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Zusammenfassung

In dieser Arbeit werden verschiedene neue Techniken zur Beschleunigung
und Verbesserung von exponentiellen Integratoren vorgestellt. Diese werden
anschließend zu einem effizienten Algorithmus der exponentiellen Linienme-
thode verknüpft. Einige der theoretischen Aspekte dieser Methode werden
zusätzlich hinsichtlich der Anwendung auf das Cauchy-Problem im Kontext
der Semigruppentheorie untersucht. Anders als naive Implementierungen ex-
ponentieller Integratoren vermeidet der vorgeschlagene Algorithmus die Kon-
struktion neuer Krylov-Unterräume für jeden Zeitschritt und jede interne Ite-
ration, indem eine Anfangsapproximation eines bereits verfügbaren Krylov-
Unterraums ausgewählt wird. Stellt sich diese als unzureichend heraus, wird
ein weiterer Kylov-Unterraum zu deren Verfeinerung erzeugt. Dazu wird ei-
ne Blockversion des sogenannten Thick-Restarting-Lanczos Algorithmus ent-
wickelt. Um Orthogonalitätsverlust zwischen Lanczos-Blöcken aufzuspüren
und zu vermeiden, werden die Ergebnisse und Verfahren aus entsprechenden
Standard-Lanczos-Algorithmen erweitert. Desweiteren werden a-posteriori
Fehlerschätzer für unser Thick-Restarting-Lanczos Verfahren hergeleitet. Die
Verbesserungen werden numerisch anhand mehrerer Testprobleme validiert.





Abstract

In this work, new techniques to improve the performance of exponential in-
tegrators are proposed. These new techniques are then combined to form an
efficient algorithm for the exponential method of lines. Some of the theoreti-
cal aspects of this method are also studied within the framework of semigroup
theory and its applications to the Cauchy problem. Unlike straight forward
implementation of exponential integrators, the proposed algorithm avoids
constructing a new Krylov subspace in each internal stage and for each time
step by extracting an initial approximation from an already available Krylov
subspace. If the initial approximation turns out to be unsatisfactory, then
a new Krylov subspace is generated for its refinement. This is accomplished
by developing a block version of the thick restarting Lanczos algorithm. Re-
sults and techniques to detect and prevent loss of orthogonality among the
Lanczos blocks are extended from their counterparts for standard Lanczos
algorithm. Moreover, a-posteriori error estimates for restarting procedure
as well as sequential processing of right-hand sides are also derived. Our
improvements are numerically validated for a set of test problems.
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Introduction

This work is concerned with the study of the exponential method of lines for
a class of semi-linear parabolic partial differential equations. This numerical
method is based on the well-known vertical method of lines that constitutes
a semi-discretization in space resulting in a system of ordinary differential
equations. The system of ordinary differential equations, so obtained, is
classically integrated using solvers based on implicit methods. In this work,
exponential integrators are used to integrate the system of ordinary differen-
tial equations, hence the name.

Exponential integrators are based on approximating actions of the ma-
trix exponential and related matrix functions on a vector. Recent progress
in Krylov subspace methods for such matrix function operations has caused
a renewed interest in this field. However, exponential integrators fail to com-
pete with well established classical methods when implemented in a credulous
fashion. This calls for a study aimed at enhancing the performance of ex-
ponential integrators. This is the motivation behind the current work. Our
contribution is a new and efficient algorithm for the implementation of the
exponential method of lines.

Some of the theoretical aspects of the method of lines are also studied.
An appropriate framework for the method of lines is provided by the Cauchy
problem which relates the semigroup theory to parabolic partial differential
equations. In particular, semigroup theory provides solution operators for
the Cauchy problems. The convergence of discrete approximations to these
semigroups follows by the Trotter-Kato theorem. These results summarize
concepts otherwise scattered in the literature. The outline of the dissertation
is as follows.

An abridged introduction to the semigroup approach to parabolic partial
differential equations is presenten in the Chapter 1. The concepts of classical
and mild solutions of homogeneous, inhomogeneous as well as semi-linear
abstract Cauchy problems and results on existence and uniqueness of the
solutions are reviewed. The topic of how to model a given parabolic partial
differential equation as an abstract Cauchy problem is also discussed.
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2 Chapter 1

In the Chapter 2, the finite element method for elliptic partial differential
equations is presented. The discrete approximation of the solution operators
of abstract Cauchy problem by operators corresponding to the matrices ob-
tained after semi-discretization in space is also considered. The chapter also
studies the vertical method of lines using the finite element method. A set
of test problems is introduced and numerically solved using the well known
stiff solver ode15s.

The fundamentals of exponential integrators and Krylov subspace meth-
ods for the approximation of involved matrix function operations are ar-
ranged in the Chapter 3. Working with a Krylov subspace requires an or-
thonormal bases for the subspace. In this work the orthonormal bases for
Krylov subspaces are constructed by the block Lanczos algorithm. A well
known problem with this algorithm is the loss of orthogonality among the
Lanczos vectors. Methods to detect and prevent the loss of orthogonality
are well established for the standard Lanczos algorithm. Extension of these
techniques and related results for the block Lanczos algorithm is not readily
available in the literature. Therefore, detection and prevention of the loss
of orthogonality among Lanczos blocks is presented in this chapter. The
chapter also includes new heuristic techniques to improve the performance
of exponential integrators as well as numerical experiments on the set of test
problems, introduced in the previous chapter, to validate these techniques.

The subject matter of the Chapter 4 include mathematically oriented
techniques to further enhance the performance of exponential integrators. A
standard implementation of exponential integrators, even with improvements
from the previous chapter, require construction of a new Krylov subspace for
each time step and internal stage from the scratch. Much of the compu-
tational effort and storage requirements are potentially savable by utilizing
methods that allow multiple processing of right-hand sides and restarting,
respectively. A new approach based on the thick restarting block Lanczos
algorithm is proposed to accomplish the task at hand. Block version of the
thick restarting Lanczos algorithm is also new in itself. Moreover, a-posteriori
error estimates for the restarting Lanczos algorithm as well as for the pro-
jected initial approximations are derived in this chapter. The improvements
resulting upon using these techniques are numerically validated for the set
of test problems introduced earlier.



Chapter 1

Semigroup Approach to
Parabolic Partial Differential
Equations

In this chapter foundations of the semigroup approach to a certain class
of parabolic problems are presented. The semigroup approach to parabolic
partial differential equations is a vast subject, therefore, only the most im-
portant results are presented. The material stated here is well established
and available at many places in the literature. Our presentation is based
on [Paz83], [Hen81], [Sch11] and [Tan79]. Other standard references to this
material include [ABHN11], [EN99], [Lun95] and [Kat95].

We commence with a finite dimensional example aimed to serve as a
motivation for the material presented below. Consider a system of ordinary
differential equations

U ′(t) = AU(t), t > 0, (1.1)

U(0) = U0,

where U : [0,∞) 7→ RN is the unknown function and A ∈ RN×N is a matrix,
while the initial conditions are arranged in the vector U0 ∈ RN . The solution
to the initial value problem (1.1) is given by

U(t) = etAU0, (1.2)

where the matrix exponential is defined using the Taylor’s series expansion
of the exponential function. The fact that the vector U(t) given by Eq.(1.2)
indeed verifies the initial value problem (1.1) is obvious. The basic expo-
nential rules carry over to the case of matrix exponential. In particular we
have

3



4 Chapter 1

1. e0 = I, where 0 and I represent zero and identity matrices in RN×N .

2. e(t+s)A = etAesA = esAetA for t, s ∈ R

3. I = e0A = etA+(−tA) = etAe−tA = e−tAetA

4. limt→0+ ‖etA − I‖ = 0 with respect to a matrix norm.

The first two properties are known as semigroup properties, while property
(3) means that the matrix etA is invertible and property (4) confirms conti-
nuity of the mapping t 7→ etA at t = 0. It is clear that the family of matrices
{etA}t≥0 is a semigroup with certain additional properties. The mapping
t 7→ etA furnishes the solution operator for the system of ordinary differential
equations (1.1). Whether the same can be done for abstract Cauchy prob-
lems posed in infinite dimensional function spaces is the subject matter of
the semigroup approach to parabolic partial differential equations.

The outline of the chapter is as follows. In Section §1.1 the theory of
strongly continuous semigroups is reviewed. These semigroups provide the
solution operators for those abstract Cauchy problems whose operators turn
out to be the infinitesimal generators of the semigroups. Some important
properties of the infinitesimal generators of strongly continuous semigroups
are also set forth. Since we are interested only in a special class of par-
tial differential equations, namely those related to contraction semigroups,
we only present the generation theorems for the infinitesimal generators of
contraction semigroups. The framework of sectorial operators and analytic
semigroups is presented in §1.2. The topic of fractional powers of the in-
finitesimal generator of an analytic semigroup of contractions is also touched
upon. For abstract Cauchy problems, in particular for inhomogeneous and
semi-linear cases, there are different types of solutions. The classical and the
mild solutions are defined in §1.3. Several conditions on the problem data
to ensure existence and uniqueness of the solution are also discussed. As we
shall see, problems for which the operators turn out to be the infinitesimal
generators of analytic semigroups admit much stronger solvability results.
Finally, in §1.4, it is shown how parabolic partial differential equations are
modeled into the semigroup framework. The technique employed is known
as form method.

1.1 Strongly Continuous Semigroups

In this section we aim at presenting an abridged introduction to strongly con-
tinuous semigroups of bounded linear operators on a Banach space (X, ‖·‖X),
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while focusing only on indispensable results. These semigroups are also
known as C0-semigroups. A C0-semigroup constitutes a family of bounded
linear operators acting on X indexed by a single parameter that often rep-
resents time. We start by defining uniformly continuous semigroups.

Definition 1.1.1 A family of bounded linear operators {T (t)}t≥0 from X
into X with properties

(a). T (0) = I,

(b). T (t1 + t2) = T (t1)T (t2),

(c). limt→0 ‖T (t)− I‖ = 0,

is called a uniformly continuous semigroup.

It is evident from property (b) that T (t1)T (t2) = T (t2)T (t1) and T (nt) =
T (t)n for all n ∈ N. Property (c) implies that the mapping t 7→ T (t) is
continuous in uniform operator topology.

Definition 1.1.2 The mapping u(t) : [0,+∞) 7→ X, defined by u(t) = T (t)x
for an element x ∈ X, is called the orbit of x with respect to {T (t)}t≥0.

The orbit of any x ∈ X with respect to a uniformly continuous semigroup is
obviously continuous because of the property (c) above.

Definition 1.1.3 A family of bounded linear operators {T (t)}t≥0 from X
into X with properties (a), (b) and

(d). For all x ∈ X the orbit of x with respect to T (t) is continuous at the
origin with respect to the parameter t,

is called a strongly continuous semigroup or C0-semigroup.

Property (d) is known as strong continuity. For uniformly continuous semi-
groups it is clear that the norms of the operators in L(X) from {T (t)}t≥0 will
remain bounded as t varies over any compact subset of [0,+∞). However,
for C0-semigroups no such assumption regarding behavior of norms of the
operators {T (t)}t≥0 has been made. The following result sheds some light on
this issue.

Theorem 1.1.1 [Paz83, Theorem 2.2] Let {T (t)}t≥0 be a C0-semigroup.
Then, there exist constants ω ≥ 0 and M ≥ 1 such that

‖T (t)‖ ≤Mewt, for 0 ≤ t <∞. (1.3)
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This property of a C0-semigroup is called exponential boundedness. We know
from the Definition 1.1.3 of a C0-semigroup that the orbit of any x ∈ X is
continuous at the origin. Using (1.3) it follows as an easy corollary that
continuity of an orbit at the origin implies continuity at all later times.

Definition 1.1.4 A C0-semigroup {T (t)}t≥0 on X is said to be of type
G(M,w,X) if (1.3) holds true with constants M and ω. If ω = 0, then
{T (t)}t≥0 is called uniformly bounded. If in addition M = 1, then {T (t)}t≥0

is called contractive.

If X is finite dimensional and A : X → X is a matrix, then {etA}t≥0 satis-
fies all properties in the Definition 1.1.1. Therefore, in this case, A is related
to a uniformly continuous semigroup in X. If we evaluate the derivative with
respect to t of the mapping t 7→ etA at the origin, we obtain the matrix A.
Therefore, we hope that for a C0-semigroup {T (t)}t≥0 on infinite dimensional
Banach space X, evaluating the derivative of the mapping t 7→ T (t) at the
origin will result in a particular operator.

Definition 1.1.5 The infinitesimal generator of a C0-semigroup is the linear
operator A : D(A) ⊂ X → X, given by

Ax := lim
t→0+

1

t
(T (t)x− x) ,

where

D(A) = {x ∈ X : T (t)x is differentiable at the origin}.

The derivative of the orbit map for an element x ∈ X can be thought of as
a trajectory in X. With that view, A could be considered as the operator
that associates to each x the starting point of that trajectory. We saw in
the introduction that the semigroup {etA}t≥0 generated by the matrix A
solves the system of ordinary differential equations (1.1). It is then natural
to investigate if there exists an ordinary differential equation posed in the
Banach space X that is solved by the C0-semigroup generated by the operator
A from the Definition (1.1.5). The following result answers this question.

Theorem 1.1.2 [Paz83, Theorem 2.4] Let {T (t)}t≥0 be a C0-semigroup and
let A be its infinitesimal generator. Then

1. For x ∈ X

lim
h→∞

1

h

∫ t+h

t

T (s)x ds = T (t)x.
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2. For x ∈ X,
∫ t

0
T (s)xds ∈ D(A) and

A

(∫ t

0

T (s)xds

)
= T (t)x− x.

3. For x ∈ D(A), T (t)x ∈ D(A) and

d

dt
T (t)x = AT (t)x = T (t)Ax.

4. For x ∈ D(A),

T (t)x− T (s)x =

∫ t

s

T (τ)Axdτ =

∫ t

s

AT (τ)xdτ.

It follows from (3) that the orbit with respect to T (t) of an element x ∈ D(A)
remains in D(A) and is continuously differentiable. Further it solves the
following Cauchy problem

u′(t) = Au(t), u(0) = x.

Yet another observation is that a C0-semigroup commutes with its infinites-
imal generator. A very important property of the infinitesimal generators of
C0-semigroups is presented in next result.

Theorem 1.1.3 [Paz83, Theorem 2.5] If A is the infinitesimal generator
of a C0-semigroup {T (t)}t≥0, then D(A) is dense in X and A is a closed
operator.

If x ∈ D(A) then its orbit is continuously differentiable. If Ax in turn lies
in D(A) then the orbit map of Ax with respect to T (t) will also be continu-
ously differentiable, which is equivalent to twice continuous differentiability
of the orbit of x, and so on. This motivates the definition of powers of the
infinitesimal generator of a C0-semigroup.

Definition 1.1.6 Set D(A0) = X and A0 = I. For n = 1, 2, . . ., powers
of the infinitesimal generator of a C0-semigroup are recursively defined as
follows

D(An) = {x ∈ D(An−1) : An−1x ∈ D(A)},

and

Anx = AAn−1x for x ∈ D(An).



8 Chapter 1

The domains of powers of the infinitesimal generator are all linear subspaces
of X with

X = D(A0) ⊇ D(A) ⊇ D(A2) ⊇ . . . ⊇ D(An) ⊇ . . . ⊇ ∩∞n=1D(An). (1.4)

It turns out that the operators An are also closed operators whose domains
are dense in X.

It is easy to see that if A is the infinitesimal generator of a C0-semigroup
{T (t)}t≥0, then {S(t)}t≥0 := {e−λtT (t)}t≥0 is also a C0-semigroup with in-
finitesimal generator (A− λI). Let us now turn towards spectral properties
of the infinitesimal generator of a C0-semigroup. To that end, let us first
recall some definitions.

Definition 1.1.7 The resolvent set of a closed linear operator is denoted by
ρ(A) and defined as

ρ(A) := {λ ∈ C : (λI − A) : D(A)→ X is bijective},

and the spectrum of A, denoted by σ(A), is defined as

σ(A) := C ρ(A).

For λ ∈ ρ(A), the operator (λI − A)−1 is denoted by R(λ;A) and called
resolvent operator.

Since A is a closed operator, so is (λI − A). Therefore, R(λ;A) is a closed
linear operator with domain X. It follows from the closed graph theorem
that the resolvent operator is bounded. The following result states spectral
properties of the infinitesimal generators of a C0-semigroup.

Proposition 1.1.1 Let A ∈ G(M,ω,X) be the infinitesimal generator of a
C0-semigroup {T (t)}t≥0 and λ ∈ C. Then the following assertions hold true.

a. If the improper integral

R(λ)x :=

∫ ∞
0

e−λsT (s)xds = lim
t→∞

∫ t

0

e−λsT (s)xds

exists for all x ∈ X, then λ ∈ ρ(A) and R(λ) = R(λ;A).

b. The improper integral above exists even absolutely for all x ∈ X if
Re(λ) > ω and the spectral bound of A satisfies

s(A) := sup{Re(λ);λ ∈ σ(A)} ≤ ω.
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c. The resolvent operators satisfy the following bounds

‖R(λ;A)n‖ ≤ M

(Re(λ)− ω)n
,

for all n ∈ N and all λ ∈ C with Re(λ) > ω.

A proof of the proposition above can be found, for example, in [Sch11, Propo-
sition 1.14]. This proposition shows the important relationship between the
resolvent operators and the infinitesimal generator of a C0-semigroup. From
(a) it is clear that the action of the resolvent operator on x ∈ X is given by the
Laplace transform of the orbit of x with respect to {T (t)}t≥0. Part (b) above
tells us that the spectrum of the infinitesimal generator of a C0-semigroup
is contained in the left half plane, while (c) establishes upper bounds on the
norms of the resolvent operators.

Up till now we have discussed briefly some important properties of the
infinitesimal generators of C0-semigroups and associated resolvents. We now
turn to the important question of characterization. When does a given linear
operator A qualify to be the infinitesimal generator of C0-semigroup? Results
that answer this type of questions are called generation theorems in the
context of semigroup theory. The parabolic partial differential equations that
we are concerned with in this work lead to contraction semigroups. Therefore,
generation theorems are presented only for contractive semigroups. The first
result in this direction is attributed to E. Hille and K. Yoshida.

Theorem 1.1.4 [Paz83, Theorem 3.1] A linear operator A is the infinitesi-
mal generator of a C0-semigroup of contractions {T (t)}t≥0 if and only if

(i). A is a densely defined closed linear operator.

(ii). The resolvent set ρ(A) of A contains R+ ⊂ ρ(A) and for every λ > 0

‖R(λ;A)‖ ≤ 1

λ
.

The theorem establishes that the necessary conditions on the infinitesimal
generator and associated resolvent from Proposition 1.1.1 and Theorem 1.1.3
above are also sufficient. However, the conditions posed in the Hille-Yosida
theorem are not easy to verify even in the relatively simple case of contractive
semigroups. The way out is provided by another generation theorem called
Lumer-Phillips theorem for a certain class of problems by invoking dissipa-
tivity of the operators. Before moving on, we need the concept of the duality
set of an x ∈ X. Let X ′ denote the dual of the Banach space X.
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Definition 1.1.8 The duality set F (x) of x ∈ X is defined to be

F (x) := {x′ ∈ X ′ : 〈x, x′〉 = ‖x‖2 = ‖x′‖2},

where 〈x, x′〉 = x′(x) for all x ∈ X and x′ ∈ X ′.

Note that by the Hahn-Banach theorem the duality set of an element x ∈ X
is not empty for any Banach space X. In the case of a Hilbert space X, the
duality set F (x) of x ∈ X constitutes the singleton set {x} because of the
Riesz isomorphism.

Definition 1.1.9 A linear operator A is called dissipative if for every x ∈
D(A) there exist x′ ∈ F (x) such that Re〈Ax, x′〉 ≤ 0.

An important characterization of dissipative operators, which is sometimes
also used as an alternative definition, is given in the following result.

Theorem 1.1.5 [Paz83, Theorem 4.2] A linear operator A is dissipative if
and only if

‖(λI − A)x‖ ≥ λ‖x‖,

for all x ∈ D(A) and λ > 0.

Recall that a linear operator A is called closable if it possesses a closed
extension. Furthermore, the smallest closed extension, denoted by Ā, of A is
called the closure of A. Some of the most important properties of a dissipative
operator are presented in the next result.

Lemma 1.1.1 Let A be a dissipative operator. Then the following assertions
hold true.

(a). For all λ > 0 the operator (λI−A) is injective and for y ∈ range(λI−
A) := (λI − A)D(A) we have ‖(λI − A)−1y‖ ≤ 1

λ
‖y‖.

(b). Let (λ0I−A) be surjective for some λ0 > 0. Then A is closed, (0,∞) ⊆
ρ(A) and ‖R(λ;A)‖ ≤ 1

λ
for all λ > 0.

(c). If D(A) is dense in X, then A is closable and Ā is also dissipative.

Now we are ready to present the Lumer-Phillips generation theorem. Proofs
of Lemma 1.1.1 and the following theorem can be found at many places in
the literature, see for example [Sch11].

Theorem 1.1.6 Let A be linear and densely defined. Then, the following
assertions hold true.
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(a). If A is dissipative and (λ0I−A) has dense range for some λ0 > 0, then
Ā generates a contraction semigroup.

(b). If A is dissipative and (λ0I −A) is surjective for some λ0 > 0, then A
generates a contraction semigroup.

(c). If A generates a contraction semigroup, then A is dissipative and R+ ⊆
ρ(A).

The theorem above can be interpreted in the following context. Suppose A
is a given linear operator which is densely defined and dissipative, and we
are concerned with solvability of the initial value problem

u′(t) = Au(t), u(0) = y.

Then, according to the Lumer-Phillips theorem, all we need to show is that
the steady state problem

x− Ax = y

is solvable for all y from some dense subset of the Banach space X. Now
what remains is to identify conditions for the dissipativity of an operator
A. For parabolic problems posed in Hilbert spaces, the task becomes trivial,
since the operators are associated with coercive bilinear forms. Classification
of dissipative operators in this context is easy, so that computations with
resolvent operators can be avoided.

1.2 Analytic Semigroups and Sectorial Oper-

ators

Till now we have only considered semigroups for which no assumption was
made regarding smoothness of the mapping t 7→ T (t) apart from the con-
tinuity at the origin. Now we look at a special type of C0-semigroups for
which the mapping is analytic. This new feature will have favorable conse-
quences on solvability of the parabolic partial differential equations that we
are concerned with in this work. We also introduce in this section the concept
of sectorial operators because they lead to analytic semigroups. Fractional
powers of the infinitesimal generators are also presented. This material will
be required later in Chapter 3 where we discuss exponential integrators.

Definition 1.2.1 A linear operator A in a Banach space X is called secto-
rial if it is a closed densely defined operator such that for some θ ∈ (0, π/2),
M ≥ 1 and a real ω, the sector

Sω,θ = {λ ∈ C : θ ≤ |arg(λ− ω)| ≤ π, λ 6= ω}
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is in the resolvent set of A, that is Sω,θ ⊂ ρ(A), and

‖(λI − A)−1‖ ≤ M

λ− ω

for all λ ∈ Sω,θ.

It is worth mentioning that a bounded linear operator on a Banach space is
sectorial. Since in a finite dimensional setting, the semigroups are generated
by matrices, these operators fit well into the framework of sectorial opera-
tors. Further, those operators in Hilbert space that are bounded from below,
densely defined and self-adjoint are also sectorial.

Definition 1.2.2 An analytic semigroup on a Banach space X is a family
of bounded linear operators {T (t)}t≥0 on X which is a C0-semigroup with the
additional property

(e). The mapping t→ T (t)x is real analytic on (0,∞) for each x ∈ X.

The infinitesimal generator of an analytic semigroup is defined to be that of
the underlying C0-semigroup.

The following result shows some properties of analytic semigroups. It also
shows how the notions of sectorial operators and analytic semigroup relate
with each other.

Theorem 1.2.1 [Hen81, Theorem 1.3.4] If A is a sectorial operator, then
−A is the infinitesimal generator of an analytic semigroup {e−tA}t≥0 with

e−tA =
1

2πi

∫
Γ

etλ(λI + A)−1dλ,

where Γ is a contour in ρ(−A) with arg(λ)→ ±ϕ as |λ| → ∞ for some ϕ in
(π/2, π). Further, e−tA can be continued analytically into a sector {t 6= 0 :
|arg(t)| < ε} containing the positive real axis, and if Re(σ(A)) > ω, that is,
if Re(λ) > ω whenever λ ∈ σ(A), then for t > 0

‖e−tA‖ ≤ Ce−tω, ‖Ae−tA‖ ≤ Ct−1e−tω.

Finally
d

dt
e−tA = −Ae−tA,

for t > 0.
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The converse is also true and could be found in any of the references above.
It says that if −A generates an analytic semigroup then A is indeed a sec-
torial operator. Notice that we are now using the notation {e−tA}t≥0 for a
semigroup. The properties of the exponential function allow this notation
provided we set e0 := I. The fractional powers of the infinitesimal generator
of an analytic semigroup are defined next.

Definition 1.2.3 Suppose A is a sectorial operator and Re(σ(A)) > 0, then
for any α > 0

A−α =
1

Γ(α)

∫ ∞
0

tα−1e−tAdt.

The positive powers are defined by setting Aα equal to the inverse of A−α,
D(Aα) and A0 to be R(A−α) and the identity in X, respectively.

It is worth mentioning that for any positive α the operator Aα is a closed
operator with dense domain and we have the following uniform stability
bounds.

Theorem 1.2.2 [Hen81, Theorem 1.4.3] Suppose A is sectorial and Re(σ(A)) >
δ > 0. For α ≥ 0 there exists a constant Cα <∞ such that

‖Aαe−tA‖ ≤ Cαt
−αe−tδ,

for t > 0. If in addition 0 < α ≤ 1, x ∈ D(Aα), then

‖(e−tA − I)x‖ ≤ 1

α
C1−αt

α‖Aαx‖.

If A is a sectorial operator in a Banach space X, we can define for each α ≥ 0
the space Xα = D(Ãα), where Ã = A+ ωI with ω such that Re(σ(Ã)) > 0.
Endowed with norm

‖x‖α = ‖Ãαx‖, x ∈ Xα,

the space becomes a Banach space. Different choices of ω result in equivalent
norms on Xα. The topology of the Banach space Xα will be required for the
framework of exponential integrators.

1.3 Abstract Cauchy Problem

In this section, we introduce different notions for the solution of the ab-
stract Cauchy problem. In addition to the homogeneous Cauchy problem,
the solutions of the inhomogeneous and the semi-linear Cauchy problems are
also discussed. We continue to assume that X is a given Banach space and
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A : D(A) ⊂ X → X is a linear operator from X into X. The homogeneous
Cauchy problem then constitutes of finding a solution to the following initial
value problem.

u′(t) = Au(t); t > 0,

u(0) = x; x ∈ X. (1.5)

The classical solution to the abstract Cauchy problem (1.5) is defined as
follows.

Definition 1.3.1 An X-valued function u(t) such that

1. u(t) is continuous for t ≥ 0,

2. u(t) is continuously differentiable and lies in D(A) for t > 0 and

3. u(t) verifies the problem (1.5).

is called classical solution of the abstract Cauchy problem (1.5).

From Theorem 1.1.2 it follows that if A is the infinitesimal generator of a
C0-semigroup {T (t)}t≥0, then the orbit of x ∈ D(A) with respect to T (t)
qualifies to be the classical solution of the problem (1.5) according to the
definition above. It turns out that the assumption on A to be the infinitesimal
generator of a C0-semigroup can be relaxed if only uniqueness of the solution
or existence of the solution for x in a dense subset is required. However, if the
existence, uniqueness and differentiability of the solution for all x ∈ D(A)
are required then the assumption becomes inevitable.

Theorem 1.3.1 [Paz83, Theorem 4.1.3] Let A be a densely defined linear
operator with a nonempty resolvent set ρ(A). The abstract Cauchy problem
(1.5) has a unique classical solution u(t) if and only if A is the infinitesimal
generator of a C0-semigroup {T (t)}t≥0.

If x /∈ D(A) then it is clear that the orbit of x with respect to T (t) can not be
the classical solution of (1.5). However, in this case it could still be viewed
as a generalized solution, called mild solution.

Definition 1.3.2 An X-valued function u(t) such that

1. u(t) is continuous for t ≥ 0 and

2. There are xn ∈ D(A) such that xn → x as n→∞ and T (t)xn → T (t)u
uniformly on bounded intervals.
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is called a mild or a generalized solution of the problem (1.5).

The mild solution is unique and independent of the choice of the sequence
(xn). Also note that with this definition at hand every inhomogeneous
Cauchy problem possesses a unique mild solution. As mentioned before if
the semigroup generated by A is analytic then more favorable results are
obtainable for solvability of the problem (1.5). This happens because the
integral in Theorem 1.2.1 converges in the uniform operator topology.

Theorem 1.3.2 [Paz83, Corollary 4.1.5] If A is the infinitesimal generator
of an analytic semigroup, then for every x ∈ X, the Cauchy problem (1.3)
has a unique solution.

In this case, for homogeneous Cauchy problems, we do not need to distinguish
between classical and mild solutions.

We now turn to the inhomogeneous Cauchy problem

u′(t) = Au(t) + f(t); t > 0, (1.6)

u(0) = x; x ∈ X,

where f : [0,∞) → X is the Banach space-valued forcing term. Analogous
to the homogeneous Cauchy problem, we now study different notions of the
solution of the problem (1.6) and conditions under which they are guaranteed
to exist.

Definition 1.3.3 A function u(t) : [0, T )→ X such that

1. u(t) is continuous on [0, T ),

2. u(t) is continuously differentiable and takes values in D(A) on (0, T )
and

3. u(t) satisfies problem (1.6).

is called a classical solution of inhomogeneous Cauchy problem (1.6).

Assume that T (t) is a C0-semigroup generated by A. If f ∈ L1(0, T ;X) then
T (t − s)f(s) for 0 < s < t is integrable and one obtains the variation-of-
constants formula

u(t) = T (t)x+

∫ t

0

T (t− s)f(s)ds. (1.7)

It could be shown that if f ∈ L1(0, T ;X), then the problem (1.6) has at
most one solution. In case of existence of the classical solution it is given
by Eq.(1.7). Observe that the function u(t), as given in Eq.(1.7), satisfies
condition (1) of Definition 1.3.3.
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Definition 1.3.4 Let A be the infinitesimal generator of a C0-semigroup
{T (t)}t≥0. Let x ∈ X and f ∈ L1(0, T ;X). The function u ∈ C([0, T ];X)
given by Eq.(1.7) is defined to be a mild solution of inhomogeneous Cauchy
problem (1.6) on [0, T ].

With this definition at hand, every inhomogeneous Cauchy problem with
f ∈ L1(0, T ;X), has a unique mild solution given by Eq.(1.7) on [0, T ). Under
certain conditions on the data x and f , this mild solution qualifies to be the
classical solution. In particular when f is continuously differentiable and x ∈
D(A) the problem (1.6) possesses a unique classical solution. Alternatively
we have the following result.

Theorem 1.3.3 [Paz83, Corollary 4.2.6] Let A be the infinitesimal generator
of a C0-semigroup T (t). Let f ∈ L1(0, T ;X) be continuous on (0, T ). If
f(s) ∈ D(A) for 0 < s < T and Af(s) ∈ L1(0, T ;X) then for every x ∈ D(A)
the problem (1.6) has a classical solution on [0, T ).

As before if A is the infinitesimal generator of an analytic semigroup then
stronger existence results are possible.

Theorem 1.3.4 [Paz83, Corollary 4.3.3] Let A be the infinitesimal generator
of an analytic semigroup T (t). If f ∈ L1(0, T ;X) is locally Hölder continuous
on (0, T ] then for every x ∈ X the inhomogeneous Cauchy problem (1.6) has
a unique classical solution.

The result shows that in this case, the Hölder continuity of f is sufficient for
a mild solution to be the classical solution.

Finally, we turn to the semi-linear Cauchy problem

u′(t) + Au(t) = g(t, u(t)); t > 0, (1.8)

u(0) = u0; u0 ∈ X.

Here we assume that −A is the infinitesimal generator of a C0-semigroup
{T (t)}t≥0 and g : [0, T ]×X → X is continuous in t and satisfies a Lipschitz
condition in u. The solution of the problem (1.8), when it exists, is given by
the variation-of-constants formula

u(t) = T (t)u0 +

∫ t

0

T (t− s)g(s, u(s))ds. (1.9)

Therefore, its natural to define the function u(t) from Eq.(1.9) to be the mild
solution of the semi-linear Cauchy problem.

Definition 1.3.5 A mild solution of the semi-linear Cauchy problem (1.8)
is defined to be the continuous solution of the integral equation (1.9).
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The existence and uniqueness of the mild solution to the semi-linear Cauchy
problem (1.8) is given in the following result.

Theorem 1.3.5 [Paz83, Theorem 6.1.2] Let g : [0, T ] × X → X be contin-
uous in t on [0, T ] and uniformly Lipschitz continuous on X. If −A is the
infinitesimal generator of a C0-semigroup {T (t)}t≥0, on X then for every
u0 ∈ X the semi-linear Cauchy problem (1.8) has a unique mild solution
u ∈ C([0, T ];X). Moreover, the mapping u0 7→ u is Lipschitz continuous
from X into C([t0, T ];X).

For a local version of this theorem see [Paz83]. More is required of g in order
to ensure that a given mild solution is indeed a classical solution of (1.8).
The following result contains a sufficient condition for a mild solution to be
a classical solution.

Theorem 1.3.6 [Paz83, Theorem 6.1.5] Let −A be the infinitesimal gener-
ator of a C0-semigroup {T (t)}t≥0 on X. If g : [0, T ]×X 7→ X is continuously
differentiable from [0, T ] × X into X, then the mild solution of the semi-
linear Cauchy problem (1.8) with u0 ∈ D(A) is a classical solution of the
initial value problem.

In the special case of −A being the infinitesimal generator of an analytic
semigroup the framework for the existence and uniqueness of the classical
solution is presented next.

Assumption 1.3.1 The operator −A generates a bounded analytic semi-
group {e−tA}t≥0 and 0 ∈ ρ(−A), that is, −A is invertible.

As seen before under these assumption we can define fractional powers Aα

of A for 0 ≤ α ≤ 1. Further, the operators Aα are closed operators and
have dense domains. This enabled the definition of spaces Xα which become
Banach spaces with respect to the graph norm of Aα. Because of the invert-
ibility of Aα, the graph norm is equivalent to the norm ‖x‖α = ‖Aαx‖. For
the nonlinearity g, the following assumption is required.

Assumption 1.3.2 Let U be an open subset of R+×Xα. For every (t, x) ∈
U there is a neighborhood V ⊂ U and constants L ≥ 0, 0 < ϑ ≤ 1 such that
the function g : U → X satisfies

‖g(t1, x1)− g(t2, x2)‖ ≤ L
(
|t1 − t2|ϑ + ‖x1 − x2‖α

)
,

for all (ti, xi) ∈ V .

With this setting the following result establishes existence and uniqueness of
the classical solution to the semi-linear Cauchy problem.
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Theorem 1.3.7 [Paz83, Theorem 6.3.1] Let the operator −A and the non-
linearity g satisfy Assumptions 1.3.1 and 1.3.2, respectively. Then for every
initial data (t0, x0) ∈ U the Cauchy problem (1.8) has a unique local solution
u ∈ C([0, t1);X) ∩ C1([0, t1);Xα), where t1 > 0.

So, with appropriate assumptions on the operator and the nonlinearity, the
theorem above guarantees existence and uniqueness of a continuously differ-
entiable solution.

1.4 Parabolic Problems as Abstract Cauchy

Problems

The purpose of this subsection is to show how parabolic partial differential
equations can be cast in the form of abstract Cauchy problems. The material
presented here is detailed in [Tan79] and [Kat95]. For the sake of simplicity, in
this work we are interested only in second order parabolic partial differential
equations in one and two space dimensions. Let Ω ⊂ Rd, d = 1, 2, be a
bounded domain and consider the problem

∂

∂t
u(t, x) +Au(t, x) = g(t, u(t, x)) in (0, T ]× Ω,

u(t, x) = 0 on (0, T ]× ∂Ω, (1.10)

u(0, x) = u0(x) in Ω,

where A is the linear differential operator given by

A =
∑
|p|,|q|≤1

(−1)|p|∂p (ap,q(x)∂q) , x ∈ Ω, p, q ∈ Nd,

with bounded and symmetric coefficients ap,q = aq,p. The bilinear form
associated with the differential operator A is given by

a(u, v) =
∑
|p|,|q|≤1

∫
Ω

ap,q(x) (∂pu) (x) (∂qv) (x) dx, u, v ∈ H,

where H is a closed subspace of an appropriate Sobolev space Hs(Ω). We
consider only those bilinear forms a : H ×H → C that are bounded, that is,
there exists a constant C0 such that

a(u, v) ≤ C0‖u‖H‖v‖H , u, v ∈ H,
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and coercive, that is, there exists a constant C1 such that

|a(u, u)| ≥ C1‖u‖2
H , u ∈ H.

Let us now consider the variational formulation of the problem (1.10), given
as follows

(u′(t), v) + a(u, v) = (g, v), v ∈ H, ∀ t (1.11)

where H is a Hilbert space incorporating boundary conditions with respect
to Ω. If we fix an element u ∈ H, then a(u, ·) : H 7→ R defines a bounded
linear functional on H, whose boundedness follows from the boundedness of
the bilinear form. In other words a(u, ·) ∈ H ′. The action of a bounded
linear functional χ ∈ H ′ on H is denoted by

〈χ, v〉H′×H = χ(v),

for all v ∈ H. Since each u ∈ H gets associated with an element of H ′ by
means of a(u, ·), we can think of an operator

Â : H → H ′

which associates u to the element a(u, ·) in H ′. Such an operator is thus
defined by

a(u, v) = 〈Âu, v〉, for all v ∈ H. (1.12)

Using Eq.(1.12) in Eq.(1.11) we get

(u′(t), v) + 〈Âu, v〉 = (g, v) for all v ∈ H, ∀ t

from which we easily obtain the Cauchy problem

u′(t) + Âu(t) = g(t, u(t)), t > 0, u(0) = u0, (1.13)

posed on the dual space H ′.
Alternatively, one identifies a space X in which H ↪→ X is continuously

and densely embedded. Preferably X should be a Hilbert space, so that by
the Riesz mapping it could be identified with its dual, X ' X ′. Now any
bounded linear functional on X is also a bounded linear functional on H.
And since H ↪→ X we get X ′ ↪→ H ′, that is, X is continuously and densely
embedded in H ′. Collectively we get, H ↪→ X ↪→ H ′, which is termed as
a Gelfand triple. Let us now return to the operator Â : H 7→ H ′. There
is certainly a portion of H which gets mapped to X ′ under Â. Using this
subset of H we can define a new operator

Ã : D(Ã) ⊂ H 7→ X ′, by Ã = Â|D(Ã), (1.14)
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where

D(Ã) = {u ∈ H : ∃ w ∈ X | Ãu = w | a(u, v) = 〈w, v〉X , v ∈ H}.

Because X ' X ′, we can write Ã : D(Ã) ⊂ X → X. And then we have

a(u, v) = 〈Ãu, v〉, v ∈ H, u ∈ D(Ã). (1.15)

Using Eq.(1.15) in Eq.(1.11) we get the Cauchy problem

u′(t) + Ãu(t) = g(t, u(t)), u(0) = u0, (1.16)

posed in the intermediate space X. Since H is dense in X, the operator Â
is well defined on D(Ã). Because Â and Ã agree on D(Ã), in the sequel we
shall represent both by A with domain D(A) := D(Ã).

The following theorem relates the notions of sectorial operators with the
setting above. For its proof we refer to [Tan79, §2.2 and §3.6]

Theorem 1.4.1 Let a : H × H → C be bounded and coercive. Moreover,
let X be a Hilbert space in which H is continuously and densely embedded
and consider the Gelfand triple H ↪→ X ↪→ H ′. Then, for both choices
V ∈ {X,H ′}, the corresponding operator A : D(A) ⊂ V → V is sectorial,
with ω = 0 and some θ ∈ (0, π/2].

In the light of the theorem above we conclude that −A is the infinitesimal
generator of a uniformly bounded analytic semigroup. The setting presented
above has been deliberately restricted to the problems of concern here. More
general parabolic problem can also be cast as abstract Cauchy problems. For
more details, the references mentioned in the introduction to this chapter can
be consulted.

We close this chapter with an example, wherein the material presented
above is applied to the Dirichlet Laplacian operator. Let us consider the heat
equation with homogeneous boundary conditions.

∂

∂t
u(t, x) = ∆u(t, x) in (0, T ]× Ω,

u(t, x) = 0 on (0, T ]× ∂Ω, (1.17)

u(0, x) = u0(x) in Ω.

In order to put this problem in the framework explained above we set

H = H1
0 (Ω) X = L2(Ω) H ′ = H−1(Ω)
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and denote by ∆D
Ω the Laplacian operator with homogeneous boundary condi-

tions. Further, identify the operator A with the Dirichlet Laplacian operator
∆D

Ω . The bilinear form associated with heat equation (1.17) is given by

a(u, v) =

∫
Ω

∇u(x)∇v(x)dx, u, v ∈ H1
0 (Ω). (1.18)

Applying the Hölder’s inequality, the boundedness and coercivity of the bi-
linear form (1.18) easily follows. Hence, by Theorem 1.4.1, A becomes a
sectorial operator and the heat semigroup, given by {e−t∆D

Ω }t≥0, solves the
problem (1.17). For more complicated and interesting examples such as for-
est kinematic models, activator-inhibitor models and semiconductor models,
to name just a few, we refer the reader to [Yag10].
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Chapter 2

Discretization in Space and
Discrete Approximation of a
Semigroup

In the previous chapter we have seen that semigroups furnish the solution
operators for a certain class of time dependent problems. The purpose of
this chapter is to present the convergence results pertaining to the discrete
approximation of the semigroups. As we shall see in the sequel, such results
depend upon the convergence results for the case when the same discretiza-
tion is applied to an associated time independent problem. In the literature
there are many methods available for discretizing a partial differential equa-
tion in spatial variables. For the sake of simplicity and comparison with other
works in the literature, we shall only consider the finite difference and the
finite element methods. The discrete approximation of a semigroup by the
matrices resulting from a finite difference discretization is a well established
subject. Therefore, the related material is not presented and the reader is
referred to [Paz83, §3.6]. This chapter mainly focuses on the finite element
space discretization and the discrete approximation of the semigroups by the
matrices so obtained. Although the weak form of a parabolic problem has
already been considered in the previous chapter, here we study in some detail
the finite element method for elliptic problems. Since we are concerned with
exponential integrators using Lanczos type algorithms, the system matrix
in the Cauchy problem resulting after space discretization must be symmet-
ric. However, the finite element discretization does not automatically lead to
symmetric Cauchy problem. Ways to convert the problem into a symmetric
Cauchy problem and its implementation are also the subject of the current
chapter. The outline of the chapter is as follows.

In the Section §2.1, the finite element method for elliptic partial differ-

23
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ential equations is presented. The standard Galerkin technique to obtain a
system of linear equations resulting after discretization in space is reviewed.
Existence, uniqueness, stability and convergence results are presented. Re-
sults that establish the convergence of a sequence of discrete semigroups to
a continuous semigroup make up an important topic in the study of the
semigroup approach for parabolic partial differential equations. This topic
is briefly considered in §2.2. The finite element method of lines is presented
in §2.3. As already mentioned, after the finite element space discretization,
the resulting Cauchy problem is not automatically symmetric. In order to
preserve symmetry, Cholesky decomposition of the mass matrix can be used.
This material is also included in §2.3. Finally, in the Section §2.4, details
of implementation of the finite element method and the method of lines are
presented. A set of test problems is introduced and numerically solved using
the method of lines approach. It is well-known that the system of ordinary
differential equations obtained from semi-discretization in space is a stiff sys-
tem. Therefore, integration in time must be carried out using a stiff solver.
In this section, the test problems are numerically solved using Matlab’s stiff
solver ode15s.

2.1 The Finite Element Method for Elliptic

Problems

In this section, we consider the finite element method for a model problem
in some detail. As we shall see in the next section, the convergence of the
finite element method for a certain elliptic problem plays an important role
in the study of the convergence of a related sequence of discrete semigroups
to the corresponding continuous semigroup.

The finite element method has been the method of choice in a broad
range of applications for past few decades. The main reasons behind its
success include the ease of handling complicated domain geometries. This is
not the case with the finite difference method. In a finite element method
for a two-dimensional problem, the domain is approximated by dividing it
into elements that can be triangles, squares or a combination of the two.
We shall consider only triangular elements. It should be mentioned that the
choice of triangular elements has been made only for convenience and there is
nothing that restricts the use of other elements. The basic difference between
the finite difference and the finite element method lies in the way the two
methods interpret the solution. In the context of the finite difference method,
the solution is interpreted in the classical point-wise sense. In contrast, the
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solution obtained by the finite element method is interpreted as a member
of a function space which may not satisfy the governing equations in the
classical point-wise sense. However, it must minimize a certain functional
associated with the problem. Such a solution is often termed as a weak
solution. This strategy also brings the method more closer to the actual
physical problem because many of such problems can be readily modeled as
minimization problems with respect to some energy functionals.

Both the theory and numerics of the basic finite element method are by
now standard, although many new ramifications of the basic method are still
an active research area. The literature is abundant with excellent books and
papers on the finite element method. For the material presented here we have
mainly followed [Joh88], [Bra07], [DR07, §12.4] and [Urb09, Chapter 3]. For
the sake of completeness we have included proof of some elementary results.

Weak Formulation

Let us consider a second order linear elliptic partial differential equation
posed on an open bounded domain Ω ∈ Rd, d = 2, with piecewise smooth
boundary ∂Ω and governed by the equations

−∆ (u) + λu = f, in Ω, (2.1a)

u = 0, on ∂Ω, (2.1b)

with coefficients λ, f ∈ L2(Ω), where λ is bounded, that is λ ≥ λ0 > 0.
We shall refer to the problem of finding the solution to the problem (2.1) as
differential problem. Since the problem under consideration has homogeneous
Dirichlet boundary conditions, we consider the space

V = H1
0 (Ω) := {v ∈ H1(Ω), v|∂Ω = 0},

which is a subspace of the Sobolev space H = H1(Ω). The norm on H1(Ω)
is given by

‖v‖H =
(
‖∇v‖2 + ‖v‖2

)1/2
,

where ‖ · ‖ represents the L2-norm on Ω, unless otherwise stated. A semi-
norm is given by |v|H = ‖∇v‖. In general, | · |H is just a semi-norm, but
an exception occurs for the space V defined above. For this space, the semi-
norm also furnishes an equivalent norm because the only constant function
in H1

0 (Ω) is the zero function. On V , holds the following useful Poincaré’s
inequality:

‖v‖ ≤ C|v|H . (2.2)
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We refer to [AF03] for details regarding Sobolev spaces. For the problem
(2.1), we define

a(u, v) = (∇u,∇v) + (λu, v), (2.3)

and
l(v) = (f, v). (2.4)

Unless otherwise stated, the inner products are with respect to L2(Ω). It is
clear that

a(·, ·) : V × V → R

is a symmetric bilinear form and

l(·) : V × V → R

is a linear functional. Note that

a(v, v) ≥ 0,

because λ0 > 0. Therefore, the bilinear form itself can be taken for a scalar
product on H. The norm induced by this scalar product is called the energy
norm. We also define a functional F (·) : V → R by

F (v) =
1

2
a(v, v)− l(v), ∀ v ∈ V. (2.5)

This functional is often called the energy functional.
Now using the bilinear form (2.3) and the functionals (2.4) and (2.5),

we can define the following variational and minimization problems. The
variational problem reads:

Find u ∈ V such that a(u, v) = l(v), ∀ v ∈ V, (2.6)

and the minimization problem reads:

Find u ∈ V such that F (u) ≤ F (v), ∀ v ∈ V. (2.7)

The variational problem is also called weak formulation of the problem and
its solution is referred to as weak solution. The following theorem, often
called characterization theorem, relates the three problems (2.1), (2.6) and
(2.7).

Theorem 2.1.1 Following relationship holds among differential, variational
and minimization problems

Differential Problem⇒ Variational Problem⇔ Minimization Problem
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Proof : To see that the differential problem implies the variational problem,
we multiply (2.1) by v ∈ V , integrate over Ω, apply the divergence theorem
and use the definition of the space V above. This results in the variational
problem (2.6).

For the second implication, we first show that the minimization prob-
lem implies the variational problem. To that end, assume that u solves the
minimization problem and define an auxiliary function

η(ε) = F (u+ εv)

=
1

2
a(u+ εv, u+ εv)− l(u+ εv)

=
1

2

(
a(u, u) + 2εa(u, v) + ε2a(v, v)

)
− l(u)− εl(v),

where v is a fixed arbitrary function in V . Now η attains its minimum at
ε = 0, hence η′(0) = 0, which readily leads to the variational problem.

Conversely, suppose that u solves the variational problem and consider
for any w ∈ V

F (u+ w) =
1

2
a(u+ w, u+ w)− l(u+ w)

= F (u) + a(u,w)− l(w) +
1

2
a(w,w) = F (u) +

1

2
a(w,w) ≥ F (u)

where we have used a(u,w)− l(w) = 0. This completes the proof. �
We have seen that if u is a solution of the differential problem then it

also solves the variational problem, however, the converse of the statement is
not in general true. In order for a solution u ∈ V of the variational problem
to qualify as the classical solution, it must possess requisite regularity, often
proved separately whenever possible.

Existence, Uniqueness and Stability of Weak Solution

Existence and uniqueness of the solution of the variational problem is estab-
lished by the well know Lax-Milgram Theorem, of whom there are many ver-
sions available covering different scenarios. We state the theorem for closed
convex sets with a symmetric bilinear form. However before that we need to
define a V-elliptic bilinear form.

Definition 2.1.1 Let V ⊂ H. A symmetric bilinear form that is bounded
and coercive on V is called V-elliptic.

With the definitions of boundedness and coercivity as in §1.4, we are now
ready to state the Lax-Milgram Theorem for closed convex sets.
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Theorem 2.1.2 Let V be a closed convex subset of H and let a : H×H → R
be V-elliptic. Then, the variational problem (2.6) has a unique solution u ∈ V
for any l ∈ V ′.

The proof can be found in any of the references mentioned in the introduction,
see for example [Urb09, Theorem 3.7]. Next, we verify that the bilinear form
of the variational problem (2.6) satisfy the requirements of the Lax-Milgram
theorem. To see the boundedness of the bilinear form we proceed as follows

a(u, v) = (∇u,∇v) + (λu, v)

≤ ‖∇u‖‖∇v‖+ ‖λ‖‖u‖‖v‖
≤ max{1, ‖λ‖} (‖∇u‖‖∇v‖+ ‖u‖‖v‖)

≤ C1

(
‖∇u‖2 + ‖u‖2

) 1
2
(
‖∇v‖2 + ‖v‖2

) 1
2

≤ C1‖u‖H‖v‖H .

Similarly, coercivity follows by simple calculations below

a(u, u) = (∇u,∇u) + (λu, u)

≥ ‖∇u‖2 + λ0‖u‖2

≥ min{1, λ0}
(
‖∇u‖2 + ‖u‖2

)
≥ C2‖u‖2

H .

Let us now turn to the issue of stability. Stability essentially requires the
solution to have continuos dependence on the problem data. The following
result establishes the stability of the weak solution to the variational problem.

Lemma 2.1.1 The solution of the variational problem (2.6) is stable, that
is,

‖u‖H ≤
1

C2

‖l‖H′ , (2.8)

where C2 is the coercivity constant.

Proof : Making use of the coercivity of the bilinear form and Eq.(2.6) we get

C2‖u‖2
H ≤ a(u, u) = l(u),

which upon using the Cauchy-Schwarz inequality delivers

C2‖u‖2
H ≤ ‖l‖H′‖u‖H .

The result follows upon division by ‖u‖H . �
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Galerkin Approximation and Convergence Theory

We now turn towards the approximation of the weak solution constructed
in the previous section. The basic idea is to replace the subspace V in the
variational problem by a finite-dimensional subspace. In order to construct
the finite dimensional subspace we consider the problem domain Ω and ap-
proximate it by a partition Th, where Th consists of disjoint triangles T such
that their union renders a polygonal domain Ωh ⊂ Ω with boundary vertices
on ∂Ω. The partitioning Th is required to satisfy the property that no vertex
of any triangle T lies on an edge of any other triangle. The parameter h
represents the maximum length of an edge in the triangulation Th. Obvi-
ously, h decreases upon refining the partitioning. It is further assumed that
the partitioning Th satisfies two additional properties. First, the angles of
the partitioning are bounded from below by a constant. Second, the area of
a triangular element T ∈ Th is bounded from below by Ch2, where C > 0
independent of h. Such a partitioning is called a quasi-uniform triangulation
of Ω.

The above mentioned finite-dimensional subspace of V , which we shall
represent by Vh, is then constructed as follows. Let Th be an admissible
triangulation of Ω. We take Vh to be the space of piecewise finite elements,
defined by

Vh := {v ∈ C(Ω̄) : v|∂Ω = 0 and v|T ∈ Πr ∀ T ∈ Th},

where Πr represents the space of polynomials of degree atmost r. We shall
work with r = 1 which is also the case most often used in the literature.
Clearly we have that Vh ⊂ V . Next we turn to the question of determining
a function v ∈ Vh. If there are Nh interior vertices {ηj}Nhj=1, also called nodes
of the triangulation Th, then a function v ∈ Vh is uniquely determined by its
values at points ηj. Since

dim(Vh) := Nh,

representation of v ∈ Vh depends on Nh degrees of freedom. A basis for the
space Vh is furnished by the so called nodal basis, represented by {φj}Nhj=1,
where the functions φj are such that

φj(ηi) =

{
1 , i = j
0 , i 6= j

For the case of a planar domain Ω, a nodal base function takes the shape of
a pyramid function. An example base function is depicted in the Figure 2.1.
Every function v ∈ Vh admits a representation in terms of the the nodal basis
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Figure 2.1: A prototype of the base function φj

as follows

v(x) =

Nh∑
j=1

v(ηj)φj(x), x ∈ Rd.

Figure 2.2 depicts an arbitrary function in Vh associated with a triangulation
of the unit square.

A few words are in order for the approximation power of the finite dimen-
sional space Vh. Given a smooth function w defined on Ω, we can find an
approximation from Vh, for example, by using the interpolation Ihw defined
by

Ihw(x) =

Nh∑
j=1

w(ηj)φj(x)

In words, the interpolant Ihw ∈ Vh is defined to be the function of Vh which
agrees with w at nodes ηj. For a function w ∈ H2 ∩H1

0 , the following error
estimates are well known.

‖Ihw − w‖ ≤ Ch2‖w‖H2(Ω),

‖∇(Ihw − w)‖ ≤ Ch‖w‖H2(Ω), (2.9)

see, for instance, [Cia78] or [BS08]. In place of the interpolation operator we
may use the orthogonal projection with respect to the inner product of H,
represented by Ph. Yet another possibility is to use orthogonal projection
with respect to the inner product defined by the bilinear form, whenever ap-
plicable. This projection is called Ritz projection and is often represented by
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Figure 2.2: An arbitrary function v ∈ Vh

Rh. The approximations Phw and Rhw in Vh then furnish the best approxi-
mations of w from Vh with respect to the norm of H and the energy norm,
respectively.

Analogous to the variational problem (2.6), we define the following dis-
crete variational problem

Find uh ∈ Vh such that a(uh, vh) = l(vh), ∀ vh ∈ Vh. (2.10)

The solution to the discrete variational problem is called Galerkin approx-
imation to the differential problem (2.1). Note that, because l ∈ H ′ and
Vh ⊂ V , we have that l ∈ V ′h. The existence, uniqueness and stability of the
Galerkin solution is given by the following lemma.

Lemma 2.1.2 The discrete variational problem (2.10) has a unique solution
uh ∈ Vh. Further

‖uh‖ ≤
1

C1

‖l‖V ′h .

Proof : Since Vh ⊂ V , the V -elliptic bilinear form a(·, ·) also defines a
bounded and coercive bilinear form on Vh. Therefore, existence and unique-
ness of the solution to the discrete problem follows from the Theorem 2.1.2.
Proof of the stability is on the same lines as in the Lemma 2.1.1 for the
continuous variational problem. �

For the error estimates of the Galerkin approximation, we proceed as
follows. Let u and uh be the unique solutions of variational problems (2.6)
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and (2.10), respectively. Since Vh ⊂ V , we can also test the continuous
variational problem for vh ∈ Vh. Then we have

a(u, vh) = l(vh) ∀ vh ∈ Vh,
a(uh, vh) = l(vh) ∀ vh ∈ Vh.

Subtracting these equations, we get

a(u− uh, vh) = 0, ∀ vh ∈ Vh. (2.11)

The property given above is called Galerkin orthogonality. Now the a-priori
error estimates in Galerkin approximation are given by the following result
which is known as Céa’s lemma.

Theorem 2.1.3 Let a(·, ·) be V -elliptic. Then we have

‖u− uh‖H ≤
C1

C2

inf
vh∈Vh

‖u− vh‖H . (2.12)

Proof : Using boundedness and coercivity of the bilinear form we get

C2‖u− uh‖2
H ≤ a(u− uh, u− uh)

= a(u− uh, u− vh) + a(u− uh, vh − uh).

Now by the Galerkin orthogonality, using the element vh−uh ∈ Vh, it follows
that the second term on the right hand side is zero. Thus we have

C2‖u− uh‖2
H ≤ a(u− uh, u− vh)
≤ C1‖u− uh‖H‖u− vh‖H .

The result follows upon division by C1‖u − uh‖H and taking the infimum
over vh ∈ Vh, on both sides. �

Using the interpolation error estimates (2.9), we readily arrive at following
corollary of Céa’s lemma.

Corollary 2.1.1 For the Galerkin approximation uh ∈ Vh of the variational
problem (2.10) following error estimate holds true:

‖u− uh‖H1 ≤ Ch‖u‖H2 . (2.13)

The error estimate in L2-norm is derived by using the Aubin-Nitsche Trick,
whose details can be found, for example in [Urb09, Theorem 3.18].
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2.2 Discrete Approximation of Semigroups

In this section, we consider a sequence of problems approximating the semi-
linear problem (1.8) considered previously. The sequence of approximate
problems is constructed using the operators and the right-hand sides re-
sulting from the Galerkin space discretization of an associated steady state
problem. The main aim here is to show convergence of the solutions of the
approximate problems to the solution of the continuous problem and this is
achieved by using a Trotter-Kato type result. First, a general framework of
operators from an infinite dimensional Banach space to a sequence of finite
dimensional spaces is presented. Based on this framework, a version of the
Trotter-Kato theorem establishes the convergence of the solutions of approxi-
mate linear homogeneous problems to the solution of the corresponding linear
homogeneous problem posed in the infinite dimensional Banach space. This
in turn is used to prove, under appropriate assumptions on the nonlinearity,
the convergence of solutions of the semi-linear approximate problems to the
solution of the semi-linear problem (1.8). Secondly, projectors and operators
specific to the Galerkin space discretization are stated. It is shown that these
operators fulfill the requirements of the results presented under the general
framework, thereby establishing the convergence of our space discretization.

General Framework

In the context of semigroup theory, the Trotter-Kato Theorem plays a sig-
nificant role in the study of the convergence of numerical approximations to
the solutions of partial differential equations. A very general framework has
been presented in [IK98], see also [Paz83]. We present here a version of that
framework which is relevant for our scheme.

Consider a Banach space X with norm ‖ · ‖. Also consider a sequence
of finite dimensional spaces Zm with norms ‖ · ‖m for m = 1, 2, . . . . Let
Pm : X → Zm and Em : Zm → X be linear operators satisfying the following
assumptions.

(a1). ‖Pm‖ ≤M1, ‖Em‖ ≤M2, where the constants are independent of m.

(a2). ‖EmPmx− x‖ → 0 as m→∞ for all x ∈ X.

(a3). PmEm = Im, where Im represents the identity in Zm.

Often we will have Zm = Rm, here m represents the dimension of the space
Zm. If in place of Zm,m = 1, 2, . . ., we consider a sequence of finite dimen-
sional subspaces Xm,m = 1, 2, . . . , of X endowed with the norm of X, then
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an equivalent setting can be formulated as follows

Xm = range(Em) πm = EmPm. (2.14)

Clearly πm : X → Xm are projections. These projections should satisfy the
following assumptions.

(b1). πm ≤M3, where the constant is independent of m.

(b2). limm→∞ πmx = x for all x ∈ X.

Obviously (a1) and (a2) imply (b1) and (b2), respectively. To see the con-
verse, we need the canonical injections im : Xm → X. Then by setting
Zm = Xm, Pm = πm and Em = im we see that (b1) and (b2) imply (a1) and
(a2), respectively. The assumption (a3) is trivially satisfied. This proves the
equivalence of the two settings.

Let A : D(A) ⊂ X → X be the infinitesimal generator of a C0-semigroup
T (t) onX. Similarly, let Am : Zm → Zm be the infinitesimal generators of C0-
semigroups Tm(t) on Zm. Then T̂m(t) := EmTm(t)Pm|Xm are C0-semigroups
on Xm generated by Âm := EmAmPm|Xm with D(Âm) := EmD(Am). Since
Xm are finite dimensional, for each x ∈ D(A) we have πmx ∈ D(Âm). We
now state and prove a version of the Trotter-Kato theorem, which is a special
case of the proof, for more general setting, presented in [IK98].

Theorem 2.2.1 (Trotter-Kato) Assume that assumptions (a1) and (a3)
are satisfied. Let A and Am be in G(M,ω,X) and G(M,ω,Zm) and generate
C0-semigroups T (t) on X and Tm(t) on Zm, respectively. Then the following
statements are equivalent:

(1) There exist a λ0 ∈ ρ(A) ∩
⋂∞
n=1 ρ(Am) such that for all x ∈ X

‖Em(λ0Im − Am)−1Pmx− (λ0I − A)−1x‖ → 0 as m→∞.

(2) For every x ∈ X and t ≥ 0,

‖EmTm(t)Pmx− T (t)x‖ → 0 as m→∞

uniformly on bounded t-intervals.

If (1) or (2) is true, then (1) holds for all λ with Re(λ) > ω.

Proof:
The theorem can be proved by using the equivalent framework utilizing the
subspaces Xm,m = 1, 2, . . . of the Banach space X, care of (2.14). In that
setting we have to show the equivalence of following statements.
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(i) There exist a λ0 ∈ ρ(A) ∩
⋂∞
m=1 ρ(Am) such that for all x ∈ X

‖(λ0Îm − Âm)−1πmx− (λ0I − A)−1x‖ → 0 as m→∞.

(ii) For every x ∈ X and t ≥ 0,

‖T̂m(t)πmx− T (t)x‖ → 0 as m→∞

uniformly on bounded t-intervals.

We first show that (ii) implies (i). Using the integral representation of the
resolvent of a C0-semigroup from Proposition 1.1.1, we can write

‖(λ0Îm − Âm)−1πmx− (λ0I − A)−1x‖ = ‖
∫ ∞

0

e−Reλt[T̂m(t)x− T (t)x]dt‖,

for Reλ > ω and x ∈ X. Now the convergence to zero follows upon invoking
the Lebesgue’s dominated convergence theorem and using (ii).

Let us now assume that (i) holds good. Without loss of generality we can
assume that λ0 = 0. Define

δm = A−1 − Âmπm.

Because of (i) it is evident that ‖δmx‖ → 0 as m → ∞, for all x ∈ X. Now
consider

em(t) = (T̂m(t)πm − πmT (t))x, m = 1, 2, . . . ,

for x ∈ D(A). Since Xm are finite dimensional, πmx ∈ D(Âm). Therefore,
by Theorem 1.1.2, em(t) is continuously differentiable. It can be shown by
substitution that em(t) solves

e′m(t) = Âmem + ÂmπmδmAT (t)x,

em(t) = 0.

Now by the variation-of-constants formula, we get

em(t) =

∫ t

0

ÂmT̂m(t− s)πmδmAT (s)xds, t ≥ 0.

Upon using integration by parts and Theorem 1.1.2, we get

em(t) = D1 +D2 +D3, t ≥ 0, x ∈ D(A2)



36 Chapter 2

where

D1 = −πmδmAT (t)x,

D2 = T̂m(t)πmδmAx,

D3 =

∫ t

0

T̂m(t− s)πmδmA2T (s)xds.

For D1: observe that by inclusions (1.4) we have D(A2) ⊂ D(A), therefore,
x ∈ D(A) and for any T > 0 the set {T (t)Ax|0 ≤ t ≤ T} is compact. Hence,
by (i) we see that

D1 → 0 as m→∞,

uniformly on [0, T ].
For D2: the assumption that Am ∈ G(M,ω,Zm) means that ‖T̂m(t)‖ ≤
M4e

ωt, t ≥ 0, m = 1, 2, . . ., where M4 = M1M2M . Therefore, by (i) we get

D2 → 0 as m→∞,

uniformly on [0, T ].
For D3: observe that for x ∈ D(A2) the set {A2T (t)x|0 ≤ t ≤ T} is also
compact. Therefore, ‖δmA2T (t)x‖ → 0 as m → ∞, uniformly on bounded
t-intervals. Hence,

D3 → 0 as m→∞,

uniformly on [0, T ].
So, we have shown that em(t) → 0 as m → ∞ uniformly on bounded t-
intervals for all x ∈ D(A2). Since by Theorem 1.1.3 and inclusions (1.4),
D(A2) is dense in X. The statement is valid for all x ∈ X because of the
standard density argument.
Finally, in order to obtain (ii) we must show that

‖πmT (t)x− T (t)x‖ → 0 as m→∞,

uniformly on bounded t-intervals and for all x ∈ X. To that end, observe
that the set {T (t)x|0 ≤ t ≤ T} is compact, hence it is enough to show that
limm→∞ πmx = x for all x ∈ X. Since πm is a projector on Xm for x ∈ D(A)
we can write

πmx− x = (πm − I)δmAx.

From this the assertion follows for x ∈ D(A). Now by Theorem 1.1.3, D(A) is
dense in X, therefore, the assertion holds good for all x ∈ X by the standard
density argument.
The last assertion in the theorem which says that if (1) holds true for a
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λ0 ∈ ρ(A) ∩
⋂∞
n=1 ρ(Am), then it holds for all λ with Reλ > ω, follows from

Proposition 1.1.1. �
In the statement of the Trotter-Kato theorem above, assumption (a2)

was not required explicitly but followed as a consequence. Therefore, if we
start by a sequence of finite dimensional spaces, it is necessary that all three
assumptions are fulfilled by the operators Pm and Em. Consider the linear
homogeneous problem

u′(t) = Au(t), u(0) = u0, (2.15)

posed in the Banach space X. And also consider the approximate problems

u′m(t) = Amum(t), um(0) = Pmu0, m = 1, 2, . . . , (2.16)

posed in the finite dimensional spaces Zm. Here the operators Am are as-
sumed to approximate the operator A in some sense. We will see the partic-
ular case of the Galerkin approximation shortly. Because of the assumptions
A ∈ G(M,ω,X) and Am ∈ G(M,ω,Zm), it follows by Theorem 1.1.2 that
the solutions to the problems (2.15) and (2.16) are given by

u(t) = T (t)u0, (2.17)

and
um(t) = Tm(t)Pmu0, (2.18)

respectively. The statement (1) of the Trotter-Kato theorem is called con-
sistency hypothesis, while the assumption that Am ∈ G(M,ω,Zm), for all
m = 1, 2, . . ., is termed as stability hypothesis. The Trotter-Kato theorem
as stated above says that, under the assumption of stability, the convergence
of the solutions of associated approximate steady state problems to the so-
lution of the corresponding steady state problem, implies the convergence of
the solutions of problems (2.16) to that of problem (2.15).

Let us now turn to the semi-linear problem

u′(t) + Au(t) = g(t, u(t)), u(0) = u0, (2.19)

posed in the Banach space X. Let −A be the infinitesimal generator of
a C0-semigroup. The Trotter-Kato theorem remains valid with −ω where
ω = −a. In other words, −A ∈ G(M,a,X), −Am ∈ G(M,a, Zm) and the
stability estimate now reads ‖Tm(t)‖ ≤ Me−at. We have seen in Chapter 1
that if the nonlinearity g(t, u(t)) is Lipschitz continuous, then this problem
always possesses a unique mild solution given by

u(t) = T (t)u0 +

∫ t

0

T (t− s)g(s, u(s))ds. (2.20)
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We associate with this problem the sequence of problems

u′m(t) + Amum(t) = Pmg(t, Emum(t)), u(0) = Pmu0, (2.21)

posed in the Banach spaces Zm, whose mild solutions are given by

um(t) = Tm(t)Pmu0 +

∫ t

0

Tm(t− s)Pmg(s, Emum(s))ds. (2.22)

Our aim is to show that, under appropriate assumptions on the nonlinearity
g, the mild solutions of the problems (2.21) converge to the mild solution of
the problem (2.19). This is achieved by the following theorem. The assertion
of the theorem is not new [Tho06], however, a proof using the Trotter-Kato
theorem is not known to the author.

Theorem 2.2.2 Let the assumptions and hypothesis (1) of Theorem 2.2.1
hold good. Further, assume that g : [0, T ]×X → X, for t ∈ [0, T ] is Lipschitz
continuos in the second argument with constant L ∈ [0,∞) i.e.,

‖g(t, u)− g(t, v)‖ ≤ L‖u− v‖ for t ∈ [0, T ], u, v ∈ X.

Then the mild solutions um(t) of the problems (2.21) converge to the the mild
solution u(t) of problem (2.19) i.e.,

lim
m→∞

‖u(t)− Emum(t)‖ = 0

uniformly on [0,T].

Proof:
Applying Em to the mild solutions (2.22) and subtracting from (2.20) we get

u(t)− Emum(t)

= (T (t)− EmTm(t)Pm)u0

+

∫ t

0

[T (t− s)g(s, u(s))− EmTm(t− s)Pmg(s, Emum(s))]ds.

Adding and subtracting the term EmTm(t−s)Pmg(s, u(s)) under the integral
and rearranging terms, we obtain

u(t)− Emum(t) = (T (t)− EmTm(t)Pm)u0

+

∫ t

0

EmTm(t− s)Pm[g(s, u(s))− g(s, Emum(s))]ds

+

∫ t

0

[T (t− s)− EmTm(t− s)Pm]g(s, u(s)ds.
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Taking the norm of both sides and using the stability hypothesis, the Lip-
schitz continuity of g(s, u(s)) and the bounds of the operators Pm and Em,
we obtain

‖u(t)− Emum(t)‖ ≤ ‖[T (t)− EmTm(t)Pm]u0‖

+

∫ t

0

‖[T (t− s)− EmTm(t− s)Pm]g(s, u(s))‖ds

+M4Le
−at
∫ t

0

eas‖u(s)− Emum(s)‖ds.

Now for t ∈ [0, T ], we obtain

‖u(t)− Emum(t)‖ ≤ sup
0≤t≤T

‖[T (t)− EmTm(t)Pm]u0‖

+

∫ t

0

sup
0≤t≤T

‖[T (t− s)− EmTm(t− s)Pm]g(s, u(s))‖ds

+M4Le
−at
∫ t

0

eas‖u(s)− Emum(s)‖ds.

Let us denote

αm(s) := sup
0≤t≤T

‖[T (t)− EmTm(t)Pm]u0‖

+

∫ T

0

sup
0≤t≤T

‖[T (t− s)− EmTm(t− s)Pm]g(s, u(s))‖ds,

so that we can write

‖u(t)− Emum(t)‖ ≤ αm(s) +M4Le
−at
∫ t

0

eas‖u(s)− Emum(s)‖ds.

Using Gronwall’s lemma, it follows that

‖u(t)− Emum(t)‖ ≤ αm(s)exp

(
M4Le

−at
∫ t

0

eas
)
ds.

Setting

M5 = sup
0≤t≤T

(
M4L

a

(
1− e−at

))
,

we get

‖u(t)− Emum(t)‖ ≤ αm(s)eM5L.
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Finally, upon taking the limit as m → ∞, using Lebesgue’s dominated
convergence theorem and the Trotter-Kato Theorem (2.2.1) we see that
αm(s)→ 0 uniformly on [0, T ], hence

lim
m→∞

‖u(t)− Emum(t)‖ = 0,

uniformly on [0, T ], as required. �

It should be noted that the above theorem remains valid for the classical
solutions in place of the mild solutions, if they exist. We know from Chapter
1 that a mild solution becomes a classical solution provided u0 ∈ D(A) and
the nonlinearity g(t, u(t)) is continuously differentiable. We are now going to
show how this theorem can be used to establish the convergence of the space
discretization using the Galerkin discretization.

In order to construct approximate problems corresponding to the Cauchy
problem

u′(t) + Au(t) = g(t, u(t)), u(0) = u0, (2.23)

posed in Banach space X, recall from §1.4 that the operator A is associated
with a differential operator A by virtue of a bilinear form a(u, v). Thus we
can write the problem above in variational formulation

(u′(t), v) + a(u, v) = (g, v), ∀ v ∈ H. (2.24)

We shall use finite element spaces Vh for the discretization of this variational
formulation. Restricting the variational problem to finite dimensional space
Vh, we get

(u′h(t), vh) + a(uh, vh) = (gh, vh) ∀ vh ∈ Vh, (2.25)

where gh := g(t, uh(t)). Now analogous to the infinite dimensional setting we
associate with the involved bilinear form an operator Ah : Vh 7→ Vh by

a(uh, vh) = 〈Ahuh, vh〉, ∀ vh ∈ Sh. (2.26)

Using Eq.(2.26) in Eq.(2.25) we get the problems posed in spaces Vh

u′h(t) + Ahuh(t) = g(t, uh(t)),

uh(0) = u0,h, (2.27)

where u0,h is obtained by projecting u0 onto the approximation space Vh.
For problems with the Laplacian as system operator we may consider for

the projector πm from §2.2 the orthogonal projection of a function v onto Vh
with respect to the L2-inner product. Note that this choice gives the best ap-
proximation of v in Vh with respect to the L2-norm. We wish to use Theorem
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2.2.1 and Theorem 2.2.2 to show that the solutions to the finite-dimensional
problems converge to their infinite-dimensional counterparts. Let us first
consider the case of the linear homogeneous problems

u′(t) + Au(t) = 0, u(0) = u0, (2.28)

and
u′h(t) + Ahuh(t) = 0, uh(0) = u0,h, (2.29)

associated with problems (2.23) and (2.25), respectively. Associating the
operator Ah : Vh 7→ Vh with the operator Âm from the framework of Theorem
2.2.1, we have to verify the following conditions

(a). The projectors πh are bounded independently of h and limh→0 πhx = x
for all x ∈ X.

(b). The operators Ah satisfy the stability hypothesis of Theorem 2.2.1.

(c). The operators Ah satisfy the consistency hypothesis of Theorem 2.2.1.

to conclude the assertion that the solutions of the problems (2.29) indeed
converges to the solution of the problem (2.28). When πh is taken to be
the L2-orthogonal projection, then condition (a) is obviously satisfied. For
condition (b) recall that an operator B is said to be of type G(M,w,X) if it
is the infinitesimal generator of a C0-semigroup T (t) such that

‖T (t)‖ ≤Metw,

for all t ≥ 0. It is clear from the considerations of §1.4 that an operator
resulting from a symmetric, bounded and coercive bilinear form is dissipa-
tive and generates a C0-semigroup of contractions which is analytic because
the operator so obtained is sectorial. Now the operators Ah are obtained by
restricting the bilinear form to finite dimensional spaces it turns out that
these operators are dissipative, hence generate C0-semigroups of contrac-
tions which are analytic because the operators are sectorial with the same
constants. Therefore, it follows that for the operators Ah and A the following
holds good

Ah ∈ G(1, 0, Vh) and A ∈ G(1, 0, X).

Finally it remains to investigate condition (c). To that end let us consider
uh ∈ Vh and u ∈ H such that

λ0u− Au = v, v ∈ X, (2.30)

λ0uh − Ahuh = πhv, v ∈ X. (2.31)
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Therefore, the consistency hypothesis is nothing other than the convergence
in the X-norm of the solution of the steady state problem (2.31) to that of
(2.30), that is,

‖uh − u‖ → 0, as h→ 0. (2.32)

Note that the operators A and Ah are associated with the bilinear form
a(·, ·) : H × H 7→ R and its restrictions to the spaces Vh, respectively, and
λ0 is in the intersection of the resolvents. Therefore, it turns out that the
convergence in (2.32) is nothing other than the convergence of the Galerkin
scheme for the problem (2.30). This in turns is based on the theory of
the Galerkin methods for elliptic partial differential equations, discussed in
the Section §2.1. Now by the discussions of the current section regarding
stability and consistency of approximate operators, it follows from Theorem
2.2.1 that the solutions of the problems (2.29) converge to the solution of
the problem (2.28). Turning to the semilinear problem under the assumption
that the nonlinearity g(t, u(t)) is Lipschitz continuos in the second argument,
convergence of the mild solutions of problems (2.25) to the solution of (2.24)
follows by applying Theorem 2.2.2.

2.3 The Finite Element Method of Lines

The basic idea behind the method of lines is to discretize the problem in
spatial variables alone, thereby obtaining a system of ordinary differential
equations with corresponding initial conditions. The initial value problem,
so obtained, could then be integrated with respect to time using an ordi-
nary differential equation solver. Classically, the method of lines is used
either with the finite difference method or the finite element method, how-
ever, one can also use other kinds of space discretization. A salient feature
of the method of lines lies in the fact that the system of ordinary differential
equations obtained after spatial discretization can be combined with any aux-
iliary equations. The material related to the finite-dimensional formulation
of problems with mixed boundary conditions using a finite element method
is taken from [ACF98].

We demonstrate the finite element method of lines by applying it to the
following semi-linear model problem with mixed boundary conditions: Let
Ω be a bounded Lipschitz domain with polygonal boundary ∂Ω. Given f ∈
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L2(0, T ;H1(Ω)), uD ∈ H1(Ω) and g ∈ L2(∂Ω), find u ∈ H1(Ω) such that

∂u

∂t
(x, t) = ∆u(x, t) + f(t, u(x, t)), in ∂Ω× (0, T ), (2.33a)

u(x, t) = uD, on ∂ΩD × (0, T ), (2.33b)

∂u

∂n
(x, t) = g, on ∂ΩN × (0, T ), (2.33c)

u(x, 0) = u0(x), in ∂Ω. (2.33d)

In problem (2.33), ∂ΩD and ∂ΩN = ∂Ω ∂ΩD represent portions of the
boundary on which Dirichlet and Neumann boundary conditions are pre-
scribed, respectively. The purpose of choosing this problem is to demonstrate
how mixed boundary conditions are incorporated into the finite element dis-
cretization. We define the space

H1
D(Ω) := {w ∈ H1(Ω) : w = 0 on ∂ΩD}. (2.34)

This space will be used as test and trial space in the weak formulation of
problem (2.33). In order to incorporate the Dirichlet boundary conditions,
we define v ∈ H1

D(Ω) by
v = u− uD. (2.35)

Observe that with this change of variable we are left with homogeneous
Dirichlet boundary conditions since v = 0 on ∂ΩD. Multiplying Eq.(2.33a)
with w ∈ H1

D(Ω) on both sides, using the Green’s formula, the definition of
the space (2.34), Neumann and Dirichlet boundary data from (2.33c) and
(2.35), we arrive at the variational formulation: Find v ∈ H1

D(Ω) such that
for t ∈ (0, T ) and for all w ∈ H1

D(Ω)

(v̇(t), w) + a(v(t), w) = F (v(t)), (2.36a)

(v(0), w) = (v0, w) , (2.36b)

where we have defined

a(v, w) =

∫
Ω

∇v · ∇wdx, (2.37a)

F (v(t)) =

∫
Ω

f(t, v(t)− uD)wdx+

∫
∂ΩN

gwds−
∫

Ω

∇uD · ∇wdx, (2.37b)

v0 = u0 − uD. (2.37c)

Notice how the contributions form Dirichlet and Neumann boundary data
are incorporated into the term on the right-hand side.
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We now proceed to define the finite dimensional variational problem.
Let Vh be a finite-dimensional subspace of H1(Ω) and Vh,D = Vh ∪ H1(Ω).
Note that Vh,D is a finite-dimensional subspace of H1

D(Ω). Let v0,h be the
approximation of v0, defined in (2.37c), from the space Vh,D. The finite
dimensional variational formulation of the problem then reads: Find vh ∈
VD,h, such that for t ∈ (0, T ) and for all wh ∈ VD,h

(v̇h(t), wh) + a(vh(t), wh) = F (vh(t)), (2.38a)

(vh(0), wh) = (v0,h, wh) . (2.38b)

Let {φj}Nhj=1 be the nodal basis for Vh. Further, consider I = {i1, i2, · · · , iM} ⊂
{1, 2, · · · , Nh}, M ≤ N − 2, corresponding to all nodes other than the ones
where Dirichlet conditions are specified. Then {φij}Mj=1 forms a nodal basis
for VD,h. Define

vh(t) =
∑
k∈I

αk(t)φk(x), (2.39)

v0,h =

Nh∑
k=1

α0φk(x), (2.40)

uD,h =

Nh∑
k=1

µkφk(x). (2.41)

With these definitions, problem (2.38) becomes the following system of ordi-
nary differential equations

Bα̇(t) + Aα(t) = F (t, α(t)), (2.42a)

Bα(0) = α0, (2.42b)

where we have for i, j ∈ I

A =

∫
Ω

∇φi · ∇φjdx,

B =

∫
Ω

φi · φjdx,

α0 =

Nh∑
k=1

∫
Ω

φk · φjdx,

F (α(t)) =

∫
Ω

f

(∑
j∈I

(αj(t)− µj)φj(x)

)
+

∫
∂ΩN

gφjds

−
Nh∑
k=1

µk

∫
Ω

∇φk · ∇φjdx.
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The solution u to the problem (2.23) is then given by

u = uD,h + vh, (2.43)

where uD,h and vh are defined as in Eq.(2.39) and Eq.(2.41).
We shall see in the next chapter that for this work we require the system

matrix of the Cauchy problem to be symmetric. Although both the mass
matrix B and stiffness matrix A above are symmetric positive definite, the
Cauchy form of the problem below is not symmetric:

α̇(t) +B−1Aα(t) = B−1F (t, α(t)), (2.44a)

α(0) = B−1α0. (2.44b)

In order to convert the problem (2.42) into the desired form we take the
Cholesky decomposition of the mass matrix

B = RTR, (2.45)

and introduce a new variable

η(t) = Rα(t). (2.46)

Using Eqs.(2.45)-(2.46) in Eqs.(2.42) we obtain

η̇(t) +R−TAR−1η(t) = R−TF (t, R−1α(t)),

η0 = R−Tα0(t).

Define

Ã = R−TAR−1, (2.48a)

F̃ = F (t, R−1α(t)), (2.48b)

η0 = R−1α0(t), (2.48c)

the system of ordinary differential equations resulting from the space dis-
cretization phase of the method of lines then results in

η̇(t) + Ãη(t) = F̃ (η(t)) , (2.49a)

η(0) = η0. (2.49b)

However, note that storing a triangular factor, in addition to the system
matrix Ã, for problems of very large dimension may be restrictive. To cir-
cumvent this difficulty, one can use the method of lumped masses followed
by the Cholesky decomposition trick outlined above. In the next section we
introduce and numerical solve a set of test problems by the finite element
method of lines, both with and without lumped masses.
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2.4 Numerical Example

The purpose of this section is to demonstrate the applicability of the method
of lines to semi-linear reaction diffusion problems and emphasize the short-
comings of the solvers based on classical implicit methods. For the imple-
mentation of the finite element space discretization we have used MATLAB’s
mesh generator and assembling functions. The system of ordinary differential
equations resulting after space discretization of a parabolic problem is known
to be stiff in nature. Therefore, integration must be carried out using a stiff
solver. For the purpose of demonstration we consider the following example
problem with homogeneous Dirichlet boundary conditions: For x ∈ [0, 1]d,
d ∈ {1, 2} and t ∈ (0, T ) find u(x, t) such that

∂u(x, t)

∂t
= ∆u(x, t) + f(t, u(x, t)), (2.50a)

u(x, 0) = u0, (2.50b)

where

f(t, u(x, t)) =
1

1 + u(x, t)
+ ϕ(x, t),

and ϕ(x, t) is chosen in such a way that the exact solution to problem (2.50),
becomes

u(x, t) = et
d∏

k=0

xk(1− xk). (2.51)

The initial condition u0 is furnished by setting t = 0 in the exact solution.
For comparison and latter reference, the example problems are classified

as follows:

• Problem 1: The system of ordinary differential equations resulting
from central finite difference space discretization of the one-dimensional
problem (2.50).

• Problem 2: The system of ordinary differential equations resulting
from central finite difference space discretization of the two-dimensional
problem (2.50).

• Problem 3: The system of ordinary differential equations resulting
from the finite element space discretization of the two dimensional
problem (2.50).

In this section, we integrate the system of ordinary differential equations,
resulting from the test problems above, by MATLAB’s stiff solver ode15s. In
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latter chapters we shall replace ode15s with custom solvers that are based
on exponential integrators. For convenient referencing, the algorithms used
in this section are classified as follows:

• Algorithm 2-1: Approximates the solution to the Problem 1 using
ode15s.

• Algorithm 2-2: Approximates the solution to the Problem 2 using
ode15s.

• Algorithm 2-3a: Approximates the solution to the Problem 3 using
ode15s in the form (2.44).

• Algorithm 2-3b: Same as Algorithm 2-3a, however, before time inte-
gration the problem is brought into the form (2.49).

• Algorithm 2-3c: Same as Algorithm 2-3b, however, before transform-
ing the problem into (2.49), the method of lumped masses is applied
to the mass matrix.

Note that the main difference between the Algorithms (2-3a), (2-3b) and (2-
3c) lies in the fact that for the last two systems, the matrix of the Cauchy
problem is symmetric.

In Table 2.1 the CPU times for Algorithms 2-1 and 2-2 are presented along
with the grid norm error measured against the exact solution. For both the
algorithms the values of relative and absolute tolerances of ode15s are set to
1.0e− 05 and 1.0e− 06, respectively. Grids of varying sizes are chosen from
100 ≤ N ≤ 10000 for the one dimensional problem and 10 ≤ N ≤ 100 for
the two dimensional problem. Note that for the two dimensional problem
we get a problem with N2 degrees of freedom. A pictorial representation of
the data is given in the Figure 2.3 . It is clear that the solver ode15s, which
is based on classical implicit methods, become more and more restrictive as
the degrees of freedom increase.

The situation for the finite element method of lines used with ode15s is no
better. The computational times and maximum norm errors for Algorithm
2-3a-c are arranged in the Table 2.2. Once again, relative and absolute
tolerances are set to 1.0e − 05 and 1.0e − 06, respectively. The data is
pictorially represented in the Figure 2.4. Again we observe that use of
ode15s for problems with large dimension is not ideal. Here N represents the
number of free nodes, that is, nodes in the triangulation on which the solution
is actually approximated. Clearly the method of lumped masses is the fastest.
This is so because the effort in computing the Cholesky decomposition in the
Algorithm 2-3b and working with inverse of the mass matrix in the Algorithm
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N
Algorithm 2-1 Algorithm 2-2

CPU Time (s) Error CPU Time (s) Error
100 0.57 4.97e-07 0.94 5.81e-07
400 0.23 2.50e-07 0.22 5.85e-07
900 0.61 1.71e-07 0.62 5.84e-07

1600 2.20 1.51e-07 2.35 5.84e-07
2500 6.75 8.13e-08 7.08 5.84e-07
3600 17.71 4.71e-08 18.66 5.85e-07
4900 140.25 6.58e-08 55.86 5.85e-07
6400 436.87 4.79e-08 278.23 5.85e-07
8100 1702.70 3.11e-08 1673.61 5.85e-07

10000 6236.73 4.31e-08 7608.97 5.86e-07

Table 2.1: Computational times and errors of the Algorithm 2-1 and the
Algorithm 2-2

N
Algorithm 2-3a Algorithm 2-3b Algorithm 2-3c

Time (s) Error Time (s) Error Time (s) Error
145 3.78 1.09e-03 20.20 1.12e-03 7.06 1.27e-03
545 31.92 2.81e-04 31.62 2.84e-04 29.99 3.32e-04

1089 119.36 2.91e-04 132.46 2.93e-04 114.11 3.17e-04
2113 494.00 7.11e-05 625.25 7.16e-05 481.86 8.42e-05
4225 2076.80 7.31e-05 3126.40 7.26e-05 2149.10 7.99e-05
8321 14234.00 1.78e-05 21919.00 1.71e-05 14685.00 2.12e-05

Table 2.2: Computational times and errors of the Algorithm 2-3a-c

2-3a, respectively, is saved. In the rest of this work the finite element space
discretization is considered with the method of lumped masses followed by
Cholesky decomposition.
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Figure 2.3: Computational times of the Algorithm 2-1 and the Algorithm 2-2
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Chapter 3

Exponential Integrators and
Approximation of Matrix
Function Operations

We have seen that the performance of solvers, for systems of ordinary differ-
ential equations, based on implicit method is not satisfactory in the context
of the method of lines. Solvers based on exponential integrators offer an
alternative to the classical implicit solvers. In this chapter, we present the
fundamentals of such exponential integrators. The exponential integrators
for parabolic problems is an active research area, see for example [NW12],
[HO11], [HO10], [Ost10], [TL10], [HOS09] and [SSS09]. A variety of ex-
ponential integrators are available, however in this work, we consider only
explicit exponential Runge-Kutta (ERK) methods. It should be mentioned
that this choice is being made only for convenience and other methods will
also work just fine. Time stepping procedures using exponential integrators
involve products of the matrix exponential and related matrix functions with
a vector. In order to approximate these quantities we use a Krylov subspace
method.

The outline of the chapter is as follows. The first two sections contain a
review of the ingredients to be used later. However, tailored versions of some
previous results are also included in these sections. We start in Section §3.1
with a review of the basics of exponential integrators. Theoretical framework,
derivation of the general explicit ERK method, a statement regarding the
order of convergence and some particular example cases are presented. In
§3.2 we deal with the Krylov subspace technique for extracting approximation
to the action of a matrix function on a given vector. Finally, in §3.3 two
numerical experiments are presented. The first experiment compares the
performance of some algorithms to compute the approximations of matrix

51
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function operations with respect to matrices whose order is small. In the
second experiment, we demonstrate the performance of the exponential Euler
method to numerically approximate the solution to Problems 1-3 from §2.4.
The standard implementation, based on formulas from previous sections,
improves considerably by introducing some modifications in the underlying
algorithms. For each of the Problems 1-3 we propose these changes and
numerically establish the improvements so obtained.

3.1 Exponential Integrators

The exponential integrators offer a promising alternative to the classical inte-
grators. The classical integrators require the solution of a system of algebraic
equations at each time step, whereas the exponential integrators only require
an approximation of a matrix function times a vector. By construction, the
exponential integrators are based on linearization, therefore, for nonlinear
problems there is no need to solve a nonlinear system of algebraic equations
at each time step. Considering the semi-linear model (3.1) below, the ba-
sic idea behind explicit ERK integrators is to solve the linear part exactly
and use an explicit approach to approximate the nonlinear part. We present
here a brief introduction to explicit exponential integrators of Runge-Kutta
type. For details regarding exponential integrators we refer to [HO05b] and
[HO05a], as we shall follow that work here.

3.1.1 Framework

Now we explain the theoretical framework needed for the construction of ex-
ponential integrators. We have seen in Chapter 1 that a semi-linear parabolic
partial differential equation can also be viewed as an evolution equation in
an abstract Banach space. Consider

u′ (t) = −Au (t) + g (t, u (t)) , u (t0) = u0, (3.1)

in a Banach space (X, ‖ · ‖), where A is a densely defined closed linear opera-
tor with D (A) ⊂ X. Since the derivation of the order conditions for Runge-
Kutta methods heavily relies on the boundedness of the operator, this theory
does not suffice for analyzing the continuous parabolic semi-linear problem
(3.1). Therefore, a refined framework of sectorial operators and analytic
semi-groups is invoked, so that e−tA : X 7→ X represent bounded linear op-
erators for all t ≥ 0. For the semigroup approach to the parabolic problem
and related notions, we refer to Chapter 1 and the references therein.
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It is assumed that the operator A is sectorial with (−a,+∞) contained
in its resolvent set ρ (A). With this assumption, −A generates the analytic
semigroup {e−tA}t≥0. Analogous to the theory of ordinary differential equa-
tions the basic requirement that the nonlinearity g has to fulfill is Lipschitz
continuity. But since we are in a Banach space setting, more is required. Let
Ã denote the shifted operator A + ωI with ω > −a, and define the space
V = D(Ãα) ⊂ X for some 0 ≤ α < 1. With the norm ‖v‖V = ‖Ãαv‖, the
space V becomes a Banach space. The nonlinearity g : [0, T ] × V → X is
assumed to be locally Lipschitz in a strip along the exact solution u ∈ V .
Thus, there exists a real number L = L(R, T ) such that

‖g (t, v)− g (t, w) ‖ ≤ L‖v − w‖V ,

for all t ∈ [0, T ] and max(‖v − u(t)‖V , ‖w − u(t)‖V ) ≤ R.
We are then in a framework where we look for a solution u ∈ V and the
exponential operator e−tA is interpreted as a bounded linear operator from
V to X. That this operator is bounded follows easily from the definition of
the operator norm and the uniform stability bound

‖e−tA‖V←X ≤ Ct−α, (3.2)

whose proof could be found in Chapter 1 or a reference in there.
For higher order of convergence more assumptions are needed. It is as-

sumed that (3.1) admits a sufficiently smooth solution u : [0, T ] → V with
Fréchet derivatives in V , and that g : [0, T ] × V → X is sufficiently often
Fréchet differentiable in a strip along the exact solution. With these assump-
tions, the composition map

f : [0, T ]→ X : t→ f(t) = g(t, u(t))

is smooth. It is known that reaction-diffusion systems and incompressible
Navier-Stokes equations fall under this framework [Hen81],[Lun95].

3.1.2 Construction of ERK-Methods

The ERK-methods are a generalization of the classical RK-methods in which
the coefficients are composed of exponential and related operators. Observe
that the right-hand side of Eq.(3.1) is composed of two parts, namely a
linear and a non-linear part. If we let A→ 0, then the ERK methods reduce
to the classical RK methods for ordinary differential equations. They are
referred to as the underlying RK-methods. Whereas if the nonlinear term
is set to zero or exact integration is used for the nonlinear term, the ERK
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methods produce the exact solution. The exact solution of (3.1) is given by
the variation-of-constants formula

u (t) = e−tAu0 +

∫ t

0

e−(t−τ)Ag (τ, u (τ)) dτ.

The ERK-methods are derived using this formula. Let hn be the step size
associated with (n+1)-st time step, then the solution at time

tn+1 = tn + hn, t0 = 0, n = 0, 1, . . .

is given by

u (tn+1) = e−tAu (tn) +

∫ hn

0

e−(hn−τ)Ag (tn + τ, u (tn + τ)) dτ. (3.3)

The idea is to replace the nonlinear term inside the integral, with an inter-
polating polynomial. Let us denote the interpolating polynomial by ĝn(τ),
then the approximation becomes

un+1 = e−tAun +

∫ hn

0

e−(hn−τ)Aĝn (τ) dτ. (3.4)

To define the interpolant, consider a set of non-confluent nodes c1, c2, . . . , cs;
s ≥ 1. Assume that approximations un ≈ u(tn) and Un,i ≈ u(tn + cihn);
i = 1, . . . , s are known. The interpolant ĝn(τ) is required to satisfy the
conditions ĝn(cihn) = g(tn + cihn, Un,i) := Gn,i such that

ĝn (τ) =
s∑
j=1

lj (τ)Gn,i, (3.5)

where lj(τ) represent the usual Lagrange interpolation polynomials of order
s− 1 given by

lj (τ) =
s∏

m 6=j
m=1

τ/hn − cm
cj − cm

.

Using Eq.(3.5) in Eq.(3.4) we get following approximation at tn+1

un+1 = e−hnAun + hn

s∑
i=1

bi (−hnA)Gn,i,

with

bi (−hnA) =
1

hn

∫ hn

0

e−(hn−τ)Ali (τ) dτ.
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One final ingredient that remains is the form of the intermediate stage ap-
proximations Un,i. To that end, replace hn by cihn in Eq.(3.3) and use the
same approach, i.e., approximate the nonlinear term with an interpolating
polynomial in the expression for the exact solution at intermediate points to
obtain

Un,i = e−cihnAun + hn

s∑
j=1

aij (−hnA)Gn,j,

where

aij (−hnA) =
1

hn

∫ cihn

0

e−(cihn−τ)Alj (τ) dτ.

The choice of interpolation nodes for this intermediate interpolating polyno-
mial determines whether the resulting method is explicit or implicit. Since
we are interested only in explicit methods, we have

c1 = 0, aij = 0, 1 ≤ i ≤ j ≤ s.

Further, we have Un,1 = un and Gn,1 = g(tn, un), so that we can propagate
in time.

Note that lj(τ) are polynomials of degree at most s − 1, therefore the
coefficients bi (−hnA) and aij (−hnA) can be written as linear combinations
of

φj (−tA) =
1

tj

∫ t

0

e−(t−τ)A τ j−1

(j − 1)!
dτ, 1 ≤ j ≤ s.

Using integration by parts, it can easily be seen that these operators satisfy
the recurrence relation

φj+1 (z) =
φj (z)− 1/j!

z
, φj (0) =

1

j!
, φ0 (z) = ez, z 6= 0. (3.6)

Using the stability estimate (3.2), it is easy to see that these operators are
bounded

‖φj (−tA) ‖V←X = ‖ 1

tj

∫ t

0

e−(t−τ)A τ j−1

(j − 1)!
dτ‖V←X

≤ 1

tj

∫ t

0

‖e−(t−τ)A‖V←X
τ j−1

(j − 1)!
dτ

≤ C
1

tj

∫ t

0

(t− τ)−α τ j−1dτ.

Hence,
‖φj (−tA) ‖V←X ≤ Ct−α,
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and in turn the coefficients of the method are also bounded linear operators.
Putting everything together, the ERK-method reads

un+1 = e−hnAun + hn

s∑
i=1

bi (−hnA)Gn,i, (3.7a)

Un,i = e−cihnAun + hn

s∑
j=1

aij (−hnA)Gn,j, (3.7b)

Gn,j = g(tn + cjhn, Un,j). (3.7c)

The problem (3.1) can be transformed to the autonomous form

u′ (t) + Au (t) = g (u (t)) , u (t0) = u0,

by treating time as another variable. The method (3.7) will remain invariant
under this transformation provided we assume that the coefficients of the
underlying RK-method satisfy

s∑
j=1

bj (0) = 1,
s∑
j=1

aij (0) = ci, i = 1, . . . , s.

In this work we consider only those problems that eventually again a steady
state profile. If the exact solution of the problem (3.1) does not blow up,
then there will be a steady state solution profile after a transient phase. This
steady state solution profile is also called equilibria. Let us denote it by u?,
so that

Au? − g (u?) = 0.

It is also desired for the numerical method to preserve the equilibria. This
can be ensured by requiring Un,i = un = u? for all i and n ≥ 0 in the method
(3.7). This yields the following conditions on the coefficients

s∑
j=1

bj (z) = φ1 (z) ,
s∑
j=1

aij (z) = ciφ1 (ciz) , i = 1, . . . , s.

Using the definition of φ1 from (3.6), one obtains

φ0 (z) = 1 + z
s∑
j=1

bj (z) , and ciφ0 (ciz) = 1 + z
s∑
j=1

aij (z) .



Chapter 3 57

which in turn can be used to write the method (3.7) as follows

un+1 = un + hn

s∑
i=1

bi (−hnA) (Gn,i − Aun) , (3.8a)

Un,i = un + hn

s∑
j=1

aij (−hnA) (Gn,j − Aun) , (3.8b)

Gn,j = g(tn + cjhn, Un,j). (3.8c)

The order conditions for the classical RK methods are well known from
text books, see for example [But08]. For ERK methods, they were first
derived by [Fri78], using ad hoc Taylor series expansions. Later they were
derived by [BOS05] using the B-series techniques and by [HO05b] using trees.
These are called non-stiff order conditions. However, if one uses the frame-
work described above, a new set of order conditions appears. These new
order conditions, also derived in [HO05b], are called stiff order conditions.
For the sake of completeness, we include here the stiff order conditions up
to order four for the case α = 0, which in turn corresponds to V = X.
Representation of defects obtained by using the Taylor series expansion of
nonlinear term, involve following operators

ψj,i (−hnA) = φj (−cihnA) c ji −
i−1∑
k=1

ai,k (−hnA)
c j−1
k

(j − 1)!
(3.9)

and

ψj (−hnA) = φj (−hnA)−
s∑

k=1

bk (−hnA)
c j−1
k

(j − 1)!
. (3.10)

The stiff order conditions in terms of these operators are arranged in the Ta-
ble 3.1. An ERK method is said to satisfy an order condition in weaker form
provided the order condition is satisfied for bi(0) instead of bi(−hnA). The
convergence of an explicit ERK method for constant step size h is established
in following theorem.

Theorem 3.1.1 Let the initial value problem (3.1) satisfy all assumptions
stated under the framework with V = X, and the explicit ERK method (3.8)
satisfies for 2 ≤ p ≤ 4 the stiff order conditions up to order p − 1, as well
as remaining conditions in weaker form and ψp(0) = 0. Then the numerical
solution un satisfies the error bound

‖un − u (tn) ‖ ≤ Chp

uniformly in 0 ≤ nh ≤ T . The constant C depends on T, but is independent
of n and h.
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No. Order Order Conditions
1 1 ψ1 (−hnA) = 0
2 2 ψ2 (−hnA) = 0
3 2 ψ1,i (−hnA) = 0
4 3 ψ3 (−hnA) = 0
5 3

∑s
i=1 bi (−hnA) Jψ2,i (−hnA) = 0

6 4 ψ4 (−hnA) = 0
7 4

∑s
i=1 bi (−hnA) Jψ3,i (−hnA) = 0

8 4
∑s

i=1 bi (−hnA) J
∑i−1

j=2 aij (−hnA) Jψ2,j (−hnA) = 0

9 4
∑s

i=1 bi (−hnA) ciKψ2,i (−hnA) = 0

Table 3.1: Stiff Order Conditions for the Explicit ERK-Methods up to order
four for α = 0. J and K are arbitrary bounded linear operators and ψi and
ψj,k are defined in (3.9) and (3.10).

For the proof of the theorem and details regarding the derivation of the order
conditions we refer the reader to [HO05b].

3.1.3 Examples of Explicit ERK-Methods

As mentioned in the introduction to the current chapter there are many
exponential integrators available in the literature. As an example we present
here three methods. Many exponential integrators proposed in the literature
do not satisfy all the stiff order conditions. Some conditions are not even
satisfied in the weaker form. This results in an order reduction in the worst
case [HO05b]. In the following the order of a method refers to the stiff order.

Exponential Euler Method

The simplest exponential method is the exponential Euler method. This
method can be thought of as a member of the class of explicit ERK-methods.
Taking s = 1 in (3.8) amounts to the approximation of the nonlinearity
g(t, u(t)) at each time step by a constant value resulting from the evaluation
of g at data available from the previous time step. The method reads

un+1 = e−hnAun + hnφ1 (−hnA) g (tn, un) ,

or equivalently

un+1 = un + hnφ1 (−hnA) (g (tn, un)− Aun) (3.11)

. The exponential Euler method is only order one accurate.
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The Method of Krogstadt

One of the most often used exponential integrator in the literature is the
forth order method presented in [Kro05]. It is customary to represent a
RK-method in the Butcher tableau. For exponential integrators following
abbreviation is used

φi,j = φi,j (−hnA) = φi (−cjhnA) , 2 ≤ j ≤ s.

The Butcher tableau of the method of Krogstadt is given by
0
1
2

1
2
φ1,2

1
2

1
2
φ1,3 − φ2,3 φ2,3

1 φ1,4 − 2φ2,4 0 2φ2,4

φ1 − 3φ2 + 4φ3 2φ2 − 4φ3 2φ2 − 4φ3 −φ2 + 4φ3

 . (3.12)

This method does not satisfy all the order conditions from the Table 3.1.
Therefore, in the worst case an order reduction to order three is possible.

A Five Stage Fourth Order Method

As the last example we consider a five stage method which is order four
accurate. It was shown in [HO05b] that it is not in general possible to
construct a four stage explicit ERK-method with stiff order four. Therefore,
they presented the following five stage method:

0
1
2

1
2
φ1,2

1
2

1
2
φ1,3 − φ2,3 φ2,3

1 φ1,4 − 2φ2,4 φ2,4 φ2,4
1
2

1
2
φ1,5 − 1

4
φ2,5 − a5,2 a5,2 a5,2

1
4
φ2,5 − a5,2

φ1 − 3φ2 + 4φ3 0 0 −φ2 + 4φ3 4φ2 − 8φ3

 , (3.13)

where

a5,2 =
1

2
φ2,5 − φ3,4 +

1

4
φ2,4 −

1

2
φ3,5.

This method does not suffer from any order reductions.

3.2 Krylov Subspace Approximation

Although considerations of the previous section pertain to continuous op-
erators, for any practical implementation the problem must be discretized
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in space. We have seen the example of the finite difference and the finite
element space discretization in Chapter 2. After space discretization the
operators become finite-dimensional and are represented by matrices. To
these finite-dimensional problems exponential integrators are applied. We
have seen that exponential integrators rely on evaluation of φ−functions.
For problems with large dimensions, exact evaluation turns out to be very
prohibitive. This happens because even if the matrix A is sparse, in general
φ(A) is not. Therefore, it is reasonable to concentrate on either approxi-
mating these matrices or their action on a given vector. There are many
different methods available to accomplish this task. For example splitting
methods, Padé approximation with scaling and squaring, quadrature rules
for contour integral and polynomial approximation methods. A review can
be found in [ML03]. However, performance of many of the methods men-
tioned above is not satisfactory for large matrices. As mentioned in [ML03],
for problems with large matrices, the Krylov subspace methods perform bet-
ter than other methods. Therefore, we are interested in methods that extract
approximations from Krylov subspaces. These methods fall under the class
of polynomial approximation methods. They avoid computing the approxi-
mate matrices by approximating only the action of a matrix function on a
vector. This is also desired when the matrix A is available only as a routine
to compute Ax for some input vector x.

In Subsection 3.2.1, we start by defining the Krylov subspace. These
spaces are generated with respect to a given matrix and a given vector. The
natural basis of the Krylov subspace is often ill-conditioned because the vec-
tors in the natural basis result from repeated application of the matrix on the
vector. That in turn causes the vectors to point in almost same directions.
Therefore, it is desirable to compute an orthonormal basis. We present an
algorithm to generate such an orthonormal basis along with techniques for
extracting the Krylov subspace approximation to the solution of a shifted
linear system of algebraic equations and the action of a matrix function on
a vector. A version of the algorithm specific for symmetric matrices is then
presented. Implementation of this algorithm in finite precision arithmetic
comes with a drawback, namely, with growing dimension of the Krylov sub-
space the vectors in the orthonormal basis start to lose mutual orthogonality.
However, it is possible to keep a check on the loss of orthogonality and fix
the problem. As we shall see, our final algorithm in Chapter 4 is based on
block extension of the algorithms and techniques presented here, therefore,
we consider the block extensions of relevant methods in Subsection 3.2.2.
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3.2.1 Standard Krylov Subspace Approximation

A comprehensive introduction to Krylov subspaces could be found in many
text books. We refer to [Saa11]. Let A ∈ CN×N and a vector b ∈ CN . A
Krylov subspace can be defined as follows.

Definition 3.2.1 The m-th Krylov subspace of A with respect to b is defined
as

Km (A; b) := span{b, Ab, A2b, . . . , Am−1b}, (3.14)

where m ≥ 1. Therefore, it is a subspace of CN consisting of all vectors
x = pm−1(A)b, where pm−1 is a polynomial of degree at most m− 1.

First question that one might ask is: How big can the Krylov space be? Or in
other words: What can we say about the dimension of the Krylov subspace
for increasing m? This question is answered in following result.

Lemma 3.2.1 Let ψA be the minimal polynomial of A. There exists an
index 0 < NA,b ≤ deg(ψA) such that Km(A,b) is invariant under A for all
m ≥ NA,b.

It is easy to see that the Krylov subspaces are nested, hence the process
must stop in the worst case for m = N . But if the degree of the minimal
polynomial ψA of A is less then the degree of its characteristic polynomial
χA, then it should stop earlier, since otherwise the vectors become linearly
dependent. From Lemma 3.2.1 it is clear that dim(Km) = min{m,NA,b}. But
this result does not take the vector b into account. For that, the minimal
polynomial of b with respect to A must be taken into account. It is defined
as follows.

Definition 3.2.2 The minimal polynomial of b with respect to A, denoted by
ψA,b, is defined to be the monomial of smallest degree such that ψA,b(A)b = 0.
The degree of ψA,b is called the grade of b with respect to A.

From Lemma 3.2.1 it is evident that

ANA,bb = α0b + α1Ab + . . .+ αNA,b−1A
NA,b−1b,

for uniquely determined coefficients α0, α1, . . . , αNA,b−1. Taking all terms to
the left-hand side and replacing A by z, it becomes evident that NA,b =
deg(ψA,b), which provides the answer to the question regarding the size of
the Krylov subspace.

The vectors {b, Ab, A2b, . . . , Am−1b} form an ill-conditioned basis for the
Krylov subspace, as they often point almost in the same directions, namely,
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the directions of the eigenvectors of A associated with extreme eigenvalues.
Therefore, it is desirable to construct an orthonormal basis. This can be ac-
complished by using the Gram-Schmidt orthogonalization for reasonable m.
For the practical implementation the round-off effects should be considered
as well. Therefore, a modified Gram-Schmidt method can be used, which is
known to have superior numerical stability. In the context of Krylov sub-
spaces, Gram-Schmidt orthogonalization or its modified version are referred
by Arnoldi’s algorithm, which is presented in Algorithm 3.2.1.

Algorithm 3.2.1: Arnoldi using modified Gram-Schmidt

Data: A ∈ CN×N , b ∈ CN and m ≤ L ≤ N
Result: Vm = {v1,v2, . . . ,vm} , Hm = {hi,j : 1 ≤ i, j ≤ m}, vm+1 and

hm+1,m

begin
v1 ←− b/‖b‖
for j = 1, 2, . . . ,m do

w←− Avj
for i = 1,2, . . . , j do

hi,j ←− (w,vi)
w←− w − hi,jvi

hj+1,j ←− ‖w‖2

if hj+1,j > 0 then
vj+1 ←− w/hj+1,j

else
vj+1 ←− 0

The cost of this algorithm is O(m2N) flops and the storage requirement is
O((m + 1)N). The matrix Vm ∈ CN×m contains, in its m columns, an or-
thonormal basis for the Krylov subspace Km(A,b). One can interpret V H

m ,
the conjugate transpose of Vm, as a projection from CN to the Krylov sub-
space represented in the new basis. This means, for a given vector y ∈ CN ,
the closest vector from Km(A,b) is the projection VmV

H
m y, as represented in

the original basis. The matrix Hm ∈ Cm×m represents the unreduced upper
Hessenberg matrix, which can be interpreted as projection of A onto the
Krylov subspace. This becomes evident by the following proposition whose
proof is elementary.
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Proposition 3.2.1 For Algorithm 3.2.1 the following relations hold

AVm = VmHm + hm+1,mvm+1e
H
m, (3.15)

Hm = V H
m AVm, (3.16)

where em represents the m-th unit vector in Cm.

The relation (3.15) is called the Arnoldi’s relation. Its pictorial description
is given in Figure 3.1.

AVm = Vm

Hm

+ hm+1,m vm em
H

Figure 3.1: The Arnoldi’s relation.

Approximation of the Solution of a System of Linear Equations

We first look at extracting an approximation to the solution of the system
of linear equations, Ax = b, from the Krylov subspace. It can be proved by
induction that for any polynomial of degree ≤ m− 1 we have

pl (A) v1 = Vmpl (Hm) e1, (3.17)

for all l ≤ m − 1. This result for polynomials is valid also for the function
f(z) = 1/z , see [Saa92]. Taking the initial guess x0 = 0, the residual r0
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becomes b. We look for an approximation xm ∈ Km such that the residual
rm = b− Axm is orthogonal to Km. i.e.,

(b− Axm, Vm) = 0,

which results in

V H
m Axm = V H

m b.

Such an approximation is also referred to as Galerkin projection. Since xm is
an approximation from the m-dimensional Krylov subspace Km(A,b), there
exists an element ym ∈ Km(A,b) such that xm = Vmym. Also note that
V H
m b = βe1, where β = ‖b‖, see Algorithm 3.2.1. Therefore, we get

ym = β
(
V H
m AVm

)−1
e1.

Finally, using Eq.(3.16) and transforming this back to CN we get

xm = βVmH
−1
m e1. (3.18)

Representation of the matrix function via a Cauchy integral formula involves
the shifted system of linear equations, therefore, we consider now the shifted
system of linear equations (λI − A)x = b, where λ is not an eigenvalue of
A. We assume that λ 6∈ F(A), where F(A) represents the field of values of
A. This ensures that λ is not an eigenvalue of Hm either, because F(Hm) ⊂
F(A). Since the Krylov subspace with respect to λI − A and b results in
the span of same vectors as (3.14), we have Km(λI − A,b) = Km(A,b).
Therefore, an approximation similar to (3.18) is given by

xm(λ) = βVm (λI −Hm)−1 e1. (3.19)

However, Arnoldi’s relation for the Krylov subspaceKm(λI−A,b), undergoes
some minor changes. It now becomes

(λI − A)Vm = Vm(λI −Hm)− hm+1,mvm+1e
H
m. (3.20)

Using (3.20) to compute the residual of the approximation (3.19), yields

rm(λ) = hm+1,m

(
eHm(λI −Hm)−1e1

)
vm+1. (3.21)

Note that the residual belongs to a one-dimensional subspace spanned by the
vector vm+1. The expression above allows the computation of the norm of
the residual without ever constructing the residual itself.
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Approximation of f(A)b

We now turn towards the extraction of the approximation to the action of a
matrix function on a vector from the Krylov subspace. There are different
derivations available in the literature to accomplish the task at hand, however
we will use the one based on the Cauchy integral formula following [HL97].
Let f : C→ C be analytic in some neighborhood of F(A), then its extension
to matrix arguments is given as follows

f (A) b =
1

2πi

∫
Γ

f (λ) (λI − A)−1 b dλ, (3.22)

where Γ is a contour surrounding F(A). Using the approximation (3.19), we
get

f (A) b ≈ β

2πi

∫
Γ

f (λ)Vm (λI −Hm)−1 e1dλ,

which in turn gives
f (A) b ≈ βVmf (Hm) e1. (3.23)

Clearly, the problem of approximating the action of a function of a large
matrix, with dimension N , to some vector is reduced to the one for a matrix
with dimension m � N . The computation of the reduced problem can be
carried out by any of the methods mentioned in the introduction to this
section. Time dependence can easily be accommodated in a Krylov subspace
approximation as follows

f (tA) b ≈ βVmf (tHm) e1. (3.24)

The time parameter plays a role in the error bounds for these approximations.
The a-priori error bounds for the case of f(z) = ez have been derived in
[Saa92], but these error bounds are not sharp. Later in [HL97], sharp a-priori
error bounds for different types of matrices were derived. Their approach is
based on integrating the error bounds for the approximation (3.19) inside the
Cauchy integral formula. We present here the error bounds from that work
for the special case of Hermitian negative semi-definite matrices. Here b is
assumed to have a unit norm.

Theorem 3.2.1 [HL97, Theorem 2] Let A be a Hermitian negative semi-
definite matrix with eigenvalues in the interval [−4ρ, 0], with ρ > 0. Then,
the error in the Krylov subspace approximation of etAb is bounded as follows:

‖etAb− VmetHme1‖ ≤ 10 e
−m2

5ρt ;
√

4ρt ≤ m ≤ 2ρt, (3.25)

‖etAb− VmetHme1‖ ≤
10

ρt
e−ρt

(
eρt

m

)m
; m ≥ 2ρt. (3.26)
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Note the super-linear convergence. These bounds should be compared with
the corresponding bounds for the conjugate gradient method applied to (I−
tA)x = b given by

‖x− xm‖ ≤ 2
√

1 + 4ρt

(
1− 2√

1 + 4ρt+ 1

)m
,

which is not super-linear and decay starts only afterm�
√
ρt. For details see

[HL97]. Therefore, the Krylov subspace approximation for the matrix func-
tion operation f(A)b converges much faster than for linear systems. Other
error bounds, asymptotic in nature, showing this behavior have been derived
in [Dru95].

The knowledge of the spectral radius of A is mandatory for any practical
use of the error bounds (3.25) and (3.26). However, in [Saa92] a practical
a-posteriori error estimates for the matrix exponential operation eAb is also
proposed. These estimates were later generalized in [Sid98] for general φ-
functions defined in Eqs.(3.6). Their estimate is given by

φp(τA)b− βVmφp(τHm)e1 = τ−pβ
∞∑

j=p+1

hm+1,mτ
jeHmφj(τHm)e1A

j−p−1vm+1.

The first term of the series on the right-hand side does not involve a matrix
vector product. This term is usually sufficient to estimate the error. Let us
denote the error in approximating the φp-operation by εp, then the first order
estimation of the error can be written as follows:

εp =: τβ|hm+1,meHmφp+1(τHm)e1|. (3.27)

This term has been used previously for the estimation of error, see for ex-
ample [NW12]. It involves the evaluation of φp+1(τHm). Fortunately, there
is a way to compute it in an efficient manner using a trick introduced first
in [Saa92] for the exponential function and later extended in [Sid98] to φ-
functions. We report here the related theorem from [Sid98].

Theorem 3.2.2 [Sid98, Theorem 1] Let c ∈ Cm and define

H̃m+p =


Hm c 0 · · · 0

0 1
. . . · · ·

0
. . . 0
. . . 1

0 0

 ∈ C
(m+p)×(m+p),
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then

eτH̃m+p =


eτHm τφ1(τHm)c τ 2φ2(τHm)c · · · τ pφp(τHm)c

1 τ/1! · · · τ p−1/(p− 1)!

1
. . .

...
. . . τ/1!

0 1

 .

The theorem allows an efficient calculation of the desired approximation
along with the information that can be used in (3.27) to estimate the er-
ror.

The Symmetric Lanczos Algorithm and Loss of Orthogonality

As a special case, one may consider a Hermitian matrix A. In that case
the inner loop in Algorithm 3.2.1 gets simplified, and the upper Hessenberg
matrix Hm, being symmetric, reduces to a tridiagonal matrix Tm. This is so
because in this case hi,j = 0 for 1 ≤ i < j − 1 and hj+1,j = hj,j+1. Setting
αj = hj,j and βj = hj−1,j, Algorithm 3.2.1 can be modified to fit into the
new scenario.

Algorithm 3.2.2: Symmetric Lanczos using modified Gram-Schmidt

Data: A ∈ CN×N , b ∈ CN and m ≤ L ≤ N
Result: Vm = {v1,v2, . . . ,vm} , Tm = {ti,j : 1 ≤ i, j ≤ m}, vm+1 and

βm+1

begin
v0 ←− 0
v1 ←− b/‖b‖
β1 ←− 0
for j = 1, 2, . . . ,m do

wj ←− Avj − βjvj−1

αj ←− (wj,vj)
wj ←− wj − αjvj
βj+1 ←− ‖wj‖2

if βj+1 > 0 then
vj+1 ←− wj/βj+1

else
vj+1 ←− 0

Algorithm 3.2.2, presented above, is often referred to as the symmetric
Lanczos algorithm. Proposition 3.2.1 remains valid with Hm replaced by Tm
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and hm+1,m replaced by βm+1, i.e., analogous to Arnoldi’s relation (3.15) we
now have

AVm = VmTm + βm+1vm+1e
H
m. (3.28)

In a finite precision arithmetic implementation of Algorithm 3.3.2, as the
dimension m of the Krylov subspace grows, the Lanczos vectors arranged
in the matrix Vm start losing orthogonality. In Figure 3.2, we show this
loss of orthogonality when Algorithm 3.2.2 is run with a random matrix of
order 500 and a random input vector. The loss of orthogonality among the

1 2 3 4 5 6 7 8
10

−20

10
−15

10
−10

10
−5

10
0

Number of Standard Lanczos Iterations 

L
o

s
s
 o

f 
O

rt
h

o
g

o
n

a
lit

y

Figure 3.2: Loss of Orthogonality among the Lanczos Vectors generated by
Algorithm 3.2.2

Lanczos vectors was first analyzed in [Pai71] by C. C. Paige. Now a days
in the literature, his analysis is known as the fundamental error analysis of
Paige. Some preparations are required before we can state Paige’s theorem.

In finite precision arithmetic, Eq.(3.28) should be replaced by the follow-
ing

AVm = VmTm + βm+1vm+1e
H
m + Zm, (3.29)

where Zm accounts for the effects of roundoff errors. Also the fundamental
relation V H

m Vm = Im is no more valid in the current setting. It should be
replaced by the following

Im − V H
m Vm = UH

m + ∆m + Um, (3.30)

where ∆m is a diagonal matrix and Um is a strictly upper triangular matrix.
However, it is assumed that the Lanczos vectors are locally orthogonal up to
working precision, i.e.,

vHi+1vi = 0 i = 1, . . . ,m− 1 and βm+1v
H
m+1vm = 0. (3.31)
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Let

TmQm = QmΛm, (3.32)

be the Schur decomposition of Tm. The matrices Qm = (qjk) and Λm =
diag(θ1, . . . , θm) contain orthonormal eigenvectors and eigenvalues of Tm, re-
spectively. Further, define

Ym = [y1, . . . ,ym] = VmQm. (3.33)

The eigenvectors θi and vectors yi are called Ritz values and Ritz vectors of
A, respectively. The pair (θi,yi) is called a Ritz pair of A and serves as an
approximation to an eigenpair of A. Multiplying Eq.(3.29) by Qm from the
right and using Eqs. (3.32) and (3.33), we get

AYm − YmΛm = βm+1vm+1e
H
mQm.

From the equation above it is clear that for a particular Ritz pair (θi,yi), we
have

||Ayi − θiyi|| = |βm+1||qmi| := βmi, (3.34)

which gives the computable error in approximating an eigenpair of A. We
are now ready to state the main result of Paige’s analysis.

Theorem 3.2.3 [Par98, Theorem 13.4.1] Assume that relations (3.29) through
(3.32) hold true. Let Pm and Rm, be the strictly upper triangular parts of the
skew symmetric matrices

ZH
mVm − V H

m Zm and ∆mTm − Tm∆m, (3.35)

respectively, and let Γm = QH
m(Pm + Rm)Qm. Then, the Ritz vectors yi, i =

1, . . . ,m satisfy

yHi vm+1 =
γ

(m)
ii

βmi
, (3.36)

and for i 6= k

(θi − θk)yHi yk = γ
(m)
ii

(
qmk
qmi

)
− γ(m)

kk

(
qmi
qmk

)
− (γ

(m)
ik − γ

(m)
ki ), (3.37)

where Γm = (γ
(m)
ik ).

Paige further proved that

|γ(m)
ik | ≤ O(ε||A||), ∀ i, k (3.38)
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where ε denotes the working precision. For a proof of Paige’s theorem and
the bound (3.38) consult [Pai71], [Pai76] or [Par98]. From Eq.(3.36), in the
light of Eq.(3.34) and bound (3.38), it is evident that loss of orthogonality is
governed entirely by the factor βmi. Ironically, a smaller value of βmi indicates
convergence of a Ritz pair but only at the price of causing loss of orthogonality
among the Lanczos vectors. The Lanczos vector vm+1 will have an undesired
component in the direction of any converged Ritz vector. Further, from Eq.
(3.37), all other Ritz vectors will also tilt towards any converged Ritz vector.
We will make extensive use of this insight while selecting the Ritz vectors
for the purpose of restarting and sequential processing of multiple right-hand
side in a method for exponential integrators proposed in Chapter 4.

Detecting loss of orthogonality based on the size of βmi would require
calculation of eigenvectors in each iteration. Fortunately, there is an easier
way available to serve the purpose. Define

κ = ||Im − V H
m Vm||2 (3.39)

to be the loss-of-orthogonality measure. Although for m� N , on any mod-
ern architecture, the calculation of κ is not exorbitant, however, even this
can be minimized by using the following lemma.

Lemma 3.2.2 Consider Vm+1 = [Vm vm+1]. If Vm satisfies κ ≤ µ and
|1− vHm+1vm+1| ≤ ε then ||Im+1 − V H

m+1Vm+1||2 ≤ µ+ where

µ+ =
1

2

(
µ+ ε+

√
(µ− ε)2 + 4||V H

m vm+1||22
)
. (3.40)

Here µ denotes the working precision. One strategy could be to estimate κ
in each iteration using the lemma above while occasionally using Eq. (3.39).
For proof of the lemma, consult [KP76] or [PS79].

3.2.2 Block Krylov Subspace Approximation

The proposed method for an efficient implementation of exponential inte-
grators in the next chapter is based on the block extensions of some of the
material presented in the previous subsection. The purpose of this section is
twofold. First, although trivial, the block extension of the material above is
not readily available in the literature. Second, in this section we introduce
some new notation, that will facilitate the description of our new approach.
We have seen in Chapter 2 that our approach to space discretization delivers
a symmetric system matrix, therefore, we will concentrate here only on the
symmetric block Lanczos method.
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We need some notation to work with the block extension of the Lanczos
algorithm considered previously. We present below a comprehensive notation
whose full strength will become evident as we move to the next chapter.
Capital letters will be used to represent matrices and small letters to represent
either vectors or scalers. The difference between a scaler and a vector should
be clear from the context. As before, the Lanczos vectors are arranged in
a matrix V , but here we use a different notation. The matrix V

(l)
mk ∈ Cn×m

represents a matrix containing mk Lanczos vectors in its columns resulting
from the k-th cycle of a restarting Lanczos procedure. The matrix V

(l)
pk,qk ∈

Cn×pk will represent a block of pk Lanczos vectors, whose position in V
(l)
mk

is represented by the block number qk, for example qk = 1 indicates the
starting block V

(l)
pk,1

for the k-th cycle of a restarting block Lanczos algorithm
described in the next chapter. The superscript indicates the system number
being processed. With Emk,pk we represent a matrix with mk rows whose
last pk rows constitute the identity matrix Ipk . Similarly Epk

mk
represents the

matrix with mk rows whose first pk rows constitute the identity matrix Ipk .

In the following we drop the superscript l and subsubscript k because
we do not need them here. The block version of the symmetric Lanczos
algorithm is similar to the standard Lanczos algorithm except that it starts
with a set of p > 1 mutually orthogonal vectors arranged in Vp,1, instead
of a single vector v1. The algorithm generates an orthonormal basis of the
Krylov subspace

Km(A;Vp,1) = span{Vp,1, AVp,1, . . . , Aq−1Vp,1}, (3.41)

where m = pq. Let Vp,1, Vp,2, . . . , Vp,q ∈ Cn×p be the sequence of mutually or-
thogonal blocks with orthonormal columns generated by the symmetric block
Lanczos algorithm. Then, in the q-th step the matrix AVp,q is constructed
and orthogonalized with respect to all previous blocks. The columns of the
blocks are generated by means of a QR factorization. The algorithm is pre-
sented in Algorithm 3.2.3. It assumes availability of a routine qr for the QR
factorization. An orthonormal basis for the Krylov subspace Km (A;Vp,1)
generated by this algorithm is arranged in Vm = [Vp,1, Vp,2, . . . , Vp,q]. The pro-
jection of the matrix A onto this Krylov subspace is given by the following
block tridiagonal matrix

Tm =


A1 BH

2

B2 A2
. . .

. . . . . . BH
q

Bq Aq

 , (3.42)
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Algorithm 3.2.3: Symmetric Block Lanczos Method using QR

Data: Vp,1 ∈ Cn×p such that V H
p,1Vp,1 = Ip

Result: Vm = {Vp,1, Vp,2, . . . , Vp,q}, a block tridiagonal matrix Tm
, the last block Vp,q+1 and Bq+1 ∈ Cp×p
begin

W ←− AVp,1
for j = 0, 1, . . . , q do

if j > 0 then
[Vp,j+1, Bj+1]←− qr (W )
W ←− AVp,j+1 − Vp,jBH

j+1

j ←− j + 1
Aj ←− V H

p,jW
W ←− W − Vp,jAj

where the projection coefficients and norms of orthogonal vectors correspond-
ing to the i-th step are arranged in Ai ∈ Cp×p and Bi ∈ Cp×p, respectively. If
we require the matrices Bi, generated by the QR-factorization, to be upper
triangular then Tm becomes a band matrix with bandwidth 2p + 1. Analo-
gous to the standard Lanczos procedure, for the block Lanczos method, we
have the following relation at the end of the q-th iteration,

AVm = VmTm + Vp,q+1Bq+1E
H
m,p. (3.43)

Since Vm constitutes an orthonormal basis, we have

V H
m Vm = Im, (3.44)

which, together with Eq. (3.43) and the fact that p vectors in the block Vp,q+1

are orthogonal to the Krylov subspace in (3.41) leads to

Tm = V H
m AVm. (3.45)

Loss of Orthogonality

The block Lanczos algorithm is computationally efficient compared to the
standard Lanczos algorithm, but the problems concerning loss of orthogonal-
ity among Lanczos vectors after convergence of a Ritz pair prevail. To see
how they can be dealt with in this setting, we compute the Schur decompo-
sition of the block tridiagonal matrix Tm as in (3.32). The Ritz vectors are
again arranged in Ym = [y1, . . . ,ym] = VmQm. Multiplying Eq. (3.43) by
Qm from the right and using (3.32), we get

AYm − YmΛm = Vp,q+1Bq+1E
H
m,pQm.
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Considering a particular Ritz pair (θi,yi) in the expression above and taking
the norm, we get

||Ayi − θiyi|| = ||Bq+1

(
EH
m,pqi

)
|| := βmi. (3.46)

We can use this to estimate convergence of a Ritz vector. By Paige’s theorem
we know that convergence of a Ritz vector implies loss of orthogonality among
the Lanczos vectors. A comparison of Eq. (3.46) with Eq. (3.34) reveals
that in the case of the block Lanczos algorithm the last p components of an
eigenvector qi play an important role instead of just the last component.

As before, we do not want to use the size of βmi for the purpose of detect-
ing loss of orthogonality in each iteration. We use it only while selecting Ritz
vectors for restarting purposes. Our numerical experiments in the current
and the next chapter reveal that Lemma 3.2.2 can also be used for the case
of block Lanczos algorithm. Let

||Im − V H
p,q+1Vp,q+1|| ≤ εp, (3.47)

where εp represents the accuracy of the orthonormal block returned by the
routine for QR-factorization used in Algorithm 3.2.3. The statement of the
lemma in the notation for the block Lanczos algorithm is as follows:

Lemma 3.2.3 Consider Vm+p = [Vm Vp,q+1]. If ||Im − V H
m Vm|| ≤ µ then,

||Im+p − V H
m+pVm+p|| ≤ µ+ where

µ+ =
1

2

(
(µ+ εp) +

√
(µ− εp)2 + 4||V H

m Vp,q+1||2
)

(3.48)

The proof of the lemma is on the same lines as for the standard Lanczos
algorithm and the reader is referred to [KP76] and [PS79] for further details.
In Figure 3.3, we compare the loss of orthogonality as measured by Eq. (3.47)
and its estimation using Lemma 3.2.3 for a random matrix of order N = 100
and a random starting block containing p = 5 vectors. Clearly, Lemma 3.2.3
provides a good estimator for actual loss of orthogonality among Lanczos
blocks.

Having seen how to detect the loss of orthogonality, the next problem is
concerned with its cure. A naive strategy is to reorthogonalize all Lanczos
blocks once orthogonality is lost, however, this will be very expensive for
large problems. As seen by Paige’s analysis, if a Ritz vector has converged
then the last Lanczos block will have undesirable components in its direction
causing loss of orthogonality among Lanczos vectors. This happens because
the converged Ritz vector resides in the Krylov subspace being generated
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Figure 3.3: Loss of Orthogonality among the Lanczos Vectors generated by
Algorithm 3.2.3

and the last Lanczos block is supposed to be orthogonal to the Krylov sub-
space. Therefore, an obvious strategy to prevent loss of orthogonality is to
orthogonalize the last Lanczos block against any converged Ritz vector. An-
other problem is recurrent appearance of a previously converged Ritz vector
after curing the loss of orthogonality. Although not much pronounced in
the context of block Lanczos algorithm, it can be remedied by keeping any
converged Ritz vector in memory and controlling components of newly com-
puted Lanczos blocks in the directions of converged Ritz vectors. This can
be achieved by simply orthogonalizing any newly generated Lanczos block
against stored Ritz vectors when required. This strategy, called selective re-
orthogonalization (SRO), was presented in [Par98] in the context of standard
Lanczos algorithm. In Figure 3.4, we compare our block Lanczos algorithm
implemented with and without curing loss of orthogonality. The block Lanc-
zos algorithm is run for a random matrix of order N = 500 with a starting
random block of size p = 5. Selective reorthogonalization is activated when-
ever the estimate for the loss of orthogonality falls below the square root
of machine precision. This numerical example establishes the authenticity
of the selective reorthogonalization strategy as well as its workability with
block Lanczos extension.
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Figure 3.4: Selective Reorthogonalization for the Block Lanczos Algorithm

Approximation of f(A)b

To clarify the notation further we now describe the approximation of matrix
function operation z(1) = f(A)b(1), for the first cycle of the first system, in the

context of the block Lanczos notation. We chose the initial guess x
(1)
0 = 0 for

the shifted linear system (λI−A)x(1) = b(1), so that the corresponding initial

approximation to z(1) is z
(1)
0 = 0. Select j mutually orthonormal vectors

{y1,y2, . . . ,yj} orthogonal to the initial normalized residual r
(1)
0 = b(1)/η0,

where η0 = ‖b(1)‖. Set the initial block in the block Lanczos algorithm to

V
(1)
λ1,1

= {r(1)
0 ,y1, . . . ,yj},

where λ1 = j + 1. Let m1 = q1λ1, so that q1 iterations of the block Lanczos
algorithm furnish the orthonormal matrix V

(1)
m1 , the projection T

(1)
m1 and the

following relation

(λI − A)V (1)
m1

= V (1)
m1

(
λI − T (1)

m1

)
− V (1)

λ1,q1+1B
(1)
q1+1E

H
m1,λ1

, (3.49)

where
V (1)
m1

= {V (1)
λ1,1

, V
(1)
λ1,2

, . . . , V
(1)
λ1,q1
},

with B
(1)
q1+1 ∈ Cλ1×λ1 and Em1,λ1 ∈ Cm1×λ1 . In order to approximate the

solution x(1) of the shifted linear system, we seek for an approximation of
the form

x(1)
m1

(λ) = V (1)
m1

y(1)
m1

(λ) , (3.50)
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whose residual is given by

r(1)
m1

(λ) = b(1) − (λI − A)V (1)
m1

y(1)
m1

(λ) .

Incorporating relation (3.50) in the equation above and noting that b(1) =

V
(1)
m1 E

1
m1
η0, the residual takes the form

r(1)
m1

(λ) = V (1)
m1
E1
m1
η0 − V (1)

m1

(
λI − T (1)

m1

)
y(1)
m1

(λ)

+ V
(1)
λ1,q1+1B

(1)
q1+1E

H
m1,λ1

y(1)
m1

(λ) . (3.51)

Now, to find the vector y
(1)
m1 , we require that the residual should stay orthog-

onal to the Krylov subspace i.e.,

V (1)H
m1

r(1)
m1

(λ) = 0.

Upon using orthonormality of V
(1)
m1 and noting that by construction we have

V
(1)H
m1 V

(1)
λ1,q1+1 = O, we get

y(1)
m1

(λ) =
(
λI − T (1)

m1

)−1
E1
m1
η0. (3.52)

Using Eq. (3.53) in Eq. (3.51) we get

x(1)
m1

(λ) = V (1)
m1

(
λI − T (1)

m1

)−1
E1
m1
η0. (3.53)

Finally, using the approximation (3.54) in the Cauchy integral formula de-
fined in Eq. (3.22) we get the following approximation to f(A)b(1)

z(1)
m1

= V (1)
m1
f
(
T (1)
m1

)
E1
m1
η0. (3.54)

The residual (3.52) in view of Eq. (3.53) reduces to

r(1)
m1

(λ) = V
(1)
λ1,q1+1B

(1)
q1+1E

H
m1,λ1

y(1)
m1

(λ) . (3.55)

This residual should be compared with the residual (3.21). Note that in this
setting the residual does not belong to a one-dimensional space. Further,
its normalization does not give us a λ-independent vector. We show in the
next chapter how this residual and the selected Ritz vectors can be used to
carry out a restart provided the norm of the residual is not yet satisfactory.
As before we shall be able to calculate this norm without ever forming the
residual vector itself. Note that all relations used above are valid only in
exact arithmetic. Therefore, for a judicious use of these relations in actual
implementation we have to carry out orthogonalization as described previ-
ously.
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3.3 Numerical Computations Concerning Ex-

ponential Integrators and Some Heuristic

Improvements

This section is composed of two numerical experiments. The first experi-
ment is concerned with the computation of the matrix function operation
φ1(hTξ)b, where b represents a vector and Tξ is a special type of a projection
matrix. In the second experiment, we solve problems introduced in §2.4 using
the exponential Euler method. Finally, some new techniques are introduced
to improve the performance of the exponential Euler method and resulting
enhancements are established numerically.

3.3.1 Experiment A

For the algorithms of the next chapter we require approximations of the
matrix function operations performed on matrices that result from projection
of the system matrix onto a Krylov subspace in a restarting strategy. The
dimension of such matrices is typically less than 1000 and we refer to them as
small matrices. This subsection embodies numerical experiments concerned
with approximations of matrix function operations for such matrices. We
compare the performance of algorithms suitable for small matrices when
applied to test projection matrices. The structure of such matrices is typically(

A O
B C

)
,

where O is all zeros, A and C are band matrices and B is a sparse matrix
containing only a few nonzero entries in the top right corner. As we shall see,
in each iteration of a restarted Lanczos algorithm we need to approximate
the matrix function operations with respect to the projection matrices of the
type outlined above. Therefore, the overall performance of the algorithm
depends heavily on matrix function routines for such matrices. We compare
the performance of the three algorithms expm, funm and phipm. A very brief
introduction to these algorithms is given next.

The Algorithm expm

The code expm is the MATLAB’s native implementation of degree-13 diag-
onal Padé approximation with scaling and squaring from [Hig05]. The Padé
approximations are the best rational approximations to a given function. A
(p,q)-Padé approximation to the matrix exponential is thus based upon the



78 Chapter 3

best rational approximation of the function f(x) = ex. In general, Padé ap-
proximations to the matrix exponential suffer from the cancellations due to
the round-off error, the effects are known to be relatively less pronounced for
diagonal approximations, that is, for p = q. The round off error effects in-
crease with increasing t‖A‖. To overcome this difficulty, scaling and squaring
is used. The idea behind scaling and squaring is to exploit the property

eA =
(
eA/2

j
)2j

of the exponential function. The method choses j in such a way that ‖A‖/2j ≤
1. The desired matrix function is then retrieved by repeated squaring. It is
known that expm approximates the matrix function operations up to machine
accuracy.

The Algorithm funm

Let A be a given matrix whose Schur decomposition is given by A = QTQH ,
then a matrix function of A is given by

f(A) = Qf(T )QH .

All that remains is the computation of the matrix function for a triangu-
lar matrix. The computation of matrix functions for triangular and block
triangular matrices is efficiently and reliably computed using the recurrence
formulas based on divided differences from [Par76]. This method is coded
in MATLAB’s function fumn. For the native implementation, funm, of this
method in MATLAB, the user does not control the accuracy, therefore, we
assume that this code also computes approximations up to machine accuracy.

The Algorithm phipm

The phipm code extracts the approximation to the required matrix func-
tion operations from the Krylov subspaces. The solution to an initial value
problem described by a system of ordinary differential equations with poly-
nomial inhomogeneities is provided by the action of φ-functions on a vector
containing initial conditions of the system. Adaptive time stepping for the
computation of the solution to such systems allows for a time adaptive com-
putation of the action of a φ-function on a given vector. The algorithm is
fully adaptive in the sense that it also choses the dimension of the Krylov
subspace adaptively. For details we refer to [NW12]. For phipm the user is
allowed to demand the accuracy of computed approximations.



Chapter 3 79

In numerical results presented below, the phipm code is used twice: once
for a moderate tolerance that equals the square root of the machine precision
and once up to full machine accuracy. We refer to the former by phipm-
ma and later by phipm-ha, where ma and ha stand for moderate and high
accuracy, respectively. The step size is h = 0.1 unless otherwise stated.

The Table 3.2 shows the results for the projection matrices of order
N ∈ {100, 200, 300, 400, 500} corresponding to a restarting strategy applied
to Problem 1 of §2.4. These results correspond to an approximation of
φ1(hTξ)b, where the Tξ’s represent the projection test matrices. The data

N
expm funm phipm-ma phipm-ha

Time (s) Time (s) Time (s) Time (s)
100 0.0431 0.2451 0.1649 0.0799
200 0.1230 0.9835 3.9008 11.2060
300 0.4744 3.4253 5.3999 12.9705
400 1.4258 9.3710 6.3555 15.1708
500 3.0431 7.3174 7.9080 16.9641

Table 3.2: The computational times for test matrices corresponding to Prob-
lem 1 with step size h = 0.1.

from Table 3.2 is also presented in Figure 3.5 below. It is clear that the per-
formance of phipm is not satisfactory for 1d finite difference method of lines.
The reason for that lies in the fact that phipm computes approximations from
the Krylov subspaces and such methods are known to converge slowly if the
extreme eigenvalues are not well separated from rest of the spectrum. In the
experiments reported in later chapters we sometimes have to approximate
the solution to this problem corresponding to small step sizes. Therefore,
the experiment above is repeated for a step size of h = 0.001 and the results
are shown in the Table 3.3. The data is also pictorially represented in the

N
expm funm phipm-ma phipm-ha

Time (s) Time (s) Time (s) Time (s)
100 0.0382 0.2788 0.1976 0.2255
200 0.0452 1.1977 0.1180 0.2587
300 0.1559 2.3848 0.1412 0.3257
400 0.7297 4.3792 0.1696 0.3634
500 1.7894 6.9265 0.2152 0.4286

Table 3.3: The computational times for test matrices corresponding to Prob-
lem 1 for step size h = 0.001.
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Figure 3.5: Comparison of the computational times for for test matrices
corresponding to Problem 1 with step size h = 0.1.

Figure 3.6. Notice that if smaller step sizes are used then phipm outperforms
expm for projection matrices of order grater than 300.

The data represented in the Table 3.4 corresponds to the test matrices
obtained from a restarting Lanczos algorithm used on Problem 2 of §2.4. A

N
expm funm phipm-ma phipm-ha

Time (s) Time (s) Time (s) Time (s)
100 0.0299 0.2593 0.2204 0.2309
200 0.0375 1.2847 0.1523 0.3114
300 0.1730 2.6822 0.1829 0.3618
400 0.7482 4.5777 0.2139 0.4009
500 1.7994 7.2359 0.2710 0.4877

Table 3.4: The computational times for test matrices corresponding to Prob-
lem 2 with step size h = 0.1.

pictorial representation of the data from Table 3.4 is depicted in Figure 3.7.
Note that in this case the algorithm phipm has much better performance
even for the step size h = 0.1. The reason is that the projection matri-
ces corresponding to the two dimensional problem have relatively favorable
distribution of extreme eigenvalues.

Finally, in Table 3.5 we present the results corresponding to the projec-
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Figure 3.6: Comparison of the computational times for test matrices corre-
sponding to the Problem 1 with step size h = 0.001.

tion matrices obtained for Problem 3 of §2.4. The data is also depicted in

N
expm funm phipm-ma phipm-ha

Time (s) Time (s) Time (s) Time (s)
100 0.0307 0.2767 0.1496 0.1250
200 0.0341 1.4004 0.0671 0.1429
300 0.2069 2.7213 0.0776 0.1687
400 0.8091 4.8092 0.0905 0.1933
500 1.8340 8.0845 0.1179 0.2425

Table 3.5: The computational times for test matrices corresponding to Prob-
lem 3 with the step size h = 0.1.

Figure 3.8. In this case as well, the performance of phipm is far better than
expm or funm.

Based on the observation from the experiments above we formulate our
strategy for approximations of φ-function operations on projection matrices
as follows. For Problem 1 we shall use the algorithm expm only with small
step sizes, otherwise phipm with moderate accuracy shall be used. For the
two-dimensional Problems 2 and 3 we shall use expm whenever the order of
the projection matrix is below 300 otherwise phipm shall be preferred. This
setting will remain fixed for all numerical experiments that will appear in
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Figure 3.7: Comparison of the computational times for test matrices corre-
sponding to Problem 2 with step size h = 0.1.

this work.

3.3.2 Experiment B

The purpose of our next experiment is to highlight disadvantages of using
exponential integrators with standard Lanczos algorithm for the Problems 1-
3 of §2.4. For each of these problems, we propose changes to the underlying
Lanczos algorithm that result in considerable performance enhancements. In
all the experiments below the Lanczos algorithms are run until the error of
approximation in the computation of the φ-function falls below the square
root of the machine accuracy. Let the system matrix be represented by A,
a vector representing the right-hand side corresponding to the current time
step by b, the projection matrix corresponding to j-th Lanczos iteration by
Tj and the corresponding vector by ηj.

Problem 1:

For the one-dimensional Problem 1 we first use the following method.

• Algorithm 3-1a: Uses the exponential Euler method with step size
h = 0.1 to approximate the solution of Problem 1. In each time step,
the standard Lanczos algorithm is used to compute an approximation
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Figure 3.8: Comparison of the computational times for test matrices corre-
sponding to Problem 3 with the step size h = 0.1.

to φ1(hA)b. Inside the standard Lanczos algorithm, expm is used to
approximate φ1(hTj)ηj in each iteration.

Results for N ∈ {200, 400, 600, 800, 1000} are shown in Table 3.6. Even

N CPU Time (s) Ex. Error No. of Iterations
200 6.61 2.18e-03 1004
400 46.37 1.54e-03 2004
600 353.92 1.26e-03 3005
800 1799.50 1.09e-03 4006

1000 5428.00 9.76e-04 5007

Table 3.6: The compuational times, exact error and the number of standard
Lanczos iterations for Algorithm 3-1a.

for such coarse space discretization the performance of using a naive imple-
mentation is far from being satisfactory. This was anticipated because it is
well-known that for such matrices the convergence of the approximation to
the φ1-function starts only after the number of Lanczos iterations reaches
half the order of the system matrix, unless small enough step sizes to effect
this behavior are used. Therefore, for the chosen step size we need to take
10 steps and each step requires the construction of a new Krylov subspace
whose dimension must be at least half the order of the system matrix. This
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can be verified from Table 3.6 by dividing the number of iterations with the
number of steps. In our numerical experiments for this problem we have
observed another interesting feature related to the loss of orthogonality. The
loss of orthogonality and convergence of the φ1-function go hand in hand and
occur when the number of standard Lanczos iterations has reached half the
order of the system matrix. We can make use of this insight and speed up
the iterations by postponing calls to the routine for the approximation of
the φ1-function for the projection matrices until the indicator for the loss of
orthogonality falls below a prescribed tolerance.

• Algorithm 3-1b: Uses the exponential Euler method with step size
h = 0.1 to approximate the solution of Problem 1. In each time step,
the standard Lanczos algorithm is used to compute an approximation
to φ1(hA)b. Inside the standard Lanczos algorithm, φ1(hTj)ηj is ap-
proximated using expm only when the indicator for the loss of orthog-
onality among the Lanczos vectors falls below the square root of the
machine accuracy.

Results obtained in this way are arranged in Table 3.7. It is evident that by

N CPU Time (s) Ex. Error No. of Iterations
200 1.82 2.18e-03 1004
400 8.65 1.54e-03 2004
600 35.11 1.26e-03 3005
800 86.05 1.09e-03 4006

1000 186.20 9.76e-04 5007

Table 3.7: The computational times, exact error and the number of standard
Lanczos iterations for Algorithm 3-1b

using Algorithm 3-1b we can attain the same accuracy with the same number
of calls to the system matrix much faster in comparison to Algorithm 3-1a.
A pictorial comparison of the computational times for both the algorithms is
given in Figure 3.9. It should be mentioned here that, although Algorithm
3-1b improves upon Algorithm3-1a, for large systems N > 2000, the com-
putational times for the approximation of φ1(hTj)ηj will soar because the
dimension of the projection matrix would increase accordingly. Eventually
the overall computational times for large systems will increase because such
computations are required in each time step. Results for higher order expo-
nential integrators are not different either, for the reason that although one
takes fewer time steps, but each time step involves more than one stage and
for each stage a new Krylov subspace has to be constructed.
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Figure 3.9: Comparison of the computational times of Algorithm 3-1a and
Algorithm 3-1b.

Problem 2

The performance of the exponential Euler method for Problem 2 is far better.
The reason for that lies in a favorable distribution of extreme eigenvalues of
the involved system matrices. We first approximate the solution to Problem
2 using standard implementation summarized below.

• Algorithm 3-2a: Uses the exponential Euler method with a step size
h = 0.01 to approximate the solution of Problem 2. In each time step,
the standard Lanczos algorithm is used to compute an approximation to
φ1(hA)b. Inside the standard Lanczos algorithm, the strategy outlined
at the end of Experiment A is used to approximate φ1(hTj)ηj in each
iteration.

Results for N ∈ {20, 40, 60, 80, 100, 120, 160, 200} are arranged in Table 3.8.
Recall that for Problem 2 the dimension of the system matrix is N2. The
tolerance for the convergence of φ1(hTj)ηj is set equal to the square root of
the machine precision. Unlike Problem 1, here we do not have any idea when
the convergence of the approximations of the φ1-function for the projection
matrices starts. Neither the number of standard Lanczos iterations nor the
loss of orthogonality show any fixed pattern with respect to the convergence
of desired approximations. In this case, we propose a strategy that will be
referred as learning strategy based on the loss of orthogonality indicator : For
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N CPU Time (s) Ex. Error No. of Iterations
20 3.29 4.91e-04 1700
40 10.86 4.91e-04 3439
60 32.79 4.91e-04 5222
80 83.69 4.91e-04 7020

100 164.73 4.91e-04 8856
120 301.60 4.91e-04 10721
160 825.10 4.91e-04 14495
200 1944.90 4.91e-04 18320

Table 3.8: The computational times, exact error and the number of standard
Lanczos iterations for Algorithm 3-2a.

the first system, we approximate the φ1-function in each iteration. When the
approximation converges, the value of the loss of orthogonality indicator is
stored in a global variable. For subsequent systems, the standard Lanczos
algorithm is run without calling the approximation routine until the loss
of orthogonality indicator exceeds the stored value. If a subsequent system
requires more iterations then the value stored in the global variable is updated
accordingly.

• Algorithm 3-2b: Uses the exponential Euler method with a step size
h = 0.01 to approximate the solution of Problem 2. In each time step,
the standard Lanczos algorithm is used to compute an approximation
to φ1(hA)b. Inside the standard Lanczos algorithm, the learning strat-
egy based upon the loss of orthogonality indicator is used in order to
approximate φ1(hTj)ηj. The approximation to φ1(hTj)ηj is carried out
according to the strategy outlined at the end of Experiment A.

Results for the same setting as for the Table 3.8 are arranged in the Ta-
ble 3.9. Observe, that for both Algorithms 3-2a and 3-2b the same accuracy
is obtained. A comparison of the computational times and the number of
iterations is also depicted in the Figure 3.10. Notice that, for Algorithm 3-2b,
although the number of calls for the system matrix has slightly increased,
the overall computational times exhibit an improvement.

Problem 3

In the next experiment, we approximate the solution to Problem 3 using the
exponential Euler method. Following the same course, the results for the
standard implementation are reported first.
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N CPU Time (s) Ex. Error No. of Iterations
20 0.81 4.91e-04 1831
40 2.97 4.91e-04 3860
60 9.93 4.91e-04 6054
80 42.92 4.91e-04 8341

100 87.63 4.91e-04 9831
120 160.98 4.91e-04 10729
160 486.17 4.91e-04 14809
200 1194.40 4.91e-04 19036

Table 3.9: The computational times, exact error and the number of standard
Lanczos iterations for Algorithm 3-2b.

• Algorithm 3-3a: Uses the exponential Euler method with a step size
h = 0.01 to approximate the solution of Problem 3. In each time step,
the standard Lanczos algorithm is used to compute an approximation to
φ1(hA)b. Inside the standard Lanczos algorithm, the strategy outlined
at the end of Experiment A is used to approximate φ1(hTj)ηj in each
iteration.

For Problem 3 we consider systems with

N ∈ {145, 545, 1089, 2113, 4225, 8321, 16641, 33025}

internal nodes. The CPU times, exact error and the number of required
Lanczos iterations are presented in Table 3.10. Also for this problem, we

N CPU Time (s) Ex. Error No. of Iterations
145 4.35 2.15e-03 1044
545 13.04 1.24e-03 1904

1089 23.32 1.23e-03 2561
2113 46.58 9.99e-04 3658
4225 102.48 9.95e-04 5106
8321 253.19 9.38e-04 7006

16641 669.31 9.37e-04 10014
33025 2171.00 9.22e-04 13874

Table 3.10: The computational times, exact error and the number of standard
Lanczos iteration for Algorithm 3-3a.

would like to save computational cost by postponing the approximation of
the φ1-function for the projection matrix untill a prescribed event. The
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Figure 3.10: Comparison of the computational times and the number of
Lanczos iterations for Algorithm 3-2a and Algorithm 3-2b.

learning strategy based on the loss of orthogonality does not work well for
this problem. The Krylov subspaces K(A; b) for the system matrices show
the sensitivity with respect to the vector b. A more robust strategy, that also
works fine for Problem 2 and Problem 1 with small step sizes, is proposed
next. In place of storing the indicator for the loss of orthogonality at the time
of convergence, store the iteration number. That is, for the first system,
the approximations to φ1(hTj)ηj are carried out in each iteration. In the
event of convergence, the iteration number is stored in a global variable.
For a subsequent system, the Lanczos algorithm is run without computing
approximations to φ1(hTj)ηj untill the iteration number reaches the stored
value. If further iterations are required, then the stored value is also updated.
We refer to this strategy as learning strategy based on iteration number.

• Algorithm 3-3b: Uses the exponential Euler method with a step size
h = 0.01 to approximate the solution of Problem 3. In each time step
the standard Lanczos algorithm is used to compute approximation to
φ1(hA)b. Inside the standard Lanczos algorithm, the learning strategy
based on the iteration number is used to approximate φ1(hTj)ηj. The
approximation to φ1(hTj)ηj is carried out according to the strategy
outlined at the end of Experiment A.

Results for the same setting as for Table 3.10 are arranged in Table 3.11.
Observe that Algorithm 3-3b attains exactly the same accuracy as obtained
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N CPU Time (s) Ex. Error No. of Iterations
145 3.29 2.15e-03 1100
545 10.07 1.24e-03 1915

1089 18.98 1.23e-03 2700
2113 38.37 9.99e-04 3677
4225 84.60 9.95e-04 5140
8321 206.44 9.38e-04 7041

16641 540.65 9.37e-04 10064
33025 1796.10 9.22e-04 13900

Table 3.11: The computational times, exact error and the number of standard
Lanczos iteration for Algorithm 3-3b.

by Algorithm 3-3a with a slight increase in the number of calls to the system
matrix. However, the computational times reduce because of the savings
gained by postponing the approximation of the φ1-function for the projection
matrices. A comparison of the computational times is shown pictorially in
the Figure 3.11. It should also be mentioned, that in our experiments we
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Figure 3.11: Comparison of the computational times for Algorithm 3-3a and
Algorithm 3-3b.

have observed that increased computational times for Problem 3 relative to
Problem 2 have nothing to do with the structure of the system matrix or
anything inherent to the approximation procedure for φ1(tA)b. Rather they
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are a result of increased computational times required for the evaluation of
the right-hand sides. In the context of finite differences, the evaluation of the
non-linear term g(t, u(t)) is done on the nodes and carried out easily because
the input vector u(t) already contains values on the nodes. However, in the
context of finite elements, the non-linear term must be computed at the center
of masses of the triangles. Therefore, first an input vector is interpolated from
nodes to the center of masses and then the right-hand side is evaluated. The
number of triangles is typically large compared to the number of internal
nodes. For example, for the problem with 16641 internal nodes, the number
of triangles is 32768. Therefore, for the evaluation of a right-hand side in
each time step, the algorithm must loop over all triangles. This explains
the increase of the computational times for Problem 3 relative to systems
with comparable order corresponding to Problem 2. If a comparison of the
underlying Lanczos algorithm is desired, the number of iterations offers a fair
criterion.

We conclude this section with the observation that the performance of
the exponential Euler method, when used with standard Lanczos algorithm,
on Problem 1 is far from being satisfactory, especially for large systems. For
Problem 2 and Problem 3 the results are satisfactory. However, we would like
to emphasize that using the standard Lanczos method for the implementation
of exponential integrators is by no means optimal for the reason that many
Krylov subspaces must be generated from scratch in each time step. We
shall see in the next chapter how the situation improves when more clever
methods based on restarting and multiple processing of right-hand sides are
used instead of the standard Lanczos algorithm, to reduce the data storage
and the computational times, respectively.
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Efficient Algorithms for the
Exponential Method of Lines

There are two main issues related to an efficient implementation of the ex-
ponential integrators. The first issue is related to the computational effort
required in each time step. A careful look at the exponential integrator (3.8)
or one of its examples reveal that each time step requires the construction
of many Krylov subspaces. In particular, an s-stage explicit ERK method
requires the construction of s Krylov subspaces to approximate all involved
φ-functions. This renders a standard implementation of exponential inte-
grators computationally inefficient. The problem is tackled by sequentially
processing multiple right-hand sides first for shifted linear systems and then
using it inside the Cauchy integral formula to obtain approximations to the
matrix function operations involved in the exponential integrators. A block
Lanczos algorithm can handle multiple right-hand sides directly provided
that all right-hand sides are known in advance. But this is not the case
here because a right-hand side can be realized only after its predecessor has
been processed. Most methods for multiple processing of right-hand sides
require availability of a good number of Lanczos vectors in memory, in con-
trast to the standard Lanczos algorithm which only requires three vectors in
memory. But in the context of exponential integrators, the Lanczos vectors
must be kept in the memory because they are required for the computation
of approximations to involved matrix functions. Once, for a given system,
these vectors are generated, processing of a successor system is carried out by
projection onto the space generated by the stored vectors. The storage cost
for processing the successor systems could be saved if a restarting method
is used. Considerable savings are possible especially for problems with very
large dimension.

The literature related to systems of linear equations is abundant with

91
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both sequential processing of multiple right-hand sides and restarting strate-
gies. In the context of matrix functions, the use of restarting was first pro-
posed in [EE05]. Restarting was also proposed by [Nie06] and serves as a
motivation for our approach. The last reference also proposed the use of
thick restarting and multiple processing of right-hand sides in the context
of exponential integrators. Later in [EEG11], thick restarting strategies for
the application of matrix functions on a vector were analyzed, improving on
[EE05]. The method developed in [Nie06] generates a Krylov subspace for
given right hand sides using a Lanczos/Arnoldi algorithm without restart-
ing while storing the bulk of Lanczos vectors generated in the process in
the memory. Subsequent right-hand sides are then processed by obtaining
an initial approximation from the space spanned by the stored vectors. If
the error in this initial approximation is not below the desired tolerance
then a thick restarting Lanczos/Arnoldi algorithm is used to refine the ini-
tial approximation. The multiple processing of right-hand sides in [Nie06] is
carried out using Ruhe’s algorithm. Our algorithm in this chapter borrows
that main idea, however, our approach to multiple processing of right-hand
sides is new. It uses a proposed block version of the thick restarting algo-
rithm. The thick restarting algorithm was presented in [WS98]. This results
in projection matrices that have considerably different structure than their
counterparts form [Nie06]. The a-posteriori error estimates for φ-functions of
the type (3.27) seen previously for standard Lanczos algorithm are extended
to the block setting and shown to work within a restarting framework. It
should also be mentioned that our restarting strategy is based on selective re-
orthogonalization unlike reorthogonalizaiton strategies proposed in [WS98].
The improvements proposed in the previous section are then combined with
restarting and multiple processing of right-hand sides to achieve further en-
hancements, which are then numerically validated. The outline of the chapter
is as follows.

In §4.1, the plain restarting strategy for the Lanczos algorithm applied to
the approximation of φ-functions is presented. A numerical comparison with
the Lanczos algorithm without using the restarting strategy is presented to
emphasize the delay in the convergence typical for plain restarting. The delay
in the convergence is overcome by using Ritz vectors while restarting. To that
end, a block version of the thick restart Lanczos algorithm is developed. The
purpose of extending the algorithm to the block Lanczos setting lies in its
use for multiple processing of right-hand sides that appears in subsequent
sections. The thick restarting block Lanczos algorithm is presented in §4.2.
The performance advantage of the thick restarting block Lanczos for different
number of Ritz vectors over the plain restarting block Lanczos and block
Lanczos without restarting is established numerically.
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Starting from §4.3, the focus is on multiple processing of right-hand sides.
The Lanczos Galerkin projection method applied to matrix functions from
[Nie06] is reinvented by using the thick restarting block Lanczos algorithm
proposed in §4.2. Numerical comparison of the algorithms from Chapter
2, which are based on MATLAB’s ordinary differential equations suit, and
the exponential integrators using standard Lanczos algorithm using improve-
ments proposed in the Chapter 3, with the implementation of the exponential
integrators using multiple processing of right-hand sides and thick restarting
are presented.

4.1 Plain Restarting Block Lanczos Method

There are many restarting strategies available for the approximation to the
solution of a system of linear equations in the literature. The simplest
among them is known as the plain restarting strategy. Although all new
approaches/methods presented in the subsequent sections makes use of Ritz
vectors for restarting, it pays off to first visit the plain restarts in order to
understand the basic mechanism inherent in a restarting strategy.

In a restarting procedure the maximum number of Lanczos vectors is
fixed in advance. Let m̄ represent that absolute limit. This means that the
size of the matrix Vm can not exceed n× m̄. We explain the plain restarting
strategy corresponding to the setting of the previous section, i.e., for the
block Lanczos with an initial block of size λ1 = j + 1. Suppose that q1 is
such that (q1 + 1)λ1 exceeds m̄, so that a restart is inevitable. Then, after

q1 iterations, we have an approximation x
(1)
m1(λ), its residual r

(1)
m1(λ) and the

approximation z
(1)
m1 given respectively by Eq.(3.54), Eq.(3.56) and Eq.(3.55).

Note that the residual belongs to a space of dimension λ1. This is typical
since the dimension of the space, where a residual belongs, always equals the
number of the starting vectors. Let

η1(λ) = B
(1)
q1+1E

H
m1,λ1

y(1)
m1

(λ) ∈ Cλ1×1, (4.1)

so that the residual can be written as

r(1)
m1

(λ) = V
(1)
λ1,q1+1η1(λ). (4.2)

Set the initial block for the second cycle to

V
(1)
λ2,1

= {V (1)
λ1,q1+1}, (4.3)

and perform q2 iterations to get

(λI − A)V (1)
m2

= V (1)
m2

(
λI − T (1)

m2

)
− V (1)

λ2,q2+1B
(1)
q2+1E

H
m2,λ2

. (4.4)
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Note, that for a plain restart we have m1 = m2 since the size of the initial
block remains unchanged, i.e., λ1 = λ2 and hence q1 = q2. The matrix V

(1)
m2

contains m2 Lanczos vectors arranged in q2 blocks each of size λ2. In addition
we get the projection matrix T

(1)
m2 . This restarting procedure is equivalent to

taking as initial guess the vector x
(1)
m1 (λ). Observe that η1 is now a vector

and depends on λ. This was not the case with η0 because the initial guess
was the zero vector. We seek an approximation to the solution of a shifted
linear system of the form

x(1)
m2

(λ) = x(1)
m1

(λ) + V (1)
m2

y(1)
m2

(λ) , (4.5)

whose residual is given by

r(1)
m2

(λ) = V (1)
m2
Eλ1
m2
η1 (λ)− V (1)

m2

(
λI − T (1)

m2

)
y(1)
m2

(λ)

+ V
(1)
λ2,q2+1B

(1)
q2+1E

H
m2,λ2

y(1)
m2

(λ) . (4.6)

In deriving this expression for the residual we have used Eqs. (4.2)-(4.4).
Under the assumption that appropriate measure has been taken to prevent a
loss of orthogonality among the Lanczos vectors we have V

(1)H
m2 V

(1)
m2 = I and

V
(1)H
m2 V

(1)
λ2,q2+1 = O. As before, requiring the residual to be orthogonal to the

Krylov subspace we get

y(1)
m2

(λ) =
(
λI − T (1)

m2

)−1
Eλ1
m2
η1 (λ) . (4.7)

The approximation (4.5) to the solution of the shifted linear system now
takes the form

x(1)
m2

(λ) = x(1)
m1

(λ) + V (1)
m2

(
λI − T (1)

m2

)−1
Eλ1
m2
η1 (λ) , (4.8)

with the residual

r(1)
m2

(λ) = V
(1)
λ2,q2+1B

(1)
q2+1E

H
m2,λ2

y(1)
m2

(λ) . (4.9)

We now turn towards the approximation of the matrix function opera-
tion f(A)b(1), which is considerably different form the approximation (3.55)
because η1 is λ-dependent. Using the approximation (4.5) in the Cauchy
integral formula, we get

z(1)
m2

=
1

2πi

∫
Γ

f(λ)
[
V (1)
m1

y(1)
m1

(λ) + V (1)
m2

y(1)
m2

(λ)
]
dλ. (4.10)

This approximation is equivalent to the approximation of the matrix function
operation with respect to a bigger matrix. For the case j = 0 this was shown
in [Nie06]. Write Eq.(4.10) in the following form

z(1)
m2

=
1

2πi

∫
Γ

f(λ)
[
V

(1)
m1 V

(1)
m2

] [ y
(1)
m1 (λ)

y
(1)
m2 (λ)

]
dλ. (4.11)
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From Eq.(3.53), Eq.(4.1) and Eq.(4.7) we have(
λI − T (1)

m1

)
y(1)
m1

(λ) = E1
m1
η0(

λI − T (1)
m2

)
y(1)
m2

(λ) = Eλ1
m2
B

(1)
q1+1E

H
m1,λ1

y(1)
m1

(λ) .

The two systems of equations can be written as a single system as follows (
λI − T (1)

m1

)
0

−Eλ1
m2
B

(1)
q1+1E

H
m1,λ1

(
λI − T (1)

m2

) [ y
(1)
m1 (λ)

y
(1)
m2 (λ)

]
=

[
E1
m1
η0

0

]
, (4.12)

where 0 represents matrix/vector of the appropriate size. Defining

y
(1)
ξ2

(λ) =

[
y

(1)
m1 (λ)

y
(1)
m2 (λ)

]
, T

(1)
ξ2

=

[
T

(1)
m1 0

Eλ1
m2
B

(1)
q1+1E

H
m1,λ1

T
(1)
m2

]
, (4.13)

where ξk =
∑k

i=1 mi, Eq.(4.12) takes the form(
λI − T (1)

ξ2

)
y

(1)
ξ2

(λ) = E1
ξ2
η0. (4.14)

Setting V
(1)
ξ2

=
[
V

(1)
m1 V

(1)
m2

]
, we get

x(1)
m2

(λ) = V
(1)
ξ2

(
λI − T (1)

ξ2

)−1

E1
ξ2
η0. (4.15)

Now, Eq.(4.11) in view of Eq.(4.14) becomes

z(1)
m2

=
1

2πi

∫
Γ

f(λ)V
(1)
ξ2

(
λI − T (1)

ξ2

)−1

E1
ξ2
η0 dλ. (4.16)

Since η0 is independent of λ, Eq.(4.16) leads to the approximation

z(1)
m2

= V
(1)
ξ2
f
(
T

(1)
ξ2

)
E1
ξ2
η0. (4.17)

For a practical implementation we do not want to store Lanczos vectors from
previous cycle. Fortunately, a property of the matrix function which says
that the matrix function of a triangular matrix is again a triangular matrix,
allows us to accomplish the task at hand. This property of matrix functions
is a consequence of the definition of matrix functions [Hig08]. Therefore, we
have

f
(
T

(1)
ξ2

)
E1
ξ2
η0 =

 f
(
T

(1)
m1

)
0

B f
(
T

(1)
m2

)  E1
m1
η0

0

 ,
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where B is strictly the lower triangular part of f
(
T

(1)
ξ2

)
, whose elements

are not known in advance. Nevertheless, the formulation above tells us the
form of the first m1 = ξ1 entries of the resulting vector and we can let the

entries ξ1 +1 : ξ2 of the resulting vector be written as
(
f
(
T

(1)
ξ2

)
E1
ξ2
η0

)
ξ1+1:ξ2

.

Multiplication from the left by V
(1)
ξ2

leads to

z(1)
m2

= z(1)
m1

+ V (1)
m2

(
f
(
T

(1)
ξ2

)
E1
ξ2
η0

)
ξ1+1:ξ2

. (4.18)

From the equation above it is clear that we do not need to store the Lanczos
vectors from the previous cycle. All we need from the previous cycle is the
vector z

(1)
m1 and the matrix T

(1)
m1 which is small because m1 � n. If the

norm of the residual (4.9) is not satisfactory, another restart can be carried
out. Indeed, the procedure described above remains valid for any number
of cycles. The approximation after k restarts, which follows by simple a
induction argument, is given by

z(1)
mk

= z(1)
mk−1

+ V (1)
mk

(
f
(
T

(1)
ξk

)
E1
ξk
η0

)
ξk−1+1:ξk

, (4.19)

where the projection matrix T
(1)
k is given by

T
(1)
ξk

=

[
T

(1)
mk−1 0

E
λk−1
mk B

(1)
qk−1+1E

H
mk−1,λk

T
(1)
mk

]
, (4.20)

with λk = λk−1.
Let us now show how the a-posteriori error estimates of the type (3.27)

may be derived for a restarting block Lanczos algorithm. We derive the a-
posteriori error estimates for a single restart. The case of multiple restarts
then follows easily by an induction argument. Define

s1
ξ2

= φ1(tA)b(1) − V (1)
ξ2
φ1(tT

(1)
ξ2

)E1
ξ2
η0. (4.21)

Now using the recursion formula for the φ-functions, we can write

φ0(tA)b(1) = (I + tAφ1(tA)) b(1),

which upon using Eq.(4.21) becomes

φ0(tA)b(1) = b(1) + tAV
(1)
ξ2
φ1(tT

(1)
ξ2

)E1
ξ2
η0 + tAs1

ξ2
. (4.22)

To proceed further, we need expressions for b(1) and AV
(1)
ξ2

. Since

V
(1)
ξ2

=
[
V

(1)
m1 V

(1)
m2

]
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and the normalized b(1) is the first column of V
(1)
m1 , we can write

b(1) = V
(1)
ξ2
E1
ξ2
η0. (4.23)

Now consider

AV
(1)
ξ2

=
[
AV (1)

m1
| AV (1)

m2

]
=

[
V (1)
m1
T (1)
m1

+ V
(1)
λ1,q1+1B

(1)
q1+1E

H
m1,λ1

| V (1)
m2
T (1)
m2

+ V
(1)
λ2,q2+1B

(1)
q2+1E

H
m2,λ2

]
=

[
V (1)
m1
T (1)
m1

+ V
(1)
λ1,q1+1B

(1)
q1+1E

H
m1,λ1

| V (1)
m2
T (1)
m2

+ V (1)
m1
Om1,m2

]
+

V
(1)
λ2,q2+1B

(1)
q2+1E

H
ξ2,λ2

=
[
V (1)
m1
T (1)
m1

+ V (1)
m2
Eλ1
m2
B

(1)
q1+1E

H
m1,λ1

| V (1)
m2
T (1)
m2

+ V (1)
m1
Om1,m2

]
+

V
(1)
λ2,q2+1B

(1)
q2+1E

H
ξ2,λ2

,

which, in the light of (4.13), becomes

AV
(1)
ξ2

= V
(1)
ξ2
T

(1)
ξ2

+ V
(1)
λ2,q2+1B

(1)
q2+1E

H
ξ2,λ2

. (4.24)

The rest of the calculations follow by the same lines as for the standard
Lanczos method derived in [Saa92]. Substituting Eq.(4.24) and Eq.(4.23) in
Eq.(4.22) and simplifying we get

φ0(tA)b(1) = V
(1)
ξ2
φ0(tT

(1)
ξ2

)E1
ξ2
η0

+ tV
(1)
λ2,q2+1B

(1)
q2+1E

H
ξ2,λ2

φ1(tT
(1)
ξ2

)E1
ξ2
η0 + tAs1

ξ2
. (4.25)

Now, define
s2
ξ2

= φ2(tA)b(1) − V (1)
ξ2
φ2(tT

(1)
ξ2

)E1
ξ2
η0.

Writing φ2(tA) in terms of φ1(tA) and following the same calculations as
done for s1

ξ2
, we arrive at

φ1(tA)b(1) = V
(1)
ξ2
φ1(tT

(1)
ξ2

)E1
ξ2
η0

+ tV
(1)
λ2,q2+1B

(1)
q2+1E

H
ξ2,λ2

φ2(tT
(1)
ξ2

)E1
ξ2
η0 + tAs2

ξ2
.

Taking the first term on the right-hand side to left and using Eq. (4.21), we
obtain

s1
ξ2

= tV
(1)
λ2,q2+1B

(1)
q2+1E

H
ξ2,λ2

φ2(tT
(1)
ξ2

)E1
ξ2
η0 + tAs2

ξ2
. (4.26)

Substituting the expression for s1
ξ2

from Eq. (4.26) into Eq. (4.25), we get

φ0(tA)b(1) − V (1)
ξ2
φ0

(
tT

(1)
ξ2

)
E1
ξ2
η0 =

k∑
j=1

tjAj−1V
(1)
λ2,q2+1B

(1)
q2+1E

H
ξ2,λ2

φj(tT
(1)
ξ2

)E1
ξ2
η0 + tkAkskξ2 , (4.27)
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where
skξ2 = φk(tA)b(1) − V (1)

ξ2
φk(tT

(1)
ξ2

)E1
ξ2
η0, (4.28)

In order to show convergence, it remains to prove that the last term tends
to zero as k →∞. To that end, observe that

0 ≤ φk(z) ≤ ez

k!
(4.29)

for any nonnegative z. Taking the norm of Eq. (4.28), using Eq. (4.29) to
obtain an upper bound and letting k →∞, we get

lim
k→∞
‖skm‖ = 0. (4.30)

In view of (4.30), we can write Eq. (4.27) as follows

φ0(tA)b(1) − V (1)
ξ2
φ0

(
tT

(1)
ξ2

)
E1
ξ2
η0 =

∞∑
j=1

tjAj−1V
(1)
λ2,q2+1B

(1)
q2+1E

H
ξ2,λ2

φj(tT
(1)
ξ2

)E1
ξ2
η0. (4.31)

Observe that the first term of the series above does not involve multiplication
by the system matrix A and thus serves as a cheap error estimator provided
the matrix functions of the projection are computed with the help of Theorem
3.2.2. In order to obtain similar error estimates for φj, j > 0, we replace φ0

on the right-hand side of Eq.(4.31) by φj, recursively using formulae (3.6).
After some algebraic manipulations, we arrive at following expression

φp(tA)b(1) − V (1)
ξ2
φp

(
tT

(1)
ξ2

)
E1
ξ2
η0 =

∞∑
j=p+1

tj−pAj−p−1V
(1)
λ2,q2+1B

(1)
q2+1E

H
ξ2,λ2

φj(tT
(1)
ξ2

)E1
ξ2
η0, (4.32)

whose first term serves as a cheap error estimate in the second cycle of a plain
restarting block Lanczos algorithm. Observe that the core of this derivation
lies in the relations (4.23) and (4.24). If these relations hold true after the
k-th restarting cycle, then similar error estimates hold true for any number
of restarting cycles. Since after the k-th restarting cycle the Lanczos matrix
Vξk would be obtained by appending column vectors to the right, there is
nothing that effects the first column. Hence, a relation similar to (4.23) will
continue to hold true. For the relation (4.24) only the characteristic equations
of the Lanczos algorithm play a role. There is nothing in the construction
of the plain restarting strategy that in any manner changes the structure
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of the characteristic relations. Hence, using the characteristic relations for
the (k − 1)-st cycle and the k-th cycle, a relationship similar to (4.24) for
the k-th cycle results from the same calculations used to derive (4.24) above.
Therefore by a standard induction argument we arrive at the following result.

Theorem 4.1.1 The a-posteriori error estimates for the approximation of
φ-functions using a block Lanczos plain restarting algorithm after k-th cycle
are given by

φp(tA)b(1) − V (1)
ξk
φp

(
tT

(1)
ξk

)
E1
ξk
η0 =

∞∑
j=p+1

tj−pAj−p−1V
(1)
λk,qk+1B

(1)
qk+1E

H
ξk,λk

φj(tT
(1)
ξk

)E1
ξk
η0, (4.33)

It is well-known that the plain restarting procedure delays the convergence
of a Lanczos algorithms. This happens because a lot of significant informa-
tion is lost during the restarting process. This delay in convergence is next
emphasized for the φ1-function for the two-dimensional discrete Laplacian
on a uniform grid. The dimension of the matrix is N = 10000. Figure 4.1
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Figure 4.1: Convergence of the block Lanczos algorithm with and without
plain restarting

shows the convergence history for block Lanczos algorithm with and without
plain restarting. The algorithms are run untill the exact errors are below the
square root of the machine precision. The exact error is computed against
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the approximation obtained by the phipm code with tolerance set to 1.0e-13.
The algorithms are run with an initial block that contains two vectors. The
first column is obtained by evaluating the right-hand side of problem (2.50)
with d = 2 and the second column is random. The plain restarting algorithm
is restarted after every 40th iteration. It is clear that the convergence gets
delayed by restarting. In Figure 4.2 a comparison of the a-posteriori error
estimate with exact error for the plain restarting block Lanczos algorithm
is shown for the case of the discrete Laplacian on a uniform grid. For the
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Figure 4.2: Comparison of the error estimate with the exact error.

error estimate (4.33) we have used only the first term on the right-hand side.
It is clear that this results in a bit pessimistic estimation of the error, but
acceptable.

4.2 Thick Restarting Block Lanczos

Algorithm

We have seen in the previous section that the use of plain restarting results in
a considerable delay in convergence, see Figure 4.1. The reason behind this
delay lies in the fact that upon each restart except for the last Lanczos vector,
all others are discarded resulting in an immense loss of information. In the
context of numerical approximation of eigenpairs it was proposed by [WS98]
that this loss of information is preventable by using the Ritz vectors that are
available at the time a restart is carried out. Their method is called Thick
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Restarting. Note that for parabolic problems the largest eigenvalues of the
system matrix are of prime importance. Therefore, keeping the Ritz vectors
upon each restart that correspond to the largest Ritz values also proves to be
beneficial, as we shall see shortly in the context of approximating φ-functions.

We now explain the thick restarting procedure. As before, suppose that
we are at the end of cycle one and no more iterations are possible given the
limit on the maximum allowed Lanczos vectors in the memory. Then, we
have the characteristic relationship

AV (1)
m1

= V (1)
m1
T (1)
m1

+ V
(1)
λ1,q1+1B

(1)
q1+1E

H
m1,λ1

, (4.34)

where

V (1)
m1

= {Vλ1,1 Vλ1,2, . . . , Vλ1,q1},

containing Lanczos blocks as its columns and T
(1)
m1 is the tridiagonal projection

matrix. Further, relations (4.1) and (4.2) hold true for the residual r
(1)
m1(λ) of

the approximation x
(1)
m1(λ) given by Eq. (3.54) and Eq. (3.56), respectively.

The approximation to a general matrix function z
(1)
m1 is given by Eq. (3.55).

Determine the spectral decomposition of the projection matrix so that

T (1)
m1
S(1)
m1

= S(1)
m1

Λ(1)
m1
,

where the dense matrix S
(1)
m1 and the diagonal matrix Λ

(1)
m1 contain orthonor-

mal eigenvectors and corresponding eigenvalues of the projection matrix T
(1)
m1 .

The next step is to choose some of the eigenpairs of the projection matrix
that are relevant to the problem being solved. As discussed previously in the
context of φ-function for exponential integrators, the most relevant eigen-
values are the largest ones. In our algorithm we select those k eigenpairs
from the end of the spectrum of the projection matrix corresponding to the
largest eigenvalues that have smallest residual. Recall that the residual of an
eigenvector can be computed using Eq.(3.46). This results in the following
equation

T (1)
m1
S

(1)
k = S

(1)
k Λ

(1)
k . (4.35)

Let the set of Ritz vectors corresponding to selected eigenvectors of the pro-
jection matrix be denoted by Y

(1)
k , that is,

Y
(1)
k = V (1)

m1
S

(1)
k .

Note, that these Ritz vectors will be orthonormal provided the eigenvectors
of the projection are orthonormal and appropriate measures have been taken
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to maintain orthogonality among the Lanczos blocks. Then, multiplying Eq.
(4.35) from the right by Sk yields

AY
(1)
k = Y

(1)
k Λ

(1)
k + V

(1)
λ1,q1+1B

(1)
q1+1E

H
m1,λ1

S
(1)
k . (4.36)

Let us now pretend that we are at the k-th iteration of an Arnoldi’s algorithm
whose starting vector is unknown, however, the characteristic equation is
given by Eq. (4.37). At this stage, the Lanczos matrix only contains selected
Ritz vectors and the corresponding projection matrix is a diagonal matrix
containing associated Ritz values. We could then take a step by orthogo-
nalizing AV

(1)
λ1,q1+1 against Y

(1)
k and the pre-normalized version of V

(1)
λ1,q1+1.

Projection of AV
(1)
λ1,q1+1 onto V

(1)
λ1,q1+1 results in the diagonal entry

Ak+1 = V
(1)H
λ1,q1+1AV

(1)
λ1,q1+1,

of the new projection matrix. The projection coefficients of AV
(1)
λ1,q1+1 onto

Y
(1)
k are obtained as follows(

AV
(1)
λ1,q1+1

)H
y

(1)
i = V

(1)H
λ1,q1+1A

Hy
(1)
i = V

(1)H
λ1,q1+1Ay

(1)
i ,

where y
(1)
i represents one of the selected Ritz vectors and we have used sym-

metry of A. Writing Eq. (4.37) for the Ritz vector y
(1)
i and multiplying with

V
(1)H
λ1,q1+1 from the right we get for i = 1, 2, . . . , k

Ay
(1)
i = V

(1)H
λ1,q1+1y

(1)
i λ

(1)
i + V

(1)H
λ1,q1+1V

(1)
λ1,q1+1B

(1)
q1+1E

H
m1,λ1

s
(1)
i . (4.37)

Using the orthonormality of V
(1)
λ1,q1+1 and noting that

V
(1)H
λ1,q1+1Y

(1)
k = 0,

because Y
(1)
k ∈ span{V (1)

m1 } and V
(1)
λ1,q1+1 ⊥ span{V (1)

m1 }, we obtain from Eq.
(4.38)

γi := V
(1)H
λ1,q1+1Ay

(1)
i = B

(1)
q1+1E

H
m1,λ1

s
(1)
i , i = 1, 2, . . . , k. (4.38)

The coefficients γi appear in the row vectors to the left of the Ak+1 with
their transpose appearing in the column above in the new projection matrix.
Setting

V
(1)
λ2,1

:= V
(1)
λ1,q1+1,



Chapter 4 103

the Lanczos matrix now becomes

V
(1)
k+1 = [Y

(1)
k V

(1)
λ2,1

],

with of course λ1 = λ2. The projection matrix now looks like a multi-arrow
head. The number of arrows is exactly the same as the block size. After
this step, the usual three term recurrence of the block Lanczos is retrieved.
Performing q2 iteration, we get

AV (1)
m2

= V (1)
m2
T (1)
m2

+ V
(1)
λ2,q2+1B

(1)
q2+1E

H
m2,λ2

, (4.39)

where m2 = λ2q2 + k and the Lanczos matrix becomes

V (1)
m2

= [Y
(1)
k , V

(1)
λ2,1

, V
(1)
λ2,2

, . . . , V
(1)
λ2,q2

].

A typical shape of the projection matrix, when a block size two and four Ritz
vectors are used is depicted in Figure 4.3.
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Figure 4.3: A prototype projection matrix resulting from the thick restarting
block Lanczos algorithm.

The approximation for the shifted linear system and the matrix function
follow exactly the same lines as for the plain restart. We do not repeat them
while pointing out only the difference that occurs when writing the system
from the first and the second cycle as a single system. Because of the shape
of the projection matrix after thick restarting, the matrix T

(1)
ξ2

now becomes

T
(1)
ξ2

=

[
T

(1)
m1 0

Eχ
m2
B

(1)
q1+1E

H
m1,λ1

T
(1)
m2

]
, (4.40)
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where χ represents the range χ = k + 1 · · · k + p with p denoting the block
size used. Since the characteristic equations continue to hold and the re-
lation given by Eq. (4.23) for b(1) still remains valid, the derivation of the
a-posteriori error estimates follows by replicating the calculations with new
T

(1)
ξ2

which is now given by Eq. (4.40).
Let us now numerically establish the superiority of using the thick restart-

ing block Lanczos algorithm. For the setting used to generate Figure 4.1, we
run the thick restarting block Lanczos algorithm for different number of the
Ritz vectors, with the only difference that the a-posteriori error estimates
are being used in place of the exact error. Table 4.1 shows the results for the

k No. of Iterations CPU Time (sec)

0 270 40.1201
1 216 33.4004
2 196 27.4569
3 193 27.2794
4 179 23.7832
5 168 20.8605
6 155 17.1801
7 149 15.6947
8 148 15.5429
9 146 15.5401
10 143 14.8152

No Restart 135 12.8912

Table 4.1: Comparison of the block Lanczos algorithms using no, plain and
thick restarting for a finite difference system matrix.

standard block Lanczos, the block Lanczos with the plain restarting and the
block Lanczos with the thick restarting for the number of Ritz vectors ranging
between k ∈ {1, 2, . . . , 10}. The case k = 0 corresponds to plain restarting.
The data is pictorially represented in Figure 4.4. Clearly, the number of it-
erations required to achieve desired tolerance decreases upon increasing the
number of Ritz vectors used in the thick restarting. Similar observations are
made when a finite element system matrix is used. Table 4.2 show the results
for a finite element system matrix obtained by the method of Lumped masses
followed by the Cholesky decomposition as explained in Chapter 1. The ma-
trix corresponds to a triangulation with 4225 internal nodes. Once again
the algorithm for the plain and the thick restarting is restarted every 40-th
iteration. The result is depicted in Figure 4.5 for k = 0, 2, 4, 8, 10 and for
the case when no restarting is used. If storing all the Lanczos vectors in the
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Figure 4.4: Comparison of the block Lanczos algorithm using no, plain and
thick restarting for a finite difference system matrix.

memory is affordable, then block Lanczos algorithm without any restarting
is the fastest choice. However, for problems with really large dimensions, on
one hand the storage of Lanczos vectors becomes more and more restrictive
and on the other hand plain restarting is prohibitive because of its increased
computational effort. Therefore, the best choice for such a situation is to use
the thick restarting block Lanczos algorithm.

4.3 Multiple Processing of Right-Hand Sides

In this section, we show how a space spanned by the Lanczos vectors obtained
while processing a right-hand side could be used to processes further right-
hand sides. Let us denote by primary system the system whose Krylov
subspace is to be stored and used for the processing of further systems which
we denote by secondary systems. The initial approximation to a secondary
system is obtained by projecting its right-hand side onto the Krylov subspace
of the primary system. If the initial approximation is not acceptable then a
new Krylov subspace is generated for its refinement. This procedure called
Lanczos Galerkin Projection was first introduced in the context of solving the
systems of linear equations in [Saa87]. It was used in [Nie06] for exponential
integrators using the Ruhe’s algorithm. Our approach uses the block Lanczos
algorithm in place of the Ruhe’s algorithm. This results in the projection
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k No. of Iterations CPU Time (sec)

0 123 4.6072
1 119 5.5662
2 110 4.8285
3 108 4.8267
4 101 4.2728
5 101 4.2520
6 101 4.4237
7 101 4.4535
8 98 4.1034
9 98 4.1562
10 95 4.0073

No Restart 94 3.6665

Table 4.2: Comparison of the block Lanczos algorithm using no, plain and
thick restarting for a finite element system matrix.

matrices whose nonzero pattern is different from the ones obtained in [Nie06].
Further we also derive the a-posteriori error estimates for both the initial
approximation and the subsequent refinements. It should also be reminded
that our implementation of the thick restarting is also different from the
original one in at least two aspects. First, it uses the block version. Second,
the reorthogonalization strategy is based on selective reorthogonalization.
Let us now describe our approach to the Lanczos Galerkin projection and its
use in exponential integrators.

Suppose, a primary system has been processed, that is φ-functions have
been computed to desired accuracy. Then we have in memory

AV (1)
m = V (1)

m T (1)
m + V

(1)
λ1,q1+1B

(1)
q1+1E

T
m,λ1

. (4.41)

In the next stage/step, a new right hand side is computed, say b(2), and we
need to compute

z(2) = φ(A)b(2),

where φ(z) is one of the φ-functions required by the exponential integrator
used. In place of generating a new Krylov subspace K(A; b(2)), we first find an
initial approximation from already available Krylov subspace K(A; b(1)). Let

x
(2)
0 (λ) be the initial approximation to the shifted system of linear equations

(λI − A)x(2)(λ) = b(2),

which has the form
x

(2)
0 (λ) = V (1)

m y
(2)
0 , (4.42)
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Figure 4.5: Comparison of the block Lanczos algorithm using no, plain and
thick restarting for a finite element system matrix.

where y
(2)
0 ∈ K(A; b(1)). Then the residual of this approximation upon using

Eq.(4.42) is given by

r
(2)
0 (λ) = b(2) − V (1)

m

(
λI − T (1)

m

)
y

(2)
0 (λ)

+ V
(1)
λ1,q1+1B

(1)
q1+1E

T
m1,λ1

y
(2)
0 . (4.43)

The Galerkin projection then results in(
λI − T (1)

m

)
y

(2)
0 (λ) = V (1)T

m b(2). (4.44)

From which we obtain the approximation

x
(2)
0 (λ) =

(
λI − T (1)

m

)−1
V (1)T
m b(2). (4.45)

Using the approximation Eq. (4.45) inside the Cauchy integral formula, we
get

z
(2)
0 = V (1)

m φ(T (1)
m )V (1)T

m b(2). (4.46)

The residual in Eq. (4.43) now becomes

r
(2)
0 (λ) =

(
λI − V (1)

m V (1)T
m

)
b(2) + V

(1)
λ1,q1+1B

(1)
q1+1E

T
m,λ1

y
(2)
0 . (4.47)

We now ask: How good is the approximation in Eq. (4.46)? To answer this
question, we proceed as before and set

s1
m = φ1(tA)b(2) − V (1)

m φ1(tT (1)
m )V (1)T

m b(2),
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to obtain
φ1(tA)b(2) = V (1)

m φ1(tT (1)
m )V (1)T

m b(2) + s1
m. (4.48)

Using Eq. (4.48) in the following recursion formula, we get

φ0(tA)b(2) = b(2) + tAφ1(tA)b(2)

= b(2) + tAV (1)
m φ1(tT (1)

m )V (1)T
m b(2) + tAs1

m,

which upon using Eq. (4.41), yields

φ0(tA)b(2) = b(2) + tV (1)
m T (1)

m φ1(tT (1)
m )V (1)T

m b(2)

+ tV
(1)
λ1,q1+1B

(1)
q1+1E

T
m,λ1

φ1(tT (1)
m )V (1)T

m b(2)

+ tAs1
m.

Adding and subtracting V
(1)
m V

(1)T
m b(2) to the right-hand side and again using

the recursion of φ-functions, we get

φ0(tA)b(2) = V (1)
m φ0(tT (1)

m )V (1)T
m b(2)

+ tV
(1)
λ1,q1+1B

(1)
q1+1E

T
m,λ1

φ1(tT (1)
m )V (1)T

m b(2)

+
(
I − V (1)

m V (1)T
m

)
b(2) + tAs1

m.

We can write it as follows

φ0(tA)b(2) − V (1)
m φ0(tT (1)

m )V (1)T
m b(2)

=
(
I − V (1)

m V (1)T
m

)
b(2)

+ tV
(1)
λ1,q1+1B

(1)
q1+1E

T
m,λ1

φ1(tT (1)
m )V (1)T

m b(2) + tAs1
m. (4.49)

The Eq. (4.49) should be compared with Eq. (4.25). Following the same
calculations that appear after Eq. (4.25), we arrive at the following series
representation for the error in the initial approximation Eq. (4.46) for the
case φ(z) = φp(z)

φp(tA)b(2) − V (1)
m φp(tT

(1)
m )V (1)T

m b(2)

=
∞∑

j=p+1

tj−p−1Aj−p−1
(
I − V (1)

m V (1)T
m

)
b(2)

+ tj−pAj−p−1V
(1)
λ1,q1+1B

(1)
q1+1E

T
m,λ1

φj(tT
(1)
m )V (1)T

m b(2). (4.50)

The first term of the series on the right-hand side of Eq. (4.50) offers a cheap
error estimator for the initial approximation

εp,0 :=
(
I − V (1)

m V (1)T
m

)
b(2)

+ tV
(1)
λ1,q1+1B

(1)
q1+1E

T
m,λ1

φp+1(tT (1)
m )V (1)T

m b(2). (4.51)

In summarize the derivation above as the following result:
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Theorem 4.3.1 The initial approximation and the a-posteriori error esti-
mate to the matrix function operation

z(i) = φp(tA)b(i),

from the Krylov subspace K(A; b(j)), j 6= i are given by

z
(i)
0 = V (j)

m φp(tT
(j)
m )V (j)T

m b(i)

and

εp,0 :=
(
I − V (j)

m V (j)T
m

)
b(i)

+ tV
(j)
λj ,qj+1B

(j)
qj+1E

T
m,λj

φp+1(tT (j)
m )V (j)T

m b(i). (4.52)

If the initial approximation turns out to be unsatisfactory, that is the a-
posteriori error estimate is not yet below the tolerance, then we can refine it
using the thick restarted block Lanczos algorithm developed in the previous
section. In the Lanczos Galerkin projection method, the selection of the
starting block is guided by the residual Eq. (4.48). To construct the initial
block, we proceed as follows: set

Ṽ
(2)
λ2,1

=
[(
I − V (1)

m V (1)T
m

)
b(2), V

(1)
λ1,q1+1

]
. (4.53)

Note, however, that the vectors in this initial block are not necessarily or-
thonormal. Therefore, we apply the Gramm-Schmidt orthogonalization to
Ṽ

(2)
λ2,1

and obtain

Ṽ
(2)
λ2,1

= V
(2)
λ2,1

Rλ2 . (4.54)

We propose to use V
(2)
λ2,1

as the initial block. Performing m1 iterations of
the thick restarted block Lanczos algorithm pertaining to the first cycle, we
obtain following characteristic relation

AV (2)
m1

= V (2)
m1
T (2)
m1

+ V
(2)
λ1,q1+1B

(2)
q1+1E

T
m1,λ1

. (4.55)

We now seek a refined approximation of the form

x
(2)
ξ1

(λ) = x
(2)
0 (λ) + V (2)

m1
y(2)
m1

(λ),

= V (1)
m y

(2)
0 (λ) + V (2)

m1
y(2)
m1

(λ),

=
[
V

(1)
m V

(2)
m1

] [ y
(2)
0 (λ)

y
(2)
m1 (λ)

]
= V

(2)
ξ1
y

(2)
ξ1

(λ),
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where we have defined

ξ1 = m+m1, V
(2)
ξ1

=
[
V

(1)
m V

(2)
m1

]
and y

(2)
ξ1

(λ) =

[
y

(2)
0 (λ)

y
(2)
m1 (λ)

]
. (4.56)

The residual of the approximation is given by

r
(2)
ξ1

(λ) = r
(2)
0 (λ)− (λI − A)V (2)

m1
y(2)
m1

(λ).

Applying the Galerkin projection and using Eq. (4.55), we get(
λI − T (2)

m1

)
y(2)
m1

(λ) = V (2)T
m1

r
(2)
0 (λ). (4.57)

Now using Eq.(4.47) and Eq.(4.53), we can write

r
(2)
0 (λ) = Ṽ

(2)
λ1,1

ζλ1(λ); ζλ1(λ) =

[
1

B
(1)
q1+1E

T
m,λ1

y
(2)
0 (λ)

]
, (4.58)

which in the light of Eq.(4.54) becomes

r
(2)
0 (λ) = V

(2)
λ1,1

Rλ1ζλ1(λ). (4.59)

Now observe that
V (2)
m1

=
[
V

(2)
λ1,1

, V
(2)
λ1,2

, . . . , V
(2)
λ1,q1

]
,

hence
V

(2)
λ1,1

= V (2)
m1
Eλ1
m1
. (4.60)

Using Eq.(4.60) in Eq.(4.59), the residual can be written as

r
(2)
0 (λ) = V (2)

m1
Eλ1
m1
Rλ1ζλ1(λ). (4.61)

From Eq.(4.61), we obtain

V (2)T
m1

r
(2)
0 (λ) = Eλ1

m1
Rλ1ζλ1(λ).

This can be written as a sum of two vectors as follows

V (2)T
m1

r
(2)
0 (λ) = Eλ1

m1
Rλ1E

1
λ1

+ Eλ1
m1
Rλ1E

χ
λ1
B

(1)
q1+1E

T
m,λ1

y
(2)
0 (λ), (4.62)

where χ = 2 · · ·λ1. Using Eq.(4.62) in Eq.(4.57), we get(
λI − T (2)

m1

)
y(2)
m1

(λ)

= Eλ1
m1
Rλ1E

1
λ1

+ Eλ1
m1
Rλ1E

χ
λ1
B

(1)
q1+1E

T
m,λ1

y
(2)
0 (λ). (4.63)
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Now we write systems (4.44) and (4.63) as a single system to obtain(
λI − T (2)

ξ1

)
y

(2)
ξ1

(λ) = η
(2)
ξ1
, (4.64)

where we have defined[
T

(1)
m 0

Eλ1
m1
Rλ1E

χ
λ1
B

(1)
q1+1E

T
m,λ1

T
(2)
m1

]
, η

(2)
ξ1

=

[
V

(1)T
m b(2)

Eλ1
m1
Rλ1E

1
λ1

]
. (4.65)

The approximation to the shifted system of linear equations thus becomes

x
(2)
ξ1

(λ) = V
(2)
ξ1

(
λI − T (2)

ξ1

)
η

(2)
ξ1
. (4.66)

Using the approximation Eq.(4.66) inside the Cauchy integral formula, we
get

z
(2)
ξ1

= V
(2)
ξ1
φ(T

(2)
ξ1

)η
(2)
ξ1
. (4.67)

As in the case of thick restarting, the approximation Eq.(4.67) could be
written as

z
(2)
ξ1

= z
(2)
0 + V (2)

m1

(
φ(T

(2)
ξ1

)η
(2)
ξ1

)
m+1···ξ1

. (4.68)

We can carry out a thick restart when m1 reaches the preset limit. Note that
because of the characteristic relations Eq.(4.55) and Eq.(4.41) and the fact
that Eq.(4.23) is still valid, the a-posteriori error estimates carry over to the

current setting, but of course with η
(2)
ξ1

and T
(2)
ξ1

as defined in (4.65).
We can processes as many secondary systems as we like untill the initial

error does not grow to much while keeping only V
(1)
m and T

(1)
m in the memory.

Recall from the previous section that the size of the projection matrix keeps
on growing, although the Lanczos matrices are discarded upon each restart.
Since the computation of the φ-functions may become costly with growing
initial error, we can put a limit on the number of allowed restarts for refine-
ment of an initial approximation. And when that limit is exceeded we start
over with a new primary system.

4.3.1 Numerical Experiments

We now approximate the solution to Problems 1-3 of §2.4 using algorithms
based on the material presented above. The algorithms generate a Krylov
subspace corresponding to a primary system. For the secondary systems,
corresponding to the current primary system, they compute an initial ap-
proximation from the Krylov subspace corresponding to the primary system.
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If further refinement is required, then they call the thick restart block Lanc-
zos algorithm of §4.2. If for a secondary system more than two cycles of the
thick restart Lanczos algorithm are required, then the algorithms treat the
next system as primary. The tolerance for all the primary systems is set to
the square root of the machine accuracy while the tolerance for secondary
system is set according to desired accuracy in the final solution. This strat-
egy will be referred as General Strategy and remains the same for all the
algorithms considered in the current subsection.

Problem 1

We already know that for this problem the Krylov subspace methods are
not ideal because of the unfavorable distribution of the extreme eigenvalues.
Recall, that for the system matrices of Problem 1, the convergence of approx-
imation to the φ-functions start only after the number of Lanczos iterations
has reached half the order of the system matrix, unless small enough step
sizes to change this behavior are used. This means that for large systems,
the size of the projection matrix may cause exorbitant computational times
for the approximation of their φ-functions, especially if such computations
are performed in each iteration. This phenomenon remains valid for multi-
ple processing of right-hand sides as well because the projection matrix of a
primary system is enlarged while processing any secondary system. Further,
for this problem, if the initial approximation needs refinement, then in each
iteration the restarting algorithm will also be forced to compute φ-functions
corresponding to large projection matrices.

First we use following algorithm to approximate the solution of Problem
1 for systems of order N ∈ {200, 400, 600, 800, 1000}.

• Algorithm 4-1a: Uses the exponential Euler method with a step size
h = 0.1 to approximate the solution of Problem 1, using the general
strategy. For the primary systems, the routine to approximate φ1-
function for the projection matrices is called only when the indicator
for the loss of orthogonality exceeds the square root of the machine
accuracy. For a secondary system learning strategy based on iteration
number is used.

Resulting computational times, exact errors and the number of iterations
classified as primary and secondary are arranged in Table 4.3. A look at the
number of iterations reveal that most of the time the initial approximations
are accepted as the final approximations. This explains remarkable savings
that are attained in comparison to the implementation using the standard
Lanczos algorithm. A comparison of Algorithm 4-1a with the corresponding
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N CPU Time (s) Ex. Error Prim. Iters Secn. Iters
200 0.40 2.18e-03 100 0
400 1.64 1.54e-03 200 0
600 8.46 1.26e-03 300 0
800 27.51 1.09e-03 400 1

1000 74.63 9.76e-04 500 4

Table 4.3: Computational times, exact error, primary and secondary number
of iterations for Algorithm 4-1a.

algorithm from the previous chapter, that is with Algorithm 3-1b, is given in
Figure 4.6. Clearly, Algorithm 4-1a attains same accuracy in less times and
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Figure 4.6: Comparison of Algorithm 4-1a with Algorithm 3-1b.

with less computational effort when compared to Algorithm 3-1b.

Up till now, the only exponential integrator we have used is the exponen-
tial Euler method. We now present our last experiment for Problem 1 whose
purpose is to compare the results with the ones obtained by Algorithm 2.1
which uses ode15s, see §2.4. In this experiment, we approximate the solution
of Problem 1 using the method of Krogstadt. Recall from §3.1, that the
method of Krogstadt is a four-stage-forth-order exponential integrator.

• Algorithm 4-1b: Uses the method of Krogstadt with a step size h =
1.25e− 04 to approximate the solution of Problem 1 using the general
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strategy. For the primary and the secondary systems learning strategy
based upon iteration number is used.

The results are shown in Table 4.4. A comparison of the computational times

N CPU Time (s) Ex. Error Prim.Itrs Secd.Itrs
100 20.46 2.23e-06 7 0
400 52.84 1.12e-06 23 47
900 141.05 7.46e-07 51 415

1600 325.87 5.60e-07 92 1924
2500 1086.00 4.49e-07 146 8243

Table 4.4: Computational times, exact error, primary and secondary number
of iterations for Algorithm 4-1b.

and exact errors from Table 4.4 and Table 2.1 is depicted in Figure 4.7.
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Figure 4.7: Comparison of Algorithm 4-1a with Algorithm 2-1.

From these experiments we conclude that for Problem 1, the block projec-
tion method may offer considerable advantage compared to the implemen-
tations using the standard Lanczos algorithm but fails to outperform the
ode15s. A way out is offered by the shift and invert Lanczos algorithm that
generates the Krylov subspaces with respect to (γI − A)−1, for a parameter
γ often equal to 1/h. However, this topic is beyond the scope of this work
and interested reader is referred to [vdEH06].
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Problem 2

For Problem 2, we expect far better results thanks to the favorable distri-
bution of the extreme eigenvalues of the system matrices. In this part, we
again perform two experiments. In all experiments, the approximations to
the φ-functions in the primary systems are carried out with a tolerance set
equal to the square root of machine accuracy.

In the first experiment, we use the exponential Euler method to approxi-
mate the solution of Problem 2. The purpose of this experiment is to compare
the results with the corresponding results from the previous chapter. The
system sizes are chosen to be N ∈ {20, 40, 60, 80, 100, 120, 160, 200}, whereby,
the dimension of the resulting system matrices is N2.

• Algorithm 4-2a: Uses the exponential Euler method with a step size
h = 0.01 to approximate the solution of Problem 2, using the general
strategy. For the primary system, learning strategy based upon loss of
orthogonality idicators is used. Whereas for the secondary systems,
learning strategy based upon iteration number is used.

The computational times, exact errors and the number of iterations classi-
fied as primary and secondary iterations are arranged in Table 4.5. These

N CPU Time (s) Prim.Itrs Secd.Itrs Ex. Error
20 0.81 15 99 4.91e-04
40 1.25 30 99 4.91e-04
60 2.30 44 99 4.91e-04
80 4.48 62 99 4.91e-04

100 7.46 77 99 4.91e-04
120 10.56 92 99 4.91e-04
160 24.03 125 99 4.91e-04
200 45.45 155 99 4.91e-04

Table 4.5: Computational times, exact errors, the number of primary and
secondary iterations for Algorithm 4-2a.

results should be compared with the results reported in Table 3.9. Clearly,
Algorithm 4-2a attains same accuracy as obtained by Algorithm 3-2b with
considerably less computational effort. The computational times and the
total number of iterations obtained by the two algorithms are compared in
Figure 4.8.

In the next experiment for this problem we use the method of Krogstadt.
The purpose of this experiment is to compare the results obtained by the
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Figure 4.8: Comparison of the computational times and total number of
iterations for Algorithm 4-2a and Algorithm 3-2b.

method of Krogstadt with the corresponding results obtained by Algorithm
2-2 which is based on ode15s.

• Algorithm 4-2b: Uses the method of Krogstadt with a step size h =
1.67e− 05 to approximate the solution of Problem 2 using the general
strategy. For the primary system learning strategy based upon loss of
orthogonality indicators is used. Whereas for the secondary systems
learning strategy based upon iteration number is used.

The step size is chosen small enough to obtain the exact errors that are
comparable with the ones reported in Table 2.1. Results for

N ∈ {20, 40, 60, 80, 100, 120, 140, 160}

are arranged in Table 4.6. The computational times and exact errors from
Table 2.1 that correspond to the systems with same order as reported in
Table 4.6 are compared with the data from Table 4.6 in Figure 4.9. From
these considerations, we conclude that the algorithm of this chapter, when
using the method of Krogstadt with efficient Lanczos algorithms, outperforms
ode15s if N ≥ 100. However, if the system matrix corresponds to N ≤ 80,
then ode15s gives better results. It should be reminded that ode15s is a fully
adaptive algorithm.
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N CPU Time (s) Total Iterations Ex. Error
20 195.74 7395 5.45e-07
40 325.88 12091 5.45e-07
60 696.66 14417 5.45e-07
80 966.05 14194 5.45e-07

100 1522.20 29666 5.45e-07
120 2271.90 30516 5.45e-07
140 3145.80 32155 5.45e-07
160 4622.00 48460 5.45e-07

Table 4.6: Computational times, exact error and total number of iterations
for Algorithm 4-2b.

Problem 3

We have seen in Chapter 3 that the methods based on the Krylov subspaces
perform good with the system matrices resulting from the finite element dis-
cretization of the test problem. Now we apply the algorithm using multiple
processing of right-hand sides and thick restarting to approximate the solu-
tion of Problem 3 of §2.4. In all the experiments below, the approximation of
involved φ-functions for the primary systems are carried out with a tolerance
set equal to the square root of the machine accuracy. The decision of when to
treat a system as a primary system is made according to the general strategy
mentioned in the introduction.

Following the same course as for the previous experiments, the first ex-
periment approximates the solution to Problem 3 for system sizes N ∈
{145, 545, 1089, 2113, 4225, 8321, 16641, 33025}, where N represents the in-
ternal nodes of the finite element triangulation, using the exponential Euler
method. The purpose is to compare the results with the corresponding results
from the previous chapter.

• Algorithm 4-3a: Uses the exponential Euler method with a step size
h = 0.01 to approximate the solution of Problem 3 using the general
strategy. For the primary and the secondary system learning strategy
based upon iteration number is used.

The computational times, exact error, the primary and the secondary itera-
tions are arranged in Table 4.7.

This data should be compared with the data obtained by Algorithm 3-
3b arranged in Table 3.11. Clearly, with the current algorithm we attain
the same accuracy in much less time and with less computational effort. A
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Figure 4.9: Comparison of the computational times and exact error for Al-
gorithm 2-2 with Algorithm 4-2b.

pictorial comparison of the computational times and the total number of
iterations is depicted in Figure 4.10.

In the next experiment, we use the method of Krogstadt for the systems
with N ∈ {145, 545, 1089, 2113, 4225, 8321, 16641}. The purpose here is to
see the performance of the method of Krogstadt in comparison to ode15s.
Results for ode15s in the context of the method of lines were investigated in
Chapter 2, care of Table 2.2.

• Algorithm 4-3b: Uses the method of Krogstadt with a step size
h = 0.001 to approximate the solution of Problem 3 using the general
strategy. For the primary and the secondary system learning strategy
based upon iteration number is used.

The computational times, total number of Lanczos iterations and exact errors
are arranged in Table 4.8. As was already mentioned in Chapter 3, for this
problem, the computational times soar because evaluation of the right-hand
side turns out to be very expensive. In Figure 4.11, a pictorial comparison
of the exact errors and the computational times obtained by Algorithm 4-3b
with the ones for Algorithm 2-3c is given. From Figure 4.11, it is clear that
ode15s has better performance for relatively small systems. Results obtained
for Algorithm 4-3b are promising when taking into consideration the fact that
the solver ode15s is fully adaptive whereas the solvers developed in this work
use fixed step sizes.
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N CPU Time (s) Ex. Error Prim.Itrs Secd.Itrs
145 2.02 2.15e-03 23 65
545 7.66 1.24e-03 19 104

1089 14.28 1.23e-03 55 113
2113 27.34 9.97e-04 73 268
4225 52.88 9.96e-04 50 128
8321 116.03 9.39e-04 69 318

16641 275.91 9.36e-04 97 128
33025 960.27 9.22e-04 426 1028

Table 4.7: Computational times, exact errors, the number of primary and
secondary iterations for Algorithm 4-3a.

N CPU Time (s) Ex. Error No. of Iterations
145 66.12 1.33e-03 2004
545 238.50 3.93e-04 3535

1089 483.22 3.78e-04 4267
2113 989.56 1.46e-04 6356
4225 2032.70 1.41e-04 6211
8321 4488.80 8.25e-05 9164

16641 10399 8.13e-05 7024

Table 4.8: Computational times, exact errors and total number of iterations
for Algorithm 4-3b.
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Figure 4.10: Comparison of the computational times and total number of
iterations for Algorithm 4-3a and Algorithm 3-3b.
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Figure 4.11: Comparison of the computational times and exact error for
Algorithm 2-3c with Algorithm 4-3b.



Conclusions and Future Work

We conclude this work with the following observations. The algorithm intro-
duced in this work offers considerable advantages both in terms of computa-
tional times and storage requirements in comparison to the straightforward
implementation of exponential integrators. Moreover, use of the block version
of the thick restarting Lanczos algorithm for multiple processing of right-hand
sides offers an uncluttered and straight implementation. It is evident from
comparisons with standard solver ode15s that exponential integrators offer
a promising and potential alternative especially for large problems.

Some of the most important topics that will be considered in future works
are summarized below. Although, we have compared the performance of our
algorithm with an adaptive solver, it is worth mentioning that our algorithm
is not adaptive. Developing controllers to adapt the step size as well as di-
mension of the projection subspace will further enhance the performance.
Recall, that in the proposed algorithm, the processing of any secondary sys-
tem is carried out by enlarging the projection matrix corresponding to cur-
rent primary system in a stand-alone mode. A more effective way to process
secondary systems is to keep on enlarging the primary projection matrix
in an accumulative mode. However, the computation of matrix function
operations would then become expensive with growing size of the projec-
tion matrices corresponding to secondary systems. This calls for developing
updating strategies for the matrix function operations with respect to the
projection matrices that can use already available information in an effective
way. Another important topic that shall be considered in a future is related
to the real applications, in particular, we shall consider a reaction-diffusion
model representing the water transport in the gas diffusion layer of a polymer
electrolyte fuel cell.
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