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ABSTRACT
In real-time theory, there exist two approaches for comput-
ing the response time of tasks: the classical response time
analysis (RTA) approach and the modular performance anal-
ysis with the Real-Time Calculus (MPA-RTC). The classical
RTA techniques are based on the busy window methods and
the response time equation needs to be adapted every time
a new scheduling policy or a new event activation pattern
is considered in the system model. MPA-RTC has its roots
in Network Calculus (NC). MPA-RTC offers more powerful
abstraction and flexibility than the RTA based techniques,
because of its ability to model resource availability and arbi-
trary incoming activations with the help of expressive service
curves and arrival curves respectively. MPA-RTC models
scheduling policy with the help of service curves and can
handle hierarchical scheduling better than RTA based tech-
niques [1]. In this paper, we propose a generalized approach
to model offset dependencies using MPA-RTC based tech-
nique to compute tight worst-case response times of tasks.

1. INTRODUCTION
Offset dependencies between tasks/messages ensure that

there exists a fixed time interval between the activation of
a set of tasks/ messages, thereby avoiding simultaneous ac-
tivations. Assuming tasks to be independent in the analysis
would lead to pessimistic worst-case response times calcula-
tion. Therefore, it is necessary to include time offsets into
the computational model and to extend the analysis to take
account of the time offsets.

The classical RTA techniques use the notion of the busy
window period introduced by Lehoczky [2]. The level-i busy
period is defined as the maximum time interval for which
a processor is busy executing tasks of priority higher than
or equal to priority of task i. The longest response time of
the job of task i occurs during a level-i busy period initi-
ated at a critical instant when the task is requested simul-
taneously with requests for all higher priority tasks. For
systems with task offsets where tasks are not released si-
multaneously, identifying the critical instant is not straight-
forward. It leads to a combinatorial problem where several
busy window periods have to be explored to identify the
critical instant of the task. There exist several works [3],
[4], [5], [6] that use the busy window technique to perform
offset based response time analysis for a specific scheduling
policy. All the above RTA based techniques use iterative
fixed-point recurrence equation to compute response times
and are limited to standard activation patterns. They do

not support analysis of complex activation patterns such as
sporadically periodic event streams with bursts and arbi-
trary event arrival patterns from an event trace. It can
be avoided by performing event model conversion to sup-
ported event models. However, lossy conversion can lead to
pessimistic response time estimates. Modular performance
analysis with the Real-Time Calculus (MPA-RTC) [1] per-
forms response time analysis with the help of arrival and
service curves and is based on the Network Calculus (NC)
[7]. Arrival curves model the resource demand and service
curves model the computational resource available in any
time interval. The worst-case response time of a task is ob-
tained by calculating the maximum delay (maximum hor-
izontal distance) between the upper arrival curve and the
lower service curve. There exist works [8], [9], [10], [11]
that model offset dependencies between packet flows in a
switched Ethernet, Time-Triggered Ethernet and CAN net-
work using Network calculus. All the above works compute
aggregate cumulative flows by considering offset dependen-
cies between flows and propagate them in a network to com-
pute end to end delays of packets. However, in this paper,
we extend the work to real-time systems by modelling sys-
tems with tasks and offset dependencies and compute the
worst case response times of tasks by combining the busy
window methods and the MPA-RTC. Our focus in this pa-
per is to compute the worst-case response time (WCRT) of
tasks with offset dependencies modeled as a greedy process-
ing component (GPC) in an MPA-RTC framework and not
outgoing curves and end to end delays. The paper is orga-
nized as follows: we highlight the limitations of the existing
system model of an MPA-RTC framework in handling off-
set dependencies in Section 2. In Section 3, we extend the
system model of an MPA-RTC framework to consider offset
dependencies. In Section 4, we present the response time
analysis of the extended system model. The paper is con-
cluded in Section 5.

2. MOTIVATION
MPA-RTC models event streams that trigger the system

using arrival curves. It models the communication and com-
putation resources that are available to the system using
service curves and model tasks in the system as a GPC. A
system model is then obtained by interconnecting the arrival
and service inputs and outputs of all the models based on
the resource sharing schemes (scheduling policies) and data
flow among the GPCs. The arrival and service curves are
defined in [1]. The WCRT (r+

i ) of a task τi is computed
as the maximum horizontal distance between the incoming



upper arrival curve αu
i and the lower service curve βl

i using
equation (1).

r+
i = sup

∆≥0

{
inf{λ ≥ 0 : αu

i (∆) ≤ βl
i(∆ + λ)}

}
(1)
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Figure 1: Example task set Γ := {τ1, τ2 , τ3} activation
instants in the time domain

Let us consider an example task set Γ := {τ1, τ2 , τ3} con-
taining three tasks as shown in Figure 1. The incoming
activations of task τ1 exhibit a sporadic bursty behaviour.
The sporadic bursts are expressed with the help of an inner
period pi, outer period po and a burst length b. The inner pe-
riod (pi = 2) describes the minimum inter-arrival of events
within a burst. The outer period (po = 30) describes the
distance between two consecutive bursts. The burst length
(b = 3) describes the maximum number of events within one
burst. The incoming activations of tasks τ2 and τ3 are con-
sidered to be periodic with a start offset and a release jitter
triggered by sources with the same clock reference. The in-
coming activations of task τ2 has a period p = 10, start offset
o = 3 and a maximum release jitter of j = 2, and task τ2 has
a period p = 30, start offset o = 7 and a maximum release
jitter of j = 1 (Figure 1). Let us assume that each event
of tasks τ1 , τ2 and τ3 produce a worst-case execution time
(WCET) of 0.5 t.u, 2 t.u and 3 t.u respectively, where t.u
refers to time units. Let us consider a system with fixed pri-
ority preemptive scheduling (FPPS) paradigm, where task
τ1 has a higher priority than the task τ2, and task τ2 has a
higher priority than the task τ3. The WCRT of the task τ3 is
calculated as 6.5 t.u using equation (1). However, in reality,
no two events of task τ2 and τ3 are activated simultaneously
(Figure 1). It is because there exists a time shift (phase)
between the event arrivals of task τ2 and task τ3. Hence the
WCRT of the task τ3 can never be 6.5 t.u in the real system.
Since the MPA-RTC operates in the time-interval domain,
offset dependencies between different event streams are lost.
Therefore, we need an extended model which can provide
us with information about the offset dependencies between
different event streams triggered by the same clock source.

3. SYSTEM MODEL
In this paper, we consider a single scheduling domain (Γ)

on a uniprocessor. The system consists of a set of tasks
Γ := {τ1, τ2, ..., τn}mapped to the scheduling domain, where
tasks are numbered in a priority order with the smallest
number given to the task with the highest priority. A task
τi is characterized by a tuple τi := (Wi, Di, αi), where Wi

is the worst-case execution time (WCET); Di is the rela-
tive deadline; αi := (α̂u

i , α
u
i , Pi, Oi, Ji) (Pi ∈ N+, Oi, Ji ∈

N) is a tuple containing α̂u
i incoming upper arrival curve

that describes the maximum incoming stimulation trigger-
ing the task at any time interval without jitter considera-
tions (release jitter is regarded as zero), αu

i incoming upper
arrival curve that describes the maximum incoming stim-
ulation triggering the task at any time interval and in ad-
dition three parameters period Pi, offset Oi and jitter Ji
that indicates the time intervals at which task τi activations
may occur. Let βl

Γ correspond to the incoming lower service
curve of the scheduling domain (Γ). The function βl

Γ de-
notes the minimum amount of computational demand that
the scheduling domain Γ can process at any time interval.

A task τi may experience different incoming event streams
following different time points. The incoming event streams
or activations of the task τi that follows an arbitrary time
point (to ∈ N0) depends on the parameters: Pi, Oi, Ji. The
time points indicated by the set t̂jmax = {Oi + m · Pi +
Ji | m ∈ N0} are possible activation instants at which the
task τi may experience an incoming event stream described
by the upper arrival curve αu with maximum release jitter.
For the task τ2 in the example task set Γ (Section 2), the
set tjmax equals {5, 15, 25, ..} (Figure 1). Similarly, time
points indicated by the set t̂jmin = {Oi + m · Pi | m ∈
N0} are possible activation instants at which the task τi
may experience an incoming event stream described by the
upper arrival curve α̂u with no release jitter. For the task
τ2 in the example task set Γ (Section 2), the set tjmin equals
{3, 13, 23, ..}. Let us consider a set of time points t̂j = {3 +
m · 10 + 1 | m ∈ N0} = {4, 14, 24, ..}. The task τ2 may not
experience an incoming event stream as described by the
upper arrival curve αu or α̂u following the time point tj ∈
t̂j . The first activation event of task τ2 that coincides with
the time point tj experience a release jitter of 1. Assuming
an event stream described by the upper arrival curve αu

following the idle point tj would result in pessimistic event
density. In order to obtain a tight upper arrival curve α̃u

i at

time points where task may experience a jitter J̃i (0 ≤ J̃i ≤
Ji), we introduce a jitter compression function as defined
below:

Definition 1. A jitter compressed upper arrival curve (α̃u
i

(∆t, J̃i)) denote the maximum number of events that arrive
on the event stream when the maximum possible release

jitter of the jobs of the task is set to J̃i in any time interval

of length ∆t, where 0 ≤ J̃i ≤ Ji . It is calculated as follows:

α̃u
i (∆t, J̃i) =

{
min

{
αu
i (∆t), α̂u

i (∆t+ J̃i)
}

if ∆t ≥ 0

0 if ∆t < 0
(2)

We obtain α̃u(∆t) by left shifting the upper arrival curve

with no release jitter α̂u(∆t) by release jitter J̃ . It brings
more activations of the task in a time interval based on the
shift value and retains the sub-additive property of the upper
arrival curves. We bound the maximum activation events
in any time interval by the upper arrival curve αu(∆t) by

using the minimum operation. When jitter J̃ = 0, the curve

α̃u(∆t) equals α̂u(∆t) and when jitter J̃ = Ji, the curve
α̃u(∆t) equals αu(∆t). This clearly highlights the need of
the two upper arrival curves αu, α̂u in our extended model.

4. RESPONSE TIME ANALYSIS
Figure 2 highlights the sequence of steps involved in gen-

eralizing offset based response time analysis. Based on the



scheduling policy and the incoming task set Γ, we identify
the set of preempting tasks Γp and the set of blocking tasks
Γb for the task under analysis τi. The set of preempting
tasks Γp are used as input to determine the potential criti-
cal instants that can incur worst case interference of the task
under analysis τi.
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Figure 2: Generalized Offset based response time
analysis

Obtaining Level-i Idle points: We use the concept of
the level-i busy period to identify the set of interesting level-
i idle points [5] right before which there is no level-i pending
workload or backlog for the preempting task set Γp, and that
can incur worst-case interference to the task under analysis
τi. The set Γp includes the task under analysis τi in addition
to other preempting tasks.

Lemma 1. The worst-case interference of task τi occurs in
one of the level-i busy periods initiated by a job of the task
τk(τk ∈ Γp) with maximum release jitter and subsequent
activations of all jobs in the set Γp are released as close as
possible to the job that initiates the busy period.

Proof. The proof can be found in [3] [5].

All possible activation instants of tasks in the set Γp with
maximum release jitter within the hyperperiod (H) are po-
tential level-i idle points that can initiate a level-i busy pe-
riod resulting in a worst case interference of the task under
analysis τi [5]. Let t̂o contain set of activation instants of
tasks in the set Γp with maximum release jitter within the
hyperperiod (H).

Obtaining Safe Upper Arrival Curve: In order to
obtain an upper arrival function of a task from a fixed time
point say to ∈ t̂o, we introduce the below definition:

Definition 2. Upper Arrival Function: Let us defineRto
i (t)

as a cumulative upper arrival function that denotes the max-
imum sum of events of task τi that follow the time point
to ∈ t̂o. It is calculated as follows:

Rto
i (t) =

{
R̃u

i (t− φi) if t ≥ φi

0 if t < φi

(3)

The phase φi equals the minimum time distance of an acti-

vation of a task τi from a fixed time point say t = to and J̃i
is the maximum possible jitter experienced by the task τi at
time point to + φi. In order to obtain the maximum event
density of task τi following the time point to, we unroll the
jitter compressed upper arrival curve α̃u

i in the time inter-
val domain to the time domain starting at the time point

to + φi. Hence, the function R̃u
i (t) equals the jitter com-

pressed upper arrival curve α̃u
i (∆t, J̃i) obtained for jitter J̃i

using equation (2).

Every level-i idle point to (to ∈ t̂o) in the set t̂o produces a
unique phasing between tasks in the set Γp. Every unique
phasing corresponding to each level-i idle point in the set
t̂o results in a set of unique phased cumulative arrival func-
tions: RΓi = {Rto

Γp(t) | to ∈ t̂o}, where Rto
Γp(t) corresponds

to a sum of phased cumulative upper arrival function of all

tasks in the set Γp at idle point (t0) i.e Rto
Γp(t) =

|Γp|∑
m=1

Rto
m(t).

By performing a step-wise maximum of all phased cumu-
lative arrival functions in the set RΓp , we obtain an upper
bound for the cumulative arrival function of the complete
task set Γi i.e Ru

Γp(t) = max
∀to∈t̂o

(Rto
Γp(t)). The resulting cu-

mulative upper arrival function Ru
Γp(t) is sub-additive and

provides an upper bound on the number of events of the task
set Γp in any time interval considering phases.

Obtaining Phasing Matrix: LetM correspond to phas-
ing matrix that contains a set of phasing vectors computed
at every idle point in the set t̂o. Hence, the phasing ma-
trix M is of order |t̂o| × |Γp|. The phasing row vector Φ̂ =[
(φ1, J̃1) (φ2, J̃2) . . . (φ|Γp|, J̃|Γp|)

]
is of order 1 × |Γp|

and contains a set of tuples (φm, J̃m) of all tasks in the set
Γp, where τm (τm ∈ Γp). The phase φm equals the min-
imum time distance of the first activation job of task τm
that follows the idle point. The jitter J̃m equals the maxi-
mum possible jitter of the task τm at phase φm.

Obtaining Worst-Case Response Time: Let us con-
sider an FPPS scheduling policy to schedule tasks modeled
as GPC in the scheduling domain Γ. Based on the results
of the NC [7] [12], we can obtain the following definitions:

Definition 3. Remaining Service Function: If an event
stream with an arrival function R(t) is processed by a fixed
priority component with resource availability C(t), then the
remaining resources that are not consumed by the fixed pri-
ority component are bounded by the remaining service func-
tion C′(t) [12]:

C′(t) = C(t)−R′(t), where (4)

R′(t) = inf
0≤u≤t

{C(t)− C(u) +R(u)} (5)

Definition 4. Delay : The maximum horizontal distance
between the arrival function R(t) that is processed by a fixed
priority component with a service function C(t) is bounded
by d+:

d+ ≤ sup
t≥0

{
inf{λ ≥ 0 : R(t) ≤ C(t+ λ)}

}
(6)

d+ corresponds to the maximum horizontal distance.

Corollary 1. The set of level-i idle points (t̂o) are potential
time points at which service is generated at the rate defined
by the incoming lower service function βΓ of the scheduling
domain Γ to process all activation events that follow the idle
point.

Based on the Corollary 1, we generate service at a rate
defined by the lower service bound βl

Γ(∆) starting from the
fixed idle point to (to ∈ t̂o) as shown in Figure 3 to process
all activation events of Γ that follow to. The incoming lower
service function of the scheduling domain Γ for the example



task set in Section 2 equals βl
Γ(∆t) = ∆t. Hence, the incom-

ing service function of the task τ1 in the example task set Γ
equals Cto

1 (t) = t. Let D+
i correspond to a set of maximum

horizontal distances (delay) between the phased incoming
upper arrival function Rto

i (t) and the incoming lower service
function Cto

i (t) of task τi computed at every idle point in the
set t̂o. The incoming service function of task τi i.e Cto

i (t) is
calculated as the remaining service function available after
executing cumulative load Rto

Γi−1
(t) following idle point to

using (4). Let D+
i = {d+

i (to) | to ∈ t̂o}, where d+
i (to) (max-

imum horizontal distance) can be computed by substituting
appropriate phased incoming upper arrival function Rto

i (t)
and the incoming lower service function Cto

i (t) in (6) at idle
point to.

Lemma 2. The WCRT of task τi equals the maximum
value in the set D+ i.e. r+

i = max (D+).

Proof. The WCRT of a task τi occurs in one of the busy
periods initiated by the set of idle points t̂o within the hyper-
period based on Lemma 1. The maximum delay d+ experi-
enced by an activation event occurs when the maximum load
arrives at the same time as the minimum resources available
[1]. Hence the WCRT of the task τi equals the maximum of a
set containing maximum horizontal distances (d+) between
the phased incoming upper arrival function Rto

i (t) and the
incoming lower service function Cto

i (t) computed at every
idle point within the hyperperiod of the task set Γi.

o

o

d3 = 4.5+

b) Max delay d+ computed at idle point toa) Max delay d+ computed at idle point to = 5 = 8
3 3

d3 = 4.5+

o

o

Figure 3: Phased Cumulative Arrival Functions

For the example task set Γ (Section 2), the WCRT of the

task τ3 is calculated as r+
3 = max (D̂+

3 ) = 4.5 t.u. The max-
imum delay computed at idle points to = 5 and to = 8 are
shown in Figure (3). The WCRT computed by the conven-
tional MPA-RTC model ignoring offsets results in 6.5 t.u.

5. CONCLUSION AND FUTURE WORK
In this paper, we proposed a new methodology to consider

offset dependencies for an MPA-RTC based system model
for a uniprocessor system with FPPS scheduling policy. We
translated the arrival curves in the time interval domain to
arrival functions in the time domain to capture offset de-
pendencies. We used the concept of level-i busy periods to
identify the set of level-i idle points within the hyper-period
that can incur worst-case interference to the task under anal-
ysis. We considered the level-i idle points as the time points
of origin of the lower service function. We computed the
maximum delay using the NC formalism at each of these
idle points to determine the WCRT. The application of our
methodology to other scheduling policies and the integration

of our offset analysis into larger MPA-RTC analysis frame-
work for distributed embedded systems will be discussed in
our extended work.
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