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Abstract 

We inquire into the complexity of training a neuron with binary weights when 
the training examples are Boolean and required to have bounded coincidence 
and heaviness. Coincidence of an example set is defined as the max.imum inner 
product of two elements, heaviness of an example set is the maximum Hamming
weight of an element. We use both as parameters to define classes of restricted 
consistency problems and ask for which values they are NP-complete or solvable 
in polynomial time. 

The consistency problern is shown to be NP-complete when the example sets 
are allowed to have coincidence at least 1 and heaviness at least 4. On the other 
hand, we give linear-time algorithms for solving consistency pro blems with coin
cidence 0 or heaviness at most 3. Moreover, these results remain valid when the 
threshold of the neuron is bounded by a constant of value at least 2, whereas 
consistency can be decided in linear time for neurons with threshold at most 1. 

We also study maximum consistency problems and obtain NP-completeness 
for example sets of coincidence at least 1 and heaviness at least 2, whereas we 
again find linear-time algorithms for the complementary cases. The same is shown 
tobe true for neurons with bounded thresholds the bound being at least 1. On 
the other hand, maximum consistency can be decided in linear time for a neuron 
with threshold 0. 
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... to divide each of the diffi.culties that I was examining into as 
many parts as might be possible and necessary in order best to 
solve it. 
. . . to conduct my thoughts in an orderly way, beginning with the 
simplest objects and the easiest to know, in order to climb gra
dually, as by degrees, as far as the knowledge of the most complex, 
and even supposing some order among those objects which do not 
precede each other naturally. 

-RENE DESCARTES (1637) Discourse on the Method of Properly 
Conducting One's Reason and of Seeking the Truth in the Sciences, 
translation by F. E. Sutcliffe 

1 Introduction 

From a computational point of view, learning in neural networks can be regarded as 
calculating weights that minimize the error of the net being trained with respect to a 
given set of examples. In formal treatments it is convenient-and in applications often 
suffi.cient-to appropriate the hypothesis that input and output values of neurons are 
restricted to a finite set. Consequently, learning can always be accomplished in finite 
time by exhaustively searching through the set of network functions. 

A useful tool for investigating whether there are more clever learning algorithms 
is the so-called consistency problem. Stated as a decision problern and associated 
with a network architecture, it constitutes a non-constructive paradigm of learning 
to the effect that just the existence of weights producing no error has tobe confirmed 
or rejected. The consistency problem, however, is geared to the situation of one's 
knowing in advance that the architecture being adapted has a weight configuration 
agreeing with the whole set of examples. Oftenthebest one can hope for is finding a 
network with an error assmallas possible. This optimization problern finds expression 
as decision problern in the so-called maximum consistency problern where an instance 
consists of an example set and a natural number which is to be a lower bound on the 
number of examples learned correctly. The complexity of consistency and maximum 
consistency problems for networks computing Boolean functions has been investigated 
by several theorists. Diverse constraints on architectures and weights have lead to NP
completeness results on the one hand and polynomial-time algorithms on the other 
[2, 3, 7, 12, 13, 15]. 

The most restrictive architecture we can think of is a network consisting of a single 
unit known as McCulloch-Pitts neuron [16]. It has been introduced by McCulloch and 
Pitts to model the logical behavior of nerve cells and is based on the hypothesis of 
an all-or-none character of neural activity. The model can be simplified further if we 
extend the hypothesis to the synaptic weights restricting them to binary values {0, 1 }. 
The threshold is then a.llowed to take on values from 0 to n where n is the number of 
inputs to the neuron. Thus, we obtain a plain computing device that still embodies 
the threshold principle of neurons and has a non-trivial consistency problem: it has 
been proved tobe NP-complete by Pitt and Valiant [20]. 

In this report we take a closer look at consistency problems forthissimple neuron. 
Where previous work has mainly concentrated on architectural and weight constraints 




































