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Abstract
AI Planning is a core technology in enabling advanced assistance for human users. When
faced with complex problems such as handicraft tasks for household repairs, Do-ItYourself projects, or difficult assembly tasks, a planning-based assistance system can
provide individualised and context-dependent instructions. It thus effectively supports
the user in achieving his or her goals. High-quality assistance should in addition conform
to the user’s current wishes and preferences to ensure maximum utility. This can be
achieved by involving the user into the planning process, i.e. by making planning mixedinitiative. Hierarchical Task Network (HTN) planning is a method particularly well
suited for providing user support, as it resembles the means and structures humans use
for problem solving. We identified two major challenges that every mixed-initiative HTN
planning system must face and show how to address them: generating plans quickly and
flexibly altering them according to the user’s demands.
The main focus of this thesis lies on addressing the first challenge, i.e. on developing
a quickly responding and efficient HTN planner. Designing efficient HTN planners is
particularly difficult. Their algorithms have to take both dimensions of the problem
description – state and hierarchy – into account and have to consider interactions between them. We use a translation into propositional logic, enabling for the first time
a uniform view on the whole planning problem. First, we describe a new encoding for
totally-ordered HTN planning, before extending it in two consecutive steps to capture
general, partially-ordered domains. Second, we introduce Path Decomposition Trees
(PDTs) and Solution Order Graphs (SOGs) which enable a compact encoding and alleviate unnecessary reasoning from a SAT solver. They also pave the way for future
insights into structural properties of HTN planning problems, which allow for more efficient planning as well as for more advanced user support. Third, we show that our
encodings are a significant empirical improvement over the current state of the art in
HTN planning. Lastly, we present a fundamental technique for optimal HTN planning
– which is especially important in assistance scenarios – namely a method to compute
succinct depth bounds for plan-length optimisation.
In a mixed-initiative planning environment, users will frequently request the planner to
change a currently considered plan. We start solving this second challenge by considering
the most basic task involved: to verify that the changed plan is a solution to the planning
problem at hand. First, we show that this task is NP-complete. Second, we develop the
first plan verifier for HTN planning, which is based on a transformation into propositional
logic. Third, we analyse and categorise the requests possibly made by a user and show
that the objectives posed by her or him can be suitably represented as formulae in Linear
Temporal Logic (LTL). Fourth, we analyse the computational complexity of changing a
plan, showing that this task can be between NP-complete and undecidable. Lastly, we use
our SAT-based planner to change a plan with respect to a request formulated as an LTL
formula. We show that the full spectrum of LTL formulae can be supported efficiently
in a propositional encoding. For that, we introduce a new theoretical foundation for
reasoning about parallelism in LTL traces.
The practical applicability of our techniques has been demonstrated within a joint transfer project with Robert Bosch GmbH. In it, we developed an assistance system that
guides novice users through a handicraft Do-It-Yourself project. The underlying hierarchical planning model is highly complex. Currently the only planner that is able to find
plans for this model within an acceptable time frame is the SAT-based HTN planner
developed as part of this thesis.
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1. Introduction

Humans, especially inexperienced ones, often require assistance when faced with complex problems. For example, they may require assistance via providing appropriate
instructions when performing handicraft tasks such as household repairs or construction
projects [C3, F18], when developing a personal fitness schedule [F27], or when setting up
a home theatre ensemble [F31, F40, R74]. In these scenarios, planning-based assistance
can suitably provide individualised instructions and thus support the user to achieve his
or her goals. Merely providing a sequence of instructions is often not sufficient [F26]. We
argue that users often require a mixed-initiative interaction allowing them to adapt the
presented instructions to their personal preferences and wishes. Existing planners are
often not fast enough to ensure an appropriately short response time for such assistance.
This thesis is concerned with the theoretical foundations and the practical realisation
of providing adaptive planning-based assistance. The main focus lies on developing
the planning capabilities necessary for quickly processing the user’s wishes and requests
with respect to a given plan. In this thesis, we consider hierarchical planning in form
of Hierarchical Task Network (HTN) planning [R88, R113, R143]. It is well suited to
deliberate with humans on planning processes, as on the one hand it resembles the way
humans plan themselves and on the other hand is quite appropriate for realising for
advanced capabilities, e.g. the explanation and repair of plans [F30, R74, R87].
We start by discussing existing planning-based assistance systems in Chapter 3. We
then argue that any request of a user to change a given plan can be suitably interpreted
as formulae in Linear Temporal Logic (LTL). Next, we provide the first theoretical
foundation for mixed-initiative planning by classifying and studying possible requests to
change a given plan. For most of these requests, the task of plan verification – asking,
given a sequence of actions, whether it is a solution to the current planning problem
– plays a central role. We show that this task is NP-complete for HTN planning [C9]
and for another variant of hierarchical planning [F35]. Next, we classify possible change
requests for plans along two axes: what to change and which follow-up modifications
are allowed. For all these requests, we investigate their computational complexity [C8].
Lastly, we generalise these results in this thesis to cover arbitrary requests posed.
These theoretical results – especially the NP-completeness of HTN plan verification
– led to reviving an idea for solving HTN planning problems: HTN planning via logic.
It is described in Chapter 4. This planning approach has – in addition to its efficiency
– advantages when applied in mixed-initiative planning, as it enables a seamless integration of user requests into the planning process. Prior to the work of this thesis two
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encodings for HTNs in logic existed. One translates HTN planning problems into propositional logic [R138], but assumes that first, the HTN structure is acyclic, that second,
each task can occur at most once during decomposition – which is an even stricter than
acyclicity, and that third tasks can be arbitrarily inserted – not just via decomposition.
These restrictions are severe and limit the practical usability of the translation. The
second translation encodes totally ordered HTN planning problems into answer set programming, modelling the progression search used by SHOP [R114]. We developed a new
translation of HTN planning problems into SAT, which is applicable without restrictions
and adheres to the standard semantics regarding task decomposition of HTN planning
[R88, R143] and Hybrid Planning [F35, R124].
As a first step in creating a planner that exploits the concept of planning via logic,
we operationalised the complexity results for HTN plan verification by developing a
translation into propositional logic. The encoding (as all other encodings in this thesis)
represents all possible decompositions up to a given depth-bound. This work constitutes
the first plan verifier for HTN planning [C7], and has led to the development of other
verifiers (e.g. by Barták et al. [R48]). Our verifier can be utilised in a wide range
of scenarios beyond that of mixed-initiative planning, in particular for post-optimising
plans and for local plan repair.
A SAT-based planner can be obtained from the verification encoding by replacing
the clauses asserting the solution that should be verified with a formula expressing state
transitions. To ensure the completeness of this planner, the bound on the decomposition
depth is increased stepwise until a solution has been found. Unfortunately, the use of this
first encoding for planning is limited, mostly due to the size of the formula and due to
structures in the formula that make it particularly difficult to solve for most SAT solvers.
Therefore, we developed a more compact propositional encoding specifically designed
for totally-ordered planning domains. It is based on our newly introduced theoretical
concept of Path Decomposition Trees (PDTs, [C5]) which are compact representations of
all possible decompositions up to a given depth-limit. The resulting planner shows good
results, outperforming all currently known techniques on totally-ordered HTN planning
problems. We developed two modifications of the encoding, each allowing to handle
partial order in the domain [C2, C6]. For one of them, we developed the Solution Order
Graph (SOG), a compact representation of the partial order of all solutions up to a given
decomposition depth [C2]. SOGs allow for an efficient representation of partially ordered
solutions in a propositional formula. The application of SOGs and PDTs is however not
limited to SAT-based planning: they are generic representations of the problem, which
make structural properties of the problem explicit. As such they may be applied in
other algorithms, e.g. in search-based ones, as well as to e.g. improve heuristics. The
new encoding for general HTN planning based on an SOG exhibit good performance
when compared to state-of-the-art HTN planners.
The so-far presented planning techniques only allow for finding some solution – without
a guarantee to its quality. In practical applications short or cheap (according to some cost
function) plans are often required. This is especially true if human users are involved as
they might spot obvious redundancies in the plan. Finding guaranteed optimal plans in
HTN planning via SAT is difficult, as there is no strict correlation between decomposition
depth and plan length. As such, it might be possible to derive shorter plans if deeper
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decompositions are allowed. Optimal SAT-based HTN planning thus requires to compute
an upper bound on the decomposition depth necessary to reach all plans up to a given
length. We show how succinct upper bounds can be found [C1]. Our planner using this
bounding technique outperforms other optimal HTN planners.
In Chapter 5, we show that the newly developed SAT-based HTN planner can suitably
form the basis for addressing the user’s instructions within a mixed-initiative assistance
system. As noted above, a user’s requests can be interpreted as formulae in LTL. LTL
constraints can be added to a propositional planning formula easily, as an encoding is
already known [R96]. However, this encoding cannot cover full LTL, but only formulae
without the temporal next operator X. This operator is especially useful when formalising
a user’s requests to change a plan, as e.g. the request to perform an action as the
immediate next step requires this operator. We show how the encoding can be modified
to also cover the operator X. In doing so, we develop a new theoretical framework, Partial
Evaluation Traces, to reason about LTL formulae [C4]. Using this framework, we not
only added support for the operator X, but also improved the base encoding allowing
for even faster planning [C4].
Lastly, we show that the developed technologies have been successfully applied in
industrial research. The techniques described and developed within this thesis have
been applied in a technology transfer project which was jointly conducted with Robert
Bosch GmbH. In it, we have created an assistant that guides a novice user through a
handicraft Do-It-Yourself project, such as building a wooden key rack [C3, F18]. The
planning model in this scenario is highly complex and currently only the newly developed
SAT-based planner is able to find plans in an acceptable time frame. In this context,
we discuss how different types of knowledge (procedural and static) in such an assistant
can be suitably integrated [F33, C10].

3

2. From Classical to Hierarchical Planning

2.1. Summary
Planning is the means of deciding which actions to take in order to achieve a given objective. This complex cognitive ability is one of the most notable abilities possessed by
humans, setting them apart from most other live.1 The need for planning when producing composite tools may have even influenced the evolution of the human brain [R123].
Planning helps to make strategic long-term decisions, to save resources, time, and energy, and to achieve one’s objectives even in an adversarial environment. Naturally,
early computer scientists aimed to develop systems that were able to emulate the human ability to plan and to solve problems. Beginning with the general problem solver
[R159], research in planning began to focus on the task of selecting a sequence of actions
that, if executed, would lead to a desired goal. Solving these problems automatically
with a planner requires the problem to be described as an abstraction of the real world,
which mirrors its relevant aspects. The idea is that a plan, once found for the abstract model, would also be workable in the real world, provided the planning model
was chosen appropriately. As a consequence, a variety of simple and complex planning
formalisms was developed, each suited to reflect some features of the real world (e.g.
STRIPS [R158], PDDL [R130], PDDL with time [R116, R120], RDDL [R91], and HTN
planning [R143, R156] formulated using HDDL [F14]). In these models, planning boils
down to combinatorial optimisation.
Planners have been applied in a multitude of practical scenarios, demonstrating one
of their key capabilities: being solvers for arbitrary – and not just a few specific –
planning domains. For example, planners have been used to optimise logistics [R86], to
optimise the transport of plants in automated greenhouses [R90], for determining the
reactions needed for the synthesis of organic compounds [R71], for planning experiments
in synthetic biology [R54], for generating narratives [R67, R105], for tutoring systems
or computer games [R81], and for controlling NASA’s rovers on Mars [R100, R112] and
the Rosetta space probe [R70].
The results and techniques that we present in this thesis will only be formulated for
propositional planning, i.e. planning with the assumption that the state of the world
can be represented as a set of atomic logical propositions. The techniques we present
are however also applicable to planning problems which are specified using a lifted formalisation (see Section 2.3). Notably, the evaluations we present throughout this thesis
1

At least on earth.
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(Sections 4.2.3, 4.3.3, 4.4.5, and 4.5.2) consider mostly planning problems specified in a
lifted fashion. We further assume non-continuous, i.e. discrete, time. We however suppose that the developed techniques can be extended to also handle the above-mentioned
more complex types of planning problems, i.e. domains containing continuous state variables and time (see, e.g. Section 4.6).
In this chapter, we introduce classical and hierarchical planning – in the notation used
throughout this thesis. We start by giving an introduction into classical planning. Based
on it, we describe the extensions hierarchical planning makes. We further introduce
theoretical concepts and results by other researchers that are relevant to the techniques
and results developed in this thesis. Lastly, we briefly introduce Linear Temporal Logic
(LTL), which we will use in Chapters 3 and 5.

Core publications described in this chapter
This chapter serves to introduce relevant concepts for this thesis and thus does not contain any
core contribution.

2.2. Classical Planning
The most basic formalism for planning is that of classical planning, which is sometimes
also called STRIPS, named after the first planner for the by now standard formalism
of classical planning [R158]. In classical planning, states of the world are described in
terms of sets of proposition symbols. We denote with L the (finite) set of all proposition symbols, which can e.g. include propositions like attached_battery7_drill5. It
describes that the battery7 is attached to the drill5. A state is any subset s of L.
All propositions p ∈ s are considered true in s while all others are considered false.
Actions provide the means to transform states into each other. Every action a is associated with a precondition prec(a) and an effect eff (a). The precondition prec(a) is any
propositional formula over the proposition symbols L. It describes the circumstances
under which the action a can be executed. An action a is considered executable in a
state s if and only if s |= prec(a). For example the action attach_battery7_drill5 –
which shall attach battery7 to drill5 – can only be executed if battery7 is compatible with drill5. Hence, the precondition will contain the proposition symbol
compatible_battery7_drill5. The effect eff (a) of an action describes how the application of a changes the state to which it is applied. The effect can either be described
as a conjunction of positive or negative proposition symbols or equivalently by two sets
of proposition symbols: add(a) and del(a). The set add(a) – the adding effects – contains
the positively occurring propositions, while del(a) – the deleting effects – contains the
negative ones. If a is executed in the state s, the propositions in del(a) are removed from
s and those in add(a) are added. More formally, executing a in s results in the state

6

2.3. Lifted Planning
(s \ del(a)) ∪ add(a) and is denoted with γ(s, a). For a sequence of actions π = a1 . . . an
applied in a state s, we define the resulting state as



s

π=ε
γ(s, π) = undefined
π = a1 a2 . . . an and s 6|= prec(a1 )


γ(γ(s, a ), a . . . a ) π = a a . . . a and s |= prec(a )
1
2
n
1 2
n
1
A planning problem in the classical setting is given in terms of two sets of propositions: sI
and g – the initial state and the goal. A planner’s objective is to find a sequence of actions
π – called a plan – that if executed in the state sI will lead to a state sg = γ(sI , π) in
which the goal g holds, i.e. g ⊆ sg . Note that this necessarily entails that preconditions
of every action in π are satisfied, else sg would be undefined. From a computational
point of view, determining whether an solution to a classical planning problem exists is
PSPACE-complete [R147].
There are several extensions to this basic classical formalism. For example planners
often allow for conditional effects [R151], which describe effects that are only executed
if the state in which an action is applied satisfies a given formula. Conditional effects,
as well as other similar extensions, can be compiled into an equivalent model in the
presented formalism [R132]. The SAS+ planning formalism [R146] extends the representation of states from a simple boolean representation to a multi-valued representation.
In it, a state is an assignment of a value to each state variable. Similar to conditional
effects, SAS+ planning problems can be compiled into the presented formalism. For
both conditional effects (and similar extensions) and SAS+ it is more efficient to develop planners that can handle them natively. A compilations either increases the size of
the problem significantly (for conditional effects up to exponentially many new actions
in the number of conditional effects per action are needed) or hide relevant structural
information from the planner.

2.3. Lifted Planning
The description of classical planning in the previous section assumed that both the
proposition symbols and the actions are mere symbols, e.g. attached_battery7_drill5.
While such a simplistic model might be adequate for theoretical investigations and the
development of planners, it is very impractical for modelling planning domains. The
model would have to specify all proposition symbols and actions explicitly, even though
they often conform to a pattern. For example, a DIY domain might contain the predicate
attached_b_d for every battery b and drill d. The same holds for the attach_b_d
actions. To allow for specifying such domains compactly, they are commonly specified in
a lifted fashion. Here, proposition symbols and actions are not only names, but names
with a sequence of parameter variables. For example, we can declare an action (attach
?b ?d).2 Each variable is assigned to a type, i.e. a set of constants. In the example,
the type of ?b is battery – the set of all batteries – while the type of ?d is drill – the
set of all drills. The preconditions of actions are described by function-free first order
2

In planning, variable names are commonly prefixed with question marks, as e.g. in PDDL.
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formulae. The add and delete lists of actions similarly contain positive, function-free
literals.
The simple propositional representation presented above can be generated from such a
lifted representation by enumerating every assignment, i.e. instantiation, of variables to
constants of the respective types. Of course, such a simple instantiation procedure will
generate actions that can never be executable. To compute only the potentially reachable
groundings, several techniques have been developed. These include the planning graph
[R140] and the conversion into SAS+ [R101].
Throughout this thesis, we will describe techniques and ideas using a grounded propositional representation of planning problems. In examples and in practical applications,
we will however use a lifted representation, both to ease modelling and to make models
easier to read and to ease interactions with users. The presented theory and techniques are (with appropriate modifications) nevertheless applicable, since we can create
a propositional model from a lifted one via grounding.

2.4. Hierarchical Planning
Classical planning aims solely at finding a sequence of actions from a pool of available
actions that transforms the initial state into a goal state. The domain structure and the
rationale used when solving these planning problems may not conform with the ways
humans would solve the same problem, which tend to solve problems in a hierarchical
fashion [R154]. In addition to a portfolio of available elementary actions, humans also
perform reasoning over more abstract tasks which are composed of (potentially) a multitude of elementary actions [R111]. The intensity with which humans do this depends
on the cognitive difficulty of the problem. While they tend to rely more heavily on
abstractions when solving easier and day-to-day tasks, reasoning in complex tasks is
done in a manner more similar to forward search on elementary actions [R107]. In any
case, it is useful to be able to refer to more abstract courses of action when interacting
with human users. This e.g. comes into play when a planning-based system explains its
behaviour to the user [R74, R84], where an abstraction hierarchy allows for shorter and
more focussed explanations. Lastly, it is often also more intuitive to formulate the aim
of a planning problem not in terms of a state to reach, but in terms of tasks to preform.
For example, if a user wishes to participate in a conference, the initial and final states
of a plan are identical – with the sole exception that the user has less money after the
conference. In contrast, it is intuitive to formulate the aim in terms of a high-level task
to perform: (visit ICAPS_2019).

2.4.1. Hierarchical Task Network Planning
The most commonly used formalism for planning problems that contains abstract tasks
and defines its aims in terms of tasks to perform is Hierarchical Task Network (HTN)
planning [R44, R143, R156]. In HTN planning, we distinguish two types of tasks: primitive actions and abstract tasks. Primitive actions are formulated with the same means
as actions in classical planning, i.e. preconditions and effects. They represent the lowest

8

2.4. Hierarchical Planning
α0 (t03 ) = e
α(t2 ) = B
α0 (t02 ) = B
α(t1 ) = A

α(t4 ) = d
α0 (t01 ) = B

α0 (t04 ) = f

α(t3 ) = c
T = {t1 , t2 , t3 , t4 }

T 0 = {t01 , t02 , t03 , t04 }

Figure 2.1.: Two example task networks tn = (T, ≺, α) and tn0 = (T 0 , ≺0 , α0 ) where the
order is given by the depicted graphs. Compound task names are indicated
with capital letters, while lower-case letters indicate primitive action names.
Copied from [C2]. Reprinted with kind permission of AAAI press. AAAI
does not endorse any of Ulm University’s products or services.
level of abstraction available, i.e. those activities that can be performed without the
need for further refining them. Abstract tasks represent more complex courses of action.
Formally, abstract tasks are identified by their names. Whenever we are referring to a
task from now on, we mean either an abstract task or a primitive action.
An HTN planning problem connects abstract tasks with primitive actions via decomposition methods. Such a method is a rule a → tn that provides an option to perform
the left hand side abstract task a: by performing the tasks contained in the right hand
side tn. The means by which the right hand side tn is described gives HTN planning
its name: task networks. A task network is a partially ordered multi-set of tasks. Since
task networks are multi-sets, i.e. can contain the same task twice, we have to introduce
IDs to distinguish them. Formally, we define a task network as follows.
Definition 1 (Task Network [R88, R143])
Let X be a set of tasks. A task network tn is a triple (T, ≺, α) where
• T is a set of task identifiers,
• ≺ ⊆ T × T is a partial order over T , and
• α : T → X labels each task identifier with a task.
We denote with T NX the set of all task networks over a set of tasks X. For a given
task network tn, we denote with T (tn) the set of its task identifiers, with ≺(tn) its task
ordering, and with α(tn) its task labelling.
Two task networks are depicted in Figure 2.1. Based on the definition of task networks,
an HTN planning problem is defined as follows.
Definition 2 (HTN planning problems [R88])
An HTN planning problem is a 6-tuple P = (L, A, O, M, aI , sI ) where
• L is a set of proposition symbols,
• A is a set of abstract tasks,
• O is a set of primitive actions (or operators),
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α(t03 ) = e

T = {t1 , t3 , t4 , t01 , t02 , t03 , t04 }

α(t02 ) = B
α(t1 ) = A

α(t01 ) = B

α(t04 ) = f

α(t4 ) = d

α(t3 ) = c

Figure 2.2.: The task network tn∗ = (T ∗ , ≺∗ , α∗ ) resulting from applying the method
(B, tn0 ) to t2 in tn of Fig. 2.1. Copied from [C2]. Reprinted with kind
permission of AAAI press. AAAI does not endorse any of Ulm University’s
products or services.
• M is a set of decomposition methods (a, tna ) where a ∈ A and tna ∈ T NA∪O ,
• aI ∈ A is the initial abstract task, and
• sI ⊆ L is the initial state
The problem’s decomposition methods describe how abstract tasks can be performed
by means of executing more primitive actions. A decomposition method (a, tna ) (also
written as a → tna ) allows for replacing the abstract task a in a task network tn with
the task network tna . While doing so, the tasks in tna inherit the relative orderings of
a in tn.
Definition 3 (Task Decomposition [R88])
Let P = (L, A, O, M, aI , sI ) be an HTN planning problem and let tn = (T, ≺, α) ∈ T NA∪O
be a task network and t ∈ T a task identifier labelled with the abstract task a = α(t). Furthermore, let (a, tna ) ∈ M be a decomposition method and assume that T ∩ T (tna ) = ∅.
If this is not the case, we can rename the task identifiers in tn appropriately.
Decomposing the task identifier t in the task network tn using the method (a, tna )
results in the task network tn0 = (T 0 , ≺0 , α0 ) where:
T 0 = (T \ {t}) ∪ T (tna )
α0 = (α \ {(t, a)}) ∪ α(tna )
≺0 = (≺ \ {(x, t), (t, x) | x ∈ T }) ∪ ≺(tna ) ∪
{(x, t0 ) | (x, t) ∈ ≺, t0 ∈ T (tna )} ∪ {(t0 , x) | (t0 , x) ∈ ≺, t0 ∈ T (tna )}
We write tn →D tn0 if there is any decomposition method m ∈ M and task identifier
t ∈ T (tn) such that applying m to t in tn leads to tn0 . Further, →∗D denotes the transitive
hull of →D .
If we consider the first task network in Figure 2.1 and apply a method to its task
identifier t2 labelled B whose task network is the second one shown in Figure 2.1, i.e.
the method B → tn0 , we obtain the task network shown in Figure 2.2.
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The objective in an HTN planning problem is defined in terms of an initial abstract
task aI . The objective is to apply decomposition methods to aI until a task network
containing only primitive actions has been reached, which we call a primitive decomposition. The restriction to a single goal task is solely for notational purposes. Any
partially-ordered set of tasks can be used as a goal by adding a single additional decomposition method.
Definition 4 (Primitive Decomposition)
Let P = (L, A, O, M, aI , sI ) be an HTN planning problem. A task network tn is called
a primitive decomposition of P if ({x}, ∅, {(x, aI )})3 →∗D tn holds and tn ∈ T NO , i.e. if
tn contains only primitive actions and can be reached via decomposition from the initial
abstract task.
Determining for a given HTN planning problem whether a primitive decomposition
exists is trivial and can e.g. be done by a bottom-up marker algorithm. For a primitive
decomposition tn to be a solution to a given planning problem P we also have to show
that it is executable. Here, executability means that there is a linearisation of the tasks
in tn that is executable in the initial state sI .
Definition 5 (Executability and Solutions)
Let P = (L, A, O, M, aI , sI ) be an HTN planning problem. Let tn ∈ T NO be a primitive
action network. tn is executable in sI if there is a linearisation t1 , . . . , tn of its task
identifiers T (tn) such that π = α(tn)(t1 ) . . . α(tn)(tn ) is executable in sI , i.e. such that
γ(sI , π) is defined.
A solution to an HTN planning problem, i.e. a plan, is a sequence of primitive actions
π such that there is a primitive decomposition tn and π is an executable linearisation of
tn. We denote the set of solutions to an HTN planning problem P as S(P).
In the presented form, an HTN planning problem does not pose any requirement to
the state that is reached after the last task in the solution is executed. This is not
a restriction as we can simulate the requirement posed by a goal state. To do so, we
introduce a new initial abstract task a∗I and a primitive goal task g whose preconditions
are the desired goal. We then add a decomposition method decomposing a∗I into aI and
g with aI ≺ g, i.e. a∗I → aI g. Thus g will be the last task in any linearisation of a
primitive decomposition and g’s preconditions, i.e. the state-based goal, will be fulfilled
in any solution.
From the standpoint of complexity, finding solutions to an HTN planning problem is
a hard task. Erol et al. [R143] showed that determining whether a solution to an HTN
planning problem exists is undecidable.
HTN planning problems bear strong similarities to formal grammars. The process of
decomposition is very similar to derivation in formal grammars. Consequently proofs
for HTN planning domains sometimes rely on concepts from formal grammars. Höller
et al. [F36, F42] studied the connection of solutions in HTN planning and formal languages. From a language point-of-view, HTN planning problems correspond to a class of
3

Here x is an arbitrary symbol.
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languages strictly between the context-free and context-sensitive languages [F42] while
classical planning problems can express at most regular languages [F36], showing the
high expressivity of HTN planning.
As for classical planning, HTN planning problems are usually specified in a lifted formalism where abstract tasks and decomposition methods are specified in a factored way
utilising typed variables. To obtain a purely propositional representation, we can ground
the domain and perform reachability checks on the methods and abstract tasks. The
planning system PANDA (Planning and Acting in a Network Decomposition Architecture [F29, R75, R124]) provides such a “grounder”, which was mainly developed by the
author of this thesis. Other “grounders” for HTN planning problems are also available
[R59, R76], which often produce larger groundings than PANDA due to its more complex reachability analysis. Especially in HTN planning there are also planners that don’t
perform grounding before the actually planning process but use the domain in a lifted
fashion and ground whenever necessary. These planners include, e.g. the well-known
planners SHOP and SHOP2 [R118, R135]. This approach is advantageous whenever it
is computationally too expensive to fully ground the planning domain. For them it is in
contrast also more difficult to define good heuristics.4

2.4.2. Extensions and Restrictions to HTN planning
In principle any extension to classical planning, e.g. conditional effects, can also be added
to HTN planning. There are also extensions and alterations that are specific to the hierarchical nature of HTN planning. This includes, e.g. Hybrid Planning which adds
preconditions and effects to abstract tasks and allows for causal links in decomposition
methods [F35, R124]. Several formulations of HTN planning also allow for state constraints to be present in decomposition methods [R48, R143]. These include e.g. before,
after, and prevail constraints, which span between tasks and may refer to the states
occurring in a solution between them. The most prominent of these constraints are
method preconditions [R118, R135], which must be fulfilled in order to a decomposition
method to be applicable.5 Method preconditions can be compiled into additional primitive actions while the other constraints must – at least to our knowledge – be handled in
the planner. We will refrain from presenting such extensions as they would only clutter
the notation unnecessarily. The techniques presented in this thesis can however handle
method preconditions, before, after, and prevail constraints.
In addition to extensions to the presented formalism, there are also several restrictions
to the hierarchy that have been investigated in the past. Each of these restrictions forms
a subclass of HTN planning problems, which is decidable and thus is worth investigating
as more efficient algorithms to solve them might exist. Most notably, if we restrict the
partial order ≺ in every method to be a total order, planning becomes significantly
easier. First, determining plan-existence for totally-ordered HTN planning problems
is “only” EXPTIME-complete [R143]. Second, handling them is also easier from an
algorithmic and implementation standpoint. This is e.g. witnessed by the large number
of specialised planners for them, which includes SHOP [R135], totSAT [C5], Alford’s
4
5

Note that neither SHOP nor SHOP2 use heuristics, but blind depth-first search.
For the exact semantics of these preconditions we refer to Nau et al. [R118] and Behnke et al. [C7].
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Figure 2.3.: Decomposition methods of a planning problem with abstract tasks A =
{A, B} and primitive actions O = {x, y, z}. The initial abstract task is A.

translation [R92], and a planner based on Answer Set Programming [R114]. Theoretical
work on HTN planning was concerned with further restrictions, which include
• acyclic planning problems, where the decomposition methods do not allow any
recursion through abstract tasks, i.e. it is impossible to derive a task network
containing the abstract task a via an arbitrary number of decompositions from a
[R143],
• regular planning problems, where each method can contain only a single abstract
task and this task must be ordered after all primitive actions in the method [R143],
• tail-recursive planning problems, which forbid certain types of recursion and allow
them only through a last abstract task in every method [R68].
Lastly, there is HTN planning with task insertion – or TIHTN – which is not an
alteration to the way planning problems are expressed but to the requirements posed to
its solution. In TIHTN planning we require a solution – a sequence of primitive actions
– to only contain the linearisation of a primitive decomposition as a subsequence. The
planner is allowed to insert tasks apart from the hierarchy, but still has to decomposed
the initial abstract task. This alteration makes HTN planning decidable [R88], more
precisely it becomes NEXPTIME-complete [R69]. We will not further consider TIHTN,
but note that the planning techniques presented in this thesis can easily be adapted to
handle TIHTN planning problems.

2.4.3. Structures for Representing Solutions
To analyse the structure of HTN planning problems and their solutions, several representations and abstractions have been developed. These include e.g. the Task Decomposition Graph, which encodes the decomposition methods of an HTN planning problem
in a graph structure [R75].
For this thesis, the most important structures are Decomposition Trees [R88]. They
represent the decompositions that were applied to obtain a solution π. In representing
decompositions of an HTN planning problem, they are related to Task Decomposition
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Trees [R89], Task Decomposition Graphs [F29, R75, R82], and Planning Trees [R134].
These three concepts differ sharply from that of Decomposition Trees, as they represent
an abstraction of all possible decompositions in an HTN planning problem. A Decomposition Tree on the other hand represents those decompositions – without any abstraction
– that have led to a concrete solution π.
The root of a Decomposition Tree is the initial abstract task aI . Every task t occurring
during the decomposition process is represented by a node v in the Decomposition Tree.
Methods in turn correspond to edges, adding an edge from v to child v 0 for every task in
a method’s task network. The leafs of the Decomposition Tree then correspond to the
task network resulting from applying all decompositions. These leafs are also called the
tree’s yield.
Definition 6 (Decomposition Tree [R88])
Let P = (L, A, O, M, aI , sI ) be an HTN planning problem. A Decomposition Tree (DT)
is a 5-tuple T = (V, E, α, β, ≺), where
• (V, E) is a directed tree with the root node r and inner nodes I.
• α : V → A ∪ O labels each node with a task. The label of each inner node is in A,
the label of each leaf is in O, and the label of the root node r is aI , i.e. α(r) = aI .
• β : I → M labels each inner node v with a method β(v) = (a, tna ) such that
α(v) = a. Further v must have |T (tna )| children C = c1 , . . . , c|T (tna )| and there
must be an isomorphism φv : T (tna ) → C such that α(φv (ti )) = α(tna )(ti ) for all
i ∈ {1, . . . , |T (tna )|}.
• ≺ is a partial order on the nodes of v. For every inner node v with β(v) = (a, tna )
it contains the order φv (t1 ) ≺ φv (t2 ) if t1 ≺(tna ) t2 for any t1 , t2 ∈ T (tna ). It
further contains for every order v1 ≺ v2 the order c1 ≺ v2 and v1 ≺ c2 for any
(v1 , c1 ), (v2 , c2 ) ∈ E. Lastly, ≺ may not contain any other ordering apart from
those implied by these two rules and transitivity.
The depth of a Decomposition Tree is the depth of (V, E). The yield of a Decomposition
Tree is the task network yield(T ) = (Ty , αy , ≺y ) where
• Ty is the set of leafs of T ,
• αy (t) = α(t), and
• ≺y = {(t1 , t2 ) ∈ α | t1 , t2 ∈ Ty }.
To illustrate the concept of a Decomposition Tree, consider an HTN planning problem
with the decomposition methods shown in Figure 2.3. In Figure 2.4, we show a Decomposition Tree for this domain. The yield of this Decomposition Tree consists of its seven
leafs and their relative ordering. It is depicted in Figure 2.5. A valid linearisation of this
yield would, e.g. be xxyxzzy.
Geier and Bercher [R88] showed that every solution π to an HTN planning problem
P is the linearisation of the yield of a Decomposition Tree for P. The contrary is clear
by definition as any executable linearisation of yield(T ) will be a solution to P.
Theorem 1 (Decomposition Trees and HTN solutions [R88])
Let P be an HTN planning problem and π a solution to that planning problem.
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Figure 2.4.: A Decomposition Tree for the HTN planning problem shown in Figure 2.3.
Dashed arrows indicate the order ≺, where black arrows indicate order contained in the problem’s methods and blue order implied via decomposition.
Transitively implied ordering constraints are not shown.
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Figure 2.5.: The yield of the Decomposition Tree shown in Figure 2.4.
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Then there exists a Decomposition Tree T such that π is a linearisation of yield(T ).

2.5. Algorithms for Solving Planning Problems
Due to their computational complexity – classical planning is in general PSPACEcomplete and HTN planning is undecidable – there are no generally efficient algorithms,
i.e. algorithms that run in (only) polynomial time, for solving these problems.6 In the
past, several techniques for solving planning problems have been developed, which aim
at solving them in a practically efficient manner. Practically efficient here means, that
problem instances occurring in the real world will be solved within an acceptable time
frame. How this time frame looks like depends on application, but it can range from
seconds to hours or days – as compared to “more time than the universe has already
existed”. Witnessed by the increase in performance over the last two decades and their
application to real-world problems, these approaches have been widely successful.
The most common way to solve planning problems is via search. This search is either performed in the space of plans or in the space of states (respectively the space of
progressions for HTN planning problems [F20, R118]). In plan space search, search is
performed over incomplete plans and successor nodes are created by applying modifications to them [R150]. Modifications aim at removing a flaw from the plan, i.e. a property
that prohibits the incomplete plan from being a solution, e.g. an unfulfilled precondition.
The search ends as soon as a plan without a flaw is found. In state space search, the
nodes of the search are states, starting from the initial state. Successors are generated
by applying applicable actions to the current state. The search terminates if a state has
been reached in which the goal is true. Both plan space and state space search can be
improved with a variety of techniques, e.g. heuristic search using A* or greedy search,
pruning techniques, (at least state space search) by bidirectional search, or orbit search.
Another search-based technique, which differs in its general principles from state space
and plan space search, is symbolic search. Here one considers the set of all states with
a distance of at most k units from the initial state. These are represent by a Binary
Decision Diagram (BDD). To compute the same set for the distance k + 1, we can
apply operations to the BDD. This allows for considering all reachable states at once,
thus speeding up the computation. Interestingly, this technique can be extended to
incorporate some types of heuristics [R66].
Lastly, there are planning approaches that transform the planning problem into another equivalent problem and use ready-to-use solvers for that problem. Any approach
that solves planning via translation into another problem has one fundamental advantage
compared to search-based techniques: it benefits automatically from progress made in
solving the target problem. This allows for improvement of planner performance without
changing the planner at all. The best known type of these approaches is planning via
SAT – the satisfiability problem for propositional logic.
Definition 7 (SAT)
Given a propositional formula F in conjunctive normal form (CNF), SAT is the problem
6

However there might be for classical planning if P = PSPACE, which is fairly unlikely.
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of determining whether a valuation β that satisfies F exists, i.e. β |= F, and if so to
output β.
The problem SAT is NP-complete [R157]. The core idea in SAT-based planning is to
construct a propositional formula that is satisfiable if and only if the planning problem
has a solution. Based on the satisfying valuation β, it is then possible to extract that
solution. Even for classical planning there is a slight theoretical problem: while SAT
is NP-complete, classical planning is PSPACE-complete. As such, we can’t expect that
there is such a transformation of polynomial size.7 To circumvent this problem and allow
for SAT-based planning nevertheless, we are not constructing a propositional formula
that is satisfiable if the problem has any solution, but only if it has a solution with
specific properties, such as adherence to some bound. We then choose this property
such that the plan existence problem becomes NP-complete. Completeness is usually
achieved by an iteration over the bound.
SAT-based planners draw from the high efficiency of modern SAT solvers. Translations
into propositional logic are also practical for extensions, as their encodings are usually
easily extendable, e.g. to handle Linear Temporal Logic [R96]. Further, using SAT
Modulo Theory solvers even allows to support numerical state variables and time [R62].
This could even be extended to cover Planning Modulo Theories that, e.g. allow for
complex geometrical reasoning in planning actions [R83].
For classical planning, the typical restriction posed on the plans described in the
propositional formula is a length bound [R145]. Given a length bound `, we construct a
formula that is satisfiable if and only if a plan of length at most ` exists. If we assume
a unary encoding8 of ` the plan existence problem becomes NP-complete.
The encoding is based on representing the plan as a sequences of timesteps. For each
timestep t (0 ≤ t ≤ `) and proposition symbol p, the decision variable p@t represents
that p is true in the state at time t [R145]. Similarly, for every timestep t (0 ≤ t < `)
and action a, the decision variable a@t represents that a is executed at time t. The
propositional formula now asserts that
1. at t = 0 the decision variables p@0 exactly represent the initial state,
2. the goal is true at t = `,
3. the preconditions of each applied action are fulfilled in the state in which it is
executed,
4. the effects of each applied action are executed,
5. proposition symbols not affected by applied actions retain their truth from state
to state, and
6. at most one action can be executed at each timestep.
The commonly used translation of these rules into a propositional formula was introduced
by Kautz and Selman [R145]. In order to obtain a complete planner based on this
encoding, we have to call the SAT solver multiple times. We start with length bound
7
8

Again, unless NP = PSPACE.
Note: from a complexity theory point-of-view, this is not an acceptable assumption. However since
we are interested in the practical usability of the approach alone, it is acceptable to use an encoding
that is polynomial in ` but exponential in log `.
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` = 1, construct the formula, and run the solver. If it returns a satisfying valuation, we
can extract the plan. If the solver shows that there is no satisfying valuation, we know
that any plan for the problem must have at least the length 2. We then increment `
by one an repeat the process. Several improvements to this simple scheme have been
proposed. This includes different step sizes, i.e. increases by more than one [R78], the
interleaved execution of SAT solvers [R104], and the use of incremental SAT solving
[R58].
In addition to technical improvements in the evaluation of the formula, there has
also been progress in making the formula more amenable to SAT solvers. Most of the
clauses resulting from encoding the assertions 1-5 are Horn clauses, i.e. they contain at
most one positive literal. The only exception are those clauses that pertain to negative
preconditions and delete effects. Horn clauses can be treated efficiently by SAT solvers
and a formula containing only Horn clauses can be solved in polynomial time. Encoding
the assertion 6 breaks this pattern – which seems somewhat unnatural, as does the fifth
axiom of geometry [C161, Book I, Proposition V]. The constraint can, however, not be
dropped entirely. Doing so would allow for executing actions in parallel as long as their
preconditions are fulfilled in the same state. Consider – as an example – two action,
both having a ∧ b as their precondition and one having ¬a, the other ¬b as its effect.
Both actions are applicable in the state {a, b} but executing one necessarily disables the
execution of the other. It is not possible to sequentialise them such that the resulting
plan would be executable.
Already the encoding of Kautz and Selman [R145] accounts for a limited amount
of safe parallelism, nowadays called ∀-step parallelism [R104]. As of now, the encoding based on the ∃-step semantics for parallel execution of actions allows for the most
parallelism [R104]. Its aim is to allow parallel execution of actions whenever a linearisation of the actions exists that is executable. Deciding this property is unfortunately NPcomplete [R104]. Rintanen et al. [R104] presented an approximation that pre-computes
an ordering of all actions and allows any subset of actions to be executed in parallel if
they are executable in this precomputed order. This property can be compactly encoded
into propositional logic via chains [R104]. For both encoding chains and determining an
appropriate order of all tasks, the Disabling Graph (DG) is used. The DG’s nodes are
the actions and an edge (a1 , a2 ) denotes that executing a1 may falsify a2 ’s preconditions.
If the DG is acyclic, it is safe to execute all actions in a reverse topological ordering, as
none will disable an action occurring later on in the order. If the DG contains cycles,
actions are executed in reverse topological order of the strongly connected components
and in random order within the components.
Most planners for HTN planning problems used some fashion of blind search, e.g.
SHOP and SHOP2. Recently, search-based HTN planners began to incorporate heuristics, e.g. PANDA [F20, F29, R75], and pruning techniques, e.g. FAPE [R61, R76], which
provided significant improvements in solving time for HTN planning problems.
Similar to classical planning, translation-based approaches for HTN planning have
also been introduced in the past. For totally-ordered HTN planning problems, Dix et al.
proposed a translation into Answer Set Programming [R114]. Alford et al. [F34, R92]
showed that HTN planning problems can be translated into classical planning problems.
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Similar to the encoding of classical planning into propositional logic, their translation
requires a bound. In this case, the bound is the so-called progression bound – the maximum size of an intermediate task network under progression. For tail-recursive HTN
planning problems, an upper progression bound can always be computed in polynomial
time, i.e. a bound k such that any solution has a progression trace where the largest
intermediate task network has size k. For arbitrary HTN planning problems, this bound
cannot exist – else we would have obtained a decision procedure for an undecidable problem. Mali and Kambhampati [R138] proposed an encoding of hierarchical planning into
propositional logic. Their notion of hierarchical planning, however, differs significantly
from the presented, and by now established, HTN formalism. Notably, their formalism
does not include an initial abstract task, but specifies the aim in terms of a goal state.
As such, abstract tasks can be freely inserted into the plan. Such planning problems
are classified as decompositional planning, where abstract tasks and the hierarchy do
not specify the problem, but assist in solving it [R73, R137, R149]. Further they allow
for task-sharing [R60], i.e. a task that has been derived twice via decomposition must
be executed only once. Lastly, they assume that the decomposition hierarchy is acyclic.
These differences make their encoding not useable for HTN planning problems. To the
best of the knowledge of the author, there is no encoding of (standard) HTN planning
into propositional logic prior to this work.

2.6. Linear Temporal Logic
Parts of this thesis also deal with handling planning in conjunction with (finite) Linear
Temporal Logic (LTL) [R155]. LTL is a modal extension of classical propositional logic.
It is defined based on a set of primitive propositions A which by itself can be formulated
in any complex logical language. For the purposes of planning, we use the propositional
logic over the set of proposition symbols L and primitive actions O. LTL makes statements over sequences of states over which propositions in A can be evaluated, i.e. we
assume a discrete view on time. Such a sequence of states is also called a trace. In the
case of planning, a state in the LTL sense is a state plus the action which is executed in
it. For the last state of a plan there is no such action. Technically, we can add a dummy
action end that signifies the end of the plan.
Based on the set A, we define the following expressions as syntactically valid LTL
formulae T :
a ∈ A | t1 ∧ t2 | t1 ∨ t2 | ¬t | Xt | Et | Gt | t1 U t2
The logical connectors ¬, ∧, and ∨ have the usual semantics. X, E, G, and U are called
temporal operators. The temporal operator X refers to the next timestep and E to
some point of time in the future. Gt denotes that t should hold from now on forever
and t1 U t2 denotes that t1 holds until t2 holds for the first time or that it will eventually
hold.9 Conceptually, E corresponds to the modal operator  and G to . More formally,
a temporal formula T is evaluated over a sequence of states s1 , . . . , sn . The truth of a
9

LTL is usually formulated over infinite traces were t1 U t2 is also satisfied if t1 holds forever.
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formula [[φ]](s1 , . . . , sn ) is defined as:
[[a]](s1 , . . . , sn ) = s1 |= a

iff a ∈ A

[[f ∧ g]](s1 , . . . , sn ) = [[f ]](s1 , . . . , sn ) ∧ [[g]](s1 , . . . , sn )
[[f ∨ g]](s1 , . . . , sn ) = [[f ]](s1 , . . . , sn ) ∨ [[g]](s1 , . . . , sn )
[[¬f ]](s1 , . . . , sn ) = ¬[[f ]](s1 , . . . , sn )
[[Xf ]](s1 , . . . , sn ) = [[f ]](s2 , . . . , sn )

iff n > 1

[[Xf ]](s1 , . . . , sn ) = ⊥

iff n = 1

[[Ef ]](s1 , . . . , sn ) = [[f ]](s1 , . . . , sn ) ∨ [[f ]](s2 , . . . , sn )

iff n > 1

[[Ef ]](s1 , . . . , sn ) = [[f ]](s1 )

iff n = 1

[[Gf ]](s1 , . . . , sn ) = [[f ]](s1 , . . . , sn ) ∧ [[f ]](s2 , . . . , sn )

iff n > 1

[[Gf ]](s1 , . . . , sn ) = [[f ]](s1 )

iff n = 1

[[f U g]](s1 , . . . , sn ) = [[g]](s1 , . . . , sn ) ∨ ([[f ]](s1 , . . . , sn ) ∧ [[f U g]](s2 , . . . , sn )) iff n > 1
[[f U g]](s1 , . . . , sn ) = [[g]](s1 )

iff n = 1

For simplicity, we denote for a plan π and an LTL formula φ with [[φ]](π) the truth
of φ over the state trace (s1 , . . . , sn ) induced by π, i.e. [[φ]](s1 , . . . , sn ).
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3.1. Summary
Planning-based systems provide a wide range of useful assistance by exploiting a planner’s abilities to quickly and effectively adapt to new, unforeseen, and challenging problems. Based on a generated plan, these systems can recommend a course of action to
their human users. We start our investigation by surveying some of the existing techniques for providing such assistance. Some of them simply present the planner’s solution
to the user, without allowing the user any influence over it, i.e. act in a blackbox fashion. In contrast, Mixed-Initiative Planning Systems enable the user to exert influence
and control over the planning process by making the planner’s decision making process
collaborative. This way, they allow the user to better understand and accept the planner’s decisions, thus improve his satisfaction with the assistance system, and transform
the assistant into a whitebox system.
We will identify which capabilities a planner must possess in order to be used successfully within a mixed-initiative planning-based assistant. First, the planner must be
able to find plans as quickly as possible in order to create a system that is reactive.
Second, the planner must be able to change a once found plan in accordance with the
instructions of the user.
To understand the difficulties involved in changing plans with respect to such requests,
we study the computational complexity of the involved decision problems. As a first
step in the analysis, we show that HTN plan verification is NP-complete [C9]. Next,
we show that even the most elementary requests to change a plan (adding, removing,
exchanging, re-ordering actions) are as difficult as planning itself [C8]. To not only
cover these elementary types of requests, but general ones posed by the user, a suitable
representation is required. We argue that Linear Temporal Logic (LTL) is a suitable
formalism to express the requests posed by the user to change plans. Lastly, we show that
the computational complexity of changing plans in accordance with a given LTL formula
is as hard as the elementary requests. This investigation is – to the best of our knowledge
– the first complexity-theoretic analysis related to mixed-initiative hierarchical planning.
The theoretical results of this chapter – which pertain to the second requirement posed
to a planner – have led to the development of an HTN planner that currently outperforms
all its competitors (see Chapter 4) and thus also address the first requirement.
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Core publications described in this chapter
[C8] Gregor Behnke, Daniel Höller, Pascal Bercher, and Susanne Biundo. “Change the
Plan – How hard can that be?” Proceedings of the 26th International Conference on Automated
Planning and Scheduling (ICAPS 2016). AAAI Press, 2016, pp. 38–46
[C9] Gregor Behnke, Daniel Höller, and Susanne Biundo. “On the Complexity of HTN Plan
Verification and Its Implications for Plan Recognition”. Proceedings of the 25th International
Conference on Automated Planning and Scheduling (ICAPS 2015). AAAI Press, 2015, pp. 25–33

3.2. Planning-based Assistance
Planning-based systems have been deployed in a wide variety of scenarios over the last
three decades, especially in those practical applications where there is the need for solving moderately to highly complex combinatorial problems. Planning-based assistance
systems provide suitable help in these scenarios, by quickly, effectively, and automatically solving these combinatorial problems for the system’s users.
In any deployed planning-based system a human user or operator has – at least in some
way – contact to the system and the planner. In some scenarios this contact is tangent,
e.g. in logistics [R86] or automated greenhouses [R90], where the planner achieves some
technical objective that is of interested to its human user. In these technical types of
scenarios, it is generally sufficient to simply find a plan which is subsequently executed
without further user of the planner.1
In contrast, there is a multitude of scenarios in which planners provide assistance
directly to their users. This includes e.g. composing a fitness training plan [F27], figuring
out how to connect the devices of a home theatre system [F40, R74], or determining how
to use electric tools to complete a Do-It-Yourself home improvement project [C3]. The
planner alleviates its user from the tedious and difficult task of determining a goal-leading
course of action in a complex environment. Instead, the users can focus on higher level
activities, on controlling the system, or on tasks that can only be performed by humans.
There are several scenarios in which planners have been successfully used in this way.
They however differ in the way the user and the planner interact and in the way in
which the user has influence and control over the planning process. In this section we
will survey some of the existing planning systems that assist their human users.
1

Note that in domains with a more complex physical environment, a coupling between planning and
acting might be necessary [R45].
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3.2.1. Black-box Planning
Some planning-based assistance systems treat the planner as a black-box system, i.e.
as a system into which inspection is not possible and whose inner workings cannot be
analysed, modified, or influenced. For example Bercher et al. [F43, F40, R74] presented
a planning-based assistant which supports a human user in setting up a home theatre
system. Based on the currently available devices, cables, and connectors, the assistant
finds a plan to connect all devices appropriately. The plan is transformed into a sequence
of instructions and presented to the user. The user, however, cannot influence the
generated plan in any way. The only circumstance under which the assistant is able to
alter its plan is if the execution of a plan step has failed. Then the assistant will adapt
its plan to the changed situation using plan repair.
The XPLAN system [R54] automatically plans laboratory experiments for tests of
synthetic biology. Its plans are executed by lab assistants and the results are used by
bio-engineers. XPLAN’s users solely provide the input for the planner and execute the
produced plan. Interaction with the planner is not possible.
Assistance systems like Bercher et al.’s home theatre assistant or XPLAN base their
assistance on providing the user with a set of instructions (or performing them themselves) that solve the user’s current problem. Their core assumption is that the user
will be satisfied with the plan – no matter how it looks like – provided that it solves the
user’s problem. They lack the ability to react to a user, who might be dissatisfied with
the produced plan, even though it solves his problem. As a result of their dissatisfaction,
users might abort individual interactions with the assistant or stop using it entirely.

3.2.2. White-box Planning
While some assistance systems use planners in a black-box fashion, many practical applications require that the planner is (in some way) exposed to the user. This results in a
white-box planning-based assistant. The planner should allow the user to exert influence
and, if possible, even control over the planning process. Thus, the planner should take
the user’s wishes into account and, if possible, let the user shape the planning process
to its will. The assumption is that a user with control over the planning process will be
satisfied with its results [F26]. Planning that allows for such an integration of the user
into the planning process is called mixed-initiative planning [R85].
One of the first mixed-initiative planning systems was TRAINS [R144], which assisted
in planning for a transportation task. Its main focus was not on the mechanics of planning necessary for such a system, but on dialogue and interactional aspects. Interaction
focusses on jointly altering a current – unfinished – plan until it achieves the goal of the
transportation task, as well as satisfying the user. The planner in TRAINS was a handcrafted path-finding algorithm written specifically for this domain. Later, TRAINS was
extended to TRIPS [R136], which demonstrates how to assist human crisis-managers by
jointly developing plans for disaster relief, e.g. for an evacuation. Like TRAINS, TRIPS
focusses on interactional aspects of mixed-initiative planning as well as questions of architecture, while using specialised programs to solve the planning aspects of the domain.
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Notably, they propose to separate the components of a mixed-initiative planning systems into three parts: input/output components, a dialogue component, and a reasoning
component. The assistant we present in Sec. 5.3 uses the same architectural principles.
Mixed-Initiative Cased-Based Planning (MI-CBP) [R142] was – to the best of the
author’s knowledge – the first mixed-initiative planning system that was applicable to
general planning problems and not specialised to a single domain. It bases its user
interaction upon case-based reasoning and not upon search as used by most modern
planners. Whenever the user inputs a new goal into MI-CBP, it uses its case-based
reasoner to retrieve a plan for a similar situation contained in its knowledge base. The
user is then asked to adapt this retrieved plan such that it will solve the problem at
hand. MI-CBP supports the user in this by providing him with plausible modifications.
SIPE-2 is a domain independent plan-space planning system that supports user interaction during the planning process [R133]. In SIPE-2, the user can take full control of
the planning process and subsequently performs all decisions (adding actions, ordering,
causal relations) during the planning process himself. In addition, the user can hand
control back to SIPE-2, which continues the planning process until a solution has been
found without any opportunity for the user to take control again. When continuing
the planning process, SIPE-2 will refine the partial plan the user has constructed, i.e.
it will adhere to the user’s prior instructions. In essence, SIPE-2 allows the user to
perform parts of the planning process manually and provides the user with the option
of completing the constructed partial plan automatically.
PASSAT is a mixed-initiative planning system solving HTN planning problems and
consequently uses a general HTN planner in its core [R122]. PASSAT’s main application
domain is the planning of missions of military special operations forces. It presents its
user during interaction with a current, unfinished decomposition tree and points out
which tasks, i.e. leafs, in the tree must be refined further, as well as causal errors in
the plan. PASSAT’s user can either refine an undecomposed task or use a plan-repair
mechanism to resolve causal errors. Lastly, PASSAT offers the ability for plan sketching
[R117], where the user provides tasks (primitive and abstract) that must be contained
in the final plan. PASSAT determines which refinements of the initial abstract task can
suitably be used to generate a plan containing these tasks.2 This is designed to combine
top-down and bottom-up planning techniques. PASSAT further assumes that its domain
model is not necessarily correct or complete and thus allows the user to change it by
dropping or adding constraints or tasks.
Nau et al. [R131] created a planning-based system that assists engineers in creating microwave modules (transmitters and receivers). The planner generates a “Process Plan”,
i.e. a plan determining how a specific part is manufactured and added to the microwave
module. Here, the planner does not generate plans for assembling the whole module,
but only for individual parts to be added to the module. It further not only generates a
single plan, but multiple alternative plans for adding a specific part to the module. The
engineer can then select for each of the parts a plan to assemble it and thus can create
a plan for assembling the whole module. He can further exchange parts for other parts
fulfilling an equivalent functionality. In this, the user is assisted by a trade-off analysis
2

This problem bears strong similarities to HTN plan recognition [F19].
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module, which helps him to optimise his selection of sub-plans – in order to create a
final module and a full production plan for it.
Muñoz-Avila et al. [R129] presented the mixed-initiative planning system SiN. As
PASSAT, it is based on HTN planning and focusses on the military application of noncombatant evacuation. SiN combines the HTN planner SHOP [R135] with NaCoDAE
[R141]. NoCoDAE uses a case-based reasoner to retrieve cases matching the user’s description. The focus of SiN are domains with incomplete knowledge – which are very
common in military applications due to unknown situation in enemy territory [R162,
Chapter 12]. SiN assumes that SHOP cannot find a solution to the posed problem
based on the information it has (i.e. the known state). Interaction with the user is initiated whenever a situation occurs in which SHOP cannot continue its search without
backtracking. In most cases, this is the case if an abstract task which SHOP cannot decompose3 has been reached. Control of the planning process is then ceded to NaCoDAE
which initiates a dialogue with the user, who decides how to proceed. NaCoDAE holds
a set of standard operating procedures, one of which is selected via case-based reasoning
from the user’s answers to NaCoDAEs questions. This procedure is interpreted as a
decomposition method and executed, allowing SHOP to resume planning.
TRAINS/TRIPS, MI-CBP, SIPE-2, and PASSAT have one central feature in common:
all of them integrate the user into the process of finding a solution. In them, the user
asserts control over the planning process by taking decisions a black-box planner would
perform during search. As a result, these mixed-initiative planners present incomplete
plans to their users and ask how they should be modified. The user is then asked for his
opinions on possible modifications and/or is allowed to instruct the planner to perform
more or less complex operations on the plan, e.g. “send the trains from Chicago to
Detroit” in TRAINS [R144]. Once a solution is found, the planning process is finished
and it is assumed that the user will be satisfied with this plan. We call this type of
integration of the user into the planning process search-based.
In contrast, the probably best known mixed-initiative planning system MAPGEN
[R100, R112] uses a different approach. MAPGEN was designed to create the plan for
operating NASA’s Mars rovers Spirit and Opportunity. ENSEMBLE, the successor of
MAPGEN, is used to create the operation plans for the rover Curiosity [R100]. MAPGEN’s users are always presented with a causally sound plan, i.e. a plan that satisfies
all flight and mission rules. These plans could be used as operation plans for the rover,
i.e. are solutions to the planning problem at hand. The main objective of MAPGEN is
to assist in the mediation between different groups of scientists with different objectives.
Each of them has a set of scientific tasks to perform, but it is never possible to perform
all of them in a single day. Thus MAPGEN proposes a selection, which can afterwards
be altered by the scientists to achieve scientifically optimal results. MAPGEN allows
both for manual manipulation of the plan – after which it further modifies the plan
to ensure causal correctness, as well as posing additional constraints, which are then
automatically fulfilled by the planner. These constraints can include additional goal, as
well as temporal constraints over the plan. To be able to cope with these manipulations
and inputs from the user, MAPGEN uses an efficient temporal planner at its core. The
3

SHOP’s domains can contain method preconditions which may restrict the applicability of decomposition methods.
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planning model itself is however classical, i.e. non-hierarchical.
MAPGEN interacts with its users only based on solutions and allows its users to move
from solution to solution via modifications of the plan or instructions to the planner.
Here the planning process is finished once a solution is found that is satisfactory to
MAPGEN’s users. We call this style of interaction solution-based. The distinction
between search-based integration and solution-based integration was already observed
by Muñoz-Avila et al. [R129].
We presume that with the advent of highly efficient planning system like FF [R128]
and Fast Downward [R101] for classical planning, and e.g. PANDA [C2, F20, F29] for
hierarchical planning, solution-based interaction will become more popular. The main
disadvantage of search-based interaction is that it forces the user to consider deeply
planning-related questions, e.g. how and why a causal error occurs, which modifications
to a plan are allowed, and has to understand partially completed plans. Notably, searchbased interaction might (has to) present causally flawed plans to the user, which is
hard for him to understand and must be remedied [F32, F41]. In contrast, solutionbased interaction always presents complete and causally correct plans to the user. Using
completed plans, it is also (presumably) easier to explain the rationale behind the plan
to the user in order to help the user to better understand it. Lastly, solution-based
interaction focusses on the final plan that the user will execute or be assisted with. This
allows him to specifically address issues he has with the actual final plan, instead of
issues with intermediate uncompleted plans.
As we deem solution-based interaction strategies more promising for future applications, we focus in this thesis on techniques for mixed-initiative planning that uses a
solution-based interaction. The techniques we present are however also applicable for
search-based interaction techniques.

3.3. The Planner in Mixed-Initiative Planning
Mixed-initiative planning is, on the system’s side, not enabled by the abilities of a single
system component. Interaction, dialogue, and planning components must be able to
handle the tasks they have to fulfil in a mixed-initiative planning setting. Rightly, a
lot of focus was laid on interactional and dialogical aspects of mixed-initiative planning
[F32, F41, R136, R144], as without them humans will refrain from using mixed-initiative
planners due to their unusable interaction behaviour. In this thesis, we want to focus
on the tasks the planner itself has to perform in a mixed-initiative planning setting.
For that we start by discussing the objectives of the planner in both search-based and
solution-based mixed-initiative interactions.
For search-based interaction, we argue that a depth-first search style interaction with
the user is necessary in order to keep him attentive and not to overstrain his cognitive
load [F32, F41]. Such an interaction strategy is e.g. used by PASSAT [R122]. When
using a depth-first-style interaction, a severe problem arises: dead ends in the search
space. Dead ends are states of the search from which it is not possible to reach a goal
or a causally completed and error-free plan. If the user controls the search, he might
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inadvertently modify the plan in an way that precludes it from being a solution. There
are two ways of solving this problem. We either allow the user to “back-up” from such
a dead end plan, or we prohibit the user from ever choosing an option that will lead to
one.
For the former, we would allow the user to perform any modification until an unresolvable flaw is present in the current plan. If so, the planner has to notify the user –
through the dialogue manager – and ask for instructions. In the simplest case, the user
will ask for a plan that is solvable to be presented. At this point, we have to ensure
expectation conformity to keep the user attentive. This means that we have to find a
solution that is as similar as possible to the current plan, but can still be refined into a
solution [F32, F41]. The planner can e.g. solve this problem by planning while optimising a plan-distance metric.4 As such, the requirement to the planner is to find solutions
quickly, i.e. to be fast.
If we use the second means to avoid the problems of a depth-first search-based integration, we cannot allow the user to perform changes to the plan that would lead to a
dead-end state. For that, we have to be able to determine whether a given plan can be
refined into a solution. Answering this question is in its core a planning problem. In the
interaction, we would have to be able to perform these tests in (near) real-time, i.e. a
fast planner is required. We constructed a planning-based assistant – SLOTH – using
this interaction scheme [F27, F32]. SLOTH assists its user in planning an individualised
workout for a given set of training objectives. In it, we perform a depth-first search and
present the user with options to refine his current plan at every step. We use the planner
to exclude all refinements that cannot lead to solutions, e.g. due to violation of general
training rules.
In both search-based and solution-based interaction, users will commonly request alterations to the plan. For solution-based interaction, requesting to change the plan is
the main type of request posed to the planner. In search-based interaction, the user
is usually presented with a set of possible modifications (or refinements) to the plan.
These modifications are usually those that the planner itself would perform to reach the
next search node. Applying these presented modifications can be easily implemented in
the planner, as it only has to apply them. But the user – on his own initiative – might
instruct the planner to perform a more complex change to the plan. In both cases, the
planner must be able to find a plan that satisfies the user’s request.5 Thus as a minimum
requirement, the planner must be able to find plans that satisfy a given request from the
user. If so, we can again optimise a distance metric from the previously shown plan in
order to ensure expectation-conforming changes. Answering the requests of a user again
requires to have a planner that produces solutions quickly – i.e. a fast planner – as the
modification has to be performed within a time-frame acceptable to the user.
In SLOTH, we added a rudimentary handling of these requests, namely only a single
type: exchanging exercises for other exercises. Note that this might imply to change
more than one exercise as the resulting plan must adhere to the general fitness training
rules (e.g. that a trained muscle must be warmed-up first).
4
5

For a SAT-based planner one would binary-search the optimum. See Section 4.5.
Or be able to explain why this is not possible. This is an avenue for future research.
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To sum up, for any kind of mixed-initiative interaction, we need a fast planner and
one that is able to find plans satisfying a user’s requests to change a plan. We will
address the need for a fast HTN planner in Section 4. In it, we will show how HTN
planning problems can be translated into propositional logic. Using this translation, we
can obtain the currently fastest known HTN planner.

3.4. Changing Plans
As we have stated, one key ability of the planner in a mixed-initiative planning system
is to alter a plan according to the user’s instructions. When enabling the planner to
handle these instructions, we face two problems: (1) how do these instructions look like,
i.e. how can they be formalised and (2) how can the planner find plans adhering to these
formalised instructions?

3.4.1. Requests to Change a Plan
We start by studying potential requests uttered by users [C8]. As a first characteristic
of any request, it describes the change that the user wants to see implemented to the
plan by the planner. At first glance, we can distinguish four general types of these
changes, each pertaining to a mandated change to the actions contained in a current
plan presented to the user.
• Adding an action or actions to the current plan
• Removing an action or actions from the current plan
• Replacing an action in the current plan by others
• Reordering an action in the current plan
Naturally, users might not restrict their instructions to these four simple patterns. We
however argue that they are prototypical for more complex requests made by users and
are thus worth studying. We will discuss how more complex requests to change a plan
can be interpreted and represented formally in Section 3.4.2.
If we consider these four requests, applying them to a given plan seems to be rather
trivial, as we “only” have to add, remove, replace, or reorder actions. At a closer look,
there is a problem with this simple view on implementing these four requests. If the
user instructs a mixed-initiative planning system to change a plan presented to him,
he has certain expectations on how the result looks like and which properties it must
possess. For a solution-based interaction, we obviously have to ensure that the changed
plan is still a solution to the planning problem and e.g. not causally flawed, or is missing
actions enforced to be in the plan via the HTN domain structure. For a search-based
interaction, the planner should likewise find a plan that both fulfils the request and can
still be refined into a solution. If the planner would merely implement the requested
change, there would be a risk that the new plan cannot be refined into a solution, i.e. is
a dead-end in the search space. Presenting such a plan to the user would demonstrate
incompetence of the planner to the user, as he might think that the planner should

28

3.4. Changing Plans
have seen that the new plan is a dead-end and should have acted accordingly. As such,
independent of the interaction strategy, the planner must ensure that the changed plan
is either a solution or can still be refined into a solution.
Further, the change requested by the user might still allow for a plan to be found,
but the plan might be significantly longer or its actions may be more complicated or
more dangerous to be performed. In these cases, the planner should be able to inform
the assistant’s user about this fact and may even advise him to not use the altered
plan, but the original one instead. This would, to be persuasive for the user, require
an explanation why e.g. a shorter or less complicated solution cannot be found when
adhering to the user’s request. Such explanations are out of the scope of this thesis and
may be considered in future work.
Thus the planner has to be allowed to alter the plan apart from the change directly
requested to by the user. To see why this is necessary, consider as an example a plan
for sawing a wooden plank into two pieces using a hand saw. This plan may contain
the action saw_by_hand(. . . ). Now a user might want to alter the plan so that the
plank is sawn using an electric saw instead of manually. If the planner solely replaces
saw_by_hand(. . . ) with the corresponding action saw_with_saw(. . . ) the plan will contain three types of flaws. First, if we only replace the action, the electric saw might not
be set up correctly due to missing actions, e.g. those inserting batteries or setting the
saws switches to the correct positions. Second, the plan might still contain actions that
pertain to the manual saw, e.g. those “setting it up” by inserting a sawing blade or by
attaching the plank in a specific way to the table. These actions are superfluous and
should be removed, else the planner might be viewed as incompetent. Third, using an
electric saw instead of a manual one might influence other actions in the plan. For example we might have to sand the cut edge which was not necessary when using a manual
saw. Also if the user has only a single battery, the battery has to be removed from the
saw and has to attached to the drill if it is used afterwards, which was not necessary
before. This third type of changes, i.e. those necessary to apparently unrelated parts
of the plan, becomes even more apparent if we consider a transportation scenario with
delivery-deadlines. If we change the route at one point in time, we might have to alter
the remaining parts of the route to ensure the deadlines are met.
The reason for these flaws is that the user’s request has been implemented word-byword, i.e. if the user instructs the planner to replace action A with action B, we assumed
that the planner does exactly this operation. Note that executing these kinds of requests
seems trivial, which we will show is not the case for HTN planning in Section 3.5.2. In
order to prevent the above shown flaws in plans, the planner has to be allowed to perform
additional changes to the plan next to the change the user requested explicitly. Which
and how many of these additional changes are allowed thus forms the second dimension
of a user’s request.
In practice, we would most of the time like to optimise a distance metric between
the plan to which a change should be applied and the plan resulting from that change.
Naturally, one might imagine even more complex models of which changes can be allowed.
For example, one might associate different costs with changing different actions, or
penalises changes that occur “near” to each other in the plan less than changes that
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are unconnected to each other. Further, users will typically not state this secondary
requirement for a change explicitly. Instead, the planner will have to make assumptions
based on the domain and the current situation which metric should be optimised, if any.
We deem this question to be out of scope of this thesis and have thus not investigated
it further.
In order to study these optimisation problems theoretically, we can instead study
decision-theoretic versions of the optimisation. From the computation-theoretical perspective, we can distinguish three types of additionally allowed changes [C8]:
• No additional changes are allowed
• Up to k additional changes are allowed
• Any additional changes are allowed
Notably, minimising the number of changes is related to the second restriction, as answering it is necessary for optimisation. Thus studying the second type of restriction
is the computation theoretic way of studying the question of minimising the number of
changes.

3.4.2. Complex User requests
In the previous section, we noted that one might imagine requests to change a current
plan that pose more complex requirements than those four basic typed we presented.
For example, the user in a DIY setting might ask the planner to ensure that whenever
he cuts a surface it should be sanded afterwards. We could handle this constraint by
translating it into several requests to add the sand(. . . ) action for every cut surface.
This kind of treatment has however two significant disadvantages. First, we have to
keep track of this constraint when further changes to the plan are made as we have to
insert sanding actions if we are cutting additional surfaces. Second, we would have to
develop such a specialised treatment (i.e. translation into elementary requests) for every
possible request uttered by the user. This is highly inefficient and, due to its inevitable
redundancy, prone to errors.
As such, it would be beneficial to have a unified representation for all requests that
might be posed by the user. This representation would enable handling all requests in
a uniform way by a single algorithm and thus removing redundancy. Further, adhering
to previously posed constraints when handling subsequent requests by the user is easier,
as all of them have the same format and can be more easily integrated.
The unified representation of change requests should be able to express arbitrary logical connections between both actions and state features. Further, the user should be
able to pose requirements with respect to the order of actions and their dependency over
time. Linear temporal logic (LTL) [R155] is a suitable formalism to express these kinds
of restrictions. LTL has been used in wide variety of scenarios to formulate and formalise
restrictions to processes with timing aspects such as workflow management [R103]. Further, model checking systems like NuSMV [R119] use LTL to specify desired and undesired system behaviour. Notably, LTL is used to specify the semantics of plan constraints
and preferences in PDDL, which is the standard description language for classical plan-

30

3.5. The Computational Complexity of Changing Plans
ning problems [R109].
Consider the simple types of requests mentioned in the previous section. Each of them
can be easily transformed into an LTL formula. Adding an action a corresponds to the
LTL requirement Ea. Removing an action a corresponds to G¬a, changing an action a
to b corresponds to Eb ∧ G¬a, and ordering action a before b to E(a ∧ XEb).
Unfortunately, it is highly improbable that the users of a mixed-initiative planning
system will be able to formulate their requests to the system in terms of an LTL formula
they would like to see fulfilled. As such, the restrictions formulated by the user in natural
language have to be converted into corresponding LTL formulae. Nikora and Balcom
[R94] presented a technique to extract LTL requirements from natural language using a
combination of machine learning and pattern-based techniques. For the DIY assistant
we describe in Section 5.3, we have used a similar technique tailored to the specifics of
the DIY domain. The translation was implemented by a Master’s student [R53].

3.5. The Computational Complexity of Changing Plans
In the previous section, we analysed how the requests of a user to change a given plan
can be formalised using Linear Temporal Logic. In order to be able to develop planning
techniques which are suitable to address them, we first have to understand the theoretical
aspects of adhering to requests by the user.

3.5.1. Complexity of Plan Verification
We start our investigation with a request that has – so far – not been discussed explicitly. We however start with it, as the results from its investigation from an important
cornerstone of further theoretical as well as practical work in this thesis.
Consider a situation where the user is wholly discontent with the plan that the planner
has presented to him. Instead of asking the planner for specific changes, he might
simply provide the planner with a sequence of actions that he wants to perform (or to
be performed). In this situation, the planner has to verify that the plan the user has
provided is actually a solution to the planning problem. For HTN planning this means
that the plan has to be executable and that it can be obtained from the initial abstract
task via decomposition.
Note that in this scenario, we assume that the user does only provide the primitive
actions, i.e. the plan itself. He does not provide a decomposition for this plan. Especially
in a mixed-initiative setting this is a reasonable assumption, as the user will only provide
the steps he has to undertake. Further, we do not expect that the user is able to name
the specific methods applied in the planner’s model to obtain these actions.
Formally, the plan verification problem asks the following.
Definition 8 (Plan Verification)
Given a planning problem P and a sequence of actions π. The plan verification problem
is to decide whether π ∈ S(P).
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The first insight into the complexity of plan verification gave an investigation of the
connection between planning problems and formal grammars [F42]. The set of solutions
S(P) to a planning problem P can be interpreted as a formal language over the set of
actions O. We showed that this language lies strictly between the context free and the
context sensitive languages [F42]. Taking the analogy of parsing words for these two
languages, the complexity of plan verification should lie between P (parsing for context
free languages) and PSPACE (parsing for context sensitive languages).
Based upon this initial intuition, we showed that the plan verification problem is NPcomplete [C9]. Contrary to most proofs for NP-completeness, the difficulty here lies in
proving that the plan verification problem can be solved in non-deterministic polynomial
time. One might assume that a simple guess-and-check algorithm would suffice, where
we apply decomposition methods until the task network tn to be verified is found. This
is however not sufficient, as task networks of size n exist which require an exponential
number of decompositions in n to reach them from the initial abstract task. This is
caused by the presence of so-called ε-decompositions, methods that allow to decompose
an abstract task into an empty task network, i.e. one without tasks in it. If we consider a
planning problem with abstract tasks ai for i ∈ {0, ..., n} such that a0 can be decomposed
into an empty task network and every other ai is decomposed into a task network
containing two copies of ai−1 , we can see that every primitive decomposition in this
domain requires 2n+1 − 1 applications of decomposition methods. These ε-methods are
not just idiosyncrasies of the HTN formalism, but occur naturally in practice. Consider
an abstract task drill_screw(?o,?s) in the DIY domain that will drill the screw ?s
into the object ?o. The decomposition method for it will decompose it into a sequence
of abstract tasks that first configure the drill appropriately (insert battery and screw
bit, put switches into correct position) and second perform the actual drilling. Such a
task sequence could, e.g. be attach_battery, attach_bit, configure_gear_switch,
configure_direction_switch, and drill. The tasks setting up the drill must not be
executed if the drill is already configured correctly, e.g. from a previous drill_screw
task for another screw and object. These tasks can be accomplished by simply doing
nothing, i.e. by a ε-decomposition. Instead of using ε-decompositions, we could have a
separate decomposition method for drill_screw for every omitted subset of preparatory
steps. This would however lead to both an exponential amount of additional methods
and second add significant redundancies into the model. In fact, every planning problem
with ε-decomposition methods can be compiled into a model without such methods6 by
added an exponential number of additional new decomposition methods [F42].
As another example, consider a planning problem where packages are delivered via
trucks. The abstract task goTo(?t,?l) describes moving the truck ?t to location ?l.
If the truck ?t is already located at ?l, this task can obviously be achieved without
doing anything. Consequently there should be a decomposition method that decomposes
goTo(?t,?l) into the empty task network.
To show NP-membership of the plan verification problem, we introduced a mechanism
to handle these ε-methods efficiently during the decomposition process. More specifically,
we showed that every task network of size n can be obtained by 2 · |A| · n decompositions
6

Except one, if the initial abstract task can be decomposed into an empty plan. This is similar to the
Chomsky Normal Form of formal grammars.
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plus (an up to exponential amount of) decompositions that only lead to the removal
of tasks from the current task network [C9]. We can determine for every abstract task
whether it can be decomposed into an empty task network in polynomial time. Further,
the size of every intermediate task network after abstract tasks have been removed is
at most n. These two results allow us to simulate the necessary exponential number of
decompositions in polynomial time, showing NP-membership.
NP-hardness can be proven via a reduction from the vertex cover problem. Roughly
speaking, we use an abstract task for every edge to choose a vertex cover and then use
the plan to be verified to restrict the number nodes in the cover [C9]. The mechanics of
the hardness proof was inspired by the work of Barton [R152] on ID/LP grammars.
Theorem 2 (Complexity of Plan Verification [C9])
Deciding the problem of plan verification is NP-complete.

3.5.2. Complexity of Changing Plans
Next, we investigated the four elementary types of change requests we presented in
Section 3.4.1. We showed that the computational complexity of the requests does not
depend on the type of the request, bust mostly on the amount of additional changes that
the planner is allowed to make in order to implement the change [C8].
If the planner is not allowed to perform additional changes, but only to implement
the user’s request word-by-word, we can use the complexity result for plan verification
and show NP-completeness for the four types of requests [C8]. If the planner is allowed
an arbitrary amount of changes, we can reduce the HTN plan existence problem to
answering the request [C8]. Since HTN plan existence is undecidable [R143], answering
the four basic types of change requests with unlimited additional changes is undecidable.
Lastly, we showed that answering the four requests with a bound of k additional changes
is NEXPTIME-complete, based on a reduction from the plan existence problem for
acyclic HTN planning problems.
These complexity results however cover only the four elementary types of requests
to change the plan. Since we propose to use LTL as the unified representation of user
requests to change the plan, we should also investigate the computational complexity of
changing plans with respect to a change request formulated as an LTL formula φ. As
such, we should define the decision problem(s), depending on the amount of additional
changes allowed to be performed. For the problem without allowed changes, it is unclear
how to define it in the first place, as an arbitrary LTL formula does not directly imply
changes. As such, we will only consider k-limited changes and unrestricted changes.
Definition 9 (k-LTL-Change)
Let P be an HTN planning problem and φ be an LTL formula over P’s proposition
symbols and actions. Let π ∈ S(P) be a solution to P.
k-LTL-Change is the problem of deciding whether a solution π ∗ to P exists for which
[[φ]](π ∗ ) = >, such that π ∗ can be obtained from π by adding and removing at most k
actions. t
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Any-LTL-Change is the problem of deciding whether a solution π ∗ to P exists for
which [[φ]](π ∗ ) = >.
Note that the new solution π ∗ for Any-LTL-Change has no connection to the old
solution π. This is a necessary consequence of considering any amount of changes to the
original plan. The only information contained in the original plan is that the problem
P is in principle solvable.
We now show that the k-LTL-Change problem is NEXPTIME-complete, as were the
four basic types of requests.
Theorem 3
k-LTL-Change is NEXPTIME-complete.
Proof. Membership: Let P be an HTN planning problem. Since k is encoded logarithmically, we can perform up to k additions and deletions of actions in non-deterministic
exponential time. Let π ∗ be the resulting plan. Afterwards, we can in linear time in |π ∗ |,
i.e. exponential time in the input, evaluate the truth of φ based on the rules presented
in Section 2.6. If π ∗ does not satisfy φ we return false. Lastly, we run the NP algorithm
for plan verification to check whether π ∗ is a solution to P or not. This remains an
NEXPTIME algorithm, as we simply return the result of the plan verification algorithm.
Hardness: We reduce from the plan existence problem for acyclic HTN planning problem, which is known to be NEXPTIME-complete [R68]. Let P = (L, A, O, M, aI , sI )
be an acyclic HTN planning problem. We construct a new planning problem in the
following way: create a new primitive action p that is not contained in P. p has neither
preconditions nor effects, i.e. is always applicable. Next, we introduce a new abstract
task a∗ that is not contained in P. We then add two decomposition method for a∗ . One
method decomposes a∗ into a task network containing only p and the other into a task
network containing only aI .
π = (p) is clearly a solution to the transformed problem. For a given acyclic HTN
planning problem, the maximum length of a plan derivable via decomposition is ∆|A|
where ∆ is the maximum number of subtasks in a method. We thus pose the request of
changing π = (p) with the formula φ = G¬p and up to k = 1 + ∆|A| allowed changes.
If P has a solution, then it contains at most ∆|A| actions. To obtain it from π, we
remove p and add the solution, amounting to at most 1 + ∆|A| operations. This solution
also satisfies φ as it cannot contain p.
If there is a changed plan π ∗ satisfying φ, obtainable with at most k changes from π,
it is clearly a solution to P.
Next we show that Any-LTL-Change is undecidable.
Theorem 4
Any-LTL-Change is undecidable.
Proof. We reduce from the plan existence problem for HTN planning, which is known
to be undecidable [R143]. Let P = (L, A, O, M, aI , sI ) be an HTN planning problem.
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We construct a new planning problem in the following way: create a new primitive
action p that is not contained in P. p has neither preconditions nor effects, i.e. is always
applicable. Next, we introduce a new abstract task a∗ that is not contained in P. We
then add two decomposition method for a∗ . One method decomposes a∗ into a task
network containing only p and the other into a task network containing only aI .
π = (p) is clearly a solution to the transformed problem. We pose the request of
changing π = (p) with the formula φ = G¬p.
If P has a solution, it will also be a solution to the transformed problem. This solution
also satisfies φ as it cannot contain p.
If the call to Any-LTL-Change returns true, there is a plan not containing p. This
plan is a solution to the original planning problem P.
These two results show that answering change requests formulated in LTL are as hard
as answering the four types elementary change requests. Further, we can deduce that
optimising the number of changes is undecidable in the sense that there is no terminating
algorithm that can output the minimum number of required changes. If there would
be such an algorithm, it could be used to decide the undecidable Any-LTL-Change
problem.
Lastly, we can draw conclusions from these results for the design of algorithms for
handling a user’s request to change the plan. The question arises whether it is sensible to
develop specialised algorithms for handling change requests, or whether is more sensible
to integrate handling them into a general planning algorithm. A specialised algorithm
is (in the first instance) only reasonable if changing the plan is easier than planning
itself, else e.g. a compilation-based approach is more sensible as a first option. Since
adhering to change requests is undecidable, this is not the case. I.e. we should, at first,
integrate answering change requests into the planning process itself. We will describe in
Section 5.2 how we can integrate requests formulated in LTL into the planning techniques
we present in the next section. There we will further describe improvements to the state
of the art in SAT-based planning with constraints in LTL.
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4.1. Summary
In this chapter, we describe how the theoretical results of the previous chapter have
led to the development of the first HTN plan verifier, and further to a highly efficient
HTN planning technique. Both the verifier and the planning technique are based on a
translation into propositional logic. The resulting formulae are solved by off-the-shelf
SAT solvers. Thus, both the verifier and the planner will automatically profit from any
improvements made to SAT solvers in the future.
As we showed in the previous chapter, determining whether a given plan is a solution
to an HTN planning problem is NP-complete. Thus a translation of the problem into
the equally NP-complete boolean satisfiability problem is a suitable means to solve the
problem. We start by presenting such an encoding and show that it is able to verify
plans for common benchmark instances [C7].
One could easily extend this encoding for plan verification to not only be able to verify
plans, but also to find them. There is however one theoretical issue with this extension:
There cannot be a single propositional formula that is satisfiable if and only if a given
HTN planning problem has a solution. This is due to the fact that plan existence for
HTN planning is undecidable [R88, R143] – even for variants [F35]. To circumvent this
issue, we consider plan existence only for plans that have a limited decomposition depth
K. To nevertheless achieve completeness, we iterate over the bound until a plan has
been found.
A naive adaptation of the verification encoding for planning proved to be too inefficient
in practice. Thus we developed a specialised encoding for the class of totally-ordered
planning problems [C5]. Due to their specific structure, we were able to significantly
reduce the size of the encoding. This in turn enabled SAT solvers to solve the translated
problems efficiently. The reduction in size is achieved by representing all (depth-limited)
decomposition trees of the planning problem in a single common super-tree, the Path
Decomposition Tree (PDT). A PDT contains all possible, K-depth-limited decomposition
trees as its rooted subtrees. The propositional encoding then represents a decomposition
tree as a subtree of the PDT.
Next, we show that this compact encoding for totally-ordered HTN planning problems can form the basis for an encoding for general, i.e. partially-ordered, HTN planning
which is similarly compact. We introduce an encoding that explicitly tracks the partial
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order imposed by methods within the propositional formula [C6]. This encoding requires
the SAT solver to explicitly reason about the order contained in the planning domain’s
methods, which takes considerable effort. To alleviate the SAT solver from this reasoning, we introduce a method to handle these ordering constraints externally, i.e. before
the propositional formula is constructed. For this, we modify the construction of the
PDT so that a compact representation of the order in all primitive action networks that
can be derived via K-depth-limited decomposition can be extracted [C2]. Technically,
every derivable primitive action network will be an induced subgraph of the extracted
ordering – called the Solution Order Graph (SOG). Exploiting the information in the
SOG, the ordering constraints imposed on the solution do not depend on the applied
methods anymore. This allows for an asymptotically more compact representation of
order, which greatly improves the efficiency of the planner based on it.
The three encodings presented so far have only been developed for satisficing planning,
i.e. for the task of finding any plan. In practice it is however often necessary to not
only find some plan, but the shortest or a reasonably short plan. We show that the
presented propositional encodings can also be utilised to find such optimal (or near
optimal) solutions. We start with finding some satisficing solution, and optimise the
plan length with additional calls to the SAT solver thereafter. To be able to perform this
optimisation, we have to determine a maximum decomposition depth K(`) such that all
plans of length ` have a decomposition depth of less than K(`). During the development
of the plan verifier, we have already proposed three algorithms to compute an upper
bound on K(`) [C7]. These bounds were however unnecessarily high. We present a new
algorithm to compute a succinct upper bound, which is used in our optimal SAT-based
HTN planner [C1].
Lastly, we show that a planner based on these new encodings outperforms the current
state-of-the-art in HTN planning. We compare the new planner against a wide range of
competitors: PANDApro [F20], HTN2STRIPS [F34], PANDA [F29, R75], FAPE [R61,
R76], SHOP2 [R118], and HTN2ASP [R114]. The evaluation is conducted on a set of
benchmark domains which includes domains that were used in the evaluations of other
planners, but also new domains. Based on the evaluation results, we can claim that the
new planner is an important step towards fulfilling the first requirement we set out in
Section 3.3: having a fast planner.
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4.2. Translating Plan Verification into SAT Formulae
Plan verification is the problem of deciding for a given plan whether it is a solution to
a given HTN planning problem. This problem plays a central role, not only in mixedinitiative planning, but in planning in general. For example, local search techniques
[R121] alter a current plan until it is a solution to the planning problem. If we were to
apply this technique to HTN planning, we would have had to check, for every altered
plan, whether it is reachable via decomposition from the initial abstract task. An independent plan verifier is also a useful tool for planning researchers in order to check that
their planners work correctly. Plan verification may play a role in forthcoming HTN
planning competitions to check whether the plans output by the planners are actually
valid [F13]. The general interest in HTN plan verification is also emphasised by the
fact that after the publication of the first HTN verifier by us, Barták et al. [R48] have
recently published a second independent HTN plan verifier.
We showed in Section 3.5.1 that the HTN plan verification problem is NP-complete.
Due to the problem’s complexity, a translation into another NP-complete problem for
which efficient solvers already exist seems a reasonable choice. Among the NP-complete
problems, the satisfiability problem for propositional logic (SAT, see Definition 7) has
both ready-to-use and highly efficient solvers.
When using SAT to solve the plan verification problem, we have to construct a propositional formula F that is satisfiable if and only if a given plan π is a solution to a
planning problem P. In HTN planning a solution has to fulfill two requirements (see
Definition 5): It has to be executable and it has to be obtainable via decomposition
from the initial abstract task. The former can be verified easily with existing tools, e.g.
VAL [R108] or the formally verified validator for PDDL [R47]. Thus what remains for
a translation into propositional logic is to determine whether it is possible to obtain a
plan π via decomposition from the initial abstract task.
The created propositional formula F must – at least in some way – encode the decompositions that were used to obtain tn. As we argued in Section 3.5.1, there are cases

39

4. From Verification to Planning
where it is necessary to apply an exponential number of decomposition methods in order
to obtain a primitive decomposition of an abstract task. Most of these decompositions
however will not add new primitive actions to the task network. We showed that at
most 2|A||π| “productive” decomposition methods are necessary to obtain any solution
π – provided some decomposition exists at all [C9]. Determining for an abstract task
whether it can be decomposed into the empty task network can be done in polynomial
time (see Section 3.5.1). If our encoding allows for the removal of these tasks from a current task network, 2|A||π| is a theoretical upper bound for the number of decompositions
the encoding needs to consider when verifying π.
Next, we describe our encoding for plan verification. Using this encoding together
with the theoretical upper limit on the number of decompositions 2|A||π| is practically
impossible, as it will usually be far too high for the formula to be constructable. Thus we
propose two methods to compute better bounds. Note that in Section 4.5 we will present
another method to compute these bounds, which is empirically significantly better than
the two methods presented in this section. The newer method to compute the bound
was not included in the evaluation, however.

4.2.1. Encoding Decomposition
When encoding the process of decomposition into propositional logic, restricting the
number of allowed decompositions directly is quite cumbersome. Instead, we only restrict the depth of the Decomposition Tree corresponding to the applied decompositions.
We denote this depth bound with K. If we are given a bound B on the number of decompositions to apply, we can set K = B. This might allow the encoding to perform
more decompositions than B, but ensures that any combination of B = K decomposition
methods can be applied. Note that this is sufficient for correctness. As our encoding
uses the decomposition depth K as a bound, we will aim to compute succinct values for
K instead of B in the next section.
A satisfying valuation of the formula will represent a Decomposition Tree T via its
decision variables, whose yield is the plan π. Such a tree T exists if and only if π can
be obtained via decomposition from the initial abstract task [R88]. We can arrange the
vertices of each Decomposition Tree T into layers where edges of the tree connect nodes
in adjacent layers. Then the number of necessary layers is equal to the maximum depth
K of any Decomposition Tree we want to consider. We can further view every layer of
the Decomposition Tree as a sequence of tasks and limit its length – using the results
of Section 3.5.1 – to |π|. In total we can assign each node of any Decomposition Tree
T to a point in a matrix of size K × |π|. Figure 4.1 contains a visual depiction of such
an assignment. To further ease the construction of the formula, we repeat leafs of a
Decomposition Tree, i.e. primitive actions, in the layer below them. This ensures that
the yield of the Decomposition Tree will be completely present in the last layer.
Each point in the matrix is represented by its coordinates (l, p) where l identifies the
layer and p the position within the sequence of possible tasks in the layer. To encode
the Decomposition tree, we introduce for every point (l, p) and for every task a ∈ A ∪ O
a decision variable a(l,p) . If a(l,p) is true, there will be a corresponding node v in the
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Figure 4.1.: A structural depiction of the plan verification formula, where tasks are arranged in a sequence of layers and are assigned to a position in each layer.
A selected Decomposition Tree is shown in black. Decomposition is shown
with straight arrows, while inheritance of primitive actions is shown with
dashed arrows. Constructed after a Figure in [C7]. Reprinted with kind
permission of AAAI press. AAAI does not endorse any of Ulm University’s
products or services.

Decomposition tree whose label, i.e. α(v), will be a. Next, we introduce for every two
(l,p)
positions p and p0 in every layer l (except for the last) the decision variable e(l+1,p0 ) ,
which if true represents an edge in the Decomposition Tree between (l, p) and (l + 1, p0 ).
To fully represent Decomposition Trees, we further introduce for every point in the
matrix and method m the decision variable m(l,p) , indicating that β(v) = m. Lastly, we
(l,p)
add decision variables b(l,p0 ) for every pair of positions p, p0 in each layer l encoding the
relative order of the nodes in each layer. The formula asserts the properties required in
the definition of a Decomposition Tree (Definition 6). The formula asserts that
1. every point in the matrix is labelled with at most one a(l,p) and if and only if it is
labelled with an abstract task, then at most one of the m(l,p) is true.
2. for every m(l,p) that is true, each subtask t of m will occur in the layer l + 1 or t
can be decomposed into the empty task network.
3. every primitive action is repeated at the same position in the next layer.
4. the order of tasks in layer l is inherited to its subtasks in layer l + 1.
5. the order in each layer is valid, i.e. transitively closed and acyclic.
6. every point in the matrix has at most one incoming edge.
7. if a point in the matrix is labelled with a task, it has either an incoming edge or
is at layer 0. In layer 0 only one position can be labelled with a task.
(l,p)

8. for every edge e(l+1,p0 ) both adjacent positions (l, p) and (l + 1, p0 ) are labelled with
a task.
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We omit the details of the encoding at this point for the sake of brevity. Details can
be found in the corresponding paper [C7]. We shown that our encoding is correct and
complete, i.e. that every satisfying valuation represents a Decomposition Tree of height
≤ K and that for every such Decomposition Tree a satisfying valuation exists [C 7,
Theorem 1].
As the last step in the encoding, we add clauses to the last layer ensuring that the
(l,p)
order represented by the b(l,p0 ) atoms is in line with the natural ordering of the positions,
(l,p)

i.e. ¬b(l,p0 ) for all p > p0 , and clauses asserting that the positions in the last layer are
labelled with the solution to be verified.
We want to note that the construction of the formula does not require π to contain
only primitive actions. This formula could thus also be applied to (partial-)plans still
containing abstract tasks and verify whether they can be derived via decomposition from
the initial abstract task. This ability is e.g. useful for search-based integrations of the
user, as they will deal with plans containing abstract tasks frequently.

4.2.2. Computing Bounds for the Tree Height
The presented translation is based on the fact that there is an upper bound K to the
height of Decomposition Trees leading to a given plan π.1 Based on our theoretical
results, K can be set to 2|A||π| [C9]. We show that this bound is far too high in practice
and can be lowered significantly, thereby improving the efficiency of the verifier.
The theoretical bound considers solely the worst possible case for decompositions and
does this without taking the specific structure of the planning problem into account.
More specifically, all abstract tasks are viewed as interchangeable and it is assumed
that every abstract task has only methods leading to the maximum bound, i.e. methods
leading to tasks with high minimum decomposition depth. This is often not the case in
typical planning problems. We developed two methods to extract a more succinct bound
of which the third dominates the two others, i.e. it is always smaller or equal to them,
and should thus be preferred. These bounding techniques exploit specific structures
present in the planning problem.
As a first observation, there is a significant proportion of planning problems that – after
grounding – are acyclic (see Section 2.4.2). For them, we construct the Task Transition
Graph (TTG) T whose nodes are the problem’s tasks (primitive and abstract). T
contains the directed edge (a, b) whenever there is a decomposition method for a whose
task network contains b. The planning problem is acyclic if and only if T is acyclic.
Obviously, we can use the length of the longest path in T as an upper bound for height
of any decomposition tree in this domain.
For the second method, we consider planning problems in which all decomposition
methods contain at least two subtasks. In such problems, we can apply at most |π| − 1
decompositions until we have reached a plan with the same size as π. Any further
applied method will ensure that any resulting task network cannot be equal to π as
it contains more tasks. Any HTN planning problem can be compiled into a solution1

Or alternatively an upper bound B on the number of applied decompositions.
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domain
UM-Translog
Satellite
SmartPhone
Woodworking
Monroe

number of
instances
21
22
3
5
50

Ktheo
min max
70
1258
20
510
132 324
12
48
198 11032

Kunit
min max
5
37
5
17
11
15
2
4
∞
∞

KT T G
min max
3
6
1
4
3
∞
1
2
4
8

Table 4.1.: Number of instances per test domain. Minima and maxima for each method
to compute a hight bound. Colours refer to the runtimes in Figure 4.2.
Infinity represents instances in which either the computation is not applicable (SmartPhone) or timed out (Monroe). Ktheo denotes the theoretical
upper bound 2|A||π|, Kunit the bound computed for the compiled domain
where all methods have at least two subtasks, and KT T G is the bound applicable only to problems with acyclic grounding. Abridged version from [C7].
Reprinted with kind permission of AAAI press. AAAI does not endorse any
of Ulm University’s products or services.
equivalent planning problem where all methods at least two subtasks [F42].2 However
an exponential increase in size might be necessary. If possible within the given time
limit, we compile the given HTN planning problem into one where all methods have
at least two subtasks. If not, we do not use this second method. Since we alter the
domain structure by this compilation, we used the altered domain for verification if the
computed bound was the smallest and was thus used for verification.

4.2.3. Empirical Evaluation
To ascertain the empirical performance of our plan verifier, we tested it on several
planning problems with (at the time of publication) known solutions. The experiments
were conducted on an Intel Xeon E5-2660 with 503 GB available RAM. We used instances
from the domains UM-Translog, Satellite, SmartPhone, and Woodworking.
These domains were e.g. used in the evaluation of the HTN planner by Bercher et
al. [R75]. We added 50 randomly selected plans form the Monroe corpus [R106].
This corpus was developed to test plan and goal recognition algorithms and contains in
addition to the plan to be recognised, the HTN planning domain with which the plans
were generated. Planning in the Monroe domain is rather trivial, while determining
for any given sequence of actions whether it is a solution is difficult. Note especially that
the plan verification problem is equivalent to the plan goal recognition problem for HTN
planning if we know that the whole plan was observed [C9]. In total we considered 101
planning problems with their known solutions.
As a first step, we computed the height bound K with all three methods (theoretical
2

Note that this paper describes only a method to ensure that all methods contain at least one sub task.
This method can however be easily expanded to achieve the required property. Further, technically
there can be methods with fewer than two subtasks, as long as they decompose the initial abstract
task and no method contains the initial abstract task as a subtask.
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Figure 4.2.: Runtimes of plan verifier on test instances. All Figures are copied from [C7].
Reprinted with kind permission of AAAI press. AAAI does not endorse any
of Ulm University’s products or services.
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limit, TTG, and at-least-2-subtasks). The results are shown in Table 4.1. Note that
the bound based on our theoretical results is always significantly higher than those
computed by the other two methods. Especially the minima are higher than the maxima
for all other methods, if they exist. Next, the unit-decomposition expansion timed out3
on all instances of the Monroe domain, but led to comparably small bounds for all
other instances. After grounding, only some instances of the SmartPhone domain
contained cycles, i.e. the TTG-based method was usable in all other instances. In all
other instances, the TTG method was an improvement over the unit-method or the
theoretical upper bound (for Monroe).
To test the efficiency of the presented encoding, we have not only considered plans to
be verified, but also non-plans which should be refuted. We added two types of nonsolutions to the test set. One was generated from solutions by randomly replacing an
action in the plan with another action from the domain. The second was generated
by randomly applying applicable actions until a plan of the same length as the known
solution was found. For both types, we generated five non-solutions for each instance,
i.e. 505 instances for each type.
For all solutions our encoding was able to verify them. The maximum runtime for
verifying a solution was 451 seconds. However, the runtime exceeded 100 seconds in only
four instances. The runtimes per instance are shown in Figure 4.2.
The runtime behaviour of our verifier on the almost-solutions – where we randomly
replaced an action in the solution with another action – is shown in Figure 4.2b. For
some instances runtime increased significantly (the maximum runtime was 1123 seconds), while all were still refuted correctly. We suppose that this is due to the fact
that the resulting formula is “almost satisfiable” as the plan to verify differs only in one
action from a solution. In general, propositional formulae that are almost satisfiable
(i.e. satisfiable if only a few or just a single clause were to be dropped) are considered
computationally hard. Of the 505 plans generated by random walking, 501 were classified as non-solutions, with the highest runtime being less than 120 seconds. The four
remaining plans were classified as solutions. We manually checked that this classification
was indeed correct. The runtime needed to refute each of the 501 non-solutions is shown
in Figure 4.2c.
As such, our evaluation has validated our plan verifier and has shown that it can handle
verification instances it was tasked within a reasonable time-frame. At this point, we
want to note that since the publication and development of this plan verifier a second
HTN plan verifier has been published by Barták et al. [R48]. It views the HTN planning
problem as a grammar and if parsing of the plan is possible with that grammar, it is a
solution to the planning problem. This approach showed – compared to the technique
presented here – a significant improvement in performance.

3

We considered a timeout of one hour. All other computations finished within a few seconds.
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4.3. A Tree-style SAT Formula for Totally Ordered Planning
The encoding for plan verification describes the process of decomposing the initial abstract task into a given task network. If we were to remove the clauses asserting that the
result of that decomposition is the given plan π and instead check that the obtained plan
is executable, we would – at first glance – have constructed a formula that is satisfiable
if a solution to the planning problem exists. Unfortunately, this approach has two significant drawbacks. First, HTN planning is undecidable [R143], i.e., it cannot be possible
to create a single propositional formula that is satisfiable if and only if a given planning
problem has a solution. The formula we described in the previous section cannot capture
any decomposition leading to a solution, but only those that have a decomposition of
height less than K. The parameter K, in turn, depends on the (maximum) length n
of plans considered, as we compute K from it. Since HTN planning is undecidable, no
upper bound to n or K can exist. To obtain a complete planner, we would have to
increase n until a solution has been found.
Second, our initial experiments showed that the plan verification formula is unusable
for planning due to its size. It will contain Θ(n4 ) clauses, if we consider plans of length
n. For a plan of 100 actions, this means 108 clauses, which is at the upper limit of
solvability for current SAT solvers. For even longer plans, we cannot expect a SAT
solver to find a satisfying valuation in any reasonable time frame. Further, the formula
contains a high degree of non-determinism, making it hard for SAT solvers.
Thus a new encoding was developed, specifically designed for the purpose of planning.
A significant number of clauses in the plan verification formula, in fact those responsible
for Θ(n4 ) clauses, encodes the partial order of tasks in task networks. Since handling
partial order is (seemingly) the most difficult element of an HTN planning problem, we
first developed a specialised encoding for totally-ordered HTN planning problems. Based
on this encoding we were able to add support for partial order (see Sec. 4.4).

4.3.1. Path Decomposition Trees
The central deficiency of the encoding for plan verification is that it does not exploit the
specific decompositional structure of the planning problem at all – apart from using it to
compute more succinct height bounds. An encoding exploiting the specific structure of
decompositions contained in the problem should expose more of the problem’s structure
in the propositional formula and thus should make the formula easier to solve. As the
first step in exploiting the problem-specific structure of decompositions, we need a representation of that structure. Unfortunately, considering all individual decompositions of
the initial abstract task into plans is impractical or impossible (depending on the problem), because there are either too many or even infinitely many such decompositions.
Thus, we need a compact representation of decompositions of the initial abstract
task aI . Assume that this representation would encode all such decompositions. Any
propositional encoding based on this representation could only encode a subset of these
decompositions, as we would else created a terminating decision procedure for an undecidable problem. Since representing more information than can be utilised by any
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L

=

Figure 4.3.: Two Decomposition Trees, one marked with black nodes and one with white
nodes. On the right, an ordered Path Decomposition Tree is shown that
has both Decomposition Trees as sub-trees. The morphism is shown via the
colour of the nodes.
encoding is futile, we will also restrict this compact representation to a subset of all
possible decompositions of the initial abstract task. The design choice at this point is to
determine which subset to choose. Under the assumption that the specialised encoding
will – as the encoding for plan verification – bound the maximum depth of decomposition in some way, our compact representation will consider all decompositions up to a
given depth limit K. Note that via iterating over the depth bound K, we still retain
completeness.
As a compact representation of decompositions, we introduced the concept of Path
Decomposition Trees (PDTs). Intuitively speaking, a PDT is a tree P such that all possible Decomposition Trees T (Def. 6) up to a given depth bound K are rooted subtrees
of P . This allows us to use the same nodes of the PDT to represent multiple Decomposition Trees, which essentially “fuses” multiple Decomposition Trees and significantly
compacts their representation. To distinguish the Path Decomposition Trees for totallyordered HTN planning problems from those for general, partially-ordered problems, we
introduce them formally as Ordered Path Decomposition Trees, but use the term Path
Decomposition Tree throughout this thesis.
Definition 10 (Ordered Path Decomposition Tree [C5])
Let P be a planning problem and K a depth bound.
Then PK = (V, E, α) is an Ordered Path Decomposition Tree iff
• (V, E) is a directed and ordered tree rooted at rI ,
• α : V → 2A∪O labels each node with a set of (primitive and abstract) tasks, and
• for every Decomposition Tree T = (V T , E T , ≺T , αT , β T ), (V T , E T ) is a subtree
of (V, E) under the morphism φ : V T → V such that for the root r of (V T , E T )
φ(r) = rI holds , for every node v ∈ V T it holds that αT (v) ∈ α(φ(v)), and the
order ≺T is the same as the order of nodes in (V, E) under φ.
We show in Figure 4.3 two Decomposition Trees and a possible Path Decomposition
Tree that contains both of them as sub-trees.
To see that a PDT can be a compact representation of decompositions, consider all
Decomposition Trees up to depth K for a planning problem where the maximum number
of subtasks in a method is ∆. The last depth layer of a Decomposition Tree can contain
up to ∆K nodes. The number of all inner nodes in the tree is less or equal to ∆K − 1
and equal only if ∆ = 2. In the edge case ∆ = 1 the number of inner nodes is K − 1.

47

4. From Verification to Planning
{A}

{A}

{a}

{A, a}

{a}

{a}

{A, a}

{a}

{a}

{A, a}

{a}

{A, a}

{A, a}

{A, a}

{A, a}

{A, a}

{A, a}

{A, a}{A, a}
{A, a}

{a}

{A, a}{A, a}
{a}

{a}

{A, a}{A, a}
{a}

{a}

{a}

{a}

{A, a}
{a}

{a}

Figure 4.4.: Two PDTs for a domain with the three decomposition methods A → aA,
A → Aa, and A → a.

Any of these nodes can be labelled with any (primitive) task or not be present in the
K
Decomposition Tree at all. Thus there are O((|O| + 1)∆ ) different Decomposition Trees
of depth K. However, there is always a path Decomposition Tree of size O(∆K ) that
has all Decomposition Trees as sub-trees – namely one whose inner nodes have always
∆ children and that labels all nodes v with α(v) = A ∪ O. This shows that the PDT
representation can be exponentially more compact than enumerating all Decomposition
Trees.
Naturally, we are interested in a “minimal” PDT. Minimal is put into quotation marks,
as it is a priori not clear what minimality means here, as there are several potentially
plausible metrics we might want to minimise. At first glance, it seems useful to minimise
the number of nodes in the tree or the size of the label sets. Both optimisations might
lead to smaller and more informative encodings. There is, however, no obvious means
to weigh these two criteria against each other, i.e. it is not clear whether it is better to
have fewer nodes in PK at the cost of larger label sets α(·).
Even if we want to optimise the number of vertices of the PDT, the problem might
be computationally difficult. Even if computing the optimal size of the PDT is still
polynomial,4 the minimal PDT can have exponentially many nodes. As we have to
compute the PDT explicitly for encoding, a complexity analysis at this point is futile.
Note that locally optimising the number of children for every subtask of the tree does not
lead to a globally optimal number of nodes for the PDT. To see this, consider a planning
problem with three decomposition methods A → aA, A → Aa, and A → a, where A is
an abstract task, a a primitive action, and A the initial abstract task. The PDT with
the minimal number of nodes for K = 4 is depicted in Figure 4.4. We can see that only
a single task in every layer is labelled with the abstract task A. This ensures that only
one node per layer has children in the next layer. If a Decomposition Tree contains the
first decomposition method, we can use the first two children to represent its subtasks.
If it contains the second method, we can use the latter two. This construction results in
a size of the PDT that is linear in the depth K. Note that there are inner nodes with
three children, but the maximum size of each method is 2. If we optimise the number of
children for each node locally, as done in the second PDT depicted in Figure 4.4, each
inner node has only two successors at the cost of the overall size of the tree now growing
exponentially in K. This is due to the fact that now each inner node has two children
4

Which is as of yet unknown.
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labelled with the abstract task A, both of which must be expanded further.
Due to these difficulties in finding an “optimal” PDT, we opted to construct the PDT
in a greedy fashion. For a given planning problem P, we start with a PDT containing a
single node r labelled with α(r) = {aI }. We repeatedly expand leafs of the current tree
until all leafs are either at depth K or their label sets contain only primitive actions.
Consider a leaf l with the label set α(l). We gather all methods applicable to the
abstract tasks in α(l). Since the planning problem is totally-ordered, these methods’
tasks networks will be sequences of tasks. We combine these sequences into a sequence
of sets of tasks in a greedy fashion while trying to minimise the size of these sets. E.g.
we reduce the sequences aAa, Aa, and aB to {a}, {A, B}, and {a}. For each set s in
this sequence, we generate a new child for l and label it with s. The constructed tree is
a valid PDT [C5].

4.3.2. Tree-style SAT Formulae
In the previous section, we introduced PDTs which are compact representations of all
possible Decomposition Trees of an HTN planning problem up to a given depth bound
K. For every solution π to an HTN planning problem, there exists a Decomposition
Tree that has π as its executable yield (see Theorem 1). Conversely, a solution can
be extracted from every Decomposition Tree with an executable yield. Thus instead of
modelling solutions in a propositional formula directly (which is difficult), the formula
can encode a Decomposition Tree via its decision variables. A valuation of the formula
will represent such a Decomposition Tree and the formula will assert that the tree is
consistent and that its yield is executable.
Let PK = (V, E, α) be a totally-ordered Path Decomposition Tree. When constructing
the formula, we introduce two types of decision variables.
• av – for every v ∈ V and a ∈ A ∪ O
• mv – for every v ∈ V and m ∈ M
Using these decision variables, we will select a Decomposition Tree T = (V T , E T , ≺T ,
αT , β T ) that is a sub-tree of PK . Setting av to true means that v is part of V T and that
αt (v) = a. Similarly setting mv to true represents β T (v) = m.
The propositional formula itself ensures that the represented Decomposition Tree is
valid. Following the definition of Decomposition Trees (Definition 6), we have to ensure
that
1. for every node v ∈ V at most one av and mv are true, i.e. v is labelled with at
most one task and at most one method is applied.
2. if av is true for an abstract task a, an appropriate method mv is chosen, else no
method is chosen.
3. if mv is true, the appropriate tasks will be assigned to the children of v and all
other children have no tasks assigned to them.
4. if av is true, its parent also has a task assigned to it (except if a is the root).
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These constraints can be transformed into a propositional formula Fdecomp [C5]. To
ease the further construction of the formula, we also added clauses that ensure that if
a primitive action is assigned to an inner node v, it is also assigned to exactly one of
the children of v. As a result, every valuation assigns the action at the leafs of the
represented Decomposition Tree to the leafs of PK .
In addition to being a decomposition of the initial abstract task aI , the yield of the
represented Decomposition Tree T must also be executable. Executability means (see
Theorem 5) that there is a linearisation of the yield which is executable in the initial
state. Using the above-mentioned encoding trick, the yield of T is assigned to the leafs of
PK . Since the HTN planning problem is assumed to be totally-ordered and the PDT PK
complies with that ordering, the natural order of the leafs of PK will be the order of the
tasks in the represented yield of T . As such, the tasks assigned to the leafs of PK from
a sequence of actions for which any propositional encoding for classical planning can
be used to ensure executability. We chose the original encoding by Kautz and Selman
[R145] since subsequent encodings mostly allow for actions parallelism, which does not
occur in totally-ordered planning problems. We call this formula Fexe . The connection
between the two formulae is made via re-using the av atoms for leafs v as the action
atoms in Fexe .
We showed that Fdecomp ∧ Fexe is satisfiable if and only if the HTN planning problem
P for which the formula was created has a solution of depth at most K [C5]. Thus a
planner based on it using an appropriate iteration over K will be sound and complete.
To solve any totally-ordered planning problem P, we iterate over the depth bound K
starting with the minimally necessary value to obtain a primitive decomposition of aI .
For every depth bound, we construct the PDT PK and construct the formulae Fdecomp
and Fexe for it. We then pass Fdecomp ∧ Fexe on to a SAT solver. If it returns a satisfying
valuation, we can extract the plan and return. If not we increase K. Note that we can
technically end this iteration after K = |A|(2|L| )2 , as if no plan exists at this point for a
totally-ordered HTN planning problem, none can exist for higher K [C5].
Note that this (original) procedure has still room for further technical improvements.
For example, we could re-use the PDT constructed for K − 1 to compute the one for K
as they are sub-trees of each other. Similarly, the propositional formula for depth K will
contain (a large part of) the formula for depth K − 1, which can be exploited by using an
incremental SAT solver [R46]. Further, one can imagine interleaving the individual calls
to the SAT solver for different depth bounds, as is done for length bounds in classical
planning [R78].
We implemented the described encoding technique within the hierarchical planning
framework PANDA.5 In addition to the code for computing the PDT and transforming
it into a propositional formula, the author of this thesis has also implemented significant
parts of the preprocessor infrastructure of the planner.

5

PANDA – currently in its third re-implementation – encompasses several software components written
by Daniel Höller, Gregor Behnke, and various students. It contains parsers, a “grounder” [F12], several further preprocessing components, a plan-space-search-based planner [F29, R75], a progressionbased planner [F20], and the SAT-based planner described in this thesis.
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4.3.3. Empirical Evaluation
To show that the presented planning approach performs well in practice, we conducted
an empirical evaluation of its performance.
Planners. We compared our approach against other state-of-the-art HTN planning
systems. Each planner was given 10 minutes runtime and 4 GB of RAM per instance on
an Intel Xeon E5-2660. Since there are both HTN planners specifically designed to solve
totally-ordered HTN planning problems and those that can solve arbitrary problems, we
compared our technique against both types of planners. We considered the two following
dedicated total-order HTN planners:
• SHOP, a progression-based planner that performs blind depth first search [R135]
and
• HTN2ASP, a translation of totally-ordered HTN planning problems into answer
set programming [R114]. Since the code of this planner is not available, a Masters
student has re-implemented the translation according to the authors’ descriptions.
From the group of general HTN planners, we considered a variety of planners employing different solving strategies:
• PANDApro, a progression-based algorithm that uses an encoding of the current
state and remaining task network into classical planning for heuristic guidance
[F20]. We used it with the greedy A∗ search algorithm.
• HTN2STRIPS, a translation of HTN planning problems into a sequence of classical planning problems [F34] which are then solved by a state-of-the-art classical
planner, in this case jasper [R79].6
• PANDA, a plan-space-search-based planner with heuristics based on the Task Decomposition Graph (TDG). We used both the heuristic that estimates action costs
(TDG-c) as well as the one estimating remaining modification effort (TDG-m),
both in conjunction with greedy A∗ [F29, R75].
• FAPE, a plan-space-search-based planner that is capable of handling domains with
temporal constraints [R76]. FAPE uses blind search, but employs an effective
pruning technique for search nodes. It is based on a translation of the current
search node into a flat temporal model on which feasibility is determined [R61].
The ordering in the domain’s methods is translated into temporal constraints. As
such, FAPE’s pruning can take some, but not all ordering constraints into account
in its pruning, which is currently not possible in both PANDApro’s and PANDA’s
heuristics.
Note that FAPE cannot handle recursion in the planning problem. As such, we
ran it only on instances which do not contain recursion.
• UMCP is a plan-space-search-based planning algorithm [R148]. We implemented
this algorithm within PANDA. We tested it in its breath-first search, depth-first
search, and heuristic configurations.
6

For a comparison including classical planners form the most recent IPC, see Section 4.4.5.
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We tested the presented propositional encoding in conjunction with the best performing SAT solver of the SAT Competition 2016: cryptominisat5 [R65], MapleCOMSPS
[R63], and Riss6 [R64]. The resulting planner is named totSATḟootnoteThe name totSAT is a joking reference to the emblem of the PANDA planner within which totSAT
was implemented. The panda seems (at least to me) to raise his hand to pad his full
belly – he is totally full or “total satt” in German.

totSAT cryptominisat5

totSAT MapleCOMSPS

totSAT Riss6

PANDApro greedy A∗ FF

HTN2ASP

SHOP

HTN2STRIPS

TDG-c greedy A∗

TDG-m greedy A∗

FAPE

UMCP-BF

UMCP-DF

UMCP-H

Entertainment
UM-Translog
Satellite
Woodworking
SmartPhone
Rover
Transport
total

#instances

Benchmark Instances. There is currently no established set of benchmarking instances for HTN planning, let alone for totally-ordered HTN planning. As such, we
used instances from domains which have been used in other empirical evaluations of
HTN planners [F20, F29, R75, R82]. These are the domains Entertainment, UMTranslog, Satellite, Woodworking, SmartPhone, Rover, and Transport containing in total 127 planning problems. Of those instances only 36 are totally-ordered (20
of UM-Translog, 12 of Entertainment, and 4 of Satellite). We manually added
ordering constraints to all other instances, making them totally-ordered. The ordering
was added so that at least one solution was preserved in every instance. Further note
that only the domains Satellite, Woodworking, and Rover contain no recursion
in the lifted model, i.e. those are the only ones on which FAPE was run.
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Table 4.2.: Number of solved instances per planner per domain. Maxima are indicated
in bold. Planners shown in bold are general HTN planners, i.e. they can also
handle partially-ordered planning problems. Copied from [C5]. Reprinted
with kind permission of AAAI press. AAAI does not endorse any of Ulm
University’s products or services.
Results. Table 4.2 shows the coverage, i.e. the number of instances solved within
the time and memory limits, for all planners. Figure 4.5 shows the number of solved
instances in relation to the time it took to solve the problems. The new planner totSAT
solves between 123 to 125 (depending on the solver) out of the 127 instances. Note
that totSAT solves all instances except for the two largest instances in the Transport
domain. We tested these two with a higher time limit and totSAT solves both within 30
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Figure 4.5.: Runtime vs number of solved instances per planner. Copied from [C5].
Reprinted with kind permission of AAAI press. AAAI does not endorse any
of Ulm University’s products or services.

minutes.
The two other planners specifically developed for totally-ordered problems (HTN2ASP
and SHOP) have a higher coverage than all other general purpose HTN planners, except
for PANDApro. Such a behaviour is expected as these two planners can exploit the fact
that the domain is totally ordered – as does our encoding. It is remarkable that this
advantage even allows the blind-search-based planner SHOP to beat both HTN2STRIPS
and the TDG-based planners which use informed search.

4.4. Handling Partially-Ordered Problems
In the previous section, we presented an encoding of totally-ordered planning problems
into propositional logic based on a compact representation of all possible decompositions
up to a given depth bound. We further showed that the resulting planner outperforms
other state-of-the-art HTN planners, some of them significantly. In practical applications, however, planning problems are seldom totally-ordered, as witnessed by the fact
that only 36 out of the 127 original benchmark instances were totally-ordered. As an
example, consider the DIY domain and its abstract task setup_drill setting up a drill
for operation. This includes several steps, but at least inserting the battery, inserting
the drill bit, setting the gear switch, and setting the direction switch appropriately.
Each of these steps is represented by a separate sub-task of the method decomposing
setup_drill. As these steps can be executed independently from each other there won’t
be any ordering between them. Further these tasks themselves might contain more than
one operation as e.g. inserting the drill bit, which might first insert a bit holder, then
fasten it, and then insert the drill bit into the bit holder. Partial order in the method for
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setup_drill is required to allow the – physically possible and plausible – interleaving
of these steps, e.g. with inserting the battery into the drill. Note that – in an assistance
scenario – the user might actually request to change the plan to use any of these particular orders (or parts of it). Thus, the planning model has to be able to represent them
all and must thus allow for partial order in methods. Further note that there are structures in plans – especially the interleaving of primitive actions stemming from different
abstract tasks, which is necessary in the DIY domain – that cannot be represented with
totally-ordered domains [F36, F42].
As partial order is an important and, especially in assistance domains, practically occurring feature of HTN planning problems, the planner totSAT presented in the previous
section will not suffice as a planner for these settings. In this section we show how the
encoding of totSAT can be extended to also cover partially-ordered planning problems.
We first present a naive extension of the totSAT encoding that tracks the partial order
explicitly in decision variables [C6]. Next, we will show that the ordering constraints
contained in a planning problem can be extracted before the problem is encoded and
can thus be handled in the formula more efficiently [C2]. We introduce the notion of
Solution Order Graphs – a data structure that represents the order of all primitive decompositions of the initial abstract task up to a given depth limit. Lastly, we present
an empirical evaluation that compares the performances of the encodings to each other
as well as to current state-of-the-art HTN planning systems.

4.4.1. Naive Encoding
The presented encoding of totally-ordered HTN planning problems into propositional
logic is based on the concept of Path Decomposition Trees (PDTs). The definition of
PDTs in Section 4.3.1 relied on the fact that the subtasks of each decomposition method
form a sequence and thus their ordering can be represented in the PDT by an ordered
set of children for any inner task. As such the order of the yield of a decomposition tree
– the plan it represents – was given by the order induced on the leafs of the PDT. The
propositional encoding exploited this fact to encode state transitions directly using the
decision variables av representing the actions assigned to the leafs of the PDT.
This technique is not directly applicable if the domain contains partially-ordered methods as we cannot choose a sequential order of the children for each inner node. The first
solution to this problem we present is to separate the – so far – joint handling of subtasks and the order between them. In an unordered PDT, the order between vertices is
not taken into account any more, neither is the order in Decomposition Tree T . It solely
represents the tasks contained in any Decomposition Tree T .
Definition 11 (Unorderd Path Decomposition Tree [C6])
Let P be a planning problem and K a depth bound.
Then PK = (V, E, α) is a Path Decomposition Tree iff
• (V, E) is a directed tree rooted at rI ,
• α : V → 2A∪O labels each node with a set of (primitive and abstract) tasks, and
• for every Decomposition Tree T = (V T , E T , ≺T , αT , β T ), (V T , E T ) is a subtree
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of (V, E) under the morphism φ : V T → V such that for the root r of (V T , E T )
φ(r) = rI holds and for every node v ∈ V T it holds that αT (v) ∈ α(φ(v)).
Unordered PDTs can be computed in the same way as ordered PDTs are. We can
even use the same procedural mechanics, if we use any topological order7 of each method
instead of the method’s actual order [C6].
The propositional encoding of an ordered PDT PK does not take the ordering of
its nodes into account – it comes only into play when executability is encoded. As
such we can use the same propositional formula Fdecomp for an unordered PDT as for
the ordered case. Consequently, its correctness and completeness are retained, i.e. any
satisfying valuation of its decision variables av and mv is a valid decomposition tree of
depth ≤ K and all such decomposition trees correspond to a satisfying valuation [C5,
C6].
What remains to encode is executability of the yield of the represented Decomposition
Tree T . A witness for executability is a linearisation π of the yield, which is compatible
with the ordering constraints imposed by the applied methods. An ordering constraint
can only originate in a method imposing such a constraint to its subtasks [C6]. We track
these constraints via additional decision variables bvw for each two vertices v and w of
the PDT that are direct children of the same node. bvw being true represents that the
method applied to their common parent node has introduced the ordering v ≺ w on
them. The correct truth values of these variables can be maintained using implications
from the mu variables for the parent u of v and w [C6].
Consider any two leafs l1 and l2 of a DT T as a sub-tree of the PDT PK . We can
w.l.o.g. assume that they are also leafs of PK (see Section 4.3.2). The order between l1
and l2 in the DT T can only be induced by the method applied to their last common
ancestor a = lca(l1 , l2 ) in T respectively PK [C6]. This order will have been imposed
on the children c1 and c2 of a that are ancestors of l1 and l2 , respectively. This is the
ordering encoded by variable bcc12 .
To find an executable linearisation of the yield of T , the encoding proceeds in three
steps. First, it encodes a linearisation of the leafs of PK , which will also include a
linearisation of the leafs of T as a subsequence. Second, it ensures that this linearisation
does not violate the ordering constraints imposed by the chosen Decomposition Tree via
the bvw atoms. Third, it asserts that tasks of the chosen linearisations are executable in
the initial state.
To choose a linearisation of the leafs of PK , we encode a matching of the leafs of PK
to a sequence of time-steps [C6]. We chose the number of time-steps as the number of
leafs of PK . To check the third condition, we can employ any propositional encoding for
classical planning. We again use the one by Kautz and Selman [R145]. Lastly, we have
to ensure that the chosen linearisation is compatible with the ordering induced by the
Decomposition Tree T on the leafs. This is not the case if there are two leafs l1 and l2
for which the DT T enforces the order l1 ≺ l2 , but l1 is mapped to a time-step i and
l2 to a time-step j < i. This situation can be forbidden by clauses using the bcc12 atoms
[C6].
7

Technically any order suffices, but empirically it is better to use a topological order.
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The most significant drawback of the presented encoding is its size. Checking that the
linearisation does not violate the ordering constraints induced by the applied decomposition methods still requires Θ(n4 ) clauses. Note that the rest of the formula contains only
Θ(n2 ) clauses. Due to the disparity in number between the order-related clauses and
those pertaining to decomposition and executability, they will dominate the encoding
causing the formula (potentially) to be harder to solve for SAT solvers.

4.4.2. SOGs – Solution Order Graphs
Checking whether the chosen linearisation of the leafs of T /PK complies with the order
imposed by the Decomposition Tree is the largest and thus most problematic part of the
formula. Thus, we developed a technique to reduce its size. The naive encoding in the
previous section exploits only the structure of decomposition in the planning problem,
but not the structure of ordering constraints. We introduce a compact representation
of the ordering of all potential yields of Decomposition Trees T of depth less than K.
This ordering is a super-graph of all possible task networks that can be obtained via Kdepth-limited decomposition from the initial task. We call it the Solution Order Graph
(SOG) [C2].
Formally a Solution Order Graph S is a transitively closed DAG8 whose vertices are
the leafs of PK . Let l1 and l2 be two leafs of PK , a = lca(l1 , l2 ) their last common
ancestor, and c1 and c2 the children of a that are ancestors of l1 and l2 , respectively.
We call the SOG S consistent with respect to PK if for every pair of vertices l1 and
l2 the presence of an edge between them is consistent with the applicable methods. If
all methods applicable to a either impose the ordering c1 ≺ c2 or do not assign tasks
to either c1 or c2 , then the presence of the edge (l1 , l2 ) is consistent. If all methods
applicable to a do not impose the order c1 ≺ c2 or c2 ≺ c1 or do not assign tasks to
either c1 or c2 , then the absence of the edge (l1 , l2 ) is consistent. Any other situation is
inconsistent. A consistent SOG thus requires that all methods applicable to each inner
node treat their subtasks “uniformly” when it comes to the order imposed to them. This
uniformity is preserved by a method not assigning a task to one of the children at all.
Given a SOG S that is consistent with a PDT PK , we know that if tasks are assigned
to two leafs l1 and l1 of PK their order in the yield of the represented Decomposition
Tree will be the same as in S – due to the fact that the sole method that determines the
order between them has forced the ordering contained in S [C2]. Note that S does not
contain orderings that are not implied by the applied methods, i.e. it represents exactly
the imposed constraints. The important observation is that this is independent of the
actually applied methods. Consequently, the ordering of l1 and l2 is not dependent on
any decision variable in the encoded formula any more. We will exploit this property to
simplify the validity check for the linearisation.
At this point, the question is how an SOG S that is consistent with a PDT PK can
be computed. Unfortunately, not every PDT has a consistent SOG S. However, we can
derive a necessary condition for a PDT PK to have a consistent SOG S. Consider an
inner node a with two children c1 and c2 and two methods that would impose different
8

A DAG is a Directed Acyclic Graph, i.e. a directed graph that does not contain a directed cycle.
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orderings between c1 and c2 . If such vertices existed, any two leafs l1 and l2 below c1
and c2 would violate the consistency of S. We can represent this local consistency of
the order imposed to the children of an inner node a as a graph problem. The task
network of each method m applicable to a task in α(v) can be equivalently viewed as a
vertex-labelled DAG Dm . The children of a also form a DAG G whose nodes are labelled
with sets of tasks – the α(·) sets. If the PDT has a consistent SOG S then all Dm are
induced subgraphs of G. We showed that this condition is also sufficient, i.e. if for every
inner node there is a DAG G over its children for which all Dm are induced subgraphs,
we can compute an SOG S for the respective TDG PK [C 2, Theorem 2]. Two task
network graphs Dm and a possible DAG G for the children are depicted in Figure 4.6.
We can construct the SOG together with the PDT. When constructing the PDT, we
keep a current SOG S for the current leafs of the PDT. Whenever we expand a leaf l of
PK , we construct its children in conjunction with a DAG G such that for all applicable
methods m, Dm is an induced subgraph of G. We add the children to PK and replace
the node l in S with G. Once the construction of PK is completed, S will be a consistent
SOG for PK [C2].
For this construction procedure, we have to compute a set of appropriate children C
and DAG G on them, given a set of applicable methods M . Obtaining any graph G with
the required property is easy, as the disjoint union of all Dm for m ∈ M will suffice. Such
a choice would lead to enumerating all Decomposition Trees explicitly and is thus not
feasible. Instead, we are however interested in a small DAG G that “fuses” as many tasks
in the applicable methods into one. As for the case of total order, locally minimising
the number of children does not lead to a globally minimal number of leafs. Further, we
showed that even locally minimising the number of children is already NP-complete and
therefore globally optimising them must be at least NP-hard.9
Definition 12 (Minimal Induced Supergraph)
The decision problem MinimalInducedSupergraph is given a family of transitively
closed DAGs Dm and a number k to decide whether there exists a transitively closed
DAG G with at most k vertices such that every Dm is an induced subgraph of G.
9

Consider a PDT for K = 1.

57

4. From Verification to Planning
Theorem 5 (Minimal Induced Supergraph [C2])
MinimalInducedSupergraph is NP-complete.
Currently, the DAG G is constructed in a greedy fashion [C2]. We start with G to be
the first Dm and iteratively merge the next method’s DAG into the current G. Each Dm
is merged greedily vertex by vertex updating the set of edges and anti-edges, i.e. pairs
of vertices between which no edge can be inserted into G in order to keep the induced
subgraph property for every previously processed Dm . Whenever merging the next node
of Dm with any of the nodes of G is not possible, we create a new vertex in G.
Note the requirement that a DAG G over the children of each inner node must exists
that is consistent with the order of all applicable methods may increase the number of
children as compared to the construction method used for the naive encoding, which
ignored order. Thus, using the SOG-based construction, the number of leafs of the PDT
might increase. Our evaluation shows that this is indeed the case, but the benefits of
having extracted a SOG outweighs the increase of the number leafs.

4.4.3. From n4 to mostly n2 Ordering Clauses
The SOG S constructed in conjunction with the PDT PK provides additional structural
information on the planning problem that can be exploited to improve the propositional
encoding. The clauses tracking order in the naive encoding, i.e. those defining bvw atoms,
can be removed, as the order of the leafs is now uniquely determined. Thus reasoning
on this order has not to be performed by the SAT solver. Our main objective was to
replace the clauses ensuring that the chosen linearisation of the leafs of PK adheres to
the ordering imposed by the selected Decomposition Tree. Due to the construction of
the SOG, this ordering is now independent of the actually chosen Decomposition Tree.
As such, we may choose any linearisation of S.
As described in Section 4.4.1, the linearisation is chosen by matching each leaf of PK
to a timestep. To encode a linearisation that respects the leaf’s ordering, we utilise the
following observation. If we match a leaf l to a timestep t, all successors of l cannot
be matched to a time before t. Requiring this condition for all leafs and timesteps is
also sufficient. We add for every leaf l and timestep t an atom flt representing that it is
f orbidden to match leaf l to time t. Note that flt can also be interpreted as: l must be
matched to a timestep after t. We can encode the following rules that ensure a correct
linearisation has been chosen, based on the above observation [C2].
1. If leaf l is matched to time t, all direct successors of l in S cannot be matched to t.
2. If leaf l cannot be matched to time t, l cannot be matched to t − 1.
3. If leaf l cannot be matched to time t, the direct successors of l in S cannot be
matched to t as well.
Encoding these three constraints requires O(L2 · ∆+ (S)) clauses where L is the number
of leafs and ∆+ (S) is the maximum number of direct successors of any node in S. In the
worst case, ∆+ (S) will be L − 1, but in most planning problems, ∆+ (S) is typically very
small, i.e. at most 3. As such, the encoding requires O(L3 ) clauses in theory, but often
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degenerates and requires only O(L2 ) clauses in practice. This constitutes a significant
improvement over the previous naive encoding in terms of formula size.

4.4.4. Attaching Modern Propositional Encodings of Classical Planning
Up to this point, we have always used the encoding of Kautz and Selman [R145] to express the executability of a linearisation of primitive actions. Since the development of
this formula in 1996, there have been significant improvements to SAT planning for classical planning problems. The most significant improvements were the addition of state
invariants [R139] and the ability to encoding parallel action execution [R104]. Invariant
clauses are an extension to the Kautz and Selman encoding and do not require any
modification to the encoding of the HTN planning problems. Further, empirically they
always improved the performance of the planner. We thus used it in all configurations
in the following evaluation.
The ∀-step10 and ∃-step encodings for classical planning alter the way actions are executed in the encoding [R104]. While originally only one action could be executed per
timestep, both encodings allow the for execution of multiple actions at the same time.
Naturally, this is not possible for each subset Π of the set of primitive actions A. Consequently both encodings pose additional restrictions to the set of actions to be executed
in parallel. While the ∀-step encoding requires that all linearisations are executable, the
∃-step encoding ensures only that at least one such linearisation of the actions in Π is
actually executable. However both require that all executable linearisations result in the
same state, i.e. the state after their execution is the same.
Technically, the classical encoding by Kautz and Selman uses the same variables to
reference to the actions executed at each timestep as the ∃-step encoding. For each
timestep t and action a ∈ A the decision variable a@t denotes that a is executed at time
t. While the ∃-step encoding allows for multiple a@t atoms to be true for one timestep
t, the formula we presented for matching the leafs of the PDT to timesteps does not
[C6]. We can relax this formula to allow for matching multiple leafs of the PDT to
the same timestep [C2]. It however does not suffice to simply remove constraints from
the matching, i.e. the one restricting the number of matched edges per timesteps, as
matching two leafs that are labelled with the same task to the same timestep is illegal.
If so, we would only execute the respective action once, while the HTN problem forced
us to execute it twice, which might not be possible. We showed how this situation can be
forbidden [C2]. Thus, our encoding profits from the newer and more efficient encodings
of classical planning problems. Note that this modification applies both to the naive
encoding, as well as to the SOG-based encoding.

4.4.5. Empirical Evaluation
We showed the encoding for totally-ordered HTN planning can be modified to also
handle partial order in HTN planning problems. It is however unclear which of these
encodings is suited best for solving HTN planning problems. As such, we compared them
10

A variant of the ∀-step encoding is already described Kautz and Selman [R145].
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empirically against each other. We considered the naive tree-style encoding SAT-tree
(Section 4.4.1) and the SOG-based encoding SAT-F (Section 4.4.3). Both encodings
were tested with the Kautz and Selman (the “bare” SAT-tree and SAT-F encodings)
and the ∃-step encoding for primitive executability (SAT-tree ∃ and SAT-F ∃).
Benchmark Instances. For the evaluation, we use the domain presented in Section 4.3.3. Note that (some of) these domains are naturally partially-ordered. For the
previous evaluation in Section 4.3.3 we have manually modified the partially ordered domains so that they are totally ordered. In this evaluation, we use the original, partially
ordered ones.
Further, we added a new domain, PCP, which exploits the fact that general, partiallyordered HTN planning is undecidable [R143]. Each PCP instance encodes an instance
of undecidable Post’s Correspondence Problem [R160]. We chose this problem as a
benchmark, as it represents one of the computationally most difficult problems HTN
planners can handle.
Planners. Each planner was given 10 minutes runtime and 4 GB RAM per instance
on an Intel Xeon E5-2660. We compared our encodings against the same planners11
as in Section 4.3.3, omitting those that are specifically developed for totally-ordered
instances (HTN2ASP and SHOP). We added the planner SHOP2 [R118], which is an
extension of SHOP that can handle partially-ordered planning problems. While in the
previous evaluation, we used the HTN2STRIPS planner only in conjunction the classical
planner jasper, we here also tested it in conjunction with the best-performing planners
of the 2018 International Planning Competition. These are Fast Downward Stone Soup
[R56], saarplan [R51], and LAPKT-BFWS-Preference [R52]. Further, we also included
the SAT-based planner MpC [R78], which uses the ∃-step encoding.
We tested our encodings in conjunction with the best-performing SAT-solvers of the
SAT Competition 2018. The SAT solvers expMC [R50], cryptominisat5.5 [R57], CaDiCaL [R49], and MapleLCMDistChronoBT [R55] achieved the best performance when
used together with our encoding.
Results. We show in Table 4.3 for each planner and domain the number of instances
that the planners solved in the respective domain, as well as totals over all domains. We
can clearly see that all the propositional encodings presented in this chapter outperform
other state-of-the-art HTN planning systems and solve at least 9 instances more than the
next competitor (PANDApro with the lm-cut heuristic vs. SAT-tree using CaDiCaL).
Interestingly, the SAT-tree and SAT-F encodings do not differ much in their coverage,
which depending on the SAT solver either rises by 1-2 instances or falls by 2 instances.
If we consider the versions of these encodings that use the ∃-step encoding for primitive
executability, we can see a significant improvement. The SAT-tree encoding solves 1 to
8 more instances, while for the SAT-F encoding coverage rises by 7 to 13 instances. In
total, the combination of the SAT-F and ∃-step encoding showed the best coverage. The
lack of improvement from the SAT-tree to the SAT-F encoding hints at a synergy effect
between the SAT-F and the ∃-step encoding, which provides an interesting avenue for
11

Note that the original paper [C2] did not include UMCP as a planner in the evaluation. We have
included it here for the sake of completeness.
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Figure 4.7.: Runtime vs number of solved instances per planner. Copied from [C2].
Reprinted with kind permission of AAAI press. AAAI does not endorse any
of Ulm University’s products or services.
future research.
In Figure 4.5 we additionally the number of solved instances per planner as a function
of time. We show only the best performing configurations for each planner. Here, we
observe that the planners based on our propositional encoding trail in performance for
the first 5-10 seconds, as they have an initial effort in constructing the PDT, writing the
formula and starting the SAT solver. However, after 10 seconds of runtime they clearly
outperform all other planning systems. Further, we can see the runtime dominance of
the SAT-F ∃ encoding over the other encodings.
We also checked whether the differences in runtime were actually statistically significant. Using a Kolmogorov-Smirnov Test, we found that the differences between the
several SAT encodings are not statistically significant (i.e. p < 0.05). However, if we
compare the SAT-base planners with all other planners in the comparison, the results
are statistically significant. The highest p-value for comparing any planner with any of
the SAT-based planners is 0.000139, when comparing SAT-F Kautz&Selman CaDiCaL
and PANDApro lm-cut. If we consider only the best configuration of the SAT-based
planner – SAT-F ∃ expMC – the highest p-value for any other planner is 0.0000823,
again for PANDApro lm-cut.
In our evaluation, we also made interesting observations regarding the use of classical planners in conjunction with the HTN2STRIPS encoding [F34]. All currently
best-performing classical planners (Fast Downward Stone Soup, SaarPlan and LAPKTBFWS) performed significantly worse than the older japser planner. Further, MpC was
the worst performing planner in our evaluation solving as many instances as FAPE which
was only run on a third of all instances. The poor performance of MpC is caused by
an adverse interaction between the disabling graph used in the ∃-step encoding and the
HTN2STRIPS encoding. Essentially, the Disabling Graph for the HTN2STRIPS encod-
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PANDApro lm-cut
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PANDApro FF
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23 25 21 23 18 20 23 19 14 12 0 22
22
9 8 10 6 6 6 5 5 5 5 4 8
0
5 5 5 4 4 4 6 6 5 5 4 4
11 9 8 0 0 0 3 3 3 3 0 0
12 9 9 6 5 5 5 5 5 4 4 5
4 2 2 0 0 0 5 5 4 4 4 3
3
7 1 1 0 1 0 19 17 13 13 3 0
93 81 78 61 56 57 85 77 66 63 25 64 25/56

PANDApro ADD
TDG-m greedy A*
TDG-c greedy A*
UMCP H
UMCP BF
UMCP DF
HTN2STRIPS jasper
HTN2STRIPS
HTN2STRIPS
HTN2STRIPS
HTN2STRIPS

FD-SS 2018
SaarPlan
LAPKT-BFWS
MpC

SHOP2
FAPE

Table 4.3.: Number of solved instances per planner per domain. Maxima are indicated in
bold. Copied and modified (added UMCP) from [C2]. Reprinted with kind
permission of AAAI press. AAAI does not endorse any of Ulm University’s
products or services.

ing will be near to a complete graph: for most pairs of two actions in the encoding, the
effect of one will the other’s preconditions false and vice versa. Thus the ∃-step encoding
cannot execute many actions in parallel, which is one of the cornerstones of its efficiency.
To conclude our evaluation, we investigated the impact of our more compact encoding
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Figure 4.8.: Number of clauses in instances compared per encoding, axes are scaled logarithmically. Colours indicate orders of magnitude. OOM = Out-Of-Memory.
Copied from [C2]. Reprinted with kind permission of AAAI press. AAAI
does not endorse any of Ulm University’s products or services.

of order (Section 4.4.3) on the size of the encoding. Although the number of clauses
decreases from O(L4 ) to O(L3 ) in theory, an empirical evaluation is still necessary. Note
that the number of clauses depends on L – the number of leafs of the PDT. Since we
require an additional property for the PDTs used in the SAT-F encoding – namely that
the children of each task are order-consistent – the constructed PDTs may differ between
the SAT-tree and SAT-F encodings. The increase in size of the PDT necessary for the
SAT-F encoding might off-set the more compact encoding. We analysed all 269 PDTs
which were constructed by both encodings for the problems in the benchmark set. Out
of these PDTs 68 differed in their number of leafs between the two encodings. The
highest increase was 9.5%, the highest decrease 14.2%, which is in absolute numbers and
increase of 16 leafs and a decrease of 5 leafs. Note that a decrease is possible, as we only
greedily optimise the PDT.
Figure 4.8 contains a scatter plot indicating for each PDT the number of clauses of
the formula generated based on it. To keep the sizes comparable, we only considered
the encodings without the ∃-step encoding. We can observe that the size of the formula
almost never increases – it does so in only four instances (the red dots in the plot), and in
all of them only slightly. There are several instances in which the size decreases by more
than a magnitude and for some even by two. Lastly, there are several instances (green
dots) for which the construction of the SAT-tree formula leads to an out-of-memory
error, while the SAT-F formula was still constructable. Especially the bad performance
of SAT-tree in the rover domain is caused by this problem. Here 14 out of 20 instances
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led to an out-of-memory error.

4.5. Finding Provably Optimal Plans
The encodings in Sections 4.3 and 4.4 were solely designed for satisficing planning.
In satisficing planning, we only ask for some solution that solves the given planning
problem. Consequently, this solution can – and will frequently – contain more actions
than strictly necessary. For example, the planner might repeatedly insert and remove
the same battery from a device – just because it is possible. We observed that especially
our SAT-based planner tends to include more actions than necessary into plans.
Such plans containing redundant actions or action sequences can cause severe issues
when presented to a user. As in the case of attaching and removing the battery, a human
user can easily recognise the redundancy in the plan. He or she might then perceive an
assistant as highly incompetent, might abort interaction, and never trust or even use the
assistant again. To avert this issue, the planner should only produce plans that do not
contain such redundancies. In other words, the planner should produce optimal plans,
i.e. plans with the minimum number of actions required.
The SAT-based planning technique we described so far cannot directly be used to find
optimal plans. The planner bounds the depth of decomposition – and not the number
of actions in the plan. A depth bound implicitly also contains a bound on the number of
actions, e.g. the number of leafs of the PDT. This bound only pertains to the maximum
number of actions in the plan, i.e. an encoding for depth K cannot consider plans longer
than the bound, but may not consider shorter plans. In general, if the shortest plan
for a given depth K has length `, a plan of depth K + 1 with length ` − 1 can exists,
i.e. an increase in the considered decomposition depth may allow for shorter plans. As
an example consider a planning problem with two abstract tasks A and B and three
primitive actions a, b, and c. Assume further that the problem contains three methods:
A → abc, A → aB, and B → b. If we consider the depth limit K = 1, the shortest
possible plan contains 3 actions. For the larger depth bound K = 2 it is possible to find
the shorter plan ab.
Instead of bounding the depth of the decomposition, we have to directly bound the
number of actions. As a first step, we have to be able to directly restrict the number of
actions in the propositional encoding to be smaller than a given number `. This can be
done by enforcing that at most ` of the a@t atoms of the formula for primitive executability are true12 . Since this type of constraint is fairly common in propositional modelling,
compact encodings are readily available. We use the sequential encoding [R110].
Adding this constraint enables us to construct propositional formulae that represent
plans up to a given length bound `. To be able to ensure optimality, we however need a
formula for a given ` that is satisfiable if and only if there exists a plan of length ≤ `. To
this end, we have to ensure that we choose the depth bound K(`) for the construction
of the formula appropriately, i.e. in a way so that all plans of length ≤ ` can be derived
12

Note that we are technically not restricted to simply optimising the length of the plan. We could also
optimise any additive metric that assigns (rational) costs to individual actions.
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with at most depth K. We will describe how this bound K(`) is chosen in Section 4.5.1.
Lastly, we have to determine how the planner determines the optimal length of a
solution. A simple option would be to construct the formula for increasing length bounds
` until a solution has been found. Note that we can – in general – not terminate this
procedure as HTN planning is undecidable. We denote this strategy with INC(rement).
Although being simple, this strategy has a drawback, as it may require unnecessarily
many calls to the SAT-solver. Technically, if the optimal plan has length `∗ , only the
formulae for `∗ and `∗ − 1 must be considered, where the latter proves that no better
solution exists. The issue is determining `∗ as quickly as possible. Streeter and Smith
[R97] presented several algorithms for optimising the plan length using SAT-based planners for classical planning domains. Optimising the plan length in HTN planning bears
one additional difficulty, compared to classical planning: no a priori upper bound on
the length of the optimal plan is known13 . Thus, before optimising the plan length, we
start by running the planner in satisficing mode, i.e. we try to obtain any solution to
the planning problem. Note that this procedure is usually faster than running INC, as
the plan length is (up to) exponential in the depth of decomposition. Using the length
of this initially found solution as an upper bound, we run the optimisation algorithm.
We tested an adaptation of Streeter and Smith’s [R97] strategy S2, which is effectively
binary search over the possible plan length. We denote this strategy with BIN(ary). In
addition, we also tested a strategy that decreases the length bound starting with the
initial upper bound until no plan is found any more, denoted DEC(rement).

4.5.1. Succinct Bounds on the Decomposition Depth
As we stated above, our SAT-based optimal HTN planner must be able to compute – for
a given length bound ` – a depth bound K(`) so that if no plan of length ≤ ` exists with
depth ≤ K(`) none will exist at all. We previously discussed this question in the context
of plan verification (cf. Section 4.2.2), were we had to determine a depth bound K(`)
for a given plan of length ` such that if there is no decomposition of depth ≤ K, there
is none at all. For optimal planning, we need the same value K(`), i.e. we could use the
same three bounds Ktheo , Kunit , and KT T G . Unfortunately these bounding methods are
impractically high for many HTN planning problems [C1], especially for more complex
ones. The three bounding methods were only sufficient for the HTN planning problems
considered at that time. Further, both Kunit and KT T G rely on specific structures to be
present in the planning problem, which is often not the case. If both methods are not
applicable, we have to rely on Ktheo which is often too high by several magnitudes.
We therefore developed a new, fourth method to compute an upper bound on the
required decomposition depth K4 (`) [C1]. This method is based on computing for
every pair of plan length ` and task (primitive and abstract) t an individual bound
K4 (`, t). The value of K4 (`, t) should – in contrast to K4 (`) – be the minimum decomposition depth necessary so that if no decomposition of t into exactly ` actions
with depth ≤ K4 (`, t) exists, there exists none at all. Consequently, we will select
K4 (`) = max0≤m≤` K4 (m, aI ), where aI is the initial abstract task.
13

In classical planning it is 2|L| .
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K4 (a, `) = 1 + max{K4 (b, `1 ), K4 (c, `2 ), K4 (d, `3 )}
Decomposition method a → b, c, d
K4 (b, `1 )

K4 (c, `2 )

K4 (d, `3 )

...

...

...

`1

`2

`3

`1 + `2 + `3 = `

Figure 4.9.: Consideration of a new decomposition method, which increases the considered decomposition depth by one. Copied from [C1]. IJCAI. The authors
have kindly been granted the right to reuse any material in other works
of their own authorship. IJCAI does not endorse any of Ulm University’s
products or services.

The most significant obstacle the algorithm has to overcome are so-called ε-methods
and unit-methods. The former are methods that contain no subtask and the latter
are those that contain only a single subtask which is abstract. Both types of methods
allow for arbitrarily deep decompositions for a single given plan. Our algorithm to
compute K4 (`, t) proceeds in two steps: we first consider the planning problem without
such decomposition methods and compute K4 (`, t) accordingly. Then, later on, we will
account for ε- and unit-methods.
As an additional speed-up to the algorithm, we do not consider all abstract tasks
simultaneously, but only those that form a Strongly Connected Component (SCC) within
the Task Transition Graph (TTG). We process the SCCs S of the TTG in their reverse
topological order – thus whenever computing the values K4 (`, t) for all t ∈ S, the depth
bounds for all tasks occurring in decomposition methods for tasks t ∈ S have already
been correctly computed – except for those that are themselves in S.
The algorithm for the first step iteratively updates the values of K4 (`, t) based on previously computed values for other tasks. Each update, i.e. increase of K4 (`, t) indicates
that a new decomposition of t with length ` with higher depth has been found. As such,
the update tries – when considering the value K4 (`, t) – to construct a decomposition
of t into ` actions with maximum depth. It does so by first considering all applicable
decomposition methods mt = (t, tnt ). If t is to be decomposed into ` primitive actions
starting with the method mt , each task t0 in tnt will be decomposed into φ(t0 ) primitive
P
actions. To find a decomposition of t into ` actions, t0 ∈T (tnt ) φ(t0 ) = ` must hold. For
such a distribution of primitive actions to subtasks φ, the maximum achievable depth of
decomposition is K ∗ = 1 + maxt0 ∈T (tnt ) K4 (φ(t0 ), α(tnt )(t0 )). This update is depicted in
Figure 4.9. We can thus update K4 (`, t) if it is smaller than K ∗ . To achieve completeness, we have to iterate over all such distributions φ of which there are exponentially
many. We achieved a polynomial runtime in ` using dynamic programming [C1]. We
further showed that if the update is performed ` times, the bound will be correct [C1].
The computation has so far excluded ε- and unit-methods. We include them in a
second step of the algorithm, where we perform the same update mechanic as described
in the previous paragraph – but only to those ε- and unit-methods. To achieve completeness, we perform the update |S| − 1 times for every abstract task within an SCC
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S. Further, we iterate the steps one and two in total |S| + 1 times [C1].

4.5.2. Evaluation
To ascertain whether the proposed technique is actually efficient in practice, we compared
it against other optimal HTN planners [C1]. There was however only one such planner
published prior to our work: PANDA with the A* search algorithm and the TDG-c
heuristic [F29].
We therefore modified both the progression search-based algorithm of PANDApro
[F11, F20] and the translation into classical planning of HTN2STRIPS [F34] to allow
for finding guaranteed optimal solutions. We refer to our paper for details [C1]. We else
used the same setting as in the evaluation in Section 4.4.5.
The coverage results are depicted in Table 4.4 while the runtime behaviour is shown in
Figure 4.10. From both we can see that the new SAT-based optimal HTN planner outperforms the other optimal planners significantly – with a margin of at least 19 instances.
Between the three algorithms INC, DEC, and BIN, there is no significant difference. As
expected BIN solves slightly more instances than INC and DEC. We however presume
that it will get more pronounced with even better propositional encodings and SAT
solvers.
Lastly, we investigated the empirical difference between the three previous methods
to compute the depth bound and the new method K4 . Figure 4.11 shows for every
call to the computation of the depth bound that was conducted during the evaluation
both values as a scatter plot. At first, we note that K4 never computed a worse bound
than the other three methods. Even further, its bound is often far better – in some
case up to three magnitudes. Lastly, there were 37 cases, shown as red dots, where the
three previous methods returned a finite bound, but K4 returned −∞. Thus K4 could
prove that no plan of the given length existed, while the three older methods could not,
showing the effectiveness of the algorithm in practice.
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Table 4.4.: Coverage of all evaluated planners on the benchmark set. Copied from [C1].
IJCAI. The authors have kindly been granted the right to reuse any material
in other works of their own authorship. IJCAI does not endorse any of Ulm
University’s products or services.
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Figure 4.11.: We show for every computed depth bound the bounds Ktheo , Kunit , and
KT T G versus K4 . Red dots indicate that the depth bound K4 returned
−∞. Copied from [C1]. IJCAI. The authors have kindly been granted the
right to reuse any material in other works of their own authorship. IJCAI
does not endorse any of Ulm University’s products or services.

4.6. Discussion and Future Work
In this chapter, we presented both the very first verifier for HTN plans, as well as an
highly efficient planning technique for HTN planning. With respect to Mixed-Initiative
planning, the new planner is an important step towards fulfilling the objective of providing a fast planner (see Section 3.3). Its performance is higher than all the currently
available HTN planners on the tested benchmarks, which should also translate to realworld application domains. Specifically, we will elaborate on the performance of our
planner in a DIY assistance setting in Section 5.3.
In addition to the high performance of the planner, the declarative representation of
the problem for planning also allows for easily extending the presented technique. For
search-based planners, such extensions usually require a modification of the search routine and several consequent changes to its heuristics. For planning approaches based on
propositional logic, these extensions are relatively simple, as the additional constraints
posed by these extensions have only to be added to the encoding of the problem. We
will show – as one example – how constraints in Linear Temporal Logic can be integrated into the planning process in the following Section 5.2. As a further possibility,
one can consider to add support for non-propositional state fluents. For example, it
could be useful to model screws in a DIY domain as a numerical resource (i.e. by modelling the number of still available screws), or to model angles, thickness of a material,
diameters of a hole as numerical properties, instead of as discrete properties. Such state
variables can be easily handled by using SAT Modulo Theory (SMT) [R93] instead of
a standard SAT solver. Such an integration was already proposed for classical planning with Planning Modulo Theories [R83] and could be adapted here. SMT allows for
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formulating individual propositions in terms of expressions over a mathematical theory.
For the examples in the DIY domain, a linear algebra over rational numbers suffices.
By integrating SMT solving capabilities into the planner it can (presumably) cope e.g.
with complex geometrical reasoning, which is, as of now, hard for a purely propositional
planner.
As for the presented propositional encodings itself, there are several avenues of possible
future work. For example, the PDT/SOG is currently computed in a greedy fashion.
An optimisation of the PDT might further improve the performance of the planner.
Similarly, the PDT is constructed uniformly up to the given depth limit, i.e. all branches
of the tree are expanded up to that depth. It might be worthwhile to study show an
asymmetric expansion can be utilised to focus on the difficult parts of the planning
problem. Lastly, the encoding of the linearisation, which is currently the most difficult
part of the encoding might be improved using either SMT modelling or GraphSAT [R77].
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5.1. Summary
In the previous chapter, we presented the first plan verifier for HTN planning. We
subsequently used the basic ideas and principles of the technique to develop a new
and highly efficient HTN planner. A planner used in a mixed-initiative planning-based
assistance system is not only required to quickly respond, i.e. to plan quickly, but also
has to be able to change plans according to the user’s instructions. As we argued in
Section 3.4.2, these requests to perform changes to a plan can be viewed suitably as a
request to find a plan complying with a Linear Temporal Logic (LTL) formula φ. As
such, the planner should be able to handle planning problems in conjunction with an
LTL constraint φ resulting from a user request. The planner must thus be able to find
a plan that is both a solution to the LTL constraint and to the HTN planning problem
– so that it still solves the original planning problem.
As argued in Section 4.6, a propositional encoding of planning forms a good basis
for further extensions of the planning process. The declarative nature of the encoding
– it “simply” models what a solution is – allows for adding further constraints to the
solution that have the same general structure. For example, temporal control constraints
– such as LTL formulae – can be supported with relative ease by adding clauses to the
formula. These constraints pertain only to the primitive actions in a solution, and thus
techniques for them are applicable both to hierarchical and to classical planning. For
LTL, a propositional encoding of planning with a constraint φ that is based on the ∃step encoding for classical planning already exists [R96]. We can thus integrate it into
the planner presented in the previous chapter without modification. We start by briefly
describing the encoding and related approaches. Unfortunately, the encoding does not
support the full set of syntactically valid LTL formulae, but only those formulae not
containing the temporal next operator X. This operator is known to be difficult to
handle since its presence prohibits the exploitation of stutter equivalence [R153]. It is
however necessary in practice, as it is the only means to specify that a specific task has to
be executed has the immediately next action – e.g. in a user request “I want to saw next.”
We show how the X-operator can be nevertheless integrated into the encoding [C4]. The
necessary changes inspired us to modify the encoding further, which ultimately made it
more efficient.
Lastly, we turn towards the practical application of planning-based assistance systems. For it, we focussed on an assistance scenario in the Do-It-Yourself (DIY) home
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improvement setting. The resulting assistant, Robert, was developed in cooperation
with Robert Bosch GmbH [C3, F18]. The objective of Robert is to support novices
when performing small household DIY projects with the help of electronic tools, e.g.
drills, saws, and sanders. Robert provides these novices with suitable and situationadapted instructions on how to complete their project. Using planning techniques, we
can choose the instructions presented to the user in a way that is appropriate for the
tools and materials that the user has available. We will describe the application setting
of Robert and show how its components – planner, reasoner, and dialogue manager
– operate together. For a seamless interaction between these three components, their
knowledge models have to be tightly intertwined. We present two means to couple ontological and planning-related knowledge and exemplify their benefits in planning-based
assistance systems [C3, F33].

Core publications described in this chapter
[C3] Gregor Behnke, Marvin Schiller, Matthias Kraus, Pascal Bercher, Mario Schmautz,
Michael Dorna, Michael Dambier, Wolfgang Minker, Birte Glimm, and Susanne Biundo. “Alice
in DIY-Wonderland or: Instructing novice users on how to use tools in DIY projects”. AI
Communications, 32(1), 2019, pp. 31–57. doi: 10.3233/AIC-180604
[C4] Gregor Behnke and Susanne Biundo. “X and more Parallelism: Integrating LTLNext into SAT-based Planning with Trajectory Constraints While Allowing for Even More
Parallelism”. Inteligencia Artificial, 21(62), 2018, pp. 75–90. doi: 10 . 4114 / intartif .
vol21iss62pp75-90
[C10] Gregor Behnke, Denis Ponomaryov, Marvin Schiller, Pascal Bercher, Florian Nothdurft, Birte Glimm, and Susanne Biundo. “Coherence Across Components in Cognitive Systems
– One Ontology to Rule Them All”. Proceedings of the 24th International Joint Conference on
Artificial Intelligence (IJCAI 2015). AAAI Press, 2015, pp. 1442–1449

5.2. Handling User Requests via LTL
As argued in Section 3.4, users of a mixed-initiative planning system might request alterations of a currently considered plan. These changes may also require further consequential changes to the plan. Determining these changes is a computationally hard problem
(see Section 3.5.2). Since this problem is as hard as planning itself, it makes sense to use
a planner for it. Further, the immediate objective should not be to develop techniques
to answer every possible type of request via a specialised solver, as this would incur
unnecessary redundancy and additional development effort. Instead, requests should be
transformed into a uniform description language and handled accordingly. We argued in
Section 3.4.2 that a user’s requests can be interpreted as constraint in Linear Temporal
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Logic (LTL, [R155]). When integrating LTL constraints into search-based HTN planners, a significant amount of research to handle these constraints efficiently would be
required. For example new heuristics would have to be developed that take these constraints accurately into account. SAT-based planners on the other hand are well suited
for handling them as the formulae can be added “on-top” of the existing encoding.

5.2.1. Planning with LTL constraints
At this point, we assume that the planner is given the user’s requests for alterations are
already in form of an LTL formula φ. In a planning-based assistant, the user will input
his request in natural language. The first step is thus a transformation into a formula
in LTL, which we can then handle algorithmically (see Section 5.3.2).
To suitably answer requests by the user to change a plan, we have to enable the
planner to find a plan that satisfies the given formula φ. In the past, three general types
of approaches for this problem were developed, but all of them, except for the work
by Sohrabi et al. [R95], were done in the context of classical planning. Since an LTL
formula usually only refers to primitive actions and predicates, this does – in general –
not make a difference, as the techniques for classical planning will also be applicable to
HTN planning.
The first technique to handle LTL constraints is to track the validity of the LTL
formula during a search procedure. In classical state-based forward search, this means
to progress the formula φ through the applied states until it evaluates to > or ⊥. In
the former case a solution has been found, in the latter the current search node can
be pruned. A planner that uses this technique is the TALPLANNER [R125]. Sohrabi
et al. [R95] applied a similar technique when handling PDDL3’s preferences [R109] in
HTN planning. Similar techniques could be applied to progression-based HTN planners.
The main issue with this technique is that existing heuristics – which are necessary for
sufficiently fast planning – have to be altered in order to take the LTL formula φ into
account.
A second option for handling these constraints is to alter the preconditions and effects
of the primitive actions and the goal state, such that only plans that satisfy the formula
φ are executable and reach the goal state. These encodings are usually based on an
automata-theoretic interpretation of the formula. Most approaches transform the LTL
formula φ into an equivalent Büchi automation B. For LTL over finite traces, i.e. finite
plans [R80] the Büchi automaton B accepts the plan if it halts in an accepting state.
Planning with LTL usually considers only finite traces i.e. finite plans, although work
on infinite traces in planning exists [R96]. The first encoding that used these automata
was proposed by Edelkamp [R115], while similar compilations were e.g. proposed by
Baier and McIlraith [R98]. The drawback of all approaches that rely on Büchi automata
is that the size of the constructed automaton can be exponential in the size of the
formula and thus the encoding can be as well. Torres and Baier [R72] proposed to use
the equivalent representation of an LTL formula φ as an Alternating Automaton A for
encoding. Alternating Automata are a common intermediary step when constructing the
Büchi automata of an LTL formula φ, but are linear in size with respect to the formula
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φ [R126]. Based on them Torres and Baier [R72] presented a polynomial-size encoding.
The third option for handling LTL constraints is to encode the formula φ as a set of
additional clauses for a SAT-based planner. To the best of our knowledge, only one such
approach exists for planning [R96]. It uses a propositional encoding for LTL formulae
that was developed in the context of bounded model checking and which is linear in size
[R99]. A naive addition of this encoding to current propositional encodings of classical
planning, i.e. the ∃-step encoding, leads to incorrect results, as the encoding cannot handle multiple actions occurring that the same time correctly. Instead, one would have to
use the non-parallel encoding by Kautz and Selman [R145] which decreases the efficiency
of the resulting planner significantly. To allow ∃-step parallelism in conjunction with
the LTL encoding, a modification to the ∃-step encoding was presented that preserved
correctness and completeness [R96].
Both a polynomial transformation and an encoding of LTL formulae into propositional
logic seem to be suitable for a mixed-initiative planner, as both do not require (significant) alterations to the rest of the planner. To decide between these two approaches,
we investigated them further. During these investigations, we showed that from a theoretical point-of-view both encodings are identical [C4]. We showed that the encoding
by Mattmüller and Rintanen [R96] was – unknown to its authors – an encoding of an
Alternating Automaton into propositional logic. As such, it uses the same information
and exposes the same structure as the encoding by Torres and Baier [R72]. The latter
however adds additional actions into the plan, which are needed to synchronise the execution of the automaton with the plan – which is not needed in a propositional encoding.
This makes the former – the encoding into propositional logic – far more compact and
thus our encoding of choice.

5.2.2. Improving the Propositional Encoding for LTL
The propositional encoding for LTL formulae by Mattmüller and Rintanen [R96] has
a practical disadvantage: its integration with the ∃-step encoding is only correct if the
formula does not contain the LTL next operator X. Supporting the operator X is
however necessary in practice, as it is the only means to specify that a specific task has
to be executed has the immediately next action – e.g. in a user request “I want to saw
next.”
The missing support for the operator X is caused by the way the encoding allows for
parallelism. Parallelism is based on the stutter-equivalence of LTL−X [R153], i.e. the
fact that these formulae cannot distinguish between traces (or plans) in which an action
is repeated only once or twice or more often. For example, any LTL−X formula φ will
have the same truth value on the traces abc and aaabbbcccc. If we consider any trace
of actions, we can try to modify it without changing the truth of any (possible) LTL−X
formula. We can rename all actions in the trace that do not influence any of the atomic
propositions in the formula to the first action before them that changes any of these
propositions. Based on stutter equivalence, we can now allow parallel execution of these
actions. As a consequence, the encoding restricts the parallel execution of actions to one
that alters any proposition of φ followed by an arbitrary number of actions that don’t.
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Technically, Mattmüller and Rintanen [R96] showed that adding edges to the Disabling
Graph (DG, see Section 2.5), a data structure used in the construction of the ∃-step
encoding, and adding a set of clauses for every proposition symbol in φ suffices to achieve
correctness and completeness for LTL−X . For notational purposes we will denote the
additional clauses for a proposition p with A(p).
In the presence of the X operator, LTL formulae are not stutter equivalent, thus breaking the encoding by Mattmüller and Rintanen [R96]. We proposed an alteration of their
encoding that allows for handling these constraints without disallowing all parallelism.
The encoding of the LTL formula φ into propositional logic contains a decision variable
for every timestep t and subformulae ψ of φ that is true if ψ is satisfied by the trace
starting at time t. As such, we know for every timestep whether the X operator must be
evaluated at this timestep. If so, we can forbid any parallelism via an guarded at-mostone constraint [C4]. Otherwise, we can allow for the parallelism allowed by the encoding
by Mattmüller and Rintanen [R96]. Using the idea of only restricting parallelism at
timesteps when doing so is necessary, we have also introduced a second improvement
to the encoding that enforces the A(p) clauses only if necessary, i.e. if the proposition
p is evaluated in the LTL formula at the current timestep [C4]. This results in a less
severe restriction to parallelism, which allows for plans to be found with fewer parallel
timesteps, which in turn allows for a practically more efficient planner.
To show that the new encodings are correct, we could not rely on prior proofs by
Mattmüller and Rintanen [R96] as they relied on stutter-equivalence. We developed a
new theoretical framework, called Partial Evaluation Traces allowing us to prove the
correctness of our encoding [C4]. To show that our alterations are not only correct, but
also improves on the prior encoding, we conduced an empirical evaluation [C4], which
confirmed our assumption.

5.3. Practical Application
To conclude this thesis, we present how planning-based assistance can be suitably applied
in a real-world setting. As this setting, we chose supporting novice users in Do-It-Yourself
(DIY) handiwork tasks. The assistant for this scenario, called Robert [C3, F18], was
developed in a technology transfer project jointly with the industry partner Robert Bosch
GmbH, one of the world’s largest manufacturers of electronic tools. In this section, we
will describe the application scenario of Robert and then proceed to give an overview
of Robert’s architecture and its components. Next, we elaborate on the knowledge
engineering aspects of Robert and lastly on a subject group study with Robert.

5.3.1. Scenario
Users who have never or only seldom used electronic tools in the past, can be frightful of
using such tools for small household tasks and Do-It-Yourself (DIY) home-improvement
projects. This can, e.g. be caused by unfamiliarity with the tool or the lack of knowledge
on how to handle it properly, which in turn can, e.g. cause fear of using an electronic
saw. Robert aims at assisting such novice users by providing them suitable step-
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Figure 5.1.: An instruction presented by Robert to the user. Robert provides its users
with a textual description of what to do, an image of the task, as well as a
video showing how to perform the step.
The instructions are provided in German. A translation into English would
read: “1 Cutting the plank into two pieced (back and tray). Fix the plan
with a screw clamp to the table such that the cut mark is sufficiently separated from the edge of the table. Cut the plank.”.
Copied from [C3]. The final publication is available at IOS Press through
http://dx.doi.org/10.3233/AIC-180604.
by-step instructions on how to use electronic tools in order to achieve their objective.
Using the planner presented in Chapter 4, Robert determines which actions have to
be performed in order to complete the user’s project. When doing so, the tools and
materials available to the user are taken into account by means of representing them in
the planning problem’s initial state. The plan found by the planner is then presented
to the user as a step-by-step instruction taking the form of a slideshow (see Figure 5.1).
Each step is augmented with a suitable description in text-form, as well as with a picture
and a video of the action to perform. Robert allows its users to ask questions about
the presented instructions, e.g. to ask what a metal drill is and how it can be recognised
(see Figure 5.2). Further, using the HTN planning domain that was used to generate the
presented plan, Robert can provide the user with both a more abstract description of
what to do, as well as with semantic information on where in the completion of the project
the user is currently located (see bar at the top of Figure 5.1). This information also
enables Robert to provide motivating feedback to the user (e.g. “You have completed
step three, now the wooden frame is finished.”). Lastly, Robert can react upon requests
by the user to complete the project in another way than currently presented, i.e. requests
to change the plan.

5.3.2. System Architecture
Robert consists of three components that interact with each other in order to provide
suitable assistance to Robert’s users [C3, F18]: a planner, a component for knowledge
management, and a dialogue manager. The general architecture of Robert is derived
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Figure 5.2.: Robert explains individual concepts to its user. This can both be a textual
description or, e.g. in the case of explaining what a “Phillips Screw” is, an
image.
In English the text in the white box would read: “2.5 Insert the drill bit.
Insert the 3 millimetre metal drill bit into the electric drill. In order to do
so, the rotation direction switch of the electric drill into the middle position
...”.
The text in the green box reads: “A metal drill bit with a diameter of 3
millimetre can be used for drilling into metal and wood. A metal drill bit
with a diameter of 3 millimetre has a conical shape (i.e. not a wedge-shaped
one)”. Copied from [C3]. The final publication is available at IOS Press
through http://dx.doi.org/10.3233/AIC-180604.
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Figure 5.3.: Robert’s system architecture.
Each arrow describes data or instructions passed between the individual components.
Copied from
[C3].
The final publication is available at IOS Press through
http://dx.doi.org/10.3233/AIC-180604.

from an earlier assistant developed at Ulm University [F43, F31, F40, R74]. It was
designed to assist the user in setting up an ensemble of home entertainment devices.
The instructions were – similar to Robert– determined by a planner and presented to
the user via a dialogue management system. The previous assistant however lacked the
ability to change plans based on the user’s instructions (it was only able to change plans
in the event of an execution error). It also lacked a dedicated knowledge base for general
domain knowledge and was thus not able to explain factual background knowledge to
the user.
In Robert, each component is responsible for an aspect of the assistance provided by
Robert and functions are handled by the component best suited for them. The same
holds for the information stored by Robert: while procedural knowledge is formulated
in the planner’s HTN domain model, the knowledge management component stores
general domain knowledge. The general architecture and the information exchanged
between the components is depicted in Figure 5.3.
At its core, Robert uses the HTN planner presented in this thesis (Chapter 4). It
reasons and provides plans based on an HTN planning problem which models a wide
variety of tasks in the DIY setting. We tested the domain in conjunction with several
state-of-the-art HTN planning systems and found that only the SAT-based planner presented in this thesis is able to find plans within a reasonable timeframe. Once a user
starts interaction with Robert, the dialogue component inquires for the user’s objective and the available tools and materials. The objective is transferred to the planner,
while the information on tools and materials is communicated to the knowledge manager. Based on the objective of the user, i.e. the project the user wants to complete, the
planner starts its planning process, where the user’s project is the goal, i.e. the initial
abstract task. Since static information about the domain is necessary during the planning process, but is stored in the ontology, the planner requests such static information
from the knowledge manager prior to planning.
Once a plan has been found, it is transferred to the dialogue manager, which is responsible for instructing the user based on that plan. The plan is transformed into
step-by-step instructions in the form of a slideshow, where each action in the plan corre-
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sponds to one slide, and presented to the user. Each action is displayed in terms of text,
image, and video material. Suitable media content for each instruction is retrieved from
Robert’s knowledge-base via ontology reasoning [C3, F18]. The dialogue manager is
thereafter responsible for mediating the interaction between Robert and its user, which
is primarily performed via natural language interaction [F23]. Natural language interaction is an important feature in the DIY setting, as it enables hands-free interaction in a
situation where the user will usually not be able to use his or her hands for interaction,
as they are, e.g. dirty, in gloves, or he is holding a tool. The dialogue manager accepts
the user’s inquiries and determines, based on a machine learning model, which action
to take [F23]. This includes simple interactional requests, requests for factual knowledge, as well as requests to change the current plan. Instructional requests like “Show
the next step” can be handled by the dialogue manager directly. Requests for factual
knowledge, e.g. “How does a Phillips Screw look like”, are handled by the knowledge
management component. Lastly, requests to change the current plan, e.g. “I don’t want
to use an electric saw”, are handled by the change-request mechanism of the planner.
The respective answers are subsequently computed by the responsible component and
transferred to the dialogue manager for communication to the user. Note that in the
case of requests to change the plan, the user’s request is transformed into a formula in
LTL before it is handled by the planner. This component is based on a machine learning
technique and was implemented by a student under the supervision of the author of this
thesis.

5.3.3. Coherent Models for Multi-Component Planning-Based Assistance
Systems
Robert – as do almost all planning-based assistance systems (see Section 3.2.2) – consists of several components besides its planner. Each of these components might require
its own model of the application domain in order to perform its functions. These models will, at least to some degree, be concerned with the same entities and facts. This
necessarily creates redundancies between the models, which over time might lead to inconsistencies between them as they are modified and extended. These inconsistencies
will inevitably lead to problems in the assistant. Thus, we ensure consistency of the
different models by design.
Our approach to achieve model consistency is to generate or extract the models required for each component based on a common knowledge base [F37, C10]. Since no
single modelling framework can provide a suitable uniform representation of all models
in a planning-based assistant, the knowledge base is still divided into several separate
models. We reduce redundancy as far as possible by storing only partial models in the
knowledge base, only containing those information the respective component and modelling language is best suited for. Whenever necessary, we generate elements needed to
complete one model automatically based on the appropriate information stored in the
other models.
From the planner’s point of view, the most important connection its model has, is
with the domain’s factual knowledge. For example the planner’s model in Robert
in only connected to the domain’s factual knowledge. The planner’s interaction with
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Robert’s dialogue component’s is conducted via the shared terms contained in the
factual knowledge base. In Robert, the domain’s general background knowledge is
stored and handled in form of an ontology based on standard first order semantics. In
the following section, we will discuss two methods for integrating the knowledge stored
in such an ontology with a planning model. In Robert, we have only used the second
means for integration, as the first was not suitable for the application scenario. It has
however proved useful in other application scenarios such as fitness training [F27].

5.3.3.1. Knowledge Management and Decomposition Methods
One notable feature of ontologies is that they describe a hierarchical structure of concepts. Similarly, HTN planning problems describe a hierarchy of tasks. Due to this
similarity, a representation of the HTN’s decomposition hierarchy in description logics
seems to be a suitable candidate for knowledge integration. If successful, we could then
extract the abstract tasks and decomposition methods for the HTN planning model from
the ontology, eliminating the duplicated reference to them in both the planning model
and the factual knowledge model.
The intuitive semantics we propose for the connection between ontologies and planning
is that a concept A shall represent all possibilities to refine the represented abstract task
A into primitive actions [C10]. Consequently A v B would hold for two concepts,
if all primitive decompositions for A would also be primitive decompositions for B.
This notion coincides with a decomposition method applicable to the abstract task B
resulting in a task network containing only the task A – all primitive decompositions
for A are also possible primitive decompositions of B. Unfortunately, this intuition
fails for decomposition methods containing more than one task. Individuals contained
in the ontological concepts under our intuition describe sequences or sets of objects1
instead of atomic objects – which is a base assumption of description logics. To allow
for a representation of decomposition methods with more than one task, we use a role
includes that represents the union of individuals in a concept. For example, we denote a
decomposition method for A into B and C with the axiom ∃includes.Bu∃includes.C u
∀includes.(B t C) v A [C10]. The modelling pattern used here is called onlysome and
can express the combination of a set of concepts {C1 , . . . , Cn }, but only these concepts in
description logics [R102]. Formally we introduce the axiom onlysome(C1 , . . . , Cn ) v A
for every method that decomposes A into a task network containing C1 , . . . , Cn . We
showed that modelling methods in this way correctly interacts with subsumption in
description logics, i.e. that two such expression subsume each other if and only if the
subconcepts can be matched to each other. Note that this modelling of decomposition
methods completely ignores ordering constraints contained in the domain. This is due
to the fact that DAG-style orderings cannot be represented in description logics due to
the tree-model property [R127].
The main advantage of a connection between decomposition methods and abstract
tasks on the one hand and concepts in description logics on the other is that inference
mechanisms in description logics can be used to infer new decomposition methods. If
1

Note that a plan is essentially a set of tasks.
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a new subsumption A v B is derivable in the ontology, we can add a decomposition
method for B into A into the planning model [C10]. We showed that we can complete
a partially modelled planning domain with this mechanics. As a further benefit, we
can use this connection between the planning domain and the ontology to enhance plan
explanations [R84] by integrating ontology explanations into them [C10].

5.3.3.2. Knowledge Management and State Information
As a second means to separate knowledge between the planning model and the ontology,
we studied how state-related information can be separated from procedural information.
In contrast to the previously described mechanism, this separation is more suited to
the means by which ontologies and planning describe their models. While we describe
static and relational information in the ontology, we describe dynamic and procedural
information in the planning model. Static knowledge relates e.g. to the types and objects
occurring in the application domain – for Robert e.g. screws, drills, drill bits, etc. – but
also to the current, i.e. the initial, state of the world. This information is stored in the
ontology and transformed into information for the planner whenever a planning processes
is initiated. Individuals in the ontology correspond to objects in the planning problem,
concepts correspond to types, roles correspond to predicates, and axioms and assertions
involving roles are interpreted as facts. Since we cannot interpret arbitrary axioms as
facts for the planner’s initial state, we only consider axioms of the form ∃r.B v A which
correspond to facts (r A B) in the planner’s initial state [C3, F33].
We go even further with our separation of factual and procedural knowledge. Especially in the DIY domain, there is a lot of factual knowledge which is tightly coupled with
procedural knowledge for handling electronic tools. This, for example, pertains to the
possible configurations of electronic drills. Its configuration options – e.g. the inserted
bit, drilling speed, and torque – must be adequate for the material that will be drilled
into. The allowed configurations are static in the sense that they do not change over
time. These configurations are naturally referenced in the preconditions of the drilling
action in Robert’s planning model. By using our approach of separating factual and
procedural knowledge, we can store the allowed configurations as axioms in the ontology
and translate them into facts of the planning problem’s initial state. The drill action
can then reference these facts and check whenever the action is to be applied, whether
the facts hold [C3]. The drill action does not have to take individual configurations
into account, but only a general mechanism to handle them. This way, only a single
drill action is required in the planning model – as opposed to one per type of drill and
type of material. This makes the planning problems significantly shorter and easier to
comprehend and modify.

5.3.4. Evaluation
To show that the assistance provided by Robert is useful, we evaluated it with a
subject group [C3, F25]. The group consistent of 18 persons, 10 females and 8 males,
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with a mean age of 33.4 years2 . Each participant constructed a wooden key rack from a
provided wooden plank. Although this task seems trivial at first glance, it encompasses
several steps that are difficult for novice users. They were given an electric jigsaw and
an electric drill. One part of the group used the full assistance capabilities of Robert
(13 participants), while a control group of 5 participants was provided with a basic
instruction. To keep both groups comparable, the basic instructions were delivered
using Robert’s user interface in order to exclude preferences solely based on graphical
presentation. The basic instructions did not instruct the participants to configure their
devices, just to use them. The user interface did not respond to voice commands, showed
no videos, and did not answer any questions.
In a subjective post-questionnaire, participants using Robert’s full assistance generally perceived it as useful (3.59 on a 5-point Likert scale) and had a positive overall
evaluation of the assistant (3.85 on a 5-point Likert scale). In addition to subjective
measures, we have also objectively compared the participants. We considered the time
needed by the participants to fully configure each electronic device they used. This
measure is an indicator for the quality of the instructions provided by Robert as less
time is presumed to be needed with better assistance. In Figure 5.4 we show the time
needed by every participant to set up the electric drill and the electric jigsaw. It shows a
trend for the participants using Robert being faster than those with only basic instructions. Note that this difference is already significant for the jigsaw (a one-way analysis
of variance, ANOVA, yields p = 0.002).

2

Note that the group is relatively small. The study was conducted as part of an industry transfer project
with Robert Bosch GmbH. Its main focus was the investigation of engineering questions related to
Robert. Thus, in agreement with Robert Bosch GmbH, the size of the cohort was chosen to be
relatively small.
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Figure 5.4.: Scatterplot of time to operation (in minutes) for electric drill driver and
jigsaw; left sub-columns: full assistance, right sub-columns: baseline, horizontal bars: mean times, vertical bars: standard deviation. Copied and
adapted from [C3]. The final publication is available at IOS Press through
http://dx.doi.org/10.3233/AIC-180604.
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In order for planners to provide the basis for useful and individualised assistance, they
have to be both fast and able to change plans according to the wishes of their users. In
this thesis, we have shown how both of these challenges can be addressed within hierarchical planning – a formalism that resembles domain structures and planning strategies
used by humans.
We started out by studying the computational complexity of changing and verifying
plans [C8, C9]. The core result of this investigation – that HTN plan verification is NPcomplete – led to the development of the first plan verifier for HTN plans [C7]. It uses
a translation of the problem into propositional logic. Based on the experience with the
encoding for verification, we developed an encoding for totally-ordered HTN planning
problems [C5]. It is based on the new theoretical concept of Path Decomposition Trees
which are a means to compactly specify the possible, K-depth-limited decompositions of
a given hierarchical planning problem. The resulting planner is highly efficient and outperformed all other state-of-the-art planners on totally-ordered planning problems [C5].
Next, we extended the concept of Path Decomposition Trees such that it is also applicable to general, partially-ordered HTN planning problems [C6]. Solution Order Graphs
– which can be extracted from appropriately constructed Path Decomposition Trees –
allow for a compact representation of the order of primitive actions in solutions [C2].
We showed that Solution Order Graphs enable a concise encoding of partial order in
HTN planning problems into propositional logic [C2]. In practical applications, it not
only important to find some plan that solves the problem at hand, but also the shortest
possible plan. To allow an SAT-based HTN planner to find such optimal solutions, we
presented a method to compute succinct depth bounds given a length bound [C1]. Using
them, a once found solution can be optimised until no shorter plan exists.
Our propositional encodings showed a significant empirical improvement over the state
of the art, and – as did the planner for totally-ordered HTN planning problems – outperformed all competitors [C2]. This new planner thus constitutes an important step
towards providing fast planners for planning-based assistance systems. The declarative
nature of the planning approach we have taken constitutes a suitable foundation for
future developments in HTN planning, e.g. for the integration of numeric state fluents
via SAT Modulo Theories.
In order to allow our planner to handle a user’s request to change a given plan, we
first propose to view these requests uniformly as formulae in Linear Temporal Logic.
Using existing encoding techniques, this allows our planner to answer change requests
by the user. The existing encoding, however, does not support the full set of temporal
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operators. We showed how the encoding can be modified to do so and simultaneously
provided an improvement to the encoding which allowed to find plans more quickly
under these constraints [C4]. Both the interpretation of requests to change a plan and
our improvement to the LTL encoding are applicable both to hierarchical and to classical
planning.
Lastly, we considered the application of the presented techniques in a real-world assistance scenario. We have developed the assistant Robert within an knowledge transfer
project conducted jointly with Robert Bosch GmbH. It supports novice users in Do-ItYourself (DIY) home improvement projects by suitably instructing them on the steps to
take in order to complete their project [C3]. This, e.g. involves instructions on how to
configure and use electronic tools appropriately. Robert uses the hierarchy of its HTN
planning model to communicate instructions of different levels of abstraction to the user,
which allows for a smoother interaction. We further developed methods for knowledge
integration between a planning model and a logic-based ontology [C10], facilitating a
coherent behaviour of all of Robert’s components. It also enables new capabilities and
eases domain modelling. In an empirical evaluation, users perceived Robert’s assistance as helpful [C3]. They further objectively benefited from the provided assistance
as they were able to perform tasks faster than a control group without Robert’s assistance. In order to provide its assistance, Robert requires a highly complex planning
domain, which models several aspects of real-world tasks in the DIY setting. Without
the scientific advances presented in this thesis, Robert would not have been able to
find and change plans for its users within a reasonable timeframe and would thus not
have been able to assist its users.
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Abstract
Over the last years, several new approaches to Hierarchical Task Network (HTN) planning have been
proposed that increased the overall performance of
HTN planners. However, the focus has been on
agile planning – on finding a solution as quickly
as possible. Little work has been done on finding
optimal plans. We show how the currently bestperforming approach to HTN planning – the translation into propositional logic – can be utilised to
find optimal plans. Such SAT-based planners usually bound the HTN problem to a certain depth of
decomposition and then translate the problem into
a propositional formula. To generate optimal plans,
the length of the solution has to be bounded instead
of the decomposition depth. We show the relationship between these bounds and how it can be handled algorithmically. Based on this, we propose an
optimal SAT-based HTN planner and show that it
performs favourably on a benchmark set.

1

Introduction

In Hierarchical Task Network (HTN) planning [Bercher et
al., 2019], a given abstract task has to be divided (decomposed) into other tasks until only tasks are left that can be
executed directly. These tasks are identical to actions in classical planning. They are described by state-based preconditions and effects. The combination of a decomposition-based
structure with state-based execution of actions forms a separate class of planning problems that can express much harder
problems [Erol et al., 1996; Höller et al., 2014] than classical
planning alone. This even includes un-decidable problems
such as the Grammar Intersection Problem of Context-free
Languages or Post’s Correspondence Problem.
Several new approaches to solve HTN planning problems
have been introduced over the last years and increased the
overall performance of the systems in that field. These new
techniques range from heuristic search in plan space [Bercher
et al., 2017; Bercher et al., 2014], heuristic progression
search [Höller et al., 2018; Höller et al., 2019], over the translation into classical planning problems [Alford et al., 2016],
to translations into propositional logic [Behnke et al., 2019a;
Behnke et al., 2018b; Behnke et al., 2018a; Schreiber et al.,

2019]. Both translation-based approaches bound the original
problem to be able to translate the undecidable HTN planning
problem into a decidable one. Currently, the SAT-based approach shows the best performance. It bounds the planning
problem to a certain decomposition depth and translates the
resulting problem into a propositional formula.
In many practical settings, it is not only important to find
a plan that reaches a given goal, but to find an optimal one.
For example in transport and delivery domains, optimality is
desired to save costs. Especially when interacting with human
users optimality is often required. Non-optimal plans will
often contain additional actions that humans can easily spot as
superfluous, which is problematic when the generated plan is
used to assist or instruct humans [Behnke et al., 2019b]. For
plan explanations in the form of model reconciliation, optimal
plans are necessary as well [Sreedharan et al., 2018].
Despite progress in HTN planning, little work has been
done to find optimal plans. Only one system [Bercher et al.,
2017] is able to find such plans, while Höller et al. [2018]
proposed an admissible heuristic, but did not experiment with
it. Optimal search-based HTN planners face a problem not
present in classical forward search (though known from Partial Order Causal Link planning): Due to the decompositions
performed during search, the goal distance in the search space
is not equal to the length of the solution, as the latter only
contains actions. To find length-optimal plans, an admissible
heuristic has to estimate the length of the plan and not the
distance in the search space, leading to poor search guidance.
We introduce the first SAT-based approach for optimal
HTN planning. In it, the length of the solution has to be
bounded instead of the decomposition depth. We have previously preposed techniques for computing such bounds in
the context of HTN plan verification Behnke et al. [2017].
In this paper, we show that our previous bounds were unnecessarily high. The new bound computation improves them
by up to three magnitudes. Our new depth bound computation can even show that no plan of a given length can exist, which was not recognised by previous methods. We discuss three different algorithms to find optimal solutions with
the new bounding method. We compare our new planner
against the optimal planner from the literature [Bercher et
al., 2017], a progression-based planner with an admissible
heuristic [Höller et al., 2018], and modify the planner by Alford et al. [2016] to find optimal solutions.
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2

HTN Planning

In this section we introduce the HTN formalism by Geier
and Bercher [2011] that is used throughout the paper. In
HTN planning, two types of tasks are distinguished: primitive tasks (also called actions) and abstract tasks. Let P and
C be the set of primitive and abstract tasks. Abstract tasks
represent courses of action that can not be executed directly.
They need to be divided into more concrete tasks until executable tasks are reached. These are the primitive tasks.
World states are described using a set of propositional state
variables V . Each primitive task is associated with a set of
preconditions pre(p) ⊆ V that need to hold for it to be applicable and effects del (p), add (p) ⊆ V defining state variables
that are deleted and added when the action is applied. Tasks
are organised in task networks, partially ordered sets of tasks.
Formally a task network is a triple (I, ≺, α) where I is a –
potentially empty – set of IDs, ≺ is a partial order on I, and
α : I → P ∪ C labels each ID with a task. Using IDs is necessary as a task network might contain the same task twice.
The objective in HTN planning is given in terms of a single
abstract task AI – the initial task. A solution to the problem
is a decomposition of AI into actions that are executable in
the initial state s0 . A task t is decomposed by replacing it
with the contents of one of its applicable methods. A method
is a pair (A, tn) where A is an abstract task and tn a task
network. Formally, we always decompose a task within a task
network and start the process with the task network tnI =
({l1 }, ∅, {(l1 , AI )}), i.e. one containing only the initial task.
The application of decomposition methods is akin to applying
derivation rules in formal grammars – with the difference that
we don’t handle sequences of tasks, but partially-ordered sets.
Definition 1. Let tn = (I, ≺, α) be a task network, i ∈ I an
ID with α(i) = A with A ∈ C and m = (A, (Im , ≺m , αm ))
with Im ∩ I = ∅ a decomposition method. Decomposing i
in tn using the method m results in the task network tn0 =
(I 0 , ≺0 , α0 ) = D(tn, i, m) with I 0 = (I ∪ Im ) \ {i}, α0 =
(α ∪ αm ) \ {(i, A)}, and ≺0 = (≺ ∪ ≺m ∪ ≺I ) ∩ (I 0 × I 0 )
where ≺I is the set of ordering constraints relative to i that
are inherited to the newly added tasks, i.e.
≺I ={(j, i∗ ) | (j, i) ∈ I, i∗ ∈ Im } ∪
{(i∗ , j) | (i, j) ∈ I, i∗ ∈ Im }

Let D(tn) be the set of all decompositions of a task network
tn and D∗ the transitive closure of D, i.e. tn0 ∈ D∗ (tn) iff tn0
can be obtained from tn via a sequence of decompositions.
Let M be the set of all methods. Many HTN planners allow
for specifying method preconditions. A method with such a
precondition can only be used if its precondition is fulfilled in
some state before the first action resulting from it is executed,
but after all actions preceding this task in the final task networks partial order are. Commonly, a method precondition
prec is compiled into an additional action aprec whose precondition is prec and which does not have effects. This action
precedes all other tasks in that method [Nau et al., 2003].
Definition 2. A solution to an HTN planning problem P =
(V, P, C, M, s0 , AI ) is a sequence of actions π ∈ P ∗ that is
executable in s0 such that there exists a task network tn ∈
D∗ (tnI ) and π is a linearisation of the tasks in tn.
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A sequence of applied decomposition methods leading
from the task network containing the initial task AI to a task
network tn is called tn’s decomposition. A practically important structural measure for the complexity of this decomposition is its depth. Intuitively, the depth of a decomposition
is the maximum number of methods that have to be applied
to tasks in order to create the tasks contained in tn out of
them. Formally, consider a decomposition of AI into a task
network tn, which consists of a sequence of task networks
tnI = tn1 , . . . , tnn = tn such that tni ∈ D(tni−1 ). The decomposition depth d(j, tni ) of a task ID j in any task network
tni is defined as: (1) d(j, tnI ) = 0 if i is contained in tnI ,
(2) d(j, tni ) = d(j, tni−1 ) if j was not decomposed in tni−1 ,
and (3) d(j, tni ) = 1 + d(k, tni−1 ) if k was decomposed in
tni−1 and k was inserted into tni via this decomposition. The
decomposition depth of tn under the given decomposition is
then the maximum decomposition depth of any task in tn.
Another way to describe the decomposition depth is the following. Any decomposition can be viewed as a tree – the
Decomposition Tree [Geier and Bercher, 2011] whose nodes
are all the task IDs occurring during decomposition. Edges
connect two IDs i and j if the decomposition of i inserted
j into a task network. The decomposition depth is then the
maximum depth of the Decomposition Tree.
Several methods have been proposed to solve HTN planning problems. Next, we briefly review these techniques.
Plan-space search. The first HTN planning systems, like
SIPE [Wilkins, 2000] and UMCP [Erol et al., 1994], used
plan-space search. In addition UMCP used simple heuristics to speed-up the search. Even in its Breath-First-Search
configuration UMCP was not optimal in the sense that it produced the shortest plan. Instead it found the solution with the
smallest number of modifications required. PANDA [Bercher
et al., 2017] uses plan-space search in combination with
the admissible TDG heuristic, which comes in two variants
TDG-m and TDG-c. The former estimates the number of
modifications needed to turn the current plan into a solution,
while the latter estimates the number of additional actions that
will be present in a solution. PANDA with A∗ search and the
TDG-c heuristic constitutes the – to the best of our knowledge
– first length-optimal HTN planner.
Progression search. Next to plan-space search, early HTN
planners also used progression-based algorithms, e.g. SHOP
and SHOP2 [Nau et al., 1999; Nau et al., 2003]. These planners generally used some form of depth-first search, which is
not optimal with respect to the plan length. Recently, Höller
et al. [2018] introduced an improved progression algorithm
and a means to transform any heuristic for classical planning
into one for HTN progression search. This is done via encoding a relaxed version of the HTN problem into a classical planning problem and subsequently applying a classical
heuristic to it. The translation is admissible in the sense that
if an admissible classical heuristic is applied to the encoded
model, its estimate will be admissible for the HTN planning
problem [Höller et al., 2018]. The translation evaluated in the
paper is only admissible with respect to number of modifications, as costs are associated with both actions and methods.

Transformation into classical planning. Since HTN planning is undecidable [Erol et al., 1996], there can be no translation of HTN planning problems into other decidable problems. However, it is possible to bound the problem and to
translate the bounded problem into another decidable problem, like classical planning. To achieve completeness, one
needs to increment this bound until a solution has been found.
Alford et al. [2016] proposed a translation that simulates a
progression search in a classical planning problem. The encoding bounds the number of tasks in intermediate task networks – called the progression bound. Bercher et al. [2017]
used this translation as a comparison for their optimal planspace planner PANDA. They used the optimal classical planner SymBA∗ [Torralba et al., 2016] to solve the classical
planning problems. At this time we assumed that such a combination is optimal for the HTN planning problem – although
this is not explicitly stated in the paper. This assumption was
however incorrect. Consider an HTN planning problem with
the abstract tasks A, B, C, D, X, Y , Z where AI = A and
primitive tasks a, b, c, d. The decomposition methods are:
A → aB 1 , B → bC, C → cD, D → d, A → X Y Z ,
X → a, Y → b, Z → c. For progression bound 2, the only
possible plan is abcd of length 4 using the first four methods. For progression bound 3, the plan abc of length 3 can be
derived through the last four methods. Consequently, simply
using an optimal classical planner does not yield an optimal
HTN planner.
Transformation into propositional logic We recently proposed a translation of HTN problems into propositional logic,
bounding the decomposition depth of the problem [Behnke et
al., 2018a; Behnke et al., 2018b; Behnke et al., 2019a]. We
construct a formula for a given HTN planning problem P and
a depth bound K that is satisfiable if and only if P has a
solution with a decomposition depth ≤ K. As this formula
represents exactly all plans with decompositions depth ≤ K,
it accounts for plans up to the maximum length achievable
by decompositions of depth ≤ K. While heuristic searchbased techniques have to consider the interaction between
constraints imposed via the actions’ state-transition semantics
and the decompositional structure of the problem explicitly, a
SAT-based approach translates the whole problem into a single homogeneous representation. This allows SAT solvers to
reason about the whole problem, making it a promising candidate for an efficient planner.

3

Optimal SAT-based HTN Planning

To test whether a given plan of length ` is optimal, we have to
show that there is no plan of length ≤ ` − 1. For a SAT-based
planner, this means to construct a propositional formula that
is satisfiable if and only if there is a solution of length ≤ `−1.
In SAT-based classical planning, this is (somewhat) trivial
as formulae are constructed based on a plan-length bounded
problem2 . The propositional encoding for HTN planning limits the decomposition depth instead. Given a depth limit K,
1
A → ω denotes a method decomposing A into a task network
containing the tasks ω as a sequence.
2
The construction becomes more complicated if we use an encoding allowing for parallelism, like ∃-step [Rintanen et al., 2006].

we can easily derive a length limit `(K) by extracting the
longest reachable plan via decomposition up to that depth.
This limit does not conversely imply that all plans of length
`(K) have a depth of at most K, but only that plans longer
than `(K) have a depth of at least `(K) + 1. As a counter example, consider an HTN planning problem with the abstract
tasks A and B and three actions a, b, and c. Let there be three
methods: A → abc, A → aB, and B → b. For the depth
limit K = 1 the length bound `(K) is 3, but it is not possible
to represent the plan ab of length two with that depth bound.
For optimal planning, we have to determine a depth bound
K(`) such that all decompositions leading to any plan of
length ≤ ` have a decomposition depth of at most K(`).
Definition 3 (Maximum Decomposition Depth – Preliminary
Definition). Let P be an HTN planning problem and ` be an
integer. K(`) is the minimum depth such that all decomposition trees with at most ` leafs have a depth of at most K(`).

This definition could be modified to ask for the minimum
depth such that all decomposition trees whose leafs can be executed (i.e. those representing solutions) with at most ` leafs
have a depth of at most K(`). Even approximating this bound
is however quite complicated. We instead focus on the given
definition, which is an upper bound for the stricter one.
Unfortunately, the value of the depth bound in this definition might be infinite for some HTN planning problems. This
is caused by specific structures occurring in a problem’s decompositions. We will describe and tackle those issues later
on in the paper (Sec. 3.2). For the time being, we will discuss
computing K(`) only for HTN planning problems with the
following restrictions:
1. All decomposition methods contain at least one subtask.
2. If a decomposition method contains only a single subtask, it is primitive.
These restrictions are a sufficient condition ensuring that
K(`) – as defined in Def. 3 – is finite. We will start by describing an algorithm that computes K(`). Thereafter, we
will show how K(`) can be defined for problems containing
the two types of excluded methods. Lastly, we will extend
the base algorithm so that it can compute K(`) in general,
i.e. unrestricted, planning problems.

3.1

Computing K for Benign Problems

We have previously (in the context of HTN plan verification)
proposed three different methods to compute approximations
for the depth bound K(`) based on a given plan length `. Of
them, one can always use the minimum of them [Behnke et
al., 2017]. We will briefly describe these methods.
K1 : The first method is based on a theoretical result3 from
HTN plan verification [Behnke et al., 2015]. Their approximation of the bound is solely based on the considered plan
length ` and the number of abstract tasks |C|. It is defined as
K1 (`) = 2 · (` − 1) · (|C| + 1). Its value is often far too high.
K2 : The second method is based on the Task Schema Transition Graph (TSTG) [Behnke et al., 2017]. A TSTG T describes an abstraction to the possible decompositions in an
3
Note that the lemma in the paper erroneously states a bound that
is half the size of the bound given here.
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Algorithm 1 Calculate K4 (`) – base algorithm
global K(A, `) = ∞
function compute K4 (`max )
compute SCCs S of the problem’s TSTG
for SCC S ∈ S in reverse topological order do
if |S| = 1 and for p ∈ S holds that p ∈ P then
K(p, 1) = 0
else
for ` = 1 to `max do
updateSCC(`, S)
end for
end if
end for
function updateSCC(`, S)
for A ∈ S and m = (A,
P(I, ≺, α)) ∈ M do
for φ : I → N with i∈I φ(i) = ` do
K ∗ = 1 + maxi∈I K(α(i), φ(i))
K(A, `) = max{K(A, `), K ∗ }
end for
end for
HTN planning problem. T ’s vertices are the abstract tasks.
There is a directed edge A → B between two vertices A and
B iff there is a method decomposing A that contains B in its
task network [Behnke et al., 2017]. If the TSTG T is acyclic4 ,
the length of its longest path is a bound to the depth of any
possible decomposition tree [Behnke et al., 2017].
K3 : The last method is only applicable to HTN planning
problems in which every decomposition method has at least
two subtasks. In them, the size of the current task network
grows with each decomposition by at least one. Let δ be the
minimum number of subtasks in any method. Then, K3 (`) =
`
[
]
δ−1 is an upper bound Behnke et al., 2017 .
Only method K1 is applicable to arbitrary planning problems, which however tends to compute overly high bounds
(see Sec. 5). K2 and K3 require additional structure in the
planning problem to be applicable. We will show in our evaluation that the bounds computed with these three methods are
far too high. A propositional encoding based on these bounds
could not be constructed in practice. Thus all three methods
are not well suited to optimal planning.
We propose a new method to compute the bound K4 ,
which (1) strictly dominates all the other methods and (2)
leads to significantly smaller bounds. It is described in terms
of pseudo-code in Alg. 1. We start the description of our algorithm with the assumption of a restricted HTN planning problem, namely one fulfilling the two conditions stated above.
Our method is based on computing an individual bound
K4 (A, `) for each abstract task A and plan length `. As a generalisation of K(`), K4 (A, `) shall be the maximum decomposition depth starting from A (and not specifically AI ) into
a task network containing exactly ` primitive actions. Since
K4 (A, `) accounts only for the decompositions into exactly `
primitive actions, we return K4 (`) = mink≤` K4 (AI , k).
Definition 4. Let P be an HTN planning problem, ` an inte4

This is equivalent with the planning problem being acyclic.
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ger, and A ∈ P ∪ C a task. K4 (A, `) is the minimum depth
such that all decomposition trees with at most ` leafs whose
root task is A have a depth of at most K(`).
Trivially K4 (p, `) = 0 for any primitive task p if ` = 1
and −∞, else. The latter represents that it is impossible to
decompose primitive tasks.
To compute K4 (A, `), we process the abstract tasks A “up
the hierarchy”. For this, we use the TSTG T , which represents a relaxed version of the problem’s decomposition hierarchy. Note that the value of K4 (A, `) for an abstract task
A depends only on the values of K4 (B, `) of all its direct
successors in T . This is due to the fact that a decomposition tree starting at A must apply some method applicable to
A which can only result in tasks which are successors of A
in T (and potentially further primitive actions). If the TSTG
T is acyclic, we can compute K4 (A, `) for the abstract tasks
in reverse topological order – as the value K4 (A, `) depends
only on the successors B – for which the values K(B, ·) have
already been computed.
Unfortunately, HTN planning problems do not always
have an acyclic TSTG. If T contains cycles, we process its
Strongly Connected Components (SCCs) in reverse topological order. As for acyclic TSTGs, whenever we process a SCC
S of T , the K4 (A, `) values for all tasks occurring in methods
for tasks in S have already been computed – except for those
that are members of S. Thus we have to compute the values
of K4 (A, `) for a single SCC S at a time.
To do so, we propose an iterative algorithm, which iterates
over the depth of the considered decompositions. In each iteration, we consider the decompositions of every A starting
with a method m = (A, tn = (I, ≺, α)) applicable to it anew.
For each subtask B in tn we either know its correct K4 (B, `)
values (if B 6∈ S) or a current estimate (if B ∈ S). We
can then try to obtain a new lower bound K ∗ for the value
of K4 (A, `). In this decomposition, we first apply m and
then continue with decompositions of depth ≤ K ∗ − 1 for
each of the tasks in tn, where at least one decomposition has
the depth K ∗ − 1. These decompositions together must produce ` actions, i.e. a (potential) plan of length `. Each of the
tasks (identifiers) i in tn will be decomposed into a number
of primitive actions, which we will denote with
P φ(i). These
decompositions lead to ` actions in total if i∈I φ(i) = `.
Note that φ(i) has to be at least 1 for every subtask, as there
are no empty decomposition methods in the planning problem. Consequently K4 (A, 0) will always be infinity.
Given such a distribution φ of primitive actions to subtasks
on m, we can compute a new lower bound K ∗ for K4 (A, `).
The currently known maximum decomposition depth for each
subtask i and associated length φ(i) can be retrieved via a table lookup. K ∗ is then 1+maxi∈I K4 (α(i), φ(i)). This composition of length bounds is depicted in Fig. 1. As we have
found a new decomposition of A, we can update K4 (A, `)
to the maximum of its old value and the just computed K ∗ ,
i.e. we can set K4 (A, `) = max{K ∗ , K4 (A, `)}. To obtain
completeness,
P we have to consider all possible distributions
φ such that i∈I φ(i) = `. Since explicitly enumerating all
these distributions is impossible, we use dynamic programming to speed-up the computation.

K4 (A, `) = 1 + max{K4 (B, `1 ), K4 (C, `2 ), K4 (D, `3 )}
Decomposition Method A → B, C, D
K4 (B, `1 )

K4 (C, `2 )

K4 (D, `3 )

...

...

...

`1

`2

`3

`1 + `2 + `3 = `

Figure 1: Consideration of a new decomposition method, which increases the considered decomposition depth by one.

To fully compute the K4 (A, `) values, we iterate the update
` times. Initially, we set all the K4 (A, `) for A ∈ S to −∞.

Lemma 1. After the j th iteration, we have computed the entries K4 (A, `) for ` ≤ j correctly.
Proof. This can be shown via induction. For plan length
` = 1, any decomposition method must not contain tasks in
S, else we have to assign zero primitive tasks to any task in
S Thus the values for K4 (A, 1) are computed correct after
one update. At the j th iteration with j ≥ 2, consider the decomposition with maximum depth of a task A into j primitive
tasks. This decomposition starts with a method m = (A, tn)
and assigns φ(i) primitive tasks to each of the subtasks of tn.
tn must contain at least two subtasks (else the single subtask
must be primitive which is incompatible with having j ≥ 2
primitive tasks after all decompositions). Next, φ can assign
at most ` − 1 primitive tasks to any task in S, else there would
be some subtask assigned zero primitives, which is not possible. By induction all K4 (i, φ(i)) have already been computed
correctly, making the computed value K4 (A, `) correct.

3.2

Handling Empty Cycles

So far, the algorithm has been designed for HTN planning
problems without methods that decompose an abstract task
into either an empty task network or a task network containing only a single abstract task. Such decomposition methods do, however, occur frequently in HTN planning problems. Further, handling them allows our bound computation
method K4 to cover all HTN planning problems – without
requiring any additional structure in it.
The reason for excluding the mentioned types of methods
is that their presence allows for a structure in decompositions
that we call an empty cycle. An empty cycle is a non-empty
sequence of decompositions for an abstract task A resulting
in a task network containing only the abstract task A. I.e. we
can apply a sequence of decompositions that does not change
the task network. These empty cycles allow for arbitrarily
deep decompositions resulting in the same task network. As
an example, consider the three methods decomposing A into
B and C, B into A, and C into an empty task network. One
might consider removing these cycles from the HTN planning
problem, as they do not contribute any relevant structure; but
the individual decompositions might still be necessary. We
might e.g. have to apply the method decomposing A into B
and C and then decompose C into a and B into b. Another
idea would be to replace sets of abstract tasks S that can be
transformed into each other via empty cycles by a single new

abstract task. This would remove the need for methods that
are part of empty cycles allowing to remove them. This is
also incorrect since decomposition methods inside the cycle
might be associated with method preconditions – and thus we
have to track how the transformation between these “equivalent” tasks takes place. They do not add new tasks to a task
network, but impose constraints for decompositions. Simply
ignoring them via this construction would remove the constraints posed by them.
Thus, we have to explicitly consider the methods that may
lead to empty cycles in a planning problem. As a result, the
depth bound definition given above (Def. 3) is not usably any
more: If the planning problem allows for empty cycles K(`)
(as defined before) would be infinity. As a consequence, we
have to adapt the definition explicitly considering only depths
of those decomposition trees that do not contain empty cycles.
Definition 5 (Maximum Decomposition Depth – Final Definition). Let P be an HTN planning problem and ` be an
integer. K(`) is the minimum depth such that all decomposition trees T with at most ` leafs have a depth of at most K(`),
such that there are no two nodes t1 , t2 in T where:
1. α(t1 ) = α(t2 ) and
2. t2 is an (indirect) successor of t1 in T and
3. the decompositions between t1 and t2 could be removed,
including t2 , without altering the yield of T , i.e. the decompositions between t1 and t2 form an empty cycle.
Intuitively spoken K4 is – for a given length bound ` – the
maximum decomposition depth K(` − 1) such that all plans
of length ≤ ` − 1 have a decomposition depth of at most
K(` − 1), excluding those that contain empty cycles. Note
that we will retain completeness as whenever we exclude a
decomposition because it contains an empty cycle, there will
be a decomposition for the same plan with equal or lower
depth that does not contain that empty cycle. Removing these
decompositions will also remove their method preconditions.
Since removing them only loosens restrictions, but does not
alter or add any other restriction, we preserve any solution,
i.e. executable linearisation of leafs.
As did the previous algorithm for restricted domains planning problems, we will not compute K(`) directly, but we
will compute a depth bound K4 (A, `) for every abstract task
A. Further, we do not aim at computing these values exactly.
Instead we aim only at computing an approximation of the
actual value of K4 (A, `), i.e. a value that is not lower than
the correct value. The proposed algorithm is shown in Alg. 2.
As a basis, we re-use the algorithm described in the previous section: Treat the SCCs S of the TSTG in reverse
topological order and update the estimates for K4 (A, `) inside each component iteratively. This is done via considering every applicable decomposition method and distributing
the ` primitive tasks to produce between the subtasks of the
method. If the problem – as was the case in the previous
section – does not contain any method with empty task network, at least one primitive task must be assigned to every
subtask, as it is not possible to decompose any task into a
solely primitive task network containing less than one primitive task. In the general case we are considering now, assigning plan length zero to an (abstract) subtask of a method is in
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Algorithm 2 Calculate K4 (`)
global K(A, `) = ∞
function compute K4 (`max )
compute SCCs S of the problem’s TSTG
for SCC S ∈ S in reverse topological order do
if |S| = 1 and for p ∈ S: p ∈ P then
K(p, 1) = 0
else
computeSCC(`max , S)
end if
end for
function computeSCC(`max , S)
for round1 = 1 to |S| + 1 do
updateSCC(`max , S, false)
for round2 = 1 to |S| − 1 do
updateSCC(`max , S, true)
end for
end for
function updateSCC(`max , S, considerEmpty)
for ` = 0 to `max do
for A ∈ S and m = (A, tn = (I, ≺, α)) ∈ M do
for do
P
for φ : I → N with i∈I φ(i) = ` do
ε-decomposition :=
∃i∗∈ I: α(i∗ ) ∈ S and ∀i ∈ I \{i∗ } : φ(i) = 0
if considerEmpty 6= ε-decomposition then
continue
end if
K ∗ = 1 + maxi∈I K(α(i), φ(i))
K(A, `) = max{K(A, `), K ∗ }
end for
end for
end for
end for
principle possible. Such assignments would allow for empty
cycles. Specifically, an empty cycle contains decompositions
where φ assigns the whole plan length ` to a single task i∗ in
tn that is a member of S and 0 to all other subtasks. Since
we only want to consider decompositions without empty cycles, we exclude such assignments from the computation of
the base algorithm. Apart from this exclusion, we start by
applying the updateSCC function in an unaltered form.
When running the (modified) base algorithm, we exclude
methods containing only a single abstract task that is contained in S and assignments φ that assign the whole plan
length ` to an abstract task in S. We will call these decompositions ε-type decompositions, as they could lead to an empty
cycle. When computing the depth bound K4 (A, `) we cannot
exclude these methods fully, as they can e.g. provide the only
means to obtain a primitive plan. To integrate them, we use
the same update-mechanism as we did in the first step of the
algorithm. Instead of considering all non-ε-type decompositions, we will here consider only such decompositions. We
iterate until any further iteration will solely account for decompositions containing empty cycles. This is the case if we
have executed the computation |S| − 1 times.
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Lemma 2. After |S| − 1 iterations with ε-type decomposition, every additional update only accounts for decompositions containing empty cycles.
Proof. Consider the |S|th iteration of the computation and assume that there is a non-cyclic decomposition that is new to
consideration at this step. Let m be the first applied method
and A the respective abstract task. Consider the path in the
decomposition that, starting from the root A decomposes only
tasks in S. Since this decomposition was new to consideration after |S| steps, this path starts with |S| ε-type decompositions, else it would have been considered in a previous step.
As it contains |S| steps, i.e. individual applications of decompositions of the ε-type, the path contains |S|+1 abstract tasks
from S, i.e. at least one twice. Since we only considered εtype methods, this constitutes an empty cycle.
If we have executed the second step of the algorithm, we
have still excluded some decompositions from consideration.
This is the case if we, e.g. first apply decompositions of the
ε-type, then one non-ε decomposition and then again ε-type
decompositions. An example would be a problem with the
abstract tasks A, B, C, D and methods A → B (1), B → C
(2), C → D (3), D → A (4), C → Da (5), and B → b
(6). In order to obtain a plan of length two from A we would
have to use the following decomposition methods: (1), (2),
(5), (4), (1), (6). Applying steps one and two of the algorithm
accounts only for decompositions, which – viewed from the
root task – first use only ε-type methods and then methods
of non-ε type and subsequently leave S. To consider any interleaving of ε and non-ε methods we repeat steps one and
two of the algorithm. We have to iterate these two steps until we are sure that only decompositions containing an empty
cycle are newly considered by the iteration. This is the case
after |S| + 1 iterations. Each application of a method of nonε type decreases the number of actions to be produced by
the abstract task remaining in the SCC by one. I.e. we can
only apply |S| such methods where the last one might assign
length 0 to a task in the SCC. To consider this case, we need
an additional round of the algorithm.

3.3

The Overall System

For the overall planner, we can use the same iteration technique as in classical planning: start with length bound ` = 1
and increase by one if no plan exists. For each length bound `,
we compute the depth bound K(`) and construct the propositional formula used for non-optimal planning [Behnke et al.,
2019a]. The formula however also permits solutions that contain more actions than the current length bound. As such, we
have to bound the number of actions in the plan represented
by a valuation of the formula. In the formula, the plan is represented as a sequence of timesteps. For each timestep t and
for each action a there is an atom a@t representing that action a is executed at time t. Note that, since the encoding
uses the ∃-step encoding [Rintanen et al., 2006] for primitive
executability, more than one a@t atom can be true for every
timestep. To restrict the plan to a length of at most ` actions,
we have to ensure that at most ` of the a@t atoms are true.
This type of constraint is common in propositional encodings,
so compact and efficient encodings are readily available. We

use the sequential encoding [Sinz, 2005]. As we have noted
in Sec. 2, HTN planning problems often also include method
preconditions, which are translated into additional actions in
the model. These actions do not contribute to the length of
the plan as they are artificial helper actions. We can account
for this by not considering them for the at-most-` restriction.
For classical planning, this simple incrementing strategy
has already shown significant drawbacks. We will call this
strategy INC(rement). It is identical to the strategy S of Rintanen et al. [2006]. The issue with it is that if the optimal solution has length L, the planner will test for all ` ≤ L whether
a plan of length ` exists. Theoretically, it is only necessary to
test L and L − 1, thus INC/S perform far to many checks.
Furthermore, the runs for lengths ` slightly lower than L are
generally difficult for SAT solvers (see Fig. 4).
Therefore several strategies have been developed to improve the performance of the overall algorithm. Rintanen et
al. [2006] proposed the strategies A, B, and C, which parallelise the calls for different lengths `. These strategies are primarily designed for satisficing, i.e. non-optimal, planning and
abort the search process as soon as a first solution is found.
They do not address the issue of determining the optimal solution. Gocht and Balyo [2017] and Schreiber et al. [2019]
proposed to use an incremental SAT solver to use the search
performed for ` to speed up the search for ` + 1. We have not
yet integrated our encoding with an incremental SAT solver,
thus we have not considered such speed-ups. Streeter and
Smith [2007] present bound-iteration strategies for optimal
planning. They consider both the order in which bounds are
tested as well as the time-limit for these tests. Their overall
goal is not to find guaranteed optimal plans, but to narrow the
interval in which an optimal plan lies as much as possible,
explaining why they consider time-limits for individual runs.
For simplicity, we do not consider such time-limits.
In addition to INC, we have tested two strategies:
DEC(recment) and BIN(ary). BIN is – if we assume a
time-limit of ∞ identical to the strategy S2 of Streeter and
Smith [2007]. We start by running the planner in non-optimal
mode to find any solution as quickly as possible. Once a solution has been found, its length `∗ is an upper bound for the
length of the optimal plan. For this non-optimal run, we use
the incrementing strategy. We could speed it up further using
any of the strategies by Rintanen et al. [2006], but have not
done so. If the planner has found the first solution of length
`∗ at depth K ∗ , we know that there is no solution with depth
K ∗ −1 or lower. Thus we can choose the highest length `− as
the lower bound such that K(`− ) ≤ K ∗ − 1. We use binary
search to find the length of the optimal solution between the
upper and lower bounds and hence call the strategy BIN(ary).
Lastly, DEC starts off identical to BIN, but does not use
binary search to find the optimal answer. Instead it simply
decrements the upper bound on the plan length by one until
no solution is found any more.

4

Making Other Systems Optimal

To ensure a fair competition against the state of the art in
HTN planning, we considered how two approaches for HTN
planning can be used to find optimal solutions.

Progression-based Planning
To make the progression-based approach by Höller et
al. [2018] optimal, we have to make three changes: (1) use
an A∗ search where the current path cost is the number of
progressed actions, (2) set the costs of method actions in the
heuristic model to zero, and (3) use an admissible classical
heuristic to compute the heuristic value on the model. We
use LM-Cut [Helmert and Domshlak, 2009] and denote the
planner with “Progr. LM-Cut”.
Translation into Classical Planning
The approach of Alford et al. [2016] suffers from the same
problem as the SAT-based planner: its translations do not restrict the plan length but another measure, in this case the
progression bound. As shown in Sec. 2 it is possible to find
shorter solutions with a higher progression bound. For tailrecursive planning problems, we know that an upper limit P +
to their progression bound exists, meaning that no plan requires a larger progression bound [Alford et al., 2016]. If so,
we can use the translation with the bound P + and solve the
resulting problem with an optimal classical planner. We used
SymBA∗ , winner of the IPC 2014 and still one of the best
optimal classical planners [Torralba et al., 2016]. We denote
this planner with “HTN2STRIPS maxPB”. This method leads
to a very poor performance due to high maximum progression bounds in may instances. For most instances with high
progression bounds, the planner cannot complete grounding
within the time-limit.
We propose to use a technique similar to that for the
SAT-based planner. We first run the encoding of Alford et
al. [2016] in satisficing mode (with jasper [Xie et al., 2014])
to find an upper bound ` to the length of an optimal solution.
We then compute the depth-bound K(` − 1) required for any
shorter plan. Next, we modify the HTN planning problem
such that it is acyclic with a maximum decomposition depth
of K(` − 1) by replacing every abstract task A with tasks Ad
for d ∈ [1, K(` − 1)] and change the methods accordingly.
This new problem is acyclic and thus has a finite progression
bound P [Alford et al., 2016]. Any solution to the original
encoding with a decomposition depth of at most K(` − 1)
will have a progression bound of at most P . We then run the
translation on with original, i.e. non-altered model, the bound
P and SymBA∗ . We don’t use the compiled acyclic planning
problem as in it every abstract task is duplicated K(` − 1)
times – which would thus lead to significant performance decreases for the classical planner. This new bound is smaller
than P + and exists even for non-tail-recursive problems. We
denote this planner with “HTN2STRIPS bounded maxPB”.

5

Evaluation

We implemented the given techniques within the PANDA
planning framework using its implementation of a propositional encoding for HTN planning [Behnke et al., 2019a;
Behnke et al., 2018b; Behnke et al., 2018a]. The code can
be downloaded at https://www.uni-ulm.de/en/in/ki/panda/.
We use the 144 instances from the most recent evaluations of satisficing HTN planners [Behnke et al., 2019a;
Höller et al., 2018]. HTN2STRIPS max PB was only run
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Results
The number of optimally solved planning problems for each
planner is shown in Tab. 1. The runtime behaviour is shown
in Fig. 2. Both the SAT-based techniques described in this
paper and progression search with the LM-Cut heuristic outperform the previously only existing optimal HTN planner PANDA. The SAT-based techniques solve between 19
and 26 more instances than the progression-based planner.
Solely HTN2STRIPS lacks behind severely in performance,
although our modifications improved its coverage. There is
no pronounced difference between the algorithms INC, DEC,
and BIN. INC and DEC are on par, while BIN solves ≈ 2
additional instances. We can see a significant difference between domains. INC is better in ROVER, while DEC and BIN
perform better in TRANSPORT. Fig. 3 a) shows for DEC the
relation between the length of satisficing and optimal solutions. The difference between INC and DEC on ROVER is
caused by the quality of the initial non-optimal solution. The
non-bounded SAT-encoding tends to produce longer plans on
ROVER , resulting in additional calls for DEC. For the instance
with the longest known optimal plan, the optimal solution has
length 19, but the non-optimal planner’s plan had length 43.
This also causes the improvement for BIN – it required fewer
futile runs. The converse is true for TRANSPORT, where nonoptimal solutions tend to be almost optimal.
In Fig. 3 b), we show a comparison between the three older
methods to compute depth bounds K1 , K2 , and K3 and our
new K4 . While never being worse, K4 computes far lower
depth bounds – up to three magnitudes lower. There were
37 cases (red dots), where the old methods computed a depth
bound, while K4 returned −∞, i.e. showing that no plan of
length ≤ ` can be derived via decomposition. For DEC, this
led to instances in which we could show that the satisficing
plan was already optimal. This is the case if for a satisficing plan of length `, K4 (` − 1) is −∞. For SAT-DEC with
cryptominisat 5.5, there were 34 such instances (19 UMT RANSLOG, 6 WOODWORKING, 1 S MART P HONE, 2 PCP,
6 TRANSPORT). In Fig. 4, we show the time needed to solve
each individual propositional formula in the INC and DEC
strategies relative to the optimal plan length. We can clearly
see that unsolvable instances near to the optimal solution are
the most difficult formulae motivating the BIN strategy.

SAT BIN
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10
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2
10 20 30 40 50 60
Length of the Satisficing Plan
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10
100 1000 10000
min{K1 , K2 , K3 }

Figure 3: a) The left figure compares the length of satisficing and
optimal plans using DEC. Green indicates satisficing plans that were
already optimal. b) The right figure shows for every computed depth
bound the bounds K1 , K2 , and K3 versus K4 . Red dots indicates
that the depth bound K4 returned −∞.

Runtime in seconds

on the 109 tail-recursive instances, as it can only find optimal solution on them. Each planner was given 10 minutes
of runtime and 4 GB of RAM on an Intel E5-2660. For the
propositional encoding, we used three SAT solvers: cryptominisat (cms) 5.5 [Soos, 2018], expMV [Chowdhury et al.,
2018], and MapleLCM [Ryvchin and Nadel, 2018], some of
the best performing SAT solvers in the 2018 SAT race.
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Figure 4: Runtime of cryptominisat 5.5 for each plan length `. The
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Daniel Höller. A survey on hierarchical planning – One
abstract idea, many concrete realizations. In IJCAI, 2019.
[Chowdhury et al., 2018] Md Solimul Chowdhury, Martin
Müller, and Jia-Huai You. Description of expsat solvers.
In SAT Comp. 2018, pages 22–23, 2018.
[Erol et al., 1994] Kutluhan Erol, James Hendler, and Dana
Nau. UMCP: A sound and complete procedure for hierarchical task-network planning. In AIPS, 1994.
[Erol et al., 1996] Kutluhan Erol, James Hendler, and Dana
Nau. Complexity results for HTN planning. Annals of
Mathematics and AI, 18(1):69–93, 1996.
[Geier and Bercher, 2011] Thomas Geier and Pascal
Bercher. On the decidability of HTN planning with task
insertion. In IJCAI, pages 1955–1961, 2011.

[Gocht and Balyo, 2017] Stephan Gocht and Tomáš Balyo.
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Abstract
HTN planning provides an expressive formalism to model
complex application domains. It has been widely used in realworld applications. However, the development of domainindependent planning techniques for such models is still
lacking behind. The need to be informed about both statetransitions and the task hierarchy makes the realisation
of search-based approaches difficult, especially with unrestricted partial ordering of tasks in HTN domains. Recently,
a translation of HTN planning problems into propositional
logic has shown promising empirical results. Such planners
benefit from a unified representation of state and hierarchy,
but until now require very large formulae to represent partial
order. In this paper, we introduce a novel encoding of HTN
Planning as SAT. In contrast to related work, most of the reasoning on ordering relations is not left to the SAT solver, but
done beforehand. This results in much smaller formulae and,
as shown in our evaluation, in a planner that outperforms previous SAT-based approaches as well as the state-of-the-art in
search-based HTN planning.

Introduction
In many practical applications, Hierarchical Task Network
(HTN) planning (Erol, Hendler, and Nau 1996) has proven
to be a useful formalism for modelling planning problems (Nau et al. 2005; Straatman et al. 2013; Champandard, Verweij, and Straatman 2009; Dvorak et al. 2014;
Bercher et al. 2015; Behnke et al. 2018). It allows for specifying a primitive action theory in conjunction with a hierarchical refinement structure. As plans have to be obtained
using these refinement rules they form a second means to
restrict the set of solutions. In fact, these restrictions are
strictly more expressive than classical (even using ADL)
planning (Erol, Hendler, and Nau 1996; Höller et al. 2014;
Höller et al. 2016; Bercher et al. 2016).
The hierarchy can also be used to restrict the search space,
leading to very efficient domain-configurable planning systems (like, e.g., SHOP2 (Nau et al. 2003)). However, this
increases the modelling effort severely. Recent research has
focussed on domain-independent HTN planning, which provides more freedom and flexibility to the domain modeller,
as he does not have to take the way the planner will solve
Copyright c 2019, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

the problem into account. Progress has been made using
heuristic search (Höller et al. 2018) and search space pruning (Dvorak et al. 2014). However, since heuristics need
to be informed about both, the hierarchy and the statetransition system, the design of HTN heuristics is difficult.
Empirically, translations of HTN planning problems into
propositional logic have proven successful (Behnke, Höller,
and Biundo 2018a; 2018b). They have a unified representation of state transition and hierarchy and benefit from ongoing research in SAT solving. Similarly, a translation into
propositional logic has been proposed for the HTN plan verification problem (Behnke, Höller, and Biundo 2017).
The first encoding of hierarchical planning was proposed
by Mali and Kambhampati (1998). Their formalism does not
specify initial tasks to decompose, but freely inserts (abstract) tasks. Thus it does not comply with the established
HTN formalism and its definition of a solution, but is equivalent to classical planning. Further, the encoding cannot handle recursion, i.e., even with an initial task, it would allow
only for less expressive models. The second encoding has
been restricted to totally ordered HTNs, but allows for recursion (Behnke, Höller, and Biundo 2018a). This decreases
the expressivity severely (Höller et al. 2014). The encoding
of the hierarchy has been based on the Path Decomposition
Tree (PDT), which represents all possible decompositions
up to a certain depth. It has been combined with the Kautz
and Selman encoding (1996) to represent the state transition
system. Behnke, Höller, and Biundo (2018b) introduced a
canonical extension to partially ordered HTNs, representing
ordering relations on top of the PDT. Thus the SAT solver is
tasked with all reasoning about ordering relations.
In this paper we introduce a novel encoding of Partially
Ordered HTN Planning as SAT. Most ordering-related reasoning is done before creating the propositional formula
– alleviating it from the SAT solver. This leads to much
more succinct encodings – theoretically O(n3 ) instead of
Θ(n4 ) clauses, which practically often degenerates to a formula with O(n2 ) clauses. We further combine our hierarchy representation with the more recent ∃-step encoding for
classical planning (Rintanen, Heljanko, and Niemelä 2006).
The resulting planner outperforms existing SAT-based HTN
planners as well as the state-of-the-art in search-based
domain-independent HTN planning.
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α(t03 ) = e

α0 (t03 ) = e

T = {t1 , t3 , t4 , t01 , t02 , t03 , t04 }

α(t2 ) = B
α(t02 ) = B

α0 (t02 ) = B
α(t1 ) = A

α(t4 ) = d
α0 (t01 ) = B

α0 (t04 ) = f

α(t1 ) = A

α(t01 ) = B

α(t04 ) = f

α(t4 ) = d

α(t3 ) = c
T 0 = {t01 , t02 , t03 , t04 }

T = {t1 , t2 , t3 , t4 }

Figure 1: Two example task networks tn = (T, ≺, α) and
tn0 = (T 0 , ≺0 , α0 ) where the order is given by the depicted
graphs. Compound task names are indicated with capital letters, while lower-case letters indicate primitive task names.

Preliminaries
We use the HTN formalism of Geier and Bercher (2011).
Task networks represent partially ordered sets of tasks.
Definition 1 (Task Network). A task network tn over a set
of task names X is a tuple (T, ≺, α), where
• T is a finite, possibly empty, set of tasks
• ≺ ⊆ T × T is a strict partial order on T
• α : T → X labels every task with a task name
T NX denotes the set of all task networks over
task names X. Two task networks tn = (T, ≺, α) and
tn0 = (T 0 , ≺0 , α0 ) are isomorphic, written tn ∼
= tn0 , iff a
0
0
bijection σ : T → T exists, s.t. ∀t, t ∈ T it holds that
(t, t0 ) ∈ ≺ iff (σ(t), σ(t0 )) ∈ ≺0 and α(t) = α0 (σ(t)). Two
examples for task networks are depicted in Fig. 1. The second example also demonstrates the necessity of a separate
label set T , as the task name B occurs twice in tn0 .
Definition 2 (HTN Planning Problem). An HTN planning
problem is a 6-tuple P = (L, C, O, M, cI , sI ), with
• L, a finite set of proposition symbols
• C, a finite set of compound task names
• O, a finite set of primitive task names with C ∩ O = ∅
• M ⊆ C × T NC∪O , a finite set of decomposition methods
• cI ∈ C, the initial task name
• sI ∈ 2L , the initial state
The state transition semantics of primitive task names
o ∈ O is that of classical planning, given in terms of a
precondition-, an add-, and a delete-list: prec(o) ∈ 2L ,
add(o) ∈ 2L , and del(o) ∈ 2L .
A solution in HTN planning is obtained by starting with
the initial task and repeatedly applying decomposition methods until all tasks in the current task network are primitive.
The notion of decomposition is defined as follows. An example can be seen in Fig. 2.
Definition 3 (Decomposition). A method m = (c, tnm ) ∈
M decomposes a task network tn1 = (T1 , ≺1 , α1 )
into a task network tn2 by replacing the task t, written
−→
tn1 −
t,m tn2 , if and only if t ∈ T1 , α1 (t) = c, and
∃tn0 = (T 0 , ≺0 , α0 ) with tn0 ∼
= tnm and T 0 ∩ T1 = ∅, where
00
00
tn2 = (T , ≺X ∩(T × T 00 ), (α1 ∪ α0 \ {(t, c)})) with
T 00 = (T1 \ {t}) ∪ T 0

0

≺X = {(t1 , t2 ) ∈ T1 × T with (t1 , t) ∈≺1 } ∪

{(t1 , t2 ) ∈ T 0 × T1 with (t, t2 ) ∈≺1 } ∪ ≺1 ∪ ≺0
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α(t3 ) = c

Figure 2: The task network tn∗ = (T ∗ , ≺∗ , α∗ ) resulting
from applying the method (B, tn0 ) to t2 in tn of Fig. 1.
We write tn1 →∗D tn2 if tn1 can be decomposed into tn2
using an arbitrary number of decompositions.
The solutions to a planning problem are defined as follows.
Definition 4 (Solution). A task network tnS is a solution to
a planning problem P, if and only if
(1) ∃ a linearisation of the tasks of tnS , executable in sI
(2) ({id1 }, ∅, {(id1 , cI )}) →∗D tnS
S(P) denotes the sets of all solutions of P, respectively.
Decomposition Trees (DTs) are witnesses showing that a
task sequence π is a solution to the planning problem (Geier
and Bercher 2011). They describe how π can be obtained
from the initial abstract task via decomposition. An example
of a DT can be seen as a subgraph in Fig. 3.
Definition 5 (Decomposition Tree). Let P
=
(L, C, O, M, cI , sI ) be an HTN problem. A decomposition tree T is a 5-tuple T = (V, E, ≺, α, β), where
1. (V, E) is a directed tree with a root-node r.
2. ≺ ⊆ V × V is a strict partial order on V and is inherited
along the tree, i.e., if a ≺ b, then a0 ≺ b and a ≺ b0 for
any children a0 of a and b0 of b.
3. α : V → C ∪ O assigns each inner node an abstract task
and each leaf a primitive task and α(r) = cI .
4. β : V → M assigns each inner node a method.
5. for all inner nodes v ∈ V with β(v) = (c, tn), tn =
(Ttn , ≺tn , αtn ), and children D = {c1 , . . . , cn }, it holds
that c = α(v). Further, a bijection φ : D → Ttn must
exist with α(ci ) = αtn (φ(ci )) for all ci , and ci ≺ cj iff
φ(ci ) ≺tn φ(cj ).
≺ may not contain orderings apart from those induced by 2.
or 5. The yield yield(T ) of T is the task network induced by
the leafs of T , i.e. V , α, and ≺ restricted to these leafs.
Geier and Bercher (2011) showed the following theorem:
Theorem 1. Given a planning problem P, then for every
task sequence π the following holds:
There exists a decomposition tree (DT) T s.t. π is a linearisation of yield(T ) if and only if π ∈ S(P).
This means that instead of finding a solution to the planning problem P, we can equivalently try to find a DT whose
yield has an executable linearisation.

Path Decomposition Trees and SAT
The new representation of partial order of HTN planning
problems and its SAT encoding will be combined with a previous encoding of HTN decomposition (Behnke, Höller, and

Biundo 2018b). As such, we start by reviewing this encoding, denoted as SAT-tree. It is based on two key ideas:
1. Bound the maximum depth K of decomposition (and iterate to achieve completeness)
2. Compute a tree that contains all possible DTs of depth
≤ K as its subtrees
This tree – the Path Decomposition Tree (PDT) – is the basis
for a compact encoding of all possible decompositions into a
single SAT formula. Since every solution to a planning problem corresponds to a DT (with executable yield), a solution
can be expressed equivalently by selecting a subtree T of the
PDT and checking that T is a DT. Decision variables represent the selected subtree T while the requirements for a DT
(see Def. 5) are formulated as a propositional formula.
The translation starts by constructing the PDT for a depth
bound K. The PDT is a tree that contains all DTs of depth
≤ K as subtrees – with the additional condition that the root
of these subtrees is the root of the PDT. Behnke, Höller, and
Biundo ignored the order contained in methods completely
when constructing the PDT and check the ordering afterwards in the formula. Ignoring order eases the construction,
but ignores important information in the domain, as we will
show in this paper. We denote with L(V, E) the set of leafs
of a tree (V, E).
Definition 6. Let P = (L, C, O, M, cI , sI ) be a planning
problem and K a height bound. A PDT PK of height K is a
triple PK = (V, E, α) where
1. (V, E) is a tree of height ≤ K with the root node r.
2. α : V → 2C∪O assigns each node a set of possible tasks.
3. α(r) = {cI }
4. for all inner nodes v ∈ V , for each abstract task
c ∈ α(v) ∩ C, and for each method (c, tn) ∈ M with
v
tn = (Ttn , ≺tn , αtn ), there exists a subset D(c,tn)
=
{v1 , . . . , v|Ttn | } of v’s children, such that a bijection
v
φv(c,tn) : D(c,tn)
→ Ttn exists with αtn (φv(c,tn) (d)) ∈
v
α(d) for all d ∈ D(c,tn)

5. ∀v ∈ L(V, E) : either α(v) ⊆ O or the height of v is K.
We denote with L(PK ) = L(V, E) the leafs of the PDT.
The labelling function α provides for every node v the
set of tasks with which this node can be labelled in a DT.
Requirement 4 of Def. 6 enforces the mechanism of decomposition. Whenever we can label a node v with an abstract
task c there might be a DT that contains v labelled with c. If
so, the node v must have children in the DT representing the
tasks obtained by applying a method to c. The PDT enforces
that for every applicable method children of v exist that can
serve as the children of v with the correct labels in a DT. An
example for a PDT and a DT as its subtree can be found in
Fig. 3.
The PDT for a given planning problem P and depth bound
K is not uniquely defined. A concrete PDT can be conv
structed by specifying both D(c,tn)
– the children of each
node representing the subtasks of a method (c, tn) applied to
v, and φv(c,tn) – the function deciding which child is used to
represent which task in the decomposition. Based on them,
a PDT can be constructed by expanding its current leafs

t1

p1

t2

p3

p4

p2

p1

Figure 3: An example PDT, a DT as its subgraph (nodes
filled), and the extension for primitive tasks (dashed line).
until the necessary depth has been reached. The encoding
of PDTs into propositional logic is correct for every PDT,
i.e., one should choose a PDT leading to an easily decidable
formula. The procedure that, given the label set α(v) of a
v
node, computes all D(c,tn)
and φv(c,tn) for applicable methods (c, tn) is called child arrangement. Behnke, Höller, and
Biundo (2018b) used a greedy child arrangement ignoring
the order in methods to compute their PDTs with the goal of
minimising the number of label-sets α(v) for all children.
Based on a PDT, one can construct a propositional formula that is satisfiable if and only if a DT with height ≤ K
and executable yield exists (Behnke, Höller, and Biundo
2018a; 2018b). Their construction comprises two parts: one
representing the DT as a subtree of the computed PDT and
one ensuring that the yield of the represented DT is executable (see conditions 1 and 2 of Def. 4). The first formula
uses only two types of decision variables
• tv – v is part of the DT and labelled with t, i.e., α(v) = t.
• mv – method m was applied to node v, i.e., β(v) = m
Their formula ensures that a satisfying valuation forms a DT.
To ease testing executability it further ensures that whenever
a primitive task is assigned to an inner node of the PDT, it
is inherited to one of its children. Thus the tasks of the yield
of the represented DT are exactly the tasks assigned to leafs
of the PDT. An example for this can be seen in Fig.3. The
primitive p1 is assigned to an inner node and is inherited to
its left child.
The second part of the formula ensures that the yield
of the DT has an executable linearisation. This is done by
choosing such a linearisation and checking its executability using the classical planning formula of Kautz and Selman (1996). This formula expresses a plan as a sequence of
timesteps t. Note that in the version of the encoding used
by Behnke, Höller, and Biundo at most a single action can
be executed at each timestep. A task t being executed at
timestep i is represented by the variable t@i. The number of
timesteps is chosen as the number of leafs of the PDT, which
we denote with L = |L(PK )|. The formula by Behnke,
Höller, and Biundo (2018b) matches the tasks assigned to
the leafs L of the PDT to these timesteps. Matching a leaf
node v to timestep i is represented by the variable vi. To ensure that this matching creates a valid linearisation, the following conditions are asserted in the propositional formula:
1. every leaf and every timestep is matched at most once
2. a leaf is matched if and only if it is assigned a task
3. the task assigned to a leaf must appear at the timestep that
the leaf is matched to
4. tasks are only present at a matched timesteps
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5. the chosen linearisation is consistent with the order induced on the leafs by the applied decomposition methods
For condition 1 any of the known encodings of the at-mostone constraint can be used. In our experiments, we have used
the sequential encoding (Sinz 2005). We will use the notation M(V ) to refer to a formula that expresses that at most
one of the decision variables V is true at a time. The first
constraint can be ensured by the following formula:
F1 =

L
^

i=1

M({vi | v ∈ L(PK )}) ∧

^

M({vi | 1 ≤ i ≤ L})

v1
l1

v2
l2

Figure 4: Order between two leafs of a PDT and their implication for order inside a method.

v∈L(PK )

Next, they define the decision variables av , which are true if
the leaf node v contains any action, i.e., is active.
 


^
^
_
∗
v
v
v
v
¬a →
F =
o 
¬o  ∧ a →
v∈L(PK )

o∈α(v)

o∈α(v)

For conditions 2, 3, and 4, they use the following formulae:

 

^
^
_
¬av →
F2 =
¬vi ∧ av →
vi
1≤i≤L

v∈L(PK )

^

F3 =

^

1≤i≤L

^

v∈L(PK ) t∈α(v) 1≤i≤L

F4 =

lca(l1 ,l2 )

^

1≤i≤L




^

v∈L(PK )

tv ∧ vi → t@i



¬vi →

^

t∈O

!

¬t@i 

Checking condition 5 is the main difficulty of the encoding.
Since the order of all methods was ignored when constructing the PDT, it has to be traced inside the formula. Behnke,
Höller, and Biundo (2018b) added variables bvv0 indicating
that the leaf v must occur before the leaf v 0 in the linearisation. These variables can be maintained by using the mv
decision variables. Based on them, the following formula
checks for every pair of matched leafs and timesteps whether
their relative ordering is forbidden by a bvv0 variable.
^
^
^
^
0
F5 =
(vi ∧ v 0 i0 ) → ¬bvv
1≤i≤L i<i0 ≤L v∈L(PK ) v 0 ∈L(PK )

Behnke, Höller, and Biundo (2018b) proved that this encoding is correct and complete for any given PDT. Their encoding proved efficient in an empirical evaluation and outperformed existing HTN planning techniques for satisficing
planning.
Despite its success, it has two major disadvantages. First,
the size of the formula is Θ(n4 ) in the size of the leafs of the
PDT, i.e., the plan length, due to F5 . Second, the encoding
does not take advantage of modern encoding techniques for
classical planning, which were shown to outperform the encoding by Kautz and Selman (1996). We show how to overcome these issues and thereby improve the performance of
SAT-based HTN planning even further.
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Solution Order Graphs
The original encoding has O(n4 ) clauses due to the formula F5 , which performs reasoning about the order between
the leafs of the PDT inside the formula. We generate the
PDT while simultaneously performing reasoning on order
before creating the formula thus easing reasoning for the
SAT solver.
Consider two leafs l1 , l2 ∈ L(PK ) of the PDT (see Fig. 4).
The ordering between them is determined by the method applied to their least common ancestor lca(l1 , l2 ) in the PDT.
More precisely, the order between l1 and l2 is the one between their ancestors v1 and v2 , which are direct children of
lca(l1 , l2 ), as determined by the applied method. In the SATtree encoding, this can be any ordering (v1 ≺ v2 , v2 ≺ v1 ,
or no order between them), depending on the chosen decomposition method. We ensure by construction of the PDT that
irrespective of the method chosen for lca(l1 , l2 ), the order
between v1 and v2 is always the same (provided that both
are part of the selected DT). If so, the order between all leafs
below v1 and all leafs below v2 will be fixed and the same as
the one between v1 and v2 . Since the assignment of method’s
subtasks to children in the PDT is done by the child arrangement, we require the following property for it, that ensures
the described property.
Definition 7 (Order-Consistent Child Arrangement). Let
P = (L, C, O, M, cI , sI ) be a planning problem. Let v be
v
an inner node of a PDT PK = (V, E, α) and D(c,tn)
and
v
v
φ(c,tn) : D(c,tn) → T (tn) its child arrangement function.
They induce the following order ≺∗v on v’s children:
v1 ≺∗v v2 ⇐ ∃c ∈ α(v)∃(c, (T, ≺, α)) ∈ M ∃t1 , t2 ∈ T :
t1 ≺ t2 ∧ φv(c,tn) (v1 ) = t1 ∧ φv(c,tn) (v2 ) = t2

The child arrangement is order-consistent iff ≺∗ is acyclic
and for all methods (c, (T, ≺, α)) with c ∈ α(v):
∀t1 , t2 ∈ T : t1 ≺ t2 ⇔ φv(c,tn) −1 (t1 ) ≺∗v φv(c,tn) −1 (t2 )

The order of all applicable methods for an inner node v induces an ordering of all its children, which can be interpreted
as a directed graph. In the above definition we require that
this graph is acyclic, i.e., it is a valid partial order. Consider
as an example an inner node for which two methods are applicable resulting in the task networks tn and tn0 shown in
Fig. 1. Due to the ordering of both task networks, it is impossible to find an order-consistent child arrangement with
only four children while five are sufficient. The minimally

B
α(t5 ) = {e}

A

e

α(t2 ) = {B}
α(t1 ) = {A, B}
α(t3 ) = {c}

d

c

α(t4 ) = {d, f }

B

B

f

Figure 5: An order-consistent child arrangement for an inner
node of a PDT with two applicable decomposition methods,
resulting in tn and tn0 . The mapping of the two task networks to the children (i.e. φv(c,tn) ) is indicated with patterns.
possible child arrangement is depicted in Fig. 5, where we
show the five required children, their label sets α(v), and the
partial order induced onto them by the child arrangement.
If we construct the PDT using an order-consistent child
arrangement, the order of leafs, i.e., tasks in a solution, will
be uniquely determined. This order is compactly described
in a graph called the Solution Order Graph (SOG) S(PK ).
The SOG represents exactly those ordering constraints that
need to be checked inside the propositional formula. These
constraints are furthermore independent from the chosen decomposition methods and can thus be checked statically.
Definition 8 (Solution Order Graph). Given a PDT PK =
(V, E, α) that was constructed using an order-consistent
child arrangement. Its Solution Order Graph S(PK ) =
(L(V, E), ≺L ) is given by
≺L = {(l1 , l2 ) | ∃v1 , v2 children of lca(l1 , l2 ),
v1 ≺∗lca(l1 ,l2 ) v2 ,
v1 ancestor of l1 , and v2 ancestor of l2 }
By construction we know that if two leafs l1 , l2 have tasks
assigned to them, i.e., are part of the selected DT, their order
in the yield of the DT will be the one between l1 and l2 in
the SOG.
Theorem 2. Given a PDT PK = (V, E, α) that was constructed using an order-consistent child arrangement. Let
l1 , l2 be two leafs of a selected DT T as a subtree of PK . The
order of l1 , l2 in yield(T ) will be the same as in S(PK ).

Proof. Let PK be a path decomposition tree and T be a decomposition tree that is a rooted subtree of PK . Let further
be l1 and l2 two leafs of T . Primitive tasks assigned by the
DT T to any inner node are inherited in PK towards the
leafs. This can equivalently be seen as extending the DT
T by repeating leafs containing these tasks. Thus we can
w.l.o.g. assume that l1 and l2 are also leafs of PK .
Next, we show that any order between l1 and l2 was introduced by the method applied to their least common ancestor
in the DT T . Consider any method m applied to a node v
in T that is not an ancestor of l1 nor of l2 . Let tn be the
task network to which m is applied1 . According to Def. 3,
1
A decomposition tree T can equivalently be seen as sequences
of task networks, where each is created from the next by decomposition. The first task network is the one containing only the initial
task and the last one is yield(T ).

m can only change ordering constraints that were related to
the task it decomposes, any other in tn remain unchanged.
Any changed order will relate l1 and l2 (or their ancestors)
to a direct child of v, i.e., cannot introduce order between
l1 and l2 (or its ancestors). Newly introduced orderings will
only influence descendants of v, i.e., neither l1 nor l2 . As
such, m cannot introduce order between l1 and l2 .
Consider any node v that is an ancestor of l1 (l2 ) but not
of l2 (l1 , respectively). Let v 0 be the ancestor of l2 in the
task network tn and v ∗ the child of v that is an ancestor of
l1 . Any order between v and v 0 is replaced by the same order
between v ∗ and v 0 while no new ordering constraints can be
added between them. As such, this method cannot introduce
the ordering between l1 and l2 , but must only maintain it.
Any method applied to an ancestor v of l1 and l2 above
lca(l1 , l2 ) cannot distinguish between l1 and l2 as they are
still represented by a single task at this point. As such, it
cannot introduce any order between them, nor can any other
method apart from the one applied to lca(l1 , l2 ).
The order introduced by the method applied to lca(l1 , l2 )
on the respective ancestors v1 and v2 that are children of
v, is inherited towards the leafs of the tree by any method
application, as shown above. As such, if an ordering was
introduced here, it is still present between l1 and l2 . In conclusion, the order between l1 and l2 is the same as between
their respective ancestors v1 and v2 that are children of v.
What remains to show is that the order between l1 and l2
as induced by the method applied to lca(l1 , l2 ) is the same
as in the SOG S(PK ). The child arrangement used to construct PK induces an order ≺∗lca(l1 ,l2 ) on the children of
lca(l1 , l2 ). According to Def. 8 the order between v1 and v2
under ≺∗lca(l1 ,l2 ) is the same as between l1 and l2 in S(PK ).
Let αT be the assignment of nodes of the DT T to
their tasks. Let m = (c, tn) be the method applied to the
task c = αT (lca(l1 , l2 )). Let t1 and t2 be the tasks with
lca(l ,l ) −1

lca(l ,l ) −1

φm 1 2 (t1 ) = v1 and φm 1 2 (t2 ) = v2 , i.e., those
that are mapped by the child arrangement φ to the children
v1 and v2 that are ancestors of l1 and l2 . The order between
l1 and l2 should be the same as between t1 and t2 . Since
we are considering a DT T as a subtree of a PDT PK , the
method m was taken into account when constructing the
PDT (αT (lca(l1 , l2 )) ∈ αPK (lca(l1 , l2 ))). As the child arrangement used to construct the PDT PK is order-consistent,
we can use Def. 7 to conclude that t1 and t2 have the same
order as v1 and v2 and thus l1 and l2 .

Constructing Child Arrangements
In the previous section we have only stated requirements to
the child arrangement s.t. we are able to compute a SOG in
conjunction with a PDT. We have not given a method to actually compute such a child arrangement. Unfortunately the
child arrangement is again not uniquely defined. By adding
new and separate children for every applicable method, we
could easily create an order-consistent child arrangement.
Such an arrangement would, however, not be very efficient
as the resulting PDT would be extremely large. It is, however, not clear how an optimal child arrangement looks like.
It is uncertain whether it is better to have more leafs with
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smaller α sets or fewer leafs with larger α sets – which is
the decision that the child arrangement makes. We presume
that having fewer leafs is advantageous, as it will minimise
the size of the resulting propositional formula.
To further analyse the child arrangement, we first transform it into a more abstract graph problem. Given an inner
node v of a PDT, which is labelled with α(v), all methods
mi = (c, tni ) for c ∈ α(v) are potentially applicable. We
assign to each such task network tni = (Ti , ≺i , αi ) a graph
G(mi ) = (Ti , ≺i ) representing its order. These graphs are
acyclic and transitively closed. We are now looking for a single graph G∗ = (V ∗ , E ∗ ) which is transitively closed, s.t.
all G(mi ) are induced subgraphs of G∗ . Given such a graph
and the respective mappings φi : Ti → V ∗ , we can easily
construct the child arrangement from it. The set of children
v
will be V ∗ , Dm
= {φi (t) | t ∈ Ti }, and φv(c,tn) = φ−1
i .
i
Since all G(mi ) are induced subgraphs, we will fulfil the
main property of Def. 7, and as G∗ is transitively closed, the
resulting order ≺∗v will be acyclic. We show that minimising
the size of V ∗ , i.e., minimising the number of children for
an inner node, is NP-complete.
Definition 9 (TRANSITIVE INDUCED SUBGRAPH). Let
Gi = (Vi , Ei ) be a family of n transitively closed DAGs
and K ∈ N. TRANS - IND - SUBGRAPH is to decide whether a
graph G with at most K vertices exists, s.t. every Gi is an
induced subgraph of G.
Theorem 3. TRANS - IND - SUBGRAPH is NP-complete.
Proof. Membership: Guess a graph G with k =
P
min{ i |Vi |, K} vertices2 . Since G can have at most O(k 2 )
edges, this can be done in quadratic time. Checking whether
G is transitively closed requires cubic time. Next, we loop
over all Gi and guess for each an injective function µ : Vi →
V and check whether Gi is an induced subgraph of G under
µ. This loop needs cubic time, as it runs linearly often and
requires a quadratic check (one per edge) per graph Gi .
Hardness: We reduce from the subgraph isomorphism
problem (Garey and Johnson 1979, GT48). Let I1 =
(V1I , E1I ) and I2 = (V2I , E2I ) be two undirected graphs with
|V1I | ≤ |V2I |. W.l.o.g. we assume that neither I1 nor I2 contain isolated vertices (i.e. those without a connected edge),
else they could be removed. We have to decide whether I1
is isomorphic to a subtraph of I2 . We construct two graphs
G1 = (V1G , E1G ) and G2 = (V2G , E2G ) with
• ViG = ViI ∪ EiI and
• EiG = {(v, e) | v ∈ ViI , e ∈ EiI , and v ∈ e}
Clearly, G1 and G2 are transitively closed. Then I1 is isomorphic to a subgraph of I2 , iff TRANS - IND - SUBGRAPH is
true for the family G1 , G2 and K = |V2G |.
⇒: Let I20 be a subgraph of I2 that is isomorphic to I1 under the isomorphism φ : I1 → I20 . We select G = G2 (i.e., G
is transitively closed) and show that G1 is isomorphic to an
0
0
induced subgraph of G2 . This subgraph is G02 = (V2G , E2G )
and is defined as
0
• V2G = {φ(v) | v ∈ V1I } ∪ {(φ(u), φ(v)) | {u, v} ∈ E1I }
2
We cannot guess a graph of size K, as K is encoded logarithmically, i.e., the size of G would be exponential in the input.
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0

0

• E2G = {(v, e) | v, e ∈ V2G and v ∈ e}

φ(v)
if v ∈ V1I
We choose µ(v) =
(φ(u1 ), φ(u2 )) if v = {u1 , u2 } ∈ E2I
as the isomorphism from G1 to G02 , showing that TRANS IND - SUBGRAPH is true.
⇐: Let G = (V, E) be the transitively closed induced
supergraph of both G1 and G2 with |V | ≤ |V2G |. Thus,
G2 ∼
= G, and w.l.o.g. G2 = G and we have an injective homomorphism µ : V1G → V2G . We can choose the
bijection φ = {(v1 , v10 ) | v1 ∈ V1I and µ(v1 ) = v10 }.
We have to show that the domain of φ is V2I , i.e., that for
every v ∈ V1I , µ maps it to a vertex in V2I and not in
E2I (which are also vertices of G2 ). I1 does not contain
isolated vertices, v has at least one outgoing edge in V1G .
Since µ is a homomorphism, µ(v) must also have an outgoing edge. As only vertices v 0 ∈ V2I have outgoing edges
in G2 , µ(v) ∈ V2I . Thus φ maps I1 to a subgraph of I2 .
We lastly, have to show that φ is also an isomorphism. If
e = {v1 , v2 } ∈ E1I , then (v1 , e), (v2 , e) ∈ E1G and thus
(µ(v1 ), µ(e)), (µ(v2 ), µ(e)) ∈ E2G , as µ is a homomorphism. By construction of G2 , we have {v1 , v2 } ∈ E2I . The
inverse holds if e 6∈ E1I , as µ is a homomorphism.
Due to this result, we have – for the time being – opted
to compute the supergraph G∗ in a greedy fashion. Given
all G(mi ), we start with G∗ = G(m1 ) and try to merge all
other graphs G(mi ) with i ≥ 1 into G∗ . For that purpose we
maintain both the actual graph G∗ and a list containing all
forbidden edges, i.e., those that cannot be inserted into G∗ or
else the already processed graphs would not be induced subgraphs any more. In the beginning this list contains all edges
not contained in G(m1 ). We do the merging of a new G(mi )
node-by-node. We choose repeatedly a non-merged node v i
of G(mi ) and check all nodes v ∗ in G∗ whether merging
v i with v ∗ would violate ordering constraints. For that we
have to check the edges to all vertices v j already merged
with their counterpart vj∗ : if the edge (vj∗ , v ∗ ) exists in G∗
and (v i , v j ) not in G(mi ) or (v i , v j ) does in G(mi ), but is
forbidden in G∗ , then merging is not allowed. If there are
multiple possible merge candidates, we choose randomly. If
there is none, we add a new vertex to G∗ . In both cases we
update the edge-set and the list of forbidden edges accordingly. After we have merged all G(mi ), we use the mechanism described at the beginning of this section to compute
the child arrangement.

Exploiting SOGs
Having computed the PDT PK and extracted S(PK ) using
the above described greedy child arrangement, we can exploit the structural information it exposes. Let αPK be the
labelling function of PK . For a SOG S(PK ) and a leaf l, we
+
write NS(P
(l) to denote the direct successors of l in the
K)
transitive reduction of S(PK ), i.e., the version of S(PK ) in
which all transitive edges have been removed.
We propose a new encoding for constraint number
5, i.e., F5 , whose original version consists of Θ(n4 )
clauses (Behnke, Höller, and Biundo 2018b). It asserted for
all possible pairs of matchings of leafs l1 , l2 to timesteps

i < j that if l1 is matched to i and l2 to j, the order of the
leafs in yield(T ) for the represented DT T does not imply
l2 ≺ l1 , which would be violated by this pair of matchings. Instead we check the following condition: If a leaf l is
matched to a timestep i, successors of l in S(PK ) can only
be matched to positions after i, or equivalently, it is forbidden to match them to a position before i. Checking this condition is sufficient: if a leaf l1 is matched to a timestep i, then
any leaf l2 with l1 ≺ l2 cannot be matched to a timestep j
with j < i, which is what the old F5 enforced. For determining the set of leafs occurring after any given leaf l1 , we can
use the SOG S(PK ) due to Thm. 2. We construct a replacement for F5 by modelling this reduced condition as follows:
we first introduce new decision variables.
• fil – matching the leaf l to timestep i is forbidden
We then split the replacement for F5 into four parts.
^
^
f1 (l, i) ∧ f2 (l, i) ∧ f3 (l, i) ∧ f4 (l, i)
F5 =
l∈L(PK ) 1≤i≤L

The first asserts that if leaf l is matched to timestep i, no
direct successor of l in S(PK ) can be matched to its direct
predecessor i − 1. f2 and f3 will extend this transitively.
^
l0
f1 (l, i) = if i = 1 then true else
li → fi−1
+
l0 ∈NS(P

K)

(l)

f2 extends “forbiddenness” from a single leaf l transitively
to all its successors in S(PK ).
^
0
fil → fil
f2 (l, i) =
+
l0 ∈NS(P

K)

(l)

f3 extends “forbiddenness” from a timestep i to all its predecessors. Thereby the fil variables model the condition above.
l
f3 (l, i) = if i = 1 then true else fil → fi−1

f4 , lastly, enforces that the restrictions modelled by fil are
actually respected by he matching variables li, thus achieving a correct implementation of the above condition.
f4 (l, i) =

fil

→ ¬li

We call this encoding SAT-F. The new formula has only
O(n2 ∆+ (S)) many clauses – where ∆+ (S) is the maximum out-degree of any node in the transitive reduction of S.
In the worst case, ∆+ (S) can be n, i.e., in the worst case the
encoding has O(n3 ) clauses. However, in practice ∆+ (S) is
often small and the sum of all direct successors is relatively
small, i.e., constant, making the encoding O(n2 ) in practice.
To conclude the presentation of the encoding, we formally
show that the SAT-F encoding is correct and complete.
Theorem 4. The SAT-F encoding generated based on a PK
constructed by an order-consistent child arrangement for
depth K has a satisfiable valuation iff the planning problem
P has a solution with a decomposition tree of height ≤ K.
Proof. Let F be the propositional formula generated using the SAT-F encoding based on a PK constructed by an
order-consistent child arrangement for depth K. It consists

of four conjunctive parts: the unaltered decompositional formula FD by Behnke, Höller, and Biundo (2018a), the unaltered order formulae F1 , F2 , F3 , and F4 by Behnke, Höller,
and Biundo (2018b), the encoding for primitive executability by Kautz and Selman (1996), and our formula F5 . Note
that the first two formulae were constructed using a PDT PK
computed by our new child arrangement.
Completeness: Let π ∈ S(P) be a solution to P with a
decomposition tree T of height ≤ K. Since we have constructed the PDT PK using a valid child arrangement, i.e.,
so that PK is actually a PDT according to Def. 6, FD
has a satisfying valuation that represents the decomposition tree T and assigns the tasks in yield(T ) to the leafs
of PK (Behnke, Höller, and Biundo 2018a, Thm. 3). Further, there is a valuation of F1 , . . . , F4 and the formula for
primitive executability that represents a mapping of the leafs
of PK to timesteps s.t. the resulting sequence of tasks is executable (Kautz and Selman 1996; Behnke, Höller, and Biundo 2018b, Thm. 3). Note that this theorem already guarantees that the assignment of leafs to timesteps is a valid linearisation of yield(T ). What remains to show is that there is
a satisfying valuation of F5 . Let for every leaf l of the represented DT T be τ (l) the timestep it is mapped to. We then
set fil to true for all l and i < τ (l). This valuation satisfies
each conjunct of F5 .
• For every leaf l matched to a timestep τ (i) (i.e. lτ (i) is
true) consider any direct successor l0 in the SOG S(PK ).
By Thm. 2 we know that l0 is ordered after l in yield(T ),
0
thus it is matched to a timestep > τ (i). Thus fτl (l)−1 is
true, fulfilling f1 .
• If fil is true, l is matched to a timestep after i. By Thm. 2
we know that any successor l0 of l in S(PK ) occurs after
l in yield(T ) and has thus be matched to a timestep >
0
τ (l) > i. Thus fil is true, fulfilling f1 .
• By choice of our valuation f3 holds.
• If fil is true, l is matched to a timestep > i, i.e., not i,
making li false.
Correctness: Let β be a satisfying valuation of the propositional formula. We know that β represents for FD a decomposition tree T and assigns yield(T ) to the leafs of
PK (Behnke, Höller, and Biundo 2018a, Thm. 3). Likewise,
we know that β represents for F1 , . . . , F4 a matching of
yield(T ) to timesteps and that yield(T ) is executable in the
chosen order (Kautz and Selman 1996; Behnke, Höller, and
Biundo 2018b, Thm. 3).
What remains to show is that the chosen matching is a
valid linearisation of yield(T ). Assume that this is not the
case. Then two leafs l1 and l2 in yield(T ) exist that are
ordered l1 ≺ l2 in yield(T ), but are matched to timesteps
i > j. As such l1 i and l2 j are true. Since l1 ≺ l2 in yield(T )
there must be a path in S(PK ) from l1 to l2 (Thm. 2). Let
p = (l1 , l1∗ , . . . , ln∗ , l2 ) be this path. Since β satisfies f1 and
l1∗
l1 i is true, fi−1
must be true, as l1∗ is a direct successor of l1
in S(PK ). Since β satisfies f2 we can conclude via inducli∗
l2
tion that all fi−1
are true and finally that fi−1
is true. Since
β satisfies f3 we can conclude via induction that all fkl2 with
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k ≤ i − 1 are true. Especially fjl2 will thus be true. Since β
satisfies f4 , l2 j must be false, which is a contradiction.
With the presented encoding we have significantly lowered the number of clauses. Both SAT-tree and SAT-F are,
however, still using a fairly old propositional encoding for
checking executability of the chosen linearisation, namely
that of Kautz and Selman (1996). The high efficiency of
modern SAT-based classical planners is to a large extent
based on them allowing for parallel action execution. This
is represented in the encoding by multiple t@i atoms being true for one timestep i. The state-of-the-art in these encodings is the ∃-step encoding by Rintanen, Heljanko, and
Niemelä (2006). It uses the same general structure as the
Kautz and Selman formula. As such we can simply replace
the Kautz and Selman formula with the ∃-step formula.
The formula that matches the leafs of the PDT to
timesteps cannot match two leafs to the same timestep, i.e.
forbids any parallelism. We can remove this constraint by removing the first conjunct from the F1 formula. It asserts that
for every timestep i at most one li atom can be true. After the
removing these clauses, the atoms li still represent a matching that respects all ordering constraints with the sole change
that multiple leafs can be matched to the same timestep.
This however leads to an incorrect encoding. It is now
allowed to match two leafs l1 and l2 to the same timestep i
while l1 and l2 are labelled with the same task t. As a result
the solution will contain the task t only once, despite the
HTN domain having forced us to execute it twice.
To forbid this situation, we define new variables vti stating that leaf l is matched to timestep i and contains task t:
^

l
^ ^

v∈L(PK ) t∈α(v) i=1

vi ∧ tv → vti

We then replace the first conjunct of F1 with the following
formula, ensuring correctness of the matching under parallelism.
l ^
^
M({vti | v ∈ L(PK )})
i=1 t∈O

This replacement can be applied to SAT-tree and SAT-F,
which will lead to the encodings SAT-tree ∃ and SAT-F ∃.

Evaluation
We have conducted an empirical evaluation of our planner
to show that it performs favourably compared to other HTN
planning systems. The code of our planner will be published.
Domains. Due to the absence of a standardised set of
benchmark domains, we have compared our planner against
the state-of-the-art in SAT based HTN planning on the domains used in their evaluations. All of these domains are
freely available for download.
Planners. Each planner was given 10 minutes runtime
and 4 GB RAM per instance on an Intel Xeon E5-2660. We
have compared our new encodings against previous ones, as
well as against the following state-of-the-art HTN planners:
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SAT-F ∃ expMC
SAT-F cryptominisat
SAT-tree ∃ cryptominisat
SAT-tree cryptominisat
PANDApro lm-cut
TDG-m greedy A*
HTN2STRIPS jasper
SHOP2
FAPE
totSAT
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Figure 6: Runtime vs number of solved instances per planner
• SHOP2 (Nau et al. 2003),
• FAPE (Dvorak et al. 2014),
• PANDA with the T DGm and T DGc heuristics (Bercher
et al. 2017) using greedy A*,
• HTN2STRIPS (Alford et al. 2016),
• PANDApro (Höller et al. 2018) using greedy A* and the
ADD, FF and lm-cut heuristics,
• totSAT (Behnke, Höller, and Biundo 2018a).
FAPE – according to the description in its paper – does
not support recursive domains. Thus, we ran it only on
the domains S ATELLITE, W OODWORKING, and ROVER,
which are the non-recursive domains in our evaluation. Similarly, totSAT is only applicable to domains where all methods are totally-ordered. As such, it was run only on those
36 instances which are totally-ordered. The HTN2STRIPS
planner translates an HTN planning problem into a sequence of classical planning problems, which it passes to
a classical planner. We have tested the original planner
from the paper, jasper (Xie, Müller, and Holte 2014), as
well as the best planners from the agile and satisficing
tracks of IPC 2018: Fast Downward Stone Soup (Seipp and
Röger 2018), saarplan (Fickert et al. 2018), and LAPKTBFWS-Preference (Frances et al. 2018). Lastly, we have
also included the best known SAT-based classical planner
MpC (Rintanen 2014), since using both the HTN2STRIPS
translation and Madagascars translation, i.e., the ∃-step encoding, in a row would also constitute a propositional encoding for HTN planning.
We have included both the previous encoding for
partially-ordered domains by Behnke, Höller, and Biundo (2018b), as well as their encoding for totally ordered
domains (Behnke, Höller, and Biundo 2018a). Note that the
latter encoding cannot be used for partially ordered domains.
Thus it was only executed on the domains UM-T RANSLOG
and E NTERTAINMENT, as well as on those five instance
of S ATELLITE which don’t contain partial order. Further
note, that in their evaluation partially-ordered instances were
manually changed to be totally ordered.
We have compared all four encodings – SAT-tree, SATF, SAT-tree ∃, and SAT-F ∃ – with the same set of solvers.
For all encodings, we have used the same scheme for con-
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Table 1: Number of solved instances per planner per domain. Maxima are indicated in bold.
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Figure 7: Number of clauses in instances compared per encoding, axes are scaled logarithmically. Colours indicate orders of magnitude. OOM = Out-Of-Memory

structing and evaluating the formulae. We always start with
a depth bound of K = 1, run the solver until either SAT or
UNSAT is returned, and in case of the latter increase K by
1. We have tested the best performing solvers of the SAT
Competition 2018. Amongst them, expMC (Chowdhury,
Müller, and You 2018), cryptominisat5.5 (Soos 2018), CaDiCaL (Biere 2018), and MapleLCMDistChronoBT (Ryvchin
and Nadel 2018) have shown to be the best performing ones
and have thus been included in this evaluation.
Results. We only present information about coverage,
runtime, and relative sizes of encodings in the main paper.
In Figure 7 we present a scatter plot showing the number of clauses needed to encode each problem for every
attempted depth bound K for the SAT-tree and SAT-F encodings. Note that even though we have reduced the size
of the encoding from O(n4 ) to O(n3 ) in theory, an empirical evaluation is still warranted. In both cases, the size of
the encoding depends on the number of leafs of the constructed PDT. Since we require an order-consistent child arrangement when constructing our PDTs, they might have
more leafs than those constructed with the original method
by Behnke, Höller, and Biundo (2018a). This however can
– counter-intuitively – also lead to a decrease in the num-

ber of leafs, due to a “better” selection of label sets for the
children. On the evaluated domains the number of leafs does
not differ significantly between the two methods. Out of 269
PDTs constructed using the two methods, 68 differed in size.
The highest increase in size was 9.5%, the highest decrease
14.2%. In absolute terms, the highest increase was an additional 16 leafs and the highest decrease was 5 leafs. We
can see that SAT-F has by construction fewer clauses and
that the difference can reach up to two orders of magnitude.
Further, there are several instances where the SAT-F formula
could be constructed (and solved) while the SAT-tree encoding caused an out-of-memory. E.g. this is the case in 14 out
of 20 instances of the rover domain.
In Tab. 1 we show the number of instances solved per
planner and domain. Fig. 6 shows the solved instances depending on runtime, where we show for each propositional
encoding only the best performing SAT solver and for the
HTN2STRIPS encoding only the best performing classical
planner, jasper. Unfortunately, the reduction in number of
clauses between the SAT-tree and SAT-F encodings alone
does not improve the performance, as we hoped for. Depending on the solver, the coverage either rises by 1-2 instances
or falls by 2. However, combining the ∃-step encoding with
SAT-tree improves coverage by between 4 and 8 instances.
Interestingly, if both improvements are combined, coverage
increases by 5 to 15 over the base encoding, by 1 to 8 over
the SAT-tree ∃, and by 7 to 13 over the SAT-F encoding.
The presented encodings outperform all other HTN planners. This is true for planners based on heuristic search
(PANDA and PANDApro), search space pruning (FAPE),
and translation into classical planning (HTN2STRIPS). As a
side note, we also see that the performance of recent classical planners on translated HTN problems has degraded compared to the four year old jasper. The poor performance of
MpC is due to an interaction between its disabling graph and
the HTN2STRIPS encoding forbidding all parallelism.

Conclusion
In this paper we introduced a new method for constructing Path Decomposition Trees such that we can extract a
fixed order of their leafs. This order is expressed in the Solution Order Graphs (SOG). Based on it, we have introduced
a novel propositional encoding SAT-F ∃ for HTN planning
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that is much more compact than previous ones. Our planner using this new encoding outperforms all state-of-the-art
HTN planners. We think that the SOG is an interesting starting point for further investigations into the solutions of HTN
planning problems and could allow for further exploitation
of domain structure while planning.
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Behnke, G.; Nothdurft, F.; Honold, F.; Minker, W.; Weber,
M.; and Biundo, S. 2015. A planning-based assistance system for setting up a home theater. In Proc. of AAAI.
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1. Introduction
Imagine a novice user who has never used electric
tools in her life before. Let’s call her Alice. She has, so
far, relied either on pre-built furniture or on craftsmen
or friends doing constructions for her. Alice, however,
wants to become more self-reliant and wants to learn
how to perform small household constructions and repairs, or simply hobby projects like a key rack or a
bird nest box by herself. Such activities are commonly
called do-it-yourself (DIY) projects.
Even the realisation of simple DIY projects often
requires the usage of electric tools of different kinds:
drills, saws, or sanders are just some of the very commonly used tools, in particular when working with
wood – an important material in DIY projects. Without proper instruction on how to use such devices, they
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Abstract. We present the interactive assistant ROBERT that provides situation-adaptive support in the realisation of do-it-yourself
(DIY) home improvement projects. ROBERT assists its users by providing comprehensive step-by-step instructions for completing
the DIY project. Each instruction is illustrated with detailed graphics, written and spoken text, as well as with videos. They
explain how the steps of the project have to be prepared and assembled and give precise instructions on how to operate the
required electric devices. The step-by-step instructions are generated by a hierarchical planner, which enables ROBERT to adapt
to a multitude of environments easily. Parts of the underlying model are derived from an ontology storing information about
the available devices and resources. A dialogue manager capable of natural language interaction is responsible for hands-free
interaction. We explain the required background technology and present preliminary results of an empirical evaluation.
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may be difficult to use or even dangerous for novice
users. Alice might spend a long time to figure out how
to handle and configure these tools for the current task
at hand. Possible dangers, like accidents with an electric saw, might prevent novice users from starting to
use them in the first place.
We developed the interactive assistant ROBERT
(named after Robert Bosch GmbH) that provides
appropriate instructions for the realisation of DIY
projects. Alice is walked through the steps required for
completing a DIY project, which are illustrated with
detailed graphics, text, and videos. The provided explanations include both project-specific as well as projectindependent aspects: That is, they explain how parts
of the given project are to be assembled or prepared,
but they also give detailed instructions on how the required electric devices are to be handled. This enables
Alice to complete her project successfully while simultaneously learning how to use the employed tools
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Fig. 1. A real key rack and its conceptual drawing [1].

safely, enabling her to complete DIY projects independently in the future. ROBERT is designed to be generic
such that additional DIY project descriptions can be
added solely via additions to the underlying knowledge models. Those parts of the model describing general, project-independent information (e.g. specifications on how to use the electric devices, how to connect
two wooden boards, or information about the properties of materials) and media content are (re-)used for
new projects. To exemplify our methodology, we have
instantiated our assistant ROBERT with a project realising the construction of a key rack (an assembled key
rack can be seen in Fig. 1).
In this article, we demonstrate ROBERT (illustrated
using the key rack project) and its underlying technology. ROBERT smoothly combines and integrates
three core capabilities: hierarchical planning, ontological reasoning, and dialogue management. Each of
these capabilities is based upon a formal model of the
DIY domain. A focus of our work lies on providing appropriate integration techniques between these models.
By clearly and cleanly dividing the required knowledge between the models we achieve both an efficient
knowledge integration as well as avoid redundancy
among the models. In this article we will especially describe the means by which we transfer required information between the individual components. The underlying architecture is independent of the deployed application scenario, so that assistants for various other
application scenarios can be realised by suitably extending the required models and media data. Based on
ROBERT’s formal models a plan is computed, i.e. a sequence of actions. The user is instructed to follow these
actions to achieve the given task such as, in our example, building a key rack. We pursue a hierarchical planning approach [2–4], where the given task is refined
step-wise into more primitive courses of action until
a completely primitive, i.e. directly executable, plan is
generated. This way, instructions can be presented at
different levels of abstraction.
The technology behind ROBERT is based on our experience with an earlier research prototype assistant,
providing support for setting up a complex home theatre [5–9]. Both assistants – our novel DIY assistant
as well as our former assembly assistant – base upon
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a generic system architecture that allows for realising
assistants for a broad variety of tasks. Due to our experience with the earlier prototype, the requirements
for an industrial application of ROBERT, and the requirements imposed by the DIY domain, we have developed several new techniques for ROBERT. ROBERT
uses an ontology to store and retrieve factual domain
knowledge, instead of a database-like knowledge management. Further, ROBERT handles the task hierarchy
fully inside the planner – again in contrast to the previous assistant – and communicates the hierarchical
structure of a plan to the dialogue manager. This allows the hierarchy to express actual choices between
alternative courses of action. This allows us, e.g. to
present instructions corresponding to abstract tasks in
the planning model. Further, we can now use the hierarchy to enhance the dialogue, e.g. by structuring the
shown steps visually and by providing feedback to the
user once a section of the instructions has been completed.
ROBERT utilises an ontology and its reasoning capabilities for knowledge representation [10] instead of
relying on a purely database-like system. This enables
easy scalability and knowledge maintenance. That way
we can exploit existing ontologies storing information
relevant to the application domain. In our application
scenario, this information pertains to electric devices
and DIY resources. Reasoning further allows for inferring certain properties automatically. For example,
under the assumption that every drill bit for metal can
also be used for drilling in wood, it is inferred that any
particular metal drill bit (e.g. one of 3 mm diameter)
can be used in place of a wood drill bit of the corresponding size.
Another benefit from integrating an ontology and its
reasoning capabilities are improved explanation capabilities. Inferences made by the system are made available to the user in form of natural language text. For
example, in ROBERT’s ontology it is formalised that
if a screw is small enough, it can be driven into softwood without pre-drilling (otherwise, the existence of
a pre-drilled hole is a precondition for the screwing action). Based on this, the system can infer in what situations pre-drilling is necessary, and can deliver a verbalisation of the reasoning steps that were applied. Consider, for instance, the activity of driving a screw of 3
mm diameter into a plank made of spruce. Using the
system’s taxonomy of materials and formalised properties, it can be inferred that pre-drilling is not necessary. Furthermore, the reasons (an explanation) can be
made explicit on request why “screwing a 3 mm screw
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into spruce does not require pre-drilling”:
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Spruce is softwood, thus screwing a 3 mm screw into
spruce applies to softwood. Since a 3 mm screw is a
screw that has a diameter of 3 mm, by definition it is a
small screw. Hence screwing a 3 mm screw into spruce
is done with a small screw. Screwing a small screw
into softwood does not require pre-drilling. Therefore,
screwing a 3 mm screw into spruce does not require
pre-drilling.
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Such explanations are not pre-formulated, but generated at runtime from the available facts in the ontology
from a formal proof for the relationship in question.
Explanations enable Alice to understand the system’s
reasoning and its behaviour and to learn about the application domain, i.e. DIY and electric tools, while using the system. A challenge with automated explanations, however, are technical details that may seem too
obvious to Alice but which are logically necessary for
the system.
The paper is structured as follows. We first introduce relevant theoretical and technological concepts in
Sec. 2 and then review related systems and technology
in Sec. 3. In Sec. 4, we give a high-level overview of
our system by explaining it from Alice’s view. In Sec. 5
we explain the system architecture, i.e. its components
and how they interact. In Sec. 6 we explain how we
maintain the different kinds of knowledge required by
the system and how it is conveyed to the user. Sec. 7
explains the underlying planning model and how its
hierarchy is exploited for illustration purposes. Sec. 8
is about the dialogue management, whose primary responsibility is handling user input and output. Finally,
we present preliminary results of a user study with our
prototype system in Sec. 9 before concluding the paper
in Sec. 10.
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2. Preliminaries
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We next introduce the basics of the employed planning and knowledge modelling formalisms.
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ROBERT uses planning to determine the instructions
presented to its user Alice. Its planning domain is formulated using Hierarchical Task Network (HTN) planning [2, 4]. It distinguishes two types of actions: primitive actions A and abstract tasks T . Primitive actions

3

a ∈ A can be executed directly, i.e. by the user Alice,
without the need to separate them into even more basic steps, e.g. pushing a button of an electric drill. Abstract tasks on the other hand describe more complex
courses of action, e.g. connecting two pieces of wood
with screws, which must be refined into more concrete
actions and usually also offer variability in the ways
they can be executed.
Each action a is described in terms of a pair of
preconditions and effects hp, ei. The precondition is a
function-free first order formula, which must be true
in the state prior to the action being executed. States
are expressed using lifted state predicates. Each state
s is a set of instantiations of these predicates which
are considered true. An effect is a list of functionfree literals (i.e. a positive or negative predicate with
parameter variables), which are divided into positive
(adding) effects p+ and negative (deleting) effects p− .
If an instantiation of a, i.e. a grounding of a with constants as its arguments, is executed in a state s in which
its precondition holds, the resulting state is defined as
(s \ p− ) ∪ p+ . Technically, the planner uses a format based on PDDL [11, 12] extended for hierarchical planning domains. We show in Fig. 7 an example of a primitive action that is part of ROBERT’s domain model. In PDDL we declare with the statement
o - T that the object o belongs to the type T. PDDL
uses the syntax (p o1 ...on ) to declare that the
fact p(o1 ,...,on ) is true.
The connection between primitive actions and abstract tasks is made in HTN planning via decomposition methods. They specify a grammar-like refinement
structure for abstract tasks. This structure is given in
terms of decomposition methods (t, tn), consisting of
a task t to be refined and a task network tn specifying
the result of the refinement, i.e. an allowed means for
achieving t. Task networks are the central element of
HTN planning. A task network tn is a partially ordered
set of instances of primitive actions and abstract tasks.
Formally, a task network is a tuple (L, ≺, α), where L
is a set of labels, ≺ ⊆ L × L is a strict partial order1 on
L, and α : L → A ∪ T is a function that assigns to each
label its primitive action or abstract task. The introduction of labels is necessary to be able to represent task
networks containing the same task more than once. If a
decomposition method (t, tn) is applied to an abstract
task t in a task network tn0 , we replace t by the contents
of tn [4]. If there exists any sequence of decomposi1A

strict partial order is an irreflexive, antisymmetric, and transitive relation.
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tions transforming a task network tn into another tn0 ,
we write tn →∗D tn0 .
The goal in HTN planning is described in terms of
both a state-based goal formula g and a task network
tnI , called the initial abstract plan. A solution of the
planning problem is a sequence of primitive actions π,
which is executable in the initial state and must reach
a state in which g is true. The individual actions of
such a sequence π are called plan steps. As a further
requirement, this sequence of actions π must be a refinement of the initial abstract plan tnI [4]. This allows
for specifying high-level activities that are to be performed in the initial abstract plan, e.g. building a key
rack. Formally, there must be a refinement tn0 of tnI ,
i.e. tnI →∗D tn0 , such that π is a linearisation of tn0 (a
linearisation of tn0 is any topological ordering of its
tasks that is compatible with the ordering constraints
in tn0 ).
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2.2. Ontology-based knowledge modelling and
verbalisation
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Declarative (factual) domain knowledge employed
by ROBERT is stored in an ontology. The ontology is
used to formalise DIY concepts (e.g. classes of tools
and their properties) and to store associated information such as instruction texts and references to images
and videos. This knowledge is formulated in the ontology language OWL22 , whose main constructs relevant for the remainder of the paper are introduced in
the following. In this paper, we employ the notation of
description logic (cf. [13]), which provides the semantics of OWL2. We denote concepts by capital letters
A,B,C,... and use camel case for specific concept names
(e.g. DrillDriver). The universal concept is denoted by
> and the unsatisfiable (empty) concept by ⊥. Individuals are denoted by small letters a,b,.... Membership
of an individual a in a concept A is stated in the form
of a concept assertion A(a) and we say that a is an instance of A. So-called (object) properties or (abstract)
roles are denoted by small letters r,s,... and express relationships between pairs of individuals, e.g. the property assertions r(a, b) expresses that the individual a is
r-related to the individual b. The semantics of description logics is defined model-theoretically; concepts are
interpreted as subsets of a domain, properties as binary
relations, and individuals as elements of the domain.
Constructors can be used to form complex concept expressions: conjunction and disjunction are written as u
2 https://www.w3.org/TR/owl2-overview/

132

and t, respectively, and negation is written as ¬. The
so-called existential restriction ∃r.C specifies the concept whose instances are related by the property r to
some instance of the concept C. For example, the concept description ∃hasVisualFeature.CrossShape specifies all instances of the domain that are related to some
CrossShape. The universal restriction ∀r.C denotes the
concept whose instances are only related by r to instances of C, if at all. The statement that a concept A
is a taxonomical sub-concept of another concept B is
referred to as a subsumption axiom, written as A v B.
Equivalence is mutual subsumption between concepts
and denoted by ≡. Among further constructors (which
we do not detail here), OWL2 provides the specification of attribute/value pairs in the form of data properties (also referred to as concrete roles), for which we
use the syntax ∃p =“value” .
Traditionally, ontologies are split into a terminological (conceptual) part called TBox, and an assertional
part (ABox) where concept assertions and property assertions are specified for individuals. An interpretation
I is called a model of an ontology O, iff it satisfies
all axioms in O. An axiom is entailed by an ontology
O if all models of O also satisfy this axiom. Ontology reasoners offer reasoning services for ontologies,
for instance they can be used to determine the entailed
axioms of an ontology. The discipline of ontology verbalisation is concerned with the production of natural
language text from knowledge contained in and/or inferred from ontologies.
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3. Related work

33
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Planning-based assistance systems have been developed in the past. However most of them focus on users
that are experts in the domain for which the assistant
is designed. The PASSAT system is a mixed-initiative
planning system designed for collaboratively creating
plans with a human user [14]. Its objective is to create plans for military operations in cooperation with
the commanding officer which are executed by military
personnel. Like our system, the basis of PASSAT is
completely domain-independent, and the authors rely
solely on a model of the specific application domain for
the domain in question. PASSAT uses a hierarchically
modelled domain, though only primitive plans are visualised after successful plan generation in a step-bystep fashion. Notably it lacks the combination with an
ontology to store and manage its background knowledge – which is instead hard-coded into the planning
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model – nor does PASSAT use advanced dialogue capabilities to mediate the interaction with the user.
MAPGEN [15] is a planning-based assistant developed by NASA to assist scientists and spacecraft operators in scheduling activities for the Mars rovers. It
is capable of changing the plan to include specified activities and resolves resulting conflicts between activities. However, its UI is designed for efficiency (it is
essentially a complex Gantt chart) with expert users in
mind.
Two assistants exist addressing the emergency &
firefighting domain. RADAR [16] develops a firefighting and rescue plan together with its expert user,
e.g. a fire-brigade chief. RADAR uses a classical, i.e.
non-hierarchical, domain and does not combine its capabilities with an ontology. Actions are presented only
by their names, while emphasis in the UI is laid on
geographical information and the availability of vehicles and materials. As such, the system heavily relies
on an expert user being able to understand what the
actions mean. The SIADEX system provides decision
support for crisis management in a forest-fire fighting
domain [17]. They also employ a hierarchical planning framework and exploit ontologies in which the required knowledge is stored. Solution plans may also
be displayed to non-experts, but rather than showing
them in a step-by-step fashion, they use Microsoft Excel chronograms and Microsoft Project Gantt charts.
In contrast, only a few systems assist “novice” users
and try to teach them on their application domain. One
of them is an assistant for elderly people and people
with cognitive impairments [18]. It helps these people
to remember and execute routines of their daily lives in
order to allow them to retain their independence for a
longer time. Routines include, among others, using the
bathroom, taking medicine, eating and drinking, and
housekeeping. In contrast to our system, it employs
a model of time (which is particularly important for
maintaining routines of daily life), but it does neither
feature a task hierarchy nor explanations. The SHIPtool [19] is designed to assist in planning and preparing meals. It uses description logics directly to describe
states. This highly expressive language prohibits SHIP
from using modern domain-independent planning systems and instead requires a specialised planner that can
handle such states. In contrast, ROBERT translates the
knowledge stored in its ontology into a purely propositional representation enabling it to use highly efficient
search-based planners.
Further, Steinberger et al. [20] propose a cognitive assistance architecture incorporating a “semantic”

5

manual (using an ontology) to model instruction steps.
However, these steps are neither hierarchical, nor is a
planning system being used.
There are several related works in the area of ontology verbalisation and the explanation of inferences.
Several approaches have been proposed to generate descriptions of concepts and individuals contained in an
ontology (e.g. [21–23]) and to make inference steps
explicit (cf. [24–27]). This is done for the benefit of
users who are not familiar with OWL or description
logic syntax, and the explanation text presented in the
introduction provides an example of such a generated
text. The automated verbalisation of ontology content
begs the question how well these synthetic texts are
understood by untrained readers. Therefore, the development of these approaches has been accompanied by
empirical studies focusing on different aspects of the
generated explanations. The text quality of generated
descriptions has been studied by Androutsopolous et
al. [23], who present a comparison of their own NaturalOWL system with the more generic SWAT verbaliser [21]. The experiments were carried out with
computer science students who had to rate the texts
for fluency, referring expressions, text structure, clarity
and interest. The experiments confirmed the authors’
hypothesis that the use of text planning, together with
domain-dependent generation resources for sentence
planning, aggregation and referring expressions has a
measurably positive effect on perceived text quality.
The verbalisation of inference steps has been empirically studied by Nguyen et al. [26, 28] in online
experiments. They found that depending on the kind
of employed inference rule, the generated explanations were more or less likely to be accepted or rejected by the participants. Whereas rules that straightforwardly connect subsumptions, exploit equivalence,
or split or combine conjunctions (an example is shown
in Sec. 6.4) were generally accepted by participants,
the application of some inference rules appeared less
understandable to participants (e.g. some rules involving contradiction/unsatisfiability). Using these results
for single inference rules, the authors were able to predict the understandability of derivations using two inference steps (cf. [28]).
The understandability of longer explanations generated from derivations was also examined empirically. Schiller et al. [27] provide some first empirical
evidence that the shortening of explanations by hiding and combining inference steps considered obvious does not negatively affect understandability. In another study [29], explanations generated by the mech-
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anism employed in this paper were tested by applying a psychological model of text comprehension to it.
This helped to identify and rectify cases in which textual coherence was found to be deficient. The understandability and quality of the resulting texts was studied in an online study reported in [29]. The two abovementioned experiments have not used the DIY domain
(as in the experiment reported in Sec. 9), but had a
more general focus (in case of [27], the TONES3 collection of ontologies). Therefore, the experiment presented here can be considered a first exploratory step
towards further experiments focusing specifically on
the kind of descriptions and explanations employed by
ROBERT.
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4. Alice’s view on ROBERT
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Before we describe the techniques used in ROBERT
and how its components interact with each other
to provide assistance, we describe how a user of
ROBERT, i.e. Alice, would interact with it. Interaction with ROBERT starts whenever a user decides that
she wants to implement a do-it-yourself project. Initially, ROBERT presents Alice with a list of available
projects (e.g. building a key rack, a bird house, a table, refurbishing an old door, or a chair). After selecting a project, Alice informs ROBERT about the tools
and materials she possesses. Based on this information,
ROBERT uses its planner to generate a sequence of actions – a plan – that can be performed with the available tools and materials and that serves to complete the
project requested by the user. Here the strength of planning comes into play. ROBERT does not simply churn
out a hard-coded list of instructions for each project,
but automatically decides which action can and has to
be performed using the actually available tools and materials in order to successfully finish the project Alice wants to complete. In order to generate the plan,
ROBERT uses both its planning model as well as factual
knowledge about tools and their configurations stored
in ROBERT’s ontology.
Once the planner has generated a plan, it is transferred to the dialogue manager for presentation. The
plan is shown in the form of step-by-step instructions,
where each action corresponds to one instruction. Each
action is explained to the user by showing her a slide
consisting of a textual description, an image, and a
video of what to do (cf. Fig. 2). We use the knowl-

edge in ROBERT’s ontology to find appropriate media content (cf. Sec. 6). It stores both textual descriptions of individual actions as well as images and videos
of how to perform actions. However, as ROBERT can
adapt to a large variety of situations it might not posses
perfectly fitting media material for the action at hand.
For example, ROBERT might instruct Alice to use the
PSR18Li24 to drill a 15 mm Torx screw into softwood,
as ROBERT knows Alice owns this drill, but only has a
video of drilling a generic screw using a generic drill
into softwood. The available video is still a more appropriate instruction than presenting no media content
at all. ROBERT finds the best fitting instructional material via ontology reasoning using the actions and their
parameters (i.e. constants). This enables easy scalability when new tools or materials are added and allows
for a modular creation of media content.
Alice might also inquire about additional information for every action-based instruction given to her. For
example, she might be instructed to insert a clean-forwood sawing blade into a saw, while not knowing how
to recognise this specific type of blade. Here, ROBERT
can provide descriptions of objects – including their
visual features, solely based on the information stored
inside the ontology.
In addition to the detailed step-by-step instructions,
ROBERT also generates an abstraction of the presented
plan by using the underlying task hierarchy. Since the
generated abstraction also contains tasks, we can use
ROBERT’s ontology to retrieve a textual description
and media content for them. While the user is presented the full plan, we show the abstraction as an
overview bar at the top of the screen. Here we mark the
position of the currently shown action in the abstract
sequence. This way Alice knows roughly at which
point she is in executing the project and how much of
the project is left to do, i.e. she can keep track of her
progress. The bar also serves as an instant feedback
and reward for the user leading to increased motivation
when performing the project.
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5. System architecture
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ROBERT consists of four major software components: the UI, the planner, the ontology manager, and
the dialogue manager. Each of these components is described in detail in the following sections. In this section, we describe which component of ROBERT serves
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3 https://zenodo.org/record/32717
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4 A PSR18Li2 is a model of drill driver aimed at the DIY hobbyist.
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Fig. 2. Instructions for inserting a metal drill bit.
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1 display instructions
2 user input
3 initial state
4 planning request, chosen project

5 plan
6 media
7 tasks, available tools, and materials

Fig. 3. ROBERT’s system architecture. Each arrow describes data or
instructions passed between the individual components. It is roughly
based on the work by Bercher et al. [5, 7].
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which function, which component stores which information and how these components interact to deliver
ROBERT’s assistance. Fig. 3 depicts ROBERT’s general architecture and shows which information is exchanged between the components. It is roughly based
on the architecture employed in our previous assistant
for setting up a HiFi system [5, 7]. All components are
implemented as web-services exchanging information
and instructions as JSON-formatted data [30].
ROBERT’s abilities are systematically separated and
delivered by the component best suited for them. The

planner handles procedural knowledge and generates
goal-directed instructions, i.e. plans. The model is formalised as an HTN planning domain [2]. The planner
PANDA [31] is employed for generating plans while
interaction with other components and further necessary computations, e.g. for computing an abstract plan,
are done by a specialised software component. Details
on the planner are described in Sec. 7.
Factual knowledge is stored in the ontology, as are
references to all media contents. The ontology is written in OWL2 (cf. Sec. 2.2) and reasoning is done by
the reasoner HermiT [32]. The ontology manager also
handles requests for factual explanations and uses reasoning to retrieve stored media contents. How the ontology manager stores and processes its information is
detailed in Sec. 6.
The dialogue manager (Sec. 8) is tasked with enriching the generated plan with media provided by the
ontology and transferring it to the user interface. It
also handles the user’s inputs and decides which component should perform which task as a reaction to
the input. The dialogue manager is specifically written for ROBERT, but uses Microsoft Window’s builtin speech recognition and Microsoft’s LUIS [33] for
intent recognition. This enables hands-free naturallanguage interactions with ROBERT, which is especially important in a DIY-environment, where users
often have dirty hands or wear protective gloves and
speech-based interaction is the most convenient.
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This separation of knowledge leads to an increased
need for communication between the components, especially between planner and ontology. It, however,
eliminates the need to store information in two components redundantly, making ROBERT easy to maintain and to adapt to new types of projects, new materials, and new devices. For example, static knowledge
about materials and tools, e.g. how hard a specific type
of wood is or which switches a specific drill has, is
not stored inside the planning model, but in the ontology. The planner has to take this information into account when planning. It requests this information from
the ontology manager when needed, i.e. when it receives a planning request from the dialogue component. It transforms the received information into a list
of objects and facts concerning them. These facts form
the initial state of the planning process. The ontology is also responsible for storing the current state of
the world. This distribution is systematic, as the current state of the world is not procedural, but a timedependent and otherwise static information. The media
contents themselves are stored in a directory structure
which is neither part of the dialogue manager nor the
UI. Whenever media is needed, the dialogue manager
initiates a query to the ontology, which responds with
the path to fitting content.
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6. Knowledge management
An instruction, solely based on an action sequence
and its abstraction (“How is something done?”) is not
adequate, as novice users require further information
about tools and materials (“How can I identify this
drill?”). To provide coherent assistance, the knowledge
used by the planner and conveyed in explanations must
be in sync [34, 35]. We achieve this by separating factual knowledge and procedural knowledge. Procedural
knowledge is stored in the planning model (which is
further discussed in Sec. 7), while factual knowledge
is stored in a separate ontology. When one of the system’s components needs information, it is passed on in
an appropriate format. For example, when the planner
is searching for a plan involving drilling, the planner’s
work includes checking if the combination of materials used, the drill’s configuration (battery and inserted
drill bit) and settings (e.g. suitable rotation speed per
type of wood) is appropriate for instantiating the corresponding task. Such factual knowledge is stored in the
system’s ontology and made available for planning.
The ontology models the following aspects of the
DIY domain:
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• A taxonomy of DIY concepts is modelled in
the TBox. This includes the formalisation of
power tools and their properties, together with
attachments (e.g. screw bits) and other materials (e.g. screws, types of wood, etc.). The
concepts are used in subsumption axioms, e.g.
PSR18Li2vDrill-Driver (as in line 1 in Fig. 4a)
states that any instance of the concept PSR18Li2
is also an instance of the concept DrillDriver.
Properties of concepts are assigned using (object
and data) properties. For example, line 4 in Fig. 4a
states that Philips screw bits have a cross shape
as a visual feature and line 6 describes a concept
defined by the value of a data property.
• Concrete objects (instances of their respective
concepts) that are available. These instances are
modelled using the ontology’s (assertional) ABox.
For instance (cf. Fig. 4b), if the ABox specifies that there exists an instance drill-1 of the
class DrillDriver (expressed as DrillDriver(drill1)), this instance can be used in planning (and the
respective information is passed on to the planner
as part of the initial state). The state of individual
objects prior to planning is also represented, for
instance whether a battery is loaded.
• Relationships that represent valid combinations
of tools, materials and settings in line with DIY
know-how. These combinations are treated as factual – for instance, consider that for establishing a
screw connection in softwood with a 4 mm screw,
pre-drilling with 3 mm diameter and a moderate
speed setting is appropriate. This information is
passed on to the planner, where the existence of
such valid combinations is used as a condition for
executing the corresponding tasks. These n-ary
relationships are stored in the ABox, using concepts from the TBox.
• Instructional texts and references to image and
video materials. Each potential task is assigned a
text (in English and German), a reference to an
image, and a reference to a video where the execution is demonstrated. Like DIY concepts, instructions are arranged in a hierarchy (in the TBox).
This information provides a common basis both for
the plans generated by the planning component and
the information passed on to the user through dialogue
management and user interface. Reasoning is used to
establish all facts that are implicit in the formalisation
(e.g. that an instance of a particular type of drill driver
is also a drill).
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PSR18Li2vDrillDriver
DrillDriver vDrill
PhilipsScrewBit vScrewBit
PhilipsScrewBit v∃hasVisualFeature.CrossShape
PhilipsScrewvScrew
WoodScrew4mm≡WoodScrew
u∃hasDiameterInMM =“4”
WoodScrew4mmvWoodScrewBetween4And6mm

9
10

(a) TBox excerpt.
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PSR18Li2(drill−1)
Softwood(back)
Softwood(tray )
HoleShape(round−hole−3mm)
PhilipsWoodScrew(screw−1)
hasDiameterInMM(screw−1,“3”)

19
20

(b) ABox excerpt.
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Fig. 4. Excerpt of ontological facts in the TBox (a) and the ABox (b)
for the running example.
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1 ScrewConnectionConfig(config1 )
2 (∃ScrewConnectionConfig_materialType1.Softwood)
3
( config1 )
4 (∃ScrewConnectionConfig_materialType2.Softwood)
5
( config1 )
6 (∃ScrewConnectionConfig_screwType.
WoodScrewBetween4And6mm)(config1)
7 (∃ScrewConnectionConfig_holeShape1.RoundHole3mm)
8
( config1 )
9 ScrewConnectionConfig_rotarySpeed(config1 ,1800)
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Fig. 5. Example for a configuration stored in the ontology.

6.1. Factual knowledge for planning
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The generation of a suitable plan depends on available tools and materials and their properties. A description of what objects are available and their general properties is passed on to the planner to become
part of the initial state of the planning problem. For example, if the ontology specifies in its ABox that an instance of a DrillDriver is available, all inferable properties with respect to the TBox (e.g. that a DrillDriver
can be used as a Drill, and therefore also this particular machine) are also available to the planner. Concepts
in the ontology correspond to types in the planning

9

domain and individual objects are modelled as constants in the planning domain. For example, the assertion DrillDriver(drill-1) is represented as drill-1
- DrillDriver in PDDL syntax, which declares
that the object drill-1 exists and is a member of the
type DrillDriver. When requested, the ontology
manager transfers a list of all known instances in this
format to the planner.
The information modelled in the ontology includes
n-ary relationships in the ABox that represent valid
combinations of tools, materials and settings (henceforth referred to as “configurations” [10]). For instance, one might stipulate that a valid combination of
parameters for connecting two pieces of softwood using a wood screw of 4 to 6 mm diameter involves predrilling a hole of 3 mm diameter with moderate rotary speed. In first-order logic, one could, for example,
write:
∀x; y; z; q : Softwood(x) ∧ Softwood(y)
∧ WoodScrewBetween4And6mm(z)
∧ RoundHole3mm(q)
→ screwConnectionConfig(x, y, z, q, 1800)
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This statement refers to a so-called concept product (cf. [36]); a property is defined (in this case
screwConnectionConfig) that connects together the instances of several concepts (Softwood, WoodScrewBetween4And6mm, RoundHole3mm), thus corresponding
to the Cartesian product of the concepts’ set-theoretic
interpretation. However, concept products are not natively supported by typical description logics and ontology reasoners. Since ontology languages are usually restricted to binary relations (properties), we use
reification to express such n-ary relationships. For each
combination of parameters, we introduce an individual
to represent the combination and link it to its elements
using several binary (concrete or abstract) properties.
As an example, consider the set of ABox assertions in
Fig. 5. The individual conf1 is introduced to link together several attributes (material type, screw type, rotary speed), where attributes are either specified using
the form (∃r.A)(c), where c is the introduced individual and r the property representing the attribute, or they
are specified using data properties (to assign data values such as the number 1800 in the example). These
specifications are passed on to the planner in PDDL
format, in case of the example:
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conf1 - ScrewConnectionConfig
conf1 - Config
(materialType1 conf1 Softwood)
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(materialType2 conf1 Softwood)
(screwType conf1 WoodScrewBetween4And6mm)
(holeShape1 conf1 RoundHole3mm)
(rotarySpeed conf1 1800)

The first two assertions declare that the object conf1
is a member of both the ScrewConnectionConfig
and the Config types. Note that conf1 - Config
is obtained by inference (since the ontology entails
Config(conf1)). The latter five assertions declare facts
that are true in the initial state. Normally, the arguments of such facts must be objects (while numbers
like 1800 are treated as objects) and not types, as is
the case when configurations are translated. How the
planner handles these kinds of facts is described in
Sec. 7. In planning, these configurations serve as a
kind of forall-statement (as motivated above). That is,
these configurations are used to specify which combinations of parameters are allowed for instantiating
a task (for instance, all instances of WoodScrewBetween4And6mm are candidates according to the example configuration), as illustrated in Sec. 7.
6.2. Instructions
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Whereas planning ensures that the proposed actions
are executable and lead to the goal, the concrete instructions provided to users of an assistance system
need to convey how a task is actually carried out. This
is particularly true if Alice is about to perform an elementary operation for the first time. For each task,
we provide a text in English/German (authored by following manuals and textbooks), an image showing the
operation being carried out, and a video. These collections of texts and links to the associated media are
maintained in the ontology. Planning instantiates the
generally available tasks with parameters, for instance,
when a particular drill is selected for instantiating a
drilling task. For any combination of parameters (e.g.
a drill driver PSR18Li2 together with a 15 mm Torx
screw, to pick up the example from Sec. 4), the best
fitting instructional material needs to be retrieved from
the ontology (e.g. an image showing the specific type
of drill with a specific attachment, if possible). For this,
we use classification: A taxonomy represents classes
of actions, which are characterised by properties such
as “uses a drill of type A”.
When a plan is generated, its tasks and actions are
instantiated with parameters. For instance, assume that
planning instantiates the Connect_Screw method with
the following arguments (specifying that drill-1 and
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screw-1 are to be used to connect two objects):

1
2

ConnectScrew(drill-1, object-1, object-2,
screw-1)

3
4
5

Using classification in the ontology, the most specific
instruction is determined that fits the description of an
instantiated task, and the relevant materials are provided to be shown in the user interface. To enable classification, an instance i representing this task is created in the ABox together with its (reified) arguments
(where the auxiliary properties instr_arg1–n connect
the task with its arguments):
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instr_name(i,Connect_Screw)
instr_arg1(i,drill-1)
instr_arg2(i,object-1)
instr_arg3(i,object-2)
instr_arg4(i,screw-1)
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In the ontology’s TBox, concepts define classes of
tasks and actions. Subsumption is used to define a taxonomy of (increasingly specific) instructions. For instance, the axiom

21

Instr_Connect_Screw_PSR18Li2 ≡ Instr_Connect_Screw
u ∃ instr_arg1.PSR18Li2

25

defines that the concept Instr_Connect_Screw_PSR18Li2 is a refinement of Instr_Connect_Screw. Further
axioms specify the associated properties and data (references to image and video content) for the defined instruction concepts.
Classification establishes that:
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Instr_Connect_Screw_PSR18Li2(i),
Instr_Connect_Screw(i),
Instr_Connect_Screw_PSR18Li2 v Instr_Connect_Screw,

35

so Instr_Connect_Screw_PSR18Li2 is the most specific Instruction concept that fits the task under consideration. The associated video, image and text are retrieved for presentation.
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6.3. Generated textual descriptions
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As briefly mentioned in Sec. 4, the user may query
the system for the available information pertaining
to a particular object or category of objects. For instance, the user might ask “What is a PSR18Li2?” or
“What does a Philips screw bit look like?”. A textual description is then generated using the informa-
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11

Spruce is softwood, thus screwing a 3 mm screw into
spruce applies to softwood.
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Fig. 6. The system’s reply to “What does a Torx screw bit look like?”.
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tion formalised in the ontology. For a general description (“What is a PSR18Li2?”), the ontology axioms
relating to the concept (or to an instance of a concept) are collected, including inferred axioms. The axioms are ordered heuristically; first simple subsumptions (e.g. PSR18Li2vDrillDriver; “A PSR18Li2 is a
drill driver”) are output, then axioms specifying the use
of the object (identified by a property isSuitedFor), and
lastly the remaining properties. For the generation of
text from axioms, we use the verbalisation tool presented by Schiller et al. [27]. The visual appearance associated with a concept is formulated using a dedicated
property hasVisualFeature, such that these axioms are
retrieved for questions such as “What does a Philips
screw bit look like?”, yielding, for example: “A Philips
screw bit has the shape of a cross”. These answers are
further supplied with an image, as shown in Fig. 6.
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6.4. Generated explanations
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Then a second inference step applies:
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Screwing3MMScrewIntoSpruce v ∃ materialType. Spruce

14

19

4

10

11

18

2
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The statement “screwing a 3 mm screw into spruce applies to softwood” is a logical consequence of the first
and the last axiom in Table 1. This is the result of the
application of two inference rules. First the conjunction of the equivalence (the last axiom in Table 1) is
eliminated, yielding:
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16

1

As briefly mentioned in the introduction, facts inferred from the ontology can be justified by the facts
from which they were derived and the inference steps
by which they were obtained. To take up the example
from the introduction, consider the statements in the
ontology shown in Table 1. Together these facts entail the statement Screwing3MMScrewIntoSprucev ∃
doesNotRequire.Predrilling. We use a rule-based reasoner together with a template-based mechanisms to
translate the generated proofs to natural language text
(cf. [27]). We exemplify this process with the first
statement of the generated text presented in the introduction:

Screwing3MMScrewIntoSpruce v ∃materialType. Spruce
Spruce v Softwood

Screwing3MMScrewIntoSpruce v ∃materialType.Softwood

A straightforward approach to verbalisation would
now for every step first turn all of the premises into
text, and then the conclusion. This results in long,
repetitive output. To make the texts shorter, we employ some heuristics (which are discussed in more detail by Schiller et al. [27]). Firstly, we distinguish between those inference rules that are to be verbalised,
and a set of inference rules that are considered too trivial for verbalisation. This applies, for instance, to conjunction elimination as employed above. So the intermediate conclusion that “screwing a 3 mm screw into
spruce applies to spruce” is not output. Secondly, we
keep track of those statements that we assume Alice
to be already aware of, including those statements that
are implied by unverbalised inference rule applications
as above. So when the second inference rule is applied,
only one of the premises (“spruce is softwood”) is being output together with the conclusion. A more detailed discussion of the employed techniques aimed at
shortening the generated explanations is provided by
Schiller et al. [27].
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7. Planning
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The instructions presented to Alice by ROBERT are
based on an automatically generated plan. This ensures
that the instructions achieve the user’s objective. It also
provides a suitable mechanism for adapting ROBERT’s
assistance to different environments, e.g. to the tools
and materials available to the user. Without planning,
we would have to manually specify instructions for
every imaginable situation, which is, due to the vari-
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Table 1
Ontological facts from which Screwing3MMScrewIntoSprucev ∃doesNotRequire.Predrilling can be derived. Note that labels in the ontology are
used to replace concept and property names in the verbalisation with names that are deemed more natural to users, e.g. “applies to” instead of
“materialType”.

Axiom

Verbalisation

Spruce v Softwood
Screw3MM ≡ Screw u hasDiameterInMM =“3”
Screw u∃hasDiameterInMM =“3” v SmallScrew
ScrewingSmallScrewIntoSoftwood ≡ ∃ materialType.
Softwood u ∃ screwType. SmallScrew
ScrewingSmallScrewIntoSoftwood v ∃ doesNotRequire.
Predrilling
Screwing3MMScrewIntoSpruce v ∃ materialType.
Spruce u ∃ screwType. Screw3MM

“Spruce is softwood.”
“A 3 mm screw is a screw that has a diameter of 3 mm.”
“A screw that has a diameter of 3 mm is a small screw.”
“Screwing a 3 mm screw into softwood is something that applies to softwood and that is done with a small screw.”
“Screwing a small screw into softwood does not require predrilling.”
“Screwing a 3mm screw into spruce is something that applies
to spruce and that is done with a 3 mm screw.”

ability in the DIY setting, simply impossible in practice. Planning allows ROBERT to find instructions even
in previously unknown situations, simply by providing
the planner with a description of the current state, and
thus to find best-fitting instructions for the given circumstances. This is especially important as the available tools and materials are expected to differ widely
from user to user and situation to situation. Before the
assistant has been started by Alice for building a key
rack, ROBERT does not know the type of wood Alice has (e.g. hard or soft, which kind of tree) or the
sizes and types of screws, if she even has screws – she
might just have a set of nails. ROBERT is only informed
about these circumstances once it is activated by the
user and thus has to flexibly adapt to the new situation
without the possibility of prior knowledge. ROBERT
can deal with a wide variety of tools, each differing in
their capabilities and possible configurations. For example, a Bosch IXO does not have a gear switch, while
a PSR18Li2 does. If ROBERT is to assist Alice in using the latter drill, it should instruct her to configure
the gear switch according to the material she is drilling
into, but not do so if she has a Bosch IXO. ROBERT’s
planner adapts the given instructions to these conditions at run-time, based on the procedural planning
model and the information about these devices stored
in ROBERT’s ontology. This allows ROBERT to provide
instructions that are fitting exactly to the situation at
hand – in contrast to, e.g. a generic instructional video.
ROBERT’s lifted model-driven approach allows for
easy scalability to both new tools and materials as well
as to new types of projects. For example, whenever a
new model of electric drills is released, it suffices to
add a description of its abilities and configuration options to the ontology. Based on our coupling between
planning model and ontology, this information will au-

tomatically be taken into account by the planner and
instantly enable instructions using this new device to
the best of its capabilities.
We start by introducing the primitive action theory used by ROBERT and describe its connection
with ROBERT’s ontology. Thereafter, we show how
ROBERT uses hierarchical planning to formulate its
goals and detail on the advantages we draw from
ROBERT’s hierarchical planning model.
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7.1. Action model and connection to the ontology
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ROBERT’s planning domain contains lifted descriptions of a wide variety of possible actions in the DIY
environment. This includes (but is not limited to):
adding and removing batteries, adding/removing drill
bits and saw blades, drilling holes, putting screws in
them, inserting pegs into holds, sanding surfaces, fixing objects together, etc. These lifted descriptions provide a factorised representation of a multitude of actions with structurally similar preconditions and effects. For example, there is only one action to attach a
battery to a device in the model. Its action description
defines two parameters – the battery and the device.
Every assignment of these two parameters to objects in
the model constitutes a valid instantiation of the action
for attaching a battery. Based on the lifted model and
all available objects, we can compute all valid instantiations (called groundings) of all actions.
The actions in ROBERT’s planning model are specified in a fairly general fashion. This generality allows for automatic adaptation to, e.g, new tools, without the need to alter the planning model. For example,
the action Drill_Screw represents driving a screw
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(:action Drill_Screw
:parameters (?drill - Drill
?o1 - Connectable ?o2 - Connectable
?screw - Screw)
:precondition (and
(usable ?screw) (usable ?o1) (usable ?o2)
(imply (typeOf ?o1 HomObj) (fixated ?o1))
(imply (typeOf ?o2 HomObj) (fixated ?o2))
(exists (?b - Battery) (and (AttachedBattery ?drill ?b) (hasEnergy ?b)))

3
4
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8

(exists (
?sb - ScrewBit
?sbh - ScrewBitHolder
?screwType ?screwBitType - Type
?rpm - Number
?ds - DrillSettings
) (and
(AttachedShank ?drill ?sbh) (AttachedShank ?sbh ?sb)
(typeOf ?sb ?screwBitType)
(typeOf ?screw ?screwType)
(Drill_settings ?drill ?ds)
(DrillSettings_direction ?ds right)
(DrillSettings_rotarySpeed ?ds ?rpm)
(exists (?sc - ScrewingConfig) (and
(ScrewingConfig_screwType ?sc ?screwType)
(ScrewingConfig_screwBitType ?sc ?screwBitType)
))
(exists (?scc - ScrewConnectionConfig ?ot1 ?ot2 - Type) (and
(typeOf ?o1 ?ot1)
(typeOf ?o2 ?ot2)
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(ScrewConnectionConfig_screwType ?scc ?screwType2)
(ScrewConnectionConfig_materialType1 ?scc ?ot1)
(ScrewConnectionConfig_materialType2 ?scc ?ot2)
(ScrewConnectionConfig_rotarySpeed ?scc ?rpm)
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(forall (?hs1 - HoleShape) (and
(imply (ScrewConnectionConfig_holeShape1 ?scc ?hs1) (holeShape ?o1 ?hs1))
))
(forall (?hs2 - HoleShape) (and
(imply (ScrewConnectionConfig_holeShape2 ?scc ?hs2) (holeShape ?o2 ?hs2))
))
))
))

27
28
29
30
31

)
:effect (and
(not (usable ?screw))
(connected ?o1 ?o2 ?screw)
)

32
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)
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?screw through two objects ?o1 and ?o2 using any
kind of electric drill ?drill in order to connect them
with each other. Each of the involved objects is represented by a parameter of the action Drill_Screw.
Fig. 7 contains a simplified version of the action that
is contained in our model. ROBERT’s model contains
further preconditions that pertain to further configuration options of drills. Clearly, it is not possible in the
real world to execute Drill_Screw with an arbitrary
combination of materials, drills, and screws, i.e. an arbitrary combination of parameters. For example, one

50
51

37

Fig. 7. Declaration of the action Drill_Screw in ROBERT’s planning model.

38

5 Names

of variables in PDDL start with a question mark.

38

cannot use a Bosch IXO drill and a wood screw to connect a metal plate to a concrete wall. Drill_Screw’s
preconditions first check the procedural requirements
of driving a screw: that the screw and the objects we
want to connect are usable (e.g. the screw is not already
connected to something else), and fixated if necessary,
and that a charged battery is connected with the drill.
This information is purely procedural and as such fully
modelled in the planning domain.
The second part of Drill_Screw’s preconditions
asserts that the configuration in which we are using
the drill is actually allowed. These rules are not modelled inside the action’s preconditions, but are stored
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in ROBERT’s ontology, since they constitute factual
knowledge. Drill_Screw references these information and checks whether the state we are currently
in complies with them. First, Drill_Screw checks
whether the bit inserted into the drill matches the screw
we want to use (line 24-27). Second, Drill_Screw
checks whether the drill’s settings (e.g. rotation speed)
are compatible with the material we are driving the
screw into and that connecting the objects ?o1 and
?o2 using the selected screw and drill is possible
(line 28-43). Both of these checks use our configuration mechanism [10], which is based on storing allowed configurations inside the ontology and referencing them in the planning model. As described in
Sec. 6.1, configurations are stored in the ontology as
reified n-ary connections between concepts, numbers,
truth values, and individuals. An example can be found
in Fig. 5. Each individual axiom of such a configuration is transferred to the planner in form of a triple (r
i X), where r is the role, i.e. a property of the configuration and i is the instance representing the configuration. X can either be an individual in the ontology,
a number, a truth-value, or a concept. Individuals correspond to objects in the planning model and we similarly interpret numbers and truth values as ordinary objects. These triples express that a specific object X is
part of the configuration.
In case X is a concept C, the situation is slightly
more complicated. Consider a given configuration instance iconf with corresponding triples (r1 iconf
C1 ), . . . , (rn iconf Cn ). They denote a valid configuration for any combination of objects o1 ∈C1 , . . . ,
on ∈Cn . Such a configuration thus specifies a restriction based on sets of objects (which correspond to individuals) and not on individual objects. In the planning
model, we could interpret any such triple as a fact (r
i C). Unfortunately, PDDL lacks support for such expressions, as the arguments of facts are restricted to
be objects and not types (which mirror concepts in
the ontology). We have therefore extended the allowed
expressions of PDDL to also allow for such expressions and we introduced a typeOf keyword, which
determines for an object ?o its type ?ot [10].6 This
way, the configuration shown in Fig. 5 as stored in
the ontology is transformed into five facts contained
in the initial state of the planning problem, shown in
Fig. 8. This enables us to refer to these configurations
6 Technically,

we introduce a new object s_C for each type C and
thereafter treat s_C as an ordinary object, while adding all necessary
instances of the typeOf predicate to the initial state. The typeOf
predicate can be handled as an ordinary predicate on the constants
s_C representing types.
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in Drill_Screw’s preconditions. There we check
whether a configuration exists that allows for executing Drill_Screw in the state in which we are currently in. As such, we qualify in line 28 of Fig. 7
the reified configuration ?scc, which allows driving
a screw in the current state. Since the configuration
relates concepts to each other, we first have to determine the types of all relevant objects (see lines 19–20
and 29–30). Based on these types, we check whether
the selected configuration allows for relating constants
of these types (lines 32-35). Further, there are cases
where configurations are not necessarily complete. For
example, the configuration shown in Fig. 8 specifies
a holeShape1 but not a holeShape2, indicating
that the top object through which the screw is driven
must be pre-drilled, but not the bottom object. This is
expressed in the Drill_Screw action in lines 37–42.
We use the same pattern of checking configurations in all primitive actions inside the planning model.
As such, the planner requests, at the beginning of
each planning process, all known configurations from
the ontology and adds all returned facts to the initial
state. This modularity is central for the scalability of
ROBERT: whenever a new tool is added, it suffices to
add new configurations for it to the ontology (if this
is even necessary, as configurations can also refer to
high-level concepts). The planner will automatically
load them from the ontology and will be able to apply,
e.g. Drill_Screw with a newly added tool and will
be able to configure it appropriately.
We also use ROBERT’s primitive action model to
ensure that we never provide instructions to the user
that might lead her to a dangerous situation. For example, some devices are in general considered dangerous
if a battery is connected to them – most notably this
holds for electric saws. For those devices one should
not change attachments if the battery is still attached,
which we can check in the action that adds and removes sawing blades for the saw and other similarly
dangerous devices. Further we can use preconditions
to, e.g. check that Alice wears gloves and safety glasses
when performing potentially dangerous actions.
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7.2. Abstraction hierarchy and HTN planning
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As stated in Sec. 2, ROBERT uses HTN planning to
formalise its planning domain. HTN planning domains
distinguish two types of tasks: primitive actions and
abstract tasks. Drill_Screw is an example for an
action in ROBERT’s domain. From the planner’s point
of view, there is no need to refine Drill_Screw into
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(ScrewConnectionConfig_materialType1 config1 Softwood)
(ScrewConnectionConfig_materialType2 config1 Softwood)
(ScrewConnectionConfig_rotarySpeed config1 1800)
(ScrewConnectionConfig_screwType config1 WoodScrewBetween4And6mm)
(ScrewConnectionConfig_holeShape1 config1 RoundHole3mm)
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Fig. 8. Example for a configuration stored in the ontology.

more basic steps as all (potential) variability in executing it can be handled by the dialogue manager. Abstract tasks t ∈ T , on the other hand, model more
complex, high-level activities. Consider as an example Connect, which represents the act of connecting
two objects. It is abstract as (a) it can consist of several
primitive actions, e.g. fixating the two objects, (potentially) pre-drilling holes for the screw, configuring the
drill for screwing, driving the screw, and loosening the
fixation again, and as (b) there is multitude of options
to conduct Connect, e.g. by using screws, nails, or
pegs.
Fig. 9 specifies the method Connect_Screw as
an example. It is expressed using an extension of
PDDL for expressing HTN domains. The method
Connect_Screw provides a means to decompose
the abstract task (Connect ?o1 ?o2) (line 3). The
high-level semantics of Connect is that if executed,
it ensures that its two arguments ?o1 and ?o2 are
connected. This abstract task however does not specify
how this connection is to be made nor does it specify
any tools used to connect ?o1 and ?o2. The method
Connect_Screw specifies one possible means to
achieve the goal represented by Connect: driving a
screw through both objects. To this end, it specifies a
sequence of (both primitive and abstract) tasks (lines
5-11), that, if executed, will establish the connection.
Here, each line specifies an individual subtask of the
method, i.e. a task in the method’s task network. The
method also specifies the order of the task network in
saying that it is a total order of the subtasks (line 4).
First, holes are (potentially) made into ?o1 and ?o2
(lines 5 and 6), a process called pre-drilling. These
tasks are again abstract and offer two options for decomposition: either drill a hole or do nothing. This generality is necessary as there are materials and screws
where pre-drilling none, one, or both objects is necessary. The determination which of the two objects is to
be pre-drilled is made by the planner by choice of suitable decompositions. Here, configurations again come
into play. Connecting ?o1 and ?o2 will only be possible if both objects are appropriately pre-drilled. The
method itself does not take this information into ac-

8

count with the aim of keeping the planning domain as
general as possible. This generality again enables us to
integrate new tools and materials without the need to
alter the planning model at all.
After these two abstract tasks are completed, the
method Connect_Screw ensures that a battery and
some shank object (e.g. a screw bit) are inserted into
the drill ?drill, i.e. that the drill is properly prepared. Again these two tasks might do nothing, as, e.g.
a battery may already be present in the drill. Similarly,
the configuration checked in Drill_Screw ensures
that the correct bit has been inserted into the drill. Next,
the two objects to be connected may have to be fixated, then the screw is driven using the selected drill
?drill. Lastly, the two objects can be un-fixated. After these tasks have been completed, ?o1 and ?o2 are
connected.
The goal formula used in ROBERT enforces that the
work area is cleaned up after the project and that all devices are stored properly. The initial abstract plan specifies the project itself, i.e. it consists of abstract tasks
that, if executed, ensure that the project is completed.
Since we cannot expect users to specify these plans,
we provide a library of possible initial plans, i.e. DIY
projects. Users can simply select the project they want
to build. Afterwards, the planner generates a plan for
this project, which adapts the project to the users’ individual circumstances.
To generate the plan based on the domain, the initial state, and the goal description, we use the HTN
planning system PANDA [37]. It offers a wide variety
of algorithms for solving HTN planning problems. In
ROBERT we use a configuration which translates the
HTN planning problem into a propositional formula
and then passes it on to a SAT solver [31, 38, 39]. From
the resulting valuation, we can extract both the primitive actions necessary to complete the project, as well
as the decomposition hierarchy that led to this particular plan.

9

7.3. Exploiting the task hierarchy
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In addition to flexibility when it comes to the definition of the goal, HTN planning also allows us to
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(:method Connect_Screw
:parameters (?drill - Drill ?o1 - Connectable ?o2 - Connectable ?screw - Screw)
:task (Connect ?o1 ?o2)
:ordered-subtasks (and
(MaybeMakeHole ?o1)
(MaybeMakeHole ?o2)
(EnsureBattery ?drill)
(EnsureShank ?drill)
(MaybeFixateTwo ?o1 ?o2)
(Drill_Screw ?drill ?o1 ?o2 ?screw)
(MaybeUnFixateTwo ?o1 ?o2)
)
)
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Fig. 9. Example of a method for connecting two objects ?o1 and ?o2 using a single screw ?screw.
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significantly enhance ROBERT’s abilities to communicate the contents of the individualised project to the
user. We use the decomposition hierarchy returned by
the planner to create an abstract version of the found
primitive plan tnSol . Technically, this plan is a task network tn∗ containing abstract tasks that can be reached
from the initial plan via decomposition and from which
the solution tnSol can be reached via decomposition.
In essence, this task network is an intermediate refinement step on the way to the solution tnSol . We compute tn∗ by applying the decomposition methods used
to obtain tnSol from tnI backwards, i.e. by replacing the
tasks contained in a method by the method’s abstract
task. This process starts with the solution tnSol and is
repeated until a task network of the desired level of
abstraction has been reached. We further apply methods such that we achieve uniform decomposition depth
for all tasks in tn∗ . The depth of a task t is the number of consecutively applied decompositions needed to
reach t from the initial plan. This depth corresponds
to the level of abstraction a task has. For backwards
application of methods, we always consider tasks with
the highest decomposition depth. This ensures that the
tasks in the determined task network tn∗ are roughly at
the same level of abstraction.
At the moment, we create only one abstract plan tn∗
by reducing the size of the task network until it has
less than seven tasks (cf. capacity of the human shortterm memory [40]). In our key-rack example, this abstract plan consists of four abstract tasks (see Fig. 10).
These correspond to the four basic tasks in building a
key rack:
(1)
(2)
(3)
(4)

sawing a plank into two boards,
connecting the boards,
attaching two hangers to the back, and
adding four hooks to the tray.
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Cut(board,back,tray)
Connect(back,tray)
Attach(hanger,2)
Attach(hook,4)
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Fig. 10. Abstract plan found in the key-rack example.
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ROBERT uses the abstract plan tn in two ways.
First, ROBERT shows Alice a progress bar for her
project based on tn∗ at the top of the user interface (see,
e.g. Fig. 2). Every primitive action in the solution tnSol
is derived via decomposition from exactly one task t in
tn∗ . Whenever we present a primitive action to the user,
we highlight the abstract task t in the progress bar. This
display serves both as an orientation to the user, as well
as provides instant positive feedback. Thus, Alice can
keep track of her progress in completing the project.
The advantage of using an abstraction for this purpose
is that the completion of a step shown in the progress
bar corresponds to completing a logical activity within
Alice’s current project.
In addition to showing the user an automatically
generated progress bar, we use the abstraction to determine the numbering of instructions. Instead of globally
numbering steps (“step 12 of 42”), we assign a chapterlike numbering to primitive actions (“2.5 of 2.10”, i.e.
5 of 10 in part 2). This leads to smaller number of
steps-to-be-performed shown to the user, which again
serve as a motivational factor.
Second, we are able to provide Alice not only with
instructions based on the detailed sequence of primitive actions, but also on a more abstract level. As such,
we present the steps of tn∗ in the same way as we
present primitive actions. This is especially useful for
the user to get an overview of the project and to only
then perform the detailed instructions of the plan. It
is also more suitable for users who might be able to
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perform individual steps on their own using their prior
knowledge, but lack the required skills for other tasks.
Alice can choose on a task-per-task basis whether abstract instructions suffice or whether more detailed instruction is necessary. See the following Sec. 8 for further details.
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8. Dialogue management
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Traditionally, the task of a dialogue manager of
a user interface is to receive a semantic representation of the user input, spoken or expressed through
other modalities, and, depending on the application as
well as on the dialogue state, to select an appropriate system reaction. In ROBERT, the dialogue management controls the communication between the user
and the components providing assistance, i.e. ontology manager and planner. Furthermore, it is responsible for the system’s robustness by compensating for
low speech recognition performance (e.g. confidence
measures) and by establishing common ground with
the user (confirmation strategies). A detailed description of the implementation and functionality of our dialogue manager is provided in the following. We provide insight into the concepts of our approach before
we focus on the implementation.
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8.1. Concepts
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For rendering our system ubiquitously accessible
and to allow for a modular extensible architecture, we
follow a distributed client/server-based approach. The
client is formed by a browser interface, which is able
to process multimodal user input and to present multimedia content. On the server side a HTTP web service handles requests from the interface and conveys
the user input to the dialogue component. The web
service is designed following the REST (REpresentational State Transfer) paradigm [41]. The main advantages of this paradigm are architectural constraints intended to reduce latency and network communication,
while optimising the independence and scalability of
server components. However, our web service is not
RESTful to a full extent, as we cannot render the server
stateless due to the fact that tracking of dialogue state
and history are essential for dialogue management development.
Another main concept of our approach is to make
use of cloud-based cognitive services for automatic
speech recognition, language understanding, and text-
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to-speech synthesis. Relocating these services into the
“cloud” holds several advantages, but also some disadvantages, which we discuss as well. As these operations require considerable processing power, a major
advantage lies in the saving of computing capacity allowing for a more efficient implementation of the user
interface and lower latency.
Furthermore, cloud-services guarantee a high degree
of modularity. As a vast number of individual services
can easily be added by using endpoint queries, the
overall architecture is extensible, flexible, and offers
great maintainability.
A typical disadvantage of cloud-based approaches
is the need for a steady internet connection in order
to function properly. Even nowadays, there exist situations (e.g. a user is working in the basement) in
which internet connectivity cannot be guaranteed. In
such cases restrictions have to be made regarding a natural language interaction, as speech and intent recognition requires server connection. Therefore, the system
needs to be adaptive and provide a "graceful degradation", i.e. maintain basic system functionality, even in
case of a missing internet connection. This topic is currently work in progress, and hence not handled in this
paper.
For the development of our dialogue manager , we
chose an agent-based approach. Characteristically for
this approach, the dialogue is controlled by multiple
agents that are capable of reasoning about their actions
[42, 43]. Moreover, the dialogue is not statically predefined and evolves dynamically, whereby the dialogue
flow is determined at runtime dependent on the current
world state and the agent’s context. This makes the approach especially useful in dynamically changing application domains, e.g. assisting a user in the execution
of a complex task. As each agent can be modelled individually, the benefits from several different dialogue
control models and management strategies can be combined. Our approach utilises agents for interacting with
the planning and knowledge module as well as an agent
handling meta-dialogues, such as information grounding. The implementation of the concepts is described
in the following section.

1

8.2. Implementation
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The multimodal dialogue system of ROBERT consists of a user client interface and of server-based dialogue agents [44]. While the interface receives user input and presents system output, the dialogue agents are
responsible for deciding on appropriate system actions,
e.g. provide explanations on according user request.
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8.2.1. User client interface
As front-end to our system a multimodal graphical interface is implemented using the Vue.js7 framework. The JavaScript-based framework allows for creating incrementally scalable web pages, which are easy
to maintain and offer a high reactivity using dynamic
data binding. Those features are deemed best for developing a sophisticated multimodal web interface which
provides methods for handling dialogue input as well
as output. Our interface supports three different input
modalities: Speech, text, and touch/click input.
Due to the need for hands-free communication during the execution of a DIY project, speech input serves
as the primary modality. We use the Google Chrome
web browser’s own speech-to-text service in combination with the annyang.js8 JavaScript library. The annyang.js library provides a keyword-spotting ability,
enabling ROBERT to separate between requests of Alice directed at the user interface and those involving
the reasoning capabilities of ROBERT.
When Alice solely wants to control elements of
the user interface, e.g. navigate through the presented
slides, an interaction with the backend of ROBERT is
not required. As such, simple commands like ‘next’
or ‘go back’ are spotted by annyang.js and processed
without informing the dialogue manager.
For addressing the cognitive modules of ROBERT a
certain keyword is necessary. After saying that keyword, subsequent speech input is converted into text
and forwarded to the system for further processing.
The purpose of this approach is to avoid that ROBERT
reacts to off-topic talk as, per default, speech recognition is permanently activated, unless the user disables
speech input by pushing a button. Instead of speech
input, it is also possible to communicate directly to
the system via text input and to navigate through the
slides showing plan steps by touching direction arrows
or swiping gestures on the tablet’s screen.
To provide visual queues to Alice, whenever an instructional text is displayed on the user interface, we
automatically highlight those words corresponding to
concepts in the ontology. This tells Alice for which
words more detailed descriptions and explanations are
available (see Fig. 11). Moreover, these highlighted
words can also be used as links, i.e. Alice can request
an explanation for them via touch.
Dialogue output is presented depending on the
user’s request. If Alice has requested ROBERT to as7 https://vuejs.org/

8 https://www.talater.com/annyang/
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sist her in a DIY project, i.e. has uttered a request for
planning, the resulting plan is shown as a sequence of
slides using the vue-slick.js library, where each individual slide corresponds to one plan step of the plan π
found by the planner. If Alice has requested an explanation or background information, the respective content is conveyed in the form of text and synthesised
speech, also using Chrome’s speech service. Fig. 11
shows a slide instructing the user to perform an action
(here inserting the saw blade) that has been generated
based on the plan step passed on by the planner.

1

8.2.2. Server-based dialogue agent
User input from the client interface is sent to an
HTTP API server used as the platform for dialogue
management. The service can be accessed by using
standard HTTP methods. For manipulating the resource, we make use of create, read, update, and delete
(CRUD) messages:

12

create is used to add new users via the HTTP POST
method. New users have to register for the service by setting up a user profile including login
data for later authentication. Upon registration, a
new user is assigned to the resource /users, creating a subordinate instance /users/{id}. For handling multiple, parallel user dialogues, each user
instance obtains its individual dialogue manager
and can be accessed by sending requests to the
resource /users/{id}.
read is used for authentication and retrieving individual user profiles. In order to use ROBERT, a registration and login is required. Via the HTTP
GET method, authentication information from
all users is gathered from the resource /users and
used for individual user validation. Furthermore,
the method retrieves a specific user profile when
called on an ID resource. This can be applied,
for example, for individualisation of the user interface depending on the current user profile.
update is used to forward user input to the dialogue manager via the HTTP PUT method on
the resource /users/{id}. The arriving input is
processed by the individual dialogue manager
instance of the respective user and the result
passed back to the user interface.
delete is used to delete an individual user profile or all
user information at once via the HTTP DELETE
method.
For controlling the interaction flow, we implement
separate dialogue agents, each responsible for communication with one specific module of ROBERT, i.e.
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Fig. 11. A representation of a task step as depicted on the user interface. On the upper screen the user obtains information about the current
state of project progress in the form of an overview bar. The user receives a description of the current task in the form of an instruction text in
combination with an illustration visualising the instruction. The instruction text contains links (green highlighted words) on specific concepts
that should prime the user asking for further information. For this purpose, a user may either use speech, touch the links or use text input (see
text field at the bottom). Furthermore, the user can ask for a video, scheme drawing of the project, or for a more abstract plan by either speech
or clicking the appropriate button. In order to navigate through all plan steps the user may use voice commands or click on the respective arrow
icons left or right.

one agent for handling requests related to the planner
(e.g. requesting a step-by-step instruction for a specific
project), another agent responsible for requests regarding factual knowledge and explanations, and another
for handling dialogue-related user input, such as confirmations.
A dialogue agent consists of an individual cloudbased model for natural language understanding (NLU)
as well as a dialogue handler, which is able to process
module-specific requests. Furthermore, dialogue handlers are also used for keeping track of the dialogue’s
state as they are aware of each other and obtain knowledge of the interaction’s history. The interplay between
user interface, dialogue management and the cognitive
modules is depicted in Fig. 12.
Dialogue input is forwarded to all dialogue agents
by the HTTP API Server in the form of a JSON object containing the converted input text and, if already
available, the currently shown task step in the UI.
While the currently displayed plan step is used to link
input to plan- and dialogue-related context information (e.g. position in the plan, previous user input), the
current input text is analysed by the respective NLU
module. For NLU we use Microsoft’s cloud-based language understanding intelligent service (LUIS) [33].
The framework allows creating highly sophisticated

and easily extensible NLU models. The statisticaldriven approach of LUIS relies on the two trainable
concepts Intent and Entity.
Intent refers to the intention of a user, i.e. the purpose of an utterance, whereas an Entity contains meaningful parts of an utterance. For example, when Alice
states the following planning request: “I want to build a
keyrack.”, then, the Intent would be startPlanning,
while “keyrack” would be recognised as value for the
Entity named project.
In Tab. 2, the developed intents and entities of each
model are listed. Intents of each model are designed
to be task-independent as they represent genuine elements of ROBERT’s dialogue with Alice. The list of
all known entities is requested from the ontology manager. This is necessary in order to allow Alice to refer to every concept and individual in the ontology.
The dialogue manager itself is developed to be taskindependent. After the individual LUIS models have
analysed the user input, the response from the model
with the highest confidence is selected and transformed
into an abstract user act by the respective dialogue
agent’s handler.
Dialogue handlers utilise a version of the Information State approach [45]. This approach relies on the
three concepts dialogue move (user input), information
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Fig. 12. Modular architecture of ROBERT. The user interacts with the system through a multimodal interface. A dialogue manager consisting of an
HTTP API Server and three dialogue agents is used for controlling the interaction flow. While doing so, two agents control the dialogue between
user and cognitive modules (HTN Planner and Ontology Manager). Dialogue-related input, e.g. confirmation of information, is processed by an
individual agent.
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Table 2
The developed intents and entities of each NLU model Plan-Related LU handles planning requests (start planning, abstract or refine the generated
plan). In order to request encyclopedic background information (describe) and media content (describeVisual) of a specific ontological concept
(saw, battery, etc.) the Ontology-Related LU is used. This model is also able to handle availability requests. The Dialogue-Related LU handles
the affirmation (affirm) or rejection (deny) of previous provided uncertain information.
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Plan-Related LU
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Dialogue-Related LU

startPlanning
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describeVisual
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deny
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state (dialogue state) and dialogue action (system output).
Depending on the confidence of the agent, a user act
is either forwarded to and processed by the appropriate
cognitive component (planner, ontology management)
or in case of dialogue-related user input, e.g. affirmation of information, directly handled by the intended
agent. Affirmation of information is necessary in order
to deal with uncertain user input, which may have re-
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sulted from poor speech recognition performance. As
LUIS classifies intents and entities with a certain probability, there exists the possibility that the classification
probability is too low for the system to act in a robust
manner.
When the uncertainty about the intent detection is
too high, the system runs a confirmation/grounding
strategy. In the current implementation we use an explicit confirmation strategy. For example, if ROBERT
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recognises that Alice wants to have a description of
a concept (“What is a metal drill bit?”), but is unsure about the concept (metal drill bit) itself, it would
ask the user to confirm the recognized concept (“Do
you want to have a description of metal drill bit?”), to
which the user can respond with “yes” (affirm) or “no”
(deny). Furthermore, the respective agent updates the
dialogue state (plan- and dialogue-related context information, e.g. sequence of plan actions, previous user
input). The result is then transformed into an abstract
system act and returned to the client, where the interface interprets the message and presents the content in
visual and/or spoken form.

21

the DIY context and their attitude towards being assisted with DIY projects by an app. Participants in the
full assistance condition were shown a short tutorial
video introducing how the assistance system can be
navigated using speech and touch commands. The DIY
task consisted of cutting the wooden plank into two
pieces of equal length using the jigsaw, connecting the
two parts using screws (and pre-drilling with the electric drill driver), and attaching hangers and hooks. Participants were filmed during the session, and had to fill
out a comprehensive post-test questionnaire assessing
how they perceived the interaction with the system (as
shown in the appendix).
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9. Experimental evaluation
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The interaction of users with ROBERT was studied
empirically (cf. [46]) with 18 DIY novices (10 females
and 8 males, mean age 33.4 years). The task provided
to the participants was to construct a key rack from a
wooden plank (as shown in Fig. 1) using an electric
drill driver and an electric jigsaw while being assisted
by ROBERT. To test the potential effect of interactive
assistance – as opposed to a more static instruction,
such as a pre-fabricated step-by-step guide – the assistant system was provided in two versions:
• Full assistance: the system as described in this paper, with one restriction: verbalisation was only
used in the form of automatically generated descriptions (cf. Sec. 6.3), generated explanations
(cf. Sec. 6.4) were not offered.
• Baseline: Slides presented instructions at the lowest level of granularity only, using texts (without
links for further descriptions, see Sec. 8.2) and
images (no videos). Voice commands and question answering were not supported. And no help
for tool preparation and operation is provided.
Since our main interest was in studying the interaction with the full assistant, 13 participants were assigned to the full assistance group (six females and
seven males) and five to the baseline group (four females and one male).
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Demographic data was collected in a pre-test questionnaire together with participants’ prior experience
with dialogue systems and with DIY. Furthermore, we
inquired about participants’ help-seeking behaviour in

9.2. Results
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Pre-test replies indicate that most participants can
indeed be considered DIY novices; whereas 15 indicated prior experience with using an electric drill
driver, only three had used a jigsaw before, and three
had used an electric sander. Two participants indicated no prior experience with any electric DIY tool.
The main practical experience reported by the participants was the assembly of pre-fabricated furniture. The
main sources of DIY-related help and information were
friends/relatives (18), the DIY store (11), youtube (9)
and web search (7), but not specialised resources such
as literature or DIY forums. Participants indicated that
they would welcome being helped by a digital assistance system, as a guide for getting acquainted with a
new power tool (average score 4.3 on a five-point Likert scale,9 1: disagree – 5: agree) and as a guide to completing a DIY project (average score 4.1). When being
asked how difficult the participants judged the task of
constructing a key rack, prior to the experiment a mean
of 3.1 was obtained (standard deviation 0.85), and after
the actual experiment a mean of 3.0 (standard deviation
1.1), indicating a mixed perception of the difficulty of
the experimental task.
Within the allocated timeframe of the experiment
(105 minutes including introduction, tutorial video in
the full assistance condition, and questionnaires), 15
of the 18 participants completed the construction task.
Three of the 13 participants in the full assistance condition had not finished their work in time and had to
be cut short whereas all five participants in the baseline condition completed the task in time. However,
this difference between the groups cannot be considered significant. To determine whether this difference
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e.g. Allen and Seaman [47]
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Table 3
Mean scores with standard deviations in brackets on a five point Likert scale ranging from 1 (low) to 5 (high).
Full assistance

Baseline

Total

3.75 (0.52)

3.77 (0.93)

3.76 (0.63)

6

Navigation &
Design

7

Trustworthiness

4.13 (0.58)

3.80 (0.93)

4.04 (0.68)

8

Reliability

3.46 (0.78)

3.40 (1.23)

3.44 (0.89)

9

3.85 (0.61)

4.25 (1.12)

3.96 (0.77)

10

Predictability &
Transparency

11

Competence

3.74 (0.77)

4.07 (0.68)

3.83 (0.74)

12

Acceptance

3.69 (0.64)

3.96 (0.74)

3.77 (0.66)

13

Usefulness &
Understandability

3.59 (0.62)

3.47 (1.04)

3.56 (0.73)

Overall
evaluation

3.85 (0.69)

4
5

14
15
16

4.00 (0.71)

3.89 (0.68)
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is statistically significant (in view of the very small
sample size), a nonparametric test such as Barnard’s
exact test [48] can be used, which is considered more
powerful than the popular Fisher’s test (cf. [49]). The
assumed null hypothesis is that the assignment of the
participants to the full assistance vs. baseline condition
has no effect on the outcome (i.e. whether participants
finish on time). Barnard’s exact test yields p = 0.282
(two-sided), which means that based on the (admittedly few) data, the null hypothesis should not be rejected (the p-value is larger than any typical significance level to reject the null hypothesis, such as 0.1 or
0.05).
Table 3 shows participants’ scores on the dimensions assessed by the post-questionnaire. Since the
scores are based on the 5-point Likert scale, five represents the maximal and one the minimal score, with
three representing the neutral position. As can be seen,
participants mildly leaned towards a positive assessment (on average) when rating the system’s navigation
and design, its perceived trustworthiness and reliability, its predicatability & transparency, its competence,
aspects related to acceptance (cf. appendix), and its
perceived usefulness & understandability. When being
asked for their overall assessment of ROBERT, the participants’ average score fell into the positive sector of
the provided scale (3.89). Among the questions in the
“Usefulness & Understandability” category, we consider the question whether the participants indicated
that they learned something while using ROBERT of
particular importance. The participants largely agreed
with a mean score of 4.3.
Even though the baseline group is very small, and
therefore a comparison of scores warrants caution, it
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appears that participants in the baseline condition were
more favourable of the system’s predictability and perceived competence. A possible explanation is offered
by the participants’ free-text comments on their experience with the system. Five participants in the full assistance condition (out of 13) reported that speech interaction did not work as they expected. Participants
were also critical of the assistance offered in the full assistance condition. For instance, some participants indicated that some of the instructions and explanations
offered to them appeared too obvious. Some participants were also critical of what they considered technical jargon. Three participants pointed out that they
would have expected the shown video clips to be accompanied by an audio commentary (all videos were
mute). By contrast, participants in the baseline condition were more critical about the quality of the shown
images (not crisp enough) and a lack of detail in the
instructions.
Besides the answers provided directly by the participants, we further analysed a more objective performance indicator; the time participants spent to prepare
the electric tools for operation. This comprises inserting a battery, an attachment (drill bit, saw blade) and
effectuating the settings of the device. Fig. 13 shows
the comparison for the two experimental groups (full
assistance/baseline). The graph shows a trend of the
participants in the full assistance condition of being
faster at setting up the drill driver and the electric jigsaw than in the baseline condition. Even though the
sample is small, a significant difference in the setup
time of the electric jigsaw is observed (a one-way analysis of variance, ANOVA, yields p = 0.002). In the
case of the drill driver, the difference between full assistance and baseline is less clear. This is not unexpected, however; even novice DIYers can be assumed
to be more proficient at using a drill driver (cf. pretest), and are expected to profit less from assistance
than in the case of the jigsaw. The overall difference
in the time taken for the experiment in the two conditions failed to reach significance. While speed-up itself
might not be an important factor for hobbyist DIYers,
it can be considered an indicator of learning related to
tool handling. Furthermore, in the baseline condition,
part of the time spent was observed to result from mishandling of the tools (e.g. inserting the sawblade the
wrong way round at first).
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10. Conclusion and future work
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We presented the digital assistant ROBERT, which
supports DIY beginners conducting their DIY projects.
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Fig. 13. Scatterplot of time to operation (in minutes) for electric
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Assistance is based on the interplay of planning, ontological reasoning, and dialogue management. The DIY
projects as well as the involved electric devices are formally represented by means of a planning model and
an ontology. Based on these models, a plan is developed fully automatically that will, if followed by the

23

user, complete the user’s project. This model-based approach allows ROBERT to automatically adapt to previously unknown situations and still provide the bestfitting instructions and explanations in these circumstances. This is especially important in the DIY setting,
where the tools and materials available to each individual user differ widely. Furthermore, the model-based
approach enables easy maintainability and scalability
of ROBERT.
The instructions generated by the planner in form of
a plan are presented to the user in a step-by-step fashion, conveying what to do with the help of images, text,
and videos. Suitable media content is retrieved via ontology reasoning, allowing ROBERT to present instructions and media content, even if perfectly suiting material is not available. By exploiting a hierarchical planning model, we offer users several levels of abstraction among which they can choose. This way, a user
can either be instructed in a very detailed way, showing
every single required step, or he or she can be shown
abstractions of various steps.
We have conducted a user study to investigate the
usefulness of ROBERT. It revealed that the participants
were favourable towards the assistance it provides. It
also showed that by using ROBERT participants were
faster in using electric tools, hinting at an increased
proficiency enabled by using ROBERT.
One limitation of the presented user study is that
the current incarnation of ROBERT was evaluated as
a whole, whereas it would also be informative to test
different aspects of the approach separately. On the
one hand, the presented evaluation is useful to establish that the integration of the different functionalities serves it purpose. But ideally, separate experiments
should be conducted for more closely assessing the
impact and/or usefulness of individual functionalities
(which, however, generally presuppose a basis functionality on the part of the other components, so that
these functionalities can not be considered in isolation). Among the aspects that warrant more focused investigation is that it is not immediately clear to users
how they should interact with the system, and to further establish how ROBERT can offer its functionalities in an intuitive way. This also concerns navigation,
for instance how to best convey the available hierarchical structure of the generated plans (and corresponding instructions) and how to adjust the presented level
accordingly.
Secondly, the presented user study used a small sample of participants (in particular, in the baseline condition). Therefore, the presented empirical results are
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to be understood in an explorative sense, and the presented statistics should be interpreted only as first evidence.
In spite of the above mentioned limitations, the
study provided valuable indications for the future development of ROBERT. There are several lines of future work, most of them are concerned with flexibility of the system and individualisation: At the moment,
the system acts in the same way for each user, though
there is potential for individualisation. As far as planning is concerned, we will make the level of abstraction shown to the user dependent on the current expertise of the user. That is, a novice user may be instructed
on the lowest level of abstraction, whereas a more experienced user may be presented the same plan on a
more abstract level. Individualisation can also come
into play when choosing the execution order of a plan.
A generated plan usually allows for some degree of
flexibility when it comes to the order of its actions. For
instance, one user could first want to use an electric
device with all parts of the project, whereas another
might want to use the device only shortly before the
respective part of the project is used. So far, we do not
take the individual user into account, but plan to do so
in the future. We also want to enable users to actively
request changes to the plan generated for the project
at hand. For instance, in our key rack example, there
are many possibilities how to connect the two wooden
boards of the key rack. So far, we only offer one, but
we could simply add many variants among which the
user may choose one (or even combine them). Other
preferences could involve the tools, e.g. using screws
(and an electric drill) versus nails (and a hammer). All
these directions are currently pursued and further empirical evaluations are planned, too.
As far as knowledge modelling is concerned, user
modelling can be used to adjust the instructions and
explanations for different kinds of users. The need for
doing this is also illustrated by the comments of the experiment’s participants. Whereas some indicated that
they struggled with technical jargon and need more detailed explanations, some considered the information
provided by the system as too obvious.
ROBERT currently assumes that whenever an action
is performed by the user, it will be completed successfully. This is a suitable assumption for controlled environments, but if ROBERT is used by real-world users,
they might fail to perform certain steps. Even simple
errors, like inserting a drilling bit wrongly, can have an
adverse effect on the success of the overall project. It is
also difficult to diagnose the error, as ROBERT has no
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direct access to the world state after the error has occurred. To be able to assist in these situations we plan
to integrate plan repair into ROBERT, which is a capability already included in our previous assistant for setting up home theatres [7]. Using plan repair, ROBERT
would then be able to adapt the plan if a failure has
occurred so that it still achieves the user’s goal.
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16
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22
23

Appendix. Questionnaires

24
25

Navigation and Design

26
27

Response format: 5-point Likert-scale (1 = strongly
disagree; 5 = strongly agree) except first and second
item (1 = very negative; 5 = very good). Cronbach’s
α = 0.70 (in our experimental evaluation)
Table 4
Items of the Navigation and Design Scale (self-developed).
Item
1
2
3
4
5

28
29
30
31
32
33
34
35

Wie beurteilen Sie die Navigation innerhalb der App auf
dem Tabletcomputer (grafische Bedienelemente)?
Wie beurteilen Sie die Navigation innerhalb der App auf
dem Tabletcomputer (Bedienung per Sprache)?
Die Bedienung der App war einfach zu erlernen.
Die Gestaltung der App ist ansprechend.
Die Gestaltung der App ist übersichtlich.

36
37
38
39
40
41
42
43
44

Trustworthiness

45
46

Translated to German and modified from [50]
Response format: 5-point Likert-scale (1 = strongly
disagree; 5 = strongly agree). Cronbach’s α = 0.72 (in
our experimental evaluation)

47
48
49
50
51
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Table 8
Items of the Competence Scale [52].

Table 5
Items of the Trust in Automated Systems Scale [50].

1
2

25

2

3

Item

4

1

Ich vertraue der App.

1

Inkompetent - Kompetent

4

5

2

Die Nutzung der App wird zu gefährlichen oder
schädlichen Konsequenzen führen.
Ich misstraue den Vorschlägen der App.
Ich bin skeptisch gegenüber der App.

2
3

Primitiv - Intelligent
Laienhaft - Fachkundig

5

6
7
8

3
4

Item

1
3

6
7
8

9
10

9

Reliability

10

11
12
13
14
15

11

Translated to German and modified from [51]
Response format: 5-point Likert-scale (1 = strongly
disagree; 5 = strongly agree). Cronbach’s α = 0.81 (in
our experimental evaluation)

16
18
19

Item

20

1
2
3

22
23
24

13
14
15
16

Table 6
Items of the Perceived Reliability Scale [51].

17

21

12

Acceptance

4

25

17
18
19

Die App bietet mir immer die Hilfe, die ich benötige.
Die App reagiert wie erwartet.
Ich kann mich auf eine korrekte Funktion der App verlassen.
Die erstellte Anleitung ist stets auf die aktuelle Situation
zugeschnitten.

20
21
22

Translated to German and modified from [52]
Response format: 5-point Likert-scale (1 = - -, agree

23
24
25

26

with left statement; 5 = + +, agree with right state-

27

ment). Cronbach’s α = 0.87 (in our experimental eval-

27

uation)

28

28
29
30
31
32
33

Predictability and Transparency

Table 7

35

Items of the Perceived Understandability Scale [51].

36
37
38
39
40
41
42

Item
1
2
3
4

Ich habe verstanden, wie die App funktioniert.
Ich weiß, wie die App auf meine Eingaben reagieren
wird.
Ich denke, dass mir die App beim Heimwerken behilflich ist.
Es ist einfach nachzuvollziehen, was die App tut.

44

Competence

46
47
48
49
50
51

30
31
32
33

Table 9
Items of the Acceptance Scale [52].

34
35
36

Item

43
45

29

Translated to German and modified from [51]
Response format: 5-point Likert-scale (1 = strongly
disagree; 5 = strongly agree). Cronbach’s α = 0.77 (in
our experimental evaluation)

34

26

37

1

Unangenehm - Angenehm

2
3
4
5
6
7
8
9

Nutzlos - Nützlich
Schlecht - Gut
Lästig - Nicht lästig
Unpraktisch - Praktisch
Ärgerlich - Erfreulich
Starr - Flexibel
Nicht individualisierbar - Individualisierbar
Passiv - Aktiv

Translated to German and modified from [52]
Response format: 5-point Likert-scale (1 = - -, agree
with left statement; 5 = + +, agree with right statement). Cronbach’s α = 0.66 (in our experimental evaluation)

38
39
40
41
42
43
44
45
46
47
48
49
50
51
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Usefulness and Understandability

2
3
4
5
6
7
8
9
10
11
12
13
14

Response format: 5-point Likert-scale (1 = strongly
disagree; 5 = strongly agree). Cronbach’s α = 0.71 (in
our experimental evaluation)
Table 10
Items of the Usefulness and Understandability Scale (selfdeveloped).
Item
1
2
3

15
16

4

17
18
19
20

5
6

21

Es war einfach, den Anleitungen zu folgen.
Die Handlungsanweisungen waren für die Durchführung des Heimwerkerprojekts hinreichend.
Es konnte stets vermittelt werden, welchem Zweck die
einzelnen Handlungsanweisungen dienten.
Die App hat sich an meine Bedürfnisse und meinen
Kenntnisstand angepasst.
Die durch die App vermittelten Information zu Geräten,
Arbeitsmitteln und Materialien waren verständlich.
Durch die Interaktion mit der App habe ich etwas über
das Heimwerken hinzugelernt.

22
23
24

Overall evaluation

25
26
27
28

Response format: 5-point Likert-scale (1 = strongly
disagree; 5 = strongly agree)

29

Table 11
Items of overall evaluation.

30
31
32
33

Item
1

Wie beurteilen Sie die App insgesamt.

34
35
36
37
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X and more Parallelism
Integrating LTL-Next into SAT-based Planning with
Trajectory Constraints While Allowing for Even
More Parallelism
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Institute of Artificial Intelligence, Ulm University, D-89069 Ulm, Germany
{gregor.behnke, susanne.biundo}@uni-ulm.de
Abstract Linear temporal logic (LTL) provides expressive means to specify temporally extended goals as well as
preferences. Recent research has focussed on compilation techniques, i.e., methods to alter the domain ensuring
that every solution adheres to the temporally extended goals. This requires either new actions or an construction
that is exponential in the size of the formula. A translation into boolean satisfiability (SAT) on the other hand
requires neither. So far only one such encoding exists, which is based on the parallel ∃-step encoding for classical
planning. We show a connection between it and recently developed compilation techniques for LTL, which may
be exploited in the future. The major drawback of the encoding is that it is limited to LTL without the X
operator. We show how to integrate X and describe two new encodings, which allow for more parallelism than the
original encoding. An empirical evaluation shows that the new encodings outperform the current state-of-the-art
encoding.
Keywords: Temporally Extended Goals, Planning as SAT, Linear Temporal Logic.

1

Introduction

Linear temporal logic (LTL [18]) is a generic and expressive way to describe (state-)trajectory constraints.
It is often used to specify temporal constraints and preferences in planning, e.g., to describe safety
constraints, to state necessary intermediate goals, or to specify the ways in which a goal might be
achieved. Most notably, the semantics of such constraints in PDDL 3.0 [11] is given in terms of LTL
formulae, which is the de-facto standard for specifying planning problems.
Traditionally, LTL constraints are handled by first compiling them into an equivalent Büchi Automaton, and then translating the automaton into additional preconditions and effects for actions (see e.g.
Edelkamp [8]). This compilation might be too expensive as the Büchi Automaton for a formula φ can have
up to 2|φ| states. Recent work proposed another compilation using Alternating Automata [20]. These
automata have only O(|φ|) states allowing for a guaranteed linear compilation. There are also planners
that do not compile the model, but evaluate the formula during forward search, e.g., TALplanner [7],
TLplan [1], or the work by Hsu et al. [12]. However, heuristics have to be specifically tailored to incorporate the formula, or else the search becomes blind. TALplanner and TLplan even use the temporally
extended goals for additional search guidance.
ISSN: 1137-3601 (print), 1988-3064 (on-line)
c IBERAMIA and the authors
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Another option is to integrate LTL into planning via propositional logic. Planning problems can be
translated into (a sequence of) boolean formulae. A temporally extended goal can then be enforced
by adding additional clauses to this formula. So far only one such encoding has been developed by
Mattmüller and Rintanen [17]. It uses an LTL to SAT translation from the model checking community,
which assumes that only a single state transition is executed at a time. The main focus of their work
lies on integrating the efficient ∃-step encoding with this representation of LTL formulae. In the ∃-step
encoding operators can be executed simultaneously, as long as they are all applicable in the current state,
the resulting state is uniquely determined, and there is an ordering in which they are actually executable.
Mattmüller and Rintanen presented alterations to the ∃-step formula restricting the parallelism such that
LTL formulas without the next-operator are handled correctly.
We point out an interesting relationship between the LTL encoding of Mattmüller and Rintanen and
the Alternating Automaton encoding by Torres and Baier, showing that both use the same encoding
technique, although derived by different means. This insight might prove useful in the future, e.g.,
to allow for optimisation of the propositional encoding using automata concepts. Next, we show how
the propositional encoding by Mattmüller and Rintanen can be extended to also be able to handle the
next-operator X. We introduce a new concept – partial evaluation traces – to capture the semantics of
the encoding with respect to an LTL formula and show that our extension is correct. Based on partial
evaluation traces, we show that the restrictions posed by Mattmüller and Rintanen [17] on allowed
parallelism can be relaxed while preserving correctness. We provide an alteration of their encoding
allowing for more parallelism. We present an alternative encoding, also based on partial evaluation
traces, which allows for even more parallelism by introducing intermediate timepoints at which the
formula is evaluated. Our empirical evaluation of all encodings shows that our new encodings outperform
the original one.

2
2.1

Preliminaries
Planning

We consider propositional planning without negative preconditions. This is known to be equivalent
to STRIPS allowing for negative preconditions via compilation. Also note that all our techniques are
also applicable in the presence of conditional effects. We do not consider them in this paper to keep
the explanation of the techniques as simple as possible. For the extension to conditional effects, see
Mattmüller and Rintanen [17].
Let A be a set of proposition symbols and Lit(A) = {a, ¬a | a ∈ A} be the set of all literals over A.
An action a is a tuple a = hp, ei, where p – the preconditions – is a subset of A and e – the effects – is
a subset of Lit(A). We further assume that the effects are not self-contradictory, i.e., that for no a ∈ A
both a and ¬a are in e. A state s is any subset of A. An action a = hp, ei is executable in s, iff p ⊆ s.
Executing a in s results in the state (s \ {a | ¬a ∈ e}) ∪ {a | a ∈ e}. A planning problem P = hA, O, sI , gi
consists of a set of proposition symbols A, a set of operators O, the initial state sI , and the goal g ⊆ A.
A sequence of actions o1 , . . . , on is a plan for P iff there exists a sequence of states s0 , . . . , sn+1 such that
for every i ∈ {1, . . . , n + 1}, oi is applicable in si , its application results in si+1 , s0 = sI , and g ⊆ sn+1 .
This sequence of states is called an execution trace.

2.2

Linear Temporal Logic

Formulae in Linear Temporal Logic (LTL) are constructed over a set of primitive propositions. In the
case of planning these are the proposition symbols A. LTL formulae are recursively defined as any of the
following constructs, where p is a proposition symbol and f and g are LTL formulae.
⊥ | > | p | ¬f | f ∧ g | f ∨ g | Xf | X̊f | Ef | Gf | f U g
X, X̊, E, G, and U are called temporal operators. There are several further LTL-operators like Ů , R, or
S and T [4]. Each of them can be translated into a formula containing only the temporal operators X,
X̊, and U . The semantics of an LTL formula φ is given with respect to an execution trace. In general
this trace can be infinitely long, as LTL can describe repeated behaviour. We consider only LTL over
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finite traces, which is commonly called LT Lf [6]. The encodings we present can easily be extended to
the infinite case (see Mattmüller and Rintanen [17]). The truth value of an LT Lf formula φ is defined
over an execution trace σ = (s0 , s1 , . . . , sn ) as [[φ]](σ) where
[[p]](s0 , σ) = p ∈ s0

[[¬f ]](σ) = ¬[[f ]](σ)

if p ∈ A

[[f ∧ g]](σ) = [[f ]](σ) ∧ [[g]](σ)
[[f ∨ g]](σ) = [[f ]](σ) ∨ [[g]](σ)

[[Xf ]](s0 , σ) = [[X̊f ]](s0 , σ) = [[f ]](σ)
[[Xf ]](s0 ) = ⊥
[[X̊f ]](s0 ) = >

[[Ef ]](s0 , σ) = [[f ]](s0 , σ) ∨ [[Ef ]](σ)
[[Gf ]](s0 , σ) = [[f ]](s0 , σ) ∧ [[Gf ]](σ)
[[Ef ]](s0 ) = [[Gf ]](s0 ) = [[f ]](s0 )

[[f U g]](s0 , σ) = [[g]](s0 , σ)∨
([[f ]](s0 , σ) ∧ [[f U G]](σ))

[[f U g]](s0 ) = [[g]](s0 )

The intuition of the semantics of temporal operators is: Ef – eventually f , i.e., f will hold at some time,
now or in the future, Gf – globally f , i.e., f will hold from now on for ever, f U g – f until g, i.e., g will
eventually hold and until that time f will always hold, and Xf – next f , i.e., f holds in the next state
of the trace. Since we consider the case of finite LTL, we have – in addition to standard LTL – a new
operator: weak next X̊. The formula Xf requires that there is a next state and that f holds in that
state. In contrast, X̊f asserts that f holds if a next state exists; if there is none, X̊f is always true,
taking care of the possible end of the state sequence.
As a preprocessing step, we always transform an LTL formula φ into negation normal form without
increasing its size, i.e., into a formula where all negations only occur directly before atomic propositions.
This can be done using equivalences like ¬Gf = E¬f . Next, we add for each proposition symbol a ∈ A
a new proposition symbol a. Its truth value will be maintained such that it is always the inverse of a.
I.e. whenever an action has ¬a as its effect, we add the effect a and when it has the effect a we add ¬a.
Lastly, we replace ¬a in φ with a, resulting in a formula not containing negation.
Given a planning problem P and an LTL formula φ, LTL planning is the task of finding a plan π
whose execution trace σ will satisfy φ, i.e., for which [[φ]](σ). For a given LTL formula φ we define A(φ)
as the set of predicates contained in φ and S(φ) to be the set of all its subformulae. We write [o]φe for
the intersections of the effects of o and A(φ), i.e. all those effects that occur in φ.

3

State-of-the-art LTL→SAT encoding

As far as we are aware, there is only a single encoding of LTL planning problems into boolean satisfiability,
developed by Mattmüller and Rintanen [17]. They adapted a propositional encoding for LTL developed
by Latvala et al. [14] for bounded model checking. The main focus of Mattmüller and Rintanen’s work lies
on integrating modern, non-sequential encodings of planning problems into the formula. The encoding
models evaluating the LTL formula in timesteps, which correspond to the states in a trace. In Latvala
et al.’s encoding (which was not developed for planning, but for a more general automata setting) only
a single action may be executed at each timestep in order to evaluate the formula correctly. Research
in translating planning problems into propositional formulae has however shown that such sequential
encodings perform significantly worse than those that allow for a controlled amount of parallel action
execution [19]. Mattmüller and Rintanen addressed the question of how to use the LTL encoding by
Latvala et al. in a situation where multiple state transitions take care in parallel – as is the case in these
planning encodings. They used the property of stutter-equivalence which holds for LT L−X (i.e. LTL
without the X and X̊ operators) to integrate Latvala et al.’s encoding. To exploit stutter-equivalence,
they had to restrict the allowed amount of parallelism to ensure correctness.
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Their encoding, which we will denote with M&R’07, is based on the ∃-step encoding of propositional
planning by Rintanen et al. [19]. As such, we start by reviewing the ∃-step encoding in detail. In this
encoding the plan is divided into a sequence of timesteps 0, . . . , n. Each timestep t is assigned a resulting
state using decision variables at for all a ∈ A and t ∈ {1, . . . , n + 1}, each indicating that the proposition
symbol a holds at timestep t, i.e. after executing the actions at timestep t − 1. The initial state is
represented by the variables a0 . Actions can be executed between two neighbouring timesteps t and t + 1,
which is represented by decision variables ot for all o ∈ O and t ∈ {0, . . . , n}. If ot is true the action o
is executed at time t. The encoding by Kautz and Selman [13] is then used to determine which actions
are executable in at and how the state at+1 resulting from their application looks like. In a sequential
encoding, one asserts for each timestep t that at most one ot atom is true. Intuitively, this is necessary to
ensure that the state at+1 resulting from executing the actions ot is uniquely determined. Consider, e.g.,
a situation where two actions move-a-to-b and move-a-to-c are simultaneously applicable, but result
in conflicting effects. Executing these two actions in parallel has no well-defined result. Interestingly, the
mentioned constraint is not necessary in this case, as the encoding by Kautz and Selman already leads to
an unsatisfiable formula. There are however situations, where the resulting state is well-defined, but it is
not possible to execute the actions in any order. Consider two actions buy-a and buy-b, both requiring
money, spending it, and achieving possession of a and b, respectively. Both actions are applicable in the
same state and their parallel effects are well-defined, as they don’t conflict. It is not possible to find a
sequential ordering of these two actions that is executable, as both need money, which won’t be present
before executing the second action. This situation must be prohibited, which can easily be achieved by
forbidding parallel action execution at all, as in the sequential encoding.
In the ∃-step encoding, executing actions in parallel is allowed. Ideally, we would like to allow any
subset S of ot to be executable in parallel, as long as there exists a linearisation of S that is executable in
the state st represented by at and all executable linearisations lead to the same state st+1 . This property
is however practically too difficult to encode [19]. Instead, the ∃-step encoding uses a relaxed requirement.
Namely, (1) all actions in S must be executable in st , then it chooses a total order of all actions O, (2)
asserts that if a set of actions S is executable, it must be executable in that order, and (3) that the state
reached after executing them in this order is st+1 . The encoding by Kautz and Selman ensures the first
and last property. The ∃-step encoding has to ensure the second property. It however does not permit
all subsets S ⊆ O to be executable in parallel, but only those for which this property can be guaranteed.
As a first step, we have to find an appropriate order of actions in which as many subsets S ⊆ O as
possible can be executed. For this, the Disabling Graph (DG) is used. It determines which actions can be
safely executed in which order without checking the truth of propositions inside the formula. In practice,
one uses a relaxed version of the DG (i.e. one containing more edges), as it is easier to compute [19].
Definition 1. Let P = hA, O, sI , gi be a planning problem. An action o1 = hp1 , e1 i affects another action
o2 = hp2 , e2 i iff ∃l ∈ A s.t. ¬l ∈ e1 and l ∈ p2 .
A Disabling Graph DG(P) of a planning problem P is a directed graph hO, Ei with E ⊆ O × O that
contains all edges (o1 , o2 ) where o1 affects o2 and a state s exists that is reachable from sI in which both
o1 and o2 are applicable.
The DG is tied to the domain itself and is not tied to any specific timestep, as such the restrictions
it poses apply to every timestep equally. The DG encodes which actions disable the execution of other
actions after them in the same timestep, i.e., we ideally want the actions to be ordered in the opposite
way in the total ordering chosen by the ∃-step encoding. If the DG is acyclic, we can execute all actions
in the inverted order of the disabling graph, as none will disable an action occurring later in that order.
If so, the propositional encoding does not need any further clauses, as any subset S of actions can be
executed at a timestep – provided that their effects do not interfere.
The DG is in practice almost never acyclic. Problematic are only strongly connected components
(SCCs) of the DG, where we cannot find an ordering s.t. we can guarantee executability for all subsets
of actions. Instead we fix some order ≺ for each SCC, asserting that the actions in it will always be
executed in that order, and ensure in the SAT formula that if two actions o1 and o2 with o1 ≺ o2 are
executed, o1 does not affect o2 . This way, we can safely ignore some of the edges of the DG – as their
induced constraints are satisfied by the fixed ordered ≺ – while others have to be ensured in the formula.
I.e. if we ensure for every edge (o1 , o2 ) with o1 ≺ o2 that if o1 is part of the executed subset o2 is not,
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we know that there is a linearisation in which the chosen subset S is actually executable. To ensure this
property, Rintanen et al. introduced chains. A chain chain(≺; E; R; l) enforces that whenever an action
o in E is executed, all actions in R that occur after a in ≺ cannot be executed. Intuitively, E are those
actions that produce some effect a, while the actions in R rely on ¬a to be true. The last argument l is
a label that prohibits interference between multiple chains.
chain(o1 , . . . , on ; E; R; l) =
^
{oi → dj,l | i < j, oi ∈ E, oj ∈ R, {oi+1 , .., oj−1 } ∩ R = ∅}
∪ {li → aj,l | i < j, {oi , oj } ⊆ R, {oi+1 , .., oj−1 } ∩ R = ∅}

∪ {li → ¬oi | oi ∈ R}

To ensure that for any SCC S of DG(P) the mentioned condition holds for the chosen ordering ≺ of S,
we generate for every proposition symbol a ∈ A a chain with
Ea = {o ∈ S | o = hp, ei and ¬a ∈ e}

Ra = {o ∈ S | o = hp, ei and a ∈ p}

Based on the ∃-step encoding, Mattmüller and Rintanen [17] added support for LTL formulae φ by
exploiting the stutter-equivalence of LT L−X . This stutter-equivalence ensures that if multiple actions are
executed in a row but don nott change the truth of any of the predicates in A(φ), the truth of the formula
is not affected, i.e., the truth of the formula does not depend on how many of these actions are executed
in a row. Consequently the formula only needs to be checked whenever the truth of propositions in A(φ)
changes. Their construction consists of two parts. First, they add clauses to the formula expressing that
the LTL formula φ is actually satisfied by the trace restricted to the states where propositions in A(φ)
change. These states are the ones represented in the ∃-step encoding by at atoms. Second, they add
constraints to the ∃-step parallelism s.t. in every timestep the first action executed according to ≺ that
changes proposition symbols in A(φ) is the only one to do so. Other actions in that timestep may not
alter the state with respect to A(φ) achieved by that first action, but can assert the same effect.
In their paper, they provide a direct translation of φ into a proposition formula. In practice however,
this formula cannot be given to a SAT solver, as it requires a formula in conjunctive normal form (CNF).
The formula given in the paper is not in CNF and translating it into CNF can lead to a CNF of exponential
size. They instead introduce additional variables [16], allowing them to generate (almost) a CNF1 . For
t
every sub-formula ψ ∈ S(φ) and every timestep t they introduce the variable ψLT
L , stating that ψ holds
0
t
for the trace starting at timestep t. They then assert: (1) that φLT L holds and (2) that for every ψLT
L
the consequences must hold that make ψ true for the trace starting at time t. The latter is expressed by
t
t
t
clauses ψLT
L → [[ψ]] , where [[ψ]] is given in Tab. 1. Note that the M&R’07 encoding cannot handle the
next operators X and X̊, as they are sensitive to stuttering, i.e., stutter-equivalence does not hold for
formulae that contain X or X̊. We have added the encoding for X [14]. In addition, we have restricted
the original encoding from infinite to finite LTL-traces and added a new encoding for X̊. Note that
the M&R’07 encoding will lead to wrong results if used with the presented encoding of the X and X̊
operators. It is however correct, if used in conjunction with a sequential encoding [14]. We show in Sec. 5
how the M&R’07 encoding can be changed to handle X and X̊ correctly. Lastly, clauses need to be added
in order to ensure that actions executed in parallel do not alter the truth of propositions in A(φ) – except
for the first action that actually changes them. The extension of the ∃-step encoding achieving this is
conceptually simple, as it consists of only two changes to the original encoding:
1. Add for every two actions o1 , o2 which are simultaneously applicable the edge (o1 , o2 ) to the DG iff
[o2 ]φe \ [o1 ]φe 6= ∅, i.e., o2 would change more than o1 with respect to A(φ).
2. Add for every literal l ∈ Lit(A(φ)) and SCC of DG(P) with its total order ≺ the chain chain(≺; Elφ ; Rlφ ; φl )
with
1 The

translations of f ∧ g, Gf , and f U g contain one conjunction each, which can transformed easily.
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φ
[[p]]t p ∈ A
[[f ∧ g]]t
[[f ∨ g]]t
[[Xf ]]t
[[X̊f ]]t
[[Ef ]]t
[[Gf ]]t
[[f U g]]t

t<n
pt
t
t
fLT L ∧ gLT
L
t
t
fLT L ∨ gLT
L
t+1
fLT
L
t+1
fLT
L
t+1
t
fLT
L ∨ (Ef )LT L
t+1
t
fLT L ∧ (Gf )LT L
t+1
t
t
gLT
L ∨ ((f U g)LT L ∧ fLT L )

t=n
pt
t
t
fLT L ∧ gLT
L
t
t
fLT L ∨ gLT
L
⊥
>
t
fLT
L
t
fLT
L
t
fLT
L

Table 1: Transition rules for LTL formulae
(a) Elφ = {o ∈ O | o = hp, ei and l 6∈ e}

(b) Rlφ = {o ∈ O | o = hp, ei and l ∈ e};
Mattmüller and Rintanen [17] have proven that these clauses suffice to ensure a correct and complete
encoding.

4

Alternating Automata and M&R’07

In recent years, research on LTL planning focussed on translation based approaches. There, the original
planning problem is altered in such a way that all solutions for the new problem adhere to the formula (e.g.
Baier and McIlraith [2] and Torres and Baier [20], see Camacho et al. [5] for an overview). Traditionally,
these approaches translate the LTL formula into a Büchi automaton (essentially a finite state machine,
with a specific accepting criterion for infinite traces) and then integrate the automaton into the model.
The major drawback of these translations is that the Büchi automaton for an LTL formula can have up
to 2|φ| many states.
Torres and Baier [20] proposed a translation diverging from the classical LTL to Büchi translation.
They instead based it on Alternating Automata, which are commonly used as an intermediate step when
constructing the Büchi automaton for an LTL φ formula (see e.g. Gastin and Oddoux [10]). Alternating
Automata have a guaranteed linear size in |φ|, but have a more complex transition function.
Definition 2. Given a set of primitive propositions A, an alternating automaton is a 4-tuple A =
(Q, δ, I, F ) where
• Q is a finite set of states
• δ : Q × 2A → B + (Q) is a transition function, where B + (Q) is the set of positive propositional
formulas over the set of states Q, i.e., those formulae containing only ∨ and ∧.
• I ⊆ Q is the initial state
• F ⊆ Q is the set of final states.
A run of an alternating automaton over a sequence of sets of propositions (execution trace) (s1 , . . . , sn )
is a sequence of sets of states (Q0 , . . . , Qn ) such that
• Q0 = I
• ∀i ∈ {1, . . . , n} : Qi |=

V

q∈Qi−1

δ(q, si )

The alternating automaton accepts the trace iff Qn ⊆ F
Torres and Baier [20] generate an alternating automaton for an LTL formula φ as follows. They
choose Q as the set of sub-expressions of φ starting with a temporal operator plus a state qF representing
that the end of the execution trace has been reached. Being in a state q means, that from the current
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time on we have to fulfill the formula q. The automaton is given as Aφ = (Q, δ, {qφ }, {qF }) where
Q = {qα | α ∈ S(φ)} ∪ {qF } and the transition function δ is defined as follows:
(
> if l ∈ s
δ(ql , s) =
⊥ if l 6∈ s
δ(qF , s) = ⊥

δ(qf ∨g , s) = δ(qf , s) ∨ δ(qg , s)

δ(qf ∧g , s) = δ(qf , s) ∧ δ(qg , s)
δ(qXf , s) = qf

δ(qX̊f , s) = qF ∨ qf

δ(qEf , s) = δ(f, s) ∨ qEf

δ(qGf , s) = δ(f, s) ∧ (qGf ∨ qF )

δ(qf U g , s) = δ(qg , s) ∨ (δ(qf , s) ∧ qf U g )
Note that we have to enumerate all states that are relevant to the formula, i.e., all states s ⊆ 2A(φ) ,
to construct the formula. Using the Alternating Automaton as the basis for a translation leads to a
guaranteed linear increase in size when constructing the translated planning problem. This is due to the
fact that the encoding does not actually has to construct the automaton, but only has to simulate its
states. We will elaborate on this later. Also, it was demonstrated that the new encoding is more efficient
than other current translation techniques [20].
A drawback of their translation was the need for introducing additional actions, performing bookkeeping on the current state of the alternating automaton. A translation into SAT, on the other hand, will
not have this drawback, as we will show. We will again extend the ∃-step encoding and call the encoding
AA (Alternating Automaton). The restriction posed on parallelism by M&R’07 does not depend on
the encoding of the formula itself as long as it does not contain the X or X̊ operators2 . We introduce
new decision variables q t for each state q ∈ Q and timestep t, signifying that the automaton Aφ is in
state q after executing the actions of timestep V
t. To express
the transition function of the Alternating

Automaton, we use formulae of the form q t ∧ a∈s a → δ(q, s) for each state q of the automaton and
set of propositions s. We also replace each occurrence of a state qf in δ(q, s) with the decision variable
qft+1 and introduce intermediate decision variables to break down complex formulae as in the M&R’07
encoding. The following theorem holds by construction.
Theorem 1. AA in conjunction with M&R’07’s ∃-step encoding is correct for LT L−X .
We here want to point out that the AA encoding is not (as the one by Torres and Baier [20]) polynomial
in the size of the formula. The reason lies in the explicit construction of the alternating automaton, which
requires a single transition for every possible state that might be relevant to the formula, i.e., for every
subset of A(φ). The translation encoding by Torres and Baier circumvents this construction by adding
new operators, which can evaluate the necessary expression during planning. I.e. they have actions for
each transition rule δ(·, ·), which produce the right-hand sides of these above equations as their effects.
Lastly, they introduce synchronisation actions to ensure that δ(·, ·) is fully computed before another
“real” action is executed.
If we apply this idea to the AA encoding, we would end up with the M&R’07 encoding. Since the states
of the automaton are the sub-formulae of φ starting with a temporal operator, these decision variables are
t
identical to the ψLT
L variables of the M&R’07 encoding, where ψ starts with a temporal operator. The
encoding by Torres and Baier also needs to introduce state variables for every sub formulae not starting
with a temporal operator to represent the step-wise computation of δ(·, ·) correctly. If translated into
t
propositional variables, these correspond to the ψLT
L variables of M&R’07, where ψ does not start with
a temporal operator. Lastly, the transition rules for both encodings are identical.
As such, the M&R’07 encoding can also be interpreted as a direct translation of an Alternating Automaton into propositional logic using the compression technique of Torres and Baier [20]. Interestingly,
2 The actual encoding of the formula can be exchanged in the proof of their main theorem as long as a similar version of
their Theorem 2 can be proven, which is obvious in our case.
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the original proof showing correctness of the LTL-part of the M&R’07 encoding by Latvala et al. [14]
does not rely on this relationship to Alternating Automata, neither do they mention this connection. We
think it is an interesting theoretical insight, as it might enable to further improve LTL encodings, e.g.,
based on optimisations of the Alternating Automaton.

5

X, Parallelism, and Partial Evaluation

We have noted that both M&R’07 and AA cannot handle LTL formulae containing the X or X̊ operators
in conjunction with the ∃-step encoding. They are however correct if used together with the sequential
encoding, where only a single action can be executed at each timestep. In order to derive extensions that
can handle X and X̊, we first present a new theoretical foundation for both encodings. We will use the
fact that in M&R’07, we know which parts of the formula are made true at which time and by which
propositions. To formalise this, we introduce evaluation traces, which specify how an LTL formula is
fulfilled over a trace.
Definition 3. Let φ be an LTL formula. We call a sequence ψ = (f0 , . . . , fn ) with fi ⊆ S(φ) an
evaluation trace for φ iff φ ∈ f0 and for all i ∈ {0, . . . , n} holds
1. if f ∨ g ∈ fi then f ∈ fi or g ∈ fi
2. if f ∧ g ∈ fi then f ∈ fi and g ∈ fi
3. if Xf ∈ fi then i < n and f ∈ fi+1
4. if X̊f ∈ fi then i = n or f ∈ fi+1
5. if Ef ∈ fi then f ∈ fi or i < n and Ef ∈ fi+1
6. if Gf ∈ fi then f ∈ fi and if i < n then Gf ∈ fi+1
7. if f U g ∈ fi then g ∈ fi or i < n and f ∈ fi and f U g ∈ fi+1
A trace π = (s0 , . . . , sn ) satisfies an evaluation trace ψ = (f0 , . . . , fn ) iff for all a ∈ fi ∩ A also a ∈ si
holds.
The following theorem follows directly, as the definition just emulates checking an LTL formula.
Theorem 2. An execution trace π satisfies an LTL formula φ iff an evaluation trace ψ for φ exists that
satisfies π.
In M&R’07, the LTL formula is only evaluated after a set of parallel actions have been executed. To
capture this, we define partial evaluation traces.
Definition 4. Let π = (s0 , . . . , sn ) be an execution trace and φ and LTL formula. We call an evaluation
trace θ = (f0 , . . . , fl ) with l ≤ n a partial evaluation trace (PET) for π if a sequence of indices 0 = i0 <
i1 < ... < il = n + 1 exists such that for each k ∈ {0, . . . , l − 1} holds
sik ∩ (fk ∩ A) = · · · = sik+1 −1 ∩ (fk ∩ A)
and if Xf ∈ fk or X̊f ∈ fk and k > 0 then ik−1 + 1 = ik . The PET θ is satisfied by the execution trace
π, iff the execution trace (si1 −1 ∩ f0 ∩ A, . . . , sil −1 ∩ fl ∩ A) satisfies θ in the sense of Def. 3.
A satisfying valuation of the M&R’07 encoding corresponds to a partial evaluation trace that satisfies
the formula φ. M&R’07 also asserts that PET is satisfied by the execution trace corresponding to
the sequential plan generated by the ∃-step formula. The main property of Def. 4, which is necessary
for showing that we actually generate a PET, is ensured by the chains added to the original ∃-step
encoding and the additional edges in the Disabling Graph. The following theorem states that every
partial evaluation trace that is satisfied by an executed trace can be extended to a full evaluation trace
and thus forms a witness that the execution trace satisfies the LTL formula. This gives us a second,
independent proof of correctness for the M&R’07 encoding.
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Theorem 3. Let π be a trace and θ be an PET for the formula φ on π. If π satisfies θ, then π satisfies
φ.
Proof. We need to show that the PET ψ = (f0 , . . . , fl ) can be extended to a full evaluation trace on
π = (s0 , . . . , sn ), s.t. π satisfies that evaluation trace. If so, we can apply Thm. 2 and conclude that π
also satisfies φ. Let i0 , . . . , il be the indices of Def. 4 for which θ is a PET. We claim that
i1 −i0 times i2 −i1 times

il −il−1 times

z }| {
z }| { z }| {
θ = ( f0 , . . . f0 , f1 , . . . , f1 , . . . , fl , . . . , fl )
∗

is an evaluation trace that satisfies π, and that π satisfies φ. First we show that θ∗ is an evaluation trace.
We start by proving the enumerated properties of Def. 3. Consider the ith element f ∗ of θ∗ and let f ∗∗
be the i + 1th element (if such exists).
1. trivially satisfied
2. trivially satisfied
3. Xf ∈ f ∗ . We know that f ∗ is the only repetition some fj in the trace, as θ is a PET. Also
f ∗∗ = fj+1 . Consequently f ∈ f ∗∗ . In case f ∗∗ does not exist, θ cannot be an PET.
4. X̊f ∈ f ∗ . We know that f ∗ is the only repetition of some fj in the trace, as θ is a PET. In case
f ∗∗ does not exist, we have nothing to show. Else, f ∗∗ = fj+1 and f ∈ f ∗∗ .
For the last three requirements relating to the temporal operators E, G, and U , we can distinguish three
cases depending on where f ∗ is situated in the sequence θ∗
• f ∗ is the last element of θ∗ :
5. if Ef ∈ f ∗ then f ∈ f ∗ , as θ is a PET.
6. if Gf ∈ f ∗ then f ∈ f ∗ , as θ is a PET.

7. if f U g ∈ f ∗ then g ∈ f ∗ , as θ is a PET.
• f ∗ 6= f ∗∗ , i.e., the last repetition of f ∗ . We know that f ∗ = fj and f ∗∗ = fj+1 for some j ∈
{0, . . . , l − 1}.
5. if Ef ∈ f ∗ then either f ∈ fj = f ∗ or Ef ∈ fj+1 = f ∗∗

6. if Gf ∈ f ∗ then f ∈ fj = f ∗ and Gf ∈ fj+1 = f ∗∗

7. if f U G ∈ f ∗ then either g ∈ fj+1 = f ∗∗ or f ∈ fj = f ∗ and f U g ∈ fj+1 = f ∗∗

• if f ∗ = f ∗∗
5. if Ef ∈ f ∗ then Ef ∈ f ∗∗

6. if Gf ∈ f ∗ then Gf ∈ f ∗∗ and f ∈ f ∗

7. if f U g ∈ f ∗ then either g ∈ f ∗ , or f ∈ f ∗ , but then also f U G ∈ f ∗∗ , since f ∗ = f ∗∗
φ ∈ f0 holds as θ is a PET, which concludes conclude the proof that θ∗ is an evaluation trace.
Lastly, we have to show that θ∗ satisfies π, i.e., we have to show, for each timestep j ∈ {0, . . . n} and
every a ∈ A which is true in the ith element of θ∗ , that a ∈ sj holds. Consider first the indices of the last
repetitions of each fk , i.e., the states sik −1 . Since θ is a PET, it satisfies (si1 −1 ∩ f0 ∩ A, . . . , sil −1 ∩ fl ∩ A),
so it satisfies the required property for all time-steps ik − 1. Consider any other timestep t and its next
timestep in the PET ik − 1 (which always exists, since the last index is equal to n). Since θ is a PET,
we know that st ∩ (fk − 1 ∩ A) = sik −1 ∩ (fk ∩ A). We have chosen to set the tth element of θ∗ to fk .
Since sik −1 ∩ (fk ∩ A) satisfies the required property for fk , so must st ∩ (fk ∩ A) and thus st itself (it
can have only more true predicates).
We can now use this result to integrate support for X and X̊ into the M&R’07 encoding. For that,
we have to assert that the second last condition of Def. 4 holds, as all other requirements are already
checked by the M&R’07 encoding. We first add four new variables per time step t.
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• exactOnet – exactly one action is executed at time t
• atLeastOnet – at least one action is executed at time t
• atM ostOnet – at most one action is executed at time t
• nonet – no action is executed at any time ≥ t
To enforce the semantics of these variables, we add the following clauses per timestep:
∀o ∈ O : nonet → ¬ot

nonet → nonet+1
_
atLeastOnet →
ot
o∈O

t

exactOne → atLeastOnet ∧ atM ostOnet

Encoding the atM ostOnet atom is a bit more complicated. A native encoding requires O(|O|2 ) clauses.
There are however better encodings for the at most one constraint in SAT. We have chosen the log-counter
encoding, which introduces log(|S|) new variables while only requiring |S| log(|S|) clauses [9]. To ensure
the semantics of the atom atM ostOnet , we add it as a guard to the log-counter encoding, i.e., we add
¬atM ostOnet to every clause. If atM ostOnet is required to be true, the log-counter clauses have to be
satisfied, i.e., at most one action atom can be true. If atM ostOnet can be false, we can simply set it to ⊥
thereby satisfying all log-counter clauses. We lastly set exactOnet for t = −1 to > and atLeastOnen+1
to false. Based on these new variables, we can add the constraints necessary for evaluating X and X̊
correctly under the ∃-step encoding. For each timestep t, we add
(Xf )tLT L → exactOnet−1 ∧ f t+1 ∧ atLeastOnet
(X̊f )tLT L → exactOnet−1

(X̊f )tLT L → (f t+1 ∧ atLeastOnet ) ∨ nonet
A valuation of this encoding represents a partial evaluation trace satisfied by the execution trace of its
actions. By applying Thm. 3, we know that a satisfying evaluation trace for the plan exists. Showing
completeness for the encoding is trivial, since a sequential assignment satisfies the formula for every plan.
We will also call this extended encoding M&R’07 in our evaluation, as it is exactly identical to this one,
provided no X or X̊ operator is present.
So far, we have not used the – in our view – most significant improvement: Relaxing the restrictions
on parallelism to only those actually needed by the current formula. Doing so based on our theorem
is surprisingly easy. Consider a timestep of the M&R’07 encoding, in which actions can be executed in
parallel, which are given an implicit order ≺ by the ∃-step encoding. For each literal l ∈ Lit(A(φ)) a chain
ensures that the action changing it is applied first, i.e., that the “first” action of a timestep performs all
changes relevant to the whole formula and can thus check the formula only in the resulting state. By
applying Def. 4 and Thm. 3, we have to ensure this property only for those proposition symbols that
need to be evaluated after the actions have been executed, i.e., for all at+1
LT L that are true. We can do
this simply by adding the literal ¬atLT L as a guard (simiar to atM ostOnet ) to every clause in the chains
chain(≺; Elφ ; Rlφ ; φa ) and chain(≺; Elφ ; Rlφ ; φ¬a ). If we have to make the literal atLT L true, the chains
become active, if not they are inactive (as they are trivially satisfied by ¬atLT L ). We will denote this
improved encoding with Improved-M&R’07.
To illustrate the effects of the improved M&R’07 encoding, consider the following planning problem.
There are six proposition symbols a, b, c, d, e and f , of which a and b are true in the initial state and
e has to hold in the goal state. There are five actions described in Tab. 2. We consider this domain in
conjunction with the formula φ = G((a ∧ d) → Ef ) = G(¬a ∨ ¬d ∨ Ef ). The disabling graph, extended
by the edges needed for the M&R’07 encoding, is depicted in Fig. 1. This planning problem has only a
single solution, namely: Y, X, V, W, Z. Under the M&R’07 encoding, we need four timesteps to find a
plan, i.e., {Y}, {X}, {V}, {W,Z}. This is due to the fact that most actions’ effects contain one of the
three predicates contained in φ, but not the others. Using the improved M&R’07 encoding, we only need
three timesteps, as now Y and X can be executed together in the first timestep. The reason for this
beeing possible is quite unintuitive, but it shows the strength of our approach. In the M&R’07 encoding,
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pre
add
del

X
a,b
c
a

Y
a,b
d

Z
c,d
e
c

V
c,d
g

W
g
f

Table 2: Actions in the example domain
X

Z

Y

V

W

Figure 1: Extended disabling graph for the example domain.
the encoding correctly detects that there is a state in which a and d are true simultaneously3 after the
action Y has been executed and that thus Ef has to hold after executing Y. In the plan for the improved
encoding, the solver can simply choose to achieve Ef after {Y,X} has been executed. This way the solver
is never forced to achieve ¬a or ¬d and can thus completely ignore the associated constraints, i.e., chains.

6

Parallelism with Tracking

There is however still room for more parallelism even compared to the improved M&R’07 encoding. The
key observation is that in many domains only a few actions actually influence the truth of variables in
an LTL formula, and that those that do are usually close to each other in a topological ordering of the
inverse disabling graph. The ∃-step semantic guarantees that if actions are executed in parallel, they can
be sequentially executed in this order. Let this ordering be (o1 , . . . , on ). We can divide it into blocks,
such that for each block (oi , . . . , oj ) it holds that
[oi ]φe ⊇ [oi+1 ]φe ⊇ · · · ⊇ [oj ]φe
Along the actions in a block the effects that contain predicates in A(φ) can only “decrease”. A block
forms a set of actions that can always – without further checking at runtime – be executed in parallel in
the M&R’07 encoding. The number of such blocks is surprisingly small for most domains (see Tab. 3).
We denote with B = ((o1 , . . . , oi ), . . . , (oj , . . . , on )) the sequence of blocks for a given ordering of actions.
If an action from a block has been executed, at least (usually more) the first action of the next block
cannot be executed anymore in the same timestep, as it would change the truth of some a ∈ A(φ),
even though it would be possible in the pure ∃-step encoding. We present a method to circumvent this
restriction on parallelism. Instead of restricting the amount of parallel actions executing inside a timestep,
we (partially) trace the truth of an LTL formula within that timestep to allow maximal parallelism. This
is based on the insight that all proofs by Mattmüller and Rintanen [17] do not actually require an action to
be present at any timestep, i.e., the set of actions executed in parallel can also be empty. So, conceptually,
we split each timestep into |B| many timesteps and restrict the actions in the ith splitted step to be those
of the ith block. Then we use the M&R’07 encoding, without the need to add chain-clauses apart from
those of the ∃-step encoding, as they are automatically fulfilled. The resulting encoding would be sound
and complete for LTL formulae without X and X̊ by virtue of the results proven by Mattmüller and
Rintanen [17].
We can however improve the formula even further. In the proposed encoding, we would compute
the state after each block using the Kautz&Selman encoding. This is unnecessary, as we know from the
∃-step encoding, that we only need to compute the state again after all blocks of one original timestep
have been executed. We only need to trace the truth of propositions in A(φ) between blocks. For that
we don not need to check preconditions – they are already ensured by the ∃-step encoding. We end up
with the ∃-step encoding, where we add at every timestep a set of intermediate timepoints at which the
3 Technically

both a and d are not true.
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truth of propositions in A(φ) and the truth of the LTL formula φ is checked. Thus we call this encoding
OnParallel.
As we have noted above, this construction works only for the original M&R’07 encoding, as supporting
the X and X̊ requires to be able to specify that in the next timestep some action must be executed. This
might not be possible with splitted timesteps, as the next action to be executed may only be contained
in a timestep |B| steps ahead. Luckily, we can fix this problem by slightly altering the encoding we used
to track the truth of X and X̊ operators.
t+1
(Xf )t → atM ostOnet−1 ∧ ((atLeastOneit ∧ fLT
L )∨

(nextN onet+1 ∧ (Xf )t+1
LT L ))

t+1
t
(X̊f )t → atM ostOnet−1 ∧ ((fLT
L ∧ atLeastOne )∨
t
(nextN onet+1 ∧ (X̊f )t+1
LT L ) ∨ none ))

n++11
The semantics of noneAtt is ensured by clauses nextN onet → ¬ot for all i ∈ O. Lastly, we add ¬XfLT
L
for any Xf ∈ S stating that a next-formula cannot be made true at the last timestep. This would
otherwise be possible, since atM ostOnen could simply be made true. The OnParallel encoding is correct
by applying Thm. 3.

7

Evaluation

We have conducted an evaluation in order to assess the performance of our proposed encodings. We
used the same experimental setting as Mattmüller and Rintanen [17] in their original paper. We used the
domains trucks and rover from the preference track of IPC5 (the original paper considered only rover),
which contain temporally extended goals to specify preference. In these domains, temporally-extended
goals are formulated using the syntax of PDDL 3.0 [11]. We parse the preferences and transform them into
LTL formulae using the patterns defined by Gerevini and Long [11]. As did Mattmüller and Rintanen,
we interpret these preferences as hard constraints and randomly choose a subset of three constraints per
instance4 . To examine the performance of our encoding for X and X̊, we have also tested the instances of
the trucks domain with a formula that contains these operators. We have used the following formula5 :
φ = ∀?l−Location?t − T ruck : G(at(?l, ?t) → X̊(¬at(?l, ?t) ∨ X̊¬at(?l, ?t)))
It forces each truck to stay at a location for at most one timestep – either it leaves the location right
after entering it, or in the next timestep. The domain contains an explicit symbolic representation of
time, which is used in temporal goals. When planning with φ, the number of timesteps is never sufficed
to find a plan satisfying φ. We have therefore removed all preconditions, effects, and action parameters
pertaining to the explicit representation of time. As a result, the domain itself is easier than the original
one. We denote these instances in the evaluation with trucks-XY-φ.
Each planner was given 10 minutes of runtime and 4GB of RAM per instance on an Intel Xeon E5-2660
v3. We’ve used the SAT solver Riss6 [15], one of the best-performing solvers in the SAT Competition
2016. We have omitted results for all the trucks instances 11 − 20, as no planner was able to solve them.
Table 3 shows the results of our evaluation. We show per instance the number of ground actions and
blocks. The number of blocks is almost always significantly smaller than the number of ground operators.
In the largest rover instance, only ≈ 1.4% of operators start a new block. For the trucks domain this
is ≈ 1.7% for the largest instance.
For every encoding, we show both the number of parallel steps (i.e. timesteps) necessary to find a
solution, as well as the time needed to solve the respective formula and the number of sequential plan
steps found by the planner. In almost all instances the OnParallel encoding performs best, while there are
some where the improved M&R’07 encoding is faster. Our improvement to the M&R’07 encoding almost
always leads to a faster runtime. Also, the improved parallelism actually leads to shorter parallel plans.
4 Mattmüller and Rintanen [17] noted that it is impossible to satisfy all constraints at the same time and that a random
sample of more than three often leads to unsolvable problems. If a sample of 3 proved unsolvable we have drawn a new one.
5 We handle these lifted LTL constraints by grounding them using the set of delete-relaxed reachable ground predicates.
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In approximately half of the instances we can find plans with fewer parallel steps. In the experiments
with the formula φ containing the X̊ operator, this is most pronounced. The OnParallel encoding cuts
the number of timesteps by half and is hence significantly faster, e.g., on trucks-03-φ where the runtime
is reduced from 165s to 6s. On the other hand, the sequential plans found are usually a few actions
longer, although the same short plan could be found – this result is due to the non-determinism of the
SAT solver.

8

Conclusion

In this paper, we have improved the state-of-the-art in translating LTL planning problems into propositional formulae in several ways. We have first pointed out an interesting theoretical connection between
the propositional encoding by Mattmüller and Rintanen [17] and the compilation technique by Torres
and Baier [20]. Next, we have presented a new theoretical foundation for the M&R’07 encoding – partial
evaluation traces. Using them, we presented (1) a method to allow the X and X̊ operators in the M&R’07
encoding, (2) a method to further improve the parallelism in the M&R’07 encoding, and (3) a new encoding for LTL planning. In an evaluation, we have shown that both our improved M&R’07 encoding and the
OnParallel encoding perform empirically better than the original encoding by Mattmüller and Rintanen.
We plan to use the developed encoding in a planning-based assistant [3] for enabling the user to influence
the instructions he or she is presented by the assistant, which in turn are based on the solution generated
by a planner. Instructions given by the user can be interpreted as LTL goal and integrated into the plan
using the presented techniques.
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|O|
63
53
76
86
144
178
151
328
362
382
436
366
749
525
751
671
1227
1837
2838
3976
333
624
1065
1692
2541
4928
7380
9760
12628
16032
123
162
201
240
279

|B|
10
8
9
16
15
16
7
9
19
14
9
15
11
19
12
14
13
49
17
58
82
56
68
48
85
112
267
260
203
267
6
6
6
6
6

p. steps
7
5
7
5
7
10
5
7
9
6
10
5
8
7
8
6
11
5
8
8
8
9
10
12
12
14
14
13
14
–
18
24
29
–
–

M&R’07
s. steps
16
13
16
13
26
42
31
40
62
54
42
27
61
40
64
44
106
65
91
130
15
20
24
27
29
37
40
42
45
–
18
24
29
–
–
time
0.10
0.06
0.25
0.13
0.38
1.08
0.37
1.06
3.47
1.73
3.91
1.28
4.51
3.66
6.18
3.66
34.97
10.63
20.28
65.99
0.69
1.73
2.43
8.48
13.70
42.01
171.81
151.22
432.99
TLE
2.12
14.44
164.56
TLE
TLE

Improved-M&R’07
p. steps s. steps time
7
16
0.11
4
13
0.03∗
7
20
0.2∗
5
11
0.12∗
7
30
0.39
9
42
0.73∗
5
29
0.33∗
7
43
1.11
9
56
3.13∗
5
46
1.17∗
10
42
3.77∗
5
29
1.18∗
8
65
4.75
7
43
3.66
7
60
4.85∗
6
47
3.41∗
11
105
34.49∗
5
65
11.04
8
94
19.63∗
8
127
65.97∗
7
14
0.44∗
8
17
1.26∗
10
22
2.47
11
27
6.68∗
11
30
11.07∗
14
36
39.39∗
13
38
119.95∗
13
41
153.05
14
42
373.30∗
–
–
TLE
18
18
2.27
24
24
14.55
29
29
165.64
–
–
TLE
–
–
TLE
p. steps
7
4
6
3
6
8
5
7
9
4
9
5
8
7
7
6
11
5
8
8
7
8
9
11
11
14
13
13
14
–
9
12
15
18
–

OnParallel
s. steps
16
14
17
9
27
43
28
45
59
44
43
33
66
42
60
50
103
64
100
119
15
18
22
26
27
35
39
39
44
–
18
24
29
36
–
time
0.10
0.03
0.16
0.05
0.29
0.6
0.31
0.95
3.38
0.77
2.93
1.07
3.99
3.31
4.36
3.32
31.45
10.11
19.00
65.2
0.50
1.21
1.68
6.93
10.56
41.37
119.75
153.81
362.54
TLE
0.24
1.09
5.97
84.20
TLE

p. steps
7
4
7
5
7
10
5
7
9
6
10
5
8
7
7
6
11
5
8
8
8
9
10
12
12
14
14
–
14
–
18
24
–
–
–

AA
s. steps
14
12
14
14
26
39
21
36
36
40
47
25
62
50
47
43
62
70
86
98
15
18
23
25
28
35
36
–
43
–
18
24
–
–
–
time
0.23
0.04
0.35
0.12
0.63
1.39
0.59
1.24
3.92
1.62
6.46
1.43
5.27
4.13
5.34
3.99
37.17
10.59
21.38
66.38
0.98
1.87
6.34
12.80
13.37
88.09
247.5
TLE
465.15
TLE
18.45
498.93
TLE
TLE
TLE

Table 3: SAT-solver runtime and solution length of several encodings. Per run, we give both the number of parallel steps (p. steps) and the number
of sequential (s. steps). Minimum run-times and sequential plan lengths are marked in bold. If the number of parallel plan steps decreased for any of
the two new encodings, they are also marked bold. Decreases in Runtime for the improve M&R’07 encoding compared to the original one are marked
with an asterisk. TLE indicates exceeding the timelimit of 10 minutes.

rover-01
rover-02
rover-03
rover-04
rover-05
rover-06
rover-07
rover-08
rover-09
rover-10
rover-11
rover-12
rover-13
rover-14
rover-15
rover-16
rover-17
rover-18
rover-19
rover-20
trucks-01
trucks-02
trucks-03
trucks-04
trucks-05
trucks-06
trucks-07
trucks-08
trucks-09
trucks-10
trucks-01-φ
trucks-02-φ
trucks-03-φ
trucks-04-φ
trucks-05-φ
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Abstract
In this paper, we propose a novel SAT-based planning approach for hierarchical planning by introducing the SATbased planner totSAT for the class of totally-ordered HTN
planning problems. We use the same general approach as
SAT planning for classical planning does: bound the problem, translate the problem into a formula, and if the formula is not satisfiable, increase the bound. In HTN planning,
a suitable bound is the maximum depth of decomposition.
We show how totally-ordered HTN planning problems can be
translated into a SAT formula, given this bound. Furthermore,
we have conducted an extensive empirical evaluation to compare our new planner against state-of-the-art HTN planners.
It shows that our technique outperforms any of these systems.

Introduction
Hierarchical planning provides a natural and expressive, but
nevertheless easily usable means for planning. Its most common formalism is Hierarchical Task Network (HTN) planning (Erol, Hendler, and Nau 1996), which extends classical
STRIPS-based planning in two ways. It introduces first the
concept of abstract tasks – tasks which cannot be executed
directly, and second decomposition methods, which relate
abstract tasks to primitive STRIPS-like actions by providing
a course of (primitive and/or abstract) tasks that needs to be
performed to achieve the abstract task. The various decomposition methods for an abstract task define the allowed portfolio of ways to achieve that task. They can, e.g., be gained
from domain experts, whose knowledge can be encoded and
exploited this way. This makes HTN planning particularly
useful for planning in complex real-world domains. Its topdown and decomposition-based reasoning also bears similarities with human thought processes (Byrne 1977).
Although HTN planning is often used in real-world applications (Nau et al. 2005; Champandard, Verweij, and
Straatman 2009; Hartanto and Hertzberg 2008; Morisset and
Ghallab 2002; Dvorak et al. 2014; Bercher et al. 2015),
there has so far only been little research in developing
fast, domain-independent HTN planners. Systems are either guided by instructional information, hard-coded in the
domain model, use blind search, or heuristic search in the
plan space, relying on quite simple heuristics (Bercher et al.
Copyright c 2018, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

2017). Recently, a new HTN planning technique based on
a bounded translation into classical planning as been proposed (Alford et al. 2016a). Most search processes of HTN
planners consider both parts of the planning problem – the
hierarchy and the primitive action model – separately and
do not analyse interactions between them. This is especially
true for heuristics, which have – so far – either been based
solely on the hierarchy or solely on the primitive actions.
The work by Alford et al. (2016a) provides an integration of
both worlds. The planner FAPE (Dvorak et al. 2014) does
this too (Bit-Monnot, Smith, and Do 2016), but restricts the
decomposition hierarchy to be non-recursive, which greatly
reduces the expressiveness of HTN planning.
In this paper, we present a new technique for HTN planning based on a translation of the planning problem into a
propositional satisfiability problem. It enables a unified view
on both parts of the problem and leads to a significantly better performance compared to previous approaches. We restrict ourselves to the class of totally-ordered HTN planning,
thereby easing the SAT formula’s construction. This restriction is justified by various observations. First, we retain most
of the expressive power of HTN planning and are still more
expressive than STRIPS-based planning (Höller et al. 2014;
Höller et al. 2016). Second, HTN domains often have a high
degree of total order (Alford et al. 2016a), so that planners have even been specifically designed for this problem
class (Nau et al. 1999; Alford, Kuter, and Nau 2009). Third,
restricting models to be totally-ordered enables the creation
of complete planning algorithms, as partially ordered HTN
planning is undecidable (Erol, Hendler, and Nau 1996),
while totally-ordered planning is EXPTIME-complete (Alford, Bercher, and Aha 2015). Finally, studying the structurally simpler class of totally-ordered HTN planning problems is a suitable first step towards creating a SAT-based
planner for general HTN planning problems.
The remainder of the paper is organised as follows. Next,
we introduce the totally-ordered HTN formalism and survey
related approaches. We then describe our planning algorithm
totSAT and present its empirical evaluation.

HTN Planning
In this paper, we use an adaptation of the formulation of
HTN planning of Geier and Bercher (2011), in which we
omit everything related to partial order. Hierarchical plan-

177

ning distinguishes between two types of tasks: primitive and
abstract. Primitive tasks a are identical to standard STRIPS
actions: they can be executed directly and are specified by
prec, add, and del lists with the usual state transition semantics. In contrast, abstract tasks must be refined through methods into primitive actions before they can be executed. To
describe the allowed refinements, HTN planning problems
use task networks, which describe a partially ordered multiset of – both primitive and abstract – tasks. In the totallyordered case a task network is merely a sequence of tasks.
Definition 1. Given a set of tasks T , a task network tn is
any element of T ∗ . We define tn(i) to be the ith task of tn.
A totally-ordered HTN planning problem is defined as:
Definition 2. A totally-ordered HTN planning problem is a
6-tuple P = (L, C, O, M, cI , sI ), s.t.

•
•
•
•
•
•

L is a finite set of proposition symbols
C is a finite set of abstract (or compound) tasks
O is a finite set of primitive actions (or operators)
M ⊆ C × (C ∪ O)∗ is a set of decomposition methods
cI ∈ C is the initial abstract task
sI ⊆ L is the initial state.

We define M (t) = {(t, tn) | (t, tn) ∈ M } to
S be the set
of methods for the abstract task t and M (T ) = t∈T M (t).
Decomposition methods are essentially rules that describe
how an abstract task can be replaced by a sequence of (primitive or abstract) tasks, defined as follows.
Definition 3. Let P = (L, C, O, M, cI , sI ) be a planning
problem, tn = ω1 cω2 a task network where c ∈ C, and
m = (c, ϕ) ∈ M a decomposition method. Then the application of m to tn results in the task network tn0 = ω1 ϕω2 ,
0
0
written tn →m
D tn . Likewise we write tn →D tn if any
0
∗
such method exists, and tn →D tn if any sequence of decompositions exists, which transforms tn into tn0 .
We define a solution to an HTN planning problem as:
Definition 4. Let P = (L, C, O, M, cI , sI ) be a planning
problem. A task network tn ∈ O∗ is a solution to P if and
only if cI →∗D tn and tn is executable in sI . The set of all
such task networks is defined as S(P).
In this paper, we consider the problem of satisficing planning, i.e., the decision problem to decide whether a task network tn ∈ S(P) exists. We want to emphasise that the
HTN part of the planning problem is much more than a mere
heuristic guide to solve some (in its core) classical planning
problem – it is a restriction on the allowed plans. This additional way to restrict the model makes HTN planning both
more expressive than classical planning and computationally
more difficult. Our formalism differs from the one used by
the HTN planning system SHOP (Nau et al. 1999) in that we
do not allow for methods to have preconditions. This is not a
restriction, as SHOP-style domains can be compiled into our
formalism by introducing tasks with each method’s precondition, which are ordered before all other tasks in their respective methods. Three of our evaluation domains contain
method preconditions, which are compiled by the planner.
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The reduced formalism bears a striking similarity to
context-free grammars (CFGs). In fact, the set of solutions
S(P) can be described by a CFG and for all CFGs there is
a planning problem generating the same language (Höller et
al. 2014). In theory, the task of planning boils down to finding a word generated by a context-free grammar, which can
be done in linear time. The planning problem is a compact
representation of the corresponding grammar, as it defines
the solutions as the intersection of two properties: being a
valid decomposition and being executable. Constructing the
grammar explicitly would lead to an exponential blow-up,
which makes any such approach to planning useless.

Related Work

The idea of translating hierarchical planning problems into
logical formulae is not entirely new. Mali and Kambhampati (1998) have proposed a translation of HTN planning
problems into a SAT formula. Their notion of HTN planning
significantly differs from the (by now) established HTN formalism, making their formula much simpler and structurally
different from ours. First, their formalism allows inserting
additional tasks and does not have an initial task, which
makes it equivalent to STRIPS planning. Second, they allow
task sharing (Alford et al. 2016b), which leads both to significantly shorter or even new solutions. Consider a planning
problem with a single abstract task A which decomposes
into two instances of the primitive task a, which can only
be executed once. Using standard HTN semantics this problem has no solution, while with task sharing it does have one
of length one. Lastly, their technique is also far less powerful than ours, as it cannot handle recursive domains, which
greatly reduces the expressive power of hierarchical planning. Such domains can always be translated into an equivalent STRIPS planning problem, which is not the case for
general or totally-ordered domains (Höller et al. 2014).
Dix, Kuter, and Nau (2003) have proposed an encoding of
totally-ordered HTN planning into answer set programming
(ASP), based on the mechanics of SHOP. Their empirical
evaluation shows that the translated domain performs significantly worse than the standard SHOP algorithm (up to
a factor of 1.000). We assume that this is due to the high
expressive power needed for their models – it requires numbers. Also, ASP is commonly solved by a translation into
SAT, thus we deem a direct encoding to be more efficient.
We have not included their approach in our evaluation as no
code for their translation is publicly available and (as stated)
its performance is worse than SHOP, which we did include.
In recent work, we presented a SAT-based technique for
verifying HTN plans (Behnke, Höller, and Biundo 2017), a
task which was shown to be NP-complete (Behnke, Höller,
and Biundo 2015). In plan verification, the objective is,
given a sequence of actions, to determine whether this sequence can be obtained via decomposition from the initial
abstract task. In theory, our proposed encoding could also be
used as the basis for a planner, but its size and complexity
make it impractical for that purpose. Also, the encoding we
present here differs significantly from the verification encoding in that it represents decomposition in a tree-like structure
rather than as a process iterating over sequences of actions.

As noted, the problem of finding a plan for a totallyordered HTN planning problem is equivalent to finding a
word of a CFL given in a highly compressed form. For this
test, it would however be necessary to construct the respective grammar G explicitly, which would require to construct
the state space explicitly – which is not feasible. Due to the
specific nature of our input, there has been no work in the
formal languages community – as far as we know. There
has been work relating to the usage of SAT techniques when
analysing properties of CFLs, like universality (Axelsson,
Heljanko, and Lange 2008), but their techniques are not applicable here, as they need the expanded CFG as their input.

Height-bounded Decomposition Trees
Our translation of HTN planning problems into SAT formulae is based on the notion of decomposition trees
(DTs), which were originally introduced by Geier and
Bercher (2011). A DT is a witness that a task network is
a solution to a given planning problem. We adapt their definition and simplify it for the case of totally-ordered domains
as follows:
Definition 5. Let P = (L, C, O, M, cI , sI ) be an HTN
planning problem. A valid totally-ordered decomposition
tree T is a 4-tuple T = (V, E, α, β), where
• V are the nodes of a directed tree, whose edges are given
by the function E : V → V 1 , mapping each node in the
tree to a ordered list of vertices – its children. Let r be the
root-node of this tree.
• α : V → C ∪ O assigns each inner node an abstract task
and each leaf a primitive task.
• β : V → M assigns each inner node a method.
• α(r) = cI
• for all inner nodes v ∈ V with β(v) = (c, tn) and children E(v) = c1 , . . . , cn , it holds that c = α(v) and
α(c1 ) . . . α(cn ) = tn.
The function E implicitly defines an order of all nodes of
the tree. Two nodes a and b are ordered a ≺ b, if any only if
for the lowest common ancestor c of a and b in the tree, the
child a0 of c which is the ancestor of a occurs in E(c) before
the respective ancestor b0 of b.
The solution represented by a DT T are the tasks assigned
to its leafs in the order implicitly induced by the function
E. Geier and Bercher (2011) showed that for every solution
tn ∈ S(P) a DT exists, whose leafs are assigned the tasks of
tn in the correct order and vice versa. Thus, instead of generating a formula that describes all solutions, we can generate one that describes all possible DTs. This, however, is
not possible in general, since the HTN can contain recursive
methods, requiring to describe infinitely many DTs in one
formula. We take the same approach as SAT-planning does
for classical planning: Restrict the solution by some bound
and increase the bound until a solution has been found. We
propose to use the height of the DTs as this bound – in con1

Let X be the set of all sequences over X.

trast to the plan length in classical planning2 . I.e., given a
height-bound K, we generate a SAT formula that describes
all possible decomposition trees whose height is at most K.
Here the question arises, which values should be tried for
K? As the lower bound, we use the minimal height necessary to derive a task network solely containing primitive
tasks from cI . Formally this height is the smallest K s.t.
there exists an DT with height K whose leafs are assigned
only primitive tasks. This bound can be computed inductively: For any primitive task it is 0, for every method it is the
maximum of any contained task, and for any abstract task it
is 1 plus the minimum over its decomposition methods. For
cycles in the decomposition hierarchy, we can iterate until convergence. The following theorem provides an upper
bound, showing that a planning procedure based on iteratively increasing the allowed height will terminate in finite
time. Similar to classical planning, where there is also such
an upper bound (2|L| ), the determined bound is quite high,
but plays no practical role, as solutions are usually found
before that bound is reached.
Theorem 1. Let P = (L, C, O, M, cI , sI ) be an HTN planning problem. If S(P) 6= ∅, then S(P) also contains a so2
lution whose decomposition height is at most |C| · 2|L| .

Proof. Assume that S(P) is not empty, let tn be a solution with the minimal decomposition height, and K >
2
|C|· 2|L| be this height. Then the decomposition tree of tn
contains a path of length K. Label every node a in the tree
with the states immediately before and after executing the
primitive tasks resulting from a (i.e. the leafs below a). Since
2
this path is longer than |C|· 2|L| , at least two nodes will be
labelled with the same abstract task and states. We can now
remove the part of the tree between these two occurrences
(including one of the two duplicated nodes). The resulting
tree still represents a task network, which is a solution to P,
as it only contains valid decompositions and the resulting
task network will be executable. However the height of this
path in the tree has decreased. If we repeat this process for
all paths with length K, the resulting tree will represent a
solution with a decomposition height <K.
Before we start to construct the formula itself, we first
need a suitable abstraction of DTs, which can describe sets
of DTs – in our case all DTs up to a given height. We have
developed such an abstraction called Path Decomposition
Trees (PDTs). A PDT P is required to have every DT of
height ≤ K as a sub-tree. Figure 1 show an example for
a PDT and a DT as its subgraph. The nodes of the PDT
belonging to the DT are labelled with the respective task
α(v). Our formula will describe such a subgraph DT and
then checks that its leafs contain primitive tasks, which are
executable in the order induced by the DT. Conveniently,
this will be the same order as those nodes have in the PDT,
which is marked with dashed lines in Figure 1.
2

Bounding the height of a DT implicitly also bounds the plan
length, but it is much simpler to construct a SAT-formula bounding
the height, e.g., due to methods with empty task networks.
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We start by detailing the formal criteria we impose on a
PDT and show a theoretical property ensuring the completeness of our SAT-translation. There are several possible PDTs
for every planning problem and height K that fulfil these
criteria. As such, we introduce a broader framework upon
which further research could be based. As a second step,
we describe a way to generate PDTs for a given planning
problem, leading to a single PDT for every problem/height
combination. We then construct our SAT formula based on
this single PDT.
Definition 6. Let P = (L, C, O, M, cI , sI ) be a planning
problem and K a height bound. A Path Decomposition Tree
PK of height K is a triple PK = (V, E, α) where
• V are the nodes of a directed tree of height ≤ K, whose
edges are given by the function E : V → V , and which
has a single root node r.
• α : V → 2C∪O assigns each node a set of possible tasks.
• cI ∈ α(r)
• for all inner nodes v ∈ V , for each abstract task c ∈
α(v) ∩ C that can be assigned to that node, and for
each method (c, tn) ∈ M (c), there exists a sub-sequence
v1 , . . . , v|tn| of the children E(v), such that tn(i) ∈ α(vi )
for all i ∈ {1, . . . , |tn|}
• all leaf nodes are either assigned only primitive tasks, or
are at height K
A DT T = (VT , ET , αT , βT ) is contained in PK iff there
is a sub-tree G0 = (V 0 , E 0 ) of (V, E), s.t. r ∈ V 0 , which is
isomorphic to (VT , ET ) with the isomorphism ψ : V 0 → VT
s.t. ∀v 0 ∈ V 0 : αT (ψ(v 0 )) ∈ α(v 0 ).
Theorem 2. Let P = (L, C, O, M, cI , sI ) be a planning
problem and K a height bound. Then every DT T which has
a height of at most K is contained in a PDT PK .

Proof. Let T = (VT , ET , ≺T , αT , βT ) be a DT of height at
most K and PK = (V, E, ≺, α) be a PDT, then we have to
find a sub-tree G0 of PK which is isomorphic to T and satisfies the conditions from the definition. We can construct this
sub-tree recursively, starting with the roots of PK and T . For
the root node rT of T we select the root r of PK to be in G0
and set the isomorphism respectively. β(rT ) assigns a decomposition method m = (αT (rT ), tn) to rT . Since PK is
a PDT and αT (rT ) is contained in α(r), i.e., m is applicable
to a task in α(r), we know that there is a sequence of children (v1 , . . . , v|tn| ) of r in PK s.t. for each vi the label set
T
α(vi ) contains the necessary label tn(i). Let v1T , . . . , v|tn|
be that sequence of children of rT in T . As T is a DT, we
have αT (viT ) = tn(i) and thus αT (viT ) ∈ α(vi ). Thus we
can extend G0 by the ci and the isomorphism by the pairs
(viT , vi ). Lastly, we continue constructing the sub-tree with
each (viT , vi ) pair, as if they were the roots of the trees, until both are assigned a primitive task. The sub-tree G0 then
fulfils the criteria from the definition by construction.
The definition of the PDT leaves several choice-points,
e.g., how to select the sequence of children for a method or
how to select the label sets for the nodes. When constructing
our SAT formula, we are interested in a small PDT, i.e., one
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Figure 1: A PDT. A subgraph-DT is marked black.
with the least amount of nodes and/or a PDT where the label
set of each node is as small as possible. Since both parameters are relevant for the “size” of the PDT, defining a formal
optimisation problem is complicated. Also, performing this
optimisation might be infeasible as we can’t construct all
DTs in beforehand.
Given a planning problem P and a heigh bound K, we
can construct a PDT PK using only a single function σ. σ
essentially determines for a node v labelled with a set of
tasks T = α(v) which children it should have and how they
should be labelled in the PDT. Formally σ has the signature
2C∪O → N×(M → N), and returns for every possible label
set of a node of PK , the number of its children, and for every
applicable method the positions of its subtasks. We call such
a function a child arrangement function. The label set of the
ith child must contain a task t, if there is a method for a task
in T , whose jth task is t, s.t. σ will assign the jth task in
the method to the child i. More formally, the set of labels
induced by σ for the ith child is:
Σ(i, σ, T ) = {t | σ(T ) = (n, µ), t ∈ T , m = (t, tn) ∈ M,
µ(m) = (c1 , . . . , cn ), ∃j ∈ {1, . . . , n} : cj = i, tn(j) = t}

Lastly, we can define the PDT induced by a child arrangement σ. To ease the definition, we here assume a slightly
extended HTN formalism, in which we do not have an initial task, but a set of initial tasks T , from which any can
be chosen arbitrarily. In this construction, we use σ to construct the PDT locally and then recursively expand the tree
until the height-limit K has been reached.
Definition 7. Let P = (L, C, O, M, T , sI ) be a planning
problem, K be a height bound, and σ be a child arrangement
σ
function. Then the PDT PK
of height K induced by σ is
defined as follows:
σ
If K = 0, then PK
= (◦, ∅, {(◦, T )}). Else let c be the
number of children determined by σ(T ). Let for every child
σ
i be Pi0 = PK−1
= (Vi , Ei , αi ) the PDT of height K − 1
induced by σ, where the set of initial tasks is Σ(i, σ, T ). Assume that the vertex-sets of all Pi0 are disjunct (else rename
them appropriately). Let ri be the root vertex of each Pi0 .
σ
Then PK
= (V, E, α) where
Sc
• V = {◦} ∪ i=1 Vi
Sc
• E = {(◦, (r1 , . . . , rc ))} ∪ i=1 Ei
Sc
• α = {(◦, T )} ∪ i=1 αi
Clearly, the constructed tree is a valid PDT.

Proposition 1. Given a planning problem P and a child
σ
arrangement function σ, PK
is a valid PDT of height K.

The last thing that remains to define is the child arrangement function σ. In our planner, we have used a simple
scheme, were we have set the number of children always to
the size of the largest applicable method. For each method
its subtasks are assigned greedily to the children. We process
the tasks in a method in the order occurring in that method
and assign each task to one of the child nodes. When processing a task, we determine the first child node that this
task can be assigned to (the one after the node that the previous task was assigned to). If that child is already labelled
with the task, we use that child, else we try to use the next
child – if enough children are left.

Translating PDTs into SAT
σ
Based on the PDT PK
we have described in the previous
section, we now construct a SAT formula F(P, K) that is
satisfiable if and only if there is a DT of height ≤ K whose
leafs form an executable sequence of actions. As shown in
σ
Theorem 2, such a DT is essentially a sub-tree G0 of PK
.
In addition, its nodes must be labelled with tasks allowed
σ
and its nodes must represent correct decompositions.
by PK
Lastly, to be a solution the primitive tasks assigned to the
leafs of G0 must form an executable action sequence. The
σ
formula describes such a sub-tree G0 of PK
and will thus
σ
closely resemble the structure of the PDT PK
. To ease the
construction of the clauses expressing executability, we will
σ
enforce that the leafs of G0 are also leafs of PK
. We can
achieve this by adding (as appropriate) new nodes to the
leafs of G0 , which simply repeat the primitive task of the
original leaf.
Initially, we separate the formula into two parts: one
FD (P) describing the sub-tree G0 of the PDT, and one
FE (P) describing that the resulting primitive task network
must be executable. The formula will contain subformulae
enforcing that at most one of a set of atoms can be true. As
the naive quadratic exclusion encoding produces to many
clauses, we have employed a binary encoding for all our atmost-one constraints, which only results in n log n clauses
while introducing log n additional variables (Sinz 2005). We
will denote this construct with M(L) for a set of literals L.
Further, we will not describe the formula in disjunctive normal form due to readability3 .
Every satisfying valuation of FD (P) has to describe a sinσ
gle sub-tree G0 contained in PK
that is a valid DT. We use
the structure of the PDT and define for every node v in the
PDT the formula necessary to represent a (potential) subσ
tree DT rooted at that node. Each node in PK
is uniquely
identified by the path π = (p1 , p2 , . . . , pi ) from the root to
that node, where the path π ◦ i identifies the ith child of the
node identified by π. From here on, we use the path of a
node to denote that node, and write K(π) for the height of
σ
π in PK
.
The function f (π) constructs said formula for each node
σ
π of the PDT PK
. The formula contains the local conditions
necessary for the described sub-tree to be valid DT and the
formulae necessary for all its children. While constructing
3

The formula can easily be transformed into DNF, which is required by most SAT solvers.

the formula, we will use two types of decision variables with
the following meaning:
σ
• tπ – stating that in G0 the node π of PK
is labelled with
the task t, i.e., that αG0 (π) = t.
• mπ – stating that in G0 the method m is chosen to decompose the task αG0 (π), i.e., that βG0 (π) = m
If for some node π all tπ atoms are false, it is not part of the
described DT G0 . Essentially, the sub-tree G0 will be defined
σ
by the nodes of PK
that are assigned a task.
If α(π) only contains primitive tasks or K(π) equals K,
then f (π) returns the formula M({tπ | t ∈ α(π) ∩ O}), i.e.,
if π is part of G0 , then it must be labelled with one primitive
σ
task in α(π). These nodes are the leafs of PK
. If the mentioned condition is not true, we are dealing with an actual
inner node of the PDT. If π is not part of G0 , then no task
is assigned to it and thus all of its children cannot have a
task assigned to them. Else, if the assigned task is abstract,
a suitable decomposition is chosen, or if it is primitive, then
the primitive task is inherited to the first child. Here we split
f (π) into six sub-formulae as follows:
f (π) = M({tπ | t ∈ α(π)}) ∧ selectMethod (π)
∧ applyMethod (π) ∧ inheritPrimitive(π)
∧ nonePresent(π) ∧ subTree(π)

The first formula again ensures that π receives – if any – a
unique task, as required for a DT. selectMethod ensures that
a decomposition method is chosen if and only if the node
π is assigned an abstract task, and that a single applicable
method for that task is chosen. This also ensures that if a
primitive task is chosen, no method can be applied.
selectedMethod (π) = M({mπ | M (α(π) ∩ C)})∧


 

^
_
^

tπ → 
mπ  ∧ 
m π → tπ 
t∈α(π)∩C

m∈M (t)

m∈M (α(t)∩C)

The next formula applyMethod states the results of an applied method. We have to assign each task in a method’s
task network to one of π’s children π ◦ i. This assignment is
determined by the child arrangement function σ, which we
have described in the previous section. To ease notation, we
denote the two values returned by σ(α(π)) as c and µ (the
number of children to produce and the task assignment function, respectively) and use the function Σ(i, σ, T ) from the
previous chapter, which returns all tasks that can be assigned
to the ith child. The formula itself forces that if a method is
selected for a node, then the correct tasks are assigned to its
σ
children and that all children in PK
that are not assigned a
task cannot contain a task, i.e., are not part of G0 .
"
^
applyMethod (π) =
mπ →



m=(t,tn)∈M (α(π))

|tn|

^

i=1

π◦µ(m)i
tni

∧

^

^

i∈{1,...,c}\µ(m) k∈Σ(j,σ,α(π))

#

¬k π◦j 

The next two formulae take care of the cases where the node
π is either assigned a primitive action or none at all. In the
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former case it is passed on to one of the children in the tree,
in the latter none of the children can be assigned a task.
inheritPrimitive(π) =

"
c
^
^
pπ → pπ◦1 ∧
p∈α(π)∩O



nonePresent(π) = 

^

i=2 k∈Σ(j,σ,α(π))

^





¬tπ  → 

t∈α(π)

c
^

#

¬k π◦j 
^



¬tπ◦i 

i=1 t∈Σ(i,σ,α(π))

Vc
The formula subTree(π) = i=1 f (π ◦ i) is responsible for
the recursive construction of the tree. As the full decomposi()
tion formula FD (P), we choose f (()) ∧ cI , i.e., the decomposition formula for the root and the assertion that the initial
task is contained in G0 .
The second part of FE (P ) expresses that the tasks assigned to the leafs of G0 form an executable sequence of
actions. We use an adaptation of the formula introduced by
Kautz and Selman (1996) for this purpose. The difference is
that we have to restrict the set of possible actions to the set
α(π) for each task, and to connect the chosen action with the
decomposition formula by using the variables tπ . Let Π =
(π1 , . . . , πn ) be the leafs of the PDT in their order induced
σ
. We introduce for every proposition symbol l ∈ L the
by PK
decision variable li for 0 ≤ i ≤ n, stating that l is true after
executing the action assigned to πi . Then FE (P ) is defined
V
V
Vn−1
as l∈sI l0 ∧ l∈L\sI ¬l0 ∧ i=0 (action(i)∧maintain(i))
where


^
^
^
^
i
i+1
i+1
π
l ∧
l
∧ ¬l 
action(i) =
t →
t∈α(πi+1 )∩O

maintain(i) =

^

l∈L



l∈prec(t) l∈add(t)

(¬li ∧ li+1 ) →

l∈del(t)

_

tπ




t∈α(πi+1 )∩O with l∈add(t)

As a last step in this chapter, we provide a proof sketch
ensuring that the constructed formula is satisfiable iff the
respective planning problem is solvable.
Theorem 3. Let P = (L, C, O, M, cI , sI ) be a planning
problem and K a height bound. Then F(P, K) is satisfiable
if and only if P has a solution with a decomposition tree of
height ≤ K.
Proof. ⇒: Let γ be a satisfying valuation of F(P, K). We
can construct a DT G0 = (V, E, α, β) as follows:
• V = {π | ∃t ∈ O ∪ C : tπ is true and for the parent π 0 of
0
π no oπ for o ∈ O is true }
• E(π) = (π ◦ i | ∃t ∈ O ∪ C : tπ◦i is true and π ∈ V ),
sorted by i
• α(π) = t for the one atom tπ that is true – there is at most
one due to the M constraints in the formula
• β(π) = m for the one atom mπ that is true –
selectMethod requires such an atom for all inner nodes
and there is at most one due to the M constraint.
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By the assertion of the atom cI , we have α(r) = cI for the
root r of G0 . The only thing left to show for G0 is that for
each inner node π, its children are labelled according to the
method β(π). This is ensured by the constraints of the formula applyMethod . Since only the nodes contained in V are
assigned tasks, the sequence of primitive actions in FE (P)
is the same as the leafs of G0 . As FE (P) is satisfied, the
sequence of primitive actions induced by G0 is executable.
⇐: Let s be a solution of P and let T be a decomposition
tree for s whose height is at most K. By Theorem 2 there
σ
exists a sub-tree G0 of PK
that is isomorphic to T and fulfils
the criterion in Definition 6. Using G0 , we can construct a
satisfying valuation of F(P, K) as follows:
• tπ is true iff π ∈ G0 and the node v of T that is isomorphic
to π is labelled with t, i.e., αT (v) = t, or if t is primitive
and a predecessor π 0 of π whose isomorphic partner v in
G0 is labelled with t such that π is reachable from π only
through first children.
• mπ is true iff π ∈ G0 and the node v of T that is isomorphic to π is decomposed using m, i.e., βT (v) = m.
• li if l is true after executing i actions of s.

At most a single tπ and mπ is true for all nodes π. If tπ
is true for some abstract task t, then a suitable method atom
mπ is also true, as π must be an inner node of G0 and π has a
correct β-label. Also, if t is primitive no method is selected,
as π is a leaf of G0 . Since G0 is a valid DT, the constraints
in applyMethod are also satisfied (by the fourth point of a
DT’s definition). By the or-clause of the first bullet point,
we also ensure that inheritPrimitive is satisfied. As G0 is a
tree nonePresent is satisfied. Lastly, since s is a solution, it
executable and so FE (P) is satisfied.

Evaluation
To show that our HTN planner totSAT performs well in practice, we have conducted the following empirical evaluation.
Our implementation of totSAT uses the parser and preprocessor of the planning system PANDA (Bercher, Keen, and
Biundo 2014). We will release the code of totSAT publicly.
Domains. We have taken four commonly used HTN
benchmark domains (UM-Translog, Woodworking, Satellite, and SmartPhone) from Bercher, Keen, and Biundo (2014). Since we have seen that our planner solves all
these instances rather quickly, we have also added three new
combinatorially more difficult domains.
ENTERTAINMENT is based on the non-hierarchical Assembly domain (Bercher et al. 2014), which describes setting up
HiFi and video devices that can be connected with different types of cables. The goal is to connect the devices s.t.
all available signals are transmitted to the appropriate signal
sinks (e.g. TVs). The original domain is rather restrictive,
e.g., cables can only be inserted if one of the connected devices already has a signal and unplugging cables is not possible. Our domain uses the additional expressivity of HTN
planning to lift these two restrictions.
ROVER is the HTN-structure developed for SHOP together
with the problem instances of the IPC3 domain ROVER.

Variables
Literals per clause
Horn clauses
Assertional clauses

min
61
1.993
83.8%
0.0005%

max
331132
12.82
98.7%
5.63%

average
18335
2.5
91.4%
0.6%

media
1627
2.2
91.9%
0.2%

Table 1: Statistical data on all SAT formulae generated during planning. Percentages are given as average percentages over all formulae. Horn clauses
are those containing exactly one positive literal.
Assertional clauses are those containing only one
literal.

SHOP vs optimal
HTN2STRIPS vs optimal
T DGc vs optimal
T DGm vs optimal
totSAT vs optimal

min
0
0
0
0
0

max
5
1
0
3
9

avg
+0.37
+0.4
0
+0.14
0.58

min %
0%
0%
0%
0%
0%

max %
+41%
+10%
0%
+25%
+90%

avg %
3.2%
+0.3%
0%
1.4%
5.4%

totSAT vs SHOP
totSAT vs HTN2STRIPS

-17
-2

20
+58

+0.79
+5.48

-53.8%
-9.1 %

+90%
+287%

+0.79%
+36.9%

Table 2: Relative sizes of solutions. Given are statistics for the difference in number of actions. The first part of the table shows the comparison against known optimal solutions, computed using Dijkstra’s Algorithm (Dijkstra 1959). The second part of the table shows the relative
comparison of planners solving instances the optimal plan is unknown.

TRANSPORT is a domain describing a standard deliver-withtrucks scenario. There are several trucks (which do not need
fuel) to deliver packages from their start location to a destination in a road network.
For UM-T RANSLOG, W OODWORKING, S ATELLITE,
and S MART P HONE, we have added ordering constraints to
ensure that the domains are totally-ordered. For all these domains solvability was retained by this change. ENTERTAIN MENT , ROVER and TRANSPORT were constructed s.t. the
domains are already totally-ordered. We will release these
domains publicly.
Planners. Each planner was given 10 minutes runtime
and 4 GB of RAM per instance on an Intel Xeon E5-2660.
We compare totSAT against two types of planning approaches: Those specifically designed for totally-ordered
domains and those capable of handling unrestricted
HTN planning problems. The first category consists of
the planning strategies SHOP (Nau et al. 1999) and
HTN2STRIPS (Alford et al. 2016a). We have compared
us against both the original implementation of SHOP2
and the re-implementation of SHOP recently added to
PANDA. Note that SHOP was originally developed for
totally-ordered domains and SHOP2 is its extension to partial order, i.e., using SHOP2 on totally-ordered instances
will lead to the behaviour described in the original SHOPpaper. HTN2STRIPS is based on a translation of HTN planing problems into classical planning (Alford et al. 2016a).
This planner needs – similar to totSAT – a bound K for the
translation, for which both a lower and an upper bound can
be computed (Alford et al. 2016a). Given a time-bound t,
the procedure of the planner is: run the classical planner (we
used jasper (Xie, Müller, and Holte 2014), as did the original paper) on bound K with a timelimit of t minutes. If no
solution was found, increment K and repeat. If the planner
reached K’s upper bound, we let it run until the total timelimit. We tried all possible values for t and found that the
coverage of the planner is highest for t = 3min.
The second group of planners consists of general HTN
planning techniques. All of them are based on plan-space
search – in contrast to SHOP (using progression) and
HTN2STRIPS. We have used the two currently best know
heuristics for plan-based search in HTN planning (T DGc
and T DGm , with and without recomputing (PR) (Bercher

et al. 2017)) implemented in PANDA using Greedy-A∗ with
a weight of 2. We also included the strategies DFS, BFS, and
Dijkstra provided by PANDA, as well as its emulation of the
UMCP planner (Erol, Hendler, and Nau 1994). Lastly, we
also included the planner FAPE (Dvorak et al. 2014). However it does not accept all instances as input, as it cannot
handle recursion in the domain. As such, we ran it only on
the domains S ATELLITE, W OODWORKING, and ROVER.
We have tested four SAT solvers for totSAT. Three of
them are top performers at the SAT Competition 2016:
cryptominisat5 (Soos 2016), MapleCOMSPS (Liang et al.
2016), and Riss6 (Manthey, Stephan, and Werner 2016).
The fourth solver is standard unmodified minisat. Similar
to HTN2STRIPS, totSAT has to try several values for the
bound K in order to find a solution to the planning problem.
The first value of K used by totSAT is the lowest height
needed to reach a primitive task network. We then construct
F(P, K) and pass it to the SAT-solver. We have always set
the timeout of the solver to the remaining runtime. Learnt
clauses are not reused if the bound K is increased.
Discussion. In Table 1 we present statistical data on the
generated SAT formulae. We can see that in all instances, the
size of the formula is moderately large (never above 4 · 105 ).
Also, most clauses of the formulae are horn – which are algorithmically easier to handle for a SAT solver. From this
data we assume that the formulae are structurally relatively
simple, which is wilful by construction. We think that our
encoding actually exposes structural information about the
domain in a way that is useful to the solvers.
Table 3 shows the overall coverage of all evaluated planners. We can see that totSAT solves – depending on the SAT
solver – 123 to 125 of the 127 benchmark instances. For all
domains except transport, totSAT solves all instances, while
only two transport instances (#29 and #30) cannot be solved
in time. Even using the simple SAT-solver minisat, only thee
instance remain unsolved. totSAT would solve both these instance with 30 minute timelimit. Further we can see that the
planners which are specifically designed for totally-ordered
domains have a higher coverage than general HTN planner.
This is expected, as they can exploit this special property
during search. However, it is extremely surprising that the
SHOP-strategy – which is a blind depth-first progressionsearch – outperforms the best known heuristic HTN plan-
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totSAT Maple

totSAT Riss6

totSAT minisat

SHOP-PANDA

SHOP original

HTN2STRIPS

TDG-c

TDG-m

BFS

DFS

Dijkstra

FAPE

UMCP-BF

UMCP-DF

UMCP-H

total

totSAT cms

ENTERTAINMENT
ROVER
TRANSPORT

#instances
UM-T RANSLOG
S ATELLITE
W OODWORKING
S MART P HONE

22
25
11
7
12
20
30
127

22
25
11
7
12
20
28
125

22
25
11
7
12
20
27
124

22
25
11
7
12
20
26
123

22
25
11
7
12
20
27
124

22
25
11
5
9
18
2
92

22
25
10
4
5
16
0
82

18
23
5
6
5
5
20
82

22
24
6
4
5
0
1
62

22
25
9
4
5
3
0
68

22
24
6
4
5
0
1
62

22
25
9
5
9
2
2
74

22
25
9
6
9
2
1
74

0
25
0
0
0
15
0
40

22
24
6
4
5
0
1
62

22
18
6
4
5
0
0
55

22
20
6
4
6
0
1
59

Table 3: Number of solved instances per planner per domain. Maxima are indicated in bold. cms = cryptominisat5
ners significantly. UM-Translog and Satellite are solved by
practically every planner, i.e., we might suggest to remove
these two from future benchmarks.
When looking at the new domains transport and rover
we can clearly see the different advantages of SHOP and
HTN2STRIPS on these domains. While SHOP is able to exploit the structure of the HTN in the rover domain, it cannot solve the combinatoric problem in transport. In contrast,
HTN2STRIPS can solve transport easier, but struggles to
utilise the information encoded in the rover domain. totSAT
can solve both domains, showing that it combines the ability to solve combinatorially hard problems with the ability
to exploit the HTN hierarchy. Especially the general HTN
planners perform worse on these domains, showing the need
for the development of better informed heuristics for HTN
planning. This becomes even more obvious if we compare
these heuristics with blind BFS – it outperforms them all.
Figure 2 shows the number of solved instances as a function of time. The choice of the SAT-solver seems to be unimportant, as all three show almost the same behaviour. We
also see that totSAT solves more instances than all other approaches starting roughly after 4 seconds of runtime. Over
all instances, totSAT calls the SAT-solver 3.71 (media 4)
times, with a maximum of 8 calls before either a solution
is found or the timeout is reached.
Lastly, although we did not aim for optimal planning, we
have also evaluated the relatives quality of solutions in terms
of their length. The results are shown in Table 2. totSAT
tends to produce longer solutions, as it is allowed by the
formula to assign tasks to all leafs. However, we think that it
would be possible to create an optimal planner based on our
encoding.

Conclusion
We have presented a new planning technique for HTN planning – SAT-based HTN planning. It is based on a translation of decomposition height bounded totally-ordered HTN
planning problems into a SAT formula. This way, a planning problem can be solved by iteratively increasing this
bound. We have evaluated it against state-of-the-art HTN
planning systems and have shown that it outperforms all of
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Figure 2: Runtime vs number of solved instances per planner
them. The presented technique solves totally-ordered HTN
planning problems – which are occurring naturally in practice. In view of our results, extending totSAT to partially ordered domains is the natural next step to further improve the
performance of HTN planning. Furthermore, the presented
SAT-encoding seems to be well suited as the basis for allowing additional constraints during planning. This occurs
often in so-called mixed-initiative planning systems where
users influence the plan generation process (Nothdurft et al.
2015). This integration can, e.g., be achieved by enabling
the planner to process certain requests to change a current
plan (Behnke et al. 2016), which could be transformed into
additional SAT formulae.
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Alford, R.; Behnke, G.; Höller, D.; Bercher, P.; Biundo, S.;
and Aha, D. W. 2016a. Bound to plan: Exploiting classical
heuristics via automatic translations of tail-recursive HTN
problems. In Proc. of ICAPS 2016.
Alford, R.; Shivashankar, V.; Roberts, M.; Frank, J.; and
Aha, D. W. 2016b. Hierarchical planning: relating task and
goal decomposition with task sharing. In Proc. of IJCAI
2016.
Alford, R.; Kuter, U.; and Nau, D. S. 2009. Translating
HTNs to PDDL: A small amount of domain knowledge can
go a long way. In Proc. of IJCAI.
Axelsson, R.; Heljanko, K.; and Lange, M. 2008. Analyzing
context-free grammars using an incremental sat solver. In
Proc. of ICALP 2008.
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Abstract
Planning via SAT has proven to be an efficient and versatile planning technique. Its declarative nature allows for an
easy integration of additional constraints and can harness the
progress made in the SAT community without the need to
adapt the planner. However, there has been only little attention to SAT planning for hierarchical domains. To ease encoding, existing approaches for HTN planning require additional
assumptions, like non-recursiveness or totally-ordered methods. Both limit the expressiveness of HTN planning severely.
We propose the first propositional encodings which are able
to solve general, i.e., partially-ordered, HTN planning problems, based on a previous encoding for totally-ordered problems. The empirical evaluation of our encoding shows that it
outperforms existing HTN planners significantly.

Introduction
Hierarchical Task Network (HTN) planning (Erol, Hendler,
and Nau 1996) is a versatile planning formalism, which has
been used in many practical applications (Nau et al. 2005;
Straatman et al. 2013; Champandard, Verweij, and Straatman 2009; Dvorak et al. 2014). It extends classical planning by introducing abstract tasks in addition to primitive
(classical) actions. They represent portfolios of more complex courses of action which – if executed – achieve the abstract task. Decomposition methods map abstract tasks to
partially-ordered sets of other tasks (that might be primitive or abstract) – and by that express the connection between higher- and lower-levels of action abstraction. Decomposition is continued until all tasks are primitive and
these actions can be executed in the initial state. This decompositional structure is a powerful way to describe the set
of possible solutions, making HTN planning more expressive than classical planning (Erol, Hendler, and Nau 1996;
Höller et al. 2014; Höller et al. 2016). To solve HTN planning problems, fast and domain-independent planning systems are required that are informed about both – hierarchy
and state. But as of now, the research in this area lacks behind that in classical planning. Most current HTN planners
are based on heuristic search, as in classical planning. In
classical planning, SAT-based planning has also proven to
be highly efficient and has advantages compared to planning
via heuristic search. Most notably, SAT-based planners benefit from future progress in SAT research without the need to

adapt the planner – simply replacing the solver is sufficient.
Also propositional encodings are easily extendable, e.g., to
add further constraints, like goals formulated in LTL. Lastly
propositional logic seems to be a suitable means to solve
HTN planning problems, as verifying solutions was shown
to be NP-complete (Behnke, Höller, and Biundo 2015).
In HTN planning, there has been little research on SATbased techniques. Most importantly, there is no SAT-based
HTN planner capable of handling all HTN planning problems. There are only two restricted encodings, one by Mali
and Kambhampati (1998) – which (among other restrictions)
cannot handle recursion, and one by Behnke, Höller, and Biundo (2018) – which cannot handle partial order in methods,
but can handle recursion. Both restrictions limit the expressiveness of HTN planning severely (Höller et al. 2014; Erol,
Hendler, and Nau 1996) and limit the domain-modeller’s
freedom unnecessarily. We present the first encoding that
can handle all propositional HTN planning problems.
We will show how the encoding of Behnke, Höller, and
Biundo (2018) can be adapted such that it can also be applied
to partially ordered domains. Since in that case, any ordering information in the encoding is lost, we propose a mechanism for representing the ordering constraints contained in
the domain by additional decision variables. Since the order
between two primitive tasks can only originate from a single
method, this encoding is fairly compact.
Our empirical evaluation compares our encoding against
state-of-the-art HTN planners. Here, we have considered
combinatorial HTN planning problems, and not those where
the HTN is hand-coded to help the planner find a solution.
Our SAT-planner outperforms existing HTN planning techniques on these domains, some of them significantly.
First we introduce HTN planning formally and discuss related work. Then, we review the concept of totally-ordered
Path Decomposition Trees and the SAT formula based on
them. In section five, we introduce the concept of partiallyordered Path Decomposition Trees and present our SAT formula that can be used for planning in such domains. In the
following chapter we describe the evaluation we conducted.

Preliminaries
We use the HTN formalism of Geier and Bercher (2011),
where plans (partially ordered sets of task) sare represented
by task networks.
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Definition 1 (Task Network). A task network tn over a set
of task names X is a tuple (T, ≺, α), where
• T is a finite, possibly empty, set of tasks
• ≺ ⊆ T × T is a strict partial order on T
• α : T → X labels every task with a task name
T NX denotes the set of all task networks over the task
names X. We write T (tn) = T , ≺ (tn) =≺ and α(tn) = α
for a task network tn = (T, ≺, α). Two task networks
tn = (T, ≺, α) and tn0 = (T 0 , ≺0 , α0 ) are isomorphic,
written tn ∼
= tn0 , iff a bijection σ : T → T 0 exists, s.t.
∀t, t0 ∈ T it holds that (t, t0 ) ∈≺ iff (σ(t), σ(t0 )) ∈≺0 and
α(t) = α0 (σ(t)). Next we define the restriction notation.
Definition 2 (Restriction). Let R ⊆ D × D be a relation,
f : D → V a function and tn be a task network. Then:
R|X = R ∩ (X × X)
f |X = f ∩ (X × V )
tn|X = (T (tn) ∩ X, ≺(tn)|X , α(tn)|X )

An HTN planning problem is defined as follows.
Definition 3 (Planning Problem). A planning problem is a
6-tuple P = (L, C, O, γ, M, cI , sI ), with
• L, a finite set of proposition symbols
• C, a finite set of compound task names
• O, a finite set of primitive task names with C ∩ O = ∅
• γ : O → 2L × 2L × 2L , defining the preconditions and
effects of each primitive task
• M ⊆ C × T NC∪O , a finite set of decomposition methods
• cI ∈ C, the initial task name
• sI ∈ 2L , the initial state
The state transition semantics of primitive task names
o ∈ O is that of classical planning, given in terms
of an precondition-, an add-, and a delete-list: γ(o) =
(prec(o), add(o), del(o)). A primitive task is applicable in
a state s ⊆ L iff prec(o) ⊆ s and its application results
in the state δ(s, o) = (s \ del(o)) ∪ add(o). A sequence of
primitive tasks o1 , . . . , om is applicable in a state s0 iff there
exist states s1 , . . . , sn , each oi is applicable in si−1 , and
δ(si−1 , oi ) = si . We define M (c) = {(c, tn) | (c, tn) ∈ M }
to be the methods applicable to c.
To obtain a solution in HTN planning, one starts with the
initial compound task and repeatedly applies decomposition
methods to compound tasks until all tasks in the current task
network are primitive.
Definition 4 (Decomposition). A method m = (c, tnm ) ∈
M decomposes a task network tn1 = (T1 , ≺1 , α1 )
into a task network tn2 by replacing the task t, written
−→
tn1 −
t,m tn2 , if and only if t ∈ T1 , α1 (t) = c, and
∃tn0 = (T 0 , ≺0 , α0 ) with tn0 ∼
= tnm and T 0 ∩ T1 = ∅, where
00
0
tn2 = (T , ≺1 ∪ ≺ ∪ ≺X , α1 ∪ α0 )|T 00 with
T 00 = (T1 \ {t}) ∪ T 0

≺X = {(t1 , t2 ) ∈ T1 × T 0 with (t1 , t) ∈≺1 } ∪
{(t1 , t2 ) ∈ T 0 × T1 with (t, t2 ) ∈≺1 }

We write
tn2 , if tn1 can be decomposed into tn2
using an arbitrary number of decompositions.
tn1 →∗D
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Using the previous definition we can describe the set of
solutions to a planning problem P.

Definition 5 (Solution). A task network tnS is a solution to
a planning problem P, if and only if

(1) there is a linearisation t1 , . . . , tn of T (tnS ) according
to ≺(tnS ),
(2) α(tnS )(t1 ), . . . , α(tnS )(tn ) is executable in sI , and
(3) ({1}, ∅, {(1, cI )}) →∗D tnS ,
S(P) denotes the sets of all solutions of P, respectively.

Note that this definition of HTN planning problems excludes some of the features in the original formulation
by Erol, Hendler, and Nau 1996. His formalisation allows
for constraints to be present in task network, namely before, after, and between constraints. The constraint type
used most often, are before constraints, which correspond
to SHOP(2)’s method preconditions. Our planner can handle them by compiling them into additional actions, as does
SHOP2. So far, we don’t support other constraint types.
To show that a task sequence π is a solution to a planning problem, we use Decomposition Trees (DTs) as witnesses (Geier and Bercher 2011). They describe how π can
be obtained from the initial abstract task via decomposition.
Definition 6. Let P = (L, C, O, M, cI , sI ) be an HTN
planning problem. A valid decomposition tree T is a 5-tuple
T = (V, E, ≺, α, β), where

1. (V, E) is a directed tree with a root-node r.
2. ≺⊆ V × V is a strict partial order on V and is inherited
along the tree, i.e., if a ≺ b, then a0 ≺ b and a ≺ b0 for
any children a0 of a and b0 of b.
3. α : V → C ∪ O assigns each inner node an abstract task
and each leaf a primitive task.
4. β : V → M assigns each inner node a method.
5. α(r) = cI
6. for all inner nodes v ∈ V with β(v) = (c, tn) and
children ch(v) = {c1 , . . . , cn }, it holds that c = α(v).
Further, a bijection φ : ch(v) → T (tn) must exist
with α(ci ) = α(tn)(φ(ci )) for all ci , and ci ≺ cj iff
φ(ci ) ≺(tn) φ(cj ).

≺ may not contain orderings apart those induced by 2. or 6.
The yield yield(T ) of T is the task network induced by the
leafs of T , i.e. V , α, and ≺ restricted to these leafs.
Geier and Bercher (2011) showed the following theorem:

Theorem 1. Given a planning problem P, then for every
task sequence π the following holds:
There exists a valid decomposition tree T s.t. π is a linearisation of yield(T ) if and only if π ∈ S(P).
This means, that instead of finding a solution to the planning problem P, we can equivalently try to find a DT whose
yield is executable – the approach we use in this paper.

Related Work
Past research has already investigated possible translations
of HTN planning problems into logic.

HTNs and Logic
Notably, Mali and Kambhampati (1998) proposed a SATtranslation for HTNs. Their HTN formalism differs significantly from the established HTN formalism, making their
encoding simpler and different from ours. They allow inserting tasks into task networks apart from decomposition and
do not specify an initial task. Furthermore their encoding
is also restricted to non-recursive domains. Such domains
can be translated into an equivalent STRIPS planning problem, which is not the case for general domains (Höller et
al. 2014). Dix, Kuter, and Nau (2003) have proposed an
encoding of totally-ordered HTN planning into answer set
programming, mimicking the search of SHOP. Their evaluation shows that the translated domain performs significantly
worse than the SHOP algorithm (up to a factor of 1.000).

PDT-based encoding
Since our work is based on the encoding presented by
Behnke, Höller, and Biundo (2018), we start by reviewing
this encoding in detail. Their idea was to restrict the maximum depth of decomposition. The planner start with some
small bound K and constructs a SAT formula satisfiable if
a solution with depth ≤ K exists. If not, K is increased
and the process is repeated. To construct this formula, they
used a compact representation of all possible decompositions with depth ≤ K – the Path Decomposition Tree PDT
P . A satisfying valuation of the SAT formula then represents a decomposition tree T that is a subgraph of P . They
however studied PDTs and the resulting formula only in the
context of totally-ordered HTN planning, which is as we
have argued in the introduction far less expressive and versatile than full partially-ordered HTN planning. Also we want
to note, that almost all current HTN planning systems are
constructed for partially-ordered domains, as most domains
used in practice are partially ordered.
A PDT is a compact representation of all possible decompositions of the initial abstract task up to a given depthbound K. Every such decomposition is represented by a decomposition tree (see Def. 6). The PDT is then a graph P
such that it contains every possible decomposition tree as
one of its subgraphs P 0 . To ensure a “common structure” we
also require that the root of P 0 is the root of P . Next we give
the formal definition of totally-ordered Path Decomposition
Trees. To ease notation, we denote with L(T = (V, W )) the
set of all leafs of a tree T .
Definition 7. Let P = (L, C, O, M, cI , sI ) be a planning
problem and K a height bound. A Path Decomposition Tree
PK of height K is a triple PK = (V, E, α) where
1. V are the nodes of a tree of height ≤ K, with edges given
by function E : V → V ∗ , and which has the root node r.
2. α : V → 2C∪O assigns each node a set of possible tasks.
3. cI ∈ α(r)
4. for all inner nodes v ∈ V , for each abstract task
c ∈ α(v) ∩ C that can be assigned to that node, and
for each method (c, tn) ∈ M (c), there exists a subsequence v1 , . . . , v|T (tn)| of the children E(v), such that
tni ∈ α(vi ) for all i ∈ {1, . . . , |T (tn)|}, where tni is the
ith element of the sequence of task names of tn.

t1

p1

t2

p3

p4

p2

p1

Figure 1: An example PDT, a DT as its subgraph (nodes
filled), and the extension for primitive tasks (dashed line).
The nodes of the DT are each annotated with the task (ti for
abstract and pi for primitives ones) that they are be labelled
with in the DT. The node labelled p2 does not have children
even though it is not at the “lowest” level due to the fact that
it can only be labelled with primitive tasks (p2 in our example), while the node labelled with p1 can potentially also
be labelled with an abstract task. For this consider e.g. the
methods t1 7→ t2 , p1 , p2 and t1 7→ t2 , t3 , p2 . Note that there
is one non-filled node that is also labelled with a task. This is
an encoding trick to ensure that the leafs of the DT are also
leafs of the PDT – primitive tasks are simply “inherited” by
one of their children in the PDT.

5. ∀v ∈ L(V, E) : either α(v) ⊆ O or the height of v is K.
This definition assumes that the tasks in a method’s task
network are totally-ordered and thus can be projected directly to a totally-ordered sequence of children. As a result, the leafs of the PDT are also totally-ordered (according
to the order implied by their common ancestors). Behnke,
Höller, and Biundo (2018) provide an algorithm constructσ
ing a PDT PK
given a so-called child-arrangement function
σ. Based on it, they describe a SAT-formula FD (P, K) that
is satisfiable if and only if there exists a subgraph G0 of the
σ
PDT PK
that forms a valid decomposition tree. A satisficing
valuation of FD (P, K) represents such a DT G0 – expressed
by two types decision variables:
• tv – v is part of G0 and is labelled with t, i.e., α(v) = t.
• mv – the method m was applied to the node v of G0 , i.e.,
β(v) = m
Their encoding propagates primitive tasks occurring at any
node v downwards through the first child of v in the PDT.
σ
This ensured that yield(G0 ) is represented by the leafs of PK
σ
that have a task assigned to them – else inner nodes of PK
may belong to the yield. In addition to FD (P, K), Behnke,
Höller, and Biundo used a second formula FE (P, K) ensuring executability of the tasks assigned to the leafs of G0 .
For the formula FD (P, K) – and for other formulae thereafter, we use the functor M(V ), which given a set of decision variables V , outputs a formula that is satisfiable if
and only if at most one of them (Sinz 2005). FD (P, K)
consist solely of local constraint, i.e., one sub-formula is
generated per node of the PDT. The formula to be generσ
ated for a node v of the PDT PK
= (V, E, α) is either
σ
M({tv | t ∈ α(v) ∩ O}) ∧c∈C ¬cv if v ∈ L(PK
), i.e.,

189

Definition 8. Let P = (L, C, O, M, cI , sI ) be a planning
problem and K a height bound. An unordered PDT PK of
height K is a triple PK = (V, E, α) where

if v is a leaf, or else the following formula:
v

f (v) = M({t | t ∈ α(v)}) ∧ selectMethod (v)
∧ applyMethod (v) ∧ inheritPrimitive(v)
∧ nonePresent(v)

It first asserts that every node in the decomposition tree
can be labelled with at most one task. The next four subformulae encode the further restrictions a decomposition
tree must fulfil. selectMethod ensures that an applicable
method is chosen and that only one is chosen, provided v
is labelled with an abstract task.
selectedMethod (v) = M({mv | M (α(v) ∩ C)})∧


 

^
_
^
v
v
v
v

t →
m  ∧ 
(m → t )
t∈α(v)∩C

m∈M (t)

m∈M (α(t)∩C)

applyMethod forces that whenever a method is selected, the
tasks in its task network are assigned to the children of v.
Let for a method m = (c, tn) be v1 , . . . , v|T (tn)| the subsequence given in Def. 6. Let further denote ttn,i the ith task
of the (totally-ordered) task network tn.
"
^
applyMethod (v) =
mv →



m=(t,tn)∈M (α(v))

|tn|

^

i=1

i
tvtn,i

∧

^

^

vi ∈E(v)\{v1 ,...,v|tn| } t∗ ∈C∪O

#

¬t∗ vi 

These clauses also propagate the total order between the subtasks v1 , . . . , v|tn| . inheritPrimitive and nonePresent take
care of the border cases, where v is either assigned a primitive task, or none at all. Let here be v1 the first node in E(v).
inheritPrimitive(v) =

"
^
pv → pv1 ∧
p∈α(v)∩O



nonePresent(v) = 

^

^

vi ∈E(v)\{v1 } k∈C∪O

^





¬tv  → 

t∈α(v)

^

#

¬k vi 
^



¬tvi 

vi ∈E(v) t∈C∪O

The
V full decomposition formula FD (P) is then simply
v∈V f (v).

Partially-Ordered Decomposition

We can extend this encoding, allowing us to track the partial
order induced by the methods. As a first step, we have to ignore the fact that the PDT represents any ordering constraint.
For that purpose, we introduce unordered PDTs, which differ only slightly from PDTs. Unordered PDTs – as their
names suggests – don’t have an ordering on the children
of a node. Based on this, the main difference lies in 4. of
the definition. For PDTs every node and applicable method,
the subtasks of that method must from a subsequence of the
nodes children, while for an unordered PDT it suffices that
they are a subset.
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1.
2.
3.
4.

(V, E) is a tree of height ≤ K with the root node r.
α : V → 2C∪O assigns each node a set of possible tasks.
cI ∈ α(r)
for all inner nodes v ∈ V , for each abstract task
c ∈ α(v) ∩ C that can be assigned to v, and for each
method (c, tn) ∈ M (c), there exists a subset D =
{v1 , . . . , v|T (tn)| } of v’s children, such that a bijection
φv(c,tn) : D → T (tn) exists with α(tn)(φv(c,tn) (d)) ∈
α(d) for all d ∈ D
5. ∀v ∈ L(V, E) : either α(v) ⊆ O or the height of v is K.

As uPDTs are a structural relaxation of PDTs, we can use
the same generation procedure based on a child-arrangement
function σ – simply by ignoring that methods are partially
ordered – we use some topological ordering of the methods
σ
for generating PK
instead. Based on the generated uPDT, we
can also use the same formula FD (P, K) describing decomposition. To capture the partial order we add new decision
variables for bookkeeping:
• bvw – for nodes v and w that have the same parent, i.e., are
siblings. If bvw is true, the order v ≺ w is contained in the
method applied to the parent of v and w.

These variables are sufficient to infer the order between all
elements of yield(G0 ). This is due to how order is inherited
in a decomposition tree. Essentially, the order between two
nodes v and v 0 can only stem from the method applied to
their last common ancestor in G0 . The structure is illustrated
in Figure 2. For two leafs v and v 0 of the tree, let A(v, v 0 )
be the last common ancestor of v and v 0 . Further be C(a, v),
be the child c of a, s.t. the leaf v is below c. Then v stems
from C(A(v, v 0 ), v), while v 0 from C(A(v, v 0 ), v 0 ). Then the
formal property is the following:
Theorem 2. Let T = (V, E, ≺, α, β) be a decomposition
tree. Let v, v 0 ∈ L(V, E) be two leafs of T , c = A(v, v 0 )
be the last common ancestor of v and v 0 . Then the order
between v and v 0 is the same as between vc = C(c, v) and
vc0 = C(c, v 0 ) induced by the method applied to c.
Proof. Suppose there is an order between vc and vc0 . Then
by 2. of Def. 6, this order must also be present between v
and v 0 .
Suppose there is no order between vc and vc0 . Then the direct
children of vc and vc0 that are ancestors of v and v 0 respectively cannot contain any order, too. By definition, any order
between them must either be introduced by methods or by
2. of Def. 6. Clearly, no decomposition methods could have
introduced the ordering since the tasks don’t have a common
parent. Also since vc and vc0 have no order between them 2.
of Def. 6 is not applicable. By induction, we can conclude
that there is not order between v and v 0 .
To keep track of the ordering constraints, we have to add
for every decision variable mv clauses that enforce that the
correct bvw variables are set true. We therefore add for every
mv the following clauses to FD (P, K), where m = (c, tn),

Figure 2: An illustration where order originates from in a
decomposition tree.
v1

v2

−
v3

p1
−

p2

p3

α(v1 )=p2α(v2 )=p6

p2

...
...

p6

α(vn )=p3

vn

pn
p3

σ
Figure 3: Matching structure between leafs of PK
, and positions
in the primitive sequence.

σ
{v1 , . . . , vn } are the nodes of PK
to which the tasks of tn
are mapped, and {t1 , . . . , tn } be those tasks.
n
^

i=1

^

j∈{1,...,n} s.t. (ti ,tj )∈≺(tn)

(mv → bvvij )

These clauses enforce that the bvw s represent a superset of
the ordering constraints induced by the applied methods.
To complete the encoding we need a formula FE (P, K)
that is satisfiable if and only if yield(G0 ) is executable. Let
σ
σ
l = |L(PK
)| be the number of leafs of PK
. We separate
this formula into two parts: representing a linearisation of
yield(G0 ) and checking that this linearisation is executable.
A linearisation of yield(G0 ) is a mapping of the leafs of G0
to a sequence of positions. We can use l as an upper bound
to the number of positions – and we have always used this
value in our encoding. Also we denote these positions as
1, . . . , l. This mapping is essentially a bipartite matching
that must not contradict the ordering constraints. Figure 3
illustrates these structures.
We have to generate a SAT formula that represents such a
matching and is only satisfiable iff the matching is valid (i.e.
an actual matching and it respects the order). We omit a formal proof of correctness, as we deem the encoding straightforward enough to be considered correct by construction.
We introduce two new decision variables:
• cvi – leaf v connected with position i

0

Based on these variables, we can formulate the restrictions a
valid matching must fulfil. First, every leaf or position may
be matched only once.
F1 =

l
^

i=1

M({cvi

|v∈

^

σ
L(PK
)}) ∧
M({cvi
σ)
v∈L(PK

σ)
v∈L(PK

| 1 ≤ i ≤ l})

Next, we define the av atoms, that are true exactly if the leaf
σ
v of PK
contains an action. We use them as intermediate

o∈α(v)

o∈α(v)

σ
Next, a leaf of PK
that contains a task has to be matched –
else it would be allowed to disregard it when checking the
executability of yield(G0 ).

 

^
^
_
¬av → ¬cvi  ∧ av → cvi 
F3 =
σ)
v∈L(PK

1≤i≤l

1≤i≤l

If all these formulae are fulfilled, the atoms cvi represent a
matching between all leafs of G0 and the positions. As a next
step, we have to ensure that this matching does not violate
any ordering constraint induced by the chosen decomposition methods. To do that, we have to exclude the possibility
that there are two positions i < i0 where the tasks they are
matched with must occur in the opposite order. F4 forbids
the mentioned situation.
F4 =

l
l
^
^

^ 

C(A(v,v 0 ),v 0 )

0

(cvi ∧ cvi0 ) → ¬bC(A(v,v0 ),v)

σ)
i=1 i0 =i+1 v,v 0 ∈L(PK



The second constraint states that the chosen linearisation
of the tasks at the leafs of G0 must be executable in the
initial state. To express executability, we use the encoding
proposed by Kautz and Selman (1996). For every proposition symbol p ∈ L, we introduce a decision variable pi for
0 ≤ i ≤ L. pi is true if p is true after executing the ith action.
Further, we introduce decision variables ti for every primitive task t ∈ O, stating that t is executed at timestep i. Then
the formula FLE is defined as follows:
FLE =

^

p∈sI
l
^

i=1

• a – leaf v contains a task (i.e. is a leaf of G and has to
be matched)
v

variables to decrease the overall size of the formula.

 

^
^
_
v
v
v
v
¬a →
F2 =
¬o  ∧ a →
o 

FA (i) =
FM (i) =

p0 ∧

^

¬p0 ∧

p∈L\sI

l−1
^

(FA (i) ∧ FM (i))∧

i=0

M({ti | t ∈ O})

^

t∈O

^

p∈L



ti+1 →


^

pi ∧

^

pi+1 ∧

p∈prec(t) p∈add(t)

(¬pi ∧ pi+1 ) →

_

^

¬pi+1 

p∈del(t)

ti+1

t∈O with p∈add(t)






So far, we have only checked that the matching is valid and
that the sequence of actions assigned to the positions is executable, but not that the matching influences the tasks assigned to positions. I.e., we have to add two more formulae
that express that if a position it not matched to any leaf, then
it also cannot contain a task, and that if it is matched it has
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Domain

to contain exactly the same task as the leaf does.


!
^
^
^

¬cvi  →
F5 =
¬ti 
1≤i≤l

F6 =

^

t∈O

v∈L(PK )

^

^

v∈L(PK ) t∈α(v) 1≤i≤l

ROVER
TRANSPORT

tv ∧ cvi → ti

To sum up, the full formula expressing executability is:
FE (P, K) = F1 ∧ F2 ∧ F3 ∧ F4 ∧ F5 ∧ F6 ∧ FLE

We know that the satisfying valuations of FD (P, K) represent exactly all decomposition trees of P with an height
≤ K (Behnke, Höller, and Biundo 2018). Based on this, the
correctness and completeness of our encoding can be shown.
Theorem 3. FE (P, K) ∧ FD (P, K) is satisfiable iff P has
a solution with decomposition height ≤ K.

Proof. ⇒: Let ν be a satisfying valuation of FE (P, K) ∧
FD (P, K). Then ν represents a decomposition tree, since
FD (P, K) is satisfied (Behnke, Höller, and Biundo 2018).
Thus the tasks assigned to the leafs of the Path Decomposition Tree encoded by FD (P, K) from the yield Y of a
Decomposition Tree. Also the sequence of actions S represented by the ti is executable, due to FLE . What remains to
show, is that this sequence is a linearisation of the yield Y .
Due to F1 ∧ F2 ∧ F3 the cvi represent a matching of Y to S
and due to F5 ∧ F6 matched elements of Y and S contain
the same task. Lastly, due to Theorem 2, the order between
two tasks in Y depends solely on the method applied to their
last common ancestor. Due to the clauses introducing the bvw
variables, at least those orderings induced by the decomposition tree are true. Allowing for more order is not a problem,
since ν already represents a linearisation. Lastly, F4 ensures
that the order encoded by the bvw is respected.
⇐: Let T = (V, E, ≺, α, β) be a decomposition tree
whose yield is executable. Then a valuation ν exists that
satisfies FD (P, K) (Behnke, Höller, and Biundo 2018)
and represents T . Let v1 , . . . , vn be the leafs of the PDT
who have a task assigned to them in ν. Let further be
i1 , . . . , in the indices of these tasks in the executable linv
earisation of the yield of T . We then set cijj true for all
j ∈ {1, . . . , n}. We also set the α(vj )ij and the appropriate pi true. Also we set bvw true as appropriate, which cannot violate the clauses of F4 , as the respective order must
also be present in the yield of T . This valuation satisfies
FE (P, K) ∧ FD (P, K).

Evaluation
We have conducted an empirical evaluation of our planner
to show that it performs favourably compared to other HTN
planning systems. The code of our planner is available at
www.uni-ulm.de/in/ki/panda/. Since most planning problems are given lifted, we use a combination of the
planning graph and task decomposition graphs (Bercher et
al. 2017) to ground them.
Domains. Our benchmarking set is composed of the following domains (will be released upon acceptance):
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PCP
E NTERTAINMENT
UM-T RANSLOG
S ATELLITE
W OODWORKING
S MART P HONE

Domain
PCP
E NTERTAINMENT
UM-T RANSLOG
S ATELLITE
W OODWORKING
S MART P HONE
ROVER
TRANSPORT

|L|
min max
6
9
10
146
9
25
6
37
10
101
10
103
21
511
11
364

|L(PK )|
min max
12
70
8
78
7
40
5
40
3
25
7
78
53
61
8
48

min
4
4
3
3
3
3
5
4

K

|O|
min max
8
14
16
455
7
22
7
123
7
739
8
231
73
4257
13
1968

max
9
6
4
5
7
5
5
6

|C|
min max
4
46
10
170
2
27
3
25
4
443
3
66
14
285
11
802

#clause
min
max
14.012
12.091.312
416
42.028
218
281.642
183
1.375.308
531
689.552
3.332
18.878.346
4.048.432 7.045.922
3.980
5.176.067

|M |
min max
10
34
20
541
2
28
10
214
9
2002
4
360
49
3279
21
3158
#plansteps
min max
10
42
7
42
7
26
5
20
3
19
5
77
27
36
8
42

• UM-T RANSLOG, W OODWORKING, S ATELLITE, and
S MART P HONE are the benchmark domains of Bercher,
Keen, and Biundo (2014).
• ENTERTAINMENT describes setting-up HiFi devices.

• ROVER is the domain used by Höller et al. (2018). It
is based on the problem instances of the IPC3 domain
ROVER combined with an HTN-structure similar to the
one developed for SHOP.
• TRANSPORT describes a deliver-with-trucks scenario.
There are several trucks (which do not need fuel) to deliver packages from their start location to a destination.
• PCP is an encoding of Post’s Correspondence Problem.
Since HTN planning is undecidable, we felt it proper to
show that an HTN planner is able to solve undecidable
problems (like PCP) when encoded in an HTN domain.
Behnke, Höller, and Biundo (2018) used the same domains
except PCP in their evaluation. They, however, had to alter
most of them, since these domains are naturally partiallyordered. In order for a totally-ordered HTN planner to be
able to handle these benchmark domains, Behnke, Höller,
and Biundo (2018) have manually added additional ordering
constraints to each partially-ordered method. Adding ordering constraints to HTN domains can make them unsolvable
(see e.g. PCP, which cannot contain a solution when totally
ordered). The additional orderings were chosen such that at
least one solution was retained. We also want to note that
adding these orderings makes some of the domains much
easier to solve. For example, in transport, interleaving using the partial order is required to find optimal solutions. If
the domain is totally-ordered, one package has to be delivered before another package could be picked up. The domains ENTERTAINMENT, ROVER, and TRANSPORT contain
method preconditions, which we compile away into additional actions preceeding all other actions.
Planners. Each planner was given 10 minutes runtime
and 4 GB RAM per instance on an Intel Xeon E5-2660. We
have compared all state-of-the-art HTN planning systems:
• SHOP2 (Nau et al. 2003) and PANDA’s version of
SHOP2,
• FAPE (Dvorak et al. 2014),
• UMCP (Erol, Hendler, and Nau 1994),
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Figure 4: Runtime vs number of solved instances per planner
• PANDA with the T DGm and T DGc heuristics (Bercher
et al. 2017) using greedy A*,
• PANDApro using the FF heuristic (Höller et al. 2018),
• HTN2STRIPS (Alford et al. 2016), and
• totSAT (Behnke, Höller, and Biundo 2018).
FAPE – according to the description in its paper – does
not support recursive domains. Thus, we ran it only on the
domains S ATELLITE, W OODWORKING, and ROVER, which
are the non-recursive ones in our evaluation. Similarly, as
totSAT can only handle totally-ordered instance, we have
run it only on those instances from our benchmark set that
are totally ordered. Lastly, we have tested HTN2STRIPS
with two different classical planners. We have used both
jasper (which was originally used by Alford et al. (2016))
as well as Madagascar (Rintanen 2014), the currently best
known SAT planner. We chose to do so, to compare our
propositional encoding with the theoretically only so-far
known propositional encoding for partially-ordered HTNs:
first using the HTN2STRIPS translation and then the ∃-step
encoding (Rintanen, Heljanko, and Niemelä 2006) for the
resulting planning problem.
For our planner, we have evaluated three SAT solvers,
each a top performers at the SAT Competition 2016. These
were: cryptominisat5 (Soos 2016), MapleCOMSPS (Liang
et al. 2016), and Riss6 (Manthey, Stephan, and Werner
2016). As our planner performs the translation using a bound
K, we usually have to try several values for K. We started
with K = 1 and increased by 1 if the formula was unsolvable. This iterative procedure allows us to handle any recursion in the domains, as we gradually unroll it.
Results. In Tab. 1 we show the number of solved instances
per planner within the given time and memory limits. Fig. 4
shows the solved instances depending on runtime. First, our
SAT-encoding, no matter the solver, solves more instances
than any other planner. Second, our planner is on par in every domain with the best solver for that domain, or solves
significantly more instances than other planners.
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22
18
6
4
0
1
56

totSAT [AAAI18]

8
9
22
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5
2
1
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FAPE

9
9
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2
1
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4
3
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9
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3
1
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3
4
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5
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3
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3
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6
5
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0
5
22
20
6
4
0
0
57

0
6
22
23
6
4
0
0
61

22
0
3
25

12 / 12
19 / 19
5/5
36

Table 1: Number of solved instances per planner per domain.
Maxima are indicated in bold. cms = cryptominisat5
We want to point out our performance in the domains
and PCP. In TRANSPORT we only solve 3 instances less than HTN2STRIPS, while all other planners
solve at most a single instance. In PCP, we solve significantly more instances than HTN2STRIPS. This is notable,
as both domains contain difficult combinatorially problem.
This is especially notable, since HTN2STRIPS internally
uses a state-of-the-art classical planner (jasper, (Xie, Müller,
and Holte 2014)). However, there still seems to be room for
improvement, as no planner seem to be well equipped to exploit the hierarchy in the ROVER domain.
The original totSAT for totally ordered domains has poor
coverage, based on the fact that most domains of the benchmark set are partially-ordered. Lastly, we can observer that
using Madagascar in conjunction with the HTN2STRIPS encoding seems to perform extremely poorly. In most instances
Madagascar is aborted after only a few seconds as it reached
the memory limit. This is probably due to the large number
of groundings for the operators in the HTN2STRIPS encoding representing methods, which is a known problem of the
encoding. We have re-run Madagascar with a memory limit
of 20 GB instead of 4 GB and have only seen an increase
by 4 solved instances. Also, the per-instance runtime when
compared to jasper is fairly poor. We suppose that this is due
to the way the encoding works. Modern SAT-based planning
draws its efficiency mainly from the ability to execute several operators in parallel. This is not possible in the encoded
domain as the next-predicates ensure that all simultaneously
applicable actions form a clique in the disabling graph, i.e.,
cannot be executed parallel in the propositional encoding.
TRANSPORT

Conclusion
We have presented the first encoding for SAT-based HTN
planning that can solve all propositional HTN planning
problems. To that end, we have utilised a previous encoding that was only usable for totally-ordered planning, which
restricts the freedom of the domain modeller unnecessarily,
and extended it to partial order. Lastly, we have shown that
our new planner outperforms state-of-the-art HTN planners.
This planner has already been used in practice, namely in an
assistant teaching users how to use electronic tools in Do-ItYourself projects (Behnke et al. 2018).
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Bercher, P.; Behnke, G.; Höller, D.; and Biundo, S. 2017.
An admissible HTN planning heuristic. In Proc. of the 26th
Int. Joint Conf. on AI (IJCAI 2017), 480–488. AAAI Press.
Bercher, P.; Keen, S.; and Biundo, S. 2014. Hybrid planning
heuristics based on task decomposition graphs. In Proc. of
the 7th Ann. Symp. on Combinatorial Search (SoCS 2014),
35–43. AAAI Press.
Champandard, A.; Verweij, T.; and Straatman, R. 2009. The
AI for Killzone 2’s multiplayer bots. In Proc. of the Game
Developers Conference 2009 (GDC 2009).
Dix, J.; Kuter, U.; and Nau, D. 2003. Planning in answer set
programming using ordered task decomposition. In Proc. of
the 26th Annual German Conf. on AI (KI 2003), 490–504.
Springer.
Dvorak, F.; Bit-Monnot, A.; Ingrand, F.; and Ghallab, M.
2014. A flexible ANML actor and planner in robotics. In
Proc. of the 4th Work. on Plan. and Rob. (PlanRob 2014),
12–19.
Erol, K.; Hendler, J.; and Nau, D. 1994. UMCP: A sound
and complete procedure for hierarchical task-network planning. In Proc. of the 2nd Int. Conf. on AI Plan. Systems
(AIPS), 249–254. AAAI Press.
Erol, K.; Hendler, J.; and Nau, D. 1996. Complexity results
for HTN planning. Annals of Mathematics and AI 18(1):69–
93.
Geier, T., and Bercher, P. 2011. On the decidability of HTN
planning with task insertion. In Proc. of the 22nd Int. Joint
Conf. on AI (IJCAI 2011), 1955–1961. AAAI Press.
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Abstract
Plan-Verification is the task of determining whether a plan
is a solution to a given planning problem. Any plan verifier
has, apart from showing that verifying plans is possible in
practice, a wide range of possible applications. These include
mixed-initiative planning, where a user is integrated into the
planning process, and local search, e.g., for post-optimising
plans or for plan repair. In addition to its practical interest,
plan verification is also a problem worth investigating for theoretical reasons. Recent work showed plan verification for hierarchical planning problems to be NP-complete, as opposed
to classical planning where it is in P. As such, plan verification for hierarchical planning problem was – until now – not
possible. We describe the first plan verifier for hierarchical
planning. It uses a translation of the problem into a SAT formula. Further we conduct an empirical evaluation, showing
that the correct output is produced within acceptable time.

1

Introduction

The task of plan verification plays a significant role in both
planning research and application. In mixed-initiative planning, a solution is usually presented to the user and the
system inquires for his opinion of it, which is (in general)
interpreted as a request to alter the current plan in some
way (Ai-Chang et al. 2004; Fernández-Olivares et al. 2006;
Ferguson, Allen, and Miller 1996). The necessary modifications can, e.g., be performed by changing the plan and verifying the result. If it is a solution, the user is given the new
plan for critique, if not, the user has to be informed of the
failure to adhere to his wishes. For researchers, it is crucial
to be able to check correctness of planners and their results
using an independent technique (i.e. an algorithm which is
not planning). A plan verifier provides such an independent
system. Like in mixed-initiative planning, local search procedures (Gerevini and Serina 2002) usually change a current
plan in some way – in order to obtain a solution, to lower
costs via post-processing, or to repair a plan whose execution has failed. After these changes have been performed, the
resulting plan must (again) be a solution to the original planning problem. This is ensured by applying a plan verifier.
Lastly, when planners participate in planning competitions,
all produced solutions need to be checked for correctness.
Copyright c 2017, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

However, the classical planning literature rarely considers the task of plan verification, due to its simplicity in the
classical setting. For more extended classical formalisms,
like PDDL+, there are dedicated verification tools, the bestknown of which is VAL, which also provides verification
for pure classical planning (Howey, Long, and Fox 2004).
For hierarchical planning – which we consider in form of
Hierarchical Task Network (HTN) planning (Erol, Hendler,
and Nau 1996) – there are until now neither such tools
nor are plan verification capabilities integrated into any
planning system or application, although HTN planning is
widely used in planning-based applications (Nau et al. 2005;
Bercher et al. 2014; 2015). Recently, we have shown that
HTN plan verification is an NP-complete problem (Behnke,
Höller, and Biundo 2015). We present the first HTN plan
verifier which lays the necessary groundwork for future research in this area.
We propose an approach for HTN plan verification based
on a translation into a SAT formula, which is satisfiable if
and only if a given plan is a solution to the planning problem. By this translation, we utilise the efficiency of modern
SAT solvers. The translation process itself requires a bound
K, which (intuitively spoken) is the maximum height of the
decomposition hierarchy any witness for a plan being a solution can have. Such a bound was used to show that HTN
plan verification is in NP. We show that our previous estimation (2015) was unnecessarily high, and that for existing
benchmark domains it can be reduced by a factor of up to
1000, by providing two new, more succinct estimations for
K. Without this reduction, it would be impossible to build
the SAT formulae which would have well over one billion
clauses in many cases. The presented reductions are not only
applicable for our plan verification technique, but might also
be used for other verification approaches or even as a blocking technique for planning itself. To show that the translation approach is usable in practice, we conducted an empirical evaluation involving several hierarchical benchmark
domains, which have either been used in the past to test the
performance of hierarchical planning or plan recognition approaches. In our experiments, we show that the translation
approach is able to verify all provided solutions and to reject non-solutions, within reasonable time. Most instances
are solved in under 100 seconds, while only a few hard ones
needed up to 1123 seconds.
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2 Formal Framework
This section introduces the HTN formalism by Geier
and Bercher (2011) with some extensions (see Höller et
al. 2016). In HTN planning, there are two distinct types of
tasks, primitive tasks (also called actions) are those that can
be executed directly; compound tasks (also called abstract)
need to be decomposed until only primitive tasks are left.
We will call these sets A and C, respectively. Let N be the
set of all task names, i.e., N = A ∪ C.
Tasks are organised in so-called task networks, which
represent partial plans. A task network is a triple tn =
(T , ≺, α). T is a non-empty set of identifiers. The function α : T → N maps the identifiers to the actual task
names. That way, a task network can contain a task more
than once. A set ≺ : T × T of ordering constraints defines a
partial ordering on the identifiers. We will use T (tn), ≺(tn)
and α(tn) to denote the set of identifiers of a task network,
its ordering and the task name mapping, respectively. If two
task networks tn = (T , ≺, α) and tn 0 = (T 0 , ≺0 , α0 ) differ
only in their identifiers, i.e. there is a bijection σ : T → T 0
so that for all identifiers t, t0 ∈ T holds that [(t, t0 ) ∈ ≺] ⇔
[(σ(t), σ(t0 )) ∈ ≺0 ] and α(t) = α0 (σ(t)), they are called
isomorphic (written tn ∼
= tn 0 ).
The set of decomposition methods M defines how compound tasks may be refined. A method m ∈ M is a pair
(c, tn) of a compound task c ∈ C and a task network tn,
called the method’s subnetwork. When a task c is decomposed, it is removed from the task network, the subnetwork
is added and all the ordering constraints that have been in
the network for c are introduced for the added tasks.
Formally, a method (c, tn) decomposes a task network
tn 1 = (T1 , ≺1 , α1 ) into a task network tn 2 = (T2 , ≺2 , α2 )
if t ∈ T1 with α1 (t) = c and if there exists a task network
tn 0 = (T 0 , ≺0 , α0 ) with tn 0 ∼
= tn and T1 ∩ T 0 = ∅. The task
network tn 2 is defined as
tn 2 = ((T1 \ {t}) ∪ T 0 , ≺0 ∪ ≺D , (α1 \ {t 7→ c}) ∪ α0 )

≺D ={(t1 , t2 ) | (t1 , t) ∈ ≺1 , t2 ∈ T 0 } ∪

{(t1 , t2 ) | (t, t2 ) ∈ ≺1 , t1 ∈ T 0 } ∪
{(t1 , t2 ) | (t1 , t2 ) ∈ ≺1 , t1 6= t ∧ t2 6= t}

To denote that a task network tn can be decomposed into tn 0
by applying an arbitrary number of decompositions, we will
write tn →∗TD tn 0 .
Applicability and state transition of primitive tasks is defined in a STRIPS-like manner using a set of state-fluents L.
The functions prec, add , and del (all functions A → 2L )
map a primitive task to its preconditions, add- and deleteeffects, respectively. Whether a primitive task a is applicable to a state s is given by the function τ : A × 2L →
{true, false} with τ (a, s) ⇔ prec(a) ⊆ s. Given that
τ (a, s) holds, the state resulting from the application is given
by the state transition function γ : A × 2L → 2L with
γ(a, s) = (s \ del (a)) ∪ add (a).
Now we can define an HTN planning problem as a tuple
P = (L, C, A, M, s0 , tn I , g, δ) with δ = (prec, add , del ).
L is a set of propositional environment facts, C and A the
sets of task names, M the set of decomposition methods,
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s0 ∈ 2L the initial state, g ∈ 2L the goal description and
tn I the initial task network.
A task network tn = (T , ≺, α) is a solution to a planning
problem P if and only if
• all tasks are primitive,
• tn I →∗TD (T , ≺0 , α) with ≺ ⊇ ≺0 ,
• all sequences (t1 t2 . . . tn ) of the task identifiers that are
in line with ≺ are applicable, and
• for all these sequences sn = γ(α(tn ), γ(α(tn−1 ), . . .
γ(α(t1 ), s0 ) . . . )) is a goal state, i.e., sn ⊇ g.
We will denote the set of all solutions to an HTN planning
problem P as Sol (P).
The formalism is similar to the one used by the UMCP
planner (Erol, Hendler, and Nau 1994), but slightly more restrictive than the one used in SHOP2 (Nau et al. 2003), as we
do not allow decomposition methods to have preconditions.
This is not a real restriction, since one can always compile a
planning problem with method preconditions into one without them by inserting a new primitive task into each method
having the method’s precondition as its precondition, no effect, and preceding all other tasks in the method. In fact,
SHOP2 uses this transformation already internally.

3

HTN Plan Verification

We have previously (2015) defined HTN plan verification as
the problem of determining whether a task network tn is a
solution to a planning problem P. Instead of verifying a task
network tn, we restrict ourselves to verifying task sequences
π (or in other words a totally ordered task network). By definition, every linearisation of a solution to an HTN planning
problem must be executable and reach a goal state, so this
restriction is mere technicality. In practice, HTN planners
like SHOP2 (Nau et al. 2003) often generate such totally ordered solutions. The problem of verifying task sequences is
formally defined as follows:
Definition 1 (V ERIFY SEQ). Given a planning problem P
and a sequence of primitive tasks π = (t1 , . . . , tn ), the problem V ERIFY SEQ is to decide whether for
tn(π) = ([n], {(i, i+1) | 1 ≤ i < n}, {(i, ti ) | 1 ≤ i ≤ n})
the relation tn ∈ Sol (P) holds.
Clearly, we can separate the problem V ERIFY SEQ into
two independent subproblems: to verify executability and to
determine whether the task sequence is a valid decomposition of the initial plan. Since checkers for the first (like
VAL (Howey, Long, and Fox 2004)) are readily available,
we will focus on the latter task that is defined as:
Definition 2 (D ECOMP SEQ). Given a planning problem
P and a sequence of primitive tasks π. The problem D E COMP SEQ is to decide whether tnI →∗
TD tn(π) holds.
Both V ERIFY SEQ and D ECOMP SEQ are NPcomplete (Behnke, Höller, and Biundo 2015). This
shows that the difficulty in verifying solutions to HTN
planning problems lies in finding a valid decomposition
leading to π. This is more than merely checking constraints
contained in the given sequence, as we first have to find
these constraints – in form of applied methods.

p1 p2 p3 p4
l0
l1
l2
l3

Figure 1: A decomposition tree. Grey boxes indicate primitive tasks and black circles abstract tasks. The right figure
shows an assignment of the tasks to layers and positions.

4

Translating D ECOMP SEQ into SAT

In this section we describe how a plan verification problem
(P, π) can be transformed into a SAT-formula and show
that the translation is correct. A satisfying assignment of
the formula will represent a decomposition tree (Geier and
Bercher 2011), a means to describe the process of decomposition which led from the initial task network to a solution.
The vertices of the tree represent the tasks (both compound
and primitive) that occur in task networks tn during the decomposition of the initial task network, while its directed
edges represent which task was decomposed into which
other tasks. An example of such a decomposition tree is depicted in Figure 1. As shown by Geier and Bercher (2011,
Prop. 1), a task network tn is a solution if and only if a decomposition tree, whose leafs are the actions of tn, exists
such that ≺(tn) is a superset of the ordering constraints imposed by the methods applied in the tree. Since the original
formulation of decomposition trees was done for HTN problems where the initial plan only contains a single abstract
action, we (technically) have to change the tree into a forest,
since every task in the initial plan is a root of a separate part
of the tree. To show equivalence one introduces a new artificial initial task, which has only a single method containing
the original initial plan.
Our formula is constructed such that it can express every
possible decomposition tree rooted at the initial task network
whose height is limited to a value K and whose leafs constitute the tasks of π. If the formula is satisfiable, we can
construct a valid decomposition tree for π from the valuation, if not we have shown that no such tree – with a height
of up to K – exists. This reduction has some similarities to
the Steiner Tree problem, where given a graph G = (V, E)
and a set of vertices S ⊆ V we are asked to find the smallest subtree of G which contains all nodes from S. In our
setting the initial abstract task, and the nodes representing
tasks in the given sequence are the nodes of S and we have
to decide whether a subtree of the graph of all possible decompositions – fulfilling some additional criteria – exists.
As such, our encoding bears some similarities to the one
proposed for the Steiner Tree problem by Kautz, Selman,
and Jiang (1997), which is based on a DFS traversal of the
Steiner Root. Since our graph is acyclic, directed and the
nodes in S are very specifically placed, the formula we construct is significantly simpler than theirs.
To ensure correctness of our technique, we have to determine a value for K such that if there is a decomposition tree
whose leafs are π, then there is also one which has a height

of at most K. Note that requiring the existence of K is not
a restriction to the model but is a directly implied by the sequence to be verified. In previous work, we have shown that
such a bound Ktheo exists, meaning that a deeper recursion
can never be necessary (Behnke, Höller, and Biundo 2015).
Section 5 describes how to compute a succinct bound for K.
The formula describes the tree in terms of K layers, where
the layer l contains exactly the tasks having the distance l
from any of the roots of the tree. The assignment of a decomposition tree into layers is illustrated in Figure 1. Here
the tasks in the initial plan always belong to layer 0, while
the tasks contained in π might occur at any layer. To make
our construction easier, we assume from this point on that if
a primitive task is contained in layer i, it is also contained
in all layers j > i. With this, π has to be equal to the Kth
layer of the decomposition tree – to be more precise it has to
be a valid total ordering of the Kth layer. Each task in each
layer is also assigned a position in that layer as shown in Figure 1. Primitive tasks which are also contained in the previous layer will always have the same position they had in the
previous layer. Due to the fact that the task networks in all
methods are non-empty, we know that the number of tasks in
a layer cannot decrease (which would require a method with
an empty task network). Given that π has a fixed length and
that the tasks in the Kth layer have to be equal to π, every
layer prior to the Kth can contain at most |π| tasks.
To ease the description of the SAT formula, we make the
following assumptions and introduce the following abbreviation: We assume that the task identifiers T in all methods are the natural numbers from 1 to |T |. We further define ∆ = max(c,tn)∈M |T (tn)| as the size of the largest
method. The formula will contain several at-most-one constraints, stating that only a single atom of a given set can be
true, which we denote by the functor M. The intuitive way
to encode M leads to a quadratic number of clauses (each
pair of variables excluding each other). In some of our evaluation domains this would lead to a very high numbers of
clauses (up to 442 trillion), making the construction of the
SAT formula and with that verification hard or even practically impossible. So we have used the so-called binary encoding for all our at-most-one constraints, which reduces the
number of clauses needed to express the constraint over n
variables to n log n while only introducing log n additional
variables (Frisch et al. 2005). This resulted in 390 million
clauses for the largest instance. We will not define the SAT
formula F in disjunctive normal form (as required by most
SAT solvers) but rather as a general formula, since the transformation into DNF can be performed easily and only increases the number of clauses linearly.
All variables contained in the formula will have a superscipt l and a subscript p indicating the layer and position they
belong to. Figure 1 shows an example for the assignment
of a decomposition tree to such layers and positions. The
overall structure of the formula is depicted visually in Figure 2. While constructing the formula, we will use the terms
“child” and “father” of t to refer to the tasks connected to t
in the next and the previous layer, respectively. The formula
contains seven different kinds of variables, who represent
the following statements.
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alp – task a is selected
mlp – method m is applied to alp
used lp – the position has some selected task
abs lp – the task is abstract
cPos lp1 ,p2 ,t – the decomposition of alp1 leads to a task
al+1
p2 such that it is the task t of the applied method, or
if alp1 is primitive then al+1
p2 is kept to the next layer
• ch lp1 ,p2 – al+1
is
a
successor
of alp1
p2
• bef lp1 ,p2 – alp1 is ordered before alp2
Initially we divide the formula F into three parts, which
encode the decomposition tree, describe the task network to
be verified, and the initial task network.
•
•
•
•
•

F = decomposition ∧ solution ∧ initialTN

The decomposition formula can be subdivided into the formulae pertaining to each layer of the graph and to each position therein. This is possible as the tasks in each layer do not
influence each other – with the exception of their ordering.


|π|
K
^
^

dec(l, p) ∧ order (l)
decomposition =
l=0

p=1

Next, we can subdivide each such formula into nine formulae describing the decomposition process. We will next explain the meaning of each of these formulae.
dec(l, p) = selectAction(l, p) ∧ methodChildren(l, p)∧
maintainOrder (l, p) ∧ applyMethod (l, p)∧
mustBeChildOf (l, p) ∧ fatherMustExist(l, p)∧
childImpliesChildOf (l, p) ∧ maintainPrimitive(l, p)

The first four subformulae ensure that every satisfying
valuation of F describes a valid tree, in the sense that every
possible node position is used only once, that every node in
a non-last layer has a successor in the next, and every node
in a non-first layer has a predecessor in the previous layer.
Additionally, they contain clauses which introduce abbreviation literals (like used and ch) which will be used later on
to allow for a smaller formula.
selectAction enforces that at most a single action can be
chosen at each position. It further requires to mark the respective position as used and (if so) abstract.
selectAction(l, p) = M alp ∧
a∈A
!
!
_
_
l
l
l
ap ↔ used p ∧
cp ↔ abs lp
a∈A∪C

c∈C

The mustBeChildOf formulae state that each task must be
the child of a task in the previous layer (his father), ensuring
that tasks are only added through decomposition.
mustBeChildOf (l, p) =

∆ |π|
^

t=1
|π|,∆

M

p0 =1,t=1

M cPos l+1
p0 ,p,t ∧

p0 =1

cPos lp,p0 ,t ∧ used lp →
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|π| ∆
_
_

p0 =1

t=1

cPos lp,p0 ,t

Similarly, fatherMustExist describes that the father must
exist, and that it must be abstract if it is not the first child of
the father (since primitive tasks can have only a single child
– their own copy in the next layer).
fatherMustExist(l, p) =

|π| ∆
^
^

p0 =1 t=1

cPos lp,p0 ,t → used l+1
p0 ∧

if t 6= 1 ∨ p 6= p then cPos lp,p0 ,t → abs l+1
p0 else true
0

Lastly childImpliesChildOf introduces an abbreviation of
the cPos variables, to make the ordering formulae smaller.
childImpliesChildOf (l, p) =
chlp,p0 →

∆
_

cPos lp,p0 ,t

t=1

!

|π|
^

p0 =1

∧

∆
^

t=1

cPos lp,p0 ,t → ch lp,p0

The applyMethod and methodChildren formulae are the
most important part of the overall formula, as they encode
the mechanism of decomposition itself, which is the creation
of a method’s subtasks in the next layer. applyMethod enforces that if a compound task is chosen at some position, an
applicable decomposition method has to be applied and that
at most one method can be applied.
applyMethod (l, p) = M mlp ∧
m∈M


!
^
_
l
l
l
l

mp → cp  ∧ abs p →
mp
m∈M

m=(c,tn)∈M

The methodChildren formula comprises three main
parts. The first asserts that, if a certain method with s subtasks is applied at the position p, then p has to have exactly
s children in the next layer. The second determines the tasks
assigned to these children, while the last encodes the ordering contained in the method.
"
"
^
^
methodChildren(l, p) =


mlp → 


∧

m=(c,tn)∈M

|π|

_

p0 =1

|π|
^

p0 =1

^

cPos lp,p0 ,t  ∧

∆
^

t∈T (tn)

|π|
^

t=|T (tn)|+1 p0 =1

#

|π| |π|
^
^

l+1
pb ,pa

#



¬cPos lp,p0 ,t 

 ∧
cPos lp,p0 ,t ∧ mlp → α(tn)(t)l+1
p0

(tb ,ta )∈≺(tn) pa =1 pb =1

→ bef



mlp ∧ cPos lp,pb ,tb ∧ cPos lp,pa ,ta

We allow for the tasks contained in a method to be positioned at arbitrary positions in the next layer. This introduces additional non-determinism, which is generally discouraged when constructing SAT formulae. We have also

experimented with a version of the formula where the positioning of tasks is kept from one layer to the next. Using
this formula we have observed that it seems empirically to
be harder to prove satisfiability. We presume that this is due
to the fact that satisfiability of the formula does not depend
on the choice of the position – if the formula is satisfiable,
any positioning is valid.
The maintainPrimitive formula ensures that every primitive task in a layer is also present in the next layer. It also
enforces that those inherited primitive tasks do not change
their positions. This allows for fast pruning of wrong choices
through unit propagation, as the primitive tasks of the task
network to be verified are asserted in the last layer.
^
maintainPrimitive(l, p) =
ol−1
→ olp ∧ cPos l−1
p
p,p,1
o∈O

The maintainOrder formula enforces that if two tasks
were ordered in the previous layer all the tasks which were
generated from them, either by decomposition or by maintaining primitives, will inherit their ordering.
maintainOrder (l, p21 ) =

|π| |π| |π|
^
^ ^

p22 =1

p11 =1

p12 =1

ch lp11 ,p21 ∧

ch lp12 ,p22 ∧ bef lp11 ,p12 → bef l+1
p2 ,p2
1

2

The order clauses ensure that the partial order in each layer
is always valid. Here, we allow adding additional ordering
constraints, which does not influence the correctness of the
formula, as the same ordering constraint could have been
added when choosing the linearisation π.
|π|
^

order (l) =

|π|
^

p1 =1 p2 =1,p2 6=p1
|π|

^

p3 =1,p3 6=p1 ,p3 6=p2



bef lp1 ,p2 → ¬bef lp2 ,p1

bef lp1 ,p2 ∧ bef lp2 ,p3 → bef p1 ,p3



The last part of the planning problem to be encoded is the
initial task network. It is inserted as the content of the zeroth
layer of the decomposition tree by the following formula.
 ^
initialTN =
α(tn)(t)0t ∧ used 0t ∧
t∈T (tni )


if α(tn)(t) ∈ C then abs 0t else ¬abs 0t ∧



|π|
^

t=|T (tni )|+1

^

(tb ,ta )∈≺(tni )

^

a∈A

¬a0t

bef 0tb ,ta ∧

!


∧ ¬used 0t ∧ ¬abs 0t ∧
^

t∈T (tni )

applyMethod (0, t)∧
!

methodChildren(0, t) ∧ selectAction(0, t)

Figure 2: Structure of the constructed formula. A decomposition tree corresponding to the one in Fig. 1 is marked red.
Finally, the task sequence π itself is encoded by enforcing that the tasks in the last layer are the primitives of the
solution, and that they are totally ordered as given in the sequence.
solution =

|π|
^

p=1

K
π(p)K
p ∧ bef p,p+1

Figure 2 contains a simplified (e.g. omitting ordering constraints) visual representation of a verify SAT formula where
K = 3, |π| = 4, and |M | = 3. The selected actions are
not depicted, but the structure of the decomposition tree is
highlighted in red. The depicted tree is the one presented in
Figure 1. Here we see that for every abstract task a method
(white circles) is chosen, leading to the appropriate children
in the next layer, while every primitive task is directly inherited to the next layer (marked by the dashed lines).
The following theorem provides that the presented construction is in fact correct.
Theorem 1. Given a D ECOMP SEQ problem (P, π) and a
bound K, then F constructed using the bound K is satisfiable if and only if π ∈ Sol (P) and the height of π’s decomposition tree is at most K.
Proofsketch: ⇒ Let F be satisfiable. Then the valuation of F specifies for every abstract task a single method which should be applied to it, due to the
constraint applyMethod . Further in any layer of the
formula, there are exactly the children of the chosen
method as enforced by methodChildren. The clauses
from selectAction, mustBeChildOf , fatherMustExist and
childImpliesChildOf ensure that no additional actions are
contained in the formula. From these observations, we know
that the asserted actions and their interconnections form a
valid decomposition tree. Lastly, the leafs of the represented
tree are the tasks contained in π. Using Proposition 1 of
Geier and Bercher (2011), we know that π is a solution.
⇐ Let π be a solution to P. Following the aforementioned
theorem and the premises of this theorem, there is a valid
decomposition tree whose leafs are π and whose height is at
most K. We can construct a satisfiable valuation for F by assigning each node in the decomposition tree to its layer and
arbitrarily to a position within that layer, which is not occupied by a primitive task in the previous layer. Any primitive
task is also asserted at its position in all following layers.
Using this assignment we can construct a satisfying valuation for selectAction, mustBeChildOf , fatherMustExist,
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childImpliesChildOf and maintainPrimitive. By tracing
the ordering constraints contained in the decomposition tree,
we can also create a valuation satisfying the maintainOrder
constraints. Since the decomposition tree is valid, it specifies
a single decomposition method for every abstract task and
the methods’ subtasks are contained in the following layer,
which ensures that our constructed valuation also fulfils the
methodChildren and applyMethod clauses. As the leafs of
the decomposition tree are the tasks of π (in the correct order) we have constructed a satisfying valuation for F.


5

Height of Decomposition Trees

The constructed formula is based on the value K – an upper
bound to the height of a decomposition tree that can lead to
the task sequence to be verified. Obviously, it is often possible to construct a tree of arbitrary height for a given solution,
given there is a subnetwork in a method containing only a
single task. The value of K can be limited to the smallest
height necessary such that a decomposition tree leading to
the solution exists. As a part of proving that V ERIFY SEQ
is in NP we proved1 that if a task network tn is reachable
from the initial task network tni there is always a sequence
of S = 2|T (tn)|(|C| + 1) decompositions which leads to
that task network (Behnke, Höller, and Biundo 2015). S is
clearly an upper bound, which we call Ktheo , since in any
layer of the decomposition tree at least a single decomposition method has to be applied.
A better bound can be derived based on the task schema
transition graph (TSTG), which was implicitly introduced
by Alford et al. (2016a). Its vertices are the tasks of the
domain and it contains an edge (u, v) if u has a method
containing the task v. If this graph is acyclic, the domain
is called to be acyclic2 . If so, we can use the length of the
longest path l in the graph as an upper bound KTSTG , since
it is not possible to apply more than l decompositions in a
row to the same task without reaching only primitive tasks.
Another bound is based on a compilation for HTN planning problems originally introduced by Höller et al. (2014).
It removes all methods having subnetworks with less than
2 tasks in it. Afterwards, the number of tasks in each layer
of the decomposition tree will grow by at least one (or all
tasks are already primitive), since at least one method has
to be applied in each layer. This gives the natural bound
(tni )|
Kunit = |π|−|T
for the height of the tree, where δ is
δ−1
the size of the smallest method in the domain.

6

Evaluation

In order to show that our approach is feasible for verifying plans in existing HTN planning domains, we have implemented our transformation and conducted an empirical
evaluation. The code of the implementation can be found at
https://www.uni-ulm.de/in/ki/panda.
1
The paper erroneously states a bound of |T (tn)|(|C| + 1), as
we did not take decompositions into account that occurred after the
task network has reached the size of tn.
2
Plan verification for acyclic domains is still NP-complete.
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Contrary to classical planning, there is no wellestablished set of benchmark domains for hierarchical planning. Hence, we used several benchmark domains for Hybrid Planning (Biundo and Schattenberg 2001), a formalism
which extends standard HTN planning in that it adds preconditions and effects to abstract tasks and allows for socalled causal links inside methods (McAllester and Rosenblitt 1991). For our evaluation, we have stripped both these
extensions from all domains. As we have generated the solutions to be verified using the reduced problems, this reduction does not influence the evaluation. For more detailed descriptions of these domains, we refer to Bercher, Keen, and
Biundo (2014). Further, we used the Monroe domain (Blaylock and Allen 2005), which is a benchmark domain from
plan and goal recognition. It seems to be an appropriate challenge, as it has a large set of methods, actions, and constants.
It seems well suited to test a plan verification system, since
plan verification can be seen as a special case of plan recognition (where the observed action sequence has ended). For
all test instances, we have generated an arbitrary solution
which was subsequently verified. Since all our benchmark
domains are given in a lifted formalism and our translation
works on a grounded one, we have first grounded all actions
and methods and pruned them if obviously possible (removing actions with preconditions occurring neither as effects
nor in the initial state, abstract tasks without methods, and
methods containing removed tasks). We have also removed
all constants not contained in the solution to be verified from
the problem when they cannot appear in free variables of any
methods (i.e. parameters of the abstract task that do not occur in the subnetwork). In this case, they cannot possibly be
part of any decomposition tree leading to the solution.
Table 1 summarises some properties for the grounded domains and the values of the three variants to bound K. It
was not possible to compute Kunit for the Monroe domain,
since the compiled domain would have contained too many
methods. Similarly some SmartPhone instances have acyclic
TSTGs, making the computation of KT ST G for these instances impossible. We have denoted these cases with ∞ in
the table. We were able to compute a suitably small bound
K for all our benchmark domains. However, if we were to
encounter a domain where unit compilation is not possible
for practical reasons and whose TSTG is acyclic, we would
have to fall back to the theoretical upper bound, which can
be extremely high, but is always finite. For the evaluation we
have used the SAT solver cryptominisat5 (Soos 2016),
which was amongst the top-performing SAT solvers at the
SAT Competition 2016. The experiments were conducted on
an Intel Xeon E5-2660 with 503 GB available RAM.
We were able to verify the plans of all our benchmark
problems in less than 451 seconds, while only four instances
took more than 100 seconds. As shown in Figure 3a, the
time needed for verification correlates with both plan length
and the number of actions in the domain, while neither is a
dominating factor. If we look at the dependence of time of
both of these values, we see that a combination of a long
plan in a large grounded domain seems to result in a longer
computation time (see Figure 4). We also tested whether it
is possible to verify any of the solutions with a smaller value

domain
UMTranslog
Satellite
SmartPhone
Woodworking
Monroe

Ktheo
min max
70
1258
20
510
132 324
12
48
198 11032

Kunit
min max
5
37
5
17
11
15
2
4
∞
∞

KT ST G
min max
3
6
1
4
3
∞
1
2
4
8

|L|
min
max
19
88
8
70
44
47
32
59
1220 3152

min
4
1
5
1
32

|C|
max
16
17
8
4
265

min
7
7
16
6
436

|A|
max
22
78
18
24
6017

min
4
11
14
4
408

|M |
max
17
541
99
76
5476

Table 1: Height and statistics of the evaluation domains. We tested 21 UMTranslog instances, 22 Satellite instances, 3 SmartPhone instances, 5 Woodworking instances, and 50 Monroe instances.
of K to test the conciseness of our upper bounds. In total 11
of the Monroe instances were solvable with a bound up to 3
smaller than the computed K, while only one instance each
from the SmartPhone and the Satellite domain were solvable
with a bound 1 less than the computed one.
In a second evaluation we showed that the presented
technique not only verifies solutions, but also refutes nonsolutions. We generated non-solutions by randomly applying applicable actions until a plan of the same length as the
solution to that problem had been reached. For every problem five such sequences were generated (505 in total). For all
but five of the randomly generated plans, the verifier showed
that they are non-solutions. The remaining five have been
manually checked to be solutions. We also checked various
non-solutions to be correctly classified. The random solutions have been excluded from the further evaluation, i.e.,
our diagrams for non-solutions do not include these datapoints. The time needed to refute these non-solutions was
always less than 120 seconds, as depicted in Figure 3b. Interestingly – and contrary to usual expectations in SAT solving – it was usually easier to refute an incorrect plan than to
show that solutions were indeed solutions. We suspect that
this is due to certain combinations of primitive tasks which
cannot occur together (usually caused by the decomposition
hierarchy) in any solution. They form a small unsatisfiable
subset of the formula’s clauses, which the solver might detect early showing unsatisfiability.
Lastly, we have also evaluated our verifier on nonsolutions which are similar to actual solutions (see Figure 3c). For every instance five “almost solutions” were generated by randomly selecting an action within a solution and
replacing it with another random primitive action from the
domain. This may result in an unexecutable plan, but since
our formula does not check executability, we can reasonably
assume that the results are identical to the case where the
resulting plan would be executable. Our evaluation shows
higher (up to 1123 seconds) runtimes for these “almost solutions”, which is expected as the formulae for these task
networks should be “almost satisfiable”. Such SAT formulae
are in general deemed hard. However all these non-solutions
were refuted in time and most of them in an acceptably low
timeframe – less than 300 seconds.

7 Related Work
The overall idea to use logic-based techniques in hierarchical planning is not entirely new. Most notably, there are
two translations of planning problems into SAT (Mali and

Kambhampati 1998) and Answer Set Programming (Dix,
Kuter, and Nau 2003). However both differ significantly in
the employed formalism (although both call it HTN planning for historic reasons). Mali and Kambhampati’s formalism restricts the model by disallowing recursion (which
we can handle completely), and simultaneously allowing
for both task sharing (Alford et al. 2016b) and task insertion (Geier and Bercher 2011). All these features make their
hierarchical planning language far less expressive and in
conjunction with the fact, that their problems don’t contain
an initial task network, equivalent to classical planning. Dix,
Kuter, and Nau on the other hand use a formalism which is
equivalent to ours, with the sole additional restriction that
the task networks in all methods must be totally ordered.
As such, they are using the older formalism of SHOP, not
the new one of SHOP2 which allows for partial order in
methods. In the case of HTN plan verification, this restriction lowers the complexity of the problem from NP to P, as
the problem becomes equivalent with parsing a word of a
context free grammar (Höller et al. 2014).
There has also been a lot of work in the community
on verification of HTN planning domains and problems.
Their objective for these investigations was not to determine
whether a certain plan is a solution to a given planning problem, but rather to check some criterion (ususally ensuring internal consistency) of the model. Examples include the work
of Goldman (2009), Biundo and Schattenberg (2001), McCluskey, Liu, and Simpson (2003), or Marthi, Russell, and
Wolfe (2007) (for a survey see Bercher et al. (2016)).
Shivashankar et al. (2013) have proposed a new hierarchical planning formalism, called Hierarchical Goal Network (HGN) planning, which uses networks of sub-goals
instead of networks of sub-tasks. In this formalism plan verification is presumably easier, but – so far – there have neither been theoretical or practical investigation for plan verification. Further HGNs are seemingly less expressive than
HTNs, as every HGN can be compiled into an HTN, while
the reverse is yet unknown and potentially impossible (Alford et al. 2016b). While this can be beneficial when designing planning algorithms, a plan verifier should always
be able to handle the most general formalism, i.e., HTNs.
Other techniques for verifying HTN plans can be thought
of. For example, one could also use the existing translation of HTNs into ConGolog (Shapiro, Lespérance, and
Levesque 2002) and subsequently use one of the existing
verifiers for ConGolog. However we deem such translations
to be future work.
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Figure 3: For each sub-figure the top diagram shows the runtime in relation to the length of the plan, while the bottom one
depicts the runtime in relation to the number of ground action in the domain. The colours encode the domain (see Table 1).
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Conclusion

In this paper we studied the practical aspects of the task
of plan verification. It has a wide range of applications in
planning-based systems, e.g., whenever it is necessary to
post-optimise plans based on local-search, and is one of the
requirements when conducting a planning competition.
We presented the first plan verifier for HTN plans,
which solves the problem by translating it (due its NPcompleteness) into a SAT formula. We showed that our technique allows to verify HTN plans in reasonable time and is
thus useable in practice. Although the solving times for the
created formulae are already low, it might prove beneficial to
further reduce the size of the formula or to investigate new
structures that could be applied when constructing the formula. By combining our approach with methods from SATbased classical planning, it might be possible to construct
a SAT-based HTN planning system. Such a planner could
subsequently also be used to implement requests to change
a solution – based on the theoretical results of Behnke et
al. (2016) – with a procedure different from local search. As
such, this paper lays the groundwork for both the practical
investigation of plan verification, as well as for a novel planning techniques for HTN planning.
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Abstract
Interaction with users is a key capability of planning
systems that are applied in real-world settings. Such a
system has to be able to react appropriately to requests
issued by its users. Most of these systems are based
on a generated plan that is continually criticised by
him, resulting in a mixed-initiative planning system. We
present several practically relevant requests to change a
plan in the setting of hierarchical task network planning
and investigate their computational complexity. On the
one hand, these results provide guidelines when constructing algorithms to execute the respective requests,
but also provide translations to other well-known planning queries like plan existence or verification. These
can be employed to extend an existing planner such that
it can form the foundation of a mixed-initiative planning
system simply by adding a translation layer on top.

Introduction
Planning systems deployed to real-world applications ought
to interact with their users in order to integrate their wishes
and preferences into the plans they generate. There are several possible ways to achieve this integration. Either the user
specifies some metric on plans (Fox and Long 2003), e.g.,
by providing action costs, or he specifies his preferences
using a dedicated formalism (Sohrabi, Baier, and McIlraith
2009; Sohrabi and McIlraith 2008). We argue that these approaches might fail in many real-world scenarios, most frequently because the user is not able to specify a-priori all
restrictions and preferences he wants to impose on the solution. This can either be caused by the employed planning
formalism not being capable of expressing them or the fact
that new requirements frequently arise if a solution is presented to him. This gives rise to the paradigm of mixedinitiative planning, which aims at integrating the user into
the planning process itself. An established method to do so
is to repeatedly present the user with a plan (i.e. a solution to
the planning problem), ask his opinion about the plan, and
if he is not content to modify it appropriately. Such schemes
were, e.g., applied in route-planning (Ferguson et al. 1996),
planning of Mars-rover activities (Ai-Chang et al. 2004), and
military mission planning (Myers et al. 2003). Arguably, the
Copyright c 2016, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

planning formalism employed by a mixed-initiative planning system should be similar to the one used by its users
to ease communication and interaction. In this paper we
study mixed-initiative planning systems that employ hierarchical task network (H TN) planning (Erol, Hendler, and
Nau 1996). In H TN planning a plan must in addition to being executable also be obtained by repeatedly refining abstract actions into more concrete courses of action. HTN
domains are often a natural way to describe the domain
in real-world planning applications (and thus particularly
in mixed-initiative planning). It is usually easier for modellers to think in terms of hierarchical domains, as humans
tend solve problems in a top-down fashion (Byrne 1977;
Fox 1997, Sec. 2). HTN domains are also well suited to encode domain-specific search strategies – reducing practical
complexity due to search although its theoretical complexity
(e.g. in terms of plan existence) becomes harder.
The most critical part of a mixed-initiative planning system is handling the modification request posed by the user.
Based on the experiences with MAPGEN – the Mars-rover
planning system (Ai-Chang et al. 2004) – Smith (2012;
2013) presented a collection of requests to change plans in
a classical setting. More specifically, we study some of the
proposed requests and their H TN counterparts by investigating their computational complexity. We will show that,
while most of the classical requests can be addressed in
polynomial time or P SPACE, the same problems are computationally more difficult for H TN planning problems, ranging from NP to undecidable. In addition, the proofs throughout this paper provide translations of the user’s requests to
standard planning queries like plan existence, plan verification, or finding an executable linearisation of a partially ordered plan. Insights into the complexity of user requests is
also useful in general, as it enables the designer of a mixedinitiative planning system to select appropriate algorithms
for dealing with them. Most notably, one should be aware of
the fact that certain request the users can pose are in general
undecidable, i.e., there should be a mechanism that handles
this case or switches to a decidable problem after a certain
time.
We start with a brief introduction for the formalism of
H TN planning followed by a discussion on how to interpret
the user’s requests correctly in the case of H TN planning.
Thereafter we provide an investigation of a request that has
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been previously studied in the field of mixed-initiative H TN
planning: plan sketching (Myers et al. 2003). Lastly, several
request based on Smith’s (2012; 2013) description are discussed.

Hierarchical planning
We start by giving an introduction to H TN planning (Erol,
Hendler, and Nau 1996) using a simplistic formalism proposed by Geier and Bercher (2011). The central concept of
H TN planning is the task network, describing a partially ordered set of tasks. Since a task network can contain the same
action more than once, we distinguish between a task – a
unique identifier – and its task name – describing the name
of the respective action, e.g., move-a-b.
Definition 1 (Task Network) A task network tn over a set
of task names X is a tuple (T, ≺, α), where
• T is a finite, possibly empty, set of tasks
• ≺ ⊆ T × T is a strict partial order on T
• α : T → X labels every task with a task name
TN X is defined as the set of all task networks over the task
names X. As a short-hand notation, we write T (tn) = T ,
≺(tn) =≺ and α(tn) = α for a task network tn = (T, ≺, α).
Further we define tn(x) = ({1}, ∅, {(1, x)}) to be the task
network that contains exactly one task with the task name x.
Two task networks tn = (T, ≺, α) and tn0 = (T 0 , ≺0 , α0 )
are isomorphic, written tn ∼
= tn0 , if and only if there exists a bijection σ : T → T 0 , such that ∀t, t0 ∈ T it
holds that (t, t0 ) ∈ ≺ if and only if (σ(t), σ(t0 )) ∈ ≺0 and
α(t) = α0 (σ(t)). To ease notation, we define restrictions on
relations, functions and task network using the bar notation.
Definition 2 (Restriction) Let R ⊆ D × D be a relation,
f : D → V a function and tn be a task network. Then the
restrictions of R and f to some set X are defined by
R|X := R ∩ (X × X)
f |X := f ∩ (X × V )
tn|X := (T (tn) ∩ X, ≺(tn)|X , α(tn)|X )

Based upon the definition of a task network, an H TN planning problem is defined as follows.
Definition 3 (Planning Problem) A planning problem is a
6-tuple P = (L, C, O, M, cI , sI ), with
• L, a finite set of proposition symbols
• C, a finite set of compound task names
• O, a finite set of primitive task names with C ∩ O = ∅
• M ⊆ C × TN C∪O , a finite set of decomposition methods
• cI ∈ C, the initial task name and sI ∈ 2L , the initial state
For each primitive task name o ∈ O, its operator or action is given by a tuple that defines its precondition and
its effect, the latter in terms of an add-, and a delete list:
(prec(o), add(o), del(o)) ∈ 2L × 2L × 2L .
The original formalism of Erol, Hendler, and Nau (1996)
allows for an initial task network instead of a single initial
task. Since the former version can be compiled into the latter, more simplistic one, we employ the latter. In order to obtain a valid plan in H TN planning, one starts with the initial
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compound task and repeatedly applies decomposition methods to compound tasks until all tasks in the current task network are primitive.
Definition 4 (Decomposition) A method m = (c, tnm ) ∈
M decomposes a task network tn1 = (T1 , ≺1 , α1 ) into a
−→
task network tn2 by replacing task t, written tn1 −
t,m tn2 , if
and only if t ∈ T1 , α1 (t) = c, and ∃tn0 = (T 0 , ≺0 , α0 ) with
tn0 ∼
= tnm and T 0 ∩ T1 = ∅, where
tn2 := (T 00 , ≺1 ∪ ≺0 ∪ ≺X , α1 ∪ α0 )|T 00 with
T 00 := (T1 \ {t}) ∪ T 0

≺X := {(t1 , t2 ) ∈ T1 × T 0 | (t1 , t) ∈ ≺1 } ∪
{(t1 , t2 ) ∈ T 0 × T1 | (t, t2 ) ∈ ≺1 }

We write tn1 →∗D tn2 , if tn1 can be decomposed into tn2
using an arbitrary number of decompositions.
The original formulation of H TN planning by Erol,
Hendler, and Nau (1996) and the simplistic reformulation
by Geier and Bercher (2011) defined a task network to be
executable, if there exists a linearisation of its tasks that is
executable. The related formalisms hybrid planning (Biundo
and Schattenberg 2001) and P OCL planning (Penberthy and
Weld 1992), on the other hand require all linearisations to
be executable. We will restrict our investigation to the former formalism.
Definition 5 (Executable Task Network) A task network
(T, ≺, α) is executable in a state s ∈ 2L , if and only if all
its tasks are primitive and there exists a linearisation of its
tasks t1 , . . . , tn that is compatible with ≺ and a sequence of
states s0 , . . . sn such that s0 = s and prec(α(ti )) ⊆ si−1
and si = (si−1 \ del(α(ti ))) ∪ add(α(ti )) for all 1 ≤ i ≤ n.
Using the previous definition we can describe the set of
solutions to a planning problem P. We deviate from the definition given by Geier and Bercher (2011), in that we allow a solution to have more ordering constraints than those
required by the decomposition it was generated by. This is
done to prevent problematic interactions with users, who are
presented with a solution and ask to add an ordering constraint, but the planner refuses to do so, while the plan is
still executable and can clearly be generated by decomposition. For example, a solution might contain the actions a
and b unordered and both linearisations are executable. If we
use the original solution criterion, the task network where a
is ordered strictly before b is not a solution, since the additional ordering constraint a < b cannot be derived from
the decomposition hierarchy, but is only compatible with it.
Such a case seems to be extremely confusing for a user and
should be avoided.
Definition 6 (Solution) A task network tnS is a solution to
a planning problem P, if and only if

(1) tnS is executable in sI ,
(2) tn(cI ) →∗D tnD ,
(3) tnS = (T (tnD ), ≺0 , α(tnD )) where ≺(tnD ) ⊆ ≺0 .
Sol(P) denotes the sets of all solutions of P.

HTN planning semantics –
how should we interpret the domain when
changing a plan?
In the previous section we have outlined the criteria a task
network must fulfil in order to be considered a solution to
an H TN planning problem: it has to be executable and it
must reside in the refinement space of the H TN problem,
i.e., it must be possible to obtain it through a sequence of
decompositions and ordering insertions form the initial task
network. If such a plan is presented to the user and he utters a request to change the plan, we have to consider what
we deem an appropriate solution. Obviously, the plan must
comply with the request itself, but the question arises which
of the solution criteria for H TN planning the changed plan
must also fulfil. While undoubtedly executability must be
preserved, the question whether it must also lie with the refinement space has to be discussed.
If we only require the changed plan to be executable, we
essentially view the H TN domain as a mere guide or heuristic for the search process in order to obtain a solution. Further this allows the planner, when changing a plan upon the
user’s request, to ignore the knowledge and semantics contained within the H TN structure of the domain completely.
This poses a problem, since H TN planning problems ordinarily do not specify a goal state to be reached, but aim
at performing a certain set of (compound) actions (Erol,
Hendler, and Nau 1996). This makes the task hierarchy an
integral part of the problem description and hence restricts
the set of allowed solutions. If it would be ignored, any executable sequence of actions would be considered a solution,
which seems not to be appropriate.
One possible interpretation of an H TN domain – apart
from providing a structural guide for the search – is that
it provides a more expressive planning formalism. Ignoring
the decomposition hierarchy also ignores criteria for executability (or otherwise the plan’s validity) that are not encoded as preconditions and effects but rather as decomposition methods. Earlier work has shown that H TN planning
is strictly more expressive than classical planning under two
separate views, which shows that such criteria exist: On the
one hand, deciding whether a given planning problem has
a solution is undecidable (Erol, Hendler, and Nau 1996;
Geier and Bercher 2011), which entails that there is no
way to translate an arbitrary H TN planning problem into a
classical planning problem1 . On the other hand, there are
results about the structural restrictions the planning problem can possibly enforce upon its solutions. We (2014;
2016) showed that the structures of H TN solutions are
strictly more expressive than solutions for classical problems. This enables domain modellers to express restrictions
to the plans and thus the “state changes” in the scenario using the hierarchy, which are not describable by preconditions
and effects on a finite set of literals.
To conclude, we deem it necessary and appropriate to require that a plan lies within the problem’s refinement space
1

However there are translations for several more restrictive subclasses of HTN domains which are commonly found in application
domains (Alford et al. 2016; Alford, Kuter, and Nau 2009).

and thus still satisfies the respective hierarchical solution criterion, in order to ensure that the changed plan complies with
the restrictions of the planner’s application domain. This
means that whenever a plan has been changed, we (at least)
have to verify that it is a plan in the H TN sense.

Planning with given actions
We start our investigation of user requests posed to mixedinitiative planning systems by looking into a specific type of
request that has been discussed in prior work. Myers (1997)
proposed a mechanism called “plan sketching” handling
“must contain” constraints for HTN planning. Her approach
lets the user provide a set of actions and ensures that the
generated solution contains these actions. In addition to requirements on primitive tasks, i.e., those actually contained
in the solution, her mechanism also allows for requirements
on compound tasks, i.e., forcing that the solution has been
obtained such that these tasks were intermediate steps. A
precise definition of a plan sketch and plan sketch compliance is given below. The intuition is that if a compound task
c is contained in the sketch, a plan complies with it if it is
possible to decompose the initial task network such that c
occurs at some point during decomposition in the current
task network.
Definition 7 Let P = (L, C, O, M, cI , sI ) be a planning
problem and S ⊆ C ∪ O a sketch. A task network tn∗ ∈
Sol(P) complies with S if there is a sequence of task networks, such that
tn(cI ) = tn0 →∗D tn1 →∗D . . . →∗D tnn = tn∗
Sn S
and S ⊆ i=0 t∈T (tni ) α(tni )(t)

We call the problem, given an H TN planning problem P
and a sketch S, to determine whether P has a solution that
complies with S, SKETCH-COMPLIANCE. Based upon
earlier results by Erol, Hendler, and Nau (1996), we can
prove that this problem is strictly semi-decidable.
Theorem 1 The problem SKETCH-COMPLIANCE is
strictly semi-decidable.
Proof: Undecidability: If the sketch S is chosen as the empty
set, the problem is equivalent to the plan existence problem,
which is known to be undecidable (Erol, Hendler, and Nau
1996; Geier and Bercher 2011).
Enumerability: We can transform a SKETCHCOMPLIANCE instance into an ordinary plan existence
problem and use the property that the set of solutions to a
given planning problem is enumerable (Erol, Hendler, and
Nau 1996). Let P = (L, C, O, M, cI , sI ) be a planning
problem and S a sketch. First we add for every s ∈ S
a new proposition s to L. For every s ∈ S ∩ O we add
the add-effect s to s. For every s ∈ S ∩ C we add a new
primitive task name ns without preconditions and the sole
add-effect s. It is added to the task network of every method
(s, tn) which can decompose s without any further ordering
constraints.
Lastly two new tasks – the primitive task g and the compound task c∗I – are added. An additional decomposition
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method (c∗I , tnc∗I ) is added for the latter with
tnc∗I = ({1, 2}, {(1, 2)}, {(1, cI ), {2, g}})
where g has {s | s ∈ S} as its precondition and no effects.
In the constructed planning problem, c∗I is used as the initial
task instead of cI .
Any solution to the new planning problem contains g as
its last task and g is executable is this task network. Thus all
s were made true, implying that for all s ∈ S ∩C an instance
of ns was inserted into the plan and for all s ∈ S ∩ O
that the task s is contained in the plan. Consequently
the solution complies with the sketch. Also a solution to
a SKETCH-COMPLIANCE problem can trivially be
transformed into a solution to the just constructed H TN
planning problem.

The proof provides a scheme to compile a SKETCHCOMPLIANCE instance into a standard H TN planning
problem. By applying the scheme ordinary H TN planners
– like SHOP or UMCP – could be used to solve the problem instead of the specialised algorithm developed by Myers (1997). This would lift the restriction of her algorithm,
which is only applicable to so-called acyclic domains. A
planning problem is acyclic if for all compound tasks c ∈ C
there is no task network tn∗ such that tn(c) →∗D tn∗ and
tn∗ contains a task labelled with c, i.e., no compound task
can be achieved via decomposition from itself. Formally an
H TN planning problem is defined as follows
Definition 8 An H TN planning problem P
=
(L, C, O, M, cI , sI ) is acyclic if a total order < on C
exists such that for all methods (c, tn) ∈ M all compound
tasks in tn are smaller than c according to <.
In addition to the fact that the algorithm only treats acyclic
problems, she does not provide any bound on the complexity of the algorithm (only for parts thereof). Using the proof
of the theorem – which does not introduce cycles into the
domain – and the result by Alford, Bercher, and Aha (2015),
stating that plan existence for acyclic planning problems
is N EXPTIME-complete, we can conclude the following
corollary, which enables an estimation of the actual complexity of her algorithm.
Corollary 1 The problem SKETCH-COMPLIANCE for
acyclic planning problems is N EXPTIME-complete.
Intuitively, a user might also pose the request to avoid certain actions when generating a plan. The respective decision
problem would ask, whether given a set A of task names
there is a solution that does not contain any element of A.
This problem can trivially be solved by simply removing
all tasks in A from the domain. The proof of the following
proposition is straightforward and is thus omitted.
Proposition 1 The problem ACTION-AVOIDING is
strictly semi-decidable.

Changing plans
Plan sketching enables a user to pose a specific kind of restrictions on the actions prior to the planner generating a
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plan, which is a useful instrument in mixed-initiative planning. It does not cover cases where a plan has already been
generated and presented to the users, which should be considered when generating a solution. In practice this is not
sufficient, since – as argued before – the planning system
has also to integrate requests to change an already generated plan. Such requests include, e.g., the wish to add certain actions or to reorder them in a specific way. In this
section we discuss several practically motivated requests,
based on a talk given by Smith (2012; 2013). We provide
formal definitions of these requests for H TN planning problems and study their computational complexity. Handling of
most of these requests is already available in mixed-initiative
planning systems for classical planning, like MAPGEN (AiChang et al. 2004). In the case of H TN planning there are –
to our knowledge – no systems available that can handle the
requests presented.
While we focus on the computational complexity of those
requests, the respective membership proofs often provide
schemes to compile them into standard enquiries usually
posed to an H TN planning system, like plan existence. Using these schemes it would be straightforward to implement the requests in any state-of-the-art planning system.
This enables a mixed-initiative planning system’s designer
to employ a standard planning algorithm without the need to
change or adapt it to the mixed-initiative system it is used in.
Similarly, it is rather easy to extend the capabilities of planners, in terms of the enquiries they can handle, significantly
by adding a translation layer on-top of the actual planning
routine.
Most of the results in this section are based on a result
of Behnke, Höller, and Biundo (2015), who showed that determining whether a given task network is a solution to a
given planning problem is NP-complete. This problem is
commonly also called plan verification.
Definition 9 The problem VERIFY-TN is, given a planning problem P and a task network tn, to decide whether
tn ∈ Sol(P).
Proposition 2 VERIFY-TN is NP-complete.

Moreover they showed that the problem is even NPcomplete if the planning problem is totally unordered, i.e.,
all task networks in the planning domain do not contain any
ordering constraints (∀(c, tn) ∈ M : α(tn) = ∅) and all
primitive actions are precondition-free. This means that only
the number of instances of each primitive action in a task
network matters when determining whether it is a solution
to the planning problem or not.

Changing Order
We start with an enquiry which we expect a user to make
quite often: the request to change the order of the actions in
a given plan, uttered e.g. as “Can I rearrange the tasks such
that ...?”. For example it might be requested that a mars rover
first has to take a picture of its surrounding before it can take
a surface sample, but the planner has arranged the actions the
other way round to conserve energy. The planner’s task is to
determine whether it is possible to comply with the change
while remaining enough energy to operate safely.

Obviously, there are several varieties of the problem depending on which kinds of ordering constraints he is allowed
to enforce and on whether the planner can make additional
changes to the plan and if so to which extent. We restrict
our investigation to requests containing only a single ordering constraint, as extending the presented results to cases
involving multiple constraints or disjunctive requests (like
“Establish that either action a or action b is before c.”) is
straightforward. We assume in our formulation that the user
asks for the ordering t1 < t2 to be established in the current
plan.
We start with the most restrictive version, where we forbid
the planner to alter the plan in any way, except the change
explicitly requested by the user.
Definition 10 We define the problem O RDER as:
Given a planning problem P, a task network tn ∈
Sol(P), and two tasks t1 , t2 ∈ T (P), is the task network
(T (tn), ≺(tn) ∪ {(t1 , t2 )}, α(tn)) also a solution to P?
Surprisingly deciding this problem is already NPcomplete as stated by the following theorem. However, this
is only based on a peculiarity of the H TN formalism, which
requires a solution to have only a single executable linearisation and not that all linearisations to be executable. Inserting
an additional ordering constraint might exclude this linearisation and requires to determine whether another executable
linearisation exists. If the criterion for a solution would require that all linearisations are executable (which can be determined in polynomial time (Nebel and Bäckström 1994))
this request would therefore be in P. The respective request
in classical planning is to reorder a plan in a given way. This
is trivially polynomial, since the change can be performed
and executability be tested.
Theorem 2 O RDER is NP-complete.
Proof: Membership: Given the task network tn, we first have
to check whether the ordering t2 < t1 is already contained
in tn. If so, the answer to the problem is no. Else, we can
insert the ordering and obtain tn0 . Since tn is a solution, tn0
is also reachable from cI via decomposition and insertion
of ordering constraints. What remains is to check whether
tn0 has an executable linearisation, which can be done by
guessing one and checking it.
Hardness: We can reduce from the problem of determining whether a task network has an executable linearisation
which in turn is known to be NP-complete (Erol, Hendler,
and Nau 1996; Nebel and Bäckström 1994, Thm. 14 & 15).
Given a task network tn we can construct a planning domain
as follows. First we add for every task name n occurring in
tn a new primitive task an , which has no preconditions and
the preconditions of n as its effects. Further two new primitive tasks e and b are added to the problem. Next we construct the task network tn∗ which will be used as the input
to the O RDER problem. It contains the tasks of tn with the
same order, one instance of e and b and and the appropriate
amount of an tasks to ensure that tn∗ is executable. Formally

we define
tn∗ = (T (tn) ∪ T ∗ , ≺ (tn)∪ ≺∗ , α(tn) ∪ α∗ ) where
T ∗ = {1, 2} ∪ {t | t ∈ T (tn)}

≺∗ = {(t, 1), (2, t) | t ∈ T (tn)}

α∗ = {(1, e), (2, b)} ∪ {(t, nα(tn)(t) ) | t ∈ T (tn)}

The only decomposition method in the planning problem is
(cI , tn∗ ). The question to be posed is whether it is possible
to insert the ordering 1 < 2 into the task network tn.
The initial task network tn∗ is clearly executable as
for any task t ∈ T (tn) the respective task t could just be
ordered right before t ensuring that it is executable. If the
ordering 1 < 2 is inserted into the plan, these tasks cannot
be used any more to ensure the executability of any task
t ∈ T (tn). Thus this task network is only a solution to the
planning problem if the original task network tn has an
executable linearisation.

In most practical cases however requiring that none of the
other ordering constraints can be altered seems to be overly
restrictive. Alternatively the planner can be allowed to add
new ordering constraints or to remove some of those present
in the current plan. In general, as few orderings as possible
should be changed to keep the plan as similar to the original
plan as possible. This seems necessary to enable the user to
understand the performed changes and the structure of the
new plan easily. Only if no plan fulfilling the given restrictions exists, the planner might weaken them with a proper
warning to the user.
The problem is to determine the minimal number of ordering constraints that have to be changed in order to allow
for the ordering t1 < t2 to be inserted into the task network.
Apparently the more general problem to determine whether
it is possible at all to rearrange the tasks of a task network
compliant to t1 < t2 such that the task network is a solution is NP-complete. From this we can easily deduce NPcompleteness of the minimisation problem.
Definition 11 We define the problem R EORDER as:
Given a planning problem P, a task network tn ∈ Sol(P),
and two tasks t1 , t2 ∈ T (P), is there a partial ordering ≺
such that (T (tn), ≺, α(tn)) is a solution to P and the ordering t1 < t2 is contained in ≺?
Theorem 3 R EORDER is NP-complete.

Proof: Membership: A partial order ≺ containing t1 <
t2 can be guessed and the resulting task network can be
checked using the NP algorithm for VERIFY-TN. Note that
this does not result in a NPNP 2 algorithm, since the application of the VERIFY-TN algorithm is the last step and its
result will be returned without alteration.
Hardness: We reduce from the VERIFY-TN problem for
totally unordered task networks without preconditions. Let
tn be a task network to be verified and P be the respective
problem. If tn contains any ordering constraints, it cannot be
a solution of P. We alter P as follows. First a new primitive
2
NPNP denotes the class of problems solvable via an NP algorithm that can query another NP algorithm at every step.
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task a, without any preconditions or effects is added to P.
Second we replace the initial abstract task cI with the new
c0I for which we define the following two methods
m1 = (c0I , ({1, 2}, {(1, 2)}, {(1, cI ), (2, a)}))

m2 = (c0I , (T (tn) ∪ {1}, {(1, t) | t ∈ T (tn)},
α(tn) ∪ {(1, a)}))
The question put to the R EORDER solver is whether it is
possible to reorder the task network of m2 such that t < 1
for an arbitrary t ∈ T (tn). The task network in question is
clearly a solution, and if the order t < 1 is to be fulfilled,
the method m1 has to be applied in order to decompose c0I .
Thus if it is possible to reorder the tasks, the task network
tn was a solution to P.

In the two requests investigated so far, we were restricted
not to alter the actions contained in the task network but
were only allowed to rearrange them. In certain situations
this might be a too strict constraint, e.g., if a new action has
to be inserted to accommodate for the new order. A simple
solution would be to allow for arbitrary changes to the task
network and requiring that the result contains a given ordering constraint. Since the original task network the user posts
its request for only provides the tasks between an ordering
constraint shall be established, the actual task network can
be disregarded leading to the following problem definition.
A classical version of this request asks the same question,
whether there is a plan that contains two actions in a specific
order, which can be encoded into the problem with appropriate preconditions and effects. P SPACE-completeness can
be obtained via a reduction from plan existence.
Definition 12 We define the problem O RDER -S OLUTION
as:
Given a planning problem P and two task names n1 , n2 ∈
O, is there a task network tn ∈ Sol(P) such that there
are t1 , t2 ∈ T (tn), α(tn)(t1 ) = n1 , α(tn)(t2 ) = n2 , and
t1 < t2 ∈ ≺(tn).

Unsurprisingly – after considering Thm. 1, this problem is
strictly semi-decidable.
Theorem 4 O RDER -S OLUTION is strictly semi-decidable.
Proof: Undecidability: We can reduce from the plan existence problem for general H TNs, which is known to be undecidable (Erol, Hendler, and Nau 1996; Geier and Bercher
2011). Let P be a planning problem. We add three new task
names to P: the primitives n1 and n2 and the abstract c∗I ,
which replaces cI as the initial abstract task. The sole decomposition method for c∗I decomposes it into the following
task network
tn = ({1, 2, 3}, {(1, 2)}, {(1, n1 ), (2, n2 ), (3, cI )})

Any solution to the original problem P translates to a solution of the new problem containing n1 < n2 and vice versa.
Thus enquiring for a solution to the new problem containing
n1 < n2 solves the plan existence problem.
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Enumerability: The solutions to P are enumerable and
each solution can be tested whether it contains n1 < n2 . 
In most practical cases the changes that can reasonably be
applied to a solution in order to fulfil a given request is small.
Without such a restriction the planner would practically be
allowed to create a completely new task network. Such a behaviour should be prohibited to ensure a stable presentation
of plans to the user.
A simple model to restrict the changes that can be applied
to a plan is to bound their number of by some small constant.
This leads to the following version of the O RDER problem
and the result that it is N EXPTIME-complete.
Definition 13 We define the problem F ORCE -O RDER as:
Given a planning problem P, a task network tn ∈ Sol(P),
two tasks t1 , t2 ∈ T (P), and an integer k. Can tn be transformed into a solution tn0 ∈ Sol(P) with at most k of the
following operations
• adding a new primitive task
• removing a task from the task network
• adding an ordering constraint
• removing an ordering constraint.
such that neither t1 nor t2 are removed and tn0 contains the
ordering constraint t1 < t2 .
Theorem 5 F ORCE -O RDER is N EXPTIME-complete.
Proof: Membership: Given a task network tn we can apply
up to k of the described operations randomly in exponential
time3 . We can test for the resulting task network whether it
is a solution or not and whether it satisfies t1 < t2 in nondeterministic polynomial time, which leads to a N EXPTIME
decision procedure.
Hardness: We reduce from the plan existence problem for
acyclic H TN planning problems (see Definition 8), which
is known to be N EXPTIME-complete (Alford, Bercher, and
Aha 2015). Let P be an acyclic H TN planning problem.
First, two new primitive tasks names n1 and n2 – without
preconditions and effects – and a new compound task c∗I are
added to the domain. The latter will be the initial compound
task of the domain. Also the following two decomposition
methods (c∗I , tn1 ) and (c∗I , tn2 ) are added, where
tn1 = ({1, 2}, {(1, 2)}, {(1, n1 ), (2, n2 )})
tn2 = ({1, 2, 3}, {(2, 1)}, {(1, n1 ), (2, n2 ), (3, cI )})

The question posed is whether it is possible to achieve the
order 2 < 1 in the task network tn1 . This is obviously
possible if and only if the original planning problem has
a solution. What remains is to determine k appropriately.
Since the original planning problem is acyclic any solution
contains no more than pmax = δ |O| primitive tasks, where
δ is the largest size of a task network in any method. Also
any solution contains no more than 21 pmax (pmax + 1)
2
ordering constraints. Since pmax = δ |O| ≤ |P||P| ≤ 2|P|
we can choose k to be an appropriate exponential, e.g.,
3
Since k is encoded logarithmically, we cannot do this in polynomial time.

4

k = 2 · 2|P| . As k is encoded logarithmically, the encoding
can be performed in polynomial time.

The interested reader might notice that the problem is
mainly N EXPTIME-complete in the number k – the number of allowed changes. Since one can argue, as done above,
that k should have a small value (e.g. ≤ 10), this might not
be a problem in practice. This could be justified by further
fixed parameter tractability investigations.

Changing actions
Another type of user requests relates directly to the actions
of a plan. In this paper we distinguish three varieties of such
enquiries, they either ask to add, to remove, or to replace
a certain action given a current plan. In this section we restrict the discussion of these problems to the variant similar to the original O RDER problem. Since the proofs for
the analogue problems to R EORDER, O RDER -S OLUTION,
and F ORCE -O RDER proceed similarly, we omit them for the
sake of brevity.
The seemingly most trivial operation to be performed is to
replace some action in a solution with another action and require that the resulting task network is still a solution to the
planning problem. A scientist might, e.g., request to replace
taking a photo with the ordinary camera with an action using
the infra-red camera. In a classical setting this is clearly solvable in polynomial time. One has to replace the action and
check whether the resulting plan is still executable. In the
case of H TN planning this problem becomes NP-complete
since we have to verify that the new solution can still be
generated by the decomposition hierarchy.
Definition 14 We define the problem E XACT-R EPLACE as:
Given a planning problem P, a task network tn ∈ Sol(P), a
task t ∈ T (tn) and a primitive task name p ∈ O, is the task
network tn0 where t is labelled with p also a solution to P?
Theorem 6 R EPLACE is NP-complete.

Proof: Membership: By replacing the task name associated
with t with p we obtain a new task network tn∗ . Using the
NP algorithm for the VERIFY-TN problem, we can decide
whether tn∗ is also a solution to the planning problem.
Hardness: We can reduce totally unordered preconditionfree VERIFY-TN to the R EPLACE problem. Let tn∗ be a
task network to be verified and P the respective planning
problem. If tn∗ is empty, we determine whether cI can be
decomposed into the empty task network in polynomial time
using the procedure proposed by Behnke, Höller, and Biundo (2015).
Else, let a be a new primitive task name (without any preconditions or effects) that does not occur in P, i.e., a ∈
/
O ∩ C. We construct a new task network tn0 which is identical to tn∗ with the only difference that we replace the task
name of an arbitrary task t by a. Let the task name of t in
tn∗ be b. Finally an additional method (cI , tn0 ) is added to
the planning problem.
The VERIFY-TN problem can now be decided by
asking whether b can be replaced by a in tn0 .


Similarly, the users might ask to add an action to a solution, e.g., if performing a chemical analysis of a sample can
be added to a rover’s plan. For classical planning this task
is still polynomial, as every possible position for the new
action can be examined and checked. In the H TN setting,
however, the question is whether the additional task can be
obtained via decomposition in addition to the original task
network.
Definition 15 We define the problem A DD as:
Given a planning problem P, a task network tn ∈ Sol(P),
and a primitive task name p ∈ O, is there a task network
tn0 which is tn with an instance of p added such that tn0 ∈
Sol(P)?
Theorem 7 A DD is NP-complete.
Proof: Membership: By adding the task name p to tn we
obtain a new task network tn∗ . Using the NP algorithm for
the VERIFY-TN problem, we can decide whether tn∗ is
also a solution to the planning problem.
Hardness: We reduce VERIFY-TN to the A DD problem. Let tn∗ be a task network to be verified and P the
respective planning problem. Let a be a new primitive and
c0I a new compound task name. We add them and the
two decomposition methods m1 = (c0I , tn∗ ) and m2 =
(c0I , ({1, 2}, ∅, {(1, cI ), (2, a)})) to the planning problem.
The VERIFY-TN problem can now be decided by
asking whether a can be added to tn∗ .

Lastly, users might also enquire whether it is possible to
remove an action from a given plan. This might, e.g., happen
if a scientist objects to moving the rover as suggested by the
planner, in order to ensure that the rock sample is not polluted by dust created by moving the wheels. The same reasoning as for the A DD request holds, making it polynomial
for classical planning and NP-complete for H TN planning.
Definition 16 We define the problem R EMOVE as:
Given a planning problem P, a task network tn ∈ Sol(P),
a task t ∈ T (tn), is the task network tn|T (tn)\{t} also a
solution to P?
Theorem 8 R EMOVE is NP-complete.

Proof: Membership: By removing the task t we obtain a new
task network tn∗ . Using the NP algorithm for the VERIFYTN problem, we can decide whether tn∗ is also a solution
to the planning problem.
Hardness: We can reduce VERIFY-TN to the R EMOVE
problem. Let tn∗ be a task network to be verified and P the
respective planning problem.
Let a be a new primitive task name that does not occur
in P, i.e., a ∈
/ O ∪ C and t be a task that does not occur
in tn. We construct a new task network tn0 = (T (tn) ∪
{t}, ≺(tn), α(tn)∪{(t, a)}) which is tn but with a new task
t with the task name a added. Finally the method (cI , tn0 ) is
added to the planning problem.
The VERIFY-TN problem can now be decided by
asking whether t can be obtained from tn0 .
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Changing Causality
We allege that in real-world settings users might also want
to change the internal causality of a plan. An example for
such a request is to change a given plan such that it avoids a
specific way to produce an effect.
Suppose we have a rover with two chemical analysis sets
for rocks (X and Y ) on board. Both can determine the property A of a rock. In addition to determining the property A,
the set X can simultaneously determine property B, too, and
set Y can also determine the property C. The goal is to know
all three properties A,B, and C of a rock. In the initial plan
– automatically generated by a planner – both X and Y have
to be used and (by chance) X’s result for A is used. A scientist now requests not to use X’s result as he fears that A’s
sensor is contaminated from the last rock sample, while Y ’s
sensor isn’t. Based upon a formal description of this problem
we show that it is in fact NP-complete.
Definition 17 We define the problem AVOID -E FFECT as:
Given a planning problem P, a task network tn ∈ Sol(P),
a task name n ∈ P , and an effect (either add or delete) e of
n, is tn also a solution if e would not be an effect of n?
Theorem 9 S TRICT-AVOID -E FFECT is NP-complete.
Proof: Membership: Given the task network tn, a task name
n and an effect e, we can remove the effect e from all instances of n in tn, guess a linearisation of tn and check
whether it is executable. Since neither tasks nor orderings
are added or removed tn can always be obtained from cI .
Hardness: The hardness proof is structurally similar to the
proof of Thm. 2. We reduce from the problem of determining
whether a task network has an executable linearisation (Erol,
Hendler, and Nau 1996; Nebel and Bäckström 1994, Thm.
14 & 15). Let tn be a task network for which we have to
determine whether it has an executable linearisation.
We construct a new task network tn∗ which initially is
equal to tn and modify it as follows. First, we add two new
actions with names a and b (which do not occur in tn) to
tn∗ such that a is ordered before all tasks in tn and b after
all these tasks. Both tasks have an add effect with the new
predicate e, which also does not occur in tn otherwise. Second, a new action nt is added to tn∗ for every task t in tn,
which has the preconditions of t as its effects and e as its
precondition.
The resulting task network tn∗ has an executable linearisation, namely any one where every nt is ordered just before
its task t. We use the S TRICT-AVOID -E FFECT problem to
determine whether tn∗ has an executable linearisation, if the
effect e of a should not be used, any task nt must be ordered
strictly after b to be applicable. Thus the task network is
executable if and only if the original task network tn has an
executable linearisation.


Conclusion
Handling user requests is a central capability for any mixedinitiative planning system, if it is to be successfully deployed. In this paper, we have presented a comprehensive
list of such requests, mainly based on practical experience

214

described by Smith (2012; 2013) and a system of Myers (1997). We started by determining the computational
complexity of H TN plan sketching (Myers 1997). As most
of the requests proposed by Smith are formulated for classical planning, we have re-formulated them for H TN planning. To do so, we have discussed the role of an H TN planning problem’s structures and restrictions when fulfilling the
user’s requests to change a plan. Taking the request to establish a specific ordering constraint as an example, we have
discussed several appropriate variants of the problem, varying in the type and amount of changes to the plan allowed.
We proved tight complexity bounds – ranging from NPcomplete to strict semi-decidability – for all those requests,
which can easily be extended to those cases not explicitly
discussed in the paper. Furthermore, the membership proofs
of those theorems provide a comprehensive list of reductions
to other planning enquiries, like plan existence. Using those
compilations one can easily add the respective capabilities
on-top of an existing planning to obtain the scaffold of a
mixed-initiative planning system. As far as we know we can
also claim that we have provided a first theoretical foundation of mixed-initiative planning in terms of an investigation
of computational complexity.

Acknowledgments
This work was done within the Transregional Collaborative
Research Centre SFB/TRR 62 “Companion-Technology for
Cognitive Technical Systems” funded by the German Research Foundation (DFG).

References
Ai-Chang, M.; Bresina, J.; Charest, L.; Chase, A.; Hsu, J.-J.;
Jonsson, A.; Kanefsky, B.; Morris, P.; Rajan, K.; Yglesias,
J.; et al. 2004. MAPGEN: mixed-initiative planning and
scheduling for the mars exploration rover mission. Intelligent Systems, IEEE 19(1):8–12.
Alford, R.; Bercher, P.; and Aha, D. 2015. Tight bounds
for HTN planning. In Proceedings of the 25th International Conference on Automated Planning and Scheduling
(ICAPS), 7–15. AAAI Press.
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Abstract
In classical planning it is easy to verify if a given sequence of actions is a solution to a planning problem.
It has to be checked whether the actions are applicable in the given order and if a goal state is reached after executing them. In this paper we show that verifying whether a plan is a solution to an H TN planning
problem is much harder. More specifically, we prove
that this problem is NP-complete, even for very simple
H TN planning problems. Furthermore, this problem remains NP-complete if an executable sequence of tasks
is already provided. H TN-like hierarchical structures are
commonly used to represent plan libraries in plan and
goal recognition. By applying our result to plan and goal
recognition we provide insight into its complexity.

1

Introduction

In classical planning it is polynomial to test whether a plan is
a solution to a planning problem. This problem is called plan
verification. It involves checking executability and if a goal
is reached. Since hierarchical planning has an additional solution criterion, a more elaborated test is necessary. The criterion requires a solution to be obtained via decomposing
the initial task network. It makes the plan existence problem
in hierarchical planning semi-decidable in general, though
there are subclasses that remain decidable (Erol, Hendler,
and Nau 1996; Alford, Bercher, and Aha 2015). This raises
the question: How complex is plan verification in hierarchical planning? This question is, by itself, of theoretical interest, as it provides further insight into the structure of hierarchical planning. Plan verification is also of practical interest
whenever solutions need to be changed after the planning
process and still have to fulfil all solution criteria. Such situations include plan repair or post-optimization.
Usually, plans in hierarchical planning are partially ordered. In some cases the plan that has to be verified is given
as a sequence of actions instead. Consider e.g. an observed
sequence of actions in plan recognition. Verifying such sequences is a slightly different problem from verifying partially ordered plans. It does not include deciding whether
there is an executable linearisation of a given partially orCopyright c 2015, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

dered plan, which has been shown to be a hard problem
(Nebel and Bäckström 1994; Chapman 1987).
Lang and Zanuttini (2012) have investigated knowledgebased programs (K BP), i.e. plans containing control structures. They have shown, that in this case plan verification
is ΠP
2 -complete for K BP s without loops and EXPSPACEcomplete in general.
A related problem is to decide if a partially ordered plan
is a specialisation of a second one, i.e. it includes the same
tasks, but a stricter partial order. It arises when information
about the decomposition steps is available during the verification process. It is also important for planning systems
in general: partial plans are the search nodes in plan-space
planning (e.g. in hierarchical task network (Erol, Hendler,
and Nau 1994), partial-order causal-link (P OCL) (Penberthy
and Weld 1992) or hybrid planning (Biundo and Schattenberg 2001)). Comparing task networks is crucial e.g. whenever visited lists are used to ensure termination of certain
subclasses of H TN planning problems (Alford et al. 2012).
In this paper we show that the plan verification problem
is NP-complete. This holds regardless of whether the plan
that is to be verified is partially or totally ordered, or whether
decomposition information is provided or not; and even for
very simple subclasses of H TN planning problems that show
e.g. neither preconditions nor effects and are very restricted
in decomposition depth. H TN-like structures are also used to
represent plan libraries in plan and goal recognition. We discuss what our results imply for the complexity of this task.

2

Hierarchical planning

This section provides a formal introduction to H TN planning
similar to our previous definition (Höller et al. 2014) adopted
from Geier and Bercher (2011). We start by describing task
networks, which are partially ordered sets of tasks. A task
is a unique identifier. A task name is assigned to each task
giving the type of a task, e.g. move-a-b. The distinction between task names and tasks is necessary to allow multiple
instances of a task name, i.e. an action, in a task network.
Definition 1 (Task Network) A task network tn over a set
of task names X is a tuple (T, ≺, α), where
• T is a finite, possibly empty, set of tasks
• ≺ ⊆ T × T is a strict partial order on T
• α : T → X labels every task with a task name
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TN X is defined as the set of all task networks over the task
names X. As a short-hand notation, we write T (tn) = T ,
≺(tn) = ≺ and α(tn) = α for a task network tn =
(T, ≺, α) . We define tn(x) to be the task network containing a single instance of x, i.e. tn(x) = ({◦}, ∅, {(◦, x)}) and
tn∅ = (∅, ∅, ∅) to be the empty task network.
Definition 2 (Isomorphic Task Network) Two task networks tn = (T, ≺, α) and tn0 = (T 0 , ≺0 , α0 ) are called isomorphic, written tn ∼
= tn0 , if and only if there exists a bijec0
tion σ : T → T , such that ∀t, t0 ∈ T it holds that (t, t0 ) ∈ ≺
if and only if (σ(t), σ(t0 )) ∈ ≺0 and α(t) = α0 (σ(t)).
A planning problem is defined in the following way:
Definition 3 (Planning Problem) A planning problem is a
6-tuple P = (L, C, O, M, cI , sI ), with
• L, a finite set of proposition symbols
• C, a finite set of compound task names
• O, a finite set of primitive task names with C ∩ O = ∅
• M ⊆ C × TN C∪O , a finite set of decomposition methods
• cI ∈ C, the initial task name
• sI ∈ 2L , the initial state
For each primitive task name o ∈ O, its operator or action is given by a tuple that defines its precondition and
its effect, the latter in terms of an add-, and a delete list:
(prec(o), add(o), del(o)) ∈ 2L × 2L × 2L .
Allowing only a single initial task name instead of an initial task network helps to make some proofs less complicated, but does not influence expressivity. Every H TN planning problem with an initial task network can easily be translated to this form by the costs of one additional compound
task name and one additional method.
In H TN planning, compound tasks are repeatedly decomposed until all tasks are primitive. To ease notation, we define restrictions on relations, functions and task network using the bar notation.
Definition 4 (Restriction) Let R ⊆ D × D be a relation,
f : D → V a function and tn be a task network. Then the
restrictions of R and f to some set X are defined by
R|X := R ∩ (X × X)
f |X := f ∩ (X × V )
tn|X := (T (tn) ∩ X, ≺(tn)|X , α(tn)|X )
Definition 5 (Decomposition) A method m = (c, tnm ) ∈
M decomposes a task network tn1 = (T1 , ≺1 , α1 ) into a
−→
task network tn2 by replacing task t, written tn1 −
t,m tn2 , if
0
0
and only if t ∈ T1 , α1 (t) = c, and ∃tn = (T , ≺0 , α0 ) with
tn0 ∼
= tnm and T 0 ∩ T1 = ∅, where
tn2 := (T 00 , ≺1 ∪ ≺0 ∪ ≺X , α1 ∪ α0 )|T 00 with
T 00 := (T1 \ {t}) ∪ T 0

≺X := {(t1 , t2 ) ∈ T1 × T 0 | (t1 , t) ∈ ≺1 } ∪

{(t1 , t2 ) ∈ T 0 × T1 | (t, t2 ) ∈ ≺1 }
We write D(tn1 , t, m) for an arbitrary but fixed task network
−→
tn2 , s.t. tn1 −
t,m tn2 , i.e. the canonical representative of all
such task network w.r.t. ∼
=. We write tn1 →∗D tn2 , if tn1
can be decomposed into tn2 using an arbitrary number of
decompositions.
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In the common H TN problem setting, changing task networks is only possible via decomposing compound tasks.
Allowing the insertion of tasks into task networks independently of task decomposition allows for more flexibility in modelling the domain and even renders the plan existence problem decidable (Geier and Bercher 2011). This
setting is called H TN planning with task insertion or T I H TN.
Throughout the paper we will show results for the pure H TN
formalism. However, they also apply to T I H TN and its altered solution criterion.
Definition 6 (Task Insertion) Let tn1 = (T1 , ≺1 , α1 ) be a
task network. Let o be a primitive task name; then, a task
network tn2 can be obtained from tn1 by insertion of o, if
and only if tn2 = (T1 ∪ {t}, ≺1 , α1 ∪ {(t, o)}) for some
t ∈
/ T1 and ≺1 is a strict partial order on T1 ∪ {t}. We
write tn1 →∗I tn2 , if tn2 can be generated from tn1 using
an arbitrary number of insertions of primitive task names.
Following definitions by Erol, Hendler, and Nau (1996)
and Geier and Bercher (2011), we define a task network as
being executable if there exists a linearisation of its tasks that
is executable. An alternative definition could require all linearisations to be executable, as in hybrid planning (Biundo
and Schattenberg 2001) and P OCL planning (Penberthy and
Weld 1992).
Definition 7 (Executable Task Network) A task network
(T, ≺, α) is executable in a state s ∈ 2L , if and only if all
its tasks are primitive and there exists a linearisation of its
tasks t1 , . . . , tn that is compatible with ≺ and a sequence of
states s0 , . . . sn such that s0 = s and prec(α(ti )) ⊆ si−1
and si = (si−1 \ del(α(ti ))) ∪ add(α(ti )) for all 1 ≤ i ≤ n.
Finally, we define the solutions of a planning problem P.
Definition 8 (Solution) A task network tnS is a solution to
a planning problem P, if and only if
(1) tnS is executable in sI and
(2) tnI →∗D tnS for tnS being an H TN solution to P or
(2’) there exists a task network tnB such that tnI →∗D
tnB →∗I tnS for tnS being a T I H TN solution to P.
SolHTN (P) and SolTIHTN (P) denote the sets of all H TN
and T I H TN solutions of P, respectively.

3

Plan Verification for Task Networks

In this section, we study the problem of H TN plan verification in its most general form. Plan verification is the question whether a given task network tn is a solution for a given
planning problem P. The following definition provides the
formal decision problem.
Definition 9 (V ERIFY TN) The problem V ERIFY TN is to
decide, given a planning problem P and a task network tn,
whether tn ∈ SolHTN (P) holds.
Please note that the task network tn is part of the input
and all complexity results will refer to the combined length
of the planning problem and the plan to be verified.
NP-hardness can be easily obtained for this problem. We
can reduce from the problem asking whether a task network tn has an executable linearisation. One can use a planning problem with the sole method (cI , tn) and then ask
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whether tn is a solution of this problem. Since this problem has already been proven to be NP-complete (Nebel
and Bäckström 1994, Thm. 14, 15), (Erol, Hendler, and Nau
1996, Thm. 8) the following corollary holds.

ρn1 (c) = ρn−1
(c) ∪
1

Corollary 1 V ERIFY TN is NP-hard.

∞
Clearly, Πε = Π∞
ε and ρ1 = ρ1 holds. The iteration can
be aborted if Πnε and ρn1 have not changed any more. Since
both are bounded in size, at most γ = |C| + |C|(|C| + |O|)
steps need to be performed. Each step takes by definition an
effort of at most |M |δγ, where δ = max(c,tn)∈M |T (tn)|.
Thus the computation of Πε and ρ1 takes at most |M |δγ 2
steps, which is still polynomial.
Next we can define the ε-extended planning problem containing “short-cut” decompositions for all tasks in Πε .

In the remainder of this section, we show that verifying plans can be solved in NP. We have provided a nondeterministic algorithm which decides whether a sequence
of actions ω is a word of the formal language induced by
a planning problem P (Höller et al. 2014, Alg. 1). Since
this language contains every executable linearisation of every solution of P, this algorithm can serve as the basis for
the NP membership proof. However, the algorithm assumes
that the H TN planning domain is in a so-called 2-normal
form NF≥2 . In this normal form the task network tn of
each method (c, tn)1 has at least size 2, i.e. |T (tn)| ≥ 2.
Though the given construction preserves the problem’s set
of solutions, it leads to exponentially many new decomposition methods. It is unknown whether it is possible to find an
equivalent planning problem of sub-exponential size. This
makes the construction of the NF≥2 unsuitable for an NPmembership proof. We showed that the algorithm is linear
space bounded, which does only imply P SPACE membership but not NP membership. Here we enhance the algorithm
s.t. it can verify plans for arbitrary H TNs and show that the
resulting algorithm is still in NP.
The given proof would work with less effort if methods
decomposing into empty task networks (henceforth called
ε-methods) are forbidden in the input. However, this would
restrict the options available for domain modellers.
To overcome the restrictions of the previous algorithm,
we use the notions of possibly empty task Πε and of the unit
reachability function ρ1 . These two represent the transformation of a planning domain into NF≥2 in a compressed
way. We define both of them and show that they can be computed in polynomial time. Please be aware that ρ1 is only
necessary for the construction of Πε and is not used later on.
Definition 10 Let P = (L, C, O, M, cI , sI ) be a planning
problem. We define the set of deletable abstract tasks Πε as
Πε = {a | tn(a) →∗D tn∅ }

We define the unit reachability function ρ1 : C → 2C∪O as
ρ1 (c) = {a | tn(c) →∗D tn(a)}

The computation of Πε and ρ1 is necessarily intertwined.
As such we compute them inductively. The base-cases are:
Π0ε = {a | (a, tn) ∈ M and |T (tn)| = 0}

ρ01 (c) = {c} ∪ {a | (c, tn) ∈ M and
T (tn) = {t} with α(t) = a}

Subsequently the inductive step is given by
Πnε = Πn−1
∪ {a | (a, tn) ∈ M and
ε

∀t ∈ T (tn) : ρn−1
(t) ∩ Πn−1
6= ∅}
ε
1

1
The only exception from this rule is the initial task cI , that in
turn must not be contained in any methods task network.

ρn−1
(a) ∪ {a | (c, tn) ∈ M and
1
a∈ρn−1
(c)
∃t ∈ T (tn) : α(tn)(t) = a and
1

∀t0 ∈ T (tn) \ {t} : α(tn)(t0 ) ∈ Πn−1
}
ε

Definition 11 Let P = (L, C, O, M, cI , sI ) be a planning
problem. Then the problem Pε = (L, C, O, M ∪ {(c, tn∅ ) |
c ∈ Πε }, cI , sI ) is the ε-extended planning problem.

At this point it should be obvious that SolHTN (P) =
SolHTN (Pε ) holds, the only difference between the problems being that decomposing cI may take fewer method
applications due to the new ε-methods. Prior to the NPmembership proof, we show the following lemma providing
an upper bound to the number of decompositions necessary
to reach a certain task network starting with tn(cI ).
Lemma 1 Let P = (L, C, O, M, cI , sI ) be an ε-extended
planning problem and tns a non-empty task network s.t.
tn(cI ) →∗D tns . Then k < |T (tns )|(|C| + 1) task networks
tn1 , . . . , tnk exist such that tn(cI ) = tn0 →∗D tn1 →∗D
. . . →∗D tnk →∗D tnk+1 = tns and ∀i : |T (tni )| ≤
|T (tni+1 )| and decomposing any tni into tni+1 uses exactly
one decomposition method mi = (c, tn) with T (tn) ≥ 1 followed by an arbitrary number of ε-methods m̃i applied only
to the tasks inserted by mi .
Proof: Since tn(cI ) →∗D tns there exists some tni , s.t.
tn(cI ) →∗D tn1 →∗D . . . →∗D tnk →∗D tns for some k
where each tni is decomposed into tni+1 by using a single decomposition method mi = (c, tn) with T (tn) ≥ 1
followed by an arbitrary number of ε-methods. In addition,
we can require w.l.o.g. that decompositions using ε-methods
follow immediately after the method creating the task they
delete, since we can re-arrange their order. Thus the second
required property holds. We need to show that there is also
a sequence of task networks with monotonic size.
Suppose there is a task network tni , s.t. |T (tni )| >
|T (tni+1 )|. To achieve this, ε-methods must have been applied. Following the above assumption, these ε-methods are
only applied to the tasks introduced by mi . Since |T (tni )| >
|T (tni+1 )|, all these newly introduced tasks must have been
decomposed into the empty task network, i.e. erased. Thus
the task that was decomposed by mi is a member of Πε .
It could have been deleted directly after the decomposition
step which created it. In the respective sequence of decompositions |T (tni )| = |T (tni+1 )| holds. Applying this inductively, we obtain |T (tni )| ≤ |T (tni+1 )| for all i.
What remains is to show is that k is bounded. W.l.o.g. we
can assume that unit methods (methods for which |T | = 1)
are applied immediately before applying another method to
the newly introduced task. Otherwise this renaming could
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be postponed. If |T (tni )| = |T (tni+1 )| holds for a step
in the resulting sequence, then it is either a unit method,
or a regular method generating a task network of size s
where s − 1 ε-methods are applied immediately after the
decomposition. For any sequence tni →∗D . . . tni+l where
|T (tni )| = · · · = |T (tni+l )| only a single task t ∈ T (tni )
is changed into an other task in every step. If l > |C| + 12
there is at least one task network which is repeated. Hence
there is an equivalent but shorter sequence.
As the number of decompositions, not changing the
size of the task network, is limited by |C| + 1, the total
number of task networks is limited by |T (tnsol )|(|C|+1). 
Having this property at hand we can give an algorithm
that decides whether a task network tn is a solution of a
given planning problem P. The main idea of the algorithm
is to non-deterministically choose decompositions and apply them to the current task network until it is equivalent to
the task network provided in the input. By applying decomposition methods of the ε-reduced planning problem to each
intermediate network, we can use Lemma 1 to give an upper
bound on the number of applied decompositions.
Theorem 1 V ERIFY TN is in NP.
Proof: The non-deterministic algorithm given in Algorithm 1 decides whether tns ∈ SolHTN (P) holds in a given
planning problem P. Each step in the algorithm has at most
polynomial complexity. If the algorithm accepts the input,
it has found an executable linearisation of tns and has constructed a task network isomorphic to tns by decomposing
tn(cI ) and thus has shown that tns ∈ SolHTN (P) holds.
Provided tn(cI ) →∗D tns holds, either tns = tn∅ , which
is handled by line 2, or tns is not empty. Then we know
by using Lemma 1 that there is a decomposition of tn(cI )
into tns which has at most |T (tns )|(|C| + 1) intermediate
task networks tni s.t. tni+1 is obtained from tni by applying a single decomposition method mi with a task network
of size k ≥ 1, followed by at most k − 1 applications of
ε-methods from the ε-reduced planning domain. Our algorithm only computes these intermediate steps, i.e. it considers in the ith iteration of the loop the task network tni , starting with tn0 = tn(c). It then non-deterministically selects
a task and a method mi to apply to it (lines 8 and 9) and
a set of ε-methods, represented as a set E of tasks to be
deleted (line 10). These methods are immediately applied to
the method itself by deleting the respective tasks (line 11).
The newly obtained method is then applied to decompose
the just selected task in tni . Since a proper subset of tasks
of the method’s task network is selected, at most |T | − 1 εmethods are applied and thus the size of tn never decreases.
Hence there is a set of choices for our non-deterministic
algorithm which leads to the task network tns in at most
|T (tns )|(|C| + 1) iterations of the loop.

Combining the two results from Corollary 1 and Theorem 1 we obtain that V ERIFY TN is NP-complete.
Corollary 2 V ERIFY TN is NP-complete.
2

all compound tasks and one primitive task need to be traversed
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function verify(P = (L, C, O, M, cI , sI ), tns )
if |T (tns )| = 0 then return cI ∈ Πε ;
if ∃t ∈ T (tns ) : α(t) 6∈ O then return failure;
Guess a linearisation ω of tns
if ω is not executable then return failure;
tn := tn(cI ); i := 0
while |T (tn)| ≤ |T (tns )| ∧ i ≤ |T (tns )|(|C|+1) do
Choose a task d ∈ T (tn)
Choose m = (α(d), (T, ≺, α)) ∈ M
Choose subset E ( T s.t. ∀x ∈ E : α(c) ∈ Πε
tnE := (T, ≺, α)|T \D
tn := D(tn, d, (α(d), tnE ))
i := i + 1
if |T (tn)| =
6 |T (tns )| then return failure;
Choose a bijection φ : T (tn) → T (tns )
if ∃t ∈ T (tn) : α(tn)(t) 6= α(tns )(φ(t)) then
return failure
if φ(≺(tn)) 6= ≺(tns ) then return failure;
return success
Algorithm 1: Non-deterministic polynomial-time Algorithm, deciding whether tn is a solution of P

4

Plan Verification for Task Sequences

In the previous section, we have shown that plan verification
is NP-complete if a task network has to be verified. The
presented reason for NP-hardness was the task of finding a
executable linearisation of that task network. Consequently,
one might pose the question whether the verification problem is easier if such a linearisation is already given. In many
real world-scenarios we are provided with such a sequence,
e.g. in plan and goal recognition. Unfortunately, this section
shows that having such a sequence at hand does not make
the problem easier – it remains NP-complete.
Definition 12 (V ERIFY S EQ) The problem V ERIFY S EQ is
to decide, given an HTN planning domain P and a task sequence ω, whether ∃tn ∈ SolHTN (P) s.t. ω is an executable
linearisation of tn.
In addition to NP-completeness of this general problem,
we will also show it for many severely restricted domains.
However, we want to mention that there is a restriction on
planning problems making plan verification tractable.
Lemma 2 V ERIFY S EQ is P-complete for H TN planning
problems with totally ordered methods.
Proof: These H TN planning problems can easily be transformed into context-free grammars (Höller et al. 2014).
Thus V ERIFY TN is equivalent to the word problem of such
grammars and thus P-complete (Jones and Laaser 1974). 
Please note that this lemma only applies to our H TNdefinition allowing a single initial task, while in Erol’s definition the initial task network must also be totally ordered.
The NP membership of the V ERIFY S EQ problem for partially ordered planning problems is a direct corollary from
the proof for Theorem 1. The presented algorithm checks
whether the task network tns is isomorphic to a task network

tI
tnI

c
ecg

ebc
b

a

ebd

teab

tebc

tf . . . tf
tebd
tn

tecd

tedg

tecg

g

edc

eab

tn

egd

tns
ta ta ta ta ta ta tb tb tb tb tb tb tc tc tc tc tc tc td td td td td td tg tg tg tg tg tg

d

(a)

(b)

Figure 1: Illustrative example for the reduction of vertex cover to V ERIFY S EQ. The graph on the left is encoded as H TN
planning problem for cover of size 3. tI is decomposed into tnI (inside the upper ellipse). Several other decompositions, each
given by a connecting edge, refine it to ω (the bottom ellipse). The tn tasks occupy all instances of ta and tc , so that these tasks
can not be included in the cover. The te tasks ensure that one end of each edge is included in the cover. The tf tasks generate
the remaining tasks in ω.
tn obtained from the solution. Instead it could test whether
the input task network, in our case being a sequence, is a
specialization of tn by altering line 18 of the algorithm.
Corollary 3 V ERIFY S EQ is in NP.
To show NP-hardness for the V ERIFY S EQ problem, we
adapt a NP-hardness proof for parsing ID/LP grammars
provided by Barton (1985). He reduces the NP-complete
vertex cover (V C) problem (Karp 1972) to this problem.
Definition 13 (V ERTEX C OVER) The
V ERTEX C OVER
problem is to decide, given a graph G = (V, E) and a number k, whether it is possible to find a subset of nodes S ⊆ V
with |S| ≤ k, the vertex cover, so that each of the edges is
adjacent to a node in the set S, i.e. ∀e ∈ E : e ∩ S 6= ∅.

We start by giving the proof for full H TN planning and
later discuss which restrictions can be imposed while preserving NP-hardness.
Theorem 2 V ERIFY S EQ is NP-hard.
Proof: Let G = (V, E) be a graph and k a number. If
k ≥ |V |, such a vertex cover obviously exists, so let k <
|V |. Now we need to construct a planning problem P and a
sequence of tasks ω, such that
∃tns : tns ∈ SolHTN (P) and ω is a linearisation of tns
⇔ G has a V C of size ≤ k

We define the planning problem P = (∅, C, O, M, tI , ∅)
corresponding to the graph G as follows.
The planning domain contains a primitive task tv for each
node in V . They have neither preconditions nor effects.
O = {tv | v ∈ V }

For each edge e ∈ E, a compound task te is introduced.
All edges have to be adjacent to (at least) one node in the
V C. There are two methods for each task te , decomposing
it in a task that represents the node at one end of the edge.
Applying one of them chooses the node in the V C.

the planning problem and the input sequence ω ensure that
no more than k nodes are included in the V C. If the vertex
cover has size ≤ k, there are at least |V | − k vertices that are
not included in the V C. The compound task tn (non-chosen)
represents one of these nodes. Since we do not know which
of the nodes will not be members of the V C, the domain
contains a decomposition method mtvn for each v ∈ V . Each
method mtvn decomposes tn in |E| unordered copies of the
primitive task tv . The input sequence ω contains each task
that represents a node |E| times. This enforces that only vertexes in the cover can be chosen when decomposing a te .
MN = {(tn , ([|E|]3 , ∅, {(n, tv ) | n ∈ [|E|]})) | v ∈ V }
We are not finished defining the planning problem, but
before we explain the remaining part, let’s have a look at
Figure 1. The left side shows a graph with 5 vertices and
6 edges. Assume we are asked for a 3-V C. The planning
problem is given in Figure 1(b). The initial task produces
5−3 = 2 times tn as well as the 6 edge tasks te .
Now only generating the remaining instances of tasks representing the vertices included in the cover is left. The compound task tf provides these tasks. tf has a method for each
v ∈ V , decomposing it into a single primitive task tv .
MF = {(tf , tn(tv )) | v ∈ V }

Finally we define the method decomposing the initial task tI
by mtI = (tI , tnI ). The task network tnI contains one instance of each te , |V | − k times tn and (k − 1) · |E| times tf .
The latter ensures that it is possible to obtain |E| instances
of each vertex in the cover. The task network is totally unordered. mtI is defined by
mtI = (tI , (TI , ∅, αI )) where

TI = {◦te | e ∈ E} ∪ {◦n1 , . . . , ◦n|V |−k , ◦f1 , . . . , ◦f(k−1)|E| }

αI = {(◦te , te ) | e ∈ E} ∪ {(◦ni , tn ) | i ∈ [|V | − k]}
∪ {(◦fi , tf ) | i ∈ [(k − 1)|E|]}

ME = {(te , tn(tv )) | e ∈ E, v ∈ e}

A vertex cover is chosen by decomposing a task network
containing all te into primitive tasks. The remaining parts of

3

We use [n] to abbreviate the set {1, . . . , n}

221

|E|

|E|

With the input sequence ω = tv1 . . . tv|V | , the planning
problem P is completed by
C = {tn , tf , tI } ∪ {te | e ∈ E}

M = {mtI } ∪ ME ∪ MN ∪ MF
⇒: Let tns be a solution of P s.t. ω is a linearisation of
tns . Since tns is a solution, it does not contain any compound tasks. Thus it does not contain any te tasks, each such
task in tnI has been decomposed into a primitive task tv
where v ∈ e. We will show that the set of all these v is a vertex cover of G with size at most k. It is obvious that this set
is a vertex cover: for every edge one of its nodes was chosen.
Every decomposition for a compound task tn generates
exactly |E| instances of some primitive task tv for some
v ∈ V . Since ω contains only |E| instances of each tv , different decomposition methods must have been chosen for
each tn . Let C be the set of all types of primitive tasks obtained by decomposing tn tasks. Clearly |C| = |V | − k
holds. Suppose any te was decomposed into a member tv
of C, then ω must contain at least |E| + 1 instances of tv ,
which is a contradiction. Hence the set of all primitive tasks
generated by decomposing te tasks is disjoint from C and
thus is a V C with size of at most k.
⇐: Let C be a vertex cover of G of size k. We describe
how tn(tI ) can be decomposed into tns having ω as an executable linearisation. We will choose tns as the task network
that contains each task tv |E| times and is totally unordered.
Clearly tns has ω as a possible linearisation and ω is trivially executable. Initially tI will be decomposed using mtI
into an te task for each e ∈ E, |V | − k instances of tn and
(k − 1) · |E| instances of tf .
For each task tn we choose a different node v ∈ V \ C.
This is possible as |V \C| = |V |−k. Each tn is decomposed
using the method mtvn , i.e. into |E| instances of V .
For each te task at least one of the nodes of e is a member
of C, let that node be tv 4 . te is decomposed using the
method inserting tv . These decompositions will generate
|E| instances of nodes tv ∈ C. No node will be generated
more than |E| times. For each node tv ∈ C, |E| instances
must be created to obtain the task network tns . Using the
(k − 1)|E| instances of tf created by mtI , the missing
instances of nodes tv ∈ C can be obtained. After applying
these methods, tnI has been decomposed into |E| copies of
each node v ∈ V . None of the used methods introduces any
ordering constraint and no preconditions are present. We
have obtained the task network tns by decomposing tnI ,
which concludes the proof.

Combining the two results from Corollary 3 and Theorem 2 we obtain that V ERIFY S EQ is NP-complete, too.
Corollary 4 V ERIFY S EQ is NP-complete.
The given proof does not only apply to the class of full
H TN planning problems, but also to much more restricted
classes. The planning problem P defined in the proof does
4

If both nodes are members of C either may be chosen as tv
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neither contain preconditions nor effects, all its methods are
totally unordered, i.e. they don’t contain any ordering, its
decomposition methods are not recursive and the maximal
”depth” of decompositions is 2. We denote these classes –
in the same order – as HTN 00 pre
eff , HTNunordered , HTNacyc
and HTN 2dec . Please be aware that the first decomposition
step is only necessary because we allowed only a single initial task instead of an initial task network in our H TN definition. If an initial task network would be allowed, only one
decomposition step is necessary for the proof, i.e. the problem is already NP-hard when compound tasks are solely
allowed in the initial task network (but not in methods’ task
networks).
Corollary 5 V ERIFY S EQ for the classes HTN 00 pre
eff ,
HTNunordered , HTNacyc and HTN 2dec and any of their
intersections is NP-complete.
Furthermore the presented proof does, with minimal modifications, also hold for the V ERIFY TN problem. One can
conclude that V ERIFY TN is NP-complete, even if neither
preconditions nor effects are allowed. In this case Corollary 1 does not apply.
Corollary 6 V ERIFY TN for HTN 00 pre
eff is NP-complete.
Our proofs for Theorem 1 and Theorem 2 can easily be
adapted for H TN planning with task insertion (TIHTN ).
Corollary 7 V ERIFY S EQ for TIHTN is NP-complete.

5

Compatibility of Plans

So far we assumed that we do not have any information
about the decompositions which lead to the plan to be verified. Clearly, Corollary 1 still holds if the list of decompositions is provided, since it is only based on the need to show
that an executable linearisation of the input task network exists. However, even if executability of the task networks that
have to be checked can be assumed, and thus does not have
to be tested, the remaining problem is still NP-hard.
The remaining question is to decide whether the task network is ”compatible” with the one obtained by applying the
decompositions. Informally compatibility means that the set
of task names are identical and one of the networks has a
more restrictive partial order ≺. Albeit this task might seem
trivial, it is not. In general, the identifier of the tasks in tn,
given by T (tn), are different from those of the task network
resulting from applying the given decompositions. As a consequence, tasks with the same name in one task network
might be mapped to any such task in the other one.
Checking task network compatibility is also of interest for
planners in general. As task networks define partial plans,
they represent the search nodes in systems that use planspace search (e.g. in H TN, P OCL or hybrid planning). Therefore comparing task networks is crucial e.g. whenever visited lists are used. Recent work has shown that using visit
lists ensures termination of certain subclasses of H TN planning (Alford et al. 2012). Each newly generated task network tnN is compared to a list of already visited task networks tni . The easiest variant of this test is to test isomorphism between tnN and each tni . It is easy to show that this

test is graph-isomorphism complete. Despite it is reasonable
to assume that GI-complete problems are not in P, they are
tractable in practical cases. This is especially true for the
task network isomorphism problem, since usually only a few
instances of the same task are contained in a plan, making
computation easier. If task compatibility is checked instead
of isomorphism the loop-detection procedure is tighter, i.e. it
reduces the search space even more. Hence studying its complexity is important for planning systems. We define compatibility of two task networks and the respective decision
problem.
Definition 14 (Compatibility of Task Networks) Let tn1
and tn2 be task networks. tn1 is compatible with tn2 , written as tn1 B tn2 , if and only if there is a task network tn01 =
(T (tn1 ), ≺01 , α(tn1 )) with ≺01 ⊆≺ (tn1 ) s.t. tn01 ∼
= tn2 .
Definition 15 (P LAN C OMPATIBILITY) The P LAN C OM PATIBILITY problem is to decide, given two task networks
tn1 and tn2 , whether tn1 B tn2 holds.
We prove that the P LAN C OMPATIBILITY problem is NPcomplete by reducing the NP-complete subgraph isomorphism problem to P LAN C OMPATIBILITY (Cook 1971).
Definition 16 (S UBGRAPH I SO) The subgraph isomorphism problem (S UBGRAPH I SO) is to decide, given two
graphs G = (VG , EG ) and H = (VH , EH ), whether G has
∗
a subgraph5 G∗ = (VG∗ , EG
) which is isomorph to H.
Theorem 3 P LAN C OMPATIBILITY is NP-complete.
Proof: Membership: Let tn1 and tn2 be task networks. If
|T (tn1 )| =
6 |T (tn2 )| the algorithm returns false, since no
such tn01 can exist. Else, we can non-deterministically guess
a subset ≺01 ⊆≺ (tn1 ) and a bijection φ : T (tn1 ) → T (tn2 ).
To test whether tn1 is isomorphic to tn2 under this bijection
is polynomial, since only O(|T (tn1 )|2 ) tests are necessary.
Hardness: Let G = (VG , EG ) and H = (VH , EH ) be two
arbitrary graphs. We need to construct two task networks tn1
and tn2 s.t. tn1 is a specialization of tn2 if and only if G has
a subgraph isomorphic to H. The construction and the idea
of the reduction is illustrated in Figure 2.
The task network tn1 will represent the structure of G.
It contains a task for every vertex and edge of G. All tasks
are labelled with the same name ◦. Each task, representing
an edge is ordered after the two tasks representing its nodes.
Formally we define the task network tn1 by
tn1 = (VG ∪ EG , {(v, e) | e ∈ EG , v ∈ e},
{(t, ◦) | t ∈ T (tn1 )})

The task network tn2 encodes the graph H. The graph H
can have less vertices and edges than G, however the number
of tasks in tn2 must be equal to the number in tn1 . If not,
these two task networks can not be compatible. Thus we add
an appropriate number of isolated tasks to the task network
tn2 . Apart from that the construction is the same, thus the
task network tn2 is defined by
tn2 = (VH ∪ EH ∪ {fi | i ∈ [|VG ∪ EG | − |VH ∪ EH |]},
{(v, e) | e ∈ EH , v ∈ e}, {(t, ◦) | t ∈ T (tn2 )})
5
A Graph I = (VI , EI ) is a subgraph of a graph J = (VJ , EJ )
if and only if VI ⊆ VJ and EI ⊆ EJ ∩ (VI × VI )
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Figure 2: Illustrative example for the reduction of S UB GRAPH I SO to P LAN C OMPATIBILITY . The two graphs are
given in 2(a). The corresponding task networks in 2(b). Be
aware the initially different cardinality of the node sets and
that the encoding results in task networks that contain no
nodes that are ordered transitively.

⇒: Let tn1 be compatible with tn2 . We need to show that
there is a subgraph of G isomorphic to H. Since tn1 is compatible to tn2 , a task network tn01 = (T (tn1 ), ≺01 , α(tn1 ))
where ≺01 ⊆ ≺(tn1 ) exists being isomorphic to tn2 . Let
φ : T (tn01 ) → T (tn2 ) be the respective isomorphism.
We define VG∗ = {v | v ∈ VG , φ(v) ∈ VH }, the set
of vertices of G (tasks of tn1 ) mapped by the isomorphism
to vertices of H (tasks of tn2 ). Similarly we define the set
∗
= {e | e ∈ EG , φ(e) ∈ EH }. We will show that the
EG
∗
) is isomorph to H and that ψ =
subgraph G∗ = (VG∗ , EG
φ|VG∗ is the respective isomorphism.
Let v1 , v2 ∈ VG∗ be two arbitrary vertices of G∗ . Then
ψ(v1 ) ∈ VH and ψ(v2 ) ∈ VH holds.
∗
Case 1: e = v1 v2 ∈ EG
. Thus tn1 contains the ordering
constraints v1 ≺ e = v1 v2 and v2 ≺ e. Since φ is an isomorphism, the task network tn2 contains the ordering constraints φ(v1 ) ≺ φ(e). Hence the edge φ(e) in tn2 is ordered
after two other tasks and is by construction a member of EH .
∗
Case 2: v1 v2 ∈
/ EG
. Assume that e = ψ(v1 )ψ(v2 ) ∈
EH . Then tn2 contains e with two predecessors, ψ(v1 ) and
∗
ψ(v2 ), in the partial order. Since ψ is an isomorphism, EG
−1
−1
contains the edge φ (ψ(v1))φ (ψ(v2)). As ψ and φ are
equal on VG∗ this is edge v1 v2 which was assumed to not
exist.
⇐: Let G have a subgraph G∗ which is isomorphic to H
and let ψ : VG∗ → VH be that isomorphism. We show that
network tn01 = (T (tn1 ), ≺ (tn1 )|VG∗ ∪EG∗ ) is isomorphic to

223

∗
tn2 . First we define φ̃ : VG∗ ∪ EG
→ VH ∪ EH by

ψ(x)
, iff x ∈ VG∗
φ̃(x) :=
∗
ψ(v1 )ψ(v2 ) , iff x = v1 v2 ∈ EG

Let further be φ an arbitrary bijective extension of φ̃ onto
T (tn01 ) → T (tn2 ). We use φ as the isomorphism between
tn1 and tn2 . Since both, tn1 and tn2 , map all tasks to
the same task name, only the ordering constraints must be
checked.
∗
Case 1: t1 ≺ t2 holds in tn01 . Then t1 ∈ VG∗ , t2 ∈ EG
and
∗
t1 is adjacent via t2 to some vertex v in G , i.e. t2 = t1 v.
Since ψ is an isomorphism, the edge φ(t2 ) = ψ(t1 )ψ(v)
must exist in H. Thus φ(t1 ) ≺ φ(t2 ) holds in tn2 .
∗
Case 2: t1 6≺ t2 holds in tn01 . If either t1 6∈ VG∗ ∪ EG
∗
∗
or t2 6∈ VG ∪ EG it was mapped by φ to a task
t ∈ T (tn2 ) \ (VH ∪ EH ) and thus has no ordering to
∗
any other task in tn2 . If either t1 , t2 ∈ VG∗ or t1 , t2 ∈ EG
then by definition there can not be an ordering between
φ(t1 ) and φ(t2 ) in tn2 . Let w.l.o.g. be t1 ∈ VG∗ and
∗
. Suppose the (only possible) ordering
t2 = v1 v2 ∈ EG
φ(t1 ) ≺ φ(t2 ) = ψ(v1 )ψ(v2 ) would hold in tn2 . Then t1 is
either v1 or v2 , let it w.l.o.g. be v1 . The vertex ψ(t2 ) would
be connected to ψ(v2 ) in H. Since ψ is an isomorphism
the edge v1 v2 would also exist in G∗ and hence also the
ordering v1 = t1 ≺ v1 v2 = t2 in tn01 .


6 Plan Recognition
Here we give a brief excursion on what our results mean for
plan and goal recognition. This is motivated not only by situations where H TN plans have to be recognized, but also because H TN-like formalisms are used to define plan libraries
for plan recognition.
“Much of the past work in plan recognition has at least
tacitly been based on simple hierarchical task networks
. . . as the representation for plans.” (Geib 2004, p. 1)
Geib (2004) examines how the set of possible explanations for a sequence of observations evolves when new observations are added. The plan library is given as an H TNstyle AND / OR graph and an explanation is a selection of
choices at OR-nodes that result in a plan that may start with
the given prefix. He thereby restricts his analysis on nonrecursive libraries but allows for more than one top-levelgoal. He identifies library properties that cause exponential
increase in the number of explanations.
This definition based on explanation sets makes it difficult
to give a hardness proof for plan recognition. Thus we give
an alternative definition as a decision problem. It is easy to
see that the general problem is semi-decidable. By using the
results of the previous sections, we show that it is NP-hard
even with additional assurances. We do allow for arbitrary
H TN planning problems do define the library of valid plans.
Definition 17 (P LAN R EG) The plan recognition problem
is the problem of deciding, based on a planning problem P
and a sequence of observations o, whether there is a plan
solving P where o is the prefix of a valid linearisation.
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Though P LAN R EG and V ERIFY TN are related problems,
only a prefix of a plan is known in plan recognition. Thus the
V ERIFY TN problem can be seen as the special case of plan
recognition where (1) all actions of the plan have been seen
and (2) this information is given. Without this additional assurance, the given problem is semi-decidable, because it includes solving an H TN planning problem.
Theorem 4 P LAN R EG is semi-decidable.
Proof: Assume the problem is decidable, then there exists
a function f (P, o) → {>, ⊥} that decides for an arbitrary
planning problem P and an arbitrary sequence of observations o, if P has a solution that has a linearisation with the
prefix o. We define a function h(P) := f (P, ε) that returns
whether there is a solution for an arbitrary H TN planning
problem, which has been shown to be semi-decidable. Our
assumption that the problem is decidable must be wrong.
What remains is to show that it is semi-decidable. If
there exists a solution for the planning problem that has
a linearisation with the given prefix, it can be found by
non-deterministically decomposing the initial task until all
tasks are primitive. Afterwards a linearisation is guessed
and the prefix is checked.

Theorem 5 Given the assurance that all actions of the entire plan have been seen, P LAN R EG is NP-complete
Proof: Having this assurance, P LAN R EG is equivalent to
V ERIFY S EQ and thus NP-complete.


7

Conclusion

In this paper we studied the problem of plan verification.
Verifying plans for classical planning problems is trivially
in P. We showed that, due to the additional requirements on
solutions in H TN planning, this test becomes NP-complete,
even if a witness for executability is provided. Furthermore,
it remains NP-complete if the structure of the H TN planning
problem is severely restricted. Such restrictions include the
absence of preconditions and effects, of ordering in methods, of recursion in the decomposition hierarchy, and the restriction of the depth of this hierarchy. In case the applied
decompositions are provided, plan compatibility has to be
tested, which is also NP-complete.
Plan verification is also of practical interest, as it naturally
occurs whenever plans have to be modified or visited lists for
plan-space planners are implemented. Finally we discussed
implications of our results to the complexity of plan and goal
recognition.
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Abstract
The integration of the various specialized components of cognitive systems poses a challenge, in
particular for those architectures that combine planning, inference, and human-computer interaction
(HCI). An approach is presented that exploits a
single source of common knowledge contained in
an ontology. Based upon the knowledge contained
in it, specialized domain models for the cognitive
systems’ components can be generated automatically. Our integration targets planning in the form
of hierarchical planning, being well-suited for HCI
as it mimics planning done by humans. We show
how the hierarchical structures of such planning
domains can be (partially) inferred from declarative background knowledge. The same ontology
furnishes the structure of the interaction between
the cognitive system and the user. First, explanations of plans presented to users are enhanced by
ontology explanations. Second, a dialog domain is
created from the ontology coherent with the planning domain. We demonstrate the application of our
technique in a fitness training scenario.

1

Introduction

Our cognitive skills allow us to interact with our environment
and to smoothly adapt and react to external influences. We
do so by using various senses and by relying on previous experiences from other contextual situations and our ability to
learn, reason, and plan future actions. Technical systems that
implement or imitate the cognitive skills of humans are what
we call cognitive systems. Such systems heavily rely on background knowledge (about the application domain) for planning actions, conducting dialogs with users, or when explaining system decisions and actions. Traditionally, each system
component (e.g., the planning or dialog component) uses its
own knowledge model. This distribution of knowledge makes
it difficult to obtain a coherent system and often results in
the redundant creation of formal knowledge in different formalisms. In this paper, we propose an integrated approach
to building systems with cognitive abilities. The main distinguishing feature of the approach is that knowledge models for
the system’s components are automatically generated (using

automated reasoning) from a centralized knowledge model in
the form of an OWL ontology [W3C OWL Working Group,
2009].
We illustrate how this approach can be applied in a realworld fitness training scenario, where the ontology and automated reasoning are used to derive decomposition methods
for the planning domain in the context of Hierarchical Task
Network (HTN) planning. Hence, any standard HTN planning system can be used with the generated domain. We then
sketch how the same ontology supports the task of explaining
system behavior. To explain plan steps and decompositions
that are hard to explain solely based on a standard planning
domain, one can verbalize the ontology reasoning that led to
them. Further, the same ontology contributes to the creation
of a dialog domain. Using this integrated approach, a coherent human-machine interface can be realized, while avoiding
the creation of redundant knowledge in different components.
In the context of HCI and dialog modeling, it was shown that
interactive systems benefit from increased users’ trust if they
provide additional explanations for their actions [Lim et al.,
2009; Nothdurft et al., 2014]. Bercher et al. [2014] show how
plan explanations can be applied successfully in a real-world
scenario.
The paper is organized as follows: First, we introduce some
preliminaries about planning and ontologies (Sec. 2). In Section 3, we present the foundations of the proposed approach
and cover how planning domains can be encoded in an ontology such that new decomposition methods can automatically
be inferred by an ontology reasoner. This chapter also introduces our use-case – a fitness training scenario – and serves
to illustrate how our technique can be applied to it. We then
describe how plan explanations can be enriched with knowledge from the ontology (Sec. 4). Thereafter we introduce the
dialog component (Sec. 5) used in the context of our scenario
and outline how such a component can be generated in general. We discuss related approaches in Section 6 and conclude
in Section 7.

2

Preliminaries

We now introduce some relevant preliminaries.

2.1

HTN Planning

HTN planning [Erol et al., 1994] has been successfully applied to many real-world problems [Nau et al., 2005]. We
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deem it appropriate for a cognitive system that heavily interacts with a user, since the top-down way in which initially abstract tasks are step-wise refined into more concrete courses
of action is similar to human problem solving. In HTN planning, the problem to solve is given by means of an initial plan
containing a description of the initial state (a description of
the world properties that are true prior to the execution of a
plan and the interaction with the system), a goal description
(stating the desired world properties after plan execution),
and a partially ordered set of tasks (the initial plan). These
tasks may be primitive, meaning that they can be directly executed by the user, or they may be abstract (also referred to
as complex or compound in the literature). Primitive tasks are
given in terms of their preconditions and effects, specifying
the conditions under which they are applicable in a state and
how they change it if applied. Preconditions and effects are
specified in terms of lists of literals of a function-free first
order logic. Abstract tasks represent high-level activities that
have to be refined into more tangible tasks, being primitive or
abstract. Refining abstract tasks is achieved by applying a socalled (decomposition) method specifying into which plan the
respective task can be decomposed. More precisely, a method
m is denoted as A 7→≺ B1 , ..., Bn and it specifies that the
abstract task A may be decomposed into the plan containing
the subtasks B1 to Bn that are ordered w.r.t. the partial order
≺. We omit the subscript ≺ if no order is defined on the subtasks. The application of m to a plan containing A refines it
into a plan in which A is “replaced” by the subtasks of m
with the given order ≺. Any ordering that was imposed on A
is inherited by all its subtasks Bi . A solution of the problem
is given by any plan that fulfills the goals. That is, a solution
must be obtained from the initial plan, it has to be primitive
(as only primitive tasks are regarded executable by the user),
and any linearization of its tasks that is compatible with the
given order must be executable and transforms the initial state
into a state satisfying the goal description.

2.2

Ontologies

Ontologies based on Description Logics (DLs) are often used
to represent knowledge about concepts and relations (roles)
between them in a subject domain. DLs also underpin the
W3C standard OWL (Web Ontology Language). In this paper, we use the Manchester OWL syntax [Horridge et al.,
2006] and consider the fragment of OWL corresponding to
the DL ALC [Schmidt-Schauss and Smolka, 1991]. It allows for building complex concepts from primitive ones, e.g.,
by using and/or connectives and quantifier-like some/only
constructs, which form concepts by specifying a relationship to other concepts via a role. Since DLs are fragments of
first order logic, their semantics is given model-theoretically,
with concepts interpreted as subsets of a domain and roles
as binary relations. For example, for a concept Course and
a role teaches, the concept (teaches some Course) is interpreted as the set of all domain individuals that are related
by teaches to some instance of Course. The interpretation
of (teaches some Course) and (teaches only Course) is
the set of individuals which meet the additional requirement
(due to the conjunction and) that they are only related via
teaches to instances of Course. The two reserved primitive
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concepts Thing and Nothing are interpreted as the universe
and empty set, respectively.
An ontology or knowledge base O is a finite set of concept
axioms of the form Class: C SubClassOf: D, stating that
every instance of the concept C is also an instance of the concept D, definitions of the form Class: C EquivalentTo:
D, stating that D subsumes C and vice versa and disjointness axioms of the form Class: C DisjointWith: D, stating that no instance of C can be an instance of D and vice
versa. An interpretation that satisfies all axioms of O is called
a model of O. A basic reasoning task is to decide for a given
ontology O and concepts C, D, whether C is subsumed by D
wrt O, i.e., whether the concept inclusion is logically entailed
by O. Another important task is to check whether a concept
is satisfiable wrt O, i.e., whether it can have instances. If it is
clear from the context, we omit the reference to O.

3

Integrating Declarative Knowledge

In this section we show how the core knowledge of a cognitive system can be encoded in an ontology and how the central
problem-solving component, in our case a planner, can retrieve this knowledge. The two subsequent sections describe
how the same ontology can be used to ensure coherent knowledge in two other components of a cognitive system, i.e., the
explanation and the dialog components. We start by describing how a (pre-existing) planning domain can be integrated
(some parts only syntactically) into an ontology of the application domain. Thereafter, specific domain knowledge can be
drawn from this ontology, i.e., it serves as the sole source of
application knowledge ensuring coherence. Extracting a planning domain from an ontology is straightforward.
In addition to the obvious advantages for cognitive systems, encoding the planning domain into an ontology has additional benefits. Most importantly, it enables inferring new
decomposition methods for hierarchical planning domains.
Usually, every decomposition method has to be specified by
a domain expert, making it a slow and complicated process.
Generating methods automatically eases the modeling of hierarchical domains and enables on-the-fly changes to domains without the need to consult a modeler. Only a very
limited number of approaches to do so have been published
so far, see Section 6 for further details.

3.1

Exemplary Use-Case

In order to exemplify potential uses and overall benefits of
our approach, as well as to provide illustrative examples we
interleave the formal descriptions in this section with the description of a use-case of the technique. We have chosen a
fitness-training scenario, in which a user wants to create a
training plan with the help of a planning system in order
to pursue some fitness objective, e.g., to increase his overall
strength or stamina. A plan in this scenario defines a training
schedule, comprising training and rest days, as well as the
exercises and their duration which are necessary to achieve a
given goal. Pulido et al. [2014] considered a similar scenario,
where physiotherapy exercises are arranged by a planner to
help patients recover from upper-limb injuries.
In this scenario, we distinguish four kinds of actions: exercises, workouts, workout templates, and trainings. Exer-

cises are concrete physical activities, e.g., skip rope jumping.
Workouts are small, predefined partially ordered sets of exercises, which usually have been created by a fitness trainer
and should be performed in a single training session. Workout templates are more abstract descriptions of workouts, intended to group “similar” workouts. Finally, trainings describe abstract objectives like strength or lower body training.

3.2

Compiling Planning Knowledge into
Ontologies

We start by outlining how a hierarchical planning domain can
be encoded in an ontology such that its contents are described
declaratively (and become amenable to logical reasoning).
Conceptually, we augment an already existing ontology. This
ontology is presumed to contain further background knowledge about the application domain. In our use-case the ontology already contains parts of the taxonomy of the NCICB
corpus [NCICB, 2015], which describes muscles, joints and
bones of the human body and their relations.
The link between the planning model and corresponding
information in the ontology is maintained by a common vocabulary – for every planning task T a corresponding concept T is added to the ontology. Concepts representing primitive tasks need to specify preconditions and effects, which
can be modeled in two ways. Where a shallow granularity
of modeling is deemed sufficient, predicates in the planning
domain are represented as string values of four pre-defined
OWL data properties (also known as concrete roles); adds,
deletes, needs and hindered-by. Any parameters of the predicates (and possible restrictions) are represented in the ontology only in the form of annotations. A more straightforward representation of the first-order axiomatization of
tasks in general is prevented by the limitation of DLs to
the tree model property [Vardi, 1997] stating that non-tree
structures cannot fully be axiomatized, which would be required. Thus, to allow for a second, more fine-grained, but
domain-dependent, way of modeling, (complex) concepts in
the ontology can be defined to correspond (using a dedicated
mapping) to specific sets of preconditions and effects in the
planning domain. For example, one can specify that a concept description such as (trains some GastrocnemiusMuscle)
(anything that trains the gastrocnemius muscle) maps to a
precondition warmedup(GastrocnemiusMuscle) and an effect
trained(GastrocnemiusMuscle). As an example of a definition
of a primitive exercise, consider the skip rope jumping exercise, which is defined in terms of NCICB concepts (marked
by underlining) and which serves to specify which muscles
are engaged and trained by it.
Class: SkipRopeJumping
SubClassOf: trains some GastrocnemiusMuscle
and engages some QuadricepsFemorisMuscle
and engages some Hamstring

This definition implies that the SkipRopeJumping action has
as a precondition that the gastrocnemius muscle must be
warmed up. The effect of this action is that this muscle is
trained and the two other muscles are warmed up. In our
use-case domain, we utilize these preconditions and effects

to model certain training rules (e.g. muscles must be warmed
up before being used in exercises, more intense exercises before lighter ones, ...).
The most important part of a hierarchical planning domain
to be represented in the ontology is the hierarchy itself. Our
approach is guided by the principle that individuals, i.e., the
objects belonging to a concept, represent plans. As such, concepts represent a set of plans, i.e., all plans that can be obtained by decomposing the task they represent. Following this
intuition, concept subsumption between two concepts A and
B can be interpreted as: any plan obtainable from B is also obtainable from A. Thus, simple methods of the form A 7→ B,
so-called unit methods, are interpreted as B being a specialization of A, since A can be achieved by “executing” B. It
is represented as Class: B SubClassOf: A. In general a
method with multiple subtasks specifies that the abstract task
A can be decomposed into several other tasks B1 , ..., Bn . The
relation “can be decomposed into” is represented in the ontology by using a role includes. When representing such decomposition methods in an ontology, however, one needs to take
into account that a decomposition specifies not only what subtasks are needed to achieve an abstract task, but that these are
also sufficient. By contrast, ontologies are built on the open
world assumption – representing a task decomposition simply by stating that an abstract task can be decomposed into
some particular set of tasks is insufficient. One also needs to
explicitly state that only these tasks are to be included in the
decomposition. Suppose, for instance, that an abstract task for
a workout of the lower body, which contains skip rope jumping and stationary bike exercises, can be represented by
Class: LowerBodyWorkout
EquivalentTo: includes some SkipRopeJumping and

includes some StationaryBikeExercise
Using DL reasoning one could infer that a workout containing
skip rope jumping, stationary bike exercises and also push ups
would be a sub-concept of LowerBodyWorkout. This, in turn,
can be interpreted as the assertion that said workout could be
used (i.e. LowerBodyWorkout could be decomposed into it) as
a lower body workout which should clearly not be the case.
Intuitively, we want a collection C1 (representing tasks in
a plan) to be subsumed by a collection C2 iff for any task
concept (requirement) from C2 , there is a task concept in
C1 , which achieves it (i.e. C1 is subsumed by C2 ), and there
are only those task concepts in C1 that meet some requirement from C2 . This calls for using the onlysome construct
(see e.g. Horridge et al. [2006]), which is provided by the
Manchester OWL syntax as a macro. The macro is of the form
r onlysome [C1 , ..., Cn ], which expands to r some C1 and
... and r some Cn and r only (C1 or ... or Cn ). Using
onlysome we can describe a method decomposing a task
A into a plan containing the tasks B1 , ..., Bn by the axiom
Class: A EquivalentTo: includes onlysome [B1 , ..., Bn ].
If we apply this scheme to the LowerBodyWorkout, we obtain the following axiom, which (as proven below) correctly
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reflects our intuition.
Class: LowerBodyWorkout
EquivalentTo: includes onlysome [SkipRopeJumping,

StationaryBikeExercise]
This axiom is semantically equivalent to
Class: LowerBodyWorkout
EquivalentTo: includes some SkipRopeJumping and

includes some StationaryBikeExercise and
includes only (SkipRopeJumping or
StationaryBikeExercise)
Furthermore, the onlysome construct allows a domain expert
to specify trainings in an abstract way without the need to include every potentially possible decomposition into workouts
in the planning domain. This abstract modeling enables inferring new decomposition methods for trainings into workouts,
which achieve the encoded training objective. The following
axiom defines lower body training as anything that contains
at least one and only exercises targeting muscles in the lower
body.
Class: LowerBodyTraining
EquivalentTo: includes onlysome [trains some

(partOf some LowerBody)]
Here the intended subsumption between LowerBodyWorkout
and LowerBodyTraining holds since both SkipRopeJumping
and StationaryBikeExercise engage only parts of the lower
body.
This approach of translating decomposition methods into
ontology axioms hinges on whether subsumption in our representation correctly reflects our intuitions about whether collections of tasks fulfill the “requirements” imposed by another (possibly more abstract) collection of tasks. We show
that in order for this property to hold, it is required that
the role includes is independent of all concepts occurring
in onlysome constructs. Independence holds if a role r has
no semantic relationship with the concepts C1 , ..., Cn in the
onlysome construct as captured by the following definition.
Definition 1. Let O be an ontology, r a role, and C1 , ..., Cn
concepts. We call r independent of C1 , ..., Cn wrt O if, for
any model I of O and any binary relation [s] on the domain
of I, there is a model J of O with the same domain such
that r is interpreted as [s] in J and the interpretation of Ci ,
1 ≤ i ≤ n, in I and J coincides.
Theorem 1. Let O be an ontology, C1 , ..., Cm satisfiable
concepts, D1 , ..., Dn concepts, and r a role independent of
C1 , ..., Cm , D1 , ..., Dn . Then r onlysome [D1 , ..., Dn ] subsumes r onlysome [C1 , ..., Cm ] if and only if
(1) ∀i, 1 ≤ i ≤ m, ∃j, 1 ≤ j ≤ n, s.t. Dj subsumes Ci and
(2) ∀j, 1 ≤ j ≤ n, ∃i, 1 ≤ i ≤ m, s.t. Dj subsumes Ci .

Proof Sketch. The if direction can be shown using monotonicity and above Conditions (1) and (2). Using contraposition, we can show the only-if direction by constructing a
model of the ontology O in which the subsumption does not
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hold. Since each Ci is satisfiable, there are models with some
instance ci of Ci . Using the negation of Condition (1), there
is further a model with an instance x of some Ci that is not
an instance of any Dj . We now build a new model as the disjoint union of these models [Baader et al., 2003, p. 195] and
take an arbitrary element d in the constructed model. Using
independence of r, we obtain a model in which r contains
hd, xi and the tuples hd, ci i. We obtain the desired contradiction since d is an instance of r onlysome [C1 , ..., Cm ], but d
is not an instance of r only (D1 or ... or Dm ) (due to hd, xi)
and, hence, r onlysome [D1 , ..., Dn ]. We can proceed similarly for the case of Condition (2) not holding.

So far, we have only dealt with the tasks contained in decomposition methods, but not with their order. In the general
case, ordering constraints represent partial orders and impose
dependencies in the form of a directed acyclic graph between
tasks. OWL is not suited to represent such partial orders, since
its expressivity is limited by the previously mentioned treemodel property. In order to include ordering constraints nevertheless, we propose a syntactic encoding for this information that is opaque to DL reasoners and has no influence on
the semantics. A task A occurring after a task B in a plan is
expressed by replacing the concept A in onlysome expressions by A or (Nothing and after some B). Note that the
latter disjunct is trivially unsatisfiable and, consequently, the
concept is semantically equivalent to just A.

3.3

Generating Planning Domains

This section describes how the ontology is utilized to infer new decomposition methods for an existing planning domain. The decision for representing the whole planning domain in the ontology enables using off-the-shelf DL reasoners [Gonçalves et al., 2013, Section 3]. In keeping with the
encoding introduced in the previous section, we view subsumption relations between tasks inferred by a reasoner as
new decomposition methods. Suppose there are two task concepts C and D, such that C is subsumed by D and no other
task concept exists that is subsumed by D and subsumes C.
Then, a decomposition method D 7→ C is created. This simple scheme alone does not suffice, as it only creates methods with a single subtask. As a next step, we can interpret
onlysome-definitions provided by the ontology modeler as
decompositions, too. This may add new tasks to the planning
domain, as the onlysome construct may contain an arbitrary
OWL expression E without a corresponding planning task. If
so, the task E is added to the planning domain and treated as
a named concept in the ontology.
We are also interested in knowing whether an abstract task
A can be achieved by combining some other tasks B1 , ..., Bn .
If so, a new decomposition method for A into B1 , ..., Bn can
be created. This capability has proven useful in our use-case
domain to be able to combine two workouts to achieve some
common goal. Consider the following definition of a full body

training:
Class: FullBodyTraining
EquivalentTo: includes onlysome

[trains some (partOf some LowerBody),
trains some (partOf some UpperBody)]
Further suppose that the model contains only workouts which
exclusively train parts of the upper and the lower body, since
workouts often target a specific group of muscles or a particular part of the musculoskeletal system. Here it would be necessary to combine, e.g., the previously defined LowerBodyWorkout with a workout for the upper body, say UpperBodyWorkout.
Again, we want to connect this to subsumption of some
concepts. As a first naive idea, one could model the combination of concepts as their conjunction, and check whether
these conjunctions are subsumed by other concepts. However, in the case of collections of task concepts (using
onlysome) this simple idea does not work – the conjunction of two onlysome expressions in general is not
equivalent to an onlysome expression containing the same
elements. For example, consider the expressions E1 =
includes onlysome [A, B], E2 = includes onlysome [A0 ]
and E3 = includes onlysome [B 0 ], where A0 and B 0 are subconcepts of A and B, respectively. Then neither E2 and E3
nor includes onlysome [E2 , E3 ] is subsumed by E1 as desired. In fact, OWL does not provide a connective that can
directly be used to combine E2 and E3 , but the concept
E4 = includes onlysome [A0 , B 0 ] that uses the sub-concepts
of E2 and E3 is subsumed by E1 as intended. Due to the lack
of a suitable OWL operator, we next define a new, syntactic
join operator to combine concepts.
Definition 2. Given two concepts E1 = r onlysome
[A1 , ..., An ] and E2 = r onlysome [B1 , ..., Bm ], we define the join of E1 and E2 wrt r, written E1 r-join E2 , as
r onlysome [A1 , ..., An , B1 , ..., Bm ].
Using this definition we can combine the workouts LowerBodyWorkout and UpperBodyWorkout and infer that they are
subsumed by the FullBodyTraining concept, which is a useful
decomposition method.
To sum up, any conjunction of task concepts, any
onlysome connection of task concepts, and any join of task
concepts can be considered as candidate subtask sets for new
decomposition methods. If such an expression is subsumed
by a task concept in the ontology, the corresponding decomposition method is added to the planning domain, except if a
combination of a subset of the concepts included in the candidate is already subsumed. Considering all possible combinations presents us with a problem if the domain in question
has a realistic size, since there are exponentially many. To
circumvent this problem, we propose a pragmatic approach.
First, the maximal size of connections of concepts can be restricted by some k, which reduces the number of concepts to
be added considerably. For our application example we only
used binary (k = 2) combinations, which already allowed
for inferring a considerable number of tasks and methods.
Second, most real-world domains (including our application

example) have restrictions on which concepts may be combined. Thus, the set of concepts can be partitioned (e.g. via
OWL annotations) and only concepts of the same partition
are combined, leading to a further reduction of the number of
candidates.

3.4

Evaluation and Discussion

In our case-study scenario the initial, non-extended planning
domain contains 310 different tasks and only a few methods. The described ontology contains 1230 concepts (613 imported from the NCICB corpus) and 2903 axioms (of which
664 are from NCICB). This includes 310 concepts for integrating the planning domain into the ontology. Further, the
ontology contains 9 different training objectives and 24 workout templates.
The planning domain, expanded with new decompositions
inferred from the ontology, contains 471 tasks and 967 methods. Our implemented system employs the OWL reasoner
FaCT++ [Tsarkov and Horrocks, 2006]. On an up-to-date laptop computer (Intel R CoreTM i5-4300U) it takes 3.6 seconds
to compute the whole extended planning domain.
Of the newly generated methods, 203 are created based
upon workouts subsumed by workout templates and 3 methods have been created by combinations of concepts. Further,
59 decomposition methods for training objectives into workout templates have been found of which 24 are combinations
of concepts. We would like to point out that every decomposition linking workouts and trainings in this scenario is inferred
by the reasoner.

4

Ontology and Plan Explanations

The explanation facility combines techniques from plan explanation (specifically, an approach for explaining hybrid
plans [Seegebarth et al., 2012]) and an approach for explaining ontological inferences [Schiller and Glimm, 2013]. The
first approach is best suited to explain the dependencies of
tasks in the generated plan. The second makes the underlying
principles and further background knowledge relevant to the
plan explicit, in particular, how decomposition methods are
generated.
In more detail, the user may be interested in knowing why
a task is part of a plan, for example “Why do I have to do a
runners’ calf stretch?” when a plan contains such a task. This
question is taken to address the causal and hierarchical structure of the plan, and the corresponding explanation is directly
generated from the causal dependencies contained in and the
decompositions applied to the plan (as shown for the example
in Figure 1). Such an explanation is an ordered list of arguments, where a causal dependency is expressed as “Task A
was necessary, as it establishes l needed by B” and a decomposition as “Task A was necessary, since it must be executed
to achieve B”. In the running example, the following explanation is generated:
The runners’ calf stretch is necessary as
it ensures that the gastrocnemius muscle is
warmed up, which is needed by the skip rope
jumping. The skip rope jumping is necessary,
since it is part of the lower body workout.
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GastrocnemiusMuscle

RunnersCalfStretch warmed up

obtained by

obtained by

SkipRopeJumping decomposing LowerBodyWorkout decomposing

StaminaTraining

...

Figure 1: Structure of a formal plan for the running example, as used in the explanation
The lower body workout is necessary, since it
is part of the stamina training.

Such explanations treat decomposition methods as facts,
but they are not justified further. While those generated from
causal dependencies may be plausible to a human, those generated from decompositions might not. For instance, in the
running example, the user may further ask “Why is the lower
body workout a stamina training?”. We use the second explanation mechanism to further justify decompositions, which
are represented by subsumption relationships of the form
Class: A SubClassOf: C and which are logically implied
by the ontology. Here the aim is to present a stepwise explanation making relevant background knowledge explicit. Therefore, a derivation tree for the subsumption is constructed from
the relevant domain axioms using a consequence-based reasoning mechanism. To generate verbal output (with the goal
of imitating natural language), the nodes in this tree are first
ordered in a linear fashion. Each inference rule specifies a
template according to which its premises and conclusions are
output or simply omitted. Formulas that occur as part of the
premises or as the conclusion are converted into phrases by
applying patterns similar to those used by Nguyen [2013], together with some mechanisms for aggregation. In our running
example, the following justification is provided to the user:
According to its definition, the lower
body workout includes skip rope jumping and
stationary bike exercise. Furthermore, since
skip rope jumping is an aerobic exercise, it
follows that the lower body workout includes
an aerobic exercise. Given that something
that includes an aerobic exercise has stamina
as an intended health outcome, the lower body
workout has stamina as an intended health
outcome. Thus, the lower body workout is a
stamina training according to the definition
of stamina training.

This explanation can be considered more verbose than
needed, since it encompasses all the relevant information that
formally proves the relationship under question. Future work
should address adjustments to the level of detail based on user
modeling and pragmatics. Our approach shares its main ideas
with related work by Nguyen [2013], who also uses stepwise
derivations and template-based verbalization to generate explanations for inferences in ontologies. Both Nguyen and the
present work rely on further related work by Horridge [2011]
to pinpoint those axioms that are relevant for the explanations that are to be presented. The present work contrasts
with a number of other approaches that mainly focus on how
ontology axioms are suitably verbalized in natural language
(so-called ontology verbalization, cf. [Androutsopoulos et al.,
2013]), but that leave inference aside.
Since both the plan-based and the ontology-based explanation mechanisms we use share the same integrated represen-
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tation, one can present enhanced and still consistent explanations to the user.

5

Integrating the User

In order to integrate the user into the planning process and to
communicate the generated solution, a dialog management
component is needed to control the flow and the structure
of the interaction. In order to communicate a solution, all
planned tasks have to be represented in the dialog domain,
while integrating the user requires the ongoing presentation
of planning decisions. This includes, most notably, the choice
of a decomposition method if an abstract task is to be refined. The use of shared knowledge considerably facilitates
coherency of the interaction. Although the planning knowledge stored in the ontology alone is not sufficient for the generation of the dialog domain, it contributes to its structure and
enables a unisono view on the domain, eliminating inconsistency and translation problems.
The integrated planning knowledge, used to infer new decompositions for existing planning domains, can be used to
create a basic dialog structure as well. Analogous to Section 3, a dialog A can be decomposed into a sequence of
subdialogs containing the dialogs B1 , ..., Bn by an axiom
Class: A EquivalentTo: includes onlysome [B1 , ..., Bn ].
For example, in our application scenario a strength training
can be conducted using a set of workouts A1 , ..., An , each of
which consists of a set of exercises B1 , ..., Bn . This way a dialog hierarchy can be created, using the topmost elements as
entry points for the dialog between user and machine. However, in addition to the knowledge used to generate plan steps,
additional resources are required for communicating these
steps to the user. Such texts, pictures or videos can easily be
referenced from an ontology. Using this information, dialogs
suitable for a well-understandable human-computer interaction can be created and presented to the user.
One key aspect of state-of-the-art dialog systems is the
ability to individualize the ongoing dialog according to the
user’s needs, requirements, preferences or history of interaction. Coupling the generation of the dialog domain to the
ontology enables us to accomplish these requirements using
ontological reasoning and explanation in various ways. The
dialogs can be pruned using ontological reasoning according
to the user’s needs (e.g. show only exercises which do not
require gym access), to the user’s requirements (e.g. show
only beginner exercises), or adapted to the user’s dialog history (e.g. preselect exercises which were used the last time)
and preferences (e.g. present only exercises with dumbbells).
Integrating pro-active as well as requested explanations into
the interaction is an important part of imparting used domain
knowledge and clarifying system behavior. Using a coherent
knowledge source to create dialog and planning domain enables us to use predefined declarative explanations [Nothdurft

et al., 2014] together with the plan explanations described in
Section 4, without dealing with inconsistency issues.

6

Related Work

Past research on coupling ontological reasoning and planning
mainly focused on increasing the planners efficiency or the
languages expressivity. A survey of Gil [2005] describes approaches joining classical planning and ontologies and lists
several planners that use ontological reasoning to speed-up
plan generation. Hartanto and Hertzberg [2008] use an ontology to prune a given HTN model by deleting non-reachable
constants. It is not possible to infer additional content for the
domain within their paradigm. Several approaches use ontologies to enrich the structure of the planning domain. Ontologies provide hierarchies of tasks and plans and are used
to represent states with the open world assumption [SánchezRuiz et al., 2009; Sirin, 2006]. For a survey, we refer to
Sirin [2006, Chapter 8].
Sirin [2006] proposes the HTN-DL formalism, an integration of HTN and description logics to address Web Service
composition problems. An HTN-DL planning domain is related to an ontology representing tasks and decomposition
methods as concepts and individuals, respectively, which are
augmented with an additional structure to encode parameter
variables, preconditions, and effects. In that Sirin’s notion of
methods is different from standard HTN, as they do not specify which abstract task they decompose but merely contain
a partially ordered list of actions. Instead, his methods have
preconditions and effects, like ordinary actions, which are not
necessarily related to the contents of the plan. This potential inconsistency could be circumvented by using a legality
criterion for decompositions (cf. [Biundo and Schattenberg,
2001]). Although Sirin’s and our approach are similar in the
idea of using an ontology and DL reasoning to generate planning domains, there are conceptual differences. Most notably,
Sirin assumes that all decomposition methods are given in advance by a domain modeler, while our approach can infer
completely new decomposition methods. In HTN-DL, reasoning is applied to match a decomposition method to a task
to which it may be applied. This matching is based solely on
the preconditions and effects of tasks and methods and not on
the tasks contained in the method. It does not allow a deep
reasoning about these tasks and their decompositions or other
properties, which is possible with our approach. So far, there
has been only little work on inferring decomposition methods automatically, one example being the work of Knoblock
[1994].

7

Conclusion

We have demonstrated how an ontology, used to generate
planing and dialog domains, facilitates coherence in a cognitive system and at the same time advances its explanation
capabilities. An application scenario was described and the
benefits of our approach outlined.
In future work we will integrate more advanced planning techniques into the system. Most notably, this includes
mixed-initiative planning. Also we would like to tackle the
task of integrating order directly into the reasoning process,

despite the problems discussed. Our work raises the issue
of verbosity and pragmatics for plan explanations to be addressed in further studies.
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