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Zusammenfassung

Die Quantenmechanik ist eine Theorie mit vielen Eigenschaften, die sich
grundlegend von der klassischen Physik unterscheiden. Als prominente Bei-
spiele sind hier insbesondere Quantenkorrelationen und Nichtlokalität zu nen-
nen. In der Quanteninformationsverarbeitung versucht man solche Quanten-
Eigenschaften für neuartige Anwendungen in der Informationsverarbeitung
wie beispielsweise Quantencomputer oder sichere Kommunikation zu nutzen.
Das Kernstück vieler Anwendungen in der Quanteninformationsverarbeitung
bilden verschränkte Zustände. Daher ist die Detektion und Quantifizierung
von Verschränkung zu einem wichtigen Forschungsgebiet geworden. Ein wesent-
liches Hindernis - sowohl aus experimenteller Sicht wie auch theoretisch -
bei der Detektion und Quantifizierung von Verschränkung ist die Größe des
Hilbertraums, die exponentiell mit der Anzahl der Teilsysteme wächst. Daher
sind hochentwickelte, effiziente Methoden erforderlich, um dieses Problem zu
lösen.

In dieser Dissertation werden Lösungen für unterschiedliche Fälle entwick-
elt. Der grundlegende Ansatz dieser Dissertation ist der folgende: um zu
vermeiden, dass die gesamte Dichte-Matrix eines experimentellen Zustandes
gemessen werden muss, mißt man nur bestimmte Observablen, um dann im
Anschluss mit den Meßwerten kompatible obere und/oder untere Grenzen an
die Größen bestimmt, an denen man interessiert ist wie z. B. Fidelity, Rein-
heit oder Verschränkungsmaße. In diesem Sinn ist der hier verfolgte Ansatz
ein worst-case Ansatz.

Im ersten Teil der Dissertation wird der Schwerpunkt auf die Verifizierung
von Experimenten mit Graphenzuständen gelegt. Graphenzustände bilden
eine Klasse von Stabilisatorzuständen, die Zustände sind, die eindeutig über
Eigenwertgleichungen durch eine Menge von Operatoren (sogenannte Stabil-
isatoren) definiert sind, die eine abelsche Gruppe generieren, die Stabilisator-
Gruppe. Diese Zustände sind Ressourcen für messungs-basiertes Quantencom-
puting, Fehlerkorrekturen und Nichtlokalitäts-Checks. Wir zeigen, dass allein
durch das Messen der Generatoren der Stabilisator-Gruppe optimale Grenzen
an die Fidelity mit dem Zielzustand, der Reinheit, der Entropie sowie hochwer-
tige Grenzen an Verschränkungsmaße bestimmt werden können. Ferner zeigen
wir, wie man solche Methoden generalisieren kann.

In vielen Experimenten, z. B. mit Photonen oder gefangenen Ionen, kann
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man die Eigenschaften des Systems lokal messen. Dies ist allgemein jedoch
nicht der Fall in Festkörpersystemen oder kalten Quantengasen. Hier muss
der Experimentalist auf kollektive Messungen ausweichen, um Informationen
über das System zu erlangen. Prominente Beispiele sind Neutronen-Streuung
an Kristallen oder time-of-flight imaging von Bosonen in optischen Gittern.
Da solche Messungen nur sehr beschränkten Zugriff auf das System erlauben,
ist es naturgemäß schwierig, aus solchen Messungen Quantenkorrelationen
zu folgern. Trotzdem stellen wir Methoden vor, um mit solchen kollektiven
Messungen Verschränkung zu quantifizieren. Das erste Ergebnis in diesem
Zusammenhang ist ein quantitativer Verschränkungszeuge (ein Meß-Operator,
aus dem man die Existenz von Verschränkung folgern kann), der einzig auf
der Messung von statischen Spin-Strukturfaktoren beruht, die routinemäßig
in Neutronen-Streuexperimenten gemessen werden. Das zweite Ergebnis ist
ein quantitativer Verschränkungszeuge, der auf time-of-flight Messungen von
Bosonen in optischen Gittern basiert. Die entwickelten Methoden sind so
allgemein wie nur möglich gehalten und machen keine Annahmen über das
System, z. B. über den Hamiltonian. Ferner wird die Skalierung der entwick-
elten Methoden mit Hilfe von Quanten-Monte-Carlo-Methoden überprüft.

Die Quantentheorie beinhaltet viele interessante Eigenschaften wie Ver-
schänkung und Nichtlokalität. Jedoch kann man sich Korrelationen vorstellen,
die allgemeiner als Quantenkorrelationen sind. Dies wirft die Frage auf, ob
Quantenkorrelationen die stärksten in der Natur möglichen Korrelationen
sind. Und wenn dies so ist, warum? Andererseits, wie könnte man die Quan-
tentheorie experimentell widerlegen, wenn sie nicht die allgemeinste Theorie
ist?

Im letzten Teil der Dissertation entwickeln wir ein neues Axiom, näm-
lich makroskopische Lokalität. Die Idee hinter diesem Axiom ist, dass jede
physikalische Theorie klassische Physik im Kontinuumslimes reproduziert (z.B.
wenn eine große Zahl Teilchen involviert ist, die nicht einzeln mit Detektoren
aufgelöst werden können). Wir zeigen, dass dieses intuitive Axiom zusammen
mit dem Nonsignaling-Prinzip zu vielen wichtigen Ergebnissen der Quanten-
physik führt, wie z. B. die Universalität der Tsirelson-Grenze oder der Menge
der zugänglichen Zweipunktskorrelatoren. Zudem charakterisieren wir voll-
ständig die Korrelationen zwischen zwei räumlich getrennten physikalischen
Systemen, welche aus den beiden genannten Axiomen hervortreten können.

Die Menge der möglichen Korrelationen, die aus dem Nonsignaling-Prinzip
und makroskopischer Lokalität hervortreten können, ist der Menge der Quan-
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tenkorrelationen zwar sehr ähnlich, aber nicht identisch. Wenn man makros-
kopische Lokalität als fundamentales Naturgesetz betrachtet, so würde im
Prinzip eine Abweichung von der Quantenphysik durch ein Bell-Experiment
detektierbar sein.





Abstract

Quantum mechanics is a theory offering many interesting properties which
are distinctly different from classical physics, e.g., quantum correlations and
non-locality. Quantum information theory utilizes such quantum properties
to enable novel applications in information processing such as quantum com-
puting and secure communication. At the heart of many quantum information
processing applications lie entangled states. Hence, the detection and char-
acterization and quantification of entanglement has become an important re-
search area. A major obstacle in detecting and quantifying entanglement both
from a theoretical and experimental point of view is the size of the Hilbert
space which grows exponentially with the number of constituents involved.
Therefore, sophisticated methods are required to tackle this problem.

This thesis provides solutions to this problem for several different cases.
The approach taken in this thesis is the following: to avoid measuring the
full density matrix in an experiment, one measures certain observables, and
then determines lower and/or upper bounds on a quantity of interest such as
fidelity or entanglement consistent with the measurement data. In this sense
we follow a worst-case approach.

In the first part of this thesis the emphasis is put on the verification of
graph state experiments. Graph states are a class of stabilizer states which
are states uniquely described by a set of operators that generate an abelian
group called the stabilizer. They are resource states for measurement-based
quantum computation, error-correction codes and non-locality tests. We show
that by measuring the generators of the stabilizer alone one can obtain optimal
bounds on the fidelity with the target state, purity and entropy as well as high-
quality bounds on entanglement measures, thus providing an efficient way to
verify graph state experiments. We also give an outlook on how the techniques
can be generalized.

While in certain experimental settings, for instance those using photons
or trapped ions, it is possible to measure properties of the system locally on
all sites, this is not the case in condensed matter systems or cold quantum
gases. Here, the experimentalist has to resort to collective measurements to
gain access to information on the system. Typical examples are neutron-
scattering from crystals described by an antiferromagnet Heisenberg model,
or time-of-flight imaging measurements of bosons in optical lattices. As such
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measurements are coarse-grained it is naturally a challenge to use such mea-
surement data to detect and quantify quantum correlations. However, in
the next part we develop techniques that allow to quantitatively verify quan-
tum entanglement from such collective measurements. The first of the two
main results in this chapter is a quantitative entanglement witness that relies
merely on measurements of the structure factor, which is routinely measured
in neutron-scattering experiments. The second result is the development of
a quantitative entanglement witness based on time-of-flight distributions of
bosons in an optical lattice. The methods developed here are in their most
general form and make no assumption on the system, e.g. on the Hamiltonian.
Furthermore, the scaling of the entanglement bounds with the system size is
investigated by means of quantum Monte Carlo simulations.

Quantum mechanics offers many interesting properties such as entangle-
ment and non-locality. However, one can easily think of more general corre-
lations than quantum correlations. This gives rise to the question if quantum
correlations are the most general allowed in Nature? And if so, why? On the
other hand, if quantum mechanics is not the most general theory, how could
we falsify quantum mechanics experimentally?

In the last part we propose a new axiom we call macroscopic locality. The
idea behind this axiom is that any physical theory should recover classical
physics in the continuum limit, (i.e., when a large number of particles is in-
volved and our measurement devices fail to resolve discrete particles). We will
show that this very intuitive axiom, together with the no-signaling principle,
allows to recover many important results in quantum mechanics, like the uni-
versality of the Tsirelson bound, or the set of accessible two-point correlators.
Moreover, we will provide a complete characterization of the correlations be-
tween two distant physical systems that arise out of both axioms and comment
on its consistency.

Although the set of possible correlations that can emerge out of these two
principles is very similar to the quantum set, it is not identical. If we accept
macroscopic locality as a fundamental law, this implies that a deviation from
Quantum Mechanics could in principle be detected via a Bell-type experiment.
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Chapter 1

Introduction

Quantum mechanics is a theory offering many interesting properties which are
distinctly different from classical physics, e.g., quantum correlations and non-
locality [Peres 1993]. Quantum information theory [Nielsen 2000] utilizes such
quantum properties to enable novel applications in information processing
such as quantum computing and secure communication. At the heart of many
quantum information processing applications lie entangled states (cf. Refs.
[Plenio 2007, Horodecki 2009] for topical reviews). Hence, the detection and
characterization and quantification of entanglement has become an important
research area. A major obstacle in detecting and quantifying entanglement
both from a theoretical and experimental point of view is the size of the Hilbert
space which grows exponentially with the number of constituents involved.
Therefore, sophisticated methods are required to tackle this problem.

Part I of this thesis provides solutions to this problem for several different
cases. The approach taken in this thesis is the following: to avoid measuring
the full density matrix in an experiment, one measures certain observables,
and then determines lower and/or upper bounds on a quantity of interest
such as fidelity or entanglement consistent with the measurement data. In
this sense we follow a worst-case approach.

• Chapter 2 gives an introduction into entanglement theory to prepare
the reader for the following chapters on efficient entanglement verifica-
tion. Important definitions are provided as well as ways to characterize
quantum entanglement. Furthermore, a short survey of methods for
entanglement detection such as witness operators, Bell inequalities or
the Peres-Horodecki criterion is given. A large part of chapter 2 is de-
voted to the study of entanglement measures. Entanglement measures
quantify the quantum correlations in a state from an axiomatic or op-
erational point of view. We provide axioms as well as a selection of the
most relevant operational measures.

• Chapter 3 introduces the reader to the theory of stabilizer and graph
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states. Stabilizer states are quantum states defined by a set of opera-
tors, the so-called stabilizer. An important instance of stabilizer states is
represented by graph states. They are resource states for many applica-
tions in quantum information science, for instance measurement-based
quantum computation, error-correction codeword states and nonlocal-
ity tests. The stabilizer operators of graph states can be represented
by a graph which may be interpreted as the interaction history of the
system. In this chapter we provide information on the preparation of
graph states, the stabilizer formalism, and crucially the entanglement
properties of graph states.

• Chapter 4 presents a series of important results on the verification of
graph state experiments. In particular we show that graph state exper-
iments may be verified in a quantitative manner by measuring a simple
set of observables, namely the generators of the stabilizer group. We
formulate the problem as a worst-case estimation of different quantities
of interest, the fidelity with the target state, the purity, entropy and
entanglement in terms of different entanglement measures. From this
approach we obtain the optimal fidelity, purity and entropy that can
be inferred from measurements of the generators of the stabilizer alone
for systems of any size. We also obtain high-quality bounds on two
entanglement measures, the robustness of entanglement and the rela-
tive entropy of entanglement. At the end of the chapter we study the
scaling of the bounds under realistic experimental conditions using data
from experiments with hyperentangled photons. We give an outlook on
how to generalize our methods to states different from graph states and
exemplify the generalization for W-states.

• Chapter 5 contains further research results on quantitative entangle-
ment verification. While in certain systems such as trapped ions or pho-
tons, degrees of freedom may be measured locally, this is not the case in
condensed matter systems or cold quantum gases. In such experiments
measurements are not local, but collective observables. Standard mea-
surement techniques include neutron-scattering from condensed matter
samples, from which one can infer the (static) structure factor, and time-
of-flight imaging of atoms confined in an optical lattice. In this chapter,
we develop a method to quantify entanglement from such measurements
using quantitative entanglement witnesses. Furthermore, the scaling of
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the bounds is studied by means of quantum Monte Carlo simulations to
ensure that the entanglement bounds scale properly with system size.
Some introductory remarks on quantum Monte Carlo methods can be
found in the appendix.

Quantum mechanics offers many interesting properties such as entan-
glement and non-locality. However, one can easily think of more general
correlations than quantum correlations. This gives rise to the question
if quantum correlations are the most general allowed in Nature? And
if so, why? On the other hand, if quantum mechanics is not the most
general theory, how could we falsify quantum mechanics experimentally?
Chapter 6 gives an introduction to general nonlocal theories and chapter
7 presents a principle that sheds some light on the questions above.

• Chapter 6 gives an introduction into generalized nonsignaling theo-
ries. The different kinds of nonsignaling correlations are introduced,
such as local, quantum, and isotropic correlations. Relevant properties
of general nonsignaling theories are reviewed including monogamy of
correlations and a general no-cloning theorem. Furthermore, a connec-
tion between nonlocality and uncertainty relations is reviewed, and in
this context non-local games are introduced.

• Chapter 7 In this chapter we propose a new axiom we call macro-
scopic locality. The idea behind this axiom is that any physical theory
should recover classical physics in the continuum limit, (i.e., when a large
number of particles are involved and our measurement devices fail to re-
solve discrete particles). We will show that this very intuitive axiom,
together with the no-signaling principle, allows to recover many impor-
tant results in quantum mechanics, like the universality of the Tsirelson
bound, or the set of accessible two-point correlators. Moreover, we will
provide a complete characterization of the correlations between two dis-
tant physical systems that arise out of both axioms and comment on its
consistency.

Although the set of possible correlations that can emerge out of these
two principles is very similar to the quantum set, it is not identical. If
we accept macroscopic locality as a fundamental law, this implies that
a deviation from Quantum Mechanics could in principle be detected via
a Bell-type experiment.
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A central mathematical tool throughout this thesis is convex optimiza-
tion theory. We have therefore included the most relevant results of convex
optimization theory which are needed in this thesis in the appendix.



Part I

Efficient Quantitative
Entanglement Verification





Chapter 2

Introduction to Entanglement
Theory

2.1 Introduction
This thesis focuses on the detection and efficient quantification of entangle-
ment. This chapter provides the basic definitions and fundamental results of
entanglement theory such as the characterization of entangled states via the
PPT criterion or witness operators. In addition, Bell inequalities are briefly
reviewed to establish a connection between nonlocality and entanglement.
Furthermore, an introduction to the theory of entanglement quantification is
given. Entanglement measures are studied from an axiomatic and operational
point of view.

2.2 Definition of Entanglement
Entanglement is often viewed as one of the most striking features of quantum
theory. The study of entanglement is motivated from a fundamental perspec-
tive as well as its role as a resource in quantum information processing. In
order to define entanglement in a sensible way, one typically starts by defining
“unentangled” quantum states. Such states are also referred to as classically
correlated or separable states.

Consider finite dimensional Hilbert spaces HA and HB. A bipartite quan-
tum state ρAB is called separable or non-entangled [Werner 1989b] if there
exists a probability distribution {pi} and sets of quantum states {ρAi } and
{ρBi } with

ρAB =
∑
i

piρ
A
i ⊗ ρBi . (2.1)

Entangled states are those states which are not separable.
A different definition of separable states could be given through the prepa-

ration process of such states. This is typically perceived via a distant labora-
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tories scenario. In this scenario two parties, usually called Alice and Bob in
Quantum Information Science, are in distant laboratories, so they cannot per-
form joint quantum operations on their systems, but they may communicate
classical bits to each other. They can also perform local quantum operations
on their systems. This permitted set of operations is generally called local op-
erations and classical communication (LOCC). One can now define separable
states as those prepared using only LOCC. By definition, it is obvious that all
correlations that might be contained in those states originate solely from the
classical communication between Alice and Bob. On the contrary, entangled
states cannot solely be generated by communicating classical bits.

2.3 Characterizing Entangled Quantum States

After defining entanglement the natural question to ask is: “How can one
decide if a state, given in the form of a density matrix, is entangled or sep-
arable?” The definition of separability immediately provides an algorithmic
solution to this question. However, searching over the set of separable states
and successively approximating the given state by a separable state requires
an exponential number of steps in the dimension of the Hilbert space. Thus,
such a “brute force” approach is totally inefficient, and more sophisticated
tools are needed to tackle this problem.

The problems of characterizing entanglement and the separability problem
have created whole areas of research. A vast amount of work has been de-
voted to those questions, and both analytical and numerical methods have
been developed. An important remark on the complexity of the separability
problem is that it is NP-hard to decide if a state is entangled or separable
[Gurvits 2003]. Even though this issue implies that the general case is hope-
less, some very useful methods for entanglement detection exist. It is out of
the scope of this thesis to provide a complete overview on this topic (see, e.g.
[Horodecki 2009] or [Gühne 2009] for a review). Therefore, we will review only
those methods which are actually being used in this thesis.

2.3.1 Peres-Horodecki Criterion

A powerful analytical tool for entanglement detection is the positive partial
transpose (PPT) criterion [Peres 1996, Horodecki 1996]. Consider the repre-
sentation of a density matrix in the bases |iA〉 of HA and |jB〉 of HB, one
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finds
κ =

∑
i,j,k,l

cijkl|i〉〈j| ⊗ |k〉〈l|. (2.2)

The partial transpose of κ with respect to subsystem A is defined as

κΓA =
∑
i,j,k,l

cijkl(|i〉〈j|)T ⊗ |k〉〈l|, (2.3)

with T being the standard matrix transposition. In an analogous way, one
defines the partial transpose κΓB with respect to subsystem B.

Taking the partial transposition of a separable state, then it follows from
Eq. (2.1)

ρΓA
AB =

∑
i

pi(ρAi )T ⊗ ρBi . (2.4)

Since the transposition of (ρAi )T leaves the eigenvalues invariant, it follows
that ρΓA

AB must be a positive semidefinite operator.
However, in the general case, when a state κ is entangled, this is not the

case. Hence, if an eigenvalue of κΓA is negative, the state must be entangled.
We conclude that non-positivity of the partial transpose (non-PPT) is a suffi-
cient condition for entanglement. As shown by the Horodeckis, this condition
is a necessary one for the entanglement of a qubit with a qubit or a qubit
and a qutrit [Horodecki 1996]. A qubit is defined as the state of a two-level
system, and a qutrit as the state of a three-level system, e.g. a pure qubit
state can be written as |ψ2〉 = α|0〉 + β|1〉 with complex coefficients fulfilling
a normalization condition |α|2 + |β|2 = 1, and |0〉 and |1〉 are the two possible
orthogonal states, which are known as the computational basis states. Analo-
gously, a pure qutrit state can be expressed as |ψ3〉 = α|0〉+ β|1〉+ γ|2〉, with
|α|2 + |β|2 + |γ|2 = 1.

2.3.2 Entanglement Witnesses

The idea behind entanglement witnesses arises from the following fact: the
set of separable states is convex by definition. Thus, for any entangled state,
there must exist a hyperplane separating this entangled state from the convex
set of separable states [Horodecki 1996, Terhal 2000, Terhal 2002].

Mathematically, an entanglement witness is a hermitian operator W , that
fulfils

tr(Wσ) ≥ 0, ∀ σ ∈ Sep, (2.5)
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Figure 2.1: Entanglement Witnesses are hyperplanes that separate the Hilbert
space into two regions. One region contains the entire set of separable states
and some entangled states as well. In this region one finds tr(ρW ) ≥ 0. The
other region consists of entangled states only, so that tr(ρW ) < 0 implies that
the state ρ is entangled.

where Sep denotes the set of separable states, and

tr(Wρ) < 0 (2.6)

for at least one entangled state ρ. Generally, the choice of the witness de-
pends on the state ρ. An advantage of entanglement witnesses is that they
can be decomposed into measurement operators. In many cases this allows
to infer entanglement without the need of full state tomography. Prominent
examples for the use of entanglement witnesses are experiments with pho-
tons [Bourennane 2004, Kiesel 2007] and trapped ions of up to eight qubits
[Häffner 2005]. In the latter experiment full state tomography was used to
analyze the experimentally created state.

However, due to the NP-hardness of the separability problem, finding a
witness operator for a general quantum state is also an NP-hard task. Nev-
ertheless, a lot of work has been devoted to the construction of bipartite and
multipartite entanglement witnesses. It is out of scope of this thesis to give
an overview on this topic, but a review can be found in Ref. [Gühne 2009]
and references therein.



2.3. Characterizing Entangled Quantum States 11

2.3.3 Entanglement Distillation

Entanglement is typically perceived as a fundamental property of quantum
mechanics. The intensive study of entanglement has identified it as a resource
for quantum information processing (QIP). However, different tasks of QIP,
e.g. teleportation [Bennett 1993], quantum key distribution [Bennett 1984,
Ekert 1991, Horodecki 2005], or measurement-based quantum computation
[Gottesman 1999, Raussendorf 2001], require different kinds of entangled states
or quantum channels capable of establishing entanglement.

Nevertheless, one class of entangled states is known that turns out to be
particularly useful for a variety of QIP tasks. This is the class of maximally
entangled states:

Φ(K) :=l.u.
1
K

K∑
i,j=1
|i, i〉〈j, j|. (2.7)

Here l.u. indicates equivalence up to local unitaries.
Maximally entangled states play an important role in communication tasks.

For example, Bennett and co-workers showed that Alice and Bob can perfectly
teleport a K-dimensional state if they share a maximally entangled state of
this dimension and communicate log(K) bits [Bennett 1993]. Ekert showed
that maximally entangled states can be used to distribute secret keys of length
log(K) bits over an authenticated public channel [Ekert 1991]. Apart from
teleportation, superdense coding [Bennett 1992] and quantum key distribu-
tion, maximally entangled states may be used for entanglement swapping
[Yurke 1992].

When it comes to the implementation of these kinds of QIP tasks, the
natural question to ask is: “How can maximally entangled states be created
in a noisy environment?” Or more precisely: “How can maximally entangled
states be obtained from noisy entangled states?” One possible implementa-
tion procedure is to create a noisy entangled state, and transform it into the
desired maximally entangled state via LOCC. The transformation of noisy to
pure, maximal entanglement by LOCC operations alone is called entanglement
distillation.

Entanglement distillation protocols were first introduced in [Gisin 1996,
Bennett 1996a, Bennett 1996b, Deutsch 1996] and are also known for graph
states which are of interest in this thesis [Dür 2007]. Distillation procedures
also play a role for operationally motivated entanglement measures as will be
shown later.
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2.3.4 Bound Entanglement

In the previous section on entanglement distillation we have not given a recipe
for distilling entanglement. And in fact, distilling entanglement is a difficult
task. Obviously, if maximally entangled states are useful for QIP, then it is
important to know when a quantum state can be distilled. A result of the
Horodecki family shows that in the setting of two qubits any entangled state
is distillable [Horodecki 1997a]. In higher dimensions this statement fails to
hold [Horodecki 1998].

Let us first consider stochastic LOCC operations. These operations yield
a desired outcome with non-zero probability. The result of Ref. [Cirac 2001]
characterizes separable completely positive maps in the following way: A com-
pletely positve map Ω can be established by LOCC with non-zero probability,
iff it may be expressed as

Ω(ρ) =
∑
i

(Ai ⊗Bi)ρ(Ai ⊗Bi)†, (2.8)

with local operators Ai, Bi fulfilling
∑
iA
†
iAi ⊗ B

†
iBi ≤ I. Following the ap-

proach by the Horodeckis, the distillability condition may be formulated in
terms of SLOCC operations. Using the definition of SLOCC in Eq. (2.8), one
can obtain the partial transpose of such an operation:

Ω(ρ⊗nAB)Γ =
∑
i

ATi ⊗Bi(ρ⊗nAB)ΓA∗i ⊗B
†
i . (2.9)

If ρAB is distillable, it follows that Ω(ρ⊗nAB)Γ is entangled, and hence must be
non-PPT. From the R.H.S. of Eq. (2.9) it is clear that this can only hold if
ρΓ
AB < 0. However, entangled states exist that are PPT [Horodecki 1997b].

This implies that certain entangled states exist which cannot be distilled.
Such states are called bound entangled states [Horodecki 1998].

2.3.5 Bell Inequalities

Entanglement was already mentioned as a striking feature of quantum theory
that distinguishes the quantum and classical worlds. This section will broaden
the perspective and focus on another aspect of quantum theory, namely Non-
Locality. From a classical point of view, objects are well-defined by their
physical properties independent of associated measurements. So in classical
physics measurements merely reveal the physical properties, but they are not
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necessary to render their existence in any meaningful way. However, during
the development of quantum theory starting in the early 1920s, it became
apparent that properties of quantum objects do not exist indepently of asso-
ciated measurements. This is obviously in harsh contrast with the classical
view and provoked criticism on quantum theory. One of the most famous
opponents was Albert Einstein, who - together with Nathan Rosen and Boris
Podolsky - proposed a thought experiment [Einstein 1935] in order to show
that quantum mechanics is not a complete theory. The idea behind the EPR
paper was the introduction of so-called elements of reality (hidden variables).
Einstein, Podolsky and Rosen believed that any such element of reality must
be implemented in a complete theory. They proclaimed that the value of any
physical property should be predictable before measurement. Only then this
property could be an element of reality.

Thirty years after the publication of the EPR paper, John Bell proposed
an experimental test that allows to falsify the EPR view [Bell 1964]. The
proposed experiment works as follows: Alice and Bob receive a particle from
a source. Both of them can measure two properties of this particle, which we
denote by X1, Y1 for Alice and X2, Y2 for Bob. For simplicity, we suppose that
the outcomes are restricted to be ±1. Furthermore, it is assumed that the
measurements are carried out simultaneously. That implies Alice’s measure-
ment cannot disturb Bob’s measurement and vice versa. Now consider the
quantity

X1(X2 + Y2) + Y1(X2 − Y2). (2.10)

As X2 = ±1 and Y2 = ±1, either (X2 + Y2) or (X2 − Y2) has to equal zero.
Either way, one finds

X1(X2 + Y2) + Y1(X2 − Y2) = ±2. (2.11)

Now suppose that before the measurement is performed the system is in
the state with properties Xi = xi and Yi = yi, i = 1, 2, with probability
p(x1, y1, x2, y2). Then, the expectation value of (2.10) reads:

〈X1(X2 + Y2) + Y1(X2 − Y2)〉 =
∑

x1,y1,x2,y2

p(x1, y2, x2, y2)(x1(x2 + y2)

+y1(x2 − y2))
≤ 2×

∑
x1,y1,x2,y2

p(x1, y2, x2, y2) = 2 (2.12)
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Furthermore, a little thought shows that

〈X1(X2 + Y2) + Y1(X2 − Y2)〉 = 〈X1X2〉+ 〈X1Y2〉+ 〈Y1X2〉 − 〈Y1Y2〉. (2.13)

Comparing the two formulas above leads to the Bell inequality, which is also
known as the Clauser Horne Shimony Holt inequality [Clauser 1969]:

〈X1X2〉+ 〈X1Y2〉+ 〈Y1X2〉 − 〈Y1Y2〉 ≤ 2. (2.14)

If Quantum Mechanics governs physical reality, then one can easily find an
example where the CHSH inequality is violated, thus falsifying a local hidden
variable (LHV) theory. To this end, suppose Alice and Bob share the singlet
state

|ψ〉 = |01〉 − |10〉√
2

. (2.15)

Let Alice perform the measurements

X1 = ZA, (2.16)
Y1 = XA, (2.17)

where XA (ZA) denote the Pauli X (Z) operator acting on Alice’s system.
Bob measures:

X2 = −ZB −XB√
2

, (2.18)

Y2 = ZB −XB√
2

. (2.19)

It is straightforward to evaluate our quantity of interest (2.10):

〈X1X2〉+ 〈X1Y2〉+ 〈Y1X2〉 − 〈Y1Y2〉 ≤ 2
√

2. (2.20)

Hence, quantum correlations are less restricted than classical correlations, and
Bell inequalities therefore provide a simple test to falsify local realism. With-
out further detail, it is worth mentioning that this has indeed been achieved
in experiments [Aspect 1982, Weihs 1998].

What can we learn from such experiments? First, note that one can infer
the existence of entanglement from a violation of a Bell inequality due to the
equivalence of LHV models and separable states. The opposite is not the case:
entanglement does not necessarily imply violation of a Bell inequality.
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One should be aware of the fact that a Bell inequality violation does not
imply that quantum mechanics is the theory describing physical reality. Even
though it has never happened that correlations stronger than permitted by
quantum theory have been observed, one can think of probability distribution
that violate the quantum boundary. The first demonstration of such a scenario
was demonstrated by Popescu and Rohrlich, who showed in the post-quantum
case, one might even obtain a bound of 4 instead of 2

√
2 [Popescu 1994].

A considerable amount of research has been devoted to answer the follow-
ing questions:

1. What distinguishes quantum theory from post-quantum theory? And
connected with this question: why are quantum correlations limited?

2. What are physical limitations of post-quantum theories apart from the
no-signalling condition?

3. How can we characterize such physical post-quantum theories?

In chapters 6 and 7 we will review some approaches to this question, and
then actually introduce a new principle, the principle of Macroscopic Locality.
Furthermore, we will then characterize the set of states compatible with this
principle and see that this is an approximation to the quantum set admitting
a characterization via semidefinite programming.

2.4 Entanglement Measures

2.4.1 Axioms for Entanglement Measures

Entanglement measures are mathematical functions introduced to quantify
the amount of entanglement contained in a given state. One approach to
quantify entanglement stems from the resource character of entanglement,
and one might ask how useful a given entangled state is for a certain task in
QIP. Since this approach depends strongly on the specific task, one might also
ask for more fundamental properties of entanglement measures, without any
operational meaning of the measure in mind.

The following is a list of postulates for the properties of entanglement
measures as presented in [Plenio 2007]:
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1. An entanglement measure E(ρ) maps density matrices into real, positive
numbers:

ρ→ E(ρ) ∈ R+ (2.21)

In addition, one may require the measure to be normalized with respect
to the maximally entangled state:

E(|ψ+
d 〉) = log d. (2.22)

2. For separable states ρ it holds E(ρ) = 0.

3. E monotonically decreases under LOCC, for example

E(Λ(ρ)) ≤ E(ρ) (2.23)

is fulfilled for any deterministic LOCC map Λ. An important conse-
quence is that E is invariant under local unitaries if this postulate is
fulfilled by E. This is an essential requirement for the quantification of
entanglement, since entanglement should be invariant under the choice
of basis.

4. E is equivalent to the entropy of entanglement for pure states:

E(|ψ〉〈ψ|) = (S ◦ trB)(|ψ〉〈ψ|). (2.24)

An entanglement measure fulfilling the first three axioms is called an entan-
glement monotone. One can often find another postulate for entanglement
measures in the literature, namely convexity. This requires

E(
∑
i

piρi) ≤
∑
i

piE(ρi). (2.25)

This requirement is motivated by capturing the information loss that appears
when a set of known states ρi is mixed to an ensemble ∑i piρi with weights
pi. However, if the states are locally identifiable, then the ensemble can be
described as

ρ =
∑
i

pi|i〉M〈i| ⊗ ρABi , (2.26)

with |i〉M being an orthonormal basis for a particle that belongs to one of the
two parties. A little thought shows that the information loss of the mixing
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is equivalent to tracing out the marker particle, as measuring the marker
particle identifies the state ρABi . Since this is a local operation, one would
in turn require E(∑i pi|i〉M〈i| ⊗ ρABi ) ≥ E(ρ). This, of course, is already
postulated by entanglement measure axiom 3, so requiring convexity is not
strictly necessary.

Nevertheless, convexity turns out to be very convenient for the evaluation
of entanglement measures. We will see that many entanglement measures are
formulated as optimization problems. If the entanglement measure is convex,
this would allow to use well-established mathematical methods from convex
optimization theory that can help to analytically and numerically compute or
estimate these measures.

Apart from convexity, a desirable property of entanglement measures is
additivity. An entanglement measure is said to be additive, if

E(ρ⊗n) = nE(ρ), ∀ n ∈ N. (2.27)

It turns out that important entanglement measures do not satisfy additivity.
For this reason, it is not listed as a fundamental axiom. One way to lighten
the additivity condition is to require asymptotic additivity:

E∞(ρ) := lim
n→∞

E(ρ⊗n)
n

. (2.28)

A stronger version of additivity is to demand full aditivity:

E(ρ⊗ σ) = E(ρ) + E(σ). (2.29)

However, since even additivity is not an axiom, requiring full additivity is
likely to be too strict.

2.4.2 Entanglement of Formation

Definition The Entanglement of Formation (EoF) is defined as [Bennett 1996b]

EF (ρ) = inf{
∑
i

piE(|ψi〉〈ψi|) : ρ =
∑
i

pi|ψi〉〈ψi|}. (2.30)

Here E(|ψi〉〈ψi|) = S(trB(|ψi〉〈ψi)) quantifies the entanglement of pure states.

The EoF is constructed as a minimization of the convex roof of the entropy
of entanglement. This is generally a hard problem to solve. However, we will
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see that the EoF can be bounded by other entanglement measures.

2.4.3 Entanglement Cost

The entanglement cost is an entanglement monotone with a clear operational
meaning. Given a state ρ, it quantifies the maximal rate r at which blocks
of 2-qubit maximally entangled states can be converted into output states
approximating ρ in the asymptotic limit [Bennett 1996b].

Definition Let us denote a general trace-preserving LOCC map by Λ, and
define the maximally entangled state in K dimensions as Φ(K) := |Φ+

K〉〈Φ+
K |.

The entanglement cost is then formulated as

EC(ρ) = inf{r : lim
n→∞

[inf
Λ

tr|(ρ⊗n − Λ(Φ(2brnc))|] = 0}. (2.31)

As shown in [Bennett 1996a] the entanglement cost equals the entropy
of entanglement for pure bi-partite states. It is also knwon that the entan-
glement cost equals the asymptotic version of the EoF as demonstrated in
[Hayden 2001]:

E∞F (ρ) = EC(ρ), (2.32)

where E∞F := limn→∞
EF (ρ⊗n)

n
. It has been conjectured that the EoF is ad-

ditive, which would imply that EF (ρ) = EC(ρ) and could greatly simplify
the calculation of the entanglement cost. Shor proved the equivalence of the
following additivity conjectures [Shor 2004]: the additivity conjecture for the
Holevo capacity, additivity of the EoF [Bennett 1996b], strong superadditiv-
ity of entanglement of formation [Benatti 2001], and the additivity conjecture
for minimum output entropy [King 2001]. Hastings showed that all these are
false by constructing a counterexample to the last one [Hastings 2009]. This
implies that entanglement of formation and entanglement cost are in fact dif-
ferent quantities.

2.4.4 Distillable Entanglement

Definition The distillable entanglement ED is an entanglement monotone
that quantifies the rate at which a given mixed state ρ can be converted into
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the singlet state using LOCC only [Rains 1999b, Rains 1999a].

ED(ρ) := sup{r : lim
n→∞

tr|Λ(ρ⊗n)− Φ(2brnc)| = 0}. (2.33)

Analogously to the entanglement cost, the procedure approximates the
output in the asymptotic limit. This is necessary as in the general case an
exact transformation of ρ⊗n to even one pure maximally entangled state is
not possible.

Needless to say, the distillable entanglement is hard to compute as it in-
volves an optimization of LOCC protocols. Nevertheless, Bennett, Bernstein,
Popescu and Schumacher showed that for pure states the distillable entangle-
ment equals the entanglement entropy (the von Neumann entropy of either
one of the reduced density matrices) [Bennett 1996a]. In this distillation pro-
cedure Alice and Bob project their states onto their typical subspaces. In
so doing, they attain with high-probability a maximally entangled state with
dimension approximately the entanglement entropy.

Of course, several natural question arise from the definition of the distill-
able entanglement. Firstly, the LOCC operations in the definition of ED are
restricted to those that are trace-preserving. One could think of probabilistic
protocols with different success rates depending on measurement outcomes. It
was shown by Rains that for a wide range of possible success measures the no-
tion of distillable entanglement remains the same [Rains 1999b, Rains 1999a].
Secondly, one could ask what happens if one uses other entangled pure states
than the singlet state as target states of the distillation process? One could
even think of higher dimensional states.

2.4.5 Robustness Measures and Best-Separable Approx-
imation

Definition The Robustness of Entanglement was introduced by Vidal and
Tarrach [Vidal 1999] as

R(ρ) = min
σ∈Sep,s∈R

{s : ρ+ sσ

1 + s
∈ Sep}. (2.34)

This way, the robustness is defined as the minimal amount of separable
noise needed to eliminate all entanglement contained in the given state ρ. In
a sense the robustness is a distance measure (see Fig. 2.2) as it minimises the
weight of s of the given state ρ in a convex combination sρ + (1− s)ρ−s such
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that this mixture belongs to the set of separable states and the index s of ρ−s
indicates that ρ−s ∈ Sep [Vidal 1999].

Figure 2.2: Robustness of Entanglement: any finite-dimensional entangled
state can be written as a pseudo-mixture as ρ = (1 + s)ρ+

s − sρ−s , where
ρ±s ∈ Sep. In this sense, the robustness is a geometrical quantity minimising
the distance to the state ρ+

s .

A generalization of the robustness was defined by Steiner [Steiner 2003]
and independently by Harrow and Nielsen [Harrow 2003]. This is known as
the generalized or global robustness of entanglement:

RG(ρ) = min
σ∈D,s∈R

{s : ρ+ sσ

1 + s
∈ Sep}. (2.35)

Here, D is the full state space. That means the noise is not restricted to
separable states any more. Both the robustness and the global robustness are
convex entanglement monotones. Given a maximally entangled state Φ(K) of
dimension K, one finds R(Φ(K)) = RG(Φ(K)) = K − 1. Hence, those mea-
sures do not satisfy the normalization axiom. This motivates the introduction
of logarithmic versions of the robustness measures:

LR(ρ) = log(1 +R(ρ)) (2.36)
LRG(ρ) = log(1 +RG(ρ)) (2.37)
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The logarithmic robustness measures are both entanglement monotones; but
they fail to be convex.

Despite the intuition the above definitions may provide, from a mathemat-
ical point of view it is more convenient to define the (global) robustness as a
PPT measure:

RPPT
G (ρ) = min tr{σ} (2.38)

subject to σ ≥ 0 (2.39)
(ρ+ σ)Γ ≥ 0 (2.40)

Here Γ denotes partial transpostion with respect to a partition of choice. In
principal, one could check all possible partitions In this way we have relaxed
the global robustness to a PPT version that can be formulated as a semidefi-
nite program. Hence, numerical tools such as convex optimization solvers are
instantly available to evaluate this measure.

The Best Separable Approximation (BSA) can be perceived as the counter-
part to the robustness of entanglement [Lewenstein 1998]. The BSA quantifies
the minimal amount of a state one can remove from a given state such that
the remainder is separable:

BSA(ρ) = min tr{ρ− A} (2.41)
subject to A ≥ 0, (2.42)

A ∈ Sep, (2.43)
(ρ− A) ≥ 0. (2.44)

Of course, the BSA is also hard to compute in general. But it is straightfor-
ward to relax the BSA to a PPT-measure by replacing the constraint A ∈ Sep
by AΓ ≥ 0.

The robustness measures and the Best Separable Approximation are di-
rectly connected to entanglement witnesses. As shown by Brandão in Ref.
[Brandão 2005], a general expression for the quantification of entanglement
via EWs is defined as:

E(ρ) = max{0,− min
W∈M

tr(Wρ)}, (2.45)

whereM =W ∩ C where W is the set of witness operators, e.g. {W = W † :
tr(ρW ) ≥ 0 ∀ρ ∈ Sep} and C being the set distinguishing the quantifiers.
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Using the dual representation of the global robustness, we will see that it can
be expressed as (2.45) with M = {W ∈ W : W ≤ I}. In order to find the
dual problem, one starts by writing down the Lagrangian

L(W, g(σ), Z) = tr(W (ρ+ Z))− tr(Z)−
∫
σ∈Sep

g(σ)tr(Wσ)dσ. (2.46)

Here, the constraintsW ≤ I and tr(Wσ) ≥ 0,∀σ ∈ Sep are taken into account
by the Lagrange multipliers Z and g(σ) respectively. The latter Lagrange
multiplier is a generalized function [Reemtsen 1998] since the definition of
entanglement witnesses involves an infinite number of constraints.

Now the dual function is found to be

minimize tr(Z) (2.47)
subject to Z ≥ 0 (2.48)

g(σ) ≥ 0, ∀σ ∈ Sep (2.49)
ρ+ Z =

∫
σ∈Sep g(σ)σdσ (2.50)

Due to convexity and the constraint g(σ) ≥ 0, the integral above is a separable
state. Note that any separable state σ0 is obtained by the choice g(σ) =
δ(σ − σ0). With this choice, it can directly be seen that this problem is
nothing but the global robustness of entanglement. Also note that any choice
of a witness-operator compatible with the constraint W ≤ I provides a lower
bound on the global robustness. It can also be seen that the BSA may be
expressed as (2.45) withM = {W ∈ W : W ≥ −I}.

2.4.6 Relative Entropy of Entanglement

The relative entropy of entanglement is an entanglement monotone that lies
between the entanglement cost and the distillable entanglement. The relative
entropy plays an important role in quantum hypothesis testing [Audenaert 2008]
as it gives the optimal decay rate of the error probability in quantum Stein’s
Lemma [Hiai 1991, Ogawa 2000, Brandão 2010]. In this sense, it can be in-
terpreted as the decay rate of discriminating a given entangled state ρ from
an unknown separable state σ.

Its origin stems from total correlations contained in a quantum state. Total
correlations are captured by the mutual information

I(ρAB) = S(ρA) + S(ρB)− S(ρAB). (2.51)
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The quantum relative entropy is defined as

S(ρ|σ) = tr(ρ log ρ)− tr(ρ log σ). (2.52)

So one may rewrite the quantum mutual information as

I(ρAB) = S(ρAB|ρA ⊗ ρB). (2.53)

If the total correlations are obtained by a comparison of the joint state ρAB
with an uncorrelated state ρA⊗ρB, then the quantum part of the correlations
can be measured by a comparison of ρAB with the closest separable state
ρA⊗ρB. This is achieved by minimizing the relative entropy over all separable
states.

Definition Taking into account the above considerations, the relative entropy
of entanglement is hence defined as [Vedral 1997b, Vedral 1998, Vedral 1997a]:

ER(ρ) = min
σ∈Sep

S(ρ|σ). (2.54)

This quantifier is known as the relative entropy of entanglement and is a
convex entanglement monotone. It can also be relaxed to minimizing the
relative entropy over states σ that are PPT or distillable.

2.4.7 Negativity

The negativity is an example of an entanglement monotone that can be easily
evaluated. It is motivated by the Peres-Horodecki-Criterion and was defined as
a “computable measure of entanglement” in Ref. [Vidal 2002] in the following
way:

Definition Let ρ be the quantum state of a bi-partite system with con-
stituents A and B. The negativity N is defined as

N (ρ) = ||ρ
TA||1 − 1

2 . (2.55)

Here, ||A||1 = tr
√
A†A is the trace norm, which equals the sum of the absolute

eigenvalues of A if A is hermitian. Since the eigenvalues of a density matrix are
positive-semidefinite, one finds ||ρ||1 = tr(ρ) = 1. Since the partial transpose
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may have negative eigenvalues, the trace norm of the partial transpose reads

||ρTA||1 = 1 + 2|
∑
i

µi| = 1 + 2N (ρ). (2.56)

It is straightforward to see that the negativity is nothing but the sum of the
negative eigenvalues µi of ρTA . A direct consequence is that the negativity
vanishes for all separable states, as the partial transpose of a separable state
is again a state.

Proposition 2.4.1 N is a convex function:

N (
∑
i

piρi) ≤
∑
i

piN (ρi), (2.57)

where the pi are a normalized probability distribution and the ρi are states.

Proof Convexity follows directly from the fact that the trace norm satisfies
the triangle inequality.

2.4.8 Geometric Measure of Entanglement

The geometric measure was first introduced by Shimony [Shimony 1995] for
bipartite pure states and extended to the multipartite case by Barnum and
Linden [Barnum 2001]. Here we present the basic idea of the geometric mea-
sure according to Ref. [Wei 2003].

Consider a general n-partite pure state of the form

|ψ〉 =
∑

p1,...,pn

χp1···pn|e(1)
p1 · · · e

(n)
pn 〉. (2.58)

It is possible to quantify the entanglement in a geometric way by determining
the distance d between |ψ〉 and the closest separable pure state |φ〉 = ⊗ni=1|φ(i)〉
with |φ(i)〉 = ∑

pi c
(i)
pi
|e(i)
pi
〉, where {|e(i)

pi
〉} are the local bases:

d = min
|φ〉
|| |ψ〉 − |φ〉||. (2.59)

In order to find the closest separable state it is convenient to minimize instead
of d the following quantity

|||ψ〉 − |φ〉||2, (2.60)
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subject to the constraint 〈φ|φ〉 = 1. One can actually restrict the minimization
to the subspace in which for each 〈φ(i)|φ(i)〉 = 1. The minimization is then
the following eigenvalue problem:

∑
{pk:k 6=i}

χ∗p1···pn

∏
j 6=i

c(j)
pj

∗ = Λc(i)
pi

∗
, (2.61)

∑
{pk:k 6=i}

χp1···pn
∏
j 6=i

c(j)
pj

∗ = Λc(i)
pi

∗
. (2.62)

Here Λ is the Lagrange multiplier associated with the constraint 〈φ|φ〉 = 1.
These equations may also be expressed as

〈ψ|
(
⊗nj 6=i|φ(j)〉

)
= Λ〈φ(i)|, (2.63)(

⊗nj 6=i〈φ(j)|
)
|ψ〉 = Λ|φ(i)〉. (2.64)

The eigenvalues Λ are real, in [−1, 1] and independent of the choice of the local
basis. Hence, the spectrum is the cosine of the angle between |ψ〉 and |φ〉.
The maximum possible eigenvalue Λmax is called the entanglement eigenvalue
and is associated with the closest separable state. It is determined via

Λmax = max
φ
|〈φ|ψ〉|, (2.65)

where the maximization is performed over all separable pure states. The
geometric measure of entanglement is now defined for pure states as

Eg = 1− Λ2
max. (2.66)

It can be extended to mixed states via a convex roof construction.





Chapter 3

Graph and Stabilizer States

3.1 Introduction

Graph states can be defined in different ways. The first definition stems from
the preparation process of graph states. Graph states are quantum states of
a multi-partite system with an interaction pattern associated to a graph. The
particles are represented by vertices in the graph, and interactions by edges
between the vertices corresponding to the interacting particles. Hence, a graph
state is nothing but an effective interaction history of a multi-partite quantum
system, and the information on the graph state is fully determined by its adja-
cency matrix. Graph states were first introduced by Briegel and Raussendorf
defining them via the following preparation procedure of spin-1/2 particles:
initialize all spins in the superposition state |+〉 = 1√

2(|0〉+ |1〉). Then, apply
controlled-phase gates between particles according to the adjacency matrix.
This simple procedure is particularly interesting for experiments, since any
system allowing Ising interactions provides a candidate for the implementa-
tion of graph states. The second possible definition of graph states is given
via the stabilizer formalism. The adjacency matrix encodes a set of operators
that uniquely define the graph state. Hence, graph states are stabilizer states,
an especially important class of states in quantum information theory.

Graph states represent particularly useful resources for quantum informa-
tion applications. Raussendorf and Briegel showed that graph states form a
universal resource for quantum computation [Raussendorf 2001]. Quantum
computing with graph states is an instance of measurement-based quantum
computing and works in the following fashion known as one-way computing:
starting with a cluster state [Briegel 2001], a certain type of graph state, one
carries out projective measurements in certain bases at single sites correspond-
ing to the vertices of the graph [Raussendorf 2003a, Raussendorf 2003b]. In
this way, one can implement arbitrary unitaries without the need of non-local
operations. The measurement outcomes occur with certain probabilities. So
this raises the question if measurement-based quantum computation is deter-
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ministic. It turns out that the answer is yes since it is possible to account for
the randomness by applying appropriately chosen local unitaries before the
read-out [Raussendorf 2001, Raussendorf 2003b].

The one-way model of quantum computation has been the subject of in-
tense study and is interesting from different perspectives. Firstly, the one-way
model offers an alternative to the previously established gate model of quan-
tum computation. The one-way model is not only a universal resource for
quantum computing, but it allows to implement quantum gates, such as the
bit-reversal gate that would otherwise not be possible to implement using the
gate model [Raussendorf 2002]. Furthermore, the questions of complexity and
simulatability can become more intuitive in the one-way model. For example,
the so-called Clifford operations [Nielsen 2000] can be tracked classically and
efficiently. During the course of measuring Pauli operators, the system will
evolve through a sequence of graph states, all of which can be monitored in
terms of adjacency matrices [Raussendorf 2003b]. This is in contrast to the
gate model, where non-Clifford operations can lead to dynamics of the system
which do not allow efficient description.

As mentioned earlier, another advantage of graph states is the simple im-
plementation scheme. There is evidence to believe that architectures based
on graph states can help overcome experimental challenges associated with
the manipulation of quantum systems. For example, cold atoms in optical
lattices allow for realization of nearest-neighbour interactions equivalent to
Ising interactions, thus rendering the creation of a large graph state in a sin-
gle step feasible [Mandel 2003]. Similar ideas can also be applied to other
architectures as trapped, laser-cooled ions [Wunderlich 2009b]. Apart from
this, errors in the preparation process can be taken care of by fault tolerant
schemes.

Graph states are not only useful for one-way quantum computation. They
also form a resource for quantum error correction codeword states. The idea
behind this type of error correction is to encode the quantum information in a
larger system to protect it from any kind of disturbance [Schlingemann 2001,
Schlingemann 2005].

This chapter is structured as follows: first we will provide basic definitions
and graph state terminology, explain the preparation of graph states in slightly
more detail, and then give an introduction to the stabilizer formalism. The
second part of the chapter is concerned with the evaluation of entanglement
measures for certain types of graph states.
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3.2 Definitions and Notation

In this section we will introduce the notations and basic definitions needed
to discuss graph states following the review [Hein 2005b]. The systems of
interests are defined by graphs [Diestel 2000, West 2001]. Formally, a graph1

is a set of vertices V and edges E

G = (V,E), (3.1)

with V = {1, ..., n} and E[V ]2. In this thesis we will only work with simple
graphs, meaning there are no loops (edges starting and ending at the same
vertex) and no multiple edges.

Definition Let G be a graph and a, b ∈ V . The adjacency matrix ΓG of the
graph G is defined as

Γa,b =

 1, if {a, b} ∈ E,
0, otherwise.

(3.2)

The set of vertices that is adjacent to a specific vertex a ∈ V is called the
neighborhood of a:

Na := {b ∈ V |{a, b} ∈ E}. (3.3)

The degree of a vertex a is defined via the number of neighbors |Na|. We say
a vertex is isolated if Na = 0. An {a, b}-path is an ordered list of vertices
a1, ..., am with am = b, such that ai and ai+1 are adjacent for all indices i. If
there exists an {a, b}-path for any two vertices a, b ∈ V of a graph, the graph
is called a connected graph, and disconnected otherwise.

Graphs may be colorable. A graph is called two-colorable, if the vertices
can be designated one out of two colors such that for all vertices i all neigh-
bours of vortex i are labelled with a different color than the color of vertex i.
Such graphs are also called ’bi-partite graphs’ in graph theory. An example
of two-colorable graphs are the underlying graphs of regular cluster states.

1In the most general case, a graph can be directed or undirected. In directed graphs
edges can start at vertex i and end at vertex j, but not necessarily vice versa. In undirected
graphs a connection between vertices i and j implies an edge between j and i. So the
adjacency matrix is symmetric for undirected graphs. In this thesis only undirected graphs
are relevant.
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In the following, vertices of a graph represent a two-level quantum system,
a qubit. The single qubit state vector may be written in the form |Ψa〉 =
α|0〉 + β|1〉, subject to the normalization condition |α|2 + |β|2 = 1. The
state vectors |0〉 and |1〉 are the eigenvectors of the Pauli matrix Z with
eigenvalues +1 and −1. We denote the Pauli matrices acting on qubit a

by Xa =
0 1

1 0

, Ya =
0 −i
i 0

, and Za =
1 0

0 −1

, and the identity

operator is denoted by I. It is important to note that the Pauli matrices
form an orthogonal basis of Hermitian operators with respect to the scalar
product 〈A,B〉 := tr(A†B). The Pauli matrices generate the Pauli group
in the following way P = 〈{±1,±i} × {I, X, Y, Z}〉. The projector onto the
eigenspaces of the Pauli Z operator (and analogously for X and Y ) acting on
the Hilbert space of qubit a is defined as

P a
z,± := 1± Za

2 , (3.4)

where the eigenvalues are ±1.
For brevity we use sets of vertices to index states, operators and sets.

They shall be interpreted as taking the corresponding tensor product of a
given state or set, for example

|+〉V =
⊗
a∈V
|+〉a, or PV =

⊗
a∈V
Pa, (3.5)

where |+〉 = |0〉+|1〉√
2 . In particular, we use sets to assign Hilbert spaces on

which operators do not act trivially. For example the Pauli Z operator acting
on a subset U ⊂ V is written as

ZU =
⊗
b∈U

Zb. (3.6)

3.3 Preparation of Graph States

Let us now revisit the definitions of graph states from a more formal perspec-
tive. The operational definition of graph states is the following.

Definition Let G = (V,E) be a graph. The corresponding graph state |G〉
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is given by
|G〉 =

∏
{a,b}∈E

Uab|+〉V , (3.7)

where the controlled phase gate Uab is defined as

Uab = exp(−iπ4Hab), (3.8)

with the interaction Hamiltonian Hab = 1−ZA
2 · 1−ZB

2 . From this definition the
preparation procedure of graph states is obvious.

1. Initialize all qubits as eigenvector of the Pauli X operator: |+〉. This
state can be viewed as an empty graph state, in which no qubits are
connected.

2. Apply controlled phase gates Uab to all vertices a and b if Γab = 1.

Note that it doesn’t matter in which order the controlled phase gates are
applied since the Uab commute for different sets of qubits.

3.4 Stabilizer Formalism
The stabilizer formalism was originally introduced in the context of quantum
error correction codes by Daniel Gottesman [Gottesman 1996, Cleve 1997,
Gottesman 1997]. However, stabilizer operators are useful in a more general
setting as well, particularly for the characterization of graph states. Graph
states can not only be defined via an interaction pattern, but they can also
be uniquely defined in terms of their stabilizer:

Proposition 3.4.1 Let G = (V,E) be a graph. A graph state vector |G〉 is
the unique, simultaneous eigenvector of the mutually commuting operators

Ka = XaZNa = Xa

⊗
{a,b}∈E

Zb, (3.9)

where the eigenvalues of the correlators Ka equal +1 for all a ∈ V . The set
{Ka|a ∈ V } generates an Abelian group called the stabilizer of the graph state.

Proof We will show that the stabilizer definition is equivalent with the op-
erational definition. For this purpose, consider the empty graph state |+〉V

which is stabilized by the set of local Pauli matrices {Xa|a ∈ V }. The idea
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behind the proof is the following: given a graph state |G〉 stabilized by Ka,
the application of a controlled phase gate Uab will result in a new graph state
|G′〉 with stabilizer K ′a. Clearly, the graph state |G′〉 corresponds to the graph
G with an edge added between vertices a and b. This holds true for all ver-
tices c ∈ V \{a, b}, since Kc commutes with Uab. The transformation of the
stabilizer Ka is then obtained from

UabKaU
†
ab = Uab(P a

z,− + P a
z,+Zb)Ka = ZbKa, (3.10)

where we have used that XPz,± = Pz,∓X. Because of Uab = Uba, one finds

UabKbU
†
ab = ZaKb. (3.11)

Thus, the transformed operators indeed stabilize the graph G′ with an edge
added between vertices a and b.

Proposition 3.4.2 (Graph state basis) Let |G〉 be a graph state to a graph
G = (V,E). Then the following set is a basis for (C2)V :

|B〉 = ZB|G〉. (3.12)

Here, B is to be understood as a binary multi-index B = (B1, ..., Bn). The
states |B〉 are eigenstates of the correlators Ka according to

Ka|B〉 = (−1)Ba |B〉. (3.13)

Proof In order to prove (3.13) it is sufficient to consider an operator Za for
an arbitrary vertex a. Any operator Zb commutes with the correlators Ka if
a 6= b and anti-commutes with Kb. Then it holds for all a ∈ V that

Ka|B〉 = Ka

∏
b∈B

Zb|G〉 = (−1)δa∈B
∏
b∈B

Zb|G〉 = (−1)Ba|B〉, (3.14)

with δa∈B = 1 if a ∈ B and zero otherwise. Hence, any two distinct states
|B〉, |B′〉 of the form (3.12) are eigenvectors of the generators Ka, but differ
in at least one eigenvalue for certain a ∈ V . Thus, one finds the orthogonality
relation 〈B|B′〉 = δBB′ . As there are 2n possible sets, the states |B〉 form a
basis of (C2)V .

Lemma 3.4.3 (Graph State Projector) The stabilizer formalism provides a
convenient way to express the projector upon a graph state in terms of its
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stabilizer.
|G〉〈G| = 1

2n
∑
g∈S

g. (3.15)

Proof The quickest way to verify the decomposition of the gaph state pro-
jector into stabilizers is to consider

〈B|
∑
g∈S

g|B′〉 = 2nδB0δB′0, (3.16)

for all basis vectors |B〉, |B′〉. Here, the 0 in the δ function is to be understood
as a bit string of zeros only. An alternative proof is possible in the following
way: the projector is invariant under ‘twirling’ over the stabilizer (that is,
averaging over the stabilizer group). However, the twirl is an effective pro-
jection upon the invariant subspace [Vollbrecht 2001, Hayashi 2008], thus the
projector has to be equivalent to the R.H.S. of eq. (3.15).

Proposition 3.4.4 (Stabilizer Twirl) Let G be a graph with corresponding
stabilizer S. Any mixed state of n qubits can be symmetrized into a graph-
diagonal or equivalently stabilizer-diagonal state by ’twirling’ over the stabi-
lizer to obtain

ρ′ =
∑
g∈S

cgg. (3.17)

The twirling protocol is given by

ρ′ = 1
2n
∑
g∈S

gρg. (3.18)

Proof Consider a general mixed state of n qubits that can be written in terms
of Pauli operators:

ρ =
∑

α1,...,αn

cα1,...,αnσα1 ⊗ ...⊗ σαn , (3.19)

where the sum is taken over all αj = I, X, Y, Z for all j = 1, ..., n. Let us denote
every operator element in the sum by ζα1,...,αn = σα1 ⊗ ...⊗ σαn . It is easy to
see that ∑g∈S gζα1,...,αng = 2nζα1,...,αn if ζα1,...,αn ∈ S as all stabilizer operators
commute. Note that if ζα1,...,αn 6∈ S then one finds ∑g∈S gζα1,...,αng = 0 as half
the terms in the sum are positive and half are negative due to the commutation
relations of the Pauli matrices. So only stabilizer operators do not vanish when
one averages over the group.
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In fact, it is known that the twirl over a compact topological group G is
identical to the projection on theG-invariant subspaces, see e.g. [Vollbrecht 2001]
or Lemma 6 of Ref. [Hayashi 2008].

Lemma 3.4.5 (Spectrum of stabilizer-diagonal states) Let G = (V,E) be
a graph, and let the set {Km|m ∈ V } be the generators of the corresponding
stabilizer S. Let ρ = 1

2n
∑1
i1,...,in=0 ci1...inK

i1
1 ...K

in
n be a stabilizer diagonal state.

Then the spectrum of ρ is given by

λj1...jn(ρ) = 1
2n

1∑
i1,...,in=0

(−1)
∑

k
ikjkci1...in . (3.20)

Proof The statement follows immediately from the fact that the spectrum
of the stabilizer operators {Km|m ∈ V } is {+1,−1} and that the stabilizers
commute mutually.

3.5 Entanglement of Graph States

In this section we derive the exact entanglement for certain graph states for the
robustness of entanglement and the relative entropy of entanglement. Further-
more, connections between entanglement measures for graph states are estab-
lished. In this section we follow the approach presented in [Markham 2007].

The entanglement of graph states is actually closely related to the problem
of pure state discrimination. As shown in ref. [Hayashi 2006], the maximum
number Np of pure states in the set {|ψi〉|i = 1, ..., Np} which can be perfectly
discriminated by LOCC is hierarchically bounded by the average amount of
entanglement measured by the relative entropy ER, the robustness R and the
geometric measure Eg:

Np ≤
DH

1 +R(|ψi〉)
≤ DH

2ER(|ψi〉)
≤ DH

2Eg(|ψi〉)
, (3.21)

where DH is the total Hilbert space dimension, and xi = 1
N

∑
i=1 xi represents

the average.
We are interested in evaluating this relation for graph states. If the states

are perfectly distinguishable, they have to be orthogonal. We therefore con-
sider the LOCC discrimination of a subset of the complete orthonormal basis
|Gk1...kn〉. Since these states are equivalent under local unitaries, all states
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have equal entanglement, and we may replace the average in relation (3.21)
by a particular state of the set, e.g., |G0...0〉.

In the following we will derive upper and lower bounds to the hierarchy
of inequalities (3.21). The lower bound is based on the number of states that
can by construction be perfectly discriminated via LOCC. The upper bound
is derived from a simple analysis of the bi-partite entanglement contained in
graph states. Then, one can see that the bounds coincide for certain classes
of graph states.

3.5.1 Lower bound on Np via “coloring”

A lower bound on Np can be obtained by maximizing the number mc of gen-
erators Ki that can be determined simultaneously in a single separable mea-
surement setting. By determining mc eigenvalues of generators using LOCC,
it is clear that one can discriminate at least 2mc states by selecting one state
only from each subspace determined by the mc eigenvalues. As an example,
consider the eigenvalues of {Ki}mci=1, from which we can discriminate the set
{|Gk1...kmc0...0〉}. In this way, we obtain a lower bound since

2mc ≤ 2maxmc ≤ Np. (3.22)

In order to maximize mc, one can proceed in the following way: select the
largest set |A| of qubits that are unconnected to each other, thus having the
same color. We denote them as Amber qubits. The eigenvalues of the genera-
tors corresponding to the Amber qubits can be obtained by locally measuring
X on the Amber qubits and Z on all others, and then communicating the
outcomes. In this case, one finds the following lower bound:

2|A| ≤ Np, (3.23)

where |A| is the largest set of mutually unconnected qubits.

In the case of two-colorable graphs, this approach is straightforward. Given
such a graph, one assigns the Amber color to the set of one color with the
larger number of vertices and Blue to the remaining |B| vertices, such that
mc = |A| ≥ |B|.
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Figure 3.1: Colouring and matching for a linear cluster state of seven qubits.
a) Colouring: We reorganize the graph such that qubits are grouped in a
column of |A| Amber and |B| Blue qubits, with |A| ≥ 0. The Amber qubits
are measured in the X basis, Blue qubits in the Z basis. Obviously, one finds
mc = |A| = dn2 e. b) Matching: The qubits are assigned to two partitions. The
dashed lines represent Control Z operations to eliminate entanglement within
these partitions, thus transforming the graph into a number mp of Bell pairs.
This means the Control Z operations are local unitaries with respect to the
chosen partitions. Here, for n qubits one finds mp = bn2 c.

Figure 3.2: Colouring and matching for a square cluster state. Here, one finds
mc = |A| = n

2 , and mp = n
2 .
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3.5.2 Upper bound via “matching”

Having found a lower bound on relation (3.21), we will now derive an upper
bound. The upper bound is achieved by relaxing the geometric measure as
an entanglement measure for fully separable states to a bipartite measure, so
that

Eg ≥ Egbi . (3.24)

This can easily be seen from the fact that the set of fully separable states is
included in the set of bipartite separable states. Therefore, one finds:

DH

2Eg(|ψi〉)
= 2n−Eg(|G0...0〉) ≤ 2n−maxEgbi (|G0...0〉), (3.25)

where the maximum is taken over all possible bi-partitions of the graph. Once
a bipartition is chosen, there are methods available to quantify the entangle-
ment, e.g., according to the Schmidt measure [Hein 2004]. Here, we follow
the approach of [Markham 2007] and formulate the problem as a “matching”
task. That means we consider transforming a graph into a graph consisting
of mp ”matched“ Bell pairs using bipartite LOCC transformations. Due to
the invariance of bipartite entanglement under local unitaries, the bipartite
geometric measure is simply given by Egbi = mp.

The matching procedure is particularly simple when we can create the set
of Bell pairs by applying local controlled-phase gates to erase edges within
each partition. A little thought shows that this method works for even cluster
states, GHZ states, and even ring states.

For general graph states where the above technique fails one can resort
to local complementation (LC) of graph states. Local complementation with
respect to a vertice i is defined as transforming the subgraph of the neighbour’s
of qubit i such that an edge between two neighbours is deleted (added) if they
are (un)connected. Formally, LC on qubit i can be expressed by the operator

LCi =
√
Ki = exp

(
−iπ4 Xi

) ∏
(i,j)∈E

exp
(
iπ

4 Zj
)
. (3.26)

It can be shown that utilizing the LC approach the optimum number of Bell
pairs can be achieved for all 1D, 2D and 3D cluster states (both even and
odd numbered). Note, however, that graph state entanglement contains more
than only bipartite entanglement, since it is not possible to transform a graph
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state into a set of disjoint Bell pairs using “fine-grained” LOCC. To conclude,
one obtains the following upper bound for all graphs |G〉:

Egbi ≤ Eg(|G〉) = ER(|G〉) = log2(1 +R(|G〉)) ≤ n− |A|. (3.27)

For two-colorable graph states n − |A| can be set to |B|. The LHS of the
above equation can be calculated for some bipartition. Furthermore, we know
that if the graph can be transformed into a set of disjoint Bell pairs such that
maxmp = |B|, then those entanglement measures are equal to |B|.

3.5.3 Mixtures of Graph States

In the previous section, the entanglement of pure graph states was investi-
gated. In this section we will learn about the exact quantification of entangle-
ment of mixed graph states following the approach of Ref. [Markham 2007].
The basic idea is the following: if a set of pure graph states share a closest
separable state, then mixtures of these graph states share the same closest
separable state. We devide the proof into the following parts:

1. Each joint eigenspace of the Amber generators {Ki|i ∈ A} can be spanned
by product states. We consider the scenario where the eigenvalues of the
Amber generators are determined simultaneously. With these eigenval-
ues one of the joint eigenspaces of the amber stabilizers is determined,
and each eigenspace has dimension 2n−|A|. To see that these eigenspaces
can be spanned by product states, consider the extended set of stabilizer
generators {Ki|i ∈ A} ∪ {Zi 6∈ A}. It is straightforward to see that the
new set of stabilizers are mutually commuting, and that these operators
are stabilizers of product states. Since this new set contains the set of
the amber generators, it must be possible to span the eigenspaces of the
Amber generators by product states.

2. Let |G〉 be a graph state chosen from a certain eigenspace SA of the
Amber generators {Ki|i ∈ A}, fulfilling ER(|G〉) = Eg(|G〉) = |B|. For
these graph states, a closest separable state for the relative entropy and
geometric measure can be constructed by taking the equal mixture of
product states spanning SA. To verify this statement, note that the
relative entropy between a pure graph state and the equal mixture of all
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pure states spanning SA is given by

− log2

( 1
2n−|A|

)
= |B|. (3.28)

By assumption, this equals ER(|G〉), thus proving optimality. Similar
reasonings can be applied to the geometric measure.

3. Let |G〉 be a graph state chosen from a certain eigenspace SA of the
Amber generators {Ki|i ∈ A}, fulfilling ER(|G〉) = Eg(|G〉) = |B|. For
any mixtures of graph states selected from SA, a closest separable state
for the relative entropy and geometric measure can be taken to be the
equal mixture of all product states spanning SA. This follows from con-
vexity of the relative entropy and the geometric measure, and using the
previous result: if ω is the same separable state for ρ1 and ρ2, then it
is optimal for any mixture of those. Hence, for any mixture of graph
states selected from SA, e.g. ρ = ∑

k λk|Gk〉〈Gk|, with eigenvalues λk

non-zero only for those k = (k1, ..., kn) with constant values {ki|i ∈ A},
the relative entropy and geometric measures are then given by:

ER(ρ) = |B| − S(ρ), (3.29)
Eg(ρ) = |B|. (3.30)





Chapter 4

Efficient Quantitative
Verification of Graph State

Experiments

4.1 Introduction

This chapter presents a large part of the results of this thesis. It answers
the question how graph state experiments can be certified efficiently. The
chapter is structured as follows: firstly, the fundamental problem associated
with the verification of quantum many-body systems is formulated. It follows
a detailed description of estimation methods for the ‘basic’ properties, such as
fidelity, purity or entropy in graph state experiments. The subsequent section
will then provide different strategies for entanglement estimation that allow
to infer analytic bounds on the entanglement of an experimentally created
quantum state from incomplete information of the density matrix, e.g., few
measurements performed on the system under scrutiny. The quality of the
bounds for simulated and experimental data and possible generalizations of
the proposed methods are discussed.

4.1.1 Full State Tomography vs. Incomplete Tomo-
graphic Information

Experiments in Quantum Information Science have made remarkable progress.
Quantum many-body systems can be created and manipulated in a controlled
manner, implemented on a variety of physical systems such as trapped ions,
cold atoms, and photons. However, as in all experiments the physical qubits
are subject to noise, and the preparation process is typically imperfect. Since
applications such as fault-tolerant quantum computation require high fidelities
it is important to posses methods to certify such experiments.
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A straightforward and naive way of quantum state verification can be
achieved by measuring the entire density matrix and compute properties of in-
terest, e.g., fidelity, purity, entanglement, thereafter. This procedure is known
as full state tomography [Leonhardt 1997, Paris 2004, Hayashi (ed.) 2005]. In-
deed, it was the method of choice for numerous few-body experiments. The
largest quantum state verified by full state tomography so far was an eight-
qubit W-state in an ion trap experiment [Häffner 2005]. This experiment
also demonstrated the limits of full state tomography. Full state tomogra-
phy requires measurements of the state in all possible bases. To make things
worse, the measured data is usually inconsistent with a physical state, for
example the trace of the raw density matrix does not add up to one, and
often positivity or hermiticity is violated. This inconsistency occurs naturally
due to noise, a finite number of measurements, and imperfect state prepa-
ration. As a result, post-processing of the raw data is needed to obtain a
valid density matrix. A variety of post-processing methods exist such as the
maximum likelihood method [Paris 2004] or Kalman filters [Audenaert 2009].
However, for quantum many-body systems full state tomography is not an
option. The reason is the tensor-structure of the Hilbert space, which im-
plies an exponential growth of the Hilbert space dimension with the number
of constituents involved, e.g., a system of n qubits requires 3n − 1 measure-
ments to fully determine the density matrix. Some progress has been made
in the area of quantum state tomography, while this thesis has been written.
This progress stems mainly from the use of compressed sensing techniques
[Donoho 2006, Candés 2006, Candés 2008] and works best for sparse, low-
rank density matrices [Kosut 2008, Gross 2010a, Cramer 2010, Flammia 2010,
Landon-Cardinal 2010, Gross 2009].

Of course, knowledge of the density matrix is not the ultimate goal. Once
the density matrix is known one is interested in a characterization of the
experimentally created state. Basic quantities such as fidelity with a target
state, purity or entropy can easily be obtained from full information on the
density matrix. However, a characterization of the quantum correlations con-
tained in a state still requires the evaluation of entanglement measures. We
have seen that those usually involve optimization problems. Hence, the com-
putation of entanglement measures given an experimentally created state is a
hard problem; and it is unlikely that this is possible for a general multi-partite
entangled state.

One of the main results of this thesis is the development of methods that



4.2. Estimating Basic Properties in Graph State Experiments 43

allows to overcome the problems associated with full-state tomography and the
subsequent evaluation of the measurement data. The fundamental idea behind
the solution is the following: if full state tomography becomes infeasible due to
exponential measurement effort in system size, then it is natural to ask if less
measurements, e.g., a linear number of measurement settings, suffice to obtain
bounds on the quantities of interest. With the limited measurement data
available, one can then pursue a worst-case approach and minimize the desired
quantity over all states consistent with the measurements. This approach does
not only provide bounds on the quantity of interest, but can also deliver a
parameterization of the “worst-case” density matrix.

In this chapter we present direct and experimentally efficient methods
for quantifying the fidelity with stabilizer states, purity, entropy, and en-
tanglement of quantum many-body systems. We put the emphasis on two-
colorable graph states, which represent a vast resource for applications in
quantum information science. They encompass Greenberger-Horne-Zeilinger
(GHZ) [Greenberger 1989] states, Calderbank-Shor-Steane (CSS) error correc-
tion codeword states [Steane 1996b, Steane 1996a, Calderbank 1996] and clus-
ter states [Briegel 2001]. Due to the importance of graph states, a considerable
experimental effort has been made to realize them using photons [Kiesel 2005,
Lu 2007, Chen 2007, Vallone 2007] and cold atoms [Mandel 2003]. Proposals
for trapped ions are also pursued [Wunderlich 2009b, Stock 2009].

4.2 Estimating Basic Properties in Graph State
Experiments

Due to the progress towards quantum many-body systems achieved in experi-
ments, the verification of quantum states becomes a more and more important
topic. The problems of full-state tomography associated with the exponential
growth of the Hilbert space with the number of subsystems involved raises the
question if quantum systems can be verified efficiently. Efficient verification
schemes must fulfil two properties:

• The number of measurement settings must grow sub-exponentially, e.g,
polynomially, with system-size.

• Post-processing (characterization of the experimental quantum state)
must be achievable in polynomial time.
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Efficient verification of quantum systems has been a research area for
several years focusing on the detection and quantification of entanglement.
It is out of the scope of this thesis to give an overview. Research papers
and reviews worth mentioning include [Audenaert 2006, Wunderlich 2009a,
Gühne 2007, Eisert 2007, Gühne 2009, Wunderlich 2010c, Wunderlich 2010a,
Cramer 2011]. Note that verification schemes involving optimizations over the
entire Hilbert space of the system under scrutiny have to be taken with a grain
of salt as this usually implies a number of variables growing exponentially in
system size.

The methods presented here fulfil both requirements. They are especially
experimentally-friendly as they require a number of measurement settings
that growths linearly with the system size. Furthermore, the post-processing
is purely analytic, and bounds are of a simple form that allows direct quan-
tification of the quantum state’s properties.

The chapter is structured as follows: first, efficient estimation methods
for basic properties of graph states are introduced. These are minimization
problems of fidelity, purity, and maximization of the entropy compatible with
stabilizer measurements. All these solutions are attained in an optimal way.
The next part focuses on a quantitative estimation of entanglement according
to appropriate entanglement measures. The quality of the bounds is discussed
and an outlook for possible generalizations is given.

4.2.1 Optimal Fidelity Estimation

In this section the first main result of this thesis is presented, namely the
optimal lower bound on the fidelity with a stabilizer state, e.g., a graph
state, that one can infer from measuring the generators of the stabilizer
[Wunderlich 2009a]. Let us therefore consider the following scenario: sup-
pose an experiment aims at creating a stabilizer state |G〉 of n qubits which is
defined via the generators {Km|m = 1, ..., n}. To avoid the problems associ-
ated with full state tomography only the expectation values of the generators
are determined. Hence, the number of local measurements scales with n,
and an exponential saving in the number of measurements is achieved. We
are interested in the lowest fidelity with the target state compatible with the
measurement data. Mathematically, the formal statement of our problem
reads

Fmin = min{tr(ρ|G〉〈G|) : tr(Kmρ) = am, ρ ≥ 0}, (4.1)
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where we define K0 := I with a0 = 1. This problem belongs to the class
of convex optimization problems [Boyd 2004]. In optimization theory such
minimization problems are referred to as primal problems. Its solution is
called the primal optimal. Associated with this problem is a maximization
problem obtained by Lagrange duality, the so-called dual problem:

Fmin = max
{µi}

min
ρ
{tr(ρ|G〉〈G|)−

n∑
i=0

µitr(ρKi) +
n∑
i=0

µiai} (4.2)

= max
{µi}
{
n∑
i=0

µiai : |G〉〈G| −
n∑
i=0

µiKi ≥ 0}, (4.3)

where the µi’s are Lagrange multipliers. In analogy to the primal problem,
the solution of the dual problem is called dual optimal.

Theorem 4.2.1 Let G = (V,E) be a graph state of n qubits with generators
{Km|m ∈ V } of the stabilizer S. The optimal solution of problem 4.1, that is,
the optimal minimal fidelity that can be obtained from experimentally measured
generators Km with measurement outcomes ai = tr(ρKi), is given by

F ∗ = max
(

0,
∑n
i=1 ai − n+ 2

2

)
. (4.4)

Proof The proof of the minimal fidelity with a graph state consistent with
measuring the generators Km works as follows: we will solve the primal and
dual problems of the minimization (4.1) and maximization (4.3) respectively.
From this, one can see that the objective function of primal and dual problems
coincide, thus proving optimality of our solution.

Solution to Primal Problem: Let us denote the solution to the primal
problem by ρp. We need to find a state ρp compatible with the following
constraints:

• Positive-semidefiniteness: ρ ≥ 0

• Consistency with measurements: tr(Kmρ) = am, m = 1, ..., n.

Consider the stabilizer-diagonal state

ρp = 1
2n

1∑
i1,...,in=0

ci1...inK
i1
1 ...K

in
n . (4.5)
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According to lemma (3.4.5) the eigenvalues of ρp are

λj1...jn(ρp) = 1
2n

1∑
i1,...,in=0

(−1)
∑

k
ikjkci1...in . (4.6)

Now, we select the coefficients as

ci1...in =
n∑
k=1

ikak −
n∑
k=1

ik + 1. (4.7)

Clearly, the measurement constraints are fulfilled, since tr(ρpKm) = cm̃, where
m̃ is the bit-string with all entries zero except for bit m which is set to one.
Hence, cm̃ = am. Note, that this choice of the coefficients fulfils the positive-
semidefiniteness condition since all coefficients are chosen to be positive.

The value of the objective function tr(ρp|G〉〈G|) is easily evaluated: as it
holds that K2

m = I, m = 1, ..., n, one finds

tr(ρp|G〉〈G|) = 1
2n

1∑
i1,...,in=0

ci1...in (4.8)

= 1
2n

1∑
i1,...,in=0

(
n∑
k=1

ikak −
n∑
k=1

ik + 1
)

(4.9)

= 1
2

(
n∑
k=1

ak − n+ 2
)
. (4.10)

Solution to Dual Problem: Any set of real numbers µi that satisfy the
constraint |G〉〈G| − µ0I −

∑n
i=1 µiKi ≥ 0 provides a solution to the dual

problem of the fidelity minimization. We make the following choice for the
Lagrange multipliers µi:

µ0 = 1− n

2 , (4.11)

µi = 1
2 , i ≥ 1. (4.12)

Let us now introduce the operators

χ := |G〉〈G| (4.13)
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and

Ω := 1
2

n∑
i=1

Ki +
(

1− n

2

)
I. (4.14)

Then, it remains to show that χ− Ω ≥ 0. The eigenvalues of Ω are given by

λj1...jn(Ω) = 1− n

2 + 1
2

n∑
i=1

(−1)ji . (4.15)

This implies λ0...0(Ω) = 1. On the other hand, we find that λ0...0(χ) = 1,
and hence λ0...0(χ − Ω) = 0. A little thought shows that λj1...jn(χ) = 0 and
λj1...jn(Ω) ≤ 0 for (j1, ..., jn) 6= (0, ..., 0). Hence, it follows that χ − Ω ≥ 0.
It is easy to see that the objective function of the dual problem equals the
objective function of the primal, thus proving optimality.

Remark Note that the result for the fidelity obtained here is valid for all
stabilizer measurements with spectrum {−1,+1}.

4.2.2 Optimal Purity Estimation

The fidelity can be regarded as the most important property in the verifi-
cation process of quantum states. Another basic quantity of interest is the
purity as many experiments aim at creating pure states. Furthermore, since
entanglement and mixedness are closely related, knowledge of the mixedness
of a quantum state can help to quantify entanglement. As a matter of fact,
we will later relate the estimation of the relative entropy to the max-entropy
estimation. However, let us first consider the estimation of the purity in graph
state experiments.

In this section we will show how to estimate the purity tr(ρ2) in stabilizer
state experiments [Wunderlich 2010a]. We will consider the generators of the
stabilizer group as our observables. Following the worst-case approximation
approach, the problem is formulated as: "What is the quantum state with the
lowest purity consistent with the measurement data?" Mathematically, this
question is the following quadratic optimization problem [Boyd 2004]:

Pmin = min
ρ

[
tr(ρ2) : tr(Kiρ) = ai, ρ ≥ 0

]
. (4.16)

Again, the constraint tr(ρ) = 1 is taken into account by introducing K0 = I
and tr(ρK0) = a0 = 1.
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Theorem 4.2.2 (Minimal purity consistent with stabilizer measurements)
Let G = (V,E) be a graph state with generators {Km|m ∈ V } of the stabilizer
S. The solution to problem 4.16, that is the minimal purity of a state that
can be inferred from measuring only the generators Km with outcomes am, is
given by

P ∗ = 1
2n

1∑
i1,...,in=0

c2
i1...in , (4.17)

with coefficients

ci1...in =
∑
k

ikak −
∑
k

ik + 1. (4.18)

Proof As in the case of the fidelity estimation, our observables in graph state
experiments are given by the generators of the stabilizer Km with outcomes
am. The purity minimization is to be performed over all states. However,
the sysmmetries allowed by the measurements can drastically simplify the
calculation. We denote the measurement outcomes by aj = tr(ρKj). Note
that these expectation values are invariant under rotations of the stabilizer
group. By twirling over the stabilizer, one may therefore restrict to stabilizer-
diagonal states of the form

ρ = 1
2n

1∑
i1,...,in=0

ci1...inK
i1
1 . . . Kin

n . (4.19)

Here, the following twirling protocol was utilized:

ρ′ −→ ρ = 1
2n

1∑
i1,...,in=0

Ki1
1 . . . Kin

n ρ
′Ki1

1 . . . Kin
n . (4.20)

Due to convexity of the purity function, it holds that:

tr(ρ′2) ≤ tr(ρ2). (4.21)

Of course, taking the state ρ that optimally solves 4.16 implies that the above
inequality holds with equality. Hence, the optimal state must be stabilizer-
diagonal.

The coefficients in the stabilizer decomposition of ρ are subject to the nor-
malization constraint c0...0 = 1 and measurement outcomes aj = tr(ρKj) = cj̃,
where j̃ denotes a bit string of zeros, but 1 in position j. Furthermore, any
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valid density matrix must be positive-semidefinite. The stabilizer decompo-
sition of ρ provides a convenient way to calculate the eigenvalues of ρ. Since
the stabilizers mutually commute, and the spectrum of each term in the de-
composition is simply given by {+1,−1}, one finds the following expression
for the eigenvalues:

λj1...jn = 1
2n

1∑
i1,...,in=0

(−1)
∑

l
il·jlci1...in . (4.22)

By restricting the optimization to stabilizer diagonal states of the form
(4.19) the problem boils down to solving the following positive quadratic pro-
gram:

minimize P (c) = 1
2n

1∑
i1,...,in=0

c2
i1...in (4.23)

subject to cj̃ = aj, (4.24)
λj1...jn ≥ 0. (4.25)

Clearly, this problem can be solved numerically by convex and quadratic opti-
mization solvers such as SDTP, Sedumi [Sturm 1999], or Yalmip [Löfberg 2004].
However, the number of coefficients ci1...in grows exponentially with the num-
ber of qubits. Hence, a numerical approach becomes practically intractable
even for moderate qubit numbers. We will therefore derive an analytical so-
lution.

Without loss of generality, we restrict the measurement values ak to be
positive. Furthermore, we will only consider the case, in which the measure-
ment outcomes of neighboring qubits fulfil ak1 + ak2 ≥ 1. In other words, we
restrict to the case where a non-zero fidelity with the desired stabilizer state
can be guaranteed from the mean values ak. This follows from the fact that
the minimal fidelity one can infer from stabilizer measurements ak is given by
Fmin = (∑n

k=1 ak − n+ 2) /2 as shown in the previous section.
Now one can easily check that the choice

ci1...in =
∑
k

ikak −
∑
k

ik + 1 (4.26)

fulfils all the constraints in the above quadratic program. Positivity of the
eigenvalues follows from the fact that ρ is diagonal in the stabilizer basis.
Thus, these coefficients represent a solution, which we denote by c∗ in the
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following, to the primal problem.
Since the primal problem is convex, we may simply check the Karush-

Kuhn-Tucker (KKT) conditions for optimality of the solution[Kuhn 1951,
Karush 1939]. To be explicit, the KKT conditions require

λj1...jn(c∗) ≥ 0, (4.27)
g(cj̃ = c∗j̃) := cj̃ − aj = 0, (4.28)

µj1...jn ≥ 0, (4.29)
µj1...jnλj1...jn(c∗) = 0, (4.30)

∇j1...jnP (c∗)−
1∑

i1,...,in=0
µi1...in∇j1...jnλi1...in +

n∑
m̃=1

νm̃∇j1...jng(cm̃) = 0. (4.31)

The first two conditions state that c∗ is primal feasible, which is already
proved. The last condition guarantees the optimality of c∗. Instead of deriving
the dual quadratic program, we will now prove that Lagrange multipliers
µj1...jn and νm̃ can always be found to the solution c∗, such that the KKT
conditions are fulfilled, thus showing that c∗ is indeed optimal.

A valid solution for the Lagrange multipliers is provided in the following
way: in order to satisfy (4.30) choose µj1...jn = 0, if λj1...jn(c∗) > 0. Condition
(4.31) can be rewritten as

2
2n c−

1
2nAµ+ ν = 0, (4.32)

where it follows from Eq. (4.22) that A is the normalized Hadamard matrix
with elements Ai1,...,in,j1,...,jn = (−1)

∑
k
ikjk , c = (cj1...jn), λ = (λj1...jn), and ν is

the vector containing νm̃ for m̃ = 1, . . . , n, while all other entries νj1...jn = 0.
Here the matrix A is chosen such that Ac = 2nλ. Because of the orthogonality
relation of the Hadamard matrix, and of A = AT , it follows with ATA = 2nI:

µ = AT ( 2
2n c+ ν) = 2λ+ Aν. (4.33)

If λj > 0 (j = (j1, . . . , jn)), then it must hold that µj = 0. Especially, in any
case µ0 = 0, since the largest eigenvalue of ρ is λ0. Therefore, we have:

∑
m∈I

(−1)j·mνm = −2λj . (4.34)

Here, I denotes the set of bit-strings with at most one bit unequal zero, as in
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the vector ν only the first n entries are unequal zero.

More formally, I = {(0, . . . , 0), (1, 0, . . . , 0), . . . , (0, . . . , 0, 1)}. This system
of equations has the solution

νl = λl − λ0, l 6= 0, (4.35)
ν0 = −2λ0 −

∑
l 6=0

νl. (4.36)

It remains to show that µj ≥ 0 for λj = 0:

µj =
∑
m

(−1)j·mνm = ν0 +
∑

m 6=0
(−1)j·mνm (4.37)

= −2λ0 −
∑
l 6=0

νl +
∑

m 6=0
(−1)j·mνm (4.38)

= −2λ0 +
∑

m6=0
((−1)j·m − 1)νm (4.39)

= −2λ0 +
∑

m6=0
((−1)j·m − 1)(λm − λ0) (4.40)

= −2λ0 + 1
2n

∑
m 6=0

((−1)j·m − 1)
∑

i

((−1)i·m − 1)ci (4.41)

= −2λ0 + 1
2n

∑
m 6=0

(−2δ1,j·m)
∑

i

(−2δ1,i·m)ci. (4.42)

Since it is clear that λ0 > 0, we can restrict our attention to eigenvalues λj = 0
and dual variables µj with at least one index jα = 1. Therefore, we have

∑
m 6=0

(−2δ1,j·m)
∑

i

(−2δ1,i·m) 1
2n ci ≥ 4

1∑
iβ=0,β∈{1,...,n}−α

1
2n ci1...iα−11iα+1...in (4.43)

The RHS of the last inequality can be rewritten as

4
2n

1∑
iβ=0,β∈{1,...,n}−α

ci1...iα−11iα+1...in = 4(λ0 −
1∑

iβ=0,β∈{1,...,n}−α

1
2n ci1...iα−10iα+1...in).

(4.44)
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Employing Eq. (4.26), the last term may be evaluated as

1
2n

1∑
iβ=0,β∈{1,...,n}−α

ci1...iα−10iα+1...in =
1∑

iβ=0,β∈{1,...,n}−α

1
2n (

n∑
k=1

ikak −
∑
k

ik + 1)

(4.45)

= 1
4(

n∑
k=2

ak − n+ 2) ≤ λ0

2 . (4.46)

The last inequality follows from the fact that λ0 = 1
2(∑n

k=1 ak−n+2). Apply-
ing this result to Eq. (4.42) immediately implies µj ≥ 0, if λj = 0. Therefore,
all KKT conditions are fulfilled, proving that the solution c∗ is indeed optimal.

4.2.2.1 Example: Two qubit purity

For the purpose of illustration, let us consider the simple example of two
qubits, supposedly prepared as a cluster state. Given only the outcomes of
the stabilizer measurements a1 = tr(ρX⊗Z) and a2 = tr(ρZ⊗X), we seek the
lowest purity compatible with these two measurements. Using the symmetries
of the stabilizers, we may restrict the problem to density matrices of the form

ρ = 1
4(c001 + c10K1 + c01K2 + c11K1K2). (4.47)

Because of tr(ρ) = 1, c00 = 1. Furthermore, the measurements determine
c10 = a1 and c01 = a2. In order to find the minimal purity, the objective is
now to minimize

Pmin = 1
4(c2

00 + c2
10 + c2

01 + c2
11) (4.48)

subject to λj1j2(c) = ∑1
i1,i2=0(−1)i1j1+i2j2ci1i2 ≥ 0.

As solution to the primal problem, one chooses c11 = 1
4(a1 + a2− 1). Then
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the eigenvalues of ρ are simply given by

λ00 = 1
2(a1 + a2), (4.49)

λ10 = 1
2(1− a1), (4.50)

λ01 = 1
2(1− a2), (4.51)

λ11 = 0, (4.52)

thus fulfilling the positivity constraint. To see the optimality of the solution,
one can check the remaining KKT conditions.

1
2 − µ1 − µ2 − µ3 − µ4 + ν1 = 0, (4.53)
a1

2 − µ1 + µ2 − µ3 + µ4 + ν2 = 0, (4.54)
a2

2 − µ1 − µ2 + µ3 + µ4 + ν3 = 0, (4.55)
1
2(a1 + a2 − 1)− µ1 + µ2 + µ3 − µ4 = 0. (4.56)

The Lagrange multipliers ν are determined by

ν10 = λ10 − λ00 = 1
2(1− 2a1 − a2), (4.57)

ν01 = λ01 − λ00 = 1
2(1− 2a2 − a1). (4.58)

ν00 = −2λ00 − ν10 − ν01 = 1
2(a1 + a2)− 1. (4.59)

If the measurement outcomes fulfil a1, a2 > 0, which should be the case in a
cluster state experiment, then λ00, λ10, λ01 > 0, and λ11 = 0. Therefore, µ1 =
µ2 = µ3 = 0, to fulfill the KKT condition (4.30). It is now straightforward to
check that the choice of these Lagrange multipliers satisfy conditions (4.53)
through (4.56), thus proving optimality of the solution.

4.2.2.2 Quality of the bounds

In this section we will test the usefulness of the obtained bound on the purity.
For this purpose, let us consider a perfect cluster state, which is subject to
dephasing for a certain time t. The system is then described by a master



54
Chapter 4. Efficient Quantitative Verification of Graph State

Experiments

Table 4.1: Comparison between exact and estimated purities for noisy cluster
states
No. qubits exact purity estimated purity relative deviation

2 0.8269 0.8233 0.0044
3 0.7520 0.7417 0.0137
4 0.6838 0.6646 0.0281

Table 4.2: Comparison between exact and estimated purities for noisy GHZ
states
No. qubits exact purity estimated purity relative deviation

2 0.8352 0.8352 0.0000
3 0.7744 0.7744 0.0000
4 0.7247 0.7247 0.0000

equation of the form

ρ̇ = γ

2
∑
i

(ZiρZi − ρ), (4.60)

where γ is the dephasing rate. As an example, the dephasing constants are
chosen here such that γt = 0.1. The results given in Table 4.1 show that the
estimated purity differs only by a few per cent from the exact value despite
the simple form of the analytical bound.

Let us now consider locally-dephased GHZ states, which are obtained via
the same master equation as in the cluster state case. The stabilizer operators
of a GHZ state are given by K1 = X ⊗ ...⊗X and Kk = Zk−1Zk, k = 2, ..., n.
In Table 4.2 the exact purities of noisy GHZ states are compared with the
estimate from stabilizer measurements. It should not be too surprising that
the estimate gives the exact purity if the qubits are subject to local dephasing.
The reason is that the dephasing only reduces the nondiagonal elements of
the density matrix, thus the mean values of the stabilizers ak, k ≥ 2, remain
equal to unity. So the decoherence is due to the reduced ‘corner elements” of
the density matrix, which are measured by a1. In this way, the noise does not
lead to an information loss.

4.2.2.3 Estimation with error bars

Needless to say, due to a finite number of measurements and experimental im-
perfections, the measurement outcomes ai we considered in previous sections
posses an error ∆ai ≥ 0, which clearly affects the result of a purity estimation.
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In this section we briefly address the question how to take into account such
errors.

Let us assume we measured the stabilizers Ki with measurement outcomes
ai±∆ai = tr(ρKi). In order to permit a semidefinite programming approach,
we then formulate the problem as

Pmin = min{tr(ρ2) : ai + ∆ai ≥ tr(Kiai) ≥ ai −∆ai, ρ ≥ 0}. (4.61)

As seen in the previous section the optimal solution to the purity minimization
problem (4.16) is given by a stabilizer diagonal representation of the density
matrix with coefficients ci1...in = ∑

k ikak −
∑
k ik + 1. From this, it can be

easily seen that the choice c(±)
i1...in = ∑

k ik(ak ± ∆ak) −
∑
k ik + 1 leads to

upper (lower) error estimates of the minimal purity with objective values
P

(±)
min = 1

2n
∑1
i1,...,in=0(c(±)

i1...in)2.

4.2.3 Optimal Entropy Estimation

Alongside the purity of a quantum state tr(ρ2), the entropy is another quan-
tifier for the degree of disorder of a system. Given only the measurement
outcomes of the stabilizer, one can employ similar techniques as in the case
of the purity to estimate the entropy.

The von-Neumann entropy is given by S = −tr(ρ log ρ). Again, let us
consider the generators of the stabilizer group as our observables with mea-
surement outcomes a1 = tr(ρK1), . . . , an = tr(ρKn). Then we may restrict to
states diagonal in the stabilizer basis ρ = 1

2n
∑
ci1...inK

i1
1 . . . Kin

n with eigen-
values λj1...jn(ρ) = ∑1

i1,...,in=0(−1)
∑

k
ikjkci1...in . Now, we need to maximize the

entropy over all states predicting the measurement outcomes ak, k ∈ 1, ..., n.

Smax = max{S(ρ) : tr(ρKi) = ai, ρ ≥ 0} (4.62)

= max{−
1∑

i1,...,in=0
λi1...in log λi1...in : λi1...in ≥ 0, cj̃ = aj}. (4.63)

Such an entropy maximization is known as Jaynes principle in statistical
physics and can be solved using the partition function technique. Then the
reconstructed density matrix ρJ is given by the prescription:

ρJ = Z−1 exp(−
∑
n

ηnKn), (4.64)
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with the partition function Z(η1, ..., ηn) = tr(exp(−∑i ηiKi)). From this one
can then derive equations for the Lagrange multipliers ηi.

Here, we demonstrate a direct way to determine the exact maximum en-
tropy state in the following way: the outcomes ak of the stabilizer measure-
ments give rise to the probabilities p(±)

k = (1± ak)/2 for the projections upon
the stabilizer eigenspaces. Furthermore, we denote the probability distribu-
tion of the joint state of the system by λi1,...,in . It is a well-known property
of the entropy to be subadditive, that is, the total entropy is bounded by the
sum of the entropies of the marginals

S(λi1,...,in) ≤
n∑

k=1,s=±
S(p(s)

k ). (4.65)

We will now prove that the above relation holds with equality for the
probability distribution

λi1,...,in =
n∏
k=1

1 + (−1)ikak
2 , (4.66)

thus giving the exact maximal entropy Smax = −∑1
i1,...,in=0 λi1,...,in log λi1,...,in .

Because the distribition λi1,...,in is a product of probabilities, the following
holds:

−S(λi1,...,in) =
1∑

i1,...,in=0
λi1,...,in log λi1,...,in (4.67)

=
1∑

i1,...,in=0

(∏
l

1 + (−1)ilal
2

)
log

(∏
k

1 + (−1)ikak
2

)
(4.68)

=
∑
k

1∑
i1,...,in=0

∏
l 6=k

1 + (−1)ilal
2

 1 + (−1)ikak
2 log 1 + (−1)ikak

2
(4.69)

=
∑
k

1∑
ik=0

1 + (−1)ikak
2 log 1 + (−1)ikak

2 = −
∑
k,s=±

S(p(s)
k ).

(4.70)

Using the eigenvalue equation (4.22), one can immediately find the quantum
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Table 4.3: Comparison between exact and estimated entropies for noisy cluster
states
No. qubits exact entropy estimated entropy relative deviation

2 0.3827 0.3803 0.0063
3 0.5740 0.5667 0.0127
4 0.7653 0.7505 0.0193

state giving this distribution:

ρ = 1
2n

1∑
i1,...,in=0

(a1K1)i1 · · · (anKn)in . (4.71)

One might ask how close the minimum purity state is to the maximum
entropy state. To give an intuition to this question, we consider initially
perfect cluster states subject to dephasing according to Eq. (4.60), one obtains
the results given in table 4.3. Remarkably, the estimate differs only a few per
cent from the exact value of the von-Neumann entropy.

4.3 Efficient Entanglement Estimation
Entanglement plays a central role for graph states. The preparation proce-
dure consists of entangling operations between different qubits [Briegel 2001].
Thanks to entanglement, measurements on graph states result in information
flow through the graph, thus allowing measurement based quantum compu-
tation [Raussendorf 2001]. The detection and quantification of entanglement
is therefore an important research topic.

Let us suppose the goal of an experiment is the creation of a two-colorable
graph state, and the generators of the stabilizer are measured with outcomes
ai = tr(ρKi), i = 1, . . . , n. As convention for the coloring we use |A| Amber
and |B| Blue qubits, taking |A| ≥ |B|. A generator Ki is said to be Amber
(Blue) if i corresponds to an Amber (Blue) qubit.

Given this tomographically incomplete data, one is now interested in find-
ing the minimal entanglement (according to a certain entanglement measure)
compatible with the measurement data. Mathematically, this is formulated
as the semidefinite program [Audenaert 2006, Gühne 2007, Wunderlich 2009a,
Wunderlich 2010c]:

Emin = min
ρ
{E(ρ) : tr(ρKi) = ai, ρ ≥ 0}, (4.72)
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where E(ρ) is the entanglement quantifier of choice. Given the large variety
of entanglement measures available, the natural question to ask is: Which
entanglement measures are appropriate for the quantification of entanglement
in graph state experiments? In the following, we will consider two measures of
entanglement: the global robustness of entanglement and the relative entropy
of entanglement. When graph states were first introduced, it was pointed out
that they are quantum resources characterized by a high persistency against
noise [Briegel 2001]. This suggests that the robustness of entanglement, a
measure that quantifies noise resistance of entanglement, is a suitable measure.
The relative entropy of entanglement has an operational meaning for two-
colorable graph states since the relative entropy is proportional to the number
of applied controlled phase gates [Markham 2007].

4.3.1 A convex optimization approach

In this section we will discuss the estimation of entanglement measures from
tomographically incomplete measurements . As mentioned, [Audenaert 2006]
discusses already the logarithmic negativity measures. For example, when
one measures X ⊗X and Z ⊗Z and finds ax and az then as demonstrated in
[Audenaert 2006]:

Emin = max(0, log(|ax|+ |az|)) (4.73)

and if one additionally measures Y ⊗ Y and finds ay, then

Emin = max(0, log(1 + |ax|+ |ay|+ |az|)). (4.74)

Here, we will present the approach for the PPT-relaxation of the Global Ro-
bustness of Entanglement. For bi-partite systems, this is defined as

E(ρ) = min[tr[σ] : σ ≥ 0, ρΓ + σΓ ≥ 0], (4.75)

where σ must be hermitian and positive-semidefinite, and Γ denotes partial
transposition. For many particles, say n, a natural extension is

E(ρ) = min[tr[σ] : σ ≥ 0, ρΓα + σΓα ≥ 0,∀α ∈ {1, . . . , n}]. (4.76)
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Again, given some expectation values tr[ρAi] = ai, we would then determine

Emin = min[E(ρ) : tr(ρAi) = ai, ρ ≥ 0]. (4.77)

This is again a semi-definite program and is thus rapidly solvable using nu-
merical programs. For analytical work it will again be interesting to derive
the dual problem which will allow us to find lower bounds on the above min-
imization. This derivation can be done in the following steps:

Emin = min[tr[σ] : tr(ρAi) = ai, ρ
Γα + σΓα ≥ 0, ρ ≥ 0, σ ≥ 0]

= max[min{tr[σ]−
∑
α

tr[ηα(ρΓα + σΓα)]

−
∑
i

µi(tr[ρAi]− ai) : ρ, σ ≥ 0} : ηα ≥ 0, µ]

= max[min{tr[σ(1−
∑
α

ηΓα
α )]−

∑
α

tr[ηΓα
α ρ]

−
∑
i

µi(tr[ρAi]− ai) : ρ, σ ≥ 0} : ηα ≥ 0, µ]

= max[min{−
∑
α

tr[ηΓα
α ρ]−

∑
i

µi(tr[ρAi]− ai) : ρ ≥ 0} :

ηα ≥ 0, I ≥
∑
α

ηΓα
α , µ]

= max[
∑
i

µiai : I ≥
∑
α

ηΓα
α ,

∑
α

ηΓα
α +

∑
i

µiAi ≤ 0, ηα ≥ 0](4.78)

4.3.1.1 Application to Graph States

In this section we will utilize the approach described in the previous section
to explicitly calculate lower bounds on the global robustness of entanglement.
We will see that the proper choice of observables transforms the optimization
problem into a linear program, which may be solved analytically as well as
numerically using well-known algorithms like the Simplex method.

We assume now that the goal of the experiment was to create either a
cluster state with the associated adjacency matrix ΓA or a GHZ state. Then a
natural choice for the observables Ai would be the generatorsKi of the abelian
stabilizer group. For cluster states the stabilizers (or correlation operators)
are given by Ki = XiZNi where the subscript Ni is to be understood as
applying Z-operators to all neighbors of the i-th qubit in the lattice defined
by ΓA. For n-qubit GHZ states the generators of the stabilizer group are:
K1 = X1⊗...⊗Xn and for k = 2, ..., n: Kk = Zk−1Zk. Due to the commutation
relations fulfilled by these operators, it is easy to see that the symmetries that
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leave the observables ai = tr(ρKi) invariant are given by the transformation
ρ −→ ρ′ = 1

2n
∑1
i1,...,in=0K

i1
1 ...K

in
n ρK

i1
1 ...K

in
n . We may therefore restrict our

attention to states of the form:

ρ =
1∑

i1,...,in=0
ci1...inK

i1
1 ...K

in
n (4.79)

with real coefficients ci1...in . We can further restrict the matrices ηα of the
dual problem to have the same symmetries as the states ρ. The eigenvalues
of ρ are: λj1...jn(ρ) = ∑1

i1,...,in=0(−1)i1j1 ...(−1)injnci1...in , where the jk ∈ {0, 1}
form a binary index for λ. The symmetries obeyed by ρ also imply that
the (unnormalized) state σ has the same symmetries as (4.79). This can
be seen as follows: One may define the completely positive map Λ(ψ) =
1

2n
∑1
i1,...,in=0K

i1
1 ...K

in
n ψK

i1
1 ...K

in
n . Then, assume we found Emin and the cor-

responding operator σ, such that (ρ + σ)Γα ≥ 0 ∀α ∈ {1, . . . , n}. Since
Λ((ρ + σ)Γα) = ρΓα + Λ(σ)Γα , one concludes that σ must be invariant under
rotations of the stabilizer group. Thus: σ = ∑1

i1,...,in=0 di1...inK
i1
1 ...K

in
n , with

eigenvalues λj1...jn(σ) = ∑1
i1,...,in=0(−1)i1j1 ...(−1)injndi1...in .

4.3.1.2 Two Qubits

4.3.1.3 Two Qubits: Upper Bound

In this section we will evaluate the entanglement for a composite system of two
qubits, supposedly prepared as a cluster state. The measurements performed
on this system result in a1 = tr(ρK1) and a2 = tr(ρK2), with K1 = X ⊗ Z
and K2 = Z ⊗X. W.l.o.g. we restrict to the case of positive ai but write the
solutions of the more general case of arbitrary ai. The primal problem reads

min[tr(σ) : (ρ+ σ)Γ1 ≥ 0, ρ ≥ 0, σ ≥ 0, tr(ρKi) = ai] (4.80)

We denote the eigenvalues of ρ resp. of its transpose by:

λj1j2(ρ) =
1∑

i1,i2=0
(−1)i1j1(−1)i2j2ci1i2 (4.81)

λj1j2(ρΓ1) =
1∑

i1,i2=0
(−1)i1j1(−1)i2j2(−1)i1i2ci1i2 (4.82)

Eigenvalues of σ and σΓ are of the same form, and we denote the corresponding
coefficients with di1i2 . The coefficients c00 = 1/4, c10 = a1/4, c01 = a2/4 are
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given by normalization and measurement constraints. In the case a1 +a2 ≤ 1,
one may set c11 = 0, which is the coefficient that changes sign under partial
transposition. Thus, σ = 0 in this case. Otherwise, upper bounds on tr(σ) =
4d00 are obtained by the choice d00 = (a1 + a2− 1)/4, di1i2 = −d00/3 else, and
c11 = −d00.

The upper bound on the global robustness of entanglement is thus given
by:

Emin = max{0, |a1|+ |a2| − 1}. (4.83)

4.3.1.4 Two Qubits: Lower Bound

Here we will derive a lower bound on the global robustness of entanglement
according to Eq. (4.78). We will see that this lower bound coincides with
the upper bound derived in the previous section. First, one may restrict the
matrices ηα to have the same symmetries as ρ:

ηα =
1∑

i1,i2=0
c

(α)
i1i2K

i1
1 K

i2
2 . (4.84)

Since the partial transposes Γ1 and Γ2 have the same impact on the ηα (both
change the sign of the coefficient c11), we may simplify the problem by setting
η1 = η2 = η/2. Again we consider only the case of positive ai’s. The dual
problem can now be formulated as the following eigenvalue problem in the
form of a linear program:

max[µ0 + µ1a1 + µ2a2 : µ01 + µ1K1 + µ2K2 + ηΓ1 ≤ 0, η ≥ 0, ηΓ1 ≤ I].
(4.85)

Besides the trivial solution (all variables equal zero), a little thought shows
that the above system of inequalities is fulfilled by −µ0 = µ1 = µ2 = 1 and
c00 = −c10 = −c01 = c11 = 1/2. Thus we find:

Emin = max{0, |a1|+ |a2| − 1}, (4.86)

which coincides with the upper bound presented in the previous subsection.
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4.3.1.5 Generalizations to larger systems

If the goal of the experiment was the creation of a triangle cluster state,
the observables are naturally K1 = X ⊗ Z ⊗ Z, K2 = Z ⊗ X ⊗ Z, and
K3 = Z ⊗ Z ⊗ X with measurement outcomes ai = tr(Kiρ), i ∈ {1, 2, 3}.
Then, one finds a solution similar to the two-qubit case, in the sense that it
only depends on the two largest measurement outcomes:

Emin = max{0, |a1|+ |a2|+ |a3| −min(|a1|, |a2|, |a3|)− 1}. (4.87)

Let us now consider the case, where the goal of the experiment was the
creation of a four-qubit cluster state associated with a square lattice graph
(box cluster state). Then the four generators of the corresponding stabilizer
group are given by

K1 = X ⊗ Z ⊗ I⊗ Z (4.88)
K2 = Z ⊗X ⊗ Z ⊗ I (4.89)
K3 = I⊗ Z ⊗X ⊗ Z (4.90)
K4 = Z ⊗ I⊗ Z ⊗X (4.91)

The measurement outcomes are denoted by ai = tr(ρKi) for i ∈ {1, . . . , 4}
and are assumed to be non-negative. Thus, the problem for the square lattice
case reads:

maximize Emin = µ0 + µ1a1 + µ2a2 + µ3a3 + µ4a4 (4.92)

subject to
∑

ηΓα
α +

3∑
i=0

µiKi ≤ 0, − ηα ≤ 0,
∑

ηΓα
α − 1 ≤ 0 (4.93)

whereK0 = I. The matrices ηα are restricted to: ηα = ∑1
i1,...,i4=0 c

(α)
i1...i4K

i1
1 ...K

i4
4 .

The partial transposes are therefore given by:

ηα =
1∑

i1,...,i4=0
(−1)iα

∑
Nα

iNαc
(α)
i1...i4K

i1
1 ...K

i4
4 . (4.94)

Even though, this translates to a system of inequalities which looks rather
complex, one may realize easily that the solution of the two-qubit case repre-
sents also a solution for this system. This means, µ0 = −1, µ1 = µ2 = 1 and
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µ3 = µ4 = 0, and regarding the coefficients of the ηα one obtains

c
(1)
0000 = c

(1)
1100 = 1, c(1)

1000 = c
(1)
0100 = −1, (4.95)

and η2 = η1, η3 = η4 = 0. One may easily check, that another solution is given
by the following set of parameters: µ0 = −5, µ1 = 2, µ2 = 2, µ3 = 2, µ4 = 2,
and the coefficients of the operator sum representation of the ηα are given in
Ref. [Wunderlich 2009a]. Summarizing these results gives:

Emin = max[0, (|a1|+ |a2| − 1), 2(|a1|+ |a1|+ |a1|+ |a1|)− 5]. (4.96)

4.3.2 Estimating the robustness of entanglement

In the previous sections we have seen how to derive analytic solution to worst-
case entanglement estimation of graph states for systems consisting of a lim-
ited number of qubits. We will see that – when restricting to two-colorable
graph states – quite general bounds on entanglement measures can be at-
tained, even for an arbitrary number of qubits. This is achieved by relating
the estimation of entanglement measures to the estimation of basic proper-
ties like fidelity or entropy. Let us begin with the estimation of the global
robustness of entanglement from generator measurements.

In order to estimate the global robustness of entanglement, we will relate
the problem to a fidelity estimation.

We begin by bounding the robustness from below via the following lemma:

Lemma 4.3.1 For any mixed state that can be written as a convex mix-
ture of other mixed states as ρ = ∑

k λkρk, and any index m, it holds that
[Markham 2007]:

R(ρ) ≥ λm(1 +R(ρm))− 1. (4.97)

Proof To see this, consider the state ρ, a real and positive number t and
another state κ, which fulfil ρ + tκ ∈ Sep (up to normalization). It follows
that:

λ0ρ0 + tκ+∑
k>0 λkρk ∈ Sep (4.98)

⇒ ρ0 + ((t+∑
k>0 λk)/λ0)κ̃ ∈ Sep, (4.99)

with κ̃ = (tκ+∑
k>0 λkρk)/(t+∑

k>0 λk). Using this result and the definiton
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of the robustness, one finds:

(t+
∑
k>0

λk)/λ0 ≥ R(ρ0), (4.100)

⇒ t ≥ λ0R(ρ0)−
∑
k>0

λk, (4.101)

⇒ t ≥ λ0R(ρ0)− (1− λ0), (4.102)
⇒ R(ρ) ≥ λ0(1 +R(ρ0))− 1. (4.103)

As shown in the previous section, we need to consider only twirled states
of the form ρ = ∑

k λk|Gk〉〈Gk| in the minimization of the robustness. At
this point, note that ρ is a sum of graph states with equal entanglement,
since those states are equivalent up to local unitaries. In [Markham 2007] it
is shown that the robustness of a pure two-colorable graph state is 2|B| − 1.
Hence, the estimation of the robustness reduces to a fidelity estimation of the
desired graph state. In an experiment that aims at creating the graph state
|G(k1,...,kn)〉 it is then possible to estimate the fidelity of the experimentally
created state with the target state from stabilizer measurements. The mini-
mization of the least fidelity compatible with stabilizer measurements reads:
F = minρ[tr(ρ|G(k1,...,kn)〉〈G(k1,...,kn)|) : tr(ρKi) = ai, ρ ≥ 0]. As a convention
we use K0 = 1 and a0 = 1. By Lagrange duality, one finds the dual problem:
F = maxµi [

∑
i µiai : |G(k1,...,kn)〉〈G(k1,...,kn)| −

∑
i µiKi ≥ 0]. As described in

[Wunderlich 2009a], a solution to the primal is given by ρ = 1
2n
∑

i ciK
i1
1 ...K

in
n ,

where the coefficients are given by ci = ∑n
k=1 ikak−

∑n
k=1 ik + 1. And one can

show that a solution to the dual problem is provided by choosing µ0 = 1− N
2

and µi = 1
2 for i ≥ 1. Since primal and dual objective functions coincide

they must be optimal, and we attain the following analytic solution for the
fidelity estimation: F = max[0, 1

2(∑i ai − n + 2)]. Combining this with Eq.
(4.97) and using the fact that the robustness of a pure two-colorable graph
state is 2|B| − 1 [Markham 2007] provides us with the following lower bound
on the global robustness of entanglement that can be achieved from stabilizer
measurements:

Rmin(ρ) ≥ max{0, 2|B|max[0, 1
2(
∑
i

ai − n+ 2)]− 1}. (4.104)
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4.3.3 Estimating the relative entropy of entanglement

In a similar fashion, we now calculate the lower bound on the relative entropy
of entanglement in the case of stabilizer measurements. First, note that once
more the optimization may be restricted to stabilizer diagonal states resp.
mixtures of graph states. Then, the lower bound on the relative entropy is
given by

ERmin(ρ) ≥ max{0, |B| −max[S(ρ) : tr(ρKi) = ai, ρ ≥ 0]}. (4.105)

Proof We can prove this in the following way: first, note that the two-coloring
divides the system in the two partitions A and B. Now one uses the fact that
the relative entropy is lower bounded by the difference between the entropy
of system A resp. B and the entropy of the total system [Plenio 2000]:

Lemma 4.3.2 Let ρAB be the joint quantum state with subsystems A and
B. Let ρA = trB(ρAB) and ρB = trA(ρAB). Then, the relative entropy of
entanglement is lower bounded as

ER(ρAB) ≥ max{S(ρA), S(ρB)} − S(ρAB). (4.106)

In our case, we only need to consider mixtures of two-colorable graph
states, so that tracing out system A results in a maximally mixed state with
entropy |B|. Hence, the minimization of the relative entropy involves an en-
tropy maximization. This can be achieved as outlined in [Wunderlich 2010a]:
measuring the generators of the stabilizer group gives rise to probability dis-
tribution p(±)

k = 1±ak
2 for the projections upon the stabilizer eigenspaces. Fur-

thermore, we denote the probability distribution of the joint state of the sys-
tem by λi1...in . A crucial feature of the entropy is subadditivity: S(λi1...in) ≤∑n
k=1,s=±H(p(±)

k ), where H(x) = −x log x denotes the classical entropy func-
tion. A little thought shows that the above inequality holds with equality for
the probability distribution given by λi1...in = ∏n

k=1
1+(−1)ikak

2 , thus giving the
exact maximal entropy Smax = −∑1

i1...in=0 λi1...in log λi1...in . To conclude, the
lower bound on the relative entropy of entanglement that can be inferred from
stabilizer measurements is computed as

ERmin ≥ max{0, |B|+∑1
i1...in=0 λi1...in log λi1...in} (4.107)

= max{0, |B|+∑
i

1+ai
2 log 1+ai

2 +∑
i

1−ai
2 log 1−ai

2 }. (4.108)
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4.3.4 Upper bounds

In the previous paragraphs we have derived lower bounds on the minimal
entanglement that is consistent with the statistics obtained from measuring
individual stabilizer operators. It is also of use to derive upper bounds. A
simple approach to doing this is available using the results of [Markham 2007].
The total Hilbert space can be divided up into subspaces, where each subspace
is labelled by a deterministic outcome for all the Amber stabilizers. For any
pure two-colourable graph state the entanglement ER is given by |B|, and the
robustness of entanglement is given by 2|B| − 1. In [Markham 2007] it was
shown that for a mixed (twirled) state supported entirely in such a subspace,
ER is given by

ER(ρ) = |B| − S(ρ), (4.109)

whereas
R(ρ) = 2|B|max λk − 1. (4.110)

Let us use the symbol a to denote a possible set of outcomes for the Amber
measurements, and let b denote a possible set of outcomes for the Blue mea-
surements. Hence any state that is diagonal in the graph state basis can be
described as a probability distribution p(a, b) = p(a)p(b|a) corresponding to
the probabilities for getting the various possible stabilizer outcomes. We can
partition such a state into a mixture of states that are individually supported
on each of the Amber subspaces, such that ρ = ∑

p(a)ρa, where a is a bit
string corresponding to the positive/negative stabilizer subspaces of the Am-
ber qubits. By concavity of the entropy function and convexity of ER we find
that: ER(ρ) ≤ |B| −∑a p(a)S(ρa). But S(ρa) is given by a classical entropy
H(p(b|a)) where p(b|a) is the conditional probability distribution for getting
outcomes b upon finding a. Thus we obtain:

ER(ρ) ≤ |B| −
∑
a

p(a)H(p(b|a)). (4.111)

Similarly, since theA subspace entanglement is given byR(ρa) = 2|B|(λmax(ρa)−
1), we find

R(ρ) + 1 ≤ 2|B|
∑
a

p(a) max
b
p(b|a). (4.112)

Hence to get upper bounds to the minimal entanglement consistent with
the measurement outcomes, we need to pick the p(a, b) consistent with the
marginal distributions that minimises these expressions. The relative en-
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tropy can now be estimated by noticing that the conditional entropy is upper
bounded by H(p(b)) and choosing a product distribution p(b) = p(b1)...p(b|B|),
for which it is well known that it maximises H(p(b)). Thus, we obtain

ERmin(ρ) ≤ |B| −H(p(b)). (4.113)

For the robustness, we need to minimise
∑
a

p(a) max
b
p(b|a) (4.114)

given fixed marginals p(a), p(b). The solution is as follows. Let b∗ be the string
of b outcomes that has maximal probability p(b). For a given value of a, we
always have that p(a) maxb p(b|a) ≥ p(a)p(b∗|a) = p(a, b∗), simply because b∗

is a particular value of b. Hence we have that:
∑
a

p(a) max
b
p(b|a) ≥

∑
a

p(a, b∗) = p(b∗). (4.115)

This is true whatever the joint distribution p(a, b) is, provided that it is con-
sistent with the marginals p(a), p(b). But this lower bound can be attained
by simply selecting p(a, b) = p(a)p(b). Hence we have that:

min
∑
a

p(a) max
b
p(b|a) = p(b∗). (4.116)

Since we do not have complete information about p(b∗), we need to minimise
it subject to the individual stabilizer statistics p(b1),...,p(b|B|). This problem
is equivalent to minimising the l∞ norm of a joint probability distribution
p(b) = p(b1, ..., b|B|) constrained to fixed marginals p(b1),...,p(b|B|), which is
equivalent to the fidelity minimisation (only considering the Blue stabilizers).
Hence we obtain:

Rmin(ρ) + 1 ≤ 2|B|max
{

0, 1
2

(∑
i∈B

ai − |B|+ 2
)}

. (4.117)

4.4 Quality of the bounds

In order to check the quality of the entanglement estimates, we consider noisy
two-colorable graph states. Assuming the experiments starts from a perfect
graph state, which is then subjected to local dephasing for a certain time, we
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can take the density matrix time evolution to be governed by the following
master equation:

ρ̇ = −γ2 (
∑
i

ZiρZi − ρ), (4.118)

where γ is the dephasing constant. The effect of such noise on graph states
has been studied in detail in Ref. [Hein 2005a]. Due to the dephasing the
stabilizer coefficients suffer a decay exponential in the dephasing constant.
For our test we consider a linear chain of qubits subject to this noise. It can be
shown that the stabilizer coefficients obey the following time evolution in this
noise model: ci1...in(t) = exp(−γt∑k ik). Estimates according to the described
methods for the logarithm of the global robustness of entanglement and the
relative entropy of entanglement are shown in Figures 4.1 and resp. 4.2.
The robustness of entanglement can be estimated up to a certain number of
qubits, for which a non-zero fidelity can be inferred with the target state. This
effectively sets a threshold to the estimation. For the noise model considered
here, the minimal fidelity F consistent with stabilizer measurements is given
by F =

∑n

i=1 ai−n+2
2 with ai = exp(−γt). It can easily be seen that the minimal

fidelity F is positive as long as exp(−γt) ≥ 1− 2
n
. For a fixed dephasing time

γt, this condition will be violated when the number n of vertices in the graph
is increased. In contrast, the relative entropy may be estimated even for
larger noisy systems without suffering from the threshold problem. However,
the difference between lower and upper bounds apparently grows with system
size.

In many cases, stabilizer measurements are carried out via local measure-
ments. This local information on the quantum state could in principle be
used to improve the bounds on minimization of entanglement measures from
incomplete information on the density matrix, since they restrict the set of
separable states involved in the optimization. Note however, that local mea-
surement operators generally do not commute with the stabilizer operators.
This implies that symmetries cannot be exploited. For this reason we do not
consider local measurement data in our scheme.

4.5 Quantitative verification of a photonic clus-
ter state experiment

In this section we characterize the four- and six-qubit cluster states real-
ized in [Vallone 2007, Ceccarelli 2009, Vallone 2010] in terms of fidelity, pu-
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Figure 4.1: Upper and lower bounds on the estimate of the logarithmic global
robustness of entanglement for linear graph states subject to local dephasing.
A non-zero estimate of the entanglement is possible as long as a non-zero
fidelity with the graph state may be inferred from the stabilizer measurements.
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Figure 4.2: Upper and lower bound on the estimate of the relative entropy
of entanglement for linear graph states up to 1000 qubits subject to local
dephasing. In contrast to the robustness of entanglement there is no limit to
the lower bound, but the difference between upper and lower bounds grows
with system size.
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rity and entanglement [Wunderlich 2010b]. In particular, we quantify the
amount of experimentally generated entanglement using entanglement mea-
sures [Plenio 2007]. Cluster states are uniquely defined by a set of correlation
operators which generate a group called the stabilizer. An interesting question
we address here is how bounds based on measurement results of the gener-
ator of the stabilizer alone scale with increasing system size under realistic
conditions using the results developed in the previous sections or respectively
in Refs. [Wunderlich 2009a, Wunderlich 2010a, Wunderlich 2010c]. We com-
pare the optimal bounds based on such measurements for the fidelity, purity
and the robustness of entanglement [Vidal 1999, Harrow 2003, Steiner 2003]
as well as the relative entropy of entanglement [Vedral 1998] with the density
matrix obtained from all stabilizers in order to answer this question.

4.5.1 Experimental Set-Up

Cluster states are particular multiqubit entangled states associated to a graph.
In the following we denote the Pauli spin matrices acting on the Hilbert
space of qubit q by Xq, Yq, and Zq. Given a lattice with n vertices and L

links, a n-qubit cluster state can be defined by associating a qubit in the
superposition state |+〉 = 1√

2(|0〉 + |1〉) to each vertex and a control-Z gate
CZab = |0〉a〈0| ⊗ 11b + |1〉a〈1| ⊗ Zb to each link between vertices a and b.
In an equivalent way, the cluster state is defined as the unique eigenvector
with positive eigenvalues of the n generators ga defined as ga = Xa

∏
b∈Na Zb,

where Na is the set of neighbouring vertices linked with a. The set of oper-
ators {ga} generate an Abelian group called the stabilizer S of the underly-
ing graph. Note that eigenstates of the generators with negative eigenvalues
ga|{i}〉 = (−1)ia |{i}〉 with |{i}〉 = |i1, ..., in〉 (the graph state basis states) are
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Figure 4.3: left) Source of polarization-path hyperentangled state. right)
Measurement set-up for the path DOF.
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also referred to as graph states in the literature. These states are equivalent
to each other up to single qubit unitary transformations and have therefore
the same entanglement properties.

As an example, by considering a graph of four qubits linked in a row, the
corresponding cluster is given by

|Φlin
4 〉 = 1

2(|+ 00+〉+ |+ 01−〉+ | − 10+〉 − | − 11−〉) . (4.119)

One way of generating cluster states is using photons. A useful tool to
realize multiqubit states is represented by the so-called hyperentanglement
(HE), i.e. the entanglement of two (or more) particles in several degrees of
freedom (DOFs) [Kwiat 1997]. Precisely, by using the source shown in figure
4.3, we can generate two photons hyperentangled in polarization and path:

|Ξ4〉 = 1√
2

(|H〉A|H〉B + |V 〉A|V 〉B)⊗ 1√
2

(|`〉A|r〉B − |r〉A|`〉B) . (4.120)

In the previous equation |H〉 (|V 〉) represent the horizontal (vertical) polar-
ization state and |r〉 and |`〉 are the two modes (right and left) in which each
photon (A and B) can be emitted.

The two photons (at degenerate wavelength λ = 728 nm) are emitted by
the spontaneous parametric down conversion (SPDC) process in a nonlin-
ear type-I β-barium-borate (BBO) crystal. The BBO crystal is shined by
a vertically polarized continuous wave (cw) Ar+ laser (λp = 364 nm). Po-
larization entanglement is generated by the double passage (back and forth,
after the reflection on a spherical mirror) of the UV beam. The backward
emission generates the so called V-cone: the SPDC horizontally polarized
photons passing twice through the quarter waveplate (QWP) are transformed
into vertical polarized photons. The forward emission generates the H-cone.
Temporal and spatial superposition are respectively guaranteed by the long
coherence time of the UV beam and by aligning the crystal at a distance from
the spherical mirror which is equal to its radius of curvature. In this way, the
indistinguishability of the two perpendicularly polarized SPDC cones creates
polarization entanglement: when two photons are detected it is impossible to
know in which pump passage through the crystal they have been generated.
It is worth noting that the probability of double pair emission (i.e. four pho-
tons) is negligible due to the low power of the cw pump beam (< 100 mW).
By translating the spherical mirror it is possible to change the relative phase
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between the states |HH〉AB and |V V 〉AB. A lens L located at a focal distance
from the crystal transforms the conical emission into a cylindrical one.

Path entanglement can be generated by exploiting the properties of Type-
I phase matching. The two polarization entangled photons are emitted over
two opposite directions of the SPDC cone. By selecting with a four-holed
mask two pairs of correlated modes, thanks to the spatial coherence property
of the source, the two photons are also entangled in path. We labeled the
two pairs of correlated modes, as rA − `B and `A − rB. We set the relative
phase between the two pair emissions to the value ϕ = π by tilting think glass
on the photon paths. The state expressed in (4.120) encodes 4 qubits into 2
photons [Barbieri 2005, Cinelli 2005].

4.5.1.1 4-qubit cluster

The hyperentangled state may be transformed into a cluster state |C4〉 by
using a waveplate with vertical optical axis and placed on the |r〉 mode of the
A photon. The waveplate acts as a π phase shift on the state |V 〉B|r〉B. When
applied to |Ξ4〉 it generates the following cluster state:

|C4〉 = 1
2(|H`〉A|Hr〉B − |Hr〉A|H`〉B + |V `〉A|V r〉B + |V r〉A|V `〉B) .(4.121)

By using the correspondence |H〉A,B ↔ |0〉3,4, |V 〉A,B ↔ |1〉3,4, |`〉A,B ↔
|0〉2,1, |r〉A,B ↔ |1〉2,1, the generated state |C4〉 is equivalent up to single
qubit unitaries to |Φlin

4 〉: |C4〉 = U|Φlin
4 〉 = X1H1 ⊗ Z2 ⊗ 113 ⊗ H4|Φlin

4 〉,
where H represents the Hadamard gate H = 1√

2(X + Z). The latter relation
between |C4〉 and |Φlin

4 〉, implies that |C4〉 is the only common eigenstate of the
generators g̃a = UgaU−1 obtained from ga by changing X1 → Z1, Z1 → −X1,
X2 → −X2 and X4 ↔ Z4.

4.5.1.2 6-qubit cluster

It is possible to add more qubits to the state by selecting more optical paths.
Precisely, by selecting four pairs of modes it is possible to generate a two-
photon six-qubit hyperentangled state [Vallone 2009]. We labeled the four
modes on which each photon can be emitted as |Er〉, |E`〉, |Ir〉 and |I`〉,
where E (I) stands for external (internal) mode (see figure 4.4a)). The 6-
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Figure 4.4: Generation and measurement of the 6-qubit linear cluster. (a)
By selecting 4 pairs of correlated SPDC modes, a 6-qubit polarization-path
hyperentangled state can be generated. Two half waveplates (λ/2) are used
to transform it into a 6-qubit linear cluster state corresponding to the graph
shown in the inset. (b) Two cascade interferometers are used for path mea-
surement. The first BS1 performs the measurement in the {|r〉, |`〉} qubit
for both photons, while the two beam splitters BS2A and BS2B perform the
measurement in the {|I〉, |E〉} qubit for Alice and Bob photon, respectively.
Each detection stage Di is composed of a polarization analyzer (waveplates
and polarizing beam splitter) followed by a single photon detector. Two trans-
lation stages change the optical delay ∆x1,2 to obtain the correct temporal
superposition of the different modes.
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qubit hyperentangled state can be written as

|Ξ6〉 = 1√
2

(|H〉A|H〉B − |V 〉A|V 〉B) ⊗ 1√
2(|r〉A|`〉B + |`〉A|r〉B)⊗ (4.122)

⊗ 1√
2(|E〉A|E〉B + |I〉A|I〉B) .(4.123)

As shown in figure 4.4a), two half-waveplates are used to transform the previ-
ous state into the 6-qubit linear cluster state [Ceccarelli 2009, Vallone 2010]:

|L̃C6〉 = 1
2

[
|EE〉|φ+〉π|r`〉+ |EE〉|φ−〉π|`r〉+

+|II〉|ψ+〉π|r`〉 − |II〉|ψ−〉π|`r〉
]

(4.124)

where |ψ±〉π = 1/
√

2(|HV 〉 ± |V H〉 and |φ±〉π = 1/
√

2(|HH〉 ± |V V 〉. |L̃C6〉
corresponds to the graph shown in the inset of figure 4.4a) up to single qubit
unitaries. Precisely, |L̃C6〉 is the only common eigenstate (with +1 eigenval-
ues) of the generators g̃i obtained from gi by changing X2 ↔ Z2, X3 → −Z3,
Z3 → X3, X4 ↔ Z4 andX5 → −X5. In order to measure Pauli path operators,
two cascade interferometers are implemented (see figure 4.4b)).

4.5.2 Results

4.5.2.1 Quantitative Entanglement Verification

The detection and quantification of entanglement has become a standard part
of quantum information experiments. Methods for entanglement detection
range from Bell inequalities over entanglement witnesses [Gühne 2009] to
semidefinite programs [Doherty 2002, Navascués 2009a]. In order to quan-
tify entanglement, it is necessary to evaluate an entanglement measure for the
state under scrutiny [Plenio 2007]. Entanglement measures have the advan-
tage that they do not only detect entanglement, but they may also provide
an operational meaning to the amount of entanglement in a given quantum
state. Until today, many entanglement measures have been invented, and the
choice of the appropriate measure depends on the specific task [Plenio 2007].

Here, our choice of entanglement quantifiers are the global robustness of
entanglement [Vidal 1999, Harrow 2003, Steiner 2003] and the relative en-
tropy of entanglement [Vedral 1998]. Both measures are suitable to quantify
graph state entanglement for the following reasons: cluster states were intro-
duced as multipartite entangled states that exhibit a particular persistence
against noise. While GHZ states become more vulnerable under noise with
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increasing system size, this is not the case for cluster states [Briegel 2001].
Hence, the robustness of entanglement is a measure that quantifies this prop-
erty. The relative entropy provides an operational meaning for cluster states
in the sense that it ‘counts’ the number of entangling gates. As shown in Ref.
[Markham 2007, Anders 2008] the relative entropy of entanglement for cluster
states is proportional to the number of applied controlled-phase gates.

The relative entropy of entanglement is defined as [Vedral 1998]

ER(ρ) = min
σ∈Sep

S(ρ|σ), (4.125)

where Sep denotes the set of fully separable states, and S(ρ|σ) = tr[ρ(log2 ρ−
log2 σ)].

The global robustness of entanglement measures how much noise must be
mixed in to a given quantum state such that the mixture becomes separable
[Vidal 1999, Steiner 2003, Harrow 2003]:

RG(ρ) = min
σ∈D,s∈R

{s : ρ+ sσ

1 + s
∈ Sep}, (4.126)

where D is the entire Hilbert space.
From a mathematical point of view it is more convenient to relax the

global robustness by replacing the set of fully separable states by the set of
PPT states, thus obtaining the following semidefinite program:

RPPT
G (ρ) = min tr{σ} (4.127)

subject to σ ≥ 0, (4.128)
(ρ+ σ)Γ ≥ 0. (4.129)

Here Γ denotes partial transpostion with respect to a partition of choice.
In principal, one could check all possible partitions. In this way we have
relaxed the global robustness to a PPT version that can be formulated as
a semidefinite program. Hence, numerical tools such as convex optimization
solvers are instantly available to evaluate this measure [Sturm 1999].

4.5.2.2 Four-qubit cluster state

To verify the creation of the four-qubit cluster state all elements of the sta-
bilizer group were measured [Vallone 2008]. As the measurements were local
measurements, also statistics of single Pauli operators are available. These
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Figure 4.5: Raw and optimized values of p{k} for the 4-qubit cluster state.
Each value corresponds to a given p{k} according to the correspondence {k} ↔
8k4 + 4k3 + 2k2 + k1.

local measurements do not contribute to the fidelity, but they allow us to im-
prove bounds on entanglement measures as those are restricted minimizations
that can only improve when more constraints are added [Audenaert 2006].

Using the measured data we calculated the raw fidelity and obtained
F|C4〉 = 1

16
∑1
{ka}=0〈Sk1k2k3k4〉 = 0.880±0.013 [Vallone 2008], where Sk1k2k3k4 =∏4

a=1(ga)ka are the 16 stabilizers built as all possible products of generators.
The raw purity is found to be P (ρ) = tr(ρ2) = 0.779 ± 0.005. From the
raw data it is possible to obtain the fidelity with all possible graph state
bases |{i}〉〈{i}| since |{i}〉〈{i}| = 1

16
∑
{k} S{k}(−1)i·k with i · k = ∑4

a=1 iaka.
Some of the raw fidelities are negative because of experimental inaccuracies
and statistical fluctuations of coincidence counts (the same problem arises in
quantum state tomography [James 2001]). To solve the problem we applied
a maximum likelihood estimation. We determine the physical density matrix
diagonal in the graph state basis and written as

ρphys =
∑
{k}

p{k}|{k}〉〈{k}| , p{k} ≥ 0 (4.130)

that is most compatible with the experimental data. The value of the opti-
mized p0000 corresponds to the fidelity with the cluster state, with value equal
to 0.880 which is completely compatible with the raw fidelity. The other val-
ues of the optimized p{k} are shown in figure 4.5. The optimized purity is
given by Popt = ∑

{k} p
2
{k} = 0.778 again compatible with the raw value.

While for few-qubit systems the determination of the whole stabilizer is fea-
sible, this is not the case for large graph states. Therefore, it is natural to ask
which bounds on the fidelity, purity and entanglement can be obtained from
incomplete information on the density matrix [Audenaert 2006, Eisert 2007,
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Table 4.4: Four-qubit cluster state: measurement results of generators
Generator Measurement Outcome
g1 = −Z1 ⊗ Z2 ⊗ I3 ⊗ I4 0.994± 0.001
g2 = −X1 ⊗X2 ⊗ Z3 ⊗ I4 0.849± 0.003
g3 = I1 ⊗ Z2 ⊗X3 ⊗X4 0.937± 0.003
g4 = I1 ⊗ I2 ⊗ Z3 ⊗ Z4 0.911± 0.002

Gühne 2007], e.g., from measuring generators of a graph state only; and how
do such bounds scale with system size under realistic conditions?

Let us consider the estimation of the fidelity from information on the gen-
erators only. This is formulated as a worst-case estimation [Wunderlich 2009a]

Fmin = min
ρ
{F (ρ) : tr(ρgi) = ai, ρ ≥ 0}, (4.131)

where gi are the generators of the graph for i = 1, .., 4 with corresponding
measurement outcomes ai, and g0 = I. Remarkably, this problem can be
solved optimally, leading to a solution of the analytic form [Wunderlich 2009a]

Fmin = max{0,
∑n
i=1 |ai| − n+ 2

2 } (4.132)

for n qubits and holds for all stabilizer operators with spectrum {+1,−1}.
One may quickly check that the optimal lower bound on the fidelity consistent
with the measurements of the generators (see Tab. (4.4)) is given by Fmin =
0.846± 0.009. The relative loss of information on the fidelity is therefore only
around 5%, even though only four out of sixteen elements of the stabilizer
were determined. It is also possible to optimally estimate the purity using only
generator measurements. Following the techniques of Ref. [Wunderlich 2010a]
we obtain a minimal purity consistent with such measurements of Pmin =
0.715± 0.014.

Quantifying the experimentally created entanglement is achieved by eval-
uating the global robustness of entanglement and the relative entropy. The
density matrix reconstructed from the stabilizer measurements and local ob-
servables obtained as a side product of the stabilizer measurements serves
as the input for the semidefinite program (4.127), where we evaluate the
global robustness with the constraint of positivity of the partial transpose
with respect to all partitions. We find that the PPT-Robustness is given by
RPPT
G = 2.519 ± 0.012. Note that this value represents a lower bound to the
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global robustness in its standard version (4.126). It is straightforward to com-
pute the logartihmic global robustness: LRPPT

G = 1.817± 0.005, which is not
far from its desired value of 2.

As in the case of the fidelity one might ask which bound on the entangle-
ment can be obtained from generator measurements alone. Here the estima-
tion is analogously formulated as a minimization of the measure over states
consistent with the measurement data

RGmin = min
ρ
{RG(ρ) : tr(ρgi) = ai, ρ ≥ 0}. (4.133)

A lower bound to this problem was derived in Ref. [Wunderlich 2010c], namely
RGmin = max{0, 2|B|(

∑n

i=1 |ai|−n+2
2 ) − 1}. Here B denotes the smaller set of

qubits resulting from a coloring of the system into two colors, say Amber A
and Blue B with |A| ≥ |B| (see Ref. [Markham 2007] for more details). With
this formula, we attain the following analytic bound on the global robustness
based on the outcomes of the generators only [Wunderlich 2010c]:

RGmin = 2.384± 0.036. (4.134)

In turn, one can then easily compute an analytic bound on the logarithmic
global robustness: LRGmin = 1.759.

The relative entropy can also be bounded from below using techniques
presented in Ref. [Wunderlich 2010c]. The problem reads:

ERmin = min
ρ
{ER(ρ) : tr(ρgi) = ai, ρ ≥ 0}. (4.135)

A lower bound to this minimization is given by

ERmin = max{0, |B| −
∑
i

H(pi)}, (4.136)

where pi = 1+ai
2 and H(x) = −x log(x) − (1 − x) log(1 − x) is the classical

entropy function. Then, by merit of Eq. (4.136) we achieve the following
bound on the relative entropy of entanglement: ERmin = 1.120± 0.021. Using
all stabilizer measurements we find a lower bound to the relative entropy of
1.449 ± 0.013. Hence, the relative difference of the entanglement bounds of
the relative entropy is considerably larger than the relative difference of the
estimate of the robustness to its real value.
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Table 4.5: Six-qubit cluster state: measurement results of generators
Generator Measurement Outcome
g1 = X1 ⊗X2 ⊗ I3 ⊗X4 ⊗ I5 ⊗ I6 0.593± 0.008
g2 = Z1 ⊗ Z2 ⊗ I3 ⊗ I4 ⊗ Z5 ⊗ I6 0.879± 0.005
g3 = −I1 ⊗ I2 ⊗ Z3 ⊗ I4 ⊗ I5 ⊗ Z6 0.998± 0.001
g4 = Z1 ⊗ I2 ⊗ I3 ⊗ Z4 ⊗ I5 ⊗ I6 0.997± 0.001
g5 = −I1 ⊗X2 ⊗ I3 ⊗ I4 ⊗X5 ⊗ Z6 0.791± 0.006
g6 = I1 ⊗ I2 ⊗X3 ⊗ I4 ⊗ Z5 ⊗X6 0.831± 0.006

4.5.2.3 Six-qubit cluster state

The six-qubit cluster state is verified utilizing the same techniques as in the
four-qubit case. All 64 stabilizer operators were measured and mapped to a
density matrix via maximum likelihood, giving a fidelity of F = 0.645±0.006.
Estimating the fidelity from the generators alone gives Fmin = 0.545± 0.027.

Next, we obtain for the purity P (ρ) = tr(ρ2) = 0.431 ± 0.010, and the
worst-case purity estimate from the generators Pmin = 0.297 ± 0.015. We
compute the PPT-Robustness for the reconstructed state and find RPPT

G =
4.507 ± 0.047 resulting in a logarithmic PPT-Robustness of LRPPT

G = 2.461.
If one only measures the generators of the stabilizer, one obtains RGmin =
3.360± 0.216 and LRGmin = log(1 +RGmin) = 2.124 respectively. This means
that despite the lower fidelity and lower fidelity estimate one obtains a higher
bound on the entanglement, even though only 6 out of the 64 elements of the
stabilizer are used to obtain the bound.

To obtain a bound on a second measure, the relative entropy of entan-
glement, we use Eq. (4.136 ) to obtain ERmin = 1.013 ± 0.046. Using all
stabilizer measurements, one obtains a lower bound to the relative entropy of
1.492± 0.027.

4.5.3 Discussion

We have presented the creation of four- and six-qubit cluster states using
photons. The cluster state entanglement was encoded in path and polarization
DOF, thus rendering the state hyperentangled. A summary of the relevant
characteristics of the created states is given in Tab. 4.6. The created state
could serve as the basis for one-way quantum computation and represents an
important step in realizing optical quantum computing.

The experimentally created entanglement was quantified in terms of en-
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Qubits Fidelity Purity Rgmin ERmin
4 0.880± 0.006 0.779± 0.005 2.519± 0.012 1.449± 0.013
6 0.645± 0.006 0.431± 0.010 4.507± 0.047 1.491± 0.027

Table 4.6: Summary of experimental results of a 4-qubit and 6-qubit photonic
cluster state experiment.

tanglement measures, namely the global robustness of entanglement and the
relative entropy of entanglement. Our results also give insight into the ques-
tion how analytic bounds from incomplete tomographic information scale with
the system size under realistic noisy conditions. Our results demonstrate that
despite the decreasing fidelity and purity of the state, one can still infer higher
amounts of entanglement with a number of observables which is linear in the
number of constituents.

4.6 Conclusion, Outlook, and Generalizations
In this chapter we have derived a framework for the characterization of graph
states (possibly contaminated with noise) from information on the generators
of the stabilizer only. In particular, we derived the optimal fidelity, purity
and entropy consistent with stabilizer measurements of arbitrary large graph
states. In addition, upper and lower bounds on the relative entropy of entan-
glement and the robustness of entanglement are presented for the same limited
information on the density matrix as before. These methods will be partic-
ularly valuable to experimentalists since they achieve an exponentially large
saving in the number of measurement settings and require no post-processing
as the bounds are of an analytic form. The methods can also be used to inves-
tigate the effect of decoherence on graph states [Cavalcanti 2009]. One would
merely have to compute the effect of a decoherence map on the generators of
a graph, and would then immediately obtain analytic bounds on the fidelity
and entanglement using the method presented here.

4.6.1 Generalization to W States

One might wonder if the stabilizer formalism is only useful for the efficient de-
scription of graph states. For certain cases, non-local stabilizer operators can
be found to completely describe a quantum state. Of course, given an arbi-
trary state, it is not apparent if those non-local stabilizer can be decomposed
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into a small number of Pauli operators, thus allowing an efficient description
of the state. However, such states exist, with W states being a prominent
example. The W state belongs to the class of Dicke states. It is defined as
the equal superposition of a single excitation:

|W 〉 = |10...0〉+ |01...0〉+ ...|0...01〉√
n

. (4.137)

W states contain the maximal amount of two-qubit entanglement [Dür 2000,
Coffman 2000, Koashi 2000]. Hence, the entanglement in W-states is rather
robust against particle loss, especially in comparison to GHZ states, where the
loss of one particle destroys the entire entanglement of the state [Dür 2001].
As the W-state represents an instance of a Dicke state, it is an eigenstate to
the operators J2 and Jz with eigenvalues n

2 × (n2 +1) and n
2 −1. Therefore, W-

states are often easier to prepare than other states, say GHZ states. Indeed,
they have been realized in ion traps for up to eight qubits [Häffner 2005].

In order to construct stabilizers for the W state it is useful to introduce a
W basis as outlined in [Miyake 2005]. Each basis state |W k1...kn〉 has the same
entanglement as |W 0...0〉 and can be found via the unitary transformation

|W k1...kn〉 = UW |W 0...0〉, (4.138)

with
UW =

l∑
l=1

Z1...Zl−1Xl. (4.139)

It is then straightforward to see that one can define stabilizer operators

Ki = UWZiUW (4.140)

for each qubit i, such that

Ki|W k1...kn〉 = (−1)ki|W k1...kn〉. (4.141)

It is easy to see that the spectrum of the generators Ki is {+1,−1} just as
in the case of graph states. Furthermore, one may quickly check that the
generators commute mutually. This implies that the results on the fidelity,
purity and entropy estimation can be immediately utilized for the W-state
stabilizers.





Chapter 5

Measuring entanglement from
collective observables:

condensed matter systems and
cold atoms in optical lattices

5.1 Introduction
Interacting quantum many-body systems generally exhibit correlations be-
tween its constituents. At sufficiently low temperatures, near the ground-
state, these correlations possess quantum mechanical features, namely entan-
glement. Compared to its classical counterpart, entanglement is extremely
complex. Its full characterization generally requires the measurement of a
number of observables that grows exponentially with the number of con-
stituents of the quantum many-body systems. On the one hand, the ability
to create entanglement merely by cooling an interacting quantum many-body
system provides the attractive opportunity of using this entanglement to carry
out quantum information processing tasks such as measurement based quan-
tum computation [Cai 2010] or adiabatic quantum computation [Farhi 2001]
which gain their power exactly because of the complex structure of entan-
glement. However, the very same setting offers significant challenges, as it
is much harder to analyze theoretically and, crucially, experimentally: While
for the few-particle systems that can now be prepared in highly controlled
environments such as ion traps, it is possible to fully characterize the state
in the laboratory by quantum state tomography [Smithey 1993], the situation
in condensed matter systems is far more challenging. Firstly, the number
of subsystems tends to be much larger, the level of control over states and
Hamiltonians is more restricted and crucially the available measurements for
condensed matter systems are much less general: Local measurements ad-
dressing individual constituents are usually not available and one has to rely
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on global measurements such as those obtained in scattering experiments to
draw conclusions about the system. These are of course by no means sufficient
to fully characterize the state in the laboratory. How might one still be able
to say something about the entanglement that is available? One approach
could be to, e.g., model the system with a certain quantum Hamiltonian and
compare it to a classical model. If the predictions from the quantum model
matches the measurement results while the classical does not, and the simu-
lated quantum state displays entanglement, one might conclude that the state
in the laboratory is indeed entangled. This however is a fallacy. Consider the
following example of two spins [Audenaert 2006]: Suppose one measures the
correlation 〈σ̂z1σ̂z2〉 − 〈σ̂z1〉〈σ̂z2〉 and obtains the result −1. This measurement
is consistent with both the maximally entangled state |ψ〉 = (|↑↓〉 − |↓↑〉)/

√
2

and the separable state %̂ = (| ↑↓〉〈↑↓ | + | ↓↑〉〈↓↑ |)/2. Hence, without fur-
ther assumptions, one may not decide whether the state in the laboratory is
entangled or not. A possible assumption may be that the system is in ther-
mal equilibrium at some known temperature and that the Hamiltonian that
governs the system is known precisely. But obtaining knowledge about the
Hamiltonian experimentally is even harder than to obtain the state itself! A
technique to decide without a doubt whether entanglement is contained in a
given system should hence not rely on knowing the Hamiltonian, it should,
in fact, not rely on any kind of knowledge about the system other than mea-
sured data, but be able to quantify entanglement by just relying on measured
observables.

Here we present a scheme to quantify entanglement in condensed matter
systems that fulfils all the above requirements and relies only on measure-
ments that are already available: Neutron scattering from spin systems and
time-of-flight imaging of cold atoms. Hence, we show that —without any
assumptions— it is possible to directly measure entanglement in many-body
systems. To this end we exploit the substantial body of work concerning the
characterization (which states are entangled), quantification (how much of it
do we have) and verification (on the basis of simple measurements we need
to answer the previous questions) of entanglement (see [Plenio 2007] for a
tutorial review and [Horodecki 2009] for an advanced and very comprehen-
sive review) that has been established in quantum information science. More
precisely, we combine methods for determining the presence of entanglement
in quantum many-body system [Krammer 2009, Wunderlich 2010c] with pro-
posals for the quantitative verification of entanglement in few body quantum
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systems [Audenaert 2006, Eisert 2007, Gühne 2007] to achieve an experimen-
tally accessible method for measuring entanglement.

5.2 Entanglement Estimation from Structure
Factors

One of the standard tools to analyze condensed matter samples is neutron
scattering, see, e.g., Ref. [Neu 1985]. The deflected neutrons carry infor-
mation about both the structural and magnetic properties of the sample,
which can be read off the differential scattering cross section [Van Hove 1954].
The Fourier transform of the magnetic cross section gives access to spin
correlations in reciprocal space such as the positive Hermitian observable
Ŝ(q) = ∑

α=x,y,z Ŝα(q), where

Ŝα(q) = 1
M

∑
i,j

eiq·(ri−rj)σ̂αi σ̂
α
j , (5.1)

σ̂xi = ( 0 1
1 0 ), σ̂yi = ( 0 −i

i 0 ), σ̂zi = ( 1 0
0 −1 ) are Pauli spin matrices acting on lattice

site i located at ri, and M is the total number of spins, so the number of
lattice sites. Analogous observables can be obtained for spin systems realized
in ion traps or cold atoms in optical lattices, in which one can directly measure
spin correlations by light scattering [de Vega 2008].

In the following we will show how a measurement of observables of the
type in Eq. (5.1) alone is sufficient to quantify the entanglement contained in
the sample. We will consider systems comprised of spin 1/2 particles (gener-
alizations to higher spins are entirely straightforward) on a lattice and set out
to derive a lower bound to the entanglement that is consistent with the mea-
surement data. It will turn out that it is possible to find a lower bound that
is a simple function of the static structure factor 〈Ŝ(q)〉. Hence, for this, no
assumptions about the state are necessary, in particular, no knowledge about
the Hamiltonian is required.

First, let us consider the approach taken in Chap. 4 based on minimiz-
ing an entanglement measure of choice over all states given some observable.
Here, we assume the structure factor is measured in x, y and z direction with
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outcomes ax, ay and az. Then our problem is formulated as

Emin = minρ̂{E(ρ̂) : tr(Ŝx(q)ρ̂) = ax, tr(Ŝy(q)ρ̂) = ay,

tr(Ŝz(q)ρ̂) = az, ρ̂ ≥ 0}, (5.2)

where q is an arbitrary scattering vector. If the entanglement quantifier E(ρ̂)
is convex, then convex optimization methods may be used to approach this
problem. For this set of observables one can simplify the optimization using
symmetries allowed by the three structure factor measurements. Note that
ax, ay and az are invariant under the transformations

ρ̂→ (σ̂x)⊗nρ̂(σ̂x)⊗n, (5.3)
ρ̂→ (σ̂y)⊗nρ̂(σ̂y)⊗n, (5.4)
ρ̂→ (σ̂z)⊗nρ̂(σ̂z)⊗n. (5.5)

Hence, we can restrict the optimization to twirled states

ρ̂→ 1
4
(
ρ̂+ (σ̂x)⊗nρ̂(σ̂x)⊗n + (σ̂y)⊗nρ̂(σ̂y)⊗n + (σ̂z)⊗nρ̂(σ̂z)⊗n

)
. (5.6)

These twirled states have an operator-sum representation where in each term
the number of σ̂x operators is even and the same for σ̂y and σ̂z. More formally:

ρ̂ =
∑
α

cα1···αnσ
α1
1 · · ·σαnn , (5.7)

where the sum is performed over all sets α = {α1, ..., αn} labeling the Pauli (or
identity) index, and in addition which fulfil that Nx, Ny, Nz are even, where
Nx = ∑n

j=1 δαj ,x, and analogously for y and z.

The twirling simplifies the optimization. However, it is still a hard problem
and unlikely to be useful in this form for large systems. For small systems
however, this approach can be applied very easily. To exemplify this, consider
the structure factor measurements for a thermal two-dimensional quantum
antiferromagnet described by the Hamiltonian:

Ĥ = J
∑

α=x,y,z

∑
〈i,j〉

σ̂αi σ̂
α
i , (5.8)

where 〈i, j〉 denotes summation over nearest neighbours. Using those mea-
surements we can compute a lower bound on an entanglement measure. For
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Figure 5.1: Lower bound on the global robustness of entanglement calculated
by a PPT-relaxation of the measure for a 2×2 Heisenberg lattice as a function
of the scattering vector q. System parameters are chosen such that βJ = 1.

this, let us choose the PPT-relaxation of the global robustness of entangle-
ment as defined in Chap. 4. The obtained bound is shown as a function of
the scattering vector q in Fig. 5.1. One can see that the method works best
for q ≈ 0 and q ≈ (π, π). Next, we will see how to obtain analytic bounds
from static structure factor measurements that allow to infer and quantify
entanglement without the need of numerical methods.

In the following we present definitions and a derivation that will lead to
the central result in Eq. (5.13), which provides a lower bound on the entan-
glement of any spin-state under investigation that can be used directly on
experimental data. Several entanglement measures may be expressed in the
form [Brandão 2005, Plenio 2007]

EC(%̂) = max
{

0,− min
Ŵ∈W∩C

tr[Ŵ %̂]
}
, (5.9)

where W denotes the set of Hermitian operators that fulfil 〈Ŵ 〉 ≥ 0 for
separable states (i.e., the set of entanglement witnesses [Gühne 2009]) and C
distinguishes the quantities: E.g., if C is the set of operators Ŵ fulfilling 〈Ŵ 〉 ≤
1 for separable states then EC is the robustness of entanglement [Vidal 1999],
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for C = {Ŵ ∈ W | I − Ŵ ≥ 0}, EC measures the generalized robustness of
entanglement [Steiner 2003, Harrow 2003], and if C = {Ŵ ∈ W | I + Ŵ ≥ 0}
then EC is equal to the best separable approximation [Lewenstein 1998]. In
fact, ECn,m , Cn,m := {Ŵ ∈ W |−nI ≤ Ŵ ≤ mI}, is an entanglement monotone
for every n,m ≥ 0 [Brandão 2005]. One can now exploit the fact that for any
choice Ŵ ∈ W ∩ C one obtains a lower bound to EC,

EC(%̂) ≥ max
{

0,−tr[Ŵ %̂]
}
for all Ŵ ∈ W ∩ C. (5.10)

Given this expression, it is possible to arrive at lower bounds to EC by simply
constructing operators Ŵ ∈ W ∩ C that are functions of observables that are
within experimental reach. This works of course for any spin system and any
observable.

In the following, we will focus on the best separable approximation and
the observable Ŝ. Consider the operator

Ŵ (q) = 1
2 Ŝ(q)− I, (5.11)

for which we now show that Ŵ ∈ W ∩ C. We find Ŵ (q) + I ≥ 0 and for a
product state %̂ = ⊗i%̂i, we have

〈Ŵ (q)〉 = 1
2M

∑
i,α

(
1− 〈σ̂i

α〉2
)
− 1

+ 1
2M

∑
α

∣∣∣∑
i

eiq·ri〈σ̂αi 〉
∣∣∣2, (5.12)

which is non-negative as the last term is and the first term may be bounded
by using the uncertainty relation ∑α(1−〈σ̂αi 〉2) ≥ 2. Hence, Ŵ ∈ W ∩C, i.e.,
for every state %̂ and every q, the quantity

E(q) = max
{

0, 1− 1
2M

∑
i,j,α

eiq·(ri−rj)〈σ̂αi σ̂αj 〉
}

(5.13)

provides a lower bound to the M -partite entanglement (as measured in terms
of the best separable approximation) contained in %̂. Similar bounds may
be derived for all entanglement measures that fall into the general frame-
work of Eq. (5.9). For instance, it is possible to obtain a bound on the
global robustness in the following way similar to the approach taken in Ref.
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[Krammer 2009]: define the witness-operator

W (q) = I− 1
M
Ŝ(q). (5.14)

As clearly the largest eigenvalue of W (q) is smaller than one, the expectation
value of this operator gives a lower bound to the global robustness according
to Ref. [Brandão 2005]. One can see that this is indeed a witness operator by
bounding the expectation value of Ŝ(q) from above for separable states. To
this end it is convenient to use the Bloch vector representation for a qubit,
namely

ρi = 1
2

(
I +

∑
α

niασ
α

)
, (5.15)

with (nix)2 + (niy)2 + (niz)2 ≤ 1. Then, we find for a M -partite product state
ρp := ∏M

j=1 ρj that

|〈Ŝ(q)〉| = 1
M
|
∑
i,j

(
dij〈σ̂xi σ̂xj 〉+ dij〈σ̂yi σ̂

y
j 〉+ dij〈σ̂zi σ̂zj 〉

)
| (5.16)

= 1
M
|
∑
i,j

dij
(
nixn

j
x + niyn

j
y + nizn

j
z

)
| (5.17)

≤ 1
M

∑
i,j

(
|nix||njx|+ |niy||njy|+ |niz||njz|

)
≤M, (5.18)

where we defined dij := exp(iq(ri− rj)). By convexity, this bound also holds
for mixtures of separable states. Thus, having proved that (5.14) is in fact a
lower bound to the global robustness.

At this point, we would like to emphasise again that E(q) gives a lower
bound to the entanglement for any state on the lattice – irrespective of how it
has been prepared, what the temperature is, or what the underlying Hamil-
tonian of the system might be.

As an example, we consider thermal states of the antiferromagnetic Heisen-
berg model defined in Eq. (5.8) on a square lattice. This model has been ana-
lyzed in great detail in the literature (see Ref. [Manousakis 1991] for a review)
using several analytical and numerical techniques. In Ref. [Christensen 2007]
the two-dimensional Heisenberg antiferromagnet copper deuteroformate tetradeu-
rate has been analyzed experimentally using extensive neutron scattering mea-
surements and it has been suggested—under the assumption that the system
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Figure 5.2: Lower bound E on the entanglement—as measured in terms of the
best separable approximation (BSA)—for a thermal state %̂ = exp(−βĤ)/Z,
βJ = J/kBT = 1, of the Heisenberg model in Eq. (5.8). For every q, E(q)
provides a lower bound to the BSA. The square lattice with open boundary
conditions and lattice constant a = 1 has 30× 30 lattice sites and 〈Ŝ(q)〉 was
obtained using the generalized directed loop quantum Monte Carlo algorithm
[Alet 2005] of the ALPS package [Albuquerque 2007]. Inset shows E(nπ16 ,

nπ
16 ),

n = 0, 4, 6, 7 (top to bottom), as a function of the temperature. Lines are a
guide to the eye. Note that the BSA is upper bounded by unity, a bound that
E(q) saturates at low temperatures and q = 0.
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is indeed described by the Heisenberg Hamiltonian with known coupling con-
stants and by a comparison of a classical to a quantum description—that
entanglement is present in this system. Using E(q), the presence of entangle-
ment can not only be confirmed but, as it is a lower bound to the best separable
approximation, also quantified. In Fig. 5.2, we show E(q) for a thermal state
of the Heisenberg model at different values of Jβ as obtained from a quan-
tum Monte Carlo simulation using the generalized directed loop algorithm
[Alet 2005] of the ALPS library [Albuquerque 2007]. The plot shows that
entanglement is present up to fairly high temperatures, i.e., measuring en-
tanglement is well within experimental reach (in [Christensen 2007], e.g., the
sample was at a temperature of 1.5K and the data well fitted by J = 6.19meV,
i.e., kBT/J = 0.02). In addition, the plot exemplifies the quality of our bound:
The best separable approximation is upper bounded by unity and at low tem-
peratures E(0) ≈ 1. E(q) also scales properly with the system size: For the
ground state of the Heisenberg model it is known that S(q) ∼ |q| for small
values of |q| [Manousakis 1991], i.e., E(q)− 1 ∼ |q| 1.

5.3 Entanglement Estimation from TOF ex-
periments

A standard measurement in the context of ultracold atoms is the following:
One switches off all potentials, allows the atom cloud to expand freely and
then takes an absorption image of the atoms, which reveals the velocity, quasi-
momentum, or time-of-flight distribution of the atoms before the expansion.
This technique was used to show Bose-Einstein condensation into the lowest-
momentum state [Davis 1995], to demonstrate the Mott insulator – superfluid
transition of bosons in optical lattices [Greiner 2001], and to observe Fermi
surfaces of fermions in optical lattices [Köhl 2005] to name just a few. We
focus on the situation in which bosons of mass m are kept in an optical lattice
with lattice constant a. After a time of flight t, the density of the atoms reads
(see, e.g., Refs. [Pedri 2001, Gerbier 2008])

n(r) =
∑
i,j

fi,j(k = mr
~t )〈b̂†i b̂j〉, (5.19)

1We have checked the scaling of E(q) with the system size. E.g.,at Jβ = 1, we found
E30(0) − E10(0) = 0.0055 and E30(0) − E20(0) = 0.0021, where the index indicates the
linear size of the square lattice.
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where

fi,j(k) = (m~t)
3|w(k)|2ei(k(ri−rj)+ m

2~t (r
2
j−r2

i )), (5.20)

w(k) is the Fourier-transform of the Wannier function centred at zero, and b̂i

annihilates a boson at site i located at ri. The resulting absorption image is
then the integral along the optical axis, say, the z-direction, of this density,
i.e.,

n(x, y) =
∑
i,j

fi,j(x, y)〈b̂†i b̂j〉 =: 〈n̂(x, y)〉, (5.21)

where fi,j(x, y) =
∫

dz fi,j(~tr
m

), fi,i(x, y) =: f(x, y) . We now set out to show
that

E(x, y) = max
{

0, 〈N̂〉 − n(x, y)
f(x, y)

}
(5.22)

provides a lower bound to the entanglement contained in the state in the
laboratory, which constitutes the main result of this section. Here, 〈N̂〉 =∑

i〈b̂†i b̂i〉 is the expected total number of atoms.

As we are concerned with massive particles, we will, in the following re-
strict the state space to states %̂ that have a finite mean number of particles,
tr[%̂N̂ ] < ∞, and commute with the particle number operator N̂ . In other
words, we are concerned with states respecting the particle-number superse-
lection rule (SSR) – the only physical states allowed in this setting of indis-
tinguishable massive particles [Wiseman 2003]. These states are of the form
%̂ = ∑∞

N=0 P̂N %̂P̂N =: ⊕∞N=0 %̂N , where P̂N projects on the sector with constant
particle number N . The SSR also restricts the allowed physical operations to
operations commuting with N̂ [Bartlett 2003]. Consider now

E(%̂) = max
{

0,−
∞∑
N=0

min
Ŵ∈CN

tr[%̂NŴ ]
}
, (5.23)

where CN is the set of hermitian operators Ŵ acting on the subspace of con-
stant particle number N that fulfil cN ± Ŵ ≥ 0 for some constant c > 0
independent of N and tr[%̂NŴ ] ≥ 0 for separable %̂N . In the following we
show that E is an entanglement monotone under LOCC operations that pre-
serve the total number of particles, i.e., that commute with N̂ (and hence it is
also an entanglement monotone under SSR-LOCC operations – LOCC opera-
tions that preserve the local particle number; for a discussion of entanglement
under SSR see Ref. [Wiseman 2003]).
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5.3.1 Proof of Entanglement Monotone Validity

We set out to show that on the set of states %̂ that respect the particle number
superselection rule (i.e., are of the form %̂ = ∑∞

N=0 P̂N %̂P̂N) and have a finite
mean number of particles, tr[%̂N̂ ] < ∞, the quantity E as in Eq. (5.23) is
an entanglement monotone under LOCC operations that preserve the total
particle number. First, we note that E is well defined: The set CN is a subset
of hermitian operators on NN , which we denote by HN , and the trace is
understood to be over NN . Then, for given N and %̂N the mapping HN →
tr[%̂N · ] is continuous, i.e., the minimum is attained on CN as CN is compact:
CN = AN ∩ SN , where

AN =
{
Ŵ ∈ HN

∣∣∣ − cN ≤ Ŵ ≤ cN
}
, (5.24)

is compact and the complement of

SN =
{
Ŵ ∈ HN

∣∣∣ tr[%̂NŴ ] ≥ 0 for separable %̂N
}

(5.25)

is open in HN : Let Ŵ ∈ HN but not in SN . Then there exists a non-separable
%̂N such that tr[%̂NŴ ]/2 = −ε < 0. Then for all Ŵ ′ ∈ HN with ‖Ŵ ′−Ŵ‖ < ε,
we have tr[%̂NŴ ′] = tr[%̂N(Ŵ ′ − Ŵ )] + tr[%̂NŴ ] ≤ ‖Ŵ ′ − Ŵ‖ − 2ε < −ε < 0.
Hence, the minimum is attained and, for given %̂N denoting the minimizer by
Ŵ%̂N , we may write

E(%̂) = max
{

0,−
∞∑
N=0

tr[%̂NŴ%̂N ]
}
. (5.26)

Finally, the series is absolutely convergent:

− cNtr[%̂N ] ≤ tr[%̂NŴ ] ≤ cNtr[%̂N ] (5.27)

for all Ŵ ∈ CN , i.e., |tr[%̂NŴ ]| ≤ cNtr[%̂N ] for all Ŵ ∈ CN , and therefore

∞∑
N=0
|tr[%̂NŴ%̂N ]| ≤ c

∞∑
N=0

Ntr[%̂N ] = c tr[%̂N̂ ] <∞. (5.28)

Hence, E is well defined.
Now let Âk, k = 1, 2, . . . , be Kraus operators of the form Âk = ∑∞

N=0 Â
k
N

(i.e., we only allow operations that preserve the total number of particles)
with ∑k Â

†
kÂk ≤ I and Âk = ⊗

s Â
k
s , where the direct product refers to some
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partition of the system. For a given state %̂ = ⊕∞
N=0 %̂N , denote

R̂k = Âk%̂Â
†
k =

∞⊕
N=0

ÂkN %̂N(ÂkN)†, (5.29)

pk = tr[R̂k], K = {k | pk > 0}, and for k ∈ K write

%̂k = R̂k/pk = 1
pk

∞⊕
N=0

ÂkN %̂N(ÂkN)† =:
∞⊕
N=0

%̂kN . (5.30)

Then, with K ′ = {k ∈ K | ∑∞N=0 tr[%̂kNŴ%̂kN
] < 0},

∑
k∈K

pkE(%̂k) =
∑
k∈K

pk max
{

0,−
∞∑
N=0

tr[%̂kNŴ%̂kN
]
}

= −
∑
k∈K′

pk
∞∑
N=0

tr[%̂kNŴ%̂kN
]

= −
∑
k∈K′

∞∑
N=0

tr[%̂N(ÂkN)†Ŵ%̂kN
ÂkN ].

(5.31)

We already know that ∑∞N=0 tr[%̂kNŴ%̂kN
] converges absolutely. We also have

∑
k∈K′

pk|tr[%̂kNŴ%̂kN
]| =

∑
k∈K′
|tr[ÂkN %̂N(ÂkN)†Ŵ%̂kN

]|

≤ cN
∑
k

tr[ÂkN %̂N(ÂkN)†]

= cNtr[%̂N
(∑
k

(ÂkN)†ÂkN
)
],

(5.32)

which is upper bounded by cNtr[%̂N ], i.e.,

∞∑
N=0

∑
k∈K′

pk|tr[%̂kNŴ%̂kN
]| ≤ c

∞∑
N=0

Ntr[%̂N ] = ctr[%̂N̂ ], (5.33)

which is finite. Hence, we may interchange the sums to find

∑
k∈K

pkE(%̂k) = −
∞∑
N=0

tr
[
%̂N
( ∑
k∈K′

(ÂkN)†Ŵ%̂kN
ÂkN

)]

≤
(∗)
−
∞∑
N=0

tr[%̂NŴ%̂N ] ≤ E(%̂),
(5.34)

where (∗) holds if ∑k∈K′(ÂkN)†Ŵ%̂kN
ÂkN is an element of CN , which we now set
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out to show. As ∑k Â
†
kÂk ≤ I, we also have ∑k(ÂkN)†ÂkN ≤ I, i.e., bounding

positive semi-definite operators by zero,

cNI±
∑
k∈K′

(ÂkN)†Ŵ%̂kN
ÂkN

≥
∑
k

(ÂkN)†cNÂkN ±
∑
k∈K′

(ÂkN)†Ŵ%̂kN
ÂkN

≥
∑
k∈K′

(ÂkN)†(cNI± Ŵ%̂kN
)ÂkN ≥ 0,

(5.35)

i.e., ∑k∈K′(ÂkN)†Ŵ%̂kN
ÂkN ∈ AN . Now let %̂N be separable. Then

tr
[
%̂N
( ∑
k∈K′

(ÂkN)†Ŵ%̂kN
ÂkN

)]
=
∑
k∈K′

tr
[
ÂkN %̂N(ÂkN)†Ŵ%̂kN

]
, (5.36)

where each summand is non-negative: The ÂkN %̂N(ÂkN)† are separable as the
ÂkN are local operations and %̂N is separable. Therefore, as Ŵ%̂kN

∈ SN we have

tr
[
ÂkN %̂N(ÂkN)†Ŵ%̂kN

]
≥ 0, (5.37)

i.e., finally, ∑k∈K′(ÂkN)†Ŵ%̂kN
ÂkN ∈ SN .

We now show that ŴN = P̂N(n̂/f(x, y)− N̂)P̂N ∈ CN . To this end let |ψ〉
be a state vector on the subspace of constant particle number N . Then, with
M being the number of lattice sites, we find

〈ψ|n̂|ψ〉
f(x, y) ≤

∑
i,j

|〈ψ|b̂†i b̂j|ψ〉|

≤
∑
i,j

√
〈ψ|b̂†i b̂i|ψ〉

√
〈ψ|b̂†j b̂j|ψ〉

≤
∑
i,j

〈ψ|b̂†
i
b̂i|ψ〉+〈ψ|b̂†j b̂j |ψ〉

2 = NM,

(5.38)

i.e., MN ± ŴN ≥ 0. Furthermore, for separable %̂N , we find for i 6= j that
tr[%̂N b̂†i b̂j ] = 0 and hence

tr[%̂N n̂] = f(x, y)
∑

i

tr[%̂N b̂†i b̂i] = f(x, y)N, (5.39)
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Figure 5.3: Lower bound E(x, y) on the entanglement for a thermal state
%̂ = exp(−Ĥ/kBT )/Z with constant filling factor 〈n̂i〉 = 1 of the Bose-
Hubbard model in Eq. (5.41). The three-dimensional cubic lattice with peri-
odic boundary conditions and lattice constant a = 1 has 10× 10× 10 lattice
sites and 〈n̂(x, y)〉 was obtained using the same numerical code as for Fig. 5.2.
Left plot shows E(x, y) as in Eq. (5.22) for βU = 1/5, J/U = 0.01. Right
plot shows E(nπ64 ,

nπ
64 ), n = 64, 48, 44, 36, 34, 33 (top to bottom) as a function

of the temperature (black) and of the tunnelling amplitude J/U (gray). Lines
are guides to the eye.

i.e., tr[%̂NŴN ] ≥ 0. Hence, ŴN ∈ CN , which implies that

− min
Ŵ∈CN

tr[%̂NŴ ] ≥ tr[%̂N(N − n̂/f(x, y))] (5.40)

and thus, for all x, y, the quantity E(x, y) in Eq. (5.22) provides a lower
bound to the M -partite entanglement (as measured in terms of E) available
in the system. Here, n(x, y) = 〈n̂(x, y)〉 is obtained in standard time-of-flights
measurements and E is a lower bound for any state on the lattice.

As an example, we consider thermal states of the Bose-Hubbard model on
a three-dimensional cubic lattice,

Ĥ = −J
∑
〈i,j〉

b̂†i b̂j + U

2
∑

i

n̂i(n̂i − 1)− µ
∑

i

n̂i, (5.41)

where n̂i = b̂†i b̂i, 〈·, ·〉 denotes summation over nearest neighbours, J accounts
for tunnelling of atoms between adjacent sites, U is the strength of the on-
site repulsion of atoms, and the chemical potential µ controls the particle
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number. Bosons in deep optical lattices are (up to an harmonic confine-
ment) well described by this model, which displays a quantum phase transi-
tion from a Mott insulator (small J/U) to superfluid (large J/U) that was
observed in [Greiner 2001] via the interference pattern displayed in 〈n̂(x, y)〉.
In Fig. 5.3, we show E(x, y) for a thermal state of the Bose-Hubbard model
as obtained from a quantum Monte Carlo computation using the ALPS li-
brary [Albuquerque 2007]. We can see that E(x, y) increases linearly with
J/U and stays finite up to high temperatures. Furthermore, in experiments
the atoms are harmonically trapped leading to an extension of the atoms
over the lattice that is on the order of the system size considered here. Hence,
quantifying entanglement in these systems is already well within experimental
reach.

5.4 Conclusion
We have derived lower bounds to the entanglement contained in lattice sys-
tems. These lower bounds are a simple function of routinely measured observ-
ables and do not require any additional information about the system. This
makes not only the verification but also the quantification of entanglement
in condensed matter samples possible. In other words, without making any
assumptions (such as the temperature, the Hamiltonian that governs the sys-
tem, the way the state was created), entanglement can be directly measured
using only measurements that already belong to the toolbox for the analysis of
quantum many-body systems. The presented schemes straightforwardly gen-
eralize to other many-body systems and observables and we foster the hope
that they will see direct application to experimentally realized situations and
inspire further generalizations.
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Post-Quantum Correlations





Chapter 6

Introduction to Generalized
Nonsignaling Theories

6.1 Introduction

This chapter serves as an introduction to the theory of generalized nonsignal-
ing theories following the presentation of Ref. [Masanes 2006]. It does not
contain original research material of the theses, but prepares the reader for
the following chapter on Macroscopic Locality.

This chapter is structured as follows: first basic definitions used in nonsignal-
ing theories are provided. Then the different types of nonsignaling correlations
are introduced. Several general properties of nonsignaling theories are re-
viewed including monogamy of correlations and no-cloning. We briefly present
an important Bell inequality, the CGLMP inequality. Also, a connection be-
tween uncertainty and nonlocality is reviewed.

6.2 Definitions

In the following we will consider the scenario of n parties with a physical
system, which can be measured with different observables. Let xk be the
measurement of party k with outcome ak. Then, we find the joint probability
distribution conditioned on these measurements by

P (a1, ..., ak|x1, ..., xk). (6.1)

An equivalent definition is the following: suppose each party posseses a phys-
ical device with certain inputs and outputs. Immediately after some party k
inputs xk and obtains the output ak, the device cannot be used any more. We
assume that inputs and outputs are chosen from a finite, but arbitrary large
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alphabet:

xk ∈ {0, 1, ..., Xk − 1}, (6.2)
ak ∈ {0, 1, ..., Ak − 1}. (6.3)

Furthermore, we assume w.l.o.g. that all observables of one party have the
same number of outcomes.

It will turn out to be instructive to perceive the conditional probability
(6.1) as a point in a highly dimensional space. The set of all possible points
(6.1) forms a convex polytope. For a theory that does not impose any physical
constraints, only a normalization condition applies to (6.1), namely

∑
a1,...,ak

P (a1, ..., ak|x1, ..., xk) = 1 (6.4)

for all inputs x1, .., xk.

6.2.1 Nonsignaling correlations

The most fundamental restriction on the conditional probabilities (6.1) is the
nonsignaling condition. The distribution P (a1, ..., ak|x1, ..., xk) is nonsignalling
if the marginal distribution for each subset of parties {ak1 , ..., akm} only de-
pends on the corresponding inputs xk1 , ..., xkn , so that

P (ak1 , . . . , akn|x1, ..., xn) = P (ak1 , ..., akn|xk1 , ..., xkn). (6.5)

In [Barrett 2005] it was shown that this is equivalent to the following
condition:

∑
ak

P (a1, ..., ak, ..., an|x1, ..., xk, ..., xn)

=
∑
ak

P (a1, ..., ak, ..., an|x1, ..., x
′
k, ..., xn) (6.6)

for all a1, ..., ak−1, ak+1, ..., am, x1, ..., xk−1, x
′
k, xk+1, ..., xn, and each k ∈ {1, ..., n}

These linear constraints characterize an affine set, whose intersections with the
polytope of (6.1) results in a new convex polytope. In the following we will
always take the nonsignaling condition for granted.
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6.2.2 Local correlations

Correlations that are established via shared randomness and local opera-
tions are called local correlations. Mathematically, local correlations are con-
strained via

P (a1, . . . , an|x1, . . . , xn) =
∑
e

P (e)P (a1|x1, e)...P (an|xn, e), (6.7)

where the random variable e represents the information shared between the
parties. The polytope of local correlations is delimited by two sorts of facets.
The first kind of facet stems from the positivity of the components of (6.7).
These are also facets of the nonsignaling polytope. The second kind of facets
can be violated by nonlocal correlations. Hence, these facets can be expressed
by Bell inequalities.

In Chap. 7 we will in fact use a different formulation of local corre-
lations, namely that P (a1, . . . , an|x1, . . . , xn) arises from a joint probabil-
ity distribution P (a1, . . . , an, a

′
1, . . . , a

′
n, . . . |x1, . . . , xn, x

′
1, . . . , x

′
n, . . . ). In Ref.

[Fine 1982] it is shown that these two definitions are actually equivalent.

6.2.3 Quantum correlations

If the parties share quantum information (entanglement), we refer to the corre-
lations as quantum correlations. In this case, the correlations can be expressed
as

P (a1, ..., ak|x1, ..., xk) = tr[F (x1)
a1 ⊗ ...⊗ F (xn)

an ρ], (6.8)

where ρ is a quantum state and {F (x1)
a1 , ..., F (xn)

an } is a positive operator valued
measure, meaning a set of positive-semidefinite operators {F (xk)

ak
} satisfying∑

ak F
(xk)
ak

= I, ∀k.

6.2.4 Isotropic correlations

Consider the bipartite distributions with unbiased marginals for a and b. In
this case, all the information on P (a, b|x, y) is contained in the correlators

Cxy = +P (0, 0|x, y) + P (1, 1|x, y)− P (0, 1|x, y)− P (1, 0|x, y), (6.9)
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for xy = 00, 01, 10, 11. It is always possible to set C00, C10, C01 ≥ 0 using local
reversible transformations. The nonlocality of the correlators in this form can
then be quantified by the CHSH inequality with the Bell operator

BCHSH = 1
2[C00 + C01 + C10 − C11]− 1. (6.10)

Isotropic correlations Piso(a, b|x, y) are defined as correlations with unbiased
marginals for a and b satisfying

C00 = C01 = C10 = −C11 ≥ 0. (6.11)

Hence, only one degree of freedom C = C00 governs isotropic correlations, and
the CHSH inequality can then be expressed as

BCHSH [Piso] = 2C − 1. (6.12)

In the case C = 1 the correlations are called PR box [Popescu 1994]. The
probability distribution of a PR box is typically written as

PPR(a, b|x, y) = 1/2, if (a+ b) mod 2 = xy. (6.13)

Using the definition of a PR box, one can in turn write any isotropic correlation
as a mixture of a PR box and local noise as

Piso = CPPR + (1− C)PA
NP

B
N , (6.14)

where PA
N (PB

N ) is the local noise distribution on Alice’s (Bob’s) site. Hence
the parameter C may be perceived as the probability of sharing a PR box
instead of local noise.

6.3 Monogamy of nonlocal correlations

Classical correlations can be shared among an arbitrary number of parties. In
contrast, quantum correlations can not. As an example, consider the scenario
in which Alice, Bob, and Clare possess one qubit each [Coffman 2000]. Sup-
pose Alice and Bob’s qubits are prepared in the singlet state |01〉−|10〉√

2 . This
implies that Alice’s qubit is unentangled with Clare’s. If Alice’s qubit was
entangled with Clare’s, then this would imply that the system consisting of
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Alice and Bob’s qubits were entangled with Clare’s, thus leading to a mixed-
state density matrix, in contradiction to the assumption of the pure singlet
state. The phenomenon that entanglement cannot be shared freely among
different parties is known as “monogamy of entanglement”. We will see that
this concept applies generally to nonsignaling theories.

In Ref. [Barrett 2005] it was already shown that all Bell inequalities for
which the maximum violation consistent with nonsignaling is achieved by a
unique distribution, imply monogamy. Let B be a Bell operator with unique
violator Pmax. If a maximal violation B[P (a, b|x, y)] = 1 is due to correlations
shared between Alice and Bob, then Alice and Clare are entirely uncorrelated.
This can be seen in the following way: as all Bell inequalites B[P ] are linear
in P , Pmax must be an extremal point of the Alice-Bob polytope. Otherwise,
the maximal violator would not be unique. Next, one uses the definition of
marginal distribution and the nonsignaling condition to obtain

Pmax(a, b|x, y) =
∑
c

P (a, b, c|x, y, z) (6.15)

=
∑
c

P (a, b|x, y, z, c)P (c|x, y, z) (6.16)

=
∑
c

P (a, b|x, y, z, c)P (c|z) (6.17)

for all z. As Pmax(a, b|x, y) is extremal, this decomposition can only contain
one term. Hence, Clare is uncorrelated from Alice and Bob.

It is known that all CGLMP inequalities are maximized by a unique prob-
ability distribution

6.3.1 Shareability and locality

A bipartite probability distribution P (a, b|x, y) is called m-shareable
[Masanes 2006] with respect to Bob, if there exists an m + 1-partite dis-
tribution P (a, b1, ..., bm|x, y1, ..., ym) which is symmetric with respect to
(b1, y1), ..., (bm, ym), with marginals

P (a, bi|x, yi) = P (a, b|x, y). (6.18)

Theorem 6.3.1 If P (a, b|x, y) is m-shareable with respect to Bob, then it
satisfies all Bell inequalities with m (or less) different values for the input y.

Proof The proof works by constructing a local model for P (a, b|x, y) with



106Chapter 6. Introduction to Generalized Nonsignaling Theories

y = 1, ...,m. The probability distribution P (a, b1, ..., bm|x, y1, ..., ym) with the
symmetries and marginals as mentioned above exists. It follows that the
marginals P (b1, ..., bm|y1, ..., ym) and conditionals P (a|x, b1, ..., bm, y1, ..., ym)
exist as well. In our construction the information shared between the par-
ties (that is the variable e in (6.7)), is e = (b1, ..., bm) for fixed inputs
y1 = 1, ..., ym = m. Using the definition of conditional probability, we find

P (a, b|x, y) =
∑

b1,...,bm

P (b1, ..., bm|y1 = 1, ..., ym = m)

×P (a|x, b1, ..., bm, y = 1, ..., y = m)× δb,by , (6.19)

with the delta-function parameters b, y being the variables appearing in
P (a, b|x, y), and by being the y-th component of the shared information
(b1, ..., bm). Next, we identify the three terms in Eq. (6.19) with P (e),
P (a|x, e), and P (b|y, e) in (6.7).

This result is a generalization of theorem 2 in Ref. [Terhal 2003] for quan-
tum states to the general nonlocal scenario [Masanes 2006]. As a consequence
of this result, one finds that any state that is X and Y shareable with respect
to Alice and Bob is local. Hence, such states do not violate the CHSH or
CGLMP inequalites.

Conversely, every local state is ∞-shareable with respect to any party.
This can be seen by extending the local correlations in (6.7) to m parties:

P (a, b1, ..., bm|x, y1, ..., ym) =
∑
e

P (e)P (a|x, e)P (b1|y1, e)...P (bm|ym, e),(6.20)

with each distribution P (bi|yi, e) corresponding to the P (b|y, e) in Eq. (6.7).
So in analogy to what happens in QM [Werner 1989a], locality and∞ - share-
ability are equivalent.

6.4 No-cloning
A milestone in QIS is the no-cloning theorem [Wootters 1982]. It states that
an unknown quantum state cannot be reproduced with unit fidelity. The no-
cloning theorem is a consequence of the nonorthogonality of quantum states
and the linearity of time-evolutions. A natural question to ask is if no-cloning
is related to non-signaling. A relation between the violation of the CHSH
inequality and no-cloning was shown by Werner in Ref. [Werner 2001b] and
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later extended to the following result in Ref. [Masanes 2006]:

Theorem 6.4.1 All non-signaling theories violating a Bell’s inequality imply
no-cloning.

Proof Suppose there exists a perfect cloning machine to which we can in-
put a state and it outputs two states exactly identical to the input state.
Consider the scenario in which Alice and Bob share the nonlocal distribution
P (a, b|x, y). As usual Alice and Bob are separated in space. They perform the
following operations. Alice inputs x0 and obtains a0. Bob creates m clones of
the original system. An observer who first sees the output of Alice’s system,
the description of Bob’s input system is P (b|y, x0, a0). For this observer, the
result of the perfect cloning machine is

P (b|y, x0, a0)→ P (b1, ..., bm|y1, ..., ym, a0, x0). (6.21)

We do not make any restrictions on the joint state of all clones P (b1, ..., bm|
y1, ..., ym, x0, a0) apart from the condition that tracing out all but one subsys-
tem, this one has to be identical to the original one, that is P (bi|yi, x0, a0) =
P (b|y, x0, a0).

For an observer who first sees the event on Bob’s site, the joint system is
described by

P (a, b1, ..., bm|x, y1, ..., ym). (6.22)

However, states (6.21) and (6.22) perceived from the different observers must
be identical, up to conditioning on a. But this implies immediately that
P (a, b|x, y) is shareable, even ∞-shareable as m is assumed to be arbitrary.
Using the results of the previous section on shareability this means that the
original distribution P (a, b|x, y) is local, thus contradicting the initial assump-
tion of distant subsystems.

6.5 CGLMP Inequality
Local hidden variable theories do not allow for arbitrary correlations. We
have already seen the Bell and CHSH inequalities as examples of constraints
governing these correlations. A generalization of Bell inequalities to higher
dimensions was given in Ref. [Collins 2002]. These inequalities are of practical
value as higher dimensional Bell inequalities exhibit more persistence to noise.
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Consider the following scenario: Alice (Bob) can measure two observ-
ables A1, A2 (B1, B2). The outcomes of those measurements can take values
from 0, ..., d − 1. W.l.o.g. a LHV model can be described by d4 probabilities
cjklm, j, k, l,m = 0, ..., d− 1 specifying that Alice’s outcome of A1(A2) is j(k)
and Bob’s outcome of B1 (B2) is l (m). The probabilities are normalized to∑
jklm cjklm = 1, and joint probabilities are given by P (A1 = j, B1 = l) =∑
km cjklm and analogously for P (A1 = j, B2 = m), P (A2 = k,B1 = l), and

P (A2 = k,B2 = m).

Now consider a fixed setting of local variables jklm which occurs with
probability cjklm. Then, we define

r′ =B1 − A1 = l − j, (6.23)
s′ =A2 −B1 = k − l, (6.24)
t′ =B2 − A2 = m− k, (6.25)
u′ =A1 −B2 = j −m. (6.26)

One can see that r′, s′ and t′ can be chosen freely, but u′ depends on this
choice then as

r′ + s′ + t′ + u′ = 0. (6.27)

This constraint forms the footing of the CGLMP inequalities. The simplest
Bell expression based on this is

I ≡ P (A1 = B1) + P (B1 = A2 + 1) + P (A2 = B2) + P (B2 = A1), (6.28)

where P (Aa = Bb + k) is the probability that outcomes Aa and Bb differ by k
modulo d:

P (Aa = Bb + k) ≡
d−1∑
j=0

P (Aa = j, Bb = j + k mod d). (6.29)

Because of Eq. (6.27) for a choice of local variables jklm at most three
relations ocurring in (6.28) are fulfilled. Therefore, one finds that for all local
realistic theories it holds that I ≤ 3. In contrast nonlocal theories can satisfy
all four relations and yield I = 4. Note that in the special case d = 2, the
inequality I(local realism) ≤ 3 is equivalent to the CHSH inequality.
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Expression (6.28) may be generalized further in the following way

I3 ≡ +[P (A1 = B1) + P (B1 = A2 + 1)
+P (A2 = B2) + P (B2 = A1)]−
−[P (A1 = B1 − 1) + P (B1 = A2)

+P (A2 = B2 − 1) + P (B2 = A1 − 1)]. (6.30)

For nonlocal theories I3 attains its maximum at the value 4 as a nonlocal
theory can satisfy all four relations with a + sign in (6.30), while for lo-
cal variable theories one finds that I3 ≤ 2. This is an improvement over
I(local realism) ≤ 3 in expression (6.28). We have seen that three out of
four conditions with a + sign can be satisfied by local variable theories. It is
easy to see that in this case also one of the relations with a − sign must be
fulfilled, thus I3 = 2. It is also possible that two relations with a + and two
with probability zero are satisfied, again giving I3 = 2.

The Bell operator I3 can be generalized to the d-dimensional case by adding
extra terms to obtain [Collins 2002]:

Id ≡
∑d/2
k=0(1− 2k

d−1){+[P (A1 = B1 + k) + P (B1 = A2 + k + 1) +
+P (A2 = B2 + k) + P (B2 = A1 + k)]−
−[P (A1 = B1 − k − 1) + P (B1 = A2 − k) +

+P (A2 = B2 − k − 1) + P (B2 = A1 − k − 1)]}. (6.31)

The Bell expression is restricted to Id ≤ 2 for local variable theories and Id ≤ 4
for nonlocal theories as shown in [Collins 2002].

6.6 Non-locality and the Uncertainty Relation

In this section we present a curious result discovered by Oppenheim and
Wehner [Oppenheim 2010] concerning the relationship between the strength
of non-local correlations and the uncertainty relation.

Typically, uncertainty relations are formulated using commutators

∆A∆B ≥ 1
2 |〈ψ|[A,B]|ψ〉|, (6.32)

with standard deviations ∆X =
√
〈ψ|X2|ψ〉 − 〈ψ|X|ψ〉2 for X ∈ {A,B}. Al-
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ternatively, one may use entropic measures to express uncertainty relations.
Let p(x(t)|t)σ denote the probability that we obtain outcome x(t) when per-
forming a measurement labelled t on a system prepared in a state σ. The
Shannon entropy H(t)σ of the measurement distribution is thus

H(t)σ := −
∑
x(t)

p(x(t))σ log p(x(t))σ. (6.33)

Entropic uncertainty relations may be formulated as
∑
t∈T

p(t)H(t)σ ≥ cT ,D, (6.34)

where p(t) is an arbitrary probability distribution over the set of measure-
ments T , D = {p(t)}t, and cT ,D is a positive constant depending on T
and D. If cT ,D > 0, then it follows that at least one outcome cannot pre-
dicted with certainty as this implies H(t)σ > 0 for at least one t. The lower
bound cT ,D depends only on the measurements and not on the state σ, thus
quantifying the incompatibility of these measurements. It is shown in Ref.
[Bialynicki-Birula 1975] that in the case of two measurements entropic uncer-
tainty relations imply Heisenberg’s uncertainty relation.

Instead of the Shannon entropy one may also use a variety of other mea-
sures. However, entropic measures do not provide the optimal way of captur-
ing the uncertainty of a set of measurements since they do not capture the
uncertainty inherent in obtaining any combination of outcomes x(t) for dif-
ferent measurements t. Hence, fine-grained uncertainty relations are needed
to account for this case. This may be accomplished by introducing an uncer-
tainty relation for each combination of possible outcomes, which we denote
by x = (x(1), ..., x(n)) ∈ B×n with n = |T | 1.

These fine-grained uncertainty relations can be expressed as a set of in-
equalities; for each x, T and D = {p(t)}t, we define

P cert(σ; x) :=
n∑
t=1

p(t)p(x(t)|t)σ ≤ ζx(T ,D). (6.35)

Given a fixed set of measurements T , a fine-grained uncertainty relation is

1One may assume without loss of generality that the number of outcomes for each mea-
surement is the same since one can always add extra outcomes which occur with probability
zero.
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then represented by the following set of inequalities:

U = {
n∑
t=1

p(t)p(x(t)|t)σ ≤ ζx|∀x ∈ B×n}, (6.36)

as ζx < 1 implies that it is impossible to obtain a measurement outcome with
certainty for all measurements simultaneously.

As a quantifier of the uncertainty in a specific physical theory one may
then maximize ζx over all states

ζx = max
σ

n∑
t=1

p(t)p(x(t)|t)σ. (6.37)

We call the states ρx attaing the maximum the “maximally certain states”.
We will also consider the uncertainty of measurements on a set of states Σ
quantified by ζΣ

x defined with the maximization in Eq. (6.37) restricted to the
set σ ∈ Σ.

For the purpose of illustration, let us consider the example of binary spin-
1/2 observables X and Z. Suppose we measured Z obtaining outcome x(Z)

with certainty, so p(x(Z)|Z) = 1. Then the measurement of X must be max-
imally uncertain: p(x(X)|X) = 1/2. Choosing the measurement with proba-
bility 1/2 leads to the following bound on the uncertainty

1
2p(x

(X)|X) + 1
2p(x

(Z)|Z) ≤ ζx = 1
2 + 1

2
√

2
, (6.38)

for all x = (x(X), x(Z)) ∈ {0, 1}2. The maximum is attained for the eigenstates
of X+Z√

2 and X−Z√
2 .

6.6.1 Non-local correlations and games

A useful way of expressing limits on non-local correlations, for instance quan-
tum correlations, are Bell inequalities. In certain cases it is possible to explain
such Bell inequalities by games between different distant parties (typically
denoted by Alice, Bob, Clare, etc. ). Consider a non-local game between
Alice and Bob. Let us choose questions s ∈ S and answers t ∈ T accord-
ing to some distribution p(s, t) and send them to Alice and Bob, assuming
p(s, t) = p(s)p(t) for simplicity. Alice and Bob now return answers, namely
a ∈ A and b ∈ B respectively. Every game needs a rule which determines if



112Chapter 6. Introduction to Generalized Nonsignaling Theories

these answers win or lose for the given questions s and t. Here, we assume
there is exactly one winning answer b for every s, t, a. In other words, for every
question s and answer a of Alice, there exists a string x = (x(1)

s,a, ..., x
(n)
s,a ) ∈ B×n

of length n = |T | which determines the correct answer b = x(t)
s,a for Bob (see

Fig. 6.2). In this sense Bob does not attempt to learn the full sting, but
rather just one entry of it. This concept is known as “random access coding”
[Wehner 2008].

A simple example of a nonlocal game is the CHSH inequality. This can
be formulated as a game in which Alice and Bob are given binary questions s
resp. t and output binary answers a, b. Alice and Bob win the game if their
answers satisfy a ⊕ b = s · t. To win, Bob will always have to output the
same answer as Alice when s = 0. So in this case we have x0,0 = (0, 0) and
x0,1 = (1, 1). In the case s = 1 Bob has to give the same answer for t = 0,
but the opposite answer for t = 1, so we find x1,0 = (0, 0) and x1,1 = (1, 0).

In non-local games Alice and Bob are allowed to agree on a strategy before
the game starts. But as they are assumed to be separated in space, the non-
signaling condition forbids communication between them. Such a strategy
consists of a choice of a shared state σAB and set of measurements where we
can assume that the choice of measurement depends on the question Alice
or Bob receives. Hence, the probability that Alice and Bob win the game is
given by

Pgame(S, T , σAB) =
∑
s,t

p(s, t)
∑
a

p(a, b = x(t)
s,a|s, t)σAB . (6.39)

To characterize the set of allowed distributions it makes sense to maximize
this expression over all strategies

Pgame
max = max

S,T ,σAB
P game(S, T , σAB). (6.40)

The maximal value for the CHSH inequality is 3/4 classically, 1/2 + 1/
√

2
quantum mechanically and 1 for a general, unrestricted non-signaling theory
[Oppenheim 2010].

6.6.2 Steering

In this section we review the concept of steerability, that is the way in which
Alice can remotely prepare Bob’s system. Consider the scenario in which Alice
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Figure 6.1: Every non-local game in which for every choice s and t and out-
come a there is only one correct answer b of Bob can be reexpressed using a
string xs,a containing the correct answer for Bob, i.e. b = x(t)

s,a for all s, a, t.

and Bob share a state σAB, and let σB = trA(σAB) be the reduced state on
Bob’s site. In quantum theory and other theories in which Bob’s state space
is provided by a convex set S, the reduced state σAB can be decomposed as a
convex sum

σB =
∑
a

p(a|s)σs,a with σs,a ∈ S, (6.41)

corresponding to an ensemble Es = {p(a|s), σs,a}. As already shown by
Schrödinger in the 1930s, in quantum theory there exists a measurement on
Alice’s system that allows her to prepare Es for all s on Bob’s site. To be
precise, if Alice measures s on her system locally with outcome a, Bob’s sys-
tem will be in the state σs,a with probability p(a|s). This method of remote
state preparation is called steering. Note that it respects the no-signalling
condition, since Bob’s state will always be the same when one averages over
Alice’s outcomes.

Schrödinger also noticed that for any set of ensembles {Es}s fulfilling no-
signalling, and for which a state σB of form (6.41), one can in fact find a
bipartite quantum state σAB and measurements allowing Alice to steer to the
given ensembles.
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Figure 6.2: Steering Alice and Bob share a state σAB. When Alice mea-
sures the observable s on her side and obtains a with probability p(a|s), she
effectively prepares the state σs,a on Bob’s side. This concept is known as
steering.

6.6.3 Connection between Non-Locality and the Uncer-
tainty Principle

In this section we will see that for any theory the uncertainty relation for
Bob’s measurements (optimal or not) acting on the states Alice can steer to
is the parameter determining the strength of non-locality. Next we will find
that in quantum theory, for all games where the optimal measurements are
known, the states which Alice can steer to are identical to the most certain
states. Hence, the uncertainty relations of Bob’s measurements determine the
outcome.

To begin with, let us express the probability (6.39) that Alice and Bob
win the game with a certain strategy as

Pgame(S, T , σAB) =
∑
s

p(s)
∑
a

p(a|s)P cert(σs,a; xs,a), (6.42)

where σs,a is the reduced state on Bob’s site upon measuring s with outcome
a on Alice’s side, and p(t) is the probability distribution of Bob’s questions
T .

From Eq. (6.35) one can see that the strength of the uncertainty relations
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bounds the winning probability from above:

Pgame(S, T , σAB) ≤
∑
s

p(s)
∑
a

p(a|s)ζxs,a(T ,D) ≤ max
xs,a

ζxs,a(T ,D). (6.43)

It is explicitly made clear that the maximum depends on the set of Bob’s
measurements T .

Next, one needs to find the strategy for which the maximum is attained.
Alice’s role in the game is to prepare the ensemble {p(a|s), σs,a}a on Bob’s
system. Hence, to find the optimal strategy, we maximize Pgame over all
ensembles Es = {p(a|s), σs,a}a that Alice can steer to, and use the optimal
measurements for Bob

Pgame
max ≤ max

{Es}s

∑
s

p(s)
∑
a

p(a|s)ζσs,ax (Topt,D), (6.44)

so that the winning probability depends on the strength of uncertainty rela-
tions with respect to the sets Alice can steer to. This implies that Alice should
prepare the ensemble of maximally certain states {p(a|s), ρxs,a} on Bob’s side.
Generally, it is not known if Alice can in deed steer to states that are optimal
for Bob’s measurements.

It is known that in quantum mechanics this can be accomplished in cases
where we know the optimal strategy [Oppenheim 2010]. In these cases the
uncertainty relations give a tight bound

Pgame
max ≤ max

{Es}s

∑
s

p(s)
∑
a

p(a|s)ζx(Topt,D). (6.45)

Unfortunately, it is unknown if this holds for all games in quantum mechanics.
A direct implication of the obtained bound is that a theory exceeding

P
game
max (that is Alice and Bob win the game with a higher probability) uses

measurements incompatible with the fine-grained uncertainty relations. In
this way a connection between the strength of non-local correlations and un-
certainty relations is established.

6.7 Conclusion

In this chapter we have given an introduction to generalized non-signaling
theories. It can be summarized that different kinds of non-local correlations
share certain properties. The different kinds of correlations were introduced,
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namely nonsignaling, local, quantum and isotropic correlations. Furthermore,
relevant properties of general non-local correlations were reviewed including
shareability, non-cloning. In addition a conncection between the uncertainty
principle and the strength of non-local correlations was reviewed which still
leaves many open questions. It is an important question to ask why quan-
tum correlations are limited. This question has been addressed from dif-
ferent perspectives to find out which physical principles restrict the set of
physically reasonable correlations. These works include information-theoretic
approaches[Brassard 2006, Pawlowski 2009, Allcock 2009], reversible dynam-
ics [Gross 2010b] and the uncertainty principle [Oppenheim 2010]. In the next
chapter we will present the last main result of this thesis, an axiom called
Macroscopic Locality, a principle that states that any physically reasonable
theory should recover classical physics in the macroscopic limit [Navascués 2009b].
Based on this we will recover important results such as the universality of the
Tsirelson bound , or the set of accessible two-point correlators. Furthermore,
a characterization of the states that obey a macroscopically local description
is provided.



Chapter 7

Verifying Post-Quantum
Correlations

7.1 Introduction to Macroscopic Locality

One of the striking features which separates quantum mechanics from classical
physics is nonlocality. The strength of nonlocality is typically measured by the
violation of a Bell inequality. For instance, the CHSH inequality is bounded by
the value of 2 for classical theories (see Sec. 2.3.5), but for quantum theories
one finds 2

√
2. However, one can think of correlations stronger than quantum

correlations, e.g. taking the nonsignaling condition as an axiom, it is possible
to obtain a CHSH value of 4 [Popescu 1994]. The question why quantum
correlations are limited has attracted considerable interest from different per-
spectives. One approach is to investigate limits on the dynamics of states in
generalized probabilistic theories [Barrett 2007, Short 2010]. It is known that
maximally nonlocal theories have trivial dynamics [Gross 2010b]. Further-
more, the impact of post-quantum correlations on communication tasks has
been studied. While for certain tasks quantum correlations offer no advantage
over classical correlations, post-quantum correlations would help. The first ex-
ample of such a task is communication complexity, which eventually becomes
trivial for PR boxes [van Dam 2005, Brassard 2006, Brunner 2009]. Another
task that becomes more efficient when post-quantum correlations are used
is nonlocal distributed computing [Linden 2007]. In addition, an information-
theoretic axiom called information causality has been proposed to bound the
set of physical nonlocal correlations [Pawlowski 2009]. However, until now
it is not known if this principle can recover the set of quantum correlations
[Allcock 2009].

In this chapter we propose a new axiom we call macroscopic locality. The
idea behind this axiom is that any physical theory should recover classical
physics in the continuum limit, (i.e., when a large number of particles are
involved and our measurement devices fail to resolve discrete particles). We
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will show that this very intuitive axiom, together with the no-signaling princi-
ple, allows to recover many important results in quantum mechanics, like the
universality of the Tsirelson bound, or the set of accessible two-point correla-
tors. Moreover, we will provide a complete characterization of the correlations
between two distant physical systems that arise out of both axioms and com-
ment on its consistency. We will see that the set of macroscopically local
correlations provides a physical meaning to the first instance of a hierarchy
of semidefinite programs which characterize the set of quantum correlations
[Navascués 2008].

Although the set of possible correlations that can emerge out of these two
principles is very similar to the quantum set, it is not identical. If we accept
macroscopic locality as a fundamental law, this implies that a deviation from
Quantum Mechanics could in principle be detected via a Bell-type experiment.

7.1.1 Microscopic and macroscopic experiments

Suppose that we have two space-like separated parties, say Alice and Bob, in
regions A and B. In a microscopic experiment of nonlocality (see Figure 1),
there is a microscopic event in some intermediate region that produces a pair
of particles. One of the particles of the pair ends up in region A, while the
other one is received in region B. The moment the particles arrive at regions
A and B, Alice and Bob will subject them to an interaction. And the nature
of this interaction is going to determine with which probabilities the particles
will collide with the detectors in Alice’s and Bob’s labs.

We will identify the measurement settings of Alice and Bob with the par-
ticular interactions X and Y they subject their corresponding particles. If
Alice and Bob can each perform one out of s possible interactions, the mea-
surement settings of Alice will be numbered from 1 to s, while Bob’s ones will
go from s+ 1 to 2s.

The particular detectors that click after the experiment will determine the
measurement outcomes. To avoid a hypercomplicated notation, we will asso-
ciate each measurement outcome c to a pair of symbols (Z,D), corresponding
to the interaction Z performed during the measurement procedure and the
detector D that received the particle. Outcomes corresponding to Alice’s
(Bob’s) detectors will be denoted by a (b), and will belong to the set A (B)
of Alice’s (Bob’s) possible outcomes. The application X(a) (Y (b)) will return
the measurement setting X (Y ) associated with that particular outcome, and
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A B

X Y

P(a,b)

Figure 7.1: Microscopic experiment. If Alice and Bob repeat an exper-
iment many times, each time applying random interactions X and Y , they
can compare their measurement outcomes, make statistics and obtain a set of
probabilities P (a, b), the probability of detecting clicks in detectorsD(a), D(b)
when Alice applies an interaction X(a) and Bob applies an interaction Y (b).
From now on, we will assume that the no-signaling condition holds, i.e., that,
for any X,X ′ with X 6= X ′, ∑a∈X P (a, b) = ∑

a∈X′ P (a, b) ≡ P (b), and,
for any Y, Y ′ with Y 6= Y ′, ∑b∈Y P (a, b) = ∑

b∈Y ′ P (a, b) ≡ P (a). These
two conditions just assert that Alice’s choice of measurement setting can-
not affect Bob’s statistics and viceversa. Also, the set of marginal proba-
bility distributions P (a, b) in general will not admit a local hidden variable
model. This means that in some cases there will not exist a joint proba-
bility distribution for all 2s possible measurements P (c1, ..., c2s) such that
P (a, b) = ∑

c P (..., cX−1, a, cX+1, ..., cY−1, b, cY+1, ...).

D(c) will label the physical detector related to the outcome c.
A microscopic experiment is completely characterized by the set of prob-

abilities P (a, b) that Alice and Bob can estimate through statistical inference
(see Figure 7.1).

On the other hand, in a macroscopic experiment, a macroscopic event
will produce, not a pair of particles, but N of them, with N � 1. This
time, therefore, Alice (Bob) will not receive a single particle at a time, but a
beam of them. As before, Alice and Bob will be able to interact with these
particles. However, they will not be able to address them individually, so,
whatever microscopic interaction they intend to use, it will be applied to
all the particles of the beam at the same time. As a consequence of those
interactions, the initial beam will be divided into several beams of different
intensity that will collide with Alice’s (Bob’s) detectors, as shown in Figure
7.2; a similar scenario was proposed in [Bancal 2008].

Now we cannot associate measurement outcomes with clicks on a detec-
tor, since all detectors will click in each instance of the experiment. Thus
in this scenario the measurement outcomes will be the distribution of inten-
sities measured in each experiment. We will assume that the resolution of
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A B

X Y

P(I  ,I  )X Y

Figure 7.2: Macroscopic experiment. Alice and Bob receive two particle
beams, interact with them collectively and then take a record of the intensities
measured on each detector. A macroscopic experiment implies restrictions on
the physical states to be measured (N identical and independent copies of
a microscopic state), on the possible interactions to be performed (identical
microscopic interactions over all the particles of each beam) and on the res-
olution of the detectors used (able to measure intensity fluctuations of order√
N , but unable to resolve individual particles).

Alice and Bob’s detectors does not allow them to resolve individual particles
(i.e., we will be considering the continuum limit). If the precision of their
detectors is not very good, Alice and Bob will always observe the same dis-
tribution of intensities, the intensity registered at detector D(a) being equal
to NP (a). However, if Alice and Bob have a resolution that allows them to
measure changes in intensity values of the order

√
N , each time they repeat

the experiment, they will observe fluctuations around this mean value NP (a).

7.2 Macroscopic Locality

Under these conditions, we will say Alice and Bob’s shared system exhibits
macroscopic locality if the distribution of intensities they can observe admits a
local hidden variable model. More explicitly, if we denote the intensities mea-
sured by Alice’s (Bob’s) d detectors by IX (IY ), then Alice and Bob, through
classical communication, will be able to estimate the marginal probability den-
sities P (IX , IY )dIXdIY for each pair of measurements X, Y . Their system
will exhibit macroscopic locality iff there exists a global probability density
P (I1, I2, ..., I2s) that admits P (IX , IY )dIXdIY as marginals. That is,

P (IX , IY ) =
∫  ∏

Z 6=X,Y
dIZ

P (I1, I2, ..., I2s). (7.1)
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In a sense, by imposing macroscopic locality, we are demanding that the
distribution of intensities observed during a macroscopic experiment can be
explained by a classical model. It is straightforward to generalize the notion of
bipartite macroscopic locality to the multipartite case, i.e., to the case where
more than two separate observers participate in an experiment. It is also clear
that all classical (local) microscopic correlations remain local when driven to
the thermodynamical limit.

7.3 Characterization of Macroscopic Locality

In this section we will show a simple characterization of the set of microscopic
correlations that give rise to local macroscopic correlations.

Our starting point will be to find a correspondence between the original
microscopic distributions P (a, b) and the final macroscopic probability densi-
ties we may observe when we bring the experiment to a higher scale.

Suppose now that Alice and Bob switch their interactions to X and Y ,
respectively, and define the microscopic observables dai (dbi) as equal to 1 when
one of the particles of the pair i impinges on Alice’s (Bob’s) detector D(a)
(D(b)) and 0 otherwise. It is clear that the intensities measured by Alice
or Bob in the detector D(c) will be proportional to ∑N

i=1 d
c
i . Here we are

interested in the deviations of these intensities from their mean value, so, for
simplicity, we will redefine these microscopic variables as

d̄ci = dci − P (c). (7.2)

That way, 〈d̄ai 〉 = 〈d̄bi〉 = 0, for all X(a) = X, Y (b) = Y . If we assume that
Alice and Bob are able to measure fluctuations of the order

√
N , it makes

sense to normalize these fluctuations as

Īc =
N∑
i=1

d̄ci√
N
. (7.3)

According to the central limit theorem [Tijms 2004], for N → ∞, the
probability distribution governing the fluctuations of the intensities Īcs will
converge to a multivariate gaussian distribution, with 0 mean and covariance
matrix γXY given by γXYcc′ = 〈ĪcĪc′〉 = 1

N

∑N
i,j=1〈d̄ci d̄c

′
j 〉 = 〈d̄c1d̄c

′
1 〉, where in the
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last step we used the fact that different pairs of particles are uncorrelated.
〈d̄c1d̄c

′
1 〉, in turn, can be easily expressed in terms of P (a, b).
We have then that any set of microscopic correlations is mapped to marginal

gaussian probability distributions. What we want to know is if this set of
gaussian marginal probability distributions derives from a common probabil-
ity distribution.

It is evident that, if such a global distribution exists, it should admit a
positive semidefinite global covariance matrix Γ, with Γcc′ = 〈ĪcĪc′〉, for all
c, c′ ∈ A ∪B. That is, there must exist a matrix Γ ≥ 0 of the form

Γ =
 Q P

P T R

 , (7.4)

where the columns and rows of Q (R) are labeled by the elements of A (B)
and P ’s rows are specified by elements of A and P ’s columns are specified by
elements of B. The form of P is completely determined, and given by

Pab = P (a, b)− P (a)P (b), (7.5)

whereas Q and R are only partially determined by the relations

Qa,a′ = δaa′P (a)− P (a)P (a′), if X(a) = X(a′),
Rb,b′ = δbb′P (b)− P (b)P (b′), if Y (b) = Y (b′). (7.6)

This way, the matrices γXY defined above are submatrices of Γ. However,
there are several entries of Γ that are not known, like, for instance, Qaa′ , for
X(a) 6= X(a′). Those would correspond to the correlations between inten-
sity fluctuations corresponding to different settings, and, of course, we cannot
measure them directly. However, if there exists a global distribution com-
patible with the previous gaussian marginals, then there must exist a set of
real numbers {Qaa′ , Rbb′ : X(a) 6= X(a′), Y (b) 6= Y (b′)} such that the overall
matrix Γ is positive semidefinite. The inverse relation also holds, for if such
numbers indeed exist, then there exists a global probability distribution from
which all intensities arise, namely, the gaussian probability distribution with
covariance matrix Γ and 0 displacement vector. Therefore, we end up with a
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set of necessary and sufficient conditions that a set of microscopic correlations
P (a, b) has to satisfy in order to generate local macroscopic distributions.

As shown in the following section 7.3.1, it can be proven that the set of
microscopic correlations characterized above actually corresponds to the set
of correlations Q1, introduced in [Navascués 2008] as a first approximation to
the set Q of quantum correlations. We will therefore call it Q1 along the rest
of the thesis. The set Q1 admits a very simple numerical characterization via
semidefinite programming [Navascués 2008, Boyd 2004].

7.3.1 Q1 is the set of macroscopically local correlations

Using the terminology of [Navascués 2008], Q1 corresponds to the set of all
correlations that admit a positive semidefinite certificate of order 1. This
means that P (a, b) ∈ Q1 iff there exists a positive semidefinite matrix γ of the
form

γ =


1 P T

A P T
B

P A Q̃ P̃ T

PB P̃ R̃

 , (7.7)

where P A (PB) is the vector of probabilities P (a) (P (b)). Here P̃ is a matrix
whose columns are numbered by Alice’s outcomes a and whose rows are num-
bered by Bob’s possible outcomes b, and such that P̃ab = P (a, b). The entries
of Q̃ (with rows and columns numbered by Alice’s measurement outcomes)
and R̃ (with rows and columns numbered by Bob’s measurement outcomes)
are partially determined by the relations

Q̃aa′ = δaa′P (a) if X(a) = X(a′),
R̃bb′ = δbb′P (b) if Y (b) = Y (b′). (7.8)

The matrix γ is very similar to the matrix Γ whose positivity was equiva-
lent to macroscopic locality. The latter was defined as a matrix of the form

Γ =
 Q P

P T R

 , (7.9)
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where Pab = P (a, b)− P (a)P (b), and

Qa,a′ = δaa′P (a)− P (a)P (a′), if X(a) = X(a′),
Rb,b′ = δbb′P (b)− P (b)P (b′), if Y (b) = Y (b′). (7.10)

The proof that Q1 is equivalent to the set of macroscopically local corre-
lations follows directly from Schur’s theorem [Horn 1999]:

Theorem 7.3.1 Let H be a matrix of the form

H =
 E F

F T G

 , (7.11)

such that E > 0. Then, H ≥ 0 iff G− F TE−1F ≥ 0.

Let us apply this theorem to expression (7.7). Since 1 > 0, the positivity
of γ is equivalent to the positivity of

 Q̃ P̃ T

P̃ R̃

−
 P A

PB

 · (P T
A,P

T
B). (7.12)

The reader can check that the last expression is equal to Γ. To go from
one positive semidefinite matrix to the other is thus enough to change the
undetermined coefficients of the corresponding matrix according to the rule

Qaa′ = Q̃aa′ − P (a)P (a′),
Rbb′ = R̃bb′ − P (b)P (b′). (7.13)

The equivalence between Q1 and the set of all microscopic correlations
that give rise to local macroscopic correlations has been proven.
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7.4 Quantum correlations are macroscopically
local

Next we will prove that Q ⊂ Q1, that is, that all quantum correlations are
compatible with macroscopic locality.

Suppose that our macroscopic (gaussian) correlations arise from a quantum
mechanical system in a state ρ = σ⊗N , where σ is the microscopic quantum
state describing a single pair of particles. Then, following equation (7.3), we
can assign a hermitian linear operator Ĩc to each of the intensity fluctuations,
as measured in detector D(c). Defining Γcc′ ≡ tr(ρ{Ĩc, Ĩc′}+)/2 (where {}+

denotes the anticommutator), we arrive at a real matrix of the form (7.4),
with P,Q,R satisfying (7.5), (7.6). We will prove that such matrix is positive
semidefinite. Let v be an arbitrary real vector. Then,

vTΓv =
∑
c,c′

vcΓcc′vc′ = tr(ρ(
∑

vcĨ
c)(
∑

vc′ Ĩ
c′)) =

= tr(ρMM †) ≥ 0, (7.14)

where M = M † = ∑
vcĨ

c. Since v was arbitrary, this means that Γ is positive
semidefinite and, therefore, all quantum-mechanical systems are macroscopi-
cally local. It is easy to extend this result to prove that quantum correlations
are also local in the multipartite case. However, the characterization of all
possible microscopic correlations (quantum or not) compatible with nonlo-
cality in the case of more than two observers seems a bit more complicated.
For instance, in the case of three parties, we would not only have to impose
macroscopic locality over the tripartite correlations P (a, b, c), but also over
the conditional bipartite microscopic correlations P (a, b|c) that would result
if party C announced its measurement outcome.

7.5 Closure under wiring

The mechanism of using a set of independently correlated systems to generate
a new single effective system of microscopic correlations (by conditioning the
measurement settings of some systems on the measurement outcomes of some
others) is called wiring (see Figure 7.3), and we will denote it by W . Since
it can be used to increase locality violations [Brunner 2009], wiring poses a
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A B

x y

a1 b1

f(a ,x)1
f(b ,y)1

a2 b2

g(a ,a  ,x)1 2 g(b ,b  ,y)1 2

Figure 7.3: Wiring. In [Brunner 2009], the authors showed that there exist
some sets of correlations P (a, b) very close to local from which extremely
nonlocal correlations can be derived, provided that both parties have access
to many copies of the given physical system. The key is to generate a new
effective set of correlations by measuring the n systems sequencially, each
time applying a measurement setting dependent on the (local) outcomes of
the previously measured subsystems and our effective (local) measurement
setting. Once all subsystems have been measured, the effective outcome of
our virtual subsystem is then taken to be a function of all (local) measurement
results. This process is known as wiring. Above, you can see an example of
deterministic wiring of two physical systems: the effective measurement X
(Y ) of Alice’s (Bob’s) is applied over the first system, giving an outcome
a1 (b1), while the interaction to be applied over the second subsystem is a
function of both X and a1 (Y and b1). Labeling the second outcome by
a2 (b2), the effective outcome of the whole scheme is a function of a1, a2, X
(b1, b2, Y ). Note that, by definition, wiring is local, i.e., it does not require
communication between Alice and Bob.



7.5. Closure under wiring 127

problem to our previous derivation of the set of correlations compatible with
macroscopic locality. In principle, it could be possible that Alice and Bob
shared two systems of microscopic correlations P (a, b), Q(a, b) ∈ Q1, that,
through some clever wiring W , allowed to generate a new set of correlations
R(a, b) = W(P,Q) 6∈ Q1. Any theory compatible with macroscopic locality
could not therefore admit both sets of correlations, and a detailed classification
of such theories would be very complicated. Or worse, it could also happen
that, even though P (a, b) ∈ Q1, W(P⊗n)(a, b) 6∈ Q1. P (a, b) should thus not
appear in any consistent theory compatible with macroscopic locality, and we
would have to reconsider our definition of Q1. This possibility is ruled out by
the next result:

The set Q1 is closed under wiring. That is: let {Pi}ni=1 be any set of n mi-
croscopic behaviors, such that Pi ∈ Q1 for all i = 1, ..., n, and letW(P1, P2, ...)
denote the effective set of correlations that results after some wiring of such
behaviors. Then, W(P1, P2, ...) ∈ Q1.

7.5.1 Proof of closure under wiring

When Alice or Bob perform wiring over their subsystems, the effective mea-
surement setting X̄ of the resulting set of correlations is to be identified with
the particular measurement strategy they choose at this respect. For example,
if Alice and Bob share three systems with s = d = 2, a measurement strategy
for Alice could be as follows: Alice measures her first system with setting 1.
If the outcome is −1, she measures her second system with setting 2. On the
contrary, if the outcome of her first measurement is 1, she measures her third
subsystem with setting 1. Finally, the outcome of her second measurement
will correspond to the measurement to be implemented in the remaining sys-
tem. The effective outcome of her virtual box will be the output of the last
system measured.

There are two interesting things to point out here:

1. The order in which the systems are measured is not a priori determined.

2. Alice is not using all the information she has gathered in order to come
up with a final outcome. Note that there are several ways in which
she can arrive at, say, effective result 1. If Alice wanted to keep all
the information received after applying her measurement strategy, she
would have to establish a bijective correspondence between her effective
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outcomes and the physical outcomes of the three subsystems. In short,
for each effective measurement Z̄, there should be 8 different effective
possible outcomes instead of only 2.

If, for whatever measurement strategy, Alice labels the effective outcome
by the outcomes of all her measured subsystems, we will say that Alice is
performing a complete measurement.

To prove that Q1 is closed under wiring, we will need the following trivial
lemma.

Lemma 7.5.1 Closure under identification of outputs
Let P (a, b) ∈ Q1, and let Q(a, b) be the new set of correlations that arises when
Alice and Bob identify several of their measurement outcomes, i.e., when Alice
and Bob relabel the possible outcomes of some measurements in such a way that
two or more different outcomes will have the same label. Then, Q(a, b) ∈ Q1.

Proof Suppose, for simplicity, that Alice has just identified the outcomes a
and a′ of measurement X. If we prove that the resulting distribution Q(a, b)
is macroscopically local, then, by induction, we can arrive at any possible
identification of outputs of both Alice and Bob.

Now, let P (Ia, Ia′ , IA\{a,a′}, IB) be a local hidden variable model for the
intensities registered by Alice and Bob when they bring P (a, b) to the macro-
scopic scale. If, under the new wiring, a is identified with a′, it is straightfor-
ward that the new outcome will give rise to an intensity Iā = Ia+Ia′ , and there-
fore a hidden variable model for Q(a, b) will be given by Q(Iā, IA\{ā}, IB) =∫
dIP (Iā − I, I, IA\{a,a′}, IB).

We are now in a position to prove that Q1 is closed under wiring. Suppose
that Alice and Bob share n independent (and, in general, different) physical
systems {Pi(a, b)}ni=1 such that Pi ∈ Q1, for all i = 1, ..., n.

The above Lemma implies that, in order to prove that any wiring of {Pi}ni=1
leads to a macroscopically local distribution, it suffices to restrict Alice and
Bob to perform strategies where all subsystems are measured and the effective
outcomes ā, b̄ are given by the vectors of outcomes of the n systems. That
is, ā = (ā(1), ā(2), ..., ā(n)), b̄ = (b̄(1), b̄(2), ..., b̄(n)). We can also restrict to
deterministic strategies, since any non deterministic strategy can be modeled
by adding an extra system that outputs local random symbols according to a
given probability distribution.
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As we saw in the previous section, if Pi ∈ Q1, there exists a positive
semidefinite matrix γi of the form (7.7). On the other hand, for any positive
semidefinite matrixH there exists a set of vectors {vk}k such thatHkl = vk ·vl
[Horn 1999]. Perform such a decomposition over the matrices {γi} in order
to obtain the vectors vic, where c can be either the symbol I (corresponding
to γi11 = 1, for example) or a measurement outcome a, b in system i. Define
the vector wI ≡

⊗n
i=1 viI, and, for any outcome ā (b̄) of any strategy X̄ (Ȳ )

of Alice’s (Bob’s), define the vectors wā ≡
⊗n
i=1 viā(i) (wb̄ ≡

⊗n
i=1 vi

b̄(i)). It is
straightforward to see that the matrix γ̄c̄c̄′ ≡ wc̄ ·wc̄′ is positive semidefinite.
We will show that this matrix is, indeed, a certificate of order 1, i.e., a matrix
of the form (7.7), for the new set of correlations P (ā, b̄).

First,

P̃āb̄ = wā ·wb̄ =
n∏
i=1

viā(i) · vib̄(i) =

=
n∏
i=1

γiā(i)b̄(i) =
n∏
i=1

P (ā(i), b̄(i)) = P (ā, b̄), (7.15)

as it should be. In an analogous way, we can see that the vectors P Ā,P B̄

in (7.7) are recovered, and that Qā,ā = P (ā), Rb̄,b̄ = P (b̄). Of course, γ̄II =∏n
i=1 ‖viI‖2 = 1.
It only rests to see that Q̃ā,ā′ = 0 when ā 6= ā′ and X̄(ā) = X̄(ā′), and the

analogous relation for R̃.
Note that, because Alice’s strategies are complete, despite the order of the
measurements is not a priori known, the “measurement path” leading to two
different effective outcomes ā, ā′ corresponding to the same measurement strat-
egy X̄ is identical from the beginning until one of the physical measurements
performed ends up with a different outcome. This means that there exists an
i such that ā(i) 6= ā′(i) but X(i)(āi) = X(i)(ā′i), and so viā(i) · viā′(i) = 0. This
implies that relations (7.8) hold completely.

The new set of correlations P (ā, b̄) thus obeys macroscopic locality.

7.6 The limits of Macroscopic Locality
There are examples of correlations that belong to Q1, but nevertheless cannot
be realized in a quantum mechanical system. In other words, the inclusion
Q ⊂ Q1 is strict. This can be seen already in the most simple case where we
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may expect to find non locality, i.e., d = k = 2.

Given a measurement Z, we can always define an observable OZ by associ-
ating each possible measurement outcome c of such measurement with a real
number OZ(c). Given a measurement X by Alice and a measurement Y by
Bob, the two-point correlator of OX , OY is given by

EXY ≡ 〈OXOY 〉 =
∑

a,b∈X,Y
P (a, b)OX(a)OY (b). (7.16)

Suppose that we are in a scenario where k = d = 2 (with the measurement

settings ordered as
A︷︸︸︷
12

B︷︸︸︷
34 ), and consider the set of observables {OZ}4

Z=1,
with spectrum {−1, 1}, that is, such that OZ : c → {1,−1}, for all c ∈ Z.
Then, the CHSH parameter [Clauser 1969] can be written as

S ≡ E13 + E23 + E14 − E24. (7.17)

It is well known that, for any set of local correlations, the value of S satisfies
|S| ≤ 2, whereas in the quantum case |S| ≤ 2

√
2, the famous Tsirelson bound

[Cirelson 1980]. Moreover, both inequalities can be saturated.

In [Navascués 2008], it was shown that the maximum value of |S| in
macroscopically local theories is also 2

√
2. Moreover, any set of correlators

{E13, E23, E14, E24} arising from a macroscopically local theory admits a quan-
tum representation, and therefore has to satisfy the Tsirelson-Landau-Masanes
inequalities [Tsirelson 1987, Landau 1988, Masanes 2003]

|
∑
X,Y

arcsin(EXY )− 2 arcsin(EX′Y ′)| ≤ π,∀X ′, Y ′. (7.18)

The previous results can be easily extended. It can be shown that, for
d = 2 and an arbitrary number of measurement settings s, any set of two-
point correlators {EXY }X=1,...,s,Y=s+1,..,2s arising from correlations exhibiting
macroscopic locality can also be simulated in a quantum system. See the
following section 7.6.1 for a proof.
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7.6.1 Any set of two-point correlators accessible in Q1

admits a quantum mechanical model

Consider an s, d bipartite scenario, with d ≥ 2, and define a set of observables
{OZ}2s

Z=1, with spectrum {−1, 1}. As before, EXY will denote the two-point
correlator of OX , OY , i.e., EXY ≡ 〈OXOY 〉.

What we are going to prove next is that, for any set {EXY }X,Y arising
from P (a, b) ∈ Q1, there exists a quantum state ρ ∈ B(HA ⊗HB) and a set
of hermitian operators {ÕX ∈ B(HA), ÕY ∈ B(HB)}, with spec(ÕX , ÕY ) =
{−1, 1}, such that EX,Y = tr(ρÕXÕY ).

First, notice that, if there exists a local hidden variable model for all
macroscopic variables of the form Īa, Īb, then there exists a local hidden vari-
able model for the variables ĪZ ≡

∑
c∈Z OZ(c)Īc.

Since they are a linear combination of gaussian variables, these variables
are gaussian, with a positive semidefinite covariance matrix Γ, with ΓXY =
〈IXIY 〉 = 〈OXOY 〉−〈OX〉〈OY 〉, and ΓZZ = 〈O2

Z〉−〈OZ〉2. Taking into account
that 〈O2

Z〉 = 1, we have that

 F E

ET G

 ≡ Γ +


〈O1〉
〈O2〉
...

 (〈O1〉, 〈O2〉, ...) ≥ Γ ≥ 0, (7.19)

where FXX = GY Y = 1 for all indices X, Y and (E)XY = EXY are the two-
point correlators of OX , OY defined above. The fact that the matrix on the
left hand side of equation (7.19) is positive semidefinite, implies that there
exists a quantum mechanical system able to reproduce the correlators EXY
[Wehner 2006].

This proof can be extended trivially to deal with the case of two point
correlators originated by observables whose spectrum is in [1,−1], instead of
being {1,−1}.
However, not even when s = d = 2 the set of two-point correlators does
contain all the information about the distribution P (a, b). A little thought
will convince us that, in order to recover the whole set of probabilities P (a, b),
we also need to know the value of the one-point correlators EZ ≡ 〈OZ〉. In
general, one would have to resort to numerical methods to characterize the set
of one-point and two-point correlators compatible with macroscopic locality.
In [Navascués 2008], though, it was found that, for the case s = d = 2, such



132 Chapter 7. Verifying Post-Quantum Correlations

a set is completely specified by the constraints 1:

|
∑
X,Y

arcsin(ẼXY )− 2 arcsin(ẼX′Y ′)| ≤ π,∀X ′, Y ′, (7.20)

where ẼXY = (EXY − EXEY )/
√

(1− E2
X)(1− E2

Y ). From (7.20), we can see
that, although 2

√
2 is the maximum violation of the CHSH inequality, there

exist macroscopically local distributions that attain this value, but neverthe-
less are slightly biased (i.e., EZ 6= 0, for some Z). Such distributions, there-
fore, are not compatible with a quantum theory of nature [Werner 2001a]. So
even in this simple scenario, we can see that the inclusion Q ⊂ Q1 is strict,
although in this case both sets are extremely close.

The similarities between Q1 and Q decrease, though, as we increase the
number of available detectors d, as shown in Figure 7.4. This opens the
possibility of disproving quantum mechanics in the future via a Bell-type
experiment.

7.7 Discussion

In this chapter, we have introduced a new physical principle, macroscopic
locality, and considered its implications, together with no-signaling, as a fun-
damental law of nature. We have identified the set Q1 of bipartite correlations
that can arise in theories limited by the former two axioms, and commented
on its differences and similarities with standard Quantum Mechanics.

However, nothing has been said about the dynamics of such postquan-
tum theories. Actually, a promising line of research is to try to extend our
up-to-bottom approach to restrict the set of microscopic theories that re-
cover General Relativity in some macroscopic limits. This could be of high
importance, since it would allow to make model-independent astrophysical
predictions, based more on general axioms confirmed by observation than on
current theoretical fashions.

It also remains to know how our world would behave if it did admit cor-
relations slightly beyond the set Q1. Would this have negligible experimental
consequences, or on the contrary, could we “distill” those correlations some-
how in order to obtain arbitrary violations of macroscopic locality? And, even

1Here we are also implicitly assuming that {EZ , EZT } arise from a no-signaling set of
correlations P (a, b). Note that condition (7.20) alone does not guarantee that P (a, b) ≥ 0,
for all a, b.
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Figure 7.4: Departure from Quantum Mechanics. As the CHSH pa-
rameter, the CGLMP parameters [Collins 2002] are linear functions Sd on the
probabilities P (a, b), to be applied over scenarios with s = 2 and arbitrary d,
and, as the CHSH parameter, the maximum possible value of these functions
under the assumption of locality is 2. The plot above shows the difference
between the maximal possible value of Sd inside Q as well as inside Q1 as a
function of d (where the numerical data is taken from [Navascués 2008]). At
first glance, there seems to be room for a wide variety of macroscopically local
theories other than quantum mechanics. This suggests that, if our universe
happened to be described by one of these, we might be able to experimentally
falsify quantum mechanics with a sufficient number of detectors.
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if we could not, would the mere existence of deviations from macroscopic lo-
cality lead to a drastic change in our understanding of the universe?



Chapter 8

Conclusion and Outlook

This thesis is coarse-grained in two units. The first one deals with the efficient
verification of entanglement in experiments, while the second part is concerned
with general non-signaling correlations and more fundamental questions.

A central result of this thesis is the efficient verification of graph state ex-
periments. The methods presented in this thesis allow for the verification of
graph state experiments in terms of fidelity, purity, entropy and entanglement
from simple measurements, namely the generators of the stabilizer alone. This
means the number of local measurements needed in experiments grows merely
linearly with system size, yielding an exponential saving in the measurement
effort. Furthermore, no costly numerical postprocessing of the measurement
data is necessary in our scheme as the bounds are analytic and even optimal
for the fidelity, purity and entropy. We have seen that the stabilizer formalism
is not only a powerful tool for the verification of graph state experiments, but
may be extended to other states as well - using non-local stabilizers- which
we exemplified for W-states. In the future, it will be interesting to investigate
which quantum states allow for an efficient description in terms of stabilizing
operators. Furthermore, the obtained entanglement bounds are also inter-
esting to investigate the open-system dynamics of graph state entanglement.
One would merely need to calculate the effect of decoherence maps on the
generators of the stabilizer to obtain non-trivial bounds on the entanglement.

In many physical systems, especially condensed matter systems, measuring
entanglement is a challenge due to the large number of constituents and lack of
local measurements. However, as another major result of this thesis we show
ways out of this conundrum by demonstrating how to measure entanglement
from collective measurements. The first type of measurements we consider are
structure factors that can, for instance, be obtained from neutron scattering
experiments. We derive an analytic bound on an entanglement measure and
test the scaling of the quantifier utilizing quantum Monte Carlo methods.
The second system under consideration are cold atoms in optical lattics. In
this case one can measure the time-of-flight distribution. We show how to
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construct an entanglement monotone for this observable, and again test the
scaling using quantum Monte Carlo simulations. The results suggest that the
possibility of detecting and quantifying entanglement in such systems should
well be in experimental reach.

The second part of the thesis deals with general non-local correlations.
Quantum correlations are a striking feature of quantum mechanics. However,
they are not the most non-local correlations one can think of. It is an open
question why quantum correlations are limited as they are. And of course, it
is not clear why correlations restricted by the laws of Nature should not be
stronger than quantum correlations. By introducing the principle of Macro-
scopic Locality, an axiom stating that every reasonable theory should recover
classical physics in the continuum limit, we shed some light on these ques-
tions. Using this axiom we can recover several important results such as the
universality of the Tsirelson bound, the set of accesible two-point correlators
and in addition we present a characterization of the set of macroscopically
local states. Interestingly, this set is similar to the quantum set, but not iden-
tical, thus offering a possibility to falsify quantum mechanics with a Bell-type
experiment. In the future it will be interesting to find out the reason for
the difference between the set of macroscopically local correlations and the
quantum set. Furthermore, the principle of Macroscopic Locality was char-
acterized for two distant parties. Hence, a generalization to the multi-partite
case is still to be done.



Appendix A

Semidefinite Programming and
Convex Optimization

A.1 Introduction to Convex Optimization
This chapter gives a brief introduction into the theory of convex optimization
following the presentation of the standard text book in the field [Boyd 2004].

Consider the following optimization problem:

minimize f0(x) (A.1)
subject to fi(x) ≤ 0, i = 1, ...,m (A.2)

hi(x) = 0, i = 1, .., p. (A.3)

This problem is called the primal problem in optimization theory. By the
method of Lagrange multipliers one can transform this problem into a max-
imization problem called the dual problem. We define the associated La-
grangian via

L(x, λ, ν) = f0(x) + λT1 f1(x) + ..+ λTmfm(x) + ν1h1(x) + ..+ νphp(x), (A.4)

where λ = (λ1, ..., λm) and ν = (ν1, ..., νp) are the dual variables. The dual
function is defined as the minimization of the Lagrangian over x:

g(λ, ν) = inf
x
L(x, λ, ν) = inf

x

(
f0(x) +

m∑
i=1

λTi fi(x) +
p∑
i=1

νihi(x)
)
. (A.5)

The dual function is concave as the Lagrangian is affine in the dual variable
(λ, ν). The Lagrange multipliers associated with the inequalities are required
to be nonnegative:

λi ≥ 0. (A.6)

Weak duality can be seen in the following way. If λi ≥ 0 and fi(x̃) ≤ 0 for
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any primal feasible point x̃, then λTi fi(x̃) ≤ 0. Hence, it follows that

f0(x̃) +
m∑
i=1

λTi fi(x̃) +
p∑
i=1

νihi(x̃) ≤ f0(x̃). (A.7)

Taking the pointwise infimum over x̃ yields g(λ, ν) ≤ p∗, where p∗ is the primal
optimal.

The Lagrange dual problem is defined as

maximize g(λ, ν) (A.8)
subject to λi ≥ 0, i = 1, ...,m. (A.9)

The optimal value of the dual objective function is denoted by d∗. One always
finds weak duality, that is d∗ ≤ p∗, for convex as well as nonconvex primal
problems. One says that strong duality holds if primal and dual objectives
coincide, e.g., d∗ = p∗.

A.2 Basics of Semidefinite Programming

Semidefinite Programming is an area of convex optimization. A semidefinite
program is defined as the following optimization problem

minimize cTx (A.10)
subject to F (x) = ∑p

i=1 xiFi +G ≤ 0 (A.11)

The problem parameters are the square matrices G, Fi and the scalars ci
and the problem variable is the vector x. We associate with the constraint
the n × n matrix Z that serves as dual variable or Lagrange multiplier. The
Lagrangian is hence given by

L(x, Z) = cTx+ tr
(( p∑

i=1
xiFi +G

)
Z

)
(A.12)

= x1(c1 + tr(F1Z)) + ...+ xn(cn + tr(FnZ)) + tr(GZ), (A.13)

which is affine in x. The dual function is found to be

g(Z) = inf
x
L(x, Z) =

 tr(GZ), tr(FiZ) + ci = 0, i = 1, .., n
−∞ otherwise.

(A.14)
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Therefore, the dual problem can be formulated as

maximize tr(GZ) (A.15)
subject to tr(FiZ) + ci = 0, i = 1, .., n (A.16)

Z ≥ 0. (A.17)

The semidefinite program fulfils strong duality if (A.10) is strictly feasible,
that is if there exist a point x with F (x) ≤ 0.

A.3 KKT Optimality Conditions

Consider the problem (A.1) with differentiable functions f0, ..., fm, h1, ..., hp.
However, at this point we do not make any assumptions about convexity.

A.3.1 KKT for nonconvex problems

Let x∗ and (λ∗, ν∗) be arbitrary primal and dual optimal solutions with zero
duality gap. Since x∗ minimizes L(x, λ∗, ν∗), the gradient of the Lagrangian
at the point x∗ has to vanish:

∇f0(x∗) +
m∑
i=1

λ∗i∇fi(x∗) +
p∑
i=1

ν∗i∇hi(x∗) = 0. (A.18)

Hence, it follows

fi(x∗) ≤ 0, i = 1, ...,m (A.19)
hi(x∗) = 0, i = 1, ..., p (A.20)

λ∗i ≥ 0, i = 1, ...,m (A.21)
λ∗i fi(x∗) = 0, i = 1, ...,m (A.22)

∇f0(x∗) +
m∑
i=1

λ∗i∇fi(x∗) +
p∑
i=1

ν∗i∇hi(x∗) = 0. (A.23)

These are called the Karush-Kuhn-Tucker (KKT) conditions. The KKT condi-
tions are necessary for all optimization problems with differentiable objective
and constraint functions with strong duality.
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A.3.2 KKT for convex problems

If the primal problem is convex, the KKT conditions are also sufficient for
optimality. That means if the functions fi are convex and hi are affine, and
x̃, λ̃, ν̃ are arbitrary points satisfying the KKT conditions

fi(x̃) ≤ 0, i = 1, ...,m (A.24)
hi(x̃) = 0, i = 1, ..., p (A.25)

λ̃i ≥ 0, i = 1, ...,m (A.26)
λ̃ifi(x̃) = 0, i = 1, ...,m (A.27)

∇f0(x̃) +
m∑
i=1

λ̃i∇fi(x̃) +
p∑
i=1

ν̃i∇hi(x̃) = 0, (A.28)

implies that x̃ and (λ̃, ν̃) are primal and dual optimal with zero duality gap.
To see this note that the first two conditions state that x̃ is primal feasible.
As λ̃ ≥ 0, L(x, λ̃, ν̃) is convex in x. The last condition states that the gradient
vanishes at x = x̃, so that x̃ minimizes L(x, λ̃, ν̃) over x. Using hi(x̃) = 0 and
λ̃ifi(x̃) = 0, one can conclude that

g(λ̃) = L(x̃, λ̃, ν̃) (A.29)
= f0(x̃) +∑m

i=1 λ̃ifi(x̃) +∑p
i=1 ν̃ihi(x̃) (A.30)

= f0(x̃). (A.31)

This means that x̃ and (λ̃, ν̃) have zero duality gap, so that they are primal
and dual optimal. In conclusion, for any convex optimization problem with
differentiable objective and constraint functions, any points fulfilling the KKT
conditions must be primal and dual optimal points with zero duality gap.



Appendix B

Quantum Monte Carlo
Simulations

B.1 Introduction

Quantum Monte Carlo (QMC) simulations represent a powerful tool to sim-
ulate many-body quantum systems. In fact the investigation of the entan-
glement quantifiers in chapter 5 rely on QMC measurements of correlation
operators. As a disclaimer note that in this appendix we do not aim to give a
thorough introduction or review into the field of QMC as this is out of scope
of this thesis. We rather aim at providing a taste of what can be achieved
using QMC methods which are already developed and even implemented as
open-source software packages such as ALPS [Albuquerque 2007].

QMC simulations come in many different flavours, for instance Variational
Monte Carlo, Diffusion Monte Carlo or Path Integral Monte Carlo. We restrict
to the explanation of the stochastic series expansion (SSE) [Sandvik 1991,
Sandvik 1992], a method belonging to the class of Path Integral Monte Carlo
simulations, which allows for the efficient evaluation of static measurements
[Sandvik 1997a, Dorneich 2001].

In principle, all QMC algorithms utilize classical Monte Carlo methods
in one way or the other. Therefore, we briefly describe the SSE method
for classical systems before outlining it for quantum systems based on Refs.
[Sandvik 1991, Sandvik 1992, Sandvik 1997a].

B.2 Classical Monte Carlo Simulations

It is instructive to illustrate classical Monte Carlo simulations before looking
at the quantum case. Consider a system of N classical spins in the state
σ = (σ1, ..., σN). In classical statistical mechanics the eigen-energies of a
system are known, and one is typically interested in thermal expectation values
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of the form

〈f〉 = 1
Z

∑
{σ}

f(σ) exp(−βE(σ)), (B.1)

where Z = ∑
{σ} exp(−βE(σ)).

Classical Monte Carlo methods aim at performing an importance sampling
of spin configurations. The probability of generating a certain configuration
is given by

P (σ) = 1
Z
W (σ), (B.2)

with the weight W (σ) = exp(−βE(σ)).
The expectation value of the estimator is then given by

〈f〉 = 〈f〉W = 1
Nsamples

∑
i

f(σ[i]), (B.3)

where Nsamples is the number of randomly chosen configurations. Now imagine
we could not explicitly evaluate the exponential. How could one proceed in
this case?

The idea behind the stochastic series expansion (SSE) is to start from the
Taylor expansion of the exponential

〈f〉 = 1
Z

∑
{σ}

∞∑
n=0

f(σ)(−βE)n
n! , (B.4)

with Z = ∑
{σ}

∑∞
n=0

(−βE)n
n! . The exponential power n can be perceived as

a new dimension in the configuration space. In order to ensure positive-
definiteness, one might have to shift the energies E (must be < 0): E(σ) →
E(σ)− ε. And for the sampling weight of the configuration (n, σ) one finds

W (σ, n) = (β[ε− E(σ)])n
n! . (B.5)

The estimator remains unchanged. However, if f(σ) depends on the energies
E only, it may be rewritten such that it depends on n only. To this end define
H(σ) = ε− E(σ). Then, it holds that

〈H〉 = 1
Z

∑
σ,n

W (σ, n)H(σ), (B.6)
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with Z = ∑
σ,nW (σ, n) and W (σ, n) = (βH(σ))n

n! . Now we shift the summation
index m = n+ 1:

∑
σ,n

H(σ)W (σ, n) =
∑
σ,m

m

β
W (σ,m). (B.7)

From this one may infer energy expectation values

〈H〉 = 1
β
〈n〉W , (B.8)

and it follows immediately that

E = ε− 1
β
〈n〉W . (B.9)

Similarly, one can obtain 〈H2〉 = 1
β2 (n(n − 1))W . From this one can then in

turn express the heat capacity C = 1
β
(〈E2〉 − 〈E〉2) in terms of n as

C = 1
β

(〈n2〉W − 〈n〉2W − 〈n〉W ). (B.10)

In the next section we will see how this method of evaluating the exponential
can be generalized to the quantum case.

B.3 Quantum Monte Carlo and the Stochas-
tic Series Expansion Method

We are interested in finding thermal expectation values of the form 〈A〉 =
tr[A exp(−βH)]/Z with Z = tr[exp(−βH)]. In analogy to the classical Monte
Carlo SSE one chooses a basis and performs a Taylor expansion of the expo-
nential operator:

Z =
∑
α

∞∑
n=0

βn

n! 〈α|(−H)n|α〉. (B.11)

Next we write the Hamiltonian as a sum of local operators

H = −
∑
a,b

Ha,b. (B.12)
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where a specifies the operator type (e.g., 1 ≡ diagonal and 2 ≡ off-diagonal)
and b indicates the lattice site. Here we focus on the S = 1

2 isotropic
Heisenberg-Hamiltonian without magnetic field

H = J
∑
〈i,j〉

Szi S
z
j + 1

2(S+
i S
−
j + S−i S

+
j ). (B.13)

So in this case the Hamiltonian can be written as

H = −J
M∑
b=1

H1,b −H2,b, (B.14)

where M = Nd is the total number of bonds of a d-dimensional lattice with
a total of N spins, and H1,b and H2,b are symmetric bond operators acting on
spins i(b) and j(b):

H1,b = C − Szi(b)Szj(b), (B.15)
H2,b = 1

2(S+
i S
−
j + S−i S

+
j ), (B.16)

where C is a constant shifting the energy to ensure a positive-definite expan-
sion.

Next, we write powers of H as strings of these operators:

(−H)n =
∑
{Ha,b}

n∏
p=1

Ha(p),b(p). (B.17)

Generally, the strings vary in length, but one can always fix a length by
introducing unit operators H0,0 = 1.

The expansion is cut-off at n = L by adding L−n unit operators H0,0. As
there are L!

(L−n)!n! ways of doing this, we find

(−H)n =
∑
{Ha,b}

(L− n)!
L!

L∏
p=1

Ha(p),b(p), (B.18)

and hence for the partition function

Z =
∑
α

∑
SL

(L− n)!
L! 〈α|

L∏
i=1

Hai,bi |α〉, (B.19)
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where SL represents a sequence of operator-indices

SL = [a1, b1]1, ...., [aL, bL]L. (B.20)

with either ai ∈ {1, 2} and bi ∈ {0, ...,M} or [ai, bi] = [0, 0], and n is the
number of non-[0, 0] elements in SL. In fact in Eq. (B.19) there should be
a factor of (−1)n2 , where n2 is defined as the total number of [2, b] elements
in SL. However, in a non-frustrated lattice this number must always be even
for the matrix-element to be non-zero. Hence, a Monte Carlo sampling of
the terms (α, SL) can be performed according to their relative weight. It
is out of scope to go into all the details of the different available sampling
schemes. However, let us briefly outline the idea for local updates. In Ref.
[Sandvik 1991, Sandvik 1992, Sandvik 1997a] it was proposed to use (i) local
updates of single diagonal operators, [0, 0]p ↔ [1, b]p, and (ii) pairs of diag-
onal and off-diagonal operators [1, b]p1 , [1, b]p,2 ↔ [2, b]p1 , [2, b]p2 . More recent
schemes start with part (i) to update single diagonal operators, but update
clusters of off-diagonal operators [Sandvik 1999].

Let us introduce the notation |α(p)〉 for states obtained by applying the
first p operators in the operator string on the state |α〉 in Eq. (B.19):

|α(p)〉 ∼
p∏
i=1

Hai,bi |α〉. (B.21)

Furthermore, let us define the states |αb(p)〉 = |Szi(b)(p), Szj(b)(p)〉 on the
bonds. For a contributing term, one has the periodicity condition |α(L)〉 =
|α(0)〉 = |α〉.

The simulation begins with a randomly chosen state |α〉 and the operator
string [0, 0]1, ..., [0, 0]L of unit operators only. The cut-off L is chosen arbitrar-
ily and adjusted during the equilibration phase such that it is always larger
then the highest n. This way, the truncations error is negligible. The diagonal
update [0, 0] ↔ [1, b] is performed sequentially for each p = 1, ..., L for which
[ap, bp] = [0, 0] or [1, b]. If accepted, each update changes the expansion power
n by ±1. The acceptance probabilities can be obtained using Eq. (B.19)
and using the fact that there are M random choices for b in the → direction



146 Appendix B. Quantum Monte Carlo Simulations

[Sandvik 1997a]:

P ([0, 0]p → [1, b]p) = min
(

1, Mβ〈αb(p)|H1,b|ab(p)〉
L− n

)
, (B.22)

P ([1, b]p → [0, 0]p) = min
(

1, L− n+ 1
Mβ〈αb(p)|H1,b|ab(p)〉

)
. (B.23)

The state |α(0)〉 is stored at the beginning of each updating cycle. Every
time an off-diagonal operator [2, b]p is encountered, the corresponding spins
are flipped so that the states in Eqs. (B.23) will be available if needed.

To summarize, a full updating cycle consists of the following steps: 1)
diagonal update: unit operators are replaced by diagonal operators and vice
versa, H0,0 ↔ H1,b. 2) off-diagonal update (local or clusters) change the
operator type, diagonal to off-diagonal and vice versa, for two (local) or several
(loop) operators, e.g., {Ha1,b1,...,Ham,bm

} ↔ {H3−a1,b1,...,H3−am,bm
}. 3) Flip spins

in the state |α〉.
In Ref. [Sandvik 1997b] efficient estimators for static observables based on

the SSE method have been derived. Note that using the ALPS implementation
of the SSE algorithm [Albuquerque 2007] it is not only possible to measure the
two-point correlators for spin systems but also for bosonic systems. However,
in this case the Hilbert space is truncated at a value of choice. Therefore, one
has to ensure that this cut-off is chosen at a sufficiently high number.
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