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CHAPTERI

Introduction

The theory of quantum electrodynamics (QED) is based on the question how electrically
charged particles and light quanta interact [1]. A broad range of fundamental observations in
this direction has been made accessible in the context of cavity QED [2–5], dealing with the
interaction between atoms and light confined in a cavity. Immense joint research efforts of
atomic physics and quantum optics over several decades have led here to an unprecedented
control over quantum states with numerous promising prospects for application in quantum
communication and quantum computing. Pioneering work by A. Wallraff and coworkers [6],
realizing for the first time strong coupling between an artificial atom and a single microwave
photon in a solid-state system, opened up the possibility for studying phenomena of cavity
QED in circuits. One of the basic prerequisites for this experimental breakthrough and the
subsequent emergence of circuit QED was the fascinating progress in mesoscopic electronics
allowing the fabrication of devices with precise control down to the level of individual charge
carriers. Circuit-QED setups provide many possibilities for investigating quantum optical
effects in a solid-state environment [7–16], where a broad range of properties of light-matter
coupling can be engineered by design or even changed in situ in the experiment. In recent
years, new classes of setups have been put forward by combining two central building blocks
of these standard circuit-QED setups, namely, Josephson junctions and superconducting mi-
crowave cavities, however, in a much simpler and less demanding way. In doing so, alterna-
tive, highly versatile and tunable platforms have been established, harnessing the quantum
optics of mesoscopic conductors for promising new devices in information, communication,
and sensor technology.

Setups that have recently been developed in Josephson photonics [17–25] offer a particularly
simple way to generate high-intensity quantum microwave radiation without the need of com-
plex pulse shaping of external microwave signals. These devices rely on inelastic Cooper-pair
tunneling across a dc-voltage–biased Josephson junction, where the excess energy is emitted
into a well-defined electromagnetic environment in form of one or several series-connected
microwave cavities. The inherent nonlinearity of the Josephson junction leads to a complex
interplay between photon creation processes and subsequent backaction of the electromag-
netic fields on the charge transfer, resulting in cavity states with highly pronounced quantum
phenomena. Details of this charge-photon conversion can be controlled to a large extent by
the Josephson energy and the properties of the cavities. In the recent past, there have already
been spectacular experimental results such as the generation of intense nonclassically corre-
lated photon pairs [22], amplification close to the quantum limit [23], and the development of
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I. Introduction

a Josephson laser [20, 21]. These demonstrate that the Josephson-photonics architecture pro-
vides a highly versatile and tunable platform for the realization of bright on-demand sources
of nonclassical microwave radiation.

Phenomena of Josephson photonics also occur in a fascinating new generation of super-
conducting scanning tunneling microscopes operating in the millikelvin regime [26–33]. In
Josephson scanning tunneling microscopy at such low temperatures, the ultimate energy res-
olution limit is largely determined by quantum effects, i.e., the granularity of the electrical
current across the tip-vacuum-sample Josephson junction becomes non-negligible. Josephson
tunneling is thus generally inelastic due to electromagnetic interaction of the tunneling charge
quantum with the surrounding and capacitative noise at the junction. While in Josephson-
photonics devices the emitted photon radiation can be monitored directly, information on
the bright side of charge transfer in Josephson scanning tunneling microscopes has to be
obtained indirectly from the tunneling current. Josephson scanning tunneling microscopy
opens up the possibility to resolve extremely sharp spectral features, such as Yu-Shiba-
Rusinov states [32, 34–36], the Kondo effect [37–39], or Majorana fermions [40–42], with
unprecedented precision, complementing the high spatial resolution of conventional scanning
tunneling microscopes with the structural information of photonic excitations. Since the cou-
pling energy of a Josephson junction in a scanning tunneling microscope can be varied in situ
by changing the tip-sample distance, the various facets of Josephson physics far from equilib-
rium are directly accessible. Similar to Josephson photonics, the first representatives of this
promising new class of systems already indicate the great potential for future applications:
Josephson scanning tunneling microscopy provides a highly versatile and tunable platform
for novel sensing devices allowing one to investigate the large variety of complex states of
matter in the deep quantum regime.

The thesis Josephson Photonics and Josephson Scanning Tunneling Microscopy: Inelas-
tic Charge Transfer across Superconducting Junctions presents seven publications from the
fields of Josephson photonics [Pubs. (I-V)] and Josephson scanning tunneling microscopy
[Pubs. (VI) and (VII)], addressing the role of quantum optical phenomena in the charge
transfer across superconducting junctions. The Pubs. (I) and (II) provide a detailed study of
the large variety of different correlated quantum states which can be generated in multi-mode
Josephson-photonics circuits. While Pub. (I) analyzes the time-resolved statistics and cor-
relations between emitted photons in the output lines, Pub. (II) focuses on various aspects
of quantum entanglement between the cavity fields. Studies of quantum thermodynamics
within two-cavity Josephson-photonics setups are presented in Pub. (III). Publication (IV)
introduces one of the first prototypes of a high-intensity single-photon source in the mi-
crowave range. The similarities and differences between Josephson-photonics devices and
the quantum optical micromaser are highlighted in Pub. (V). In Pub. (VI), we investigate
Yu-Shiba-Rusinov states in the Fe-doped two-band superconductor NbSe2, which are here no
longer restricted to be inside the gap and can acquire a substantial intrinsic lifetime broaden-
ing. Publication (VII) discusses the Josephson effect through a highly tunable single-channel
atomic contact at arbitrary transmission up to the quantum of conductance.

All these publications resulted from the author’s research activities in the group of J. Anker-
hold at the Institute for Complex Quantum Systems at Ulm University between December
2015 and May 2019. Parts of this work were carried out in close collaborations with external
partners, in particular with the experimental groups of D. Esteve at the CEA Paris-Saclay in
Gif-sur-Yvette (FR) and in the group of C. Ast and K. Kern at the Max Planck Institute for
Solid State Research in Stuttgart, whose pioneering work was an important starting point for
the emergence of Josephson photonics and Josephson scanning tunneling microscopy. The
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publications discussed in the following have significantly contributed to the development of
these two novel fields toward highly tunable and versatile platforms for the realization of
promising future quantum devices.

The core of this thesis consists of Ch. II and III, dealing with the publications on Josephson
photonics and Josephson scanning tunneling microscopy, respectively. These two chapters are
structured in a similar way. We start with an introduction to the pioneering experimental
setups and corresponding later enhancements and discuss the underlying operating principles
(Sec. II.1 and III.1, respectively). In Sec. II.2 and III.2, we then turn toward the fundamentals
of Josephson photonics and Josephson scanning tunneling microscopy from a theoretical point
of view, i.e., we introduce the theoretical modeling, methods, and approaches which lay the
foundation for the theoretical studies presented in the publications. The publications are
summarized in Sec. II.3 and III.3 with a special emphasis on the comprehensive scientific
context and their contribution to the relevant research area. Section II.4 and III.4 briefly
comment on the author’s contribution to each of the publications. At the end of these two
chapters, the full-text articles with their complete bibliographic information are included
(Sec. II.5 and III.5). Finally, Ch. IV concludes the thesis with a summary and an outlook on
possible research directions for the near future.
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CHAPTERII

Josephson Photonics

This chapter starts with a short introduction to the field of Josephson photonics, providing
background knowledge for a deeper understanding of the Pubs. (I-V). In a first step (Sec. II.1),
we briefly discuss the pioneering experimental setups having led to the emergence of Joseph-
son photonics as well as later developments of these systems and illustrate their underlying
operating principles. In Sec. II.2, we then turn toward the fundamentals of Josephson pho-
tonics from a theoretical point of view. We introduce here the corresponding theoretical
modeling consisting of an effective rotating-frame Hamiltonian (Sec. II.2.1) and a Lindblad-
type quantum master equation (Sec. II.2.2). Based on this modeling, we then show that
certain transition matrix elements between cavity states can be made to vanish by properly
adjusting the properties of the cavities (Sec. II.2.3). This opens up the possibility to restrict
the number of possible photonic excitations and to engineer few-level systems. Moreover, we
introduce different tools to study the time-resolved statistics of photon emission events into
the output lines (Sec. II.2.4) and quantum entanglement between cavity fields (Sec. II.2.5).
Summaries of the Pubs. (I-V) are then presented in Sec. II.3, focusing on the comprehensive
scientific context and their scientific contribution to the relevant research area. Section II.4
gives a statement on the author’s contributions to these publications and Sec. II.5 contains
the corresponding full-text articles. Please note that in order to provide a consistent pre-
sentation throughout the following introduction and summaries, we partly deviate from the
notations chosen in the publications.

II.1. Operating Principle and Experimental Setups

Over the past years, numerous experimental [17–25] and theoretical [19, 43–66] studies have
been dedicated to the continuous emission of photons into modes of superconducting mi-
crowave cavities by a Cooper-pair current through a dc-voltage–biased Josephson junction.
The operating principle here is based on the fact that Cooper-pair tunneling across the Joseph-
son junction when biased at a dc voltage V below the superconducting gap voltage 2∆/e is
only possible if the excess energy 2eV can be deposited in the electromagnetic environment.
Here, the environment is provided in form of well-controlled series-connected microwave cavi-
ties. In the simplest situation (cf. Fig. II.1), the energy of a single Cooper pair is absorbed in
form of a single microwave photon by a single mode of frequency ω1, i.e., the resonance con-
dition 2eV = ~ω1 is met [18, 44, 45, 49]. Using cavities with sufficiently high quality factors
Q gives rise to highly nonequilibrium dynamics [20, 21, 44, 48], in which the mean relaxation
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V
EJ

2eV

C1

L1
γ1

~~~ω1

1
Figure II.1.: Sketch of an effective Josephson-photonics circuit model at the single-photon
resonance. Here, the biasing condition 2eV = ~ω1 is met, i.e., a single Cooper pair tunneling
across the dc-voltage–biased Josephson junction provides the energy 2eV to create a single
photon in a mode with frequency ω1 = 1/

√
L1C1 of the series-connected microwave cavities.

Photon creation processes are balanced by subsequent photon leakage with rate γ1 into output
lines so that eventually a steady state is reached. In devices with more than one cavity or a
cavity supporting several modes, the number of modes that play a role in the dynamics can
be tuned by the voltage V . The inherent nonlinearity of the Josephson junction leads to an
effective all-to-all coupling between these modes.

times of the cavities clearly exceed the mean time between subsequent Cooper-pair tunneling
events and the corresponding photon creation processes. The complex interplay between pho-
ton creation processes and subsequent leakage of photons from the cavity modes into output
lines after the mean lifetime 1/γ = Q/ω eventually leads to steady states displaying highly
nonclassical phenomena [22, 24, 25, 60]. The inherent nonlinearity of the Josephson junction
gives rise to a feedback mechanism of the resulting photonic fields on the charge transfer,
suppressing or enhancing transitions to higher cavity excitations [24, 25, 49, 51]. Details of
this charge-photon conversion can be controlled to a large degree by experimentally accessible
parameters in situ or in fabrication. Varying these parameters makes it possible to explore
completely different regimes, ranging from the semiclassical limit with high photon occu-
pation numbers to the deep quantum regime at low excitation levels. Another particularly
interesting feature of these devices is the fact that measurements on the photonic side, e.g.,
emission rates and spectra of the emitted microwave radiation, indirectly also give access to
information on the Cooper-pair current [18, 55, 56, 58]. The great potential of this promising
new class of setups has quickly been recognized and has led to the emergence of the field of
Josephson photonics, combining tools, methods, and phenomena known from the originally
distinct fields of quantum optics and mesoscopic physics.

Pioneering experimental implementations, which originally triggered the development of
this new field, were put forward in the groups of D. Esteve at the CEA Paris-Saclay in Gif-
sur-Yvette (FR) and A. J. Rimberg at Dartmouth College in Hanover (USA). Experimental
work by the Esteve group [cf. schematic sketch of the setup in Fig. II.2(a)] initially focused
on small Josephson energies EJ and cavities with relatively poor quality factors (Q ≈ 10) [18],
i.e., the regime of low photon populations. Here, the theory of dynamical Coulomb blockade
applies, which presupposes that the mean photon lifetime in the cavity is much less than the
mean time between consecutive Cooper-pair tunneling events so that the cavity stays close
to equilibrium. The experimental data shown in Fig. II.2(b) demonstrates the matching of
Cooper-pair tunneling rates ΓCP and photon emission rates Γph at the fundamental resonance,
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Γph

ΓCp
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PI
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(a)
(b)

1
Figure II.2.: Pioneering experimental work by the Esteve group [18], uncovering for the first
time the photonic side of dynamical Coulomb blockade. (a) The circuit consists of a SQUID
(superconducting quantum interference device), representing an effective Josephson junction
whose Josephson coupling energy is tunable via the magnetic flux Φ, and a series-connected
microwave resonator, providing a well-defined electromagnetic environment. The excess en-
ergy 2eV of a Cooper pair tunneling across the junction is absorbed by the resonator in form
of one or several microwave photons in its modes. The Cooper-pair current measurement I
(red) is separated from the radiated microwave power Pµw (blue) by a bias tee. (b) Exper-
imental data for Cooper-pair tunneling rates ΓCP (red dots) and photon emission rates Γph

from the fundamental resonator mode ω0 (blue dots) together with corresponding theoretical
predictions based on P (E) theory (cyan and yellow solid lines, respectively). Cooper-pair
and photon rates match at the fundamental resonance, V = ~ω0/(2e) ≈ 12µV, where the
energy of a single Cooper-pair tunneling event excites a single photon at the resonator. A
second but clearly smaller peak observable in the photon rates at V = 2~ω0/(2e) ≈ 24µV
(see inset) is associated with the two-photon creation process, in which the energy of a single
Cooper-pair tunneling event excites two photons at the resonator. Taken from Ref. [18].

1
Figure II.3.: Pioneering experimental setup by the Rimberg group (see Refs. [17, 19] for
details), designed to reach far-from-equilibrium states with a high photon population. A dc-
voltage–biased SQUID configuration is connected in series to a microwave cavity. The high
quality factors of the cavity are not affected by the external bias since the voltage line is
connected to the center conductor at a voltage node of the modes. Dissipation occurs due to
the coupling of the cavity to a transmission line. Taken from Ref. [44].
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345W
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1
Figure II.4.: Realization of a prototype of a single-photon source in the microwave range
by the Esteve group [25]. (a) Experimental setup including the sample (green) connected
to a bias tee, the coil circuit (brown) for tuning the flux through the SQUID, the dc-bias
line (red), and the microwave line (blue) for the output of the relevant signals. (b) Optical
micrography of the sample, consisting of a Al/AlOx/Al SQUID configuration (inset) and a
resonator with a Nb spiral inductor. (c) Second-order correlation functions g(2)(τ) for the
mean photon occupation n = 0.08 (red empty dots, left panel) and g(2)(τ = 0) as a function
of n (red filled dots, right panel) with error bars indicating the statistical standard deviations.
Blue dashed lines correspond to theoretical predictions allowing for finite-bandwidth effects
of the detector chain. The black solid line (right panel) corresponds to theoretical predictions
neglecting these effects. The strong suppression of g(2)(τ = 0) below 1 for a wide range of
driving demonstrates the pronounced antibunching behavior of emitted microwave radiation.
Taken from Pub. (IV).
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where the Josephson frequency ωJ = 2eV/~ is equal to the resonator mode frequency ω0.
These rates can be understood in the framework of P (E) theory, representing a rate picture
which is based on a perturbative treatment of inelastic tunneling processes in presence of an
electromagnetic environment. While the pronounced first peak is associated with the one-
photon creation process, the smaller second peak at higher voltage [cf. inset in Fig. II.2(b)]
can be traced back to the two-photon process, where a single Cooper pair transfer goes along
with the simultaneous creation of two photons within a single resonator mode, i.e., ωJ = 2ω0.
To access the complementary regime of high photon occupation numbers, the Rimberg group
developed an ingenious resonator geometry (see sketch in Fig. II.3) allowing one to reach
extremely high quality factors (Q ≈ 3500) [17, 19]. Long photon lifetimes combined with
a sufficiently strong Josephson coupling EJ lead to almost classical system dynamics with
far-from-equilibrium photonic states displaying only weak quantum signatures.

From the theory side, general formalisms to investigate the underlying physics in this novel
class of systems over the full parameter range were developed shortly after that [44, 45].
In the following years, theoretical studies made predictions for photon emission statistics
of one- and two-cavity circuits [43, 45–51, 53, 59], analyzed the properties of quantum en-
tanglement in multi-cavity setups [60], studied the connection between photon and charge
dynamics [55, 56, 58], examined nonlinear microwave optics in the classical regime [52], and
addressed thermodynamical aspects of these devices [54, 61, 63–65]. New insights from this
area are, however, not only of fundamental scientific interest but also have an extraordinary
relevance for novel quantum technologies in the fields of information, communication, and
sensor technology. The ultimate goal in Josephson photonics with regard to applications is to
design sources for the on-demand production of highly nonclassical radiation in the microwave
up to the low-terahertz regime. In the recent past, first promising experimental implemen-
tations have already been realized, such as amplification close to the quantum limit [23], the
development of a Josephson laser [20, 21], the generation of intense nonclassical radiation
in form of correlated photon pairs [22], and the realization of the first prototypes of single-
photon sources [24, 25]. Current experimental work by the Esteve group on the generation of
entangled photon pairs is already well advanced and a publication is in preparation. More-
over, a number of theoretical proposals are still waiting to be implemented experimentally,
e.g., schemes for a stabilized generation of Fock states [57] or concepts for the use as heat
engines [54, 63].

The experimental development of Josephson-photonics circuits proceeding from the pio-
neering setups can essentially be divided into two main directions. On the one hand, great
efforts have been made to increase the impedance of the original circuit, entering into the
regime of strong charge-photon coupling where the nonlinearity of the Josephson junction
plays a crucial role in the system dynamics even at weak driving. Backaction of the photonic
population on the charge current may lead here to a suppression of transition elements to
higher cavity states, which results in an antibunching behavior of the emitted microwave
radiation. The group of D. Esteve recently succeeded in fabricating a circuit (see Fig. II.4
for details) with κ = πZc/RQ ≈ 1.0 [25], compared to κ ≈ 0.1 in the original setup, where
Zc denotes the characteristic cavity impedance and RQ = h/(2e)2 is the superconducting
resistance quantum. Emitted microwave radiation here is characterized by a second-order
correlation function of g(2)(τ = 0) ≈ 0.3, demonstrating that the device has the potential
to act as a single-photon source. On the other hand, particular progress has been made in
extending the original single-cavity setup by additional cavities, opening up the opportunity
to study nonclassically correlated and entangled photons. The Esteve group realized a circuit
(see Fig. II.5 for details) with two microwave cavities of different frequencies, ωa and ωb,
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Figure II.5.: Generation of intense nonclassical microwave radiation in form of correlated
photon pairs by the Esteve group [22]. (a) Two resonators of frequencies νa and νb (optical
micrograph at the bottom left) are connected in series to a SQUID configuration (scanning
electron microscopy micrograph at the bottom right). Two separate bias tees enable to both
apply a dc voltage to the SQUID and detect radiation from two separate microwave lines.
Power and power-power correlation measurements of the emitted microwave radiation are
realized by means of a Hanbury-Brown–Twiss arrangement. (b) Power-power correlation

functions g
(2)
aa (τ = 0) (red squares), g

(2)
bb (τ = 0) (blue squares), and g

(2)
ab (τ = 0) (magenta

squares) at the left scale and noise reduction factor NRF (green squares) at the right scale
as a function of the photon-pair emission rate Γ (lower scale) and mean photon occupation
〈n〉 (upper scale). Solid lines represent the corresponding theoretical predictions. The data
reveals the quantum nature of emitted photon pairs by demonstrating that the classical bound

NRF ≥ 1, following from the Cauchy-Schwarz inequality g
(2)
ab (τ = 0) ≤ [g

(2)
aa (τ = 0)+g

(2)
bb (τ =

0)]/2, is violated. The inset displays experimental results for g
(2)
ab (τ) (magenta dots) and the

corresponding theoretical predictions for realistic detectors (magenta solid line) and infinitely
fast detectors (blue dashed line). Taken from Ref. [22].
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II.2. Introduction to Fundamentals

in which pairs of photons are emitted when the biasing condition 2eV = ~(ωa + ωb) is se-
lected [22]. They uncovered the quantum nature of the emitted microwave radiation in form
of two-mode amplitude squeezing below the classical limit by demonstrating that cross- and
autocorrelation functions violate a Cauchy-Schwarz inequality valid for all classical states of
light. A combination of these two development lines, i.e., Josephson-photonics circuits with
several high-impedance cavities, have not yet been realized. This, however, is a worthwhile
goal for the near future. Highly tunable implementations of Josephson-photonics devices are
the basic requirement for further developing this class of systems as a versatile platform for
various quantum technological applications.

II.2. Introduction to Fundamentals

In the following, we briefly introduce the basic concepts necessary for understanding the main
results of the Pubs. (I-V), which are summarized in Sec. II.3 below. These basic concepts
include a theoretical modeling based on an effective Hamiltonian (Sec. II.2.1) and a quan-
tum master equation (Sec. II.2.2), the blocking mechanism of certain transitions between
neighboring cavity states to limit the number of possible photonic excitations (Sec. II.2.3),
and tools to study the time-resolved statistics of photon emission events from the cavities
(Sec. II.2.4) and entanglement between cavity fields (Sec. II.2.5).

II.2.1. Effective Model Hamiltonian

The sophisticated experimental setups presented in the previous section can all be described
by simple effective circuit models [44, 45, 48, 53]. These models consist of a Josephson junction
biased at an external dc voltage V which is smaller than the superconducting gap voltage
2∆/e and N series-connected LC oscillators with frequencies ωq = 1/

√
LqCq (cf. schematic

sketch in Fig. II.1). The corresponding time-dependent effective Hamiltonian,

H(N) = −EJ cos (φ) + ~
N∑

q

ωqnq, (II.1)

is simply a sum of these components, i.e., a sum of the Josephson Hamiltonian and N har-
monic oscillator Hamiltonians. Here, EJ is the Josephson coupling energy and

φ = ωJt+

N∑

q

√
κq

(
a†q + aq

)
(II.2)

is the superconducting phase across the junction, where ωJ = 2eV/~ denotes the Joseph-

son frequency. The photon number nq = a†qaq of oscillator q is given in terms of the con-

ventional bosonic creation and annihilation operators a†q and aq, obeying the commutation

relation [aq, a
†
k] = δq,k. The parameter κq = πZq/RQ, containing the cavity impedance

Zq = (Lq/Cq)
1/2 and the superconducting resistance quantum RQ = h/(2e)2, is a measure of

each oscillator’s zero-point quantum fluctuations.

In the following, we will focus on the situation where the Josephson frequency ωJ approxi-
mately matches the sum of the mode frequencies, i.e., each Cooper pair tunneling across the
Josephson junction provides the energy to simultaneously create (absorb) a single photon in
(from) each of the cavity modes. Studying the system’s dynamics on the basis of the full

11



II. Josephson Photonics

Hamiltonian given in Eq. (II.1) is complicated due to its explicit time dependence. Close to
this particular resonance, however, only some of the terms are of relevance, which formally
can be picked out by a rotating-wave approximation (RWA) [44, 45, 48, 53]. For this purpose,
we first map the Hamiltonian [Eq. (II.1)] to a rotating frame via the unitary transformation
U(t) =

∏N
q exp (−iω̃qnqt):

H
(N)
rf = U †(t)HU(t)− i~U †(t) d

dt
U(t)

= ~
N∑

q

δqnq −
EJ

2

(
eiωJteiϕ(t) + h.c.

)
. (II.3)

We have introduced here the frequencies ω̃q = ωq − δq with small detunings δq which are

subject to the restriction ωJ =
∑N

q ω̃q and the time-dependent phase operator

ϕ(t) =
N∑

q

ϕq(t) =
N∑

q

√
κq

(
a†qe

iω̃qt + aqe
−iω̃qt

)
. (II.4)

Making use of the Baker-Campbell-Hausdorff formula [67],

eiϕ(t) =
N∏

q

e−κq/2ei
√
κqa

†
q exp (iω̃qt)ei

√
κqaq exp (−iω̃qt), (II.5)

and further writing the time-dependent exponential functions in terms of their power series,
one finally obtains the expression

H
(N)
rf =~

N∑

q

δqnq

− EJ

2


eiωJt

N∏

q

e−κq/2
∞∑

kq=lq=0

(
i
√
κq
)kq+lq

kq! lq!

(
a†q

)kq (
aq

)lq
ei(kq−lq)ω̃qt + h.c.


 .

(II.6)

Close to the resonance ωJ ≈
∑N

q ωq, we now perform a RWA by neglecting all time-dependent
contributions, i.e., we impose the conditions kq − lq = −1 ∀ q. The previous expression in
Eq. (II.6) thus reduces to

H
(N)
RWA = ~

N∑

q

δqnq −
EJ

2



N∏

q

e−κq/2
∞∑

kq=0

(
i
√
κq
)2kq+1

kq! (kq + 1)!

(
a†q

)kq (
aq

)kq+1
+ h.c.


 . (II.7)

Comparing these terms with the series representation of the Bessel function of the first
kind [68],

Jl(x) =

∞∑

k=0

(−1)k

k! (k + l)!

(x
2

)2k+l
, (II.8)

we find that [48, 53, 60]

H
(N)
RWA = ~

N∑

q

δqnq +
E∗J
2

:

(
N∏

q

a†q +

N∏

q

aq

)
N∏

q

J1

(√
4κqnq

)
√
κqnq

: . (II.9)
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II.2. Introduction to Fundamentals

Here, the Josephson energy is renormalized according to [69]

E∗J = EJ

N∏

q

√
κqe
−κq/2 (II.10)

and : . . . : prescribes normal ordering, i.e., all creation operators a†q are actually to the left
of all annihilation operators aq. Note that possibly occurring prefactors (−1, i, or −i) in
front of the bracketed term in Eq. (II.9) have been removed via gauge transformations on

the creation and annihilation operators a†q and aq. This effective time-independent RWA
Hamiltonian contains the full inherent nonlinearity of the Josephson junction in form of
a normal-ordered Bessel function of the first kind, representing our starting point for the
following studies of Josephson-photonics devices.

The bracketed terms in Eq. (II.9) represent the fundamental simultaneous creation (annihi-

lation) processes of single photons in each of the oscillator modes,
∏N
q a
†
q (
∏N
q aq), which are

associated with a single Cooper-pair forward (backward) tunneling event across the junction.
The inherent nonlinearity of the Josephson junction translates here into a highly nonlinear
product of normal-ordered Bessel functions where backaction of the photon occupation on the
charge transfer modifies the fundamental photon processes. Details of this charge-photon con-
version can be largely controlled by two experimentally accessible parameters [45, 49, 59, 60]:
the κ parameter and the Josephson energy EJ. The former determines the level structure of
oscillator q by setting the relative size of the transition matrix elements between neighboring
states. The latter plays the role of the driving strength determining the photon population
of the corresponding oscillator levels. Varying these two parameters in situ or in fabrication
opens up the possibility to realize a large variety of different nonlinear quantum phenomena
within a single Josephson-photonics device.

Due to this highly nonlinear driving term, studies of the dynamical behavior require, in
most cases, a treatment based on standard numerical methods. Analytical results can only
be obtained in some particular special cases. One of these special cases is obtained when
low-impedance oscillators are only weakly populated such that κq〈nq〉 � 1. In this limit, we
can linearize the Bessel functions, i.e., we assume J1(x) ≈ x/2 [cf. Eq. (II.8)], so that the
time-independent effective RWA Hamiltonian in Eq. (II.9) reduces to

H
(N)
RWA, 0 = ~

N∑

q

δqnq +
E∗J
2

(
N∏

q

a†q +
N∏

q

aq

)
. (II.11)

This approximation is of particular interest in case of a one and two-cavity setup. Here, we
recover the well-known and well-studied model Hamiltonians of a driven harmonic oscillator
(N = 1),

H
(1)
RWA, 0 = ~δn1 +

E∗J
2

(
a†1 + a1

)
, (II.12)

and of a nondegenerate parametric amplifier (N = 2),

H
(2)
RWA, 0 = ~

2∑

q

δqnq +
E∗J
2

(
a†1a
†
2 + a1a2

)
. (II.13)

These simple model Hamiltonians, which can be treated completely analytically, serve in many
cases as an excellent starting point to gain an intuitive picture of the system’s dynamics (see,
e.g., Refs. [48–50, 53, 59]).
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II. Josephson Photonics

So far, we have only focused on the resonance condition where a single Cooper-pair tun-
neling event gives rise to the simultaneous creation (annihilation) of a single photon in each
of the oscillator modes: p1 = p2 = . . . = pN = 1. However, by selecting suitable biasing
conditions, we are able to explore a much wider range of resonance conditions. For example,
in the single-mode situation where ωJ = 2ω1, i.e., each tunneling Cooper pair provides the
energy to simultaneously create two photons within a single mode (p1 = 2), the system can
be described by the effective model Hamiltonian

H
(1)
RWA, p1=2 = ~δn1 +

E∗J
2

:

[(
a†1

)2
+
(
a1

)2
]
J2

(√
4κ1n1

)
√
κ1n1

: , (II.14)

with an exponentiated driving term in form of a squeezing operator (cf. Ref. [44, 45, 49, 50]).
For p1 > 2, Josephson-photonics circuits with κq ∼ 1 open up the opportunity to study
multiphoton resonances with highly nonlinear quantum-optical phenomena. The derivation
of the corresponding Hamiltonians is along the lines of what we have discussed above for the
simultaneous creation of a single photon in each of the oscillator modes when setting N = 1.
The main difference occurs in Eq. (II.6), where the rotating-wave approximation, imposing
now the condition k1−l1 = −p1, picks out the relevant resonant p1-photon processes. Another
example of particular interest is given by a two-cavity Josephson-photonics device coupled to
thermal reservoirs which is operated as a nanoscale thermal machine [see Refs. [54, 61, 63–65]].
To realize cooling, we access here the resonance condition ωJ = ω2−ω1, where a Cooper-pair
transfer with the bias goes along with the absorption of a photon from the cooling-target
cavity 1 and the emission of a photon into the heat-dump cavity 2. The corresponding RWA
Hamiltonian takes the form

H
(2)
RWA, p1=−1, p2=1 = ~δ1n1 +~δ2n2 +

E∗J
2

:
(
a†1a2 + a1a

†
2

) J1

(√
4κ1n1

)
J1

(√
4κ2n2

)
√
κ1n1

√
κ2n2

: (II.15)

with the bracketed terms indicating the fundamental photon exchange processes between
cavity modes. All these examples of different resonances, accessible simply by varying the
external bias voltage, already illustrate the large tunability and versatility of devices based
on the Josephson-photonics platform.

II.2.2. Quantum Master Equation

Photon creation and annihilation processes captured in the Hamiltonian description are bal-
anced by subsequent leakage of photons from the cavities into output lines so that eventually
a steady state is reached. The corresponding dynamics of the density operator ρ of the
cavity degrees of freedom can be described by a standard Lindblad-type quantum master
equation [45, 48, 53, 54, 70]

dρ

dt
= Lρ = − i

~

[
H

(N)
RWA, ρ

]
+ Lρ, (II.16)

which can be written in terms of the Liouvillian superoperator L. Here, H
(N)
RWA is an effective

time-independent RWA Hamiltonian and L denotes the Lindblad dissipator. Since Josephson-
photonics devices, for most applications, are operated at temperatures in the low millikelvin
regime, it is usually justified to focus on the T = 0 limit, where the Lindblad dissipator
L = L(R), T=0 takes the form [45, 48, 53, 70]

L(R), T=0ρ =

N∑

q

γq
2

(
2aqρa

†
q − a†qaqρ− ρa†qaq

)
. (II.17)
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II.2. Introduction to Fundamentals

The rate γq corresponding to the inverse lifetime of a photon in oscillator q is directly con-
nected to the quality factor Qq = ωq/γq of the cavities. The Lindblad master equation based
on this zero-temperature dissipator and the RWA Hamiltonian given in Eq. (II.9) represents
our theoretical modeling for most of our following studies on the dynamics in Josephson-
photonics systems [cf. Pubs. (I), (II), (IV), and (V)].

Finite-temperature effects, however, become crucial when we want to study quantum ther-
modynamical aspects in Josephson-photonics devices. The corresponding Lindblad dissipator
L = L(R) is then given by [54, 70]

L(R)ρ =
N∑

q

γq
2

[
(Nq+1)

(
2aqρa

†
q−a†qaqρ−ρa†qaq

)
+Nq

(
2a†qρaq−aqa†qρ−ρaqa†q

)]
, (II.18)

taking into account the coupling of oscillator modes to thermal reservoirs characterized by
their respective occupation numbers Nq = {exp [~ωq/(kBTq)]− 1}−1 with temperature Tq. In
the limit Tq → 0, obviously, Nq → 0 so that L(R) → L(R), T=0. The Lindblad master equation
based on the finite-temperature dissipator and the RWA Hamiltonian given in Eq. (II.15)
is the theoretical starting point for our studies on quantum thermodynamics in Josephson-
photonics setup presented in Pub. (III).

Leakage of excited photons from the cavities into the electromagnetic environment is the
dominant but not the only source of decoherence in an experimental realization of Josephson-
photonics setups [18, 20]. In addition, there are local voltage fluctuations at the Josephson
junction, which, for example, become apparent in the broadening of the power spectrum of the
emitted microwave radiation. Typically, voltage noise in experiments is very weak compared
to the damping of the cavities, i.e., the associated rate γJ � γq. This has the consequence
that the impact of voltage noise on many relevant observables, such as steady-state photon
occupation 〈nq〉st [45, 48, 57] or time-resolved statistics in form of second-order correlation
function g(2)(τ) or waiting-time distribution w(τ) [25, 49, 59], can simply be neglected. In
these cases, our theoretical modeling based on the quantum master equation [Eq. (II.16)] with
the dissipators presented above [Eq. (II.17) or (II.18)] is absolutely sufficient. Some quantum
properties such as squeezing or entanglement [60], however, are clearly affected by voltage
noise. Including these fluctuations in our theoretical modeling requires an additional degree
of freedom for the number of Cooper pairs NCP which have tunneled across the junction with
phase difference η, where NCP and η form a pair of conjugated variables, [η,NCP] = i [45, 48].
In the derivation of the effective RWA Hamiltonians presented above, we have assumed,
without explicitly stating, that voltage-noise effects do not play a role. Consequently, we have
eliminated occurring phase factors e±iη =

∑
NCP
|NCP〉〈NCP ± 1| by gauge transformations

of the creation and annihilation operators a†q and aq [48, 49]. These phase factors eiη (e−iη),
indicating forward (backward) tunneling of a single Cooper pair, actually appear as prefactors
of the fundamental photon creation processes. This is, for example, the bracketed term in the
Hamiltonian in Eq. (II.9) has to be replaced by (eiη

∏N
q a
†
q + e−iη

∏N
q aq). We then include

local voltage fluctuations into our theoretical modeling by an additional Lindblad dissipator,
L = L(R) + L(J) with [45, 48]

L(J)ρ =
γJ

2

(
2NCPρNCP −N2

CPρ− ρN2
CP

)
. (II.19)

Based on this extended model, the effect of local voltage fluctuations on steady-state entan-
glement properties is discussed in Pub. (II).
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II. Josephson Photonics

II.2.3. Blocking Transitions between Neighboring Cavity States

The high versatility and tunability of Josephson-photonics devices has already been indicated
in the discussion of different effective RWA Hamiltonians in Sec. II.2.1. We have seen that
a large number of different types of photon creation processes can simply be accessed by
changing the external voltage V . Moreover, we have shown that in the κq → 0 limit with
κq〈nq〉 � 1, several well-known and well-studied simple systems can be realized within the
Josephson-photonics platform, e.g., a driven harmonic oscillator (single mode, single-photon
creation processes), a degenerate parametric amplifier (single mode, two-photon creation
processes), and a nondegenerate parametric amplifier (two modes, simultaneous single-photon
creation processes in each of the modes). We will now illustrate that further simple systems
can be engineered when we properly adjust the κq parameters by effectively reducing the
harmonic modes to few-level systems. One finds intriguing similarities to Franck-Condon
physics, where here certain transition matrix elements of the effective RWA Hamiltonians
between cavity states can be made to vanish by designing LC oscillators with appropriate
properties.

Starting point of our analysis here is the effective RWA Hamiltonian as presented in
Eq. (II.9),

H
(N)
RWA = ~

∑

q

δqnq +
E∗J
2

:

(
N∏

q

a†q +
N∏

q

aq

)
N∏

q

J1

(√
4κqnq

)
√
κqnq

: , (II.20)

describing the simultaneous creation (absorption) of single photons in (from) each of the N os-
cillator modes by a single Cooper-pair tunneling event. We can easily show that the transition

matrix element of H
(N)
RWA between the Fock states |m1, . . . , mN 〉 and |m1 + 1, . . . , mN + 1〉,

Tm1, ..., mN ; m1+1, ..., mN+1 =
〈
m1, . . . , mN

∣∣∣H(N)
RWA

∣∣∣m1 + 1, . . . , mN + 1
〉
, (II.21)

factorizes into matrix elements involving a single cavity only [59, 60]:

Tm1, ..., mN ; m1+1, ..., mN+1 =
E∗J
2

N∏

q

tmq ; mq+1 (II.22)

with

tmq ; mq+1 =

〈
mq

∣∣∣∣∣ :
(
a†q + aq

) J1

(√
4κqnq

)
√
κqnq

:

∣∣∣∣∣mq + 1

〉
. (II.23)

When we rewrite the normal-ordered Bessel function in its series representation [cf. Eq. (II.8)],
explicit expressions for these single-cavity transition elements,

tmq ; mq+1 =

∞∑

k=0

(−κq)k
k! (k + 1)!

〈
mq

∣∣∣∣
[(
a†q

)k+1 (
aq

)k
+
(
a†q

)k (
aq

)k+1
] ∣∣∣∣mq + 1

〉
(II.24)

=
√
mq + 1

mq∑

k=0

(−κq)k
k! (k + 1)!

mq!

(mq − k)!
(II.25)

=
1√

mq + 1
L(1)
mq

(κq), (II.26)

can easily be found in terms of associated Laguerre polynomials L
(1)
n (x) (cf. Refs. [57, 60, 76]).

Here, normal-ordering reduces the infinite power series of the Bessel function to a polynomial
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Figure II.6.: Schematic sketch illustrating the Franck-Condon principle [71–74], which ex-
plains the intensity of vibrational transitions in molecules. By the absorption of a photon of
appropriate energy, a molecule changes from the ground electronic state E0 with vibrational
level ν = 0 to an excited electronic state E1 with ν ′ = 2. The equilibrium positions of the
nuclei of the ground and excited electronic states differ in a shift q01. The vibrational levels
and wavefunctions are here approximated by those of the quantum harmonic oscillator. Since
the time scales of nuclear motions are much longer than those of the electronic transitions,
we can assume that nuclear coordinates do not change during an electronic transition. The
molecule in the excited electronic state E1 subsequently relaxes to the lowest vibrational level
ν ′ = 0 and then returns to the ground electronic state E0 with ν = 2 by the emission of a
photon. According to the Franck-Condon principle, which is valid for both absorption and
fluorescence, the probability for these transitions between different vibrational energy levels
is proportional to the square of the overlap between the vibrational wave functions of the
initial and final states. Based on Ref. [75].
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Figure II.7.: Blocking transitions between neighboring cavity states. (a) Squared absolute
values of the transition matrix elements tmq ; mq+1 between neighboring cavity states |mq〉 and
|mq + 1〉 as a function of κq for the four lowest transitions, mq = 0, 1, 2, 3. At their roots,
indicated by vertical dashed lines, the oscillator state space is restricted to two (κq = 2), three
(κq = 3±

√
3), or four (κq = 0.94, 3.31) accessible levels. (b) Steady-state photon occupation

〈n〉st in a single-mode setup as a function of κq for strong driving EJ exp (−κq/2)/(~γ) = 20.
Minima reveal the vanishing of transition matrix elements and the occurrence of few-level
systems with a limited number of possible photonic excitations at special values of κq.

in κq of degree mq. In the harmonic limit, where κq → 0 and therefore L
(1)
mq(κq)→ (mq+1), we

find the well-known
√
mq + 1 scaling of matrix elements, which results in Poissonian photon

emission statistics.
Analyzing the roots of the low-order polynomials uncovers special values of κq where cer-

tain transitions between neighboring cavity states are blocked. This blockade mechanism
effectively restricts the possible number of photons in the cavity mode since higher levels
in state space are now inaccessible (provided that we are in the T = 0 limit, where ther-
mal excitations are negligible). This effect of state-space restriction is closely connected
to the well-known Franck-Condon principle from the field of spectroscopy [71–74], explain-
ing the intensity of vibrational transitions in molecules on a quantum-mechanical level (see
Fig. II.6 for further explanations). This connection becomes more obvious when we rewrite
the single-cavity transition matrix element in Eq. (II.23) in terms of the displacement oper-

ator, tmq ; mq+1 ∝ 〈mq|Dq(i
√
κq)|mq + 1〉 with Dq(α) = exp (αa†q − α∗aq) (cf. Refs. [77–79]).

In general, the transition matrix elements tmq ; mq+1 have mq real and strictly positive roots,
which are located in the interval (0,mq +1+(mq−1)

√
mq + 1]. This implies that the matrix

element of the lowest transition between the states |0〉 and |1〉,

t0; 1 = 1, (II.27)

has no roots and consequently can not be blocked by tuning the κq parameter. The matrix
element of the transition between |1〉 and |2〉,

t1; 2 =
1√
2

(2− κq), (II.28)

however, can be made to vanish for κq = 2, allowing one to engineer a two-level system with
only one possible photonic excitation. To realize three- and four-level systems, we block the
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transitions between the states |2〉 and |3〉,

t2; 3 =
1√
3

(
κ2
q

2
− 3κq + 3

)
, (II.29)

and |3〉 and |4〉

t3; 4 =
1√
4

(
κ3
q

6
+ 2κ2

q − 6κq + 4

)
, (II.30)

by adjusting the properties of the LC oscillator such that κq = 3±
√

3 and κq ≈ 0.94, 3.31, 7.76,
respectively. The absolute values of these four lowest single-cavity transition matrix elements
are pictured in Fig II.7(a) with vertical dashed lines indicating their roots. The state-space
restriction at these special values of κq becomes impressively apparent when plotting the
steady-state photon occupation 〈nq〉st of an oscillator as a function of κq at very strong driv-
ing [cf. Fig. II.7(b)]. Here, minima occurring at the roots of the transition matrix elements
reveal a limited number of possible photonic excitations. In the mq →∞ limit, the associated
Laguerre polynomials show the asymptotic behavior [68]

L(1)
mq

(κq)→ eκq/2mq

J1

(√
4κqmq

)
√
κqmq

, (II.31)

where the roots of the transition matrix elements approach those of a Bessel function of the
first kind J1(x), i.e., for transitions between very high neighboring cavity states, the normal-
ordering of the Bessel function plays only a minor role. In the following discussions on various
aspects of Josephson-photonics setups, few-level systems will often serve as a starting point
for our analysis, allowing one to obtain explicit analytical results which provide us deeper
insights into the fundamental mechanisms of photon-charge conversion.

Note that, in principle, a sharp restriction of state space is only true for T → 0, where
thermal excitations providing access to cut-off cavity levels above the blocked transition do not
occur. The T → 0 limit is, however, sufficiently well realized in Josephson-photonics devices
having been experimentally implemented so far as they are operated at ultra-low temperatures
in the mK regime [17–25]. Thermal excitations, in contrast, have to be taken into account
when investigating quantum thermodynamics in Josephson photonics (cf. Refs. [54, 61, 63–
65]), where an accurate modeling necessitate a quantum master equation including finite-
temperature effects [cf. Eqs. (II.16) and (II.18)]. For strong driving and bad cavities with
low quality factor Qq = ωq/γq, the prerequisite for RWA, EJ � ~ωq, is no longer fulfilled and
the state-space restriction can also be lifted by time-dependent correction terms to the time-
independent effective RWA Hamiltonian [50, 58]. However, even for relatively low quality
factors, e.g., Q = 37 in the recent realization of a first prototype for a single-photon source
by the Esteve group [25], this condition is met for a wide range of driving.

II.2.4. Tools to Study the Statistics of Photon Emission Events

To study the time-resolved statistics of photon emission events from the cavities into the
output lines, we make use of two well-established observables from the field of quantum
optics, namely, the second-order correlation function g(2)(τ) [80, 81] and the waiting-time
distribution w(τ) [82, 83]. Their definitions rely on the master-equation formalism with the
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1
Figure II.8.: Schematic sketch illustrating different scenarios for the statistics of photon leak-
age from the cavities into the output line: (a) Poissonian, (b) bunched, and (c) antibunched
photon emission events. Based on Ref. [81].

Liouvillian decomposition [83–85]

L = L0 +
N∑

q

Jq. (II.32)

While the jump operators Jqρ = γqaqρa
†
q describe the emission of a photon from the respective

mode q, the remaining part L0ρ captures the dissipative but deterministic dynamics of the
system during the time intervals where no photon emission events occur.

The second-order correlation function [80, 81]

g(2)(τ) =
〈JeLτJ〉st
〈J〉2st

, (II.33)

given here in its single-mode form with J1 = J, is a measure of correlations between two
photon emission events separated by a time interval τ . The notation 〈. . . 〉st indicates that
the system is in steady state before the first emission event takes place, i.e., 〈O〉st = Tr{Oρst}
with Lρst = 0. This implies that g(2)(τ) does not depend on the times of the two emission
events individually but only on the time interval τ between these two. The time evolution
during this time interval τ is governed by the full Liouvillian L, allowing for additional
emission events.

Following quantum optics (see, e.g., Ref. [80]), the second-order correlation function g(2)(τ)
can be used to classify the statistics of photon emission events into three different categories
(cf. Fig. II.8):

(a) g(2)(τ) = 1
Photon emission events are statistically independent and follow a Poissonian distribu-
tion. This is observable, e.g., in the coherent output of a laser far above threshold.

(b) g(2)(τ) < g(2)(0)
Photon emission events show a bunching behavior, i.e., photons are more likely to be
emitted together than apart. This is observable, e.g., in the emission of thermal sources.
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Figure II.9.: Schematic illustration of different observables capturing time-resolved single-
mode and cross-mode correlations of the emitted microwave radiation in a two-mode setup.

While the second-order correlation function g
(2)
lk (τ) measures correlations between an emission

event from mode k and a later emission event from l separated by a time interval τ , the
waiting-time distribution wl̄lk(τ) is the probability distribution to detect a delay τ between
an emission event from mode k and the first subsequent emission event from mode l. Taken
from Pub. (I) with minor adjustments in accordance with the Copyright Transfer Agreement.

(c) g(2)(τ) > g(2)(0)
Photon emission events show an antibunching behavior, i.e., photons are less likely to
be emitted together than apart. This is observable, e.g., in the emitted light of an
excited single atom in the context of resonance fluorescence.

As we will see later, these different possible scenarios for the statistics of emitted microwave
radiation can all be realized within a single Josephson-photonics device by changing experi-
mentally accessible parameters such as the external voltage V and the κq parameters.

The waiting-time distribution [82, 83]

w(τ) =
〈JeL0τJ〉st
〈J〉st

, (II.34)

here again in its single-mode version, is the probability distribution for a delay τ between two
subsequent photon emission events. Contrary to the definition of g(2)(τ), the time evolution
during the time interval τ between the two emission events is determined by L0 = L − J,
excluding any intermediate emission events.

The concepts of second-order correlation function g(2)(τ) and waiting-time distribution
w(τ), introduced here for single-mode setups, can easily be extended to the multi-mode
situation. Resolving photon emission processes from two different modes, for example, allows
one to introduce the following single-mode and cross-mode variants of the standard g(2)(τ)
and w(τ) functions (cf. Fig. II.9):

g
(2)
lk (τ) =

〈JleLτJk〉st
〈Jl〉st〈Jk〉st

(II.35)
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and

wl̄lk(τ) =
〈JleLl̄τJk〉st√
〈Jl〉st〈Jk〉st

(II.36)

with k, l ∈ {1, 2}. The g
(2)
lk (τ) function is a measure of correlations between a photon emission

event from mode k and a later event from mode l separated by the time interval τ . The wl̄lk(τ)
function is the probability distribution for a time delay τ between a photon emission event
from mode k and the first subsequent event from mode l. The superscript l̄ in the notation of
wl̄lk indicates here that no emission events from mode l are allowed during this interval, i.e.,

the time evolution is governed by Ll̄ = L− Jl. The second-order correlation function g
(2)
lk (τ)

is defined on the basis of the full Liouvillian L.
These different variants of the g(2)(τ) and w(τ) function, which are all time-resolved cor-

relation functions of the general form

C(2)(τ) = 〈OlV (τ)Ok〉st = Tr{OlV (τ)Okρ
st} (II.37)

with the time propagation V (τ) and arbitrary system operators Ok and Ol, can easily be
evaluated on the basis of the master-equation formalism using standard numerical methods.
To obtain the steady-state density operator ρst, an arbitrary system state ρ0, e.g., ρ0 = |0〉〈0|,
is propagated over a sufficiently long time interval t such that L[exp (Lt)ρ0] = Lρst = 0. The
operator Ok then acts from the left and the new density operator Okρ

st is propagated by V (τ)
over the time τ . Finally, the operator Ol acts from the left and we take the trace over the
system’s degrees of freedom. This approach can, in principle, be generalized to any arbitrary
multi-time correlation function.

To obtain analytical results, we make use of the quantum regression theorem [70, 86, 87]
(in some literature also referred to as quantum regression formula) to formulate the dynamics
of the time-resolved correlation functions in terms of a system of differential equations. On
the basis of the quantum master equation, a closed linear system of first-order differential
equations for the averages of a set of system operators {Ol} can be obtained:

d

dτ
〈Ol(τ)〉 =

∑

m

Mlm〈Om(τ)〉 (II.38)

with the coefficient matrix Mlm. According to the quantum regression theorem, the time-
resolved correlation function C(2)(τ) is then a solution of the same system of differential
equations,

d

dτ
〈OlV (τ)Ok〉st =

∑

m

Mlm〈OmV (τ)Ok〉st. (II.39)

The quantum regression theorem thus allows one to obtain explicit analytical expressions for
time-resolved correlation functions provided that a solution for the mean values of a set of
system operators is known.

In general, these linear systems of first-order differential equations for the different variants
of the g(2)(τ) and w(τ) function do not close but lead to hierarchies of higher-order operator
expressions. The systems close either if the number of system states we need to take into
consideration is limited or if higher-order terms drop out due to factorization into lower-order
expressions. The former is the case in the weak-driving limit with low photon occupation
numbers 〈nq〉 or for special values of the κq parameters where transitions to higher cavity
states can be made to vanish (cf. Sec. II.2.3). The latter occurs in the κq → 0 limit with
κq〈nq〉 � 1, where nonlinearities in form of normal-ordered Bessel functions play only a minor
role.
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Figure II.10.: Schematic structure of the set of all mixed (a) bipartite and (b) three-qubit
states, defined via convex combinations on the basis of the results for pure states. A general
bipartite state can be classified either as separable (S) or entangled (E). Classification schemes
for entanglement in multipartite systems, even in the low-dimensional case, are much more
complex. A three-qubit state, for example, can be classified either as fully separable (FS),
biseparable (BS), with three subclasses where pure biseparable states in the convex sum
are all separable with respect to a fixed partition (i.e., 1|23, 2|13, or 3|12), or genuinely
tripartite entangled. The latter can further be divided into two classes of inequivalent states,
namely, the W class and the GHZ class. Classes following from these bipartite and three-
qubit classification schemes represent convex and compact sets of states, satisfying S ⊂ E
and FS ⊂ BS ⊂W ⊂ GHZ, respectively. Based on Ref. [88].

II.2.5. Tools to Study Quantum Entanglement

In Josephson-photonics devices, a rich variety of entanglement phenomena can be realized
by selecting a biasing condition where single Cooper-pair tunneling events go along with the
simultaneous creation of several photons in several modes. A steady state with complex en-
tanglement properties is naturally reached here due to the interplay between photon creation
and annihilation processes by the Josephson current and photon leakage from the cavities
into output lines.

In the simplest case, the external bias is chosen such that only two modes play a role in
the dynamics. According to the general classification scheme for bipartite systems [88–90],
we then call the state ρ of the system entangled if and only if it is not separable, i.e., if it
can not be written as a convex combination of product states of the subsystems 1 and 2,

ρ =
∑

k

pkρ
k
1 ⊗ ρk2 (II.40)

with convex weights pk > 0 which obey the normalization condition
∑

k pk = 1. The sets of
separable and entangled states are convex and compact with S ⊂ E [cf. Fig. II.10(a)].

When we turn toward multipartite systems, i.e., we access a biasing condition where more
than two modes are involved into the dynamics, the structure of entanglement becomes much
richer. While the fundamental question remains whether a state ρ is separable or entangled,
we now also have to identify the type of entanglement [88, 90–94]. Obviously, a nonseparable
state ρ of an N -partite system does not necessarily have to be genuinely N -partite entangled
but could also be m-separable (1 < m < N) if there is a splitting of the N parties into m
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parts which are separable from each other. Less obviously, even genuinely N -partite entangled
states can further be divided into subclasses of inequivalent states. Classification schemes for
multipartite systems are still a topical research question and, despite all efforts, have so far
only been put forward for particular special cases of simple systems [95–99].

One of the simplest multipartite systems where the structure of entanglement is com-
pletely understood is that of three qubits [95, 96]. A three-qubit system can be realized in a
Josephson-photonics device when we choose the biasing condition ωJ = ω1 +ω2 +ω3, modeled
by the Hamiltonian presented in Eq. (II.9) for N = 3, and restrict the number of possible
excitations in each of the modes to only a single photon by properly adjusting the properties
of the cavities (κq = 2, cf. Sec. II.2.3). The entanglement classification scheme for three-qubit
mixed states [96] relies on an extension of the results for three-qubit pure states using convex
combinations [95].

A three-qubit pure state is called fully separable (FS) if it can be written as

|ψFS〉 = |φ1〉 ⊗ |φ2〉 ⊗ |φ3〉 (II.41)

with states |φq〉 living in the Hilbert space Hq of subsystem q. A three-qubit pure state is
classified as biseparable if it can be expressed as a product state where a bipartite system
formed by two of the three parties is separable from the third one. Accordingly, there are
three different classes of biseparable states:

|ψBS,1〉 = |φ1〉 ⊗ |φ23〉 , (II.42)

|ψBS,2〉 = |φ2〉 ⊗ |φ13〉 , (II.43)

and
|ψBS,3〉 = |φ3〉 ⊗ |φ12〉 , (II.44)

where the two-qubit pure states |φ23〉, |φ13〉, and |φ12〉 might be entangled. Three-qubit pure
states which are neither fully separable nor biseparable are called genuinely tripartite entan-
gled. This class of states, however, can further be divided into two subclasses of inequivalent
states, the so-called W-class states |φW〉 and GHZ-class states |φGHZ〉 with their well-known
representatives

|W〉 =
1√
3

(|001〉+ |010〉+ |001〉) (II.45)

and

|GHZ〉 =
1√
2

(|000〉+ |111〉), (II.46)

respectively. States belonging to these two subclasses can not be transformed into one another
by stochastic local operations and classical communication (SLOCC).

We can now define corresponding classes for three-qubit mixed states by generalizing the
pure-state classification via convex combinations. A three-qubit mixed state is then called
fully separable if it can be expressed as a convex combination of projectors onto fully separable
three-qubit pure states, ρFS =

∑
k pk |φFS,k〉〈φFS,k| with pk > 0 and

∑
k pk = 1. A three-qubit

mixed state is biseparable if it can be written as a convex sum of projectors onto fully
separable three-qubit pure states |φFS,k〉 and biseparable three-qubit pure states |φBS,k〉 with
respect to any partition. In addition, we introduce subclasses of biseparable states where
the biseparable pure states in the sum are all separable with respect to a fixed partition.
A three-qubit mixed state which is part of the W class can be written as a convex sum of
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projectors onto fully separable three-qubit pure states |φFS,k〉, biseparable three-qubit pure
states |φBS,k〉, and pure W-class states |φW〉. The GHZ class of mixed states finally forms the
set of all physical three-qubit states. Three-qubit mixed states which are part of the W class
or GHZ class are called genuinely tripartite entangled. All these sets of states are convex and
compact with FS ⊂ BS ⊂W ⊂ GHZ [cf. Fig. II.10(b)].

The question to which entanglement class a certain state belongs can, up to now, not be
answered in general. Immense efforts in quantum information theory over the past decades,
however, have put forward a great variety of criteria allowing one to detect the presence
of different types of entanglement or to prove separability [88, 90–94, 100, 101]. The most
powerful of these criteria require knowledge of the full information on the system state, i.e.,
the full density matrix. In experiments, full information on the system state, in principle, is
accessible by quantum state tomography [102], where the complete density matrix is recon-
structed by repeatedly performing different measurements on identical copies of a state. Since
this procedure is extremely laborious, in particular for high-dimensional systems with large
Hilbert spaces, knowledge of the system state, in most cases, is based only on few measurable
observables.

This little information, however, is often already sufficient to make statements on the
entanglement properties by means of so-called entanglement witnesses [88, 103–109]. In the
context of bipartite systems, an entanglement witness is defined as an observable W with
〈W 〉 = Tr{Wρ} ≥ 0 for all separable states ρ and 〈W 〉 < 0 for at least one entangled ρ.
Witnesses thus yield conditions for the detection of entanglement which are sufficient but not
necessary, i.e., negative expectation values 〈W 〉 < 0 indicate the presence of entanglement,
but we can not make any statement on the entanglement properties if 〈W 〉 > 0. For each
entangled state, however, there exists a witness W such that 〈W 〉 < 0 [110]. Analogously,
witnesses can also be introduced for the detection of the various entanglement classes in the
multipartite situation.

An important family of witnesses for the detection of bipartite and genuinely multipartite
entangled states,

W2 =

√〈
X1X

†
1Y
†

2 Y2

〉〈
Y †1 Y1X2X

†
2

〉
− |〈X1Y1X2Y2〉| (II.47)

and

WN =
∑

k

√√√√
〈 ∏

q∈Mk

XqX
†
q

∏

q∈M̄k

Y †q Yq

〉〈 ∏

q∈Mk

Y †q Yq
∏

q∈M̄k

XqX
†
q

〉
−
∣∣∣∣∣

〈∏

q

XqYq

〉∣∣∣∣∣ , (II.48)

respectively, can be traced back to the Cauchy-Schwarz inequality [104]. Here, the operators
Xq and Yq act exclusively on subsystem q and the sum in Eq. (II.48) is taken over all possible

bipartitions Mk|M̄k which can be realized in an N -partite system. For the choice Xq = a†q
and Yq = 1, we find the simple inequalities

∣∣∣
〈
a†1a
†
2

〉∣∣∣ ≤
√
〈n1〉 〈n2〉 (II.49)

and ∣∣∣
〈
a†1a
†
2a
†
3

〉∣∣∣ ≤
√
〈n1n2〉 〈n3〉+ permutations, (II.50)

relying on only very few experimentally measurable quantities, whose violation directly in-
dicates the presence of (genuinely tripartite) entanglement. These two inequalities can serve
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as a simple starting point of an analysis of entanglement in Josephson-photonics devices,
demonstrating the entangling nature of the fundamental photon creation processes at the
resonance ωJ = ω1 + ω2(+ω3).

Our theoretical modeling of Josephson-photonics devices, contrary to experiments, provides
us full information on the system state by solving the corresponding quantum master equation
so that the full range of principally available entanglement criteria can be used here. In the
bipartite case, a very strong and particularly simple criterion for the detection of entanglement
is based on the matrix operation of partial transposition [111]. This criterion takes advantage
of the fact that the partial transpose of a separable state ρ, i.e., the transposition with respect
to only a single subsystem,

ρT1 =
∑

k

pk

(
ρk1

)T
⊗ ρk2, (II.51)

is still a valid density operator and thus positive semidefinite, ρT1 ≥ 0 ⇔ ρT2 ≥ 0. The
condition ρT1 ≥ 0 thus is necessary for separability and, accordingly, its violation is sufficient
for entanglement. Consequently, we can conclude that a state ρ is entangled if its partial
transpose is not positive semidefinite, i.e., if ρT1 has at least one negative eigenvalue. We
then say that ρ has a negative partial transpose (NPT). The converse statement, however,
is not true in general [110]. A positive partial transpose (PPT) does imply separability only
in the special cases of low-dimensional 2 × 2 and 3 × 2 systems [112]. Later work [113]
has additionally proven that an N × 2 state ρ is separable if it is invariant under partial
transposition with respect to the two-level subsystem, ρ = ρT2 ≥ 0. Another benefit of
using the PPT criterion is its close connection to the logarithmic negativity [114, 115], which
directly relates the degree of violation of the PPT criterion to the amount of entanglement:

EN [ρ] = log2

∣∣∣∣ρT1
∣∣∣∣

1
(II.52)

with ||ρT1 ||1 = 1 + 2|∑k λ
−
k | denoting the trace norm of the partial transpose ρT1 , which

is directly related to the sum of negative eigenvalues λ−k of ρT1 . We will later see that the
PPT criterion and logarithmic negativity are greatly successful in revealing the entanglement
properties in the bipartite Josephson-photonics setup.

In principle, the PPT criterion can also be applied in the multipartite situation; however,
it loses some of its strength as it can only prove nonseparability, without further resolving
the type of entanglement. While the classification of an arbitrary two-qubit state is already
completely solved by means of the PPT criterion [112], the question to which class a three-
qubit state belongs can only be answered for particular special cases. The density matrix in
the three-qubit Josephson-photonics setup has a simple structure with only a single nonvan-
ishing coherence ρ000,111 = ρ∗111,000. These states belong to the so-called X states [105, 116–
123], where the letter X in their name refers to the pattern of nonzero entries along the
main diagonal and antidiagonal in the density matrix written in a standard product basis
{|000〉 , |001〉 , |010〉 , . . . , |111〉}. Properties of these X states have extensively been studied,
in particular in form of several subclasses with additional symmetries, such as GHZ-diagonal
states [116] or GHZ-symmetric states [122, 124], for which a complete description of entan-
glement is feasible. Progress has recently also been made with respect to permutationally
invariant states [125], which are interesting here for the case that we use oscillators with
identical properties. Apart from these special cases, numerous more general entanglement
witnesses have been put forward, e.g., [104]

|ρ000,111| ≤ 4
√
ρ000,000ρ011,011ρ101,101ρ110,110 (II.53)
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and [105]

|ρ000,111| ≤ √ρ001,001ρ110,110 +
√
ρ010,010ρ101,101 +

√
ρ011,011ρ100,100, (II.54)

whose violation prove nonseparability and genuinely tripartite entanglement, respectively.
Moreover, there are several witnesses allowing one to detect GHZ-class states [88, 96, 126].
Since entanglement witnesses are in general not able to detect states lying outside a convex
set, it is usually difficult to verify that genuinely tripartite entangled states which have not
been detected as GHZ states are indeed W-class states [88]. Combining different types of
entanglement criteria, we will demonstrate that states of the three-qubit Josephson-photonics
realization, despite their simple structure, offer a rich wealth of entanglement phenomena [cf.
Pub. (II)].

II.3. Summaries

In the following, we give brief summaries of the Pubs. (I-V), building here on the introduc-
tion to Josephson photonics which was provided in the preceding sections of this chapter
(Secs. II.1 and II.2). Statements on the author’s contributions to these publications and the
corresponding full-text articles will eventually be presented in Sec. II.4 and II.5, respectively.

II.3.1. (I) Fortschr. Phys. 65, 1600061 (2017)

Publication (I) Time-resolved statistics of photon pairs in two-cavity Josephson photonics
investigates the properties of the microwave radiation emitted from a two-cavity Josephson-
photonics device, providing insight into the strongly correlated quantum dynamics of the two
oscillator subsystems due to the inherent nonlinearity of the Josephson junction.

Recently developed Josephson-photonics devices have turned out to provide a promising
platform for the development of efficient and versatile sources of microwave radiation [17–
25]. The underlying generation of photons by a Cooper-pair current across a dc-voltage–
biased Josephson junction, characterized by an excellent current-to-light conversion, leads to
a rich variety of different nonconventional states of microwave light [22, 24, 25], displaying
non-Gaussian or even quantum features. In the context of this study, we focused on a two-
cavity Josephson-photonics setup in which a Cooper-pair tunneling event goes along with
the emission or absorption of a single photon in each of the cavities, i.e., the Josephson
frequency matches the sum of the cavity frequencies, ωJ = ω1+ω2. Starting from a theoretical
modeling based on the corresponding effective Hamiltonian in rotating-wave approximation
(cf. Sec. II.2.1) and a quantum master equation in Lindblad form (cf. Sec. II.2.2), we analyzed
the properties of the microwave radiation leaking from the two cavities by means of single-
and cross-cavity variants of the second-order correlation function g(2)(τ) and the waiting-
time distribution w(τ) (cf. Sec. II.2.4). In the meantime, nonclassical properties of these
pairs of photons have been demonstrated experimentally [22]. The studies presented in this
publication will also serve as a starting point for the investigation of quantum entanglement
in multi-cavity Josephson-photonics devices presented in Pub. (II), which will be summarized
in the following section.

Details of the complex charge-photon interplay induced by the inherent nonlinearity of the
Josephson junction is controlled by the Josephson energy EJ, playing the role of the driving
strength, and the κq parameter, characterizing the importance of charge quantization in the
circuit. In the κq → 0 limit, the transition matrix elements between neighboring cavity states
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Figure II.11.: Correlations between consecutive waiting times. (a) Two-time joint waiting-
time distribution w1̄

111(τ2, τ1) for two linked two-level systems (κ1 = κ2 = 2) with symmetric
decay rates, γ1 = γ2 = γ, at strong driving, E∗J/(~γ) = 2.0. The w1̄

111(τ2, τ1) function is
the probability distribution to detect two consecutive time delays τ1 and τ2 between photon
emission events from cavity 1. (b) A nonzero difference between the joint distribution and its
factorized form, ∆w1̄

111(τ2, τ1) = w1̄
111(τ2, τ1) − w1̄

11(τ2)w1̄
11(τ1), implies correlations between

consecutive waiting times and a violation of renewal theory. Taken from Pub. (I) with minor
adjustments in accordance with the Copyright Transfer Agreement.

simply correspond to those of a harmonic oscillator. By properly adjusting the κq parameter
to a root of these matrix elements, a Franck-Condon–like blockade mechanism gives rise to a
restriction of state space and hence the occurrence of a few-level system (cf. Sec. II.2.3). In
this study, we focused on three special cases where the nonlinearly driven two-cavity system
reduces to the well-known and well-studied realizations of (i) a nondegenerate parametric
amplifier (κ1, κ2 → 0), (ii) two linked two-level systems (κ1 = κ2 = 2), and (iii) an anti-
Jaynes-Cummings system (κ1 → 0, κ2 = 2), i.e., a harmonic oscillator and a two-level system
which are simultaneously (de-)excited.

In the limit of a nondegenerate parametric amplifier (κ1, κ2 → 0), the nonlinear Bessel
functions in the Hamiltonian drop out. The resulting bilinear nature of the Hamiltonian
goes along with Gaussian states, thus allowing one to analytically solve the corresponding
equations of motion for the steady state or the dynamics of the g(2)(τ) functions. The simul-
taneous creation processes give rise to a strong bunching behavior for photon leakage from
the same cavity, g

(2)
11(22)(τ = 0) = 2, as well as from different cavities, g

(2)
12(21)(τ = 0), diverging

as (EJ)−2 for weak driving. This strong divergence expresses the fact that the first detected
photon is, at least with a certain fixed probability, the first photon of a simultaneously created
pair of photons, thus accompanied by a second photon emission event from the other cavity
shortly after that.

Fully analytical solutions are also available for the special case of two linked two-level
systems (κ1 = κ2 = 2). In contrast to a single two-level system, population inversion is
observable here for sufficiently strong driving and asymmetric damping, γ1/γ2 6= 1, in the
less strongly damped cavity. This behavior can be traced back to the occurrence of a trapping
state, in which Rabi-type processes both in form of renewed excitation and de-excitation are
completely blocked, after the first emission event from the doubly-occupied state. While a
single two-level system displays a renewal property [127], i.e., each photon emission event
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Figure II.12.: Time-resolved second-order correlation functions (a) g
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for κ1 → 0 and different values of κ2 in the weak-driving limit, EJ → 0, for symmetric
decay rates, γ1 = γ2 = γ. Tuning the κ2 parameter illustrates the crossover between a
nondegenerate parametric amplifier (κ2 → 0) and an anti-Jaynes-Cummings system (κ2 =
2). The photon emission statistics of both cavities crucially depends on the value of κ2,
ranging from complete antibunching to pronounced bunching. Taken from Pub. (I) with
minor adjustments in accordance with the Copyright Transfer Agreement.

leaves the system in a unique reset state, this is here only approximately true for weak
driving, EJ → 0, or in the special cases γ1/γ2 → 0 or γ1/γ2 → ∞. In general, however,
renewal theory does not apply and, consequently, consecutive waiting times are correlated.
This was illustrated here by comparing different types of Fano factors [128–131] and by the
use of joint waiting-time distributions [132, 133], describing the distribution of sequences of
consecutive waiting times (see Fig. II.11).

For the anti-Jaynes-Cummings model (κ1 → 0, κ2 = 2), first insights into the dynamics
could already be obtained on the basis of the simple balance equation γ1〈n1〉st = γ2〈n2〉st,
following from energy conservation and the fact that photon creation generally occurs simul-
taneously in both cavities (cf. Ref. [48]). The state-space restriction of the two-level system
hence has direct consequences on the harmonic subsystem. This was demonstrated by numer-
ical calculations for the Wigner density of the harmonic subsystem after a photon emission
event from the two-level system in absence of any further emission events. For large wait-
ing times, the quasiprobability function eventually develops a deep dip reaching to negative
values due to increasing contributions of simultaneous re-excitation of the two subsystems.

Furthermore, we studied the crossover between the special case of the nondegenerate para-
metric amplifier (κ1, κ2 → 0) and the anti-Jaynes-Cummings system (κ1 → 0, κ2 = 2) as a
function of the κ2 parameter on the basis of analytical results in the weak-driving regime,
EJ → 0. The photon statistics of both cavities here strongly depend on the choice of κ2,
ranging from complete antibunching to strong bunching (see Fig. II.12). These observations
illustrate that, even at weak driving, backaction of the photon field of one of the cavities onto
charge transfer has a strong impact on the dynamics of the second cavity.

II.3.2. (II) New J. Phys. 19, 023027 (2017)

Publication (II) Generating entangled quantum microwaves in a Josephson-photonics device
provides a detailed analysis of the multifaceted entanglement phenomena occurring in the
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Figure II.13.: Amount of bipartite entanglement in steady state. (a) Logarithmic negativity
EN for two symmetric cavities, κ1 = κ2 = κ and γ1 = γ2 = γ, in the stationary state ρst as
a function of the κ parameter and the driving EJ. Vertical dashed lines indicate the special
values of κ at which the accessible state space is restricted to a 16 × 16 (κ ≈ 0.23), 3 × 3
(κ = 3 −

√
3), or 2 × 2 system (κ = 2). (b) Cross sections corresponding to the dashed

lines in (a) accompanied by the associated results for the 16 × 2 realization. Steady-state
entanglement vanishes here only for N × 2 systems and sufficiently strong driving. Taken
from Pub. (II) with minor adjustments in accordance with the Creative Commons Attribution
3.0 Unported (CC BY 3.0) license (I http://creativecommons.org/licenses/by/3.0/).

steady states of multi-cavity Josephson-photonics setups, demonstrating their promising po-
tential to serve as versatile entanglement sources for quantum technological applications.

The realization and characterization of efficient sources for entangled microwave photons is
of paramount importance for quantum information processing, microwave-optical interfaces,
and sensing devices. Recently, experimental progress in this direction has been made within
circuit quantum electrodynamics (circuit QED), in which, however, so far only relatively
simple entangled states have been created, e.g., pure (squeezed) Gaussian states [134–136],
NOON states [137–139], or maximally entangled states [140–142]. More complicated en-
tangled states necessitate here extremely sophisticated techniques for preparation. In this
theoretical work, we demonstrated that Josephson-photonics devices, representing a straight-
forward extension of circuit QED, allow one to create a broad range of different entangled
states in a surprisingly simple way. Their appealing features setting them apart from other
entanglement-generating setups can directly be traced back to the inherent current-photon
coupling. A stationary state with complex entanglement properties is naturally reached here
due to the interplay of photon creation by the Josephson current and photon leakage from
the cavities. Complex pulse shaping of external microwaves as in conventional circuit-QED
architectures is thus not necessary. The versatility of these devices is compelling: The bias
voltage picks the number of (entangled) parties, the impedance of the oscillator circuit al-
lows one to choose between continuous-variable entanglement or a low-dimensional Hilbert
space, and the Josephson energy tunes the system through different classes of entanglement.
Detecting the multifaceted entanglement phenomena that are accessed when varying these
experimental parameters in situ or by construction requires the full wealth of entanglement
criteria and entanglement measures developed in the abstract branch of quantum information
theory. The goal of this publication is thus twofold: We intend (i) to bridge the gap between
abstract mathematical formalisms to characterize entanglement and a class of actual exper-
imental setups and (ii) to explicitly show how this new class of devices can be implemented
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as versatile entanglement-generating sources.
In these studies, we first focused on the properties of bipartite entanglement at the reso-

nance condition ωJ = ω1 + ω2. In an actual experiment, knowledge of the system state is
usually incomplete and based on a small number of observables only since a complete quantum
state tomography is typically too costly. In our theoretical approach, on the contrary, solving
the quantum master equation based on the corresponding RWA Hamiltonian (cf. Sec. II.2.1
and II.2.2) gives access to the full steady-state density operator of the system, ρst, so that
we can, in principle, fall back on the whole range of theoretically available methods for en-
tanglement detection. Here, we made use of the simple but powerful criterion of the positive
partial transpose (cf. Sec. II.2.5), which is directly related to the logarithmic negativity EN ,
measuring the amount of entanglement. We investigated the entanglement properties of a
symmetric bipartite system, κ1 = κ2 = κ and γ1 = γ2 = γ, as a function of κ and EJ.
Properly adjusting the κ parameter to the roots of the transition matrix elements between
neighboring cavity states allows one here to realize different effective Nmax × Nmax systems
(cf. Sec. II.2.3). The corresponding numerical results for the logarithmic negativity EN (see
Fig. II.13) show a maximum which becomes the more pronounced the smaller the value of
κ is with its position monotonically shifting from EJ < Ec2

J = (~√γ1γ2/
√
κ1κ2)e(κ1+κ2)/2

toward EJ = Ec2
J . Almost independently of the actual value of κ, the logarithmic negativity

takes a minimum at EJ/E
c2
J ≈ 2. For κ = 2, however, entanglement vanishes completely and

no renewed increase in EN [ρst] is observable but it stays zero for all EJ ≥ 2. The special
feature for the 2 × 2 system can also be observed for other Nmax × 2 systems. The strong
similarity between the 2× 2 system and, for example, the higher-dimensional 16× 2 system
can be explained by means of the balance equation γ1〈n1〉st = γ2〈n2〉st, following from energy
conservation and the fact that photons are always created simultaneously in the two cavities.
Since the occupations of the two cavities are directly coupled, the presence of a two-level
system leads to strong signatures of state-space restriction also in the sixteen-level system.
For higher-dimensional systems beyond the 2 × 2 case, we showed that the presence of en-
tanglement in the strong driving limit, (EJ/E

c2
J ) → ∞, can be traced back to the relative

size of the transition matrix elements given by this particular driving Hamiltonian. Absence
of entanglement in the Nmax × 2 cases, however, does not imply that the subsystems are not
quantum-mechanically correlated. In the regimes where EN [ρst] = 0, we could show that
there is a nonzero quantum discord [143–145], which quantifies the amount of quantum cor-
relations given by the difference between quantum mutual information and purely classical
correlations. We additionally studied the time-resolved dynamics of bipartite entanglement
after a photon is emitted from the 16× 2 system. We found here that the state is separable
directly after the emission event, independent of whether the photon is emitted from the two-
level or sixteen-level system. The following increase in EN is superimposed by oscillations
leading to sudden death and revival features [146–149], i.e., vanishing of entanglement for
a finite span of time, before the amount of entanglement finally approaches its steady-state
value again.

Classification of entanglement in a multipartite situation is much more complicated than in
the bipartite case: In addition to the question whether a state shows quantum entanglement
at all, one has now to specify the type of entanglement (cf. Sec. II.2.5). We focused here on
the simplest multipartite system, namely a three-qubit system, realized by properly adjusting
κ1 = κ2 = κ3 = 2, at the resonance condition ωJ = ω1 +ω2 +ω3. The three-qubit case repre-
sents one of the special cases where an explicit classification scheme for multipartite entan-
glement is known, while a classification scheme for general mixed states has not yet been put
forward. We charted here a map of entanglement classes [see Fig. II.14(b)] in the parameter
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Figure II.14.: Parameter-space maps for bi- and tripartite entanglement. (a) Map for the
2 × 2 case in the parameter space spanned by the driving EJ and the ratio of the damping
rates γ1/γ2. The PPT criterion, which is both necessary and sufficient for the detection of en-
tanglement here, allows one to definitely distinguish between separable (PPT) and entangled
(NPT) states. (b) Map for the 2×2×2 case in the parameter space spanned by the driving EJ

and the ratio of the damping rates γ1/2/γ3 with γ1 = γ2 = γ1/2. Combining the statements of
several entanglement criteria (C1-C5) allows one to uncover a rich pattern which is formed by
different regions associated with one or several three-qubit entanglement classes. Taken from
Pub. (II) with minor adjustments in accordance with the Creative Commons Attribution 3.0
Unported (CC BY 3.0) license (I http://creativecommons.org/licenses/by/3.0/).
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space spanned by the driving EJ/E
c3
J = EJ

√
κ1κ2κ3e

−(κ1+κ2+κ3)/2/(~√γ1γ2γ3) and the ratio
of the decay rates γ1/2/γ3, allowing for unequal damping of the cavities, γ1 = γ2 = γ1/2 6= γ3.
Despite the relatively simple structure of the underlying Hamiltonian, we found a surpris-
ingly rich pattern of regions associated with one or several different entanglement classes,
which can directly be accessed by experimentally well-controlled parameters. In particular,
tuning the Josephson energy EJ in a SQUID configuration by changing the magnetic flux
allows one to choose the class of entanglement. The fact that this map is, despite all efforts,
still incomplete might trigger further theoretical research in the abstract branch of quantum
information theory to develop corresponding entanglement criteria. These observations for
three qubits are in stark contrast to the bipartite case of two qubits [see Fig. II.14(a)], where
the PPT criterion alone is sufficient to divide the parameter space spanned by the driving EJ

and the ratio of the damping rates γ1/γ2 into the regions of entangled and separable states.

Furthermore, we discussed to what extent the observations made here are accessible in an
actual experimental setup. In particular, we investigated the effect of local voltage fluctua-
tions at the Josephson junction on the steady-state entanglement properties. Although this
source of decoherence is comparatively weak, γJ � γ, it has a non-negligible impact on the
entanglement properties in steady state. To analyze this, we used an extended theoretical ap-
proach (cf. Sec. II.2.2) including the number of Cooper pairs that have passed the Josephson
junction as an additional degree of freedom. We could demonstrate that the steady states
with their multifaceted entanglement properties we have discussed so far are actually qua-
sistationary states which decay with rates of the order of γJ, going along with a vanishing
of entanglement. For γJ � γ, however, there is a time span sufficiently long for experimen-
tal observations before entanglement vanishes and subsequently switching off the device and
restarting becomes necessary. Another strategy to overcome this effect of voltage fluctuations
might be the use of phase-locking schemes to improve the phase stability [21, 150, 151]. While
we studied here entanglement between cavity states, the current experimental studies focus on
entanglement in the output modes, relying on entanglement witnesses based on observables
and measurement schemes which are insensitive to phase noise [152].

II.3.3. (III) Eur. Phys. J. Special Topics 227, 2053 (2019)

Publication (III) Quantum thermodynamics with a Josephson-photonics setup explores the
potential of two-cavity Josephson-photonics devices to operate as nanoscale quantum re-
frigerators and analyzes their performance as a function of different experimentally tunable
parameters.

The first two publications [Pubs. (I) and (II)] have already impressively illustrated the fas-
cinating versatility of multi-cavity Josephson-photonics devices, allowing one to study light-
charge interaction far from equilibrium and to generate microwave radiation with strong
quantum properties. In these theoretical studies, however, the devices were always consid-
ered in the zero-temperature limit, neglecting thermal excitations, which play only a minor
role at the temperatures which prevail in the corresponding experimental setups. P. P. Hofer
et al. [54] first discussed the possibility to operate these devices as nanoscale heat engines,
in which a temperature difference between two thermal reservoirs coupled to the cavities is
converted into a Cooper-pair current against the voltage bias. In this publication, we studied
the complementary mode, i.e., the setup operates as a cooling device.

We focused here on the situation (see Fig. II.15) where the Josephson junction biased by
the dc voltage V is connected in series to two detuned cavities with frequencies ωc and ωh

which are coupled to a cold and hot reservoir with temperature Tc and Th, respectively.
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Figure II.15.: Sketch of the effective circuit model and a schematic illustration of the cooling
process. At the resonance condition ωJ = 2eV/~ = ωc − ωh, each Cooper-pair tunneling
event across the Josephson junction which is biased by the dc voltage V goes along with the
absorption of a photon of energy ~ωh from the cavity coupled to the hot reservoir (cooling
target) and the simultaneous emission of a photon of energy ~ωc = 2eV +~ωh into the cavity
coupled to the cold reservoir (heat dump). The supercurrent across the junction is thereby
converted into a heat current from the cooling-target to the heat-dump cavity. Taken from
Pub. (III).

When accessing the biasing condition ωJ = 2eV/~ = ωc − ωh, each Cooper-pair tunneling
event goes along with the absorption of a photon from the hot cavity (cooling target) and
the emission of a photon into the cold cavity (heat dump). This process, similar to sideband
cooling, thereby effectively cools down the hot cavity by converting the supercurrent across
the junction into a heat flow from the cooling-target to the heat-dump cavity. Our theoretical
modeling relies on the corresponding effective rotating-wave Hamiltonian (cf. Eq. (II.15) and
discussions in Sec. II.2.1) and a Lindblad master equation (cf. Eqs. (II.16) and (II.18) and
discussions in Sec. II.2.2) taking into account photon leakage from the cavities as well as
their coupling to the hot and cold thermal reservoir. Based on this theoretical approach, we
studied here the regimes of very low as well as very high photon occupation numbers, where
the full inherent nonlinearity of the system comes into play and the dynamics can be treated
within a semiclassical description.

In the regime of very low photon numbers 〈nc(h)〉 such that κc(h)〈nc(h)〉 � 1, the Bessel
functions in the effective RWA Hamiltonian can be expanded to leading order and we find
simple analytical results for the deviation of the mean steady-state photon number 〈nh〉st of
the hot cavity from the population Nh given in thermal equilibrium. These results show that
cooling of the hot cavity necessarily requires Nc < Nh, which implies that Tc/ωc < Th/ωh.
We further found that cooling is enhanced with increasing driving EJ, eventually leading
to 〈nc〉st = 〈nh〉st = (Nc + Nh)/2 in the limit E∗J/(~γ) → ∞ for symmetric decay rates
γc = γh = γ. While detuning from the resonance reduces the cooling effect, asymmetry in
the decay rates, γc > γh, leads to an enhancement as the heat-dump cavity stays closer to
thermal equilibrium. In the regime of very high photon numbers and small κ values, one can
rely on a semiclassical description. One can hence assume a Gaussian Wigner density for
the cavity states, resulting in equations of motions for the second moments whose steady-
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state solutions can be found by solving a self-consistent equation of the form F (〈nh〉st) = 0.
Studying the self-consistency function F gives insight into the complex structure of steady-
state solutions (e.g., stable, unstable, or multistable solutions) which are accessible in the
system for certain parameter choices.

II.3.4. (IV) Phys. Rev. Lett. 122, 186804 (2019)

Publication (IV) Antibunched photons emitted by a dc-biased Josephson junction presents one
of the first prototypes for a single-photon source in the microwave regime which is realized
on the basis of a high-impedance Josephson-photonics setup.

The availability of efficient and bright single-photon sources is a necessary ingredient for a
great variety of applications in quantum information theory. First experimental realizations
in the microwave range were based on anharmonic atom-like quantum systems [153], in which
relaxation from a well-defined excited state to its ground state goes along with the emission
of a single photon. While these types of sources are characterized by an almost perfect anti-
bunching behavior, the photon flux is highly limited by the excitation-relaxation cycle dura-
tion [154]. Standard single-cavity Josephson-photonics devices operated at the single-photon
resonance represent a promising alternative approach, making use of the Franck-Condon–like
blockade mechanism between neighboring cavity states (cf. discussions in Sec. II.2.3). When
the cavity impedance reaches Z = 2RQ/π, where RQ = h/(2e)2 denotes the superconduct-
ing resistance quantum, a single photon in the cavity inhibits further Cooper-pair tunneling
events, resulting in complete antibunching of the emitted microwave radiation.

To reach this high-impedance regime, a resonator made of a microfabricated spiral coil
with eigenfrequency ν = 4.4 GHz and quality factor Q = 36.6 was used (cf. Fig. II.4 in
Sec. II.1). This design makes it possible to realize impedances so high such that κ = πZ/RQ =
0.96± 0.03, clearly exceeding the values of about κ ∼ 0.05 which are typically obtained when
using standard on-chip cavities. Figure II.16 shows corresponding experimental data for the
time-resolved second-order correlation function g(2)(τ) [(a)] at the lowest measured emission
rate of 60 million photons per second, which is equivalent to an average cavity population of
〈n〉st = 0.08, and the zero-delay second-order correlation function g(2)(τ = 0) [(b)] for different
average cavity populations. All these experimental results show an excellent agreement with
our theoretical predictions (dashed lines) which are based on a full numerical treatment of the
underlying quantum master equation taking additionally into account finite-bandwidth effects
in the detection chain [155, 156]. On the basis of input-output theory [157], any multi-time
correlation function in terms of an arbitrarily ordered product of output operators can directly
be expressed in terms of system-operator objects. Since the measured signals do not directly
correspond to output operators but contain operators at the end of the microwave output
chain, additional filtering with a probability distribution which is given by the corresponding
filter response function in the time domain is required. For the lowest measured emission
rate, we found g(2)(τ = 0) = 0.31± 0.04, indicating a significant antibunching of the emitted
radiation. This behavior, however, becomes less pronounced when increasing the photon
emission rate by adjusting the Josephson energy EJ. The reason for this is that the present
experimental implementation does not reach κ = 2, i.e., the transition between the first and
second excited state is strongly suppressed but not completely blocked. Consequently, it is
possible that more than just a single photon is simultaneously in the cavity, which favors
the occurrence of photon bunching and hence reduces the suppression of g(2)(τ = 0). The
population of the cavity with several photons becomes the more likely the stronger the driving
EJ is. Since the κ parameter in the experiment is close to the root of the transition matrix
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Figure II.16.: Antibunching behavior of quantum microwaves emitted from a high-impedance
single-cavity Josephson-photonics setup with κ = 0.96±0.03. (a) Experimental data (dots) of
the time-resolved second-order correlation function g(2)(τ) for the mean photon occupation
number 〈n〉st = 0.08 is accompanied by theoretical predictions (dashed line). The error
bars indicate the underlying statistical standard deviation. (b) Measurements (dots) and
numerical results (dashed line) for the zero-delay second-order correlation function g(2)(τ = 0)
as a function of the mean occupation number 〈n〉st. The solid black line corresponds to
numerical calculations which neglect finite-bandwidth effects in the detection chain. Taken
from Pub. (IV).

elements between the states |3〉 and |4〉, κ ≈ 0.94, it is, however, very unlikely to find more
than three photons in the cavity.

A further development of this device toward an on-demand single-photon source would be
the next logical step, which might be realized by appropriate time shaping of the bias voltage,
the cavity frequency, or the Josephson energy. The latter approach was used by Grimm and
coworkers [24] in their alternative but closely related concept of a single-photon source on
the basis of the Josephson-photonics platform. In the corresponding experimental realiza-
tion, modulating the critical current of a SQUID configuration by fast flux pulses allows the
on-demand production of antibunched photons. The antibunching behavior of these photons,
however, is less pronounced, g(2)(τ = 0) ≈ 0.43, than in the setup presented here. The ex-
perimental realization of high-impedance Josephson-photonics circuits has, moreover, opened
up the opportunity to exploit a much broader range of possibilities provided by these devices
which have, so far, mainly been investigated theoretically. This includes, for example, the
creation of a large variety of different entangled quantum states [cf. Pub. (II)], the generation
of Fock states with high fidelity [57], studies of many-body physics with photons [158, 159],
or the investigation of ultra-strong coupling physics [160].

II.3.5. (V) Phys. Scr. 94, 104001 (2019)

Publication (V) Josephson junction cavity systems as cousins of the quantum optical micro-
maser compares and contrasts the single-cavity Josephson-photonics setup with the well-
known and well-studied quantum optical micromaser, representing a standard textbook ex-
ample for driven open quantum systems with highly nonlinear dynamics.

The experimental realization of the quantum optical micromaser [161–164], consisting of
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Figure II.17.: Schematic sketch of a standard micromaser setup. A continuous beam of
excited atoms traverses a microwave cavity. An atom can relax here to its de-excited state
by emitting a microwave photon into a cavity mode which is in resonance with the atomic
transition. These creation processes are balanced by subsequent leakage of photons from
the cavity after a mean lifetime 1/γ, leading to a steady state displaying highly nonclassical
features. Taken from Pub. (V).

an optical cavity which is pumped by a stream of excited atoms (see Fig. II.17), has mo-
tivated numerous studies on driven open quantum systems and has highly influenced the
field of quantum optics [5]. These include several theoretical proposals [165–168] as well as
experimental realizations [169, 170] for analogues of the micromaser in form of microwave
circuits and optomechanical devices. Even though a quantum optical micromaser and a
Josephson-photonics device have several fundamental differences and are thus definitely not
the closest of relatives, a detailed comparison of the properties of the two classes of systems
will, nonetheless, deepen our understanding of Josephson photonics and help to identify new
directions for future research.

The fundamental atom-field interaction in a micromaser system can be described by the
Jaynes-Cummings model [171], on the basis of which a relatively simple description involving
the dynamics of the cavity mode only can be obtained by coarse-graining over time [162,
163, 171]. The corresponding Lindblad master equation within the interaction picture for the
density operator of the cavity state ρ in the zero-temperature limit is then given by

dρ

dτ
= Lρ = (La + Ld)ρ, (II.55)

where the first term describes the atom-field interactions,

Laρ = N


cos

(
φ
√
aa†
)
ρ cos

(
φ
√
aa†
)

+
a† sin

(
φ
√
aa†
)

√
aa†

ρ
sin
(
φ
√
aa†
)
a

√
aa†

− ρ


 , (II.56)

and the second term the photon leakage from the cavities,

Ldρ =
γ

2

(
2aρa† − a†aρ− ρa†a

)
. (II.57)

In these dissipators, a† (a) denotes the cavity-mode creation (annihilation) operator, N the
average flow rate of passing atoms, φ the Rabi angle, and 1/γ the mean lifetime of a photon
in the cavity mode. Since the diagonal and offdiagonal elements of the density operator ρ
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decouple in the Fock-state basis, a general solution for the steady state of the micromaser sys-
tem can be found analytically: While the offdiagonal elements vanish, the diagonal elements
take the form [161–163]

ρst
n,n =

〈
n
∣∣ ρst

∣∣n
〉

= n0

n∏

j=1

N

γ

sin2
(
φ
√
j
)

j
, (II.58)

where n0 denotes a normalization constant. This is in stark contrast to the Josephson-
photonics setup, in which coherent dynamics give rise to a coupling of diagonal and offdiagonal
elements such that the corresponding quantum master equation can, in general, only be solved
by means of numerical tools (cf. Sec. II.2.2). The theoretical descriptions of both quantum
optical micromaser and Josephson-photonics setup contain transcendental functions of the
number operator a†a (cf. Sec. II.2.1), leading to a rich wealth of highly nonlinear behaviors.
The parameter φ, determining the strength of the underlying nonlinearity, and N/γ, playing
the role of a pumping rate, in the micromaser system are the equivalents of κ and E∗J/(~γ)
in the Josephson-photonics device.

One can show that both classes of systems display strong signatures of nonclassicality even
for large photon numbers (see Refs. [164, 171] for the micromaser), e.g., in form of number
squeezing over a wide range of experimental parameters. In particular, the micromaser and
Josephson-photonics system have in common that the cavity states can be trapped, i.e., the
probability to find a cavity state n > Nmax vanishes and the system is reduced to a few-level
system. For the micromaser [162, 163], this is the case for special values of the Rabi angle
φ for which sin(φ

√
Nmax + 1) = 0 is fulfilled. For the Josephson-photonics device, we have

seen that the system is trapped if the κ parameter takes a value which corresponds to a root

of the corresponding transition matrix element 〈n|H(1)
RWA|n+ 1〉 ∝ L1

n(κ) (cf. Sec. II.2.3).
In contrast to the micromaser, the Josephson-photonics system can never be trapped in the
ground state since the corresponding transition element, L1

0 = 1, has no roots. Both systems,
however, can be trapped at Nmax = 1, thus having the potential to serve as a single-photon
source. While it is possible to get arbitrarily close to the Fock state |1〉 in the micromaser
system [172], the coherent interaction in a single-cavity Josephson-photonics device sets an
upper limit of 0.5 on the fidelity, which, however, can be overcome by the use of a second
auxiliary cavity with a poor quality factor [57].

In a micromaser system, information about the system dynamics can be obtained by de-
tecting the state of the atoms having traversed the cavity. Although a variety of theoretical
concepts for the interpretation of the statistics of atom-state detection have been devel-
oped [162, 163, 173], these measurements do not give immediate access to all properties of
the cavity states [173]. In a Josephson-photonics system, on the contrary, coupling the cavity
to a transmission line and detecting leaking radiation directly allows one to obtain informa-
tion about the cavity fields (cf. Secs. II.2.4 and II.2.5). Moreover, insight into the dynamics
of the system are accessible here by measurements of the current flowing across the Josephson
junction. While the master equation for the micromaser leads to laser-like dynamics [161],
in which the system eventually evolves toward a state with a circularly symmetric Wigner
function, a Josephson-photonics device, in principle, has a preferred phase and a zero spectral
linewidth. In an actual experimental realization, however, where the applied voltage bias is
subjected to low-frequency noise (cf. Sec. II.2.2), the behavior of the system is similar to that
of a laser, with no preferred phase and a finite linewidth which is determined by the voltage
fluctuations.
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We analyze the creation and emission of pairs of highly non-
classical microwave photons in a setup where a voltage-biased
Josephson junction is connected in series to two electromag-
netic oscillators. Tuning the external voltage such that the
Josephson frequency equals the sum of the two mode frequen-
cies, each tunneling Cooper pair creates one additional pho-
ton in both of the two oscillators. The time-resolved statistics
of photon emission events from the two oscillators is investi-
gated by means of single- and cross-oscillator variants of the
second-order correlation function g (2)(τ ) and the waiting-time
distribution w(τ ). They provide insight into the strongly cor-
related quantum dynamics of the two oscillator subsystems
and reveal a rich variety of quantum features of light including
strong antibunching and the presence of negative values in the
Wigner function.

1 Introduction

Started by a pioneering experiment at Saclay [1], the
use of single-charge tunneling events as a new, uncon-
ventional source of microwave photons has garnered
increased interest. Employing a voltage-biased Joseph-
son junction connected in series to one or several
microwave cavities enables a near perfect current-to-
light conversion. Realizations based on a voltage-biased
Cooper-pair transistor and a high-Q cavity reached the
regime of strong nonequilibrium, where stimulated
emission processes dominate [2]. In parallel, a realiza-
tion incorporating several double quantum dots, while
converting less perfectly, allowed to experimentally
verify lasing properties of the emitted photons [3]. The
interaction of a single charge (or the tunneling Cooper
pair here) and a single photon (or pairs of photons in
the following) combines in a Josephson photonics setup
with the inherent nonlinearity of the junction to create

nonconventional microwave light with non-Gaussian
or even quantum features. While considerable attention
has already been devoted to understanding the sim-
pler limits of (incoherent) P(E)-theory and nonlinear
(semi-)classical dynamics and their crossover into a
fully quantum regime [4–11], powerful signatures of
the quantum nature of the device can be found in the
time-resolved statistics of the emitted light.

Here, we extend previous work investigating correla-
tion function and waiting-time distribution for a single
cavity [12] to a two-cavity scenario. This offers a wider va-
riety of feedback and blocking mechanisms between the
junction and the two cavities. The cross-correlated na-
ture of the light emitted from the two cavities can also
serve as an important starting point towards issues of bi-
or multipartite entanglement.

After introducing model and observables in Sec. 2,
we extensively study three interesting simpler scenar-
ios (Secs. 3.2 to 3.4) arising for special choices of pa-
rameters from the generic two-cavity case, which is fi-
nally investigated in Sec. 3.5 building on those earlier
results.

2 Model

In this section, we briefly discuss our theoretical mod-
eling consisting of an effective Hamiltonian in rotating-
wave approximation (RWA) and a quantum master equa-
tion of Lindblad form. On the basis of this master-
equation formalism, we introduce different versions
of the second-order correlation function g (2)(τ ) and
waiting-time distribution w(τ ) allowing for either single-
oscillator or cross-oscillator measurements.

Institute for Complex Quantum Systems and IQST, Ulm Univer-
sity, Albert-Einstein-Allee 11, 89081 Ulm, Germany
∗ Corresponding author E-mail: simon.dambach@uni-ulm.de
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Figure 1 Sketch of the effective circuit model and a schematic illustration of the different observables used to study the time-resolved
statistics of the emittedmicrowave radiation. Tuning the voltage to the resonanceωJ = 2eV/� = ωa + ωb, each Cooper pair tunneling
across the junction excites twophotons, one in eachof the two LC resonators,which subsequently leak out and canbe observed. The time-
resolved statistics of the photon emission events is investigated studying correlations between two photon emission events. Various
correlation functions involving one or both resonators and allowing or excluding intermediate emission events are employed.

2.1 Hamiltonian

We consider a setup (see Fig. 1 for an effective circuit
model) consisting of a Josephson junction (JJ) and two
series-connected LC oscillators, denoted by a and b,
across which an external voltage V is applied. By tun-
ing the voltage, we access that resonance where the
Josephson frequency ωJ = 2eV/� and the sum of the two
mode frequencies ωa(b) = 1/

√
La(b)Ca(b) matches, i.e., the

energy lost by a single Cooper pair tunneling across the
junction equals the energy that is necessary for the cre-
ation of one photon in each of the two oscillators. To
avoid competition with processes in which two photons
are created within a single mode, we require the modes
here to be nondegenerate, ωa �= ωb.

The system can be described [8, 9] by the effective
Hamiltonian

H = �ωana + �ωbnb − EJ

2

(
eiωJ t eiφa eiφb + h.c.

)
, (1)

where the photonic number operator na = a†a and the
phase φa = √

κa(a† + a) of oscillator a are given in terms
of the conventional bosonic creation and annihilation
operators a† and a with [a, a†] = 1 and analogous for
oscillator b. The dimensionless parameter κa = ECa/�ωa

characterizes the granularity of charges in the circuit via
the charging energy ECa = 2e2/Ca and is at the same time
a measure for the zero-point quantum fluctuations in os-
cillators a.

Performing a rotating wave approximation after a
unitary transformation to a rotating frame via U(t) =
exp [i(ωa − �a)nat] exp [i(ωb − �b)nbt] yields

HRWA =��ana + ��bnb

+ ẼJ

2
:
(
a†b†+ab

) J1
(√

4κana
)

J1
(√

4κbnb
)

√
na

√
nb

: .
(2)

Here, �a = ωa − ω̃a denotes the detuning with respect
to the resonance condition ωJ = ω̃a + ω̃b (we assume,
however, �a = �b = 0 in the remainder of the paper)
and ẼJ = EJ exp [−(κa + κb)/2] represents a renormalized
Josephson energy. The colons indicate normal ordering.

The inherent nonlinearity of the Josephson junc-
tion enters here as a nonlinear driving term in form
of a normal-ordered product of Bessel functions of
the first kind renormalizing the fundamental cre-
ation/annihilation term, a†b† + ab. The effect of these
nonlinearities on the system’s dynamics depend on both
the Josephson energy EJ , which can be interpreted as
the driving strength, and the κa(b) parameters, which re-
flect the charge quantization of the Cooper pair current
and crucially influence the transition matrix elements of
the drive Hamiltonian between neighboring resonator
states (see below, Sec. 3.1). Experimentally, EJ is easily
tunable to a certain extent via the magnetic flux when
using a SQUID geometry. Notably, the recent develop-
ment of ultra-low temperature scanning tunneling mi-
croscopes [13, 14] has opened up the possibility to vary
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the Josephson coupling via the tip-sample distance over
a much broader range. The κ parameter is fixed by de-
sign and can only be slightly varied in situ. Earlier exper-
imental realizations were limited to the small-κ regime
(κ ≈ 0.1) of low impedances, however, recent progress al-
ready allows to reach values up to κ ≈ 1.6.

2.2 Quantummaster equation

The finite quality factor Qa = ωa/γa limiting the lifetime
1/γa of excited photons in resonator a is dominated by
photon leakage into microwave output ports. The dy-
namics of the density operator of the system in the zero-
temperature limit can hence be described by a master
equation in Lindblad form [15]

d
dt

ρ = Lρ = − i
�

[HRWA, ρ] +γa

2

(
2aρa† − naρ − ρna

)

+γb

2

(
2bρb† − nbρ − ρnb

)
,

(3)

which can be written in terms of the Liouvillian superop-
erator L. The asymmetry of the two decay rates is char-
acterized by r = γa/γb. Note that we have not included
here the impact of local voltage fluctuations at the JJ into
our model, which would enter in form of an additional
dissipator associated with rate γJ in the master equation
above. This is justified since both experimental and the-
oretical investigations [1, 6] show that the voltage noise
is weak (γJ � γa, γb) and we will neglect its effect on all
observables considered here.

The full time evolution of the system’s dynamics L =
Lāb̄ + Ja + Jb is basically constituted from three parts
[16–18]. A jump operator Ja describes the emission of a
photon from oscillator a, Jaρ = γaaρa†, and the same for
b. The remaining part Lāb̄ describes the dissipative but
deterministic dynamics during the time interval where
no photon emission events occur. On the basis of this
decomposition, we define here the time evolution Lā =
L − Ja which excludes emission events from oscillator a
but allows for those from oscillator b.

2.3 Observables for studying correlations

To investigate the time-resolved statistics of the emitted
photons, we make use of two different but closely related
observables, the second-order correlation function g(2)(τ )
and the waiting-time distribution (WTD) w(τ ), which are
both well-established tools in the field of quantum optics
[19–21]. Resolving the photon emission processes from
the two different oscillators allows to introduce different

versions of g (2)(τ ) and w(τ ) functions:

g (2)
kl (τ ) = 〈JkeLτJl〉st

〈Jk〉st〈Jl〉st
and wk̄

kl(τ ) = 〈JkeLk̄τJl〉st√〈Jk〉st〈Jl〉st
(4)

with j, k ∈ {a, b}. Here, 〈. . . 〉st indicates steady state ex-
pectation values, 〈O〉st = Tr{Oρst}, with Lρst = 0.

The g (2)
kl (τ ) function measures correlations between

an emission event from oscillator k and a prior event
from oscillator l separated by a time interval τ . The wk̄

kl(τ )
function is the probability distribution to detect a delay τ

between an emission event from oscillator l and the first
subsequent detection of a photon from oscillator k, see
Fig. 1 for illustration. Note the superscript k̄ in the WTD
highlighting that no jumps from oscillator k are allowed
during the interval τ .

3 Results

The dynamics of the JJ-cavity system is driven by Cooper
pairs tunneling across the junction and creating photons
in the cavities which in turn act back on the tunneling
process - stimulating or hindering further emission pro-
cesses. To understand the resulting complex interplay of
the (nonlinear) creation process and backaction, we turn
to the heart of the nonlinearity of the Josephson junction.

3.1 Transition matrix elements

In contrast to many other nonlinear resonator systems,
the nonlinearity of the JJ-cavity system stems from a
nonlinear driving, not a nonlinear spectrum of excitation
energies. It is thus best understood by investigating the
transition matrix elements

Tma,mb,ma+1,mb+1 = 〈mb, ma | HRW A | ma + 1, mb + 1〉
= Tma,ma+1 Tmb,mb+1

(5)

between neighboring occupation states |ma, mb〉 and
|ma + 1, mb + 1〉 of the cavities a and b. Due to the ob-
vious factorization into matrix elements involving a sin-
gle cavity only, the physics of the two-cavity excitation
processes carries over many of the features found in the
single-mode case [7, 12].

There we found that the parameter κ crucially deter-
mines the impact of nonlinearities. In particular, through
a proper choice of κ , the transition between states |m〉
and |m + 1〉 could be blocked for some chosen m and,
hence, an m + 1-level system can be engineered. Con-
sidering the limit κ → 0, the transition matrix elements
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of a harmonically-driven oscillator are recovered. Fol-
lowing this line of reasoning, we will in the following
consider three special cases, where the two nonlinearly-
driven cavities are reduced to simpler systems: (i) the
limit κa, κb → 0 resulting in a nondegenerate paramet-
ric amplifier (PA), (ii) the case of two linked two-level
systems (TLSs) obtained for κa = κb = 2, and (iii) the
anti-Jaynes-Cummings (anti-JC) system, coupling a har-
monic oscillator and a two-level system, realized by κa →
0 and κb = 2.

3.2 Nondegenerate parametric amplifier

Taking the limit κa, κb → 0 in the Hamiltonian [Eq. (2)],
the nonlinear Bessel functions drop from the problem
and the well-known case of a nondegenerate paramet-
ric amplifier Hamiltonian is recovered. This linearized
version of the two-cavity case thus has closer similari-
ties to a single cavity weakly driven at the two-photon
resonance (which was shown in Ref. [12] to result in a
degenerate PA) than to the fundamental single-photon
resonance of the single cavity (which reduces to the
linearly-driven harmonic oscillator). In any of these
cases, the stationary-state properties are easily found:
due to the bilinear nature of the Hamiltonian and the
dissipator, the Wigner density of the system remains
Gaussian and its moments are easily found from a closed
set of equations of motion. For the nondegenerate PA
considered here, this results, for instance, in an occupa-
tion

〈na〉st = 〈nb〉st =
(
EJ/Ec

J

)2

2
[

1 − (
EJ/Ec

J

)2
] , (6)

which diverges once the driving strength reaches the am-
plification threshold Ec

J = (�√
γaγb/

√
κaκb)e(κa+κb)/2. Note

that this divergence occurs only here in the simplified
linearized model but is cured in the full problem due to
higher order terms in the RWA Hamiltonian regularizing
the energy gain (cf. Ref. [8] for a detailed discussion of the
semiclassical dynamics).

For the time-resolved statistics, we follow a simi-
lar scheme employing a quantum regression approach
[15] to set up a closed set of equations for expressions
such as 〈a†(0)a†(τ )a(τ )a(0)〉st and 〈b†(0)a†(τ )a(τ )b(0)〉st.
We find explicit analytical expressions for the single-
resonator second-order correlation function g (2)

aa (τ ) and
the cross-resonator second-order correlation function
g (2)

ab (τ ), whose time-dependence are shown in Fig. 2 for
various driving strengths (and symmetric decay rates,
r = 1).

1
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g
(2
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γτ

EJ/E
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Figure 2 Second-order correlation functions g (2)
aa (τ ) and g (2)

ab (τ ) in
the limit of a nondegenerate parametric amplifier (κa(b) → 0) in
the subthreshold regime, EJ/Ec

J < 1, for r = 1. Simultaneous ex-
citation of photons in both resonators results in a bunching for
cross- and intra-cavity correlation functions.

The common two-photon excitation process of the PA
Hamiltonian leads to a bunching, both for photons leak-
ing from the same cavity with g (2)

aa (0) = 2 (for any driv-
ing strength), and more obvious and more pronounced
for photons from different cavities with g (2)

ab (0) in lead-
ing order diverging as (EJ/Ec

J )−2 for weak driving (cf. the
two-photon creation processes within a single cavity dis-
cussed in Refs. [4, 6, 7, 12, 22]).

This divergence reflects the simple fact that with a
certain fixed probability the first detected photon [within
the numerator in the definition of g (2)(τ )] is actually the
first photon of a simultaneously created pair of photons
to leave the cavity. Hence, it will shortly be followed by
the remaining counterpart photon. In consequence for
weak driving, the two-photon detection probability for
short delay times is proportional to the excitation prob-
ability, its long-time limit [at the same time the denom-
inator in g (2)(τ )] is proportional to 〈n〉2

st, as the observed
photons stem from distinct pairs.

The bunched nature of photon creation thus results
in the observed divergence and more generally in the
appearance of different timescales. In the waiting-time
distribution (not shown), crossover of an exponential
decay over a scale associated with the typical duration
of a bunch, ∼ 1/γ , and over the typical time between
bunches, ∼ 1/γ 〈n〉st, occur. Notably, due to the exclu-
sion of decays during the “waiting time”, the dynamics
becomes non-Gaussian and equations of motion in the
calculation of the WTD do not close. This non-Gaussian
feature inherent in the WTD for a parametric amplifier
stands in contrast to the simplest linearized version of
Josephson photonics: For the driven harmonic oscilla-
tor, which results for the fundamental single-mode res-
onance, the stationary state is an eigenstate of the jump
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Figure 3 Stationary mean photon number 〈na〉st for the case of
two linked two-level systems (κa = κb = 2) with differing damp-
ing, r �= 1. While a single two-level system (dashed) can not be
driven to population inversion, the less strongly damped of the
two TLSs will reach inversion, 〈n〉st > 0.5, for sufficiently strong
driving. EJ/Ec

J > 1 is required in the limit r → 0.

operator describing decay from the cavity, and the result-
ing WTD is a trivial exponential decay [12].

3.3 Two linked two-level systems

Directly solvable models other than the PA case are re-
alized, when the state space accessible is limited. In
Josephson photonics this occurs (within rotating wave
approximation and at zero temperature) due to vanish-
ing transition matrix elements of the drive Hamiltonian
as discussed above. The simplest of these cases is here
achieved for κa = κb = 2, where the cavities are effec-
tively reduced to two linked two-level systems.

Again, it is instructive to highlight similarities and dif-
ferences to the corresponding one-mode case of a single
TLS. Considering stationary properties first, we find for
the mean occupation of the TLS a,

〈na〉st = (EJ/Ec
J )2[

1 + (EJ/Ec
J )2

] (
1 + r2

) , (7)

where 〈nb〉st follows by replacing r → 1/r.
For any deviation from the strictly symmetric case,

r �= 1, that cavity which is less strongly damped can
achieve occupation inversion, 〈na(b)〉st > 1/2, for suffi-
ciently strong driving, see Fig. 3. While this can not hap-
pen for a single TLS, where stimulated absorption and
emission from/to the drive field balance in the strong-
driving limit, it becomes possible within the larger state
space of two TLSs. Then, the doubly-occupied state |1, 1〉
acts like a pump state in a standard lasing scenario. The
decay of a photon from double occupation leads to a

trapping state blocking both Rabi-type processes in the
two-photon drive Hamiltonian, renewed excitation or
de-excitation. This trapping is particularly effective for
large asymmetry, where it can be exploited for the gen-
eration of Fock states [23].

In the time-dependent properties, the partial block-
ade of Rabi-type oscillations is also apparent. In Fig. 4(a)
we contrast the distribution of the waiting time between
two emission events from cavity a in the two-cavity
case, wā

aa(τ ), to the equivalent single-cavity WTD with
identical mean photon occupation. The pronounced
Rabi-type oscillations observed for strong driving in
the single-cavity case are replaced by a more complex
pattern. In particular, the partial blocking of oscillations
due to the trapping state leads to a vanishing of the
recurring “dark-times” observed in the single-mode
case. The cross-resonator WTD in Fig. 4(b) takes a value
wā

ab(τ = 0) = r/(1 + r2) independent of driving strength,
while its time-dependence is (highly) unusual for certain
values of EJ/Ec

J .
Comparing solid and dashed lines in Fig. 4(a) demon-

strated an impact of the presence of a second TLS b on
the individual waiting time between subsequent emis-
sions from TLS a. What is not clear from these results
alone, is whether an important property of emission
from a single TLS also holds here. That so-called renewal
property [24] implies that each photon emission leaves
the system in a unique reset state leading to identical
and independent probability distributions for consecu-
tive events and thus to uncorrelated waiting times.

If renewal theory holds, the two functions g (2)
aa and wā

aa

are directly related in Laplace space and provide iden-
tical information [25]. From that one-to-one correspon-
dence, a necessary condition for two Fano-type factors
can be deduced [26]. One Fano factor is defined in the
spirit of full counting statistics, from the variance of the
number of photons Na,T leaked during a long accumula-
tion time T from oscillator a,

FFCS
a = 〈N2

a,∞〉−〈Na,∞〉2

〈Na,∞〉 = 1 + 2γa〈na〉st

∫ ∞

0
dτ

[
g (2)

aa (τ )−1
]
,

(8)

and is directly linked to g (2)
aa (τ ) [19]. Another Fano-type

factor is defined on the basis of the first two cumulants of
the waiting-time distribution wā

aa(τ ):

FWTD
a = 〈τ 2

a 〉 − 〈τa〉2

〈τa〉2
. (9)

If emission events are described by renewal processes,
then FFCS

a = FWTD
a .
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ā a
b
/γ

γτ

(b)
EJ/E

c
J = 0.5

EJ/E
c
J = 1.0

EJ/E
c
J = 4.0

Figure 4 Waiting-time distributions (a) wā
aa(τ ) and (b) wā

ab(τ ) for the two linked two-level systems (κa = κb = 2) and different values
of the driving strength EJ/Ec

J for symmetric damping, r = 1. The additional dashed lines in (a) refer to the waiting-time distribution
w(τ ) of a single two-level system with the identical stationary mean photon number, which shows pronounced Rabi-type oscillations
for strong driving. The presence of a second TLS b has a strong impact on wā

aa(τ ) in that regime, as (de-)excitation by a tunneling Cooper
pair can only happen simultaneously in both TLSs resulting in a more complex dynamics. The time dependence of the cross-resonator
WTD, wā

ab(τ ), in (b) sensitively depends on the driving strength EJ/Ec
J .

In fact, using analytical results for 〈na〉st, g (2)
aa (τ ), and

wā
aa(τ ),

FWTD
a

FFCS
a

−1= (EJ/Ec
J )4r4/(1 + r2)2

(EJ/Ec
J )4(1+r4)−2(EJ/Ec

J )r2+(1+r2)2
, (10)

proving that a subsystem of the two linked TLSs has no
renewal character, except for the limiting cases of weak
driving EJ/Ec

J → 0 (where individual tunneling processes
are uncorrelated) or r → 0 and r → ∞. Only in the latter
cases, (nearly) every emission from a resets the system
to the very same state, while in general renewal theory
does not hold and consecutive waiting times are indeed
correlated.

Such correlations can alternatively be directly re-
vealed employing the concept of joint waiting-time dis-
tributions [27]. These describe the distribution of a given
sequence of several consecutive waiting times. For in-
stance, the two-time joint waiting-time distribution

wā
aaa(τ2, τ1) = 〈JaeLāτ2JaeLāτ1Ja〉st

〈Ja〉st
(11)

is the probability distribution to detect two subsequent
time delays τ1 and τ2 between emitted photons from res-
onator a. Displayed in Fig. 5(a) for strong driving EJ/Ec

J =
4.0 and symmetric decay rates, r = 1, it shows a pro-
nounced maximum close to τ2 = τ1 = 1/γ .

For uncorrelated, statistically independent and
equally distributed successive waiting times τ1 and τ2

(as expected in the renewal case), the joint distribution
would factorize to the individual distributions and the
difference �wā

aaa(τ2, τ1) = wā
aaa(τ2, τ1) − wā

aa(τ2)wā
aa(τ1),
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Figure 5 (a) Joint waiting-time distribution wā
aaa(τ2, τ1) for two

symmetric TLSs (κa = κb = 2) and strong driving, EJ/Ec
J = 4.0.

It gives the probability to find the two subsequent photonic
waiting times τ1 and τ2. (b) The difference �wā

aaa(τ2, τ1) =
wā

aaa(τ2, τ1) − wā
aa(τ2)wā

aa(τ1) between this joint distribution
and its factorized form does not vanish. This implies corre-
lations between subsequent waiting times and, in contrast
to a single two-level system, renewal theory thus does not
hold.
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Figure 6 Phase-space representation of the harmonic subsystem a in an anti-Jaynes-Cummings configuration (κa = 0.001, κb = 2.0)
for EJ/Ec

J = 2.0 and r = 1.0. The TLS b imprints weak non-Gaussian features on the stationary Wigner density W (x, y) (a), which
becomemore pronounced after a photon emission event from the TLS is detected (b). Observing the subsequent time evolution without
emissions from a occurring (i.e., under Lā), first non-Gaussian features are smeared (c) but later non-classical signatures [i.e., negative
values in (d)] develop.

shown in Fig. 5(b), would vanish. In fact, we ob-
serve waiting times correlated according to a type of
“gambler’s fallacy”: a short waiting time is likely followed
by a long waiting time and vice versa.

3.4 Anti-Jaynes-Cummings system

As the last instructive special case, we consider the com-
bination of a harmonic oscillator and a TLS with an
anti-JC driving, which (de-)excites both systems simul-
taneously. This is realized by the two-cavity Josephson-
photonics Hamiltonian for the specific values κa → 0
and κb = 2.

The physics of the anti-JC system can also been seen
as approximate description of a more generic scenarios
of two cavities with highly different κ : one cavity with
small quantum fluctuations behaving only weakly non-
linear, and one cavity with sufficiently large κ to restrict
excitations within a few-level system. Due to the pres-
ence of (symmetry-breaking) dissipative processes, the
damped anti-Jaynes-Cummings system is not trivially
linked to the standard Jaynes-Cumming case [28]. Exact
analytical treatments of the damped Jaynes-Cummings
system have been performed [29, 30], but already the cal-
culation of stationary properties is quite involved. For
our studies of the damped anti-JC, we therefore restrict
ourselves to numerical results.

Some interesting insights, however, can already be
traced back to the simple equation, γa〈na〉st = γb〈nb〉st,
balancing the total loss rates from both resonators. It ba-
sically stems from energy conservation and the simulta-
neous excitation process of photons and actually holds
for any κa(b). The coupling of the mean occupation of the

two cavities leads on the one hand to population inver-
sion in the TLS b, which for the anti-JC system can be
reached even for r < 1 for sufficiently strong driving. On
the other hand, it leads to a clear signature of the state-
space restrictions of the TLS (or generically a cavity with
large κ) in the occupation as well as in the dynamics of
the harmonic resonator a.

This imprinting of the nonlinear quantum character
(i.e., of the restricted level spectrum) of subsystem b on
the harmonic subsystem a allows for the creation and ob-
servation of non-Gaussian or even quantum states in a
continuous variable system.

While highly unequal damping and very strong driv-
ing enabled Fock-state generation in two TLSs (see above
and Ref. [23]), we will here consider moderate driving
and equal decay rates. In consequence, the stationary
(reduced) Wigner density of the harmonic subsystem a
in Fig. 6(a) shows only some weak non-Gaussian features
and the slight central dip is far from reaching negative
values (and whereby indicating nonclassicality).

If a photon jump out of the TLS b is detected, the cen-
tral dip in the resulting Wigner function of the harmonic
system a immediately after the jump [Fig. 6(b)] becomes
pronounced. The necessity of an occupied TLS before
the jump, also implies less contribution of the ground
state of a and clearer signatures of the excited state(s).
In the following time evolution without observing pho-
tons from a (i.e., following the spirit of the WTD defini-
tion), we initially observe an approach to a more Gaus-
sian shape, Fig. 6(c), (as it becomes more and more likely
that the harmonic oscillator a had already relaxed to its
ground state before the initial emission event from b took
place). For larger times, however, the Wigner function
[Fig. 6(d)] develops a deep dip reaching negative values,

C© 2016 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim (7 of 9) 1600061Wiley Online Library
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Figure 7 Second-order correlation functions (a) g (2)
aa (τ ) and (b) g (2)

bb (τ ) for κa → 0 and different values of κb in the weak-driving limit
EJ/Ec

J → 0 for symmetric damping rates, r = 1. Changing κb tunes the system from a nondegenerate parametric amplifier (κb → 0) to
an anti-Jaynes-Cummings system (κb = 2.0). Depending on κb, the photon statistics of the two resonators range from strong bunching
to complete antibunching.

indicating increasing contributions from re-excitation of
a and b.

Wigner-density dynamics - conditioned on the obser-
vation or absence of various emission events - can thus
be used to distill the nonclassical imprint of the TLS on
the harmonic system.

3.5 Crossover in the weak-driving limit

Numerical results for generic κa(b) parameters are read-
ily available but offer few new insights. Here, we now
turn instead to the weak-driving regime, where we can
actually gain analytical results for the time-dependent
statistics by employing a perturbative approach. In Fig. 7,
we show some results of this calculation, namely the
time-dependent single-resonator correlations g (2)

aa (τ ) and
g (2)

bb (τ ), illustrating the crossover between the PA and the
anti-JC special cases, i.e., we keep cavity a harmonic,
κa → 0, and vary κb. The reader will readily recognize
some of the results discussed above incorporated in the
figure: the g (2)

aa(bb)(τ = 0) bunching value of 2 for the PA
case crosses over into an antibunching regime with the
characteristic single-photon source value g (2)

bb (τ = 0) = 0
of perfect antibunching of the TLS for κb = 2. Note that
photons from resonator a, are maximally but not com-
pletely antibunched at the slightly higher value κb = 2.5.
Further increasing κb > 2 + √

2, zero-time bunching with
nonetheless sub-Poissonian Fano factor FFCS can be ob-
served and regimes, where one cavity acts as a bunched,
the other as an antibunched source, can be identified.

3.6 Conclusions and outlook

Superconducting circuits based on a voltage-biased
Josephson junction and one or several series-connected

electromagnetic oscillators constitute excellent can-
didates for designing versatile sources of quantum
microwaves. Various basic excitation processes can be
selected by the choice of the bias voltage; here, we have
concentrated on the resonance, where each tunneling
Cooper pair excites a pair of photons, one in each of
the two cavities coupled to the junction. The impact of
the nonlinearity of the Josephson junction on the sys-
tem’s dynamics and the properties of the emitted radi-
ation is governed by the Josephson energy EJ determin-
ing the overall driving strength and the dimensionless
parameter κa(b) characterizing the importance of charge
quantization in the circuit. Entering the transition matrix
elements of the drive, κa(b) specifies if nonlinearities mat-
ter already on the single- or on the many-photon level
only. Adjusting κa(b) thus allows to find a nondegenerate
parametric amplifier, an anti-Jaynes-Cummings system,
or two linked two-level systems realized in the system.

We have analyzed second-order correlation functions
g (2)(τ ) and waiting-time distributions w(τ ) and found
various scenarios, where bunched, antibunched, and
other non-classical light sources are attained. The great
variety of highly nonclassical states can be traced back
to the complex interplay of the two oscillator subunits,
which cannot be found for simple single-mode creation
processes.

Future work (in preparation) will extend the concepts
studied here and employ the correlated excitation pro-
cess and the resulting correlated emission in a two- or
multi-mode setup to generate highly entangled multi-
qubit states.
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[11] J. Leppäkangas, M. Fogelström, A. Grimm, M.
Hofheinz, M. Marthaler, and G. Johansson, Phys. Rev.
Lett. 115, 027004 (2015).

[12] S. Dambach, B. Kubala, V. Gramich, and J. Ankerhold,
Phys. Rev. B 92, 054508 (2015).
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Abstract
When connecting a voltage-biased Josephson junction in series to severalmicrowave cavities, a
Cooper-pair current across the junction gives rise to a continuous emission of strongly correlated
photons into the cavitymodes. Tuning the bias voltage to the resonance where a single Cooper pair
provides the energy to create an additional photon in each of the cavities, we demonstrate the
entangling nature of these creation processes by simplewitnesses in terms of experimentally accessible
observables. To characterize the entanglement properties of the such created quantum states of light
to the fullest possible extent, we then proceed tomore elaborate entanglement criteria based on the
knowledge of the full densitymatrix and provide a detailed study of bi- andmultipartite entanglement.
In particular, we illustrate howdue to the relatively simple design of these circuits changes of
experimental parameters allow one to access awide variety of entangled states differing, e.g., in the
number of entangled parties or the dimension of state space. Such devices, besides their promising
potential to act as a highly versatile source of entangled quantummicrowaves,may thus represent an
excellent natural testbed for classification and quantification schemes developed in quantum
information theory.

1. Introduction

The concept of entanglement is at the heart of quantumphysics: as one of the cornerstones at the foundation of
quantummechanics and, at the same time, as a key ingredient in emerging quantum technologies introducing a
newquantum resource into communication, computing, and sensing.

These two interconnected aspects of entanglement are reflected in a branching of research interests. On one
hand, amore abstract,mathematical direction of quantum information theorymaps out the boundary between
classical and quantumworld and further charts quantum states into various classes of entanglement.More and
more sophisticated (qualitative)witnesses and (quantitative)measures of entanglement are devised in this field
[1–8]withmany open questions remaining, in particular, concerningmixed states andmultipartite systems
[9, 10]. Oftentimes research considers complex quantum states characterized by certain, special classes of
densitymatrices, for which entanglement witnesses ormeasures can beworked out, while typically the question
inwhich actual systems and underwhich actual circumstances such statesmay naturally be encountered garners
less attention.

On the other hand, proposed and realized entanglement sources in the optical andmicrowave regime
typically strive to realize particularly simple entangled states, for instance, pure (squeezed)Gaussian states with
small, negligible admixtures [11–13], NOON states [14–16], ormaximally entangled states [17–19], thereby
accessing only a small number of all interesting types of entangled states. In themicrowave regime, besides
setups using analogs of typical nonlinear optical elements [13], more recent schemes extend the ability to create
arbitrary quantum states in amicrowave resonator [20] to several, spatially separatedmodes [15].While by
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properly choosing an elaborate pulse scheme, in principle, any entangled state could be created, it is typically a
maximally entangled or another simple pure entangled state which such experiments aim for.

The creation ofmultipartite or othermore complex entangled states requires increasingly complex pulse
schemes. These are reachable in such systems since one can build on the immense research effort (and the
resulting amazing progress in performance and control)which has been spent on these standard circuit-
quantum-electrodynamics (QED) setups as part of the larger quest for universal quantum computing.Here we
argue, however, that combining two key elements of circuit-QED setups, namely, Josephson junctions and
microwave cavities, in amuch simpler, less demanding device can offer an alternative, fully tunable and versatile
entanglement-generating source.

Recently developed Josephson-photonics devices [21–24], which already demonstrated their potential as a
source of nonclassicalmicrowave light [25–39], seem to be logical candidates for this task. In fact, the next
generation of setups currently being under fabrication is designed to explore bipartite photon creation
processes. The goals of the present work are thus twofold: tomake detailed and quantitative predictions about
entanglement properties of this new class of superconducting devices and to give instructions how to vary and
design experimental parameters accordingly. In this respect, the simple bipartite case is only the first step. Aswe
will show, Josephson-photonics architectures allow one by comparatively simple changes of experimental
parameters to also accessmultipartite situations, the characterization of which requires themost sophisticated
classification and quantification schemes developed in abstract quantum information theory.

The nontrivial entangled states, which appear as (quasi-)stationary states of these voltage-driven, damped
systems, allow one to explore the richness of entanglement phenomena along several dimensions: the number of
entangled parties, continuous or discrete degrees of freedom, fully entangled or biseparable states, all this is
controllable in a single experimental setup. Josephson-photonics devices or other entanglement sources
utilizing similar entanglement creationmechanisms, hence, highlight the necessity of better bridging the gap
between the abstract quantum-information branch of research on entanglement andmore practical-oriented
approaches aimed at utilizing entanglement as a resource for various quantum technological applications.

In this paper, wewillfirst briefly discuss a basic example of realizing either bi- or tripartite entanglement by a
simple change of the voltage bias applied to the Josephson junction (section 2). After having thus demonstrated
that such a device can, in principle, be used as a source of genuinelymultipartite entangledmicrowaves, wewill
explain how also other characteristics of entanglement can be explored by varying other experimental ‘knobs’. A
detailed discussion of bi- andmultipartite entanglement in sections 3 and 4, respectively, then reveals the full
richness of entanglement phenomena in Josephson-photonics devices. Limitations which occur in current
experimental setups and possible improvements andmodificationswhichmight thus become necessary are
discussed in section 5.We conclude in section 6 and address open questions which remain for future research.

2. Josephson-photonics device as entanglement source

A Josephson-photonics setup, as pioneered by the experimental groups at Saclay/Grenoble [21, 25, 26] and
Dartmouth [22–24] and subsequently extensively investigated theoretically [23, 28–41], uses a Josephson
junction biased by an external dc voltageV to createmicrowave excitations in two ormore series-connected LC
oscillators with frequencies w = L C1q q q , see figure 1(a). These oscillators parallel themicrowave stripline

cavities coupled to qubits in standard circuit-QED setups, where, however, there is no dc-current path through
the system.

Biasing the junction so that its Josephson frequency w = 2 eVJ matches the sumof themodes
frequencies, w w= åq qJ , the transfer of a single Cooper pair across the Josephson junction gives rise to a

simultaneous creation (or annihilation) of one photonwithin each of themodes. This common creation process
is balanced by subsequent individual leakage of photons via output lines connected to each of the different
resonators so that eventually a stationary1 (and possibly entangled) state of the spatially separated cavities is
reached.

Formally, the particular resonant processes at the given bias are picked out by a rotating-wave
approximation after the systemHamiltonian is transformed to a frame rotatingwith the Josephson frequency wJ

[28, 29, 32, 33]. The resulting effective time-independentHamiltonian

1
Besides the leakage of photons from the resonator, local voltagefluctuations at the junction are a second source of decoherence in an actual

experimental realization aswill be discussed below in section 5. The stationary states resulting from the current simplified analysis will
appear as quasistationary states whenweak voltage fluctuations are included. As discussed in section 5, these states are experimentally
accessible on intermediate timescales.

2
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2 measuring each oscillator’s zero-point quantumfluctuations. In the appendixA,we

discuss the equivalent structure of theHamiltonian for other resonances, e.g., if the chosen bias allows single
photon excitations in some subset of all coupled oscillators.

The bracketed term in equation (1) indicates the fundamental photon creation/absorption process
considered here: each forward (backward) tunneling event of a Cooper pair goes alongwith the simultaneous
creation †aq q (absorption aq q) of one photon in each of the oscillatormodes. These fundamental processes,
however, aremodified by the inherent nonlinearity of the Josephson junction, reflected in the appearance of the
product of Bessel functions, whichmakes the driving nonlinear.

Generally speaking, the effect of these nonlinearities on the dynamics of the system is governed by two
different experimental parameters, the kq parameter(s) and the Josephson energyEJ. The former fixes the
relative size of the transitionmatrix elements between neighboring states of oscillator q and thus effectively sets
its level structure aswewill see below in section 3.2. The latter determines the driving strength and thus the
population of the corresponding levels. Aswewill see later on (see figure 1(c)), varying these parameters (and the
resonance chosen)makes it possible to explore a wide range of entanglement phenomena in Josephson-
photonics devices.

Creating and annihilating photons according to theHamiltonian in equation (1), a stationary state is reached
in due course as excited photons leak out of the resonators into the electromagnetic environment after a lifetime
g1 q. Focusing on the zero-temperature limit, this dynamics can be described by a quantummaster equation of

the standard Lindblad form [42]
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for the density operator ρ of the cavity degrees of freedom.
Afirst basic example demonstrating the entanglement power of the device and at the same time illustrating

the general strategy pursued in our investigation is sketched infigure 1(b). Let us consider a setup consisting of
three cavities a, b, and c, with the photonic operators nowdenoted =† †a a1 , =† †a b2 , and =† †a c3 . Selecting two
biasing conditions w w w w= = + +( )2 eV a b cJ and consequently two different resonant excitation
processes, the driving is turned up to investigate if (andwhat type of) entanglement is achieved.

What statements on entanglement can bemade depends on the choice of entanglement witness ormeasure.
Later on, wewill present a number ofmore elaborate witnesses designed to optimize the information on
entanglement gained. For themoment, however, we consider a particularly simple witness experimentally

Figure 1. (a)Sketch of an effective circuitmodel consisting of a voltage-biased Josephson junction connected in series to three LC
oscillators with frequencies w = L C1q q q . By tuning the external voltage, we can access a variety of different resonances where a
single Cooper pair tunneling across the junction provides the energy to excite one or several photons in one, two, or three resonators.
(b)We focus here on the biasing conditions w w w w= = + +( )2 eV a b cJ , where two (three)photons are simultaneously created
in different oscillators. Simple entanglement witnesses introduced in equation (3) (equation (4)) prove the presence of genuine
bipartite (tripartite) entanglement between the two (three) oscillator subsystems for awide range of driving. (c)Cartoon of the space
of entanglement phenomena illustrating the versatile entangling properties of the Josephson-photonics device. Each of the directions
(number of parties, number of levels, entanglement class) is associatedwith an experimentally accessible parameter (voltageV,κ
parameter, Josephson energy EJ). The nature of entanglement in the red and blue regions is analyzed in detail in section 3 (figure 2) and
section 4 (figure 5), respectively.
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accessible viameasurements on the output lines. Namely, the violation of the inequalities [43, 44]

á ñ á ñ á ñ = á ñ∣ ∣ ( )† † a b n n n
sym.

, 3a b ast st st st

á ñ á ñ á ñ +

= á ñ á ñ

∣ ∣

( )

† † † a b c n n n

n n n

perm.
sym.

3 4

a b c

a b c

st st st

st st

bears witness to the presence of genuine bi- and tripartite entanglement for the full range of driving shown in
figure 1(b). The equality signs hold for the symmetric case, k k k= =( )a b c and g g g= =( )a b c , also assumed in
thefigure.

Indeed, we showdata for small k = 0.1a b c so that nonlinearities appear for large occupation numbers
only. In theweak driving case, there are but small corrections to the bare entangling process of a nondegenerate
parametric amplifierwith drivingµ +† †E a b c. c.J and its three-party equivalent. In consequence, for the
w w w= +a bJ resonancewe immediately recognize infigure 1(b) the known parametric-amplifier results,
á ñ = á ñ µn n Ea bst st J

2 and á ñ µ† †a b Est J for weak driving [32, 35]. If the inequality holds, no statement on
entanglement is possible based on the chosenwitness. Similarly, for the w w w w= + +a b cJ resonancewe
cannotwitness entanglement between twomodes alone (á ñ º† †a b 0st ), but instead all three resonators are
entangled for thewhole driving range shown.

These simple cases can nowbe used to exemplify the key strategy of this investigation. The versatile
entangling properties of Josephson-photonics devices are exploited to explore the space of entanglement
phenomena along several directions. Schematically, this is visualized infigure 1(c). Roughly speaking, different
experimental knobs in our setup correspond to different dimensions of the complete space of all possible
entangled states:

(i) Changing the bias voltage, the number of actively involved oscillators and thereby the number of parties
which are (potentially) entangled is varied.

(ii) Changing the parameter kq, different effectiveHilbert (sub-)spaces for party q are realized. For k  0q , for
instance, all levels of oscillator q are accessible, while for special values of kq oscillator q reduces to an
effectiveN-level state (most importantly k = 2q yields a two-level system as discussed in section 3.2 below).

(iii) The driving strength EJ finally is changed to tune the system through different classes of entanglement.
These can be as simple as in the basic example above, where ourwitness only allows the identification of an
entangled region below some EJ and an unchartered region above. The aim, however, (achieved in this
paper for the casesmarked by the blue and red regions in the figure) is the complete characterization of
entanglement for the chosen scenario.

As a bottom line, we have demonstrated that the new experimental platformof Josephson-photonics devices
has indeed the potential to create entangled photon states. The type of entanglement is determined by a small set
of experimentally tunable parameters. To show this in detail, we now turn toward the simplest scenario, namely,
bipartite entanglement.

3. Bipartite entanglement

In the three-oscillator setup presented above, a bipartite system is realized by selecting a bias condition
w w= +2 eV a b. The corresponding effectiveHamiltonian differs from an experimentally already realized

two-cavity setupmerely in a renormalization of the Josephson energy, see equation (A.1) in the appendixA. In
any case, the simultaneous creation of a single photon in each of the oscillators a and b leads to strongly
correlated dynamics including potentially, but not necessarily, quantum entanglement. These two subsystems
are called entangled if their correspondingmixed state ρ is not separable, i.e., if it can not bewritten as a convex
combination of product states of the subsystems: r r r= å Äpj j a

j
b
j with convexweights >p 0j andå =p 1j j .

The questionwhether a given bipartite densitymatrix is separable or entangled is still lacking a general
answer. Over the last decades, however, a large number of different criteria have been proposed to detect the
presence of entanglement or to prove separability (for an overview see, e.g., [1–6]). In experiments, the analysis
of entanglement is often restricted to simplewitnesses based on directlymeasurable quantities (see, e.g.,
equation (3) in the previous section). Our theoretical approach, however, provides full information on the
system, i.e., the complete densitymatrix, which is experimentally accessible only by full state tomography, so
that in essence thewhole range of theoretically established entanglement criteriamay be applied.
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3.1. PPT criterion and logarithmic negativity
An entanglement criterion both powerful and simple is the criterion based on positive partial transposition (PPT
criterion) [45]. It relies on the fact that taking the transpositionwith respect to a single subsystemonly does not
necessarilymap a state ρ onto a quantum state again. If, however, ρ is a separable state, its partial transpose
r r r= å Ä( )T

j a
j T

b
ja (and analogous for subsystem b) indeed represents a valid densitymatrix and is thus

positive semidefinite, r r 0 0T Ta b . In consequence, we can conclude that ρ is entangled if its partial
transpose is not positive semidefinite, i.e., if it has at least one negative eigenvalue. In this case, we say that ρ has a
negative partial transpose (NPT). Importantly, the converse is explicitly not true in general: a PPT, i.e., the partial
transpose of ρ is positive semidefinite, does only imply separability for the special cases of the low-dimensional
3×2 and 2×2 systems [46, 47].

To additionally quantify the amount of entanglement of ρ, the logarithmic negativity r r=[ ] (∣∣ ∣∣ )E logN
T

2 1a

[48, 49], which is directly linked to violation of the PPT criterion, is used. This entanglementmeasure is based on
the trace norm ∣∣ ∣∣... 1of the partial transpose rTa, which is related to the sumof the negative eigenvalues l-

j of rTa:
r l= + å -∣∣ ∣∣ ∣ ∣1 2T

j
j

1a . PPT criterion aswell as logarithmic negativity are easy to calculate for arbitrary-
dimensional state spaces if the densitymatrix is known; however, they obviously fail in detecting some entangled
states, namely, thosewith a positive partial transpose.

We can nowproceed to pursue our general strategy and explore the remaining directions of the space of
entanglement phenomena (sketched in figure 1(c) as a plane) for this two-party case of Josephson photonics. For
afirst overview, the symmetric kq direction, i.e., k k k= =a b , is chosen and also the damping of the two
oscillators is assumed to be equal, g g g= =a b . Figure 2(a) then shows the driving dependence of logarithmic
negativityEN, whileκ is allowed to increase from the parametric-amplifier limit k  0with its harmonic level
structure and driving. The results for the entanglement witness shown infigure 1(b) are close to this limit
with k = 0.1.

Two important features offigure 2(a)will be explored in the following discussion. Firstly, the logarithmic
negativityEN shows amaximumwhich becomes themore pronounced the smaller the value ofκ is with its
positionmonotonically shifting from g g k k< = k k k+ +( ) ( )E E ec

a b a bJ J
2 2a b c toward »E E 1c

J J
2 . (E c

J
2 is

the amplification threshold in the parametric-amplifier limit k  0.) Secondly, EN has a distinctminimumat
»E E 2c

J J
2 , nearly independent of the actual value ofκ. At k = 2, however,EN does not only take aminimum

but vanishes and stays zero for all  E E2 c
J J

2. This feature, specific to k = 2, is related to the restrictedHilbert
space of each of the entangled parties, as the suppressions of any transitions to higher excited levels effectively
reduces the harmonic oscillator to a two-level system.

3.2. RestrictedHilbert space
The special values ofκwhere the state space of each of the two oscillators is effectively reduced to a sixteen-
(k » 0.23), three- (k = -3 3 ), or two-level system (k = 2) are indicated by dashed lines infigure 2(a)
(corresponding to the cross sections infigure 2(b)). These special values simply follow from the roots of the
transitionmatrix elements = á + + ñ+ + ∣ ∣T m m H m m, 1, 1m m m m a b a b, ; 1, 1a b a b

stemming from the (normal-
ordered)Bessel functionswhich captures the inherent nonlinearity of the Josephson junction. The transition
matrix element factorizes intomatrix elements involving a single cavity only and can be given in terms of the
generalized Laguerre polynomials k( )( )Lm

1
a b

[34, 39].
While results plotted infigure 2 are found by solving Lr = 0 numerically, for the low-dimensional case of a

2×2Hilbert space obtaining results in a simple analytical form can provide some interesting insights. Solving

Figure 2. (a)Logarithmic negativity EN in steady state for two symmetric oscillators (k k k= =a b , g g g= =a b ) as a function of the
κ parameter and the driving EJ. Dashed lines refer to special values ofκwhere the state space of each of the two oscillators is reduced to
2, 3, or 16 levels. (b)Cross sections of the dashed lines in (a) supplemented by the corresponding results for the 16×2 system. Steady-
state entanglement vanishes only in an ´N 2 Hilbert space for sufficiently strong driving.
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the coupled equations ofmotion for the densitymatrix elements in the standard product basis
ñ ñ ñ ñ{∣ ∣ ∣ ∣ }00 , 01 , 10 , 11 , the steady-state densitymatrix takes the simple form

r

r r

r

r

r r

= ( )

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟

0 0

0 0 0

0 0 0

0 0

, 5st

00,00
st

00,11
st

01,01
st

10,10
st

11,00
st

11,11
st

where the nonvanishingmatrix elements are a function ofEJ and γ. They are given in the appendixB
(equation (B.1)) for the general case of asymmetric damping. For equal damping, the logarithmic negativity is
only a function of the absolute value of the coherence r rº ( )*00,11

st
11,00
st and the population

r rº01,01
st

10,10
st : r r r= + -[ ] { [ (∣ ∣ )}E max 0, log 1 2N

st
2 00,11

st
01,01
st .

The results for EN infigure 2 are easy to understand forweak driving, E E 0c
J J

2 . In that limit, populations

as r µ E01,01
st

J
2 increase slower than coherences r µ∣ ∣ E00,11

st
J so that r[ ]EN

st steadily increases with the driving.

For larger values of E E c
J J

2, however, r01,01
st saturates while r µ -∣ ∣ E00,11

st
J

1decreases, hence r[ ]EN
st decreases and

eventually vanishes when r r∣ ∣ 00,11
st

01,01
st with r =[ ]E 0N

st if  E E2 c
J J

2. Amaximal entanglement of

r = +[ ] [( ) ]E log 3 5 4N
st

2 is found in between for = +( )E E 2 1 5c
J J

2 (the inverse of the golden ratio).
The entanglement features of the 2×2 system are passed on nearly unchanged to systemswith unequal kq

chosen such that one party still is a two-level system,while the dimension of theHilbert space of the second party
is increased, e.g., the 16×2 realization infigure 2(b). The similarity to the 2×2 case can be explained by the
fact that, in consequence of energy conservation and the simultaneous creation of photons, themean
occupations of the two oscillators are coupled, g gá ñ = á ñn na a b bst st. The presence of the qubit thus leads to
signatures of state-space restriction in the sixteen-level system (see [35, 39]), which are reduced (g g<a b) or
enhanced (g g>a b) for asymmetric decay rates.

Note that r =[ ]E 0N
st does, in general, not imply separability for a 16×2 system.However, we know that if

an ´N 2 state ρ is invariant under partial transpositionwith respect to the qubit, i.e., r r=Tb , then ρ is
separable [50]. Since the property of separability is independent of invertible local transformationsU acting on
2, also r rÄ Ä = Ä Ä[( ) ( ) ] ( ) ( )† †   U U U UTb implies separability. Due to the simple structure of rst in
the 16×2 casewhere all coherences are zero except for r +( )j j0, 1 1

st with Î ¼{ }j 0, , 14 , we can decompose rst

into different legitimate quantum states and find appropriate transformationsU. The steady state is then
expressed as r r r= ++ -( ) 2st where r r r r= + 

T
diag off off

b with rdiag and roff being the diagonal and off-

diagonal part of rst, respectively. Choosing =+ U ( = + -- [ ]U i idiag 1 , 1 2 ) shows that r+ (r-) and thus
rst is separable. So, indeed, the 16×2 systemhere is separable whenever r =[ ]E 0N

st .
Separability for strong driving in the ´N 2 cases does notmean that quantum correlations between the two

subsystems are absent. This is reflected in a nonzero quantumdiscord [51, 52], whichmeasures quantum
correlations by the difference between quantummutual information and classical correlations. States of the
2×2 and 16×2 systemwith r =[ ]E 0N

st have a strictly positive quantumdiscord, i.e., they contain
nonclassical correlations even though they are separable. This is shown using a simple witness [53]which allows
the detection of nonvanishing quantumdiscord: If a bipartite state ρ does not commutewith r Ä a , where
r r= { }Tra b , then its quantumdiscord is nonzero and ρ is nonclassically correlated. It has been shown that even
such nonclassically correlated states without entanglementmay represent a valuable resource for a number of
different quantum information processing tasks [54–56].

3.3.Modified drivingHamiltonian
Steady-state entanglement vanishes for strong driving only in case that a qubit is involved. For all other
realizations, e.g., the 3×3 or 16×16 realization, the logarithmic negativity takes aminimumaround

=E E 2c
J J

2 followed by an increase inEN. This increase can be traced back to coherences associatedwith higher
photon creation processes, e.g., r00,22 in the 3×3 case. These do not vanish but saturate in the limit

 ¥E E c
J J

2 . If the absolute value of these coherences in this limit is sufficiently large compared to the
populations, entanglement can occur even in the regime of very strong driving.

In this section, wewant to focus on this strong-driving limit to illustrate that theκ direction of our sketch of
entanglement space above ismore complex than suggested so far bymerely discussing the reducedHilbert space
of the two parties. To that end, we restrict the cavities to a 3×3 systembut study the impact ofmodifying the
relative size of the different transitionmatrix elements of the drivingHamiltonian.

This is not purely an academic exercise but ismotivated by recent circuit-QED experiments which employ
additional oscillating driving fields to essentially cut off the harmonic ladder of energy states of a stripline cavity
at some levelN [57].We envision similar schemes being accomplished in our Josephson-photonics setup and

6

New J. Phys. 19 (2017) 023027 SDambach et al

57



II. Josephson Photonics

thus study a so-realized 3×3 systemwhile allowing for a variableκ to change the ratioT T1,2 0,1of the single-
cavitymatrix elements, seefigure 3.

The dashed lines indicate here some special realizations of 3×3 systems: (i) an otherwise harmonic system
(k  0) cut off to 3×3, (ii) a symmetric 3×3 system (k = -2 2 ), (iii) the ‘native’ Josephson-photonics
3×3 system (k = -3 3 ), and (iv) the 2×2 system (k = 2) also natively realized in Josephson photonics
without additional fields. The results depicted infigure 3 show that whether rst in the strong-driving limit is
entangled or not strongly depends on the value ofκ and thus on the ratio of thematrix elements. Among the
indicated special cases, only the native Josephson-photonics 3×3 system is entangled in the strong-driving
limit.

Actually shown infigure 3 is the logarithmic negativity expressed in terms of the densitymatrix elements as
r r r= + -[ ] { [ (∣ ∣ )}E max 0, log 1 2N

st
2 00,22

st
02,02
st . Here, r =[ ]E 0N

st is both necessary and sufficient for

separability: if r[ ]EN
st vanishes, rst can bewritten as a sumof a separable (diagonal) state and a 2×2 state

formed by the levels ñ∣0 and ñ∣2 which turns out to be separable if r r∣ ∣ 00,22 02,02.

3.4. Entanglement dynamics
The time-resolved statistics of photon emission events from the cavities has recently been studied
experimentally and theoretically for Josephson-photonics setups [25–27, 33–38]. Borrowing tools from
quantumoptics [58–60], in particular the second-order correlation function t( )( )g 2 , provides a deep insight
into the strongly correlated quantumdynamics of the oscillator subsystems. Following this work, it seems quite
natural to also consider the entanglement dynamics after a single photon emission event is observed. The photon
emission process fromoscillator a is described by a jumpoperator Ja acting on the density
operator, J g r= †a aa a .

The dynamics of entanglement is also often studied in the context of decoherence. Then, an initially
prepared entangled state interacts with an environment leading to a decay and (oftentimes) a sudden death of
entanglement after afinite time [61–64].

Here, we consider again the special case of a 16×2 systemmoderately driven, =E E 1.75c
J J

2 , below the
entanglement-separability threshold to its steady state. Then at t = -0 , a photon leaving the system is detected.
Figure 4 pictures the subsequent time evolution of the logarithmic negativity after emission from cavity a or b for
g g = 1a b (solid lines) and g g = 0.3a b (dashed lines). In all these cases, the two oscillator subsystems are
separable at t = +0 immediately after the photon emission event. Note that =E 0N here is sufficient for
separability after a photonmeasurement, which can be proven by a similar reasoning as outlined above in
section 3.2 for the steady state of the 16×2 system. If the emitted photon stems from the two-level system
leaving it in its ground state, separability is obvious. Surprisingly, however, a separable state is also found if the
photon is emitted from the sixteen-level system.

Let usfirst focus on symmetric decay rates, i.e., g g = 1a b . If a photon jumpout of the sixteen-level system is
detected, the two-level systemmight still be in its excited state blocking further photon creation processes and
thus hindering the development of entanglement. This is why EN stays zero for some time after the emission
event duringwhich it becomesmore andmore likely that the two-level systemhas already relaxed before
bipartite entanglement is created again. In contrast, if a photon is emitted from the two-level system, a new
creation process can occur immediately, which is reflected in a strong increase inEN on short time scales. In this
case, the entanglement features a distinctmaximumbut vanishes again for afinite span of time before ENfinally
approaches its steady-state value.Note that the ‘suddenness’ of death and revival features, here aswell as in the

Figure 3. Steady-state logarithmic negativity EN in the strong-driving limit,  ¥E E c
J J

2 . State space is cut to a 3×3 system of two
symmetric oscillators.Whether steady-state entanglement is observable depends on theκ parameter, which determines the ratio
T T1,2 0,1 of the two transitionmatrix elements. Dashed lines indicate special realizations of 3×3 systems (seemain text for details).
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decoherence dynamics of entanglement, is of course simply related to the definition of logarithmic negativity:
while all densitymatrix elements and eigenvalues evolve smoothly, the sumof negative eigenvalues only
does not.

Turning toward asymmetric decay rates, g g = 0.3a b , the degree of bipartite entanglement is generally
lowered since the two-level system ismuch less populated. Furthermore, the delayed revival of entanglement is
not that pronounced anymore as the probability that the two-level system is still excited after an emission event
from the sixteen-level system is reduced. The fact that the vanishing of entanglement for afinite time span is
lifted here completely indicates that this phenomenon can be traced back to the harsh state-space restriction in
oscillator b, which has here a less dramatic effect due to the large gb.

In the preceding sections 3.1–3.4, we have exploited that for the bipartite case the characterization of
entanglement is comparatively simple so that even the amount of entanglement can be quantified. As a general
feature, the corresponding logarithmic negativityfirst increases with increasing driving to approach a
maximum. For stronger driving, specific features crucially depend on theway the system is driven. Due to the
high accuracywithwhich these devices can be characterized and controlled, the explicit values for parameters
predicted here allow now to access desired entanglement properties in future experiments, e.g., by choosing the
predicted optimal driving strength tomaximize the amount of entanglement.

3.5.Map of entanglement
The ratio g ga b of the decay rates, as seen in the previous section, has a considerable impact on the
characteristics of entanglement. Once the dimension of effectiveHilbert space is determined, i.e., both the
number of active oscillators and the number of accessible levels in each of these oscillators isfixed, there still
remain two parameters, E E c

J J
2 and g ga b, which determinewhether entanglement is present or not. This can

be visualized in an entanglementmap dividing the two-dimensional space spanned by these parameters into
regions of separable or entangled states.

In the two-qubit case, used infigure 5(a) as a simple example, the PPT criterion already provides a necessary
and sufficient condition for entanglement. Immediately, the corresponding steady-state entanglementmap in
figure 5(a) results, with entangled states (NPT) below and separable states (PPT) above

g g g g= +( ) ( )E E c
a b a bJ J

2 2 2 . The phenomenon of such an entanglement-separability threshold has also been
observed in a number of similar steady-state systems, see, e.g., [65–69].

Determining the exact boundary line between entangled and separable states for an arbitrary bipartite
system is usuallymore difficult due to the lack of criteria which are both necessary and sufficient for the
detection of entanglement. Nonetheless, the basic structure of such an entanglementmap in the bipartite case is
always quite trivial as any state falls in either of only two classes. This, however, changes drastically when turning
towardmultipartite systems in the following section, where the entanglement structure naturally becomesmuch
more complex (see figure 5(b)).

4.Multipartite entanglement

The structure of entanglement betweenmore than twoparties ismuch richer than in the bipartite case and does
not represent a trivial extension of these results [1–6]. Besides the basic questionwhether a givenmultipartite
state is separable or entangled, we nowhave to specify the type of entanglement. A system consisting ofN parties
in a nonseparable state does not necessarily have to be genuinelyN-partite entangled but can also bem-separable

Figure 4.Dynamics after a photonmeasurement of the logarithmic negativity EN for a 16×2 system initially in steady state for
=E E 1.75c

J J
2 . Observing a photon leaving oscillator a (magenta) or b (cyan) at t = -0 leads to a complete loss of entanglement.

Features like entanglement sudden death and revival observable in the subsequent dynamics ofEN (for symmetric decay) can be traced
back to the presence of the two-level system and vanish for strong asymmetry (g g = 0.3a b ).
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( < <m N1 ), i.e., there exists a splitting of theN parties intom groupings which are separable from each other.
In addition to this, even genuinelyN-partite entangled states can further be divided into different subclasses. The
classification ofmultipartite states, in particularmultipartitemixed states, is still amatter of intense research and,
despite all efforts, it is far frombeing completely understood in general and is only explicitly known for very
special cases.

Here, we therefore concentrate on one of these special cases, namely, a three-qubit system realized for
k = 2q in our setup. In section 4.1, we briefly review a commonly used classification scheme formixed three-
qubit states before we apply this to our specific 2× 2× 2 system in section 4.2 and chart the correspondingmap
of entanglement classes.

4.1. Classification ofmixed three-qubit states
For pure three-qubit states, it is well known that there exist different equivalence classes of entanglement [9], and
such a classification scheme can also be extended tomixed states [10].

A pure three-qubit state is called a fully separable state if it can bewritten as j y y yñ = ñ Ä ñ Ä ñ∣ ∣ ∣ ∣a b cfs . A
biseparable state is a statewhere one of the three parties is separable from the other two. Consequently, there exist
three different classes of biseparable states depending onwhich of the two subsystems are grouped together: for
example, j y yñ = ñ Ä ñ∣ ∣ ∣a a bcbs, indicates a state where the parties b and cmay be entangled. States which are
neither fully separable nor biseparable are called genuinely tripartite entangled. These states, however, can further
be divided into two classes of inequivalent states, the so-calledW-class states j ñ∣ W with representative

ñ = ñ + ñ + ñ∣ (∣ ∣ ∣ )W 001 010 100 3 andGHZ-class states j ñ∣ GHZ represented by

ñ = ñ + ñ∣ (∣ ∣ )ZGH 000 111 2 . Genuinely entangled states belonging to theGHZ class orW class cannot be
transformed into one another by stochastic local operations and classical communication.

Formixed three-qubit states corresponding classes based on the results for pure states via convex
combinations can be defined. Amixed state is considered as a fully separable state if it can bewritten as a convex
combination of fully separable pure states j ñ∣ j

fs , i.e., r j j= å ñá∣ ∣pj j
j j

fs fs fs with convexweights >p 0j and

å =p 1j j . Accordingly, amixed state is called biseparable if it can be expressed as a convex sumof pure

biseparable states j ñ∣ j
bs and pure fully separable states j ñ∣ j

fs . The pure biseparable states in this summight be
entangledwith respect to different partitions. Additionally, we define subclasses of biseparablemixed states
where pure biseparable states in the convex sumare all separable with respect to afixed partition, i.e., either the
partition ∣a bc , ∣b ac , or ∣c ab. States which are part of theWclass can be expressed as a convex sumof pureW-class

Figure 5. (a)Mapof entanglement classes in the parameter space of the 2×2 system (k k= = 2a b ) in steady state spanned by the
driving, E E c

J J
2, and the ratio of decay rates, g ga b. Since the PPT criterion is both necessary and sufficient for the detection of

entanglement here, any state can directly be assigned to either the class of entangled or separable states. (b)The correspondingmap
for the ´ ´2 2 2 system (k k k= = = 2a b c )with one differing decay rate, g g ¹ 1a b c . Combining the statements of different
entanglement criteria (C1–C5) reveals a rich structure of different regions in parameter spacewhich are associatedwith one (or
several) three-qubit entanglement classes.
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states j ñ∣ W
j , pure biseparable states j ñ∣ j

bs , and pure fully separable states j ñ∣ j
fs . Allmixed states which are not

covered by theGHZ classification so far are in theGHZ class. States which belong either to theW orGHZ class
are summarized as genuinely tripartite entangled states.

4.2.Map of entanglement classes
Wewill nowdiscuss how to chart amap of entanglement classes for the various stationary states of our
Josephson-photonics device in the three-qubit case, k = 2q . Figure 5(b) shows the resultingmap in the
parameter space spanned by the driving strength and an additional parameter allowing for unequal damping of
the cavities. To chart thismap of entanglement classes, wewill not directly rely on the above introduced
definitions since a straightforward rewriting of the densitymatrix is usually not feasible. Instead, various
witnesses or other criteria which have been developed based on these definitions are employed delivering
statements on the entanglement nature of the stationary state for a certain region of parameter space. These
multiple statements are then eventually combined to construct the fullmap.

Wefirstfind that the steady-state densitymatrix in the three-qubit case has a simple structure,

ð6Þ

whenwritten in a standard product basis ñ ñ ñ ¼ ñ{∣ ∣ ∣ ∣ }000 , 001 , 010 , , 111 . Alluding to the pattern of nonzero
matrix elements, states of this structure are known asX states (here, there are some additional zeros).X states
have beenwidely studied [70–76]with respect to entanglement and other quantumproperties, in particular a
subset of these states, which is calledGHZ-diagonal [77]. Despite their simple structure, states of this form yield
a rich pattern in themap of entanglement classes aswewill see in the following.

Allowing for the decay rate of one of the qubits to differ from the other two, i.e., g g= ¹r 1a b c , the density

matrix elements of rst in equation (6) can be explicitly found as simple functions of driving,
k k k g g= k k k- + + ( )( ) E E E ec

a b c a b cJ J
3

J
2a b c , and asymmetry (see equation (B.2) in the appendix B).

With those expressions, we can nowproceed in our entanglement classification focusing first on
symmetrically damped oscillators, r=1.

• CriterionC1 is a simple witness proposed byGühne and Seevinck [73] based directly on the densitymatrix
elements of a three-qubit system that allows us to detect genuinely entangled states: if ρ is a biseparable state,
then itsmatrix elements fulfill the inequality
r r r r r r r+ +∣ ∣ 000,111 001,001 110,110 010,010 101,101 011,011 100,100 . Here, wefind the inequality violated for

all states where <E E 2c
J J

3 , implying genuine tripartite entanglement below this driving strength, see
figure 5(b).

• CriterionC2 based byNovo et al [78] on a combination of PPTmixtures and permutationally invariant
states, in contrast, detects states which are definitely not genuinely entangled but biseparable at themost. A
PPTmixture is defined as a convex combination of PPT states with respect to a specific partition, i.e.,
r r r r= + +p p pa a b b c c

mix mix mix mix with r( )  0j
Tmix j " j. A permutationally invariant three-qubit state is

biseparable if and only if it is a PPTmixture. Here, we can show that for  E E2 c
J J

3 all states can bewritten
as a convex sumof fully separable states and a permutationally invariant PPTmixture, i.e., all these states are
not genuinely tripartite entangled. For > E E2 c

J J
3, we can notmake any statements.

• CriterionC3 followswork byWölk et al [44] to develop an entanglement witness based on theHölder
inequality which detects nonseparable states: if ρ is a fully separable state, then the inequality
r r r r r∣ ∣ 000,111 000,000 011,011 101,101 110,1104 holds. Violation is consequently a sufficient condition for ρ to be

not fully separable, which indeed is the case here for all states where < - »E E 3 33 1 2 4.62c
J J

3 .

This implies that rst is biseparable, but not fully separable, in the regime  E E2 4.62c
J J

3 .

• CriterionC4 is one of a large number of powerful criteria that is available for states which are diagonal in the
GHZbasis j j j j j jY ñ = ñ  ñ∣ (∣ ∣ ¯ ¯ ¯ ) 2j a b c a b c withj Î { }0, 1l andj j¹ ¯l l. Dür et al [77] presented a
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necessary and sufficient criterion to decide whether such aGHZ-diagonal state is fully separable.Wefirst
apply an invertible local transformation to rst such that r r= Î 000,111

st
111,000
st , thereby not changing the

separability properties. For  E E6 c
J J

3, it can then be shown that all these states can bewritten as a convex
sumof obviously fully separable states andGHZ-diagonal states which turn out to be fully separable. Again,
we canmake no statement for > E E6 c

J J
3. For states in the regime < E E4.62 6c

J J
3 , we can thus only state

that they are not genuinely tripartite entangled.

• CriterionC5 allows the detection ofGHZ-class states andwas derived by Eltschka and Siewert [79] on the
basis of GHZ-symmetric states [80]: if á ñ <W 0, where

n n p n n p= - - + - + ++ -( ) ( ) ( )W 3 4 3 2 4 3 2 4Z Z0
2

0 GH 0
2

0 GH with
p = ñ  ñ á  á (∣ ∣ )( ∣ ∣)000 111 000 111 2GHZ and n-  1 10 , then ρ is part of theGHZ class. This

criterion yields that rst is aGHZ-class state in the regime E E 0.33c
J J

3 .

Dropping the restriction to equally damped oscillators, for ¹r 1 the structure of entanglement becomes
slightlymodified as new regimes occur. Firstly, a gap arises between the regime boundaries based onC1 andC2
so that a region develops where states are known (byC3) to be not fully separable, but the type of entanglement
could not be determined. Secondly, we can identify two additional regimes of biseparable states where the states
are separable with respect to afixed partition. This is shown again by rewriting rst as a sumofGHZ-diagonal
states and fully separable states. Building onwork ofDür et al [77], we can prove that theseGHZ-diagonal states
are biseparable with respect to the corresponding partition. As apparent infigure 5(b), the overlap of these two
regimes eventually forms the regime of fully separable states.

Intuitively onemight think that a strong symmetry between the three oscillators would favor genuine
tripartite entanglement. The results infigure 5(b) reveal, however, that in the near-symmetric case, »r 1, the
transition from genuine tripartite entanglement to biseparability and eventually further to full separability
already occurs at comparativelymoderate driving. Tuning the Josephson energy EJ in this near-symmetric case
allows one to access a three-qubit state with the desired entanglement properties. For increasing asymmetry, the
boundary lines between these regimes are shifted towards higher values ofEJ andwe end up in an entangled state
even for very strong driving. The blockade of further excitation and de-excitation processes once a photon has
left the system from triple occupation ñ∣111 is particularly effective for strong asymmetry and protects the
genuine tripartite entanglement against the impact of strong driving. The influence of the driving strength on the
entanglement properties can again be understood by considering the relative size of the coherences
r r=∣ ∣ ∣ ∣000,111

st
111,000
st and the populations r j j,

st (see explicit discussion for the 2× 2 realization in section 3.2). In
theweak-driving limit, the coherences are dominant compared to the populations implying a strong quantum
character in formof tripartite entanglement. Conversely, the coherences become small for strong driving, while
the populations saturate leading to amore classical behavior which is reflected in full separability.

One important questionwhich has not been addressed so far is whether there are also genuinely tripartite
entangled states which belong to theW class. This has not yet been excluded by the criteria discussed here for the
red region infigure 5(b). Possibilities to show that the genuinely tripartite entangled states belong to theW class
are unfortunately scarcely available. In particular,W-class states cannot be detected bywitnesses in general as
these are not designed to prove that a state lies inside a convex set [5].

To summarize this part, we have analyzed the surprisingly rich entanglementmap of the photonic states
which occur in formof stationary states in drivenmultimode cavity-Josephson circuits. This is evenmore
striking considering the simple structure of these states (equation (6)). The fact that thismap is spanned by only
two experimentally easily accessible parameters underlines the potential of these circuits as well-controlled
platforms for entanglement generation beyond bipartite situations. In particular, their operation does not
require any complicated pulse shaping of externalmicrowaves. However, thismap still contains unexplored
territory whichmay trigger further theoretical research to develop corresponding entanglement criteria.

5. Experimental situation

Current experiments in Josephson photonics have already realized two-cavity setups and takenfirst steps in
tackling the nonclassicality ofmicrowave emission [26, 27].We now shortly turn to a discussion towhat extent
the promised versatility offigure 1(c) can actually be fulfilled andwhat improvements andmodificationsmay
still be necessary.

Constructing setups of three ormore cavities and tuning the bias voltageV between the corresponding
resonances to switch directly from a bipartite to amultipartite systemdoes not seem to pose a principle
challenge. Besides the number of active parties, also the Josephson energyEJ, i.e., the class of entanglement, is
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easily tunable over a few orders ofmagnitude via themagnetic fluxwhen using a SQUID configuration for the
Josephson junction.

By contrast, the dimension ofHilbert space determined by the parameters kq is currently fixed by design.
While earlier experimental realizationswere limited to the low-impedance regime k 1q  , recent progress
alreadymakes it possible to reach values up to k » 1.6q [81]. Achieving a kq valuewhich exactlymatches one of
the special values restricting theHilbert space to afinite number of levels is actually not that crucial. Assuming
N×M systems above is convenient for calculations and interpretation.However, except for extremely strong
driving therewill hardly be a difference between a near suppression and an exact vanishing of a certain transition
matrix element (see figure 2(a) and also the discussion in [39], showing that deviations in the populations in a
2×2 system are of order dk( ) 2 ). Nonetheless, if tunability is desired, employing SQUIDs at the end of a cavity
ormeta-material striplines constructed from long SQUID arrays [82], the effective cavity length (and therefore
the resonance frequency) can be changed bymagnetic fluxes.Moreover, the actual defining equation
k w= ( )( )Eq C q

0 , where =E e C2C q
2 is the charging energy, corresponds to k = ( )e L C2q q q

2 for the

fundamental l 4 mode w( )
q
0 . Accessing highermodes instead, therefore also gives immediate in situ access to

lower kq values within currently existing devices.
Our theoretical investigations have been restricted to a small portion of the ‘space of entanglement

phenomena’ (figure 1(c)), namely, the full bipartite case and the low-dimensional 2× 2× 2Hilbert space in the
tripartite case,mainly due to the fact that only here a classification scheme is known and implementable criteria
to detect these classes are available. The criteria used in our studies of bipartite andmultipartite entanglement in
the previous two sections,moreover, all require the full knowledge of the densitymatrix ρ. In an experiment, ρ
can be reconstructed on the basis of quantum state tomography [83], where the densitymatrix of an unknown
state is fully determined by repeatedly performingmeasurements in different bases on an ensemble of identical
copies of this state. In principle, investigating steady-state entanglement, here, such identical copies come for
free. However, thewhole procedure is challenging and,moreover, costly in terms of time, which aswill be
discussed belowwill pose severe limitations on implementing it in our setup. Particularly for systemswith large
Hilbert spaces, the knowledge of a quantum state ρ in an experimental situationwill therefore usually be
incomplete as based on a small number of observables only. For that reason, a large number of entanglement
criteria in terms of directlymeasurable observables have been proposed. Sometimes these are simplewitnesses
relying on a single inequality only (see, e.g., [43, 44, 73, 84–87]), but alsomore elaborate detection schemes are
knownwhich, e.g., relate the PPT criterion of a given state ρ to the positivity of a corresponding (infinite)matrix
ofmoments [88, 89].Whether one of these criteria is successful in detecting entanglement or not strongly
depends on the structure of ρ. In principle, however, there exists an entanglement witness for any entangled state
ρ [46]. To illustrate the limitations of simplewitnesses in detecting entanglement, we apply infigure 6 thefirst
threewitnesses, Î { }j 1, 2, 3 , of the family á ñ = á ñ - á ñ( ) ∣ ( ) ∣† † †W a a a bj

j j j
st st st (see equation (3) for j=1) [43]

to the steady state rst of the symmetric 16×16 system. They detect entanglement, á ñ <W 0j st , in theweak-

driving and strong-driving regime only, however, not in an intermediate regime between »E E 1.96c
J J

2 and
5.97, where entanglement indeed is present (seefigure 2).

Leakage of excited photons from the resonators into the electromagnetic environment is the dominant but
not the only source of decoherence in an actual experimental realization. As discussed in [28], local voltage
fluctuations at the Josephson junction associatedwith a rate gJ are comparatively weak, g g 1qJ  , in

experiments [21, 24].While they can be safely disregarded for some observables [28, 32, 39], they have a non-

Figure 6.Witnesses á ñ = á ñ - á ñ( ) ∣ ( ) ∣† † †W a a a bj
j j j

st st st for j=1, 2, and 3 detecting steady-state entanglement in the symmetric
16×16 system (k k= » 0.23a b ) for values of E E c

J J
2 where á ñ <W 0j st . All threewitnesses fail in detecting nonseparability in a

regime ofmoderate driving between »E E 1.96c
J J

2 and 5.97, where the presence of entanglement has already been proven by the PPT
criterion (seefigure 2).
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negligible impact on the entanglement properties in steady state. Describing the effect of voltage noise requires
an extendedmodel [28, 32]with an extra degree of freedom for the number of Cooper pairsN that have passed
the tunnel element. The bracketed term in theHamiltonian (equation (1)) is here replaced by
 + h h-( )†a ae eq q q q

i i with = å ñá +h ∣ ∣N Ne 1N
i , where the phase difference h across the junction andN

form a pair of conjugated variables, h =[ ]N i, . The quantummaster equation (equation (2)) is thenmodified
by the additional dissipator g r r r- -( )N N N N2 2J

2 2 , including the decohering effects of voltage
fluctuations on the system’s dynamics. To analyze how voltage noise affects the entanglement properties in
steady state, we study infigure 7 the logarithmic negativity EN for a 3×3 system and symmetric decay rates
(g g g= =1 2 )with g g = 0.01J during a switching-on/off process of the Josephson-photonics device.We
assume for r t r= =( )0 0 that the two cavities are initially in their ground state and there is awell-defined
phase difference across the Josephson junction, á ñ =h( )e 1ji with Î j . Figure 7(a) picturesEN as a function
of time for different values of the driving strength EJ after switching on the device at t = 0 by instantaneously
turning up the driving from =E E 0c

J J
2 to the respective value. In practice, the switching process can be

performed considerably quicker than other relevant timescales, in particular g1 [37].
The logarithmic negativity increases immediately and approaches, on a time scale of a few g1 , a

quasistationary state decaying exponentially but only very slowlywith rates of the order gJ. At gt = 50, we
finally switch of the device again by instantaneously reducing the driving to zero, resulting in a fast vanishing of
the entanglement on time scales associatedwith g1 . Infigure 7(b), EN is additionally plotted as a function of the
driving E E c

J J
2 at differentmoments in time after switching on the device. At gt » 4.0, the systemhas already

reached its quasistationary state and the corresponding logarithmic negativity almost coincides with the
reference values for vanishing gJ, where the system is in a true stationary state (dashed line, see figure 2). Due to
the impact of voltage noise, the degree of entanglement is henceforth continuously reduced and after a long, but
finite, waiting time the systemwould eventually end up in a completely disentangled state. Nonetheless, we can
conclude that for weak voltage noise there exists a time span sufficiently long for experimental observation
where themultifaceted entanglement properties discussed above for vanishing gJ are definitely present before
switching off and restarting the device becomes necessary.

6. Conclusions and outlook

To study the complexity of entanglement phenomena inmultipartite systems is a challenging and inmany
respects a still-unsolved problem, both in terms of theoretical concepts and in terms of experimental
realizations. In this paper, we demonstrated that Josephson-photonics devices which combine the basic
elements of circuitQED in formof a voltage-biased Josephson junction interacting with an array ofmicrowave
cavitiesmay serve as simple and versatile sources for the creation of entangled photons in themicrowave up to
the low terahertz regime. Theway these photonic states are created is strikingly simple and does not require
complicated pulse shaping. The relevant parameters of these devices are well-characterized and their operation
is controllable to such a degree that a small set of experimental knobs allows one to access a broad variety of
stationary photon states with specific entanglement properties.

Figure 7.The steady-state values of entanglement of section 3 are observable despite the presence of weak voltage noise, g g = 0.01J .

Data are shown for a symmetric 3×3 system (k k= = -3 3a b , g g g= =a b ). (a)Ona time scale of a few g1 after switching on
the device, the system approaches a quasistationary state with logarithmic negativity EN close to the steady-state results without voltage
noise (see (b)).EN then slowly decays exponentially with a rate gµ J. Switching off driving again at gt = 50 leads to a fast loss of the
residual entanglement due to photon leakage from the cavity. (b)The corresponding logarithmic negativity now as a function ofEJ at
different times after switch-on in comparison to the steady-state results for vanishing voltage noise (g = 0J , dashed line).
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In this work, we provided quantitative predictions for the amount of entanglement for the bipartite case
which are of direct relevance for experiments currently being implemented.More generally, we showed how to
design the number of entangled parties and the structure of their respectiveHilbert spaces by varying
experimentally accessible parameters. This way, various classes of entangledmultipartite photon states can be
realized. Specific attention has been then spent onmultipartite entanglement of two-state systems since for this
specific case advanced entanglement criteria have been developed recently. However, it turned out that even for
these cases our theoretical understanding is far from complete. The type of driven, dissipativemesoscopic
circuits considered heremay thus trigger further research to better understand entanglement inmore
complex situations.

For future experiments, one important questionwill be the best choice of witness. Complexity or ease of
measurement will have to be balancedwith the power of various possible witnesses to distinguish between
different classes and detect entanglement in awider ormore restricted range. This links to the challenge of
mitigating the debilitating impact of low-frequency noise on entanglement; either by choosingwitnesses which
can bemeasured during the time of quasistationarity, by further improving phase stability possibly via phase-
locking schemes, or by exploiting observables andmeasurement schemes insensitive to phase noise (see
Franson-interferometric schemes [90, 91]).

In that context, wewant to emphasize that in the current workwe concentrated on questions concerning the
entanglement of cavitymodes. Various closely related questions can be studied in the frequency- and/or time-
domain directly for outputmodes, including detailedmodeling offiltering and photon detection. Related to
these issues are possible limitations of our results inherent to themodeling of dissipation by a standard
quantum-optical Lindbladian.How andwhen to improve on thismodeling is an important topic for further
studies.

For applications as an entanglement source, an important feature distinguishing Josephson-photonics
devices fromother circuit-QED setups is the continuousmode of operation, which suggests particular potential
as high-intensity source. Operating several Josephson junctions in a parallel, self-synchronizedmannermay
conceivable serve this purpose.

For abstract entanglement theory, Josephson photonics constitute one powerful example that even simple
Hamiltonians can dynamically generate awealth of complex entanglement phenomena, worthy of interest. This
may trigger efforts to characterize and understand the entanglement properties of states which are naturally
occurring (as steady states) of similar dynamical systems as studied here; thereby complementing thosewhere
the investigated states are chosen arbitrarily or according to other criteria. Particularly fascinating is the question
towhat extent it is possible to directly connect the structure of the generatingHamiltonian to the entanglement
class of the eventually resultingmixed states. For instance, instead of a tripartiteHamiltonian of the

+† † †a b c c.c. type as at the w w w= + +( )2 eV a b c resonance of Josephson-photonics, wemay consider a
+ + +† † † † † †a b b c a c c.c.Hamiltonian, which is not realizable in pure form in the current setup. (Therewould

be competing ( )†a 2 terms among other corrections.)Wemay then askwhether this can be related to
entanglement ofGHZorW type, respectively, and try to pose and answer similar questions for other
multipartite systems.
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AppendixA. Excitations in a subset of oscillators

Selecting the bias condition w w w= = +2 eV a bJ in a setup of three cavities (denoted a, b, and c), only the
oscillators a and b are directly involved in the fundamental creation/absorption process initiated by a tunneling
Cooper pair. The presence of the passive oscillator c, however, results in a renormalization of this process in
terms of the Bessel function J0 in the RWAHamiltonian close to that resonance (in a frame rotatingwith wJ):

k k k
k k

= +
˜

( ) ( ) ( ) ( ) ( )† †H
E

a b ab
J n J n J n

n n2
:

4 4 4
: . A.1a a b b c c

a a b b

J 1 1 0

Here, (†)a , (†)b , and (†)c are the corresponding creation (annihilation) operators and
k k= k k k- + +˜ ( )E E ea bJ J

2a b c . In the zero-temperature limit, oscillator c is in its ground state and consequently
backaction on the fundamental creation/annihilation process does not occur, i.e., k ( )J n4 1c c0 . The
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Hamiltonian of a three-cavity systemwith passive oscillator c then equals theHamiltonian of a two-cavity setup
(see equation (1) for q= a, b) except for a renormalized EJ.

The structure of theHamiltonian in equations (A.1) and (1) relies on the existence of a single resonant
process. If some of themodes are degenerate, therewill be different competing resonant processes and theRWA
Hamiltonianwill be a sumof several terms of a form similar to that in equations (A.1) and (1).

Appendix B. Two-/three-qubit system in steady state

Analytical results for the densitymatrix ρ can be found in the 2×2 and 2×2× 2Hilbert space by explicitly
solving the linear systemoffirst-order differential equations, Lr t r=d d . In steady state, i.e., Lr=0 st, the
nonzeromatrix elements for the 2×2 systemwritten in the product basis ñ ñ ñ ñ{∣ ∣ ∣ ∣ }00 , 01 , 10 , 11 read

r m

r m

r m

r m

r r m

= + + +

=

=

=

= = +

[ ( ) ]

( ) ( ) ( )*

d r r

d r

d

d r

d r r

1 2 ,

,

,

,

i 1 , B.1

00,00
st

2
2

2
2

2
4

2

01,01
st

2
2

2
4

2

10,10
st

2
2

2

11,11
st

2
2

2
2

2

00,11
st

11,00
st

2 2 2
2

2

where =d E E c
2 J J

2, g g=r a b2 , and m = + +( )( )d r1 12 2
2

2
2 2.

For the ´ ´2 2 2 system allowing for one decay rate to differ from the other two, i.e., g g¹a b c, the

corresponding nonzeromatrix elements in the product basis ñ ñ ñ ¼ ñ{∣ ∣ ∣ ∣ }000 , 001 , 010 , , 111 are given by

/r m

r m

r r m

r r m

r m

r m

r r m

= + + + +

=

= = +

= =

= +

= +

= = + +

( )[ ( ) ]

( )

( )

( )

( ) ( )( ) ( )*

r d r r

d r

d r

d r

d r

d r r

i d r r r

2 1 1 4 4 ,

4 ,

1 3 ,

2 ,

1 ,

2 1 ,

2 1 1 2 , B.2

000,000
st

3
2

3
2

3
2

3
4

3

001,001
st

3
2

3
6

3

010,010
st

100,100
st

3
2

3
2

3

011,011
st

101,101
st

3
2

3
4

3

110,110
st

3
2

3
2

3

111,111
st

3
2

3
2

3
2

3

000,111
st

111,000
st

3 3 3
2

3
2

3

where =d E E c
3 J J

3, g g=r a b c3 , and m = + + + + + +( )( ) ( )r r d r r r2 1 1 2 3 11 8 43 3
2

3
2 2

3
2

3
2

3
4

3
6 .
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Abstract. Josephson-photonics devices have emerged in the last years
as versatile platforms to study light-charge interactions far from equi-
librium and to create nonclassical radiation. Their potential to operate
as nanoscale heat engines has also been discussed. The complementary
mode of cooling is investigated here in the regimes of low and large
photon occupancy, where nonlinearities are essential.

1 Introduction

The experimental realization of thermal machines operating close to or even deep in
the quantum regime is still in its infancy. Among others, particular progress has been
made with superconducting platforms [1]. Basic elements in these devices are super-
conducting tunnel junctions, implemented as Josephson junctions (JJ), with intrinsic
nonlinearity and robustness against quasiparticle excitations. Recently, Josephson
photonics has emerged as a fascinating new field to explore charge-light interactions
far from equilibrium [2–4]. There, the electrical energy carried by Cooper pairs tunnel-
ing through a dc-voltage-biased JJ is fully converted into photonic excitation quanta
of microwave resonators. The details of this conversion and the feedback of the elec-
tromagnetic field onto the JJ can be controlled by the Josephson coupling energy and
the impedance of the resonator; the latter one, playing the role of an effective fine-
structure constant, can by design even approach values of order unity. The situation
where in presence of two detuned resonators a single Cooper pair creates simultane-
ously two photons, one in each of them, gives rise to nonclassical radiation [5], but
may also serve as a simple realization of a heat engine [6], cf. also [7–9]. Here, we
briefly discuss the complementary mode, when it operates as a cooling device (power
refrigerator). We address the conventional regime of low photon production as well as
the semiclassical domain, where the performance of the machine is strongly influenced
by nonlinear dynamics.

2 Josephson-photonics setup as quantum refrigerator

We consider a system (see Fig. 1) consisting of a Josephson junction biased by an
external dc voltage V and two series-connected LC oscillators, denoted by c and h,

a e-mail: simon.dambach@uni-ulm.de
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Fig. 1. Sketch of the circuit model and a schematic illustration of the cooling process.

with frequencies ωc(h) = 1/
√
Lc(h)Cc(h). The two oscillators are coupled to thermal

reservoirs with temperature Tc and Th, respectively, which are characterized by the
occupation number Nc(h) = [exp (~ωc(h)/kBTc(h))− 1]−1.

The setup can be modeled by the effective Hamiltonian [10,11]

H = ~ωcnc + ~ωhnh − EJ cos (ωJτ + φc + φh), (1)

where phase φq = ∆q(a†q + aq) and photonic number operator nq = a†qaq of oscilla-
tor q = {c,h} are given in terms of the standard bosonic creation and annihilation
operators a†q and aq with [aq, a

†
q] = 1. The parameter ∆q = (2e2Zq/~)1/2 gives the

zero-point quantum fluctuations of the phase of oscillator q with Zq = (Lq/Cq)1/2

being the impedance.
By tuning the voltage V , we access the resonance ωJ = 2eV/~ ≈ ωc − ωh, where

a Cooper-pair tunneling event across the junction is accompanied by the absorption
of a photon from cavity h and the emission of a photon into cavity c. Close to this
resonance, a (time-independent) rotating-wave Hamiltonian can be derived:

HRWA = ~δcnc + ~δhnh +
E∗J
2

:
(
a†cah + aca

†
h

) J1
(
2∆c
√
nc
)
J1
(
2∆h
√
nh
)

√
nc
√
nh

: (2)

with a renormalized Josephson energy E∗J = EJ exp [−(∆2
c + ∆2

h)/2] and normal-
ordered Bessel functions J1 of the first kind. Detunings, δq = ω̃q − ωq, are subjected
to the constraint ωJ = ω̃c − ω̃h.

Taking into account the coupling to thermal reservoirs as well as leakage of excited
photons into the microwave output ports after a lifetime 1/γc(h), the dynamics of the
density operator ρ is described by the master equation [10]

dρ

dτ
= −i

~
[HRWA, ρ]

+
∑

q=c,h

γq
2

[
(Nq+1)

(
2aqρa

†
q−a†qaqρ−ρa†qaq

)
+Nq

(
2a†qρaq−aqa†qρ−ρaqa†q

)]
. (3)

Considering energy conservation immediately leads to the energy balance relation

γc(〈nc〉st −Nc) = γh(Nh − 〈nh〉st) (4)
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Fig. 2. Deviation of the mean steady-state photon occupation number 〈nh〉st from thermal
occupation Nh in the low-photon limit (Eq. (6)). Negative (positive) values indicate cooling
(heating) of cavity h. Plot (a) (with fixed parameters δ= δc− δh = 0 and γc = γh = γ) demon-
strates that cooling of oscillator h necessarily requires Nc < Nh, i.e., Tc/ωc < Th/ωh [6].
The effect of cooling is enhanced with increasing driving EJ; in the limit of strong driv-
ing, Ẽ/(~γ)→∞, the photon occupation of the two cavities equilibrates: 〈nc〉st = 〈nh〉st =
(Nc + Nh)/2. Plot (b) illustrates the influence of finite detuning, δ 6= 0, and asymmetric

decay rates, γc/γh 6= 1, on the cooling effect in cavity h for parameters ẼJ/(~
√
γcγh) = 4

and Nc −Nh = −4 (red circle). While detuning reduces the cooling, an increased coupling
γc > γh leads to stronger cooling since cavity c stays closer to the thermal equilibrium with
the cold reservoir.

so that the steady-state mean photon occupations 〈nc〉st and 〈nh〉st are linked.

3 The low-photon limit

In the regime of sufficiently low photon occupation where 2∆c(h)

√
〈nc(h)〉 � 1, we

can expand the Bessel functions in the Hamiltonian (Eq. (2)) to lowest order:

H
(0)
RWA = ~δcnc + ~δhnh +

ẼJ

2

(
a†cah + aca

†
h

)
(5)

with ẼJ = ∆c∆hE
∗
J . Based on this linearized Hamiltonian H

(0)
RWA and the quantum

master equation in equation (3), equations of motions are derived which yield the
steady-state mean occupations of the cavities

〈nh〉st −Nh =
(Nc −Nh)(1 + γc/γh)

(2 + γc/γh + γh/γc)[1 + ~2γcγh/Ẽ2
J ] + 4[(δc − δh)~√γcγh/ẼJ]2

, (6)

where 〈nc〉st follows from 〈nh〉st by exchanging c and h. Figure 2 illustrates various
cooling and heating scenarios based on this analytical result.

4 The semiclassical limit

To explore the regime of higher photon numbers, we turn toward a semiclassical
description, i.e., we assume that quantum fluctuations ∆c(h) are small. Assuming a
Gaussian Wigner density for the cavity states, equations of motions for the second
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Fig. 3. Self-consistency function F and stable (blue) and unstable solutions (red) [F = 0
⇔ ∂τ (〈nc〉, 〈nh〉, 〈a†cah〉)T = 0] (a) without and (b) with detuning δ = 0.16EJ/~; other
parameters are γc = γh = 0.12EJ/~ and ∆c = ∆h = 0.5 and Nc = Nh/2. Dashed lines
indicate 〈nh〉st = Nh and 〈nh〉st = Nc = Nh/2. For values 〈nh〉st > 〈nh〉max

st (shown as darker
region), the solution for 〈nc〉st is nonphysical (negative). The structure of F is determined
by the vanishing of the transfer rate between the cavities (i.e., the second term in Eq. (7))
at zeros of the Bessel functions. Such zeros lead to poles in F (white regions) for certain
fixed values of 〈nh〉st ≈ 14.68 (vertical white regions) or if 〈nc〉st takes the same value (sloped
white region, cf. Eq. (4)). For finite detuning, additional poles appear. Interestingly, multiple
stable solutions for 〈nh〉st exist for certain fixed parameters Nh. Such solutions are separated
by a crossing of a Bessel zero and correspondingly a sign change of the transition amplitude
in the equation of motion (Eq. (7)).

moments result:

d〈nc〉
dτ

=γc(Nc − 〈nc〉) +
E∗J
~

Im{〈a†cah〉}
J1

(
2∆c

√
〈nc〉

)
J1

(
2∆h

√
〈nh〉

)

√
〈nc〉

√
〈nh〉

(and c↔ h)

(7)

d〈a†cah〉
dτ

=

[
iδ − 1

2
(γc + γh)

]
〈a†cah〉

− iE
∗
J

2~

[
〈a†cah〉2


∆c

J2

(
2∆c

√
〈nc〉

)
J1

(
2∆h

√
〈nh〉

)

〈nc〉
√
〈nh〉

− c↔ h




−


∆c〈nh〉

J0

(
2∆c

√
〈nc〉

)
J1

(
2∆h

√
〈nh〉

)

√
〈nh〉

− c↔ h



]
. (8)

Stationary solutions for the cavity state (〈nc〉, 〈nh〉, 〈a†cah〉)T are found from these
equations by iteratively eliminating the other variables so that finally a self-consistent
equation F (〈nh〉st) = 0 for 〈nh〉st alone is obtained. Note that from the energy balance
equation (Eq. (4)) a limitation 〈nh〉st < 〈nh〉max

st = γcNc +γhNh results from requiring
a positive 〈nc〉st. The self-consistency function F can be employed to understand the
structure of steady-state solutions, which becomes complicated (e.g., multivalued)
beyond the linear regime as shown for various parameters in Figure 3. Stability and
relaxation toward the steady state is further discussed in Figure 4.
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Fig. 4. Semiclassical trajectories of the system state (〈nc〉, 〈nh〉, 〈a†cah〉)T for fixed values of
the system parameters: ∆c = ∆h = 0.5, γc = γh = 0.12EJ/~, δ = 0 so that Re{〈a†cah〉} = 0,
Nh = 2Nc = 15.5 (blue) and 5 (green). Thick lines indicate the stable (black) and unstable
(red) solutions for Nh = 2Nc ∈ [2, 25], also visible in Figure 3a (cf. the upper left and the S-
shaped curve in that plot). Depending on the initial system state, different stable solutions
are reached. In the low-photon regime, Nh = 5 (green), starting from an initial thermal
occupation of the cavities (e.g., by EJ(τ < 0) = 0) always the trivial steady state with
Nc < 〈nc〉st < 〈nh〉st < Nh is reached. To reach a desired stationary state (e.g., the ‘ultra-
cold’ solution with 〈nh〉st < Nc from an initial thermal state), parameter control, which is
more complex than a sudden switching on of EJ at τ = 0, may be employed.

5 Conclusions

We investigated the possibility of using a Josephson-photonics setup, where two
microwave-stripline cavities are connected by a dc-biased junction, to cool down one
of the cavities. In a process similar to sideband cooling, an excitation from the cooling
target is combined with the energy provided by the bias to deposit a photon in the
heat dump.

In the low-photon regime, the cavity with higher occupation will be cooled down
as the mean occupations of the two cavities are pulled closer by increasing Joseph-
son coupling. For higher occupations, the full nonlinearity of the Josephson junction
comes into play and our semiclassical analysis predicts a novel ‘ultra-cold’ solution.
Stability and accessibility of this solution in the full quantum regime as well as
the effect of multistability on the quantum statistics of the heat transfer remain
to be explored. Josephson-photonics setups may offer unique insight into the statis-
tics of quantum heat flow due to the possibility of observing photon emission to the
reservoirs.
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We show experimentally that a dc biased Josephson junction in series with a high-enough-impedance
microwave resonator emits antibunched photons. Our resonator is made of a simple microfabricated spiral
coil that resonates at 4.4 GHz and reaches a 1.97 kΩ characteristic impedance. The second order
correlation function of the power leaking out of the resonator drops down to 0.3 at zero delay, which
demonstrates the antibunching of the photons emitted by the circuit at a rate of 6 × 107 photons per second.
Results are found in quantitative agreement with our theoretical predictions. This simple scheme could
offer an efficient and bright single-photon source in the microwave domain.

DOI: 10.1103/PhysRevLett.122.186804

Single-photon sources constitute a fundamental resource
for many quantum information technologies, notably
secure quantum state transfer using flying photons. In
the microwave domain, although photon propagation is
more prone to losses and thermal photons present except at
extremely low temperature, applications can nevertheless
be considered [1,2]. Single microwave photons were first
demonstrated in Ref. [3] using the standard design of
single-photon emitters: an anharmonic atomlike quantum
system excited from its ground state relaxes by emitting a
single photon on a well-defined transition before it can be
excited again. The first and second order correlation
functions of such a source [4] demonstrate a rather low
photon flux limited by the excitation cycle duration, but an
excellent antibunching of the emitted photons. We follow a
different approach, where the tunneling of discrete charge
carriers through a quantum coherent conductor creates
photons in its embedding circuit. The resulting quantum
electrodynamics of this type of circuits [5–11] has been
shown to provide, e.g., masers [12–15], simple sources of
nonclassical radiation [16–18], or near quantum-limited
amplifiers [19]. When the quantum conductor is a
Josephson junction, dc biased at voltage V in series with
a linear microwave resonator, exactly one photon is created
in the resonator each time a Cooper pair tunnels through the
junction, provided that the Josephson frequency 2eV=h
matches the resonator’s frequency [20]. We demonstrate
here that in the strong coupling regime between the
junction and the resonator, the presence of a single photon
in the resonator inhibits the further tunneling of Cooper
pairs, leading to the antibunching of the photons leaking
out of the resonator [21,22]. Complete antibunching is
expected when the characteristic impedance of the reso-
nator reaches Zc ¼ 2RQ=π, with RQ ¼ h=ð2eÞ2 ≃ 6.45 kΩ

the superconducting resistance quantum. This regime, for
which the analogue of the fine structure constant of the
problem is of order 1, has recently attracted attention
[23,24], as it allows the investigation of many-body physics
with photons [25,26] or ultrastrong coupling physics [27],
offering new strategies for the generation of nonclassical
radiation [28].
The simple circuit used in this work is represented in

Fig. 1(a): a Josephson junction is coupled to a microwave
resonator of frequency νR and characteristic impedance Zc,
and biased at a voltage V smaller than the gap voltage
Vgap ¼ 2Δ=e, where −e is the electron charge and Δ the
superconducting gap, so that single electron tunneling is
impossible. The time-dependent Hamiltonian

H ¼ ða†aþ 1=2ÞhνR − EJ cos½ϕðtÞ� ð1Þ

of the circuit is the sum of the resonator and Josephson
Hamiltonians. Here a is the photon annihilation operator
in the resonator, EJ is the Josephson energy of the junc-
tion, ϕðtÞ ¼ 2eVt=ℏ −

ffiffiffi
r

p ðaþ a†Þ is the phase difference
across the junction (conjugate to the number of Cooper
pairs transferred across the junction), and r ¼ πZc=RQ is
the charge-radiation coupling in this one-mode circuit [29].
The nonlinear Josephson Hamiltonian thus couples Cooper
pair transfer to photon creation in the resonator. This results
in inelastic Cooper pair tunneling: a dc current flows in this
circuit when the electrostatic energy provided by the
voltage source upon the transfer of a Cooper pair corre-
sponds to the energy of an integer number k of photons
created in the resonator: 2eV ¼ khνR. The steady state
occupation number n̄ in the resonator results from the
balance between the Cooper pair tunneling rate and
the leakage rate to the measurement line. For k ¼ 1—the
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resonance condition of the ac Josephson effect—each
Cooper pair transfer creates a single photon. The theory
of dynamical Coulomb blockade (DCB) [29–31] predicts
that, in the limit of small coupling r, the power emitted into
an empty resonator,

P ¼ 2e2E�2
J

ℏ2
ReZðν ¼ 2eV=hÞ; ð2Þ

coincides with the ac Josephson expression, albeit with a
reduced effective Josephson energy E�

J ¼ EJe−r=2 renor-
malized by the zero-point phase fluctuations of the reso-
nator [21–23,32,49–51]. In the strong-coupling regime
(r ≃ 1), however, the single rate description above breaks
down as a single photon in the resonator already influences
further emission processes, as explained in Fig. 1(b).
A more sophisticated theory [21,22] addressing this

regime considers the Hamiltonian (1) in the rotating-wave
approximation at the resonance condition 2eV ¼ hνR
for single-photon creation. Expressed in the resonator
Fock state basis fjnig, H reduces to HRWA¼−ðEJ=2ÞP

nðhRWA
n;nþ1jnihnþ1jþH:c:Þ, with the transition matrix

elements

hRWA
n;nþ1 ¼ hnj exp ½i ffiffiffi

r
p ða† þ aÞ�jnþ 1i: ð3Þ

Describing radiative losses via a Lindblad superoperator,
one gets the second order correlation function for vanishing
occupation number n̄ ≪ 1 [21,22]:

gð2ÞðτÞ ¼ ha†ð0Þa†ðτÞaðτÞað0Þi
ha†ai2 ¼

�
1 −

r
2
exp ð−κτ=2Þ

�
2

;

ð4Þ

with κ the photon leakage rate of the resonator. In the low
coupling limit r ≪ 1, where hRWA

n;nþ1 scales as
ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

p
, one

recovers the familiar Poissonian correlations gð2Þð0Þ ¼ 1.
On the contrary, at r ¼ 2 (Zc ¼ 4.1 kΩ), hRWA

1;2 ¼ 0 and
Eq. (4) yields perfect antibunching of the emitted photons:
gð2Þð0Þ ¼ 0. In this regime, as illustrated by Fig. 1, a first
tunnel event bringing the resonator from Fock state j0i to
j1i cannot be followed by a second one as long as the
photon has not been emitted in the line. This is the
mechanism involved in the Frank-Condon effect and relies
on the reduction of the matrix element of the Josephson
Hamiltonian between the one and two photon states of the
cavity as the coupling parameter r increases from 0 to 2,
where it vanishes. It is thus different from the mechanism at
work in the recent work of Grimm and co-workers [52],
which relies on the charge relaxation induced by a large on-
chip resistance.
Standard on-chip microwave resonator designs yield

characteristic impedances of the order of 100 Ω, i.e.,
r ∼ 0.05. To approach r ∼ 1–2, we have microfabricated
a resonator with a spiral inductor etched in a 150 nm
niobium film sputtered onto a quartz substrate, chosen
for its low dielectric constant (ϵr ≃ 3.8), which was then
connected to a SQUID loop, of normal resistance
Rt ¼ 222� 3 kΩ, acting as a flux-tunable Josephson
junction (see Fig. 2). The outgoing radiation was collected
in a 50 Ω line through an impedance-matching stage
aiming at lowering the resonator quality factor. The
geometry of the resonator was optimized using the micro-
wave solver Sonnet, predicting a resonant frequency
νR ¼ 5.1 GHz, with a characteristic impedance of
2.05 kΩ, corresponding to r ¼ 1.0, and a quality factor
Q ¼ 2πνr=κ ¼ 42 [32]. The actual values measured using
the calibration detailed in the Supplemental Material [32]
are νr ¼ 4.4 GHz, Q ¼ 36.6, and a characteristic imped-
ance Zc ¼ 1.97� 0.06 kΩ, corresponding to a coupling
parameter r ¼ 0.96� 0.03, and thus to an expected
E�
J=EJ ¼ 0.62� 0.01. We attribute the small difference

between design and experimental values to a possible
underestimation in our microwave simulations of the
capacitive coupling of the resonator to the surrounding
grounding box.
The sample is placed in a shielded sample holder

thermally anchored to the mixing chamber of a dilution

0 q2e0 q2e

Rh

Q
R C

R
Z

2e

2
RV
e

h

(a)

(b)

FIG. 1. Principle of the experiment: (a) A Josephson junction in
serieswith a resonator of frequency νR and characteristic impedance
Zc of the order of RQ ¼ h=ð2eÞ2 is voltage biased so that each
Cooper pair that tunnels produces a photon in the resonator (1).
(b) Photon creation and relaxation: A tunneling Cooper pair shifts
the charge on the resonator capacitance by 2e. The tunneling rate
Γn→nþ1 starting with the resonator in Fock state jni is proportional
to the overlap between the wave function ΨnðqÞ shifted by 2e and
Ψnþ1ðqÞ. This overlap depends itself on ZC via the curvature of the
resonator energy. At a critical Zc, Γ1→2 ¼ 0 and no additional
photons can be created (2) until the photon already present has
leaked out (3). The photons produced are thus antibunched,which is
revealed by measuring the gð2Þ function of the leaked radiation.
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refrigerator at T ¼ 12 mK. As shown in Fig. 2, the sample
is connected to a bias tee, with a dc port connected to
a filtered voltage divider, and an rf port connected to
a 90° hybrid coupler acting as a microwave beam splitter
towards two amplified lines with an effective noise tem-
perature of 13.8 K. After bandpass filtering at room
temperature, the signals in these two channels VaðtÞ,
VbðtÞ are down converted to the 0–625 MHz frequency
range using two mixers sharing the same local oscillator at
νLO ¼ 4.71 GHz, above the resonator frequency. The out-
put signals are then digitized at 1.25 GSamples=s to
measure their two quadratures, and the relevant correlation
functions are computed numerically.
In Fig. 3(a), the measured 2D emission map as a function

of bias voltage and frequency shows the single-photon
regime along the diagonal. A cut at the resonator frequency

[blue line in Fig. 3(b)] reveals an emission width of
2.9 MHz, which we attribute to low frequency fluctuations
of the bias voltage, mostly of thermal origin. Two faint lines
(pointed by the oblique yellow arrows) also appear at
2eV ¼ hðν� νPÞ, and correspond to the simultaneous
emission of a photon in the resonator and the emission
or absorption of a photon in a parasitic resonance of the
detection line at νP ¼ 325 MHz. Comparing the weight of
these peaks to the main peak at 2eV ¼ hν yields a 61 Ω
characteristic impedance of the parasitic mode and a 15 mK
mode temperature in good agreement with the refrigerator
temperature.
We now set the bias at V ¼ hνr=2e ¼ 9.1 μV, and we

detect the output signals of the two amplifiers in a
frequency band of 525 MHz (∼4.4 resonator’s FWHM)
centered at the emission frequency νR. This apparently
large detection window—180 times wider than the emis-
sion line, see Fig. 3(b)—is actually barely enough to
measure the fast fluctuations occurring at frequencies up
to the inverse resonator lifetime. An even larger bandwidth
would bring the measured gð2Þ closer to the expected value
of Eq. (4) but would also increase the parasitic fluctuations
due to the amplifiers’ noise and increase the necessary

(b)

(a)

FIG. 2. Experimental setup. (a) Optical micrography of the
sample showing the Al=AlOx=Al SQUID (inset) implementing
the Josephson junction and the resonator made of a Nb spiral
inductor with stray capacitance to ground. (b) Schematic of the
circuit showing the sample (green), the coil circuit for tuning the
Josephson energy (brown), the dc bias line (red), and the bias tee
connected to the microwave line (blue) with bandpass filters,
isolators (not shown here), and a symmetric splitter connected to
two measurement lines with amplifiers at 4.2 K and demodulators
at room temperature [32].
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FIG. 3. Emitted microwave power and impedance seen by the
junction. (a) 2D map of the emitted power spectral density (PSD)
as a function of the frequency ν and bias voltage V, expressed in
photon occupation number (logarithmic color scale). (b) Spectral
line at V ¼ 9.11 μV (blue points) obtained from a cut in the 2D
map along the horizontal white arrows and real part of the
impedance Re½ZðνÞ� seen by the SQUID (red points). The solid
blue (black) line is a Gaussian (Lorentzian) fit.
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averaging time. Our choice is thus a compromise, leading
to a 15-day long averaging for the lowest occupation
number. From the down-converted signals, we rebuild
their complex envelopes Sa;bðtÞ [32,53]. We now use
two alternative methods to extract gð2ÞðτÞ. First, we obtain
the instantaneous powers Pa;bðtÞ ¼ jSa;bðtÞj2, and extract

gð2ÞðτÞ ¼ hPaðtÞPbðtþ τÞi
hPaðtÞihPbðtþ τÞi ð5Þ

from their cross-correlations. Here, the sample’s weak
contribution has to be extracted from the large background
noise of the amplifiers, which we measure by setting the
bias voltage to zero. To overcome this complication and
get a better precision on gð2Þ, we compute the complex
cross-signal CðtÞ ¼ Sa�ðtÞSbðtÞ, which is proportional to
the power emitted by the resonator and has a negligible
background average contribution. gð2ÞðτÞ can then be
extracted from the correlation function of CðtÞ and C�ðtÞ
[32]. As gð2ÞðτÞ is real and the instantaneous noise on CðtÞ
is spread evenly between real and imaginary parts, this also
improves the signal to noise ratio by

ffiffiffi
2

p
.

Both methods gave the same results within their standard
deviations, and the gð2Þ values shown in Fig. 4 correspond
to the average of the two procedures. As we decrease the
photon emission rate by adjusting EJ with the magnetic
flux threading the SQUID, gð2Þð0Þ decreases. For the lowest
measured emission rate of 60 millions photons per second,
corresponding to an average resonator population of 0.08
photons, gð2Þð0Þ goes down to 0.31� 0.04, in good agree-
ment with the theoretical prediction of 0.27, cf. Eq. (4) for
r ¼ 0.96. This is the main result of this work, which

demonstrates a significant antibunching of the emitted
photons. In agreement with Eq. (4), the characteristic
timescale of the g2ðτÞ variations coincides with the
1.33 ns resonator lifetime deduced from the calibrations.
As our design did not reach r ¼ 2, the transition from j1i to
j2i is not completely forbidden, and from then on,
transitions from j2i to j3i and higher Fock states can
occur. The larger EJ, the more likely to have 2 photons and
hence photon bunching. To predict the time-dependent
gð2ÞðτÞ for arbitrary EJ, we solve the full quantum master
equation

_ρ ¼ −
i
ℏ
½HRWA; ρ� þ κ

2
ð2aρa† − a†aρ − ρa†aÞ: ð6Þ

This approach also allows for the quantitative modeling of
the experimental measurement via a four-time correlator
[32]. Properly accounting for filtering in the measurement
chain (see Refs. [4,53] and Supplemental Material [32]),
this description accurately reproduces the experimental
results in Fig. 4 (lines) without any fitting parameters.
We finally probe the renormalization of EJ by the zero

point fluctuations of the resonator using Eq. (2). This
requires us to maintain the resonator photon population
much below 1, which should be obtained by reducing the
Josephson energy using the flux through the SQUID.
However, magnetic hysteresis due to vortex pinning in
the nearby superconducting electrodes prevented us from
ascribing a precise flux to a given applied magnetic field,
the only straightforward and reliable working point at our
disposal thus occurring at zero magnetic flux and maxi-
mum Josephson energy. To ensure that the SQUID remains
in the DCB regime even at this maximum EJ, and ensure a
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FIG. 4. Antibunching of the emitted radiation at bias V ¼ hνR=2e ¼ 9.11 μV. (a) Experimental (dots) and theoretical (dashed line)
second order correlation function gð2Þ as a function of delay τ for n ¼ 0.08 photons in the resonator. Error bars indicate � the statistical
standard deviation. (b) Experimental (dots) and theoretical (dashed line) gð2Þð0Þ as a function of n. The solid line is the theoretical
prediction not taking into account the finite detection bandwidth.
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low enough photon population, we select a bias voltage
V ¼ 10.15 μV yielding radiation at 4.91 GHz, far off
the resonator frequency. Here again, the normal current
shot noise is used as a calibrated noise source to measure
in situ GReZðν ¼ 4.91 GHzÞ. The effective Josephson
energy E�

J ¼ 1.86� 0.02 μeV extracted in this way is
significantly smaller than the Ambegaokar-Baratoff value
of EJ ¼ 3.1� 0.03 μeV, and in good agreement with our
prediction of E�

J ¼ 1.84� 0.03 μeV [54], taking also into
account the phase fluctuations coming from the parasitic
mode at νp and its harmonics.
In conclusion, we have explored a new regime of the

quantum electrodynamics of coherent conductors by
strongly coupling a dc biased Josephson junction to its
electromagnetic environment, a high-impedance micro-
wave resonator. This enhanced coupling first results in a
sizable renormalization of the effective Josephson energy
of the junction. Second, it provides an extremely simple
and bright source of antibunched photons. Appropriate
time shaping either of the bias voltage [55], or the resonator
frequency, or the Josephson energy [52] should allow for
on-demand single-photon emission. This new regime that
couples quantum electrical transport to quantum electro-
magnetic radiation opens the way to new devices for
quantum microwave generation. It also allows many
fundamental experiments like investigating high photon
number processes, parametric transitions in the strong
coupling regime [21,22,56,57], the stabilization of a
Fock state by dissipation engineering [55], or the develop-
ment of a new type of Qbit based on the Lamb shift induced
by the junction [58].
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Antibunched photons emitted by a dc-biased Josephson junction:
Supplementary Material
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I. DERIVATION OF EQ. 2 OF THE MAIN TEXT USING P (E) THEORY

The spectral density of the emitted radiation is given by [1]:

γ(V, ν) =
2Re[Z(ν)]

RQ

π

2~
E2
JP (2eV − hν), (1)

where Z(ν) is the impedance across the junction, RQ is the superconducting resistance quantum
RQ = h/4e2, EJ is the Josephson energy of the junction, and P (E) represents the probability
density for a Cooper pair tunneling across the junction to dissipate the energy E into the electro-
magnetic environment described by Z(ν) [2]. P (E) is a highly nonlinear transform of Z(ν):

P (E) = 1
2π~

∫∞
−∞ exp[J(t) + iEt/~]dt

J(t) =
∫ +∞
−∞

dω
ω

2ReZ(ω)
RQ

e−iωt−1
1−e−β~ω ,

(2)

where β = 1/kBT . For an LC oscillator of infinite quality factor at zero temperature, P (E) is given
by

P (E) = e−r
∑

n

rn

n!
δ(eV − n~ω0) (3)

where r = π
√

L
C /RQ and ω0 = 1/

√
LC.

Here, we consider the case of a mode of finite linewidth, so that near the resonance the real part
of the impedance can be approximated as

2ReZ(ω)
RQ

' rL(ω, ω0, Q). (4)

where

L(ω, ω0, Q) ≡ 2

π

Q

1 + 4Q2
(
ω
ω0
− 1
)2
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denotes a Lorentzian function centered at ω0 with a maximum value 2
πQ and a quality factor

Q = ω0

∆ω . Note that
∫
L(ω, ω0, Q)dω = ω0.

For such a finite-Q mode, we aim to get a formula similar to Eq. 3, i.e. we look for an expansion

P (E) = P0(E) + P1(E) + P2(E) + . . .+ Pn(E) + . . . (5)

where each Pn(E) ∝ rn. However, from the integral expressions (2), accessing the different mul-
tiphoton peaks, i.e. calculating P (E ' n~ω0) is not straight-forward. Such an expansion can be
obtained using the so-called Minnhagen equation [2], which is an exact integral relation obeyed by
P (E), valid for any impedance. We first establish the Minnhagen equation starting from

eJ(t) − eJ(∞) =
∫ t
−∞ dτJ ′(τ)eJ(τ) ,

which, using the definition (2) of J can be recast as

eJ(t) − eJ(∞) = −i
∫ +∞

−∞
dω′h(ω′)

∫ ∞

−∞
dτe−iω

′τeJ(τ)θ(t− τ)

where θ is the Heaviside function, h(ω) = 1
1−e−β~ω

2ReZ(ω)
RQ

and using the fact that J(−∞) = J(∞).

The rightmost integral being the Fourier transform of a product, we replace it by the convolution
product of the Fourier transforms and use the detailed balance property of h and P to simplify the
r.h.s.:

eJ(t) − eJ(∞) = −i
∫ +∞

−∞
dω′h(ω′)

∫
du

(
πδ(u) +

ieit
′u

u

)
P (−ω′ − u)

=

∫ +∞

−∞
dω′h(ω′)

∫
du
eitu

u
P (−ω′ − u).

Finally, we take the Fourier transform on both sides and rearrange, which yields the Minnhagen
equation

P (E) = ~
E

∫
P (E − ~ω) 1

1−e−β~ω
2ReZ(ω)
RQ

dω + δ(E)eRe J(∞) . (6)

At zero temperature 1
1−e−β~ω → θ(ω) and P (E) is zero for negative energies, so that the Minnhagen

equation is most frequently found written as

P (E) = ~
E

∫ E
0
P (E − ~ω) 2ReZ(ω)

RQ
dω + δ(E)eReJ(∞) . (7)

Plugging the expansion (5) into Eq. 6, one immediately gets

P0(E) = δ(E)eJ(∞)

P1(E) =
1

E

∫ ∞

−∞
P0(E − ~ω)

rL(ω, ω0, Q)

1− e−β~ω d~ω

' eJ(∞)

~ω0
rL
(
E

~
, ω0, Q

)

where the approximation of the last line was obtained assuming that kBT � ~ω0 and taking the
value of the denominator at E = ~ω0 –where L (and P1) peak– which is reasonable if the Q is large
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enough. By repeated replacement in Eq. 6 and with similar approximations, one systematically
obtains the higher orders terms of (5) as shifted Lorentzians of constant Q

Pn>1(E) ' eJ(∞) r
n

nn!

L(E/~, nω0, Q)

~ω0

whose value at each peak are

Pn>1(E = n~ω0) =
2

π
eJ(∞) r

n

nn!

Q

~ω0

yielding a tunneling rate at the peaks

Γ2e(eV = n~ω0) =
1

~
E2
Je
J(∞)

~ω0

rn

n!

Q

n
.

Note that the Cooper pair rates at different orders scale with an extra Q/n compared to the naive
rates obtained from Eq. 3.

In the main text, E2
Je
J(∞) is called E∗2J . This renormalization of the Josephson energy is obtained

from the zero point phase correlator

J(∞) = −〈ϕ(0)ϕ(0)〉 = −
∫ +∞

0

dω

ω

2ReZ(ω)

RQ
coth

βω

2

which in the limit of kBT = 0 and for an RLC parallel resonator (it is important that ReZ(ω ∼
0) ∝ ω2 for proper convergence) yields

J(∞) = −
Qr

(
1 + 2

πatan 2Q2−1√
4Q2−1

)

√
4Q2 − 1

= −r
(

1− 1

πQ
+O

(
1

Q2

))
,

in agreement with the expression E∗J = EJe
−r/2 used in the main text (The finite-Q correction to

this renormalization is of order of 1%, beyond the precision of our measurements). In ref. [1], E∗2J
was given with an approximate first-order expansion of the phase correlator valid for small phase
fluctuations (and which was correct for the small r value in that paper).

We can use the above expressions to calculate the total emitted power via the single photon
processes by two different ways. First, we use Eq. 1 at lowest order, to get the spectral density of
the emitted radiation:

γ(V, ν) ' 2Re[Z(ν)]

RQ

π

2~
E2
JP0(E = 2eV − hν) = eJ(∞) 2Re[Z(ν)]

RQ

π

2~
E2
Jδ(2eV − hν), (8)

which, upon integrating over ν, gives Eq. 2 of the main text. Alternatively, one can calculate the
Cooper pair tunneling rate using P1, and get the photon emission rate from energy conservation,
yielding the same result.

In Figure I we compare the exact P (E) result and the approximate formula, for the experimental
parameters.
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Figure 1: Comparison the exact P (E) result obtained by numerical evaluation of Eqs. (2) and the approx-
imate sum of Lorentzians, evaluated for the experimental parameters (Q = 36.6, r = 0.96). At this scale,
the two curves are indistinguishable. The red curve is the difference between the approximate and the exact
result.

II. FRANCK-CONDON BLOCKADE IN THE JOSEPHSON-PHOTONICS
HAMILTONIAN

The starting point of our theoretical description, the time-dependent Hamiltonian, see Eq. 1 of
the main text,

H = (a†a+ 1/2)hνR − EJ(φ) cos[2eV t/~−√r(a+ a†)] , (9)

describes a harmonic oscillator with an unusual, nonlinear drive term. Going into a frame rotating
with the driving frequency, ωJ = 2eV/~, the oscillator operators, a and a†, acquire phase terms
rotating with the same frequency. The cosine term of the Hamiltonian can then be rewritten in
Jacobi-Anger form so that Bessel functions of order k appear as prefactors of terms rotating with
integer multiples of the driving frequency, kωJ.

A rotating-wave approximation neglects time-dependent terms and, taking proper account of the
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commutation relations of oscillator operators, results in the RWA Hamiltonian (on resonance),

HRWA = iEJe
−r/2 : (a† − a)

J1(
√

4rn)√
n

: , (10)

where : . . . : prescribes normal ordering. While the appearance of a Bessel function highlights
the nonlinear-dynamical aspects of the system, the Hamiltonian (10) is completely equivalent to
expression Eq. 2 of the main text, given in the main text, using the displacement operator, which
emphasizes the connection to Franck-Condon physics.

From either of the two equivalent forms of the RWA Hamiltonian, explicit expressions for the
transition matrix elements in terms of associated Laguerre polynomials,

hRWA
n,n+1 =

ie−r/2
√
r√

n+ 1
L1
n(r) , (11)

can easily be found. Normal ordering reduces the power series of the Bessel function to a low-order
polynomial in r (with order n for hRWA

n,n+1) and a universal prefactor, describing renormalization
of the Josephson coupling. Transition matrix elements thus vanish at the roots of the associated
Laguerre polynomials (which in the semiclassical limit of small r and large n approach zeros of the
Bessel function J1).

Some simple results can be directly read off from the transition matrix elements; such as
the zero-delay correlations that for weak driving measure the probability of two excitations,

g(2)(0) = 〈n(n − 1)〉/〈n〉2 ≈ 2P2/P
2
1 ≈ 1

2

∣∣hRWA
1,2 /hRWA

0,1

∣∣2 . The last approximate equality expresses
the probabilities P1/2 by transition matrix elements, as found by considering the transition rates
for the corresponding two-stage excitation process and decay from the Fock states. As mentioned
in the main text, in the harmonic limit, r � 1, where the matrix elements scale with

√
n+ 1,

this would result in the familiar Poissonian correlations and g(2),H0(0) = 1. This contrasts to
the antibunching found in our experiment relying on the fact that the experimental parameter
r ∼ 1, while not quite close to the zero of the transition matrix element hRWA

1,2 ∝ L1
1(r) = 2 − r ,

is sufficiently large for a considerable suppression of excitations beyond a single photon in the
resonator. Coincidentally, the actual value of r is very close to one of the roots, r ≈ 0.93 of
L1

3(r) = 1
6 (−r3 + 12r2−36r+ 24) ∝ hRWA

3,4 , so that the system closely resembles a four-level system.
In the idealized model description by the approximated Hamiltonian Eq. 3 of the main text and
the quantum master equation Eq. 6 of the main text, the vanishing of a transition matrix element
implies a strict cut-off of the system’s state space at the corresponding excitation level. Various
correction terms discussed in the next subsection can lift such a complete blockade and therefore
gain relevance once the system is closer to a root than for our r ∼ 1 value.

III. CORRECTION TERMS TO HAMILTONIAN AND QUANTUM MASTER
EQUATION

The possible impact of various terms and processes not included in RWA Hamiltonian Eq. 3 and
quantum master equation Eq. 6 of the main text were carefully checked and found to be completely
negligible compared to the error bars due to other experimental uncertainties.

Specifically, the impact of rotating-wave corrections to the time-independent RWA Hamiltonian
is sufficiently reduced by the quality factor, Q = 36.6. Close to the complete suppression of resonant
g(2)(0) contributions at r = 2, for very weak driving, and for a bad cavity such processes can become
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more relevant, as discussed in some detail in Ref. [3]. The limit of extremely strong driving, where
EJ & hνR, not reached here, is discussed in Appendix D of Ref. [4].

Access to higher Fock-states cut-off by vanishing transition matrix elements could, in principle,
also be provided by thermal excitations, i.e., by Lindblad terms not included in the T = 0 limit of
the quantum master equation Eq. 6 of the main text. The latter, however, is safe to use for the
experimentally determined mode temperature of ∼ 15 mK in our device.

Finally, there are low-frequency fluctuations of the bias voltage, causing the spectral broadening of
the emitted radiation (as argued in the main text) that are not accounted for by the quantum master
equation Eq. 6 of the main text. Their effect can be modeled, either by an additional Lindblad-
dissipator term acting on a density matrix in an extended JJ-resonator space (as described, for
instance, in the supplementals to [5]), or by employing the quantum master equation Eq. 6 of the
main text and average the results over a (Gaussian) bias-voltage distribution centered around the
nominal biasing on resonance.

As argued above, the principal antibunching effect can be understood from transition rate ar-
guments so that it is not sensitive to the phase of the driving, which is becoming undetermined
due to the fluctuating voltage bias. In consequence, the measured g(2)(0) is nearly insensitive to
low-frequency fluctuations. Residual effects of detuning on g(2)(τ) entering g(2)(0) via the filtering
are negligible due to the large ratio between inverse resonator lifetime and spectral width, cf. Fig. 3
of the main text.

IV. ACCOUNTING FOR FILTERING

A theoretical approach based on the quantum master equation Eq. 6 of the main text gives
direct access to any properly time-/anti-time-ordered products of multiple system operators, which
are evaluated by the quantum-regression method. Using input-output theory [6], any arbitrarily
ordered product of multiple output operators can readily be expressed in such system-operator
objects.

The measured signals, however, do not immediately correspond to output operators but contain
operators at the end of the microwave output chain, hence, undergoing additional filtering. An
end-of-chain operator acting at a certain time is consequently linked to output operators at all
preceding times via a convolution with the filter-response function in the time domain, see the

discussion in [7]. Specifically, the measured two-time correlator G(2)(t1, t2) = 〈a†t1a
†
t2at2at1〉, where

two operators each are acting at two different times t1/2, is related to a four-operator object with
each operator acting at a different time.

To simulate the measured G(2)(t1, t2), it is necessary to calculate corresponding four-operator
objects and then average each instance of time with a probability distribution given by the filter-
response function in the time domain. An explicit, worked out example for a three-time object can
be found in Appendix E of Ref. [8]. For the special case of a Lorentzian filter-response function a
simpler scheme has been put forward [9–11].

For numerical efficiency, here, we calculate the various four-time objects by evaluating the time
evolution governed by the exponential of the Liouville superoperator using Sylvester’s formula and
Frobenius covariants. This approach is completely equivalent to time-evolving the quantum master
equation with any standard differential-equation solver. In a final step, three-dimensional temporal
integrals have to be numerically evaluated, wherein the uncertainty of time differences (between
points at which the different operators act) is linked to the experimental filter function, see above.

The multiple integrals over differently ordered operator objects hamper an intuitive understand-
ing of the effects of filtering. Therefore, it may be helpful to compare the complex effects of filtering

89



II. Josephson Photonics

7

here to a more conventionally encountered scheme describing detection-time uncertainties. In Fig. 2,
we show the results of a simple, incomplete filtering description, which only allows for variations in
the time difference, τ = t2− t1, but artificially keeps annihilation and creation operators belonging
to the same pair at equal times. Apparently, deviations from the correct, complete filtering scheme,
cf. Fig. 2, are reasonably small, so that important effects of the filtering are correctly captured;
except for the regime of very strong driving, where Rabi-like oscillations in the time-dependence
gain strong influence on the measured g(2)(τ = 0). The simple scheme suggests an intuitive under-
standing of the effect of filtering as a simple convolution of the unfiltered G(2)(τ = t2 − t1) with
the distribution function for the time difference τ due to the filtering effect on t1/2. Note, that
the time-difference distribution function is itself gained by convoluting the filter function in time
domain with itself, so that τ is, in general, not distributed identical to the detection times t1/2, but
only for special cases of the filtering function.

- 1 5 - 1 0 - 5 0 5 1 0 1 50 , 0
0 , 2
0 , 4
0 , 6
0 , 8
1 , 0

g(2)
(τ)

d e l a y  τ ( n s )
Figure 2: g(2)(τ) at n = 0.5 photons. The green curve was computed using the 4-point filtering scheme,
while the blue curve is the result of a simpler 2-point convolution. For this low photon number, the difference
between the two curves is smaller than the error bars on the experimentally measured points (in red).
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V. MEASUREMENT OF THE g(2)(τ) FUNCTION

A. Principle of the measurement

Our measurement scheme is to process the small signals leaking out of the sample with stan-
dard microwave techniques (filtering, amplification and heterodyning), to digitize them with an
acquisition card and to compute numerically the correlation functions relevant to characterize our
single-photon source – the most important of them being the second-order coherence function:

g(2)(t, τ) =
〈â†(t)â†(t+ τ)â(t+ τ)â(t)〉
〈â†(t)â(t)〉〈â†(t+ τ)â(t+ τ)〉

Filtering and amplification are performed in multiple stages but can nonetheless be described as

the action of a single effective amplifier of gain G, which adds a noise mode ĥ in a thermal state
at temperature TN to the input signal mode â. The output of such an amplifier is then

√
Gâ +√

G− 1ĥ†[12].
After digitization of this amplified signal we demodulate numerically its I-Q quadratures. The n-th
order moment of the complex enveloppe S(t) = I(t) + jQ(t) is then a bilinear function of all the

moments of â and of ĥ up to order n[13]. By setting the bias voltage across the emitting squid
to zero (the off position) and thus putting â in the vacuum state, we can measure independently

the moments of ĥ. We then iteratively substract them from the moments of S measured when the
bias voltage is applied (on position) to reconstruct the moments of â. Similarly, we can reconstruct
g(2)(τ) from the on-off measurements of all the correlation functions of S(t) up to order 4.
In addition to this, by splitting the signal from the sample over two detection chains (channels
”1” and ”2”) in a Hanburry Brown-Twiss setup, we can cross-correlate the outputs S1, S2 of the
two channels to reduce the impact of the added noise on correlation functions. A model of this
noise is thus needed to determine which combination of S1 and S2 is best suited to measure g(2)(τ)
accurately.

B. Model for the detection chain

The input-output formalism links the cavity operator â to the ingoing and outgoing transmission

line operators b̂in, b̂out by:
√
κâ(t) = b̂in(t) + b̂out(t), with κ = 2πνR/Q the energy leak rate (see

Fig. 1). In our experimental setup, b̂in describes the thermal radiation coming from the 50 Ω load
on the isolator closest to the sample. This load being thermalized at 15 mK� hνR/kB , the modes

impinging onto the resonator can be considered in their ground state and the contribution of b̂in to

all the correlation functions vanishes. We thus take b̂out as being an exact image of â, and all their
normalized correlation functions as being equal.
As described before, the emitted signals are split between two detection chains, filtered, amplified,
and mixed with a local oscillator before digitization. Each one of these steps adds a noise mode to
the signal (FIG. 3). The beam-splitter right out of the resonator is implemented as a hybrid coupler
with a cold 50 Ω load on its fourth port, which acts as an amplifier of gain 1/2 and adds a noise

mode in the vacuum state ĥ†bs to the signal[? ]. The different amplifying stages are summed up into

one effective amplifier for each channel, with noise temperatures TN
1 = 13.5 K and TN

2 = 14.1 K
respectively. The IQ mixer is used for heterodyning signals, i.e. shifting them to a lower frequency
band where we can digitize them, and also adds at least the vacuum level of noise to the signals.
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The last step, linear detection of the voltage Vi(t) on channel i by the acquisition card, is harder to
model to the quantum level. After digitization, we process chunks of signal of length 1024 samples
to compute the analytical signal Si(t) = Vi(t) +H(Vi)(t), with H the discrete Hilbert transform. As
computing the analytical signal from Vi(t) accounts to measuring its two quadratures, which are
non-commuting observables, quantum mechanics imposes again an added noise mode. We sum up

this digitization noise with the heterodyning noise into a single demodulation noise ĥIQi (Fig. 1).

Figure 3: Detection chain model, taking into account all the added noise modes (in red).

In the end, we record measurements of Ŝ1(t) and Ŝ2(t), with Ŝi ∝ âi+ĥ†i . Here âi(t) ∝ b̂out(t−τi),
where τi is the time delay on channel i. ĥi is a thermal noise with an occupation number of about 65
photons, which summarizes the noises added by all the detection steps. In practice, the dominant
noise contribution stems from the amplifiers closest to the sample. Note also that we do not consider

here the effect of the finite bandpass of the filters, which complicates the link between âi and b̂out.

C. Computing correlations

From each chunk of signal recorded we compute a chunk of Si(t) of the same length 1024. We
then compute the correlation functions we need as:

CX,Y (τ) = 〈X∗(t)Y (t+ τ)〉 = F−1(F(X)∗F(Y ))

where 〈...〉 stands for the average over the length of the chunk and F is the discrete Fourier transform.
Finally, we average the correlation functions from all the chunks and stock this result for further
post-processing.
To illustrate how we reconstruct the information on â from S1, S2, let’s consider the first order

coherence function g(1)(τ) = 〈â†(t)â(t+τ)〉
〈â†â〉 . We start with the product:

S(t)
∗
S(t+ τ) ∝ â†(t)â(t+ τ) + ĥ(t)ĥ†(t+ τ) + â†(t)ĥ†(t+ τ) + ĥ(t)â(t+ τ)

We then make the hypothesis that â and ĥ are independent and hence uncorrelated, which should
obvioulsy be the case as the noise in the amplifier cannot be affected by the state of the resonator.
Then when averaging:

〈â(τ)ĥ(t+ τ)〉 = 〈â(τ)〉〈ĥ(t+ τ)〉 = 0

as there is no phase coherence in the thermal noise, i.e. 〈ĥ〉 = 0. We then have:

〈S(t)
∗
S(t+ τ)〉 ∝ 〈â†(t)â(t+ τ)〉+ 〈ĥ(t)ĥ†(t+ τ)〉
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Hence in the off position:

〈S(t)
∗
S(t+ τ)〉off ∝ 〈ĥ(t)ĥ†(t+ τ)〉

and in the on position:

〈S(t)
∗
S(t+ τ)〉on ∝ 〈â†(t)â(t+ τ)〉+ 〈S(t)

∗
S(t+ τ)〉off

such that:

g(1)(τ) =
〈S(t)

∗
S(t+ τ)〉on − 〈S(t)

∗
S(t+ τ)〉off

〈S∗S〉on − 〈S∗S〉off

Now as we are considering states of the resonator with at most 1 photon, we typically have:
〈S∗S〉off ' 〈S∗S〉on � 〈S∗S〉on − 〈S∗S〉off

Then any small fluctuation of the gain of the detection chain or of the noise temperature during
the experiment reduces greatly the contrast on g(1)(τ). We hence rely on the cross-correlation
X(τ) = 〈S1

∗(t)S2(t+ τ)〉. Due to a small cross-talk between the two channels this cross-correlation
averages to a finite value even in the off position, but which is 60 dB lower than the autocorrelation
of each channel. We hence use:

g(1)(τ) =
X(τ)on −X(τ)off

X(0)on −X(0)off

The same treatment allows to compute g(2)(τ) with slightly more complex calculations. The
classical Hanburry Brown-Twiss experiment correlates the signal power over the two channels, i.e.
extracts g(2)(τ) from 〈S1

∗S1(t)S2
∗S2(t + τ)〉. The off value of this correlator is once again much

bigger than the relevant information of the on-off part, and any drift of the amplifiers blurs the
averaged value of g(2)(τ).
To circumvent this difficulty, we instead use C(t) = S1

∗(t)S2(t) as a measure of the instantaneous
power emitted by the sample, provided that the time delay between the two detection lines is
calibrated and compensed for. We then have:

g(2)(τ) =
〈C(t)C(t+ τ)〉on − 〈C(t)C(t+ τ)〉off

(〈C〉on − 〈C〉off)2
− 2

〈C〉off

〈C〉on − 〈C〉off

− (X(τ)on −X(τ)off)X(−τ)off

(〈C〉on − 〈C〉off)2
− (X(−τ)on −X(−τ)off)X(τ)off

(〈C〉on − 〈C〉off)2
(12)

VI. ELECTROMAGNETIC SIMULATIONS

The experiment can be schematically represented by figure 4, where the high impedance mi-
crowave mode we will use is represented in the green box as a LC resonant circuit. Its resonant
pulsation ω0 and characteristic impedance ZC are given by

ZC =

√
L

C
; ω0 =

1√
LC

.

Aiming at a coupling strength r ' 1 at a frequency around 5 GHz, one gets, ZC ∼ 2kΩ, L ∼ 60 nH
and C ∼ 15 fF.
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radiation collection
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Figure 4: Schematic diagram of the experiment. The sample, represented by the green box consists in
a Josephson junction galvanically coupled to a high impedance resonator consisting in a on-chip spiral
inductor. It is connected to a DC biasing circuit, represented in red, and to a 50 Ω detection line, represented
in blue, through a bias Tee.

In order to reduce the capacitance we fabricated the resonator on a quartz wafer, with a small
effective permittivity εr = 4.2 (in comparison with 11.8 for silicon).

Planar coils [14, 15] offer an increased inductance compared to transmission lines resonators
[16], and better linearity than Josephson based resonators [17]. They have, however, one main
disadvantage : their center has to be connected either to the Josephson junction or to the detection
line, using either bonding wires [15] or bridges [14]. Both solutions have a non negligible influence
on the resonator. Bonding wires require bonding pad with typical size 50 µm, which increases the
capacitance to ground, where as a bridge forms a capacitor with every turn of the coil that must
be taken into account in the microwave simulations.

We chose to use an Alumninum bridge, supported by a > 1µm BCB layer. BCB is a low loss
dielectric which has been developed for such applications by the microwave industries which also
has a relatively low permittivity.

A last parameter of the resonator that can be tuned is its quality factor Q. We consider a simple
parallel LC oscillator with

Q =
f0

∆f
=

ZC
ZDet

,

where ZDet is the impedance of the detection line as seen from the resonator and ∆f the resonance
bandwidth at -3dB. To tune Q, we can insert an impedance transformer between the 50Ω measure-
ment line and the resonator and thus increase the effective input impedance, to decrease the quality
factor.

In order to simulate our resonators, we use a high frequency electromagnetic software tool for
planar circuits analysis : Sonnet. The system simulated by this software consists in several metallic
layers separated by dielectrics as shown in Fig. 5.

Each metallic sheet layer contains a metallic pattern for the circuit, with strip-lines or resonators
and can be connected to the other layers through vias. Dielectric layers properties and thickness
can also be chosen.
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Figure 5: Sonnet schematic of the dielectric stack.

This stack is enclosed in a box with perfect metallic walls. The simulated device sees the outer
world through ports that sit at the surface of the box, or are added inside the box, as probes shown
in Fig. 6. Sonnet also allows us to insert lumped electric component in the circuit, between two
points of the pattern.

1 2ZS=50Ω

Zenv

CJ

DUT

Figure 6: Sonnet port configuration.

As we are interested in the behavior of the environment seen by the junction, we will replace
it by a port, which will act like a probe. We assume that the Josephson energy is small enough
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for the admittance of the junction associated to the flow of Cooper pairs to be negligible ; we can
thus model the junction as an open port. Furthermore, in order to take into account the junction’s
geometric capacitance, we add a discrete capacitor in parallel to ground as presented in Fig. 6.
The other port of the resonator is model by a 50 Ω resistor, modeling the detection line.

Using the microwave simulation results, we predict the resonant frequency f0, the impedance
seen by the junction Zout 2, the quality factor Q and the environment characteristic impedance ZC .

Coil nb of turns line width line space bridge

23.5 1 µ m 2µm BCB / 1.2µm

Results f0 ∆f ZC Re(Zenv)MAX

(CJ = 2 fF) 5,1 GHz 60 MHz 2,05 kΩ 188kΩ

Table I: Geometric parameters of the resonator and associated characteristics.

The corresponding schematic and result of simulations are shown in Fig. 7. Now, the lumped
capacitor CJ represents the capacitance of the Josephson junction alone, the rest of the capacitiance
being implemented by the surrounding ground.

4,4 4,6 4,8 5,0 5,2 5,4 5,6 5,8
0

50

100

150

200

R
e

(Z
) 

(k
Ω

)

Frequency (GHz)

1 2

CJ = 2fF

Ground plane

Figure 7: Final design drawing (left) and associated simulation result(right).

a. Computing current densities In order to understand the full resonator behavior, we have
simulated current and charge densities at resonance, as shown in Fig. 8.

A. Junction’s capacitance influence

The Josephson junction’s geometric capacitance CJ is of the order of few fF (70 fF .µm−2) [18]
and is also part of the environment seen by the pure Josephson element according to

Zenv(ω) =
Zcircuit(ω)

1 + jCJωZcircuit(ω)
,
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Resonator : impedance transformer

d) Current Density (A.m-1)
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b) Targetted behavior

50Ω

external port
internal port
=        1MΩ

c) Charge Densitiy (C.m-2)

1 2

Figure 8: a) Our circuit has two ports. One external port “1” to be connected to the measurement chain
can be modeled as a 50Ω load. The second port “2” is internal to the circuit and parametrized to mimic
the Josephson junction open between the resonator and the ground plane probes the impedance seen by the
future junction. These boundary conditions make us expect the resonator to behave like a λ/4 resonator.
b) In a typical λ/4, the low impedance port 1 corresponds to a node in charge and an anti-node in current,
while on the “open” side port 2, there is an accumulation of charges and no current. c) As expected, there
is a charge accumulation on the high impedance side of the resonator. As the coil is used as an inductance
but is also the capacitance of the circuit, there is an accumulation of charge at the periphery, i.e. in the
first turn of the coil. d) There is indeed no current flowing through the high impedance side and we see an
increase toward the low impedance port. in c) and d) the ground plane shown in fig. 7 is not represented
here as it does not present peculiar current/charge density.

97



II. Josephson Photonics

15

where Zcircuit(ω) is the impedance of the resonant circuit connected to the measurement line without
junction.

By adding a discrete capacitor to ground C = CJ at the junction’s position in simulations and
tuning its value, one can then observe in Fig. 9 that it is not negligible and must be taken into
account.

frequency (GHz)

R
e(

Z
en

v)
 (

kΩ
)

64 5
0

200

100

CJ : 4        2 fF

Figure 9: Real part of the impedance seen by the junction Re[Zenv(ω)] for different junction capacitances

As we aim at building a resonator with a capacitance around 15 fF, CJ will account for 10 to
20% of the total capacitance of the circuit. As a consequence, both characteristic impedance and
resonant frequency will be decreased by 5 to 10%.

B. Tuning the bandwidth using quarter wavelength resonator

According to table I and Fig. 7, our resonator is expected to have a bandwidth of ∆f ∼
60 MHz, which is not much larger than the 3 MHz FHWM of the Josephson radiation due to low
frequency voltage polarisation noise. It is thus useful to broaden this resonance while preserving
the characteristic impedance and resonant frequency.

Keeping the same resonator geometry, one can enlarge its bandwidth by inserting a second res-
onator between it and the source to play the role of an impedance transformer (quarter wavelength).
Doing so, we can increase the input impedance seen by the coil and broaden the resonance.

We have built this second stage of impedance transformer “on chip” between the measurement
line (modeled by Z0) and the coil, using a lossless coplanar waveguide (CPW) of length l = λ/4
according to :

This transformer is characterized by

ZDet =
Z2
C

Z0
,
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Figure 10: Circuit with an additional impedance transformer.

∆f (MHz) ZDet Zc, λ/4 width(µm) Gap (µm)

60 50 - - -

100 100 70 25 10

300 400 140 10 50

500 600 173 5 67

Table II: Influence of an additionnal impedance transformer on the resonator bandwidth.

where ZC is the characteristic impedance of the line, ZDet the transformed detection impedance of
the resonator and Z0 the 50Ω characteristic impedance of the detection line.

One can then choose the impedance seen by the coil (the impedance Z ′0 of the transformer) by
tuning the characteristic impedance ZC . To do so, textbook calculations allow to choose the good
ratio between the width of the central conductor and the distance to ground plane on a particular
substrate [19]. The bandwidth of the resonator, corresponding to an input impedance of 50Ω, is
60 MHz. By adding quarter wavelength transformers, we increase ∆f as listed in table VI B :

Using the quarter wavelength transformer simulations as a first block and the previous coil
results as a second one, the full circuit was simulated, using the Sonnet “netlist” feature. Such a
combination of previous simulations assumes no geometric “crosstalk” between the two resonators,
which makes sense given that they are shielded from each other by ground planes. We obtained
the results of Fig. 11.

We were then able to check that the λ/4 resonator has no influence on the characteristic
impedance by extracting it for each design. In order to have different bandwidth, these four config-
urations were fabricated. In practice, the sample used in the experiments reported in the main text
had a 70 Ω quarter wavelength inserted between the 50 Ω detection line and the planar inductor
resonator.

VII. FABRICATION

As mentioned above, we built the circuit of Fig. 12 on a 3×10 mm2 low permittivity quartz chip
with a single input/output port adapted to a 50Ω measurement line.
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Figure 11: : initial simulation result and Netlist simulation results for the 3 λ/4 transformers of table VI B

Our fabrication process consists in 3 mains steps. First, we fabricate Niobium based coil and
quarterwave impedance transfromers. Then, we connect the center of the coil to its periphery with
a bridge and finally, as it is the most fragile element, we fabricate the Josephson junctions.

A. Resonator: coil and λ/4

In order to be able to test the samples at 4K, we chose to built niobium based resonator. As
Niobium is of a much better quality when sputtered than evaporated, we used a top down approach
for this step.

A 100 nm a layer of Niobium was first deposited on a 430µmthick Quartz wafer at 2nm/s using
a dc-magnetron sputtering machine and then patterned by optical lithography and reactive ion
etching (RIE).

In order to pattern the resonators, we used an optical lithography process. The classical optical
lithography process used a resist thick enough so that all the niobium between the lines can be
removed before all the resist is etched, the S1813 from Shipley.

It was spinned according to the following recipe:

1. 110°C prebake of the substrate on hot plate

2. Resist spinning : S1813, 4000 rpm 45” / 8000 rpm 15”

3. 2 min rebake on hot plate

Using these parameters, and performing interferometric measurements, we measured a resist layer
of 1450 nm. The sample was then exposed with a Karl-Süss MJB4 optical aligner, with a dose of
150 mJ/cm−2 (15 secs). Finally it was developed using microposit MF319 during 90 seconds and
rinsed in deionized water for at least 1 min.

The next step of the process is the reactive ion etching of the niobium film : we used a mixture
of CF4 and Ar (20/10 cc) at a pressure of 50µbar (plasma off) and a power of 50 W (209V) for 4

100



II.5. Publications

18

Figure 12: Photograph of the chip used for the experiments described in the main text.

Figure 13: Fabrication of the coil. Left : photograph after optical lithography. Right : photograph after
niobium etching.

minutes 45 seconds (150 nm). After this process, the sample was cleaned in 40°C acetone for 10
minutes to remove any resist residues and rinsed in IPA.

The quarter wave resonator was fabricated at the same time as the coil by Niobium etching.
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Figure 14: 70 Ω quarter wavelength impedance transformer and coil. The whole chip is 3 × 10 mm2.

B. Bridge

As we decided to use a dielectric spacer to support the bridge, we added two additional steps to
the fabrication process. One for the dielectric spacer, the second one for the brdige itself. One of
the main difficulties of these steps is that, as the pads to connect the bridge is small, they require
very precise alignment.

a. Dielectric support We chose to work with polymers derived from B-staged bisbenzocy-
clobutene, sold as Cyclotene 4000 by Dow Chemicals and choose the lower viscosity, in order to
obtain a spacer between 0.8 and 1.8µm thick: XU35133. The process was performed according to
the following recipe:

1. 2 minutes prebake at 110° C

2. Primer AP 3000 rpm 30 secs

3. BCB XU : 3000rpm, 45secs/ 8000 rpm 15 secs

4. 3 minutes rebake @80° C

Using this technique, we obtained 1650 nm thick layers. The sample was then exposed with the
MJB4 optical aligner, with during 3 seconds. The development of this resist is quite difficult as it
is not dissolved by acetone:

1. 30 secs on hot plate (70° C) : to avoid that the bridge flows

2. DS 3000 rinsing for 1 minute

3. TS 1100 rinsing for 30 seconds

4. 1 min rinsing in deionized water

5. the sample was then dried while spinning

In order to obtain a flat surface and remove all resist residues, an RIE SF6 /O2 etching was performed
for 30 seconds (20/2 cc, 10µbar, 50W) as shown in Fig 15. Finally, the sample was rebaked during
30 minutes at 190°C to stabilize the resist.
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Figure 15: The flatness of the sample was measured with a stepper. After 30 seconds of SF6 /O2 etching,
resist residues have disappeared

b. Bridge’s line As the spacer is quite thick, this step requires a thicker resist. We used
AZ5214 and obtained a 1.5µm layer of resist according to the recipe:

1. 72°C prebake on hot plate

2. microposit primer : 6000rpm for 30 seconds

3. AZ5214 : 4000 rpm during 60s, 8000rpm during 10s

4. 2min rebake at 100°C with a bescher on top of the sample

The sample was then aligned and exposed during 7s using the MJB4. As the AZ5214 is a negative
resist which can be reversed, we rebaked the sample for 3min at 120°C and performed a flood expo-
sure for 25 seconds. The development was then performed using diluted AZ 400K with deionized
water (1:4) for 1 min. Finally, the BCB was covered with a 200 nm layer of aluminum after 12
seconds Argon etching to ensure good contacts with the coil.

Figure 16: Left: in a first step, a BCB brick is deposited with optical lithography. Right: in a second step
the core of the coil is connected with an aluminum bridge.
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C. Josephson junction

As explained in the main text, for r ' 1, strong anti-bunching effects are expected when the
resonator is, in average, almost empty. The maximum photon emission rate is given by

ṅ =
Re[Z(ω0)]I2

0

2~ω0
,

from which the mean occupation number n can be deduced by:

ṅ =
n

Γ
,

with Γ = 2πHMBW, the leaking rate of the resonator. In order to estimate the targeted resistance
of the junction, one uses the Ambegaokar-Baratoff formula and Josephson relations (taking into
account that DCB will renormalizes EJ by a factor of exp(−πZc/2RQ)):

I0 =
π∆

2 eRN
, EJ =

ϕ0IC
2π

.

In order to be able to tune EJ with a magnetic field, a SQUID geometry is used for the josephson
junction: two junctions are placed in parallel to form a loop, which behaves as a single effective
junction tunable with the external magnetic flux applied to the loop.

As a small capacitance is required for the resonator, junctions must be as small as possible,
but big enough to be reproducible and lead to a good symmetry between the two branches of the
SQUID. Assuming a symmetry of 90%, EJ can then be reduced by a factor of 10 tuning the flux
with a little coil on top of the sample.

Assuming a bandwidth ∆ω ∼ 100 MHz, a characteristic impedance ZC ∼ 2kΩ, a critical current
I0 of 1 nA and a symmetry of 90%, one can estimate the minimal amount of photon in resonator :

n = 1/100.
ṅ

Γ
=

ZCI
2
0

2h(∆ω)2.100
e
−πZc/RQ ∼ 0.5

with ∆ω the half maximum bandwidth of the resonator (FWHM). These parameters require a
normal state resistance for the SQUID of RN ∼ 300kΩ.

a. Fabrication principle Samples are made of aluminum based tunnel junctions, fabricated by
double angle evaporation through a suspended shadow mask, using the standard Dolan technique
[20]. By adjusting the angles of evaporation, two adjacent openings in the mask can be projected
onto the same spot, creating an overlay of metallic films as shown in fig. 17. The first film is
oxidized before the second evaporation to form the tunnel barrier.

In order to have reproducible as well as small junctions, we used a cross shape as shown in Fig.
18.

b. SQUID fabrication PMMA/PMGI resist bilayer spining :

1. 2 min rebake at 110° C

2. Ti prime 6000 rpm 30 secs

3. PMGI SF8 : 3000rpm, 45secs/ 6000 rpm 15 secs (≈ 613 ± 15nm)

4. 5min rebake @170°C with bescher
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Figure 17: Double angle evaporation principle: two metallic layers are evaporated onto the same spot,
creating an overlay of metallic films. As the first layer was oxydized, the two electrodes are separated by
an insulator and form a Josephson SIS junction.

5. PMMA A6 : 6000rpm, 60secs (≈ 253±21nm)

6. 15 min rebake @ 170°C (with bescher)

As the quartz is very sensitive to charging effects, we placed an additional 7nm layer of aluminum
of top of the resist to evacuate charges during EBL. The full wafer was then covered by a thick layer
of UVIII resist which can be removed in IPA and sent to IEF for dicing. Actually, as the Quartz
substate has an hexagonal symmetry, it cannot be cleaved.

We then performed EBL on single chips using an FEI XL30 SEM with a dose of 300 µC.cm−2

at 30 kV. The focus was tuned a three point on the sample using 20 nm gold colloids.
The development process then consisted in :

1. 35 secs MIF 726, 15 secs ODI to remove the aluminum layer
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Figure 18: Left: SEM image of the SQUID. Right: zoom on one of the Josephson junction with size
95 × 87 nm2

2. 60 secs MIBK + IPA (1:3), 30 secs IPA, 15 secs ODI to open the Josephson junction patterns

3. 25 secs MIF 726, 1min ODI, 15 secs ethanol to have a nice undercut

Double oxidation junctions Finally, we deposited and oxidized aluminum to form highly
resistive Josephson junctions using double angle evaporation technique. In order to fabricate very
resistive Josephson junctions, the group of J.P. Pekola [18] raised the idea of oxidizing not one
layer of aluminum but to do it twice. By evaporating an additional subnanometer thick layer of Al
immediately after oxidizing the first layer, and oxidizing this fresh very thin layer, one thus obtain
thicker barriers.

The key parameter of this recipe is the thickness of the intermediate thin Al layer. As it will
be completely oxidized we can achieve resistances up to 1MΩ with 0,4nm. Using this process, the
surfacic capacitance of the junction is estimated to 70 fF /µm2 i.e. ∼ 2 fF for the SQUID.

1. Argon ion milling 2x10 secs / 3 mA

2. -24° : 20 nm Al @ 1 nm.s-1

3. O2/Ar (15/85 %) oxidation 300 mbar during 20 min

4. 0.25 nm Al @ 0.1 nm.s-1

5. O2/Ar (15/85 %) oxidation 667 mbar during 10 min

6. 24° : 80 nm Al @ 1 nm.s-1

The lift-off of the resist was done by putting the sample in 60°C remover-PG during 40 minutes.
In order to get uniform resistance values and limit Josephson junctions aging, they were rebaked
on a hot plate at 110°C during one minute.

The chip was then stuck on the PCB with UVIII resist and bonded to the single input/ output
port using aluminum wires as shown in Fig. 12.
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a)

b)

c)

d)

Figure 19: Josephson junction fabrication steps : a) Josephson junction shape : PMMA development b)
Undercut : PMGI development c) & d) optical microscope view of the junctions after lift-off

VIII. CALIBRATION PROCEDURE

To calibrate in-situ the gain G of the detection chain and the impedance Z(ν) seen by the
junction, we measure the power emitted by the junction in two different regimes. First, we bias
the junction well above the gap voltage Vgap = 210 µV and measure the voltage derivative of the
quasiparticle shot noise power spectral density P(ν):

∂P(ν)

∂V
=

2eRtReZ(ν)

|Rt + Z(ν)|2 , (13)
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with Rt = 222 ± 3 kΩ the normal state tunnel resistance of the SQUID measured separately.
Second, we sweep the bias voltage V to measure the power at ν = h/2eV resulting from the
inelastic tunneling of Cooper pairs emitting single photons, as given by Eq. 2 of the main text:

P =
2e2E∗2J

~2
ReZ(ν = 2eV/h). (14)

The different power dependences on Z(ν) in these two regimes allows for an absolute determi-
nation and Z(ν), the latter being shown in red in Fig.3b of the main text. With an absolute
determination of Z(ν) at hand, we can use the normal quasi-particles shot noise as a calibrated
noise source to determine in situ the gain and noise temperature of our two detection chains.
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Abstract
We explore the similarities and differences between simple theoretical models developed to
describe the quantum optical micromaser and Josephson-photonics devices. Whilst the
micromaser has long been recognised as an important model for the dynamics of open quantum
systems far from equilibrium, so-called Josephson-photonics devices are a recently developed
form of superconducting quantum circuit in which the quantum transport of charges through a
voltage-biased Josephson junction drives the production of photons in a microwave resonator.

Keywords: Josephson-photonics systems, micromasers, nonlinear quantum systems, nonclassical
states of light

(Some figures may appear in colour only in the online journal)

1. Introduction

The quantum micromaser consists of an optical cavity
through which a stream of excited atoms pass and is a text-
book example of a driven open quantum system [1–3].
Described by an elegant theoretical model [3, 4], the rea-
lisation of the micromaser in experiment marked an important
milestone for the development of quantum optics [5]. The
highly nonlinear nature of the micromaser leads to a rich
range of behaviours including dynamical transitions, bist-
ability and the existence of trapping states, where the system
becomes restricted to an extremely small state space leading
in principal to the stabilisation of strongly nonclassical states.

Impressive progress over recent years in areas such as
superconducting circuits [6] and optomechanics [7] has
opened new horizons in terms of the types of quantum
dynamics that can be realised and the quantities that can be
measured. However, the micromaser remains an important

source of inspiration for theoretical and experimental work on
nonlinear quantum systems. Indeed in the last few years,
several different analogues of the micromaser have been
proposed in the form of microwave circuits [8–10] or opto-
mechanical [11] devices, some of which have been realised
[12, 13]. Such analogies build on a more general idea of
exploiting Josephson systems as alternative ‘artificial’ ver-
sions of quantum optics [6, 14, 15].

It is also fruitful to compare and contrast the micromaser
with some of the novel paradigms for nonlinear open quant-
um systems offered by engineered quantum devices. In this
article we focus on the behaviour of a Josephson-photonics
device in which a flow of Cooper pairs across a voltage-
biased Josephson junction (JJ) pumps a microwave cavity
which is connected in series with the junction. Such systems
have been explored in a range of recent experiments [16–21]
and theoretical studies [22–28]. Although there is no direct
mapping between the micromaser and Josephson-photonics
devices the latter display many characteristics, such as
dynamical transitions and trapping which are reminiscent of
behaviour discussed before in the context of the micromaser.
Hence, whilst they are perhaps not the closest of relatives the
two types of system are at least cousins. As we seek to show
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below, comparing the similarities and differences between
Josepshon-photonics devices and the long-studied, well-
understood behaviour of the micromaser does not just deepen
our understanding of the former, it also helps to point out new
directions for future research.

The two types of system we compare are illustrated
schematically in figure 1. In both cases a damped cavity mode
is pumped by a flow of particles, two-level atoms in the case
of the micromaser and Cooper pairs in Josephson-photonics
set-ups. Even at this level, the apparent similarity between the
two systems is off-set by an important difference: whilst the
flow of charges through the Josephson circuit is determined
by the interaction with the cavity, the centre of mass motion
of the atoms in the micromaser is independent of the
corresponding cavity dynamics. In the following we introduce
the effective descriptions of the cavity mode dynamics in each
case which then allows us to compare their properties in
detail.

The rest of this paper is organised as follows. In section 2
we introduce and compare the theoretical model used for
micromasers and Josephson photonics. We examine the
impact of nonlinearities on the dynamics in section 3. Then
we contrast the trapping states produced in the two systems in
section 4, and in section 5 we discuss the ways in which
cavity linewidths are accounted for in the two systems. We
discuss the different ways in which information can be
obtained about the state of the cavity in section 6. Finally,
section 7 contains a short discussion and perspectives for
future research.

2. Model systems

The basic interaction between the atoms and the cavity field in
the micromaser is described by the Jaynes–Cummings model
[4], but a remarkably simple description of the system which
involves the field mode alone can be obtained by coarse-
graining over time [3, 4]. Within the interaction picture, the
master equation for the cavity density operator takes the form

r r r= +  , 1a d˙ [ ] [ ] ( )

where the first term describes the atom–field interactions

r f r f

f
r

f
r

=

+ -

 N aa aa

a aa

aa

aa a

aa

cos cos

sin sin
2
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with a the cavity mode lowering operator, f the Rabi angle
which is a product of the light–matter coupling and the time
taken by the atoms to traverse the cavity [3], and N the
average flow rate of the atoms. The second term in (1)
describes the usual dissipative interaction between a cavity
mode and its surroundings, assumed to be at zero-temperature
for simplicity

r
g

r r r= - - a a a a a a
2

2 , 3d [ ] [ ] ( )† † †

where γ is the damping rate. Although the original atom–field
interaction is coherent, the statistics of the atoms’ arrivals at
the cavity is Poissonian and when they are traced out the
resulting master equation is fully incoherent.

For the simplest Josephson-photonics set-up, a cavity in
series with a JJ biased at a voltage matching the fundamental
mode frequency of the former (see figure 1(b)), a simple
effective description can also be derived in which only the
cavity mode features. In a frame rotating at the cavity fre-
quency, the resulting master equation is

r r r= - +


H
i

, . 4dJP˙ [ ] [ ] ( )

In this case cavity dissipation is combined with a coherent
interaction, which provides an approximate description of the
effect of coherent Cooper pair tunnelling through the junction
on the cavity mode [24, 25]. The Hamiltonian takes the form

= -
D

H
E

a a
J a a

a a
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2
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2
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where = -DE E eJ J
20

2* is the Josephson energy of the func-
tion, renormalised by quantum fluctuations, and colons imply
normal ordering. The parameter pD = Z R4 LC0

2
K containing

the impedance ZLC of the superconducting resonator and the
von Klitzing constant RK=h/ e2 represents the analogue to
the fine structure constant of quantum electrodynamics,
α=Z0/(2RK) with the vacuum impedance Z0. It provides
here a measure of the zero-point fluctuations of the oscillator.
As the effective fine structure constant of the model depends

Figure 1. Schematic set-up of (a) micromaser and (b) Josephson-
photonics experiments. In the micromaser set-up, a microwave
cavity is pumped by a continuous flow of excited atoms which
interact strongly with one of the cavity modes. In Josephson-
photonics systems, a Cooper-pair tunnelling across a dc-voltage–
biased Josephson junction provides the energy to create a photon in a
series-connected microwave resonator (or cavity). These creation
processes are balanced by subsequent leakage of photons from the
resonators after a lifetime 1/γ so that these highly nonlinear systems
reach a steady state, offering strongly nonclassical states of light.
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on the impedance =Z L CLC (see figure 1(b)), and thus on
circuit parameters, designing dedicated large-impedance
devices allows one to reach a regime of strong-coupling
quantum electrodynamics (with D ~ 10

2 achieved in [21]). In
the limit of small EJ and Δ0, equation (5) can be approxi-
mated as D -*H E a ai 2JP J 0( )( )† / . Together with (4), this
describes an oscillator which is damped and driven linearly on
resonance, leading to a steady state which is simply a
coherent state [24].

In both systems there are pairs of parameters that play
complementary roles. One parameter, f or Δ0 describes the
strength of the underlying nonlinearity whilst another, N/γ or

gEJ* , acts like a pump rate. When the effective interaction
strength reaches unity nonlinear effects become important for
occupation numbers of order unity, but at much lower
effective interaction strengths nonlinear effects come into
play when the pumping parameter is increased enough to
generate sufficiently large photon populations. As can be seen
in figure 2, whilst increasing f (Δ0) from zero naturally leads
to an increase in steady-state occupation numbers, larger
effective interaction strengths eventually lead to a systematic
lowering of the occupation numbers.

3. Nonlinear dynamics

A striking feature of both the micromaser and Josephson-
photonics devices is the emergence of transcendental func-
tions of the number operator in the effective master equation
descriptions. This highly nonlinear dependence leads natu-
rally to a very rich nonlinear dynamics which emerges clearly
at the mean-field or semiclassical level [2, 4, 24]. For a
Josephson-photonics device in the semiclassical limit, where
the system is described by amplitude A and phase f given by
á ñ = fa Aei , one finds the Hamiltonian

f= DH E J Asin 2 , 6sc J 1 0* ( ) ( ) ( )

which is nothing but a nonlinearly driven harmonic oscillator
on resonance [27]. The corresponding equations of motion

(including damping), take the form

f f

g
f

=-
D ¢ D

=- + D

E

A
J A

A A
E

A
J A

sin 2 ,

2 2
cos 2 . 7

J 0
1 0

J
1 0

*

*

˙ ( ) ( )

˙ ( ) ( ) ( )

From the phase equation, we see that either the phase or the
amplitude of each of the fixed points must be ‘locked’ in the
sense that it does not vary with EJ. A more detailed analysis
shows that as EJ is increased the phase of the steady-state (i.e.
the stable fixed point) is locked initially, but at larger EJ a
bifurcation arises leading to an amplitude-locked solution
[27]. Such dynamical transitions, which look more like tra-
ditional phase transitions with sharp features rather than
smooth crossovers in the semiclassical limit where photon
numbers are large, were also found for micromasers [4].

The strong nonlinearity and relatively weak noise in both
the micromaser and Josephson-photonics devices means that
they display signatures of nonclassicality even in regimes
where the photon numbers are large. In particular, both
exhibit number-squeezing over a wide range of parameters
such that the width of the number state distribution is less
than that of a coherent state with corresponding average
occupation: = á ñ - á ñ á ñ <F n n n 1n

2 2( ) , n=a†a. Such
squeezing does not happen across the whole parameter space,
with strong peaks in Fn signifying the onset of dynamical
transitions in the micromaser [4]. Interestingly, the pattern of
dynamical transitions in JJ-resonator systems can be quite
different, leading to much weaker signatures in the fluctua-
tions in the number-state distribution [24].

One of the most attractive aspects of the micromaser
model (1) is that it allows for a full analytic solution for the
steady-state elements of the density matrix. This is because
the micromaser master equation leads to dynamics in which
the diagonal and off-diagonal elements in the Fock-state basis
decouple. This means that the off-diagonal elements vanish in
the steady state and the application of detailed balance [1, 3]
leads to the following expression for the diagonal ones

r
g

f
á ñ =

=

n n n
N m

m
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, 8
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0
1

2
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Figure 2. Steady-state occupation of the (a) micromaser and (b) Josephson-photonics system as a function of the Rabi angle f with pump
parameter N/γ=10 and the strength of the zero-point fluctuations Δ0 with pump parameter g =E 20J* ( ) , respectively. Minima indicated
by coloured vertical lines reveal the vanishing of transition matrix elements and thus the occurrence of few-level systems, where the number
of maximal photons in the resonator is restricted to 0 (red), 1 (blue), 2 (yellow), and 3 (green).
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with n0 a normalisation constant. Unfortunately no such
compact analytic expression has (yet) been obtained for the
steady state for Josephson-photonics devices, largely because
of the complications caused by the coherent dynamics in the
system. Consequently, we have to rely here on standard
numerical methods to find the steady state of the quantum
master equation (equation (4) with the rotating-wave
approximation Hamiltonian in equation (5) and dissipator in
equation (3)), allowing us to study the corresponding steady-
state photon occupation numbers and Wigner densities.

4. Trapping states

The nonlinearities in both the micromaser and JJ-cavity sys-
tem can also be exploited to stabilise states in which the
cavity becomes trapped in the sense that its dynamics cannot
access Fock states above a specific value. Despite this
apparent similarity, the properties of the resulting trapped
states differ in important ways. In particular, the dissipative
form of the master equation for the micromaser actually
makes it significantly easier to stabilise Fock-like states via
the trapping mechanism.

In the case of the micromaser, the uncoupling of the
diagonal and off-diagonal elements of the density operator in
the Fock state basis leads to a simple dynamics consisting of
upward and downward transitions between the diagonal ele-
ments (populations). In the zero temperature limit, the cavity
is only ever damped by its surroundings, leading to transitions
which are always downwards. The interaction between the
cavity and the atoms, described by a in (1), generates
upward transitions, but the corresponding rates can vanish for
special values of f at which f + =Nsin 1 0max( ) with
Nmax=0, 1, 2, K. In such cases the micromaser can relax
from higher to lower number states, but it can never make an
upward transition between the Nmax and Nmax+1 states,
hence the steady-state probability of finding the system in a
number state n>Nmax vanishes.

Something very similar happens in the case of Josephson
photonics [25, 26]. Here the Hamiltonian generated evolution
is coherent and the matrix elements between different number
states of the cavity take the form

á + ñ = - D
+

Dn H n
E

n
L1 i

2 1
, 9nJP 0

J 1
0
2*

∣ ∣ ( ) ( )

whilst elements beyond the first off-diagonal are all zero.
Provided the zero-temperature limit is taken, the effect of the
cavity’s surroundings is again limited to producing downward
transitions in the number state basis. The system becomes
trapped when the parameter Δ0 is tuned to a zero of the
associated Laguerre polynomial: D =L 0N

1
0
2

max
( ) implies that

the steady state of the system will not involve number states
with n>Nmax.

Trapping within a restricted Fock state basis is therefore a
feature of both systems. Figure 2 illustrates values of the
corresponding device parameters f at Δ0 which trapping
occurs below the Fock state Nmax=0, 1, 2, 3. Trapping

appears as a localised dip in the steady state occupation
number á ñn st at the appropriate parameter value. Interestingly,
in contrast to the micromaser, the JJ-cavity system cannot be
trapped in the ground state because =L x 10

1( ) . The transition
matrix element
á + ñn H n 1JP∣ ∣ ∝á D + + ñn a a nexp i 10∣ [ ( )]∣† ∝ DLn

1
0
2( ) cor-

responds to the overlap of the shifted harmonic-oscillator
eigenstates of the involved levels. The mathematical obser-
vation =L x 10

1( ) thus reflects the physical fact that the
overlap between the harmonic-oscillator wave functions of
the ground state and first excited state does not vanish for any
finite shift.

The most significant difference in the way in which
trapping occurs between the two systems stems from the fact
that trapping arises through the vanishing of matrix elements
in the Hamiltonian for the JJ-cavity system and of incoherent
transition rates in the case of the micromaser. As figure 3
illustrates for the case where Nmax=1, in both cases the
system can be driven closer towards a pure Fock state by
increasing the corresponding drive parameter (N/γ or

gEJ* ). However, whilst one can in principal get arbitrarily
close to the Fock state ñ1∣ for the micromaser, the coherent
interaction in the JJ-cavity system sets a fundamental limit of
0.5 on the fidelity. The effect that this has on the actual states
that are produced is shown in figure 4. In particular, the
trapping states produced in the JJ-cavity system are too far
from being a Fock state for the corresponding Wigner func-
tions to display negative regions [26]. Nevertheless, the fact
that trapping with Nmax=1 can be achieved means that both
systems could function as sources of single photons [21, 29].
As pointed out in [26], an almost perfect Fock state can be
produced (see figure 4) by means of a second cavity which is
much more strongly damped and acts to degrade unwanted
coherent oscillations.

Figure 3. Fidelity F of Fock state ñá1 1∣ ∣ and steady state ρst of the
micromaser (red) and the standard single-cavity Josephson system
(blue, solid) as a function of pump parameters N/γ and gEJ* ( ),
respectively, in the two-level situation (f p= 2 , D = 20 ). In
contrast to the single-cavity Josephson-photonics system, the
micromaser reaches population inversion, á ñ >n 0.5st , for suffi-
ciently strong driving so that Fock states ñá1 1∣ ∣ with high fidelity can
be created. This can also be realised within the Josephson-photonics
platform on the basis of a two-cavity scheme (see [26]) when using
an auxiliary cavity with photon leakage rate γaux=100γ (blue,
dashed). The Wigner densities of the states associated with the
parameters indicated by black circles are pictured in figure 4.
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5. Cavity linewidth

The effective dissipative master equation for the micromaser
cavity leads to laser-like dynamics in which the system
undergoes phase diffusion [1] (i.e. a finite linewidth), so that
it always eventually evolves into a state which has a circularly
symmetric Wigner function. In contrast, in Josephson pho-
tonics the action of the Hamiltonian in the master equation
leads to a dynamics which is apparently that of nonlinear
resonance: the system has a preferred phase and the linewidth
vanishes.

The spectral properties of the micromaser were investi-
gated by Wolfgang Schleich and co-workers during the 1990s
using a variety of different methods (see, e.g. [30, 31]). The
complex nonlinear dynamics of the system are reflected in the
behaviour of the phase diffusion which shows features quite
distinct from those seen in the standard laser [31].

In a cavity-JJ system the preferred phase is ultimately set
by the voltage source which acts on the cavity like a time
dependent drive. The effective Hamiltonian (5) emerges
within a rotating frame after a rotating wave approximation is
made and the original Hamiltonian has an explicit time
dependence. However, experiments on Josephson cavity
systems do not reflect this picture [16–18] and in fact reveal
behaviour which is much more like a laser in that the steady
states have no preferred phase.

The simplicity of the resonator-only effective model, (4),
is achieved by suppressing an aspect of the physics which in
this context proves important: in any real circuit the effective
voltage bias experienced by the resonator will be subject to
low frequency fluctuations [25, 26, 32]. This defect of the
model can be remedied by extending the Hilbert space to
include the charges transported across the junction which

experience an effective dephasing due to voltage fluctuations
[25]. Within a resonator-only picture voltage fluctuations can
be accounted for as an additional classical noise source in a
Langevin description [32] or through additional terms in the
master equation describing photon-number dephasing [26]. In
any case the linewidth of the system is set by the low fre-
quency voltage fluctuations which (at least so far) is regarded
effectively as a parameter that simply needs to be added to the
theory. In the case of the micromaser, the master equation
explicitly accounts for a quite different classical stochastic
effect: random arrival times of the atoms at the cavity.

A proper description of the spectral broadening due to
voltage noise is crucial for describing the emission spectrum
of the resonator which can contain nontrivial information
about the system dynamics. As an example, we show in
figure 5(a) calculations of the power spectral density, devel-
oping a characteristic Mollow-triplet structure, as the
strongly-nonlinear system (Δ0=1 as reached in recent
experiments [21]) is driven strongly. For this case, voltage
fluctuations can be treated as quasi-static, so that a classical
average over a Gaussian distribution of voltages (with para-
meters extracted from the linear-driving spectrum) can model
the expected spectrum.

Whilst low-frequency voltage fluctuations play a crucial
role in Josephson photonics in destroying preferred phase and
broadening emission spectra, their influence on the energetics
of the system is much less significant and in many cases they
can be neglected [25–27]. In regimes where the resonator
occupation remains small, the voltage fluctuations have been
shown explicitly to lead to a small correction [25], though
they are expected to become more important in the semi-
classical limit where photon numbers become large [32].

Figure 4. Wigner functions for the steady state ρst of the micromaser system ((a), (b), and (d)) and the Josephson-photonics system ((a), (c),
and (e)) for different steady-state occupation numbers (see black circles in figure 3).
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6. Probing the cavity state

In the micromaser information about the dynamics of the
system is obtained by measuring the state of atoms emerging
from the cavity. Detailed descriptions of the statistics of the
clicks [3, 33] of an atom-state detector have been developed
including full counting statistics and waiting time distribu-
tions. Nevertheless, despite their practical advantages, atom-
state measurements do not provide simple answers about all
of the cavity properties of interest [33].

In Josephson photonics the practical situation is very
different. Coupling of the resonator to a transmission line is
straightforward, providing direct access to photonic properties
through the radiation that leaks out of the cavity. Such leak-
age damps the cavity and indeed is typically the dominant
mechanism (i.e. it contributes essentially all of the rate γ).
Measurements carried out so far include [16–18, 21] the
average power and power spectral density, and second-order
coherence, = á - ñ á ñg n n n0 12 2( ) ( )( ) . Indeed, predictions of
number squeezing in the cavity [24, 25] have recently been
confirmed by detecting values [21] of g(2)(0)<1 (which
implies Fn<1). In figure 5(b) we show anti-bunching and
Rabi-type oscillations in g(2)(τ) for various parameter
regimes, including the scenario discussed above via its first-
order correlations, see figure 5(a). The reduction to a two-
level system for D = 20 results in perfect anti-bunching,
but drastic signatures of a nearly-trapped system (see
section 4 and figure 2(b)) remain clearly visible well below
this value.

The fact that essentially all of the radiation leaking out of
superconducting microwave cavities can be captured and
detected suggests that the full counting statistics of the pho-
tons should in principal be measurable [22]. In this case, the
earlier work on the statistics of detector clicks [33] provides
clear inspiration and this is an area in which further theoretical
work is to be expected in the future.

In Josephson-photonics set-ups the current flowing
through the JJ can also be readily measured, providing a
second channel of information about the dynamics of the
system. Unlike the centre-of-mass motion of the atoms
through the micromaser cavity, net transport of Cooper pairs

through the JJ implies photon generation. Experiments so far
have demonstrated the expected relationship between the
average current and the rate at which photons are produced
[16]. The corresponding fluctuations contain further dyna-
mical information which is expected to be directly related to
the fluctuations in the photons leaking out of the cavity [27].

7. Discussion

In our comparison of the micromaser and Josephson-photo-
nics devices we have seen that many of the most interesting
features in the latter have parallels that were already discussed
and understood in the context of the former. In particular,
both systems display interesting dynamical transitions, give
rise to number squeezing, display trapping states and are
subject to phase diffusion.

Despite these similarities there are also essential differ-
ences. Most fundamental is the different nature of the objects
described by the respective theories. While the atoms and
cavity photons in the micromaser are truly microscopic
objects, the degrees of freedom of Josephson photonics are
collective entities emerging as macroscopic quantum vari-
ables of a lumped-circuit description of the full microscopic
many-body Hamiltonian of the actual condensed-matter
device. The fact, that in Josephson photonics we are dealing
with an effective theory, is directly linked to the possibility to
change fundamental parameters of the theory, such as the
effective fine structure constant, by circuit design.

Realising a condensed-matter cousin of the micromaser,
thus, not only offers new technological aspects, such as the
easy access to the photonic properties of on-chip microwave
cavities already discussed above. Much more significantly,
the fact that both the impedance of superconducting resona-
tors and the Josephson energy of junctions can be varied
within very wide ranges in experiments [17, 18, 21] means
that the strength of the nonlinear interactions that are gener-
ated can be made larger than the level spacing of the cavity.
This should allow access to novel regimes of ultrastrong
coupling for which the master equation (4) will surely prove
inadequate. In contrast, fundamental atomic physics dictates

Figure 5. (a) Power spectral density (PSD) in arbitrary units (normalised to the value of the main peak at ωJ=ω0) for Δ0=1 and two
different values of gEJ* ( ). Here, we have included voltage fluctuations into our description by averaging over a Gaussian distribution of
static noise with standard deviation σ2=γ/10. (b) Second-order correlation function g(2) for different values of the strength of the zero-point
fluctuations Δ0 and driving strength gEJ* ( ). The experimentally realised strong anti-bunching for Δ0 (see [21]) lies between the well-
known results for the harmonic limit, D  00 , and the two-level systems realised as D = 20 .
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that the strength of the underlying light-matter coupling in the
micromaser is very weak. Although the effective interaction
can become very strong (by tuning the time spent by an atom
traversing the cavity so that the probability of transferring
energy to an unoccupied cavity can reach unity), the weak-
ness of the bare interaction means that the rotating wave
approximation that goes into the Jaynes–Cummings descrip-
tion of the atom–cavity dynamics remains valid and a simple
description of the cavity losses remains appropriate. In
Josephson photonics, the rotating wave description that
underlies the effective description (4) is expected to fail for
ultrastrong coupling.
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CHAPTERIII

Josephson Scanning Tunneling Microscopy

This chapter starts with a short introduction to the field of Josephson scanning tunneling
microscopy (Josephson STM), providing background knowledge for a deeper understanding
of the Pubs. (VI) and (VII). In a first step (Sec. III.1), we briefly discuss the technique
of scanning tunneling microscopy and illustrate the manifold opportunities opened up by a
recently-developed new generation of ultra-precise devices operating at temperatures in the
low millikelvin regime. In Sec. III.2, we then turn toward the fundamentals of Josephson
scanning tunneling microscopy from a theoretical point of view. To model the impact of
the electromagnetic surrounding and capacitative noise on a tunneling charge quantum, we
introduce the so-called P (E) function (Sec. III.2.1), describing the probability for a loss
or gain in energy during a charge-transfer process. We then analyze the current-voltage
characteristics of the STM junction, in which the fundamental current-carrying mechanisms
can be understood in terms of the Josephson effect (Sec. III.2.2) and multiple–Andreev-
reflection processes (Sec. III.2.3). In addition, we briefly discuss the phenomenon of Yu-
Shiba-Rusinov resonances (Sec. III.2.4), which can be traced back to localized subgap states
induced by individual magnetic adatoms. Moreover, we introduce a theoretical approach to
describe the effect of interband coupling in two-band superconductors on the corresponding
order parameters (Sec. III.2.5). Summaries of the Pubs. (VI) and (VII) are then presented in
Sec. III.3, focusing on the comprehensive scientific context and their scientific contribution
to the relevant research area. Section III.4 gives a statement on the author’s contributions
to these publications and Sec. III.5 contains the corresponding full-text articles. Please note
that in order to provide a consistent presentation throughout the following introduction and
summaries, we partly deviate from the notations chosen in the publications.

III.1. Operating Principle and Experimental Setups

Since its invention by G. Binnig and H. Rohrer in 1981 [174–177], scanning tunneling mi-
croscopy has evolved into an extraordinarily powerful and versatile experimental technique
to probe the electronic structure of electrically-conducting materials on atomic scales (see,
e.g., Refs. [178–180] for an overview). The operating principle of such a scanning tunneling
microscope (STM) directly relies on the quantum tunneling effect. A sharp tip is moved over
a sample at distances of a fraction of a nanometer such that a small tunneling current can flow
through the thin vacuum barrier when an external dc-voltage bias is applied [cf. schematic
sketch in Fig. III.1(a)]. Since this current exponentially depends on the tip-sample distance,
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Figure III.1.: Basic model description of an STM setup. (a) Schematic sketch of an STM
tunnel junction biased by the dc voltage V . The tunneling current I between tip and sample
is generally subjected to interaction with the electromagnetic environment, which is modeled
by a macroscopic impedance Z(ω). (b) The equivalent circuit diagram of an STM tunnel
junction is given by a parallel connection of a resistor with the tunneling resistance RT and
a capacitor with the junction capacitance CJ. Due to the extremely small capacitance of an
STM junction, an STM operated at ultra-low temperatures in the mK regime reaches the
quantum limit, i.e., the charging energy EC dominates over the thermal energy ET. In this
limit, charge quantization is non-negligible anymore, thus setting a fundamental limit on the
achievable energy resolution of the instrument. Based on Ref. [28].

already tiny changes at the sample surface can readily be detected. Scanning a sample line by
line thus allows one to contactlessly visualize the topography of its electronic structure with
a remarkable precision at an atomically-resolved level. In principle, the STM can be operated
here in two different scanning modes. In the constant-current mode, the tunneling current is
held constant by permanently adjusting the tip height such that the height profile of the tip
movement directly provides access to the surface structure. In the constant-height mode, on
the contrary, the tip height is kept constant and the surface structure is reconstructed on the
basis of the variation of the tunneling current. In scanning tunneling spectroscopy [178–181],
representing an extension of scanning tunneling microscopy, the tunneling current I between
tip and sample is measured as a function of the external dc voltage V while the position of the
tip is held constant. The change of the current with the applied voltage, i.e., the differential
conductance dI/dV , then directly gives access to the local density of states of the sample as
a function of energy at the location set by the tip position.

In recent years, numerous phenomena characterized by extremely sharp spectral features,
such as Yu-Shiba-Rusinov states [34–36], Kondo peaks [37–39], or excitations of spin states
in single atoms or molecules [183–185], have attracted a lot of attention and thus created the
need for ultra-high spectroscopic energy resolution. Progress has been made here, on the one
hand, by lowering the temperature [186] to minimize thermal excitations and, on the other
hand, by the use of superconducting tips [182] to avoid broadening effects due to the Fermi
functions (cf. Fig. III.2 which illustrates the effect of temperature and superconducting tips
on the sharpness of spectral features in the differential conductance). These efforts of increas-
ing the spectroscopic energy resolution have led to the rise of a novel generation of scanning
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Figure III.2.: Differential conductance dI/dV as a function of the applied dc voltage V at
different temperatures T measured for an STM tunnel junction which is formed between a su-
perconducting NbSe2 sample and an either (a) superconducting Nb or (b) normal-conducting
PtIr tip [182]. The measurement series for different temperatures are shifted vertically for
clarity. Comparing the sharpness of spectral features between the different data sets illus-
trates that the energy resolution of an STM can be enhanced by (i) lowering the temperature
and (ii) the use of superconducting tips. Data taken from Ref. [182].

tunneling microscopes. New devices with superconducting tips [182, 187–192], referred to
as Josephson scanning tunneling microscopes (Josephson STMs) [188], have opened up the
opportunity to realize highly tunable superconducting tunnel junctions, whose Josephson en-
ergy can widely be varied in situ by the tip-sample distance. Further and further lowering
the operating temperature of these devices eventually leads to a regime where the charg-
ing energy EC substantially exceeds the thermal energy ET. The device is then operated
at the quantum limit [28], where the granularity of the tunneling current has to be taken
into account, ultimately setting a limit on the maximally achievable energy resolution of the
instrument. Here, the modeling of the STM junction, at higher temperatures sufficiently
described as a resistor with the tunneling resistance RT [180], has necessarily to be extended
by a parallel-connected capacitor with the junction capacitance CJ [cf. Fig. III.1(b)]. This
junction capacitance mediates an interaction between tunneling charge carriers and the elec-
tromagnetic surrounding [28, 193–198].

A particularly fascinating representative of this new generation of scanning tunneling mi-
croscopes has been developed by the group of C. R. Ast and K. Kern at the Max Planck
Institute for Solid State Research in Stuttgart [26, 199, 200]. Operating at ultra-low temper-
atures down to 15 mK, this recently developed instrument (cf. Fig. III.3 for an illustration
of the setup) has made it possible to energetically resolve extremely sharp spectral features
which have so far been masked by thermal energy broadening. This development work has
led to the emergence of a promising new platform for future sensing devices to probe complex
states of matter in the deep quantum regime, whose full potential has yet to be explored. First
experiments performed with this Josephson STM [27–33], however, have already made clear
that a deep understanding of the interaction between tunneling charge carriers and electro-
magnetic surrounding is crucial for an interpretation of experimental data. Energy exchange
with the environment here can be quantified in the framework of the so-called P (E) the-
ory [194–198], in which the P (E) function describes the probability that a tunneling charge
carrier emits or absorbs a photon of energy E to or from the environment. The electromag-
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Figure III.3.: Millikelvin-STM setup at the Max Planck Institute for Solid State Research in
Stuttgart [26, 199, 200]. (a) To minimize external disturbances, the high-precision laboratory
is electromagnetically shielded from the surrounding and the STM itself rests on a solid base
plate which is largely decoupled from the environment by dampers. (b) Upper part of the
STM, from where all its functions are controlled. (c) Large cryostat with preparation chamber
attached at the bottom. (d) Measuring head of the STM with (1) tip, (2) sample, (3) piezo
tubes for precise tip movement, (4) sample holder, (5) electrical sample contact, and (6)
housing. Taken from Ref. [199] and [200].
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Figure III.4.: Energy broadening in a mK STM as a function of the temperature T . Con-
ventional thermal energy broadening from the Fermi functions (black line) is compared to
the energy broadening described by the P (E) function for Cooper pairs for different values
of the junction capacitance CJ (colored lines). For the total energy broadening, determining
the ultimate energy resolution limit, the two contributions have to be combined. At mil-
likelvin temperatures, P (E) energy broadening, strongly dominated by capacitative noise, is
the dominant contribution. Taken from Ref. [28].

netic environment of the Josephson STM is modeled in form of a macroscopic impedance
Z(ω) including the vacuum and the tip acting as a monopole antenna [27, 28]. In addition
to this, low-frequency capacitative thermal noise has to be taken into account for the small
capacitances of an STM tunnel junction [27, 28], which are typically of the order of a few
femtofarads. The energy-broadening effect of the P (E) function in spectra is described by
the analytical expression ∆E = γ

√
2ECkBT [28]. The coefficient γ takes an average value

of γ ≈ 2.45, which is strongly dominated by the capacitative noise. While the conventional
thermal broadening due to the Fermi function, ∆E = 3.5kBT , shows a linear behavior for
decreasing temperature, energy broadening captured by the P (E) function has a square-root
dependence (cf. Fig. III.4 for a comparison of the two contributions). Consequently, P (E)
broadening, in particular capacitative noise, is the dominant energy-broadening mechanism
at ultra-low temperatures [28]. The total energy broadening is eventually obtained by com-
bining the two contributions, setting the ultimate energy resolution limit in spectroscopic
measurements with this device.

III.2. Introduction to Fundamentals

In the following, we briefly introduce the basic concepts necessary for understanding the
main results of the Pubs. (VI) and (VII), which are summarized in Sec. III.3 below. These
basic concepts include the P (E) theory to model the energy exchange of a tunneling charge
quantum with the environment (Sec. III.2.1), the fundamental current-carrying mechanisms
given by the Josephson effect (Sec. III.2.2) and multiple Andreev reflections (Sec. III.2.3),

123



III. Josephson Scanning Tunneling Microscopy

eV

e

e

P (E)

E

tip sample

1
Figure III.5.: The P (E) function plays the role of the energy resolution function in a mK
STM. A charge quantum q = e which tunnels across the tip-sample junction biased by an
external dc voltage V may emit a photon into the electromagnetic surrounding in accordance
with the probability that is given by the P (E) function. At finite temperatures, T > 0, a
charge tunneling event may also go along with an absorption of energy from the surrounding.
The width of the P (E) function mainly determines the broadening of spectral features in a
mK STM and sets its ultimate resolution limit. Based on Ref. [28].

localized subgap states in form of Yu-Shiba-Rusinov resonances (Sec. III.2.4), and a theo-
retical description of interband coupling in two-band superconductors to analyze their order
parameters (Sec. III.2.5).

III.2.1. Inelastic Charge Transfer within P(E) Theory

As already illustrated in the previous section, a complete understanding of experimental data
measured in an STM which is operated at ultra-low temperatures in the mK regime requires
to take into account the impact of the environment on the tunnel current. In the regime
of sequential tunneling, i.e., the time between two tunneling processes is large compared to
the charge relaxation time such that charge equilibrium is always regained before the next
tunneling event takes place, energy exchange with the electromagnetic surrounding can be
treated within the so-called P (E) theory [194–198]. The eponymous P (E) function, intro-
duced in the framework of this theory, represents a probability distribution for a tunneling
charge quantum q = me to emit (E > 0) or absorb (E < 0) a photon to or from the elec-
tromagnetic environment (cf. schematic illustration in Fig. III.5). Since interaction with
the environment imposes a principle limit on the energy resolution of the mK-STM instru-
ment, the P (E) function, in this context, can also be regarded as the corresponding energy
resolution function [28].

The P (E) function [194–198] is defined as the Fourier transform,

P (E) =
1

2π~

∫ ∞

−∞
dteJ(t)+iEt/~, (III.1)

of the exponentiated phase-phase correlation function

J(t) = 〈φ̃(t)φ̃(0)〉 − 〈φ̃2(0)〉, (III.2)

accounting for phase fluctuations φ̃(t) = φ(t)−meV t/~ around a mean value which is set by
the external voltage bias. The phase φ(t) across the STM junction here obeys the commu-

124



III.2. Introduction to Fundamentals

tation relation [φ,Q] = ime with the charge Q on the junction capacitor. The phase-phase
correlation function is directly related to the total impedance

ZT(ω) =
1

iωCJ + Z−1(ω)
, (III.3)

given by the junction capacitor with capacitance CJ in parallel with the external frequency-
dependent impedance Z(ω), via the integral expression

J(t) = m2G0

∫ ∞

0
dω

Re {ZT(ω)}
ω

{coth (β~ω/2)[cos (ωt)− 1]− i sin (ωt)}. (III.4)

Here, β = (kBT )−1 denotes the inverse temperature and G0 = 2e2/h is the conductance
quantum. Knowledge of the impedance therefore allows one to directly evaluate the P (E)
function. Analytical calculations, however, are only feasible in very few special cases, where
Z(ω) takes a simple form (e.g., coupling to a single environmental mode [195, 197]). In general,
numerical methods must be used to evaluate the integral expression of J(t) [Eq. (III.4)] and
calculate its Fourier transform [Eq. (III.1)].

For reasons of numerical stability, calculations of the P (E) function often are not based
on Eq. (III.4) and (III.1) but rely on an alternative, indirect definition within an integral
equation (cf. Ref. [28, 196]):

P (E) = I(E) +

∫ ∞

−∞
dωK(E,ω)P (E − ~ω). (III.5)

Here, the inhomogeneity

I(E) =
1

π

D

D2 + E2
(III.6)

and the integral kernel

K(E,ω) =
~E

D2 + E2
k(ω) +

~D
D2 + E2

κ(ω) (III.7)

are given in terms of the expression

D =
πm2G0

β
Re{ZT(0)} (III.8)

and the frequency-dependent function

k(ω) =
m2G0

1− exp (−β~ω)
Re{ZT(ω)} − m2G0

β~ω
Re{ZT(0)} (III.9)

with its Hilbert transform

κ(ω) =
m2G0

1− exp (−β~ω)
Im{ZT(ω)} − 2m2G0

β~

∞∑

j=1

νj
ν2
j + ω2

ZT(−iνj), (III.10)

where the sum runs over the Matsubara frequencies νj = 2jπ/(β~). The P (E) function is
then self-consistently evaluated on the basis of this indirect definition [Eq. (III.5)] with the
inhomogeneity I(E) [Eq. (III.6)] as a starting value, which is equivalent to the P (E) function
for a strictly Ohmic environment in the limit CJ → 0 and T →∞. In doing so, a numerically
stable solution for P (E) is usually found within a few iteration steps.
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Our theoretical modeling of the P (E) function for the mK-STM setup [27, 28] takes
into account two dissipative processes of different origin which have been proven to be of
great importance in the actual experimental situation. First, it is necessary to include en-
ergy exchange with the environmental impedance, which is primarily given here in form of
the vacuum and the STM tip acting as a monopole antenna. The resonance spectrum of
the tip is approximated by a finite–transmission-line impedance described by the analytical
expression [27, 28, 198]

Z(ω) = Renv

1 + i
α tan

(
π
2
ω
ω0

)

1 + iα tan
(
π
2
ω
ω0

) , (III.11)

with the vacuum impedance Renv = 376.73 Ω playing the role of the effective dc resistance,
Z(ω = 0). Moreover, α is an effective damping parameter and ω0 denotes the principal
resonance frequency of the tip. Plugging this analytical expression into Eq. (III.3) to obtain
the total impedance and subsequently using the numerical approach outlined above by the
Eqs. (III.5) to (III.10), we can efficiently obtain numerical results for the corresponding
P0(E) function. Second, it is essential to consider low-frequency capacitative thermal noise
at the STM junction. This additional dissipative impact is modeled by a normalized Gaussian
distribution of width σ =

√
2ECkBT with the charging energy EC = (me)2/(2CJ) [27, 28, 198]:

PN(E) =
1√

4πECkBT
exp

( −E2

4ECkBT

)
. (III.12)

When we assume that energy exchange with the environmental impedance and capacita-
tive noise at the junction are independent dissipative processes, the full P (E) is eventually
obtained by a simple convolution between P0(E) and PN(E) [27, 28, 198]:

P (E) =

∫ ∞

−∞
dE′P0(E − E′)PN(E′). (III.13)

Capacitative noise at ultra-low temperatures thus determines significantly the width of the
P (E) function, setting a limit on the maximum achievable energy resolution in a mK STM
(cf. Fig. III.4).

Some of the parameters entering into the P (E) function which depend on the actual experi-
mental situation are obviously not known in advance. This applies to the junction capacitance
CJ, the principal resonance frequency ω0, and the effective damping parameter α, which are
all decisively determined by the shape of the STM tip, as well as the effective temperature
T . Suitable values have to be identified here by fitting the theoretical model to actual ex-
perimental data. Usually, this is done at low transmissions, i.e., large tip-sample distances,
and low voltages, where the current-voltage characteristics for the Josephson effect in the
regime of sequential charge tunneling are directly related to the P (E) function for Cooper
pairs (m = 2) [197, 198]:

I(V ) =
πeE2

J

~
[P (2eV )− P (−2eV )] , (III.14)

where the Ambegaokar-Baratoff formalism [201],

EJ =
∆

4

∑

j

τj =
∆

4

GN

G0
, (III.15)
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relates the Josephson energy EJ to the superconducting gap parameter ∆, the transmissions
τj � 1 of the individual transport channels of the junction, and the normal-state conductance
GN . This simple relation between supercurrent induced by Cooper-pair tunneling events and
P (E) function can intuitively be understood [197, 198]. Since the total kinetic energy of
Cooper pairs is always zero, forward (backward) Cooper-pair tunneling events between tip
and sample are only possible if the energy 2eV due to the external bias V can be emitted
(absorbed) in form of a photon into (from) the surrounding. Consequently, the total supercur-
rent is proportional to the difference between the probability P (2eV ) that the excess energy
2eV can be deposited in the electromagnetic environment (forward tunneling events) and
the probability P (−2eV ) that the same amount of energy is absorbed from the environment
(backward tunneling events).

The derivation of this relation [197, 198] starts from the well-known sinusoidal Josephson
coupling

E(φ) = EJ cos (φ) =
EJ

2

(
e−iφ + eiφ

)
, (III.16)

depending only on the Josephson energy EJ and the superconducting phase difference φ
between the two superconducting leads. The second equality highlights the occurrence of
forward and backward Cooper-pair transfer processes, described by the charge translation
operator e−iφ and eiφ, respectively. The rate associated with forward Cooper-pair tunneling
events in the framework of a golden-rule treatment with EJe

−iφ as the perturbation is given
by

Γ→(V ) =
π

2~
E2

J

∑

Ri,Rf

∣∣∣
〈
Rf

∣∣∣ e−iφ
∣∣∣Ri

〉∣∣∣
2
Pβ(Ri)δ(ERi − ERf

). (III.17)

The sum runs over all initial reservoir states Ri with energies ERi weighted by the probability
Pβ(Ri) to find these states at the inverse temperature β and over all final reservoir states Rf

with energies ERf
. Tracing out the environmental degrees of freedom and making use of the

generalized Wick theorem, we find that

Γ→(V ) =
π

2~
E2

JP (2eV ). (III.18)

The corresponding backward tunneling rate Γ←(V ) follows from Γ→(V ) by replacing V by
−V . For the supercurrent, I(V ) = 2e[Γ→(V ) − Γ←(V )], we then directly obtain the result
presented in Eq. (III.14). This derivation relies on a perturbation theory in the Josephson
coupling. Analyzing higher order contributions reveals that its validity is restricted to the
regime where the product of the Josephson energy EJ and the P (E) function is small, i.e.,
EJP (E)� 1.

Figure III.6 shows examples of how parameters entering into the P (E) formalism can be
determined by fitting Eq. (III.14) to actual experimental data for the Josephson current-
voltage characteristics. We can already see at this point that a deep understanding of the
Josephson effect is imperative for the use of a mK-STM instrument. In the following section,
we will thus focus on the basic mechanisms of mesoscopic transport which give rise to the
Josephson supercurrent. These insights will be of particular importance for the subsequent
discussion of the results of Pub. (VII). There, we will illustrate how the simple Josephson
current-voltage characteristics given by Eq. (III.14), based on the linear Ambegaokar-Baratoff
relation, are modified when turning toward tunnel junctions beyond the low-transmission
limit, which can be realized in an STM simply by decreasing the tip-sample distance.
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Figure III.6.: Fitting experimental data of the Josephson spectrum with our theoretical ap-
proach provides access to properties of the electromagnetic environment of the mK STM [28].
The current-voltage characteristics measured for two different Al tips on an Al(100) sample
are shown in the left (tip 1, red) and right panel (tip 2, blue) of (a). Tips of different shapes,
characterized by different junction capacitances, differ in their sensitivity to the electromag-
netic environment. The principal impedance resonance ω0 is thus clearly visible in (a) but
not in (b). Our theoretical modeling (black) based on Eq. (III.14) is fitted to these data,
showing a very high level of agreement. We thereby find for the experimental parameters
entering into the P (E) function: ~ω0 = 233± 10µeV, α = 0.70± 0.02, CJ = 3.5± 0.2 fF, and
T = 65 ± 5 mK for tip 1 and ~ω0 = 120 ± 15µeV, α = 0.75 ± 0.05, CJ = 7.0 ± 0.1 fF, and
T = 92± 2 mK for tip 2. The P (E) functions based on these parameters are plotted in (b).
The corresponding semilogarithmic presentations in (c) illustrate the asymmetry of the P (E)
functions, which can be traced back to a detailed balance relation of the P0(E) function, i.e.,
P0(E) = exp [E/(kBT )]P0(−E). Taken from Ref. [28].
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Figure III.7.: Schematic sketch illustrating the basic mesoscopic transport processes incorpo-
rated into our theoretical description of Andreev bound states. Two superconducting (SC)
regions with superconducting gap parameters ∆ are connected by a normal-conducting (NC)
channel with transmission τ < 1 under phase bias φ = φR − φL and zero voltage bias. An
electron (a hole) incident at the interface between the normal-conducting channel and the
superconducting region within the energy of the superconducting gap is Andreev reflected
as a hole (an electron) by depositing an electron-electron (a hole-hole) Cooper pair in the
superconducting region. Moreover, an electron (a hole) might be backscattered as an elec-
tron (a hole) by a normal reflection process in the nonballistic conduction channel. Based on
Ref. [202].

III.2.2. Josephson Supercurrent

The fundamental current-carrying mechanism of the Josephson effect can be understood in
terms of the concept of Andreev reflections [203]. The term Andreev reflection denotes a
scattering process occurring at the interface between a normal-conducting and supercon-
ducting region: An electron (a hole) incident on the interface from the normal-conducting
region with an energy inside the superconducting gap is reflected as a hole (an electron)
by depositing an electron-electron (a hole-hole) Cooper pair in the superconducting region.
Andreev reflections thereby transform a normal current in the normal-conducting region into
a supercurrent in the superconducting region. In case of a superconducting tunnel junction,
successive Andreev reflections at the two interfaces with the superconducting regions give
rise to two resonant states in the transport channel [204–206]. These two states are known as
Andreev bound states, carrying the Josephson supercurrent in form of Cooper pairs through
the superconducting tunnel junction.

A theoretical description of this phenomenon can be carried out within the framework of the
scattering formalism introduced by Landauer [207, 208]. This theory represents a powerful
tool to study transport properties of mesoscopic structures by relating particle waves entering
and leaving a sample via a scattering matrix. Let us consider a tunnel junction in form of
two superconducting regions with superconducting gap parameters ∆ which are coupled by
a normal-conducting transport channel with transmission τ < 1 under zero voltage bias but
constant phase bias φ = φR − φL (cf. schematic illustration in Fig. III.7). We assume here
that the coupling of the two superconducting regions is weak such that a phase difference
between these can be sustained and, moreover, that the conduction channel is short compared
to the superconducting coherence length. In this situation, we have to take into account two
different scattering mechanisms: Apart from Andreev-reflection processes at the interfaces
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III. Josephson Scanning Tunneling Microscopy

between normal-conducting and superconducting regions, we additionally have to include
normal backscattering processes due to the finite reflection probability of the nonballistic
transport channel. For a given phase bias φ, the Andreev-reflected and normal-reflected
particle waves constructively interfere in the conduction channel at energies [204–206]

E±(φ) = ±∆

√
1− τ sin2 (φ/2), (III.19)

resulting in the occurrence of two localized bound states. The corresponding Andreev spec-
trum formed by the upper (+) and lower (-) branch of these states has a gap of width
2∆
√

1− τ at φ = π, which closes in the ballistic limit, τ → 1 (cf. Fig. III.8). The two
opposite currents of Cooper pairs carried by the two bound states are accordingly given by

I±(φ) =
2π

φ0

∂E±(φ)

∂φ
= ∓e∆

2~
τ sin (φ)√

1− τ sin2 (φ/2)
, (III.20)

where φ0 = h/(2e) denotes the magnetic flux quantum. A nonzero total current follows from
the imbalance of the populations of the two bound states. The maximal possible current
is hence given in the zero-temperature limit when the Josephson supercurrent is completely
carried by the Andreev ground state E−(φ). Note that for an arbitrary quantum conductor
with multiple transport channels, the supercurrent is simply given by the sum of the contri-
butions of each single channel. Both energy-phase [Eq. (III.19)] and current-phase relation
[Eq. (III.20)] are characterized by a strongly nonlinear behavior in the transmission τ . The
opportunity to continuously tune the transmission of superconducting tunnel junctions real-
ized within an STM instrument simply by changing the tip-sample distance thus makes it
possible to explore the full Andreev bound-state spectrum. In the low-transmission limit,
τ � 1, expending these two expressions to leading order in τ yields the well-known sinusoidal
expressions

E±(φ)
τ�1
= ±EJ cos (φ) + const. (III.21)

and
I±(φ)

τ�1
= ∓Ic sin (φ), (III.22)

for the energy-phase and current-phase relation, respectively. Here, we have made use of the
Ambegaokar-Baratoff relation EJ = ∆τ/4 [201] and Ic = 2eEJ/~ denotes the critical current.

The current-voltage characteristics of a superconducting tunnel junction realized within an
STM, which is typically characterized by low junction capacitances, are sensitively influenced
by the electromagnetic environment. In the regime where the charging energy EC dominates
over the Josephson energy EJ, the Josephson supercurrent at zero voltage bias is completely
suppressed [197, 198]. A supercurrent peak at small but finite voltages, however, appears due
to the energy exchange of tunneling Cooper pairs with the environmental impedance, which is
here usually small compared to the superconducting resistance quantum RQ = h/(4e2). The
corresponding theoretical analysis for the low-transmission limit was presented in the previous
section [cf. Eq. (III.14) in Sec. III.2.1] within the framework of P (E) theory. There, we started
from the sinusoidal energy-phase relation given in Eq. (III.21), showing a linear dependence
on the transmission τ . In the context of Pub. (VII), we will later show that the validity
of this approach can be extended to higher transmissions when taking into account the full
nonsinusoidal energy-phase relation for Andreev bound states presented above [Eq. (III.19)].
In the spirit of the standard P (E) theory outlined in the derivation of the low-transmission
result in Eq. (III.14) in Sec. III.2.1, we will then find a modified version, accurately describing
experimental data which were measured in a single-channel Al atomic contact realized within
a mK STM.
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Figure III.8.: Energy-phase relation of the upper (+) and lower (-) Andreev bound state in
a single-channel contact for different transmissions τ [cf. Eq. (III.19)]. In the ballistic limit,
τ → 1, i.e., in absence of normal reflection processes in the conduction channel, the energy
gap 2∆

√
1− τ between these two branches at φ = π closes.

III.2.3. Multiple–Andreev-Reflection Current

In the previous section, we have seen that the properties of the supercurrent flowing through
a superconducting tunnel junction under a perfect phase bias can be understood within
the picture of successive Andreev reflections. We will now illustrate that the concept of
Andreev reflections is also central in the voltage-biased situation. To this end, let us have a
look at Fig. III.9, presenting numerical results for the dc current-voltage characteristics of a
symmetric single-channel superconducting junction in the zero-temperature limit for different
values of the transmission τ . The origin of the step-like structure observable in the subgap
regime, eV < 2∆, can intuitively be explained by charge transfer processes involving one or
several Andreev reflections [209–214].

At a finite voltage V , Andreev bound states do not exist anymore since tunneling events
of quasiparticles go along with the gain or loss of the energy eV . At voltages above the su-
perconducting gap, eV > 2∆, and low temperatures, the current is mainly carried by single
quasiparticle transfer processes: An electron tunneling with the external bias gains the en-
ergy eV , thereby reaching an empty state at the opposite electrode above the superconducting
gap 2∆ [cf. schematic sketch in Fig. III.10(a)]. At voltages below the superconducting gap,
eV < 2∆, however, simple quasiparticle tunneling processes are not possible since no quasi-
particle states are available at the opposite electrode within the superconducting gap. The
fundamental current-carrying processes here rely on Andreev reflections. Above the threshold
value ∆, a charge transfer process involving a single Andreev reflection can take place: An
electron tunneling with the external bias is Andreev reflected as a hole at the opposite elec-
trode, which then again gains the energy eV on its way back to the initial electrode, finally
reaching there an empty state above the superconducting gap [cf. Fig. III.10(b)]. Here, a
total charge of 2e has effectively been transferred across the junction. When we are below the
threshold value ∆, charge-transfer processes across the contact necessarily involve multiple
Andreev reflections (MARs). In the regime 2∆/3 < eV < ∆, for example, charge transfer
processes involving two Andreev reflections play a dominant role: An electron tunneling with
the external bias is Andreev reflected as a hole at the opposite electrode, which is subse-
quently Andreev reflected as an electron at the initial electrode, finally reaching an empty
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Figure III.9.: Numerical calculations, following the formalism presented in Ref. [209], for
the dc current-voltage characteristics of a single-channel superconducting tunnel junction
with superconducting gap parameter ∆ for different values of the transmission τ in the zero-
temperature limit. The step-like pattern in the subgap regime, eV < 2∆, reveals the different
orders of multiple Andreev-reflection processes contributing to the current. The vertical
dashed lines indicate the threshold values 2∆, ∆, and 2∆/3 above which quasiparticle transfer
processes, single Andreev-reflection transfer processes, and second-order Andreev-reflection
transfer processes, respectively, start contributing to the total current (cf. schematic sketches
in Fig. III.10).
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Figure III.10.: Schematic sketch of the current-carrying processes in a voltage-biased super-
conducting tunnel junction. At zero temperature, quasiparticle transfer processes (a) are only
possible in the regime eV > 2∆, where a tunneling quasiparticle gains the energy to overcome
the superconducting gap 2∆. In the subgap regime, the current-carrying processes necessar-
ily involve one or multiple Andreev reflections. Above the threshold value ∆, first-order
Andreev-reflection transfer processes (b) start contributing to the total current, going along
with a single Andreev reflection and a total charge transfer of 2e. Second-order Andreev-
reflection transfer processes (c) occur above the threshold value 2∆/3, involving two Andreev
reflections and a total charge transfer of 3e. Based on Ref. [215].

state at the opposite electrode above the superconducting gap [cf. Fig III.10(c)]. Here, a total
charge of 3e has effectively been transferred across the junction. In general, j-order Andreev-
reflection transfer processes start contributing to the total current when the threshold value
2∆/(j + 1) is reached, leading to the prominent subgap step structure in the current-voltage
characteristics. In the limiting case V → 0, the number of Andreev reflections contributing to
the current sharply increases, while the gain in energy accumulated by each tunneling event
gets smaller and smaller. At V = 0, the current-carrying processes involve an infinite number
of Andreev reflections, eventually resulting in the formation of the two Andreev bound states
which are responsible for the supercurrent (cf. discussion in Sec. III.2.2).

The numerical data presented in Fig. III.9 were obtained on the basis of a theoretical
formalism developed by J. C. Cuevas and coworkers [209]. Starting from a microscopic
model Hamiltonian describing the charge transfer processes between two superconducting
electrodes [216–218], they introduced a general approach relying on nonequilibrium Green-
function techniques [219] to calculate nonstationary transport properties through a supercon-
ducting quantum point contact. Based on this, they presented an efficient algorithm allowing
one to calculate the dc and ac current components. The dc component for a symmetric su-
perconducting junction with a single transport channel under the assumption of electron-hole
symmetry is obtained by evaluating the expression [209]

Idc =2e

∫ ∞

−∞
dω

∞∑

j=−∞

[
T r

0j(ω)g+−
j (ω)T r,†

j0 (ω)ga
0(ω)− gr

0(ω)T r
0j(ω)g+−

j (ω)T r,†
j0 (ω)

+ gr
0(ω)T a,†

0j (ω)g+−
j (ω)T a

j0(ω)− T a,†
0j (ω)g+−

j (ω)T a
j0(ω)ga

0(ω)
]

11
,

(III.23)

where the quantities T r,a
kl (ω) and gr,a,+−

k (ω) are matrices with a 2 × 2 Nambu structure and
[. . .]kl indicates that only the kl component is taken into account. The matrices gr,a

k (ω) =
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gr,a(ω + kω0) with ω0 = eV/~ are given in terms of the uncoupled retarded and advanced
Green functions of a BCS bulk superconductor with gap parameter ∆:

gr,a
k (ω) =

1

W
√

∆2 − (~ω + k~ω0 ± iη)2

(
−(~ω + k~ω0 ± iη) ∆

∆ −(~ω + k~ω0 ± iη)

)
. (III.24)

While the parameter W represents an energy scale which is related to the normal density of
states ρ(E) at the Fermi level EF, ρ(EF) ≈ 1/(πW ), the parameter η corresponds to a small
energy relaxation rate (η � ∆) including the damping of quasiparticle states due to inelastic
processes inside the electrodes into the theoretical modeling. The g+−

k (ω) matrix then follows
from ga

k(ω) by the relation

g+−
k (ω) = 2iIm{ga

k(ω)}nF(ω + kω0), (III.25)

where nF(ω) = [exp (β~ω)+1]−1 denotes the Fermi-Dirac distribution. Since all the gr,a,+−
k (ω)

matrices are known, the calculation of the tunnel current on the basis of Eq. (III.23) is ba-
sically reduced to the evaluation of the matrices T r,a

kl (ω). These quantities, representing
retarded and advanced total hoping amplitudes which result from the summation of all pro-
cesses involving the transfer of a single electron across the junction, obey a set of linear
algebraic equations [209]:

T r,a
kl (ω) = tr,akl (ω) + εr,ak (ω)T r,a

kl (ω) + V r,a
k,k−2(ω)T r,a

k−2,l(ω) + V r,a
k,k+2(ω)T r,a

k+2,l(ω). (III.26)

Here,

tr,akl (ω) = t

(
δk,l−1 0

0 −δk,l+1

)
(III.27)

denotes the hopping element and the components of the matrices εr,ak (ω), V r,a
k,k+2(ω), and

V r,a
k,k−2(ω) are given in terms of the unperturbed Green functions gr,a

k (ω):

εr,ak (ω) = t2
(

[gr,a
k+1(ω)]11[gr,a

k (ω)]11 [gr,a
k+1(ω)]11[gr,a

k (ω)]12

[gr,a
k−1(ω)]11[gr,a

k (ω)]12 [gr,a
k−1(ω)]11[gr,a

k (ω)]11

)
, (III.28)

V r,a
k,k+2(ω) = −t2[gr,a

k+1(ω)]12

(
[gr,a
k+2(ω)]12 [gr,a

k+2(ω)]11

0 0

)
, (III.29)

and

V r,a
k,k−2(ω) = −t2[gr,a

k−1(ω)]12

(
0 0

[gr,a
k−2(ω)]11 [gr,a

k−2(ω)]12

)
, (III.30)

respectively. Varying the coupling parameter t allows one to tune the transmission τ of the
contact between the tunnel limit (τ → 0) and the ballistic limit (τ = 1):

τ =
4(t/W )2

[1 + (t/W )2]2
. (III.31)

The set of linear equations given by Eq. (III.26) has the identical structure as those which
appear when solving the motion of electrons in a tight-binding linear chain [220], where
εr,ak (ω) play the role of site energies and V r,a

k,k+2(ω) and V r,a
k,k−2(ω) can be considered as nearest-

neighbor couplings. For further details concerning the derivation of this set of equations as
well as the underlying physical modeling, we refer to Ref. [209]. The matrices T r,a

kl (ω) can be
determined from Eq. (III.26) by standard recursion techniques. This is analytically feasible
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in some cases, e.g., in the limit of small (eV/∆ → 0) and high voltages (eV/∆ → ∞) [209].
In general, however, numerical methods must be used here.

This theoretical approach, in principle, describes the situation in which charge transfer
occurs through a single channel only. In an actual experimental realization of a supercon-
ducting tunnel junction, however, charge transfer usually occurs via several independent
channels which are characterized by their mesoscopic PIN code [221–226], i.e., by the set of
their transmission coefficients {τ1, τ2, . . .}. This situation can be modeled within the the-
ory presented here simply by summing up the current-voltage characteristics calculated for
each channel individually. Numerical implementations based on this theoretical formalism
hence allow an efficient calculation of the tunneling current through general superconducting
mesoscopic structures. Due to the strong dependence of multiple Andreev reflections on the
channel transmission, fitting this theoretical modeling to experimental data measured at a
superconducting tunnel junction in the regime where multiple Andreev reflections are the
dominant current-carrying mechanism makes it possible to extract its mesoscopic PIN code.
In the context of Pub. (VII), we will later see that this fitting procedure can be used to
demonstrate that the charge current through a superconducting junction realized between
two Al atoms is indeed carried by just a single dominant transport channel.

Note that this theoretical approach to calculate the dc current through a symmetric su-
perconducting junction does not incorporate any interaction processes between tunneling
charge carriers and the electromagnetic surrounding. Modifications of this formalism within
the framework of P (E) theory have so far only been put forward in the low-impedance
regime [227], where Re{ZT(ω)}G0 � 1. In this limiting case, we can simply approximate
the P (E) function by the sum of a delta function δ(E) and the Fourier transform J(E) of
the phase-phase correlation function [227, 228]: P (E) ≈ δ(E) + J(E). Since these numerical
calculations, however, are quite expensive, studies based on this modified approach have, up
to now, mostly been restricted to environmental impedances which show a simple frequency
dependence. For an environment modeled as a single mode at zero temperature (a situation
which is similar to Josephson photonics), it has been demonstrated [227] that the impact of
the environment on the current strongly depends on the transmission: While in the regime
of small τ the current is strictly suppressed, at high τ even an enhancement of the current,
i.e., an antiblockade mechanism, is observable in some voltage regimes. For a more realistic
modeling of the mK-STM environment, qualitatively similar observations could be made;
however, the more complicated frequency dependence of the electromagnetic surrounding
results in much richer features in the current-voltage characteristics.

III.2.4. Yu-Shiba-Rusinov Resonances

The existence of localized bound states inside the energy gap of a superconductor containing
isolated magnetic impurities was first shown by Yu [230], Shiba [231], and Rusinov [232]
in the 1960s (cf. schematic illustration in Fig. III.11). In the following decades, up to
now, the phenomenon of these Yu-Shiba-Rusinov (YSR) bound states has attracted a lot
of attention, motivating numerous studies in different contexts. This includes a variety of
publications which have demonstrated the use of YSR states as sensitive local probes to
study, e.g., superconductivity [34], adsorbate-substrate interaction [233], or their interplay
with the Kondo effect [38]. The interest in YSR states has even intensified in recent years,
particularly due to their intimate connection to Majorana physics [234–236]: A chain of
magnetic impurities placed on the surface of an s-wave superconductor has been shown to
support energy band structures with localized Majorana bound states at both ends [237–239].
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Figure III.11.: Schematic sketch of the density of states in a simple BCS-type s-wave su-
perconductor containing isolated magnetic impurities (see, e.g., Ref. [36, 229]). Coupling
between an impurity and the bulk electrons of the host material gives rise to so-called Yu-
Shiba-Rusinov (YSR) resonances, which appear symmetrically at energies E = EF ± EYSR

around the Fermi energy EF inside the superconducting gap 2∆. These subgap states are
largely protected from interaction with the quasiparticle continuum, showing extremely nar-
row linewidths due to a very small intrinsic lifetime broadening. Local Coulomb interaction,
breaking the particle-hole symmetry of the system, leads to an asymmetry in the peak heights.

Insights into the nature of YSR states can be obtained on the basis of a simple T-matrix
formalism, describing the scattering of quasiparticles of the host material from a magnetic
impurity (see, e.g., Ref. [229, 240] for further details). The eponymous scattering matrix
T (ω) can be calculated from a Lippmann-Schwinger equation [241] of the form

T (ω) = V [1−G(ω)V ]−1, (III.32)

with the Green function G(ω) of the clean superconductor in absence of any magnetic impu-
rities and the scattering potential

V = J ′σ0 + U ′σ3. (III.33)

The Pauli matrix σ3, the identity matrix σ0, and the Green function G(ω) are all matrices in
the two-dimensional Nambu space. We have introduced here an effective magnetic exchange
coupling J ′ = JSn/2 and an effective local Coulomb scattering U ′ = Un. The dimensionless
quantities J ′ and U ′ are given in term of the exchange interaction, JS/2, of a classical spin S
with exchange coupling J , the density of states n at the Fermi level, and the local Coulomb
potential U . While the exchange interaction J ′ conserves the particle-hole symmetry of the
system, the Coulomb interaction U ′ breaks it. This approach relies on the assumption that
the impurity scattering is local and hence purely isotropic, which simplifies the problem
considerably since the T matrix does not depend on momentum but solely on energy. The
total Green function GYSR(ω) at the position of the impurity is then given by

GYSR(ω) = G(ω) +G(ω)T (ω)G(ω). (III.34)

Knowledge of GYSR(ω) finally gives access to the density of states of the YSR resonances

ρ(ω) = − 1

π
Tr
{

Im
[
GYSR(ω)

]}
, (III.35)
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providing information about their energy position and linewidth broadening. In general, the
bound states appear in pairs symmetrically around the Fermi energy. An asymmetry in the
peak heights in the density of states of these pairs can be traced back to the breaking of
particle-hole symmetry by Coulomb scattering [36, 229].

When the host material is a conventional BCS-type s-wave superconductor, characterized
by a real-valued and energy-independent order parameter [242], the YSR states lie well inside
the superconducting energy gap, where they are largely protected from relaxation processes
into the host superconductor [185]. The linewidth of these impurity-induced subgap states
here is extremely narrow due to the very small intrinsic lifetime broadening by residual quasi-
particle interactions [243, 244]. This, however, changes fundamentally when a superconductor
with a nontrivial order parameter is used as host material. In Pub. (VI), we demonstrate that
this, for example, is the case for an s-wave two-band superconductor with finite interband
coupling, resulting in a complex-valued and energy-dependent order parameter. Here, the oc-
currence of YSR states is not limited to inside the superconducting gap: For weak exchange
coupling, YSR states appear in the quasiparticle continuum with a significant broadening due
to strong relaxation channels to the superconducting host.

In the following section (Sec. III.2.5), we will briefly introduce the phenomenon of two-
band superconductivity and present a theoretical modeling describing the effect of interband
coupling on the order parameter in the presence of magnetic impurities. This modeling to-
gether with the theoretical approach presented in this section forms the basic theoretical
framework of Pub. (VI). There, we will illustrate how YSR states in two-band s-wave super-
conductors with finite interband coupling can serve as sensitive probes for complex-valued
order parameters.

III.2.5. Order Parameters of Two-Band Superconductors

Already very shortly after J. Bardeen, L. N. Cooper, and J. R. Schrieffer presented their
theory of superconductivity in 1957 [245], first concepts of multiband superconductivity were
published [246, 247], which, in those times, however, were purely theoretical studies due
to the absence of any application to real materials. This has fundamentally changed since
the discovery of MgB2 in 2001 [248], showing unconventional properties which significantly
deviate from the results expected on the basis of a standard single-band model. These find-
ings have subsequently renewed interest in concepts of multiband superconductivity and have
motivated a variety of theoretical studies focusing initially on the properties of MgB2 (see,
e.g., [249] for an overview). In the following years, several experiments have provided strong
evidences for multiband superconductivity in numerous other anisotropic and composite ma-
terials such as CaC6 [250], NbSe2 [251], or Lu2Fe3Si [252]. The compound NbSe2 was used
as superconducting host material for the study of Fe-induced YSR states in the presence
of complex superconducting order parameters, which is presented in Pub. (VI). The s-wave
two-band superconductor NbSe2 has a layered structure with two parallel Se planes and a
Nb plane in between [249]. The two bands are coupled via electron hopping between states
close to the Fermi edge [246, 253–260]. Here, the first band induces superconductivity in
the second band, which is generally normal conducting, via the proximity effect, going along
with a reduction of the order parameter of the first band. This leads to energy-dependent
and complex-valued order parameters [261], whose imaginary parts can be understood in the
sense of an intrinsic inverse lifetime.

To introduce a theoretical modeling for the situation studied in Pub. (VI), let us consider a
two-band superconductor with a small but finite amount of magnetic impurities. Adding the
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selfenergies of the interactions between the two bands and with the magnetic impurities to the
bare order parameters ∆BCS

1 and ∆BCS
2 , we find for the corresponding total energy-dependent

order parameters ∆1(ω) and ∆2(ω) [253, 262, 263]:

∆1(ω) = ∆BCS
1 − Γ12

∆1(ω)−∆2(ω)√
∆2

2(ω)− (~ω)2
− ζ1

∆1(ω)√
∆2

1(ω)− (~ω)2
, (III.36a)

∆2(ω) = ∆BCS
2 − Γ21

∆2(ω)−∆1(ω)√
∆2

1(ω)− (~ω)2
− ζ2

∆2(ω)√
∆2

2(ω)− (~ω)2
(III.36b)

Here, Γ12 and Γ21 denote the coupling parameters between the two bands and ζ1 (ζ2) is the
coupling constant of the first (second) band to the magnetic impurities. These parameters
are related to the densities of states n1 and n2 of the two bands at the Fermi level in the
following way:

Γ21/Γ12 = ζ1/ζ2 = n1/n2. (III.37)

While the first two terms on the right hand side of the Eqs. (III.36a) and (III.36b) are part of
the original description of interband coupling put forward by McMillan [253], the last terms
represent modifications taking into account the presence of magnetic impurities (cf. Refs. [262,
263]). Note that we have neglected here the momentum dependence of the order parameters.
Analytical results for ∆1(ω) and ∆2(ω) can only be found in particular limiting cases (e.g.,
assuming that Γ12 � Γ21). To solve the coupled equations numerically, we first introduce the
dimensionless parameters u1(2) = (~ω)/∆1(2)(ω), ω̃ = (~ω)/∆BCS

1 , δ = ∆BCS
2 /∆BCS

1 , Γ̃12(21) =

Γ12(21)/∆
BCS
1 , and ζ̃1(2) = ζ1(2)/∆

BCS
1 and then recast the Eqs. (III.36a) and (III.36b) into

ω̃ = u1 − Γ̃12
u2 − u1√

1− u2
2

− ζ̃1
u1√

1− u2
1

, (III.38a)

ω̃ = u2δ − Γ̃21
u1 − u2√

1− u2
1

− ζ̃2
u2√

1− u2
2

. (III.38b)

Further introducing the abbreviations y1(3) = u1(2)/
√

1− u2
1(2) and y2(4) = 1/

√
1− u2

1(2), we

eventually obtain the following system of equations:

y1 − Γ̃12(y3y2 − y1y4)− ζ̃1y1y2 − ω̃y2 = 0, (III.39a)

δy3 − Γ̃21(y1y4 − y3y2)− ζ̃2y3y4 − ω̃y4 = 0, (III.39b)

y2
2 − y2

1 − 1 = 0, (III.39c)

y2
4 − y2

3 − 1 = 0. (III.39d)

The problem of solving the two coupled equations Eqs. (III.36a) and (III.36b) is thus reduced
to the problem of finding the root of a multivalued function f(~y) which takes the four-
dimensional vector ~y = (y1, y2, y3, y4)T as an argument. This can easily be solved without
major difficulties by standard numerical methods, e.g., by the multidimensional Newton-
Raphson method [264]. On the basis of these numerical results, the densities of states of the
individual bands are given by [253, 262, 263]

ρ1(2)(ω) = Re


 ~ω√

(~ω)2 −∆2
1(2)(ω)


, (III.40)
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from which the total normalized density of states follows directly:

ρ(ω) =
1 + η

2
ρ1(ω) +

1− η
2

ρ2(ω), (III.41)

where the parameter η considers the different densities of states and tunneling probabilities
into the two bands. To fit these results to experimental data, the total density of states
is finally convolved with the density of states of the tip and the energy resolution function
following from P (E) theory (cf. Sec. III.2.1). Further, the results for ∆1(ω) and ∆2(ω) can
directly be plugged into the modeling for the study of YSR states introduced in Sec. III.2.4.

III.3. Summaries

In the following, we give brief summaries of the Pubs. (VI) and (VII), building here on the
introduction to Josephson scanning tunneling microscopy which was provided in the preceding
sections of this chapter (Secs. III.1 and III.2). Statements on the author’s contributions to
these publications and the corresponding full-text articles will eventually be presented in
Sec. III.4 and III.5, respectively.

III.3.1. (VI) Phys. Rev. B 100, 014502 (2019)

Publication (VI) Robustness of Yu-Shiba-Rusinov resonances in the presence of a complex
superconducting order parameter deals with the exceptional behavior of Yu-Shiba-Rusinov
(YSR) states in the Fe-doped two-band superconductor NbSe2, in which interband coupling
leads to a nontrivial relation between complex-valued and energy-dependent order parameters.

For the past decades, YSR states, induced by the interaction of localized magnetic im-
purities with their superconducting host material, have attracted a lot of attention as local
probes to study, e.g., superconductivity [34], adsorbate-substrate interaction [233], or their
interplay with the Kondo effect [38]. In very recent years, moreover, their prominent role
in the realization of Majorana bound states [234–236] and the study of topological super-
conductivity [265–267] has led to an enormous increase in interest. It is a well-known fact
that YSR states in a standard BCS-type s-wave superconductor typically lie far within the
superconducting gap, where they are largely protected from decaying into the quasiparticle
continuum [185]. Only residual quasiparticle interactions or thermally induced decay pro-
cesses may lead here to a marginal lifetime broadening of YSR resonances [36, 243, 244].
Furthermore, it has already been shown that the situation is fundamentally different for
d-wave superconductors [229, 233], in which a nontrivial order parameter gives rise to a sig-
nificant intrinsic broadening. In this publication, we demonstrated that the properties of YSR
resonances drastically change even for s-wave superconductors in case that they are described
by a nontrivial order parameter.

To illustrate this, we studied the Fe-doped two-band superconductor NbSe2 by means of
a Josephson STM with a superconducting V tip at a base temperature of 15 mK. In NbSe2,
a first band which is of BCS type induces superconductivity in a second band which is
intrinsically normal conducting, thereby giving rise to complex-valued and energy-dependent
order parameters (cf. discussion in Sec. III.2.5). As a consequence of this proximity effect, we
find here not only a nontrivial relation between the order parameters and the energy position
of the YSR states but also nontrivial imaginary parts in the order parameters which can
not be eliminated by a gauge transformation. For strong magnetic exchange coupling, YSR
resonances are still located here inside the gap, showing a very narrow lifetime broadening
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(a) (b) (c)

1
Figure III.12.: Calculating the order parameters of the Fe-doped two-band superconductor
NbSe2 on the basis of a modified McMillan approach. Fitting experimental data for the differ-
ential conductance with this theoretical modeling allows one to determine its free parameters
[(a)]. The resulting real (blue lines) and imaginary parts (red lines) of the order parameters
of the first, ∆1, and second band, ∆2, are shown in (b) and (c). Here, the first band which
is of BCS type induces superconductivity in the second band via interband coupling. The
blue-shaded regime indicates the region of the gap. The order parameters have a nonzero
imaginary part outside the gap region and show a strong energy dependence in the vicinity
of the coherence peaks close to the gap edges. Taken from Pub. (VI).

due to only few thermally induced relaxation processes. At weak magnetic exchange coupling,
however, the YSR resonances are located outside the gap within the coherence peaks with
a significant broadening due to intrinsic relaxation channels to the superconducting host.
We could directly relate this enhanced lifetime broadening to the proximity-induced complex
order parameter, whose imaginary part can be interpreted in the light of relaxation within the
host material. YSR states thus offer the potential to serve as sensitive probes for complex-
valued order parameters of nontrivial materials, such as unconventional, proximity-induced,
or topological superconductors.

Our theoretical approach to describe the interband coupling is based on the standard
McMillan description which is modified by the interaction with the small concentration of
magnetic Fe impurities (cf. Sec. III.2.5 for a detailed discussion). Results obtained from this
theoretical modeling were fitted to the experimental data for the differential conductance [see
Fig. III.12(a)] in order to fix its free parameters for subsequent analysis. The resulting order
parameters ∆1(ω) and ∆2(ω) are purely real inside the gap and strongly depend on energy
close to the coherence peaks [see Figs. III.12(b) and III.12(c)]. Since there is a direct relation
between the real parts of the order parameters and the positions of the YSR states, real parts
exceeding the energy of the gap edge here already imply the occurrence of YSR states outside
the gap. To obtain the spectra of the YSR states, we make use of a simple T-matrix scattering
approach (see Sec. III.2.4 for details), from which we can extract their position in energy as
well as their full width at half maximum. These theoretical calculations demonstrate the
strong correlations between the emergence of a nonzero |Im{∆1(ω)}| and the broadening of
YSR resonances [see Fig. III.13(a)]. While these resonances are extremely narrow inside the
gap, an abrupt change in |Im{∆1(ω)}| in the vicinity of the coherence peaks goes along with
a sudden increase in width. Additionally, we see that the positions of the YSR states are
moving toward the gap edge when we decrease the effective magnetic exchange coupling J ′1
of the first band. Theoretical results and actual experimental data show excellent agreement
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(a) (b)

1
Figure III.13.: Peak width of YSR states as a function of their energy position. (a) Theoretical
results for the peak width based on a T-matrix scattering approach for different values of
the effective magnetic exchange coupling J ′1 of the first band are plotted as a function of the
peak position (colored dots). Comparing these results to |2Im{∆1}| (red line) highlights the
strong correlations between the imaginary part of the ordering parameter and the lifetime
broadening. (b) Theoretical calculations (colored dots) are compared to experimental data
for the two most common types of Fe impurities [W-type defects (blue circles) and ∆-type
defects (red circles)]. The theoretical calculations take into account both the density of states
of the superconducting V tip as well as effects of finite energy resolution modeled within
P (E) theory (cf. Sec. III.2.1). The blue-shaded regime indicates the region of the sample
gap. Taken from Pub. (VI).

[see Fig. III.13(b)], confirming our findings on the relation between the properties of YSR
resonances and the superconducting order parameters of the host material.

III.3.2. (VII) arXiv:1810.10609

Publication (VII) Single Channel Josephson Effect in a High Transmission Atomic Contact
reports on the fabrication of stable and highly controllable single-channel atomic point con-
tacts in a Josephson scanning tunneling microscope. Moreover, it presents a corresponding
theoretical modeling for the Josephson effect beyond the low-transmission limit, where the
standard approach based on the Ambegaokar-Baratoff (AB) formula breaks down.

Cooling a superconducting material below its critical temperature is accompanied by a
phase transition in which charge carriers form a condensate of Cooper pairs in a degener-
ate ground state [245, 268, 269], characterized by the macroscopic order parameter ∆ and
the phase φ. The presence of impurities and subgap excitations, such as Yu-Shiba-Rusinov
states, Kondo resonances, or Majorana bound states, however, may influence this ground
state, thereby causing local changes in the order parameter ∆ [38, 229, 270, 271]. A basic
prerequisite for a deep understanding of superconductivity in mesoscopic devices thus necessi-
tates both experimental and theoretical tools to detect as well as quantify these modifications.
A Josephson STM operating at ultra-low temperatures with its unprecedented spatial res-
olution is a logical candidate for this task. Information about the Cooper-pair condensate,
for example, can here be extracted from the Josephson tunneling current flowing through
a superconducting tunnel junction formed between tip and sample [272]. In this context,
a standard theoretical tool for the analysis of experimental data is the AB formula [201],
which directly relates the product of the Josephson critical current Ic and the normal-state
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(a) (b)

1
Figure III.14.: Analyzing the mesoscopic PIN code on the basis of MAR data. (a) Measure-
ments (thick lines) for the current-voltage characteristics at different tip-sample distances (the
origin of the length scale is set at GN = G0) are fitted with calculations (thin lines) based
on a theoretical approach by J. C. Cuevas and coworkers (cf. Ref. [209]). The blue-shaded
region at low voltages indicates the energy range in which the Josephson effect represents the
dominant contribution to the current. For symmetry reasons and due to the valence of Al,
the calculations take into account three independent transport channels. (b) Transmissions
found for these three transport channels as a function of the tip-sample distance. There is a
single dominant transport channel which exceeds all other contributions by at least one order
of magnitude. Taken from Pub. (VII).

resistance RN to the order parameter ∆:

IcRN =
π

2e
∆ tanh

(
∆

2kBT

)
. (III.42)

The derivation of this formula, however, is based on the assumption that the current is
carried by many channels with only low transmission values, as it is the case in planar tunnel
junctions with macroscopic surface areas. Theoretical predictions based on the AB model
are consequently expected to fail for a few-channel STM tunnel junction beyond the low
transmission limit.

To illustrate this, we studied a superconducting atomic point contact realized between an
STM tip made from polycrystalline Al wire and an individual Al atom, which was extracted
from an Al(100) sample and subsequently deposited on its surface. The current-voltage
characteristics through this contact for different tip-sample distances, i.e., for different con-
ductances, are strongly influenced by multiple Andreev reflections (MAR) within the energy
range of the superconducting gap [see Fig. III.14(a)]. These prominent signatures can di-
rectly be exploited to extract the characteristic mesoscopic PIN code of the STM tunnel
junction as a function of the tip-sample distance. Based on a well-established procedure for
PIN-code analysis put forward by J. C. Cuevas and coworkers (cf. Ref. [209] and discussions
in Sec. III.2.3), we could demonstrate that the current through this contact is indeed carried
by a single dominant transport channel only [see Fig. III.14(b)].

Having fixed the transport parameters of the STM tunnel junction, we turned toward the
low-voltage regime, where the Josephson effect is the dominant contribution to the current,
and tested the validity of the AB model. The underlying current-carrying mechanism of
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(a) (b)

(c) (d)

(e) (f)

(g)

(h)

1
Figure III.15.: Measurements (blue dots) of the Josephson spectrum at different total trans-
missions τ [(a)-(g)] are accompanied by calculations based on the AB (yellow lines) and AT
model (red lines). The excellent agreement between experimental data and AT model over
a wide range of transmissions is reflected in low χ2 values of the calculations [(h)]. Only
at very high transmissions [red-shaded region in (h)], where nonadiabatic processes become
significant, discrepancies are observable. In the high-transmission data shown in (f) and (g),
the blue-shaded area indicates the energy range below the threshold voltage VT = (1− τ)∆/e
in which the effect of nonadiabatic processes is still negligible. Taken from Pub. (VII).
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the Josephson effect is given by the inelastic transfer of Cooper pairs (cf. discussion in
Sec. III.2.1), whose energy exchange with the environment can be modeled within P (E)
theory. The corresponding current-voltage characteristics when relying on the AB formalism
is given by

I(V ) =
2π

~

(
EJ

2

)2

(2e)[P (2eV )− P (−2eV )], (III.43)

where the Josephson energy EJ = ~Ic/(2e) is linked to the order parameter ∆ via the AB
relation EJ = (∆/4)

∑
j τj = (∆/4)(GN/G0). As expected, the discrepancies between theo-

retical results and experimental data are getting bigger when increasing the transmission (see
Fig. III.15), owing the fact that the AB model is based on the assumption of low-transmission
channels. For this reason, we presented a modified model, the so-called arbitrary transmis-
sion (AT) model, which takes into account the full Andreev bound-state relation (cf. discus-
sion in Sec. III.2.2). We expanded the energy-phase relation of the Andreev ground state,
E(φ) = −∆

√
1− τ sin2 (φ/2), into a Fourier series, E(φ) =

∑+∞
k=−∞Ek exp (ikφ), where the

charge transfer operator exp (ikφ) can be interpreted in the light of a charge transfer process
involving k Cooper pairs. Following the procedure of calculating tunneling currents within
P (E) theory (cf. derivation of Eq. (III.14) in Sec. III.2.1 and Refs. [197, 198]), we eventually
found for the current-voltage characteristics:

I(V ) =
2π

~

∞∑

k=1

|Ek|2 (k2e)[Pk(k2eV )− Pk(−k2eV )]. (III.44)

Here, we introduced generalized P (E) functions on the basis of the Cooper-pair phase corre-
lation function J(t),

Pk(E) =
1

2π~

∫ ∞

−∞
dtek

2J(t)+iEt/~, (III.45)

describing the probability of exchanging the energy k2eV with the environment. Compared
to the standard AB approach, this extended model additionally includes higher-order contri-
butions in the transmission τ and processes involving the transfer of multiple Cooper pairs.
The AT model accurately describes the experimental data over a wide range of transmissions
[see Figs. III.15(a) to III.15(e)], which is impressively illustrated here by the very low χ2

values of the calculations [see Fig. III.15(h)]. At very high transmission [see Fig. III.15(f)
and III.15(g)], however, discrepancies arise which can be traced back to the occurrence of
nonadiabatic processes [213, 214, 273], which are of relevance in the regime above the thresh-
old voltage VT = (1 − τ)∆/e. Note that both AB and AT model do not include any free
parameters. They only rely on (i) the mesoscopic PIN code obtained from the MAR analysis,
(ii) the gap parameters for superconducting tip and sample, extracted from a quasiparticle
spectrum at low conductance, and (iii) the parameters entering into the Pk(E) functions, de-
termined by fitting the respective theory to the Josephson spectra at the lowest transmission
[Fig. III.15(a)].

III.4. Author’s Contributions
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Robust quantum systems rely on having a protective environment with minimized relaxation channels. Super-
conducting gaps play an important role in the design of such environments. The interaction of localized single
spins with a conventional superconductor generally leads to intrinsically extremely narrow Yu-Shiba-Rusinov
(YSR) resonances protected inside the superconducting gap. However, this may not apply to superconductors
with more complex, energy-dependent order parameters. Exploiting the Fe-doped two-band superconductor
NbSe2, we show that due to the nontrivial relation between its complex-valued and energy-dependent order
parameters, YSR states are no longer restricted to be inside the gap. They can appear outside the gap (i.e.,
inside the coherence peaks), where they can also acquire a substantial intrinsic lifetime broadening. T-matrix
scattering calculations show excellent agreement with the experimental data and relate the intrinsic YSR state
broadening to the imaginary part of the host’s order parameters. Our results suggest that nonthermal relaxation
mechanisms contribute to the finite lifetime of the YSR states, even within the superconducting gap, making
them less protected against residual interactions than previously assumed. YSR states may serve as valuable
probes for nontrivial order parameters promoting a judicious selection of protective superconductors.

DOI: 10.1103/PhysRevB.100.014502

I. INTRODUCTION

In recent decades, Yu-Shiba-Rusinov (YSR) states [1–3]
have been used as local probes to study superconductivity
[4], adsorbate-substrate interaction [5], their interplay with the
Kondo effect [6], and the properties of the impurity spin states
themselves [7]. The interest in YSR states has intensified in
recent years as they play a vital role in engineering Majorana
bound states [8–10] as well as in studying topological super-
conductors [11]. In a simple BCS-type s-wave superconductor
with a real-valued energy-independent order parameter [12],
YSR states can exist only inside the superconducting gap,
which protects them from interacting with, and decaying into,
the quasiparticle continuum [13]. If this gap is void of quasi-
particles, only a thermally induced decay into the quasiparticle
continuum is possible [14]. Residual quasiparticle interactions
could slightly broaden the YSR state [15,16]. The situation is
different in a d-wave superconductor, where the YSR state is
intrinsically expected to have a nonzero lifetime broadening
inside the gap owing to its nontrivial order parameter [5,17].
However, as we will show here, the behavior of YSR states
changes dramatically even for s-wave superconductors if they
feature a nontrivial order parameter.

We choose an s-wave two-band superconductor with finite
interband coupling resulting in complex-valued and energy-

*Corresponding author: c.ast@fkf.mpg.de

dependent order parameters [18,19]. This not only leads to
a nontrivial relation between the order parameter and the
position of the gap edge but, due to causality [20], also
implies imaginary parts in the order parameters, which cannot
be trivially removed by a gauge transformation. Effectively,
intrinsic decay channels for YSR states emerge. Hence, the
interplay between interband coupling and YSR states reveals
fundamental properties of superconductors that may be rele-
vant for other unconventional materials.

We explore YSR states in the Fe-doped two-band su-
perconductor NbSe2, which have been well studied in the
past [21–34]. Due to interband coupling, a BCS-type band
induces superconductivity also in a second band (proximity
effect), so that the individual order parameters turn out to be
strongly energy dependent. The Fe doping gives rise to YSR
states that can be directly observed with a scanning tunneling
microscope (STM) for impurities near the surface. In this
way, we demonstrate that in this two-band superconductor,
the energy of YSR states is no longer restricted to inside
the gap but is also found within the quasiparticle continuum.
More specifically, those YSR states with stronger magnetic
exchange coupling are located within the superconducting
gap and have a very small intrinsic lifetime broadening due
to reduced relaxation. We can also safely neglect thermally
activated relaxation processes for YSR states within the gap
[14], as we operate at a base temperature of 15 mK, which is
more than two orders of magnitude below the superconducting
transition temperature. For a weaker exchange coupling, the

2469-9950/2019/100(1)/014502(7) 014502-1 ©2019 American Physical Society
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YSR states are located outside of the superconducting gap
within the coherence peaks, where they broaden substantially
with strong intrinsic relaxation channels to the superconduct-
ing host. We demonstrate that the enhanced lifetime broad-
ening is directly related to the proximity-induced complex
order parameters. Their imaginary parts are associated with
relaxation processes within the superconductor. The interac-
tion of an impurity with the individual bands in the bulk makes
these decay channels available to the YSR states. In this way,
we not only demonstrate the relevance of intrinsic relaxation
channels for a certain class of robust quantum states but also
establish YSR states as a probe for the imaginary part of a
complex-valued and energy-dependent order parameter.

II. EXPERIMENT

Single crystals of Fe-doped NbSe2 were grown by chem-
ical vapor transport. Powders of Nb and Fe in a ratio of
99.45:0.55 were mixed well and then placed in a quartz
tube. Se chips were added in a stoichiometric ratio to yield
Nb0.9945Fe0.055Se2. Iodine was used as the transport agent. The
sealed tube was heated to 900 ◦C with a temperature gradient
of 75 ◦C for 3 weeks. The structure and composition of the
crystals were confirmed with x-ray diffraction.

Experiments were carried out in a home-built STM op-
erating at 15 mK base temperature. Samples were cleaved
using Scotch tape in ultrahigh vacuum. To enhance the ex-
perimental resolution, superconducting vanadium was chosen
as a tip material [6]. Tips were cut from 0.1-mm vanadium
wire (Goodfellow) in air and cleaned by Ar+ ion sputtering
in UHV followed by field emission on a V(100) sample.
Tips were characterized on a clean V(100) surface before
measurements on NbSe2, and the tip gap was extracted by
fitting superconductor-insulator-superconductor (SIS) tunnel
spectra while assuming the bulk gap of the vanadium sample
was �V = 710 μeV.

III. CHARACTERIZING Fe-DOPED NbSe2

Layered NbSe2 is a two-band superconductor, whose bands
interact via electron hopping between states near the Fermi
edge [18,19,23,24,28,29,31,34,35]. We follow the description
by McMillan to model this mechanism [19]. Without the
interband coupling, the first band is commonly assumed to
be superconducting, while the second is not [28]. Only the
interband coupling induces superconductivity in the second
band, which in turn reduces the order parameter in the first
band. As a result, two energy-dependent order parameters
emerge, which are complex-valued due to causality [20].
The imaginary part can be interpreted as an intrinsic inverse
lifetime due to the hopping between the bands. This stands
in contrast to the real-valued energy-independent BCS-type
order parameter.

In order to induce YSR states in the NbSe2 host, we have
doped the crystal with about 0.55% Fe [36]. Dopants that are
close to the surface can be directly seen in the topographic
image shown in Fig. 1. We find two characteristic types of
impurities in our samples, which we attribute to Fe defects:
one with a triangular (�) shape [Fig. 1(a)] and one with a W
shape [Fig. 1(b)]. Both give rise to strong YSR states, as can
be seen in the differential conductance spectra measured with

FIG. 1. Topography and differential conductance spectra of Fe in
NbSe2: Topographies of the two most common Fe impurities having
(a) a triangular shape (�) and (b) a W shape (W). (c) The triangular
defect typically has a smaller exchange coupling, so that the YSR
states appear within the coherence peaks. (d) The W defect typically
has a higher exchange coupling, and the YSR states commonly
appear inside the gap. An unperturbed reference spectrum with no
Fe impurity in the vicinity is shown in red. The current set point for
the topography was 20 pA at a bias voltage of 100 mV; the set point
for the spectra was 200 pA at 4 mV.

a superconducting vanadium tip in Figs. 1(c) and 1(d), respec-
tively. However, the � defect shows the YSR state inside the
coherence peaks [Fig. 1(c)], as can be seen by comparison
with the spectrum on the bare surface (red line). Indeed, the
asymmetry of the peak heights suggests the existence of YSR
states as opposed to a change of the local tunneling probability
into the two different bands. By contrast, the YSR state in
Fig. 1(d) appears close to the gap edge but clearly inside the
gap. Evidently, these two types of YSR states substantially
differ in linewidth. The in-gap linewidth [Fig. 1(d)] is much
narrower than the line width outside the gap [Fig. 1(c)]. These
experimental results present quite a different appearance of
YSR states than the “conventional” extremely narrow features
occurring only inside the superconducting gap [37]. In the fol-
lowing, we will demonstrate that this is a direct consequence
of the energy-dependent order parameter.

Both topographic images in Fig. 1 show a rather regular,
continuous lattice corrugation modulated only by a stronger
density of states at the defect positions, suggesting that the
impurities are buried very close to the surface but not directly
at or on the surface. For further analysis, we subtract an
unperturbed reference spectrum of the bare surface, i.e., with
no impurities in the close vicinity of the YSR state, in order to
isolate the YSR states.

IV. THE ORDER PARAMETERS IN Fe-DOPED NbSe2

In order to find a simple, yet appropriate, theoretical model,
we need a detailed description of the order parameter in
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Fe-doped NbSe2. The doping of 0.55% of Fe atoms is already
strong enough to reduce the transition temperature from about
7.2 K [23,38,39] to 6.1 K [36], so that the effects of the
magnetic impurities on the bulk superconductor cannot be
neglected. In order to theoretically describe the supercon-
ducting order parameter, we have to include the interaction
between the two bands [18,19,40], as well as the interaction
with a small but finite concentration of magnetic impurities
[2,41,42]. As we are analyzing density of states measurements
with no momentum information on the band structure or
on the order parameter, we refrain from employing models
involving momentum-dependent order parameters [22,29,33]
and instead focus on an effective description of the order pa-
rameter (for details, see the Supplemental Material [36]). We
add the self-energies of the two interactions to the bare order
parameters �BCS

1,2 for the first and second bands, respectively,
and find two coupled equations for the two order parameters
�1,2(ω) [43,44]:

�1(ω) = �BCS
1 − �12

�1(ω) − �2(ω)√
�2

2(ω) − ω2
− ζ1

�1(ω)√
�2

1(ω) − ω2
,

�2(ω) = �BCS
2 − �21

�2(ω) − �1(ω)√
�2

1(ω) − ω2
− ζ2

�2(ω)√
�2

2(ω) − ω2
.

(1)

Here, ω is the energy, �12 and �21 are the coupling parameters
between the two bands, and ζ1,2 are the coupling constants
of the first and second bands to the finite concentration of
magnetic impurities. The interband hopping and the impurity
interaction are proportional to the density of states n1,2 at the
Fermi level of each band, so that the parameters in Eq. (1) are
related in the following way:

�21

�12
= ζ1

ζ2
= n1

n2
. (2)

Equation (1) can be solved numerically using a multidi-
mensional Newton-Raphson method. A more detailed discus-
sion of these equations is given in the Supplemental Material
[36].

The resulting normalized density of states ρi(ω) of the ith
band is

ρi(ω) = Re

[
ω√

ω2 − �2
i (ω)

]
, (3)

so the total normalized density of states can be written as

ρ(ω) = 1 + η

2
ρ1(ω) + 1 − η

2
ρ2(ω), (4)

where η is a ratio that accounts for the different densities of
states as well as the different tunneling probabilities into the
two bands. Using the total density of states convolved with
the superconducting density of states of the V tip and with the
energy resolution function [45], we can fit the model to our
experimental data. For details, see the Supplemental Material
[36].

The resulting fit captures the experimental differential con-
ductance quite accurately, as shown in Fig. 2(a). Following
a previous analysis [28], we have assumed a second band

FIG. 2. Extracting the order parameters of Fe-doped NbSe2:
(a) Fit of the interband-impurity model to an unperturbed conduc-
tance spectrum. The extracted fit parameters provide the input values
for the subsequent analysis. (b) Calculated total density of states
of the superconducting substrate from the extracted fit parameters
(sum). The weighted densities of states for band 1 (b1) and band 2
(b2) are shown as dashed lines. Note that the gap edges of both bands
are at the same energy. (c) Resulting order parameter �1(ω) of the
first band. (d) Resulting order parameter �2(ω) of the second band.
The blue shaded region indicates the gap.

that is intrinsically normal conducting, �BCS
2 = 0. The best

fits are obtained for a density of states ratio of n1/n2 = 5, in
agreement with previous assessments [28]. The unperturbed
order parameter for the first band �BCS

1 = 1.27 meV is some-
what smaller than what has been reported for undoped NbSe2

(�BCS,lit
1 = 1.4 meV; see Ref. [28] and references therein) but

corresponds to roughly the same ratio as the reduction in the
transition temperature from 7.2 to 6.1 K. For the coupling
terms, we find �12 = 0.36 meV, ζ1 = 57 μeV, and η = 0.38.
The extracted density of states of Fe-doped NbSe2 is plotted
in Fig. 2(b). The weighted individual densities of states are
shown as dashed lines. Their gap edges lie at the same energy.
The total density of states (solid line) features rather blunt co-
herence peaks, where shoulders indicate the coherence peaks
of the second band. The gap itself is substantially narrower
(1.12 meV) than the bare BCS gap (2�BCS

1 = 2.54 meV; see
the Supplemental Material [36]). The corresponding order
parameters are plotted in Figs. 2(c) and 2(d). For large en-
ergies the real part of the order parameter for the first band
shows an asymptotic approach to the �BCS

1 value of 1.27 meV,
while the imaginary part approaches zero. Inside the gap,
the order parameter is entirely real valued. In the vicinity of
the coherence peaks, however, a strong energy dependence is
visible. The order parameter of the second band approaches
zero for large energies.

As a consequence, it becomes clear that for energies below
and around the coherence peaks, the real parts of the order
parameters shown in Figs. 2(c) and 2(d) are larger than the
energy of the gap edge (±0.55 meV). Because the energy
position of the YSR state is directly related to the value of
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the order parameter, we can already anticipate unconventional
locations of the YSR states [17,46].

V. MAGNETIC IMPURITY SCATTERING OF Fe IN NbSe2

We now turn to the impurity scattering and calculate the
YSR spectra following a simple T -matrix scattering formal-
ism [17]. We follow a mean-field approach in assuming that
the ζ1/2 terms affect the sample density of states (DOS) on
a global scale, while YSR scattering is local. The supercon-
ducting host is described by the normalized Green’s function
for the two bands G1,2(ω) using the energy-dependent order
parameters discussed in the previous section:

G1,2(ω) = −π
1 ± η

2

(ω + i�)σ0 − �1,2(ω)σ1√
�2

1,2(ω) − (ω + i�)2
. (5)

Here, σi are the Pauli matrices in Nambu space, with σ0

being the identity matrix. We add a Dynes-type parameter
� � 5 μeV as a phenomenological lifetime broadening [15].
Larger values of � fill the gap, which is not observed in the
experiment. The T matrix for the ith band can be written as

Ti(ω) = Vi[1 − Gi(ω)Vi]
−1, Vi = J ′

i σ0 + U ′
i σ3, (6)

where Vi is the scattering potential, with J ′
i = 1

2 JSni being
the dimensionless, effective magnetic exchange coupling and
U ′

i = Uni being the dimensionless, effective local Coulomb
scattering. Furthermore, 1

2 JS is the exchange coupling of a
classical spin, U is the local Coulomb potential, and ni is the
density of states of the ith band at the Fermi level. The total
Green’s function GYSR

i (ω) can be written as

GYSR
i (ω) = Gi(ω) + Gi(ω)Ti(ω)Gi(ω). (7)

For simplicity we consider only the total Green’s func-
tion at the position of the impurity. Inserting the energy-
dependent order parameters into Eq. (5), we can calculate the
spectral function Ai(ω) = − 1

π
tr{Im[GYSR

i (ω)]} and thus the
density of states of the YSR resonances for different exchange
couplings J ′

i .
The calculated YSR resonances for different exchange

couplings J ′
1 = (n1/n2)J ′

2 are plotted in Fig. 3. For weak
exchange coupling, the YSR state interacting with the first
band can be found within the coherence peaks [see Fig. 3(a)].
For stronger exchange coupling (but still below the zero-
energy crossing [6]), the YSR state for the first band moves
into the gap and becomes extremely sharp, as can be seen
in Fig. 3(b). Inside the gap, the width of the YSR state is
given by the parameter �. In Figs. 3(c) and 3(d), the YSR
spectra are shown as a function of exchange coupling J ′
for the first and second bands, respectively. With increasing
coupling to the first band, the YSR peaks shift towards zero
energy and become extremely narrow when entering the gap
region.

Apparently, the second band affects the YSR states much
less, as can be seen in Figs. 3(c) and 3(d). Both bands
have predominantly Nb d character [29,31]. However, as
the effective exchange coupling between the impurity and
the superconductor is proportional to the density of states
in the superconductor, i.e., J ′

1/J ′
2 = n1/n2, we may assume

FIG. 3. Calculated YSR states: The solid lines correspond to the
YSR spectra coupling to band 1 (YSR 1) and band 2 (YSR 2), while
the dashed lines represent the unperturbed spectra for the first (bare
1) and second (bare 2) bands, respectively. The ratio between the
spectra of the two bands corresponds to the typical ratio η observed
in the experiment. A small value for the Coulomb interaction U ′

1 =
0.05 and U ′

2 = 0.01 = U ′
1n2/n1 was chosen to make the spectrum

asymmetric. (a) YSR spectrum for weak exchange coupling. The
YSR state is broad and within the region of the coherence peaks.
(b) Stronger coupling than in (a), but still before the zero-bias
crossing. The YSR state resides within the gap and has become
extremely sharp. (c) and (d) YSR spectra vs exchange coupling in
band 1 and band 2, respectively. The color scaling is adapted to show
the weaker features; it is nonlinear for values larger than 3.5. The
sharpening of the peak as it enters the gap is clearly visible. In (d) the
YSR peak develops much slower due to the reduced density of states
in band 2. For all panels, J ′

1/J ′
2 = n1/n2.

a strongly reduced impact of the second band. We therefore
consider in leading order only the YSR resonances in the first
band.

Due to the complicated shape of the YSR spectra, we
restrict the following analysis of the peaks to the peak position
and full width at half maximum. These quantities provide
direct insight into the nature of the YSR state-bulk interaction.
Keeping in mind that the peak position directly depends on
the strength of the exchange coupling (Fig. 3), the extracted
values are displayed in Fig. 4(a), where the color coding
represents the strength of the exchange coupling J ′. The red
line in Fig. 4(a) shows twice the imaginary part of the order
parameter of the first band |2Im�1(ω)|.

We observe a clear correlation between the broadening of
the peak and the emergence of a finite Im�1(ω) as calcu-
lated from Eq. (1). When the YSR peak position approaches
the coherence peaks, where |Im�1(ω)| increases abruptly,
their width increases abruptly as well. Thus, there is a clear
indication that the width of a YSR peak is related to the
imaginary part of the superconducting order parameter.
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FIG. 4. Evolution of the YSR peak width: (a) YSR peak width vs
peak location. The width becomes extremely narrow in the region of
the superconducting gap. The color coding represents the strength of
the exchange coupling. The red line is twice the imaginary part of the
order parameter �1(ω) of the first band. We see a clear correlation
between the peak width and the imaginary part. (b) Differential
conductance calculated from the YSR spectral function and the
density of states of the superconducting V tip as well as finite energy
resolution. The sharpening of the YSR state when entering the gap is
clearly visible.

VI. DISCUSSION

In order to correlate the experimentally observed broad-
ening of the YSR peak and its position with theory, we
calculate the differential conductance from the density of
states following Eq. (7). The resulting spectra are shown
in Fig. 4(b) as a function of exchange coupling J ′

1. The
sharpening of the peaks when entering the region of the gap
is clearly visible even though the width of the YSR peaks
is now limited by the energy resolution of the STM [45].
Two representative spectra of YSR states outside and inside
the gap are plotted in Figs. 5(a) and 5(b), respectively. An
unperturbed, averaged reference spectrum was subtracted to
suppress the coherence peaks and isolate the YSR states.
These experimental spectra can be compared to Figs. 5(c)
and 5(d), showing two slices from Fig. 4(b) with similar peak
positions as in Figs. 5(a) and 5(b), respectively. The calculated
spectra are normalized to the normal-state conductance and
scaled with the ratio η [see Eq. (4)]. The subtraction of
an unperturbed reference spectrum is not necessary in the
calculated spectra because the coherence peaks are inherently
suppressed at the impurity center where the DOS is calculated.
Selecting theoretical spectra with matching peak positions, we
observe good agreement between the corresponding panels
concerning the width of the YSR peaks as well as their overall
shape. We find, however, a reduced height in the experimental
peaks, which we attribute to the measurement slightly above
the (subsurface) impurity. Away from the scattering center of
the impurity, intensity modulations can strongly reduce the
peak height [30]. We assume that they do not affect the peak
position or their width. Interestingly, the asymmetry of the
YSR peaks is different in Figs. 5(a) and 5(b), which indicates
a different Coulomb scattering potential U ′ (assuming that the
particle-hole asymmetry in the lattice Green’s function does
not change significantly between the impurities).

From each of the experimental and theoretical spectra, we
extract the YSR peak widths and positions as indicated in
Figs. 5(a)–5(d) and display them in Fig. 5(e). Excellent agree-

FIG. 5. Comparison of experiment with theory: Peak positions
and widths indicated for YSR states (a) outside the gap and (b) inside
the gap, where an unperturbed reference spectrum was subtracted.
(c) and (d) The corresponding calculated spectra. (e) Experimental
YSR peak widths vs peak position in comparison with the extracted
YSR peak widths from the calculated differential conductance spec-
tra. The W-shaped defect and the triangular defect (�) are color-
coded in blue and red, respectively. The blue shaded region indicates
the sample gap.

ment is seen between the experimentally extracted values and
the calculated spectra, indicating that there is indeed a strong
correlation between the shape and position of the YSR states
and the details of the underlying order parameter. Although W
defects seem to couple stronger than � defects, both defects
can be found in a range of exchange couplings (probably
due to slightly different local environments), such that either
defect can be used independently to infer the relation of the
width to the imaginary part of the order parameter.

In a regular s-wave BCS superconductor the order pa-
rameter defines the position of the gap edge. YSR states
must then always lie within the gap. Interband coupling in
a multiband superconductor leads to energy-dependent �1,
which necessarily has a nonzero imaginary part [20]. The gap
edge no longer corresponds to the value of �1 in this case and
is generally found at lower energies. YSR states may then be
found within the coherence peaks but still at energies smaller
than �1. We observe a marked increase in the linewidth of
YSR states when they overlap with the coherence peaks.

The spectral functions on which these arguments are
based result from the imaginary parts of respective Green’s
functions, which are commonly interpreted as single-particle
excitation spectra. The widths of the calculated features are
determined by their relaxation rate into the ground state. The
imaginary part of the order parameter can then be interpreted

014502-5

152



III.5. Publications

JACOB SENKPIEL et al. PHYSICAL REVIEW B 100, 014502 (2019)

as a measure for the effective lifetime of YSR bound states.
Indeed, an imaginary �1 renders the Green’s function con-
sidered here non-Hermitian and indicates energy dissipation.
These relaxation processes are strongest for YSR states lo-
cated within the coherence peaks where the order parameter
has a finite imaginary part. They sharpen up considerably
within the superconducting gap, where the imaginary part of
the order parameter tends to zero and there are few relaxation
channels. The experimental linewidth is then limited by the
resolution of our STM, which is determined by the interaction
of the tunneling quasiparticles with the local electromagnetic
environment according to the P(E ) description [45,47,48].

This finite energy resolution of the STM obscures a direct
observation of the peak width inside the superconducting gap.
The full width at half maximum of the energy resolution
function is dominated by the fluctuations of single charges at
the junction capacitance [45] and is usually much broader than
the intrinsic peak width of just a few μeV. Nevertheless, we
surmise that even in the gap, there can be weak couplings to
inelastic relaxation processes, which may be modeled effec-
tively by a generic imaginary constant self-energy, such as the
Dynes parameter [15].

The correlation between YSR linewidth and Im�1(ω) sug-
gests that YSR states can also be exploited as local probes
capable of measuring the imaginary part of a superconducting
order parameter. A quantitative analysis would need to ex-
plicitly include the local modifications of the order parameter
induced by the YSR states themselves [17,49]. The nature
and symmetry of the superconducting order parameter remain
a subject of much debate across a wide field of materials
in the scientific literature. Using YSR states as probes for
the complex part of the superconducting order parameter
could give valuable insight into the superconductivity of other
nontrivial materials, especially those of an unconventional,
proximity-induced, or topological nature.

VII. CONCLUSION

In summary, we have shown that complex-valued energy-
dependent order parameters as they can result from multiband
superconductivity give rise to nontrivial interactions with
local pair-breaking potentials. The resulting YSR states may
not just exist in the superconducting gap and can also overlap
with the coherence peaks. In the latter case, they acquire a
substantial linewidth due to dissipative relaxation processes
into the continuum. These processes are expressed in the
order parameter, which can be interpreted as a “rephrased”
self-energy. We show that the imaginary part of the order
parameter is connected to lifetime broadening. Our analysis
focused on the two-band s-wave superconductor NbSe2 as
a model system. We expect similar or even more complex
interactions of YSR states with unconventional (d-wave,
p-wave), proximity-induced, and/or topological superconduc-
tors. At the same time, we have demonstrated that YSR
states may serve as sensitive probes for the imaginary part
of the order parameter, which opens up new possibilities for
understanding the intricacies of multiband superconductivity
as well as unconventional superconductors through the study
of pair-breaking potentials.
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Tip and Sample Preparation

�e experiments were carried out in a scanning tunneling
microscope (STM) operating at a base temperature of 15 mK
[1]. �e sample that was used was an 0.55% Fe-doped NbSe2
single crystal. To obtain a clean surface, the sample was
cleaved with scotch tape in ultrahigh vacuum. �e tip ma-
terial was a polycrystalline vanadium wire, which was cut in
air and prepared in ultrahigh vacuum by spu�ering and �eld
emission.

Fe-doped NbSe2

Single crystals of Fe-doped NbSe2 were grown with chem-
ical vapor transport. Powders of Nb and Fe in a ratio
of 99.45:0.55 were mixed well and then placed in a quartz
tube. Se chips were added in a stoichiometric ratio to yield
Nb0.9945Fe0.055Se2. Iodine was used as the transport agent.
�e sealed tube was heated to 900◦C with a temperature gra-
dient of 75◦C for three weeks. �e structure and composition

of the crystals was con�rmed with X-ray di�raction and EDX,
respectively. �e Fe content was too low to be detected in the
EDX. �e magnetic properties were measured on a MPMS
(magnetic properties measurements system) from �antum
Design. From the MPMS measurements, we �nd an onset
transition temperature TC = 6.1 K (see Fig. S1).

A topographic overview map of the Fe-doped NbSe2
surface can be seen in Fig. S2. A statistical distribution of
subsurface Fe atoms is visible. �e YSR spectra were taken
at the geometric center of the defect.

Calculating the di�erential Conductance

�e di�erential conductance dI/dV was calculated from
the tunneling current

I (V ) = e
(
®Γ(V ) − ®Γ(V )

)
, (1)

with the tunneling probability from tip to sample

®Γ(V ) = 1
e2RT

∞∫
−∞

∞∫
−∞

dEdE ′ρt(E)ρs(E ′ + eV )f (E)[1 − f (E ′ + eV )]P(E − E ′). (2)

�e other tunneling direction ®Γ(V ) from sample to tip can be
obtained by exchanging electrons and holes in Eq. 2. Here,
RT is the tunneling resistance, f (E) = 1/(1 + exp(E/kBT )) is
the Fermi function, and ρt, ρs are the densities of states of tip
and sample, respectively. �e P(E)-function describes the ex-
change of energy with the environment during the tunneling
process and is interpreted as the energy resolution function
of the STM [2].

�e parameter η introduced in the main text weighs the
density of states of the two bands in NbSe2 as they appear
in the experimental di�erential conductance spectra. It in-
cludes both the density of states for each band as well as the

tunneling probability into each band. As it is not necessary
to separate these contributions in this analysis, we have com-
bined them with the density of states. �is allows us to use
Eq. 2 with an overall tunneling resistance RT, which can be
directly determined from the experimental data.

For the parameters in the P(E)-function, we perform an in-
dependent �t of a Josephson spectrum with the same macro-
scopic tip as used for the other spectra presented here [3]. �e
Josephson e�ect in a scanning tunneling microscope at very
low temperatures is governed by the dynamical Coulomb
blockade and as such can be well described by the P(E)-
theory [4–6]. �e current-voltage characteristics I (V ) for the
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FIG. S1: Zero-�eld cooled (ZFC) and �eld cooled (FC) susceptibility
curves of the Fe-doped NbSe2. �e onset transition temperature is
about 6.1 K. �e �eld cooled values are higher than the zero-�eld
cooled values indicating a type-II superconductor.

FIG. S2: Topographic overview map of the Fe-doped NbSe2 surface.
A statistical distribution of subsurface Fe atoms is visible. �e cur-
rent setpoint was 20 pA at a bias voltage of 100 mV.

Josephson e�ect is given by

I (V ) =
πeE2

J

~
[P(2eV ) − P(−2eV )] , (3)

whereEJ is the Josephson coupling energy and e is the electric
charge. �e experimental data and the corresponding �t are
shown in Fig. S3. �e details of the P(E)-function pertaining
to the tunnel junction of a scanning tunneling microscope are
given elsewhere [3]. �e relevant ��ing parameters for the
P(E)-function are the tunnel junction capacitanceCJ = 9.5 fF
and an e�ective temperatureT = 100 mK. �e environmental
impedance is modeled by a �nite transmission line having an
environmental resistance of Renv = 377 Ω, a tip resonance
energy of ~ωres = 45 µeV, and a resonance broadening factor
α = 0.7. With these parameters, we can use the P(E)-function
as the energy resolution function.

FIG. S3: Current-voltage characteristics of the Josephson e�ect (blue
curve) ��ed with the P(E)-theory (red curve) to extract the parame-
ters describing the P(E)-function. �e spectrum was measured with
a current setpoint of 15 nA at a bias voltage of 4 mV.

�e density of states of the tip ρt was modeled by the Maki
equation [8, 9] because of the intrinsic magnetic impurities in
vanadium:

ρt(ω) = Re


ω + iΓt√

(ω + iΓt)2 − ∆2
t (ω)


, (4)

with

∆t(ω) = ∆BCS
t − ζt

∆t(ω)√
∆2

t (ω) − ω2
. (5)

Here, Γt is a phenomenological broadening term and ζt is a
depairing parameter due to the interaction with a small con-
centration of magnetic impurities. For the vanadium tip, we
�nd ∆BCS

t = 710 µeV, Γt = 5 µeV and ζt = 33 µeV. Note that
due to the magnetic interaction modeled by the Maki equa-
tion, the tip gap (2 × 550 µeV) is smaller than twice the order
parameter of vanadium (2 × 710 µeV).

Di�erential conductance spectra were recorded with a
lock-in ampli�er having a modulation amplitude of 20 µV and
a modulation frequency of 793 Hz. �e resulting broadening
is also included in the analysis and enters the calculated dif-
ferential conductance spectra through an additional convo-
lution.

Momentum dependent vs. energy dependent order
parameters

At the heart of BCS theory, lies a potentially momentum
dependent order parameter ∆k , which appears in the mo-
mentum and energy dependent Green’s function [10]:

G(ω,k) = 1
ωσ0 − εkσ3 − ∆kσ1

(6)
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Integrating over momentum space yields a momentum inde-
pendent Green’s function, where the functional dependence
of the order parameter is projected onto an energy scale re-
sulting in an energy dependent order parameter ∆(ω) [7, 10],

G(ω) = −π ωσ0 − ∆(ω)σ1√
∆2(ω) − ω2

, (7)

which has been used in the main text. In this sense, the mo-
mentum dependent order parameter ∆k is related to the en-
ergy dependent order parameter ∆(ω) like the band structure
εk is related to the density of states n(ω). As such, using an
energy dependent order parameter does not ultimately ex-
clude a momentum dependence, it even implies it. In our
STM measurements, we are dealing with density of states
measurements having no direct information of the momen-
tum dependence. We, therefore, have chosen the simplest,
suitable model to describe our experimental data since the
extended complexity of employing a momentum dependent
order parameter may change some details [11–13], but not
the general message of the manuscript.

Numerical Solution for ∆1(ω) and ∆2(ω)

For a numerical solution at arbitrary energies, it is conve-
nient to work with dimensionless quantities. We de�ne

u1 =
ω

∆1(ω) u2 =
ω

∆2(ω) . (8)

Using also the dimensionless abbreviations

ω̃ =
ω

∆BCS
1

; Γ̃12 =
Γ12

∆BCS
1

; Γ̃21 =
Γ21

∆BCS
1

;

ζ̃1 =
ζ1

∆BCS
1

; ζ̃2 =
ζ2

∆BCS
1

; δ =
∆BCS

2
∆BCS

1
, (9)

Eq. (1) of the main text transforms into

ω̃ = u1 − Γ̃12
u2 − u1√

1 − u2
2

− ζ̃1
u1√

1 − u2
1

(10)

ω̃ = u2δ − Γ̃21
u1 − u2√

1 − u2
1

− ζ̃2
u2√

1 − u2
2

. (11)

We have referenced all variables to ∆BCS
1 , because if we were

to reference each equation to its own order parameter, the
problem becomes ill-de�ned, if∆BCS

2 = 0. Avoiding this prob-
lem allows us to work with dimensionless quantities. For the
Newton-Raphson method, we have to cast the above equa-
tions into a di�erent form de�ning

y1 =
u1√

1 − u2
1

; y2 =
1√

1 − u2
1

; y3 =
u2√

1 − u2
2

; y4 =
1√

1 − u2
2

(12)

We �nd

y1 − Γ̃12(y3y2 − y1y4) − ζ̃1y1y2 − ω̃y2 = 0
δy3 − Γ̃21(y1y4 − y3y2) − ζ̃2y3y4 − ω̃y4 = 0

y2
2 − y2

1 − 1 = 0
y2

4 − y2
3 − 1 = 0 (13)

�ese equations can be easily solved using a multi-
dimensional Newton-Raphson method [15, 16].

To solve the system of equations in Eq. 13, we de-
�ne a multi-valued function f (®y), whose input is a four-
dimensional vector ®y = (y1,y2,y3,y4) and whose output are
the values of the four quantities on the le� hand sides in Eq.
13. With the Newton-Raphson method, we seek a physical
solution to the equation

f (®y) = 0. (14)

�is is done iteratively by calculating the next value from the
equation

f (®yn) + J (®yn) · ∆®yn = 0 ⇒ ∆®yn = −J (®yn)−1 f (®yn) (15)

where J (®y) is the Jacobian matrix of f (®y) with

J (®y)i j =
∂ fi
∂yj

(16)

�e next iteration value is then

®yn+1 = ®yn + ∆®yn . (17)

When calculating the values ®y as function of energy ω, the
best starting point is ω = 0 and then to use the previous
value as the starting point for the next value ofω. A universal
starting point for ω = 0 is ®y = (0, 1, 0, 1), which works well
for a broad set of parameters.

Analysis of the coupled two-band superconductivity

We start from McMillan’s coupled equations for a two-
band superconductor with bare (energy independent and
real-valued) BCS gaps ∆BCS

1 ≡ ∆0 , 0 and ∆BCS
2 = 0, re-

spectively, i.e.

∆1(ω) = ∆0 − Γ12
∆1(ω) − ∆2(ω)√

∆2
2 − ω2

(18)

∆2(ω) = −Γ21
∆2(ω) − ∆1(ω)√

∆2
1 − ω2

. (19)

Here Γ12, Γ21 denote interband coupling rates. �e second
equation can be easily solved to read

∆2 =
Γ21 ∆1

Γ21 +
√
∆2

1 − ω2
(20)
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which means that a complex-valued ∆1 implies a complex-
valued ∆2 and vice versa.

Now, in case of NbSe2 one may approximately assume
Γ12 � Γ21 ∼ ∆0 which means that ∆0 ∼ ∆1 ∼ ∆2 as long
as only orders of magnitude are concerned. Accordingly, one
writes ∆1 = ∆0 + δ1 with |δ1 | ∼ Γ12 � ∆0 and solves the �rst
equation in (19) for δ1, i.e.,

δ1 = −Γ12
∆0 − ∆2

Γ12 +
√
∆2

2 − ω2
(21)

while for (20) one obtains by pu�ing ∆1 ≈ ∆0

∆2 =
Γ21 ∆0

Γ21 +
√
∆2

0 − ω2
. (22)

Using this la�er result, one �nds the explicit expression for
the correction to ∆1 to read

δ1 = −
∆0Γ12

√
∆2

0 − ω2

Γ12(Γ21 +
√
∆2

0 − ω2) +
√
Γ 2

21∆
2
0 − ω2 (Γ21 +

√
∆2

0 − ω2)2
.

(23)
One can now distinguish three regions in frequency

space:
1. |ω| < ωc

Here, ωc = α ∆0, where α < 1 is the positive solution of α3 +
α2+ϵ2 α−ϵ2 = 0 with ϵ = Γ21/∆0 ≈

√
2. �e only real solution

is α ≈ 0.65. In this regime, ∆1, ∆2 are both real-valued with
∆1,∆2 > 0. �e energyωc de�nes the threshold, below which
imaginary parts in both order parameters are absent. �usωc
determines the width of the superconducting gap. Note that
the gap widths for both bands are identical as an imaginary
part in one order parameter induces an imaginary part in the
other one and vice versa.
2. ωc < |ω| . ∆0

In this regime, δ1 is complex-valued so that also ∆2 ac-
quires a small imaginary part. �e root is taken according to√
ωc − ω → −i√ω − ωc . Accordingly, Im{δ1(ω > 0)} < 0 so

that Im{∆2(ω > 0)} < 0. In particular, ∆2(ωc ) ≈ −0.65∆0

while δ1(ωc )/∆0 = −
√
∆2

0 − ω2
c/[Γ12(Γ21 +

√
∆2

0 − ω2
c )] ≈

−0.349∆0. Note that this perturbative treatment is less ac-
curate near the boundaries of their respective frequency do-
mains.
3. ∆0 . |ω|
In this regime, Im{δ1} and ∆2 approach zero and Im{∆2(ω >
0)} > 0 meaning that Im{∆2} = 0 at a frequency near ∆0.

�e above treatment can be re�ned by replacing ∆0 →
∆0 + δ1 in (22) and using the expression (23). One then �nds
∆2(ωc ) ≈ ∆1(ωc ) in agreement with the full numerical solu-
tion (see Fig. �).
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�e Josephson e�ect in scanning tunneling microscopy (STM) is an excellent tool to probe the properties of
the superconducting order parameter on a local scale through the Ambegaokar-Barato� (AB) relation. Using
single atomic contacts created by means of atom manipulation, we demonstrate that in the extreme case of
a single transport channel through the atomic junction modi�cations of the current-phase relation lead to
signi�cant deviations from the linear AB formula relating the critical current to the involved gap parameters.
Using the full current-phase relation for arbitrary channel transmission, we model the Josephson e�ect in
the dynamical Coulomb blockade regime because the charging energy of the junction capacitance cannot be
neglected. We �nd excellent agreement with the experimental data. Projecting the current-phase relation onto
the charge transfer operator shows that at high transmission multiple Cooper pair tunneling may occur. �ese
deviations become non-negligible in Josephson-STM, for example, when scanning across single adatoms.

Control of electronic properties in quantum-coherent
nanostructures such as Josephson junctions is di�cult to
achieve as it requires deterministic structure design at the
atomic scale. Without atomic scale design the conductance
of identically prepared nanostructures exhibits �uctuations
of the order of the conductance quantum G0 = 2e2/h. High
level control has been achieved using atomic break junctions
to realize few channels highly transparent Josephson atomic
point contacts (JAPC) [1–5]. �e highlight of JAPCs is that
they can be tuned to the regime where electronic transport
is dominated by a single transport channel with large, nearly
re�ectionless, transmission. As a result, the current-phase
relation of the junction becomes non-sinusoidal and multi-
ple Cooper pair processes may occur. At the same time, the
excitation spectrum of Andreev levels carrying the Joseph-
son current consists of a single Andreev bound state (ABS)
that is well separated from other ABS and from the contin-
uum of states above the gap. �us, the maximum supercur-
rent carried by a JAPC, i. e. the critical current IC , does not
only depend on the superconducting gap parameters in the
two leads, but also on the details of the tunneling conduc-
tance [6, 7], i. e. the number of transport channels and their
transparency. �is scenario has been used to study experi-
mentally the transition from coherent Josephson transport to
the regime of multiple Andreev re�ections (MARs) and also
to reveal for the �rst time coherent ABS dynamics [4]. In
these and previous studies, the superconducting phase dif-
ference behaved as a classical variable, its quantum �uctua-
tions being negligible. Equivalently, charge quantization and
charging e�ects could be neglected such that the Josephson
current was fully determined by the classical dynamics of the
phase.

Design at the atomic scale can be perfectioned using a

scanning tunneling microscope (STM) through direct atomic
manipulation with more control and reproducibility than in
break junctions. However, a downside in the STM is the lim-
ited design �exibility concerning the in�uence of the envi-
ronment. �is implies non-negligible charging e�ects and
quantum �uctuations of the phase [8–10]. Still, thermal �uc-
tuations can be reduced by operating in the low mK regime
[11]. In this new scenario, the e�ect of the electromag-
netic environment seen by the junction leads to dynamical
Coulomb blockade (DCB) type physics [12, 13], which has re-
mained largely unexplored until recently as it requires both
signi�cant charging e�ects as well as a high transparency
channel in order to be visible.

Here, we demonstrate in an STM single channel Joseph-
son tunneling in the presence of DCB up to very high con-
ductances > 0.9G0. We build a single atom contact by plac-
ing a single aluminium atom onto an Al(100) surface and
approaching it with an atomically sharp tip made of poly-
crystalline aluminum. Operating at a base temperature of
15 mK, we ensure that both tip and sample are superconduct-
ing (TAl

C = 1.2 K). We obtain a JAPC that features a single
Josephson channel where the tip-sample positioning o�ers
unprecedented reproducibility of the channel transmission
coe�cient, from below 0.1 to above 0.95, with all other chan-
nels having lower transmission by at least one order of mag-
nitude. �e set of transport channels with their transmission,
the so called mesoscopic pin code, is extracted from mea-
surements of the current-voltage curves in the MAR regime,
using a well established technique [3, 14]. �e interplay be-
tween quantum �uctuations of the phase and the �uctuations
due to the electromagnetic environment is most prominent in
the Josephson peak forming in the lower voltage portion of
the current-voltage curve. At low transmission, the Joseph-
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son e�ect is well modeled using the Ambegaokar-Barato�
(AB) formula for the Josephson energy in the tunnel limit
augmented by a description of the environmental interaction
using P(E)-theory [8, 15, 16]. However, at transmissions ex-
ceeding 0.1 the results deviate signi�cantly from the AB for-
mula and a general theoretical model in this regime is cur-
rently lacking. Here, we provide a simple theoretical picture
where Cooper pair tunneling occurs by incoherent transfer
of single and possibly multiple Cooper pairs with rates calcu-
lated using P(E)-theory. �is type of coherence loss between
tunneling events is reminiscent of DCB physics, but is in con-
trast to the DCB regime of conventional Josephson junctions
where tunneling occurs by incoherent single Cooper pairs.
�e theoretical model �ts very well with the measured data
for voltages below the threshold where MAR processes be-
come relevant. �us, our measurements provide an impor-
tant step towards understanding DCB physics in the single
channel Josephson regime and may inspire future theories
on the transition between Josephson and MAR regimes in
the presence of signi�cant quantum �uctuations of the phase.
�e results also provide a be�er understanding of the intri-
cacies of the Josephson e�ect as a local probe of the super-
conducting order parameter [15–17].

We build a single-atom junction by pulling an aluminum
atom with the aluminum tip from the atomically �at Al(100)
surface (see Fig. 1(a)) and placing it on the surface again,
which is shown in Fig. 1(b). �e black depression at the lower
le� part of the image in (b) is the vacancy of the missing Al
atom, which now appears as the rather large white protru-
sion (due to the image contrast) to the right of the center. �is
constitutes a reproducible way to create single-atom junc-
tions with the STM as shown schematically in Fig. 1(c). As
has been shown before, a single-atom contact does not nec-
essarily constitute a single channel contact [2, 3, 18]. Most
atoms have more than one valence orbital that is available
for electron transport.

In order to demonstrate that the single aluminum atom
contact realizes only a single dominant channel, we analyze
the subgap current in the corresponding spectra [14]. Follow-
ing previous �ndings [2, 3, 18], we expect for the situtation of
a superconducting contact made of an Al tip and an Al sam-
ple, that multiple Andreev re�ections provide the most direct
and most straightforward way of determining the the meso-
scopic pin code. Experimental data for the current-voltage
characteristics of the single-atom contact for di�erent tip-
sample distances are shown in Fig. 2(a). �e tip-sample dis-
tance decreases from the dark blue spectrum to the yellow
spectrum as the normal state conductance increases. We dis-
tinguish between the low voltage regime with a peak-like
structure (Josephson regime, blue shaded, below 70 µV) and
the subgap MAR-regime with step-like structures. It is this
la�er regime that we explore �rst in order to �x the parame-
ters that determine the physics of the low-voltage Josephson
current.

We start with a di�erential conductance spectrum at a
small normal conductance setpoint su�ciently away from

FIG. 1: a) Topographic image of the Al(100) surface with an adsorbed
foreign atom as a reference (white protrusion with black halo) be-
fore atomic manipulation. b) An Al atom has been pulled from the
surface (black depression on the lower le�) and placed on to the
surface again (white protrusion on the upper right). �e contrast
has been adjusted to display the details of the la�ice corrugation,
such that the adatom appears completely white. c) Schematic of the
tunnel junction. �e tip of the scanning tunneling microscope is
directly over the Al adatom creating a contact between two single
atoms. d) Fit of a quasiparticle di�erential conductance spectrum at
a conductance setpoint of 36 nS, where no Josephson e�ect and no
Andreev re�ections are observed.

the subgap domain, see Fig. 1(d). By ��ing the density of
states to the experimental data with the Bardeen-Cooper-
Schrie�er (BCS) model of tip and sample, we �nd the val-
ues of the gap parameters as ∆tip = 180 µeV and ∆sample =
180 µeV. �ese are then fed into a standard MAR model
[14, 19–21] that extracts the mesoscopic pin code by assum-
ing independent transmission channels to capture the exper-
imental data at a given voltage (for details see the Supporting
Information [22]). �e �ts are shown in Fig. 2(a) as thinner
lines with darker color superimposed on the data. �e �ts ac-
curately describe the MARs in the subgap regime (< 360 µV)
with small discrepancies only appearing at the onset of MAR
steps at larger tip-sample distances. We a�ribute them to
inelastic processes in the electron-hole tunneling which is
not included in the modeling [10] and requires an extended
description accounting for features known from dynamical
Coulomb blockade [23].

In the mesoscopic pin code analysis, we use three trans-
mission channels (cf. [2, 24]) and �nd that a single channel
dominates the others by at least one order of magnitude for
all tip-sample distances measured (see Fig. 2(b)). �us, we
conclude that in our STM set-up a single-atom contact be-
tween Al tip and sample with a single transmission chan-
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FIG. 2: a) Fits (thin lines) of the Andreev re�ection data (thick lines)
as function of tip-sample distance, i. e. vertical tip position above the
adatom on the surface (the origin of the length scale is atGN = G0).
in order to extract the number of channels and their transmission.
For symmetry reasons and based on the valence of Al, we have as-
sumed three channels. �e blue shaded area is the energy range for
the analysis of the Josephson spectra in Fig. 3. b) �e three channels
and their transmission for the di�erent spectra in a) as a function of
tip-sample distance. �e second and the third channel have equal
transmission.

nel is realized experimentally to very good approximation.
With the transport parameters �xed, we can turn to the low-
voltage regime (see Fig. 2(a)) to explore the Josephson e�ect
in a rather unconventional domain, where charge transfer
through a single channel with tunable transmission meets
dynamical Coulomb blockade physics.

Figure 3 shows Josephson spectra for di�erent values of
transmission of the single channel contact ranging from
weak tunneling to nearly maximal transmission. �e pro-
nounced Josephson peak visible in the weak tunneling
regime becomes washed out as the transmission increases, �-
nally ending up masked by the background created by MARs.
�e Josephson peak arises due to inelastic Cooper pair tun-
neling, with broadening determined by the interaction with
the environment. In our low-temperature STM experiment
the granularity of charge transport determines the nature
of these interactions and the observed peak is a manifesta-
tion of dynamical Coulomb-blockade. �e interplay between
(Josephson) tunneling and electromagnetic degrees of free-
dom of the environment can be described by P(E)-theory

FIG. 3: a)-g) Josephson spectra at di�erent transmissions (the total
transmission τ is indicated in each panel). �e calculated spectra
have essentially no free �t parameter, except for the �rst spectrum
at lowest transmission. A clear deviation between the Ambegaokar-
Barato� approach (AB) and the full Andreev bound state relation
at arbitrary transmission (AT) can be seen at higher transmission.
For the transmissions in f) and g), non-adiabatic processes become
signi�cant at higher bias voltages, such that our model is only ap-
plicable within the blue shaded areas. Panel h) shows the χ2-values
of the �ts. �e arbitrary transmission model yields low χ2-values
throughout (indicating good agreement), except in the red shaded
region, where non-adiabatic processes become signi�cant.

[8, 12, 25]. �e current-voltage relation is

I (V ) = 2π
~

(
EJ

2

)2
(2e) [P(2eV ) − P(−2eV )] (1)

where the Josephson energy EJ is given by the AB formula

EJ =
∆

4
∑
i

τi =
∆

4
GN
G0

(2)

and GN is the total normal state conductance. �e P(E)-
function describes the probability density for exchanging en-
ergy E with the environment. Here, the energy E is given by
the kinetic energy of the tunneling Cooper pair 2eV , whereV
is the applied junction bias voltage. �is approach describes
junctions with arbitrary many channels, as long as the trans-
mission of each individual channel is small, τi � 1.

�e above theory for single-Cooper pair tunneling under-
estimates the Josephson peak at higher transmission (yellow
line in Fig. 3), as compared to what is observed in our exper-
imental data (blue dots in Fig. 3). It turns out that, at higher
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transmission, the nonlinear dependence of the energy on the
transmission as well as to a smaller extent the tunneling
of multiple Cooper pairs within a tunneling event are non-
negligible and need to be taken into account. �ey can be
traced back to the non-sinusoidal energy-phase relation ex-
pected for transparent single-channel contacts. In the follow-
ing, we propose a simple extension of existing P(E)-theories
that describes the dynamical Coulomb blockade regime of sin-
gle and multiple Cooper pair transfer processes.

�e starting point is the ABS energy-phase relation for a
single channel of arbitrary transmission [5, 7]

E±(ϕ) = ±∆
√

1 − τ sin2 (ϕ/2) (3)

where the index± labels the states between−∆ and+∆ below
(−) and above (+) the Fermi level. Focussing on the lower
(−) Andreev state (i. e., assuming low temperature and the
adiabatic limit, see below), we can express the energy as

E(ϕ) =
+∞∑

m=−∞
Eme

imϕ (4)

with the coe�cients Em given by

Em = −∆
+∞∑

k= |m |

(
1/2
k

) (
2k

k +m

)
(−1)m+k (τ/4)k . (5)

In the spirit of P(E)-theory, we replace the phase ϕ in the
energy-phase relation by an operator. �e phase acquires
signi�cant �uctuations in the dynamical Coulomb-blockade
regime, where the number of transferred charges is a well-
de�ned quantity. In the resulting Hamiltonian, a perturba-
tive treatment is applied to the operators eimϕ that induce
the translation ofm Cooper pairs. Instead of the single P(E)-
function in the tunnel limit describing inelastic single Cooper
pair tunneling, each m-Cooper pair tunneling process in-
volves a new Pm(E)-function that gives the probability of en-
ergy exchange 2meV (see Supplemental Material for details
[22]):

Pm(E) =
∫ +∞

−∞

dt
2π~e

m2 J (t )+iEt/~ (6)

and we �nd a Josephson current for the single channel case,

I (V ) = 2π
~

+∞∑
m=1
|Em |2 (2me) [Pm(2meV ) − Pm(−2meV )] , (7)

which depends on the Pm(E) functions at the energies
±2meV . Note, that in the tunnel limit, τ � 1, of Eq. (5) the
coe�cient |E1 | = ∆τ/8 = EJ/2 dominates and Eq. (7) reduces
to Eq. (1).

�e results of the extended DCB theory (red lines in Fig. 3)
from Eq. (7) are compared to the experimental data and with
the conventional DCB from Eq. (1). In Fig. 3(h), the χ 2-values
for the calculated curves are plo�ed as function of total trans-
mission. �e lower χ 2-values for the arbitrary transmission

(AT) model indicate a much be�er agreement compared to
the AB model (details of the χ 2 calculation can be found in
the Supporting Information [22]). Crucially, both theoretical
calculations do not involve any free �t parameters, but rely
only on the mesoscopic pin code known from the MAR anal-
ysis, gap parameters for tip and sample obtained from the
quasiparticle spectrum at low conductance, and on the tun-
nel junction parameters entering the P(m)(E)-function(s) (see
Supporting Information [22]) determined by the Josephson-
spectrum at lowest transmission [28]. Without introducing
additional parameters or assumptions, the I-V given by Eq. (7)
clearly improves upon the conventional DCB result. We �nd
good agreement with the experimental data over the whole
voltage range of the Josephson peak up to τ ∼ 0.7. For larger
τ this voltage range shrinks until no discernible agreement
can be claimed at the highest transmission, 1 − τ � 1.

�e level to which our extension of DCB-theory repro-
duces the STM measurements is fully consistent with ex-
pectations: (i) �e improved agreement at high transmission
can be a�ributed to the dependence of coe�cients Em on
the channel transmission τ . �ese coe�cients Em of the ex-
tended theory play a similar role to EJ in Eq. (1). �e com-
parison between Em for (m = 1, 2, 3) and EJ/2 is plo�ed in
Fig. 4(b) showing a signi�cant increase of E1 compared to
EJ/2 for transmissions τ & 0.2. At higher transmission the
probability for multiple Cooper pair transfers increases, such
that a (small) part of the current is due to the energy ex-
change of multiple Cooper pairs with the environment. Dis-
tinguishing the contributions of processes with di�erent m
is not possible in our experiment. In the future, this could
be achieved using a designed environment with su�ciently
narrow resonances, such that speci�cm-Cooper pair process
can be enhanced via the Pm(E)-functions in Eq. (7). (ii) As a
low-order perturbative approach any P(E)-type approach is
bound to fail, if tunneling becomes too frequent for the en-
vironment to relax between consecutive tunneling events. A
simple test (see Supporting Information [22]) suggests that
the assumption of sequential, independent tunneling events
inherent to the rate-picture of Eqs. (1) and (7) breaks down
at about τ ∼ 0.9. (iii) Even without environmental e�ects,
however, the large transmission limit, 1− τ � 1, is challeng-
ing, since we can no longer separate a large-voltage regime
of MAR from the low-voltage region of Josephson-tunneling,
cf. Fig. 2(a), as high-order Andreev re�ections scale with high
powers of the transmission and are no longer suppressed.
Within the equilibrium picture of ABS, E±(ϕ) in Eq. (3), with
ϕ being a classical variable, in the low-bias regime, the dissi-
pative current can be understood in terms of Landau-Zener
transitions between the ABSs, cf. Fig. 4(a) [4]. While well in
the dynamical Coulomb blockade regime of large quantum
�uctuations of the phase, we can, nonetheless, use the clas-
sical phase picture and exploit the Landau-Zener transition
probability, p = exp [−π (1 − τ )∆/eV ], to estimate a threshold
voltage, V = (1 − τ )∆, where non-adiabatic transitions be-
come non-negligible. �is voltage, diminishing as the trans-
mission approaches unity, �ts with the observed range of va-
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FIG. 4: a) Andreev bound state relation for high transmissions. As
the gap closes, the probability for transitions between branches
(non-adiabatic processes) becomes more likely. b) Absolute value of
the coupling coe�cients |Em | at di�erent transmissions in compar-
ison to the coupling coe�cient of the linear Ambegaokar-Barato�
model (EJ/2).

lidity in Fig. 3. For instance, for τ = 0.88 [Fig. 3(g)], we expect
and observe the adiabatic model to fail outside of the region
−22µV ≤ V ≤ 22µV shaded in blue.

Further theoretical and experimental investigation of the
large transmission regime will advance a more complete un-
derstanding, complementing the elaborate, self-consistent
theory for the case of thermal phase �uctuations [4], and can
also clarify the impact of a renormalization of the charging
energy at stronger tunneling [29].

We have demonstrated the single channel Josephson e�ect
in the STM from an atomic contact at arbitrary transmission
up to the quantum of conductance and in presence of dy-
namical Coulomb blockade. �e Josephson current in this
regime can be very well modeled by the energy-phase rela-
tion of the full Andreev bound state projected onto the charge
transfer operators for single and multiple Cooper pair tunnel-
ing. We �nd excellent agreement between theory and experi-
ment with no free parameters as each parameter has been de-
termined independently. Concerning few channel junctions,
we believe, it is crucial to consider individual transport chan-
nels and their transmission separately instead of using the to-
tal conductance and the multi-channel approximation of the
AB formula. Deviations can already be discerned at channel
transmissions as low as τ = 0.1.

�ese �ndings are an important step towards a detailed
understanding of the dynamical Coulomb blockade regime in
the Josephson e�ect measured by the STM. �is is urgently
needed, as the Josephson e�ect becomes important as a tool
to extract local information about the superconducting prop-
erties of the sample. For instance, when scanning across a
magnetic adatom that induces Yu-Shiba-Rusinov states and
locally reduces the order parameter of the substrate [26, 27],
the inevitable changes in the number of channels and their
transmission have to be considered.
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[27] Fla�é, M. E. and Byers, J. M. Phys. Rev. Le�. 78, 3761 (1997).
[28] A “background” of Andreev re�ections originating from ex-

trapolating the Andreev spectra in Fig. 2(a) into the low voltage
range between±100 µV is also added. Such simple superposition
of the Josephson e�ect and the multiple Andreev re�ections is

164



III.5. Publications

6

valid as long as non-adiabatic processes are negligible, which
are not included in the model here as we will discuss later [4].

[29] Jezouin, S., I�ikhar, Z., Anthore, A., Parmentier, F. D., Gennser,
U., Cavanna, A., Ouerghi, A., Levkivskyi, I. P., Idrisov, E., Sukho-

rukov, E. V., Glazman, L. I., Pierre, F. Nature 58, 536 (2016).

165



III. Josephson Scanning Tunneling Microscopy

7

Supplementary Information

FIG. S1: Linear plot of the experimental multiple Andreev re�ection
spectra along with their corresponding �ts.

TIP AND SAMPLE PREPARATION

�e experiments were carried out in a scanning tunneling
microscope (STM) operating at a base temperature of 15 mK
[1]. For the sample, we use an Al(100) single crystal. To ob-
tain a clean Al(100) surface, the sample was cleaned by mul-
tiple cycles of Ar spu�ering and subsequent annealing. �e
tip material was a polycrystalline Al wire, which was cut in
air and prepared in ultrahigh vacuum by spu�ering and �eld
emission. Single Al atoms were pulled from the surface by the
tip and then placed on the surface to realize a single atomic
contact. We demonstrate that the tip apex remains una�ected
by the manipulation through imaging of the reference impu-
rity (sombrero shape in Fig. 1(a) and (b) of the main text).

Both images of the reference impurity look identical before
and a�er the manipulation.

EXTRACTING THE MESOSCOPIC PIN CODE FROM THE
SUBGAP CURRENT

To extract the number of channels and their transmission,
we exploit the multiple Andreev re�ections that are mea-
sured at di�erent normal state conductances. For the �ts, we
use the model of multiple Andreev re�ections outlined in Ref.
[2] treating multiple channels as independent of each other
and adding them for the total spectrum. As has been shown
before [3], the aluminum spectra cannot be ��ed accurately
at low temperatures without considering the spectral broad-
ening due to the interaction with the environment (P(E)-
theory). However, the models considered in the context of
multiple Andreev re�ections do not include the environmen-
tal interactions to the degree needed here. In addition, the
broadening cannot be modelled by an e�ective Dynes param-
eter Γ either [4]. To remedy this shortcoming, we approxi-
mate the P(E)-function by a Gaussian P∗(E), which includes
an e�ective capacitive voltage noise. In this way, the broad-
ening is symmetric and we can include the in�uence of the
environment at least phenomenologically to lowest order by
convolving one of the leads’ density of states with this P∗(E)-
function before calculating the Andreev re�ections. (For the
later analysis of the Josephson spectra, we employ the full
P(E)-function.) To determine the ��ing parameters, we �t
a spectrum at low conductance that does not show any An-
dreev re�ections nor any Josephson e�ect. We calculate the
di�erential conductance dI/dV from the tunneling current

I (V ) = e
(
®Γ(V ) − ®Γ(V )

)
, (8)

with the tunneling probability from tip to sample

®Γ(V ) = 1
e2RT

∞∫
−∞

∞∫
−∞

dEdE ′ρt(E)ρs(E ′ + eV )f (E)[1 − f (E ′ + eV )]P∗(E − E ′). (9)

�e other tunneling direction ®Γ(V ) from sample to tip can be
obtained by exchanging electrons and holes in Eq. (9). Here,
RT is the tunneling resistance, f (E) = 1/(1 + exp(E/kBT ))
is the Fermi function, and ρt, ρs are the densities of states
of tip and sample, respectively. Here, we replace the full
P(E)-function by a Gaussian modeling an e�ective capacitive

noise:

P∗(E) = 1√
4πECkBT

exp
[
− E2

4ECkBT

]
(10)

where EC = Q2/2CJ is the (e�ective) charging energy for
Cooper pairs (Q = 2e). We use the same e�ective capacitance
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CJ = 21.7 fF and e�ective temperature T = 200 mK as for the
modeling of the Josephson e�ect, which does not introduce
any new parameters (see below). �e densities of states of
the aluminum tip and the aluminum sample are given by the
simple Bardeen-Cooper-Schrie�er (BCS) expression:

ρt,s(ω) = Re


ω + iΓt,s√

(ω + iΓt,s)2 − ∆2
t,s


, (11)

where the order parameters for both tip and sample are the
same ∆t,s = 180 µeV and the Dynes parameter Γt,s = 0.01 µeV
is only non-zero for numerical purposes.

In order to �t the number of channels and their transmis-
sions to the experimental data, we calculate a series of An-
dreev re�ection spectra from the �t parameters for di�erent
transmissions. Assuming independent channels, we �t linear
combinations of these spectra to the experimental data using
a statistical search algorithm (Matlab).

We should point out, that the result of having single chan-
nel transmission is quite robust with respect to details of the
�t and the modeling, i. e. whether we use the symmetric
P∗(E)-function or a phenomenological broadening parame-
ter. �is is because the number of channels and their con-
ductance do not only modify the subgap structure of the spec-
trum, but they also have a sizeable e�ect on the normal con-
ducting part of the spectrum, i. e. at voltages |V | > ∆t + ∆s.
�e so-called excess current Iexc [2] is a constant (voltage in-
dependent) current contribution to the normal conducting
part of the spectrum. �e excess current Iexc increases mono-
tonically with the channel transmission and is quite indepen-
dent of the details of the modeling as well as of any broaden-
ing mechanisms. It is easy to see that the excess current Iexc
contribution becomes maximal in the case of a single channel
contact. �e excess current Iexc is naturally included in the
Andreev calculations and as such the whole spectrum inside
and outside of the gap becomes an important indicator for
single channel tunneling.

CALCULATING THE JOSEPHSON CURRENT WITHIN
P(E)-THEORY AT ARBITRARY TRANSMISSION

�e Josephson current in the STM at mK temperatures and
low transmission, where only single Cooper-pair processes
play a role, has previously successfully been modeled on the
basis of the simple sinusoidal energy-phase relation and the
standard P(E)-function for single Cooper pairs (cf. Eq. (1) in
the main text). To calculate the I (V ) characteristics of the
single-channel Josephson e�ect at arbitary transmission, we
start from the full energy-phase relationE±(ϕ) of the Andreev
bound states (cf. Eq. (3) in the main text), which includes
multiple Cooper-pair processes. Since we only consider non-
adiabatic processes in this model, we focus on the lower
branch (− label) and omit the sign index in the following.
We transform this energy-phase relation from phase space

to charge space by a Fourier transform, Eϕ =
∑∞
m=−∞ Eme

imϕ

(cf. Eq. (4) and (5) in the main text), in order to include the
interaction of multiple Cooper-pair transfers with the sur-
rounding environment. Following the standard procedure of
calculating tunneling currents within the framework of P(E)-
theory (see, e.g., Refs. [5–7]), the tunneling rate associated
with a forward tunneling process ofm Cooper pairs through
a single channel is given by

Γm =
2π
~
|Em |2

∑
Ri ,Rf

| 〈Rf |e−imϕ |Ri 〉 |2Pβ (Ri )δ (ERi − ERf ).

(12)
�e corresponding backwards tunneling rates can be ob-
tained by replacingm by −m. �is is essentially a golden rule
rate with Eme

−imϕ as the perturbation. Here, we sum over all
initial reservoir states Ri with energies ERi weighted by the
probability Pβ (Ri ) to �nd these states at the inverse temper-
ature β = 1/(kBT ) and over all �nal states Rf with energies
ERf . Performing the trace over the environmental degrees
of freedom and exploiting the generalized Wick theorem, we
�nally arrive at

Γm =
2π
~
|Em |2Pm(m2eV ). (13)

Here, we have introduced the generalized P(E)-function

Pm(E) =
∫ +∞

−∞

dt
2π~e

m2 J (t )+iEt/~ (14)

with the phase correlation function

J (t) = 〈[ϕ̃(t) − ϕ̃(0)]ϕ̃(0)〉 , (15)

accounting for Cooper-pair–phase �uctuations ϕ̃ = ϕ −
2eVt/~ around the mean value determined by the exter-
nal voltage. For m = ±1, we recover again the standard
P(E)-function used in the low-transmission limit for single
Cooper-pair processes. Summing up all possible processes
(forward and backward tunneling of one, two, up to in�nitely
many Cooper pairs), the current contribution of the lower
Andreev bound state can be wri�en as

I (V ) =
+∞∑

m=−∞
(2me)Γm (16)

=
2π
~

+∞∑
m=1
|Em |2(2me) [Pm(m2eV ) − Pm(−m2eV )] . (17)

VALIDITY OF THE P(E)-THEORY

To test for the applicability of P(E)-theory in this context,
we calculate the product of the coupling constant with the
P(E)-function [5]. In the tunneling regime, this condition of
validity is typically wri�en as:

EJP(E) � 1 (18)
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FIG. S2: a) Plots of the P(E)-function form transferred Cooper pairs.
For higher orders ofm, the weight shi�s to higher energies. b) Check
for the applicability of P(E)-theory for single and multiple Cooper
pair transfers. For all transmissions except the highest (τ > 0.9) the
product of coupling constant Em with the maximum value of the
Pm(E)-function Pmax

m is less than one, so that P(E)-theory is appli-
cable. �e blue shaded area shows the region, where non-adiabatic
processes start dominating the spectrum.

�e P(E)-functions used in this analysis are plo�ed in Fig.
S2(a). �e parameters are given in the next section. �e
di�erent curves are for multiple Cooper pair transfers up to
m = 5. In order to simplify the analysis, we just use the max-
imum value of the P(E)-function Pmax, which in our scenario
is typically near E = 0. Here, we consider sequential tunnel-
ing of single and multiple Cooper pairs, so we will calculate
the product for each value ofm separately. �erefore, the co-
e�cient Em takes the role of the coupling constant and the
maximum of Pm(E) is Pmax

m , such that the condition reads as:

|Em |Pmax
m � 1 (19)

�e values for di�erent Cooper pair transfers up tom = 3 are
plo�ed in Fig. S2(b). We can see that all values are less than
one for all transmissions except the highest ones. Here, the
validity condition is broken for single Cooper pair transfers
at transmissions τ > 0.9. �is is in agreement with our previ-
ous analysis of the validity of P(E)-theory in the DCB regime
of the STM [8]. As we have shown in the main text that at
these transmission values also non-adiabatic processes start
to dominate, which are not directly captured in the theoreti-
cal model, breaking the applicability condition at these high
transmission values is of minor relevance.

At the highest transmission of τ = 0.98, as shown in Fig.
3(h) in the main text, the Josephson e�ect cannot be modeled
adequately anymore by our models. �is is due to the non-
adiabatic processes becoming dominant as discussed in the
main text as well as a breakdown of the applicability condi-
tion for P(E)-theory as shown in Fig. S2.

CALCULATING THE χ2-VALUES

We de�ne the dimensionless χ 2-values as

χ 2 =
∑
i

(ydata
i − ymodel

i )2
(ydata

i )2
. (20)

where i indexes all data points in the data set, ydata
i is a data

point, and ymodel
i is the calculated value corresponding to the

data point. �e χ 2-value is thus a dimensionless, normalized
quantity indicating the deviation of the calculation from the
data. �e lower the χ 2-value, the be�er the agreement. �e
χ 2-values have been calculated for a voltage interval |V | ≤
30 µeV.

MODELING THE JOSEPHSON SPECTRA

�e Josephson e�ect is modeled with the full P(E)-
function. We cannot employ the simpli�ed P∗(E)-function
used in the analysis of the Andreev spectra, because they
are symmetric and would yield zero Josephson current. In
order to extract the relevant parameters, we �t a Josephson
spectrum at very small conductances, where we can assume
li�le di�erence between the Ambegaokar-Barato� approach
and the full Andreev bound state relation. �e �t function is
based on the equation:

I (V ) =
πeE2

J

~
[P(2eV ) − P(−2eV )] , (21)

where EJ is the Josephson energy. �e parameters are for
the junction capacitance CJ = 21 fF and for the e�ective
temperature T = 200 mK. For the environmental impedance
Z (ω), we use the modi�ed transmission line impedance in-
troduced in Ref. [8], which describes the impedance of the
surrounding vacuum as well as the resonances of the tip act-
ing as a monopole antenna. �e parameters for the modi-
�ed transmission line impedance are the resonance energy
ωR = 70 µeV, the e�ective damping parameter α = 0.9, and
the environmental dc resistance Renv = 377 Ω [8].
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CHAPTERIV

Summary and Outlook

The thesis Josephson Photonics and Josephson Scanning Tunneling Microscopy: Inelastic
Charge Transfer across Superconducting Junctions has presented seven publications in a com-
prehensive scientific context, which resulted from the author’s research activities under the
supervision of J. Ankerhold at the Institute for Complex Quantum Systems at Ulm University
between December 2015 and May 2019. They are part of a very young subfield of mesoscopic
physics in which the role of quantum optical phenomena in charge transport across tunnel
junctions is investigated. The overriding goal with regard to basic research lies here in the
understanding of fundamental processes of nonrelativistic quantum electrodynamics under
nonequilibrium conditions. New insights into the quantum optics of mesoscopic conductors,
however, are not only of fundamental scientific interest but have also led to the emergence of
auspicious platforms for novel quantum devices in communication, information, and sensing
technology.

Very promising candidates for such applications are systems based on the versatile ar-
chitecture of Josephson photonics. In these setups, an inelastic Cooper-pair current across
a dc-voltage–biased Josephson junction is used to generate nonclassical radiation in one or
several series-connected microwave cavities. The basic idea is that for a Josephson junction
biased at a dc voltage V which is less than the superconducting gap voltage 2∆/e, Cooper-
pair transfer is only possible if the excess energy 2eV can be deposited in a mode ω of a
cavity, i.e., if the resonance condition 2eV = ~ω is fulfilled. Microwave cavities connected
in series to the junction work here as a well-defined electromagnetic environment absorbing
the energy of a Cooper pair by creating photons. The inherent nonlinearity of the Josephson
junction translates into a complex photon creation process in which backaction of the photon
field onto the charge transfer leads to cavity states with highly nonclassical phenomena. De-
tails of this charge-photon conversion as well as the feedback of the resulting electromagnetic
cavity field on the Josephson junction can largely be controlled by the Josephson energy
and the properties of the cavities. The ultimate goal in Josephson photonics with regard to
application is to design efficient and bright sources for the on-demand production of highly
nonclassical radiation in the microwave up to the low terahertz regime.

The first two publications [Pub. (I) and (II)] presented in this thesis demonstrate that a
large variety of different correlated quantum states can be generated in Josephson-photonics
systems in a surprisingly simple way. Single Cooper-pair tunneling events simultaneously
generate photons in several series-connected microwave cavities. The interplay between these
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multiphoton generation processes and the subsequent individual leakage of photons into out-
put lines naturally leads to a steady state of the system, which can exhibit highly complex
phenomena of quantum entanglement. The variation of experimentally accessible parameters
makes it possible to access fundamentally different entanglement properties: the number of
parties is associated with the bias voltage, the dimension of Hilbert space is controllable by the
impedance of the cavities, and different classes of entanglement are accessed by the Josephson
energy. While Pub. (I) investigates time-resolved statistics and correlations between emitted
photons by means of the second-order correlation function g(2)(τ) and waiting-time distri-
bution w(τ), Pub. (II) discusses entanglement between the cavity fields. Entanglement, in
principle, can readily be detected by means of simple witnesses, whereas more sophisticated
criteria requiring knowledge of the full density matrix are necessary for the in-depth analysis
of the full entanglement properties. This provides a theoretical framework on the basis of
which a source of entangled quantum microwaves is currently being implemented.

In Pub. (III), we studied quantum thermodynamics at the nanoscale with a two-cavity
Josephson-photonics system. We focused on the situation where this device is operated as
a refrigerating machine, i.e., each tunneling Cooper pair absorbs a photon from one of the
cavities (cooling target) and deposits its energy in the second one (heat dump) by generating
a photon. The performance of this machine was investigated as a function of different exper-
imentally controllable parameters. Special attention was paid to the regimes of very low and
very high photon numbers, where the full nonlinearity of the Josephson junction comes into
play and the dynamics obey a semiclassical description.

Josephson-photonics systems are not only promising candidates for the development of fu-
ture thermal machines but can now already be used for the realization of promising prototypes
for single-photon sources in the microwave range [Pub. (IV)]. Motivated and supported by
our theoretical work, our experimental partners in the group of D. Esteve at the CEA Paris-
Saclay in Gif-sur-Yvette (FR) succeeded in developing a high-impedance Josephson-photonics
circuit. In this regime, the statistics of emitted photons show a strong antibunching behavior,
which means that several photons are emitted at the same time only with very low proba-
bility. This is reflected in a strong suppression of the corresponding second-order correlation
function g(2)(τ = 0) ≈ 0.3 < 1. Some adjustments of the theory to the actual experimental
situation were necessary: For example, the finite response time of the detectors measuring
the emitted photons had to be included into the model.

Publication (V) highlights the similarities and dissimilarities between a Josephson-photonics
device and the quantum optical micromaser, which represents a well-known textbook example
for driven open quantum systems displaying strongly nonlinear dynamics. Even though these
two systems show some fundamental differences and are not the closest of relatives, a detailed
comparison allows for a deeper understanding of Josephson photonics and helps to identify
new perspectives for future research. The aspects discussed here for both systems include the
emergence of highly nonlinear quantum phenomena, mechanisms of trapping photonic states,
spectral properties of the generated radiation, and possibilities to probe the cavity state.

Another particularly promising platform along the boundaries of quantum optics and meso-
scopic electronics has recently been developed in Josephson scanning tunneling microscopy
in form of a completely new generation of scanning tunneling microscopes (STMs) which
can be operated at ultralow temperatures down to 15 mK. Using superconducting materials
for tip and sample, these setups provide a highly tunable Josephson junction, whose cou-
pling energy can be varied over a very broad range by changing the tip-sample distance.
The special feature which sets these devices apart from other conventional STMs is that, at
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these low temperatures, they are operated at the quantum limit, i.e., the granularity of the
charge current becomes non-negligible so that Josephson tunneling is generally inelastic. The
ultimate energy resolution is limited here by interaction of the tunneling charge quantum
with the electromagnetic surrounding and the capacitative noise of the junction. Scanning
tunneling microscopy at millikelvin temperatures combines the high spatial resolution of a
conventional STM with the structural information of photonic excitations, allowing the in-
vestigation of extremely sharp spectral features with unprecedented precision. The ultimate
goal in Josephson scanning tunneling microscopy with regard to application is to develop a
sensing device operating in the deep quantum regime under conditions where phonon and
quasiparticle excitations are strongly suppressed.

The first publication from the field of Josephson scanning tunneling microscopy [Pub. (VI)]
discusses Yu-Shiba-Rusinov (YSR) states in two-band superconductors, which here were in-
vestigated using the example of NbSe2 with magnetic Fe impurities. In many cases, the local
interaction between magnetic impurities and superconducting material leads to extremely
sharp intrinsic YSR states within the superconducting gap. For a two-band superconductor
like NbSe2, however, the existence of intrinsic nonthermal relaxation processes limiting the
lifetime of YSR states was demonstrated in experiments by our partners in the group of C.
R. Ast and K. Kern at the Max Planck Institute for Solid State Research in Stuttgart. In
addition, YSR states may occur outside the band gap but with a greatly increased line width,
i.e., with very short lifetimes. Our theoretical calculations, based on a simple approach of
scattering theory and T matrix in combination with methods for calculating order parame-
ters of two-band superconductors, show very good agreement with the experimental data and
allow a deeper understanding of the nature of YSR states.

In Pub. (VII), we demonstrated that the new generation of STM developed in the group
of C. R. Ast and K. Kern allows the realization of a superconducting atomic point contact
which, in extreme cases, has only a single transport channel. Here, its transmission can be
varied almost arbitrarily between zero and one by changing the tip-sample distance. For
small transmissions, we could show that measurements of the Josephson effect through a
single-channel Al contact correspond with the predictions based on the Ambegaokar-Baratoff
relation, i.e., an incoherent tunneling of individual Cooper pairs can be assumed here. At
higher transmissions, however, multiple Cooper pairs are transferred within a single quantum
process, occurring in a sequential and incoherent manner. To capture these processes, the
theoretical modeling had to be extended by taking into account the full current-phase relation
of the junction.

The publications presented in this thesis have significantly contributed to the development
of the fields of Josephson photonics and Josephson scanning tunneling microscopy toward
versatile platforms for the realization of novel quantum devices. At this stage, however, the
full potential of these platforms has not yet been exploited. In the following, we briefly
address ongoing research activities and give an outlook on possible research directions for the
future.

In Josephson photonics, current experimental work in our collaboration with the group of
D. Esteve on the generation of entangled photon pairs is already nearing completion. Con-
cerning single-photon emitters, a first prototype for an on-demand source has been developed
in parallel to our source with stochastic emission events but more pronounced antibunching
behavior [24]. Here, further work is necessary to implement on-demand emission also in our
concept of a single-photon source and to improve the antibunching characteristics of the two
experimental realizations. Besides, there has been a number of theoretical proposals based on
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IV. Summary and Outlook

the Josephson-photonics platform whose experimental realizations are still in their infancy,
e.g., schemes for a stabilized generation of Fock states [57] and its use as a nanoscale heat
engine [54, 63]. A still existing obstacle on the way to a fully controllable nonclassical mi-
crowave source is the occurrence of local voltage fluctuations at the junction. They cause a
phase drift with non-negligible negative impact on some quantum properties such as squeez-
ing and steady-state entanglement. To overcome this, we plan to make use of the standard
technique of injection locking [21, 150, 151], established in quantum optics, to stabilize the
emission of a laser. Injecting a low-intensity input tone into the cavity leads to stimulated
emission of photons at the frequency of the external signal, reducing phase fluctuations that
occur in the free-running mode. Detuning between external frequency and Josephson fre-
quency leads to the phenomenon of frequency pulling, i.e., the laser emission frequency is
shifted toward and finally locked to the external frequency when increasing the input power.
The investigation of synchronization effects is not restricted to this application-oriented case.
The versatility and tunability of the Josephson-photonics platform opens the door to study
various facets of quantum synchronization [274–284]. In a multi-mode situation, natural
all-to-all coupling of the modes due to simultaneous photon creation processes gives rise to
complex Josephson-photonics networks, representing a promising new class of experimentally
realizable many-body systems with rich nonlinear quantum dynamics.

In Josephson scanning tunneling microscopy, current experimental and theoretical work
of our collaboration with the group of C. R. Ast and K. Kern focuses on tunneling phe-
nomena between two YSR states, i.e., both tip and sample have magnetic impurities leading
to localized energy states within their superconducting gaps. A strong motivation for a
deep understanding of the properties of YSR states is their close connection to Majorana
physics [234–236]. It has been shown that a chain of magnetic impurities placed on an s-
wave superconducting substrate supports energy band structures with localized Majorana
fermions at both ends [237–239]. Majorana fermions are bound states of vanishing energy
with non-Abelian exchange statistics, which offer various promising applications in quantum
information processing [285–287]. Another interesting direction of research concerns engi-
neering of the electromagnetic environment in the mK STM. When we place paramagnetic
molecules between tip and sample, inelastic charge transfer occurs in presence of the standard
electromagnetic environment modified by intramolecular degrees of freedom in form of spin
states of the molecules [185]. Another possibility of environment engineering is to enclose the
tip with a metallic tube to substantially increase the originally very low quality factor of the
antenna-like tip such that photons accumulate and backaction on the charge transfer becomes
relevant. This is challenging also from a theoretical point of view since we are here far from
equilibrium and thus beyond the regime of dynamical Coulomb blockade, where interaction
with the environment can be modeled in the framework of the simple P (E) theory. The
complex charge-photon interplay in strong nonequilibrium that is observable here gives rise
to a wide range of quantum phenomena which have already been explored in the context of
Josephson photonics.
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[114] K. Życzkowski, P. Horodecki, A. Sanpera, and M. Lewenstein, Volume of the set of
separable states, Phys. Rev. A 58, 883 (1998).

[115] G. Vidal and R. F. Werner, Computable measure of entanglement, Phys. Rev. A 65,
032314 (2002).

[116] W. Dür, J. I. Cirac, and R. Tarrach, Separability and Distillability of Multiparticle
Quantum Systems, Phys. Rev. Lett. 83, 3562 (1999).

[117] T. Yu and J. H. Eberly, Evolution from Entanglement to Decoherence of Bipartite Mixed
”X” States, Quantum Inf. Comput. 7, 459 (2007).

[118] A. R. P. Rau, Algebraic characterization of X-states in quantum information, J. Phys.
A 42, 412002 (2009).

[119] M. Ali, A. R. P. Rau, and G. Alber, Quantum discord for two-qubit X states, Phys.
Rev. A 81, 042105 (2010).

[120] M. Siomau and S. Fritzsche, Entanglement dynamics of three-qubit states in noisy chan-
nels, Eur. Phys. J. D 60, 397 (2010).

[121] Y. S. Weinstein, Entanglement dynamics in three-qubit X states, Phys. Rev. A 82,
032326 (2010).

[122] C. Eltschka and J. Siewert, Entanglement of Three-Qubit Greenberger-Horne-Zeilinger
Symmetric States, Phys. Rev. Lett. 108, 020502 (2012).

180

http://stacks.iop.org/1367-2630/12/i=5/a=053002
http://dx.doi.org/ 10.1016/S0375-9601(00)00401-1
http://dx.doi.org/ 10.1016/S0375-9601(00)00401-1
http://dx.doi.org/10.1103/PhysRevLett.92.087902
http://dx.doi.org/ 10.1103/PhysRevLett.95.120502
http://dx.doi.org/ 10.1103/PhysRevLett.104.210501
http://dx.doi.org/ 10.1103/PhysRevLett.104.210501
http://dx.doi.org/10.1016/S0375-9601(97)00416-7
http://dx.doi.org/ 10.1103/PhysRevLett.77.1413
http://dx.doi.org/ 10.1016/S0375-9601(96)00706-2
http://dx.doi.org/10.1103/PhysRevA.61.062302
http://dx.doi.org/10.1103/PhysRevA.58.883
http://dx.doi.org/10.1103/PhysRevA.65.032314
http://dx.doi.org/10.1103/PhysRevA.65.032314
http://dx.doi.org/ 10.1103/PhysRevLett.83.3562
http://www.rintonpress.com/journals/qiconline.html
http://stacks.iop.org/1751-8121/42/i=41/a=412002
http://stacks.iop.org/1751-8121/42/i=41/a=412002
http://dx.doi.org/10.1103/PhysRevA.81.042105
http://dx.doi.org/10.1103/PhysRevA.81.042105
http://dx.doi.org/ 10.1140/epjd/e2010-00189-1
http://dx.doi.org/ 10.1103/PhysRevA.82.032326
http://dx.doi.org/ 10.1103/PhysRevA.82.032326
http://dx.doi.org/10.1103/PhysRevLett.108.020502


Bibliography

[123] S. M. Hashemi Rafsanjani, M. Huber, C. J. Broadbent, and J. H. Eberly, Genuinely
multipartite concurrence of N -qubit X matrices, Phys. Rev. A 86, 062303 (2012).

[124] C. Eltschka and J. Siewert, Optimal class-specific witnesses for three-qubit entanglement
from Greenberger-Horne-Zeilinger symmetry, Quantum Inf. Comput. 13, 210 (2013).

[125] L. Novo, T. Moroder, and O. Gühne, Genuine multiparticle entanglement of permuta-
tionally invariant states, Phys. Rev. A 88, 012305 (2013).

[126] O. Gühne and P. Hyllus, Investigating Three Qubit Entanglement with Local Measure-
ments, Int. J. Theor. Phys. 42, 1001 (2003).

[127] D. R. Cox, Renewal Theory (Cambridge University Press, 1995).
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