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1 Introduction

As the most fundamental theory to our understanding of matter among all natural sci-
ences, quantum mechanics evolved during the last century from a mainly mathematical
and theoretical concept, to a comprehensive framework with strong implications for ac-
tual experiments that enter the level of individual atoms. It’s intrinsically probabilistic
character requires a meticulous, statistical interpretation of any quantum measurement
or observation that inevitably provokes a consecutive collapse to the observable’s eigen-
state. The notion of an open quantum system1 emerged from the classical analogue of
a realistic system which is inescapably exposed to an uncontrollable environment. Any
attempt that aims at a complete microscopic description of such a system-plus-reservoir
complex fails due to the sheer abundance of involved degrees of freedom and motivates
the demand for techniques that can cope with the reservoir’s influences on a quantum
system without compromising the dynamics by essential components.

A pervasive class of dynamical open system techniques applies to the case of weak
environmental interaction and short correlation times. Time-local master equations of
Lindblad structure [Kos72b, Kos72a, GKS76, Lin76] satisfy fundamental concepts like
trace preservation and complete positivity of the dynamical maps and are omnipresent
in the field of quantum optics and information. However, as soon as environmental
decay times (thermal timescale ~β) increase compared to the system’s relaxation, de-
coherence or timescales of external driving, the perturbative character of a description
by dynamical semigroups constitutes a major weakness of the procedure.

Open systems that evolve subject to strong environmental coupling, low temperatures
or entanglement in the initial state are conventionally described in terms of non-
Markovian processes [BLPV16, dVA17] and require techniques that take the full reser-
voir influence on the respective system into account. While the Lindblad formalism can
be applied beyond the Markov assumption, at least within certain boundaries of non-
Markovian generalizations [Bre07, CC14, TSHP18], a rigorous treatment of inherently
non-Markovian quantum memory processes [Gra06] requires a different approach. An
exact formulation of the reservoirs influence action is provided by the Feynman-Vernon
influence functional [FV63, GS98]. As there exists no ad-hoc solution to the involved,
non-local path integrals, a number of numerical methods adopts an indirect approach
of Monte Carlo methods [EM94, MAE04, KA13], discrete time quasiadiabatic tensor
state propagation [MM94] or auxiliary density matrices [TK89, Tan90]. Alternative
stochastic methods include the diffusion of quantum states [DS97], reservoir decou-
pling through stochastic fields [Sha04, YYLS04] and the stochastic unraveling of the

1For a detailed, topical introduction readers may be referred to the seminal books [BP10, Wei12].
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1 Introduction

influence functional [SM98, SG02, Sto03].

This dissertation comprises three publications that build on the non-perturbative and
time-local stochastic Liouville-von Neumann (SLN) framework that is based on the ex-
act mapping of the Feynman-Vernon influence to a c-number probability space [SG02].
Its applicability to arbitrary Hamiltonian systems in notoriously challenging parame-
ter regimes for strong coupling and low temperatures, without the necessity of a re-
derivation of the dissipative dynamics, comes at the cost of an inherently non-unitary
propagator. In reference to the famous geometric Brownian motion [Gar09], the SLN
is, in general, exposed to a non-preservation of quantum state norms, which leads to a
high computational complexity for long-time simulations that was recently addressed
in [Sto16, WSA16]. Over the past few years, SLN-related strategies have been success-
fully used in various fields from optimal control [SNA+11, SSA13, SSA15], semiclassical
[KGSA08, KGSA10] and spin dynamics [Sto04] to bio-molecules and structured spec-
tral densities [IOK15], up to work and heat in discrete systems and harmonic chains
[SCP+15, MAS17].

The ambition to further refine numerically exact open system techniques and adapt
them to complex systems in various fields is more than a mere academic exercise.
Solid-state implementations of superconducting quantum circuits [BHW+04, WS05]
including qubits [VAC+02, KTG+07, GCS17], quantum networks and biological light
harvesting complexes [PH08, CDC+10, HP13], raise questions on how quantum me-
chanics modifies classical concepts and how quantum phenomena can advance future
technologies. Can quantum effects maybe even boost the performance of thermal ma-
chines to an unprecedented level? At least for thermal reservoirs, the Carnot effi-
ciency limit still holds in the quantum case [Ali79, CF16], fluctuation theorems do
not need to be altered [CTH09, CHT11a, CHT11b, Cam14, CPF15] and nonadia-
batic coupling in finite-time protocols brings about the quantum analogue of classi-
cal friction [KF02, PAA+14]. Experiments with trapped ions and solid state circuits
[ARJ+12, KMSP14, RDT+16] have not crossed the line to the deep quantum regime,
though recent efforts [ULK15, FL17, TPL+17, RKS+18, vLGS+19] that implement e.g.
squeezed thermal reservoirs [KFIT17], thermodynamic cycles in NV centers [KBL+19]
or non-thermal engines in transmon qubits [CBD19] challenge classical thermodynam-
ical concepts [GMM09, EHM09, LJR17, GNM+19] and may even reach beyond the
Carnot limit at maximum power [CA75, RASK+14, Def18]. The latter search for
traces of thermodynamic quantum supremacy as opposed to classical engines and in-
clude recent studies on many particle effects and quantum statistics [JBdC16]. Re-
lated questions attempt to fathom the quantum nature of heat transport [SHWR00]
and essential implications for heat valves, switches and thermal current transistors
[SSJ15, LRW+12, VRD+15, JDEOM16]. In contrast to the classical separability of
time and length scales, a complete, microscopic description of non-equilibrium dynam-
ics of thermal devices is, however, exceptionally challenging, yet urgently required.

As a natural extension to the existing SLN-framework, this thesis presents new advances
in reducing the order of numerical complexity due to the stochastic state propagation

2



(chapter 5, [WSA16]), provides benchmark data for a generalization of a deterministic
heat transfer model to nonlinear quantum chains (chapter 6, [MWSA18]) and offers a
non-perturbative, microscopical platform to explore the out-of-equilibrium operation
of quantum thermal machines (chapter 7, [WSA19]).
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2 Non-Markovian open quantum
systems

The evolution of any realistic quantum system is subject to the influence of the sur-
rounding degrees of freedom (cf. Fig. 2.1). While the memoryless, Markovian ap-
proximative techniques conventionally generalize dynamical semigroups through phe-
nomenological, time-independent Lindblad generators [Kos72b, Kos72a, GKS76, Lin76]
in analogy to classical stochastic processes governed by the differential Chapman-
Kolmogorov equation [Gar09], their perturbative character breaks down as soon as the
environmental interactions get stronger and long correlation times or system-reservoir
entanglement in the initial state come into play. A distinguished system that is mod-
elled by a quantum Markov process loses information continuously and irreversibly to
the environment, whereas non-Markovian processes feature pronounced retardation ef-
fects by means of a back-acting flow from the environment to the system [BP10, Bre12].
An emergence of quantum memory effects is thus inherently connected to the degree
of non-Markovianity of a quantum process. The quantification of the latter has been
the topic of recent developments in the field [WECC08, BLP09, RHP10, Bre12] while
detailed reviews of non-Markovian open system dynamics in general can be found in
[BLPV16, dVA17].

fluctuating
 field

dissipation
of energy

system-reservoir
coupling

Figure 2.1: Sketch of a distinguished quantum system which is bilinearly coupled to
a surrounding reservoir and, hence, subject to dissipation of energy and
fluctuating noise action due to environmental degrees of freedom; derived
from [WSA16].
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2 Non-Markovian open quantum systems

The necessity of non-perturbative techniques in terms of the full and exact non-Markov-
ian dynamics, valid at arbitrary temperatures, becomes particularly evident in the case
of strong coupling, structured reservoirs and/or driven systems. In this chapter, we
give an overview of how such an exact treatment can be derived from path integrals of
open systems without being exposed to the burden of an analytical evaluation of the
cumbersome functional integrals. We rather apply an exact mapping of the Feynman-
Vernon path integral formulation [FV63, Wei12] onto a stochastic Liouville-von Neu-
mann equation [SG02, SM99, SNA+11, SSA13, SCP+15, WSA16, MWSA18, WSA19]
which represents the mathematical framework that paves the way for all other projects
discussed in this thesis.

2.1 Caldeira-Leggett model and generalized Langevin
equation

In contrast to classical systems that scale linearly with system size, any dynamical
treatment of complex quantum mechanics is facing a state space that grows exponen-
tially [BP10, Wei12, Sto06]. Without making significant approximations based on e.g.
symmetry arguments, it is in general not possible to obtain microscopic dynamics for
individual degrees of freedom of a certain problem. One possible way to reduce the
complexity of such a model is to define one distinct system of interest that contains only
few but relevant degrees of freedom and sum up the remaining parts to a surrounding
quantum reservoir. The origin of a quantum analogue of friction as an essential part
of the interaction of system and reservoir is one of the major questions in this context.
While the usual Hamiltonian formalism in quantum mechanics imposes conservation
of the total energy and unitary dynamics, dissipation at the quantum level envisages a
mechanism for the irreversible loss of energy.

A viable strategy to deal with the so-called system-plus-reservoir approach [Ull66,
CL81, CL83a, CL83b] defines a global Hamiltonian of the full compound H = HS +
HI +HR and chooses the relevant part as a particle of mass M moving in a potential
V (q) according to HS = p2/2m + V (q). The reservoir is thereby consisting of N
harmonic oscillators

HR =
N∑
i

(
p2
i

2mi

+
1

2
miω

2
i x

2
i

)
(2.1)

that are bilinearly coupled to the system’s coordinate q, i.e. HI = −q · X + ∆V (q)
with bath degrees of freedom X =

∑
i cixi, coupling constant ci and counter potential

term ∆V (q). The resulting global Hamiltonian

H = HS +
1

2

∑
i

[
p2
i

mi

+miω
2
i

(
xi −

ci
miω2

i

q

)2
]

(2.2)

is referred to as Caldeira-Leggett model. Compared to a naive bilinear coupling of the
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2.1 Caldeira-Leggett model and generalized Langevin equation

form HI = −q ·X, the interaction part in Eq. (2.2) is redefined by

HI = −q
∑
i

cixi +
1

2
q2
∑
i

c2
i

miω2
i

. (2.3)

The first term in Eq. (2.3) is linear both in system and reservoir coordinates and
causes a renormalization of the potential V (q) which is compensated by the second,

counter-potential term ∆V (q) = 1
2
q2
∑

i
c2i

miω2
i
. The renormalization is proportional to

µ =
∑

i
c2i

miω2
i

and leads to a dynamical reservoir response, a shift in the squared circular

frequency of small oscillations about the minimum

Veff(q) = V (q)−∆V (q) =
1

2
mq2ω2

eff =
1

2
mq2[ω2

0 −
∑
i

c2
i

mmiω2
i︸ ︷︷ ︸

=:∆ω2

]. (2.4)

The counter-term prevents a qualitative change of the potential and ensures that solely
the specified system-reservoir coupling introduces dissipation. The global Hamiltonian
Eq. (2.2) of the system-plus-reservoir complex allows to derive the equations of motion
(q̇ = ∂H/∂p and ṗ = −∂H/∂q) both for the system and reservoir degrees of freedom

mq̈ +
∂V (q)

∂q
+ q

∑
i

c2
i

miω2
i

=
∑
i

cixi, miẍi +miω
2
i xi = ciq. (2.5)

This approach is intended to provide a convenient dual interpretation in terms of clas-
sical stochastic dynamics, ultimately governed by the generalized Langevin equation,
and quantum dynamics through a subsequent transition to the Heisenberg picture and
its interpretation of quantum averages. As a first step towards a solution that only
contains position and momentum of the relevant system alone, a formal solution of the
latter equation reads

xi(t) = xi(0) cos(ωit) +
pi(0)

miωi
sin(ωit) +

ci
miωi

∫ t

0

dt′ sin[ωi(t− t′)]q(t′). (2.6)

By partially integrating the inhomogeneous part of Eq. (2.6), we may rewrite the
equation of motion for the system coordinate

mq̈(t) +m

∫ t

0

dt′γ(t− t′)q̇(t′) + V ′(q) = X(t)−mγ(t− t0)q(0), (2.7)

where we introduced the damping kernel and a force that collects the coordinates of
the equilibrium reservoir degrees of freedom

γ(t) =
Θ(t)

m

∑
i

c2
i

miω2
i

cos(ωit), X(t) =
∑
i

ci

[
xi(0) cos(ωit) +

pi(0)

miωi
sin(ωit)

]
. (2.8)
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2 Non-Markovian open quantum systems

At this point a probabilistic component enters the model by means of randomly dis-
tributed initial values of the reservoir oscillators in X(t). Determined by the canon-
ical classical equilibrium density of the unperturbed reservoir ρR, the force X(t) can
be modelled by stationary Gaussian statistics. Upon convenient absorption of the
transient slippage term in Eq. (2.7) and, hence, a redefinition of the stochastic force
ξ(t) = X(t)−mγ(t)q(0), we arrive at the generalized, classical Langevin equation

mq̈(t) + V ′(q) +m

∫ t

0

dt′γ(t− t′)q̇(t′) = ξ(t) (2.9)

with stationary Gaussian statistics 〈ξ(t)〉R = 0 and 〈ξ(t)ξ(0)〉R = mkBTγ(t) according
to the classical fluctuation-dissipation theorem [CW51]. A quantized version of the
Langevin equation (2.7) needs to address the full quantum fluctuations through the
random force ξ(t). This can be achieved by assigning operator character to the noise
Eq. (2.8) through the creation and annihilation operators1

xi(0) =

(
~

2miωi

)1/2

(bi + b†i ) and pi(0) = i

(
miωi~

2

)1/2

(b†i − bi) (2.10)

that modify the respective initial values of position and momentum coordinates. For
a single-particle Bose distribution n(ω) = 1/(e~βω − 1), this leads to thermal averages
of the noise 〈ξ(t)〉R = 0 and

〈ξ(t)ξ(0)〉R = ~
∑
i

c2
i

2miωi

[
coth

(
~βωi

2

)
cos (ωit)− i sin (ωit)

]
. (2.11)

A reservoir of inverse temperature β is fully described by a spectral density of the
environmental coupling

J(ω) =
π

2

∑
i

c2
i

miωi
δ(ω − ωi). (2.12)

While this density consists of a set of δ-peaks in the case of finite size reservoirs, for a
sufficiently large number of reservoir degrees of freedom it becomes a smooth function
of the oscillator frequency. In this case, the so-called Poincare recurrence time [MM60]
is significantly larger than any other timescale of the system. It is thus legitimate to
replace the sum over discrete bath modes by a frequency integral. The bath correlation
function, defined by L(t) ≡ L′(t) + iL′′(t) = 〈ξ(t)ξ(t′)〉R, then reads

L(t) =
1

π

∫ ∞
0

dω J(ω)

[
coth

(
β~ω

2

)
cos(ωt)− i sin(ωt)

]
, (2.13)

the damping kernel and the potential renormalization are related to the spectral density

1Relevant thermal averages are 〈bi〉 = 〈b†i 〉 = 〈bibj〉 = 〈b†i b†j〉 = 0

and 〈b†i bj〉 = δijn(ωi), 〈bib†j〉 = δij [1 + n(ωi)].
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2.2 Path integral approach and stochastic unraveling

by

γ(t) = Θ(t)
2

mπ

∫ ∞
0

dω
J(ω)

ω
cos(ωt) and µ =

2

π

∫ ∞
0

dω
J(ω)

ω
. (2.14)

Upon Fourier transformation of Eq. (2.13) a quantum version of the fluctuation-dissipa-
tion theorem [CW51, Wei12] can be obtained which correctly scales damping strength
and power spectrum of the random force down to the low temperature domain. The
specific functional form of the spectral density J(ω) and its relation to the real-time
damping kernel γ(t) are the cornerstones of the phenomenological modelling of dis-
sipation in a system-plus-reservoir context. In the strict Ohmic (instant response)
limit, damping is frequency independent and the spectral density J(ω) = ηω = mγω
implies memoryless friction. Indeed, a representation of the Dirac δ-function δ(x) =
1/(2π)

∫∞
−∞ dω cos(ωx) leads to the relation γ(t) = 2γΘ(t)δ(t). This results in a clas-

sical Langevin equation driven by δ-correlated white noise. In reality, every spectral
density of physical origin has to fall off in the limit ω → ∞ due to inertia effects
induced by the reservoir. A typical model realizes J(ω) ∼ ω up to a high frequency
cutoff ωc being significantly larger than any other frequency of the problem (including
the thermal time ~β). Here and in the following chapters, the paradigmatic model of
the Ohmic environment is described by a spectral density of the generic form

J(ω) =
ηω

(1 + ω2/ω2
c )

2
(2.15)

where the constant η denotes a coupling constant, and ωc is a UV cutoff. Although
a generalization to a quantum version of the Langevin equation [Gar88] is possible,
reservoir statistics that are based on phenomenological Caldeira-Leggett related the-
ories lack a systematical derivation based on a formally exact representation of the
reservoir.

2.2 Path integral approach and stochastic unraveling

When in 1925 Erwin Schrödinger [Sch26] derived the equation that would later be
named after him, he laid the foundation to a theory that provides insight in the time
evolution of a quantum system of interest which may be described by some state vector
|ψ(t)〉. A formal solution to Schrödinger’s equation

i~
d

dt
|ψ(t)〉 = H(t) |ψ(t)〉 ⇒ |ψ(t)〉 = U (t, t0) |ψ(t0)〉 (2.16)

can be given in terms of the unitary operator U (t, t0) which describes the transition
of the state vector from some initial time t0 to a wave function |ψ(t)〉 at a later time
t. Together with Heisenberg’s matrix approach of time-dependent operators [Hei25],
two mathematically equivalent theories existed that could deal with a whole range of
quantum mechanical problems either analytically or by using perturbative techniques.
In 1948 Richard P. Feynman came up with a new view on quantum mechanics [Fey48]

9



2 Non-Markovian open quantum systems

that should offer distinct advantages while maintaining mathematical consistency at
the same time. The path integral formulation of quantum mechanics was born. In-
spired by the Lagrangian formulation of classical mechanics, Feynman recognized the
connection between the probability amplitude associated with a quantum trajectory
between two states at different points in time and the exponent of the classical action.

The derivation of the microscopic propagator of quantum path integrals [GS98, Kle09,
Wei12, Sto06] starts with a decomposition of the coordinate space operator into a
sequence of short-time propagation by using the completeness relation 1 =

∫
dq |q〉 〈q|

such that

(qf , tf |qi, ti) ≡ 〈qf |U (tf , ti) |qi〉 = 〈qf |U (tf , tN) · . . . · U (t1, ti) |qi〉

=
N∏
n=1

[∫ ∞
−∞

dqn

]
N+1∏
n=1

(qn, tn|qn−1, tn−1) (2.17)

and an infinitesimal time step ε = tn− tn−1 = (tf − ti)/(N + 1). By assuming a generic
Hamiltonian to be composed of a kinetic and a potential energy part H(p, x, t) =
T (p, t) + V (x, t) we can convert the short-time propagator in (2.17) into the integral
representation

(qn, tn|qn−1, tn−1) = 〈qn| e−iεH(tn)/~ |qn−1〉+O(ε2)

≈
∫ ∞
−∞

dpn
2π~

eipn(qn−qn−1)/~e−iε[T (pn,tn)+V (qn,tn)]/~ (2.18)

which becomes exact in the limit of ε→ 0 as a remainder of the first order Baker-Camp-
bell-Hausdorff formula [Kle09]. We thereby use the position space transformation of
the energy terms, namely

〈qn| e−iεV (q,tn)/~ |q〉 = e−iεV (qn,tn)/~δ(qn − q)
〈q| e−iεT (p,tn)/~ |qn−1〉 = e−iεT (p,tn)/~δ(q − qn−1) (2.19)

together with a representation of the Dirac δ-function as δ(x) =
∫

dx
2π~e

ikx/~. The full
propagator can thus be written as a multiple integral in phase space

(qf , tf |qi, ti) = lim
ε→0

∫ ∞
−∞

dNq

∫ ∞
−∞

dN+1p

(2π~)N+1
exp(

i

~
AN). (2.20)

An even closer connection of the phase space propagator to the Lagrangian concepts
of classical mechanics can be established by moving to the coordinate representation
of (2.20). For a Hamiltonian of the form H = p2

2m
+ V (q, t) and our choice AN =∑N+1

n [pn(qn − qn−1) − εH(pn, qn, t)], we may perform the momentum integration in
Eq. (2.20) ∫ ∞

−∞

dpn
2π~

exp

{
− i
~
ε

2m

(
pn −

qn − qn−1

ε

)2
}

=
1√

2π~iε/m
(2.21)

10



2.2 Path integral approach and stochastic unraveling

just to arrive at a version of the full propagator with striking similarities to the classical
action functional, namely

(qf , tf |qi, ti) = lim
ε→0

∫ ∞
−∞

dNq

(2π~iε/m)(N+1)/2
exp(

i

~
SN) (2.22)

where

SN = ε
N+1∑
n=1

(
m

2

(
qn − qn−1

ε

)2

− V (qn, tn)

)
(2.23)

and hence, upon reversion to the integral notation, we arrive at

S [q] =

∫ tf

ti

dt

(
m

2
q̇2 − V (q, t)

)
=

∫ tf

ti

dtL(q, q̇, t). (2.24)

This eventually allows to introduce the common path integral short-hand notation
including the action exponential as measure for the probability amplitude of the indi-
vidual paths

(qf , tf |qi, ti) =

∫ qf

qi

D[q] exp(
i

~
S [q]). (2.25)

This propagator covers the full dynamical information as a functional integral over the
classical action without any direct reference to quantum operators.

So far we have dealt with the quantum dynamics of an ideal, point-like particle subject
to the unitary evolution of the corresponding propagator Eq. (2.25). One of the major
advantages of the path integral formulation comes into play once we bring our distin-
guished system into contact with a surrounding reservoir. In such a system-reservoir
complex (depicted in Fig. 2.1) path integrals allow for a formally exact representa-
tion of the system’s density matrix dynamics even in regimes of low temperatures,
strong coupling or structured reservoirs, where strong deviations from Markovian or
perturbative approximations are expected. A system of interest is thereby subject to
the dissipative and fluctuating influence of a large number of degrees of freedom, the
Hamiltonian of the whole system takes the form H = HS + HI + HR. For bosonic
elementary excitations of the reservoir we assume HR =

∑
k ~ωkb

†
kbk together with a

bilinear coupling part HI = −q ·X that links the system coordinate q to the bath force
X =

∑
k ck(b

†
k + bk). From the unitary time evolution of the global density matrix

ρtot that belongs to the product space H = HS ⊗HR, we recover the reduced density
matrix ρ by a partial trace over the reservoir’s degrees of freedom

ρ(t) = TrR{U (t, t0)ρtot(t0)U †(t, t0)} (2.26)

and a factorizing initial condition ρtot(t0) = ρ(t0)⊗ρR. We thereby assume the reservoir
to be initially in thermal equilibrium, i.e. ρR = Z−1

R e−βHR . The coupling to an oscillator
bath introduces a new set of coordinates, the N-component vector x, to the problem.

11



2 Non-Markovian open quantum systems

The classical action of the full compound can now be split into individual parts

S [q,x] = SS[q] + SI [q,x] + SR[x]. (2.27)

Factorizing initial conditions2 neglect initial correlations between the system and the
surrounding bath. The full density dynamics is then obtained in the reduced picture

ρ(qf , q
′
f ; t) =

∫
dqidq

′
iJFV (qf , q

′
f , t; qi, q

′
i, t0)ρ(qi, q

′
i; t0) (2.28)

JFV (qf , q
′
f , t; qi, q

′
i, t0) =

∫
D[q]D[q′] exp

{
i

~
(
SS[q]− SS[q′]

)}
FFV [q, q′](2.29)

with a propagating function JFV that ascribes probability amplitudes to both forward
and backward trajectories that correspond to the respective operator in Eq. (2.26).
Any effects on the system’s dynamics due to the surrounding reservoir are summarized
in the so-called Feynman-Vernon influence functional FV N [FV63]. In the previous
section we already introduced the paradigmatic Caldeira-Leggett system-plus-reservoir
model with its effective Hamiltonian Eq. (2.2). Using the definition of the reservoir
kernel, which was introduced in Eq. (2.13), the Feynman-Vernon influence functional
describes the reservoir influence upon the respective system dynamics through

FFV [q, q′] = exp

{
−1

~
ΦFV [q, q′]

}
(2.30)

where the influence action ΦFV is given by

ΦFV [q, q′] =

∫ t

0

dt′
∫ t′

0

dt′′
{
q(t′)− q′(t′)

}{
L(t′ − t′′)q(t′′)− L∗(t′ − t′′)q′(t′′)

}
+i
µ

2

∫ t

0

dt′
{
q2(t′)− q′2(t′)

}
. (2.31)

The integral kernel L(t) = L′(t)+iL′′(t) characterizes the reservoir’s effect on the system
dynamics completely and couples both forward and backward path non-locally in time.
This makes it impossible to solve the general underlying reduced dynamic directly.
Stockburger and Grabert [SG02, Sto03, Sto04, Sto06] overcame these difficulties by
unraveling the full influence functional into a stochastic one.
Consider a stochastic noise force z(u) with complex-time argument u ∈ C, defined
along the contour shown in Fig. 2.2. The stochastic noise action

Sz[q] = SS[q] +

∫
C
dτ z(u)q(u) (2.32)

2Cf. [GSI88] for a generalization to non-factorizing initial conditions.
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2.2 Path integral approach and stochastic unraveling

Figure 2.2: Contour for complex-time path integration of the action functional. For
factorizing initial conditions, the two segments (blue, solid) parallel to the
real-time axis are sufficient as a discontinuous contour for the Feynman-
Vernon influence functional.

leads to a stochastic influence functional of the form

Iz[q] =
1

Z

∫
C
D[q]e

i
~SS [q] exp

[
i

~

∫
C
du z(u)q(u)

]
, (2.33)

where Z = Tre−βH is the quantum statistical partition function which can be repre-
sented by a path integral over closed paths on the complex-time contour. For a given
noise realization z(u), the propagation of the reduced density ρz through the stochastic
propagator Iz is non-unitary and possesses no obvious physical meaning. Only after
averaging over a sufficiently large number of noisy sample trajectories, the damped evo-
lution of the reduced system and the corresponding propagating function are obtained.
The stochastic exponential action factor in Eq. (2.33) is thereby treated as a Gaussian
characteristic functional

〈exp

[
i

~

∫
C
du z(u)q(u)

]
〉R = exp

[
− 1

~2

∫
C
du

∫
u>u′

du′ q(u)〈z(u)z(u′)〉Rq(u′)
]
. (2.34)

The noise-averaged stochastic propagator coincides with the propagating function in-
troduced in Eq. (2.29) if one identifies

〈z(u)z(u′)〉R = ~L(u− u′) for u ≥ u′. (2.35)

All effects of the dissipative environment on the propagation of the system can thus be
expressed in terms of the free fluctuations of the reservoir, characterized by a complex
force correlation function. The reduced system dynamics are governed by the action
SS and a time-dependent, stochastic noise force z(u). In the case of factorizing initial
conditions, the three-segment contour C in Fig. 2.2 can be modified. The two straight
segments parallel to the real-valued axis are sufficient, the complex-time noise force
z(u) can thus be replaced by two noise vectors with real-time arguments

z1(t) = z(t− i~β) and z2(t) = z∗(u = t), (2.36)

where the first one is defined along the forward path, the second one along the backward

13



2 Non-Markovian open quantum systems

path (cf. Fig. 2.2, blue, solid segments). As a consequence, we distinguish respective
stochastic propagators [Wei12] of the form

Gzj(qf , qi; t) =

∫ qf

qi

D[q]e
i
~SS [q] exp

[
i

~

∫ t

0

dt′zj(t
′)q(t′)

]
. (2.37)

By averaging out the reservoir degrees of freedom, the evolution of the reduced system
dynamics then reads

ρ(qf , q
′
f ; t) =

∫
dqi

∫
dq′i

〈
Gz1(qf , qi; t) ·G∗z2(q′f , q′i; t)

〉
R
ρ(qi, q

′
i; t0). (2.38)

The two stochastic propagators (2.37) are time local, i.e. they do not possess any
quantum mechanical memory. In this context, the time evolution of a quantum system
of interest can be determined by two stochastic Schrödinger equations

i~
d

dt
|ψj〉 = HS |ψj〉 − zj(t)q |ψj〉 . (2.39)

We thereby omit a potential renormalization, which would include additional terms.
A reformulation of the stochastic Schrödinger equations (2.39) leads to the stochastic
Liouville-von Neumann equation (SLN) for the reduced density. Using the convenient
linear combinations ξ(t) = 1

2
[z1(t) + z∗2(t)] and ν(t) = z1(t) − z∗2(t), we map the re-

duced system evolution to a stochastic propagation in probability space of Gaussian
noise forces z =

(
ξ(t), ν(t)

)
with zero bias and correlations which match the quantum

mechanical correlation function L(t − t′). This decouples both forward and backward
paths, while ensuring time locality of the differential equation of motion, namely, the
resulting stochastic Liouville-von Neumann equation

d

dt
ρz(t) = − i

~
[HS, ρz(t)] +

i

~
ξ(t)[q, ρz(t)] +

i

2~
ν(t){q, ρz(t)}, (2.40)

containing two stochastic processes ξ(t) and ν(t). Mapping the full Feynman-Vernon
influence functional to probability space becomes exact only if the force correlation
functions reproduce the reservoir statistics in the following way

〈ξ(t)ξ(t′)〉R = L′(t− t′), (2.41)

〈ξ(t)ν(t′)〉R = (2i/~)Θ(t− t′)L′′(t− t′) +
iµ

~
δ(t− t′), (2.42)

〈ν(t)ν(t′)〉R = 0. (2.43)

The physical density matrix, whose evolution is damped, is obtained by averaging the
samples ρ = E [ρz]. The auto- and crosscorrelation functions of the complex stochastic
random forces are defined in such a way that the exact reservoir influence in terms of
Eq. (2.29) is reproduced. The quantum noise correlator Eq. (2.41) and the dynamical
reservoir response Eq. (2.42) are both non-local in time and store the entire reservoir
retardation effects. For a single realization, the path integral is therefore solvable and
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2.3 Ohmic reservoirs with frequency cutoff - the SLED

can be unfold to a stochastic equation of motion for the reduced density, cf. Eq. (2.40).
The stochastic unraveling of influence functionals provides a capable tool to describe
the dynamics of a reduced density matrix while overcoming numerical limitations such
as time nonlocality. Its exact mapping of a quantum reservoir to probability space
allows to explore non-Markovian open system dynamics in a non-perturbative way
valid down to zero temperatures with full compliance to the quantum FDT, strong
coupling and/or structured reservoirs.

2.3 Ohmic reservoirs with frequency cutoff - the SLED

In the paradigmatic case of a reservoir with Ohmic characteristics Eq. (2.15), i.e. for
spectral densities of the form J(ω) ∼ ω up to a high frequency cutoff ωc being signifi-
cantly larger than any other frequency of the problem (including the thermal time ~β),
the SLN Eq. (2.40) can be transformed [SM99, Sto06] into an equation that depends
only on one real-valued noise source ξ(t). This opens the way to a class of quantum
dynamical problems that can be treated in a computationally far more efficient man-
ner. Ohmic reservoirs are of particular relevance in a wide range of fields ranging from
atomic to condensed-matter physics. Assuming the reservoir bandwidth to be large
enough that the damping kernel in Eq. (2.13) can be approximated by a δ-function,
the imaginary part of the reservoir correlation function can be considered as its time
derivative

L′′(t− t′) = 2i
m

2

d

dt
γ(t− t′) =

mγ

2

d

dt
δ(t− t′) . (2.44)

As a consequence, memory effects arise only from the real part 〈ξ(t)ξ(t′)〉R = L′(t− t′)
while the imaginary contribution leads to a time-local damping operator that acts on
the reduced density. The stochastic Liouville-von Neumann equation with dissipation
(SLED) for Ohmic-like reservoirs and the scaling limit ωc 7→ ∞ takes the form

d

dt
ρξ =

1

i~
(
[HS, ρξ]− ξ(t)[q, ρξ]

)
+

γ

2i~
[q, {p, ρξ}]. (2.45)

Under the above conditions, it constitutes a formally exact representation of the full
influence functional Eq. (2.29) and can be numerically evaluated to get the full reduced
density dynamics of a quantum system of interest. In section 2.3.1, a rigorous deriva-
tion of the SLED in the non-trivial case of time-dependent coupling to a surrounding
environment will be presented.

The SLED Eq. (2.45) can be subject to a further modification that improves the
signal-to-noise ratio of individual reduced density trajectories even more. For finite
temperatures, the real part of the bath autocorrelation function can be split into two
components Re L(τ) = L′ζ(τ) + L′ξw(τ) corresponding to the intrinsically quantum L′ζ
and classical (white noise) L′ξw contributions to the noise spectrum. While the clas-
sical part dominates Re L(τ) in the case kBT � ~ωc or in the limit ~ → 0, the
quantum correlator leads to pronounced retardation effects in the deep quantum, low
temperature regime. This leads to two independent noise contributions that add up to

15



2 Non-Markovian open quantum systems

colored spectrum

Markovian spectrum

Figure 2.3: Sketch of the frequency spectrum F [L′(τ)](ω) with contributions from two
independent noise components ζ(t) and ξw(t). Averaging the equation of
motion with respect to the Markovian spectrum leads to a deterministic
high temperature contribution.

ξ(t) = ζ(t) + ξw(t). The associated equation of motion for the reduced density ρξ can
then be averaged with regard to the white noise ξw using Stratonovich calculus [Gar09]
and the properties 〈ξw(t)〉R = 0 and 〈ξw(t)ξw(t′)〉R = 2mγkBTδ(t− t′) which produces
a version of the SLED that contains an additional deterministic high temperature term

d

dt
ρζ =

1

i~
(
[HS, ρζ ]− ζ(t)[q, ρζ ]

)
+

γ

2i~
[q, {p, ρζ}]−

mγ

~2β
[q, [q, ρζ ]]. (2.46)

The remaining noise source bears the full long-range thermal quantum fluctuations and
satisfies the adjusted relation

〈ζ(τ)ζ(0)〉R = L′(τ)− lim
~β→0

L′(τ)

=
1

π

∫ ∞
0

dω

[
coth

(
~βω

2

)
− 2

~βω

]
J(ω) cos(ωτ).

In order to obtain the physical reduced density matrix, we are now left to average with
regard to the remaining noise source ζ(t). This leads to improved sample statistics
as the high temperature components of the stochastic reservoir influence can now be
treated deterministically by means of the introduced double-commutator in Eq. (2.46).

2.3.1 Time-dependent reservoir coupling

As discussed in the previous sections, a description of open quantum system dynamics
by stochastic Liouville-von Neumann equations is formally exact. The surrounding
reservoir degrees of freedom act on the system of interest through the influence of
stochastic noise sources that are generated to match the respective bath correlation
function. Besides the non-perturbative character of this approach, which allows to
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2.3 Ohmic reservoirs with frequency cutoff - the SLED

discover all ranges of parameter space, a major benefit of this class of equations lies
in their applicability for arbitrary system Hamiltonians HS, while the standard quan-
tum optical theory based on Lindblad master equations demands a rederivation of the
dissipator with respect to the system of interest.

Figure 2.4: System S coupled to a quantum reservoir R with coupling strength γ by
means of a time-dependent control function λ(t).

Nonetheless, the case of explicitly time-dependent reservoir coupling needs an extension
of the equations presented in the preceding section as we will see in the following. Start-
ing from a Caldeira-Leggett model with coupling parameters ci(t) ≡ λ(t)ci modulated
by a control function λ(t) (cf. Fig. 2.4)

H = HS +
1

2

∑
i

[
p2
i

mi

+miω
2
i

(
xi −

λ(t)ci
miω2

i

q

)2
]
, (2.47)

bilinear coupling through HI(t) = −λ(t) · q · X leads to a classical Langevin-type
equation

mq̈(t) + V ′(q) + λ(t)

∫ t

0

dsγ(t− s)λ(s)q̇(s)

+ λ(t)

∫ t

0

dsγ(t− s)λ̇(s)q(s) = λ(t)ξ(t). (2.48)

It is natural to insert the time dependence of the coupling wherever the coefficients

ci appear, including the potential renormalization ∆V (q, t) = 1
2
q2λ2(t)

∑
i

c2i
miω2

i
, in-

troduced in Eq. (2.4). Later, we will add parametric driving to the Hamiltonian.
Absorbing the time-dependent potential renormalization in this driving term would be
an alternative, completely equivalent convention.

In the quantum case, the propagation of the global system is determined by a Liouville-
von Neumann equation. As the external coupling control has direct impact on the
effective potential of the problem, a renormalization of the latter is included in the
dynamics

d

dt
ρtot = LSρtot +

i

~
[λ(t)Xq, ρtot]−

i

~
µ

2
[λ2(t)q2, ρtot] + LRρtot. (2.49)

We introduce here an abbreviated notation for both commutation and anti-commutation
relations Ô− = [Ô, ·] and Ô+ = 1

2
{Ô, ·} which allows to rewrite Eq. (2.49) in the inter-
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2 Non-Markovian open quantum systems

action picture where the time dependence is moved to the quantum operators [SM17]

d

dt
ρItot =

i

~
(
λ(t)X+(t)q−(t) + λ(t)X−(t)q+(t)− λ2(t)µq−(t)q+(t)

)
ρItot. (2.50)

The reservoir fluctuations enter Eq. (2.50) through the generalized bath operators X±.
This results in a time-ordered characteristic functional as formal solution to the equa-
tion of motion. We move on to the reduced picture by taking the average with respect
to all reservoir degrees of freedom

ρI(t) = exp>

[
− 1

2~2

∫ t

0

ds

∫ t

0

ds′
(
λ(s)λ(s′)〈X+(s)X+(s′)〉Rq−(s)q−(s′)

+λ(s)λ(s′)〈X+(s)X−(s′)〉Rq−(s)q+(s′)
)
− i

~

∫ t

0

dsλ2(s)µq−(s)q+(s)

]
ρI(t0). (2.51)

The double integral in Eq. (2.51) contains only terms with Ô+ operations at the left-
most position as all combinations beginning with Ô− cancel out. The exponential is
a representation of the full Feynman-Vernon influence. We can map the reduced sys-
tem evolution to a stochastic propagation in probability space of Gaussian noise forces
with zero bias and correlations which match the quantum mechanical reservoir function
L(t− t′). In this case, the following relations are satisfied

〈X+(t)X+(t′)〉R = 〈ξ(t)ξ(t′)〉R = L′(t− t′) (2.52)

〈X+(t)X−(t′)〉R = 〈ξ(t)ν(t′)〉R =
2i

~
Θ(t− t′)L′′(t− t′). (2.53)

When we replace the Gaussian force operators in Eq. (2.51) by the complex stochastic
processes X+ → ξ and X− → ν and revert the equation back to an equation of
motion for the reduced density ρz with z = {ξ, ν}, we arrive again at a variant of the
SLN (2.40). Here, we focus on reservoirs with Ohmic spectral density and proceed
with an integration by parts of the term 〈X+(t)X−(t′)〉R = imγ̇(t− t′) followed by the
assumption γ(t− t′) = γδ(t− t′). This results in a cancellation of the involved potential
renormalization term. We further skip the initial slippage of the system dynamics and
unveil the reduced density evolution

ρI(t) = exp>

[
− 1

~2

∫ t

0

ds

∫ s

0

ds′λ(s)λ(s′)〈ξ(s)ξ(s′)〉Rq−(s)q−(s′)

− i
~
mγ

~

∫ t

0

ds λ(s)q−(s)
(
λ̇(s)q+(s) + λ(s)p+(s)

)]
ρI(t0). (2.54)

This expression can again be unfolded to arrive at an equation of motion for the reduced
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2.3 Ohmic reservoirs with frequency cutoff - the SLED

density matrix, namely the SLED for external modulation of the bath coupling

d

dt
ρξ = − i

~
[HS, ρξ] +

i

~
λ(t)ξ(t)[q, ρξ]− i

mγ

~2
λ(t)λ̇(t)[q2, ρξ]

−imγ
2~2

λ2(t)[q, {p, ρξ}]. (2.55)

If we average out high temperature components of the noise spectrum, we arrive at
a SLED variant for time-dependent coupling to the environment which includes the
additional high temperature term −λ2(t)mγ~2β [q, [q, ρζ ]]. The case of time-dependent
system-reservoir coupling modifies the dynamics of the reduced system in several ways.
As suggested by the quantum version of the FDT [CW51], any external control exerted
on the dissipative components of the equation manifest itself also in the fluctuating
parts. In addition to that, a time-derivative component of the control term appears
during any modulation process of the control function λ(t).

2.3.2 Adjoint equation of motion

The reduced density dynamics of a quantum system coupled to a thermal reservoir
can be described by SLN- or SLED-type equations of motion. The exact quantum
fluctuations of the reservoir are thereby contained in the stochastic processes that
result in the probabilistic stochastic system trajectories of the approach. In fact, we
have access to the reduced density at any point in time during the evolution of the
whole compound. As outlined in [BP10], an adjoint superoperator L† can be derived
from the respective equation of motion that allows to evaluate any observable of the
system Hilbert space as according to

d

dt
〈A(t)〉R = Tr

[
A(t)Lρ(t)

]
= Tr

[
L†A(t)ρ(t)

]
. (2.56)

This superoperator bears the full non-unitary evolution of the reduced system and
propagates an observable A by means of a generalized Heisenberg equation. Using the
cyclic trace invariance to shift the density operator in Eq. (2.56) to the right, allows
to identify the adjoint operator for any situation of interest. In case of the SLED
Eq. (2.46), we find

L†· = i

~
[HS, ·]−

i

~
ζ(t)[q, ·] +

iγ

2~
{p, [q, ·]}+

mγ

~2β
[q, [·, q]]. (2.57)

The adjoint equation of motion (2.56) involves quantum trace averages of the reduced
density matrix. It is still a stochastic equation of motion that needs to be averaged over
multiple noise trajectories to get a physical result. Using adjoint equations to evaluate
system observables is convenient as long as the respective observable is entirely defined
within the Hilbert space of the reduced system. The method fails, however, to provide a
concise description for correlations that reach across the border of the reduced setting.
Observables that live in the global Hilbert space require a more fundamental treatment.
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2 Non-Markovian open quantum systems

2.3.3 System-reservoir correlations in SLED probability space

So far we have shown how the exact path integral formulation for a quantum sys-
tem coupled to a reservoir can be mimicked by an equation of motion for the reduced
density that involves stochastic processes to reproduce the reservoir fluctuations. For
the most general case of the stochastic Liouville-von Neumann equation (SLN), it is
straightforward to identify the stochastic equivalent of the reservoir coupling coordi-
nates X+ → ξ and X− → ν [SM17]. For Ohmic reservoirs in the SLED regime, this
direct substitution is no longer possible. A careful consideration of short-time dynam-
ics on timescales of order 1/ωc is necessary [Sto06]. This becomes especially important
for an analysis of quantum mechanical systems that exchange heat and work with a
surrounding reservoir. In this case quantum correlations between system and reservoir
operators build up and need a description that goes beyond the adjoint equation ap-
proach for the dynamics of system observables alone [WSA19]. We will therefore derive
a stochastic representation that allows to access the Hamiltonian dynamics of arbitrary
system-reservoir correlation functions of the form

〈A ·X〉R = Tr{AXρtot}. (2.58)

It is important to note, that by this definition, the correlation is evaluated by means of
the global system’s density dynamics which would correspond to a solution of the full
path integral. In other words, a direct numerical approach is not possible. We recall
the stochastic Liouville-von Neumann equation (2.40)

d

dt
ρz(t) = − i

~
[HS, ρz(t)] +

i

~
ξ(t)[q, ρz(t)] +

i

2
ν(t){q, ρz(t)} (2.59)

and split the noise component ξ(t) into two contributions [Sto06], which are typically
real-valued, long-ranging (∼ ~β) and in addition to the other fast decaying part ν(t),
complex, short-ranging (∼ ω−1

c ) functions ξ(t) = ξl(t)+ξc(t) and ν(t). The long-ranging
noise ξl(t) is statistically independent from all other noise sources3, the short-range
correlations involving ξc(t) and ν(t) match the dynamical response of the environment.
The time evolution of the density matrix of the reduced system ρz Eq. (2.59) can be
rewritten by means of stochastic superoperators

Lsys = − i
~

[HS, ·], L0 = Lsys +
i

~
ξl(t)[q, ·] (2.60)

L1 =
i

~
ξc(t)[q, ·] +

i

2
ν(t){q, ·} (2.61)

and, hence, d
dt
ρz = L0(t)ρz + L1(t)ρz. While the L0 part involves the unitary system

part and the long-ranging ξl-noise, the entire short-range bath influence on the reduced
system is captured within L1. In the interaction picture, treating L1 as perturbation,

3〈ξc(t)ξl(t′)〉R = 〈ξl(t)ν(t′)〉R = 0
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2.3 Ohmic reservoirs with frequency cutoff - the SLED

we find d
dt
ρIz = L1(t)ρIz together with the formally time-ordered exponential solution

ρIz(t) = exp>

[∫ t

t0

dsL1(s)

]
ρIz(t0). (2.62)

This exponential propagator can be expanded into a sum of time-ordered integrals
which will be useful in the following calculations

exp>

[∫ t

t0

dsL1(s)

]
=

∑
n

1

n!

∫ t

t0

dt1 . . .

∫ t

t0

dtnT {L1(t1) · . . . · L1(tn)}

=
∑
n

∫ t

t0

dsn . . .

∫ s2

t0

ds1L1(sn) · . . . · L1(s1)

= 1 +
∞∑
n=1

∫ t

t0

dsn . . .

∫ s2

t0

ds1L1(sn) · . . . · L1(s1). (2.63)

We will now use this expansion of Eq. (2.62) and the noise decomposition in order to de-
termine general system-reservoir correlations in the SLED probability space. We point
out that the stochastic superoperator L1(t) contains only short-range noise components

L1(t) =
i

~
ξc(t)q−(t) + iν(t)q+(t). (2.64)

To obtain physical meaningful system-reservoir correlations 〈A · X〉R, both quantum
trace averages and stochastic averages have to be considered. With regard to their
respective noise decay timescale, we split up the correlation function into two separate
expressions that are treated in a separate way

〈A ·X〉R = E
[
ξ(t)TrS (Aρz)

]
= E

[
ξl(t)TrS (Aρz)

]︸ ︷︷ ︸
=:E1

+E
[
ξc(t)TrS (Aρz)

]︸ ︷︷ ︸
=:E2

. (2.65)

The first expectation value E1 represents a ξl-noise averaged observable without further
transformations

E1 = El

[
ξl(t)Ec

[
TrS (Aρz)

]]
= 〈ξl(t)〈A〉tr〉ξl . (2.66)

This expression can be entirely evaluated as trace average by means of the reduced
density in the SLED picture and a consecutive stochastic average that is taken with
regard to sample trajectories of the real-valued noise components. The transfer of the
second expectation into probability space is more intricate though. Using the time-
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ordered exponential solution Eq. (2.62) for the reduced density, we find

E2 = El

[
Ec

[
ξc(t)TrS (Aρz)

]]
= El

TrS

AEc [ξc(t)ρIz(t)]︸ ︷︷ ︸
=:E3


 (2.67)

and, hence, the inner expectation value E3 still contains complex-valued, short-range
noise ξc that needs to be averaged out for a consistent SLED picture description. With
〈ξc(t)〉c = 0 and the series expansion of the evolution operator Eq. (2.62), we arrive at a
multidimensional joint stochastic average of the noise force and time-ordered stochastic
superoperators

E3 = 〈ξc(t)ρIz(t)〉c = 〈ξc(t) exp>

[∫ t

t0

dsL1(s)

]
ρIz(t0)〉c

=
∞∑
n=1

∫ t

t0

dsn . . .

∫ s2

t0

ds1〈ξc(t)L1(sn) · . . . · L1(s1)〉c ρIz(t0). (2.68)

The correlation function, consisting of Gaussian noise ξc and operator-valued Gaus-
sian noise L1 in Eq. (2.68), can be decomposed into two-time correlation functions
as according to Wick’s theorem for Gaussian statistics4. For n = 3 this allows to
reformulate

〈ξc(t)L1(s3)L1(s2)L1(s1)〉c = 〈ξc(t)L1(s3)〉c〈L1(s2)L1(s1)〉c +

〈ξc(t)L1(s2)〉c〈L1(s3)L1(s1)〉c +

〈ξc(t)L1(s1)〉c〈L1(s3)L1(s2)〉c. (2.69)

The decomposition leads to a sum of two-time correlation functions for each even
summand in (2.68), while the mean value of the product of an odd number of such
quantities is equal to zero. Regarding the resulting term of leading order 〈ξc(t)L1(sn)〉c,
Eq. (2.68) involves n integrations that are effectively confined to an interval of width
|t− sn| ≤ c/ωc and c > 0. Due to the fast decaying, short-range character of the noise
components, only the dominating term with the highest index survives and thus we
essentially find

〈ξc(t)ρIz(t)〉c ≈
∞∑
n=1

∫ t

t−c/ωc
dsn 〈ξc(t)L1(sn)〉c (2.70)

·
∫ sn

t0

dsn−1 . . .

∫ s2

t0

ds1〈L1(sn−1) · . . . · L1(s1)〉c ρIz(t0). (2.71)

4The product of an even number of random variables with a joint Gaussian probability distribution
is equal to the sum of the products of the mean values of all possible pairwise combinations, e.g.
〈ABCD〉 = 〈AB〉〈CD〉+ 〈AC〉〈BD〉+ 〈AD〉〈BC〉.
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2.3 Ohmic reservoirs with frequency cutoff - the SLED

For sufficiently large cutoff frequencies, it further holds that sn → s ∼ t and we can
revert the expansion to the time-local integral

〈ξc(t)ρIz(t)〉c =

∫ t

t0

ds〈ξc(t)L1(s)〉c exp>

[∫ s∼t

t0

ds′L1(s′)

]
ρIz(t0)

=

∫ t

t0

ds〈ξc(t)L1(s)〉c ρIz(t) (2.72)

=

∫ t

t0

ds

[
i

~
〈ξc(t)ξc(s)〉cq−(s) + i〈ξc(t)ν(s)〉cq+(s)

]
ρIz(t). (2.73)

The resulting time-local functional correlation Eq. (2.73) represents an elementary
case of a more general relationship commonly known as Novikov’s theorem [Nov64]
for Gaussian random functions. An evaluation of the remaining correlation function
〈ξc(t)L1(s)〉c refers to the explicit form of the complex noise superoperator. While the
first integrand in Eq. (2.73) vanishes by definition, we use the bath correlation functions
and the Dirac-δ characteristic for Ohmic reservoirs γ(t − s) ∼ γδ(t − s) to partially
integrate the second term

〈ξc(t)ρIz(t)〉c =
m

~

q+(s)γ(t− s)|tt0 −
∫ t

t0

ds
p+(s)

m
γ(t− s)︸ ︷︷ ︸
∼γδ(t−s)

 ρIz(t)
=

m

~

[
q+(t)γ(0)− q+(t0)γ(t− t0)− p+(t)

m
γ

]
ρIz(t). (2.74)

Without initial slippage ∼ q+(t0) and with potential renormalization γ(0) = µ/m,
we eventually arrive at a representation of system-reservoir correlations in the SLED
probability space. The physical result is thereby obtained by taking the average with
respect to a sufficiently large number of sample trajectories of the remaining long-range
quantum fluctuations

〈A ·X〉R = Tr{AXρtot} = E
[
ξ(t)TrS (Aρz)

]
= 〈ξl(t)〈A〉tr〉ξl +

µ

2~
〈〈Aq + qA〉tr〉ξl −

γ

2~
〈〈Ap+ pA〉tr〉ξl . (2.75)

Using the quite compact notation of (anti-) commutation relations, we can relate the
generalized reservoir coordinate living in the global Liouville space to the probabilistic
system space of SLED through X+ → ξl(t)+ µ

~ q+− γ
~p+. In contrast to the SLN picture,

a stochastic representation of the generalized bath force involves explicit stochastic av-
eraging with respect to noise components with decay timescales that are short compared
to the inverse cutoff frequency 1/ωc.

As already demonstrated on the basis of the equation of motion (2.45) for the reduced
density, it is possible to split of white noise components from the ξl-spectrum and treat
these high temperature contributions in a deterministic way to achieve faster stochastic
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2 Non-Markovian open quantum systems

convergence and a decrease in sample variance. In the classical limit for kBT � ~ωc
and ~ → 0, the real part of the bath auto-correlation function reduces to a white
noise spectrum L′ξw(τ) = 2mγkBTδ(τ). This leads to a division of the long-range noise
average E1 into two distinct parts

E1 = El

[
ξl(t)〈A〉tr

]
= Eζ

[
ζ(t)〈A〉tr

]
+
√

2mγkBT Eξw
[
ξw(t)〈A〉tr

]
. (2.76)

An evaluation of the second term depends on the actual choice of the system observable
〈A〉tr. For a thermal reservoir coupled to an harmonic quantum oscillator without con-
sideration of initial system-bath correlations, it is straightforward to show for position
and momentum observables that 〈ξw(t)〈q(t)〉tr〉ξw = 0 and 〈ξw(t)〈p(t)〉tr〉ξw = mγkBT .
Hence, the high temperature noise correlation is purely deterministic. In order to arrive
at the physical correlation function, the remaining stochastic average has to be taken
with respect to the colored Gaussian noise ζ(t), i.e.

El

[
ξl(t)〈q〉tr

]
= Eζ

[
Eξw

[
ξl(t)〈q〉tr

]]
= 〈ζ(t)〈q〉tr〉ζ (2.77)

El

[
ξl(t)〈p〉tr

]
= Eζ

[
Eξw

[
ξl(t)〈p〉tr

]]
= 〈ζ(t)〈p〉tr〉ζ +mγkBT. (2.78)

We presented a consistent scheme to map an arbitrary equal-time correlation function
of a system observable and a generalized bath coordinate to the probability space of
the SLED. While at the beginning the correlation function is part of a description that
belongs to the global Hilbert space and requires the dynamics of the global density
matrix for its evaluation, the crossover to the stochastic SLED framework allows to use
the reduced density dynamics together with a real-valued noise force to retrieve the
full non-perturbative evolution.

Time-dependent reservoir coupling

In case of time-dependent system-reservoir coupling, the derivation of the system-
reservoir correlation functions in the SLED probability space is quite similar to the
previous case. An explicit time dependence of the interaction Hamiltonian HI(t) =
−λ(t) · q ·X leads to a stochastic dissipator carrying the short-range noise components
and an additional functional dependence on the dimensionless coupling function

L1(s) =
i

~
λ(s)ξc(s)q−(s) + iλ(s)ν(s)q+(s). (2.79)

The partial integration corresponding to Eq. (2.74) results in an additional term that
involves a velocity-like term of the system-bath coupling

〈ξc(t)ρIz(t)〉c =
m

~

[
λ(t)q+(t)γ(0)− λ(t0)q+(t0)γ(t− t0)

− γλ(t)
p+(t)

m
− γq+(t)λ̇(t)

]
ρIz(t). (2.80)

Finally, we arrive at the general SLED probability space system-reservoir correlation
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2.3 Ohmic reservoirs with frequency cutoff - the SLED

function for time-dependent coupling

〈A ·X〉R = Tr{AXρtot} = E
[
ξ(t)TrS (Aρz)

]
= 〈ξl(t)〈A〉tr〉ξl +

µλ(t)

2~
〈〈Aq + qA〉tr〉ξl

−γλ(t)

2~
〈〈Ap+ pA〉tr〉ξl −m

γλ̇(t)

2~
〈〈Aq + qA〉tr〉ξl (2.81)

or using the more compact (anti-) commutator notation X+ → ξl(t) + µ
~λ(t)q+ −

γ
~λ(t)p+ − mγ

~ λ̇(t)q+.

2.3.4 SLED with momentum-coupled z(t)-noise

We have deduced the stochastic Liouville-von Neumann equation with dissipation, i.e.
the SLED Eq. (2.45), from Feynman and Vernon’s path integral expression for the
reduced density matrix. It is used to describe the exact dynamics at any dissipative
strength and for arbitrarily low temperatures in the presence of an Ohmic reservoir. For
low temperatures and large damping, a strictly Ohmic spectral density J(ω) = mγω
would lead to inconsistencies that result in a logarithmic ultra-violet divergence of
the momentum dispersion [Wei12]. This issue is resolved through the introduction
of a typical relaxation timescale of the reservoir 1/ωc that leads to J(ω) falling off
with some negative power (cf. Eq. (2.15)) in the limit ω → ∞. The effect of envi-
ronmental modes ω ≥ ωc can then be absorbed into a renormalization of the system
parameters appearing in HS [Wei12]. A numerical solution of the SLED still requires
a careful choice of ωc and fine adjustments with regard to the numerical time step of
the problem. If ωc is chosen too small, errors occur due to not considering high fre-
quency fluctuations appropriately. If the cutoff is too big however, the noise generation
and the sample propagation get costly due to a necessarily smaller numerical time step.

SIMULATION

SIMULATION

PHYSICAL 
PROBLEM DATA

TRANSFORMED 
PROBLEM

TRANSFORMED 
DATA

Figure 2.5: The diagram shows two ways to solve a physical problem using the SLED
technique. Either a direct simulation with ξ(t)-noise or a simulation of a
unitarily transformed problem with z(t)-noise leads to the required physical
solution.

There is a version of the SLED that suppresses high frequency components in the noise
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2 Non-Markovian open quantum systems

spectrum without affecting the underlying physics. The classical Langevin equation
(2.9) can be subject to a random shift (cf. Fig. 2.5) of the physical momentum pphys(t) =
psim(t) + z(t) by some momentum-type noise function z(t). The equation of motion
for the z(t)-fluctuation is thereby entirely determined and has the character of a free
Brownian motion [Gar09, Wei12]

ż(t) = ξ(t)−
∫ t

dt′γ(t− t′)z(t′). (2.82)

An integration of a stochastic process has the tendency to reduce the variance of the
fluctuation which results in an improved stochastic convergence of the underlying dy-
namics. In the quantum case, an analogous momentum shift is obtained by a unitary
transformation U(t) = e−

i
~ qz(t) that is acting on the momentum operator according to

e−
i
~ qz(t)pe

i
~ qz(t)︸ ︷︷ ︸

=pphys

= p− i

~
z(t)[q, p] = p+ z(t)︸ ︷︷ ︸

=psim+z(t)

. (2.83)

The SLED Eq. (2.45) with full, real-valued noise force ξ(t) can then be recast into a
version that is driven by z(t)-fluctuations through ρξ = U †ρzU and, hence,

i

~
ż(t)[q, ρz] + ρ̇z =

1

i~
[HS, ρz] +

z(t)

im~
[p, ρz]

−ξ(t)
i~

[q, ρz] +
mγ

2i~
[q, {p, ρz}] +

mγz(t)

i~
[q, ρz]

which again determines the equation of motion for the momentum noise ż(t) = ξ(t)−
mγz(t) and results in a transformed version of the SLED depending on z(t)-noise which
enters the dynamics multiplicatively, while acting on the momentum rather than the
coordinate

d

dt
ρz =

1

i~
[HS, ρz] +

z(t)

im~
[p, ρz] +

mγ

2i~
[q, {p, ρz}]. (2.84)

The formal equation of motion for z(t) given in Eq. (2.82) defines the relation between
the fluctuation spectra of ξ(t) and z(t). In Fourier space, the formal solution can be
analytically obtained through

−iωz̃(ω) = ξ̃(ω)− γ̃(ω)z̃(ω) ⇒ F [Lz(τ)](ω) =
F [Lξ(τ)](ω)

|γ̃(ω)|2 + ω2
(2.85)

linking both ξ(t) and z(t) spectra. A comparison between the two noise spectra in
Fourier space is shown in Fig. 2.6 for three different inverse temperatures.
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a)

b)

Figure 2.6: Power spectra of the random forces ξ(t) (a) and z(t) (b) are compared
for three different inverse temperatures γ/ω0 = 0.5 and ωc/ω0 = 30. The
transformation of the noise to z(t)-fluctuations leads to a shift of the peak
in the power spectrum to smaller frequencies and, hence, a suppression
for larger ω. An additional reduction of the total amplitude improves the
stochastic convergence of z(t)-noise simulations significantly.

As expected, the high frequency modes of the Lξ noise spectrum are suppressed with re-
gard to the denominator that increases quadratically in ω. Consequently, the stochastic
variance of the resulting noise force is reduced, which leads to an improved signal-to-
noise ratio in any z(t)-SLED simulation. Equation (2.85) also suggests how the actual
z(t)-noise trajectory can be obtained from the noise spectrum of ξ(t). If the z(t)-SLED
is solved numerically, a physical meaningful result needs again averages taken with
respect to sufficiently many sample trajectories of the reduced density. In addition
to that one has to revert the momentum transformation, as indicated in Fig. 2.5, to
obtain again the physical momentum.

2.4 Projection operator techniques

Any comprehensive modelling of open quantum dynamics starts from a description of
the unitary evolution of a global system. The effective picture of a reduced setting
that is formally obtained by tracing out environmental degrees of freedom, leads in
general to non-Markovian, finite-memory state propagation. The projection operator
techniques, introduced by Nakajima [Nak58] and Zwanzig [Zwa60] provide a general
framework to derive non-perturbative, exact equations of motion for a quantum system
of interest.

The formalism introduces a projection of the quantum state [BP10, Wei12] on a certain
relevant subsystem by means of a projection operator P . In order to arrive at a closed
equation for a reduced system, the projection operator is chosen such that ρtot →
Pρtot = trR{ρtot}⊗ρR ≡ ρS⊗ρR where the reservoir is assumed in thermal equilibrium,
i.e. it acts as a formal trace-out of reservoir degrees of freedom. The definition of a
relevant subsystem, and hence, the explicit choice of P depends on the questions to
be solved as long as the projector properties P + Q = 1 and P2 = P are satisfied.
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2 Non-Markovian open quantum systems

In [WSA16] we have shown how a projection of the reduced density matrix on the
diagonal elements allows to exploit intrinsic quantum phenomena such as decoherence
and quantum memory to achieve a highly efficient numerical propagation scheme in the
SLED probability space. Here, the complementary projection on the irrelevant system
part is defined as Qρ = ρQ. Both maps are defined within the Hilbert state space
of the combined system H = HS ⊗ HR. A closed expression for the interesting part
ρP can be obtained from the Liouville-von Neumann equation for the global system
d
dt
ρtot = − i

~ [H, ρtot] ≡ Lρtot. The projection leads to a coupled set of differential
equations

d

dt
ρP = PLρP + PLρQ,

d

dt
ρQ = QLρP +QLρQ. (2.86)

A formal integration of the Q-projection dynamics in (2.86) followed by substitution
into the relevant part of the projection leads to

d

dt
ρP = PLρP + PL

∫ t

0

dt′ exp
[
QL(t− t′)

]
QLρP(t′) + PLeQLtρQ(t0). (2.87)

This inhomogeneous integro-differential equation is commonly known as the formally
exact Nakajima-Zwanzig equation and is equivalent to the corresponding path integral
expression in Eq. (2.29). It is a generalized master equation that represents the exact
dynamics of a damped, open system in contact with a quantum reservoir. The non-
Markovian memory kernel in the integral Eq. (2.87) is highly non-local which makes
the Nakajima-Zwanzig equation very difficult to solve. One way to mitigate this prob-
lem is to use perturbative expansions in order to discuss the relevant dynamics in a
way accessible to analytical or numerical computations [BP10]. We thereby decompose
the Liouvillian L = LS + LI + LR, notice the commutation relation [P ,LS] = 0 and
disregard the last term in Eq. (2.87) by assuming factorizing initial conditions. The
resulting equation still contains an integral of a time-retarded memory kernel and the
full interaction Liouvillian LI . Disregarding time retardation effects (Markov assump-
tion) and an expansion of the memory kernel up to second order in the interaction
LI (Born approximation) leads to a time-local, perturbative quantum master equation
under the Born-Markov approximation

d

dt
ρP = P(LS + LI)ρP + PLI

∫ t

0

dt′ exp
[
Q(LS + LR)t′

]
QLIρP(t). (2.88)

The Born approximation restricts the applicability of Eq. (2.88) to weak damping phe-
nomena, i.e. ρtot(t) ≈ ρ(t) ⊗ ρR and γ � ω0. This severe limitation requires the
timescale on which the system typically relaxes to be large compared to the ther-
mal reservoir timescale ~β which is easily violated in the context of low temperature
physics. Without resorting to the Markov approximation, a formally exact treatment
of the time-retarded memory kernel requires elaborated techniques such as nested hier-
archies of those equations or a transition to probability space as proposed by the SLN
framework.
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2.4 Projection operator techniques

The outlined projection operator method allows to derive exact equations of motion
for an open system due to a formal trace-out of environmental degrees of freedom.
The specific nature of a projection on some relevant subsystem can be chosen within
the only constraints of basic projection properties and physical meaningfulness. The
Nakajima-Zwanzig approach provides a closed equation of motion for the relevant part
ρP in the form of an integro-differential equation, involving a retarded time integration
over the history of the reduced system. A time-local version of the latter emerges after
perturbative approximations and offers advantages for computational purposes in the
proper regime.
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3 Finite-memory, stochastic reduced
state propagation

As outlined in the previous chapter, a concise treatment of non-Markovian open sys-
tem dynamics is still a challenging task, especially without any recourse to perturbative
approximations and in the low temperature and strong coupling regime. The general
applicability of SLN-type equations (2.40) comes at the cost of a high numerical com-
plexity. While formally the exact Feynman-Vernon influence functional (2.29) is repro-
duced, the stochastic Liouville-von Neumann theory involves an inherently non-unitary
propagator of the individual sample trajectories of the reduced density. In analogy to
the paradigmatic case of geometric Brownian motion [Gar09], the multiplicative noise
functions ξ(t) and ν(t) in Eq. (2.40) lead to an exponential increase of the stochastic
variance of observables ∼ exp(α · t), α ≥ 0, which presents a major obstacle for com-
putational long-time propagation of dynamical systems. A propagation of the unity
operator by means of the adjoint superoperator corresponding to the SLN equation

d

dt
〈1〉tr = Tr{L†1ρz(t)} = iν(t)〈q〉tr 6= 0 (3.1)

obviously creates a contradiction. The correlation function 〈ν(t)ν(t′)〉R = 0 requires
the ν-noise to be complex-valued with a random phase factor [SG02, Sto06, Wei12],
the corresponding propagation is thus truly non-unitary.

Figure 3.1: Widening log-normal distribution of the quantum operator norm due to
inherently non-unitary state propagation [Sto]. An increasing amount of
samples is needed to preserve quantum state norm on average.
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3 Finite-memory, stochastic reduced state propagation

Whereas a reduced system evolution based on Markovian dynamics loses continuously
and irretrievably information to its surroundings, non-Markovian processes feature a
back-acting flow from the environment to the system [Bre12] and necessarily evoke a
non-preservation of quantum state norms (cf. Fig. 3.1). To arrive at a physical density
matrix obtained from ρ = E[ρz] in the SLN picture, an increasing amount of stochas-
tic trajectories is needed to average out outliers. Due to the non-unitary stochastic
system propagation, the signal-to-noise ratio tends to asymptotically deteriorate for
long propagation times. Any resource-conscious numerical implementation of aver-
aging Eq. (2.40) thus needs significant refinements in sample statistics’ efficiency to
overcome these hurdles.

While a finite-memory stochastic propagation approach has been proposed in [Sto16]
which solves the problem of long-term signal-to-noise deterioration in the SLN picture,
the finite asymptotic stochastic sample variance can still be high for tight-binding
situations. In [WSA16], we present a stochastic propagation scheme for the reduced
density operator that greatly improves sample statistics with emphasis on strong de-
phasing. We thereby adapt the common language within the field of discrete Hilbert
space path-integral dynamics [LCD+87, LCD+95, Wei12], where the usual terminology
distinguishes between blips, i.e. path segments in Eq. (2.29), where q(t) and q′(t) dif-
fer and, hence, contribute to off-diagonal elements of the density matrix (coherences)
and sojourns, i.e. equal label path segments that contribute to the diagonal matrix
elements.

For reservoirs with Ohmic spectral density (2.15) and the SLED Eq. (2.45) we refer
to Nakajima-Zwanzig projection operator techniques to identify a projection operation
that allows to separate components of the stochastic state propagation that mainly
contribute to the accumulation of noise from components with beneficial signal-to-
noise ratio. The SLED Eq. (2.45) can be recast to a corresponding Nakajima-Zwanzig
equation

ρ̇P(t) = PL(t)ρP + PL(t)

∫ t

t0

dt′ exp>

[∫ t

t′
dsQL(s)

]
QL(t′)ρP(t′) (3.2)

with time-ordered exponential and Liouvillian superoperator L(t) defined through the
right side of Eq. (2.45). In contrast to a projection operation that executes the stochas-
tic averaging procedure as demonstrated in [Sto16], we project on a diagonal, sojourn-
type intermediate subspace

P : ρ→


ρ11 0 · · · 0

0 ρ22
. . .

...
...

. . . . . . 0
0 · · · 0 ρnn

 (3.3)

while its complement Q = 1− P projects on off-diagonal, blip-type excursions of the
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reduced propagation. Equation (3.2) is still a formally exact representation of the path
integral and, hence, not directly solvable. Traditional perturbative approaches pursue
at this stage a delimitation in the Qρ subspace leading to the Born-Markov approxima-
tive theory outlined in the previous chapter. Our approach pursues a non-perturbative
finite-memory theory for Pρ and Qρ. Through the described projection operation, the
SLED (2.45) translates into a system of coupled delay differential equations

d

dt

(
ρP
ρQ

)
=

(
0 PLdetQ

QLdetP Q[Ldet + Lξ]Q

)(
ρP
ρQ

)
(3.4)

with a superoperator that carries deterministic terms Ldet ≡ 1
i~ [HS, ·]+ γ

2i~ [q, {p, ·}] and
one for the stochastic components Lξ ≡ i

~ [q, ·]ξ(t). In the presence of strong decoher-
ence of the off-diagonal elements, i.e. fast dephasing τD � t, which is induced through
QL(t)Q operators, we may raise the lower integration bound of the outer integral in
Eq. (3.2), i.e. t0 → t − τm. This results in a propagation over shorter intervals of
length τm and a truncation of blip excursions during which the propagation is mainly
dominated by random fluctuations. In that way, a transfer beyond the dephasing time
τD is prohibited between the coupled subspaces, which would accumulate noise in the
relevant part of the reduced dynamics and thus trigger a signal-to-noise deterioration
of the sample statistics.

Rather than a naive truncation of the integration in Eq. (3.2), which would keep the
memory interval τm constant, it is advantageous to introduce a manageable (with re-
spect to initial conditions), fixed number of overlapping segments nseg for the propaga-
tion of the blip-type states, i.e. Qρj with j ∈ {1, 2, . . . , nseg}. The resulting propaga-
tion scheme leads to time-correlated blip dynamics (TCBD) and is depicted in Fig. 3.2.
The segments that belong to the propagation of coherences are initialized by gradual
starting times with respect to the time array of the diagonal part Pρ(t) and an inter-
segment spacing ∼ τm/nseg, which is chosen to exceed the numerical timestep δt. The
individual segment length matches a maximum memory window of τm. Each numeri-
cal Pρ propagation step uses the segment with the longest history of all Qρj. If the
maximum capacity of a segment is reached, it is reset and replaced by the next oldest
descendant. This starts a continuous recycling process of the memory sections.

While an intuitive way to reduce the numerical complexity of the retarded integro-
differential equation (3.2) would assume a truncation which is constant in time, the
ρQ segmentation uses memory frames of dynamical length in order to further reduce
the required numerical operations. A predefined number of segments that is indepen-
dent of the propagation step thus reduces the complexity compared to a naive solution

of the Nakajima-Zwanzig system with Onaive

(
1
2

[
t
δt

]2)
by one order of magnitude to

OTCBD

(
t
δt
· nseg

)
. In addition to this performance increase, the TCBD algorithm pre-

vents an accumulation of random signal fluctuations in the reduced system evolution
of the relevant part, which reduces the number of required sample trajectories.
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Figure 3.2: Scheme of the TCBD algorithm that allows to include non-Markovian inter-
blip interactions depending on the timescale of coherence decay. A fixed
number of segments nseg with a maximum length τm is used and contin-
uously recycled throughout the propagation of the projected dynamics of
Pρ. Aged or matured segments are reset and replaced by their next oldest
follower leading to a significant reduction in numerical complexity. Taken
from Pub. [WSA16].

3.1 Spin-boson system

As a well-studied, non-trivial model, we use the spin-boson system [LCD+87, LCD+95,
Sto04, Wei12] as a first test bed for the TCBD finite-memory propagation scheme. It
represents a practical way in many physical and chemical studies on open quantum
systems to construct a discrete two-level system (TLS) immersed in a heat bath. A
generalized coordinate q is thereby associated with an effective potential V (q) that
forms a more or less symmetric double-well with two minima, spatially separated by
the distance q0. For small energies compared to the level spacing of the low-lying
states, only the ground-states of the respective potential wells are occupied. To localize
these states and to prevent them from spontaneous tunneling, the barrier Vb needs to
be high enough. Through a so-called tunneling matrix element ∆, the two states
are weakly coupled and the system is subject to a two-dimensional Hilbert space for
Vb � ~ω0 � ~∆, (~ε, kBT ). The spin-boson Hamiltonian can be expressed in terms of
Pauli matrices

HS =
~ε
2
σz −

~∆

2
σx =

~
2

(
ε −∆
−∆ −ε

)
, (3.5)

where the basis is formed by the localized excited and ground states

|↑〉 = |e〉 =

(
1
0

)
and |↓〉 = |g〉 =

(
0
1

)
, (3.6)
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3.1 Spin-boson system

which are eigenstates of σz with eigenvalues +1 and −1 respectively. The system is
bilinearly coupled to the surrounding environment through an interaction of the form
HI = −σz · X. In the case of Ohmic damping with a spectral density as defined in
Eq. (2.15), one conventionally introduces the so-called Kondo parameter K = ηq2

0/2π~,
which is a dimensionless coupling parameter related to the coupling constant η and the
tunneling distance or minima separation q0. A usual choice of the minima separation
sets q0/2 = 1 which leads to K = 2η/π~. The SLED Eq. (2.45) and the TCBD
propagation method is then applicable for moderate damping K < 1/2 as discussed
in [WSA16]. To obtain a full description for the time evolution of the dissipative
two-state system, the reduced density matrix can be parametrized through pseudospin
expectation values, a linear combination of the Pauli matrices

ρ(t) =
1

2

12 +
∑

j=x,y,z

〈
σj
〉
σj

 =
1

2

(
1 + 〈σz〉 〈σx〉 − i

〈
σy
〉

〈σx〉+ i
〈
σy
〉

1− 〈σz〉

)
, (3.7)

while it is straightforward to show that the expectation values of the Pauli matrices
are related to the density matrix elements according to

〈σx〉 = ρ12 + ρ21,
〈
σy
〉

= iρ12 − iρ21, 〈σz〉 = ρ11 − ρ22. (3.8)

The spin-boson model usually sets q = σz, m = 1 and p = −∆σy [Sto06, Wei12], such
that the SLED Eq. (2.45) reads

d

dt
ρξ =

1

i~
[HS, ρξ] +

i

~
ξ(t)[σz, ρξ]−

K∆π

4i
[σz, {σy, ρξ}], (3.9)

with deterministic and stochastic superoperators of the form

Ldet =
1

i~
[HS, ·]−

γ

2i~
∆[σz, {σy, ·}] and Lξ =

i

~
[σz, ·]ξ(t). (3.10)

Before we comment on crucial steps of the numerical implementation of the spin-boson
model using the finite-memory TCBD propagation scheme, based on the specialized
SLED Eq. (3.9), we need an estimator for the memory length τm in accordance with the
dissipative properties of the reservoir. The noninteracting-blip approximation (NIBA)
provides a well-studied, analytical reference point for dissipative two-state dynamics
[LCD+87, LCD+95] in various regimes. Its derivation is based on path integral tech-
niques with discrete path variables σ = ±1, which allow to transform the propagating
function in Eq. (2.29) to

JFV =

∫
D[σ]D[σ′]A[σ]A∗[σ′]FFV [σ, σ′], (3.11)

where A corresponds to the probability amplitudes of the system action alone. An
integration by parts of the influence functional in (3.11) leads to a double sum over
interactions between jumps in the path variables, depending on the twice-integrated

35



3 Finite-memory, stochastic reduced state propagation

reservoir correlation function

Q(t) = Q′(t) + iQ′′(t) =
~
π

∫ ∞
0

dω
J(ω)

ω2
{coth(

~βω
2

)[1− cos(ωt)] + i sin(ωt)}. (3.12)

Based on the assumption that the reduced system spends far more time in a diagonal
state (sojourn) than in an off-diagonal state (blip), the NIBA approach omits interac-
tions between charges which are not part of the same blip. It thereby attributes all
environmental influences on the chosen system to intra-blip interactions, which allows
to derive analytic forms of the path sums and, hence, an equation of motion for the
expectation values of the two-state system

d 〈σz〉t
dt

=

∫ t

0

dt′
[
K(a)
z (t− t′)−K(s)

z (t− t′) 〈σz〉t′
]
, (3.13)

with integral kernels of the relative time difference τ = t− t′ and labels (s) for subtrac-
tive and (a) additive with regard to the sign of the energy bias ε

K(a)
z (τ) = ∆2 sin(ετ)e−Q

′(τ) sin(Q′′(τ)) (3.14)

K(s)
z (τ) = ∆2 cos(ετ)e−Q

′(τ) cos(Q′′(τ)). (3.15)

Equation (3.13) is an integro-differential equation with similar structure to the Nakajima-
Zwanzig result (2.87). Its deterministic structure and the formal equivalence of the
〈σz〉t observable to the population difference of the reduced two-state density give an
interpretation of the NIBA equation in terms of a projection operation on the diagonal
elements of the density matrix and an expectation value taken from these elements at
the same time. The twice-integrated bath correlation Q(τ) = Q′(t) + iQ′′(t) with parts

Q′(τ) = 2K ln

(
~βωc
π

sinh
πτ

~β

)
and Q′′(τ) = K (3.16)

for large ωc and moderate damping (K < 1/2) suggests to identify the dissipative

factor e−Q
′(τ) in Eq. (3.15) as source of decoherence in the integral kernels K

(a/s)
z .

For sufficiently long simulation times τ � 1, the real part of the correlation function
Q′(τ) increases approximately as Q′(τ) ≈ 2K ln[~βωc/2π exp(πτ/~β)], which further
simplifies for ~β � τ to

Q′(τ) ≈ 2Kπ

~β
· τ + const. with τ > 0. (3.17)

In Fig. 3.3 the coherence decay, as measured by the dissipative factor of the NIBA,
is depicted for multiple inverse bath temperatures. The lower the temperature of the
bath, the longer the quantum coherences can survive in general and the less efficient the
TCBD method gets with respect to a naive approach of an untruncated SLED Eq. (3.9).
The biggest advantage of the TCBD propagation can be played out in regimes where
dephasing is fast compared to the relaxation time of the system. In this case, manual
access to the intra-blip correlation length of the reduced dynamics through the TCBD’s
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3.1 Spin-boson system

memory segment length τm is beneficial. A considerably small error can be achieved
by memory lengths of the order of τm ∼ 4~β

2Kπ
. One could intuitively think of choosing

longer memory time frames τm to reduce potential errors due to truncation of the
off-diagonal trajectories.

Figure 3.3: Decay of quantum coherence as estimated by the NIBA dissipative factor for
various bath temperatures and ∆ = 1, ε/∆ = 0, K = 0.1, ωc/∆ = 10. An
estimate for the TCBD memory interval τm can be obtained for τ � ~β and
sufficiently strong suppression of intra-blip correlations exp[−Q′(τ)]� 1.

This, however, is misleading since the amount of random noise accumulating along the
stochastic propagation of ρQ smears out the original transfer signal. As the TCBD
approach does not contain any restrictions on inter-blip interactions and rather takes
them as integral part of long-range correlations induced by the reservoir, it can be
understood as a systematic extension of the NIBA theory. This is also confirmed by the
fact that the NIBA theory provides wrong results in the presence of even infinitesimal
amounts of bias energy ε. At low temperatures and finite energy bias, the NIBA
predicts a loss in symmetry and localization to one of the wells in the zero temperature
limit

〈σz〉NIBA
∞ = tanh

(
~ε

2kBT

)
T→0−→ sgn(ε), (3.18)

which stands in contrast to the weak-damping equilibrium [Wei12] with respect to
thermally occupied eigenstates

〈σz〉eff
∞ =

ε

∆eff

tanh

(
~∆eff

2kBT

)
T→0−→ ε

∆eff

(3.19)

and effective tunneling matrix element due to the finite frequency cutoff

∆eff =
[
Γ(1− 2K) cos(πK)

]1/2(1−K)
(

∆

ωc

)K/(1−K)

∆. (3.20)

The TCBD propagation scheme proves to be a very resource-efficient way to analyze dis-
crete open quantum systems, especially in strong dephasing regimes for large coupling
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3 Finite-memory, stochastic reduced state propagation

parameters K and for low temperatures where conventional perturbative treatments
fail and naive stochastic approaches face severe signal-to-noise deterioration. Figure
3.4 compares the TCBD relaxation dynamics of the expectation values 〈σx〉, 〈σy〉 and
〈σz〉 towards thermal equilibrium to a straight implementation of the SLED. As further
discussed in [WSA16], the improved stochastic convergence and the associated increase
in efficiency is striking.

a) b) c)

Figure 3.4: Spin-boson relaxation dynamics with non-perturbative Ohmic dissipation
for ε/∆ = 0, ~β = 0.7 · ∆−1, K = 0.25, ωc/∆ = 10 and nsamp = 2500.
Comparison of SLED simulation results (dashed green) based on Eq. (2.45)
to the TCBD (solid blue) for a maximum memory length of τm = 2/∆.
The faster stochastic convergence of the TCBD sampling to the thermal
equilibrium (horizontal dashed) becomes particularly obvious for the 〈σz〉
expectation in (c).

A numerical solution of the dissipative TLS is based on an application of the TCBD
algorithm to the Nakajima-Zwanzig system Eq. (3.4) with the spin-boson specifications
that led to the SLED Eq. (3.9). It is then straightforward to find an explicit repre-
sentation of the projected superoperators in the pseudospin basis of Pauli matrices

PLdetQ =
∆

2i~


0 1 −1 0
0 0 0 0
0 0 0 0
0 −1 1 0

 , QLdetP =
∆

2~


0 0 0 0

γ
2
− i 0 0 γ

2
+ i

γ
2

+ i 0 0 γ
2
− i

0 0 0 0

 , (3.21)

Q[Ldet + Lξ]Q =
i

~
(ξ(t)− ε)


0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

 . (3.22)

This representation allows for an efficient, symmetric split-operator technique of Trotter
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3.2 Dissipative three-level system

form. The computation of non-diagonal matrix exponentials Eq. (3.21) is inefficient
but not necessary to be carried out in-situ as they are not explicitly depending on
time. Conversely, the propagation that depends on the stochastic force field ξ(t) is
easily solvable for each stochastic sample trajectory due to a diagonal structure of the
associated superoperators.

3.2 Dissipative three-level system

One major part of the photosynthesis process used by plants and other organisms to
convert sunlight into usable chemical energy can be attributed to the fast electronic
transfer (ET) that represents a primary step in photosynthetic reaction centers. This
is just one example of the outstanding role that ET plays in large parts of chemical
and biological research. In the field of condensed matter physics, advances in under-
standing ET reaction dynamics have been pioneered by Marcus [Mar56, MS85, Wei12].
He recognized a solvent environment and its dissipative and fluctuating influence on
reaction centers as crucial ingredient for directed (irreversible) transfer of the elec-
tron across free energy barriers separating reactants and products. In molecular elec-
tronics, these processes can be mimicked by donor-bridge-acceptor (DBA) systems
[JR97, NR03, MAE04] that give rise to two distinct transport channels. While se-
quential transfer processes based on thermal activation are expected to dominate in
the classical high temperature domain ~βε > 1, an increase in the bridge energy ~ε
together with lower temperatures fosters quantum mechanical tunneling, i.e. superex-
change phenomena. We will now sketch, how the time-correlated blip (TCBD) method
can be adapted to describe electron transfer dynamics along a discrete three-level sys-
tem, cf. Fig. 3.5 (a), coupled to a thermal environment.

a)

b)

Figure 3.5: (a) Symmetric donor-bridge-acceptor (DBA) system with degenerate donor
and acceptor states (|1〉 and |3〉) and intermediate bridge state |2〉 at bar-
rier height ~ε. Dissipative electron transfer dynamics is associated with two
distinct channels: Thermally activated sequential hopping with transition
rate ΓDB and quantum superexchange through ΓSQM . (b) Population dy-
namics from TCBD simulation pj = Tr{|j〉 〈j| ρ}, j = {1, 2, 3} for ε/∆ = 3
and K = 0.25, ~β = 5 ·∆−1 and ωc/∆ = 10; derived from [WSA16].
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3 Finite-memory, stochastic reduced state propagation

The Hamiltonian of a DBA model as a dissipative three-state system can be defined in
the spin-1 space {1, Sx, Sy, Sz} with site basis eigenvectors |1〉, |2〉 and |3〉 as

HS = ~∆Sx +
~ε√

2
(1− S2

z ) =
~√
2

 0 ∆ 0
∆ ε ∆
0 ∆ 0

 (3.23)

and spin matrices that satisfy the commutation relation [Sx, Sy] = i~εxyzSz

Sx =
1√
2

0 1 0
1 0 1
0 1 0

 , Sy =
1√
2i

 0 1 0
−1 0 1
0 −1 0

 , Sz =

1 0 0
0 0 0
0 0 −1

 . (3.24)

The system is coupled to a surrounding Ohmic environment through an interaction
HI = −Sz ·X and the usual spectral density Eq. (2.15). By means of the conventional
representation of q = q0/2Sz and p = q0/2∆Sy with a minima separation q0/2 = 1 and
m = 1, the SLED Eq. (2.45) can be written in the new basis set as

d

dt
ρξ =

1

i~
[HS, ρξ] +

i

~
ξ(t)[Sz, ρξ] +

K∆π

4i
[Sz, {Sy, ρξ}] (3.25)

and, likewise, the associated superoperators that carry stochastic and deterministic
components of the equation of motion read

Ldet =
1

i~
[HS, ·] +

γ

2i~
∆[Sz, {Sy, ·}] and Lξ =

i

~
[Sz, ·]ξ(t). (3.26)

In the same way as for the spin-boson model in the previous section, a projection on
the diagonal elements of the reduced density, defined in Eq. (3.3), allows to rewrite
Eq. (3.25) as a system of projected differential equations (3.4). The explicit computa-
tion of the superoperators PLdetQ, QLdetP and Q[Ldet + Lξ]Q is slightly more cum-
bersome than in the spin-boson case, due to the higher dimension of the (3×3)-density
matrix. The numerical implementation propagates the projected density through a
series of matrix vector multiplications that include a vectorization of the density and,
hence, a (9 × 9)-matrix structure of the respective superoperators. An estimation
of the memory time τm based on the NIBA model Eq. (3.17) significantly improves
stochastic convergence of the averaged sample trajectories. The results of the TCBD
simulations in the three-state case show very smooth population dynamics of the site
occupations. Figure 3.5 (b) illustrates the population transfer pj(t) = Tr{|j〉 〈j| ρ(t)}
with j = {1, 2, 3} and ρ(t0) = |1〉 〈1| for an energy barrier with regard to the interme-
diate bridge state of ε/∆ = 3. The effects of increasing bridge energies on the crossover
from coherent to incoherent occupation decay is further discussed in [WSA16]. An
application of the TCBD method makes it possible to capture stochastically converged
population transfer dynamics in notoriously challenging regimes such as stronger cou-
pling and very low energies.
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3.2 Dissipative three-level system

The TCBD approach allows to efficiently analyze time resolved transfer dynamics for
a three-state system which is coupled to an Ohmic environment. Due to its applicabil-
ity in the strong coupling regime, the technique is predestined for an investigation of
transfer channels and, hence, rate dynamics that requires incoherent population trans-
fer. These rates are important for charge and energy transfer in chemical or biological
molecular complexes or quantum dot structures. As indicated in Fig. 3.5, the DBA
complex exhibits two channels, namely sequential hopping from site to site with rate
Γ|1〉→|2〉 = Γ|3〉→|2〉 = ΓDB as well as non-local tunneling between donor |1〉 and acceptor
|3〉 associated with the superexchange rate Γ|1〉→|3〉 = Γ|3〉→|1〉 = ΓSQM . The dominance
of these transfer mechanisms classifies the reduced system evolution as predominantly
classical (hopping) or quantum (tunneling). The classical limit is expected to favor the
thermally activated channel for high temperatures ~βωc � 1 and low bridge state ener-
gies ~ε, while for lower temperatures and higher energy barriers, quantum non-locality
in both the system and the reservoir degrees of freedom becomes increasingly important.

Based on the assumption that the population dynamics of the DBA system are governed
by the two transfer rates ΓDB and ΓSQM and their two associated timescales, a simple
rate model can be constructedṗ1

ṗ2

ṗ3

 =

−ΓDB − ΓSQM ΓDBe
~βε ΓSQM

ΓDB −2ΓDBe
~βε ΓDB

ΓSQM ΓDBe
~βε −ΓDB − ΓSQM


p1

p2

p3

 (3.27)

with eigenvalues λ1 = 0, λ2 = −ΓDB − 2e~βεΓDB and λ3 = −ΓDB − 2ΓSQM and
eigenvectors

~v1 =

 1
e−~βε

1

 , ~v2 =

 1
−2
1

 , ~v3 =

−1
0
1

 . (3.28)

This eigensystem can be easily solved through a linear combination of the respective
vectors weighted with their eigenvalues

~p(t) = c1~v1 + c2e
(−ΓDB−2e~βεΓDB)t~v2 + c3e

(−ΓDB−2ΓSQM )t~v3. (3.29)

The principle of detailed balance is a consequence of the system’s symmetry and con-
nects forward and backward rates. The decay from the high-lying bridge state is thereby
exponentially preferred

ΓDB(ε) = ΓBD(−ε) =
p∞B
p∞A

ΓBD(ε) = e−~βεΓBD(ε) (3.30)

with Boltzmann distributed equilibrium occupation probabilities p∞A and p∞B . The sta-
tionary solutions d

dt
~p = 0 of Eq. (3.27) leads to both p∞1 = p∞3 and p∞2 = p∞1 e

−~βε =
p∞3 e

−~βε. For high barrier energies, the model asymptotically approaches stationary
populations of an effective two-level system. The general solution Eq. (3.29) serves
now as a curve fitting model, i.e. the transfer rates are determined such that they yield
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3 Finite-memory, stochastic reduced state propagation

the best fit to a series of TCBD data points of an incoherent population decay.

As in the previous section, the NIBA can serve as an approximative, yet analytical
model to investigate the evolution of occupation probabilities by means of transfer
rates. In the scaling regime ~βωc � 1, ~|ε| � ~ωc and sufficiently small tunneling
matrix element ∆ � ωc the NIBA gives perturbative expressions for both transfer
channels [LCD+87, LCD+95, MAE04, Wei12]. The sequential forward rate is then
exponentially suppressed by the twice-integrated bath correlation function Eq. (3.12)
according to

ΓDB,GR(ε) =

(
∆

2

)2 ∫ ∞
−∞

dt exp
[
−iεt−Q(t)

]
(3.31)

which can be obtained from a Fermi’s Golden Rule calculation. An expansion of Q(t)
to lowest order in 1/~βωc and ε/ωc leads to

ΓDB,GR(ε) =
∆2

eff

4ωc

(
~βωc
2π

)1−2K |Γ(K + i~βε/2π)|2
Γ(2K)

e
1
2
~βε (3.32)

valid for coupling strength K < 1 and effective tunneling matrix element as defined
in Eq. (3.20). An approximate expression for the superexchange rate includes also
fourth-order terms in ∆ and thus reads

ΓSQM,GR(ε) ≈
(

∆
2

)4

ε2

∫ ∞
−∞

dτ exp
[
−4Q(τ)

]
. (3.33)

In Figure 3.6 the transfer rates as extracted from the rate model Eq. (3.27) applied to
TCBD stochastically converged and incoherent decay dynamics are compared against
the NIBA Golden Rule approximation Eqs. (3.32) and (3.33) for increasing energy
bias. The classical high temperature domain ~βε < 1 is then dominated by thermally
activated hopping and transfer rates that can be approximated by an Arrhenius law
ΓDB(ε) ∼ exp[−~βε]. This is indeed the case in the semilogarithmic Fig. 3.6 (a). The
slope m of the linear fit (red dashed) corresponds to |m| ≈ β within the accuracy of
the measurement. For an elevation of the intermediate bridge state |2〉 by its barrier
height ε/∆, the transfer crosses over to the regime of quantum tunneling which can
be seen in (b). Superexchange is found to take control over the transport channels if
~βε > 1. The perturbative treatment in Eq. (3.33) suggests a characteristic algebraic
dependence of the rates ΓSQM(ε) ∼ 1/ε|m| with |m| = 2. This is again confirmed by
the TCBD data and the slope of the linear fit in Fig. 3.6 (b). The TCBD rates greatly
surpass the approximative predictions of the NIBA theory while in both cases at least
qualitative agreement is observed.

The TCBD finite-memory propagation scheme allows to investigate discrete multi-
level systems coupled to a dissipative environment at the edge of classical to quantum
crossover of state population transfer channels. Both in the coherent and incoherent
regime its accuracy for arbitrary coupling strength surpasses perturbative NIBA theory
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3.2 Dissipative three-level system

a) b)

Figure 3.6: (a) Sequential hopping rate ΓDB as extracted from TCBD simulation data
for K = 0.25, ~β = 0.7 ·∆−1 and ωc/∆ = 10 compared against perturba-
tive NIBA rate Eq. (3.32) for increasing bridge energy ε/∆. Linear fit (red
dashed) confirms Arrhenius decay properties ∼ exp[−~βε] with slope cor-
responding to inverse temperature |m| ≈ β. (b) Superexchange rate ΓSQM
for same parameters as in (a) but higher energy bias. Linear fit reveals
expected algebraic decay in accordance to Golden rule result Eq. (3.33)
with ΓSQM(ε) ∼ 1/ε|m| with |m| = 2. NIBA prediction agrees qualitatively
yet underestimates quantum transfer channel systematically; derived from
[WSA16].

predictions as well as standard Lindblad master equation results (detailed discussion in
[WSA16]). The access to transfer rates permits insights into the classical to quantum
crossover which can be counted as an important concern in many fields ranging from
condensed matter, to chemical and biological research.
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4 Non-Markovian real-time
simulations of quantum heat
engines

In the previous chapters, the formally exact, non-perturbative SLN approach to open
quantum system dynamics was introduced. It represents a general time-local and non-
Markovian technique which has been applied to a wide range of applications from
optimal control, semiclassical and spin dynamics, bio-molecules and structured spec-
tral densities to an analysis of work and heat in discrete systems and harmonic chains
[SNA+11, SSA13, KGSA08, Sto04, IOK15, WSA16, MAS17]. Its general applicability
for arbitrary Hamiltonian systems without need for a rederivation of the involved dissi-
pator, like it would be necessary for Lindblad master equations, makes the SLN theory
seem predisposed to investigate sophisticated, time-dependent quantum systems that
elude a conventional description.

In the wake of the recent experimental miniaturization of heat engines down to single
atom, quantum mechanical scales, classical thermodynamic concepts such as work, heat
flux and efficiency are being called into question [GMM09, EHM09, LJR17, GNM+19].
In the regime of higher temperatures, well-established theories from classical thermo-
dynamics apply, where surrounding heat baths exchange energy and particles with a
much smaller system of interest. Quantum mechanically, the situation is more intri-
cate though. The non-locality of quantum mechanical wave functions induces system-
reservoir correlations and entanglement which may have profound impact on thermody-
namic properties, particularly for condensed phase systems at cryogenic temperatures.

Hence, in [WSA19], we developed a non-perturbative framework based on the SLN
open system approach that provides access to the microscopic, non-equilibrium dy-
namics of a finite-time, generalized Otto engine. Valid in all parameter ranges with
regard to driving, dissipation and temperature down to the deep quantum regime, it
allows to investigate crucial thermodynamic ingredients of the operating cycle that are
indispensable for the engine’s energy balance. In this way, the work associated with
the coupling/decoupling to/from the reservoirs is found to be an essential component,
while quantum correlations turn out to be instrumental to enhance the cyclic efficiency.
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4 Non-Markovian real-time simulations of quantum heat engines

4.1 Driven oscillator with time-dependent thermal
contact - SLED formalism

As a prerequisite for a dynamical, non-equilibrium description of a four stroke quan-
tum heat engine on the microscopic level of reduced system dynamics, a distinguished
quantum system Hm(t) = p2

2m
+V (q, t), which is interacting with two thermal, harmonic

reservoirs Hc/h is considered.

Figure 4.1: Schematic illustration of a quantum harmonic oscillator with frequency
ω(t), coupled to a cold Hc and a hot Hh reservoir with respective tem-
peratures Tc and Th. The thermal contact to the reservoirs is regulated by
the control functions λc(t) and λh(t).

The potential of the oscillatory work medium is modulated by a time-dependent fre-
quency ω(t) (cf. Fig. 4.1), while the interaction to the dissipative environment can
be controlled by auxiliary functions λc/h(t). The influence of bilinear coupling to the

bosonic baths according to HI,c/h(t) = −λc/h(t)q
∑

k ck,c/h(b
†
k,c/h+bk,c/h)+

1
2
q2λ2

c/h(t)µc/h

leads to a global Hamiltonian of the form

H(t) = Hm(t) +Hc +HI,c(t) +Hh +HI,h(t). (4.1)

The model thus comprises three control parameters which will later be associated with
distinct sources of work during a heat engine cycle. Assuming factorizing initial condi-
tions for the global density matrix ρtot, reservoirs with Ohmic characteristics Eq. (2.15)
and potential renormalization µ = 2

π

∫∞
0
dωJ(ω)/ω, the Feynman-Vernon path integral

formulation for the reduced density operator of the medium can be converted into a
two-reservoir version of the SLED Eq. (2.55) which reads here

d

dt
ρξ(t) =

1

i~
[Hm(t), ρξ] +

∑
α=c,h

{
i

~
λα(t)ξα(t)[q, ρξ]− i

mγα
2~2

λα(t)λ̇α(t)[q2, ρξ]

−imγα
2~2

λ2
α(t)[q, {p, ρξ}]− λ2

α(t)
mγα
~2βα

[q, [q, ρξ]]

}
. (4.2)

The last term in (4.2) can be attributed to white-noise components of the full noise
spectrum which, as a consequence, is subtracted by a Dirac δ-term. The stochastic
propagation of the reduced density in probability space is, hence, dominated by two
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4.2 The four-stroke quantum Otto cycle

distinct Gaussian noise sources ξc(t) and ξh(t) that are determined through their re-
spective reservoir correlation function 〈ξα(t)ξα(t′)〉 = Re Lα(t− t′)− 2mγα

~βα δ(t− t
′) and

α = c, h. In order to obtain physically meaningful results for the evolution of the
reduced system, the individual stochastic trajectories need again to be averaged with
respect to a sufficiently large number of sample realizations ρ(t) = E[ρξ(t)]. This non-
perturbative, stochastic framework reaches beyond standard weak-coupling treatments
of open systems and is based on a formally exact unraveling of the influence functional
Eq. (2.29) in the Ohmic case. It thus allows to explore the extensive operational regimes
of quantum thermal machines on a microscopic level of a reduced system propagation.

In order to solve Eq. (4.2) numerically, the dynamics of the reduced density can be
transferred to position representation applying 〈q| q̂ |q′〉 = qδ(q − q′) and 〈q| p̂ |q′〉 =
i~ d

dq′
δ(q − q′) = −i~ d

dq
δ(q − q′). It is moreover convenient to introduce symmetric and

antisymmetric coordinates r(t) = (q + q′)/2 and y(t) = q − q′. The path r(t) mea-
sures the propagation of the density matrix along its diagonal, the path y(t) describes
the system’s off-diagonal excursions. With the new coordinates and transformed to
coordinate space ρξ(r, y) = 〈r − y

2
|ρξ|r + y

2
〉, one arrives at

∂

∂t
ρξ(r, y) = i~

∂2

∂r∂y
ρξ(r, y)− i

~

[
V (r +

y

2
, t)− V (r − y

2
, t)

]
ρξ(r, y)

+
∑
α=c,h

{
i

~
λα(t)

[
ξα(t)y − γαλ̇α(t)ry − λα(t)

γα
~βα

y2

]
− γαλ2

α(t)y
∂

∂y

}
ρξ(r, y). (4.3)

This representation of the reduced dynamics suggests an efficient split-operator tech-
nique that is implemented using the common FFT method for an alternate propa-
gation of diagonal potential and kinetic superoperators. A special treatment is re-
quired for the propagation implied by the dissipative term of the form Lγ ≡ −γy∂/∂y.
The corresponding propagator ∼ exp(τLγ) appears to be equivalent to the solution
of the differential equation ∂/∂τW (τ, y) = LγW (τ, y). This solution and, hence,
the application of the Lγ propagator is equivalent to a re-scaling operation, namely
W (t+ τ, y) = W (t, exp[−γτ ]y), which can be solved using standard interpolation rou-
tines.

4.2 The four-stroke quantum Otto cycle

So far, the equation of motion for the reduced density (4.2) in the case of a frequency
driven quantum oscillator with time-controlled contact to two thermal reservoirs was
derived. An external modulation of the oscillation frequency ω(t) of the work medium
(”piston”) and the coupling constants through the control functions λc/h(t) (”valves”)
leads to the operating principle of a four-stroke Otto engine as depicted in Fig. 4.2. The
implementation includes both a time-dependent potential V (q, t) and time-dependent
couplings λc/h(t) that are steered in an alternate mode connecting the reservoirs with
damping rate γ. The isochores consist of an initial phase raising the coupling parameter
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4 Non-Markovian real-time simulations of quantum heat engines

λc/h from zero to one with duration τI , a relaxation phase of τR and the decoupling
phase λc/h → 0, also of duration τI . The frequency ω(t) is varied around a center
frequency ω0 within the time τd during the expansion and compression strokes. The
cycle thus adds up to T = 4τI + 2τd + 2τR. For a single oscillator degree of freedom,
the working medium can be assumed as a particle moving in the potential

V (q, t) =
1

2
mω2(t)q2 +

1

4
mκq4 (4.4)

with a parametric driving ω(t) and anharmonicity parameter κ ≥ 0. The frequency
ω(t) is considered to vary between ω0± ∆ω

2
with ∆ω > 0. The individual strokes of the

engine cycle (cf. Fig. 4.2) can then be described in the following way:

(i) The hot isochore (A → B): the working medium is in contact with the hot reser-
voir, heat is transferred to the system, the frequency is kept constant (no change
of volume).

(ii) Isentropic expansion (B → C): the working medium expands and produces work
due to an ”increase in volume” towards ω0 − ∆ω

2
, (∆ω > 0).

(iii) The cold isochore (C → D): heat is transferred from the working medium to the
cold reservoir, the frequency is kept constant (no change of volume).

(iv) Isentropic compression (D→ A): while isolated from both thermal reservoirs, the
working medium is ”compressed in volume” back towards ω0 + ∆ω

2
.

A

B

D

C

Figure 4.2: Energy-frequency diagram [WSA19] of the work medium in a quantum Otto
heat engine with frequency ω(t) varying around a center frequency ω0. A
cycle includes two isochore (A → B,C → D) and two isentropic strokes
(B → C,D → A). Taken from Pub. [WSA19].

The simulation of a heat engine through a propagation of the reduced density based
on the equation of motion (4.2) allows to access the reduced density at any given point
during the whole operation. Once the simulation has reached a periodic steady state
(PSS) with ρm(t) = ρm(t+ T ), which can be expected after a sufficiently large number
of cycles, the microscopic dynamics provide the opportunity to draw conclusions about
the engines performance. This is further discussed in [WSA19].
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4.2 The four-stroke quantum Otto cycle

4.2.1 Heat, heat flux and work

Once an appropriate control protocol is chosen in a way to reproduce a four stroke
cycle as motivated in Fig. 4.2, the model approaches a PSS limit cycle that can be
characterized by its thermodynamic properties. The most prominent examples of ther-
mal machines are heat engines and refrigerators. While the former absorb heat from
a hot reservoir and convert it into usable work, the latter consume power and extract
heat from the cold reservoir [AL16]. Equation (4.2) includes a specification of the
temperatures of the two heat baths. An operating heat engine requires two different
temperatures that significantly impact on the efficiency of the working principle.

All thermodynamic quantities that are necessary to fully describe and understand en-
ergy conservation and heat transfer in the system-reservoir context can be derived from
the Hamiltonian dynamics of the model cycle. Equivalent expressions of the respective
terms in the stochastic SLN picture, even for those involving both system and reservoir
operators, can be obtained as outlined in the following. Changes in the energy of the
global system, as defined by the Hamiltonian Eq. (4.1), are determined by evaluat-
ing the derivative of the quantum average 〈H(t)〉 = Tr{H(t)ρtot} given by Ehrenfest’s
theorem according to

d

dt
〈H〉 =

〈
∂Hm(t)

∂t

〉
+

〈
∂HI,c(t)

∂t

〉
+

〈
∂HI,h(t)

∂t

〉
. (4.5)

The only changes in the total energy of the global compound can be caused by external
work which essentially implies that

Tr{Hmρ̇tot}+
∑
α=c,h

{
Tr[HI,αρ̇tot] + Tr[Hαρ̇tot]

}
= Tr{Hρ̇tot} = 0. (4.6)

The engine cycle is constructed in a way such that the microstate of the working medium
by means of the reduced density is restored after one iteration ρm(t+T ) = ρm(t). This
periodic behavior continues to be apparent in the inner energy of the system and the
interaction 〈Hm(t+T )〉 = 〈Hm(t)〉 and 〈HI,c/h(t+T )〉 = 〈HI,c/h(t)〉, which can be seen
as a consequence of the operation principle of the engine. The change in the energy of
the reservoirs is, hence, entirely determined through

d

dt
〈Hh +Hc〉 = Tr{(Hh +Hc)ρ̇tot} = −Tr{Hmρ̇tot} − Tr{(HI,h +HI,c)ρ̇tot}

= −Tr{Hmρ̇tot} −
d

dt
〈HI,h〉 −

d

dt
〈HI,c〉

+

〈
∂HI,h(t)

∂t

〉
+

〈
∂HI,c(t)

∂t

〉
(4.7)

where Eq. (4.6) and the relation d/dt〈HI,c/h〉 = Tr{HI,c/hρ̇tot}+ 〈∂/∂tHI,c/h〉 are used
to derive the last line. Equation (4.7) can be understood as a measure for the heat flux
to/from the respective reservoirs which coincides with a natural definition of heat once
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4 Non-Markovian real-time simulations of quantum heat engines

integrated over a whole cycle of duration T

∑
α=c,h

Qα := −
∑
α=c,h

∫ T

0

dt Tr{Hαρ̇tot}

=

∫ T

0

dt Tr{Hmρ̇tot} −
∑
α=c,h

∫ T

0

dt

〈
∂HI,α(t)

∂t

〉
. (4.8)

While the first term of Eq. (4.8) thereby corresponds to an energy flow between the
working medium and the respective reservoirs, the relation can also be understood
as a kind of continuity equation which implies that the second, work-type term is
completely dissipated during the cycle. It is important to note that the heat flux
to/from the system can also be decomposed into two contributions that lead to an
exchange of energy with the cold and hot bath respectively

jQ(t) := Tr{Hmρ̇tot} = − i
~

Tr{[Hm, HI,c]ρtot}︸ ︷︷ ︸
:=jQ,c(t)

− i
~

Tr{[Hm, HI,h]ρtot}︸ ︷︷ ︸
:=jQ,h(t)

. (4.9)

Eventually, expressions for the heat that is transferred into the hot/cold reservoir over
one cycle can be related to the individual flux components in Eq. (4.9) through

Qh =

∫ T

0

dt

[
jQ,h(t)−

〈
∂HI,h(t)

∂t

〉]
, Qc =

∫ T

0

dt

[
jQ,c(t)−

〈
∂HI,c(t)

∂t

〉]
. (4.10)

As indicated by the partial derivative terms in Eq. (4.5), three distinct sources of work
can be identified to complete the energy balance of the thermal cycle, namely

Wd =

∫ T

0

dt

〈
∂Hm(t)

∂t

〉
and WI =

T∫
0

dt

(〈
∂HI,h(t)

∂t

〉
+

〈
∂HI,c(t)

∂t

〉)
. (4.11)

While the work that originates from driving the potential through the frequency mod-
ulation ω(t) is either generated or consumed along the isentropic strokes, the inter-
action work WI occurs during the de-/coupling process to/from the hot/cold reser-
voir. A representation of the first law is, hence, verified by the per-cycle balance
Wd + WI + Qc + Qh = 0. As soon as an explicit choice is made for the control func-
tions ω(t) and λc/h(t), the performance of the corresponding thermodynamic process
can be measured. The heat engine cycle can be entirely characterized by the amount
of heat exchanged during the isochores and the work that is exerted on or released
by the system during the isentropic strokes. Based on the SLED Eq. (4.2) and a set
of predefined control functions ω(t) and λc/h(t), the state of the working medium is
accessible through the reduced density operator at any point in time during the cyclic
operation.

In addition to the propagation of the working medium, the expressions for heat transfer
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4.2 The four-stroke quantum Otto cycle

Qc/h and the work sources Wd and WI can be translated from Hamiltonian dynamics to
the probabilistic framework of the SLN. This is a straightforward task if the frequency
modulation of the system Hamiltonian is considered〈

∂Hm(t)

∂t

〉
= ω̇(t)

〈
∂Hm(t)

∂ω

〉
= ω(t)ω̇(t)〈q2〉. (4.12)

The transfer gets more intricate as soon as correlations between a system coordinate
or momentum and the reservoir operator Xα appear. In case of the heat flux jQ,α(t),
the stochastic equivalent can be derived according to

jQ,α(t) = − i
~

Tr{[Hm, HI,α]ρtot} = λα(t)Tr{p+[X+,α − µαλα(t)q+]ρtot}
= λα(t)ξα(t)〈p〉/m− γαλ2

α(t)〈p2〉/m+ γαλ
2
α(t)kBTα

−γαλα(t)λ̇α(t)〈qp+ pq〉/2. (4.13)

This calculation involves the abbreviated notation for commutation and anti-commuta-
tion relations Ô− = [Ô, ·] and Ô+ = 1

2
{Ô, ·} and the equal time system-reservoir

correlation function for time-dependent coupling, as derived in Eq. (2.81). Likewise,
the energy change of the total Hamiltonian due to explicit time-dependent system-
reservoir interaction can be expressed through microscopic dynamics and stochastic
force fields〈

∂HI,α(t)

∂t

〉
= λ̇α(t)

〈
∂HI,α(t)

∂λα

〉
= −λ̇α(t)Tr{q+[X+,α − µαλα(t)q+]ρtot}

= −λ̇α(t)ξα(t)〈q〉+ γαλα(t)λ̇α(t)〈qp+ pq〉/2
+γαλ̇

2
α(t)m〈q2〉. (4.14)

Once the thermodynamic quantities are transferred to the SLN picture, full knowledge
of the reduced density matrix evolution is sufficient to describe the quantum heat
engine regarding all four strokes in a nonadiabatic fully time-resolved and dynamical
way. In Fig. 4.3 the transient dynamics of the elements of the covariance matrix
in the harmonic case 〈q2〉, 〈p2〉 and 1/2〈qp + pq〉 is shown for dissipative coupling
to one (a) or two (b) reservoirs. Part (c) gives the time evolution of the heat flux
jQ,c/h(t) as measure for the energy transfer from hot to cold reservoir through the
system. In case of a harmonic mode coupled to one thermal bath, the system relaxes
from its initial preparation towards thermal equilibrium. For the harmonic oscillator
potential Eq. (4.4) with κ = 0 the steady state results of SLED simulations based on
Eq. (2.46) can be compared against thermal equilibrium values that are analytically
obtained [Wei12]. Using the frequency spectrum of the bath correlation function L̃(ω)
introduced in Eq. (2.13), the position and momentum dispersions can be expressed
through a convenient Matsubara representation with frequencies νn = 2π

~βn and natural
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4 Non-Markovian real-time simulations of quantum heat engines

a) b) c)

Figure 4.3: Transient dynamics of position and momentum dispersions and cross-
correlations as well as heat fluxes for a harmonic mode coupled to one
(a) or two (b,c) reservoirs for ωc/ω0 = 30 and nsamp = 500. (a) Relaxation
to thermal equilibrium for γ/ω0 = 0.1, ω0~β = 2 compared to analytical
results from Matsubara representation of dispersion integrals [Wei12]. (b)
Transient dynamics to non-equilibrium steady state (NESS) for two thermal
baths ω0~βh = 1, ω0~βc = 2 and symmetric coupling strength γ/ω0 = 0.25
(solid), γ/ω0 = 0.05 (dashed). (c) Heat fluxes for ω0~βh = 0.5, ω0~βc = 2,
γ/ω0 = 0.5 (solid), γ/ω0 = 0.25 (dashed). Energy transfer to (from) system
from (to) reservoir jQ(t) > 0 (jQ(t) < 0) relaxes to zero net energy flow
once the NESS is reached.

units m = 1, ω0 = 1

〈q2〉eq =
~
π

∫ ∞
0

dω L̃′′(ω) coth

(
~βω

2

)
=

1

β

∞∑
n=−∞

1

1 + ν2
n + |νn|γ̂(|νn|)

〈p2〉eq =
~
π

∫ ∞
0

dω ω2L̃′′(ω) coth

(
~βω

2

)
=

1

β

∞∑
n=−∞

1 + |νn|γ̂(|νn|)
1 + ν2

n + |νn|γ̂(|νn|)
. (4.15)

Using the spectral density J(ω) as defined in Eq. (2.15) for pure Ohmic damping, the
damping kernel’s Laplace transform γ̂(z) can be derived with the residue theorem

γ(t) = Θ(t)
2

π

∫ ∞
0

dω J(ω) cos(ωt) and γ̂(z) = γ
z3ωc + 2ω4

c − 3zω3
c

2(z2 − ω2
c )

2
. (4.16)

Indeed, the equilibrium variances from the stochastic simulations in (a) coincide with
the analytical prediction (dashed black lines). In (b,c) the reduced system is in non-
equilibrium since it is coupled to two reservoirs with symmetric damping strengths
γh = γc = γ and different temperatures. The relaxation of the covariance elements
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4.2 The four-stroke quantum Otto cycle

in (b) depends strongly on the damping constant. While for fixed temperature an
increased coupling strength has the tendency to reduce the dispersion in position, the
dispersion of the momentum gets larger. Both in (a) and (b), the initial presence of
coherent oscillations of the cross-correlation 1/2〈qp + pq〉 is damped to random fluc-
tuations around zero in the course of equilibration. The components of the total heat
flux in (c) can be understood as heat transfer from the hot reservoir to the system
jQ,h(t) > 0 and from the system to the cold reservoir jQ,c(t) < 0. Although the fluxes
are still strongly fluctuating even for large numbers of samples and long simulation
times due to their direct dependence on the noise source ξα (cf. Eq. (4.13)), the two
parts add up to a zero net energy flow once a steady state is reached.

In publication [WSA19], the presented non-perturbative approach to microscopic, non-
equilibrium dynamics of a finite-time, generalized Otto engine based on the SLN prob-
abilistic framework is applied to a variety of control protocols for both heat engine
(HE) and quantum refrigerator regimes. One of the major results of this work lies in
revealing the intimate connection between quantum coherence, fluctuations and their
impact on thermodynamic properties of finite-time heat engine cycles like efficiency
and power output. In Fig. 4.4 a standard four-stroke HE protocol is applied to four
consecutive periods of duration ω0T = 40 until a periodic steady state is reached. In
the fifth cycle, which is depicted in (a) and (b), the expansion towards a frequency
ω0 − ∆ω

2
with ω0 = ∆ω = 1 is not followed by a compression stroke anymore. The

alternate coupling procedure to the thermal reservoirs is thereby continued.

a) b)

Figure 4.4: (a) Excerpt from a control protocol for thermal contact to hot/cold reser-
voirs coupled by functions λh(t)/λc(t) and expansion due to ω(t)/ω0. The
protocol starts from the PSS of a regular HE cycle with process times
ω0τI = ω0τd = 5 and ω0T = 40. (b) Microscopic quantum dynamics for
ω0~βh = 0.25, ω0~βc = 3 and γ/ω0 = 0.05. The expansion stroke modifies
the phase of the qp-correlations which survives consecutive de-/coupling
processes beyond the limit of a cycle period.

The expansion leads to a slight change in the phase of the qp-correlations which is seen
in Fig. 4.4 (b), the oscillation is adjusting its period to π/(ω0 − ∆ω

2
). It is remarkable,

how the correlation is maintained over multiple de-/coupling operations from/to the
thermal reservoirs. As an intrinsically quantum phenomenon, the qp-correlations can
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4 Non-Markovian real-time simulations of quantum heat engines

be associated with quantum coherences [Kos13, KA16] and give rise to questions on
how thermodynamic cycle characteristics like efficiency and performance are affected
by them. This is answered in [WSA19] and boils down to the explicit appearance
of the term 〈qp + pq〉 in the probabilistic representation of heat and work as indi-
cated in Eqs. (4.13, 4.14). While the coupling work WI is, in general, lowering the
efficiency of the heat engine, its impact on the energy balance of the cycle can be
tuned through control of the qp-correlations. Depending on the phase of the latter
and its sign, relative to the timing of the coupling control λc/h(t), the truly long-range
quantum cross-correlation part of WI can counteract the irreversible energy loss of the
de-/coupling procedure and, hence, improve the engines efficiency.

In addition to the presented heat engine and refrigerator cycles (here and in [WSA19]),
the general applicability of the SLN based stochastic approach based on Eq. (4.2) moti-
vates further projects aiming at an enhancement of efficiency and performance through
optimal control techniques of the steering protocol and of quantum correlations. Alter-
nate cycles include e.g. simultaneous coupling and frequency modulation procedures
which can be useful in enhancing or reducing the heat transfer to/from the reservoirs,
thereby reaching beyond the standard weak-coupling theory, without considering so-
phisticated extensions.

4.2.2 Squeezing, entropy and coherence dynamics

While the stochastic propagation approach of the quantum heat engine based on the
SLN framework is by no means bound to harmonic potentials as defined in Eq. (4.4),
discussed in [MWSA18, WSA19] and motivated by ion-trap experiments [ARJ+12,
RDT+16], the study of thermal machines represented by Gaussian states and Gaus-
sian transformations constitutes an active field of research. Quantized harmonic modes
can be represented by Gaussian functions and are used to construct continuous vari-
able quantum systems that are ubiquitous in bosonic reservoir models like vibrational
modes in solids, atomic ensembles, nuclear spins in quantum dots and Josephson junc-
tions [WPGP+12]. With applications ranging across all areas of quantum information,
communication and computing [BVL05], continuous systems and Gaussian modes can
be accessed by a wide range of analytical tools that give deep insight into underlying
dissipative dynamics of the respective system.

Squeezing analysis of a Gaussian mode

During the heat engine cycle, the quantum state is exposed to a modulation of the
oscillator frequency and time-controlled thermal influence of surrounding reservoirs. As
a consequence, the reduced system can be subject to squeezing, a process that decreases
the variance of the position variable while increasing the variance of the conjugate
momentum variable. For a quantitative analysis of the effects of any squeezing of the
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oscillator state, it is convenient to represent the correlation matrix Σ

Σ =

(
〈q2〉 〈qp〉
〈qp〉 〈p2〉

)
=

(
σqq σqp
σqp σpp

)
(4.17)

by an alternative parameter set with squeezing amplitude r, squeezing angle ϕ and
width parameter a. For a single mode, a parameterization [WPGP+12] of the correla-
tion matrix elements reads

σqq = a2 (cosh 2r + cos 2ϕ sinh 2r) (4.18)

σqp = −a2 sin 2ϕ sinh 2r (4.19)

σpp = a2 (cosh 2r − cos 2ϕ sinh 2r) (4.20)

with a4 = det Σ = σqqσpp−σ2
qp. As discussed in the supplemental material of [WSA19],

the dynamics of the heat engine cycle settles into a time-periodic pattern with damped
oscillations after some interval of transient motion. The periodic steady state is reached.
With full knowledge of the microscopic dynamics of the covariance elements, the be-
havior of the squeezing parameters allows to interpret the dynamics of the phase space
ellipsoid along the four stroke protocol. Squeezing amplitude and angle are obtained
through

r =
1

2
acosh

[
1

2a2

(
σqq + σpp

)]
and ϕ =

1

2
arctan

[
−2

σqp
σqq − σpp

]
. (4.21)

von Neumann entropy for Gaussian states

In the case of heat engine or refrigerator protocols with harmonic oscillator potential,
the individual samples of the reduced density remain Gaussian for Gaussian initial con-
ditions. This is a result of Gaussian transformations that always take Gaussian states
to Gaussian states [BVL05, WPGP+12]. The von Neumann entropy of mixed states
can then be derived [HSH99] from the elements of the covariance matrix according to

SvN(ρ) = g
(√
〈q2〉〈p2〉 − 〈qp+ pq〉2/4

)
g(x) = (x+

1

2
) log(x+

1

2
)− (x− 1

2
) log(x− 1

2
). (4.22)

For an harmonic oscillator which is coupled to a thermal bath, the von Neumann
entropy of the steady state is known in analytic form

SvN = −kB log(1− e−~βω) + ~βω
e−~βω

1− e−~βω . (4.23)

In [WSA19] it is shown how the working medium in the PSS regime of a heat engine
cycle substantially deviates from a mere sequence of equilibrium states. The entropy
is thereby used to indicate incomplete thermalization with the reservoirs during the
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isochores.

Population and coherence dynamics

The population and coherence dynamics of the quantized harmonic mode can be used to
get further insight into energetic processes, especially during thermal contact with the
reservoirs. Talking the oscillator frequency at its mean value ω0 as reference, the Fock
state basis allows to monitor populations 〈n| ρ |n〉 = ρnn(t) = pn(t) and coherences
〈n| ρ |m〉 = ρnm(t). Using the completeness relation 1 =

∫
dq |q〉 〈q| the coordinate

space representation can be derived by

ρnm(t) = 〈n| ρ(t) |m〉 =

∫
dqdq′〈n|q〉 〈q| ρ(t) |q′〉 〈q′|m〉

=

∫
dqdq′ Ψ∗n(q)ρ(q, q′)Ψm(q′). (4.24)

The reduced system is propagated through the SLED Eq. (4.3) and, hence, a change
to symmetric and anti-symmetric coordinates is necessary. The map f : R2 7→ R

2 and
the corresponding Jacobian J f read

q = r +
y

2

q′ = r − y

2

 f :

(
q
q′

)
7−→

(
r + y

2

r − y
2

)
, J f(q, q′) =

(
1 1

2

1 −1
2

)
(4.25)

and allow to make the substitution dqdq′ = |det (J f) (r, y)|drdy which eventually leads
to

ρnm(t) =

∫
drdy Ψ∗n(r +

y

2
)ρ(r, y)Ψm(r − y

2
). (4.26)

For the quantum harmonic oscillator the coordinate space wave function can be ob-
tained from

Ψn(q) =

(
mω

π~

) 1
4 1√

2nn!
Hn

(√
mω

~
q

)
e−

1
2
mω
~ q2 (4.27)

and Hermite polynomials Hn(y) = (−1)ney
2
dn/dyne−y

2
for n ∈ N0. In [WSA19] the

population and coherence dynamics are analyzed to recognize dominant channels of oc-
cupation transfer and to reveal the presence of quantum coherences that are associated
with qp-correlations.
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5.1 Summary Phys. Rev. A, 052137, (2016)

In many realistic applications a quantum system is embedded in an interacting, sur-
rounding environment and therefore subject to quantum decoherence and dissipation.
While in the context of a classical environment based on Caldeira-Leggett related the-
ories and generalized Langevin equations [CL81, CL83b, Cha43, Zwa01], time-retarded
friction kernels can be concisely linked to thermal Gaussian random forces by means of
the classical fluctuation-dissipation theorem [CW51], a much more subtle treatment is
needed in the case of quantum friction due to an increasing relevance of system-reservoir
correlations and a narrowing separation between system and reservoir timescales. Es-
pecially in the field of quantum optics, e.g. in the case of vacuum fluctuations acting
on a single atom quantum system, weak environmental interaction can reasonably be
assumed and results in the ubiquitous and well-known Lindblad master equation for-
malism [Kos72b, Kos72a, GKS76, Lin76]. Once the thermal energy kBT of a quantum
system drops below the level structure and the thermal timescale ~β becomes increas-
ingly longer, the rigid derivation of the Lindblad operators must be called into ques-
tion in particular for driven systems and nonadiabatic optimal control [SNA+11]. The
underlying Markovian approximation makes the Lindblad approach difficult to apply
in the presence of strong environment coupling and long system-reservoir correlation
timescales.

Nonetheless, there have been many attempts to extend the scope of the Lindblad
formalism and, within the range of certain approximations, master equations can
be applied beyond the Markov assumption. This includes a non-Markovian gener-
alization of the Lindblad theory [Bre07, TSHP18], transfer tensor methods of non-
Markovian dynamical maps [CC14] and is discussed in further detail in [BP10, BLPV16,
dVA17]. Substantial deviations from Lindblad propagation schemes that can be as-
cribed to non-Markovian quantum dynamics [RHP14] arise e.g. in solid-state im-
plementations of qubits [GCS17], nanoscale quantum thermal machines [ULK16] or
biological light harvesting complexes [HP13]. The large demand for techniques that
reach beyond perturbative dynamics of memoryless master equations is partially cov-
ered by a range of numerically exact simulation methods, set up in the full Hilbert
space [ABV07, WT10, PCHP10] or reduced to the system density operator. The lat-
ter are closely related to the dissipative path integral formulation pioneered by Feyn-
man and Vernon [FV63, Wei12]. They cover time-discrete, quasiadiabatic tensor state
propagation [MM94], hierarchical, nested equations of motion [IT05, HC18] or meth-
ods that map the influence of the environmental degrees of freedom to probability
space [DS97, SG02, Sto04, Sha04]. The functional integration can also be treated di-
rectly through Monte Carlo techniques [EM94, MA05, KA13] and an unraveling of the
quantum influence functions into time-local stochastic action terms that leads to the
stochastic Liouville-von Neumann (SLN) equation [SG02, Sto04, SNA+11, IOK15].

One major hurdle of the associated non-unitary stochastic propagation of the reduced
system is a deterioration of the signal-to-noise ratio for long times (cf. chapter 3). Re-
lated to the dynamical sign problem in real-time path integrals [MC90], an increasing
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amount of sample trajectories is necessary to obtain a physically meaningful reduced
density propagation through averaging with respect to stochastic force fields.

In this paper, we present a non-perturbative and numerically exact approach to open
quantum systems, suitable for strong coupling, low temperatures and arbitrarily driven
systems that is based on the stochastic Liouville-von Neumann equation (2.40) and
its version for reservoirs with Ohmic characteristics Eq. (2.45). Upon a projection
operation, as outlined in section 2.4, that divides the elements of the reduced density
matrix in a relevant, diagonal part

P : ρ→


ρ11 0 · · · 0

0 ρ22
. . .

...
...

. . . . . . 0
0 · · · 0 ρnn

 (5.1)

and off-diagonal components Qρ = ρQ, the SLED Eq. (2.45) can be recast into a
version of the Nakajima-Zwanzig [Nak58, Zwa60] equation

ρ̇P(t) = PL(t)ρP + PL(t)

∫ t

t∗
dt′ exp>

[∫ t

t′
dsQL(s)

]
QL(t′)ρP(t′). (5.2)

The resulting system of differential equations (3.4) identifies dephasing as entirely pro-
voked by the QL(t)Q superoperators. This allows to introduce a finite-memory scheme
(cf. Fig. 3.2) to include non-Markovian and non-local, inter-blip interactions. The lower
integration bound t∗ in Eq. (5.2) can be raised in strong dephasing regimes where t− t∗
remains large compared to the coherence timescale. This restricts the noisy propaga-
tion of the Qρ-dynamics to shorter intervals. An additional introduction of multiple
finite-memory segments Qρj with j ∈ {1, 2, . . . , nseg} and stepwisely increased initial
conditions increases the efficiency by orders of magnitude. It thereby extends the non-
interacting blip approximation [LCD+87, LCD+95] for the dissipative two-state model
in a non-diagrammatic, time-local formalism. In the context of a three-level system as
a model of a symmetric donor-bridge-acceptor (DBA, cf. Fig. 3.5) complex coupled to
an Ohmic environment, we use the TCBD algorithm to investigate electron transfer
dynamics [Mar56, MS85] at the edge of thermally activated sequential hopping from
site to site and non-local tunneling [MAE04] as a quantum superexchange phenomenon.
The respective dominance of these transfer mechanisms is used to classify the classical
to quantum crossover of the reduced system evolution upon comparing numerically
extracted rates of the TCBD system evolution to approximative results from the NIBA
theory

ΓDB,GR(ε) =
∆2

eff

4ωc

(
~βωc
2π

)1−2K |Γ(K + i~βε/2π)|2
Γ(2K)

e
1
2
~βε (5.3)

ΓSQM,GR(ε) ≈
(

∆
2

)4

ε2

∫ ∞
−∞

dτ exp
[
−4Q(τ)

]
(5.4)
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for an increasingly elevated intermediate state regarding the bias energy ~ε. In the
last part of the article, we point out deficiencies of a standard weak coupling master
equation approach [BP10] with respect to rate dynamics for a decoupled evolution of
diagonal and off-diagonal density matrix elements. In the eigenstate representation of
the Hamiltonian Eq. (3.23), the population dynamics

ṗn(t) =
3∑

m=1

[Wnmpm(t)−Wmnpn(t)], Wmn =
1

~2
〈m|Sz |n〉2 D(Em − En) (5.5)

with D(E) = 2MJ(E/~)n̄(E) and the thermal occupation n̄(E) = 1/[exp(βE) − 1]
evolves independently of its coherences

ρnm(t) = ρnm(0) ei(En−Em)t/~ e−Γmnt (5.6)

and off-diagonal decay rates

Γmn =
1

~2

3∑
r=1

1

2

[
〈m|Sz |r〉2D(Er − Em) + 〈n|Sz |r〉2D(Er − En)

]
− 1

~2
〈m|Sz |m〉 〈n|Sz |n〉D(0). (5.7)

While at least qualitative agreement of the extracted sequential hopping rate to the
numerically exact result of TCBD simulations is found, the Pauli master equation
[BP10, Wei12] is not applicable in an analysis of superexchange phenomena across an
intermediate bridge state of a few level system.

The present work thus demonstrates that a combination of the SLN with projector
operator techniques allows to gain a substantial improvement in terms of long-time
stochastic sample convergence. It provides access to the long-time dynamics of few
level systems in the regime of strong system-bath coupling and very low temperatures
and proves to be especially powerful to extract hopping and tunneling rates.
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The non-Markovian dynamics of open quantum systems is still a challenging task, particularly in the
nonperturbative regime at low temperatures. While the stochastic Liouville–von Neumann equation (SLN)
provides a formally exact tool to tackle this problem for both discrete and continuous degrees of freedom, its
performance deteriorates for long times due to an inherently nonunitary propagator. Here we present a scheme
that combines the SLN with projector operator techniques based on finite dephasing times, gaining substantial
improvements in terms of memory storage and statistics. The approach allows for systematic convergence and is
applicable in regions of parameter space where perturbative methods fail, up to the long-time domain. Findings
are applied to the coherent and incoherent quantum dynamics of two- and three-level systems. In the long-time
domain sequential and superexchange transfer rates are extracted and compared to perturbative predictions.

DOI: 10.1103/PhysRevA.94.052137

I. INTRODUCTION

General theories of open quantum dynamics as introduced
in [1,2] provide the mathematical pathway to the character-
ization of real-world quantum-mechanical systems, subject
to dissipation and dephasing by environmental interactions.
Such effects are crucial across a multitude of fields ranging
from solid-state to chemical physics, quantum optics, and
mesoscopic physics.

In the context of a classical environment, linear dissipation
can be modeled by the Caldeira-Leggett oscillator approach
[3], closely linked to Langevin equations [4], which offer
a concise formalism based on retarded friction kernels and
Gaussian random forces (thermal noise). The quantum analog
of friction, however, needs a much more subtle treatment since
it typically creates substantial correlations between the system
and environment. Moreover, quantum fluctuations of a thermal
reservoir are nonzero at any temperature, leading to interesting
phenomena and nontrivial ground states (see Fig. 1).

Within the quantum regime the dynamic properties of
the reduced density matrix are paramount. By tracing out
the reservoir degrees of freedom from the global dynamics,
the focus is narrowed towards a relevant subsystem. Any
systematic treatment of dynamic features such as decoherence
of quantum states, dissipation of energy, and relaxation
to equilibrium or nonequilibrium steady states requires a
consistent procedure to distill a dynamic map or an equation
of motion for the reduced density matrix from the unitary
evolution of system and reservoir.

The Markovian approximation typically generalizes the
classical probabilistic technique of a dynamic semigroup in
analogy to the differential Chapman-Kolmogorov equation [5].
The finite-dimensional mathematical framework of quantum
dynamic semigroups traces back to the seminal work by
Kossakowski and co-workers [6–8] and simultaneously by
Lindblad [9]. While the resulting quantum master equations
of Lindblad form provide an easy-to-use set of tools for
many applications, their perturbative nature fails in the
presence of strong environment coupling, long-correlation-
time scales, or entanglement in the initial state. The de-
gree of non-Markovianity that is inherent to the density-
matrix evolution and causes pronounced retardation effects

in reservoir-mediated self-interactions constitutes an active
field of research [10–14]. Whereas considerable advances have
been made in the characterization of dynamic generators as
non-Markovian [15], much less attention has been paid to
the question of how non-Markovian behavior arises from the
Hamiltonian description of a system-reservoir model.

Beyond the perturbative dynamics of memoryless master
equations and related strategies such as quantum jumps [16]
or quantum state diffusion [17–21], a pool of numerically
exact simulation methods has been developed, each with
specific strengths and specific weaknesses. One can distinguish
between methods set up in the full Hilbert space of the
system and bath degrees of freedom and those considering
the dynamics of the reduced density operator of the system
alone. The former include approaches based on, e.g., the
numerical renormalization group [22], the multiconfiguration
time-dependent Hartree method [23], and the density-matrix
renormalization group [24]. The latter can all be derived
from the path-integral formulation pioneered by Feynman
and Vernon [2,25,26]. They treat the functional integration
either directly such as the path-integral quantum Monte
Carlo method [27–29] and the quasiadiabatic propagator [30]
or cast it in some form of time evolution equations. This
is by no means straightforward due to the bath-induced
time retardation, a problem that always appears at lower
temperatures. Equivalence to the path-integral expression is
then only guaranteed for a nested hierarchy of those equations
[31] or time evolution equations carrying stochastic forces
[32–34] from which the reduced density follows after a proper
averaging.

These stochastic approaches exploit the intimate connection
between the description of a quantum reservoir in terms
of an influence functional and stochastic processes. In fact,
influence functionals not only arise when a partial trace
is taken over environmental degrees of freedom, but they
are also representations of random forces sampled from a
classical probability space [25]. This stochastic construction
can be reversed, leading to an unraveling of quantum-
mechanical influence functionals into time-local stochastic
action terms [33]; we thus obtain the dynamics of the reduced
system through statistical averaging of random state samples
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FIG. 1. Illustration of a distinct quantum system embedded in
a thermal reservoir. The coupling to the environment provokes
phenomena such as fluctuating forces that act on the system and
the loss of energy due to dissipation.

generated by numerically solving a single time-local stochastic
Liouville–von Neumann equation (SLN) [35–37]. Compared
to other methods, this provides a very transparent formulation
of non-Makrovian quantum dynamics with the particular
benefit that the consistent inclusion of external time-dependent
fields is straightforward [37].

Since the random forces resulting from the exact mapping
of the quantum reservoir to a probability space are not
purely real, the resulting stochastic propagation is nonunitary.
Therefore, the signal-to-noise ratio of empirical statistics based
on SLN propagation deteriorates for long times. This issue is
reminiscent of the sign problem in real-time path integrals
[38] and represents a major hurdle in solving the most general
c-number noise stochastic Liouville–von Neumann equation
for time intervals much longer than the time scales of relaxation
and dephasing.

Here we modify a strategy, recently presented by one of
us [39], which uses a projection operator [40,41] based finite-
memory scheme to solve the complex-noise SLN numerically.
Finite-memory stochastic propagation significantly lowers the
effect of statistical fluctuations and leads to a much faster
convergence of long-time sample trajectories, with a gain
in computational efficiency by several orders of magnitude.
While the relevant memory time scales used before were
reservoir correlation times [39], we use a different projector
here, adapted to the case of finite dephasing times. If either
the dissipative coupling or the reservoir temperature exceeds
certain thresholds, this results in a shorter memory time and
better statistics.

We apply this framework to two- and three-level systems
and compare numerical data with perturbative predictions.
Particular emphasis is put on the transition from coherent to
incoherent population dynamics. Since our method allows for
converged simulations also in the long-time domain, transfer
rates for sequential hopping and superexchange [2] can be
extracted that are of relevance for charge or energy transfer
in molecular aggregates and arrays of artificial atoms, e.g.,
quantum-dot structures.

The paper is organized as follows. We start in Sec. II with
a concise discussion of the SLN and its simplified version

for Ohmic spectral densities. The scheme based on projection
operator techniques is introduced in Sec. III, before the two-
level system in Sec. IV and the three-level structure in Sec. V
are analyzed.

II. STOCHASTIC REPRESENTATION OF
OPEN-SYSTEM DYNAMICS

We consider a distinguished system that is embedded in an
environment with a large number of degrees of freedom. The
Hamiltonian of such a model comprises a system, a reservoir,
and an interaction term

H = HS + HI + HR. (1)

For bosonic elementary excitations of the reservoir we assume
HR = ∑

k �ωkb
†
kbk together with a bilinear coupling part

HI = q E that links the system coordinate q to the bath force
E = ∑

k ck(b†k + bk). From the unitary time evolution of the
global density matrix W that belongs to the product space
H = HS ⊗ HR , we recover the reduced density matrix ρ by
a partial trace over the reservoir’s degrees of freedom

ρ(t) = TrR{U(t,t0)W (t0)U(t,t0)} (2)

and a factorizing initial condition W (t0) = ρ(t0) ⊗ ρR . We
thereby assume the reservoir to be initially in thermal equi-
librium ρR = Z−1

R e−βHR .
While traditional open-system techniques focus on a

perturbative treatment in the interaction Hamiltonian HI , we
derive our stochastic approach from influence functionals, a
path-integral concept introduced by Feynman and Vernon [25],
applying to reservoirs with Gaussian fluctuations of the force
field E (t),∫

Dq(τ )Dq ′(τ ′)A[q(τ )]A∗[q ′(τ ′)]F[q(τ )q ′(τ ′)]. (3)

Here A is the probability amplitude for paths governed by the
system action alone (a pure phase factor) and

lnF[q(τ )q ′(τ ′)] = − 1

�2

∫ t

0
dτ

∫ τ

0
dτ ′[q(τ ) − q ′(τ )]

×[L(τ − τ ′)q(τ ′) − L∗(τ − τ ′)q ′(τ ′)].

(4)

All effects of the dissipative environment on the propagation
of the system can thus be expressed in terms of the free
fluctuations of the reservoir, characterized by the complex
force correlation function

L(τ ) ≡ 〈E (τ )E (0)〉R = L′(τ ) + iL′′(τ )

= �
π

∫ ∞

0
dω J (ω)

cosh[ω(�β/2 − it)]

sinh(�βω/2)
. (5)

Here we have introduced a spectral density J (ω), which
can be determined microscopically from the frequencies
and couplings of a quasicontinuum of reservoir modes or,
alternatively, from the Fourier transform of the imaginary part
of Eq. (5) when the correlation function has been obtained by
other means. The latter definition is somewhat more general
than the model of an oscillator bath. It is to be noted that the
thermal-time scale �β must be considered long in a quantum
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system with thermal energy kBT ≡ 1/β smaller than the level
spacing. In the opposite limit �β → 0 the classical version of
the fluctuation-dissipation theorem [42] can be recovered from
Eq. (5).

Due to the nonlocal nature of the influence functional (4),
there is no simple way to recover an equation of motion from
Eq. (3). However, since F[q(τ )q ′(τ ′)] is a Gaussian functional
of the path variables, it shows great formal similarity to
generating functionals of classical Gaussian noise. A classical
process formally equivalent to a quantum reservoir can thus be
constructed by means of a stochastic decomposition [33,43].
The resulting SLN contains two stochastic processes ξ (t)
and ν(t), corresponding to two independent functions of the
functional F ,

d

dt
ρz(t) = − i

�
[HS,ρz(t)] + i

�
ξ (t)[q,ρz(t)]

+ i

2
ν(t){q,ρz(t)}. (6)

We thus map the reduced system evolution to a stochastic
propagation in probability space of Gaussian noise forces with
zero bias and correlations that match the quantum-mechanical
correlation function L(t − t ′),

〈ξ (t)ξ (t ′)〉R = L′(t − t ′), (7)

〈ξ (t)ν(t ′)〉R = (2i/�)	(t − t ′)L′′(t − t ′), (8)

〈ν(t)ν(t ′)〉R = 0. (9)

It is obvious that there are no real-valued processes with these
correlations; however, complex-valued stochastic processes
that obey Eqs. (7)–(9) do exist.

Even though Eq. (6) contains no term recognizable as
a damping term (in a mathematical sense), it provides an
exact numerical approach to open quantum systems with any
type of Gaussian reservoir: Stochastic samples ρz obtained
by propagating (6) with specific noise samples have no
obvious physical meaning. The physical density matrix, whose
evolution is damped, is obtained by averaging the samples
ρ = M[ρz].

There is also a version of the SLN that is designed for
reservoirs with Ohmic characteristic, i.e., for spectral densities
of the form J (ω) ∼ ω up to a high-frequency cutoff ωc being
significantly larger than any other frequency of the problem
(including the thermal time �β). This class of reservoirs is
of particular relevance due to numerous realizations ranging
from atomic to condensed-matter physics. In this case, the
imaginary part of the reservoir correlation function can be
considered as the time derivative of a Dirac δ function

L′′(τ ) = η

2

d

dτ
δ(τ ). (10)

Accordingly, memory effects arise only from the real part
L′(τ ), while the imaginary part can be represented by a time-
local damping operator acting on the reduced density matrix.
This results in the simplified so-called stochastic Liouville
equation with dissipation (SLED) dynamics [44] with one real-

valued noise force ξ (t),

d

dt
ρξ = 1

i�
{[HS,ρξ ] − ξ (t)[q,ρξ ]} + γ

2i�
[q,{p,ρξ }],

(11)

where γ = η/m. Equation (11) has been derived for potential
models with canonical variables q and p with [q,p] = i�. In a
wider context, it is still valid for moderate dissipative strength
[45,46] with the substitutions m → 1 and p → (i/�)[H,q].

Both stochastic formulations for open quantum dynamics
(6) and (11) have been successfully used to solve problems in
a variety of areas. They apply to systems with discrete Hilbert
space as well as continuous degrees of freedom and have the
particular benefit that they allow for a natural inclusion of
external time-dependent fields irrespective of amplitude and
frequency. Specific applications comprise spin-boson dynam-
ics [35], optimal control of open systems [37], semiclassical
dynamics [47], molecular energy transfer [36], generation of
entanglement [48], and heat and work fluctuations [49,50], to
name but a few.

III. TIME-CORRELATED BLIP DYNAMICS

However, there is a consequence for the generality and
simplicity of Eqs. (6) and (11). The correlation function (9)
requires the complex-valued process ν(t) to have a random
phase; hence Eq. (6) describes nonunitary propagation. As
in the paradigmatic case of multiplicative noise, geometric
Brownian motion [5], the stochastic variance of observables
[taken with respect to the probability measure of ξ (t) and
ν(t)] grows rapidly with increasing time t , making the
computational approach prohibitively expensive in the limit
of very long times.

This problem has recently been solved by one of us
[39] by formally identifying the stochastic averaging as a
projection operation. This allows the identification of relevant
and irrelevant projections of the ensemble of state samples,
with beneficial simplifications for finite memory times of the
reservoir. The finite-memory stochastic propagation approach
has solved the problem of deteriorating long-term statistics.
However, the finite asymptotic value of the sampling variance
can still be high in the case of strong coupling. Here we
address this case using a different projection operator, based on
finite-decoherence-time scales instead of reservoir correlation
times. We restrict ourselves to reservoirs with Ohmic-type
spectral densities for which the SLED in Eq. (11) is the
appropriate starting point.

In this section we first describe the general strategy and
will then turn to specific applications in the remainder. Since
the latter focus on systems with discrete Hilbert space, for
convenience we make use of the language developed within the
path-integral description of discrete open quantum systems.
There it is customary to label path segments where the path
labels q(τ ) and q ′(τ ) differ as blips, contributing to off-
diagonal matrix elements (coherences) of ρ and intervening
periods with equal labels as sojourns, contributing to diagonal
elements.

In an open quantum system, dephasing by the environment
sets an effective upper limit on the duration of a blip. This
observation can be transferred to our stochastic propagation
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FIG. 2. Scheme of “memory recycling” in the time-correlated blip dynamics.

methods using projection operators. The operator

P : ρ →

⎛
⎜⎜⎜⎜⎝

ρ11 0 · · · 0

0 ρ22
. . .

...
...

. . .
. . . 0

0 · · · 0 ρnn

⎞
⎟⎟⎟⎟⎠ (12)

projects on sojourn-type intermediate states, while its comple-
ment Q = 1 − P projects on blip-type states.

With these projectors, Eq. (11) can be rewritten as a set
of coupled equations of motion for diagonal and off-diagonal
elements of ρξ ,

d

dt

(
ρP

ρQ

)
=

(
0 PLdetQ

QLdetP Q[Ldet + Lξ ]Q

)(
ρP

ρQ

)
, (13)

with a deterministic Liouvillian superoperator Ldet ≡
1
i� [HS,·] + γ

2i� [q,{p,·}] and a stochastic superoperator Lξ ≡
i
� [q,·]ξ (t). The propagation of the SLED equation (11) can
now be recast in the form of a Nakajima-Zwanzig equation
[40,41]

d

dt
ρP = PL ρP + PL

∫ t

t∗
dt ′ exp>

×
(∫ t

t ′
dsQL (s)

)
QL ρP(t ′), (14)

where ρP is the projected (diagonal) part of the density matrix,
L ρ is equal to the right-hand side of Eq. (11), and the symbol
> denotes time ordering.

The time-ordered exponential now represents propagation
during blip periods. Generally, the lower integration boundary
t∗ needs to be set to zero if full equivalence to equations of type
(13) is required. However, when it is known that dephasing sets
an upper limit to blip times, t∗ can be raised, provided t − t∗
remains large compared to the dephasing time. In order to

translate this approach into an algorithm, it is advantageous
not to choose t − t∗ constant: The number of different initial
conditions for the irrelevant part must be kept manageable.

Figure 2 provides an illustration of the resulting algorithm,
time-correlated blip dynamics (TCBD). The propagation of
coherences is realized in multiple overlapping segments on
the time axis. An arbitrary but fixed number of segments nseg,
i.e., Qρj with j ∈ {1,2,3, . . . ,nseg}, is used throughout the
propagation. These segments are initialized with staggered
starting times. With an intersegment spacing ∼τm/nseg chosen
larger than the numerical time step δt , the individual segments
comprise a maximum memory window of τm. For each
propagation step at a given time t , the segment with the longest
history among all Qρj is used in the propagation of Pρ.
Whenever one segment has “aged” beyond τm, it is reset and
replaced by its next best follower, thus starting a continuous
recycling of memory trails.

Formally limiting the maximum blip length leads to
improved statistics of our stochastic simulations, since the
stochastic part of L applies only to blip periods. The choice
of a predefined number of memory segments (independent of
the propagation time step) reduces the required numerical op-
erations significantly. Compared to a naive solution of Eq. (14)
with fixed difference t − t∗, resulting in an unfavorable scaling
of complexity with δt as Onaive([ t

δt
]2), we lower the complexity

to OTCBD( t
δt

nseg), typically an order of magnitude lower in
absolute terms.

In the remainder of this work we apply the non-Markovian
propagation TCBD method to both a two-level system (TLS)
immersed in a heat bath (spin-boson model) and a quantum
system that is effectively restricted by a three-dimensional
Hilbert space. In the transparent context of these discrete
systems, we compare equilibrium properties to an analytical
theory of dissipative two-state evolution, the noninteracting
blip approximation (NIBA), and uncover superexchange phe-
nomena due to virtual particle transfer.
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IV. SPIN-BOSON MODEL

The spin-boson model is a generic two-state system coupled
linearly to a dissipative environment

HS = �ε

2
σz − ��

2
σx. (15)

The coupling to the environment is conventionally taken as
HI = σz E . The Ohmic environment is described by a spectral
density of the generic form

J (ω) = ηω(
1 + ω2/ω2

c

)2 , (16)

where the constant η denotes a coupling constant and ωc is
a UV cutoff. In the context of the spin-boson problem, one
conventionally works with the so-called Kondo parameter K =
2η/π� as a dimensionless coupling parameter. The SLED and
the TCBD are then applicable for moderate damping K < 1/2.
Subsequently, one sets q = σz, m = 1, and p = −�σy , so
the deterministic and stochastic superoperators introduced in
Eq. (13) read

Ldet = 1

i�
[HS,·] − γ

2i�
�[σz,{σy,·}],

Lξ = i

�
[σz,·]ξ (t). (17)

Parametrizing the reduced density matrix through pseudospin
expectation values leads to an intuitive picture of the dynamics

ρ = 1

2

(
1 + 〈σz〉 〈σx〉 − i〈σy〉

〈σx〉 + i〈σy〉 1 − 〈σz〉
)

. (18)

We will later make use of the fact that the diagonal part is
determined by the single parameter 〈σz〉.

It is instructive to compare our projection technique with the
analytic NIBA approach [51]. Path-integral techniques were
first used to derive the NIBA; with discrete path variables
σ = ±1, Eq. (3) reads∫

Dσ (τ )Dσ ′(τ ′)A[σ (τ )]A∗[σ ′(τ ′)]F[σ (τ )σ ′(τ ′)]. (19)

Since the path functions σ (τ ) are piecewise constant, their
derivatives are sums of δ functions at isolated points. Equa-
tion (4) can then be integrated by parts; this results in a double
sum over interactions between discrete charges (jumps in path
variables), which depend on the twice-integrated reservoir
correlation function

Q(t) = �
π

∫ ∞

0
dω

J (ω)

ω2

×
{

coth

(
�βω

2

)
[1 − cos(ωt)] + i sin(ωt)

}
. (20)

The NIBA approach assumes that the resulting form of Eq. (4)
can be approximated by omitting interactions between charges
that are not part of the same blip. The Laplace transform of
the path sum can then be given in analytic form.

For the present purpose, it is more instructive to note that
this result can also be cast in the form of an equation of motion
[52]

d〈σz〉t
dt

=
∫ t

0
dt ′

[
K (a)

z (t − t ′) − K (s)
z (t − t ′)〈σz〉t ′

]
(21)

with integral kernels that depend on the relative time τ =
t − t ′,

K (a)
z = �2 sin(ετ )e−Q′(τ ) sin[Q′′(τ )], (22)

K (s)
z = �2 cos(ετ )e−Q′(τ ) cos[Q′′(τ )]. (23)

The function Q(τ ) is given by

Q′(τ ) = 2K ln

(
�βωc

π
sinh

πτ

�β

)
, (24)

Q′′(τ ) = 2K (25)

for large ωc and moderate damping (K < 1/2).
The integro-differential equation (21) has a mathematical

structure similar to the Nakajima-Zwanzig equation (14). This
is not a coincidence. The dynamic variable 〈σz〉 of Eq. (21)
is representative of the entire diagonal part of the density
matrix, after averaging over the reservoir degrees of freedom
(or, in our case, noise representing the reservoir). The NIBA
thus is related to the application of a different projection
operator P̄ that sets off-diagonal elements to zero and takes
the expectation value of the diagonal elements (the relation
P̄2 = P̄ is obvious).

However, the integral kernels of the NIBA are equivalent to
propagating with QL rather than Q̄L . Therefore, Eq. (21)
is not quite a Nakajima-Zwanzig equation. The difference
between the NIBA and TCBD could thus succinctly be stated
in the following manner: The NIBA tacitly omits the projection
(P − P̄)ρ from the dynamics.

Apart from providing reference data and being a useful
conceptual reference point, the NIBA theory provides us with
a quantitative model for the system’s decoherence time based
on the reservoir’s dissipative properties. When the function
Q′(τ ) increases with τ at long times, long blips are suppressed
as the dissipative factor e−Q′(τ ) in Eq. (23) becomes smaller. An
estimate for a memory window τm of the TCBD’s ρQ segments
can be obtained for τ � �β and sufficiently strong suppres-
sion of intrablip interactions e−Q′(τ )  1. Considerably small
errors are achieved by memory lengths of the order of

τm ∼ 4�β

2Kπ
. (26)

Longer-memory-time frames τm reduce potential errors due to
a truncation of the off-diagonal trajectories. At the same time,
they increase the amount of random noise that accumulates
along the stochastic propagation of ρQ and smears out the
original transfer signal. While the TCBD method allows us
to manually access intrablip correlation lengths through τm, it
puts no restrictions on interblip interactions, thereby extending
the NIBA theory.

The efficiency gain of a numerical spin-boson simulation
based on the SLED (11) and the proposed TCBD method
proves to be especially striking in the case of strong dephasing,
i.e., for large coupling parameters K . Besides the dynamic
observables 〈σx〉t and 〈σz〉t , Figs. 3 and 4 compare the
variance of the stochastic sample trajectories Var[σz]t of a
straightforward SLED solution to the TCBD propagation of
the reduced system. Apparently, both first- and second-order
statistics confirm substantially faster convergence of the TCBD

052137-5



WIEDMANN, STOCKBURGER, AND ANKERHOLD PHYSICAL REVIEW A 94, 052137 (2016)

FIG. 3. Comparison of the TCBD and the full SLED [Eq. (11)] for
expectation values 〈σx〉t and 〈σz〉t of a spin-boson model with ε = 0,
β = 0.7, K = 0.24, ωc = 10, τm = 2, and nsamp = 2500; frequencies
are in units of �.

scheme to the thermal equilibrium 〈σz〉∞ = 0 as well as a
significant reduction in sample noise.

Despite its sound quantitative applicability in a wide range
of fields, the NIBA is flawed in describing the long-time
dynamics of 〈σj 〉t (j = x,y,z) correctly at low temperatures
T and finite-bias energy ε. Considering the equilibrium values
for the 〈σz〉t component [2], the NIBA result comes down to a
loss in symmetry and strict localization for zero temperature

〈σz〉NIBA
∞ = tanh

(
�ε

2kBT

)
T →0−→ sgn(ε). (27)

This confinement to one of the wells stands in contrast to the
weak-damping equilibrium with respect to thermally occupied
eigenstates of the TLS

〈σz〉eff
∞ = ε

�eff
tanh

(
��eff

2kBT

)
T →0−→ ε

�eff
(28)

FIG. 4. Comparison of the numerical variance for TCBD and
SLED for 〈σz〉t ; parameters are the same as in Fig. 3.

FIG. 5. NIBA and TCBD relaxation dynamics towards equilib-
rium of the population difference 〈σz〉t for ε = 0.5, β = 5, K = 0.1,
ωc = 10, and nsamp = 100; frequencies are in units of �.

with effective tunneling matrix element

�eff = [�(1 − 2K) cos(πK)]1/2(1−K)

(
�

ωc

)K/(1−K)

�. (29)

While the equilibrium prediction of the NIBA theory clearly
fails in the presence of an even infinitesimal-bias energy, the
TCBD provides correct equilibration in the scaling limit. Note
that due to the finite-frequency cutoff in Eq. (16), the TCBD
approaches a steady-state value determined by the effective
tunnel splitting �eff for coupling parameters K < 1.

The results in Fig. 5 illustrate the relaxation process of 〈σz〉t
for a finite bias and low temperatures. While both the NIBA and
the TCBD provide nearly indistinguishable data up to times
t ≈ 5/�, significant deviations appear for longer times. We
note in passing the numerical stability of the TCBD, which
allows one to access also typical equilibration time scales.
While in the TCBD approach all time-nonlocal correlations
induced by the reservoir are consistently taken into account as
a vital ingredient for the reduced dynamics, the NIBA neglects
long-range interactions such as interblip correlations. In this
sense, the TCBD method constitutes a systematic extension of
the NIBA.

V. THREE-LEVEL SYSTEM

We will now demonstrate the adaptability of the TCBD
method for multilevel systems by investigating population
transfer in a three-state structure. For this purpose, we consider
(see Fig. 6) a symmetric donor-bridge-acceptor (DBA) system
[28,53], with degenerate donor state |1〉, acceptor state |3〉, and
a bridge state |2〉 being energetically lifted by a bias of height
ε. Despite its simplicity, the corresponding open quantum
dynamics even in the presence of an Ohmic environment (16)
is rather complex and has been explored in depth as a model to
access fundamental processes such as coherent or incoherent
dynamics and thermally activated sequential hopping versus
long-range quantum tunneling (superexchange).
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1

2

3

FIG. 6. Symmetric three-state donor-bridge-acceptor system
with donor |1〉 and acceptor |3〉 states and a bridge state |2〉 elevated
by an energy �ε. In the case of incoherent population transfer, two
transfer channels with transition rate �DB for sequential hopping and
�SQM for superexchange govern the dynamics.

Within the spin-1 basis {1,Sx,Sy,Sz} the Hamiltonian of the
system with site basis eigenvectors |1〉, |2〉, and |3〉 reads

HS = ��Sx + �ε√
2

(
1 − S2

z

)

= �√
2

⎛
⎝ 0 � 0

� ε �

0 � 0

⎞
⎠. (30)

In Eq. (11) the position coordinate q is then represented by
the Sz, while the momentum operator p follows from the
respective Heisenberg equation of motion q̇ = i

� [HS,q] =
�Sy . Accordingly, HI = −Sz E , so the deterministic and
stochastic superoperators in Eq. (13) are derived as

Ldet = 1

i�
[HS,·] + γ

2i�
�[Sz,{Sy,·}],

Lξ = i

�
[Sz,·]ξ (t).

(31)

As a result, we show in Figs. 7–9 the population dynamics
of the site occupations pj (t) = Tr{|j 〉〈j |ρ(t)} and j = {1,2,3}
with ρ(t0) = |1〉〈1| for three different bridge energies ε = 1,
3, and 17 (in units of �). For moderate bridge energies one
observes coherent transfer of populations towards thermal

FIG. 7. Population dynamics pj (t) = Tr{|j〉〈j |ρ(t)}, j =
{1,2,3}, for ε = 1, K = 0.24, β = 5, nsamp = 2 × 104, and ωc = 10;
frequencies are in units of �.

FIG. 8. Same as in Fig. 7 but for ε = 3.

equilibrium for the chosen coupling parameter K = 0.24
and inverse temperature β = 5, while incoherent (monotonic)
decay appears for high-lying bridges. The TCBD captures
these qualitatively different dynamic regimes accurately and in
domains of parameters space that are notoriously challenging,
namely, stronger coupling and very low temperatures.

A. Rate description

For the remainder we will demonstrate how the TCBD
approach can be used to extract transfer rates in the case
when the population dynamics appears to be incoherent as
in Fig. 9. These rates are of particular relevance for charge
and energy transfer in molecular complexes or quantum-dot
structures, where the three-state system is the simplest model to
exhibit sequential hopping from site to site as well as nonlocal
tunneling between donor |1〉 and acceptor |3〉. According to
Fig. 6, one has two different transfer channels, a sequential
channel with transfer rate �|1〉→|2〉 = �|3〉→|2〉 = �DB , and
a superexchange channel �|1〉→|3〉 = �|3〉→|1〉 = �SQM . The
respective dominance of these transfer mechanisms allows
one to classify the reduced system evolution as predominantly

FIG. 9. Same as in Fig. 7 but for ε = 17.
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classical (hopping) or quantum (tunneling). In the classical
limit of high temperatures �βωc  1 and low bridge state
energies ε, the former channel is expected to prevail, while
for lower temperatures and higher-energy barriers, quantum
nonlocality in both the system and the reservoir degrees of
freedom becomes increasingly important.

Assuming that these two rates define the only relevant time
scales leads to a simple population dynamics of the form

⎛
⎝ṗ1

ṗ2

ṗ3

⎞
⎠ =

⎛
⎜⎝

−�DB − �SQM �DBe�βε �SQM

�DB −2�DBe�βε �DB

�SQM �DBe�βε −�DB − �SQM

⎞
⎟⎠

×
⎛
⎝p1

p2

p3

⎞
⎠. (32)

The eigenvalues of the rate matrix are obtained as λ1 =
0, λ2 = −�DB − 2e�βε�DB , and λ3 = −�DB − 2�SQM with
eigenvectors

�v1 =
⎛
⎝ 1

e−�βε

1

⎞
⎠, �v2 =

⎛
⎝ 1

−2
1

⎞
⎠, �v3 =

⎛
⎝−1

0
1

⎞
⎠, (33)

so the general solution to (32) is given by

�p(t) = c1�v1 + c2e
(−�DB−2e�βε�DB )t �v2

+ c3e
(−�DB−2�SQM )t �v3. (34)

Note that due to symmetries and detailed balance one has

�DB(ε) = �BD(−ε) = p∞
B

p∞
A

�BD(ε) = e−�βε�BD(ε), (35)

with Boltzmann distributed equilibrium occupation probabil-
ities p∞

A and p∞
B . Asymptotically, the dynamics (32) tends

towards p∞
1 = p∞

3 and p∞
2 = p∞

1 e−�βε = p∞
3 e−�βε.

The expression (34) constitutes the basis for a numerical
extraction of the transfer rates �DB and �SQM from simulation
data. For this purpose, one introduces auxiliary functions a(t)
and b(t) to cast Eq. (34) in the compact form

�p(t) = �p∞ + a(t) · �v2 + b(t) · �v3 (36)

such that the dynamic behavior of a(t) and b(t) expressed by
the population differences p̃j (t) = pj (t) − p∞

j is obtained as

a(t) = 1
2 [p̃1(t) + p̃3(t)], (37)

b(t) = 1
2 [p̃3(t) − p̃1(t)]. (38)

The numerical transfer rates �DB and �SQM are now extracted
by linear least-squares fits to the logarithm of the auxiliary
functions a(t) and b(t). Choosing two parameter fit functions
af it (t) = ca

1e
ca

2 t and bf it (t) = cb
1e

cb
2 t , the transition rates can

be computed from the fitting parameters as

�SQM = 1

2

(
ca

2

1 + 2e�βε
− cb

2

)
, (39)

�DB = − ca
2

1 + 2e�βε
. (40)

B. Comparison with NIBA rates

To compare the benchmark results obtained from the TCBD
approach with approximate predictions, we return to the NIBA
discussed already in the previous section. As one of the most
powerful perturbative treatments, the NIBA has also been the
basis to derive analytic expressions for both sequential and
superexchange rates in the domains �βωc � 1 and �  ωc.
This way, one arrives at the sequential forward rate

�DB,GR(ε) =
(

�

2

)2 ∫ ∞

−∞
dt exp[−iεt − Q(t)], (41)

which can also be obtained from a Fermi golden rule
calculation. Upon expanding the dissipative function Q(t) in
Eq. (20) to lowest order in 1

�βωc
and ε

ωc
, a simple analytical

expression is gained, i.e.,

�DB,GR(ε) = �2
eff

4ωc

(
�βωc

2π

)1−2K |�(K + i�βε/2π )|2
�(2K)

e�βε/2,

(42)
valid for coupling strength K < 1 and with the effective
tunneling matrix element (29). Going beyond the second-order
perturbative treatment to include also fourth-order terms in �

then leads to an approximate expression for the superexchange
rate

�SQM,GR(ε) ≈
(

�
2

)4

ε2

∫ ∞

−∞
dτ exp[−4Q(τ )]. (43)

While within the classical high-temperature domain
�βε < 1 thermally activated processes should be dominant
(41) and manifest themselves in the typical Arrhenius behavior
∼e−βε, an increase in the bridge energy ε and lower temper-
ature β should lead to decay rates according to (43). This is
indeed seen in Fig. 10, where we depict the rates (41) and (43)
for varying bridge energies. The regime of sequential transfer
crosses over to a regime where quantum tunneling dominates
for sufficiently large ε, a behavior that can now be compared to

FIG. 10. Perturbative rates �GR
DB (ε) and �GR

SQM (ε). The changeover
from the regime where sequential hopping dominates to the regime
of superexchange occurs around ε ≈ 2.5. The other parameters are
K = 0.24 and β = 0.7; frequencies are in units of �.
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FIG. 11. Rate for sequential hopping �DB (ε) and superexchange
rate �SQM (ε) as extracted from TCBD simulations for the same
parameters as in Fig. 10. Error bars from the curve fitting procedure
are indicated by vertical lines.

exact numerical results from the TCBD based on the two-rate
model of Eq. (32).

A comparison between the theoretically predicted classical-
quantum crossover in Fig. 10 and the numerical results in
Fig. 11 reveals at least good qualitative agreement, while
quantitatively the NIBA rates are not reliable. In Fig. 12 we
compare more specifically numerical results for �DB(ε) with
the NIBA golden rule predictions. The numerical data are in
good agreement with an expected Arrhenius behavior, i.e.,
�DB(ε) ∼ e−βε, but exceed the NIBA rates substantially.

For increasing barrier heights, we expect the superexchange
rate to control the population decay if βε > 1. The perturbative
treatment leads to a characteristic algebraic dependence
�SQM ∼ 1

ε|m| with |m| = 2, in contrast to the exponential one
for sequential hopping. The results in Fig. 13 for moderate

FIG. 12. Sequential hopping rate �DB (ε) as extracted from TCBD
simulations for the same parameters as in Fig. 10. The linear fit em·ε

with slope m ≈ −0.6 demonstrates good agreement with a thermally
activated process with −β ≡ mβ = −0.7.

FIG. 13. Superexchange rate �SQM (ε) as extracted from TCBD
simulation data for the same parameters as in Fig. 10. An algebraic
dependence 1

ε|m| with |m| ≈ 1.96 is in agreement with a superex-
change mechanism for which the expected asymptotic prediction is
|m| = 2.

to large bridge energies verify the expected power-law depen-
dence with an exponent |m| ≈ 1.96, close to the perturbative
expectation.

C. Comparison with master equation results

In the case of weak system-reservoir couplings, the master
equations build standard perturbative approaches to open-
system dynamics [1]. The corresponding time evolution
equations for the reduced density matrix are formulated in
terms of the eigenstates of the bare systems with the dissi-
pator inducing transitions between these states. While these
methods clearly fail for stronger couplings, it is nevertheless
instructive to analyze their deficiencies in the context of rate
dynamics.

Here we use a standard master equation (ME) for which
the dynamics of the diagonal elements of the reduced density
matrix decouples from that of the off-diagonal elements. In
the eigenstate representation of the Hamiltonian (30), HS |n〉 =
En|n〉, n = 1,2,3, one then has

ṗn(t) =
3∑

m=1

[Wnmpm(t) − Wmnpn(t)], (44)

where pn ≡ ρnn. The transition rates are obtained as

Wmn = 1

�2
〈m|Sz|n〉2D(Em − En), (45)

with D(E) = 2MJ (E/�)n̄(E) and the thermal occupation
n̄(E) = 1/[exp(βE) − 1]. The stationary solution of (44)
reproduces the Gibbs state distribution pn = Z−1e−βEn with
partition function Z. The dynamics of the off-diagonal ele-
ments can simply be solved

ρnm(t) = ρnm(0)ei(En−Em)t/�e−�mnt , (46)
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FIG. 14. Population dynamics for the DBA complex via the ME
and the TCBD method (inset) for K = 0.08, β = 7, ωc = 50, and
ε = 1; frequencies are in units of �.

with decay rates

�mn = 1

�2

3∑
r=1

1

2
[〈m|Sz|r〉2D(Er − Em)

+〈n|Sz|r〉2D(Er − En)]

− 1

�2
〈m|Sz|m〉〈n|Sz|n〉D(0). (47)

Now the population dynamics Pμ(t), μ = 1,2,3, in the site
representation is obtained from this time evolution by a simple
unitary transformation yielding

Pμ(t) =
∑

n

cμnc
∗
nμpn

+
∑
n,m

cμnc
∗
mμρnm(0)e−(i/�)(En−Em)t e−�nmt . (48)

FIG. 15. Same as in Fig. 14 but for K = 0.24, β = 0.7, ωc = 50,
and ε = 2.

FIG. 16. Sequential transfer rates �
(ME)
DB (ε) as derived via the rate

model (32) for various damping strengths K = 0.08,0.16,0.24 and
β = 0.7. A linear fit em(ME)ε with m(ME) ≈ −0.24 reveals strong
deviations from the classical expectation for thermal activation
−β ≡ mβ = −0.7 and the TCBD result m ≈ −0.6 in Fig. 12;
frequencies are in units of �.

Note that the site populations are also determined by the
dynamics of the off-diagonal elements in the eigenstate rep-
resentation; the respective time scales are entirely determined
through Eqs. (45) and (47).

We start in Fig. 14 with the population dynamics in the
coherent regime (weak coupling). While the master results
correctly capture qualitatively the transient oscillatory pattern,
quantitative deviations are clearly apparent. The time scales
for relaxation towards thermal equilibrium are quite different,
with the master results approaching a steady state on a much-
faster-time scale than the TCBD data. This may be attributed to
the relatively low temperature that is beyond the validity of the
Born-Markov approximation on which the master equation is
based. The steady-state values for the populations are basically

FIG. 17. Same as in Fig. 16 but for the superexchange rates
�

(ME)
SQM (ε). These results do not show the expected algebraic depen-

dence on ε (see the text for details).
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FIG. 18. Decoherence rates according to the ME approach (44)
in the energy basis compared to the numerically extracted superex-
change rate �

(ME)
SQM in the site representation (48). While the rate �R

for energy relaxation decreases with increasing bridge height, the
rate for the decay of coherences in the energy basis (47) tends to
dominate and determines �

(ME)
SQM (see the text for details); frequencies

are in units of �.

identical though. Discrepancies in the relaxation dynamics
substantially increase for stronger system-bath couplings (see
Fig. 15) when the dynamics tends to become a simple decay in
time. Based on the rate extraction method presented before, we
can now also extract respective rates from the master equation
dynamics providing us with corresponding rates �

(ME)
DB (ε) and

superexchange tunneling �
(ME)
SQM (ε). The sequential transfer rate

in Fig. 16 reveals indeed an exponential decay ∼e−|m(ME)|ε,
however, with substantial deviations m(ME) from the thermal
value mβ . The situation for the superexchange rates is even
worse as the extracted rates lack a physical interpretation
(see Fig. 17): The numerical �

(ME)
SQM (ε) saturate for growing

bridge energies to eventually become independent of ε at all,
in contradiction to an algebraic decay.

This result is not so astonishing since, as already mentioned
above, the parameter domain where incoherent population
dynamics exhibits substantial quantum effects lies at the very
edge or even beyond the range of validity of master equations.
What is interesting nevertheless is the fact that the explicit
time scales appearing in Eq. (48) can be directly related to

the extracted superexchange rate �
(ME)
SQM (ε). This is shown in

Fig. 18. It turns out that indeed nonlocal processes in the
site representation (superexchange) correspond to the decay
rate of off-diagonal elements of the density matrix in the
energy representation, implying that already for moderate
bridge energies 2�

(ME)
SQM → �12.

VI. CONCLUSION

In this work we combined a stochastic description of open
quantum dynamics with projection operator techniques to
improve convergence properties. While the general strategy
has been outlined recently by one of us [39], we here restricted
ourselves to a broad class of systems for which the dephasing
time is finite. For the dynamics of the coherences of the reduced
density one then keeps track of bath induced retardation effects
only within a time window τm, which must be tuned until
convergence is achieved. While for τm → tfinal with tfinal being
the full propagation time one recovers the full stochastic
description, the TCBD is superior if τm is sufficiently shorter
than tfinal. In parameter space this applies to the nonperturbative
regime beyond weak coupling, a domain that is notoriously
difficult to tackle, particularly at low temperatures.

Our TCBD scheme captures systems with continuous
degrees of freedom for arbitrary coupling strengths and those
with discrete Hilbert space up to moderate couplings. It allows
us to approach also the long-time domain, where equilibration
sets in. For two- and three-level systems we have shown
explicitly that the scheme covers both coherent and incoherent
dynamics. In this latter regime the method is sufficiently
accurate to extract quantum relaxation rates in the long-time
limit. It now allows for a variety of applications, for example,
the dynamics of nonlinear quantum oscillators also in the
presence of external time-dependent driving, the heat transfer
through spin chains, or the quantum dynamics under optimal
control protocols.
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6.1 Summary New J. Phys. 20, 113020, (2018)

The conventional notion of normal heat transport and thermal conductivity for macro-
scopic devices is closely related to Fourier’s law of heat conduction for isotropic mate-
rials, stating that the heat flux is proportional to the negative gradient of temperature
[BLRB00, CL06, Fis13]. From a microscopic perspective, the indispensable prereq-
uisites for normal heat diffusion that is independent with regard to the size of the
structure has been investigated under controversial disputes [LLP98, LLP03, BLL04,
BI05, LHL+14, LLL+15, DL08, LCWP04], ranging from dimensionality and disorder
to nonlinearities in the system of interest. A concise description for heat transport
in open quantum systems is even more involved. While generalized Langevin equa-
tions were successfully employed in treating quantum harmonic chains in the non-
equilibrium, strong damping regime [ZT90a, ZT90b], anharmonicities require the high-
est numerical efforts [KA13, Sto03, KGSA08, KGSA10] and are thus only applicable
for small systems. In recent times, the aspiring field of quantum thermodynamics has
received significantly more attention. Advances in the field require an in-depth under-
standing of underlying phenomena such as heat transport and heat rectification due
to their pre-eminent role in the miniaturization of thermal engines and refrigerators
[RDT+16, ARJ+12, AL16, ULK15], heat valves, switches and thermal current transis-
tors [SSJ15, LRW+12, VRD+15, JDEOM16].

In the present work, we generalize a recently introduced highly efficient and determin-
istic treatment that is based on the stochastic, non-perturbative and numerically exact
Liouville-von Neumann Eq. (2.40). Reaching beyond the limitations of conventional
weak coupling approaches that can even contradict thermodynamics in a fundamental
way [LK14, SM17], the method offers access to higher order correlation functions in
contact to strongly coupled heat baths subject to non-equilibrium [MAS17]. While
particular focus is put on the analysis of rectification as a thermal effect that requires
both nonlinearity and spatial symmetry breaking [Seg06, WCS09], we investigate heat
transport through open quantum chains with continuous degrees of freedom that are
terminated by thermal reservoirs. Ranging from low up to strong system-reservoir cou-
pling and across the whole temperature range, the method is used to approach systems
with moderate anharmonic on-site potentials in the presence of disorder and external
time-dependent fields. We consider a chain of anharmonic oscillators

HS =
N∑
n=1

[
p2
n

2m
+

1

2
mω2

nq
2
n +

1

4
mκq4

n

]
+

N−1∑
n=1

µn
2

(qn − qn+1)2 (6.1)

with quadratic adjacent coupling {µn} and on-site frequencies {ωn} that can also be
chosen inhomogeneous throughout the chain to include disorder. The deterministic
technique can be derived from the SLED Eq. (2.45) for Ohmic heat baths as defined by
a spectral density of the form Eq. (2.15). The relevant system observables are obtained
through averages with respect to the quantum trace and probability space according to
〈〈A〉〉 = 〈〈A〉tr〉ξ. The explicit notation for the stochastic average is important as the
covariance of two operators A and B can be split into a deterministic and a stochastic
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component
Cov(A,B) = 〈Covtr(A,B)〉ξ + Covξ(〈A〉tr, 〈B〉tr) (6.2)

or, upon introducing a phase-space vector ~σ = (q, p)t and covariance matrices Σ
(mtr)
jk =

〈Covtr(σj, σk)〉ξ and Σ
(msc)
jk = Covξ(〈σj〉tr, 〈σk〉tr), the corresponding matrix equation

reads
Σ = Σ(mtr) + Σ(msc). (6.3)

It can be shown [SM17, MAS17] that the mean trace covariance matrix Σ(mtr) can be
computed deterministically through a propagation of the differential equation system

d

dt
Σ(mtr) = MΣ(mtr) + Σ(mtr)M†, (6.4)

where the matrix M contains intrinsic model parameters like mass, adjacent coupling
constants, frequencies and reservoir damping. The noisy expectation value of trace
moments Σ(msc) can be linked to the stochastic force field ξ(t) through linear response
theory

Σ(msc)(t) =

∫ t

0

dt′
∫ t

0

dt′′G(t− t′)G†(t− t′′)L′(t′ − t′′). (6.5)

This leads to the rather compact steady-state formalism with auxiliary matrix y

MΣ + ΣM† + y† + y = 0 (6.6)

ẏ(t) = G(t)L′(t) (6.7)

Ġ(t) = MG(t). (6.8)

In the case of finite anharmonicity parameters κ, the cumulants above the order of two
are truncated. This is done in reference to self-consistent mean-field approaches with
parallels to [ROJ09]. The resulting model corresponds to an effective Gaussian system
with on-site frequencies

ω̃2
n = ω2

n + 3κ〈〈q2
n〉〉, (6.9)

that enter the matrix M. The system of equations is solved in an iterative way starting
from an initial harmonic guess until convergence of the covariance is reached. The
truncation of the hierarchical cumulant quantum dynamics proves to be accurate up
to moderate nonlinearities even for higher order moments. This is confirmed by a
comparison to numerically exact stochastic simulation data of a direct SLED solution.
The formalism is used to quantify a thermal rectification coefficient as according to

α =
|〈〈j〉〉hc| − |〈〈j〉〉ch|
|〈〈j〉〉hc|+ |〈〈j〉〉ch|

(6.10)

where 〈〈j〉〉hc/ch are the steady-state heat fluxes for opposing alignments of the hot
and cold reservoir. As a mandatory requirement to observe finite rectification in open
quantum chains [Seg06, WCS09], a certain degree of nonlinearity and the associated
non-equidistant level spacing as well as spatial symmetry breaking induced through
damping strength or on-site frequencies is considered. The presented technique reveals
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heat transfer mechanisms at the crossover from non-local (weak symmetry breaking)
to localized modes (strong symmetry breaking) and explores the full quantum nature
of finite rectification induced by an adjacent oscillator frequency mismatch. It proves
thereby to be predestined for a generalization to higher dimensions and other geome-
tries.

6.2 Author’s contribution

The author performed the analytical derivation and implementation of the numerically
exact evolution of an anharmonic open quantum oscillator within the probabilistic SLN
formalism. He provided benchmark data up to higher order moments and cumulants
that was used for a verification of both accuracy and reliability of the self-consistent
iteration scheme. The author thus played a significant role in the generalization of the
deterministic treatment of heat transport in open quantum systems.
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Abstract
Within the emerging field of quantum thermodynamics the issues of heat transfer and heat
rectification are basic ingredients for the understanding and design of heat engines or refrigerators at
nanoscales. Here, a consistent and versatile approach formesoscopic devices operatingwith
continuous degrees of freedom is developed valid from lowup to strong system-reservoir couplings
and over thewhole temperature range. It allows to coverweak tomoderate nonlinearities and is
applicable to various scenarios including the presence of disorder and external time-dependent fields.
As a particular application coherent one-dimensional chains of anharmonic oscillators terminated by
thermal reservoirs are analyzedwith particular focus on rectification. The efficiency of themethod
opens a door to treat also rather long chains and extensions to higher dimensions and geometries.

1. Introduction

Thermodynamics emerged as a theory to describe the properties of systems consisting ofmacroscopicallymany
degrees of freedom.While it served from the very beginning as a practical tool to quantify the performance of
heat engines, it also initiated substantial efforts in fundamental research to pave the road forfields like statistical
and non-equilibriumphysics. In recent years, triggered by the on-going progress inminiaturizing devices down
to the nanoscale, the crucial question if, and if yes, towhat extentmacroscopic thermodynamics is influenced by
quantummechanics has led to aflurry of literature and the appearance of the new field of quantum
thermodynamics.

Of particular relevance as a pre-requisite for the design of actual devices is the understanding of heat transfer
and heat rectification. Inmacroscopic structures heat transport is typically characterized by normal diffusion
such that the heat conductivity is independent of the size of the probe leading to the conventional picture of local
thermal equilibrium and Fourier’s law. The requirements formicroscopicmodels that support this type of
normal heatflowhas been subject to controversial debates [1–8]with dimensionality, disorder, and
nonlinearities as potential ingredients.

In the context ofmesoscopic physics, it is even less clear underwhich circumstances the conventional
scenario applies. The quantum state of the transportmediummay be non-thermal, while energies extracted
fromor added to thermal baths can still be identified as heat. An extreme case of this type is purely ballistic
transport between reservoirs [9]. Thermal rectification occurs when the absolute value of the heat flux through a
two-terminal device changes after the temperature difference between the terminals is reversed.Nonlinearities
in combinationwith spatial symmetry breaking are pivotal conditions for the occurrence of rectification for a
microscopicmodeling [10, 11]. In amacroscopic, phenomenological setting, a thermal conductivity which
depends on space and temperature has been found to be crucial [12]. Rectification can be used in thermal diodes
or heat valves which have been proposed in classical [13–21] aswell as in quantum systems [10, 11, 22–26]. As an
alternative to nonlinearities, a coupling of the system to self-consistent reservoirs which guide the constituents of
a chain to local equilibriumhave been studied [27–34]. Experimentally, thermal rectification has been realized in
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solid state systems following the ideas of Peyrard [35–37]. Other implementations for rectification include
carbon nanotubes [38], trapped ions in optical lattices [39], hybrid systemswhere normalmetals are tunnel-
coupled to superconductors [40] and, recently, superconducting quantumbits [41]. Particularly
superconducting circuits allow for awell-controlledmodulation of nonlinearities [41–43] andmay thus serve as
promising candidates for the realization of heat engines operating in the deep quantum regime. In fact,
situationswhere heat transfer is beneficial for the performance of devices have been discussed for the fast
initialization of quantumbits by cooling [44] aswell as for properties of heat valves, thermalmemories, switches,
and transistors [26, 45–47].

From the theory point of view, the description of quantumheat transfer is a challenging issue. As part of the
broadfield of open quantum systems, it became clear in the last years that the underlying processes are extremely
sensitive to a consistent treatment of the coupling between system and thermal reservoirs. Lindbladmaster
equations based on local dissipatorsmay even violate the second law [48, 49]. The ‘orthodox’ approach to
Lindblad dissipators suffers from considerable complexity for systems lacking symmetry since it involves all
allowed transitions between energy eigenstates. Its perturbative nature typically limits it to systemswithweak
thermal contact. On the other hand, current experimental activities call for a systematic theoretical approach to
quantumheat transfer valid fromweak up to strong system-reservoir couplings and down to very low
temperatures. The goal of this work is to present such a formulation that, in addition, stands out for its
numerical efficiency.While we here focus on the experimentally relevant case of one-dimensional chains of
anharmonic oscillators, generalizations to higher dimensions,more complex geometries, external driving, or
set-ups such as heat valves and heat engines are within the scope of themethod. The one-dimensional character
of the systemwe study ismost clearlymaintained by attaching reservoirs at the chain ends only (no scattering to
or from transverse channels).

This approach originates from the description of non-equilibriumquantumdynamics through a stochastic
Liouville–vonNeumann equation (SLN) [50], which is an exact representation of the formally exact Feynman–
Vernon path integral formulation for dissipative quantum systems in terms of a stochastic equation ofmotion
[50–53]. For reservoirs with ohmic spectral densities and large bandwidths, the SLN can further be simplified to
amixed type of dynamics governed by a stochastic Liouville–vonNeumann equationwith dissipation (SLED)
[54, 55]. It has then proven to be particularly powerful to describe systemswith continuous degrees of freedom
and in presence of external time-dependent driving [56, 57]. However, themain challenge to practically
implement the SLED is the degrading signal to noise ratio for increasing simulation time.Here, we address this
problemby formulating the quantumdynamics in terms of hierarchies of cumulants which are truncated
properly. An obvious additional benefit is a vastly improved scalingwith system size. Aswe explicitly
demonstrate, this treatment provides a very versatile tool to analyze quantumheat transfer in steady state across
single or chains of anharmonic oscillators withweak tomoderate anharmonicities. A comparisonwith
benchmark data from a direct sampling of the full SLEDproves the accuracy of the approach for a broad range of
values for the anharmonicity parameter. It thus allows to cover within one formulation domains in parameters
that are not accessible by alternative approaches [22, 23]. Previouswork representing quantum states through
cumulants seemsmostly limited to closed systems [58–62]. However, there is a conceptually related approach
including reservoirs [24], with a focus on smaller structures though. In a classical context, cumulant expansions
of fairly high order have been used [63, 64].

The paper is organized as follows: in section 2, we introduce the SLNwhich represents the basis for the
cumulant truncation scheme presented in section 3. First applications and comparisonwith benchmark results
are discussed in section 4. Themainfindings for heat rectification are then presented in sections 5 and 6
including an analysis of the physicalmechanisms that determine the occurrence of rectification. The impact of
disorder is considered in section 7 before a summary and outlook is given in section 8.

2.Non-perturbative reduced dynamics

The description of heat transfer is a delicate and challenging issue. In the sequel we develop an approachwhich is
based on a formally exact formulation of open quantumdynamics derivedwithin a system+ bathmodel. The
totalHamiltonian consists of a systemHamiltonianHs, a reservoirHamiltonianHR (for themoment we
consider a single reservoir), and a system reservoir coupling = -H qXI , where the latter captures a bilinear
coupling of a system’s coordinate q and a collective bath coordinateX. Due to themacroscopicallymany degrees
of freedomof the reservoir, thefluctuations of the latter in thermal equilibrium can assumed to beGaussian.

Then, as shownpreviously, the formally exact path integral representation of the dynamics of the reduced
density ρ(t)=TrR{W(t)}withW(t) being the time evolved density operator in full Hilbert space, has an
equivalent representation in terms of a stochastic Liouville–vonNeumann equation (SLED) [54], i.e.
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with inverse temperature b = ( )k T1 B and the spectral density J(ω). The latter we assume to be ohmicwith a
large cut-off frequencyωc and coupling constant γ acting on a systemwithmassm, i.e.

w
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=
+
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1

. 4
c

2 2

In this regime (large cut-off), the imaginarypart of the correlation function ImL(t) collapses to a δ-function and is
accounted forby theγ-dependent in (1).Wenote inpassing thatGardinerhas identified this equation as the adjoint of
a quantumLangevin equation [55, 65]. The randomdensityρξpropagated according to (1)by itself lacksof aphysical
interpretation,while only the expectationvalueof r r= á ñx x represents thephysical reduceddensityof the system.

The SLED is particularly suited to capture the dynamics of open quantum systemswith continuous degrees
of freedom andhas been explicitly applied so previously in various contexts [49, 66]. In the sequel, we follow a
somewhat different route though by exploiting that themultiplicative noise ξ in the SLED turns into additive
noise if an adjoint equation governed by † [67] for the dynamics ofHeisenberg operatorsA is used, i.e.
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Expectation values are then obtained from a quantummechanical average rá ñ = x· (· )trtr and a subsequent noise
average á ñx· , i.e.

= ñ ñx⟪ ⟫ ⟪ ( )A A . 6tr

Now, to avoid an explicit noise samplingwith its inherent degradation of the signal to noise ratio for longer
simulation times, we do not explicitly workwith (5) but rather derive from it sets of equations ofmotion for
expectation values [56, 57]. This way, one arrives at a very efficient scheme to construct the open system
dynamics for ensembles of anharmonic oscillators also in regimeswhich are not accessible by perturbative
methods for open quantum systems.

A central element of this formulation is the covariance of two operatorsA andBwhich can be transformed to
[49, 68]

= + -

= + - ñ á ñ ñ

+ ñ á ñ ñ -

x

x

( ) ⟪ ⟫ ⟪ ⟫⟪ ⟫
⟪ ⟫ ⟪
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A B AB BA A B

AB BA A B

A B A B

Cov ,

7

1

2
1

2 tr tr

tr tr

= á ñ + á ñ á ñx x( ) ( ) ( )A B A BCov , Cov , 8tr tr tr

and thus provides a separation into two covariances, onewith respect to the trace average and onewith respect to
the noise average.Hence, choosingA andB as elements of the operator valued vector s =

 ( )q p, t carrying
position andmomentumoperators, the corresponding covariancematrixS takes the form

S S S= + ( )( ) ( ), 9mtr msc

s sS = á ñx( ) ( )( ) Cov , , 10jk j k
mtr

tr

s sS = á ñ á ñx( ) ( )( ) Cov , . 11jk j k
msc

tr tr

Technically, this decomposition requires to carefully distinguish between tracemoments and trace cumulants.
Namely, the elements ofS contain noise expectation values of tracemoments, whileS( )mtr contain noise
expectation values of tracecovariances. For general operatorsA,Bwe thus introduce the compact notation for
noise expectation values of tracecovariances á ñx( )A BCov ,tr :

= ñ ñx⟪ ⟫ ⟪ ( )AB AB , 12c ctr,

with á ñ = á ñ - á ñ á ñAB AB A Bctr, tr tr tr.We also emphasize the equality of the firstmoments and cumulants

á ñ = á ñ = ñ ñx⟪ ⟫ ⟪ ( )A A AB AB, . 13c c c ctr, tr tr, ,

With these tools at hand, we can nowproceed to develop the approach for nonlinear oscillators in detail.
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3. Cumulant formulation of open quantumdynamics for nonlinear oscillators

Wewill start to consider a single anharmonic oscillator to arrive at a formulation that can then easily be
generalized to chains of oscillators. As a paradigmaticmodel for a nonlinear oscillator ofmassmwe choose

w k= + + ( )H
p

m
m q m q

2

1

2

1

4
, 14s

2
2 2 4

with fundamental frequencyω and anharmonicity parameterκ, see figure 1, which can be both positive (stiffer
mode) or negative (softermode). Ourmain interest is inweakly anharmonic systems, i.e. even for negativeκ,
where the potential is not bounded frombelow, resonances are long-lived andmay be treated approximately as
eigenstates of theHamiltonian. This is valid if thermalization through external reservoirs is fast compared to the
resonance lifetime.

While for a purely linear system (κ=0) a formulation in terms of cumulants leads to closed equations of
motion for the first and second order cumulants [56, 57], this is no longer the case for nonlinear oscillators. The
challenge is thus to implement a systematic procedure for the truncation of higher order cumulants which on
the one hand provides an accurate description forweak tomoderate anharmonicity parameters and on the other
hand leads to an efficient numerical scheme also for ensembles of those oscillators.We emphasize that we are
primarily interested in quantumheat transfer in steady state situations and not in the full wealth of nonlinear
dissipative quantumdynamics. Accordingly, in a nutshell, a formulationwhich satisfies both criteria factorizes
all higher than second ordermoments (Wick theorem) and allows to capture anharmonicities effectively by state
dependent frequencies whichmust be determined self-consistently. This perturbative treatment of
nonlinearities for quantumoscillators has some similarities in commonwith the one for classical systems [69]
but turns out to bemuchmore involved due to the highly complex equation ofmotion (5) as wewill shownow.

For this purpose, for systems, where the relevant dynamics occurs around a single potentialminimum, it is
convenient to set initial values of operatorsA equal to zero and use

=⟪ ⟫ ( )A 0 15

henceforth. Then, starting from (5) one obtains two coupled equations for position andmomentum according
to

w k g x

á ñ = á ñ

á ñ = - á ñ - á ñ - á ñ + ( ) ( )
t

q
m

p

t
p m q m q p t

d

d
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d
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. 16

c c

c c c

tr, tr,

tr,
2

tr,
3

tr tr,

Here, the third tracemoment can be expressed as a linear combination of products of cumulants

á ñ = á ñ + á ñ á ñ + á ñ ( )q q q q q3 . 17c c c c
3

tr
3

tr,
2

tr, tr, tr,
3

This kind of transformation represents a systematic separation and summation over all possible subsets of trace
averaged products, for details see [70].

3.1. Truncation of trace and noise cumulants
A straightforward approach to treat higher than second ordermoments is to assume the approximate validity of
Wick’s theorem and neglect all higher than second order cumulants so that (17) reduces to

Figure 1. Schematic illustration of the considered anharmonic potential w k= +( )V q m q m q1

2
2 2 1

4
4 with the level spacings forκ>0

(blue) andκ<0 (red)which are not equidistant. Forκ<0, onlymetastable states in the vicinity of q=0 are considered. The
tunneling rates out of the region of the localminimumare supposed to be small and only sufficiently low temperatures which do not
induce fluctuations beyond the barrier are considered.
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á ñ » á ñ á ñ + á ñ ( )q q q q3 . 18c c c
3

tr
2

tr, tr, tr,
3

This procedure does not immediately lead to a closure of (16) althoughwith parametric driving through á ñq c
2

tr, ,
which couples to the equations for the second cumulants whichwe analyze later.

As shown for the linear system, the covariancematrix consists of two parts, where the elements of one part is
given by the noise averaged product ñ á ñ ñx⟪A Bc ctr, tr, [68]. To handle these terms, we derive the equations of
motion for these products with † and turn the noisemoments to noise cumulantswhich is trivial for all linear
contributions since ñ ñ = =x⟪ ⟪ ⟫A A 0c ctr, , and also for the system- bath correlationwhich contains the
quantumnoisewhose expectation value is zero. The resulting equations ofmotion then read

w

k
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c c c c c c
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c c c c

c c c c c c c c c
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tr, tr, , tr, tr, ,
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2

tr, tr, ,

2
tr, tr, tr, tr,

3
tr,

tr, tr, , tr ,

tr, tr, , tr, tr, ,
2

tr, tr, ,

tr,
2 2

tr, tr,
4

tr, tr, , tr ,

In equivalence to the equations of the trace cumulants, here the contributions which can not be turned
immediately frommoments to cumulants are the ones which enter from the nonlinearity of the system. The
second and third equations in (19) contain higher ordermoments with respect to the noise average. The trace
cumulants in thesemoments constitute c-numbers, and hence, the order of the higher order noisemoments is
determined by the sumof the exponents outside of the trace averages á ñ. ctr, . Hence, ñ á ñ á ñ ñx⟪q A Bc c c

2
tr, tr, tr, (A,

B=q,p) constitutes a third ordermomentwith respect to the noise and ñ á ñ ñx⟪q Ac ctr,
3

tr, a fourth ordermoment.
Thesemoments as linear combinations of cumulants are

ñ á ñ á ñ ñ = ñ á ñ á ñ ñ + ñ á ñ ñx x x⟪ ⟪ ⟪ ⟪ ⟫ ( )q A B q A B A B q 20c c c c c c c c c c c
2

tr, tr, tr,
2

tr, tr, tr, , tr, tr, ,
2

and

ñ á ñ ñ = ñ á ñ ñ + ñ á ñ ñ ñ á ñ ñx x x x⟪ ⟪ ⟪ ⟪ ( )q A q A q A q q3 , 21c c c c c c c c c c ctr,
3

tr, tr,
3

tr, , tr, tr, , tr, tr, ,

where =⟪ ⟫A 0c is already considered.
Setting the third- and fourth-order cumulant to zero gives

ñ á ñ á ñ ñ » ñ á ñ ñ = ñ á ñ ñx x x⟪ ⟪ ⟪ ⟫ ⟪ ⟪ ⟫ ( )q A B A B q A B q 22c c c c c c c c
2

tr, tr, tr, tr, tr, ,
2

tr tr
2

and
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⟪ ⟪ ( )
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q A q q

3

3 , 23
c c c c c c c ctr,

3
tr, tr, tr, , tr, tr, ,

tr tr tr tr

where the equalities in (22) and (23) follow directly from (13).With (22), products of the noise expectation
values of the first and second trace cumulants enter. The dynamics of the second trace cumulants is shown in
appendix A, where an analysis of the steady-state shows that thefluctuations induced by the coupling to thefirst
tracemoments are exponentially suppressed and, therefore, this second trace cumulants have a stablefixed point
at zero. This leads to a decoupling of the equations for the first- and second trace cumulants and a reduction of
the covariancematrix toS S= ( )msc . This allows us to simplify the notation by using ñ á ñ ñ =x⟪ ⟪ ⟫A B ABtr tr

which is valid for steady-states. The elements ofS are then determined by a systemof differential equations

w g x
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, 24

2

2 2 2
tr

2 2 2
tr

which represent the steady-state by algebraic equations if the left-hand sides are set to zero and the system-bath
correlations x sá á ñ ñx( )t j tr are in their respective steady-state value.We introduced the effective frequency

w w k= +˜ ⟪ ⟫ ( )q3 . 252 2 2

Since ⟪ ⟫q2 is an element of the covariance but enters also the effective frequency, our approach can be seen as a
type of self-consistentmean-field formulationwith some similarities to the one developed byRuokola et al in
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[24].We note in passing that state-dependent frequencies are also known from classical perturbative treatments
of anharmonic oscillators [69]. In the quantummodel considered here, the expectation value of the amplitude is
zero ( =⟪ ⟫q 0) but thewidth of the state ⟪ ⟫q2 enters into the effective frequency. The noise average leads to a
temperature dependency of ⟪ ⟫q2 and therefore to an effective frequency w̃ which depends on the temperature
of the heat bath. In case of oscillators interactingwith two thermal reservoirs at different temperatures, the
situationwe consider below, the effective frequency does not only depend on both of these temperatures but also
on cross-correlations between system and reservoirs.

A direct calculation of the dynamics of the full covariancematrixS reveals a dependence on higher order

momentswhich are given by ⟪ ⟫q4 and
+⟪ ⟫q p pq

2

3 3

. The presented formalism represents a transformation of the

moments contained in the covariancematrix into cumulants and an expansionwith subsequent truncation of
higher order cumulants. This procedure is equivalent to an approximation of the higher ordermoments given
by

»

+
»⟪ ⟫⟪ ⟫ ⟪ ⟫

( )
q q

q p pq

3

2
0. 26

4 2 2

3 3

Thefirst equation is obviously the content ofWick’s theorem, just like the second equation if the system is in

steady-state where =+⟪ ⟫ 0
qp pq

2
holds. Nevertheless, the truncation schemewe present here provides a

systematic approach that accounts for both, the quantumand the thermalfluctuations. Therefore it represents
an extension of previous schemes based on truncations of higher ordermoments or cumulants for closed
systems [58–62].

3.2. System-bath correlation function
For a compact treatment of the system-bath correlations and a subsequent extension tomultipartite systemswe
treat the system as a linear onewith effective frequency and use amatrix notation of the derived steady-state
equations (24) via a Lyapunov equation as in previouswork [68, 71]:

S S+ + + = ( )† †M M y y 0. 27

Thematrices have dimension ´N N2 2 withN being the number of oscillators.M contains details of themodel
and the damping and reads for one oscillator

w g
=

- -

⎛
⎝⎜

⎞
⎠⎟˜ ( )m

m
M

0 1
28

2

with the effective frequency w w k= +˜ ⟪ ⟫q32 2 2 which itself depends on an element of the covariancematrixS.
Therefore, (27) is solved self-consistently with the solution for the linear system (κ=0) as an initial guess forM
and the system-bath correlations. These are shifted to thematrix ywhich reads

x
x

=
á á ñ ñ

á á ñ ñ
x

x

⎛
⎝⎜

⎞
⎠⎟( ) ( )

( ) ( )t
t q

t p
y

0

0
. 29

tr

tr

In terms of a tensor product of the vector carrying the phase space variables s =
 ( )q p, t and a vector with the

noise x x=
 ( )0, t , the correlationmatrix is

s x= ñ ñx
 ( ) ⟪ ( ) ( )t ty . 30

t
tr

If the effective frequency is supposed to befixed, the equations (24) can considered as a linear set of equations
with additional driving ξ(t)which are formally solved by theGreen’s function:

òs xá ñ = ¢ - ¢ ¢ ( ) ( ) ( )t t t tGd . 31
t

tr
0

The noise expectation value of the product of sá ñ


tr with the noise vector x
 ( )t

t
gives a formof ywhere all noises

are shifted to the bath auto-correlation function:

ò x x= + ¢ - ¢ á ¢ ñx
 ( ) ( ) ( ) ( ) ( ) ( )t t t t t ty y G0 d . 32

t t

0

The elements of thematrix x x¢ - ¢ = á ¢ ñx
 ( ) ( ) ( )t t t tL

t
are given by (3)which completes the presented formalism

to a deterministic description based solely onmodel parameters. For consistent results with (27) one has to
integrate to sufficiently large times until a constant steady-state value of y is reached. By usage of the time-
translational symmetry of the system, this integral can be derivedwith respect to time andwritten as a systemof
two coupled differential equations

=˙ ( ) ( ) ( ) ( )t t ty G L , 33
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=˙ ( ) ( ) ( )t tG MG , 34

which allows a simple and computationally efficient implementation. Treating both, the system-bath correlation
and the dissipative parts as a linear systemwith effective frequency w̃ provides a consistent formalism for the
nonlinear system.

3.3. Generalization to chains of oscillators
In order to step forward to chains of anharmonic oscillators, we choose a quadratic coupling between adjacent
entities, i.e.

å åw k
m

= + + + -
= =

-

+( ) ( )H
p

m
m q m q q q

2

1

2

1

4 2
35s

n

N
n

n n n
n

N

n n
1

2
2 2 4

1

1

1
2

and, for the sake of transparency, workwith chainswith homogeneousmassm, anharmonicitiyκ, and inter-
oscillator couplingμ. The indexes for the on-site frequencies are also skipped if these are homogeneous and
therefore denoted byω. The generalization to inhomogeneous structures is straighforward (see section 7). Note
that thisHamiltonian differs from the paradigmatic Fermi–Pasta–Ulammodel [4] in that there nonlinearities
appear in the inter-oscillator couplings while here they feature on-site pinning type of potentials.

Now, to study quantumheat transfer through this extended structure, the formulation for a single oscillator
is easily generalized along the lines presented in [49, 68]. The chain is terminated at its left (l) and right (r) end by
two independent reservoirs, see figure 2, with bath correlations given by

x x d ná ¢ ñ = - ¢ =n n n n n¢ ¢( ) ( ) ( ) ( )t t L t t l rRe , , , 36,

where the Lν(t) are specified in (3) and (4)with J(ω)→Jν(ω) according to γ→γν andβ→βν=1/kBTν. For
heat transfer one considers situations with ¹T Tl r corresponding to a ‘cold’ and a ‘hot’ reservoir with
temperaturesTh>Tc.

In absence of cross-correlations, the contributions of the two reservoirs are additive in the corresponding
Caldeira–LeggettHamiltonian [72] so that we have in generalization of (5)

  

 

x x

g g
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+ +

x x x x

x x

[ ] ( )[ ] ( )[ ]

{ [ ]} { [ ]} ( )
t

A H A t q A t q A

p q A p q A

d

d

i
,
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,

i
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2
, ,
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2
, , . 37

s l r N

l r
N N

1

1 1

Accordingly, the cumulant truncation goes through as for a single oscillator and the dynamics of the phase space
operators collected in the operator-valued vector s = ¼

 ( )q p q p, , , ,N N
t

1 1 follows from

s s xá ñ = á ñ +   ( ) ( )
t

tM
d

d
. 38tr tr

Here x x x=
 ( )0, , 0, ... ,0,l r

t and thematrix M contains the dissipative parts and the effective frequencies w̃n

according to (25) to effectively account for the nonlinearities and to be determined self-consistently. The detailed
structure ofM for theHamiltonian (35) is shown in appendix B.HavingM at hand, themultipartite system
obeys the steady-state equations (27), (33), and (34), where the only non-zero elements in - ¢( )t tL are the
second and last diagonal elements containing the auto-correlation functions Ll(t) and Lr(t), respectively.

Figure 2. Schematic diagramof a chain of anharmonic oscillators which is terminated by thermal reservoirs. The dotted lines illustrate
the on-site potentials forκ>0 (blue) andκ<0 (red), while the solid black line represents the harmonic casewithκ=0. Thewidth
of the potential determines the quantum state (green)with its effective frequency w̃n.
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3.4. Energyfluxes
Temperature differences between thermal reservoirs at different ends of the chain give rise to an energy flux and
thus heat transfer. Locally, for the change of energy at an individual site n onemust distinguish between the
oscillators at the boundaries (n=1,N) and the oscillators in the bulk. For the latter, the change in energy follows
from

w k
m m

= + + + - + -- +( ) ( ) ( )H
p

m
m q m q q q q q

2

1

2

1

4 2 2
39n

n
n n n n n n n

2
2 2 4

1
2

1
2

and includes also the nearest neighbor coupling, while for the oscillators at the boundaries only one coupling
term appears and the other one is replaced by the coupling to the respective reservoir. Calculating the time

evolution for each of these parts according to á ñ = á ñ†
t

H H
d

d
n ntr tr leads, after performing the stochastic average,

to the dynamics of the on-site energies. This then directly leads to the energy fluxes between adjacent sites and
between the oscillators at the ends and the respective reservoirs, namely
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where respective heatfluxes follow from

 m
=- -⟪ ⟫ ⟪ ⟫ ( )j

m
q p n N, 2 , 41n n n n1, 1

 m
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q p n N, 1 1, 42n n n n, 1 1
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, 43l l l,1 1 tr

1
2

x g= - á á ñ ñ +x ⟪ ⟫⟪ ⟫ ( ) ( )j
m

t p
p

m

1
. 44r N r N r

N
, tr

2

One should note that the above averages are trace and noisemoments whichmeans that the respective currents
in the bulk in (41) and (42) are determined by elements of the covariancematrix. Thefirst terms in (43) and (44)
represent system-bath correlations and have to be computed as elements of y (30) to obtain the covariance
matrix. Therefore, once the covariancematrix is known, the energy currents are implicitly known aswell.

3.5. Rectification of heat transfer
An importantmeasure for the asymmetry in heat transfer is the rectification coefficient. It quantifies the net heat
current when the temperature difference in the reservoirs is reversed. The configurationwith the left reservoir
being hot at temperatureTl=Th and the right one being cold at temperatureTr=Tc<Th is denoted by
h c with the corresponding heat current in steady state ⟪ ⟫j hc. The opposite situation, where only the

temperatures are exchanged, i.e.Tl=Tc<Tr=Th, is termed ¬c h with the respective heat current ⟪ ⟫j ch.
Based on this notation the rectification coefficient reads

a =
-
+

∣⟪ ⟫ ∣ ∣⟪ ⟫ ∣
∣⟪ ⟫ ∣ ∣⟪ ⟫ ∣ ( )j j

j j
. 45hc ch

hc ch

Since heat always flows fromhot to cold,α>0 (<0)means that the heatflowTl→Tr (Tr→Tl) exceeds that
fromTr→Tl (Tl→Tr). The basic ingredients forfinite rectification are bothnonlinearity and spatial symmetry
breaking [10, 11]. A purely harmonic systemdoes not show any rectification even in presence of spatial
asymmetrywhich implies that non-equidistant energy level spacings induced by the nonlinearities are a crucial
pre-requisite. In the present case of anharmonic oscillators, nonlinearities are effectively accounted for by
effective state dependent frequencies w̃n that depend on temperature and damping.

4. Test of the approach

4.1. The classical limit
As afirst and simple illustration of the presentedmethod, we consider an anharmonic oscillator coupled to a
single classical thermal reservoir. In thermal equilibrium, (24) lead to algebraic equationswhich can be
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rearranged as

g
x

w g
x x
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2
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2
2 tr tr

Now, only the system-bath correlations have to be calculated to arrive at a quadratic equation for ⟪ ⟫q2 .
In the classical limit with w  ¥c andβ→0, the real part of the bath auto-correlation function (3) reduces

to gd¢ - ¢ = - ¢( ) ( )L t t k Tm t t2 B so that (32) reads g=( ) ( )t k Tmy G 0 ;B no initial system-bath correlations are
assumed sincewe take y(0)=0. This way, from =( )G 0 , one arrives at

=
⎛
⎝⎜

⎞
⎠⎟( ) ( )t yy

0 0
0 , 47

p

with x g= á á ñ ñ =x( )y t p k Tmp ctr, B while xá á ñ ñ =x( )t q 0ctr, .With thesefindings, (46) takes the formknown for
classical harmonic oscillators [73], however, with effective frequency w̃
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The quadratic equation for ⟪ ⟫q2 has two solutions with only one being physical, namely

w
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Illuminating is an expansion for small k∣ ∣which yields
k
w

» -⎜ ⎟⎛
⎝

⎞
⎠⟪ ⟫ ⟪ ⟫ ⟪ ⟫ ( )q q q1

3
, 502 2

0 2
2

0

with the harmonic result w=⟪ ⟫ ( )q k T m2
0 B

2 . As expected,κ>0 (stiffermode) decreases ⟪ ⟫q2 , while k < 0
(softermode) leads to a broadening. (49) also provides an upper bound for the validity of the perturbative
treatment in caseκ<0, namely, w w w k w- = <∣ ˜ ∣ ∣ ∣⟪ ⟫/ q3 1 42 2 2 2

0
2 . Indeed, in comparison to an exact

numerical calculation of ⟪ ⟫q2 , onefinds that in this range the result (49) provides an accurate descriptionwith
deviations atmost of order 1%.

4.2.Quantumoscillator in thermal equilibrium
Wenowproceed to analyze the performance of the approach in the quantum regime by considering the
properties in thermal equilibriumof a single anharmonic oscillator embedded in a single thermal reservoir. In
case ofκ>0 corresponding to a globally stable potential surface, this particularly allows to comparewith
numerically exact results from a SLED simulationwith the full anharmonicity taken into account. Figure 3
displays the variances ⟪ ⟫q2 and ⟪ ⟫p2 obtained fromboth the deterministicmethod presented here and from the
SLED calculationwhich serves as a benchmark for the cumulant truncation. Apparently, the latter performs very
accurately in the consideredwindowof values forκ for both phase space operators even for stronger dissipation.
The variation of the position andmomentumfluctuations caused by the increasingκ is almost 50% forweak
coupling.Our approach covers this variation in accordancewith the benchmark data. It is also seen (see the
insets) that the perturbative treatment provides accurate results for higher ordermoments such as k⟪ ⟫q4 and

k +⟪ ⟫qp p q

2

3 3

, see (26).

Note that in the considered range forκ one also clearly sees the impact of friction on the variances: finite
dissipation tends to suppressfluctuations in position and to enhance those inmomentum. The cumulant
formulation nicely captures this feature. The comparisonwith the exact data also allows us to quantifymore
precisely the accuracy of the perturbative treatment of the nonlinearities. For this purpose, according to (14), it is
natural to consider the dimensionless quantity k k w=˜ q 20

2 2 with q0 being a typical harmonic length scale as a
measure for the relative impact of anharmonicities. In the low temperatures range of interest here, one chooses
the ground state width of the harmonic system  w=q m20

2 which implies k k w=˜ m4 2. It then turns out
that the perturbative treatment provides accurate results even for k ~˜ 0.5, i.e. not only forweak but also for
moderately strong anharmonicities.

9

New J. Phys. 20 (2018) 113020 TMotz et al



In case of a softermode (κ<0) a direct comparisonwith full numericalfindings is no longer possible as the
anharmonic potential is only locally stable. The perturbative treatment is thus physically sensible only as long as
all relevant processes remain sufficiently localized around theminimumof the potential. In particular, the
approach does not capture quantum tunneling through the potential barriers from thewell into the continuum.
However, it provides the nonlinearity required for rectification of heat transfer with thefinite dissipation
promoting localized states in thewell. Figure 4 shows the phase space variances ⟪ ⟫q2 and ⟪ ⟫p2 togetherwith the

uncertainty product ⟪ ⟫⟪ ⟫q p2 2 . For veryweak damping the latter remains at theminimal values 1/2, while
position fluctuations increase andmomentum fluctuations decrease with growing k∣ ∣. This is in contrast to
stronger friction, where already forκ=0 (harmonic limit) the uncertainty product exceeds 1/2with strongly
suppressed (enhanced)momentum (position)fluctuations for larger k∣ ∣. Note that the range, where the
approach is expected to be applicable, is restricted to substantially smaller values of k∣ ∣compared to the situation
withκ>0.We close this analysis by presentingWigner functionsW(q, p) for various values ofκ at =k T 0B , see
figure 5. The squeezing of phase space distributions is clearly seenwithmomentum squeezing forκ<0 and
squeezing in position forκ>0.

4.3. Towards quantumheat transfer: anharmonic chains
One advantage of the developedmethodology is its high computational efficiency also for large systems.Here,
we analyze heat transfer through a chain of anharmonic oscillators of lengthN=10 according to (35)
terminated at both ends by thermal reservoirs at temperaturesTl=Th andTr=Tc<Th, respectively.We put
all intra-oscillator couplings toμ=0.3,masses tom=1.0 and frequencies toω=1.0; furtherTc=0while
Th=1 in dimensionless units.

Figure 3.The diagonal elements of the covariancematrixS versus the anharmonicityκ for a single oscillator whoseHamiltonian is
given by (14) andwhich is coupled to a reservoir withβ=3 and damping γ=0.1 (left) andβ=5 and γ=0.5 (right). The blue
symbols are results from the deterministic cumulant expansion presented here, while the red crosses are obtained from a stochastic
sampling of the SLED in position representation. The inset shows the higher ordermoments (multipliedwith the respectiveκ) of the
exact dynamics obtained by a stochastic sampling of the SLED (red) and the approximations of thesemoments according to (26)
(blue). Other parameters areω=1,m=1, ÿ=1 andωc=30.

Figure 4. ⟪ ⟫ ⟪ ⟫q p,2 2 and the uncertainty ⟪ ⟫⟪ ⟫q p2 2 versus the anharmonicityκ for a damped anharmonic oscillator with system
Hamiltonian (14). Left plot shows γ=0.01 and the right one γ=0.10. The dashed lines are a guide for the eye and represent the value
0.5. Other parameters are w = = = =m k T1, 1, 1, 0B andωc=30.
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Density plots infigure 6 show the covariancematricesS for two anharmonicity parametersκ=−0.10
(top) andκ=0.50 (bottom). One clearly sees the impact of a temperature difference as the diagonal elements
corresponding to themode coupled to the hot bath are substantially larger than those attached to the cold one.
The temperature dependence of the effective frequencies leads to amore distinct impact of the nonlinearity on
the oscillators coupled to the hot bath. Apparently, for these sites the negativeκ leads to a broading of the state in
position as compared to the case for positiveκ.

It is instructive to display the effective frequencies w̃n along the chain (see figure 7 left) for a long chain
N=50. Apparently, the distribution is rather flat in the bulk and shows deviations only near the interfaces to the
reservoirs with the frequencies being smaller (larger) forκ<0 (κ>0).We also show in figure 7 (right) the
distribution of effective temperatures T̃n reconstructed from  w w=⟪ ⟫ ( ˜ ) [ ˜ ( ˜ )]p m k T2 coth 2n n n n

2
B . For

further discussions of thermometry for dissipative systemswe refer to very recent literature such as in [74].
Figure 7 reveals a similar profile as that for the effective frequencies, thus indicating ballistic transport. This is
confirmed by results for the heat currents (not shown), which do not reveal any dependence on the chain length.
The fact that the temperature difference drops onlywithin narrow interfaces between phonon chain and
reservoir is reminiscent of the voltage drop inmolecular chains in contact to electronic leads [75].

Figure 5.Wigner functions of an anharmonic oscillator (14) for different values of k = -0.2 (left), 0.0 (middle) and 0.5 (right). The
plots show the broadening of the state for negativeκ and the squeezing for positiveκ, whileκ=0 gives an almost circular distribution
which is a consequence of small damping γ=0.01.Other parameters are w = = = =m k T1, 1, 1, 0B andωc=30.

Figure 6.Blocks of the covariancematricesS for ordered anharmonic chainswithκ=−0.10 (top) andκ=0.50 (bottom). The
columns showdifferent parts ofS: all covariances of the positions ⟪ ⟫q qn l (left), of themomenta ⟪ ⟫p pn l (middle) and symmetrized
mixed products +⟪ ⟫q p p q 2n l l n (right). The chains accord to theHamiltonian in (35)withN=10 oscillators. The first one n=1 is
attached to a bathwithTh=1 and the last one n=N=10 to a reservoir with temperatureTc=0.0.Other parameters are
γl=γr=0.1,μ=0.3,ω=1,m=1, ÿ=1 and cut-offs for both reservoirs areωc=100.
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The question towhat extent anharmonicities alonemay lead to normal heat flowhas led to conflicting
results recently depending on themodel under consideration [1, 13]. For theweak tomoderate anharmonicities
considered here, a combination of nonlinearity and disorder such as studied for example in [7, 8]may provide a
mechanism to induce normal heatflow. This is, however, beyond the scope of the current study, wherewe focus
on heat rectification, andwill be explored elsewhere.

5. Rectification of quantumheat transport: single oscillator

One of the simplestmodels to realize rectification consists of an anharmonic oscillator coupled to two reservoirs
at different temperaturesTl andTr. The onlyway to induce a spacial asymmetry in such amodel is to choose
different coupling strengths γl and γrwhich remain constant under an exchange of reservoir temperatures. In
steady-state, we are free to choose any of the two currents between system and reservoirs as they have identical
absolute values. The energy current between the left reservoir and the oscillator reads according to (43)

g= - ⟪ ⟫⟪ ⟫
( )

j
y

m

p

ml
p
l

l,1

2

with ( )y
p
l being themomentumpart of the system-bath correlation function corresponding to the left reservoir.

In the classical limit, this is g b=( )y m
p
l

l l, while ⟪ ⟫p2 for a system coupled to two baths is determined by

additivefluctuations and damping strengths, respectively, i.e.

g g
=

+

+
⟪ ⟫

( ) ( )
p

y y
.

p
l

p
r

l r

2

The resulting heat current reads

g g
g g

=
+

D⟪ ⟫j k Tl
l r

l r
,1 B

withD = -T T Tr l . This immediately shows that no rectification can be observed for a single classicalmode
since an exchange of temperatures would result in a current with identical absolute value = -⟪ ⟫ ⟪ ⟫j jhc ch.

The previous argument, however, does not apply to the quantum case, where the system-reservoir
correlations depend on details of theGreen’s function caused by the non-Markovianity of the reservoirs. This
Green’s function is calculatedwith the effective frequency w̃ which varies with an exchange of the reservoir
temperatures.

Therefore, rectification is possible with a single nonlinear systemdegree of freedomas shown in [22, 24].
Figure 8 shows the rectification coefficientα versus g g gD = -r l where γl=0.1 is kept constant. Results for
positive and negative values ofκ over thewhole range ofΔγ reveal thatκ<0 leads toα<0 andκ>0 to
α>0. This difference in the signs can be attributed to the different level structure of the system, where for the
softermode the energy level spacings are narrower for higher lying states while the opposite is true for the stiffer
mode, see figure 1.

Figure 7.The effective frequency w̃ (left) and temperature T̃ (right) over the site index n of a chainwithN=50 oscillators. Other
model parameters are the same as infigure 6.
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6. Rectification of quantumheat transport: chains of oscillators

Going from a single oscillator to chains of oscillators is not just a quantitativemodification of the setting. It is
particularly interesting as it allows, by tuning the asymmetry either in the coupling to the reservoirs or in the on-
site frequencies, to control the rectification of being positive or negative. Thismay be of relevance for
experimental realizations of heat valves as they have very recently been explored in [41]. Underlying physical
principles can be revealed already for a set-up consisting of two oscillators, wherewe keep frequency and
coupling strength of the oscillator at site n=1fixed and vary those at n=2, i.e.ω2=ω1+Δω and
γr=γl+Δγ.

Before we discuss specific results below, let us already here elucidate themainmechanism that governs the
rectification process. For theHilbert space of the oscillator chain alone (no reservoirs) two sets of basis functions
are distinguished, namely, the one consisting of the localized eigenstates of the individual oscillators and the one
consisting of the normalmodes of the coupled system. Then, roughly speaking, if the inter-oscillator couplingμ
dominates against the oscillator-reservoir couplings γl, γr, heat transfer occurs along the delocalized normal
modes, while in the opposite situation localized states rule the game. It turns out that the changeover fromone
regime to the other one by tuning eitherΔω orΔγ is associatedwith a sign change in the rectification coefficient
α. This also implies that starting from the symmetric situation a growing asymmetryfirst leads to an extremum
ofα before one reaches the pointα=0.

This discussion can bemademore quantitatively by considering the effective spectral density Jeff,r(ω) of the
right reservoir as seen from the first oscillator (fixed parameters) through the second one (varying parameters).
For this purpose, we employ the formalismdeveloped in [76] and obtain for a purely ohmic bath (limit in (4) for
w  ¥)c the expression

w m
wg w

w w w g
=

- +
( ) ¯ ˜

( ˜ ) ( )J
m

4
, 51r

r

r
eff,

2 2
4

2
2 2 2 2 2

with the dimensionless inter-oscillator coupling m m w=¯ ˜m 2
2 and effective frequencies w w=˜ ˜2

2
2
2 k+ ⟪ ⟫q3

2
2 . It

has the expected Lorentzian formwith amaximumaround w w= ˜ 2 and reduces in the low frequency regime to
an ohmic type of density w m wg »( ) ¯J m0r reff,

2 . Note that the effective spectral density (51) contains all three
relevant parameters: the inter-oscillator couplingμ aswell as γr andω2, whichwe use to induce spatial
asymmetry to the system.

Now, let us consider the case with wD = 0 and varyingΔγ such that in the symmetric situation,Δγ=0,
one hasμ>γl, γr. As a consequence, for growingΔγfirst the delocalizedmode picture applies and the
rectification coefficient approaches an extremumaround that asymmetry point, where heat transfer at
resonance is optimal due to amatching of reservoir coupling constants to oscillator 1, i.e. γeff,r≈γlwith the
effective coupling fromoscillator 1 to the right reservoir g w w w w m w gº = » º( ˜ ˜ ) ˜ ¯ ˜J m 4r r reff, eff, 1 2 2

2
2
2 , i.e.

m w g g»¯ ˜ ( )4 . 52l r
2

2
2

With further increasingΔγ the rectification tends to zero, changes sign, the asymmetry dominates against the
inter-oscillator coupling, and a picture based on localizedmodes captures the heat transfer.Wewill see below
that the sign of the rectification coefficientα also depends on the sign of the anharmonicity parameterκ.

Figure 8.Rectification coefficientα versus the difference of damping strengthsΔγ=γr−γl for a single anharmonic oscillator
coupled to two quantum reservoirs with constant γl=0.1 and varying γr. The reservoirs have temperaturesTh=1Tc=0.0 and cut-
off frequenciesωc=100.Other parameters areω=1,m=1 and ÿ=1.
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6.1. Rectification by variation of the damping
Detailed results are nowfirst discussed for the situation, where asymmetry is induced by a varying damping, see
figure 9. As anticipated, one indeed observes a change in the sign of the rectification coefficient together with an
extremum formoderate asymmetries.When comparing the location of the extremawith the prediction
according to thematching condition (52), one finds an excellent agreement. For the chosen parametersμ>γl,
γr in the symmetric case, the previous discussion directly applies. The sign change inα can also be understood
from the impact of friction onto ⟪ ⟫q1 2

2 and thus onto the effective frequencies w̃1 2: for strong coupling to the

right reservoir (g gl r) one always has (for identical harmonic frequencies) w w<˜ ˜2 1 forκ>0 and w w>˜ ˜2 1

forκ<0 due to the strong squeezing in position of oscillator 2.Quantummechanically, the different energy
level spacings then lead to >∣⟪ ⟫ ∣ ∣⟪ ⟫ ∣j jch hc and thusα<0 forκ>0 and <∣⟪ ⟫ ∣ ∣⟪ ⟫ ∣j jch hc withα>0 for
κ<0. Forweak asymmetry (γl�γr) the normalmodes couple slightlymore efficient to the right reservoir and
the bottleneck is the coupling to the left reservoir. Consequently, the relation between the respective heat
currents and the sign ofα interchanges compared to the strongly asymmetric situation.

It is nowalso instructive to look for the rectificationwhen the inter-oscillator coupling is tuned, seefigure 10:
followingour above reasoning the largerμ, the stronger needs the asymmetry tobe inorder to induce a sign change in
the rectification,while for veryweak couplingno sign changeoccurs at all. Themechanismdeveloped above, namely,
delocalizedmodes versus localizedmodes dependingon the strengthof the asymmetry, suggests that for purely
classical reservoirs a qualitative similar behavior shouldbepresent. This is indeed the case asfigure 10 (left) reveals.

The impact of the number of oscillatorsN in the chain on the rectification is displayed infigure 11.With
growingN the asymmetrymust increase as well in order to induce a sign change inα.We ascribe this to the
feature already addressed above (see figure 7), namely, an effective screening of the asymmetry such that the bulk
remains robust against variations of the coupling to the right reservoir. However, the absolute value ofα
increases with increasing chain length. In this and the previous cases rectification up 10%–15% can be seen in

Figure 9.Rectification coefficientα overΔγ=γr−γl for positiveκ (left) and negative (right) for a system consisting of two
anharmonic oscillators according to (35) forN=2. γl=0.1 is constant, while γr is varied. Each oscillator is coupled to its own
reservoir which have different temperaturesTh=1,Tc=0 and equalωc=100.Other parameters are:μ=0.3,ω=1,m=1,
ÿ=1.

Figure 10.Rectification coefficientα overΔγ for positiveκ from a quantum (left) and a classical (right)model with delta correlated
(Markovian) reservoirs. Themodels have similar parameters like that fromfigure 9 (left) but with different intra-oscillator couplings
μ. The cut-off frequencies of the quantum reservoirs areωc=100 and the temperatures for classical and quantumbaths areTh=1
andTc=0.
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agreementwithwhat has been found in the quantum regime in other studies [24]. This also applies to situations
where the frequency ismodulated (next section) and reflects the fact that in the low energy sector (low
temperatures) quantumoscillators are less influenced by anharmonicties than for higher lying states.

6.2. Rectification bymodulation of the frequencies
As an alternative to a variation of the chain-reservoir coupling, spatial asymmetry can also be induced by varying
on-site frequenciesωn. Figure 12 showsα for a systemof two coupled anharmonic oscillators with the
asymmetry being quantified byΔω=ω2−ω1 withω1=1.0 put constant, whileω2 is tuned. Instead of
analyzing different values for the anharmonicity parameter as above, we here consider a constant temperature
difference at different individual temperatures from the quantumup to the classical regime.One again observes
a distinctmaximum forα, whose valueαmax is depicted infigure 12 (right)whenTh is varied. The positiveα for
moderateΔω can be understood by noting that ⟪ ⟫qn is larger if the nthmode is coupled to the hot bathwhich in
turn increases the effective frequency w̃n ifκ>0. For our setting thismeans that the coupling of the hot bath for
h c to thefirstmode compensates the frequency increase of the secondmode forfiniteΔω. For ¬c h

instead, the coupling of the hot bath to the secondmode amplifies the detuning caused byΔω. For the quantum
case, this effect is less distinct as ground statefluctuations act also on themodewhich is coupled to the cold bath
(see figure 13). As alreadymentioned in the previous section, typical values of the rectification for themodels
considered here are on the order of 10% and do not exceed 15%–20% in accordancewith results reported in
[22]. In fact, even for the extreme case of a single two level system, rectificationwas found to be on the order of
10% [24]. It would be interesting to explore whether this can be improved by particular designs of chains.We
emphasize thatfigure 12 (right) reveals that our approach also provides finite rectification in the high
temperature range, where itmatches the corresponding classical predictions, a non-trivial test for the
consistency of cumulant-type of expansions (see [63]).

Figure 11.Rectification coefficientα overΔγ for positiveκ=0.10 (left) and negativeκ=−0.10 (right). The number of oscillatorsN
is varying, while all other parameters are as infigure 9.

Figure 12. Left: rectification coefficientα versus the difference of the frequenciesΔω=ω2−ω1 withω1=1.0 for a systemof two
coupledmodes according to (35)withN=2. The system is terminated by reservoirs withΔT=Th−Tc=1.0, while different
combinations ofTh andTc are shown. The black circles showα for classical delta correlated reservoirs. Right: the rectification versus
the temperature of the hot bathTh forΔT=1.0 andω2=1.4which is the valuewhereα ismaximal. Both plots: the cut-off frequency
of the quantum reservoirs isωc=100 and the dampings are constant γl=γr=0.1. The intra-oscillator coupling isμ=0.3 and both
modes are anharmonic withκ=0.1.α<0 is a quantum featurewhich occurs at low temperatures. Other parameters arem=1 and
ÿ=1.
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What ismore striking though is thebehavior for larger asymmetries:while the classical rectification approaches
zero fromabove, in the low temperature quantumregimewe see again a change in sign ofα and then a saturation
with further increasingΔω. This is a genuine quantumphenomenonas an inspection of the covariancematrix
reveals, seefigure 13.Classically, thephase space entries for the oscillator coupled to the reservoir atTc=0 are
absent,while this is not the case quantummechanically. In the latter case, ground statefluctuations survive, where
those of the oscillatorwith larger frequency w̃2 exceed those of the softer one. This then gives rise to the observed
finite rectification also for largeΔω.Why does the rectification saturate in this limit? Tounderstand thiswe again
exploit the effective spectral density specified in (51): forω2?ω1 due to w w˜ ˜2 1 thefirst oscillator effectively
probes only the ohmic-type low frequencyportion of the distribution w w m wg»( ˜ ) ¯J mr reff, 2

2 which is
independent ofω2.Heat transfer is thus governed by low frequency quantumfluctuations, a process thatmay also
be interpreted as quantum tunneling through the secondoscillator.

The detuning of the oscillator’s frequency as a resource for rectification suggests an extension to a chain
consisting of an even number of oscillators where the frequencies with even index are set toωhigh and are varied,
while the oneswith odd index are kept constant atωlow=1.0. Such a setting can be considered as a chain of heat
valves, where one element consists of two coupled oscillators withωlow andωhigh, respectively. Figure 14 shows
the rectification for such a series connection of heat valves. Apparently,α<0 is only obtained for one single
valvewithN=2, while a series ofmultiple valves leads toα>0, also for largeΔω and independently of the
number of oscillatorsN. To understand the reason for this quite different behavior, we consider the situation
with two valve elements (N= 4): then, we have for h c a significant increase of w̃1 (strongfluctuations in
position)which supports heat transport through thewhole chain since then also w̃2 is affected by the hot bath.
Instead, for ¬c h even a smallΔω is sufficient to screen the effect of the hot bath on w̃3 so that this respective
oscillator remains in the ground state. Therefore, the detuning between the oscillators n=4 and n=3 is larger
than for h c which impliesα>0 for chains withN�4. In other words, the length dependence forN�4 is
determined by the presence of detunedmodes in the bulkwhich are not attached to a reservoir, while the total
number of thosemodes is not important.

7. Rectification in disordered systems

The rather delicate interplay of nonlinearity and spatial asymmetry which the rectification is based on rises the
question of the stability of these effects in presence of disorder. In the sequel, we restrict ourselves to a
randomization of the on-site frequenciesωn and obtain the rectification as an average over several thousand of

Figure 13.The steady-state covariancematrixS for the system fromfigure 12 for both configurations h c (left) and ¬c h (right)
with quantum (top) and classical baths (bottom). Thematrices are plotted forΔω=4.0 and reservoir temperaturesTh=1 and
Tc=0.0. These parameters lead toα<0 for the quantum casewhich can be explained by a tunneling between themodes for ¬c h
where bothmodes are in the ground state (right). Instead, the firstmode for h c experiences thermalfluctuations (left)which
reduces the overlap of bothwave functions.

16

New J. Phys. 20 (2018) 113020 TMotz et al



realizations, where the heat currents ⟪ ⟫j hc and ⟪ ⟫j ch are calculatedwith identical realizations. In the left panel in
figure 15we present aá ñdis. for varyingΔγ=γr−γl and use normally distributed on-site frequencies with
standard deviationσω andmean wá ñ = 1.0n dis. , wherewe reject negative values ofωn.We emphasize that wá ñn dis.

is an averagewith respect to random chains and not over the individual sites n of one chain. The right panel
shows aá ñdis. for varying w w wD = á ñ - á ñN dis. low dis. with normally distributed on-site frequencies and equal
dampings γl=γr=0.1 on both ends.

Obviously, for varying gD (left), the disorder frustrates the zero-crossing of the rectification observed at
Δγ∼2.0 for the ordered case shown infigure 11. The profile of aá ñdis. for stronger disorder even suggests a
convergence of aá ñ  0dis. for largeΔγ. For a systemof two oscillators, we found thatα<0 arises from a
slightly stronger detuning of the two frequencies for h c than for ¬c h. For the disordered case, this small
effect seems to bewashed out. Concerning the case of a varyingΔω shown in the right panel, it is interesting to
observe that here disorder is less effective: one hasα<0 for largeΔω also for stronger disorder. Since in this
regimeΔω is very large, it is clear that the system ismore robust against small variations of theωn. Thismanifests
as well in the relatively small error bars for the randomα. Random couplingsμnwere also investigated and
found to cause a similar behavior as random frequencies (not shown).

8. Summary and outlook

In this paper we developed a framework to describe heat transfer in open quantum systemswhich also applies to
strong thermal contact, allows to cover the full temperature range, various realizations (weak–strong coupling,

Figure 14.Rectificationα for a series connection of heat valves terminated by quantum reservoirs. The oscillators with odd index have
low frequenciesωlow=1.0, the oscillators with even index have high frequencies w w w= D +high low . Other parameters are

k m g g= = = = = = = =m T T0.1, 0.3, 1, 1, 1, 0.0, 0.1h c l r andωc=100 for both reservoirs.

Figure 15.Averaged rectification aá ñdis. for 3×103 samples of randomchains given by (35) forN=10. The disorder is induced by
normally distributed on-site frequencies with expectation values wá ñ = 1.0n dis. , while the different colors show various standard
deviationsσω. Negative randomvalues ofωn are rejected.Other parameters areμ=0.3,m=1, ÿ=1 andTh=1,Tc=0.0,
ωc=100 for both reservoirs,κ=0.1. The left panel shows a variation of the dampingwithΔγ=γr−γlwhere γl=0.1 , while the
on-site frequencies are homogeneous with wá ñ = 1.0dis. . The right panel shows varying frequencies wá ñN dis. with
w w wD = á ñ - á ñN dis. low dis. and wá ñ = 1.0low dis. representing all on-site frequencies but the last, while the dampings are equal

γl=γr=0.1. The error bars represent the standard deviation of the distribution of the randomα.
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high–low temperatures), and can be generalized to higher dimensions and other geometries. It thusmay serve as
platform to quantify the performance of heat valves, heat engines, or cooling devices as they are currently under
study in atomic andmesoscopic physics.

More specifically, the heat transfer and rectfication across chains of anharmonic oscillators has been
explored, where the nonlinearity can be tuned fromweak tomoderately strong. Tuning the level of symmetry
breaking by either changing the asymmetry in the chain-reservoir coupling or in the frequency distribution of
the oscillators wefind the rectification coefficient to pass frompositive to negative or vice versa by running
through an extremum. Adeeper analysis reveals amechanism, where heat is predominantly carried by non-local
modes (weak symmetry breaking) or localizedmodes (strong symmetry breaking)with a smooth turnover
between the two scenarios. Similar findings have been reported recently in an experimental realization of a heat
valve based on superconducting circuits [41].While for symmetry breaking induced by the chain-reservoir
coupling thismechanism also applies to the classical regime, a genuine quantum effect is found for symmetry
breaking induced by frequencymismatch between adjacent oscillators. In this situation, strong symmetry
breaking gives rise to afinite rectification (and thus afinite heat transfer) in contrast to the classical prediction.
Thisfindingmay have relevance for recent proposals for the fast initializations of quantumbits (cooling) by
frequency tuning [44].
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AppendixA. Steady-state equations for 2nd order trace cumulants

By replacingAξwith the product of q and p in the adjoint equation of the SLED =x x
†
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motion for the second order trace cumulants á ñ = á ñ - á ñ á ñAB AB A Bctr, tr tr tr can be calculated under usage of
the product rule to account for the product of trace averaged operators.With the superoperator from (5) the
following equations for the second cumulants are derived:
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For the second and third equation, a calculation of commutators with powers of q and p according to
= + -- - - -[ ] { }q p k q p pq p p q p, i 2 ,k l k l k l l k1 1 1 1 for = =k l4, 2 and = =[ ] [ ]q qp q pq k q, , ik k k for k=4

is used.

A.1. Truncation of trace cumulants
The anharmonicity contributes viamoments of higher order whose exact dynamics is not available. These
moments expressed by cumulants read
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Setting all trace cumulants of order larger than two equal to zero and respecting the cancellation of some terms in
the squared brackets in (A.1)we arrive at
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this contains only trace cumulants offirst and second order what was to be achieved.
It can be shown that this systemof equations has a stable solution at zero for all trace cumulants, although

á ñq ctr,
2 is a fluctuating quantity. To do so, we linearize (A.3) by setting all products of second trace cumulants equal

to zero and summarize the equations in amatrix-valued equation s s=
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For positiveκ, all eigenvalues have negative real part (stablefixed point). For negativeκ andweak anharmonicity,
this condition is violated onlywith exponentially small probability. Thismay result in an extremely small drift,
whichwill be neglected in a similarmanner as tunneling out of themetastable well defined by negativeκ.With
this analysis, wemanaged to decouple the dynamics of the first- and second trace cumulants and can describe the
steady-state covariance solely in terms ofS( )msc .

Appendix B. Coefficients for dynamics offirst trace cumulants in chain

Thematrix accounting for the dissipative dynamics of the system coordinates qn and pn determines the
nonlinearmotion via w m= +˜a m 2n n

2 for 2�n�N−1 and w m= +˜a mn n
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w w k= +˜ ⟪ ⟫q3 ,n n n
2 2 2

being the effective frequencywherewe used ñ á ñ ñ =x⟪ ⟪ ⟫q q qn c n c ntr, tr,
2 which holds in the steady-state.
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7 Out-of-equilibrium operation of a quantum heat engine

7.1 Summary arXiv: 1903.11368, (2019)

The principle of converting heat into some sort of useful work has been the topic
of manifold research projects in macroscopic thermodynamics. In providing the es-
sential information for an assessment of the performance of steam engines, the the-
ory played a decisive role in the description of innumerable systems and applica-
tions and served even as a founding pillar of theoretical physics. With the advent
of heat engines that operate at the nanoscale and involve only few particles in the
respective subspaces, classical thermodynamical concepts must be called into ques-
tion [GMM09, EHM09, LJR17, GNM+19]. While, at least for thermal reservoirs, the
Carnot efficiency limit still holds in the quantum case [Ali79, CF16], fluctuation the-
orems do not need to be altered [CTH09, CHT11a, CHT11b, Cam14, CPF15] and
nonadiabatic coupling in finite-time protocols evokes the quantum analogue to classi-
cal friction [KF02, PAA+14], the search for generic quantum features, that may even
boost an engine’s performance, is the subject of numerous scientific projects in the
field. The first experimental implementations include classically operated solid state
circuits [KMSP14], trapped ions [ARJ+12, RDT+16] and recently evolved towards the
quantum domain [ULK15, TPL+17, RKS+18, KBL+19, vLGS+19] with promising re-
sults regarding squeezed thermal reservoirs [KFIT17], thermodynamic cycles of NV
centers [KBL+19] or non-thermal engines in transmon qubits [CBD19]. Studies that
aim at some evidence for thermodynamic quantum supremacy as opposed to the classi-
cal engine performance include many particle effects and quantum statistics [JBdC16],
squeezed reservoirs [RASK+14] and efficiency at maximum power [Def18]. In contrast
to the classical regime that benefits from a conventional separation of time and length
scales, a complete, microscopic description of non-equilibrium open quantum dynamics
is exceptionally challenging.

In this paper, we present a non-perturbative, numerically exact formalism that provides
access to the full microscopic finite-time and non-equilibrium dynamics of a quantum
Otto engine in terms of the full interaction of the work medium and two thermal
reservoirs. Based on an exact mapping of the Feynman-Vernon path integral repre-
sentation onto a stochastic Liouville-von Neumann Eq. (2.40), the method allows to
simulate quantum thermal devices in all ranges of parameter space, including driving,
dissipation and temperature for single or few continuous or discrete degrees of free-
dom [Sto16, WSA16, MWSA18] (cf. chapter 4). For Ohmic dissipation [SM99], the
Otto cycle is thereby defined by externally modulating the oscillation frequency of the
work medium (“piston”) through an explicitly time-dependent frequency in the system
Hamiltonian’s harmonic or anharmonic potential part

Hm(t) =
p2

2m
+

1

2
mω2(t)q2 +

1

4
mκq4 (7.1)

and time-dependent coupling to the reservoirs (“valves”) through control functions
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7.2 Author’s contribution

λc/h(t). The resulting reduced dynamics

ρ̇ξ(t) = − i
~

[Hm(t), ρξ] + Lh[ρξ] + Lc[ρξ] (7.2)

features dissipators of finite-memory quantum noise ξc/h(t) and permits access to all
types of system and reservoir observables and cross-correlations thereof. The method
provides expressions for heat as the energy change of the cold/hot reservoir and work
as injected power

Qc/h = −
∫ T

0

dtTr{Hc/h ρ̇tot(t)} and W =

∫ T

0

dtTr

{
∂H(t)

∂t
ρtot(t)

}
(7.3)

by means of a microscopic representation in the probabilistic SLN framework and
separate driving and coupling work contributions Wd and WI as according to ∂tH =
∂tHm+∂tHI,c+∂tHI,h. During the cyclic operation of the four-stroke thermal machine
in the full dynamical range down to low temperatures, we find the work associated
with the coupling/de-coupling process to/from the thermal reservoirs [Aur17] to be
a crucial ingredient for the energy balance. While the overall effect of the coupling
work is found to be detrimental to the efficiency of the engine, the coupling work can
be decomposed into classical and genuine quantum contributions WI = WI,cl +WI,qm,
including quantum correlations that can be instrumental to enhance the efficiency
through techniques of optimal control. The quantum component WI,qm is dominated
by a part depending on qp-correlations

W
(qp)
I =

γ

2

∫ T

0

dt
(
λh(t)λ̇h(t)〈qp+ pq〉+ λc(t)λ̇c(t)〈qp+ pq〉

)
, (7.4)

which contributes substantially depending on the sign and, hence, the phase of the
qp-correlations. In this sense, a non-perturbative finite-time approach is essential to
uncover the intimate connection between quantum coherence, fluctuations and their
impact on thermodynamic properties of finite-time heat engine cycles. It is thereby
not bound to harmonic systems, as demonstrated in the context of moderate to strong
anharmonicities, and applies equally to the refrigerator regime. The proposed SLN-
based framework reaches beyond conventional weak coupling treatments and opens
ways to drive future experiments in the field that further explore the subtleties in the
deep quantum domain.

7.2 Author’s contribution

The author performed the analytical calculations and derivations. He implemented
and performed the decisive numerical calculations and contributed significantly to the
interpretation of the presented results. He is also responsible for the visualization of the
figures, and assumed a leading role in the preparation of the manuscript. The author
is the main author.

101



Out-of-equilibrium operation of a quantum heat engine:
The cost of thermal coupling control

Michael Wiedmann, Jürgen T. Stockburger, and Joachim Ankerhold
Institute for Complex Quantum Systems and IQST, University of Ulm, 89069 Ulm, Germany

(Dated: September 30, 2019)

Real quantum heat engines lack the separation of time and length scales that is characteristic for
classical engines. They must be understood as open quantum systems in non-equilibrium with time-
controlled coupling to thermal reservoirs as integral part. Here, we present a systematic approach
to describe a broad class of engines and protocols beyond conventional weak coupling treatments
starting from a microscopic modeling. For the four stroke Otto engine the full dynamical range down
to low temperatures is explored and the crucial role of the work associated with the coupling/de-
coupling to/from reservoirs in the energy balance is revealed. Quantum correlations turn out to be
instrumental to enhance the efficiency which opens new ways for optimal control techniques.

Introduction–Macroscopic thermodynamics was devel-
oped for very practical reasons, namely, to understand
and describe the fundamental limits of converting heat
into useful work. In ideal heat engines, components are
always in perfect thermal contact or perfectly insulated,
resulting in reversible operation. The work medium of
real macroscopic engines is typically between these lim-
its, but internally equilibrated, providing finite power at
a reduced efficiency. Any reduction of engine size to
microscopic dimensions calls even this assumption into
doubt.

At atomic scales and low temperatures, quantum me-
chanics takes over, and concepts of classical thermody-
namics may need to be modified [1–5]. This is not only of
pure theoretical interest but has immediate consequences
in the context of recent progress in fabricating and con-
trolling thermal quantum devices [6–9]. While the first
heat engines implemented with trapped ions [10, 11] or
solid state circuits [12] still operated in the classical
regime, more recent experiments entered the quantum
domain [13–16]. In the extreme limit, the work medium
may even consist of only a single quantum object [17].

Theoretically, one is thus faced with the fundamen-
tal challenge that a separation of time and length scales
on which conventional descriptions of thermal engines
is based, may no longer apply. This has crucial con-
sequences: First, the engine’s operation must be under-
stood as a specific mode of the cyclic dynamics of an open
quantum system with the coupling/de-coupling processes
to/from thermal reservoirs being integral parts of the
time evolution; second, thermal coupling strength and
thermal times ~/kBT at low temperatures T may match
characteristic scales of the work medium. The latter
requires a non-perturbative treatment beyond standard
weak-coupling approaches [17–31] to include medium-
reservoir quantum correlations and non-Markovian ef-
fects [32–38]. The former implies that coupling work WI

may turn into an essential ingredient in the energy bal-
ance whereas typically only exchanged heat Q and work
for compression/expansion of the medium (driving work)
Wd is adressed, see Fig. 1. Roughly speaking, while in

A

B

D

C

A B C D

1

FIG. 1. Top: Energy-frequency diagram of the work medium
in a quantum Otto heat engine with frequency ω(t) varying
around ω0. A cycle includes two isochore (A → B,C →
D) and two isentropic strokes (B → C,D → A). Bottom:
Thermal contact to hot (cold) reservoirs is controlled by λh(t)
[λc(t)] and expansion (compression) is due to ω(t). The cycle
is specified by three characteristic time scales τI , τd, τR.

a classical engine the cylinder is much bigger than the
valve so that |Wd| � |WI |, for a quantum device this
separation of scales may fail and |Wd| ∼ |WI |. This is
particularly true for scenarios to approach the quantum
speed limit in cyclic operation [39–41]. Can a quantum
engine under these conditions be operated at all?

To adress this question, in this Letter we push forward
a non-perturbative treatment and apply it to a finite-time
generalization of the Otto cycle (Fig. 1). It is based on
an exact mapping of the Feynman-Vernon path integral
formulation [42, 43] onto a Stochastic Liouville-von Neu-
mann equation [44] which has been successfully applied
before [45–49]. Here, we extend it to accommodate time-
controlled thermal contact between medium and reser-
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2

voirs and thus to arrive at a systematic treatment of
quantum heat engines at low temperatures, stronger cou-
pling and driving. Work media with either a single har-
monic or anharmonic degree of freedom are discussed to
make contact with current experiments. We demonstrate
the decisive role of the coupling workWI which inevitably
must enter the energy balance. Its dependence on quan-
tum correlations opens ways for optimal control [46].

Modeling–A quantum thermodynamic device with
cyclic operation involving external work and two ther-
mal reservoirs is described by the generic Hamiltonian

H(t) = Hm(t) +Hc +HI,c(t) +Hh +HI,h(t) ,

where Hm, Hc/h denote the Hamiltonians of the work
medium and the cold/hot reservoirs, respectively, with
interactions HI,c/h. Not only the working medium is
subject to external control, but also the couplings—this
is required in a full dynamical description of the com-
pound according to specific engine protocols. We con-
sider a particle in a one-dimensional potential, Hm(t) =
p2/(2m) + V (q, t), also motivated by recent ion-trap ex-
periments [10, 11]. Reservoirs are characterized not only
by their temperatures Tc < Th, but also by a coupling-
weighted spectral density [43, 50]. Assuming the free
fluctuations of each reservoir to be Gaussian, these can
be modeled in a standard way [43] as a large collection of
independent effective bosonic modes with coupling terms
of the form HI,c/h(t) = −λc/h(t)q

∑
k ck,c/h(b†k,c/h +

bk,c/h)+ 1
2q

2λ2
c/h(t)µc/h. The coefficients µc/h are conven-

tionally chosen such that only the dynamical impact of
the medium-reservoir coupling matters [50]. In a quasi-
continuum limit the reservoirs become infinite in size;
thermal initial conditions are therefore sufficient to as-
certain their roles as heat baths.

The dynamics of this setting will be explored over suf-
ficiently long times such that a regime of periodic opera-
tion is reached, without limitations on the ranges of tem-
perature, driving frequency, and system-reservoir cou-
pling strength. The nature of the quantum states en-
countered, either as quantum heat engine (QH) or refrig-
erator (QR), is not known a priori.

In order to tackle this formidable task, we start
from the Feynman-Vernon path integral formulation
[42, 43, 50]. It provides a formally exact expression for
the reduced density operator ρm(t) = TrR{ρtot(t)} of
the working medium. The quantum correlation func-
tions Lc/h(t − t′) = 〈Xc/h(t)Xc/h(t′)〉 with Xc/h =∑
k ck,c/h(b†k,c/h + bk,c/h) are memory kernels of a non-

local action functional, representing the influence of the
reservoir dynamics on the distinguished system as a re-
tarded self-interaction. This formulation can be exactly
mapped onto a Stochastic Liouville-von Neumann equa-
tion (SLN) [44], an approach which remains consistent in
the regimes of strong coupling, fast driving, and low tem-
peratures [45–49], where master equations become spec-

ulative or inaccurate.
Here we extend an SLN-type method for ohmic dis-

sipation [51] to time-dependent control of the system-
reservoir couplings, including stochastic representations
of key reservoir observables [52]. The resulting dynamics
is given by

ρ̇ξ(t) = − i
~

[Hm(t), ρξ] + Lh[ρξ] + Lc[ρξ] (1)

which contains, in addition to terms known from the mas-
ter equation of Caldeira and Leggett [53], further terms
related to the control of system-reservoir couplings and
to finite-memory quantum noise ξc/h,

Lα = −mγα
2~2

λ2
α(t)

[
q, i{p, ρξ}+ 2kBTα[q, ρξ]

]

− i
~
λα(t)

{mγα
2~

λ̇α(t)[q2, ρξ]− ξα(t)[q, ρξ]
}
. (2)

Averaging over samples of the operator-valued pro-
cess ρξ(t) yields the physical reduced density ρm(t) =
E[ρξ(t)]. The independent noise sources ξα(t) are
related to the reservoir correlation functions through
〈ξα(t)ξα(t′)〉 = <Lα(t− t′)− 2mγα

~βα
δ(t− t′).

The time local Eqs. (1) and (2) thus provide a
non-perturbative, non-Markovian simulation platform for
quantum engines with working media consisting of sin-
gle or few continuous or discrete (spin) degrees of free-
dom; different protocols can be applied with unambigu-
ous identification of per-cycle energy transfers to work or
heat reservoirs. Next, we will apply it to a four stroke
Otto cycle.
Engine cycle–For this purpose, steering of both the

time-dependent potential V (q, t) and time-dependent
couplings λc/h(t) in an alternate mode is implemented,
see Fig. 1. For simplicity, ohmic reservoirs with equal
damping rate γ are assumed. A single oscillator degree
of freedom represents the working medium as a particle
moving in

V (q, t) =
1

2
mω2(t)q2 +

1

4
mκq4 (3)

with a parametric-type of driving ω(t) and anharmonicity
parameter κ ≥ 0. We consider ω(t) varying around a
center frequency ω0 between ω0 ± ∆ω

2 , (∆ω > 0), within
the time τd during the isentropic strokes of expansion
(B → C) and compression (D → A); it is kept constant
along the hot and cold isochores (A→ B and C→ D) (cf.
Fig. 1). The isochore strokes are divided into an initial
phase raising the coupling parameter λc/h from zero to
one with duration τI , a relaxation phase of duration τR,
and a final phase with λc/h → 0, also of duration τI .

The cycle period is thus T = 4τI + 2τd + 2τR, as in-
dicated in Fig. 1. The total simulation time covers a
sufficiently large number of cycles to approach a periodic
steady state (PSS) with ρm(t) = ρm(t+T ). Convention-
ally, one neglects what happens during τI ; one assumes



3

that modulating the thermal interaction has no effect on
the energy balance (see also Ref. [32]). In the quantum
regime, such effects may, on the contrary, play a crucial
role as will be revealed in the sequel.

Periodic steady state–In Fig. 2(a-c) results are shown
for a purely harmonic system, for which analytical re-
sults have been derived in limiting cases [10, 33, 54].
We use it as a starting point to refer to the situation
in ion trap experiments [11] and to identify in (d) the
role of anharmonicities. After an interval of transient
dynamics (a), the elements of the covariance matrix set-
tle into a time-periodic pattern with damped oscilla-
tions near frequencies ω0 ± ∆ω

2 ; the time to reach a PSS
typically exceeds a single period. The presence of qp-
correlations manifests broken time-reversibility which im-
plies that a description in terms of stationary distribu-
tions with effective temperatures is not possible. Indeed,
the PSS substantially deviates from a mere sequence of
equilibrium states as also illustrated by the von Neu-
mann entropy SvN [52]. Further insight is gained by
taking the oscillator at its mean frequency ω0 as a ref-
erence and employ the corresponding Fock state basis to
monitor populations pn(t) = 〈n|ρ(t)|n〉 and coherences
ρnm(t) = 〈n|ρ(t)|m〉, n 6= m (b, c). Population from the
ground and the first excited state is transferred to (from)
higher lying ones during contact with the hot (cold) bath.
In parallel, off-diagonal elements ρnm(t) are maintained.
These are dominated by ρ02(t) contributions according
to the parametric-type of driving during the isentropic
strokes. While this Fock state picture has to be taken

a)

10-2

b)

c) d)

FIG. 2. Quantum dynamics for an Otto engine with ω0~βh =
0.25, ω0~βc = 3. Time scales are ω0τI = 10, ω0τd = 5,
ω0T = 60 with reservoir coupling γ/ω0 = 0.05; here and in
the sequel ωcut/ω0 = 30. (a) Harmonic and (b) anharmonic
(κ = 0.15) work medium: Approach of a PSS for the variances
in position, momentum and the cross-correlations 〈qp + pq〉.
(c) Harmonic Fock state populations pj(t) at frequency ω0

and (d) off-diagonal elements <ρij(t) (coherences), see text
for details.

with some care for dissipative systems, it clearly indicates
the presence of coherences associated with qp-correlations
in the medium [26, 55]. The impact of anharmonicities
for stiffer potentials in (3) is depicted in (d). In com-
parison to the harmonic case, dynamical features display
smoother traces with enhanced (reduced) variations in
〈p2〉 (〈q2〉). Non-equidistant energy level spacings may
in turn influence the efficiency (see below).
Work and heat–The key thermodynamic quantities of a

QH are work and heat per cycle. Note that even though
we operate the model with a medium far from equilib-
rium, these quantities have a sound and unique definition
in the context of fully Hamiltonian dynamics involving
reservoirs of infinite size. An assignment of separate con-
tributions of each stroke to heat and work is not needed
in this context. Moreover, any such assignment in a sys-
tem with finite coupling would raise difficult conceptual
questions due to system-reservoir correlations [36, 56].

In the context of full system-reservoir dynamics, heat
per steady-state cycle is uniquely defined as the energy
change of the reservoir

Qc/h = −
∫ T

0

dtTr{Hc/h ρ̇tot(t)} .

Within the SLN the integrand consists of separate terms
associated with reservoir noise and medium back ac-
tion [52].

Similarly, work is obtained as injected power, i.e.,

W =

∫ T

0

dtTr

{
∂H(t)

∂t
ρtot(t)

}
,

where separate driving and coupling work contributions
Wd andWI can be discerned from ∂tH = ∂tHm+∂tHI,c+
∂tHI,h. Careful analysis indicates [52] that the coupling
work WI is completely dissipated [57].

Figure 3 (a) displays the strong coupling dependence
of the net work Wd + WI . It turns from negative (net
work output) to positive, thus highlighting the coupling
work WI as an essential contribution in the work bal-
ance. The SLN approach allows to reveal its two parts,
i.e. WI = WI,cl + WI,qm, where the first one, deter-
mined by 〈q2〉, also exists at high temperatures while the
second one is a genuine quantum part depending on qp-
correlations. One can show that WI,cl > 0 dominates
while, with increasing compression rate ∆ω

ω0
, WI,qm con-

tributes substantially with a sign depending on the phase
of the qp-correlations relative to the timing of the cou-
pling control. By choosing τd, τI as in Fig. 3, one achieves
WI,qm < 0, thus counteracting WI,cl (b). In turn, con-
trol of qp-quantum correlations opens ways to tune the
impact of WI on the energy balance [52]. Heat Qh, see
(c), follows a non-monotonous behavior with γ, also a
genuine quantum effect that cannot be captured by stan-
dard weak coupling approaches. Its decrease beyond a
maximum can be traced back to enhanced momentum
fluctuations due to damping.
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c)

b)

a)

d)

FIG. 3. Thermodynamic quantities of the quantum Otto
cycle vs. thermal coupling γ/ω0 at ω0~βc = 3. Process times
are ω0τI = ω0τd = 5, ω0T = 40 with compression ∆ω/ω0 = 1
(solid), 0.5 (dashed). (a) Net work Wd + WI and (b) contri-
butions of coupling work WI = WI,cl + WI,qm; (c) absorbed
heat Qh; (d) efficiency η according to (4) (orange), ignoring
WI (black), and with only WI,cl included (violet); the dissi-
pator phase is the dashed area. (b,d) at fixed ~ω0βh = 0.25

FIG. 4. The PSS’s operating phases as a QH (η > 0) and
as a dissipator (η set to 0) vs. medium-reservoir coupling and
adiabaticity parameter. Other parameters are ω0~βh = 0.5,
ω0~βc = 3, ω0τd = ω0τR = 5.

We are now in a position to discuss the ratio

η = −Wd +WI

Qh
(4)

which describes the efficiency of a QH if Wd +WI < 0.
In regimes where η is nominally negative, the system is

not a QH, but merely a dissipator. The theory of the adi-
abatic Otto cycle and its extension using an adiabaticity
parameter predicts some regimes of pure dissipation [58],
however, without recognizing the coupling work WI as
an essential ingredient. As seen above, its detrimental
impact can be soothed by quantum correlations, see (d).

The combined dependence on γ and thermalization
adiabaticity parameter ω0τI yields a phase diagram
pointing out QH phase (η > 0) and a dissipator phase
(η ≤ 0) over a broad range of thermal couplings up
to γ/ω0 ∼ 1, Fig. 4. A QH is only realized if τI ex-
ceeds a certain threshold which grows with increasing
medium-reservoir coupling. To make this more quantita-
tive, progress is achieved for small compression ratios to
estimate Wd and WI and derive [52] from Wd +WI < 0
the relation

ω0τI >
2γ

∆ω

1 +R

1−R . (5)

with R = (〈q2〉A + 〈q2〉D)/(〈q2〉C + 〈q2〉B) and where
0 ≤ R ≤ 1. Since Wd ∼ ω̇(t)τd ∼ ∆ω and WI ∼
λ̇2(t)τI ∼ 1/τI , for short cycle times WI always domi-
nates. Qualitatively, for the parameters in Fig. 4, very
weak coupling γτR, γτI � 1 leads to (1−R)/γ ≈ const.
and thus ω0τI ≈ const.; for larger coupling with more
efficient heat exchange, the γ dependence of R is less
relevant [52] so that ω0τI ∼ γ/∆ω as in Fig. 4.

As expected, values obtained for η are always below
the Curzon-Ahlborn and the Carnot efficiencies [52], but
yet, even beyond weak coupling, they do exceed η ∼ 0.2.
The coupling work appears as an essential ingredient also
to predict for the power output the optimal cycle time
and correct peak height, Fig. 5(a). If it is ignored, mis-
leading data are obtained. Beyond the harmonic case, i.e.
for stiffer anharmonic potentials, dynamical features dis-
cussed in Fig. 2(d) reduce the efficiency, Fig. 5b. They
have a similar impact as enhanced thermal couplings,
both having the tendency to suppress (increase) fluctua-
tions in position (momentum).

In conclusion, by simulating non-perturbatively and
within a systematic formulation the dynamics of quan-
tum thermal machines with single degrees of freedom as
work medium, we have obtained a complete characteriza-

a) b)

FIG. 5. (a) Engine net output power P = −(Wd +WI)/T as
a function of the period T for ω0βc = 3, γ/ω0 = 0.5 and time
scales τI = T/6, τd = T/12 compared to the respective output
power ignoring WI (black dotted) and (b) efficiency vs. γ for
various anharmonicity parameters κ; here ω0τI = ω0τd = 5,
ω0T = 40 and other parameters are as in Fig. 2.
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b)a)

c) d)

FIG. 6. The quantum part WI,qm of the coupling work
explicitly depends on the phase of qp-correlations during the
de-/coupling procedure. In (a, c) a segment is added to allow
after the expansion stroke for a unitary time evolution at fixed
frequency so thatWI,qm > 0 whileWI,qm < 0 for the standard
(b, d). Parameters are ω0~βh = 0.25, ω0~βh = 3, γ/ω0 = 0.1;
other process time scales are as in Fig. 3.

tion of their properties. The medium-reservoir boundary
appears as an internal feature of the model so that full
control over the medium as well as its thermal contact
to reservoirs is possible. The example of the four stroke
Otto engine demonstrates the decisive role of the cou-
pling work that must be considered as an integral part of
the total energy balance. Its overall impact is detrimental
to the efficiency of quantum heat engines, however, can
be reduced by quantum correlations if they are properly
controlled. A simple example is shown in Fig. 6, where a
slight change in the expansion stroke of the Otto engine’s
protocol modifies the phase of qp-correlations such that
the opposite happens: coupling work is further enhanced
and the efficiency further suppressed. This sensitivity of
quantum heat engines to changes in the driving protocol
can be exploited by optimal control techniques in future
devices. The presented approach provides the required
tools to follow theoretically these activities.

We thank R. Kosloff, E. Lutz, M. Möttönen, and J.
Pekola for fruitful discussions. Financial support from
the Land BW through the LGFG program (M.W.),
the IQST and the German Science Foundation (DFG)
through AN336/12-1 (J.A.) are gratefully acknowledged.
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We indicate how to adapt the SLN simulation method to the case of reservoirs with time-dependent
coupling. This results in a complete, exact dynamical simulation of the quantum Otto engine in
terms of the full, interacting dynamics of the work medium and its two thermal and harmonic
reservoirs. We also provide expressions for work and heat, relating expectation values of the full
system-plus-reservoir dynamics to SLN-based expressions. Some more detailed numerical results
are presented and discussed.

STOCHASTIC MAPPING OF OPEN SYSTEM DYNAMICS WITH TWO RESERVOIRS AND DRIVING

We consider a distinguished quantum system Hm(t) = p2

2m +V (q, t) which is interacting with two thermal, harmonic

reservoirs Hc/h under influence of time-dependent bilinear coupling HI,c/h(t) = −λc/h(t)q
∑
k ck,c/h(b†k,c/h + bk,c/h) +

1
2q

2λ2c/h(t)µc/h

H(t) = Hm(t) +Hc +HI,c(t) +Hh +HI,h(t). (1)

Starting from factorizing initial conditions for the global density matrix ρtot and reservoirs with ohmic characteristics,
i.e. spectral densities of the form J(ω) = mγω/(1 + ω2/ω2

cut)
2 up to a high frequency cutoff ωcut (significantly larger

than any other frequency of the problem, including 1/~βc/h) and potential renormalization µ = 2
π

∫∞
0
dω J(ω)ω , the

Feynman-Vernon path integral formulation for the reduced density operator of the medium can be converted into the
Stochastic Liouville-von Neumann equation with dissipation (SLN) of the form [1]

d

dt
ρξ(t) =

1

i~
[Hm(t), ρξ] +

∑

α=c,h

{
i

~
λα(t)ξα(t)[q, ρξ]− i

mγα
2~2

λα(t)λ̇α(t)[q2, ρξ]

−imγα
2~2

λ2α(t)[q, {p, ρξ}]− λ2α(t)
mγα
~2βα

[q, [q, ρξ]]

}
. (2)

This procedure involves mapping the reduced system evolution to a stochastic propagation in probability space that
is governed by two Gaussian noise sources ξh(t), ξc(t) that are constructed to match the real part of the respective
reservoir correlation function 〈ξα(t)ξα(t′)〉 = <Lα(t− t′)− 2mγα

~βα δ(t− t′), α = c, h. The subtracted white-noise term

is treated separately, leading to the last term in (2). In the case of ohmic reservoirs, the limit of large ωcut also makes
the dynamics response of the reservoir near instantaneous, allowing its representation by a Dirac delta term of the
form =Lα(t− t′) = mγα

2
d
dtδ(t− t′), α = c, h. An integration by parts transforms =Lα(τ) into a delta function, with a

boundary term removing the q2 term in the coupling, and introducing terms dependent on momentum p and the time
derivative λ̇. A single stochastic sample obtained by propagating the density with an individual trajectory possesses
no direct physical meaning, except in the classical limit ~→ 0. The physical density matrix is obtained by averaging
over a sufficiently large number of samples ρm(t) = E[ρξ(t)].

Taking the spectral density of the reservoirs to be a smooth function of frequency implies the limit of an infinite
number of environmental modes, with a correspondingly infinitesimal coupling of each individual mode. This procedure
also gives the reservoirs infinite heat capacity, allowing them to be treated as thermodynamic reservoirs even if only
their initial state is specified as thermal.

HEAT ENGINE CYCLE

We will now consider a four stroke quantum heat engine with an harmonic or an anharmonic oscillator as working
medium. Our description is based on a non-perturbative propagation of the reduced density matrix within the
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dissipative SLN probabilistic framework. The model comprises three control parameters. The hot and cold baths
are controlled with the time-dependent coupling parameters λc/h(t), the oscillator potential is frequency modulated
through ω(t)

V (q, t) =
1

2
mω2(t)q2 +

1

4
mκq4. (3)

Energy balance and first law

We first consider the energy balance of our engine in the context of the full system-reservoir model. Any changes
in the energy of the global system as defined in Eq. (1) are due to work terms,

d

dt
〈H〉 =

〈
∂Hm(t)

∂t

〉
+

〈
∂HI,c(t)

∂t

〉
+

〈
∂HI,h(t)

∂t

〉
, (4)

with separate terms indicating the different modes of performing work associated with the parameter ω(t) and λc/h(t).
Heat is identified as energy transferred into the reservoirs over a cycle,

Qc/h := −
T∫

0

dtTr{Hc/hρ̇tot} = − i
~

T∫

0

dtTr{[H(t), Hc/h]ρtot} = − i
~

T∫

0

dtTr{[HI,c/h(t), Hc/h]ρtot}. (5)

At the end of a period of cyclic operation, the microstate of the medium reverts its initial state, ρm(t+ T ) = ρm(t).
Moreover, the collective response function of the reservoirs decays in time sufficiently fast that the collective reservoir
coordinate entering HI,c/h shows periodic behavior at long times. We thus have

〈Hm(t+ T )〉 = 〈Hm(t)〉, 〈HI,c/h(t+ T )〉 = 〈HI,c/h(t)〉. (6)

Defining per-cycle work terms through

Wd =

∫ T

0

dt

〈
∂Hm(t)

∂t

〉
, WI =

T∫

0

dt

(〈
∂HI,h

∂t

〉
+

〈
∂HI,c

∂t

〉)
, (7)

it is easily verified that these quantities obey the first law of thermodynamics

Wd +WI +Qc +Qh = 0 . (8)

It is instructive to note that Eq. (6) can be used to give alternative expression for the heat terms per period,

Qc/h =
i

~

T∫

0

dtTr{[HI,c/h(t), Hm]ρtot} −
T∫

0

dt

〈
∂HI,c/h

∂t

〉
(9)

The first term of (9) is an energy flow from the system due to the coupling; the second is the work performed through
changes of λc/h. Viewing this equation as a continuity equation, we conclude that the work described by the second
term is completely dissipated.

Work and heat in the probabilistic SLN context

The work terms Wd and WI as well as the expression (9) for the heat transfer Qc/h have equivalent expressions
in the SLN dynamics (2), even for those terms involving HI,c/h. In order to obtain this stochastic equivalent, the
equal-time correlations 〈qXα〉 and 〈pXα〉, (α = c, h), involving system coordinate/momentum and the reservoir

operator Xα =
∑
k ck,α(b†k,α + bk,α) are needed. In simpler SLN approaches [2], the noise variable ξ can serve as

a direct substitute for X [3]. Here we need to treat the terms which have been contracted to delta terms in the
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Hamiltonian dynamics SLN dynamics

work Wd =
∫ T

0
dt〈 ∂Hm(t)

∂t
〉 Wd = E

[∫ T

0
dt ω(t)ω̇(t)〈q2〉

]

WI =
∫ T

0
dt
[
〈 ∂HI,h

∂t
〉+ 〈 ∂HI,c

∂t
〉
]

WI = E
[ ∫ T

0
dt
{
−
(
λ̇h(t)ξh(t) + λ̇c(t)ξc(t)

)
〈q〉

+
(
γhλh(t)λ̇h(t) + γcλc(t)λ̇c(t)

)
〈qp+ pq〉/2

+
(
γhλ̇

2
h + γcλ̇

2
c

)
m〈q2〉

}]

heat

Qc/h = −
∫ T

0
dtTr{Hc/hρ̇tot}

= − i
~
∫ T

0
dt〈[HI,c/h(t), Hc/h]〉

Qc/h = E
[ ∫ T

0
dt
{
λc/h(t)ξc/h(t)〈p〉/m

−γc/hλ2
c/h(t)〈p2〉/m+ γc/hλ

2
c/h(t)kBTc/h

−γc/hλc/hλ̇c/h〈qp+ pq〉

+λ̇c/h(t)ξc/h(t)〈q〉 − γc/hλ̇2
c/h(t)m〈q2〉

}]

TABLE I. Work and heat expressed in terms of the unitary evolution of system and reservoir and in terms of SLN propagation
of a periodic steady state.

more complicated SLN equation (2) separately. A careful consideration of short-time dynamics on timescales of order
1/ωcut before taking the limit of large ωcut leads to the results

Tr{qXαρtot} = E
[
ξα(t)〈q〉+ λα(t)µα〈q2〉 − λα(t)γα〈qp+ pq〉/2− λ̇α(t)mγα〈q2〉

]
(10)

Tr{pXαρtot} = E
[
ξα(t)〈p〉+mγαλα(t)kBTα + λα(t)µα〈qp+ pq〉/2− λα(t)γα〈p2〉 − λ̇α(t)mγα〈qp+ pq〉/2

]
(11)

where α = c, h. Table I summarizes expressions for work and heat using either the full Hamiltonian dynamics or the
SLN framework. All quantities appearing in the SLN column can be extracted from simulation data. The expression
for Qc/h is based on Eq. (9), thus avoiding expressions involving momenta or velocities of the reservoir.

Estimates for driving and coupling work

We start from the formulation of the driving and the coupling work in the SLN context as specified in Table I. The
driving work provides contributions along the isentropic strokes of length τd with ω̇(t) < 0 during B→ C and ω̇(t) > 0
during D→ A. The coupling work provides contributions within time intervals of length τI at the beginning (λ̇α > 0)
and the end (λ̇α < 0) of the isochoric strokes.

To estimate the above integrals we now assume the following: (i) ω̇(t) = const. during τd and λ̇(t) = const.
during τI , (ii) the contribution of the variances dominates in WI and (iii) within τd the variances change linearly for
∆ω/ω0 � 1.

We then obtain

Wd ≈ m|ω̇|
ω0τd

3

(
〈q2〉AΩ+ + 〈q2〉DΩ− − 〈q2〉CΩ− − 〈q2〉BΩ+

)

≈ mω̇ω0τd
2

(
〈q2〉A + 〈q2〉D − 〈q2〉C − 〈q2〉B

)
, (12)

where Ω± = 3/2 ± (∆ω/2ω0) ≈ 3/2 and 〈q2〉X = E[〈q2(tX)〉] with tX corresponding to point X in the cycle. The
coupling work can be approximated by

WI ≈ mγτI λ̇2
(
〈q2〉A + 〈q2〉D + 〈q2〉C + 〈q2〉B

)
, (13)

where we considered 〈q2〉 ≈ const during switching the coupling off or on for sufficiently short τI .
Due to the general relations

〈q2〉C > 〈q2〉D (contact to cold bath) , 〈q2〉B > 〈q2〉A (contact to hot bath) (14)



4

for γ > 0, one first concludes that Wd < 0 while apparently WI > 0. Further, one finds for the total net work

Wd +WI ≈ a−
(
〈q2〉C + 〈q2〉B

)
+ a+

(
〈q2〉A + 〈q2〉D

)
(15)

with a± = mγτI λ̇
2 ±mτdω0|ω̇|/2. Now, to qualify for a heat engine, the condition Wd +WI < 0 needs to be fulfilled

which implies

ω0τI∆ω − 2γ

ω0τI∆ω + 2γ
> R ≡ 〈q

2〉A + 〈q2〉D
〈q2〉C + 〈q2〉B

(16)

with τd|ω̇| = ∆ω and τI λ̇
2 = 1/τI . Due to (14) one always has 0 ≤ R ≤ 1. The above relation can be easily solved

for τI to read

ω0τI >
2γ

∆ω

1 +R

1−R (17)

as a condition on the minimal time τI consistent with heat engine operation.

Several situations can now be considered analytically:

(i) γ → 0: In this limit a perturbative treatment in γ applies. The equations of motions for the cumulants then
tell us that deviations from the unitary time evolution are on order O(γ) which implies R = 1− O(γ). Hence,
(1−R)/γ ≈ const. and the minimal τI approaches a constant value.

(ii) In the classical regime (high temperature) we assume quasi-equilibrium throughout the cycle with 〈q2〉A =
1/(mβcω

2
h) etc. which yields Rcl = Tc/Th.

(iii) In the quantum regime (lower temperatures) in quasi-equilibrium one has R > Rcl.

(iv) For low temperatures and sufficiently large γτR to allow for states close to thermal equilibrium, the variances
in position depend only weakly on γ for γ~β < 2π. Accordingly, the γ-dependence of the threshold of τI is
predominantly given by γ/∆ω.

(v) For ~βcωc � 1 while ~βhωh � 1 and γτR > 1 to allow for approximate equilibration with 〈q2〉A ≈ ~/mωh,
〈q2〉C ≈ 1/mω2

hβh etc., one finds R ≈ ~βhω0. For the parameters in Fig. 4 of the main text we then have
ω0τI > 12γ/ω0 which, for the given value of τR, describes the minimal τI sufficiently accurate for all γ/ω0 > 0.1.

Quantum effects in the coupling work

As seen in Table I, the coupling work consists of the contributions WI = WI,cl + WI,qm. The first classical-like
part is determined by the variance 〈q2〉, the quantum part is determined by the ξ〈q〉 average and the contribution
of the coherences 〈qp + pq〉. In the high temperature limit, only the WI,cl part survives so that the remaining
two contributions represent a genuine quantum effect. The quantum contribution WI,qm is dominated by the part
depending on the qp-correlations. It is this part which we want to consider in the following in more detail:

W
(qp)
I =

γ

2

∫ T

0

dt
(
λh(t)λ̇h(t)〈qp+ pq〉+ λc(t)λ̇c(t)〈qp+ pq〉

)
. (18)

Now, following the above arguments we assume λα(t) = t/τI when the coupling is switched on, and λα = (1− t/τI)
when the coupling is switched off. Further we assume that

〈(qp+ pq)(t)〉 ≈ 〈qp+ pq〉A cos(2ωht)e
−γt (switching on hot isochore)

〈(qp+ pq)(t)〉 ≈ 〈qp+ pq〉A cos[2ωh(τI + τR + t)]e−γ(τI+τR+t) (switching off hot isochore) (19)

where 0 ≤ t ≤ τI and ωh = ω0 + ∆ω/2. For the cold isochore we replace A→ C and ωh → ωc = ω0 −∆ω/2.

This then allows us to estimate W
(qp)
I as

W
(qp)
I ≈ γ

2τI
(〈qp+ pq〉A Ωh + 〈qp+ pq〉C Ωc) , (20)
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where

Ωα =

∫ ω0τI

0

dx

{
x

ω0τI
cos

(
2
ωα
ω0
x

)
e−(γ/ω0)x −

(
1− x

ω0τI

)
cos

[
2
ωα
ω0

(ω0τI + ω0τR + x)

]
e−(γ/ω0)(ω0τI+ω0τR+x)

}
.

(21)
These latter dimensionless expressions are functions oscillating with varying τI for fixed other parameters with the
typical behavior that |Ωc| > |Ωh| when ω0τI is not too small. Apparently, they exhibit strong (weak) oscillations for
hot (cold) (ωh > ωc) isochores.

For γ(τI + τR) > 1, one finds for the above integral

W
(qp)
I ≈ − ω0

τIω2
α

[
1 + e−γτI (γτI − 1) cos(2ωατI) + ω0τI sin(2ωατI)

]
. (22)

Consequently, the sign of W
(qp)
I depends on ωατI but also on the phase of the qp-correlations. We find the dominant

contribution to W
(qp)
I is provided by Ωc〈qp+ pq〉C , i.e. after expansion and before coupling to the cold reservoir. For

the parameters chosen in Fig. 3 in the main text, one always has 〈qp+ pq〉C > 0 so that WI,qm counteracts WI,cl to
lead to a reduced WI .

However, as seen in the Fig. 6 of the main text, by extending the unitary time evolution after expansion/compression
such that the system evolves for about half a period π/ωα at constant frequency, the phase of the qp-correlations at
C turns from positive to negative. Hence, WI,qm > 0 and adds to WI,cl to enhance WI .

Details about the numerical implementation

The numerical solution of the dissipative SLN leads to one single trajectory of the reduced system density. This
is realized by moving to position representation using symmetric and antisymmetric coordinates, i.e. ρξ(r, y) =
〈r − y

2 |ρξ|r + y
2 〉. This representation allows an efficient split-operator technique. In addition to the commonly

used FFT method (alternating between diagonal potential and kinetic terms) we employ a third step related to the
operator [q, {p, ·}], which can be understood to be the generator of a re-scaling operation. For typical parameters,
e.g., parameters ω0~βh = 0.25, ω0~βc = 3, ωcut/ω0 = 30, γ/ω0 = 0.25 and characteristic cycle time scales ω0τI = 10,
ω0τd = ω0τR = 5, ω0T = 60 up to the first three cycles of a periodic steady-state takes approximately 72 CPU core
hours on a Intel Xeon CPU (Sandy Bridge architecture). A typical number of samples nsamp ≈ 500; the resulting
statistical errors are less than the line width or symbol size used in our figures.

Additional results

Here we show additional results that are not included in the main text but provide further indications on the
features and versatility of our simulation platform.

Fig. 1a gives an alternative rendition of the PSS’s operating regime as a QH, depending on the maximal medium-
reservoir coupling and the coupling time as parameters. Numbers on top indicate the number of driving periods
before the PSS cycle is reached. Fig. 1b compares the efficiency of the finite-time harmonic engine to the Carnot and
the Curzon-Ahlborn efficiencies. The efficiencies lie always below the analytical values of ηCA and ηC . For decreasing
damping strength, the efficiencies tend to decrease as a result of diminished heat transfer and driving work. Stronger
damping meanwhile fosters energy losses due to irreversible coupling work which also leads to decreased efficiency.

An alternative representation of the covariances is their parameterization through a squeezing amplitude r and a
squeezing angle ϕ [4]. In Fig. 2a the squeezing amplitude r for the PSS operating regime of a QH is compared to the
values in thermal equilibrium for hot/cold baths. While the amplitude is damped towards the equilibrium values in
a damped oscillatory pattern, it maintains its non-equilibrium characteristics across a whole cycle. Fig. 2b shows the
movement of the phase space ellipsoid during the cyclic operation.

In the QH regime the PSS substantially deviates from a mere sequence of equilibrium states as also illustrated by
the von Neumann entropy SvN in Fig. 3a. Even with a relatively long contact time compared to 1/γ, the entropy
values alone indicate incomplete thermalization with the colder reservoir, even when the non-thermal nature of
squeezing is disregarded. Slowing the cycle in Fig. 3b tends to increase efficiency whereas maximum power peaks are
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significantly lowered and shifted when coupling work is no longer ignored (main text).

Fig. 4 shows details of the dynamics of the medium in a QR setting. These include (a) moments which fully
characterize a non-thermal Gaussian state as well as work, heat, and efficiency for a refrigerator setting (b-d).

Fig. 5 shows variances in position and momentum in thermal equilibrium for anharmonic oscillators with varying
anharmonicity parameter, illustrating the fact that the oscillator “stiffness” becomes effectively temperature
dependent. The resulting deformations of equilibrium position and momentum variances have significant impact on
heat, work and efficiency properties for increasing κ (see discussion in the main text).

Fig. 6 shows the driving work for an anharmonic oscillator as work medium vs. the maximal coupling strength.
With increasing anharmonicity |Wd| decreases and leads to smaller efficiencies (shown in the main text).

10.1

10

2

4

6

8

7 6 5 4 4 3 3 2 2 2

1

cycles to approach PSS

0a)
b)

FIG. 1. (a) The PSS’s operating regime as a QH (red circles) with efficiency η > 0 vs. the maximal medium-reservoir
coupling and the coupling time. Also shown is the transient time until PSS cycle is reached (top axis). Model parameters are
ω0~βh = 0.5, ω0~βc = 3, ωc/ω0 = 30, ω0τd = ω0τR = 5 and T = 4τI + 2τd + 2τR. (b) Harmonic heat engine efficiency vs.
damping strength for hot bath temperatures ω0~βh = 0.25 (red), ω0~βh = 0.5 (green) and ω0~βh = 1.0 (blue) compared to
Carnot and Curzon-Ahlborn efficiency for the coldest temperature. The cold bath is always fixed at ω0~βh = 3. Other model
parameters are ω0τd = 5, ω0τI = 10 and ω0T = 60.

0.2

0.1
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2
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FIG. 2. Quantum dynamics for an Otto engine with ω0~βh = 0.25, ω0~βc = 3. Time scales are ω0τI = 10, ω0τd = 5,
ω0T = 60 with reservoir coupling γ/ω0 = 0.05 and ωcut/ω0 = 30. (a) Squeezing amplitude r compared to the values in thermal
equilibrium for hot/cold baths (green), and (b) squeezing angle ϕ for one cycle. The phase space ellipsoid makes a full turn
(2ϕ changes by 2π) with its width oscillating around equilibrium values for hot/cold baths.
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a) b)

FIG. 3. (a) The von Neumann entropy SvN (ρm) for one cycle and various inverse hot bath temperatures βh at ω0~βc = 3 and
γ/ω0 = 0.25 compared to the equilibrium entropy of hot (ω0~βh = 0.25) and cold bath. (b) Engine efficiency as a function of
the period T for ω0βc = 3, γ/ω0 = 0.5 and time scales τI = T/6, τd = T/12.

a) b)

c) d)

FIG. 4. Refrigerator setting: (a) Dynamics of the position 〈q2〉 and momentum 〈p2〉 dispersion and the symmetric mean
1
2
〈qp + pq〉 for ω0~βh = 10, ω0~βc = 1.5 , ωc/ω0 = 30 and dissipation constant γ/ω0 = 0.25 compared to thermal equilibrium

dispersions for one PSS cycle (b) heat that is absorbed from the cold reservoir Qc and released into the hot reservoir Qh (c)
driving work Wd and (d) formally determined efficiency ηref = Qc/(Wd + WI) versus γ; model parameters are ω0τd = 5,
ω0τI = 10 and ω0T = 60.
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a)

b)

FIG. 5. Anharmonic oscillator in thermal equilibrium with one single thermal reservoir: equilibrium position 〈q2〉th and
momentum 〈p2〉th dispersion for γ/ω0 = 0.1, ω0~βth = 3 (red) and γ/ω0 = 0.5, ω0~βth = 5 (blue) versus the anharmonicity
κ ∈ [0, 0.9]; with increasing κ, the oscillator potential gets stiffer and leads to decreasing second moments in position while
those of the momentum are broadened; the horizontal lines correspond to analytical equilibrium values in the harmonic case.

FIG. 6. Anharmonic setting: Driving work Wd vs. γ for various anharmonicity parameters κ, ω0τI = ω0τd = 5, ω0T = 40,
ω0~βh = 0.25 and ω0~βc = 3. This reduction for stiffer potentials is determined by a reduced second moment 〈q2〉 (see also
Table I) as a result of the parametric drive. In terms of efficiency, anharmonicities seem then to play a similar role as enhanced
thermal couplings, both having the tendency to localize the oscillator degree of freedom in position.
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8 Summary and Outlook

Any comprehensive theory that is aiming at a fundamental description of open quan-
tum systems must inevitably take into account the influences of a surrounding envi-
ronment, such as decoherence and dissipation. Especially, due to the emergence of
new technologies e.g. in the field of solid-state physics, quantum optics, mesoscopic
physics, quantum computing and cryptography, it becomes increasingly important to
control the impact of a macroscopic thermal quantum reservoir on the system’s coher-
ence and entanglement properties. In the course of a miniaturization of both time and
length scales at low temperatures towards the deep quantum regime, the conventional
separation between system and reservoir timescales can no longer be maintained. The
widespread applicability of the, primarily, quantum optical master equation approach
to open system dynamics is also due to the inherent, substantial approximations of this
method. While preserving complete positivity of the open system evolution, Lindblad-
type propagation techniques are derived in the context of a Markovian approximation
of the involved memory kernels. This requires, essentially, an environment that re-
covers instantly from the interaction with the respective system and simply cannot
be justified for strong coupling, driven systems or low temperature, structured reser-
voirs. While master equations can be somewhat improved beyond their limitations
to quantum Markov processes, a non-perturbative and formally exact methodology is
indispensable for many realistic, experimental scenarios.

Based on an exact mapping of the full Feynman-Vernon influence path integral to
probability space, the stochastic Liouville-von Neumann formalism has been applied
to many systems and applications with great practical relevance. Besides projects in
quantum optimal control, semiclassical and spin dynamics, bio-molecules and struc-
tured spectral densities, up to the microscopic derivation of work and heat in quan-
tum thermodynamics, the SLN provides exceptional results that reach far beyond any
conventional treatment of open systems. The great applicability of the SLN frame-
work comes at the expense of an inherently non-unitary, stochastic propagator and
a non-preservation of quantum state norms of individual sample trajectories associ-
ated with it. The high computational costs of the SLN due to long system-reservoir
correlation times and, hence, pronounced retardation effects in the reservoir-mediated
self-interactions, require simulation strategies that draw on dephasing and coherence
properties of the medium. The present thesis solves crucial issues in dealing with nu-
merical complexity in the paradigmatic case of discrete few-level systems in contact
with an Ohmic environment. It provides numerically exact benchmark data which is
needed to generalize a numerically efficient technique for heat transport across open
quantum chains to nonlinear systems that show rectification, and opens the way to
microscopic, real-time simulations of quantum heat engines with nonadiabatic driving
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protocols and non-equilibrium work medium.

Chapter 2 summarizes the derivation of the stochastic Liouville-von Neumann equa-
tion through a stochastic unraveling of the Feynman-Vernon influence functional of the
reservoir. For Ohmic spectral densities and in the scaling limit, a variant of the SLN,
the SLED, is subject to only one real-valued stochastic force field. The formalism is fur-
ther developed to cover explicitly time-dependent reservoir coupling and thus permits
access to all types of system and reservoir observables and cross-correlations thereof.
Chapter 3 and [WSA16] introduce a finite-memory scheme that uses a projection on the
diagonal elements of the reduced density to identify and separate parts of the dynamics
that mainly accumulate noise, and truncate their evolution depending on the coherence
decay time. The method improves the signal-to-noise ratio of the sample realizations
by orders of magnitude. In the context of the spin-boson model, it extends the well-
known non-interacting blip approximation (NIBA) for the dissipative two-state model
in a non-diagrammatic, time-local formalism. The approach is subsequently used to
study electron transfer dynamics along a discrete three-level system coupled to a ther-
mal environment. At the crossover between thermally activated sequential hopping
and non-local quantum superexchange phenomena as predominant transport channels,
the finite-memory algorithm (TCBD) is applicable beyond the parameter space where
any conventional rate description based on master equations is valid. In [MWSA18],
transients from direct, stochastic sampling of the SLED for an anharmonic oscillator
serve as numerical benchmark to generalize a highly efficient, deterministic method for
open quantum chains and heat transport in the presence of disorder and thermal rec-
tification. The system evolution, which is based on a consistent truncation scheme for
cumulants higher than second order and an effective on-site frequency depending on the
state’s mean position dispersion, is thereby solved through a scheme of self-consistent
iterations in the steady state. In chapter 4, the focus is put on an application of the
non-perturbative formalism to the simulation of quantum thermal machines with har-
monic or anharmonic work medium subject to time-dependent control of the thermal
contact and frequency modulation of the oscillator’s potential. The presented SLN-
based method thereby provides access to the microscopic, non-equilibrium dynamics of
a finite-time, generalized Otto engine without the limitations to which other theories
in the field are subject. In [WSA19], the crucial role of the work associated with the
coupling process to the reservoirs is revealed. While this interaction work is, in general,
detrimental for the performance of the engine, its impact on the cycle’s efficiency can be
reduced through a subtle fine tuning of the control protocol with respect to the phase
of characteristic quantum correlations. The method is by no means bound to harmonic
systems or adiabatic protocols, which is demonstrated for anharmonic modulations of
the oscillator potential and fast system-reservoir de-/coupling functions.

The versatile applicability of the non-perturbative, non-Markovian techniques and pro-
cedures based on the stochastic Liouville-von Neumann formalism in dealing with open
quantum systems, opens up promising opportunities for future projects. For higher
dimensional systems and nonlinearity, the TCBD finite-memory approach can offer
reduced numerical complexity through adjustable time-retardation length and access
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to coherent/incoherent system dynamics in notoriously challenging regimes for strong
coupling and low temperatures. Exceptionally promising to drive future experiments
in the field of quantum heat engines is the formally exact, microscopic approach of
the SLN formalism. It is capable to reveal the most hidden thermodynamic subtleties
and identifies crucial ingredients of the energy exchange between working medium and
heat sources. This opens up ways to apply optimal control techniques to find the best
steering protocol for the engine such that efficiency and performance are maximized
and detrimental effects of irreversible processes are reduced. The intimate connection
between quantum coherence, fluctuations and their impact on thermodynamic proper-
ties of finite-time heat engine cycles affirms the claim of the presented methods - to
provide the essential tools to follow both theoretical and experimental future activities
in open quantum thermodynamics.
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