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Zusammenfassung

In dieser Dissertation werden Eigenschaften des physikalischen Energiespektrums
von Quantengraphen, beziehungsweise von dazugehörenden Größen und Funktionen,
welche die physikalischen Energieeigenwerte beschreiben oder aus ihnen konstruiert
werden, untersucht. Ein Quantengraph ist ein mathematisch exaktes Modell
der Quantenmechanik eines Teilchens auf einem metrischen Graphen, welches
sich entlang der Kanten bewegen kann und an den Vertices systemdefinierenden
Vertexbedingungen unterliegt. Mathematisch äußern sich diese Vertexbedingungen
durch die unendlich vielen Möglichkeiten der selbstadjungierten Realisierungen
des dazugehörenden Laplace Operators, welcher definiert ist auf dem zugrunde
liegenden metrischen Graphen.

Die Vertexbedingungen des Quantengraphen bestimmen die Vertexstreumatrix,
die sogenannte S-Matrix, welche die Streuung eines freien Teilchens der Energie E,
charakterisiert durch eine ebene Welle mit entsprechender Wellenzahl k =

√
E, an

den Vertices des metrischen Graphen beschreibt. Eine von der Wellenzahl unab-
hängige Vertexstreumatrix nennen wir k-unabhängige S-Matrix. Den entsprechen-
den Quantengraphen bzw. dessen Randbedingungen nennen wir in diesem Fall
ebenso k-unabhängig. Die k-abhängigen S-Matrizen bzw. Quantengraphen sind
analog definiert.
Quantengraphen sind eines der sehr wenigen und deshalb sehr interessanten

physikalischen Systeme, für die eine exakte (physikalische) Spurformel existiert.
Eine (physikalische) Spurformel setzt die quantenmechanischen spektralen Eigen-
schaften des dazugehörigen Laplace Operators in Beziehung mit den (klassischen) pe-
riodischen Bahnen des entsprechenden metrischen Graphen. Diese Spurformel wird
mit Testfunktionen durch Reihenbildung über das quantenmechanische Energiespek-
trum bzw. über das klassische Längenspektrum der entsprechenden periodischen
Orbits ausgewertet. Für eine Testfunktion wird neben einer Punktspiegelsymmetrie
und eines geeignet starken Abfallens für betragsmäßig großes Argument außerdem
Analytizität in einem Streifengebiet um die reelle k-Achse gefordert. Eine gewisse
Mindestbreite dieses Streifens impliziert die absolute Konvergenz der entsprechen-
den Reihe über die periodischen Bahnen in der Spurformel. Wir verbessern in
dieser Dissertation die bisherige, bestmögliche, bekannte untere Grenze dieser
Mindestbreite. Für einen allgemeinen k-unabhängigen Quantengraphen können wir
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beweisen, dass diese untere Schranke außerdem die Bestmöglichste ist.
Die schwächste hinreichende Bedingung für die Gültigkeit der exakten allgemeinen

Spurformel ist die sogenannte “schwache minimale Längeneigenschaft” der Kanten,
welche eine untere Schranke für die Kantenlängen des metrischen Graphen ist
und die Eigenwerte der die Vertexbedingungen beschreibenden Matrizen involviert.
Erzeugen die Vertexbedingungen einen k-unabhängigen Quantengraphen, ist die
minimale Längeneigenschaft durch diesen Quantengraphen immer erfüllt.
Da wir in dieser Dissertation Größen berechnen, die sich aus der exakten Spur-

formel ergeben bzw. sie involvieren, wählen wir alle hinreichenden Annahmen bzw.
Kriterien für die Gültigkeit unserer Resultate schwächer oder gleich der minimalen
Längeneigenschaft des entsprechenden Quantengraphen.
Es ist bekannt, dass für einen kompakten Quantengraphen die physikalischen

positiven Energieeigenwerte, beziehungsweise die dazugehörigen Wellenzahlen, als
Nullstellen einer charakteristischen Funktion F beschrieben werden können. Eine
analoge Eigenschaft dieser charakteristischen Funktion F für die negativen En-
ergien, beziehungsweise rein imaginären Wellenzahlen, oder allgemein für einen
nicht kompakten Quantengraphen, war bis jetzt unbekannt. Wir zeigen, dass
diese Eigenschaft der vollständigen Beschreibung der Energieeigenwerte durch die
charakteristische Funktion F in diesen Fällen erhalten bleibt.

Wir verbessern ein Resultat von Behrndt und Luger für die Anzahl der negativen
Energieeigenwerte, gezählt inklusive ihrer spektralen Entartung, eines Quanten-
graphen, der die minimale Längeneigenschaft erfüllt, indem wir diese Anzahl der
negativen Energieeigenwerte zurückführen auf die Eigenwerte der die Vertexbe-
dingungen charakterisierenden Matrizen. Außerdem vergleichen wir die spezi-
fischen Eigenschaften der charakteristischen Funktion F eines Quantengraphen
mit den entsprechenden Eigenschaften der Riemannschen ζ-Funktion und erhal-
ten auf diesem Weg eine neue Reihendarstellung ihrer Phasenfunktion in einer
Streifenumgebung der kritischen Geraden Re s = 1

2 .
Diese Untersuchungen dienen zur Bestimmung des sogenannten “konstanten

Terms” in der Spurformel, welcher der erste Term nach dem führenden “Weyl Term”
ist, und bereits für spezielle Fälle und insbesondere für den k-unabhängigen Fall
intensiv in verschiedenen Arbeiten untersucht wurde. Unser Ansatz zur Lösung
dieses Problems für den komplizierteren k-abhängigen Fall liegt in einer Verallge-
meinerung der “Fulling-Kuchment-Wilson Formel” vom k-unabhängigen auf den
k-abhängigen Fall. Diese Formel stellt eine schöne Beziehung der Differenz der spek-
tralen und algebraischen Vielfachheit der Null-Moden, dies sind Eigenfunktionen
zum Energieeigenwert Null, durch die Spur der S-Matrix dar.
Wir beweisen dazu erst eine neue nicht triviale SA-Spur Formel, wobei SA

der Wert der S-Matrix bei k = 0 ist. Die Nichttrivialität besteht darin, dass
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diese Formel in nicht trivialer Weise die Dimensionen von Mengendurchschnitten
beinhaltet, während die dazugehörige triviale Spurformel einfach die Differenz der
Dimensionen der entsprechenden Eigenräume ist. Im nächsten Schritt beweisen wir
für die algebraische Vielfachheit eine Identität, welche Größen der nicht trivialen
SA-Spur Formel beinhaltet. Für die spektrale Vielfachheit zeigen wir eine analoge
Formel, welche uns auch die Erweiterung der ”Kurasov-Nowaczyk Eigenschaft” vom
bekannten k-unabhängigen Fall auf den unbekannten k-abhängigen Fall liefert. Die
Kurasov-Nowaczyk Eigenschaft besagt, dass Null-Moden auf den Kanten konstante
Funktionen sind. Die erhaltenden Resultate münden in die Verallgemeinerung der
Fulling-Kuchment-Wilson Formel, wobei wir zusätzlich in der Lage sind, die nicht
kompakten Quantengraphen mit einzuschließen durch die Einbeziehung verallge-
meinerter Null-Moden. Durch die gewonnenen Resultate für die charakteristische
Funktion und durch die verallgemeinerte Fulling-Kuchment-Wilson Formel erhalten
wir eine drastische Vereinfachung des ersten nicht führenden Terms in der Asymp-
totik für kleine Zeiten der Spur des Wärmeleitungskerns für Quantengraphen.
Insbesondere ist der neue Term schnell und explizit berechenbar im Gegensatz zu
dem bisher bekannten Term, der nur implizite Größen enthielt.

Dieses Ergebnis erlaubt es uns, die ζ-regularisierte Determinantenfunktion und
die ζ ′-Determinante für einen allgemeinen Quantengraphen zu berechnen. Die
ζ-regularisierte Determinantenfunktion stellt dabei eine mathematisch eindeutige
Verallgemeinerung des gewöhnlichen charakteristischen Polynoms einer quadrati-
schen Matrix auf den Fall eines allgemeinen unbeschränkten Operators mit gewis-
sen Voraussetzungen an dessen Eigenwertspektrum dar. Die ζ ′-Determinante
ist die entsprechende Verallgemeinerung der Determinanten einer gewöhnlichen
quadratischen Matrix auf einen unbeschränkten Operator, wobei der Eigenwert
Null ausgelassen ist.

Bis auf einen konstanten Faktor stimmt unser Ergebnis für die ζ-regularisierte
Determinantenfunktion mit einer Vermutung, aufgestellt von Texier für allgemeine
Quantengraphen, überein. Auch das entsprechende Resultat von Friedlander für
die ζ ′-Determinante des Quantengraphen mit reinen Kirchhoff Vertexbedingungen
weicht von unserem Resultat ab. Des Weiteren sind auch die Resultate von
Kirsten und Harrison für die ζ ′-Determinante allgemeiner Quantengraphen von
unseren Resultaten verschieden. Außerdem weicht das dortige Resultat für den
nicht führenden konstanten Term in der Asymptotik für kleine Zeiten der Spur
des Wärmeleitungskerns von unserem Ergebnis ebenfalls ab. Am Ende dieser
Dissertation wird für diese Diskrepanz ein möglicher Grund angegeben.

Die zweite Quantisierung der Klein-Gordon Gleichung für massive Teilchen
auf metrischen Graphen beinhaltet als raumartigen Anteil den Laplace Operator,
d.h. einen Quantengraphen, und führt in natürlicher Weise zur Definition der



Vakuumenergie. Wir berechnen rigoros die Vakuumenergie für das quantisierte
Klein-Gordon Feld eines k-unabhängigen Quantengraphen und ebenso die dazuge-
hörige Casimir Kraft, welche die negative Ableitung der Vakuumenergie bezüglich
einer Kantenlänge ist.
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1. Introduction

Quantum graphs were introduced by Kottos and Smilansky [1, 2] as a model for
quantum chaos. These authors investigated analytically and numerically specific
spectral properties and quantities of these systems such as the spectral form factors
and the level spacing distributions and compared them with the corresponding
quantities of random matrix theory searching for “characteristic signals of quantum
chaos”. The strong interest on these characteristic signals originates from the
famous BGS-conjecture [3] which states that the spectral properties of a quantum
mechanical system for which the corresponding classical system is chaotic can be
described by random matrix theory. In particular the spectral form factor and
the level spacing distribution should coincide with the corresponding quantities of
the Gaussian orthogonal ensemble (GOE) iff the Hamilton operator possesses a
time reversal symmetry describing an even spin system, the Gaussian symplectic
ensemble (GSE) iff the Hamilton operator also possesses a time reversal symmetry
but describes an odd spin system or the Gaussian unitary ensemble (GUE) iff the
Hamilton operator doesn’t possess a time reversal symmetry [4]. Searching for
physical model systems fulfilling or violating the BGS-conjecture is one of the main
points of high interest in the scope of quantum chaos.
Our principal point of view and motivation in this thesis originates also from

topics which can be found in the wide issues of quantum chaos. Here we are not
interested in a specific physical problem but rather in generic properties of the
physical energy spectra of “general quantum graphs”. Thus, our paradigm of the
Hamilton operator is the Laplace operator −∆, i.e. it is locally a one dimensional
second order differential operator, as in [1, 2], setting for further convenience
Planck’s constant to ~ = 1 and the mass of the corresponding particle to m = 1

2
1.

The Laplace operator is the most important second order differential operator,
and we incorporate the “non-triviality and universality” by all possible and infinitely
many boundary conditions which ensure self-adjointness for it. By results of [5]
this set of Laplace operators then includes all perturbations of the pure Laplace
operator by a magnetic potential A on the edges since it was proved that the
perturbed Laplacian is equivalent to an unperturbed one by changing the boundary
conditions in a specific manner.

1Except for chapter 6, where m is an arbitrary non-negative number
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The great importance of the set of all self-adjoint realizations of the Laplace
operator as generic model systems for a generic Schrödinger operator was impres-
sively corroborated by results of [6]. Therein it was proved that a general class of
Schrödinger operators including a potential defined on a manifold with characteris-
tic width ε can be approximated for small values of ε by the pure Laplacian on the
corresponding approximating metric graph with non-standard boundary conditions
being not necessarily of the δ-type or δ′-type.

The analysis of the Laplacian as the prime example and generic model system
for a Schrödinger operator is very wide-reaching in the field of quantum chaos such
as the analysis of the Laplace-Beltrami operator on spaces with constant negative
curvature, which yields the well-known Selberg trace formula [7]. It has turned out
that the Selberg trace formula is a special case of the more general but for ~→ 0
only asymptotically valid Gutzwiller trace formula [8]. The Selberg trace formula
is the first example of an exact “physical trace formula”, i.e. it relates the quantum
mechanical energy (or wavenumber) spectrum, i.e. the spectral part of the trace
formula, to the classical length spectrum of the classical periodic orbits, i.e. the
non-spectral part of the trace formula, including periodic orbits with period zero,
i.e. fixed points. In particular the Selberg and the Gutzwiller trace formula don’t
involve in their non-spectral parts any quantities which are related to the quantum
mechanical spectra of the corresponding quantum mechanical operators.

The existence of a trace formula provides a very important and powerful tool
for analyzing the physical spectrum of a quantum mechanical operator since it
has become apparent that the “Weyl term” and “periodic orbit term”, i.e. the
non-spectral part, of its trace formula can be evaluated explicitly for many physical
spectral quantities related to it such as the corresponding spectral form factor,
the level spacing distribution [2, 9] or the trace of the corresponding evolution
operator [10, 11]. One gains in such a way a lot of information of the corresponding
spectral part of the quantum mechanical operator. A very remarkable property of
all self-adjoint realizations of the Laplacian on a finite compact metric graph, i.e.
a metric graph with finitely many edges and finite total length, is that there exists
also an exact trace formula [10] which thus makes these kinds of operators very
useful to serve as model systems for quantum chaos.

Therefore, we will study specific spectral properties and the corresponding related
quantities for all possible (infinitely many) self-adjoint realizations of the Laplacian
on a metric graph Γ consisting of EΓ edges and V vertices which we call quantum
graphs following [1, 2].

The corresponding wave function ψ(t, x) of such a system describes therefore
a spinless particle whose unitary time evolution on the edges is governed by the
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Schrödinger equation (~ = 1 and m = 1
2)

i ∂
∂t
ψ(t, x) = −∆ψ(t, x), (1)

in a Hilbert space related to the metric graph Γ. One cannot regard (1) as a
“free time evolution” since it is implicitly subjected to boundary conditions at the
vertices which guarantee the self-adjointness of the Laplacian and therefore the
unitarity of the time evolution, i.e. the conversation of the total probability on the
metric graph Γ ∫

Γ

|ψ(t, x)|2 dx = 1 for all t ∈ R, (2)

by Stone’s theorem [12]. For example, as mentioned above, the perturbation of the
Laplacian by a magnetic potential A can be curtained in the boundary conditions
for the pure Laplace operator [5].
Recent results of our investigations are published in e.g. [10], where we have

rigorously derived the Weyl asymptotics of the wavenumber counting function
for arbitrary compact quantum graphs. We have also derived the heat-kernel
asymptotics of arbitrary compact quantum graphs fulfilling the “weak minimal
length property”. The weak minimal length property involves only a lower bound
on the edge lengths which is independent of the specific “quantum mechanical
topology” of the quantum graph and is induced by the corresponding S-matrix.
The S-matrix is the so-called vertex scattering matrix describing the quantum
mechanical scattering process of a single particle with energy E at the vertices of
the metric graph. Therefore, the S-matrix generally depends on the wavenumber
k :=

√
E (~ = 1, m = 1

2). However, it is possible that for a quantum graph the
corresponding S-matrix is a constant matrix function in k, i.e. it is independent
of k. In this case we call this S-matrix and the corresponding quantum graph
k-independent, otherwise k-dependent.

Inspired by [13, 14] we have also investigated all possible self-adjoint realizations
of the so-called “Berry-Keating operator” and a squared version of it on metric
graphs in [11]. It was suggested in [13, 14] that this operator could serve as
the strongly desired Hilbert-Polya operator (see also the references in [11]) whose
eigenvalues coincide with the non-trivial Riemann zeros and would prove the famous
Riemann hypothesis. We have rigorously proved trace formulae and have been able
to derive a no-go theorem for providing the Hilbert-Polya operator through these
operators defined on compact metric graphs.
A one-parameter quantum graph family with δ-type boundary conditions con-

sisting of infinitely many edges and with infinite total length but with decreasing
edge lengths were considered by us in [15]. In particular the surprising result
was proved that for every allowed parameter, characterizing the strength of the
δ-potentials and thus one specific realization of the quantum graph family, the
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corresponding infinite quantum graph possesses a purely discrete spectrum despite
the fact that the underlying metric graph possesses an infinite total length. As a
rule of thumb one would expect for the Laplace operator defined on an infinite
volume, which corresponds to the total length of a quantum graph, some essential
spectrum [16, 17]. This non-standard behaviour of the spectrum for a realization of
a Laplace operator excites high interest and was also realized and investigated for
Laplace operators acting on manifolds with dimension equal or greater than two in
e.g. [18, 17, 19, 20, 21]. These kinds of Laplace operators entail a non-standard
Weyl asymptotics for their wavenumber counting functions N(k) [19]. A standard
Weyl asymptotics is given by [22, 16], C > 0,

N(k) ∼ Ckd, k →∞, (3)

where d is the dimension of the underlying metric space. We also have detected
a non-standard Weyl behaviour for the wavenumber counting function for the
“Dirichlet quantum graph”, which is a rigorous limit of the one parameter quantum
graph family investigated by us in [15]. The corresponding wavenumber dependent
asymptotic term in (3) for this quantum graph is given by k ln k which is after a
scaling of the edges lengths with the factor 1

2π identical with the leading term of
the asymptotics for the counting function of the non-trivial zeros of the Riemann
ζ-function. Moreover, the very interesting result that the spectral multiplicities of
the eigenvalues respectively wavenumbers of the Dirichlet quantum graph, which
for this quantum graph are precisely given by all natural numbers, coincide exactly
with the divisor function [23] was also shown by us in [15]. The divisor function
counts the number of possibilities to factorize a natural number in two natural
numbers. Thus, the wavenumber counting function N(k) coincides for the Dirichlet
quantum graph with the divisor summatory function [23] a very intensively studied
quantity in number theory since the asymptotic order of this function beyond
the linear term is still unknown and well-known as “Dirichlet’s divisor problem”
[23, 24, 25]. The actually best result for an upper estimate of this quantity was
established in [26] and is given by O

(
kΘ
)
, Θ = 131

416 , whereas it is conjectured that
Θ = 1

4 + ε holds for every ε > 0. The case Θ = 1
4 was disproved in [24].

It has turned out that the Voronoï summation formula [27, 28] can be interpreted
as the corresponding physical trace formula for the Dirichlet quantum graph. In
[29] we have presented a completely new proof for the Voronoï summation formula
involving only physical quantities such as the trace of the corresponding wave
group.

The results and methods of our investigations in [11, 15, 29] explained above are
not subject and part of this thesis. We first generalize and improve some results
of [10] serving us as starting point of the completely new investigations in the
following chapters.
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However, analyzing quantum graphs or general Schrödinger operators on metric
graphs in a physical or pure mathematical context has a much older tradition,
although in the specific articles the concrete examined systems aren’t explicitly
denoted as quantum graphs. Excellent surveys of the long and very successful
history of investigating or modeling and approximating physical systems by graph-
like structures equipped with appropriate Hamilton operators are given in [30, 31].
We first cite the most relevant achievements and applications before the publication
of [1] subsuming the specific aims of the investigations and the corresponding results
in a condensed form. We then discuss the most important results after the impact
of [1, 2] in particular we cite the relevant articles which are the starting point for
our investigations in this thesis. Finally, we explicitly explain in a compact way
the new results, proper generalizations and solutions of yet open problems which
are rigorously derived in this thesis.

To our knowledge the first physical application of a metric graph model to model
a physical system was made in [32]. Therein the diamagnetic anisotropy of aromatic
molecules was calculated by considering the molecule as a conducting network and
calculating the corresponding induced magnetic field through the electrical currents.
In this model the current stems from the delocalized electrons and flows along the
corresponding bonds between the nuclei. The nuclei and bonds correspond to the
vertices and the edges (or bonds) of the metric graph and the electrical currents
correspond in this model to the periodic orbits of the corresponding metric graph.

In [33, 34] there was for the first time the Hamilton operator for cata-condensed
hydrocarbons, i.e. aromatic compounds in which no more than two rings have
a single carbon atom in common [35], approximated by a quantum graph with
Kirchhoff boundary conditions in order to predict the transition spectrum of the
corresponding molecule. The basic assumption for this idea was that only the
mobile electrons, i.e. electrons for which the corresponding wave functions are
delocalized [33, 34], contribute in a relevant way to the transition spectrum at least
at low energies. Analytical and numerical calculations were explicitly performed
for the transition spectrum of naphthalene, azulene and styrene and then these
results were compared with the corresponding predicted quantities of the LCAO
(linear combination of atomic orbitals) theory. The results stemming from the
quantum graph theory match well with the results derived from the LCAO theory
and also well with the experimental data at low energies. Additionally, to our best
knowledge in [33] an eigenvalue characterizing matrix equation was for the first
time derived which is similar to the calculations in [9] (see (2.15)) for the so-called
secular function ζh(k). However, this approach is a little bit different and it is not
nearly as convenient and useful for our purposes. Therefore, we won’t treat this
approach here.
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The analytical and numerical “free-electron network model” (or quantum graph
model) investigations for other conjugate systems, i.e. organic compounds with
connected p-orbitals (angular momentum quantum number l = 1) with delocalized
electrons in compounds with alternating single and multiple bonds [35], were
continued in e.g. [36, 37, 38, 39, 40], however, the analytical methods are the
same as in [33, 34] and the numerical results confirm the observations in [33, 34].
The LCAO theory and free-electron network model yield for these systems similar
results. In [41] the theory was extended to infinite periodic networks (infinite
number of edges and vertices) predicting the energy levels and the corresponding
density of states for metals and single graphite layers, i.e. graphene, which again
are in agreement with the predictions of the LCAO model. In [42] there was for
the first time a δ-interaction incorporated by imposing δ-type boundary conditions
at the nuclei, i.e. at the vertices. One of the most recent theoretical contributions
for the theory of carbon nano-structures including graphene was given in [43],
where a band structure of the energy spectrum for periodic Schrödinger operators
(with respect to the graph structure) was established proving the corresponding
dispersion relations for the energy spectra.

In [44, 45] the network model (infinite and periodic or finite) for electrons in
solids was extended by adding a specific potential only depending on one free real
parameter at every edge maintaining the Kirchhoff boundary conditions on the
nuclei, i.e. at the vertices. For this specific system the density of states was derived
and also band structures for the energies are obtained and discussed.

A completely different idea to use quantum graph models was established in
[46, 47]. Therein the solutions of the Landau-Ginzburg equation and of the London
equation were studied with δ-type boundary conditions on several specific metric
graphs such as some specific finite metric graphs (finite number of edges and ver-
tices), the infinite square net and for the triangular Sierpinski gasket. Furthermore,
the critical upper fields were calculated for the occurrence of percolation and also
the energy levels were calculated for some of these metric graph models.

The first rigorous treatment of finite quantum graphs in particular a proof of
the self-adjointness of a Schrödinger operator with sufficiently smooth potential
equipped with Kirchhoff boundary conditions was presented in [48]. In [49] a
physical trace-formula was proved for the heat-kernel of the Kirchhoff quantum
graph. The first mathematically exact examples of proper non-compact star graphs,
i.e. graphs possessing a central vertex with finitely many edges attached possessing
an infinite length, were investigated in [50]. In particular for these examples
there was for the first time developed the general treatment of all possible self-
adjoint realizations by von Neumann’s extension theory [51] and calculated the
corresponding vertex scattering matrices, the S-matrices. The von Neumann’s
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extension theory was also used in [52] for determining all the self-adjoint extensions
of the Dirac operator (without potential) on a finite (compact or non-compact)
metric graph characterized by a unitary matrix U and there was proved an abstract
relation between the energy eigenvalues of the Dirac operator and the eigenvalues
of the determining matrix U . The scattering problem for a Schrödinger operator
with appropriate potentials on the edges and equipped with Kirchhoff boundary
conditions on a finite non-compact metric graph was for the first time rigorously
treated in [53, 54]. Therein the corresponding S-matrix was calculated and it was
shown that one can recover the potentials on the edges by means of the scattering
matrix S. The next important step was made in [55], where the self-adjointness
was proved for the first time of an infinite but locally finite quantum graph, i.e.
infinitely many edges EΓ =∞ but the number of edges attached to a specific vertex
v can be uniformly bounded from above by a natural number. Moreover, therein
an energy eigenvalue characterizing matrix equation was proved.

The investigations of quantum graphs considerably rose after the results of [1, 2]
since therein an exact trace formula was derived for the Kirchhoff quantum graph
involving test functions similarly to the Selberg trace formula [7, 56]. Sophisti-
cated extensions of the numerical and analytical studies of e.g. the two-point
autocorrelation functions, the spectral form factors, the level spacing distributions
or the quantum ergodicity properties for k-independent quantum graphs were made
in e.g. [57, 58, 59, 60, 61, 62, 63, 64, 65, 9, 66, 67, 68, 69] by e.g. appropriate
formal applications of the trace formula going even beyond the so-called “diagonal
approximation”. The basic theory of finite quantum graphs was mathematically
developed in a series of articles [30, 70, 71, 72] and characterizations for quantum
graphs and their spectra were rigorously derived. Moreover, the matrix-valued inte-
gral kernels were calculated for the corresponding resolvents of arbitrary quantum
graphs in [72] and for arbitrary self-adjoint realizations of the momentum operator
on the corresponding metric graph in [73]. Furthermore, the poles of the so-called
“spectral ζ-function” was investigated in [73] for the self-adjoint Laplace operators
which originate of squared self-adjoint momentum operators, a special subclass of
k-independent quantum graphs. In [74] there was proved that an infinite quantum
graph with Kirchhoff boundary conditions with a finite volume, i.e. a finite total
length, possesses a purely discrete spectrum. Such a property is characteristic for
a generic Schrödinger operator defined on a “finite volume” [22, 16]. Yet the most
general characterization for an infinite quantum graph (number of edges EΓ =∞)
was given in [70]. The problem “Can one hear the shape of a graph/network”,
which is the analog to the well-know question “Can one hear the shape of a drum”
in [75], were independently solved in [76, 77]. The corresponding problem is to
reconstruct the metric graph only by the knowledge of the spectrum of the corre-
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sponding quantum graph. Similar as in [75] the answer is: no! However, with some
additional information on the corresponding metric graph, as e.g. the rational inde-
pendence of the edge lengths, the simply connectedness of the corresponding metric
graph (i.e. two vertices are connected by one edge) and the properly connecting
property of the corresponding S-matrix (i.e. the S-matrix element corresponding
to adjacent edges doesn’t vanish), one can reconstruct the metric graph by its
quantum spectrum [77]. For an infinite network, i.e. a metric graph consisting of
infinite many edges and vertices, isospectrality for two different metric graphs can
again occur which was demonstrated in [78]. The total number of resonances of the
S-matrix for a non-compact finite quantum graph located in the lower half-plane
in a disk of radius R was considered in [79], where an asymptotically linear growth
was proved for R → ∞. However, the corresponding gradient can differ from
the corresponding standard Weyl term. The vacuum energy corresponding to a
massless particle (m = 0), i.e. an appropriate regularization of the series of all
square roots of the energy quantum numbers for a k-independent quantum graph
was treated in [80] and rigorously calculated in [81]. For an arbitrary quantum
graph the vacuum energy and the Casimir force, i.e. the derivative of the vacuum
energy with respect the edge lengths, corresponding to an massless particle (m = 0)
were considered in [82]. The longstanding problem pertaining to the total number
of negative eigenvalues for an arbitrary quantum graph was solved in [83]. A deeper
recent result for the total number of nodal domains for an eigenfunction, i.e. the
connected domains where the eigenfunction doesn’t vanish, corresponding to the
nth eigenvalue for a finite compact quantum graph with δ-type boundary conditions
was derived in [84].

The trace formula was rigorously proved for k-independent quantum graphs in
[85, 86] by different methods and for the general case in [10]. The general trace
formula involves the weak minimal length property for the corresponding quantum
graph which is the weakest possible assumption on a quantum graph which ensures
conditional convergence of the periodic orbit series in the general trace formula
and is for k-independent quantum graphs always fulfilled.

With the exception of exactly one single term every term in the Weyl term and
periodic orbit term of the general trace formula involves only quantities which can
be explicitly calculated by the “matrix-data” of the quantum graph such as the
corresponding S-matrix or the transfer matrix. This single term is the so-called
“constant term” of the general trace formula and is given by g0 − 1

2N . The form of
this term possesses two essential drawbacks.

First, the constant term involves quantities which are only related to the quantum
mechanical spectrum of the quantum graph such as the spectral multiplicity g0 of
the zero-modes, i.e. solutions of the equation −∆ψ = 0, and the corresponding
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algebraic multiplicity N and they should therefore not appear on the non-spectral
part of the general trace formula. Moreover, both terms g0 and N are only implicitly
available, i.e. they are solutions of implicit equations, whereas every other term
in the Weyl and periodic orbit term is explicitly calculable. Hence, one is very
interested to overcome this lack of consistency in the general trace formula for
quantum graphs compared with the Selberg or Gutzwiller trace formula and to
obtain their aesthetics.

We remark that zero-modes of quantum mechanical operators (e.g. Dirac opera-
tors or Pauli Hamilton operators) are intensively studied objects in physics, e.g.
[87, 88, 89, 90, 91, 92, 93, 94] since in [95, 96] the amazing result was proved that
the stability of a Coulomb system, i.e. the existence of a ground state, crucially
depends on the existence and the form of the zero-modes for the Coulomb system.
A first step to get rid of the annoying spectral-like term g0 − 1

2N on the non-
spectral side of the general trace formula was made in [85, 97]. Therein it was proved
that the constant term in the general trace formula for a finite compact quantum
graph with Kirchhoff boundary conditions is identical to the Euler characteristic
χ(Γ) := V − EΓ [98, 99] of the underlying metric graph Γ, where EΓ is the total
number of edges and V is the total number of vertices. The Euler characteristic
of a metric graph is closely related to the corresponding first Betti number β1(Γ)
by the formula β1(Γ) := C − χ(Γ) [100, 101], where C is the number of connected
components of the metric graph. The first Betti number β1(Γ) counts the minimal
number of edges which have to be removed to turn the metric graph into a tree
or equivalently it counts the number of independent periodic orbits in the metric
graph (see [102, 84]).

The next step was succeeded in [103], where an index theorem for k-independent
quantum graphs was proved. Especially, it was proved that the corresponding
Laplace operator can be factorized as2 −∆ = p+p, where p is a closed realization of
the momentum operator on the metric graph. The index for such kinds of operators
is then defined as [104, 105, 103]

index(−∆) := dim ker p− dim ker p+, (4)

i.e. it is the difference of the dimensions of the null spaces (the preimages of the
zero wave function) of the momentum operator and the corresponding adjoint
momentum operator. The rigorous result for k-independent compact quantum
graphs in [103] was the very neat formula3

1
2 index(−∆) =

(
g0 −

N

2

)
= 1

4 trS, (5)

2We omit here an indication of the specific self-adjoint realizations avoiding confusions.
3We omit here the corresponding subscripts used in the following chapters avoiding confusions.
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where S is the vertex scattering matrix of the corresponding k-independent compact
quantum graph. The r.h.s. in (5) is the so-called “Fulling-Kuchment-Wilson formula”
for k-independent compact quantum graphs. The formula (5) is a dramatic progress
for the calculation of the constant term

(
g0 − N

2

)
in the general trace formula for

k-independent compact quantum graph since the r.h.s. in (5) contains only a very
easily and explicitly calculable quantity even for very large compact quantum graphs
consisting of very many edges and vertices. Whereas the original term

(
g0 − N

2

)
is

only implicitly available and is even for small quantum graphs consisting only of a
few number of edges and vertices very hard determinable. Furthermore, the entries
of the S-matrix also generate the amplitude functions in the periodic orbit part of
the general trace formula and we retrieve the very nice symmetry in the general
trace formula replacing the original spectral-like constant term by a S-matrix
quantity in the periodic orbit part of the general trace formula.

The method in [103] is based on a very sophisticated analysis of the trace of the
heat-kernel by a subtle method of images. Because of convergence problems and
since certain steps in their derivation are only valid for the k-independent case the
techniques in [103] cannot be applied to a generalization to the k-dependent case.

In this thesis we develop a completely new approach for the rigorous solution of
the “constant term problem”, i.e. the problem of finding an explicitly calculable
formula for

(
g0 − N

2

)
, which involves only quantities (e.g. the S-matrix elements)

which appear in the periodic orbit series of the general trace formula for general
k-dependent quantum graphs. We are even able to generalize the results to the
non-compact case.

The astonishing result is that the Fulling-Kuchment-Wilson formula has only
to be modified slightly and that in the case of a non-compact quantum graph
the generalized zero-modes have to be included. Our method also invokes the
weak minimal length property as for the general trace formula for the k-dependent
quantum graphs. The results allow us to calculate the constant term in the small-t
asymptotics of the trace of the heat-kernel for a general k-dependent quantum
graph fulfilling the weak minimal length property.

Moreover, we rigorously determine the so-called ζ-regularized determinant func-
tion and the ζ ′-determinant of an arbitrary compact quantum graph fulfilling the
weak minimal length property. This approach involves the so-called “generalized
spectral ζ-function”, a function similar to the Hurwitz ζ-function [106, 107], how-
ever, not summing over the natural numbers but instead over the eigenvalues of the
operator. The ζ-regularization technique was introduced in [108], applied in physics
in [109] and is a mathematically exact and unambiguous formalism for generalizing
the corresponding quantities of finite dimensional matrices to unbounded operators
such as the characteristic polynomials or the usual determinants of them. The
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ζ-regularized determinant function of a self-adjoint operator possessing a purely
discrete spectrum maintains the very nice property of the usual characteristic
polynomial to vanish exactly at the eigenvalues and the corresponding order of a
zero, i.e. the power of the first non-vanishing term in the corresponding Taylor
expansion, coincides with the corresponding spectral multiplicity of the eigenvalue.

Our final result for the ζ-regularized determinant function for a general quantum
graph coincides up to a constant factor with a conjecture for quantum graphs
with general boundary conditions made in [110]. Moreover, our final result for the
ζ ′-determinant for a general quantum graph differs from the corresponding result
in [111, 82] using a completely different approach.

There exists a different approach to obtain a “regularized determinant function”
for an operator proposed in [112] not involving the generalized spectral ζ-function.
Unfortunately, this approach doesn’t allow to calculate a regularized determinant
of an operator (the ζ ′-determinant in the spectral ζ-function approach) since the
final result includes a completely free multiplicative term.

The vacuum energy Evac for the quantized and massless (i.e. m = 0) Klein-
Gordon field corresponding to a compact k-independent quantum graph was for the
first time rigorously calculated in [81]. The spectral ζ-function was used in [82] to
calculate the vacuum energy and the resulting Casimir force FC

n corresponding to
the massless Klein-Gordon field for general compact quantum graphs. We rigorously
calculate in this thesis the vacuum energy and the corresponding Casimir force for
the Klein-Gordon field with a non-vanishing mass term, i.e. m 6= 0.

Our thesis is organized as follows. In chapter 2 we briefly define the terminology
for metric graphs and present the corresponding notations. The quantum mechanical
setting is introduced in the beginning of chapter 3 by citing the corresponding
relevant known results and in section 3.1 we present a detailed but condensed
description for the scattering theory of quantum graphs. Especially, we generalize
a criterion in [113] characterizing a k-independent quantum graph by the specific
form of the corresponding S-matrix for a specific value of the argument k from the
restriction k > 0 to the best possible most general case k 6= 0. New topological
aspects of quantum graphs are briefly discussed in section 3.2, where we define an
in general k-dependent quantum mechanical connectivity matrix.

In section 3.3 we define the so-called characteristic function F , one major object
of investigations in this thesis, and we present a new theorem for characterizing
the zero-modes. We introduce the so-called “associated generalized Dirichlet series”
Dβ

∆(k) for a general quantum graph depending on a real parameter β and define
the corresponding minimal and maximal abscissas of absolute convergence σ̃amin(β),
σ̃amax(β). This leads to a generalization and in doing so to a rigorous proof of
the corresponding investigations in [2, 114, 115] for e.g. the Euler product of the
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characteristic function F or related quantities which correspond to the cases β = 1
2

and β = 1. In particular we prove that for k-independent quantum graphs the
abscissa of absolute convergence σa(β) for the corresponding Euler product is equal
to σ̃amin(β) respectively σ̃amax(β) and can be determined as the largest zero of a
specific function and that this zero is located at the non-negative real axis. This
leads to an improvement of the width of the test functions for the general trace
formula, i.e. the width of the strip around the real axis where the test functions
have to be at least analytic, which is one point of the sufficient criteria for the
absolute convergence of the periodic orbit series of the general trace formula. We
also prove that this improvement is for the k-independent case the best possible
one.

It is known that for a compact quantum graph (finite total length) the zeros of
the characteristic function F which are located on the real axis with the exception
of k0 := 0 coincide with the real (positive and negative) wavenumbers of the
corresponding quantum graph and the orders of these zeros coincide with the
spectral multiplicities of the corresponding wavenumbers. An analogous result
for the non-compact case or for the purely imaginary wavenumbers, i.e. negative
eigenvalues, was completely unknown. We prove rigorously in section 3.5 that
this property remains true for the non-compact case and for purely imaginary
wavenumbers. It is known that on the imaginary axis the characteristic function
F can possess poles but the orders of these poles, i.e. the first non-vanishing
powers of the corresponding Laurent expansions, were unknown. We explicitly
determine in this thesis the orders of these poles. These results lead to the first
improvement for the small t-asymptotics beyond the Weyl term for the trace of
the heat-kernel in section 3.6 replacing the sum of the orders of the poles and zeros
on the imaginary axis of the characteristic function F by directly calculable matrix
quantities stemming from the boundary conditions. Furthermore, we explicitly
determine in this section the number of negative eigenvalues of a quantum graph
fulfilling the weak minimal length property.

In section 3.7 we show an interesting similarity between the characteristic function
F and the Riemann ζ-function concerning the corresponding functional equations
and a way how to write each of these functions as a product of an analytic, real-
valued for real argument and symmetric function, and an exponential function
involving as exponent a purely imaginary and analytic function, the phase function,
providing them with the correct phases. We also prove a new series representation
of the corresponding phase function ϑ in a strip around the critical line Re s = 1

2

for the Riemann ζ-function. This inspires us to a suggestion for searching for a “ζ-
quantum graph”, i.e. a quantum graph whose corresponding characteristic function
F is related to the Riemann ζ-function, and can maybe serve as the strongly desired
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self-adjoint hypothetical Hilbert-Polya operator (see e.g. the references in [11]). It
is assumed that the eigenvalues or wavenumbers of the self-adjoint hypothetical
Hilbert-Polya operator coincide with the non-trivial zeros of the Riemann ζ-function
which would show that these zeros are located on a critical line, which should
according to the Riemann hypothesis be given by Re s = 1

2 .

In chapter 4 we solve the constant term problem for arbitrary (k-independent
or k-dependent, compact or non-compact) quantum graphs. We first derive a
new explicit formula for the algebraic multiplicity N for a general quantum graph
in section 4.1. In section 4.2 we prove a new bijective connection between the
eigenvectors of the vertex scattering matrix evaluated at k = 0 which is denoted
by SA and the matrix SAJE which is the corresponding matrix appearing in the
determinant of the definition for the characteristic function F evaluated also at
k = 0. We then prove a new “dimension sum rule” for an arbitrary square matrix
A with an even number of rows and columns involving the “symmetric space”
Msy and the “antisymmetric space” Masy which are subspaces of CE possessing a
certain symmetry property with respect to a specific permutation operation. These
results admit the new “non-trivial SA-trace formula” at the end of section 4.2.
Moreover, we prove a new explicit formula which characterizes the zero-modes
providing a new explicit formula for the spectral multiplicity g0 of the zero-modes
for a general quantum graph involving as sufficient criterion for validity a new
quantum graph constant µ+ which has to be smaller than one. It will turn out
that this is in particular the case if the weak minimal length property is satisfied
by the corresponding quantum graph. The investigations yield also the surprising
result that the so-called “weak Kurasov-Nowaczyk property”, i.e. the constancy of
the zero-modes on every edge which was proved for the k-independent case in [116]
by a completely different method, remains true for the k-dependent case if one
assumes the same bound for the quantum graph constant µ+ < 1. We are also able
to present a generalization of the Fulling-Kuchment-Wilson formula [103] not only
from k-independent compact quantum graphs to k-dependent compact quantum
graphs but even to the non-compact case. This generalization involves generalized
eigenfunctions and in particular generalized zero-modes which are well-established
in mathematics [117, 118]. The final consequence of the analysis of chapter 4 is a
new drastic simplification of the small-t asymptotics for the trace of the heat-kernel
for quantum graphs satisfying the weak minimal length property. In particular
we get rid of the annoying implicit terms beyond the Weyl term. The obtained
new term is simply the trace of the corresponding S-matrix evaluated at “infinity”,
a very easily explicitly calculable term involving only the expected quantities
(the S-matrix elements) which are similarly used for an explicit evaluation of the
periodic orbit part of the general trace formula.
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We proceed in chapter 5 by introducing the general method for the spectral ζ-
function regularization of the determinant function or the determinant for a general
operator possessing a non-empty discrete spectrum and a sufficiently fast increase
of the corresponding eigenvalues or wavenumbers. In section 5.1 we apply general
results for regularized series and products stated in the appendix C to general
quantum graphs and obtain in this way a new explicit meromorphic continuation for
the spectral ζ-function ζ∆. This function depends on two variable s and k, where k
can be considered as an overall shift of the quantum graph wavenumber spectrum
in the sense of σ

(√
−∆

)
+ k. In particular we can calculate for fixed k the explicit

value of the spectral ζ-function at the origin s = 0, especially we can derive the first
terms of its Taylor expansion. Moreover, we also show that the spectral ζ-function
possesses for fixed k in Re s > −1

2 only a simple pole at s = 1
2 and calculate the

corresponding Laurent expansion of it at this point. The ζ-regularized determinant
function involves the derivative of the spectral ζ-function with respect to the
variable s evaluated at s = 0. We prove a Stirling-like formula for the ζ-regularized
determinant function, i.e. a large-k asymptotic formula for it, for a general compact
quantum graph. By the obtained results and by means of Hadamard’s factorization
theorem we can derive a new formula for the ζ-determinant function and the
ζ ′-determinant, i.e. the ζ-regularized infinite product of all non-zero eigenvalues,
for a compact quantum graph fulfilling the weak minimal length property. We
finish the section by calculations of some explicit examples which will be used e.g.
in the chapter 7.

In chapter 6 we quantize the Klein-Gordon field with non-vanishing mass
term (m 6= 0) corresponding to a quantum graph and rigorously calculate for
k-independent quantum graphs the vacuum energy and the corresponding Casimir
force. We show that for the massless case, setting m = 0, our result for the vacuum
energy coincides with the corresponding result derived by Berkolaiko, Harrison
and Wilson in [81] obtained by very sophisticated methods. Furthermore, we show
that for the “large-mass asymptotics” the Casimir force always becomes repulsive
and the leading term is independent of the topology and the edge lengths of the
corresponding quantum graph.

Our last chapter 7 is devoted to comparison with and generalizations of the
other results in [110, 111, 82] corresponding to the ζ-determinant function, the
ζ ′-determinant, the vacuum energy and the Casimir force. All these results are
obtained by completely different methods than ours which we have used. Moreover,
all the results pertaining to the ζ-determinant function and the ζ ′-determinant
differ from our results except the result of Texier in [110] for the ζ-determinant
function for the compact Kirchhoff and anti-Kirchhoff quantum graph. In [110]
there was also presented a conjecture for the ζ-determinant function which differs by
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a constant factor from our result. This constant factor would have a drastic impact
for the corresponding ζ ′-determinant since this determinant is the limit for tending
the argument to zero of the ζ-determinant function divided by the gth0 power of
the argument. We also show that the corresponding result in [82] for the trace of
the heat-kernel beyond the Weyl term differs form our one established in section
4.4. Moreover, we rigorously extend and in doing so also justify the calculations in
[110] pertaining to an explicit periodic orbit series representation for the spectral
ζ-function for the Kirchhoff and anti-Kirchhoff case to the general k-independent
case. We prove a completely new result for the domain of validity for this periodic
orbit representation in particular we determine the domain of absolute convergence
of the corresponding periodic orbit series involving the abscissa of convergence
σa
(

1
2

)
introduced and determined in section 3.4. The results for the ζ-determinant

function and the ζ ′-determinant in the very sophisticated and interesting approach
of [111] applied to quantum graphs correspond to the Kirchhoff case and the
corresponding ζ ′-determinant differs from our result which we explain in section 7.2.
In the last section 7.3 we show that the result in [82] for the ζ ′-determinant for a
generic quantum graph obtained by a very sophisticated and inspiring method also
differs from our result, in particular in [82] it can occur that the ζ ′-determinant
vanishes which is by our definition impossible. We continue by showing that the
result for the small t-asymptotics beyond the Weyl term of the trace of the heat
kernel in [82] for general quantum graphs also differs from our result obtained in
section 4.4. We finish chapter 7 by showing that if we set the mass m = 0 in our
result for the Casimir force then it coincides with the very interesting corresponding
result in [82] obtained by very sophisticated techniques.

In the appendix we firstly present a matrix perturbation theorem which guarantees
an expansion of the corresponding eigenvalues and eigenvectors in a Puiseux series
[119] which we use in chapter 3. A diagonalization criterion for matrix products
are given in appendix B which we apply in chapter 4. In the appendix C we state
basic properties of regularized series and present the corresponding Hadamard
factorization (Lerch’s formula) which we use in chapter 5. In the last appendix D
we rigorously derive the solution of a problem which was established in the seminars
of the Institut of Applied Analysis of the University of Ulm. In particular we
derive the time evolution of an arbitrary self-adjoint realization of the momentum
operator on a compact metric graph.





2. Metric graphs

In this chapter we present the fundamental items of graph theory and develop the
concept of a metric graph. This is the starting point for section 3.2, where we
define the periodic orbits and the length spectrum of the periodic orbits.
A graph Γ = (V , E , I) is a countable set of vertices V = (v1, . . . , vV ) and a

countable set of edges E = (e1, . . . , eEΓ). Here we have defined EΓ := |E| and
V := |V| which are the cardinalities of these sets of edges and vertices, respectively.
A priori it is allowed that the number of edges or vertices is infinite, i.e. EΓ =∞
or V =∞ but we don’t treat this case here.

Definition 1. To every edge e ∈ E there is assigned at least one end point and at
most a second end point. These end points are called edge ends.

The set of edges E can be divided in external edges Eex and internal edges Eint

and we denote by Eex and Eint the respective cardinalities of these sets. External
edges consist of those which possess only one end point and the internal edges are
constituted by those which possess two end points. Clearly, it holds EΓ = Eex +Eint

and the total number of edge ends E of the graph Γ is given by

E := Eex + 2Eint. (6)

In the following we also denote the set of all edge ends by4 E respectively the set
of edge ends assigned to external edges (external edge ends) with Eex, |Eex| = Eex

and the set of edge ends assigned to internal edges (internal edge ends) with Eint,
|Eint| = Eint.

The graphs which consist of finitely many edges and vertices, EΓ <∞, V <∞,
are called finite graphs and graphs which additionally possess no external edges
are called finite compact graphs. Graphs which possess an infinite set of vertices
V =∞ or an infinite set of edges EΓ =∞ are called infinite graphs.
To each edge end there is assigned a vertex, each vertex v ∈ V is at least

connected with one edge end and the edges E are linked by the vertices, i.e two
linked edges respectively possess an edge end which are connected to the same
vertex. A possible edge e which connects a vertex v with itself is called a loop. It
is also allowed that two vertices are connected by several edges, i.e. there exist
more than one edge with respectively assigned edge ends to these vertices.
4It is clear by the context what is meant.
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The topology of the graph Γ is given by these relations of the edges and the
vertices. This means:

Definition 2. • A vertex v and an edge end are adjacent iff v is assigned to
the edge end.

• An edge e and a vertex v are adjacent iff v is adjacent with one edge end of e.

• Two edge ends are adjacent iff there exists a vertex v which is simultaneously
assigned to them.

We denote by Ev the set of edge ends which are adjacent to the vertex v ∈ V and
the degree d(v) of a vertex v is the number of adjacent edge ends, d(v) := |Ev|,
v ∈ V . Note that each loop contributes twice to the degree of a vertex.

Each edge e ∈ E is either assigned a compact interval Ie = [0, le] with 0 < le <∞
for internal edges or the semi-line Ie = R≥0 for external edges. The set of all
intervals (maybe including the semi-line) is denoted by I. The number le gives the
length of the edge e, if e is an external edge then the edge length is infinite. By
this assignment we gain a Euclidean one-dimensional manifold structure for each
single edge. However, in general the total metric graph Γ is not a manifold since it
possesses “singular points”: the vertices with d(v) > 2, v ∈ V .
We call the sum of all edge lengths of a metric graph Γ the total length of Γ5

L :=
∑
e∈E

le. (7)

Obviously, if Eex 6= ∅ then it holds L = ∞. If the graph is infinite but fulfilling
Eex = ∅ then it can happen that it still holds L <∞.
The interval ends correspond to the edge ends.

Definition 3. We call the edge end of an edge e, where the zero of the corresponding
interval Ie = [0, le] is assigned the initial point of the edge e, and the edge end
where the opposite interval end le is assigned the terminal point of the edge.

In general a vertex is assigned to several interval ends.
By the local metric structure through the intervals which are assigned to the

edges it is possible to define in a natural way the distance of two points on the
metric graph Γ. Moreover, interpreting the intervals as local coordinate systems
allows to define functions on the edges and take derivatives of them.
For a finite graph Γ it has turned out that a certain order of the edges and in

particular the corresponding edge ends are beneficial [30] which we use in this
thesis except for a short part in section 4.4. We enumerate the set of edge ends of
5Also called the volume of Γ [74].
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a finite metric graph Γ by a bijective map between the set of edge ends and the set
of numbers {1, . . . ,E}.

We map for convenience all initial points of the internal edges onto {1, . . . , Eint}
and then we map the terminal points of the internal edges onto {Eint + 1, . . . , 2Eint}.
It is furthermore required that the interval ends corresponding to the numbers n
and n + Eint, 1 ≤ n ≤ Eint, belong to the same edge e. The external edge ends,
i.e. the initial points of the external edges, are mapped onto {2Eint + 1, . . . ,E}.
This enumeration of the edge ends can be adapted in an obvious way for the case
Eex = ∅.
Our enumeration of the edge ends for a finite metric graph yields a natural

enumeration of the edges (and the corresponding intervals). The nth edge belongs
to the edge ends with the numbers n and 2n iff 1 ≤ n ≤ Eint or it belongs to
the external edge end (n + Eint) iff n + Eint ≥ 2Eint. We also denote the set
of numbers enumerating in this way the external edges by Eex and the set of
numbers enumerating the set of internal edges by Eint and the total set of numbers
enumerating all edges is also denoted by E = Eex ∪ Eint as the corresponding set of
edges itself6.
We remark that this arrangement is only for technical reasons and that other

arrangements (see e.g. [2]), i.e. permutations of it, yield of course to the same
results. However, for some considerations the enumeration of [30] seems more
convenient and applicable.
Except for a short consideration in section 4.4, where another enumeration is

more expedient7, we apply in the sequel these arrangements for any quantity which
is related in a unique way to the edge ends, e.g. the boundary values of a function
defined on the graph or matrix entries related to the edge ends.

6It is clear by the context what is meant.
7We shall explicitly hint to this change of enumeration at the corresponding passage.





3. Quantum graphs

In this chapter we derive a generalization of a theorem in [10] for the characteristic
function F determining the non-zero real wavenumbers and the algebraic multi-
plicities of the zero-modes to general quantum graphs in particular we are able to
incorporate the non-compact case. We are also able to present a completely new
statement for the purely, non-zero, imaginary wavenumbers for general quantum
graphs. This lemma relates the orders of the zeros of the characteristic function F
with the spectral multiplicities of the corresponding wavenumbers or the algebraic
multiplicity of the zero-modes. At the end of this chapter we present a statement
concerning the number of negative eigenvalues. The results of this chapter are
employed in the chapters 4 and 5 to solve the constant term problem and to derive
the ζ-regularized determinant of a general quantum graph.
But first we present the general setting of a quantum graph in order to fit the

notion of a quantum graph presented in the introduction in a rigorous concept.
In order to render the Laplace operator self-adjoint involved in the Schrödinger

equation (1) we first need to define an appropriate Hilbert space HΓ related to the
metric graph Γ using the setting of [30, 70, 71, 10] and the enumeration of chapter
2.

The Hilbert space HΓ is formally defined as the space of square Lebesgue
integrable complex valued functions L2(Γ) on Γ8

HΓ := L2(Γ) :=
EΓ⊕
n=1

L2(0, ln), (8)

equipped with the inner product

〈ψ, φ〉 :=
EΓ∑
n=1
〈ψn, φn〉L2(0,ln) =

EΓ∑
n=1

ln∫
0

ψn (xn)φ (xn) dxn =:
∫
Γ

ψφdx,

ψ :=
EΓ⊕
n=1

ψn, φ :=
EΓ⊕
n=1

φn, ψn, φn ∈ L2(0, ln),

(9)

where (·) indicates the complex conjugation of the corresponding function.
Furthermore, in order to make the Laplace operator ∆ self-adjoint we have to

find for it suitable domains of definitions being subspaces of HΓ. We first consider
8WLOG we choose the intervals in (8) as open.
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the Laplace operator on the domain

H2
0(Γ) :=

EΓ⊕
n=1

H2
0(0, ln) (10)

defined by

−∆ψ := −
EΓ⊕
n=1

∆ψn = −
EΓ⊕
n=1

d2

dx2
n

ψn, ψ ∈ H2
0(Γ), ψn ∈ H2

0(0, ln), (11)

where H2
0(0, ln) is the Sobolev Space consisting of functions defined on (0, ln) which

possess absolutely continuous first derivatives and second square Lebesgue integrable
weak derivatives [120, 121, 122] which together with their first derivatives (in the
limit x→ 0, ln) vanish at the interval ends, i.e. at the edge ends. Note that the
graph function space H2

0(Γ) contains functions which possess arbitrary compact
support on each interval (0, ln), 1 ≤ n ≤ E, e.g. functions with support on only
one edge. The self-adjoint extensions of

(
−∆,H2

0(Γ)
)
allow therefore to study the

quantum mechanical time evolution of a particle with an arbitrarily sharp localized
initial state (i.e. with arbitrarily small area of the support) on only one edge or
several edges.
For further convenience we introduce the function space

Cn(Γ) :=
EΓ⊕
n=1

Cn(0, ln), (12)

where Cn(0, ln) is the function space of n-times differentiable and uniformly con-
tinuous functions on In = (0, ln). Note that a function φ ∈ Cn(Γ) doesn’t have
to be continuous on the whole graph Γ neither to be an element of HΓ iff Γ is
non-compact.
Integration by parts shows that

(
−∆,H2

0(Γ)
)
is symmetric, i.e.

〈ψ,∆φ〉 = 〈∆ψ, φ〉 , for all ψ, φ ∈ H2
0(Γ). (13)

The deficiency indices of
(
−∆,H2

0(Γ)
)
are identical and equal to 2EΓ. The adjoint9

(−∆; H2
0(Γ))+ of this operator is given by (−∆,H2(Γ)), where the graph Sobolev

space H2(Γ) is given by

H2(Γ) :=
EΓ⊕
n=1

H2(0, ln). (14)

Here the Sobolev space H2(0, ln) consists of all functions which possess absolutely
continuous first derivatives and weak square Lebesgue integrable second derivatives
on the interval (0, ln) and no “boundary conditions” are imposed.
The Sobolev space H1(Γ) is analogously defined as (14) replacing H2(0, ln) by

H1(0, ln) which means that the functions on the intervals possess only weak square
Lebesgue integrable derivatives.
9·+ denotes the adjoint of an operator or the complex transposed of a matrix.
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Analogously to ∆ in (11) we define the first weak derivative operator

(·)′ : H1(Γ)→ L2(Γ) (15)

by taking the first weak derivative on each component function ψn ∈ H1(0, ln),
1 ≤ n ≤ EΓ (see (9)).

Kostrykin and Schrader [30] found a characterization of all self-adjoint extensions
of
(
−∆,H2

0(Γ)
)
. For this purpose we define the boundary value map

(·) : H1(Γ)→ CE, (16)

by, ψ ∈ H1(Γ),

ψ → ψ, ψ
n

:=


ψn(0), 1 ≤ n ≤ Eint,

ψñ(lñ), ñ := n− Eint, Eint + 1 ≤ n ≤ 2Eint,

ψñ(0), ñ := n− Eint, 2Eint ≤ n ≤ E.

(17)

This definition is well defined by a suitable Sobolev trace theorem [123, 124].
Moreover, we define the matrix I ∈ GLE(C) as10

I :=


1Eint 0 0

0 −1Eint 0
0 0 1ex

 . (18)

The theorem of Kostrykin and Schrader [30] then states11:

Theorem 1 ([30, 71]). Given a domain DS of a self-adjoint extension (−∆, DS)
of
(
−∆,H2

0(Γ)
)
. Then, there exist two matrices

A,B ∈ Mat (E× E;C) (19)

fulfilling

• the matrix (A,B), consisting of the columns of A and B, has maximal rank
E,

• AB+ is hermitian,

such that
DS =

{
ψ ∈ H2(Γ); Aψ +BIψ′ = 0

}
. (20)

Conversely, if A and B satisfy the above two items, then the domain DS defined
through (20) by the two matrices A and B generates a self-adjoint Laplacian
(−∆, DS).
10We denote by 1N , N ∈ N0, the identity matrix with N rows and columns.
11We use the corresponding operator expressions for the properties of the underlying matrix as
well and use the same symbols for both.
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The matrix I in (20) guarantees that the derivatives are taken in a direction away
from the edge ends [70].

Definition 4 ([2]).

General notation: We denote a self-adjoint extension of
(
−∆,H2

0(Γ)
)
acting on

the finite metric graph Γ and parametrized in theorem 1 by the two matrices A and
B by ∆(A,B,Γ) and call it a quantum graph.

Refined notation: If Γ is a (finite/infinite)12 compact13 metric graph, i.e. Eex = ∅,
then we call ∆(A,B,Γ) a (finite/infinite) compact quantum graph, otherwise we
call it a (finite/infinite) non-compact quantum graph.

The parametrization (20), however, is obviously not unique because a multiplication
of the equation in (20) with an invertible matrix C ∈ GLE(C) from the left doesn’t
change the boundary conditions. On the other hand, if ∆(A,B,Γ)= ∆(A′, B′,Γ),
there exists C ∈ GLE(C) with A′ = CA and B′ = CB, see [30, 10]. Thus, for
any C ∈ GLE(C) both A,B and A′ = CA and B′ = CB provide an equivalent
characterization of the same operator.
The non-uniqueness in the choice of the matrices A and B can be overcome by

parameterizing the self-adjoint realization of the Laplacian in terms of projectors
onto subspaces of the E-dimensional spaces of boundary values. To this end
Kuchment [70] introduced the projector14 PkerB onto the kernel of B as well as the
projector P⊥kerB = 1− PkerB onto the orthogonal complement (kerB)⊥ = ranB+

in CE and proved that A maps ranB+ into ranB. He then defined the hermitian
matrix

L := (B|ranB+)−1AP⊥kerB (21)

of ranB+, and proved the following theorem.

Theorem 2 ([70]). With the assumptions and notations of theorem 1 the boundary
conditions in (20) are equivalent to:

PkerBψ = 0 and LP⊥kerBψ + P⊥kerBIψ
′ = 0, ψ ∈ H2(Γ). (22)

Moreover, there exists a C ∈ GLE(C) such that

A′ = CA = PkerB + L and B′ = CB = P⊥kerB, (23)

implying that
L = A′B′+. (24)

A deeper analysis of this construction can be found in [103].
12It is clear by the context which case is meant.
13For infinite quantum graphs but with finite total length it is consistent to call them compact as
well [74].

14ran respectively ker denotes the range respectively null space of an operator.
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3.1. The S-matrix and the S-matrix

An important object for a quantum graph ∆(A,B,Γ) is the corresponding S-matrix.

Definition 5 ([30]). The S-matrix for a quantum graph ∆(A,B,Γ) is defined as

S(k;A,B) := −(A+ ikB)−1(A− ikB), k ∈ R \ {0}. (25)

In [71] it was shown that S(k;A,B) is unitary for all k ∈ R, S(k;A,B) ∈ U (E),
k ∈ R, and in [10] it was shown that S(k) possesses a meromorphic and thus [125]
an analytic extension in C with poles at every element of15 iσ(L) \ {0} ⊂ iR \ {0}
with L defined in (21).

Generally, the S-matrix is not the scattering matrix S (k; ∆ (A,B,Γ)) of the
multi-channel scattering theory [126, 127, 118] for a non-compact quantum graph
∆(A,B,Γ). One way to implement this theory for a quantum graph
∆(A,B,Γ) is to “compare” the quantum graph ∆(A,B,Γ) with another “reference”
quantum graph ∆

(
Ã, B̃, Γ̃

)
. This was done in [71].

Therein the reference quantum graph ∆
(
Ã, B̃, Γ̃

)
consists of a single proper

non-compact star graph Γ̃, i.e. a finite metric graph with Eint = ∅ consisting of a
single central vertex v and Γ̃ has the same number of external edges as Γ. The
boundary conditions for the reference quantum graph are chosen as Neumann
boundary conditions, i.e.

Ã = 0Eex , B̃ = 1Eex . (26)

There exists a natural embedding operator

P : HΓ̃ → HΓ, (27)

where HΓ̃ and HΓ are the corresponding Hilbert spaces of Γ̃ and Γ according to (8)
and P is defined by

(Pψ)n :=

0, n ∈ Eint

ψn, n ∈ Eex.
(28)

Since the operator
∆ (A,B,Γ)P − P∆

(
Ã, B̃, Γ̃

)
, (29)

defined by the sesquilinear form [126] (using the Lax-Milgram theorem [128, 129]),
ψ̃ ∈ D

(
∆
(
Ã, B̃, Γ̃

))
, φ ∈ D (∆ (A,B,Γ)),

v
[
ψ̃, φ

]
:=
〈
Pψ̃,∆ (A,B,Γ)φ

〉
−
〈
P∆

(
Ã, B̃, Γ̃

)
ψ̃, φ

〉
(30)

is of trace class and thus defined on the entire Hilbert space HΓ̃ (by the unique
continuous extension), we infer by the Kato-Rosenblum theorem [130, 131, 126,
15σ(·) denotes the spectrum of a linear operator.
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118, 71]16 that the two-space wave operators [126] (Møller-wave operators [132])

W± := s-lim
±t→∞

eit∆(A,B,Γ)Pe−it∆(Ã,B̃,Γ̃)P̃ , (31)

where P̃ is the orthogonal projector onto the absolutely continuous subspace HΓ̃
(a)

of HΓ̃ [126, 118, 97] exist and are P-complete, i.e. [126]

ran (W±) =
{
ψ ∈ HΓ; lim

t→±∞

∥∥∥P+ei∆(A,B,Γ)tPψ
∥∥∥
H

Γ̃

= 0
}
, (32)

where P is the orthogonal projector onto the absolutely continuous subspace H(a)
Γ

of HΓ and on the r.h.s. in (32) both limits have to be zero simultaneously.
We remark that the method of Purnam, Kuroda and Birman [133, 134, 135,

136, 126] is another approach to prove the existence and P-completeness of the
two-space wave operators (31). The corresponding criterion is that the operator17,
z ∈ ρ (∆ (A,B,Γ)) ∩ ρ

(
∆
(
Ã, B̃, Γ̃

))
,

(∆ (A,B,Γ)− z)−1P − P
(
∆
(
Ã, B̃, Γ̃

)
− z

)−1
(33)

is of trace class.
Hence, the scattering operator [126, 71]

S
(
∆ (A,B,Γ) ,∆

(
Ã, B̃, Γ̃

)
;P
)

:= (W+)+W− : H(a)
Γ̃
→ H(a)

Γ̃
(34)

is unitary and its scattering matrix S (k; ∆ (A,B,Γ))∈Mat (Eex × Eex;C) associ-
ated with ∆ (A,B,Γ), i.e. its layers in the direct integral representation with
respect to the generalized eigenfunctions of ∆

(
Ã, B̃, Γ̃

)
[126, 127, 118, 71], being

well-known as the S-matrix, is also unitary for almost all k > 0. The S-matrix is
determined by the solutions of the stationary Schrödinger equation (see (12) and
e.g. [71]), m ∈ Eex,

∆ (A,B,Γ)ψm = k2ψm, ψm ∈ C2(Γ), (35)

of the form (using the abbreviation S(k) := S (k; ∆ (A,B,Γ))),

ψmn (x) =


S(k)mneikx, n ∈ Eex, m 6= n

e−ikx + S(k)mmeikx, n ∈ Eex, m = n,

αnmeikx + βnme−ikx, n ∈ Eint,

(36)

satisfying the boundary conditions (20). The absolute square |S(k)mn|2 may be
interpreted as transmission and reflection probabilities [127, 118, 71] from the edge
16There is a typographic mistake in [71]: therein the domain of the projector must be interchanged
with its image space.

17ρ(·) denotes the resolvent set of an operator.
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end n to the edge end m. If one chooses as reference quantum graph ∆
(
Ã, B̃, Γ̃

)
a different one as characterized by (26) one would obtain a different scattering
matrix affecting the phase of the scattering matrix elements [127, 118].

The link between the S-matrix and the S-matrix was presented in [71]. Therein
it was shown that for a proper non-compact star graph it holds

S (k; ∆ (A,B,Γ)) = S(k;A,B), k > 0, (37)

and furthermore, they derived a Fourier expansion of the scattering matrix
S (k; ∆ (A,B,Γ)), where the matrix elements of the corresponding Fourier co-
efficients are products of the S-matrix elements. This result undergirds the
interpretation in e.g. [2, 115, 9, 137] of the S-matrix as a vertex scattering matrix
describing the scattering of a free wave with wavenumber k (see definition 15) at
the vertices V of the metric graph Γ.

The following theorem is a generalization of the corresponding theorem in [113],
in particular the last item shows that one can relax the condition k > 0 to k 6= 0
in the second and third item of the theorem.

Theorem 3. The following items are equivalent:

• S(k;A,B) is k-independent,

• S(k;A,B) is hermitian for some k > 0 and, then for all k ∈ C,

•
S(k;A,B) = 1E − 2PkerB = 1E − 2P⊥kerA = PkerA − P⊥kerA (38)

for some k > 0 and then for all k ∈ C,

• L=0, thus, by (23) one can choose A = P⊥kerA and B = PkerA,

• S(k;A,B) = 1E − 2PkerB = 1E − 2P⊥kerA = PkerA − P⊥kerA for one k 6= 0.

Proof. We only have to prove the last item. But this is obvious after applying the
possible choice of the corresponding matrices Ã = CA and B̃ = CB, C ∈ GLE(C),
given in [72], k 6= 0,

Ã = −1
2 (S(k;A,B)− 1E) = PkerB, B̃ = 1

2ik (S(k;A,B) + 1E) = 1
2ikP

⊥
kerB, (39)

which implies C = PkerB + 2ikP⊥kerB.

Theorem 3 and in particular (38) suggest the following definitions:

Definition 6. • A quantum graph ∆(A,B,Γ) fulfilling the conditions in theo-
rem 3 is called a k-independent quantum graph and we denote it by ∆A(Γ).
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• For a general matrix A ∈ Mat(E× E,C) the unitary and hermitian matrix
SA is defined as

SA := 1E − 2P⊥kerA. (40)

In [10] it was proved that the limits |k| → 0 and |k| → ∞ of S(k;A,B) exist and
are given by:

Lemma 1 ([10]). With the assumptions of definition 5 it holds

lim
|k|→0

S(k;A,B) = S(0;A,B) = 1E − 2P⊥kerA = SA,

lim
|k|→∞

S(k;A,B) := S(∞;A,B) = 1E − 2PkerB = −SB.
(41)

By theorem 3 the S-matrix for a k-independent quantum graph ∆A(Γ) is thus
given by, k ∈ C,

S(k;A,B) = SA = 1E − 2P⊥kerA = 1E − 2PkerB = −SB. (42)

3.2. Locality and connectivity

The results presented at the beginning of chapter 3 and section 3.1 possess a priori
no connection to the “shape”, i.e. the topology of the graph. Virtually, all results
therein hold for every finite metric graph with an equal set of external and internal
edges. This means that two finite metric graphs with the same set of external and
internal edges yield the same possible set of quantum graphs, i.e. every pair of
matrices A and B in theorem 1 can be used to characterize unitarily equivalent
quantum graphs ∆(A,B,Γ) without involving the topology of the corresponding
metric graphs. In order to incorporate the topology of a finite metric graph Γ into
the resulting possible set of quantum graphs ∆ (A,B,Γ) according to theorem 1 we
restrict the possible choice of matrices A and B characterizing them by requiring
locality, i.e. local boundary conditions. A detailed description of this concept can
be found in [71]. We present here the crucial characterization of local boundary
conditions

Definition 7. A quantum graph ∆ (A,B,Γ) possesses local boundary conditions
iff the following implication holds.

The edge ends n and m aren’t adjacent ⇒ S(k;A,B)nm = 0, for all k ∈ C. (43)

Locality of a quantum graph ∆ (A,B,Γ) yields a decomposition of the S-matrix
in terms of the vertices of the metric graph. Explicitly, one obtains

S(k;A,B) =
⊕
v∈V

Sv(k;A,B), k /∈ iσ(L) \ {0} , (44)
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where the direct sum symbol indicates that the entries of the matrices
Sv(k;A,B)∈Mat (E× E;C), v ∈ V, are “mutually zero” which means that ev-
ery matrix element of S(k;A,B) is given by one matrix element of one of the
matrices in the expansion (44) and all other corresponding matrix elements of the
other matrices in this expansion are zero. After cancelling all rows and columns
of the matrices Sv(k;A,B) which don’t belong (after identifying the numbers of
the rows and columns with the corresponding edge ends) to the edge ends which
are adjacent to the vertex v one obtains the S-matrices of a star graph consisting
of the single vertex v and of d(v) external edges equipped with the corresponding
local boundary conditions Av and Bv (see [71]). In particular this means that if
one constructs with Av and Bv the matrix S (k;Av, Bv) according to (25) then the
corresponding non-zero elements of S (k;Av, Bv) and Sv(k;A,B) coincide.
By (21) this matrix S (k;Av, Bv) is identical with the corresponding S-matrix

at the vertex v. This reinforces the interpretation of the S-matrix as a vertex
scattering matrix given in section 3.1.

Locality is also an important concept in the treatment of infinite quantum graphs,
i.e. EΓ =∞, since it makes possible to describe self-adjoint realizations by local
boundary conditions [138, 74, 139, 70, 140, 15]. In particular if the degree d(v) of a
vertex v is finite then it may be possible to assign local S-matrices to every vertex.

If not otherwise explicitly stated we assume in the following that the investigated
quantum graph ∆ (A,B,Γ) possesses local boundary conditions, i.e. it holds (43).

The connectivity of a quantum graph ∆ (A,B,Γ), which is defined below, has to
be distinguished from the connectivity of the underlying metric graph Γ. The first
one describes the topology of the graph induced by the propagation of a free wave
function in particular by its scattering behaviour at the vertices. This topology also
affects the semiclassical18 propagation by means of an associated Frobenius-Perron
operator of a classical density function ρ(t) describing the probability distribution
of a single spinless particle on the graph Γ [115]. In [115] the associated Frobenius-
Perron operator to the k-independent quantum graph ∆A(Γ) with imposed Kirchhoff
boundary conditions is constructed by the unitary stochastic19 matrix [141, 142]
M∈ Mat (E× E;C) (see [115, 9]) defined by

Mmn := |SAmn|2 , 1 ≤ m,n ≤ E. (45)

Given locality for a quantum graph ∆ (A,B,Γ) then the definition (45) evidently
induces a vertex decomposition ofM in terms of the vertices V analogously to (44)
and thus quantum locality induces classical locality.
The semiclassical character of the time evolution of the density function ρ(t) is

strengthened in [115] by showing that the time evolution of the associated Wigner
18In [115] the classical Frobenius-Perron operator originates from the quantum properties.
19Also called unistochastic.
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function f(t) of the heat-kernel K(t)20 of the time evolution propagator corresponds
in the semiclassical limit, using the diagonal approximation method, to a special
density function21 1

2π~ ρ̃(t) → f(t), ~ → 0, where ρ̃(t) is obtained by the time
evolution governed by the Perron-Frobenius operator of a δ-type initial density
distribution.

The quantum mechanical connectivity can be described by the quantum connec-
tivity matrix C∆(k) ∈ Mat (E× E;C), k /∈ iσ(L) \ {0}, defined by, 1 ≤ m,n ≤ E,

C∆mn(k) :=

1, if S(k;A,B)mn 6= 0, k /∈ iσ(L) \ {0} ,

0, else.
(46)

For a k-independent quantum graph ∆A(Γ) we simply write for the corresponding
quantum connectivity matrix C∆.

In contrast the connectivity of the underlying metric graph is determined by the
topology of the metric graph only. With the stipulations of definition 2 we define
the graph connectivity matrix CΓ by, 1 ≤ m,n ≤ E,

CΓmn :=

1, if the edge ends m and n are adjacent,

0, else.
(47)

We can infer by (43), the definitions (46) and (6) the obvious relation

CΓmn = 0 ⇒ C∆mn(k) = 0, 1 ≤ m,n ≤ E, (48)

whereas the converse implication is generally not true. However, there exists an
important type of quantum graphs for which equality holds. Local δ-type boundary
conditions and local δ′-type boundary conditions at a vertex v ∈ V are characterized
by [70, 9], λv, µv ∈ R for all v ∈ V :

• local δ-type:

i) ψ(x) is continuous at v ∈ V with corresponding value ψ(xv),

ii) ∑
n∈Ev

Innψ
′
n (xn) = λvψ(xv),

where xn denotes the interval end corresponding to v;

• local δ′-type:

i) Innψ′n(xn) = Immψ
′
n(xm) := ψ′(v) for all m,n ∈ Ev

22,

ii) ∑
n∈Ev

ψn (xv) = µvψ
′(v).

20= pt in the notation of [113].
21Therein it is not set ~ = 1 as in chapter 3.
22Continuity of ψ′ with respect to the “outgoing derivative”.
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Requiring locality, we can decompose C∆(k), k /∈ iσ(L) \ {0}, analogously to (44),
whereas CΓ possesses in any case such a decomposition. Then the function identity
(after analytic continuation), v ∈ V , λv, µv 6= 0, k ∈ C,

CΓ(k)v = C∆v for local δ-type or δ′-boundary conditions (49)

holds, whereas in the case λv, µv = 0 the statement (49) is only true for the case
d(v) 6= 2.
A local Kirchhoff boundary condition at a vertex v ∈ V is obtained by putting

λv = 0 and an anti-Kirchhoff boundary condition by putting µv = 0. Imposing at
all vertices Kirchhoff respectively anti-Kirchhoff boundary conditions we obtain the
Kirchhoff quantum graph ∆K(Γ) respectively the anti-Kirchhoff quantum graph
∆aK(Γ).

We emphasize that the graph connectivity matrix CΓ is hermitian, i.e.23

CΓ
+ = CΓ (and CΓ

T = CΓ), (50)

whereas a priori no such relation holds for the quantum connectivity matrix C∆(k),
k /∈ iσ(L) \ {0}. However, due to theorem 3 for a k-independent quantum graph
the analogous relations (50) also hold for C∆.

We remark that the definition of the connectivity matrix in [2, 9] deviates from
the graph connectivity matrix (48) if one doesn’t additionally assume that the
metric graph Γ possesses no multiple connected vertices, i.e. two vertices which
are connected by more than one edge.

The connectivity matrix24 C∆/Γ(k) of each system determines the set of allowed
paths in the corresponding system25.

Definition 8. A path consists of two points and a finite sequence of edge ends

p(w, z) := ((nl)ml=1, w, z) , m ∈ N0, (51)

where the points w and z denote the starting and final points of the path. Further-
more, it is required:

• w and z are elements of two intervals Iw and Iz belonging to two edges e1,w

and em,z being adjacent to the edge end n1 respectively nm.

• The edge ends ni and ni+1 belong to the same edge but be distinct if i is an
even number less or equal than m.

• If m = 0 then w and z have to be located on the same edge, where the path is
located.

23(·)T denotes the complex transposed of a matrix.
24We use the notation (·)∆/Γ(k) in order to treat both corresponding cases simultaneously.
25We don’t indicate the dependence on k of p and p in the following.
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• The edge ends ni and ni+1 are linked by a vertex, i.e. C∆/Γ(k)ni+1,ni 6= 0,
k /∈ iσ(L) \ {0}, if i is an odd number less than m.

• The set of all paths with respect to the corresponding connectivity matrix
C∆/Γ(k) joining the points w and z lying on some edges is denoted by26

P∆/Γ(w, z)(k), k /∈ iσ(L) \ {0}.

The number m in definition (8) is always an even number.
We remark that a path with respect to C∆/Γ(k) never contains an edge end

corresponding to an external edge. The length lp(w, z) of a path p(w, z) can be
defined in a natural way [11] by the local Euclidean metric structure induced by
the assignment of intervals I.

In [115] it was shown that the semiclassical time evolution of the Wigner function
f(x, p; t) of the heat-kernel K(t) for the Kirchhoff quantum graph depends apart
from the S-matrix only on the subset of paths P∆(x, z) = PΓ(x, z), where z is
an element of some interval in I, with an additional constraint pertaining to the
lengths of the paths by involving the momentum p and thus impacting on the
possible choices of z. A similar result was obtained in [113] for the matrix elements
of the heat-kernel K(t) of an arbitrary k-independent quantum graph ∆A(Γ).
Note, that only for k-independent quantum graphs the identity (see (50))
P∆(w, z) = P∆(z, w) a priori holds, whereas it always holds PΓ(w, z) = PΓ(z, w).

For a path p(w, z) with respect to the connectivity matrix C∆/Γ(k) the case w = z

is admissible and corresponds to a closed path denoted by p. Each closed path p
uniquely induces a sequence of edges (enl)

m
2
l=1 (m is an even number), where enl

connects the interval ends n2l and n2l+1 setting nm+1 := n1 (m is an even number).
In addition, we uniquely obtain a sequence of vertices (vnl)

m
2
l=1 by imposing the

requirement that the vertices vnl and vnl+1 are assigned to the interval ends n2l and
n2l+1, setting nm + 1 := n1, vm2 +1 := vn1 . We denote this sequence of edges and
vertices by p as well27.

A periodic orbit with respect to C∆/Γ(k), k /∈ iσ(L) \ {0}, is an equivalence
relation.

Definition 9. • Two closed paths are equivalent iff the corresponding induced
edge sequence only differs by a cyclic permutation.

• The set of equivalence classes corresponding to this equivalence relation is
called the set of periodic orbits P∆/Γ(k), with respect to the connectivity
matrix C∆/Γ(k), k /∈ iσ(L) \ {0}. Every element p of P∆/Γ(k) is called a
periodic orbit.

26We don’t indicate the corresponding quantities by k for k-independent quantum graphs.
27It is clear by the context what is meant.
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• A periodic orbit p1 is an r-fold repetition of another periodic orbit p2 iff a
representative of the equivalence class of p1, i.e. the sequence of edges induced
by a corresponding closed path, cannot be written as an r-fold repetition,
r ≥ 1, of a representative of the equivalence class of the periodic orbit p2.

• A primitive periodic orbit is a periodic orbit which is not an r-fold repetition,
r > 1, of another periodic orbit. The set of primitive periodic orbits with
respect to C∆/Γ(k) is denoted by Pprim

∆/Γ(k), k /∈ iσ(L) \ {0}.

• For a k-independent quantum graph ∆A(Γ) we denote the corresponding
quantities by P∆ respectively Pprim

∆ .

Clearly, it holds Pprim
∆/Γ(k) ⊂ P∆/Γ(k) and this subset relation is proper. Every

periodic orbit p is an r-fold repetition, r ≥ 1, of a unique primitive periodic orbit.

Definition 10. We denote by p0 the primitive periodic orbit which creates as r-fold
repetition the periodic orbit p.

By (48) it generally holds for local quantum graphs ∆ (A,B,Γ), k /∈ iσ(L) \ {0},

P∆(k) ⊂ PΓ, (52)

and equality holds if CΓ = C∆. Hence it holds by (49):

P∆ ≡ PΓ for δ-type or δ′-type boundary conditions. (53)

The corresponding results hold for Pprim
∆/Γ(k).

Definition 11. • The cardinality |p| of a periodic orbit p is the number of
different representatives which are an element of p.

• The period ω(p) of the periodic orbit p is the number of edges from which one
(and hence every) representative of p is composed.

The identity ω(p) = |p| holds for every primitive periodic orbit p. If a periodic
orbit p is the r-fold repetition, r ≥ 1, of a primitive periodic orbit p0 then it holds
|p| = ω (p0) = |p0|

r = ω(p)
ω (p0) =: r(p). (54)

From (54) it immediately follows

Corollary 1 ([9]). If for a periodic orbit p the period ω(p) is a prime number, then
p is a primitive periodic orbit.

Definition 12. The length

lp :=
∑
n∈p

ln, p ∈ p, (55)

of a periodic orbit p is the sum of all edge lengths corresponding to the edges of
one representative (and thus to all representatives) of the periodic orbit.
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If a periodic orbit p is an r-fold repetition of the primitive periodic orbit p0 then it
clearly holds

lp = r(p)lp0 . (56)

In [143] the leading asymptotics of the counting function NΓ(l), k /∈ iσ(L) \ {0},

N∆/Γ(l) := #
{
p ∈ P∆/Γ(k); lp ≤ l

}
, (57)

was derived for the periodic orbits up to the length l, determining the corresponding
topological entropy hΓ. The topological entropy corresponding to the metric graph
Γ can be characterized by

hΓ := inf
{
τ ∈ R; there exists cτ > 0 : NΓ(l) ≤ eτl + cτ

l + 1 , for all l > 0
}
. (58)

3.3. The characteristic function and zero-modes for
quantum graphs

It is well-known [97] that the spectrum of a finite non-compact quantum graph
∆ (A,B,Γ), i.e. Eex 6= ∅, always fulfills σ (∆ (A,B,Γ)) ⊃ R≥0. The essen-
tial spectrum [144] σess (∆ (A,B,Γ)) coincides in that case with the absolutely
continuous spectrum σac (∆ (A,B,Γ)) [118, 97] and is identical to the semi-line
σess (∆ (A,B,Γ)) = σac (∆ (A,B,Γ)) = R≥0. It is very remarkable that an infinite
non-compact quantum graph doesn’t need to fulfill this property which was shown
by us in [15], where the discreteness of the spectrum for a special non-compact
infinite quantum graph family with infinitely many δ-type boundary conditions
was proved.

It was shown in [72] that every quantum graph ∆ (A,B,Γ) possesses at most a
finite number of proper negative eigenvalues. Generally, there exists a (countable)
discrete set of non-negative eigenvalues which are embedded in the non-compact
case in the continuous and essential spectrum. For a finite compact quantum graph
it was proved that the spectrum is purely discrete [70]. This also holds for infinite
compact quantum graphs (infinite number of edges [74]) and for compact quantum
graphs which are perturbed on each edge by an essentially bounded [144] potential
[97].
For a quantum graph ∆ (A,B,Γ) the eigenvalues can be characterized as zeros

of determinant functions. For this we introduce the transfer matrix28 [72]

TE(k; l) :=
TEint(k; l) 0

0 0Eex

 , TEint(k; l) =
 0 eikl

eikl 0

 ,
eikl

mn = δmneikln , m, n ∈ Eint, k ∈ C.

(59)

280N/0N , N ∈ N0, denotes the zero square matrix/row and column vectors of size N .
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The transfer matrix describes for k ∈ R the propagation of a free wave with
wavenumber k from one edge end to the opposite edge end on the internal edges.
For a compact quantum graph ∆ (A,B,Γ) the corresponding transfer matrix is
invertible for every k ∈ C and unitary for ever k ∈ R. In order to present the
characteristic equation respectively the characteristic function F of a quantum
graph ∆(A,B,Γ) determining its wavenumbers respectively its eigenvalues we
introduce, k ∈ C,

X(k; l) :=


1Eex

0 1Eint 1Eint

0 eikl e−ikl

 , Y (k; l) :=


1Eex

0 1Eint −1Eint

0 −eikl e−ikl

 . (60)

Definition 13 ([72], Characteristic function). The characteristic function F of a
quantum graph ∆(A,B,Γ) is given by, k 6∈ iσ(L) \ {0},

F (k) := det (1E −S(k;A,B)TE(k; l)) . (61)

For further convenience we also define:

Definition 14. The number of strictly positive/negative eigenvalues of an operator
counted with their algebraic multiplicities is denoted with n±(·) ∈ N0 ∪ {∞} and

n(·) := n+(·) + n−(·), (62)

is the total number of non-zero eigenvalues of the corresponding operator.

Theorem 4 ([72]). • E := k2 6= 0, Im k ≥ 0, is an eigenvalue of the quantum
graph ∆ (A,B,Γ) iff the characteristic equation of ∆(A,B,Γ), x ∈ CE,

(AX(k; l) + ikBY (k; l))x = 0 (63)

possesses a non-trivial solution. The multiplicity of this eigenvalue is equal
to the dimension of the null space of the corresponding matrix on the l.h.s.
in (63).

• E := k2 /∈ {0 ∪ iσ(L)} is an eigenvalue of the quantum graph ∆ (A,B,Γ) iff
the characteristic function F of ∆(A,B,Γ) fulfills

F (k) = 0. (64)

Furthermore, the multiplicity of the eigenvalue E = k2 coincides with the
geometric multiplicity of the eigenvalue one of S(k;A,B)TE(k; l).
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For further convenience we define

λ+
min := min

{
∞, λ̃ ∈ σ(L), λ̃ > 0

}
,

λ+
max := max

{
∞, λ̃ ∈ σ(L), λ̃ > 0

}
1

λ+
min

:=


1

λ+
min
, if there exists a λ̃ ∈ σ(L) : 0 < λ̃,

0, else.

1
λ+

max
:=


1

λ+
max
, if there exists a λ̃ ∈ σ(L) : 0 < λ,

0, else.

(65)

We want to compare in section 3.7 specific properties, as e.g. a functional equa-
tion, of the characteristic function F of a quantum graph ∆(A,B,Γ) with the
corresponding properties of the well-known Riemann ζ-function.

Lemma 2 ([10]). With the notations of definition 13 and theorem 2, let λ̃n,
1 ≤ n ≤ n(L), be all non-zero eigenvalues of L corresponding to a compact
quantum graph ∆(A,B,Γ). Then, the following functional equation holds for the
characteristic function, −λ+

min < Im k < λ+
min,

F (−k) = exp (iκπ) exp
2i

n(L)∑
n=1

arctan
(
k

λ̃n

)
−

EΓ∑
m=1

klm

F (k), (66)

where
κ =

(
EΓ + dim(kerA)⊥

)
mod 2. (67)

Proof. In [10] it was shown that κ =
(
EΓ + dim(kerA)⊥

)
, but (66) reveals that

every κ =
(
EΓ + dim(kerA)⊥

)
mod 2 can be chosen. Furthermore, the following

obvious identity holds

λ+ ik
λ− ik = exp

(
2i arctan

(
k

λ

))
, k 6= λ, (68)

which together with the corresponding functional equation in [10] proves the
claim.

We continue by analyzing the eigenfunctions of a quantum graph ∆(A,B,Γ).
The eigenfunctions ψ (x; k) corresponding to the energy eigenvalue E = k2 6= 0,
Im k ≥ 0, are with respect to the decomposition (9) of the form

ψn (xn; k) =

αneikxn + βne−ikxn , n ∈ Eint, xn ∈ In,

sneikxn , n ∈ Eex, xn ∈ In.
(69)

In order that ψ (x; k) is an element of HΓ the components sn in (69) have to vanish
for k ∈ R \ {0} for every n ∈ Eex. Due to the form of the eigenfunction in (69) we
define:
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Definition 15. We call k, Im k ≥ 0, appearing in an eigenfunction of the form
(69), the wavenumber corresponding to the energy E = k2

∆(A,B,Γ)ψ = Eψ, ψ ∈ D(∆(A,B,Γ)), (70)

where D(∆(A,B,Γ)) is the corresponding domain of definition.

We remark that for k ∈ R \ {0} both k and −k are simultaneously wavenumbers
for E = k2. We also define:

Definition 16 ([103, 97]). The spectral multiplicity of the energy respectively
wavenumber zero k0 =

√
E0 := 0 of ∆ (A,B,Γ) is defined as

g0 := ker (∆ (A,B,Γ)) . (71)

The corresponding zero-modes ψ (x; 0) of ∆ (A,B,Γ) are characterized by the
vector (α,β,0Eex)T with respect to the decomposition (9) as

ψn (xn; 0) =

αn + βnxn, n ∈ Eint, xn ∈ In
0, n ∈ Eex xn ∈ In.

(72)

In order to present characterizing equations for the zero-modes we introduce the
matrices

D(l)mn := δmnln, m, n ∈ Eint,

C(l) :=


1Eint 0 0
1Eint D(l) 0

0 0 0Eex

 , V :=


0 1Eint 0
0 −1Eint 0
0 0 0Eex

 (73)

Using (22) (see [103]) we obtain with (72) and (73) the following theorem:

Theorem 5. Zero is an eigenvalue of the quantum graph ∆ (A,B,Γ) iff there exists
a vector29 (α,β, 0)T ∈ CE, α,β ∈ CEint, fulfilling the following three equations
simultaneously

P⊥kerLV (α,β,0Eex)T = −LC(l) (α,β,0Eex)T ,

P⊥kerBC(l) (α,β,0Eex)T = C(l) (α,β,0Eex)T ,

P⊥kerAV (α,β,0Eex)T = V (α,β,0Eex)T .

(74)

Moreover, the dimension of the subspace of CE generated by (72) through the vectors
being a solution of (74) coincides with g0.

Theorem 5 is equivalent with an alternative characterization

g0 = ker (AC(l), BV ) , (75)

and is given in [145]. The vanishing columns in (73) originate from the special form
of ψ (x; 0) in (69), in particular due to the vanishing of it on the external edges.
29We denote by bold symbols the corresponding row and column vectors.
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3.4. The associated generalized Dirichlet series and
novel results for the Euler product and the
trace formula

For non-compact or compact k-independent quantum graphs ∆ (A,B,Γ) there
exists a trace formula for the heat-kernel [113] involving the reference quantum
graph ∆

(
Ã, B̃, Γ̃

)
of section 3.1 and the embedding operator P in (27). In [113] the

trace of the difference of the heat semigroups30 tr
(

e−t∆(A,B,Γ) − Pe−t∆(Ã,B̃,Γ̃)P+
)

was calculated.
We consider in chapter 5 compact quantum graphs ∆ (A,B,Γ). For these systems

there exists a more general trace formula involving the Fourier transform

ĥ(x) := 1
2π

∞∫
−∞

h(k)eikxdk (76)

of an (appropriate) function h being an element of the test function spaces Hr or
H defined as [10]:

Definition 17. • For each r ≥ 0 the space Hr consists of all functions h :
C→ C satisfying the following conditions:

i) h is even, i.e., h(k) = h(−k).

ii) For each h ∈ Hr there exists δ > 0 such that h is analytic in the strip
Mr+δ := {k ∈ C; | Im k| < r + δ}.

iii) For each h ∈ Hr there exists η > 0 such that h(k) = O
(

1
(1+|k|)1+η

)
on

Mr+δ, k →∞.

•
H := ∪

r>0
Hr. (77)

Moreover, we have to define (see [10])

l(σ) := 1
κ

[
ln(2EΓ) + 2 artanh

(
κ

λ+
min

)]
, 0 < σ < λ+

min, (78)

and the minimal/maximal edge length

lmin := min {ln; n ∈ E} , lmax := max {ln; n ∈ E} . (79)

The exponentiation function s→ as, s ∈ C, a ∈ C, is defined by

as := esLn a, (80)

where Ln is the principal branch of the logarithm defined by Ln a ∈ R if a > 0. We
introduce the so-called “weak minimal length property” (see also [10]):
30For justification of the trace class property see [126, 113].
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Definition 18 (Weak minimal length property). With the definitions of (65) and
(79) a quantum graph ∆(A,B,Γ) satisfies the weak minimal length property iff

lmin >
2

λ+
min

. (81)

The “strong minimal length property” is satisfied by the quantum graph
∆(A,B,Γ) iff

lmin > l(σ), for one 0 < σ < λ+
min. (82)

Apparently, it holds 2
λ+

min
< l(σ), 0 < σ < λ+

min.
Before citing the trace formula we have to define the quantum amplitude functions

Ap(k) and A1,p(k) (see [2, 9, 10]) of the periodic orbit p. We extend the definition of
the quantum amplitude functions to the non-compact case for further convenience.

Definition 19. With the notations of section 3.2, let p = (nl)ml=1, p ∈ p, be a
sequence of edge ends corresponding to the periodic orbit p. Then, the quantum
amplitude function for the periodic orbit p is defined as, k /∈ {0 ∪ iσ(L)},

Ap(k) := lp0A1,p(k) + A2,p(k), (83)

where31

A1,p(k) :=
m
2∏
l=1

S(k;A,B)n2l n2l−1
, A2,p := 1

i
d
dkA1,p(k). (84)

Theorem 6 ([10]32). Let ∆(A,B,Γ) be a compact local quantum graph fulfilling the
strong (weak) minimal length property (82), h ∈ Hσ, where σ satisfies (82) (h ∈ H),
kn :=

√
En, n ∈ N, the wavenumbers of all non-negative energy eigenvalues En,

n ∈ N, in non-decreasing order and gn the corresponding spectral multiplicities.
Then, the following trace formula holds

g0h(0) +
∞∑
n=1

gnh(kn) = Lĥ(0) +
(
g0 −

1
2N

)
h(0)

− 1
4π

∞∫
−∞

h(k)Im trS(k;A,B)
k

dk +
∑
p∈PΓ

Âph (lp) ,
(85)

where the periodic orbit sum converges absolutely (conditionally). Furthermore, the
series on the l.h.s. in (85) as well as the integral on the r.h.s. in (85) absolutely
converges for every h ∈ H.

Remark 1. It can happen that some of the corresponding quantum amplitude
functions in the “periodic orbit series” in the r.h.s. of (85) are identically zero.

Definition 20. The quantity
(
g0 − 1

2N
)
in the general trace formula (85) is called

the “constant term” of the general trace formula.
31m is an even number.
32After correcting a typographic mistake.
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For the quantity N in (85) there exist two different types of definitions [85, 103];
and is called algebraic multiplicity of the zero-modes. We will prove that both
definitions coincide for the compact case (this was proved in [10]) as well as for the
non-compact case if the quantum graph ∆(A,B,Γ) satisfies the weak minimal length
property (81). For the sake of completeness we define the order of a meromorphic
function.

Definition 21. The order of a meromorphic function f : U → C, U ⊂ C at k is
the value of the first non-vanishing power of the corresponding Laurent expansion
of f at k and we denote it by ord[f ](k).

Due to the methods of deriving (85) it seems more natural to define the algebraic
multiplicity N of the zero-modes in the sense of [103] which involves the order of
the zero of the characteristic function F (k) of the quantum graph at k0 = 0. We
call the corresponding quantity in [85] quasi-multiplicity of the zero-modes and
denote it by Ñ . Introducing

T (0; l) =: JE =
JEint 0

0 0Eex

 , JEint / ex :=
 0 1Eint / ex

1Eint / ex 0

 , (86)

we define (see definition 13):

Definition 22. • The algebraic multiplicity N of a quantum graph ∆(A,B,Γ)
is defined as ord[F ](k) at k0 = 0.

• The quasi-multiplicity Ñ is defined as

Ñ := dim ker (1E −S(0;A,B)T (0; l)) = dim ker (1E −SAJE) . (87)

In contrast to the general case a k-independent quantum graph doesn’t involve for
the conditional convergence of the trace formula (85) the minimum edge length of
the underlying metric graph Γ since the weak minimal length property is in that
case always fulfilled by (65) and (81). Note that it holds

A1,p(k) = (A1,p0(k))r(p) . (88)

It is convenient to represent the generally complex valued amplitude function
A1,p(k) as (see [8, 2, 146, 115, 9]33)

Definition 23. With the notations of (84) we define, k /∈ {0 ∪ iσ(L)}:

A1,p(k) := exp
(
−γp(k)

2 + iπµp(k)
)
, (89)

where
γp(k) ≥ 0 for k ∈ R, µp(k) ∈ R. (90)

33We adapt the notation to the general case.
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It is obvious that µp(k) is a priori only defined modulo 2π. This ambiguity can be
coped with some additional requirements as e.g. an initial value for some k0 and
analyticity. However, we don’t need such a property in the following and thus we
omit such a discussion. The first exponent γp(k) possesses an interpretation as a
Lyapunov exponent [147, 115, 2] for the periodic orbit p, i.e. it is an indicator of
its stability, and µp(k) can be interpreted as a Maslov index [148, 2, 115], i.e. it
is the quantum mechanical phase which obtains a single spinless particle in the
semiclassical treatment by traversing once the primitive periodic orbit p [2, 115].
For Kirchhoff, anti-Kirchhoff, Neumann and Dirichlet boundary conditions µp is an
entire number and it is an indicator for the number of “back scatterings” in the
primitive periodic orbit p0, i.e. the number of scatterings from an interval end l to
the same interval end l (see section 7). Generally, γp and µp(k) can be defined for
every k /∈ iσ(L) \ {0} but for k /∈ R the Lyapunov exponents can become negative.
We generalize the results in [2, 114, 115] pertaining to the Euler product repre-

sentation for the characteristic function. Especially, we present a rigorous proof for
an Euler product representation for the characteristic function F for an arbitrary
(non-compact is admitted) quantum graph ∆(A,B,Γ) and in particular we present
a new formula for the abscissa of absolute convergence of it proving that for a k-
independent quantum graph the characteristic function F (ik) possesses the abscissa
of absolute convergence as zero with maximal modulus located on the non-negative
real axis. This Euler product representation for the characteristic function F was
firstly derived in [2], but our rigorous proof is inspired by a calculation in [143]
where the topological entropy (58) of a metric graph was determined. We define the
“associated Dirichlet series” for an arbitrary (non-compact is admitted) quantum
graph ∆(A,B,Γ).

Definition 24. Let ∆(A,B,Γ) be an arbitrary quantum graph. With the notations
of definition 23 the associated generalized Dirichlet series Dβ

∆(s) to ∆(A,B,Γ) is
defined as, β > 0,

Dβ
∆(k) :=

∑
p∈P∆(k)

lp0 exp (−β (γp(ik)− 2iπµp(k))) exp (−klp) , k ∈ K, (91)

where K is some domain of convergence for the associated generalized Dirichlet
series Dβ

∆(k). The maximal abscissa of absolute convergence σ̃amax for D∆(k) is
defined as

σ̃amax(β) := inf
{
σ ≥ 0; Dβ

∆(k) converges absolutely for Re k > σ
}
, (92)

and the minimal abscissa of absolute convergence is defined as

σ̃amin(β) := inf
{
σ ≥ 0; Dβ

∆(k) converges absolutely for Re k = σ
}
. (93)
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By (41) the associated Dirichlet series in definition 24 always possesses a maximal
abscissa of absolute convergence [149]. The minimal abscissa of converges becomes
important for e.g. the general trace formula (85). We prove that the weak minimal
length property (81) is a necessary condition in order that the minimal abscissa of
absolute convergence σ̃amin is between zero and λ+

min. For this we define the matrix
D (l) and the termwise power of an arbitrary square matrix C{β}, C ∈ Mat(n×n,C),
n ∈ N, β > 0,

D (l) :=


D(l) 0 0

0 D(l) 0
0 0 0Eex

 , C{β}ij := (Cij)β . (94)

For the following lemma we remind to definition 40, where | · | of the corresponding
matrix is defined.

Lemma 3. Let ∆(A,B,Γ) be an arbitrary compact quantum graph. Then, the
following representation holds, k > σ̃amax(β),

Dβ
∆(k) = tr D (l)

((
1E − (S(ik;A,B)){2β} TE(ik; l)

)−1
− 1E

)
. (95)

Moreover, if additionally 0 < σ̃amin

(
1
2

)
< λ+

min, then ∆(A,B,Γ) satisfies the
“maximal length property”

lmax >
2

λ+
max

. (96)

Proof. We use for convenience the notation, k /∈ σ(L) \ {0},

U(ik) := S(ik;A,B)TE(ik; l), Uβ(ik) := (S(ik;A,B)){2β} TE(ik; l). (97)

Since Dβ
∆(k) converges absolutely for Re k = σ̃amax(β) we can arbitrary rearrange

and compose terms of Dβ
∆(k) without changing its value. After rearrangements

and compositions of terms in (91) the associated generalized Dirichlet series Dβ
∆(k)

is given by [10]

Dβ
∆(k) =

∞∑
n=1

tr D (l) (Uβ(ik))n = tr D (l)
(
(1E − Uβ(ik))−1 − 1E

)
. (98)

Let β = 1
2 and let us assume that the maximal length property (96) is not fulfilled.

Then we have by a similar calculation as in [10], x ∈ CE, ‖x‖ = 1,

‖U(ik)x‖ ≥
∣∣∣∣∣λ+

max + k

λ+
max − k

∣∣∣∣∣ e−klmax > 1, (99)

for all 0 < k < λ+
min. Hence, min σ (U(ik)) > 1 for all 0 < k < λ+

min. Hence, by
theorem 31 the Perron value of |U(ik)| is strictly greater than one. In order to
check the absolute convergence for k = σ̃amin we substitute D (l)U(ik)n by

1
nλP (|U(ik)|)n |U(ik)|n (100)
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in (98). The obtained series converges absolutely as well. By construction and by
Schur’s matrix decomposition [150, 151] the matrix in (100) possesses the Perron
value 1

n
. We consider the series

∞∑
m=1

λmn , (101)

where λn is any eigenvalue different to the Perron value 1
n
of the corresponding

matrix in (100). By Dirichlet’s criterion [152] this series in (101) converges. However,
the series obtained by replacing in (101) λn with the Perron value of (100) doesn’t
converge. This is a contradiction to the assumption which proves the claim.

We present a rigorous generalization from the k-independent case to the k-dependent
case of the investigations in [2], where the cases β = 1

2 was considered. Our
investigations can also be regarded as the rigorous justifications and generalizations
of the considerations of [114, 115] for the k-independent case were the case β = 1
were treated replacing in the following definitions and theorems the corresponding
matrix SA by |SA|. For this we define the generalized characteristic function
Fβ(k).

Definition 25 (Generalized characteristic function). Let ∆(A,B,Γ) be an arbitrary
quantum graph. The generalized characteristic function is defined as, k /∈ iσ(L)\{0},

Fβ(k) = det
(
1E − (S(k;A,B)){2β} TE(k; l)

)
. (102)

Theorem 7. With the assumptions and notations of definition 13 let ∆(A,B,Γ)
be an arbitrary quantum graph.

• i) The Euler product representation holds, Re k > σa(β), β > 0,

Fβ(ik) =
∏

p∈Pprim
∆ (k)

(1− exp (−β (γp(ik)− i2πµp(ik))) exp (−klp)) , (103)

where Re k > σa(β) is the maximal half-plane for which the Euler product
in (103) converges absolutely and defines there an analytic function in k.
Moreover, σa(β) is given by, β > 0,

σa(β) = sup
{

Re k > 0, det
(
1E −

∣∣∣(S(k;A,B))2β
∣∣∣ |TE(k; l)|

)
= 0

}
, (104)

and the identity, β > 0,
σ̃amax(β) = σa(β) (105)

holds. Furthermore, the following inequality

σa(β1) ≤ (<)σa(β2) iff β2 ≤ (<)β1 (106)

holds and the strict inequality < is given if |S(k;A,B)|nm < 1 for all 1 ≤
m,n ≤ E and k 6= 0.
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• ii) The minimal abscissa of converges σ̃amin(β) of Dβ
∆(k) for a k-independent

quantum graph ∆A(Γ) is given by, β > 0,

σ̃amin(β) = min
{
k ≥ 0, det

(
1E −

∣∣∣(S(k;A,B)){2β}
∣∣∣TE(ik; l)

)
= 0

}
, (107)

and it holds, β > 0,

σ̃amax(β) = σ̃amin(β) = σa(β). (108)

Proof. We use the notation (97) and techniques of [143, 2, 114, 115]. By results of
[10] it follows that there exists a k̃(β) > 0 such that (see definition 40) ‖|Uβ(ik)|‖ < 1
for all Re k > k̃(β). Hence, we can define, Re k > k̃(β),

Ln (1E − Uβ(ik)) := −
∞∑
m=1

1
m

(Uβ(ik))m , (109)

and the series uniformly and absolutely converges for Re k > k̃(β). By (64), (59)
and (41) it holds Fβ(ik) → 1 for Re k → ∞. We infer that LnFβ(ik) → 0 for
Re k →∞ as well as the r.h.s. of (109). Hence, a direct calculation using Schur’s
matrix decomposition [150, 151] shows the identity

LnFβ(ik) = −
∞∑
m=1

1
m

tr (Uβ(ik))m , Re k > k̃(β). (110)

Using the definitions (9), (11), (19), (23) and the identity (54) we obtain, Re k >
k̃(β), (cf. e.g. [143, 2, 10])

LnFβ(ik) = −
∞∑
m=1

∑
p∈P∆(k)
ω(p)=m

|p|
ω(p)A

2β
1,p(k)e−klp

= −
∞∑
r=1

∑
p∈Pprim

∆ (k)

1
r
A2rβ

1,p (k)e−krlp

= Ln

 ∏
p∈Pprim

∆ (k)

(
1− A2β

1,p(k)e−klp
)

(111)

realizing that the amplitude functions A2β
1,p(k) occurs exactly |p| times in the series

(110) and the absolute convergence of the series in (111) admits the rearrangement
of them. The observation that both arguments of Ln(·) in (111) tend to 1 for
Re k → ∞ shows that after an exponentiation of both sides of (111) we get the
identity,

Fβ(ik) =
∏

p∈Pprim
∆ (k)

(
1− A2β

1,p(k)e−klp
)
, Re k > k̃. (112)

For further convenience we use the notation, k /∈ σ(L) \ {0},

Ũβ(ik) :=
∣∣∣(S(k;A,B)){2β}

∣∣∣TE(ik; l). (113)
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Euler product and the trace formula
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For the investigation of the absolute convergence of the Euler product in (112)
we only have to replace in (109) the matrix Uβ(k) by |Uβ(k)| and accordingly the
corresponding quantities in the subsequent identities. We can infer that the series
in (110) converges for every k such that the spectral radius of |Uβ(ik)| is smaller
than one. By the weak Perron-Frobenius theorem (32) we deduce that this is the
case iff the Perron value λP (|Uβ(ik)|) is smaller than one. Let k1 be a number
possessing maximal absolute value such that the Perron value is equal to one. As
in the proof of lemma 3 the series

∞∑
m=1

1
m
λmn , (114)

where λn is any eigenvalue different to one of |Uβ(ik1)|, converges by Dirichlet’s
criterion [152]. Hence, the corresponding series in (110) doesn’t converge for k = k1.
A similar derivation holds for the minimal abscissa of convergence σ̃amin(β) for
k-independent quantum graphs. In this case we realize that the Perron values of
|Uβ(ik)| and Ũβ(ik) coincides for all k /∈ σ(L) \ {0} by theorem 31. Hence, we
can choose k1 on the real-axis. A further application of theorem 31 proves the
claim.

Due to the results of theorem 108 in particular due to (7) we define

Definition 26. For a k-independent quantum graph ∆A(Γ) we call σ̃amin(β) =
σ̃amax(β) = σa(β) the abscissa of absolute convergence for Dβ

∆(k).

We can now improve the width of the test function space Hr characterized by the
parameter r which guarantees the absolute convergence of the trace formula in
theorem 6.

Proposition 1. Let ∆(A,B,Γ) be a compact quantum graph.

i) Assume that the minimal abscissa of converges σ̃amin(β) for Dβ
∆(k) of the

corresponding compact quantum graph ∆(A,B,Γ) satisfies 0 ≤ σ̃amin

(
1
2

)
<

λ+
min. Then, the quantum graph satisfies the maximal length property (96).

ii) Given a k-independent quantum graph ∆A(Γ). Then, the abscissa of absolute
converges σa

(
1
2

)
is given by (104) for β = 1

2 . Furthermore, one can replace in
theorem 6 the parameter σ by σa

(
1
2

)
which is the best possible, characterizing

the width of analyticity of the corresponding test function space Hσa( 1
2),

guaranteeing the absolute convergence of the trace formula (85). In particular
the following estimate

σa

(1
2

)
≤ σ. (115)

holds.
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Proof. Theorem 7 and a usage of the specific test function and the corresponding
Fourier transformation [107], σ > 0,

hσ(k) := 2
√
σ

k2 + σ2 , ĥσ(x) = e−σ|x| (116)

prove the claim.

Remark 2. For a k-independent non-compact quantum graph ∆A(Γ) the quantity
σa(1) coincides with the so-called “Pollicott-Ruelle resonance” [153, 154, 155]
characterizing the classical escape-rate of a classical particle which was considered
in [114, 115].

3.5. The fundamental lemmata for the characteristic
function

We continue to prove that the algebraic multiplicity N of the zero-modes and the
spectral multiplicities gn for the wavenumber kn ∈ R \ {0} is equal to ord[F ](k) at
k = 0 or k = kn, respectively. For the compact case this was proved in [10]. The
non-compact case is more involved which needs some additional ingredients and
will be treated here as well as the purely imaginary wavenumber case.

The Moore-Bjerhammer-Penrose pseudoinverse transformation [156, 157, 158,
151] of TE(k; l) is given by

TE(k; l)∗ :=
TEint(−k; l) 0

0 0Eex

 , (117)

which yields for k ∈ R the identity

TE(k; l)∗ = TE(k; l)+, k ∈ R. (118)

If we introduce the vector spaces

M :=
{
u ∈ CE; u = (z,0Eex) , z ∈ C2Eint

}
, dimM = 2Eint (119)

and
M0 := M⊥ =

{
(02Eint , c)

T , c ∈ CEex
}
, dimM0 = Eex, (120)

then we immediately get the following corollary:

Corollary 2. The operator

TE(k; l) : M →M (121)

is unitary for every k ∈ R and TE(k; l) leaves the subspace M ⊂ CE for every k ∈ C
invariant. Moreover, the null space of TE(k; l) is for every k ∈ C identical with
M0.
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We consider the general eigenvalue problem

S(k;A,B)TE(k; l)w = λw, k ∈ R, w ∈ CE. (122)

Lemma 4. With the notations of (119) and (122) the following equivalence

w ∈M fulfills (122) ⇔ λ ∈ {λ ∈ C; |λ| = 1} fulfills (122) (123)

holds.

Proof. Let us assume w fulfills (122) and w0 := P0w 6= 0, where P0 is the
orthogonal projector on M0. We infer

‖S(k;A,B)TE(k; l)w‖CE = |λ| ‖w‖CE , k ∈ R. (124)

In view of corollary 2 we have in the case w0 6= 0 the strict inequality

‖TE(k; l)w‖CE < ‖w‖CE . (125)

Since S(k;A,B) is unitary we infer

‖S(k;A,B)TE(k; l)w‖CE < ‖w‖CE , k ∈ R, (126)

which shows |λ| < 1. Furthermore, due to corollary 2 and the unitarity of S(k;A,B)
it generally holds |λ| ≤ 1. This proves the claim.

Let wλ1 ,wλ2 ∈M fulfill (122) with the corresponding eigenvalues λ1 and λ2. By
theorem 3, corollary 2 and (123) we conclude

TE(k; l)+S(k;A,B)+wλ1/2 = λ1/2wλ1/2 , k ∈ R. (127)

A general solution w of (122) can fulfill w0 = P0w 6= 0 but in this case |λ| < 1.
The eigenvalue λ = 0 possesses by similar arguments as above the eigenspace
M0. We remark that in general the matrix S(k;A,B)TE(k; l), k ∈ C, is not
unitarily diagonalizable, the corresponding eigenvectors don’t span the whole CE

and eigenvectors corresponding to different eigenvalues aren’t generally mutually
orthogonal.
We prove the general lemma (see appendix A).

Lemma 5. The index of every eigenvalue λ(k) fulfilling |λ(k)| = 1 of
S(k;A,B)TE(k; l) for k ∈ R is equal to one, i.e. it is a semi simple eigenvalue.

Proof. We use the notation (97). Let λ(k) be an eigenvalue of U(k) fulfilling
|λ(k)| = 1. Due to (123) there exists a corresponding eigenvector xλ(k) which is
an element of M .
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We define and use for convenience the notation, k /∈ iσ(L) \ {0},

T̃E(k; l) :=
TEint(k; l) 0

0 1Eex

 ,
Ũ(k) := S(k;A,B)T̃E(k; l).

(128)

It is obvious that the matrix Ũ(k), k ∈ R, is unitary and therefore diagonalizable.
Therefore, there exists an orthogonal set of eigenvectors {x1(k), . . . ,xE(k)}. We
arrange this set in such a way that xl(k), 1 ≤ l ≤ e, are elements of M and the
remaining eigenvectors are elements of M⊥. By the above comments it holds e ≥ 1
(there exists at least one xl(k) ∈M) and e ≤ 2Eint. We define

M̃(k) := lin {xl(k); 1 ≤ l ≤ e} , k ∈ R. (129)

By construction it holds
M̃(k) ⊂M. (130)

Ũ(k) leaves the subspaces M̃(k) and M̃⊥(k) := M̃(k)⊥ invariant. Hence, we obtain

Ũ(k) = P
M̃

(k)Ũ(k)P
M̃

(k) + P⊥
M̃

(k)Ũ(k)P⊥
M̃

(k), (131)

where P
M̃

(k) and P⊥
M̃

(k) are the orthogonal projectors on M̃(k) and M̃⊥(k),
respectively. Obviously, it holds using the notation (97)

Ũ(k)x = U(k)x, for every x ∈ M̃(k). (132)

Furthermore, it generally holds

U(k)x = Ũ(k) (x− P0x) . (133)

By (129) and (130) it holds P0x ∈ M̃⊥(k). If x is also an element of M̃⊥(k) we
can by (131) deduce

x ∈ M̃⊥(k) ⇒ Ũ(k)x ∈ M̃⊥(k). (134)

Thus, U(k) leaves the subspace M̃(k) and M̃⊥(k) invariant as well. Hence, it holds

U(k) = P
M̃

(k)U(k)P
M̃

(k) + P⊥
M̃

(k)U(k)P⊥
M̃

(k). (135)

By (131), (132) and (135) we conclude that the Jordan blocks in the corresponding
Jordan normal forms [159, 151] for P

M̃
(k)Ũ(k)P

M̃
(k) and P

M̃
(k)U(k)P

M̃
(k) coin-

cide. Since each nonzero eigenvalues corresponding to P
M̃

(k)Ũ(k)P
M̃

(k) possesses
index one the claim is proved.

The relation (132) and (135) imply:
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Corollary 3. With the notations of (122) the following implication

λ1 6= λ2, |λ1| = |λ1| = 1 fulfill (122) ⇒ wλ1⊥wλ2 (136)

holds.

By lemma 5 we can use theorem 27 in order to determine the dependence of the
orders of the real wavenumbers kn of F (k) on the corresponding spectral multiplic-
ities gn or the corresponding dimensions of the eigenspaces of their eigenvalue one
of the matrices S (kn;A,B)TE (kn; l)34 in particular for the non-compact case.

Lemma 6 (Fundamental lemma for the characteristic function, real wavenumber
case). For an arbitrary (compact or non-compact, k-independent or k-dependent)
quantum graph ∆(A,B,Γ) fulfilling the weak minimal length property (81) the
relations

ord[F ] (kn) = gn, (137)

for every wavenumber kn ∈ R \ {0}, and

ord[F ] (0) = N = Ñ (138)

hold.

Proof. We use the notation (97). Let kn ∈ R be a zero of F (k). We prove that
every eigenvalue function λ(k) with λ (kn)=1 of U(k) is real differentiable at kn,
and fulfills λ′(k) 6= 0. This will prove the claim [10] since

F (k) =
gn∏
n=1

kord[λ](kn) (1 + O(k)) , k → kn. (139)

The real differentiability of λ(k) follows from theorem A. Moreover, there exists at
least one eigenvector x(k) which is in a punctured vicinity of kn, i.e. in a set of
the form 0 < |k| < δ, k ∈ R, differentiable and continuous on 0 ≤ |k| < δ. Hence,
we can WLOG require |x (kn)| = 1. Using the notation (97) and with the identity
[10]35

d
dkU(k) = −2i L

L2 + k2U(k) + iU(k)D (l) , (140)

we obtain, 0 < |k| < δ,

i
〈
x(k),

(
−2 L

L2 + k2U(k) + U(k)D (l)
)
x(k)

〉
CE

+ 〈x(k), U(k)x′(k)〉CE

= λ′(k) 〈x(k),x(k)〉CE + λ(k) 〈x(k),x′(k)〉CE ,

(141)

34n = 0 corresponds to the zero-mode.
35By an analogous calculation for the non-compact case.
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where x(k) is given by an expansion as in (494). The identity

〈x(k), U(k)x′(k)〉CE =
〈
U(k)+x(k),x′(k)

〉
CE

(142)

holds and a similar one for 〈x(k), U(k)D (l)x(k)〉CE . Since U(k) is real analytic,
i.e. in a neighbourhood of the real axis it holds k → kn.

U(k) = U (kn) + O (k − kn) , U(k)+ = U (kn)+ + O (k − kn) . (143)

By theorem 27 there exists a 1 ≤ l ≤ E such that, λ (kn) = 1,

x′(k) =
l∑

p=1
(k − kn)

p
l
−1 xn,p + O

(
(k − kn)

1
l

)
, k → kn, (144)

with xn,p ∈ ker (U (kn)− 1E), 0 ≤ n ≤ l − 1. Again, by (493), (123), (142), (143)
and (144) we obtain, λ (kn) = 1, k → kn,

〈x(k), U(k)x′(k)〉CE

=
l−1∑
p′=0

l∑
p=1

(k − kn)
p′+p
l
−1 〈xn,p′ ,xn,p〉CE + O

(
(k − kn)

1
l

)
.

(145)

On the other hand we have due to theorem (27), λ (kn) = 1, k → kn,

λ(k) 〈x(k),x′(k)〉CE

=
l−1∑
p′=0

l−1∑
p=l

(k − kn)
p′+p
l
−1 〈xn,p′ ,xn,p〉E + O

(
(k − kn)

1
l

)
,

(146)

and we observe that the first terms on the r.h.s. in (145) and (146) coincide whereas
the corresponding error terms in general only possess the same order.
By a similar calculation we obtain, k → kn,

〈x(k), U(k)D (l)x(k)〉CE = 〈x0,D (l)x0〉CE + O
(
(k − kn)

1
l

)
. (147)

Subtracting the first term on the r.h.s. in (145) respectively (146) from both sides
in (141) we can perform the limit k → kn for this expression and gain the identity

iλ′ (kn) = 2
〈
x0,

L

L2 + k2
n

x0

〉
CE
− 〈x0,D (l)x0〉CE . (148)

By (148) we have proved the claim by the same argument as in [10] by realizing
for the case k0 = 0 the identity (in every operator or matrix norm)

L

L2 + k2 → L∗, k → 0. (149)
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We prove an analogous statement as in lemma 6 for the purely imaginary wavenum-
bers. For this we remember that the poles of the matrix S (k;A,B) are given
by iσ(L) \ {0} (see (23)) and the order of these poles coincide with the algebraic
(=spectral) multiplicity g

λ̃n
of the corresponding eigenvalues λ̃n ∈ σ(L) (see [10]).

Moreover, we introduce the “symmetric” Msy and the “antisymmetric” space Masy.
Msy is given by the vector space

Msy :=
{

(c, c,0Eex)T ∈ CE, c ∈ CEint
}
, (150)

and Masy is given by the vector space

Masy :=
{

(c,−c,0Eex)T ∈ CEex , c ∈ CEint
}
. (151)

Notice that it holds
dimMsy = dimMasy = Eint. (152)

Lemma 7 (Fundamental lemma for the characteristic function, imaginary wavenum-
ber case). For every ikn ∈ iR≥0, where ikn is a strictly positive imaginary wavenum-
ber with spectral multiplicity gn of an arbitrary (compact or non-compact, k-
independent or k-dependent) quantum graph ∆(A,B,Γ) it holds

ord[F ] (ikn) =

gn, kn /∈ σ (L) \ {0},

−g
λ̃n

+ gn, kn ∈ σ (L) \ {0}, kn = λ̃n, λ̃n ∈ σ(L),
(153)

and for iλ̃ fulfilling λ̃ ∈ σ(L), λ̃ > 0, −
(
λ̃
)2

/∈ σ (∆(A,B,Γ)), it holds

ord[F ]
(
iλ̃
)

= −g
λ̃
, (154)

where g
λ̃
is the corresponding algebraic (=spectral) multiplicities of the corresponding

eigenvalue of λ̃ ∈ L. Moreover, there exists on iR>0 no other possible singularities
or zeros as the above ones.

Proof. In [72] it was shown that it holds

AX(k; l) + ikBY (k; l) = (A+ ikB) (1E −S(k;A,B)T (k; l))R+(k; l), (155)

with

R+(k; l) =


1Eint 0 0

0 e−ikl 0
0 0 1Eex

 . (156)

On the other hand it holds, k 6∈ σD (∆(A,B,Γ)), with (23),

AX(k; l) + ikBY (k; l) =
(
PkerB + L+ P⊥kerBM(k; l)

)
X(k; l), (157)
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where the “Dirichlet spectrum” is defined as

σD (∆(A,B,Γ)) :=
{
nπ

li
; n = Z, i ∈ Eint

}
, (158)

and M(k) is given by

M(k) := k


− cot(kl) csc(kl) 0
csc(kl) − cot(kl) 0

0 0 i1Eex

 . (159)

Therefore, we have

F (ik) = 1
(−k)r

 m∏
n′=1

1(
λ̃n′ − k

)g
λ̃n′


Eint∏
n=1

(
1− e−2kln

) f(k), (160)

where λ̃n, 1 ≤ n ≤ m ≤ n(L) are the non-zero eigenvalues of L with corresponding
multiplicities g

λ̃n
, 1 ≤ n ≤ m, r = dim kerA and

f(k) := det
(
PkerB + L+ P⊥kerBM(ik; l)

)
. (161)

Analogously to the proof for lemma 6 we prove that for an arbitrary eigenvalue
function λ(k) of

PkerB + L+ P⊥kerBM(ik; l), k > 0, (162)

with λ (kn) = 0 it holds λ′ (kn) 6= 0. A similar statement was also claimed in [83]
and proved by citing [160]. Here we prove it by a direct calculation. It holds [83]36,
k 6∈ σD (∆(A,B,Γ)),

ker
(
PkerB + L+ P⊥kerBM(k; l)

)
= ker

(
PkerB + L+ P⊥kerBM(k; l)P⊥kerB

)
, (163)

since it holds (see (21))
L = P⊥kerBLP

⊥
kerB, (164)

and because an element of the null space of the l.h.s. in (163) has to be an element
of (kerB)⊥ as well as on the r.h.s. of (163). If we define

M̃(k; l) := M(ik; l), k ∈ R \ {0} , (165)

it holds
d
dkM̃(k; l) := M̃1(k; l) + M̃2(k; l), k ∈ R \ {0} , (166)

with, csc ik = i csch(−k), cot ik = i coth(−k) and d
dk csch k = − csch k coth k,

d
dk coth k = − csch2 k, k ∈ iR \ {0},

M̃1(k; l) =


− coth(kl) csch(kl) 0
csch(kl) − coth(kl) 0

0 0 −1Eex



M̃2(k; l) = k


l csch2(kl) −l csch(kl) coth(kl) 0

−l csch(kl) coth(kl) l csch2(kl) 0
0 0 −1Eex


(167)

36After rewriting the corresponding statement in [83].
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The first matrix M̃1(k; l) in (167) possesses the eigenvalues

• −1 with corresponding eigenspace M0.

• csch (kln)− coth (kln), n ∈ Eint, with corresponding eigenspace Msy.

• − (coth (kln) + csch (kln)), n ∈ Eint, with corresponding eigenspace Masy.

The second matrix M̃2(k; l) in (167) possesses the eigenvalues

• −k with corresponding eigenspace M0.

• −kln csch (kln) (coth (kln)− csch (kln)), n ∈ Eint, with corresponding
eigenspace Msy.

• kln csch (lnk) (csch (kln) + coth (kln)), with corresponding eigenspace Masy.

Since csch (ak) − coth (ak) < 0 and |ak csch (ak)| < 1, a > 0, for all k > 0,
we conclude by (166) that the matrix d

dkM̃(k; l) is negative definite for k > 0.
Furthermore, we realize that the matrix on the r.h.s. in (163) is hermitian for
k ∈ iR \ {0}. Moreover, the following implication holds, x ∈ CE,(

PkerB + L+ P⊥kerBM(k; l)
)n
x = 0, n ∈ N,

⇒
(
PkerB + L+ P⊥kerBM(k; l)

)
x = 0,

(168)

which follows by induction which imply that PkerBx = 0, (163) and the fact that
the eigenvalues of the corresponding matrix on the r.h.s in (163) are semi-simple
since the corresponding matrix is hermitian. Thus, due to (168) and (163) we
infer that the eigenvalue zero of the corresponding matrix on the l.h.s. in (163) is
semi-simple as well. Hence, we can employ the perturbation theory of appendix A
for the matrix in (162) as for lemma 6. Let λ(ik) be an arbitrary eigenvalue function
of the matrix in (162) with λ (ikn) = 0 and x(k) the corresponding eigenvector
function with x (ikn) = x. Then by theorem 27 λ(k) can be differentiated at kn
and by an analogous calculation as in the proof of lemma 6 by using (163) and
the hermiticity of the corresponding matrix on the r.h.s. in (163) we arrive at the
identity

λ′ (ikn) ‖x‖2
CE =

〈
x,

d
dkM̃ (kn; l)x

〉
CE
< 0. (169)

By (169), theorem 4, (160) and since the determinant of the matrix function in
(162) possesses no singularities in iR>0 we have proved the claim.

Remark 3. The lemma 6 for the real wavenumbers involves the weak minimal
length property (81) but is valid for positive and negative wavenumbers, whereas
lemma 7 doesn’t need the weak minimal length property (81) but is only valid for
wavenumbers with strictly positive imaginary part in the non-compact case.
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Corollary 4. With the notations of lemma 7 for −ikn, where ikn ∈ iR>0 is a
wavenumber of an arbitrary compact (k-independent or k-dependent) quantum
graph ∆(A,B,Γ) it holds, kn = λ̃n if kn ∈ σ(L):

ord[F ] (−ikn) =



gn, kn /∈ ±σ (L) \ {0},

−g−λ̃n + gn, kn /∈ σ (L) ∩ R>0, −λ̃n ∈ σ(L),

gn, kn ∈ σ (L) ∩ R>0, −λ̃n /∈ σ(L),

−g−λ̃n + gn, kn ∈ σ (L) ∩ R>0, −λ̃n ∈ σ(L).

(170)

Moreover, for λ̃ ∈ σ(L), λ̃ < 0, −
(
λ̃
)2

/∈ σ (∆(A,B,Γ)) it holds

ord[F ]
(
iλ̃
)

= −g
λ̃
. (171)

Furthermore, there exist no other possible singularities or zeros for F (k) as above
on iR \ {0}.

Proof. Combining the functional equation (171), theorem 4, lemma 7 and (160)
proves the claim.

3.6. A new result for the eigenvalue asymptotics and
the total number of the negative eigenvalues

We cite a theorem of [10] which we will use in the following. Since the proof of [10]
reveals that the corresponding original statement of (173) in [10] can be expanded
from the strong minimal length property (82) to the weak minimal length property
(81) we present the more general statement:

Theorem 8 ([10]). Let ∆(A,B,Γ) be a compact quantum graph. Then, the
wavenumber counting function N(k) (with or without the finitely many imagi-
nary ones) possesses the asymptotic behaviour

N(k) := #
{
kn, kn ≤ k, k2

n ∈ σ (∆(A,B,Γ))
}
∼ L

π
k, k →∞, (172)

where every wavenumber kn is counted with its spectral multiplicity gn, n ∈ N0.
Moreover, if ∆(A,B,Γ) fulfills the weak minimal length property (81), then the
trace of the corresponding heat-kernel fulfills the small-t asymptotics

tr e−t∆(A,B,Γ) = ϑW (t) + O
(√

t
)
, t→ 0+, (173)

where the “Weyl term” of tr e−t∆(A,B,Γ) is given by37

ϑW (t) := L√
4πt

+ g0 −
N

2 +
∑
n

g−n −
1
2
∑
j

γ0,j + 1
2
∑
j

γp,j, (174)

37After correcting a typographic mistake in [10].
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and g−n are the spectral multiplicities of the finitely many, non-zero, purely imaginary
wavenumbers and γ0,j, γp,j are the orders of the finitely many, non-zero, purely
imaginary zeros and poles, respectively, of the characteristic function F .

Remark 4. With the assumptions of theorem 8 there exists a complete asymptotic
expansion in tn2 , n ∈ N for tr e−t∆(A,B,Γ). However, in the chapters 4 and 5 we only
need the expansion up to the order t 1

2 .

As a consequence of theorem 8 we present a statement pertaining to an asymp-
totic estimate not of the wavenumber counting function but rather of the growth
properties of the specific wavenumbers. One cannot expect an asymptotics like in
(172) since degeneracies of the eigenvalues respectively wavenumbers can occur. But
it is possible to give a weaker statement distinguishing between whether eigenvalues
are counted with their corresponding spectral multiplicities or not.

Theorem 9. Given a compact quantum graph ∆(A,B,Γ).

i) If kn, n ∈ N0, are all wavenumbers of ∆(A,B,Γ) listed with the corresponding
multiplicities, then it holds

kn ∼
π

L
n, n→∞. (175)

ii) If kn, n ∈ N0, are all wavenumbers of ∆(A,B,Γ) listed without the corre-
sponding multiplicities, then for every ε > 0 there exists a constant Nε > 0
such that (

π

L
− ε

)
n < kn <

(2EΓπ

L
+ ε

)
n, for all n > Nε, (176)

holds.

Proof. Let kn, n ∈ N0 are all wavenumbers of ∆(A,B,Γ) listed with the correspond-
ing multiplicities. By (172) it follows for the asymptotics of the nth wavenumber

n = N (kn) ∼ L

π
kn, n→∞, (177)

which yields
kn ∼

π

L
n, n→∞. (178)

Let kn, n ∈ N0, are all wavenumbers of ∆(A,B,Γ) listed without the correspond-
ing multiplicities. For a compact quantum graph ∆(A,B,Γ) the degeneracy gn of
every wavenumber kn is at most 2EΓ (and at least one) [72]. Let us assume that
every wavenumber of ∆(A,B,Γ) possesses the degeneracy gn = 2EΓ, n ∈ N0. Then
a similar consideration as in (177) yields

n = N (kn) ∼ L

2EΓπ
kn, n→∞, (179)

which proves the claim.
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We are now able to improve the small-t asymptotics of tr e−t∆(A,B,Γ) in (174)
making the explicit knowledge of the order of the poles respectively zeros of the
characteristic function F obsolete.

Lemma 8. With the assumptions and notations of theorem 8 it holds

tr e−t∆(A,B,Γ) = L√
4πt

+ g0 −
N

2 + n(L)
2 + O

(√
t
)
, t→ 0+, (180)

with n(L) = dim (kerL)⊥.

Proof. An application of lemma 6 and corollary 4 proves the claim.

In [72] it was shown that the following implication holds for the spectrum:

∆ (A,B,Γ) is k-independent ⇒ σ (∆A(Γ)) ⊂ R≥0. (181)

The negative eigenvalues of a general quantum graph ∆(A,B,Γ) were treated in
[83] (theorem 23). For this we define

G(l) := −V C(l)∗ =


D(l)−1 −D(l)−1 0
−D(l)−1 D(l)−1 0

0 0 0Eex

 . (182)

An explicit calculation of the eigenvalues of G(l) (G(l) is hermitian) yields the
spectrum

σ(G(l)) =
{ 2
l1
, . . . ,

2
lE
, 0
}
. (183)

The following theorem holds for the total number of strictly negative eigenvalues
counted with their multiplicities of a general quantum graph ∆(A,B,Γ).

Theorem 10 ([83]). Let ∆(A,B,Γ) be an arbitrary quantum graph. Then, the
number of strictly negative eigenvalues n− (∆(A,B,Γ)) counted with their spectral
multiplicities is given by

n− (∆(A,B,Γ)) = n+
(
L− P⊥kerBG(l)P⊥kerB

)
. (184)

Theorem 10 allows the following theorem denoting by linL+ the linear span of
eigenvectors belonging to strictly positive eigenvalues.

Theorem 11. Let ∆(A,B,Γ) be an arbitrary quantum graph fulfilling the weak
minimal length property (81). Then, it holds

n− (∆(A,B,Γ)) = n+(L). (185)
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Proof. Since G(l) is non-negative it holds choosing x ∈ linL+:〈
x,
(
L− P⊥kerBG(l)P⊥kerB

)
x
〉
CE

= 〈x, Lx〉CE −
〈
x, P⊥kerBG(l)P⊥kerBx

〉
CE

≥ λ+
min −

2
lmin

> 0.

(186)

Realizing that the corresponding first term in (186) is for x ∈ CE 	 linL+ non-
positive proves the claim.

3.7. Comparison of the characteristic function F
with the Riemann ζ-function

In this section we compare characteristic properties of the Riemann ζ-function
with the corresponding properties of the characteristic function F for an arbitrary
quantum graph ∆(A,B,Γ). In doing so we first cite the following theorem gathering
some characteristic properties of the Riemann ζ-function.

Theorem 12 ([161, 162, 107, 163]). On the critical Re s = 1
2 line the Riemann

ζ-function can be written as, t ∈ R,

ζ
(1

2 − it
)

= Z(t)eiϑ(t), (187)

where Z(t) (Hardy’s Z function [161]) and ϑ(t) are real-valued for t ∈ R, Z and ϑ
are analytic in −1

2 < Im t < 1
2 and it holds, −1

2 < Im t < 1
2 ,

•

Z(t) = Z(−t),

ϑ(t) = Im ln Γ
( it

2 + 1
4

)
− t

2 ln π

= −γ + ln π
2 t− arctan(2t) +

∞∑
n=1

(
t

2n − arctan
( 2t

4n+ 1

))
= −ϑ(−t).

(188)

•
ζ
(1

2 + it
)

= ζ
(1

2 − it
)

e−2iϑ(t). (189)

The phase function ϑ(t) can be rewritten in a more convenient form getting rid of
the first two unaesthetic terms in the third line of (188) in particular the annoying
negative algebraic sign of the first term linear in t.

Proposition 2. With the assumptions of theorem 12 it holds, −1
2 < Im t < 1

2 ,

ϑ(t) =
∞∑
n=1

(
t

2 ln
(

n+ π

n+ π − 1

)
− arctan

( 2t
4n− 3

))
. (190)
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Proof. Due to the asymptotics [162], x→ 0,

arctan x = x− x3

3 + O
(
x5
)
, (191)

we can rearrange the series in (188), −1
2 < Im k < 1

2 ,

− arctan(2t) +
∞∑
n=1

(
t

2n − arctan
( 2t

4n+ 1

))

=
∞∑
n=1

(
t

2n − arctan
( 2t

4n− 3

))
.

(192)

Furthermore, due to the asymptotics [164], N →∞,

N∑
n=1

1
n

= lnN + γ + O
( 1
N

)
,

ln (N + π) = ln
(
N
(

1 + π

N

))
= lnN + O

( 1
N

)
,

(193)

we can proceed to
N∑
n=1

t

2n = t

2 lnN + tγ

2 + O
( 1
N

)

= t

2

N∑
n=1

ln
(

n+ π

n+ π − 1

)
+ t

2 ln π + tγ

2 + O
( 1
N

)
.

(194)

Combining (190) with (194) we obtain the relation

∞∑
n=1

(
t

2n − arctan
( 2t

4n− 3

))
=

N∑
n=1

(
ln
(

n+ π

n+ π − 1

)
− arctan

( 2t
4n− 3

))

+
∞∑

n=N+1

(
t

2n − arctan
( 2t

4n− 3

))
+ t

2 ln π + tγ

2 + O
( 1
N

)
.

(195)

Performing the limit N →∞ proves the claim.

We work out analogous properties as in theorem 12 for the characteristic function
F for an arbitrary quantum graph ∆(A,B,Γ). We factorize the characteristic
function F similarly to (187) as

F (k) =: z(k)eiθ(k), k /∈ iσ(L) \ {0} , (196)

where z(k), θ(k) ∈ R. Furthermore, we show that θ and z are analytical in
−λ+

min < Im k < λ+
min and θ(0) = −κπ

2 , κ =
(
EΓ + dim(kerA)⊥

)
mod 2. Note

that |z(k)| is the absolute value of F (k). By lemma 2 we can calculate the phase
function θ(k). The result for z and θ is

Theorem 13. With the assumptions of lemma 2 and the notations in (196) the
functions z(k) and θ(k) are real-valued for k ∈ R, θ and z is analytical in −λ+

min <

Im k < λ+
min and it holds, −λ+

min < Im k < λ+
min,
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•
z(k) = z(−k)e−iκπ,

θ(k) = −κπ2 +
EΓ∑
n=1

kln −
n(L)∑
m=1

arctan
(
k

λm

)

= −θ(−k)− κπ.

(197)

•
F (−k) = F (k)e−2iθ(k), (198)

where κ =
(
EΓ + dim(kerA)⊥

)
mod 2.

Proof. By [10] it holds S(−k;A,B) = S(k;A,B)+, TE(−k; l) = TE(k; l)+, k ∈ R.
Hence, by (61) we infer for the characteristic function, k ∈ R,

F (k) := det
(
1E −S(k;A,B)TE(k; l)

)
= det

(
1E − TE(k; l)+S(k;A,B)+

)
= det

(
1E −S(k;A,B)+TE(k; l)+

)
= F (−k).

(199)

Using (196), (199), lemma 2 we deduce, k ∈ R \ {0, k ∈ C; k2 ∈ σ(∆, A,B,Γ)},
κ =

(
EΓ + dim(kerA)⊥

)
mod 2, (z(k) = z(k)),

exp (−iκπ) exp
2i

 EΓ∑
n=1

kln −
n(L)∑
m=1

arctan
(
k

λm

) = F (k)
F (−k)

= z(k)
z(−k)ei(θ(k)−θ(−k))

= F (k)
F (k)

= e2iθ(k).

(200)

Requiring θ(0) = −κπ
2 and the uniqueness of the analytical continuation of θ and z

proves the claim.

Comparing the properties of θ and z in theorem (13) with the analogous properties
of the corresponding quantities of the Riemann ζ-function in theorem (12) inspires
us for the following remarks.

Remark 5. Pursuing the old idea of Hilbert and Polya (see e.g. the references in
[11]) of seeking for a self-adjoint operator an eigenvalue (or wavenumber) charac-
terizing function F which is given by F(k) = ζ

(
1
2 − ik

)
, then a comparison of the

theorems 4, 13, 12 and proposition 2 suggests that one could try to find an infinite
quantum graph (EΓ =∞), the “ζ-quantum graph”, with an edge length spectrum
given by ln = 1

2 ln
(

n+π
n+π−1

)
, n ∈ N, and with corresponding eigenvalues for (the

infinite matrix) L, λ̃n = 4n−3
2 , n ∈ N, (see also remark 6) and with correspond-

ing κ = 0 mod 2 possessing Weil’s explicit formula [165] as corresponding trace
formula.
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A first step towards this goal was made in [15], where it was proved that a quantum
graph with δ-type boundary conditions possessing asymptotically the required
length spectrum possesses a purely discrete spectrum. Moreover, in [15] it was
proved that the Dirichlet quantum graph, i.e. the infinite quantum graph consisting
of edges with corresponding edge lengths

ln := π

n
∼ π ln

(
n+ π

n+ π − 1

)
, n→∞, n ∈ N, (201)

equipped with Dirichlet boundary conditions at the edge ends possessing for the
Weyl asymptotics of its wavenumber counting function the leading term k ln k
which corresponds after a rescaling of the edge lengths by the factor 1

2π to the
leading term for the Weyl term in the counting function for the non-trivial zeros of
the Riemann ζ-function. We give a second remark reinforcing remark 5.

Remark 6. The trivial zeros kn, n ∈ N, of F(k) = ζ
(

1
2 − ik

)
are simple and

are given by kn = −i4n−3
2 , (n− 1) ∈ N [107], whereas k1 = −i1

2 corresponding to
ζ(0) = −1

2 is not a trivial zero due to the pole of ζ
(

1
2 − ik

)
at k = i1

2 , [107]. In
particular the trivial zeros are not symmetric with respect to s = 1

2 . By remark
5 the trivial zeros of ζ

(
1
2 − it

)
correspond to the imaginary wavenumbers of the

hypothetical ζ-quantum graph and lemma 7 and corollary 4 suggest that these
imaginary wavenumbers coincide with the eigenvalues of the corresponding matrix
L and are given by λ̃n = 4n−3

2 , n ∈ N, and since ζ
(

1
2 − ik

)
possesses only one pole

at k = i1
2 it suggests that the spectral multiplicity of every λ̃n, n ∈ N, is one which

is in complete agreement with remark 5.

Remark 7. The characteristic properties of Z respectively z stated in theorem 12
respectively 13 are at the first glance not relevant for establishing any potential
providing the Hilbert-Polya operator for the Riemann ζ-function, i.e. the ζ-quantum
graph, since e.g. any entire function of the form f (z2) satisfies the same properties
as Z depicted in theorem 12. In fact, we have to require additional properties in
order to identify the Riemann ζ-function by its functional equation as e.g. the
possibility to expand the affected function in a Dirichlet series in an appropriate
half-plane [166, 167, 168]. However, the interesting point is that the function z

of the corresponding characteristic function F possesses by lemma 6 a “critical
line”, as the Riemann ζ-function if the Riemann hypothesis is true, where except a
possible set of finitely many zeros, the “trivial zeros”, all the remaining infinitely
many zeros of F are located.
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In [85] it was proved the very interesting property that every zero-mode of any finite
compact quantum graph with local Kirchhoff boundary conditions [85] is constant
on the entire graph Γ which we call the “strong Kurasov-Nowaczyk property”.
The relevant argument can easily extended to finite non-compact local Kirchhoff
quantum graphs using the analogous methods of section 4.4.
It has turned out for k-independent quantum graphs that the edge-component

functions with respect to (9) of any zero-mode are constant [116] which we call the
“weak Kurasov-Nowaczyk property”.

A general quantum graph ∆(A,B,Γ) doesn’t have to fulfill this property which
shows the following example of a quantum graph family for which one specific
configuration, which doesn’t fulfill the weak minimal length property (81), possesses
a zero-mode not satisfying the weak Kurasov-Nowaczyk property.

Example 1. Let a graph Γ be given consisting of a single edge e with corresponding
interval Ie = (0, le), 0 < le <∞. We equip the vertex v0 corresponding to 0 with a
Dirichlet boundary condition, i.e. Av0 = 1, Bv0 = 0, and the other vertex vle with a
Robin boundary condition, i.e. Avle = υ, Bvle

= 1. A function ψ of the form (72)
is a zero-mode iff

υβle − β = 0 ⇔ le = 1
υ
. (202)

The proof in [116] investigates the integral, ψ ∈ ∆(A,B,Γ), ψ zero-mode
(∆(A,B,Γ)ψ = 0),

‖ψ′‖2
HΓ

=
∫
Γ

‖ψ′‖2 dx =
〈
ψ′, ψ

〉
CE
−
∫
Γ

ψ
′′
ψdx = −

〈
ψ,Lψ

〉
CE
. (203)

If L = 0 then the l.h.s. is identical to zero which implies the weak Kurasov-
Nowaczyk property. However, if L 6= 0 this technique in [116] to prove the weak
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Kurasov-Nowaczyk property allows no generalization to the k-dependent case
(L 6= 0) since a priori no information is available for the corresponding term on the
r.h.s. in (203) which is corroborated by example 1.
On that account it is necessary to develop a completely new treatment of the

problem and we consider the zero-mode problem for a general quantum graph
∆(A,B,Γ) from a matrix algebraic point of view. In particular we derive new
formulas for the spectral multiplicities g0 for a general (compact or non-compact,
k-independent or k-dependent) quantum graph ∆(A,B,Γ) and we relate the zero-
modes of ∆(A,B,Γ) to the zero-modes of ∆A(Γ) which yields as a byproduct the
weak Kurasov-Nowaczyk property of a general quantum graph ∆(A,B,Γ) satisfying
the weak minimal length property (81).
Furthermore, we prove a new formula for the algebraic multiplicity N of an

arbitrary quantum graph ∆(A,B,Γ). And as a final result we generalize the
“Fulling-Kuchment-Wilson-formula” [103]

g0 −
1
2N = 1

4 trSA, (204)

which was proved in [103] for compact k-independent quantum graphs, to gen-
eral (compact or non-compact, k-independent or k-dependent) quantum graphs
∆(A,B,Γ) fulfilling the weak minimal length property (81) and involves the proper
generalized spectral multiplicity g̃p,0 which we introduce in section 4.4.

The corresponding quantity on the l.h.s. in (204) is nothing else than the constant
term of the trace formula in theorem 6 (see the introduction).
To obtain these results we derive a “non-trivial SA-trace formula” and a “di-

mension formula” which are two crucial ingredients for the proof of the generalized
fulling-Kuchment-Wilson formula. The derivation of the results is also based on an
algebraic approach not involving the trace of the heat-kernel as in [103].
Moreover, with the results obtained in this chapter we can improve as a final

theorem the small-t asymptotics for the trace of the heat-kernel tr e−t∆(A,B,Γ) of
lemma 8.

4.1. A novel formula for the algebraic multiplicity N
for a general quantum graph

The quasi-multiplicity Ñ for a general quantum graphs ∆(A,B,Γ) is given by the
number of linear independent solutions of (see (22))

SAJEx = x, x := CE. (205)
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We denote by Psy the orthogonal projector onto Msy, with Pasy the orthogonal
projector onto Masy. It is obvious that it holds

JE = Psy − Pasy, (206)

which means that Msy is the eigenspace to the eigenvalue 1 of the matrix JE and
Masy is the eigenspace to the eigenvalue −1 of this matrix. Furthermore, JE fulfills
the identities

J∗E = JE = J+
E , J∗EJE = JEJ

∗
E = (J∗E )

2 = J2
E =

12Eint 0
0 01ex

 , (207)

which means that the matrix JE is hermitian and in the case Eex = ∅ unitary as
well.

The following orthogonal decompositions hold

CE = (kerA)⊥
⊕

kerA = Msy
⊕

Masy
⊕

M0. (208)

Moreover, the matrix JE is a partial isometry [144] on CE by corollary 2 using (86)
and the obvious identity

M = Msy
⊕

Masy. (209)

We obtain the following lemma:

Lemma 9. For an arbitrary quantum graph ∆(A,B,Γ) the following relations hold

SAJEx = x ⇔ x ∈
(
(kerA)⊥ ∩Masy

)⊕
(kerA ∩Msy) ,

SAJEy = −y ⇔ y ∈ (kerA ∩Masy)
⊕(

(kerA)⊥ ∩Msy
)
.

(210)

Proof. Given an arbitrary vector w ∈ CE we can due to (208) uniquely decompose
this vector in

w = wsy +wasy +w0, wsy ∈Msy, wasy ∈Masy, w0 ∈M0. (211)

In general the matrix SAJE is not unitarily diagonalizable, the corresponding
eigenvectors don’t span the whole CE and eigenvectors corresponding to different
eigenvalues aren’t generally mutually orthogonal.
From (123) we deduce for the particular case λ = ±1 the following implication:

SAJEw = ±w ⇒ P0w = w0 = 0. (212)

The first two vectors in (211) possess a unique decomposition

wsy = w1
sy +w2

sy, w1
sy ∈ (kerA)⊥, w2

sy ∈ kerA,

wasy = w1
asy +w2

asy, w1
asy ∈ (kerA)⊥, w2

asy ∈ kerA.
(213)
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Furthermore, by (38) and (206) we obtain

SAJE = (PkerA − P⊥kerA)(Psy − Pasy)

= PkerAPsy + P⊥kerAPasy − PkerAPasy − P⊥kerAPsy.
(214)

By (212), (213) and (214) we obtain (w0 = 0)

SAJEw = w

⇔
(
PkerAPsy + P⊥kerAPasy − PkerAPasy − P⊥kerAPsy

)
(wsy +wasy)

=
(
w1
sy +w2

sy +w1
asy +w2

asy

)
⇔ −w1

sy +w2
sy +w1

asy −w2
asy = w1

sy +w2
sy +w1

asy +w2
asy

⇔ 0 = w1
sy +w2

asy.

(215)

Due to the linear independence of w1
sy and w2

asy and with a quite analogous
calculation for the eigenvalue problem λ = −1 in (122) as above for (205) we have
proved the claim.

If we denote the number of independent solutions of (122) for λ = −1 by Ñ− (and
by N the algebraic multiplicity) we immediately obtain from lemma 9 the following
theorem.

Theorem 14 (Algebraic multiplicity). For an arbitrary (compact or non-compact)
quantum graph ∆(A,B,Γ) fulfilling the weak minimal length property (81) the
following relations hold

N = dim
(
(kerA)⊥ ∩Masy

)
+ dim (kerA ∩Msy)

Ñ− = dim (kerA ∩Masy) + dim
(
(kerA)⊥ ∩Msy

)
.

(216)

4.2. The non-trivial SA-trace formula

In order to prove the generalized Fulling-Kuchment-Wilson formula generalizing the
equality (204) in particular including non-compact k-dependent quantum graphs,
we firstly consider the compact case, i.e. Eex = ∅ and derive a non-trivial SA-trace
formula.
Note that in the compact case it holds38 M = CE. Moreover, because of (123)

we have in this case |λ| = 1 for all eigenvalues of equation (122). For stating the
next lemma 10 we introduce some definitions using the notations in definition 6
and in (86).

Definition 27. Given a compact quantum graph ∆(A,B,Γ), then the set of all
eigenvalues of SAJE possessing a non-zero imaginary part lying in the open up-
per/lower complex half-plane is denoted by W+/−.
38See (208) and (209).
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Furthermore, let zn =: (zn,1, zn,2)T , zn,1/2 ∈ CEΓ, 1 ≤ n ≤ l39 be a maximal set
of linear independent eigenvectors for the corresponding eigenvalues λl, 1 ≤ n ≤ l,
creating W+. Then, we define

W(+,+) := lin
{

(zn,2 + λlzn,1, zn,1 + λlzl,2)T ; 1 ≤ n ≤ l
}
,

W(+,−) := lin
{

(zn,2 − λlzn,1, zn,1 − λlzl,2)T ; 1 ≤ n ≤ l
}
.

(217)

The sets W(−,+) and W(−,−) are defined analogously.

Lemma 10. Given a compact quantum graph ∆(A,B,Γ). Then, v is an eigenvector
of SA corresponding to the eigenvalue 1 iff

v ∈ W(+,+)⊕ (kerA ∩Msy)
⊕

(kerA ∩Masy) . (218)

Furthermore, a is an eigenvector of SA corresponding to the eigenvalue −1 iff

a ∈ W(+,−)⊕(
(kerA)⊥ ∩Msy

)⊕(
(kerA)⊥ ∩Masy

)
. (219)

Moreover, the relations
dimW(+,+) = dimW(+,−) (220)

and
W(+,+) =W(−,+), W(+,−) =W(−,−) (221)

hold.

Proof. Let us assume z := (z1, z2)T , z1, z2 ∈ CEint, fulfills (122). Using (207) we
obtain by equation (122) and theorem 3 that it also holds

SAJE z̃ = λz̃, z̃ := JEz = (z2, z1)T . (222)

Combining equation (122) and (222) we get (λλ = 1)

SA (z̃ + λz) = z̃ + λz,

SA (z̃ − λz) = − (z̃ − λz) ,
(223)

which means that the vector in the first line in (223) is an eigenvector of SA

corresponding to the eigenvalue 1 and the vector in the second line in (223) is
an eigenvector of SA corresponding to the eigenvalue −1 (however, it can be the
trivial eigenvector).
First, we consider a solution z of (122) with λ 6= ±1. Combining (122) with

(222) we deduce that the cardinality of these two sets coincide. Note that an
eigenvalue λ being an element of W+ or W− can be degenerate but we can choose
an orthogonal basis of eigenvectors for this degenerate eigenspace. Then owing
39l = 0 can occur leading to an empty set.



66
4. Generalization of the Fulling-Kuchment-Wilson formula and the

small-t heat-kernel asymptotics beyond the Weyl term

to (136) we build a maximal set40 of mutually orthogonal eigenvectors z for the
equation (122) corresponding to W+. By (222) we also obtain a maximal set of
mutually orthogonal eigenvectors corresponding toW−. We denote these sets byW+

respectively byW−. Again, by (136) the setsW+ andW− are mutually orthogonal
but we remark that W+ respectively W− are not vector spaces. Furthermore, since
the orthogonal eigenvectors to a degenerate eigenvalue λ are linearly independent
we deduce that the corresponding eigenspace of λ (constructed by (222)) possesses
the same dimension. Since eigenvectors corresponding to different eigenvalues are
linearly independent we deduce by the above arguments that the dimensions of the
linear spans of these sets, linW+ and linW−, coincide. We define

m := dim linW+ = dim linW−. (224)

Due to the relations (122) and (222) we have the following relation

w ∈ linW+ ⇔ JEw ∈ linW−. (225)

Using (123) we deduce by a multiplication with λ of both sides of equation (223)
that the eigenvectors corresponding to the eigenvalue 1 respectively −1 of SA

constructed with λ in the sense of (223) are linearly dependent to these constructed
with λ (interchange of z and z̃). Furthermore, since λ 6= λ we deduce from (122)
and (222) that the eigenvectors in (122) and (222) must be linearly independent.
Thus, we infer that the eigenvectors corresponding to the eigenvalues ±1 of SA in
(223) are different from the zero vector. Thus, W(+,+) is a subset of the eigenspace
corresponding to the eigenvalue 1 of SA and W(+,−) is a subset corresponding to
the eigenvalue −1 of SA. Since eigenvectors corresponding to different eigenvalues
λ ∈ W± are linearly independent, we infer (220). Furthermore, we infer by (225)
the relation (221).
Now, we consider the case λ = ±1. Obvious is the relation λ = λ. Because of

lemma 9 we consider for λ = 1 the case x ∈ Msy and x ∈ Masy separately and
analogously for y being an eigenvector to λ = −1. We deduce that in both cases
for the corresponding eigenvectors

x = (x1,x2)T , y = (y1,y2)T (226)

it must hold
x1 = ±x2, y1 = ±y2. (227)

If we construct with x and y the eigenvectors of SA as in (223) we deduce with
(227) that in both cases exactly one eigenvector is the trivial eigenvector. Therefore,
the dimension of the direct sum of the eigenspaces belonging to λ = ±1 of equation
40With respect to the number of linearly independent eigenvectors.
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(122) and of resulting eigenspaces according to (223) for λ = ±1 belonging to the
eigenvalue ±1 of SA are the same.

Noting that in the case Eex = ∅ the maximal set of linearly independent eigenvec-
tors of (122) form a basis of CE since the matrix product in (122) is a unitary matrix,
we deduce by (220) that the dimension of the direct sum of the eigenspaces belong-
ing to the eigenvalues ±1 of SA resulting from eigenvectors of (122) corresponding
to λ = ±1 is given by E− 2m.
Altogether, we have proved that in the case Eex = ∅ the dimensions of the

maximal set of the linear span of all eigenvectors of (122) and the resulting linear
span of all resulting eigenvectors according to (223) coincide and are equal to
E. Since the maximal set of linearly independent eigenvectors of the eigenvalue
problems

SAv = ±v, v ∈ CE, (228)

can’t exceed E (in fact ±1 are the only possible eigenvalues of SA [see (38)]), we
have proved the claim.

The trace of SA is the difference of the multiplicities of the eigenvalues 1 and −1
of SA. Hence, the “trivial SA-trace formula” is (see (3))

trSA = dim (kerA)− dim
(
(kerA)⊥

)
. (229)

Due to (220), we conclude that for a compact quantum graph the dimensions of
the linear spans of eigenvectors ±1 stemming from λ 6= ±1 in the sense of (223)
coincide. Thus, due to lemma 10 we get the SA-trace formula (see (41)):

Lemma 11. The trace of the S-matrix for k = 0 of a compact quantum graph
∆(A,B,Γ) is given by

trSA = dim (kerA ∩Msy) + dim (kerA ∩Masy)

− dim
(
(kerA)⊥ ∩Msy

)
− dim

(
(kerA)⊥ ∩Masy

)
.

(230)

We derive the “dimension sum rule”.

Lemma 12 (Dimension sum rule). Let A ∈ Mat (E× E;C), E ∈ 2N, be arbitrary.
Then, it holds

dim (kerA ∩Masy) + dim
(
(kerA)⊥ ∩Masy

)
= dim (kerA ∩Msy) + dim

(
(kerA)⊥ ∩Msy

)
.

(231)

Proof. The orthogonal projectors P⊥kerA on (kerA)⊥ and PkerA on kerA determine
by definition (40) uniquely the matrix SA. We use for SA the above results and
for convenience we assume in the following that41

dim (kerA ∩Masy) 6= 0, dim
(
(kerA)⊥ ∩Masy

)
6= 0,

dim (kerA ∩Msy) 6= 0, dim
(
(kerA)⊥ ∩Msy

)
6= 0

(232)

41The other cases may be treated analogously.
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and
dimW(+,+) = dimW(+,−) = m 6= 0. (233)

Therefore, it holds EΓ ≥ 3.
We choose the following orthonormal basis for (E = 2EΓ for the compact case

considered here) CE:

CE = C2EΓ = lin {x1, . . . , xs, xs+1, . . . , xl−1, xl, . . . , xEΓ ,

xEΓ+1, . . . , x2EΓ+1−l′ , x2EΓ+2−l′ , . . . , xr−1, xr, . . . , xE}
(234)

with
lin {x1, . . . , xEΓ} = Masy, lin {xEΓ+1, . . . , x2EΓ} = Msy (235)

and

lin {x1, . . . , xs} = (kerA)⊥ ∩Masy, 1 ≤ s < EΓ − 1,

lin {xr, . . . , x2EΓ} = (kerA)⊥ ∩Msy, EΓ + 2 < r ≤ 2EΓ,

lin {xs+1, . . . , xl−1} = kerA ∩Masy, s+ 1 < l ≤ EΓ

lin {x2EΓ+2−l′ , . . . , xr−1} = kerA ∩Msy, 2EΓ − r + 2 < l′ ≤ EΓ.

(236)

The orthonormal vectors

{xl, . . . , x2EΓ+1−l′} , s < l ≤ EΓ, 2EΓ − r + 2 < l′ ≤ EΓ (237)

will be specified in more detail in the following. In order to prove (231), it suffices
to prove l = l′. We denote

M1 := lin {xl, . . . , xEΓ} , s < l ≤ EΓ,

M2 := lin {xEΓ+1, . . . , x2EΓ+1−l′} , 2EΓ − r + 2 < l′ ≤ EΓ.
(238)

Due to (234), (235) and lemma 10 it holds

M1
⊕

M2 =W(+,+)⊕W(+,−). (239)

Let us assume that
M1 ∩W(+,+) 6= {0} . (240)

Then there exists an element

0 6= b ∈M1 ∩W(+,+). (241)

We recall that all elements of W(+,+) are eigenvectors of SA corresponding to the
eigenvalue 1 and therefore, due to (38), elements of kerA. By construction of the
orthonormal basis (234), (235) and (236) we infer

b ∈ kerA ∩Masy, (242)



4.2. The non-trivial SA-trace formula 69

which leads to a contradiction by the construction (236). Thus, we obtain

M1 ∩W(+,+) = {0} . (243)

Similar arguments lead to

M1 ∩W(+,−) = {0} , M2 ∩W(+,+) = {0} , M2 ∩W(+,−) = {0} . (244)

Therefore, every element of W(+,+) and W(+,−) is an orthonormal sum of non-zero
vectors being elements of M1 and M2. Now, we specify the elements in (237) in
more detail. By the above arguments we choose the orthonormal basis in (234)
(and the elements of (237)) in such a way that it holds (see (239))

W(+,+) = lin {xl+i + xEΓ+1+i; 0 ≤ i ≤ g ≤ min {EΓ − l, EΓ − l′}} . (245)

We want to prove that
g = EΓ − l and l = l′ (246)

hold. We construct

M3 := lin {xl+i − xEΓ+1+i; 0 ≤ i ≤ g ≤ min {EΓ − l, EΓ − l′}} (247)

and calculate using the orthonormality of the vectors in (234), 0 ≤ i ≤ g ≤
min {EΓ − l, EΓ − l′},

〈xl+i + xEΓ+1+i, xl+i′ − xEΓ+1+i′〉C2EΓ = δii′ 〈xl+i, xl+i〉C2EΓ

− δii′ 〈xEΓ+1+i, xEΓ+1+i〉C2EΓ

= δii′ − δii′ = 0.

(248)

Thus, we infer
M3 ⊥ W(+,+). (249)

Trivially, it holds
M3 ⊂M1

⊕
M2. (250)

Combining (249), (250) and (239) we conclude

M3 ⊂ W(+,−). (251)

By (239), (243), (244), (245) and (247) we can choose a maximal subset of the
remaining vectors in (218) in such a way that it holds

W(+,−) = M3
⊕

lin {xl+i − xEΓ+1+i; g < i ≤ min {EΓ − l, EΓ − l′}} , (252)

where we have defined

lin {xl+i − xEΓ+1+i; g < i ≤ min {EΓ − l, EΓ − l′}} := ∅ (253)
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if
g = min {EΓ − l, EΓ − l′} . (254)

Let l 6= l′. Then by the constructions (245) and (252) there exists a vector x with

0 6= x ∈
(
M1

⊕
M2

)
	
(
W(+,+)⊕W(+,−)

)
, (255)

which leads to a contradiction to (239). Therefore, we conclude

l = l′. (256)

Furthermore, we can perform a similar construction for W(+,−) in (252) as in (247)
which shows that it holds

W(+,+) ⊂M3
⊕

lin {xl+i + xEΓ+1+i; g < i ≤ min {EΓ − l, EΓ − l}} . (257)

Again, we define in accordance with (253) and (254)

lin {xl+i + xEΓ+1+i; g < i ≤ min {EΓ − l, EΓ − l}} := ∅ (258)

if
g = min {EΓ − l, EΓ − l} . (259)

By (245) we therefore conclude

g = EΓ − l. (260)

By (256) and (260) we have proved (231).

Combining the lemmata 11 and 12 we obtain the non-trivial SA-trace formula:

Theorem 15 (Non-trivial SA-trace fomula). The trace of the S-matrix for k = 0
of a compact quantum graph ∆(A,B,Γ) is given by

trSA = 2
[
dim (kerA ∩Msy)− dim

(
(kerA)⊥ ∩Masy

)]
= 2

[
dim (kerA ∩Masy)− dim

(
(kerA)⊥ ∩Msy

)]
.

(261)

Proof. Due to (231) we have

dim (kerA ∩Masy) =

dim (kerA ∩Msy) + dim
(
(kerA)⊥ ∩Msy

)
− dim

(
(kerA)⊥ ∩Masy

)
.

(262)

Inserting (262) in (230) and an analogous calculation for the second line in (261)
proves the claim.
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4.3. A novel formula for the spectral multiplicity g0

and the weak Kurasov-Nowaczyk property for
general quantum graphs

First, we investigate the zero-modes of a general (k-independent or k-dependent)
compact quantum graph42 ∆ (A,B,Γ) in more detail. Our starting point is theorem
5 in particular the equations (74). Furthermore, due to (23) we have the orthogonal
sum identities

kerB⊥ = kerA
⊕

(kerL)⊥, (kerA)⊥ = kerB
⊕

(kerL)⊥ (263)

and therefore, we have (kerA ∩ kerB = ∅)

(kerA)⊥ ∩ (kerB)⊥ = (kerL)⊥. (264)

Since the matrix L is hermitian it is diagonalizable. Thus, assuming L 6= 0 there
exists real non-zero eigenvalues λ̃1, . . . , λ̃d, 0 ≤ d ≤ dim(kerB)⊥ ≤ E (see (164))
and a unitary matrix U ∈ U (E) with

L = U+

D(λ) 0
0 0E−d

U, D(λ)mn := δmnλ̃n, m, n ∈ {1, . . . , d} . (265)

The Moore-Bjerhammer-Penrose pseudoinverse of L is given by

L∗ = U+

D(λ)−1 0
0 0E−d

U. (266)

Furthermore, the Moore-Bjerhammer-Penrose pseudoinverse C(l)∗ of C(l) in (73)
is given by

C(l)∗ :=


1Eint 0 0
D(l)−1 D(l)−1 0

0 0 0Eex

 (267)

An easy calculation shows (see (182))

G(l) = −V C(l)∗, (268)

and with the substitution

v := (v1,v2,0Eex)T = C(l) (α,β,0Eex)T , (269)

and with the identity

L∗L = LL∗ =
1d 0

0 0E−d

 , (270)

42Eex = ∅.
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we get for the first equation in (74), v ∈M (see (269)),

P⊥kerLV (α,β,0Eex)T = −LC(l)(α,β,0Eex)T

⇔
(
P⊥kerLV C(l)∗ + L

)
v = 0

⇔ P⊥kerL (L∗G(l)− 1E)v = 0.

(271)

Thus, the number of linear independent solutions of (74) are identical with the
number of independent solutions of the following equations (all have to be simulta-
neously fulfilled), v ∈M (see (269)),

P⊥kerL (L∗G(l)− 12EΓ)v =0,

P⊥kerBv =v,

P⊥kerAG(l)v =G(l)v.

(272)

This system of equations reduces the two involved matrices C(l) and V in (74) to
the single matrix G(l) defined in (182).
First, we shall examine the first equation in (272). We observe that (see (150)

and (151))
kerG(l) = Msy

⊕
M0, (kerG(l))⊥ = Masy (273)

hold.

Lemma 13. Let ∆(A,B,Γ) be an arbitrary quantum graph. Then, every eigenvalue
τ of the matrix L∗G(l) respectively G(l)L∗ is real and if additionally the weak
minimal length property (81) is fulfilled, then every eigenvalue τ ∈ σ (L∗G(l))
satisfies τ < 1.

Proof. Due to (L∗G(l))+ = G(l)L∗ it suffices to consider the case L∗G(l). The
claim concerning the real-value property of the eigenvalues was proved in [169] but
our new proof for the second claim will yield the first claim as well.

We investigate the maximal value of the real parts of the eigenvalues of L∗G(l).
We define

G(l)δ := PasyG(l)Pasy + δ2Psy,0, δ > 0 arbitrary, (274)

with
Psy,0 := Psy + P0. (275)

It is obvious that G(l)δ is invertible for every δ > 0 and it holds

G(l)δ+ = G(l)δ. (276)

Furthermore, if we define the square root of G(l) and G(l)δ by the usual definition
for a nonnegative operator [144] (which is similar to (266)), we obtain the identity

L∗G(l) = L∗G(l) 1
2G(l)δ

1
2 (277)
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and thus, we obtain the following equivalence relation by (277) identifying y :=
G(l)δ

1
2x:

L∗G(l)x = τx ⇔ G(l)δ
1
2L∗G(l) 1

2y = τy, for every δ > 0. (278)

Therefore, it holds

τ ∈ σ (L∗G(l)) ⇔ τ ∈ σ
(
G(l)δ

1
2L∗G(l)

1
2
)
. (279)

For each τ ∈ σ
(
G(l)δ

1
2L∗G(l)

1
2
)
there exists a corresponding eigenvector y ∈ CE

with ‖y‖E = 1 and for further convenience we decompose these eigenvectors in the
orthogonal sum

y = ysy,0 + yasy, with yasy ∈Masy, ysy,0 ∈Msy
⊕

M0. (280)

and get by the hermiticity of G(l)δ
1
2 and the definitions of G(l)δ

1
2 and G(l)

1
2

τ =
〈
y,G(l)δ

1
2L∗G(l)

1
2y
〉
CE

=
〈
G(l)δ

1
2 ((yasy + ysy,0) , L∗G(l)

1
2yasy

〉
CE

=
〈
G(l)

1
2yasy, L

∗G(l)
1
2yasy

〉
CE

+ δ
〈
ysy,0, L

∗G(l)
1
2yasy

〉
CE
,

(281)

where the crucial fact is that the first summand in the third line of (281) is an
element of R. By the Rayleigh-Ritz principle [170, 171, 151] we attain for this
expression the estimate (see (79))〈

G(l)
1
2yasy, L

∗G(l)
1
2yasy

〉
CE
≤
∥∥∥G(l)

1
2yasy

∥∥∥2

CE

1
λ+

min
≤ 2
lminλ

+
min

, (282)

where on the r.h.s. in (282) 1
λ+

min
(respectively λ+

min) is defined by (65). Therefore, we

obtain by (281) and (282) for the real part of any element τ of σ
(
G(l)δ

1
2L∗G(l)

1
2
)

the estimate

Re τ = Re
〈
G(l)

1
2yasy, L

∗G(l)
1
2yasy

〉
CE

+ Re δ
〈
ysy,0, L

∗G(l)
1
2yasy

〉
CE

≤ 2
lminλ

+
min

+ δ
∣∣∣〈ysy,0, L

∗G(l)
1
2yasy

〉
CE

∣∣∣
≤ 2
lminλ

+
min

+ δ
1

λ+
min

√
2
lmin

.

(283)

Since δ is greater than zero but arbitrary small and by (279) we can conclude

Re τ ≤ 2
lminλ

+
min

for every τ ∈ σ (L∗G(l)) . (284)

The absolute value of the imaginary part of τ can be estimated by (281)

|Im τ | = δ
∣∣∣〈ysy,0, L

∗G(l)
1
2yasy

〉
CE

∣∣∣ ≤ δ
1

λ+
min

√
2
lmin

, (285)

which demonstrates that Im τ = 0 since δ > 0 but can be chosen arbitrary small.
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We remark that the weak minimal length property (81) is the weakest known
sufficient condition for the validity of the trace formula (conditional convergent
version) in [10]. On account of Lemma 13 we can introduce:

Definition 28. For an arbitrary quantum graph ∆(A,B,Γ) we define

µ+ (∆(A,B,Γ)) := max {0, τ ; τ ∈ σ (L∗G(l))} . (286)

Combining lemma 13 with definition 28 we can infer43:

Corollary 5. If the weak minimal length property (81) is satisfied by ∆(A,B,Γ),
then it holds µ+ (∆(A,B,Γ)) < 1. Moreover, the matrices L∗G(l)−1E respectively
G(l)L∗ − 1E are invertible if µ+ (∆(A,B,Γ)) < 1.

Remark 8. The specific value of µ+ (∆(A,B,Γ)) depends on the specific quantum
mechanical topology of the quantum graph ∆(A,B,Γ) (see (46)). However, corollary
5 provides an upper bound of µ+ (∆(A,B,Γ)) involving only quantities which are
independent of the specific quantum mechanical topology of ∆(A,B,Γ).

For further convenience we define the image of a general set W ⊂ CE with respect
to a general linear mapM by44

ran (M|W ) =:M{W} (287)

We assume in the following that (L∗G(l)− 12EΓ)−1 exists. Then by corollary 5 the
first equation in (272) possesses the solution space

V1 := (L∗G(l)− 12EΓ)−1 {kerL}. (288)

By corollary 5 the matrix (L∗G(l)− 1E)−1 can be written in a polynomial [151]

(L∗G(l)− 1E)−1 =
E−1∑
n=0

an (L∗G(l)− 1E)n =
E−1∑
n=0

bn (L∗G(l))n

= b01E + L∗ZG(l), b0 6= 0,
(289)

with some matrix Z ∈ Mat (E× E;C). If kerL 6= ∅ it must hold b0 6= 0 since
lemma 13 holds which would lead to a contradiction to (see the first requirement
in (272), L∗ hermitian)

y = (L∗G(l)− 1E)−1 x, x ∈ kerL ⇔ (L∗G(l)− 1E)y = x ∈ kerL (290)

if b0 = 0. From b0 6= 0, (288) and (289) we conclude that the solution space V2 for
the first and the second requirement in (272) is given by

V2 = (L∗G(l)− 1E)−1 {kerA} . (291)
43Obviously, the second statement can be weakened, however, this is redundant by the following
considerations.

44M|W denotes the restriction ofM to W .



4.3. A novel formula for the spectral multiplicity g0 and the weak
Kurasov-Nowaczyk property for general quantum graphs

75

If we denote with V3 the solution space of all three equations in (272) then the
three requirements in (272) are equivalent with

V3 =
{

(L∗G(l)− 1E)−1 v; v ∈ kerA ;〈
a, G(l) (L∗G(l)− 1E)−1 v

〉
CE

= 0, for all a ∈ kerA
}
.

(292)

According to theorem 5 the vector v has also to be an element of M in order that
it corresponds through (269) to a zero-mode. Hence, the solution space V of all
three equations in (272) which corresponds to a zero-mode is given by

V = {ṽ ∈ V3; ṽ ∈M} . (293)

For this reason we have to investigate the matrix G(l) (L∗G(l)− 1E)−1.

Lemma 14. Assume that (L∗G(l)− 12EΓ)−1 exists. Then, the matrix
G(l) (L∗G(l)− 1E)−1 is hermitian.

Proof. Since L∗ and G(l) are hermitian it holds

G(l) (L∗G(l)− 1E) = (G(l)L∗ − 1E)G(l) = (G(l) (L∗G(l)− 1E))+ , (294)

from which we deduce

G(l) (L∗G(l)− 1E)−1 = (G(l)L∗ − 1E)−1G(l)

=
(
G(l) (L∗G(l)− 1E)−1

)+
.

(295)

By (273) and lemma 14 we can conclude:

G(l) (L∗G(l)− 1E)−1 = Pasy (G(l)L∗ − 1E)−1G(l)Pasy

= PasyG(l)Pasy (L∗G(l)− 1E)−1 Pasy.
(296)

We use appendix B to gain more information about the matrix dealing in lemma
14.

Lemma 15. Assuming µ+ (∆(A,B,Γ)) < 1. Then, the matrix G(l) (L∗G(l)− 1E)−1

is negative semi-definite and it holds

ker
(
G(l) (L∗G(l)− 1E)−1

)
= Msy,0. (297)

Proof. With G(l)δ of definition (268) we obtain by (296)

G(l) (L∗G(l)− 1E)−1G(l)δ−1 = Pasy (G(l)L∗ − 1E)−1 Pasy. (298)

Since G(l)δ is positive definite we deduce from the theorems 29 and 30 that it holds

In
(
G(l) (L∗G(l)− 1E)−1

)
= In

(
Pasy (G(l)L∗ − 1E)−1 Pasy

)
. (299)
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The matrix Pasy (G(l)L∗ − 1E)−1 Pasy evidently leaves the subspaces Pasy and Psy,0

invariant. Hence it suffices to consider the eigenvalue problem, a ∈Masy, (by an
analogous argument leading to (289))

Pasy (G(l)L∗ − 1E)−1 Pasya = τa ⇔ (G(l)L∗ − 1E)−1 a = τa, a ∈Masy. (300)

Obviously, τ 6= 0 if a 6= 0 since corollary (5) holds. Thus, we have by (295), (298),
(300) and the theorems 29 and 30

ker
(
Pasy (G(l)L∗ − 1E)−1 Pasy

)
= Msy,0. (301)

Note that G(l) is a bijection from Masy onto Masy. Thus we deduce

ker
(
Pasy (G(l)L∗ − 1E)−1 Pasy

)
= ker

(
G(l) (L∗G(l)− 1E)−1

)
. (302)

We deduce from (300) the equivalence, a ∈Masy,

Pasy (G(l)L∗ − 1E)−1 Pasya = τa

⇔ (G(l)L∗ − 1E)a = 1
τ
a

⇔ G(l)L∗a =
(1
τ

+ 1
)
a, a ∈Masy.

(303)

By lemma (13) it follows τ < 0. Due, to (299), (301), (303) and lemma 14 the
claim is proved by theorem 28.

Now, we have the prerequisites to investigate the determining equation (293) in
more detail.

Lemma 16. Assuming µ+ (∆(A,B,Γ)) < 1. Then, it holds

V = kerA ∩Msy. (304)

Proof. Because of lemma 15 the matrix −G(l) (L∗G(l)− 1E)−1 possesses a positive
semi-definite square root

(
G(l) (1E − L∗G(l))−1

)− 1
2 . For v ∈ kerA we get by

theorem 28∣∣∣〈v, G(l) (L∗G(l)− 1E)−1 v
〉
CE

∣∣∣ =
∥∥∥∥(G(l) (L∗G(l)− 1E)−1

)− 1
2 v
∥∥∥∥
CE
. (305)

By (289), lemma 15 and (292) we obtain

V3 = kerA ∩Msy,0. (306)

The requirement v ∈M in (293) proves the claim.

As the final theorem of this section we obtain a much more detailed characterization
of the zero-modes of a quantum graph as in theorem 5.



4.4. The generalized Fulling-Kuchment-Wilson formula and an optimal
result for the small-t asymptotics for the trace of the heat-kernel

77

Theorem 16 (Zero-mode characterization). Given a general (k-independent or k-
dependent, compact or non-compact) quantum graph ∆(A,B,Γ) fulfilling
µ+ (∆(A,B,Γ)) < 1, in particular if ∆(A,B,Γ) satisfies the weak minimal length
property (81). Then, all zero-modes are characterized in terms of the representation
(72) by all vectors of the form

(α,0Eint+Eex) ∈
1Eint 0

0 0Eint+Eex

 (kerA ∩Msy) . (307)

In particular all eigenfunctions are constant on the edges (but can differ between
different edges), i.e. they fulfill the weak Kurasov-Nowaczyk property. Furthermore,
the spectral multiplicity g0 of the zero-modes space is given by

g0 = dim (kerA ∩Msy) . (308)

Corollary 6. Given a general quantum graph ∆(A,B,Γ) fulfilling
µ+ (∆(A,B,Γ)) < 1. Then, the zero-modes of ∆(A,B,Γ) coincide with the zero-
modes of ∆A(Γ).

Remark 9. By corollary 5 the weak minimal length property (81) provides a
criterion for the validity of theorem 16 and corollary 6 and in particular for the
occurrence of the weak Kurasov-Nowaczyk property which is independent of the
specific quantum mechanical topology of ∆(A,B,Γ).

As a final remark of this section we mention that the condition le = υ for the
existence of the zero-mode in example 1 shows that the corresponding quantum
graph doesn’t fulfill the weak minimal length property (81) and thus it is in complete
agreement with theorem 16.

4.4. The generalized Fulling-Kuchment-Wilson
formula and an optimal result for the small-t
asymptotics for the trace of the heat-kernel

We are now in the position to derive a generalization of (204) for general quantum
graphs ∆(A,B,Γ) in particular including the k-dependent and the non-compact
case.
We first treat the compact case using (41).

Lemma 17 (Generalized Fulling-Kuchment-Wilson formula, compact case). Given
a general (k-independent or k-dependent) compact quantum graph
∆(A,B,Γ) fulfilling µ+ (∆(A,B,Γ)) < 1, in particular if ∆(A,B,Γ) satisfies the
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weak minimal length property (81). Then, the generalized Fulling-Kuchment-Wilson
formula

g0 −
1
2N = 1

4 trSA (309)

holds.

Proof. This follows from the corollary 6 and theorem 16 or after using and inserting
the results of the theorems 15, 14 and 16 in (309).

Since theorem 15 invokes only the compact case we cannot treat the non-compact
case in a straightforward way. In order to manage the non-compact case it turns
out that the notion of generalized eigenfunctions [117, 144] is very useful.
We will also use the definition of a generalized eigenfunction of [117, 144] and

call a function φ defined on Γ a generalized eigenfunction corresponding to E ∈ R
for the quantum graph ∆(A,B,Γ) iff it is a solution of

∆(A,B,Γ)φ = Eφ, φ ∈ C2(Γ), (310)

and the corresponding boundary values φ and φ′ fulfill (22). Alternatively, we could
also require φe ∈ H2(0, le), e ∈ E , by Morey’s inequality [172, 173, 174]. By (310)
we conclude by induction φ ∈ C∞(Γ). Moreover, we call φ a proper generalized
eigenfunction iff φ /∈ HΓ is a solution of (310).

Definition 29. A (proper) generalized eigenfunction corresponding to E = 0 in
(310) call we a (proper) generalized zero-mode.

Note the important fact that a generalized zero-mode for a quantum graph
∆(A,B,Γ) doesn’t have to fulfill the weak Kurasov-Nowaczyk property. In fact a
simple counterexample is the semi-line equipped with Dirichlet boundary conditions
which is even a k-independent quantum graph.

Definition 30. We denote with G0 the set of generalized zero-modes satisfying the
weak Kurasov-Nowaczyk property and by Gp,0 ⊂ G0 the corresponding set of proper
generalized zero-modes.
The generalized spectral multiplicity g̃0 and the proper generalized spectral multi-

plicity g̃p,0 of the zero-modes of a quantum graph ∆(A,B,Γ) is defined as

g̃0 := dimG0, g̃p,0 := dimGp,0. (311)

By theorem 16 we gain the obvious lemma.

Lemma 18. For a compact quantum graph ∆(A,B,Γ) fulfilling µ+ (∆(A,B,Γ)) <
1, in particular if the weak minimal length property (81) is satisfied, it holds

g0 = g̃0 − g̃p,0. (312)
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For a general non-compact metric graph Γ we construct a compact metric graph Γ̂
by truncating every external edge e at an arbitrary finite strictly positive coordinate
xe. This generates new edges ê, e ∈ Eex, and we assign to these edges the compact
intervals Iê = [0, xe], e ∈ Eex, which makes the corresponding edges ê, e ∈ Eex,
compact. We attach at every new interval end or the corresponding new edge end a
new vertex ve , e ∈ Eex. We denote the set of new vertices obtained by this process
by Vnew. Obviously, it holds for the cardinality of Vnew

|Vnew| = Eex, (313)

and the set of all vertices V̂ of Γ̂ is given by

V̂ = V ∪ Vnew. (314)

This process transforms the non-compact graph Γ into a compact graph Γ̂ with
additional Eex internal edges but with no external edges and evidently generates a
canonic embedding Γ̂→ Γ by the identity map, i.e. it leaves the distances between
two points on Γ̂ respectively on Γ invariant. Thus, the total number of all edges of
these two graphs coincide ÊΓ = EΓ. The total set of all edges Ê can be obtained
by a disjoint union

Ê = Eint ∪ Enew, (315)

where Enew possesses cardinality |Enew| = Eex. The new graph Γ̂ possesses

Ê := 2 (Eint + Eex) (316)

edge ends.

Definition 31. We call Γ̂ a compact restriction of Γ.

Note that ·̂ isn’t a compactification.
We denoted by

φ̂ := φ|Γ̂ (317)

the restriction of a function (or the equivalence class of functions coinciding a.e.)
defined on Γ to the compact restriction Γ̂, indicated by the vertical bar, which
means here that the graph Γ̂ is considered as a subgraph of Γ by the canonic
embedding introduced above.

At every vertex v ∈ V̂ we assign in the sense of (44) the following localS-matrices,
k /∈ iσ(L) \ {0},

SD(k;A,B)v :=

S(k;A,B)v, v ∈ V ,

−1, v ∈ Vnew.
(318)

Note that at every vertex v ∈ Vnew there is only one (new) edge end assigned, hence
the resulting local S-matrix corresponding to this new vertex must be a number
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and by the construction (318) it is k-independent (see theorem 3). By a reverse
construction leading to (44) (after a new enumeration of the edge ends for Γ̂ in
the sense of chapter 2) the definition (318) is associated to a S-matrix which we
denote by SD(k;A,B).

Definition (318) means that at the “old” vertices V the local boundary conditions
remain unchanged (up to unitary equivalence45)

ADv = Av, BDv = Bv for all v ∈ V , (319)

whereas at every new vertex v ∈ Vnew a local Dirichlet boundary condition [30]

ADv = 1, BDv = 0, (320)

is imposed which implies, k /∈ iσ(L) \ {0},

SD(k;A,B) := S (k;AD, BD) . (321)

Apparently, the matrices AD and BD satisfy the conditions in theorem 1. Hence
they correspond to a unique quantum graph ∆D(A,B,Γ):=∆

(
AD, BD, Γ̂

)
which

we call the “Dirichlet extension” of ∆(A,B,Γ). The specific choice of the boundary
conditions in (320) means that a function ψ being an element of the domain for
∆D(A,B,Γ) must vanish at all edge ends corresponding to Vnew.

Since ∆D(A,B,Γ) is a compact quantum graph it holds the lemma 17 if
µ+ (∆D(A,B,Γ)) < 1. Adopting the above notation ND and g0D for the alge-
braic and the spectral multiplicity for the Dirichlet extension ∆D(A,B,Γ) we
realize that the quantities ND, g0D and SAD don’t depend on the specific choice
for the compact restriction Γ̂ of Γ. Thus lemma 17 is applicable to ∆D(A,B,Γ) if
µ+ (∆(A,B,Γ)) < 1 and in particular if the weak minimal length property (81) is
satisfied for ∆(A,B,Γ).
Due to definition (318) it holds

trSAD = trSA − Eex. (322)

On account of theorem 16 in particular due to the validity of the weak Kurasov-
Nowaczyk property for ∆D(A,B,Γ) if µ+ (∆(A,B,Γ)) < 1 and because of (319),
we deduce by the imposed Dirichlet boundary conditions (320) at the new vertices
that every element of the zero-modes space ψ ∈ ker ∆D(A,B,Γ) has to vanish on
the new edges

ψe ≡ 0 for all e ∈ Enew. (323)

As a result of theorem 5 (sn = 0 in (69)) we conclude that every zero-mode of
∆(A,B,Γ) can be identified with a zero-mode of ∆D(A,B,Γ) if µ+ (∆(A,B,Γ)) < 1.
45See chapter 3.
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By (323) the converse is also true. Furthermore, linear independent zero-modes
remains linear independent after these identifications. Altogether, we have proved
the equality of the corresponding spectral multiplicities of ∆(A,B,Γ) respectively
∆D(A,B,Γ):

g0D = g0 (324)

if µ+ (∆(A,B,Γ)) < 1.
Now, we change for the new graph Γ̂ the enumeration of the edge ends yielding

different matrix representations46 for the quantities AD, BD and JÊ . The (old) edge
ends of Γ̂ which are assigned to the set of vertices V in (314) are as enumerated
as the corresponding edge ends for Γ. Then the remaining Eex internal edge ends
for Γ̂ are assigned to the set of numbers

{
E + 1, . . . , EΓ̂

}
in such a way that the

edge ends n and n+Eex, n ∈ {E + 1, . . . ,E + Eex} correspond to the same internal
edge. By this enumeration the matrices AD, BD and JÊ become

AD =
A 0

0 1Eex

 , BD =
B 0

0 0Eex

 , JÊ =
JEint 0

0 JEex

 . (325)

Consequently, it holds

kerAD =
{

(v,0Eex)T ∈ CÊ; v ∈ kerA
}
,

(kerAD)⊥ =
{

(a,d)T ∈ CÊ; a ∈ (kerA)⊥ d ∈ CEex

}
,

(326)

and in this enumeration the correspond subspaces of CÊ according to (150) and
(151) for JÊ are given by

M̂sy :=
{

(c1, c1, c2, c2)T ∈ CÊ; c1 ∈ CEint , c2 ∈ CEex

}
,

M̂asy :=
{

(c1,−c1, c2,−c2)T ∈ CÊ; c1 ∈ CEint , c2 ∈ CEex

}
.

(327)

By theorem 14 we have for the algebraic multiplicity of the zero-modes of ∆AD(Γ)

ND = dim
(
(kerAD)⊥ ∩ M̂asy

)
+ dim

(
kerAD ∩ M̂sy

)
(328)

By (326) and (327) we get

dim
(
kerAD ∩ M̂sy

)
= dim (kerA ∩Msy) , (329)

and
dim

(
(kerAD)⊥ ∩ M̂asy

)
= dim

(
(kerA)⊥ ∩

(
Masy

⊕
M0

))
,

= dim
(
(kerA)⊥ ∩Masy

)
+ d,

(330)

defining
d := dim

((
(kerA)⊥ ∩Masy

)⊥Y )
, (331)

46Corresponding to a unitary matrix transformation by a permutation matrix.
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choosing
Y := (kerA)⊥ ∩

(
Masy

⊕
M0

)
⊂ CE. (332)

Combining (204) (for ∆D(A,B,Γ)), (216) (for ∆(A,B,Γ) and for ∆D(A,B,Γ),
(324), (322) and (330) we obtain

Lemma 19. For a general quantum graph ∆(A,B,Γ) satisfying µ+ (∆(A,B,Γ)) <
1 there holds the generalized Fulling-Kuchment-Wilson formula

g0 −
N

2 = 1
4 trSA + d

2 −
1
4Eex. (333)

We establish a deeper result for the new additional term d
2 in (333) compared with

(204) which is valid only for the compact case involving the concept of generalized
eigenfunctions [117, 144] explained above.

Motivated by the above results we analogously construct the “Neumann extension”
∆N(A,B,Γ) of ∆(A,B,Γ) defined by the local S-matrices, k /∈ iσ(L) \ {0},

SN(k;A,B)v :=

S(k;A,B)v, v ∈ V ,

1, v ∈ Vnew.
(334)

The trace of the resulting vertex scattering matrix SN(k;A,B) satisfies

trSAN = trSA + Eex, (335)

and the corresponding matrices AN and BN are given by using the same enumeration
as for AD and BD in (325)

AN =
A 0

0 0Eex

 , BN =
B 0

0 1Eex

 . (336)

Thus, it holds

kerAN =
{

(v,d)T ∈ CÊ; v ∈ kerA, d ∈ CEex

}
,

(kerAN)⊥ =
{

(a,0ex)T ∈ CÊ; a ∈ (kerA)⊥
}
.

(337)

The Neumann boundary conditions imply that the function ψ′ has to vanish on every
edge end corresponding to a vertex v ∈ Vnew if ψ is in the domain of ∆N(A,B,Γ).
By a similar consideration as for the Dirichlet extension one obtains that every zero-
mode φ of ∆N (A,B,Γ) corresponds to a generalized zero-mode satisfying the weak
Kurasov-Nowaczyk property of ∆(A,B,Γ) if µ+ (∆(A,B,Γ)) < 1. Moreover, in
this case the proper generalized zero-modes satisfying the weak Kurasov-Nowaczyk
property of ∆(A,B,Γ) can be uniquely identified one by one with the zero-modes
of ∆N(A,B,Γ) which at least on one e ∈ Eex don’t vanish identically (cf. (323)):

ψe 6≡ 0 for one e ∈ Enew. (338)
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Hence, it holds
g0N = g̃0 (339)

if µ+ (∆(A,B,Γ)) < 1. For NN we obtain by the theorems 14, 16 and similarly to
(328), (329) and (330)

NN = g0N + dim
(
(kerA)⊥ ∩Masy

)
. (340)

Applying, (204) for ∆D(A,B,Γ) and ∆N (A,B,Γ) and using theorem 14 and (322),
(324), (335), (339) we attain with (see (330))

d = dim
(
(kerAD)⊥ ∩

(
Masy

⊕
M0

))
− dim

(
(kerA)⊥ ∩Masy

)
, (341)

(322), (335) and lemma 18 the identity

d = ND −NN − (g0D − g0N)

= 2 (g0 − g̃0) + Eex − (g0 − g̃0) = (g0 − g̃0) + Eex

= Eex − g̃p,0

(342)

if µ+ (∆(A,B,Γ)) < 1. Combining (342) and lemma 19 yields

Theorem 17 (Generalized Fulling-Kuchment-Wilson formula). Given a gen-
eral (k-independent or k-dependent, compact or non-compact) quantum graph
∆(A,B,Γ) fulfilling µ+ (∆(A,B,Γ)) < 1, in particular if ∆(A,B,Γ) satisfies the
weak minimal length property (81). Then, the generalized Fulling-Kuchment-Wilson
formula

g0 −
N

2 = 1
4 trSA + 1

2 (Eex − g̃p,0) (343)

holds.

Remark 10. We remark that the weak minimum length condition (81) allows a
criterion which is independent of the specific quantum topology. Furthermore, a
subtle difference to (204) (compact k-independent case) is that the matrix SA in
(204) is originally defined by (42) and is therefore identical with the k-independent
S-matrix of the corresponding quantum graph whereas the corresponding matrix in
(343) is defined by (41).

Corollary 7. Given a general quantum graph ∆(A,B,Γ) fulfilling µ+ (∆(A,B,Γ)) <
1, in particular if ∆(A,B,Γ) satisfies the weak minimal length property (81). Then,
with the notations in (331) and lemma 19 the inequality

0 ≤ d ≤ Eex (344)

holds.
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Now we possess all ingredients for our final theorem for the small-t asymptotics of
the trace of the heat-kernel for a general compact quantum graph (see (41) and
remark (4)).

Theorem 18. For a general (k-independent or k-dependent) compact quantum
graph ∆(A,B,Γ) fulfilling the weak minimal length property (81) the small-t asymp-
totics of the trace of the heat-kernel is given by:

tr e−t∆(A,B,Γ) = L√
4πt
− 1

4 trSB + O
(√

t
)
, t→ 0+, (345)

Proof. We apply the lemma 17 to lemma 8 in order to substitute g0 − N
2 with

1
4 trSA. Using (263) and (264) yield

dim kerA = dim (kerB)⊥ − dim (kerL)⊥ ,

dim (kerA)⊥ = dim kerB + dim (kerL)⊥ ,
(346)

which implies by the trivial SA-trace formula (229) and lemma 180 the identity

trSA + 2n(L) = dim (kerA)− dim
(
(kerA)⊥

)
+ 2 dim (kerL)⊥

= (kerB)⊥ − dim kerB = − trSB,
(347)

and the claim is proved.

Remark 11. The small-t asymptotics for tr e−t∆(A,B,Γ) in (346) involves in the
non-leading constant term the leading order term of the “large-k asymptotics”
of S(k;A,B)) (see (41)). This result is reminiscent of the property that the
small-t asymptotics of tr e−t∆(A,B,Γ) determines also the large-k asymptotics of
the wavenumber counting function N(k) (see (172)) by a well-known Karamata-
Tauberian theorem [175]47.

47However, the proof of the more general assumption in theorem 8 of [10] uses a different method.



5. The ζ-regularized determinant
function and the ζ ′-determinant
for compact quantum graphs

In this chapter we calculate the ζ-regularized determinant function and the ζ ′-
determinant for general compact quantum graphs rigorously.
We use the abbreviation ∆ for ∆(A,B,Γ) in the index notations.

First, we explain the ζ-regularization approach in more detail. Let O be an operator
acting in some Hilbert space H possessing a non-empty discrete set of eigenvalues
σpp (O) = {En, n ∈ N0} and maybe some continuous spectrum σc(O). We denote
in the following by gn the corresponding spectral multiplicities corresponding to En,
n ∈ N0, and n = 0 is reserved for the eigenvalue E = 0, i.e. g0 = 0 if the operator
O doesn’t possess a non-trivial null space. We incorporate the case of the existence
of finitely many eigenvalues by setting gn ≡ 0 for all sufficient large n. Furthermore,
we assume that the eigenvalues are ordered with respect to their absolute values,
i.e. |En| < |En+1|, n ∈ N0. The generalized spectral ζ-function ζO(s, k) is then
formally defined as [176, 177, 178, 108, 109, 56, 179, 180, 181, 182]48

ζO(s, k) :=
∞∑
n=0

gn
(En + k2)s . (348)

If the operator O is self-adjoint and if (O + k2)−s, s ∈ S, (defined by the spectral
calculus [144]) is of trace class then (348) is nothing else than

tr
(
O + k2

)−s
= ζO(s, k), s ∈ S. (349)

Assume that the series in (348) possesses for a domain S×K ⊂ C2 ((s, k) ∈ S×K)
a domain of converges and that the obtained function is an analytic function.
Moreover, assume that ζO(s, k) can be analytically continued to a domain S̃ × K̃
with (0, k) ∈ S̃ × K̃ for all k ∈ K̃. Then the ζ-regularized determinant function of
the operator O is defined as

detζ
(
O + k2

)
:= exp

(
− ∂ζO(s, k)

∂s

∣∣∣∣∣
s=0

)
, k ∈ K̃. (350)

48We adapt the definition to our case.
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It is possible to generalize in a consistent way for the case where ζO(s, k) possesses
at s = 0 a pole (for some k) [182], but we omit this case here because we will not
need it.
If O is an operator in a finite dimensional space then definition (350) coincides

with the usual definition of the determinant function (characteristic polynomial) of
the corresponding matrix.

5.1. Derivation of the ζ-regularized determinant
function for general compact quantum graphs

We apply the well-known results about the ζ-regularization of infinite series and
products recapitulated in [182] to the special case of compact quantum graphs. For
a sequence of real numbers (En)n∈N0

comprising at most finitely many negative
numbers we define

m0 := −min {0, En; n ∈ N0} . (351)

Theorem 19. Let En, n ∈ N0 (E0 = 0) be all eigenvalues of a compact quantum
graph fulfilling the weak minimal length property (81) with corresponding spectral
multiplicities gn, n ∈ N0. Then, ζ∆(s, k) exists and is an analytic function for
Re s > 1

2 and Re k2 > m0, n ∈ N. Furthermore, ζ∆(s, k) possesses a meromorphic
continuation on Re s > −1

2 , Re k2 > m0, and it is given by:

ζ∆(s, k) = L

2
√
π

Γ(s− 1
2)

Γ(s)
1

k2s−1 −
trSB

4k2s

+ 1
Γ(s)

∞∫
0

[
tr e−t∆(A,B,Γ) − ϑW∆ (t)

]
e−k2tts−1dt,

(352)

where
ϑW∆ (t) = L√

4πt
− 1

4 trSB. (353)

Proof. It holds (see e.g. (472)):

ζ∆(s, k) = 1
Γ(s) LM[tr e−t∆(A,B,Γ)](s, k), Re s > 1

2 , Re k2 > m0. (354)

Using theorem 18 and theorem 34 proves the claim by identifying q = 1
2 and

P 1
2
(t) = ϑW∆ (t), (355)

for LM[tr e−t∆(A,B,Γ)](s, k) using the identity [183]
∞∫
0

e−αttβ−1dt = Γ(β)
αβ

, Reα,Re β > 0. (356)
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From theorem 19 we can deduce:

Theorem 20 ([184]). With the assumptions in theorem 19 the generalized spectral
ζ-function ζ∆(s, k) possesses only a simple pole in Re s > −1

2 , Re k2 > m0 at s = 1
2 .

Furthermore, it holds:

i) The Taylor expansion of ζ∆(s, k) with respect to s in a vicinity of s = 0,
Re k2 > m0, is given by

ζ∆(s, k) = −trSB

4 + φ∆(k)s+ O
(
s2
)
, (357)

where φ∆(k) is given by

φ∆(k) := −Lk + trSB

2 ln k +
∞∫
0

[
tr e−t∆(A,B,Γ) − ϑW∆ (t)

]
e−k2tdt

t
. (358)

ii) The Laurent expansion of ζ∆(s, k) with respect to s in a vicinity of s = 1
2 ,

Re k2 > m0, is given by

ζ∆(s, k) = L

π

1
2s− 1 + γ̃∆(k) + O

(
s− 1

2

)
, (359)

where the generalized Euler constant γ̃∆(k) is given by

γ̃∆(k) := L

π
ln
(2
k

)
− trSB

4k

+ 1√
π

∞∫
0

[
tr e−t∆(A,B,Γ) − ϑW∆ (t)

]
e−k2tt

1
2 dt.

(360)

Proof. Applying the theorem 19 to the representation (354) or incorporating that
1

Γ(s) is an entire function into the representation (506) engenders the only possible
pole at s = 1

2 .
i) Since Γ(s) possess in Re s > −1

2 only a simple pole at s = 0 and due to the
corresponding Laurent expansion [107] at s = 0 (ψ(1) = −γ)

Γ(s) = 1
s
− γ + O(s), (361)

it follows, Γ
(
−1

2

)
= −2

√
π [107], s→ 0,

L

2
√
π

Γ
(
s− 1

2

)
Γ(s)

1
k2s−1 = −Lks+ O

(
s2
)
,

−trSB

4k2s = −trSB

4 +
(

trSB

2 ln k
)
s+ O

(
s2
)
,

(362)
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and (see (361))

1
Γ(s)

∞∫
0

ts−1
[
tr e−t∆(A,B,Γ) − ϑW∆ (t)

]
e−k2tdt

= s (1 + O(s))
∞∑
p=0

sp

p!

∞∫
0

lnp t
[
tr e−t∆(A,B,Γ) − ϑW∆ (t)

]
e−k2tdt

t

= s

∞∫
0

[
tr e−t∆(A,B,Γ) − ϑW∆ (t)

]
e−k2tdt

t
+ O

(
s2
)
,

(363)

where the second step is allowed due to (345) and the consequent dominated
convergence or the locally uniformly convergence of the Taylor series on [0,∞) and
the uniformly converges of the integral with respect to the summation. This proves
i).
ii) follows from theorems 19 or 34 identifying

b− 1
2

= L

2
√
π
, b0 = −trSB

4 , (364)

Γ
(

1
2

)
=
√
π [107],

(
d
ds

1
Γ

) (
1
2

)
= −ψ( 1

2)
Γ( 1

2) = γ√
π

+
√
π ln 2 [107] and (see (361)), s→ 1

2 ,

Γ
(
s− 1

2

)
= 2

2s− 1 − γ + O(s),

1
Γ(s) = 1√

π
+
(
γ√
π

+ 2 ln 2
π

)(
s− 1

2

)
+ O

((
s− 1

2

)2)
,

k−(2s−1) = 1− (2s− 1) ln k + O
((
s− 1

2

)2)
.

(365)

Remark 12. It is interesting that the value of the Riemann ζ-function at z = 0 is
given by ζ(0) = −1

2 = −1
2n, n = 1 ∈ Z0 [107] which is similar to (see theorem 20)

ζ∆(0, k) = − trSB
4 = −1

2n, n ∈ Z0, Re k2 > m0.

We know by the theorems 20 and 35 that detζ (∆(A,B,Γ) + k2) exists and can
be factorized in the sense of (511). We substitute in the following C in (511)
by detζ′ (∆(A,B,Γ)) for further convenience and in order to make the notations
consistent by reasons explained below. We can determine the large-k asymptotics
of det (∆(A,B,Γ) + k2).

Theorem 21. With the assumptions in theorem 19 the spectral ζ-regularized de-
terminant function detζ (∆(A,B,Γ) + k2) possesses the representation, k ∈ C,

detζ
(
∆(A,B,Γ) + k2

)
= detζ′ (∆(A,B,Γ)) k2g0

∞∏
n=1

(
1 + k2

En

)gn
, (366)

where En, n ∈ N, are all non-zero energy eigenvalues with corresponding multiplici-
ties gn. In particular det (∆(A,B,Γ) + k2) is an entire function with zeros exactly
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located at ±ikn, n ∈ N0, where kn n ∈ N0, are all wavenumbers of ∆ (A,B,Γ).
Furthermore, the orders of these zeros fulfill

ord
[
det

(
∆(A,B,Γ) + k2

)]
(±ikn) =

gn, n ∈ N,

2g0, n = 0.
(367)

Moreover, det (∆(A,B,Γ) + k2) possesses the large-k asymptotics, Re k →∞,

ln
(
det

(
∆(A,B,Γ) + k2

))
= Lk − trSB

2 ln k + O
(1
k

)
. (368)

Proof. It remains only to prove last statement. This follows by theorem 20 by
an investigation of the Laplace transformation in (358) [185] or by theorem 36
identifying (364), (361) and (see (507)) (364) and (361),

Ress=0
[
LM[tr e−t∆(A,B,Γ)]

]
(k) = −trSB

4 , k ∈ C. (369)

Remark 13. The asymptotics of ln (det (∆(A,B,Γ) + k2)), Re k → 0, in (368)
doesn’t contain a constant term.

For a finite matrix G the ordinary determinant function (characteristic polynomial)
can also be written in the form (510) respectively (511) but in this case by a
finite product. Nevertheless, in this case the constant C in (511) will be the
product of all non-zero eigenvalues of G. This justifies the above substitution of
C by detζ′ (∆(A,B,Γ)). The prime generally indicates that the zero eigenvalues
are omitted as e.g. ζ ′∆(s, k) is the generalized spectral ζ-function for ∆(A,B; Γ)
without the zero-modes. Since it holds by definition

ζ∆(s, k) = g0

k2s + ζ ′∆(s, k), Re s > −1
2 , Re k2 > m0. (370)

we have, k ∈ C,

det
(
∆(A,B,Γ) + k2

)
= exp

(
− ∂ζ∆(s, k)

∂s

∣∣∣∣∣
s=0

)

= k2g0 exp
(
− ∂ζ ′∆(s, k)

∂s

∣∣∣∣∣
s=0

)

= k2g0 detζ′
(
∆(A,B,Γ) + k2

)
,

(371)

Therefore, we define:

Definition 32. With the assumptions of theorem 21 we call detζ′ (∆(A,B,Γ)) the
spectral ζ ′-determinant of ∆(A,B,Γ).
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Remark 14. The definition of detζ′ (∆(A,B,Γ)) coincides with the corresponding
definition in [111]. It coincides with the corresponding definition in [82] if the
spectrum is non-negative and in particular for the k-independent case. We will
compare below the examples 2 and 3 with the corresponding results in [111, 82]
which are k-independent.

Corollary 8. With the assumptions of theorem 19 the ζ-regularized determinant
of ∆ (A,B,Γ) fulfills

max
|z|<r

∣∣∣det
(
∆(A,B,Γ) + z2

)∣∣∣ ≤ e|z|α , (372)

for large r > 0 and every α > 1. Moreover,

ord
[
det

(
∆(A,B,Γ) + z2

)]
= 1. (373)

Proof. By theorem 21 it holds, z ∈ C,

∣∣∣detζ
(
∆(A,B,Γ) + z2

)∣∣∣ ≤ |detζ′ (∆(A,B,Γ))| |z|2g0
∞∏
n=1

(
1 + |z|

2

|En|

)gn
, (374)

and, z ∈ C,

∞∏
n=1

(
1 + |z|

2

|En|

)gn
=

l∏
n=1


(
1 + |z|2

|En|

)
(
1 + |z|2

En

)
 ∞∏
n′=1

(
1 + |z|

2

En′

)gn′
, (375)

where En, 1 ≤ n ≤ l, l ∈ N0, is the set of all negative eigenvalues of ∆(A,B,Γ)
listed with corresponding multiplicities. Hence, by theorem 21 we infer, |z| → ∞,∣∣∣∣∣∣

l∏
n=1

(
1 + |z|2

|En|

)
(
1 + |z|2

En

)
∣∣∣∣∣∣→ 1 (376)

Combining (368) and (366) proves the claim.

Theorem 22. With the notations of theorem 21 and definition 14 let ∆(A,B,Γ)
be a compact quantum graph fulfilling the minimal weak length property (81). Then,
the following identity, κ+(L) := n+(L) mod 2,

sgn (detζ′ (∆(A,B,Γ))) = (−1)κ+(L) (377)

holds.

Proof. By (368) we infer that detζ (∆(A,B,Γ) + k2) is positive for large k > 0. By
(366) we can conclude that

sgn
(
detζ

(
∆(A,B,Γ) + k2

))
= detζ′ (∆(A,B,Γ)) (−1)n−(∆(A,B,Γ)), (378)

for large k > 0. Now, theorem 11 proves the claim.
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Now, we investigate the function F̃ (k) defined below (see (21), (62) and lemma 7).

Definition 33.

F̃ (k) := k−N
(

m∏
n=1

(
λ̃n + k

)g
λ̃n

)
F (−ik), k ∈ C, (379)

where F (k) is the characteristic function defined in definition 13 and λ̃n, 1 ≤ n ≤
m ≤ n(L), are the non-zero eigenvalues of L with corresponding multiplicities g

λ̃n
,

1 ≤ n ≤ m. Furthermore, we define bN as the first non-zero coefficient of the
Taylor expansion of F (k) at k = 0,

F (k) = bNk
N + O

(
kN+1

)
, k → 0, (380)

and

det′(L) =


m∏
n=1

λ̃
g
λ̃n
n , L 6= 0,

1, L = 0.
(381)

Corollary 9. With the assumptions of definition 33 it holds (−i)NbN ∈ R \ {0}.

Proof. bN 6= 0 by definition. Furthermore, by the definitions (25) and (59)
SB(k;A,B) and TE(k; l) are hermitian for k ∈ iR. Thus, F (ik) is real for k ∈ R.
Realizing that the first non-zero coefficient of the Taylor expansion of F (−ik) is
given by (−i)NbN proves the claim.

Inspired by methods in [73] we obtain the following lemma.

Lemma 20. Let ∆(A,B,Γ) be a compact quantum graph fulfilling the weak minimal
length property (81). Then, the function F̃ (k) in (379) is an entire function with
zeros exactly located at ±ikn, n ∈ N, where kn, n ∈ N, are all wavenumbers of
∆ (A,B,Γ) and it holds, kn, n ∈ N,

ord
[
F̃
]

(±ikn) = gn. (382)

Moreover, F̃ possesses the product representation

F̃ (k) = (−i)NbNdet′(L)ekL
∞∏
n=1

(
1 + k2

En

)gn
, k ∈ C, (383)

where En, n ∈ N, are all non-zero energy eigenvalues with corresponding multiplic-
ities gn, n ∈ N, of ∆(A,B,Γ).

Proof. Combining the lemmata 6 and 7, corollary 4 proves the first part of the
claim. Furthermore, by (61), (59) and (41) there exists a constant c > 0 such that
F (ik) ≤ c for Re k ≥ 0 and it holds the asymptotics uniformly in Im k ∈ R

F (ik)→ 1, Re k →∞ (384)
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By the functional equation (66) and (384) it follows that there exists another
constant c̃ such that |F (ik)| ≤ c̃e2|k|L for Re k < 0 and it holds the asymptotics,
κζ = EΓ + dim kerB mod 2,

F (−ik) ∼ (−1)κζe2kL, k →∞. (385)

Thus, ord
[
F̃
]

= 1 and by theorem 37 there exists a factorization of the form (517)
with p = 1. Since the zeros of F̃ (k) are symmetric ±ikn, n ∈ N0 one can rearrange
the product in (517), which is allowed due to normal convergence [186], in such a
way that it holds (see theorem 37)

F̃ (k) = ea+bk
∞∏
n=1

(
1 + k2

En

)gn
, k ∈ C, (386)

with a, b ∈ C. Combining (366) with (368) yields, Re k →∞,

ln
( ∞∏
n=1

(
1 + k2

En

)gn)
= Lk −

(
2g0 + trSB

2

)
ln k

− ln detζ′ (∆(A,B,Γ)) + O
(1
k

)
,

(387)

and thus by (385), (387) and (386) we have b = L. On the other hand it holds by
definition (379) and (386)

F̃ (0) = ea = det′(L)(−i)NbN . (388)

This proves the claim.

Now, we have all ingredients which allow us to state the ζ-determinant theorem
[184, 187].

Theorem 23 (ζ-regularized determinant function and ζ ′-determinant formula). Let
∆(A,B,Γ) be a compact (k-dependent or k-independent) quantum graph fulfilling
the weak minimal length property (81). Then, with the notations of definition
33, theorem 20, definition 14 and κζ = EΓ + dim kerB mod 2 the ζ-determinant
function of ∆(A,B,Γ) is given by, k ∈ C,

detζ
(
∆(A,B,Γ) + k2

)
= (−1)κζk

tr SA
2 e−kL

(
m∏
n=1

(
λ̃n + k

)g
λ̃n

)

∗ det (1E −S(−ik;A,B)TE(−ik; l)) .
(389)

Furthermore, it holds the spectral ζ ′-determinant formula:

detζ′ (∆(A,B,Γ)) = (−1)n+(L) |bNdet′(L)| . (390)

Proof. We apply a similar technique as in [111]. By (383) and (366) it obviously
holds

detζ (∆(A,B,Γ) + k2)
e−kLk2g0F̃ (k)

= detζ′ (∆(A,B,Γ))
(−i)NbNdet′(L) , k ∈ C. (391)
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By (41) there exists a constant c such that (induced operator norm)
‖S(ikA,B)‖ ≤ c for k → ±∞. With (79) we thus obtain, k →∞,

‖S(ik;A,B)TE(ik; l)‖ ≤ ‖S(ik;A,B)‖ ‖TE(ik; l)‖ ≤ ce−klmin , (392)

which allows an estimation of the spectral radius [151]

ρ (S(ik;A,B)TE(ik; l)) := max {|λ|; λ ∈ σ (S(ik;A,B)TE(ik; l))} , (393)

of the form [151], k large enough,

ρ (S(ik;A,B)TE(ik; l)) ≤ e−klmin . (394)

Denoting with λn(k), 1 ≤ n ≤ E, all eigenvalues of S(ik;A,B)TE(ik; l), listed with
corresponding multiplicities then (393) yields [162], k →∞,

|lnF (ik)| =
∣∣∣∣∣ln
( E∏
n=1

(1− λn(k))
)∣∣∣∣∣

≤
E∑
n=1

|ln (1− λn(k))| = O
(
e−klmin

)
.

(395)

By (66) and the notations of definition 33 we obtain, k ∈ C,

e−kLk2g0F̃ (k) = k2g0−NekL
(

m∏
n=1

(
λ̃n − k

)g
λ̃n

)
F (ik), (396)

from which we infer by (395), (347), theorem 17 and the Taylor expansion of the
logarithm [162], k →∞,

ln
∣∣∣e−kLk2g0F̃ (k)

∣∣∣ = kL + trSA

2 ln k + n(L) ln k + O
(1
k

)
= kL− trSB

2 ln k + O
(1
k

) (397)

Performing on the l.h.s. in (391) the limit k →∞ we conclude by (512), (396), (385)
and theorem 22 the identity (390) and (389) which in turn proves the claim.

Remark 15. By theorem 23 the ζ ′-determinant for an arbitrary quantum graph
fulfilling the weak minimal length property (81) must always be non-vanishing.

We present two important examples which allows us to compare our result with
specific results from different derivations presented in section 7. For the first
example we only present the results since the calculations are obvious.

Example 2. Let a metric graph Γ be given consisting of a single edge e with length
le > 0.
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• Suppose Dirichlet boundary conditions on the edge ends, i.e. A = 12, B = 0
(g0 = 0). Then, the corresponding ζ-regularized determinant function and the
ζ ′-determinant are given by

detζ
(
∆12(Γ) + k2

)
= 2
k

sinh(lek), k ∈ C,

detζ′ (∆12(Γ)) = 2le.
(398)

• Suppose Neumann boundary conditions on the edge ends, i.e. A = 0, B = 12

(g0 = 1). Then, the corresponding ζ-regularized determinant function and the
ζ ′-determinant are given by

detζ
(
∆0(Γ) + k2

)
= 2k sinh(lek), k ∈ C,

detζ′ (∆0(Γ)) = 2le.
(399)

Example 3. Let ∆A(Γ) be a star graph with EΓ edges, with a Kirchhoff-boundary
condition at the central vertex v (see section (3.2)) and Neumann boundary condi-
tions at vn, vn ≥ 0, “external vertices” and Dirichlet boundary conditions at the
vd = EΓ − vn remaining external vertices. Then, the corresponding ζ-regularized
determinant function and the ζ ′-determinant are given by, k ∈ C,

detζ
(
−∆A(Γ) + k2

)
=

= k−vd+12EΓekL
(

vd∏
n=1

sinh (kln)
) EΓ∏

n′=vd+1
cosh (kln′)


∗

 1
EΓ

 vd∑
p=1

eklp csch (klp) +
EΓ∑

q=vd+1
eklq sech (klq)

− 1
 ,

(400)

and

detζ′ (∆A(Γ)) =


2EΓ
EΓ

(∏vd
n=1 ln)

(
vd∑
n′=1

1
ln′

)
, vd 6= 0,

2EΓ L
EΓ
, else.

(401)

Proof. We arrange the edge ends such that the first EΓ ones correspond to the
central vertex vc (initial points) and the remaining edge ends (terminal points) such
that the edge ends which are assigned to EΓ + 1 ≤ EΓ + vd correspond to Dirichlet
boundary conditions and the edge ends which are assigned to 2EΓ − vn ≤ 2EΓ,
correspond to Neumann boundary conditions. Then it was shown in [71] that the
S-matrix elements corresponding to this system are given by

SA :=


Svcmn, 1 ≤ m,n ≤ EΓ,

−1, EΓ + 1 ≤ m,n ≤ EΓ + vd,

1, 2EΓ − vn ≤ m,m ≤ 2EΓ.

(402)
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where Svc is the local S-matrix corresponding to the central vertex vc (see (44))
and is given by [71]

Svcmn = −
(

1− 2
EΓ

)
δmn + 2

EΓ
(1− δmn) , 1 ≤ m,n ≤ EΓ. (403)

By results of [71] we can infer that for the above specific case it holds (see lemma 2)
κζ = 2EΓ− 1 + vd mod 2 and dim(kerA)⊥ = EΓ− 1 + vd and thus trSA

2 = −vd + 1.
A direct calculation of F (−ik) yields49, k ∈ C,

F (−ik) = det (1E −SATE(−ik; l))

= (−1)vde2kL det
(
Ivde−2kl + Svc

)
,

(404)

where eikl is given by (59) and Ivd is defined as

Ivd :=

−δmn, 1 ≤ m,n ≤ vd,

δmn, vd + 1 ≤ m,n ≤ EΓ.
(405)

In order to extract from (404) the coefficient bN we use a relation proved in [188],
xm ∈ C, xm 6= 1, 1 ≤ m ≤ n,

det


x1 1 1
1 . . . 1
1 1 xn

 =
(

n∏
m=1

(xm − 1)
)(

1 +
n∑

m′=1

1
xm′ − 1

)
. (406)

Incorporating (406) into the specific form (404) we get the result

det
(
Ivde−2kl + Svc

)
=
( 2
EΓ

)EΓ

detX, (407)

where X is of the corresponding form in (406) with xm =
((

2
EΓ
− 1

)
+ e−2klm

)
EΓ
2 ,

1 ≤ m ≤ vd, and xm =
((

2
EΓ
− 1

)
− e−2klm

)
EΓ
2 , vd + 1 ≤ m ≤ EΓ. Hence, by (406)

and by the obvious relation(( 2
EΓ
− 1

)
± e−2klm

)
EΓ

2 − 1 = −
(
1∓ e−2klm

) EΓ

2 , k ∈ C, (408)

we infer, k ∈ C,

det
(
Ivde−2kl + Svc

)
= (−1)EΓ

(
vd∏
n=1

(
1− e−2klm

)) EΓ∏
n′=vd+1

(
1 + e−2kln′

)
∗

1− 2
EΓ

 vd∑
p=1

1
1− e−2klp

+
EΓ∑

q=vd+1

1
1 + e−2klq


= 2EΓe−kL

(
vd∏
n=1

sinh (kln)
) EΓ∏

n′=vd+1
cosh (kln′)


∗

1− 1
EΓ

 vd∑
p=1

eklp csch (klp) +
EΓ∑

q=vd+1
eklq sech (klq)

 .

(409)

49The specific case vN = EΓ was calculated in [188].
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By the asymptotic Laurent expansions [162] sinh(z) = z + O (z2), cosh(z) =
1+O (z2), csch(z) = 1

z
− z

6 +O (z3), sech(z) = 1− z2

2 +O (z4) and ez = 1+ z
2 +O (z2),

z → 0, we obtain by (409), k → 0,

(−1)EΓ det
(
Ivde−2kl − Svc

)
= 2EΓkvd

(
vd∏
n=1

ln

)

∗

1− 1
EΓ

 vd∑
n=1

( 1
kln

+ O(k)
)

+ vd + vn + k
EΓ∑

n′=vd+1
ln′

 (1 + O(k)) ,
(410)

which shows N = vd − 1 if vd 6= 0 and N = 1 else. Moreover, it follows by (410)

|bN | =


2EΓ
EΓ

(∏vd
n=1 ln)

(
vd∑
n′=1

1
ln′

)
, vd 6= 0,

2EΓ L
EΓ
, else.

(411)



6. Vacuum energy and Casimir force

In this chapter we calculate the vacuum energy of the quantized Klein-Gordon
field [189, 190, 191] and the corresponding Casimir force [192] corresponding to
a relativistic spinless and uncharged particle with mass m on a compact graph
Γ. Here we set Planck’s constant to ~ = 1 as in the preceding chapters and
the speed of light in vacuum to c = 1, but for the mass m of the particle we
assume that it satisfies a lower bound. The Klein-Gordon equation formally reads
[193, 189, 190, 194, 191, 195](

∂2

∂t2
+ ∆(A,B,Γ) +m2

)
ψ = 0. (412)

We are interested in solutions ψ of (412) which are elements of HΓ. For this reason
we consider the negative Laplace operator on the l.h.s. of (412) as a quantum
graph ∆(A,B,Γ). Then the self-adjoint operator ∆(A,B,Γ) generates the so-called
cosine and sine functions on HΓ [125]. The unique solution ψ(t) of (412) for given
initial values ψ(0), ψ′(0) ∈ HΓ is given by50

ψ(t) =
∞∑
n=0

(
aneiωnt + bne−iωnt

)
φn, t ∈ R, (413)

where
ωn :=

√
En +m2, (414)

and En, n ∈ N0, are all eigenvalues of ∆(A,B,Γ) listed with corresponding mul-
tiplicities and ordered increasingly with respect to their absolute value (E0 = 0).
The functions φn in (413) are the corresponding eigenfunctions of ∆(A,B,Γ) for
En, n ∈ N0. The series in (413) converges in HΓ and the coefficients are determined
by, m2 6= −En, n ∈ N0,

an := 1
2

(
ψ0(n) + ψ′0(n)

iωn

)
,

bn := 1
2

(
ψ0(n)− ψ′0(n)

iωn

)
,

(415)

where ψ0(n) := 〈φn, ψ(0)〉HΓ
and ψ′0(n) := 〈φn, ψ′(0)〉HΓ

.

50φn doesn’t denote here the nth component with respect to (8).
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For the canonical quantization of the Klein-Gordon equation (413) we introduce
the corresponding Fock space HΓ [196, 197]

HΓ := C
⊕

HS
Γ , (416)

where (see definition (287) and e.g. [198])

HS
Γ :=

∞⊕
n=1

SN {HΓn} , (417)

and
HΓn :=

n⊗
l=1
HΓ (418)

is the n particle Hilbert space, Sn the symmetrization operator defined by [199]

Sn := 1
n!

∑
σ∈P (n)

σ̂, (419)

P (n) is the set of all permutations for {1, . . . , n}. The corresponding permutation
operator σ̂ is defined by

σ̂ (φE1 ⊗ . . .⊗ φEn) := φEσ(1) ⊗ . . .⊗ φEσ(n) , (420)

and φEl are arbitrary eigenfunctions of ∆(A,B,Γ) corresponding to the eigenvalues
El, 1 ≤ l ≤ n.
The vector

v0 := 1
⊕

0, 0 ∈ HS
Γ , (421)

of the vector space HΓ in (416) corresponds to the physical vacuum state [198, 195].
Then the canonical quantization of the Klein-Gordon equation (412) yields the

quantum field Hamilton operator [146, 195]

H(A,B,Γ) :=
∞∑
n=0

ωn

(
a+
n an + 1

21v0

)
, (422)

where 1v0 is the projector on the one dimensional space C in (416), ωn is given
by (414) and a+

n respectively an are creation respectively annihilation operators
for a particle with quantum mechanical one particle energy ωn corresponding to
the energy eigenstate φn, n ∈ N0, for ∆(A,B,Γ) [198, 200]. In order to obtain a
self-adjoint quantum field Hamilton operator it is necessary that ωn ∈ R, n ∈ N0.
Hence, by (414) we require for the mass m in (412) the lower bound (see (351))

m2 > m0 (423)

If n+(L) 6= 0 for an arbitrary quantum graph ∆(A,B,Γ) fulfilling the weak minimal
length property (81) then we can infer by theorem 11 that m0 > 0.
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However, if we denote by P S
n the projector from HΓ onto the nth component

SN {HΓn} in (417), then the domain of definition of H(A,B,Γ) in (422) is given by

D(H(A,B,Γ)) :=
{
ψ ∈ 0

⊕
HS

Γ ; P S
n ψ 6= 0 for finitely many n ∈ N

}
. (424)

The operator (H(A,B,Γ), D(H(A,B,Γ)) is essentially self-adjoint iff m > m0 [198].
By physical reasons one seeks for a suitable definition of H(A,B,Γ) on the affine

space
A(Γ) := v0

⊕
D(H(A,B,Γ)), (425)

in particular one wants to incorporate the vacuum state v0 as a “constant back-
ground”. Formally, this would yield the quantum field energies

En =
∞∑
l=0

(
nωl + 1

2

)
ωl, (426)

where n := (nωl)
∞
l=0, nωl ∈ N0, nωl 6= 0 for at most finitely many l ∈ N and ωl are

all one particle energies corresponding to (412). Hence, in (426) the number nωl
can be interpreted as the number of particles on Γ with corresponding energy ωl,
l ∈ N0. Obviously, the series in (426) diverges.
However, it formally holds

H(A,B,Γ)φ = H(A,B,Γ)v0 +H(A,B,Γ)PDφ, φ ∈ A(Γ), (427)

where PD is the projection51 on D(H(A,B,Γ)). We realize that H(A,B,Γ)PDφ
is well defined. Thus, we are looking for a regularization of H(A,B,Γ)v0. We
achieve this by regularizing the corresponding matrix element by the Hadamard-ζ-
regularization technique (cf. [103, 81, 82] and chapter 5). Formally, the vacuum
energy is given by the matrix element [201, 195]

Evac = 〈v0, H(A,B,Γ)v0〉C = 1
2

∞∑
n=0

gnωn = 1
2ζ∆

(
−1

2 ,m
)
, (428)

where ζ∆ is the generalized spectral ζ-function defined in (348) and ωn =
√
En +m2

denotes from now on the distinct energies weighted by the corresponding multi-
plicities gn, n ∈ N0. By theorem 19 we obtain that if the quantum graph satisfies
the weak minimal length property (81) then the spectral ζ-function ζ∆(s,m) is
for fixed m2 > m0 a meromorphic function in Re s > −1

2 . It will turn out that it
possesses for k-independent quantum graphs ∆A(Γ) for every m > 0 a meromorphic
continuation into the open left half-plane Re s < 1

2 possessing a simple pole at
s = −1

2 but no essential singularities. Thus, we can perform for ζ∆(s,m) the
Hadamard regularization [202, 200] at s = −1

2 taking the finite part FP[·]s, i.e.
the constant term in the corresponding Laurent expansion, of ζ∆(s,m) at s = −1

2 .
Thus, we define on account of (428):
51With respect to the decomposition (425).
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Definition 34. The vacuum energy for the quantized Klein-Gordon field corre-
sponding to a compact k-independent quantum graph ∆A(Γ) is defined as

Evac := 1
2 FP [ζ∆(s,m)]s=− 1

2
, (429)

and the operator H(A,B,Γ) is defined on A(Γ) by

H(A,B,Γ)φ := Evacv0 +H(A,B,Γ)PDφ, φ ∈ A(Γ). (430)

Theorem 24. The generalized spectral ζ-function defined in (348) for a k-independent
quantum graph ∆A(Γ) is for fixed parameter m > 0 a meromorphic function in s
on C with poles located at sn = 1

2 − n, n ∈ N0. For Re s < 0 it is given by

ζ∆(s,m) = trSA

4m2s + L

2
√
π

Γ
(
s− 1

2

)
Γ(s) m1−2s

+ 2s sin(πs)
π

∞∫
m

k
(
k2 −m2

)−s−1
LnF (ik)dk,

(431)

where F (k) is the characteristic function of ∆A(Γ) defined in (61). Furthermore,
the vacuum energy for the quantized Klein-Gordon field is given by

Evac = − L

8πm
2 ln

(e
4m

2
)

+ m trSA

8 + 1
2π

∞∫
m

k
(
k2 −m2

)− 1
2 LnF (ik)dk. (432)

Proof. We use a similar contour integration method as in [82] in order to calculate
FP [ζH (s)]s=− 1

2
. We set

hm,s(k) := 1
(k2 +m2)s , (433)

and realize that h is an analytic function for k /∈ ±i (m+ R≥0). We notice that h
possesses locally analytic continuations by (80) in the strips around the semi lines
±i (m+ ε+ R>0), ε > 0. We realize the important property, k± ∈ ±i (m+ R>0),
Re k̃ ≥ 0,

hm,s
(
k̃
)
→ 1

(k2
± −m2)s e∓iπs, k̃ → k±, (434)

whereas for k± ∈ i(−m,m) it holds

hm,s
(
k̃
)
→ 1

(m2 − k2
±)s , k̃ → k±, (435)

We therefore define for further convenience, k ∈ iR \ {±im},

h±m,s (k) :=


e∓iπs

(k2−m2)s , k ∈ i ((m+ R>0) ∪ (−m− R>0)) ,
1

(m2−k)s , k ∈ i(−m,m).
(436)
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By the theorem 11 it holds m0 = 0. Using the same arguments as in [10] for
Re s > 1

2 spectral ζ-function is given by

ζ∆(s,m) = 1
2πi

∫
Cε

F ′(k)
F (k) hm,s(k)dk + g0

m2s , (437)

where F is the characteristic function (61), the contour of integration Cε are given
by, ε > 0,

Cε = C+
ε ∪C−ε ∪Ccε , C±ε = {t± iε, t ∈ R≥0} , Ccε =

{
εeit, −π2 ≤ t ≤ π

2

}
, (438)

and the integration is in the counter clockwise direction. By the same arguments
as in [10] for the proof of the general trace formula (‖SATE(k; l))‖ < 1 if Im k > 0)
we infer (using notation (97))∫

C−ε ∪C+
ε

F ′(k)
F (k) hm,s(k)dk = 2iL

∞∫
0

hm,s(k − iε)dk

−
∞∑
n=1

i
∞∫
C+
ε

tr [D(l)U(k)n]hm,s(k)dk

+
∞∑
n=1

i
∞∫
C−ε

tr
[
D(l)U(k)−n

]
hm,s(k)dk.

(439)

We move the contour of integrations C±ε → C±ε in (439) such that, K > 0 large
enough,

C+
ε =

{
K + ε+Keit, −π2 ≤ t ≤ t

π

2

}
∪ iR≥(ε+2K),

C−ε =
{
−K − ε−Keit, −π2 ≤ t ≤ t

π

2

}
∪ iR≤(−ε−2K).

(440)

These contour shifts are allowed for Re s > 1
2 due to the asymptotics of hm,s(k) for

large k and the uniform bound, C > 0,∣∣∣trU±n(k)
∣∣∣ < Ce−n Im klmin , (441)

in the upper respectively lower half-planes.
With the new contours C±ε for the corresponding integrals in the second and

third line in (439) we obtain for these expressions analytic continuations in s on C
due to the normal convergence of the corresponding series which follows by (441).

We now choose Re s < 1
2 . By a second allowed shift of the contour of integration

in (440) we obtain by the identity trU(−k)−n = trU(k)n, k ∈ iR, Re s < 1
2 , (see

(434) and (435))
∫
C−ε

tr
[
D(l)U(k)−n

]
hm,s(k)dk = i

−∞∫
−ε

tr [D(l)U(−ik)n]h−m,s(−ik)dk

= −i
∞∫
ε

tr [D(l)U(ik)n]h−m,s(ik)dk,

(442)



102 6. Vacuum energy and Casimir force

and by a similar calculation we obtain

∫
C+
ε

tr [D(l)U(k)n]hm,s(k)dk = −i
∞∫
ε

tr [D(l)U(ik)n]h+
m,s(ik)dk. (443)

We remark that the corresponding integrals on the r.h.s. in (442) and (443) exist
for Re s < 1

2 .
It holds [183, 203]

∞∫
0

(
k2 +m2

)−s
dk =

√
π

2 m1−2sΓ
(
s− 1

2

)
Γ(s) , Re s > 1

2 . (444)

Furthermore, the r.h.s. in (444) possesses a meromorphic continuation in s 6= 1
2 −n,

n ∈ N0. Moreover, the corresponding integral in (437) for the contour Ccε fulfills,
Re s < 1

2 , ε→ 0,

∫
Ccε

F ′(k)
F (k) hm,s(k)dk =

∫
Ccε

N

ε
(1 + O(ε))m−2s (1 + O(ε)) dk → −iπNm−2s. (445)

Using

h+
m,s(ik)− h−m,s(ik) =


−2i

(k2−m2)s sin(πs), k ∈ ±i (m+ R>0) ,

0, k ∈ i(−m,m),
(446)

we obtain the meromorphic continuation of the spectral ζ-function by (441), (444),
(445), (446), lemma 17, by the reverse calculations as above and by performing the
limit ε→ 0, see (110) (β = 1

2), Re s < 1
2 ,

ζ∆(s,m) = trSA

4m2s + L

2
√
π

Γ
(
s− 1

2

)
Γ(s) m1−2s

+ sin(πs)
π

∞∫
m

(
k2 −m2

)−s d
dk LnF (ik)dk.

(447)

Performing for Re s < 0 a partial integration in (447) we get by (395) the equation
(431). Setting s = −1

2 we obtain (Γ(s) = − 1
s+1 − 1 + γ + O(s + 1), 1

Γ(s) =

− 1
2
√
π
+ 1

2
√
π
(−γ − 2 ln 2 + 2)

(
s+ 1

2

)
+ O

((
s+ 1

2

)2
)
[107])

FP [ζH (s)]s=− 1
2

= m trSA

4 − L

4πm
2 ln

(e
4m

2
)

+ 1
π

∞∫
m

k
(
k2 −m2

)− 1
2 LnF (ik)dk,

(448)

where the integral in (448) exists due to (k2 −m2) = (k −m)(k +m).
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Corollary 10. The spectral ζ-function is for a k-independent quantum graph ∆A(Γ)
for Re s < 0 given by

ζ∆(s,m) = trSA

4m2s + L

2
√
π

Γ
(
s− 1

2

)
Γ(s) m1−2s

+ (2m)−s+ 1
2

√
πΓ(s)

∑
p∈P∆

lp
s+ 1

2A1,p

r(p) K−s+ 1
2

(mlp) ,
(449)

where Kv(z) is the Macdonald function. Moreover, the vacuum energy for the
quantized massless (m = 0) Klein-Gordon field is given by

Evac = 1
2π

∞∫
0

LnF (ik)dk

= − 1
2π

∑
p∈P∆

A1,p

r(p)lp
,

(450)

where A1,p and r(p) are given in (84) and (54).

Proof. The integral in (432) uniformly converges for m ≥ 0 due to (395). For
m 6= 0 we can expand LnF (ik) as in (109) and due to (441) interchange summation
and integration. Using the relation [204], Re(uµ) > 0,

∞∫
u

x
(
x2 − u2

)v−1
e−µxdx = 2v− 1

2
1√
π
µ

1
2−vuv+ 1

2 Γ(v)Kv+ 1
2
(uµ) (451)

and [107]
Γ(z)Γ(−z) = π

sin (πz) , (452)

the claim is proved due to (54) after setting m = 0.

Remark 16. The formula in the second line of (450) for the vacuum energy for
the quantized massless (m = 0) Klein-Gordon field was also derived by Berkolaiko,
Harrison and Wilson in [81] by different and very sophisticated methods.

The vacuum energy in (432) depends on the edge lengths. We define the Casimir
force according to [80, 82].

Definition 35. The Casimir force FC
n for the nth edge en for the quantized Klein-

Gordon field, n ∈ E, is defined as

FC
n := − ∂

∂ln
Evac. (453)

The Casimir force can be attractive or repulsive as it was shown for some specific
examples in [80] for the massless case m = 0. For elastic edges a non-zero attrac-
tive respectively repulsive Casimir force would lead to a contraction respectively
expansion of the edge.
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For further convenience we define for a matrix C ∈ Mat(n × n;C), n ∈ 2N,
1 ≤ l ≤ n

2 ,
C{l} := Cl l + Cl+n

2 l+
n
2
. (454)

Theorem 25. The Casimir force for the nth edge en, n ∈ E, for the quantized
Klein-Gordon field on a k-independent quantum graph ∆A(Γ) is given by

FC
n = m2

8π ln
(e

4m
2
)
− 1

2π

∞∫
m

k2
(
k2 −m2

)− 1
2 (SATE(−ik; l)− 1E)−1

{n} dk. (455)

Proof. We calculate

∂

∂ln
Evac = −m

2

8π ln
(e

4m
2
)

+ 1
2π

∂

∂ln

∞∫
m

k
(
k2 −m2

)− 1
2 LnF (ik)dk. (456)

By (395) the integral on the r.h.s. in (456) uniformly converges and we can
interchange differentiation and integration. By the well-known formula (502) we
obtain (using the notation (97))

∂

∂ln

∞∫
m

k
(
k2 −m2

)− 1
2 LnF (ik)dk

=
∞∫
m

k2
(
k2 −m2

)− 1
2 tr (DnU(ik) (1E − U (ik)))−1 dk

=
∞∫
m

k2
(
k2 −m2

)− 1
2 (U (−ik)− 1E)−1

{n} dk,

(457)

using Dn
2 = Dn, where the E× E-matrix Dn is defined as, n ∈ E ,

Dnlq := δl nδq n + δl n+EΓδq n+EΓ , 1 ≤ l, q ≤ E. (458)

Corollary 11. The Casimir force for the nth edge en, n ∈ E, for the quantized
Klein-Gordon field corresponding to a compact k-independent quantum graph ∆A(Γ)
satisfies the large-m asymptotics

FC
n ∼

m2

8π ln
(e

4m
2
)
, m→∞, (459)

i.e. for large enough mass m the Casimir force is repulsive.

However, it can happen that for a fixed quantum graph ∆A(Γ) the Casimir
force for the quantized Klein-Gordon field is attractive for specific values of the
corresponding mass m which is shown by the following example.
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Example 4. We consider a ring graph Γ consisting of one edge e with length le
and corresponding S-matrix given by

SA =
 0 eiα

e−iα 0

 , α ∈ [0, 2π). (460)

It holds
F (ik) = 1− 2e−kle cos(α) + e−2kle , (461)

and
(U(−ik)− 12)−1

{n} = 1
ekle+iα − 1 + 1

ekle−iα − 1

= −
2
(
1− cos(α)ekle

)
(1 + e2kle + 2ekle cos(α))2 .

(462)

Hence, for α = 0 the l.h.s. in (462) is positive for every k ∈ R>0, whereas for
α = 3π

2 it is negative for every k ∈ R>0. Thus, the limit of the integral for m→ 0
in the second term in (455) becomes positive for α = 0. We conclude that for α = 0
there exists a critical mass mcrit. such that for m < mcrit. respectively m > mcrit.

the Casimir force is attractive respectively repulsive and for m = mcrit. the Casimir
force vanishes.





7. Investigations and generalizations
of related results

In this chapter we compare our results with the results for the ζ-determinant
function, the ζ ′-determinant, the vacuum energy and the Casimir force in the
corresponding literature and depict in detail the differences and generalizations.

7.1. Investigation of the results of Desbois and
generalization of the methods of Texier

In [112] Desbois derived a determinant function for a Schrödinger operator on
a metric graph Γ. We present the corresponding determinant function S(γ) :=
det (∆(A,B,Γ) + γ) for the Laplacian, i.e. for a quantum graph ∆(A,B,Γ). The
starting point was the formal identity

∂

∂γ
lnS(γ) = tr(∆(A,B,Γ) + γ)−1 =

∫
Γ

Gγ(x, x)dx, (463)

where Gγ(x, y) is the matrix-valued Green’s function corresponding to (∆(A,B,Γ)+
γ)−1. Because of the identity (463) the corresponding determinant function is
formally defined in [112] as

S(γ)
S(γ0) = exp

 γ∫
γ0

∫
Γ

Gγ′(x, x)dxdγ′
 . (464)

From (464) it follows that S(γ) is only defined up to a multiplicative constant and
therefore it isn’t possible to obtain in such a way a formula for the ζ ′-determinant
of a quantum graph ∆(A,B,Γ). By deriving an explicit formula for G(x, y) and
incorporating the corresponding result in (464), the result of the approach in [112]
is that S(γ) coincides up to the expected free multiplicative term with the result
in (389).
We investigate and generalize the calculations of Texier in [110]. In [110] the

ζ-regularized determinant for the Kirchhoff quantum graph ∆K(Γ) and for the
anti-Kirchhoff quantum graph ∆aK(Γ) were calculated by a completely different
method than our ones. These two special results coincide with our general result
of section 5.1 evaluated for these two cases.
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The derivations in [110] highlight in a conjecture for the ζ-determinant function
of general Schrödinger operators on graphs. Using the notations of section 5.152

the conjecture in [110] evaluated for the Laplacian equipped with general boundary
conditions differs from the result in theorem 23 by the factor (−1)c1 (∏v∈V d(v)),
c1 = V + dim kerB mod 2. An analogue to our ζ ′-determinant formula (390)
wasn’t given in [110].

We discuss the derivation in [110] by generalizing it in the following to general k-
independent quantum graphs ∆A(Γ) and stress the special results for the Kirchhoff
and anti-Kirchhoff case which were considered in [110] and in doing so we close
a gap in the mathematical justifications in [110]. We obtain in this way a new
asymptotic formula for the large-t behaviour of the periodic orbit term of the trace
formula (6) corresponding to the trace of the heat-kernel which is obtained by using
the test function ht(k) := e−k2t. Furthermore, we derive the domain of absolute
convergence of the periodic orbit representation of the spectral ζ-function of a
k-independent quantum graph ∆A(Γ) involving the abscissa of absolute convergence
σa
(

1
2

)
of definition 26.

Noting that the spectrum of a compact quantum graph is purely discrete and
since for a k-independent quantum graph the corresponding Lyapunov exponents
γp0 and the Maslov phases µp0 are k-independent we obtain for the trace of the
heat-kernel of ∆A(Γ) the explicit result, t > 0, (see the theorem 6 and (309)),

tr e−t∆A(Γ) = L

2
√
πt

+ 1
4 trSA

+ 1
2
√
πt

∑
p∈P∆

lp0 exp
(
−r(p)

[
γp0

2 − iπµp0

])
exp

(
−
r(p)2l2p0

4t

)
.

(465)

For a general k-dependent quantum graph ∆(A,B,Γ) one cannot generically
calculate the periodic orbit terms corresponding to the trace of the heat-kernel
explicitly due to the non-trivial dependence of the Lyapunov exponents γp0(k)
and the Maslov phases µp0(k) on k. Hence, the technique of [110] can only be
generalized to the k-independent case.

The Lyapunov exponents γp0K and the Maslov phases µp0K for the corresponding
primitive periodic orbit p0 of p are given for the case of the Kirchhoff quantum
graph ∆K(Γ) by [2]53:

γp0K = −2 ln

µ̃p0∏
s=1

∣∣∣∣∣1− 2
d (vs)

∣∣∣∣∣
νp0∏
l=1

2
d (ṽl)

 ,
µp0K = µ̃p0 ,

(466)

where vs and ṽl, 1 ≤ s ≤ µ̃p0 , 1 ≤ l ≤ νp0 , are all elements of p0 ∈ p0
54. The

52In [110] it was assumed that the metric graph isn’t multiple connected (see section 3.2).
53With an obvious adaption for the case µ̃p0 = 0 or νp0 = 0.
54Here p0 is a corresponding sequence of vertices (see section 3.2).
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number µ̃p0 is the number of back scatterings in the primitive periodic orbit p0 and
νp0 is the corresponding number of non-back scatterings. For the anti-Kirchhoff
quantum graph ∆aK(Γ) one only has to change the Maslov index to µp0aK = νp0

whereas the corresponding Lyapunov exponents remain unchanged γp0K = γp0aK .
These two cases were considered in [110].

For the small-t asymptotics of (465) we obtain due to the absolute convergence
of the periodic orbit sum on the r.h.s. of (467) the asymptotic estimate (cf. the
general theorem 18), t→ 0+,

tr e−t∆A(Γ) = L

2
√
πt

+ 1
4 trSA + O

 1√
t

exp
− l2

p̃0

4t

 , (467)

where p̃0 is the shortest primitive periodic orbit.
On the other hand due the absolute convergence of the trace of the heat-kernel

on the l.h.s. in (465), i.e. in the spectral representation, and because of the absence
of negative eigenvalues the large-t asymptotics (k2

1 > 0)

tr e−t∆A(Γ) = g0 + O
(
e−k2

1t
)
, t→∞, (468)

holds. Hence, the fundamental strip in s for fixed k [205]

< a, b >:= {s ∈ C; a < Re s < b} , (469)

i.e. the largest open strip where the Laplace-Mellin transformation (see appendix
C)

LM
[
tr e−t∆A(Γ)

]
(s, k) =

∞∫
0

tr e−t∆A(Γ)e−k2tts−1dt (470)

of tr e−t∆A(Γ) exists, is given by, Re k2 > 0,

< a, b >=
〈1

2 ,∞
〉
. (471)

Since every single term of the spectral representation of the trace of the heat-kernel
tr e−t∆(A,B,Γ) is positive we can use (467) and (468) to justify the interchange of
summation and integration on the l.h.s., i.e. the spectral part of (465) for both,
the improper Riemann integral or Lebesgue integral case. Thus, it holds for the
generalized spectral ζ-function defined in (348) the identity

ζ∆A(Γ)(s, k) = 1
Γ(s) LM

[
tr e−t∆A(Γ)

]
(s, k), Re s > 1

2 , Re k2 > 0. (472)

According to the method in [110] for the Kirchhoff and anti-Kirchhoff case the
next step is to interchange summation and integration on the r.h.s. of (465) (after
an application of the Mellin transformation (470)). Since it wasn’t given any
justification or comment in order to justify this step in [110] we present here a
short argument to establish this step.
First, from (465) and (468) we conclude the large-t asymptotics of the periodic

orbit term on the r.h.s. of the trace formula (465)
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Theorem 26. With the notations of section 3 for an arbitrary compact k-independent
quantum graph ∆A(Γ) the periodic orbit term of the trace formula (85) respectively
(465) corresponding to the trace of the heat-kernel e−t∆A(Γ), t > 0, satisfies the large
t-asymptotics, t→∞,

∑
p∈P∆

lp0 exp
(
−r(p)

[
γp0

2 − iπµp0

])
exp

(
−(r(p)lp0)2

4t

)

= N
√
πt+ L + O

(
e−k2

1t
)
.

(473)

However, the asymptotics (473) isn’t a sufficient condition to warrant the inter-
change of summation and integration. As remarked in the appendix C one can
treat the integral of the Laplace-Mellin transformation as a Lebesgue integral or
an improper Riemann integral. We treat it for further convenience as a Lebesgue
integral in the remaining section.
One has to apply the Lebesgue dominated convergence theorem [206, 207] in

order to justify an interchange of integration and summation, i.e. one has to find
an integrable positive function g(t) such that the absolute value of a sequence sn(t)
of finite partial sums of the periodic orbit term on the r.h.s in (465) multiplied
by the factor e−k2tts−1, Re s > 1

2 , k chosen appropriately, converges for n → ∞
almost everywhere in t on (0,∞) to the periodic orbit term in (465). We show that
every sequence of partial sums sn(t) can be bounded from above by an integrable
function.
By (52) and (58) we infer that there exist two constants q1, q2 > 0 such that

N∆(l) ≤ q1eq2l, l ≥ 0. (474)

Since the Lyapunov exponents are non-negative in the k-independent case and
by (474) there exist two constants C1, C2 > 0 such that if we bound from above
the absolute value of every partial sum of the periodic orbit term in (465) by a
Lebesgue-Stieltjes integral [207] we obtain [183], 0 ≤ t <∞,

1
2
√
πt

∑
p∈P∆,
finite

lp0

∣∣∣∣exp
(
−r(p)

[
γp0

2 − iπµp0

])∣∣∣∣ exp
(
−
r(p)2l2p0

4t

)

≤ 1
2
√
πt

∞∫
0

le− l
2

4tdN∆(l)

= 1
2
√
πt

le− l
2

4tN∆(l)
∣∣∣∣∞
0

+ 1
4
√
π
t−

3
2

∞∫
0

l2e− l
2

4tN∆(l)dl

≤ 1
4
√
π
t−

3
2

∞∫
−∞

l2e− l
2

4t q1eq2ldl ≤ C1eC2t,

(475)

where the two constants C1, C2 > 0 can be chosen independent of t ≥ 0 and the
choice of the specific finite partial sum in the first line of (475). Thus, if we choose



7.2. Comparison with the results of Friedlander 111

Re k2 > C2, Re s > 1
2 , in (470) the interchange of summation and integration is

allowed in the corresponding periodic orbit term of the trace of the heat-kernel. For
the k-independent case one can perform the Laplace-Mellin transformation for every
single term explicitly which yields (449) and the following rigorous generalization
of [110]. In particular we are able to specify the domain of absolute convergence
(see definition 26) and analyticity (in both variables).

Corollary 12. Given an arbitrary compact k-independent quantum graph ∆A(Γ).
Then, the corresponding generalized spectral ζ-function ζ∆(s, k) defines for (s, k) ∈
C ×

{
Re k > σa

(
1
2

)}
, where σa

(
1
2

)
is the abscissa of absolute convergence, a

meromorphic function with simple poles in s at −n+ 1
2 , n ∈ N0 and the corresponding

periodic orbit series in (449) converges on this domain absolutely.

Proof. The Laplace-Mellin transformation generates the Macdonald function [183].
Due to the asymptotics of the Macdonald function [107], v ∈ C, (Ov indicates a
dependence of v)

Kv(z) =
(
π

2z

) 1
2

e−z
(

1 + Ov

(1
z

))
, Re z →∞, (476)

where the error term Ov can be locally uniformly estimated from above, we obtain
by an analogous calculation as in (475) and by a combination of corollary 10 with
Hartogs’ theorem 38 the result.

Due to the locally uniform convergence of the series in (449) on the given domain
one can interchange differentiation with respect to s and summation. A subsequent
setting of s = 0 and a manipulation of the periodic orbit term originating from
the corresponding term in (449), amounts to the formula (389) restricted to the
k-independent case.

7.2. Comparison with the results of Friedlander

A second very sophisticated approach to treat the ζ-determinant function problem
for the Laplacian on a compact finite metric graph Γ was developed by Friedlander
in [111]. He considered a special class of domains for a Schrödinger operator
HA := −∆ + q, where q is a uniformly continuous function on the edges of Γ (see
also (477)). It wasn’t required that the resulting operator is self-adjoint. The
domains therein were specified by a specific generalization of the δ-type boundary
conditions in section 3.2. To be more precise, after converting the corresponding
notations of [111] into the setting of chapter 2 and 3, the specific assumptions in
[111] were that the function ψ has to be continuous on the vertices and for every
vertex v ∈ V it has to hold

−
∑
n∈Ev

(Inψ′n (xn)) =
∑
v′∈V

Avv′ψ(xv′), (477)
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where A is a square matrix of size V . Requiring locality (see section 3.2) the
boundary conditions in [111] are identical with the δ-type boundary conditions in
section 3.2 iff the corresponding matrix elements are real-valued. By theorem 1
we conclude that non-local boundary conditions of the form (477) in [111] define
never a self-adjoint Laplacian on the metric graph Γ.
The method in [111] involves the Dirichlet-to-Neumann operator55

R(λ) : CV → CV , (478)

where R(λ) maps the boundary values ψ (xv), v ∈ V, of a solution ψ of the
eigenvalue problem

(−∆ + q + λ)ψ = 0, ψ ∈ H2(Γ), λ ∈ C, (479)

to the boundary values − ∑
n∈Ev

Inψ
′
n (xn), v ∈ V . The operator R(λ) corresponds to

the matrix M(k) in (159) (see [83]) but isn’t identical with it. In [111] the relation

detζ (HA + λ) =
∏
v∈V

1
d(v) det (R(λ) + A) detζ (HD + λ) (480)

was derived, where HD is the corresponding Schrödinger operator equipped with
Dirichlet boundary conditions ψ = 0, by taking the logarithmic derivative of (480)
and deriving the corresponding relations for it.

Moreover, in [111] the ζ ′-determinant was derived for the Laplacian with Kirchhoff
boundary conditions by means of (480). The result was evaluated in [82] for the
star graph model and it was shown that it differs from the result of example 3
by the factor V . However, in [111] the ζ ′-determinant was also calculated for the
Laplacian with pure Dirichlet boundary conditions by a different specific method
and agrees with the result of example 2.
By theorem 8 and in particular by Weyl’s law (172) the spectral ζ-function

ζ∆(s, k) possesses for an arbitrary compact quantum graph ∆(A,B,Γ) the open
half-plane of convergence Re s > 1

2 . This property was also predicted for the
corresponding types of Schrödinger operators HA in [111]. Furthermore, it was
predicted in [111] that the corresponding spectral ζ-function ζHA(s, 0) possesses
generally a meromorphic continuation into the left open half-plane Re s ≤ 1

2 . In
the general theory for spectral ζ-functions one generally needs an estimate for the
corresponding heat-kernel as in (345) rather than the weaker56 asymptotics (172)
which is demonstrated in [56, 181, 182].

A direct possibility to obtain information about the small-t asymptotic behav-
ior of the trace of the heat-kernel for general quantum graphs is to investigate
a representation for exp (−t∆≥0(A,B,∆)) given in [113] where ∆≥0(A,B,∆) is
55After adapting the corresponding notations to the stipulations in the chapters 2 and 3.
56(172) follows from (345).
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constructed by ∆(A,B,Γ) by omitting in the corresponding spectral representation
[144] the negative spectrum. One then has [208, 113]

exp (−t∆≥0(A,B,∆)) = 1
2πi

∫
C

e−λt(∆(A,B,Γ) + λ)−1dλ, t > 0, (481)

where the integral converges in the since of Bochner [209, 125] and C is an appro-
priate contour enclosing the non-negative spectrum of ∆(A,B,Γ). This approach
is reminiscent of the approach in [176, 210] seeking an appropriate parametrix
expansion and investigating the limit t→ 0 of this expansion using the techniques in
[211, 212, 103]. However, therein the k-independent case was only treated because
of convergence problems and of reduction formulas for specific summands which are
valid only in the k-independent case and we don’t expect to obtain in such a way
the explicit result −1

4 trSB for the constant term in the trace of the heat-kernel in
(345).

7.3. Comparison with the results of Harrison and
Kirsten

In [82] Harrison and Kirsten derived the ζ ′-determinants for various quantum
graphs by very inspiring methods. However, the existence of a negative part of the
spectrum for a quantum graph was not taken into account. As already mentioned
in theorem 11 a quantum graph satisfying the weak minimal length property (81)
and with linL+ 6= ∅ always possesses negative eigenvalues. Hence, by (513) in
order to compare their results with the corresponding result in theorem (23) we
have to divide the result in theorem 23 by the non-zero term

n+(L)∏
n=1

En, (482)

where En are all negative eigenvalues of ∆(A,B,Γ). In [82] the general formula for
a compact quantum graph ∆(A,B,Γ) for the ζ ′-determinant is given by57

detζ′ (∆(A,B,Γ)) = 2EΓf(0)
cN

EΓ∏
n=1

ln, (483)

where f is defined in (161), and cN is the coefficient of the leading order term
in the asymptotic expansion in powers of k of f(k) for k → ∞. An evaluation
of the formula (483) for the quantum graph with Dirichlet boundary conditions
discussed in example 2 yields the same result. However, the corresponding result of
(483) for the quantum graph with Neumann boundary conditions predicts that the
57After adapting the corresponding notations to the setting of chapter 3.
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ζ ′-determinant is equal to zero which obviously differs from the result in example
(399) (see remark 14).

Formula (483) implies that the ζ ′-determinant is equal to zero iff f(0) = 0.
Noting that (see (182))

f(0) = det
(
PkerB + L− P⊥kerBG(l)

)
, (484)

we conclude that the case f(0) = 0 occurs iff it exists a x ∈ (kerB)⊥ such that(
L− P⊥kerBG(l)

)
x = 0. By the proof of corollary 11 we conclude that if the

quantum graph satisfies the weak minimal length property (81), e.g. if L = 0,
then a sufficient condition for f(0) = 0 is kerA ∩Msy 6= ∅, which is a property
independent of the edge lengths.

However, in [82] there were also calculated by the same method but with different
choices of the corresponding function f , which is possible due the specific considered
cases, the ζ ′-determinants for the quantum graphs treated in the example (3) which
yields equal results.

In [82] a complete asymptotic expansion was also derived for the trace of the heat-
kernel for a general compact quantum graph, however, omitting the contributions
of the non-positive eigenvalues. The result in [82] is

tr e−t∆(A,B,Γ) = L√
4πt

+ N̂

2 + O
(√

t
)
, t→ 0, (485)

where N̂ is the power of the leading order term in the asymptotic expansion in
powers of k of f(k) for k →∞. It holds [82]

f(k) ∼ det (A− kB) , k →∞. (486)

By (23) we infer from (486) that the first term in [82] beyond the Weyl term of
the heat-kernel asymptotics is given by

N̂

2 = dim(kerB)⊥
2 . (487)

In order to compare (485) and (487) with the corresponding result in theorem (162)
we have to add the term

g0 + n+(L) (488)

in (485). Then, the result in [82] differs from the corresponding result in theorem
18 by the additive term

− dim(kerB)⊥
4 − dim kerB

4 − g0 − n+(L) = −E
4 − g0 − n+(L). (489)

For the vacuum energy of the quantized Klein-Gordon field corresponding to
a compact k-independent quantum graph ∆A(Γ) we obtain for the special case
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m = 0 by corollary 10 using for the k-independent case the relation SA = S+
A (see

theorem 3) and (54) the same result as in [81] obtained by a very sophisticated
and inspiring different technique.

Moreover, for the massless case m = 0 the corresponding Casimir force is given
by

FC
n = 1

2π

∞∫
0

∂

∂ln
LnF (ik)dk. (490)

The corresponding result in [82]58 is given by

FC
n = π

24l2n
+ 1
π

∞∫
0

∂

∂ln
Ln f(ik)dk, (491)

where f is defined in (161). Using the identities (160) and [204]
∞∫
0

ke−2lk

1− e−2lkdk = π2

24l2 (492)

we realize that up to a factor 1
2 for the second term in (491) the result coincides

with (490).

58After adapting the corresponding notations





A. A matrix perturbation theorem

Definition 36 ([159, 151]). The index of an eigenvalue λ of an arbitrary square
matrix A is the exponent of the corresponding factor in the minimal polynomial or
equivalently it is the number of the off diagonal elements (all identical to one) of
the corresponding Jordan block in the corresponding Jordan normal form of A plus
one.

Theorem 27 ([151]). Let A(z) be a matrix function with square matrices as values
of arbitrary but then fixed number of rows and columns and which is analytic in z
in a neighborhood of z = 0, and suppose A(0) = A0. Let λ0 be an eigenvalue of A0

of index 1 and multiplicity m (i.e. a semi-simple eigenvalue), and let λj(z) be an
arbitrary eigenvalue function of A(z) for which λj(0) = λ0. Then, the eigenvalue
function λj(z) can for |z| small enough be expanded in a Puiseux series [119]

λj(z) = λ0 +
∞∑

n=l+1
aj,lz

n
l , (493)

with l ≤ m. Furthermore, for the eigenvalue function λj(z) exists at least one
corresponding eigenvector funciton xj(z) which can for |z| small enough be expanded
in the convergent Puiseux series

xj(z) =
∞∑
n=0

z
n
l xj,n, (494)

with the same l as in (493) and xj,n ∈ ker (A0 − λ0), 0 ≤ n ≤ l − 1.





B. Diagonalization criterion for
products, an inertia theorem and
a weak Perron-Frobenius
theorem

We have to complete the proof of the theorems 29 and 30 in particular in theorem
29 the trivial proof for the claim concerning the matrix product AB isn’t given
and theorem 30 is an exercise in [151].

Definition 37 ([144, 151]). A general square matrix A of size n ∈ N is positive
(semi-)definite iff 〈a, Aa〉Cn > (≥)0 for all a ∈ Cn. A general square matrix A of
size n ∈ N is negative (semi-)definite iff −A is positive (semi-)definite.

Theorem 28 ([151, 144]). If a matrix is positive (semi)-definite, then it is also
hermitian and the corresponding eigenvalues λl, l ∈ N satisfy λl > (≥)0. The
converse implication is also true.

Theorem 29 ([169, 169, 213]). Let A,B be arbitrary hermitian square matrices
of the same size n ∈ N. Furthermore, assume that A is positive definite. Then,
the matrix product AB and BA is real diagonalizable, i.e. it is diagonalizable and
possesses only real eigenvalues λl ∈ R, 1 ≤ l ≤ n. The corresponding result holds
iff A is negative definite.

Proof. Since A is positive definite it is hermitian by theorem 28. Thus, (AB)+ =
BA. Now, the claim is proved by the corresponding result in [169, 169, 213].

Definition 38 ([151]). The “inertia” In(A) of an arbitrary square matrix A of size
n ∈ N is defined as

In(A) := (π(A), ν(A), δ(A)), (495)

where π(A), ν(A) and δ(A) denote the number of eigenvalues of A counted with
their algebraic multiplicities, lying in the open right half-plane, in the open left
half-plane, and on the imaginary axis, respectively.
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weak Perron-Frobenius theorem

Theorem 30 ([214, 151] (Modified Sylvester interia Law)). Let A and H be two
square matrices of the same size, where H is hermitian and A is positive definite.
Then, it holds

In(AH) = In(HA) = In(H). (496)

The corresponding result holds iff A is negative definite.

Proof. Analogously to theorem (28) A is hermitian and it possesses only non-zero
eigenvalues by theorem 28. Thus, it exists A 1

2 and this matrix is also hermitian
and invertible. The eigenvalue problem AHa = λa is equivalent with, a := A

1
2b

AHa = λa

⇔ AHA
1
2b = λA

1
2b

⇔ A
1
2HA

1
2b = λb.

(497)

By the analogous argument as in the proof of lemma 13 and by Sylvester’s inertia
Law [214, 151] the claim follows by (AH)+ = HA.

We also need two theorems concerning non-negative matrices.

Definition 39. The spectral radius µA of a square matrix A ∈ Mat(n × n,C),
n ∈ N, is defined as

µA := max {|λ|; λ ∈ σ(A)} . (498)

Definition 40. Let C ∈ Mat (n× n;C), n ∈ N. Then, |C| is defined by

|C|ij = |Cij| , 1 ≤ i, j ≤ n. (499)

Definition 41 ([215]). A non-negative matrix C ∈ Mat (n× n;C) ,, i.e. Cij ≥ 0
for all 1 ≤ i, j ≤ n, is called irreducible iff for every 1 ≤ l,m ≤ n there exists a
k > 0 such that

Ck
lm > 0. (500)

Theorem 31 ([151, 215]). Let B ∈ Mat(n×n,C), n ∈ N, be a non-negative matrix
and let A ∈ Mat(n× n,C) be an arbitrarily square matrix fulfilling |A| ≤ B. Then,
the following identity

µB ≤ µA (501)

holds. Moreover, iff A is also non-negative and A and B are irreducible, then
equality occurs in (501) iff A = B.

Theorem 32 (Weak Perron-Frobenius theorem [216, 217, 218, 219, 215]). If A ∈
Mat(n × n,C), n ∈ N is a non-negative square matrix, then there exists a non-
negative eigenvalue λP (A) of A, the Perron value of A, which coincides with die
the spectral radius µA of A. Moreover, the spectral and algebraic multiplicity of
λP (A) is one, i.e. it is a simple eigenvalue.
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Theorem 33 ([220]). Let A(k) be an differentiable matrix function on an open
Interval I. Then,

d
dk lnA(k) = tr

(
d
dkA(k)A(k)−1

)
, k ∈ I, (502)

holds.





C. Basic properties of special
regularized series and products

This appendix provides specific results of [182].
The Laplace-Mellin-Transformation of a suitable function f(t), t ∈ (0,∞), is

defined as (replacing z by k2)

LM [f(t)] (s, k) :=
∞∫
0

f(t)e−k2tts−1dt, (503)

where s and k is chosen such that the (improper Riemann or Lebesgue)59 integral
exists.

Theorem 34 ([182]). Let f be a piecewise continuous function on (0,∞) such that
for some c ∈ R the function f(t)e−ct is bounded for t→∞. Assume further that
there exists q > 0 [221] such that

f(t)− Pq(t) = O
(
tRe q| ln t|m(q)

)
, t→ 0, (504)

where Pq(t) is a finite asymptotic series [221, 222] of the form, q > 0,

Pq(t) =
∑

Re p<Re q
bpt

p. (505)

Then, LM[f ] exists and is an analytic function for Re s ≥ Re pmin and Re k2 >

c, where pmin is the smallest real part of the exponents for t in the asymptotic
expansion (505). LM[f ] possesses a meromorphic continuation for Re s ≥ −Re q
and Re k2 > c. For each fixed k with Re k2 > c the function s→ LM[f ](s, k) has
only simple poles at the points −(p+n), n ∈ N0 with bp 6= 0 in (505). In particular
the following expansion, Re s > −Re q, Re k2 > c,

LM [f ](s, k) :=
∑

Re p<Re q
bp

Γ(s+ p)
zs+p

+
∞∫
0

(f(t)− Pq(t)) e−k2tts−1dt (506)

holds, where the first term on the r.h.s. yields the poles of LM [f ](s, k) and the
second term is analytic in Re k2 > c, Re s > −Re q. In particular the principle
part PP LM [f ]−(p+n) of LM[f ] at the poles −(p+ n), n ∈ N0, is given by

PP
 ∑

Re p<Re q
bp

Γ(s+ p)
k2(s+p)


−(p+n)

. (507)

59the following statements hold for both cases
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Corollary 13 ([182]). With the assumptions of theorem 34 the function

ζf (s, k) = 1
Γ(s) LM [f ] (s, k), Re k2 > c, Re s > −Re q, (508)

is analytic for Re k2 > c at s = 0.

Theorem 35 (Lerch’s formula [182]). Let, an ∈ N0, n ∈ N0, λ0 = 0, λn < 0,
1 ≤ n ≤ m, 0 ≤ m <∞, λn > 0, n ∈ {n ∈ N; n > m},

f(t) = a0 +
∞∑
n=1

aneλnt, Re t > 0, (509)

be convergent. Moreover, assume f(t) fulfills the assumptions of theorem 34.
Defining

D(k) := exp
(
− ∂ζf (s, k)

∂s

∣∣∣∣∣
s=0

)
, Re k2 > c, (510)

then it holds
D(k) = Cza0

∞∏
n=1

(
1 + k2

λn

)
, C ∈ R, k ∈ C. (511)

Proof. We only have to incorporate all negative λn, 1 ≤ n ≤ m, 0 ≤ m <∞, since
the case of λn, n ∈ N0 being positive was proved in [182]. Since the negative ones
are only finite many this can be easily be done by writing, Re s > −q Re k2 >

−min {0, λn;n ∈ N0} ,,

ζf (s, k) = ζf<0(s, k) + ζf≥0(s, k), (512)

where ζf<0(s, k) is constructed by the negative λn

ζf<0(s, k) =
m∑
n=1

an
(λn + k2)s . (513)

Then one can calculate for ζf<0(s, k) explicitly the contribution for (510) and for
ζf≥0(s, k) one can apply the corresponding theorem of [182].

Theorem 36 (Stirling-like formula [182]). With the assumptions of the theorem
35 it holds, Re k →∞,

∂ζf (s, k)
∂s

∣∣∣∣∣
s=0
− γ Ress=0 [LM [f ]] (k)

=
∑
p<q

bp CTs=0

[
Γ(s+ p)
k2(s+p)

]
+ O

(
(Re k)−2 Re q

)
,

(514)

where Resz[·] denotes the residuum and CT [·]z denotes the constant term in the
Laurent expansion of the corresponding function at z.
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Definition 42. An entire function f : C→ C is of finite order, iff there exists an
α ≥ 0 such that

max
|z|≤r
|f(z)| ≤ e(rα), (515)

for large r > 0. Then, the order ord(f) of f is defined as

ord[f ] := inf {α; α satisfies (515)} . (516)

Theorem 37 (Hadamard’s facoritzation theorem [223, 224]). Let f be an entire
function with ord[f ] = m <∞ with infinitely many zeros zn, n ∈ N. Then, f can
be expanded in a Weierstraß product

f(z) = eg(z)zh
∞∏
n=1

[(
1− z

zn

)
exp

( p∑
n=1

(
z

zn

)m)]
, (517)

where zn, n ∈ N, are all zeros listed with corresponding multiplicity (maybe not being
distinct) of f , g is a polynomial of order smaller or equal ord[f ] and p ≤ ord[f ] as
well.

For finitely many zeros the theorem (37) can be easily adapted.

Theorem 38 (Hartogs’ theorem [225, 226]). Let K be a domain in the space of
the complex variables k = (k1, . . . , kn), and let S0 ⊂ S be be domains in the space
of the complex variables s = (s1, . . . , sm). If f(s, k) is analytic with respect to the
set of variables in the domain s ∈ S0, k ∈ K, and if for each fixed k ∈ K it is
analytic with respect to s in the domain S, then f(s, k) is analytic with respect to
the set of variables s, k in the domain S ×K.





D. The time evolution of the
momentum operator on graphs

Here we present the solution of the question “What is the time evolution of the
momentum operator on a graph?” which was established in the seminars of the
Institut of Applied Analysis of the University of Ulm. We assume in this appendix
that Γ is a compact graph Γ = (V , E , I), use the notations of the chapters 2 and 3
and the assumed Hilbert space is HΓ defined in (8). The momentum operator is
defined as

pψ = −iψ′, ψ ∈ DS , (518)

where (·)′ is defined in (15) and

DS =
{
ψ ∈ H1(Γ); ψin = Sψterm

}
. (519)

In (519) the initial boundary values are defined by

ψin = Iinψ, (520)

the terminal boundary values are defined by

ψterm = Itermψ, (521)

where ψ is defined in (16) respectively (17),

Iin :=
(
1EΓ 0EΓ

)
, Iterm :=

(
0EΓ 1EΓ

)
, (522)

and S ∈ U (EΓ) is a unitary matrix.

Theorem 39 ([73]). Every domain of a self-adjoint extension of
(
p,H1

0(Γ)
)
can be

characterized by (519) by a unitary matrix S ∈ U (EΓ). Conversely, every domain
of definition characterized by (519) by a unitary matrix S ∈ U (EΓ) corresponds to
a self-adjoint extension of

(
p,H1

0(Γ)
)
.

Definition 43. We denote the self-adjoint extensions of
(
p,H1

0(Γ)
)
by pS .

By results of [11] we can infer that p2
S is a k-independent quantum graph

p2
S = ∆A(Γ), i.e. a self-adjoint realization of the Laplace operator on Γ, and the

corresponding S-matrix is given by

SA =
 0 S
S+ 0

 . (523)
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The eigenfunctions ψ of the momentum eigenvalue equation, k ∈ R,

pSψ = kψ, ψ ∈ DS (524)

are with respect to the decomposition (9) of the form (69) with βm ≡ 0, m ∈ E
(including the corresponding zero-modes). Thus, by section 3.3 the spectrum σ (pS)
is purely discrete and due to theorem 8 the corresponding momentum eigenvalue
counting function satisfies

N (k) := # {kn; |kn| ≤ k, kn ∈ σ (pS)} ∼ L

π
k k →∞, (525)

and by a similar argument as for theorem 9 we obtain

kn ∼
π

L
n, n→∞, (526)

where the momentum eigenvalues of pS are listed with the corresponding multiplic-
ities. For further convenience we define.

Definition 44. • The connectivity matrix Cp is analogously defined as C∆ in
(46) replacing S(k;A,B) by S. Analogously to definition 8 we define a path
as in (51)with respect to Cp and the corresponding set of paths with starting
point w and final point z is denoted by Pp(w, z).

• We denote by Pz(l) the set of all paths with final point z possessing an
arbitrary starting point w such that the length of the paths are all equal to
l ≥ 0. If a path p ∈ Pz(l) possesses no edge ends, i.e. m = 0 in (51), then it
is assumed that the coordinates of the starting point w respectively final point
z satisfy w ≤ z.

• Let p ∈ Pz(l). We denote by wp the staring point of the path p and with
np the corresponding edge where the starting point is located, in paritcular
np ∈ E and wp ∈ Inp.

• Let p ∈ Py(l) and (nl)ml=1 the corresponding set of edge ends. Then the path
amplitude is analogously defined to (84) by, m ∈ 2N0,

Ap :=


1, m = 0,
m
2∏
l=1
Sn2l n2l−1 , m 6= 0.

(527)

Theorem 40. Let pS and φ ∈ DS for a compact graph Γ be given. Then, the eth

component60 of the unique solution e−ipS tφ of the equation

i ∂
∂t
φ = pSφ, φ ∈ DS , (528)

60With respect to the decomposition (8).
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is given by61, t ≥ 0, e ∈ E,
(
e−ipS tφ

)
e
(xe) =

∑
p∈Pxe (t)

Apφnp (wp) . (529)

Proof. Let (ψn)n∈N0
be all linearly independent and orthonormal eigenfunctions

of pS with corresponding momentum eigenvalues (kn)n∈N. Then, by the spectral
theorem [144] the series

∞∑
n=0

e−ikntPn, (530)

where Pn is the orthogonal projector onto the one dimensional space lin {ψn},
n ∈ N0, converges strongly [144] in HΓ to e−ipS t. Hence, we infer

e−ipS tφ =
∞∑
n=0

e−iknt 〈ψn, φ〉HΓ
ψn, φ ∈ HΓ, t ∈ R. (531)

again the series in (531) converges in HΓ. We choose φ ∈ H1(Γ) and denote with φe
the eth component with respect to the decomposition (8). Moreover, we denote with
ψne, n ∈ N0, e ∈ E , the eth component with respect to the decomposition (8) of the
nth eigenfunction corresponding to the momentum eigenvalue kn. Then, for the eth

edge for the metric graph Γ the set of orthogonal eigenfunctions {ψne; n ∈ N0}
is a complete orthogonal system in L2 (0, le). Let

αe,n := 〈ψne, φe〉L2(0,le) = αe

le∫
0

e−iknxeφe (xe) dxe, n ∈ N0, e ∈ E , (532)

the nth Fourier coefficient for φe. By the above results we can infer by a standard
argument (see e.g. [227, 228]) using Bessel’s inequality [144], the asymptotics (526)
and the inequality

2ab ≤ a2 + b2, a, b ≥ 0, (533)

that
∞∑
n=0
|αe,n| <∞, (534)

and thus the series in (531) converges in C(Γ) defined in (12) equipped with the
norm

‖φ‖C(Γ) := sup
n∈E,xn∈In

|φn (xn)| . (535)

Hence, if φ ∈ H1(Γ) the series in (531) generates a continuous function for all t ∈ R
on Γ. Now, we choose φ ∈ DS , then the well-known implication holds [125, 105],
t ≥ 0,

φ ∈ DS ⇒ e−ipS tφ ∈ DS . (536)
61In (529) the continuous representative is given.
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Since e−ipS t is a unitary group we obtain for the eth component with respect to (9)
of e−ipS(t+t′)φ, φ ∈ DS , t′ ≤ xe, t ≥ 0,(

e−ipS(t+t′)φ
)
e
(xe) =

(
e−ipS t

(
e−ipS t′φ

))
e
(xe)

=
( ∞∑
n=0

αe,neikn(xe−t′)e−iknt
)

=
(
e−ipS tφ

)
e
(xe − t′)

(537)

Let t > 0, lxe,t := |xe − t| < lmin for e ∈ E and xe ∈ Ie. By (519) and (536) we
conclude (

e−ipS tφ
)
e
(0) =

∑
e′∈E
See′

(
e−ipS tφ

)
e′

(le′)

=
∑
e′∈E

∞∑
n=0
See′αe′,neikn(le′−lxe,t)

=
∑
e′∈E
See′φe′ (le′ − lxe,t) .

(538)

Therefore, we get by (537) and (538) with t̃ := t+ t′ assuming t and t′ satisfy the
above conditions (

e−ipS t̃φ
)
e
(xe) =

∑
e′∈E
See′φe′ (le′ − lxe,t) . (539)

For a general t > 0 we can divide t in appropriate segments and use the group
property

e−ipS(t′+t′′) = e−ipS t′e−ipS t′′ , t′, t′′ ∈ R, (540)

which proves the claim.
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