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Summary

During the last decade, nitrogen-vacancy (NV) centers in diamond have gained a prominent

role within the field of quantum technologies. These color defects inside the diamond lattice

have been proved to be an extraordinary platform that assists in many of the current chal-

lenges that cutting-edge research is facing. The application of these novel tools exceeds the

borders of quantum physics and reaches fields such as medicine, biology or chemistry. This

thesis is focused on the development of novel theoretical schemes that intend to open new

ways of understanding the NV centers as a quantum tool and sensor with direct applications.

The manipulation of NV centers has become relatively easy in these last years. Moreover,

via a proper control, the environment of an NV center may be overridden. In this thesis, we

treat the NV center as a tool for enhancing the performance of nuclear magnetic resonance

(NMR). Since the resolution of NMR is largely limited by the poor polarization of certain

organic molecules, we here create and develop a theoretical frame that uses the NV center

as a tool to transfer polarization toward organic samples in an efficient and controllable

manner. In addition, this theoretical effort is supported by extensive numerical simulations

and, moreover, all the predictions are confirmed by experimental evidence. Therefore, we

demonstrate polarization transfer to external molecules at room-temperature paving the way

for high-resolution NMR.

Motivated by the success of the NV center as a polarization tool, we have further ex-

tended our analysis aiming to develop a phase transition sensor. In particular, we propose

the NV center as a tool to assist current research on chemical reactions and molecular dy-

namics occurring at solid-liquid interfaces. These processes occur at a nanometric scale and

thus, a nanometric sensor is desirable. In this context, the NV center is introduced as an

ideal platform to investigate exotic phases of water when deposited onto diamond surface

at room-temperature. In fact, recent studies predict that ultra-thin layers of water behave

differently from bulk water due to interactions between water molecules and carbon atoms

in the diamond surface. Through this thesis, we provide a theoretical and numerical work

that predict how the NV center spin will behave in the presence of different phases of water,

and hence, we reveal the NV center as a high-resolution sensor able to determine internal

structures.

i



ii



List of Publications

Parts of this thesis are based on or have been taken from material first published in the

following peer-reviewed journals or as preprint (arXiv) versions:

[1] Toward Hyperpolarization of Oil Molecules via Single Nitrogen Vacancy

Centers in Diamond

P. Fernández-Acebal, O. Rosolio, J. Scheuer, C. Müller, S. Müller, S. Schmitt, L.P.

McGuinness, I. Schwarz, Q. Chen, A. Retzker, B. Naydenov, F. Jelezko and M.B.

Plenio.

Nano Lett. 18, 3, 1882-1887 (2018) arXiv:1708.02427

Chapter 4 has been partially adapted from [1] with permission from Nano Lett. 18, 3,

1882-1887 (2018). Copyright 2018 American Chemical Society.

[2] Sensing phases of water via nitrogen-vacancy centres in diamond

P. Fernández-Acebal and M.B. Plenio.

Sci. Rep. 8, 13453 (2018) arXiv:1710.09778

Chapter 5 has been partially adapted from [2]. [2] is licensed under a Creative Com-

mons Attribution 4.0 International License. (See https://creativecommons.org/licenses/by/4.0/)

[3] Sensing of single nuclear spins in random thermal motion with proximate

nitrogen-vacancy centers

M. Bruderer, P. Fernández-Acebal, R. Aurich and M.B. Plenio.

Phys. Rev. B 93, 115116 (2016) arXiv:1508.00905

Consequently, some of the figures used in this thesis have first appeared in some of the

mentioned journals. In particular:

∙ Figs.(4-1 to 4-6) and Fig.(D-1) have been first published in [1].

∙ Fig.(5-4) and Fig.(5-6) have been first published in [2].

iii



iv



Contents

Part I. Background 9

1 The Nitrogen Vacancy centers in diamond 11

1.1 Energy levels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.1.1 Geometrical structure . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.1.2 Electronic structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.2 Controlling NV centers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.2.1 Initialization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1.2.2 Read-out . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.2.3 Spin manipulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.3 Electronic spin Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

1.4 Environmental noise and its effects on NV centers . . . . . . . . . . . . . . . . 21

1.4.1 𝑇1 and 𝑇2 relaxation times in the spin frame . . . . . . . . . . . . . . . 21

1.4.2 𝑇1𝜌 and 𝑇2𝜌 relaxation times in the rotating frame . . . . . . . . . . . 24

1.4.3 Continuous Dynamical Decoupling . . . . . . . . . . . . . . . . . . . . 26

1.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2 Basic operations on NV centers 29

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.2 Towards a two-level system and continuous driving . . . . . . . . . . . . . . . 30

2.3 Polarization interchange between two static spins . . . . . . . . . . . . . . . . 35

2.3.1 The Hartmann-Hahn double resonance . . . . . . . . . . . . . . . . . . 39

2.4 Polarization interchange between two moving spins . . . . . . . . . . . . . . . 40

2.4.1 Master equation derivation . . . . . . . . . . . . . . . . . . . . . . . . 42

2.4.2 A fully solvable model: The Ornstein-Uhlenbeck process . . . . . . . . 50

1



CONTENTS

2.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3 Simulating large spin systems 57

3.1 Introduction and motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.2 The Holstein-Primakoff transformation . . . . . . . . . . . . . . . . . . . . . . 58

3.3 Brief introduction to Gaussian states . . . . . . . . . . . . . . . . . . . . . . . 62

3.3.1 Bosonic system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

3.3.2 Phase-space representation . . . . . . . . . . . . . . . . . . . . . . . . 65

3.3.3 Gaussian states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.3.4 Properties of the covariance matrix and Gaussian transformations . . . 67

3.3.5 Derivation of dynamical equation for the covariance matrix. Unitary

evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

3.3.6 Derivation of dynamical equation for the covariance matrix. Open

evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.4 Regimes of validity; paradigmatic examples . . . . . . . . . . . . . . . . . . . 73

3.4.1 HPA for stationary spins . . . . . . . . . . . . . . . . . . . . . . . . . . 73

3.4.2 HPA for moving spins . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

3.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

Part II. Applications 81

4 Towards hyperpolarization of organic molecules 83

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.2 System description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

4.3 Spin model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

4.3.1 Master equation derivation . . . . . . . . . . . . . . . . . . . . . . . . 89

4.3.2 The final master equation . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.4 Bosonic model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.5 Experimental implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4.5.1 Relevant experimental parameters . . . . . . . . . . . . . . . . . . . . 101

4.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

4.6.1 Steady-state polarization . . . . . . . . . . . . . . . . . . . . . . . . . . 105

4.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

2



CONTENTS

5 Sensing phases of water with NV centers in diamond 109

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

5.2 System description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

5.3 System Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

5.3.1 First scenario: Liquid water . . . . . . . . . . . . . . . . . . . . . . . . 116

5.3.2 Second Scenario: Solid water . . . . . . . . . . . . . . . . . . . . . . . 119

5.3.3 Third scenario: Coexistence of phases . . . . . . . . . . . . . . . . . . 121

5.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

5.5 NV magnetometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

5.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

6 Conclusions and outlook 131

A Noise effects on single qubit 135

B Lindblad equation for a spin within the HPA 139

C Effects of disorder in rigid samples 141

D Correlation function calculation 145

3



CONTENTS

4



Introduction and overview

A century ago, the world witnessed the birth of quantum mechanics, the first quantum

revolution. Quantum physics arrived challenging the status quo of the well establish classical

physics. A new scientific era was opened to the world in which certainties become uncertain

and a new mindset was needed. Nowadays, after many years of study, quantum mechanics

is fully established and the majority of the commonly used devices in our daily life are based

on the principles of quantum physics. Still, new challenges continuously arise along with

new technologies that are constantly evolving; there are many that claim that at this very

moment the world is witnessing a second quantum revolution.

In fact, over the last decade, quantum technologies have been enjoying an outstanding

attention and fascination not only from the major public but also from many world-leading

institutions and scientists, apart from quantum physicists. Indeed, quantum technologies

have an enormous and varied range of application ranging from cryptography to sensoring

passing through the highly desired quantum computer.

I am certain that one of the pillars in which this new quantum wave is substantiating

are nitrogen-vacancy (NV) centers in diamond. NV centers have been discovered long ago

as a remarkable phenomenon in solid state physics. It is only now that they have become

almost essential in the development of quantum technologies. Certainly, only now the tools

for manipulating NV centers are available and well-established. Further, great was the

surprise when it was discovered that the inherent properties of the NV centers make them

the ideal solution for many tasks required in this new quantum wave. Only to cite some of

their features, we can say that NV centers are stable, they conserve their properties for a

long time, their manipulation turns out to be simple, their creation is straightforward and

many others that will be discovered through this manuscript. All these properties confer

the NV center its prominence as a platform for quantum communication, quantum sensing
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or quantum computing. They are the ideal quantum tool.

The scope of this thesis, is to present some applications that have been developed using

the NV center as a basilar tool. Mainly, we will first see how the NV center can give a

remarkable contribution in the medical fields allowing for high resolution nuclear magnetic

resonance (NMR). Further, we will discover that we may also interpreted the NV center

as a magnificent sensor capable of sensing minute magnetic fields, allowing us to explore

nanometric structures.

For that, we have divided this thesis into two parts. First, Part I is thought to give a

general overview of the techniques that are going to be applied later on, that is, only the

specific concepts that are explicitly used at a later stage are presented. The literature related

to NV centers is already vast and wide so the aim of this thesis is not to be a review rather

offer the reader the needed tools to appreciate the subsequent results. On the other hand,

Part II is entirely devoted to expose and explain the major outcomes of our research. In

Part II, the concepts previously assimilated in Part I are used and extended when necessary.

The intention is to show how from a similar experimental set-up and using similar concepts

we can exploit the versatility of the NV center obtaining two different outcomes. Each of

them might be seen as the starting point for a variety of novel applications.

More concretely, this thesis is organized as follows:

PART I

∙ Chap.(1) contains a brief and succinct introduction to NV centers in diamond. In this

chapter, we explain the main features enjoyed by the NV center and give a heuristic

description of its origins. Also, we give some insight into the manipulation of single

NV centers in bulk diamond and finally we discuss how different noise sources may

affect the state of the NV center and, consequently, the performance of the desired

quantum operations.

∙ Chap.(2) is devoted to showing how a simple toy-model can be useful when under-

standing the dynamical evolution of a single NV center. We will see how the electronic

spin of an NV center can be promoted to interact with a single nuclear spin and which

traces this interaction leaves on the NV center. We examine different scenarios in

which the NV center interacts with a static or a moving spin so we will build up an

intuition that will assist us in the following chapters.

6



CONTENTS

∙ Chap.(3) introduces certain tools that will allow for an efficient simulation of large

spin systems. Mainly, we will see that using a suitable bosonization technique we

can map a spin system into a system composed of bosonic modes. The latter can be

efficiently simulated numerically using the well-established concept of Gaussian states.

This chapter ends with a comparison between the toy-models presented in Chap.(2)

and their counterpart as a bosonic system. The differences between them are discussed

in detail.

PART II

∙ Chap.(4) shows the NV center as a tool for NMR. In fact, the performance of NMR

highly depends on the polarization of the organic molecules that form the so-called

contrast agent. The higher the polarization of these molecules the better the resolution

of NMR. Commercially available routes to dynamical nuclear polarization, rely on the

solidification of organic samples such that extremely low temperatures are needed

and thus, the molecules are brought out of their ambient thermal conditions, which

may result adverse for certain purposes. In this chapter, we investigate polarization

transfer from NV centers in diamond to external molecules at room temperature. We

will describe this transfer using the concepts presented in Part I and, further, our

description is supported by experimental data showing an excellent agreement. These

results set the route to hyperpolarization of diffusive molecules in different scenarios

and consequently, due to an increased signal, to high-resolution NMR.

∙ Chap.(5) presents the NV center as a quantum sensor. Recent research based on

molecular dynamics simulations, suggests that water may remain solid even above

room-temperature when deposited on top of diamond. The reason for this unconven-

tional behavior is ascribed to solid-liquid interactions happening at the diamond-water

interface. Some special conditions may generate certain forces on the water molecules

that are strong enough to maintain the solid order of some ultra-thin layers once the

melting point of bulk water is overpassed. Of course, these processes occur at a minute

spatial scale making a proper examination with current technologies exceedingly dif-

ficult. For that reason, shallow NV centers may be used as highly sensitive tools for

the investigation of minute magnetic signals emanating from liquids and solids that
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are deposited on the surface of a diamond. To that end, in this chapter we present

a theoretical work that predicts the measurable signal from a single NV center when

interacting with large spin baths in different configurations. In fact, the differences

between the polarization exchange among a single NV center and the hydrogen nuclear

spins conforming water molecules, is interpreted as an unambiguous trace of the wa-

ter molecular structure. We, therefore, propose single NV centers as phase transition

sensors capable to resolve structural features at the nanoscale.

The thesis finishes with a concluding chapter where all our achievements are summarized

and we discuss some new routes for the future of NV center-based quantum technologies.

Finally, it is worth to notice that each chapter in this thesis is thought to be read both as

a part of a whole manuscript but also independently. Thus, the reader may decide whether

he prefers to go deep into all the details or just focus on a piece of information in the certain

chapter. Hence and for the sake of continuity, the contents in Part II may overlap with

concepts already explored in Part I if it is required for the cohesiveness of the text.

8



Part I

Background

9





Chapter 1

The Nitrogen Vacancy centers in

diamond

The nitrogen-vacancy (NV) center in diamond is, without any doubt, the main character

of the thesis. Thence, we devote the first chapter to describe the NV center properties

and characteristics that are going to be exploited during the rest of the manuscript. Our

intention is not to present a review of the many interesting features that NV centers possess

but rather a precise and succinct description of all the concepts required to appreciate the

results in the subsequent parts. For a more extensive review on NV centers the reader is

referred to [4].

The NV center can be introduced as a defect in the diamond lattice composed by two

adjacent point defects, namely a substitutionary nitrogen atom and a vacancy. Of course,

this is not the only defect that diamond can host, but there are strong reasons to think that

it is the most interesting. Its optical and electronic properties make out of the NV center a

perfect platform for a wide variety of quantum technologies, such as quantum information,

quantum computing, quantum sensing etc... In the following, we will get a deeper insight

into its unique features and illustrate how they can be derived without entering in more

intricate solid state physics.

In this chapter, we first present the basic properties of an NV center namely its geo-

metrical structure inside the diamond and how from first principles an intuition about its

electronic structured may be derived. Second, we briefly indicate how an NV center might

be manipulated by optical means and how we can gather information from it. Following, we

11



CHAPTER 1. THE NITROGEN VACANCY CENTERS IN DIAMOND

Figure 1-1: Diamond structure and NV center inside the diamond.(a) Detail of diamond

unit cell. The carbon atoms form two intersecting face-centered cubic lattices. (b) De-
tail of lattice internal structure. Each carbon atom is surrounded by its four nearest
neighbors conforming a regular tetrahedral structure. (c) NV center inside the lattice.
The NV center is formed by two point defects, namely a substitutional nitrogen (in blue)
and a vacancy (represented as a white sphere). These two defect together with their bonds
(yellow) to the surrounding carbon atoms confer to the NV center its unique properties.

present the Hamiltonian that best describes an NV center inside bulk diamond and, through

it, we will see how different environmental noise sources affect the NV center. Finally, we

comment on the peculiarities of shallowly implanted NV centers in bulk diamond since they

are going to be our main platforms in the following.

1.1 Energy levels

1.1.1 Geometrical structure

Diamond is one of the solid forms of carbon and possesses a very defined structure. Its

conforming carbon atoms are organized in a lattice structure, which normally is better

understood as the combination of two inter-penetrating face-centered cubic sub-lattices, see

Fig.(1-1.a).

The homogeneity of this carbon lattice is broken by the presence of some lattice defects.

Among all different kinds of defects [5], we focus on point defects that, as the name suggests,

affect only one lattice point. Maybe, the simplest of these defects are the vacancies in which

a lattice site that theoretically should be occupied by a carbon atom is vacant. Conceptually

opposite to the vacancy, we find the substitutional defect where a carbon atom is substituted

by some other atomic species.

12



1.1. ENERGY LEVELS

The NV center is formed by a vacancy and a substitutional atom, a nitrogen. Many of

its exceptional features find their origins in its precise structure. For that matter, we may

think the lattice is such that every carbon atom forms together with its first-neighbors a

regular tetrahedron with four carbons at the vertices and one at its center of symmetry, see

Fig.(1-1.b). Regarding the NV center, we can imagine the vacancy at the barycenter so the

nitrogen will be located at one of the four vertices as depicted in Fig.(1-1.c). This simplistic

picture pretends to be illustrative when understanding the NV center properties.

While the energy levels of an atom in free-space are determined by its rotational invari-

ance symmetry, the energy levels of an NV center are highly determined by the symmetry

operations associated with its tetrahedral structure. More specifically, the NV center is said

to belong to the 𝐶3𝑣 symmetry group [6, 7, 8].

Bearing in mind the NV center as part of a tetrahedrum, we name the axis joining

the nitrogen and the vacancy as principal axis see Fig.(1-2.a). From this perspective, it is

straightforward to see that rotations around the principal axis by an angle of 120∘ will lead

to an equivalent molecular structure (see Fig.(1-2.b)). All molecules respecting this kind of

symmetry are grouped into the 𝐶3 group 1. Furthermore, the NV center possesses not only

rotational but also reflection symmetry. Imagine a plane containing the principal axis and

one of the carbons at the bottom tetrahedron vertices, then the NV center is symmetric

under reflections with respect to this plane (see Fig.(1-2.b)). In literature the mentioned

plane is known as vertical plane.

There are no other operations that preserve the molecular symmetry apart from the

mentioned two or combinations of them. This is why the NV center is classified into the

𝐶3𝑣 symmetry group, where the 𝐶3 refers to the rotations and 𝑣 to reflection with respect

to the vertical plane.

At first sight, this geometrical symmetry may seem trivial but it turns out to be critical

when determining the electronic levels of the NV center. The reason is simple. Imagine that

we can represent all the operations of the 𝐶3𝑣 by some operators 𝐺𝑖. Then, if we write the

Hamiltonian describing the NV center as 𝐻NV, then [𝐺𝑖, 𝐻NV] it is always fulfilled; every 𝐺𝑖

commutes with the Hamiltonian 𝐻NV. Hence, both operators share a common eigenbasis.

Consequently, the eigenstates of an NV center are highly determined by the 𝐶3𝑣 sym-

1A structure is said to belong to the 𝐶𝑛 symmetry group if it is invariant under rotations of 2𝜋
𝑛

around
its principal axis

13



CHAPTER 1. THE NITROGEN VACANCY CENTERS IN DIAMOND

Figure 1-2: (a) Detail of NV center. In a simplistic view the vacancy may be pictured in
the center of the tetrahedral structure while the nitrogen occupies one of its vertices. The
line joining the vacancy and the nitrogen is known as principal axis. (b) Representation
of the symmetry operations inherent to the NV center. (b.1) Rotations around the
principal axis by a 2𝜋

3 angle. (b.2) Reflection with respect to the vertical plane.
.

metry group. In Group theory, the possible operations, 𝐺𝑖, are grouped into classes. Also,

a simplified representation of the action of these operations exists, the irreducible represen-

tation. There exist three irreducible representations of the 𝐶3𝑣 group, normally labeled as

𝐴1,𝐴2 and 𝐸 [8]. For the sake of simplicity, we just mention here that 𝐴1 is associated with

the identity, 𝐴2 with rotations and reflections and 𝐸 with two dimensional representations

2.

The eigenstates of the NV center are denoted 𝐴1, 𝐴2 or 𝐸 depending on how they

transform under symmetry operations. Still, this description is not enough to fully determine

the energy landscape of the NV center. In fact, there is another degree of freedom that

must be taken into account, the spin. When the information acquired from the geometrical

properties is joined with the electronic structure, the energy levels will be fully determined.

1.1.2 Electronic structure

The number of electrons involved in the NV center together with is symmetry will determine

its final electronic structure. In a simplified picture, an isolated NV center possesses 5 valence

2The transformations represented by 𝐸 are the transformations of a vector (𝑥, 𝑦) in a 3-dimensional space
under 𝐶3𝑣.
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1.2. CONTROLLING NV CENTERS

electrons, three of them come from the dangling bonds with the surrounding carbon atoms

and the remaining two are provided by the nitrogen itself [9, 6, 10]. Such an NV center is

usually referred as NV0. This view changes when we consider that NV centers are part of

a bigger diamond lattice that contains acceptors or/and donors that is, also NV− and NV+

with 6 and 4 valence electrons respectively may exists. The ratio between the different kinds

depend on the diamond sample [11, 12]. While NV+ have not yet been seen experimentally,

NV− are the most commonly used for quantum technologies. In fact, during this whole thesis

we will exclusively refer to NV− and thus, we deliberately omitting the suffix denoting them

in the following simply NV.

Thence, we have a structure, the NV center, with 𝐶3𝑣 symmetry and 6 valence electrons

[6]. Equivalent and more convenient, is to think that we have a structure with 𝐶3𝑣 symmetry

and two holes [7]. Depending on how these two holes are paired, they form either a spin-

triplet or a spin-singlet. When combined with the geometrical information we have that at

room-temperature the resulting energy structure consists of a ground spin-triplet state, 3𝐴3

and an excited spin triplet 3𝐸. Besides the ground and excited states, also a metastable

intermediate state exists. The latter is formed by two singlet states 1𝐴1 and 1𝐸 [7](see

Fig.(1-3)).

Through this work we focus on dynamics occurring within the ground state, 3𝐴2, that is,

we see the NV center as an electronic spin-1 [13], with projections |𝑚𝑠 = 0⟩, |𝑚𝑠 = ±1⟩. Yet,

even if we are solely interested in dynamics occurring at the ground-state, also transitions

involving the ground, excited and metastable states are possible. In fact, the manipulation

techniques on the NV center often rely on these transitions. The specific energy range asso-

ciated with the different levels make it possible to address the needed transitions optically,

which turns to be one of the major advantages of the NV centers.

1.2 Controlling NV centers

In order to utilize the NV center we need a way to manipulate its quantum state. That is,

we need to prepare the NV center in a specific state and also to extract information from

it; we need protocols for initialization and read-out. Both protocols can be implemented

optically due to the energetic landscape described in the previous sections. In fact, they are

performed as an interplay between the ground, first excited and metastable states that by
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CHAPTER 1. THE NITROGEN VACANCY CENTERS IN DIAMOND

construction are related via transitions in the optical and near-optical spectrum [14].

strong

str
on
gwe

ak

weak

Figure 1-3: Energy levels and transitions of a single NV center. Optical transitions

between |0,±1⟩𝑔 and |0,±1⟩𝑒 are indicated via colored arrows. Non-radiative transitions

are represented by black arrows. The ground state |0,±1⟩𝑔 may be excited using green-laser

(532 nm) to their corresponding excited states |0,±1⟩𝑒. Once excited, there are two major

decay paths: spin-conserving transitions directly back into the |0,±1⟩𝑔 states, where a red

photon (637 nm) is emitted, or non-spin conserving decay through spin singlet states, 1𝐴1

and 1𝐸. The probability for |±1⟩𝑒 to undergo a non-spin conserving transition is much

higher than the one for |0⟩𝑒. Once in the spin singlet state 1𝐴1, a transition to 1𝐸 may

occur. Finally, population in 1𝐸 preferentially decays into |0⟩𝑔. {Optical wavelengths are

taken from [4]}

1.2.1 Initialization

We exploit the different transition rates from the ground to the excited state and back.

Transitions from the ground 3𝐴2 to the first excited state 3𝐸 are spin conserving hence,

may the NV center be in its ground state, then we can excite to the 3𝐸 levels using laser

such that the state |0⟩𝑔 is promoted to a state |0⟩𝑒 and the states with |±1⟩𝑔 are equally

promoted to |±1⟩𝑒. For the sake of simplicity, we denote |0,±1⟩𝑔 the spin states in the

ground state and |0,±1⟩𝑒 the corresponding projections in the excited state. Once in the

excited state, there exist two possible decay paths. Either the NV center decays back directly

to the ground state by emitting a photon, which is also a spin-conserving transition, or the
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population in the excited state can decay to the ground via the metastable state.

Now, transitions rates play a highly important role. While |0⟩𝑒 states are most likely

to decay directly to |0⟩𝑔, |±1⟩𝑒 states are most probable to decay first to the metastable

state [15, 16]. During this decay, no photon is emitted in the optical range [17]. Once in

the metastable states, the NV center undergoes a transition between 1𝐴1 and 1𝐸, which are

spin singlets, and then from 1𝐸 the NV center can decay back to the ground state. However,

this decay is preferentially into the |0⟩𝑔 levels [18].

That is, once the laser pump is turned off, the initial population in the |0⟩𝑔 will eventually

remain in the |0⟩𝑔 state while the population in |±1⟩𝑔 will be split between the |±1⟩𝑔 and

the |0⟩𝑔. The population transferred from the |±1⟩𝑔 toward the |0⟩𝑔 depends on the number

of cycles. Thence, after long enough laser excitation, the electronic spin of the NV center

will be found in |0⟩𝑔 regardless its state before the laser pumping.

In summary, just by laser pumping we are able to initialize the NV center electronic

spin in the |0⟩𝑔 state. From this point, different states are achieved via suitable quantum

operations that allow for population inversion, creation of superposition states and more.

1.2.2 Read-out

Conceptually, the read-out is similar to the initialization. In fact, it also relies on the

difference among the cyclic transitions between |0,±1⟩𝑔 and |0,±1⟩𝑒.

The spin-conserving transitions between ground and excited levels are also radiative.

That is, the decay from the |0,±1⟩𝑒 directly into the |0,±1⟩𝑔 states comes together with a

photon emission in the visible. On the other hand, the decay of |±1⟩𝑒 through the metastable

state is a non-radiative path [17], that is, the emitted photon is in the infra-red.

Therefore, if before the laser illumination the state was |0⟩𝑔 this population will remain

there while continuously undergoing excitation and fluorescence emission cycles. On the

contrary, if the electronic spin was in the |±1⟩𝑔 prior to laser illumination, then, after

excitation, the state will decay back through the metastable state with significant probability,

leading to a decrease in the florescence.

In this context, the number of emitted photons highly depends on whether the electronic

state was |0⟩𝑔 or |±1⟩𝑔. The difference between the two is called signal. Notice, that as laser

excitation also initializes the NV center, information can only be gathered from a limited

time window that spans normally during few nanoseconds.
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Conveniently, the initialization and read-out can be performed sequentially. That is, we

use laser light to polarize the NV center in the |0⟩𝑔 state, then we manipulate the electronic

spin in order to undergo certain dynamical evolution, then we read-out the final state using

again the laser so after the read-out the NV will be found again in the |0⟩𝑔 state ready for

the next dynamical evolution. In this way the measurements can be repeated numerous

times, increasing the photon count, or the fluorescence count and reducing the signal to

noise ratio.

1.2.3 Spin manipulation

Once the electronic spin is initialized it will undergo certain evolution for certain time until

it is read-out. During this evolution the NV center interacts with its environment in certain

manner. Specific quantum evolutions are achievable by a suitable manipulation of the NV

center. That is, the NV center may act as a sensor, as a quantum memory or be part of a

quantum computing system and more. These are only some of the roles it may play.

We are especially interested in its interaction with a bath of external nuclear spins. As

will be motivated in Chap.(2), the dipole-dipole interaction between electron and nuclear

spins is not efficient due to the difference between their inherent energy scales. Still, a

specific interaction can be promoted by performing certain operations on the NV center.

The characteristics of an NV center are such that make them ideal for being manipulated

with microwave fields. This manipulation may happen discretely or continuously. The

former is usually implemented via microwave pulse sequences [19, 20, 21] and consists of

different pulses applied to the NV center at given intervals. On the other hand, continuous

driving consists of a long exposition to a microwave field [22, 23, 24].

Both techniques promote the coupling between the electron spin and the outer spins

when correctly applied. Moreover, they also reduce the effect of certain environmental noise

sources on the NV center [25, 26, 27].

Nonetheless, in this work we solely focus on continuous driving, since it is more suitable

for the subsequent theoretical analysis that we perform.
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1.3 Electronic spin Hamiltonian

Once we know how to initialize and read-out the state of the NV center, the following step

requires a deeper understanding about its dynamics. From now own we exclusively focus on

the ground state dynamics thus omitting the ·𝑔 suffix from the state. The electronic spin of

the NV center might be described via a general Hamiltonian for a spin 𝑆 = 1 in the presence

of external magnetic field [28]

𝐻NV = 𝜎
←→
𝐷 𝜎 + 𝛾eB𝜎, (1.1)

where we have used 𝜎 to denote the spin−1 operator matrices,
←→
𝐷 to indicate the zero-field

tensor, 𝛾e stands for the gyromagnetic ratio of the electronic spin and B is some external

magnetic field. The first term is the so-called zero-field splitting that is responsible for a

splitting between the |0⟩ and the |±1⟩ states even in the absence of an external field. The

latter term is the Zeeman splitting, which of course is a further splitting between the |±1⟩

levels due to the presence of a magnetic field. We describe both in the following paragraphs.

The zero-field splitting removes the degeneracy between the |0⟩ and the |±1⟩ states even

in the absence of a magnetic field. At room-temperature the magnitude of the splitting

equals 𝐷 = 2.87 GHz [29, 30]. We find its origin in the dipole-dipole interaction between

the two unpaired electrons that form the NV center [28]. So it is a spin-spin coupling and

hence the electronic density around the NV center affects it. In fact, the zero-field splitting

is highly sensitive to changes in pressure and/or temperature in the diamond structure. Also

the presence of electric fields is taken into account by the zero-field splitting tensor. In this

work, we assume that we work at room-temperature and ambient pressure, so for us,
←→
𝐷 is

constant.

More generally, the zero-field tensor is the manifestation of the NV center symmetry

properties in the Hamiltonian; it defines a natural coordinate system, which coincides with

the principal axis of the NV center (see Fig.(1-2)). In fact, taking the principal axis as our

𝑧 axis, then
←→
𝐷 is diagonal in this basis and we can write the Hamiltonian as

𝐻𝑁𝑉 =

(︂
−1

3
𝐷 + 𝐸

)︂
𝜎2
𝑥 +

(︂
−1

3
𝐷 − 𝐸

)︂
𝜎2
𝑦 +

2

3
𝐷𝜎2

𝑧 + 𝛾eB𝜎. (1.2)

where 𝐷 is the zero-field splitting and 𝐸 is simply the transversal component of
←→
𝐷 . 𝐸
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Figure 1-4: Energetic landscape for the electronic spin of a single NV center in

diamond obtained from direct diagonalization of Eq.(1.2) for different values of the external
magnetic field and B ‖ z. (a) Energy levels for 𝐷 = 2.87 GHz and 𝐸 = 20 MHz. By effect
of the transversal component, 𝐸, it exists an energy splitting between |±1⟩ levels even at
zero field. For moderate magnetic fields, 𝐵 ≈ 0.1 T, the effect of the transversal field is
negligible. That is, at moderate fields only 𝐵 and 𝐷 contributions dominate. Also, for at
𝐵 ≈ 0.1 T a level intercrossing between |−1⟩ and |0⟩ levels occur. This effect will be further
exploited in Chap.(2).

is generated by transverse electric fields and transverse strain that for NV centers in bulk

diamond are small when compared to 𝐷.

Hamiltonian in Eq.(1.2) offers us a clear and simple description of the energetic levels of

an NV center. For clarity the energy levels for typical values of an NV center are depicted

in Fig.(1-4). In general, the Hamiltonian in Eq.(2.3) has three eigenstates, since 𝐷 ≫ 𝐸

these eigenstates coincide with the eigenstates of the 𝜎𝑧 operator.

For the sake of completeness, it is worth mentioning that the NV center electronic spin

also interacts with the nuclear spin inherent to the nitrogen forming the defect. This is a

dipole-dipole interaction that in general solely induces a slight energy shift of the NV center

energetic levels. The effects of this interaction are easily compensated and hence, it can be

safely neglected [31] for our purposes.

Until now, we have considered the NV center as a closed system. In reality, the NV center

is immersed in a varied environment. The effects of this environment on the electronic spin

might be seen as noise that will induce transitions between the different NV center states.

The different noise sources and its effects are the point of our next section.
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1.4 Environmental noise and its effects on NV centers

Diamond is an extraordinary material that confers the NV center many special features but,

of course, not only NV centers are hosted inside diamond but many other kind of defects.

For instance, nitrogen atoms, carbon isotopes within the diamond lattice or free radicals on

the diamond surface [32, 33, 34, 35]. These are magnetic impurities that directly perturb

the electronic state of the NV center. Furthermore, variations in temperature or lattice

vibrations (phonons) affect the electronic density around the NV center having a direct

effect also on its spin; the zero-field splitting highly depends on these quantities.

Describing all mentioned effects individually and from first principles would result highly

complicated. Thus, it is preferred to consider the electronic spin as an open system affected

by certain baths whose constituents are not entirely specified. This is a common technique

used not only when dealing with NV centers but in many other systems and hence, the

nomenclature is borrowed from NMR [36].

In the following, we will explore how different sources of noise affect the NV center

spin. In general, all these noise sources tend to thermalize the electronic spin, that is, the

electronic state tends to evolve towards the equilibrium state with the bath. This evolution

occurs in a characteristic time that is denoted 𝑇1, 𝑇2 ,𝑇1𝜌 or 𝑇2𝜌 [36] depending on the set-up

that we are investigating.

For the sake of simplicity, we derive the equations for the different decay times for

a qubit, that is, a two-level system. We will see in the following that the NV center is

normally reduced to a two-level system by a suitable field.

1.4.1 𝑇1 and 𝑇2 relaxation times in the spin frame

We start from the Hamiltonian of a two-level system suffering certain kind of noise

𝐻(𝑡) = 𝜔𝜎𝑧 + 𝛿𝑧(𝑡)𝜎𝑧 + 𝛿𝑥(𝑡)𝜎𝑥, (1.3)

where 𝜔 stands for the free-energy of the spin, 𝛿𝑧(𝑡),𝛿𝑥(𝑡) are two stochastic variables repre-

senting noises sources that are parallel, 𝑧, and perpendicular, 𝑥, to the NV center principal

axis and 𝜎 are the spin-1/2 operator matrices. For the moment we assume that 𝛿𝑧(𝑡) and

𝛿𝑥(𝑡) represent two uncorrelated Gaussian noises, such that
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⟨𝛿𝑥(𝑡)⟩ = ⟨𝛿𝑧(𝑡)⟩ = 0, (1.4)

⟨𝛿𝛼(𝑡)𝛿𝛼(0)⟩ = 𝜎2
𝛼𝑒

− 𝑡
𝜏𝛼 , (1.5)

⟨𝛿𝑥(𝑡)𝛿𝑧(0)⟩ = 0. (1.6)

The Hamiltonian in Eq.(1.3) is stochastic. We deal with such a Hamiltonian in Chap.(2) and

Part II. The specific derivation of the spin dynamics associated with Eq.(1.3) is presented

in App.(A). In the assumption of weak coupling, we can use the rotating-wave and secular

approximations obtaining the following decay rates for the spin operators ⟨𝜎𝑥,𝑦,𝑧⟩ [37]

Γ𝑥 =
1

4
𝑆𝑥(𝜔) +

1

2
𝑆𝑧(0). (1.7)

Γ𝑦 =
1

4
𝑆𝑥(𝜔) +

1

2
𝑆𝑧(0). (1.8)

Γ𝑧 =
1

2
𝑆𝑥(𝜔). (1.9)

In the last expressions, 𝑆𝛼(𝜔) represents the power spectrum of the noise 𝛿𝛼(𝑡) [38]. Eqs.(1.7)

indicate that by effect of a stochastic noise, the spin initially prepared in some convenient

state, will decay into a certain equilibrium state in a timescale set by Γ𝑥,𝑦,𝑧.

The transition between the |0⟩ and |1⟩ states is associated with Γ𝑧 and its characteristic

time is called relaxation time, 𝑇1. The origin of these process are transversal modes coupled

to the spin at its resonant frequency. When speaking about NV centers, relaxation is

produced by phonon modes in the diamond lattice in resonance with the Larmor frequency

of the NV center, this is why usually 𝑇1 is also called spin-lattice relaxation time. Therefore,

𝑇1 is highly associated with the host diamond. The explicit expression of 𝑇1 reads

𝑇−1
1 = Γ𝑧 =

1

2
𝑆𝑥(𝜔). (1.10)

Might the spin be initialized in a coherent state, |±⟩ = 1√
2

(|0⟩ ± |1⟩), then the transition

between |+⟩ and |−⟩ is related with Γ𝑥 and Γ𝑦 and the associated time is called 𝑇2. Also

known as coherence or dephasing time. In the weak-coupling regime, as assumed to derive

Eqs.(1.7), not only the transversal noise but also the parallel noise, 𝑆𝑧(0), determine the
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value of 𝑇2. For NV centers this parallel noise is normally magnetic noise induced by the

presence of different magnetic impurities within the diamond. These impurities are usually

spins with certain magnetic moment and hence 𝑇2 is also known as spin-spin relaxation

time. The expression for 𝑇2 is

𝑇−1
2 =

1

2
(Γ𝑥 + Γ𝑦) =

1

4
𝑆𝑥(𝜔) +

1

2
𝑆𝑧(0). (1.11)

Properly speaking, the last expression does not correspond to 𝑇2 but to the so-called 𝑇 *
2 .

Differently to what happen with 𝑇1, the value of 𝑇2 is not unique. Due to its magnetic

noise origins, different protocols may be applied to the NV center in order to extend its 𝑇2

time. When no protocol is used, then the spin decays at its bare 𝑇2, normally denoted as

𝑇 *
2 in order to distinguish it better from the usually longer 𝑇2. Of course, some decoupling

sequences may mitigate the effect of the magnetic noise but do not affect the transversal

phonon noise. Thus, 𝑇 *
2 is always bound by 𝑇2. Farther, as decoupling sequence mitigate

the effect of magnetic noise but does not affect the spin-lattice mechanism, both 𝑇2 and 𝑇 *
2

are limited by 𝑆𝑥(𝜔) and its relation with 𝑇1. A simple relation can be established between

these three times

𝑇 *
2 ≤ 𝑇2 ≤ 2𝑇1. (1.12)

For NV centers, these decoupling schemes are implemented in terms of optical pulse se-

quences, and these can be included directly in Eqs.(1.7) by considering a suitable filter

function [39]. Improving the efficiency of these pulse sequence is of prominent importance

since they are the basis of the discrete dynamical decoupling (DDD), where the electronic

spin is decoupled from its environment by certain (discrete) pulses [25, 26]. In this work, we

do not rely on DDD but in a continuous version, that is, continuous dynamical decoupling

(CDD); instead of discrete pulses we drive the spin with a continuous field [27]. The decay

times in CDD and why it is important are the matter of our next section.

In summary, the electron coherence highly depends on the host diamond. Local vibra-

tions in the diamond affect the wave function of the electrons and thus, produce a change

in the electronic configurations that ultimately create a fluctuating magnetic field at the

NV center position. Also, vibrations may couple to the spin via spin-orbit interaction pro-

ducing further perturbations. Moreover, inter-level crossing between ground and excited
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Figure 1-5: Typical decay timescale for a shallowly implanted NV center due to

environmental noise at room-temperature. 𝑇 sat
2 is the maximum achievable 𝑇2 time

upon a suitable pulse sequence. 𝑇2𝜌 is omitted in this plot. These values are illustrative, for
measured values see [32, 33, 40] and Chap.(4).

states could also be problematic. Nonetheless, diamond is an extraordinary material whose

rigidity mitigate the effects of vibrations on the NV center. Thus, the NV center enjoys of

extraordinary long relaxation time, 𝑇1, see Fig.(1-5) for typical values.

On the other hand, the presence of magnetic impurities may dramatically reduce the

dephasing time, 𝑇 *
2 , even in the absence of vibrations. The number of impurities may be

reduced by either growing highly purified diamond or surface treatment among others. So

also considerably long 𝑇 *
2 and 𝑇2 are possible. Should be noticed that even if the maximum

theoretical value for 𝑇2 is 1
2𝑇1, it is not said that this value will be reached, see Fig.(1-5)

and in particular [32].

1.4.2 𝑇1𝜌 and 𝑇2𝜌 relaxation times in the rotating frame

As mentioned in Sec.(1.2.3) many applications require a continuous driving. In order to

derive the relaxation times in the presence of such a driving we start from Hamiltonian in

Eq.(1.3) and add an interacting field such that the total Hamiltonians now reads

𝐻 = 𝜔𝜎𝑧 + 𝛿𝑧(𝑡)𝜎𝑧 + 𝛿𝑥(𝑡)𝜎𝑥 + 2 Ω cos (𝜔MW𝑡)𝜎𝑥, (1.13)

where we express explicitly the action of an external field with amplitude |Ω|2 and frequency

𝜔MW. In a frame that rotates with 𝜔MW we express the latter Hamiltonian as
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𝐻 = (𝜔 − 𝜔MW)𝜎𝑧 + 𝛿𝑧(𝑡)𝜎𝑧 + 𝛿𝑥(𝑡)
1

2

(︀
𝑒+i𝜔MW𝑡𝜎+ + 𝑒−i𝜔MW𝑡𝜎−

)︀
+

2 Ω cos(𝜔MW𝑡)
1

2

(︀
𝜎+𝑒

+i𝜔MW𝑡 + 𝜎−𝑒
−i𝜔MW𝑡

)︀
. (1.14)

When the driving field is on resonance with the spin we obtain the first terms cancels,

𝜔 − 𝜔MW = 0 and we can rewrite the Hamiltonian as

𝐻 = Ω𝜎𝑥 + 𝛿𝑥(𝑡)
1

2

(︀
𝑒+i𝜔𝑡𝜎+ + 𝑒−i𝜔𝑡𝜎−

)︀
+

1

2
Ω
(︀
𝑒+i2𝜔𝑡𝜎+ + 𝑒−i2𝜔𝑡𝜎−

)︀
+ 𝛿𝑧(𝑡)𝜎𝑧. (1.15)

Neglecting terms rotating with ±2𝜔 we obtain

𝐻 ≈ Ω𝜎𝑥 + 𝛿𝑥(𝑡)
1

2

(︀
𝑒+i𝜔𝑡𝜎+ + 𝑒−i𝜔𝑡𝜎−

)︀
+ 𝛿𝑧(𝑡)𝜎𝑧, (1.16)

which has the same form as Hamiltonian in Eq.(1.3) up to a rotation around the 𝑦 axis.

Therefore, by a similar procedure, we arrive to the decay rate equations for the spin operators

[37]

Γ𝑥 =
1

8
[𝑆𝑥(𝜔 + Ω) + 𝑆𝑥(𝜔 − Ω)] +

1

2
𝑆𝑧(Ω). (1.17)

Γ𝑦 =
1

4
𝑆𝑥(𝜔) +

1

2
𝑆𝑧(Ω). (1.18)

Γ𝑧 =
1

4
𝑆𝑥(Ω) +

1

8
[𝑆𝑥(𝜔 + Ω) + 𝑆𝑥(𝜔 − Ω)] . (1.19)

In the rotating frame, the natural basis is the so-called dressed state basis, defined by the

eigen-states of the 𝜎𝑥 operator

|±⟩ =
1√
2

(|0⟩ ± |1⟩) . (1.20)

The decay rate between the |+⟩ and |−⟩ is known as longitudinal relaxation in the rotating

frame, denoted as 𝑇1𝜌. Its expression in terms of the noise spectra takes the following form

𝑇−1
1𝜌 ≡ Γ𝑥 =

1

8
[𝑆𝑥 (𝜔 + Ω) + 𝑆𝑥 (𝜔 − Ω)] +

1

2
𝑆𝑧(Ω). (1.21)
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We note that even if 𝑇1𝜌 is the counterpart of the longitudinal relaxation time 𝑇1, it is highly

related to 𝑇 *
2 ; while for 𝑇

*
2 the spectrum of the parallel noise is evaluated at zero frequency

now it is evaluated at Ω. In fact, 𝑇1𝜌 is not unique and may vary depending on Ω. This is

the basis for continuous dynamical decoupling, which is briefly explained in Sec.(1.4.3).

Besides 𝑇1𝜌, also a transverse relaxation in the rotating frame exists whose characteristic

time is denoted 𝑇2𝜌 and is the counterpart of the spin-spin relaxation. As 𝑇2, 𝑇2𝜌 is not

unique and can vary. This decay takes place between the transverse states in the rotating

frame, 1√
2

(|+⟩+ |−⟩) and 1√
2

(|+⟩ − |−⟩), which by construction correspond to |0⟩ and |1⟩

respectively. We can express its value as

𝑇−1
2𝜌 =

1

4
𝑆𝑥 (𝜔) +

1

16
(𝑆𝑥 (𝜔 + Ω) + 𝑆𝑥 (𝜔 − Ω)) +

1

4
𝑆𝑧 (Ω) . (1.22)

We have considered that only external noise contribute to this decay. In reality there exists

a further source of noise, the instability of the microwave field. In fact, variations in the

induced Rabi frequency, Ω can introduce further contributions into 𝑇1𝜌 and 𝑇2𝜌 that make it

hard to give a close expression for them. The description here is accurate up to fluctuations

in the Rabi frequency.

1.4.3 Continuous Dynamical Decoupling

A cursory look into Eq.(1.21) reveals that by choosing an appropriate value for Ω, the

contribution of the parallel noise to 𝑇1𝜌 may be reduced. This procedure is known as

continuous dynamical decoupling (CDD).

In fact, we may assume that the noise spectrum is not flat and might decay to zero at

certain value of Ω, that is, in general

lim
𝜔→∞

𝑆𝑧(𝜔) = 0. (1.23)

Therefore, for sufficiently large Rabi frequency, Ω, then

𝑇−1
1𝜌 ≈

1

8
(𝑆𝑥(𝜔 + Ω) + 𝑆𝑥(𝜔 − Ω)) , (1.24)

which in the limit 𝜔 ≫ Ω gives
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𝑇−1
1𝜌 ≈

1

4
𝑆𝑥(𝜔) =

1

2
𝑇−1
1 , (1.25)

which is its maximum theoretical value.

Moreover, the choice for Ω is quite versatile so not only the effect of the noise can

be reduced but also enlarged. Imagine a given nucleus in the vicinity to the NV center

precessing at a certain Larmor frequency, 𝜔N. This translates into a resonant peak at

𝑆𝑧(𝜔N) and hence by setting Ω = 𝜔N the NV center is more sensitive to this specific nuclear

spin than to everything else. This relates to the effect known as Hartmann-Hahn double

resonance [41] that is going to be further introduced in Chap.(2) and extensively used in

Part II.

1.5 Summary

This chapter has been entirely devoted to describe the electronic spin of the NV center from

a pragmatic point of view. At this point it is useful to collect all the information that is

going to have a bigger impact in the following and that is inherent to this work.

∙ First, the NV center is hosted by diamond. More precisely, during this work we focus

on shallowly implanted NV centers in bulk diamond. From a mere structural point of

view, this means that there exists a preferential direction in all our calculations and

it is given by the NV center principal axis that sets the frame in which the zero-field

tensor is diagonal. In general, the lab frame is defined with respect to the diamond

sample and hence, the lab frame and the calculation frame do not coincide in general.

In Chap.(4), we work with a diamond cut along the [1, 0, 0] plane, which leads to an

NV center pointing in the [1, 1, 1] direction with respect to the lab frame, while in

Chap.(5) the diamond is cut along the [1, 1, 1] plane and consequently the principal

axis of the NV coincides with the normal in the laboratory frame. There exist certain

symmetries that will be exploited in both cases and will be specified in the following.

∙ Second, the sensitivity of the NV center to different noise sources is determined by the

frame in which we work and the used manipulation protocol. Through this work we

prefer to implement a CDD protocol, that means, the electronic spin is continuously

driven by a suitable microwave field. This will not only reduce the effect of magnetic
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noise on the NV center but also will allow for an efficient coupling between different

kinds of spin species. Thus, the limiting time for quantum operations is set by 𝑇1𝜌.

∙ Third, the choice for a shallow NV center comprises two major features. On the one

hand, a shallow NV center is not only nearer to the surface but also to spins outside

the diamond; the coupling strength between NV center and external nuclei is naturally

enhanced. On the other hand, the diamond surface features plenty of free-radicals,

that is, unpaired electrons that will contribute in a significant manner to the magnetic

noise at the NV center position. Advantageously, vibrational noise is mitigated due

to the internal structure of diamond since it ensures a low presence of phonons even

at room-temperature. This translates into an extraordinary long value for 𝑇1, which

turns in an equally good 𝑇1𝜌.

∙ Last, the NV center can be easily initialized using optical excitations. By the same

procedure we can perform a read-out of the electronic state. The read-out and initial-

ization can be performed in a nanosecond time scale that is rather fast when compared

to usual spin-spin dynamics, normally in the range of milliseconds. Thence, dynamics

during these protocols will not be considered in the following.

This provides the fundamental basis for the following chapters.
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Chapter 2

Basic operations on NV centers

2.1 Introduction

This thesis is focused on the dynamics arising from systems composed by numerous spins.

Those are complex systems whose full understanding is far from being straightforward.

Nevertheless, a full analytical solution may be given when the number of spins is small so

we can acquire some knowledge and intuition on what to expect when the number of spins

increase. In this chapter, we examine the evolution of a single NV center when interacting

with one spin-1/2 that may belong to some nucleus in the vicinity of the NV center. As we

are going to see, this simple toy-model is specially enlightening since some general features,

which will be crucial in a realistic scenario, are going to be already encountered here.

Therefore, we devote this chapter to build a conceptual basis; we present the Hamiltonian

and mathematical tools that are going to be used in the subsequent chapters. In particular,

we will see how an NV center can be driven to promote an exchange interaction with a nuclear

spin and, further, how this interaction affects the NV center depending on whether the

second spin is static or moves. Thus, we first discuss the Hamiltonian describing the dipole-

dipole interaction between two spins, later we introduce the description of the driving field

and discuss its advantages and finally we solve the polarization dynamics of one single NV

center. The whole procedure is then repeated for non-static spins and the major differences

between the two cases are reviewed.
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2.2 Towards a two-level system and continuous driving

We start considering a single NV center in bulk diamond. As explained in Chap.(1), the NV

center possesses an electronic spin-1, whose Hamiltonian in the presence of a given magnetic

field may be written as

𝐻NV = 𝜎
←→
𝐷 𝜎 + 𝛾eB𝜎 (2.1)

where 𝜎 stands for the spin-1 operators,
←→
𝐷 is the zero-field splitting tensor, 𝛾e is the electron

gyromagnetic ratio and B is a given external magnetic field. In order to better exploit the

properties of the NV center, it is convenient to set the magnetic field parallel to the principal

axis of the NV center 1. The resulting Hamiltonian reads

𝐻NV =

(︂
−1

3
𝐷 + 𝐸

)︂
𝜎𝑥𝜎𝑥 +

(︂
−1

3
𝐷 − 𝐸

)︂
𝜎𝑦𝜎𝑦 +

2

3
𝐷𝜎𝑧𝜎𝑧 + 𝛾e𝐵𝜎𝑧, (2.2)

where we have used that D = diag
(︀
−1

3𝐷 + 𝐸,−1
3𝐷 − 𝐸, 23𝐷

)︀
, 𝐷 stands for the zero-field

splitting and 𝐸 represents a strain-dependent contribution, normally known as transversal

constant. For simplicity, the latter Hamiltonian is expressed as

𝐻NV = 𝐷𝜎2
𝑧 + 𝐸

(︀
𝜎2
𝑥 − 𝜎2

𝑦

)︀
+ 𝛾e𝐵𝜎𝑧, (2.3)

where we have neglected a constant term proportional to 2
3𝐷. Also, as seen in Chap.(1) for

an NV center in bulk diamond we find 𝐷 ≫ 𝐸 so the transversal constant may be neglected

in the following.

All the cases presented in this work are focused on the interaction between an NV

center and nuclear spins. More precisely, we are interested in studying the effects of the

dipole-dipole magnetic interaction among them. As previously mentioned and for the sake

of simplicity, we limit our analysis in the current chapter to a single NV center interacting

with a single nuclear spin-1/2. The Hamiltonian for two interacting spins via dipole-dipole

magnetic coupling reads [42]

𝐻 = 𝐷𝜎2
𝑧 + 𝛾e𝐵𝜎𝑧 + 𝛾N𝐵𝐼𝑧 +

𝜇0𝛾e𝛾N
|r|3

[𝜎I− 3 (𝜎r̂) (Ir̂)] , (2.4)

1The axis passing through the nitrogen and the vacancy, see Chap.(1)
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where 𝛾N is the gyromagnetic ratio of the nuclear spin, I are the nuclear spin operators, 𝜇0

is the magnetic vacuum permeability, r is the position vector connecting the NV center and

the target spin, and r̂ is simply the unit vector associated to r.

At this point, we notice that, in general, the energy scales of the electronic and nuclear

spins are rather different. For the sake of brevity, we assume for a moment that 𝛾e𝐵 ≫ 𝐷.

Then, the electronic spin precesses at a certain Larmor frequency, 𝜔e ≡ 𝛾e𝐵, while the nu-

clear spin precesses at 𝜔N = 𝛾N𝐵 [42]. The ratio between the two Larmor frequencies equals

𝜔N/𝜔e = 𝛾N/𝛾e. In nature, due to the different properties of electron and nuclear spins,

this ratio is on the order of 10−3 [43, 44, 45], hence, the two spins are far detuned. Conse-

quently, a possible interaction between the two is forbidden simply by energy conservation

arguments. Therefore, as we aim to have a significant interaction, we need to promote this

exchange by some external action; we need to bring together the energy scales of nuclear and

electronic spins. Different routes may be taken all of them leading to resonant interaction

between spins [46, 47], but here we focus on continuous driving. That is, by employing a

suitable microwave field, we account for the mentioned energy mismatch, therefore allowing

for efficient dipole-dipole interaction [48, 49, 50, 24, 23, 51, 52, 53, 54, 31, 55, 56].

It is more convenient to work further on the Hamiltonian in Eq.(2.4) until a more intu-

itive expression is obtained. For that, the dipole-dipole interaction Hamiltonian might be

expressed in terms of the raising and lowering spin operators,

𝐼+ = 𝐼𝑥 + i𝐼𝑦,

𝐼− = 𝐼𝑥 − i𝐼𝑦,

obtaining

𝐻int =𝐹0

(︂
𝜎𝑧𝐼𝑧 −

1

4
(𝜎+𝐼− + 𝜎−𝐼+)

)︂
+ (2.5)

𝐹1 (𝜎𝑧𝐼+ + 𝐼𝑧𝜎+) + 𝐹 *
1 (𝜎𝑧𝐼− + 𝐼𝑧𝜎−) + 𝐹2𝜎+𝐼+ + 𝐹 *

2 𝐼−𝜎−,

where we have used the so-called Solomon notation for the coupling strengths [57].
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𝐹0 =
𝜇0𝛾e𝛾N
|r|3

(︀
1− 3𝑧2

)︀
, (2.6)

𝐹1 = −3

2

𝜇0𝛾e𝛾N
|r|3

(�̂�− i𝑦) 𝑧, (2.7)

𝐹2 = −3

4

𝜇0𝛾e𝛾N
|r|3

(︀
�̂�2 − 𝑦2 + 2i�̂�𝑦

)︀
. (2.8)

For the last expression we have used r̂ ≡ (�̂�, 𝑦, 𝑧). Now, due to the energy mismatch between

nuclear and electronic spin, we are allowed to perform a rotating wave approximation (RWA)

[58, 59], such that all the terms rotating at frequencies 𝐷±𝛾e𝐵, are neglected. Phenomeno-

logically, we can say that as we will be always be in a regime where |𝐷±𝛾e| ≫ 𝛾N𝐵 ≫ 𝐹0,1,2,

therefore the hyperfine interaction will not flip the electronic spin, so only terms propor-

tional to 𝜎𝑧 play a major role in the dynamical evolution. With all these considerations, the

interaction Hamiltonian is approximated as [31]

𝐻int ≈ 𝜎𝑧 [𝐹0𝐼𝑧 + 2 Re (𝐹1) (𝐼+ + 𝐼−) + 2 Im (𝐹1) (𝐼+ − 𝐼−)] ≡ 𝜎𝑧AI. (2.9)

In the last expression we have introduced the hyperfine coupling vector,

A =
𝜇0𝛾e𝛾N
|r|3

(︀
3�̂�𝑧, 3𝑦𝑧, 1− 3𝑧2

)︀
. (2.10)

The full Hamiltonian in the RWA is written as

𝐻RWA = 𝐷𝜎2
𝑧 + 𝛾e𝐵𝜎𝑧 + 𝛾N𝐵𝐼𝑧 + 𝜎𝑧AI (2.11)

The continuous driving is performed exclusively between two of the three levels of the elec-

tron spin, preferentially between𝑚𝑠 = 0 and𝑚𝑠 = −1. A selective driving can be performed

provided that the energy difference between 𝑚𝑠 = 0 and 𝑚𝑠 = −1 is much smaller than the

energy difference between 𝑚𝑠 = 0 and 𝑚𝑠 = +1 states, that is |𝐷 − 𝛾e𝐵| ≪ |𝐷 + 𝛾e𝐵|,

see Fig.(1-4). Under this condition, we can speak about two different spaces, one spanned

by 𝑚𝑠 = 0 and 𝑚𝑠 = −1 and another one, isolated, with 𝑚𝑠 = +1. At this point, it is

convenient to express the 𝜎𝑧 operator in its own eigenbasis

𝜎𝑧 = +1 |+1⟩ ⟨+1|+ 0 |0⟩ ⟨0| − 1 |−1⟩ ⟨−1| , (2.12)
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The Hamiltonian in the RWA is then written as

𝐻RWA =𝐷 (|+1⟩ ⟨+1|+ |−1⟩ ⟨−1|) + 𝛾e𝐵 (|+1⟩ ⟨+1| − |−1⟩ ⟨−1|) + 𝛾N𝐵𝐼𝑧

+ (|+1⟩ ⟨+1| − |−1⟩ ⟨−1|)AI, (2.13)

which in the manifold spanned by |0⟩ and |−1⟩ is simply

𝐻0↔−1
RWA = (𝐷 − 𝛾e𝐵) |−1⟩ ⟨−1|+ 𝛾N𝐵𝐼𝑧 − |−1⟩ ⟨−1|AI. (2.14)

In this manifold, the electronic spin of the NV center behaves like an effective two-level

system, since only two states are involved in the dynamics. Hence, it becomes natural to

express its operators in terms of some effective spin matrices such that �̃�𝑧 = 1
2 |0⟩ ⟨0| −

1
2 |−1⟩ ⟨−1|. Substituting this into the last expression we arrive at

𝐻0↔−1
RWA = (𝛾e𝐵 −𝐷) �̃�𝑧 + 𝛾N𝐵𝐼𝑧 +

(︂
�̃�𝑧 −

1

2
I
)︂
AI, (2.15)

where we have neglected a constant contribution proportional to (𝛾e𝐵 − 𝐷). This Hamil-

tonian describes the evolution of a two-level system created from a spin−1 electronic spin

coupled to a single nuclear spin in the presence of an external magnetic field. Still, in this

regime, |𝛾e𝐵 − 𝐷| ≫ |𝛾N𝐵| ≫ |A|, and thus, no energy exchange is yet possible under

the action of this Hamiltonian; only some dephasing will be caused on the NV center by

the presence of the nuclear spin, see Fig.(2-1). As previously explained, energy exchange

interactions are promoted when this energetic mismatch is compensated with a microwave

field

𝐻MW = 2 Ω�̃�𝑥 cos (𝜔MW𝑡) , (2.16)

where Ω is proportional to the amplitude of the field and 𝜔MW is the rotation frequency of

the microwaves. In the presence of this driving field the Hamiltonian takes the following

form
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Figure 2-1: Energy levels of the composed system, NV center and nuclear spin,
with and without a suitable microwave field. (a) Energy levels of a system composed by an
electronic spin with eigenstates |0,−1⟩ and nuclear spin with eigensates |↑, ↓⟩, see Hamilto-
nian in Eq.(2.15). The Larmor frequency of the electronic spin is large when compared to
the Larmor frequency of the nuclear spin, |𝛾e𝐵 −𝐷| ≫ 𝛾N𝐵. As a result, the levels are far
detuned prohibiting an efficient exchange interaction between |0, ↓⟩ and |−1, ↑⟩. (b) Energy
landscape for the same system, now in the presence of a suitable microwave field. The NV
center states are best described in function of the dressed basis, |±⟩, see Eq.(2.21). When
the resonant condition is matched, Ω = 𝛾N𝐵, the levels |+, ↓⟩ and |−, ↑⟩ are degenerate and
hence, an interchange of population occur. The remaining levels are detuned by a quantity
Ω and thus, do not participate in the dynamics.

𝐻RWA+MW = (𝛾e𝐵 −𝐷) �̃�𝑧 + 𝛾N𝐵𝐼𝑧 +

(︂
�̃�𝑧 −

1

2
I
)︂
AI + 𝐻MW + 𝛿�̃�𝑧 − 𝛿�̃�𝑧. (2.17)

Note, that we have added a zero term, 𝛿�̃�𝑧 − 𝛿�̃�𝑧. Such that now, we can go into an

interaction picture with respect to 𝐻𝛿 = 𝛿�̃�𝑧 obtaining

�̃�RWA+MW = (𝛾e𝐵 −𝐷 − 𝛿) �̃�𝑧 + Ω�̃�𝑥 + 𝛾N𝐵𝐼𝑧 +

(︂
�̃�𝑧 −

1

2
I
)︂
AI, (2.18)

where terms proportional to 𝑒±i𝛿𝑡 have been neglected due to a RWA. Moreover, by setting

𝛿 = 𝜔MW = 𝛾e𝐵 −𝐷 the Hamiltonian reduces to

�̃�RWA+MW = Ω�̃�𝑥 + 𝛾N𝐵𝐼𝑧 +

(︂
�̃�𝑧 −

1

2
I
)︂
AI. (2.19)

For the sake of simplicity, we move into the eigenbasis of the �̃�𝑥 operator, normally called

dressed-state basis and defined as
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|±⟩ =
1√
2

(|0⟩ ± |−1⟩) . (2.20)

By moving to this basis we finally arrive to the desired Hamiltonian

𝐻 = Ω𝑆𝑧 + 𝛾N𝐵𝐼𝑧 +

(︂
𝑆𝑥 −

1

2
I
)︂
AI, (2.21)

where the electronic spin is now associated with the spin operators in the dressed state

𝑆𝑧 =
1

2
(|+⟩ ⟨+| − |−⟩ ⟨−|) ,

𝑆+ = |+⟩ ⟨+| , (2.22)

𝑆− = |−⟩ ⟨−| .

Hamiltonian in Eq.(2.21) is our starting point for all the physics that we are going to explore

during this work. Again, it describes an effective two level system interacting with a certain

nuclear spin in the presence of some external field. Nevertheless, there is a radical difference

between this Hamiltonian and Eq.(2.15), now the precession frequency of the electronic spin

is determined by Ω, which since it corresponds to the amplitude of the microwave field, may

be set at will (within a certain parameter regime). This new precession frequency is called

Rabi frequency [60].

Importantly, we can now create a configuration in which Ω ≈ 𝛾N𝐵 and more impor-

tant, |Ω− 𝛾N𝐵| ≪ |A|. In this regime, previously not accessible, transitions leading to an

energy interchange are allowed, see Fig.(2-1). The plausible dynamics under the action of

Hamiltonian in Eq.(2.21) are the subject of the following sections.

2.3 Polarization interchange between two static spins

A closed analytical equation that describes the quantum evolution of a system composed

by two spins, is straightforwardly obtainable by solving the master equation of the system.

Nevertheless, before proceeding, it is worthy to comment on some features of interest re-

garding the dipole-dipole coupling between the spins. For that, we remark that Eq.(2.21)

may be rewritten as
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𝐻 = Ω𝑆𝑧 + 𝛾NBeffI + 𝑆𝑥AI, (2.23)

where we have just introduced an effective magnetic field,

Beff = B− 1

𝛾N

1

2
A, (2.24)

that is, a modification to the external magnetic fieldB due to the hyperfine coupling with the

NV center. More precisely, this effect reflects that only the |0⟩ ↔ |−1⟩ manifold of the spin-1

is considered. Thus, this perturbation to the external magnetic field may be understood as

a residual effect originated from the magnetic moment of the |+1⟩ state on our manifold.

In our parameter regime, |𝛾N𝐵| ≫ |A|, so we may consider the effective magnetic field as

a small perturbation and may even neglect it depending on the requirements of our set-up.

Even if an exact solution may be derived by a suitable rotation of the spin basis such that

BeffI ≡ |Beff |𝐼𝑧, we prefer to follow a simpler path in which we take advantage of the fact

|𝛾N𝐵| ≫ |A|. That is, starting from Eq.(2.23), we first define the energy Hamiltonian as

𝐻𝜔 ≈ Ω𝑆𝑧 + 𝛾N𝐵𝐼𝑧. (2.25)

Then, the remaining part, which we may called interaction Hamiltonian, can be expressed

in the interaction picture with respect to 𝐻𝜔 as

�̃�int = 𝑒+i𝐻𝜔𝑡𝐻int𝑒
−i𝐻𝜔𝑡 =− 1

2
𝐴𝑧𝐼𝑧 −

1

4
(𝐴𝑥 − i𝐴𝑦) 𝐼+𝑒

+i𝜔N𝑡 − 1

4
(𝐴𝑥 + i𝐴𝑦) 𝐼−𝑒

−i𝜔N𝑡

+
1

4
(𝐴𝑥 − i𝐴𝑦)𝑆−𝐼+𝑒

−i(Ω−𝜔N)𝑡 +
1

4
(𝐴𝑥 + i𝐴𝑦)𝑆−𝐼+𝑒

i(Ω−𝜔N)𝑡

+
1

4
(𝐴𝑥 + i𝐴𝑦)𝑆+𝐼+𝑒

i(Ω+𝜔N)𝑡 +
1

4
(𝐴𝑥 − i𝐴𝑦)𝑆−𝐼−𝑒

−i(Ω+𝜔N)𝑡

+
1

2
𝐴𝑧𝑆+𝐼𝑧𝑒

+iΩ𝑡 +
1

2
𝐴𝑧𝑆+𝐼𝑧𝑒

+iΩ𝑡. (2.26)

When the Rabi frequency, Ω is set on resonance with the Larmor frequency, 𝜔N ≡ 𝛾N𝐵,

then in our set-up is verified that Ω = 𝜔N ≫ |𝐴𝑥,𝑦,𝑧| and thus, a RWA is possible. This

means that the latter Hamiltonian may be faithfully approximated by
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�̃�int ≈ −
1

2
𝐴𝑧𝐼𝑧 +

1

4
(𝐴𝑥 − i𝐴𝑦)𝑆−𝐼+

1

4
(𝐴𝑥 + i𝐴𝑦)𝑆−𝐼+. (2.27)

This means that the effective Hamiltonian back in the Schrödinger picture may be written

as

𝐻 ≈ Ω𝑆𝑧 + 𝛾N𝐵𝐼𝑧 −
1

2
𝐴𝑧𝐼𝑧 +

1

4
(𝐴𝑥 − i𝐴𝑦) (𝑆+𝐼− + 𝑆−𝐼+) , (2.28)

or for simplicity

𝐻 ≈ Ω𝑆𝑧 + 𝜔′
N𝐼𝑧 + 𝑔𝑆+𝐼− + 𝑔*𝑆−𝐼+, (2.29)

where we have introduced the effective Larmor frequency

𝜔′
N = 𝛾N𝐵 −

1

2
𝐴𝑧, (2.30)

and the coupling constant as

𝑔 =
1

4
(𝐴𝑥 + i𝐴𝑦) . (2.31)

We remark that for the RWA to be valid we require, Ω, 𝛾N𝐵 ≫ |A| together with |Ω−𝛾N𝐵| ≪

|A|, which are usually fulfilled in the set-ups of our interest.

The evolution of the system is fully-determined by the von-Neumann master equation

�̇� = −i [𝐻, 𝜌] , (2.32)

whose formal solution is

𝜌(𝑡) = 𝑒−i𝐻𝑡𝜌(0)𝑒+i𝐻𝑡. (2.33)

While the NV center can be initialized into a desired state as explained in Chap.(1), the

initial state of the nuclear spin is typically not accessible. Since we are interested in de-

veloping protocols at room-temperature, we pick a thermal state for describing the nuclear

spin. Such that

37



CHAPTER 2. BASIC OPERATIONS ON NV CENTERS

𝜌B(0) =
𝑒−𝛽𝛾N𝐵𝐼𝑧

𝑍
, (2.34)

where 𝛽−1 = 𝑘𝐵𝑇 is a factor that depends on the temperature 𝑇 and the Bolztmann

constant, 𝑘𝐵 and 𝑍 is the partition function of the system. In our set-up we have room-

temperature and moderate magnetic fields which result in what is called a maximally mixed

state

𝜌N(0) =

⎛⎝ 1
2 0

0 1
2

⎞⎠ .

On the other hand, the NV center is polarized in its down state by a suitable laser sequence

(see Chap.(1))

𝜌NV(0) =

⎛⎝ 0 0

0 1

⎞⎠ .

After having initialized the NV center, the density matrix of the composed system can be

expressed as

𝜌(0) = 𝜌NV(0)⊗ 𝜌N(0), (2.35)

that reflects the absence of correlations between nuclear and electronic spin before starting

the protocol. The population of the NV center is obtained substituting the mentioned

matrices in Eq.(2.33). The explicit solution reads

𝑛(𝑡) ≡ 1

2
− Tr (𝑆𝑧𝜌(𝑡)) =

1

2
+

1

2

∆2 + |𝑔|2 cos2
(︁√︀

∆2 + |𝑔|2𝑡
)︁

∆2 + |𝑔|2
. (2.36)

where ∆ ≡ 1
2 (Ω− 𝜔′

N). The evolution for some paradigmatic parameters is depicted in

Fig.(2-2). In general, we observe Rabi oscillations between the two spins that get rapidly

attenuated when the resonant condition, Ω− 𝜔N = 0 is no longer fulfilled.

The outcomes of an NV measurement are normally seen in time, Fig.(2-2.a), if the

evolution of the NV center spin is the relevant quantity from a specific set-up, or in frequency

Fig.(2-2.b). The latter is normally used to examine the bath and not directly the NV

dynamical behavior. Both of them offer different points of view that might be combined

depending on the purpose.
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Figure 2-2: Polarization dynamics between two spins and deterministic coupling.

(a) Time evolution of electronic spin for ∆ = 0 (blue curve) and ∆ = 1 MHz (orange
curve). The dynamics are characterized by periodic oscillations, Rabi oscillations, in which
the polarization travels back and forward from the electronic spin. When the two spins are
perfectly tuned, ∆ = 0, full oscillations are observed, that is all the population from the
NV center is given to the nuclear spin and vice-versa. For small detuning, ∆ = 1 MHz, the
oscillations are mitigated by a factor proportional to ∆2 + |𝑔|2, this situation persists such
that when |∆| ≫ |𝑔| no transfer is possible. (b) Polarization at fixed time for different values
of ∆, for two paradigmatic times, 𝑡 = 𝜋/2𝜇s (blue curve) and 𝑡 = 𝜋 𝜇s (orange curve). In
both cases the polarization of the NV center dramatically decreased near the resonance,
∆ = 0. Polarization interchange is highly reduced for |∆| = 10 MHz. Note that even if
two peaks are seen for 𝑡 = 𝜋/2𝜇s they correspond to one single nuclear spin. { For the
simulation it has been used 𝜔′

N = 10 MHz and |𝑔| = 1 MHz. }

As we are normally interested on dynamical evolutions, within this work the evolution

in time will be the figure of merit of our outcomes. A Rabi oscillation normally reveals a

coherent transfer associated with static and finite baths. If the bath is not static, that is,

the nuclear spin moves, then the polarization exchange might be understood as non coherent

and the oscillatory behavior may be lost. This is the case studied in the Sec.(2.4).

2.3.1 The Hartmann-Hahn double resonance

The results distilled until here and specially Fig.(2-2) serve to illustrate an effect known in

NMR as Hartmann-Hahn double resonance (HHDR) [41].

HHDR occur when two different spins are driven with the same Rabi frequency or, equiv-

alently, when one spin is driven with a Rabi frequency that matches the Larmor frequency

of the other spin. When the HHDR is fulfilled, then a polarization transfer occurs between
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the two spins via cross-relaxation mechanisms.

This effect is exactly what we have described during this chapter. In fact, in Fig.(2-2)

it can be seen that efficient polarization transfer exclusively occurs when |∆| ≈ 0. This

condition is known as HHDR condition.

When HHDR scheme is combined with CCC (see Chap.(1)), a formidable set-up is

created in which the interaction between the NV center and certain nucleus is enhanced

while the effects of all the other nuclei forming the bath are suppressed. This set-up is going

to be extensively used in Part II.

2.4 Polarization interchange between two moving spins

Until here, we have solely considered statics spins. That is, neither the nuclear nor the

electronic spin move and consequently the Hamiltonian does not depend on time, making the

analytical derivation easier. In the following, we move to a situation where the NV center sits

at a fixed position inside the diamond but the nucleus moves following a Brownian motion.

This is a good description for an NV center interacting with molecules in diffusion .As the

nuclear and electronic spin are coupled via a dipole-dipole interaction that highly depends

on the distance between them, hence a stochastically moving nucleus causes a stochastic

coupling constant and ultimately a stochastic Hamiltonian. Therefore, the Hamiltonian not

only becomes time-dependent, but also in a not deterministic manner and thus, the direct

solution of the von-Neumann equation will not lead to a closed result, instead notions from

stochastic calculus need to be implemented aiming to arrive to a close equation for the

polarization dynamics of the NV center.

We start from Eq.(2.4) in the previous section. We have made explicit the dependency

of r(𝑡) on time such that

𝐻(𝑡) = 𝐷𝜎2
𝑧 + 𝛾e𝐵𝜎𝑧 + 𝛾N𝐵𝐼𝑧 +

𝜇0𝛾e𝛾N
|r(𝑡)|3

[𝜎I− 3 (𝜎r̂(𝑡)) (Ir̂(𝑡))] . (2.37)

In the static case, we have performed a RWA, justified due to the large detuning between

the two spins. The same argument is not immediately applicable in the current context

since, now, the coupling strength depends on time and thus a straightforward RWA is not

possible. On the other hand, and for the sake of brevity, at this point we just claim that

under certain conditions a secular approximation similar to the one performed in Sec.(2.2)
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is possible. The reasons will become clear at the end of the current section.

Intuitively, it can be said that if the motion of the nucleus is characterized by certain

time scale, 𝜏 , and being the energy scale of the electronic spin much bigger than this time-

scale |𝐷 ± 𝛾e𝐵| ≫ 𝜏−1, then a secular approximation is plausible. We assume that this

condition is always fulfilled in our model, so we can express

𝐻(𝑡) = 𝐷𝜎2
𝑧 + 𝛾e𝐵𝜎𝑧 + 𝛾N𝐵𝐼𝑧 + 𝜎𝑧A (r(𝑡)) I, (2.38)

where we have recovered the hyperfine vector A (r(𝑡)), now a stochastic variable. From here

the Hamiltonian can be simplified as shown in Sec.(2.2), so we can arrive to an equation

homologous to Eq.(2.21) of the form

𝐻(𝑡) = Ω𝑆𝑧 + 𝛾N𝐵𝐼𝑧 +

(︂
𝑆𝑥 −

1

2
I
)︂
A (r(𝑡)) I. (2.39)

For convenience, we express the above Hamiltonian making use of the ladder operators

𝐻(𝑡) = Ω𝑆𝑧 + 𝛾NBeff(𝑡)I +

(︂
𝑔(𝑡)𝑆+𝐼− + 𝑔*(𝑡)𝑆+𝐼+ +

1

2
𝐴𝑧(𝑡)𝑆+𝐼𝑧 + H.c.

)︂
, (2.40)

where we have used again the following definitions

Beff(𝑡) = B− 1

𝛾N

1

2
A(𝑡),

𝑔(𝑡) =
1

4
(𝐴𝑥(𝑡) + i𝐴𝑦(𝑡)) . (2.41)

As discussed in the previous section, we may assume that the external magnetic field is

large when compared to the hyperfine interaction, |B| ≪ 1
𝛾N
|A(𝑡)|, hence in the following

we neglect the effect of A(𝑡) on the nuclear Larmor frequency and consider that

Beff(𝑡) ≈ B. (2.42)

Once all these issues are considered, we arrive to the Hamiltonian that will be our starting

point for the derivation of a master equation
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𝐻(𝑡) = Ω𝑆𝑧 + 𝜔𝑁𝐼𝑧 +

(︂
𝑔(𝑡)𝑆+𝐼− + 𝑔*(𝑡)𝑆+𝐼+ +

1

2
𝐴𝑧(𝑡)𝑆+𝐼𝑧 + H.c.

)︂
, (2.43)

with the nuclear Larmor frequency as 𝜔N ≡ 𝛾N𝐵.

2.4.1 Master equation derivation

In this section we derive the master equation that describes the dynamical evolution of an

NV center coupled to a moving nucleus. In particular, we focus on dynamics associated to

the NV polarization. Through this analysis, we treat classical and quantum noises acting

on a system composed by two particles. Still, a similar analysis for a multiparticle system

is perfomed in Chap.(4), extending previous results in this field [61, 62].

We first express the Hamiltonian in Eq.(2.43) in an interaction picture with respect to

the energy part 𝐻𝜔 ≡ Ω𝑆𝑧 + 𝜔N𝐼𝑧, obtaining

�̃�(𝑡) ≡ 𝑒+i𝐻𝜔𝑡𝐻int𝑒
−i𝐻𝜔𝑡 = 𝑔(𝑡)𝐿𝑒−iΔ𝑡 + 𝑔*(𝑡)𝑂𝑒−i𝜔′𝑡 + ℎ(𝑡)𝑈𝑒iΩ𝑡 + H.c.. (2.44)

Where 𝐿 ≡ 𝑆+𝐼−, 𝑂 ≡ 𝑆+𝐼+, 𝑈 ≡ 𝑆+𝐼𝑧, ℎ(𝑡) = 1
2𝐴𝑧(𝑡) and ∆ = Ω − 𝜔N, 𝜔′ = Ω + 𝜔N.

For the sake of simplicity, we set ∆ = 0, and thus, 𝜔′ = 2Ω. Next, this Hamiltonian may be

split into a deterministic and a stochastic part as

�̃�0(𝑡) = ⟨𝑔⟩𝐿 + ⟨𝑔*⟩𝑂𝑒−i2Ω𝑡 + ⟨ℎ⟩𝑈𝑒−iΩ𝑡 + H.c. (2.45)

�̃�1(𝑡) = 𝜉(𝑡)𝐿 + 𝜉*(𝑡)𝑂𝑒−i2Ω𝑡 + 𝜒(𝑡)𝑈𝑒−iΩ𝑡 + H.c. (2.46)

Where by ⟨· · ·⟩ we mean the average over all possible stochastic trajectories that the nuclear

spin may take and

𝜉(𝑡) = 𝑔(𝑡)− ⟨𝑔⟩ =
1

4
𝜉𝑥(𝑡) + i

1

4
𝜉𝑦(𝑡), (2.47)

𝜒(𝑡) = ℎ(𝑡)− ⟨ℎ⟩ =
1

2
𝜉𝑧(𝑡), (2.48)
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are the stochastic fluctuations around the average, with 𝜉𝑖𝛼(𝑡) = 𝐴𝑖
𝛼(𝑡)−

⟨︀
𝐴𝑖

𝛼

⟩︀
.

Now, in the limit Ω≫ ⟨𝑔⟩, we may neglect fast rotating terms in the deterministic part,

�̃�0 ≈ ⟨𝑔⟩𝐿 + H.c., (2.49)

which has become not only a non-stochastic but also a time-independent Hamiltonian and

hence highly convenient for the following treatment.

The master equation, also in the interaction picture with respect to 𝐻𝜔, reads

𝜕

𝜕𝑡
𝜌(𝑡) = ℒ𝜌(𝑡) = (ℒ0 + ℒ1(𝑡)) 𝜌(𝑡), (2.50)

where we use the Liouville operators ℒ𝑖 ≡ −i
[︁
�̃�𝑖, ·

]︁
.

We note that Eq.(2.50) is a master equation that describes the evolution of the system

for a certain trajectory of the nucleus. Still, we are interested in the description of the mea-

surable signal from the NV center, that is, not on the single trajectory but on a deterministic

quantity. In mathematical terms, we are interested in ⟨𝜌⟩ (𝑡), namely, the average density

matrix over all the possible stochastic trajectories, which, by definition, obeys the following

equation

𝜕

𝜕𝑡
⟨𝜌⟩ (𝑡) = ⟨(ℒ0 + ℒ1(𝑡)) 𝜌(𝑡)⟩ . (2.51)

We note that Eq.(2.51) is not expressed as a canonical master equation for ⟨𝜌⟩ [63, 64]. A

suitable master equation for ⟨𝜌⟩ (𝑡) may be obtained following [65, 66, 63]. We start by

taking an interaction picture with respect to ℒ0 in Eq.(2.50) obtaining

𝜕

𝜕𝑡
𝜌(0)(𝑡) = ℒ(0)1 (𝑡)𝜌(0)(𝑡) (2.52)

By ·(0) we indicate that the operators are in the interaction picture with respect to ℒ0. The

formal solution to the last equation is simply

𝜌(0)(𝑡) = 𝒯 exp

(︂∫︁ 𝑡

0
ℒ(0)1 (𝜏)𝑑𝜏

)︂
𝜌(0)(0), (2.53)

where 𝒯 represents the time ordering. Taking now the average over all possible stochastic
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trajectories we arrive to

⟨
𝜌(0)
⟩

(𝑡) =

⟨
𝒯 exp

(︂∫︁ 𝑡

0
ℒ(0)1 (𝜏)𝑑𝜏

)︂⟩
𝜌(0)(0). (2.54)

As the system is found always in the same initial state, 𝜌(0)(0), is not included in the

averaging over all stochastic trajectories. Also, the average is a linear operation, so it

commutes with the time order operation, allowing us to rewrite the equation as

⟨
𝜌(0)
⟩

(𝑡) = 𝒯
⟨

exp

(︂∫︁ 𝑡

0
ℒ(0)1 (𝜏)𝑑𝜏

)︂⟩
𝜌(0)(0). (2.55)

The action of averaging an exponential function is well-defined and normally is expressed as

a cumulant expansion. That is, the average of an exponential function may be expressed as

the exponential of certain quantities known as cumulants [65, 38]. Then, by definition we

can express

⟨
𝜌(0)
⟩

(𝑡) =𝒯 exp
(︁∫︁ 𝑡

0

⟨⟨
ℒ(0)1 (𝑡1)

⟩⟩
𝑑𝑡1 +

1

2

∫︁ 𝑡

0

∫︁ 𝑡

0

⟨⟨
ℒ(0)1 (𝑡1)ℒ(0)1 (𝑡2)

⟩⟩
𝑑𝑡1𝑑𝑡2 + · · ·

+
1

𝑚!

∫︁ 𝑡

0

∫︁ 𝑡

0
· · ·
∫︁ 𝑡

0

⟨⟨
ℒ(0)1 (𝑡1)ℒ(0)1 (𝑡2) · · · ℒ(0)1 (𝑡𝑚)

⟩⟩
𝑑𝑡1𝑑𝑡2 · · · 𝑑𝑡𝑚

)︁
𝜌(0)(0),

(2.56)

where we note that by ⟨⟨· · ·⟩⟩ we express the cumulant and not the moment. In general, the

density matrix
⟨︀
𝜌(0)
⟩︀

(𝑡) at time 𝑡 depends on all the cumulants of the stochastic quantity

ℒ1(𝑡)(0), which in turns depend on A(𝑡).

If A(𝑡) has a correlation time, 𝜏𝑐 2, then it implies that each cummulant vanishes unless

the quantites 𝑡𝑚 − 𝑡𝑚−1,· · · ,𝑡2 − 𝑡1 are in the same order or smaller than 𝜏𝑐. For instance,

if we only focus on the second cumulant,
⟨⟨
ℒ(0)1 (𝑡1)ℒ(0)1 (𝑡2)

⟩⟩
, then when |𝑡2− 𝑡1| ≫ 𝜏𝑐 the

cumulant vanishes. Similar relations can be obtained for all other orders.

The contribution of the 𝑚-𝑡ℎ term in the cumulant expansion, is of order

∫︁ 𝑡

0

⟨⟨
ℒ(0)1 (𝑡1)ℒ(0)1 (𝑡2) · · · ℒ(0)1 (𝑡𝑚)

⟩⟩
𝑑𝑡1𝑑𝑡2 ≈

⟨⟨
ℒ(0)1 (0)𝑚

⟩⟩
𝑡𝜏𝑚−1

𝑐 ≡ 𝛼𝑚𝑡𝜏𝑚−1
𝑐 , (2.57)

2In all the systems analysed in this work, A(𝑡) has a correlation time 𝜏𝑐. Nevertheless, we notice that a
correlation time may not exist for certain processes [38].
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for the last expression we have introduced 𝛼 as a parameter that represents the magnitude of

the stochastic fluctuations. The definition of 𝛼 is not fixed and it is open to interpretation,

but a fair figure of merit would be

𝛼 =
√
𝜎2, (2.58)

with 𝜎2 the variance of the stochastic fluctuations defined as

𝜎2 =
⟨︀⟨︀
𝜉(0)2

⟩︀⟩︀
=
⟨︀
𝜉2(0)

⟩︀
− ⟨𝜉(0)⟩2 . (2.59)

Other definitions for 𝛼 are also possible since it is solely a rough estimation of the expansion

order.

Therefore, Eq.(2.56) is an expansion in powers of 𝛼𝜏𝑐, whose terms are linear in 𝑡.

For practical purpose it results more convenient to deal with Eq.(2.56) in its differential

form such that

𝜕

𝜕𝑡

⟨
𝜌(0)
⟩

(𝑡) =
∑︁
𝑛

𝑘𝑛(𝑡)
⟨
𝜌(0)
⟩

(𝑡) (2.60)

where the operators 𝑘𝑛 are defined as

𝑘𝑛(𝑡) =

∫︁ 𝑡

0
𝑑𝑡1

∫︁ 𝑡1

0
𝑑𝑡2 · · ·

∫︁ 𝑡𝑛−2

0
𝑑𝑡𝑛−1

⟨⟨
ℒ(0)1 (𝑡)ℒ(0)1 (𝑡1)ℒ(0)1 (𝑡2) · · · ℒ(0)1 (𝑡𝑛−1)

⟩⟩
𝑐
. (2.61)

In the last expression we have used the brackets with subscript ⟨⟨· · ·⟩⟩ 𝑐 to denote ordered

cumulants [66], such that the action of the time ordering is respected.

In the cases treated throughout in this work, it will be enough to consider terms until

the second order in the expansion; higher cumulants will be negligible when compared to the

second cumulant (see related sections in Chap.(4) and Chap.(5) for a discussion within an

specific set-up). Then, the general solution for the master equation in the non-interaction

picture with respect to ℒ0, becomes

𝜕

𝜕𝑡
⟨𝜌⟩ (𝑡) =

[︂
ℒ0 +

∫︁ 𝑡

0

⟨︀⟨︀
ℒ1(𝑡)𝑒𝑡ℒ0ℒ1(𝑡− 𝜏)

⟩︀⟩︀
𝑐
𝑒−𝑡ℒ0𝑑𝜏

]︂
⟨𝜌⟩ (𝑡). (2.62)

For our aim, we can further assume that |ℒ0|𝜏𝑐 ≪ 1, so we approximate 𝑒±ℒ0 ≈ 1. This

assumption is equivalent to ⟨𝑔⟩ 𝜏𝑐 ≪ 1, which is fulfilled in our set-up since the electron-
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nuclear average coupling ⟨𝑔⟩ is weak and normally we deal with molecules in fast motion, or

equivalently with short 𝜏𝑐. In the following, we use that by definition ⟨ℒ1(𝑡)⟩ = 0, obtaining

𝜕

𝜕𝑡
⟨𝜌⟩ (𝑡) =

[︂
ℒ0 +

∫︁ 𝑡

0
⟨ℒ1(𝑡)ℒ1(𝑡− 𝜏)⟩ 𝑑𝜏

]︂
⟨𝜌⟩ (𝑡). (2.63)

We recall that this is a second order approximation in terms of 𝛼𝑚𝜏𝑚−1
𝑐 , and thus, as we keep

the cumulants until second order this approximation is valid for times 𝑡 ≪ 𝜏𝑐/
(︀⟨︀
𝜉𝛼

3
⟩︀
𝜏3𝑐
)︀
,

see Eq.(2.57).

The action of the correlator on the density matrix is straightforwardly derived as follows.

Since by definition ℒ1(𝑡)· = −i
[︁
�̃�1(𝑡), ·

]︁
, we obtain Eq.(2.63)

∫︁ 𝑡

0
⟨ℒ1(𝑡)ℒ1(𝑡− 𝜏)⟩ 𝑑𝜏 ⟨𝜌⟩ (𝑡) =

∫︁ 𝑡

0

⟨[︁
�̃�1(𝑡),

[︁
�̃�1(𝑡− 𝜏), ⟨𝜌⟩ (𝑡)

]︁]︁⟩
𝑑𝜏, (2.64)

where we have simply used that ⟨𝜌⟩ (𝑡) is a deterministic quantity. The double commutator

can be expanded as

⟨[︁
�̃�1(𝑡),

[︁
�̃�1(𝑡− 𝜏), ·

]︁]︁⟩
=𝐶*

0 (𝑡, 𝑡− 𝜏)
[︁
𝐿,
[︁
𝐿†, ·

]︁]︁
+ 𝐶0(𝑡, 𝑡− 𝜏)

[︁
𝐿†, [𝐿, ·]

]︁
+

𝐶0(𝑡, 𝑡− 𝜏)𝑒−i2Ω𝜏
[︁
𝑂,
[︁
𝑂†, ·

]︁]︁
+ 𝐶*

0 (𝑡, 𝑡− 𝜏)𝑒i2Ω𝜏
[︁
𝑂†, [𝑂, ·]

]︁
+

𝐶𝑧(𝑡, 𝑡− 𝜏)𝑒−iΩ𝜏
[︁
𝑈,
[︁
𝑈 †, ·

]︁]︁
+ 𝐶𝑧(𝑡, 𝑡− 𝜏)𝑒iΩ𝜏

[︁
𝑈 †, [𝑈, ·]

]︁
+

𝐶1(𝑡, 𝑡− 𝜏) [𝐿, [𝐿, ·]] + 𝐶*
1 (𝑡, 𝑡− 𝜏)

[︁
𝐿†,
[︁
𝐿†, ·

]︁]︁
, (2.65)

where we have assumed that all terms proportional to 𝑒−iΩ𝑡 may be neglected invoking a

secular approximation [58, 59]. Also, we have introduced the different correlation functions

𝐶0(𝑡, 𝑡) ≡
⟨︀
𝜉*(𝑡)𝜉(𝑡′)

⟩︀
. (2.66)

𝐶1(𝑡, 𝑡) ≡
⟨︀
𝜉(𝑡)𝜉(𝑡′)

⟩︀
. (2.67)

𝐶𝑧(𝑡, 𝑡) ≡
⟨︀
𝜒(𝑡)𝜒(𝑡′)

⟩︀
. (2.68)

Note that 𝐶0(𝑡, 𝑡
′) and 𝐶1(𝑡, 𝑡

′) may take complex values since 𝜉(𝑡) is a complex random

process. For the sake of clarity, it turns out to be more convenient to express 𝜉(𝑡) and 𝜒(𝑡)
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in terms of the hyperfine vector components, such that

⟨︀
𝜉*(𝑡)𝜉(𝑡′)

⟩︀
=

1

16

[︀⟨︀
𝜉𝑥(𝑡)𝜉𝑥(𝑡′)

⟩︀
+ i
⟨︀
𝜉𝑥(𝑡)𝜉𝑦(𝑡′)

⟩︀
− i
⟨︀
𝜉𝑦(𝑡)𝜉𝑥(𝑡′)

⟩︀
+
⟨︀
𝜉𝑦(𝑡)𝜉𝑦(𝑡′)

⟩︀]︀
(2.69)⟨︀

𝜉(𝑡)𝜉(𝑡′)
⟩︀

=
1

16

[︀⟨︀
𝜉𝑥(𝑡)𝜉𝑥(𝑡′)

⟩︀
+ i
⟨︀
𝜉𝑥(𝑡)𝜉𝑦(𝑡′)

⟩︀
− i
⟨︀
𝜉𝑦(𝑡)𝜉𝑥(𝑡′)

⟩︀
−
⟨︀
𝜉𝑦(𝑡)𝜉𝑦(𝑡′)

⟩︀]︀
(2.70)⟨︀

𝜒(𝑡)𝜒(𝑡′)
⟩︀

=
1

4

⟨︀
𝜉𝑧(𝑡)𝜉𝑧(𝑡

′)
⟩︀
. (2.71)

By construction, in our set-up it is is fulfilled

⟨︀
𝜉𝑥(𝑡)𝜉𝑦(𝑡′)

⟩︀
=
⟨︀
𝜉𝑦(𝑡)𝜉𝑥(𝑡′)

⟩︀
= 0. (2.72)⟨︀

𝜉𝑦(𝑡)𝜉𝑦(𝑡′)
⟩︀

=
⟨︀
𝜉𝑥(𝑡)𝜉𝑥(𝑡′)

⟩︀
. (2.73)

Allowing as to write

𝐶0(𝑡, 𝑡
′) =

⟨︀
𝜉*(𝑡)𝜉(𝑡′)

⟩︀
=

1

8

⟨︀
𝜉𝑥(𝑡)𝜉𝑥(𝑡′)

⟩︀
. (2.74)

𝐶1(𝑡, 𝑡
′) =

⟨︀
𝜉(𝑡)𝜉(𝑡′)

⟩︀
= 0. (2.75)

𝐶𝑧(𝑡, 𝑡
′) =

⟨︀
𝜒(𝑡)𝜒(𝑡′)

⟩︀
=

1

4

⟨︀
𝜉𝑧(𝑡)𝜉𝑧(𝑡

′)
⟩︀
. (2.76)

Now since 𝜉𝑥(𝑡) is a real variable, then 𝐶0(𝑡, 𝑡
′) is also a real variable. Moreover, for a

stationary stochastic process [38], such as ours, it is also true that second order moments

depend only on the difference between the two times, such that

𝐶𝛼(𝑡, 𝑡′) = 𝐶𝛼(𝑡− 𝑡′, 0) ≡ 𝐶𝛼(𝑡− 𝑡′), (2.77)

for 𝛼 ∈ {0, 1, 𝑧}. All these considerations lead to

⟨[︁
�̃�1(𝑡),

[︁
�̃�1(𝑡− 𝜏), ·

]︁]︁⟩
=𝐶0(𝜏)

{︁[︁
𝐿,
[︁
𝐿†, ·

]︁]︁
+
[︁
𝐿†, [𝐿, ·]

]︁}︁
+

𝐶0(𝜏)
{︁
𝑒−i2Ω𝜏

[︁
𝑂,
[︁
𝑂†, ·

]︁]︁
+ 𝑒i2Ω𝜏

[︁
𝑂†, [𝑂, ·]

]︁}︁
+

𝐶𝑧(𝜏)
{︁
𝑒−iΩ𝜏

[︁
𝑈,
[︁
𝑈 †, ·

]︁]︁
+ 𝑒iΩ𝜏

[︁
𝑈 †, [𝑈, ·]

]︁}︁
. (2.78)
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Therefore, we have decomposed the action of the correlator in three different pieces, each of

them with a similar structure

𝒫(𝜔,𝐴) ≡ 𝑒−i𝜔𝑡
[︁
𝐴,
[︁
𝐴†, ·

]︁]︁
+ 𝑒i𝜔𝑡

[︁
𝐴†, [𝐴, ·]

]︁
, (2.79)

with 𝜔 ∈ {0, 2 Ω,Ω} and 𝐴 ∈ {𝐿,𝑂,𝑈} respectively. We better deal with such an structure

splitting it in real and imaginary parts

Re [𝒫(𝜔,𝐴)] · = cos (𝜔𝑡)
{︁[︁

𝐴,
[︁
𝐴†, ·

]︁]︁
+
[︁
𝐴†, [𝐴, ·]

]︁}︁
(2.80)

Im [𝒫(𝜔,𝐴)] · = sin (𝜔𝑡)
{︁[︁

𝐴,
[︁
𝐴†, ·

]︁]︁
−
[︁
𝐴†, [𝐴, ·]

]︁}︁
(2.81)

Furthermore the real part correspond to

Re [𝒫(𝜔,𝐴)] · = 2 cos (𝜔𝑡)
(︁
𝐷(𝐴) ·+𝐷(𝐴†)·

)︁
, (2.82)

with 𝐷(𝐴) denoting the Lindblad operator, whose action is

𝐷(𝐴)· = 𝐴 ·𝐴† − 1

2

{︁
𝐴†𝐴, ·

}︁
. (2.83)

On the other hand, the imaginary part has also an specific action as

Im [𝒫(𝜔,𝐴)] · =
[︁[︁
𝐴,𝐴†

]︁
, ·
]︁
. (2.84)

The action of such a term is better seen when the specifics forms of 𝐿,𝑂 and 𝑈 are taken.

That is,

[︁
𝐿,𝐿†

]︁
= [𝑆−𝐼+, 𝑆+𝐼−] = 𝑆𝑧 − 𝐼𝑧, (2.85)[︁

𝑂,𝑂†
]︁

= [𝑆+𝐼+, 𝑆−𝐼−] = 𝑆𝑧 + 𝐼𝑧, (2.86)[︁
𝑈,𝑈 †

]︁
= [𝑆+𝐼𝑧, 𝑆−𝐼𝑧] = +

1

2
𝑆𝑧. (2.87)

Combining all of these terms we obtain
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∫︁ 𝑡

0

⟨[︁
�̃�1(𝑡),

[︁
�̃�1(𝑡− 𝜏), ⟨𝜌⟩ (𝑡)

]︁]︁⟩
𝑑𝜏 =

1

4
𝛾𝑥(0, 𝑡)

[︁
𝐷 (𝐿) + 𝐷

(︁
𝐿†
)︁]︁
⟨𝜌⟩ (𝑡)+

1

4
𝛾𝑥(2Ω, 𝑡)

[︁
𝐷 (𝑂) + 𝐷

(︁
𝑂†
)︁]︁
⟨𝜌⟩ (𝑡)+

1

2
𝛾𝑧(Ω, 𝑡)

[︁
𝐷 (𝑈) + 𝐷

(︁
𝑈 †
)︁]︁
⟨𝜌⟩ (𝑡)+

iΩ̃𝑧 (Ω)

16
[𝑆𝑧, ⟨𝜌⟩ (𝑡)] +

iΩ̃𝑥 (0)

8
[𝑆𝑧 − 𝐼𝑧, ⟨𝜌⟩ (𝑡)] +

iΩ̃𝑥 (2 Ω)

8
[𝑆𝑧 + 𝐼𝑧, ⟨𝜌⟩ (𝑡)] . (2.88)

Where, for the sake of brevity, we have introduced the following rates

𝛾𝛼(𝜔, 𝑡) =

∫︁ 𝑡

0

⟨︀
𝜉𝑖𝛼(𝜏)𝜉𝑖𝛼(0)

⟩︀
cos (𝜔𝜏) 𝑑𝜏. (2.89)

Ω̃𝛼(𝜔, 𝑡) =

∫︁ 𝑡

0

⟨︀
𝜉𝑖𝛼(𝜏)𝜉𝑖𝛼(0)

⟩︀
sin (𝜔𝜏) 𝑑𝜏. (2.90)

Finally, we notice that by definition Ω̃𝑥(0) = 0 and also, the term proportional to Ω̃𝑥(2 Ω)

just introduces a global energy shift that may be omitted.

Therefore, the total action of the stochastic coupling on the deterministic master equation

for ⟨𝜌⟩ (𝑡) may be written as

∫︁ 𝑡

0
⟨ℒ1(𝑡)ℒ1(𝑡− 𝜏)⟩ 𝑑𝜏 ⟨𝜌⟩ (𝑡) =

1

4
𝛾𝑥(0, 𝑡) [𝐷 (𝑆−𝐼+) + 𝐷 (𝑆+𝐼−)] ⟨𝜌⟩ (𝑡)+

1

4
𝛾𝑥(2Ω, 𝑡) [𝐷 (𝑆+𝐼+) + 𝐷 (𝑆−𝐼−)] ⟨𝜌⟩ (𝑡)+

1

2
𝛾𝑧(Ω, 𝑡) [𝐷 (𝑆+𝐼𝑧) + 𝐷 (𝑆−𝐼𝑧)] ⟨𝜌⟩ (𝑡)+

iΩ̃𝑧 (Ω)

16
[𝑆𝑧, ⟨𝜌⟩ (𝑡)] . (2.91)

The meaning of this expression is better understood in the limit 𝑡 ≫ 𝜏𝑐, with 𝜏𝑐 the corre-

lation time. Then, the upper limit of the integral in Eq.(2.89) may be extended to infinity

revealing a clearer relation between the rates 𝛾𝛼(𝜔, 𝑡) and the fluctuations as

lim
𝑡→∞

𝛾𝛼(𝜔, 𝑡) =
1

2
𝑆𝛼(𝜔), (2.92)
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with 𝑆𝛼(𝜔) the spectral density function [38] of 𝜉𝛼(𝑡), straightforwardly defined as

𝑆𝛼(𝜔) = 2

∫︁ ∞

0
⟨𝜉𝛼(𝜏)𝜉𝛼(0)⟩ cos (𝜔𝜏) 𝑑𝜏 ≡

∫︁ ∞

−∞
⟨𝜉𝛼(𝑡)𝜉𝛼(0)⟩ 𝑒−i𝜔𝜏𝑑𝜏, (2.93)

in the last equality we have used that ⟨𝜉𝛼(𝑡)𝜉𝛼(0)⟩ = ⟨𝜉𝛼(−𝑡)𝜉𝛼(0)⟩.

Therefore, the system is ruled by a master equation of the form of Eq.(2.63), where

the action of the correlator is given by Eq.(2.91). Within this description, the electronic

and nuclear spin undergo a coherent interaction, ruled by a deterministic Hamiltonian, 𝐻0,

which is the average Hamiltonian. Such a system has been previously discussed in Sec.(2.3).

Further, the stochastic motion induces different effective baths [63] acting on both spins.

These baths are characterized by certain spectral density, 𝑆𝛼(𝜔).

In essence, it can be said, that each of these baths will contribute to depolarize the

electronic spin. This depolarization has three sources, each of them associated with some

term of the dipole-dipole coupling. Namely these effects are:

∙ Internuclear polarization exchange at a rate 𝛾𝑥(0, 𝑡).

∙ Flip-flip-like interactions between the nuclear spin and the electronic spin at a rate

𝛾𝑥(Ω, 𝑡).

∙ Dephasing of the electronic spin caused via excitation transfer to the nuclear spin at

a rate 𝛾𝑧(2 Ω, 𝑡).

The relation between the different rates will determine the back-action on the nuclear spin

arising from the NV center. Hence, understanding the different mechanisms and their actual

impact on the NV center turns out to be of great importance. Therefore, in the following

we develop a simple toy model that will help us to attain that purpose.

2.4.2 A fully solvable model: The Ornstein-Uhlenbeck process

Arriving to a closed equation for the population of the NV center, passes through a full

characterization of the stochastic variable A(𝑡), which in turns depends on r(𝑡). Even

if r(𝑡), the position vector, is faithfully described by a simple Brownian motion [38], the

intricate relation between A(𝑡) and r(𝑡) makes it hard to describe A(𝑡) through a simple

equation.
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In order to arrive to a full analytical equation for ⟨𝜌⟩ (𝑡), within this section we assume

that A(𝑡) follows an Ornstein-Uhlenbeck (OU) process [38], without any particular assump-

tion on its dependence on r(𝑡). OU processes are well characterized and will allow us to

obtain a well-defined solution.

May A(𝑡) be an stationary OU process, then its average and variance can be expressed

as

⟨𝐴𝛼(𝑡)⟩ = 0. (2.94)

⟨𝜉𝛼(𝑡)𝜉𝛼(0)⟩ = 𝜎2
𝛼𝑒

− 𝑡
𝜏𝛼𝑐 , (2.95)

where 𝜎2
𝛼 represent the variance of 𝜉𝛼(𝑡) and 𝜏𝛼𝑐 is the associated correlation time. We

further note that as ⟨𝐴𝛼⟩ (𝑡) = 0, then 𝐴𝛼(𝑡) = 𝜉𝛼(𝑡). More relevant, an OU process is also

a Gaussian process [38], that is, all its cumulants vanish except for the variance, that is

⟨⟨𝜉𝛼(𝑡1)𝜉𝛼(𝑡2) · · · 𝜉𝛼(𝑡𝑚)⟩⟩ = 0∀𝑚 ≥ 3. (2.96)

So, Eq.(2.63) is no longer an approximation but the exact solution of the master equation

in every parameter regime.

Using the analytical form of the correlation we can express the Lindblad coefficients and

the induced shifts as

𝛾𝛼(𝜔, 𝑡) =

∫︁ 𝑡

0
⟨𝜉𝛼(𝑡)𝜉𝛼(0)⟩ cos(𝜔𝑡)𝑑𝑡 =

𝜎2
𝛼𝜏

𝛼
𝑐

1 + (𝜏𝛼𝑐 𝜔)2

(︁
1− 𝑒

− 𝑡
𝜏𝛼𝑐 cos (𝜔𝑡) + 𝜔𝜏𝛼𝑐 𝑒

− 𝑡
𝜏𝛼𝑐 sin (𝜔𝑡)

)︁
,

(2.97)

Ω̃𝛼(𝜔, 𝑡) =

∫︁ 𝑡

0
⟨𝜉𝛼(𝑡)𝜉𝛼(0)⟩ sin(𝜔𝑡)𝑑𝑡 =

𝜎2
𝛼𝜏

𝛼
𝑐

1 + (𝜏𝛼𝑐 𝜔)2

(︁
𝜏𝛼𝑐 𝜔 − 𝜏𝛼𝑐 𝜔𝑒

− 𝑡
𝜏𝛼𝑐 cos (𝜔𝑡)− 𝑒

− 𝑡
𝜏𝛼𝑐 sin (𝜔𝑡)

)︁
.

(2.98)

When 𝑡≫ 𝜏𝛼𝑐 , the latter expressions take a much simpler form
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𝛾𝛼(𝜔, 𝑡→∞) =
1

2
𝑆𝛼(𝜔) =

𝜎2
𝛼𝜏

𝛼
𝑐

1 + (𝜏𝛼𝑐 𝜔)2
, (2.99)

Ω̃𝛼(𝜔, 𝑡→∞) =
𝜎2
𝛼𝜏

𝛼
𝑐

1 + (𝜏𝛼𝑐 𝜔)2
𝜏𝛼𝑐 𝜔. (2.100)

The average Hamiltonian, 𝐻0, becomes

𝐻0 = Ω𝑆𝑧 + 𝜔N𝐼𝑧 + ⟨𝑔⟩𝑆+𝐼− + H.𝑐. = Ω𝑆𝑧 + 𝜔𝑁𝐼𝑧. (2.101)

The absence of a coherent interaction Hamiltonian, linking the electronic and nuclear spins

makes that the density matrix can be expressed at any time as

⟨𝜌⟩ (𝑡) = 𝜌NV(𝑡)⊗ 𝜌N(𝑡), (2.102)

implying that the state of the electronic spin can be written simply as

𝜌NV(𝑡) = TrN (⟨𝜌⟩ (𝑡)) . (2.103)

Moreover, 𝜌NV(𝑡) follows the following master equation

�̇�NV(𝑡) = −i [Ω𝑆𝑧, 𝜌NV(𝑡)] + 𝛼+𝐷(𝑆+)𝜌NV(𝑡) + 𝛼−𝐷(𝑆−)𝜌NV(𝑡), (2.104)

with

𝛼+ = 𝑛N
1

4
(𝛾𝑥(0)− 𝛾𝑥(2 Ω)) +

1

4
𝛾𝑥 (2 Ω) +

1

8
𝛾𝑧(Ω).

𝛼− = −𝑛N
1

4
(𝛾𝑥(0)− 𝛾𝑥(2 Ω)) +

1

4
𝛾𝑥 (0) +

1

8
𝛾𝑧(Ω).

Where we have introduced the population of the nuclear spin ⟨𝑛N⟩ (𝑡) ≡ 1
2 + Tr (⟨𝜌⟩ (𝑡)𝐼𝑧).

From Eq.(2.104) it is straightforward to obtain an equation for the population of the NV

center, ⟨𝑛⟩ (𝑡) ≡ 1
2 + Tr (𝜌NV(𝑡)𝑆𝑧). Furthermore, the joint equation for 𝑛NV and 𝑛N reads

⎛⎝ ˙⟨𝑛⟩(𝑡)
˙⟨𝑛N⟩(𝑡)

⎞⎠ = 1
4

⎛⎝− (𝛾𝑥(0) + 𝛾𝑥(2 Ω) + 𝛾𝑧(Ω)) (𝛾𝑥(0)− 𝛾𝑥(2 Ω))

(𝛾𝑥(0)− 𝛾𝑥(2 Ω)) − (𝛾𝑥(0) + 𝛾𝑥(2 Ω))

⎞⎠⎛⎝ ⟨𝑛⟩ (𝑡)

⟨𝑛N⟩ (𝑡)

⎞⎠+
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1
4

⎛⎝ 𝛾𝑥(2 Ω) + 1
2𝛾𝑧(Ω)

𝛾𝑥(2 Ω)

⎞⎠
The numerical simulation for some paradigmatic values are depicted in Fig.(2-3) for 𝑡≫ 𝜏𝑐

and in Fig.(2-4) for 𝑡 ≈ 𝜏𝑐 . Different balances between 𝛾𝑥(0), 𝛾𝑥(2 Ω) and 𝛾𝑧(Ω) yield

different dynamics. Processes dominated by the flip-flop rate 𝛾𝑥(0) will contribute to po-

larization gain by the nuclear spin, so induce an effective polarization/population transfer.

This behavior is mitigated when flip-flip processes play a major role. On the other hand,

pure dephasing, associated with 𝛾𝑧(Ω) is independent of the other two and just depolarizes

the electronic spin.

For an OU process and, in general, processes with an exponential correlation function,

the rates in the Eq.(2.99) show a Lorentzian shape [38], such that

𝛾𝑥(𝜔, 𝑡→∞) = 𝜎2
𝑥

𝜏𝑥𝑐

1 + (𝜏𝑥𝑐 𝜔)2
, (2.105)

so the ratio between flip-flop and flip-flip rates is

𝛾𝑥(2 Ω)

𝛾𝑥(0)
=

1

1 + (𝜏𝑥𝑐 2 Ω)2
≡ 1

1 + 4𝜒2
, (2.106)

so the quantity 𝜒 ≡ 𝜏𝑐Ω determines whether flip-flop is dominant or not. Such that systems

where 𝜒 ≪ 1 are optimal for polarization transfer while systems 𝜒 ≈ 0 are not suitable for

transfer but are more indicated for sensing protocols. These two situations are going to be

relevant in Part II.

2.5 Conclusion

During this chapter, we have carried out a thorough analysis of the measurable response

of a single NV center when interacting with a single nuclear spin. Might the nuclear spin

be static, then polarization exchange leads to coherent oscillations when the two spins are

set on resonance via a suitable microwave driving. On the other hand, might the nuclear

spin move stochastically, the traces left on the NV center signal differ from being simple

oscillations.

We have discovered that, when interacting with a stochastically moving spin, the NV

center spin follows very rich dynamics characterized by the statistical properties of the
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Figure 2-3: Polarization dynamics between electronic (orange curve) and nuclear

(blue curve) spins and stochastic coupling for different regimes and 𝑡 ≫ 𝜏𝑐. (a)
𝛾𝑥(0)≪ 𝛾𝑥(2 Ω), 𝛾𝑧(Ω). In this regime flip-flop interactions dominate over flip-flip and pure
dephasing, therefore the electronic spin exchanges its initial polarization with the nuclear
spin until their population is equilibrated. (b) 𝛾𝑥(0) ≈ 𝛾𝑥(2 Ω)≫ 𝛾𝑧(Ω). Flip-flop and flip-
flip interactions are on the same order still pure dephasing is negligible. Besides polarization
interchange, flip-flip processes tend to depolarize the electronic and nuclear spin equally and
thus at longer times both spins remain with a thermal population, which in our model
corresponds to 𝑛 = 0.5. (c) 𝛾𝑥(0) ≈ 𝛾𝑥(2 Ω) ≈ 𝛾𝑧(Ω). In this regime, all interactions
enjoy the same importance. An initial population transfer from the electronic spin towards
the nucleus is followed by depolarization due to flip-flip process. Also the electronic spin
is affected by pure dephasing so it loses its polarization faster than the nuclear spin. (d)
𝛾𝑥(0), 𝛾𝑥(2 Ω)≪ 𝛾𝑧(Ω). Typical pure dephasing scenario where the electronic spin loses its
initial polarization at a rate marked by 𝛾𝑧(Ω) while the nuclear spin is passive.

coupling between the two spins. More precisely, depending on the spectral density of the

mentioned coupling and the Rabi frequency, Ω, induced in the NV center we can have

either situations where the electronic spin loses its polarization to the nuclear spin, or also

situations in which the NV center depolarizes while the nuclear spin is a passive agent. We

have examined the parameter regimes that lead to one or other behavior, which is going to

be highly valuable in Part II.
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Figure 2-4: Polarization dynamics between electronic (orange curve) and nuclear

(blue curve) spins and stochastic coupling for different regimes and 𝑡 ≈ 𝜏𝑐. When
the correlation time, 𝜏𝑐 is long or the evolution time, 𝑡 is short, the curves show a Gaussian
type of decay at short times that later transform in a exponential-like decay curve. For
description of the spin dynamics in (a)-(d) see caption in Fig.(2-3)

So far, the bath of the NV center has been composed solely by one single nuclear spin.

This is a solvable model which is enlightening. Nevertheless, from this point onwards, we

will focus our attention on a large bath composed of many spins. As we are going to see,

the features here mentioned will persist and will be combined with some other properties

inherent to large systems, namely correlations between different spins.

In the following, we are going to explore how to simulate large spin systems and to extract

valuable information from those simulations. We will see, that the dynamics discovered in

this chapter are going to identically manifest in larger systems. In fact, the generalization

of the models here presented is conceptually straightforward.
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Chapter 3

Simulating large spin systems

3.1 Introduction and motivation

In Chap.(2) we have extensively analyzed the dynamics occurring in a system composed

solely by two spins. We were able to perform straightforward derivations that lead to

closed analytical formulas characterizing the evolution of the electronic spin polarization.

However, in general, similar approaches can not be performed when the system is composed

by numerous spins. The dynamical behavior arising from a spin bath may be intricate and in

the vast majority of cases, closed expressions for the state of the electron spin at a given time

do not exist. Moreover, not only an analytical approach is beyond the bounds of possibility,

but also a numerical computation is impracticable; the dimension of a system composed by

thousands of spins is well beyond the computational capacity of any computer.

As faithful predictions for complex systems are desirable, it turns out to be essential

taking advantage of certain features of the specific systems. Clustering methods, invoking

symmetries [67, 68, 69], or simplified representations are some paths that are commonly taken

for simulating large spin baths dynamics. Among all of them, in this work we have preferred

a technique based on bosonization of a spin system, mapping a spin into a continuous variable

system. Although it might seem paradoxical, a suitable bosonization accurately predict the

dynamical behavior of a bath composed by many spins. The main features of this technique

are going to be discussed through the following section.
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3.2 The Holstein-Primakoff transformation

From all existing bosonization techniques, we will follow the one based on the Holstein-

Primakoff (HP) transformation. To illustrate how bosonizations techniques help when it

comes to the simulation of large spin systems, the reader may think about the following

case.

Let’s assume we are interested in how a system composed by 𝑁 spin-1/2 particles will

evolve. The Hilbert space of such as system has dimension 𝒩 = 2𝑁 , which turns out to be

enormously large already for few dozens of spins. By enormously large, we mean that no

existing computer can calculate the exact dynamical evolution in a finite time. From this

perspective, one reasonable approach consists in reducing the computational effort required

to perform the calculation. For example, may we be interested in the population of the spins,

we would need to obtain
⟨︀
𝜎𝑖
+𝜎

𝑖
−
⟩︀
as function of time. We have denoted 𝜎𝑖 the spin operator

of the 𝑖-th spin, and ⟨·⟩ the quantum average. A cursory look at the equation of motion

of
⟨︀
𝜎𝑖
+𝜎

𝑖
−
⟩︀
under the action of a simple exchange Hamiltonian, reveals that it depends on⟨

𝜎𝑖
+𝜎

𝑗
−

⟩
, that is, correlations in the system. Further, this correlations depends on terms

like
⟨[︁

𝜎𝑖
+𝜎

𝑗
−, 𝜎

𝑙
+𝜎

𝑘
−

]︁⟩
that eventually contain

⟨︀
𝜎𝑖
+𝜎

𝑙
𝑧𝜎

𝑚
−
⟩︀
and related terms. The latter will

again depend on higher order terms and hence we obtain a system of equations that is not

closed; the moments of order 𝑛 depend on the moments of order 𝑛 + 1. Therefore, not even

if we are exclusively interested in the population of one single spin, the computational effort

will decrease at all. This complexity is a direct consequence of the commutation relation

for spins, since [𝜎+, 𝜎−] = 2𝜎𝑧. Instinctively, we are led to think that another type of

commutation relation may help in closing the desired equations of motions. This certainly

happen for bosons, where
[︀
𝑎, 𝑎†

]︀
= 1.

There are different techniques that map spins into bosons and vice versa, [70, 71, 72, 73].

We embrace the HP mapping due to its conceptual and operational simplicity. In essence,

the HP transformation represents spins operators as bosonic operators whose Hilbert space is

truncated. We remark that we have refereed to spin operators and not simply to spins, since

in certain cases associating one spin to a boson may be misleading. The HP transformation

ensues from the following arguments.

Imagine a given spin described by certain operators 𝑆𝑧, 𝑆±, whose actions on some spin

state |𝑠,𝑚𝑠⟩ is
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𝑆𝑧 |𝑠,𝑚𝑠⟩ = 𝑚𝑠 |𝑠,𝑚𝑠⟩ .

𝑆± |𝑠,𝑚𝑠⟩ =
√︀
𝑆(𝑆 + 1)−𝑚𝑠(𝑚𝑠 ± 1) |𝑠,𝑚𝑠 ± 1⟩ .

Where 𝑆 and 𝑚𝑠 are the two well-known spin quantum numbers such that 𝑚𝑠 = −𝑆, · · · , 𝑆

and 𝑆 can only be an integer or semi-integer. Now, the HP transformation defines

𝑁 = 𝑎†𝑎 ≡ 𝑆I− 𝑆𝑧,

|𝑚⟩ ≡ |𝑠,𝑚𝑠⟩ ,

such that the action of the bosonic annihilation and creation operators on |𝑚⟩ results

𝑎†𝑎 |𝑚⟩ = (𝐽 −𝑚𝑠) |𝑚⟩ ≡ 𝑛 |𝑚⟩ ,

𝑎† |𝑚⟩ =
√
𝑛 + 1 |𝑚 + 1⟩ ,

𝑎 |𝑚⟩ =
√
𝑛 |𝑚− 1⟩ .

Further, the action of 𝑆± on |𝑚⟩ is simply

𝑆+ |𝑚⟩ =
√︀

2𝑆 − (𝑛− 1)
√
𝑛 |𝑚− 1⟩ ,

𝑆− |𝑚⟩ =
√

2𝑆 − 𝑛
√
𝑛 + 1 |𝑚 + 1⟩ .

Consequently, we can represent the spin operators as

𝑆𝑧 = 𝑆I− 𝑎†𝑎, (3.1)

𝑆+ =
√︀

2𝑆 − 𝑎†𝑎 𝑎, (3.2)

𝑆− = 𝑎†
√︀

2𝑆 − 𝑎†𝑎. (3.3)

Within this transformation, the quantity of bosons in one bosonic mode represents the
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polarization quanta of a spin. That is, a polarized spin such that 𝑚𝑠 = 𝑆 translates into

zero bosons, 𝑚𝑠 = 𝑆 − 1 means one boson and finally 𝑚𝑠 = −𝑆 means 2𝑆 bosons in the

bosonic mode. Remarkably, the square root factor,
√

2𝑆 − 𝑎†𝑎, forbids the existence of

2𝑆 + 1 or more bosons since then the quantity 2𝑆 − 𝑎†𝑎 would become negative. In this

manner, the square root factor effectively truncates the bosonic Hilbert space. Within this

framework, the ladder operators for a spin systems are equivalent to the annihilation and

creation operators in a bosonic system.

The validity of the transformation may be proven by checking the commutation relations

associated to SU(2), which defines the relations between spin operators [74],

[𝑆𝑧, 𝑆+] =
[︁
−𝑎†𝑎,

√︀
2𝑆 − 𝑎†𝑎𝑎

]︁
= −

√︀
2𝑆 − 𝑎†𝑎

[︁
𝑎†𝑎, 𝑎

]︁
=
√︀

2𝑆 − 𝑎†𝑎𝑎 = 𝑆+, (3.4)

[𝑆𝑧, 𝑆−] =
[︁
−𝑎†𝑎, 𝑎†

√︀
2𝑆 − 𝑎†𝑎

]︁
= −

[︁
𝑎†𝑎, 𝑎†

]︁√︀
2𝑆 − 𝑎†𝑎 = −𝑎†

√︀
2𝑆 − 𝑎†𝑎 = −𝑆−.

(3.5)

Finally, the commutation between the ladder operators reads

[𝑆+, 𝑆−] =
[︁√︀

2𝑆 − 𝑎†𝑎𝑎, 𝑎†
√︀

2𝑆 − 𝑎†𝑎
]︁

=

(2𝑆 − 𝑎†𝑎)− 𝑎†(2𝑆 − 𝑎†𝑎)𝑎 +
√︀

2𝑆 − 𝑎†𝑎𝑎†𝑎
√︀

2𝑆 − 𝑎†𝑎 =

(2𝑆 − 𝑎†𝑎)− 𝑎†(2𝑆 − 𝑎†𝑎)𝑎 + (2𝑆 − 𝑎†𝑎)𝑎†𝑎 =

(2𝑆 − 𝑎†𝑎) + 𝑎†𝑎†𝑎𝑎− 𝑎†𝑎𝑎†𝑎 =

2(𝑆 − 𝑎†𝑎) = 2𝑆𝑧, (3.6)

where we have simply used
[︀
𝑎, 𝑎†

]︀
= 1. By proving these relations between the new defined

operators, the validity of the HP mapping is shown since we have obtained a map that

permits us to express spin operators as bosonic operators while preserving the commutation

relations that characterize a spin system.

The major obstacle that arises in this new framework, is how to deal with the term,
√

2𝑆 − 𝑎†𝑎, since it may comprise operational complications. By definition, the action of

the square root of certain operator is defined through its Taylor expansion,
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√︀
2𝑆 − 𝑎†𝑎 =

√
2𝑆

√︂
1− 𝑎†𝑎

2𝑆
=
√

2𝑆

(︃
1− 1

2

𝑎†𝑎

2𝑆
− 1

8

(︂
𝑎†𝑎

2𝑆

)︂2

+ · · ·

)︃
, (3.7)

If we restrict our interest to a low population regime, such that
⟨
𝑎†𝑎
2𝑆

⟩
≪ 1, we are allowed

to solely consider the lowest order terms in the expansion

√︀
2𝑆 − 𝑎†𝑎 =

√
2𝑆

(︂
1−𝒪

(︂
𝑎†𝑎

2𝑆

)︂)︂
. (3.8)

We remark that this notation may be seen controversial since, by construction, the operator

𝑎†𝑎 is not bounded and thus, strictly speaking an expansion is not possible. Still, we make

explicit that we refer to a situation where the mean occupation number,
⟨︀
𝑎†𝑎
⟩︀
, is small with

respect to the quantum spin number 𝑆.

Summing up all the mentioned considerations, we finally arrive to a simplified expression

for the spin operators

𝑆𝑧 = 𝑆 − 𝑎†𝑎,

𝑆+ ≈
√

2𝑆𝑎, (3.9)

𝑆− ≈ 𝑎†
√

2𝑆.

These set of equations are going ot be referred in the following as Holstein-Primakoff ap-

proximation (HPA). At this point, we remark that while the HP mapping is an exact map

from spins to bosons, the HPA is a further simplification that is only fully equivalent to the

mapping in the limit
⟨︀
𝑎†𝑎
⟩︀
/𝑆 →∞. Also, for the sake of convenience and in order to avoid

unnecessary confusion in the following, we prefer to use not the standard mapping but a

modified version such that

𝑆𝑧 = −𝑆 + 𝑎†𝑎,

𝑆+ ≈ 𝑎†
√

2𝑆, (3.10)

𝑆− ≈
√

2𝑆𝑎.

This mapping is perfectly equivalent to one presented in Eq.(3.9), but will be more intuitive
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in the chapters to come. In fact, while Eqs.(3.9) maps a spin polarized upwards into a

bosonic mode in its ground state, Eqs.(3.10) maps a spin polarized downwards state to a

bosonic mode in its ground state. The latter turns out to be more natural since going higher

in the spin polarization translates into going higher on the boson occupation number.

Again, the major difference between the HPA and the HP mapping is the absence of the

term
√

2𝑆 − 𝑎†𝑎. As we have previously argued, this term is responsible for the truncation

of the bosonic Hilbert space. In the HPA, this Hilbert space is truncated by construction

since it is an expansion only possible in the low excitation regime. This fact, sets an im-

portant constraint on the kind of systems suitable for the HPA. Exclusively systems with

low excitation number and with interaction types that preserve the total population are

expected to be well reproduced within the HPA. However, the HPA is expected to fail, when

applied to systems in which the Hamiltonian does not preserve the total excitation number.

For a further discussion on the regimes of validity the reader may go to Sec.(3.4) where we

compute some paradigmatic cases and discuss the different results.

This section has been devoted to introduce and discuss the HPA but still we have not

exploited its most prominent advantages. Alone, the HPA allows representing spins as

bosonic modes, but at first look this might seem innocuous since, in general, facing a bosonic

system may be as difficult as facing a spin system. However, we are interested in a very

specific kind of systems, namely, spins in thermal equilibrium that interact through an

exchange Hamiltonian. A bosonic system with equal features is known as Gaussian system.

The enormous advantages of working with Gaussian states and operators are introduced in

the following sections.

3.3 Brief introduction to Gaussian states

In the following Section we will offer a brief introduction to Gaussian states and Gaussian

transformations always focusing on our main goal, namely, its potential to assist when sim-

ulating large spins systems. Grosso modo, a Gaussian state is a continuous-variable state

that possesses a representation in terms of a Gaussian function. Normally, its definition

comes along with the definition of Gaussian transformations that map a Gaussian state into

a different Gaussian state. Moreover, many relevant states which are commonly prepared

in a laboratory are Gaussian, such as the vacuum state of the electromagnetic field or the
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state of the light coming from a laser. Further, most of the dynamics that are commonly

implemented in a laboratory induce a Gaussian transformation. Furthermore, any transfor-

mation that affects a continuous-variable system can be decomposed into a set of Gaussian

processes together with a single non linear process [75]. For these reasons, Gaussian states

and transformations enjoy notorious relevance in fields such as quantum information or

quantum optics. Also, as a consequence of their importance, the literature about Gaussian

states is vast and wide [76, 77, 75, 78, 79, 80] and hence, here only the most basics principles

to understand Gaussian dynamics are presented.

3.3.1 Bosonic system

As previously mentioned, Gaussian states arise in continuous-variable systems, that is, sys-

tems with an infinite dimensional Hilbert space. Consequently, they can be described by

observables with continuous eigenspectra. More specifically, we may think of systems com-

posed by 𝑁 different bosonic modes, or 𝑁 different quantum harmonic oscillators. Each

bosonic mode has associated the creation and annihilation operators 𝑎𝑖,𝑎
†
𝑖 . Together, they

constitute the number operator 𝑁𝑖 ≡ 𝑎†𝑖𝑎𝑖, whose eigenvectors span the total Hilbert space

of the mode. The eigenvectors of the number operator, 𝑁𝑖, form a basis known as Fock basis

such that

𝑁𝑖 |𝑛𝑖⟩ = 𝑛𝑖 |𝑛𝑖⟩ . (3.11)

We first encountered this basis when introducing the HP mapping in Sec.(3.2). The action

of the creation and annihilation operator on the Fock states is

𝑎𝑖 |𝑛𝑖⟩ =
√
𝑛𝑖 |𝑛𝑖 − 1⟩ , (3.12)

𝑎†𝑖 |𝑛𝑖⟩ =
√
𝑛𝑖 + 1 |𝑛𝑖 + 1⟩ , (3.13)

𝑎𝑖 |0⟩ = 0, (3.14)

where |0⟩ is the vacuum state. Consequently, the interpretation of the Fock eigenstates is

straightforward since the state |𝑛𝑖⟩ corresponds to a bosonic state with 𝑛𝑖 bosons. Closely

related to the bosonic operators and more related to a quantum harmonic oscillator, we can
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introduce the quadrature field operators 𝑥𝑖 and 𝑝𝑖. While in classical mechanics, 𝑥 and 𝑝

stand respectively for the position and momentum of the oscillator, a direct translation of

their quantum counterpart is, in many cases, misleading. That is, 𝑥𝑖 and 𝑝𝑖 are operators

that does not necessarily express a real quantity such as position or momentum.

On the other hand, quadrature and the bosonic field operators are related via

𝑎𝑖 =
1√
2

(︂
√
𝜔𝑖𝑥𝑖 + i

1

𝜔𝑖
𝑝𝑖

)︂
, (3.15)

𝑎†𝑖 =
1√
2

(︂
√
𝜔𝑖𝑥𝑖 − i

1

𝜔𝑖
𝑝𝑖

)︂
, (3.16)

with 𝜔𝑖 the natural frequency of the bosonic mode. In a certain sense, the quadrature

operators may be thought as the Cartesian decomposition of the bosonic field operators.

Further, the quadrature operators fulfill the canonical commutation relation

[𝑥𝑖, 𝑝𝑗 ] = i𝛿𝑖,𝑗 . (3.17)

Given that we are focused in systems with many bosonic modes, it is convenient to group

all the operators in a single vector such that

R = (𝑥1, · · · , 𝑥𝑁 , 𝑝1, · · · , 𝑝𝑁 )T . (3.18)

The canonical commutation relation is then recalled in terms of the quadrature vector as

[𝑅𝑖, 𝑅𝑗 ] = iΩ𝑖,𝑗 , (3.19)

where Ω is the so-called sympletic matrix

Ω =

⎛⎝ 0 I

−I 0

⎞⎠ ,

where by I we represent the identity matrix of dimension 𝑁 . This compact notation is going

to be extremely useful in the following.
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3.3.2 Phase-space representation

While 𝑁𝑖 has discrete basis, the Fock basis, 𝑥𝑖 and 𝑝𝑖 are observables with continuous

eigenspectra

𝑥𝑖 |𝑋𝑖⟩ = 𝑋𝑖 |𝑋𝑖⟩ , (3.20)

𝑝𝑖 |𝑃𝑖⟩ = 𝑃𝑖 |𝑃𝑖⟩ , (3.21)

with 𝑋𝑖 ∈ R, 𝑃𝑖 ∈ R, and the two basis |𝑋𝑖⟩ and |𝑃𝑖⟩ are Fourier conjugates 1. Since the

quadratures may be understood as the Cartesian decomposition of 𝑎𝑖 and 𝑎†𝑖 and, moreover,

they posses continuous eigenspectra, one of the natural questions to answer is what would

be the physical interpretation of the plane spanned by 𝑋𝑖 and 𝑃𝑖, which is normally referred

as optical phase-space.

In classical mechanics, the dynamical evolution of a given system is described by a

trajectory in the space spanned by the position and momentum coordinates. In a close

analogy, a quantum state may be also described via a function properly defined in the phase-

space. This function is not unique, but probably the best-known is the Wigner function also

called Wigner quasiprobability distribution [81].

The description of a given state in the phase-space offers us a point of view that dramati-

cally differs from a quantum description based on density matrices, 𝜌. Of course, the density

matrix and the Wigner function have a tight relation, since they contain the same informa-

tion about a given quantum system. Aiming to clarify this relation, we first introduce the

Weyl operator

𝐷(𝜉) = exp
(︀
iRTΩ𝜉𝜉𝜉

)︀
, (3.22)

where the quantity 𝜉𝜉𝜉 ∈ R2𝑁 can be seen as an eigenvalue of R. Then, a given density matrix

𝜌 is equivalent to a Wigner characteristic function

𝜒(𝜉𝜉𝜉) = Tr (𝜌𝐷 (𝜉𝜉𝜉)) . (3.23)

Further, the Wigner characteristic function is related to the Wigner function via a Fourier

1For any state |𝜑⟩, ⟨𝑋𝑖|𝜑⟩ is the Fourier transform of ⟨𝑃𝑖|𝜑⟩ and vice versa.
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Transformation

𝑊 (R) =

∫︁
R2𝑁

𝑑2𝑁𝜉𝜉𝜉

(2𝜋)2𝑁
𝑒−iRTΩ𝜉𝜉𝜉𝜒 (𝜉𝜉𝜉) . (3.24)

This is the general form of a Wigner function in certain phase-space spanned by the set

of continuous eigenvalues of R, {𝑋𝑖, 𝑃𝑖}𝑁𝑖=1. Two comments regarding the Wigner function

deserve to be said. Intuitively, one might assume the Wigner function to be a probability

function, representing the probability for certain system to be in certain state. Instead, the

Wigner function is a quasi-probability distribution: certainly it is related to probabilistic

concepts, for instance it is also normalized to 1, but in general it can take also negative values.

Moreover, a negative-defined Wigner function is often seen as a trace of non-classicality. As

a rule of thumb, the phase-space representation in quantum mechanics is a direct analogy of

the phase-space representation in classical mechanics, yet they are not completely equivalent.

Only certain states enjoy positive-definite Wigner function, and those are pure Gaussian

states 2.

3.3.3 Gaussian states

If in the previous section we have introduced the Wigner function from a general perspective,

now we reduce our aim to a particular set of states, the Gaussian states. A quantum state

is said to be Gaussian if its Wigner function, and then its Wigner characteristic function,

are Gaussian, that is

𝜒(𝜉𝜉𝜉) = exp

[︂
1

2
𝜉𝜉𝜉T
(︀
Ω𝛾ΩT

)︀
− i (Ω ⟨R⟩)T 𝜉𝜉𝜉

]︂
, (3.25)

𝑊 (R) =
exp

(︀
−1

2 (R− ⟨R⟩) 𝛾−1 (R− ⟨R⟩)
)︀√︁

(2𝜋)2𝑁 d𝑒𝑡𝛾
. (3.26)

Interestingly, every Gaussian function is entirely determined by its first and second moments.

Of course, the same apply to 𝜒(𝜉𝜉𝜉) and𝑊 (R), that are determined by the mean displacement

vector and the covariance matrix.

2In fact, a given state can only be represented by a positive-definite Wigner function if and only if the
state is a pure Gaussian [75].
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⟨R⟩ = Tr (R𝜌) , (3.27)

𝛾𝑖,𝑗 =
1

2
Tr (𝜌{𝑅𝑖, 𝑅𝑗}) . (3.28)

We remark that here ⟨·⟩ represents the quantum average. For the sake of clarity, we insist on

the fact that all the information about a quantum state is contained in its Wigner function

and hence, for a Gaussian state, in its first and second moments. Moreover, by a suitable

displacement on the phase-space R can be always be set to zero and therefore only the

covariance matrix 𝛾 contains relevant information.

This is the major advantage of a description based on Gaussian states. Instead of

describing the system via the density matrix of the system, 𝜌, whose dimension is infinite

for a system of bosonic modes, the Gaussian formalism offers us the possibility of describing

the same system via a matrix of dimension 2𝑁 × 2𝑁 , the covariance matrix. The two

descriptions are conceptually equivalent, but the computational advantage when it comes

to the simulation of systems composed by thousands of particles is enormous.

In the following, we will see that the time evolution of the covariance matrix is closely

related with the von-Neumann equation and how a parallelism between the quantum master

equation and the dynamical evolution for 𝛾 is built.

3.3.4 Properties of the covariance matrix and Gaussian transformations

By construction, the covariance matrix, 𝛾, is real and symmetric. Of course, 𝛾 has to fulfill

further conditions to be considered a bona fide quantum covariance matrix. These conditions

directly arise from the canonical commutation relation and can be recalled as

𝛾 + i
1

2
Ω ≥ 0. (3.29)

That is, a real symmetric positive-definite matrix 𝛾 is a quantum covariance matrix if and

only if the Hermitian matrix 𝛾 + i
2Ω is positive semidefinite [82, 75]. The proof of this

theorem might be found in [82] and here is going to be omitted.

Again, the canonical commutation relation defines the conditions for a unitary transfor-

mation to be considered a valid Gaussian transformation, which transforms a Gaussian state
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in a Gaussian state. A given map defined by a matrix, 𝑆, will transform the quadrature

vector, R according to

R′ = 𝑆R. (3.30)

We impose that for the transformation to be valid, also R′ must fulfill the canonical com-

mutation relation, such that
[︁
𝑅′

𝑖, 𝑅
′
𝑗

]︁
= iΩ. This translates into a condition for 𝑆,

𝑆Ω𝑆T = Ω. (3.31)

This relation defines a group of real matrices, normally called the real sympletic group [82].

Furthermore, the only Hamiltonians that induce an unitary transformation, 𝑆, such that

Eq.(3.31) is accomplished are quadratic Hamiltonians on the quadrature operators

𝐻 =
∑︁
𝑖,𝑗

𝑅𝑖𝑅𝑗𝑉𝑖,𝑗 ≡ RT𝑉R, (3.32)

where 𝑉 is a suitable matrix. Moreover, if we allow for transformation of the type

R′ = 𝑆R + d, (3.33)

with d the so-called displacement vector, also Hamiltonians containing linear terms in R

are allowed. Nonetheless, we restrict in the following to quadratic Hamiltonians. The

corresponding action of 𝑆 on the covariance matrix is

𝛾′ = 𝑆𝛾𝑆T. (3.34)

Of course, the exact form of 𝑆 directly depends on the form of the Hamiltonian, or more

precisely, on the matrix 𝑉 . In the following sections we derive the evolution equation for

a covariance matrix in terms of a given quadratic Hamiltonian, that is, under a unitary

evolution. For the sake of completeness, we further treat the action of Lindblad master

equations on 𝛾.

68



3.3. BRIEF INTRODUCTION TO GAUSSIAN STATES

3.3.5 Derivation of dynamical equation for the covariance matrix. Uni-

tary evolution

In this section we derive the evolution equation for a covariance matrix under the action of

a unitary evolution. We recall the definition of the covariance matrix as a function of the

quadratures, which is

𝛾𝑖,𝑗 =
1

2
Tr (𝜌 {𝑅𝑖, 𝑅𝑗}) ≡=

1

2
(⟨𝑅𝑖𝑅𝑗⟩+ ⟨𝑅𝑗𝑅𝑖⟩) . (3.35)

The evolution is directly calculated using the von Neumann equation �̇� = −i [𝐻, 𝜌]. As

explained in Sec.(3.3.4), only quadratic Hamiltonians preserve the Gaussian character. In

general any of those Hamiltonians may be written as

𝐻 =
∑︁
𝑖

𝑅𝑖𝐵𝑖 +
∑︁
𝑖,𝑗

𝑅𝑖𝑅𝑗𝑉𝑖,𝑗 = 𝐵R + RT𝑉R. (3.36)

For the sake of simplicity, we solely consider pure quadratic Hamiltonians, such that 𝐵 = 0;

linear terms typically do not appear in the Hamiltonians we are interested in.

The evolution of 𝛾(𝑡) in time is obtained starting from the evolution of the second

moments defined as

˙⟨𝑅𝑖𝑅𝑗⟩ ≡ Tr (𝑅𝑖𝑅𝑗 �̇�) = −iTr (𝑅𝑖𝑅𝑗 [𝐻, 𝜌]) . (3.37)

The operations to perform are straightforward

Tr (𝑅𝑖𝑅𝑗 [𝐻, 𝜌]) =Tr (𝑅𝑖𝑅𝑗𝐻𝜌−𝑅𝑖𝑅𝑗𝜌𝐻) = Tr (𝑅𝑖𝑅𝑗𝐻𝜌−𝐻𝑅𝑖𝑅𝑗𝜌) =

⟨[𝑅𝑖𝑅𝑗 , 𝐻]⟩ , (3.38)

where we have used the cyclic property of the trace. The commutator is then computed

using the definition of the Hamiltonian in terms of the quadratures

⟨[𝑅𝑖𝑅𝑗 , 𝐻]⟩ =

⟨⎡⎣𝑅𝑖𝑅𝑗 ,
∑︁
𝑙,𝑚

𝑅𝑙𝑅𝑚𝑉𝑙,𝑚

⎤⎦⟩ =
∑︁
𝑙,𝑚

𝑉𝑙,𝑚 ⟨[𝑅𝑖𝑅𝑗 , 𝑅𝑙𝑅𝑚]⟩ , (3.39)

we decompose the last commutator
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[𝑅𝑖𝑅𝑗 , 𝑅𝑙𝑅𝑚] = 𝑅𝑖 [𝑅𝑗 , 𝑅𝑙]𝑅𝑚 + 𝑅𝑖𝑅𝑙 [𝑅𝑗 , 𝑅𝑚] + [𝑅𝑖, 𝑅𝑙]𝑅𝑚𝑅𝑗 + 𝑅𝑙 [𝑅𝑖, 𝑅𝑚]𝑅𝑗 , (3.40)

and invoking the definition of the sympletic matrix

[𝑅𝑖𝑅𝑗 , 𝑅𝑙𝑅𝑚] = i𝑅𝑖Ω𝑗,𝑙𝑅𝑚 + i𝑅𝑖𝑅𝑙Ω𝑗,𝑚 + iΩ𝑖,𝑙𝑅𝑚𝑅𝑗 + i𝑅𝑙Ω𝑖,𝑚𝑅𝑗 . (3.41)

For the sake of brevity we introduce the matrix 𝛽𝑖,𝑗 = ⟨𝑅𝑖𝑅𝑗⟩ obtaining

�̇�𝑖,𝑗 =
∑︁
𝑙,𝑚

𝑉𝑙,𝑚 (𝛽𝑖,𝑚Ω𝑗,𝑙 + 𝛽𝑖,𝑙Ω𝑗,𝑚 + Ω𝑖,𝑙𝛽𝑚,𝑗 + 𝛽𝑙,𝑗Ω𝑖,𝑚) . (3.42)

The last expression is conveniently rearranged in matricial form as

�̇� = 𝛽𝑉 TΩT + 𝛽𝑉 ΩT + Ω𝑉 𝛽 + Ω𝑉 T𝛽 = 𝛽
(︀
𝑉 T + 𝑉

)︀
ΩT + Ω

(︀
𝑉 + 𝑉 T

)︀
𝛽. (3.43)

Equivalently, the equation for ⟨𝑅𝑗𝑅𝑖⟩ ≡ 𝛽T
𝑗,𝑖 is

�̇�T = Ω
(︀
𝑉 + 𝑉 T

)︀
𝛽T + 𝛽T

(︀
𝑉 T + 𝑉

)︀
ΩT. (3.44)

Combining the two last expressions we finally arrive to an equation for the covariance matrix

𝛾 = 1
2

(︀
𝛽 + 𝛽T

)︀

�̇� = 2 Ω𝑉 𝛾 + 𝛾2𝑉 ΩT. (3.45)

We remark that by construction 𝑉 = 𝑉 T; this condition is equivalent to the hermicity of the

Hamiltonian. Eq.(3.45) corresponds to the von Neumann equation for the density matrix.

It includes all the information that plays a relevant role in the dynamics of a given Gaussian

state under some unitary evolution. Certainly, Eq.(3.45) can be solved formally, still, since

in general we are interested on time dependent Hamiltonians, that is, time dependent 𝑉 (𝑡),

it turns out to be more convenient to treat directly Eq.(3.45).

Besides, many systems are not closed, so to consider a unitary evolution is not enough; we

aim also to describe open quantum systems. Thus, some modifications need to be performed
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in Eq.(3.45). The derivation of an evolution equation for 𝛾 when dealing with open system

dynamics is performed in the next section.

3.3.6 Derivation of dynamical equation for the covariance matrix. Open

evolution

May we have a system that is best described by a Lindblad master equation, then its density

matrix evolves according to

�̇� = −i [𝐻, 𝜌] +
∑︁
𝑖

𝛾𝑖𝐷(𝐴𝑖)𝜌. (3.46)

𝐷(𝐴𝑖)𝜌 ≡
(︂
𝐴𝑖𝜌𝐴

†
𝑖 −

1

2

{︁
𝐴†

𝑖𝐴𝑖, 𝜌
}︁)︂

(3.47)

In general, 𝐴𝑖 is an operator acting on the system and 𝛾𝑖 is certain rate associated with this

operator. For the sake of simplicity, we restrict our analysis to local operators such that

𝐴𝑖 ∈ {𝑎𝑖, 𝑎†𝑖}, with 𝑎𝑖,𝑎
†
𝑖 the bosonic annihilation and creation operators acting on the 𝑖-th

mode. We recall their relation with the quadratures operators as

𝑎
(†)
𝑖 =

1√
2

(︂
√
𝜔𝑖𝑥𝑖 ± i

1
√
𝜔𝑖

𝑝𝑖

)︂
, (3.48)

with 𝜔𝑖 the frequency associated with the 𝑖-th mode. The action of 𝐷
(︁
𝑎
(†)
𝑖

)︁
on 𝜌 may be

expressed in terms of the quadratures operators as

𝐷
(︁
𝑎
(†)
𝑖

)︁
𝜌 =

1

2

(︂
𝜔𝑖�̃� (𝑥𝑖, 𝑥𝑖)−

1

𝜔𝑖
�̃� (𝑝𝑖, 𝑝𝑖)± i�̃� (𝑥𝑖, 𝑝𝑖)∓ i�̃� (𝑝𝑖, 𝑥𝑖)

)︂
𝜌, (3.49)

where we have introduced an operator, �̃� (𝐴,𝐵), such that its action on the density matrix

reads

�̃� (𝐴,𝐵) 𝜌 = 𝐴𝜌𝐵 − 1

2
{𝐵𝐴, 𝜌}, (3.50)

which coincides with the standard Lindblad operator only when 𝐵 = 𝐴†. Within this notion,

we can express the whole Lindblad term acting on the density matrix as
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∑︁
𝑖

𝛾𝑖𝐷(𝐴𝑖)𝜌 ≡
∑︁
𝑖,𝑗

Γ𝑖,𝑗�̃� (𝑅𝑖, 𝑅𝑗) 𝜌, (3.51)

where R is the quadratures vector as introduced in Sec.( 3.3.3), and Γ𝑖,𝑗 is an adequate

matrix. Hence, the dynamical evolution of the covariance matrix is again determined by

˙⟨𝑅𝑖𝑅𝑗⟩ and

˙⟨𝑅𝑖𝑅𝑗⟩ ∝
∑︁
𝑙,𝑚

Γ𝑙,𝑚Tr
(︁
𝑅𝑖𝑅𝑗�̃� (𝑅𝑙, 𝑅𝑚) 𝜌

)︁
, (3.52)

with

Tr
(︁
𝑅𝑖𝑅𝑗�̃� (𝑅𝑙, 𝑅𝑚) 𝜌

)︁
= Tr

(︂
𝑅𝑖𝑅𝑗𝑅𝑙𝜌𝑅𝑚 −

1

2
𝑅𝑖𝑅𝑗𝑅𝑚𝑅𝑙𝜌−

1

2
𝑅𝑖𝑅𝑗𝜌𝑅𝑚𝑅𝑙

)︂
, (3.53)

which using the cyclic property of the traces yields

Tr
(︁
𝑅𝑖𝑅𝑗�̃� (𝑅𝑙, 𝑅𝑚) 𝜌

)︁
= ⟨𝑅𝑚𝑅𝑖𝑅𝑗𝑅𝑙⟩ −

1

2
⟨𝑅𝑖𝑅𝑗𝑅𝑚𝑅𝑙⟩ −

1

2
⟨𝑅𝑚𝑅𝑙𝑅𝑖𝑅𝑗⟩ . (3.54)

Now, bearing in mind that the different components of R do not commute but instead

𝑅𝑖𝑅𝑗 = iΩ𝑖,𝑗 + 𝑅𝑗𝑅𝑖, we can shuffle the last expressions

⟨𝑅𝑚𝑅𝑖𝑅𝑗𝑅𝑙⟩ = −Ω𝑚,𝑖Ω𝑗,𝑙 + iΩ𝑚,𝑖 ⟨𝑅𝑙𝑅𝑗⟩+ ⟨𝑅𝑖𝑅𝑚𝑅𝑗𝑅𝑙⟩ , (3.55)

⟨𝑅𝑖𝑅𝑗𝑅𝑚𝑅𝑙⟩ = iΩ𝑗,𝑚 ⟨𝑅𝑖𝑅𝑙⟩+ ⟨𝑅𝑖𝑅𝑚𝑅𝑗𝑅𝑙⟩ , (3.56)

⟨𝑅𝑚𝑅𝑙𝑅𝑖𝑅𝑗⟩ = iΩ𝑙,𝑖 ⟨𝑅𝑚𝑅𝑗⟩+ iΩ𝑚,𝑖 ⟨𝑅𝑙𝑅𝑗⟩+ iΩ𝑙,𝑗 ⟨𝑅𝑖𝑅𝑚⟩+ ⟨𝑅𝑖𝑅𝑚𝑅𝑗𝑅𝑙⟩ . (3.57)

We note that the term ⟨𝑅𝑖𝑅𝑚𝑅𝑗𝑅𝑙⟩ vanishes, and all the others may be rearranged into a

more compact form as

�̇� ∝ −ΩTΓTΩT + i
1

2

(︀
2 ΩTΓT𝛽 − 𝛽ΓΩT − ΩTΓ𝛽 − ΩTΓT𝛽 − 𝛽ΓTΩ

)︀
. (3.58)

Equivalently the equation for ⟨𝑅𝑗𝑅𝑖⟩ is
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�̇�T ∝ −ΩΓΩ + i
1

2

(︀
2𝛽TΓΩ− ΩΓT𝛽T − 𝛽TΓTΩ− 𝛽TΓΩ− ΩTΓ𝛽T

)︀
. (3.59)

And for the covariance matrix the equation reads

�̇�(𝑡) ∝ −1

2
Ω
(︀
Γ + ΓT

)︀
Ω + i

1

2

(︀
ΩT
(︀
ΓT − Γ

)︀
𝛾 − 𝛾

(︀
ΓT − Γ

)︀
Ω
)︀
, (3.60)

where we have used Ω = −ΩT.

Combining this result with the one obtained in Sec.(3.3.5) we arrive to

�̇� = 𝑀𝛾 + 𝛾𝑀T − 1

2
Ω
(︀
Γ + ΓT

)︀
Ω. (3.61)

𝑀 = Ω
[︀
2𝑉 − i

(︀
ΓT − Γ

)︀]︀
, (3.62)

where we recall that Γ is the matrix fixed by Eq.(3.51).

3.4 Regimes of validity; paradigmatic examples

Reached this point, we have introduced the HPA, which translates a system composed

by spins into a system composed by bosonic modes, together with the Gaussian states

formalism, which assists in the simulation of systems containing a large amount of bosonic

modes. In this section we finally join the two concepts applying them to some paradigmatic

examples previously treated in Chap.(2). These toy-models help us to meet the limits of

the HPA and, hence, the regimes or set-ups where one may use it. We recall that a formal

derivation of the regimes of validity of the HPA is out of the scope of our work, and here only

some phenomenological explanations are given. As we will shortly see, the limits derived

from this section are enough to justify the upcoming results in Part II.

3.4.1 HPA for stationary spins

We start with a simple system composed of two interacting spins, both stationary. The

physics regarding this scenario have been discussed through Sec.(2.3) of Chap.(2), so we

omit further explanations here. We recall that in the RWA the Hamiltonian of the system

may be written as
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𝐻 = Ω𝑆𝑧 + 𝜔′
N𝐼𝑧 + 𝑔𝑆+𝐼− + 𝑔*𝑆−𝐼+, (3.63)

which corresponds to Eq.(2.29). Using now the HPA we can translate Hamiltonian in

Eq.(3.63) into a Hamiltonian for a bosonic system that reads

𝐻 = Ω𝑎†𝑎 + 𝜔′
N𝑏

†𝑏 + 𝑔𝑎†𝑏 + 𝑔*𝑎𝑏†, (3.64)

where we have used the convention 𝑆+ = 𝑎†, which describes a spin polarized downwards as

an bosonic mode in its ground state. Further, we recall that the initial state corresponding

to the electronic and nuclear spin are taken

𝜌NV(0) =

⎛⎝ 0 0

0 1

⎞⎠ and 𝜌N(0) =

⎛⎝ 1
2 0

0 1
2

⎞⎠ ,

which within the HPA are translated into thermal states of population ⟨𝑛⟩NV = 0, ⟨𝑛⟩N = 1
2 ,

and hence

𝛾0,0 =
1

2
⟨{𝑥(0), 𝑥(0)}⟩ =

1

2

1

Ω
(1 + ⟨𝑛⟩NV) , (3.65)

𝛾2,2 =
1

2
⟨{𝑝(0), 𝑝(0)}⟩ =

1

2
Ω (1 + ⟨𝑛⟩NV) . (3.66)

Similar relations hold also for the mode corresponding to the nuclear spin. The dynamical

equation for the density matrix is simply

�̇� = 2Ω𝑉 𝛾 + 𝛾2𝑉 ΩT, (3.67)

with the 𝑉 matrix taking the following form

𝑉 = 1
2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ω Re(𝑔)
√︀

Ω𝜔′
𝑁 0 −Im(𝑔)

√︁
𝜔′
N
Ω

Re(𝑔)
√︀

Ω𝜔′
N 𝜔′

N Im(𝑔)
√︁

Ω
𝜔′
N

0

0 Im(𝑔)
√︁

Ω
𝜔′
N

1 Re(𝑔) 1√
Ω𝜔′

N

−Im(𝑔)

√︁
𝜔′
𝑁
Ω 0 Re(𝑔) 1√

Ω𝜔′
𝑁

1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
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Figure 3-1: Population evolution of a single NV center coupled to different nuclear

spins (orange lines) together with its HPA counterpart (blue lines). The systems
are ruled by Eqs.(3.69) where the number of nuclei, 𝑁 , is varied. (a) Population behavior
for a system composed of a single NV center and a single nucleus. The initial polarization is
continuously interchanged between the two under the action of flip-flop Hamiltonian. These
coherent oscillations are well captured within the HPA. (b-d) Population behavior for a
system composed of a single NV center and different number of nuclei. Again the initial
polarization is interchanged among all the spins/bosons, nevertheless, the HPA solely offers
a faithful description for short-times indicating that a later times correlations among spins
build up differently than in a boson system. Still, the oscillatory behavior and its frequency
are similar in both cases. {In the simulations it has been used Ω = 𝜔′

𝑁𝑖 = 10 MHz ∀𝑖, while
the values of 𝑔𝑖 has been randomly chosen from a normal distribution around 1 MHz with
1 MHz standard-deviation.}

The population of the NV center evolves accordingly to

𝑛(𝑡) =
1

2
− 1

2

1

Ω

(︀
Ω2𝛾0,0(𝑡) + 𝛾2,2(𝑡)

)︀
=

1

2
+

1

2

∆2 + |𝑔|2 cos2
(︁√︀

∆2 + |𝑔|2𝑡
)︁

∆2 + |𝑔|2
. (3.68)

where ∆ ≡ 1
2 (Ω− 𝜔′

N). As results evident already from the latter equation, the evolution

of the bosonic and spin systems obtained in Chap.(2) are equivalent. In fact, as the in-

teraction preserves the total number of excitations in the system, the Hilbert space of the

bosonic modes is effectively reduced and therefore it is expected to reproduce a spin system
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adequately.

This situation changes when considering more particles in the system. In fact, for a

system of 𝑁 spins, the Hamiltonian of the system under the RWA and its HPA counterpart

read

𝐻 = Ω𝑆𝑧 +
𝑁∑︁
𝑖=1

𝜔′
N𝑖𝐼

𝑖
𝑧 +

𝑁∑︁
𝑖=1

𝑔𝑖𝑆+𝐼
𝑖
− + 𝑔*𝑖 𝑆−𝐼

𝑖
+, (3.69)

𝐻 = Ω𝑎†𝑎 +

𝑁∑︁
𝑖=1

𝜔′
N𝑖𝑏

†
𝑖𝑏𝑖 +

𝑁∑︁
𝑖=1

𝑔𝑖𝑎
†𝑏𝑖 + 𝑔*𝑖 𝑎𝑏

†
𝑖 . (3.70)

For the sake of simplicity, we have assumed that different spins do not interact among

each other. The evolution of the population of the electronic spin is depicted in Fig.(3-1).

The HPA satisfactorily reproduces the dynamical behavior for short times while for long

times only the qualitative behavior of the spin system is captured within the HPA. That

is, the dynamics of a bosonic system and a spin system diverge from each other when the

correlations among the different particles in the system acquire a major role. Still, the HPA

adequately predicts the time scale where the dynamics are taking place and also their major

features.

3.4.2 HPA for moving spins

After the static case, we focus into the evolution dynamics arising from a system of two

stochastically moving particles. Hence, we recall the result obtained in Sec.(2.4) of Chap.(2),

where the hyperfine coupling between the electronic and nuclear spin was modeled as an

OU process with zero mean. The dynamical equations that were derived for that case read

⎛⎝ ˙⟨𝑛⟩(𝑡)
˙⟨𝑛N⟩(𝑡)

⎞⎠ =
1

4

⎛⎝− (𝛾𝑥(0) + 𝛾𝑥(2 Ω) + 𝛾𝑧(Ω)) (𝛾𝑥(0)− 𝛾𝑥(2 Ω))

(𝛾𝑥(0)− 𝛾𝑥(2 Ω)) − (𝛾𝑥(0) + 𝛾𝑥(2 Ω))

⎞⎠⎛⎝ ⟨𝑛⟩ (𝑡)

⟨𝑛N⟩ (𝑡)

⎞⎠+

1

4

⎛⎝ 𝛾𝑥(2 Ω) + 1
2𝛾𝑧(Ω)

𝛾𝑥(2 Ω)

⎞⎠ (3.71)

We recall, the Hamiltonian of the spin system is expressed as
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𝐻 = Ω𝑆𝑧 + 𝜔N𝐼𝑧 +

(︂
𝑔(𝑡)𝑆+𝐼− + 𝑔*(𝑡)𝑆+𝐼+ +

1

2
𝐴𝑧(𝑡)𝑆+𝐼𝑧 + H.c.

)︂
. (3.72)

where 𝑔(𝑡) is the OU process. Performing now the HPA we obtain

𝐻 = Ω𝑎†𝑎 + 𝜔N𝑏
†𝑏 +

(︂
𝑔(𝑡)𝑎†𝑏 + 𝑔*(𝑡)𝑎†𝑏† +

1

2
𝐴𝑧(𝑡)𝑎

†𝑏†𝑏 + H.c.

)︂
. (3.73)

We note, the last term in the bosonic Hamiltonian is proportional to 𝑎†𝑏†𝑏, which means

that the Hamiltonian is not quadratic and thus, as discussed in Sec.(3.3.4), it does not

preserve the Gaussian character of the initial state. Aiming to perform a calculation based

on Gaussian states, we assume that we can neglect the non-quadratic terms. The validity

of this assumption is justified at the end of the current calculations.

Following an identical derivation as the one performed in Chap.(2), we arrive to the

following dynamical equation

⎛⎝ ˙⟨𝑛⟩(𝑡)
˙⟨𝑛N⟩(𝑡)

⎞⎠ =
1

4

⎛⎝− (𝛾𝑥(0)− 𝛾𝑥(2 Ω)) (𝛾𝑥(0) + 𝛾𝑥(2 Ω))

(𝛾𝑥(0) + 𝛾𝑥(2 Ω)) − (𝛾𝑥(0)− 𝛾𝑥(2 Ω))

⎞⎠⎛⎝ ⟨𝑛⟩ (𝑡)

⟨𝑛N⟩ (𝑡)

⎞⎠+

1

4

⎛⎝ 𝛾𝑥(2 Ω)

𝛾𝑥(2 Ω)

⎞⎠ (3.74)

With a simple comparison with Eq.(3.71) we observe that besides the absence of the term

proportional to 𝛾𝑧(Ω), also the term corresponding to the flip-flip interaction, 𝛾𝑥(2 Ω), leads

to an unwanted result. Of course, both 𝛾𝑧(Ω) and 𝛾𝑥(2 Ω) have their origin in interactions

that do not conserve the total amount of excitations in the system. Hence, the bosonic

mode in the HPA does not represent an effective two-level since higher energetic levels may

be populated depending on the Hamiltonian parameters.

We can therefore conclude that only when 𝛾𝑥(0) ≫ 𝛾𝑥(2 Ω), 𝛾𝑧(Ω), the HPA leads to a

faithful description of the system dynamics. That is, when excitation conserving interactions

are more relevant than non-excitation conserving ones, such as flip-flip or dephasing. In fact,

this concept applies in general to the HPA; not only when referring to stochastically moving

particles. We have not encountered the same phenomenon before since for static spins we

focus in regimes where the RWA is valid.

Still, it is worth to notice that provided that, 𝛾𝑥(0) ≫ 𝛾𝑥(2 Ω), 𝛾𝑧(Ω), the dynamics
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Figure 3-2: Population evolution of a single NV center (blue line) interacting

with a single moving nuclear spin (orange line) under the HPA, Eqs.(3.74).
(a) Population interchange in a regime where flip-flop interactions dominate over flip-flip,
𝛾𝑥(0)≫ 𝛾𝑥(2 Ω), 𝛾𝑧(Ω). By effect of the flip-flop processes, the population of the NV center
thermalizes with the population of the nucleus. Eventually this thermalization is disturbed
at long times by effect of some non-vanishing flip-flip contributions. (b) Population inter-
change in a regime where flip-flop interactions are comparable with flip-flip interactions,
𝛾𝑥(0) ≈ 𝛾𝑥(2 Ω) ≫ 𝛾𝑧(Ω). By effect of flip-flip interaction the population of both the NV
center and nucleus grow continuously. In this case the HPA does not yield an accurate
result.

followed by a spin system and its HPA counterpart are highly similar as can be seen in

Fig.(3-2) when compared to Fig.(2-3). May be noticed that as seen in Fig.(3-2), the flip-flip

term in the bosonic Hamiltonian does not conserve the total population in the system and

hence, the population may diverge at long times.

In certain cases, we may be interested not in the outcome of certain numerical simulations

but rather in creating a certain effective model. For instance, this is the case when dealing

with longitudinal relaxation on the electronic spin. How to adapt the HPA to correctly

reproduce this kind of behavior is the aim of the following paragraph.

Relaxation of the bosonic system

As explained in Chap.(1), one of the principal limiting factors when operating with spins

under a continuous driving is the relaxation time in the rotating frame, 𝑇1𝜌. Following

the results of the latter section, it can be seen that a direct translation of the Lindblad

operators using the HPA will fail when describing relaxation in a bosonic system. Therefore,

an effective master equation that mimics 𝑇1𝜌 processes in bosonic systems is desirable. Such

a description is obtained by including a dissipative part as (see App.(B))
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�̇� = −i [𝐻, 𝜌] +
1

𝑇1𝜌

(︂
3

2
𝐷(𝑎) +

1

2
𝐷
(︁
𝑎†
)︁)︂

𝜌, (3.75)

where 𝜌 is the density matrix of the whole bosonic system, and𝐷(𝑎), 𝐷
(︀
𝑎†
)︀
are the Lindblad

dissipators on the creation and annihalition operators. The evolution of the covariance

matrix, 𝛾, under the action of such a master equation is given by

�̇� = 𝑀𝛾 + 𝛾𝑀T − 1

2
Ω
(︀
Γ + ΓT

)︀
Ω +

1

2

1

𝑇1𝜌
[∆− {∆, 𝛾}] . (3.76)

where ∆𝑖,𝑗 = 𝛿0,𝑖𝛿0,𝑗 is a matrix that indicates the action of 𝑇1𝜌 solely affects to a certain

spin/bosonic mode (labeled as 0). In addition to quadratic Hamiltonians, a Lindblad equa-

tion of the form of Eq.(3.75) also maintains the Gaussian character of an initial Gaussian

state [76]. So we can include longitudinal relaxation processes when computing the electron

spin dynamics within a HPA approach.

3.5 Conclusion

This chapter has served to present two different techniques widely used in condensed matter

physics and quantum optics, namely, the Holstein-Primakoff transformation and the Gaus-

sian state formalism. The former offers the possibility to describe a spin system as a bosonic

system, while the latter is extensively used when treating certain bosonic systems under the

influence of quadratic Hamiltonians. Under given conditions, the bosonic system obtained

from the Holstein-Primakoff mapping can be further simplified aiming to arrive to what we

have called the HPA. Within this approximation, a bosonic mode satisfactorily describes a

spin provided that during its evolution only the lowest energetic levels play a role. More-

over, a dipole-dipole interaction Hamiltonian is quadratic within the HPA and hence we can

benefit from all the tools that the Gaussian states formalism provides.

Furthermore, we have seen that the validity conditions of the HPA are rather flexible

and even if a given bosonic system does not reproduce exactly the inherent dynamics of a

spin system offers a qualitative prediction that may reinforce a parallel theoretical analysis.

This is why, combining the Gaussian states formalism with the HPA grants us not only

a powerful simulation technique, but also a simple and easy scalable formalism that gives

us an insight into highly complicated dynamics not explorable in the absence of a suitable
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approximation; none available method can provide an exact solution to the evolution.
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Chapter 4

Towards hyperpolarization of organic

molecules

Chapter 4 has been partially adapted1 from [1] with permission from Nano Lett. 18,3,

1882-1887 (2018). Copyright 2018 American Chemical Society.

Overview

Nuclear magnetic resonance (NMR) and magnetic resonance imaging (MRI) are tools of

capital role in numerous fields ranging from biology to medicine or material science. The

resolution of both techniques is limited by the nuclear spin polarization of the investigated

sample, which for protons in a moderate-high magnetic field and at room temperature does

not exceed 10−5, making the resolution of NMR/MRI poor.

Hyperpolarization methods have been developed in the last decades with the aim of

increasing the nuclear polarization by several orders of magnitude and thus, also the res-

olution of NMR/MRI. Among all hyperpolarization protocols, one of the most remarkable

consists of using dynamic nuclear polarization (DNP), which transfers the polarization of

electron spins towards a suitable nuclear spin bath. Commonly used DNP is limited by the

equilibrium thermal polarization of the electron spin, which for NMR/MRI conditions only

offers a 100-fold polarization increase or requires cryogenic temperatures. In this framework,

the NV center in diamond has arisen as candidate for overcoming this limitation.

1Sections 4.1,4.2,4.4,4.6 and 4.7 have been slightly edited. Sections 4.3 and 4.5 have been extended with
further explanations. All the results derived in this Chapter can also be found in [1].
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Even at room temperature, NV centers in diamond can be optically polarized permitting

non-equilibrium polarization transfer that in contrast with equilibrium schemes may offer

more than 1000-fold polarization enhancement. However, hyperpolarization with NV cen-

ters presents different challenges. One of the most prominent challenges to overcome is the

minute dipolar coupling between the NV center spin and relatively distant nuclear spins. In

this direction, remarkable progress has been achieved for polarization of stationary nuclear

baths inside diamond and, furthermore, it has been demonstrated that nuclear baths exter-

nal to the diamond are also suitable for hyperpolarization. Nonetheless, most interesting

scenarios for NMR and MRI imply liquid samples at room temperature which, hence, are

not stationary. In these cases, polarization mechanisms are not well understood and even

successful polarization transfer has not been yet demonstrated.

We develop a wide theoretical framework that explains polarization transfer to organic

molecules undergoing thermal motion in liquid solution for non-equilibrium DNP using NV

centers in bulk diamond. Our theoretical findings predict the polarization dynamics in var-

ious plausible scenarios, including NV centers implanted at different depths or molecules

with different diffusive properties. The method that we introduce in our work allows for the

polarization rate and efficiency to be determined using few measurable parameters related

with the specific sample. This theoretical framework is supported by extensive numerical

work in which we have computed dynamical behavior of large spin systems. The numerical

simulations are based on bosonization techniques that are proven to be faithful in our regime

of interest and give an insight into some details of the dynamics that are not captured by

our theory. All our predictions, both theoretical and numerical, are supported by experi-

mental measurements. The extraordinary agreement among the three approaches, without

adjustable parameters, confirms the correctness of the theoretical methods and provides,

for the first time, evidence of polarization transfer from the NV center to a diffusive liquid.

These results prepare the ground for more efficient hyperpolarization protocols that will

dramatically increase the NMR/MRI resolution. In addition, our theory is general, without

adjustable parameters and not restricted to NV centers or organic samples.
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4.1 Introduction

The electronic spin of an NV center may be polarized optically, as it has been explained

in detail in Chap.(1). In fact, it can acquire a significant polarization (over 92%) by op-

tical pumping without need of low temperatures nor high magnetic fields [83]. The entire

polarization process can be achieved within microseconds while the longitudinal relaxation

time for a shallow NV center in bulk diamond is in the order of milliseconds. Moreover,

the acquired polarization can be transferred to other spins using, for instance, continuous

driving on the NV center (see Chap.(2)). All the mentioned characteristics make the NV

center as an ideal candidate for DNP.

Specifically, DNP consists in the transfer of polarization from electronic to nuclear spins

via their dipolar coupling. A prominent application of DNP is the combination with NMR.

In fact, NMR is a fundamental tool in the biomedical sciences [84, 85] whose sensitivity is

proportional to the nuclear polarization of the sample. To obtain a high NMR resolution,

hyperpolarized samples, in which the polarization of the different nuclear spins exceed its

thermal value by several orders of magnitude, are strongly desirable. Thus, using DNP

has been the route for achieving hyperpolarization of nuclear molecules over the last years.

However, current commercially available techniques require cryogenic temperatures to first

polarize the electronic spin. This restricts the application for samples that can not be cooled

to low temperatures. For instance, NMR experiments in biological systems usually require

high temperatures to be performed, and thus a DNP method suitable to work at room

temperature is preferable. Therefore, this chapter is devoted to non-equilibrium DNP with

NV centers at room temperature.

Over the last year, special interest has been paid to hyperpolarization of molecules in

solution [86, 87, 88, 89, 90]. Due to the molecular motion, the anisotropic interaction between

the electron and the target spins averages out. Consequently, cross-relaxation mechanisms

are commonly used in polarization of liquids at ambient conditions, since common methods

developed for DNP of stationary spins such as the solid effect [91, 92] are less efficient.

In this work, we demonstrate that the polarization loss from a single, shallowly implanted

NV center can be understood as the result of a polarization transfer toward H nuclei in

surrounding oil molecules. As the NV center is several nanometers away from the diffusing

molecules and oil exhibits high viscosity at room temperature, the nuclei diffuse in and out
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of the NV center interaction region in a time scale comparable with the interaction strength.

This results in an increase of the polarization rate ans enables resonant transfer [87]. We use

the Hartmann-Hahn double resonance (HHDR) scheme [41], where the electron spin is driven

with a Rabi frequency that matches the Larmor frequency of diffusive nuclei. Consequently,

the interaction between the NV center and the H nuclei is strengthened due to the resonance,

while the effects of noise sources on the NV center are weakened. Thus, the HHDR scheme

serves as a continuous dynamical decoupling (CDD) protocol [48, 49, 50, 24, 23, 51, 52, 53, 54]

allowing us to polarize the specified nuclear species efficiently. In fact, HHDR has been used

to successfully hyperpolarize nuclear spins inside diamond [31, 55, 56]. Also, the HHDR

scheme is limited by the relaxation time in the rotating frame, 𝑇1𝜌, (See Chap.(1)), which

typically is long enough to allow the desired manipulation of the NV center.

This chapter is organized as follows: First the Hamiltonian describing the interaction

between the NV center spin and a bath of 𝑁 diffusive nuclear spins is revised. We then derive

an analytical solution for the polarization loss of the NV center. In order to compare the

theoretical prediction to a robust numerical simulation and due to the fact that large spin

baths can not be fully simulated we employ the HPA [93], which considers spins as bosons

and allows us to perform an efficient numerical implementation as motivated in Chap.(3).

Finally, we validate our theoretical findings by performing experiments with two different

shallow NV centers that interact with the oil molecules. The excellent agreement between

theory and experimental data supports that the polarization loss of the NV center in one

single cycle is best explained by a polarization transfer to the oil molecules.

4.2 System description

For our hyperpolarization routine, we propose DNP with NV centers in bulk diamond. The

choice of bulk diamond increases the probability of finding an NV center with long enough

coherence and relaxation times, which is crucial for an adequate manipulation. The NV

center is located at distance 𝑧0 bellow the diamond surface. We restrict our study to shallow

NV centers, where typically 𝑧0 ≈ 3 − 5 nm. Since the dipolar coupling strength between

the NV center and the nuclei drastically depends on distance, the choice of a shallow NV

center facilitates a sufficiently large coupling. However, magnetic noise induced by the free

electronic radicals sitting on the diamond surface, has a detrimental effect on the NV center
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Figure 4-1: Schematic set-up for hyperpolarization of oil molecules with shallow

NV centers in bulk diamond and important parameters. (a) The NV center is
located at a distance 𝑧0 beneath the diamond surface. The quantization axis of the NV
center coincides with the [1, 1, 1] direction inside the diamond lattice. The oil is deposited
on top of the diamond. The H spins in the oil molecules move stochastically with a diffusion
coefficient 𝒟oil, by means of this motion they diffuse in and out the detection volume (blue
semi-sphere). Only the 𝑁 spins inside the volume (in green) are considered, while the
interaction with outer spins (in grey) is neglected. (b) Spin-locking sequence applied to
measure the NV center polarization loss as explained in Chap.(1). The NV center is initially
polarized and read-out using a green-laser pulse. During the microwave driving time, 𝑡,
the NV center interacts with the nuclear spins. (c) Energy levels of the NV center. In the
absence of magnetic field the NV center is a spin−1 system with projections 𝑚𝑠 = 0,±1.
Degeneracy between 𝑚𝑠 = ±1 levels is lifted by applying an external magnetic filed, 𝐵,
parallel to the NV center axis. The transition between 𝑚𝑠 = 0 and 𝑚𝑠 = −1 is driven with
a microwave field inducing a Rabi frequency Ω which matches the nuclear Larmor frequency
𝜔N = 𝛾N𝐵 permitting polarization transfer. This figure has been first published in [1].

properties and hence, the optimal depth for the NV center results in a compromise between

the coupling strength and this magnetic noise (See Chap.(1) and [32] for further discussions

on noise).

On top of the diamond surface, immersion oil containing the protons is deposited. The

dimensions of the oil sample are mesoscopic, that is the volume of oil is large when compared

to the spatial scale of an NV center (usually nm), thus, it contains numerous H nuclei. This

will become a key factor when developing the consequent theory since the oil will act as

an infinite reservoir of protons. The set-up is depicted in Fig.(4-1.a). Further, at room
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temperature, the oil molecules move stochastically describing a thermal Brownian motion.

Such a dynamical behavior is characterized by the diffusion coefficient 𝒟oil, which gives rise

to the existence of a finite correlation time, 𝜏𝑐, for the electron-nuclear interaction [94, 95].

Also, the correlation time directly depends on both the diamond and the oil samples since

as explained in App.(D), 𝜏𝑐 ≈ 𝑧20𝒟oil
−1.

The effects of stochastically moving spins on the NV center have been already explained

in Chap.(2). The presence of such a motion represents the major difference between liquid

and solid DNP. In fact, in solid DNP at HHDR condition, flip-flop transitions (responsible

for the polarization transfer) predominate over flip-flip processes (depolarization); due to a

significant energy mismatch, flip-flip transitions are forbidden when the electronic-nuclear

coupling is weak, hence a net polarization transfer occurs. This is not the case for liquid

samples, since the thermal energy associated with the stochastic motion may account for the

energy mismatch even when the resonance condition is fulfilled and thus the advantage of

flip-flop over flip-flip processes is suppressed. Indeed, the figure of merit when dealing with

liquid samples is 𝜒 ≡ 𝜔N𝜏𝑐 (see Chap.(2) and [87]), where 𝜔N is the Larmor frequency of the

nuclei. 𝜒 relates the timescale of the motion, 𝜏𝑐, and the natural timescale of the nuclear

spin 𝜔−1
N . For example, when dealing with strongly diffusing molecules (such as water) and

moderate magnetic fields, 𝜒≪ 1, that is, the effective interaction time is shorter than 𝜔−1
N .

In this regime, the flip-flip transitions compensate the with flip-flop interaction, even when

HHDR conditions is perfectly matched, hence, no net polarization is achieved. Keeping

the Larmor frequency constant, this situation may be reserved either by using deeper NV

centers (increasing 𝑧0) or by employing more viscous liquid samples (decreasing 𝒟). Both

variations lead to larger 𝜏𝑐 and eventually the regime where 𝜒≫ 1 is reached. In particular

for shallow NV centers (𝑧0 ≈ 3− 5 nm) and oil at room-temperature (𝒟oil = 0.5 nm2𝜇𝑠−1),

we attain 𝜒 ≫ 1. Therefore, once the HHDR condition is achieved, flip-flip transitions

are suppressed by fast rotations so that in the presence of flip-flop transitions an efficient

polarization transfer from the electronic spin to the H nuclei is expected. That is in close

analogy to the mechanisms that occur in solid DNP.
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4.3 Spin model

The Hamiltonian that describes the desired system has been presented in Chap.(2). We

consider a single NV center, interacting with 𝑁 diffusive nuclear spins−1/2. In the secular

approximation, this interaction is described by 𝐻int = 𝜎𝑧
∑︀

𝑖A
𝑖(𝑡)I𝑖, where 𝜎𝑧 is the spin−1

operator of the NV center, with projections |𝑚𝑠 = 0,±1⟩, I𝑖 is the spin operator of the 𝑖𝑡ℎ

nucleus and A𝑖(𝑡) is the hyperfine vector between them [31]. In the presence of an external

magnetic field B, the NV center is further driven by a microwave field resonant to the

|0⟩ ↔ |−1⟩ transition, creating an effective two-level system with an energy splitting equal

to Ω, normally called Rabi frequency. Moreover, the nuclear spins precess at a frequency is

𝜔N = 𝛾N|B|, with 𝛾N the nuclear gyromagnetic ratio; 𝜔N is denoted Larmor frequency. The

magnetic field generated by the driven NV center perturbs the external field acting on the

nuclear spins, hence 𝜔N fluctuates due to this effect; still these fluctuations are small when

compared to |𝛾N𝐵| and thus neglected. Polarization transfer occurs at the HHDR condition,

Ω = 𝜔N. In the dressed-state basis for the NV center, |±⟩ = 1√
2

(|0⟩ ± |−1⟩) and assuming

𝜒 = 𝜏𝑐𝜔N ≫ 1 in our setup, we find the effective Hamiltonian (~ = 1)

𝐻 = Ω𝑆𝑧 +
𝑁∑︁
𝑖=1

𝜔N𝐼
𝑖
𝑧 +

𝑁∑︁
𝑖=1

(︂
𝑔𝑖(𝑡)𝑆+𝐼

𝑖
− + 𝑔*𝑖 (𝑡)𝑆+𝐼

𝑖
+ +

1

2
𝐴𝑖

𝑧(𝑡)𝑆+𝐼𝑧 + H.c.

)︂
, (4.1)

with 𝑆𝑧 = 1
2 (|+⟩ ⟨+| − |−⟩ ⟨−|), and the coupling strength 𝑔𝑖(r𝑖(𝑡)) ≡ 𝑔𝑖(𝑡) = 1

4

(︀
𝐴𝑖

𝑥(𝑡) + i𝐴𝑖
𝑦(𝑡)

)︀
,

where r𝑖(𝑡) is the relative distance between the NV and the 𝑖𝑡ℎ nucleus, and 𝐴𝑖
𝛼(𝑡) are the

different components of the hyperfine vector A𝑖(𝑡). Note that, 𝑔𝑖(𝑡) is a stochastic variable

with certain correlation time 𝜏𝑐.

4.3.1 Master equation derivation

A master equation for the evolution of the global system can be derived following the same

lines described in Chap.(2). Still, as the generalization of the results obtained in the men-

tioned chapter is not completely evident, we devote this section to outline the differences

that arise when the derivation must be performed for a multiparticle system.

We start from the Hamiltonian, in Eq.(4.1). The Hamiltonian may be split into a

stochastic and a determistic parts, such that in the interaction picture with respect to the
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energy Hamiltonian,

𝐻𝜔 = Ω𝑆𝑧 +

𝑁∑︁
𝑖=1

𝜔𝑁𝐼𝑖𝑧, (4.2)

we obtain

�̃�0(𝑡) =
𝑁∑︁
𝑖=1

(︂
⟨𝑔⟩𝑖 𝑆+𝐼

𝑖
− + ⟨𝑔⟩*𝑖 𝑆+𝐼

𝑖
+𝑒

+i2Ω𝑡 +
1

2
⟨𝐴𝑧⟩𝑖 𝑆+𝐼𝑧𝑒

+iΩ𝑡 + H.c.

)︂
, (4.3)

�̃�1(𝑡) =

𝑁∑︁
𝑖=1

(︀
𝜉𝑖(𝑡)𝑆+𝐼

𝑖
− + 𝜉𝑖(𝑡)

*𝑆+𝐼
𝑖
+𝑒

+i2Ω𝑡 + 𝜒𝑖(𝑡)𝑆+𝐼𝑧𝑒
+iΩ𝑡 + H.c.

)︀
. (4.4)

Where we have assumed HHDR to be fulfilled, Ω = 𝜔N. Also, we have defined the average

coupling and the fluctuations around the average as

⟨𝑔⟩𝑖 =

∫︁
𝑉
𝑔𝑖(r𝑖(𝑡))𝜌r𝑖𝑑r𝑖 =

1

𝑉

∫︁
𝑉
𝑔𝑖(r𝑖(𝑡))𝑑r𝑖, (4.5)

𝜉𝑖(𝑡) = ⟨𝑔⟩𝑖 − 𝑔𝑖(r𝑖(𝑡)) =
1

4

(︀
𝜉𝑖𝑥(𝑡) + i𝜉𝑖𝑦(𝑡)

)︀
, (4.6)

where the dependece of 𝑔𝑖(𝑡) on the relative position r𝑖 is made explicit. Also, the fluctuations

𝜉𝑖(𝑡) of the coupling strength, 𝑔𝑖(𝑡), might be expressed in terms of the fluctuations of the

hyperfine vector, 𝜉𝑖𝛼(𝑡), with 𝛼 ∈ {𝑥, 𝑦}. Further, we have introduced the probability density

of position 𝜌r that represents the probability of certain particle to be at position r at certain

time. For homogeneous Brownian motion within a volume 𝑉 , it is 𝜌r𝑖 = 1/𝑉 [38]. Similar

relations also hold for ⟨𝐴𝑧⟩ and 𝜒𝑖(𝑡),

⟨𝐴𝑧⟩𝑖 =

∫︁
𝑉
𝐴𝑖

𝑧(r𝑖(𝑡))𝜌r𝑖𝑑r𝑖 =
1

𝑉

∫︁
𝑉
𝐴𝑖

𝑧(r𝑖(𝑡))𝑑r𝑖, (4.7)

𝜒𝑖(𝑡) = ⟨𝐴𝑧⟩𝑖 −𝐴𝑖
𝑧(r𝑖(𝑡)), (4.8)

Here we denote the average over all possible stochastic trajectories by ⟨·⟩. Further-

more, we assume that each nucleus moves independently, that is, all the particles describe

independent Brownian trajectories, which translates into
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⟨𝑔⟩𝑖 = ⟨𝑔⟩𝑗 ≡ ⟨𝑔⟩ ∀𝑖, 𝑗. (4.9)⟨︀
𝜉𝑖(𝑡

′)𝜉𝑗(𝑡)
⟩︀

=
⟨︀
𝜉𝑖(𝑡

′)𝜉𝑖(𝑡)
⟩︀
𝛿𝑖,𝑗 . (4.10)

Now that the motion is properly characterized, we proceed to derive the master equation

for the average density matrix, ⟨𝜌⟩ (𝑡) starting from the von Neumman equation for 𝜌(𝑡) as

�̇�(𝑡) = −i [𝐻(𝑡), 𝜌(𝑡)] , (4.11)

which in the interaction picture with respect to 𝐻𝜔 reads

˙̃𝜌(𝑡) = −i
[︁
�̃�0 + �̃�1(𝑡), 𝜌(𝑡)

]︁
≡ (ℒ0 + ℒ1(𝑡)) 𝜌(𝑡), (4.12)

where we introduced the Lioville superopetor that by definition acts as, ℒ𝛼· ≡ −i
[︁
�̃�𝛼, ·

]︁
.

We recall that due to a RWA the non-stochastic Hamiltonian might be considered time-

independent in our regime since

�̃�0(𝑡) ≈
𝑁∑︁
𝑖=1

(︀
⟨𝑔⟩𝑆+𝐼

𝑖
− + H.c.

)︀
. (4.13)

The solution of Eq.(4.11) has been given in Chap.(2) as

𝛿

𝛿𝑡
⟨𝜌⟩ (𝑡) =

[︂
ℒ0 +

∫︁ 𝑡

0
⟨ℒ1(𝑡)ℒ1(𝑡− 𝜏)⟩ 𝑑𝜏

]︂
⟨𝜌⟩ (𝑡). (4.14)

We recall that this expression is a second order approximation in which terms of order

⟨ℒ1(𝑡1)ℒ1(𝑡2)ℒ1(𝑡3)⟩ have been neglected. This is valid exclusively for times 𝑡≪ 𝜏𝑐/(𝑁
⟨︀
𝜉3
⟩︀
𝜏3𝑐 ).

The conditions of the validity and a numerical check are offered at the end of the current

section. The final master equation back in the Schrödinger picture reads
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𝛿

𝛿𝑡
⟨𝜌⟩ (𝑡) =− i [𝐻0, ⟨𝜌⟩ (𝑡)] +

1

4
𝛾𝑥(0, 𝑡)

𝑁∑︁
𝑖=1

[︀
𝐷(𝑆+𝐼

𝑖
−) + 𝐷(𝑆−𝐼

𝑖
+)
]︀
⟨𝜌⟩ (𝑡)

+
1

4
𝛾𝑥(2Ω, 𝑡)

𝑁∑︁
𝑖=1

[︀
𝐷(𝑆+𝐼

𝑖
+) + 𝐷(𝑆+𝐼

𝑖
+)
]︀
⟨𝜌⟩ (𝑡)

+
1

2
𝛾𝑧(Ω, 𝑡)

𝑁∑︁
𝑖=1

[︀
𝐷(𝑆𝑧𝐼

𝑖
+) + 𝐷(𝑆𝑧𝐼

𝑖
−)
]︀
⟨𝜌⟩ (𝑡) +

𝑁

16
iΩ̃𝑧(Ω) [𝑆𝑧, ⟨𝜌⟩ (𝑡)] , (4.15)

where 𝐷(·) denotes the Lindblad superoperator, whose action is defined as

𝐷(𝐴)· = 𝐴 ·𝐴† − 1

2

{︁
𝐴†𝐴, ·

}︁
, (4.16)

with 𝐴 a given operator. We have further introduced

𝛾𝛼(𝜔, 𝑡) =

∫︁ 𝑡

0

⟨︀
𝜉𝑖𝛼(𝜏)𝜉𝑖𝛼(0)

⟩︀
cos (𝜔𝜏) 𝑑𝜏, (4.17)

Ω̃𝛼(𝜔, 𝑡) =

∫︁ 𝑡

0

⟨︀
𝜉𝑖𝛼(𝜏)𝜉𝑖𝛼(0)

⟩︀
sin (𝜔𝜏) 𝑑𝜏. (4.18)

We remark that in Eq.(4.15) the Lindblad contributions arising from the different nuclei

are independent since by definition the motion of the nuclei is not correlated. Now, a net

polarization transfer is only possible if the flip-flop induced relaxation predominates over

all the other effects (See Chap.(2)). That is, 𝛾𝑥(2Ω, 𝑡)/𝛾𝑥(0, 𝑡) ≪ 1. For a Lorentzian

spectral density this condition translates into 𝜒 ≡ Ω𝜏𝑐 ≫ 1. In our set-up 𝜏𝑐 ≈ 10𝜇s,

Ω = 𝜔N = 2.8 MHz, so 𝑆(2Ω)/𝑆(0) ≈ 10−4, hence flip-flip terms can be neglected. In fact,

following similar calculations, other relaxations mechanisms related to Hamiltonian terms

such as 𝑆±𝐼
𝑖
𝑧 or I⊗ I𝑖, may be neglected as well when Ω𝜏𝑐 ≫ 1.

Taking all mentioned conditions into account, the effective master reads

𝜕

𝜕𝑡
⟨𝜌⟩ (𝑡) = ˙⟨𝜌⟩(𝑡) = −i [𝐻0, ⟨𝜌⟩ (𝑡)] +

1

4
𝛾(𝑡)

𝑁∑︁
𝑖=1

𝐷
(︀
𝑆+𝐼

𝑖
−
)︀
⟨𝜌⟩ (𝑡) + 𝐷

(︀
𝑆−𝐼

𝑖
+

)︀
⟨𝜌⟩ (𝑡), (4.19)

which is a master equation in Lindblad form with a single time dependent coefficient

𝛾𝑥(0, 𝑡) ≡ 𝛾(𝑡). The action of Eq. (4.19) is well understood. There are two main con-

tributions. On the one hand, a Hamiltonian part, 𝐻0, whose principal effect is a coherent
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transfer of polarization between the NV center and the nuclear spins. On the other hand,

the Lindbladian term that generates an irreversible polarization transfer towards the nuclei

caused by the stochastic motion.

Coherent transfer

In order to obtain a closed equation for the population transfer, we first analyze the coherent

part of the dynamics ruled by 𝐻0. This will allow us to perform a Born approximation that

will simplify further calculations in the following. First, we take a look at the form of 𝐻0,

𝐻0 = Ω𝑆𝑧 +
𝑁∑︁
𝑖=1

𝜔N𝐼
𝑖
𝑧 +

𝑁∑︁
𝑖=1

⟨𝑔⟩𝑆+𝐼
𝑖
− + ⟨𝑔⟩* 𝑆−𝐼

𝑖
+. (4.20)

It corresponds to the Hamiltonian of a single NV center interacting with a solid bath of 𝑁

nuclear spins, all of them with the same energy splitting 𝜔N and the same coupling strength

⟨𝑔⟩. This configuration is normally called spin star system or central spin model. From

this picture, the electronic spin may be thought as interacting with a collective spin mode,

formed by the nuclear spin bath, at a rate | ⟨𝑔⟩ |
√
𝑁 [96, 97].

Moreover, this effective collective rigid bath is composed by the 𝑁 spins that are enclosed

in the NV interaction volume 𝑉 . As the nuclei diffuse rapidly through the whole space, we

assume that they only spend a characteristic time 𝜏B inside 𝑉 . This 𝜏B may be seen as the

time that a particle needs to leave the interaction volume and thus, being replaced by some

other particle. Therefore, the coherent evolution caused by 𝐻0 takes place in a scale marked

by
√
𝑁 | ⟨𝑔⟩ |𝜏B.

Assuming that 𝜏𝐵 ≈ 1
6
𝑉 2/3

𝒟oil
≈ 𝜏𝑐, where 𝒟oil is the diffusion coefficient, and 𝑉 = 𝐿3 with

𝐿 ≈ 2 𝑧0, we obtain
√
𝑁 | ⟨𝑔⟩ |𝜏𝐵 ≈ 0.1− 0.01 < 1, for a depth range 𝑧0 ≈ 3.0− 5.0 nm. This

condition is equivalent to being in the weak-coupling regime where the bath is described

by the method presented in [63]. Consequently, considering a coarse-grained time axis with

intervals larger than 𝜏𝑐 ≈ 𝜏B, we can rewrite the average density matrix as

⟨𝜌⟩ (𝑡) = ⟨𝜌⟩NV (𝑡)⊗ 𝜌B, (4.21)

where 𝜌NV is the average density matrix for the NV center while 𝜌B is the density matrix

of the bath, which corresponds to a thermal state. We remark the latter equation is usually

referred to as the Born approximation [63]. This factorization of the density matrix allows
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us to trace out the nuclear spin state, obtaining a master equation solely for ⟨𝜌⟩NV (𝑡)

˙⟨𝜌⟩NV(𝑡) = −i[Ω𝑆𝑧, ⟨𝜌⟩NV (𝑡)] +
1

4
𝑁𝛾(𝑡) [⟨𝑛⟩𝐵 𝐷(𝑆+) + (1− ⟨𝑛⟩𝐵)𝐷(𝑆−)] ⟨𝜌⟩NV (𝑡). (4.22)

This is the final master equation that describes the dynamical evolution of a single NV center

when interacting with a bath of stochastically moving spins whose motion is moderately fast

compared to the natural timescales of the electronic spin, set by Ω and ⟨𝑔⟩. Still, the result

may be refined with a characterization of the Lindblad coefficients 𝛾(𝑡). Also, the conditions

of validity are checked numerically in the following.

Correlation function profile

The description of 𝐴𝑖
𝛼(𝑡) as a stochastic variable is a not trivial task. Even if the nuclei un-

dergo thermal random motion, which is Gaussian and thus easy to characterize, the intricate

dependence of 𝐴𝑖
𝛼(𝑡) on the relative position between NV center and nuclei renders 𝐴𝑖

𝛼(𝑡)

itself not a Gaussian variable. Consequently, the derivation of a close analytic solution for

⟨𝑔⟩ or 𝛾(𝑡) is not straightforward. However, a full analytical description of the polarization

evolution may be derived when assuming that the correlation decays exponentially. Then

𝛾(𝑡) = 𝜎2𝜏𝑐 (1− exp(−𝑡/𝜏𝑐)) , (4.23)

with 𝜎2 the variance of 𝜉𝑖𝑥(𝑡). Note, from now on we drop 𝛼 and 𝑖 since for homogeneous

diffusion all nuclei have equal average properties. These two assumptions have been tested

numerically. The result is depicted in Fig.(4-2.b). We see that the correlations decay fast for

short times and presents a heavy tail for larger times. In our set-up, the nuclei interact with

the NV center for a short time before diffusing away and being reinitialized. Within this

short time interval an exponential decay accurately fits the numerical calculated correlation

function. Further, this approximation results in being accurate when tested against full

numerical simulation employing the HPA, see Fig.(4-6).

Validity of the approximation

Aiming to justify the validity of the invoked approximations, we estimate the magnitude of

the cumulants that have been neglected. First, we note that ℒ1(𝑡) is composed of a sum of 𝑁
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Figure 4-2: (a)Normalized contribution of the 𝑛− 𝑡ℎ moment with respect to
⟨︀
𝜉2
⟩︀
, that is,

𝛽𝑛 ≡ ⟨𝜉𝑛⟩𝜏𝑛−1
𝑐

⟨𝜉2⟩𝜏𝑐 as indicator of the contribution of the 𝑛− 𝑡ℎ term in Eq.(4.14). A logarithmic

decay with 𝑛 is evident such that, we can accurately describe 𝜉𝑖𝛼(𝑡) making use solely of its
first and second moment. (b) Correlation profile of 𝜉𝑖𝛼(𝑡) with an exponential fit. This figure
has been first published in [1].

independent random variables, 𝜉𝑖(𝑡). Due to the fact that for independent random variables

all cross-cumulants vanish, then each cumulant ⟨⟨ℒ1(𝑡) · · · ℒ1(𝑡𝑚−1)⟩⟩𝑐 is linear with 𝑁 . A

rough analysis of the 4 − 𝑡ℎ cumulant allow us to make a prediction on the magnitude of

the 𝑛− 𝑡ℎ cumulant. For instance,

⟨⟨
ℒ(0)1 (0)ℒ(0)1 (0)ℒ(0)1 (0)ℒ(0)1 (0)

⟩⟩
𝑐
∼ 𝑁

⟨︀⟨︀
𝜉4
⟩︀⟩︀

𝑐
= 𝑁

[︁ ⟨︀
𝜉4
⟩︀
− 3

⟨︀
𝜉2
⟩︀2 ]︁

. (4.24)

Note that in our notation the single bracket, ⟨· · ·⟩ represents the moment and not the

cumulant. These terms can be found by explicit integration over the interaction volume

𝑁
⟨︀⟨︀
𝜉4
⟩︀⟩︀

𝑐
=
⟨︀
𝜉4
⟩︀
− 3

⟨︀
𝜉2
⟩︀2

= 𝑁
[︁ 1

𝑉

∫︁
𝑉
𝜉4𝑑r− 3

1

𝑉 2

(︁∫︁
𝑉
𝜉2𝑑r

)︁2]︁
=

𝜌

∫︁
𝑉
𝜉4𝑑r− 3

𝜌

𝑉

(︁∫︁
𝑉
𝜉2𝑑r

)︁2
. (4.25)

Since the interaction fluctuations ⟨𝜉𝑖⟩ decay with the distance, taking 𝑉 → ∞, we can see

that the 4− 𝑡ℎ cumulant is proportional to the 4− 𝑡ℎ order moment.

Therefore, the 𝑛− 𝑡ℎ contribution to Eq.(4.14) is of order ⟨𝜉𝑛⟩ 𝜏𝑛−1
𝑐 (see also Chap.(2)),

with 𝜏𝑐 the correlation time. Numerical calculations suggest that indeed, the second term

may be taken as the leading term and higher order terms decay exponentially with 𝑛 as
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shown in Fig.(4-2.a). As can be inferred from the mentioned figure, the third moment is

significantly smaller than the second and this is still truth fro the 𝑛-𝑡ℎ moment with 𝑛 > 2.

Therefore, we can conclude that our description is adequate for the peculiarities of our

system.

4.3.2 The final master equation

We have seen that, over time intervals larger than 𝜏B ≈ 𝜏𝑐, the system state may be ex-

pressed as ⟨𝜌⟩ (𝑡) = ⟨𝜌⟩NV (𝑡) ⊗ 𝜌B, with 𝜌B =
⨂︀𝑁

𝑖=1
1
2I the thermal state of the nuclei at

room temperature. This allowed us to derive Eq.(4.22). Within this description, correla-

tions among bath spins are neglected, which allows us to obtain for the average NV center

population, ⟨𝑛⟩ (𝑡) = 1
2 + Tr (𝑆𝑧 ⟨𝜌⟩NV (𝑡)), the dynamical equation

˙⟨𝑛⟩(𝑡) +
1

4
𝑁𝛾(𝑡) ⟨𝑛⟩ (𝑡) =

1

4
𝑁𝛾(𝑡) ⟨𝑛⟩B , (4.26)

which reflects a net incoherent polarization transfer towards the nuclear reservoir. We

recall that this approximation is only valid for times 𝑡 ≪ 𝜏𝑐/(𝑁
⟨︀
𝜉3
⟩︀
𝜏3𝑐 ) ≈ 100𝜇s and

𝑡≪ 𝜏B
1

(
√
𝑁 |⟨𝑔⟩|𝜏B)2

≈ 100𝜇𝑠, which are fulfilled in our set-up.

Furthermore, we have seen that assuming that the correlation function has an exponential

profile is a reasonable assumption, hence Eq. (4.26) may be solved as

⟨𝑛⟩ (𝑡) =
1

2
+

1

2
exp

(︂
1

4
𝑁𝜏2𝑐 𝜎

2
(︁

1− 𝑡/𝜏𝑐 − 𝑒−𝑡/𝜏𝑐
)︁)︂

. (4.27)

For 𝑡≪ 𝜏𝑐, ⟨𝑛⟩ shows a Gaussian decay with a polarization rate
√︁

1
8𝑁𝜎2. On the other hand,

for 𝑡 ≫ 𝜏𝑐 we find ⟨𝑛⟩ exhibits an exponential behavior with rate 1
4𝑁𝜎2𝜏𝑐. Eqs.(4.26-4.27)

are only valid for times such that 𝑁
⟨
𝜉𝑖𝛼

3
⟩
𝜏2𝑐 ≪ 𝑡−1 and 𝑁 | ⟨𝑔⟩ |2𝜏𝑐 ≪ 𝑡−1(note that for

non-Gaussian variables the third moment does not vanish). The derived equations describe

the polarization dynamics of the system and do not include 𝑇1𝜌 relaxation.

4.4 Bosonic model

Aiming to reinforce our theoretical findings and since exact computational simulations of

large spin systems are not possible as it has been motivated in Chap.(3), we perform simula-

tions based on Gaussian states to compute the approximated dynamical evolution of a large
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spin system ruled by Eq.(4.1). We recall, that in this work we make use of the HPA [93], that

represents a polarized spin as a harmonic oscillator in its ground state. Considering that

the introduced bosonic modes never get highly populated, we can faithfully translate the

spin operators by bosonic operators, 𝑆− → 𝑎, under the conditions discussed in Chap.(3).

Remarkably, this approximation best performs for highly-polarized spins while for spins in

its thermal state it only offers a qualitative insight to the polarization dynamics [70]. The

bosonic Hamiltonian obtained from Eq.(4.1) reads

𝐻 = Ω𝑎†𝑎 +

𝑁∑︁
𝑖=1

𝜔𝑁𝑏𝑖
†𝑏𝑖 +

𝑁∑︁
𝑖=1

𝑔𝑖𝑎
†𝑏𝑖 + 𝑔*𝑖 𝑎𝑏𝑖

†. (4.28)

We have neglected terms arising from 𝑆+𝐼𝑧 since they have no effect for our parameter regime

as seen in Sec.(4.3.1). Therefore, the Hamiltonian in Eq.(4.28) is quadratic in the operators

{𝑎, 𝑎†, 𝑏𝑖, 𝑏†𝑖}, hence preserving the Gaussian character of an initial Gaussian state, allowing

an efficient numerical simulation. Further, our current system offers multiple reasons that

motivate the choice of the HPA since in our system correlations among nuclei are lost

after they have escaped from the interaction volume of the NV center. Consequently, only

small amounts of correlation build up, which supports the assumption that a bosonization

approach may work; the HPA is expected to fail when correlations in the spin system become

relevant. Also, our arguments to use the HPA are reinforced by the fact that the flip-flop

interactions dominate in our set-up and hence, the total population is conserved within the

system.

Besides, the full numerical simulation is performed considering 𝑁 independently moving

nuclei in a finite box with periodic boundary conditions. The box represents the detection

volume of the NV center, whose length is proportional to the depth 𝑧0 [98, 94]. When a

nucleus crosses the box walls, it is substituted by a nucleus from the reservoir, thus losing

its correlation with the NV center and the rest of spins. In that sense, the simulation box

sets a cut-off to other parameters such as the particle number.

For a fixed proton density in oil, 𝜌oil, then 𝑁 = 𝜌oil 𝑙
3, or the interaction variance inside

the box 𝜎2
𝑙 , with lim𝑙→∞ 𝜎2

𝑙 = 𝜎2. That means, the choice for 𝑙 is a compromise between

the computational efficiency, set by 𝑁 , and the ratio Λ = 𝜎2
𝑙 /𝜎

2, which should be Λ ≈ 1 for

a satisfactory description. Simulation results for different densities and lengths are depicted

in Fig.(4-3).
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Figure 4-3: Comparison between theoretical predictions, Eq. (4.26) for a spin sys-

tem (lines), and full numerical simulations using the HPA, Eq.(4.28) (markers)

for different sample densities and fixed 𝒟oil and 𝑧0. (a) Simulations for bosons diffusing in
a box with 𝑙 = 25 nm, Λ = 95%. (b) Simulation for 𝑙 = 12.5 nm and Λ = 78%. For these
box sizes the numerical simulations give satisfactory results in fast computational time. For
the theory curve, the values 𝜎2 and 𝜏𝑐 are calculated via direct numerical integration. This
figure has been first published in [1].

In our experiment, the oil density equals, 𝜌oil = 50 spins
nm3 . Therefore, it is required to

consider a significantly large number of nuclei inside the simulation box. For a box length

of 𝑙 = 20 nm, we have 𝑁 = 4 · 105 and Λ ∼ 92%. Even for this length, 𝑁 is still too large, so

we consider effectively 𝑁eff = 5 ·103 spins with a effective interaction 𝑔eff =
√︀
𝑁/𝑁eff𝑔. This

effective model has been proven numerically to exactly reproduce the desired dynamics.

With respect to the molecular motion, each particle describes a 3−dimensional Brownian

motion [38]. Due to this motion, internuclear coupling among nuclei is averaged out.2

Consequently, the structural configuration inherent to the kind of oil is irrelevant for our

study. In the same vein, molecular rotations and vibrations are not considered. Results

showing the agreement between the solution of Eq.(4.26) and a full numerical simulation

are depicted in Fig.(4-3).

We remark that when using the HPA, correlations among spins may build up during the

time the nuclei are diffusing inside the box. As a consequence, the presence of slowly moving

nuclei in the diamond vicinity may cause coherent polarization transfer, see Fig.(4-6). This

feature is not captured in our theoretical description, Eq.(4.26). Further information on the

2The internuclear coupling enjoys rotational symmetry. As particles move homogenously in space the
resulting average coupling vanishes simply by symmetry.
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effects of molecular dynamics occurring at the surface that turns into an imperfect Brownian

motion might be found in App.(C).

Most remarkably, the polarization rate exclusively depends on 𝑁 , 𝜎2 and 𝜏𝑐 that are

extensive parameters which in turn depend on intensive quantities, namely, 𝜌oil, 𝒟oil and 𝑧0.

That means, once the triplet {𝜌oil,𝒟oil, 𝑧0} is fixed then the polarization curve is obtained

directly by a numerical simulation, while the extensive parameters may be calculated via a

numerical integration as shown in App.(D) and then used as input for Eq.(4.27). Therefore,

our model does not contain free fitting parameters, thence conferring to our predictions a

solid base.

4.5 Experimental implementation

This work has been carried out in close collaboration with the Institute of Quantum Op-

tics at the University of Ulm. As a fruit of this collaboration, we present an experimental

verification of our model. The mentioned verification consists of the measurement of the po-

larization loss from two different NV centers. Since this thesis is not experimental-oriented

but some relevant concepts that are needed for a proper understanding of the results pre-

sented here, we will give them in the following.

A general description explaining how to polarize and read-out the state of the electronic

spin has been given in Chap.(1), nonetheless, here we recall some notions that are relevant

for the current chapter. The polarization loss is observed via the fluorescence of the NV

center after a spin-locking sequence matching the HHDR with the hydrogen nuclear spins.

First, a single NV is optically polarized using a green laser (532 nm). Followed by a MW

𝜋/2 pulse, that rotates the electronic spin phase-dependent to the |+⟩ or |−⟩ state in an

alternating manner. Then, a suitable microwave field is applied in order to fulfill the HHDR

condition. This MW pulse is phase-shifted by 90∘ with respect to the previous pulse and

hence performs a spin-locking. During this period the NV transfers its polarization to the

environment. A final 𝜋/2 pulse projects the spin state of the NV center back to the z-axis,

where it can be read out optically. Depending on the occurrence of a polarization transfer

either a bright or dark fluorescence signal is observed.

Also, in order to confirm the HHDR condition, one may perform the described experiment

varying the driving frequency of the spin-locking pulse. The result of such a procedure is
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Figure 4-4: Population of a single NV center for different Rabi frequencies, Ω,
and corresponding fitting curve. When the electronic spin is spin-locked with a driving
field such that its Rabi frequency is similar to the Larmor frequency of the 𝐻 spins, 𝜔N,
polarization transfer occurs giving origin to a pronounced dip in the spectrum. Conversely,
when the NV center is driven out of resonance, the electronic spin solely suffers from 𝑇1𝜌

noise. {Shown data corresponds to 𝑧20 = 5.3 nm, 𝜔N/2𝜋 = 2.81 MHz, and spin-locking time
𝑡 = 20𝜇s. The error bars represent photon shotnoise.}This figure has been first published in
[1].

shown in Fig.(4-4); it is seen the precise match of the dip in fluorescence at the hydrogen

Larmor frequency 𝜔N.

The 12𝐶 enriched diamond sample was grown by chemical vapor deposition with low

concentration of impurities (12𝐶 > 99.999% ; nitrogen isotopes ≈ 5 ppb). It may be noted

that, despite we have made our studies in a purified diamond, repeating the protocol in

a diamond sample with natural 13C abundance will not lead to different conclusions. Our

choice for enriched diamond ensures a clearer interpretation of the observed signal. Nitrogen

ions were implanted with a low energy and dose (2.5 keV and 108 ions/cm2) such that

experiments can be performed with shallow NV centers (here: 𝑧10 = 3.2 ± 0.2 nm and 𝑧20 =

5.3 ± 0.1 nm see Sec.(4.5.1) and [99]), ensuring strong coupling with near-surface nuclei.

Immersion oil (Fluka Analytical 10976) is deposited on top of the diamond. A magnetic

field of 660 G is applied parallel to the NV center quantization axis, resulting in a H Larmor

frequency 𝜔N/(2𝜋) = 2.8 MHz, where the effective field generated by the NV center can be

neglected. The Rabi frequency during the spin locking pulse is adjusted to be resonant with

𝜔N, which allows electron-nuclear spin flip-flop processes. The experiments were performed

on a home-built confocal microscope controlled with the Qudi software suite [100] .

In all experimental data sets, the fluorescence measured from a single NV center is
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normalized with the steady-state fluorescence at the end of the laser pulse and is scaled by

the contrast of an additional Rabi experiment. The error bars are determined with photon

shot-noise, error propagated by the fluorescence normalization and divided by the Rabi

amplitude.

4.5.1 Relevant experimental parameters

NV center depth

We have addressed that our theoretical model solely depends on three parameters, {𝜌oil,𝒟oil, 𝑧0}.

While the former two can be estimated from the characteristics of the oil, the latter must

be measured. The depth of the NV center is measured indirectly through the magnetic field

noise produced by the Larmor precession of the H spins conforming the immersion oil. The

decoherence created by this noise source on the NV center is typically measure using a XY-8

pulse sequence [99].

These measurements were performed at a external magnetic field𝐵 = 660 G, which yields

a proton Larmor frequency equal to 𝜔N/(2𝜋) = 2.81 MHz. The depth is determined from

the root mean square (RMS) of the magnetic field noise. We get access to the magnitude of

the RMS magnetic field 𝐵RMS from the measured XY8 signal by reconstructing the power

spectral density 𝑆(𝜔) via a deconvolution process and integration of the spectral peak. From

𝐵RMS, the depth of the NV center is calculated analytically (see e.g. [99]):

𝑧0 =

[︂
1

𝐵2
RMS

5𝜋

384
𝜇0𝛾

2
N𝜌oil

]︂ 1
3

, (4.29)

From these measurements the depth of the two NV centers was estimated to be 𝑧10 =

3.2± 0.2 nm and 𝑧20 = 5.3± 0.1 nm.

Relaxation in the dressed state basis 𝑇1𝜌

Besides polarization transfer, also other processes affect the NV center during the spin

locking time. In fact, despite the use of HHDR ensures decoupling from different sources

of environmental noise, some traces of those process may remain, which will lead to a 𝑇1𝜌

decay. For a discussion of the origin of such a decay, the reader is referred to Chap.(1).

Here, we determine the value of 𝑇1𝜌 experimentally, such that it can be included a posteriori

in our calculations. The determination of 𝑇1𝜌 is done by measuring the decay of the NV
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spin state while being driven, that is during the spin locking pulse, but with a off-resonance

Rabi frequency. That is, we ensure that the HHDR condition is not fulfilled and thus that

polarization transfer is not happening during this measure. This relies on the assumption

that the noise sources responsible for 𝑇1𝜌 affect the NV center similarly even when the

electronic spin is set on resonance with the proton nuclei; we assume a flat spectrum. The

𝑇1𝜌 is then extracted from these measurements by means of a exponential fit, 𝑓(𝜏) = 𝑎 +

𝑏 exp[−𝜏/𝑇1𝜌]. In our set-up we obtain 𝑇
(1)
1𝜌 = 10.8± 0.6𝜇s and 𝑇

(2)
1𝜌 = 17.0± 1.4𝜇s for the

first and the second NV center respectively. The measured data and the corresponding fits

are depicted in Fig.(4-5).
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Figure 4-5: Decay of NV fluorescence under off-resonant conditions. The decay

is fitted by a single exponential decay (solid line) and compared to the measured data

(markers). The fitting curve is not forced to pass through ⟨𝑛⟩ (0) = 1 since the normalization

is solely illustrative; only the decay rate 𝑇1𝜌 is important. (a) Data and corresponding fit

for an NV center at 𝑧10 = 3.2 nm. (b) Same for NV center at 𝑧20 = 5.3 nm. This figure has

been first published in [1].

4.6 Discussion

The experimental results are depicted along with the theoretical and numerical prediction in

Fig.(4-6). The polarization loss of the NV center is directly related to the average population,

as by definition ⟨𝑛⟩ ≡ 1
2 + Tr (𝑆𝑧 ⟨𝜌⟩NV). All cases reveal that the electronic spin looses its

initial polarization in a timescale of the order of 𝜇s, which is comparable with the relaxation

time in the rotating frame 𝑇1𝜌. The effects of this relaxation are included in the master
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Figure 4-6: Measured polarization loss from two different NV centers compared

with numerical and theoretical predictions. The qualitative behavior is well predicted
by both theory and full numerical simulation. The polarization interchanged dictated by
Eq.(4.27) happens in the same time scale as relaxation processes characterized by 𝑇1𝜌 . The
polarization loss attributable solely to relaxation is plotted as an exponential curve (dot-
ted line) with rate 𝑇1𝜌. In all curves, an initial decay determined by −𝑡/𝑇1𝜌 is followed

by a exponential tail, with rate
(︁
1
4𝑁𝜏𝑐𝜎

2 + 1
𝑇1𝜌

)︁
.(a) Results for the shallower NV center,

𝑧10 = 3.2 nm. After an initial decay, at 𝑡 ≈ 25𝜇s numerical simulations reveal a coherent
interchange of polarization between NV center and slowly moving nuclei near the surface.
This feature is not captured in our theoretical prediction. (b) Result for 𝑧20 = 5.3 nm. For a
deeper NV center, the polarization is better described by Eq.(4.27) with no traces of coher-
ent transfer. {In the calculations, we have used 𝒟oil = 0.46 nm2𝜇s−1, 𝜌𝑜𝑖𝑙 = 50 spins/nm3,
which are directly estimated from the experimental conditions, together with the experi-
mentally measured relaxation times 𝑇 1

1𝜌 = 11𝜇s and 𝑇 2
1𝜌 = 17𝜇s. The error bars represent

photon shot-noise.} This figure has been first published in [1].

equation as explained through a local Lindblad equation as explained in Sec.(4.3.1).

The observed polarization loss is satisfactorily reproduced given the estimated proton

density in oil at room-temperature, 𝜌oil = 50 protons/nm3, which is a typical value used

for organic samples [98, 101]. The nominal diffusion coefficient for the used oil, 𝒟oil, the

measured NV depth, 𝑧1,20 and corresponding relaxation times 𝑇
(1),(2)
1𝜌 . We repeat, that we

have developed a fit-free model, which ensures a faithful description of the real dynamics.

From the mentioned parameters we are able to calculate the quantities that directly enter

into the model. For the estimated proton density, the total number of nuclear spins in

an interaction volume of 203 nm3, which is taken as the volume of the simulation box, is

𝑁 = 4 · 105. Given the depths of the used NV centers (𝑧10 = 3.2 nm, 𝑧20 = 5.3 nm) and the

slow diffusion of the oil molecules (𝒟oil = 0.5 nm2𝜇s−1), the correlation time was numerically
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calculated as explained in App.(D), obtaining 𝜏1𝑐 = 10𝜇s and 𝜏2𝑐 = 25𝜇s respectively.

Both correlation times are such that the quantity, 𝜒 ≡ 𝜔N𝜏𝑐 ≫ 1, hence flip-flop processes

dominate over flip-flip and other non-secular terms, thus the latter two do not produce a

significant effect.

The HHDR scheme is extremely sensitive to detunings from its resonant condition; the

efficiency of the protocol is dramatically lowered due to typical experimental errors [46]. In

our protocol, the nuclear spins follow a thermal stochastic motion, which has two major

effects on the nuclear spectral lines that could be measured by an NV center, namely the

amplitude of the lines decreases while the width increases. As mentioned previously, these

facts point out the advantage of our scheme since, the wider the nuclear lines are, the

easier it is to achieve a correct HHDR matching. Hence it confers certain robustness against

frequency detunings to our scheme when compared to DNP in solid samples. Typical sources

of these detunings are fluctuations in the magnetic field or Rabi frequency errors.

Also, we have exclusively considered particles in free-diffusion, which is an accurate de-

scription for molecules in bulk but may not describe molecular motion at the oil-diamond

interface correctly. Nonetheless, as the majority of the nuclei inside the interaction volume

are in motion, the most relevant features for hyperpolarization protocols are well described

solely by diffusive particles; traces from slowly moving particles will be seen only as sec-

ondary effects. Indeed, as shown in Fig.(4-6.a), the electronic spin may undergo a coherent

polarization transfer with the nuclei that diffuse in its immediate vicinity during the inter-

rogation time. This coherent oscillation is depleted by nuclear diffusion; coherent effects

would only dominate over the net polarization transfer when the position of the nuclei is

stationary and no diffusion takes place, that is, in rigid solids. It can be stated generally,

that as the NV center is on resonance with all the nuclei in the bath, it interacts with ev-

ery nuclei equally. That means, only the collective state of the bath leaves a trace on the

measurement signal. More on this direction has been discussed in App.(C).

Besides, we can write the explicit dependence of the polarization rate on the diffusion

coefficient, proton density and NV depth, obtaining 1
𝜏𝑝
∝ 𝜌H

𝑧0𝒟oil
. This makes it easy to esti-

mate the polarization rate for different solvents or NV samples, offering different extensions

to the proposed set-up. In fact, our description is made for a single NV center interacting

with a bath of moving nuclei. Different solvent and different NV centers will lead to differ-

ent validity conditions and polarization rates, but they will not affect the physical concepts
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beneath the described process.

The good agreement between our model and the experimental measurements supports

the hypothesis that, in one single cycle, the NV polarization loss is caused by polarization

transfer to the H nuclei and 𝑇1𝜌 relaxation. Thus, not all the polarization of the electronic

spin is efficiently transferred, in fact, the amount of transferred polarization is just a fraction

of the total, which can be defined as 𝛼 =
1/𝜏𝑝

1/𝜏𝑝+1/𝑇1𝜌
, where 𝜏−1

𝑝 ≡ 1
4𝑁𝜏𝑐𝜎

2 is the polarization

rate. For our specific set-up, we obtain 𝛼 ∼ 80% for both NV centers, indicating that transfer

might be considered efficient. Yet, after a single cycle the average polarization gain per nuclei

around the NV is 1
2

1
𝑁𝛼, which is very small for large 𝑁 .

In fact, throughout this chapter we have focused on the polarization dynamics of one

single NV center during one single cycle. A significant amount of polarization in the oil

sample would be only achieved when the protocol is repeated numerous times in a timescale

given by 𝜏𝑝. For that purpose, also the general set-up may be modified. The steady-state

polarization, that is, the maximum achievable polarization using our protocol is estimated

in the following section.

4.6.1 Steady-state polarization

For the hyperpolarization of a mesoscopic amount of oil molecules, a diamond sample with

high density of NV centers is needed so a given H nucleus is always interacting with some NV

center. Here, we roughly estimate the steady-state polarization per nucleus of an oil sample

when interacting with a large number of NV centers. This will set a rough upper-bound for

the polarization increase following our method.

First, we assume a bulk diamond with different NV centers distributed homogeneously

through its whole volume; there exist certain superficial density 𝜎NV of NV centers. For the

sake of simplicity, we assume that 𝜎NV is such that the interaction between two different

NV centers is negligible. Second, if a thin layer of oil of thickness 𝐿oil is deposited onto the

diamond surface, then, the volume of particles interacting with a single NV center at any

time is 𝑉𝑇 = 𝐿oil/𝜎NV.

On the other hand, during one cycle a single NV exclusively interacts with 𝑁 nuclei,

which are inside its own interaction volume, 𝑉 . Therefore, after a polarization cycle of

duration 𝜏𝑝, the average polarization per nucleus is 1
2

1
𝑁𝛼. Further, during 𝜏𝑝 an NV center

solely interacts with a fraction 𝑉/𝑉𝑇 of the total number of 𝐻 in the oil, so for all the nuclei
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to interact at least once with a particular NV, the cycle must be repeated 𝑛 times with

𝑛 = 𝑉𝑇 /𝑉 .

In summary, after a time 𝑇 = 𝑛𝜏𝑝, the average polarization per nucleus is 𝑃𝑛(𝑇 ) = 1
2

1
𝑁𝛼.

For achieving an hyperpolarization regime, the same procedure must be repeated 𝑚 times.

The polarization acquisition is only limited by the nuclear relaxation time, 𝑇1𝑛 [102, 103],

such that for an optimal performance 𝑚 = 𝑇1𝑛/𝑇 .

Assuming that in our regime the polarization is additive, we obtain that the maximal

average polarization per nuclei is

𝑃max = 𝑚𝑃𝑛(𝑇 ) =
𝑇1𝑛

𝑇

1

2

1

𝑁
𝛼 =

1

2
𝛼
𝑇1𝑛

𝜏𝑝

𝜎NV

𝐿oil𝜌oil
, (4.30)

In order to gain a further insight, we assume some realistic values, 𝛼 = 0.8, 𝜏𝑝 ≈ 5𝜇s,

𝑇1𝑛 ≈ 1 s, 𝜌oil ≈ 50 protons
nm3 , 𝐿oil ≈ 1𝜇m, 𝜎NV ≈ 2 · 10−3 NV

nm2 . The calculations yield

𝑃max = 10−3, which severally exceeds the thermal average polarization 𝑃Th = 10−7.

This number is satisfactory also when compared to other DNP methods for hyper-

polarization in solution and at room temperature. For instance the Overhauser DNP

[104, 105], bears a theoretical limit for the maximum achievable polarization of 𝑃𝑛 ≈ 10−4

(at 𝐵 = 660 G), namely, one order of magnitude lower than the one reported here.

4.7 Conclusion

In summary, we have presented a theoretical description of efficient polarization transfer

from a shallow NV center to diffusive organic molecules above the diamond surface. This

description has been supported with numerical simulations based on HPA approximation

and, more importantly, it has been validated by experiments showing an extraordinary

agreement.

Indeed, we have provided a faithful explanation, both qualitatively and quantitatively, to

the experimental evidence, in which we have associated the polarization loss of the NV center

with efficient polarization transfer. In fact, this work has been the first in observing and

characterizing efficient polarization transfer from an NV center toward molecules in solution

outside the diamond. Even if the polarization loss of the electronic spin is easy to measure,

currently there is not an efficient way to measure the polarization gain of diffusive nuclear

spins; their fast motion makes a readback of the polarization challenging. As our theoretical
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model is polarization conserving, the good agreement with the experiment ensures a good

polarization transfer.

Still, the direct detection of polarization remains a challenge that needs to be addressed

in future work. In this direction, similar set-ups along with a refined analysis techniques

have been proved to enable the NV center a high sensitive NMR detector [106].

Further, the approach here followed can be easily extended to other scenarios such as

polarization of macromolecules in low diffusive environments or polarization schemes using

nanodiamonds. This versatility relies on the robustness of our model since it does not depend

on any free parameters and thus the polarization rate depends solely on the NV depth and

the diffusion properties of the solvent. Also, the dynamical behavior at the liquid-solid

interface may be examined with our description.
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Chapter 5

Sensing phases of water with NV

centers in diamond

Chapter 5 has been partially adapted 1 from [2]. The article is licensed under a Creative

Commons Attribution 4.0 International License. (See

https://creativecommons.org/licenses/by/4.0/)

Overview

Interactions happening at solid-liquid interfaces are a matter of study that could potentially

promote advances in fields ranging from biology to medicine or material science. In partic-

ular, the hydrophilicity of chemical compounds is of special interest as water is present in

every biological system. Still, the minute scales in which solid-liquid interactions take place

are the limiting factor for their investigation.

Frequently used methods as X-ray diffraction, neutron scattering, etc... have been proved

to be inefficient since they require of not ambient conditions to offer enough resolution.

In this scenario, the NV center in diamond has arisen as candidate for overcoming these

limitations.

Even at room temperature, NV centers in diamond can be optically manipulated and

used as high-resolution sensors. In fact, recent research on NV centers has demonstrated

their capability for detecting from single nuclear spins to numerous nuclei. In this direction,

1Sections 5.1-3 and 5.5-6 have been slightly edited. Section 5.4 has been extended with more detailed
explanations on the interaction of the NV center with solid baths. All the results derived in this Chapter
can also be found in [2].
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we propose here the NV centers as sensors of phases as they have been shown to be excellent

tools to discriminate between different molecular configurations and nuclear baths.

We develop a theoretical and numerical framework that predicts the measurable signal

emanating from three plausible configurations that water may take: liquid, solid and a

mixture of the previous two. More specifically, our findings predict how the polarization

of one single shallowly implanted NV center will evolve in time depending on the state of

water deposited onto the surface of the diamond in which the NV is implanted. We take

different approaches to face the different phases. For liquid water, we present a purely

theoretical model while for solid we rely on full numerical simulations based on bosonization

techniques. Ultimately, both approaches are combined to obtain an effective model that will

predict the polarization behavior when the two phases coexist. Besides detecting the water

phase, we show that using a proper magnetic field gradient valuable information about the

ice structure can be obtained. All our results suggest that the NV center will accurately

determine the phase and the structure of the water.

These results prepare the ground for more efficient phase identification protocols that

will help to understand chemical processes occurring at solid-liquid interfaces in a variety

of scenarios. Indeed, our theory is general and can be easily extended to other compounds,

not necessarily water, or transitions between other phases.
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5.1 Introduction

Water is often referred to as one of the key molecules for life. Indeed, it takes a central role

in many biological and chemical systems. Still, several properties of water remain under

discussion; especially, the behavior of water at interfaces [107, 108, 109]. In particular, the

hydrophilic behavior of biocompatible substrates has seen a significant increase in attention

in recent years, with many studies reporting nucleation and ordering of water molecules on

highly hydrophilic surfaces [110, 111, 112]. Widely used methods of investigation, such as

X-ray diffraction (XRD), neutron scattering or NMR, are limited by their spatial resolution

and are highly affected by the thermal broadening. These disadvantages may be overcome

using high-resolution techniques as atomic force microscopy (AFM), scanning tunneling mi-

croscope (STM) or similar [113]. Still, the mentioned methods require low temperatures and

high vacuum, making it hard to study water ordering at ambient conditions, which is the

interesting regime for most applications, especially biology and medicine. In parallel, during

the last decades new diamond production techniques have opened the route to novel applica-

tions in medicine and biology, making it a valuable candidate to substitute commonly-used

titanium and stainless steel in medical prosthetics [114, 115, 116]. Yet, biocompatibility of

diamond is poor since it may abrade internal tissues [117], and a biocompatible covering

such as water, may confer diamond the possibility to be used in such applications. Indeed,

recent works suggest that after a proper surface treatment, water may adhere to the sur-

face of diamond, [118, 119] enhancing its biocompability and hence, opening new routes in

biomedical applications.

In this chapter, we propose a sensing protocol based on shallowly implanted NV centers

in bulk diamond that will help to detect the creation of thin water-ice layers covering the

diamond surface. The designed technique is non-invasive, thus does not interfere with chem-

ical processes occurring in water, and capable to determine the phase and behavior of water

at ambient conditions. The NV center electronic spin is stable and presents long coherence

times at room temperature even when shallowly implanted [120, 32]. In fact, single nuclear

spin sensing of immobilized spins has been demonstrated to be feasible within seconds [121],

while other studies suggest that single nuclear spins can be detected in a similar timescale

even when undergoing random thermal motion [3]. Furthermore, NMR measurements with

sufficient resolution to resolve chemical shifts have recently been achieved [122, 123, 124].
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Consequently, the NV center is an ideal candidate as a tool for detection and sensing of

dense nuclear baths, as has been shown using decoherence measurements of electronic spins

[125, 98].

Here we do not only examine the spin decoherence produced by a given bath, but also

the direct population exchange between the NV center and the surrounding nuclei in the

Hartmann-Hahn double resonance (HHDR) regime [41]. Within this regime, the NV center

is first driven with a microwave field, inducing Rabi oscillations on its electronic spin. Po-

larization transfer occurs when the Rabi frequency is set to match the energy splitting of

certain nuclear spins. In this scheme, the interaction with a given set of nuclei is enhanced

while possible interactions with undesired nuclear species, that is, those with different en-

ergy splitting, are suppressed [48, 31]. The performance of HHDR dramatically depends on

the nuclear motion, which is determined by the water phase. Therefore, measuring the NV

center population indicates whether water is liquid or solid.

This chapter is organized as follows: First, our theoretical set-up is described. We

outline the required substrate for ice to be stable and introduce the NV center as a sensor

for different water phases. Second, we develop a theory that predicts the measurable signal

from an NV center spin interacting with each of the three plausible baths, either liquid,

solid or a mixture of both . Our approach combines a purely analytical prediction for

fast diffusing spins with a bosonization protocol for the simulation of stationary nuclei,

the latter of which is helping us to obtain numerical predictions. Finally, both numerical

and theoretical results are presented and compared, suggesting that phase differentiation

is possible in a short timescale and at room temperature even for ultra-thin water layers.

Moreover, we show that applying a magnetic field gradient along the quantization axis of

the NV center we can obtain a faithful description of the crystal structure of solid ice.

5.2 System description

Surfaces may be classified into hydrophilic or hydrophobic according to their interaction

with water molecules. Grosso modo, if water molecules attach to a given surface then it is

referred to as hydrophilic, while a surface is called hydrophobic when its interaction with

water molecules does not lead to the formation of a bond. For what it matters to our current

aim, bare diamond is hydrophobic; water molecules do not bind with the superficial carbon
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Figure 5-1: Schematic set-up for water phase sensing with shallow NV centers in

bulk diamond, and important parameters. (a) The NV center is located at a distant
𝑧0 beneath the diamond surface. The water molecules are deposited on top of the diamond.
The H nuclear spins conforming the water molecules move stochastically when liquid, stay
fixed when solid and may stay fixed in few layers while diffusing on top when the two
phases coexists. The NV center interacts with the nuclear spins via dipole-dipole magnetic
interaction, 𝑔𝑖. (b) Pulse sequence applied to measure the NV polarization loss. The NV
is initially polarized and read-out using green-laser. During the microwave driving, 𝑡, the
NV interacts with the nuclear spins at the HHDR condition. (c) Energy levels of the NV
center and nuclear system. The NV is a spin−1 system whose projections, in the absence
of magnetic field, are 𝑚𝑠 = 0,±1. Even at zero-field it exist a splitting of 𝐷 = 2.87 GHz.
Degeneracy between 𝑚𝑠 = ±1 levels is lifted applying an external magnetic filed, 𝐵, parallel
to the NV axis. The transition between 𝑚𝑠 = 0 and 𝑚𝑠 = −1 is driven with a microwave
field inducing a Rabi frequency Ω which matches the nuclear Larmor frequency 𝜔N = 𝛾N𝐵,
inducing coherent interaction.Part (a) of this figure has been first published in [2].

atoms of the diamond.

However, a special treatment of the diamond surface may modify its properties such that

it turns hydrophilic. This is the conclusion of a study performed in [118, 119] where the

authors report that solid water may be stable on a (111) diamond surface and, moreover,

diamond helps to maintain stability even well above room temperature. Two peculiarities of

the (111) surface are responsible for this rare effect. First, the bidemensional lattice formed

by the most superficial carbons in the (111) direction possesses strong similarities with the

lattice of the hexagonal ice Ih [126, 127], which is the most common form of ice [128]. Such
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a match between the two lattices ensures a strain reduction, hence helping the ice to form

and maintain a stable structure. Interestingly, this feature is inherent to the (111) surface

of diamond while it is not true for the other two crystallographic planes in which diamond

can be cut, namely (100) and (110). Still, even if a strain reduction certainly helps, it is not

sufficient to ensure a stable structure formation [129], hence further treatments are required

to increase hydrophilicity of bare diamond. The second step towards hydrophilicity consists

on coating the diamond with a suitable cover made of atoms with high water affinity [119].

Precisely, conferring the diamond a surface termination such that a significant part of its

carbons are substituted by alkali atoms will lead to high hydrophilicity, or equivalently, it

will help solid water to form the desired stable structure.

Of course, there exist different sets of surface terminations that will lead to different

degrees of hydrophilicity [118, 119]. For instance, several ice layers can be stabilized at

temperatures above room temperature when a surface termination based on Na-H is used.

Such a chemical structure is achieved by synthetically substituting 1/3 of the C atoms by

Na while the remaining terminations are saturated with H atoms. As in this thesis we are

oriented towards the potential applications of NV centers, a surface termination based on H

is highly undesirable since it is proven to adversely affect the charge state of the NV center

[130, 131]. Moreover, the signal arising from the nuclear spins of the H atoms may hide

the signal emanating from protons in the water molecules. Instead, we prefer to assume a

surface termination based on Na-F, since the fluorine atoms are not expected to disturb the

NV center, allowing us to perform quantum operations on the electronic spin [132]. Noise

effects on the NV center caused by the surface termination are omitted throughout this

work; we assume that the existence of such a surface termination is sufficient to stabilize a

few layers of water ice. and that the Na-F coating does not have any further effect on the

spin dynamics. In fact, it is thought that electrostatic interactions between water molecules

and Na+ are responsible for the water stabilization [118]. Such an interaction does not affect

the NV center dynamics.

We operate the NV center spin as explained in Chap.(1). We consider a single NV center

shallowly implanted in bulk diamond as depicted in Fig.(5-1). The NV center is assumed

to seat at a distance 𝑧0 ≈ 3 nm beneath the coating surface. Here we implicitly assume

that the NV center is created at a depth 2.5 nm in the bulk diamond and the thickness of

the surface termination is approximately 0.5 nm, which is realistic according to [118]. A
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mesoscopic amount of water is deposited on top of the chemically modified diamond and

the temperature is lowered such that we ensure ice formation. Afterwards, the system is

heated up to room temperature, since it is our regime of interest. Once the experimental

set-up is brought to 300𝐾, the measurements take place. The dynamical evolution of the

NV center is tracked via its polarization loss, which is straightforwardly measured using a

spin-locking sequence, Fig.(5-1.b). First, the NV is optically polarized using 532 nm laser

light. Afterwards, a 𝜋/2 pulse is applied and a suitable microwave field is used in order to

provide a spin-locking fulfilling the HHDR condition. During this period the NV exchanges

its polarization with the protons belonging to the water molecules either liquid or solid.

Finally, a second 𝜋/2 pulse rotates back the NV center spin and its state is measured by

fluorescence spectroscopy. More on the experimental techniques may be found in Chap.(1).

We study the different obtainable outcomes from an NV center interacting with three

different baths, namely liquid, solid and a mixture of the two. First, the water becomes

liquid at room temperature, suggesting that the coating is hydrophobic and does not serve

as ice-substrate. Second, the water remains frozen, indicating the hydrophilic behavior of

the surface. Third and more realistic, only few layers of ice are stabilized on top of the

diamond while the remainder becomes liquid. Only these three scenarios may result from

our proposed experiment. How well we can tell one signal apart from the others and what is

the best way to characterize the measured polarization loss is the aim of the next sections.

5.3 System Hamiltonian

Our system consists of a single NV center interacting with 𝑁 hydrogen spins-1/2 via dipole-

dipole magnetic interaction. The Hamiltonian for such a system has been exhaustively

explained in Chap.(2) but here a brief description is summarized for the sake of completeness.

The NV center possesses an electronic spin-1 with projections |𝑚𝑠 = 0,±1⟩. Applying an

external magnetic field, B, parallel to the NV quantization axis the degeneracy between |±1⟩

levels is lifted. Additionally, using a MW field resonant with the |0⟩ → |−1⟩ transition allows

us to consider the NV as an effective qubit. Furthermore, the external field, B, induces a

Larmor frequency on the nuclear spins 𝜔N = 𝛾N|B|, where 𝛾𝑁 is the H gyromagnetic ratio.

In the dressed state basis for the NV, |±⟩ = 1√
2

(|0⟩ ± |−1⟩), the Hamiltonian of the system

in the secular approximation with respect to the NV reads (~ = 1)
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𝐻 = Ω𝑆𝑧 +

𝑁∑︁
𝑖=1

𝜔N𝐼
𝑖
𝑧 +

(︂
𝑆𝑥 −

1

2

)︂ 𝑁∑︁
𝑖=1

A𝑖(r𝑖)I
𝑖 + 𝐻N,N, (5.1)

where Ω is NV center Rabi frequency, S is the spin-1/2 operator in the dressed state basis,

I𝑖 is the spin operator of the 𝑖-th nucleus and A𝑖(r𝑖(𝑡)) is the hyperfine vector between the

NV center and the 𝑖-th nuclear spin, which depends on the relative position between NV

and nuclei, r𝑖(𝑡), and 𝐻N,N is the internuclear coupling.

The interactions induced by this Hamiltonian may be made explicit when expressing the

spin matrices in terms of the ladder operators 𝑆± and 𝐼±, such that we can write

𝐻int = −1

2

𝑁∑︁
𝑖=1

A𝑖(r𝑖)I
𝑖 +

𝑁∑︁
𝑖=1

(︀
𝑔𝑖(𝑡)𝑆+𝐼

𝑖
− + 𝑔*𝑖 (𝑡)𝑆+𝐼

𝑖
+ + ℎ𝑖(𝑡)𝑆+𝐼

𝑖
𝑧 + H.c.

)︀
, (5.2)

where we have introduced

𝑔𝑖(𝑡) =
1

4

(︀
𝐴𝑖

𝑥(𝑡) + i𝐴𝑖
𝑦(𝑡)

)︀
, (5.3)

ℎ𝑖(𝑡) =
1

2
𝐴𝑖

𝑧(𝑡), (5.4)

notice that we have made explicit the dependence of A𝑖(𝑡) on time. Therefore, the dipole-

dipole Hamiltonian induces flip-flop (𝑆+𝐼
𝑖
−), flip-flip(𝑆+𝐼

𝑖
+) and dephasing on the nuclear

spin (𝑆+𝐼
𝑖
𝑧). Each of these interactions will lead to different contributions to the polarization

loss and how to interpret the different effects they produce on the NV center highly depends

on the state of the nuclear bath.

5.3.1 First scenario: Liquid water

We first assume that water remains liquid at room temperature, which is typical for water

on hydrophobic substrates. In this scenario, we consider that the surface termination on

the diamond is not sufficient to stabilize the ice Ih structure and hence, the water molecules

do not bind and become liquid at room temperature. The motion of the water molecules in

the vicinity of a hydrophobic surface is similar to their motion in bulk [108, 107]. Indeed,

in this scenario, nuclear motion is fast, hence internuclear interactions represented by 𝐻N,N

are negligible, this is a reasonable assumption since the dipole interaction, which is also
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responsible for the internuclear interaction, averages out for symmetry reasons.

Besides, nuclear random motion leads to a time-dependent stochastic coupling through

the dependence of the hyperfine coupling on the electron-nuclear distance, A𝑖(r𝑖(𝑡)). Fur-

ther, this stochastic coupling is assumed to have certain correlation time 𝜏𝑐, which depends

on the water diffusion coefficient and the NV depth as 𝜏𝑐 ∝ 𝑧20/𝒟W [86].

For water at room temperature the diffusion coefficient is large, 𝒟𝑊 ≈ 2 · 103 nm2𝜇s−1

[133, 134], which in combination with a shallowly implanted NV center leads to 𝜏𝑐 ≈

2 ns. Consequently, on time scales exceeding 𝜏𝑐, the system state is described by ⟨𝜌⟩ (𝑡) =

⟨𝜌⟩NV (𝑡) ⊗ 𝜌B (see Chap.(4)), where ⟨𝜌⟩ (𝑡) is the system density matrix averaged over all

possible stochastic trajectories, ⟨𝜌⟩NV (𝑡) is the NV center density matrix and 𝜌B describes

the nuclear bath, which is thermal. In this timescale, it is possible to derive a dynamical

equation for the average NV population ⟨𝑛⟩ (𝑡) ≡ 1
2 + Tr (𝑆𝑧 ⟨𝜌⟩N𝑉 (𝑡)),

˙⟨𝑛⟩(𝑡) + 𝛼(𝑡) ⟨𝑛⟩ (𝑡) =
1

2
𝛼(𝑡), (5.5)

where 𝛼(𝑡) = 𝑁 1
4 [𝛾𝑥(∆, 𝑡) + 𝛾𝑥(2 Ω−∆, 𝑡) + 𝛾𝑧(Ω, 𝑡)], being ∆ = Ω−𝜔N the HHDR detun-

ing, which vanishes in our set-up. A detailed derivation may be found in Chap.(2) for two

interacting spins and further in Chap.(4) for an electronic spin interacting with a numerous

nuclei. The depolarization rates are defined as

𝛾𝛽(𝜔, 𝑡) =

∫︁ 𝑡

0

⟨︀
𝐴𝑖

𝛽(𝜏)𝐴𝑖
𝛽(0)

⟩︀
cos (𝜔𝜏) 𝑑𝜏. (5.6)

Notice that when 𝑡≫ 𝜏𝑐, the upper limit of the integral may be extended to infinity. This is

known as the Markov approximation [63]. In this regime, the rates 𝛾𝛽(𝜔, 𝑡→∞) correspond

to the power spectrum of the fluctuations. In fact, the spectral density of certain stochastic

variable 𝑋(𝑡) is defined as

𝑆(𝜔) =

∫︁ ∞

−∞
⟨𝑋(𝜏)𝑋*(0)⟩ 𝑒−i𝜔𝜏𝑑𝜏, (5.7)

which coincides with 2 𝛾𝛽(𝜔, 𝑡 → ∞) for real and symmetric autocorrelation functions. In

this picture, the stochastic motion of the nuclear spins generates an effective bath in the NV

center. This bath is characterized by certain spectral density, with the coupling strength of

the bath to a process that oscillates with frequency 𝜔 given by 𝛾𝛽(𝜔, 𝑡→∞).
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Consequently, the Markov approximation implies a time-independent rate, 𝛼𝑀 ≡ 𝛼(𝑡→

∞), leading to an average population at time 𝑡

⟨𝑛⟩ (𝑡) =
1

2
+

1

2
exp(−𝛼𝑀 𝑡). (5.8)

Therefore, the NV center loses its initial polarization at rate 𝛼𝑀 . We remark that this pro-

cedure is similar to that presented in Chap.(4), where we examine the polarization exchange

occurring between one single NV center and protons belonging to different oil molecules. Oil

molecules move notoriously slower than water, 𝒟oil ≈ 10−3𝒟W, that consequently leads to a

larger correlation time 𝜏𝑐 for a similar NV depth so this large correlation time allows for an

efficient polarization transfer. In fact, due to the rapid motion of the water molecules in the

current scenario, there is no net polarization transfer to the nuclear bath. See Discussion

for further details.

Yet, the protocol here presented is suitable for nuclear sensing since the electronic spin

get depolarized even in the absence of polarization gain by the nuclear bath. Of course, this

is a direct effect of the Hamiltonian interactions, which do not conserve the total number of

excitations.

It is worth to notice that in the Markov limit, the depolarization rate 𝛼𝑀 solely depends

on three parameters, namely the number of nuclear spins within the interaction volume

of the NV center, 𝑁 , the correlation time of the interactions, 𝜏𝑐, and the variance of the

stochastic interaction,
⟨
𝐴𝑖

𝛽(0)𝐴𝑖
𝛽(0)

⟩
. These three parameters are extensive, in the sense

that they depend on the dimension of the set-up. Further, they implicitly depend on the

proton density in water, 𝜌W, the depth of the NV center 𝑧0 and the diffusion coefficient

of the water when moving across the interaction region with the NV center, 𝒟W. On the

contrary, this set of parameters {𝜌W, 𝑧0,𝒟W} are intensive, such that they can be measured

or even estimated once a particular set-up is proposed. That is, the model we have proposed

predicts that the measurable signal from a single NV center is fully-determined once the set

{𝜌W, 𝑧0,𝒟W} is known. Consequently, as those are measurable quantities, we ensure a

fit-free model for the population evolution.
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5.3.2 Second Scenario: Solid water

In the case that water remains solid on top of the coated diamond surface, as predicted

in [119, 118], the interaction of the NV with the nuclei is again ruled by Hamiltonian in

Eq.(5.1), but in this case with time-independent interactions since all the involved spins,

NV center and nuclei, are now essentially stationary. This scenario corresponds to a full

solidification of the bath at room temperature. In Sec.(5.3.1), we have examined the behavior

of liquid water assuming the water molecules move as they do in bulk water, now we take

the opposite perspective and assume that the water molecules behave as in bulk ice Iℎ at low

temperatures. One of the major differences with respect to the previous section is that the

internuclear coupling, previously neglected due to the rapid motion of the nuclei, now plays

a significant role on the system dynamics. The nuclear-nuclear interaction is a dipole-dipole

magnetic interaction that may be expressed as

𝐻N,N =
1

2

𝑁∑︁
𝑖,𝑗 ̸=𝑖

𝑓𝑖,𝑗(r𝑖,𝑗)
(︀
I𝑖I𝑗 − 3

(︀
I𝑖r̂𝑖,𝑗

)︀ (︀
I𝑗 r̂𝑖,𝑗

)︀)︀
, (5.9)

where 𝑓𝑖,𝑗 is the interaction strength defined as 𝑓𝑖,𝑗 =
𝜇0𝛾2

N

|r3𝑖,𝑗 |
, and r𝑖,𝑗 are the position vectors

joining nuclei 𝑖 and 𝑗. The enormous number of spins within the detection volume makes

the derivation of a close analytical solution for ⟨𝑛⟩ (𝑡) challenging, and an exact numerical

treatment impossible. This issue has been largely discussed in Chap.(3). In order to gain

insight into the dynamical behavior of the system, we make use of the Holstein-Primakoff

approximation (HPA) [93], which as explained in Chap.(3) maps a polarized spin into a

bosonic mode, such that 𝑆+ → 𝑎†. When using HPA, the resulting system is Gaussian

and therefore its evolution can be efficiently computed employing the covariance matrix

[75, 82]. In fact, the HPA has been proven to accurately work for highly-polarized spins

and it is expected to give satisfactory results even for a thermal spin bath [70]. The bosonic

Hamiltonian after a HPA can be retrieved from Eq.(5.1). For doing so we first perform a

rotating-wave approximation obtaining

𝐻 = Ω𝑆𝑧 +

𝑁∑︁
𝑖=1

𝜔𝑖𝐼
𝑖
𝑧 +

𝑁∑︁
𝑖=1

𝑔𝑖𝑆+𝐼
𝑖
− +

1

2

𝑁∑︁
𝑖,𝑗 ̸=𝑖

𝑓𝑖,𝑗
(︀
1− 3ẑ2𝑖,𝑗

)︀(︂1

4
𝐼𝑖+𝐼

𝑗
− +

1

2
𝐼𝑖𝑧𝐼

𝑗
𝑧

)︂
+ H.c., (5.10)
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with the effective nuclear Larmor frequency 𝜔𝑖 = 𝜔N − 𝛾N
1
2𝐴

𝑖
𝑧 and the complex coupling

constant 𝑔𝑖 = 1
4

(︀
𝐴𝑖

𝑥 − i𝐴𝑖
𝑦

)︀
. In the regime of parameters of interest and due to the fact

that we are only interested in examining the dynamics of nuclear spins in a thermal state,

the dephasing produced by the term 𝐼𝑖𝑧𝐼
𝑗
𝑧 is not a leading type of interaction. Thus, we can

neglect its effects and remain with the following Hamiltonian

𝐻 = Ω𝑆𝑧 +
𝑁∑︁
𝑖=1

𝜔𝑖𝐼
𝑖
𝑧 +

𝑁∑︁
𝑖=1

𝑔𝑖𝑆+𝐼
𝑖
− +

1

2

𝑁∑︁
𝑖,𝑗 ̸=𝑖

𝑓𝑖,𝑗
(︀
1− 3ẑ2𝑖,𝑗

)︀(︂1

4
𝐼𝑖+𝐼

𝑗
−

)︂
+ H.c. (5.11)

Performing now the HPA we arrive to the desired bosonic Hamiltonian

𝐻 = Ω𝑎†0𝑎0 +
𝑁∑︁
𝑖=1

𝜔𝑖𝑎
†
𝑖𝑎𝑖 +

𝑁∑︁
𝑖=1

𝑔𝑖𝑎
†
0𝑎𝑖 +

𝑁∑︁
𝑖,𝑗 ̸=𝑖

𝑘𝑖,𝑗𝑎
†
𝑖𝑎𝑗 + H.c., (5.12)

where for the sake of shortness we have introduced 𝑘𝑖,𝑗 = 1
2
𝜇0𝛾2

𝑁
|r𝑖,𝑗 |3

(︁
1− 3ẑ2𝑖,𝑗

)︁
as the in-

ternuclear coupling strength and the NV center is labeled with 𝑖 = 0. We remark that

non-quadratic contributions have been neglected hence, obtaining a quadratic Hamiltonian

characterized by flip-flop interactions among different spins. As shown in Chap.(3) the evo-

lution equation for the covariance matrix may be obtained easily from the Von-Neumann

equation, �̇� = −i [𝐻, 𝜌], where 𝜌 is the density matrix of the system. Using that by definition

𝛾𝑖,𝑗 ≡ 1
2Tr (𝜌{𝑅𝑖, 𝑅𝑗}), it is found that

�̇�(𝑡) = −i [𝑉, 𝛾(𝑡)] , (5.13)

with 𝑉 such that 𝐻 = R†𝑉R, being R = (𝑥0, · · · , 𝑥𝑁 , 𝑝0, · · · 𝑝𝑁 )𝑇 , the quadrature vector.

Yet, the number of nuclei, 𝑁 , remains the computational limiting factor. For that

reason, only particles inside a given interaction volume are considered. Taking a hemisphere

of radius 2 𝑧0 around the NV center, the most relevant interaction is accounted for and

we expect a faithful description of the real dynamics. The latter can be easily confirmed

taking as a figure of merit the total interaction inside a volume of radius 𝑅𝑀 , that is,

Λ(𝑅𝑀 ) ≡
∑︀

|r𝑖|≤𝑅𝑀
|𝑔𝑖(r𝑖)|. In our system it is verified that Λ(2 𝑧0)/Λ(𝑅𝑀 → ∞) ≈ 80 %.

As can be seen in Fig.(5-2), for 𝑅𝑀 = 2 𝑧0 = 6 nm a substantial fraction of the total coupling

is taken while the number of spins in the interaction volume is only a few thousands, allowing

for an efficient computation within the HPA.
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Figure 5-2: Cumulative coupling and its relation with the number of spins in the

interaction region for a shallow NV center, 𝑧0 = 3 nm. (a) Normalized cumulative
force, Λ(𝑅𝑀 ) ≡

∑︀
|r𝑖|≤𝑅𝑀

|𝑔𝑖(r𝑖)|, with respect to the distance from the NV center position,
𝑅𝑀 . For 𝑅𝑀 = 2𝑧0 more than 80 % of the total coupling is taken into account. This ensures
a faithful description of the dynamical behavior within the HPA. (b) Number of spins, 𝑁 ,
contained in the interaction volume of the NV center for different values of 𝑅𝑀 . The optimal
value for 𝑅𝑀 must be a compromise between the value Λ(𝑅𝑀 )/Λ(𝑅𝑀 →∞) and a number
of spins that facilitates the computational simulation. In fact, for radii much larger than
2 𝑧0, the increment in Λ(𝑅𝑀 )/Λ(𝑅𝑀 → ∞) correspond to a much larger increment in 𝑁 ,
making the computation unfeasible.

5.3.3 Third scenario: Coexistence of phases

A more realistic scenario assumes that only a few layers of ice are stabilized on the chemically

modified diamond while the remainder water stays liquid. In this new scenario we assume

the situation described in [118]. Depending on the type of surface termination applied to

the diamond, more or less solid layers will remain stable when the system is heated up

to room temperature. In particular, according to the simulations carried by [118], for a

Na-F surface termination only one or two ice layers will remain solid while the remaining

molecules within the interaction volume will remain liquid. In this situation, the NV center

interacts with both solid and liquid water, so we can speak about phase coexistence. Aiming

to provide an appropriate description, we combine the two previously introduced methods.

Even if only a few layers are stationary, the number of nuclear spins within these stationary

layers is still large to be treated without a suitable approximation. Hence, the solid phase

is represented using HPA bosonization and evolves according to Eq.(5.13), while the liquid

water depolarizes the NV center as predicted in Eq.(5.5). The combined effect arising from

the two phases is described by
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Figure 5-3: Space-dependent diffusion coefficient and the corresponding corre-

lation function for a single NV center interacting with water molecules when

diffusing in bulk and in the vicinity of water-ice. (a) The Diffusion coefficient is
constant for bulk water while it strongly depends on the distance from the surface, 𝑧, in the
case of diffusion near bulk ice. The shape and parameters for 𝒟W/I(𝑧) have been estimated
from[135]. (b) Correlation function for the 𝑥 component of the hyperfine vector, 𝐴𝑖

𝑥(𝑡).
Molecules diffuse faster in bulk leading to a short correlation time, hence, a narrow correla-
tion function. In the presence of ice, water diffuses slower in the vicinity of the ice surface
increasing the correlation time. Both correlation functions are straightforwardly calculated
from molecular dynamics simulations (see App(D)).

�̇� = 𝑀𝛾 + 𝛾𝑀T − 1

2
Ω
(︀
Γ + ΓT

)︀
Ω. (5.14)

𝑀 = Ω
[︀
2𝑉 − i

(︀
ΓT − Γ

)︀]︀
. (5.15)

In the latter expression we have used, Ω, the sympletic matrix defined as [𝑅𝑖, 𝑅𝑗 ] = iΩ𝑖,𝑗 ,

and Γ a matrix containing the depolarization rates acting solely on the electronic spin

(See Chap.(3) for a more complete definition and derivation). In a more general picture, the

interaction of the stochastically moving nuclear spins with the electronic spin is qualitatively

similar to the interactions between the moving and the static nuclear spins. That is, the

depolarization induced in the electronic spin due to the presence of the liquid water also

affects the nuclear spins conforming the ice. Nonetheless, the nuclear-nuclear coupling is

several orders of magnitude smaller than the electron-nuclear spin dipolar coupling and

hence, it is neglected.

Different to what happens with the diamond-water interaction, the behavior of liquid

water in the presence of ice has been largely studied over the years [135, 136]. Thus, we can
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Figure 5-4: Numerical simulation and theoretical prediction of the polarization

dynamics for single shallow (𝑧0 = 3 nm) NV center interacting with different

baths. Note the different timescales. (a) Liquid water. The NV center losses its polar-
ization exponentially at a rate 𝛼−1

𝑀 = 2.1 ms, Eq.(5.8). Notice that for rapid motion, in ms
time scale it is verified 𝑡≫ 𝜏𝑐. The depolarization is a consequence of flip-flop, flip-flip and
pure dephasing processes, which are proportional to 𝛾𝑥(∆, 𝑡), 𝛾𝑥(2Ω − ∆, 𝑡), and 𝛾𝑧(Ω, 𝑡)
respectively. (b) Water Ice. The NV center interacts with bulk ice governed by Eq.(5.13).
For short times an analytical prediction for a spin system is feasible, this gives a good ap-
proximation of the oscillation timescale

∑︀𝑁
𝑖 |𝑔𝑖|2 (orange line). The HPA is used to obtain

the behavior at longer timescales (blue line). Coherent oscillations are seen between the NV
center and the protons in the ice. (c) Water-Ice mixture. The NV center interacts with a
bath composed by a single ice bilayer and liquid water. The numerical simulation (blue line)
was obtained neglecting the interaction with the liquid water. The effective model, (orange
line) considers liquid water on top of the ice with a space-dependent diffusion coefficient
as calculated by [135]. It can be seen that liquid water has a negligible effect during this
timescale due to the fast motion. This figure has been first published in [2].

asseverate that the diffusion of water molecules in the nearest vicinity of the ice layer differs

from the motion of water molecules in bulk water. These differences may be grouped in two:

First, the molecular diffusion is slowed down within few nanometers from the ice layer and

second, the water molecules tend to respect certain order in the immediate vicinity of the

ice. The combination of these two effects can be quantified by considering a space-dependent

diffusion coefficient, 𝒟W(𝑧). In Fig.(5-3) we depict the diffusion coefficient of water in the

proximity of an ice layer according to the measurements of [135]. One of the net advantages

of our theoretical model is its versatility. For instance, the effects of a space-dependent

diffusion coefficient will only enter in Eq.(5.14) via the depolarization coefficient 𝛼(𝑡), that

can be numerically computed via a simple molecular-dynamics simulation.

123



CHAPTER 5. SENSING PHASES OF WATER WITH NV CENTERS IN DIAMOND

5.4 Discussion

At his point, we would like to compare the predictions of the theoretical model for the

case of the liquid water with the numerical simulations based on HPA for the solid and

semi-solid scenarios. As we have extensively discussed in Chap.(3) the HPA is only suitable

when the action of flip-flip is hindered by the action of flip-flop processes. For the particular

case of water diffusion at room temperature we have seen that the contributions to the

depolarization rate 𝛼𝑀 coming from flip-flip and flip-flop processes are on the same order

and thus, a numerical simulation based on HPA, even if possible, is not expected to lead

to satisfactory results. Also, we remark that a theoretical prediction for the case of solid

water is complicated to be derived and thus we are constrained to compare two different

approaches.

Both the numerical and theoretical results are depicted in Fig. (5-4). We have assumed

a shallow NV center, such that 𝑧0 = 3 nm. Then, on the assumption that water is liquid, the

electronic spin gets depolarized at a rate 𝛼−1
𝑀 ≈ 2.1 ms, where we have assumed that water

molecules will exhibit a diffusion constant similar to that in bulk, 𝒟W = 2 · 103nm2𝜇s−1.

Indeed, at room temperature water molecules diffuse quite rapidly, interacting with the NV

solely during a short time before diffusing away, so their net interaction might be seen as

weak. In this regime, nuclear polarization is not possible. Indeed, for a net polarization

to happen an imbalance between flip-flop and flip-flip processes between NV and nuclei is

required [86]. For fast diffusion, meaning short correlation time, the power spectral density

is flat in our frequency range making 𝛾𝑥(∆, 𝑡) ≈ 𝛾𝑥(2Ω − ∆, 𝑡). Hence, the nuclei do not

gain polarization. Still, nuclear sensing is possible via NV center polarization loss.

On the other hand, when solid water is stabilized on the surface the measurable signal

is characterized by coherent oscillations in which the NV center interchanges its initial

polarization with the surrounding bath. A rough theoretical prediction reveals that for

short times the polarization of a spin system is proportional to 𝑛(𝑡) ≈ 1 − 1
2

∑︀𝑁
𝑖 |𝑔𝑖|2𝑡2,

which can be evaluated to coincide with the HPA prediction. In effect, the oscillations

occur at certain frequency in a range determined by
∑︀𝑁

𝑖=1 |𝑔𝑖|2 ≈ 5𝜇s. At larger times the

oscillatory behavior persists, since for it to be suppressed the spectral density of nuclei in

the ice phase must be dense around the Rabi frequency of the NV center, Ω [65], which is

not true for the current system and thus, the polarization oscillates back and forth. For
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Figure 5-5: Normalized spectral density, 𝑆(𝜔), calculated from the correlation

function as 𝑆(𝜔) = 1/
[︁
1 + (𝜏𝑐𝜔)2

]︁
. (a) Spectral density for water diffusing in bulk and on

top of an ice layer. The spectral densities have been approximated to a Lorentzian shape
with correlation time 𝜏𝑐 coinciding with the calculations in Fig.(5-3). The fast diffusion of
water results in a broad spectrum. (b) Detail of the spectral density, 𝑆(𝜔), in the frequency
regime natural to our set-up, MHz. For bulk diffusion the spectral density is flat and
therefore 𝛾𝑥(0, 𝑡→∞) ≈ 𝛾𝑥(2 Ω,→∞). Hence, flip-flop terms are compensated by flip-flip
processes leading to depolarization but not net polarization transfer. When water molecules
diffuse in the presence of ice, this effect is mitigated but still, flip-flip and flip-flop are of
the same magnitude. Equivalent plots for the spectrum associated with ⟨𝐴𝑧(𝑡)𝐴𝑧(0)⟩ are
omitted.

simulation purposes we have neglect the ice Iℎ residual entropy [137, 138, 139]. We have

considered the protons to be perfectly ordered inside the lattice since entropy effects on the

lattice do not significantly affect the qualitative behavior of the signal (see App.(C)).

Finally, when the two phases coexists, a measurement at HHDR condition will lead

again to coherent oscillations between the electronic spin and the solid layers. Liquid water

depolarizes the NV center on a longer timescale. According to [135], liquid water moves with

a space-dependent diffusion coefficient at water-ice interface that has been approximated

by 𝒟W/I(𝑧) = 𝒟min + (𝒟W − 𝒟min) {1 + exp [−2𝜅 (𝑧 − 𝑧′)]}−1, where 𝜅 and 𝑧′ are some

parameters that may be obtained from [135]. Computational results in this regime are

included in Fig.(5-4), revealing that even for a space-dependent 𝒟W/I(𝑧), the depolarization

rate is small and thus effects from liquid water are negligible in our time scale. Hence, a

thin layer of ice is detectable within a few 𝜇s.

Decoherence processes coming from external sources such as unpaired electron spins at

the coating surface or paramagnetic impurities inside the diamond, can be neglected in our
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model. This is because in similar scenarios for driven shallowly implanted NV centers, the

decoherence time, 𝑇1𝜌 has been measured to be in the order of ms [140, 40]. As we are

focused on a microsecond time range, 𝑇1𝜌 relaxation does not need to be included.

5.5 NV magnetometry

The experimental set-up proposed here may be also used to explore the internal structure

of solid water. More precisely, if we use a magnetic field gradient parallel to the NV center

quantization axis, the nuclear Larmor frequency will depend on the relative position be-

tween NV and nuclei, 𝜔𝑖 = 𝛾HB(𝑧𝑖), where 𝑧𝑖 is the vertical distance from the NV center.

Hence, assuming that all the layers of the ice are parallel to the diamond surface, which is a

reasonable assumption when the coated diamond is hydrophilic [118], then all the H nuclei

belonging to one specific layer will precess at the same Larmor frequency, 𝜔𝑖 = 𝛾HB (𝑧L),

with 𝑧L the distance from the NV center to a given layer. Further, the Rabi frequency of

the electronic spin can be tuned to match the Larmor frequency of the nuclei in that layer.

Thus, effectively the NV center solely interacts with one single ice layer and, consequently,

scanning different Rabi frequencies with the NV center individual layers are identified.

Aiming to illustrate this concept with numerical evidence, we use HPA. Again, under the

action of a sufficiently large magnetic field gradient parallel to the NV center quantization

axis, the Larmor frequency of a nucleus at a position 𝑧𝑖 is just 𝜔𝑖 = 𝛾H (𝐵0 + 𝜆𝑧𝑖), where

𝐵0 is a constant magnetic field and 𝜆 is the gradient strength 𝜆 ≡ 𝑑𝐵/𝑑𝑧. The Hamiltonian

for the bosonic system expressed in Eq.(5.12) can be straightforwardly modified resulting in

𝐻 = Ω𝑎†0𝑎0 +

𝑁∑︁
𝑖=1

𝜔𝑖(𝑧𝑖)𝑎
†
𝑖𝑎𝑖 +

𝑁∑︁
𝑖=1

𝑔𝑖𝑎0𝑎
†
𝑖 +

𝑁∑︁
𝑖,𝑗=1

𝑘𝑖,𝑗𝑎
†
𝑖𝑎𝑗 + H.c. (5.16)

In a crystal-like structure such as the one of Ice Iℎ, the H nuclei are distributed in lay-

ers separated by certain distance 𝑑. Then, the Larmor frequencies of the different nu-

clei are quantized by 𝑧L = 𝑛𝑑 + 𝑧0, such that only a finite set of frequencies is possible,

𝜔𝑖 (𝑛𝑑 + 𝑧0). Moreover, nuclei belonging to two adjacent layers are detuned by a quantity,

∆̃ = 𝜔𝑖 (𝑛𝑑 + 𝑧0) − 𝜔𝑗 [(𝑛 + 1)𝑑 + 𝑧0] = 𝛾H𝜆𝑑. Therefore, for a strong field gradient, such

that ∆̃ ≫
√︁∑︀

𝑧𝑖=𝑧L
|𝑔𝑖|2, the NV center effectively interacts with one specific layer, being
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the interlayer interactions negligible. Hence, setting Ω = �̃�(𝑧L), the effective Hamiltonian

may be written as

𝐻 = �̃�(𝑧L)𝑎†0𝑎0 +
∑︁
𝑧𝑖=𝑧L

�̃�(𝑧L)𝑎†𝑖𝑎𝑖 +
∑︁
𝑧𝑖=𝑧L

𝑔𝑖𝑎0𝑎
†
𝑖 +

𝑁∑︁
𝑖,𝑗=1

𝑘𝑖,𝑗𝑎
†
𝑖𝑎𝑗 + H.c. (5.17)

Note that the sum expands only over a given layer. In the short-time limit we can further

neglect the internuclear coupling, 𝑔𝑖 > 𝑘𝑖,𝑗 , obtaining

𝐻 ≈ �̃�(𝑧L)𝑎†0𝑎0 +
∑︁
𝑧𝑖=𝑧L

�̃�(𝑧L)𝑎†𝑖𝑎𝑖 +
∑︁
𝑧𝑖=𝑧L

𝑔𝑖𝑎0𝑎
†
𝑖 + H.c. (5.18)

The latter Hamiltonian may be solved analytically for an initially polarized NV center and

a thermal bosonic bath, we obtain

𝑛(Ω = �̃�(𝑧L), 𝑡) =
1

2
+

1

2
cos2

⎛⎝√︃∑︁
𝑧𝑖=𝑧L

|𝑔𝑖|2𝑡

⎞⎠ . (5.19)

The coupling strength depends on the hyperfine vector as 𝑔𝑖 = 1
4

(︀
𝐴𝑖

𝑥 + i𝐴𝑖
𝑦

)︀
, so we are able

to compute

∑︀
𝑧𝑖=𝑧L

|𝑔𝑖|2 = 1
4

∑︀
𝑧𝑖=𝑧L

|𝐴𝑖
𝑥|2 + |𝐴𝑖

𝑦|2 ∝ 1
4

∑︀
𝑧𝑖=𝑧L

(𝑥2
𝑖+𝑦2𝑖 )𝑧2𝑖

(𝑥2
𝑖+𝑦2𝑖 +𝑧2𝑖 )

5

≈ 1
4𝜌2D

∫︀
𝑆

(𝑥2+𝑦2)𝑧2L
(𝑥2+𝑦2+𝑧2L)

5𝑑𝑥𝑑𝑦. (5.20)

In the last expression we have introduced the bidimensional density of protons 𝜌2D. Then,

the population of the NV center evolves accordingly to

𝑛(Ω = �̃�(𝑧L), 𝑡) =
1

2
+

1

2
cos2

(︂√︁
𝜌𝑖2D

𝛽

𝑧2L
𝑡

)︂
, (5.21)

where 𝑡 is the interrogation time, 𝛽 is a factor coming from the dipolar strength and 𝜌𝑖2D is

the surface density of protons in a given layer. Thus, we can estimate both the ice thickness

and inter-layer distance. Also, changes of superficial density, 𝜌𝑖2D, at the solid-liquid interface

as predicted on [135, 136] are measurable with our scheme.
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Figure 5-6: Numerical simulation of NV center polarization exchange while in-

teracting with bulk ice in the presence of a gradient field (blue line) compared

with theoretical prediction of its envelope Eq.(5.21) (orange line). Resonant peaks ap-
pear when the HHDR condition Ω = 𝜔𝑖 = 𝜔N + 𝑑𝐵

𝑑𝑧 𝑧𝑖 is fulfilled. At this condition, the
NV center interacts only with a given layer 𝑖, which results in a coherent polarization ex-
change with the bath at a frequency

∑︀𝑁𝑖
𝑗 |𝑔𝑗 |2, where 𝑗 runs over the 𝑁𝑖 spins in the 𝑖-th

layer. The distance of each layer to the NV center is proportional to 𝜔𝑖 and can be easily
determined from the measurement. For the theoretical analysis we have used the estimated
bidimensional density 𝜌𝑖2D = 15.2 protons nm−2 and 𝜏 = 30𝜇s. Deviations from the theory
for larger distances correspond to an artificial reduction of density due to numerical calcu-
lations. When the two phases coexist, only peaks corresponding to solid layers will be seen.
This figure has been first published in [2].

The numerical results corresponding to the outcome of a hypothetical NV magnetometry

measurement are presented in Fig.(5-6). In the presence of a strong magnetic gradient, such

as, 𝑑𝐵/𝑑𝑧 = 60 G/nm, which has been already used in similar scenarios [141], the resolution

of the HHDR scheme is sufficient to discriminate different layers. Within this scheme,

structural properties such as the number of layers that are solid on top of the diamond, the

interlayer distance, 𝑑, or layer density fluctuations, 𝜌2D, may be measured. Further, when a

layer melts, water particles diffuse away rapidly and the resonance peak disappears from the

NV spectrum for short times, conferring to this method a high sensitivity. That is, for short

interrogation times, 𝑡 ≈ 𝜇s, the depolarization caused on the NV centre by the liquid water

is negligible. Thus, the number of observed peaks corresponds to the number of stabilized

layers.
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5.6 Conclusion

In this work we have demonstrated that detection of different phases of water at room

temperature using shallow NV centers is feasible. More precisely, we have characterized the

polarization loss produced on a single NV center by liquid, solid and liquid-solid large spin

baths using HHDR dynamical decoupling. Our theoretical prediction for liquid water has

been compared with extensive numerical analysis for solid ice. We have found that on a 𝜇s

timescale, the NV center polarization undergoes coherent oscillations when interacting with

solid water, while interactions with liquid water are negligible in the same time range. Even

an ultra-thin ice layer of a few nanometers is detectable using such a protocol. These results

permit unequivocal differentiation between solid and liquid water phases. Moreover, using

a moderately-high magnetic field gradient, the thickness and density of the ice layer can be

determined, being able to resolve nanometric structures.

Our approach may find applications in diverse frameworks. Definitely, it is extensible to

other solid-liquid phases involving magnetic nuclei, and since our protocol is sensible to den-

sity fluctuations, liquid-gas or solid-solid phases are also differentiable. In fact, transitions

between different types of water ice, such as Ice Iℎ and Ice III, should also be detectable

using NV magnetometry. They are not included in this analysis since they are not expected

to occur on diamond. These results set the route to novel application of NV centers not

only as phase sensors but also as valuable tools for nanostructural characterization.
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Chapter 6

Conclusions and outlook

In this thesis, we have proposed two novel schemes for the use of NV centers in bulk dia-

mond. Mainly, we have focused on the interaction between one single NV center and a bath

composed of a large number of nuclear spins. We have fully characterized the dynamical

evolution of the continuously driven electronic spin when set on resonance with the nuclear

spins composing the bath.

We have performed different theoretical derivations valid when the nuclear spins follow

a stochastic motion, which can be classified as fast when compared to the timescales of the

spin-spin interactions. Within this perspective, the correlations arising in the system rapidly

vanish so a full theoretical description is possible using well-established techniques in the

field of open quantum systems.

Nonetheless, not always a theoretical description is plausible or even sometimes may

be not sufficient for describing certain secondary effects. Therefore, we have made use of

bosonization techniques based on the Holstein-Primakoff map and its convenient combina-

tion with the formalism developed for Gaussian states. We have seen that joining these two

concepts, HPA and Gaussian states, sufficiently accurate predictions can be made for the

dynamical evolution of large spins systems. This high advantageous numerical technique

has allowed us to verify the results of the theoretical prediction and even to estimate the

dynamical evolution of a bath composed by static spins, which is not possible in the absence

of any suitable approximation.

In Chap.(4) we have examined how a novel technology based on NV centers can assist

to enhance NMR resolution by increasing the polarization of organic molecules involved in
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NMR diagnosis. For that, we have predicted how the polarization transfer from an NV cen-

ter towards protons behave. Our predictions yield a polarization rate depending on certain

parameters of the NV center and the sample, such as the NV center depth or the diffusion

coefficient of the protons within the organic sample. A proper combination of such factors

together with a proper set-up, may lead the organic samples to the hyperpolarized regime.

Our predictions have been further compared with actual experimental measurements, re-

vealing a strong agreement among theory, numerics, and experiment.

Encouraged by these findings, which seems to guarantee the validity of our predictions,

we have slightly modified the set-up in Chap.(4) to transform the NV center into a high-

resolution quantum sensor. In fact, in Chap.(5) we have largely explored the traces that

different baths might leave on the NV center polarization. Using the techniques mentioned

above, we have investigated the possibilities of using the NV center as a phase transition

sensor and also as a tool capable to explore the internal structure of solid compounds such

as water ice. Also within this context, the obtained results are highly satisfactory, indicating

that the NV sensor will discriminate in an unambiguous manner the phase of water deposited

on top of the diamond. Moreover, in the presence of an adequate magnetic field gradient,

the NV center might be used to explore different features of the internal structure of the

nuclear bath.

Both proposals rely on one key feature, the inherent versatility of the NV centers. As we

have seen, a driven NV center in bulk diamond can serve both as a hyperpolarization tool

and as a phase transition sensor. Those are only some examples of the many applications

plausible with NV centers. In fact, further schemes and further scenarios might be thought

and implemented. Specific to the interest of this thesis, would be the extension of these

protocols to NV centers in nanodiamond, the implementation of similar techniques using

NV centers ensembles or which modifications are necessary to translate these protocols into

techniques based on microwave pulse sequences, that is, discrete dynamical decoupling.

For instance, as the diamond is a very unique material with some extraordinary proper-

ties, it is straightforward to foreseen that NV centers will also share some of these features. In

fact, diamonds can stand very low or very high temperatures along with extreme pressures.

NV centers have been proven to maintain some of their properties in such unconventional

conditions and thus, it is easy to envision the NV center as a tool to investigate exotic phases

of matter where other common techniques may fail.
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Moreover, the proposed formalism may not only be used in sensing or hyperpolarization

but also for the development of quantum computers or quantum simulators. In this direction,

the NV center may be thought as a master spin, that is, an electronic spin which can be used

to control some other spin species indirectly. From this perspective, the hyperpolarization

scheme presented through this thesis may be reinterpreted as an initialization protocol that

will lead an ensemble of spins into a certain state with high fidelity. And, in the same vein,

the NV center might be used to read-out the state of this ensemble after certain quantum

evolution has happened.

Also, from a more technical point of view, a deeper study of the HPA and its limitations

may be faced. Here, only a phenomenological description has been given, still, a more formal

derivation might be possible in which the regimes of validity of the approach can be tailored

to different systems and contexts. These treatments escape from the aim of this work.

As a final concluding remark, I would like to say that all the derivations here performed

are thought for a system composed by a single electronic spin and a nuclear spin bath.

We notice that the electronic spin does not need to belong to an NV center rather it may

belong to another system. NV centers in bulk diamond provide an ideal quantum platform,

still, they are not unique and it is not unlikely that in a near future another platform that

enjoys better properties than the NV center may emerge. In that case, all the concepts here

developed can be straightforwardly adapted and recycled. The question is, will ever such a

platform emerge and take away the eminence of the NV center?
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Appendix A

Noise effects on single qubit

In this appendix, we explicitly derive Eqs.(1.7), which, as seen in Chap.(1), are helpful to

characterize the different timescales in which environmental noise may affect a qubit. The

derivation is based on the mathematical tools described in Chap.(2).

We start from the Hamiltonian of a single qubit affected by two different noise sources

that reads

𝐻(𝑡) = 𝜔𝜎𝑧 + 𝛿𝑧(𝑡)𝜎𝑧 + 𝛿𝑥(𝑡)𝜎𝑥, (A.1)

which has been previously presented in Eq.(1.3). In this Hamiltonian, 𝜔 stands for the free-

energy of the qubit (or spin-1/2) and 𝛿𝑧(𝑡) and 𝛿𝑥(𝑡) are two stochastic variables representing

two different noise sources. 𝜎 are the different spin-1/2 operator matrices. We further

assume the noise to fulfilled

⟨𝛿𝑥(𝑡)⟩ = ⟨𝛿𝑧(𝑡)⟩ = 0, (A.2)

⟨𝛿𝛼(𝑡)𝛿𝛼(0)⟩ = 𝜎2
𝛼𝑒

− 𝑡
𝜏𝛼 , (A.3)

⟨𝛿𝑥(𝑡)𝛿𝑧(0)⟩ = 0. (A.4)

First, as motivated in Chap.(2), we go into a interaction picture with respect to 𝐻𝜔 = 𝜔𝜎𝑧,

obtaining

�̃�(𝑡) = 𝛿𝑧(𝑡)𝜎𝑧 +
1

2
𝛿𝑥(𝑡)𝜎+𝑒

i𝜔𝑡 +
1

2
𝛿𝑥(𝑡)𝜎−𝑒

−i𝜔𝑡. (A.5)
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This Hamiltonian may be split into stochastic and non-stochastic parts as

�̃�0 = 0, (A.6)

�̃�1(𝑡) = �̃�(𝑡). (A.7)

The master equation describing the evolution of the qubit reads

𝛿

𝛿𝑡
𝜌(𝑡) = ℒ𝜌(𝑡) = ℒ1(𝑡)𝜌(𝑡), (A.8)

where 𝜌(𝑡) is the density matrix of the qubit in the interaction picture with respect to 𝐻𝜔

and ℒ𝑖 ≡ −i
[︁
�̃�𝑖, ·

]︁
. Proceeding as indicated in Chap.(2), such as system might be better

described in terms of the master equation for the average density matrix, ⟨𝜌⟩ (𝑡), which is

the average over all the stochastic trajectories that the noise may take. This new master

equation is simply (see Eq.(2.63))

𝛿

𝛿𝑡
⟨𝜌⟩ (𝑡) =

[︂∫︁ 𝑡

0
⟨ℒ1(𝑡)ℒ1(𝑡− 𝜏)⟩

]︂
⟨𝜌⟩ (𝑡). (A.9)

We remark that due to the properties of the noise, this equation is exact since higher-order

cumulants do not exist. Moreover, the action of the correlator is given by

∫︁ 𝑡

0
⟨ℒ1(𝑡)ℒ1(𝑡− 𝜏)⟩ 𝑑𝜏 ⟨𝜌⟩ (𝑡) =

∫︁ 𝑡

0

⟨[︁
�̃�1(𝑡),

[︁
�̃�1(𝑡− 𝜏), ⟨𝜌⟩ (𝑡)

]︁]︁⟩
𝑑𝜏, (A.10)

which can be expressed as

⟨[︁
�̃�1(𝑡),

[︁
�̃�1(𝑡− 𝜏), ·

]︁]︁⟩
=

1

4
𝐶𝑥(𝑡, 𝑡− 𝜏)𝑒i𝜔𝜏 [𝜎+, [𝜎−, ·]] +

1

4
𝐶𝑥(𝑡, 𝑡− 𝜏)𝑒−i𝜔𝜏 [𝜎−, [𝜎+, ·]] +

𝐶𝑧(𝑡, 𝑡− 𝜏) [𝜎𝑧, [𝜎𝑧, ·]] , (A.11)

where we have neglected all terms proportional to 𝑒±i𝜔𝑡. Also, we have introduced the

correlation function of the noise simply defined as
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𝐶𝑥(𝑡, 𝑡′) =
⟨︀
𝛿𝑥(𝑡)𝛿𝑥(𝑡′)

⟩︀
(A.12)

𝐶𝑧(𝑡, 𝑡
′) =

⟨︀
𝛿𝑧(𝑡)𝛿𝑧(𝑡

′)
⟩︀
. (A.13)

Following straightforwardly Chap.(2) we can further write the action of the correlator as

∫︁ 𝑡

0

⟨[︁
�̃�1(𝑡),

[︁
�̃�1(𝑡− 𝜏), ⟨𝜌⟩ (𝑡)

]︁]︁⟩
𝑑𝜏 =2 𝛾𝑧(0, 𝑡)𝐷(𝜎𝑧) ⟨𝜌⟩ (𝑡) +

1

2
𝛾𝑥(𝜔, 𝑡) [𝐷(𝜎+) + 𝐷(𝜎−)] ⟨𝜌⟩ (𝑡)+

i
1

2
Ω̃𝑥(𝜔, 𝑡) [𝜎𝑧, ⟨𝜌⟩ (𝑡)] . (A.14)

For a definition of the rates 𝛾𝛼(𝜔, 𝑡) and Ω̃𝛼(𝜔, 𝑡), see Eqs.(2.89). In the Markovian approximation,𝑡≫

𝜏𝑐, we recall

lim
𝑡→∞

𝛾𝛼(𝜔, 𝑡) =
1

2
𝑆𝛼(𝜔). (A.15)

Where 𝑆𝛼(𝜔) is the spectral density of 𝛿𝛼(𝑡) evaluated at 𝜔. All these considerations lead

to a master equation for ⟨𝜌⟩ (𝑡)

𝛿

𝛿𝑡
⟨𝜌⟩ (𝑡) = i

[︂
1

2
Ω̃𝑥(𝜔, 𝑡)𝜎𝑧, ⟨𝜌⟩ (𝑡)

]︂
+ 𝑆𝑧(0)𝐷(𝜎𝑧) ⟨𝜌⟩ (𝑡) +

1

4
𝑆𝑥(𝜔) [𝐷(𝜎+) + 𝐷(𝜎−)] ⟨𝜌⟩ (𝑡).

(A.16)

The corresponding master equation in the non-rotating frame is

𝛿

𝛿𝑡
⟨𝜌⟩ (𝑡) = −i

[︂
𝜔 − 1

2
Ω̃𝑥(𝜔, 𝑡), ⟨𝜌⟩ (𝑡)

]︂
+𝑆𝑧(0)𝐷(𝜎𝑧) ⟨𝜌⟩ (𝑡)+

1

4
𝑆𝑥(𝜔) [𝐷(𝜎+) + 𝐷(𝜎−)] ⟨𝜌⟩ (𝑡).

(A.17)

Using this master equation, the evolution equations for ⟨𝜎𝑥,𝑦,𝑧⟩ may be derived straightfor-

wardly, obtaining
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𝛿

𝛿𝑡
⟨𝜎𝑥⟩ (𝑡) = −

[︂
𝜔 − 1

2
Ω̃𝑥(𝜔, 𝑡)

]︂
⟨𝜎𝑦⟩ (𝑡)−

[︂
1

2
𝑆𝑧(0) +

1

4
𝑆𝑥(𝜔)

]︂
⟨𝜎𝑥⟩ (𝑡), (A.18)

𝛿

𝛿𝑡
⟨𝜎𝑦⟩ (𝑡) =

[︂
𝜔 − 1

2
Ω̃𝑥(𝜔, 𝑡)

]︂
⟨𝜎𝑥⟩ (𝑡)−

[︂
1

2
𝑆𝑧(0) +

1

4
𝑆𝑥(𝜔)

]︂
⟨𝜎𝑦⟩ (𝑡), (A.19)

𝛿

𝛿𝑡
⟨𝜎𝑧⟩ (𝑡) = −1

2
𝑆𝑥(𝜔) ⟨𝜎𝑧⟩ (𝑡). (A.20)

Such that the decay rates are simply

Γ𝑥 =
1

4
𝑆𝑥(𝜔) +

1

2
𝑆𝑧(0). (A.21)

Γ𝑦 =
1

4
𝑆𝑥(𝜔) +

1

2
𝑆𝑧(0). (A.22)

Γ𝑧 =
1

2
𝑆𝑥(𝜔). (A.23)

The latter expressions correspond to Eqs.(1.7) in Chap.(1).
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Lindblad equation for a spin within

the HPA

In this appendix, we illustrate how to translate a Lindblad master equation with given

coefficients into a dynamical evolution equation for the covariance matrix. This will allow

us to obtain numerical results by means of the HPA (see Chap.(3)). We start from a Lindblad

master equation acting on the electronic spin. Pure dephasing terms are not considered here.

�̇�NV(𝑡) = −i
[︁
Ω̃𝑆𝑧, 𝜌𝑁𝑉 (𝑡)

]︁
+ [𝛾+𝐷 (𝑆+) + 𝛾−𝐷 (𝑆−)] 𝜌NV(𝑡). (B.1)

where, 𝜌NV is the density matrix of the NV center, and S are the spin operators. We have

introduced the new auxiliary variables, Ω̃, 𝛾+, 𝛾−. Under the influence of such a master

equation, the population of the NV evolves as

�̇�(𝑡) ≡ 1

2
+ Tr (𝑆𝑧𝜌NV) = 𝛾+ − (𝛾+ + 𝛾−)𝑛(𝑡), (B.2)

On the other hand, Eq.(B.1) is translated to a bosonic system by direct application of the

HPA, obtaining

�̇�NV(𝑡) = −i
[︁
Ω̃ 𝑎†0𝑎0, 𝜌NV(𝑡)

]︁
+
[︁
𝛾𝑎†𝐷

(︁
𝑎†0

)︁
+ 𝛾𝑎𝐷 (𝑎0)

]︁
𝜌NV(𝑡), (B.3)

that leads to a equation for the population as

�̇�(𝑡) = 𝛾𝑎† + (𝛾𝑎† − 𝛾𝑎)𝑛(𝑡). (B.4)
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Therefore, the bosonic system will evolve equivalently to spin system as far as 𝛾𝑎† = 𝛾+ and

𝛾𝑎 = 2 𝛾++𝛾−. For 𝛾+ = 𝛾− = 1
2𝛼(𝑡) we can further express, 𝛾𝑎† = 1

2𝛼(𝑡), 𝛾𝑎 = 3
2𝛼(𝑡). Thus,

with the appropriate rates, we can reproduce on a bosonic system the dynamics generated

by a Lindblad dissipator on a spin system.

These result may be extended for a system composed not only by one single spin but

by a spin interacting with some other nuclei via a Hamiltonian 𝐻. The master equation is

simply

�̇�(𝑡) = −i [𝐻, 𝜌(𝑡)] +

[︂
1

2
𝛼(𝑡)𝐷

(︁
𝑎†0

)︁
+

3

2
𝛼(𝑡)𝐷 (𝑎0)

]︂
𝜌(𝑡). (B.5)

Where 𝜌(𝑡) is the total density matrix such that 𝜌NV(𝑡) = Tr𝐵 (𝜌(𝑡)). This master equation

leads to a evolution equation for the covariance matrix of the form of Eq.(3.61).

On the other hand, this reflects that a direct application of the HPA on the master

equation does not always lead to faithful result. In fact, if we imagine that Eq.(B.1) describes

a single spin interacting with a bath in thermal equilibrium, is well-known that a spin and

a boson will relax towards equilibrium differently [63]. Nonetheless, as the HPA is verstaile,

we can adapt the equations to reproduce more accurately the wanted dynamics.

Relaxation of spin system

The NV center is affected by some environmental noise. Namely, this noise will make the

NV center lose its initial polarization at a rate 𝑇1𝜌 (see Chap.(1)). Including these effects in

our approach is straightforwardly done by adding a dissipation term to the master equation

Eq.(4.22). Obtaining

˙⟨𝜌⟩NV(𝑡) =− i[Ω𝑆𝑧, ⟨𝜌⟩NV (𝑡)] +
1

4
𝑁𝛾(𝑡) [⟨𝑛⟩𝐵 𝐷(𝑆+) + (1− ⟨𝑛⟩𝐵)𝐷(𝑆−)] ⟨𝜌⟩NV (𝑡)+

1

2

1

𝑇1𝜌
[𝐷(𝑆+) + 𝐷(𝑆−)] ⟨𝜌⟩NV (𝑡). (B.6)

This equation allow us to include the effects of 𝑇1𝜌 in our analysis and thus, have a complete

perspective of the NV dynamics.
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Effects of disorder in rigid samples

In this work we have considered the interaction between a single NV center and different

kinds of baths composed by some nuclear spins. In Chap.(4) we have focused on randomly

moving spins while in Chap.(5) we have taken into account also nuclear spins within a solid

structure. Still, we have not explicitly considered imperfection in the motion or the position

of the nuclei.

On the one hand, the oil molecules from Chap.(4) may attached to diamond surface

forming a semi-rigid structure and consequently, a description based on randomly moving

particles may not be longer accurate. On the other hand, we have mentioned the protons

in Ice Ih tend to be disordered hence tending to a liquid-like configuration.

Using HPA we can estimate the measurable polarization loss from an NV center when

interacting with a rigid or semi-rigid samples. The outcome of these simulations helps

us to determine how robust the NV center signal is to little amounts of disorder in the

measurement sample.

For that end, we explore different proton configurations with different orderings. For

the sake of simplicity, we start from an initial configuration in which all protons form a

cubic lattice with lattice parameter 𝑎. From this starting point, different configurations are

achievable by displacing each of the protons by a random quantity 𝛿𝑖. In this context, the

magnitude of 𝛿𝑖 sets the amount of disorder with respect to the initial cubic lattice, hence

we quantify the disorder by 𝜒 ≡ 2|𝛿𝑖|
𝑎 .

Consequently, we can study the different signals on the NV center coming from different

types of bath: from a complete ordered crystal, 𝜒 = 0, to homogeneously distributed non-
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overlapping protons, 𝜒 = 80 %. We remark that our aim is not to predict the exact NV

center dynamics but rather the general behavior for a given kind of bath.

For the numerical simulations we have evolved the covariance matrix, 𝛾, of a Gaussian

system with a time-independent Hamiltonian. The chosen Hamiltonian has been

𝐻 = Ω𝑎†0𝑎0 +
𝑁∑︁
𝑖

𝜔𝑖𝑎
†
𝑖𝑎𝑖 +

𝑁∑︁
𝑖=1

(︁
𝑔𝑖𝑎0𝑎

†
𝑖 + H.c.

)︁
+

𝑁∑︁
𝑖,𝑗=1

(︁
𝑘𝑖,𝑗𝑎𝑖𝑎

†
𝑗 + H.c.

)︁
(C.1)

with 𝑔𝑖 and 𝑘𝑖,𝑗 the dipole-dipole interaction between electron-nucleus and nucleus-nucleus

respectively, Ω and 𝜔𝑖 the free-energies of the bosons and 𝑎𝑖,𝑎
†
𝑖 the bosonic operators. For

the sake of completeness, we have included the electronic spin relaxation, 𝑇1𝜌, describing

igt by a local Lindblad equation . This description is accurate and valid for non correlated

systems such as liquid oil. Nonetheless, here it is used for highly-correlated baths such as

water ice oil since it is expected to give satisfactory results [142]. Further details on the

simulation techniques may be found in Chap.(3).

The outcomes of the simulation are depicted in Fig.(C-1). For a rigid bath, the amount

of possible configurations of the protons is infinite and therefore we have chosen to present

the average signal (obtained by averaging over all the plausible polarization loss curves),

together with the standard deviation. Moreover, the average signal (blue curve Fig.(C-1)),

coincides with the signal that a semi-rigid solid produces on the NV center. In this context, a

semi-rigid solid consists of and ensemble of protons that are fixed during the duration of the

spin-locking time, 𝑡, but move by a random quantity 𝛿𝑖 between two different measurements.

The simulations suggest that, of course, the NV center is sensible to imperfections and

disorder in the bath. Nonetheless, for moderate amount of disorder, 𝜒, the NV center yields

to the same qualitative results. This means, that the standard deviation of the measurement

is small so the outcome of the measurement can not be misunderstood. Of course, this a

direct consequence of the homogeneity of the bath, the NV center interacts with the nuclear

spins equally, that is, the thing that determines the NV signal is the collective interaction

and not the singles one, therefore, a disorder that maintain major features of the sample

would not lead to completely wrong result.

This lead us to two conclusions regarding our work.

∙ The dynamical behavior of oil molecules in the vicinity of the diamond sample is un-
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Figure C-1: Comparison between rigid and semi-rigid for a shallow NV center at
𝑧0 = 3.2 nm and 𝑇1𝜌 = 11𝜇s. For each order parameter, 𝜒, infinite configurations are possi-
ble; in the figure there are shown the average value (blue line) and the standard deviation
(blue shadow). (a) The nuclei are found at fixed positions conforming a cubic lattice with
lattice parameter 𝑎. The NV center coherently interchanges polarization with the bath.
Nuclear-nuclear interaction effectively detunes the nuclei from the HHDR and therefore
full-oscillations are not seen.(b-e) Disorder models with different disorder parameter 𝜒. The
nuclei are assumed to be at random positions inside the detection volume, that is, disordered.
Still, the coherent oscillations are appreciable. For larger disorder factors, the number of
plausible nuclear configurations increase hence leading to a bigger standard deviation. {In
the calculations, have been used, 𝑁 = 800, 𝐿 = 20, 𝜌 = 50 spins/nm3, 𝑇1𝜌 = 11𝜇s.}

known. Chemical reactions such as adsorption may occur, hence blocking the stochas-

tic motion of the molecules resulting in an effective rigid bath for the NV center.

Nonetheless, in our model we consider the protons as randomly moving particles in

free diffusion with certain diffusion coefficient 𝒟oil. This description is expected to

be accurate when the detection volume is big enough and thus, the big majority of

the molecules diffuse freely while only an small fraction may participate in adsorption.

When compared to the experimental measured data, none of the examined scenarios of

Fig.(C-1), can reproduce a similar behavior to the one obtained. Hence, we conclude

that the description of the oil molecules as a liquid is adequate.

∙ When it comes to water ice, the entropy of the protons within the lattice does not
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induce a large amount of disorder. In fact, oxygen atoms are not affected by the

ice entropy. As seen in Fig.(C-1), for little amounts of disorder, 𝜒 ≈ 20 − 40%, the

standard deviation is equally small, and thus is not risk of confusion between the liquid

water and the solid water scenarions.
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Appendix D

Correlation function calculation

In this appendix we comment on the calculation of the correlation function of the coupling

coefficient between the NV and each individual spin. By definition, the correlation function

may be recalled as

⟨𝜉𝑖𝛼(𝑡)𝜉𝑖𝛼(0)⟩ =

∫︁ ∫︁
𝜉𝑖𝛼(r2, 𝑡)𝜉

𝑖
𝛼(r1, 0)𝜌(r2, 𝑡|r1, 0)𝜌(r1, 0)dr1dr2. (D.1)

with 𝜉𝑖𝛼(𝑡) as defined in Eq.(4.5) and 𝜌(𝑟1, 0) the probability distribution function that

takes into account the probability for a particle to be at certain point, r1, at initial the

time. Further, 𝜌(r2, 𝑡|r1, 0) is the conditional probability distribution, which indicates how

probable is for a particle to be at r2 at time 𝑡, given that it was at r1 at the initial time.

As we always consider stationary processes, [38], 𝜌(r1, 0) is an uniform distribution,

while, 𝜌(r2, 𝑡|r1, 0) is obtained by solving the diffusion equation

�̇�(r2, 𝑡|r1, 0) = 𝒟∇𝜌(r2, 𝑡|r1, 0), (D.2)

subjected to temporary and spatial boundary conditions,

𝜌(r2, 0|r1, 0) = 𝛿(r2 − r1), (D.3)

𝑑𝜌(r2, 𝑡|r1, 0)

𝑑𝑧2

⃒⃒⃒
𝑧2=𝑧0

= 0. (D.4)

The last condition reflects that the diffusive particle can not penetrate inside the diamond

and therefore a reflective boundary is supposed at 𝑧0, (see Fig.(4-1)). The solution to this
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equation is simply

𝜌(r2, 𝑡|r1, 0) =
1

(4𝜋𝒟𝑡)
3
2

𝑒−
(𝑥1−𝑥2)

2

4𝒟𝑡 𝑒−
(𝑦1−𝑦2)

2

4𝒟𝑡

(︂
𝑒−

(𝑧1−𝑧2)
2

4𝒟𝑡 + 𝑒−
(𝑧1+𝑧2−2𝑧0)

2

4𝒟𝑡

)︂
(D.5)

with 𝒟 the diffusion coefficient. Further, the initial density function may be expressed

simply as

𝜌(r1, 0) =
1

𝑉
, (D.6)

where 𝑉 is the total diffusion volume.

The correlation function, that is, Eq.(D.1) has no known analytical solution for the

proposed distribution densities and thus, a numerical approach is needed. Through this

work we have taken two different and equivalent paths

∙ Direct integration of Eq.(D.1) using a Monte Carlo approach or some other numerical

integrator.

∙ Indirect computation based on molecular dynamics: First, several trajectories of Brow-

nian particles are calculated inside a given volume 𝑉 . Second, the values for 𝜉𝑖𝛼(𝑡) are

calculated explicitly. And last, the correlation among different sets of 𝜉𝑖𝛼(𝑡) is calcu-

lated with an appropriate numerical tool.

Both approaches lead to the same result.

The correlation time

In this context, we define the correlation time is defined such that at 𝑡 = 𝜏𝑐

⟨︀
𝜉𝑖𝛼(𝜏𝑐)𝜉

𝑖
𝛼(0)

⟩︀
≡ 1

𝑒

⟨︀
𝜉𝑖𝛼(0)𝜉𝑖𝛼(0)

⟩︀
, (D.7)

in other words, the correlation time is a characteristic time such that when 𝑡 > 𝜏𝑐, 𝜉𝑖𝛼(𝑡) and

𝜉𝑖𝛼(0) can be treated as statistically independent.

Moreover, 𝜏𝑐 depends on 𝑧0, the depth of the NV center inside the diamond. Intuitively,

the deeper the NV center, the longer the correlation time. In fact, an interacting nuclear

spin has to be displaced more in order to change the interaction by a significant amount. The

dependence of 𝑧0 on 𝜏𝑐 is depicted in Fig.(D-1). The dependency of 𝜏𝑐 on the depth of the
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Figure D-1: Correlation time versus NV depth. Results obtained from simulation
(orange dots) and quadratic fit (blue line). The correlation time depends quadratically on
the NV depth. At large depths,𝑧0 > 6 nm, the points deviates from the fitting curve due to
a numerical simulation error. This figure has been first published in [1].

NV is clearly quadratic for shallow NV centers, while for deeper NV centers the quadratic

dependence is hindered due to numerical errors 1.

1As the depth increases, the effective diffusing volume, 𝑉 , increasing the computational time.
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