cumulants can be used to
find expressions for all physical quantities of interest, such as entropy and entan-
glement. In fact, while for mixed states, it is in general not easy to define an
entanglement measure, for bipartite Gaussian states it is given by the logarithmic
negativity [VW02].

3.1. Cumulant description of Gaussian states

A system, consisting of N harmonic modes can be described by the operators of the
conjugated variables of each mode k, i.e. {qk, pk}Nk=1, with [qi, pj] = ih̄δij, which can
be arranged in a vector:

x = (q1, p1, . . . , qN , pN)T (3.1)

Gaussian states can fully be described by the first and second cumulants of the qk

and pk. The first cumulants are of course the first moments. The second cumulants
are the elements of the covariance matrix σ, with:

σij =
1

2
〈xixj + xjxi〉 − 〈xi〉〈xj〉 ≡

〈
xixj + xjxi

2

〉
c

. (3.2)

Therefore, in the context of Gaussian states, there is no need to invest the numerical
effort to propagate the full density matrix, but, one can propagate the cumulants
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3. Gaussian states

instead. As long as the applied driving couples at most quadratically to the system,
the Gaussian nature of the state is preserved. Anyhow, even for the one-dimensional
harmonic mode subjected to driving and damping, parametric, i.e. quadratically
coupled, control is a challenge. Only in the case of restricting to periodic driving
fields [ZH95], the problem is analytically solvable in terms of Matthieu functions
[McL64]. This is of course an unacceptable constraint to the search for optimal
control pulses.

3.2. Wigner functions

In phase space, any density operator can be represented in terms of a Wigner func-
tion, i.e. a quasiprobability distribution [Sch01]. With the symplectic form Ω

Ω :=
N⊕

k=1

ω, ω =

(
0 1
−1 0

)
(3.3)

the Weyl operator D(ζ) is given by D(ζ) := exp(ixTΩζ) and the Wigner character-
istic function takes the form:

χ(ζ) = tr{ρD(ζ)}. (3.4)

The Wigner function is then gained by a Fourier transformation of χ(ζ). For a
Gaussian state the Wigner function W (x) is also Gaussian [Hol75]:

W (x) =
1

(2π)N
√

det σ
exp

{
−1

2
(x− x̄)T σ−1(x− x̄)

}
. (3.5)

We employed this phase space representation in [SRAS12, SSA13a] to visualize our
results and gain a deeper understanding of the driven dissipative dynamics.

3.3. Physical quantities of Gaussian states

As the full information of the Gaussian state is represented in the first and second
cumulants, any physical quantity of interest can be expressed with them. For the
case of open systems, quantities only depending on the second cumulants are of
particular interest, such as entropy or entanglement. The second cumulants can
only be influenced by controls, which couple at least quadratically to the system’s
coordinate.
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3.3. Physical quantities of Gaussian states

3.3.1. Entropy of Gaussian states

The von Neumann entropy for one harmonic mode is given by [HSH99]:

S(ρ) = g

(√
〈q2〉c 〈p2〉c − 〈qp− pq〉2c /4

)
(3.6)

with g(x) = (x + 1
2
) log(x + 1

2
) − (x − 1

2
) log(x − 1

2
). We used this expression to

quantify the cooling of a thermalized state by optimal control in [SNA+11a].

3.3.2. Entanglement for bipartite Gaussian states

Entanglement is the resource of quantum information.1 It is the quantum part
of the non-local information in system of at least two subsystems [NC00, Aud05].
However, for an open system, measuring entanglement is a non-trivial task, which
is in general not solved yet. Information to be gained by a measurement, occurs in
mixed states as classical and as well as quantum information, both of them come
in the flavors local and nonlocal. For the quantum part, both local and nonlocal,
the term ’quantum discord’ has been coined [OZ01]. For bipartite Gaussian systems
quantum discord has been investigated in [GP10, AD10].
Entropy based entanglement measures, which are successfully used for pure states,
also count for the classical correlations when it comes to mixed states. Though,
entanglement measures are sought for, which indicates the violation of the Bell in-
equality, however there are mixed entangled states which do not violate local realism
[BvL05]. It has been shown, that it is necessary for separability [Per96, HHH96],
that the partially transposed density matrix is positive (positive partial transpose
(PPT) criterion). Physically, this operation corresponds to a local time reversal of
the partially transposed subsystem, mathematically, it results in a sign change in the
respective p operator. For Gaussian bipartite systems, it has been shown, that the
violation of the PPT criterion is sufficient and necessary for entanglement. Various
theoretical aspects of Gaussian bipartite entanglement have been investigated, e.g.,
in [EP02, ASI04, OP11], experiments have been done by, e.g., [DFP+09, LKOH+05].

Logarithmic negativity

For a bipartite Gaussian state, consisting of the substates A and B, the covariance
matrix σ (eq. (3.2)) can be grouped in the following way:

σ =

(
α γ
γT β

)
, (3.7)

1Actually, the original paper of Einstein, Podolsky and Rosen [EPR35] considered a continuous
variable system to discuss entanglement. The term ’Verschränkung’, i.e. entanglement, on the
other hand, was coined by Schrödinger [Sch35]
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3. Gaussian states

where α, β correspond to the covariance matrices of the respective sub-units A and
B, while γ (transpose γT ) carries the mixed cumulants and therefore the non-local
information of the system. Unitary transformations do not change entanglement
[Ade06], therefore, the first cumulants can be set to zero without loss of generality.
The PPT-criterion can then be rephrased to be:

ν̃− ≥ 1, (3.8)

where ν̃− is the smallest symplectic eigenvalue of the covariance matrix correspond-
ing to the partially transposed density matrix [VW02]. Expressed by the covariance
matrix, it is given by2:

ν̃− =
√

2

√
det α + det β − 2 det γ −

√
(det α + det β − 2 det γ)2 − 4 det σ. (3.9)

The determinantes det σ, det α, det β and det γ are symplectic invariants. Based
on this, the logarithmic negativity, EN , the entanglement measure for Gaussian
bipartite systems [VW02] is defined as3:

EN = max{0,− ln(ν̃−)}. (3.10)

The subsystems A and B are entangled, if EN > 0, while EN = 0 corresponds to
purely classical and/or local quantum correlations. If A and B are entangled, then
det γ is negative [Sim00].

2Other than widely used in the literature of Gaussian quantum information particularly in the
context of Gaussian entanglement, we do not use h̄ ≡ 2, but h̄ ≡ 1 instead.

3First published in a journal by Vidal and Werner [VW02], Plenio [Ple05] proved the logarithmic
negativity to be a full entanglement monotone.

32



4. Cooperative effects of driving and
dissipation: Applications and
results

We apply the optimal control method (cf. Section 2.3), we derived for open non-
Markovian systems, to harmonic modes (cf. Chapter 3) coupled to a reservoir with
ohmic spectral density (cf. Subsection 1.3.1). First, we concentrate on a system
consisting of a single harmonic mode, for which we investigated both a common
state-to-state transfer scenario and a cooling scenario. Secondly, we extended our
method to a bipartite system, in order to examine entanglement generation by op-
timal control. The results, we highlight in this Chapter, have been published in the
articles forming Part II of this dissertation1.

4.1. Common state-to-state transfer

Assuming that we start with a wavepacket with initially minimal width, the dissi-
pative dynamics without any external control will lead to a damped oscillation of
the first cumulants, while the second cumulants would thermalize. That is, in phase
space, the center of our wavepacket would perform a spiral motion to the origin,
while the wavepacket itself broadens isotropically, in agreement with the inverse
thermal energy of the reservoir β. Basically, we are losing irretrievable our carefully
prepared initial state. Therefore the task, we wanted to fulfill by optimal control,
is to restore the initial state at the time T , i.e., we want to rewind the dissipative
dynamics by the means of optimal control.

State-to-state transfer is a very common task in the context of optimal control (cf.
Section 2.1). We were able to show that for the condensed matter scenario, we
consider, neither the control pulses of the corresponding closed system were robust,
nor standard Lindblad dynamics would provide accurate results. Our method, on
the contrary, provides results with high fidelity.

1As Chapter 6 provides the detailed summary of the published articles requested for a cumulative
dissertation, there is some overlap with this Chapter (due to aiming for completeness of Part I
of this thesis, also).
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4. Cooperative effects of driving and dissipation: Applications and results

Stochastic dynamics

For a single harmonic mode, with HS = p2

2m
+

mω2
0

2
q2, coupled to a reservoir with

ohmic spectral density (for details cf. Subsection 1.3.1), the stochastic dynamics is
governed by the SLED equation:

d

dt
ρξ = − i

h̄
[HS + HC , ρξ] +

i

h̄
ξ(t)[q, ρξ]−

i

h̄

γ0

2
[q, {p, ρξ}] . (4.1)

The stochastic equations of motion, which arise for the cumulants, are to be found
in Appendix A.1.
The control Hamiltonian HC is chosen to be:

HC = −F (t)q + ∆(t)
q2

2
. (4.2)

F (t) is a linear force control field, which acts only on the first cumulants, i.e. in
phase space, it shifts the center of the wavepacket. The second cumulants are only
influenced by the parametrical tuning control field ∆(t). It changes the potential,
acting on the harmonic mode, by changing the frequency ω2 = ω2

0 + ∆. Hence,
in phase space it changes the width of the wavepacket, including squeezing effects.
Being at most quadratic in the coupling to the system, this driving preserves the
Gaussian nature of the state.

Objective

The objective of a state to state transfer is to maximize the overlap with a target
state A = |α〉〈α|, where A is a projection operator onto the target state, here a
coherent state. In order to formulate a minimizing task, we ask for reducing the
remaining error M = 1− A:

F [u(t), {ρz}] = E [tr {Mρz(tf )}] . (4.3)

The equations for the backward propagation of the cumulants of the co-state and
the control update, calculated according to Section 2.3, can be found in Appendix
A.1.

Results

Our initial state is a wave packet of minimal uncertainty centered around q = 1 and
p = 0 which we want to restore at T = 202. We choose the final time to be of the
order of the relaxation time of the uncontrolled system and explicitly not to be a
multiple of 2π.

2 We use natural units, i.e. h̄ = 1, kB = 1, units ω0 for energies, angular frequencies, or rates;
lengths are given in 1/(

√
mω0), momenta in

√
mω0 and we set: ωc = 50, m = 1, ω0 = 1
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4.2. Cooling by optimal control

As can be seen in the article constituting Section 7.1, we explored a typical range
for solid state quantum devices of both damping constant γ0, varied between γ0 =
0.005 . . . 0.1, and inverse thermal energy β, varied between β = 50 . . . 0.5, gaining
fidelities up to 99%. Better results are gained for higher β and lower γ0, that is for
cold baths and weak damping. Nonetheless, fidelities for other parameters are also
satisfactory. For γ0 = 0.05 and β = 1, Figure 6.1 shows exemplarily the windowed
Fourier transformations of the control signals.

Comparison with a Lindblad master equation

For the comparison with a Lindblad master equation, we took the standard form3

for the damped harmonic oscillator [BP06]:

d

dt
ρ = −i[HS +HC , ρ] +γ0(Nβ + 1)

(
aρa† − 1

2
{a†a, ρ}

)
+γ0Nβ

(
a†ρa− 1

2
{aa†, ρ}

)
(4.4)

in dimensionless units, where a, a† are the annihilation and the creation operator
of the harmonic oscillator, respectively, and Nβ = 1

eβ−1
is the thermal occupation

number of the unperturbed oscillator. The equations of motion for the first and
second cumulants, arising from this master equation, are given in Appendix A.1.
The control signals gained by this RWA dynamics are shown in Figure 6.1 (middle),
and the fidelities predicted are high. However, the RWA control pulses differ sub-
stantially from the SLN ones, and feeding these RWA control signals into the full
stochastic dynamics, which is an exact description of how the system will actually
evolve subjected to driving and dissipation, leads to a performance considerably
worse. Therefore, we were able to show, that the standard Lindblad dynamics is
not suitable to investigate driven open system dynamics.

4.2. Cooling by optimal control

An initially thermalized state would stay thermalized forever, if no external controls
were applied. However, a maximally mixed state is in terms of quantum information
processing quite useless. The challenge, we face with our control algorithm here, is
to purify our system, that is to cool our system through driving.
Cooling a quantum system is an important task. Many schemes use internal degrees
of freedom as, e.g., in [PH07, RSK+07] also, utilizing optimal control, [ST04, Pec11].
In our system the cooling has to be achieved by a cooperative effect of driving and
dissipation, there are no inner degrees to be explored. Cooling by optimal control
pulses is also possible for the analogous classical system [Roh11].

3Where the driving is not taken into account for the construction of the Lindblad operators, cf.
Subsection 1.4.3
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4. Cooperative effects of driving and dissipation: Applications and results

Figure 4.1.: Schematic representation of our control aim. Cooling an initially ther-
malized state (left) by a cooperative effort of driving and dissipation to
the ground state (right).

Stochastic dynamics

The dynamics are basically the same as in the previous section, except that we only
take the parametrical control part into account HC = ∆(t) q2

2
, as the von Neumann

entropy of the system is only a function of the second cumulants (cf. Subsection
3.3.1).

Objective

We also perform a state-to-state transfer, projecting on the ground state of an
isolated harmonic mode. This is not the ground state of the open system, the ground
state of the damped harmonic oscillator is not a pure state, but a mixed one, as has
been shown in [GWT84]. Nevertheless, the bare ground state is a suitable objective,
as the cooling is of course a nonequlibrium effect, switching off the controls would
lead to a renewed thermalization with the reservoir.

Results

Our initial wavepacket is thermalized, and at T = 20 we want to have a wavepacket
of minimal uncertainty. As can bee seen in Figure 6.2, we do achieve cooling, i.e.
a reduction of the von Neumann entropy by control signals as shown in Figure 6.3
(left, upper). The reservoir is needed, because for a closed system, the entropy would
be conserved. Therefore, in our parameter range, stronger coupling, i.e. larger γ0,
increases the effect.

Comparison with a Lindblad master equation and the Caldeira-Leggett
master equation

As we showed in the article constituting Section 7.1 the standard Lindblad equation
fails completely in reproducing this cooling effect. Used to describe the dynamics in
the control algorithm, it predicts, the best solution would be no control at all. While
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4.3. Generating entanglement by optimal control

Alice Bob

u
A

u
B

Figure 4.2.: Schematic representation of our setting. Two harmonic modes, not di-
rectly coupled to each other, share the same reservoir. The system can
be influenced by external parametric controls, acting locally on the sub-
systems. Neither the local controls, nor the reservoir alone can generate
entanglement between Alice and Bob, but together, they succeed.

feeding the SLN control pulses into the Lindblad dynamics, heating is predicted.
Other than that, we were able to show in the article constituting Section 7.2, that
the Caldeira-Leggett master equation:

d

dt
ρ = − i

h̄
[HS + HC , ρ]− iη

2mh̄
[q, {p, ρ}]− η

h̄2β
[q, [q, ρ]] (4.5)

is in principle capable of calculating cooling pulses. However, the Caldeira-Leggett
master equation is not sufficient to calculate low temperature quantum dynamics
[Vac00]; we monitored the violation of Heisenbergs uncertainty principle. The equa-
tions of motion for the first and second cumulants implemented for the Caldeira-
Leggett master equation are to be found in appendix A.1.

4.3. Generating entanglement by optimal control

The minimal setting needed for generating entanglement are two subsystems and a
non-local interaction. However, not any non-local interaction gives rise to entangle-
ment, in particular, a thermal heat bath, shared by the subunits and appropriately
modeled for a condensed matter setting, does not. Well knowing, that local op-
erations can not generate entanglement either, we went for finding control pulses
driving an initially separated bipartite system, only coupled via a common reser-
voir, into an entangled state. From the onset, it is perfectly clear, that this is only
possible as a cooperative effect of driving and dissipation.
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4. Cooperative effects of driving and dissipation: Applications and results

State-of-the-art

Due to the important role, that entanglement plays for quantum information, the
dynamics of entanglement in the presence of reservoirs is a well-studied topic for
different scenarios. For a bipartite open system, consisting of two subunits A and
B, the non-local interaction, necessary to generate entanglement, can in principle be
provided from three different sources: a direct coupling of the subsystems, a control
acting nonlocally, or a common reservoir. For some settings, a common thermal
reservoir mediates a quasi-static direct coupling between the subsystems [PR08,
BFP03, Bra02, WDCK+11], which gives rise to a static entanglement effect. Also,
entanglement can be preserved in a decoherence free subspace, if the subsystems
are initially squeezed, as in [HB08]. These findings stimulated investigations of
engineered reservoirs, i.e. artificial environments, driving the system in a favored
stationary state, as in [LGL+11, MHdC+13, SMSP10, ACVM13].
Explicit driving on the other hand, has been taken into account, e.g., in [GPZ10],
where the direct coupling is periodically driven, in [ZPAI13], where a non-classical
driving is considered, and in a feedback scheme in [SRP09].

Stochastic dynamics

As for entanglement at least two subsystems are necessary, our formalism needed to
be adjusted for two harmonic modes A and B. Therefore, the Hamiltonian of the
total system (cf. Equation (1.2)) takes the form:

H = HSA
+ HSB

+ HSA,SB
+ HI + HR. (4.6)

The system part, without any direct coupling between the subunits, is given by:

HSA
+ HSB

=
∑

i=A,B

p2
i

2mi

+
miω

2
i

2
q2
i +

u2,i

2
q2
i (4.7)

where the control fields uA, uB, to be determined, act locally on the respective
subunit. The driving is modeled parametrically, only the second cumulants are
relevant for entanglement and, as mentioned, linear control does not change them.
The common reservoir is again modeled by a large set of harmonic modes:

HR =
∑

α

p2
α

2mα

+
mαω2

α

2
x2

α, (4.8)

where the interaction Hamiltonian between the system and the reservoir is given by:

HI = (qA + qB)
∑

α

cαxα + (qA + qB)2
∑

α

c2
α

2mαω2
α

. (4.9)
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4.3. Generating entanglement by optimal control

Only the symmetric mode of the system Q+ = (qA + qB)/
√

2 couples to the reser-
voir, the antisymmetric mode Q− = (qA − qB)/

√
2 is not subjected to dissipation.

The last term of the equation may seem like a direct coupling between the sub-
systems mediated by the bath. On the contrary, it cancels out such an effect. In
our modeling, the adiabatic elimination would lead to a vanishing influence of the
reservoir, allowing only for dynamic dissipation. If this counterterm (cf. Subsec-
tion 1.1.1) is missing, its absence may give rise to a quasi-static entanglement effect
[PR08, Bra02]. However, for the condensed matter applications we consider, this
would be an inappropriate modeling.
For our Gaussian bipartite system, the SLN equation then takes the form:

d

dt
ρAB = − i

h̄
[(HS,A + HC,A)⊗ 1B, ρAB]− i

h̄
[1A ⊗ (HS,B + HC,B), ρAB]

+
i

h̄
ξ(t)[qA + qB, ρAB]− i

h̄

γ0

2
[qA + qB, {pA + pB, ρAB}] (4.10)

The equations of motion for the first and second cumulants of this bipartite Gaussian
system can be found in Appendix A.2.

Objective

Our goal is maximizing the entanglement of our subsystems at the final time T = 6π,
which is measured by the logarithmic negativity (details cf. Subsection 3.3.2):

EN = max{0,− ln(ν̃−)}. (4.11)

However, minimizing the argument of a logarithm (and the reciprocal of it, due to
the derivative) with a numerical method, is not the best of all ideas. For the setting
we looked into here, it appears, that minimizing det γ (remember, det γ < 0 is a
necessary condition for entanglement), is both sufficient and numerical stable.
In principal, one can question the goal of maximizing entanglement for a continu-
ous variable system: The maximally entangled state for a Gaussian system is the
infinitely squeezed EPR-state, which can not be normalized and is therefore un-
physical. In praxis, the limit of numerical accuracy shelters us from having such
problems.

Results

We choose A and B to be identical harmonic modes4, initially prepared in their bare
ground states. As we show in the article constituting Section 7.3, for the uncontrolled
dynamics the two sub-states stay separated. There is no entanglement created by
the mere coupling to the reservoir. We want to maximize the entanglement between

4i.e. mA = mB = 1, ωA = ωB = 1
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4. Cooperative effects of driving and dissipation: Applications and results

the two subunits at the final time T , both with symmetric controls, i.e. uA = uB,
and single-site control, i.e., uA only, uB ≡ 0. For the exemplary parameters β = 1
and η = 0.1, the entanglement achieved is EN (T ) = 4.37 for the symmetric controls
and EN (T ) = 2.33 for single-site driving. While in continuous variable system,
there is no upper bound for entanglement, values of EN considered necessary for
utilization in experimental realisations are of the order of one, cf., e.g. [GPZ10].
Figure 6.5 presents the covariance matrices, clearly showing det γ < 0 for the driven
cases. In the normal modes, squeezing is necessary for entangled states. We succeed,
in particular, in squeezing the antisymmetric mode as can be seen in Figure 6.6. As
this mode decouples from the reservoir, the effect is lasting (cf. Figure 6.7). Also,
we found the results to be quite robust against temperature rise.
Neither local controls alone, nor a thermal reservoir without potential renormal-
isation, can generate entanglement. We were able to show, that by a combined
effort of both reservoir and local driving, entanglement can be created. As any con-
densed matter system comes with a thermal bath, the experimental effort reduces
to applying local driving; in a totally minimalistic setting, even single-site driving
is sufficient. We believe, that this presents a promising new possible scheme for
experimental generation of entanglement.
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5. Summary and conclusion

The progress made in fabrication of tailored quantum devices provides a variety
of controllable quantum systems and simultaneously creates a demand for optimal
control of these systems. As any real system, these quantum systems are open sys-
tems, interacting with their environment. The exact description of the dynamics
of driven open systems is highly non-trivial, yet necessary, as in driven systems
commonly applied approximations fail. Therefore, such an exact description is es-
sential to correctly capture the features of this dynamics, which is necessary to gain
a deeper understanding of the underlying processes. We provided an optimal control
algorithm based on an exact description of non Markovian open quantum systems,
which treats both driving and dissipation on the same footing.
The ability of impacting all system observables is inherent to the concept of a reser-
voir. In a standard reservoir in a typical condensed matter scenario this ability is
normally used to counteract quantum interference effects. By the means of opti-
mized control pulses, we employ this idle resource in a productive way, generating
cooperative effects of driving and dissipation.
For rather simple, but elementary systems, we were able to reveal fascinating aspects
of nonequilibrium physics, succeeding both in cooling a thermalized quantum system
and in entangling two subsystems. Having understood the underlying principles both
the experimental realisation and the generalization to larger systems are the next
issues to be tackled.
We have shown, that the whole is greater than the sum of its parts, namely driving
and dissipation can cooperatively perform tasks, neither part is capable alone.

41



5. Summary and conclusion

42



Part II.

Publications

43





6. Summary of published articles

6.1. General remarks

Inspired by the possibilities to design and control quantum devices, we aim to de-
termine control signals which drive these systems to desired objectives. However, as
real quantum systems are always open quantum systems [Wei12, BP06], the inter-
action of the system of interest with the surrounding environment has to be taken
into account. Driving changes the system of interest, in particular arbitrary strong
and fast driving, resulting in a backaction on the interaction with the environment.
Therefore a consistent description of both driving and dissipation is needed.
Such an optimal control method for non-Markovian open quantum systems based
on an exact, consistent description of both driving and dissipation we derived in the
first article [SNA+11a]. We employ this method in all articles on different quantum
systems in order to drive them to reasonable objectives and learn more about the
driven nonequilibrium dynamics of our systems [SNA+11a, SRAS12, SSA13a].
The scenario we are interested in, is in fact, the common one in condensed matter
physics: Our quantum system of interest is embedded into an environment, which
has great impact on our system and is beyond our control. For low temperatures
(i.e., if the system’s relaxation times are not much longer than the thermal time of
the reservoir h̄β) neither the Markovian nor the Born approximation holds [Wei12].
As the uncontrolled dynamics of the respective system is far from reaching desirable
objectives, we apply additional controls, which are calculated by optimal control
techniques, to drive the system in the desired way. Allowing for arbitrary strong
and fast driving, also the rotating wave approximation (RWA) is no longer applicable
[KK04].
System and environment are described by a system-plus-reservoir model: The Hamil-
tonian of the total system can be divided into a system part, HS, a reservoir part
HR and an interaction part between the former two, HI , i.e. H = HS + HI + HR.
Now, we can add a control Hamiltonian HC , which acts only locally on the relevant
system to the system Hamiltonian HS → HS + HC . For an exact description of the
non-Markovian dynamics, we use the stochastic Liouville-von Neumann equation
(SLN) (details cf. Section 1.3, originally published in [SG02]):

ρ̇ξ,ν = Lρξ,ν = − i

h̄
[HS + HC , ρξ,ν ] +

i

h̄
ξ(t)[q, ρξ,ν ] +

i

2
ν(t){q, ρξ,ν} (6.1)

holding for one stochastic realisation {ξ(t), ν(t)}. The correlation functions of these
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complex-valued noise variables ξ(t) and ν(t) reproduce the quantum correlation
function L(τ) of the total environmental force, which is fully determined by the
spectral density J(ω) and the inverse thermal energy β of the reservoir. The physical
density matrix is given by a stochastic averaging:

ρ(t) = E [ρξ,ν(t)] . (6.2)

Using this stochastic equation of motion (6.1) as constraint, we extended the opti-
mal control work of Krotov [Kro96] and Sklarz and Tannor [ST02] to non-Markovian
open systems (for details cf. Section 2.3). This provides us with a system of equa-
tions for the state ρξ,ν(t), the co-state Λξ,ν(t) (i.e. the Lagrange multiplier) and the
control update to be solved consistently and iteratively by numerical means:

ρ̇ξ,ν = Lρξ,ν

Λ̇ξ,ν = −L†Λξ,ν , with the final time boundary condition:

Λξ,ν(T ) =
∂

∂ρ†ξ,ν(T )
Fξ,ν(ρξ,ν(T )) (6.3)

u
(new)
(i) (t) = u

(old)
(i) (t) +

1

λ(i)(t)
E

[
2

h̄
Im

[
tr

{
Λ
†(old)
ξ,ν

[
∂HC

∂ui

, ρ
(new)
ξ,ν

]}]]
.

Concerning the control update, Krotov’s method differs slightly, but substantially
from the usual gradient method (the forward propagation of ρξ,ν(t) takes place with
the new control signals, while the backward propagation of Λξ,ν(t) is done with the
old ones, cf. 2.1.2).
In order to gain a deeper understanding of the interplay and cooperative effects of
both dissipation and driving in applying our general valid method, we stick to rather
simple settings. But, while the components of our settings (harmonic modes for the
reduced system, ohmic spectral density for the environment, linear and parametric
controls) are not very complex, their interplay is nevertheless non-trivial and re-
veals quite interesting physics. As these systems are Gaussian, their description is
mathematically rather straightforward (for details cf. Chapter 3). Nonetheless, the
systems are not analytically solvable anymore, as we are not restricting the paramet-
ric control to periodic signals, which can be treated in terms of Matthieu functions
[ZH95]. We do allow for arbitrary strong and fast driving. Despite the simplicity,
the systems shows interesting features of non-equilibrium physics. In fact, it is due
to the simplicity, that we can definitely attribute these features to cooperative effects
of driving and dissipation.
We use natural units throughout our publications, i.e. h̄ = 1, kB = 1, units ω0 for
energies, angular frequencies, or rates; lengths are given in 1√

mω0
, as for momenta
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√
mω0. This is the general setting for all of the three publications; we now turn to

the individual projects.

6.2. Optimal Control of Open Quantum Systems:
Cooperative Effects of Driving and Dissipation1

The system, we considered in this publication, is a single harmonic mode, with

HS = p2

2m
+

mω2
0

2
q2, which is coupled to a reservoir with ohmic spectral density

J(ω) = mγ0ω/
(
1 + ω2

ω2
c

)2
and a high frequency cutoff ωc (with: ωc = 50, m = 1 and

ω0 = 1). Then, the SLN equation is given by (for details cf. Subsection 1.3.1):

d

dt
ρξ = − i

h̄
[HS + HC , ρξ] +

i

h̄
ξ(t)[q, ρξ]−

i

h̄

γ0

2
[q, {p, ρξ}] . (6.4)

For this system we want to maximize the overlap with a coherent state at a fixed end
time T , i.e., we want to minimize M = 1−A, where A = |α〉〈α| is a projector onto

a coherent state. Our control Hamiltonian takes the form HC = −F (t)q + ∆(t) q2

2
,

with F (t) being a linear force control field and ∆(t) represents a parametrical tuning
control field, modifying the instantaneous resonance frequency to be ω2 = ω2

0 + ∆.
Being at most quadratic in their coupling, these control fields do not change the
Gaussian nature of the states.
We investigated two issues in this paper, both formulated as a state-to-state transfer
control problem. On the one hand, we ask for restoring the initial state at the final
time T , it is, fighting the detrimental effects of the environment. And, on the other
hand, we want to drive an initially thermalized state to the ground state, i.e. cooling
by optimal control.
First, we succeeded to determine control signals for a typical state-to-state transfer
task: Our initial state is a wave packet of minimal uncertainty centered around q = 1
and p = 0 which we want to restore at T = 20. We explored a typical range for solid
state quantum devices of both for damping constants γ0 = 0.005 . . . 0.1, and inverse
thermal energies β = 50 . . . 0.5, gaining fidelities up to 99%.
We also compared our SLN results with control pulses gained with other descriptions
of the dynamics, Figure 6.1 shows the windowed Fourier transformations of the
control signals for γ0 = 0.05 and β = 1.
As can be seen, the control pulses for the dissipative system (upper) differs substan-
tially from the one for the closed system (lower), indicating, that the later are not
robust against dissipation. In fact, feeding the controls for the undisturbed system
into the exact SLN open system dynamics leads to poor results.

1[SNA+11a]: Rebecca Schmidt, Antonio Negretti, Joachim Ankerhold, Tommaso Calarco, and
Jürgen T. Stockburger, PRL 107, 130404 (2011)
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Figure 6.1.: Windowed Fourier transformation of the optimal control signals for
state-to-state-transfer, restoring initial state at final time T (γ0 = 0.05
and β = 1). L.h.s. force control field F (t), r.h.s. tuning control field
∆(t). SLN dynamics (upper, respectively) shows detailed features over
the total propagation time, while for the closed system (lower, respec-
tively) the control signals only in the beginning give a push in the right
direction. Control signals gained for RWA dynamics (middle, respec-
tively) perform poorly, when applied to the exact dynamics (taken from
[SNA+11a]).

We also investigated the performance of a standard Lindblad master equation
[BP06], cf. Subsection 1.4.3:

d

dt
ρ = −i[HS +HC , ρ] +γ0(Nβ + 1)

(
aρa† − 1

2
{a†a, ρ}

)
+γ0Nβ

(
a†ρa− 1

2
{aa†, ρ}

)
(6.5)

in dimensionless units, where a, a† are the annihilation and the creation operator of
the harmonic oscillator, respectively, and Nβ = 1

eβ−1
is the thermal occupation num-

ber of the unpertubated oscillator. The control signals gained by this RWA dynamics
are shown in Figure 6.1 (middle), and the fidelities predicted are high. However,
the RWA control pulses differ substantially from the SLN ones, and feeding these
RWA control signals into the full stochastic dynamics, which is an exact description
of the system, leads to a performance considerably worse. Therefore, we were able
to show, that the standard Lindblad dynamics is not suitable for investigate driven
open system dynamics.
Second, we also achieved cooling of our system by the means of optimal control, an
aim not reachable in a closed system, due to entropy conservation. Here we started
with our system thermalized with the reservoir, aiming for maximal overlap with
the ground state. Our results can be visualized in terms of von Neumann entropy,
which for Gaussian states is given by (cf. [HSH99]):

S(ρ) = g

(√
〈q2〉c 〈p2〉c − 〈qp− pq〉2c /4

)
(6.6)
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Figure 6.2.: Dynamics of the von Neumann entropy of an initially thermalized state
under application of optimal control signals (β = 1). SLN dynamics
(solid lines) shows a reduction of entropy due to driving. RWA dynam-
ics (dashed lines) for these controls predicts an incorrect heating effect
(taken from [SNA+11a]).

with g(x) = (x + 1
2
) log(x + 1

2
)− (x− 1

2
) log(x− 1

2
). Given that only the parametric

control ∆(t) has an impact on the second cumulants, and the entropy is a function

of them, the control Hamiltonian considered here is HC = ∆(t) q2

2
only. Figure 6.2

shows, that the RWA approach here not only is less successful, but fundamentally
wrong. The method itself fails to calculate control signals, and, inducting the ones
calculated for the SLN dynamics, heating instead of cooling is predicted. This
reveals the ’hard-coding’ of the thermalized state of the uncontrolled oscillator into
the Lindblad operators. This strikingly demonstrates, that the effort, we have to
invest in our numerical method, is justified by its success.

As mentioned, in a closed system, no cooling can be achieved by optimal controls,
and there are no internal degrees of freedom in our system, which can be exploited
for the effect. This clearly shows, that the cooling is a cooperative effect of both
driving and dissipation.

Scientific contribution: We provide an exact optimal control algorithm for non-
Markovian open quantum systems, which is successfully applied both to state-to-
state transfer and to cooling of an originally thermalized mode below the reservoir
temperature. We also showed, that a standard Lindblad approach fails. We demon-
strated that there is more for optimal control in open systems than fighting dissi-
pation. The interplay of driving and dissipation gives rise to new possibilities: the
thermal environment is needed to cool via optimal control.
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Figure 6.3.: Comparison of the performance of a simplified version (l.h.s., lower) of
the optimal control signal ∆(t) (l.h.s., upper) with the original one in
terms of the contour plot of the Wigner function at the final time T .
While the simplified signal still achieves cooling, it fails to reduce the
squeezing of the final state (taken from [SRAS12]).

6.3. Cooling of quantum systems through optimal
control and dissipation2

In this publication, we took a closer look at the cooling scenario of the previous
Section, in order to gain a deeper understanding, why the calculated control signal
looks like that. Therefore, we here focused on the way the control signals actually
works in terms of Wigner functions and gain a deeper understanding of the con-
stituent parts of the control pulse. We also had a closer look into the performance
of the Caldeira-Leggett master equation, which constitutes the high temperature
limit of our method. In order to understand the driven dynamics, we visualized the
dynamics of the Wigner function of our system, which, as 〈q〉c = 〈p〉c = 0, takes the

2[SRAS12]: Rebecca Schmidt, Selina Rohrer, Joachim Ankerhold, and Jürgen T. Stockburger,
Phys. Scr. T151, 014034 (2012)
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Figure 6.4.: Optimal control field ∆(t) gained by a Caldeira-Leggett Master equation
(left). While it shows the main features of the quantum control signal,
and cooling is achieved (middle), it violates the uncertainty relation:
The ground state (right) covers a larger area in phase space (taken from
[SRAS12]).

form:

W (q, p) =
1

2π
√

det σ
· exp

{
1

2 det σ

(
q2

〈
p2

〉
c
− (qp + pq)

〈
qp + pq

2

〉
c

+ p2
〈
q2

〉
c

)}
(6.7)

where det σ = 〈q2〉c 〈p2〉c −
〈

qp+pq
2

〉2

c
is the determinant of the covariance matrix σ.

The system is, as mentioned, subjected to parametric control only, i.e. the control
Hamiltonian reads HC = ∆(t) q2

2
. Figure 6.3 l.h.s., upper, shows the control pulse

∆(t) we calculated. When this control pulse is applied to an initially thermalized,
i.e. isotropic, Wigner function, the system gets more and more squeezed during
the gradual rise of the control. The work performed is dissipated to the reservoir
and entropy is transferred also, as shown in Figure 6.2 in the previous Section.
The final release happens on a rather short time scale, not allowing the system to
get fully thermalized again. The modulation of the signal, both on the timescale
of the unpertubated system ω0 = 1 and the thermal time scale of the reservoir
h̄β = 1, ’massages’ the Wigner function during propagation in order to reduce the
squeezing of the final state. The simplified control signal shown in Figure 6.3 (lower)
reproduces only the ramp-like ascent and the steep descent on a short timescale, that
quench and release. This rudimental signal preserves the main effect of the control
in achieving a comparable overlap with the target state. Nevertheless, this simplified
version fails in reducing the squeezing.
In contrast to the Lindblad master equation, which fails to reproduce our results,
the Caldeira-Leggett master equation [CL83]:

d

dt
ρ = − i

h̄
[HS + HC , ρ]− iη

2mh̄
[q, {p, ρ}]− η

h̄2β
[q, [q, ρ]] (6.8)
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does not rely on the RWA, and the Born-Markov approximation is replaced by a
stronger Markov approximation, assuming an instantaneous decay of the environ-
mental fluctuations. While the control algorithm for this way of describing dynamics
is able to find a control signal capable to reduce the entropy of the system, it is not a
valid description of the quantum dynamics, the predicted target state would cover a
smaller area in phase space than the ground state (Figure 6.4). This comes with no
surprise: For the harmonic potential considered here, the classical Klein-Kramers
equation is the equation of motion for the Wigner function corresponding to the
density matrix governed by eq. 6.8, therefore quantum features are not included in
this description.
Nevertheless, cooling by optimal control for classical systems, both Markovian and
non-Markovian, is also possible, as has been shown by Rohrer [Roh11].
Scientific contribution: We gain a deeper understanding in the nonequilibrium driven
dynamics. We basically learned, why control signal looks like that. While cooling by
optimal control can also be achieved in classical systems, this less elaborate method
is not suitable to deal with quantum systems, violating features as elementary as
the uncertainty principle.

6.4. Quasi-local generation of EPR entanglement in
non-equilibrium3

The system we considered in this publication consists of two harmonic modes cou-
pled to a common reservoir. Our objective is to generate entanglement between the
initially separated states. The environment, which we consider, is the generic ther-
mal bath for solid state devices, which does not create entanglement between the
subunits (for details cf. Subsection 1.1.1). We apply our control pulses only locally
to the two subsystems, well knowing, that entanglement can not be generated by
local operations and classical communication (LOCC) alone. As the two subunits
are not directly coupled, the only source of non-locality in the setting is the common
reservoir. However, we demonstrate that in the combined system, entanglement can
be generated, due to a cooperative effect of driving and dissipation.
The relevant system, consisting of the subsystems A and B, is described by the
Hamiltonian:

HS(t) ≡ HA(t) + HB(t) =
∑

j=A,B

p2
j

2M
+

MΩ2

2
q2
j +

uj(t)

2
q2
j . (6.9)

where we only consider parametric controls uj(t) (j = A, B), acting locally on the
respective subsystems. Logarithmic negativity EN , the entanglement measure for

3[SSA13a]: Rebecca Schmidt, Jürgen T. Stockburger, and Joachim Ankerhold, arXiv:1305.6566
[quant-ph]
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Figure 6.5.: Covariance matrices of the system for β = 1, η = 0.1, ωc = 50 and
T = 6π. Initially, both A and B are prepared in the ground state
(upper left). At t = T , without driving (lower left) the stationary
state is still separated (det γ > 0), while applying control signals both
symmetrically (uA = uB, upper right) and single-site (uA only, uB ≡ 0,
lower right) generate entanglement. EN (T ) achieved is 4.37 and 2.33,
respectively (taken from [SSA13a]).

bipartite Gaussian states, is a function of the second cumulants only, which are not
changed by linear control signals [VW02]:

EN = max{0,− ln(ν̃−)}. (6.10)

Here, ν̃− is the smallest symplectic eigenvalue of the covariance matrix corresponding
to the partially transposed density matrix. Gaussian states are fully described by
their first and second cumulants, where the later are grouped in the covariance
matrix σ with σij = 1

2
〈xixj + xjxi〉 − 〈xi〉〈xj〉. In the 2× 2 block structure

σ =

(
α γ
γT β

)
, (6.11)

α, β correspond to the covariance matrices of the respective sub-units A and B,
while γ (transpose γT ) carries the mixed cumulants and therefore the non-local
information of the system.
Entanglement only exists if EN > 0 while EN = 0 corresponds to purely classical
and/or local quantum correlations. Note that det γ < 0 is necessary for EN to be
positive [Sim00].
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Figure 6.6.: Reduced Wigner functions for the anti-symmetric Q−, P− (top) and
symmetric Q+, P+ (bottom) normal modes at T = 6π for two-site (left)
and single-site (right) control. The green line indicates the ground state
width; parameters as in Figure 6.5 (taken from [SSA13a]).

A and B are embedded in a common reservoir:

HR =
∑

k

p2
k

2mk

+
mkω

2
k

2
x2

k (6.12)

HI = (qA + qB)
∑

k

ckxk + (qA + qB)2
∑

k

c2
k

2mkω2
k

. (6.13)

Only the symmetric mode Q+ = (qA + qB)/
√

2 couples to the reservoir, the Q−
decouples and therefore does not suffer from dissipation. In this setting, the last
term in Equation 6.13, the counterterm, plays a crucial role: if it is not taken
into account, the effect is a quasi-static direct coupling between the subsystems,
which may give rise to an environment-induced entanglement (as in [Bra02, PR08]).
For the typical solid state system, there is no such effect. Therefore, modeling the
interaction according to the Caldeira-Leggett model, this counter term ensures, that
we only allow for a dynamic dissipation effect. Here, the reservoir has a vanishing
net effect, when an adiabatic elimination is carried out.
This interaction alone, even though it is non-local, does not generate entanglement.
In fact, the steady state of the uncontrolled system can be calculated to be ν̃2

− =
〈(qA + qB)2〉β〈(pA + pB)2〉β/(h̄/2)2, i.e. ν̃2

− > 1 if β < ∞. So, without additional
driving the subsystems stay separated forever, as can be seen in fig. 6.5.
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Figure 6.7.: Entanglement dynamics for β = 0.1 for a protocol where the control
is switched off at tf = 6π. Other parameters are as in Fig. 6.5 (taken
from [SSA13a]).

We calculated control signals both for symmetric control pulses, i.e. uA = uB

and for single-site control, i.e. uA only (uB ≡ 0), succeeding in the generation of
entanglement in both cases, as det γ is negative (cf. fig. 6.5) and the logarithmic
negativity achieved is EN (T ) = 4.37 and EN (T ) = 2.33, respectively.
The resulting entanglement is also reflected in a squeezing of normal modes, the
necessary condition det γ < 0 can be recasted (for symmetric controls) as:

4 det γ = ∆P ∆Q − [〈Q+P+〉 − 〈Q−P−〉]2. (6.14)

Other than the standard EPR entanglement, where the squeezing is antisymmetric
in the normal modes r− = −r+, Fig. 6.6 shows, that our control pulses only squeeze
the non-dissipative antisymmetric mode strongly.
We were also able to show, cf. Fig.6.7, that the effect is quite robust against tem-
perature rising of the bath, and, due to the decoupling of the antisymmetric mode,
lasting.
Scientific contribution: We extend our method to treat bipartite systems, showing
that entanglement can be generated in a minimal setting: the non-local interaction
provided by the reservoir is exploited by the help of local controls only. The achieved
entanglement is a cooperative effect of driving and dissipation.

6.5. Conclusion

In order to perform optimal control in open quantum systems, we derived an optimal
control method for non-Markovian open quantum systems, which treats both driving
and dissipation consistently.
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Starting from using optimal control as a tool to fight the detrimental effect of a non-
Markovian environment we get quite a long way in discovering cooperative effects
of driving and dissipation, not available with only one of the components at hand.
Focussing on conceptual rather simple, yet relevant, fundamental systems, we were
able to gain a deeper understanding of the rich interplay between a non-Markovian
environment and designed control pulses.
We were able to cool a thermalized quantum system below the temperature of the
reservoir and were furthermore able to generate a pure quantum mechanical feature,
i.e. entanglement, by the combined effort of both driving and dissipation.
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We investigate the optimal control of open quantum systems, in particular, the mutual influence of

driving and dissipation. A stochastic approach to open-system control is developed, using a generalized

version of Krotov’s iterative algorithm, with no need for Markovian or rotating-wave approximations. The

application to a harmonic degree of freedom reveals cooperative effects of driving and dissipation that a

standard Markovian treatment cannot capture. Remarkably, control can modify the open-system dynamics

to the point where the entropy change turns negative, thus achieving cooling of translational motion

without any reliance on internal degrees of freedom.

DOI: 10.1103/PhysRevLett.107.130404 PACS numbers: 03.65.Yz, 02.30.Yy, 03.67.�a, 05.70.Ln

Introduction.The control of quantum dynamics for the
accurate preparation of a prescribed quantum state by a
tailored time-dependent field is a task of key importance in
quantum physics and related disciplines. With increasing
complexity of devices for quantum information processing
the destructive role of environmental fluctuations has be-
come a severe limitation to further progress. For example,
neutral atoms or ions in electromagnetic traps are exposed
to fluctuations of (comparatively hot) chip surfaces [1],
while in superconducting circuits diffusing charges and
electromagnetic fluctuations affect fidelities quite substan-
tially [2].

In this context, optimal control theory (OCT) has
emerged as a key ingredient in strategies to tame the effect
of decoherence and other imperfections either directly by
mitigating their effect or indirectly by speeding up opera-
tions. In limiting cases or under idealized conditions OCT
has already been used to increase the fidelity of simple
quantum gates [3–7] or to construct more complex proto-
cols [8]. Generally, however, OCT has treated environmen-
tal interactions mostly by heuristic or approximate
methods so far. A simple strategy has been followed in
Ref. [9], where the impact of a heat bath was taken into
account by assuming an initial thermal state while neglect-
ing its effect completely during its dynamics. Some
progress has been achieved within fully dynamical ap-
proaches based on standard Markovian master equations.
Unfortunately, these schemes have severe drawbacks:
First, they become inconsistent for strong control fields
unless additional field-dependent memory terms in the
dissipator are introduced [10,11]. Second, the rotating-
wave approximation (RWA), which is usually performed
on the system-environment interaction in order to obtain a
master equation with complete positivity, is known to be
unreliable in driven systems [10]. Third, at sufficiently low
temperatures or for reservoirs with structured spectral
mode densities the true dynamics of open quantum systems
is non-Markovian. These errors in the dynamics may be

further amplified by OCT search algorithms. As a result,
OCT computations using standard master equations yield
mismatched fields, which perform poorly when applied to
a realistic setting.
In this Letter we present a treatment of optimal control

of open quantum systems which is not susceptible to these
problems. Stochastic Liouville–von Neumann (SLN) equa-
tions [12,13] provide an approach to quantum dissipation
in a driven system which is both conceptually transparent
and formally exact. Field-induced modifications of envi-
ronmental effects are thus included a priori. From the SLN
equations one arrives naturally at the definition of a state-
costate pair [14] of dynamical variables with the simple
first-order equations of motion required by gradient-based
and related OCT methods.
We outline the salient features of our OCT technique

(for details see Supplemental Material [15]) and apply it to
a simple model. Notably, it turns out that control fields
extracted from a RWA-based master equation differ sub-
stantially from exact ones obtained within the SLN
scheme. This leads even to the counterintuitive phenome-
non of control-induced cooling, which is completely miss-
ing in the RWA approach.
Open-system dynamics and control algorithm.—We start

with the exact stochastic equation of motion [12]

_%�;�ðtÞ ¼ � i

@
½Hs; %�;�ðtÞ� � i

@
½Hc; %�;�ðtÞ�

þ i

@
�ðtÞ½q; %�;�ðtÞ� þ i

2
�ðtÞfq; %�;�g (1)

for noisy samples %�;�ðtÞ of the density matrix of an open

quantum system. The system is characterized by a
Hamiltonian Hs governing its autonomous motion, aug-
mented by a term HcðtÞ describing the influence of time-
dependent control fields ujðtÞ. It interacts bilinearly with a

dissipative environment whose quantum statistical force-
force correlation function is mapped to the noise statistics
as follows [12]: (i) the autocorrelation of � matches the
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quantum noise of the reservoir, (ii) the cross correlations of
� and � match the dynamical response of the environment,
and (iii) the correlations h�ðtÞ�ðt0Þi vanish identically.
According to the last condition �ðtÞ is a complex variable
with random phase. The nonvanishing correlations are
identical to the real and imaginary parts of the kernel
defining the Feynman-Vernon influence functional
[16,17], from which Eq. (1) can be derived without
approximations.

The fluctuations and the dynamical response of the
thermal environment are fully characterized by its tem-
perature and spectral density Jð!Þ, which in the present
case will be taken as Ohmic (proportional to ! up to a UV
cutoff !c). Both 1=!c and, more important, the thermal
time @� are intrinsic time scales of the environmental
fluctuations. Equation (1) now simplifies to

_%�ðtÞ ¼ L%�ðtÞ :¼ � i

@
½Hs; %�ðtÞ� � i

@
½Hc; %�ðtÞ�

� i

2@
�0½q; fp; %�ðtÞg� þ i

@
�ðtÞ½q; %�ðtÞ�; (2)

where �0 is the damping rate of a Brownian particle of
mass m [18]. The physical density matrix is a stochastic
average of the form %ðtÞ ¼ E½%�ðtÞ�.

At the price of introducing an explicit noise variable
�ðtÞ, Eq. (2) represents the exact non-Markovian dynamics
in terms of a stochastic ensemble with time-local equations
of motion. All memory effects inherent in the reservoir
dynamics are contained in the time-dependent correlations.
There is no decomposition of the environment into addi-
tional degrees of freedom and a secondary, Markovian
environment [19]. In an extreme high-temperature limit,
Eq. (2) becomes Markovian and reduces to the master
equation of Caldeira and Leggett [20].

Optimal control means searching for control signals
which drive desirable characteristics of the dynamics to
extremal values. Here we consider optimization objectives
defined by minimization of an expectation value hMi at a
specified end time T. This leads to a search for extrema of
the objective functional

B ½uðtÞ� ¼ E½trfM%�ðTÞg� ¼ trfM%ðTÞg; (3)

where the first equality relies on the map u � %�ðTÞ
implicit in the initial-value problem of Eq. (2).
Alternatively, Eq. (2) can be interpreted as a constraint
on simultaneous variations of uðtÞ and %�ðtÞ. This con-

straint needs to be taken into account through a time-
dependent Lagrange multiplier ��ðtÞ, which also depends

on the particular noise realization �ðtÞ. Variational calculus
leads to the equation of motion

_��ðtÞ ¼ �Ly��ðtÞ ¼ � i

@
½Hs;��ðtÞ� � i

@
½Hc;��ðtÞ�

� i

2@
�0fp; ½q;��ðtÞ�g þ i

@
�ðtÞ½q;��ðtÞ� (4)

for��ðtÞ, called the costate of the optimal control problem

in this context. Equation (4) is not an initial value problem;
it needs to be solved with the terminal boundary condition
��ðTÞ þM ¼ 0 arising from variation of the final state.

Now the gradient of the objective functional under the
above constraint is given by

�B

�ujðtÞ
��������constr:

¼ E
�
tr

�
��ðtÞ @L@uj %�ðtÞ

��
; (5)

where %�ðtÞ and ��ðtÞ obey the stochastic equations of

motion (2) and (4).
The preceding considerations show that the SLN ap-

proach treats quantum memory effects in a mathematical
language which integrates seamlessly into the state-costate
framework of standard OCT techniques. For numerical
computations, we have adapted the monotonically conver-
gent algorithm of Krotov [21,22] to the present case of
non-Markovian stochastic propagation. This algorithm
improves performance by substituting gradient search
steps with a nonlocal generalization of Eq. (5). Key
performance characteristics are improved by this change
(see [15]).
Application.—As a common model we consider a har-

monic oscillator, i.e., Hs ¼ p2

2m þ m!2
0

2 q2, which is subject

to an additional potential HcðtÞ ¼ �FðtÞqþ m
2 �ðtÞq2 de-

pending on a force control field FðtÞ � u1ðtÞ and a tuning
control field �ðtÞ � u2ðtÞ, which modifies the instanta-
neous resonance frequency, !2 ¼ !2

0 þ�. This choice is

not only a model for typical realizations as, e.g., trapped
atoms or ions or low energy dynamics of Josephson junc-
tions, it also offers itself as a simple test case where an
intuitive interpretation of numerical results may be fea-
sible. It is nontrivial since it includes the nonlinear re-
sponse of the system to parametric driving, and it is
fairly generic as it applies to potentials with harmonic
minima.
Under the equation of motion (2), the individual samples

%� remain Gaussian for Gaussian initial states. This allows

us to rephrase the equation of motion (2) as a system of
ordinary stochastic differential equations for the first and
second cumulants (means and variances) associated with
%�, i.e., hqic, hpic, hq2ic, hp2ic, and h12 ðqpþ pqÞic. A
similar consideration holds for the costate dynamics (4)
if a maximal overlap with a Gaussian target state is chosen
as optimization objective, i.e., M ¼ 1� A, where A ¼
j�ih�j projects onto a coherent state. We thus obtain closed
equations of motion for the first two cumulants in the
propagation of both the state %�ðtÞ and the costate ��ðtÞ.
While the effect of the linear control FðtÞ alone is given by
linear response theory, the dynamical squeezing through a
time-dependent �ðtÞ leads to nontrivial dynamics, as does
the combined action of both controls. We have explored
these effects numerically, computing the expectation val-
ues in Eq. (5) explicitly through a large number of samples
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(typically 104). This has the advantage of being securely
based on first principles, without resorting to approxima-
tions of the dynamics.

In the following, we use natural units (@ ¼ kB ¼ 1, units
!0 for energies, angular frequencies, or rates, 1=

ffiffiffiffiffiffiffiffiffiffi
m!0

p
for

lengths, and
ffiffiffiffiffiffiffiffiffiffi
m!0

p
for momenta). We choose a minimal-

uncertainty wave packet centered around q ¼ 1 and p ¼ 0
as both initial and target state. Values of the temperature
and the damping constant are chosen in the range typical of
superconducting solid-state devices [2]. The propagation
time T ¼ 20 is roughly comparable to the relaxation time
in the examples to be discussed.

We compare the results of iteratively determined control
fields for three types of dynamics inserted for state and
costate in Eq. (5): (a) SLN dynamics; (b) the standard
Markovian master equation of the harmonic oscillator
[23], with the usual raising and lowering operators asso-
ciated with Hs as Lindblad operators; (c) quantum dynam-
ics without dissipation.

Figures 1 and 2 show time-frequency signatures of the
controls FðtÞ and �ðtÞ obtained through the windowed
Fourier transform (also short-time Fourier transform,
STFT) using a Gaussian window. Both controls show
marked differences between the SLN and RWA cases.
The tendency for more pronounced and more complex
high-frequency features in the SLN case indicates the
importance of exercising control also on time scales of
the environmental fluctuations (of order �), similar to a
known strong-field approach to the suppression of deco-
herence known as ‘‘bang-bang control’’ [24]. A second
tendency seen in the SLN results is the application of fields
spread out over the entire time interval, as compared to the
emphasis on a stronger initial perturbation in the cases of
RWA dissipation or no dissipation.

Values of the objective functional achieved with the
SLN fields for different temperatures and damping con-
stants are compared in Table I. Free dynamics (no control)
would result in values roughly equal to 1=2 for all parame-
ters listed. A test of the control fields obtained in RWA,
inserted in the exact equation of motion, typically yields
values of the objective functional which are up to 100%
larger than for controls computed using SLN dynamics.
The algorithmic property of monotonic convergence is
confirmed by our numerical results.
Dynamical cooling.—Optimal control for closed sys-

tems conserves entropy like any unitary time evolution.
Quantum dissipation invariably creates mixed states in the
subsystem of interest; i.e., if the initial state is pure the
entropy of the open system will increase. But can optimal
control of an open system prevent this or even lower the
entropy in other cases? To investigate this question, we
choose the oscillator ground state as target and prepare
both system and environment as thermal states with equal
inverse temperature � ¼ 1. In this symmetric setting, the
field FðtÞ is not needed, since it changes the position,
but not the shape of the wave packet. We therefore consider
only the control field �ðtÞ in the following. The
von Neumann entropy of the mixed state is given by [25]

Sð%Þ ¼ gð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffihq2ichp2ic � hpqþ qpi2c=4
p Þ with gðxÞ ¼

ðxþ 1
2Þ logðxþ 1

2Þ � ðx� 1
2Þ logðx� 1

2Þ. We thus obtain

the counterintuitive result that a time-dependent control
field can modify dissipative dynamics to the point where its
entropy change turns negative (Fig. 3). We attribute this
phenomenon to the cooperative effect of driving and dis-
sipation, since neither of the two alone can cause this. The
subsystem energy of the final state decreases below its
original thermal value, indicating a dynamical cooling
effect. In contrast, it can be shown (see Supplemental
Material [15]) that commonly used RWA methods predict
heating above the environmental temperature for nonzero
driving. Consistent corrections of master equations for

FIG. 1 (color online). Windowed Fourier transform of the
optimal control force FðtÞ obtained using different dynamical
equations: (a) SLN equation (2), SLN, (b) a simple general-
ization of the standard master equation to driven systems, RWA,
and (c) unitary propagation. Parameters are �0 ¼ 0:05,!c ¼ 50,
� ¼ 1.

FIG. 2 (color online). Windowed Fourier transform of the
optimal tuning field � ¼ !2 �!2

0 obtained using dynamical

equations as in Fig. 1. Different color scales apply to the three
scenarios.
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finite Hc prove to be a formidable challenge [11].
Moreover, even if Hc could be used in the construction
of the dissipator, the distinction between co- and counter-
rotating terms would hardly be justified. If the control
fields change on the time scale of the reservoir fluctuations,
a ‘‘wobbly frame’’ rather than a rotating frame results.

In contrast to recent proposals for quantum refrigerators
[26,27], which rely on intricate band or level structures, we
have chosen a model with minimal structure. The cooling
effect found here seems to be a feature of temporal pat-
terns, not of a specifically designed system. We also note
that no internal degree of freedom is needed for the effect
to occur.

Conclusions.—The present SLN approach to optimal
control enjoys two natural advantages compared to control
theory based on standard Markovian master equations:
(i) its noise statistics are by construction independent of
the quantum dynamics, i.e., strong external driving intro-
duces no need for correction terms, and (ii) one arrives at
the usual state-costate picture required by OCT methods in
a straightforward way. Numerical control of a harmonic
degree of freedom is demonstrated with varying parame-
ters and objectives. Most results show marked differences
compared to the RWA approach, where the influence
of driving on dissipation is neglected. Efficient computa-
tions are feasible for environmental couplings from weak

damping up to a quality factor as low as Q � 10. This
allows applications to solid-state devices such as super-
conducting circuits with Josephson junctions and
condensed-matter phenomena such as reactive dynamics
of small molecules in a solvent or on a surface. Optimal
control of a dissipative quantum system can extract entropy
from a system initially at the same temperature as its
environment. Dynamical cooling in a simple system with-
out special structural features may be considered as a likely
strategy for mesoscopic quantum refrigeration.
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This document serves as a supplement to our article “Optimal control of open quantum

systems: cooperative effects of driving and dissipation” [Physical Review Letters (2011)]. It

describes the numerical algorithm used, a generalization of the Krotov iterative algorithm

to open quantum systems evolving under a stochastic equation of motion. A comparison

with the Markovian dynamics of a commonly used quantum master equation shows that the

latter cannot reproduce the cooperative cooling effect described in the main text.

I. OBJECTIVE AND CONSTRAINT

We outline a modification of Krotov’s algorithm for the optimization of final-state properties of

an open quantum system governed by the stochastic differential equation

˙̂%ξ(t) = L̂%̂ξ(t) := − i

~
[Ĥs, %̂ξ(t)]−

i

~
[Ĥc(t), %̂ξ(t)]−

i

2~
γ0[q̂, {p̂, %̂ξ(t)}] +

i

~
ξ(t)[q̂, %̂ξ(t)] , (1)

which must be considered as a dynamical constraint in the context of the optimization problem.

Here γ0 is the damping rate of a Brownian particle in the (ohmic) environment, and ξ(t) is a noise

variable whose statistics are governed by the quantum correlation function of the environmental

fluctuations.

The objective functionals to be minimized is assumed to depend linearly on the terminal state,

i.e., the functional is the expectation value of an observable M̂ at the final time T , typically a

projection operator. The physical terminal state %̂(T ) is the stochastic average of the dynamical

state %̂ξ(T ), i. e., the objective functional is of the form

B[u(t)] = tr{M̂%̂(T )} = E[tr{M̂%̂ξ(T )}] (2)

where the vector u(t) denotes control fields which define the time-dependence of Ĥc(t), and the

first equality implies the equation of motion (1). We use the symbol E for the expectation value

with respect to the noise ξ(t) only, not for the further average given by tracing over %̂ξ(t).
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II. EXTENDED OBJECTIVE FUNCTIONAL AND OPTIMAL CONTROL EQUATIONS

Following Refs. [20, 21] (see main text), we use an extended objective functional

Lξ[u(t), %̂ξ(t);φξ] := Gξ(%̂ξ(T ))−
∫ T

0
dt Rξ(t,u(t), %̂ξ(t))− φξ(0, %̂ξ(0)), (3)

containing the auxiliary, real-valued function φξ(t, %̂ξ(t)), which depends on the time t, the noise

realization ξ(t), and the state sample %̂ξ(t). Further auxiliary functions

Gξ(%̂ξ(T )) := tr{M̂%̂ξ(T )}+ φξ(T, %̂ξ(T )), (4)

Kξ(t,u(t), %̂ξ(t), · ) := tr{ · L̂%̂ξ(t)}, (5)

Rξ(t,u(t), %̂ξ(t)) := Kξ

(
t,u(t), %̂ξ(t),

∂

∂%̂ξ
φξ(t, %̂ξ(t))

)
+

∂

∂t
φξ(t, %̂ξ(t)) (6)

are chosen such that the expectation value E[Lξ] of the extended functional coincides with the

ordinary objective functional for admissible processes, i. e., pairs (u(t), {%̂ξ(t)}) of a vector of control

fields and a stochastic ensemble {%̂ξ(t)} with the property that the equation of motion (1) is obeyed

for the given vector u(t) and for all noise realizations of ξ(t). In this case the partial derivatives in

the definition of Rξ combine to form a total derivative, effectively canceling the boundary terms of

φξ, contained in Eqs. (3) and (4).

Different choices of φξ modify the objective functional for non-admissible processes, such as

the combination of control fields and states from different iterations. For Krotov’s algorithm it is

necessary to choose a function φξ with the following property: For any admissible process, Lξ is at

a maximum with respect to variations of %̂ξ with the function u(t) kept fixed, i. e., variations away

from the submanifold of admissible processes decrease Lξ. This means that an appropriate choice

of φξ must conform to the two conditions

Gξ(%̂
(j)
ξ (T )) = max

%̂ξ

{Gξ(%̂ξ(T ))}, (7)

Rξ(t,u(j)(t), %̂(j)
ξ (t)) = min

%̂ξ

{Rξ(t,u(j)(t), %̂ξ(t))}, (8)

where the superscript (j) denotes the admissible process resulting from an initial guess or a previous

iteration.

After making such a choice of φ
(j)
ξ , we demand that, in addition to being admissible, the

new process (u(j+1)(t), {%̂(j+1)
ξ (t)}) is taken from the class of pairs (ũ(t), {%̃ξ(t)}) which fulfill the

condition

ũ(t) = arg max
u(t)

E [Rξ(t,u(t), %̃ξ(t))] (9)
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at any time t. This condition selects a specific pair (u(j+1)(t), {%̂(j+1)
ξ (t)}) from the set of admissible

process. Using Eq. (9), the update u(j)(t) → u(j+1)(t) can be performed locally in conjunction

with the propagation of the new state %̂
(j+1)
ξ (t) since the dependence of the dynamical state on the

control fields obeys causality.

What remains to be specified is a mathematical construction which defines specific computa-

tional steps using the function φξ. For the linear dynamics of Eq. (1), it turns out that the function

φξ(t, %̂ξ) appears in the conditions (7) and (8) only in form of its derivative with respect to the

state, and since a complete derivative can be formed from them, the co-state Λ̂ξ = ∂φξ/∂%̂ξ can be

characterized as an additional dynamical variable with the equation of motion

˙̂Λξ(t) = −L̂†Λ̂ξ(t) = − i

~
[Ĥs, Λ̂ξ(t)]−

i

~
[Ĥc(t), Λ̂ξ(t)]−

i

2~
γ0{p̂, [q̂, Λ̂ξ(t)]}+

i

~
ξ(t)[q̂, Λ̂ξ(t)]. (10)

Solving this equation with the end-time boundary condition Λ̂ξ(T ) + M̂ = 0, resulting from (7),

amounts to a (fully sufficient) construction of φξ to first order in variations of %̂ξ around %̂
(j)
ξ .

In a variant of the algorithm, described by Sklarz and Tannor [21], the implicit condition (9) is

substituted by an explicit form

u
(j+1)
k (t) = u

(j)
k (t) +

1
λk(t)

E

[
tr

{
Λ̂(j)

ξ (t)
∂L̂

∂uk
%̂
(j+1)
ξ (t)

}]
, (11)

which is equivalent to Eq. (9) if a suitable (j-dependent) cost functional is added to B. It is to be

noted that the simultaneous appearance of j and j+1 on the r.h.s. of this equation gives this update

law properties quite different from a simple gradient search. The functions λk(t) arising from this

cost functional may be adjusted to tune convergence properties. In summary, the algorithm works

as follows:

1. An initial guess for the control fields u(0)(t) is chosen.

2. The equation of motion (1) with u(0)(t) is solved with initial condition %̂(0) for an ensemble

of trajectories {%̂ξ(t)}.

3. The co-state ensemble is initialized using the condition Λ̂ξ(T )+M̂ = 0 and then propagated

backwards to the initial time with Eq. (10).

4. The ensembles {%̂ξ(t)} and {Λ̂ξ(t)} are propagated forward until the end time T , but at each

time step the co-states are propagated with the old control fields, that is, the ones obtained

from the j-th iteration, whereas the states %̂ξ(t) are propagated with the new control fields

given by the update law (11). (Alternatively, stored values from step 3 can be used).
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5. The objective functional (2) is computed, and steps 3 and 4 are repeated until the value of

objective functional is in the desired range.

This optimization algorithm applies not only to Eq. (1), but to any type of linear dynamics

subject to additive or multiplicative noise.

III. PROOF OF MONOTONIC CONVERGENCE

The procedure outlined above guarantees that each step of the iteration reduces the objective

functional, that is, E[Bξ[u(j+1)(t), %̂(j+1)
ξ (t)]] ≤ E[Bξ[u(j)(t), %̂(j)

ξ (t)]]. This becomes evident if the

change of the objective functional is decomposed into three terms,

E[Lξ[u(j)(t), %̂(j)
ξ (t), φξ]]− E[Lξ[u(j+1)(t), %̂(j+1)

ξ (t), φξ]] = ∆1 + ∆2 + ∆3, (12)

where

∆1 =
∫ T

0
dt E

[
R(t,u(j)(t), %̂(j+1)

ξ (t))− R(t,u(j)(t), %̂(j)
ξ (t))

]
(13)

∆2 =
∫ T

0
dt E

[
R(t,u(j+1)(t), %̂(j+1)

ξ (t))− R(t,u(j)(t), %̂(j+1)
ξ (t))

]
(14)

∆3 = E
[
G(%̂(j)

ξ (T ))− G(%̂(j+1)
ξ (T ))

]
(15)

Now ∆1 ≥ 0 and ∆3 ≥ 0 follow from Eq. (8) and Eq. (7), respectively, whereas ∆2 ≥ 0 is

a property of the update law (9). We have thus demonstrated monotonicity for the modified

algorithm, which ensures convergence for an arbitrary initial guess with any objective functional

bounded from below.

Recent work by S. Schirmer and P. de Fouquieres [New J. Phys. 13, 073029 (2011)] points

out that proofs of monotonicity for Krotov-type iteration methods are not rigorous if time-discrete

approximations are substituted for the dynamics of state and co-state. For all practical purposes,

however, the typical benefits of the Krotov method persist, i. e., convergence for a wide range of

initial guesses and rapid improvement during the first iteration steps.

IV. DRIVEN DYNAMICS WITH FIXED RWA DISSIPATOR: EFFECTIVE RESERVOIR

For comparison, we study the control problem of the parametrically driven harmonic oscillator,

modeling the open system dynamics through a Lindblad Master equation. From a system-reservoir

model, this equation results from performing the Born, Markov, and RWA approximations on the
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system-reservoir interactions. In the dimensionless units introduced in the main text, the Master

equation reads

d

dt
ρ̂ = −i[Ĥ(t), ρ̂]

+ γ0(Nβ + 1)
(
âρ̂â† − 1

2{â
†â, ρ̂}

)
+ γ0Nβ

(
â†ρ̂â− 1

2{ââ†, ρ̂}
)

(16)

with

Ĥ(t) = â†â +
1
2

+
∆(t)

4
(â + â†)2 =

(
1 +

∆(t)
2

)
(â†â + 1

2) +
∆(t)

4
(â2 + â†2) . (17)

Following common practice (see, however, Refs. [10, 11]), we have defined the rotating frame

of the RWA through the time-independent Hamiltonian Ĥ0 = â†â + 1
2 , not the full Hamiltonian

Ĥ(t). Accordingly, the dissipative terms of Eq. (16) contain the thermal occupation number

Nβ = (eβ − 1)−1 of the unperturbed oscillator.

Due to the mismatch between the Hamiltonians of the pre-set rotating frame and of the driven

dynamics, oscillatory terms reappear when the dissipative terms are transformed to the interaction

picture. In order to show this, we define the interaction picture with respect to Ĥ(t),

ρ̂(t) = Û(t)ρ̂I(t)Û †(t) ,
˙̂
U = iĤÛ . (18)

The Master equation for ρ̂I then reads

d

dt
ρ̂I = γ0(Nβ + 1)

(
b̂ρ̂Ib̂

† − 1
2{b̂

†b̂, ρ̂I}
)

+ γ0Nβ

(
b̂†ρ̂Ib̂− 1

2{b̂b̂
†, ρ̂I}

)
, (19)

where b̂ = Û †âÛ and its adjoint are time dependent, following the equations of motion

˙̂
b = −i

(
1 + ∆

2

)
b̂− i∆

2 b̂† (20)

˙̂
b† = i∆

2 b̂ + i
(
1 + ∆

2

)
b̂† . (21)

From this, one easily concludes that b is a linear combination of â and â† with [b̂, b̂†] = 1, i.e., the

map â 7→ b̂ is a Bogoliubov transformation

b̂ = eiθ cosh y â + eiϕ sinh y â† (22)

with real (and, in our case, time-dependent) parameters θ, φ, and y. Using this equation, we obtain

7.1. PRL 107, 130404 (2011)
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the form

d

dt
ρ̂I = γ0(Nβ + 1) cosh2 y

(
âρ̂Iâ

† − 1
2{â

†â, ρ̂I}
)

+ γ0(Nβ + 1) sinh2 y
(
â†ρ̂Iâ− 1

2{ââ†, ρ̂I}
)

+ γ0Nβ cosh2 y
(
â†ρ̂Iâ− 1

2{ââ†, ρ̂I}
)

+ γ0Nβ sinh2 y
(
âρ̂Iâ

† − 1
2{â

†â, ρ̂I}
)

+ γ0(2Nβ + 1) sinh y cosh yei(θ−ϕ)
(
âρ̂Iâ− 1

2{â
2, ρ̂I}

)
+ γ0(2Nβ + 1) sinh y cosh ye−i(θ−ϕ)

(
â†ρ̂Iâ

† − 1
2{â

†2, ρ̂I}
)

(23)

for the Master equation, where all of the prefactors depend on time through θ, ϕ, and y. Typical

solutions lead to oscillating prefactors, meaning that Eq. (23) can be further simplified through

time coarse graining. This in itself can be seen as evidence that the initial application of the

RWA was not consistent. However, coarse-graining at this point is appropriate if one wants to

compare the features of the dynamics predicted by Eqs. (16) and (23) with the exact dynamics.

The first four terms of Eq. (23) contain functions of time which are squares of real time-dependent

functions, therefore they typically dominate the result of the coarse graining procedure. Collecting

the dominant terms results in the simplified Master equation

d

dt
ρ̂I = γ0(Ñ + 1)

(
âρ̂Iâ

† − 1
2{â

†â, ρ̂I}
)

+ γ0Ñ
(
â†ρ̂Iâ− 1

2{ââ†, ρ̂I}
)

(24)

with

2Ñ + 1 = (2Nβ + 1) cosh(2y) ≥ 2Nβ + 1 , (25)

where the bar indicates time coarse graining. The immediate interpretation of this result is obvious:

Up to a unitary transform, the dynamics of Eqs. (16) and (23) effectively describes relaxation

towards a thermal oscillator state with a higher-than-thermal occupation number Ñ . This state

therefore has a higher entropy than the thermal state obtained by equilibrating without driving.

Accordingly, with the dynamics approximated by Eq. (16), optimal control cannot find solutions

which push the system entropy below its equilibrium value. This is consistent with our numerical

findings, in particular the observation that optimal control based on Eq. (16), with overlap to the

ground state as objective, converges to the trivial result ∆ ≡ 0. The alluringly simple method of

constructing the dissipator based on a Hamiltonian without driving is an oversimplification which

fails to reproduce cooperative effects of driving and dissipation, most notably, the cooling effect

reported in the main text.
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Abstract
Based on an exact non-Markovian open systems quantum dynamics, we demonstrate how to
reduce the entropy of an open system through a cooperative effect of driving and dissipation.
We illustrate the controlled dynamics in phase space in terms of Wigner functions and discuss
the applicability of approximate approaches using master equations.

PACS numbers: 03.65.Yz, 02.30.Yy, 03.67.−a, 05.70.Ln

(Some figures may appear in color only in the online journal)

1. Introduction

Coherent control of quantum dynamics is a powerful tool for
driving a system toward desired states and to optimize the
properties of the dynamics. Mature numerical methods exist
for the control of non-dissipative dynamics [1–5]. Similar
approaches to open quantum systems are urgently needed
and are evolving rapidly [6–8]. However, particular care is
needed in this case, for which commonly used equations of
motion are approximate. Strong driving does not only have
an impact on the system, but also the interaction between the
control-modified system and the reservoir differs substantially
from the case of autonomous dynamics. This basically
calls Markovian and perturbative approaches into question.
Instead of relying on these approaches, we propagate the
quantum system using a fully non-Markovian, exact stochastic
Liouville–von Neumann equation [9]. Uniting this approach
with optimal control theory allows the consideration of
control signals of arbitrary strength and complexity [10].

2. Method

In order to derive the exact dynamics, we describe the driven
open system by a Hamiltonian of the form

H = H0 + HC + HI + HR, (1)

where the individual terms are defined as follows: the system
Hamiltonian H0 governs the autonomous dynamics of the
system, which we assume to be characterized by a position q

and a momentum p, or equivalent conjugate variables, such
as phase and charge in a mesoscopic circuit. The control
Hamiltonian HC = HC(u(t)) describes the modification of
this dynamics through classical controls u(t), typically fields
assumed to be acting on the system only. The vector-valued
function u(t) is the independent quantity to be varied in the
control problem. The term HI denotes the Hamiltonian of
the system–reservoir interaction, and HR is the Hamiltonian
governing the autonomous dynamics of the reservoir. As
shown by Caldeira and Leggett [11], any reservoir with
Gaussian fluctuations can be modeled by a set of harmonic
oscillators,

HI + HR =

∑
i

p2
i

2mi
+

miω
2
i

2

(
xi −

ci

miω
2
i

q

)2

. (2)

Here xi , pi , mi and ωi are the coordinates and parameters
of the respective reservoir mode, q is the coordinate of the
system and ci is the coupling constant of the system and the
respective reservoir mode.

An exact expression for the reduced dynamics in closed
form requires the path integral formalism [11, 12], which is
unsuitable for optimal control theory. However, the stochastic
equation of motion

ρ̇ν,ξ = Lρν,ξ

:= −
i

h̄
[H0 + HC, ρν,ξ ] +

i

h̄
ξ(t)[q, ρν,ξ ] +

i

2
ν(t){q, ρν,ξ },

(3)
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which can be used in optimal control theory, has been shown
to be fully equivalent [9]. The functions ξ(t) and ν(t) are
correlated complex-valued Gaussian stochastic processes [9]
exactly matching the fluctuations and the dynamic response
of the reservoir as given by the quantum correlation function
L(τ ) of the total environmental force,

L(t − t ′) =

〈∑
i

ci xi (t)
∑

j

c j x j (t
′)

〉
. (4)

Equation (3) introduces the stochastic Liouvillian
superoperator L, defined through the second equality.
For an environment in thermal equilibrium, L(t − t ′) is fully
determined by the spectral density J (ω) and the inverse
thermal energy β of the reservoir:

L(t) =
h̄

π

∫
∞

0
dωJ (ω)

(
coth

h̄ωβ

2
cos ωt − i sin ωt

)
. (5)

The specific properties of the Gaussian processes ξ(t) and ν(t)
are related to L(t − t ′) as follows:

E
[
ξ(t)ξ(t ′)

]
= Re(L(t − t ′)), (6a)

E
[
ξ(t)ν(t ′)

]
= 2

i

h̄
2(t − t ′)Im(L(t − t ′)), (6b)

E
[
ν(t)ν(t ′)

]
= 0, (6c)

E [ξ(t)] = E [ν(t)] = 0. (6d)

For computational purposes, equation (3) is solved multiple
times with numerical samples of ξ and ν generated according
to equation (6). Averaging over samples yields the physical
density matrix

ρ = E
[
ρν,ξ

]
, (7)

from which any physical observable may be obtained, in
particular, the optimization objective.

Based on the exact dynamics we have generalized
Krotov’s iterative algorithm [13, 14] into a form applicable to
equations (3) and (7). Details are provided in [10] (including
supplemental material).

The type of objective we are considering is minimizing
an expectation value 〈M〉 of an observable M of the system
at a final time tf (a von Neumann measurement). In the
minimization of the corresponding objective functional

F[u(t), {ρν,ξ }] = E
[
tr{M ρν,ξ (tf)}

]
, (8)

the equation of motion (3) needs to be introduced as a
constraint, valid for any realization of the stochastic variables
ξ(t) and ν(t).

Variational calculus leads to a characterization of local
extrema that includes a stochastic equation of motion for the
Lagrange multiplier 3 with a terminal boundary condition:

3̇ν,ξ (t) = −L†3ν,ξ (t), (9a)

3ν,ξ (tf) = −M, (9b)

where L† is the adjoint of the Liouvillian L (see equation (3))
and M = −|α〉〈α| is defined through a projection operator on
a target state |α〉 at the final time tf.

The Krotov algorithm relies on the coupled dynamics
of the quantum state and a costate 3, which can (for
most purposes) be identified with the previously introduced
Lagrange multiplier; most importantly, it also obeys the
equation of motion (9a). The key step of the Krotov algorithm
is an iterative update for the control fields, changing the
components of the vector u(t) according to

u(new)
i (t) = u(old)

i (t) −
1

λi (t)

×E
[

2

h̄
Im

[
tr

{
∂ Hc

∂ui

[
ρν,ξ , 3

†
ν,ξ

]}]]
. (10)

Different choices for the function λi (t) can be made in order
to tune the convergence properties of the algorithm [14].

3. Application and results

While coherent control of Hamiltonian dynamics
still conserves entropy (a scalar invariant of unitary
transformations), open-system dynamics generally brings
about a change in entropy. Without external control,
this results in thermalization, i.e. a rise in entropy when
considering a pure initial state. In the following, we
demonstrate that it is possible to remove entropy from an
open quantum system by applying optimal control fields,
without promoting the coupling to a low-temperature
reservoir, as is done, e.g., in sideband cooling.

In this context, we look at systems with at most a few
bound states thermally accessible, usually well described
in the harmonic approximation, with an environment
characterized by a spectral density of the form J (ω) =

ηω/(1 + ω2

ω2
c
)2 with large UV cutoff ωc, corresponding to

Stokes’ (or Ohmic) friction with friction constant η in the
classical limit. Still, we emphasize that our method is not
restricted to harmonic systems. In the following, we use
natural units (h̄ = 1; kB = 1). At the initial time t = 0, the
system is thermalized with the reservoir (inverse thermal
energy β = 1), and a moderate value η = 0.1 is chosen for
the friction constant. The objective is defined by choosing the
ground state as the target state |α〉.

The parametric control

HC(t) =
1(t)

2
q2 (11)

is chosen as the simplest time-dependent modification of the
potential with non-trivial effects on the dynamics. The single
control field 1(t) takes the place of u(t). With a Gaussian
initial state, all stochastic samples remain Gaussian over time;
therefore, equations (3) and (9a) can be replaced by ordinary
differential equations for the expectation values of position
and momentum and for the matrix elements of the covariance
matrix associated with the Wigner function. We emphasize,
however, that the more general case of an anharmonic system
can be treated on an equal footing. In either case the optimal
control dynamics in phase space can be investigated in terms
of the Wigner function of the system.

2
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Figure 1. Control of an open quantum system with parametric control: for the time steps t = 0, 10, 18.7, 19.7 and 20 each. Left-hand side:
the Wigner function; right-hand side: control signal 1(t). Parameters: inverse thermal energy of the reservoir: β = 1; friction constant
η = 0.1.

3.1. The stochastic Liouville–von Neumann equation

In figure 1 we show the time evolution of the Wigner function
of the system for the optimal control field obtained from
equations (10) and (11). In natural units, the initial Wigner
function has rotational symmetry, characteristic of a thermal
state, later evolving through various squeezed states. The
optimal control solution (figure 1, right) shows two main
features: first there is a long ramp-like rise, followed by a
steep descent, with virtually no transition. On the other hand,

the signal also carries a periodic modulation which, in this
case, matches both on the timescale of the original system
(ω0 = 1) and the thermal time h̄β = 1. During the gradual
rise, the Wigner function gets more and more squeezed in
the direction q as the applied control narrows the potential,
indicating that the energy added by the work performed is
dissipated to the reservoir, also transferring entropy to the
environment in the process. The effective temperature of the
system, roughly estimated from the level populations and the
characteristic energy scale of H0 + HC, decreases. The rapid
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Figure 2. Comparison between the original control signal 1(t) (upper left) with the respective contour plot of the Wigner function of the
system (upper right) at t = tf and a simplification of the control signal (lower left) with the respective contour plot of the Wigner function of
the system (lower right) at t = tf. While achieving comparable overlap with the objective, the simplified control fails to reduce the squeezing
of intermediate states.
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Figure 3. Results of optimal control with a classical Caldeira–Leggett master equation: the computed control signal 1(t) (left-hand side)
carries the main features of the control signals of the quantum treatment. The Wigner function of the classical dynamics shows cooling
(middle), but violates the uncertainty relation: the ground state (right-hand side) covers a larger area in phase space.

decrease of the control toward the end of the propagation
is fast enough to preserve this cooling effect (i.e. to prevent
the full re-thermalization of the energy levels). In addition,
the small modulations visible in the numerically determined
optimal control serve to drive the squeezed state back toward
a state again isotropic in phase space.

In figure 2 we compared our optimal control signal with
a simplified one lacking the oscillatory parts, approximating
the numerical solution by two linear ramps. This simplified
signal, while also achieving a significant overlap with the
ground state, results in a Wigner function that is much less
isotropic. One might be interested in replacing the exact but
computationally expensive equation of motion, equation (3),
with simpler approaches to the dynamics. The consequences
will be outlined in the following section.

3.2. The quantum optical master equation

Surprisingly, the quantum optical master equation, one of
the standard approaches to the dynamics of open quantum

systems, fails to account for the cooling effect described
above. Since the level structure of the time-independent
Hamiltonian H0 is, so to speak, ‘hard-coded’ into the
dissipative terms, these terms describe relaxation toward the
canonical ensemble, ρ = Z−1 exp(−β H0) even for strong
changes to the potential. Using the system Hamiltonian
H0 + HC and standard Lindblad operators (obtained solely
from H0) cannot reproduce the cooling effect. The
fact that the resulting solutions always describe heating,
never cooling [10], underscores the inconsistency of this
approach.

3.3. The Caldeira–Leggett master equation

The shortcomings of the quantum optical master equation
are related to the inapplicability of the Born–Markov
approximation and the rotating-wave approximation in their
conventional form. One attempt to circumvent this difficulty
while maintaining the simplicity of a master equation is the

4
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use of the Caldeira–Leggett master equation [11]

d

dt
ρ = −

i

h̄
[H0, ρ] −

iη

2mh̄
[q, {p, ρ}] −

η

h̄2β
[q, [q, ρ]]. (12)

This approach replaces the Born–Markov approximation
(separation of time scales between environmental fluctuations
and relaxation) with a stronger Markovian approximation,
assuming the decay of environmental fluctuations to be
virtually instantaneous compared to any other time scale
of the dynamics. It does not rely on the rotating-wave
approximation.

In figure 3 we show the optimal control solution obtained
through the Caldeira–Leggett master equation. The resulting
control signal shows some qualitative features of the one
calculated without approximations. Again, there is a gradual
rise of the control signal, superimposed with oscillations of
increasing amplitude. However, the growth of this amplitude
is much stronger than in the exact dynamics, and the final
drop in the signal is virtually instantaneous. This indicates
that the Markovian approximation of the dynamics reproduces
the essence of the effect, but overestimates the effectiveness
of high-frequency components in the control signal. The
final states shown on the rhs of figure 3 also show that the
Caldeira–Leggett master equation tends to overstate the effect:
the predicted phase-space density is concentrated in a smaller
area than that of the ground state. In retrospect, this misfeature
is less than surprising: when equation (12) is translated into an
equation of motion for the Wigner function, the special case
of a harmonic potential yields a result identical to the classical
Klein–Kramers equation. The quantum mechanical zero-point
motion is missing from this picture. This anomalous result
is also closely related to the previous observation that the
Caldeira–Leggett master equation violates positivity [15].
Reliable results can be expected of the Caldeira–Leggett
master equation only for temperatures far above the range of
interest for the cooling effect considered here.

However, the observation that cooling can be observed
in classical dynamics as well is interesting in itself.
Preliminary results indicate that both Markovian and
non-Markovian classical dynamics allow cooling through
optimal control.

4. Outlook

Controlling an open quantum system not only changes the
dynamics of the system but has an equally important indirect
impact on mechanisms of dissipation. We demonstrate that
driving can partly reverse the natural heat flow of a reservoir
to a system as a drastic manifestation. This opens the door

to a rigorous treatment of non-equilibrium mesoscopic heat
engines.
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The generation of entanglement is studied in a minimal model consisting of two independent
Gaussian parties embedded in a common heat bath and subject to local control signals. Neither the
reservoir alone nor the external driving can induce quantum non-locality but only the cooperative
impact of both in non-equilibrium. It is shown that this corresponds to a dynamical symmetry
breaking between the modes. By applying optimal control protocols substantial entanglement is
generated even for single-site control and at higher temperatures and is preserved after the control
is switched off.

PACS numbers: 03.65.Yz, 03.67.Bg, 02.30.Yz

Introduction.- Entanglement is one of the most fasci-
nating manifestations of quantum non-locality in systems
with more than one degree of freedom. It has thus been
investigated as a key resource for quantum information
in case of both discrete [1, 2] and continuous variables
[3–5]. Implementations in actual devices have induced a
deeper understanding of entanglement in open quantum
systems [6–11], particularly in presence of decoherence,
but also in presence of external control signals [12–15].
As the generation of entanglement asks for non-local in-
teractions [16], the commonly exploited strategy is a di-
rect coupling between the sub-units either static [7] or
modulated in time [12]. A paradigmatic model is that
of two Gaussian agents in contact with heat baths which
provides an accurate description for a vast class of exper-
iments and moreover offers fundamental insight into the
mechanisms of entanglement [4, 5, 17, 18]. Quantumness
basically appears only as the result of a composite effect
since the individual sub-units live close to the classical
limit.

The question we address in this Letter is, whether the
control of local parameters may prompt entanglement
generation in a setting where non-local interactions by
themselves are not suitable for entanglement generation.
For this purpose, two independent harmonic modes are
considered embedded in a common heat bath such that
the surrounding itself does not mediate quantum non-
locality. The same is true for control fields acting on these
sub-units locally (see Fig. 1). Entanglement, if existent,
can thus only be a result of the cooperative impact of de-
coherence and external driving. In fact, it turns out that
the symmetry breaking between the modes, required for
the appearance of entangled states, occurs dynamically,
i.e. only under non-equilibrium conditions. By combin-
ing techniques to capture the non-Markovian quantum
dynamics of the compound exactly with optimal control
algorithm [19], it is shown that entanglement is efficiently
generated even for single-site control and at higher tem-
peratures. Moreover, this entanglement does not decay
even after the control is turned off. These findings are of
potential relevance for current experiments with ultra-

Alice Bob

u
A

u
B

FIG. 1. Two independent harmonic modes A and B are em-
bedded in a common reservoir (green) with no entanglement
in thermal equilibrium. Tailored control signals are applied
locally to the A and B.

cold atomic gases and superconducting circuits. They
also open new possibilities for teleportation without state
transfer.

Open system dynamics.- The Hamiltonian of the to-
tal compound is given by H = HS(t) +HI +HR, where
the system part consists of two independent harmonic
sub-units

HS(t) ≡ HA(t)+HB(t) =
∑

j=A,B

p2
j

2M
+
MΩ2

2
q2
j +

uj(t)
2

q2
j

(1)
of equal mass M and frequency Ω and subject to local
parametric control signals uj(t). These units are embed-
ded in a common reservoir according to

HR =
∑

k

p2
k

2mk
+
mkω

2
k

2
x2
k (2)

HI = (qA + qB)
∑

k

ckxk + (qA + qB)2
∑

k

c2k
2mkω2

k

.(3)

Here, the last part in HI is the usual counter term [20]
which removes a reservoir-induced static coupling be-
tween the sub-units so that the environment has dynamic
impact only according to typical realizations. Its absence
may give rise to static entanglement [7, 21], a situation we

7.3. arXiv:1305.6566 [quant-ph]

81



2

thus want to avoid. In the continuum limit the system-
reservoir interaction is described by a spectral density
J(ω) = π

∑
k c

2
k/(2mkωk)δ(ω − ωk).

While the density operator of the full structure obeys
the standard Liouville-von Neumann equation, the treat-
ment of the dynamics of the relevant reduced density is a
formidable challenge. This is particularly true in case of
low temperatures and a priori unknown control signals
where conventional perturbative expansions like Born-
Markov master equations fail. In this situation stochas-
tic Liouville von-Neumann equations (SLN) have been
proven as formally exact and numerically powerful tools
to capture on the same footing the non-Markovianity of
the reduced time evolution and arbitrary external driv-
ing fields also for nonlinear systems. They are based on
a stochastic representation of the Feynman-Vernon influ-
ence functional such that the physical reduced density
is obtained by averaging the time evolution according to
the SLN over proper noise realizations [22].

For Gaussian modes, the reduced density matrix is
fully determined by the first and second cumulants of the
elements xj , j = 1, . . . 4 of the vector x = (qA, pA, qB , pB)
of phase space operators. Since first moments can al-
ways be adjusted by local unitary operations, they cannot
affect entanglement properties. The central quantity is
thus the covariance matrix σ with σij = 1

2 〈xixj+xjxi〉−
〈xi〉〈xj〉. In the 2× 2 block structure [6]

σ =
(
α γ
γT β

)
, (4)

α, β correspond to the covariance matrices of the respec-
tive sub-units A and B, while γ (transpose γT ) carries the
mixed cumulants and thus non-local information. Now, a
well-defined measure for entanglement in bipartite Gaus-
sian systems is given by the logarithmic negativity [6, 23]

EN = max{0,− ln(ν̃−)}, (5)

with ν̃− being the smallest symplectic eigenvalue of the
partially transposed density matrix. Entanglement only
exists if EN > 0 while EN = 0 corresponds to purely
classical and/or local quantum correlations. Note that
det γ < 0 is necessary for EN to be positive [24].

The dynamical coupling mediated by the reservoir re-
sembles mutual drag between the oscillators, an inter-
action not able to induce entanglement [25]. Without
external driving, any initially separable two-mode state
will remain separable indefinitely in the scenario con-
sidered here. This applies in particular to the ther-
mal equilibrium state, which can be calculated non-
perturbatively exactly [20]. The resulting expression
ν̃2
− = 〈(qA+ qB)2〉β〈(pA+pB)2〉β/(h̄/2)2 contains an un-

certainty product of the thermal variances always exceed-
ing the ground state limit (cf. Fig. 2) so that det γ > 0.
It is to be noted, however, that this does not preclude
discord as a further type of non-classical correlations
[26, 27].
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FIG. 2. Covariance matrix for β = 1, η = 0.1, and ωc = 50.
Left: no control with harmonic modes in individual ground
states (top) and in total thermal equilibrium (bottom). Right:
parametric control of both harmonic modes with uA = uB
(top) and of A only with uA 6= 0, uB = 0 (bottom) at tf = 6π.
Dimensionless units are used, see text for details.

Optimal control of entanglement.- Although we have
stated that interaction with a common reservoir alone is
not sufficient to generate entangled states, it neverthe-
less plays a key role in the generation of entanglement
through an external control signal: Since the Hamilto-
nian (1) provides no two-body interactions (neither static
nor controlled), it is needed as an additional ingredient
beyond local controls. In the sequel, we not only show
that entangled states can be created by this combina-
tion of factors, but also perform a numerical search for
the maximal entanglement that can be achieved in fi-
nite time. For this purpose, the recently developed op-
timal control formalism for open quantum systems [19]
is exploited to maximize the entanglement at a given fi-
nal time tf , which is a functional of the control fields
uA(t), uB(t)

F [uA(t), uB(t);σ(t)] = EN (σ(tf )) . (6)

We consider an initial preparation with both oscil-
lators in the ground state, and without initial correla-
tions between system and reservoir. This is followed by
propagation of the system under the influence of control
fields uA(t), uB(t) and interaction with an Ohmic bath
J(ω) = ηω

(1+(ω2/ω2
c))2 , parameterized by a coupling con-

stant η, high frequency cut-off ωc and at inverse temper-
ature β = 1/kBT . We use dimensionless units with fre-
quencies scaled with Ω and lengths scaled with

√
h̄/MΩ.

Fig. 2 displays bar graphs of optimized covariance ma-
trices (right) compared to ground and thermal states
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FIG. 3. Reduced Wigner functions for the anti-symmetric
Q−, P− (top) and symmetric Q+, P+ (bottom) normal modes
at tf = 6π for two-site (left) and single-site (right) control.
The green line indicates the ground state width; parameters
are as in Fig. 2.

(left). Apparently, substantial off-diagonal correlations
are built up, positive and negative valued, so that one
indeed has det γ < 0. Notably, the same is true for single-
site control (uB(t) ≡ 0).

Further insight is gained through a transformation to
normal modes Q± = (qA ± qB)/

√
2, P± = (pA ± pB)/

√
2

which transforms the system Hamiltonian (1) into H̃S =∑
α=±

P 2
α

2 + 1
2 (1+ uA+uB

2 )Q2
α+ 1

2 (uA−uB)Q+Q−. Then,
for uA(t) ≡ uB(t), entanglement (EN > 0) requires

4 det γ = ∆P ∆Q − [〈Q+P+〉 − 〈Q−P−〉]2 (7)

to be negative, where ∆X = 〈X2
+〉−〈X2

−〉, X = P,Q. Ap-
parently, this is only possible if the evolution of the two
normal modes is not degenerate. Lifting this degeneracy
is the decisive role the heat bath plays in this setting.
However, external driving is needed as well in order to
render the normal mode states dissimilar enough to result
in entangled A and B states.

Entanglement generation is thus a cooperative effect
of local driving and global dissipation in the present
setting—either factor by itself is neutral or detrimen-
tal to entanglement. A tailored control signal changes
the non-local effects of the heat bath from a destructive
influence on quantum resources to an asset promoting
entanglement.

The correlators in Eq. (7) can be obtained from the
Wigner functions plotted in Fig. 3 for the final state un-
der an optimized driving protocol. For symmetric con-
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FIG. 4. Top: Logarithmic negativity EN (t) (solid) for two-
site (red) and single-site (blue) control. Negative values
for − ln(ν̃−) corresponding to EN (t) = 0 are also depicted
(dashed). Parameters are as in Fig. 2. Bottom: − ln(ν̃−) for
various temperatures (two-site control) with other parame-
ters held fixed. The inset displays the final time range for the
control with EN (tf ) > 0 for β ≥ 0.0005.

trol (left), uA ≡ uB , a strongly squeezed antisymmetric
mode results, while the symmetric mode is close to a
thermal state. This leads to opposite signs of the terms
∆P and ∆Q, therefore the r.h.s. of Eq. (7) is negative,
and the local modes qA and qB are entangled. For a
more quantitative analysis [28], it is convenient to rep-
resent the correlation matrix elements 〈Q2

±〉, 〈P 2
±〉 and

〈Q±P±〉 by a different parameter set: squeezing parame-
ters r±, squeezing angles ϕ±, and width parameters a±.
Using these parameters, one finds that det γ < 0 if the
difference |r− − r+| is sufficiently large, with a thresh-
old that depends on ϕ− − ϕ+ and on the ratio a−/a+.
This observation shows a similarity between the states
considered here and two-mode EPR states: EPR states
can be seen as factorized pure states of squeezed sym-
metric and antisymmetric modes, with r− = −r+ and
identical squeezing angles [29]. The states produced in
our numerical simulations show strong squeezing in the
antisymmetric mode, but not in the symmetric mode,
which is close to a thermal state. They might therefore
be labeled ‘semi-EPR’ states.

Even using a more rudimentary single-site control
(uA 6= 0, uB ≡ 0), we find that the cooperative effect
between driving and dissipation persists, although the
similarity to EPR states is diminished, see Fig. 3 (right).
Moreover, additional correlations between the symmetric
and antisymmetric modes are needed to fully character-
ize the quantum state. The gradual (non-monotonous)
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FIG. 5. Entanglement dynamics for β = 0.1 for a protocol
where the control is switched off at tf = 6π. Other parameters
are as in Fig. 2.

build-up of entanglement over time is shown for the cases
of symmetric and single-site control in Fig. 4 (top), with
a rapid final approach to values of EN (tf ) = 2.33 (single-
site control) and EN (tf ) = 4.37 (symmetric control).
Simulations at lower temperatures show further improve-
ments.

The numerical values of the entanglement measure
may be related to the number of states involved, allow-
ing a rough comparison to qubit-based entanglement. For
two qubits, EN = 1 corresponds to a Bell state. Further-
more, for two-mode squeezed vacuum states with squeez-
ing parameter r and negativity EN (r) = 2r, the number
of excited states in each mode dominantly contributing to
the entanglement can be estimated asm ≈ exp[EN (r)]/2.
While, as discussed above, the situation here is different
due to the dissipative Q+ mode, one may at least esti-
mate that symmetric (single-site) control involves about
m ≈ 40 (m ≈ 5) states in each of the oscillators.

Let us now discuss the temperature dependence of the
protocol. Qualitatively, one may expect quantum non-
locality to be quite robust, particularly for uA = uB .
This is indeed seen in Fig. 4 (bottom) where the logarith-
mic negativity is of order 1 even for inverse temperatures
around β = 0.01. Further understanding can be gained
by observing that the fundamental solutions of the clas-
sical equation of motion play a prominent role even in
the fluctuations of a harmonic oscillator [20]. General-
izing results for the parametrically driven oscillator [30],
a semi-analytical theory for the case of symmetric driv-
ing u(t) = uA(t) = uB(t) can be found based on the
fundamental solutions φ1,2(t) of the equation of motion
φ̈+ [1 + u(t)]φ = 0.

Our analysis in the accompanying supplemental ma-
terial [28] reveals that the final state of the Q+ mode
differs very little from a thermal state for the parame-
ters covered by our numerical simulations. The condition
det γ < 0 can thus be re-stated to a good approximation
in the simple form

cosh 2r− > cothβ. (8)

This indicates that raising temperature does not preclude
entanglement per se. However, it gives a lower bound on
the sqeezing required to obtain entanglement at a given
temperature, which becomes more and more stringent as
temperature is raised. Given an absolute upper bound
of the achievable squeezing r−, Eq. (8) indicates the
highest temperature at which the condition det γ < 0
can be fulfilled. This result is largely independent of the
dissipative coupling strength; it remains valid as long as
the oscillators are underdamped.

Interestingly, the generated entanglement in the
present scenario even persists once the external control is
switched off, as illustrated in Fig. 5 for β = 0.1. This fea-
ture which may be attractive for potential applications.

Discussion.- We have shown that dynamical symme-
try breaking for two-mode Gaussian parties due to the
combined impact of common dissipation and local para-
metric control efficiently generates entanglement. This
proves that quantum non-locality can be induced in a
minimal model where it is absent in the thermodynamic
state and only appears in non-equilibrium. Local optimal
control allows to achieve substantial logarithmic negativ-
ity in finite time and even at high temperatures and in
a simple, experimentally realizable system. The protocol
may thus be applicable to various bipartite systems in
atomic and solid state physics. Particular examples in-
clude two Cooper pair boxes subject to an engineered en-
vironment as in [31] or a large Bose-Einstein condensate
acting as a reservoir for two impurity fermions in an opti-
cal lattice. Potentially, NV centers in diamonds provide
an ideal test-bed to dynamically induce entanglement at
high temperatures [32]. Beyond these direct realizations,
there are also consequences for quantum teleportation to
be explored. Namely, Alice does not need to transfer
one party of a bipartite entangled state created by her
to Bob but rather initially non-entangled parties, one at
Alice and one at Bob, are dynamically entangled when a
common reservoir dominates against local decoherence.

Acknowledgements. The authors like to thank E. Ka-
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I. PARAMETRIC QUANTUM OSCILLATOR

A. Classical dynamics

The classical equation of motion for a damped harmonic oscillator parametrically driven

by a control field u(t) reads in dimensionless units as used in the main text

q̈(t) + ηq̇(t) + ω(t)2q(t) = 0 (1)

where ω(t)2 = 1 + u(t). In the sequel, friction is considered as weak η ¿ 1 and about the

control signal we only assume that it is sufficiently smooth and bounded from below such

that ω(t)2 ≥ 0. Then, solutions to (1) can be written in the form q(t) = e−ηt/2Q(t) where

Q̈(t) + ω̃(t)2Q(t) = 0 (2)

with ω̃(t)2 = ω(t)2 − η2/4 ≈ ω(t)2 in the weak friction limit. Relevant observables can

then be expressed in terms of the independent solutions φk(t), k = 1, 2 of (2) with initial

conditions φ1 = 0, φ̇1(0) = 1 and φ2(0) = 1, φ̇2(0) = 0. According to Abel’s identity [1] the

corresponding Wronskian then obeys

φ2(t)φ̇1(t)− φ1(t)φ̇2(t) = 1 . (3)

Further properties about the φi are known only in case of a purely periodic drive, e.g.

u(t) = a cos(2ω0t) (see [2]). Even though typical optimal control signals are not of this
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FIG. 1. Optimized control signal for symmetric two-site control for the parameters in Fig. 2 of the

main text.
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simple form (cf. Fig. 1), it is instructive to recall some results: solutions are of the form

φ1(t) = [Fν(t)− Fν(−t)]/[2Ḟν(0)] and φ2(t) = [Fν(t) + Fν(−t)]/[2Fν(0)] where the Mathieu

function Fν(t) = exp(iνt) p(t) contains the Floquet exponent ν and a periodic function

p(t) = p(t+ π/ω0); orbits of (1) are found to be unstable if |Im{ν}| > η/2.

B. Parametrization of Gaussian quantum states

A Gaussian state is fully characterized the expectation values of conjugate variables q and

p, and by its covariance matrix σxy = 1
2
〈xy+yx〉−〈x〉〈y〉, x, y ∈ {q, p}. The matrix elements

of σ themselves are suitable as dynamical variables (see below), however, the parametrization

σqq = a2 (cosh 2r + cos 2ϕ sinh 2r) (4)

σqp = −a2 sin 2ϕ sinh 2r (5)

σpp = a2 (cosh 2r − cos 2ϕ sinh 2r) (6)

through a squeezing parameter r, a squeezing angle ϕ, and a width parameter a with σqqσpp−
σ2
qp = a4 is often more suitable to discuss qualitative properties of a quantum state [3].

Alternatively, the width parameter a can be replaced by an effective temperature parameter

through

a2 =
1

2
coth

β

2
. (7)

For the case of symmetric driving discussed in the main paper, the two-mode covariance

matrix factorizes when transformed to normal modes. It is therefore determined by the

parameter set r±, ϕ±, a±. Using this parameter set, and reverting to local modes, the

quantity det γ (see main paper), takes the form

det γ =
1

2

[
a4

+ + a4
− − 2a2

+a
2
−(cosh 2r− cosh 2r+ − cos(2ϕ− − ϕ+) sinh 2r− sinh 2r+)

]
(8)

The condition det γ < 0 translates thus into

cosh 2r− cosh 2r+ − cos(2ϕ− − 2ϕ+) sinh 2r− sinh 2r+ >
1

2

(
a2

+

a2−
+
a2
−
a2

+

)
. (9)

C. Quantum dynamics

In the quantum regime, the variances σxy = 1
2
〈xy + yx〉 − 〈x〉〈y〉, x, y ∈ {q, p} of the

conjugate operators q, p are the interesting quantities. In the undamped case (η = 0) they
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FIG. 2. Left: Time evolution of functions φ1(t) and φ2(t) (solid) and their respective derivatives

(dashed) for the optimal control signal u(t) obtained for the two-site controlled quantum dynamics

with parameters as in Fig. 2 of the main text. Middle: Corresponding phase space orbits. Right:

Time evolution of the quadrature variances of a non-dissipative parametric quantum oscillator

driven by the same optimal control signal u(t).

obey the following set of equations

σ̇(0)
qq = 2σ(0)

qp , σ̇(0)
pp = −2ω(t)2σ(0)

qp , σ̇(0)
qp = σ(0)

pp − ω(t)2σ(0)
qq . (10)

For a ground state as initial state one has σqq(0) = σpp = 1, σqp = 0 and finds

σ(0)
qq (t) = φ1(t)2 + φ2(t)2 , σ(0)

pp (t) = φ̇1(t)2 + φ̇2(t)2 , σ(0)
qp (t) = φ1(t)φ̇1(t) + φ2(t)φ̇2(t) . (11)

The calculation for a dissipative system is much more cumbersome. It can conve-

niently be performed using techniques from [4] in terms of the path integral representa-

tion of the reduced density operator of the system. For the variances one then obtains

σxy(t) = σxy,0(t) + σxy,β(t), where the first transient part depends on the initial state but

is independent of temperature while the second non-decaying part depends on temperature

only. Approximately, in the weak friction limit one has σxy,0(t) ∼ exp(−ηt)σ(0)
xy (t). Fur-

ther, the non-decaying parts of the variances take the form [4] σqq,β(t) = aqq(t) so that

σpp,β(t) = äqq(t), and σqp,β(t) = ȧqq(t) where

aqq(t) =

∫ t

0

ds

∫ s

0

duϕ(t, s)K(s− u)ϕ(t, u) e−η[t−(s+u)/2] . (12)

This includes the real part of the reservoir force-force correlation

K(s) =

∫ ∞

0

dω

π
J(ω) coth(ωh̄β/2) cos(ωs) (13)

4
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and a function ϕ(t, s) = [φ1(t)φ2(s)−φ1(s)φ2(t)] which obeys the classical equation (2) with

boundary conditions ϕ(t, 0) = φ1(t), ϕ(t, t) = 0. Further, dϕ(t, s)/ds|s=t = −1 according to

(3).

The momentum variance reads σpp,β(t) = app(t) + 2aqq(t)φ̇1(t)2/φ1(t)2 + aqp(t)φ̇1(t)/φ1(t)

with

app(t) =

∫ t

0

ds

∫ s

0

du
φ1(s)

φ1(t)
K(s− u)

φ1(u)

φ1(t)
e−η[t−(s+u)/2] (14)

and

aqp(t) =

∫ t

0

ds

∫ s

0

du
φ1(s)

φ1(t)
K(s− u)ϕ(t, u) e−η[t−(s+u)/2] . (15)

For the mixed variance one finds σqp,β(t) = aqq(t)φ̇1(t)/φ1(t) + aqp(t).

In case of a vanishing drive, this reduces with the known equilibrium variances of the

dissipative quantum oscillator. For weak to moderate friction, J(ω) = ωηω2
c/(ω

2 + ω2
c )

2

with a large cut-off ωc, these differ by slight shifts [5] from the values predicted in the

canonical ensemble. The position correlations σqq are somewhat smaller (quantum Zeno

effect), and the momentum correlations σpp are increased by a correction ∝ lnωc. The

equilibrium squeezing parameter rβ is thus slightly negative. In the high temperature limit

or for very weak friction, all parameters revert to their standard equilibrium values, which are

characterized by rβ = 0, ϕβ = 0, and width a related to the physical reservoir temperature

by Eq. (7).

This can also be verified in case of finite driving. We first mention that the bath kernel

takes for very low temperatures the form K(s) ∼ η/s2, s > 1/ωc and in the high temperature

regime becomes local in time, i.e. K(s) ∼ (η/β) δ(s). Further, for optimized control over

an interval [0, tf ] with tf covering at least a few periods of the bare oscillator, signals u(t)

typically consist of an initial segment (about at most two periods of the bare oscillator) with

large amplitudes and a second segment with low amplitudes and quasi-periodic behavior,

see Fig. 1. Correspondingly, the functions φ1(s), φ2(s) show an oscillatory behavior similiar

to the non-driven case for times s > τ with tf À τ as displayed in Fig. 2. This in turn

splits the range of the time integration in (12) in a short time domain (s < τ) and a range

where the damping dependent exponential dictates the decay. Typically, the contribution

of the latter range dominates so that one can write aqq(tf ) = 〈q2〉β + εq(tf ) with a smaller

time-varying part ε(tf ) of order ηe−ηtfφ1(t)2. A similar analysis shows that app in leading

order approaches, i.e., app(tf ) = 〈p2〉β + εp(tf ), while the mixed variances remain smaller

5
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than of order 1. Neglecting these small thermal and dynamical corrections, one may insert

the thermal-state parameters r+ = 0, φ+ = 0, and a+ = 1/2 coth(β/2) into (9). Observing

that the antisymmetric mode is a pure state (a− = 1/2), Eq. (9) then reduces to

cosh 2r− > coth β, (16)

which is Eq. (8) of the main text. This indicates that sufficiently strong squeezing can

cancel the destructive effect of thermal fluctuations. However, in any experimental setting

there is a highest attainable squeezing parameter r−. Eq. (16) then defines an upper limit

for the temperature range that allows entanglement generation.

II. OPTIMIZATION ALGORITHM FOR ENTANGLEMENT CREATION IN OPEN

BIPARTITE GAUSSIAN SYSTEMS

The optimization algorithm used in the main text is an extended version of what has

been developed for open quantum dynamics in [6], including the respective supplemental

material. In the present case, the Hamiltonian Eqs. (1-3) in the main text

H =
∑
j=A,B

p2
j

2M
+
MΩ2

2
q2
j +

uj(t)

2
q2
j (17)

+(qA + qB)
∑

k

ckxk + (qA + qB)2
∑

k

c2
k

2mkω2
k

+
∑

k

p2
k

2mk

+
mkω

2
k

2
x2
k

gives rise to the following stochastic Liouville-von Neumann equation for a single noise

realization ξ:

ρ̇AB,ξ = − i

h̄
[HA ⊗ 1B, ρAB,ξ]− i

h̄
[1A ⊗HB, ρAB,ξ] +

i

h̄
ξ(t)[qA + qB, ρAB,ξ] (18)

− i

h̄

η

2
[qA + qB, {pA + pB, ρAB,ξ}] .

Here, ρAB,ξ denotes the density operator for one stochastic realization with the physical

reduced density operator ρAB obtained after averaging over sufficiently many realizations,

i.e., ρAB = E [ρAB,ξ]. The statistics of the noise variable ξ(t) is governed by the quantum

correlation function of the environmental fluctuations [7]. From (18) corresponding equations

of motions for the first and second cumulants in position and in momentum are easily derived.

As shown in the main text (Eq. (6)), the for the optimal control procedure the objective is

to maximize the entanglement. Variation of the influence functional

F [uA(t), uB(t);σ(t)] = EN (σ(tf )) (19)

6
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with respect to the control fields and to the state and under the constraint that the equations

of motion derived from (18) are to be obeyed, provides us with:

• a set of stochastic equations of motion for the cumulants of the co-state Λ with an end

time boundary condition (backward propagation)

• an update formula for the control signals.

This system of equations (forward propagation, backward propagation and control update)

has to be solved consistently and iteratively. For further details we refer to the supplemental

material of [6].

Practically, maximizing the logarithmic negativity EN = max{0,− ln(ν̃−)} and thus

searching iteratively for solutions with arguments in the log-function decreasing towards

zero, poses a numerical problem. Namely, for arguments sufficiently close to zero, the opti-

mization procedure becomes extremely sensitive to the noise averaging. It turns out that for

the system in question (two identical oscillators, coupled to a common reservoir) minimizing

det γ leads as well to the optimization goal but without numerical instabilities.
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A. Cumulant dynamics

As Gaussian systems are fully decribed by their first and second cumulants, the
propagation of the reduced densitiy matrix can be replaced by the propagation of
these cumulants. In the following, the equation of motions, we implemented, are
given.

A.1. one harmonic mode

For our results we used a stochastic Liouville-von Neumann equation, the SLED
equation, cf. Subsection 1.3.1. We compared these results with both a Lindblad
equation and the Caldeira-Leggett master equation.

SLED

dynamics of the state

Combining the SLED equation 1.3.1 with driving:

d

dt
ρξ = L(SLED)ρξ

= − i

h̄
[HS, ρξ]−

i

h̄
[HC , ρξ] +

i

h̄
ξ(t)[q, ρξ]−

i

h̄

γ0

2
[q, {p, ρξ}] , (A.1)

with HC := −u1q + 1
2
u2q

2, gives rise to the following stochastic equations of motion1

for the first and second cumulants:
d

dt
〈q〉c =

1

m
〈p〉c (A.2)

d

dt
〈p〉c = −(mω2

0 + u2) 〈q〉c − γ0 〈p〉c + ξ + u1 (A.3)

d

dt

〈
q2

〉
c

=
2

m

〈
pq + qp

2

〉
c

(A.4)

d

dt

〈
p2

〉
c

= −(2mω2
0 + u2)

〈
pq + qp

2

〉
c

− 2γ0

〈
p2

〉
c

(A.5)

d

dt

〈
pq + qp

2

〉
c

=
1

m

〈
p2

〉
c
− (mω2

0 + u2)
〈
q2

〉
c
− γ0

〈
pq + qp

2

〉
c

(A.6)

1The equations hold for one stochastic realisation ξ, for the sake of readabiltiy the index ·ξ had
been left away. The averaging indicated by 〈·〉c is the quantum mechanical one.
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dynamics of the co-state

With the ansatz:

Λ̃ξ(t) = Λξ(t) · eγ(t−T ) (A.7)

we get the same equations of motion as (A.2) for the backward propagation of Λ̃ξ

with the final time values, as statet in eq. (A.9), beeing the negative values of the
cumulants of the objective state.

Boundary condition

F [ρ, T ] = A = |α〉〈α| (A.8)

The initial value of the backward propagation becomes:

Λz(T ) = −A (A.9)

Lindblad master equation

dynamics of the state

Based on the Lindblad Master equation:

d

dt
ρ = −i[HS +HC , ρ] +γ0(Nβ + 1)

(
aρa† − 1

2
{a†a, ρ}

)
+γ0Nβ

(
a†ρa− 1

2
{aa†, ρ}

)
(A.10)

in dimensionless units, where a, a† are the annihilation and the creation operator
of the harmonic oscillator, respectively, and Nβ = 1

eβ−1
is the thermal occupation

number of the unpertubated oscillator, the following equations of motion for the
first and second cumulants are derived:

d

dt
〈q〉c = 〈p〉c −

γ0

2
〈q〉c (A.11)

d

dt
〈p〉c = −(1 + u2) 〈q〉c −

γ0

2
〈p〉c + u1 (A.12)

d

dt

〈
q2

〉
c

= 2

〈
pq + qp

2

〉
c

− γ0

(〈
q2

〉
c
− 1

2
coth

β

2

)
(A.13)

d

dt

〈
p2

〉
c

= −(2 + u2)

〈
pq + qp

2

〉
c

− γ0

(〈
p2

〉
c
− 1

2
coth

β

2

)
(A.14)

d

dt

〈
pq + qp

2

〉
c

=
〈
p2

〉
c
− (1 + u2)

〈
q2

〉
c
− γ0

〈
pq + qp

2

〉
c

(A.15)

With ω0, m equal to one.

98



A.1. one harmonic mode

dynamics of the co-state

Here, the backward propagation is the same as the forward one.

Caldeira-Leggett master equation

dynamics of the state

The Caldeira-Leggett master equation:

d

dt
ρ = − i

h̄
[HS + HC , ρ]− iη

2mh̄
[q, {p, ρ}]− η

h̄2β
[q, [q, ρ]] (A.16)

gives rise to the following equations of motion for the first and second cumulants:

d

dt
〈q〉c =

1

m
〈p〉c (A.17)

d

dt
〈p〉c = −(mω2

0 + u2) 〈q〉c − γ0 〈p〉c + u1 (A.18)

d

dt

〈
q2

〉
c

=
2

m

〈
pq + qp

2

〉
c

(A.19)

d

dt

〈
p2

〉
c

= −(2mω2
0 + u2)

〈
pq + qp

2

〉
c

− 2γ0

〈
p2

〉
c

+ γkT (A.20)

d

dt

〈
pq + qp

2

〉
c

=
1

m

〈
p2

〉
c
− (mω2

0 + u2)
〈
q2

〉
c
− γ0

〈
pq + qp

2

〉
c

(A.21)

dynamics of the co-state

For calculating the dynamics of the co-state, the following influence functional is
used:

J [~x, ~u,~λ] = E(T ) +

∫ T

0

~λ
(
~̇x−

(
A~x +~b

))
dt, (A.22)

where ~x = (〈q〉c , 〈p〉c , 〈q2〉c , 〈p2〉c ,
〈

pq+qp
2

〉
c
)T , the dynamics of the state is ~̇x =

A~x +~b. The objective is energy E(T ) = 1/2 in natural units. This gives rise to the
following equations for the backward propagation:
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A. Cumulant dynamics

d

dt
〈q〉c = (mω2

0 + u2) 〈p〉c (A.23)

d

dt
〈p〉c = − 1

m
〈q〉c + γ0 〈p〉c (A.24)

d

dt

〈
q2

〉
c

= (mω2
0 + u2)

〈
pq + qp

2

〉
c

(A.25)

d

dt

〈
p2

〉
c

= 2γ0

〈
p2

〉
c
− 1

m

〈
pq + qp

2

〉
c

(A.26)

d

dt

〈
pq + qp

2

〉
c

= − 2

m

〈
q2

〉
c

+ 2(mω2
0 + u2)

〈
p2

〉
c

+ γ0

〈
pq + qp

2

〉
c

(A.27)

A.2. two harmonic modes

For two harmonic modes A and B, subject to the same reservoir, but not directly
coupled to each other, the dynamics are gouverned by the following equations2:

SLED

dynamics of the state

with i, j = A, B and i 6= j:

d

dt
〈qi〉c =

1

mi

〈pi〉c (A.28)

d

dt
〈pi〉c = −(miω

2
0,i + u2,i) 〈qi〉c − γ0

(
〈pi〉c + 〈pj〉c

)
+ ξ (A.29)

d

dt

〈
q2
i

〉
c

=
2

mi

〈
piqi + qipi

2

〉
c

(A.30)

d

dt

〈
p2

i

〉
c

= −2(miω
2
0,i + u2,i)

〈
piqi + qipi

2

〉
c

−2γ0

(〈
p2

i

〉
c

+ 〈pjpi〉c
)

(A.31)

d

dt

〈
qipi + piqi

2

〉
c

=
1

mi

〈
p2

i

〉
c
− (miω

2
0,i + u2,i)

〈
q2
i

〉
c

2Again, the equations hold for one stochastic realisation ξ, for the sake of readabiltiy the index
·ξ had been left away. The averaging indicated by 〈·〉c is the quantum mechanical one.
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A.2. two harmonic modes

−γ0

(〈
piqi + qipi

2

〉
c

+ 〈qipj〉c

)
(A.32)

d

dt
〈qAqB〉c =

1

mA

〈qBpA〉c +
1

mB

〈qApB〉c (A.33)

d

dt
〈pApB〉c = −(mAω2

0,A + u2,A(t)) 〈qApB〉c − (mBω2
0,B + u2,B(t)) 〈qBpA〉c

−γ0

(〈
p2

A

〉
c

+ 2 〈pApB〉c +
〈
p2

B

〉
c

)
(A.34)

d

dt
〈qipj〉c =

1

mi

〈pipj〉c −
(
mjω

2
0,j + u2,j

)
〈qiqj〉c

−γ0

(
〈qipj〉c +

〈
piqi + qipi

2

〉
c

)
(A.35)

dynamics of the co-state

With ~λ(t) given by:

~λ(t) = (〈qA〉c,λ , 〈pA〉c,λ , 〈qB〉c,λ , 〈pB〉c,λ ,〈
q2
A

〉
c,λ

,
〈
p2

A

〉
c,λ

,

〈
pAqA + qApA

2

〉
c,λ

,
〈
q2
B

〉
c,λ

,
〈
p2

B

〉
c,λ

,

〈
pBqB + qBpB

2

〉
c,λ

,

〈qAqB〉c,λ , 〈pApB〉c,λ , 〈pAqB〉c,λ , 〈qApB〉c,λ)T (A.36)

the equations of motions for the backward propagation for the first cumulants are:

λ̇1 = −ηAλ2

λ̇2 =
1

mA

λ1 − γ0(λ2 − λ4)

λ̇3 = −ηBλ4

λ̇4 =
1

mB

λ3 + γ0(λ2 − λ4).

and, with ηi = miω
2
i + u2,i, i = {A, B}, for the second cumulants:

λ̇5 = −ηAλ7 (A.37)

λ̇6 = −2γ0λ6 +
1

mA

λ7 + αλ12 (A.38)

λ̇7 =
2

mA

λ5 − 2ηAλ6 − γ0(λ7 + λ13) (A.39)

λ̇8 = −ηBλ10 (A.40)

λ̇9 = −2γ0λ9 +
1

mB

λ10 + γ0λ12 (A.41)
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A. Cumulant dynamics

λ̇10 =
2

mB

λ8 − 2ηBλ9 − γ0(λ10 + λ14) (A.42)

λ̇11 = −ηBλ13 − ηAλ14 (A.43)

λ̇12 = 2γ0 (λ6 + λ9 − λ12) +
1

mA

λ13 +
1

mB

λ14 (A.44)

λ̇13 = γ0λ7 +
1

mB

λ11 − ηAλ12 − γ0λ13 (A.45)

λ̇14 = γ0λ10 +
1

mA

λ11 − ηBλ12 − γ0λ14 (A.46)
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B. Dissipative optimal control
algorithm

Schematically, our dissipative optimal control algorithm (cf. Section 2.3) works as
following:

Figure B.1.: Dissipative optimal control (DOCT) algorithm.

1. Forward propagation of ρz(t) for all realisations with an initial control unew(t),
at t = T : uold(t)← unew(t),

2. Calculate initial value Λz(T ) of backward propagation for all realisations with
the old control uold(t),

3. Backward propagation of Λz(t) for all realisations, store all intermediate values,
and calculate unew(t = 0) by avering over all contributions of pairs (ρz(t =
0), Λz(t = 0)).
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B. Dissipative optimal control algorithm

4. Forward propagation of ρz(t)→ ρz(t + 1) for one timestep for all realisations
with the new control unew(t)

5. calculate unew(t+1) by avering over all contributions of pairs (ρz(t+1), Λz(t+
1)).

6. repeat steps 4 and 5 for all timesteps,

7. uold(t)← unew(t),

8. Repeat steps 2 to 7 until some specified stop criterion is fullfilled
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Asher Peres, and William K. Wootters. Teleporting an unknown
quantum state via dual classical and einstein-podolsky-rosen chan-
nels. Phys. Rev. Lett., 70:1895, 1993.

105



Bibliography
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gültigen Fassung vom 16.10.2009 beachtet habe.

Ulm, den 25. Juli 2013

123


	Ante
	Optimal control of open quantum systems
	Open quantum systems
	System-plus-reservoir model
	Caldeira-Leggett model

	Path integral formalism
	Stochastic Liouville-von Neumann equation
	Ohmic reservoir

	Quantum master equations
	Projector formalism
	Born-Markov master equation
	Lindblad master equation


	Optimal control of quantum systems
	Applications: physical systems, methods, objectives
	Quantum systems
	Control methods
	Objectives

	Optimal control and noise
	Time-optimal control
	Control in the presence of noise
	Open vs. closed/feedback control
	Optimal control to fight decoherence
	Artificial environments
	Real environments

	Dissipative optimal control

	Gaussian states
	Cumulant description of Gaussian states
	Wigner functions
	Physical quantities of Gaussian states
	Entropy of Gaussian states
	Entanglement for bipartite Gaussian states


	Cooperative effects of driving and dissipation: Applications and results
	Common state-to-state transfer
	Cooling by optimal control
	Generating entanglement by optimal control

	Summary and conclusion

	Publications
	Summary of published articles
	General remarks
	Optimal Control of Open Quantum Systems: Cooperative Effects...
	Cooling of quantum systems through optimal control and dissipation
	Quasi-local generation of EPR entanglement in non-equilibrium
	Conclusion

	Publications
	PRL 107, 130404 (2011)
	Phys. Scr. T151, 014034 (2012)
	arXiv:1305.6566 [quant-ph]


	Appendix
	Cumulant dynamics
	one harmonic mode
	two harmonic modes

	Dissipative optimal control algorithm
	Bibliography
	Curriculum vitae
	Publications and conference contributions
	Thanks
	Formalities


