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ABSTRACT
Offset dependencies between tasks/messages ensure that there
exists a fixed time interval between the activation of a set
of tasks/ messages, thereby avoiding simultaneous activa-
tions. Offset-based analysis techniques include time offsets
into the computational model and perform response time
analysis by taking into account the time offsets. However,
for systems with task offsets where tasks are not released si-
multaneously, identifying the critical instant is not straight-
forward. It leads to a combinatorial problem where several
busy window periods have to be explored to identify the
critical instant of the task, thereby increasing the analysis
run-time exponentially. In this paper, we propose a novel
heuristics and a flexible approximation technique to limit
the critical arrival pattern of tasks and reduce the run-time
of an offset-based response time analysis.

1. INTRODUCTION AND RELATED WORK
The state of the art offset-based response time analysis

techniques [1] [2] [3] [4] are based on the busy window meth-
ods. Lehoczky [5] introduced the notion of the busy window
period. The level-i busy period is defined as the maximum
time interval for which a processor is busy executing tasks
of priority higher than or equal to priority of task i. The
longest response time of the job of task i occurs during a
level-i busy period initiated at a critical instant when the
task is requested simultaneously with requests for all higher
priority tasks. For systems with task offsets, identifying the
arrival pattern of tasks leading to worst-case behaviour con-
sidering all activation dependencies is an NP-complete prob-
lem [3]. By considering all activation dependencies, one can
compute tight worst-case response times that are close to
realistic bounds. Tindell [1] was the first to consider the
context of offsets using the busy window approach. Tindell
defined a model, where tasks with offset relationship are
grouped into transactions. Tindell relaxed the notion of the
critical instant, by assuming one task in every transaction
coincides with the task under analysis. Palencia et al. [2]
improved the Tindell’s method further by handling task sets
with arbitrary offsets and jitter not limited by the period.
Maki et al.[6] proposed an improved approximation method
to calculate faster and tighter response times for tasks with
offsets by pre-computing interference curves and converting
them from stepped staircase function to slanted staircase
function. Traore et al. [7] classified transactions with a spe-
cific offset pattern into a type called monotonic transactions
and reduced the complexity of analysis for such transac-
tions. However, all the above methods assume transactions

to be arbitrarily phased and do not consider release time de-
pendencies between tasks of different transactions. Redell et
al.[4] addressed this shortcoming by calculating the response
time of every job of a task within a hyper-period (the least
common multiple of all task periods). Hence, the algorithm
leads to exponential complexity for a task set with many
activation instances within the hyper-period. Pellizzoni et
al.[3] showed an improved method with offset consideration
by computing the minimum distances between the release
times of tasks and leverage this information to limit the
critical arrival pattern of tasks. Pellizzoni et al. proposed
an algorithm with pseudo-polynomial complexity by consid-
ering the offset dependencies between a limited set of tasks.
However, it does not consider the effect of release jitter. In
this paper, we propose a scalable offset analysis technique
with flexible approximation factor and heuristics overcoming
the limitations of [3] [4] and we extend the work of Pellizzoni
et al.[3] to take into account the effect of release jitter and
derive a limited set of critical arrival patterns for tasks with
offsets and release jitter. Scalable and tighter offset analysis
techniques enable effective design space exploration by help-
ing the system designers to explore several design choices in
a limited amount of time. The paper is organized as follows:
the system model is presented in Section 2. In Section 3,
we propose techniques to reduce the complexity of the offset
analysis. The paper is concluded in Section 4.

2. SYSTEM MODEL
In this paper, we consider a single scheduling paradigm

on a uniprocessor. The system consists of a set of tasks
Γ := {τ1, τ2, ..., τn}mapped to a scheduling paradigm, where
tasks are numbered in a priority order with the smallest
number given to the task with the highest priority. The
jobs of tasks in the task set Γ are scheduled based on the
scheduling policy associated with the domain Γ. We define
Γi = {τk ∈ Γ | k ∈ N, 1 ≤ k ≤ i} as a set of tasks with a pri-
ority higher than or equal to the task τi (τi ∈ Γ, i ≤ n). A
task τi is characterized by a tuple τi := (Wi, Di, Pi, Oi, Ji),
where Wi is the worst-case execution time (WCET); Di is
the relative deadline and in addition three parameters pe-
riod Pi, start offset Oi and activation jitter Ji of the task
(Pi ∈ N+, Oi, Ji, Di ∈ N). In our system model, we assume
an arbitrary offset, jitter, and deadline.

3. COMPLEXITY REDUCTION
A level-i busy period [5] is a time interval [a, b] within

which jobs of priority i or higher are processed throughout
[a, b] but no jobs of level i or higher are processed in (a−ε, a)



or (b, b + ε) for sufficiently small ε > 0. We identify the set
of potential level-i idle points [4] that initiates the level-i
busy period right before which there is no level-i pending
workload or backlog for a given task set Γi, and that can
incur worst-case interference to the task under analysis.

Lemma 1. The worst-case interference of task τi due to
higher priority tasks occurs in one of the level-i busy periods
initiated by a job of the task τk(τk ∈ Γi) in the set Γi with
maximum release jitter and subsequent activations of all jobs
in the set Γi are released as close as possible to the job that
initiates the busy period.

Proof. The proof can be found in [4] [8].

The above Lemma 1 holds for static scheduling policies
like fixed priority preemptive scheduling [4], fixed priority
non-preemptive scheduling and dynamic scheduling policy
like earliest deadline first scheduling [8]. All possible ac-
tivation instants of tasks in the set Γi with maximum re-
lease jitter within the hyperperiod (H) are potential level-i
idle points that can initiate a level-i busy period resulting
in a worst-case interference of the task under analysis τi
(Lemma 1). The set t̂Γi = {(Ok + Jk) + m · Pk | m ∈
N0, 1 ≤ k ≤ i} contains all possible activation instants
of tasks in the set Γi with maximum release jitter in the
time domain. We normalize the activation instants of tasks
with maximum release jitter in the time domain with the
set t̂NΓi

= {(Ok + Jk) mod Pk +m · Pk | m ∈ N0, 1 ≤ k ≤ i}.
The set t̂o = {to ∈ t̂NΓi

| t1 ≤ to < t1 + H} contains
all possible activation instants of tasks in the set Γi with
maximum release jitter within the hyper-period H, where
t1 = min{(Ok + Jk) mod Pk | 1 ≤ k ≤ i}.

Obtaining Phasing Matrix: Let us consider an exam-
ple task set Γ = {τ1, τ2, τ3}, where τ1 = (0.25, 1, 1, 0, 0),
τ2 = (2, 7, 10, 3, 2) and τ3 = (3, 8, 30, 7, 1). The set of
potential idle points t̂o within the hyperperiod [0, 30) that
can incur worst-case interference to task τ3 equals all nat-
ural numbers in the interval [0, 30). This is because the
period of task τ1 equal 1. We formalize the phasing of the
tasks with respect to a potential idle point with the help
of a phasing matrix based on the Lemma 1. Let M cor-
respond to phasing matrix that contains a set of phasing
vectors computed at every idle point in the set t̂o. Hence
the phasing matrix M is of order |t̂o| × i . The phasing

row vector Φ̂ =
[
(φ1, J̃1) (φ2, J̃2) . . . (φi, J̃i)

]
is of or-

der 1×i and contains set of tuples (φk, J̃k) of all tasks in the
set Γi, where τk (1 ≤ k ≤ i). The phase φk equals the min-
imum activation distance of a job of task τk from the time

point to ∈ t̂o. The jitter J̃k equals the maximum possible
jitter experienced by a job of task τk at time point to + φk.
Now let us consider a potential idle point at to = 5 that
can initiate a busy period. At least one of the task in the
task set Γ3 experiences a maximum release jitter at poten-
tial idle point to = 5. The task τ2 experiences a phasing of 0
and the maximum possible release jitter experienced at the
phasing equals 2. This equals the maximum release jitter
experienced by an activation job of task τ2.

The complexity of the offset analysis is a function of the
total number of test points in the set t̂o. Let t̂τro correspond
to the set of test points (activation instants) contributed
by the task τr (τr ∈ Γi) within the hyperperiod H. The

cardinality of the set t̂τro equals |t̂τro | = H
Pr

. The total idle

points contributed by all tasks in the set Γi equals t̂o =
|Γi|⋃
r=1

t̂τro . Hence the complexity of the analysis is a function

of the number of tasks, task period and the hyperperiod of
the task set. To reduce the complexity of the analysis, we
propose the following approaches.

3.1 Reduced phasing matrix using heuristics
The phasing matrix M contains set of phasing vectors

computed at every test point in the set t̂o. However not all
phasing vectors may contribute to the worst-case behaviour.
For the example task set Γ with three tasks in Section 3, the
phasing matrixMτ2 corresponding to the set of potential idle
points t̂τ2o initiated by the task τ2 is computed as follows:

t̂τ2o =

 5
15
25

 ,Mτ2 =

(0, 0) (0, 2) (2, 0)
(0, 0) (0, 2) (22, 0)
(0, 0) (0, 2) (12, 0)

 (1)

The phasing row vectors in the row 2 and row 3 of the ma-
trix Mτ2 will produce a busy period of length less than or
equal to the busy period produced by phasing vector in row
1. This is because the phasing row vector [(0, 0) (0, 2) (2, 0)]
in row 1 of matrix Mτ2 brings more activation jobs of task
τ3 closer to the test point and thereby increasing the chance
of interference on the task τ3. The interference induced on
the task τ3 at test point to = 5 is always greater than or
equal the interference induced at test points to = 15 and
to = 25. Therefore, the phasing matrix Mτ2 can be re-
duced to a set Mτ2 = {[(0, 0) (0, 2) (2, 0)]}, by eliminating
the phasing vectors at idle points {15, 25}. With the help
of following Lemmas 2, 3, 4, we obtain a reduced set of
phasing vectors Mτk initiated by task τk that can incur
worst-case interference. The normalized activation instants
of a task τk with maximum release jitter Jk in the time do-
main equals {(Ok + Jk) mod Pk + m · Pk | m ∈ N0}. Let
Ok = (Ok + Jk) mod Pk equal the normalized offset with
maximum release jitter.

Lemma 2. Given two tasks τi and τj , the minimum time
distance

(
d−ij) between a job activation of task τi with max-

imum release jitter and a successive job activation of task τj
with maximum release jitter equals to i.e :

d−ij = (Oj −Oi) mod GCD(Pi, Pj) (2)

where, GCD(Pi, Pj) is the greatest common divisior be-
tween periods Pi and Pj .

Proof. The successive periodic activations of tasks τi
and τj with fixed offset and fixed release jitter can be repre-
sented as infinite arithmetic progressions APi = {An | n ∈
N0} and APj = {Bm | m ∈ N0} respectively, where the nth

job activation of the task τi is equivalent to An = Oi+(n·Pi)
and mth job activation of the task τj is equivalent to Bm =
Oj +(m ·Pj). The set of activation distances of task τj with
maximum release jitter from the task τi with maximum re-
lease jitter satisfy the linear congruence equivalence (3):

dij ≡ (Oj −Oi) mod GCD(Pi, Pj) (3)

The minimum activation distance which satisfies the above
congruence (3) is d−ij = (Oj −Oi) mod GCD(Pi, Pj).



Lemma 3. Given two tasks τi and τj , the time distance
between any job activation of task τi with maximum release
jitter and a successive job activation of task τj with maxi-
mum release jitter takes a value inside the following set :

Ψij =

{
d−ij + k ·GCD(Pi, Pj) | ∀ 0 ≤ k < Pj

GCD(Pi, Pj)

}
where d−ij is the minimum activation distance of task τj with
maximum release jitter from task τi with maximum release
jitter as calculated using Theorem 2 (2)

Proof. All activation distances of a job of task τj with
maximum release jitter from a job of task τi with maximum
release jitter satisfy the linear congruence equivalence (3) as
shown in Lemma 2. Let Ψ = {d−ij+k·GCD(Pi, Pj) | k ∈ N0}
contain set of distances which satisfies the linear congru-
ence (3). Let Ψij contain a set of activation distances for

0 ≤ k <
Pj

GCD(Pi,Pj)
. The possible activation time instants

(Tτj ) of task τj with maximum release jitter can be expressed

by a set {tτj : tτj ∈ N0 ∧ tτj ≡ OjmodPj}. Subtracting the
activation distances in the set Ψij from the set Tτj would
yield possible activation time instants (Tτi) of task τi with
maximum release jitter i.e Tτi = {tτi : tτi ∈ N0 ∧ tτi ≡
(Oj−dij)modPj , dij ∈ Ψij}. Further subtracting the set of

activation distances for
Pj

GCD(Pi,Pj)
≤ k < 2.Pj

GCD(Pi,Pj)
would

yield the same activation time instants as in the set Tτi
forming an equivalence class because of the modulo opera-

tion. This holds for all subsequent intervals of
2.Pj

GCD(Pi,Pj)
≤

k <
3.Pj

GCD(Pi,Pj)
and so on.

Lemma 4. Given three tasks τi, τj and τk, the minimum
time distance at which a job activation of task τk with max-
imum release jitter follow a job activation of task τi with
maximum release jitter, when the successive activation job
of task τj with maximum release jitter arrives at a distance
dij (dij ∈ Ψij defined in Lemma 3) from task τi with maxi-
mum release jitter, i.e d−ik(dij) is calculated as follows:

d−ik(dij) = (Ok − b) mod GCD(c, Pk) (4)

where b and c are obtained from the solution of system of lin-
ear congruences: x ≡ OimodPi and x ≡ (Oj − dij)modPj
of form x ≡ b mod c, where b (b ∈ N0) is the least common
residue satisfying both the congruences and c = LCM (Pi, Pj),
where c ∈ N.

Proof. The activation time instants of jobs of task τi
when the successive job activation of task τj with maxi-
mum release jitter follows jobs of task τi with maximum
release jitter at a distance dij can be obtained by solving
the system of linear congruences x ≡ OimodPi and x ≡
(Oj − dij)modPj . The solution is a linear congruent equa-
tion of form x ≡ b mod c, where b corresponds to the new
start offset of task τi with maximum release jitter and c cor-
responds to the hyperperiod of task τi and τj . The minimum
activation distance of the task τk from the new combined
start offset (b) and period (c) of the task τi i.e d−ik(dij) can
be obtained using the minimum distance formula in Lemma
2 as follows: d−ik(dij) = (Ok − b)mod GCD (c, Pk )

The set of activation distances between an activation job
of task τ2 with maximum release jitter and the successive job
activation of task τ3 with maximum release jitter takes one

of the values in the set Ψ23 = {3, 13, 23} using Lemma 3.
The time instants at which jobs of task τ3 with maximum
release jitter follow jobs of task τ2 with maximum release
jitter at a distance d23 ∈ Ψ23 ( 3 t.u) can be determined by
solving the linear congruences :

x ≡ 5 mod 10 (5)

x ≡ (8 − d23) mod 30 ≡ 5 mod 30 (6)

resulting in x ≡ 5 mod 30. We can calculate the min-
imum possible arrival distance of the job of task τ1 with
maximum release jitter i.e y ≡ 0 mod 1 from the activa-
tion instants x ≡ 5 mod 30 using Lemma 2. Hence d−31(d32)
equals 0 t.u.

d−21(d23) = (0− 5) mod GCD (30, 1) (7)

= (−5) mod 1 = 0 (8)

Hence, at the test point to = 5, task τ2 experiences a
maximum release jitter of J2 = 2 and phase φ2 = 0. The

phasing tuple (φ3, J̃3) can be calculated as (2, 0) by substi-
tuting J3 = 1 and d23 = 3 in (9). If the maximum release
jitter of task τ3 equals J3 = 31, the normalized offset equals
(O3+J3) mod P3 = (7+31) mod 30 = 8. The activation dis-
tance d−23 calculated using Lemma 2 equals 3 t.u , the tuple

(φ3, J̃3) can be calculated as (0, 28) using (9).

(φk, J̃k) =

{
(0, Jk − dk) if Jk ≥ dk
(dk − Jk, 0) if Jk < dk

(9)

We make use of the above Lemmas to obtain the phasing

matrix Mτk by setting tuple of the task τk i.e (φk, J̃k) =
(0, Jk) and calculate the phase of the remaining tasks in
the set Γi \ {τk} using the recursive Algorithm 1. The
phasing matrix Mτ1 thus obtained is of order κ × i, where

κ =
i∏

m=2

Pm
GCD(LCM(1,{Pn|1≤n<m,n∈N0}),Pm)

. The phasing

vectors obtained from the matrix Mτk satisfies the activation
dependencies of all tasks in the set Γi. The phasing vector
calculated at each iterative step in the recursive Algorithm
1 corresponds to a test point in the set t̂τ2o . Instead of start-
ing at any arbitrary test point t̂τ2o , the iterative Algorithm
1 starts by setting the phase of one of the tasks to the mini-
mum possible activation distance and increase the activation
distance based on the Lemma 3. For the example task set Γ
with three tasks in Section 3, the set of phasing vectors Mτ2

obtained by the recursive approach is calculated as (1). The
minimum activation distance of the task τ3 (d−23 = 3 t.u) and
the task τ1 (d−21 = 0 t.u) with maximum release jitter from
the task τ2 with maximum release jitter is met at the very
first iteration for an ordering Γ = {τ3, τ1}, that corresponds
to test point to = 5. Incrementing the activation distance
of the task τ3 (Lemma 3) any further will lead to set of
phasing vectors i.e

{
[(0, 0) (0, 2) (12, 0)]; [(0, 0) (0, 2) (22, 0)]

}
that will produce busy window periods of length less than
or equal to the previous set of phase combinations. Hence,
the algorithm could be stopped after the very first iteration
and the test points to = 15 and to = 25 can be ignored. For
every phasing vector Φ̂ generated at the end of each itera-
tion step in the recursive Algorithm 1, one can check if the
activation distances of all tasks in the set (Γi \ {τk}) from
the task that initiates the test point equals the minimum
activation distance as calculated in Lemma 2. Similarly, re-
duced phasing matrix of task τ1 (Mτ1) and τ3 (Mτ3) using



heuristics can be obtained. The resulting reduced phasing
matrix M by eliminating redundant phasing vectors and the
corresponding set of idle points t̂ro are computed as follows:

t̂ro =

[
5
8

]
,M =

[
(0, 0) (0, 2) (2, 0)
(0, 0) (5, 0) (0, 1)

]
(10)

The total number of test points necessary for computing
the WCRT of task τ3 before reduction equals 30. However,
using heuristics we limited the number of idle points to 2,
resulting in a reduction of 93.33%.

Algorithm 1 Obtain phasing matrix Mτk for a task set Γi
Input: Γi, τk Output: Mτk

Initialize elements of Φ̂ of order 1× i with (0, 0)

Set Phase of task τk i.e φk = 0 and J̃k = Jk in Φ̂
recursePhaseCalc(Pk, Ok,Γi \ {τk}, Φ̂)

procedure RecursePhaseCalc(Pin, Oin,Γ, Φ̂)
for each τr ∈ Γ do

d−kr = (Or − Oin) mod GCD(Pin, Pr) // Using
Lemma 2

for i← 0, Pr
GCD(Pin,Pr)

− 1 do // Using Lemma 3

dkr = d−kr + i ·GCD(Pin, Pr)

/* Solve system of congruences X ≡ (Or − dkr) mod Pr
and X ≡ Oin mod Pin */ Using Lemma 4

X ≡ Onew mod Pnew // Solution

Obtain tuple (φr, J̃r) using (9)

Update tuple of task τr in Φ̂r with (φr, J̃r)

Γ
′

= Γ\{τr} //Remove task τr after combining

if Γ
′ 6= {} then
RecursePhaseCalc(Pnew, Onew,Γ

′
, Φ̂)

else
Append phasing vector Φ̂ to phasing matrix

Mτk

end if
end for

end for
end procedure

3.2 Approximation
Determining the phase arrival of tasks considering off-

set dependencies between all tasks in the set Γi is an NP-
complete problem [3]. The complexity of the offset analysis
can be significantly reduced by discarding dependencies be-
tween tasks and limiting the offset dependencies to a smaller
set, as this results in a reduced hyper-period. The phasing
matrix Mτk obtained by Algorithm 1 considers activation
dependencies between all tasks in the set Γi. The activation
dependencies can be reduced to a smaller set by consider-
ing dependencies between subset of tasks within the task set
Γ = Γi \ {τk} in the procedure RecursePhaseCalc of Algo-
rithm 1. Let Γd ⊂ Γ contain set of tasks whose activation
dependencies are considered without approximation. The
phasing vector Φ̂ generated at the end of each iteration is
of order 1× |Γd| and results in a combined offset Onew and
combined period Pnew. The combined period Pnew equals
the hyperperiod of the task set: {τk} ∪ Γd. This results
in a reduced hyperperiod and hence reduces the order of
the phasing matrix Mτk . Since the approximation results
in pessimistic worst-case bounds, it is desirable to design an

flexible approximation factor to adjust the trade-off between
runtime and exactness of the analysis.

4. CONCLUSION
We quantitatively evaluated the effectiveness of the pro-

posed heuristics that reduced the test points as discussed in
Section 3.1 for a real world automotive benchmark [9]. Task
periods were chosen from the set of values {1, 2, 5, 10, 20, 50,
100, 200, 1000}ms as described in the automotive benchmark
application [9], the task jitter Ji were randomly generated
between [0; 0.5Pi] and the task offsets Oi were randomly
generated between [0; 1000] ms. We computed the run-
time of the offset analysis with and without heuristics. The
heuristics reduced 92.38% of potential idle points on an av-
erage for the 20,000 task sets generated across utilization
[0.75, 0.95] and showed a percentage improvement of 61.67%
in the run-time of the algorithm.
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