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Abstract
The present thesis deals with the non-classical interference of multiple photons in

passive, linear optical networks. Most importantly, several open challenges on the way
to a realization of boson sampling – a model for linear optical quantum computation –
are addressed. As it turns out, it is possible to overcome some of these problems with
the help of suitably adapted boson sampling schemes.
After a recapitulation of the boson sampling problem and the crucial arguments for

its computational hardness, we address the difficulty of generating a sufficiently large
number of single photons. A careful analysis of a class of randomized boson sampling
variants reveals that the computational hardness of boson sampling is surprisingly
affected neither by a spatial nor by a photon-number randomization of the input state.
This enables highly efficient implementations of boson sampling with only a small number
of spontaneous parametric down-conversion sources.

The subsequent chapters of the thesis are devoted to the investigation how multiphoton
interference is influenced by variations among the single-photon pulses. We extend
the idealized model of identical particles to a multimode model which accounts for the
spectro-temporal structure and the polarization of the pulses. The additional inclusion
of detectors resolving such internal degrees of freedom reveals the intricate dependence
of multiphoton interference on input state, evolution inside the interferometer, and the
detection process. This is further highlighted when we identify a) how several symmetries
in the time- or frequency-resolved correlations originate from symmetries in the input
state or linear network and b) how the degree of multiphoton entanglement changes as
a function of the detected times or frequencies.
Based on our multimode model of multiphoton interference, we develop a variant of

boson sampling which employs time- or frequency-resolved photodetectors. Its analysis
reveals that the computational hardness of such a time- or frequency-resolved sampling
problem is surprisingly robust with respect to distinguishability of the input photons in
their central frequencies or injection times, respectively. This robustness is explained by
an effective indistinguishability introduced by the high resolution of the detectors and
allows to adapt randomized sampling from the spatial to the temporal domain.
The last part of this thesis is dedicated to the study of spontaneous parametric

down-conversion (SPDC) sources, motivated by their importance for the modified boson
sampling schemes introduced in the previous chapters. A novel description of SPDC
in terms of temporal Bogoliubov transformations provides new, intuitive insights into
the temporal structure of photon correlations. Furthermore, the importance of time
ordering in the regime of high intensities is underscored. In the single-photon regime
on the other hand, the investigation of a novel setup for cavity-enhanced SPDC reveals
that, even in a simple two-photon experiment, a surprising variety of interference effects
emerges if the photon pair exhibits a non-trivial spectro-temporal structure.
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1. Introduction

1.1. Historic review

Almost 40 years ago, Yuri Manin [1] and Richard Feynman [2] first pitched the idea of a
quantum simulator and thus founded the field of quantum information. These original
proposals aimed to make simulations of many-body quantum systems feasible. Due to
the exponentially growing size of the Hilbert space of composite quantum systems and
their generally continuous nature, such simulations cannot be implemented efficiently
using classical computers.
Manin and Feynman proposed instead to simulate these quantum systems with the

help of other, specifically tailored, quantum systems. Such quantum simulators promise
an efficient answer to the difficulties faced by classical algorithms since the “computation”
is performed by the time evolution of the quantum state. The outcome is thus the direct
result of the underlying physical laws and it is not necessary to model and approximate
these laws by classical algorithms. Therefore, a potentially exponential speedup of
quantum simulations can be achieved.
Fueled by the hope to achieve such a quantum speedup also outside of quantum

simulation, the idea of computing with quantum systems was further developed. In 1985,
Deutsch formalized the notion of a quantum computer with the help of the quantum
Turing machine [3] and subsequent publications were able to demonstrate that such a
machine is able to provide a speedup over a classical Turing machine for some particular
problems [4–6].

However, the field of quantum information really started to gain traction when Peter
Shor published a quantum algorithm for the prime factorization of integers in 1994
[7]. For a classical computer, the factorization of large integers with several hundred
digits is such a complex task that it forms the basis for most of today’s cryptographic
schemes, together with closely related problems such as the discrete logarithm problem
or the elliptic curve discrete logarithm problem [8]. According to Shor’s work, however,
a quantum computer is able to perform such a factorization in a vastly more efficient
manner: The number of operations required by his algorithm is almost exponentially
smaller than for the best known classical algorithm [8]. This dramatic speedup leads
to the conclusion that a large scale quantum computer would invalidate the security of
most current public-key encryption schemes.

Since Shor’s publication, many other algorithms have been developed which outperform
their classical counterparts [8–10]. All these findings indicate that a quantum computer
is inherently more powerful than a classical computer. However, this statement is in

1



1. Introduction

direct contradiction to a central conjecture in the field of computational complexity
theory. Namely, the so-called extended Church–Turing thesis states that any model
of computation, which is physically implementable, can be efficiently simulated by a
classical (probabilistic) computer [11]. In other words, no realistic computer can be
more powerful than a classical computer as modeled by Turing [12] according to this
conjecture. Since this assumption forms the basis of the modern complexity theory for
classical computation, the existence of the above mentioned quantum algorithms has
pivotal implications from a fundamental, theoretical point of view. Consequently, it is
of large interest to further investigate whether quantum computers indeed violate the
Church–Turing thesis.
Although the algorithms by Deutsch & Jozsa, Shor, Grover, and others indeed

offer a speedup over currently known classical algorithms, which is in some cases even
exponential, these algorithms are not suited to provide a strong argument against the
extended Church–Turing thesis from the perspective of complexity theory. Namely, the
actual hardness of these problems is generally not known. Hence, it may well be that
more efficient classical algorithms exist but simply have not been found yet. As an
example, not even the complexity of the best current classical algorithm for the integer
factorization problem, the number field sieve [13], is known exactly [8].

In addition to these theoretical arguments, the implementation of the aforementioned
quantum algorithms also faces severe experimental challenges: In order to build a
scalable and universal quantum computer, decoherence and losses have to be overcome.
Despite the development of quantum error correction codes, which proved that it is in
principle possible to address these problems, fault-tolerant quantum computation still
requires decoherence rates and losses which are well below the values achievable with
current technology [14, 15].
With the goal to compile tangible proof against the extended Church–Turing thesis

despite these problems, a new model for linear optical quantum computation named
boson sampling was introduced by Scott Aaronson and Alex Arkhipov [16] which will be
the main focus of this thesis.

1.2. Boson sampling

The boson sampling model is centered around a relatively simple quantum optical
experiment, depicted in fig. 1.1, in which single photons are injected into multiple input
channels of a large passive, linear optical network and are subsequently detected at the
output channels.

Such a boson sampling computer is obviously not a general-purpose quantum computer
but rather solves a very specific task: It randomly generates a set of output channels
(those where the photons are detected) according to a very specific probability distribution
which is determined by (i) the unitary evolution inside the linear network and (ii) the
bosonic nature of the photons: Due to the scattering inside the linear network, N !
possibilities exist to attribute the N detector clicks to to the N individual input
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Figure 1.1.: Boson sampling setup for the example of three photons injected into a linear
network with six input and output channels.

photons. Furthermore, the probability amplitudes corresponding to all these possible
cases superpose coherently and symmetrically thanks to the bosonic nature of the
photons.

The obvious approach to perform such a boson sampling on a classical computer first
determines the full output probability distribution and subsequently samples from it.
Unfortunately, this solution cannot be efficient since the number of possible outcomes
of the experiment increases exponentially with the number of photons and network
channels.

While this observation already suggest the hardness of the problem, the argument does
not stop here, in contrast to other tasks for which superior quantum algorithms have been
found. Rather, Aaronson and Arkhipov have gathered very compelling evidence that the
task to sample from such probability distributions can indeed not be solved efficiently by
any classical algorithm. Consequently, the successful experimental implementation of a
scalable boson sampling computer would provide the first reliable proof of the supremacy
of quantum computers over classical models of computation.

In addition, boson sampling has the advantage that the experimental requirements for
its realization in a scalable manner are significantly lower than those for a universal linear
optical quantum computing scheme such as the KLM scheme [17]. Most importantly, the
KLM protocol requires the application of intermediary measurements and feed-forward
controlled optical elements to implement an effective nonlinear coupling of the optical
modes. In contrast, such an interaction is not necessary in boson sampling. As a result,
the whole evolution of the input state can be realized using a passive, linear optical
network. Furthermore, the only measurement required in boson sampling is the detection
of the photons at the output of the linear network, which can be performed with the
help of detectors without photon number resolution [18].

Due to these favorable properties, the boson sampling model received a lot of interest
and quickly several proof-of-principle implementations were implemented for small
photon numbers [19–22]. However, despite the reduced complexity of the problem,
researchers are still faced with several obstacles which prevent an easy scaling-up of
experiments to photon numbers which are large enough to render the sampling intractable
for classical computers.
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On the one hand, engineering tasks have to be solved such as the scalable imple-
mentation of arbitrary linear networks, the efficient generation of a large number of
single-photon pulses, and the development of highly efficient single-photon detectors.
On the other hand, it is necessary to understand the consequences of real world effects
such as mode mismatch and losses during propagation or detection which have not been
accounted for in the original model of boson sampling.
Several publications have been published over the last few years to address some of

these problems: Proposals for the scalable implementation of arbitrary networks ranged
from laser-written waveguides in glass chips [20, 23–25], over reprogrammable planar
wave guides [26], to a loop-based architecture using time-bin encoding [27].

The generation of single-photon input states was mainly tackled with the help of
sources based on spontaneous parametric down-conversion [19, 21, 22, 26] or quantum
dots [28, 29]. Alternatively, modifications of the original boson sampling scheme have
been proposed, which can be implemented with other input states beyond single-photon
pulses without affecting the classical hardness of the problem [30–33].

From a theoretical perspective, efforts have been made to assess the influence of mode
mismatch or purity of the single-photon states [34–39], of losses inside the interferometer
or during detection [39–41], and of imperfections in the linear network [42]. These
investigations also helped to increase the understanding of multiphoton interference in
more realistic scenarios which take the various degrees of freedom of the single-photon
pulses into account [37, 43, 44].

1.3. Outline

Motivated by the promising prospects of the boson sampling scheme, this thesis aims
to find answers to some of the challenges and open questions identified in the previous
section. In order to achieve this goal, we extend the existing theory to account for
alternative input states or for the multimode structure of the input light. In this way,
we gain a deeper understanding of multiphoton interference in passive, linear optical
networks.
Subsequently, we apply the new-found knowledge to investigate under which cir-

cumstances the claim of computational intractability of boson sampling persists even
if some of the idealizations of the original description are removed or if the scheme
is modified. Finally, we dedicate some space to the description of sources based on
spontaneous parametric down-conversion due to their ubiquitous application in boson
sampling experiments.
We emphasize that, due to the lively interest dedicated to boson sampling since the

original publications in 2011 and 2013 [16, 18], the results presented here have been
developed simultaneously to a large share of the publications mentioned at the end
of section 1.2. Consequently, parts of this thesis have already been published in the
form of several peer-reviewed publications [45–51], albeit with a different structure
and emphasis. In order to facilitate the connection between the results in this thesis

4



1.3. Outline

and these publications, we will explicitly cite relevant papers at the beginning of the
corresponding chapters or sections.
We begin in chapter 2 with a brief review of the tools needed to model multiphoton

interference in passive, linear optical networks. Thereby, we establish important concepts
and nomenclature used throughout this thesis.
Subsequently, we discuss multiphoton interference in chapter 3 as the generalization

of the destructive two-photon interference, which was first reported by Hong, Ou, and
Mandel in ref. [52] and Shih and Alley in ref. [53], and highlight how it is mathematically
connected to matrix permanents [54]. This specific mathematical structure then serves
as the starting point for our review of the original proof for the classical hardness of the
boson sampling problem presented in refs. [16, 18].
The theoretical tools provided by this review are immediately applied in chapter 4,

where we analyze how the usage of probabilistic photon sources affects the hardness
of the corresponding sampling problem. While the random character of such sources
was countered in early experiments by postselection for the generation of N photons
in the desired channels, this approach is not applicable to large scale experiments due
to vanishingly small postselection efficiencies. We therefore first assess the hardness of
sampling problems which postselect for events where a fixed number of photons is injected
into random sets of input channels. Afterwards, we even drop the assumption of fixed
photon numbers, which paves the way to highly efficient boson sampling implementations
utilizing spontaneous parametric down-conversion sources.

While we still rely on the idealization of fully indistinguishable particles in chapter 4,
we extend the theory in chapter 5 to account for the “internal” degrees of freedom of
the single-photon pulses, such as time of emission, central frequency, and frequency
distribution. Additionally, we also include detectors into our model which are capable of
resolving such degrees of freedom. With the help of this extended model, we explore
several consequences of the multiphoton interference, which are observable due to the
additional information accessible by time- or frequency-resolved detection. Moreover,
we briefly touch on the effects of thermal input states.

After discussing the underlying interference phenomena arising from the multi-mode
structure of the photons in chapter 5, we analyze the hardness of boson sampling with
non-identical photons in chapter 6. There, we demonstrate the surprising robustness of
time- or frequency-resolved boson sampling schemes with respect to distinguishability in
the central frequencies or injection times, respectively. Exploiting this robustness, we
furthermore expose the possibility for classically intractable boson sampling utilizing
photons with randomly varying degrees of distinguishability.
With this chapter, we end the first part of this thesis. In summary, the analysis

conducted culminates in the development of the randomized boson sampling schemes in
chapter 4 and the time- or frequency-resolved boson sampling schemes in chapter 6. These
extensions of the original boson sampling proposal significantly facilitate experimental
boson sampling implementations either by drastically reducing the number of required
sources or by mitigating the influence of distinguishability between the input photons.
A proof-of-principle experiment for the time-resolved boson sampling scheme has been
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realized recently [55].
In the second part of this thesis, we turn towards an investigation of light sources

based on spontaneous parametric down-conversion, motivated by their widespread use
in boson sampling experiments.
To that end, we present in chapter 7 a new take on the description of spontaneous-

parametric down-conversion, which is based on Bogoliubov transformations between the
input and output field operators in the time domain. The resulting expressions allow an
intuitive interpretation of the temporal correlations of the corresponding sources. Since
the analysis is performed exclusively in the time domain, it provides a complementary
view to the common discussion in the frequency domain in terms of Schmidt modes [56,
57]. Additionally, our findings underline the importance of a proper treatment of time
ordering in the regime of high pump powers.

In chapter 8, we turn our attention to cavity-enhanced spontaneous parametric down-
conversion sources since they offer a promising path to generate photons with coherence
times large enough to implement the time-resolved boson sampling schemes introduced
in chapter 6. In particular, we identify and analyze several interference phenomena
caused by the addition of a half-wave plate, proposed in [58], to the standard setup for
such sources.
We finally conclude by recapitulating the results derived throughout this thesis

in chapter 9 and discuss their importance for future boson sampling experiments.
Furthermore, we provide several appendices with detailed derivations of important
results outlined in the main text.
Most importantly, stringent demonstrations of the computational hardness of the

extended boson sampling schemes from chapters 4 and 6 are given in appendices B and D,
respectively. Furthermore, appendix A outlines the equivalence of correlation functions
and probabilities for states with a fixed photon number and contains a brief review of
the complexity classes used throughout this thesis. The symmetries and entanglement
discussed in section 5.3 as well as the temporal correlation functions for thermal input
stats from section 5.4 are derived in detail in appendix C. The main steps necessary to
find the closed-form expressions for the Green’s functions from chapter 7 are presented
in appendix E. Lastly, appendix F outlines how the state and correlation functions
for the modified setup for cavity-enhanced spontaneous parametric down-conversion,
discussed in chapter 8, are derived.
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Photon correlations in linear
quantum optics
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2. Linear interferometry

Many physical quantum systems are considered as potential candidates for the experi-
mental implementation of quantum computation. The possible realizations of qubits
range from trapped ions, neutral atoms in optical lattices, over quantum dots, super-
conducting qubits, and spins in point defects in diamonds, to photons in linear optical
networks [59–62].
Although each of these systems has its advantages and weaknesses with respect to

speed, decoherence, experimental overhead, deterministic operations, and other relevant
characteristics, light plays a special role: Out of the systems currently considered, it is
the only one which provides a realistic means to communicate quantum information over
long distances, a task which is crucial in the construction of computational networks com-
prising many separate nodes. Additionally, it enables – in principle – the implementation
of universal quantum computation with comparatively low experimental requirements.
Namely, Knill, Laflamme, and Milburn demonstrated in their seminal article that linear
optical quantum computing allows to efficiently perform general quantum computations
using only linear optics. In this scheme, gate operations on qubits can be implemented
using simple beam splitters, phase shifters, and photodetectors. Consequently, the state
of the qubits can be controlled straightforwardly without the need for additional, hard
to control components such as lasers, traps, and cryostats necessary in other schemes.
These features are for example the reason that many of the implementations of Shor’s
famous algorithm have up to date been realized using linear optics [63–65].

Apart from such applications in “traditional”, universal quantum computing schemes,
linear optical quantum computing attracted additional interest with the introduction
of boson sampling as a model for bosonic quantum computation [16]. Although boson
sampling can in principle be implemented using any bosonic quantum system, the above
reasons again render linear optics the most promising candidate for its experimental
realization.
The mentioned applications are made possible by the inherent computational power

of linear optical quantum computing. This power is closely connected to the rich
higher-order interference phenomena which can be observed during the evolution of a
multiphoton state in linear networks, as we see in later chapters. We therefore use this
chapter to lay the groundwork for the analysis of such experiments. In particular, we
first briefly recapitulate the quantized treatment of the electromagnetic field, which
allows us to introduce the necessary notation and to define important terminology
used throughout this thesis. Afterwards, we motivate the description of passive, linear
interferometers in terms of unitary matrices before we lastly deal with input states for
such linear networks and their detection. The results obtained in this chapter are crucial
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2. Linear interferometry

as they form the basis for the discussions presented in chapters 3 to 6 of this thesis.

2.1. Classical description of the electromagnetic field

2.1.1. Free field

We start out with a brief recapitulation of the theoretical description of the electromag-
netic field. In classical electrodynamics, all electromagnetic phenomena are described
by Maxwell’s equations describing the dependence of the fields on charges and currents.
Working in the Coulomb gauge, it is possible to express the electric and the magnetic
fields E(x, t) and B(x, t) solely in terms of the vector potential A(x, t) as

E(x, t) = − ∂

∂t
A(x, t) and B(x, t) = ∇×A(x, t). (2.1)

Then, Maxwell’s equations in the absence of charges and currents lead to the wave
equation ( 1

c2

∂2

∂t2
−4

)
A(x, t) = 0 (2.2)

for the free field. In the following, we limit our discussion to the case of plane waves
propagating along a fixed direction. The solutions of the wave equation, eq. (2.2), can
in this case be expressed in different equivalent ways.

Most commonly, a separation ansatz A(x, t) = us(ω, x)as(ω, t) for the vector potential
is made, where ω ∈ [0,∞) and s = ±1 are used to label distinct solutions of the wave
equation, eq. (2.2). This ansatz leads to separate equations for the mode functions
us(ω, x) and the amplitudes as(ω, t). The mode functions obey the Helmholtz equation

∂2

∂x2
us(ω, x) + k2us(ω, x) = 0 (2.3)

with the wavenumber k(ω) ..= ω/c, which has to be solved under the appropriate
boundary conditions for the problem. The amplitudes as(ω, t), on the other hand, are
solutions of the harmonic oscillator differential equation

∂2

∂t2
as(ω, t) + ω2as(ω, t) = 0. (2.4)

Since a complete, orthonormal basis can be constructed from the solutions of the
Helmholtz equation, the vector potential can be expanded in terms of the mode functions
us(ω, x). For the case of free space and boundary conditions at infinity, eq. (2.3) is solved
by the mode functions us,λ(ω, x) ∝ ελ exp

(
isk(ω)x

)
where λ labels the two linearly

independent polarizations ελ possible in the Coulomb gauge. The field can be expressed
in terms of these monochromatic plane waves as

A(x, t) ∝
∑

s,λ

∫ ∞

0

dω√
ω
ελe

isk(ω)xas,λ(ω)e−iωt + H.c. (2.5)
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Here, the factor ω−1/2 ensures a normalization of the solutions as,λ exp(−iωt) of eq. (2.4)
which proves useful for the quantization of the fields in section 2.2.

As an alternative to the decomposition into monochromatic plane waves, any other
complete set of function can be used. Namely, the general solution of the wave equation,
eq. (2.2), has the form A(x, t) = A(r)(t − x/c) +A(l)(t + x/c), i.e. it can be written
as the superposition of two counterpropagating pulses. Consequently, the field can be
decomposed into temporal modes χj(t− sx/c), labeled by the values j ∈ N and s = ±1,
in the form [36, 66–68]

A(x, t) ∝
∑

s,λ,j

ελχj(t− sx/c)As,λ,j + H.c. (2.6)

with dimensionless coefficients As,λ,j. In order to do so, the functions χj(u) have to
fulfill the completeness relation

−i

c

∑

s,j

χj(t− sx/c)χ̇∗j(t− sx′/c) = δ(x− x′) (2.7)

and the orthogonality relation

−i

c

∫
dx χ̇∗j(t− sx/c)χj′(t− s′x/c) = δss′δjj′ . (2.8)

These conditions imply that the functions χj(u) can be written as “half-sided” Fourier
transforms

χj(t− sx/c) =
1√
2π

∫ ∞

0

dω√
ω
ξj(ω)e−iω(t−sx/c) (2.9)

of a complete set of functions ξj(ω) which are orthogonal on the domain [0,∞).

2.1.2. Linear dielectrics

In the presence of a dielectric medium, the propagation of light is influenced by the
interplay between electromagnetic field and the charges comprising the matter. Phe-
nomenologically, this can be described using the macroscopic Maxwell equations in
which the response of the matter is accounted for by the displacement field D = D(E)
[69]. For linear dielectric media, the displacement field can be explicitly expressed in
terms of the electric field with the help of the linear susceptibility tensor η(1)

λµ (x, t) as

Dλ(x, t) = ε0Eλ(x, t) + ε0

∫
dt′ η(1)

λµ (x, t− t′)Eµ(x, t′), (2.10)

where ε0 labels the vacuum permittivity and λ, µ the polarization in an arbitrary
transverse polarization basis. As expressed by eq. (2.10), the response of the dielectric
to external electric fields is in general dispersive, depends on the polarization of the
original field, and varies with position. However, in all situations considered in this
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thesis, the following simplifications are applied: We assume that η(1)
λµ (x, t) is constant

inside optical elements and that we can neglect losses inside the dielectric1. In this case,
the linear susceptibility can in the frequency domain be expressed in its diagonalizing
polarization basis ελ(λ = H,V)2 via two real-valued refractive indices nλ(ω) as

η
(1)
λµ (ω) = δλµ

(
n2
λ(ω)− 1

)
. (2.11)

Consequently, the free-space dispersion relation k = ω/c changes into a material and
polarization dependent dispersion relation k = kλ(ω).

The energy density of the electromagnetic field in a dielectric medium is given by the
expression

H(x, t) ..=
1

2µ0

B2(x, t) +

D(x,t)∫
E(x, t) · dD(x, t) . (2.12)

For a linear medium, it reduces to

Hlin(x, t) ..=
1

2µ0

B2
λ(x, t) +

ε0

2
E2
λ(x, t) +

ε0

2
Eλ(x, t)

∫
dt′ η(1)

λµ (t− t′)Eµ(t′). (2.13)

The last term in this equation describes the energy contribution connected with the
polarization of the dielectric medium.

2.2. Quantum mechanical description

The transition to the quantized description of the electromagnetic field is achieved by
promoting the fields to linear operators which act on the second quantized state of the
electromagnetic field.

2.2.1. Field operators

The bosonic character of the electromagnetic field is ensured by postulating the bosonic
equal-time commutation relations [70]

[
Âλ(x, t), Êλ′(x

′, t)
]

= 2πi
~
Aε0

δλλ′δ(x− x′), (2.14)

where A denotes the cross-section of the mode volume. In the expansion of the fields
into monochromatic plane waves, eq. (2.5), this amounts to promoting the classical

1According to the Kramers-Kronig relations, a dielectric always exhibits losses. Our approximation is
however justified if the resonances of the dielectric medium, which are the main cause of absorption,
are located far away from the optical frequencies of the light field.

2Note that we are always working in Coulomb gauge of the electromagnetic field (∇ ·A = 0), ensuring
that only two linearly independent and transversal polarizations exist.
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amplitudes as,λ(ω) and a†s,λ(ω) to bosonic annihilation and creation operators âs,λ(ω)

and â†s,λ(ω), respectively, which fulfill the commutation relations
[
âs,λ(ω), â†s′,λ′(ω

′)
]

= δss′δλλ′δ(ω − ω′)[
âs,λ(ω), âs′,λ′(ω

′)
]

=
[
â†s,λ(ω), â†s′,λ′(ω

′)
]

= 0. (2.15)

Correspondingly, the vector potential becomes the operator

Â(x, t) =
∑

s,λ

∫ ∞

0

dω

√
~

2Acε0ω
ελe

iskλ(ω)xe−iωtâs,λ(ω) + H.c.,

= Â(+)(x, t) + Â(−)(x, t), (2.16)

where we introduced the positive and negative frequency parts Â(+) and Â(−) of the
vector potential which contain only annihilation or creation operators, respectively. From
this representation, we find from eq. (2.1) the electric field operator

Ê(x, t) = i
∑

s,λ

∫ ∞

0

dω

√
~ω

2Acε0

ελe
iskλ(ω)xe−iωtâs,λ(ω) + H.c. (2.17)

and the magnetic field operator

B̂(x, t) = i
∑

s,λ

∫ ∞

0

dω

√
µ0~ω
2Ac

(sex × ελ)eiskλ(ω)xe−iωtâs,λ(ω) + H.c., (2.18)

which can also be split into a positive and negative frequency component in analogy to
the vector potential from eq. (2.16).
As already mentioned in the classical description, the field operators can also be

decomposed into temporal modes instead of monochromatic plane waves. In this context,
the operator character of the field operators is equivalent to replacing the classical
amplitudes As,λ,j in eq. (2.6) by corresponding bosonic mode operators

Âs,λ,j ..= −i

√
2Aε0c

2π~

∫
dx χ̇∗j(t− sx/c)Â(+)

λ (x, t) =

∫ ∞

0

dω ξj(ω)âs,λ(ω). (2.19)

These operators fulfill the bosonic commutation relations
[
Âs,λ,j, Â

†
s′,λ′,j′

]
= δss′δλλ′δjj′[

Âs,λ,j, Âs′,λ′,j′
]

=
[
Â†s,λ,j, Â

†
s′,λ′,j′

]
= 0, (2.20)

as follows straightforwardly from eq. (2.19), the commutation relations in eq. (2.15),
and the orthogonality of the functions ξj(ω) in eq. (2.8). The vector potential expressed
in these temporal modes takes the form

Â(x, t) = −i

√
2π~

2Aε0c

∑

s,λ,j

ελχj(t− sx/c)Âs,λ,j + H.c. (2.21)
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leading to an electric field operator

Ê(x, t) = i

√
2π~

2Aε0c

∑

s,λ,j

ελχ̇j(t− sx/c)Âs,λ,j + H.c. (2.22)

2.2.2. Time evolution

The time evolution of the free electromagnetic field, described by eqs. (2.16) to (2.18),
obeys Heisenberg’s equation of motion

d

dt
Ô =

i

~
[
Ĥ

(0)
H , Ô

]
+
∂

∂t
Ô, (2.23)

where

Ĥ
(0)
H =

∑

s,λ

∫ ∞

0

dω ~ω
(
â†s,λ(ω)âs,λ(ω) +

1

2

)
(2.24)

is the Hamiltonian of the free electromagnetic field in the Heisenberg picture. While Ĥ(0)
H

is diagonalized in the basis of monochromatic plane waves according to eq. (2.24), its
decomposition into temporal modes does not lead to a diagonal Hamiltonian. Instead, the
Hamiltonian describes a sequence of coupled harmonic oscillators in this representation
because the temporal modes correspond to non-stationary, propagating pulses.
Of course, the time-evolution can, alternatively to the Heisenberg picture, also be

described in the Schrödinger picture in which the state |Ψ〉 of the electromagnetic field
instead of the operators evolves with time as described by the Schrödinger equation

i~
d

dt
|Ψ〉 = Ĥ

(0)
S |Ψ〉. (2.25)

In the following, we take a look at the theoretical description of field states and discuss
several cases important for later chapters. Before we turn towards the state of the full
field in second quantization, let us first investigate some of its properties in a simple
single-mode picture.

2.2.3. State of a single mode

We consider a single frequency mode with corresponding mode operators â, â† fulfilling
the commutation relation3

[â, â†] = 1. (2.26)

3In order to avoid the problems connected with a continuous frequency ω, we here assume a discretized
frequency spectrum.
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The Fock representation

According to the Hamiltonian in eq. (2.24), the mode is a quantum mechanical system
which is equivalent to an harmonic oscillator. The energy eigenstates of the mode are
therefore given by the Fock states

|n〉 ..=
1√
n!

(
â†
)n|0〉 (n ≥ 0), (2.27)

which form a complete and orthonormal basis for the Hilbert space of the mode.
Consequently, an arbitrary mixed state ρ̂ of the mode can always be described in
the form

ρ̂ =
∞∑

m,n=0

ρmn|m〉〈n| (ρmn ∈ C). (2.28)

While this makes Fock states well suited to describe general states of the electromagnetic
field, it should be noted that they do not have a classical analogue but are rather highly
non-classical. First, a fixed number of n excitations means that a perfect detector always
counts exactly n clicks, indicating the extreme case of sub-Poissonian statistics, ∆n2 < n̄.
Further, while Fock states describe a field state with a well defined energy, the phase
of the electric field Ê(x, t) ∝ u(x)e−iωtâ + u∗(x)e+iωtâ† is completely undefined in stark
contrast to a classical field, resulting in a vanishing mean electric field 〈n| Ê(x, t) |n〉 = 0.
Therefore, Fock states are not suited as an analogue for a classical wave.

The P representation

Rather, the closest approximation of a classical wave are coherent states, which are
defined as the eigenstates

|α〉 ..= e−|α|
2/2

∞∑

n=0

αn√
n!
|n〉. (2.29)

of the annihilation operator â corresponding to a complex eigenvalue α. As is immediately
evident from this representation, coherent states |α〉 and |β〉 with different amplitudes
α 6= β are not orthogonal to each other. Differently from the Fock states in eq. (2.27),
they thus form an overcomplete set of states, as expressed by the relation

1

π

∫
d2α |α〉〈α| = 1. (2.30)

Due to this overcompleteness, an arbitrary state ρ̂ can be written in a representation
[71, 72]

ρ̂ =

∫
d2αPρ̂(α)|α〉〈α|, (2.31)

which is diagonal in the basis of coherent states. The real-valued distribution Pρ̂(α) is
called the Glauber-Sudarshan P representation of the state. It can in general be negative
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and even highly singular but is a well-behaved, positive function for some states. In the
latter case, it can be interpreted as a probability distribution over “classical” coherent
states. Therefore, negative values or higher-order singularities indicate a truly quantum
mechanical state which has no analogue in a classical wave description. Due to these
properties, Pρ̂(α) is referred to as a quasiprobability distribution.
According to the optical equivalence theorem [66], the P representation allows to

calculate the expectation value of an operator Ô with corresponding normal ordered
form O(n)(â, â†) via the overlap integral

〈Ô〉 =

∫
d2αPρ̂(α)O(n)(α, α∗). (2.32)

Consequently, the Glauber-Sudarshan P -representation of a state is particularly suited
for the treatment of situations in which the mode operators naturally appear in normal
order. This is the case for Glauber correlation functions which are introduced in
section 2.4 and are the central topic in chapters 5 and 6.
As an example, the Glauber-Sudarshan P function of a thermal state with mean

photon number n̄ is given by a Gaussian [73]

P (th)(α) =
1

πn̄
e−
|α|2
n̄ (2.33)

with variance n̄/2.

2.2.4. Multimode states

After having gained some insight into possible approaches for the description of the
quantum state of a single mode, we now consider a multimode picture. In this case, the
description has to be extended to account for the possibility of entanglement between the
states of different modes. Furthermore, some of the techniques used in the single-mode
description are not particularly well-suited for the case of a continuum of modes and
have to be adapted.

The term “(multi-)mode”

Before we come to the actual description, it is worthwhile to define what we understand
by the terms “mode” and “multimode” in this thesis. As introduced in section 2.1, the
most common notion of a mode refers to the energy eigenmodes of the electromagnetic
field. While such modes are generally enumerated by various parameters, they can be
uniquely described in terms of their frequency and polarization in the simple model of
plane waves propagating in a fixed direction. This model is a sufficient approximation
for our purposes since in experiments, the application of single-mode fibers ensures
that the light occupies a single transversal mode. Additionally, the exact shape of this
transversal mode is of no importance if the area of the detectors is sufficiently large
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2.2. Quantum mechanical description

compared to the beam waist. We therefore use the term “multimode” only to refer to the
fact that a state of light possibly comprises different frequencies and/or polarizations.

Differently, we refer to the spatially distinct inputs or outputs of linear interferometers,
which also represent orthogonal modes of the electromagnetic field, as “ports” or “channels”
to clearly distinguish between the spatial and spectral degrees of freedom.
Lastly, we have seen in section 2.2.1 that the electromagnetic field can also be

decomposed into temporal modes, which describe propagating light pulses, instead
of monochromatic plane waves. Since both decompositions are equally valid, the
terms “singlemode” and “multimode” could also be used to refer to states containing
contributions in one or multiple of the temporal modes, respectively. However, if not
made clear in the context otherwise, we use the term “multimode” in the sense of states
with finite frequency bandwidth, i.e. states encompassing multiple frequency modes.

Fock states

Since the electromagnetic field takes the form of independent harmonic oscillators in
the frequency eigenmode decomposition in eq. (2.24), its full state can be expressed
in terms of a straightforward generalization of the single-mode Fock basis, defined in
eq. (2.28), to many modes. Assuming discrete frequencies ω, each frequency Fock state
is characterized by a set {ns,λ(ω)} of occupation numbers and is defined as

|{ns,λ(ω)}〉 ..=
∏

s,λ,ω

1√
ns,λ(ω)!

(
â†s,λ(ω)

)ns,λ(ω)|0〉. (2.34)

If we take into account all possible sets {ns,λ(ω)}, these Fock states form a complete
and orthonormal basis of the states of the electromagnetic field.

We emphasize that the Fock states defined by eq. (2.34) are energy eigenstates which
describe a state of the field in which each frequency mode contains a fixed number of
elementary excitations, each corresponding to an energy quantum ~ω which is fully
delocalized.
This interpretation is not true anymore if we define Fock states in terms of the

temporal modes. While such states can be defined fully analogous to the frequency Fock
states from eq. (2.34) as

|{ns,λ,j}〉 ..=
∏

s,λ,j

1√
ns,λ,j!

(
Â†s,λ,j

)ns,λ,j |0〉, (2.35)

with a sequence of discrete occupation numbers {ns,λ,j}, they do not represent energy
eigenstates of the electromagnetic field anymore. Indeed, since the decomposition into
temporal modes does not diagonalize the Hamiltonian in eq. (2.24), the excitations
described by the Fock states from eq. (2.35) do not have a fixed energy. As already
discussed earlier, this is a direct consequence of the fact that the temporal modes describe
localized, propagating pulses. Consequently, the Fock states defined in eq. (2.35) describe
discrete excitations of the electromagnetic field which are localized in space and propagate
with the speed of light.
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The photon

Despite these important differences between the discrete excitations described by the
Fock states defined in eq. (2.34) and eq. (2.35), respectively, both types are often
interpreted as particles making up the electromagnetic fields and referred to as photons.
However, we would like to stress that this concept of a photon has to be handled

with absolute care. Namely, since the mode functions of the monochromatic frequency
eigenmodes are fully delocalized in space, the corresponding photons cannot be thought
of as localized particles which move through space [73, 74]. Rather, they correspond to
discrete energy quanta which are fully delocalized over the volume of the mode.

In contrast, if a photon is understood as the excitation of a temporal mode, the term
refers to the discrete excitations of localized pulses of light which propagate at the speed
of light. If the field carries exactly one such excitation in one of the temporal modes, the
light pulse can only cause a single detector click. In this work, we refer to such a state
Â†s,λ,j|0〉 as a single-photon state/pulse or, for the sake of brevity, as a (single) photon.
Considering the usage of the photon concept, it should also be noted that it is often

used to explain physical effects, such as the photoelectric effect, which can also be
explained using semi-classical theories in which the electromagnetic field is treated
fully classical [75]. There are however effects, whose explanation requires the full
quantum mechanical treatment of the electromagnetic field, such as the destructive
Hong-Ou-Mandel interference which we discuss in detail in section 3.1.

Thermal states Similar to the Fock states, it is also possible to generalize the concept
of thermal states to the multimode case. In the fully general case, the P -representation
of such a thermal state is a general, multivariate Gaussian function of all the complex
amplitudes {αs,λ(ω)} (again assuming discrete frequency modes ω). However, we are
here only interested in thermal light beams which are unidirectional and stationary.
Such beams can be created by collimating and filtering black body radiation [66, 76]
or using so-called pseudo-thermal light sources [77]. In these sources, laser light is
randomized using a rotating, ground glass. Due to the multitude of random scattering
centers, the final light beam is the result of the interference between many coherent
beams with randomized phases and closely resembles the properties of thermal light.
As can be shown, the total Glauber-Sudarshan representation of such a thermal light
source simplifies significantly, reducing to the product [66]

P (th)({αλ(ω)}) =
∏

λ,ω

1

πn̄λ(ω)
exp
(
−|αλ(ω)|2

n̄λ(ω)

)
(2.36)

of independent Gaussian distributions. Here, we omitted the mode index s indicating
the direction of propagation since we are dealing with unidirectional beams.

The state described by the P -representation in eq. (2.36) does not contain correlations
between the frequency modes and can be written as the product of separate thermal
states, eq. (2.33), with corresponding occupation numbers n̄λ(ω). These occupation
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2.3. Description of passive, linear interferometers

numbers are no longer connected to the temperature of a common heat bath but can
rather take arbitrary, independent values. In this work, we assume that they can be
expressed as

n̄λ(ω) = r̄f(ω − ω0) (2.37)

in terms of the overall average photon rate r̄, determined by the intensity of the source,
and by a spectral distribution function f(ω − ω0) with

∫
dν f(ν) = 1, determined by

the filters and/or laser used in the pseudo-thermal source.

2.3. Description of passive, linear interferometers

We now turn towards the theoretical description of linear and passive optical networks
which form the basis of all optical schemes discussed in part I of this thesis. Such networks
– or interferometers – are solely built from elementary linear optical elements such as
phase shifters, beam splitters, and mirrors. Despite the fact that they represent the
most basic case of optical interferometers, our discussions reveal a rich variety of effects
and possible applications if such networks are used in conjunction with non-classical
input light.
An example for such a linear network is given in fig. 2.1. Light can be injected into

the interferometer via three spatially distinct input channels. Subsequently, the state of
the light evolves according to the effect of the interferometer’s components leading in
general to higher-order interference effects which are the central topic of part I. Under

BS

BS

BS

PS

PSso
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ce
s

de
te

ct
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s

Figure 2.1.: Example for a passive, linear optical network. An arbitrary unitary trans-
formation between the three input and the three output channels can be
achieved by a suitable combination of beam splitters (BS) and phase shifters
(PS).

the assumption that no losses occur during the propagation, the field state at the output
of the interferometer is connected to the input state via a unitary operator Û . In the
following section, we discuss how the effect of this operator on the state, or equivalently
on the field operators, can be derived from a description of the interferometer in terms
of the optical elements.
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2. Linear interferometry

2.3.1. Basic optical elements

Phase shifters

We start out with the simplest building block of a linear network, a phase shifter.
This linear optical element only acts on a single spatial channel and imprints a phase
which in general depends on both frequency and polarization of the light. Dividing
the field operator into in- and outgoing fields Êin and Êout, respectively, we define
operators âs,λ(ω) and b̂s,λ(ω) as the mode operators of the respective expansions into
monochromatic plane waves. Using these operators, the effect of the phase shifter is
described by a complex phase φλ and a path length difference ∆ via the relation

b̂+,λ(ω) = ei(φλ+kλ(ω)∆)â+,λ(ω), (2.38)

where we applied the limitation s = +1 to the direction of propagation.

Beam splitters

Let us now turn to the description of beam splitters which are the smallest, non-
trivial interferometers and thus represent the most important building block for larger
linear networks. In the canonical approach, the effect of the beam splitter onto the
electromagnetic field is taken into account by solving the Helmholtz equation for the
mode functions in the presence of the beam splitter, yielding a suitable expression for
the field operators. In the model of plane waves propagating in fixed directions, this can
be simplified to a one dimensional problem in which the beam splitter divides the free
space into the regions x < −d/2 and x > d/2, as illustrated in fig. 2.2. In general, a
change in the index of refraction and/or a dielectric coating of the beam splitter causes
part of an incoming wave to be reflected. Consequently, the solutions to the Helmholtz
equation are now superpositions of monochromatic plane waves propagating in positive
and negative direction.

BS

x
d/2−d/2

â+,λ(ω)

b̂−,λ(ω)

b̂+,λ(ω)

â−,λ(ω)

Figure 2.2.: Illustration of the simple, one-dimensional beam splitter model. The mode
operators âs,λ(ω) and b̂s,λ(ω) correspond to in- and outgoing fields, respec-
tively.

For example, assuming a plane wave originally impinging onto the beam splitter from
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2.3. Description of passive, linear interferometers

the left/right (s = ±1), the corresponding mode function becomes

us(ω, x) ∝
{

e+isk(ω)x + ρs(ω)e−isk(ω)x sx ≤ −d/2
ϑs(ω)e+isk(ω)x sx ≥ d/2

, (2.39)

if we consider for the moment a beam splitter which exhibits no dependence on the
polarization of the light for simplicity. Here, ρs(ω) and ϑs(ω) describe the reflection and
transmission coefficients which generally depend on polarization and frequency of the
light and on the direction from which it impinges onto the beam splitter.

The mode functions in eq. (2.39) can be inserted into the mode expansion of the electric
field to find the full field operator in the region |x| ≥ d/2. For most considerations,
it is useful to divide the total field operator into in- and outgoing fields Êin and Êout,
respectively. If both of these fields are expanded into monochromatic plane waves with
corresponding mode operators âs,λ(ω) and b̂s,λ(ω), respectively, eq. (2.39) gives the
relation

b̂+,λ(ω) = ϑ+(ω)â+,λ(ω) + ρ−(ω)â−,λ(ω)

b̂−,λ(ω) = ρ+(ω)â+,λ(ω) + ϑ−(ω)â−,λ(ω). (2.40)

For a lossless beam splitter, both âs,λ(ω) and b̂s,λ(ω) have to fulfill the bosonic com-
mutation relations, eq. (2.15), yielding a restriction on the possible values for the
coefficients ρ+(ω), ρ−(ω), ϑ+(ω), and ϑ−(ω). Indeed, the most general solution is
ρ−(ω) = −ρ∗+(ω) ..= ρ(ω), ϑ+(ω) = ϑ∗−(ω) ..= ϑ(ω) with |ρ(ω)|2 + |ϑ(ω)|2 = 1, which
expresses the unitarity of the linear transformation in eq. (2.40). Thus, introducing the
unitary 2× 2 matrix (s, d ∈ {+1,−1})

B(ω) =
(
Bds(ω)

)
..=

(
ϑ(ω) ρ(ω)
−ρ∗(ω) ϑ∗(ω)

)
, (2.41)

we can express the linear transformation between the mode operators â±,λ(ω) and b̂±,λ(ω)
of the ingoing and outgoing channels, respectively, as a simple matrix multiplication

(
b̂+,λ(ω)

b̂−,λ(ω)

)
= B(ω)

(
â+,λ(ω)
â−,λ(ω)

)
⇔ b̂d,λ(ω) =

∑

s

Bds(ω)âs,λ(ω). (2.42)

According to this equation, the entries Bds can be interpreted as probability amplitudes
that a photon, which enters the interferometer in input channel s, is found in the output
channel d. Consequently, we refer to these values and their generalizations in the case
of larger interferometers as single-photon probability amplitudes in the following.

2.3.2. Larger interferometers

By combining phase shifters and beam splitters, it is possible to build general linear
optical networks withM input andM output channels. In this case, the spatial channels
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2. Linear interferometry

cannot be mapped anymore onto the positive and negative directions of propagation
s, d ∈ {+1,−1} as in eq. (2.42). Rather, we from now on denote the spatial channels
using numeric indices s, d ∈ {1, 2, . . . ,M}.

In the experiments considered here, the spatial channels are well separated from each
other and the light in each channel can be described using plane waves. The full electric
field operator can therefore be decomposed into separate field operators for each of
the in- and outgoing channels. The spatial separation of the channels ensures that
mode operators corresponding to different input channels or different output channels
commute,

[
âs,λ(ω), â†s′,λ′(ω

′)
]

=
[
b̂s,λ(ω), b̂†s′,λ′(ω

′)
]

= δss′δλλ′δ(ω − ω′). (2.43)

The field operator for each channel is still modeled in the one-dimensional approximation.
The spatial coordinate now measures the position along the path of the light beam
in the respective channel and consequently corresponds to different absolute positions
depending on the channel. Further, we are only interested in situations in which light
propagates from the input to the output channels and not vice versa. This simplification
is justified if unwanted retro-reflection is suppressed using anti-reflective coatings of the
optical elements. Thus, we find from eq. (2.17) the expressions

Êin,s(xs, t) = i
∑

λ

∫ ∞

0

dω

√
~ω

2Acε0

ελe
ikλ(ω)xse−iωtâs,λ(ω) + H.c. (2.44)

and

Êout,d(xd, t) = i
∑

λ

∫ ∞

0

dω

√
~ω

2Acε0

ελe
ikλ(ω)xde−iωtb̂d,λ(ω) + H.c., (2.45)

for the fields in the in- and outgoing channels, respectively.
Equivalently to the discussion of the beam splitter transformation, it can be shown

for a general interferometer that the mode operators âs,λ and b̂d,λ of the input and
output channels, respectively, are still connected via a linear transformation which can
be expressed in terms of a unitary M ×M matrix U(ω) =

(
Uds(ω)

)
as4

b̂d,λ(ω) =
∑

s

Uds(ω)âs,λ(ω), (2.46)

analogously to eq. (2.42) apart from the fact that s, d ∈ {1, . . . ,M}. In physical terms,
the unitarity of the matrix is connected to the fact that a passive, linear interferometer
conserves the number of photons as it can only distribute them probabilistically over
the output ports.

4From now on, a summation over the input and output channel indices s and d, respectively, covers
the range 1, . . . ,M unless stated otherwise explicitly.
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It is important to note that the transformation in eq. (2.46) does not mix operators
corresponding to different frequencies. This property describes the fact that the passive,
linear interferometers considered here cannot actively transform the frequency of the
light.

Furthermore, the transformation does also not mix different polarization components
due to the simplifying assumption that the interferometer components act polarization
independent. If this is not the case, it is possible to treat the polarization degrees of
freedom as an effective doubling of the input and output channels of the interferometer.
For this reason, the polarization dependence of the interferometer evolution is neglected
in the following discussions.

2.3.3. Frequency dependence of interferometers

The experiments which we investigate in the following chapters are usually implemented
in the optical regime, in which the involved light fields have a narrow bandwidth compared
to their central frequencies. Under this assumption, the magnitude of the reflection and
transmission coefficients of the beam splitters and thus also the magnitude of the entries
of U(ω) are effectively constant. Furthermore, the narrow bandwidth generally allows
us to ignore quadratic and higher-order dispersion in the optical elements.
Lastly, we show in appendix A.1 that many of the typical interferometric layouts

[19, 21, 23] are constructed such that we can assume without loss of generality that
the lengths of all possible paths through the interferometer are approximately equal5.
Thus, introducing the temporal delay ∆t of the light inside of the interferometer, the
single-photon probability amplitudes

Uds(ω) = Udse+iω∆t (2.47)

become frequency independent apart from a phase factor describing the temporal delay.
Without loss of generality, this delay can be neglected in our calculations (∆t = 0) since
it simply corresponds to an overall shift of the detection times of the light at the output
of the interferometer. With this information, we obtain the linear transformation

b̂d,λ(ω) =
∑

s

Udsâs,λ(ω). (2.48)

We emphasize that the simplified probability amplitudes in eq. (2.47) are obviously
not valid for interferometers in which the path lengths of some of the interferometer
arms differ. Indeed, setups like the Mach-Zehnder or the Michelson interferometer are
specifically built to detect such deviations in the interferometer path lengths and can
consequently only be described by the more general relation in eq. (2.46).
According to eq. (2.48), an arbitrary interferometer can be described by a single

frequency-independent unitary M ×M matrix U if the above conditions for approximate
5“Approximately equal” means that the path differences are negligible compared to the coherence
length of the light pulses.
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frequency independence are fulfilled. It is natural to ask the question whether the reverse
statement is also true: Given an arbitrary unitary matrix U , is it possible to construct
a linear, passive interferometer whose effect on the mode operators is described by U?
This is indeed the case, as was proven by Reck et al. in [78]. In this work, the authors
provide an algorithm which factorizes the unitary M ×M matrix U into a sequence of
block matrices which correspond to a general unitary transformation on a 2×2 subspace.
Since these 2× 2 matrices correspond to general beam splitter transformations, as we
found in eq. (2.41), the algorithm yields a procedure to implement an arbitrary unitary
M ×M matrix as a sequence of M2 beam splitters.

2.4. Detectors and correlation functions

The interference due to the scattering inside the linear interferometers only becomes
manifest in the detection of the light. In the following, we discuss how this detection
process can be naturally modeled with the help of normally-ordered field correlation
functions [66, 76, 79]. We use η to label an input or output channel of the interferometer
which can be realized by a spatial channel, a polarization, or a combination of both.

2.4.1. Description of the detection process

In modern experiments, a wide variety of photodetectors is used. They range from tradi-
tional photomultiplier tubes over single-photon avalanche photodiodes and combinations
of quantum dots and field effect transistors to superconducting nanowires [80]. While
the characteristics of these detectors are quite different, they all rely on the detection of
the light through the absorption of photons. Consequently, the detection of a photon in
channel η at time t and position x can be modeled by the application of the positive
frequency part of the corresponding field operator. Depending on the model used for
the interaction between the light and the detector system, a different field operator
is relevant in this context: Using minimal coupling, the detection is described by the
vector potential Â(+)

η (x, t), while the absorption is modeled by the electric field operator
Ê

(+)
η (x, t) if the electric-field-dipole interaction is employed [73].
In the case of light with a sufficiently small bandwidth with respect to the central

frequency, the square root under the integral in eqs. (2.16) and (2.17), respectively, can
be considered to be slowly varying [66] and moved in front of the integral by replacing
ω with the central frequency. Consequently, both fields Â(+)

η (x, t) and Ê
(+)
η (x, t) are

approximately proportional to the field operator

V̂ (+)
η (x, t) ..=

1√
2π

∫ ∞

−∞
dω eik(ω)xe−iωtâη(ω), (2.49)

Here, the limit of a narrow bandwidth allowed us to formally extend the frequency
integration to negative frequencies. This approximation is justified since the spectral
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distribution of the light is nonvanishing only close to the central frequency of the light
in all applications in this thesis.

2.4.2. Time-resolved correlations

Based on the arguments in section 2.4.1, we describe6 the detection of a photon in
channel η by the application of the operator V̂ (+)

η (x, t) defined in eq. (2.49). If the field
was initially in the state |ψi〉, it is thus found in an output state |ψf〉 with a probability
proportional to |〈ψf| V̂ (+)

η (x, t) |ψi〉|2. Usually, we are not interested in the final state of
the field, so the rate of photodetection is proportional to the sum

∑

ψf

|〈ψf| V̂ (+)
η (x, t) |ψi〉|2 =

∑

ψf

〈ψi| V̂ (−)
η (x, t) |ψf〉〈ψf| V̂ (+)

η (x, t) |ψi〉

= 〈ψi| V̂ (−)
η (x, t)V̂ (+)

η (x, t) |ψi〉. (2.50)

over a complete set of final states |ψf〉. In the last step, we used the completeness of the
set of final states.
The arguments leading to eq. (2.50) can easily be generalized to the detection of

N photons in channels ηi at positions xi and times ti and to mixed input states ρ̂.
Introducing the vector notation η = (η1, . . . , ηN)T and correspondingly for the times
and positions, we find that the rate of photodetection for ideal detectors with perfect
quantum efficiency is given by Glauber’s correlation function [79]

G(N)
η (x, t) ..=

tr
(
ρ̂ V̂ (−)

η1
(x1, t1) . . . V̂ (−)

ηN
(xN , tN)V̂ (+)

ηN
(xN , tN) . . . V̂ (+)

η1
(x1, t1)

)
.

(2.51)

Here, the normalization of V̂ (+)
η chosen in eq. (2.49) ensures that the correlation function

G
(N)
η (x, t) can be directly interpreted as a rate in the sense that it gives the number of

N -fold photodetection events at the positions x and times t per (time interval)N [66].

Definite photon numbers An alternative interpretation is possible in situations where
the input state ρ̂ contains exactly N photons and the positions xi of the detectors are
fixed. In this situation, G(N) can be interpreted as a probability density for N -fold
detection events which are labeled by the times ti and the channel indices ηi of the
detected photons. To show this, we introduce the multiplicities

nη = nη(η) ..=
N∑

i=1

δηηi , (2.52)

which denote the number of times that the channel index η appears in a given set of
channel indices η = (η1, . . . , ηN)T , and the normalization constants

Nη ..=
∏

η

1

nη(η)!
. (2.53)

6The following motivation of correlation functions is closely based on [66, 79].
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Using these definitions and assuming that there exists some ordering of the channel
indices η, we show in appendix A.2 that

∑

η
η1≤···≤ηN

Nη
∫
dN tG(N)

η (t) = 1, (2.54)

where we drop the fixed positions x for simplicity. Here, the constants Nη are necessary
to ensure that events are not counted multiple times during the integration.
In these situations, the correlation function yields the same probability densities as

those found by describing the detection of N photons as a projection of the state onto
corresponding final N -photon states. We emphasize that this equivalence only holds
in the case where the state has a definite photon number and correlation functions of
the corresponding order are observed. For indefinite photon number, the correlation
function contains additional contributions and cannot be interpreted as a probability
anymore (see e.g. section 5.4).

2.4.3. Frequency-resolved correlations

Alternatively to the time-resolved detection of light, it is also possible to perform a
frequency-resolved detection. Such measurements can be realized in several ways: The
simplest possibility is the usage of filters with a narrow bandwidth. However, this
approach suffers from the disadvantage that only light at a given frequency can be
detected. To allow detection with a high frequency-resolution and over a large spectral
range, the frequency of the light is generally mapped to a different degree of freedom,
usually either time or position. A temporal mapping can for example be achieved by
exploiting the group-velocity dispersion of a fiber [81]. Even higher resolution is possible
if the effective group velocity dispersion is increased using chirped fiber Bragg gratings
[82]. A mapping to the position is usually realized with the help of gratings [83].
In analogy to the temporal correlation functions from eq. (2.51), frequency-resolved

measurements are described by frequency correlation functions

G(N)
η (ω) ..= tr

(
ρ̂ â†η1

(ω1) . . . â†ηN (ωN)âηN (ωN) . . . âη1(ω1)
)
. (2.55)

For a state with exactly N photons, these correlation functions can be interpreted as a
probability density for N -fold detection events in the same vein as in the time-resolved
case (see eq. (2.54)).

2.4.4. Non-resolved detection

In many experiments, the information on the time, frequency, or polarization at which
the photon was detected is either of no interest or cannot be accessed by the detector. For
example, most single-photon detectors themselves are not sensitive to the polarization
of the photons and often only the fact that a photon was present in a certain channel
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within a given time interval is relevant. In these cases, it is necessary to sum or integrate
the correlations functions in eq. (2.51) or eq. (2.55) over all degrees of freedom which
are not accessed in the experiment. In the context of N -photon states, this summation
yields the total probability of all events which are indistinguishable by the detection.

If for example the detection time is not recorded, the total probability for an N -fold
detection of N photons in channels η is given by

P [η] ..= Nη
∫
dN tG(N)

η (t), (2.56)

where the prefactor Nη, defined in eq. (2.53), accounts for repetitions in η, as discussed
in eq. (2.54). Likewise, the probabilities for all possible polarization combinations of the
photons have to be summed in case of polarization insensitivity.

2.5. Conclusion

In this chapter, we first recapitulated the classical theory of the electromagnetic field,
which allowed us to introduce and distinguish the important concepts of frequency
eigenmodes and temporal modes and to define our notion of the term “multimode”.
The subsequent quantization of the theory naturally forced us to discuss the concept
of a photon. While the term is canonically used to describe the discrete excitations of
the energy eigenmodes of the electromagnetic field, we introduced a second meaning
of the term which we use prominently throughout the rest of this work: Rather than
describing an excitation of fixed energy, a photon is understood to be a single excitation
of a temporal mode. The characteristics of such excitations do more closely resemble the
concept of a localized particle which propagates with the speed of light. Therefore, such
excitations are better suited to describe the actual propagation of the light through the
interferometer. It should however still be avoided to think of such photons as classical
propagating particles. Rather, they are pulses of light, with a spectro-temporal shape
depending on the excited temporal mode, which carry exactly a single excitation of the
electromagnetic field.
Further, we introduced the basics of the theoretical description of linear, passive

networks. We found that such interferometers with M input and M output channels can
be fully characterized by a generally frequency-dependent unitary matrix of size M ×M .
This matrix fully determines the linear transformation between the field operators of
the input and output channels and consequently the evolution undergone by light pulses
inside of the interferometer.
Lastly, we showed that the detection of several photons can for all common pho-

todetectors be described with the help of normally-ordered correlation functions of the
field operators. In general, these correlations can only be interpreted as coincidence
rates. However, in the important case of a fixed total photon number it is possible to
interpret the correlation functions of the corresponding order as probability densities.
This interpretation is of great relevance in the context of boson sampling problems.
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In this chapter, we start to investigate the interference of highly non-classical states of
light in linear interferometers. We demonstrate that, in such scenarios, interference effects
without any classical counterpart can be observed. Most notably, these phenomena
can lead to a significantly increased computational power of linear optical systems in
comparison to classical computers, as underlined by Aaronson and Arkhipov (AA) in
their seminal paper “The computational complexity of linear optics” around 2011 [16,
18].

We start out with a brief recapitulation of the simplest case of higher-order interference,
the destructive two-photon interference at a symmetric beam splitter, which was first
described in [52, 53]. This so-called Hong-Ou-Mandel (HOM) effect serves as a simple
toy model to understand that in the quantum description of the electromagnetic field,
interference can in general not be interpreted as the interference of field amplitudes
anymore.

Subsequently, we generalize the HOM interference to the interference of an arbitrary
number of photons in linear interferometers. Our new-found understanding about non-
classical, higher-order interference helps us to determine the probability distributions
describing where the photons are detected at the output of the linear networks. We find
that these probabilities have a special mathematical structure which quickly makes it
impossible to evaluate them as the number of photons increases.

This observation is the basis of the claim that the so-called boson sampling, a model
for non-universal linear optical quantum computing, is able to perform computational
tasks which cannot efficiently be solved using a classical computer. To understand this
connection, we give an overview over the arguments made in the original boson sampling
paper. Lastly, a discussion of the limitations of the original model serves as the starting
point for a review of possible extensions of boson sampling.

3.1. Two-photon interference

As mentioned in the introduction of this chapter, interference of light in classical physics
can always be explained by the linear superposition of several field amplitudes making
up the detected fields. As is well known, this is not the case in quantum optics. Here,
interference effects can appear which have no analogue in the classical domain and
cannot be explained in terms of the interference of electromagnetic field amplitudes. The
most famous example for such higher-order interference is the destructive interference of
two-photons at a symmetric beam splitter which was first described by Hong, Ou, and
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3. Boson Sampling

Mandel [52] and by Shih and Alley [53]. In the following, we recapitulate this effect and
its interpretation.
The experiments analyzed in refs. [52, 53] can be boiled down to the simplified

situation depicted in fig. 3.1. Simultaneously, two single photons are injected into the

1

2

1

2

∧

Figure 3.1.: Setup for the observation of destructive two-photon interference. Two single
photons, here for simplicity assumed to be in a separable state, are injected
into the input ports of a symmetric beam splitter. Subsequently, coincidence
events between the two detectors are recorded.

input ports of a symmetric beam splitter and the coincidence signal at the output of the
beam splitter is recorded. In this scenario, each of the photons has a 50% chance to
be either reflected or transmitted at the beam splitter, resulting in the four different
possible cases depicted in fig. 3.2. Consequently, a naive approach led by the intuition of

(a) rt (b) rr (c) tt (d) tr

Figure 3.2.: The four possible two-photon paths that the photons can take through the
beam splitter (r: reflection, t: transmission). Since paths (b) and (c) lead
to the same outcome, interference between them can be observed.

classical physics would lead us to expect that there is a 25% chance that both photons
exit together in the upper channel, a 25% chance that they exit together in the lower
channel, and that we find a single photon in each of the output channels in half of the
cases.

Surprisingly however, this is not what is observed in the experiment. Instead of being
the most probable outcome, a coincidence between the two output channels is never
witnessed.

While this phenomenon is clearly an interference effect, it cannot be explained by the
interference of field amplitudes. Indeed, such interference can only lead to a modulation
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3.1. Two-photon interference

of the intensities, or equivalently, of the average photon numbers in the output channels
and is therefore referred to as first-order interference (first order in the intensities).

Instead of such first-order interference, the suppression of the coincidences is explained
by the interference between two distinct two-photon paths, that is two distinct possibilities
how the two input photons end up at the detectors. Namely, the paths depicted in
panels (b) and (c) in fig. 3.2 both lead to this outcome and – assuming that the photons
are fully identical – cannot be distinguished by the detectors. Therefore, the total
probability for a two-fold detection event is determined by the coherent superposition of
the probability amplitudes Arr and Att that both photons were reflected or both were
transmitted, respectively.

That this indeed leads to destructive interference becomes clear if we explicitly evaluate
the coincidence probability. From the single-mode analogue to the correlation function
in eq. (2.55) and with the linear transformation eq. (2.42), we find that1

P [1, 2] = 〈1, 1| b̂†1b̂†2b̂2b̂1 |1, 1〉 = |B11B22 + B12B21|2 = |Att + Arr|2, (3.1)

where the values Bds denote the elements of the unitary beam splitter matrix B in
eq. (2.41). Due to the unitarity constraint of B, we find for a balanced beam splitter
that

Att = −Arr =
1

2
. (3.2)

This difference in the sign of the probability amplitudes is the root cause of the destructive
interference observed in the experiment. It is a result of the bosonic properties of the
photons which are described by states symmetric under permutation of the particles.
Indeed, if the experiment is performed using fermions, their anticommutation properties
lead to a constructive interference of the two amplitudes in eq. (3.1).

It is crucial to understand that the interference signal in the experiment in fig. 3.1 can
only be observed in the correlations of the two intensities, or equivalently of the photon
numbers, but not in the individual intensities. Since the correlations in eq. (3.1) can
be interpreted as the expectation value of the normal-ordered photon number product
:n̂1n̂2 : = :b̂†1b̂1b̂

†
2b̂2 :, we refer to this type of interference as second-order interference

(in the intensities or photon numbers) in the following. Analogously, we use the term
Nth-order interference to refer to interference effects in N -fold products of the field
intensities.

The second-order nature of the interference in eq. (3.1) is slightly obfuscated because
the two-photon amplitudes can be decomposed into a product of single-photon amplitudes
Bds in the considered case of a separable input state. If the input photons are prepared
in an entangled state however, the probability is the result of the superposition of true,
nonseparable two-photon probability amplitudes.
Furthermore, the interference crucially depends on the fact that the interfering two-

photon paths, reflected-reflected and transmitted-transmitted, cannot be distinguished
at the detectors. This observation is crucial in fully understanding higher-order (N ≥ 2)

1Recall that b̂d denote the mode operators in the output channels d.
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3. Boson Sampling

interference. Namely, the simple scenario discussed here seems to suggest that the
photons need to reach the beam splitter at the same time in order to observe interference.
However, it is possible to observe destructive two-photon interference even in situations
in which the photons are never at the beam splitter at the same time [50, 84]. As long as
either the temporal structure of the two-photon input state or optical elements after the
beam splitter ensure that information on the two-photon path is erased, no coincidences
are observed. As Roy Glauber put it in his Nobel speech, “[. . . ] interference simply
means that the probability amplitudes for alternative and indistinguishable histories
must be added together algebraically. It is not the photons that interfere physically, it
is their probability amplitudes that interfere [. . . ]” [85].
Of course, the interference does not break down instantly if both paths are not

perfectly indistinguishable anymore. Rather, as the path information available at the
detectors increases, the suppression of the coincidences gradually vanishes. Only in the
extreme case, where the two-photon paths are perfectly distinguishable, no interference
between the corresponding two-photon amplitudes occurs and the experiment behaves
as if it was performed with classical particles, yielding a 50% chance to detect a single
photon in both of the output channels.

0

0

1
2

∆t/τcoh

P
[1
,2
]

Figure 3.3.: The HOM dip: By delaying one of the input photons by a time ∆t, it
is possible to continuously tune between no and full two-photon path
distinguishability. If no path information is accessible, full destructive
second-order interference is observed. If the paths are fully distinguishable,
the classical coincidence probability is recovered. The width of the transition
region is given by the coherence time τcoh of the two photons.

For example, by introducing a delay in the lower channel in the scenario depicted in
fig. 3.1, the degree of distinguishability of the two-photon paths can be continuously
tuned between the two extreme cases. Plotting the coincidence probability vs. the
relative delay of the photons then yields the famous two-photon interference “dip” or
Hong-Ou-Mandel “dip” described in [52] and depicted in fig. 3.3. Alternatively, the
degree of distinguishability can be tuned by varying the polarization of the input photons
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3.2. Multiphoton interference and permanents

[53].
To summarize the present section we note that we have traced back second-order

interference to the indistinguishability of the possible histories of the detected photons, i.e.
of the two-photon paths through the beam splitter. In the next section, we generalize this
concept to multiphoton interference of arbitrary order in general linear interferometers.

3.2. Multiphoton interference and permanents

3.2.1. Interference of N photons

In order to generalize the concept of second-order interference of two-photons to higher-
order interference of an arbitrary number N of photons, we investigate the setup depicted
in fig. 3.4. It is a two-fold generalization of the experiment described in the previous
section: First, the beam splitter is replaced by a passive, linear interferometer with M
input and M output channels s ∈ S and d ∈ D. Second, N photons instead of two are
injected into a fixed subset of the input channels.

interferometer

1

2

3

4

1

2

3

4

s d

Figure 3.4.: Setup for the interference of N photons in a linear interferometer. N
photons are injected into a subset of the M input channels of a linear
network described by the vector s ∈ SM,N of input channel indices (here,
s = (1, 3, 3)). After scattering inside the interferometer described by the
unitary interferometer matrix U , the photons are detected randomly in one
of the possible output configurations described by the vector d ∈ DM,N

(here, d = (1, 2, 4)) with probability P [d | s] given by eq. (3.9).

We denote the input configuration by a vector s which contains the N indices of the
occupied channels. To account for situations where several of the photons are injected
into the same input channel, s can contain repetitions. In these cases, each channel
index s is repeated ns = ns(s) times, where the multiplicities ns, eq. (2.52), denote the
occupation numbers of the input channels.
To ensure that the notation is unique, we only use vectors s ∈ SN in which the

channel indices are in ascending order, since vectors s which only differ in the order of
their elements correspond to the same physical situation. The relevant set of ordered
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3. Boson Sampling

input channel index vectors is therefore defined as

SM,N
..=
{
s ∈ SN

∣∣ s1 ≤ s2 ≤ · · · ≤ sN
}

(3.3)

and contains [86]

|SM,N | =
(
M +N − 1

N

)
(3.4)

elements2.
Taking into account the necessary normalization and that we are currently working in

a simple single mode model for each of the input channels, the input state corresponding
to s takes the explicit form3

|s〉 ..=
⊗

s∈S
|ns(s)〉s =

√
Ns

N∏

i=1

â†si |0〉, (3.5)

where we have recalled the definition Ns ..= 1/
∏

s ns(s)! of the normalization factor in
eq. (2.53).
After the photons have been scattered by the interferometer, they are subsequently

detected at the output of the network. In general, they are found in a random set of
output channels. As in the case of the input configurations, the detection result can
be denoted by a vector d containing the N indices of the output channels where the
photons were detected. Taking into account events in which multiple photons exit in the
same channel, the set of all possible outcomes can in analogy to eq. (3.3) be defined as

DM,N
..=
{
d ∈ DN

∣∣ d1 ≤ d2 ≤ · · · ≤ dN
}
, (3.6)

with |DM,N | = |SM,N |.
The probability to find a specific outcome d of the experiment, given a fixed input

configuration s is then in analogy to the correlation function in eq. (2.55) defined as

P [d | s] ..= Nd
〈
s
∣∣
N∏

i=1

b̂†di

N∏

i=1

b̂di
∣∣s
〉
. (3.7)

As in eq. (2.56), the prefactorNd is needed to avoid overcounting in the case of repetitions
in d.

3.2.2. Evaluation of N-photon probabilities

In the context of boson sampling, the action of a linear network on the light can be
assumed to be frequency independent, as we showed in section 2.3.3. Thus, using the

2The number of elements follows from well-known combinatorics results when we note that the situation
is equivalent to drawing N balls with repetition from a set of M balls.

3Here, the mode operators âs do realistically correspond to a temporal mode, i.e. to one of the
operators Âs,j defined in eq. (2.19).
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notation
∥∥|·〉
∥∥2 ..= 〈·|·〉, the probabilities in eq. (3.7) can be evaluated for arbitrary

linear networks with the help of the linear transformation between the mode operators
described in eq. (2.48) as

P [d | s] = NsNd
∥∥∥∥
N∏

i=1

b̂di

N∏

j=1

â†sj |0〉
∥∥∥∥

2

= NsNd
∥∥∥∥

∑

s′1,...,s
′
N∈S

N∏

i=1

Udis′i
N∏

i=1

âs′i

N∏

j=1

â†sj |0〉
∥∥∥∥

2

. (3.8)

The sum in the last expression contains |S|N = MN terms. However, only those terms
contribute to the probability where each annihilation operator âs′i is paired with a
creation operator â†sj corresponding to the same channel. Physically speaking, since all
N injected photons are detected at the output, there are exactly N ! different possibilities
which photon is detected at which output port.
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Figure 3.5.: Multiphoton paths corresponding to the interfering multiphoton amplitudes
in eq. (3.9). We depict the N ! = 6 multiphoton paths corresponding to
the exemplary situation depicted in fig. 3.4 (s = (1, 3, 3), d = (1, 2, 4),
Ns = 1/2!, Nd = 1). The paths in panels (a)–(c) correspond to physically
distinct paths through the interferometer. The remaining paths (d)–(f)
however only differ from the paths depicted in (a)–(c), respectively, if the
two photons injected into input channel 3 are assumed to be distinguishable.
Consequently, the fact that two of the N = 3 photons are injected into the
same channel reduces the number of interfering multiphoton amplitudes
from the maximum number N ! = 6 to only N !NsNd = 3.

Labeling the symmetric group of order N as SN , these possibilities can be labeled by
the N ! permutations σ ∈ SN of N elements and eq. (3.8) becomes

P [d | s] = NsNd
∣∣∣∣
∑

σ∈SN

N∏

i=1

Udisσ(i)

∣∣∣∣
2

. (3.9)
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A comparison to eq. (3.1) reveals that this expression is indeed a generalization of the
coincidence probability in the HOM experiment. Instead of the superposition of two
probability amplitudes, the probabilities for an N -fold detection are the result of the
interference of N ! probability amplitudes

Aσ = A(d,s)
σ

..=
N∏

i=1

Udisσ(i)
. (3.10)

These amplitudes are true N -photon probability amplitudes which correspond to all the
possible N -photon paths that the photons could have taken from the input channels to
the channels where they were detected, as illustrated in fig. 3.5.
Due to the fact that we are currently working with a single-mode model, no entan-

glement between the channels is possible since the number configuration s is fixed.
Therefore, the N -photon amplitudes Aσ can be expressed as products of N single-
photon amplitudes. We however emphasize that this is not necessarily true anymore
in a multimode description where the input light can be entangled in frequency or
polarization.

Furthermore, it is important to note that the actual number of distinct terms in the
sum eq. (3.9) depends on the numbers of repetitions in s and d. Indeed, as long as
two permutations in SN only differ by a permutation of elements corresponding to the
same channel, the terms describe the same physical situation and have the same value.
Consequently, the degree of interference is reduced if some of the photons are injected
into the same input channel and also if multiple photons are detected in the same output
channel.
Consider for example the case where both photons are detected in the upper output

channel in the HOM experiment: Here, s = (1, 2) and d = (1, 1), resulting in Ns = 1
and Nd = 1/2!. The probability

P [d | s] = NsNd
∣∣∣∣
∑

σ∈S2

A(d,s)
σ

∣∣∣∣
2

=
1

2!

∣∣Ud1s1Ud2s2 + Ud1s2Ud2s1

∣∣2 = 2!
∣∣U11U12

∣∣2 (3.11)

is the result of a single two-photon amplitude. Consequently no two-photon interference
takes place. This reduction is further illustrated for the case of repetition in s in the
example depicted in fig. 3.5.
Compared to the case of classical particles, eq. (3.11) implies that photons (or more

generally, bosons) have the tendency to “bunch”. Namely, the probabilities that multiple
photons exit the interferometer in the same output channel is increased by a factor of
N−1
d compared to the probabilities expected for classical particles.

3.2.3. Matrix permanents

As the observant reader might have already noticed, the expression

∑

σ∈SN

N∏

i=1

Udisσ(i)
(3.12)

36



3.2. Multiphoton interference and permanents

inside the modulus in eq. (3.9) looks familiar to the definition of the determinant of an
N ×N matrixM = (mij),

detM ..=
∑

σ∈SN
sgnσ

N∏

i=1

miσ(i), (3.13)

where sgnσ is the signature of the permutation σ ∈ SN . Indeed, a comparison reveals
that eq. (3.12) almost represents the determinant of an N ×N matrix with elements
Udisj , i, j = 1, . . . , N . The two expressions only differ by the sign in the sum which
depends on the parity of the permutation for the determinant.
The term in eq. (3.12) is called the permanent of a matrix and belongs to the same

group of matrix functions as the determinant4. For an N ×N matrixM = (mij), the
permanent is defined as [88]

perM ..=
∑

σ∈SN

N∏

i=1

miσ(i). (3.14)

Let us define the notation
U (ds) ..= (Udisj) (3.15)

for N×N matrices consisting of N2 elements of theM×M interferometer matrix U . If d
and s are collisionless, that is they do not contain any repetitions, these matrices are true
N ×N submatrices of U . On the other hand, if d or s contain collisions, U (ds) contains
the corresponding rows or columns multiple times, according to the multiplicities nd(d)
and ns(s). These repetitions reflects the reduced degree of multiphoton interference
discussed in eq. (3.11) and fig. 3.5.

Using the definition of these matrices in eq. (3.15), eq. (3.9) can be rewritten in terms
of permanents as

P [d | s] = NsNd
∣∣perU (ds)

∣∣2. (3.16)

This observation is the foundation for the demonstration that the N -photon interference
in passive, linear interferometers is not efficiently possible on a classical computer.
Namely, while the definitions of the two matrix functions in eqs. (3.13) and (3.14)
look very similar, the fact that the sign of the terms does not alternate in eq. (3.14)
has significant consequences: The determinant of an arbitrary N × N matrix can be
calculated efficiently, i.e. in a time which is polynomial in N , for example using Gaussian
elimination. On the other hand, it is not possible in general to determine the permanent
of an N ×N matrix in an efficient way using a classical computer.
Indeed, even if we limit ourselves to matrices M ∈ {0, 1}N×N , perM cannot be

calculated efficiently in general as demonstrated by Valiant [89]. Moreover, the problem
is even part of a class of computationally very hard problems. This class of #P-complete

4These so-called immanants are matrix functions connected with the irreducible representations of
the symmetric group SN [87].
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problems is briefly introduced in appendix A.3 together with other complexity classes
which are relevant for the results discussed in this thesis. As was demonstrated in
ref. [18], the fact that the calculation of perM is #P-hard also implies that the task
of approximating |perM|2 for any arbitrary matrixM ∈ CN×N to within a constant
multiplicative error is classically hard (namely, in #P).
In the following, we introduce the problem of boson sampling. Subsequently, we

recapitulate how it can be used together with the mentioned properties of the matrix
permanent to demonstrate that it is indeed highly unlikely that the interference of
photons in linear networks can be efficiently simulated on a classical computer.

3.3. Boson sampling

The linear optical setup introduced in the previous section and depicted in fig. 3.4
represents what Aaronson and Arkhipov define as a boson sampling computer [16]. Such
a device is rather simple compared to a linear optical implementation of a universal
quantum computer. Most importantly, when comparing it for example to the linear
optical quantum computing scheme proposed by Knill, Laflamme, and Milburn [17], it
becomes apparent that no nonlinear interaction between the optical channels is effected
by the boson sampling computer. Thus, such a device cannot implement two-qubit gates
which are crucial for a universal quantum computer.

On first sight, this seems to indicate that boson sampling computers are not particularly
powerful. Indeed, the classical analogue of the setup in fig. 3.4 is very reminiscent of
a so-called Galton board. It consists of an arrangement of pegs which scatter balls
dropped into the board, causing them to end up randomly in one of the bins at the
output, as depicted in fig. 3.6. Such an experiment can be interpreted as a simple
“computer” which – given the description of a certain arrangement of the pegs – samples
from the probability distribution5 over the possibilities where N balls are found after
being dropped into the board one by one.
Although the number of possible outcomes grows exponentially with N and it is

therefore generally impossible to efficiently calculate the full probability distribution,
such a sampling can be implemented efficiently on a classical computer. Namely, since
the balls are put into the board one by one and consequently do not interact, it is
possible to separately sample from the probability distribution of each ball, afterwards
joining the N results to a full N -ball sample.
Comparing Galton’s board to the boson sampling computer in fig. 3.4, we find that

the latter analogously samples from the probability distribution over all possibilities
where the photons are found at the output of the interferometer. Further, we noted
above that the photons in a boson sampling computer do not interact. It might therefore
be tempting to assume that the sampling performed by the boson sampling computer
can be performed efficiently in analogy to the Galton board.

5“To sample from a probability distribution” means to randomly generate one of the possible outcomes,
each with its corresponding probability.
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Figure 3.6.: Classical analogue of the boson sampling setup (Galton board): N balls
are dropped into the board and randomly scattered at the pegs, yielding a
random distribution of the balls over the bins at the output. The position of
the pegs corresponds to the unitary matrix U describing the interferometer.

However, there is a crucial difference between the two experiments: While the balls are
classical objects and therefore distinguishable, the photons used in the boson sampling
computer are indistinguishable. As we have already discussed in sections 3.1 and 3.2,
this indistinguishability leads to the interference of probability amplitudes corresponding
to the possible paths through the interferometer. In the case of the Galton board on the
other hand, the probabilities for each of the possible paths through the board simply add
up incoherently since all paths are distinguishable for classical particles. Consequently,
the classical counterparts to the probabilities in eq. (3.9) are

Pcl[d | s] =
∑

σ∈SN

∣∣A(d,s)
σ

∣∣2 =
∑

σ∈SN

N∏

i=1

∣∣Udisσ(i)

∣∣2, (3.17)

if we assume that a ball entering at position s exits the board at position d with
probability |Uds|2.

This difference in the probability distributions of the boson sampling experiment and
the Galton board, respectively, is very fundamental. Indeed, Aaronson and Arkhipov
were able to show that the probability distribution over possible outcomes d of the boson
sampling experiment is too complex to allow an efficient simulation of the sampling
process on a classical computer. More importantly, even approximately sampling from
these probability distributions exhibits such a classical intractability or classical hardness6

[16].
In the following, we formally define the boson sampling problem and state the hardness

results, before we recapitulate the crucial ideas behind the proof given in ref. [18]. Since
parts of this demonstration make use of several complexity classes, a short overview of
the necessary concepts has been compiled in appendix A.3 for the interested reader.

6To be precise, this claim depends on the correctness of two highly likely conjectures, as we see later.
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3.3.1. Definitions

In the following, we give a precise definition of the boson sampling problem and
subsequently state the hardness results proved in ref. [18]. To do so, let us first introduce
some notation: We use UM,M to denote the set of unitary matrices in CM×M .

Additionally, we call an output vector d collisionless if it contains only distinct elements
(equivalently for the input vectors s). In terms of the multiplicities nd(d) defined in
eq. (2.52) such a collisionless vector is characterized by the condition nd(d) = 1 ∀d ∈ D .
Collisionless vectors d or s correspond to configurations where there is at most a single
photon in each output or input channel, respectively. We then use D∗M,N to denote
the set of all collisionless outcomes d ∈ DM,N and S∗M,N as for all collisionless input
configurations s, that is we define

S∗M,N
..= {s ∈ SM,N |ns(s) = 0, 1 ∀s} (3.18)

and

D∗M,N
..= {d ∈DM,N |nd(d) = 0, 1 ∀d}. (3.19)

Furthermore, given an interferometer matrix U ∈ UM,M and a fixed collisionless input
configuration7 s0 ∈ S∗M,N , we use D = D(U) to label the probability distribution over
all d ∈DM,N defined by the probabilities PD[d | s] in eq. (3.16).

Lastly, we quantify the difference between two arbitrary probability distributions D1

and D2 on the same set of events x in terms of the total variation distance [90]

‖D1 −D2‖ ..=
1

2

∑

x

∣∣PD1 [x]− PD2 [x]
∣∣. (3.20)

The boson sampling oracle

In order to formally define the boson sampling problem, AA introduce the notion of a
boson sampling oracle [18]:

Definition 3.1 (The boson sampling oracle). Let O be an oracle that takes as input a
unitary M ×M matrix U , an error bound β > 0, and a string r ∈ {0, 1}poly(N) which is
its only source of randomness. Further, let D′ be the distribution of O over all outputs
d ∈DM,N if U and β are fixed while r is uniformly random.
Then, O is called an exact boson sampling oracle if

D′ = D(U) for all N ∈ N, U ∈ UM,M , β > 0.

Further, O is an approximate boson sampling oracle if

‖D′ −D‖ ≤ β for all N ∈ N, U ∈ UM,M , β > 0.

In both cases, we assume that the resources for a call of O scale polynomial in 1/β.
7We can without loss of generality assume that s0 = (1, 2, . . . , N)T .

40



3.3. Boson sampling

Informally, a boson sampling oracle is some arbitrary device which simulates the boson
sampling experiment depicted in fig. 3.4. Namely, after providing it with a description
of the interferometer in form of the corresponding unitary matrix U , each time we
use it, the device randomly generates an output vector d ∈ DM,N . It does so either
with the exact probabilities PD[d | s0] found in the experiment (see eq. (3.16)) or with
an approximation of these probabilities, depending on whether O is an exact or an
approximate oracle, respectively. We emphasize that O is an oracle which means that
we simply treat it as a black box and do not care about how it solves its task.

3.3.2. Exact boson sampling

Having defined the notion of a boson sampling oracle, we are now in the position to
present the main result from ref. [16] for the case of exact sampling.

Theorem 3.1 (Hardness of exact boson sampling). Let O be an exact boson sampling
oracle. Then, P#P ⊆ BPPNPO . Particularly, if a deterministic polynomial time algorithm
exists which implements an exact boson sampling oracle, this implies P#P ⊆ BPPNP and
consequently a collapse of the polynomial hierarchy to the third level.

To put it in more informal terms, theorem 3.1 states that the possibility to simulate
a boson sampling oracle on a classical computer would have very strong and unlikely
consequences for the relation of several complexity classes. Consequently, exact boson
sampling must be classically hard.

Although it might seem so, the result in theorem 3.1 does not imply that a quantum
mechanical implementation of a boson sampler can be used to solve #P-hard problems.
Namely, the definition 3.1 of the boson sampling oracle contains the assumption that
the oracle works in a deterministic manner. Randomness only enters through the
random string r which is provided from the outside. While this assumption is true for a
classical algorithm, it is not fulfilled by a quantum mechanical implementation where
the randomness is an intrinsic feature of the system.
Consequently, the final “verdict” on the computational power of a boson sampling

computer is the following: Such a system is able to perform a task – sampling from the
probability distribution over the output configurations d defined by the interferometer
matrix U – which cannot be efficiently solved on a classical computer. Building a boson
sampling computer with sufficiently large photon numbers would therefore demonstrate
for the first time that quantum mechanical systems do indeed have a computational
power which supersedes that of classical, deterministic computers.
Such an achievement would be an important milestone on the way to a full-fledged

universal quantum computer and can be realized with much lower experimental require-
ments, e.g. due to the lack of need for two-qubit gates. We emphasize however that –
in contrast to a universal quantum computer – a boson sampling computer is a highly
specialized machine. Apart from boson sampling, currently no other task is known which
can be solved with its help.
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Overview of the hardness proof

In the following, we outline the crucial ideas of the proof given by AA. For details, we
refer to the long version of their paper [18]. The main steps towards the hardness result
are:

1. Proving that it is #P-hard to approximate
∣∣perX

∣∣2 for matrices X ∈ RN×N to
within a multiplicative factor.

2. Demonstrating that – given a matrix X ∈ RN×N –, it is always possible to construct
a unitary matrix U in polynomial time which contains εX as a submatrix for some
ε > 0.

3. Providing an algorithm which allows to use an exact boson sampling oracle to
estimate the permanent of a real valued matrix X ∈ RN×N in BPPNPO :

a) Given the matrix X , construct a unitary matrix U containing εX as the sub-
matrix U (d0s0) corresponding to the column index vector s0 = (1, 2, . . . , N)T

and the row index vector d0.

b) Provide U to a boson sampling oracle O. Then, the probability to generate
the result d0 is according to eq. (3.16) given by

P [d0 | s0] = ε2N
∣∣perX

∣∣2. (3.21)

c) Employing Stockmeyer’s algorithm for approximate counting [91], it is possible
to use the oracle to multiplicatively approximate P [d0 | s0] in BPPNPO and
consequently also

∣∣perX
∣∣2. This step crucially relies on the fact that it is

possible to control the oracle’s source of randomness.

4. Combining the algorithm from step 3 with the hardness statement in step 1 to
yield P#P ⊆ BPPNPO .

5. Noting that the efficient simulation of O on a deterministic Turing machine implies
PH = P#P = BPPNP (see eq. (A.13)). Since BPPNP is contained in the third level
of PH, this relation would collapse the polynomial hierarchy to the third level.
Such a collapse is believed to be highly unlikely in the field of complexity theory.

While the above proof demonstrates the hardness of exact sampling, it relies on the
assumption that the boson sampling oracle perfectly reproduces the probability distribu-
tion defined by the unitary matrix. Realistically however, such perfect sampling cannot
even be achieved with an actual boson sampling setup due to imperfections in the setup.
Consequently, it is desirable to check if boson sampling still remains classically hard if
the requirement of sampling exactly is lifted.
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3.3. Boson sampling

3.3.3. Approximate boson sampling

The first possibility to consider deviations from the case of exact sampling is to assume
that the oracle generates samples according to probabilities which deviate up to some
multiplicative factor from the ideal probabilities in eq. (3.16). In this case, the proof
for exact sampling outlined in the previous section is still applicable and the hardness
result prevails. However, AA argue that such multiplicative errors are still unfeasible in
a realistic experiment. Rather, imposing an upper bound for the additive overall error of
the probability distributions allows for a more realistic description of real world effects.

Therefore, they define the approximate boson sampling problem as the task to sample
from a probability distribution D′ which is close to the ideal distribution D in total
variation distance,

‖D′ −D‖ < β (3.22)

for some β > 0. This finite error bound however causes the problem that it prevents us
from applying the hardness proof for exact sampling. Namely, due to the fact that there
are an exponential number of possible outcomes, |DM,N | =

(
M+N−1

N

)
(see eq. (3.4)),

the probabilities P [d | s0] are typically exponentially small8. Therefore, it is possible
that the sampler closely approximates the boson sampling distribution D in the sense
of ineq. (3.22) but on the other hand returns the sample d0, which is used to encode
|perX|2, with a probability that has a huge error with respect to the ideal one.
As this would completely jeopardize the estimation of |perX|2, a hardness proof for

approximate boson sampling cannot rely on the fact that a single probability is hard to
approximate. Rather, the proof has to be adapted in such a way that it exploits the
fact that the probabilities are close to the ideal probabilities on average.
Accordingly, several differences arise compared to the case of exact boson sampling.

Most importantly, the main result on the approximate case does not connect the
hardness of the problem with the hardness of multiplicatively approximating

∣∣perX
∣∣2

for an arbitrary matrix X . Rather, it establishes a connection with the hardness of
finding an additive approximation of

∣∣perX
∣∣2 for matrices X whose entries are randomly

and independently chosen from complex normal distributions N (0, 1)C with mean 0 and
variance 1.

We denote the distribution of such matrices as N (0, 1)N×NC . Further, we from now on
use the widely adopted notation x∼D to indicate that a random variable x obeys the
probability distribution D. In this notation, approximate boson sampling deals with the
permanent of complex N ×N matrices X ∼N (0, 1)N×NC .
Formally stated, the main result on the hardness of approximate boson sampling

yields a connection to the following problem:

Definition 3.2 (The |GPE|2± problem). Given a random complex N × N matrix
X ∼N (0, 1)N×NC and values ε, δ > 0, approximate

∣∣perX
∣∣2 to within an additive error

8By “exponentially small”, we mean that the typical value of the probabilities decreases exponentially
as N increases.
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±εN ! with probability at least 1− δ and in a time which scales polynomially in N , 1/ε,
and 1/δ.

Indeed, AA prove the following reduction:

Theorem 3.2 (Hardness of approximate boson sampling). Let O be an approximate
boson sampling oracle. Then, |GPE|2± ∈ FBPPNPO . Consequently, |GPE|2± ∈ FBPPNP

if there exists a deterministic, polynomial time algorithm that is able to simulate O.

To put it in simple terms: If it is possible to find a classical, polynomial-time algorithm
which solves approximate boson sampling, then it is also possible to solve the following
problem in FBPPNP: Given a matrix with entries which are independent and identically
distributed normal random variables, find an additive approximation of its squared
permanent.

Since it is very likely that such an approximation belongs to a class of problems which
are much harder than FBPPNP, this result already gives a strong indication that also
approximate boson sampling cannot be efficiently implemented on a classical computer.
To further strengthen their result, the authors of [16] moreover provide a reduction of
the |GPE|2± problem to a #P-hard problem, relying on two conjectures whose trueness
is supported by several significant arguments.
In the following, we recapitulate the crucial ideas behind the proof of theorem 3.2

in order to understand how it might be possible to extend the original boson sampling
problem in ways which facilitate experimental implementations.

Overview of the hardness proof

As discussed, it is not possible to use the hardness proof of exact sampling in the case of
an approximate boson sampling oracle O. This is due to the fact that it is not ensured
that the probability for some fixed sample d0 – used to encode the matrix X into
the interferometer matrix – is approximated sufficiently close by O. Consequently, an
adversarial oracle could faithfully reproduce the probabilities for most samples d 6= d0,
but sample d0 with a large error.

We know however that the probability distribution as a whole is very close to the orig-
inal distribution according to ineq. (3.22). This closeness of the probability distributions
can be exploited by “hiding” the matrix X randomly in the interferometer matrix U in
such a way that its position inside of U is distributed uniformly. This procedure prevents
the oracle from having any knowledge about the sample d0 that we are interested in.
Consequently, it cannot adversarially increase the error of the corresponding probability.
As a result, it can be shown that the probability PD′ [d0 | s0] of the sampler is with high
probability sufficiently close to the ideal probability PD[d0 | s0] to allow the estimation
of |perX|2.
Let us introduce the Haar measure HM×M that can be understood as the uniform

probability distribution over all unitary matrices U ∈ UM,M . Furthermore, we call a
matrix Haar-random if it is distributed according to the Haar measure.
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Then the approach outlined above to solve |GPE|2±, definition 3.2, in BPPNPO can be
summarized as follows:

1. Generate a Haar-random unitary matrix U ∼HM×M in which X/
√
M is hidden

at a uniformly random position.

2. Give this unitary matrix as the input matrix to the approximate oracle O to find
a multiplicative approximation Q[d0 | s0] of the sampler probability PD′ [d0 | s0].

3. Use MNQ[d0 | s0] as the approximation for
∣∣perX

∣∣2.

In order to show that this approach can indeed be used to solve |GPE|2± in BPPNPO ,
AA prove the following crucial results:

1. The probability distribution of N×N submatrices ofM×M Haar-random matrices
is close to N (0, 1)N×NC if M is chosen large enough with respect to N .

2. An algorithm in BPPNP exists, which allows with high probability to construct
a unitary matrix U ∈ UM,M with the following property: It contains a given
matrix X ∼ N (0, 1)N×NC , rescaled by 1/

√
M , as its submatrix at a uniformly

random position. The algorithm runs in polynomial time in N and 1/δ. This step
implements the “hiding” procedure mentioned above.

3. The sampler probability and the ideal probability are sufficiently close with high
probability,

P

[∣∣PD′ [d0 | s0]− PD[d0 | s0]
∣∣ < ε

2

N !

MN

]
> 1− δ

4
. (3.23)

4. Using the approximate counting algorithm by Stockmeyer [91], an approxima-
tion Q[d0 | s0] of the sampler probability, which is sufficiently close with high
probability,

P

[∣∣Q[d0 | s0]− PD′ [d0 | s0]
∣∣ < ε

2

N !

MN

]
> 1− δ

2
, (3.24)

can be found in BPPNPO in time polynomial in N , 1/ε, and 1/δ.

By combining all these results, theorem 3.2 follows.

3.4. Towards experimental boson sampling

The results from the original boson sampling paper, which we summarized in the previous
sections, have instilled high hopes in parts of the quantum information community that
it will be possible to show the supremacy of quantum computers over classical computers
in the near future. Indeed, boson sampling presents a way to achieve this goal and
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drastically reduces the experimental requirements that have to be fulfilled in comparison
to universal quantum computing schemes. However, despite its significantly lowered
demands, the experimental implementation of boson sampling is still challenging.

Probably the biggest problem is the generation of the necessary large number of single
photons. While it was originally estimated that around 20 to 30 photons are sufficient to
get to the limit of the capabilities of classical computers [18], improvements of the naive
approach to classical boson sampling have lead to algorithms which allow boson sampling
to be solved classically for up to 50 photons using currently available hardware [92, 93].
Consequently, upwards of 50 photons are necessary in experimental implementations of
boson sampling to be able to demonstrate quantum computational supremacy.
However, it is not possible to produce such a number of photons in a deterministic

manner with currently available sources. Additionally, it is challenging to ensure that the
photons are also identical, that is, that they are all emitted in the same temporal mode.
Generally, current types of sources only allow a trade-off between these requirements.
For example, sources based on heralded spontaneous parametric down-conversion

yield photons which are highly indistinguishable but do so only in a probabilistic
manner. This randomness however excludes their usage in implementations of the original
boson sampling scheme beyond proof-of-principle experiments since the probability to
successfully generate N photons drops of exponentially with N . As a consequence, the
number of photons in boson sampling demonstrations utilizing spontaneous parametric
down-conversion sources is currently limited to about 3 independent or 6 entangled
photons [19, 21, 22, 26].
On the other hand, sources like quantum dots operate much more deterministically.

Consequently, the current record for boson sampling with the highest number of inde-
pendent single photons has been achieved with quantum dots [28]. However, photons
created by such sources are generally not fully identical, diminishing their interference
capability [80].

In addition to the generation of photons, another problem arises from the fact that in
real-world experiments, error sources such as photon losses inside of the linear network,
mode-mismatch between sources and network, and imperfect detector efficiencies have
to be considered.

These issues raise several questions: 1) How is the hardness of boson sampling affected
if the photons are not perfectly indistinguishable? 2) Which role do losses and mode-
mismatch play for the classical intractability? 3) Is it possible to overcome the difficulty
of generating many single photons?
While the original work of AA established the classical hardness of boson sampling

for perfectly indistinguishable photons, we know from the introduction of section 3.3
that boson sampling can be efficiently simulated if the photons are fully distinguishable.
Namely, in this case no interference between the multiphoton amplitudes takes place and
the experiment is equivalent to the classical Galton board experiment, fig. 3.6. However,
AA do not make any statements how the hardness of boson sampling changes if the
interference is reduced, posing the question if boson sampling is classically hard at all
if the particles are not perfectly indistinguishable? Furthermore, if such a continuous
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transition exists, is it possible to bound the degree of indistinguishability required to
ensure the hardness of the problem?

These questions have been intensely studied over the course of the last years: First of
all, several groups brought forward multiple alternative descriptions of boson sampling
which take into account the “internal” degrees of freedom of the single-photon pulses
[36–38, 43, 44, 46, 49]. Based on these formalisms, the probability distribution for
the case of distinguishable particles was again connected to matrix permanents (see
section 6.1 and [46, 49]), to multidimensional generalizations of permanents [37], or to
the general class of matrix immanants containing both permanent and determinant [43,
44].

These results laid the groundwork for further investigations of the hardness of boson
sampling with non-identical single-photon pulses. For example, the similarity of the
boson sampling probability distributions for identical and non-identical input photons
was compared as a function of the degree of pairwise indistinguishability in [37]. This
comparison revealed the expected gradual transition in variation distance (see eq. (3.20))
between the limiting cases of identical and fully distinguishable particles. Alternatively,
the work in [43, 44] demonstrated that it is possible to decompose the boson sam-
pling probabilities for arbitrary degrees of pairwise distinguishability into contributions
corresponding to the interference of particles with either full or vanishing pairwise
distinguishability. Although these results brought about a deeper understanding of
the effect of distinguishability on multiphoton interference, they did not yield definite
assertions for the hardness of corresponding boson sampling problems.

In contrast, a specific sufficient condition for the classical hardness of boson sampling
with non-identical photons was for example given in [35]. Namely, it was proved that
a boson sampling computer cannot be simulated efficiently – even approximately – as
long as the pairwise distinguishability scales as N−3/2 in the number N of photons. As
a complementary result, it was also demonstrated that approximate boson sampling
can be solved classically in an efficient manner if the distinguishability of the particles
surpasses a certain bound [94, 95].
Apart from distinguishability of the input photons, the effects of losses and mode-

mismatch have also been investigated thoroughly. For example, it was demonstrated
that the hardness of the sampling problem is not affected if the number of lost photons
is independent of the total photon number N [40]. However, this model does not seem
realistic since the number of lost photons scales linear in N under the more realistic
assumption that the each photon has a constant loss probability. Taking this into account,
bounds for the losses of individual elements were found which guarantee the hardness of
the problem [42, 96]. Lastly, a sufficient criterion for the classical tractability of boson
sampling was formulated in terms of the positivity of quasiprobability distributions,
allowing for the incorporation of mode-mismatch, losses, and purity of the input state
[39].
All these results aim to determine how close boson sampling implementations have

to be to the ideal model in order to ensure the implementation of a classically hard
algorithm. Alternatively, it is also possible to introduce modifications of the original
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scheme which allow to avoid some of the experimental challenges altogether.
For example, alternative boson sampling schemes have been proposed in order to deal

with the problem of generating many photons [31–33], such as the so-called scattershot
boson sampling (SBS). These schemes alleviate the random character of probabilistic
sources, which results in an increase of the probability to successfully create a sample in
the experiment. In chapter 4, we review this approach and subsequently present several
new insights, leading to a further improvement of the experimental scalability.
Extensions of the boson sampling scheme are however not limited solely to solving

the problem of large photon numbers. In chapter 5, we present a realistic description of
the boson sampling scheme taking into account the “internal” degrees of freedom of the
single-photon pulses such as spectrum, polarization, color, and arrival time [46]. Based
on this model, we introduce an extension of the boson sampling scheme to detectors
which resolve these degrees of freedom in chapter 6 [47, 48]. Surprisingly, the resolved
detection of the photons results in a considerable robustness of the computational
hardness of the sampling scheme with respect to some sources of distinguishability.
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In most boson sampling experiments, the single-photon sources are based on spontaneous
parametric down-conversion (SPDC) since these sources have several favorable properties:
They are comparatively easy to build, can be operated at room temperature, yield a
high flux of photons, and most importantly, allow a precise control of the spectral char-
acteristics of the photons. This last feature leads to a high degree of indistinguishability
between several photons and thus ensures multiphoton interference, as illustrated by
our discussion of the two-photon interference dip in section 3.1.
However, SPDC sources have one major disadvantage over other types of sources:

Their probabilistic nature makes it impossible to synchronize many sources in such a
way that they each generate a single photon at the same time. Consequently, while
almost all early demonstrations of boson sampling at low photon numbers (N . 6)
employed SPDC sources [19, 21, 22, 26], they do not seem to be suited to scale boson
sampling experiments up to the required large photon numbers of N ∼ 50 [92, 93].
A possible solution to the problem of probabilistic sources was introduced with the

so-called scattershot boson sampling (SBS) scheme [31, 97] in which the requirement of
a fixed, deterministic input configuration is dropped. Instead, the input configuration
now varies randomly between runs of the experiment such that sampling also occurs
over all possible sets of occupied input channels. This approach allows an efficient
implementation using SPDC sources which at the same time ensures that the sampling
problem is still classically intractable, i.e. it cannot be solved efficiently using a classical
computer.
Although the random character of SPDC sources is surely significantly stronger

than for other types of sources, no real-life single-photon source is fully deterministic.
Thus, even for other sources than SPDC, schemes which are robust with respect to
non-deterministic photon production are of high interest. We therefore outline how SBS
can be extended to a much broader range of possible scenarios in which efficient and
classically intractable sampling is possible. The first step consists of a generalization
of SBS which drops the assumption that all input configurations are equally likely.
Interestingly, this generalization leads to a whole class of computationally hard sampling
problems which contains both the original boson sampling and the scattershot version
as special cases.

Afterwards, we demonstrate that it is furthermore possible to generalize to scenarios
in which the number of single photons at the input is not fixed but varies randomly
from sample to sample.
Lastly, such a boson sampling with random total photon numbers can be further

extended to schemes with more than a single photon per input channel. This exten-
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sion finally results in a boson sampling scheme with drastically reduced experimental
requirements in comparison to the original scattershot sampling approach.

4.1. Uniform scattershot boson sampling

4.1.1. Motivation

In the majority of the experimental optical implementations of boson sampling to date,
SPDC sources were used to generate single photons [19, 21, 22, 26]. In these experiments,
which were performed with only a small number of photons (N . 6), the features of
SPDC greatly facilitated the task to generate photons with identical spectral properties.
However, the random nature of the photon emission makes these sources not suited to
implement the boson sampling scheme of Aaronson and Arkhipov (AA) with a reasonably
large number of photons.
Indeed, the input states in the cited experiments were generated by exploiting the

possibility for the emission of multiple photon pairs by a single source. Since these
events correspond to the higher-order contributions in the two-mode squeezed vacuum
state [98]

|ψ〉 ..=
√

1− γ2

∞∑

n=1

γn|n〉s|n〉i (0 ≤ γ < 1) (4.1)

generated by SPDC sources, they are exponentially suppressed with increasing photon
number. Moreover, several experiments used Fock states with a more than a single
photon rather than multiple single-photon states, for example a six-photon input state
|3〉|3〉 [26].

In the natural approach to generate the required product state of single photons with
the help of SPDC sources, a separate source is required for each photon. In this scenario,
the idler mode of the source is used to herald the emission of a photon in the signal
mode which is subsequently injected into the interferometer.

However, in order to avoid the emission of multiple photons per source, the squeezing
of the source has to be low (γ � 1). From this condition, we infer that the probability

p1 = (1− γ2)γ2 (4.2)

to create a single heralded photon per pump pulse is very small. Consequently, the
overall probability

P [N ] = pN1 (4.3)

that all N sources emit a single photon exhibits a strong exponential decay with
increasing values of N . This exponential decay persists even if we allow for arbitrary
intensities, corresponding to larger squeezing parameters γ, since the probability p1 is
always smaller than 25% regardless of γ.
We emphasize that the problem of the exponential scaling of the overall probability

P [N ] is not restricted to sources based on SPDC. Rather, any source with a non-unit
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single-photon generation probability is affected by this problem, putting the possibility
to implement boson sampling with real-world sources into question.

4.1.2. General description

To address this problem, the idea was brought forward to increase the number of sources
in a boson sampling computer and thus the average number of photons produced in each
run [31, 97]. Namely, in the scheme proposed in ref. [31], N2 heralded SPDC sources
are employed instead of only N sources. As the authors show, the optimal probability
Pid[N ] to generate exactly N single photons asymptotically scales in this scenario as

Pid[N ] =

(
N2

N

)
pN

2−N
0 pN1 =

(
N2

N

)
(1− γ2

id)N
2

γ2N
id ∼

const.√
N

for N →∞. (4.4)

Here, p0 = 1− γ2 is the probability that a source produces no photons and the optimal
squeezing parameter is

γid =
1√
N + 1

. (4.5)

According to eq. (4.4) the increased number of sources yields a highly improved probability
that N photons are injected into the network. Instead of being exponentially suppressed,
the probability now scales as 1/

√
N since there are now an exponential number

(
N2

N

)
of

possibilities which sources emit the photons. Consequently, it is possible to postselect
for events with N single photons with only a polynomial (in N) temporal overhead.
Thus, boson sampling can for example be efficiently implemented by actively rerouting
the photons to the fixed set of input channels s0 = (1, . . . , N)T [31].
However, the authors of ref. [31] demonstrate that such a rerouting is not needed at

all: Instead, each source is directly connected to one of the N2 input channels of the
linear optical network as depicted in fig. 4.1. In this scenario, the N photons are injected
into a random set s of input channels for each successful run of the experiment, that is
after the postselection of exactly N single photons. The heralding at the idler modes
of the sources allows us to identify this input configuration s in each run. Thus, the
setup samples from a probability distribution not only over the set d of output channels,
in which the photons are detected, but also over the set s of input channels. Due to
the randomness of the locations where the photons are injected, this problem has been
named scattershot boson sampling (SBS).

4.1.3. Formal definition

Similar to the original boson sampling problem, the probability distribution for SBS
is still closely connected to matrix permanents. As a result, the classical intractability
of this problem can again be proved by a reduction to the |GPE|2± problem from
definition 3.2.
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. . .
interferometer ...

. . .

N2 SPDC sources

postselection for
exactly N photons → input sample s

output
sample

d

Figure 4.1.: Setup for scattershot boson sampling. The N2 SPDC sources randomly
emit photons into a subset of input channels of the interferometer. By
detecting the idler photons (upper detectors), it is possible to postselect
for the injection of exactly N photons and furthermore herald the random
input configuration s.

Let us first note that after postselection, the input configuration s is an element of
the set S∗M,N of collisionless input configurations. Since identical sources are used, each
configuration is found equally likely with probability

P [s] =
1

|S∗M,N |
=

1(
N2

N

) . (4.6)

Furthermore, the problem reduces to ordinary boson sampling if s is fixed. Therefore,
the probability to find the sample (d, s) can with the boson sampling probabilities from
eq. (3.16) be expressed as

P [d, s] = P [s]P [d | s] =
1(
N2

N

)Nd
∣∣perU (ds)

∣∣2, (4.7)

where we recalled the definition of the submatrices U (ds) from eq. (3.15) and the
normalization factor Nd = 1/

∏
d nd(d)! from eq. (2.53). We denote the probability

distribution defined by these probabilities as D.
Furthermore, I labels the corresponding marginal input probability distribution

corresponding to the probabilities in eq. (4.6), and Os the output probability distribution
for a given input configuration s, defined by the conditional probabilities in eq. (3.16).
Using this notation, the sampling problem considered by Lund et al. in ref. [31]

corresponds to the simulation of the following oracle:
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Definition 4.1 (Approximate oracle for uniform SBS (Lund)). Let O be a boson
sampling oracle which not only generates a random output sample d but also a random
input sample s. Furthermore, let D′ be the probability distribution of O over all samples
(d, s) for an arbitrary given interferometer matrix U and a given error bound β > 0
and O′s the corresponding conditional output distributions. The oracle O is called an
approximate oracle for uniform scattershot boson sampling if a) PD′ [s] = PD[s] = 1/

(
N2

N

)

for all s ∈ S∗N2,N and b) ‖O′s −Os‖ ≤ β for all unitary matrices U , all s ∈ S∗N2,N , and
all β > 0.

Based on the results of ref. [18], Lund et al. demonstrate in ref. [31] that the possibility
to simulate such a modified boson sampling oracle efficiently on a classical computer
would allow to solve the |GPE|2± problem in FBPPNP. Consequently, such an algorithm
would imply a collapse of the polynomial hierarchy to the third level with high probability
[31].

4.1.4. Need for rigorous treatment

As discussed above, these results are rather significant because they outline a way to
scale boson sampling experiments to high photon numbers using SPDC sources and
without requiring active rerouting of the photons. However, there is room to further
strengthen the results: Namely, the hardness proof given by Lund et al. is based on the
assumption that the input probabilities of the approximate oracle exactly match the
ideal, uniform input probabilities. Only the conditional output probability distributions
O′s are allowed to deviate from the ideal output distribution Os. This restriction seems
to be rather artificial since a real-world boson sampler generally cannot guarantee a
perfectly uniform distribution over the input configurations. It is therefore desirable
to generalize the requirements imposed on the oracle to a bound ‖D′ −D‖ ≤ β on the
overall variation distance of the total probability distributions. Such a bound contains
the bound assumed in ref. [31] as a special case.
As a side effect, this generalization also allows us to make the result of Lund et al.

more rigorous. This is necessary as a closer inspection of the Supplemental Material
of ref. [31] reveals an oversight in the chain of arguments given. Namely, the authors
derive in eq. (29) the bound E[|PD′ [d0, s0]− PD[d0, s0]|] < 3βN !/MN and erroneously
assume that this relation implies the desired accuracy of the estimation of |perX|2 in
analogy to the proof in ref. [18]. In contrast to the original boson sampling problem
however, the probabilities in uniform SBS contain an additional, exponentially small
prefactor 1/

(
M
N

)
that must be accounted for.

Even more importantly than the generalization of the error bounds, we demonstrate in
the following that the assumption of a uniform ideal probability distribution I over the
input configurations is not necessary. Rather, SBS can be generalized from its original
uniform variant to arbitrary input distributions, yielding a whole class of sampling
problems which are classically hard to solve, even approximately.
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4.2. Generalized scattershot boson sampling

We generalize the uniform SBS scheme introduced by Lund et al. by dropping the
requirement that each input configuration is produced equally likely. Instead, we allow
the input samples s ∈ S∗M,N to occur according to some arbitrary probability distribution
I. Then, overall samples consisting of the input channel vector s = (s1, . . . , sN)T and
the output channel vector d = (d1, . . . , dN)T occur with probabilities

P [d, s] = PI [s]Nd
∣∣per(Udisj)

∣∣2, (4.8)

which define the total probability distribution D = D(I,U). Here, we recalled the
definition of the normalization Nd from eq. (2.53) which accounts for repetitions in d.
Since D(I,U) corresponds to a new SBS problem for each input distribution I, this
generalization leads to a whole class of generalized scattershot boson sampling (GSBS)
problems.
The main result of this section is the following:

Theorem 4.1 (Hardness of approximate generalized scattershot boson sampling). Con-
sider a boson sampling computer in which the N photons are injected into a random set
of input ports s ∈ S∗M,N in each run of the experiment according to some arbitrary but
known probability distribution I. Further assume that there exists an efficient way to
determine s such that each run yields an overall sample (d, s). If such a generalized
scattershot boson sampling computer can be efficiently simulated approximately on a
classical computer, then |GPE|2± ∈ FBPPNP and the polynomial hierarchy collapses with
high probability.

This result represents a significant generalization of uniform SBS. For example, GSBS
contains all those configurations, where only a subset of all input channels is connected to
a random source. It therefore unifies the uniform SBS problem of Lund and the original
boson sampling problem of AA under a general framework. Namely, while the former
corresponds to a uniform input distributions over S∗M,N , as discussed above, the latter
results from a probability distribution which is only non-vanishing for a single input
configuration s0. Moreover, the generalization of the problem also allows to account for
sources with non-identical emission probabilities as we show in section 4.2.3.

In the following, we formally define GSBS problems and subsequently outline the key
points in the proof of theorem 4.1. Lastly, we discuss the implications of the result for
experimental implementations.

4.2.1. Formal definition

Boson sampling and SBS are classically hard in the sense that the problem quickly
becomes intractable as the number N of photons increases. Consequently, to describe
how a GSBS problem changes with N , it is necessary to know how the input probability
distribution depends on N . In the case of uniform SBS, this dependence is trivial since
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the uniform distribution over
(
M
N

)
elements is unique for given values of M and N . In

contrast, an arbitrary probability distribution IM,N for fixed M and N does not have
such a unique extension to all values of M and N . Consequently, it is crucial to find a
way to formalize which input probability distributions are realized in a GSBS experiment
as N is increased (we recall from the original boson sampling that M & N2).
We note that, in the GSBS framework, uniform SBS corresponds to the class of

uniform probability distributions IM,N over
(
M
N

)
elements. We now generalize this

concept of classes to arbitrary input probability distributions. Such classes describe
families of probability distributions which will usually share some common trait. As a
simple example, a class could be defined as the collection of input distributions for which
one input configuration s0 occurs with probability 1/2 while the rest of the probability
mass is distributed uniformly over the other configurations s.
After labeling the set of all probability distributions over

(
M
N

)
elements as PM,N , we

define general classes of input probability distributions as follows:

Definition 4.2 (Classes of input distributions). For given sets CM,N ⊆ PM,N of proba-
bility distributions over S∗M,N , we call the family C ..= (CM,N )M,N∈N of these sets a class
of input distributions. Furthermore, we say that an input distribution IM,N belongs to
a class C if it is an element of the corresponding subset CM,N ,

IM,N ∈ C ⇔ IM,N ∈ CM,N . (4.9)

Using the notion of classes of input probability distributions, we are able to give a
definition of oracles for GSBS:

Definition 4.3 (Generalized scattershot boson sampling oracle). Let OC be a boson
sampling oracle that additionally takes as input a distribution I = IM,N from a class C
of input distributions. Furthermore, it generates an input sample s in addition to the
output sample d. Lastly, D′ denotes the distribution over the outputs (d, s) of OC for
given unitary matrix U and input distribution I. Then, OC is called an approximate
oracle for generalized scattershot boson sampling for the class C of input distributions
if the following holds: Given any error bound β > 0,

‖D′ −D‖ ≤ β (4.10)

and a call of the oracle requires at most poly(N, 1/β) time. Here, D = D(I,U)
corresponds to the ideal probabilities in eq. (4.8). If D′ = D, the oracle is called exact.

This definition of a GSBS oracle differs from the definition of the original boson
sampling oracle in two crucial points: First of all, such an oracle randomly generates
outputs which do not only consist of the output channel samples d but also of the input
configurations s, such that the probability distribution of the original boson sampling
problem now appears as the conditional probability distribution for a fixed input sample
s. Secondly, a GSBS oracle is intrinsically connected to a class C of input probability
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distributions. In other words, the oracle OC only to solves GSBS for some specific, but
arbitrary, type of input distributions.
Surprisingly however, the hardness result in theorem 4.1 is independent of the class

of input distributions, as we show later. Namely, we find that |GPE|2± ∈ FBPPNPOC

independently of the class C of the oracle. Thus, the oracle cannot be classically
simulated in an efficient manner as long as it performs GSBS for some class C. It is not
required to sample for any arbitrary input distribution.
Furthermore, the error bound β on the probability distribution of the approximate

oracle is now imposed onto the total distribution D′, in contrast to the uniform SBS
problem as defined in ref. [31] (see definition 4.1). Consequently, the oracle is not
required to exactly reproduce the ideal input probability distribution.

4.2.2. Hardness proof

We now review the crucial steps in the proof of the hardness result in theorem 4.1. At
first sight, it seems reasonable that GSBS problems are classically intractable. Namely,
each one represents a “collection” of standard boson sampling problems in the sense
that, for a fixed input configuration s, the sampling reduces to that of AA. However,
there are potential pitfalls which have to be addressed and which are connected to
the generalization to arbitrary input probability distributions. In order to identify
these difficulties, we briefly recapitulate the important part of the hardness proof for
approximate boson sampling in ref. [18].

Hardness proof for ordinary boson sampling

First, AA give an algorithm that robustly encodes the squared permanent of a random
matrix X with distribution N (0, 1)N×NC (denoted as X∼N (0, 1)N×NC ) into the probability
distribution D: A unitary interferometer matrix U is generated randomly in such a way
that X/

√
M appears as the submatrix corresponding to a uniformly random output

sample d0 and a fixed input sample s0
1. This procedure ensures that the oracle has

no information, which output sample corresponds to |perX|2, and consequently cannot
act adversarially. Then, the oracle can be used to find an approximation Q[d0 | s0]

of PD[d0 | s0] = M−N |perX|2 in FBPPNPO . We emphasize that, in boson sampling,
PD[d0 | s0] = PD[d0] and Q[d0 | s0] = Q[d0], since the input sample is fixed.
The authors go on to prove that this algorithm indeed solves the |GPE|2± problem,

definition 3.2. In other words, given ε, δ > 0, it yields an approximation of |perX|2 to
within ±εN ! error with probability larger 1− δ and in time polynomial in N , 1/ε, and
1/δ.

The crucial step for this demonstration is the proof that, for an overall error β =
εδ/24 of the oracle distribution D′ with respect to the exact distribution D, the oracle
probability is on average sufficiently close to the ideal one. Namely, AA bound the

1The sample s0 is usually assumed to be (1, 2, . . . , N)T for simplicity and without loss of generality.
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expectation value of the probability difference over all possible samples d0 as

E
d0

[∣∣MNPD′ [d0 | s0]− |perX|2
∣∣
]
≤ 3βN !, (4.11)

which reduces to eq. (3.23) for the choice β = εδ/24 (recall that δ is the upper bound on
the failure probability in the |GPE|2± problem while ε determines the desired precision
of the approximation; see definition 3.2). Since the time for a call of the oracle scales
polynomially in 1/β, this error bound for the oracle ensures that the runtime also scales
polynomially in 1/ε and 1/δ, as required.
Furthermore, Stockmeyer’s algorithm [91] can be used to find a sufficiently close

approximation Q[d0 | s0] of the oracle probability with probability

P

[∣∣Q[d0 | s0]− PD′ [d0 | s0]
∣∣ < ε

2

N !

MN

]
> 1− δ

2
, (4.12)

thus yielding a good approximation for |perX|2. Since obtaining such an approximation
is a #P-hard problem, this chain of arguments concludes the proof for the hardness of
ordinary boson sampling.

Hardness proof for GSBS

One could try to directly apply the algorithm, which we just described, to GSBS: First,
a unitary matrix U is generated which encodes the matrix X such that it appears
at a position corresponding to a uniformly random sample (d0, s0). In this step, it
is important to note that s0 is now also chosen randomly in contrast to the original
boson sampling problem where it was fixed. Afterwards, we use the oracle to estimate
PD[d0 | s0] which is now a true conditional probability since s0 is chosen randomly.
However, this procedure does not allow us to ensure the bound given in ineq. (4.11)

for the following reason: Using a uniformly random input configuration, the expectation
value of the deviation between ideal and oracle probabilities over all samples (d0, s0)
can be bounded as

E
d0,s0

[∣∣MNPD′ [d0, s0]− PD[s0]|perX|2
∣∣
]
<

3βN !

|S∗M,N |
(4.13)

by following the approximations of AA in ref. [18]. Compared to ineq. (4.11) the bound
on the right-hand side scales inversely to the number |S∗M,N | of input configurations while
|perX|2 on the left-hand side is scaled by the probability PD[s0] of the corresponding
input configuration. Consequently, this bound is only at least as tight as ineq. (4.11) if
|S∗M,N |PD[s0] ≥ 1, that is if the input configuration s0 occurs at least with the average
probability 1/|S∗M,N | of all s ∈ S∗M,N . The bound does not yield the desired precision if
the probability is lower (|S∗M,N |PD[s0] < 1). In other words: if an input configuration is
very unlikely, the average error of the total probability PD[d0, s0] corresponds to a huge
error in the conditional probability PD[d0 | s0] ∝ |perX|2, which in turn violates the
required precision.
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The natural idea to solve this problem is to accordingly decrease the overall error bound
β, which is given to the oracle, by substituting β → β|S∗M,N |PD[s0]. However, if the input
probability is exponentially smaller than the average, |S∗M,N |PD[s0] < 2− poly(N), this
approach yields an exponential runtime of the oracle calls. Namely, definition 4.3 of the
GSBS oracle only guarantees that such a call finishes in a time which scales polynomially
in 1/β. Using a bound β which decreases exponentially in N , it can therefore not be
guaranteed that a sufficient approximation can be found in time polynomial in N .

How can this problem be circumvented? Note that by choosing s0 uniformly at random,
samples with potentially large error (|S∗M,N |PD[s0] < 1) are employed to hide X with the
same probability as samples for which the error is sufficiently small (|S∗M,N |PD[s0] > 1).
Obviously, this approach is not optimal. Rather, it seems more intuitive to increase the
probability that |perX|2 is encoded in one of the input samples with favourable error
bounds. Since the error bound in ineq. (4.13) becomes increasingly tighter as PD[s0]
increases, this can be achieved by choosing the input configuration s0 according to these
probabilities, i.e. by drawing s0 from the distribution I (s0 ∼ I).

Alternatively, it is also viable to choose s0 from the input probability distribution I ′
of the oracle OC . This method has the advantage that we can always draw s0 efficiently
from I ′ with the help of the multiboson correlation sampling (MBCS) oracle. In contrast,
it is in general not guaranteed that it is possible to efficiently sample s0 from the ideal
probability distribution I. Consequently, we assume in the following that s0 is chosen
according to I ′.
Our modified approach to encode |perX|2 into the probability distribution of the

GSBS scheme is therefore as follows: First, we use a single call to OC to randomly
choose an input configuration s0 according to I ′, i.e. s0 ∼ I ′. Afterwards, the hiding
procedure described by AA in [18] is used to generate a Haar-random unitary matrix U
which contains X/

√
M as its submatrix corresponding to the chosen columns s0 and to

a uniformly random set of rows d0. This unitary matrix is then given, together with the
input probability distribution I and an error bound β, as input to the GSBS oracle OC ,
definition 4.3.
As we demonstrate in detail in appendix B.1, this procedure ensures that the oracle

samples from a probability distribution D′ which is on average close to the ideal
probabilities. Namely, we find the bound

E
d0

s0∼I′

[∣∣MNPD′ [d0 | s0]− |perX|2
∣∣
]
< 6βN ! (4.14)

in analogy to ineq. (4.11). Although the two inequalities look rather similar, ineq. (4.14)
is much more general. While s0 is fixed in ineq. (4.11) and not part of the samples
generated by the oracle, it is randomly chosen from I ′ in ineq. (4.14). For the choice
β = εδ/48, the bound in ineq. (4.14) implies that the conditional oracle probability for
the sample (d0, s0) closely reproduces |perX|2 with probability

P

[∣∣∣MNPD′ [d0 | s0]− |perX|2
∣∣∣ > ε

2
N !

]
<
δ

4
. (4.15)
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We furthermore note that by using Stockmeyer’s algorithm twice to find estimates
Q[d0, s0] and Q[s0] of the full probability and the input probability of the oracle,
respectively, a multiplicative approximation

Q[d0 | s0] =
Q[d0, s0]

Q[s0]
(4.16)

to the conditional probability PD′ [d0 | s0] of the oracle can be found. This multiplicative
approximation can also be used as an additive estimate of PD′ [d0 | s0] with high
probability

P

[
MN

∣∣Q[d0 | s0]− PD′ [d0 | s0]
∣∣ > ε

2
N !

]
<
δ

2
. (4.17)

since s0 ∼ I ′ ensures that PD′ [d0 | s0] is sufficiently large.
By combining ineq. (4.15) with ineq. (4.17), we find that the outlined algorithm can

be run in FBPPNPOC . Furthermore, it allows us to solve the |GPE|2± problem, defined
in definition 3.2, for given error bounds ε, δ > 0 since

P
[∣∣MNQ[d0 | s0]− |perX|2

∣∣ > εN !
]
<

3δ

4
(4.18)

and since the hiding procedure is successful with probability > 1 − δ/4 [18]. This
step finally proves theorem 4.1 and concludes our overview of the crucial steps in the
demonstration. As already mentioned we refer the interested reader to appendix B.1.2
for the detailed version of the formal proof.

4.2.3. Experimental realization

In the derivation of theorem 4.1, we made use of an abstract notion of GSBS which
is based on arbitrary input distributions I. In the following, we investigate how such
input probability distributions can be implemented experimentally and if the general
hardness result of theorem 4.1 can be employed to decrease experimental challenges.

GSBS with SPDC sources

As a start, let us consider a scheme where each of the M input ports is connected to an
SPDC source, similar to the uniform SBS problem investigated in ref. [31] and shown
in fig. 4.1. Differently from the latter, we consider the case in which the squeezing
parameters γs of the sources are not equal. Consequently, if we postselect for runs in
which theM sources produce exactly N single photons, the different input configurations
s occur with different probabilities.
It remains to ensure that an efficient postselection is possible in such a scenario, i.e.

that the probability to create exactly N photons does not decrease exponentially as we
increase N . In uniform SBS, all sources are assumed identical and the squeezing value

γ2
id = N/(M +N) (4.19)
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maximizes the success probability of the setup [31] (compare eq. (4.5)). GSBS allows us
to take into account possible deviations of the individual squeezing parameters γs from
the ideal value γid. Postselection is efficient in this case if the relative deviations obey
the asymptotic behavior

∣∣1− γ2
s/γ

2
id

∣∣ = O
( 1√

N

)
(N →∞), (4.20)

as we show in appendix B.1.3. We emphasize that this bound gives a sufficient condition
for the possibility to efficiently postselect for arbitrarily large values of N .
If the relative deviation does not decrease with N , i.e.

∣∣1 − γ2
s/γ

2
id

∣∣ ≤ ε
N→∞

= O(1),
postselection cannot be shown to be efficient for arbitrary N anymore. However, it
is still possible for reasonably large photon numbers if ε is sufficiently small. Namely,
the lower bound on the postselection probability scales as ∝ exp(−Nε2/2)/

√
N , as

demonstrated in appendix B.1.3. For small values of ε, this implies a slow decay which
does not negatively affect the postselection efficiency up to reasonably large photon
numbers. As an example, for ε = 0.1, i.e. up to 10% relative error in the squeezing
parameters, the exponential factor in the lower bound is ≥ 0.63 for N ≤ 100.

GSBS with single-photon sources

A second interesting consequence of our results can be found for the case of single-photon
sources for which higher-order contributions can be neglected. Such a source produces
either a single photon with probability p1 or no photon at all. Consequently, assuming
a general number N ≤ L ≤ M of identical sources, the total number of generated
photons Ntot is a binomially distributed random variable with mean value N̄tot = Lp1

and variance ∆N2
tot = p1(1− p1)L. Since for large values of L, the binomial distribution

is maximized at its mean, we find that the probability to generate exactly N photons is
optimized if

N̄tot = N ⇔ L = N/p1 (4.21)

is satisfied. Asymptotically, we find in this case with the help of the central limit theorem
[99] that

P [N ] =

(
L

N

)
pN1 (1− p1)L−N ∼ 1√

2π(1− p1)N
(N →∞), (4.22)

which means that a postselection for runs where exactly N single photons are emitted is
possible with only

√
N -fold temporal overhead.

Most importantly, this behavior implies by eq. (4.21) that efficient postselection is
possible even with a number of sources that only scales linearly in N if p1 is independent
of N . This observation results in two significant improvements of the original uniform
SBS proposal: First, the assumption of a single-photon emission probability p1 which is
independent of N is much easier to fulfill and hence more realistic than the tuning of
the sources with N which is necessary in uniform SBS. Second, the required number of
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sources can be drastically decreased in comparison to the M ≥ N2 sources employed
in the original uniform SBS proposal if the single-photon probability p1 can be made
sufficiently large. For example, if p1 is on the order of 20% the number of required
sources in our scheme is L = 5N . Since it is expected that N & 50 photons are necessary
to implement a classically intractable problem, this would allow a reduction from about
2500 sources in uniform SBS to only 250 sources.

We have to emphasize however that the requirement to achieve large single-photon
probabilities while keeping multiphoton emissions negligible excludes the usage of SPDC
sources due to the fixed connection between p1 = (1− γ2)γ2 and p≥2 = γ4 (see eq. (4.1)).
Namely, low squeezing (γ � 1) is needed to suppress higher-order emission but on the
other hand leads to a small probability for single-photon emission. Thus, the necessary
number of sources L = N/p1 is large and the advantage over the scheme of Lund et al.
is lost, at least for SPDC sources.
However, the scheme described above might be applicable for other types of sources

whose properties allow a sufficiently large single-photon emission probability while at
the same time keeping the probability for multiphoton emissions low. Such behavior
could for example be achieved using multiplexed SPDC sources where the single-photon
probability can be increased to values larger than those from standard SPDC [83, 100,
101]. Alternatively, other types of heralded single-photon sources such as cascaded
emission atoms [102], quantum dots [103–105], or cavity QED sources [106] exist and
could potentially exhibit the necessary properties.

4.3. Random number boson sampling with single
photons

In the previous section, we found that perfect control of the input state of a boson
sampling computer is not needed to ensure the hardness of the sampling problem. Indeed,
the N single photons can be injected into a random subset of the input ports with
arbitrary probabilities, as long as there exists a means to identify the input configuration
s realized in each run. From this result, we arrive at the following question: Is it possible
to generalize this “randomness” of the input configuration to include scenarios in which
the total number of the photons varies between the experimental runs?

Such a random number boson sampling (RNBS) arises naturally if probabilistic sources
are employed in the experimental implementation of boson sampling or GSBS problems.
Consider for example the setup depicted in fig. 4.2 where L sources are connected to
the input ports s = 1, . . . , L of a linear network with 2M channels and the remaining
M − L input channels are in the vacuum state. Assuming that multiphoton emissions
of the sources are negligible2, a random number K ∈ {1, . . . , L} of single photons are
injected into the network in each run of the experiment.

In the previous section, we demonstrated that such a setup can be used to implement

2The influence of multiphoton emissions is discussed in section 4.4.
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. . .

...

linear
interferometer

...
. . .

L ∝ N heralded
probabilistic sources

M − L
empty channels

postselection for
at least N single photons → input sample (s;K)

output
sample

d

Figure 4.2.: Setup for random number boson sampling (RNBS) with single photons. A
linear number L = daNe � N2 of probabilistic but heralded single-photon
sources inject a random number K of photons into a random set s of input
channels. Using postselection, it can be ensured that only those runs are
considered where K ≥ N photons were emitted, in contrast to the scheme
in fig. 4.1 where exactly N photons are selected.

a GSBS problem by using an optimal number L = N/p1 of sources and postselecting for
runs where exactly N photons are produced. In the following, we instead consider the
case where all runs are taken into account in which at least N single photons are injected.
We show that the corresponding sampling problem cannot be simulated classically in a
time which is polynomial in the lower bound N on the number of single photons.

4.3.1. Description and hardness result

Although our considerations are motivated by the experimental setup in fig. 4.2, we
first consider the problem in a more abstract manner: We assume a boson sampling
computer into which only single photons are injected such that the overall number K of
photons lies between a lower bound N and an upper bound L. How these assumptions
can be ensured in an actual experiment is discussed in section 4.3.4.
The possible input configurations s are in this scenario not only drawn from the set

S∗L,N of configurations with a fixed number N of photons, defined in eq. (3.18), but
rather randomly from one of the sets S∗L,K with N ≤ K ≤ L. As a result, s is now an
element of the union

S∗N≤K≤L
..=

L⋃

K=N

S∗L,K . (4.23)

Although the index vector s still fully defines the input configuration, it is useful to
introduce an alternative representation. In order to emphasize the randomness of the
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photon number, we explicitly indicate the number K of occupied input channels, yielding
the tuple (s;K). Given an input configuration (s;K), the dimension of the output
sample vector d is also equal to the random number K, d ∈DM,K , and a total sample
is given by the triple (d, s;K).
The size of the interferometer is assumed to be

M > L2 (4.24)

to avoid the bosonic birthday paradox for all possible values of K, that is to make
bunching of the photons in the output channels negligible. Only in this limit, most of
the possible outcomes are collisionless, d ∈ D∗M,K , regardless of the exact number of
occupied input channels (D∗M,K is defined in eq. (3.19)).

We assume in the following that the maximum number L of occupied input channels
is a linear function of the lower bound N , i.e.

L = daNe with a > 1, (4.25)

where d·e denotes the ceiling function. There are two reasons for this assumption: First,
L corresponds to the number of sources in the experiment in fig. 4.2 and a linear number
of sources would be a significant improvement over the N2 sources in the original SBS
problem. Second, eq. (4.25) ensures that the size of the interferometer is, according to
eq. (4.24), still of the order of N2 as in the original boson sampling.
Given some probability distribution I over the set of input configurations S∗N≤K≤L

and a unitary M ×M matrix U , the considered boson sampling computer is able to
randomly generate samples (d, s;K) according to the probabilities

P [d, s;K] = PI [s;K]P [d | s;K] = PI [s;K]Nd|perU (ds)|2. (4.26)

We will refer to this task as random number boson sampling (RNBS) with single photons.
As in the other boson sampling problems, the probabilities in eq. (4.26) are connected
to the squared modulus of matrix permanents, however with the important difference
that the dimension K ×K of these matrices now depends on the sample.

Nevertheless, it seems reasonable that this problem is still computationally hard even
in the approximate case as discussed in the introduction. Namely, the size of the matrices
U (ds) in eq. (4.26) is for all samples bounded from below by N ×N . Consequently, all
probabilities correspond to permanents of matrices which are at least as large as in the
case of GSBS for a fixed photon number N . This observation suggests that RNBS is at
least as computationally hard as GSBS.

This conclusion can also be drawn from the following, alternative argument: We found
in section 4.2 that GSBS consists of the task to first choose a random boson sampling
instance – corresponding to the possible input configurations s – and subsequently solve
the chosen boson sampling instance. Analogously, RNBS can be interpreted as randomly
choosing a photon number K ≥ N and then solving the corresponding GSBS problem.
Regardless of the probability distribution over K, the problem is thus at least as hard
as GSBS with exactly N photons.
Hence, we formulate the main result of this section:
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Theorem 4.2 (Hardness of approximate random number boson sampling with single pho-
tons). Consider a boson sampling computer in which a random number K ∈ {N, . . . , L}
of single photons are injected into a random set of input ports s ∈ S∗L,K in each run of
the experiment according to some arbitrary but known probability distribution. Further
assume that there exists an efficient way to determine K and s such that each run yields
an overall sample (d, s;K). If such a random number boson sampling computer using
single photons can be efficiently simulated approximately on a classical computer, then
|GPE|2± or an equivalently hard problem can be solved in FBPPNP. In the highly likely
case that these problems are #P-hard, this would imply the collapse of the polynomial
hierarchy to the third level.

In the following, we are going to formalize the definition of RNBS with single photons.
Based on this, we discuss the crucial ideas behind the formal proof of theorem 4.2 which
serves as the basis for the generalization of RNBS to input states with multiple photons
per channel in section 4.4.

4.3.2. Formalization of the problem

We first generalize the notion of classes of input probability distributions, definition 4.2,
to distributions with random photon numbers. With PN≤K≤L denoting the set of all
probability distributions IN≤K≤L on S∗N≤K≤L, eq. (4.23), we define these classes as
follows:

Definition 4.4 (Classes of input distributions for random number of single photons).
For given sets CN≤K≤L ⊆ PN≤K≤L of probability distributions over S∗N≤K≤L, we call
the indexed family C ..= (CN≤K≤L)N∈N,L=daNe a class of probability distributions over
input configurations with a random number of single photons.

Using definition 4.4, an oracle for RNBS with single photons can be defined in analogy
to oracles for GSBS, definition 4.3:

Definition 4.5 (Oracle for random number boson sampling with single photons). Let
OC be an oracle that takes the following input: (i) an input distribution I = IN≤K≤L
from a class C of input distributions with a random number K ∈ {N, . . . , L} of single
photons; (ii) an M × L submatrix UM,L of a unitary matrix U ∈ UM,M ; (iii) an error
bound β > 0; (iv) a string r ∈ {0, 1}poly(N). For fixed inputs U , I, β, and r the oracle
deterministically returns one of the possible outputs (d, s;K). If r is chosen uniformly
at random, this correspondence between input values and output samples leads to a
probability distribution D′ over the (d, s;K). We then call OC an approximate oracle
for single-photon RNBS for the class C of input distributions if

‖D′ −D‖ ≤ β, (4.27)

where D = D(I,U) is the ideal distribution, eq. (4.26). If D′ = D, OC is called an exact
oracle.
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4.3. Random number boson sampling with single photons

Naturally, the definition of a single-photon RNBS oracle is similar to that of a GSBS
oracle due to the close relation between the two problems. Consequently, it should be
possible to find a reduction of the |GPE|2± problem to RNBS with single photons using
similar arguments as for GSBS. Since this reduction requires certain assumptions on the
properties of the class C of input distributions, we additionally discuss an alternative
proof which connects the hardness claim in theorem 4.2 to a modified version of the
|GPE|2± problem.

4.3.3. Hardness proof

Connection of RNBS to |GPE|2±
To reduce the |GPE|2± problem to RNBS, we require the class C of random number
input distributions to have the following property:
For each distribution IN≤K≤L ∈ C, it is possible to efficiently determine an occupation

number K0 which occurs with probability P [K0] ≥ 1/ poly(N) for some fixed polynomial
poly(x).
Such a value K0 always exists according to the pigeon-hole principle3 since K can

take only L − N = (a − 1)N different values. Given an approximate RNBS oracle
OC as defined in definition 4.5, this property of C ensures that the |GPE|2± problem,
definition 3.2, can be solved for matrices of size K0 = K0(N) ≥ N in FBPPNPOC with
poly(N) time. Namely, we demonstrate in appendix B.2.1 that the necessary precision
of the estimate can in this case be ensured by decreasing the error bound β given to the
oracle by a factor P [K0], that is

β → βP [K0]. (4.28)

Consequently, we find by reduction that single-photon RNBS cannot be simulated
efficiently on a classical computer if the class C of input distributions fulfills the above
condition that K0 can be identified efficiently.
The condition on the distributions IN≤K≤L is always fulfilled if independent prob-

abilistic single-photon sources are used as in the exemplary scheme in fig. 4.2 (see
appendix B.2.3) and therefore does not represent a relevant constraint for such imple-
mentations.
Lastly, we note that the algorithm outlined in this section allows to solve |GPE|2±

only for dimensions K which correspond to the optimal value K0(N) for some N ∈ N.
However, the |GPE|2± problem, and by reduction RNBS with single photons, is still hard
despite this restriction because the dimension K0(N) still grows linearly in N and can
thus be arbitrarily large.
Further details of the proof can be found in appendix B.2.1.

3The pigeon-hole principle states that, given a set of numbers, the maximum number is larger than or
equal to the average.
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4. Randomized boson sampling

Connection of RNBS to “randomized” |GPE|2±
Instead of connecting the hardness of single-photon RNBS to the original |GPE|2±
problem formulated by AA in [18], its hardness can alternatively be proved with the
help of a “randomized” version of |GPE|2±.

Definition 4.6 (|GPE|2± problem with random dimension). Let (KN≤K≤L)L=L(N),N∈N
be a sequence of probability distributions over possible values K ∈ {N, . . . , L = daNe},
which is indexed by the lower bound N . Furthermore, let X be a matrix which, for given
N , is generated randomly by first choosing a dimension K according to KN≤K≤L and
subsequently drawing a matrix from4 N (0, 1)K×KC . Then, the following task is called
the |GPE|2± problem with randomized dimension: Given ε, δ > 0, estimate |perX|2 to
within an additive error ±εK! with a success probability larger than 1− δ and in time
polynomial in N , 1/ε, and 1/δ.

As soon as K is fixed this task reduces to solving |GPE|2± for matrices with fixed
dimension K ≥ N . Consequently, |GPE|2± with randomized dimension K ≥ N is at
least as hard as the original |GPE|2± problem for fixed dimension N . Furthermore, it is
evident that an algorithm which solves the original |GPE|2± problem can also be used to
solve the randomized |GPE|2± problem in time polynomial in N since the dimension K
of the matrices in randomized |GPE|2± is linear in N (N ≤ K ≤ L = daNe). Joining
both arguments, we arrive at the conclusion that |GPE|2± with randomized dimension is
as hard as the original |GPE|2± problem.
Since this statement is true for any class of probability distributions KN≤K≤L, we

prove theorem 4.2 in the following way: Choose a sequence (KN≤K≤L) such that, for
each given N , the distribution KN≤K≤L(N) is equal to the marginal distribution of an
input probability distribution IN≤K≤L ∈ C. In other words, define KN≤K≤L by the
relation

PKN≤K≤L [K] =
∑

s∈S∗L,K

PIN≤K≤L [s;K]. (4.29)

By this construction, the randomized |GPE|2± problem corresponding to the sequence
(KN≤K≤L) is intimately connected to RNBS with single-photons for class C.

For a given value of N , this randomized |GPE|2± problem requires us to estimate the
squared permanent of a random Gaussian matrix X whose dimension K0 is chosen ran-
domly according to a distribution KN≤K≤L. This distribution KN≤K≤L by construction
corresponds to the marginal distribution of an overall input probability distribution
I = IN≤K≤L ∈ C.
Thus, if we choose the set of input channels s0 ∈ S∗L,K0

according to the conditional
probabilities PI [s0 | K0], the overall input sample (s0;K0) used to encode |perX|2 is
randomly chosen according to I. Therefore, the situation is analogous to the case of

4Recall that N (0, 1)C denotes the standard normal distribution on complex numbers with mean 0 and
variance 1.
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4.3. Random number boson sampling with single photons

GSBS in section 4.2.2, where the input sample s0, representing the full input sample in
GSBS, was also chosen according to I (or rather I ′).
In GSBS, we employed the oracle to draw s0 from I ′ instead of I. However, such

an approach is not possible to randomly generate an input configuration s0 with the
size K0 fixed by X . Indeed, this task would require us to postselect the samples (s;K),
generated by OC , for K = K0. If P [K0] is small, this postselection is unfortunately not
efficient.

Consequently, it is necessary to assume that an efficient way exists to draw s0 from the
distribution I conditioned on K0. Luckily, such an efficient sampling is always possible
in the physically relevant scenarios where the input photons are emitted by independent
sources (see appendix B.2.3).

Using the information that (s0;K0)∼ I, it is possible to demonstrate that the oracle
reproduces the squared permanent of X with probability

P
(s0;K0)∼I
d∈D∗M,K0

[∣∣∣MK0PD′ [d0 | s0;K0]− |perX|2
∣∣∣ > ε

2
K0!

]
<
δ

4
(4.30)

in analogy to ineq. (4.15). Furthermore, Stockmeyer’s algorithm [91] allows us to find a
value Q[d0 | s0;K0] which is sufficiently close to the oracle probability PD′ [d0 | s0;K0]
with probability

P
(s0;K0)∼I
d0∈D∗M,K0

[∣∣Q[d0 | s0;K0]− PD′ [d0 | s0;K0]
∣∣ > ε

2

K!

MK

]
<
δ

4
+

1

2M
, (4.31)

parallel to ineq. (4.17).

Comparison

We emphasize the crucial difference between the two hardness proofs outlined in this
section: In the first demonstration, the hardness result is based only on the information
encoded in the probabilities of a small subset of all possible samples, which corresponds
to a fixed value K0. This approach is in stark contrast to the idea of the second proof
where the reduction of the randomized |GPE|2± problem allows us to base the hardness
result onto the information encoded in all collisionless samples (d, s;K).
The core idea of the second approach will be of utmost importance in section 4.4

where we are going to drop the assumption that only single photons are injected into the
input channels of the linear network. For such a general RNBS scenario, the hardness of
approximate sampling can only be demonstrated by using the full information encoded
in the probability distribution.

4.3.4. Experimental implementation

We conclude our investigation of RNBS with single photons with a demonstration that
this sampling scheme can indeed be implemented efficiently using the setup shown in
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4. Randomized boson sampling

fig. 4.2. There, we assumed that the probability for multiphoton emissions at any of the
sources is negligible, such that each source generates a single photon with probability p1

or no photon with probability 1− p1. Alternatively, the higher-order contributions can
be suppressed by using feed-forward control to block a source if it emits more than a
single photon, at the cost of increased experimental complexity.
For simplicity, we here assume L identical sources. Thus, the number K of emitted

photons/occupied input channels is a random variable with a binomial probability
distribution [107]. Mean and standard deviation are accordingly given by

K̄ = p1L and ∆K =
√
p1(1− p1)L, (4.32)

respectively. Combining these expressions with L = daNe from eq. (4.25), we find that
the mean number of occupied input channels K̄ lies between N and L for arbitrary N if

a >
1

p1

, (4.33)

that is if the number of sources divided by N is larger than the probability p1 for
single-photon emission. In this case, the probability that N ≤ K ≤ L input channels
are occupied, approaches one as N increases,

P [N ≤ K ≤ L] =
L∑

K=N

(
L

K

)
pK1 (1− p1)L−K → 1 (N →∞), (4.34)

as demonstrated in appendix B.2.3. This behavior is illustrated in fig. 4.3 for two
combinations of a and p1 fulfilling ineq. (4.33). Both cases guarantee that P [N ≤ K ≤ L]
is always above 60%. The asymptotic behavior can be understood from eq. (4.32): While
the standard deviation ∆K scales as

√
L ∝

√
N , the length of the interval N, . . . , L

grows linearly with N .
Equation (4.34) demonstrates that the boson sampling computer in fig. 4.2 indeed

efficiently generates the required input samples. Since the probability P [N ≤ K ≤ L]
for a successful run approaches unity, the temporal overhead necessary to postselect for
these runs vanishes asymptotically (N →∞), resulting in deterministic operation.

Furthermore, in the exemplary case of equal sources considered here, all input config-
urations s for a fixed number K0 of photons are equally likely. Since efficient sampling
from a uniform distribution is always possible, one can therefore efficiently sample from
the distribution IN≤K≤L conditioned on K0, as required for the application of the second
hardness proof from section 4.3.3. Consequently, a boson sampling computer utilizing L
identical sources which emit either a single photon or no photon at all is indeed able to
efficiently solve a task which is intractable on a classical computer. As we demonstrate
in appendix B.2.3, this statement can be generalized to non-identical sources emitting
at most one photon.

Although the above results imply that single-photon RNBS significantly reduces the
number of sources compared to uniform SBS and allows an effectively deterministic
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Figure 4.3.: Success probability P [N ≤ K ≤ L] in eq. (4.34) for single-photon RNBS as a
function of the minimum photon number N for two exemplary cases. The red
squares correspond to L = d4.2Ne sources with a single-photon probability
p1 = 25%, the blue circles to L = d10.5Ne sources with p1 = 10% (Note
that p1 = 25% is the maximum probability achievable with SPDC sources
combined with feed-forward control to eliminate higher-order contributions).
In both scenarios, the postselection efficiency is never below 60% and clearly
tends towards 100% in the limit of large N since the values for L and p1

obey ineq. (4.33).

operation for large N , one problem remains: It relies on the assumption that multiphoton
emissions are negligible. Strictly speaking however, such contributions can only be
ignored if they becomes less and less prevalent as N increases. For real-world sources
however, the multiphoton emission probabilities cannot be decreased without also
decreasing the single-photon probability. Thus, even experiments with a moderately
high number of single photons (N ≈ 20) are out of reach if the multiphoton probability
is too large.
In the following, we therefore discuss the effect of multiphoton contributions.

4.4. General random number boson sampling

We now turn our attention to those cases of boson sampling with probabilistic sources
in which multiphoton emission by the sources is not negligible or even the dominant
contribution.

4.4.1. Scheme for general RNBS

The differences of such a general RNBS scheme with respect to the single-photon RNBS
discussed in section 4.3 are emphasized in fig. 4.4: First, the number K of occupied input
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4. Randomized boson sampling

channels is identical to the total number of photons Ntot in single-photon RNBS. In
contrast, the latter is now generally larger, that is Ntot ≥ K. Moreover, the assessment
of the computational hardness of the corresponding sampling problem is complicated by
multiphoton emissions. Namely, the probabilities for many of the samples will now be
determined by permanents of matrices U (ds) which contain repeated columns.

. . .
...

interferometer

...

. . .

L ∝ N heralded
probabilistic sources

M − L
empty channels

postselection for
at least N occupied channels
and at most Nmax photons

→ input sample (s;K, {ns})

output
sample

d

Figure 4.4.: Setup for general RNBS. In each run, each of the L = daNe � N2 probabilis-
tic sources injects a random number ns of photons into the interferometer,
yielding an input sample (s;K, {ns}). This sample comprises the vector s
of input channel indices, the number K of occupied input channels, and the
photon numbers ns per channel. Using postselection, it can be ensured that
only those runs are considered, where at least N sources emitted photons
(K ≥ N) and where at most Nmax = dbNe total photons are generated, i.e.
Ntot ≤ Nmax.

In this section we establish how the computational effort to simulate such an RNBS
problem scales with the minimum number N of occupied channels. For this purpose, we
again neglect the details of the input state generation for the time being and simply
assume that each run yields a random input state with the following properties:

1. The number of occupied input channels K is always larger or equal than a given
number N .

2. At most L = daNe input channels are occupied. This condition is naturally
fulfilled in the setup in fig. 4.4 where L corresponds to the number of sources.

3. The total number of photons Ntot is bounded by

Nmax = dbNe (4.35)
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4.4. General random number boson sampling

with
b > a. (4.36)

Such a bound does not naturally exists in the setup in fig. 4.4 since probabilistic
sources such as SPDC sources can potentially emit an arbitrary number of photons.
We show however in section 4.4.5 that this condition can easily be ensured in
practice, since higher-order contributions are sufficiently unlikely for experimentally
relevant sources.

Furthermore, we postulate that the size of the linear network fulfills

M > N2
max (4.37)

to make photon bunching at the output negligible [18]. We demonstrate in section 4.4.5
that these assumptions about the input state can be fulfilled by the setup in fig. 4.4
with the help of a postselection for events which occur almost deterministically.

4.4.2. The general RNBS problem

In the boson sampling computer in fig. 4.4, the input configurations s are elements of
an extension of the union set S∗N≤K≤L, defined in eq. (4.23). Namely, s can contain
repeated channel indices s ∈ S, indicating the emission of a number ns = ns(s) (see
eq. (2.52)) of photons in the corresponding channel. Recalling the sets SL,Ntot of input
configurations with Ntot photons distributed over L input channels, defined in eq. (3.3),
we define the sets5

SNtot
L,K

..=
{
s ∈ SL,Ntot

∣∣∣ns(s) ≥ 1 for exactly K distinct values of s
}

(4.38)

of Ntot-photon input configurations with exactly K occupied input ports. Then, the set
of all input configurations with N to L occupied input channels and at most Nmax total
photons can be expressed as the union

S≤Nmax
N≤K≤L

..=
L⋃

K=N

Nmax⋃

Ntot=K

SNtot
L,K . (4.39)

Although a given element s ∈ S≤Nmax
N≤K≤L fully defines the input configuration, we

will sometimes use the alternative notation (s;K, {ns}). It emphasizes the random-
ness of the number K of occupied input ports and of the occupation numbers ns =
ns(s) (s ∈ {1, . . . ,M}). Furthermore, it is understood that, for a given input configura-
tion (s;K, {ns}), the output sample d contains Ntot =

∑
s ns output channel indices,

d ∈D∗M,Ntot
.

Analogously to GSBS and single-photon RNBS, we assume that the input sample is
chosen according to a given input probability distribution I = I≤Nmax

N≤K≤L over S≤Nmax
N≤K≤L.

5Note, that SKL,K = S∗
L,K .
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4. Randomized boson sampling

The total probability distribution D = D(I,U), determined by I and the unitary
interferometer matrix U , is then defined by the probabilities

PD
[
d, s;K, {ns}

]
= PI

[
s;K, {ns}

]
NdNs

∣∣perU (ds)
∣∣2. (4.40)

Here, the additional normalization factor Ns, defined in eq. (2.53), is introduced in
comparison to eq. (4.26) due to the possible repetitions in s in general RNBS.

Although this expression seems to be almost equal to the probabilities for single-photon
RNBS in eq. (4.26) on first sight, the possibility of multiphoton emissions results in an
important change in the structure of the probabilities: First, the matrices U (ds), defined
in eq. (3.15), are now of dimension Ntot ×Ntot instead K ×K. Most importantly, these
matrices generally contain repeated columns corresponding to multiple photons per
input channel, as discussed after eq. (3.15). Consequently, only K of the Ntot columns
contain independent and identically distributed (i.i.d.) Gaussian random variables, even
if d contains no repetitions.
To prove the hardness of approximate general RNBS with the help of the original
|GPE|2± problem or its randomized variant, it would therefore be necessary to base the
result solely onto the subset of samples where exclusively single photons are injected. A
sufficient precision of the permanent approximation can in this case only be ensured if
the error bound β given to the oracle is rescaled as

β → βP [ns ≤ 1 ∀s] (4.41)

in analogy to eq. (4.28). However, this procedure results in an exponential runtime of
the oracle call: Input configurations without multiple photons in any input channel
generally occur with exponentially small probability because the number of different
possible photon number configurations (K, {ns}) is exponentially large in general RNBS.

Consequently, a hardness proof of general RNBS cannot invoke the |GPE|2± problem
or its randomized variant. Rather, such a result has to rely on the full information
encoded in the probability distribution, similar to the idea of the second proof presented
in section 4.3.3. To realize such an approach, it is necessary to extend the hardness claim
made for randomized |GPE|2± to the approximation of permanents of random matrices
with repeated columns. We formulate such an extension of |GPE|2± in the next subsection
and give arguments for its conjectured hardness before we demonstrate a reduction of
this problem to general RNBS. In this way, we find significant support for the claim
that an efficient simulation of approximate general RNBS is classically intractable.

4.4.3. Generalizing the |GPE|2± problem

In the original |GPE|2± problem defined in [18], the matrices are randomly drawn from
the joint distribution N (0, 1)N×NC of N2 i.i.d. Gaussian random variables. Here, we
extend this problem to the estimation of permanents whose entries are i.i.d. Gaussian
entries apart from the fact that some of the columns are identical copies of each other.
We therefore define a notation for the probability distribution of random Gaussian
matrices with a specific pattern of repeated columns:
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4.4. General random number boson sampling

Definition 4.7. Given a number K and a set of multiplicities ni ≥ 1, i = 1, . . . , K, with∑
i ni = Ntot, let NNtot×Ntot

K,{ni} be the probability distribution over Ntot ×Ntot matrices X
obtained in the following way: First, a random matrix Y ∼N (0, 1)Ntot×K

C is generated
and subsequently the ith column of Y is duplicated ni times.

This notation allows us to introduce the following generalization of the original |GPE|2±
problem, definition 3.2, to matrices containing repeated columns:

Definition 4.8 (Gaussian permanent estimation with repeated columns (|GPErep|2±)).
Let ({ni}K)K∈N be an arbitrary sequence of sets {ni ≥ 1| i = 1, . . . , K} of multiplicities
ni and define Ntot =

∑
i ni. Then, given a matrix X ∼ NNtot×Ntot

K,{ni}K and constants
ε, δ > 0, approximate |perX|2 with probability larger 1− δ to within an additive error
±εNtot!

∏
i ni! in a time polynomial in K, 1/ε, and 1/δ.

Here, the error bound ±εNtot!
∏

i ni! is chosen proportionally to the expected value6

E
X

[
|perX|2

]
= Ntot!

∏

i

ni! ≤
(Ntot!)

2

K!
(4.42)

in analogy to |GPE|2±. Interestingly, ineq. (4.42) reveals that |perX|2 on average exhibits
a significant degree of interference: Although perX is the sum of Ntot! terms, they
cancel each other on average apart from a tiny residue due to the random nature of
their relative phases. The size of this residue is inversely proportional to the number
Ntot!/

∏
i ni ≥ K! of distinct multiphoton amplitudes:

If X contains no repetitions, all amplitudes are determined by distinct sets of elements
xij. Thus, their relative phases are maximally independent, leading to a maximal
cancellation when averaging. As the number of repetitions increases on the other hand,
more and more of the amplitudes in perX are identical. These terms cannot interfere
destructively and thus the cancellation becomes less prominent.

However, since X ∼NNtot×Ntot
K,{ni}K and thus contains K distinct columns, the cancellation

is at least as strong as for random Gaussian K ×K matrices without any repetitions,
which are considered in the |GPE|2± problem from definition 3.2. For such matrices,
AA argue in ref. [18] that the high degree of interference strongly suggests that the
problem is hard to solve since it seems unlikely that such a small residual value can be
approximated inside the polynomial hierarchy or – even less likely – in BPPNP [18].
We therefore conjecture that the approximation of permanents of random matrices

with repetitions is as hard as the original |GPE|2± problem:

Theorem 4.3 (Hardness conjecture for permanents of Gaussian random matrices with
repetitions). |GPErep|2± is #P-hard, i.e. P#P ⊆ BPPO for an oracle O that solves
|GPErep|2±.

6See appendix B.3.1.
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This conjecture implies that the permanents in eq. (4.40) cannot be efficiently ap-
proximated using a classical computer regardless of the input configuration (s;K, {ns}).
This insight allows us to assess the hardness of RNBS based on the information encoded
in all possible input samples instead of only exploiting the subset of single-photon input
configurations. Since the number K of occupied channels and the photon numbers ns of
each channel vary randomly between each run of the general RNBS scheme in fig. 4.4,
we further generalize the |GPErep|2± problem to a randomized variant in analogy to
definition 4.6:

Definition 4.9 (Randomized |GPErep|2± problem). Let (R≤Nmax
N≤K≤L)N∈N,L=daNe,Nmax=dbNe

be a sequence of probability distributions over tuples (K, {ni}K), comprising a value
K ∈ {1, . . . , L(N)} and a set of multiplicities n1, . . . , nK ≥ 1 with

∑K
i=1 ni ≤ Nmax

7.
Furthermore, let X be a matrix which, given a lower bound N , is generated randomly by
first choosing a number configuration (K, {ni}K) according to R≤Nmax

N≤K≤L and subsequently
drawing a matrix from NNtot×Ntot

K,{ni}K (Ntot =
∑

i ni). Then, the following task is called the
randomized |GPErep|2± problem corresponding to (R≤Nmax

N≤K≤L): Given ε, δ > 0, estimate
|perX|2 to within an additive error ±εK!

∏K
i=1 ni! with a success probability larger than

1− δ and in time polynomial in N , 1/ε, and 1/δ.

It is natural to conjecture that this problem is as hard as the non-randomized |GPErep|2±
problem from definition 4.8 for the same reasons supporting theorem 4.2: According to
the conjecture in theorem 4.3, the |GPErep|2± problem is #P-hard with respect to the
number of distinct columns K in the random matrices, regardless of column repetitions.
Randomized |GPErep|2± introduces the additional step of randomly choosing K in the
range N to L and the numbers of repetitions. However, as the hardness of |GPErep|2±
only increases with K, such a randomization cannot decrease the hardness of the problem
compared to |GPErep|2± for K = N . This observation leads us to the following hardness
conjecture:

Theorem 4.4 (Hardness of randomized |GPErep|2±). If O is an oracle that solves
randomized |GPErep|2±, then P#P ⊆ BPPO, i.e. randomized |GPErep|2± is #P-hard.

Now that we have generalized the |GPE|2± problem to matrices with repeated columns
and have given strong arguments that the computational hardness is upheld despite this
generalization, we discuss the main result of this section in the following.

4.4.4. Hardness result

We demonstrate that it is possible to reduce the randomized |GPErep|2± problem to the
approximate general RNBS problem. In order to do so, we first formalize the notion
of an oracle for approximate RNBS and then discuss the connection of RNBS to the
randomized |GPErep|2± problem.

7The upper bound Nmax ensures a finite number of possible configurations (K, {ni}K).
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4.4. General random number boson sampling

Definitions

Analogously to the definition of oracles in the case of single-photon RNBS in definition 4.5,
oracles for general RNBS are connected with a family of input distributions:

Definition 4.10 (Oracle for general RNBS). Let C ..=
(
C≤Nmax
N≤K≤L

)
N∈N be a class of

input probability distributions over the sets S≤Nmax
N≤K≤L

8 of input configurations. An
oracle OC is then called an approximate oracle for general RNBS of class C if – for
any N , any I ∈ C≤Nmax

N≤K≤L, any submatrix UM,L of a unitary M ×M matrix U , and any
β > 0 – it samples in poly(N, 1/β) time from a probability distribution9 D′ such that
‖D′ −D(I,U)‖ ≤ β.

Using this definition, we state the main result of this section in analogy to theorem 4.2:

Theorem 4.5 (Hardness of general RNBS). Let OC be an approximate oracle for general
RNBS of class C. Then, a randomized |GPErep|2± problem can be solved in FBPPNPOC .
Consequently, if OC can be simulated efficiently on a classical computer, randomized
|GPErep|2± is in FBPPNP.

This result suggests the hardness of the general RNBS problem even without the
conjecture in theorem 4.4 that randomized |GPErep|2± is #P-hard: As discussed in
section 4.4.3, |perX|2 generally is the result of strong interference between the Ntot!
terms and it is very unlikely that the tiny residual value can be efficiently approximated
in FBPPNP [18].

If randomized |GPE|2± is however indeed #P-hard, then theorem 4.5 has even stronger
consequences: An efficient classical simulation of OC then implies P#P ⊆ BPPNP

according to theorem 4.5 and consequently a collapse of the polynomial hierarchy to the
third level.

Proof

In the following, we present the crucial idea behind the proof of theorem 4.5, concentrating
on the connection between general RNBS and the randomized |GPErep|2± problem. The
full demonstration can be found in appendix B.3.2.

We note that a probability distribution I over the space of input samples S≤Nmax
N≤K≤L also

defines a probability distribution R≤Nmax
N≤K≤L over the number configurations (K, {ni}K).

Namely, it is straightforward to construct a number configuration (K, {ni}K) from a
full sample (s;K, {ns}) by simply keeping K and the non-zero multiplicities ns while
discarding the rest of the sample ({ni}K ..= {n ∈ {ns}|n ≥ 1}). In this sense, R≤Nmax

N≤K≤L
can be constructed as the marginal probability distribution of I over the number
configuration.

8We recall the linear scaling of both the number of sources L = daNe and the maximal photon number
Nmax = dbNe (see eqs. (4.25) and (4.35), respectively).

9Recall that D = D(I,U) is the total probability distribution defined by the probabilities in eq. (4.40).
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It follows that for any class10 C, a sequence
(
R≤Nmax
N≤K≤L

)
N∈N can be constructed such

that each element of the sequence corresponds to an input distribution from C. The
randomized |GPErep|2± problem corresponding to this sequence is naturally related to
the RNBS problem for the class C.

This connection is crucial as it allows the reduction of a randomized |GPErep|2± to the
RNBS problem: While only a small subset of all input samples can be used if we tried
to perform a reduction of |GPErep|2± for fixed number configurations (K, {nk}K), the
randomization of the problem ensures that any of the samples can potentially be used
to encode the squared permanent to be approximated.

It is essential that a given number configuration occurs with the same probability in
both the RNBS and the randomized |GPErep|2± problem constructed in the described
manner. Indeed, this can be exploited to make sure that |perX|2 is encoded in the
probability for an input sample (s0;K0, {ns}K0) which is chosen according to ideal input
distribution I, in analogy to GSBS and RNBS with single photons.
We find in appendix B.3.2 that this encoding procedure prevents an approximate

oracle OC from excessively increasing the error in the relevant probability. Consequently,
the ideal probabilities are on average replicated sufficiently precisely by the oracle with
probability (compare ineqs. (4.15) and (4.30))

P

[∣∣∣N−1
s0
MNtotPD′ [d0 | s0;K, {ns}]− |perX|2

∣∣∣ > ε

2
Ntot!N−1

s0

]
<
δ

4
. (4.43)

Furthermore, the oracle probabilities can be approximated to within the desired error
with probability

P
[
N−1
s0
MNtot

∣∣∣Q[d0 | s0;K, {ns}]− PD′ [d0 | s0;K, {ns}]
∣∣∣ > ε

2
Ntot!N−1

s0

]
<
δ

2
(4.44)

with the help of Stockmeyer’s algorithm [91] (see ineqs. (4.17) and (4.31) for the analogous
relations in GSBS and RNBS with single photons, respectively). Combining the bounds
in ineqs. (4.43) and (4.44) demonstrates that the approximation of the squared permanent
to within the desired bound is successful with probability

P
[∣∣∣N−1

s0
MNtotQ[d0 | s0;K, {ns}]− |perX|2

∣∣∣ > εNtot!N−1
s0

]
<

3δ

4
, (4.45)

leading to theorem 4.5.
Lastly, to ensure an appropriate hiding of the matrix X in the interferometer matrix
U , it has to be possible to efficiently sample s from the input distribution I conditioned
on the number configuration (K, {ni}K) of X . We will see in the next section that this
condition is indeed fulfilled in the boson sampling experiment depicted in fig. 4.4.

10Recall that classes C describe the properties of the input distributions I = I≤Nmax
N≤K≤L realized in a

given experimental implementation of RNBS.
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4.4.5. Experimental implementation

We now investigate the experimental consequences of the hardness result for RNBS. As we
show, our result drastically improves the scalability of boson sampling implementations
utilizing probabilistic sources.

We recall the experimental setup depicted in fig. 4.4, which motivated us to introduce
general RNBS: A linear number L = daNe of probabilistic sources are used to generate
the input photons injected into a linear network with M input and output channels.
Without loss of generality, we suppose that the sources are placed into the channels
s = 1, . . . , L. For simplicity, we here assume identical heralded SPDC sources to allow for
an easy comparison to the original SBS problem (for general results, see appendix B.3.4).
According to eq. (4.1), such a source generates n photons with probability

pn = (1− γ2)γ2n. (4.46)

To efficiently implement general RNBS, it has to be possible to efficiently postselect
for two conditions (see section 4.4.1): a) Between N and L input channels are occupied.
b) The overall photon number does not exceed the limit Nmax = dbNe.
First note, that each source emits at least one photon with probability

p≥1 = γ2 (4.47)

according to eq. (4.46) and no photon with probability 1 − p≥1. Consequently, the
number K of occupied input channels is binomially distributed with mean K̄ = p≥1L
and variance ∆K2 = p≥1(1− p≥1)L. Here, L corresponds to the number of trials and
p≥1 to the success probability of each trial. Because the standard deviation ∆K only
grows as

√
L, the probability that between N and L = daNe channels are occupied

approaches one for large N as long as K̄ = p≥1daNe grows faster than N ,

ap≥1 > 1 ⇒ P [L ≥ K ≥ N ]→ 1 (N →∞). (4.48)

Furthermore, the total photon number Ntot =
∑L

s=1 ns is the sum of the i.i.d. random
variables ns since the sources are identical. In the limit of a large number of sources,
Ntot is therefore approximately normally distributed with mean N̄tot = Ln̄ and variance
∆N2

tot = L∆n2 according to the central limit theorem [99]. Here, n̄ = γ2/(1− γ2) and
∆n2 = γ2/(1− γ2)2 are the mean and the variance of the photon number distribution
for a single source, eq. (4.46).
Thus, ∆Ntot ∝

√
N and at most Nmax photons are emitted almost deterministically

for large N , if Nmax = dbNe grows faster than N̄tot = n̄daNe,

b > an̄ ⇒ P [Ntot ≤ Nmax]→ 1 (N →∞). (4.49)

Combining the results from eqs. (4.48) and (4.49), we find with the help of the union
bound (see theorem B.2) that

a >
1

p≥1

∧ b > an̄ ⇒ P [K ≥ N ∧Ntot ≤ Nmax]→ 1 (N →∞). (4.50)
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4. Randomized boson sampling

Consequently, postselection for valid input configurations is not only efficient but
effectively deterministic for large N . This result is illustrated in fig. 4.5, where the exact
expression for P [K ≥ N ∧Ntot ≤ Nmax] (see appendix B.3.3) is plotted for the values
Nmax = d2.5Ne and Nmax = d10Ne, respectively (L = d2.1Ne and p≥1 = 50% in both
cases). Since the chosen values obey the conditions on the left-hand side of eq. (4.50),
the probability to successfully generate an input state with the desired properties tends
to unity as N increases.
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Figure 4.5.: Success probability of general RNBS for L = d2.1Ne SPDC sources with
p≥1 = 50%, corresponding to n̄ = 1, and either Nmax = d2.5Ne (red squares)
or Nmax = d10Ne (blue circles). While the postselection probability tends
towards 100% for large N in both cases, the approach is faster for larger
Nmax, as expected. Note that p≥1 = 50% corresponds to the value p1 = 25%
in fig. 4.3, demonstrating that general RNBS allows to achieve similar
success probabilities as single-photon RNBS with only half the sources and
without the need for feed-forward.

Lastly, we note that the input configurations corresponding to a fixed number configu-
ration (K, {ni}K) are uniformly distributed for identical sources. Thus, it is possible to
efficiently generate a random input sample s0 which is suitable for “hiding” the matrix
X . Consequently, the requirement discussed at the end of section 4.4.4 is fulfilled.
In summary, we recognize two advantages with respect to the original SBS setup

proposed in [31]: First and foremost, it is possible to implement a classically hard boson
sampling experiment using a number L of SPDC sources which grows only linear in
N , the lower bound on the number of occupied input channels. This scaling leads to
a drastic reduction in the number of required sources in comparison to the original
scattershot sampling approach where L ≥ N2 sources are needed. Secondly, the scheme
is implemented almost deterministically such that the temporal overhead of postselection
vanishes as N increases.

Let us now discuss the implications of the bounds on a and b given in eq. (4.50):
First, the condition a > 1/p≥1 = γ−2 suggests that the squeezing factor γ should be
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chosen as large as possible in order to reduce the required number of sources. However,
increasing the squeezing also increases the overall number of emitted photons which is
detrimental in two ways: First, the idler detectors have to be able to resolve all possible
photon numbers ns, which becomes increasingly harder to achieve as more photons are
emitted on average by each source. Secondly, we found in eq. (4.36) that the size of
the network must scale as M > N2

max to suppress bunching at the output channels of
the linear network. Consequently, b should preferably be small to avoid the need for
unnecessarily large networks. However, b is bounded from below by 1/(1− γ2) according
to eq. (4.49). Therefore, a trade-off between the number of sources and the size of the
linear network is necessary in experimental implementations of RNBS.
This statement is true for identical SPDC sources which were assumed here for the

sake of simplicity. However, we demonstrate in appendix B.3.4 that eq. (4.50) can be
generalized to other single-source photon statistics and to non-identical sources. This
freedom opens up a path to alleviate the trade-off between L and M discussed in the
previous paragraph: While the relation between p≥1 and n̄ is fixed for SPDC sources
since both are uniquely determined by the squeezing parameter γ, the relative size of
these parameters generally depends on the type of source. As an example, the ratio
between the probabilities for single-photon and multiphoton emissions, and thus between
p≥1 and n̄, can be increased by multiplexing SPDC sources [83, 101, 108].

4.5. Conclusion

We demonstrated in this chapter that the original boson sampling scheme introduced by
AA can be generalized in a way which significantly facilitates an efficient experimental
implementation using probabilistic sources.

Based on the uniform scattershot boson sampling (SBS) problem introduced by Lund
et. al. [31], we introduced generalized scattershot boson sampling (GSBS) in section 4.2
as a generalized framework for boson sampling with randomized input configurations.
GSBS contains the original boson sampling and the uniform SBS as special cases of a
much broader class of sampling problems. This generalization allowed us to demonstrate
that SBS problems are not only classically intractable in the special case of a uniform
probability distribution. Instead, such problems cannot be solved, even approximately,
for arbitrary probability distributions over the possible N -photon input configurations.
Furthermore, this generalization allowed us to demonstrate that the number of sources
necessary to implement SBS with N photons can be decreased from N2 to a number
linear in N without affecting the classical intractability of the problem, if multiphoton
emissions of the sources are negligible.

A further significant improvement over GSBS schemes can be achieved if the condition
is relaxed that exactly N single photons are produced in each run of the boson sampler, as
required in SBS. Indeed, we generalized the core idea of SBS, i.e. randomly sampling one
of the possible N -photon input configurations, to a sampling over input configurations
which additionally vary in the number of photons.
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4. Randomized boson sampling

Subsequently, we provided significant arguments that such sampling problems can
indeed still not be simulated efficiently by a classical algorithm: We first considered
such random number boson sampling (RNBS) problems under the assumption that
at most one photon is injected into each input channel. In this scenario, an efficient
classical solution for the sampling problem would allow the additive approximation
of permanents of random matrices with random dimension in FBPPNP. Since such
permanents are most likely #P-hard, this insight indicates that the problem is indeed
classically intractable. Exploiting this observation allowed us to increase the success
probability for the generation of N input photons from P ∼ 1/

√
N in GSBS to an

effectively deterministic operation (P → 1 for N →∞)), again under the assumption of
negligible multiphoton emissions.
As a last generalization, we dropped the requirement of single photons per input

channel in order to deal with multiphoton emissions of the sources. In this scenario, we
were able to connect the hardness of such a general RNBS problem to the estimation of
permanents of random matrices with repeated columns. Based on this connection, we
were able to derive a further improvement of the results obtained for RNBS with single
photons: Boson sampling is classically intractable even if multiphoton emission by the
probabilistic sources cannot be neglected.
This final result implies two significant improvements with respect to uniform SBS:

First, general RNBS permits the efficient implementation of a classically hard sampling
problem with a number of SPDC sources which scales only linearly in N while SBS
requires M & N2 sources. Taking into account that at least N = 50 photons are
necessary to surpass the capabilities of current classical boson sampling algorithms [92,
93], this scaling leads to a drastic reduction of the mandatory number of sources from
at least 2500 to as few as around 100. Second, the boson sampling setup performs
effectively in a deterministic manner, in contrast to uniform SBS where the success
probability asymptotically decreases as 1/

√
N .

For the sake of completeness, we finally mention an alternative extension of the original
SBS scheme called Gaussian boson sampling (GBS) [32, 33, 109]. Its experimental
implementation also utilizes squeezed input states, similarly to the randomized sampling
schemes considered in this chapter. However, GBS promises the possibility to inject all
photons produced by the sources into the interferometer instead of using half of them as
heralds for the random input configuration. In contrast to all problems considered here,
the argument that GBS cannot be simulated efficiently is not based on the hardness of
matrix permanents but instead on the so-called Hafnian of a matrix [110], which is also
believed to the #P-hard to approximate. Additionally, the relevant matrix is in this
case not solely determined by the interferometer transformation but also depends on
the parameters of the squeezed input states.
Despite these differences between the generalized RNBS scheme and GBS, both

generalizations of the original SBS proposal clearly emphasize that the computational
power of a boson sampling computer is not innately tied to the capability to produce
a fixed and large number of single photons. Rather, it is rooted in the interference
between a large number of distinct non-classical probability amplitudes, regardless of
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their specific structure. Consequently, truly non-classical input states are required, as
illustrated by the observation that GBS can be efficiently solved for purely thermal
input states [32].
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5. Inner-mode-resolved multiphoton
correlations

Up to now, we have exclusively employed a single-mode description to analyze the
interference of multiple photons in linear optical networks. This model helped us to
understand the significant complexity of the interference between multiple bosons, which
is the reason for the classical intractability1 of boson sampling discussed in chapters 3
and 4. However, with such an idealization it is obviously not possible to describe real
experiments in which photons can exhibit mode mismatch. Indeed, a more realistic
description of the photons has to account for the “internal” degrees of freedom (DOF) of
the single-photon pulses such as frequency spectrum, time of emission, central frequency,
and polarization. The consideration of these properties also opens up the possibility
to quantify multiphoton correlations at the output of the linear network as a function
of these internal DOF. For example, by using detectors with high temporal resolution
it is possible to access the temporal dependence of the photon number correlations
between the output channels of the interferometer. Similarly, it is possible to resolve
the frequency of the detected photons or their polarization. As a result, information
is unraveled which is inaccessible if only the presence of a photon in a given output
channel is recorded.
In this chapter, we describe the new interference features emerging in such measure-

ments in detail and furthermore discuss possible applications. In the first section, we
introduce a more realistic model of the single-photon pulses and of their detection at the
interferometer output before we investigate the correlations described by the resulting
expressions. Afterwards, we gain more insight into symmetries of these correlations and
their connection to both the multiphoton input state and the linear network. This route
furthermore leads us to the discovery that the resolution of the internal DOF can in
certain scenarios be used to tune the degree of entanglement of the multiphoton state at
the output of the linear network. In the last section of this chapter, we investigate the
photon number correlations generated by thermal input sources instead of single-photon
input pulses.
We note that the formalism which is presented in sections 5.1 and 5.2 and used

throughout this chapter was introduced and extended in refs. [46, 47, 49, 51]. Further-
more, the results from section 5.3 are contained in refs. [46, 51], while section 5.4 is
based on ref. [45].

1Classical intractability of a computational problem: The property of the problem that it cannot be
solved efficiently on a classical computer.
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5. Inner-mode-resolved multiphoton correlations

5.1. General structure of resolved correlations

Before we investigate specific types of sources, let us first analyze the general structure
of the time-resolved correlations. As we have already discussed in section 2.4, most
common photodetectors are based on the principle that the photon is detected via
absorption. For this reason, the detection of a λ-polarized photon in output channel
d at position x and time t can, according to eq. (2.49), be described by applying the
output channel field operator

V̂
(+)
d,λ (x, t) ..=

1√
2π

∫
dω e−iω(t−x/c)âd,λ(ω) (5.1)

to the output state of the interferometer. This approach leads to the concept of Glauber
correlation functions which we have introduced in eq. (2.51) as

G
(N)
dλ (t) ..= tr

(
ρ̂ V̂

(−)
d1,λ1

(t1) . . . V̂
(−)
dN ,λN

(tN)V̂
(+)
dN ,λN

(tN) . . . V̂
(+)
d1,λ1

(t1)
)
. (5.2)

Here, we omitted the spatial argument of the field since it can be absorbed into the
temporal argument in free space via the substitution tj − xj/c → tj (see eq. (5.1)).
Further, we recall that bold symbols denote the N -tuples containing all corresponding
arguments of the correlation function (e.g. t = (t1, t2, . . . , tN)T ). In this chapter, we
assume that the time-resolution of the detectors is high compared to the typical time-
scales of the correlations. Then, eq. (5.2) describes the N -dimensional rate for the
detection of N photons at times t by detectors with nearly instantaneous response (up
to some proportionality constants).

To highlight the connection of these correlations with the boson sampling probabilities,
eq. (3.9), we now express them via correlations at the input of the interferometer. The
latter can be written in terms of correlation functions of arbitrary order in the field
amplitudes

G
(N,N ′)
sλ,s′λ′(t, t

′) ..= tr
(
ρ̂ V̂

(−)
s1,λ1

(t1) . . . V̂
(−)
sN ,λN

(tN)V̂
(+)

s′
N′λ
′
N′

(t′N ′) . . . V̂
(+)

s′1,λ
′
1
(t′1)
)
. (5.3)

Here, the operators V̂ (±)
s,λ (t) denote the fields in the input channels s and are defined

in analogy to eq. (5.1). The correlation functions in eq. (5.3) differ from the intensity
correlation function, eq. (5.2), by the fact that they are not symmetric in the field
operators anymore. Instead, the number of positive and negative frequency field operators
and their arguments are now independent.
Using the linear transformation, eq. (2.46), between the input and output channel

mode operators âs,λ(ω) and âd,λ(ω), respectively, we can recast eq. (5.2) in terms of
correlations at the input channels. Denoting sσ as the vector containing the elements of
s permuted according to the permutation σ, this procedure yields

G
(N)
dλ (t) =

∑

s,s′∈SM,N
NsNs′

∑

σ,π∈SN

(
A(d,s)
σ

)∗
G

(N,N)
sσλ,s′πλ

(t, t)A(d,s′)
π . (5.4)
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This expression clearly emphasizes that the correlation signal is the result of the
interference between N -photon quantum paths through the interferometer (see fig. 3.5).
As discussed in section 3.2.1, each of these paths is determined by the sets s and d
of input and output channels and by a permutation σ, describing a perfect matching
between the two sets. Consequently, each term in eq. (5.4) describes the cross term
between two quantum paths sσ and s′π. It comprises the product of the corresponding
interferometer-dependent probability amplitudes A(d,s)

σ and A
(d,s′)
π , weighted by the

correlations G(N,N)
sσλ,s′πλ

(t, t) which solely depend on the input state and the detection.
Thus, the degree of coherence between the sources determines the degree of interference
between the corresponding quantum paths. For example, if these weights vanish for all
distinct pairs of quantum paths, the signal described by eq. (5.4) is the incoherent sum
of contributions from individual quantum paths. On the other hand, eq. (5.4) describes
a fully coherent process if all cross terms have equal weight.
Such a fully coherent superposition is for example observed in the original boson

sampling scenario. There, the weights vanish for all quantum paths, which do not
correspond to the fixed set s0 of input channels, and are independent of the paths for
all other cases. Consequently, eq. (5.4) is indeed a generalization of the boson sampling
probabilities since, for boson sampling,

G
(N)
d (t) ∝

∑

σ,π∈SN

(
A(d,s0)
σ

)∗
A(d,s0)
π =

∣∣perU (ds0)
∣∣2. (5.5)

While the expression in eq. (5.4) holds true for general input states, including mixed
and entangled states, we concentrate on two special cases in the following: First, we
investigate the time-correlations in the case where single-photon pulses are used as the
input light in sections 5.2 and 5.3 before we cover the interference of thermal sources in
a linear network in section 5.4.

5.2. Resolved correlations for single photon states

5.2.1. Multimode single-photon states

In the single-mode description used in the previous chapters, the input state of the
linear network was described as the product state |s〉 of single-mode Fock states defined
in eq. (3.5). Since a more realistic model of the input light needs to take into account
the internal DOF of the light pulses, we now generalize our description of input states
comprising only single photons to a multimode model. For such a collisionless input
configuration s, the input state in the single-mode description, eq. (3.5), reduces to the
product

|s〉 =
⊗

s∈s
|1〉s

⊗

s/∈s
|0〉s (5.6)

of single-photon Fock states |1〉s ..= â†s|0〉s and vacuum states.
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We recall that the creation operators â†s in the single-mode description correspond to
the creation operators Â†s,λ,j of temporal modes λ, j of the spatial channel s, defined in
eq. (2.19). Thus, the single-photon state |1〉s can straightforwardly be generalized to a
pure multimode state in the form of a general superposition

|1〉s ..=
∑

λ,j

cλ,jÂ
†
s,λ,j|0〉s, (5.7)

with arbitrary coefficients cλ,j fulfilling the normalization condition
∑

λ,j|cλ,j|2 = 1.
Alternatively, such a state can also be defined in the more common frequency-mode
basis as

|1; ξ〉s ..=
∑

λ

∫
dω ξλ(ω)â†s,λ(ω)|0〉s, (5.8)

where ξ(ω) ..=
∑

λ ξλ(ω)ελ describes the polarization-dependent spectrum of the single-
photon pulse. Here, we again formally extended the range of the frequency ω to negative
values as in eq. (5.1). This approximation is justified since the bandwidth of light pulses
in the optical regime is always narrow compared to their central frequency, ensuring
that only contributions at large positive frequencies are nonvanishing in eq. (5.8).
In the following, we assume that each pulse has a constant, frequency-independent

polarization p =
∑

λ pλελ which allows us to decompose the full spectrum as

ξ(ω) = p ξ̃(ω − ω0)ei(ω−ω0)t0 (5.9)

in terms of a real-valued frequency distribution ξ̃(ν) centered around ν = 0, the central
frequency ω0, and the time of emission t0.
In the time domain, the single-photon state in eq. (5.8) is characterized by the

probability amplitudes

χj,λ(t) ..= 〈0| V̂ (+)
sj ,λ

(t) |1; ξj〉sj = Fξj,λ(t) (5.10)

to detect photon j at time t with polarization λ. These amplitudes are simply the
temporal mode functions corresponding to the spectra ξj,λ(ω), as defined in eq. (2.9).
Introducing the temporal distributions χ̃j(t) ..= F ξ̃j(t), they can be decomposed as

χj,λ(t) = pλ χ̃j(t− t0j) eiω0jt. (5.11)

With the multimode single-photon states defined in eq. (5.8), the interferometer input
state |s〉 in the single-mode description, eq. (5.6), can be generalized to the multimode
state

|s; {ξj}〉 ..=
N⊗

j=1

|1; ξj〉sj
⊗

s/∈s
|0〉s (5.12)

which is determined by the set of pulse spectra {ξj} in addition to the sample s of input
channel indices.
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5.2.2. Correlation functions

We are now in the position to evaluate the time-resolved correlation functions, eq. (5.4),
for single-photon input light described by the state in eq. (5.12). We first recall that the
temporal correlation function can for such states be interpreted as a probability density
because the input state contains exactly N photons, as stated in eq. (2.54).
Furthermore, all results in this subsection are derived explicitly only for temporal

correlations but also immediately apply to frequency-resolved correlations at the inter-
ferometer output. Namely, as discussed in section 2.4.3, the frequency-resolved detection
of N photons is described by the correlation function

G
(N)
dλ (ω) ..= tr

(
ρ̂ â†η1

(ω1) . . . â†ηN (ωN)âηN (ωN) . . . âη1(ω1)
)

(5.13)

introduced in eq. (2.55). A comparison of eqs. (5.2) and (5.9) with eqs. (5.11) and (5.13)
reveals that the structure of time-resolved and frequency-resolved correlations are fully
equivalent under the correspondence t↔ ω, t0s ↔ ω0s, and ξ̃s ↔ χ̃s. This equivalence is
a result of the conjugacy of time and frequency.
Inserting the input state |s; {ξj}〉, eq. (5.12), into the correlation functions at the

input channels, eq. (5.3), we find that the weights for the cross terms in eq. (5.4) take
the form

G
(N,N)
s′σλ,s

′′
πλ

(t, t) = δs′sδs′′s

N∏

i=1

χ∗σ(i),λi
(ti)χπ(i),λi(ti), (5.14)

where we recalled eq. (5.10). Since all N photons are detected, we only get contributions
of paths which correspond to the occupied input channels, s′ = s′′ = s. Furthermore,
the non-vanishing contributions can be split into a product of two separate probability
amplitudes

Bσ(t,λ) = Bσ(t,λ; {χj}) ..=
N∏

i=1

χσ(i),λi(ti) (5.15)

corresponding to the two involved paths σ and π.
Inserting eq. (5.14) into the time-resolved correlations at the output channels, eq. (5.4),

we arrive at the expression

G
(N)
dλ (t) =

∣∣∣∣
∑

σ∈SN

N∏

i=1

Udisσ(i)
χσ(i),λi(ti)

∣∣∣∣
2

=

∣∣∣∣
∑

σ∈SN
A(d,s)
σ Bσ(t,λ)

∣∣∣∣
2

, (5.16)

where we utilized the interferometer-dependent amplitudes Aσ from eq. (3.10) and the
state-dependent multiphoton amplitudes Bσ defined in eq. (5.15).

Like the boson sampling probabilities in eq. (3.9), the correlations between the photons
at the output of the interferometer are the result of the interference between the N !
possible multiphoton paths, which connect the N input channels with the N output
channels. As illustrated in fig. 5.1 in analogy to fig. 3.5, each of these quantum paths
is described by a multiphoton probability amplitude, which is the product of N single-
photon probability amplitudes Udsχj,λ(t). In the multimode model, these single-photon
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amplitudes are not solely determined by the interferometer transformation U anymore
but additionally contain the temporal mode functions of the photons from eq. (5.11).
These additional factors χj,λi(ti) describe the probability amplitudes that photon j is
detected at time ti with polarization λi.

Depending on t, λ, and the input state, one or several of these additional amplitudes
can vanish as illustrated in figs. 5.1a and 5.1b. In this case, the corresponding path
does not contribute to the detection probability. Thus, the actual number of interfering
multiphoton amplitudes, that is the degree of multiphoton interference, is decreased.
Consequently, the structure of eq. (5.16) does not automatically guarantee the interference
of N ! terms regardless of t and λ.

t3 t

t2 t

t1 t

χ3(t1)

χ1(t2)

χ2(t3)

U13U21

U32

(a) Contributing path

t3 t

t2 t

t1 t

χ1(t1)

χ3(t2)

χ2(t3)

U11

U23U32

(b) Non-contributing path

Figure 5.1.: Multiphoton probability amplitudes for the time-resolved detection of three
photons in different output channels and at times t1, t2, and t3. The left
side of each panel shows a possible multiphoton quantum path through
the interferometer taken by the three photons. The right-hand side of the
panels on the other hand illustrates the corresponding temporal probability
amplitudes χj(ti) for a detection of the photons at the given detection times.
(a) Multiphoton quantum path with a finite contribution to the detection
probability. (b) Quantum path which cannot contribute to the considered
detection event since χ1(t1) ≈ 0 and χ3(t2) ≈ 0.

By comparison with the definition of the matrix permanent in eq. (3.14), we realize that
the correlations in eq. (5.16) can again be expressed in the form of matrix permanents.
Indeed, defining the matrices

X(λ)(t) ..=
(
χj,λi(ti)

)
(5.17)

and using · ? · to denote the elementwise product of two matrices, eq. (5.16) can be cast
into the form

G
(N)
dλ (t) =

∣∣∣per
[
U (ds) ? X(λ)(t)

]∣∣∣
2

. (5.18)

This expression forms the basis for the introduction of multiboson correlation sampling
in chapter 6, a boson sampling problem where the photons are detected in a time- or
frequency-resolved manner. In the following however, we analyze the structure of these
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5.3. Time-resolved multiphoton correlation landscapes

correlations and their dependence on the detection times and detected polarizations of
the photons.

5.3. Time-resolved multiphoton correlation
landscapes

We now investigate how symmetries of the interferometer transformation or of the N
photon input state are revealed in the structure of the time-resolved correlations. To
simplify the discussion, we disregard the polarization DOF in the following except for
section 5.3.4.

5.3.1. Identical photons

We first note that the time dependence of the correlations is trivial if all photons occupy
the same temporal mode, corresponding to equal temporal spectra

χj(t) = χ(t) ∀j = 1, . . . , N. (5.19)

In this case, the symmetry properties of the permanent make it possible to factor out
the state dependence in eq. (5.18), yielding

G
(N)
d (t) =

N∏

i=1

∣∣χ(ti)
∣∣2∣∣perU (ds)

∣∣2. (5.20)

Due to the indistinguishability of the input photons, the interference of the multiphoton
amplitudes is again only determined by the interferometer transformation U , regardless
of the detection times of the photons. The temporal spectra χ(t) of the photons only
enter in the form of an overall prefactor which describes the probability to detect the
N photons at the given detection times. This overall envelope would also be observed
without the presence of the interferometer. Consequently, the interference of the photons
in the interferometer does not add any additional dependence on the detection times.

5.3.2. Quantum beating

The interference becomes however dependent on the detection times if we consider input
photons with the same temporal distribution and identical initial times but with different
colors,

χj(t) = χ̃(t− t0)eiω0jt ∀j = 1, . . . , N. (5.21)

In this case, the correlations

G
(N)
d (t) =

N∏

i=1

∣∣χ̃(ti − t0)
∣∣2
∣∣∣
∑

σ∈SN

N∏

i=1

Udisσ(i)
eiω0σ(i)ti

∣∣∣
2

(5.22)
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5. Inner-mode-resolved multiphoton correlations

exhibit so-called quantum beating as a function of the detection times: The interferometer-
dependent multiphoton amplitudes each incur different complex phases depending on
the detection times and the colors of the photons. These phases lead to detection-time-
dependent correlations which oscillate with frequencies ω0j − ω0j′ (j, j′ = 1, . . . , N).
As a simple illustration, let us revisit the Hong-Ou-Mandel (HOM) interference

experiment discussed in section 3.1: Two photons impinge onto a symmetric beam
splitter and are detected at the output. Assuming different colors, the probability
density that the photons are detected in different output channels, d = (1, 2), is
according to eqs. (2.42) and (5.22) given by

G
(2)
12 (t1, t2) =

2∏

i=1

∣∣χ̃(ti − t0)
∣∣2 sin2

[
(ω01 − ω02)(t1 − t2)

]
. (5.23)

As demonstrated experimentally in [111] and illustrated in fig. 5.2, the coincidence
probability from eq. (5.23) is not always zero as in the case of identical particles
(compare eq. (5.20) and section 3.1). Rather, the interference of the two-photon paths
depends on the detection times, resulting in an oscillation of the correlations as a function
of the detection time difference t1 − t2 with frequency ω01 − ω02. This quantum beating
leads to the existence of specific detection times for which the photons are found almost
certainly in different output channels, exhibiting strong anti-bunching.
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1

(t1 − t2)/∆t

G
(2
)

1
2
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4∆t

(t1 − t2)/∆t

Figure 5.2.: Quantum beating in a time-resolved HOM experiment. The left panel shows
the significant beating of the correlations G(2)

12 (t1, t2) as a function of the
detection time difference for photons with a Gaussian pulse shape of width
∆t and a color difference ω01 − ω02 = 3.0∆t−1. If the central frequencies of
the photons are almost equal, the two-photon paths are indistinguishable
regardless of detection time and destructive interference is restored, as can
be seen in the right panel for ω01 − ω02 = 0.1∆t−1.
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5.3. Time-resolved multiphoton correlation landscapes

5.3.3. Symmetries of correlation landscapes

For more than two interfering photons, the correlations as a function of the detection
times are modulated by oscillations containing contributions from all possible frequency
differences ω0j − ω0j′ (j, j′ ∈ {1, . . . , N}). As a result, the beating patterns in N
dimensions generally exhibit an intricate structure. Furthermore, such beating also
occurs if the pulse shapes χ̃j(t) of the photons are distinct.

In the following, we investigate how symmetries in either the interferometer transfor-
mation or the input state lead to regularities in the “correlation landscapes” spanned
by G(N)

d as a function of t. First, we analyze such symmetries of the correlations for
arbitrary photon numbers N before we illustrate them for the exemplary case of three
photons.

General photon number

We start out by investigating the behavior of the correlation function under linear trans-
formations T [t] of the N -dimensional vector t of detection times. These transformations
can be expressed in terms of an N ×N matrix T and a constant vector u0 as

T : t 7→ T t+ u0. (5.24)

We call T [t] a symmetry transformation of the correlations if it preserves the correlations,

G
(N)
d

(
T [t]

)
= G

(N)
d (t). (5.25)

i) Spectral symmetries: This relation is obviously fulfilled if the state-dependent
amplitudes Bσ(t), eq. (5.15), remain unchanged by T except for an overall phase
independent of the multiphoton path σ, that is if Bσ

(
T [t]

)
= eiφ(t)Bσ(t). In this case,

no assumption at all is made about the interferometer amplitudes Aσ. Such symmetries
in the input state – or more specifically between the temporal spectra of the photons
– therefore lead to symmetries of the temporal correlations which can be observed
independently of the specific choice of the linear network.
As we demonstrate in appendix C.1.1, such a symmetry occurs for example for a

highly symmetric input state in which single-photon pulses with identical Gaussian
temporal distributions are injected at the same time t0j = t0 ∀j. Namely, using the
notation n̂ ..= (1, 1, . . . , 1)T and t0 ..= t0n̂, the correlations are invariant if t − t0 is
inverted along the direction of n̂, i.e. along the axis t1 = t2 = · · · = tN , while leaving
all perpendicular components untouched. In the case N = 3, this symmetry can be
interpreted as a reflection of the landscape with respect to the plane orthogonal to n̂, as
illustrated further down in fig. 5.3.

ii) Parity symmetries: In general, symmetries of the correlation landscape cannot
solely be traced back to regularities of the input state. Rather, they are the product
of an interplay between input state and interferometer. Let us for example consider
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5. Inner-mode-resolved multiphoton correlations

input photons which are again injected at the same time, t0j = t0 ∀j, but with different
temporal distributions χ̃j(u) which we assume to be symmetric around u = 0. In
this case, it can straightforwardly be shown that the state dependent amplitudes from
eq. (5.15) satisfy the property

Bσ(2t0 − t) = B∗σ(t)e−2it0·ω0 , (5.26)

where we introduced the vector ω0
..= (ω01, . . . , ω0N)T of central frequencies. Inserting

this property into eq. (5.16) demonstrates that the parity transformation TP : t− t0 7→
−(t− t0) is equivalent to a complex conjugation of the interferometer amplitudes,

G
(N)
d (2t0 − t) =

∣∣∣
∑

σ∈SN
A∗σBσ(t)

∣∣∣
2

. (5.27)

For general linear networks, i.e. general amplitudes Aσ, this does clearly not correspond
to a symmetry operation. However, eq. (5.27) implies that the correlation pattern is
invariant under the parity operation if all interferometer amplitudes connecting s and d
are real or exhibit the same complex phase, such that

Aσ = A∗σe−iϕ. (5.28)

This symmetry is illustrated in fig. 5.4 for three interfering photons.

iii) Permutation symmetries: Lastly, we consider permutations of the detection times,
i.e. linear transformations

Tπ : t 7→ Tπt, (5.29)

where Tπ denotes the permutation matrix corresponding to a permutation π ∈ SN . As
we demonstrate in appendix C.1.2, such a transformation is equivalent to a permutation
of the interferometer amplitudes in the form

G
(N)
d

(
Tπ[t]

)
=
∣∣∣
∑

σ∈SN
Aσ◦πBσ(t)

∣∣∣
2

, (5.30)

regardless of the input state. We find from this expression that, depending on the
symmetries of the interferometer amplitudes, two distinct types of symmetries are
possible:
First, the correlations are symmetric with respect to the permutation Tπ[t] if all

N ! interferometer amplitudes Aσ are invariant under the mapping σ 7→ σ ◦ π up to a
constant phase ϕπ, Aσ◦π = Aσeiϕπ ∀σ. This statement is true for arbitrary input states2.

Alternatively, if Aσ◦π = A∗σeiϕπ , the beating pattern exhibits a symmetry with respect
to a combination of the permutation Tπ and the parity operation TP if the input photon
pulses are symmetric with respect to the same central time t0 (see eqs. (5.26) and (5.30)).

2Recall, that in order to observe a non-trivial time dependence, the colours of the photons should
differ.
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To conclude, we are able to identify the permutation symmetries

G
(N)
d (t) =

{
G

(N)
d

(
Tπ[t]

)
if Aσ◦π = Aσeiϕπ

G
(N)
d

(
TP ◦ Tπ[t]

)
if Aσ◦π = A∗σeiϕπ ∧ χ̃j(t− t0) = χ̃j(t0 − t) ∀j.

(5.31)

Such features can for example be observed for the case of three photons in a symmetric
tritter (six-channel network), as illustrated in fig. 5.5.

Example: Three-photon interference

In order to further illustrate the symmetries described in the previous paragraphs, we
now turn to the special case of three-photon interference. We compare three different
scenarios, which allow us to address all of the symmetries discussed in this section.
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Figure 5.3.: Time-resolved three-photon correlations at the output of a random interfer-
ometer for a highly symmetric state. (a) Full three-dimensional correlation
landscape for three input photons with identical Gaussian temporal distri-
butions of width ∆t and with identical central times. (b) The correlations
on the plane t1 + t2 + t3 = 3t0, depicted as the blue plane in panel (a), do
not exhibit any regular pattern. (c) The correlations on the plane t1 = t2
reveal the mirror symmetry with respect to the plane t1 + t2 + t3 = 3t0,
indicated by the light blue line, which appears due to the high symmetry of
the input state.

Figure 5.3 shows the temporal correlations of photons with identical Gaussian tem-
poral distributions and identical central times. Due to the random interferometer
transformation chosen in this example, the correlation landscape in fig. 5.3a exhibits
no immediately evident regularities. However, as revealed in figs. 5.3b and 5.3c, the
beating pattern is mirror symmetric with respect to the plane t1 + t2 + t3 = 3t0. As
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5. Inner-mode-resolved multiphoton correlations

discussed in section 5.3.3i), the origin of this symmetry is the highly symmetric input
state chosen in this example.
Indeed, the mirror symmetry is not present in the second exemplary case depicted

in fig. 5.4. Here, the input photons have Gaussian temporal distributions χ̃j(t − t0)
with distinct correlation times ∆t1 = ∆t, ∆t2 = 2∆t, and ∆t3 = 3∆t. As a result, the
beating pattern is asymmetric with respect to the plane t1 + t2 + t3 = 3t0.

On the other hand, the correlations exhibit a parity symmetry according to eq. (5.27)
since the chosen linear transformation

U =
1√
3




1 i −i

i 1−
√

3
2

−1+
√

3
2

i 1+
√

3
2

√
3−1
2


 (5.32)

corresponds to real-valued interferometer-dependent amplitudes Aσ ∈ R ∀σ. This
symmetry is clearly visible in both two-dimensional cuts through the beating pattern,
depicted in figs. 5.4b and 5.4c.
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Figure 5.4.: Time-resolved three-photon correlations at the output of an interferometer
with real-valued interferometer amplitudes Aσ for input photons with differ-
ent coherence lengths. (a) Full three-dimensional correlation landscape for
three input photons with with identical central times but distinct Gaussian
temporal distributions of width ∆t3 = 3/2∆t2 = 3∆t1 = ∆t. (b)+(c)
Correlations on the planes t1 + t2 + t3 = 3t0 and t1 = t2, respectively. Both
cross-sections unravel the invariance of the correlations under the parity
transformation t− t0 7→ −(t− t0).

Lastly, the interference in a highly symmetric network leads to highly symmetric
beating patterns as depicted in fig. 5.5. Here, three photons with identical Gaussian
temporal distributions are injected into a symmetric tritter which can be described by
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Figure 5.5.: Time-resolved three-photon correlations at the output of a symmetric tritter
interferometer for a highly symmetric state. (a) Full three-dimensional cor-
relation landscape for three input photons with identical Gaussian temporal
distributions of width ∆t and with identical central times. The beating
pattern exhibits a three-fold rotational symmetry with respect to the axis
t1 = t2 = t3 (red line). This symmetry corresponds to the even permutations
of the detection times and is caused solely by the highly symmetric linear
network. Furthermore, three two-fold rotational symmetry axes are visible
(blue lines), which correspond to a combination of odd permutations and a
parity operation. These symmetries are the result of a combination of both
a regular interferometer and input state. (b) The three-fold symmetry is
clearly visible in the plane t1 + t2 + t3 = 3t0 represented as the blue plane
in panel (a). (c) The view along the axis t1 + t2 = 2t0, t3 = t0 reveals the
two-fold rotational symmetry of the beating pattern.
Reprinted panel (a) with permission from Laibacher and Tamma, Phys. Rev. A 98,
053829 (2018) [51]. Copyright 2018 by the American Physical Society.

the unitary matrix with elements

Uds =
1√
3

exp
(
−2π

3
ds
)
. (5.33)

The symmetry of the network does in this case lead to a set of rotational symmetries, as
evident in fig. 5.5. Namely, the interferometer-dependent multiphoton amplitudes Aσ are
invariant under a permutation π of the input channels, Aσ◦π = Aσ, if π is one of the three
even permutations3 (1)(2)(3), (123), or (132). Consequently, G(3)

d

(
Tπ[t]

)
= G

(3)
d (t) for

these permutations according to eq. (5.31), resulting in a three-fold rotational symmetry
around the red axis t1 = t2 = t3 in fig. 5.5a. As an example, the permutation π = (123)

3We are using the cycle notation to denote the permutations.
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corresponds to the permutation matrix

T(123) =




0 1 0
0 0 1
1 0 0


 , (5.34)

which equivalently can be interpreted as the matrix describing a rotation of 240° around
the axis t1 = t2 = t3 (see appendix C.1.2). Consequently, the permutation π = (123)
effects a rotation of −240° or 120° of the beating pattern. Analogously, π = (132)
corresponds to a 240° rotation of the correlation landscape around the same axis.

A second group of symmetries follows from the fact that Aσ◦π = A∗σ if the permutation
π is one of the odd permutations (12)(3), (23)(1), and (13)(2). In this case, the beating
pattern of the time-resolved correlations is invariant if such a permutation π of the
detection times is combined with the parity transformation TP (see eq. (5.31)).
For example, the combination of T(12)(3) and TP corresponds to the transformation

matrix

− T(12)(3) =




0 −1 0
−1 0 0
0 0 −1


 , (5.35)

which describes a 180° rotation of the landscape around the axis t1 + t2 = 2t0, t3 = t0,
indicated by the solid blue line in figs. 5.5a to 5.5c. Likewise, the permutations π = (23)(1)
and π = (13)(2) lead to equivalent rotational symmetries with respect to the axes
t2 + t3 = 2t0, t1 = t0 and t1 + t3 = 2t0, t2 = t0, indicated as dashed and dotted lines in
fig. 5.5, respectively.

Discussion

The presented results indicate that the time-resolved correlations of multiple photons
at the output of linear networks can serve as a witness of symmetries in both the
multiphoton input state as well as the linear optical network. Surprisingly, some of
these symmetries only allow to infer information about the state or the interferometer if
the photons exhibit different colors ω0j and thus cause an intricate beating pattern in
the correlations. In that sense, the distinguishability in the central frequencies, which
is in general a challenge to overcome in quantum optical experiments, is turned into
a valuable resource. Since the information about the symmetries is encoded into the
time-resolved interference pattern, it can only be observed with detectors which resolve
the detection time at the interferometer output.
Equivalent results hold for frequency-resolved correlation measurements of photons

with different injection times due to the conjugacy of time and frequency, as discussed
in section 5.2.2.

Consequently, the advent and application of detectors with high temporal or frequency
resolution opens up a possible path towards new ways for the characterization of
multiphoton states and linear optical networks. It has to be emphasized however that
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this approach does not scale well to large photon numbers N since the number of data
points needed to reconstruct the landscapes scales exponentially in N .

5.3.4. Beating and entanglement

We now discuss another effect of the beating behavior exhibited by photons interfering in
linear optical networks. Namely, we investigate how the entanglement of the multiphoton
output state in a given computational polarization basis λ = H,V depends on the values
of the internal DOF. As we demonstrate, this dependence encodes the whole family of
W-states into the output state of a single interferometer. We first make this observation
for the case of general photon numbers before we discuss its implications in more detail
for the case of three photons.

Generation of W-states

We consider the interference of N single photons in a fully symmetric 2N -channel
interferometer described by a unitary matrix with coefficients

Uds =
1√
N

exp
(
−2π

N
ds
)
. (5.36)

More specifically, we let the photon injected into the last input channel be V-polarized
while all other photons are H-polarized. Furthermore, we assume generally distinct
injection times t0j but identical temporal distributions χ̃j(u) = χ̃(u) and identical central
frequencies. Consequently, the spectra

ξj(t) = ελj ξ̃(ω − ω0)e+i(ω−ω0)t0j (5.37)

of the single-photon pulses |1; ξj〉sj , defined in eq. (5.8), are characterized solely by their
central times t0j and their polarizations λj (with λ1 = · · · = λN−1 = H, λN = V). Since
each photon j is injected into a separate input channel sj = j, the input channel vector
is s = (1, . . . , N)T and the full input state equals

|s; {ξj}〉 =
N⊗

s=1

|1; ξs〉s. (5.38)

Using eq. (2.46) and the unitary matrix in eq. (5.36), this state can be straightforwardly
propagated to the output of the linear network. This procedure yields the full output
state

|ψout〉 =
∑

d∈DN,N

Nd
∑

σ∈SN
Aσ|d; {ξσ(j)}〉, (5.39)

where we recalled the definition of the multiphoton interferometer amplitudes Aσ in
eq. (3.10) and the definition of states containing N single photons from eq. (5.12).
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Let us now consider detection events in which the photons are detected in separate
output channels, i.e. where the output sample is equal to d0 = (1, . . . , N)T . The relevant
output state component

|ψout;d0〉 =
∑

σ∈SN
Aσ|d0; {ξσ(j)}〉

=

∫
dNω

N∏

d=1

ξ̃(ωd − ω0)
∑

σ∈SN
Aσei(ωd−ω0)t0σ(d)|{λσ(d)}, {ωd}〉 (5.40)

can be interpreted as a superposition of states with fixed sets of detected frequencies
{ωd}. Indeed, the component

|W; {ωd}〉 ..= N
∑

σ∈SN
Aσ

N∏

d=1

ei(ωd−ω0)t0σ(d)|{λσ(d)}, {ωd}〉, (5.41)

which corresponds to a given set of detected frequencies, represents an entangled N -
photon W-state in the polarization basis [112]. The weights of the components in these
W-states are functions of the detected frequencies ωd and undergo beating if the central
times t0j of the photons are distinct. Consequently, the state eq. (5.40) contains many
of the possible states in the class of general W-states, parametrized by the values {ωd}.
To further illustrate this superposition, we now turn to the case of three interfering

photons.

Example of three photons

For N = 3 photons, the W-states in eq. (5.41) can be written in the form4

|W; {ωd}〉 = a({ωd})|VHH; {ωd}〉+ b({ωd})|HVH; {ωd}〉+ c({ωd})|HHV; {ωd}〉 (5.42)

with coefficients a, b, c which are functions of the detected frequencies. As we demonstrate
in appendix C.2.1, the moduli of these coefficients are equal to

|a({ωd})| = N ({ωd})
∣∣∣cos

(1

2
(t01 − t02)(ω2 − ω3)− 2π

3

)∣∣∣,

|b({ωd})| = N ({ωd})
∣∣∣cos

(1

2
(t01 − t02)(ω3 − ω1)− 2π

3

)∣∣∣,

|c({ωd})| = N ({ωd})
∣∣∣cos

(1

2
(t01 − t02)(ω1 − ω2)− 2π

3

)∣∣∣ (5.43)

where N ({ωd}) ensures the normalization |a|2 + |b|2 + |c|2 = 1. Consequently, the
coefficients exhibit a strong beating behavior, as illustrated in fig. 5.6a for the exemplary
case ω3 − ω1 = ω2 − ω3. The observed beating behavior is only the result of the

4Note that the definition of the W-state class in [112] includes a fourth state component |HHH〉.
However, the entanglement between the three qubits is not influenced by this fourth component, as
shown in [112].
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Figure 5.6.: (a) Beating of the probabilities |a|2, |b|2, |c|2 in eq. (5.43) with the detected
frequencies ωi, plotted along the axis ω2 − ω3 = ω3 − ω1. The green cross,
square, and triangle highlight representative points where the state is fully
entangled, fully separable, and biseparable, respectively. (b) Density plot of
the minimum two-tangle τmin defined in eq. (5.44). The measure vanishes
for separable states (square and triangle mark) and is maximal for the fully
entangled state (cross mark). (c) Density plot of the average two-tangle τ̄
in eq. (5.45). It vanishes only for the fully separable state (square mark),
is maximal for the fully entangled state (cross mark), and exhibits an
intermediate value for the biseparable state (triangle mark).
Reprinted figure with permission from Laibacher and Tamma, Phys. Rev. A 98, 053829
(2018) [51]. Copyright 2018 by the American Physical Society.
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interference between the two H-polarized photons, since light pulses with orthogonal
polarizations do not show any mutual interference. This claim is indeed evident in
eq. (5.43) if we note that the injection time t03 of the V-polarized photon does not enter
at all in this expression.
The fact that the relative weights in eq. (5.42) undergo beating if the initial times

of the H-polarized photons are distinct, t01 − t02 6= 0, naturally leads to the question
how this affects the entanglement of the W-state |W; {ωd}〉. We recall that, in tripartite
states, two distinct kinds of true tripartite entanglement exist for which the state is
neither 2- nor 3-separable [112]: Either, the entanglement is shared between all three
particles at the same time, which is for example the case for a GHZ-state |HHH〉+ |VVV〉
[113], or the three qubits are entangled in such a way that each pair of qubits exhibits
pairwise entanglement. The states in eq. (5.42) exhibit the latter type of entanglement.

Consequently, we can characterize the degree of entanglement of the states in eq. (5.42)
solely in terms of bipartite entanglement. For example, the pairwise entanglement of
the qubits in a tripartite pure state ρ̂123 can be quantified by the two-tangle τ = τ(ρ̂)
of the reduced density matrices ρ̂12, ρ̂13 and ρ̂23 (for a definition of the two-tangle,
see appendix C.2.2). The entanglement of the state ρ̂123 is then truly tripartite if
the two-tangle is non-vanishing for all three possible qubits pairs, i.e. if the minimum
two-tangle

τmin
..= min

(
τ12, τ23, τ13

)
(5.44)

is non-vanishing. If τmin = 0, the state is either 2- or 3-separable. These cases can be
distinguished by the average two-tangle of the subsystems

τ̄ ..=
1

3

(
τ12 + τ23 + τ13

)
. (5.45)

Both quantities are maximized by the ideal W-state |VHH〉+ |HVH〉+ |HHV〉, yielding
the bounds [112]

τmin ≤
4

9
and τ̄ ≤ 4

9
. (5.46)

For the state in eq. (5.42), the two-tangle evaluates to [114]

τ12 = 4|a|2|b|2, τ23 = 4|b|2|c|2, τ13 = 4|a|2|c|2. (5.47)

Inserting eq. (5.43), we can express the minimum and the mean two-tangle as a function
of the frequencies {ωd} at which the photons are detected at the interferometer output.
Because the absolute values of the coefficients a, b, c in eq. (5.43) only depend on the
frequency differences ωd − ωd′ , it is possible to interpret τ̄ and τmin as functions of the
two frequency differences ω2−ω3 and ω3−ω1. The resulting plots for both entanglement
quantifiers are shown together with the coefficients from eq. (5.43) in fig. 5.6. As the
figure demonstrates, the periodicity of the beating in eq. (5.43) carries over to the
density plots of the entanglement measures. Furthermore, it is obvious that any degree
of W-state type entanglement is realized by the beating of the amplitudes a, b, c.
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5.4. Resolved correlations for thermal input states

We illustrate this observation with the help of three representative points which are
marked in all three panels by a cross, a square, or a triangle, respectively. The green
cross mark indicates for example a point with maximal tripartite entanglement of the
W-state type, corresponding to the maximal possible value τ̄ = τmin = 4/9 [112]. Such a
degree of entanglement is uniquely achieved for |a| = |b| = |c| = 1/

√
3.

On the other hand, if both minimum and average tangle vanish for some set of detected
frequencies (e.g. at the square mark), that is if τ̄ = τmin = 0, the corresponding state
must be fully separable since two of the amplitudes a, b, and c vanish according to
eq. (5.47). Last, a biseparable state is found when only one of the amplitudes vanishes.
Such a state, indicated for example in fig. 5.6 by a green triangle, shows a high average
entanglement τ̄ = 1/3 since two photons are maximally entangled, but the minimal
two-tangle vanishes, τmin = 0, due to the biseparability.

Discussion

According to our discussion of fig. 5.6, each possible degree of W-state-type tripartite
entanglement is realized by some combination of detected frequencies, as long as the
initial times of the H-polarized photons are distinct. Consequently, the output state
indeed encodes all possible degrees of tripartite entanglement of the W-state-type into
the frequency DOF of the detected photons. Interestingly, this is achieved with a single
interferometer geometry given in eq. (5.36). The distinguishability of the single-photon
pulses in their central frequencies is in this context not a disadvantage but a crucial
requirement. Our findings indicate that arbitrary states from the family of W-states
can be chosen by a suitable frequency measurement. However, because such a scheme
requires postselection, it does not efficiently scale to large photon numbers.
We emphasize that the parametrization of the entanglement in terms of the photon

frequencies can only be observed if the frequency resolution at the detectors is high.
Namely, this effectively renders the photons indistinguishable in their central times t0j
and ensures that interference between the H-polarized photons can be observed even
though they are injected at distinct times t0j . This effective indistinguishability leads to
a symmetrization of the state by the interferometer, giving rise to the W-state structure.
Furthermore, it ensures that a beating of the multiphoton interference can be observed
for distinct injection times of the input photons.

5.4. Resolved correlations for thermal input states

Up to now, we have considered the interference of multiple single photons in linear
optical networks and have investigated the resulting correlations at the output of the
interferometer. However, in recent years many experiments have also utilized thermal
light sources to observe fundamental effects [115–117] or to develop applications in
high-precision imaging [118–125] and quantum information [126, 127].

Motivated by these results, we now investigate the time-resolved correlations arising
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5. Inner-mode-resolved multiphoton correlations

for thermal sources. We compare our findings with the results obtained in section 5.2
for the case of single-photon sources and demonstrate an interesting connection to the
boson sampling problem discussed in chapters 3 and 4.

5.4.1. Time-resolved correlation functions

We start by evaluating the Glauber correlation function, eq. (5.4), for thermal states. In
the situation we consider, each of the M interferometer input channels is connected to
an independent (pseudo-)thermal source. Consequently, the total input state is given by
the product

ρ̂ =
M⊗

s=1

ρ̂(th)
s (5.48)

of thermal states ρ̂(th)
s which are described by the Glauber-Sudarshan representations5

P (th)
s ({α(ω)}) =

∏

ω

1

πn̄s(ω)
exp
(
−|α(ω)|2
n̄s(ω)

)
, (5.49)

as discussed in eq. (2.33) of section 2.2.4. The average photon-numbers n̄s(ω) =
r̄sfs(ω−ω0) are determined by the total photon rate r̄s and a spectral distribution fs(ν).
For the state in eq. (5.48), the correlation function, eq. (5.4), can be significantly

simplified by taking into account the following crucial properties: First, the Nth-order
correlation functions G(N,N)

s,s′ (t,u), eq. (5.3), are only non-vanishing if s and s′ are
equivalent up to a permutation of their elements due to the symmetry of the phase
space distributions, eq. (5.49). Furthermore, the nonvanishing correlation functions for
such Gaussian states can always be expressed solely in terms of first-order correlation
functions

G(1,1)
s,s (t, u) = r̄sgs(t− u)e−iω0s(t−u) ..= r̄s

∫
dω fs(ω − ω0s)e

−iω(t−u), (5.50)

whose widths define the coherence times τ (s)
coh.

We demonstrate explicitly in appendix C.3 that these properties allow us to rewrite
eq. (5.4) with the help of the weights

W (s)
σ,π(t) ..=

N∏

j=1

gsj(tσ−1(j) − tπ−1(j))e
−iω0sj

(tσ−1(j)−tπ−1(j)) (5.51)

in the form

G
(N)
d (t) =

∑

s∈SM,N
Ns
(

M∏

s=1

r̄nss

) ∑

σ,π∈SN

(
A(d,s)
σ

)∗
W (s)
σ,π(t)A(d,s)

π . (5.52)

5We again omit the polarization DOF for simplicity.
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5.4. Resolved correlations for thermal input states

Here, only a single sum over the set SM,N of physically distinct N -photon input config-
urations, defined in eq. (3.6), appears compared to eq. (5.4). Consequently, eq. (5.52)
describes the correlations as the incoherent6 sum of the correlations corresponding to all
possible N -photon input configurations s.
This observation agrees with the intuition gathered from a single-mode treatment:

For single-mode thermal states

ρ̂(th)
s =

∑

n

n̄ns
(1 + n̄s)n+1

|n〉〈n|s, (5.53)

the full input state of the interferometer is a statistical mixture of products of Fock states,
i.e. of the states |s〉 defined in eq. (3.5). Consequently, the correlations at the output
of the interferometer are the average of the correlations arising from these individual
boson sampling states |s〉.
Indeed, the contributions to eq. (5.52) for specific fixed configurations s can be con-

nected to the permanent structure of the correlations for single photons, eq. (3.16).
Namely, by noting that |perU (ds)|2 =

∑
σ,π

(
A

(d,s)
σ

)∗
A

(d,s)
π , it becomes obvious that such

a contribution for fixed s corresponds to the squared permanent of the correspond-
ing interferometer submatrix U (ds), apart from the fact that each cross term is now
individually weighted by W (s)

σ,π(t).
In the extreme case where all detection times are all fully distinct on the scale of the

coherence times, |ti − tj| � τ
(s)
coh ∀i, j∀s, all weights in eq. (5.52) corresponding to true

cross terms vanish, W (s)
σ,π(t) ≈ δσπ. Consequently, the contribution of each configuration

s is given by the incoherent superposition of the probabilities for each multiphoton path,
leading to

G
(N)
d (t) =

∑

s∈SM,N
Ns
(

M∏

s=1

r̄nss

) ∑

σ∈SN
|A(d,s)

σ |2 if |ti − tj| � τ
(s)
coh ∀i, j∀s. (5.54)

On the other hand, if all detection times are equal, i.e. if ti = tj ∀i, j, full N -photon
interference takes place for each input configuration s, W (s)

σ,π = 1. Consequently, the
correlations

G
(N)
d (t) =

∑

s∈SM,N
Ns
(

M∏

s=1

r̄nss

)
|perU (ds)|2 if ti = tj ∀i, j (5.55)

reflect the permanent structure of the boson sampling probabilities, eq. (3.16). This
expression also emphasizes that the correlations are the result of multiphoton interference
of different degrees. Namely, the more repetitions s contains, i.e. the fewer distinct
sources emitted the N detected photons, the lower the number of independent columns
in U (ds) becomes and the number of distinct multiphoton paths is reduced (see fig. 3.5).

6Note that the sum over the permutations is always non-negative since the functions gs(u) are positive
semi-definite according to Bochner’s theorem [128].
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5. Inner-mode-resolved multiphoton correlations

Equation (5.55) is only valid if the detection time differences are negligible with
respect to the coherence times, |ti− tj| � τ

(s)
coh ∀i, j, s, as well as to the inverse frequency

differences of the sources, |ti − tj||ω0s − ω0s′| � 1 ∀i, j, s, s′. If the latter is not the case,
the correlations undergo a beating similar to the situation described in section 5.3.2,

G
(N)
d (t) =

∑

s∈SM,N
Ns
(

M∏

s=1

r̄nss

)∣∣∣∣
∑

σ∈SN

M∏

j=1

Udσ(j)sje
−iω0sj

tσ(j)

∣∣∣∣
2

if |ti − tj| � τ
(s)
coh ∀i, j∀s.

(5.56)
Keep in mind however that the correlations are still a classical average over all possible
N -photon input configurations.

5.4.2. Alternative expression

In addition to the expression in eq. (5.52), the correlations can also be cast into the
compact form (see appendix C.3)

G
(N)
d (t) = perBd(t), (5.57)

where we introduced the Hermitian N ×N matrix

B = Bd(t) = (bij) (5.58)

with elements

bij ..=
M∑

s=1

U∗disr̄sgs(ti − tj)e−iω0s(ti−tj)Udjs. (5.59)

Although eq. (5.57) also expresses the correlations by a single permanent, it differs signif-
icantly from eq. (5.18), describing the time-resolved correlations for single-photon input
light. While the permanent in the latter equation describes the coherent superposition
of N -photon probability amplitudes in the single-photon case, the terms in eq. (5.57)
directly correspond to weighted cross terms between such N -photon probability ampli-
tudes as discussed in section 5.1. Each of these terms describes the correlations between
the output channels which arise from the fact that detection events at different output
channels contain contributions from the same source. As described by the functions
gs(u), these correlations decay as the detection events are separated further in time.

5.4.3. Correlation landscapes

The behavior of the correlations, eq. (5.52), is illustrated in fig. 5.7 for the case of three
pseudo-thermal sources with different central frequencies. Since the thermal states,
eq. (5.49), are stationary, the correlations only depend on the detection time differences
and not on their absolute values. Therefore, fig. 5.7 shows the correlations in the plane
perpendicular to the axis t1 = t2 = t3 as a function of the variables u ..= (t2 − t1)/

√
2

and v ..=
(
(t3 − t1) + (t3 − t2)

)
/
√

6, similar to figs. 5.3b, 5.4b and 5.5b.
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(a) Correlations for a randomly chosen linear
network.
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(b) Correlations for the symmetric tritter de-
scribed by eq. (5.33).

Figure 5.7.: Temporal beating of the correlations at the output of a linear network for
thermal input states. Both figures show the temporal correlations, eq. (5.52),
for three thermal sources with equal mean photon rate r̄ and different central
frequencies, ω02−ω01 = 7.4∆ω, ω03−ω01 = 11.3∆ω. We plot G(3)

(1,2,3)(t)/r̄
3 in

the plane perpendicular to the axis t1 = t2 = t3 as a function of the variables
u ..= (t2 − t1)/

√
2 and v ..=

(
(t3 − t1) + (t3 − t2)

)
/
√

6. (a) Correlations for
sources with distinct bandwidths ∆ω1 = 2

3
∆ω2 = 1

2
∆ω3 = ∆ω interfering in

the interferometer, eq. (5.32), used in fig. 5.4. (b) Correlations for sources
with equal bandwidth ∆ω interfering in a symmetric tritter, eq. (5.33)
(compare fig. 5.5). The blue lines in both panels indicate the regions
dominated by interference between a reduced number of photon paths, as
discussed in the main text (solid line: t2 = t1; dashed line: t1 = t3; short
dashed line: t2 = t3).

The beating from the interference of all possible quantum paths, described by eq. (5.56),
is clearly visible for sufficiently small detection time differences. Furthermore, beating
can also be observed in regions where two of the detection times are approximately
equal, indicated in both panels by the three blue lines (solid line: t2 = t1; dashed line:
t1 = t3; short dashed line: t2 = t3). In these regions, the degree of interference is however
reduced. Namely, pairs of quantum paths are only indistinguishable if they solely differ
by a permutation of the output channels with equal detection times. If all detection time
differences are large, no beating can be observed and the correlations take a constant
value, as predicted by eq. (5.54).

At last, we note that in the case of equal sources, r̄sgs(u) = r̄g(u) ∀s, the output
state is equal to the input state regardless of the interferometer transformation and the
correlation function reduces to

G
(N)
d (t) = r̄N for equal sources. (5.60)
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5. Inner-mode-resolved multiphoton correlations

5.4.4. Connection to Gaussian boson sampling

Finally, we would like to connect the results of this section with the topic of Gaussian
boson sampling mentioned in section 4.5. While Gaussian boson sampling, introduced in
[33], considers boson sampling from general Gaussian input states including squeezing,
sampling from thermal input states has been considered in earlier publications [32, 45].
For this scenario, the single-mode description of the problem yields for the detection of
N photons at the output sample d the probabilities [32]

PN [d] = perD(dd), (5.61)

where D(dd) is the submatrix of

D ..= U diag
( n̄1

1− n̄1

, . . . ,
n̄M

1− n̄M

)
U † (5.62)

corresponding to the output channel indices in d in both rows and columns.
A comparison to eq. (5.57) reveals the similarity to the correlations determined in

this section. Indeed, assuming a narrow spectral distribution of the sources, n̄(ω) ≈
r̄sδ(ω − ω0), the coherence time of the sources is very large, gs(u) ≈ gs(0) = 1 ∀u.
Consequently, the probability to find N photons at the output ports d in a time interval
[0, T ] is given by

PN [d] =

∫ T

0

dN tG
(N)
d (t) = per

(
TBd(0)

)
, (5.63)

where the matrix TBd(0) is according to eq. (5.59) a submatrix of

TB(0) = U diag
(
T r̄1, . . . , T r̄M

)
U †. (5.64)

Identifying the mean photon numbers n̄s in eq. (5.62) with the integrated mean photon
rates T r̄s in eq. (5.64) shows that the expressions in eqs. (5.61) and (5.63) differ in their
dependence on the mean photon number (rates) of the thermal sources.
This difference is explained by the observation that the two equations describe the

probabilities for slightly different physical scenarios: The treatment in [32] describes the
measurement of a single photon or no photon in output channel d by a projection onto
the single-photon Fock state |1〉d or onto the vacuum state |0〉d, respectively. Instead,
our expression is based on correlation functions and thus gives the probability that a
photon is annihilated by the detector, regardless of the total number of photons in the
corresponding channel. It consequently takes into account all Fock state components
|n〉d, n ≥ 1 and yields a value which is proportional to the mean photon number.
This explanation is further supported by the fact that the expression in eqs. (5.62)
and (5.64) coincide in the limit of weak sources, n̄s � 1, where n̄s/(1− n̄s) ≈ n̄s. Indeed,
state components with photon numbers n > 1 are suppressed in this limit, causing the
difference between the correlation function and the projection onto Fock states to vanish.
As was demonstrated in [32], boson sampling from purely thermal input states is

not classically hard but can be performed in classical polynomial time. Since the
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Glauber-Sudarshan distribution P (th)({α(ω)}), eq. (5.49), is exclusively positive, it
can be interpreted as a probability density over coherent states. Thus, sampling
from the output probability distribution can be achieved by first sampling a coherent
input state according to the P -functions of the input sources and then sampling from
the corresponding photon number distribution at the output. This procedure can
be executed efficiently since the output distribution for coherent input states can be
efficiently computed [73]. For this reason, boson sampling with Gaussian sources can
only be hard if the sources exhibit squeezing, leading to the general Gaussian boson
sampling (GBS) [32, 33, 109] mentioned in section 4.5.

5.5. Discussion

We have demonstrated in this chapter that time- or frequency-resolved detection of light
with photon-counting detectors grants access to a rich variety of interference features. In
the case of single-photon input light for example, the landscapes created by the beating
of the correlations reveal information about symmetries in both, the linear optical
network as well as the N -photon input state. Additionally, using polarization to encode
qubits, a detection resolving the internal degrees of freedom of the photon pulses allows
to select the degree of entanglement between the photons in the case of coincidences.
Lastly, intricate beating of the correlations for sources with different frequencies can
also be observed if (pseudo-)thermal input light is used instead of single-photon sources.

The formal analysis of the expressions has furthermore led to important insights into
the structure of the correlations, which form the basis for the following chapter. We have
found that in a multimode model, the degree of interference between the multiphoton
paths is determined by both the input state and the times or frequencies at which the
photons are detected. This concept will again be important for the description of boson
sampling experiments with non-identical photons, which cannot be described by a simple
matrix permanent anymore due to the reduced interference capability of the photons.
In contrast, if the time or frequency resolution is high, the correlations retain a

permanent structure, which is formally very similar to that of original boson sampling,
regardless of the distinguishability of the photons. Consequently, the question arises if a
resolved boson sampling scheme offers the possibility to achieve classical hardness even
with partially or fully distinguishable input photons. In the next chapter, we aim to
provide an answer to this issue.
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non-identical photons

In the previous chapter, we introduced a multimode model for the interference of light
in linear optical networks, based on higher-order correlation functions. Its application to
the description of a boson sampling computer allowed a two-fold extension of the simple
single-mode description used in the original boson sampling publications (see chapter 3):
First, it accounts for the “internal” degrees of freedom (DOF) of the single-photon pulses,
such as color, injection time, spectrum, and polarization. Consequently, it becomes
possible to describe the effect of distinguishability between the input photons on the
multiphoton interference. Second, being based on correlation functions, the model
naturally describes a photon detection process which resolves detection time or frequency
and polarization of the photons. As a result, we realized in section 5.2.2 that a high time
or frequency resolution preserves the permanent structure known from boson sampling
(see eq. (3.16)) even for non-identical photons.

Motivated by these observations, we now return to the investigation of boson sampling
problems. In the first section, we disregard the possibility of resolving detections
of the photons and simply apply our model to describe the effect of the photons’
distinguishability on the output probability distribution. The resulting expressions help
us to understand why the original hardness proof for approximate boson sampling does
not carry over trivially to such a scenario.
Afterwards, we return to a time- or frequency-resolved detection of the photons,

gaining further insight into the correlations derived in section 5.2.2 by investigating
several limiting cases. Using our newly found knowledge, we introduce an extension of
the original boson sampling problem, which involves the time- or frequency-resolved
detection of the photons. We analyze under which assumptions about the input state
such a multiboson correlation sampling (MBCS) problem is classically hard. Thereby,
we come to the conclusion that a high resolution of the detectors results in a surprising
robustness of the hardness with respect to certain sources of distinguishability. In the
last section of this chapter, we propose how to exploit this robustness to facilitate the
experimental implementation of boson sampling experiments with SPDC sources, using
a “temporal scattershot” approach.

The discussion of the effect of non-identical photons onto the probability distribution
in the non-resolved boson sampling scheme, presented in section 6.1, has with a different
emphasis been published in refs. [46, 49]. Furthermore, we formulated the multiboson
correlation sampling (MBCS) problem in refs. [46–48] and partially analyzed its hardness
in ref. [48].
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6.1. Non-resolved boson sampling

We now apply the multimode model developed in chapter 5 to the original boson
sampling setup. We find that differences in the internal degrees of freedom (DOF) of
the single-photon pulses lead to a degradation of the multiphoton interference. This
degradation results in a loss of the permanent structure of the output probabilities in
eq. (3.16) and makes it difficult to assess the classical hardness of boson sampling in
such a scenario.

6.1.1. Probabilities for non-resolved detection

In the original boson sampling problem, only the distribution of the N photons over
the output channels is recorded in each run of the experiment, yielding a sample
d = (d1, . . . , dN)T of output channels. All information regarding the detection time or
frequency and the polarization of the photons is discarded.
In our model, this procedure amounts to summing the correlation function G(N)

dλ (t)
for single-photon input, eq. (5.16), over all detection times and polarizations. If several
photons are detected in the same output channel, that is if nd(d) > 1 for some d, it
is necessary to introduce an additional normalization Nd = 1/

∏
d nd(d)!, defined in

eq. (2.53), to avoid an overcounting of events as described in section 2.4.4. The equivalent
of the boson sampling probabilities in eq. (3.16) for photons injected into the input ports
s is therefore given by1

P [d | s] = Nd
∑

λ∈{H,V}N

∫
dN tG

(N)
dλ (t). (6.1)

Inserting the correlation function G(N)
dλ (t) =

∣∣∑
σ

∏
i Udisσ(i)

χσ(i),λi(ti)
∣∣2 from eq. (5.16),

we can express these probabilities as a weighted sum

P [d | s] = Nd
∑

σ,π∈SN

(
A(d,s)
σ

)∗
A(d,s)
π wσ,π (6.2)

of cross terms between the interferometer multiphoton amplitudes A(d,s)
σ , defined in

eq. (3.10). The weights

wσ,π ..=
∑

λ∈{H,V}N

∫
dN t

N∏

i=1

χ∗σ(i),λi
(ti)χπ(i),λi(ti) (6.3)

allow for a very simple and intuitive interpretation: They are given by the product

wσ,π = wπ◦σ−1
..=

N∏

j=1

gjπ(σ−1(j)) (6.4)

1Note that we here limit ourselves to the case of collisionless input samples, Ns = 1.
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of pairwise overlaps (· denotes the complex scalar product)

gjk ..=

∫
dtχj(t) · χk(t) (6.5)

between the temporal mode functions of the single-photon pulses at the input of the
interferometer.

The fact that the interference is determined by the distinguishability of the photons at
the input of the network and not at the detectors is a result of the detector integration in
eq. (6.1) and our assumption that the evolution inside of the interferometer is frequency-
independent. While the latter ensures that the probability amplitudes χj,λ(t), defined in
eq. (5.10), are not distorted during propagation, the former condition causes the signal
to be sensitive to all possible contributions of the input pulses. We emphasize however
that in general, only the distinguishability at the detectors is relevant for the degree of
interference. This fact is for example nicely illustrated by the two-photon interference
setup discussed in section 8.3.
By reordering the terms in eq. (6.2) to

P [d | s] = Nd
∑

ρ∈SN
wρ
∑

σ∈SN

(
A(d,s)
σ

)∗
A(d,s)
ρ◦σ , (6.6)

we find that the degree of interference between the quantum paths only depends on
the N pairs of sources {(j, ρ(j))} contributing to the N detection events. This idea is
further illustrated in fig. 6.1.

The probabilities in eq. (6.6) generalize the Hong-Ou-Mandel (HOM) dip discussed in
section 3.1 to an arbitrary number of photons. Indeed, if we consider the interference
of two photons with identical Gaussian spectra but different initial times, ξj(ω) ∝
exp[−(ω− ω0)2/4∆ω2 + i(ω− ω0)t0j ], at a symmetric beam splitter, eq. (6.6) reduces to
the probability

P [1, 2] =
1

2

(
1− |g12|2

)
=

1

2

(
1− e−(t01−t02)2∆ω2/2

)
, (6.7)

plotted in fig. 3.3.
According to eq. (6.7), the interference between two photons only depends on the

modulus of the overlap g12. In the general case however, the complex phase of the
overlap factors gjk is crucial to correctly determine the multiphoton interference. This
difference again demonstrates that the interference between multiple single photons
cannot be explained in terms of low-order interference. Instead, for each photon number,
the probability contains contributions from true Nth-order interference. For the case of
three photons, this has been demonstrated for example in [129].
Lastly, we note for completeness that the probabilities in eq. (6.6) can be expressed

as a weighted sum of matrix permanents. To this end, let us define the interference
matrices

I(ds)
ρ

..=
(
U (ds)

)∗
? U (dsρ), (6.8)
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Figure 6.1.: Illustration of the terms in eqs. (6.6) and (6.9) in the case N = 2: Each term
corresponding to a fixed permutation ρ contains only terms which describe
correlations arising from the interference between N fixed pairs of sources
{(j, ρ(j))} (These pairs are highlighted by separate colors). Such a term is
in itself the sum of N ! cross terms A∗σ−1Aρ◦σ−1 . These subterms correspond
to the N ! possible ways at which detector each of the N photons pairs
(j, ρ(j)) interferes. The sum of these N ! cross terms yields the permanents
per I(ds)

ρ . Since the detectors are assumed to be identical, the capability for
interference only depends on the sources. Consequently, the weight of the
cross terms only depends on ρ.
Tamma and Laibacher, “Boson sampling with non-identical single photons”, Journal of
Modern Optics 63, 41–45 (2016) [49], https://doi.org/10.1080/09500340.2015.1088096,
reprinted by permission of the publisher (Taylor & Francis Ltd, www.tandfonline.com).

where we recalled the elementwise product · ? · of matrices and the notation sρ =
(sρ(1), . . . , sρ(N))

T . Expressing the multiphoton amplitudes in terms of the single-photon
probability amplitudes Uds as A(d,s)

σ =
∏

i Udisσ(i)
via eq. (3.10), we find that eq. (6.6)

can be recast in the compact form

P [d | s] = Nd
∑

ρ∈SN
wρ per I(ds)

ρ . (6.9)

As illustrated in fig. 6.1, each of these permanents contains terms corresponding to the
interference between N fixed pairs (j, ρ(j)) of input photons.

Limiting cases

Let us now shortly discuss three limiting scenarios of distinguishability between the
photons:
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6.1. Non-resolved boson sampling

Full indistinguishability. If all photons occupy the same temporal mode, all pairwise
overlaps are maximal, gij = 1 ∀i, j ∈ {1, . . . , N}, and thus wρ = 1 ∀ρ. Consequently,
the probabilities from eq. (6.6) result from full N -photon interference and we recover
the boson sampling probabilities

P [d | s] = Nd
∣∣perU (ds)

∣∣2 (6.10)

derived in eq. (3.16) for the ideal single-mode model.

Full distinguishability. On the other hand, only a single term contributes in eq. (6.9)
if all photons are distinguishable, gjk = δjk. Namely, wρ = 0 ∀ρ 6= 1 and no interference
between the particles can be observed. Consequently, the probabilities

P [d | s] = Nd per I(ds)
1 =

∑

σ∈SN

∣∣A(d,s)
σ

∣∣2 (6.11)

are equal to the classical probabilities in eq. (3.17) which describe the Galton board
experiment.

Full N ′-photon indistinguishability and N −N ′-photon distinguishability. Finally,
let us assume that N ′ < N photons, injected into the channels sid, are identical while
the photons in the remaining input channels sdist are fully distinguishable from all other
photons. Furthermore, we only consider collisionless output samples d for simplicity.
Then, the total probability is the sum of

(
N
N ′

)
contributions. Each of these terms

corresponds to a different possibility in which subset did of the output channels d the
identical photons are detected. While this probability is the result of interference of order
N ′, the remaining photons do not interfere at all. Consequently, the total probability is
given by

P [d | s] =
∑

(did,ddist)=d

∣∣perU (didsid)
∣∣2 per I(ddist,sdist)

1 . (6.12)

6.1.2. Hardness of sampling

Let us now turn towards the question if the boson sampling problem retains its classical
intractability if the single-photon pulses are distinguishable. Our investigation of the
limiting cases suggests that the general probability distribution in eq. (6.9) continuously
interpolates between the full N -photon interference found in the idealized single-mode
model and the probabilities found for classical particles. Since we know from section 3.3
that boson sampling is classically hard in the first case and can be efficiently solved in
the second case, it is reasonable to assume that the hardness of the sampling problem
undergoes a transition between these extremal cases as the distinguishability of the
input photons increases. Since some degree of distinguishability can realistically not
be avoided in the experiment, an investigation of this transition is of high interest, in
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6. Boson sampling with non-identical photons

order to understand how close the experiment needs to be to the ideal case in order to
implement a sampling problem that is actually hard.

Unfortunately, the structure of the probabilities in eq. (6.6) reveals that they cannot be
expressed in terms of permanents of interferometer submatrices anymore, as was the case
for identical particles (see eq. (6.10)). This structure however is the crucial ingredient
onto which the hardness proof by Aaronson and Arkhipov is built [16]. It is therefore
not possible to apply the same ideas to boson sampling with partial distinguishability.
Nevertheless, the intermediate case of full indistinguishability between a subset of

input photons seems to indicate that the problem can indeed also be hard in the
intermediate regime. Namely, the probabilities are in this case a weighted sum of
permanents of random Gaussian matrices U (didsid) with dimension N ′ < N . Since each
of these individual matrices becomes hard to approximate as N ′ increases, it seems very
likely that the probability distribution in eq. (6.12) describes a classically hard boson
sampling problem.

Indeed, the classical hardness of boson sampling was shown for a very similar proba-
bility distribution in [40]. In this article, the authors consider boson sampling in the
case where a fixed number of the N input photons are lost. Thus, only N ′ < N photons
in a random subset s′ contribute to the detection of the N ′-photon output sample d.
The corresponding output probabilities

P [d | s] ∝
∑

s′⊂s

∣∣perU (ds′)
∣∣2 (6.13)

exhibit a structure that is very similar to eq. (6.12). This similarity suggests that
the interpolation approach used in [40] can also be applied to demonstrate that boson
sampling is classically hard in the third scenario considered in the previous section as
long as the number of distinguishable photons remains constant.
Motivated by this observation, we investigate the hardness of boson sampling with

partially distinguishable particles in the following. However, to circumvent the problem
that the permanent structure is lost for partially distinguishable particles, we consider a
modified boson sampling problem. Namely, we recall from eq. (5.18) that the correlation
function can always be expressed as a coherent superposition of multiphoton amplitudes
if the photons are detected with high time or frequency resolution. Consequently, we
will from now on deal with a boson sampling problem where the detectors resolve the
internal DOF.

6.2. Multiboson correlation sampling

We now modify boson sampling to a problem in which the information about the
detection time2 is not discarded anymore. Additionally, we assume that all photons are

2While we assume time-resolving detectors in the following, the results can also straightforwardly
transferred to frequency-resolved detection, as discussed in section 5.2.
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6.2. Multiboson correlation sampling

equally polarized and that the interferometer is insensitive to polarization, such that
the polarization DOF can be omitted in our analysis. Consequently, each run of the
boson sampling computer now yields a detection time sample t in addition to the set d
of output channels, as depicted in fig. 6.2.

As discussed in the previous chapter, the time-resolved correlations for single-photon
input states are described by the correlation function

G
(N)
dλ (t) =

∣∣∣per
[
U (ds) ? X(λ)(t)

]∣∣∣
2

(6.14)

from eq. (5.18), where U (ds) ? X(λ)(t) =
(
Udisjχj(ti)

)
. Consequently, the probability

distribution for such a multiboson correlation sampling (MBCS) scheme exhibits a
fundamentally different structure compared to the original boson sampling setup if the
photons are partially or fully distinguishable.

interferometer

1

2

3

4

1

2

3

4

s d, t

Figure 6.2.: Setup for multiboson correlation sampling: In contrast to standard boson
sampling, the photons are detected in a time-resolved manner. Consequently,
each run of the experiment yields a vector t of N detection times in addition
to the vector d of channel indices in which a photon was detected.

6.2.1. Discretization of sample space

In order to formulate a sampling problem corresponding to the correlations in eq. (6.14), it
is necessary to discretize the detection time axes into a finite number of possible samples.
To ensure that this is possible, we limit the set of possible temporal distributions χ̃j(u)
in eq. (5.11) to those which are non-vanishing only inside a finite interval [tmin, tmax].
Then, each detection time axis can be divided into a set T of discrete time bins of size
δt and the samples generated by the MBCS computer in fig. 6.2 comprise N tuples (d, t).
It will prove advantageous to denote these samples by an ordered output channel sample
d ∈DM,N (see eq. (3.6)), an ordered detection time sample t ∈ TM,N with

TM,N
..=
{

(t1, t2, . . . , tN)T ∈ TN
∣∣ t1 ≤ t2 ≤ · · · ≤ tN

}
, (6.15)

and a permutation τ such that the detection in output channel di occurs at time tτ(i).
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6. Boson sampling with non-identical photons

d tτ

d1 t
d2 u

{(d1, t), (d2, u)}

d tτ ′

d1
ud2

t

{(d1, u), (d2, t)}6=
(a) Distinct τ corresponding to distinct sam-

ples

d tτ

d1 t
d2 t

{(d1, t), (d2, t)}

d tτ ′

d1
td2

t

{(d1, t), (d2, t)}=

(b) Distinct τ corresponding to identical sam-
ples

Figure 6.3.: Illustration of the set Ωd,t: In the notation used in this chapter, a full
detection sample is given by the ordered vectors d and t of output channel
indices and detection time samples, respectively, and by a permutation τ .
Together, they describe a set of N detections in the output channels di at
times tτ(i). a) If both d and t do not contain any repetition, any τ ∈ SN
corresponds to a distinct detection event. b) If at least one of the vectors
d and t contains repetitions, it is possible that distinct permutations τ, τ ′
describe the same detection event. Consequently, τ can only be chosen from
a subset Ωd,t ⊆ SN of all permutations such that the sets {(di, tτ(i))} are
distinct for distinct τ ∈ Ωd,t.

As illustrated in fig. 6.3, the permutation τ can for given d and t only be chosen
from a subset Ωd,t ⊆ SN containing all permutations which describe physically distinct
outcomes of the experiment.
The integration of the probability density in eq. (6.14) over the time bins yields the

probabilities

P [d, t, τ | s] ∝
∫ tτ(1)+δt/2

tτ(1)−δt/2
du1 · · ·

∫ tτ(N)+δt/2

tτ(N)−δt/2
duN G

(N)
d (u) (6.16)

corresponding to the discrete samples (d, t, τ). As we demonstrate in appendix D.1,
the proportionality constant in this equation is one if both d and t are collisionless but
becomes non-trivial otherwise.
Since our motivation to investigate MBCS was the permanent structure of the time-

resolved probability density in eq. (6.14), it has to be ensured that this structure carries
over to the discretized probabilities in eq. (6.16) and is not lost by the integration over
the time bins. To prevent such a loss, the correlation function has to be effectively
constant over the width of the time bins. This requirement can only be fulfilled by
detectors with a small integration time

δt� 1/∆ωtot (6.17)

compared to the inverse overall bandwidth ∆ω−1
tot of the input light in all channels. Under

this condition, the integration in eq. (6.16) can be replaced by a multiplication with δt.
As long as the size of the interferometer grows as M > N2, bunching of the photons at

the output is suppressed [18]. Consequently, it suffices in the following to concentrate our

116



6.2. Multiboson correlation sampling

attention to collisionless output channel samples d ∈D∗M,N for which the probabilities
take the explicit form

P [d, t, τ | s] = δtNG
(N)
d (tτ ) = δtN

∣∣∣per
[
U (ds) ? X(tτ )

]∣∣∣
2

if d ∈D∗M,N . (6.18)

Here, we recalled the permuted vector notation tτ = (tτ(1), . . . , tτ(N))
T . As was our goal,

these probabilities exhibit a structure which is very similar to the ideal boson sampling
probabilities in eq. (6.10).

6.2.2. Temporal overlap and interference

Despite the superficial similarity of the probability distributions in eqs. (6.10) and (6.18),
we will now demonstrate that the properties of the latter vary significantly with the
input state. Indeed, we have already illustrated in fig. 5.1b that delays between the
single-photon pulses can diminish the number of non-vanishing multiphoton amplitudes
which contribute to the probabilities in eq. (5.16). Interference only takes place if the
detection time sample contains time bins in which several of the photons can be detected
with a non-vanishing probability amplitude.

We therefore introduce the pairwise temporal overlaps

ajk ..=

∫
dt |χj(t)||χk(t)| =

∫
dt |χ̃j(t− t0j)||χ̃k(t− t0k)|, (6.19)

where we recalled the decomposition χj(t) = χ̃j(t− t0j) eiω0jt of the temporal amplitudes
from eq. (5.11) into real-valued temporal distributions χ̃j(t− t0j) and complex phases
exp(iω0jt). In contrast to the full pairwise overlaps gjk of the photons, defined in
eq. (6.5), the values ajk only describe the overlap between the moduli of the temporal
mode functions χj(t) and are consequently independent of the central colors ω0j. As
long as the temporal overlap between a pair of photons is non-vanishing, ajk > 0, a
time bin t′ exists in which both photons can be detected with non-zero probability,
|χj(t′)|, |χk(t′)| > 0. Thus, interference between these input photons contributes to
detection events at time t′. To further illustrate the role of the temporal overlaps ajk,
we now investigate several limiting cases in analogy to section 6.1.1.

Full temporal distinguishability

We first consider the interference of photons which are injected into the interferometer
one after the other. In this situation, none of the single-photon pulses overlap, that is

ajk = δjk ∀j, k. (6.20)

In this situation, a detection event in some time bin t can always be uniquely attributed
to a specific input photon. It is consequently possible to determine the path taken
by the photons inside of the linear interferometer and no multiphoton interference
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6. Boson sampling with non-identical photons

can be observed. Recalling the definition of the interferometer- and state-dependent
multiphoton amplitudes Aσ and Bσ(t) from eqs. (3.10) and (5.15), respectively, all
non-vanishing probabilities thus take the form

P [d, t, τ | s] = δtN
∣∣A(d,s)

σ Bσ(tτ )
∣∣2, (6.21)

where σ labels the quantum path taken by the N photons.
Equation (6.21) illustrates that the permanent structure of the probabilities in eq. (6.18)

does not automatically guarantee the complexity of the output probability distribution.
Indeed, the general expression can be highly misleading for fully distinguishable photons
by hiding the fact that the probability distribution is trivial since no multiphoton
interference is possible.

Partial overlap between all pulses

The situation changes if all pulses overlap at least partially in time,

ajk > 0 ∀j, k. (6.22)

Here, it is guaranteed that at least one time bin t exists in which all photons can be
potentially detected3. Consequently, the probability distribution in eq. (6.18) contains at
least some samples which are the result of multiphoton interference. Most importantly,
if all photons are detected at the same time t, full N -photon interference takes place
since the photons cannot be distinguished by the detection times in this case. The
probabilities for these samples can be simplified to

P [d, t, τ | s] = δtN
N∏

j=1

|χj(t)|2
∣∣perU (ds)

∣∣2 if t = (t, t, . . . , t)T . (6.23)

This expression reveals that the interference between the multiphoton paths is determined
solely by the interferometer transformation U for equal time samples, just like in the
original boson sampling problem.

Full temporal overlap

Full N -photon interference can be observed for all detection time samples t if all
single-photon pulses fully overlap in time, such that

ajk = 1 ∀j, k. (6.24)

This condition is fulfilled if the photons either are fully identical or differ only in their
colors ω0j. In this case, the temporal amplitudes

χj(t) = χ̃(t− t0)eiω0jt ∀j (6.25)
3This statement is true under the assumption that each temporal distribution χ̃j(u) corresponds to a
single connected pulse and does not exhibit a complex comb-like structure.
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can be factored out of the permanent in eq. (6.18) apart from the phase factor, regardless
of the detection time sample. We arrive at the probabilities

P [d, t, τ | s] = δtN
N∏

i=1

|χ̃(ti − t0)|2
∣∣∣per

(
Udisjeiω0jtτ(i)

)∣∣∣
2

. (6.26)

In this expression, the magnitude of the matrix elements in the permanent is independent
of the detection times, indicating full interference between all N ! quantum paths.

Implications

The comparison of the three limiting cases demonstrates that the actual structure of
the probability distribution for the MBCS computer in fig. 6.2 strongly depends on
the temporal overlap between the single-photon pulses. Although the probabilities
superficially seem to exhibit the permanent structure regardless of the input state, a
closer inspection reveals that they can simplify significantly if temporal distinguishability
limits the possibility of interference between the photons. It is therefore obvious that
MBCS cannot be classically hard regardless of the input state. Rather, statements about
its hardness must be based on additional assumptions about the input states.

In the following section, we formalize this concept and subsequently demonstrate that
exact MBCS is most likely classically hard for a very broad range of input states.

6.3. Exact MBCS

In the previous section, we found that the classical hardness of MBCS clearly depends
on the “internal states” of the photons, i.e. on their temporal mode functions χj(t).
Consequently, it is only possible to make concrete statements about the intractability
of the sampling problem if we make additional assumptions about the input states.
Nevertheless, we demonstrate in this section that exact MBCS sampling is classically
intractable for a very wide range of input states:

Theorem 6.1 (Condition for classical hardness of MBCS). If the input state of the
setup in fig. 6.2 consists of single-photon pulses with non-vanishing pairwise temporal
overlaps,

ajk > 0 ∀j, k = 1, . . . , N, (6.27)

the corresponding MBCS computer cannot be efficiently simulated on a classical computer.

Surprisingly, this result asserts the classical hardness of exact MBCS even for input
states in which the photons exhibit a high degree of distinguishability in time. This
robustness to temporal distinguishability is in strong contrast to the original boson
sampling problem for which the hardness was only proved under the assumption of
identical input photons. The reason for this lies in the structure of the probability
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6. Boson sampling with non-identical photons

distributions for both cases: As discussed in section 6.1 on boson sampling with dis-
tinguishable photons, the boson sampling probabilities cannot be expressed in terms
of squared permanents of matrices anymore if the input pulses are not identical. In
contrast, we found in the previous section that the condition in ineq. (6.27) guarantees
that full N -photon interference contributes to the probability distribution at least to
some degree. Namely, MBCS samples (d, t, τ) exist whose probability is proportional to
the boson sampling probabilities |perU (ds)|2 for identical photons (see eq. (6.23)). These
probabilities cannot be calculated efficiently and are the basis for the formal proof of
the hardness result.

6.3.1. Oracles for MBCS

To be able to formally demonstrate the hardness of exact MBCS, we first give a more
precise formulation of theorem 6.1 before we subsequently outline the main ideas of the
proof. This restated theorem relies on the notion of oracles for MBCS problems, in
analogy to the main hardness results in [16].
Before we define such oracles, we introduce the notion of classes of input states to

capture the importance of the input state for the hardness of the sampling problem. This
concept is similar to the classes of input probability distributions, which is introduced
in definition 4.2 and used in the context of generalized scattershot boson sampling and
random number boson sampling in sections 4.2 to 4.4:

Definition 6.1 (Classes of MBCS states). Let Ξ be the set of all frequency spectra
ξ(ω) which correspond to temporal spectra χ(t) non-vanishing only inside the interval
[tmin, tmax]. For given sets CN ⊆ ΞN of N -tuples {ξ1, . . . , ξN}, we call the indexed family
C ..= (CN)N∈N a class of MBCS states.

Note that for the sake of brevity, we use the term “MBCS state” to refer to the N -tuple
{ξj} of single-photon spectra which are defined in eq. (5.9). The hardness results derived
in this section and the following ones are always limited to specific classes of MBCS
states. Most importantly, we do not demand that an oracle is able to solve MBCS for
arbitrary MBCS states. Instead, we consider oracles which are able to sample from the
probability distribution in eq. (6.18) for a specific class C:

Definition 6.2 (MBCS oracle). Let OC be an oracle which takes as input a unitary
M ×M interferometer matrix U , a set {ξj} from a given class C of MBCS states, an
error bound β > 0, and a string r ∈ {0, 1}poly(N). For each input, the oracle generates
a sample (d, t, τ), resulting in a probability distribution D′ = D′(U , {ξj}; β) if U , {ξj},
and β are fixed while r is uniformly at random. Labeling the probability distribution
defined by eq. (6.18) as D = D(U , {ξj}), we call the oracle an exact MBCS oracle for the
class C if D′ = D. Furthermore, OC is called an approximate MBCS oracle for class C if

‖D′ −D‖ ≤ β (6.28)

irrespectively of U , {ξj}, and β.
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In analogy to the boson sampling oracles defined in [18], we assume that the time for
a call to an approximate oracle grows polynomially in 1/β.

6.3.2. Hardness of exact MBCS

Our main result for exact MBCS in theorem 6.1 can be reformulated as a statement
about the computational power of exact MBCS oracles:
Theorem 6.2. Let C be a class of MBCS states with the property that

ajk > 0 ∀j, k (6.29)

for any state {ξj} ∈ C and let OC be an exact oracle for the corresponding MBCS
problem. Then, P#P = BPPNPOC . Most importantly, if OC can be efficiently simulated
on a classical computer, P#P = BPPNP and the polynomial hierarchy collapses to the
third level.

The proof for this theorem crucially relies on the observation made in eq. (6.23): The
condition in ineq. (6.29) guarantees that some time-bin t′ exists in which all single-photon
pulses can be detected with non-vanishing probability. Consequently, samples (d, t′, τ)
with t′ = (t′, . . . , t′)T occur with non-vanishing probabilities which only differ from the
corresponding boson sampling probabilities |perU (ds)|2 by a prefactor

∏
j|χj(t′)|2 which

can be efficiently calculated.
Thus, theorem 6.2 can be proved by demonstrating that the following problem can

be solved in FBPPNPOC , in analogy to the proof for exact boson sampling in [18]:
Given any4 matrix X ∈ RN×N , estimate |perX|2 to within a multiplicative error
g ∈ [1 + 1/ poly(N), poly(N)] in FBPPNPO [18].
Indeed, it is always possible to find a unitary matrix U which contains εX (with

ε > 0) as the submatrix U (d0s0) for given sets5 s0 and d0 of input and output channels,
respectively. Feeding this matrix U and an MBCS state {ξj} ∈ C to the oracle OC ,
Stockmeyer’s algorithm [91] can be used to find an approximation Q[d0, t

′, τ | s0] of the
probability

P [d0, t
′, τ | s0] = δtNε2N

N∏

j=1

|χj(t′)|2|perX|2 (6.30)

to within a multiplicative error g in FBPPNPOC . The desired approximation of |perX|2 is
then given by Q[d0, t

′, τ | s0]/(δtNε2N
∏

j|χj(t′)|2). Since the approximation of |perX|2
is a #P-hard problem [18], it immediately follows that P#P = FBPPNPOC , completing
the demonstration of theorem 6.2.
We emphasize that this approach only uses an exponentially small subset of all

detection time samples to encode the permanent. In contrast to approximate sampling,
this limitation does not represent a problem in exact MBCS since the exact oracle is
guaranteed to perfectly reproduce P [d0, t

′, τ | s0].
4The matrix can be arbitrary and is not randomly generated as in the approximate sampling proofs.
5Without loosing generality, one can choose s0 = d0 = (1, . . . , N)T .
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6.3.3. Discussion

We conclude this section by summarizing our findings. We introduced MBCS with
the hope that the structure of the output probabilities in eq. (6.18) makes it easier
to decide whether boson sampling with non-identical input photons can be classically
intractable. For exact sampling, this hope proved to be well justified. Namely, exact
MBCS cannot be simulated by a classical algorithm as long as N -photon interference
can be observed for a non-empty set of samples. Such samples with full interference
guarantee the existence of probabilities which are directly related to the original boson
sampling probabilities. The fact that the relevant subset of samples is exponentially
small with respect to the set of all samples did not pose a problem since an exact oracle
faithfully reproduces the probability of any of the samples.

This argument is however not true anymore if we turn our attention to approximate
MBCS: Here, the oracle is only required to reproduce the overall probability distribution
up to some given error bound. Since the subset of complex samples used in the proof of
theorem 6.2 is exponentially small, an adversarial oracle can exploit this error bound
to introduce an large relative error in the relevant probabilities. This observation
prevents us from obtaining any meaningful approximation of these probabilities and
thus invalidates the hardness arguments used in this section.
Therefore, the approximate hardness of MBCS cannot be proved for such a broad

range of MBCS input states. Rather, the results presented in the following section will
rely on stronger assumptions about the class of input states.

6.4. Approximate MBCS with perfect temporal
overlap

We first consider input photons with perfect temporal overlap

ajk = 1 ∀j, k (6.31)

between the single-photon pulses, which is achieved if the photons are either fully
identical or if they only differ in their central frequencies. As we show, the time-resolved
detection in the MBCS scheme leads to a surprising robustness of the computational
hardness with respect to differences in the colors of the input photons in this case. The
consequences of non-ideal temporal overlap will be investigated in section 6.5.

6.4.1. Hardness result

Identical photons If the photons are identical, it is easy to see that approximate
MBCS is hard: An approximate MBCS oracle can always be used as an oracle for
standard boson sampling with the same class of input states: We simply discard the
information about the detection time sample (t, τ). Therefore, the classical intractability
of the original boson sampling problem, demonstrated in [18], automatically implies

122



6.4. Approximate MBCS with perfect temporal overlap

that approximate MBCS with identical photons also cannot be efficiently solved by a
classical algorithm.

Photons with different colors Such an argument cannot be made if the colors of the
photons are distinct. Although the temporal overlap ajk from eq. (6.19) is still perfect,
the total complex overlap gjk, eq. (6.5), of the temporal mode functions

χj(t) = χ̃(t− t0) exp(iω0jt) (6.32)

is diminished, |gjk| = |
∫
dt |χ̃(t − t0)|2ei(ω0j−ω0k)t| < 1. As discussed in section 6.1.2,

the hardness of boson sampling is not known in this general case and the reduction of
MBCS to boson sampling is thus not helpful. Indeed, the overlaps gij even vanish in the
extreme case where the photons are perfectly distinguishable in their colors, resulting in
a completely trivial boson sampling problem (see eq. (6.11)).
Nevertheless, we found in eq. (6.26) that the relative magnitude of the interfering

multiphoton amplitudes is solely determined by the interferometer transformation U for
any sample. The resulting conditional probabilities

P [d, τ | t, s] =
1

N !Nt

∣∣∣per
(
Udisjeiω0jtτ(i)

)∣∣∣
2

(6.33)

are rather reminiscent of the probabilities P [d | s] = |perU (ds)|2 found for boson
sampling with identical photons (see eq. (3.16)). However, while the latter probabilities
are directly determined by a submatrix U (ds) = (Udisj) of the unitary interferometer
matrix, the relevant matrix

(
Udisjeiω0jtτ(i)

)
in eq. (6.33) contains an additional complex

phase factor in each of the matrix elements.
Luckily, neither these phases nor the detection time-dependent prefactor of the squared

permanent in eq. (6.26) do negatively affect the hardness of the approximate MBCS
problem corresponding to the probabilities in eq. (6.33). Instead, we will demonstrate
in this section that the following statement is true:

Theorem 6.3. Approximate MBCS cannot be solved efficiently using a classical computer
if the input photons differ only in their colors. More specifically, let C be a class of MBCS
states with full temporal overlap as expressed by eq. (6.31). Then, P#P ⊆ FBPPNPOC if
OC is an approximate MBCS oracle for the class C.

According to this theorem, the computational power of a time-resolving MBCS
computer exhibits a significant robustness with respect to distinguishability of the input
photons if the source of distinguishability lies in their central frequencies. This robustness
represents a significant advantage with respect to a standard boson sampling computer.
Namely, while the latter setup can be simulated efficiently if the input photons are fully
distinguishable in their color, MBCS retains its full computational hardness in this case.
We emphasize that this robustness is a direct consequence of the high temporal

resolution of the detectors, represented by ineq. (6.17). Since time and frequency are
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6. Boson sampling with non-identical photons

conjugate variables, the detectors are sensitive to a broad range of frequencies and
cannot distinguish the color of the photons. Hence, the high time resolution of the
detectors introduces an effective indistinguishability of the photons despite their distinct
central frequencies. Consequently, full N -photon interference can be observed for all
samples.

This multiphoton interference is the origin of the permanent in eq. (6.33). While the
matrix now contains additional phase factors exp(iω0jtτ(i)) compared to the matrices
U (ds) relevant in standard boson sampling, such phase factors do not change the average
degree of interference between multiphoton amplitudes for the quantum paths if U is
chosen randomly. Rather, they simply introduce a beating of the probabilities with the
detection times, which is still a true N -photon interference effect. Consequently, non-
classical interference contributes to all possible samples, which is the reason why even
an approximate MBCS oracle cannot be simulated efficiently on a classical computer.

In contrast, true N -photon interference was only guaranteed to occur for an exponen-
tially small subset of all samples for the input states considered in our demonstration of
the hardness of exact sampling in section 6.3. Therefore, the hardness of the correspond-
ing probability distribution is vulnerable even to the small overall errors introduced by
an approximate oracle.
In the following, we discuss the crucial ideas behind the proof of theorem 6.3.

6.4.2. Hardness proof

The crucial ingredient for the formal proof of theorem 6.3 is the following observation
about the probability distribution of the matrices (Udisjeiω0jtτ(i)) in eq. (6.33): Aaronson
and Arkhipov showed in [18] that the elements of U (ds) = (Udisj), scaled by

√
M ,

are independent and identically distributed random variables with a standard normal
distribution N (0, 1)C if the total M ×M interferometer matrix U is Haar-random and
the size N �M of the submatrix is sufficiently small. Since the additional phase factors
in (Udisjeiω0jtτ(i)) only rotate the elements in the complex plane and the distribution
N (0, 1)C is symmetric around the origin, these matrices have the same probability
distribution as U (ds).
Therefore, the main idea of the hardness proof for approximate boson sampling can

also be applied to approximate MBCS with photons of different colors: A given random
Gaussian matrix X = (xij) can be “hidden” inside a unitary matrix U in such a way that
|perX|2 can be estimated with the help of an approximate MBCS oracle OC . We now
describe this procedure in more detail and highlight the crucial requirements necessary
to ensure that this algorithm indeed provides a solution to the Gaussian permanent
estimation problem |GPE|2±, introduced in definition 3.2.

Hiding of the random matrix

Recall that the oracle approximately solves MBCS for input states in some class C
with full temporal overlap, described by eq. (6.31). In order to use this oracle for the
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6.4. Approximate MBCS with perfect temporal overlap

estimation of |perX|2, we choose an arbitrary input state from this class, represented by
the N -tuple {ξj} ∈ C. Our goal is to encode |perX|2 into one of the MBCS probabilities
in such a way that the approximate MBCS oracle cannot know which of the samples
is of interest for us. This approach guarantees that the oracle cannot act adversarially
as long as it samples from a probability distribution D′ which fulfills the error bound
‖D′ −D‖ ≤ β in ineq. (6.28) for an error β given by the user of the oracle.

First, a detection time sample t∗ = (t1, . . . , tN)T is randomly chosen with the help of
the MBCS oracle: We provide the oracle with the chosen input state {ξj} ∈ CN and
some arbitrary interferometer matrix, let it generate a random sample (d, t∗, τ), and
discard d and τ . Using this sample and recalling X = (xij), we define the matrix

X̃ ..=
(
xije

−iω0jti
)
, (6.34)

which contains the inverse of the detection time-dependent phase factors in eq. (6.33).
As discussed above, this matrix is still a matrix of i.i.d. Gaussian random variables.

Hence, we can use the hiding procedure from the original boson sampling paper [18]
to generate a unitary M ×M matrix U which contains X̃/

√
M as its submatrix at

a uniformly distributed random position in the rows of U . Using the output vector
d∗ ∈D∗M,N and a permutation τ ∗ ∈ SN to denote this position and recalling eq. (6.33),
the hiding procedure thus ensures that the conditional probability

P [d∗, τ ∗ | t∗, s] =
1

N !Nt∗MN
|perX|2 (6.35)

encodes the permanent which we want to estimate.

Approximation of squared permanent

After encoding the matrix permanent into the MBCS probability distribution D =
D(U , {ξj}), defined by the probabilities in eq. (6.26), it remains to show that this encoding
is robust. Here, robust means that one can find a sufficiently precise approximation
for |perX|2 with the help of the approximate MBCS oracle despite the potential error
of the oracles’ probability distribution D′, expressed by the bound in ineq. (6.28). As
we demonstrate in appendix D.2.1, the encoding procedure described in the previous
paragraph indeed ensures that

P
[
N !Nt∗MN

∣∣PD′ [d∗, τ ∗ | t∗, s]− P [d∗, τ ∗ | t∗, s]
∣∣ > ε

2
N !
]
<
δ

4
. (6.36)

Consequently, an approximation of P [d∗, τ ∗ | t∗, s] can be found by estimating the
corresponding oracle probability PD′ [d∗, τ ∗ | t∗, s]. This estimation can be performed in
FBPPNPOC with the help of Stockmeyer’s approximate counting algorithm [91], in analogy
to the procedure used in generalized scattershot boson sampling (see section 4.2.2): By
approximating both PD′ [d∗, τ ∗ | t∗, s] and PD′ [t∗ | s], it is indeed possible to find an
approximation Q[d∗, τ ∗ | t∗, s] such that

P
[
N !Nt∗MN

∣∣Q[d∗, τ ∗ | t∗, s]− PD′ [d∗, τ ∗ | t∗, s]
∣∣ > ε

2
N !
]
<
δ

2
. (6.37)

125



6. Boson sampling with non-identical photons

Combining eqs. (6.35) to (6.37) demonstrates that

P
[∣∣N !Nt∗MNQ[d∗, τ ∗ | t∗, s]− |perX|2

∣∣ > εN !
]
<

3δ

4
, (6.38)

i.e. the value N !Nt∗MNQ[d∗, τ ∗ | t∗, s] indeed solves the |GPE|2± problem for given
ε, δ > 0. The details of this derivation can be found in appendix D.2.
Since the algorithm described in this section allows us to solve the |GPE|2± problem

in FBPPNPOC , theorem 6.3 follows if |GPE|2± is #P-hard. That this is almost certainly
the case has been demonstrated in [18] (see section 3.3.3).

6.4.3. Conclusion

We highlight again the main result of this section: A time-resolved MBCS problem
can be classically hard to simulate regardless of differences in the colors of the input
photons. Namely, a high time resolution of the detectors renders the photons effectively
indistinguishable in their colors, owing to the conjugacy of time and frequency. Due to
this effective indistinguishability, each of the output probabilities is the result of full
N -photon interference and the computational complexity of the sampling problem is
ensured.
Lastly, we emphasize again that all results obtained in this section can be directly

carried over to demonstrate that the classical intractability of approximate MBCS with
frequency-resolved detectors is unaffected by delays between the photons. Indeed, due
to the conjugacy of time and frequency, the proof from section 6.4.2 can be adapted by
simply substituting detection time with detected frequency, central color with injection
time, and temporal distribution with frequency distribution (see section 5.2.2). This
equivalence between time- and frequency-resolved MBCS will proof very useful in
section 6.6.

6.5. Approximate MBCS with imperfect temporal
overlap

We now turn towards the question how robust the classical intractability of MBCS is
with respect to imperfect temporal overlap between the single-photon pulses. Such a
reduced overlap

aij < 1, (6.39)

where aij is defined in eq. (6.19), can be caused by several factors: Firstly, imperfect
alignment in the setup can result in a temporal shift between the single-photon pulses
at the input of the interferometer. Second, single photons from different sources do
generally not attain perfectly identical temporal distributions such equal Gaussian pulse
shapes. Such deviations can be caused by slight differences in the manufacturing process
or in the environment of the sources, for example. Lastly, even if differences between the
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sources are neglected, real-world sources often have to be described by a mixed state,
introducing a probabilistic spread in the parameters of the single-photon pulses.
In such scenarios, the hardness of MBCS problem cannot be demonstrated anymore

with the help of the arguments presented in the previous section for the case of full
temporal overlap. Namely, the proof for the hardness was in this case based on the
special structure of the probability distribution, in which all conditional probabilities
P [d, τ | t, s] in eq. (6.33) are determined by permanents of matrices with independent
and identically distributed (i.i.d.) Gaussian random variables. This probability structure
is a result of the identical temporal distribution of the photons, which allows to factor
the state- and detection-dependent amplitudes out of the permanent apart from some
complex phase factors in eq. (6.33). For imperfect temporal overlap aij < 1, this is
however not possible anymore since the structure of the probabilities changes crucially,
as we will see later on.
Nevertheless, it seems improbable that approximate MBCS becomes immediately

feasible on a classical computer as soon as the condition of perfect temporal overlap is
violated. Rather, a continuous transition seems likely. We therefore in the following
investigate the limit

1− aij � 1 (6.40)
of small deviations from the case of full overlap. More specifically, we analyze how close
the probability distribution of an MBCS computer in this case is to the distribution
observed in the ideal case of perfect temporal overlap, which was demonstrated to be
classically intractable in section 6.4. This comparison allows us to determine under
which conditions the two probability distributions are close enough to ensure that the
sampling problem cannot be simulated efficiently using a classical algorithm despite the
imperfect temporal overlap.

We perform this analysis for two distinct scenarios: First, we consider input photons
with fixed but different temporal distributions, i.e. pure states. Subsequently, we turn
towards equal but probabilistic sources, which generate single-photon pulses in mixed
spectro-temporal states. In both cases, we find that the computational hardness of MBCS
is not as robust to temporal distinguishability as it is to distinguishability in the photons’
colors (see section 6.4). Furthermore, a comparison of the two scenarios of mixed and
pure states reveals that the tolerance with respect to random distinguishability between
the photons is larger than with respect to fixed degrees of temporal distinguishability.

6.5.1. Pure states

We first turn our attention to the case where all photons are generated in pure but
generally distinct spectro-temporal states. In order to quantify the similarity of the
photons, we assume that the N temporal distributions

χ̃j(t− t0j) = χ̃(t;ηj) (6.41)

of the photons can be characterized by vectors ηj of some arbitrary parameters. These
parameters describe the internal degrees of freedom of the pulses, such as for example
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time of emission, width, or shape of the pulse. For the sake of clarity, we limit ourselves
to a single parameter ηj in the following but emphasize that all results presented in this
section can straightforwardly be generalized to an arbitrary number of parameters. We
furthermore emphasize that, in contrast to the parameters ηj, the central frequencies
ω0j of the photons can take on arbitrary values without affecting the classical hardness
of MBCS as long as the condition in ineq. (6.17) is fulfilled (see section 6.4).
Using a Taylor expansion of the distributions χ̃(t; ηj) around the mean value η̄ ..=∑
j ηj/N reveals that the temporal overlap aij from eq. (6.19) can approximately be

written as
aij ≈ 1− 1

2

(ηi − ηj
ηc

)2

. (6.42)

Here, we introduced the characteristic value

ηc
..=

(
δt
∑

t

( ∂
∂η
χ̃(t; η)

∣∣
η=η̄

)2
)−1/2

, (6.43)

which captures the typical scale over which variations in η effect a significant temporal
distinguishability of the input photons. Consequently, the limit of small imperfections
in the temporal overlap, expressed by ineq. (6.40), corresponds to the limit

|ηj − η̄| � ηc (6.44)

of small deviations of the parameters ηj from their common mean value η̄ ..=
∑

j ηj/N .
As stated above, it is reasonable to suspect that the probability distribution for the

MBCS experiment does not change drastically with respect to the ideal case where all
photons exhibit the same temporal distribution (χ̃j(t− t0j) = χ̃(t; η̄) ∀j = 1, . . . , N). In
order to make this more specific, let us recall the crucial idea behind the demonstration
in section 6.4 that MBCS is classically hard for perfect temporal overlap: Given ε, δ > 0,
an approximate oracle for such an MBCS problem allows to approximate an arbitrary
probability Pid[d, τ | t, s], defined in eq. (6.33), to within an error ±εM−NN−1

t with
probability larger than 1− δ.
Consequently, to demonstrate the hardness of approximate MBCS in the case of

imperfect temporal overlap, it suffices to demonstrate that the conditional probabilities

P [d, τ | t, s] =
1

Nt
∑

σ

∏
j|χ̃(tσ(j); ηj)|2

∣∣per
(
Udisjeiω0jtτ(i)χ̃(tτ(i); ηj)

)∣∣2, (6.45)

which follow from eq. (6.18) for input photons with distinct parameters (ηi 6= ηj), are
with high probability

P
[∣∣P [d, τ | t, s]− Pid[d, τ | t, s]

∣∣ ≥ εM−NN−1
t

]
< δ (6.46)

close to the ideal probabilities Pid[d, τ | t, s] =
∣∣per

(
Udisjeiω0jtτ(i)

)∣∣2/N !Nt found in
eq. (6.33) for the case of identical temporal distributions (ηj = η̄).
In section 6.5.3, we outline that the probabilities are indeed sufficiently close.
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Theorem 6.4 (Sufficient bound on differences of pure input states). Consider an MBCS
computer in which the single-photon input states, characterized by some parameter ηj
according to eq. (6.41), do not exhibit perfect temporal overlap. Such a setup can still
solve the approximate MBCS problem corresponding to ideal temporal overlap and for
parameters ε, δ > 0 as long as the deviations |ηj − η̄| obey the bound

(ηj − η̄
ηc

)2

≤ ε2δ

4N2
as N →∞, ε, δ → 0. (6.47)

Indeed, this condition is sufficient to ensure ineq. (6.46), thus permitting an approximation
of the ideal probabilities even with partially distinguishable photons.

Combining this theorem with the expansion of the pairwise temporal overlap in
eq. (6.42) immediately yields the following corollary: For pure single-photon input states
characterized by parameter values ηj, MBCS is classically intractable if

1− aij ≤
ε2δ

2N2
. (6.48)

Consequently, the intuition that the classical intractability of the MBCS problem is
not immediately lost when imperfect temporal overlap is considered is provably correct.
However, the robustness of the problem with respect to such distinguishability in the
temporal domain significantly differs from the case of distinguishability in the photons’
colors considered in the previous section: In the latter case, the problem remains hard
even for fully distinct central frequencies due to the high temporal resolution of the
detectors. Contrary, theorem 6.4 only proves the hardness of MBCS under the condition
that the pairwise temporal distinguishability of the photons decreases as 1/N2 with
the number of photons. We furthermore observe that the input state also has to be
increasingly closer to the case of perfect temporal overlap as the error bounds ε and δ
for the estimation procedure decrease.

In ref. [35], a bound similar to ineq. (6.48) was derived in the context of the original
boson sampling problem with non-identical photons. Indeed, the authors prove that in
this case the deviation from perfect pairwise overlap gij = 1 has to scale as N−3/2. On
first sight, this seems to indicate a better, more lenient bound on the distinguishability
of the photons. However, the comparison between the two bounds has to be treated
with care: While our bound in ineq. (6.48) holds for the case of single-photons in fixed
pure states with fixed degrees of distinguishability, the results in ref. [35] are derived
under the assumption of identical sources emitting the photons in mixed states, i.e.
with temporal distributions χ̃(t; ηj) which randomly vary according to some classical
distribution in the parameter ηj.

Moreover, the bound in ref. [35] applies to the overlaps gij , eq. (6.5), of the full spectral
distributions χj(t) which are reduced by differences in the central frequencies of the
photons. Therefore, differences in the frequencies beyond the frequency bandwidth are
not allowed in boson sampling implementations, while they do not decrease the classical
intractability of MBCS, as shown in section 6.4.
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We consider in the following the case where all input photons are generated in the
same mixed state. We find that the pairwise temporal distinguishability can indeed be
higher in this scenario without affecting the classical hardness of the problem.

6.5.2. Mixed states

We now investigate the effect of mixed single-photon input states on the computational
hardness of the approximate MBCS problem. The classical hardness can in this case be
proved to persist for larger values of the pairwise temporal distinguishability.
To model the impurity of nondeterministic single-photon sources, we first generalize

the pure single-photon states introduced in eq. (5.8) to mixed states. The random
character of real-world sources implies that each source j emits a single photon with a
random temporal distribution χ̃(t; ηj). This distribution is chosen in each run according
to some probability distribution pj(ηj) over the internal degree of freedom ηj of the pulse.
Using the complex spectra ξj(ω; ηj) = F−1[χ̃(t; ηj)e

iω0t](ω), the resulting single-photon
states can be described by the mixed states

ρ̂sj
..=

∫
dηj pj(ηj)|1; ξj(ηj)〉sj〈1; ξj(ηj)|sj , (6.49)

which from now on replace the pure single-photon states defined in eq. (5.8).
The impurity of the input states leads to a significant change in the structure of the

probability distribution. Namely, the probabilities P [d, τ, t | s] are not proportional to
squared matrix permanents as in the case of pure input states (see eq. (6.18)). Instead,
the distributions pj(ηj) in eq. (6.49) result in the probabilities

P [d, t, τ | s] = δtN
∫
dNη

N∏

j=1

pj(ηj)
∣∣∣per

[
U (ds) ? X(tτ ; {ηj})

]∣∣∣
2

, (6.50)

which are the weighted average of probabilities corresponding to fixed sets {ηj} of
parameters.

Equation (6.50) makes it obvious that it is not possible to assess the hardness of the
corresponding MBCS problem with the help of arguments directly based on permanents.
Rather, we investigate under which conditions imposed on the states in eq. (6.49) the
probability distribution defined by eq. (6.50) is sufficiently close to the distribution for
photons with perfect temporal overlap defined by eq. (6.26).
To that end, we again only consider the limit of small deviations from full temporal

overlap. In order to formally state this limit in analogy to ineq. (6.40), it is necessary
to expand the definition of the pairwise temporal overlaps aij in eq. (6.19) from pure
to mixed spectro-temporal states. This generalization is achieved by introducing the
average temporal overlap

aij ..=

∫
dηi

∫
dηj pi(ηi)pj(ηj)

∫
dt |χ̃(t; ηi)||χ̃(t; ηj)| (6.51)
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which corresponds to the classical average of aij , as defined in eq. (6.19), over the internal
parameters ηi and ηj of the two single-photon pulses.
For the sake of simplicity, we assume from now on that all sources are identical,

leading to equal probability distributions pj(η) = p(η) ∀j. Defining the variance

∆η2 ..=

∫
dη p(η)η2 −

(∫
dη p(η)η

)2

(6.52)

and recalling the definition of ηc from eq. (6.43), the limit of small temporal distinguisha-
bility then becomes

1− aij ≈
(

∆η

ηc

)2

� 1. (6.53)

The approximate inequality can be demonstrated from eq. (6.51) by an expansion of the
distributions χ̃(t; ηj) around η̄ ..=

∫
dη p(η)η. The main result of this section is a concrete

expression for the right hand side of eq. (6.53) which guarantees the computational
hardness of the corresponding MBCS problem:

Theorem 6.5 (Sufficient bound on the variance of mixed input states). Consider an
MBCS computer which utilizes identical and nondeterministic sources, such that the input
photons are described by a common mixed state of the form in eq. (6.49) with distribution
p(η). Such an MBCS computer is able to solve the MBCS problem corresponding to
perfect temporal overlap of the input photons for given error bounds ε, δ > 0 if the
average pairwise temporal overlap obeys the bound

1− aij ≈
(

∆η

ηc

)2

≤
√

3δε

N3/2
as N →∞, ε, δ → 0. (6.54)

Here, ∆η2 denotes the variance of p(η).

We will give an overview over the derivation of this bound in section 6.5.3.
A comparison of this bound with the one in ineq. (6.48) immediately reveals that

ineq. (6.54) allows for a significantly higher degree of temporal distinguishability if N is
large and ε and δ are small. Indeed, the ratio of the bounds in ineqs. (6.48) and (6.54)
scales as

√
Nδ−1ε−1. Even for the moderate values ε = δ = 0.1 and N = 30, the degree of

temporal distinguishability is 1200 times larger in the case of mixed states. Hence, fixed
deviations |ηj − η̄| obviously have a much larger effect on the probabilities P [d, τ | t, s]
than random fluctuations of the parameters ηj between each run, even if the magnitude
of the fixed deviations and the standard deviation of the random fluctuations are on
the same order. This observation is explained by the fact that in the case of random
fluctuations, the temporal distributions χ̃(t; ηj) of the photons vary randomly around
some mean distribution χ̃(t; η̄), which is equal for all sources. The weighted average
over all ηj then leads to a certain “averaging out” between cases where η > η̄ and those
where η < η̄.

Although ineq. (6.54) indicates a significantly increased robustness to imperfect
temporal overlap with respect to ineq. (6.48), the bounds are still much tighter than

131



6. Boson sampling with non-identical photons

in the case of differences in the photons’ colors, discussed in section 6.4. Consequently,
the computational power of an MBCS computer employing time-resolved detection
of the photons is much more robust to distinguishability in frequency than it is with
respect to temporal distinguishability. Obviously, the inverse holds true if MBCS with
frequency-resolving detectors is considered.

Lastly, a comparison of our results with [35] reveals that, if the central frequencies of
all photons are identical, the bound derived in ineq. (6.54) is equivalent to the scaling of
the single-photon mode mismatch reported in said paper. Consequently, our analysis in
this case simply confirms that an MBCS computer is by construction always at least
as powerful as a standard boson sampling computer utilizing the same input state: By
ignoring the detection time sample, the MBCS setup functions as a boson sampling
setup.

The fact that we are not able to demonstrate an advantage of MBCS in this scenario
could possibly be the result of the mixed input states, which introduce a classical average
much like that of the non-resolving detectors in standard boson sampling. We emphasize
however that our result only states that the hardness of MBCS is ensured if the temporal
distinguishability obeys the bound given in ineq. (6.54). It does not rule out the hardness
of MBCS for larger degrees of distinguishability.
Consequently, future investigations might very well reveal that the additional infor-

mation collected by the time-resolved detectors indeed leads to a larger robustness of
MBCS in comparison to non-resolved boson sampling. Furthermore, we emphasize again
that MBCS is robust with respect to differences in the central colors, as long as the
temporal resolution of the detectors is sufficiently large, while boson sampling quickly
loses its classical hardness in this case.

6.5.3. Hardness result

Let us now turn to a short overview over the proof of the results given in theorems 6.4
and 6.5. As discussed in section 6.5.1, the main idea behind these results is the
following observation: Even with photons of imperfect temporal overlap, an MBCS
computer can still solve a computationally hard task if the corresponding probability
distribution is sufficiently close to the ideal distribution for photons with identical
temporal distributions.

To determine what “sufficiently close” actually means, let us recall the crucial points of
the demonstration that approximate MBCS cannot be simulated classically in section 6.4:
We prove that a classical oracle Oid for the problem with ideal overlap would allow to
find an estimation Q[d, τ | t, s] of Pid[d, τ | t, s] in FBPPNPOid such that

P
[
N !NtMN

∣∣Q[d, τ | t, s]− Pid[d, τ | t, s]
∣∣ > εN !

]
< δ (6.55)

for any given values ε, δ > 0. Using an oracle for approximate MBCS with photons
of imperfect temporal overlap, it is possible to find an equally precise estimation with
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equally high probability if we can show that

P
[
N !NtMN

∣∣P [d, τ | t, s]− Pid[d, τ | t, s]
∣∣ > εN !

]
< δ, (6.56)

i.e. that the deviation between the conditional probabilities for the non-ideal and
ideal case are on average of the same size as the desired precision of the estimation
in ineq. (6.55). Here, the ideal reference case corresponds to photons with identical
temporal distributions χ̃j(t; η̄) determined by the mean internal parameter η̄. In the
case of pure states, the latter is defined as η̄ =

∑
j ηj/N while η̄ =

∫
dη p(η)η holds for

mixed states.
The condition in ineq. (6.56) is indeed fulfilled if the input state fulfills either the

bound in ineq. (6.47) for pure input states or the bound in ineq. (6.54) for mixed states.
The main tools to show this is Chebyshev’s inequality which bounds the probability for
the deviation of the value of a random variable X from its mean X̄ as

P
[
|X − X̄| > k

]
<

∆X2

k2
(6.57)

in terms of its variance ∆X2. For our purpose, we identify

X ..= N !NtMN
(
P [d, τ | t, s]− Pid[d, τ | t, s]

)
(6.58)

and consider its distribution if the unitary interferometer matrices are drawn according
to the Haar-measure (U ∼HM×M ), the detection time samples according to the marginal
probabilities P [t | s] (t∼ T ), and τ uniformly. Under these conditions, the mean value

X̄ ..= E
U ,t,τ

[X] = 0 (6.59)

vanishes for both pure and mixed states as demonstrated in appendix D.3. Consequently,
the variance of X is equal to its second moment, ∆X2 = E[X2], and Chebyshev’s
inequality, ineq. (6.57), reduces to

P
[
|X| > k

]
<

E
U ,t,τ

[X2]

k2
. (6.60)

In order to evaluate E[X2], we consider the limit of small deviations from perfect overlap,
which allows us to derive a Taylor expansion of X.

For pure single-photon input states characterized by distinct parameters ηj, we find
in appendix D.3 that

X ≈MN
∑

σ,π∈SN
A∗σAπ

N∑

i=1

[
(ησ(i)−η̄)+(ηπ(i)−η̄)

] ∂
∂η
χ̃(tτ(i); η)|η=η̄

χ̃(tτ(i); η̄)
+O

(
(ηj−η̄)2

)
. (6.61)

Therefore, the second moment of X can be bounded from above by

E
U ,t,τ

[X2] ≤ 4(N !)2N(N + 1) max
j

(
ηj − η̄
ηc

)2

, (6.62)
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where we recalled the characteristic scale ηc from eq. (6.43).
Equivalently, for identical sources with random fluctuations of the parameter η, the

difference can be approximated as

X ≈MN
∑

σ,π∈SN
A∗σAπ∆η2

N∑

i=1

[ ∂
∂η
χ̃(tτ(σ−1(i)); η)

χ̃(tτ(σ−1(i)); η)
−

∂
∂η
χ̃(tτ(π−1(i)); η)

χ̃(tτ(π−1(i)); η)

]2
∣∣∣∣∣
η=η̄

+O
(
∆η4

)
,

(6.63)
yielding the bound

E
U ,t,τ

[X2] ≤ (N !)2N
3

3

(
∆η2

ηc

)4

. (6.64)

Using the bounds in eqs. (6.62) and (6.64) and choosing k = εN !, ineq. (6.60) can for
pure states be cast into the form

P
[
|X| > εN !

]
<

4N(N + 1)

ε2
max
j

(
ηj − η̄
ηc

)2

, (6.65)

and becomes

P
[
|X| > εN !

]
<
N3

3ε2

(
∆η2

ηc

)4

(6.66)

for mixed states. Comparing these inequalities to the closeness criterion in ineq. (6.56),
it immediately follows that the bounds given in theorem 6.4 and theorem 6.5 guarantee
the hardness of the approximate MBCS problem.

6.6. Randomized MBCS

In section 6.4, we found that a high time resolution (or frequency resolution) of the
detectors allows an MBCS computer to solve a classically intractable task even if the
input photons are distinguishable in their central colors (or central times). This surprising
result indicates that the additional information accessible in such a boson sampling
setup indeed increases the computational capabilities with respect to a standard boson
sampling computer.
Nevertheless, the hardness result is based on the assumption that the photons are

generated with colors (or central times in the case of frequency-resolved detection) which
are fixed from one run to the next. This condition is obviously still challenging to
achieve in the experiment and leads to the question if the hardness of MBCS can also
be demonstrated for setups in which the photons are generated with random central
frequencies or times? In the following, we present a sampling scheme in which the
injection times of the photons indeed vary randomly while the classical hardness of
MBCS is preserved.
Note that it is based on a frequency-resolved detection of the photons at the output

of the linear network, in contrast to the time-resolved detection which we have assumed
so far in this chapter. However, as discussed in section 5.2, the duality of time and
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frequency in the single-photon input state, defined in eq. (5.8), allows us to immediately
apply the results obtained in section 6.4 to frequency-resolved detection of the photons
by interchanging the role of time and frequency.

interferometer

1

3

4

1

2

4

t
(1)
0 t

(2)
0 t

(3)
0

frequency-resolved
detection

single-photons at
random central times

s, t0 d, ω

Figure 6.4.: Temporal scattershot MBCS: N single photons are injected into a fixed
set s of input channels. In each run of the experiment, the photons are
injected at random times t0j ∈ {t(1)

0 , . . . , t
(K)
0 }, resulting in an injection time

sample t0 = {t01, . . . , t0N}. After scattering inside the linear network, the
photons are detected at the output of the interferometer with high frequency
resolution to yield the output samples (d, τ,ω).

The experimental setup we consider is depicted in fig. 6.4: Photons are injected
into a linear network and detected at the output with high frequency resolution, in
full analogy to the MBCS computer depicted in fig. 6.2 (apart from the change from
time- to frequency-resolved detection). However, we now drop the assumption that the
photons at the input of the network are generated in the same pure state in each run
of the experiment. Instead, they are emitted randomly at one of K possible emission
times t(k)

0 (k = 1, . . . , K). Most importantly, we assume that the sources allow to
efficiently determine the N emission times t0j of the photons. How these assumptions
about the input sources can be realized in an experimental implementation will be
covered in section 6.6.1. For the moment, we concentrate on the computational power
of such a sampling scheme employing photons with randomized degrees of pairwise
distinguishability.
Since the above conditions ensure that the times of emission t0j are random but

known in each run of the experiment, the setup in fig. 6.4 samples not only over the
detection events (d, τ,ω) but also over the set t0 = (t01, . . . , t0N)T of injection times of
the input photons. This additional sampling over the possible input states, parametrized
by t0, is highly similar to the sampling over a set of input states parametrized by the
input channel vector s, performed by the scattershot boson sampling (SBS) computers
introduced in sections 4.1 and 4.2. Due to this analogy, we refer to the MBCS scheme
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6. Boson sampling with non-identical photons

depicted in fig. 6.4 as temporal scattershot MBCS.
The similarity to scattershot boson sampling (SBS) makes it obvious that the hardness

of approximate temporal scattershot MBCS can be demonstrated in full analogy to the
proofs in sections 4.1 and 4.2 and leads us to the main result of this section:

Theorem 6.6 (Hardness of temporal scattershot MBCS). Consider an MBCS computer,
in which each of the N single-photon sources emits the photon randomly at one of K
possible emission times t(k)

0 . If it is possible to efficiently determine at which time each
photon was generated, frequency-resolved MBCS at the output of the interferometer
cannot be simulated efficiently using a classical algorithm. Here, a high frequency
resolution δω of the detectors is required such that δωmaxk,l

∣∣t(k)
0 − t(l)0

∣∣� 1.

Consequently, the randomization of the emission times of the photons in temporal
scattershot MBCS does not diminish the hardness of the corresponding sampling problem
thanks to two crucial points: First, it is possible to find out in a non-destructive way
at which time the input photons were emitted. The sampler can therefore distinguish
correlations corresponding to different injection time samples t0 at the output of the
interferometer, despite the randomness of t0 in such a scenario. This information prevents
an averaging at the output over all possible input configurations t0, which would destroy
the interference. Secondly, the frequency-resolved detection of the photons at the output
of the interferometer is imperative. Without it, the interference between the photons
would be drastically diminished every time the photons are injected with distinct initial
times, due to an averaging of the correlations over the detected frequencies ω.
These observations again highlight the most important lesson found in this chapter:

The signal of multiphoton interference is quickly lost for partially non-identical photons
if it is not possible to distinguish between physically distinct contributions to the
correlations. However, true multiphoton interference can in some cases be restored if the
experimental setup allows a distinction of these contributions, avoiding the detrimental
averaging. The ability to observe multiphoton interference is thus not only a question of
the input state but also of the available information about the input photons and the
detected photons.

6.6.1. Experimental realization

Let us now briefly investigate how the assumptions made about the input state in
temporal scattershot MBCS can be realized in the experiment. The requirement to
be able to obtain information about the emission times of the input photons in a non-
destructive way can most easily be realized if we employ sources based on spontaneous
parametric down-conversion (SPDC), as illustrated in fig. 6.5: Each of the N input
channels into which a photon is to be injected is connected to the signal channel of
an spontaneous parametric down-conversion (SPDC) source. The K distinct possible
times of emission t(k)

0 are defined by pumping each sources with a train of K separate
pump pulses. Using a time-resolved detection of the corresponding idler channels, it
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is then possible to determine which of the pulses creates the signal-idler photon pair
and consequently at which central times t0j ∈ {t(k)

0 | k = 1, . . . , K} the signal photons
are emitted into the interferometer.
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Figure 6.5.: Generation of temporal scattershot input states using SPDC sources: N
SPDC sources are pumped by K pump pulses defining the possible times of
emission {t(k)

0 }. By using a time- and number-resolved detection of the idler
photons, it is possible to herald the random emission times of the photons
in each run and to postselect those runs where each source injects exactly
one heralded photon into the linear network.

To ensure that this approach indeed leaves the signal photons in a pure state after the
heralding, we assume that the SPDC sources are tuned to emit the signal-idler photon
pairs with a separable joint spectral amplitude Φ(ωs, ωi) = ξs(ωs)ξi(ωi). Thus, a pair
emitted at time t(k)

0 is described by the separable state

|1, 1; t
(k)
0 〉 ..=

∫
dωs ξ̃s(ωs − ω0s)e

i(ωs−ω0s)t
(k)
0 â†s(ωs)

∫
dωi ξ̃i(ωi − ω0i)e

i(ωi−ω0i)t
(k)
0 â†i (ωi)|0〉

= |1; t
(k)
0 〉s|1; t

(k)
0 〉i

(6.67)

and it suffices if the temporal resolution of the idler detectors is large enough to separate
the possible times of emission t(k)

0 . No resolution of the temporal structure of the idler
photons is necessary.

The separable state in eq. (6.67) can be created by tailoring the duration of the pump
pulse and the phase matching parameters accordingly [130, 131]. In eq. (6.67), we
slightly adapted our notation of the multimode single-photon states defined in eq. (5.8):
We assume that the frequency distributions are identical for all signal photons and for
all idler photons, respectively, and only denote the time of emission t(k)

0 of the photons
which varies randomly, depending on which pump pulse generated the pair.

It is now clear that the heralded sources are able to generate photons at random
but known initial times, as assumed for temporal scattershot MBCS. Furthermore, the
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6. Boson sampling with non-identical photons

number resolving capabilities of the idler detectors can be exploited to postselect for
those runs of the experiment in which each source emits exactly a single heralded photon,
randomly generated by one of the pump pulses.
Consequently, the setup depicted in fig. 6.5 can indeed be used to implement the

temporal scattershot MBCS introduced in the previous subsection. However, it cannot
do so in an efficient manner: As can be straightforwardly demonstrated from the photon
number distribution pn = (1 − γ2)γ2n for heralded SPDC sources in eq. (4.46), the
probability for a successful run

P =
(
Kp1p

K−1
0

)N
= O

(
e−N

)
N →∞ (6.68)

becomes exponentially small as N increases, regardless of the squeezing γ of the sources
and even if we allow for a number K = K(N) of pump pulses that scales with N (see
appendix D.4).
This exponentially small success probability is due to the fact that, in this scheme,

only those runs are useful where each source emits exactly a single heralded photon. In
order to be able to exploit additional events, we equip each of the heralded sources with
a shutter controlled by the idler detector via a feed-forward loop.

This shutter is used to improve the photon statistics at the signal output: If the idler
detector registers more than one idler photon at a given emission time t(k)

0 , it temporarily
blocks the signal channel of the source to prevent the multiple corresponding signal
photons from exiting the source (see cases (a) and (b) in fig. 6.6). Therefore, it is
guaranteed that each pump pulse effectively generates a single photon with probability
p1 = (1− γ2)γ2 and no photon otherwise.
If the idler detector heralded the emission of a single signal photon at time t(k)

0 , the
source is additionally blocked for the remaining pump pulses of the run (case (c) in
fig. 6.6). Consequently, even K pump pulses lead to the injection of at most a single
photon per source into the linear network.

We emphasize that it is crucial to block the source in both scenarios described in the
previous paragraphs. If we only block the emission of multiple photons from a single
pulse or only block subsequent pulses after a pulse emitted at least one photon, the
probability that each source emits exactly one photon still decreases exponentially in N .
While the feed-forward technique summarized by fig. 6.6 bears some similarity to

standard temporal multiplexing of the sources, there is an important difference: Usually,
a multiplexed source is constructed in a way which ensures that the heralded photon is
finally emitted at a fixed time. Such an approach requires an active rerouting of the
photons with switches and long delay lines in order to shift their emission time to the
target value. In contrast, the time of emission can be arbitrary in temporal scattershot
MBCS, corresponding to a random temporal multiplexing of the sources. In this case, the
feed-forward control can be implemented much easier since a simple shutter – combined
with a delay line to allow for feed-forward control – suffices to block unwanted events.

With the help of the feed-forward blocking, the heralded SPDC sources emit exactly
N single photons if, for each source, at least one pump pulse led to the creation of a
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Figure 6.6.: Illustration of the effect of the conditional blocking of the signal channel.
(a)+(b) If the idler detectors register that multiple signal photons were
created in time bin t(k)

0 , the signal channel is blocked. This prevents the
emission of multiple signal photons from any of the pump pulses. (c)
Additionally, all photons from subsequent pump pulses are blocked if a
single-photon emission is heralded in a time bin.

single signal-idler pair. The resulting overall success probability

PN =
(
1− (1− p1)K

)N (6.69)

of the modified scheme is still exponentially suppressed if K is kept constant as N
increases. However, such a suppression can be avoided if the number of pulses grows
with N in such a way that (1− p1)

K(N) ∼ const./N . Solving this asymptotic relation
for K(N), we find that

lim
N→∞

PN = P∞ if K(N) ∼ 1

− log(1− p1)
log

N

log 1/P∞
. (6.70)

Hence, the modified sources, which include the feed-forward controlled shutter, are able
to efficiently generate N heralded single photons with random initial times if the number
of pump pulses K grows logarithmically in N .
This result underlines both the analogy and the differences between the spatial

scattershot boson sampling scheme discussed in section 4.1 and the temporal scattershot
MBCS scheme. While the former setup is able to offset the probabilistic nature of the
SPDC sources by using N2 instead of N sources to generate the N photons, temporal
scattershot MBCS allows to implement an equally hard sampling problem with only
N sources which are pumped by K ∝ logN pump pulses. Thanks to the logarithmic
dependence on N , a relatively small number of emission time bins t(k)

0 suffices to
implement temporal scattershot MBCS with a given number N of photons. Let us for
example consider SPDC sources with the optimal single-photon emission probability
p1 = 25 %, corresponding to γ = 1/

√
2 [100]. Then, temporal scattershot MBCS input

states with N = 50 photons can be generated with around P∞ = 50 % success probability
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by randomly multiplexing the sources over only K ≈ 15 emission time bins t(k)
0 . By

adding just three more time bins, K ≈ 18, it is already possible implement the sampling
problem for N ≈ 120 photons and with the same success probability.

6.6.2. Outlook

Temporal scattershot MBCS allows a significant reduction of the number of SPDC
sources required for the implementation of a classically intractable boson sampling
scheme. Nevertheless, the necessary feed-forward control of the sources increases the
complexity of the setup. One might therefore wonder if it is possible to adapt the
temporal scattershot MBCS scheme in a way that ensures the classical intractability of
the sampling problem and at the same time can be implemented without feed-forward
control of the sources.
Such a modification should indeed be possible by combining the ideas of temporal

scattershot MBCS and random number boson sampling (RNBS), introduced in section 4.4.
Namely, instead of only considering runs where each of the N sources injects exactly
one heralded photon into the linear network, all runs could be taken into account in
which each source emits at least one photon. In this case, a feed-forward controlled
blocking of the sources is not necessary anymore and the experiment can be further
simplified. While we leave a formal proof open for the future, the hardness of such a
sampling problem can most likely be demonstrated by a reduction of the problem to
the randomized |GPErep|2± problem introduced in definition 4.9, utilizing the techniques
developed in chapter 4 and section 6.4. The claim, that such a scheme generates samples
with at least N occupied channels in an efficient manner, is supported by considerations
analogous to eq. (6.69) and by the observation that the average total number N̄tot of
photons scales as N logN for N sources and K ∝ logN pump pulses.
If the hardness of this combined problem can indeed be verified, the combination of

temporal scattershot MBCS and random number boson sampling (RNBS) opens a path
to implement a classically hard boson sampling scheme with just N SPDC sources. This
improvement comes in exchange for a slight increase in the size M of the linear network.
While M > N2 suffices to suppress photon bunching at the output channels in standard
boson sampling, the network now must scale as M > N̄2

tot ∝ N2 log2N . Nevertheless,
the classical hardness of the combined scheme would represent a drastic improvement
over the original SBS scheme and even over random number boson sampling (RNBS),
introduced in section 4.4.

We note that, in theory, a similar behavior could be achieved using the RNBS scheme
with sources whose squeezing parameter increases with N . However, such an approach
is realistically not feasible. Namely, the probability, that each of the N SPDC sources
emits a single-photon, is in this scenario given by PN = (1− p0)N . Here, p0 = 1− γ2 is
the probability from eq. (4.46) that an individual source does not emit a photon. In
order to achieve an asymptotically constant success probability, limN→∞ PN = P∞ in
analogy to eq. (6.70), the squeezing parameter γ consequently would have to scale as
γ2 ∼ 1 + logP∞/N . Such a high degree of squeezing cannot be achieved with available
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SPDC sources. Furthermore, even if such squeezing values could somehow be achieved,
no photon-number-resolving detectors do exist which are able to reliably identify the
large numbers of emitted idler photons.

The large advantage of the proposed combination of temporal scattershot and RNBS
is that it allows to employ N SPDC sources with an arbitrary and, most importantly,
constant squeezing parameter. Instead of drastically increasing the squeezing achieved
by a single pump pulse, the same effect can be achieved by distributing the generation of
input photons over several time bins. Due to the lower average photon numbers emitted
per source and pulse, the number-resolving capabilities required by the idler detectors
are also reduced significantly with respect to the pure RNBS approach.

The fact that the photon generation is distributed over several pulses instead of simply
increasing the length of a single pump pulse is crucial. Namely, the latter approach
would introduce unwanted correlations between the signal and idler photons. In contrast,
if several short pulses are used, each of them can be optimized to emit the photon pairs
in a spectrally separable state, as desired.

With these advantages of temporal scattershot MBCS in mind, it might be worthwhile
to explore the relation between the number of time bins and the number of sources in
cases which interpolate between sampling without temporal scattershot and the ideal
scenario described by eq. (6.70). This consideration is especially relevant in scenarios
where it is not possible to increase the number of time bins logarithmically, as required
by eq. (6.70). Here, temporal scattershot could still help experimentalists to decrease
the number of sources needed for the efficient generation of at least N photons, even if
the number of time bins is reduced compared to eq. (6.70).

6.7. Conclusion

In this section, we successfully extended the description of boson sampling experiments
to account for the “internal” degrees of freedom of the single-photon pulses, such as
central frequency, time of emission, or frequency spectrum. This extended model allowed
us to gain a deeper insight into the way the multiphoton interference changes in a
boson sampling experiment as the distinguishability of the input photons increases.
Most importantly, although the probability distribution of the output samples d is still
connected with permanents of matrices, the special mathematical structure is lost on
which the hardness proof of the original idealized boson sampling problem was based.
Consequently, new approaches are necessary to assess the hardness of boson sampling
with non-identical input photons.

In chapter 5, we found that the output correlations retain their permanent structure
even for non-identical photons if the particles are detected with high time or frequency
resolution. Motivated by this observation, we introduced and investigated the so-called
multiboson correlation sampling (MBCS) problem. In this boson sampling problem,
the photons are detected with high time or frequency resolution at the output of the
linear network. This approach ensures that the probabilities always have a permanent
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structure very similar to the one found in the original idealized boson sampling problem,
regardless of the distinguishability of the input photons.

The modification of the sampling problem indeed allowed us to find definite hardness
statements for a wide variety of cases: Exact MBCS turned out to be classically
intractable for all input states in which a tiny temporal overlap of the input pulses remains.
More importantly, the investigation of approximate MBCS yielded the surprising result
that for time-resolved detection of the photons, the maximum degree of distinguishability
in the color of the photons is only limited by the temporal resolution of the detectors.
Consequently, provided detectors with a very high temporal resolution are used, it is
possible to implement a classically intractable boson sampling problem even with photons
fully distinguishable in their colors. The same result holds for photons distinguishable
in their central times when frequency-resolved detectors are used.
Such strong results could not be obtained for the case where the input photons

are distinguishable in the degree of freedom which is resolved by the detectors, e.g. if
the photons are distinguishable in their central times or temporal distributions in a
time-resolved MBCS experiment. Nevertheless, by adopting some of the techniques
developed in ref. [35] we were able to derive explicit bounds on the pairwise temporal
distinguishability of the input photons which ensure the hardness of the boson sampling
problem.

For the case of mixed input states, corresponding to a random degree of distinguisha-
bility, the calculated bound is in agreement with results derived in ref. [35] for the
non-resolved boson sampling problem. Additionally, we were however able to investigate
the previously uncovered scenario of non-identical pure input states, corresponding to a
fixed degree of distinguishability. For this scenario, we found that a tighter bound on
the degree of distinguishability is necessary in order to ensure that the MBCS problem
cannot be simulated efficiently on a classical computer. We were able to explain this
by the fact that the averaging implied by the randomness of the input state in the first
case leads to a probability distribution which is more closer to that of indistinguishable
photons due to the partial cancellation of deviations.
Lastly, we proposed a randomized version of MBCS which exploits the robustness

of frequency-resolved MBCS with respect to temporal distinguishability. Here, the
input photons are in each run injected at a random central time which can however
be determined in a non-destructive manner. Consequently, the randomized sampling
problem now additionally samples over the injection times of the input photons, re-
sembling the sampling over the occupied input channels in scattershot boson sampling
(SBS). We demonstrated, that this temporal scattershot approach allows to implement
a classically hard boson sampling problem for N photons with only N heralded SPDC
sources, equipped with a simple form of feed-forward control. This number of sources
represents a huge improvement over the uniform SBS experiment where the probabilistic
nature of the heralded SPDC sources makes it necessary to use N2 sources to ensure an
efficient generation of the desired input state. Additionally, temporal scattershot MBCS
achieves a constant asymptotic success probability while the SBS scheme only generates
the desired N -photon input state with probability ∼ const./

√
N .
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As we discuss in section 6.6.2, we suspect that it is possible to combine this temporal
scattershot scheme with the random photon-number sampling approach developed in
section 4.4 to implement a boson sampling scheme which is classically intractable, can
be efficiently implemented in the experiment, and completely avoids the need for feed-
forward control. The detailed demonstration of this conjecture is however left for future
investigations.
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In the first part of this thesis, we have investigated and discussed a wide range of
non-classical interference phenomena which can be observed if non-classical states of
light are scattered in optical networks. This quantum mechanical character of the
electromagnetic field becomes evident most prominently if single-photon pulses are used
as the input states. Furthermore, single photons form the basis for many, if not most,
optical approaches to quantum computation like for example the scheme for linear optics
quantum computation by Knill, Laflamme, and Milburn [17].

The large number of possible applications of single photons makes it crucial to develop
single-photon sources which can meet the numerous experimental requirements. These
include for example on-demand operation, narrow photon bandwidth, high repetition
rate, indistinguishability of photons, or scalability [80]. Currently, no source exists
which is able to simultaneously meet all these goals. Instead, various approaches to
the realization of a single-photon source exist, each one with different strengths and
weaknesses with respect to the aforementioned requirements. These approaches are
based on quantum dots, single atoms, single ions, single molecules, atomic ensembles,
color centers, four-wave mixing, or spontaneous parametric down-conversion (SPDC)
[80]. Among these approaches, SPDC sources are probably the most commonly utilized
realization of a single-photon source due to their favorable properties:
First, they can be operated at room-temperature in contrast to most other types of

sources. Consequently, the experimental implementation of quantum optical schemes is
greatly simplified. Furthermore, the photons emitted by such sources can achieve large
degrees of indistinguishability. As a result, their capability for interference is ensured
which is crucial for the implementation of most quantum computational schemes. Most
importantly however, the pairwise generation of photons allows to use one of the photons
as a herald for the creation of the second photon. This feature forms the basis for the
randomized boson sampling schemes discussed in chapter 4 and section 6.6.

The process which underlies SPDC sources is the generation of light via the frequency
down-conversion of a pump beam which is mediated by the nonlinear response of a
dielectric medium. In the regime of low gain, the weakness of the nonlinear response
ensures that the possibility for a down-conversion of multiple photons can be neglected
despite a macroscopic occupation of the pump mode.
Outside of this low-gain regime, SPDC is also highly relevant in the regime of high

gain. The squeezed states generated in this limit are of large interest in metrology as a
way to beat the classical shot-noise limit for the scaling of the phase sensitivity with the
light intensity [132–134]. Furthermore, their nonclassical properties are also exploited
in quantum information, for example, to implement continuous variable quantum key
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distribution [135].
The wide variety of applications underlines the importance of theoretical models for

SPDC. In the second part of this thesis, we therefore investigate the properties of such
sources. We do so mainly in terms of correlation functions due to their prevalence in
the context of the linear optical experiments described in chapters 3 to 6.
In this chapter, we develop a theoretical description of SPDC in terms of temporal

Bogoliubov transformations [136] between the field operators at the input and at the
output of a nonlinear crystal. In contrast to most approaches, we perform the full
calculation in the time domain instead of the frequency domain, which opens up a new
point of view on the problem. Most importantly however, the Bogoliubov transformations
enable us to efficiently calculate intensity correlation functions of the generated fields. As
we found in chapters 5 and 6, such correlation functions are highly relevant to describe
multiphoton interference in linear optical networks. Furthermore, they allow us to
characterize the properties of single-photon sources and also yield important information
in the high gain regime.

Our results describe higher-order effects of the down-conversion process and take into
account its finite bandwidth and the time ordering of the time evolution. They therefore
enable us to identify the influence of the time ordering on the temporal correlations by
comparing our findings to models which ignore time ordering.

7.1. The Hamiltonian

Single-photon sources based on SPDC use the working principle depicted in fig. 7.1: A
laser beam, in the following referred to as the “pump”, is used to illuminate a dielectric
crystal with a nonlinear susceptibility. This susceptibility mediates an interaction
between different modes of the electromagnetic field which results in a small probability
on the order of 10−12 [137] that an incoming pump photon with frequency ωp is split
into two photons with lower frequencies ωs and ωi, called signal and idler photon for
historical reasons. Due to the small probability for such a down-conversion event, the

nonlinear
susceptibility χ(2)

pump
pump ωp
signal ωs

idler ωi

Figure 7.1.: Basic working principle of a source based on spontaneous parametric down-
conversion (SPDC).

occupation numbers of the signal and idler modes are generally low even for a classical
occupation of the pump field, making SPDC sources well-suited as single-photon sources.
While such a source is unfortunately probabilistic due to the non-deterministic nature
of the down-conversion process, this disadvantage is alleviated by the possibility to use
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the idler photons as a witness for the creation of the signal photons. Consequently,
SPDC-based photon sources belong to the group of heralded single-photon sources.

As already discussed in section 2.1.2, we describe the interaction between the electro-
magnetic field and the dielectric crystal by a macroscopic model. Such a model only
takes into account the collective response of the atoms or molecules to the external
electromagnetic field instead of describing each particle individually. Generally, this
leads to a nonlinear dependence of the displacement field D = D(E) on the electric
field strength. We approximate this dependence via a second-order expansion1

Di(x, t) =

∫
dt′ ε0

[
δij + η

(1)
ij (x, t− t′)

]
Ej(x, t

′)

+

∫
dt′
∫
dt′′ ε0η

(2)
ijk(x, t− t′, t− t′′)Ej(x, t′)Ek(x, t′′) (7.1)

in the electric field, where the properties of the bulk crystal are described by the linear
susceptibility η(1), introduced in eq. (2.11), and by the second-order susceptibility η(2).
Generally, η(2) is represented by a tensor of rank three and exhibits dispersion. However,
we here consider SPDC sources in collinear configurations where all involved beams
propagate along the x-direction. As a consequence, the second-order susceptibility can
be described as an effectively scalar quantity η(2)(x). Additionally, it is justified to
omit dispersion of η(2) since we aim at the description of nonlinear processes at optical
frequencies which are far below any resonance frequencies of the crystal’s bulk material
[138].

Using eq. (7.1) instead of the linear expansion from eq. (2.10) to evaluate the energy
density H(x, t) defined in eq. (2.12), the total Hamiltonian can be expressed as the sum
[66, 139]

ĤS = Ĥ
(1)
S + Ĥ

(2)
S . (7.2)

Here, the Hamiltonian Ĥ
(1)
S =

∑
λ

∫
dω ~ωâ†λ(ω)âλ(ω) describes the linear dielectric

medium and the contribution

Ĥ
(2)
S

..=
ε0

3
Al

1

l

∫ xr

xf

dx η(2)(x)ÊS,a(x)ÊS,b(x)ÊS,c(x) (7.3)

results from the nonlinear susceptibility η(2) which is non-vanishing only over the length
l of the crystal2, whose front and rear position we denote by xf and xr = xf + l. The
Hamiltonian Ĥ(2)

S generally describes various processes like second-harmonic generation,
sum-frequency generation, difference-frequency generation, optical rectification, and
SPDC. However, energy conservation, phase-matching and the presence of pump- or
seed-fields ensure that only one of these processes dominates in a given experiment.
For an SPDC source, this process is the conversion of light in a pump mode p into

radiation in two modes s (signal) and i (idler) at lower frequencies. Since the crystal
1We are using Einstein’s summation convention.
2We implicitly assume that the crystal fully extends over the cross-section A of the mode.
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is pumped by a laser field Êp(x, t) with classical population and since the coupling
is weak, this population is approximately unaffected by the down-conversion process.
Consequently, the electric field operator Ê(+)

p (x, t) can be replaced by the classical field
amplitude Ep(x, t).

In the interaction picture, this undepleted-pump approximation yields the interaction
Hamiltonian

ĤI(t) ..= eiĤ
(1)
S (t−t0)/~Ĥ

(2)
S e−iĤ

(1)
S (t−t0)/~

= c
1

l

∫ xr

xf

dx η(2)(x)Ep(x, t)Ê
(−)
I,s (x, t)Ê

(−)
I,i (x, t) + H.c.

=.. Ĥ
(−)
I (t) + Ĥ

(+)
I (t). (7.4)

Here, the time-dependence of the fields ÊI,λ(x, t) (λ = s, i) in the interaction picture
describes the evolution of the electromagnetic field induced by the linear Hamiltonian
Ĥ

(1)
S . Due to the narrow bandwidth of the fields, it is possible to work with the rescaled

field operators (λ = s, i)

Ê
(+)
I,λ (x, t) ..=

1√
2π

∫
dω eikλ(ω)(x−xf)e−iω(t−t0)âλ(xf , ω) (7.5)

by absorbing superfluous constants into the prefactor c of the Hamiltonian in eq. (7.4).
The same holds for the classical field amplitude Ep(x, t).

7.1.1. Phase matching

The down-conversion process depicted in fig. 7.1 can only occur if the central frequencies
of the involved photons fulfill the energy conservation condition

ωs + ωi = ωp, (7.6)

while their respective wave numbers kλ (λ = p, s, i) meet the momentum-conservation or
phase-matching condition [139, 140]

kp(ωp)− ks(ωs)− ki(ωi) =

{
0 if η(2)(x) = η(2) (standard phase matching)

K if η(2)(x) = η(2) exp(iKx) (quasi phase matching).
(7.7)

The combination of these equations imposes stringent conditions on the possible fre-
quencies and wave vectors of the emitted photons. Thus, by tailoring the birefringent
dispersion of the crystal or the modulation of η(2), these restrictions can be used to
engineer the source in such a way that the down-converted photons are produced at
specific frequencies and polarizations.
If the process is tuned in such a way that signal and idler photons have identical

polarizations, it is usually referred to as type I down-conversion. On the other hand,
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setups generating the photons with orthogonal polarizations are named type II parametric
down-conversion sources. In the following, we are going to assume that signal and idler
fields commute. Consequently, our discussion applies a) to type-I SPDC if signal and
idler frequencies are nondegenerate on the scale of the phase-matching bandwidth, and
b) to type-II SPDC, regardless of signal and idler frequencies.

Because the volume of the crystal is finite, violations of the phase matching condition in
eq. (7.7) are possible. Namely, the finite nonlinear crystal represents an inhomogeneity of
space which implies, according to Noether’s theorem, that the conservation of momentum
does not hold strictly any more. Consequently, signal and idler photons are generally
created with an uncertainty in their frequencies even if the frequency of the pump photons
is fixed, as is the case for a continuous pump beam. This uncertainty is expressed in
the phase-matching bandwidth of the process. In combination with the condition of
energy conservation in eq. (7.6), the finite phase-matching bandwidth implies that the
signal-idler photon pair is generally spectrally entangled.

7.1.2. Phase matching in the time domain

In the temporal domain, this frequency entanglement is revealed as an entanglement of
the photons in their relative detection times.

To make this temporal entanglement more obvious, we rewrite the interaction Hamil-
tonian in eq. (7.4) in terms of the field operators at the front or rear edge of the crystal.
From now on, we assume linear dispersion relations

kλ(ω) ≈ kλ(ωλ) + v−1
g,λ(ω − ωλ) (7.8)

for the pump (λ = p), signal (λ = s), and idler (λ = i) beams, where we defined the
inverse group velocities v−1

g,λ
..= ∂

∂ω
kλ(ω)|ω=ωλ . Due to this linear dispersion, pulses in the

modes λ propagate with velocity vg,λ and are not distorted. It is consequently convenient
to split the fields into a phase corresponding to the central frequency ωλ and the slowly
varying fields

F̂
(+)
I,λ (x, t) ..= e+iωλ(t−t0)Ê

(+)
I,λ (x, t) (7.9)

with Ê(+)
I,λ (x, t) given by eq. (7.5). These fields describe the propagation of the envelope

of a light pulse in the crystal, as expressed by the relation

F̂
(+)
I,λ (x, t) = eikλ(ωλ)(x−xf)F̂

(+)
I,λ

(
xf , t− v−1

g,λ(x− xf)
)
. (7.10)

Analogously, we also introduce the slowly varying envelope Fp(x, t) of the classical pump
field Ep(x, t).
Defining the propagation times

τλ ..= v−1
g,λl, (7.11)

inserting eq. (7.10), and exploiting the phase-matching condition in eq. (7.7), the
interaction Hamiltonian in eq. (7.4) can be cast into the form

ĤI(t) = c

∫ 1

0

dy Fp(xf , t− yτp)F̂
(−)
I,s (xf , t− yτs)F̂ (−)

I,i (xf , t− yτi) + H.c. (7.12)
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in terms of the fields at the front of the crystal or, equivalently, into

ĤI(t) = c

∫ 1

0

dy Fp(xr, t+ yτp)F̂
(−)
I,s (xr, t+ yτs)F̂

(−)
I,i (xr, t+ yτi) + H.c. (7.13)

in terms of the fields at the crystal rear.
In these expressions, the temporal entanglement of the generated photon pairs becomes

obvious in the biphoton contribution

− i

~

∫
dt′ ĤI(t

′)|0〉 ≈ − ic

~

∫
dt′
∫ 1

0

dy Fp

(
xr, t

′ + y
2τp − τs − τi

2

)

× F̂ (−)
I,s

(
xr, t

′ + y
τs − τi

2

)
F̂

(−)
I,i

(
xr, t

′ − y τs − τi
2

)
|0〉

(7.14)

to the total output state in the Schrödinger picture. In this temporal superposition,
the relative detection time difference of the two photons varies over a range which is
determined by the temporal walk-off

δτsi ..= τs − τi (7.15)

between the photons due to the mismatch between the signal and idler group velocities
vg,s and vg,i, respectively. The photons can be detected at the same time if the down-
conversion takes place at the end of the crystal (y = 0) and are maximally separated by
|δτsi| if the photon pair is generated at the front of the crystal (y = 1). The value |δτsi|
is the temporal equivalent of the phase matching bandwidth in the frequency domain.
A large phase matching bandwidth corresponds to a small maximal time delay between
signal and idler photon and vice versa.
The time evolution induced by the interaction Hamiltonian ĤI(t) in eqs. (7.12)

and (7.13) can be described by the time evolution operator

ÛI(t, t0) ..= T exp

(
− i

~

∫ t

t0

dt′ ĤI(t
′)

)
, (7.16)

which represents the formal solution of the Schwinger-Tomonaga equation i~ ∂
∂t
ÛI(t, t0) =

ĤI(t)ÛI(t, t0). Here, the symbol T labels the time-ordering operator which ensures
that products of the operator ĤI evaluated at different times, as they appear in the
exponential in eq. (7.16), are always in descending order in their temporal arguments.
This ordering is crucial to ensure the causality of the processes described by ÛI(t, t0) and
can only be omitted if [ĤI(t), ĤI(u)] = 0 ∀t, u. Formal solutions of the time evolution
operator for general, non-commuting Hamiltonians exist in the form of e.g. Dyson or
Magnus expansions which are usually aborted at low order. In this way, they allow
to find approximations of the state generated by the SPDC process in the interaction
picture.

152



7.2. Temporal Bogoliubov transformations

7.2. Temporal Bogoliubov transformations

As an alternative to the interaction picture, the time-evolution of the system can also
be described in the Heisenberg picture. Here, the full evolution is expressed in the time
dependence of the field operators. Since the Hamiltonian in the non-depleted pump
approximation is quadratic in the field operators of the signal and idler modes, the effect
of the nonlinear susceptibility can in the Heisenberg picture be expressed in terms of a
Bogoliubov transformation between the field operators at the input and the output of
the dielectric crystal. A Bogoliubov transformation is a linear transformation of a set of
bosonic mode operators which preserves the bosonic commutation relations [136].
As an example, we consider a simple model of SPDC in which we only take into

account a single temporal mode for the signal, idler, and pump fields respectively.
Denoting the mode operators for signal and idler fields as âs and âi, respectively, the
time evolution operator from eq. (7.16) takes the form ÛI = exp(seiθâ†s â

†
i − H.c.), where

the coupling parameter s is determined by the strength of the pump field. Labeling the
complementary mode of the mode λ = s, i as λ = i, s, this unitary transformation results
in the well-known Bogoliubov transformation

âλ 7→ Û †I âλÛI = cosh s âλ − eiθ sinh s â†
λ

(7.17)

describing two-mode squeezing.
An analogous expression can be found in the multimode model. Indeed, the time

evolution operator from eq. (7.16) always leads to a transformation of the form

F̂
(+)
λ (xr, t) =

∫
du
(
gλλ(t, u)F̂

(+)
λ (xf , u) + hλλ(t, u)F̂

(−)

λ
(xf , u)

)
(7.18)

in analogy to eq. (7.17). Here, the output field operators F̂ (+)
λ (xr, t) are expressed

as linear superpositions of the input field operators F̂ (+)
λ (xf , t) and F̂ (−)

λ
(xf , t) via the

Green’s functions gλλ(t, u) and hλλ(t, u).
For general envelopes Fp(xr, t) of the pump pulse and taking into account the full

time ordering, it is not possible to find an analytic expression of these Green’s functions.
In order to simplify the problem, the time ordering of ÛI in eq. (7.16) is often neglected.
In this case, it is for example possible to use a Schmidt decomposition of the joint
spectral amplitude of signal and idler beams to rewrite ÛI as the product of two-mode
squeezing operators acting on independent temporal modes [56, 57]. Nevertheless, even
if this approximation is used, it is generally necessary to determine the Green’s functions
numerically.

Moreover, such approximations cannot be applied if the time ordering of the evolution
is taken into account. Rather, Heisenberg’s equation of motion leads to integro-differential
equations for gλλ(t, u) and hλλ(t, u) which can almost exclusively be evaluated numerically
[57].
In the following, we present a different approach to determine the Green’s functions

in eq. (7.18) for the case where the full time ordering is taken into account. Instead of
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working directly with Heisenberg’s equation of motion, we formally evaluate the unitary
transformation

F̂
(+)
λ (x, t) ..= Û †I (t, t0)F̂

(+)
I,λ (x, t)ÛI(t, t0). (7.19)

connecting the Heisenberg field operators F̂ (±)
λ (x, t) with the interaction picture operators

F̂
(±)
I,λ (x, t). This procedure yields a representation of the Green’s functions gλλ(t, u) and
hλλ(t, u) as power series in the characteristic coupling parameter s. Afterwards, we
demonstrate that these series can be cast into a closed form for several special cases and
employ the resulting expressions to discuss the temporal properties of the light emitted
in the signal and idler modes.

7.2.1. Green’s functions

In order to evaluate the transformation in eq. (7.19), we employ a generalization of the
well-known Hadamard lemma [141]

eÂB̂e−Â =
∞∑

n=0

1

n!

[
Â, [Â, . . . [Â, B̂] . . .]

]
︸ ︷︷ ︸

nested n times

. (7.20)

to time-ordered evolution operators which we derive in appendix E.1. Indeed, invoking
the Dyson expansion of ÛI, we recast eq. (7.19) as

F̂
(+)
λ (x, t) =

∞∑

n=0

Ĉn(x, t, t0) =

∞∑

n=0

( i

~

)n ∫ t

t0

dtn

∫ t

tn

dtn−1 · · ·
∫ t

t2

dt1
[
ĤI(tn), [ĤI(tn−1), . . . [ĤI(t1), F̂

(+)
I,λ ] . . .]

]
.

(7.21)

This expression obviously reduces to the form eq. (7.20), if [ĤI(t), ĤI(u)] = 0 ∀t, u and
thus time ordering is unnecessary.

Exploiting the nested structure of the terms Ĉn(x, t, t0) in this series, it is possible to
connect them via the recursion relation

Ĉ0(x, t, t0) ..= F̂
(+)
I,λ (x, t), Ĉn(x, t, t0) ..=

i

~

∫ t

t0

du [ĤI(u), Ĉn−1(x, t, u)]. (7.22)

With the help of eq. (7.22), we evaluate in appendix E.2 the series in eq. (7.21) for
both input and output fields, corresponding to x = xf and x = xr, respectively. For the
input fields, we find that the field operators in the Heisenberg and interaction picture
are identical, that is

F̂
(+)
λ (xf , t) = F̂

(+)
I,λ (xf , t). (7.23)

This relation reflects the fact that the electromagnetic field in front of the crystal cannot
be influenced by the down-conversion process3.

3Note that we only consider fields propagating in the positive direction.
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The situation is rather different for the fields at the rear end of the crystal, that is for
x = xr. Here, all orders of the expansion in eq. (7.21) give non-vanishing contributions.
Using the explicit form of the interaction Hamiltonian from eq. (7.12), we evaluate the
recursion relation in eq. (7.22) in appendix E.2 and cast the result into the form of the
temporal Bogoliubov transformation in eq. (7.18). Defining the average propagation
time

τ̄ ..=
1

2
(τλ + τλ) (7.24)

and recalling the temporal walk-off δτλλ ..= τλ − τλ from eq. (7.15), we find the explicit
expressions

gλλ(t, u) = eikλ(ωλ)l
[
δ(u− t+ τλ) +

1

|δτλλ|
rect

(u− t+ τ̄

δτλλ

)
g′λλ

(
t,
u− t+ τ̄

δτλλ

)]
(7.25)

and

hλλ(t, u) = eikλ(ωλ)l 1

|δτλλ|
rect

(u− t+ τ̄

δτλλ

)
h′
λλ

(
t,
u− t+ τ̄

δτλλ

)
(7.26)

for the Green’s functions in eq. (7.18). Here, the dependence on the properties of the
pump pulse is contained solely in the functions g′λλ(t, z) and h′

λλ
(t, z) which describe the

temporal profile of the coupling between the input and output fields. In appendix E.2
we show that the recursive structure of the power series in eq. (7.21) is reflected by
series expansions (z ..= (u− t+ τ̄)/δτλλ)

g′λλ(t, z)
..=

∞∑

k=1

C2k

(
t,

1

2
− z, 1

2
+ z
)

(7.27)

and

h′
λλ

(t, z) ..=
∞∑

k=0

C2k+1

(
t,

1

2
+ z,

1

2
− z
)
. (7.28)

Here, the C-functions Ck(t, v, w) are defined by the recursion relation

C1(t, v, w) ..= − ic

~
Fp
(
xf , t− τp + wδτpλ

)
,

Ck>1(t, v, w) ..=





ic∗

~

∫ v

0

dw′ F ∗p
(
xf , t− τp + w′δτpλ + wδτpλ

)
Ck−1(t, w, w′) k even

− ic

~

∫ v

0

dw′ Fp
(
xf , t− τp + wδτpλ + w′δτpλ

)
Ck−1(t, w, w′) k odd.

(7.29)

and are of order k in the amplitude of the pump field.
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7.2.2. Discussion

Even if we ignore the details of g′λλ(t, z) and h′
λλ

(t, z) for the moment, the expressions
in eqs. (7.25) and (7.26) already reveal a lot about the properties of the Bogoliubov
transformation and the underlying physical processes. In the limit of weak pump powers,
corresponding to |Ck+1| � |Ck|, the main contribution to the output field is described
by the δ-distribution in eq. (7.25). It corresponds to the propagation of the beams with
group velocity vg,λ (λ = s, i) in the absence of a nonlinear susceptibility, leading to the
delay τλ = lv−1

g,λ.
The second term in eq. (7.25) and the term in eq. (7.26) describe the causal connection

between the output field F̂
(+)
λ (xr, t) and the input fields F̂ (+)

λ (xf , u) and F̂
(−)

λ
(xr, u),

respectively, which is caused by the nonlinearity of the dielectric crystal. Since these
contributions arise from scenarios in which the information propagates partially in each
of the two modes, the output field at time t contains information about the input fields
at all times u ∈ [t−max(τs, τi), t−min(τs, τi))]. This interval gives rise to the rectangular
functions

rect
(u− t+ τ̄

δτλλ

)
=

{
1 −max(τs, τi) ≤ u− t ≤ −min(τs, τi)

0 else
(7.30)

in eqs. (7.25) and (7.26). As discussed above, this temporal uncertainty arises due to
the finite length of the crystal and corresponds to the phase matching bandwidth of the
down-conversion process.

More detailed information about the causal connection between the input and output
fields is contained in the functions Ck, comprising all contributions mediated by exactly
k interactions inside the crystal. We find in section 7.4.1 that each function Ck(t, 1/2±
z, 1/2∓ z) is determined by statistical arguments and by the shape of the pump pulse.
In this way, the time domain treatment of optical, nonlinear processes provides a new
point of view which complements the analysis in the frequency domain by an intuitive
interpretation for resulting higher-order corrections. Although the recursion relation
defining the Ck(t, 1/2± z, 1/2∓ z) cannot be solved in closed form for arbitrary pump
pulses Fp(xf , u) and arbitrary propagation times τp, τs, and τi, we later discuss special
cases where such a closed-form solution exists.
In the following, we first outline the usefulness of the Bogoliubov transformations

from eq. (7.18) for the evaluation of correlation functions of the down-converted light.
Afterwards, we investigate exemplary cases for which a closed-form solution of the
functions g′λλ(t, z) and h′

λλ
(t, z) exists. With the help of these expressions, we then

discuss the properties of the SPDC sources and the effect of time ordering.

7.3. Temporal correlations

We now investigate how correlations between the signal and idler fields can be calculated
with the help of the Bogoliubov transformation discussed in the previous section. From
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section 2.4, we know that intensity correlations of the two fields can be described by the
normal ordered Glauber correlation functions4

G
(N)
λ (t) ..= tr

(
ρ̂ F̂

(−)
λ1

(xr, t1) . . . F̂
(−)
λN

(xr, tN)F̂
(+)
λN

(xr, tN) . . . F̂
(+)
λ1

(xr, t1)
)

(7.31)

from eq. (2.51). Here, we have recalled the vector notation t = (t1, . . . , tN)T for the N
detection times of the photons and λ = (λ1, . . . , λN)T for the N mode indices λi = s, i.
Generally, the density operator ρ̂ can describe an arbitrary input state of signal and
idler modes if these modes are seeded. However, we here only consider SPDC processes
where ρ̂ corresponds to the vacuum state |0〉 = |0〉s|0〉i.

Under this restriction, eq. (7.31) can be evaluated in the following way: First, we
express the output fields F̂ (±)

λ (xr, t) in terms of the input fields F̂ (±)
µ (xf , u) (λ, µ = s, i)

with the help of the Bogoliubov transformation from eq. (7.18). Then, we employ the
commutation relations

[
F̂

(+)
λ (xf , t), F̂

(−)
µ (xf , t

′)
]

= δλµδ(t− t′) (7.32)

and [
F̂

(+)
λ (xf , t), F̂

(+)
µ (xf , t

′)
]

=
[
F̂

(−)
λ (xf , t), F̂

(−)
µ (xf , t

′)
]

= 0 (7.33)

to rewrite the resulting expression in normal order in the input field operators F̂ (±)
µ (xf , u).

The expectation value in eq. (7.31) can subsequently be evaluated by exploiting
F̂

(+)
µ (xf , u)|0〉 = 0.
This approach demonstrates that the Bogoliubov transformation in eq. (7.18) yields

a straightforward way to evaluate the correlation functions in eq. (7.31). However, for
a correlation function of order N , corresponding to 2N field operators F̂ (±)

λ (xr, t), it
is necessary, after the substitution of the Bogoliubov transformation, to normal order
22N products of 2N input field operators each, which becomes unfeasible rather quickly.
Luckily, it is possible to simplify this approach significantly by invoking Wick’s theorem
which allows us to express an arbitrary product of operators as a sum of normal ordered
terms [142]. Let us define the contractions of two operators Â and B̂ as

ÂB̂ ..= ÂB̂ − :ÂB̂ :. (7.34)

Then, Wick’s theorem states that it is possible to express the product of 2N operators
Ôk, which are linear in the mode operators, as the sum

Ô1 . . . Ô2N = :Ô1 . . . Ô2N :

+ :Ô1Ô2 . . . Ô2N : + :Ô1Ô2Ô3 . . . Ô2N : + . . .

+ :Ô1Ô2Ô3Ô4 . . . Ô2N : + :Ô1Ô2Ô3Ô4 . . . Ô2N : + . . .

= :Ô1 . . . Ô2N : + :all single contractions:
+ :all double contractions: + · · ·+ :all N -fold contractions: (7.35)

4Note that we can replace the full field operators Ê(±)
λ (x, t) by the slowly varying fields F̂ (±)

λ (x, t)
without changing the value of intensity correlation functions.
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of normal ordered terms.
We can apply this expansion to the correlation functions G(N)

λ (t) by identifying the
operators Ôk with the output field operators F̂ (sk)

µk (uk), where

(sk, µk, uk) =

{
(−, λk, tk) k = 1, . . . , N

(+, λ2N+1−k, t2N+1−k) k = N + 1, . . . , 2N.
(7.36)

Then, the expectation value in eq. (7.31) with respect to the vacuum state |0〉 implies
that all terms in the expansion in eq. (7.35) vanish due to F̂ (+)

µ (xf , u)|0〉 = 0, except for
the last term which contains the fully contracted expressions.

Due to the bosonic nature of the field operators, the contractions of two field operators
are C-number functions

H
(ss′)
λλ′ (t, t′) ..= F̂

(s)
λ (xr, t)F̂

(s′)
λ′ (xr, t

′) (7.37)

which describe the second-order amplitude correlations of the electromagnetic fields at
the output of the SPDC source. Consequently, Wick’s theorem allows us to express the
correlation functions solely in terms of second-order amplitude correlations.

Let us denote a partition of the 2N numbers k = 1, . . . , 2N by a set of N sets {mi, ni}
with two elements each, such that

⋃N
i=1{mi, ni} = {1, . . . , 2N}. Then, eq. (7.31) can be

recast as

G
(N)
λ (t) =

∑

all partitions
{{mi,ni}}

N∏

i=1

H
(smisni )
µmiµni

(umi , uni). (7.38)

That such a decomposition into second-order correlations of the field amplitudes is
possible is a direct consequence of the fact that the two-mode squeezed vacuum state
generated by the SPDC process is a Gaussian state. Such a decomposition is not possible
anymore if the signal or idler modes are seeded.

The sum in eq. (7.38) generally encompasses all (2N − 1)!! = (2N)!/(2NN !) partitions
into second-order contributions. In most cases however, a significant number of these
terms does not yield any contribution. Namely, we find that only eight out of the sixteen
possible second-order correlations H(ss′)

λλ′ (t, t′) yield a finite contribution by evaluating
the second-order correlations defined in eq. (7.37) with the help of the Bogoliubov
transformation from eq. (7.18). These eight contributions can be expressed in terms of
the Green’s functions gλλ(t, u) and hλλ from eqs. (7.25) and (7.26), respectively, as

H
(++)
si (t, t′) =

∫
du gss(t, u)his(t

′, u)

= H
(++)
is (t, t′) =

(
H

(−−)
si (t, t′)

)∗
=
(
H

(−−)
is (t, t′)

)∗
, (7.39)

H(−+)
ss (t, t′) =

∫
du h∗si(t, u)hsi(t

′, u) = H(+−)
ss (t, t′) + δ(t− t′), (7.40)
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and

H
(−+)
ii (t, t′) =

∫
du h∗is(t, u)his(t

′, u) = H
(+−)
ii (t, t′) + δ(t− t′). (7.41)

According to these equations, arbitrary time-resolved correlations of the generated
light can be expressed in terms of only three functions, regardless of the order of the
correlation function (if the SPDC source uses a type-II configuration or a frequency-
nondegenerate type-I configuration). These are the autocorrelation functions H(−+)

ss (t, t′)

and H
(−+)
ii (t, t′) of the signal and idler mode, respectively, and the cross-correlation

function H(++)
si (t, t′) between the positive frequency field components of the two modes.

Moreover, since half of the sixteen possible second-order correlations vanish, not all
terms on the right hand side of eq. (7.38) do actually contribute to the correlations in
general. Rather, only those partitions are relevant which exclusively contain pairs of
field operators with nonvanishing correlations. Taking this into account, the general
expansion in eq. (7.38) can be reduced from all (2N − 1)!! possible partitions to the
relevant, non-vanishing contributions.
For N = 1, eq. (7.38) then yields the intensity

G
(1)
λ (t) = H

(−+)
λλ (t, t) (7.42)

in the signal or idler mode. Likewise, for N = 2 the expression in eq. (7.38) results in
the photon number autocorrelation function

G
(2)
λλ (t, t′) = H

(−+)
λλ (t, t)H

(−+)
λλ (t′, t′) + |H(−+)

λλ (t, t′)|2 (7.43)

and the intensity cross-correlation function

G
(2)
si (t, t′) = H(−+)

ss (t, t)H
(−+)
ii (t′, t′) + |H(++)

si (t, t′)|2. (7.44)

Both correlation functions consist of two contributions: The first one is the product of
two intensities, that is first-order correlation functions, and describes the probability
to detect the two photons under the assumption that the detections are statistically
independent. The second terms on the other hand describe the increased probability
for two-photon events due to the bunching of the photons (for eq. (7.43)) or due to the
pairwise production and the entanglement of the photons (for eq. (7.44)).

In this section, we have managed to derive a general approach to evaluate correlations
of SPDC sources. Namely, an arbitrary correlation function can be expressed in terms
of three independent second-order correlation functions H(−+)

ss (t, t′), H(−+)
ii (t, t′), and

H
(++)
si . Consequently, the main difficulty in the analysis of the temporal correlations

for a given configuration of the source (pump pulse and group velocities) lies in the
evaluation of eqs. (7.39) to (7.41). In the remaining sections of this chapter, we therefore
investigate three cases in which the Green’s functions gλλ(t, u) an hλλ can be cast into
an analytic form.
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7. Temporal correlations of SPDC

7.4. SPDC with a continuous pump

In this section, we study the properties of light generated by SPDC sources which are
pumped by a continuous laser beam. First, we derive a closed form expression for
the Bogoliubov transformation in eq. (7.18) and discuss the influence of time ordering
and pump power. Subsequently, we use this transformation to analyze the temporal
correlations of continuous SPDC sources and compare our findings to the results of
previous publications.

7.4.1. Bogoliubov transformation

Since the field of a continuous pump laser is constant,

Fp(xf , t) = Fp(xf), (7.45)

the recursion relation, eq. (7.29), which defines the coefficients Ck(t, v, w) in eqs. (7.27)
and (7.28), can be solved analytically (see appendix E.3). Let us introduce the squeezing
parameters

s ..=

∣∣∣∣
cFp(xf)

~

∣∣∣∣ and θ ..= arg

(
− icFp(xf)

~

)
, (7.46)

where we recall the prefactor c of the interaction Hamiltonian from eq. (7.4). It is then
possible to concisely express the functions g′λλ(t, z) and h′

λλ
(t, z) (z ..= (u− t+ τ̄)/δτλλ)

from eqs. (7.27) and (7.28), respectively, in terms of modified Bessel functions Ik(x) as

g′λλ(t, z) = s

√
1− 2z

1 + 2z
I1

(
s
√

1− 4z2
)

(7.47)

and

h′
λλ

(t, z) = −eiθs I0

(
s
√

1− 4z2
)
. (7.48)

After inserting these expressions into eqs. (7.25) and (7.26), we plot in fig. 7.2 the
modulus of the resulting Green’s functions gλλ(t, u) and hλλ(t, u) for varying pump
intensities, i.e. for varying values of the squeezing parameter s. Note, that we only show
the corrections with respect to the Green’s function δ(t− u− τλ) in the absence of a
nonlinear susceptibility.
For weak squeezing, the Green’s function hλλ(t, u) is of the order of s since

h′
λλ

(t, z) ≈ −eiθs (7.49)

is dominated by contributions corresponding to a single interaction event. Because
this interaction takes place at a uniformly random position inside of the crystal, it is
furthermore approximately constant for t− u between −max(τs, τi) and −min(τs, τi).
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Figure 7.2.: Dependence of the Green’s functions gλλ(t, u) and hλλ on the intensity of
the pump beam as described by eqs. (7.25), (7.26), (7.47) and (7.48) (for
τλ < τλ). As the power increases (top to bottom), the random character
of the down-conversion process leads to almost Gaussian distributions in
analogy to the central limit theorem.
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7. Temporal correlations of SPDC

The correction to gλλ(t, u) is on the other hand dominated by contributions corre-
sponding to two interaction events as indicated by the approximation

g′
λλ

(t, z) ≈ 1

2
s2(1− 2z). (7.50)

Its linear behavior as a function of z ..= (u− t+ τ̄)/δτλλ on the interval [−1/2,+1/2],
corresponding to u − t varying between between −max(τs, τi) and −min(τs, τi), is
determined by a statistical argument: First note that the temporal delay t − u is
determined by the distance ∆ between the two interaction events. For ∆ = 0, the
information propagates solely in the mode λ, leading to a delay t − u = τλ. On the
other hand, the propagation occurs solely in mode λ leading to a delay t − u = τλ if
∆ = l, that is if the interaction events occurred at the front and the rear of the crystal.
Since the positions of the two interaction events are uniformly randomly distributed
over the length of the crystal, ∆ = l occurs with zero probability while the probability
for smaller separations ∆, corresponding to t− u being closer to τλ, increases linearly.
If the pump power increases, the Green’s functions are dominated by contributions

with increasingly higher order in s. While the delay t− u is still determined by the total
distance over which the information has propagated in mode λ, this distance is now the
sum of a large number of separate segments, whose lengths are uniformly random apart
from the condition that the total distance is bounded by l. In this sense, g′λλ(t, z) and
h′
λλ

(t, z) represent distributions of sums of random variables. As a result, they appear
increasingly Gaussian with increasing average order in s, in analogy to the central limit
theorem. This effect is clearly visible in the sequence of plots in fig. 7.2 and is further
supported by the approximations (z = (u− t+ τ̄)/δτλλ)

g′λλ(t, z) ≈
√

s

2π
es(1− 2z)e−2sz2

h′
λλ

(t, z) ≈ −
√

s

2π
ese−2sz2

if s� 1 ∧ z � 1, (7.51)

which follow from the asymptotic form Ik(x) ≈ exp(x)/
√

2πx of the modified Bessel
functions.

We lastly note that the time-domain Bogoliubov transformation derived in this section
agrees with previous treatments performed in the frequency domain. Namely, a Fourier
transform of the Green’s functions for continuously pumped SPDC defined by eqs. (7.25),
(7.26), (7.47) and (7.48) yields the frequency-domain Bogoliubov transformation

âλ(xr, ωλ + Ω)e−ikλ(ωλ+Ω)le+iΩδτλλ/2 =[
cos
√

(Ωδτλλ/2)2 − s2 + iΩδτλλ/2 sinc
√

(Ωδτλλ/2)2 − s2

]
âλ(xf , ωλ + Ω)

− eiθs sinc
√

(Ωδτλλ/2)2 − s2 â†
λ
(xf , ωλ − Ω).

(7.52)
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7.4. SPDC with a continuous pump

This expression is identical to the transformation derived in the frequency domain in
ref. [143]. Moreover, eq. (7.52) reduces for Ω = 0 to the Bogoliubov transformation from
eq. (7.17) which was found by describing each field only by a single temporal mode.

7.4.2. Influence of time ordering on intensities

We now investigate the influence of time ordering on the intensity in signal or idler
mode. The intensity in mode λ can be described by the respective first-order Glauber
correlation function G(1)

λ (t) from eq. (7.31). Combining the general result in eq. (7.42)
with the closed analytic solution of the Green’s functions in eq. (7.48) yields the explicit
expression5

G
(1)
λ (t) =

s2

|δτλλ|

∫ 1
2

− 1
2

dx I2
0

(
s
√

1− 4x2
)

=
s

|δτλλ|
∞∑

m=0

1

m!m!

s2m+1

2m+ 1
(7.53)

which is time independent as expected for a continuous pump.
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Figure 7.3.: Intensity in signal or idler mode for a continuously pumped SPDC source
as a function of the squeezing parameter s.

In fig. 7.3, we compare the dependence of G(1)
λ (t) on the squeezing strength s with

the expression

G
(1)
λ,non-ord(t) =

1

π|δτλλ|

∫
dy sinh2(s sinc y), (7.54)

which is obtained if the time ordering of ÛI(t, t0) in eq. (7.16) is neglected (see ap-
pendix E.4 for a derivation). While the effect of time ordering is negligible for small
squeezing, the expressions differ significantly for strong squeezing. Indeed, an asymptotic
treatment of the expressions in eqs. (7.53) and (7.54) reveals that the correct theory

5Note that this series can be expressed in terms of a generalized hypergeometric function as
s2 1F2

(
1
2 ; 1, 32 ; s2

)
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7. Temporal correlations of SPDC

predicts that the intensity asymptotically grows faster by a factor s/
√

3 compared to
the model which neglects the time ordering. Consequently, the proper treatment of the
time ordering becomes crucial for the description of SPDC at large pump intensities.

Furthermore, we find that the intensity in each of the modes is inversely proportional
to the temporal walk-off |δτλλ| or, equivalently, proportional to the phase matching
bandwidth: As the phase matching bandwidth increases, the signal-idler photon pairs
can be created in more and more frequencies, raising the overall probability for down-
conversion events. At first sight, this behavior seems to imply a divergence of the
intensities if the group velocities of signal and idler fields are matched, i.e. δτλλ = 0.
However, this divergence is only an artifact of our model, which assumes a purely linear
dispersion. Namely, if the group velocities are equal the phase matching bandwidth is
determined by the group velocity dispersion of the crystal which is not included in our
model.

7.4.3. Influence of time ordering on second-order correlations

We finish this section on continuously pumped SPDC sources with a discussion of the
second-order intensity correlations of the emitted light. Comparing the results from
the exact Bogoliubov transformation found in section 7.4.1 with the predictions of a
theory neglecting the time ordering of ÛI(t, t0) in eq. (7.16), we again find that the time
ordering of the evolution becomes crucial when we consider large pump powers.

Intensity autocorrelations

The intensity autocorrelation function G
(2)
λλ (t, t′) in either signal or idler mode can

according to eq. (7.43) be fully expressed in terms of the amplitude autocorrelation
functions H(−+)

λλ (t, t′), defined in eqs. (7.40) and (7.41). With the help of the closed-
form solutions for the distributions g′λλ(t, z) and h′

λλ
(t, z) in eqs. (7.47) and (7.48), we

can straightforwardly perform the integration in H(−+)
λλ (t, t′) =

∫
du h∗

λλ
(t, u)hλλ(t

′, u)
numerically. The resulting normalized second-order intensity autocorrelation function

g
(2)
λλ (t, t′) ..=

G
(2)
λλ

G
(1)
λ (t)G

(1)
λ (t′)

= 1 +
|H(−+)

λλ (t, t′)|2

H
(−+)
λλ (t, t)H

(−+)
λλ (t′, t′)

(7.55)

is illustrated in fig. 7.4 for increasing values of the squeezing parameter s.
It exhibits the typical bunching behavior of a chaotic light source, underlining the

well-known fact that the light in either output mode λ = s, i is described by a thermal
state after tracing out the complementary mode λ = i, s: For detection time differences
|t − t′| > δτλλ, the detection events are uncorrelated, i.e. g

(2)
λλ (t, t′) = 1, since the

correlation time of the source is limited by the maximum temporal walk-off δτλλ. If
|t− t′| < δτλλ however, the correlations increase up to the maximum value g(2)

λλ (t, t) = 2,
found for simultaneous detections. Interestingly, the correlation time changes with the
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Figure 7.4.: The normalized intensity-intensity autocorrelation function g(2)
λλ of a contin-

uously pumped SPDC source for increasing pump powers, i.e. increasing
squeezing parameter s.

degree of squeezing. While it is approximately constant for small values of s, it decreases
as s−1/2 in the limit of strong squeezing, as is obvious from the asymptotic approximation

g
(2)
λλ (t, t′) ≈ 1 + exp

(
−2s

(t− t′)2

δτ 2
λλ

)
for s� 1, (7.56)

found with the help of eq. (7.51). This decrease is a consequence of stimulated emission
processes which become dominant in this regime of strong coupling.
The panels in fig. 7.4 furthermore show a comparison with the predictions obtained

by neglecting the time ordering (for a derivation, see appendix E.4.3). In line with our
findings in section 7.4.2, this model is able to correctly describe the source for small
squeezing but leads to wrong predictions at high pump powers. As is illustrated by the
third and fourth panel, the lack of time ordering leads to the unphysical prediction of
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photon bunching at detection time differences |t− t′| > δτλλ. This increased correlation
time stands in direct contrast to the decrease predicted if time ordering is taken into
account. The broadening arises since the model without time ordering also takes
unphysical contributions into account, which describe non-causal contributions to the
output fields from fields at later times.

Intensity cross-correlations

In analogy to the normalized autocorrelation function g
(2)
λλ (t, t′), the exact temporal

Bogoliubov transformation in eq. (7.18) also allows us to investigate the signal-idler
intensity cross-correlations of a continuous SPDC source. Namely, we can express
G

(2)

λλ
(t, t′) with the help of eq. (7.44) in terms of the second-order amplitude correlations

H
(++)

λλ
(t, t′), H(−+)

λλ (t, t′), and H
(−+)

λλ
(t, t′), defined in eqs. (7.39) to (7.41). Then, the

normalized intensity cross-correlation function takes the form

g
(2)

λλ
(t, t′) ..=

G
(2)

λλ

G
(1)
λ (t)G

(1)

λ
(t′)

= 1 +
|H(++)

λλ
(t, t′)|2

H
(−+)
λλ (t, t)H

(−+)

λλ
(t′, t′)

. (7.57)

This expression can again be straightforwardly evaluated by inserting the Green’s
functions, defined by eqs. (7.25), (7.26), (7.47) and (7.48), into the definitions of
H

(++)

λλ
(t, t′), H(−+)

λλ (t, t′), and H(−+)

λλ
(t, t′), respectively, and performing the remaining

integration numerically.
The results are depicted in fig. 7.5 for different degrees of squeezing. For low values of

squeezing, s� 1, the correlations are dominated by the pairwise generation of signal and
idler photons. Indeed, the value g(2)

λλ
(t, t′) ≈ s−2 indicates a vanishingly small probability

that the signal and idler photon were emitted in independent down-conversion events.
The delay between the photons only depends on the position where the pair was created,
leading to a constant probability for all possible delays min(τs, τi) < t− u < max(τs, τi).
For large pump powers on the other hand, the normalized cross-correlation function

can be approximated as

g
(2)

λλ
(t, t′) ≈ 1 +

(
1 +

t− t′
δτλλ

)2

exp

(
−2s

(t− t′)2

δτ 2
λλ

)
for s� 1 (7.58)

with the help of eq. (7.51), indicating that g(2)
λλ in eq. (7.56) and g(2)

λλ
become increasingly

similar. As the pump power grows, it becomes more and more likely that the detected
photons are generated in distinct down-conversion events which are correlated due to
stimulated emission. However, g(2)

λλ
(t, t′) remains slightly asymmetric as a function of

t− t′, as expressed by the prefactor of the exponential in eq. (7.58), due to the temporal
walk-off between signal and idler photons. In contrast, g(2)

λλ (t, t′) is fully symmetric.
Lastly, fig. 7.5 also shows the correlations derived without taking time ordering into

account (see appendix E.4.3). A comparison to the plots resulting from the time-ordered
theory again emphasizes that the consideration of time ordering is crucial at high

166



7.4. SPDC with a continuous pump

−1 0 1
0

50

100

g
(2
)

λ
λ
(t
,t

′ )

−1 0 1
0

1

2

3

4

−1 0 1
0

1

2

(t− t′)/δτλλ

g
(2
)

λ
λ
(t
,t

′ )

−3 −1 0 1 3
0

0.5

1

1.5

2

(t− t′)/δτλλordered
non-ordered

s = 0.1 s = 0.7

s = 2.0 s = 10.0

Figure 7.5.: The normalized intensity-intensity crosscorrelation function g(2)

λλ
of a contin-

uously pumped SPDC source for different pump powers.

pumping powers. Analogously to the autocorrelations depicted in fig. 7.4, the non-
ordered result makes the unphysical prediction of bunching at times |t− t′| > δτλλ and
additionally is unable to replicate the shift towards vanishing delay t− t′ = 0 undergone
by the center of the time-ordered result.

7.4.4. Experimental feasibility

We close this section with a short discussion of the experimental feasibility of the
squeezing values discussed in this section. While low values of the squeezing parameter
s are routinely used to build heralded single-photon sources, the realization of large
squeezing parameters is experimentally challenging. Current state of the art experiments,
especially in the context of metrology applications such as interferometric gravitational
wave detectors, achieve a noise suppression of up to 15 dB, corresponding to s ≈ 3.5
[134, 144]. Consequently, such experiments operate in an intermediary regime in which
the effects of time ordering are already relevant but which cannot yet be fully described
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by the approximations in eqs. (7.51), (7.56) and (7.58). However, the applicability of
these asymptotic expressions will continue to increase as future experimental progresses
are expected to move the boundaries to even stronger squeezing.

7.5. SPDC with long pump pulses

We now transfer the results obtained in the previous section on continuously pumped
SPDC sources to sources which are pumped by long pulses. In this context, we consider
a pulse to be long if its envelope Fp(xf , t) varies slowly over times which are on the order
of the propagation time differences δτps = (v−1

g,p − v−1
g,s )l and δτpi = (v−1

g,p − v−1
g,i )l, i.e.

Fp(xf , t+ δτps) ≈ Fp(xf , t+ δτpi) ≈ Fp(xf , t). (7.59)

As we demonstrate in appendix E.3, this condition ensures that the Bogoliubov
transformation induced by the slow pulse can be determined from the Bogoliubov
transformation for continuous SPDC sources in eqs. (7.47) and (7.48) by simply replacing
the constant squeezing parameters s and θ, defined in eq. (7.46), with the functions

s(t) ..=

∣∣∣∣
cFp(xf , t− τp)

~

∣∣∣∣ and θ(t) ..= arg

(
− icFp(xf , t− τp)

~

)
. (7.60)

The resulting Green’s functions gλλ(t, u) and hλλ(t, u) are illustrated in fig. 7.6 for the
example of a Gaussian pump pulse

Fp(xf , t) = Fp,0 exp

(
− t2

∆t2

)
(7.61)

with peak amplitude Fp,0. For each fixed time t, gλλ(t, u) and hλλ(t, u) as a function of
u − t both have a form as in one of the panels of fig. 7.2. However, the shape varies
significantly with the magnitude of the effective squeezing s(t), which is determined by
the shape and the amplitude of the pump pulse according to eq. (7.60).
This claim is further underlined if we investigate the intensity in the signal or idler

mode as a function of time (see fig. 7.7): If the pump pulse has a small maximum
amplitude, then s(t)� 1 regardless of t and the Green’s function hλλ(t, u) can for all
times be described by the approximation in eq. (7.49). Inserting this approximation into
the first-order correlation function in eq. (7.42) yields the time-dependent intensity

G
(1)
λ (t) ≈ s2(t)

|δτλλ|
∝ |Fp(xf , t)|2 if s(t)� 1 ∀t. (7.62)

This expression reveals that the light pulse generated in the signal or idler mode closely
resembles the shape of the pump pulse in the limit of small peak squeezing.
Such a similarity cannot be observed if the peak squeezing value is large. In this

case, s(t) � 1 at the beginning or end of the pulse but s(t) & 1 at the center of the
pulse. Consequently, it becomes highly relevant that the intensity in eq. (7.53) depends
nonlinearly on the effective pump intensity s2(t). Namely, the output pulse is narrowed
with respect to the pump pulse, as illustrated clearly by the second panel in fig. 7.7.
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Figure 7.6.: The coefficients of the temporal Bogoliubov transformation for a long, Gaus-
sian pump pulse, see eq. (7.61): Because the effective squeezing parameter
changes depending on the time argument of the output field, the temporal
properties of the output field can vary significantly over the duration of the
pump pulse.
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Figure 7.7.: The time dependence of the intensity for a long pump pulse of Gaussian
shape in eq. (7.61): For small peak pump powers, the shape of the resulting
pulse in either signal or idler mode (solid blue line) is identical to the shape
of the pump pulse (dashed red line). For a large maximal amplitude of the
pulse however, the nonlinear response due to stimulated emission inside of
the crystal leads to a narrowing of the emitted pulse.
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7. Temporal correlations of SPDC

7.6. SPDC with short pump pulses

While our results for continuous SPDC could be straightforwardly carried over to sources
pumped by long laser pulses, such a transfer is not possible for short pump pulses.
Indeed, it is not possible to derive closed-form expressions for the Green’s functions in
eqs. (7.25) and (7.26) without further simplifying assumptions.
For small pump powers, i.e. if the maximum amplitude of the pump field Fp is

sufficiently low, it is possible to truncate the series expansions of g′λλ(t, z) and h′
λλ

(t, z)
in eqs. (7.27) and (7.28), respectively, at low orders. At high peak pump powers however,
such a low-order expansion loses its validity. Consequently, analytic expressions for the
Green’s functions gλλ(t, u) and hλλ(t, u) can only be derived for certain scenarios where
the experimental parameters obey additional constraints.

In the following, we focus on one possibility for such a scenario. Namely, we consider
SPDC sources which employ the so-called asymmetric group velocity matching. This
important experimental technique is for example employed to improve the spectral
purity of photons emitted by heralded SPDC sources [131, 145, 146]. It is defined by
the condition

vg,p = vg,µ with µ = s or µ = i, (7.63)

i.e. the group velocity of the pump laser is matched with the group velocity of either
signal or idler mode. As a result of this condition, the temporal walk-off between the
pump field and the mode µ vanishes, δτpµ = 0, and the recursion relation in eq. (7.29)
for the coefficients Ck(t, v, w) from eqs. (7.27) and (7.28) simplifies significantly.

7.6.1. Bogoliubov transformation

As we demonstrate in appendix E.5, the simplification resulting from the condition in
eq. (7.63) indeed enables us to cast the Green’s functions gλλ(t, u) and hλλ(t, u) in a
closed form. Due to the inherent asymmetry between signal and idler mode implied by
eq. (7.63), the functions now take an explicitly different form for λ = µ and λ = µ. In
the following, we discuss the Bogoliubov transformation of the non-matched output field
F̂

(+)
µ (xr, t) as an example.
First, we decompose the pump field

Fp(xf , t) = Fp,0fp(t) (7.64)

into a peak amplitude Fp,0 and a temporal envelope fp(t) and define the peak squeezing
parameters

s ..=

∣∣∣∣
cFp,0

~

∣∣∣∣ and θ ..= arg

(
− icFp,0

~

)
, (7.65)

in analogy to eq. (7.46).
As we show in appendix E.5, these definitions and the asymmetric group velocity

matching condition in eq. (7.63) allow us to express the temporal distributions g′µµ(t, z)
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7.6. SPDC with short pump pulses

and h′µµ(t, z) of the Green’s functions (recall z ..= (u− t+ τ̄)/δτλλ) in terms of modified
Bessel functions Ik(x) as

g′µµ(t, z) = s

√∫ −τµ
u−t dτ |fp(τ + t)|2

u− t+ τµ
I1

(
2s

|δτµµ|

√
(u− t+ τµ)

∫ −τµ
u−t

dτ |fp(τ + t)|2
)

(7.66)

and

h′µµ(t, z) = seiθfp(u) I0

(
2s

|δτµµ|

√
(u− t+ τµ)

∫ −τµ
u−t

dτ |fp(τ + t)|2
)
. (7.67)

In contrast to the Green’s functions from previous sections, eqs. (7.66) and (7.67) are
not limited to specific pump pulses fp(t). Most importantly, they hold even in the case
of short pump pulses which violate the condition in eq. (7.59).

As an example, the full Green’s functions gµµ(t, u) and hµµ(t, u), defined in eqs. (7.25),
(7.26), (7.66) and (7.67), are shown in figs. 7.8a and 7.8b for a Gaussian pump pulse

fp(t) = exp

(
−(t− t0)2

∆t2

)
(7.68)

with width ∆t = 0.2 |δτµµ| and centered at time t0, a maximum squeezing parameter
s = 3.5, and τµ > τµ.
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Figure 7.8.: The temporal dependence of the Green’s functions for the output field in
the unmatched mode µ: The figures assume a short Gaussian pump pulse
with width ∆t = 0.2 |δτµµ| and centered at t0 and a maximum squeezing
parameter s = 3.5.

As can be seen from fig. 7.8a, the output field only couples to the input fields of the
mode µ at times u . t0. Since, in the example, the pump pulse propagates faster than
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7. Temporal correlations of SPDC

the non-matched mode (τµ > τµ = τp), the output field can only contain information
about the input fields at times before the pump pulse. After the pump pulse has passed,
no coupling occurs due to the absence of a pump field.

Furthermore, coupling can only be observed in a small time window τµ & t− t0 & τµ
around the pump pulse. The upper bound corresponds to the limiting case in which
the information only propagates in the mode µ, whereas the lower bound results from
propagation solely in mode µ.
According to fig. 7.8b the behavior of the Green’s function hµµ(t, u), describing the

coupling to the input fields of the matched mode µ, is quite different. Due to the group
velocity matching condition in eq. (7.63), no temporal runoff between the field in mode
µ and the pump field occurs. This copropagation implies that, for short pump pulses
with width ∆t, the coupling is only relevant if |u− t0| . ∆t.

The discussed properties of the Green’s functions become even more clear in the limit

s2∆t� 1

2
|δτµµ| =

1

2
|δτpµ| (7.69)

of pulses with small total energy. Indeed, combining this limit with the bound (u− t+
τµ)
∫ −τµ
u−t dτ |fp(τ+t)|2 . |δτµµ|∆t, it is possible to employ the relations I0(x) = 1+O(x2)

and I1(x) = x/2 +O(x3) to approximate the exact Bogoliubov coefficients in eqs. (7.66)
and (7.67) to first non-vanishing order as

g′µµ

(
t, z =

u− t+ τ̄

δτλλ

)
≈ s2

|δτµµ|
∣∣∣
∫ −τµ
u−t

dτ |fp(τ + t)|2
∣∣∣ (7.70)

and

h′µµ

(
t, z =

u− t+ τ̄

δτλλ

)
≈ seiθfp(u). (7.71)

Evidently, the integral in eq. (7.70) is only nonvanishing if the center τ = t0 − t of
the narrow pulse lies between u − t and −τµ. This condition leads to the hierarchy
−τµ ≤ u− t ≤ t0 − t ≤ −τµ discussed above. Further, eq. (7.71) shows that in the limit
of weak interaction, hµµ(t, u) is directly proportional to the shape of the pump pulse
fp(u) as implied by fig. 7.8b.

As the width of the pump pulse increases, the Bogoliubov coefficients gradually take
the form found in the limit of long pulses in section 7.5. Namely, a broad pump pulse
allows us to use the approximation

∫ −τµ
u−t dτ |fp(τ + t)|2 ≈ |fp(t)|2(−τµ − (u − t)) and

we immediately recover the results from section 7.5 by identifying s(t) = sfp(t). This
variation of the Green’s functions with the width of the pump pulse is further illustrated
in fig. 7.9 for the case of a Gaussian pump pulse.

While we have only discussed the properties of the Bogoliubov transformation of the
non-matched output field F̂ (+)

µ (xr, t), the Green’s functions gµµ(t, u) and hµµ(t, u) for
the velocity-matched output field F̂ (+)

µ (xr, t) are derived in appendix E.5.2 and exhibit
similar behavior.
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Figure 7.9.: The dependence of the Bogoliubov transformation on the width ∆t of a
Gaussian pump pulse centered at t0, for t− t0 = 1.6 δτµµ and a maximum
squeezing parameter s = 1: The coefficients can be approximated by
eqs. (7.70) and (7.71) for small widths (s2∆t� |δτµµ|) and transform into
the expressions found in the limit of long pump pulses in section 7.5 if
∆t� |δτµµ|.

7.6.2. Intensities

The intensity in the non-velocity-matched mode µ can be found by inserting the Green’s
function hµµ(t, u) resulting from eqs. (7.26) and (7.67) into eq. (7.42). Analogously, the
intensity in the velocity-matched mode µ can be found with the help of the Green’s
function hµµ resulting from eqs. (7.26) and (E.32). In the limit of short and weak pulses,
defined by ineq. (7.69), we find

G
(1)
µ (t) ≈ s2

∣∣∣
∫ −τµ
−τµ

dτ |fp(τ + t)|2
∣∣∣ and G(1)

µ (t) ≈ s2|δτµµ||fp(t− τµ)|2 (7.72)

from eq. (7.71) and its analogue for hµµ, respectively. These expressions are in agreement
with the results which can be derived from the model for the first-order biphoton state
developed in [146]6.

6Namely, eq. (7.72) can be recovered by integrating the joint temporal intensity found in said article.
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Due to the asymmetric group velocity matching, the temporal intensity profile of the
matched mode µ reflects the profile of the pump pulse (see fig. 7.10a): Since photons
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µ (t)|δτµµ|

G
(1)
µ (t)|δτµµ|

(a) s = 0.5 and ∆t = 0.1|δτµµ|

τλτλ

0

0.2

0.4

0.6

0.8

1
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t− t0
(b) s = 1 and ∆t = 1|δτµµ|

Figure 7.10.: Intensities at the output of a pulsed SPDC source utilizing asymmetric
group velocity matching. We assume a Gaussian pump pulse centered at t0
with width ∆t and peak squeezing parameter s. Due to the group velocity
matching, the pulse in the matched mode µ is mainly determined by the
width of the pump pulse. In the unmatched mode µ on the other hand,
the pulse is broadened by the group velocity mismatch with respect to the
pump pulse.

created in mode µ propagate with the same velocity as the pump pulse, they exit the
crystal at a time which is independent of the position of their creation (within the
uncertainty given by the finite pulse width.

In contrast, the width of the light pulse produced in the mode µ with vg,µ 6= vg,p can
never be smaller than the temporal runoff |δτµp| = |δτµµ| between µ and p. Due to the
difference in the group velocities, the exit time of a photon depends on the position of
its creation.

As is demonstrated in fig. 7.10b, these arguments are still true in the general case where
the approximations in eq. (7.72) are not valid anymore. Nevertheless, the intensities
become increasingly similar with longer pulses because the pulse width ∆t starts to
dominate over the temporal run-off δτµµ (c.f. fig. 7.10b).

7.6.3. Second-order correlations

In analogy to section 7.4.3, the Bogoliubov coefficients in eqs. (7.66) and (7.67) can
be used to calculate second-order intensity correlation functions for an SPDC source
utilizing asymmetric group velocity matching.
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Figure 7.11.: Temporal cross-correlations G(2)
µµ(t, t′) between the signal and idler modes

for a short Gaussian pump pulse. The pulse in the example is centered
at time t0 and has a width ∆t = 0.2 |δτµµ| and τµ < τµ. (a) For a short,
weak pump pulse (see ineq. (7.69)), it is not possible to detect a photon in
the unmatched mode µ before a photon in mode µ. (b) As the interaction
increases, the intensity correlations become increasingly symmetric.

As an example, fig. 7.11 depicts the signal-idler intensity correlations

G
(2)
µµ(t, t′) = H(−+)

µµ (t, t)H
(−+)
µµ (t′, t′) + |H(++)

µµ (t, t′)|2, (7.73)

where the second-order amplitude correlation functions H(−+)
µµ/µµ(t, t′) and H(−+)

µµ (t, t′) are
defined in eqs. (7.39) to (7.41).

Figure 7.11a shows the limit of short and sufficiently weak pulses, defined by ineq. (7.69).
As expected from our discussion of the intensities in fig. 7.10a, the correlations are
only non-zero if the group-velocity-matched photon is detected at times t in the range
|t− t0 − τµ| . ∆t, that is close to t0 + τµ. Furthermore, since both photons are almost
certainly produced by the same down-conversion event, the non-matched photon is
always detected at time t′ between t and t+ δτµµ, corresponding to creation of the pair
at the rear and front of the crystal, respectively.
In contrast, if the intensity of the pump pulse is increased, the detected photons

are not necessarily created in the same down-conversion event. Moreover, the effect of
stimulated down-conversion, discussed in section 7.4.3, increases the probability that
the photons are detected at approximately equal times t ≈ t′ ≈ t0 + τµ, as fig. 7.11b
illustrates. Due to this effect, the temporal correlations between the modes become
increasingly symmetric as the pump power is increased.
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7.6.4. Discussion

In summary, we have shown in this section that for the important case of an asymmetric-
group-velocity-matched SPDC source, it is possible to derive an analytic expression
for the temporal Bogoliubov transformation, which is valid for arbitrary length, shape,
and intensity of the pump pulse (see eqs. (7.66), (7.67), (E.31) and (E.32)). Employing
this transformation to analyze the temporal correlations of such sources, we have
found in eq. (7.72) that the pulse created in the group velocity matched mode is not
broadened with respect to the pump pulse due to the vanishing temporal walk-off, as
illustrated in fig. 7.10. In contrast, the width of the pulse created in the complementary
mode depends on the peak intensity and is generally broadened (see again eq. (7.72)
and fig. 7.10). Lastly, the investigation of the second-order cross-correlations has revealed
that stimulated down-conversion leads to a symmetrization of the correlations around
the central time of the pump pulse with increasing pump powers (see fig. 7.11).

7.7. Conclusion

In this chapter, we have explored the temporal correlations of light generated by sponta-
neous parametric down-conversion (SPDC). To do so, we mainly employed temporal
Bogoliubov transformations between the field operators at the input and the output of
the nonlinear crystal. Differently from existing literature, we have derived the Green’s
functions defining these transformations exclusively in the temporal domain and have
not relied on frequency decompositions of the involved fields. Due to this expressly novel
approach, we have been able to achieve new insights on how the temporal structure
of the Green’s functions is rooted in the physical processes mediated by the nonlinear
susceptibility. Furthermore, the general expression for the Green’s functions captures
the full effect of time ordering and thus ensures the causality of the modeled processes.

In the subsequent application of the general result to the case of continuously pumped
SPDC sources, we have found that the proper treatment of causality can generally
be neglected in the regime of low pump powers, realized for example in SPDC based
single-photon sources. On the other hand, the time ordering becomes crucial at high
pump powers where the effective interaction between the signal and idler modes is strong.
For example, our model predicts that the intensity in the idler or signal mode grows
faster with the pump power than suggested by models which neglect the time ordering
of the time-evolution operator.
Lastly, we have demonstrated that the general and exact form of the Bogoliubov

transformation can be cast into a closed solution for pulsed SPDC sources with the help
of additional assumptions. For example, if the pulses are long compared to the temporal
walk-offs between pump, signal, and idler modes the results from continuous sources
can be applied with minor changes and predict a compression of the output pulses with
respect to the pump pulse.

While such a transfer is not possible for short pump pulses anymore, we have demon-
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strated that an analytic solution can be found in the case of asymmetric group velocity
matching. In this regime, the asymmetry between the two output modes causes distinct
temporal correlations in these modes if the pump power is low. In the regime of large
pump powers however, the large number of interaction events inside the crystal again
leads to a symmetrization of the correlations of signal and idler mode.

We emphasize that the techniques developed in this chapter cannot only be applied to
the analysis of intensity correlation functions. Rather, the Bogoliubov transformations
also allow to straightforwardly evaluate correlation functions in the field amplitudes.
Such functions appeared in the description of time-resolved multiphoton correlations at
the output of linear optical networks (see section 5.1). Consequently, the results of this
chapter also offer a powerful tool to analyze the fine-grained structure of correlations if
such time-resolved multiphoton interference experiments utilize SPDC sources.

While the features of the SPDC sources discussed in this chapter are sufficient for many
experiments, applications such as the time-resolved multiboson correlation sampling
(MBCS) problem discussed in chapter 6 require large coherence times on the order
of nano- to microseconds which cannot be achieved with such sources. Although the
coherence times of the photons can be increased with the help of spectral filters, such
an approach is not desirable in general as it significantly decreases the brightness of the
single-photon sources. Consequently, so-called cavity-enhanced SPDC sources are of
great interest for such applications since they allow to significantly increase the number
of photons emitted into a narrow frequency mode. In the following chapter, we briefly
review the concept of cavity-enhanced SPDC sources and subsequently discuss the
properties of a recently presented experimental implementation of such a source [58].
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parametric down-conversion

In the previous chapter, we investigated spontaneous parametric down-conversion (SPDC)
using a novel, exact description of the emitted light in the temporal domain. Now, we
turn towards a description of cavity-enhanced SPDC (CESPDC) sources. Such sources
are often favorable over free-running SPDC sources due to the possibility to tailor the
properties of the emitted light with the help of the cavity [147, 148].
This enhanced level of control is of large interest in many quantum information

applications. As an example, consider interfaces between optical networks and atomic
chips or quantum memories. Such links are crucial to built quantum information
networks since they allow to exploit the advantages of both approaches: High fidelity
for local operations and efficient transfer of information over long distances. In order to
create such an interface, the spectral properties of the photons have to be tailored to fit
the resonances of the atomic system.
CESPDC sources provide a promising way to achieve such an optimization. They

allow to tune both color and linewidth of the emitted photons to match the atomic
transitions without negatively affecting the advantages of SPDC sources, such as the
high spectral brightness. Furthermore, SPDC sources can naturally produce entangled
photon pairs, making them ideal candidates to interface the atomic system and the
optical network [58, 149, 150].

A CESPDC source is built by placing a nonlinear crystal inside a cavity. In order to
yield an efficient down-conversion it is generally necessary to tune crystal and cavity in
such a way that the central frequencies of the pump, signal, and idler photons are on
resonance with one of the frequency eigenmodes of the cavity. Since this requirement is
rather challenging, a modification of the CESPDC setup was proposed in ref. [58] which
introduces a half-wave plate (HWP) into the cavity. As we demonstrate later on, this
additional optical element can significantly reduce the experimental effort necessary to
stabilize the cavity for all three involved modes (signal, idler, and pump). However, it
also significantly changes the properties of the emitted biphoton. The resulting effects
are the focus of this chapter.

We first recapitulate the description of CESPDC sources and highlight the modifica-
tions necessary to account for the HWP. Afterwards, we apply our model to analyze the
temporal correlations of such sources and compare our predictions to experimental data.
Lastly, we consider a Hong-Ou-Mandel (HOM) setup and explain several surprising
observations made in such an experiment.
We note that the results of this chapter have been partially presented in ref. [50].
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8. Cavity-enhanced spontaneous parametric down-conversion

8.1. The two-photon output state

In the interaction picture, the electromagnetic field operators evolve according to the
Hamiltonian Ĥ(1)

S from eq. (2.24), which describes a medium with linear susceptibility
η(1). The evolution of the state, on the other hand, is governed by the interaction
Hamiltonian ĤI(t) defined in eq. (7.4). The full formal solution of this evolution in
the interaction picture can be given in terms of the time-evolution operator ÛI from
eq. (7.16) as |ψI(t)〉 = ÛI(t, t0)|0〉. In the limit of low pump powers, the approximation

|ψI(t)〉 ∝ |0〉 −
i

~

∫ t

t0

dt′ ĤI(t
′)|0〉 (8.1)

can be found by truncating the Dyson series of ÛI after the first non-trivial contribution.
In this approximation, the state is given by the vacuum which is corrected by a two-
photon contribution with small amplitude. We also refer to this correction as the
biphoton (state) in the following.

If the state in eq. (8.1) is employed to evaluate Glauber correlation functions as defined
in eq. (2.51), the time argument t in eq. (8.1) corresponds to the time at which the first
photon is detected. Since the detection of the photon at time t is not influenced by
interactions in the crystal at later times, we can safely move the upper boundary t of
the integral to ∞. Furthermore, the initial time t0 of the interaction picture can be set
to −∞ as demonstrated in appendix E.2.1. Thus, the biphoton state in eq. (8.1) takes
the form

|φI〉 ∝ −
i

~

∫ ∞

−∞
dt′ ĤI(t

′)|0〉, (8.2)

which forms the basis for our discussions. Note that we only consider sources where the
crystal is tuned for type-II SPDC, such that signal and idler photons are generated with
orthogonal polarization in the crystal.
For the analysis in this chapter, we are interested in the state in which the photon

pair is found at the output of the sources. However, the interaction Hamiltonian ĤI(t)
in eq. (7.13) is expressed in terms of the field operators at the end of the crystal, i.e.
inside of the cavity. It is therefore desirable to express ĤI(t) in terms of operators at
the output of the cavity by propagating the cavity fields to the output channel of the
cavity. The Green’s functions describing this propagation contain all information about
the setup such as the geometry of the cavity or the reflectance of the mirrors.

8.1.1. The standard setup

Generally, CESPDC sources can be built using either standing wave or running wave
cavities. For the sake of simplicity, we only consider the latter type, which has also been
employed in the modified setup from ref. [58]. We note that the results derived in this
chapter can however easily be transferred to sources employing standing wave cavities.

Although there are other possibilities [151], a running wave cavity is often realized in
form of a bow tie cavity depicted in fig. 8.1. Such a cavity is built from four mirrors which
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outputpump crystal

Figure 8.1.: Schematic of a CESPDC source using a bow tie cavity. The pump laser is
coupled into the cavity by a partially transmissive mirror where it illuminates
a dielectric crystal with nonlinear susceptibility. Due to its discrete mode
structure, the cavity significantly alters the spectral properties of the down-
converted photons.

are adjusted in such a way that the path of the light inside of the cavity resembles the
outline of the eponymous necktie. If one or two of the mirrors are partially transmissive,
light can enter and exit the cavity. To build a CESPDC source, a nonlinear crystal is
placed in the light path and a pump laser is coupled into the cavity.
As in chapter 7, we utilize a one-dimensional model in which the mode functions

are given by plane waves, neglecting the effect of the finite beam cross-section. The
circular path of the light inside the cavity imposes the boundary condition that the
electromagnetic field is periodic. As a result, the longitudinal wave vectors are discretized.
Let us label the signal and idler modes of the SPDC process as λ = s, i. The phase,

which is acquired by a monochromatic plane wave with polarization λ during one round-
trip in the cavity, can be expressed as exp(i(ϕλ + ωTλ)) in terms of the cavity round-trip
times Tλ and the constant phases ϕλ. The values of these quantities reflect the lengths
of cavity and nonlinear crystal, the dispersion inside the crystal, phase jumps occurring
during reflection. Furthermore, they are able to describe additional relative delays
between signal and idler modes not depicted in fig. 8.1.

Since the periodic boundary condition requires that the phase ϕλ + ωTλ is equal to a
multiple of 2π, the cavity consequently only supports frequencies

ω =
2π

Tλ
m+

ϕλ
Tλ
. (8.3)

With the help of the parameters Tλ and ϕλ, the mode structure can be tuned such
that the cavity is resonant for the desired central frequencies ωs and ωi of the signal and
idler photons, respectively, by changing the free spectral ranges (FSRs)

∆ωλ ..=
2π

Tλ
(8.4)
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8. Cavity-enhanced spontaneous parametric down-conversion

of the cavity and the constant phases ϕλ. For example, the frequency modes supported
by the cavity for signal and idler polarization become degenerate if the cavity is tuned
such that Ts = Ti and ϕs = ϕi.
If losses of the cavity are taken into account, the discrete frequencies from eq. (8.3)

become resonances of the cavity spectrum with a finite width. This bandwidth is mainly
determined by the transmittances of the mirrors but can also incorporate losses occurring
during the propagation through the crystal and the cavity. We neglect the latter and
from now on assume that the mirror used to couple the laser into the cavity is perfectly
reflective for signal and idler fields. For the out-coupling beam splitter, we denote the
modulus of the reflection coefficient as ρλ1. Then, the profile of the frequency spectra is
given by the Airy distributions [152]

Aλ(ω) =
1

(1− ρλ)2

(
1 +

4ρλ
(1− ρλ)2

sin2
(
(ωTλ + ϕλ)/2

))−1

, (8.5)

depicted in fig. 8.2 for several values of ρλ.
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Figure 8.2.: Airy distributions of the cavity for different values of the reflection coefficient
ρλ.

In broadband SPDC, the bandwidth of the photons is only determined by the spectrum
of the pump and by the phase matching bandwidth. For a continuous pump laser, signal
and idler photon are perfectly anti-correlated in frequency and the probability for a
frequency pair ωs + Ω, ωi − Ω is proportional to the squared modulus of the phase
matching function

Φ(Ω) = sinc
(1

2
Ωδτsi

)
eiΩδτsi/2, (8.6)

whose width is determined by the temporal walk-off δτsi, defined in eq. (7.15), and which
is illustrated in fig. 8.3a.

1The phases of the reflection coefficients imprinted during reflection at the out-coupling beam splitter
enter as additional contributions to the phases ϕλ.
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8.1. The two-photon output state

For a CESPDC source however, the probability for a given frequency pair also depends
on the cavity spectrum and is proportional to the product

|Φ(Ω)|2As(ωs + Ω)Ai(ωi − Ω), (8.7)

shown in fig. 8.3b for the case of Ts = Ti and ϕs = ϕi.

0

Ω→

|Φ
(Ω

)|2

(a) In continuous SPDC without a cavity surrounding the nonlinear crystal, the spectrum of
the photons is only determined by the phase matching of the fields, resulting in a large
bandwidth |δτsi|−1 of the biphoton state.

Ω→

|Φ
|2 A

sA
i

ωs + Ω→A
s

← ωi − ΩA
i

(b) If the nonlinear crystal is surrounded by a cavity, the joint spectral intensity is given by
spectral lines separated by the FSR and weighted by the phase matching envelope from
panel (a).

Figure 8.3.: The joint spectral intensity of the biphoton state for continuously pumped
SPDC and its dependence on the cavity spectra.

In this figure, it is clearly visible that the down-converted photons are emitted into
a significantly smaller number of frequency modes compared to the broadband source.
This difference represents a clear advantage for the generation of photons with a narrow
bandwidth. While a narrow filter drastically reduces the brightness of a broadband
source, it only selects one of a few occupied cavity modes in the case of a CESPDC
source. As a consequence the decrease in intensity is significantly smaller compared to
broadband SPDC [153].

From an experimental standpoint, it is unfortunately highly nontrivial to exert the fine-
grained control of the cavity necessary for CESPDC. Namely, the cavity and nonlinear
crystal have to be tuned and then stabilized in such a way that the central frequencies
of signal, pump, and idler photons are on resonance with one of the cavity modes
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8. Cavity-enhanced spontaneous parametric down-conversion

each. This problem is additionally aggravated if the source is supposed to operate
continuously, requiring a stable setup over a duration of several hours [149]. To alleviate
this problem, a modification of the setup from fig. 8.1 was proposed for the case of
frequency-degenerate SPDC. It reduces the effective number of modes that have to be
on resonance with the cavity by additionally introducing a half-wave plate in the beam
path. In the following, we discuss this modified setup and investigate the effects of the
HWP on the generated photons.

8.1.2. The modified setup

In the modified CESPDC setup, a half-wave plate is inserted into the beam path. It
is oriented such that its fast and slow axes are oriented diagonally with respect to the
linear signal and idler polarizations εs and εi. Then, the polarization of light passing
through the HWP is mirrored along the diagonal, transforming a pulse in the signal
mode into a pulse in the idler mode and vice versa. Consequently, a pulse circulating in
the cavity experiences an average cavity round-trip time

T ..=
1

2
(Ts + Ti) (8.8)

and an average phase

ϕ ..=
1

2
(ϕs + ϕi). (8.9)

This observation is confirmed by the mode structure of the cavity, which we now
determine under the assumption of negligible cavity losses.

outputpump crystal

HWP

εs ↔ εi

Figure 8.4.: Schematic of a CESPDC source using a half-wave plate to facilitate sta-
bilization. Due to the additional optical element, the polarization of the
photons is swapped with each round-trip inside of the cavity. As a result,
two sets of polarization modes with distinct frequencies emerge.

First, recall that during on round-trip in the cavity, a plane wave with polarization
λ picks up the phase exp(i(ϕλ + ωTλ)). Consider now a general polarization vector
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8.1. The two-photon output state

ε =
∑

λ cλελ = (cs, ci)
T . If ε is the polarization of an eigenmode of the setup in fig. 8.4,

it has to fulfill the condition

ε =

(
ei(ϕs+ωTs) 0

0 ei(ϕi+ωTi)

)(
0 1
1 0

)
ε (8.10)

imposed by the cavity and the HWP. Here, the first matrix describes the phases picked
up during one round-trip while the second matrix models the effect of the HWP.
A solution of the eigenvalue equation in eq. (8.10) exists for frequencies

ω = 2m
π

T
+
ϕ

T
(m ∈ N) or ω = (2m+ 1)

π

T
+
ϕ

T
(m ∈ N). (8.11)

Consequently, the resonance frequencies of the cavity do indeed only depend on the
average cavity-round trip time T and on the average phase ϕ. The two sets of frequencies
correspond to two distinct sets of frequency-dependent polarization vectors

ε̃±(ω) ..=
1√
2

(
e

i
2

(δϕ+ωδT )εs ± e−
i
2

(δϕ+ωδT )εi

)
, (8.12)

determined by the round-trip time difference δT ..= (Ts − Ti)/2 and the phase difference
δϕ ..= (ϕs − ϕi)/2. In contrast to the linear polarization of signal and idler modes, the
vectors ε̃± are in general elliptically polarized. Only in the case where δT = 0 and
δϕ = 0, these polarizations correspond to the diagonal and anti-diagonal polarizations

1√
2
(εs ± εi).
A comparison between eqs. (8.3), (8.11) and (8.12) reveals that the frequency de-

generacy of the cavity eigenmodes, which is present in the standard setup if Ts = Ti

and ϕs = ϕi (see fig. 8.3b), is lifted by the introduction of the HWP. Without the
additional element, each possible frequency is supported for two orthogonal polarizations.
In contrast, each frequency mode uniquely corresponds to a polarization vector ε̃+(ω)
or ε̃−(ω) in the modified setup. As a consequence, the signal-idler photon pair is in the
cavity eigenbasis described as a superposition of the photons being either both in the
ε̃+ mode or both in the ε̃− mode, as illustrated in fig. 8.5.

8.1.3. Green’s functions

If we include the out-coupling of the cavity, the cavity eigenmodes attain a finite
linewidth in analogy to the discussion in section 8.1.1. This linewidth is determined
by the geometric average √ρsρi of the reflection coefficients of the out-coupling beam
splitter2 for signal and idler mode, as we show in appendix F.1.

In order to fully describe the source depicted in fig. 8.4, we derive a connection between
the amplitudes of the mode functions at the rear end of the nonlinear crystal and at the
output of the out-coupling beam splitter in appendix F.2. From this connection we can

2We assume that the beam splitter used to couple the pump laser into the cavity acts as a mirror for
signal and idler fields.
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Figure 8.5.: Frequency-spectrum of the biphoton emitted by the modified source: Ac-
cording to eq. (8.11), the introduction of the half-wave plate leads to a lifting
of the frequency degeneration of the cavity eigenmodes. Consequently, the
amplitude that a single photon is emitted into each of the cavity eigenmodes
ε̃+ and ε̃− is zero (black curve). Instead, both photons are emitted either
with polarization ε̃+ (blue curve) or with polarization ε̃− (red curve).

straightforwardly determine the Green’s functions Gλµ(t, u) which allow us to express
the field operators at the rear edge of the crystal as a linear combination

Ê
(+)
λ (xr, t) =

∑

µ=s,i

∫
duGλµ

(
t− u+ d(z, xr)/c

)
Ê(+)
µ (z, u) (8.13)

of field operators Ê(+)
µ (z, u) in the outgoing spatial mode (see appendix F.2).

Here, we introduced the coordinate z ≥ 0 to describe the distance from the exit port
of the out-coupling beam splitter and the distance d(z, xr) from the crystal rear xr to
the position z. In the following, we set d(z, xr) = 0 without loss of generality since this
delay can be absorbed into the time argument of the outgoing field. Furthermore, we
omit the position argument z of the output fields to simplify the notation.

Recalling the notation λ for the complementary polarization of λ (e.g. s = i) and the
transmittivities ϑλ of the out-coupling beam splitter, the Green’s functions in eq. (8.13)
have the explicit representation

Gλλ(τ) ..= ϑλe
+iϕ

T
τ

∞∑

m=0

ρmλ ρ
m
λ
δ(τ +mTλ +mTλ) (8.14)

and

Gλλ(τ) ..= −ϑλe+iϕ
T
τe±(ϕδT−Tδϕ)/T

∞∑

m=0

ρmλ ρ
m+1

λ
δ
(
τ +mTλ + (m+ 1)Tλ

)
. (8.15)

Equation (8.14) reflects the intuition that a photon created in mode λ can be detected
in the same polarization mode at the output only after an even number of round-trips
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8.1. The two-photon output state

since the HWP changes its polarization during each round-trip. Likewise, the photon is
detected in the complementary mode λ after an odd number of round-trips, as expressed
by eq. (8.15).
With each round-trip, the field inside of the cavity decays on average by a factor√
ρsρi, as indicated by the exponential prefactors in the sums in eqs. (8.14) and (8.15).

The rate of decay only depends on the reflectivity of the out-coupling mirror since we
assumed that losses inside of the cavity can be neglected. In scenarios where that is not
possible, ρsρi has to be replaced by the fraction of power remaining after one round-trip,
to account for both out-coupling and losses.

8.1.4. Biphoton state

The biphoton state produced by the CESPDC source from fig. 8.4 can be found in a
straightforward manner by inserting the explicit form of the interaction Hamiltonian ĤI

from eq. (7.13) and the propagation relation from eq. (8.13) into eq. (8.2). We outline
the calculation in appendix F.3 under the assumption that no optical elements other
than those depicted in fig. 8.4 are used inside the cavity. Under this assumption, the
round-trip time difference δT = δτsi/2 is solely determined by the temporal walk-off δτsi
defined in eq. (7.15). After some simplifications, the two-photon state can, according to
appendix F.3, be expressed in the form

|φI〉 ∝ e−iθws|2, 0〉+ e+iθwi|0, 2〉+
√

2|1, 1〉, (8.16)

where the states |n,m〉 denote states with n photons in the signal mode s and m photons
in the idler mode i.

Before we discuss the structure of these states, we note that the coefficients ws and wi

are determined by the transmission coefficients ϑλ of the out-coupling beam splitter and
can for a highly reflecting beam splitter be approximated as ws = ϑs/ϑi and wi = ϑi/ϑs,
expressing the fact that the photons are more likely found in the mode for which the
transmittance of the beam splitter is largest. Furthermore, the constant phase θ depends
on the parameters T , ϕ, δϕ, and δT .
As expected, the introduction of the HWP into the cavity significantly changes the

output state of the source. Namely, the two photons originally created with orthogonal
polarizations εs and εi do not necessarily leave the cavity with orthogonal polarization.
Indeed, for high mirror reflectivities, such that ws = w−1

i = ϑs/ϑi, the probability
|〈2, 0|φI〉|2 + |〈0, 2|φI〉|2 to detect the photons with the same polarization is at least
50% since each photon changes its polarization during each round-trip in the cavity.
Consequently, results derived for the standard CESPDC setup in fig. 8.1 cannot be
applied straightforwardly to the source from fig. 8.4. Rather, several new effects emerge
which we discuss in the upcoming sections.

The state components in eq. (8.16) where both photons are emitted in the same mode
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8. Cavity-enhanced spontaneous parametric down-conversion

can be expressed as

|2, 0〉 ∝ Nss√
2

∫∫
du du′ e−iω0(u+u′)

(
Fo ∗ FΦ

)
(u− u′)Ê(−)

s

(
u+

δτsi
4

)
Ê(−)

s

(
u′ +

δτsi
4

)
|0〉

(8.17)

and

|0, 2〉 =
Nss√

2

∫∫
du du′ e−iω0(u+u′)

(
Fo ∗ FΦ

)
(u− u′)Ê(−)

i

(
u− δτsi

4

)
Ê

(−)
i

(
u′ − δτsi

4

)
|0〉.

(8.18)

The temporal structure of these contributions is determined by the convolution, denoted
as · ∗ ·, of two functions Fo and FΦ, which describe the effect of cavity and phase
matching, respectively. Without the cavity, the joint temporal amplitude of the biphoton
is given by the Fourier transform FΦ(u− u′) of the phase matching function defined in
eq. (8.6). Due to the reflections inside of the cavity, this amplitude is reproduced in a
quasi-periodic manner for detection time differences which are an odd multiple of the
average cavity round-trip time T , expressed by the function

Fo(u− u′) ..=
∞∑

k=−∞

√
ρsρi

|2k+1|δ
(
u− u′ + (2k + 1)T

)
. (8.19)

The state |2, 0〉 for example contains all amplitudes where the originally s-polarized
photon leaves the cavity after an even number of round-trips, maintaining its polarization,
while the originally i-polarized photon exits after an odd number of round-trips and
consequently changes its polarization.
In analogy to eqs. (8.17) and (8.18), the state contribution corresponding to one

photon in each mode can be expressed as

|1, 1〉 = Nsi

∫∫
du du′ e−iω0(u+u′)

(
Fe ∗ FΦ

)
(u− u′)Ê(−)

s

(
u+

δτsi
4

)
Ê

(−)
i

(
u′ − δτsi

4

)
|0〉.

(8.20)
Here, the joint temporal amplitude is only non-vanishing for detection time differences
around even multiples of T , expressed by the function

Fe(u− u′) ..=
∞∑

k=−∞

√
ρsρi

|2k|δ(u− u′ + 2kT ). (8.21)

Namely, the photons are only emitted with different polarization if they both exit
after an even number of round-trips or both after an odd number. The offset in the
arguments of the fields in eq. (8.20) is a result of the birefringence of the crystal. It can
be compensated by introducing an inverse relative delay after the source.
In the following, we analyze the properties of the modified CESPDC source and

compare it to sources using the standard setup. We find that the combination of the
additional state components in eq. (8.16), where both photons are emitted with equal
polarization, together with the pseudo-periodic structure of the temporal amplitudes
leads to several interesting differences.
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8.2. Signal-idler correlations of the modified source

8.2.1. Signal-idler cross-correlation functions

The biphoton’s periodic temporal structure, described by the functions Fe and Fo in
eqs. (8.19) and (8.21), respectively, leads to a periodic coincidence signal if the intensity
cross-correlations between the signal and idler polarization modes are measured. This
measurement is performed by sending the photons through a polarizing beam splitter
which translates the polarization modes εs and εi into two distinct spatial channels (see
fig. 8.6). Placing a detector into each of the outgoing channels of the beam splitter, the
temporal correlations between the signal and idler mode can be recorded.

source
PBS

det. 1

det. 2

i

s

Figure 8.6.: Setup to measure the signal-idler cross-correlations. Signal and idler modes
are mapped from polarizations to spatial channels by a polarizing beam
splitter (PBS).

The measured signal is proportional to the second-order Glauber correlation function
(see eq. (2.51))

G
(2)
si (t, t′) ..= 〈φI |Ê(−)

s (t)Ê
(−)
i (t′)Ê(+)

i (t′)Ê(+)
s (t)|φI〉

∝ 〈1, 1|Ê(−)
s (t)Ê

(−)
i (t′)Ê(+)

i (t′)Ê(+)
s (t)|1, 1〉, (8.22)

where the second step follows since no signal-idler coincidences can be detected if the
photons have the same polarization. Equation (8.22) can be evaluated with eqs. (8.20)
and (8.21). Recalling that ρλ labels the reflectivities of the out-coupling beam splitter
and δτsi the temporal walk-off defined in eq. (7.15), this procedure yields the final
expression

G
(2)
si (t− t′) ∝

∣∣(Fe ∗ FΦ
)
(t− t′ − δτsi/2)

∣∣2

=
∞∑

k=−∞
(ρsρi)

|2k||FΦ(t− t′ − δτsi/2 + 2kT )|2. (8.23)

Here, we utilized the fact that FΦ(τ) is narrow compared to the average cavity round-trip
time (|δτsi| � T ).
Due to the continuous nature of the source, the correlations in eq. (8.23) depend

only on the difference t− t′ of the detection times. As a function of this difference, the
cross-correlations exhibit a comb-like structure. The probability to detect a photon
in both signal and idler mode is only non-vanishing for time differences around even
multiples of the average cavity round-trip time T , as suggested by the intuition built in
the discussion of the |1, 1〉 component in section 8.1.4.
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8.2.2. Comparison to the experiment

Since the temporal walk-off δτsi is usually too small to be resolved by the detectors, the
experimental coincidence signal S(2)

si (t, t′) is the result of a convolution of the Glauber
correlation function, given by eq. (8.23), with the response functions D(u) of the
detectors,

S
(2)
si (t− t′) =

∫
du

∫
du′G(2)

si (u− u′)D(t− u)D(t′ − u′). (8.24)

Assuming a Gaussian detector response

D(u) ∝ exp
(
−(u− t0)2

2σ2

)
(8.25)

with a width σ � |δτsi|, the Fourier transform FΦ(τ) of the phase matching function is
consequently replaced by the Gaussian function

(
D ∗D

)
(τ),

S
(2)
si (t− t′) ∝

∞∑

k=−∞
(ρsρi)

|2k| exp
(
−(t− t′ + 2kT )2

4σ2

)
. (8.26)

In fig. 8.7, the expression in eq. (8.26) is compared to data measured at a source
built at the University of Queensland (see [58]), demonstrating the excellent agreement
between theory and experiment. Comparing these results to the theoretical treatment of
CESPDC sources not using a HWP [154, 155], we find that the cross-correlations show
a very similar structure. There are however two important differences.

First, the spacing of the peaks in the correlation functions is twice the average cavity
round-trip time when using a HWP and is thus doubled in comparison to the standard
setup. The photons only exit in different polarization modes if the second photon takes
an even number of additional round-trips. In contrast, the polarization of the photons
does not depend on the number of round-trips in the standard setup. Therefore, signal
and idler photon can be detected with a detection time difference of T .
Second, the decay of the cross-correlation function can be highly asymmetric in the

standard setup [148], depending on the cavity decay rates for signal and idler mode. In
contrast, the cross-correlation function is always symmetric for the modified setup due
to the mixing of the modes by the HWP and no separate signal and idler linewidths can
be defined.
A similar structure can be observed when the intensity auto-correlation functions

G
(2)
ss (t−t′) and G(2)

ii (t−t′) are measured. These correlations are caused by the components
|2, 0〉 and |0, 2〉 of the total state in eq. (8.16), respectively, and consequently fully vanish
for a standard source without the HWP (in the first-order approximation eq. (8.1)). Due
to the temporal structure of these states, given in eqs. (8.17) to (8.19), the correlations
are only non-vanishing for detection time differences around odd multiples of the average
cavity round-trip time T , yielding

G
(2)
λλ (t− t′) ∝

∞∑

k=−∞
(ρsρi)

|2k+1|∣∣FΦ
(
t− t′ + (2k + 1)T

)∣∣2. (8.27)
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Figure 8.7.: Intensity cross-correlation function for the modified CESPDC source: Both
panels show the comparison between the theory expression in eq. (8.26)
and experimental data. A fit of the theory yields a cavity round-trip time
T = 4.14 ns in good agreement with the reported cavity length of 1.25 m, an
average reduction of the power inside the cavity by a factor ρsρi = 98.17 %,
corresponding to a cavity linewidth of around 710 kHz, and a detector
uncertainty σ = 0.225 ns.
Data provided by M. Rambach, T. Weinhold, and A. G. White, University of Queensland.
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As fig. 8.7 indicates, correlations between the photon generated by the setup in fig. 8.4
exist up to very high detection time differences on the order of µs thanks to the cavity.
In the following, we analyze if these long correlation times also imply large coherence
times of the generated photon pairs.

8.3. Two-photon interference and indistinguishability

As we have already discussed in section 3.1, the indistinguishability of two photons
results in a suppression of the coincidence count rate at the output of a symmetric
beam splitter if the photons enter in distinct input channels. This HOM effect is often
observed in the form of a “dip” in the coincidences as the distinguishability of the input
photons is varied. Most commonly, this variation is achieved by introducing a variable
delay ∆t between the input channels (see fig. 8.8).

source
PBS

∆t

HWP
det. 1

det. 2

s

i

Figure 8.8.: Setup for the two-photon interference experiment. The signal and idler
polarization modes s and i are mapped to distinct spatial channels by a
polarizing beam splitter (PBS). After introducing a variable relative delay
∆t and equalizing the polarizations using a half-wave plate (HWP), the
light is recombined at a symmetric beam splitter.

In the ideal case where the photons are identical, the integrated coincidence rate

N12(∆t) ..=

∫∫
dt dt′G(2)

12 (t, t′; ∆t) (8.28)

reaches a minimal value of zero, indicating perfect destructive interference. However,
this value becomes finite if a mode-mismatch between the photons exists. Consequently,
N12(∆t) forms a dip whose width is given by the coherence time τcoh of the two-photon
pulse. This quantity is for example determined by the phase matching bandwidth in
the case of broadband SPDC and is consequently roughly proportional to the temporal
walk-off δτsi, resulting in a single dip of the coincidences with a width typically on the
order of 10 ps [58].

However, for two-photon states emitted by a CESPDC source, the interference is more
complex due to the discrete frequency spectrum. Here, three different time-scales exist
as discussed in section 8.1, given by the temporal walk-off δτsi, the cavity round-trip
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time T , and the decay rate of the cavity. As a result, it is possible to observe revivals of
the central HOM dip (see fig. 8.9), leading to a series of dips with width δτsi and located
at time delays ∆t around multiples of T/2 [156, 157]. The visibility of these additional
dips decreases as ∆t increases, with the time scale determined by the decay rate of the
cavity.

−10T −5T 0T 5T 10T
0

0.5

∆t

Figure 8.9.: The coincidences observed in the setup from fig. 8.1 without the HWP for
frequency-degenerate operation. Due to the periodicity introduced by the
cavity, revivals of the central HOM dip can be observed, separated by half
of the cavity round-trip time T .

In the following, we analyze the HOM experiment from fig. 8.8 for the case of a
CESPDC source employing the polarization flip technique described in section 8.1.2 and
compare our results to the standard setup from section 8.1.1.

8.3.1. Beam splitter transformation

In this setup, the path lengths from the source to the beam splitter differ depending
on the polarization εs and εi. Consequently, the fields experience a generally different
temporal delay ∆tλ. Furthermore, as discussed in section 2.3 (see eq. (2.41)), the effect
of a symmetric beam splitter can be described by a unitary matrix

U = (Ujλ) =
1√
2

(
eiϕ1 eiϕ2

−e−iϕ2eiη e−iϕ1eiη

)
(8.29)

with arbitrary phases ϕ1, ϕ2, and η. Here, we assumed that the beam splitter is frequency
independent over the spectral range of the CESPDC source, which is justified in the
optical regime (see section 2.3.3).

Describing the evolution due to the interferometer in the Heisenberg picture, we can
express the field operators Ê(+)

j (t) (j = 1, 2) in the outgoing channels of the beam
splitter in terms of the field operators Ê(+)

λ (u) (λ = s, i) at the output of the source as

Ê
(+)
j (t) = UjλÊ(+)

λ (t+ ∆tλ + δτλλ/4). (8.30)
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Here, we employed Einstein’s summation convention and dropped the position argument
for simplicity. Furthermore, we introduced the offsets δτλλ/4 to simplify the expressions
in the following sections.

8.3.2. Averaged detector count rates

Before we discuss the integrated counts N12, eq. (8.28), in the HOM interference setup
depicted in fig. 8.8, we analyze the dependence of the integrated detector count rates
(j = 1, 2)

Nj(∆t) ..=

∫
dtG

(1)
j (t; ∆t) (8.31)

as a function of the relative delay ∆t ..= ∆ts −∆ti picked up in the two interferometer
arms. In contrast to standard sources, these numbers vary with ∆t due to the additional
components in the two-photon state eq. (8.16), as we show in the following.

Inserting eq. (8.30) into eq. (8.31), we can express the number of counts from eq. (8.31)
in terms of the temporal two-photon amplitudes

Aλµ(t, t′) = Aλµ(t, t′; ∆t) ..= 〈0|Ê(+)
µ (t′+∆tµ+δτµµ/4)Ê

(+)
λ (t+∆tλ+δτλλ/4)|φI〉 (8.32)

in the form

Nj(∆t) ..=
1

2

∑

λ=s,i

∫∫
dt dt′

∣∣UjsAsλ(t, t
′) + UjiAiλ(t, t

′)
∣∣2. (8.33)

This result clearly shows that the single count rates are the result of interference between
two pairs of distinct probability amplitudes. These amplitudes correspond to the cases
where the undetected photon is emitted into mode λ while the detected photon is
emitted into either signal or idler mode. One of the amplitudes3 originates from the
equal polarization component |2, 0〉+ |0, 2〉 of the state in eq. (8.16), while the other one4

is rooted in the orthogonal polarization component |1, 1〉. Consequently, the modulation
of the single counts Nj can be traced back to the interference between the NOON-state
contribution |2, 0〉+ |0, 2〉 and the component |1, 1〉. In the standard setup from fig. 8.1,
only the component |1, 1〉 is present5 and no interference takes place, leading to constant
count rates at both detectors.

In appendix F.4.1, we evaluate eq. (8.33) to find an explicit expression for the values
Nj. Since the general result is rather lengthy, we here discuss the limit of small losses,
in which the average cavity decay rate

γ ..= − 1

T
log(ρsρi) (8.34)

3Asλ if λ = s or Aiλ if λ = i.
4Aiλ if λ = s or Asλ if λ = i.
5Recall that we are considering nonlinear crystals tuned for type-II SPDC.
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8.3. Two-photon interference and indistinguishability

is small compared to the FSR ∆ω = 2π/T , that is γT � 1. In this limit, the count
rates are given by

Nj = 1± 2

ws + wi
cos(ω0∆t− ϕ0)e−

1
2
γ|∆t|

(
1 +

1

2
γ|∆t|

) ∞∑

k=−∞
h
(
∆t+ (2k + 1)T

)
,

(8.35)

where ϕ0 denotes a constant phase. The structure of this expression can be explained as
follows:
As illustrated in fig. 8.10a, the temporal amplitudes Asλ and Aiλ do not overlap for

delays ∆t ≈ 2mT due to their comb-like structure. Consequently, no interference takes
place and the integrated count rates Nj are independent of ∆t, leading to the constant
contribution in eq. (8.35). If ∆t is however close to (2m+ 1)T , the temporal amplitudes
overlap (see fig. 8.10b) and the interference results in rapid oscillations, expressed by
the second term in eq. (8.35).
This behavior is illustrated in fig. 8.11a. Figure 8.11b highlights that the amplitude

of the oscillations is modulated by the function

h(t) ..=

∫
duFΦ∗(u− t)FΦ(u) =

{
1− |t/δτsi| |t| ≤ |δτsi|
0 else

. (8.36)

This function describes the variation of the overlap between the amplitudes Ass and Asi

if only their comb-like structure but not their exponential envelope is taken into account.
It vanishes if the distance between the peaks is larger than their width |δτsi| and is
maximal at equal position (see figs. 8.10a and 8.10b, respectively) . In experimental
scenarios where it is necessary to account for spectral filtering of the photons, FΦ(u)
has to be replaced by its convolution with the temporal response functions of the filters
in the definition of h(t) in eq. (8.36).
In addition to the comb-like structure of the amplitudes Aλµ(t, t′), the degree of

interference in eq. (8.35) is also influenced by their decaying envelope. This influence
leads to an exponential decay of the maximal visibility of the oscillations as ∆t increases.
Moreover, the amplitude of the oscillations is decreased by an additional factor 2/(ws+wi)
if the transmittivities of the out-coupling beam splitter for signal and idler modes differ
significantly. This reduction is a consequence of the fact that the relative weights of the
three state components in eq. (8.16) are not symmetric in this case.

We lastly note that in fig. 8.11, similar magnitudes are chosen for the four independent
time scales γ−1, T , δτsi, and ω−1

0 to ensure that all features of the function are clearly
visible. In experimental scenarios however, these times usually form a distinct hierarchy
γ1 � T � |δτsi| � ω−1

0 . For example, in the setup reported in [50, 58], the decay rate is
on the order of 106 s−1, corresponding to γ−1 on the order 1 µs (see fig. 8.7). Moreover,
the length of the cavity results in a round-trip time T = 4.14 ns leading to a separation
of the peaks in fig. 8.11a of approximately 8.3 ns. The width of the peaks is on the order
of the temporal walk-off |δτsi| ≈ 8.9 ps and thus three orders of magnitude smaller than
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Figure 8.10.: Overlap of the moduli of the temporal two-photon amplitudes Aλµ(t, t′).
(a) Without a delay ∆t between the two interferometer arms in fig. 8.8, the
amplitudes corresponding to the state components with both photons in
the same mode or in different modes, respectively, do not overlap and no
interference occurs. (b) As ∆t increases, the relative delay of the photons
changes if they are in different interferometer arms, corresponding to a
shift of |Asi(t, t

′)|. At delays close to odd multiples of T , the moduli of
the amplitudes start to overlap, enabling interference. As the peaks of the
amplitudes are rectangular, their overlap leads to the triangular shape of
the function h(∆t) in eq. (8.36). Additionally, the degree of interference
depends on the overlap of the exponential envelopes of the amplitudes Aλµ,
corresponding to the exponential enveloping function in eq. (8.35).
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(a) Large scale behavior of detector counts.

T − |δτsi| T T + |δτsi|
0
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∆t

N1(∆t)
N2(∆t)

(b) Detailed view of oscillations around ∆t = T .

Figure 8.11.: Integrated detector count rates N1/2 as a function of the delay ∆t. As
predicted by eq. (8.35), the count rates are equal except for delays ∆t ≈
(2m+ 1)T (m ∈ Z) where they oscillate rapidly. This oscillation is caused
by the interference of the two-photon amplitudes corresponding to the case
where the photons either impinge onto the beam splitter from the same
input port or from different ports, respectively. As interference can only
occur if the narrow peaks of these amplitudes overlap, the amplitude of
the oscillations is modulated by the overlap of their moduli (see fig. 8.10).
Note that while the different time scales, given by the decay rate, distance
of the peaks, peak width, and photon frequency are similar in this plot to
ensure the visibility of all features, they actually form a strict hierarchy.
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8. Cavity-enhanced spontaneous parametric down-conversion

their separation. Nevertheless, each of the peaks contains thousands of oscillations since
the period of the 795 nm light is on the order of 1 fs.

8.3.3. Integrated coincidence rate

After the analysis of the integrated count rates of the detectors, we can now turn towards
the integrated coincidence rate N12(∆t) =

∫∫
dt dt′G(2)

12 (t, t′; ∆t) defined in eq. (8.28).
Inserting eq. (8.30), N12 can be expressed in terms of the temporal two-photon amplitudes
Aλµ(t, t′), defined in eq. (8.32), as

N12(∆t) =

∫∫
dt dt′

∣∣U1sU2iAsi(t, t
′) + U1sU2iAis(t, t

′)

+ U1sU2sAss(t, t
′) + U1iU2iAii(t, t

′)
∣∣2. (8.37)

The first two terms in the modulus describe contributions where the photons were emitted
with orthogonal polarizations. Likewise, the two terms in the second line describe the
contributions from the equal polarization component of the biphoton state in eq. (8.16).
As we show in appendix F.4.2, cross terms between the two types of amplitudes always
vanish due to the symmetry of the beam splitter matrix from eq. (8.29). As a result,
the number of coincidences is the incoherent sum

N12(∆t) =

∫∫
dt dt′

∣∣U1sU2iAsi(t, t
′) + U1sU2iAis(t, t

′)
∣∣2

+

∫∫
dt dt′ |U1sU2sAss(t, t

′) + U1iU2iAii(t, t
′)|2.

=.. N
(si)
12 (∆t) +N

(ss+ii)
12 (∆t) (8.38)

of a contribution N
(si)
12 (∆t) by the state |1, 1〉 and a contribution N

(ss+ii)
12 (∆t) by the

NOON state component |2, 0〉+ |0, 2〉. The first term describes the usual destructive
HOM interference between two single photons in different input ports of the beam
splitter discussed in section 3.1, while the latter term reflects the coincidences caused by
the NOON component of the two-photon state |φI〉.

Evaluating eq. (8.38) with the help of eqs. (8.16) and (8.32), these contributions can
be cast into an explicit form (for details, see appendix F.4.2). For the sake of simplicity,
we again concentrate on the limit of small losses γT � 1. In this limit, the integrated
coincidence probability takes the form

N12(∆t) = N
(si)
12 (∆t) +N

(ss+ii)
12 (∆t) (8.39)

with

N
(si)
12 (∆t) = |N |2

[
1− e−γ|∆t|

(
1 + γ|∆t|

) ∞∑

k=−∞
h
(
2(∆t− kT )

)
]

(8.40)
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and

N
(ss+ii)
12 (∆t) = |N |2

[
(ws − wi)

2

2
+ 2wswi sin2(ω0∆t− ϕ0)

]
. (8.41)

Here, the function h(t) from eq. (8.36) now describes the shape of the HOM dips and
|N |2 = (w2

s + w2
i + 2)−1.
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Figure 8.12.: Integrated coincidences N12(∆t) between the two detectors in the HOM
setup depicted in fig. 8.8. In both panels, the two distinct contributions
N

(si)
12 (∆t) and N (ss+ii)

12 (∆t) in eq. (8.39) are clearly visible. The first contri-
bution N (si)

12 (∆t), eq. (8.40), manifests as a series of dips in the minimum of
N12(∆t) over an interval 2π/ω0 and is the result HOM interference of the
state |1, 1〉 from eq. (8.20). The fast oscillation with frequency ω0, given
by N (ss+ii)

12 (∆t) in eq. (8.41), is however the consequence of the interference
of the NOON-state component e−iθws|2, 0〉+ e+iθwi|0, 2〉 in eq. (8.16).

As discussed, the total number of coincidences N12(∆t), depicted in fig. 8.12, comprises
two distinct contributions N (si)

12 (∆t) and N (ss+ii)
12 (∆t). The first originates from the state

amplitude |1, 1〉 in eq. (8.16) which describes the situation where the two photons are
split at the polarizing beam splitter and consequently impinge onto the beam splitter in
separate input ports. This contribution results in a series of reviving HOM dips, which
appear at relative delays ∆t = ∆ts −∆ti ≈ mT (m ∈ Z) according to eq. (8.40).

The spacing of the dips by T seems surprising on first sight since the photons in the
state |1, 1〉 can only be detected with detection time differences close to an even multiple
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8. Cavity-enhanced spontaneous parametric down-conversion

of T at the output of the source (see section 8.2). Consequently, one might intuitively
expect that destructive interference is only possible for delays ∆t ≈ 2kT if we try to
interpret the experiment in terms of the overlap of single-photon amplitudes which are
non-vanishing only at times 2mT . However, the HOM dip is a result of the interference
between two two-photon amplitudes Asi(t, t

′) and Ais(t, t
′), as described by the first

term in eq. (8.38), which are shifted by ±∆t along the t− t′ axis (see fig. 8.13). Due
to this relative shift by 2∆t, destructive interference already reemerges if the photons
experience a relative delay of T . For the same reason, dips in N (si)

12 are also only half as
wide as the region of the oscillations in Nj.

/Creator () /Producer () /ModDate () /CreationDate () /Author () /Title () /Subject
() /Keywords ()

15

−8T −4T 0T 4T 8T
000

t− t′

|Asi(t, t
′)|

|Ais(t, t
′)|

(a) ∆t = 0

/Creator () /Producer () /ModDate () /CreationDate () /Author () /Title () /Subject
() /Keywords ()

15

−9T −5T −T T 5T 9T
000

∆t∆t

t− t′

|Asi(t, t
′)|

|Ais(t, t
′)|

(b) ∆t ≈ T

Figure 8.13.: Revival of the HOM interference dip: (a) For vanishing delay ∆t = 0, the
amplitudes Asi(t, t

′) and Ais(t, t
′), corresponding to both photons being

reflected or both being transmitted at the beam splitter, fully overlap. This
gives rise to the central HOM dip. (b) Since the amplitudes are shifted in
opposite directions with increasing ∆t, they already overlap for ∆t ≈ T
despite the spacing of the peaks by 2T .
Reprinted and adapted figure with permission from Rambach et al., Phys. Rev. Lett.
121, 093603 (2018) [50]. Copyright 2018 by the American Physical Society.

This phenomenon underlines beautifully that the destructive two-photon interference
is a second-order interference effect of “possible histories” and cannot be explained by
an “interaction” of the two photons (see section 3.1 and [85]). Indeed, for all dips in
N12(∆t) around ∆t ≈ (2m+ 1)T , the destructive interference emerges even though the
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8.3. Two-photon interference and indistinguishability

photons can never be at the beam splitter at the same time!
The second contribution N (ss+ii)

12 (∆t) in eq. (8.39) originates from the NOON-state
component |2, 0〉+ |0, 2〉 in eq. (8.16) and leads to a rapid oscillation of the coincidences
as ∆t is varied according to eq. (8.41). Consequently, the overall behavior of the HOM
coincidence signal is significantly modified by the HWP in the setup in fig. 8.4. This is
clearly visible if we compare the plot of eq. (8.39) in fig. 8.12a with the HOM signal of a
standard CESPDC source in fig. 8.9.

It is however possible to extract the “standard” HOM signal, corresponding toN (si)
12 (∆t),

if the relative delay ∆t is close to even multiples of T . Namely, in this case the two-
photon amplitudes Asi(t, t

′) and Ais(t, t
′) are only non-vanishing for detection time

differences t − t′ which are close to even multiples of T (see explicit expressions for
Aλλ′(t, t′) in appendix F.4.1). On the other hand, the amplitudes Ass(t, t

′) and Aii(t, t
′)

only contribute for detection time differences close to odd multiples of T . Consequently,
it is possible to postselect for either N (si)

12 (∆t) or N (ss+ii)
12 (∆t) as long as the detectors

can distinguish if t− t′ is close to an odd or even multiple of T . This technique has been
used in [50] to extract the shape of the standard HOM dip contribution.
Such a postselection is however not possible for relative delays ∆t close to an odd

multiple of T : If ∆t ≈ (2k + 1)T (k ∈ Z), all four two-photon amplitudes are non-
vanishing for detection time differences t− t′ ≈ (2m+ 1)T and the contributions cannot
be distinguished using the detection times of the photons.

8.3.4. Single-mode model

The basic features of the results discussed in sections 8.3.2 and 8.3.3 become even
clearer in a simple single-mode model which is able to describe the coincidences in
eq. (8.39) and the detector count rates in eq. (8.35) at delays ∆t close to multiples of
the cavity round-trip time T . At these delays, the photons can be found in either of
two “temporal modes” λt: Either, their detection times differ by an even multiple of the
cavity round-trip time (λt = e) or they differ by an odd multiple of the cavity round-trip
time (λt = o).

If the photons are generated in the state |1, 1〉, their temporal separation at the beam
splitter depends on the delay ∆t: If ∆t is close to an even or odd multiple of T , they are
found in the “temporal mode” e or o, respectively. In contrast, the delay ∆t does not
influence the internal temporal structure of the components |2, 0〉 and |0, 2〉 in eq. (8.16)
but only results in a relative phase 2ϕ between the two components. Consequently, the
photons in the NOON-state component are always found in the temporal mode o at the
beam splitter.

This observation implies that interference between the two components is only possible
if ∆t ≈ (2k + 1)T , as observed from eq. (8.35). Namely, the transformation of the two
components at the beam splitter reads in this simple model

1√
2

(
eiϕ|2, 0〉o + e−iϕ|0, 2〉o

)
→ 1√

2

[
cosϕ

(
|2, 0〉o + |0, 2〉o

)
+
√

2i sinϕ|1, 1〉o
]

(8.42)
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and

|1, 1〉λt →
1√
2

(
|2, 0〉λt − |0, 2〉λt

)
(8.43)

and the superposition of these components is only coherent if λt = o.
Inspecting the states after the beam splitter in eqs. (8.42) and (8.43), it becomes

immediately clear that only the NOON-state component contributes to the coincidence
counts. The photons in the |1, 1〉λt state exhibit destructive HOM interference, as
expressed by eq. (8.43). The oscillation of the coincidences is consequently simply a
consequence of the change in the relative phase 2ϕ of the NOON-state caused by ∆t.
On the other hand, the average numbers Nj of photons in the output ports of the

beam splitter are equal if the photons in the balanced state component |1, 1〉λt are in the
temporal mode λt = e. In this case, no interference between the two contributions takes
place. Oscillations in the single-counts can only be observed if the photons from |1, 1〉λt

are also found in the temporal mode λt = o. In this case, the transformed components
interfere and the total state transforms as

1

2

(
eiϕ|2, 0〉o + e−iϕ|0, 2〉o

)
+

1√
2
|1, 1〉o →

1

2

(
cos2 ϕ

2
|2, 0〉o + sin2 ϕ

2
|0, 2〉o +

√
2i sin

ϕ

2
cos

ϕ

2
|1, 1〉o

)
.

(8.44)

These considerations allow the conclusion that the vanishing of one of the detector
count rates at ∆t ≈ (2k + 1)T is in fact not the reason for the oscillatory behavior of
the coincidence probability. Rather, the oscillation of the coincidences is a distinct effect
caused by the second-order interference of the NOON-state component. It would thus
be observable even in the absence of the |1, 1〉 component where the detector counts are
balanced regardless of ∆t.

This interpretation of the coincidence oscillations is different to the conclusions drawn
for a similar experiment in ref. [158]. There, the authors observe oscillations in the
count rates of the detectors at delays near half round-trip times, corresponding to odd
multiples of the round-trip time in our case. They therefore come to the conclusion that
the oscillations of the coincidences at those delays are not the result of second-order
interference but rather a first-order interference effect. From our findings however, it is
clear that the oscillations of the detector counts are the result of an interference between
the NOON-state component and the |1, 1〉 component of the total state |φI〉 in eq. (8.16),
while the oscillations of the coincidences arise due to interference of the two NOON-state
components.
A similar argument explains why the oscillations of the single counts Nj can be

observed for delays ∆t in the interval |∆t− (2m+ 1)T | ≤ |δτsi| according to eq. (8.35),
whereas the dips in the coincidences N (si)

12 (∆t) from eq. (8.39) are only half as wide (see
fig. 8.15). While the former modulation originates from the interference between the
NOON-state component |2, 0〉+ |0, 2〉 and the |1, 1〉 component, the latter solely arises
from the two-photon interference of the |1, 1〉 component.
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8.3.5. Comparison to experiment

We conclude our discussion of the HOM experiment in fig. 8.8, which uses the modified
CESPDC source from fig. 8.4, by comparing the theoretical predictions with experimental
data.

The destructive HOM interference signal, described by the first contribution N (si)
12 (∆t)

in eq. (8.39), was isolated for several revivals of the central HOM dip by postselecting
for coincidence events with a detection time difference t− t′ ≈ (2m+ 1)T , as described
in section 8.3.3. The resulting data is depicted in fig. 8.14. It matches the theory
curve which has been plotted from the first term in eq. (8.39) (note that we take into
account additional spectral filters in the setup, which slightly modify the dip shape
h(t) as discussed above). Even for a very large relative delay of the photons around
∆t = 42T ≈ 350 ns, the theory predicts the visibility of the destructive interference dip
with high precision. Note that the theory curves are generated using the parameters
obtained by a fit of the cross-correlation function discussed in section 8.2 and no further
adaption of the parameters to the HOM data is needed.

An equally good agreement between theory and experiment is found for the oscillatory
behavior of the detector counts described by eq. (8.35). Panels (b) to (f) in fig. 8.15
show these oscillations at several positions around delay ∆t = T , which are highlighted
with respect to the HOM interference dip at ∆t = T in panel (a). Additionally,
panel (g) shows how the visibility of the oscillations changes as |∆t − T | increases.
As discussed in section 8.3.3, the oscillations are still clearly visible at delays ∆t with
|δτsi|/2 ≤ |∆t−T | ≤ |δτsi| where destructive two-photon interference cannot be observed,
as predicted by eqs. (8.35) and (8.39).

8.4. Conclusion

In this chapter, we developed a model for a special kind of type-II cavity-enhanced SPDC
(CESPDC) source which uses an additional half-wave plate to simplify the stabilization
of the cavity (see fig. 8.4). We found that this modification of the setup results in a
biphoton state, given in eq. (8.16), which is a superposition of the photons being emitted
with orthogonal or with identical polarizations. Additionally, these two state components
exhibit a clearly distinct temporal structure: The photons can only be detected with the
same polarization at detection time differences which are an odd multiple of the cavity-
round-trip time T (see eq. (8.27)). On the other hand, the detection time difference is
always close to an even multiple of T if they are observed with orthogonal polarizations,
as expressed by eq. (8.23).
The rich structure of the biphoton state results in several interesting observations if

such a source is employed in a HOM experiment: First of all, the integrated count rates
Nj(∆t) of the detectors exhibit a pronounced oscillation if the delay ∆t between the
input channels of the beam splitter is close to an odd multiple of the cavity-round-trip
time T . Our treatment revealed that this oscillation is the result of the interference
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Figure 8.14.: Destructive two-photon interference originating from the |1, 1〉 component
in eq. (8.16). The width and the visibility of the dips reoccurring at
multiples of the cavity round-trip time T are precisely predicted by the
term N

(si)
12 (∆t) in eq. (8.39).

Reprinted figure with permission from Rambach et al., Phys. Rev. Lett. 121, 093603
(2018) [50]. Copyright 2018 by the American Physical Society.

Figure 8.15.: Oscillations of the detector counts Nj from eq. (8.35): (a) HOM dip in the
coincidences N (si)

12 (∆t) at ∆t ≈ T to visualize the position corresponding
to the oscillations depicted in the middle part of the figure. (b) – (f)
Oscillations of Nj over a few periods 2π/ω0 at the positions indicated in
panel (a). (g) Visibility of the oscillations of the detector counts Nj. The
oscillations can be observed over an interval which is twice as wide as the
HOM dip in panel (a), as indicated by eqs. (8.35) and (8.39).
Reprinted figure with permission from Rambach et al., Phys. Rev. Lett. 121, 093603
(2018) [50]. Copyright 2018 by the American Physical Society.
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between the two distinct components of the biphoton state. This interference only occurs
at ∆t ≈ (2m + 1)T since this delay ensures that the probability amplitudes for both
contributions are indistinguishable in the detection times.
Another effect of the modified output state of the source becomes visible in the

coincidence counts at the output of the beam splitter: For CESPDC sources which
do not utilize the half-wave plate, the HOM signal only consists of a series of revivals
of a central dip of the coincidences. If a modified source is used on the other hand,
this signal is superposed with a rapid oscillation of the coincidences. In contrast to
the oscillation of the detector counts Nj, this oscillation does not originate from the
interference between the two distinct components |1, 1〉 and |2, 0〉 + |0, 2〉 of the full
state in eq. (8.16). Rather, it is caused solely by the interference of the NOON-state
component. This interpretation was further underlined in a simplified model, which
helped us to distill the main features of the HOM experiment.
In conclusion, several distinct types of interference can be observed in the HOM

setup. These different phenomena can be attributed to the distinct components of the
output state and can in some cases be distinguished via the detection times of the
photons. Thanks to the high quality of the cavity, achievable only due to the simplified
stabilization requirements, the photons exhibit coherence times on the order of µs. They
are thus a promising candidate for the implementation of the time-resolved multiboson
correlation sampling schemes discussed in chapter 6.
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Over 30 years after the idea of a universal quantum computer has been first formulated,
its experimental realization beyond proof-of-principle experiments is still outside the
reach of current technology. Consequently, no final answer can yet be provided to the
longstanding question whether such a quantum computer violates the extended Church–
Turing thesis, one of the fundamental assumptions held in classical computational
complexity theory.

With the hope to fill this gap prior to the development of large-scale universal quantum
computers, the boson sampling model of quantum computation has been proposed as an
intermediary step. Despite its reduced complexity, several challenges of both theoretical
and experimental nature still have to be overcome before boson sampling can really lead
to a strong proof against the extended Church–Turing thesis. In this thesis, we provide
promising approaches to solve some of these open problems.

9.1. Multiphoton interference in linear optics

For example, it is currently not possible to generate the necessary number of single-
photon pulses which should be on the order of N & 50. To alleviate this difficulty,
scattershot boson sampling, where the photons are injected into random input channels,
has been proposed in refs. [31, 97]. Unfortunately, the implementation of this modified
boson sampling scheme is rather demanding from an experimental point of view. It
requires a number of sources which scales quadratic in the number of photons and
additionally assumes that these sources exhibit identical photon statistics.
However, our analysis in section 4.2 reveals that the assumption of identical sources

can be dropped. Instead, we introduce a general class of scattershot boson sampling
(SBS) problems which contains both the original boson sampling problem and the original
scattershot boson sampling problem as limiting cases. Schemes from this generalized
class can be implemented efficiently with a number of sources that scales only linearly
with the photon number, as long as multiphoton emissions can be neglected.

In sections 4.3 and 4.4, we develop the idea of boson sampling with random input states
even further by investigating the hardness of boson sampling with a random number
of input photons, generated for example by heralded spontaneous parametric down-
conversion (SPDC) sources. Expanding on the work in refs. [18, 31], we demonstrate in
theorems 4.2 and 4.5 that boson sampling remains computationally hard despite this
loss of determinism in the input state, as long as the random input state is heralded.
Most importantly, these theorems result in a significant two-fold improvement over the
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original scattershot boson sampling: (i) Instead of N2 SPDC sources, a linear number
of sources suffices to generate the N photons. (ii) Additionally, the success probability
of the scheme is effectively unity for large N instead of decreasing with 1/

√
N (see

eq. (4.50) and fig. 4.5).
These extended boson sampling schemes drastically simplify the generation of large

photon numbers in a scalable way. However, it is equally important to account for
violations of the idealization that the photons are identical, which is made in the original
boson sampling model. Indeed, the features of multiphoton interference strongly depend
on the multimode structure of the single-photon pulses. We describe this connection in
chapter 5 by extending the single-mode model of boson sampling to incorporate degrees
of freedom such as central frequency, time of emission, and frequency distribution.
By accessing the additional information about these degrees of freedom with the

help of time- or frequency-resolved detection, we exploit the intricate dependence of
the interference on input state, interferometer transformation, and detection. Indeed,
we highlight in section 5.3 that symmetries in the resolved correlation patterns at the
interferometer output can serve as witnesses of symmetries in both the interferometer
transformation and the multiphoton input state (see figs. 5.3 to 5.5). Furthermore,
the dependence of the correlations on detection times or frequencies implies that the
entanglement of the multiphoton states strongly varies with the detected frequencies, as
illustrated in fig. 5.6.

Information about the interferometer transformation is much harder to extract if the
input light is provided by (pseudo-)thermal sources: In this case, the correlations result
from the incoherent mixture of several contributions with varying degrees of multiphoton
interference, as indicated by eq. (5.52). This classical average is the underlying reason
that boson sampling with thermal input states can be efficiently simulated classically
[32].

The investigation of boson sampling in a multimode model in section 6.1 reveals that
the mathematical connection of the correlations to matrix permanents is lost for non-
identical input photons. As a consequence, boson sampling loses its classical hardness if
the pairwise indistinguishability of the photons is reduced below certain thresholds [95].
According to eq. (6.18) however, the application of time- or frequency-resolved detection
restores a permanent structure of the correlations independently of the internal states of
the single-photon pulses (see also fig. 5.1). This observation leads us to the introduction
of a time- or frequency-resolved boson sampling scheme, termed multiboson correlation
sampling (MBCS).

We derive that the classical hardness of MBCS with high time- or frequency-resolution
is robust with respect to differences in the central frequencies or injection times, respec-
tively. We use this robustness in section 6.6 to develop a temporal scattershot boson
sampling scheme (see fig. 6.5) in analogy to the spatial scattershot sampling approaches
discussed in section 4.2.

If the distinguishability of the photons is caused by differences in other internal degrees
of freedom, it is possible to give upper bounds on the distinguishability which ensure the
classical hardness of time-resolved MBCS. These limits are given in theorems 6.4 and 6.5
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for the case of pure and mixed states, respectively. A comparison suggests that the
computational hardness of MBCS is more negatively affected in the former case, even
if the average degree of pairwise distinguishability is comparable: The randomness of
the mixed input states partially smoothes out the deviations from the ideal probability
distribution.

9.2. Spontaneous parametric down-conversion

Since many of the extended boson sampling schemes heavily rely on sources based on
spontaneous parametric down-conversion (SPDC), we also investigate their properties
in the second part of this thesis. Specifically, we present in chapter 7 a description of
SPDC in terms of temporal Bogoliubov transformations between the fields at the rear
and the front of the nonlinear crystal. Thanks to its formulation in the time domain, this
approach is able to provide an informative and complementary perspective to existing
characterizations in the frequency domain.
Most importantly, we find intuitive interpretations of the intensity correlations in

signal and idler modes for different pump regimes (see figs. 7.3 to 7.11). Additionally,
the full consideration of time ordering highlights which differences in comparison to
non-causal models emerge in the temporal correlation functions at large pump intensities.
For example, correlation times between the photons are overestimated if time ordering
is neglected, as illustrated by figs. 7.4 and 7.5.

Regardless of the model, the correlation times achievable with pure SPDC are generally
too small to employ such sources for the implementation of the time-resolved MBCS
schemes discussed in chapter 6. These times can however be significantly increased with
the help of cavity-enhanced SPDC (CESPDC). Among these sources, one of the longest
coherence times has been reported in ref. [58] with a special setup, which includes a
half-wave plate to facilitate the stabilization of the cavity.
Due to this change, the photon pair is generated in a superposition of orthogonal

and identical polarization components, as described by eq. (8.16). Additionally, each
of these components exhibits a comb-like temporal structure expressed by eqs. (8.17),
(8.18) and (8.20). In a Hong-Ou-Mandel setup, where the orthogonal polarization modes
are mapped to the two input channels of a symmetric beam splitter, the combination of
these features leads to the emergence of several interference phenomena in the correlation
functions at the output of the beam splitter.

As underlined by both the full multimode model and an illustrative single-mode model,
the intensity at the detectors is modified due to interference between state components
corresponding to equally and orthogonally polarized photon pairs at the output of the
source, respectively (see fig. 8.11 and fig. 8.15).

In contrast, these contributions enter incoherently in the coincidence counts detected
after the beam splitter. While the contribution from initially orthogonally polarized
photons exhibits typical Hong-Ou-Mandel (HOM) type interference, photon pairs which
are initially emitted with equal polarization give rise to a super-resolved oscillation, in
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analogy to NOON-state-type interference (figs. 8.12, 8.14 and 8.15).

9.3. Summary

In conclusion, the results in this thesis shed new light on many facets of multiphoton
interference in passive, linear optical networks. Most importantly, we demonstrate that
the computational hardness of boson sampling can be preserved even in the presence
of effects not considered in the original publications. To that end, we provide suitable
modifications of the original boson sampling scheme, which allow a) to account for
differences between the single-photon pulses arising in real-world experiments and
b) to significantly improve the scalability of boson sampling implementations using
probabilistic sources. While boson sampling relies on the interference of many photons,
entanglement between (even nonidentical) photons can lead to a surprising variety
of features in the interference pattern already in a simple two-photon interference
experiment.

All in all, the new boson sampling schemes established in this work provide a promising
route to overcome some of the shortcomings of the original proposal. Together with other
recent advances [26, 28, 29, 33], these results raise the hope for scalable implementations
of boson sampling in the near future.
If this goal could be achieved, a 30-year-old conjecture could finally be proved: The

classical model of computations is not the be-all and end-all in the search for quantitative
answers for problems. Instead, quantum computation is poised to take over, harnessing
the full power provided by the quantum nature underlying all physical computers.
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A.1. Frequency independence of boson sampling
interferometers

In this section, we will demonstrate why it is possible to neglect the frequency dependence
of linear interferometers usually used in boson sampling and related experiments. This
frequency independence is a result of the specific layouts which are being used in such
experiments, which can be grouped into two cases: In the first case, found for example
in [19, 23], the interferometer layout ensures that each possible path that a photon can
take through the interferometer is of (approximately) equal length, regardless of the
input and output port. The second layout on the other hand (see e.g. [21]) leads to
paths through the interferometer whose length depends independently on the input and
output channel.
We start out by noting that the phase shifters can be ignored in the discussion

presented here, due to the following arguments: In order to implement a phase shift
0 ≤ φ ≤ 2π at the central frequency ω0 of the light, a change of the optical path
length by ∆φ = φc/ω0 ≤ 2πc/ω0 is sufficient. This length is on the order of the optical
wavelength at can therefore be neglected with respect to the total optical path lengths,
∆φ � ∆x

(i)
ds . Furthermore, if the light has a narrow bandwidth ∆ω � ω0, ∆φ can also

be neglected with respect to the correlation length 2πc/∆ω of the light pulses since

∆φ

2πc/∆ω
=

∆ω

ω0

φ

2π
≤ ∆ω

ω0

� 1. (A.1)

Analogously, the frequency dependence of the beam splitters can also be assumed for
sufficiently narrow bandwidth.

Having clarified that the frequency dependence of the optical elements can indeed be
neglected in the discussion, let us turn to the investigation of the interferometer design
described in [19, 23]. Here, as depicted in fig. A.1a, the beam splitters are located on a
regular grid and additional mirrors ensure that the path lengths of all possible paths
through the interferometer are equal, ∆x

(i)
ds = ∆x ∀i∀s∀d (i labels all possible paths

connecting a fixed pair s, d of input and output channel). Consequently it immediately
follows that the total probability amplitude connecting input channel s with output
channel d can be written as

Uds(ω) =
∑

i

U (i)
ds eiω∆x

(i)
ds /c =

∑

i

U (i)
ds eiω∆x/c = Udseiω∆x/c. (A.2)
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(a) Layout 1

L

(b) Layout 2

Figure A.1.: Illustration of the two prevalent interferometer layouts used in boson sam-
pling experiments.

Similar arguments can be made for the second interferometer layout depicted in fig. A.1b.
In this case, the regular triangular arrangement of the beam splitters ensures that all
paths connecting the same input/output channel pair have the same length

∆x
(i)
ds = ∆xds ∀i (A.3)

and also that the path lengths ∆xds are linear functions both in the input and in the
output channel index,

∆xds = ∆x0 + Ld+ Ls, (A.4)

where L denotes the distance between the beam splitters. Due to this special structure,
it is possible to make all path lengths ∆xds effectively equal using adequate delay lines
in the input and output channels. Therefore, we can again for simplicity and without
loss of generality assume that ∆x

(i)
ds = ∆x ∀i∀s∀d and eq. (A.2) applies in this case as

well.

A.2. Equivalence of correlation function and
probabilities for fixed photon numbers

In this section, we will demonstrate the result from eq. (2.54) which states that the
Glauber correlation function of Nth order can be interpreted as a probability density if
the state contains exactly N photons in total.
We start out by noting that
∫
dt V̂ (−)

η (x, t)V̂ (+)
η (x, t) =

∫
dω

∫
dω′ e−i[kη(ω)−kη(ω′)]xâ†η(ω)âη(ω

′)
1

2π

∫
dt ei(ω−ω′)t

=

∫
dω â†η(ω)âη(ω).

(A.5)
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Consequently, integrating the time-resolved correlation function over all times and
integrating the frequency-resolved correlation function, eq. (2.55), over all frequencies
naturally yields the same result,

∫
dN tG(N)

η (x, t) =

∫
dNωG(N)

η (ω). (A.6)

A general joint pure state of all channels η ∈ C with a fixed total number N of
photons has the form

|ψ〉 =
∑

η′∈C⊗N
η′1≤···≤η′N

∫
dNΩ Φη′(Ω)

∏
i â
†
η′i

(Ωi)√∏
η′∈C nη′ !

|0〉, (A.7)

where we made use of the multiplicities nη′ = nη′(η
′) representing the number of

times that the channel index η′ appears in the set of channels η′. Furthermore, by
only summing over the ordered sets η′ (η′1 ≤ · · · ≤ η′N) it is ensured that each state
amplitude corresponds to a physically different situation (i.e. the occupation numbers of
the channels are never fully equal). To ensure the normalization of the state in eq. (A.7)
the spectral amplitudes Φη′(Ω) have to fulfill the normalization condition

∑

η′∈C⊗N
η′1≤···≤η′N

∫
dNΩ

∣∣Φη′(Ω)
∣∣2 = 1. (A.8)

To evaluate the frequency-resolved correlation functions from eq. (A.6), we note that

N∏

j=1

âηj(ωj)
N∏

k=1

â†η′k
(Ωk)|0〉 =

∑

σ∈SN

N∏

j=1

δηjη′σ(j)
δ(ωj − Ωσ(j))|0〉

=
(∏

η∈C
nη!
)
δηη′δ(ω −Ω)|0〉. (A.9)

In the second step, we sum over all possible permutations σ of N elements (SN denotes
the symmetric group of order N). This sum contains N ! terms which correspond to all
ways in which N annihilation operators can in general annihilate N photons. The terms
in this sum are only nonvanishing if ηj = η′σ(j) ∀j = 1, . . . , N , forcing the sets η and η′

to be equal. Then, all such terms give a nonvanishing contribution which correspond
to permutations of the elements of η which interchange only identical entries, leaving
η unchanged. Using straightforward combinatorics, this gives rise to the prefactor∏

η∈C nη! depending on the multiplicities nη(η), yielding the last step in eq. (A.9).
Using the notation ‖Ô|ψ〉‖2 ..= 〈ψ| Ô†Ô |ψ〉, the integrated correlation functions from

213



A. Boson sampling

eq. (A.6) become

∫
dNωG(N)

η (ω) =

∫
dNω

∥∥∥∥
∑

η′∈C⊗N
η′1≤···≤η′N

∏

η∈C

1√
nη!

∫
dNΩ Φη′(Ω)

N∏

j=1

âηj(ωj)
N∏

k=1

â†η′k
(Ωk)|0〉

∥∥∥∥
2

=

∫
dNω

∥∥∥∥
∏

η∈C

√
nη!Φη(ω)|0〉

∥∥∥∥
2

=
(∏

η∈C
nη!
)∫

dNω
∣∣Φη(ω)

∣∣2,

(A.10)

where we used eq. (A.9) in the second step.
The proof of eq. (2.54) is then straightforwardly completed as

∑

η∈C⊗N
η1≤···≤ηN

∏

η∈C

1

nη!

∫
dN tG(N)

η (t) =
∑

η∈C⊗N
η1≤···≤ηN

∏

η∈C

1

nη!

∫
dNωG(N)

η (ω)

=
∑

η∈C⊗N
η1≤···≤ηN

∫
dNω

∣∣Φη(ω)
∣∣2 = 1 (A.11)

by recalling the normalization condition in eq. (A.8).

A.3. Complexity classes

In order to make it easier to follow the hardness arguments given by Aaronson and
Arkhipov we will try to give a short overview of the complexity classes involved in the
following. The definitions presented here are canonical and detailed information can for
example be found in [159].

The Turing machine

The definitions of the complexity classes considered here are mainly based on several
models of computation, namely the deterministic Turing machine, the probabilistic
Turing machine, and the non-deterministic Turing machine.

Deterministic Turing machines A deterministic Turing machine is a simple abstract
machine which has an internal state, an infinite strip of tape on which a sequence of
symbols is/can be stored, a head to read and write symbols from and to the strip, and
a finite set of instructions. Based on its current state and the symbol under the head,
these instructions tell the machine deterministically to erase or overwrite the current
symbol, then to move the head left or right, and finally to assume the same or a new
state. Although this model is rather simple, it can be shown that any algorithm can
be simulated by a Turing machine. Due to their simplicity and universality, Turing
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machines are heavily used in computational theory to make general statements on the
computability or complexity of computational problems.
Due to their ability to simulate arbitrary algorithms, Turing machines usually serve

as a model for real-world computers, despite the fact that Turing machines can operate
with an unlimited amount of memory.

Probabilistic Turing machines A probabilistic Turing machine is a generalization
of the deterministic Turing machine, which can perform several alternative actions for
the same combination of state and read symbol. At each step, the probabilistic Turing
machine chooses one of the possible actions according to some probability distribution.
Therefore, its answer to certain problems can vary from run to run and its runtime can
vary greatly.

Non-deterministic Turing machines Lastly, a non-deterministic Turing machine is
another extension of the deterministic Turing machine which allows several alternative
actions for the same combination of state and read symbol. In contrast to a probabilistic
Turing machine however, the non-deterministic Turing machine is assumed to “know”
which of the possible actions is the best one for the problem to be solved. Alternatively,
one can picture the machine branching into a copy for each possible action. In this
interpretation, the problem is solved if any one of these branches arrives at a solution.

Although, these different Turing machines seem to be quite different in their capa-
bilities, all models are able to compute the same problems. However, the time needed
to solve certain classes of problems can differ dramatically. Therefore, computational
models are classified into complexity classes.

Complexity class P

The most basic complexity class of computational problems is the class P (polynomial-
time) which is defined as the class of decision problems which can be solved in polynomial
time on a deterministic Turing machine. In this context, a decision problem is the task
to decide whether a given input belongs to a certain subset of all possible inputs or not.
Further, the term “polynomial time” means that the amount of time required is bounded
by a polynomial in the size of the input.

The complexity class P can roughly be considered as the class of problems which can
be efficiently solved, i.e. which is tractable. As an example, it contains problems like
calculating the greatest common denominator or determining if a number is prime.

Complexity class BPP

Similar to P, the complexity class BPP (bounded-error probabilistic polynomial-time)
is defined as all decision problems which can be solved in polynomial time and on a
probabilistic Turing machine with a probability > 2/3 that the right answer is given.
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From the definition of a probabilistic Turing machine, it is obvious that P ⊆ BPP,
while the reverse is currently not known. Although the equivalence of the two classes
(P = BPP) is suspected, it is possible that access to a source of randomness increases
the computational power of a Turing machine.

Complexity class NP

Another very important class of decision problems is NP (non-deterministic polynomial-
time), which contains all problems for which at least one branch of a non-deterministic
Turing machine yields the answer “yes” if “yes” is the right answer and for which all
branches yield “no” if “no” is the right answer (again in polynomial time). While obviously
P ⊆ NP, it is believed to be highly unlikely that the two complexity classes are equal.
Furthermore, currently no relation between NP and BPP is known.

A problem in NP is called NP-complete if all problems in NP can be reduced to it in
polynomial time. Informally, this means that NP-complete problems are the hardest
problems in NP. There are several well-known problems which are NP-complete, such as
the traveling salesman problem, the boolean satisfiability problem, or the graph coloring
problem [159]. The traveling salesman problem for example asks if there is a route
below a given length which passes all nodes in a given network. All currently known
deterministic algorithms for these problems scale exponentially with the size of the input.
Consequently, we can informally identify the notion of NP-complete with very hard
problems.

Oracle machines

An extension of the Turing machines discussed further up are so-called oracle machines.
An oracle O for a given problem or for a complexity class X is in this context defined
as a black box which can solve the fixed problem or all problems in X in a single step.
An oracle machine is then defined as a deterministic, probabilistic, or non-deterministic
Turing machine which additionally has access to an oracle O for a specific problem or a
class of problems.
This additional resource generally allows an oracle machine to solve a wider class

of problems than the underlying Turing machine. Consequently, the concept of oracle
machines naturally leads to the introduction of various complexity classes which can
be derived from the basic classes introduced so far. Let us for example consider a
non-deterministic Turing machine equipped with an oracle O. The class which can be
solved by this oracle machine is generally denoted as NPO. Depending on the oracle, this
class can include problems which cannot be solved by a simple non-deterministic Turing
machine, that is problems outside of NP. If O is for example able to solve NP problems
by itself, a non-deterministic Turing machine becomes indeed more powerful if equipped
with O: The class of problems solvable by this oracle machine is denoted as NPO = NPNP

and contains indeed problems which are outside of NP, that is NP ⊂ NPNP.

216



A.3. Complexity classes

The polynomial hierarchy PH

The concept of derived classes can be used to build a whole hierarchy of complexity
classes corresponding to problems which can be solved by a specific type of oracle
machine in polynomial time. The classes ΣP

i in this so called polynomial hierarchy PH
are defined in an iterative manner. Namely, with the definition ΣP

0
..= P, the higher

orders are defined as
ΣP
i+1

..= NPΣP
i , (A.12)

i.e. ΣP
1 = NPP = NP, ΣP

2 = NPNP, and so on. In simple terms, the classes ΣP
i are classes

of problems which can be solved efficiently by machines with subsequently (potentially)
more and more powerful oracles. While obviously, ΣP

i ⊆ ΣP
i+1 there are a lot of indications

that the classes are indeed all different from each other, i.e. ΣP
i 6= ΣP

i+1. However, if
there exists an value i = k for which the latter holds true, it immediately follows that
the hierarchy collapses to the kth level, i.e. ΣP

i = ΣP
k ∀i ≥ k. Nevertheless, a collapse of

the polynomial hierarchy is considered to be highly unlikely by most researchers in the
field of computational complexity.

Function problems

For all the complexity classes P, BPP, and NP mentioned so far there also exist
corresponding classes FP, FBPP, and FNP which contain function problems instead
of decision problems. In a function problem, the goal is to calculate a value based
on the input instead of just returning a yes or no answer. For example, the function
problem corresponding to the traveling salesman problem asks for a route of a given
maximum length through all nodes in a network instead of just asking if there is one
and is contained in FNP.

Complexity class #P

Furthermore, it is possible to define the class #P which contains all counting problems
associated with NP problems. For example, instead of asking if there is a solution to
the traveling salesman problem the corresponding counting problem asks how many
solutions there are. Again, the hardest problems in #P, to which all other problems
can be reduced, are called #P-complete. Interestingly, there are #P-complete problems
which correspond to simple decision problems in P or FP. In the context of this thesis,
the most notable example is the problem of finding the number of perfect matchings in
a bipartite graph [159], which is identical to calculating the permanent of matrices with
0 and 1 entries. This problem was proved to be #P-complete by Valiant [89] while on
the other hand polynomial-time algorithms exist which can be used to find one such
perfect matching.
The problems in #P are even harder than their corresponding decision problems in

NP since counting the number of possible solutions obviously includes deciding whether
a solution exists, that is solving the corresponding decision problem. In fact, they are so
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hard that according to Toda’s theorem [160], a deterministic Turing machine equipped
with an oracle for #P can solve all problems in PH,

PH ⊆ P#P. (A.13)
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B.1. Generalized scattershot boson sampling

In this section, we are going to give a detailed insight which modifications have to be
applied to the original boson sampling hardness proof given by Aaronson and Arkhipov
(AA) in [18] in order to demonstrate the hardness of generalized scattershot boson
sampling (GSBS), theorem 4.1. Furthermore, we will explicitly derive the findings on
the possibility of experimental implementations discussed in section 4.2.3.

B.1.1. Preliminaries

Markov’s inequality

Throughout the demonstrations in this work we will often make use of the following
theorem:

Theorem B.1 (Markov’s inequality). Let X be a non-negative random variable and
k > 0 a constant. Then, the probability that X is larger than the k-fold multiple of the
expectation value E[X] is regardless of the distribution of X bounded by

P
[
X ≥ k E[X]

]
≤ 1

k
. (B.1)

We note that we will often only know some bound on the expectation value of X
instead of its exact value. Nevertheless, Markov’s inequality can be applied to such
cases. Namely, if

E[X] ≤ a, (B.2)

ineq. (B.1) implies that

P
[
X ≥ ka

]
≤ P

[
X ≥ k E[X]

]
≤ 1

k
, (B.3)

since X ≥ ka⇒ X ≥ k E[X].

Boole’s inequality

A further important result is the union bound – or Boole’s inequality:
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Theorem B.2 (Union bound). Let A and B be two (possibly composite) outcomes of a
random process. Then,

P [A ∪B] ≤ P [A] + P [B] (B.4)
regardless of the probability distribution.

As a corollary of this inequality we furthermore find the following result:

Theorem B.3. Let A,B,C be (possibly composite) outcomes of a random process
fulfilling A ∩B ⊆ C. Then, the following inequality holds for the complementary events
A,B,C:

P
[
C
]
≤ P

[
A
]

+ P
[
B
]
. (B.5)

Proof. Note that due to A∩B ⊆ C, P [A∩B] ≤ P [C]⇔ P
[
C
]
≤ P

[
A ∩B

]
. Therefore,

P
[
C
]
≤ P

[
A ∩B

]
= P

[
A ∪B

]
≤ P

[
A
]

+ P
[
B
]
, (B.6)

where the last step used ineq. (B.4).

The total variation distance

Before we delve into the details of the reduction of the |GPE|2± problem to generalized
scattershot boson sampling (GSBS), let us first discuss an important property of the
variation distance between probability distributions.

Given two probability distributions D,D′ on a sample space Ω with the corresponding
set of (possibly composite) events F (i.e. F contains all possible subsets A of Ω) the
total variation distance ‖D − D′‖ is defined as [90]

‖D − D′‖ ..= max
A∈F

∣∣PD[A]− PD′ [A]
∣∣, (B.7)

yielding a quantification of the difference between D and D′. The maximization in
eq. (B.7) occurs over all possible composite events (i.e. subsets of the sample space). On
finite probability spaces, this measure can alternatively be expressed in terms of the
probability differences for the elementary events z ∈ Ω as

‖D − D′‖ =
1

2

∑

z∈Ω

∣∣PD[z]− PD′ [z]
∣∣. (B.8)

Let us now consider a decomposition of the sample space Ω into an outer product
of two marginal sample spaces Ωx and Ωy, i.e. Ω = Ωx ⊗ Ωy, corresponding to a
decomposition z = x ⊗ y of its elements z, with x ∈ Ωx, y ∈ Ωy. Then, the following
lemma holds true:

Theorem B.4 (Variation distance of marginal distributions). Given two probability dis-
tribution D,D′ on a sample space Ω and corresponding marginal probability distributions
Dx,D′x on Ωx,

‖Dx −D′x‖ ≤ ‖D −D′‖. (B.9)
The total variation distance can never increase if the compared probability distributions
are marginalized.
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B.1. Generalized scattershot boson sampling

Proof. Let us first note that the set of possible marginal events in the variable x is a
subset of the set of all possible events, Fx ⊂ F . Consequently, we find from eq. (B.7)
that

‖Dx −D′x‖ = max
A∈Fx

∣∣PDx [A]− PD′x [A]
∣∣ = max

A∈Fx

∣∣PD[A]− PD′ [A]
∣∣

≤ max
A∈F

∣∣PD[A]− PD′ [A]
∣∣ = ‖D − D′‖. (B.10)

This theorem is crucial for the proof of the hardness of GSBS discussed in the following.

B.1.2. Hardness reduction of |GPE|2± to GSBS

We are now going to proof the hardness result given in theorem 4.1 by demonstrating
that the following algorithm solves the |GPE|2± problem, definition 3.2, with the help of
an approximate oracle OC for GSBS:

1. Encode the squared permanent of a random Gaussian matrix X into the probability
distribution D by randomly choosing an output configuration d0 and an input
configuration s0 and subsequently generating a Haar-random unitary matrix U
such that U (d0s0) corresponds to X .

2. Use the oracle OC to find an approximation Q[d0 | s0] of the conditional probability
PD[d0 | s0] = |perU (d0s0)|2 = M−N |perX|2.

Theorem 4.1 describing the classical hardness of the generalized scattershot boson
sampling (SBS) problem can be proved by a reduction of the |GPE|2± problem of
approximately estimating the modulus squared of the permanent of a random Gaussian
matrix in polynomial time, similar to the arguments given in [18]:

Theorem B.5 (Reduction of |GPE|2± to generalized SBS). Given an approximate oracle
OC for generalized SBS of class C as defined in definition 4.3, the following reduction
holds true:

|GPE|2± ∈ FBPPNPO . (B.11)

The hardness result for GSBS given in theorem 4.1 follows trivially.

Proof. This statement can be proved using similar ideas to those found in the hardness
proof of the original boson sampling problem given in [18]. However, due to fact that
the oracle not only randomly samples from the possible output configurations d ∈DM,N

but also from the input configurations s ∈ S∗M,N , several modifications are necessary to
prove the reduction.
The |GPE|2± problem asks the following: Given an N × N matrix X whose entries

are i.i.d. complex Gaussian random variables, and constants ε > 0 and δ > 0, find an
approximation of |perX|2 to within ±εN ! with probability at least 1− δ. Further, the
running time of the algorithm should be polynomial in N , 1/ε, and 1/δ.
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B. Randomized boson sampling

The chain of arguments to prove that the oracle can indeed be used to solve this task
relies on the following steps:

1. Show that it is possible to hide the matrix X/
√
M in a Haar-random unitary

matrix U ∈ UM,M in FBPPNPOC with high success probability. In this context,
“hiding” means that X/

√
M is found as the submatrix of U at the positions defined

by a uniformly drawn row index vector d0 ∈D∗M,N and by a column index vector
s0 ∈ S∗M,N drawn according to the input probability distribution I ′ of the sampler.
If that is the case, the conditional probability PD[d0 | s0] = |perX|2/MN contains
the squared matrix permanent that we’d like to approximate. In this step, we
have to slightly expand the original hiding procedure to account for the increased
size of the unitary matrix.

2. Prove that the hiding procedure ensures that the approximate oracle OC samples
from a probability distribution which is on average close enough to the ideal
distribution with high probability. An adaption of the approach in the original
paper is necessary since the needed permanent is now encoded in a conditional
probability.

3. Demonstrate that a sufficient approximation Q[d0 | s0] of PD′ [d0 | s0] can be found
with sufficient probability. In this step, the fact s0 ∼ I ′ is again crucial.

Further down, we will address each of these problem separately to formally prove the
three following corresponding theorems:

Theorem B.6 (Possibility of hiding random matrix). Given an approximate oracle OC

for GSBS of class C, it is possible to construct a Haar-random unitary matrix U ∈ UM,M

in BPPNPOC with probability larger than 1−δ/4 which contains X/
√
M as the submatrix

corresponding to a uniformly random d0 and s0 chosen according to I ′.
Theorem B.7 (Closeness of ideal and oracle probabilities). Choosing the output config-
uration d0 uniformly over D∗M,N and the input configuration s0 according to the exact
input probability distribution I or the oracles’ input distribution I ′, it can be ensured
that the oracle samples in a time polynomial in N , 1/ε and 1/δ while fulfilling the bound

Pd0∈D∗M,N
s0∼I′

[∣∣PD[d0 | s0]− PD′ [d0 | s0]
∣∣ > ε

2

N !

MN

]
<
δ

4
. (B.12)

Theorem B.8 (Closeness of approximation of oracle probabilities). Given an approx-
imate oracle OC for GSBS of class C, an approximation Q[d | s] of the conditional
probabilities PD′ [d | s] can be found in in time polynomial in N , 1/ε, and 1/δ in
FBPPNPO such that

Pd0∈D∗M,N
s0∼I′

[∣∣Q[d0 | s0]− PD′ [d0 | s0]
∣∣ > ε

2

N !

MN

]
<
δ

4
+

1

2M
. (B.13)
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B.1. Generalized scattershot boson sampling

Given these results, it is straightforward to demonstrate theorem B.5. Namely, we
find with the abbreviations P0 = PD[d0 | s0], P ′0 = PD′ [d0 | s0], and Q0 = Q[d0 | s0],
analogously to the estimations in [18] that

P

[∣∣Q0 − P0

∣∣ > ε
N !

MN

]
≤ P

[∣∣Q0 − P ′0
∣∣ > ε

2

N !

MN

]
+ P

[∣∣P ′0 − P0

∣∣ > ε

2

N !

MN

]

≤ δ

2
+

1

2M
(B.14)

Here, we used the triangle inequality and the corollary of the union bound, ineq. (B.5),
in the first step and ineqs. (B.12) and (B.13) in the second step.

Taking into account the failure probability < δ/4 of the hiding procedure, we find the
final result that the estimate described in 2) yields a sufficiently exact approximation of
P0 with a probability at least 1− δ, as desired.

In the following, we will separately address and prove theorems B.6 to B.8.

Extension of the hiding lemma

First, we will prove the extension, theorem B.6, of the hiding lemma given by AA in
[18]. As demonstrated in [18], it is possible to construct a Haar-random unitary matrix
A ∈ UM,N in FBPPNPOC with probability larger than 1−O(δ) which contains the N×N
matrix X/

√
M as a submatrix at a uniformly random position, corresponding to some

row index vector d0 ∈D∗M,N .
This matrix can be extended to a quadratic Haar-random unitary matrix U ∈ UM,M in

BPPNPOC which contains X/
√
M as the submatrix corresponding to d0 and a s0 ∈ S∗M,N

randomly chosen according to I ′: First, randomly sample s0 ∼ I ′ using the oracle OC .
Then, after using the columns of A as the columns s0 of U , fill the missing columns with
entries which are i.i.d Gaussian random variables. Finally, apply the Gram-Schmidt
orthogonalization procedure to the added columns to ensure their orthogonality to the
N columns containing X/

√
M .

Thus, it is possible to “hide” the matrix X in the submatrix of a Haar-random unitary
M ×M matrix U at a random position in FBPPNPOC . The distribution over the random
location is uniform in the row vector d0 ∈D∗M,N and corresponds to I ′ in the column
vector s0 ∈ S∗M,N . Further, the success probability can be ensured to be larger than
1− δ/4 by repetition of the algorithm, completing the demonstration of theorem B.6.

Proximity of ideal and oracle probabilities

We now proof the second auxiliary result given in theorem B.7.
Let us first clarify some necessary notation: Recall that I ∈ C is a probability

distribution over the set S∗M,N of collisionless input configurations. Furthermore, we
now introduce the probability distributions Os = Os(U) over the set DM,N of output
configurations given a fixed input sample s. These distributions are determined by the

223



B. Randomized boson sampling

unitary matrix U describing the linear network, leading to the conditional probabilities
P [d | s] in eq. (3.16). Obviously, the combination of I and Od again yields the overall
distribution D = D(I,U) over the composite events (d, s).

Lastly, for an approximate GSBS oracle as defined in definition 4.3 sampling from the
probability distribution D′, we denote the marginal probability distribution of D′ over
input configurations s with I ′ and the conditional output probability distributions with
O′s.

We divided the demonstration of theorem B.7 into three steps: First, we demonstrate
a bound on the expectation value of the variation distance between the conditional
probability distributions Os and O′s. Second, we apply this result to derive an upper
bound for the expectation value of the difference between the ideal and oracle probabilities
PD[d | s] and PD′ [d | s], respectively. This bound will us finally allow to demonstrate
ineq. (B.12).

Variation distance of conditional output distributions. Under the assumption that
an input configuration is randomly chosen according to I ′ or I, the conditional proba-
bilities P [d | s] are on average very close to each other:

Theorem B.9 (Average error of output probability distribution). Drawing the input
configuration s according to the probability distribution I ′,

E
s∼I′

[
‖Os −O′s‖

]
≤ 2β, (B.15)

i.e. the expectation value of the error of the output probability distribution is bound from
above by 2β. The same bound holds if s∼ I.

Proof. We start out by using the representation of the total variation distance in eq. (B.8)
to rewrite

E
s∼I′

[
‖Os −O′s‖

]
=

∑

s∈S∗M,N

PI′ [s] ‖Os −O′s‖

=
∑

s∈S∗M,N

PI′ [s]
1

2

∑

d∈DM,N

∣∣PD[d | s]− PD′ [d | s]
∣∣

=
1

2

∑

s∈S∗M,N

∑

d∈DM,N

∣∣PI [s]PD[d | s]− PI′ [s]PD′ [d | s]

+ PI′ [s]PD[d | s]− PI [s]PD[d | s]
∣∣.

(B.16)

In the last step, we simply added and subtracted an additional term inside of the absolute
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B.1. Generalized scattershot boson sampling

value. Applying the triangle inequality, we find

E
s∼I′

[
‖Os −O′s‖

]
≤ 1

2

∑

s∈S∗M,N

∑

d∈DM,N

∣∣PI [s]PD[d | s]− PI′ [s]PD′ [d | s]
∣∣

+
1

2

∑

s∈S∗M,N

∣∣PI′ [s]− PI [s]
∣∣ ∑

d∈DM,N

PD[d | s]

= ‖D − D′‖+ ‖I − I ′‖, (B.17)

where we again used eq. (B.8) in the last step. Finally, applying theorem B.4 and the
bound on the total variation distance, eq. (4.10), yields

E
s∼I′

[
‖Os −O′s‖

]
≤ 2‖D − D′‖ ≤ 2β. (B.18)

Expectation value of deviations between conditional probabilities. We can now
use the result of theorem B.9 to find an upper bound for the average error between the
conditional probabilities PD[d | s] and PD′ [d | s] under the assumption that s ∈ S∗M,N is
drawn according to the input probability distribution of the sampler I ′ and d is drawn
uniformly from D∗M,N .
Indeed, we find

E
d∈D∗M,N
s∼I′

[∣∣PD[d | s]− PD′ [d | s]
∣∣
]

=
∑

s∈S∗M,N

PI′ [s] E
d∈D∗M,N

[∣∣PD[d | s]− PD′ [d | s]
∣∣
]

=
∑

s∈S∗M,N

PI′ [s]

∑
d∈D∗M,N

∣∣PD[d | s]− PD′ [d | s]
∣∣

|D∗M,N |

≤ 2

|D∗M,N |
∑

s∈S∗M,N

PI′ [s]
1

2

∑

d∈DM,N

∣∣PD[d | s]− PD′ [d | s]
∣∣

=
2

|D∗M,N |
E
s∼I′

[
‖Os −O′s‖

]
≤ 4β

|D∗M,N |
< 6β

N !

MN
.

(B.19)

Here, we used D∗M,N ⊂DM,N in the third step, the inequality ineq. (B.18) in the fifth
step, and the estimate

|D∗M,N | =
(
M

N

)
>

2

3

MN

N !
, (B.20)

which holds for M > N2 [18].
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Probability bound for large deviations of conditional probabilities. Choosing the
error bound for the generalized boson sampling oracle as β = εδ/48 and inserting
ineq. (B.19) into the Markov bound, ineq. (B.1), yields the desired upper bound for the
probability

Pd∈D∗M,N
s∼I′

[∣∣PD[d | s]− PD′ [d | s]
∣∣ > ε

2

N !

MN

]
<
δ

4
(B.21)

that the additive error between the conditional probabilities is larger than the desired
precision. Furthermore, since the time for an oracle call scales polynomially in 1/β, the
choice β = εδ/48 ensures that the required resources scale linear in 1/ε and 1/δ.
This observation concludes the verification of theorem B.7.

Proximity of oracle probability and approximation

In order to estimate the overall failure probability of the estimation process, we also
need to make sure that it is possible to estimate the conditional probabilities PD′ [d | s]
of the oracles’ probability distribution to within a certain bound with high probability,
as expressed by theorem B.8.

We again divide the demonstration of this result into three steps: First, we demonstrate
that it is possible to find a close multiplicative approximation of PD′ [d | s] with high
probability. Secondly, we ensure that PD′ [d | s] is below a certain value with high
probability. These two results can then be combined to yield the final result.

Closeness of multiplicative approximation. The possibility to find a suitable multi-
plicative approximation is described by the following theorem:

Theorem B.10 (Probability for failure of multiplicative approximation of oracle prob-
abilities). Given a constant 0 < α < 1 and an approximate oracle OC for generalized
SBS of class C, the following task can be solved in time polynomial in M and 1/α in
the complexity class FBPPNPOC :

Find an estimate Q[d | s] of the conditional probabilities PD′ [d | s] from the oracles
probability distribution D′ to within a multiplicative error α with a success probability
1− 2−M , i.e. such that

P
[∣∣Q[d | s]− PD′ [d | s]

∣∣ > αPD′ [d | s]
]
<

1

2M
. (B.22)

Proof. We start out the proof of theorem B.10 by noting that, given a constant 0 < α1 <
1, we can apply Stockmeyer’s algorithm to find an estimate Q[d, s] of the probability
PD′ [d, s] = PI′ [s]PD′ [d | s] in FBPPNPOC in time polynomial in M and 1/α1, such that

P
[∣∣Q[d, s]− PD′ [d, s]

∣∣ > α1PD′ [d, s]
]
<

1

2M+1
. (B.23)

Now note that the oracle can also be used to randomly generate samples s. Thus,
analogous to the previous statement, given a constant 0 < α2 < 1, it is also possible to
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B.1. Generalized scattershot boson sampling

find an estimate Q[s] for the marginal probabilities PI′ [s] in time polynomial in M and
1/α2, such that

P
[∣∣Q[s]− PI′ [s]

∣∣ > α2PI′ [s]
]
<

1

2M+1
. (B.24)

Then using proper choices of α1 and α2, the value

Q[d | s] ..=
Q[d, s]

Q[s]
(B.25)

fulfills ineq. (B.22).
Namely, assuming that

∣∣Q[d, s]−PD′ [d, s]
∣∣ < α1PI′ [d, s] and

∣∣Q[s]−PI′ [s]
∣∣ < α2PI′ [s]

we find the bounds

Q[d, s]

Q[s]
≥ 1− α1

1 + α2

PD′ [d, s]

PI′ [s]
=

(
1− α1 + α2

1 + α2

)
PD′ [d | s] >

(
1− α1 + α2

1− α2

)
PD′ [d | s]

(B.26)
and

Q[d, s]

Q[s]
≤ 1 + α1

1− α2

PD′ [d, s]

PI′ [s]
=

(
1 +

α1 + α2

1− α2

)
PD′ [d | s]. (B.27)

Thus, if we choose e.g. α2 = cα with 0 < c < 1 and α1 = α(1− c)− cα2,

(1− α)PD′ [d | s] < Q[d | s] < (1 + α)PD′ [d | s]. (B.28)

Furthermore, the estimates in ineqs. (B.23) and (B.24) can both be found in a time
polynomial in 1/α since

1

α2

=
1

c

1

α
and

1

α1

=
1

1− c− cα
1

α
≤ 1

1− 2c

1

α
. (B.29)

Consequently, we find with the help of the union bound, ineq. (B.4), that

P

[∣∣Q[d | s]− PD′ [d | s]
∣∣ > αPD′ [d | s]

]

≤ P

[∣∣Q[d, s]− PD′ [d, s]
∣∣ > α1PD′ [d, s] ∨

∣∣Q[s]− PI′ [s]
∣∣ > α2PI′ [s]

]

≤ P

[∣∣Q[d, s]− PD′ [d, s]
∣∣ > α1PD′ [d, s]

]
+ P

[∣∣Q[s]− PI′ [s]
∣∣ > α2PI′ [s]

]
.

(B.30)

Together with ineqs. (B.23) and (B.24) this yields ineq. (B.22) and thus completes the
proof of theorem B.10.

Probability that conditional sampler probability is large. To ensure that the bound
on the multiplicative error in theorem B.10 also yields a useful additive approximation,
we now demonstrate that the conditional sampler probabilities PD′ [d | s] are below a
certain value with high probability. We recall that output samples d ∈D∗M,N are chosen
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uniformly and input configurations s ∈ S∗M,N according to I ′. Under this condition, the
expectation value of the conditional probabilities is bounded by

E
d∈D∗M,N
s∼I′

[
PD′ [d | s]

]
=

∑

s∈S∗M,N

PI′ [s]
∑

d∈D∗M,N

1

|D∗M,N |
PD′ [d | s]

<
1

|D∗M,N |
∑

s∈S∗M,N

PI′ [s]
∑

d∈DM,N

PD′ [d | s]

=
1

|D∗M,N |
=

1(
M
N

) < 2
N !

MN
, (B.31)

where we again used the bound in ineq. (B.20) in the last step.
According to Markov’s inequality, ineq. (B.1), ineq. (B.31) yields

Pd∈D∗M,N
s∼I′

[
PD′ [d | s] >

4

δ
2
N !

MN

]
<
δ

4
. (B.32)

Bound on additive error of approximation of oracle probability. Combining theo-
rem B.10 and ineq. (B.32), we can finally demonstrate theorem B.8. Namely, choosing
α = εδ/16 in ineq. (B.22) it follows from the union bound, ineq. (B.4), that

P

[∣∣Q[d | s]− PD′ [d | s]
∣∣ > ε

2

N !

MN

]

≤ P

[(∣∣Q[d | s]− PD′ [d | s]
∣∣ > εδ

16
PD′ [d | s]

)
∧
(
PD′ [d | s] >

4

δ
2
N !

MN

)]

≤ 1

2M
+
δ

4
.

(B.33)

This inequality concludes the demonstration of the three main intermediate results,
theorems B.6 to B.8, used in the derivation of ineq. (B.14).

B.1.3. Experimental considerations

As demonstrated in [31], the probability

P [N ] =

(
M

N

)
pM−N0 pN1 =

(
M

N

)
(1− γ2)Mγ2N (B.34)

that M = N2 identical spontaneous parametric down-conversion (SPDC) sources gener-
ate exactly N single photons is maximized for the ideal squeezing parameter

γid =

√
N

M +N
, (B.35)
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yielding

Pid[N ] ∼ 1

e
√

2πN
. (B.36)

To arrive at this asymptotic scaling, the binomial coefficient in eq. (B.34) is approximated
with the help of Stirling’s formula as

(
M

N

)
∼ 1√

2πN(1−N/M)

MM

NN(M −N)M−N
. (B.37)

We now investigate the case of non-identical sources where the squeezing parameters γs
differ from the ideal squeezing parameter and quantify the deviation by the parameters

δs ..= |1− γ2
s/γ

2
id|. (B.38)

Then, the probability to detect exactly N photons is given by

P [N ] =
1

N !(M −N)!

M∏

s=1

(1− γ2
s )
∑

σ∈SM

N∏

s=1

γ2
σ(s)

= Pid[N ]
1

M !

M∏

s=1

(
1− γ2

id

1− γ2
id︸ ︷︷ ︸

= N
M

δs

) ∑

σ∈SM

N∏

s=1

(1 + δσ(s)) (B.39)

If the deviations are bounded as |δs| ≤ ε, we demonstrate in the next paragraph that a
lower bound for the total probability can be found by putting δs → −ε ∀s, yielding

P [N ] ≥ Pid[N ]
(

1 +
1

N
ε
)N2

(1− ε)N ∼ Pid[N ]e−
1
2
ε2Ne−

1
2
ε2 , (B.40)

where we also recalled that M = N2 and used

log
[(

1 +
1

N
ε
)N2

(1− ε)N
]
≈ −ε

2

2
N − ε2

2
+O(Nε3) (B.41)

in the second step. Combining this expression with ineq. (B.40), it becomes obvious
that P [N ]/Pid[N ] ∼ const. if the relative deviations scale as |δs| ≤ ε = O(N−1/2).
Furthermore, if ε is constant, the overall probability scales as exp(−ε2N/2)/

√
N .

Proof of lower bound We now demonstrate that the replacement δs → −ε indeed
yields a lower bound of the N -photon probability, eq. (B.39). To do so, we investigate
the dependence of this expression on a single deviation δp p ∈ {1, . . . , N}. Defining
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ΩM,p
..= {σ ∈ SM | ∃s ∈ {1, . . . , N} : σ(s) = p} allows us to write

f(δp) ..=
M∏

s=1

(
1− N

M
δs

) ∑

σ∈SM

N∏

s=1

(1 + δσ(s))

=
M∏

s=1
s 6=p

(
1−N

M
δs

)(
1−N

M
δp

)[ ∑

σ∈SM\ΩM,p

N∏

s=1

(1+δσ(s))+(1+δp)
∑

σ∈ΩM,p

N∏

s=1
s 6=σ−1(p)

(1 + δσ(s))

︸ ︷︷ ︸
=..Cp

]

(B.42)

We note that for each σ ∈ ΩM,p, there exist M −N permutations π ∈ SM \ ΩM,p such
that

N∏

s=1

(1 + δπ(s)) = (1 + δπ(σ−1(p)))
N∏

s=1
s 6=σ−1(p)

(1 + δσ(s)) ≥ (1− ε)
N∏

s=1
s 6=σ−1(p)

(1 + δσ(s)). (B.43)

If we account for the fact that this correspondence counts each permutation π ∈ SM \ΩM,p

N times, we consequently find

f(δp) ≥
(

1− N

M
δp

)[M −N
N

(1− ε) + (1 + δp)

] M∏

s=1
s 6=p

(
1− N

M
δs

)
Cp

≥
[
1 +

M −N
N

(1− ε) +

(
1− N

M

(M −N
N

(1− ε) + 2
))

δp

] M∏

s=1
s 6=p

(
1− N

M
δs

)
Cp.

(B.44)

Since M = N2, this expression is a monotonously growing function of δp. Consequently,
f(δp) is minimal if δp is minimal, and eq. (B.39) is bounded from below by the replacement
δs → −ε.

B.2. Single-photon RNBS

In this section, we are going to present the detailed demonstration of the hardness results
for the random number boson sampling (RNBS) problem with single photons, defined in
section 4.3. First, we are going to demonstrate that it is possible to reduce the |GPE|2±
problem, definition 3.2, to single-photon RNBS before we make the connection to the
hardness of the randomized |GPE|2± problem, definition 4.6. Lastly, we will demonstrate
the possibility of an efficient implementation of this sampling problem.
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B.2. Single-photon RNBS

B.2.1. Reduction of |GPE|2±
In the following, we will prove the following theorem:

Theorem B.11. Let C be a class of input distributions IN≤K≤L with the property that
it is always possible to efficiently determine an occupation number K0 ∈ {N, . . . , L}
which occurs with probability

P [K0] ≥ 1

daNe −N . (B.45)

Further, let OC be an approximate oracle for single-photon RNBS of class C. Then,
|GPE|2± ∈ FBPPNPOC .

Proof. In order to reduce the |GPE|2± to the single-photon RNBS problem, only a few
minor modifications of the hardness proof for GSBS, appendix B.1.2, are necessary.
Indeed, as discussed in section 4.3.3, the linear number L = daNe of single-photon
sources guarantees that the number K of occupied input channels can only take a
linear number of different values, K ∈ {N, . . . , daNe}. Consequently, for any given N
there always exists at least one value K0 with the property ineq. (B.45). Due to the
assumption in theorem B.11 that it is possible to efficiently find such a value K0 for any
given lower bound N , we can use this value to robustly encode the squared permanent
of a random Gaussian K0 ×K0 matrix X , as we show in the following.

Hiding of the matrix. First observe that K0 scales linear in N since N ≤ K ≤ daNe.
Therefore, we can use the same hiding procedure as in GSBS: Use the oracle OC

to generate a random input sample s0 corresponding to exactly K0 occupied input
ports, i.e. according to the conditional input probability distribution I ′K0

defined by the
probabilities PIN≤K≤L [s0 | K0] (Note that this can be done efficiently with high success
probability due to ineq. (B.45)). Then generate the Haar-random unitary matrix which
contains the matrix X at the position corresponding to the input sample s0 and to a
uniformly random output sample d0, as described in the proof of theorem B.6.

Approximation of the oracle probabilities. Furthermore, the same arguments as
in the proof of theorem B.8 demonstrate that it is possible to find an approximation
Q[d0 | s0;K0] of the oracle’s conditional probability PD′ [d0 | s0;K0] in a time polynomial
in N , 1/ε, and 1/δ such that

Pd0∈D∗M,K0
s0∼I′K0

[∣∣Q[d0 | s0;K0]− PD′ [d0 | s0;K0]
∣∣ > ε

2

K0!

MK0

]
<
δ

4
+

1

2M
. (B.46)

Closeness of ideal and oracle probabilities. What remains to be shown is the ana-
logue of theorem B.7: Using the hiding procedure described above, the ideal conditional
probability PD[d0 | s0;K0] is close to PD′ [d0 | s0;K0] with high probability.
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B. Randomized boson sampling

Here, we have to make sure that the bound on the variation distance, eq. (4.27),
suffices for the approximation of |perX|2 despite the fact that we are only using a fraction
PD[K0] of all the samples to encode the permanent. We start out by demonstrating that
the variation distance between the ideal and oracle probability distributions conditioned
on K0 can be bounded in terms of ‖D′ −D‖ and PD[K0].
Let us denote the full space of (possibly composite) events from the probability

distributions D,D′ as F and the subspace of all events with K = K0 as FK0 . Recalling
the definition of the variation distance from eq. (B.7), we then find

‖D′K0
−DK0‖ = max

A⊆FK0

∣∣PD′ [A | K0]− PD[A | K0]
∣∣

= max
A⊆FK0

∣∣∣∣
PD′ [A,K0]

PD′ [K0]
− PD[A,K0]

PD[K0]

∣∣∣∣

=

∣∣∣∣
1

PD′ [K0]
− 1

PD[K0]

∣∣∣∣ max
A⊆FK0

PD′ [A,K0]

︸ ︷︷ ︸
=PD′ [K0]

+
1

PD[K0]
max
A⊆FK0

∣∣PD′ [A,K0]− PD[A,K0]
∣∣

︸ ︷︷ ︸
≤‖D′−D‖

≤ 1

PD[K0]

(∣∣PD′ [K0]− PD[K0]
∣∣+ ‖D′ −D‖

)

≤ 2

PD[K0]
‖D′ −D‖ ≤ 2β

PD[K0]
. (B.47)

This inequality can be combined with the estimate

E
d∈D∗M,K0
s0∼I′K0

[∣∣PD[d0 | s0;K0]− PD′ [d0 | s0;K0]
∣∣
]
≤ 2

|D∗M,K0
| E
s0∼I′K0

[
‖Os0;K0 −O′s0;K0

‖
]

≤ 6K0!

MK0
‖D′K0

−DK0‖,
(B.48)

which can be derived fully analogously to ineqs. (B.18) and (B.19), to arrive at

E
d∈D∗M,K0
s0∼I′K0

[∣∣PD[d0 | s0;K0]− PD′ [d0 | s0;K0]
∣∣
]
≤ 12β

PD[K0]

K0!

MK0
. (B.49)

As expected, we find that the average deviation between the conditional probabilities
PD[d0 | s0;K0] and PD′ [d0 | s0;K0] is increased by PD[K0]−1 since the fraction of “useful”
samples, i.e. of samples that can be used to encode the matrix permanent, is given by
PD[K0]. Consequently, an inequality

Pd0∈D∗M,N
s0∼I′K0

[∣∣PD[d0 | s0;K0]− PD′ [d0 | s0;K0]
∣∣ > ε

2

K0!

MK0

]
<
δ

4
(B.50)
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in analogy to ineq. (B.12) can only be fulfilled if this increase is compensated by decreasing
the upper bound β correspondingly. Since PD[K0] is polynomially bounded from below
according to ineq. (B.45), this is possible with only a polynomial overhead in time (recall
that the runtime for a query of the oracle scales polynomially in 1/β). Consequently,
ineq. (B.50) follows from ineq. (B.49) and ineq. (B.1) if we choose β = PD[K0]εδ/96,
concluding the reduction of |GPE|2± to the single-photon RNBS problem.

B.2.2. Reduction of randomized |GPE|2±
The second proof for the hardness result, theorem 4.2, connects single-photon RNBS
to the randomized |GPE|2± problem, definition 4.6. It leads to the following theorem,
whose demonstration is the objective of this subsection:

Theorem B.12. Let C be a class of input distributions I = IN≤K≤L with the property
that it is always possible to efficiently sample from the conditional input probability
distribution IK defined by the probabilities PI [s | K] conditioned on an arbitrary occu-
pation number K. Then, |GPE|2± ∈ FBPPNPOC for any approximate oracle OC solving
single-photon RNBS of class C.

Proof. We recall that we found in theorem 4.2 that the randomized |GPE|2± problem
is as classically hard as |GPE|2± regardless of the sequence (KN≤K≤L)L=L(N),N∈N of
probability distributions over possible matrix dimensions K ∈ {N, . . . , L}. As described
in section 4.3.3, we can consequently construct such a sequence in a way which greatly
facilitates the proof of theorem B.12: Namely, given the approximate oracle OC for
the class C of input distributions, we pick a sequence (IN≤K≤L)L=L(N),N∈N of input
probability distributions from C and define the KN≤K≤L as the marginal distributions
over the occupation number K corresponding to the input distributions IN≤K≤L.
Thus, the corresponding randomized |GPE|2± problem demands to approximate the

permanent of a matrix X with a random dimensionK ∈ {N, . . . , L} distributed according
to KN≤K≤L. As we will show in the following, this can be achieved if the matrix X
is encoded in the probability corresponding to an input sample s0 chosen randomly
according to the probability distribution IK , which is received by conditioning the
input probability distribution IN≤K≤L on a fixed value K of occupied input ports.
That this sampling from IK is indeed efficiently possible is ensured by the condition in
theorem B.12 on the class C of input distributions.
As in the proof of theorem B.11, we will divide the proof into three steps: First,

we argue that the encoding of |perX|2 into the probability distribution D is efficiently
possible in FBPPNPOC . Secondly, we prove that the oracle can be used together with
Stockmeyer’s algorithm to find a sufficiently precise approximation of the conditional
probability PD′ [d0 | s0;K] from the oracle’s probability distribution D′ with high
probability. Lastly, we demonstrate that this probability very likely is sufficiently close
to the ideal probability PD[d0 | s0;K], thus allowing us to solve the randomized |GPE|2±
problem in FBPPNPOC .
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B. Randomized boson sampling

Hiding of the matrix. The matrix can be encoded as described in the proof of
theorem B.6 except for a single difference. In order to encode |perX|2 for the random
K ×K matrix X , it is necessary to choose an input sample s0 corresponding to exactly
K occupied input channels according to the oracle’s input distribution. However, this
would correspond to sampling from the conditional probability distribution I ′K which
can in general not be performed efficiently with the help of the oracle because PD′ [K]
can generally be exponentially small. We therefore require in theorem B.12 that it is
possible to efficiently sample from the ideal conditional input distributions IK . This
assumption ensures that the hiding can again be efficiently performed in FBPPNPOC .
As we show in appendix B.2.3, it is always possible to efficiently sample from the

input distribution if independent single-photon sources are used.

Approximation of the oracle probabilities. To see that an approximation of the
conditional probability PD′ [d0 | s0;K] can be found efficiently with high probability,
first note that K is distributed according to the marginal distribution KN≤K≤L of the
input distribution IN≤K≤L. Additionally, the input sample s0 is drawn according to the
conditional input distribution IK , obtained by conditioning IN≤K≤L on a fixed value
K. Consequently, the overall input configuration (s0;K) is drawn from the full input
distribution I = IN≤K≤L. Therefore, the proof of theorem B.8 can be straightforwardly
applied to demonstrate that a value Q[d0 | s0;K] can be found in FBPPNPOC using
Stockmeyer’s algorithm [91] such that

Pd0∈D∗M,K
(s0;K)∼I

[∣∣Q[d0 | s0;K]− PD′ [d0 | s0;K]
∣∣ > ε

2

K!

MK

]
<
δ

4
+

1

2M
. (B.51)

Closeness of ideal and oracle probabilities. Lastly, it remains to prove that the
probability PD[d0 | s0;K] = perX 2/MK is likely replicated sufficiently close by the
oracle. Again, we use the fact that the hiding procedure described above ensures that
(s0;K)∼ I. Consequently, it is straightforward to prove the bound

Pd0∈D∗M,N
(s0;K)∼I

[∣∣PD[d0 | s0;K]− PD′ [d0 | s0;K]
∣∣ > ε

2

K!

MK

]
<
δ

4
(B.52)

fully analogous to the derivation of ineq. (B.21).

Total success probability. Combining ineqs. (B.51) and (B.52) and the result on the
efficient hiding of X , we finally find that the hiding procedure outlined above ensures
that MKQ[d0 | s0;K] indeed approximates |perX|2 to within an additive error ±εK!
with probability at least 1− δ.
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B.2. Single-photon RNBS

B.2.3. Experimental considerations

Possibility of efficient postselection

Here, we are going to demonstrate that it is possible to efficiently implement the single-
photon RNBS scheme with probabilistic single-photon sources, as depicted in the scheme
in fig. 4.2. While we only discussed the case of identical sources with equal single-photon
probability p1 in section 4.3.4, we now investigate the more general case where the
sources exhibit different single-photon probabilities p(s)

1 ∈ [pmin, pmax] (s = 1, . . . , L).
Denoting the photon number in input channel s as ns, we find that in this case, the
number of occupied input channels is given by the sum

K =
L∑

s=1

ns (B.53)

of the random variables ns. Consequently, K is a random variable with mean

K̄ =
L∑

s=1

p
(s)
1 =.. Lp̄1 (B.54)

and variance1

∆K2 =
L∑

s=1

p
(s)
1

(
1− p(s)

1

)
=.. Lσ̄2. (B.55)

For large N , we can invoke the central limit theorem [99] to approximate the probability
that K channels are occupied as

P [K] ∼ 1√
2π∆K2

exp
(
−(K − K̄)2

2∆K2

)
(B.56)

leading to

P [N ≤ K ≤ L] ≈ 1

2

[
erf

(
(1− p̄1)a√

2aσ̄2

√
N

)
+ erf

(
(ap̄1 − 1)√

2aσ̄2

√
N

)]
, (B.57)

where we inserted the linear scaling L = daNe of the number of sources. Note that the
upper and lower bound, pmax and pmin, on the single-photon probabilities p(s)

1 ensure
that the average variance of the sources σ̄2 is O(1) as a function of N . It is therefore
obvious that this expression approaches 1, allowing efficient postselection for N ≤ K ≤ L
occupied input channels, as long as the argument of the second error function is positive.
The latter condition is ensured if ap̄1 > 1 and especially if

a >
1

pmin
≥ 1

p̄1

. (B.58)

In the case of identical sources, this leads to the condition stated in ineq. (4.33).

1Note that we assume p(s)1 ≤ 1/2 ∀s to derive the following inequalities. If this condition is not fulfilled,
similar but slightly more complicated bounds can be found.
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B. Randomized boson sampling

Finding a highly probable K0

As mentioned in section 4.3.3, it is necessary for the reduction of the original |GPE|2±
problem that an occupation numberK0 with P [K0] ≥ 1/ poly(N) can be found efficiently.
In the scenario of independent single-photon sources with single-photon probabilities
p

(s)
1 , this can be proved straightforward if we recall the approximate representation,
eq. (B.56) of the probability distribution over K. It tells us that in the limit of large
N , the probability to find K = [K̄] occupied input channels is given by 1/

√
2π∆K2 =

1/
√

2πaσ̄2N . Consequently, by choosing K0 = [K̄] we can efficiently determine K0 via
eq. (B.54).

Efficiently sampling from conditional probability distribution

As stated in theorem B.12, the proof for the reduction of the randomized |GPE|2±
problem to single-photon RNBS relies on the assumption that it is possible to efficiently
sample from the ideal input probability distribution IK conditioned on an arbitrary
given occupation number K. While it surely represents a limitation on the set of
possible input distributions for which we can demonstrate the hardness, this condition
is automatically fulfilled in experimental implementations of single-photon RNBS due
to the independence of the sources, as we show here.
Namely, let us again assume that each of the sources s = 1, . . . , L produces a single

photon with probability p(s)
1 and no photon otherwise. In this case, a sample s ∈ S∗M,K

can be drawn according to IK using the following algorithm:
Randomly draw the occupation number ns=1 = 0, 1 of the first input channel according

to the Bernoulli distribution defined by p(s=1)
1 . If ns=1 = 1, use s = 1 as the first entry

of s, otherwise do nothing. Repeat this for subsequent values of s until one of the
two following conditions occurs: 1) The vector s contains K entries; 2) The number of
entries missing in s is equal to the number of remaining input channels s ≤ L. In the
first case, we already have attained the random sample s while it can be completed by
adding each of the remaining channel indices as an entry in the second case.
Using this procedure, at most L = daNe random numbers have to be generated,

resulting in an efficient scaling of the computational effort in N .

B.3. General RNBS

B.3.1. Permanents of Gaussian matrices with repetitions

The definition of the |GPErep|2± problem, definition 4.8, employed ineq. (4.42) describing
the expectation value of the squared permanent of Gaussian matrices with repetitions.
We will now give a short derivation of this result.

Given a number K of independent columns and a corresponding set {nk}K of K
multiplicities with Ntot =

∑
k nk, let X be a matrix drawn from NNtot×Ntot

K,{nk}K as defined
in section 4.4.3. Out of the N2

tot elements of this matrix X , NtotK elements are i.i.d.
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Gaussian random variables which we will label as xik (i = 1, . . . , Ntot; k = 1, . . . , K).
Then, X can be represented in terms of the elements xik with the help of an index
vector k = k({nk}K) which contains each index k = 1, . . . , K exactly nk times as
X = (xikj)i,j=1,...,Ntot,.

Using this notation, the expectation value of |perX|2 over the distribution NNtot×Ntot
K,{nk}K

is

E
X

[∣∣perX
∣∣2
]

= E
xik∼N (0,1)C

[ ∑

σ,σ′∈SNtot

Ntot∏

i=1

x∗ikσ(i)
xikσ′(i)

]

=
∑

σ,σ′∈SNtot

Ntot∏

i=1

E
xik∼N (0,1)C

[
x∗ikσ(i)

xikσ′(i)
]
, (B.59)

where we used the definition of the permanent, eq. (3.14) and the fact that the elements
xik are independent variables in the second step. Due to the symmetry of the complex
normal distribution N (0, 1)C,

E
xik∼N (0,1)C

[
x∗ikσ(i)

xikσ′(i)
]

=

{
0 kσ(i) 6= kσ′(i)

1 kσ(i) = kσ′(i)
. (B.60)

Consequently, the product
∏Ntot

i=1 E
xik∼N (0,1)C

[
x∗ikσ(i)

xikσ′(i)
]
is one if the permutations σ

and σ′ only differ by permutations of indices corresponding to the same value of k in the
index vector k, and vanishes otherwise. Since each index k appears nk times in k, the
number of permutations σ′ which are equivalent to σ is given by

∏K
k=1 nk. Consequently,

we can simplify eq. (B.59) as

E
X

[∣∣perX
∣∣2
]

=
∑

σ∈SNtot

K∏

k=1

nk! = Ntot!Nk, (B.61)

where we used the definition of the normalization constant Nk from eq. (2.53).
Lastly, we note that

∏
k nk! is maximal if one of the multiplicities is maximal –

nk0 = Ntot −K + 1 and ni = 1 ∀i 6= i0 – resulting in the inequality

K∏

k=1

nk! ≤
Ntot

K!
. (B.62)

B.3.2. Reduction of randomized |GPErep|2±
In the following, we are going to discuss the formal demonstration of the main hardness
result for general RNBS, theorem 4.5.
As discussed in section 4.4.4, the proof of this reduction is based on the following

observation: Given an approximate oracle for general RNBS for input distributions of
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class C, it is possible to construct a sequence (R≤Nmax
N≤K≤L)N∈N of probability distributions

over number configurations (K, {nk}K) in such a way that each R≤Nmax
N≤K≤L is the marginal

distribution of a input probability distribution I≤Nmax
N≤K≤L ∈ C (recall from eqs. (4.25)

and (4.35) that L = daNe and Nmax = dbNe).
Using this sequence, we can define a randomized |GPErep|2± problem which is intimately

connected to a general RNBS problem solvable by the oracle OC , greatly facilitating the
proof of theorem 4.5.

This proof again uses large parts of the results obtained by AA in [18]. In the adaption
of these findings, we have to address the three major points already considered in
appendices B.1.2, B.2.1 and B.2.2:

1. How does the hiding procedure have to be adapted and can it be implemented
efficiently?

2. Does the encoding of |perX|2 ensure that the oracle replicates its value sufficiently
precise?

3. Is it possible to approximate the oracle probability with sufficient precision?

The hiding procedure

The choice of the algorithm used to encode |perX|2 into the probability distribution
D is crucial for the success of the reduction. We again use an idea very similar to the
one developed in the context of GSBS: The sample, whose probability is proportional
to |perX|2, is not chosen uniformly as in standard boson sampling. Rather, the input
configuration (s0;K, {ns}) is generated according to the input probability distribution
I = I≤Nmax

N≤K≤L conditioned on the (random) number configuration (K, {nk}) of the matrix
X and the output sample d0 is chosen uniformly randomly from D∗M,Ntot

(Ntot =
∑

k nk).
Subsequently, the permanent is encoded into the distribution D by generating a Haar-

random unitary matrix U ∈ UNtot,Ntot with the following property: Using s∗0 to denote
the vector containing the K distinct elements of s0 and Y for the matrix containing the
Ntot ×K distinct elements of X , U contains Y/

√
M as its Ntot ×K submatrix U (d0s∗0).

Therefore, the probability to detect the overall sample (d0, s0;K, {ns}) takes the form

PD[d0, s0;K, {ns}] = PI [s0;K, {ns}]Ns0

∣∣perX
∣∣2, (B.63)

as desired.
This hiding procedure can be implemented efficiently in FBPPNPOC by using the

algorithm described in appendix B.1.2 for the generation of U . Furthermore, we note
that it is required that we can efficiently sample s0 according to the input probability
distribution I conditioned on the fixed number configuration (K, {nk}). While this
cannot be guaranteed in general, we will demonstrate in appendix B.3.4 that this is
indeed feasible in all experimental scenarios where the sources are independent.
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Closeness of ideal and oracle probabilities

The hiding procedure we just described is only useful if it guarantees that |perX|2 can
be recovered approximately with high probability from the probability distribution D′
from which the oracle samples. This is guaranteed by the following theorem:

Theorem B.13. For a random number configuration (K, {nk}K) drawn according to
the marginal distribution of an input probability distribution I = I≤Nmax

N≤K≤L ∈ C, let
X ∼NNtot×Ntot

K,{nk}K . If this matrix is encoded into a unitary matrix U in the way described
above, it can be ensured that an approximate oracle OC samples from a probability
distribution D′ = D′(I,U) with

P

[∣∣∣N−1
s0
MNtotPD′ [d0 | s0;K, {ns}]− |perX|2

∣∣∣ > ε

2
Ntot!N−1

s0

]
<
δ

4
(B.64)

in a time polynomial in N , 1/ε, and 1/δ.

Proof. First, we note that the special hiding procedure described in the above ensures
that the overall input sample (s0;K, {ns}) is randomly chosen according to the input
probability distribution I. We can therefore apply the results of theorem B.9 to find

E
(s0;K,{ns})∼I

[∥∥O′s0;K,{ns} −Os0;K,{ns}
∥∥
]
≤ 2β. (B.65)

Recalling that the input sample (s0;K, {ns}) is fully determined by the input channel
index vector s0 ∈ S≤Nmax

N≤K≤L, as discussed in section 4.4.2, we will in the following omit
K and {ns} to shorten the notation.
Then, we find

E
s0∼I

d0∈D∗M,Ntot(s0)

[
MNtot(s0)

Ntot(s0)!

∣∣∣PD′ [d0 | s0]− PD[d0 | s0]
∣∣∣
]

=
∑

s0∈S≤Nmax
N≤K≤L

MNtot

Ntot!
PI [s0]

∑
d0∈D∗M,Ntot

∣∣PD′ [d0 | s0]− PD[d0 | s0]
∣∣

|D∗M,Ntot
|

<
3

2

∑

s0∈S≤Nmax
N≤K≤L

PI [s0]
∑

d0∈D∗M,Ntot

∣∣PD′ [d0 | s0]− PD[d0 | s0]
∣∣,

(B.66)

where we used ineq. (B.20) in the last step. Applying ineq. (B.65), this finally yields the
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bound

E
s0∼I

d0∈D∗M,Ntot(s0)

[
MNtot(s0)

Ntot(s0)!

∣∣∣PD′ [d0 | s0]− PD[d0 | s0]
∣∣∣
]

< 3
∑

s0∈S≤Nmax
N≤K≤L

PI [s0]
1

2

∑

d0∈DM,Ntot

∣∣PD′ [d0 | s0]− PD[d0 | s0]
∣∣

= 3 E
s0∼I

[∥∥O′s0;K,{ns} −Os0;K,{ns}
∥∥
]
≤ 6β. (B.67)

Thus, Markov’s inequality, ineq. (B.1), allows us to bound the probability for large
deviations between ideal and oracle probabilities as

P s0∼I
d0∈D∗M,Ntot

[
MNtot(s0)

Ntot(s0)!

∣∣∣PD′ [d0 | s0]− PD[d0 | s0]
∣∣∣ > 6β

4

δ

]
<
δ

4
. (B.68)

Choosing β = εδ/48 and recalling eq. (B.63) finally yields ineq. (B.64) and ensures that
a query to the oracle uses a time which is polynomial in 1/ε and 1/δ.

Multiplicative approximation

Since the number of possible samples (d, s) still scales exponentially with N , we can
again apply Stockmeyer’s algorithm [91] in the way described in appendix B.1.2 to find
a value Q[d0 | s0] with

P
[∣∣∣Q[d0 | s0]− PD′ [d0 | s0]

∣∣∣ > αPD′ [d0 | s0]
]
<

1

2M
. (B.69)

in FBPPNPOC and in a time that scales polynomially in 1/α and M .
Furthermore, we find from ineq. (B.64)

E
s0∼I

d∈D∗
M,Ntot(s0)

[
MNtot(s0)

Ntot(s0)!
PD[d0 | s0]

]
=

∑

s0∈S≤Nmax
N≤K≤L

PI [s0]
MNtot

Ntot!

∑

d0∈D∗M,Ntot

PD[d | s]

|D∗M,Ntot
|

< 2
∑

s0∈S≤Nmax
N≤K≤L

PI [s0]
∑

d0∈DM,Ntot

PD[d | s]

= 2 (B.70)

in analogy to ineq. (B.32), leading with Markov’s bound, ineq. (B.1), to

P s0∼I
d∈D∗

M,Ntot(s0)

[
PD[d0 | s0] >

4

δ
2
Ntot!

MNtot

]
<
δ

4
. (B.71)
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Total success probability

Using the results obtained so far in this section, we are now in the position to prove that
the overall probability for a successful estimation can indeed be ensured to be > 1− δ
in polynomial time. Namely, given the inequalities

∣∣∣PD′ [d0 | s0]− PD[d0 | s0]
∣∣∣ ≤ ε

2

Ntot!

MNtot∣∣∣Q[d0 | s0]− PD′ [d0 | s0]
∣∣∣ ≤ αPD′ [d0 | s0]

PD[d0 | s0] ≤ 4

δ
2
Ntot!

MNtot
(B.72)

it follows that
∣∣∣Q[d0 | s0]− PD[d0 | s0]

∣∣∣ ≤
∣∣∣PD′ [d0 | s0]− PD[d0 | s0]

∣∣∣+
∣∣∣Q[d0 | s0]− PD′ [d0 | s0]

∣∣∣

≤ ε

2

Ntot!

MNtot
+ αPD′ [d0 | s0]

≤ ε

2

Ntot!

MNtot
+ αPD[d0 | s0] + α

ε

2

Ntot!

MNtot

≤ ε

2

Ntot!

MNtot
+ α

4

δ
2
Ntot!

MNtot
+ α

ε

2

Ntot!

MNtot

≤ ε

2

Ntot!

MNtot

(
1 + α

(16

εδ
+ 1
))

= ε
Ntot!

MNtot
,

(B.73)

where the last equality holds for the choice α = εδ/(16 + εδ).
Consequently, applying the corollary of the union bound, theorem B.3 we find that

P
[∣∣∣Q[d0 | s0]− PD[d0 | s0]

∣∣∣ > ε
Ntot!

MNtot

]

< P

[∣∣∣PD′ [d0 | s0]− PD′ [d0 | s0]
∣∣∣ > ε

2

Ntot!

MNtot

]
+ P

[
PD[d0 | s0] >

4

δ
2
Ntot!

MNtot

]

+ P
[∣∣∣Q[d0 | s0]− PD′ [d0 | s0]

∣∣∣ > αPD′ [d0 | s0]
]

<
δ

2
+

1

2M
.

(B.74)

Therefore, taking into account that the hiding procedure is successful with probability
at least 1− δ/4, the probability that

MNtotN−1
s0
Q[d0 | s0] =

∣∣perX
∣∣2 ± εNtot!

N∏

k=1

nk! (B.75)
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is larger than 1 − δ, as required. Furthermore, the choice α = εδ/(16 + εδ) makes
certain that Stockmeyer’s algorithm can be run in time polynomial in N , 1/ε, and 1/δ.
Equivalently, the error bound β = εδ/48 ensures that queries to the oracle only require
resources that scale as poly(N, 1/ε, 1/δ).
Therefore, theorem 4.5 is verified, that is it is indeed possible to solve a randomized
|GPErep|2± problem in polynomial time in FBPPNPOC .

B.3.3. Postselection probability for identical sources

Under the assumption, that all L sources in an RNBS experiment are SPDC sources
characterized by a common squeezing parameter γ, it is possible to give an expression
for the exact probability P [K ≥ N ∧Ntot ≤ Nmax]. Namely, according to the photon
number distribution pn = (1 − γ2)γ2n from eq. (4.46), each source emits at least one
heralded photon with probability p≥1 = γ2. Consequently, the case that exactly K input
channels are occupied while the remaining L−K sources do not emit any photons is
given by the binomial distribution

P [K] =

(
L

K

)
pK≥1(1− p≥1)L−K . (B.76)

Under the assumption that K is fixed, the photon number distribution for each of the
emitting sources is given by

pn|n≥1
..=

pn
p≥1

= (1− γ2)γ2(n−1) = (1− p≥1)pn−1
≥1 . (B.77)

This expression represents a geometric probability distribution. The total number Ntot of
emitted photons is consequently the sum of K random variables n, distributed according
to eq. (B.77). Consequently, its probability distribution is given by the negative Binomial
distribution [161]

P [Ntot | K] =

(
Ntot − 1

K − 1

)
(1− p≥1)KpNtot−K

≥1 , (B.78)

and

P [Ntot ≤ Nmax | K] =
Nmax∑

Ntot=K

P [Ntot | K]. (B.79)

The total success probability for the postselection procedure can therefore be calculated
as

P [K ≥ N ∧Ntot ≤ Nmax] =
L∑

K=N

P [K]P [Ntot ≤ Nmax | K] (B.80)

with the help of eqs. (B.76) and (B.79). The resulting expression is shown in fig. 4.5.
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B.3.4. Experimental considerations for general sources

We will now demonstrate that the boson sampling setup depicted in fig. 4.4 – consisting
of L probabilistic sources connected to L of the M input channels of a linear network –
can be used to efficiently implement general RNBS, as claimed in section 4.4.5. While
we only investigated the case of identical SPDC sources in the main text, we will here
consider the more general case of different sources with arbitrary statistics. For the
following considerations, we describe each source by the probability ps ..= p

(s)
≥1 to emit at

least one photon, by its mean photon numbers n̄s, and by its photon number variance
∆n2

s.
The only assumption that we impose is variances ∆n2

s are bounded from above,

∆n2
s ≤ ∆n2

max ∀s = 1, . . . , L. (B.81)

Postselection probability

Given some number N , we are now going to show that it is possible with L = daNe
sources to efficiently postselect for those runs of the experiment depicted in fig. 4.4,
in which at least N of the sources generated one or more photons and in which at
most Nmax = dbNe photons are injected in total. We are first going to investigate both
conditions separately before showing that they can be fulfilled simultaneously.

Postselection for at least N occupied input channels. In order to asses the proba-
bility that K ≤ N input channels are occupied, we note that – according to eq. (4.47) –
each source emits at least one photon with probability ps. Consequently, the number K
of occupied input channels is a random variable with mean

K̄ =
L∑

s=1

ps =.. Lp̄≥1 (B.82)

and variance

∆K2 =
L∑

s=1

ps

(
1− ps

)
=.. Lσ2. (B.83)

Consequently, the central limit theorem yields in the limit of large N that

P [N ≤ K ≤ L] ∼ 1

2

[
erf

(
(1− p̄≥1)a√

2aσ2

√
N

)
+ erf

(
(ap̄≥1 − 1)√

2aσ2

√
N

)]
. (B.84)

Since σ2 ≤ 1/4, this expression tends towards 1 in the limit of large N , as long as
a ≥ 1/pmin ≥ 1/p̄≥1.
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Postselection for at most Nmax injected photons. A similar analysis can be per-
formed for the total number Ntot of injected photons. Namely, the total number of
photons emitted by L sources has a mean

N̄tot =
L∑

s=1

ns ..= Ln̄ (B.85)

and variance

∆N2
tot =

L∑

s=1

∆n2
s

..= Lσ2
n. (B.86)

In analogy to eq. (B.84), the central limit theorem thus yields

P [Ntot ≤ Nmax] ∼ 1

2

[
1 + erf

(
b− an̄√

2aσ2
n

√
N

)]
. (B.87)

Since the variance σ2
n is O(1) with respect to N according to eq. (B.81), we find the

asymptotic behavior P [Ntot ≤ Nmax]→ 1 (N →∞) as long as b > an̄.

Total postselection probability. Using the union bound, ineq. (B.4), we find from
eqs. (B.84) and (B.87) that

P [N ≤ K ≤ L ∧Ntot ≤ Nmax]→ 1 (N →∞) if a >
1

p̄≥1

∧ b > an̄. (B.88)

For sufficiently large N , the setup consequently generates input configurations of interest
almost deterministically.

Efficient sampling from conditional input distribution

In addition to an efficient postselection of the interesting runs, we also have to verify that
it is possible to efficiently sample an input configuration s0 with given, but arbitrary,
number configuration (K, {ns}) according to the input probability distribution generated
by the SPDC sources. Such a sampling is in general not possible using the naive approach
of drawing from the full input distribution and postselecting on samples with the target
number configuration because the probability for a specific number configuration is in
general exponentially small. However, in experimental scenarios the input probability
distributions I≤Nmax

N≤K≤L are generated by L independent probabilistic sources. This special
structure allows us to efficiently sample an input configuration s0 with a given number
configuration (K, {ns}), using the following algorithm:

Theorem B.14. Let us assume that the setup contains L sources and source s emits ns
photons with probability p(s)

ns . Then, given a number configuration (K, {nk}K), an input
channel index vector s0 which contains exactly K distinct indices and with corresponding
multiplicities {nk} can be generated in the following way:
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1. The first input channel index s1 ∈ {1, . . . , L} corresponding to the multiplicity n1

is chosen from the probability distribution

Pn1 [s1] =
p

(s1)
n1∑L

s=1 p
(s)
n1

. (B.89)

2. Subsequently, the kth index sk (k = 2, . . . , L) is chosen from the set of remaining
indices Sk ..= {1, . . . , L} \ {s1, . . . , sk−1} according to the probability distribution

Pnk [sk | s1, . . . , sk−1] =
p

(sk)
nk∑

s∈Sk p
(s)
nk

. (B.90)

3. The input sample s0 is generated from the K indices s1, . . . , sK by repeating the
kth index nk times and writing the resulting Ntot =

∑
k nk indices in the form of

an ordered vector.

This algorithm can be performed efficiently, i.e. in a time that scales polynomially in N
if L = daNe, N ≤ K ≤ L, and

∑L
k=1 nk ≤ Nmax = dbNe.

Proof. It is obvious that the algorithm described above indeed yields a sample according
to the target input probability distribution conditioned to the desired number configu-
ration. In order to see that it can also be performed efficiently, we note the following:
The algorithm requires us to separately sample K ≤ L indices. The sampling of each
individual index requires drawing from a probability distribution with ≤ K ≤ L possible
outcomes, which is possible in O(L) time [162]. Consequently, the complexity of the
total sampling procedure scales as O(L2) = O(N2).
This assessment however neglects the important fact that each of the individual

probability distributions, eq. (B.90), depends on the values obtained for the indices
sampled so far. Due to this fact, these distributions have to be calculated individually,
requiring us to take the corresponding computational effort into account as well. Luckily,
given the probabilities p(s)

n , these calculations can also be performed efficiently in N
since they only require O(L) elementary operations on the values p(s)

n . These elementary
operations are of complexity O

(
poly(N)

)
since we assume that all numbers are encoded

as bit-strings of length poly(N) [159]. Consequently, the computational effort required
to determine the intermediate probability distributions, eq. (B.90), is of time complexity
O
(
poly(N)

)
.

Combining the findings of the two previous paragraphs proves that the algorithm
described in theorem B.14 is indeed efficient.
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C.1. Correlation symmetries for single-photon input

C.1.1. Symmetry for highly symmetric input state

As discussed in the section 5.3.3, a highly symmetric single-photon input state leads
to a symmetry of the correlation landscape under the inversion of t − t0 along the
direction of n̂ = (1, 1, . . . , 1)T (recall that t0 ..= t0n̂). As we demonstrate now, this
result holds for input states where the single-photon pulses have equal and Gaussian
temporal distributions χ̃(u) and only differ in their colors,

χj(t) =
1

(2π∆t2)1/4
exp

(
−(t− t0)2

4∆t2
+ iω0jt

)
. (C.1)

For these mode functions, the state-dependent amplitudes, eq. (5.15),

Bσ(t)e+i
∑
j ω0jt0 =

∏

i

χσ(i)(ti)

=
1

(2π∆t2)N/4
exp

(
−(t− t0)2

4∆t2

)
e+i

∑
i ω0σ(i)(ti−t0).

=
1

(2π∆t2)N/4
exp

(
−(t− t0)2

4∆t2

)
exp
(

+i
∑

i

ω0σ(i)(ti − t0)
)
. (C.2)

only depend on the permutation σ in the exponential describing the beating due to the
different central frequencies of the pulses.
The inversion along the axis t ∝ n̂ is formally described by the transformation

Tn̂ : t− t0 7→ T (t− t0) (C.3)

with the matrix

T = 1− 2

N




1 · · · 1
... . . . ...
1 · · · 1


 . (C.4)

Indeed, the eigenvalues of T are 1 and −1 with multiplicities N − 1 and 1, respectively,
and n̂ is the eigenvector corresponding to the eigenvalue −1. Since T is unitary,
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∣∣T (t − t0)
∣∣ = |t − t0|, the Gaussian in eq. (C.2) is unaffected by the transformation.

Thus, applying Tn̂ to eq. (C.2),

Bσ

(
Tn̂[t]

)
e+i

∑
j ω0jt0 =

1

(2π∆t2)N/4
exp

(
−(t− t0)2

4∆t2

)

exp
(

+i
∑

i

ω0σ(i)(ti − t0)
)

exp
(
−i

2

N

∑

j

ω0j

∑

i

ti

)
,

(C.5)

we find that the state-dependent multiphoton amplitudes transform as

Bσ

(
Tn̂[t]

)
= Bσ

(
t
)

exp
(
−i

2

N

∑

j

ω0j

∑

i

ti

)
. (C.6)

Since the transformation introduces only an overall complex phase factor which is
independent of the permutation σ, i.e. of the quantum path, the correlations, eq. (5.16),
are obviously invariant with respect to Tn̂, G

(N)
d

(
Tn̂[t]

)
= G

(N)
d (t).

C.1.2. Permutations of detection times

Let us now consider permutations of the detection times, described by the linear
transformations Tπ, eq. (5.29). Inserting this transformation into the definition of
the state-dependent amplitudes, eq. (5.15), the permutation of the detection times is
equivalent to a reordering of the amplitudes,

Bσ

(
Tπ[t]

)
=
∏

i

χσ(i)(tπ(i)) =
∏

i

χσ(π−1(i))(ti)Bσ◦π−1(t). (C.7)

Here, we used the possibility to reorder the product in the second step, effectively
mapping π(i) 7→ i. Using a similar trick allows us to demonstrate eq. (5.30). Namely,
inserting eq. (C.7) into eq. (5.16) leads to

G
(N)
d

(
Tπ[t]

)
=

∣∣∣∣
∑

σ∈SN
AσBσ◦π−1(t)

∣∣∣∣
2

=

∣∣∣∣
∑

σ∈SN
Aσ◦πBσ(t)

∣∣∣∣
2

, (C.8)

where we reordered the elements of the sum in the last step with the help of the
substitution σ 7→ σ ◦ π.

Permutation matrices for N = 3

In section 5.3.3, we discussed two distinct classes of permutational symmetries which
can be observed if the interferometer is a symmetric tritter. First, the correlations are
symmetric with respect to the even permutations (1)(2)(3), (123), and (132) of the
detection times, independently of the state. They additionally exhibit symmetries with
respect to the odd permutations (12)(3), (23)(1), and (13)(2) if all temporal distributions
are symmetric around a common central time t0.

248



C.2. Entanglement characteristics for single-photon input

That these symmetries are indeed equivalent to rotational symmetries of the correlation
landscapes can be seen from the rotation matrix

R(u, θ) =


cos θ + u2
1(1− cos θ) u1u2(1− cos θ)− u3 sin θ u1u3(1− cos θ) + u2 sin θ

u2u1(1− cos θ) + u3 sin θ cos θ + u2
2(1− cos θ) u2u3(1− cos θ)− u1 sin θ

u3u1(1− cos θ)− u2 sin θ u3u2(1− cos θ) + u1 sin θ cos θ + u2
3(1− cos θ)




(C.9)
describing a general rotation by an angle θ around an axis given by the unit vector
u = (u1, u2, u3)T .
For example, a rotation around the direction u = n̂ = (1, 1, 1)T/

√
3 by an angle of

240° yields

R(n̂, 240°) =




0 1 0
0 0 1
1 0 0


 = Tπ=(123), (C.10)

i.e. it is equivalent to the permutation π = (123) of the detection times. Likewise
R(n̂, 120°) = Tπ=(132).
In a similar manner, a rotation by 180° around the axis u(12)(3)

..= (1,−1, 0)T/
√

2 is
equivalent to Tπ=(12)(3) up to a parity transformation,

R(u(12)(3), 180°) =




0 −1 0
−1 0 0
0 0 −1


 = −Tπ=(12)(3). (C.11)

The same holds for the remaining odd permutations with the rotation axes u(23)(1)
..=

(0, 1,−1)T/
√

2 and u(13)(2)
..= (1, 0,−1)T/

√
2.

C.2. Entanglement characteristics for single-photon
input

C.2.1. Coefficients of three-photon W-state

For the case of three photons, the general W-state in eq. (5.41) becomes

|W; {ωd}〉 = N
∑

σ∈S3

Aσ
∏

d

ei(ωd−ω0)t0σ(d)|{λσ(d)}, {ωd}〉.

= a({ωd})|VHH; {ωd}〉+ b({ωd})|HVH; {ωd}〉+ c({ωd})|HHV; {ωd}〉,
(C.12)

249



C. Resolved correlations

where we defined the coefficients

a({ωd}) ..= N
∑

σ∈{(13)(2),(132)}
Aσ
∏

d

ei(ωd−ω0)t0σ(d)

b({ωd}) ..= N
∑

σ∈{(23)(1),(123)}
Aσ
∏

d

ei(ωd−ω0)t0σ(d)

c({ωd}) ..= N
∑

σ∈{(1)(2)(3),(12)(3)}
Aσ
∏

d

ei(ωd−ω0)t0σ(d) . (C.13)

For the symmetric beam splitter, described by the matrix Uds = exp(i2πds/3) in
eq. (5.36),the interferometer-dependent multiphoton amplitudes are

Aσ =

{
3−3/2e−i2π/3 σ = (1)(2)(3), (123), (132)

3−3/2e+i2π/3 σ = (12)(3), (23)(1), (13)(2).
(C.14)

Using this property, it is straightforward to demonstrate eq. (5.43). The normalization
N = N ({ωd}) is determined by the normalization condition |a|2 + |b|2 + |c|3.

C.2.2. The two-tangle

One possibility to quantify the entanglement of two qubits in the state ρ̂ with corre-
sponding density matrix ρ is given by the two-tangle. It is defined as

τ = τ(ρ̂) ..=
(
max(0, λ1 − λ2 − λ3 − λ4)

)
, (C.15)

where λ1 ≥ λ2 ≥ λ3 ≥ λ4 are the eigenvalues of the auxiliary matrix (σy is a Pauli
matrix)

R ..=
√√

ρ(σy ⊗ σy)ρ∗(σy ⊗ σy)
√
ρ. (C.16)

Given a tripartite state ρ̂123, the bipartite entanglement shared between two of its
constituents can be quantified via the corresponding reduced density matrix, e.g. via
ρ̂12

..= tr3(ρ̂123) for qubits 1 and 2.

C.3. Interference of thermal multimode states

In order to demonstrate eq. (5.52), we first have to evaluate the correlations G(N,N)
sσ ,s′π

(t, t)
at the input, weighting the cross terms in eq. (5.4). As mentioned in section 5.4.1, these
correlations are only non-vanishing if the number of creation and annihilation operators
is equal for each channel, s = s′. Recalling the notation tσ = (tσ(1), . . . , tσ(N))

T , we
define the vectors t(s)σ of length ns which contain the detection times tσ(j) for all j for
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which sj = s. Then,

G(N,N)
sσ ,sπ (t, t) = G(N,N)

s,s (tσ−1 , tπ−1) =
M∏

s=1

G(ns,ns)
s (t

(s)

σ−1 , t
(s)

π−1)

=
M∏

s=1

∑

τs∈Sns

∏

j
sj=s

G(1,1)
s,s (tσ−1(j), tπ−1(τ(j)))

=
∑

τ∈SN
sτ=s

N∏

j=1

G(1,1)
sj ,sj

(tσ−1(j), tπ−1(τ(j))), (C.17)

where the second line follows from the fact that the correlations can be expressed solely
in terms of second-order amplitude correlations for thermal states.
Inserting this expression into the general expression for time-resolved correlations,

eq. (5.4), and changing the summation over the permutation π to a summation over
ρ = τ−1 ◦ π yields

G
(N)
d (t) =

∑

s∈SM,N
N 2
s

∑

σ,ρ∈SN

∑

τ∈SN
sτ=s

(
A(d,s)
σ

)∗
A(d,s)
τ◦ρ

N∏

j=1

G(1,1)
sj ,sj

(tσ−1(j), tρ−1(j)). (C.18)

This expression can be further simplified by noting from the definition A(d,s)
σ =

∏
i Udisσ(i)

,
eq. (3.10), that A(d,s)

τ◦ρ = A
(d,s)
ρ since the permutations τ only interchange identical entries

of s, sτ(i) = si ∀i. The terms in eq. (C.18) are therefore independent of τ and, using∑
τ∈SN ;sτ=s 1 =

∏
s ns(s) = N−1

s , we arrive at the expression

G
(N)
d (t) =

∑

s∈SM,N
Ns

∑

σ,ρ∈SN

(
A(d,s)
σ

)∗
A(d,s)
ρ

N∏

j=1

G(1,1)
sj ,sj

(tσ−1(j), tρ−1(j)). (C.19)

Using the Glauber-Sudarshan representation P (th) of the multimode thermal state,
eq. (5.49), and the optical equivalence theorem, eq. (2.32), the first-order correlation
functions in eq. (C.19) can be evaluated straightforwardly as [76]

G(1,1)
s,s (t, u) = r̄s

∫
dω fs(ω − ω0s)e

−iω(t−u) = r̄sgs(t− u)e−iω0s(t−u). (C.20)

Combining eqs. (C.19) and (C.20), the expression given in eq. (5.52) in section 5.4.1
follows immediately.

While eq. (C.19) emphasizes the fact that the correlations are the result of an incoherent
superposition of contributions corresponding to distinct input configurations s ∈ SM,N ,
we will now demonstrate that it can also be recast to the compact expression given in
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eq. (5.57). Indeed, using the substitution ρ = σ ◦ π−1, eq. (C.19) becomes

G
(N)
d (t) =

∑

s∈SM,N
Ns

∑

σ,π∈SN

(
A(d,s)
σ

)∗
A

(d,s)

σ◦π−1

N∏

j=1

G(1,1)
sj ,sj

(tσ−1(j), tπ(σ−1(j)))

=
∑

s∈SM,N
Ns

∑

σ,π∈SN

N∏

i=1

U∗disσ(i)
Udπ(i)sσ(i)

G(1,1)
sσ(i),sσ(i)

(ti, tπ(i)). (C.21)

Note that the product in this expression only depends on the input channel indices in
the form sσ(j). This property allows us to apply the relation

∑

s∈SM,N
Ns

∑

σ∈SN
f(sσ) =

∑

s∈{1,...,M}N
f(s) (C.22)

to further simplify eq. (C.21) to

G
(N)
d (t) =

∑

s∈{1,...,M}N

∑

π∈SN

N∏

i=1

U∗disiUdπ(i)siG
(1,1)
si,si

(ti, tπ(i))

=
∑

π∈SN

N∏

i=1

M∑

s=1

U∗disG(1,1)
s,s (ti, tπ(i))Udπ(i)s. (C.23)

Using the explicit expression for the first-order correlations, eq. (C.20) and identifying
each term in the product as the element biπ(i) of a matrix Bd(t) finally yields eq. (5.57).
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D.1. Probability distribution

D.1.1. Discretization

In section 6.2.1, we discretized the detection time axes in an multiboson correlation
sampling (MBCS) experiment to yield a set of discrete time samples. Furthermore, we
decided to denote a full output sample as the triple (d, t, τ), consisting of an ordered
output channel vector d, an ordered vector t of time bins, and a permutation τ . In the
following, we investigate structure of the resulting probabilities in more detail.
Let us first define the probabilities (d, t, σ)

P̃ [d, t, σ | s] ..= NdNt
∫ tσ(1)+δt/2

tσ(1)−δt/2
du1 · · ·

∫ tσ(N)+δt/2

tσ(N)−δt/2
duN G

(N)
d (u) ≈ NdNtδtNG(N)

d (tσ)

(D.1)
for arbitrary permutations σ ∈ SN , by simply integrating the time-resolved correlation
function G

(N)
d (u) over the time bins [tσ(k) − δt/2, tσ(k) + δt/2]. Here, we introduced

the normalizations Nd and Nt defined in eq. (2.53) and recalled the notation tσ =
(tσ(1), . . . , tσ(N))

T . As discussed in section 2.4.2, these factors are needed to avoid an
overcounting of events in case of repetitions in d or t, respectively, and ensure according
to eq. (2.54) that ∑

d∈DM,N

∑

t∈TM,N

∑

σ∈SN
P̃ [d, t, σ | s] = 1. (D.2)

While the P̃ [d, t, σ | s] thus indeed define a properly normalized probability distribution,
we have to be careful with respect to the physical interpretation of the samples (d, t, σ).
Namely, as discussed in section 6.2.1 and illustrated in fig. 6.3, it is generally possible
that different permutations σ correspond to the same physical scenario if d and/or
t contain repeated entries. In such cases, it is necessary to sum up all probabilities
P̃ [d, t, σ | s] to find the total probability for the corresponding outcome of the MBCS
experiment. In the following, we formalize this concept.

If two output samples (d, t, σ) and (d, t, σ′) describe the same set of detection events,
we call σ and σ′ physically equivalent for the vectors d and t and denote this relation as

σ
d,t≡ σ′ ⇔ {(di, tσ(i))} = {(di, tσ′(i))}. (D.3)

In order to describe unique experimental output samples, we introduce the sets Ωd,t ⊆ SN
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D. Multiboson correlation sampling

of physically distinct permutations via the conditions

τ 6d,t≡ τ ′ ∀τ, τ ′ ∈ Ωd,t and ∀σ ∈ SN∃τ ∈ Ωd,t : σ
d,t≡ τ. (D.4)

Furthermore, we define the multiplicity of a permutation τ ∈ Ωd,t as

nτ (d, t) ..=
∣∣{σ ∈ Sn|σ

d,t≡ τ}
∣∣. (D.5)

Then, the total probability for a unique outcome of the MBCS experiment can be
expressed as

P [d, t, τ | s] ..=
∑

σ
d,t≡ τ

P̃ [d, t, σ | s] = nτ (d, t)NdNtδtNG(N)
d (tτ ). (D.6)

In general, it is not possible to find a closed expression for nτ (d, t). However, for
collisionless output channel samples d ∈D∗M,N , it is easy to see that

nτ (d, t) = N−1
t ∀d ∈D∗M,N ,∀t ∈ TM,N ,∀τ ∈ Ωd,t. (D.7)

Since the total number of permutations of order N is N !, eq. (D.7) implies that
∣∣Ωd,t

∣∣ = N !Nt ∀d ∈D∗M,N ,∀t ∈ TM,N ,∀τ ∈ Ωd,t. (D.8)

Consequently, the probabilities for collisionless output samples d in eq. (6.18) immediately
follow from eq. (D.6).

D.1.2. Conditional probabilities

We here derive an explicit expression for the conditional probabilities P [d, τ | t, s] which
are central to the hardness proofs for MBCS.
The overall probability that the MBCS experiment yields a given temporal sample

t ∈ TM,N is given by

P [t | s] =
∑

d∈DM,N

∑

τ∈Ωd,t

P [d, t, τ | s] =
∑

d∈DM,N

∑

σ∈SN
P̃ [d, t, σ | s]

=
∑

d∈DM,N

∑

σ∈SN
NdNtδtN

∑

π,π′∈SN

N∏

j=1

U∗dπ(j)sj
Udπ′(j)sjχ∗j(tσ(π(j)))χj(tσ(π′(j))) (D.9)

where we inserted eq. (D.6) and the explicit form of the correlation function G(N)
d (tσ)

from eq. (5.16).
Introducing the substitutions κ = π ◦ (π′)−1 and σ ◦ π → σ, we are able to reorder

eq. (D.9) as

P [t | s] = NtδtN
∑

σ,κ∈SN

N∏

j=1

χ∗j(tσ(j))χκ(j)(tσ(j))
∑

d∈DM,N

Nd
∑

π∈SN

N∏

j=1

U∗dπ(j)sj
Udπ(j)sκ(j)

.

(D.10)
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By using the relation

∑

d∈DM,N

Nd
∑

π∈SN
f(dπ(1), . . . , dπ(N)) =

∑

d1,...,dN∈D
f(d1, . . . , dN) (D.11)

and recalling the unitarity of U , we finally simplify this expression to

P [t | s] = NtδtN
∑

σ∈SN

N∏

j=1

∣∣χj(tσ(j))
∣∣2. (D.12)

Consequently, the conditional probabilities to find the subsample (d, τ) (d ∈D∗M,N)
when t is fixed becomes

P [d, τ | t, s] =
P [d, t, τ | s]

P [t]
=

1

Nt
∑

σ∈SN
∏N

j=1|χj(tσ(j))|2
∣∣per

(
Udisjχj(tτ(i))

)∣∣2,

(D.13)
where we recalled eq. (6.18).

D.2. Hardness of MBCS for full temporal overlap

D.2.1. Closeness of ideal and oracle probabilities

In the following, we demonstrate that the hiding procedure described in section 6.4.2
indeed ensures that an approximate oracle OC for MBCS of class C replicates the
encoded squared permanent |perX|2 sufficiently precisely. More specifically, we prove
the following theorem:

Theorem D.1. Let OC be an approximate MBCS oracle for a class C of input states
with full temporal overlap. Further, consider an output sample (d∗, t∗, τ ∗) where d∗ is
chosen uniformly from D∗M,N , t∗ according to the marginal probability distribution T ′ of
the oracle over the detection time samples, and τ uniformly from the set Ωd,t defined in
eq. (D.4). Then, it is guaranteed that

P
[
N !NtMN

∣∣PD′ [d∗, τ ∗ | t∗, s]− PD[d∗, τ ∗ | t∗, s]
∣∣ > ε

2
N !
]
<
δ

4
. (D.14)

Proof. The proof of theorem theorem D.1 can be performed in close analogy to the
proof of the corresponding result for generalized scattershot boson sampling (GSBS) in
theorem B.7.
Considering the random choice of the output sample (d∗, t∗, τ ∗) in theorem D.1, the

expectation value of the distance between the ideal probability P [d∗, τ ∗ | t∗, s] and the
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D. Multiboson correlation sampling

oracle’s probability PD′ [d∗, τ ∗ | t∗, s] is

E
t∗∼T ′

d∗∈D∗M,N
τ∗∈Ωd,t

[
N !NtMN

∣∣PD′ [d∗, τ ∗ | t∗, s]− P [d∗, τ ∗ | t∗, s]
∣∣
]

=
∑

t∗∈TM,N
PT ′ [t

∗]
N !Nt∗MN

∑
d∗∈D∗M,N

|Ωd∗,t∗|

×
∑

d∗∈D∗M,N

∑

τ∗∈Ωd∗,t∗

∣∣PD′ [d∗, τ ∗ | t∗, s]− P [d∗, τ ∗ | t∗, s]
∣∣. (D.15)

Observe that
∑

d∗∈D∗M,N
|Ωd∗,t∗ | = N !Nt∗|D∗M,N | according to eq. (D.8). Consequently,

E
t∗∼T ′

d∗∈D∗M,N
τ∗∈Ωd,t

[
N !NtMN

∣∣PD′ [d∗, τ ∗ | t∗, s]− P [d∗, τ ∗ | t∗, s]
∣∣
]

≤ MN

|D∗M,N |
∑

t∗∈TM,N
PT ′ [t

∗]
∑

d∗∈DM,N

∑

τ∗∈Ωd∗,t∗

∣∣PD′ [d∗, τ ∗ | t∗, s]− P [d∗, τ ∗ | t∗, s]
∣∣

=
2MN

|D∗M,N |
E

t∗∼T ′
[
‖O′t∗ −Ot∗‖

]
. (D.16)

Labeling the ideal probability distribution as D, let us now recall that the approximate
oracle OC is guaranteed to sample from a probability distribution D′ obeying the bound

‖D′ −D‖ ≤ β (D.17)

in time polynomial in N and 1/β. From this bound, the bound

E
t∼T ′

[
‖O′t −Ot‖

]
< 2β (D.18)

can be demonstrated in full analogy to the proof of theorem B.9.
Combining this result with the bound absD∗M,N > 2MN/(3N !) from ineq. (B.20)

finally yields

E
t∗∼T ′

d∗∈D∗M,N
τ∗∈Ωd,t

[
N !NtMN

∣∣PD′ [d∗, τ ∗ | t∗, s]− P [d∗, τ ∗ | t∗, s]
∣∣
]
≤ 6βN ! (D.19)

and ineq. (D.14) follows with the help of Markov’s inequality in ineq. (B.1) and with
the choice β = εδ/48.
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D.2. Hardness of MBCS for full temporal overlap

D.2.2. Closeness of approximation to oracle probability

We now demonstrate that Stockmeyer’s algorithm can be used to find a sufficiently
precise approximation of the oracle probability PD′ [d∗, τ ∗ | t∗, s] in FBPPNPOC in the
scenario discussed in section 6.4.2:

Theorem D.2. Let OC be an approximate oracle for MBCS of a class C of input states
with full temporal overlap. Further, denote its probability distribution for a fixed unitary
matrix U and a fixed input state {ξj} ∈ C by D′. For a given sample (d∗, t∗, τ ∗) and
given ε, δ > 0, Stockmeyer’s algorithm allows to find an estimate Q[d∗, τ ∗ | t∗, s] of
PD′ [d∗, τ ∗ | t∗, s] in poly(N, 1/ε, 1/δ) time such that

P
[
N !Nt∗MN

∣∣Q[d∗, τ ∗ | t∗, s]− PD′ [d∗, τ ∗ | t∗, s]
∣∣ > ε

2
N !
]
<
δ

4
+

1

2M
(D.20)

under the following condition: The vector d∗ is chosen uniformly fromD∗M,N , t∗ according
to the marginal probability distribution T ′ of the oracle over the detection time samples,
and τ uniformly from the set Ωd,t defined in eq. (D.4).

Proof. Since the probabilities of the approximate MBCS oracle are only exponentially
small, we can apply Stockmeyer’s algorithm like in the proof for the original boson
sampling problem or for the scattershot boson sampling problems discussed in chap-
ter 4. As in GSBS, the algorithm can be used to find multiplicative approximations
Q[d∗, t∗, τ ∗ | s] and Q[t∗ | s] of PD′ [d∗, t∗, τ ∗ | s] and PD′ [t∗ | s], respectively. By
combining these approximation into the value

Q[d∗, τ ∗ | t∗, s] ..=
Q[d∗, t∗, τ ∗ | s]

Q[t∗ | s]
, (D.21)

it is possible to find an approximation of the conditional oracle probability with

P
[∣∣Q[d∗, τ ∗ | t∗, s]− PD′ [d∗, τ ∗ | t∗, s]

∣∣ > αPD′ [d
∗, τ ∗ | t∗, s]

]
<

1

2M
(D.22)

in time polynomial in M and 1/α.
In order to transform this multiplicative bound into an additive one, we need to

bound the probability that PD′ [d∗, τ ∗ | t∗, s] is large. In analogy to the approximations
in ineqs. (D.15) and (D.16), we find the bound

E
t∗∼T ′

d∗∈D∗M,N
τ∗∈Ωd∗,t∗

[
N !Nt∗MNPD′ [d

∗, τ ∗ | t∗, s]
]

=
∑

t∗∈TM,N
PT ′ [t

∗]
N !Nt∗MN

∑
d∗∈D∗M,N

|Ωd∗,t∗|
∑

d∗∈D∗M,N

∑

τ∗∈Ωd∗,t∗

PD′ [d
∗, τ ∗ | t∗, s] < 2N !. (D.23)

Therefore, Markov’s inequality implies

P

[
N !Nt∗MNPD′ [d

∗, τ ∗ | t∗, s] >
8

δ
N !

]
<
δ

4
, (D.24)

which in combination with ineq. (D.22) implies ineq. (D.20) if we choose α = εδ/16.
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D. Multiboson correlation sampling

D.3. Hardness of MBCS with partial
distinguishability

In this section, we demonstrate that the bounds in ineqs. (6.48) and (6.54) are indeed
sufficient to ensure that an oracle for approximate MBCS with partially distinguishable
photons can be used to approximate an oracle for MBCS with photons of full temporal
overlap. To show this, we will in the following investigate the properties of the probability
difference

X = N !NtMN
(
P [d, τ | t, s]− Pid[d, τ | t, s]

)
(D.25)

defined in section 6.5.3.

D.3.1. General structure of X

We recall from section 6.5 that we consider two distinct scenarios: First, the N single
photons are injected into the interferometer with generally distinct temporal distributions
which we parametrized by a single parameter η. Consequently, the input state is described
by the temporal spectra

χj(t) = χ̃(t; ηj)e
iω0jt, (D.26)

leading according to eq. (6.45) to the conditional probabilities

P [d, τ | t, s] =
1

Nt
∑

σ

∏
j|χ̃(tσ(j); ηj)|2

∣∣per
(
Udisjeiω0jtτ(i)χ̃(tτ(i); ηj)

)∣∣2

=
∑

σ,π∈SN
A∗σAπ

∏

j

eiω0j(tτ(σ(j))−tτ(π(j)))

∏
j χ̃(tτ(σ(j)); ηj)χ̃(tτ(π(j)); ηj)

Nt
∑

ν∈SN
∏

j|χ̃(tν(j); ηj)|2
. (D.27)

where we recalled the definitions of the interferometer dependent multiphoton amplitudes
Aσ =

∏
j Udσ(j)sj from eq. (3.10). Let us now introduce the elements

Ũdisj ..= Udisjeiω0jtτ(i) (D.28)

and the corresponding multiphoton amplitudes Ãσ ..==
∏

j Ũdσ(j)sj . Then, eq. (D.27)
can be cast into the form

P [d, τ | t, s] = N−1
t

∑

σ,π∈SN
Ã∗σÃπ

∏
j χ̃(tτ(σ(j)); ηj)χ̃(tτ(π(j)); ηj)∑

ν∈SN
∏

j|χ̃(tν(j); ηj)|2
. (D.29)

Alternatively to the case of single-photon pulses in pure input states, we are interested
in the scenario where the input photons are generated in a mixed state by identical
sources. Namely, we assume that the values ηj , parametrizing the temporal distributions
of the photons, are each randomly distributed according to a common probability
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D.3. Hardness of MBCS with partial distinguishability

distribution p(ηj). The probabilities for this case thus follow from eq. (D.27) by a
classical average over the values ηj, leading to

P [d, τ | t, s] = N−1
t

∑

σ,π∈SN
Ã∗σÃπ

∏
j

∫
dηj p(ηj)χ̃(tτ(σ(j)); ηj)χ̃(tτ(π(j)); ηj)∑
ν∈SN

∏
j

∫
dηj p(ηj)|χ̃(tν(j); ηj)|2

. (D.30)

Consequently, the probabilities for both scenarios exhibit a similar structure. By
introducing the weights

Wσ,π(tτ ) ..=





∏

j

χ̃(tτ(σ(j)); ηj)χ̃(tτ(π(j)); ηj) pure states

∏

j

∫
dηj p(ηj)χ̃(tτ(σ(j)); ηj)χ̃(tτ(π(j)); ηj) mixed states

(D.31)

the conditional probabilities can in both cases be expressed as

P [d, τ | t, s] = N−1
t

∑

σ,π∈SN
Ã∗σÃπ

Wσ,π(tτ )∑
νWν,ν(tτ )

. (D.32)

Furthermore, eq. (D.29) implies that the conditional probabilities simplify significantly
to

Pid[d, τ | t, s] = (N !)−1N−1
t

∑

σ,π∈SN
Ã∗σÃπ (D.33)

for a pure input state of photons with full temporal overlap, χ̃j(t) = χ̃(t).
Consequently, the expression X from eq. (D.25) can be written in the explicit form

X = MN
∑

σ,π∈SN
Ã∗σÃπ

(
Wσ,π(tτ )∑

νWν,ν(tτ )/N !
− 1

)
. (D.34)

We note that this expression immediately yields eq. (6.61) or eq. (6.63), if the temporal
distributions χ̃(t; ηj) are expanded in ηj around the mean value η̄.

D.3.2. Moments of X

In section 6.5.3, we consider X to be a random variable whose distribution is determined
by choosing the interferometer matrix U according to the Haar-measure, the time sample
t according to the marginal probability distribution T of the MBCS experiment with
photons with partial overlap, and τ uniformly from Ωd,t. This approach allows us to use
Chebyshev’s inequality in ineq. (6.57) to bound the probability for large deviations X
with the help of the mean and the variance of X which we evaluate in the following.
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Mean of X

We evaluate the mean
X̄ ..= E

U ,t,τ
[X] (D.35)

by noting that it was shown in ref. [18] that the elements Udisj are approximately
independent random variables with a Gaussian probability distribution of variance M .
Consequently, the elements Ũdisj defined in eq. (D.28) obey such a Gaussian distribution

p(Ũdisj) =
M

π
exp
(
−|Ũdisj |

2

M

)
(D.36)

as well since they are equal to Udisj apart from a phase factor. Using this probability
density, it is easy to demonstrate that

E
U

[
Ã∗σÃπ

]
=

N∏

j=1

E
U

[
Ũ∗dσ(j)sj

Ũdπ(j)sj

]
=

1

MN
δσπ. (D.37)

Consequently, the mean of X vanishes since

X̄ = E
t,τ

[
MN

∑

σ,π∈SN
E
U

[
Ã∗σÃπ

]( Wσ,π(tτ )∑
νWν,ν(tτ )/N !

− 1

)]

= E
t,τ

[∑

σ∈SN

(
Wσ,σ(tτ )∑

νWν,ν(tτ )/N !
− 1

)]
= 0. (D.38)

Variance of X

Due to the vanishing mean X̄ = 0 the variance of X is given by its second moment.
Using eq. (D.34) and eq. (D.36), it can consequently be expressed as

∆X2 =

M2N
∑

σ,π

∑

ρ,ρ′

E
U

[
Ã∗σÃρσÃ

∗
πÃρ′π

]
E
t,τ

[(
Wσ,ρσ(tτ )∑
νWν,ν(tτ )/N !

− 1

)(
Wπ,ρ′π(tτ )∑
νWν,ν(tτ )/N !

− 1

)]
.

(D.39)
As demonstrated in ref. [35], the expectation value over the interferometer-dependent
amplitudes is only non-vanishing if

ρ′ = ρ−1 and π = (κ⊗ 1)ρσ, (D.40)

where κ is a permutation on the set F(ρ) of fixed points of ρ. Labeling the number of
fixed points of κ as C1(κ), E

U

[
Ã∗σÃρσÃ

∗
πÃρ′π

]
= 2C1(κ)/M2N for these contributions and
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the variance can thus be bounded as

∆X2 =
∑

σ,ρ

∑

κ∈F(ρ)

2C1(κ) E
t,τ

[(
Wσ,ρσ(tτ )∑
νWν,ν(tτ )/N !

− 1

)(
W(κ⊗1)ρσ,(κ⊗1)σ(tτ )∑

νWν,ν(tτ )/N !
− 1

)]
.

≤
∑

σ,ρ

∑

κ∈F(ρ)

2C1(κ)

∣∣∣∣∣Et,τ

[(
Wσ,ρσ(tτ )∑
νWν,ν(tτ )/N !

− 1

)(
W(κ⊗1)ρσ,(κ⊗1)σ(tτ )∑

νWν,ν(tτ )/N !
− 1

)]∣∣∣∣∣.

(D.41)

In order to further simplify this expression, it is necessary to evaluate the expectation
value over t and τ . To do so, it is useful to consider the cases of pure or mixed states
separately.

D.3.3. Bound for pure states

Let us denote the derivative of the temporal distribution with respect to the parameter
η as

χ̃′(tτ(i); η̄) ..=
∂

∂η
χ̃(tτ(i); η)|η=η̄. (D.42)

For pure states, a comparison between eq. (D.32) and eq. (6.61) then yields the relation

Wσ,π(tτ ) ≈
N∑

i=1

[
(ησ−1(i) − η̄) + (ηπ−1(i) − η̄)

] χ̃′(tτ(i); η̄)

χ̃(tτ(i); η̄)
. (D.43)

Consequently,

E
t,τ

[(
N !Wσ,π(tτ )∑
νWν,ν(tτ )

− 1

)(
N !Wσ′,π′(tτ )∑

νWν,ν(tτ )
− 1

)]

=
N∑

i,j=1

[
(ησ−1(i) − η̄) + (ηπ−1(i) − η̄)

][
(η(σ′)−1(j) − η̄) + (η(π′)−1(j) − η̄)

]

× E
t,τ

[
χ̃′(tτ(i); η̄)

χ̃(tτ(i); η̄)

χ̃′(tτ(j); η̄)

χ̃(tτ(j); η̄)

]
. (D.44)

With the help of eqs. (D.7), (D.8), (D.11) and (D.12) we find

E
t,τ

[
χ̃′(tτ(i); η̄)

χ̃(tτ(i); η̄)

χ̃′(tτ(j); η̄)

χ̃(tτ(j); η̄)

]
=

∑

t∈TM,N
P [t | s]

∑

τ∈Ωd,t

1

|Ωd,t|
χ̃′(tτ(i); η̄)

χ̃(tτ(i); η̄)

χ̃′(tτ(j); η̄)

χ̃(tτ(j); η̄)

=
∑

t1,...,tN∈T

N∏

l=1

|χ̃(tl; η̄)|2 χ̃
′(tτ(i); η̄)

χ̃(tτ(i); η̄)

χ̃′(tτ(j); η̄)

χ̃(tτ(j); η̄)
= δijη

−2
c ,

(D.45)
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where we recalled the definition of ηc from eq. (6.43) and used the relation

∑

t

|χ̃(t; η̄)|2
∂
∂η
χ̃(t; η)|η=η̄

χ̃(t; η̄)
≈
∫
dt χ̃(t; η̄)

∂

∂η
χ̃(t; η)|η=η̄ =

1

2

∂

∂η̄

∫
dt χ̃2(t; η̄)

︸ ︷︷ ︸
=1

= 0.

(D.46)
Consequently, we arrive at the bound

∣∣∣∣∣Et,τ

[(
N !Wσ,π(tτ )∑
νWν,ν(tτ )

− 1

)(
N !Wσ′,π′(tτ )∑

νWν,ν(tτ )
− 1

)]∣∣∣∣∣ ≤ 4N max
j

(ηj − η̄
ηc

)2

. (D.47)

Inserting this bound into eq. (D.41), it is possible to perform the summations over the
permutations κ, ρ, σ to finally prove the upper bound for ∆X2 from eq. (6.62).

D.3.4. Bound for mixed states

In analogy to the previous section, it is also possible to bound ∆X2 for single photons in
mixed input states. A comparison between eq. (D.32) and eq. (6.63) yields the relation

N !Wσ,ρ−1σ(tτ )∑
νWν,ν(tτ )

− 1 ≈ −∆η2

N∑

i=1
i 6=ρ(i)

[( χ̃′(tτ(i); η̄)

χ̃(tτ(i); η̄)

)2

− χ̃′(tτ(i); η̄)

χ̃(tτ(i); η̄)

χ̃′(tτ(ρ(i)); η̄)

χ̃(tτ(ρ(i)); η̄)

]
. (D.48)

Inserting this into eq. (D.41), we find via straightforward manipulations

∆X2 ≤ ∆η4
∑

σ,ρ

∑

κ∈F(ρ)

2C1(κ)

(
(
N − C1(ρ)

)2
E
t,τ

[(
χ̃′(tτ(i); η̄)

χ̃(tτ(i); η̄)

)2]
E
t,τ

[(
χ̃′(tτ(j); η̄)

χ̃(tτ(j); η̄)

)2]

+ 2
(
N − C1(ρ)

)
E
t,τ

[(
χ̃′(tτ(i); η̄)

χ̃(tτ(i); η̄)

)2]
E
t,τ

[(
χ̃′(tτ(ρ(i)); η̄)

χ̃(tτ(ρ(i)); η̄)

)2]

+
(
N − C1(ρ)

)
E
t,τ

[(
χ̃′(tτ(i); η̄)

χ̃(tτ(i); η̄)

)4])
.

(D.49)

In this expression, only the first term proportional to
(
N−C1(ρ)

)2 contributes in leading
order in N . If we further note that η−2

c = E
t,τ

[(
χ̃′(tτ(j); η̄)/χ̃(tτ(j); η̄)

)2], we find that

∆X2 ≤
(∆η

ηc

)4∑

σ,ρ

∑

κ∈F(ρ)

2C1(κ)
(
N − C1(ρ)

)2(
1 +O(N−1)

)

=
(∆η

ηc

)4

(N !)2N
3

3

(
1 +O(N−1)

)
, (D.50)

which is the bound given by eq. (6.64).
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D.4. Temporal scattershot

We here demonstrate that the probability for a successful run of the temporal scattershot
setup introduced in fig. 6.4 decays exponentially with the number N of photons if no feed-
forward control is employed. For each of the K pump pulses, an spontaneous parametric
down-conversion (SPDC) source emits no photon with probability p0 = 1− γ2, a single
photon with probability p1 = (1 − γ2)γ2, and two or more photons with probability
p≥2 = γ4. Consequently, a single SPDC source emits exactly one photon with probability
Kp1p

K−1
0 and N single photons are generated by the N sources with probability

P =
(
Kp1p

K−1
0

)N
=
(
Kγ2(1− γ2)K

)N
. (D.51)

For given K, this probability is maximized by the optimal squeezing factor

γopt =
1√

K + 1
, (D.52)

yielding the exponentially decaying upper bound

P ≤ Popt =
(

1− 1

K + 1

)(K+1)N

≤ e−N (D.53)

discussed in eq. (6.68).
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E. Temporal correlations of SPDC

E.1. The generalization of Hadamard’s lemma

In the following, we evaluate the transformation in eq. (7.19) of the field operators from
the interaction picture to the Heisenberg picture and demonstrate that this yields the
generalized Hadamard lemma from eq. (7.21).

Inserting the Dyson expansion of the time evolution operator ÛI(t, t0) from eq. (7.16),
the transformation in eq. (7.19) can be recast to

F̂
(+)
λ (x, t) =

(
T e
− i

~
∫ t
t0
du ĤI(u)

)†
F̂

(+)
I,λ (xf , t

′
λ)
(
T e
− i

~
∫ t
t0
du ĤI(u)

)
. (E.1)

We note that the time-ordering symbols in eq. (E.1) ensure that products of Hamiltonians
are always ordered such that their time arguments increase for products which appear
on the left of F̂ (+)

I,λ (x, t) and decrease for products on the right. We can therefore
introduce a “Heisenberg” time-ordering symbol TH which ensures exactly this order of
the Hamiltonians and write

F̂
(+)
λ (x, t) = TH

(
e

i
~
∫ t
t0
du ĤI(u)

F̂
(+)
I,λ (xf , t

′
λ)e
− i

~
∫ t
t0
du ĤI(u)

)
. (E.2)

The term inside of the parentheses can now be rewritten with the help of Hadamard’s
lemma [141]

eÂB̂e−Â =
∞∑

n=0

1

n!

[
Â, [Â, . . . [Â, B̂] . . .]

]
︸ ︷︷ ︸

nested n times

(E.3)

to yield

F̂
(+)
λ (x, t)

= TH

( ∞∑

n=0

1

n!

( i

~

)n ∫ t

t0

dt1

∫ t

t0

dt2 · · ·
∫ t

t0

dtn
[
ĤI(tn), [ĤI(tn−1), . . . [ĤI(t1), F̂

(+)
I,λ ] . . .]

])

= TH

( ∞∑

n=0

( i

~

)n ∫ t

t0

dtn

∫ t

tn

dtn−1 · · ·
∫ t

t2

dt1
[
ĤI(tn), [ĤI(tn−1), . . . [ĤI(t1), F̂

(+)
I,λ ] . . .]

])
.

(E.4)

In the second step, we exploited the fact the integration volume over the n-cube
[t0, t]

⊗n can be divided into n! partial volumes Vi in which the integration variables
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E. Temporal correlations of SPDC

have a fixed order (ti1 ≤ ti2 ≤ · · · ≤ tin). The integration over each of these partial
volumes yields the same contribution since due to Jacobi’s identity

[
ĤI(t1), [ĤI(t2), Ô]

]
=[

ĤI(t2), [ĤI(t1), Ô]
]
inside of the time-ordering symbol TH.

Since the expression in eq. (E.4) already obeys the ordering imposed by TH, the
symbol can be dropped and we arrive at the generalized Hadamard lemma in eqs. (7.21)
and (7.22).

E.2. General Bogoliubov transformation

In order to evaluate the recursion relation from eq. (7.22), we employ the representation
of the interaction Hamiltonian in eq. (7.12) and the relation F̂ (+)

I,λ (x, t) = F̂
(+)
I,λ (xf , t

′),
with

t′λ = t′λ(x) =

{
t if x = xf

t− τλ if x = xr,
(E.5)

to express all quantities in terms of interaction picture field operators at the front of
the crystal. Note that we here only explicitly consider x = xf and x = xr since the
cases x < xf and x > xr can straightforwardly be reduced to the former cases via the
propagation of the interaction picture fields in free space. Then, the commutators can
be straightforwardly evaluated with the help of the commutation relations

[
F̂

(+)
I,λ (xf , t), F̂

(−)
I,µ (xf , u)

]
= δλµδ(t− u) (E.6)

and [
F̂

(+)
I,λ (xf , t), F̂

(+)
I,µ (xf , u)

]
=
[
F̂

(−)
I,λ (xf , t), F̂

(−)
I,µ (xf , u)

]
= 0. (E.7)

E.2.1. First order

Using this procedure, the first-order contribution C1(x, t, t0) can be expressed as the
superposition

Ĉ1(x, t, t0) = − ic

~

∫ 1

0

dy Fp
(
xf , t

′
λ − y(τp − τλ)

)
F̂

(−)

I,λ

(
xf , t

′
λ − y(τλ − τλ)

)
Υ(y; t′λ, t, t0)

(E.8)
of negative frequency field operators. These operators are weighted by the product of
the pump field Fp and the function

Υ(y; t′λ, t, t0) ..=

∫ t

t0

du δ
(
u− (t′λ + yτλ)

)

≈
∫ t

−∞
du δ

(
u− (t′λ + yτλ)

)
=

{
0 t′λ = t⇔ x = xf

1 t′λ = t− τλ ⇔ x = xr,
(E.9)

which describes the causal connection between field operators and different times and
positions. Note that t0 can be interpreted as the time where the nonlinear interaction is
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E.2. General Bogoliubov transformation

switched on since we assumed that the interaction picture field operators undergo the
time evolution of the electromagnetic field in linear media. However, the nonlinearity is
a constant, intrinsic property of the crystal in the scenarios considered here, and we can
thus safely take the limit t0 → −∞ in the second step.

Input field operators Equation (E.9) implies that the weight in eq. (E.8) vanishes for
all values of y if we are transforming input field operators for which x ≤ xf . Consequently,
the input field operators in the Heisenberg and in the interaction picture are identical,
that is

F̂
(+)
λ (xf , t) = F̂

(+)
I,λ (xf , t) (E.10)

as discussed in section 7.2.1 (see eq. (7.23)).

Output field operators On the other hand, if we are considering output field operators
with x = xr, the weight Υ(y; t′, t, t0) in eq. (E.8) is unity regardless of y and the equation
simplifies to

Ĉ1(xr, t, t0) = − ic

~

∫ 1

0

dy Fp
(
x, t+ yδτpλ

)
F̂

(−)

I,λ

(
x, t− yδτλλ

)
.

= − ic

~

∫ 1

0

dy Fp
(
xf , t

′
p + yδτpλ

)
F̂

(−)

λ

(
xf , t

′
λ
− yδτλλ

)
. (E.11)

Here, we used eq. (E.10) in the second step to fully express the correction in terms of
Heisenberg operators.
Defining the function

C1(t, v, w) ..= − ic

~
Fp
(
xf , t

′
p + wδτpλ

)
, (E.12)

eq. (E.11) can be recast into the form

Ĉ1(xr, t, t0) =

∫ 1

0

dy C1(t, 1− y, y)F̂
(−)

I,λ

(
x, t− yδτλλ

)
. (E.13)

E.2.2. General orders

The higher-order terms Ĉk(x, t, t0) in eq. (7.22) can be evaluated analogously to the
first-order contribution.

We define the functions Ck(t, v, w) (k ≥ 1), which generalize C1(t, v, w) from eq. (E.12),
via the recursion relations

Ck>1(t, v, w) ..=





ic∗

~

∫ v

0

dw′ F ∗p
(
xf , t

′
p + w′δτpλ + wδτpλ

)
Ck−1(t, w, w′) k even

− ic

~

∫ v

0

dw′ Fp
(
xf , t

′
p + wδτpλ + w′δτpλ

)
Ck−1(t, w, w′) k odd.

(E.14)
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Using mathematical induction, we then find that the coefficients Ĉk(xr, t, t0) from
eq. (7.22) can in analogy to eq. (E.12) be expressed as linear superpositions

Ĉ2n−1(xr, t, t0) =

∫ 1

0

dy C2n−1(t, 1− y, y)F̂
(−)

λ
(xf , t

′
λ
− yδτλλ)

Ĉ2n(xr, t, t0) =

∫ 1

0

dy C2n(t, 1− y, y)F̂
(+)
λ (xf , t

′
λ + yδτλλ),

(E.15)

of input field operators.
From this representation of the coefficients in the generalized Hadamard lemma in

eq. (7.21) the explicit representation of the Green’s functions in eqs. (7.25) and (7.26)
immediately follows.

E.3. Green’s functions for continuous pump or long
pump pulses

For slowly varying pump fields fulfilling the condition

Fp(xf , t+ δτps) ≈ Fp(xf , t+ δτpi) ≈ Fp(xf , t). (E.16)

from eq. (7.45) or eq. (7.59), the recursion relation in eq. (E.14) simplifies significantly.
Namely, defining the squeezing parameters (see eq. (7.46) or eq. (7.60))

s(t) ..=

∣∣∣∣
cFp(xf , t− τp)

~

∣∣∣∣ and θ(t) ..= arg

(
− icFp(xf , t− τp)

~

)
, (E.17)

the recursion can be recast to

Ck>1(t, v, w) ..=





s(t)e−iθ(t)

∫ v

0

dw′Ck−1(t, w, w′) k even

s(t)eiθ(t)

∫ v

0

dw′Ck−1(t, w, w′). k odd.
(E.18)

This relation is obviously solved by the coefficients

C2n(t, v, w) = s2n(t)
vnwn−1

n!(n− 1)!
and C2n+1(t, v, w) = −eiθ(t)s2n+1(t)

vnwn

n!n!
.

(E.19)
Inserting these results into eqs. (7.27) and (7.28) and recalling the modified Bessel

functions

Ik(x) ..=
∞∑

m=0

1

m!(m+ k)!

(x
2

)2m+k

, (E.20)
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we finally arrive at the closed form expressions

g′λλ(t, z)
..=

∞∑

n=1

C2n

(
t,

1

2
− z, 1

2
+ z
)

= s(t)

√
1− 2z

1 + 2z
I1

(
s(t)
√

1− 4z2
)

(E.21)

for the pump-dependent distribution in the Green’s function Cλλ(t, u) and

h′
λλ

(t, x) ..=
∞∑

n=0

C2n+1

(
t,

1

2
+ z,

1

2
− z
)

= −eiθ(t)s(t) I0

(
s(t)
√

1− 4z2
)

(E.22)

for the distribution in Cλλ(t, u).

E.4. Continuous SPDC without time ordering

E.4.1. Bogoliubov transformation

Here, we derive the Bogoliubov transformation describing a continuous spontaneous
parametric down-conversion (SPDC) source if the time ordering of the time evolution
operator ÛI(t, t0) in eq. (7.16) is ignored. Since we are only interested in the fields at
the output of the crystal and since we assume a static nonlinearity, we can safely use
the approximation

ÛI(t, t0) ≈ ÛI(∞,−∞) ≈ exp
(
− i

~

∫
dt′ ĤI(t

′)
)
, (E.23)

where we already neglected the time ordering in the second step.
Inserting the interaction Hamiltonian from eq. (7.4) and the spectral decomposition

of the field operators F̂ (+)
I,λ from eq. (7.5), the time evolution operator takes the form

ÛI = exp
(
−seiθ

∫
dΩ sinc

(
Ω
δτλλ

2

)
e−iΩδτλλ/2â†λ(ωλ + Ω)â†

λ
(ωλ − Ω) + H.c.

)
. (E.24)

From this expression, Hadamard’s lemma in eq. (E.3) straightforwardly yield the fre-
quency space Bogoliubov transformation

âxr,λ(ωλ + Ω)e−ikλ(ωλ)l = âxf ,λ(ωλ + Ω) cosh
(
s sinc

(
Ω
δτλλ

2

))

− â†
xf ,λ

(ωλ − Ω)eiθe−iΩδτλλ/2 sinh
(
s sinc

(
Ω
δτλλ

2

))
. (E.25)

While this expression yields the same result as the exact, time-ordered Bogoliubov
transformation from eq. (7.52) for the resonant frequencies (Ω = 0), the results differ
significantly for off-resonant contributions. In the time domain, this leads to Green’s
functions which are non-vanishing even for |t− u| > |δτλλ| and thus violate the causality
of the down-conversion process.
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E.4.2. First-order correlation function

With the help of the Bogoliubov transformation in eq. (E.25), the amplitude correlation
functions H(+−)

λλ (t, t′) and H(++)

λλ
(t, t′) defined in eq. (7.37) can be evaluated immediately.

Namely, using the frequency decomposition

F̂
(+)
λ (xr, t) =

1√
2π

∫
dΩ e−iΩtâλ(ωλ + Ω) (E.26)

of the slowly varying field operators, we find

H
(+−)
λλ (t, t′) = 〈0|F̂ (−)

λ (xr, t)F̂
(+)
λ (xr, t

′)|0〉

=
1

2π

∫
dΩ

∫
dΩ′ ei(Ωt−Ω′t′)〈0|â†λ(xr, ωλ + Ω)âλ(xr, ωλ + Ω′)|0〉. (E.27)

Inserting the Bogoliubov transformation from eq. (E.25), this can be recast to

H
(+−)
λλ (t, t′) =

1

2π

∫
dΩ

∫
dΩ′ ei(Ωt−Ω′t′)ei(Ω−Ω′)δτλλ/2 sinh

(
s sinc

(
Ω
δτλλ

2

))

× sinh
(
s sinc

(
Ω′
δτλλ

2

))
〈0|âλ(xf , ωλ − Ω)â†λ(xf , ωλ − Ω′)|0〉︸ ︷︷ ︸

=δ(Ω−Ω′)

=
1

2π

∫
dΩ eiΩ(t−t′) sinh2

(
s sinc

(
Ω
δτλλ

2

))

=
1

π|δτλλ|

∫
dy ei2(t−t′)/δτλλ sinh2(s sinc y).

(E.28)

The intensity in eq. (7.54) for the model without time ordering immediately follows if
we combine eq. (E.28) with eq. (7.42).

E.4.3. Second-order correlations

The normalized intensity autocorrelation function g
(2)
λλ (t, t′) can be calculated in the

model without time ordering by inserting eq. (E.28) into eq. (7.55). This procedure
yields a correlation function which is plotted in fig. 7.4 as the dashed, red lines.

The intensity cross-correlation function g(2)

λλ
(t, t′) can be evaluated in the same way. In

analogy to eq. (E.28) it is possible to demonstrate that the amplitude cross-correlation
function from eq. (7.39) takes the explicit form

H
(++)

λλ
(t, t′) =

1

π|δτλλ|
ei(kλ(ωλ)+kλ(ωλ))l+iθ

∫
dy ei[2(t−t′)/δτλλ+1] sinh(2s sinc y). (E.29)

Inserting eqs. (E.28) and (E.29) into the normalized second-order correlation function
g

(2)

λλ
(t, t′) in eq. (7.57) then yields the dashed lines in fig. 7.5.
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E.5. Asymmetric group velocity matching

As discussed in section 7.6, it is possible to derive a closed form expression for temporal
Bogoliubov coefficients for arbitrary pump pulses in the important case where the group
velocity of either signal or idler mode is matched to the group velocity of the pump
mode. The aim of this section is to discuss these exact expressions.

E.5.1. Transformation of field in the non-matched mode

We first consider the Green’s functions which connect the output fields in the non-
matched mode µ with the input fields. In the context of the recursion relations in
eq. (E.14), this amounts to the substitutions λ → µ, λ → µ, and δτpλ = δτpµ = 0
(the latter follows from the group velocity matching condition in eq. (7.63)). Together
with the decomposition F(xf , t) = Fp,0fp(t), these substitutions allow us to simplify the
recursion to

Ck>1(t, v, w) ..=





se−iθ

∫ v

0

dw′ fp
(
t′p + w′δτpµ

)
Ck−1(t, w, w′) k even

seiθfp
(
t′p + wδτpµ

) ∫ v

0

dw′Ck−1(t, w, w′) k odd,
(E.30)

where we recalled the definition of the squeezing parameters s and θ from eq. (7.65).
As can be proved by mathematical induction, the solution to this recursion relation is

given by the coefficients

C2n+1(t, v, w) = eiθs2n+1 1

n!
vnfp(t′p + wδτpµ)

1

n!

[∫ w

0

dw′ |fp(t′p + w′δτpµ)|2
]n

(E.31)

for odd indices (n ≥ 0) and

C2n(t, v, w) = s2n 1

n!

[∫ v

0

dw′ |fp(t′p + w′δτpµ)|2
]n

1

(n− 1)!
wn−1 (E.32)

for even, positive indices (n > 0).
Here, the appearance of the term |fp(t′p + w′δτpµ)|2 is the direct consequence of the

vanishing temporal walk-off between the fields in the pump mode and the mode µ, as
illustrated in fig. E.1.
Inserting these solutions from eqs. (E.31) and (E.32) into eqs. (7.27) and (7.28) and

recalling the argument z = (u − t + τ̄)/δτµµ, we find the closed form expressions for
g′λλ(t, z) and h′

λλ
(t, z) given in eqs. (7.66) and (7.67).

E.5.2. Transformation of field in the matched mode

Similar results can be derived for the Bogoliubov transformation of the field F̂ (+)
µ (xr, t)

in the matched mode µ. In analogy to eq. (E.30), the transformation is determined by
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u t

µµµµµ

(a) C2n(t, 1/2− z, 1/2 + z)

u t

µµµµµµ

(b) C2n+1(t, 1/2 + z, 1/2− z)

Figure E.1.: The structure of the terms in eqs. (E.31) and (E.32) (propagation in modes
µ and µ is represented in red and blue, respectively; z ..= (u− t+ τ̄)/δτµµ):
a) For the terms in eq. (E.32), the output field in mode µ is connected to
the input field in mode µ by an even number of interaction events. In this
case, the interaction points can be divided into pairs between which the
information propagates in mode µ (red lines) and therefore as fast as the
pump pulse. Consequently, the interaction strength at the two points is
equal, leading to the appearance of terms of the form |fp(t′p +w′δτpµ)|2 and
to a decoupling of the nested integrals resulting from the recursion relation
eq. (E.30). b) For an odd number of interactions, the first interaction point
is not paired. Due to the group velocity matching, its interaction strength
depends on the pump pulse evaluated at the same time u = t′p+(1/2−z)δτpµ

as the input field F̂ (−)
µ (xf , u), resulting in the factor fp(u) in eq. (E.31).

the recursion relation

Ck>1(t, v, w) ..=





se−iθfp
(
xf , t

′
p + wδτpµ

) ∫ v

0

dw′Ck−1(t, w, w′) k even

seiθ

∫ v

0

dw′ fp
(
xf , t

′
p + w′δτpµ

)
Ck−1(t, w, w′) k odd.

(E.33)

Again, mathematical induction proves that this condition leads to the coefficients

C2n+1(t, v, w) = eiθs2n+1fp(t′p)
1

n!

[∫ v

0

dx |fp(t′p + xδτpµ)|2
]n

1

n!
wn (E.34)

for odd indices (n ≥ 0) and

C2n(t, v, w) = s2nfp(t′p)
1

n!
vnfp(t′p + wδτpµ)

× 1

(n− 1)!

[∫ w

0

dx |fp(t′p + xδτpµ)|2
]n−1

(E.35)

for even indices (n > 0).
Employing these solutions, the series expansion of the distributions g′λλ(t, z) and

h′
λλ

(t, z) defined in eqs. (7.27) and (7.28) can be cast into the closed forms (z =
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(u− t+ τ̄)/δτµµ)

g′µµ(t, x) = sfp(t− τµ)fp(u)

√
u− t+ τµ∫ −τµ

u−t dτ |fp(τ + t)|2

× I1

(
2s

|δτµµ|

√
(u− t+ τµ)

∫ −τµ
u−t

dτ |fp(τ + t)|2
)

(E.36)

and

h′µµ(t, x) = seiθfp(t− τµ) I0

(
2s

|δτµµ|

√
(u− t+ τµ)

∫ −τµ
u−t

dτ |fp(τ + t)|2
)
. (E.37)
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F. Cavity-enhanced SPDC

In this appendix, we discuss the treatment of the modified cavity-enhanced spontaneous
parametric down-conversion (SPDC) (CESPDC) setup from section 8.1 in more detail.
After investigating the effect of the beam splitter onto the resonances of the cavity, we
derive the propagators connecting the cavity fields with the output fields and subsequently
use these results to determine the output state for a photon pair emitted by the source.

F.1. The cavity resonances

In section 8.1.2, we discussed the resonances of a lossless bow-tie cavity which contains
a half-wave plate (HWP) in the beam path. We found that the mode functions of
the cavity possess polarizations ε̃±(ω) = 1√

2

(
e

i
2

(δϕ+ωδT )εs ± e−
i
2

(δϕ+ωδT )εi
)
, where εs and

εi are the orthogonal, linear polarizations of signal and idler mode, respectively. As
eigenvectors of the unitary matrix

U(ω) =

(
ei(ϕs+ωTs) 0

0 ei(ϕi+ωTi)

)(
0 1
1 0

)
(F.1)

describing a single round-trip inside of the lossless cavity (see eq. (8.10)), these polariza-
tions are always orthogonal. The situation changes however if the damping of the cavity
fields due to the beam splitter is taken into account. In this case, a single round-trip is
described by the non-unitary matrix

M(ω) = U(ω)

(
ρs 0
0 ρi

)
(F.2)

and is not diagonalized by the polarizations ε̃± if ρs 6= ρi since the damping of the field
amplitude during reflection at the beam splitter is polarization dependent. Instead, the
eigenvectors of M are given by the polarizations

ε̃M,±(ω) ..=
1√

ρs + ρi

(√
ρie

i
2

(δϕ+ωδT )εs ±
√
ρse
− i

2
(δϕ+ωδT )εi

)
(F.3)

with corresponding eigenvalues ±√ρsρie
−i(ϕ+ωT ) and can be interpreted as the polariza-

tions of the quasi-normal modes of the lossy cavity at the resonant frequencies given by
eq. (8.11) [163, 164]. Namely, each of the peaks in the corresponding Airy functions (c.f.
eq. (8.5))

A±(ω) =
1

(1−√ρsρi)2

(
1 +

4ρsρi

(1−√ρsρi)2
sin2

(
(ωTλ + ϕλ)/2

))−1

, (F.4)
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describes a quasi-periodic oscillation inside the cavity which decays with a rate determined
by the average reflectivity √ρsρi and the average round-trip time T . If the losses
are sufficiently small, the resonances are well separated and the polarization vectors
in eq. (F.4) are approximately constant for a single resonance peak, justifying their
interpretation given above. Interestingly, while these polarization vectors still form a
polarization basis they are not orthogonal anymore. However, the quasi-modes can
still be considered to be approximately orthogonal since the resonance frequencies
corresponding to the different polarizations are non-degenerate (they are shifted by half
the free spectral range (FSR)).

F.2. The cavity-output propagators

In order to determine the propagators connecting the field operators inside of the cavity
with the output fields, a relation between the mode functions uλ,1(ω, x) inside and
uλ,3(ω, z) outside the cavity has to be established (see fig. F.1). The mode functions

u1

u4

u2

u3

z

x

Figure F.1.: Mode functions at a beam splitter.

can be represented as plane waves connected by the beam splitter according to

(
u3(ω, 0)
u4(ω,−L)

)
=




ϑ∗s 0 ρs 0
0 ϑ∗i 0 ρi

−ρ∗s 0 ϑs 0
0 −ρ∗i 0 ϑi



(
u1(ω, 0)
u2(ω, 0)

)
. (F.5)

Furthermore, due to the circular structure of the cavity, we know that

u1(ω, 0) = M−1(ω)u4(ω,−L). (F.6)

These equations allow us to derive the relation

u1(ω, 0) = −
(
1−M−1(ω)

)−1
(
ϑs 0
0 ϑi

)
u3(ω, 0)

=
1

1− ρsρie−2i(ϕ+ωT )

(
ϑs −ϑiρse

−i(ϕi+ωTi)

−ϑsρie
−i(ϕs+ωTs) ϑi

)
u3(ω, 0)

=.. F−1G(ω)u3(ω, 0), (F.7)
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establishing a connection between the mode functions of the cavity field at the end of
the crystal and of the outgoing fields.
Inserting this relation into the Fourier representation of the cavity field operators

then yields the results from eqs. (8.13) to (8.15) describing the propagators connecting
intra-cavity and outgoing fields.

F.3. The output state of the modified CESPDC
source

As already outlined in section 8.1.2, the starting point for the derivation of the two-photon
state |φI〉 is the expression

|φI〉 ∝ −
i

~

∫
dt′ ĤI(t

′)|0〉, (F.8)

resulting from the first-order truncation of the Dyson expansion. Inserting the interaction
Hamiltonian from eq. (7.13) and applying the propagation relation for the fields, eq. (8.13),
we find for a continuous pump field and degenerate SPDC (ωs = ωi = ωp/2 = ω0)

|φI〉 ∝
∫
du

∫
du′

∫
dt e−i2ω0t

∫
dτ FΦ(τ)

×Gsλ

(
t+

δτsi
4

+
1

2
τ − u

)
Giλ′

(
t− δτsi

4
− 1

2
τ − u′

)
Ê

(−)
λ (z, u)Ê

(−)
λ′ (z, u′)|0〉,

(F.9)

Here, the path length d(xr, z) appearing in eq. (8.13) is irrelevant because it only
leads to a constant overall phase for a continuous pump. Furthermore, we identified the
rectangle function in eq. (7.13) with the Fourier transform of the phase matching function
Φ(Ω) = sinc(Ω δτsi/2). In this expression, it is already evident that the state contains
three distinct components, corresponding to both photons being emitted in the same
mode or one photon in each mode, as described by eq. (8.16). The temporal structure
of each of these components, given in eqs. (8.17), (8.18) and (8.20), is consequently
determined by the propagators Gµλ in eq. (F.9) and we outline the derivation using
the one of the two contributions to the component |1, 1〉. To do so, we evaluate the
expression

I(u, u′, y) ..=

∫
dt e−i2ω0tGss

(
t+

δτsi
4

+ y
δτsi
2
− u
)
Gii

(
t− δτsi

4
− yδτsi

2
− u′

)
. (F.10)

Inserting the explicit expressions for the propagators from their definition in eq. (8.14),
the resulting expression can be rewritten with the help of the relation

∞∑

m,m′=0

f(m,m′) =
∞∑

m=0

∞∑

k=−∞
f
(
m+

|k|+ k

2
,m+

|k| − k
2

)
(F.11)
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as

I(u, u′, y) = ϑsϑi

∫
dt e−i2ω0te+iϕ

T
(2t−u−u′)

∞∑

k=−∞
(ρsρi)

|k|δ(u− u′ − 2kT − τ)

×
∞∑

m=0

(ρsρi)
2mδ(2t− u− u′ + 4mT + 2|k|T ).

(F.12)

With the help of the second δ-distribution, the integral in t can be easily evaluated.
Further, because the signal/idler frequency ω0 is on resonance with the cavity, corre-
sponding to the condition in eq. (8.11), we find exp

(
−(ω0− ϕ

T
)(4m+ 2k)T

)
= 1 and the

sum over m reduces to a geometric sum. Consequently, we arrive at the final result

I(u, u′, y) =
ϑsϑi

1− (ρsρi)2
e+iω0(u+u′)

∞∑

k=−∞
(ρsρi)

|k|δ(u− u′ − 2kT − τ), (F.13)

which can be inserted back into eq. (F.9). Performing these steps for all four possible
combinations in eq. (F.9) yields, after normalization of each individual component, the
results given in eqs. (8.16) to (8.18) and (8.20). Furthermore, the exact expressions for
the weights wλ in eq. (8.16) can be found to be

wλ =
ϑλ
ϑλ

√
2ρλ√

1 + (ρλρλ)
2
, (F.14)

and consequently reduce to wλ = ϑλ/ϑλ for small transmittivities.

F.4. The properties of the modified CESPDC source

F.4.1. The integrated detector count rates

The temporal two-photon amplitudes defined in eq. (8.32) can with the help of the state
|φI〉 in eq. (8.16) be identified as

Aλλ(t, t′) =
√

2Nsswλe
∓iθ(Fo ∗ FΦ)(t− t′)e−iω0(t+t′+2∆tλ) (F.15)

and

Aλλ(t, t′) =
√

2Nsi(Fe ∗ FΦ)(t− t′ + ∆tλ −∆tλ)e
−iω0(t+t′+∆tλ+∆tλ). (F.16)

They allow us to express the correlation functions in a compact way. Namely, expressing
the field operators at the detectors in terms of the field operators at the output of the
source via eq. (8.30), the integrated count rate takes the form

Nj = U∗jλUjλ′
∫
dt 〈φI |Ê(−)

λ (t+ ∆tλ + δτλλ/4)Ê
(+)
λ′ (t+ ∆tλ′ + δτλ′λ′/4)|φI〉

= U∗jλUjλ′
∫∫

dt duA∗λµ(t, u)Aλ′µ(t, u)

=

∫∫
dt du |UjsAsµ + UjiAiµ|2. (F.17)
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This result, given in eq. (8.33), explicitly emphasizes that the count rate at the detectors
is a result of the interference between two-photon amplitudes corresponding either to
the photons being either in the same input port or in different ports.
Equation (F.17) can be evaluated in a straightforward, albeit lengthy, manner with

the help of eqs. (8.19) and (8.21), yielding together with the abbreviation

ϕ0
..= θ + ϕ1 − ϕ2 (F.18)

the explicit expression

N1/2 = 1± ws + wi

w2
s + w2

i + 2

(1 + ρsρi)
2

√
2ρsρi(1 + (ρsρi)2)

cos(ω0∆t− ϕ0)

×
∞∑

k=−∞
(ρsρi)

|2k+1|/2
(

1 +
1− ρsρi

1 + ρsρi
|2k + 1|

)
h
(
∆t+ (2k + 1)T

)
, (F.19)

viable for arbitrary parameter regions. Introducing the cavity decay rate γ via the
relation

ρsρi = e−γT , (F.20)

we can analyze the limiting case of small losses, γT � 1. Noting that in this limit,
ws = ϑs/ϑi = w−1

i , the general expression in eq. (F.19) reduces to the form

N1/2 = 1± 2

ws + wi
cos(ω0∆t− ϕ0)

×
∞∑

k=−∞
e−

1
2
γ|2k+1|T

(
1 +

1

2
γ|2k + 1|T

)
h
(
∆t+ (2k + 1)T

)
. (F.21)

This representation reduces to eq. (8.35) under the additional assumption that the width
of the function h(∆t), approximately given by |δτsi|, is much smaller than their distance
2T .

F.4.2. The integrated coincidence rates

In this section, we sketch the main steps necessary to evaluate the integrated coincidence
rate defined in eq. (8.28). Expressing the output fields in terms of the input fields via
eq. (8.30), we find that

N12(∆t) =

∫
dt

∫
dt′ |U1λU2µAλµ(t, t′)|2.

= U∗1λU∗2µU2µ′U1λ′

∫
dt

∫
dt′A∗λµ(t, t′)Aλ′µ′(t, t′). (F.22)

is in general the result of the interference between for distinct two-photon amplitudes
which correspond to all possible combinations from which input port the detected
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photons came from. However, due to the special structure of the unitary matrix U
describing the beam splitter, only those cross terms in eq. (F.22) contribute in which
either both two-photon amplitudes correspond to the photons coming from the same
input port or both correspond to the photons coming from distinct ports. Indeed, using
the symmetry Aλµ(t, t′) = Aµλ(t′, t) and noting that we can interchange t and t′ as well
as µ and µ as they are only integration and summation variables respectively, we find
for those cross terms that

U∗1λU∗2λU1µU2µ

∫∫
dt dt′A∗λλ(t, t′)Aµµ(t, t′) =

U∗1λU∗2λ
1

2
(U1µU2µ + U1µU2µ)︸ ︷︷ ︸

=perU=0

∫∫
dt dt′A∗λλ(t, t′)Aµµ(t, t′) = 0. (F.23)

This relation shows that the symmetries of the beam splitter matrix (perU = 0), which
lead to the destructive two-photon interference in the standard Hong-Ou-Mandel (HOM)
experiment, also ensure that for a state of the form in eq. (8.16), no interference between
the equal and different polarization components is possible. Thus, the interference
between the four amplitudes in eq. (F.22) reduces to the incoherent sum of two terms,
each of which is the result of the interference between two different two-photon amplitudes,
as stated in eq. (8.38).
Finally, with the help of the definition of the temporal two-photon amplitudes in

eq. (8.32) and with the general symmetric beam splitter transformation, eq. (8.29), the
integrated count rate can be found to be

N12(∆t) = |N |2
[

1−
∞∑

k=−∞
(ρsρi)

|k|
(

1 +
1− (ρsρi)

2

1 + (ρsρi)2
|k|
)
h
(
2(∆t− kT )

)

+
w2

s + w2
i

2
− wswi cos(2ω0∆t− 2ϕ0)

]
, (F.24)

where N = (w2
s + w2

i + 2)−1/2 denotes the overall normalization constant of the state
|φI〉. While this expression holds for general losses, it can be simplified to eq. (8.39) in
the main text under the assumption that the losses are small, γT = − log(ρsρi) � 1,
and that |δτsi| � T .
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HWP half-wave plate

MBCS multiboson correlation sampling

RNBS random number boson sampling

SBS scattershot boson sampling

SPDC spontaneous parametric down-conversion
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