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Abstract

Just like other theories of physics, quantum theory was developed to explain some
experimental facts that were incomprehensible within the previously existing theo-
ries (e.g. the black-body radiation or the photoelectric effect). After the Planck’s
introduction of the concept of quanta at the beginning of the XX century [1], many
physical situations have been explained by means of quantum mechanics, ranging
from the behavior of elementary particles to the operational mechanism of stars.
Nowadays, about 100 years from its foundation, a lot of effort is being made in try-
ing to exploit the genuine features of quantum systems as a resource to solve a wide
variety of problems, such as the secure transmission of information, its processing
in a more efficient way or to make extremely accurate measurements of physical
quantities.

To carry out this task we require an unprecedented control in the fabrication
and manipulation of devices operating in the quantum regime. However, quantum
systems are much more fragile in the presence of noise than their classical coun-
terparts, and relevant quantum states allowing novel forms to store, transmit and
process information vanish very easily. Actually, this is the ultimate reason why we
cannot see systems exhibiting quantum behavior in our daily life. As a result, the
study of the properties of quantum systems in the presence of noise is a fundamental
issue in order to develop any form of reliable quantum technology.

Noise in physical systems can be explained theoretically using the concept of
“open system”. Noise arises due to a lack of insulation, in such a way that it is the
result of an effective interaction between our system and its environment. In this
thesis, we present new results concerning the dynamics of open quantum systems.
We propose to define rigourously the concept of quantum Markov processes and
introduce quantitative, novel, ways to detect deviations from strict Markovianity.
We explore the validity of the usual techniques employed to describe simple open
quantum systems, and their extrapolation to more complicated scenarios involving
interacting and driven systems. In addition we present examples of noise assisted
processes, and transformations to make these usually tricky problems more efficiently
tractable.

In the first part of this thesis we extensively review the general theory of open
quantum systems. We introduce new approaches to describe, in a hopefully more
transparent way, some aspects which are usually misleading in a broad range of the
literature. In addition, we revise new concepts and methods developed in recent
years that complement the general theory mainly developed in the 1970s.

In the second part, we focus our attention on the so-called Markovian processes
which have been described in the previous part. We study the validity of typical
equations used in simple systems such as harmonic oscillators, and propose propose
and check different strategies to describe Markovian dynamics in more complicated



interacting systems. Finally we propose a counterintuitive situation where some
level of noise can be actually useful for information tasks.

In the third and last part, we approach the problem of the non-Markovian de-
scription of open quantum systems. To quantify how non-Markovian an open quan-
tum system is we introduce a computable measure and apply it to some relevant
situations. We also propose a way of probing the complexity of an environment by
visualizing properties of a pair of qubits embedded in it. In addition, we develop
a technique based on orthogonal polynomial theory to transform a wide range of
environments into simple chains of particles which can be efficiently simulated with
numerical techniques.
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of Madrid, Alfredo Luis, Miguel Ángel Mart́ın-Delgado and Isabel Gonzalo; thank
you very much for the confidence and support you gave me, I will never forget it.

I would also like to acknowledge the financial and logistic support from the
Universität Ulm, University of Hertfordshire, the EU projects, CORNER, QAP and
QESSENCE.

Of course I am grateful to the members of my examination panel, the chairman
Werner Lütkebohmert, my referees Martin B. Plenio and Joachim Ankerhold, and
examiners Tommaso Calarco and Simone Montangero.

To finalize, let me write in my mother language:

13



La tarea que me propuse de doctorarme en el extranjero hubiera sido imposible
sin el constante apoyo y comprensión de mi familia, en especial, de mis padres, José
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Chapter 1

Introduction

This thesis explores the dynamics of open quantum systems, a fundamental, still yet
intriguing facets of quantum mechanics. Any real quantum system behaves as an
open quantum system because it is very difficult to find a way to isolate it from its
surroundings. In contrast to classical open systems, it is far more difficult to protect
a quantum system from external noise, especially if we wish to control it. The
paradigmatic example is the omnipresence of the quantum vacuum. Although we
can remove all excitations from the surroundings of an atom, the vacuum itself still
posses zero-point energy and, unlike the classical vacuum, dynamical fluctuations.
These quantum fluctuations induce processes like spontaneous emission, which are
completely absent in the classical description of energy dissipation.

Unfortunately, or fortunately, depending on the point of view, all phenomena
arising from quantum coherence are very fragile due to the lack of insulation. This
makes the implementation of the most fascinating quantum technologies, such as
quantum information, quantum computation, or quantum metrology, an extraordi-
nary difficult task. However, recent results suggest that a better understanding of
the dynamics of open quantum systems provides strategies to deal with the presence
of noise in more efficient and promising ways. This is the spirit in which the present
work has been done.

The necessary background for this thesis is familiarity with the basics of quantum
mechanics, quantum optics, and quantum information theory.

In Part I a general review of the current theory of open quantum systems is
presented. Despite the existence of very good textbooks on this topic (see for exam-
ple [2–15]), they are typically divided into mathematical physics, quantum optics,
quantum chemistry and condensed matter, which have very different approaches to
the problem. This part of the thesis gives a unified description of the open system
dynamics which takes into account new concepts and explains carefully the small
subtleties usually omitted in the literature of open quantum systems. It consists of
chapters 2, 3, and 4.

Chapter 2 presents the mathematical formalism used throughout this thesis.
Some fundamental properties of Banach spaces are explained, like norm, spec-
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trum and resolvent of linear operators. Next the exponential operator is de-
fined and some of its properties are analyzed; this will lead us to the intro-
duction of the concept of the one-parameter semigroup. In particular, the
so-called contraction semigroups will be carefully explained and the main the-
orems about them (in finite dimensions) presented. Finally, the evolution
families, which are more general structures which appear in the analysis of
non-autonomous differential problems, will also be briefly reviewed.

Chapter 3 gives a brief recapitulation of the main features of the dynamics of
closed quantum systems. These are described by the Schrödinger equation
and unitary evolutions. These concepts will be the starting point for the
analysis of more general dynamics. Then an overview of the dynamics of
open quantum systems is presented. The view of an open quantum system
as a part of a larger closed systems leads to the concept of partial trace and
dynamical maps. Determining the circumstances under which an induced
dynamical map is universal, i.e. it transforms any quantum state in another
valid quantum state is an important problem which has not received much
attention in the literature. Here this issue will be discussed in detail, and
the universal dynamical maps will be introduced in an alternative way. In
addition we explain some important properties of the universal dynamics as
they provide us with a physical definition of Markovianity in the quantum case.
This concept will be fundamental in the rest of the thesis. Next, it is explained
how, apart of a physical point of view, there is an analogy of the concept of
quantum Markovianity with the classical Markovianity, and enumerates some
of the most important mathematical properties. On one hand, a simplified
proof is presented which shows that an evolution is Markovian if and only if
it can be written as a time dependent Kossakowski-Lindblad master equation.
Details of the traditional derivation of the homogeneous case by Kossakowski
are also given. On the other hand we provide a brief introduction to the
relaxing properties of homogeneous Markovian dynamics.

Chapter 4 deals with the way to the evolution of an open quantum system from
a microscopic point of view, i.e. starting from a Hamitonian for the whole
closed system and tracing out the environmental degrees of freedom. We
recall that a Markovian model is a good approximation of the real dynamics
in two limits, namely, the weak coupling and the singular coupling limit. Both
of these are explained, but we pay special attention to the weak coupling limit
because it is used the most in practical situations. Furthermore we avoid
some arguments which are usually given to justify this limit, showing that
they can be misleading. In addition, the extension of the weak coupling limit
to situations with interacting systems is partially described. Finally it is also
provided an introduction to non-Markovian dynamics from a microscopic point
of view. Some integro-differential models and the time-convolutionless forms
are presented. Furthermore we also explain the so-called dynamical coarse
graining method.
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After the general introduction to open quantum systems in Part I, we analyze
new results concerning Markovian dynamics in Part II of the thesis. It consist of
chapters 5 and 6.

Chapter 5 has two main objectives. The first is to introduce how to do an exact
numerical simulation of a set of coupled harmonic oscillators by using Gaus-
sian states. The second aim is to make a thorough study of the dynamics of
damped harmonic oscillators. We check the limits where the exact dynamics
becomes Markovian, finding that the Markovian master equation is quite a
good description even for regimes where the literature claims that the Marko-
vian approximation fails, e.g. at low temperatures. Furthermore we extend
the analysis for the case of interacting systems. We derive Markovian mas-
ter equations for interacting harmonic systems in different scenarios, including
strong internal coupling and classically driven. By comparing the dynamics re-
sulting from the corresponding master equations with numerical simulations of
the global system’s evolution, we determine the regimes where the Markovian
approximation is valid, and assess the robustness of the assumptions made in
the process of deriving the reduced Markovian dynamics.

Chapter 6 changes the topic slightly. We analyze the steady state behavior quan-
tum correlations (entanglement) as well as the global correlations in the system
when subject to different forms of local Markovian decoherence. In the pres-
ence of decay, it has been shown that the system displays quantum correlations
only when the noise strength is above a certain threshold. We extend this re-
sult to the case of a Heisenberg XXZ interaction and revise and clarify the
mechanisms underlying this behavior. In the presence of pure dephasing, we
show that the system always remains separable in the steady state. When
both types of noise are present, the system can still exhibit entanglement for
long times, provided that the pure dephasing rate is not too large.

As we explain during Part I of the thesis, the study of non-Markovian dynam-
ics is more complicated than the Markovian case. However no real dynamics are
exactly Markovian and experimental data from solid-state devices or soft-matter
systems strongly suggest that the non-Markovian properties of the dynamics are
very important. Therefore new results in the field of non-Markovian dynamics are
attaching increasing attention. Part III of this thesis concerns new methods related
to the description of non-Markovian systems and consists of chapters 7, 8 and 9.

Chapter 7 the problem of quantifying the non-Markovian character of quantum
time evolutions of general systems in contact with an environment is addressed.
We introduce two different measures of non-Markovianity that exploit the spe-
cific traits of quantum correlations and which are suitable for opposite experi-
mental contexts. When complete tomographic knowledge about the evolution
is available, our measure lies in a necessary and sufficient condition to quan-
tify strictly the non-Markovianity. In the opposite case, when no information
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whatsoever is available, we propose a sufficient condition for non-Markovianity.
Remarkably, no optimization procedure underlies our derivation, which greatly
enhances the practical relevance of the proposed criteria.

Chapter 8 deals with the problem of environmental characterization. We consider
non-interacting multi-qubit systems as controllable probes of an environment
of defects/impurities modeled as a composite spin-boson environment. This
composite spin-boson environment consists of a small number of quantum-
coherent two-level fluctuators damped by independent bosonic baths. We dis-
cuss how correlation measurements in the probe system encode information
about the environment structure, and how they could be exploited to dis-
criminate efficiently between different experimental preparation techniques.
Particular attention is given to the quantum correlations (entanglement) that
build up in the probe as a result of the environment-mediated interaction.
We also investigate the harmful effects of the composite spin-boson environ-
ment on initially prepared entangled bipartite qubit states of the probe and
on entangling gate operations. Our results offer insights in the area of quan-
tum computation using superconducting devices, where defects/impurities are
believed to be a major source of decoherence.

Chapter 9 presents an exact unitary transformation that maps the Hamiltonian
of a quantum system coupled linearly to a continuum of bosonic or fermionic
modes to a Hamiltonian that describes a one-dimensional chain with only
nearest-neighbor interactions, which can be efficiently simulated. The key
point is the use of the properties of orthogonal polynomials. This analytical
transformation predicts a simple set of relations between the parameters of
the chain and the recurrence coefficients of the orthogonal polynomials used
in the transformation and allows the chain parameters to be computed using
numerically stable algorithms that have been developed to compute recur-
rence coefficients. We then prove some general properties of this chain system
for a wide range of spectral functions and give examples drawn from physi-
cal systems where exact analytic expressions for the chain properties can be
obtained.

Finally, in the section on prospects, we suggest potential applications of the ideas
and methods contained in this thesis. We also give in advance partial results which
are being prepared for publication, and furthermore we discuss several unanswered
questions about the dynamics of open quantum system for which the aforementioned
methods may be applied.
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Part I

Time Evolution Theory of Open
Quantum Systems
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Chapter 2

Mathematical tools

2.1 Banach spaces, norms and linear operators

In different parts within this work, we will make use of properties of Banach spaces.
For our interest it is sufficient to restrict our analysis to finite dimensional spaces.
In what follows we revise some basic concepts [16–18].

2.1.1. Definition. A Banach space B is a complete linear space with a norm ‖ ·‖.

Recall that an space is complete if every Cauchy sequence converges in it. An
example of Banach space is provided by the set of self-adjoint trace-class linear
operators over a Hilbert space H. This is, the self-adjoint operators whose trace
norm is finite ‖ · ‖1

‖A‖1 = Tr
√

A†A = Tr
√

A2, A ∈ B.

Now we focus our attention onto possible linear transformations over a Banach
space, that we will denote by T (B) : B 7→ B. The set of all of them form the dual
space B∗.

2.1.2. Proposition. The dual space of B, B∗ is a (finite) Banach space with the
induced norm

‖T‖ = sup
x∈B,x 6=0

‖T (x)‖
‖x‖ = sup

x∈B,‖x‖=1

‖T (x)‖, T ∈ B∗.

Proof : The proof is basic.
Apart from the triangle inequality, the induced norm fulfills some other useful

inequalities. For example, immediately from the definition one obtains that

‖T (x)‖ ≤ ‖T‖‖x‖, ∀x ∈ B. (2.1)

Moreover,
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2.1.3. Proposition. Let T1 and T2 be two linear operators in B∗, then

‖T1T2‖ ≤ ‖T1‖‖T2‖ (2.2)

Proof. This is just a consequence of the inequality (2.1); indeed,

‖T1T2‖ = sup
x∈B,‖x‖=1

‖T1T2(x)‖ ≤ sup
x∈B,‖x‖=1

‖T1‖‖T2(x)‖ = ‖T1‖‖T2‖.

2

The next concept will appear quite often in the coming sections.

2.1.4. Definition. A linear operator T over a Banach space B, is said to be a
contraction if

‖T (x)‖ ≤ ‖x‖, ∀x ∈ B,

this is ‖T‖ ≤ 1.

Finally, we briefly revise some additional basic concepts that will be featured in
subsequent sections.

2.1.5. Definition. For any linear operator T in a (finite) Banach space B, its
resolvent operator is defined as

RT (λ) = (λ1− T )−1, λ ∈ C.

It is said that λ ∈ C belongs to the (point) spectrum of T , λ ∈ σ(T ), if RT (λ) does
not exist; otherwise λ ∈ C belongs to the resolvent set of T , λ ∈ %(T ). As a result
σ(T ) and %(T ) are said to be complementary sets.

The numbers λ ∈ σ(T ) are called eigenvalues of T , and each element in the
kernel x ∈ ker(λ1 − T ), which is obviously different from {0} as (λ1 − T )−1 does
not exist, will be called the eigenvector associated with the eigenvalue λ.

2.2 Exponential of an operator

The operation of exponentiation of an operator is of special importance in relation
with linear differential equations.

2.2.1. Definition. The exponential of a linear operator L in a finite Banach space
is defined as

eL =
∞∑

n=0

Ln

n!
. (2.3)

The following proposition shows that this definition is indeed meaningful.

2.2.2. Proposition. The series defining eL is absolutely convergent.
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Proof. The following chain of inequalities holds

‖eL‖ =

∥∥∥∥∥
∞∑

n=0

Ln

n!

∥∥∥∥∥ ≤
∞∑

n=0

‖Ln‖
n!

≤
∞∑

n=0

‖L‖n

n!
= e‖L‖.

Since e‖L‖ is a numerical series which is convergent, the norm of eL is upper bounded
and therefore the series converges absolutely.

2

2.2.3. Proposition. If L1 and L2 commute with each other, then e(L1+L2) = eL1eL2 =
eL2eL1.

Proof. By using the binomial formula as in the case of a numerical series, we
obtain

e(L1+L2) =
∞∑

n=0

(L1 + L2)
n

n!
=

∞∑
n=0

1

n!

n∑

k=0

(
n

k

)
Lk

1L
n−k
2

=
∞∑

n=0

n∑

k=0

1

k!(n− k)!
Lk

1L
n−k
2 =

∞∑
p=0

∞∑
q=0

1

p!q!
Lp

1L
q
2 = eL1eL2 = eL2eL1 .

2

The above result does not hold when L1 and L2 are not commuting operators,
in that case there is a formula which is sometimes useful.

2.2.4. Theorem (Lie-Trotter product formula). Let L1 and L2 be linear
operators in a finite Banach space, then:

e(L1+L2) = lim
n→∞

(
e

L1
n e

L2
n

)n

Proof. We present a two-step proof inspired by [19]. First let us prove that for
any two linear operators A and B the following identity holds:

An −Bn =
n−1∑

k=0

Ak(A−B)Bn−k−1. (2.4)

We observe that, at the end, we are only adding and subtracting the products of
powers of A and B in the right hand side of (2.4), so that

An −Bn = An + (An−1B − An−1B)−Bn

= An + (An−1B − An−1B + An−2B2 − An−2B2)−Bn =

= An + (An−1B − An−1B + An−2B2 − An−2B2 + . . .

· · ·+ ABn−1 − ABn−1)−Bn.
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Now we can add terms with positive sign to find:

An + An−1B + . . . + ABn−1 =
n−1∑

k=0

Ak+1Bn−k−1,

and all terms with negative sign to obtain:

−An−1B − . . .− ABn−1 −Bn = −
n−1∑

k=0

AkBn−k.

Finally, by adding both contributions one gets that

An −Bn =
n−1∑

k=0

Ak+1Bn−k−1 − AkBn−k =
n−1∑

k=0

Ak(A−B)Bn−k−1,

as we wanted to prove.
Now, we name

Xn = e(L1+L2)/n, Yn = eL1/neL2/n,

and take A = Xn and B = Yn in formula (2.4),

Xn
n − Y n

n =
n−1∑

k=0

Xk
n(Xn − Yn)Y n−k−1

n .

On the one hand,

‖Xk
n‖ = ‖ (

e(L1+L2)/n
)k ‖ ≤ ‖e(L1+L2)/n‖k ≤ e‖L1+L2‖k/n

≤ e(‖L1‖+‖L2‖)k/n ≤ e‖L1‖+‖L2‖, ∀k ≤ n.

Similarly, one proves that

‖Y k
n ‖ ≤ e‖L1‖+‖L2‖, ∀k ≤ n.

So we get

‖Xn
n − Y n

n ‖ ≤
n−1∑

k=0

‖Xk
n(Xn − Yn)Y n−k−1

n ‖ ≤
n−1∑

k=0

‖Xk
n‖‖Xn − Yn‖‖Y n−k−1

n ‖

≤
n−1∑

k=0

‖Xn − Yn‖e2(‖L1‖+‖L2‖) = n‖Xn − Yn‖e2(‖L1‖+‖L2‖).

On the other hand, by expanding the exponential we find that

lim
n→∞

n‖Xn − Yn‖ = lim
n→∞

n

∥∥∥∥∥
∞∑

k=0

1

k!

(
L1 + L2

n

)k

−
∞∑

k,j=0

1

k!j!

(
L1

n

)k (
L2

n

)j
∥∥∥∥∥

≤ lim
n→∞

n

∥∥∥∥
1

2n2
[L2, L1] +O

(
1

n3

)∥∥∥∥ = 0.
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Therefore we finally arrive at the result that:

lim
n→∞

∥∥∥eL1+L2 − (
eL1/neL2/n

)n
∥∥∥ = lim

n→∞
‖Xn

n − Y n
n ‖ = 0.

2

Using a similar procedure one can also show that for a sum of N general operators,
the following identity holds:

e
∑N

k=1 Lk = lim
n→∞

(
N∏

k=1

e
Lk
n

)n

. (2.5)

2.3 Semigroups of operators

2.3.1. Definition. [Semigroup] A family of linear operators Tt (t ≥ 0) on a finite
Banach Space forms a one-parameter semigroup if

1. TtTs = Tt+s, ∀t, s
2. T0 = 1.

2.3.2. Definition. [Uniformly Continuous Semigroup] A one-parameter semigroup
Tt is said to be uniformly continuous if the map

t 7→ Tt

is continuous, this is, if lima→b ‖Ta − Tb‖ = 0. This kind of continuity is normally
referred to as “continuity in the uniform operator topology” [16], and it is sufficient
to analyze the finite dimensional case, which is the focus of this work.

2.3.3. Theorem. If Tt forms a uniformly continuous one-parameter semigroup,
then the map t 7→ Tt is differentiable, and the derivative of Tt is given by

dTt

dt
= LTt,

with L = dTt

dt
|t=0.

Proof. Since Tt is uniformly continuous on t, the function V (t) defined by

V (t) =

∫ t

0

Tsds, t ≥ 0,

is differentiable with dV (t)
dt

= Tt (to justify this it is enough to consider the well-
known arguments used for the case of R, see for example [20], but substituting now
the absolute value by the concept of norm). In particular,

lim
t→0

V (t)

t
= lim

t→0

V (t)− V (0)

t
=

dV (t)

dt

∣∣∣∣
t=0

= T0 = 1,
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this implies that there exist some t0 > 0 small enough such that V (t0) is invertible.
Then,

Tt = V −1(t0)V (t0)Tt = V −1(t0)

∫ t0

0

TsTtds = V −1(t0)

∫ t0

0

Tt+sds

= V −1(t0)

∫ t+t0

t

Tsds = V −1(t0) [V (t + t0)− V (t)] ,

since the difference of differentiable functions is differentiable, Tt is differentiable.
Moreover, its derivative is

dTt

dt
= lim

h→0

Tt+h − Tt

h
= lim

h→0

Th − 1
h

Tt = LTt.

2

2.3.4. Theorem. The exponential operator T (t) = eLt is the only solution of the
differential problem {

dT (t)
dt

= LT (t), t ∈ R+

T (0) = 1,

Proof. From the definition of exponential given by Eq. (2.3), it is clear that
T (0) = 1, and because of the commutativity of the exponents we find

deLt

dt
= lim

h→0

eL(t+h) − eLt

h
=

(
lim
h→0

eLh − 1
h

)
eLt.

By expanding the exponential one obtains

lim
h→0

eLh − 1
h

= lim
h→0

1+ Lh +O(h2)− 1
h

= L.

At this point, it just remains to prove uniqueness. Let us consider another function
S(t) and assume that it also satisfies the differential problem. Then we define

Q(s) = T (s)S(t− s), for t ≥ s ≥ 0,

for some fixed t > 0, so Q(s) is differentiable with derivative

dQ(s)

ds
= LT (s)S(t− s)− T (t)LS(t− s) = LT (s)S(t− s)− LT (t)S(t− s) = 0.

Q(s) is therefore a constant function. In particular Q(s) = Q(0) for any t ≥ s ≥ 0,
which implies that

T (t) = T (t)S(t− t) = Q(t) = Q(0) = S(t).

2
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2.3.1. Collolary. Any uniformly continuous semigroup can be written in the form
Tt = T (t) = eLt, where L is called the generator of the semigroup and it is the only
solution to the differential problem

{
dTt

dt
= LTt, t ∈ R+

T0 = 1.
(2.6)

Given the omnipresence of differential equations describing time-evolution in
physics, it is now evident why semigroups are important. If we can extend the
domain of t to negative values, then Tt forms a one-parameter group whose inverses
are given by T−t, so that TtT−t = 1 for all t ∈ R.

There is a special class of semigroups which is important for our proposes, and
that will be the subject of the next section.

2.3.1 Contraction semigroups

2.3.5. Definition. A one-parameter semigroup satisfying ‖Tt‖ ≤ 1 for every t ≥ 0,
is called a contraction semigroup.

Now one question arises, namely, which properties does the generator L have to
fulfill to generate a contraction semigroup? This is an intricate question in general
that is treated with more detail in functional analysis textbooks such as [21–23]. For
finite dimensional Banach spaces, the proofs of the main theorems can be drastically
simplified, and they are presented in the following. The main condition are based
in properties of the resolvent set and the resolvent operator.

2.3.6. Theorem (Hille-Yoshida). A necessary and sufficient condition for a
linear operator L to generate a contraction semigroup is that

1. {λ, Re λ > 0} ⊂ %(L).

2. ‖RL(λ)‖ ≤ (Re λ)−1.

Proof. Let L be the generator of a contraction semigroup and λ a complex number.
For a ≥ b we define the operator

L(a, b) =

∫ b

a

e(−λ1+L)tdt.

Since the exponential series converges uniformly (to see this one uses again tools of
the elementary analysis, specifically the M-test of Weierstrass [20], over the Banach
space B) it is possible to integrate term by term in the previous definition

L(a, b) =

∫ b

a

∞∑
n=0

(−λ1+ L)ntn

n!
dt =

∞∑
n=0

(−λ1+ L)n

n!

(∫ b

a

tndt

)

=
∞∑

n=0

(−λ1+ L)n

n!

[
bn+1

n + 1
− an+1

n + 1

]
.
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Thus by multiplying L(a, b) by (λ1− L) we get

(λ1− L)L(a, b) = L(a, b)(λ1− L) =
[
e(−λ1+L)a − e(−λ1+L)b

]
.

Now assume Re λ > 0 and take the limit a → 0, b →∞, then as

lim
b→∞

‖e(−λ1+L)b‖ = lim
b→∞

‖e−λ1beLb‖ ≤ lim
b→∞

‖e−λ1b‖‖eLb‖
≤ lim

b→∞
‖e−λ1b‖ = 0,

and
lim
a→0

e−λ1aeLa = 1,

we get

(λ1− L)

[∫ ∞

0

e−λ1teLtdt

]
=

[∫ ∞

0

e−λ1teLtdt

]
(λ1− L) = 1.

So if Reλ > 0 then λ ∈ %(L) and from the definition of the resolvent operator we
get

RL(λ) =

∫ ∞

0

e−λ1teLtdt.

Moreover,

‖RL(λ)‖ =

∥∥∥∥
∫ ∞

0

e−λ1teLtdt

∥∥∥∥ ≤
∫ ∞

0

‖e−λ1teLt‖dt ≤
∫ ∞

0

‖e−λ1t‖‖eLt‖dt

≤
∫ ∞

0

‖e−λ1t‖dt =

∫ ∞

0

|e−λt|dt =

∫ ∞

0

e−Re(λ)tdt =
1

Re(λ)
.

Conversely, suppose that L satisfies the above conditions 1 and 2. Let λ be some
real number in the resolvent set of L, which means it is also a real positive number.
We define the operator

Lλ = λLRL(λ),

it turns out that Lλ → L as λ →∞. Indeed, it is enough to show that λRL(λ) → 1.
Since (0,∞) ⊂ %(L) there is no problem with the resolvent operator taking the limit,
so by writing λRL(λ) = LRL(λ) + 1 we obtain

lim
λ→∞

‖λRL(λ)− 1‖ = lim
λ→∞

‖LRL(λ)‖ ≤ lim
λ→∞

‖L‖‖RL(λ)‖ ≤ lim
λ→∞

‖L‖
λ

= 0,

where we have used 2. Moreover,

‖eLλt‖ = ‖eλLRL(λ)t‖ = ‖e[λ2RL(λ)−λ1]t‖ ≤ e−λt‖eλ2RL(λ)t‖
≤ e−λteλ2‖RL(λ)‖t ≤ e−λteλt = 1,

and therefore
eLt = lim

λ→∞
eLλt
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is a contraction semigroup.
2

Apart from imposing conditions such that L generates a contraction semigroup,
this theorem is of vital importance in general operator theory over arbitrary dimen-
sional Banach spaces. If the conditions of the theorem 2.3.6 are fulfilled then L
generates a well-defined semigroup; note that for general operators L the exponen-
tial cannot be rigourously defined as a power series, and more complicated tools are
needed. On the other hand, to apply this theorem directly can be complicated in
many cases, so one needs more manageable equivalent conditions.

2.3.7. Definition. A semi-inner product is an operation in which for each pair
x1, x2 of elements of a Banach space B there is a complex number [x1, x2] associated
with it such that

[x1, λx2 + µx3] = λ[x1, x2] + µ[x1, x3], (2.7)

[x1, x1] = ‖x1‖2 (2.8)

|[x1, x2]| ≤ ‖x1‖‖x2‖. (2.9)

for any x1, x2, x3 ∈ B and λ, µ ∈ C.

2.3.8. Definition. A linear operator L in B is called dissipative if

Re[x, Lx] ≤ 0 ∀x ∈ B. (2.10)

2.3.9. Theorem (Lumer-Phillips). A necessary and sufficient condition for a
linear operator L in B (of finite dimension) to be the generator of a contraction
semigroup is that L be dissipative.

Proof. Suppose that {Tt, t ≥ 0} is a contraction semigroup, then just by using
the properties of a semi-inner product we have that:

Re[x, (Tt − 1)x] = Re[x, Ttx]− ‖x‖2 ≤ |[x, Ttx]| − ‖x‖2

≤ ‖x‖‖Ttx‖ − ‖x‖2 ≤ ‖x‖2‖Tt‖ − ‖x‖2 ≤ 0

since ‖Tt‖ ≤ 1. So L is dissipative

Re[x, Lx] = lim
t→0

1

t
Re[x, (Tt − 1)x] ≤ 0.

Conversely, let L be dissipative. Considering a point within its spectrum λ ∈ σ(L)
and a corresponding eigenvector x ∈ ker(λ1− L), since [x, (λ1− L)x] = 0 we have

Re[x, (λ1− L)x] = Re(λ)‖x‖2 − Re[x, Lx] = 0,
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given that Re[x, Lx] ≤ 0, Re(λ) ≤ 0. Thus any complex number Re(λ) > 0 is in
the resolvent of L. Moreover, let λ ∈ %(L), we have again from the properties of a
semi-inner product that

Re(λ)‖x‖2 = Re(λ)[x, x] ≤ Re(λ[x, x]− [x, Lx]) = Re[x, (λ1− L)x]

≤ |[x, (λ1− L)x]| ≤ ‖x‖‖(λ1− L)x‖
so ‖(λ1 − L)x‖ ≥ Re(λ)‖x‖, ∀x 6= 0. Then, by setting x = (λ1 − L)x̃ in the
expression for the norm of RL(λ) we can write that

‖RL(λ)‖ = sup
x∈B,x 6=0

‖RL(λ)x‖
‖x‖ = sup

x̃∈B,x̃/∈ker(λ1−L)

‖x̃‖
‖(λ1− L)x̃‖

≤ ‖x̃‖
Re(λ)‖x̃‖ =

1

Re(λ)
,

and therefore L satisfies the conditions of the theorem 2.3.6.
2

2.4 Evolution families

As we have seen semigroups arise naturally in the context of problems involving lin-
ear differential equations, as exemplified by Eq. (2.6), with time-independent gen-
erators L. However some situations in physics require solving time-inhomogeneous
differential problems, {

dx
dt

= L(t)x, x ∈ B

x(t0) = x0,

where L(t) is a time-dependent linear operator. Given that the differential equation
is linear, its solution must depend linearly on the initial conditions, so we can write

x(t) = T(t,t0)x(t0), (2.11)

where T(t,t0) is a linear operator often referred to as the evolution operator. Obvi-
ously, T(t0,t0) = 1 and the composition of two consecutive evolution operators is well
defined, since for t2 ≥ t1 ≥ t0

x(t1) = T(t1,t0)x(t0) and x(t2) = T(t2,t1)x(t1).

As a result, the evolution operator between t2 and t0 is given by

T(t2,t0) = T(t2,t1)T(t1,t0), (2.12)

and the two-parameter family of operators T (t, s) fulfills the properties

T(t,s) = T(t,r)T(r,s), t ≥ r ≥ s
T(s,s) = 1.

(2.13)
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These operators are sometimes called evolution families, propagators, or funda-
mental solutions. One important fact to realize is that if the generator is time-
independent, L, the evolution family is reduced to a one-parameter semigroup in
time difference T(t,s) = Tτ=t−s. However, in contrast to general semigroups, it is not
enough (even in finite dimension) to require that the map (t, s) 7→ T(t,s) be contin-
uous to ensure that it is differentiable [24], although in practice we usually assume
that the temporal evolution is smooth enough and families fulfilling Eq. (2.13) will
also considered to be differentiable. Under these conditions we can formulate the
following result.

2.4.1. Theorem. A differentiable family T(t,s) obeying the condition (2.13) is the
only solution to the differential problems

{ dT(t,s)

dt
= L(t)T(t,s), t ≥ s

T(s,s) = 1,

and { dT(t,s)

ds
= −T(t,s)L(t), t ≥ s

T(s,s) = 1.

Proof. If the evolution family T(t,s) is differentiable

dT(t,s)

dt
= lim

h→0

T(t+h,s) − T(t,s)

h
= lim

h→0

T(t+h,t) − 1
h

T(t,s) = L(t)T(t,s).

Analogously one proves that

dT(t,s)

ds
= −T(t,s)L(t).

To show that this solution is unique, as in theorem 2.3.4, let us assume that there
exist some other S(t,s) solving the differential problems. Then, for every fixed t and
s, we define now Q(r) = T(t,r)S(r,s) for t ≥ r ≥ s. It is immediate to show that
dQ(r)

dr
= 0 and therefore

T(t,s) = Q(s) = Q(t) = S(t,s).

2

Again opposed to the case of semigroups, to give a general expression for an
evolution family T(t,s) in terms of the generator L(t) is complicated. To illustrate
why let us define first the concept of time-ordering operator.

2.4.2. Definition. The time-ordered operator T of a product of two operators
L(t1)L(t2) is defined by

T L(t1)L(t2) = θ(t1 − t2)L(t1)L(t2) + θ(t2 − t1)L(t2)L(t1),
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where θ(x) is the Heaviside step function. Similarly, for a product of three operators
L(t1)L(t2)L(t3), we have

T L(t1)L(t2)L(t3) = θ(t1 − t2)θ(t2 − t3)L(t1)L(t2)L(t3)

+ θ(t1 − t3)θ(t3 − t2)L(t1)L(t3)L(t2)

+ θ(t2 − t1)θ(t1 − t3)L(t2)L(t1)L(t3)

+ θ(t2 − t3)θ(t3 − t1)L(t2)L(t3)L(t1)

+ θ(t3 − t1)θ(t1 − t2)L(t3)L(t1)L(t2)

+ θ(t3 − t2)θ(t2 − t1)L(t3)L(t2)L(t1)

so that for a product of k operators L(t1) · · ·L(tk) we can write:

T L(t1) · · ·L(tk) =
∑

π

θ[tπ(1) − tπ(2)] · · · θ[tπ(k−1) − tπ(k)]L[tπ(1)] · · ·L[tπ(k)] (2.14)

where π is a permutation of k indexes and the sum extends over all k! different
permutations.

2.4.3. Theorem (Dyson Series). Let be the generator L(t′) bounded in the in-
terval [t, s], i.e. ‖L(t′)‖ < ∞, t′ ∈ [t, s]. Then the evolution family T(t,s) admits the
following series representation

T (t, s) = 1+
∞∑

m=1

∫ t

s

∫ t1

s

· · ·
∫ tm−1

s

L(t1) · · ·L(tm)dtm · · · dt1, (2.15)

where t ≥ t1 ≥ . . . ≥ tm ≥ s, and it can be written symbolically as

T (t, s) = T e
∫ t

s L(t′)dt′ ≡ 1+
∞∑

m=1

1

m!

∫ t

s

· · ·
∫ t

s

T L(t1) · · ·L(tm)dt1 · · · dtm (2.16)

Proof. To prove that expression (2.15) can be formally written as (2.16) note that
by introducing the time-ordering definition Eq. (2.14), the kth term of this series
can be written as

1

k!

∫ t

s

· · ·
∫ t

s

T L(t1) · · ·L(tk)dt1 · · · dtk

=
1

k!

∑
π

∫ t

s

∫ tπ(1)

s

· · ·
∫ tπ(k−1)

s

L[tπ(1)] · · ·L[tπ(k)]dt1 · · · dtk

=

∫ t

s

∫ t1

s

· · ·
∫ tk−1

s

L(t1) · · ·L(tk)dtk · · · dt1,

where in the last step we have used that t ≥ tπ(1) ≥ . . . ≥ tπ(k) ≥ s, and that the
name of the variables does not matter, so the sum over π is the addition of the same
integral k! times.
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To prove Eq. (2.15), we need first of all to show that the series is convergent,
but this is simple because by taking norms in (2.16) we get the upper bound

‖T (t, s)‖ ≤
∞∑

m=0

|t− s|m
m!

(
sup

t′∈[s,t]

‖L(t′)‖
)m

= exp

[
sup

t′∈[s,t]

‖L(t′)‖|t− s|
]

which is convergent as a result of L(t′) being bounded in [t, s]. Finally, the fact that
(2.15) is the solution of the differential problem is easy to verify by differentiating
the series term by term since it converges uniformly and so does its derivative (to
see this one use again the M-test of Weierstrass [20] over the Banach space B). 2

This result is the well-known Dyson expansion, which is widely used for instance
in scattering theory. We have proved its convergence for finite dimensional systems
and bounded generator. This is normally difficult to prove in the infinite dimensional
case, but the expression is still used in this context in a formal sense.

Apart from the Dyson expansion, there is an approximation formula for evolution
families which will be useful in this work.

2.4.4. Theorem (Time-Splitting formula). The evolution family T(t,s) can be
given by the formula

T(t,s) = lim
max |tj+1−tj |→0

0∏
j=n−1

e(tj+1−tj)L(tj) for t = tn ≥ . . . ≥ t0 = s, (2.17)

where L(tj) is the generator evaluated in the instantaneous time tj (note the de-
scending order in the product symbol).

Proof. The idea for this proof is taken from [25], more rigorous and general proofs
can be found in [21, 22]. Given that the product in (2.17) is already temporally
ordered, nothing happens if we introduce the temporal-ordering operator

T(t,s) = lim
max |tj+1−tj |→0

T
0∏

j=n−1

e(tj+1−tj)L(tj),

= lim
max |tj+1−tj |→0

T e
∑n−1

j=0 (tj+1−tj)L(tj),

where one realizes that the time ordering operator is then making the work of
ordering the terms in the exponential series on the bottom term in order to obtain
the same series expansion as on the top term. Now it only remains to recognize the
Riemann sum [20] in the exponent to arrive at the expression

T(t,s) = T e
∫ t

s L(t′)dt′ ,

which is Eq. (2.16). 2

In analogy to the case of contraction semigroups, one can define contraction
evolution families. However, since we now have two parameters, there is not a
unique possible definition, as illustrated below.
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2.4.5. Definition. An evolution family T(t,s) is called contractive if ‖T(t,s)‖ ≤ 1
for every t and every s such that t ≥ s.

2.4.6. Definition. An evolution family T(t,s) is called eventually contractive if
there exist a s0 such that ‖T(t,s0)‖ ≤ 1 for every t ≥ s0.

It is clear that contractive families are also eventually contractive, but in this
second case there exist a privileged initial time s0, such that one can have ‖T(t,s)‖ > 1
for some s 6= s0. This distinction is relevant and will allow us later on to discriminate
universal dynamical maps given by differential equations which are Markovian from
those which are not.
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Chapter 3

Quantum time evolutions

3.1 Time evolution in closed quantum systems

Probably time evolution of physical systems is the main factor in order to understand
their nature and properties. In classical systems time evolution is usually formu-
lated in terms of differential equations (i.e. Euler-Lagrange’s equations, Hamilton’s
equations, Liouville equation, etc.), which can present very different characteristics
depending on which physical system they correspond to. From the beginning of the
quantum theory, physicists have been often trying to translate the methods which
were useful in the classical case to the quantum one, so was that Erwin Schrödinger
obtained the first evolution equation for a quantum system in 1926 [26].

This equation, called Schrödinger’s equation since then, describes the behavior
of an isolated or closed quantum system, that is, by definition, a system which does
not interchanges information (i.e. energy and/or matter [27]) with another system.
So if our isolated system is in some pure state |ψ(t)〉 ∈ H at time t, where H
denotes the Hilbert space of the system, the time-evolution of this state (between
two consecutive measurements) is according to

d

dt
|ψ(t)〉 = − i

~
H(t)|ψ(t)〉, (3.1)

where H(t) is the Hamiltonian operator of the system. In the case of mixed states
ρ(t) the last equation naturally induces

dρ(t)

dt
= − i

~
[H(t), ρ(t)], (3.2)

sometimes called von Neumann or Liouville-von Neumann equation, mainly in the
context of statistical physics. From now on we consider units where ~ = 1.

There are several ways to justify the Schrödinger equation, some of them related
with heuristic approaches or variational principles, however in all of them it is nec-
essary to make some extra assumptions apart from the postulates about states and
observables; for that reason the Schrödinger equation can be taken as another postu-
late. Of course the ultimate reason for its validity is that the experimental tests are
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in accordance with it [28–30]. In that sense, the Schrödinger equation is for quantum
mechanics as fundamental as the Maxwell’s equations for electromagnetism or the
Newton’s Laws for classical mechanics.

An important property of Schrödinger equation is that it does not change the
norm of the states, indeed

d

dt
〈ψ(t)|ψ(t)〉 =

(
d〈ψ(t)|

dt

)
|ψ(t)〉+ 〈ψ(t)|

(
d|ψ(t)〉

dt

)
=

= i〈ψ(t)|H†(t)|ψ(t)〉 − i〈ψ(t)|H(t)|ψ(t)〉 = 0 (3.3)

since the Hamiltonian is self-adjoint, H(t) = H†(t). In view of the fact that the
Schrödinger equation is linear, its solution is given by an evolution family U(t, r),

|ψ(t)〉 = U(t, t0)|ψ(t0)〉, (3.4)

where U(t0, t0) = 1.
The equation (3.3) implies that the evolution operator is an isometry (i.e. norm-

preserving map), which means it is a unitary operator in case of finite dimensional
systems. In infinite dimensional systems one has to prove that U(t, t0) map the
whole H onto H in order to exclude partial isometries, this is easy to verify from the
composition law of evolution families [31] and then for any general Hilbert space

U †(t, t0)U(t, t0) = U(t, t0)U
†(t, t0) = 1⇒ U−1 = U †. (3.5)

On the other hand, according to these definitions for pure states, the evolution
of some density matrix ρ(t) is

ρ(t1) = U(t1, t0)ρ(t0)U
†(t1, t0). (3.6)

We can also rewrite this relation as

ρ(t1) = U(t1,t0)[ρ(t0)] (3.7)

where U(t1,t0) is a linear (unitary [32]) operator acting as

U(t1,t0)[·] = U(t1, t0)[·]U †(t1, t0). (3.8)

Of course the specific form of the evolution operator in terms of the Hamiltonian
depends on the properties of the Hamiltonian itself. In the simplest case in which
H is time-independent (conservative system), the formal solution of the Schödinger
equation is straightforwardly obtained as

U(t, t0) = e−i(t−t0)H/~. (3.9)

When H is time-dependent (non-conservative system) we can formally write the
evolution as a Dyson expansion,

U(t, t0) = T e
∫ t

t0
H(t′)dt′

. (3.10)
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Note now that if H(t) is self-adjoint, −H(t) is also self-adjoint, so in this case
we have physical inverses for every evolution. In fact when the Hamiltonian is time-
independent, U(t1, t0) = U(t1 − t0). So the evolution operator is not only a one-
parameter semigroup, but a one-parameter group, with an inverse for every element
U−1(τ) = U(−τ) = U †(τ), such that U−1(τ)U(τ) = U(τ)U−1(τ) = 1. Of course in
case of time-dependent Hamiltonians, every member of the evolution family U(t, s)
has the inverse U−1(t, s) = U(s, t) = U †(t, s), being this one also unitary.

If we look into the equation (3.8), we can identify ρ as a member of the Banach
space of the set of trace-class self-adjoint operators, and U(t1,t0) as some linear op-
erator acting over this Banach space. Then everything considered for pure states
concerning the form of the evolution operator is also applicable for general mixed
states, actually the general solution to the equation (3.2) can be written as

ρ(t) = U(t,t0)ρ(t0) = T e
∫ t

t0
Lt′dt′

ρ(t0) (3.11)

where the generator is given by the commutator Lt(·) = −i[H(t), ·]. This is some-
times called the Liouvillian, and by taking the derivative one immediately arrives
to (3.2).

3.2 Time evolution in open quantum systems.

Consider now the case where the total Hilbert space can be decomposed into two
parts, in the form H = HA ⊗HB, each subspace corresponding to a certain quan-
tum system; the question to answer is then, what properties does each subsystem
evolution have?.

First of all, the relation between the total density matrix ρ ∈ H and the density
matrix of a subsystem, say A, is established by means of the partial trace over the
other subsystem B:

ρA = TrB(ρ). (3.12)

There are several ways to justify this; see for example [33, 34]. Let us focus first in
the description of a measurement of the system HA viewed from the whole system
H = HA ⊗ HB. For the system HA a measurement is given by a set self-adjoint
positive operators {Mk} each of them associated with a possible result k. Suppose
that we are blind to the system B, and we see the state of system A as some ρA.
Then the probability to get the result k when we make the measure {Mk} will be

pA(k) = Tr(MkρA).

Now one argues that if we are viewing only the part A through the measurement
Mk, we are in fact observers of an extended system H through some measurerment
M̃k such that, for physical consistency, for any state of the composed system ρ
compatible with ρA from A which is seen (see figure 3.1), the following holds

pA(k) = Tr(M̃kρ).
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But assuming this as true for every state ρA, we assume that M̃k is a genuine
measurement operator on H, which implicitly implies that is independent of the
state ρ of the whole system on which we are making the measurement. Now consider
the special case where the state of the whole system has the form ρ = ρA⊗ ρB, then
the above equation is clearly satisfied with the choice M̃k = Mk ⊗ 1

pA(k) = Tr(MkρA) = Tr[(Mk ⊗ 1)ρA ⊗ ρB] = Tr(MkρA)Tr(ρB).

Actually this is the only possible choice such that M̃k is independent of the particular
states ρA and ρB (and so of ρ). Indeed, imagine that there exist another solution,
M̃k, independent of ρ, which is also a genuine measure on H, then from the linearity
of the trace we would get

pA(k) = Tr(MkρA) = Tr(Mk ⊗ 1ρ) = Tr(M̃kρ) ⇒ Tr[(M̃k −Mk ⊗ 1)ρ] = 0

for all ρA and so for all ρ. This means

Tr[(M̃k −Mk ⊗ 1)σ] = 0,

for any self-adjoint operator σ, therefore as the set of self-adjoint operators forms a
Banach space this implies M̃k −Mk ⊗ 1 = 0 and then M̃k = Mk ⊗ 1.

Figure 3.1: On the left side we perform a measure over the combined system A and
B, which we denote by M̃k, but we have “disconnected” the information provided
by B. If one assume that this situation is equivalent to a measure Mk only the
system A, this is illustrated on the right side, then M̃k = Mk ⊗ 1 (see discussion on
the text).

Once established this relation, one can wonder about the connection between ρA

and ρ. If {|ψA
j 〉|ψB

` 〉} is a basis of H then

pA(k) = Tr[(Mk ⊗ 1)ρ] =
∑

j`

〈ψA
j |〈ψB

` |(Mk ⊗ 1)ρ|ψA
j 〉|ψB

` 〉

=
∑

j,`

〈ψA
j |Mk〈ψB

` |ρ|ψB
` 〉|ψA

j 〉 = Tr(MkρA)

hence ρA is univocally given by the partial trace

ρA =
∑

`

〈ψB
` |ρ|ψB

` 〉 ≡ TrB(ρ).
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One important property of the partial trace operation is that, even if ρ = |ψ〉〈ψ|
was pure, ρA can be mixed, this occurs if |ψ〉 is entangled. Given the total density
matrix ρ(t0), by taking the partial trace in (3.6), the state of A at time t1, ρA(t1),
is given by

ρA(t1) = TrB[U(t1, t0)ρ(t0)U
†(t1, t0)]. (3.13)

If the total evolution is not factorized U(t1, t0) = UA(t1, t0) ⊗ UB(t1, t0), then
both quantum subsystems A and B are interchanging information with each other
(they are interacting), and so they are open quantum systems.

3.2.1 Dynamical maps

Let us set A as our system to study. A natural task arising from the equation (3.13)
is trying to rewrite it as a dynamical map acting on HA which connects the states
of the subsystem A at times t0 and t1:

E(t1,t0) : ρA(t0) → ρA(t1),

the problem with this map is that in general it does not only depend on the global
evolution operator U(t1, t0) and on the properties of the subsystem B, but also on
the system A itself.

In order to clarify this, let us write the total initial state as the sum of two
contributions [35]:

ρ(t0) = ρA(t0)⊗ ρB(t0) + ρcorr(t0), (3.14)

where the term ρcorr(t0) is not a quantum state, satisfies

TrA[ρcorr(t0)] = TrB[ρcorr(t0)] = 0,

and contains all correlations (classical as well as quantum) between the two subsys-
tems. The substitution of (3.14) in (3.13) provides

ρA(t1) = TrB{U(t1, t0)[ρA(t0)⊗ ρB(t0) + ρcorr(t0)]U
†(t1, t0)}

=
∑

i

λiTrB{U(t1, t0)[ρA(t0)⊗ |ψi〉〈ψi|]U †(t1, t0)}

+ TrB[U(t1, t0)ρcorr(t0)U
†(t1, t0)]

=
∑

α

Kα(t1, t0)ρA(t0)K
†
α(t1, t0) + δρ(t1, t0)

≡ E(t1,t0)[ρA(t0)], (3.15)

where α = (i, j), Ki,j(t1, t0) =
√

λi〈ψj|U(t1, t0)|ψi〉 and we have used the spectral de-
composition of ρB(t0) =

∑
i λi|ψi〉〈ψi|. Apparently the operators Kα(t1, t0) depend

only on the global unitary evolution and on the initial state of the subsystem B, but
the inhomogeneous part δρ(t1, t0) = TrB[U(t1, t0)ρcorr(t0)U

†(t1, t0)] may no longer
be independent of ρA because of the correlation term ρcorr [36]. That is, because
of the positivity requirement of the total density matrix ρ(t0), given some ρA(t0)
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and ρB(t0) not any ρcorr(t0) is allowed such that ρ(t0) given by (3.14) is a positive
operator; in the same way, given ρA(t0) and ρcorr(t0) not any ρB(t0) is allowed.

A paradigmatic example of this is the case of reduced pure states. Then the
following theorem is fulfilled.

3.2.1. Theorem. Let one of the reduced states of a bipartite quantum system be
pure, say ρA = |ψ〉A〈ψ|, then ρcorr = 0.

Proof. Indeed, let us consider the spectral decomposition of the whole state

ρ =
∑

j,k

pjk|ψA
j 〉|ψB

k 〉〈ψA
j |〈ψB

k |,

here {|ψA
j 〉} and {|ψB

k 〉} are orthonormal basis of the spacesHA andHB respectively.
Now we take the partial trace with respect to one system, say B,

ρA = TrB(ρ) =
∑

j,k,`

pjk|ψA
j 〉〈ψA

j ||〈ψB
` |ψB

k 〉|2 =
∑

j,k,`

pjkδ`,k|ψA
j 〉〈ψA

j |

=
∑

j,k

pjk|ψA
j 〉〈ψA

j | =
∑

j

p̃j|ψA
j 〉〈ψA

j |,

where
p̃j =

∑

k

pjk.

So if ρA is a pure state then it is elementary to show that it cannot be written as
non-trivial convex combination of another two states [37, 38]; then one coefficient,
say p̃j′ must be one, and the rest be zero p̃j = δjj′ . But for j 6= j′ we get that a sum
of positive quantities pjk is zero, so every of them has to be zero,

p̃j 6=j′ = 0 =
∑

k

pjk ⇔ pjk = 0, j 6= j′, ∀k,

which implies that pjk = δjj′pj′k. By inserting this in the spectral decomposition of
the global state we get

ρ =
∑

j,k

δjj′pj′k|ψA
j 〉|ψB

k 〉〈ψA
j |〈ψB

k |

= |ψA
j′〉〈ψA

j′ | ⊗
∑

k

pj′k|ψB
k 〉〈ψB

k | ≡ |ψ〉A〈ψ| ⊗ ρB

and hence ρcorr = 0.
2

As a result the positivity requirement forces each term in the dynamical map
to be interconnected and dependent on the state upon which they act; this means
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that a dynamical map with some values of Kα(t1, t0) and δρ(t1, t0) can describe a
physical evolution for some states ρA(t0) and an unphysical evolution for others.

Given this fact, a possible approach to the dynamics of open quantum systems
is by means of the study of dynamical maps and their positivity domains [39–42],
however that will not be our aim here.

On the other hand, the following interesting result given independently by D.
Salgado et al. [43] and D. M. Tong et al. [44] provides an equivalent parametrization
of dynamical maps.

3.2.2. Theorem. Any kind of time-evolution of a quantum state ρA can always be
written in the form

ρA(t1) =
∑

α

Kα (t1, t0, ρA) ρA(t0)K
†
α (t1, t0, ρA) , (3.16)

where Kα (t1, t0, ρA) are operators which depend on the state ρA at time t0.

Proof. We give here a very simple proof based on an idea presented in [42]. Let
ρA(t0) and ρA(t1) be the states of a quantum system at times t0 and t1 respectively.
Consider formally the product ρA(t0)⊗ ρA(t1) ∈ HA ⊗HA, and a unitary operation
USWAP which interchanges the states in a tensor product USWAP|ψ1〉⊗ |ψ2〉 = |ψ2〉⊗
|ψ1〉, so USWAP(A⊗B)U †

SWAP = B⊗A. It is evident that the time evolution between
ρA(t0) and ρA(t1) can be written as

E(t1,t0)[ρA(t0)] = Tr2

[
USWAPρA(t0)⊗ ρA(t1)U

†
SWAP

]
= ρA(t1),

where Tr2 denotes the partial trace with respect to the second member of the com-
posed state. By taking the spectral decomposition of ρA(t1) in the central term of
the above equation we obtain an expression of the form (3.16). 2

Note that the decomposition of (3.16) is clearly not unique. For more details see
references [43] and [44].

It will be convenient for us to understand the dependence on ρA of the operators
Kα (t1, t0, ρA) in (3.16) as a result of limiting the action of (3.15). That is, the
above theorem asserts that restricting the action of any dynamical map (3.15) from
its positivity domain to a small enough set of states, actually to one state “ρA”
if necessary, is equivalent to another dynamical map without inhomogeneous term
δρ(t1, t0). However this fact can also be visualized as a by-product of the specific
nonlinear features of a dynamical map as (3.15) [45, 46].

As one can already guess, the absence of the inhomogeneous part will play a key
role. Before we move on to examine this in the next section, it is worth remarking
that C. A. Rodŕıguez et al. [47] have found that for some classes of initial separable
states ρ(t0) (the ones which have vanishing quantum discord), the dynamical map
(3.16) is the same for a set of commuting states of ρA. So we can remove the
dependence on ρA of Kα (t1, t0, ρA) when applying (3.16) inside of the set of states
commuting with ρA. The converse statement turns out to be also true [48].
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3.2.2 Universal dynamical maps

We shall call a universal dynamical map (UDM) to a dynamical map which is inde-
pendent of the state it acts upon, and so it describes a plausible physical evolution
for any state ρA. In particular, since for pure ρA(t0), ρcorr(t0) = 0, according to
(3.15) the most general form of a UDM is given by

ρA(t1) = E(t1,t0)[ρA(t0)] =
∑

α

Kα (t1, t0) ρA(t0)K
†
α (t1, t0) , (3.17)

in addition, the equality

∑
α

K†
α (t1, t0) Kα (t1, t0) = 1 (3.18)

is fulfilled because Tr[ρA(t1)] = 1 for any initial state ρA(t0). Compare (3.16) and
(3.17).

An important result is the following (see figure 3.2):

3.2.3. Theorem. A dynamical map is a UDM if only if it is induced from an
extended system with the initial condition ρ(t0) = ρA(t0) ⊗ ρB(t0) where ρB(t0) is
fixed for any ρA(t0).

Proof. Given such an initial condition the result is elementary to check. Con-
versely, given a UDM (3.17) one can always consider the extended state ρ(t0) =
ρA(t0) ⊗ |ψ〉B〈ψ|, with |ψ〉B ∈ HB fixed for every state ρA(t0), and so Kα (t1, t0) =

B〈φα|U(t1, t0)|ψ〉B, where |φα〉B is a basis of HB. Since Kα (t1, t0) only fixes a few
partial elements of U(t1, t0) and the requirement (3.18) is consistent with the uni-
tarity condition

∑
α

B〈ψ|U †(t1, t0)|φα〉B〈φα|U(t1, t0)|ψ〉B = B〈ψ|U †(t1, t0)U(t1, t0)|ψ〉B

= B〈ψ|1⊗ 1|ψ〉B = 1,

such a unitary operator U(t1, t0) always exists.
2

Moreover UDMs possess other interesting properties. For instance they are linear
maps, that is for ρA(t0) =

∑
i λiρ

(i)
A (t0) (with λi ≥ 0 and

∑
i λi = 1) we have

E(t1,t0)[ρA(t0)] =
∑

i

λiE(t1,t0)[ρ
(i)
A (t0)],

this is a simple consequence from the definition, and UDMs are positive operations
(i.e. the image of a positive operator is also a positive operator).

Furthermore, a UDM holds another remarkable mathematical property. Consider
the following “Gedankenexperiment”; imagine that the system AB is actually part
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Figure 3.2: Schematic illustration of the result presented in the theorem 3.2.3.

of another larger system ABW , where the W component does not interact with A
and B, and so it is hidden from our eyes, playing the role of a simple bystander
of the motion of A and B. Then let us consider the global dynamics of the three
subsystems. Since W is disconnected from A and B, the unitary evolution of the
whole system is of the form UAB(t1, t0)⊗UW (t1, t0), where UW (t1, t0) is the unitary
evolution of the subsystem W . If the initial state is ρABW (t0) then

ρABW (t1) = UAB(t1, t0)⊗ UW (t1, t0)ρABW (t0)U
†
AB(t1, t0)⊗ U †

W (t1, t0).

Note that by taking the partial trace with respect to W we get

ρAB(t1) = UAB(t1, t0)TrW

[
UW (t1, t0)ρABW (t0)U

†
W (t1, t0)

]
U †

AB(t1, t0)

= UAB(t1, t0)TrW

[
U †

W (t1, t0)UW (t1, t0)ρABW (t0)
]
U †

AB(t1, t0)

= UAB(t1, t0)ρAB(t0)U
†
AB(t1, t0),

so indeed the presence of W does not perturb the dynamics of A and B. Since we
assume that the evolution of A is described by a UDM, according to the theorem
3.2.3 the initial condition must be ρAB(t0) = ρA(t0) ⊗ ρB(t0), and then the most
general initial condition of the global system which is compatible with that has to
be of the form ρABW (t0) = ρAW (t0)⊗ ρB(t0), where ρB(t0) is fixed for any ρAW (t0).
Now let us direct our attention to the dynamics of the subsystem AW :

ρAW (t1) = TrB [UAB(t1, t0)⊗ UW (t1, t0)ρAW (t0)⊗ ρB(t0)

U †
AB(t1, t0)⊗ U †

W (t1, t0)
]
,

by using the spectral decomposition of ρB(t0), as we have already done a couple of
times, one obtains

ρAW (t1) =
∑

α

Kα (t1, t0)⊗ UW (t1, t0)ρAW (t0)K
†
α (t1, t0)⊗ U †

W (t1, t0)

= E(t1,t0) ⊗ U(t1,t0) [ρAW (t0)] ,
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here E(t1,t0) is a dynamical map over the subsystem A and the operator U(t1,t0)[·] =

UW (t1, t0)[·]U †
W (t1, t0) is the unitary evolution of W . As we see, the dynamical map

over the system AW is the tensor product of each individual dynamics. So if the
evolution of a system is given by a UDM, E(t1,t0), then for any unitary evolution
U(t1,t0) of any dimension, E(t1,t0) ⊗ U(t1,t0) is also a UDM; and in particular is a
positive-preserving operation. By writing

E(t1,t0) ⊗ U(t1,t0) =
[E(t1,t0) ⊗ 1

] [
1⊗ U(t1,t0)

]
,

as 1 ⊗ U(t1,t0) is an unitary operator, the condition for positivity-preserving asserts
that E(t1,t0)⊗1 is positive. Linear maps fulfilling this property are called completely
positive maps [49].

Since we can never dismiss the possible existence of some extra system W , out of
our control, a UDM must always be completely positive. This may be seen directly
from the decomposition (3.17), the reverse statement, i.e. any completely positive
map can be written as (3.17), is a famous result proved by Kraus [50]; thus the
formula (3.17) is referred as the Kraus decomposition of a completely positive map.
Therefore another definition of a UDM is a (trace-preserving) linear map which is
completely positive, see for instance [11,33].

Complete positivity is a stronger requirement than positivity, the best known
example of a map which is positive but not completely positive is the transposition
map (see for example [33]), so it cannot represent a UDM. It is appropriate to stress
that, despite the crystal-clear reasoning about the necessity of complete positivity in
the evolution of a quantum system, it is only required if the evolution is given by a
UDM, a general dynamical map may not possess this property [39–43,45,46]. Indeed,
if δρ(t1, t0) 6= 0, E(t1,t0) given by (3.15) is not positive for every state, so certainly it
cannot be completely positive. In addition note that if ρABW (t0) 6= ρAW (t0)⊗ρB(t0)
we can no longer express the dynamical map on AW as E(t1,t0) ⊗ U(t1,t0), so the
physical requirement for complete positivity is missed.

3.2.3 Universal dynamical maps as contractions

Let us consider now the Banach space B of the trace-class operators with the trace
norm (see comments to the definition 2.1.1). Then, as we know, an operator ρ ∈ B

is a quantum state if it is positive-semidefinite, this is

〈ψ|ρ|ψ〉 ≥ 0, |ψ〉 ∈ H,

and it has trace one, which is equal to the trace norm because the positivity of its
spectrum,

ρ ∈ B is a quantum state ⇔ ρ ≥ 0 and ‖ρ‖1 = 1.

We denote the set of quantum states by B̄+ ⊂ B, actually the Banach space B

the smallest linear space which contains B̄+; in other words, any other linear space
containing B̄+ also contains to B, this is easy to check.
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We now focus our attention in possible linear transformations on the Banach
space E(B) : B 7→ B, and in particular, as we have said in section 2.1, the set of
these transformations is the dual Banach space B∗, in this case with the induced
norm

‖E‖1 = sup
ρ∈B,ρ 6=0

{‖E(ρ)‖1

‖ρ‖1

}
.

Particularly we are interested in linear maps which leave invariant the subset
B̄+, i.e. they connect any quantum state with another quantum state, as a UDM
does. The following theorem holds

3.2.4. Theorem. A linear map E ∈ B∗ leaves invariant B̄+ if and only if it pre-
serves the trace and is a contraction on B

‖E‖1 ≤ 1.

Proof. Assume that E ∈ B∗ leaves invariant the set of quantum states B̄+, then
it is obvious that it preserves the trace; moreover, it implies that for every positive
ρ the trace norm is preserved, so ‖E(ρ)‖1 = ‖ρ‖1. Let σ ∈ B but σ /∈ B̄+, then by
the spectral decomposition we can split σ = σ+ − σ−, where

{
σ+ =

∑
λj|ψj〉〈ψj|, for λi ≥ 0,

σ− = −∑
λj|ψj〉〈ψj|, for λj < 0,

here λj are the eigenvalues and |ψj〉〈ψj| the corresponding eigenstates. Note that
σ+ and σ− are both positive operators. Because |ψj〉〈ψj| are orthogonal projections
we get (in other words as ‖σ‖1 =

∑
j |λj|):

‖σ‖1 = ‖σ+‖1 + ‖σ−‖1,

but then

‖E(σ)‖1 = ‖E(σ+)− E(σ−)‖1 ≤ ‖E(σ+)‖+ ‖E(σ−)‖1 = ‖σ+‖1 + ‖σ−‖1 = ‖σ‖1,

so E is a contraction.
Conversely, assume that E is a contraction and preserve the trace, then for

ρ ∈ B̄+ we have the next chain of inequalities:

‖ρ‖1 = Tr(ρ) = Tr[E(ρ)] ≤ ‖E(ρ)‖1 ≤ ‖ρ‖1,

so ‖E(ρ)‖1 = ‖ρ‖1 and Tr[E(ρ)] = ‖E(ρ)‖1. Since ρ ∈ B̄+ if and only if ‖ρ‖1 =
Tr(ρ) = 1, the last equality implies that E(ρ) ∈ B̄+ for any ρ ∈ B̄+. 2

This theorem was first proven by A. Kosakowski in the references [51, 52], later
on, M. B. Ruskai also analyzed the necessary condition in [53].
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3.2.4 The inverse of a universal dynamical map

Let us come back to the scenario of dynamical maps. Given a UDM, E(t1,t0), one
can wonder if there is another UDM describing the evolution in the opposite time
reversed sense E(t0,t1) in such a way that

E(t0,t1)E(t1,t0) = E−1
(t1,t0)E(t1,t0) = 1.

Note, first of all, that it is quite easy to build a UDM which is not bijective (for
instance, take {|ψn〉} to be an orthonormal basis of the space, then define: E(ρ) =∑

n |φ〉〈ψn|ρ|ψn〉〈φ| = Tr(ρ)|φ〉〈φ|, being |φ〉 an arbitrary fixed state), and so the
inverse does not always exist. But even if it is mathematically possible to invert a
map, we are going to see that in general the inverse is not another UDM.

3.2.5. Theorem. A UDM, E(t1,t0), can be inverted by another UDM if and only if
it is unitary E(t1,t0) = U(t1,t0).

Proof. The proof is easy (assuming Wigner’s theorem) but lengthy. Let us
remove the temporal references to make the notation less cumbersome, so we write
E ≡ E(t1,t0). Since we have shown that UDMs are contractions on B,

‖E(σ)‖1 ≤ ‖σ‖1, σ ∈ B.

Let us suppose that there exists a UDM, E−1, which is the inverse of E ; then by
applying the above inequality twice

‖σ‖1 = ‖E−1E(σ)‖1 ≤ ‖E(σ)‖1 ≤ ‖σ‖1,

and we conclude that
‖E(σ)‖1 = ‖σ‖1, ∀σ ∈ B. (3.19)

Next, note that such an invertible E would connect pure stares with pure states.
Indeed, if |ψ〉〈ψ| is a pure state, suppose that E(|ψ〉〈ψ|) is not a pure state, then it
can be written as

E(|ψ〉〈ψ|) = pρ1 + (1− p)ρ2, 1 > p > 0,

for some ρ1 6= ρ2 6= E(|ψ〉〈ψ|). But taking the inverse this equation yields

|ψ〉〈ψ| = pE−1(ρ1) + (1− p)E−1(ρ2),

as E−1 is a (bijective) UDM, E−1(ρ1) 6= E−1(ρ2) are quantum states; so such a
decomposition is impossible as |ψ〉〈ψ| is pure by hypothesis; and a pure state cannot
be decomposed as a non-trivial convex combination of another two states.

Now consider σ = 1
2
(|ψ1〉〈ψ1| − |ψ2〉〈ψ2|) for two arbitrary pure states |ψ1〉〈ψ1|

and |ψ2〉〈ψ2|. Then if we calculate its eigenvalues and eigenvectors we can restring
the computation to the two dimensional subspace spanned by |ψ1〉 and |ψ2〉, because
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any other state |ψ〉 can be decomposed as a linear combination of |ψ1〉, |ψ2〉 and
|ψ⊥〉, such that σ|ψ⊥〉 = 0. Thus the eigenvalue equation reads

σ(α|ψ1〉+ β|ψ2〉) = λ(α|ψ1〉+ β|ψ2〉),

for some λ, α and β. By taking the scalar product with respect to 〈ψ1| and 〈ψ2|
and solving the two simultaneous equations one finds

λ = ±1

2

√
1− |〈ψ2|ψ1〉|2,

so the trace norm ‖σ‖1 =
∑

j |λj| turns out to be

‖σ‖1 =
√

1− |〈ψ2|ψ1〉|2. (3.20)

However, since E connects pure states with pure states,

E(σ) =
1

2
[E(|ψ1〉〈ψ1|)− E(|ψ2〉〈ψ2|)] =

1

2
(|ψ̃1〉〈ψ̃1| − |ψ̃2〉〈ψ̃2|)

and therefore from equations (3.19) and (3.20) we conclude that

|〈ψ2|ψ1〉| = |〈ψ̃2|ψ̃1〉|.

Invoking Wigner’s theorem [31, 37], the transformation E have to be implemented
by

E = V ρV †

where V is a unitary or anti-unitary operator. Finally since the effect of an anti-
unitary operator involves the complex conjugation [31], that is equivalent to the
transpose of the elements in Banach space B of trace-class self-adjoint operators,
which is not a completely positive map; we conclude that V has to be unitary,
E(t1,t0) = U(t1,t0).

2

From another perspective, the connection between the failure of an inverse for a
UDM to exist just denotes irreversibility of the universal open quantum systems
dynamics.

3.2.5 Temporal continuity. Markovian evolutions

One important problem of the dynamical maps given by UDM is related with their
continuity in time. This can be formulated as follows: assume that we know the
evolution of a system between t0 and t1, E(t1,t0), and between t1 and a posterior time
t2, E(t2,t1). From the continuity of time, one could expect that the evolution be-
tween t0 and t2 was given by the composition of applications, E(t2,t0) = E(t2,t1)E(t1,t0).
However, the exact meaning of this equation has to be analyzed carefully.
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Indeed, let the total initial state be ρ(t0) = ρA(t0) ⊗ ρB(t0), and the unitary
evolution operators U(t2, t1), U(t1, t0) and U(t2, t0) = U(t2, t1)U(t1, t0). Then the
evolution of the subsystem A between t0 and any subsequent t is clearly given by,

E(t1,t0)[ρA(t0)] = TrB[U(t1, t0)ρA(t0)⊗ ρB(t0)U
†(t1, t0)]

=
∑

α

Kα (t1, t0) ρA(t0)K
†
α (t1, t0) ,

E(t2,t0)[ρA(t0)] = TrB[U(t2, t0)ρA(t0)⊗ ρB(t0)U
†(t2, t0)]

=
∑

α

Kα (t2, t0) ρA(t0)K
†
α (t2, t0) .

The problem arises with E(t2,t1):

E(t2,t1)[ρA(t1)] = TrB[U(t2, t1)ρ(t1)U
†(t2, t1)]

=
∑

α

Kα (t2, t1, ρA) ρA(t1)K
†
α (t2, t1, ρA) ,

being ρ(t1) = U(t1, t0)[ρA(t0)⊗ ρB(t0)]U
†(t1, t0). Since ρ(t1) is not a tensor product

in general, and it depends on what initial states were taken for both subsystems,
E(t2,t1) has not the form of an UDM (see figure 3.3).

Figure 3.3: General situation describing the dynamics of open quantum systems in
terms of a UDM. At time t0 the total state is assumed to be factorized, ρ(t0) =
ρA(t0)⊗ ρB(t0), and the dynamical maps from this point are UDMs. However it is
not possible to define a UDM from some intermediate time t1 > t0, because generally
at this time the total state can no longer be written as a tensor product.

Let us to illustrate this situation from another point of view. If the application
E(t1,t0) is bijective it seems that we can overcome the problem by defining

E(t2,t1) = E(t2,t0)E−1
(t1,t0), (3.21)

which trivially satisfies the relation E(t2,t0) = E(t2,t1)E(t1,t0). However, as we have just
seen, E−1

(t1,t0) is not completely positive unless it is unitary, so in general the evolution

E(t2,t1) is still not a UDM [54].
The same idea can also be used to define dynamical maps beyond UDM [55].

That is, given the global system in an arbitrary general state ρ(t0), if this is not a
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tensor product, we know that at least in some past time tinitial, before the subsystems
started to interact, the state was factorized ρ(tinitial) = ρA(tinitial) ⊗ ρB(tinitial). If
we manage to find a unitary operation U−1(t0, tinitial) which maps ρ(t0) to the state
ρ(tinitial) = ρA(tinitial) ⊗ ρB(tinitial) for every reduced state ρA(t0) compatible with
ρ(t0), having ρB(tinitial) the same for all ρA(t0), we can describe any posterior evolu-
tion from t0 to t1 as the composition of the inverse map and the UDM from tinitial to
t1 as in (3.21). However to find such an unitary operator can be complicated, and
it will not always exist.

On the other hand, as a difference with the dynamics of closed systems, it is
clear that these difficulties arising from the continuity of the time for UDMs make
it impossible to formulate the general dynamics of open quantum systems by means
of differential equations which generate contractive families on B (i.e. families of
UDMs). However, sometimes one can write down a differential form for the evolution
from a fixed time origin t0, which is only a valid UDM to describe the evolution
from that time t0. In other words, the differential equation generates an eventually
contractive family from t0 on B (see definition 2.4.6).

To illustrate this, consider a bijective UDM, E(t,t0), then by differentiation (with-
out the aim to be very rigorous here)

dρA(t)

dt
=

dE(t,t0)

dt
[ρA(t0)] =

dE(t,t0)

dt
E−1

(t,t0)[ρA(t)] = Lt[ρA(t)], (3.22)

where Lt =
dE(t,t0)

dt
E−1

(t,t0). This is the ultimate idea behind the “time convolutionless”
method which will be briefly described in section 4.2.2. If the initial condition is
given at t0, then, by construction, the solution to the above equation is ρA(t) =
E(t,t0)[ρA(t0)]. Nevertheless, there is not certainty that the evolution from any other
initial time is a UDM. Indeed, as we may guess, it is not difficult to write solutions
given the initial condition ρ(t1) (t1 > t0) as (3.21).

3.2.6. Definition. We will say that a quantum systems undergoes a Markovian
evolution if it is described by a contractive evolution family on B and thus we
recover the law of composition for the UDMs

E(t2,t0) = E(t2,t1)E(t1,t0), (3.23)

which is the quantum analogue to the Chapman-Kolgomorov equation in classical
Markovian process (see next section 3.3.1). This property is sometimes also referred
as “divisibility condition”.

Of course, no open quantum system dynamics is exactly Markovian, because as
we have already said both systems A and B develop correlations ρcorr during their
evolution and so the reduced dynamical map is not a UDM from any intermediate
time t1. However when the term which goes with ρcorr does not affect so much
the dynamics, a Markovian model can be a good approximate description of the
time-evolution. We will analyze this deeply in section 4.1.
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3.3 Quantum Markov process: mathematical struc-

ture

Before studying under which conditions can an open quantum system be approxi-
mately described by a Markovian evolution, we examine in this section the structure
and properties of quantum Markovian process.

3.3.1 Classical Markovian processes

To motivate the adopted definition of a quantum Markov process, let us recall the
definition of classical Markov processes. More detailed explanations can be found
in [11, 56–58]; here we just sketch the most interesting properties for our purposes
without getting too concern with mathematical rigor.

On a probability space, a stochastic process is a family of random variables
{X(t), t ∈ I ⊂ R}. Roughly speaking, a stochastic process is specified by a random
variable X depending on a parameter t which usually represents the time. Assume
that I is a countable set labeled by n, then a stochastic process is a Markov process
if the probability that the random variable X takes a value xn at any arbitrary time
tn, is conditioned only by the value xn−1 that it took at time tn−1, and does not
depend on the values at earlier times. This condition is formulated in terms of the
conditioned probabilities as follows:

p(xn, tn|xn−1, tn−1; . . . ; x0, t0) = p(xn, tn|xn−1), ∀tn ∈ I. (3.24)

This property is sometimes expressed in the following way: a Markov process does
not have memory of the history of past values of X. They are so-named after the
Russian mathematician A. Markov.

Consider now the process on a continuous interval I, then tn−1 is time infinitesi-
mally close to tn. So for any t > t′ just from the definition of conditional probability

p(x, t; x′, t′) = p(x, t|x′, t′)p(x′, t′),

where p(x, t; x′, t′) is the joint probability that random variable X takes the value
x at time t and x′ at time t′. By integrating on x′ we find the relation between
unconditional probabilities

p(x, t) =

∫
dx′p(x, t|x′, t′)p(x′, t′),

and let us write it as

p(x, t) =

∫
dx′K(x, t|x′, t′)p(x′, t′) with K(x, t|x′, t′) = p(x, t|x′, t′). (3.25)

The Markov process is called homogeneous if K(x, t|x′, t′) is only a function of the
difference between the two times involved K(x, t|x′, t′) = Kt−t′(x|x′).
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Next, take the joint probability for any three consecutive times t3 > t2 > t1 and
apply again the definition of conditional probability twice

p(x3, t3; x2, t2; x1, t1) = p(x3, t3|x2, t2; x1, t1)p(x2, t2; x1; t1)

= p(x3, t3|x2, t2; x1, t1)p(x2, t2|x1, t1)p(x1, t1).

The Markov condition implies that p(x3, t3|x2, t2; x1, t1) = p(x3, t3|x2, t2), then by
integrating over x2 and dividing both sides by p(x1, t1) one gets

p(x3, t3|x1, t1) =

∫
dx2p(x3, t3|x2, t2)p(x2, t2|x1, t1),

which is called Chapman-Kolgomorov equation. Observe that with the notation of
(3.25) this is

K(x3, t3|x1, t1) =

∫
dx2K(x3, t3|x2, t2)K(x2, t2|x1, t1). (3.26)

Thinking of K(x, t|x′, t′) as propagators of the time evolution between t′ and t (3.25),
equation (3.26) express that they form evolution families with that composition
law. Moreover, since K(x, t|x′, t′) are conditional probabilities they connect any
probability p(x′, t′) with another probability p(x, t) so in this sense they are universal
(preserve the positivity of p(x′, t′) and the normalization).

We can now draw a clear parallelism with a quantum setting. In the definition
of quantum Markov process (definition 3.2.6), the role played by the probabilities
p(x, t) is played by the density operators ρ(t) and the role of conditional probabilities
p(x, t|x′, t′) is played by UDMs E(t,t′), such that (3.23) is the quantum analog to the
classic Chapman-Kolgomorov equation (3.26).

3.3.2 Quantum Markov evolution as a differential equation

For positive ε, consider the difference

ρ(t + ε)− ρ(t) = [E(t+ε,0) − E(t,0)]ρ(0) = [E(t+ε,t) − 1]E(t,0)[ρ(0)] = [E(t+ε,t) − 1]ρ(t),

provided that the limit ε → 0 is well defined (we assume that the time-evolution is
smooth enough). We can obtain a linear differential equation for ρ(t) (called Master
Equation)

dρ(t)

dt
= lim

ε→0

ρ(t + ε)− ρ(t)

ε
= lim

ε→0

[E(t+ε,t) − 1]

ε
ρ(t) = Ltρ(t), (3.27)

where by definition the generator of the evolution is

Lt = lim
ε→0

[E(t+ε,t) − 1]

ε
.

If the quantum evolution is Markovian according to our definition 3.2.6, we may
wonder what is the form of these differential equations. The answer is given by the
following theorem, which is the main result of the section.
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3.3.1. Theorem. A differential equation is a Markovian master equation if and
only if it can be written in the form

dρ(t)

dt
= −i[H(t), ρ(t)] +

∑

k

γk(t)

[
Vk(t)ρ(t)V †

k (t)− 1

2
{V †

k (t)Vk(t), ρ(t)}
]

, (3.28)

where H(t) and Vk(t) are time-dependent operators, with H(t) self-adjoint, and
γk(t) ≥ 0 for every k and time t.

Proof. For sake of simplicity we restrict the proof to finite d-dimensional systems.
Let us show the necessity first (for this we follow a generalization of the argument
given in [59] and [11] for time-independent generators). If E(t2,t1) is a UDM for any
t2 ≥ t1 it admits a decomposition of the form

E(t2,t1)[ρ] =
∑

α

Kα(t2, t1)ρK†
α(t2, t1).

Actually, let {Fj, j = 1, . . . , N2} be a complete orthonormal basis with respect to the

Hilbert-Schmidt inner product (Fj, Fk)HS = Tr(F †
j Fk) = δjk, in such a way that we

chose FN2 = 1/
√

N and the rest of operators are then traceless. Now the expansion
of the Kraus operators in this basis yields

E(t2,t1)[ρ] =
∑

j,k

cjk(t2, t1)FjρF †
k ,

where the elements

cjk(t2, t1) =
∑

α

(Fj, Kα(t2, t1))HS (Fk, Kα(t2, t1))
∗
HS

form a positive semidefinite matrix c(t2, t1). Indeed, for any N2-dimensional vector
v we have that

(v, c(t2, t1)v) =
∑

j,k

v∗j cjk(t2, t1)vk =
∑

α

∣∣∣∣∣

(∑

k

vk (Fk, Kα(t2, t1))HS

)∣∣∣∣∣

2

≥ 0.

Since this holds for any t2 ≥ t1, let us take t1 = t and t2 = t + ε, then the generator
reads

Lt(ρ) = lim
ε→0

∑

j,k

cjk(t + ε, t)FjρF †
k − 1

ε
= lim

ε→0

[
1

N

cN2N2(t + ε, t)−N

ε
ρ

+
1√
N

N2−1∑
j=1

(
cjN2(t + ε, t)

ε
Fjρ +

cN2j(t + ε, t)

ε
ρF †

j

)

+
N2−1∑

j,k=1

cjk(t + ε, t)

ε
FjρF †

k

]
. (3.29)
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Now, we define the time-dependent coefficients ajk(t) by

aN2N2(t) = lim
ε→0

cN2N2(t + ε, t)−N

ε
,

ajN2(t) = lim
ε→0

cjN2(t + ε, t)

ε
, j = 1, . . . , N2,

ajk(t) = lim
ε→0

cjk(t + ε, t)

ε
, j, k = 1, . . . , N2,

the following operators,

F (t) =
1√
N

N2−1∑
j=1

ajN2(t)Fj,

G(t) =
aN2N2

2N
1+

1

2

[
F †(t) + F (t)

]
,

and

H(t) =
1

2i

[
F †(t)− F (t)

]
,

which is self-adjoint. In terms of these operators the generator (3.29) can be written
like

Lt(ρ) = −i[H(t), ρ] + {G(t), ρ}+
N2−1∑

j,k=1

ajk(t)FjρF †
k .

Since the UDMs preserve the trace for every density matrix ρ,

0 = Tr [Lt(ρ)] = Tr

{[
2G(t) +

N2−1∑

j,k=1

ajk(t)F
†
kFj

]
ρ

}
,

and therefore we conclude that

G(t) = −1

2

N2−1∑

j,k=1

ajk(t)F
†
kFj.

Note that this is nothing but the condition
∑

α K†
α(t2, t1)Kα(t2, t1) = 1 expressed in

differential way. Thus the generator adopts the form

Lt(ρ) = −i[H(t), ρ] +
N2−1∑

j,k=1

ajk(t)

[
FjρF †

k −
1

2
{F †

kFj, ρ}
]

.

Finally note that because of the positive semidefiniteness of cjk(t + ε, t), the matrix
ajk(t), j, k = 1, . . . , N2 is also positive semidefinite, so for any t it can be diagonal-
ized by mean of a unitary matrix u(t); that is,

∑

j,k

umj(t)ajk(t)u
∗
nk(t) = γm(t)δmn
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where each eigenvalue is positive γm(t) ≥ 0. Introducing a new set of operators
Vk(t),

Vk(t) =
N2−1∑
j=1

u∗kj(t)Fj, Fj =
N2−1∑

k=1

ukj(t)Vk(t)

we obtain the desired result

Lt(ρ) = −i[H(t), ρ] +
∑

k

γk(t)

[
Vk(t)ρV †

k (t)− 1

2
{V †

k (t)Vk(t), ρ}
]

,

with γk(t) ≥ 0,∀k, t.
Assume now that a dynamics is given by a differential equation as (3.28). Since

it is a first order linear equation, there exists a continuous family of propagators
satisfying

E(t2,t0) = E(t2,t1)E(t1,t0),

E(t,t) = 1,

for every time t2 ≥ t1 ≥ t0. It is clear that these propagators are trace preserving
(as for any ρ, Tr(Ltρ) = 0). So we have to prove that for any times t2 ≥ t1 the
dynamical maps E(t2,t1) are UDMs, or equivalently completely positive maps. For
that we use the approximation formulas introduced in chapter 2; firstly the time-
splitting formula (2.17) allow us to write the propagator like

E(t2,t1) = lim
max |t′j+1−t′j |→0

0∏
j=n−1

e
Lt′

j
(t′j+1−t′j) (3.30)

where t2 = t′n ≥ t′n−1 ≥ . . . ≥ t′0 = t1. Next, take any element of this product

e
Lt′

`
τ` , τ` = t′`+1 − t′` ≥ 0,

and since the constants γk(t) are positive for any time, we can write this generator
evaluated in the instant t′` as

Lt′`(·) = −i[H(t′`), (·)] +
∑

k

[
Ṽk(t

′
`)(·)Ṽ †

k (t′`)−
1

2
{Ṽ †

k (t′`)Ṽk(t
′
`), (·)}

]
,

where Ṽk(t
′
`) =

√
γk(t′`)Vk(t

′
`). Now we split this generator in several parts,

Lt′` =
M∑

k=0

L̃k,

where

L̃0(·) = −i[H(t′`), (·)]−
M∑
m

1

2
{Ṽ †

m(t′`)Ṽm(t′`), (·)}, (3.31)

L̃k(·) = Ṽk(t
′
`)(·)Ṽ †

k (t′`), k = 1, . . . ,M, (3.32)
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and here M is the upper limit in the sum over k in (3.28). On one hand, differenti-
ating with respect to τ one can easily check that

eL̃0τρ = e{[−iH(t′`)−
∑

k
1
2
Ṽ †k (t′`)Ṽk(t′`)]τ}ρe{[iH(t′`)−

∑
k

1
2
Ṽ †k (t′`)Ṽk(t′`)]τ}

which has the form OρO†, so it is completely positive for all τ . On the other hand,
for τ ≥ 0

eL̃kτρ =
∞∑

m=0

τm

m!
Ṽ m

k (t′`)ρṼ †m
k (t′`),

has also the Kraus form
∑

m OmρO†
m, so it is completely positive for all k. Now

everything is ready to invoke the Lie-Trotter product formula (2.5), since

e
Lt′

`
τ

= e(
∑M

k=0 L̃k)τ = lim
n→∞

(
N∏

k=1

e
L̃k
n

)n

is the composition (infinite product) of completely positive maps eL̃kτ/n, it is com-
pletely positive for all τ . Finally, because this is true for every instantaneous t′` the
“time-splitting” formula (3.30) asserts that E(t2,t1) is completely positive for any t2
and t1, because it is just another composition of completely positive maps [60].

2

This result can be taken as a global consequence of the works of A. Kossakowski
[51, 52, 61] and G. Lindblad [62], who analyzed this problem for the case of time-
homogeneous equations, that is, when the UDMs depend only on the difference
τ = t2 − t1, E(t2,t1) = Eτ and so they form a one-parameter semigroup (not a group
because the inverses are generally not a UDM, see theorem 3.2.5). As we know,
under the continuity assumption, Eτ = eLτ can be defined and the generator L is
time-independent, thus it has the form

Lρ(t) = −i[H, ρ(t)] +
∑

k

γk

[
Vkρ(t)V †

k −
1

2
{V †

k Vk, ρ(t)}
]

. (3.33)

This is the result proven by Gorini, Kossakowski and Sudarshan [61] for finite di-
mensional semigroups and by Lindblad [62] for infinite dimensional systems with
bounded generators, that is, for uniformly continuous semigroups [23].

3.3.3 Kossakowski conditions

It is probably worthwhile to dedicate a small section to revise the original idea of
Kossakowski’s seminal work [51, 52, 61], as it has clear analogies with some results
in classical Markov processes. The route that A. Kossakowski and collaborators
followed to arrive at (3.33) was to derive some analogue to the classical Markovian
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conditions on the generator L. That is, for classical Markov process in finite dimen-
sional systems, a matrix Q is the generator of an evolution stochastic matrix eQτ for
any τ if only if the following conditions in its elements are satisfied:

Qii ≤ 0, ∀i, (3.34)

Qij ≥ 0, ∀i 6= j, (3.35)∑
j

Qij = 0, ∀i. (3.36)

The proof can be found in [57]. To define similar conditions in the quantum case,
one uses the Lumer-Phillips theorem 2.3.9, as Eτ = eLτ has to be a contraction
semigroup in the Banach space of self-adjoint matrices with respect to the trace
norm. For that aim, consider the next definition.

3.3.2. Definition. Let σ ∈ B, with spectral decomposition σ =
∑

j σjPj. We
define the linear operator sign of σ as

sgn(σ) =
∑

j

sgn(σj)Pj,

where sgn(σj) is the sign function of each eigenvalue, that is

sgn(σj) =





1, σj > 0
0, σj = 0

−1, σj < 0

.

3.3.3. Definition. We define the following product of two element σ, ρ ∈ B,

[σ, ρ]K = ‖σ‖Tr[sgn(σ)ρ]. (3.37)

3.3.4. Proposition. The product (3.37) is a semi-inner product. In addition it is
a real number.

Proof. The proof is quite straightforward. It is evident that for the product (3.37),
(2.7) and (2.8) hold. Finally (2.9) also follows easily. By introducing the spectral
decomposition of σ =

∑
j σjP

σ
j ,

|[σ, ρ]K | = ‖σ‖
∣∣∣∣∣
∑

j

sgn(σj)Tr(P σ
j ρ)

∣∣∣∣∣ ≤ ‖σ‖
∑

j

|sgn(σj)||Tr(P σ
j ρ)|

≤ ‖σ‖
∑

j

|Tr(P σ
j ρ)|;
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and we also use the spectral decomposition of ρ =
∑

j ρjP
ρ
j , to obtain

∑
j

|Tr(P σ
j ρ)| =

∑
j

∣∣∣∣∣
∑

k

ρkTr(P σ
j P ρ

k )

∣∣∣∣∣ ≤
∑

k,j

|ρk||Tr(P ρ
j P σ

k )|

=
∑

k,j

|ρk|Tr(P σ
j P ρ

k ) =
∑

k

|ρk|Tr(P ρ
k ) =

∑

k

|ρk| = ‖ρ‖.

The reality of [σ, ρ]K is clear from the fact that both sgn(σ) and ρ are self-adjoint.
2

Now we can formulate the equivalent to the conditions (3.34), (3.35) and (3.36) in
the quantum case.

3.3.5. Theorem (Kossakowski Conditions). A linear operator L on B (of fi-
nite dimension N) is the generator of a trace preserving contraction semigroup if
and only if for every resolution of the identity P = (P1, P2, . . . , PN), 1 =

∑
j Pj, the

relations

Aii(P) ≤ 0 (i = 1, 2, . . . , N), (3.38)

Aij(P) ≥ 0 (i 6= j = 1, 2, . . . , N), (3.39)
N∑

i=1

Aij(P) = 0 (j = 1, 2, . . . , N) (3.40)

are satisfied, where
Aij(P) = Tr[PiL(Pj)].

Proof. The condition (3.40) is just the trace preserving requirement Tr[L(σ)] = 0,
σ ∈ B. We have

N∑
i=1

Aij(P) =
N∑
i

Tr[PiL(Pj)] = Tr[L(Pj)] = 0, ∀Pj ∈ P

⇔ Tr[L(σ)] = 0, ∀σ ∈ B.

On the other hand, the theorem of Lumer-Phillips 2.3.9 asserts that

[σ,L(σ)]K ≤ 0, (3.41)

taking σ to be some projector P we obtain

Tr[P,L(P )] ≤ 0, (3.42)

so (3.38) is necessary. Furthermore (3.41) can be rewritten as

[σ,L(σ)]K =
∑

k,j

sgn(σk)σjTr[PkL(Pj)] =
∑

j

|σj|Tr[PjL(Pj)]

+
∑

k 6=j

sgn(σk)σjTr[PkL(Pj)] ≤ 0, (3.43)
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here we have used the spectral decomposition σ =
∑

j σjPj again. By splitting
(3.40) in a similar way

Tr[PjL(Pj)] = −
∑

k 6=j

Tr[PkL(Pj)], for each j = 1, . . . , N.

Note that on the right hand side here the sum is just over the index k (not on j).
Inserting this result in (3.43) yields

∑

k 6=j

αkjTr[PkL(Pj)] ≥ 0 (3.44)

where the sum is over the two indexes, with

αkj = |σj|[1− sgn(σk) sgn(σj)] ≥ 0.

Thus for trace-preserving semigroups the condition (3.43) is equivalent to (3.38) and
(3.44). Therefore if (3.38), (3.39) and (3.40) are satisfied L is the generator of a
trace preserving contraction semigroup because of (3.42) and (3.44). It only remains
to prove the necessity of (3.39), that can be seen directly from (3.44). However, it
is also possible to show it from the definition of the generator:

Tr[PkL(Pj)] = lim
τ→0

Tr[Pk(Eτ − 1)Pj]

τ
= lim

τ→0

Tr[PkEτ (Pj)]

τ
≥ 0,

since Eτ (Pj) ≥ 0 as Eτ is a trace preserving and completely positive map.
2

Finally from this result, one can prove (3.33). For that one realizes (similarly
to the necessity proof of theorem 3.3.1) that a trace and self-adjoint preserving
generator can be written as

Lρ = −i[H, ρ] +
N2−1∑

j,k=1

ajk

[
FjρF †

k −
1

2
{F †

kFj, ρ}
]

where H = H† and the coefficients ajk form a Hermitian matrix. Eτ is completely
positive (not just positive) if and only if L ⊗ 1 (in the place of L) satisfies the
conditions (3.38), (3.39) and (3.40). It is easy to see [61] that this implies that ajk

is positive semidefinite, and then one obtains (3.33) by diagonalization. The matrix
ajk is sometimes called Kossakowski matrix [63,64].

3.3.4 Steady states of homogeneous Markov processes

In this section we give a brief introduction to the steady state properties of homoge-
neous Markov processes, i.e. completely positive semigroups. This is a complicated
topic and still an active area of research, so we only expose here some simple but
important results.
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3.3.6. Definition. A semigroup Eτ is relaxing if there exist a unique (steady) state
ρss such that Eτ (ρss) = ρss for all τ and

lim
τ→∞

Eτ (ρ) = ρss,

for every initial state ρ.

Of course if one state ρss is a steady state of a semigroup Eτ then it is an
eigenoperator of the operator Eτ with eigenvalue 1,

Eτ (ρss) = eLτρss = ρss,

and by differentiating it is an eigenoperator of the generator with zero eigenvalue,

L(ρss) = 0. (3.45)

If this equation admits more than one solution then the semigroup is obviously not
relaxing, and the final state will depend on the initial state, or might even oscillate
inside of the set of convex combinations of solutions. However, the uniqueness of
the solution of equation (3.45) is not a warranty for the semigroup to be relaxing.
First of all let us point out the next result.

3.3.7. Theorem. A completely positive semigroup Eτ = eLτ in a finite dimensional
Banach space B has always at least one steady state, this is, there exists at least a
state ρss which is a solution of (3.45).

Proof. We prove this by construction. Take any initial state ρ(0); we calculate
the average state of its evolution by (this is sometimes called “ergodic average”)

ρ̄ = lim
T→∞

1

T

∫ T

0

eLτ ′ρ(0)dτ ′.

It is simple to show that the integral converges just by taking norms

lim
T→∞

∥∥∥∥
1

T

∫ T

0

eLτρ(0)dτ

∥∥∥∥ ≤ lim
T→∞

1

T

∫ T

0

‖eLτ‖‖ρ(0)‖dτ ≤ 1.

Because eLτ is completely positive, it is obvious that ρ̄ is a state. Moreover, ρ̄ is
clearly a steady state

eLτ ρ̄ = ρ̄.

2

The easiest way to show the steady state properties of a finite dimensional semi-
group is by writing the generator and the exponential in matrix form. In order to do
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that, let us consider again the Hilbert-Schmidt inner product on B and a set of mu-
tually orthonormal basis {Fj, j = 1, . . . , N2}, that is (Fj, Fk)HS = Tr(F †

j Fk) = δjk.
Then the matrix elements of the generator L in that basis will be

Ljk = (Fj,LFk)HS = Tr[F †
jL(Fk)].

To calculate the exponential of Ljk one uses the Jordan block form (in general Ljk

is not diagonalizable). That is, we look for a basis such that Ljk can be written as
a block-diagonal matrix S−1LS = L(1) ⊕L(2) ⊕ . . .⊕L(M), of M blocks where S is
the matrix for the change of basis, and each block has the form

L(i) =




λi 1 0 . . . 0

0 λi 1
. . .

...
...

. . . . . . . . . 0
...

. . . . . . 1
0 . . . . . . 0 λi




.

Here λi denotes some eigenvalue of L and the size of the block coincides with its
algebraic multiplicity ki. It is a well-know result (see for example references [23,65])
that the exponential of L can be explicitly computed as

eLτ = SeL(1)τ ⊕ eL(2)τ ⊕ . . .⊕ eL(M)τS−1

= S
(
eλ1τeN1τ

)⊕ (
eλ2τeN2τ

)⊕ . . .⊕ (
eλM τeNM τ

)
S−1, (3.46)

where the matrices Ni = L(i) − λi1 are nilpotent matrices, (Ni)
ki = 0, and thus

their exponentials are easy to deal with. If L is a diagonalizable matrix, Ni = 0 for
every eigenvalue.

Now we move on to the principal result of this section.

3.3.8. Theorem. A completely positive semigroup is relaxing if and only if the zero
eigenvalue of L is non-degenerate and the rest of eigenvalues have negative real part.

Proof. For the “only if” part. The condition of non-degenerate zero eigenvalue
of L is trivial, otherwise the semigroup has more than one steady state and is not
relaxing by definition. But even if this is true, it is necessary that the rest of
eigenvalues have negative real part. Indeed, consider some eigenvalue with purely
imaginary part L(σ) = iφσ, where σ is the associated eigenvector. By using the fact
that eLτ is trace preserving

eLτ (σ) = eiφτσ ⇒ Tr
[
eLτ (σ)

]
= Tr(σ) = eiφτTr(σ) ⇔ Tr(σ) = 0.

So we can split σ as a difference of positive operators σ = σ+ − σ−, given by its
spectral decomposition as in the proof of theorem 3.2.4. Since Tr(σ) = 0, Tr(σ+) =
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Tr(σ−) = c, and we can write σ/c = ρ+ − ρ−, where ρ± are now quantum states.
The triangle inequality with the steady state ρss reads

‖eLτ (σ/c)‖ = ‖eLτ (ρ+ − ρ−)‖ ≤ ‖eLτ (ρ+ − ρss)‖+ ‖eLτ (ρ− − ρss)‖
= ‖eLτ (ρ+)− ρss‖+ ‖eLτ (ρ−)− ρss‖.

Thus if the semigroup is relaxing we obtain ‖eLτ (σ/c)‖ = 0, but this is impossible
as eLτ (σ) = eiφτσ and

‖eLτ (ρ+ − ρ−)‖ = ‖eLτ (σ/c)‖ = |eiφτ |‖(σ/c)‖ = ‖σ/c‖ > 0.

Conversely, let us denote λ1 = 0 the non-degenerate zero eigenvalue of L, since
the remaining ones have negative real part, according to (3.46) in the limit τ →∞
the matrix form of the semigroup will be

E∞ = lim
τ→∞

eLτ = lim
τ→∞

S
(
eλ1τ

)⊕ (
eλ2τeN2τ

)⊕ . . .⊕ (
eλM τeNM τ

)
S−1

= S (1⊕ 0⊕ . . .⊕ 0)S−1 = SD1S
−1, (3.47)

where

D1 =




1 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0




coincides with the projector over the eigenspace associated with the eigenvalue 1.
From here it is quite simple to see that the application of E∞ on any initial state ρ
written as a vector in the basis of {Fj, j = 1, . . . , N2} will give us just the steady
state. More explicitly, if ρss is the steady state, its vector representation will be

vss = [(F1, ρss)HS, . . . , (FN2 , ρss)HS]
t ,

and the condition eLτρss = ρss is of course expressed in this basis as

eLτvss = vss. (3.48)

On the other side, as we already have said D1 is the projector over the eigenspace
associated with the eigenvalue 1, which is expanded by vss, so we can write D1 =
vss(vss, ·) or D1 = |vss〉〈vss| in Dirac notation.

As a particular case (τ → ∞) of (3.48), we have E∞vss = vss, after making a
little bit of algebra with this condition

E∞vss = SD1S
−1vss = vss ⇒ Svss(vss,S

−1vss) = vss

⇒ Svss = 1
(vss,S−1vss)

vss, (3.49)

therefore vss is eigenvector of S with eigenvalue 1
(vss,S−1vss)

.
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Finally consider any initial state ρ written as a vector vρ in the orthonormal
basis {Fj, j = 1, . . . , N2}. We have

lim
τ→∞

eLτvρ = E∞vρ = SD1S
−1vρ = Svss(vss,S

−1vρ),

so using (3.49),

E∞vρ =
(vss,S

−1vρ)

(vss,S−1vss)
vss = C(ρ)vss, C(ρ) ≡ (vss,S

−1vρ)

(vss,S−1vss)
,

and in the notation of states and operators this equation reads

lim
τ→∞

eLτρ = C(ρ)ρss, for all ρ.

One can compute C(ρ) explicitly and find that C(ρ) = 1 for every ρ, however this
follows from the condition that eLτ is a trace preserving semigroup.

2

There are some cases where the properties of the one dimensional eigenspace of
steady states gives enough information about the convergence of the semigroup. A
particular simple result is that if the unique steady state is a pure state ρss = |ψ〉〈ψ|
then there are no eigenvalues of L with purely imaginary part and the semigroup is
relaxing. The proof of this statement is given by theorem 8 of reference [66].

On the other hand, it is desirable to have some condition on the structure of the
generator which assures that the semigroup is relaxing as well as a characterization
of the steady states; there are several results on this topic (see [67–76] and references
therein). Here we will only present an important result given by Spohn in [70].

3.3.9. Theorem (Spohn). Consider a completely positive semigroup, Eτ = eLτ ,
in B with generator

Lρ = −i[H, ρ] +
∑

k∈I

γk

[
VkρV †

k −
1

2
{V †

k Vk, ρ}
]

,

for some set of indexes I. Provided that the set {Vk, k ∈ I} is self-adjoint (this is,
the adjoint of every element of the set is inside of the set) and the only operators
commuting with all of them are proportional to the identity, which is expressed as
{Vk, k ∈ I}′ = c1, the semigroup Eτ is relaxing.

Proof. Since {Vk, k ∈ I} is self-adjoint we can consider a self-adjoint orthonormal
basis with respect to the Hilbert-Schmidt product {Fj, j = 1, . . . , N2}, such that as
in the proof of theorem 3.3.1 we chose FN2 = 1/

√
N , and so the remaining elements

are traceless. Expanding

Vk =
N2−1∑
m=1

vkmFm +
vk,N2√

N
1, (3.50)
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we rewrite the generator as

Lρ = −i[H + H̄, ρ] +
N2−1∑
m,n=1

amn

[
FmρFn − 1

2
{FnFm, ρ}

]
, (3.51)

where H̄ is the self-adjoint operator

H̄ =
∑

k∈I

γk

2i
√

N

N2−1∑
m=1

(
vk,N2v∗km − v∗k,N2vkm

)
Fm,

and the Hermitian matrix is amn =
∑

k∈I γkvkmv∗kn. Now note that we can trivially
chose amn to be strictly positive, for that it is enough to diagonalize again amn and
ignore the members in the sum of (3.51) which goes with zero eigenvalue as they
do not contribute, and write again the less dimensional matrix amn in terms of the
numbers of elements of the basis strictly necessary, say p ≤ N2 − 1

Lρ = −i[H + H̄, ρ] +

p∑
m,n=1

amn

[
FmρFn − 1

2
{FnFm, ρ}

]
.

Next, consider some α > 0 to be smaller than the smallest eigenvalue of the strictly
positive amn, and divide the generator in two pieces L = L1 + L2 with

L2 = α

p∑
m=1

[
FmρFm − 1

2
{FmFm, ρ}

]
.

It is clear that L2 is the generator of a completely positive semigroup, and the same
for L1 since amn−αδmn is still a positive semidefinite matrix. Next, for some σ ∈ B

we compute

(σ,L2(σ))HS = Tr[σL2(σ)] = α

p∑
m=1

Tr[(σFm)2 − σ2F 2
m]

=
α

2

p∑
m=1

Tr ([Fm, σ][Fm, σ]) = −α

2

p∑
m=1

Tr
(
[Fm, σ]†[Fm, σ]

) ≤ 0,

so L2 has only real eigenvalues smaller or equal to zero. Moreover for the eigenvalue
0 we have Tr[σL2(σ)] = 0 which requires [Fm, σ] = 0 for m = 1, ..., p. But, because
of the equation (3.50), it implies that [Vk, σ] = 0 for k ∈ I and therefore σ = c1 by
presupposition.

Now, let L̃, L̃1 and L̃2 denote the restriction of L, L1 and L2 to the subspace
generated by {Fj, j = 1, . . . , N2 − 1}, this is the subspace of traceless self-adjoint
operators. Then since L1 is the generator of a contracting semigroup all the eigen-
values of L̃1 have real part smaller or equal to zero. On the other hand from the
foregoing we conclude that the spectrum of L̃2 is composed only of strictly negative
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real numbers, this implies that L̃ = L̃1 + L̃2 has only eigenvalues with strictly nega-
tive real part. Indeed, writing L̃, L̃1 and L̃2 in its matrix representation, L̃, L̃1 and
L̃2, we can split them in their Hermitian and anti-Hermitian parts, e.g.

L̃ = L̃A + iL̃B

where L̃A =
(
L̃ + L̃†)

/2 and L̃B =
(
L̃− L̃†)

/2i are Hermitian matrices. Simi-

larly for L̃1 and L̃2. It is quite evident that the real part of the spectrum of L̃ is

strictly negative if and only if L̃A is a negative definite matrix,
(
vσ, L̃Avσ

)
< 0

for any σ ∈ Span{Fj, j = 1, . . . , N2 − 1}. But, since L̃A = L̃A1 + L̃A2 where

L̃A1 =
(
L̃1 + L̃†

1

)
/2 and L̃A2 =

(
L̃2 + L̃†

2

)
/2, we obtain

(
vσ, L̃Avσ

)
=

(
vσ, L̃A1vσ

)
+

(
vσ, L̃A2vσ

)
< 0,

as
(
vσ, L̃A1vσ

)
≤ 0 and

(
vσ, L̃A2vσ

)
< 0. Thus all the eigenvalues of L̃ have

strictly negative real part.
Finally since the eigenvalues of L are just the ones of L̃ plus one (this is obvious

because the dimension of the subspace of traceless operators is just one less than the
whole state dimension N2), and this extra eigenvalue has to be equal to 0 because
the theorem 3.3.7 asserts that there exists always at least one steady state. Therefore
L fulfills the conditions of the theorem 3.3.8 and the semigroup eLτ is relaxing.

2

For checking if some semigroup satisfies the conditions of this theorem it is useful
to explore if we can generate a group with the operators {Vk, k ∈ I} to invoke the
Schur’s lemma [77].
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Chapter 4

Microscopic derivations

4.1 Markovian case

As we have already pointed out, the dynamics of an open quantum system is notably
different from that of a closed system; both from practical and fundamental points
of view. Issues so fundamental as the existence of universally valid dynamics or the
continuity in time of these, become non-trivial matters for the evolution of open
quantum systems.

Generally it would be necessary to describe the evolution in the extended closed
system, and trace out the state at the end of the evolution. Unfortunately, in
many occasions, one of the systems is out of our control, and/or it has an infinite
number of degrees of freedom, such that the task of calculating the associated Kraus
operators can be difficult and impractical. That is the case for example of a finite
N -dimensional system coupled with an infinite dimensional one; according to Eq.
(3.17), we would obtain, in principle, infinite terms in the sum. However it can be
easily shown that any completely positive map over a N -dimensional system can be
written with at most N2 Kraus operators (of course; since the dimension of B∗ is
N2, this is implicitly showed when using the Hilbert-Schmidt product in the proof
of the theorem 3.3.1), so the use of the infinite terms is unnecessary.

For that reason other techniques apart from the “brute force” strategy will be-
come very useful and they will be the subject of this chapter.

First, we analyze some conditions under which a UDM can be approximately
represented by a quantum Markov process. We will start from a microscopic Hamil-
tonian and apply some approximations leading to UDMs which fulfill the divisibility
property (3.23). Note that, in principle, as we have already said, the reduced evolu-
tion of a quantum system is never exactly Markovian. This is because as discussed
in section 3.2.5, there is always a privileged time, let say t0 where the both systems
A and B start to interact being then the global state a product ρ = ρA ⊗ ρB and
defining a UDM for ρA. At later times since the global state can no longer be fac-
torized, and the dynamical map from there is not a UDM, the divisibility property
(3.23) is violated.
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4.1.1 Nakajima-Zwanzig equation

Let assume that A is our open system while B plays the role of the environment;
the Hamiltonian of the whole system is given by

H = HA + HB + V, (4.1)

where HA and HB are the Hamiltonians which govern the local dynamics of A and
B respectively, and V stands for the interaction between both systems.

We will follow the approach initroduced by Nakajima [78] and Zwanzig [79]
using projection operators, which for instance, is also explained in [10, 11, 80]. In
this method we define in the combined Hilbert space “system plus environment”
H = HA ⊗ HB, two orthogonal projection operators, P and Q, P2 = P , Q2 = Q
and PQ = QP = 0, given by

Pρ = TrB(ρ)⊗ ρB, (4.2)

Qρ = (1− P)ρ, (4.3)

where ρ ∈ H is the whole state of the system and environment and ρB ∈ HB is a
fixed state of the environment. In fact, we choose ρB to be the real initial state of
the environment, this is not necessary but simplifies the computation. In addition,
we assume that the system B is initially in thermal equilibrium, this is

ρB = ρth = e−βHB [Tr
(
e−βHB

)
]−1,

where β = 1/T . Note that Pρ give all necessary information about the reduced
system state ρA, so to know the dynamics of Pρ implies that one knows the time
evolution of the reduced system.

If we start from the von Neumann equation (3.2) for the whole system

dρ(t)

dt
= −i[HA + HB + V, ρ(t)], (4.4)

and take projection operators we get

d

dt
Pρ(t) = −iP [HA + HB + V, ρ(t)], (4.5)

d

dt
Qρ(t) = −iQ[HA + HB + V, ρ(t)]. (4.6)

As usual in perturbation theory we shall work in interaction picture with respect to
the free Hamiltonians

ρ̃(t) = ei(HA+HB)tρ(t)e−i(HA+HB)t.

Since ρB is a thermal state and commutes with eiHBt the projection operators are
preserved under this operation

ei(HA+HB)tPρ(t)e−i(HA+HB)t = ei(HA+HB)tTrB[ρ(t)]⊗ ρBe−i(HA+HB)t

= eiHAρA(t)e−iHA ⊗ eiHBtρBe−iHBt

= ρ̃A(t)⊗ ρB = P ρ̃(t),
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because

TrB[ρ̃(t)] = TrB

[
ei(HA+HB)tρ(t)e−i(HA+HB)t

]

= eiHAtTrB

[
eiHBtρ(t)e−iHBt

]
eiHAt = eiHAtTrB[ρ(t)]eiHAt = ρ̃A(t).

For this reason equations (4.5) and (4.6) can be written in interaction picture
just like

d

dt
P ρ̃(t) = −iP [Ṽ (t), ρ̃(t)], (4.7)

d

dt
Qρ̃(t) = −iQ[Ṽ (t), ρ̃(t)], (4.8)

which coincide of course with the result of transforming first the equation (4.4) to
interaction picture and take the projection operators P andQ over it. However, note
that these two operations do not commute if the chosen state ρB is not stationary
with respect to the local Hamiltonian HB. Then the projection operators in the
interaction picture become time-dependent Ptρ̃(t) = TrB[ρ̃(t)]⊗ ρ̃B(t),

ei(HA+HB)tPρ(t)e−i(HA+HB)t = ρ̃A(t)⊗ ρ̃B(t).

A typical example of this situation is encountered for an initially squeezed environ-
ment, see for example [11,13,81].

Let us use the notation V(t)· ≡ −i[Ṽ (t), ·], then by introducing the identity
1 = P +Q between V(t) and ρ̃(t) the equations (4.7) and (4.8) may be rewritten as

d

dt
P ρ̃(t) = PV(t)P ρ̃(t) + PV(t)Qρ̃(t), (4.9)

d

dt
Qρ̃(t) = QV(t)P ρ̃(t) +QV(t)Qρ̃(t). (4.10)

The formal integration of the first of these equations gives

P ρ̃(t) = Pρ(0) +

∫ t

0

dsPV(s)P ρ̃(s) +

∫ t

0

dsPV(s)Qρ̃(s), (4.11)

where we have set 0 as the origin of time without losing generality. On the other
hand, the solution of the second equation can be written formally as

Qρ̃(t) = G(t, 0)Qρ̃(0) +

∫ t

0

dsG(t, s)QV(s)P ρ̃(s). (4.12)

This is nothing but the operational version of variation of parameters formula for
ordinary differential equations (see for example [82, 83]), where the solution to the
homogeneous equation

d

dt
Qρ̃(t) = QV(t)Qρ̃(t)
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is given by the propagator

G(t, s) = T e
∫ t

s dt′QV(t′).

Inserting (4.12) in (4.11) yields

P ρ̃(t) = Pρ(0) +

∫ t

0

dsPV(s)P ρ̃(s) +

∫ t

0

dsPV(s)G(s, 0)Qρ̃(0)

+

∫ t

0

ds

∫ s

0

duPV(s)G(s, u)QV(u)P ρ̃(u). (4.13)

This is the integrated version of the so-called generalized Nakajima-Zwanzig equation

d

dt
P ρ̃(t) = PV(t)P ρ̃(t) + PV(t)G(t, 0)Qρ̃(0)

+

∫ t

0

duPV(t)G(t, u)QV(u)P ρ̃(u). (4.14)

Next two assumptions are usually made. First one is that PV(t)P = 0, this
means,

PV(t)Pρ = −iTrB[Ṽ (t), ρA ⊗ ρB]⊗ ρB = −i
[
TrB

(
Ṽ (t)ρB

)
, ρA

]
⊗ ρB = 0

for every ρ and then every ρA, which implies TrB

(
Ṽ (t)ρB

)
= 0. If this is not fulfilled

(which is not the case in the most practical situations), one can always define a new
interaction Hamiltonian with a shifted origin of the energy for A provided that ρB

commutes with HB [4, 84]; just choose

V ′ = V − TrB[V ρB]⊗ 1, and H ′
A = HA + TrB[V ρB]⊗ 1, (4.15)

then the total Hamiltonian is the same and

TrB

[
Ṽ ′(t)ρB

]
= TrB

[
ei(H′

A+HB)tV ′e−i(H′
A+HB)tρB

]

= eiH′
AtTrB[eiHBtV e−iHBtρB]e−iH′

At

− eiH′
AtTrB[V ρB]e−iH′

AtTrB[eiHBtρBe−iHBt]

= eiH′
AtTrB[V ρB]e−iH′

At − eiH′
AtTrB[V ρB]e−iH′

At = 0,

as we wished.
The second assumption consists in accepting that initially ρ(0) = ρA(0)⊗ ρB(0),

which is the necessary assumption to get a UDM. Of course some skepticism may
arise thinking that if one of the systems, say B, is not under control, there is not
warranty that this assumption is fulfilled. Nonetheless the control on the system A
is enough to assure this condition, for that it will be enough to prepare a pure state
in A, for instance by making a projective measurement as argued in [85], to assure
by theorem 3.2.1 that at the initial time the global system is in a product state.
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These two assumptions make vanish the second and the third term in equation
(4.13), and the integro-differential equation yields

d

dt
P ρ̃(t) =

∫ t

0

duK(t, u)P ρ̃(u), (4.16)

where
K(t, u) = PV(t)G(t, u)QV(u).

If this kernel is homogeneous K(t, u) = K(t − u), which is the case for stationary
states ρB (as exemplified in next section), this equation can be formally solved by
a Laplace transformation [3], but this usually turns out into an intractable problem
in practice.

In order to transform this integro-differential equation in an Markovian master
equation one would wish that the integral on the right hand side of (4.16) turns into
a generator of the form of (3.28). For that aim, the first intuitive guess is to try
that K(t, u) behaves as a delta function with respect to ρ̃(u). For that to be true
the typical variation time τA of ρ̃(u) (which is only due to the interaction with B
because we have removed the rest of the dynamics by taking integration picture) has
to be much longer than some time τB, which characterizes the speed at which the
kernel K(t, u) is decreasing when |t−u| À 1. Of course this kind of approximations
intrinsically involve some assumptions on the size of B and the “strength” of the
Hamiltonians, and there is in principle not warranty that the resulting differential
equation has the form of (3.28). However, several works [86–90] studied carefully
two limiting procedures where τA/τB → ∞ so that this turns out to be the case.
These two limits are

• The week coupling limit. Let us rewrite V → αV , where α accounts for the
strength of the interaction. Since for α small the variation of ρ̃(u) is going to
be slow, in the limit α → 0 one would get τA → ∞, and so τA/τB → ∞ for
every fixed τB. Of course for α = 0 there is not interaction, and so we will need
to rescale the time appropriately before taking the limit. This is discussed in
more detail in next section 4.1.2.

• The singular coupling limit. This corresponds to somehow the opposite case;
here we get τB → 0, by making K(t, u) to tend to a delta function. We will
discuss this limit in the forthcoming section 4.1.3.

We should stress that one can construct Markovian models ad hoc which try to
describe a system from a microscopic picture without involving these procedures;
see for example [91, 92]. In this sense, these two cases are sufficient conditions to
get a Markovian evolution, but not necessary.

4.1.2 Weak coupling limit

As we said above, if we assume the weak coupling limit, the change of ρ̃(u) is
negligible within the typical time τB where the kernel K(t, u) is varying. To perform
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this limit, consider again Eq. (4.13) under the assumptions of PV(t)P = 0 and
ρ(0) = ρA(0)⊗ ρB(0):

P ρ̃(t) = Pρ(0) + α2

∫ t

0

ds

∫ s

0

duPV(s)G(s, u)QV(u)P ρ̃(u), (4.17)

where we have redefined V → αV (so V → αV). Since in the interaction picture
the whole state satisfies a von Neumann equation of the form

d

dt
ρ̃(t) = −iα[Ṽ (t), ρ̃(t)], (4.18)

we can connect the whole state at times s and u (note u ≤ s) by the unitary solution

ρ̃(s) = Ũ(s, u)ρ̃(u)Ũ †(s, u) = Ũ(s, u)ρ̃(u)

⇒ ρ̃(u) = Ũ †(s, u)ρ̃(u)Ũ(s, u) ≡ Ũ(u, s)ρ̃(s).

By introducing this operator in the last term of (4.17) we find

P ρ̃(t) = Pρ(0) + α2

∫ t

0

ds

∫ s

0

duPV(s)G(s, u)QV(u)PŨ(u, s)ρ̃(s).

Now the term in the double integral admits an expansion in powers of α given by
the time-ordered series of

G(s, u) = T eα
∫ t

s dt′QV(t′) and,

Ũ(u, s) =
[
Ũ(s, u)

]†
=

[
T eα

∫ s
u dt′V(t′)

]†
= T ?eα

∫ s
u dt′V†(t′), (4.19)

where the adjoint is taken over every element of the expansion and T ? denotes the
antichronological time-ordering operator. This is defined similarly as T in (2.14)
but ordering in the opposite sense, this is, the operators evaluated at later times
appear first in the product. Thus, at lowest order we get

P ρ̃(t) = Pρ(0) + α2

∫ t

0

ds

∫ s

0

duPV(s)QV(u)P ρ̃(s) +O(α3)

= Pρ(0) + α2

∫ t

0

ds

∫ s

0

duPV(s)V(u)P ρ̃(s) +O(α3).

where we have used again that PV(t)P = 0. After a change of variable u → s − u
and writing explicitly the projector P , and the operators V we conclude that

ρ̃A(t) = ρA(0)− α2

∫ t

0

ds

∫ s

0

duTrB

[
Ṽ (s), [Ṽ (s− u), ρ̃A(s)⊗ ρB]

]
+O(α3). (4.20)
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Decomposition of V

In order to continue with the derivation, we write the interaction Hamiltonian as

V =
∑

k

Ak ⊗Bk, (4.21)

with A†
k = Ak and B†

k = Bk. Note that since V † = V , one can always chose Ak and
Bk to be self-adjoint. Indeed, assume that V is a sum of products of any general
operators Xk and Yk, it will be written then like

V =
n∑

k=1

X†
k ⊗ Yk + Xk ⊗ Y †

k . (4.22)

Any operator can be decomposed like

Xk = X
(a)
k + iX

(b)
k ,

where

X
(a)
k =

(X†
k + Xk)

2
, X

(b)
k =

i(X†
k −Xk)

2

are self-adjoint. This and the same kind of decomposition for Yk = Y
(a)
k + iY

(b)
k

inserted in equation (4.22) gives

V =
n∑

k=1

(
X

(a)
k − iX

(b)
k

)
⊗

(
Y

(a)
k + iY

(b)
k

)

+
(
X

(a)
k + iX

(b)
k

)
⊗

(
Y

(a)
k − iY

(b)
k

)

= 2
n∑

k=1

X
(a)
k ⊗ Y

(a)
k + X

(b)
k ⊗ Y

(b)
k ,

so one can make the choice

Ak = 2X
(a)
k , Bk = 2Y

(a)
k , for k = 1, . . . , n

Ak = 2X
(b)
k−n, Bk = 2Y

(b)
k−n, for k = n + 1, . . . , 2n

to arrive at (4.21).
Now we focus on the operators Ak, let us assume for the moment that the

spectrum of HA is discrete, and let |ψε〉 be an eigenstate associate with the eigenvalue
ε, then we define

Ak(ω) =
∑

ε′−ε=ω

|ψε〉〈ψε|Ak|ψε′〉〈ψε′|,

where the sum is over every ε′ and ε such that their difference is ω. The operator
so defined is an eigenoperator of L] = i[HA, ·] with eigenvalue −iω; indeed,

L]Ak(ω) = i[HA, Ak(ω)] = i
∑

ε′−ε=ω

(ε− ε′)|ψε〉〈ψε|Ak|ψε′〉〈ψε′| = −iωAk(ω).
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As a result,
L]A†

k(ω) = iωA†
k(ω),

with
A†

k(ω) = Ak(−ω),

and this holds for every k. In addition, it is straightforward to verify that

[HA, A†
k(ω)A`(ω)] = 0. (4.23)

On the other hand, to write Ak(ω) and A†
k(ω) in the interaction picture with

respect to HA is quite easy:

eL
]tAk(ω) = eiHAtAk(ω)e−iHAt = e−iωtAk(ω),

eL
]tA†

k(ω) = eiHAtA†
k(ω)e−iHAt = eiωtA†

k(ω).

Moreover, note that
∑

ω

Ak(ω) =
∑

ε′,ε

|ψε〉〈ψε|Ak|ψε′〉〈ψε′| = Ak,

and similarly that ∑
ω

A†
k(ω) = Ak.

Therefore, by introducing these two decompositions for Ak in (4.21) and taking the
interaction picture, one gets

Ṽ (t) =
∑

ω,k

e−iωtAk(ω)⊗ B̃k(t) =
∑

ω,k

eiωtA†
k(ω)⊗ B̃†

k(t). (4.24)

Now, coming back to the equation (4.20) the use of the above first equality with
Ṽ (s− u) and the second one with Ṽ (s) yields

ρ̃A(t) = ρA(0) + α2

∫ t

0

ds
∑

ω,ω′

∑

k,`

ei(ω′−ω)sΓs
k`(ω)[A`(ω)ρ̃A(s), A†

k(ω
′)]

+ ei(ω−ω′)sΓs∗
`k(ω)[A`(ω

′), ρ̃A(s)A†
k(ω)] +O(α3). (4.25)

Here we have introduced the quantities

Γs
k`(ω) =

∫ s

0

dueiωuTr
[
B̃k(s)B̃`(s− u)ρB

]

=

∫ s

0

dueiωuTr
[
B̃k(u)B`ρB

]
, (4.26)

where the last step is justified because ρB commutes with eiHBt. Next, we rescale
the time τ = α2t and σ = α2s, obtaining

ρ̃A(t) = ρ̃A(τ/α2)

= ρA(0) +

∫ τ

0

dσ
∑

ω,ω′

∑

k,`

ei(ω′−ω)σ/α2

Γ
σ/α2

k` (ω)[A`(ω)ρ̃A(σ/α2), A†
k(ω

′)]

+ ei(ω−ω′)σ/α2

Γ
σ/α2∗
`k (ω)[A`(ω

′), ρ̃A(σ/α2)A†
k(ω)] +O(α).
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From this equation we see that in the limit α → 0 (keeping finite τ and σ) the
time scale of change of ρ̃(τ/α2) is just τ . This is merely because the dependency
with α2 of ρ̃(τ/α2) enters only in the free evolution which we remove by taking
the interaction picture. The remaining time scale due to the interaction with the
environment is τ , as expressed in the above equation (the integral runs from 0 to
τ), so we write

lim
α→0

ρ̃A(t) = lim
α→0

eiHAτ/α2

ρA(τ/α2)e−iHAτ/α2 ≡ ρ̃A(τ),

and thus

ρ̃A(τ) = ρA(0) + lim
α→0

∫ τ

0

dσ
∑

ω,ω′

∑

k,`

ei(ω′−ω)σ/α2

Γ
σ/α2

k` (ω)[A`(ω)ρ̃A(σ/α2), A†
k(ω

′)]

+ ei(ω−ω′)σ/α2

Γ
σ/α2∗
`k (ω)[A`(ω

′), ρ̃A(σ/α2)A†
k(ω)] +O(α)

= ρA(0) + lim
α→0

∫ τ

0

dσ
∑

ω,ω′

∑

k,`

ei(ω′−ω)σ/α2

Γ
σ/α2

k` (ω)[A`(ω)ρ̃A(σ), A†
k(ω

′)]

+ ei(ω−ω′)σ/α2

Γ
σ/α2∗
`k (ω)[A`(ω

′), ρ̃A(σ)A†
k(ω)]. (4.27)

Before going further in the derivation, a mathematical result which will be par-
ticularly useful from now on is the following.

4.1.1. Proposition (Riemann-Lebesgue lemma). Let f(t) be integrable in [a, b]
then

lim
x→∞

∫ b

a

eixtf(t)dt = 0.

Proof. There are several methods to prove this, here we define g(t) = f(t)[θ(t −
a)− θ(t− b)] and so

∫ b

a

eixtf(t)dt =

∫ ∞

−∞
eixtg(t)dt = ĝ(x),

where ĝ(x) denotes the Fourier transform of g(t). Now it is evident that g(t) is square
integrable, then as the Fourier transform preserve norms [22] (this is sometimes
referred as Parseval’s theorem):

∫ ∞

−∞
|g(t)|2dt =

∫ ∞

−∞
|ĝ(x)|2dx,

which implies that ĝ(x) is also square integrable and then limx→∞ ĝ(x) = 0.
2

Because of this result (applied on the Banach space B, to be concise) in the
limit α → 0 the oscillatory factors in (4.27) with ω′ 6= ω are going to vanish. This
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so-called secular approximation is done in the same spirit that well known rotating
wave approximation in the context of quantum optics [10,11,13,63,84]. We obtain

ρ̃A(τ) = ρA(0) +

∫ τ

0

dσ
∑

ω

∑

k,`

Γ∞k`(ω)[A`(ω)ρ̃A(σ), A†
k(ω)]

+ Γ∞∗`k (ω)[A`(ω), ρ̃A(σ)A†
k(ω)]

≡ ρA(0) +

∫ τ

0

dσL̃ [ρ̃A(σ)] . (4.28)

Here the coefficients are given by the one-sided Fourier transform

Γ∞k`(ω) =

∫ ∞

0

dueiωuTr
[
B̃k(u)B`ρB

]
.

Correlation functions

In order to make convergent the above integrals, the environmental correlation func-

tions Tr
[
B̃k(u)B`ρB

]
have to decrease as u is increasing. However, if we also use

the corresponding eigenoperator decomposition of Bk for the Hamiltonian HB we
find

Tr
[
B̃k(u)B`ρB

]
=

∑
ω

e−iωuTr [Bk(ω)B`ρB] ,

which shows that the correlation functions are periodic in u and their integral ex-
tended to infinity will diverge. The only possible loophole to break the periodicity
is the assumption that the system B has infinite degrees of freedom, in such a way
that HB has a continuous spectrum. Then everything is essentially the same but
the sums are substituted by integrals, i.e. the decomposition in eigenoperators will
be

Bk =

∫ a

−a

dωBk(ω), (4.29)

where a is the maximum eigenfrequency (it can be infinite). So the correlation
functions become

Tr
[
B̃k(u)B`ρB

]
=

∫ a

−a

dωe−iωuTr [Bk(ω)B`ρB] ,

and of course now they are not periodic as

lim
u→∞

Tr
[
B̃k(u)B`ρB

]
= 0,

because of the proposition (4.1.1).
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Davies’ theorem

We have just seen that a necessary condition for the weak limit to exist is that
the environmental system B has infinite degrees of freedom. However this is not
a sufficient condition because the decreasing behavior of the correlation functions
may be not fast enough for the one-sided Fourier transform to exist. A sufficient
condition was pointed out by Davies.

4.1.2. Theorem (Davies). If there exist some ε > 0 such that

∫ ∞

0

dt
∣∣∣Tr

[
B̃k(t)B`ρB

]∣∣∣ (1− t)ε < ∞, (4.30)

then the weak coupling is strictly well defined (for a bounded interaction V ) and

lim
α→0,τ=α2t

‖Ẽ(τ,0) [ρA(0)]− eL̃τ [ρA(0)] ‖1 = 0

for all ρA(0) and uniformly in every finite interval [0, τ0], where Ẽ(τ,0) denotes the
exact reduced dynamics in the interaction picture.

Proof. To prove the condition (4.30) is beyond the scope of this work, it was
developed in [86,87]. Under (4.30) the convergency to the above result is clear from
equation (4.28) which is the integrated version of

dρ̃A(τ)

dτ
= L̃ρ̃A(τ) ⇒ ρ̃A(τ) = eL̃τ [ρ̃A(0)] .

2

On one hand, note that the method works because there are no eigenfrequencies,
ω, arbitrary close to one another, as a result of the discreteness of the spectrum of
HA, otherwise the secular approximation is jeopardized. For the infinite dimensional
case where this is not satisfied, recently D. Taj and F. Rossi [93] have proposed
another approximation method which substitute the secular approximation and also
leads to a completely positive semigroup.

On the other hand, an important consequence of the secular approximation is
that it guaranties that the generator L̃ has the correct form of a Markovian homoge-
nous master equation (theorem 3.3.1). To see this, let us decompose the matrices
Γ∞k`(ω) in sum of Hermitian and anti-Hermitian matrices

Γ∞k`(ω) =
1

2
γk`(ω) + iSk`(ω), (4.31)

where the coefficients

Sk`(ω) =
1

2i
[Γ∞k`(ω)− Γ∞∗`k (ω)]
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and

γk`(ω) = Γ∞k`(ω) + Γ∞∗`k (ω)

=

∫ ∞

0

dueiωuTr
[
B̃k(u)B`ρth

]
+

∫ ∞

0

due−iωuTr
[
B̃k(−u)B`ρth

]

=

∫ ∞

−∞
dueiωuTr

[
B̃k(u)B`ρth

]
, (4.32)

form Hermitian matrices. In terms of these quantities, the generator L̃ can be
written as

L̃ [ρ̃A(τ)] = − i[HLS, ρ̃A(τ)]

+
∑

ω

∑

k,`

γk`(ω)

[
A`(ω)ρ̃A(τ)A†

k(ω)− 1

2
{A†

k(ω)A`(ω), ρ̃A(τ)}
]

,

where the Hamiltonian part is given by

HLS =
∑

ω

∑

k,`

Sk`(ω)A†
k(ω)A`(ω). (4.33)

In order to prove that L̃ has the form of a generator of a Markovian homogenous
evolution, it is required just to show that the matrix γk`(ω) is positive semidefinite
for all ω. This is a consequence of the Bochner’s theorem [17,22], which asserts that
the Fourier transform of a function of “positive type” is a positive quantity. Note
that a function f(t) is of positive type if for any tm and tn the matrix constructed
as fmn = f(tm − tn) is positive semidefinite.

For any vector v we have

(v,γv) =
∑

k,`

v∗kγk`(ω)v` =

∫ ∞

−∞
dueiωu

∑

k,`

v∗kTr
[
B̃k(u)B`ρth

]
v`

=

∫ ∞

−∞
dueiωu

∑

k,`

v∗kTr
[
eiHBuBke

−iHBuB`ρth

]
v`

=

∫ ∞

−∞
dueiωuTr

[
eiHBuC†e−iHBuCρth

]
,

where C =
∑

k Bkvk.

4.1.3. Proposition. The function f(t) = Tr
[
eiHBtC†e−iHBtCρth

]
is of “positive

type” and then the matrix γk` is positive semidefinite (v, γv) ≥ 0.

Proof. The positivity of (v,γv) ≥ 0 follows from the Bochner’s theorem if f(t)
is of “positive type” because it is its Fourier transform. For the proof of the first
statement, let us take the trace in the eigenbasis of HB (remember that the spectrum
is continuous):

f(t) =

∫
dε〈ϕε|eiHBtC†e−iHBtCρth|ϕε〉 =

∫
dεeiεtpε〈ϕε|C†e−iHBtC|ϕε〉,
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here we have used that

ρth|ϕε〉 =
e−βε

Tr [e(−βHB)]
|ϕε〉 ≡ pε|ϕε〉,

with pε ≥ 0 since ρth is a positive operator. Now introducing the identity 1 =∫
dε′|ϕε′〉〈ϕε′|,

f(t) =

∫
dεdε′eiεtpε〈ϕε|C†e−iHBt|ϕε′〉〈ϕε′|C|ϕε〉

=

∫
dεdε′ei(ε−ε′)tpε |〈ϕε′ |C|ϕε〉|2 ;

finally we take another arbitrary vector w and the inner product

(w, fw) =
∑
m,n

w∗
mf(tm − tn)wn

=

∫
dεdε′

∑
m,n

w∗
mei(ε−ε′)(tm−tn)wnpε |〈ϕε′|C|ϕε〉|2

=

∫
dεdε′

∣∣∣∣∣
∑
m

w∗
mei(ε−ε′)tm

∣∣∣∣∣

2

pε |〈ϕε′|C|ϕε〉|2 ≥ 0,

because the integrand is positive in the whole domain of integration.

2

As a conclusion of these results, if for a small, but finite α, we substitute the
exact reduced dynamics Ẽ(t,0) by the Markovian one eL̃τ = eα2L̃t, the error which we
make is bounded and tends to zero as α decrease provided that the assumptions of
the Davies’ theorem are fulfilled.

Of course one can write α2L̃ and immediately go back to Schrödinger picture by
using the unitary operator eiHAt to obtain

dρA(t)

dt
= −i[HA + α2HLS, ρA(t)] (4.34)

+ α2
∑

ω

∑

k,`

γk`(ω)

[
A`(ω)ρA(t)A†

k(ω)− 1

2
{A†

k(ω)A`(ω), ρA(t)}
]

.

Note that because of (4.23), the Hamiltonian HLS commutes with HA, so it just
produces a shift in the energy levels of the system A. Thus this sometimes it is
called Lamb shift Hamiltonian. However, note that HLS is not only influenced
by an environment in the vacuum state (zero temperature) but also by thermal
fluctuations.
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Explicit expressions for γk` and Sk`

We can give explicit expressions for γk` and Sk` by using the decomposition of the
operators Bk in eigenoperators. For the decay rates

γk`(ω) =

∫ ∞

−∞
dueiωuTr

[
B̃k(u)B`ρth

]

=

∫ a

−a

dω′
∫ ∞

−∞
duei(ω−ω′)uTr [Bk(ω

′)B`ρth]

= 2π

∫ a

−a

dω′δ(ω − ω′)Tr [Bk(ω
′)B`ρth]

= 2πTr [Bk(ω)B`ρth] , (4.35)

provided that ω ∈ (−a, a). So γk`(ω) is just proportional to the correlation function
of the eigenoperator Bk(ω) with the same frequency ω, unless this frequency is not
inside of the spectrum of [HB, ·], then γk`(ω) will be zero.

To get an explicit expression for the shifts Sk` is a little bit more complicated.
From (4.31) we have

Sk`(ω) = −iΓ∞k`(ω) +
i

2
γk`(ω),

the substitution of the decomposition in eigenoperators in Γ∞k,`(ω) and the previous
result (4.35) for γk,`(ω) yields

Sk`(ω) = −i

∫ a

−a

dω′
∫ ∞

0

duei(ω−ω′)uTr [Bk(ω
′)B`ρB] + πiTr [Bk(ω)B`ρth] . (4.36)

Note that the integral
∫∞

0
duei(ω−ω′)u in not well-defined. Similarly it happens with∫∞

−∞ duei(ω−ω′)u but we know this integral is proportional to the delta function. The
mathematical theory which provides a meaningful interpretation of these integrals
is the theory of distributions or generalized functions. Here we will not dwell on it,
references [17,18] provide introductions and further results can be found in [94,95].
For us it is enough to show that these integrals can have a meaning if we define
them as a limit of ordinary functions; for instance if we define

∫ ∞

−∞
duei(ω−ω′)u = lim

ε→0+

∫ ∞

0

duei(ω−ω′)u−εu + lim
ε→0−

∫ 0

−∞
duei(ω−ω′)u+εu

by making the elementary integrals,

∫ ∞

−∞
duei(ω−ω′)u = lim

ε→0+

i

(ω − ω′) + εi
+ lim

ε→0−

i

εi− (ω − ω′)

= lim
ε→0

i

(ω − ω′) + εi
+

i

εi− (ω − ω′)

= lim
ε→0

2ε

ε2 + (ω − ω′)2
≡ 2πδ(ω − ω′).
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We identify the well-known family of functions fε(ω−ω′) = ε
π[ε2+(ω−ω′)2]

which tend

to the delta function as ε → 0 [96] because for any (regular enough) integrable
function g(ω)

lim
ε→0

∫ b

a

dω′fε(ω − ω′)g(ω′) = g(ω), (a < ω < b).

So, if we do the same procedure but just with the one-sided Fourier transform∫∞
0

duei(ω−ω′)u, we obtain in equation (4.36)

Sk`(ω) = lim
ε→0+

∫ a

−a

dω′
1

(ω − ω′) + εi
Tr [Bk(ω

′)B`ρB] + πiTr [Bk(ω)B`ρth] .

Multiplying by the complex conjugate of the denominator in the integral of the right
hand side, we obtain

lim
ε→0+

∫ a

−a

dω′
Tr [Bk(ω

′)B`ρB]

(ω − ω′) + εi
= lim

ε→0+

∫ a

−a

dω′ (ω−ω′)
(ω−ω′)2+ε2

Tr [Bk(ω
′)B`ρB]

− lim
ε→0+

i

∫ a

−a

dω′ ε
(ω−ω′)2+ε2

Tr [Bk(ω
′)B`ρB]

= lim
ε→0+

∫ a

−a

dω′ (ω−ω′)
(ω−ω′)2+ε2

Tr [Bk(ω
′)B`ρB]

− iπTr [Bk(ω)B`ρB] .

Therefore the last term is canceled in the shifts, which read

Sk`(ω) = lim
ε→0+

∫ a

−a

dω′ (ω−ω′)
(ω−ω′)2+ε2

Tr [Bk(ω
′)B`ρB] .

Now we decompose the integration interval (−a, a) in three subintervals (−a, ω−δ),
(ω − δ, ω + δ) and (ω + δ, a) and take the limit δ → 0

Sk`(ω) = lim
ε,δ→0+

∫ ω−δ

−a

dω′ (ω−ω′)
(ω−ω′)2+ε2

Tr [Bk(ω
′)B`ρB]

+ lim
ε,δ→0+

∫ a

ω+δ

dω′ (ω−ω′)
(ω−ω′)2+ε2

Tr [Bk(ω
′)B`ρB]

+ lim
ε,δ→0+

∫ ω+δ

ω−δ

dω′ (ω−ω′)
(ω−ω′)2+ε2

Tr [Bk(ω
′)B`ρB] .

The last integral just goes to zero because for any ε as small as we want the integrand
is an integrable function without singularities. Whereas, since limε→0+

(ω−ω′)
(ω−ω′)2+ε2

=
1

(ω−ω′) , the limiting process in δ is just the definition of the Cauchy principal value

of the integral [96]:

Sk`(ω) = lim
δ→0+

{∫ ω−δ

−a

dω′
Tr [Bk(ω

′)B`ρB]

(ω − ω′)
+

∫ a

ω+δ

dω′
Tr [Bk(ω

′)B`ρB]

(ω − ω′)

}

= P.V.

∫ a

−a

dω′
Tr [Bk(ω

′)B`ρB]

(ω − ω′)
. (4.37)
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In theory of distributions, this result is sometimes referred as Sochozki’s formulae
[95].

Typical examples

It is not worth to dwell on examples of the application of the above results, as in
the books are plenty of them. Just for sake of comparison, we sketch some of the
most common cases and the correspondence with the notation above expressed.

• Two-level system damped by a bath of harmonic oscillators. The total Hamil-
tonian is

H = Hsys + Hbath + V

≡ ω0

2
σz +

∫ ωmax

0

dωa†ωaω +

∫ ωmax

0

dωh(ω)
(
σ+aω + σ−a†ω

)
,

where σz is the corresponding Pauli matrix, σ± = (σx ± iσy)/2, and aω ac-

counts for the continuous bosonic operators [aω, a†ω′ ] = δ(ω − ω′), here ω is
the frequency of each mode. The upper limit ωmax is the maximum frequency
present in the bath of harmonic oscillators, it could be infinity provided that
the coupling function h(ω) decreases fast enough. Here we have taken the con-
tinuous limit from the beginning, however it is common to do it in the course
of the computation.

The interaction Hamiltonian may be written in the form V = A1⊗B1+A2⊗B2

where it is easy to check that the system operators and their eigendecomposi-
tions are given by

A1 = σx = σ+ + σ−, A1(ω0) = σ−, A1(−ω0) = σ+,

A2 = σy = i(σ+ − σ−), A2(ω0) = −iσ−, A2(−ω0) = iσ+.

Similarly for the bath operators,

B1 =

∫ ωmax

0

dωh(ω) (aω+a†ω)
2

=

∫ ωmax

−ωmax

dωB1(ω),

with B1(ω) = h(ω)aω

2
, B1(−ω) = h(ω)a†ω

2
, and

B2 =

∫ ωmax

0

dωh(ω) i(a†ω−aω)
2

=

∫ ωmax

−ωmax

dωB2(ω),

with B2(ω) = −ih(ω)aω

2
, B2(−ω) = ih(ω)a†ω

2
.

The decay rates are given by γk,`(ω0) = 2πTr[Bk(ω0)B`ρB], particularly

γ11(ω0) = 2πTr[B1(ω0)B1ρB]

=
π

2
h(ω0)

∫ ωmax

0

dωh(ω)Tr[aω0(aω + a†ω)ρB]

=
π

2
h2(ω0)Tr[aω0a

†
ω0

ρB] =
π

2
J(ω0)[n̄(ω0) + 1].
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Here J(ω0) = h2(ω0) is the so-called spectral density of the bath (which ac-
counts for the strength of the coupling per frequency, see more in chapter 9)
at frequency ω0 and n̄(ω0) is the mean number of bosons in the thermal state
ρB of the bath with frequency ω0; i.e. the expected number of particles of the
Bose-Einstein statistics

n̄(ω0) =
[
e(ω0/T ) − 1

]−1
,

where T is the temperature of the thermal state ρB. For the rest of the elements
one obtains essentially the same

γ(ω0) =
π

2
J(ω0)[n̄(ω0) + 1]

(
1 i
−i 1

)
.

Similarly for γk,`(−ω0),

γ(−ω0) =
π

2
J(ω0)n̄(ω0)

(
1 i
−i 1

)
.

Let us make the analog for the shifts Sk`; the first element is given by

S11(ω0) = P.V.

∫ ωmax

−ωmax

dω′
Tr [B1(ω

′)B1ρB]

(ω0 − ω′)

= P.V.

∫ ωmax

0

dω′
Tr [Bk(ω

′)B`ρB]

(ω0 − ω′)

+ P.V.

∫ ωmax

0

dω′
Tr [Bk(−ω′)B`ρB]

(ω0 + ω′)

=
1

4
P.V.

∫ ωmax

0

dω′J(ω′)
[
n̄(ω′) + 1

(ω0 − ω′)
+

n̄(ω′)
(ω0 + ω′)

]
,

the rest of the elements are

S22(ω0) = S11(ω0),

S12(ω0) = S∗21(ω0) =
i

4
P.V.

∫ ωmax

0

dω′J(ω′)
[
n̄(ω′) + 1

(ω0 − ω′)
− n̄(ω′)

(ω0 + ω′)

]
.

For the shifts with −ω0:

S11(−ω0) = S22(−ω0) =
−1

4
P.V.

∫ ωmax

0

dω′J(ω′)
[
n̄(ω′) + 1

(ω0 + ω′)
+

n̄(ω′)
(ω0 − ω′)

]
,

S12(−ω0) = S∗21(−ω0) =
−i

4
P.V.

∫ ωmax

0

dω′J(ω′)
[
n̄(ω′) + 1

(ω0 + ω′)
+

n̄(ω′)
(ω0 − ω′)

]
.
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Therefore according to (4.33) the shift Hamiltonian is

HLS = P.V.

∫ ωmax

0

dω′
J(ω′)n̄(ω′)
(ω0 − ω′)

[σ+, σ−] + P.V.

∫ ωmax

0

dω′
J(ω′)

(ω0 − ω′)
σ+σ−

= P.V.

∫ ωmax

0

dω′
J(ω′)n̄(ω′)
(ω0 − ω′)

σz + P.V.

∫ ωmax

0

dω′
J(ω′)

(ω0 − ω′)
(σz + 1)

2

≡
(

∆′ +
∆

2

)
σz,

where ∆′ is the integral depending on n̄(ω′) which leads to a shift due to the
presence of the thermal field (Stark-like shift), and ∆ is the second integral
independent of n̄(ω′) which lead to a Lamb-like shift effect. Of course the
identity 1 do not contribute to the dynamics as it commutes with any ρ, so
we can forget it.

For the total equation we immediately obtain

dρsys(t)

dt
= −i

[(
ω0 + ∆

2
+ ∆′

)
σz, ρsys(t)

]

+ Γ[n̄(ω0) + 1]

[
σ−ρsys(t)σ+ − 1

2
{σ+σ−, ρsys(t)}

]

+ Γn̄

[
σ+ρsys(t)σ− − 1

2
{σ−σ+, ρsys(t)}

]
,

where Γ = 2πJ(ω0).

• Harmonic oscillator damped by a bath of harmonic oscillators. This case is
actually quite similar to the previous one, but the two level system is now
substituted by another harmonic oscillator:

H = Hsys + Hbath + V

≡ ω0a
†a +

∫ ωmax

0

dωa†ωaω +

∫ ωmax

0

dωh(ω)
(
a†aω + aa†ω

)
.

The bath operators B1 and B2 are the same as above and the system operators
are now

A1 = a† + a, A1(ω0) = a, A1(−ω0) = a†,

A2 = i(a† − a), A2(ω0) = −ia, A2(−ω0) = ia†.

Thus by mimicking the previous steps we obtain

dρsys(t)

dt
= −i [(ω0 + ∆) σz, ρsys(t)]

+ Γ[n̄(ω0) + 1]

[
aρsys(t)a

† − 1

2
{a†a, ρsys(t)}

]

+ Γn̄

[
a†ρsys(t)a− 1

2
{aa†, ρsys(t)}

]
.
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Note in this case that, on one hand, the Stark-like shift ∆′ does not contribute
because of the commutation rule of a and a†; and on the other hand the
dimension of the system is infinite and the interaction with the environment is
mediated by an unbounded operator. However as long as domain problems do
not arise one expects that this is the correct approximation to the dynamics
(and actually it is, see chapter 5).

• Pure dephasing of a two-level system. In this case the interaction commutes
with the system Hamiltonian and so the populations of the initial system
density matrix remain invariant,

H = Hsys + Hbath + V

≡ ω0

2
σz +

∫ ωmax

0

dωa†ωaω +

∫ ωmax

0

dωh(ω)σz

(
aω + a†ω

)
.

This is an interesting case to explore because it involves some subtleties, but
it is exactly solvable (see for example chapter 4 of [11]). The interaction
Hamiltonian is decomposed as V = A ⊗ B, where A = A(ω = 0) = σz (σz is
eigenoperator of [σz, ·] with zero eigenvalue!) and

B =

∫ ωmax

−ωmax

dωB(ω), with

{
B(ω) = h(ω)aω,
B(−ω) = h(ω)a†ω,

for ω > 0.

So some problem arises when we calculate the decay rates because B(ω = 0)
is not well-defined. The natural solution to this is the interpretation of the
ω = 0 as a limit in such a way that

γ(0) = 2π lim
ω→0

Tr[B(ω)BρB],

but then there is a further problem because depending on which side we
approach to 0 the function Tr[B(ω)BρB] takes the value 2πJ(ω)[n̄(ω) + 1]
for ω > 0 or 2πJ(|ω|)n̄(|ω|) for ω < 0. Thus the limit in principle would
not be well-defined, except in the high temperature limit where n̄(|ω|) '
n̄(|ω|)+1. However both limits give the same result provided that one assumes
limω→0 J(|ω|) = 0. This is a natural physical assumption because a mode with
0 frequency does not have any energy and influence on the system. Thus if
limω→0 J(|ω|) = 0 we find

γ(0) = 2π lim
ω→0

J(|ω|)n̄(|ω|).

Actually, since n̄(|ω|) goes to infinity as 1/|ω| when ω decreases, if J(|ω|) does
not tend to zero linearly in ω (this is called Ohmic-type spectral density [15])
this constant γ(0) will be either 0 or infinity. This fact restricts quite a lot
the spectral densities which can be treated for the pure dephasing problem
in the weak coupling framework with significant results (which is not a major
problem because this model is exactly solvable as we have already pointed
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out). On the other hand, shifts do not occur because HLS ∝ σzσz = 1, and
finally the Master equations is

dρsys(t)

dt
= −i

[ω0

2
σz, ρsys(t)

]
+ γ(0) [σzρsys(t)σz − ρsys(t)] .

Some remarks on the secular approximation and positivity preserving
requirement

As we have seen, the weak coupling limit provides a rigorous mathematical procedure
to derive Markovian master equations. Nonetheless for some situations in solid
state or chemical physics, where the interactions are typically stronger than for
electromagnetic environments, it is sometimes preferred to use the perturbative
treatment without performing the secular approximation. However, this method
jeopardizes the positivity of the dynamics [97] (see also [85, 98]) and several tricks
have been proposed to cure this drawback. For example, one possibility is taking
in consideration just the subset of the whole possible states of the system which
remain positive in the evolution [99], or describing the evolution by the inclusion of
a “slippage” operator [100]. These proposals can be useful just in some situations;
in this regard it seems they do not work well for multipartite systems [101,102].

We have already explained in detail the requirement of the complete positivity
for a universal dynamics. The option to proceed without it may be useful but risky,
and actually the risk seems to be quite high as the positivity of the density matrix
supports the whole consistency of the quantum theory. We believe the secular
approximation should be used as it is mathematically correct in the weak coupling
limit. In case of the failure of a completely positive semigroup to describe correctly
the dynamics of the physical system, it is probably more appropriate the use of non-
Markovian methods as the “Dynamical coarse graining” (see section 4.2.3) which
preserves complete positivity.

Failure of the assumption of factorized dynamics

In some derivations of the weak coupling limit it is common to use the following
argument. One makes the formal integration of the von Neumann equation in the
interaction picture (4.18)

d

dt
ρ̃(t) = −iα[Ṽ (t), ρ̃(t)],

to give

ρ̃(t) = ρ(0)− iα

∫ t

0

ds[Ṽ (s), ρ̃(s)].

By iterating this equation twice one gets

ρ̃(t) = ρ(0)− iα

∫ t

0

ds[Ṽ (t), ρ(0)]− α2

∫ t

0

ds

∫ s

0

du[Ṽ (s), [Ṽ (u), ρ̃(u)]].
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If we take partial trace and under the usual aforementioned assumptions of ρ(0) =

ρA(0)⊗ ρB(0), and TrB

[
Ṽ (t)ρB(0)

]
= 0 this equation is simplified to

ρ̃A(t) = ρA(0)− α2

∫ t

0

ds

∫ s

0

duTrB[Ṽ (s), [Ṽ (u), ρ̃(u)]].

Now, one argues that the system B is typically much larger than A and so, provided
that the interaction is weak, the state of B remains unperturbed by the presence
of the A and the real whole state can be approximated as ρ̃(u) ≈ ρ̃A(u) ⊗ ρB(u).
By making this substitution in the above equation one arrives at equation (4.20)
(modulo some small details which one can consult in most of the textbooks of the ref-
erences), and henceforth proceed to derive the Markovian master equation without
any mention to projection operators.

This method can be considered as an effective model for arriving at equation
(4.20), however it does not make any sense to assume that the physical state of the
system factorizes for all times. Otherwise how would it be possible the interaction
between both subsystems?. Moreover, why not making the substitution ρ̃(u) ≈
ρ̃A(u)⊗ρB(u) directly in the von Neumann equation (4.18) instead of in its integrated
and iterated version?.

The validity of the substitution ρ̃(u) ≈ ρ̃A(u)⊗ ρB(u) is justified because of the
factorized initial condition and the perturbative approach of the weak coupling limit.
Of course we pointed out previously that the weak coupling approach makes sense
only if the coupling is small and the environment has infinite degrees of freedom.
This fits in the above argument about the size of B, but it can dismissed even by
numerical simulations (see section 5.1.2) that the real total state ρ̃(u) is close to
ρ̃A(u) ⊗ ρB(u). It should be therefore be considered as an ansatz to arrive at the
correct equation rather than a physical requirement on the evolution.

Steady state properties

In this section we shall analyze the steady state properties of the Markovian master
equation obtained in the weak coupling limit (4.34). The most important result is
that the thermal state of the system

ρth
A =

e(−HA/T )

Tr[e(−HA/T )]
,

with the same temperature as the bath thermal state is a steady state. To see this
one notes that the bath correlation functions satisfies the so-called Kubo-Martin-
Schwinger (KMS) condition [103], namely

〈B̃k(u)B`〉 = Tr
[
ρthB̃k(u)B`

]
=

1

Tr (e−βHA)
Tr

[
eiHB(u+iβ)Bke

−iHBuB`

]

=
1

Tr (e−βHA)
Tr

[
B`e

iHB(u+iβ)Bke
−iHB(u+iβ)e−βHB

]

= Tr
[
B`e

iHB(u+iβ)Bke
−iHB(u+iβ)ρth

]
= 〈B`B̃k(u + iβ)〉. (4.38)
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By decomposing B̃k in eigenoperators B(ω′) of [HB, ·], we obtain similarly to (4.35)
the following relation between their Fourier transforms

γk`(ω) =

∫ ∞

−∞
dueiωuTr

[
B̃k(u)B`ρth

]

=

∫ ∞

−∞
dueiωuTr

[
B`B̃k(u + iβ)ρth

]

=

∫ a

−a

dω′eβω′
∫ ∞

−∞
duei(ω−ω′)uTr [B`Bk(ω

′)ρth]

= 2π

∫ a

−a

dω′eβω′δ(ω − ω′)Tr [B`Bk(ω
′)ρth]

= 2πeβωTr [B`Bk(ω)ρth] = 2πeβω
{

Tr
[
B†

k(ω)B`ρth

]}∗

= 2πeβω {Tr [Bk(−ω)B`ρth]}∗
= eβωγ∗k`(−ω) = eβωγ`k(−ω). (4.39)

On the other hand, since A(ω′) are eigenoperators of [HA, ·] one easily obtains the
relations

ρth
A Ak(ω) = eβωAk(ω)ρth

A , (4.40)

ρth
A A†

k(ω) = e−βωA†
k(ω)ρth

A . (4.41)

Now one can check that
dρth

A

dt
= 0 according to equation (4.34). Indeed, it is obvious

that ρth
A commutes with the Hamiltonian part and for the remaining one, we have

dρth
A

dt
=

∑
ω

∑

k,`

γk`(ω)

[
A`(ω)ρth

A A†
k(ω)− 1

2
{A†

k(ω)A`(ω), ρth
A }

]

=
∑

ω

∑

k,`

γk`(ω)
[
e−βωA`(ω)A†

k(ω)ρth
A − A†

k(ω)A`(ω)ρth
A

]

=
∑

ω

∑

k,`

[
γk`(ω)e−βωA†

`(−ω)Ak(−ω)− γk`(ω)A†
k(ω)A`(ω)

]
ρth

A

=
∑

ω

∑

k,`

[
γ`k(−ω)A†

`(−ω)Ak(−ω)− γk`(ω)A†
k(ω)A`(ω)

]
ρth

A = 0,

as the sum in ω is goes from −ωmax to ωmax for some maximum difference between
energies ωmax. This proves that ρth

A is a steady state. Of course this does not implies
the convergency of any initial state to it (an example is the pure dephasing equation
derived in section 4.1.2), sufficient conditions for that were given in the section 3.3.4.

4.1.3 Singular coupling limit

As explained in section 4.1.1, the singular coupling limit is somehow the comple-
mentary situation to the weak coupling limit, since in this case we get τB → 0 by
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making the correlation functions to tend to a delta function. However, as a differ-
ence with the weak coupling limit, the singular coupling limit is not so useful in
practice because as its own name denotes, it requires some “singular” situation. For
that reason and for sake of comparison, we sketch here the ideas about this method
from our concepts previously defined, for more details the reader will be referred to
the literature.

There are several ways to implement the singular coupling limit, one consists in
rescaling the total Hamiltonian as [11,59,63]

H = HA + α−2HB + α−1V

and perform the “singular limit” by taking α → 0. Starting from the equation (4.13)
under the assumptions of PV(t)P = 0 and ρ(0) = ρA(0)⊗ρB(0) in this case we have

P ρ̃(t) = Pρ(0) +
1

α2

∫ t

0

ds

∫ s

0

duPV(s)G(s, u)QV(u)P ρ̃(u). (4.42)

For a moment, let us take a look to the expression at first order in the expansion of
G(s, u):

P ρ̃(t) = Pρ(0) +
1

α2

∫ t

0

ds

∫ s

0

duPV(s)V(u)P ρ̃(u) +O(α−3),

which we rewrite as

ρ̃A(t) = ρA(0)− 1

α2

∫ t

0

ds

∫ s

0

du
[
Ṽ (s)[Ṽ (u)ρ̃A(u)⊗ ρB]

]
+O(α−3).

By introducing the general form of the interaction Eq. (4.21),

ρ̃A(t) = ρA(0) +

∫ t

0

ds

∫ s

0

duCk`(s, u)
[
Ã`(u)ρ̃A(u), Ãk(s)

]

+ C∗
k`(s, u)

[
Ãk(s), ρ̃A(u)Ã`(u)

]
+O(α−3), (4.43)

here the correlation functions are

Ck`(s, u) =
1

α2
Tr[B̃k(s)B̃`(u)ρB].

If we assume that ρB is again some eigenstate of the free Hamiltonian we get

Ck`(s− u) =
1

α2
Tr[B̃k(s− u)B`ρB], (4.44)

and by using the eigendecomposition (4.29) of Bk and taking into account the factor
α−2 in the free Hamiltonian HB, we find

Ck`(s− u) =
1

α2

∫ a

−a

dωe−
iω(s−u)

α2 Tr[Bk(ω)B`ρB].
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Because the proposition 4.1.1, in the limit α → 0 the above integral tends to zero
as a square integrable function in x = α−2(s− u). It implies that it tends to zero at
least as α2 and so we expect this convergence to be faster than the prefactor 1

α2 in the
correlation functions. However in the peculiar case of s = u the correlation functions
go to infinity, so indeed in this limit they tend to a delta function Ck`(s − u) ∝
δ(s− u). Next, by making again the change of variable u → s− u, equation (4.43)
reads

ρ̃A(t) = ρA(0) +

∫ t

0

ds

∫ s

0

duCk`(u)
[
Ã`(s− u)ρ̃A(s− u), Ãk(s)

]

+ C∗
k`(u)

[
Ãk(s), ρ̃A(s− u)Ã`(s− u)

]
+O(α−3).

Therefore in the limit of α → 0, we can substitute u by 0 in the Ã` operators and
extend the integration to infinite without introducing an unbounded error

ρ̃A(t) = ρA(0) +

∫ t

0

dsΓk`

[
Ã`(s)ρ̃A(s), Ãk(s)

]

+ Γ∗`k
[
Ã`(s), ρ̃A(s)Ãk(s)

]
+O(α−3),

where

Γk` =

∫ ∞

0

duCk`(u).

We may split this matrix in Hermitian γk` =
∫∞
0

duCk`(u) and anti-Hermitian part
iSk` as in equation (4.31), and differentiate to obtain

dρ̃A(t)

dt
= − i[H̃LS(t), ρ̃(t)]

+ γk`

[
Ã`(t)ρ̃A(t)Ãk(t)− 1

2

{
Ãk(t)Ã`(t), ρ̃A(t)

}]
+O(α−3),

where H̃LS(t) =
∑

k,` Sk`Ãk(t)Ã`(t). Since γk` is just the same expression as in (4.32)
with ω = 0 it is always a positive semidefinite matrix and up to second order the
evolution equation has the form of a Markovian master equation. However, from
the former it is not clear what happens with the higher order terms; a complete
treatment of them can be found in [88–90], where it is proven that they vanish.
The idea behind this fact is that by using the property that for a Gaussian state
(which ρB is assumed to be) the correlation functions of any order can be written as
a sum of products of two time correlation functions (4.44). Particularly odd order
correlation functions vanish because of the condition PV(t)P = 0, and we obtain
a product of deltas for even order. Actually the expansion is left only with those
products in which some time arguments appear in “overlapping order” such as

δ(t1 − t3)δ(t2 − t4),

for t4 ≥ t3 ≥ t2 ≥ t1, and so because of the time ordered integration in the expansion
of G(s, u) they do not give any contribution.
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Finally by coming back to Schrödinger picture we obtain that in the singular
coupling limit

dρA(t)

dt
= − i[HA + HLS, ρ(t)]

+ γk`

[
A`ρA(t)Ak − 1

2
{AkA`, ρA(t)}

]
,

note that HLS =
∑

k,` Sk`AkA` does not commute in general with HA.

Despite the singular coupling limit is not very realistic, it is possible to find
effective equations for the evolution in which self-adjoint operators Ak also appear.
For example under interactions with classic stochastic external fields [88] or in the
study of the continuous measurement processes [11,104].

4.1.4 Extensions of the weak coupling limit

Here we will discuss briefly some extensions of the weak coupling limit for interacting
systems, the reader can consult further details of these situations in the examples
analyzed in section 5.2.

Weak coupling for multipartite systems

Consider two equal (for simplicity) quantum systems and some environment, such
that the total Hamiltonian is given by

H = HA1 + HA2 + HE + αV.

Here HA1 (HA2) is the free Hamiltonian of the subsystem 1 (2), HE is the free Hamil-
tonian of the environment and αV denotes the interaction between the subsystems
and the environment. This interaction term can be written as V =

∑
k A

(1)
k ⊗Bk +

A
(2)
k ⊗Bk, where A

(1)
k (A

(2)
k ) are operators acting on the subsystem 1 (2), and Bk on

the environment. So the weak coupling limit for the whole state of both subsystems
ρ12 leads to a Markovian master equation like

dρ12(t)

dt
= −i[HA1 + HA2 + α2HLS, ρ12(t)] (4.45)

+ α2
∑

ω

∑

k,`

γk`(ω)

[
A`(ω)ρ12(t)A

†
k(ω)− 1

2
{A†

k(ω)A`(ω), ρ12(t)}
]

,

where Ak(ω) are linear combinations of A
(1)
k and A

(2)
k decomposed in eigenoperators

of [HA1 + HA2, ·]. Of course the form of these operators depend on the form of the
coupling. For instance, suppose that we have two identical environments that act
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locally on each subsystem V =
∑

k A
(1)
k ⊗B

(1)
k + A

(2)
k ⊗B

(2)
k then we will obtain

dρ12(t)

dt
= −i

2∑
j=1

[HA1 + HA2 + α2H
(j)
LS , ρ12(t)]

+ α2
∑

ω

∑

k,`

γ
(j)
k` (ω)

[
A

(j)
` (ω)ρ12(t)A

(j)†
k (ω)− 1

2
{A(j)†

k (ω)A
(j)
` (ω), ρ12(t)}

]
.

Consider now the case in which we perturb the free Hamiltonian of the subsys-
tems by an interaction term between them of the form βV12 (where β accounts
for the strength). Instead of using the interaction picture with respect to the
free evolution HA1 + HA2 + HB, the general strategy to deal with this problem
is considering the interaction picture including the interaction between subsystems
HA1 + HA2 + βV12 + HB, and then proceeds with the weak coupling method.

However if β is small, one can follow a different route. First, taking the interac-
tion picture with respect to HA1+HA2+HB, the evolution equation for the complete
system is

d

dt
ρ̃(t) = −iβ[Ṽ12(t), ρ̃(t)]− iα[Ṽ (t), ρ̃(t)] ≡ βV12(t)ρ̃(t) + αV(t)ρ̃(t).

Similarly as in section 4.1.1, we take projection operators

d

dt
P ρ̃(t) = βPV12(t)ρ̃(t) + αPVSB(t)ρ̃(t), (4.46)

d

dt
Qρ̃(t) = βQV12(t)ρ̃(t) + αQVSB(t)ρ̃(t), (4.47)

and find the formal solution to the second equation

Qρ̃(t) = G(t, 0)Qρ̃(0) + β

∫ t

0

dsG(t, s)QV12(s)P ρ̃(s)

+α

∫ t

0

dsG(t, s)QV(s)P ρ̃(s), (4.48)

where
G(t, s) = T e

∫ t
s dt′Q[βV12(t′)+αV(t′)].

Now the procedure is as follows, we introduce the identity 1 = P + Q just in the
last term of equation (4.46),

d

dt
P ρ̃(t) = βPV12(t)ρ̃(t) + αPV(t)P ρ̃(t) + αPV(t)Qρ̃(t),

whose formal integration yields

P ρ̃(t) = Pρ(0) + β

∫ t

0

dsPV12(s)ρ̃(s) + α

∫ t

0

dsPV(s)Qρ̃(s), (4.49)
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here we have used the condition PV(t)P = 0. Next we insert the formal so-
lution (4.48) into the last term. By assuming again an initial factorized state
“subsystems⊗enviroment” (Qρ(t0) = 0) we find

P ρ̃(t) = Pρ(0) + β

∫ t

0

dsPV12(s)ρ̃(s)

+

∫ t

0

ds

∫ s

0

duK1(s, u)P ρ̃(u) +

∫ t

0

ds

∫ s

0

duK2(s, u)P ρ̃(u),

where the kernels are

K1(s, u) = αβPV(s)G(s, u)QV12(u)P = 0,

K2(s, u) = α2PV(s)G(s, u)QV(u)P .

The first one vanishes because V12(s) commutes with P and QP = 0, and the second
kernel up to second order in α and β becomes

K2(s, u) = α2PV(s)QV(u)P +O(α3, α2β) = α2PV(s)V(u)P +O(α3, α2β).

Therefore the integrated equation of motion reads

P ρ̃(t) = Pρ(0) + β

∫ t

0

dsPV12(s)ρ̃(s)

+ α2

∫ t

0

ds

∫ s

0

duPV(s)V(u)P ρ̃(u) +O(α3, α2β).

If we consider small intercoupling β such that α & β, we can neglect the higher
orders and the weak coupling procedure of this expression (c.f. section 4.1.2) will
lead to the usual weak coupling generator with the Hamiltonian part βV12 added.
This is in Schrödinger picture

dρ12(t)

dt
= −i[HA1 + HA2 + βV12 + α2HLS, ρ12(t)] (4.50)

+ α2
∑

ω

∑

k,`

γk`(ω)

[
A`(ω)ρ12(t)A

†
k(ω)− 1

2
{A†

k(ω)A`(ω), ρ12(t)}
]

.

Compare equations (4.45) and (4.50).
Surprisingly, this method can provide good results also for large β under some

conditions, as discussed in section 5.2.

Weak coupling under external driving

Let us consider now a system A subject to an external time-dependent perturbation
βHext(t) and weakly coupled to some environment B, in such a way that the total
Hamiltonian is

H = HA + βHext(t) + HB + αV.
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In order to derive a Markovian master equation for this system we must take into
account of a couple of details. First, since the Hamiltonian is time-dependent the
generator of the master equation will also be time-dependent,

dρA(t)

dt
= LtρA(t),

whose solution defines a family of propagators E(t2, t1) such that

ρS(t2) = E(t2, t1)ρS(t1),

E(t3, t1) = E(t3, t2)E(t2, t1).

This family may be contractive (i.e. Markovian inhomogeneous) or just eventually
contractive (see section 2.4). Secondly, there is an absence of rigorous methods
to derive at a Markovian master equation (i.e. contractive family) in the weak
coupling limit when the system Hamiltonian is time-dependent, with the exception
of adiabatic regimes of external perturbations [105, 106]. Fortunately if the Hext(t)
is periodic in t one is able to obtain Markovian master equations, even though the
complexity of the problem increases.

On one hand, if β is small, in the spirit of the previous section we can expect
that the introduction of βHext(t) just in the Hamiltonian part of the evolution would
provide a good approximation to the motion,

dρA(t)

dt
= −i[HA + βHext(t) + α2HLS, ρA(t)] (4.51)

+ α2
∑

ω

∑

k,`

γk`(ω)

[
A`(ω)ρA(t)A†

k(ω)− 1

2
{A†

k(ω)A`(ω), ρA(t)}
]

.

which has the form of a Markovian master equation (3.28).
On the other hand, for larger β the only loophole seems to work in the interaction

picture generated by the unitary propagator

U(t1, t0) = T e−i
∫ t1

t0
[HA+βHext(t′)]dt′ .

Taking t0 = 0 without loss of generality, the time-evolution equation for ρ̃(t) =
U †(t, 0)ρ(t)U(t, 0) is

dρ̃(t)

dt
= −iα[Ṽ (t), ρ̃(t)]. (4.52)

Following an analogous procedure than that in section 4.1.2 for time-independent
generators, one immediately deals with the problem that it is not clear whether there
exists something similar to the eigenoperator decomposition of Ṽ (t) = U †(t, 0)V U(t, 0)
as in (4.24). Note however that since the dependency of the operator Hext(t) with t
is periodical one would obtain a differential problem for each Ak in (4.21)

dÃk(t)

dt
= −i[Ãk(t), HA + βHext(t)]. (4.53)
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with periodic terms. This kind of equations can be studied with the well-established
Floquet theory (see for example [82, 83]), particularly it is possible to predict if its
solution is a periodic function. In such a case, the operator in the new picture will
have a formal decomposition similar to (4.24), Ãk(t) =

∑
ω Ak(ω)eiωt, where now

Ak(ω) are some operators which do not necessarily satisfy a concrete eigenvalue
problem. However note that the importance of such a decomposition is that the
operators Ak(ω) are time-independent. This allows us to follow a similar procedure
to that used for time-independent Hamiltonians with the secular approximation,
and we will obtain the following

dρ̃A(t)

dt
= − i[α2HLS, ρ̃A(t)]

+ α2
∑

ω

∑

k,`

γk`(ω)

[
A`(ω)ρ̃A(t)A†

k(ω)− 1

2
{A†

k(ω)A`(ω), ρ̃A(t)}
]

,

where HLS =
∑

ω

∑
k,` Sk`(ω)A†

k(ω)A`(ω) of course. By coming back to Schrödinger
picture,

dρ̃A(t)

dt
= − i[HA + βHext(t) + α2HLS(t), ρ̃A(t)]

+ α2
∑

ω

∑

k,`

γk`(ω)

[
A`(ω, t)ρ̃A(t)A†

k(ω, t)− 1

2
{A†

k(ω, t)A`(ω, t), ρ̃A(t)}
]

here Ak(ω, t) = U(t, 0)Ak(ω)U †(t, 0). For these manipulations it is very useful to de-
compose (when possible) the unitary propagator as product of non-commuting expo-

nential operators U(t, 0) = e−iH0te−iH̃t where the transformation eiH0tH(t)e−iH0t =
H̃ remove the explicit time-dependence of the Hamiltonian.

A more systematic approach to this method based on the Floquet theory can be
found for instance in the work of H. -P. Breuer and F. Petruccione [11, 107], and
in [108].

There is a very important thing to note here. The change of picture given by a
time-dependent Hamiltonian can affect the “strength” α of V in a non-trivial way,
compared to the usual interaction picture with respect to time-independent Hamil-
tonians. Typically the α becomes multiplied and/or divided for some quantities like
the frequency of the time-dependence of Hext(t), and this can jeopardize the weak
coupling limit for some singular values of this quantities. For example one may ob-
tain things like “1/0” inside of Ṽ (t). A detailed study of this situation for a driven
harmonic oscillator can be found in section 5.2.2.

4.2 Non-Markovian case

The microscopic description of non-Markovian dynamics is much more involved than
the Markovian one, and developing efficient methods to deal with it is actually an
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active area of research nowadays. One of the reasons for this difficulty is that the al-
gebraic properties like contraction semigroups and/or evolution families are lost and
more complicated structures arise, e.g. evolution families which are only eventually
contractive. We have already mentioned the advantages of being consistent with
the UDM description if we start from a global product state. According to section
3.2.3 if the evolution family E(t,s) describes the evolution from s to t and the initial
global product state occurs at time t0, then it must be eventually contractive from
that point, i.e. ‖E(t,t0)‖ ≤ 1 for t ≥ t0. However it is possible that ‖E(t2,t1)‖ > 1 for
arbitrary t1 and t2. Up to date, there is not a clear mathematical characterization
of evolution families which are only eventually contractive and this makes it difficult
to check whether some concrete model is consistent.

There are non-Markovian cases where the environment is made of a few degrees
of freedom (see for example [109, 110], chapter 8, and references therein). This
allows one to make efficient numerical simulations of the whole closed system and
after that, just tracing out the environmental degrees of freedom, we obtain the
desired evolution of the open system.

However when the environment is large, a numerical simulation is completely
inefficient, unless the number of parameters involved in the evolution can be re-
duced, for example in case of Gaussian states (see chapter 5) or using numerical
renormalization group procedures [111–113]. For remaining situation, the choice of
a particular technique really depends on the context. For concreteness, we sketch
just a few of them in the following sections.

4.2.1 Integro-differential models

As we have seen in section 4.1.1 the exact evolution of a reduced system can be
formally written as an integro-differential equation (4.16),

d

dt
P ρ̃(t) =

∫ t

0

duK(t, u)P ρ̃(u),

with a generally very complicated kernel

K(t, u) = PV(t)G(t, u)QV(u).

Typically this kernel cannot be written in a closed form and, furthermore, the
integro-differential equation is not easily solvable. On the other hand, it is pos-
sible to perform a perturbative expansion of the kernel on the strength of V(t)
and proceed further than in the Markovian case, where the series is shortened at
the first non-trivial order (for an example of this see [114]). Of course, by making
this the complete positivity of the reduced dynamics is not usually conserved; and
one expects a similar accuracy for the time convolutionless method (at the same
perturbative order) explained in the next section, which is simpler to solve.

As an alternative to the exact integro-differential equation, several phenomeno-
logical approaches which reduce to a Markovian evolution in some limits has been
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proposed. For example, if L is the generator of a Markovian semigroup, an integro-
differential equation can be formulated as

dρ(t)

dt
=

∫ t

0

k(t− t′)L[ρ(t′)], (4.54)

where k(t− t′) is some function which accounts for “memory” effects, and simplifies
the complicated Nakajima-Zwanzig kernel. Of course, in the limit k(t − t′) →
δ(t − t′) the Markovian evolution is recovered. The possible choices for this kernel
which assure that the solution, E(t,0), is a UDM have been studied in several works
[115–117], being the exponential ansazt k(t− t′) ∝ geg(t−t′) the most popular.

Another interesting phenomenological integro-differential model is the so-called
post-Markovian master equation, proposed by A. Shabani and D. A. Lidar [118],

dρ(t)

dt
= L

∫ t

0

k(t− t′)eL(t−t′)[ρ(t′)], (4.55)

which also tends to the Markovian master equation when k(t−t′) → δ(t−t′). Further
studies about the application of these models and the conditions to get UDMs can
be found in [119–121].

Apart from these references, the structure of kernels which preserve complete
positivity has been analyzed in [122].

We should note however that, it has been recently questioned whether these
phenomenological integro-differential equations reproduce some typical features of
non-Markovian dynamics [123].

4.2.2 Time-convolutionless forms

The convolution in integro-differential models is usually an undesirable character-
istic because even when the equation can be formulated, the methods to find its
solution are complicated. The idea of the time-convolutionless (TCL) forms consist
of removing this convolution from the evolution equation to end up with an ordinary
differential equation. Behind this technique lies the property already expressed in
section 3.2.5 that a UDM, E(t,t0), can be expressed as the solution of the differential
equation (3.22)

dρA(t)

dt
= Lt[ρA(t)],

with generator Lt =
dE(t,t0)

dt
E−1

(t,t0). In general this equation generates an evolution

family that is not contractive, ‖E(t2,t1)‖ > 1, for some t1 and t2 and so non-Markovian.
However, it generates an eventually contractive family from t0 ‖E(t,t0)‖ ≤ 1, as the
map starting from t0, E(t,t0), is usually assumed to be UDM by hypothesis.

To formulate this class of equations from a microscopic model is not simple, al-
though it can been done exactly in some cases such as, the damped harmonic oscil-
lator [124,125] or the spontaneous emission of a two level atom [126,127]. In general
recipe is following again a perturbative approach. The details of this treatment are
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carefully explained in the original work [128] or in some textbooks (see [10, 11] for
instance). The key ingredient is to insert the backward unitary operator Ũ(s, t)
where s ≤ t defined in (4.19), ρ̃(s) = Ũ(s, t)ρ̃(t), into the formal solution of the
Qρ̃(t), Eq. (4.12),

Qρ̃(t) = G(t, 0)Qρ̃(0) +

∫ t

0

dsG(t, s)QV(s)PŨ(s, t)ρ̃(t).

Now, by introducing the identity 1 = P+Q between Ũ(s, t) and ρ̃(t), and considering
a factorized initial condition we obtain

[1−Υ(t)]Qρ̃(t) = Υ(t)P ρ̃(t),

here

Υ(t) = α

∫ t

0

dsG(t, s)QV(s)PŨ(s, t),

where we have rewritten V as αV .
Next, note that Υ(0) = 0 and Υ(t)|α=0 = 0, so that the operator [1−Υ(t)] may

be inverted at least for not too large couplings and/or too large t. In such a case we
would obtain

Qρ̃(t) = [1−Υ(t)]−1Υ(t)P ρ̃(t).

Introducing this in the second member of equation (4.9), the first term vanishes
since PV(t)P = 0, obtaining the differential equation

dPρ(t)

dt
= L̂t[Pρ(t)],

where
L̂t = αPV(t)[1−Υ(t)]−1Υ(t)P .

We can formally write the inverse operator as a geometric series

[1−Υ(t)]−1 =
∞∑

n=0

Υn(t),

and then the generator as

L̂t = αPV(t)
∞∑

n=1

Υn(t)P .

On the other hand, Υn(t) can be expanded in powers of α by introducing the ex-
pressions of G(t, s) and Ũ(s, t), in such a way that we can construct successive
approximations to L̂t in powers of α,

L̂t =
∑
n=2

αnL̂(n)
t .
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Here the sum starts from n = 2 because at lowest order Υ(t) ' α
∫ t

0
dsQV(s)P so

L̂(2)
t =

∫ t

0

dsPV(t)QV(s)P =

∫ t

0

dsPV(t)V(s)P ,

which leads actually to the differentiated version of equation (4.20), as expected at
lowest order. After a little bit of algebra, the next term in the expansion turns out
to be

L̂(3)
t =

∫ t

0

ds

∫ t

s

dt1PV(t)V(t1)V(s)P ,

and further terms can be calculated in the same fashion.
In addition, D. Chruściński and A. Kossakowski [129] have recently shown the

equivalence between integro-differential equations and TCL equations. They con-
nect both generators by means of a Laplace transformation showing some kind of
complementarity between both methods. That is, if the integral kernel is simple,
the TCL generator is highly singular, and viceversa.

On the other hand, given a TCL equation and an initial condition at time t0, the
problem of knowing whether its solution E(t,t0) is a UDM, i.e. a completely positive
map, is an open question for non-Markovian regime. Note that the perturbative
expansion at finite order of the TCL generator can generally break the complete
positivity (in the same fashion as a finite perturbative expansion of a Hamiltonian
dynamics breaks the unitary character). So the classification of the TCL generators
which are just eventually contractive from a given time t0 is an important open
problem in the field of the dynamics of open quantum systems. Partial solutions
have been given in the qubit case [130] and in the case of commutative generators
Lt [131, 132]. For this latter case [Lt1 ,Lt2 ] = 0, for all t1 and t2, so that the time
ordering operator has no effect and the solution is given by

E(t,t0) = e
∫ t

t0
Lt′dt′

.

Therefore, certainly E(t,t0) is completely positive if and only if
∫ t

t0
Lt′dt′ has the

standard form (3.33) for every final t.

4.2.3 Dynamical coarse graining method

The dynamical coarse-graining method was recently proposed by G. Schaller and T.
Brandes [133,134] as a way to avoid the secular approximation under weak coupling
while keeping the complete positivity in the dynamics. Later on this method has
been used in other works [135, 136]. Here we briefly explain the main idea and
results.

Consider the total Hamiltonian (4.1) and the usual product initial state ρ(0) =
ρA(0)⊗ρB, where ρB is a stationary state of the environment. At interaction picture
the reduced state of the system at time t as a function of the total initial state is

ρ̃A(t) = TrB

[
U(t, 0)ρA(0)⊗ ρBU †(t, 0)

]
, (4.56)
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where

U(t, 0) = T e−iα
∫ t
0 Ṽ (t′)dt′ ,

is the unitary propagator, and α again denotes the strength of the interaction. Next
we introduce the expansion of the propagator up to the first non-trivial order in
equation (4.56)

ρ̃A(t) = ρA(0)− α2

2
T

∫ t

0

dt1

∫ t

0

dt2TrB

[
Ṽ (t1),

[
Ṽ (t2), ρA(0)⊗ ρB

]]
+O(α3),

here we have assumed again that the first order vanishes Tr[Ṽ (t)ρB] = 0 like in
(4.15). Let us take a closer look to structure of the double time-ordered integral

T
∫ t

0

dt1

∫ t

0

dt2TrB

[
Ṽ (t1),

[
Ṽ (t2), ρA(0)⊗ ρB

]]

=

∫ t

0

dt1

∫ t

0

dt2θ(t1 − t2)TrB

[
Ṽ (t1),

[
Ṽ (t2), ρA(0)⊗ ρB

]]

+

∫ t

0

dt1

∫ t

0

dt2θ(t2 − t1)TrB

[
Ṽ (t2),

[
Ṽ (t1), ρA(0)⊗ ρB

]]

≡ L(2)
1 [ρA(0)] + L(2)

2 [ρA(0)] + L(2)
3 [ρA(0)],

where by expanding the double commutators we find the three kind of terms, L(2)
1 ,

L(2)
2 and L(2)

3 . The first one appears twice, it is

L(2)
1

2
[ρA(0)] = −

∫ t

0

dt1

∫ t

0

dt2θ(t1 − t2)TrB

[
Ṽ (t1)ρA(0)⊗ ρBṼ (t2)

]

+θ(t2 − t1)TrB

[
Ṽ (t1)ρA(0)⊗ ρBṼ (t2)

]

= −
∫ t

0

dt1

∫ t

0

dt2[θ(t1 − t2) + θ(t2 − t1)]

TrB

[
Ṽ (t1)ρA(0)⊗ ρBṼ (t2)

]

= −
∫ t

0

dt1

∫ t

0

dt2TrB

[
Ṽ (t1)ρA(0)⊗ ρBṼ (t2)

]
,

because obviously the step functions cancel each other. Taking in account the other
analogous term (that is the corresponding to interchange t1 ↔ t2 in the double
commutators) we can write the total contribution as

L(2)
1 [ρA(0)] = −2TrB [ΛρA(0)⊗ ρBΛ] ,

where Λ =
∫ t

0
Ṽ (t′)dt′.
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The second term goes like

L(2)
2 [ρA(0)] =

∫ t

0

dt1

∫ t

0

dt2θ(t1 − t2)TrB

[
Ṽ (t1)Ṽ (t2)ρA(0)⊗ ρB

]

+θ(t2 − t1)TrB

[
Ṽ (t2)Ṽ (t1)ρA(0)⊗ ρB

]

=

∫ t

0

dt1

∫ t

0

dt2[θ(t1 − t2) + θ(t2 − t1)]

TrB

[
Ṽ (t2)Ṽ (t1)ρA(0)⊗ ρB

]

+θ(t1 − t2)TrB

{
[Ṽ (t1), Ṽ (t2)]ρA(0)⊗ ρB

}

= TrB

[
Λ2ρA(0)⊗ ρB

]

+

∫ t

0

dt1

∫ t

0

dt2θ(t1 − t2)TrB

{
[Ṽ (t1), Ṽ (t2)]ρA(0)⊗ ρB

}
.

And similarly the remaining term can be expressed as

L(2)
3 [ρA(0)] = TrB

[
ρA(0)⊗ ρBΛ2

]

−
∫ t

0

dt1

∫ t

0

dt2θ(t1 − t2)TrB

{
ρA(0)⊗ ρB[Ṽ (t1), Ṽ (t2)]

}
.

Thus putting everything together ρ̃A(t) ≡ ρA(0) + Lt[ρA(0)] +O(α3) with

Lt[ρA(0)] = −α2

2

(
L(2)

1 [ρA(0)] + L(2)
2 [ρA(0)] + L(2)

3 [ρA(0)]
)

≡ −i[H t
LS, ρA(0)] +Dt[ρA(0)].

Here the self-adjoint operator H t
LS is

H t
LS =

α2

2i

∫ t

0

dt1

∫ t

0

dt2θ(t1 − t2)TrE

{
[Ṽ (t1), Ṽ (t2)]ρB

}
,

and the “dissipative” part is given by

Dt[ρA(0)] = α2TrB

[
ΛρA(0)⊗ ρBΛ− 1

2

{
Λ2, ρA(0)⊗ ρB

}]
.

By using the spectral decomposition of ρB it is immediate to check that for any
fixed t, Lt has the Kossakowski-Lindblad form (3.33).

Since at first order

ρ̃A(t) = (1+ Lt)ρA(0) +O(α3) ' eL
t

ρA(0), (4.57)

the “dynamical coarse graining method” consists of introducing a “coarse graining
time” τ and defining a family of generators of semigroups by

L̄τ ≡ Lτ

τ
.
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And the corresponding family of differential equations

ρ̃τ
A(t) = L̄τ ρ̃τ

A(t),

which solution
ρ̃τ

A(t) = etL̄τ

ρA(0), (4.58)

will obviously coincide with (4.58) up to second order when taking τ = t, this is
ρτ=t

A (t) = ρA(t).
Therefore we have found a family of semigroups (4.57) which have the Kossakowski-

Lindblad form for every τ and give us the answer to the evolution for a particular
value of τ (τ = t). This implies that the complete positivity of the dynamics is
preserved as we desire. In addition, one may want to write this evolution as a TCL
equation, i.e. to find the generator Lt such that the solution of

d

dt
ρA(t) = Lt[ρA(t)]

fulfills ρA(t) = ρt
A(t). That is given as in (3.22),

Lt =

[
d

dt
eL̄

tt

]
e−L̄

tt =

[
d

dt
eL

t

]
e−L

t

.

Particularly for large times t → ∞, this generator Lt tends to the usual weak
coupling generator (4.34) (in the interaction picture). This is expected because the
upper limit of the integrals in the perturbative approach will tend to infinity and the
non-secular terms ei(ω′−ω)t will disappear for large t (because of proposition 4.1.1),
which is actually equivalent to what we obtain by taking the limit α → 0 in the
rescaled time. Details are found in [133].
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Part II

Interacting Systems under
Markovian Dynamics
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Chapter 5

Composite systems of harmonic
oscillators

5.1 A closer look into the damped harmonic os-

cillator

Despite the weak coupling limit is mathematically well defined, from the practical
point of view the conditions under which these Markovian master equations are
derived are not always entirely clear. In most of the literature, and particularly
in quantum optics, they generally involve informal approximations motivated by a
variety of microscopic models. This makes the range of validity of these equations to
be not totally well defined. The situation becomes even worse as the complexity of
the open system increases. In particular, it is not an easy question to decide whether
the dynamics of a composite, possibly driven, quantum system can be described via
a Markovian master equation, and if so, in what parameter regime.

The main purpose of this section is to take closer look into the damped harmonic
oscillator problem, showing in which parameter regime the Markovian master equa-
tion precisely approximates the real dynamics. We leave the case of the interacting
harmonic systems for the next section 5.2. To make such a study we compare the
evolution generated by the Markovian master equation with the results of an exact
simulation of the unitary dynamics of system plus environment. We take advantage
that there exist a particular, but wide class of simple states, the so-called Gaussian
states, which are entirely characterized by the first and second moments of their
position and momentum operators. The evolution inside this class of states is there-
fore particularly simple to track. Next we review some of the basic properties of the
Gaussian states [137].

5.1.1 Gaussian states

For any system of n canonical degrees of freedom, such as n harmonic oscillators,
or n modes of a field, we can combine the 2n conjugate operators corresponding to
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position and momentum into a convenient row vector,

R = (x1, x2, ..., xn, p1, p2, ..., pn)T. (5.1)

The usual canonical commutation relations (CCR) then take the form

[Rk, Rl] = i~σkl, (5.2)

where the skew-symmetric real 2n × 2n matrix σ is called the symplectic matrix.
For the choice of R above, σ is given by,

σ =

[
0 1n

−1n 0

]
. (5.3)

One may also choose a mode-wise ordering of the operators, R = (x1, p1, ..., xn, pn)T,
in which case the symplectic matrix takes on the form,

σ =
n⊕

j=1

[
0 1
−1 0

]
. (5.4)

Canonical transformations of the vectors S : R → R′ are then the real 2n−dimensional
matrices S which preserve the kinematic relations specified by the CCR. That is,
the elements transform as R′

a = SabRb, under the restriction,

SσST = σ. (5.5)

This condition defines the real 2n-dimensional symplectic group Sp(2n,R). For any
element S ∈ Sp(2n,R), the transformations −S, ST and S−1 are also symplectic
matrices, and the inverse can be found from S−1 = σSTσ−1. The phase space
then adopts the structure of a symplectic vector space, where (5.4) expresses the
associated symplectic form. Rather than considering unitary operators acting on
density matrices in a Hilbert space, we can instead think of all the quantum dynamics
taking place on the symplectic vector space. Quantum states are then represented
by functions defined on phase space, the choice of which is not unique, and common
examples include the Wigner function, Q-function and the P -function [13,81]. Often
one has a particular benefit for a given physical problem, however for our purposes
we shall consider the (Wigner) characteristic function χρ(ξ), which we define through
the Weyl operator

Wξ = eiξTσR, ξ ∈ R2n (5.6)

as
χρ(ξ) = Tr[ρWξ]. (5.7)

Each characteristic function uniquely determines a quantum state. These are related
through a Fourier-Weyl transform, and so the state ρ can be obtained as

ρ =
1

(2π)2n

∫
d2nξχρ(−ξ)Wξ. (5.8)
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We then define the set of Gaussian states as those with Gaussian characteristic
functions. Equivalent definitions based on other phase space functions also exist,
but for our choice we consider characteristic functions of the form,

χρ(ξ) = χρ(0)e−
1
4
ξTCξ+DTξ, (5.9)

where C is a 2n× 2n real symmetric matrix and D ∈ R2n is a vector. Thus, a Gaus-
sian characteristic function, and therefore any Gaussian state, can be completely
specified by 2n2 + 3n real parameters. The first moments give the expectation val-
ues of the canonical coordinates dj = Tr[Rjρ] and are related to D by d = σ−1D,
while the second moments make up the covariance matrix defined by

Cj,k = 2Re Tr[ρ(Rj − 〈Rj〉ρ)(Rk − 〈Rk〉ρ)]. (5.10)

These are related to C by the relation C = σTCσ. It is often the case that only
the entanglement properties of a given state are of interest. As the vector d can be
made zero by local translations in phase space, one can specify the state entirely
using the simpler relation,

Cj,k = 2Re Tr[ρRjRk]. (5.11)

However, in this work we shall predominantly use the relation (5.10). Using this
convention, we mention two states of particular interest; the vacuum state, and the
n-mode thermal state. Both take on a convenient diagonal form. In case of the
vacuum this is simply the identity C = 12n, while for the thermal state the elements
are given by

Cj,k = δjk

(
1 +

2

eωj/T − 1

)
, (5.12)

where ωj is the frequency of the jth mode, and the equilibrium temperature is given
by T .

Operations on Gaussian states

We now consider Gaussian transformations. As the Rj are self-adjoint and irre-
ducible, given any real symplectic transform S, the Stone-von Neumann theorem
tells us there exists a unique unitary transformation US acting on H such that
USWξU

†
S = WSξ. Of particular interest are those operators, UG, which transform

Gaussian states to Gaussian states. To this end, we consider the infinitesimal gen-
erators G, of Gaussian unitaries UG = e−iεG = 1 − iεG + O(ε2). Then to preserve
the (Weyl) canonical commutation relations, the generators G must have the form
G =

∑2n
j,k=1 gjk(RjRk − RkRj)/2 [137]. It follows that Hamiltonians quadratic in

the canonical position and momentum operators (and correspondingly the creation
and annihilation operators) will be Gaussian preserving, in particular, the Hamilto-
nian for n simple harmonic oscillators, H =

∑n
j=1 ωja

†
jaj. It is for this reason that

harmonic oscillators provide such a useful testing ground for many body systems.
An additional, though simple, property worth highlighting is the action of the

partial trace. Using the expression for the density matrix (5.8), it is straightforward
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to see the effect of the partial trace operation on the characteristic function. If we
take a mode-wise ordering of the vector R = (R1, R2), where R1 and R2 split two
subspaces of n1 and n2 conjugate variables corresponding to partitions of the state
space of ρ into H = H1 ⊗H2, then the partial trace over H2 is given by

Tr2(ρ) =
1

(2π)2n1

∫
d2n1ξ1χρ(−ξ1)Wξ1 . (5.13)

That is, we need only consider the characteristic function χ(ξ1) associated to the

vector ~R1. At the level of covariance matrices, we simply discard elements corre-
sponding to variances including any operators in ~R2, and so the partial trace of a
Gaussian state will itself remain Gaussian.

Finally, we make some remarks regarding closeness of two Gaussian states. Given

ρ1 and ρ2 the fidelity between them is defined as F (ρ1, ρ2) =
(
Tr

√√
ρ1ρ2

√
ρ1

)2
, and

is a measure of how close both quantum system are each other. Actually a distance
measure can be defined as DB =

√
1− F which is essentially the same as the Bures

distance [138]
(
D2

Bures(ρ1, ρ2) = 2− 2
√

F (ρ1, ρ2)
)
. This distance will be very useful

for quantifying how well the dynamics generated by a Markovian master equation
approximate the real one.

In general the fidelity is quite difficult to compute, however in the case of Gaus-
sian states Scutaru has given closed formulas in terms of the covariance matrix [139].
For example, in case of one mode Gaussian states ρG1 and ρG2, with covariance ma-
trices C(1) and C(2) and displacement vectors d(1) and d(2) respectively, their fidelity
is given by the formula

F (ρG1, ρG2) =
2√

Λ + Φ−√Φ
exp

[
−δT

(C(1) + C(2)
)−1

δ
]
, (5.14)

where Λ = det
[C(1) + C(2)

]
, Φ = det

(C(1) − 1
)
det

(C(2) − 1
)

and δ =
(
d(1) − d(2)

)
.

5.1.2 Damped harmonic oscillator

We now first consider a single harmonic oscillator damped by an environment con-
sisting of M oscillators (see figure 5.1). We want to know under which conditions
the Markovian master equation that we derived in section 4.1.2. To this aim we will
approach the exact dynamical equations of the whole system when M is large; these
will be solved via computer simulation, and we can then compare this solution with
the one obtained using the master equation.

The Hamiltonian for the whole system will be given by (~ = 1)

H = Ωa†a +
M∑

j=1

ωja
†
jaj +

M∑
j=1

gj(a
†aj + aa†j). (5.15)

Note that the coupling to the bath has been considered in the rotating wave approx-
imation (RWA), which is a good description of the real dynamics for small damping
Ω À max{gj, j = 1, . . . , M} (e.g. in the weak coupling limit) [140].
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Figure 5.1: Model for a damped harmonic oscillator. The central grey sphere rep-
resents the damped oscillator which is coupled to a large number of environmental
oscillators (blue spheres) with different frequencies ωj via the coupling constants gj,
These are chosen in agreement with an Ohmic spectral density (5.16).

For definiteness, in this paper we have chosen to distribute the environmental
oscillators according to an Ohmic spectral density with exponential cut-off. In the
continuous limit, this has the form [15]

J(ω) =
M∑
j

g2
j δ(ω − ωj) → αωe−ω/ωc , (5.16)

where α is a constant which modifies the strength of the interaction and ωc is the so-
called cutoff frequency. Clearly J(ω) increases linearly for small values of ω, decays
exponentially for large ones, and has its maximum at ω = ωc. Of course any other
choice of spectral density could have been taken, but this in turn would require a
re-analysis of the master equations’ range of validity.

Exact solution

The exact solution of this system can be given in terms of the time-evolution of the
collection {a, aj} in the Heisenberg picture [81]. From (5.15) we have

iȧ = [a,H] = Ωa +
M∑

j=1

gjaj, (5.17)

iȧj = [aj, H] = ωjaj + gja, (5.18)

and so by writing A = (a, a1, a2, . . . , aM)T, the system of differential equations may
be expressed as

iȦ = WA, (5.19)
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where W is the matrix

W =




Ω g1 g2 · · · gM

g1 ω1

g2 ω2
...

. . .

gM ωM




, (5.20)

and the solution of the system will be given by

A(t) = TA(0), T = e−iWt. (5.21)

Analogously, the evolution of the creation operator will be

−iȦ† = WA† ⇒ A†(t) = T †A†(0), T † = eiWt, (5.22)

where A† = (a†, a†1, . . . , a
†
M)T.

We can also compute the evolution of position and momentum operators X =
1
2
(A + A†) and P = 1

2i
(A− A†),

X(t) =
1

2
[TA(0) + T †A†(0)]

=
1

2
{T [X(0) + iP (0)] + T †[X(0)− iP (0)]}

= TRX(0)− TIP (0), (5.23)

and similarly

P (t) = TIX(0) + TRP (0), (5.24)

in these expressions, TR and TI are the self-adjoint matrices defined by

T = TR + iTI ⇒
{

TR = T+T †
2

= cos(Wt)

TI = T−T †
2i

= − sin(Wt)
. (5.25)

So, the time-evolution of the vector R = (x, x1, . . . , xM , p, p1, . . . , pM)T will be given
by

R(t) = MR(0) =

(
TR −TI

TI TR

)
R(0), (5.26)

note that the size of M is 2(M + 1)× 2(M + 1).

Due to the linearity in the couplings in H, an initial (global) Gaussian state
ρG will remain Gaussian at all times t, and so we can restrict our attention to the
evolution of its covariance matrix

Ci,j = 〈RiRj + RjRi〉 − 2〈Ri〉〈Rj〉. (5.27)
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Particularly, since we are interested in just the first oscillator, we only need the
evolution of the 2 × 2 submatrix {Cij; i, j = 1,M + 2}. The evolution of pairs of
position and momentum operators is

〈Ri(t)Rj(t)〉 =
∑

k,`

Mi,kMj,`〈Rk(0)R`(0)〉, (5.28)

and similarly for products of expectation values 〈Ri(t)〉〈Rj(t)〉. So the elements of
the covariance matrix at time t will be

Ci,j(t) = 〈Ri(t)Rj(t) + Rj(t)Ri(t)〉 − 2〈Ri(t)〉〈Rj(t)〉
=

∑

k,`

Mi,kMj,`[〈Rk(0)R`(0) + R`(0)Rk(0)〉 − 2〈Rk(0)〉〈R`(0)〉]

=
∑

k,`

Mi,kMj,`Ck,`(0),

and for the first oscillator we have

C1,1(t) =
∑

k,`

M1,kM1,`Ck,`(0) = (M1, CM1), (5.29)

C1,M+2(t) = CM+2,1(t) =
∑

k,`

M1,kMM+2,`Ck,`(0) = (M1, CMM+2),(5.30)

CM+2,M+2(t) =
∑

k,`

MM+2,kMM+2,`Ck,`(0) = (MM+2, CMM+2), (5.31)

here (·, ·) denotes the scalar product, and the vectors M1 and MM+2 are given by

M1 = (M1,1,M1,2, . . . ,M1,2M+2)
T, (5.32)

MM+2 = (MM+2,1,MM+2,2, . . . ,MM+2,2M+2)
T. (5.33)

Markovian master equation

The damped harmonic oscillator is a standard example for the derivation of master
equations (see for example [4,11,81,141]). The Markovian master equation is given
by (see section 4.1.2)

d

dt
ρ(t) = −iΩ̄[a†a, ρ(t)] + γ(n̄ + 1)

(
2aρ(t)a† − a†aρ(t)− ρ(t)a†a

)

+γn̄
(
2a†ρ(t)a− aa†ρ(t)− ρ(t)aa†

)
, (5.34)

where Ω̄ is a renormalized oscillator energy arising for the coupling to the environ-
ment

Ω̄ = Ω + ∆, ∆ = P.V.

∫ ∞

0

dω
J(ω)

Ω− ω
, (5.35)
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n̄ is the mean number of bath quanta with frequency Ω, given by the Bose-Einstein
distribution

n̄ = nB(Ω, T ) =

[
exp

(
Ω

T

)
− 1

]−1

, (5.36)

and γ is the decay rate, which is related to the spectral density of the bath J(ω) =∑
j g2

j δ(ωj − ω) via
γ = πJ(Ω). (5.37)

Note that the shift ∆ is independent of the temperature, and although its effect is
typical small (e.g. [11,141]) we will not neglect it in our study. For an ohmic spectral
density the frequency shift is

∆ = αP.V.

∫ ∞

0

dω
ωe−ω/ωc

Ω− ω
= αΩe−Ω/ωcEi (Ω/ωc)− αωc,

where Ei is the exponential integral function defined as

Ei(x) = −P.V.

∫ ∞

−x

e−t

t
dt.

In addition, note that the equation (5.34) is Gaussian preseving [142], as it is the
limit of a linear interaction with an environment and so the total system remains
Gaussian while the partial trace also preserves Gaussianity.

Comparison with the simulation

Discreteness of the bath

We saw in section 4.1.2 that, in order to avoid a finite recurrence time and make
convergent the weak coupling limit, the number of environment degrees of freedom
should strictly tend to infinity. Thus, the finite number of oscillators in the bath
produces revivals in the visualized dynamical quantities for times t < τR, where τR

is the recurrence time of the bath. Of course, the time after which these revivals
arise increases with the number of oscillators in the bath, and roughly speaking it
scales as τR ∝ M . This behaviour is shown in figure 5.2, where the distance (in

terms of the fidelity) between the simulated state ρ
(s)
S and the one generated by the

Markovian master equation ρ
(m)
S is plotted as a function of the time and the number

of oscillators. We chose the system initially in a thermal state with temperature
TS = 30.

Therefore we can still test the validity of the Markovian master equation with
only a finite, yet still large environment model, as long as the domain of interest is
restricted to early times.
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Figure 5.2: Color map showing the dependency of the recurrence times with the size
of the bath. The rest of the parameters are the same as in figure 5.3.

Effect of the Lamb shift

Next, we have plotted the variance of the x coordinate for two different initial
states of the system, these are a thermal and a squeezed state, see figure 5.3. The
last plot clearly illustrates the closeness of the results for the Markovian master
equation, when compared to the effect of the Lamb shift.

Temperature

It is sometimes claimed that for ohmic spectral densities the Markovian master
equation (5.34) is not valid at low temperatures [15, 141]. Of course, one must
make clear the context in which this claim is made, and so for definiteness, let us
focus on the validity with respect to the bath temperature. A detailed discussion of
this situation can be found in the book by Carmichael [141]. There the argument
is based on the width of the correlation function C12(s) = Tr[B̃1(s)B2ρth], where
B†

1 = B2 =
∑M

j=1 gjaj, which increases for an Ohmic spectral density as the bath
temperature decreases. More specifically, as we saw in section 4.1.2 in the derivation
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Parameters:
- Ω = 2, α = 1/500
- ωc = 3, ωmax = 20,
- Oscillators in Bath: 350,
- TB = 1.

Figure 5.3: Comparison of the evolution of 2(∆x)2 for an initially thermal and
squeezed (vacuum) state. The bottom plot shows the effect of the Lamb shift,
which produce a “slippage” in the squeezed state variances.

of the Markovian master equation, two kinds of correlation functions appear,

C12(s) = Tr[B̃1(s)B2ρth] =
∑

j,k

gkgje
iωjsTr[a†jakρth]

=
M∑
j

g2
j e

iωjsn̄(ωj, T ),

and

C21(s) = Tr[B̃2(s)B1ρth] =
∑

j,k

gkgje
−iωjsTr[aja

†
kρth]

=
M∑
j

g2
j e
−iωjs[n̄(ωj, T ) + 1].
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We may call C12(s) ≡ C(−s, T ) and C21(s) ≡ C(s, T ) + C0(s), and so in the contin-
uous limit

C0(s) =

∫ ∞

0

J(ω)e−iωsdω = α

∫ ∞

0

ωe−iω(s−ω−1
c )dω =

αω2
c

(isωc + 1)2
,

and

C(s, T ) =

∫ ∞

0

J(ω)e−iωsn̄(ω, T )dω = αT 2ζ

(
2, 1− isT +

T

ωc

)
,

where here ζ(z, q) =
∑∞

k=0
1

[(q+k)2]z/2 is the so-called Hurwitz Zeta function, which is

a generalization of the Riemann zeta function ζ(z) = ζ(z, 1) [143].
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Figure 5.4: On the left, the absolute value of the correlation function is plotted for
several temperatures while the FWHH as a function of temperature is represented
on the right.

In the left plot of figure 5.4, the absolute value of C(s, T ) is plotted for different
temperatures. Note that the spreading of the correlation function is mainly caused
by its “height” decrease, that is, in the limit T → 0, C(s, T ) → 0. So one may
also expect that the contribution of these correlations to the motion becomes less
important as T → 0, in such a way that the problem of the infinite width can
be counteracted, and this is indeed what seems to happen. To visualize this more
carefully we have plotted in the right of figure 5.4 the full weight at half height
(FWHH) for both C0(s) and C(s, T ). Recall that in order to make valid the Marko-
vian approximation, the typical time scale for the evolution of the system due to
its interaction with the bath τS must be large in comparison with the decay time
τB of the correlation functions. Loosely speaking, this can be characterized by the
FWHH.

From figure 5.4 one sees that for small temperatures τB (i.e. FWHH) is quite
large, so it is expected that the Markovian approximation breaks down for values of
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T such that τS . τB. However if α is small enough this will happen for values where
the contribution of C(s, T ) to the shift and the decays is negligible in comparison
with the contribution of C0(s), whose FWHH will remain constant and small with
respect to τS. As a rough estimation, using the parameters in figure 5.3, we find
that to get a value of the FWHH comparable with τS ∼ 1/

√
α ∼ 22.4, we need a

temperature of at least T ∼ 0.05. Both contributions enter in the Markovian master
equation derivation via some convolution with the quantum state and one oscillating
factor. We may get a very informal idea of how both contributions matter by looking
at their maximum values at s = 0, for example C(s = 0, T = 0.05) = 3.27391×10−7

and C0(s = 0) = 0.018, and so it is clear that C(s, T = 0.05) will not have a
large effect on the dynamics. For large temperatures the FWHH of C(s, T ) remains
small though now larger than C0(s), so it is expected that in the limit of high
temperatures the accuracy of the Markovian master equation stabilizes to a value
only a little worse than for T = 0.

All of these conclusions are illustrated in figure 5.5, where the fidelity between the
state from the simulation and that from the Markovian master equation is plotted.
The behaviour at very early times is mainly related to the choice of the initial state of
the system, and reflects how it adjusts to the state of the bath under the Markovian
evolution [99], different tendencies have been found depending on the choice of
initial state. However the behaviour with temperature is visible at longer times
(since τB ∼ FHWW increases with T ) which is in agreement with the conclusions
drawn from the correlation functions (see small subplot). At zero temperature (blue
line) the results are in closest agreement, however, as the temperature is increased
to T = 0.1 the correlation function broadens, which leads to a degradation (albeit
small) in the modelling precision. As the temperature increases further, the influence
of this correlation function becomes more important and the FWHH decreases to a
limiting value (see the plot on the right of figure 5.4), this convergence is reflected by
the red, cyan and purple lines which show that the accuracy at large temperatures
stabilizes to only a little worse than that at T = 0, as was expected from figure 5.4.

In summary, the Markovian master equation (5.34) does not properly describe
the stimulated emission/absorption processes (the ones which depend on C(s, T ))
for low temperatures, however the temperatures when this discrepancy is apparent
are so small that the contribution from stimulated process are negligible in compar-
ison with spontaneous emission, and so the discrepancy with the Markovian master
equation is never large.

Assumption of factorized dynamics ρ(t) = ρS(t)⊗ ρth

As we pointed out in section 4.1.2, an effective method to derive the Markovian
master equation consist of iterating the von Neumann equation (4.18) twice and
assuming that the whole state factorizes as ρ(t) ≈ ρS(t) ⊗ ρth at any time (see
also [4, 11, 84, 141]). Taking advantage of the ability to simulate the entire system
we are going to show explicitly that the physical state of the system and environment
is far to be a factorization for all time. For that we have plotted the distance between
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- ωc = 3, ωmax = 20,

- Oscillators in Bath: 1000,
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Figure 5.5: Fidelity between the simulated state ρS and that given by the Markovian
master equation time evolution ρM , for several temperatures. For large times (see
inset plot) temperature does not play a very significant role in the accuracy while
for small times the accuracy depends mainly on the choice of the initial state of the
system (see discussion in the text).

the simulated whole state ρ(t) and the ansatz ρS(t)⊗ ρth as a function of time, see
figure 5.6. On the left we have plotted the distance for M = 350 oscillators in
the bath, actually we have checked from several simulations that the results turn
out to be independent of the number of oscillators as long as the maximum time
is less than the recurrence time of the system. From figure 5.2 we see that t = 50
is less than the recurrence time for M = 175, and so we have used this value and
plotted the distance for different coupling strengths on the right. It is clear that this
distance is monotonically increasing in time (strictly, in the limit of an environment
with infinite degrees of freedom), and the slope decreases with coupling strength.
Therefore we stress again that this is an effective approach, without any physical
meaning on the real state ρ.
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- Ω = 2, α = 1/500
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Figure 5.6: Distance between the simulated states ρS(t)⊗ ρth and ρ(t) as a function
of time; on the left side, different numbers of oscillators in the bath are plotted
(obtaining the same result on that time scale), and on the right side, different values
of the coupling constant have been taken.

5.2 Markovian master equations for interacting

systems

The damped harmonic oscillator is the canonical example used in most references
to discuss both Markovian and non-Markovian open system dynamics (see for in-
stance [4, 11, 13, 15, 80, 81, 141] and references therein) and exact solutions in the
presence of a general environment are known [124, 144]. However the dynamics of
coupled damped oscillators, including those interacting with a semiclassical field, are
significantly less studied, with most analysis focusing on evaluating the decoherence
of initially entangled states provided that certain dynamical evolution, Markovian
or not, is valid [145]. Recently, an exact master equation for two interacting har-
monic oscillators subject to a global general environment was derived [146]. In this
section we will focus on the derivation of Markovian master equations for interacting
systems.

We have extensively studied two damped systems. We start our analysis by
analyzing the dynamics of two interacting harmonic oscillators (section 5.2.1), find-
ing Markovian master equations for both weak and strong internal coupling. We
finally address the dynamics of an harmonic oscillator driven by a semiclassical field
(section 5.2.2), where different Markovian master equations have been obtained and
studied depending on the values of the external Rabi frequency and the detuning
from the oscillator’s natural frequency.
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5.2.1 Two coupled damped harmonic oscillators

We now consider two coupled harmonic oscillators, which for simplicity we take to
have the same frequency Ω1 = Ω2 = Ω, and each locally damped by their own
reservoir (see figure 5.7), the Hamiltonian of the whole system is

H = H01 + H02 + V12 + HB1 + HB2 + V1B1 + V2B2, (5.38)

where the free Hamiltonians are given by

H01 = Ωa†1a1, H02 = Ωa†2a2,

HB1 =
M∑

j=1

ω1ja
†
1ja1j, HB2 =

M∑
j=1

ω2ja
†
2ja2j,

with the couplings to the baths,

V1B1 =
M∑

j=1

g1j(a
†
1a1j + a1a

†
1j),

V2B2 =
M∑

j=1

g2j(a
†
2a2j + a2a

†
2j),

and the coupling between oscillators,

V12 = β(a†1a2 + a1a
†
2).

As in the previous section we have employed here the rotating wave approximation,
and so we assume Ω À β. For the case of Ω ∼ β we must keep the antirotating
terms a1a2 and a†1a

†
2. However note that the eigenfrequencies of the normal modes

become imaginary if ω < 2β (see for example [147]) and the system then becomes
unstable, so even when keeping the antirotating terms, we must limit β if we wish
to keep the oscillatory behaviour.

Exact solution

For the exact solution, the extension to two oscillators follows closely that of a single
damped harmonic oscillator (see section 5.1.2). Again, we work in the Heisenberg
picture, and wish to solve for the vector A = (a1, a11, . . . , a1M , a2, a21, . . . , a2M)T,
given the differential equation,

iȦ = WA, (5.39)
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Figure 5.7: The same model as figure 5.1 for the case of two damped harmonic
oscillators coupled together with strength β.

where W is now given by the matrix

W =




Ω1 g11 · · · g1M β
g11 ω12
...

. . .

g1M ω1M

β Ω2 g21 · · · g2M

g21 ω21
...

. . .

g2M ω2M




. (5.40)

The simulation process is then analogous to that of section 5.1.2.

Markovian master equations

Unfortunately, as we explained in the point 4.1.4, the derivation of a Markovian
master equation for coupled systems introduces a number of additional complica-
tions. If the oscillators are uncoupled β = 0, it is obvious that the Markovian master
equation for their joint density matrix will be a sum of expressions like (5.34),

d

dt
ρS(t) = −i[Ω̄a†1a1 + Ω̄a†2a2, ρS(t)] +D1[ρS(t)] +D2[ρS(t)], (5.41)

where

Dj[ρS(t)] = γj(n̄j + 1)
(
2ajρS(t)a†j − a†jajρS(t)− ρS(t)a†jaj

)

+γjn̄j

(
2a†jρS(t)aj − aja

†
jρ(t)− ρS(t)aja

†
j

)
, (5.42)

here each frequency shift, decay rate and number of quanta are individually com-
puted via equations (5.36), (5.37) and (5.35) for each bath j. However for finite
intercoupling we split the analysis in two subsections.
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Small intercoupling β

If β is sufficiently small to not affect the shift and decay rates, we deduced in
section 4.1.4 that a Markovian master equation of the form

d

dt
ρS(t) = −i[Ω̄a†1a1 + Ω̄a†2a2 + V12, ρS(t)] +D1[ρS(t)] +D2[ρS(t)], (5.43)

will be a good description of the real dynamics. In addition, this kind of approxi-
mation is often made in other contexts such as with damped systems driven by a
classical field [141]. Such a case will be analyzed in detail in section 5.2.2.

Large intercoupling β

To go further we must work in the interaction picture generated by the Hamil-
tonian H0 = Hfree + V12 and apply the procedure of the weak coupling limit.

First, let us write the Hamiltonian of the two oscillator system in a more conve-
nient way

H12 = H01 + H02 + V12 = (a†1, a
†
2)

(
Ω1 β
β Ω2

)(
a1

a2

)
.

We can diagonalize this quadratic form by means of a rotation to get

H12 = Ω+b†1b1 + Ω−b†2b2,

where

Ω± =
(Ω1 + Ω2)±

√
4β2 + (Ω1 − Ω2)2

2
,

and the creation and annihilation operators in the rotated frame are given by

b1 = a1 cos(α)− a2 sin(α),

b2 = a1 sin(α) + a2 cos(α),

with the angle specified by

tan(α) =
2β

(Ω1 − Ω2)−
√

4β2 + (Ω1 − Ω2)2
.

The new operators satisfy the standard bosonic commutation rules [bi, b
†
j] = δij, and

so this is nothing more than the decomposition of an oscillatory system in normal
modes. For simplicity, let us now take Ω1 = Ω2 = Ω, and so

Ω± = Ω± β,

{
b1 = 1√

2
(a1 + a2)

b2 = 1√
2
(a1 − a2)

,

note that RWA approximation implies Ω À β so both normal mode frequencies are
positive.
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We can reexpress the interactions with the baths in terms of these new operators,

V1B1 =
M∑

j=1

g1j√
2
[(b†1 + b†2)a1j + (b1 + b2)a

†
1j],

V2B2 =
M∑

j=1

g2j√
2
[(b†1 − b†2)a2j + (b1 − b2)a

†
2j],

the benefit of this is that it allows us to easily deal with the interaction picture with
respect to H0 = H12 + HB1 + HB2. In the weak coupling limit we obtain,

d

dt
ρ̃S(t) = −

∫ ∞

0

dt′TrB1[Ṽ1B1(t), [Ṽ1B1(t− s), ρ̃S(t)⊗ ρth1]]

−
∫ ∞

0

dsTrB2[Ṽ2B2(t), [Ṽ2B2(t− s), ρ̃S(t)⊗ ρth2]], (5.44)

where we have noted PV1B1V2B2P = PV2B2V1B1P = 0. Each of the above terms
correspond, essentially, to one of a pair of two free harmonic oscillators with fre-
quencies Ω+ and Ω−, coupled to a common bath. Consequently, we can deal with
them separately. Starting with the first term

L1(ρ̃S) = −
∫ ∞

0

dsTrB1[Ṽ1B1(t), [Ṽ1B1(t− s), ρ̃S(t− s)⊗ ρth1]], (5.45)

we decompose the interaction in to eigenoperators of [H12, ·] (see section 4.1.2)

V1B1 =
∑

k

Ak ⊗Bk, (5.46)

with

A1 =
1√
2
(b1 + b2), A2 =

1√
2
(b†1 + b†2),

B1 =
M∑

j=1

g1ja
†
1j, B2 =

M∑
j=1

g1ja1j. (5.47)

Notice the A1 operator can be written as A1 = A1(Ω+) + A1(Ω−), where A1(Ω+) =
b1/
√

2 and A1(Ω−) = b2/
√

2 are already the eigenoperators of [H12, ·] with eigen-
values −Ω+ and −Ω− respectively. Similarly A2 = A2(−Ω+) + A2(−Ω−), with
A2(−Ω+) = b†1/

√
2 and A2(−Ω−) = b†2/

√
2, and so we can write (5.46) as

V1B1 =
∑

k

Ak ⊗Bk =
∑

ν,k

Ak(ν)⊗Bk =
∑

ν,k

A†
k(ν)⊗B†

k, (5.48)

which in interaction picture becomes

Ṽ1B1(t) =
∑

ν,k

e−iνtAk(ν)⊗ B̃k(t) =
∑

ν,k

eiνtA†
k(ν)⊗ B̃†

k(t).
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Now, for the first element of Eq. (4.26) (in the limit s →∞), we have

Γ1,1(ν) =
∑

j,j′
g1jg1j′

∫ ∞

0

dsei(ν−ω1j)sTr
(
ρth

B1a1ja
†
1j′

)

=
M∑

j=1

g2
1j

∫ ∞

0

dsei(ν−ω1j)s[n̄1(ω1j) + 1], (5.49)

where the mean number of quanta in the first bath n̄1(ω1j) with frequency ω1j,
is given by the Bose-Einstein distribution (5.36). Going to the continuous limit
we take M → ∞ and introduce the spectral density of the first bath J1(ω) =∑

j g2
1jδ(ω − ω1j),

Γ1,1(ν) =

∫ ∞

0

dωJ1(ω)

∫ ∞

0

dsei(ν−ω)s[n̄1(ω) + 1].

Assuming ν > 0, we split into real and imaginary parts,

Γ1,1(ν) = γ1(ν)[n̄1(ν) + 1] + i[∆1(ν) + ∆′
1(ν)],

where according to section 4.1.2

γ1(ν) = πJ1(ν),

∆1(ν) = P.V.

∫ ∞

0

dω
J1(ω)

ν − ω
,

∆′
1(ν) = P.V.

∫ ∞

0

dω
J1(ω)n̄1(ω)

ν − ω
. (5.50)

Similar calculations give (ν > 0)

Γ1,2(−ν) = Γ2,1(ν) = 0, (5.51)

Γ2,2(−ν) = γ1(ν)n̄1(ν)− i∆′
1(ν). (5.52)

Thus, equation (5.45) becomes

L1(ρ̃S) =
∑

ν,ν′
ei(ν′−ν)tΓ1,1(ν)[A1(ν)ρ̃S(t), A†

1(ν
′)]

+ ei(ν−ν′)tΓ∗1,1(ν)[A1(ν
′), ρ̃S(t)A†

1(ν)]

+ ei(ν′−ν)tΓ2,2(ν)[A2(ν)ρ̃S(t), A†
2(ν

′)]

+ ei(ν−ν′)tΓ∗2,2(ν)[A2(ν
′), ρ̃S(t)A†

2(ν)]. (5.53)

Next we perform the secular approximation; the cross terms ν ′ 6= ν in the above ex-
pression, which go as e±2βti, can be neglected provided that 2β is large in comparison
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with the inverse of the relaxation rate (β À α) and so we obtain

L1(ρ̃S) = − i
∆1(Ω+)

2
[b†1b1, ρ̃S(t)]− i

∆1(Ω−)

2
[b†2b2, ρ̃S(t)]

+ γ1(Ω+)[n̄1(Ω+) + 1]

(
b1ρ̃S(t)b†1 −

1

2
{b†1b1, ρ̃S(t)}

)

+ γ1(Ω+)n̄1(Ω+)

(
b†1ρ̃S(t)b1 − 1

2
{b1b

†
1, ρ̃S(t)}

)

+ γ1(Ω−)[n̄1(Ω−) + 1]

(
b2ρ̃S(t)b†2 −

1

2
{b†2b2, ρ̃S(t)}

)

+ γ1(Ω−)n̄1(Ω−)

(
b†2ρ̃S(t)b2 − 1

2
{b2b

†
2, ρ̃S(t)}

)
. (5.54)

Returning to equation (5.44), for the second term,

L2(ρ̃S) = −
∫ ∞

0

dsTrB1[Ṽ2B2(t), [Ṽ2B2(t− s), ρ̃S(t)⊗ ρth2]],

the situation is essentially the same, since the minus sign in b2 only modifies the cross
terms, which we neglect in the secular approximation. Following similar steps as in
the above we obtain the same form (5.54) for L2, with the replacements γ1 → γ2,
∆1 → ∆2 and n̄1 → n̄2, where the subscript 2 refers to the corresponding expression
with the spectral density and temperature of the second bath. Therefore putting
together both quantities, and returning to the Schrödinger picture

d

dt
ρS(t) = − i [Ω1 + ∆1(Ω+)/2 + ∆2(Ω+)/2] [b†1b1, ρS(t)]

− i [Ω2 + ∆1(Ω−)/2 + ∆2(Ω−)/2] [b†2b2, ρS(t)]

+ {γ1(Ω+)[n̄1(Ω+) + 1]

+ γ2(Ω+)[n̄2(Ω+) + 1]}
(

b1ρS(t)b†1 −
1

2
{b†1b1, ρS(t)}

)

+ [γ1(Ω+)n̄1(Ω+) + γ2(Ω+)n̄2(Ω+)]

(
b†1ρS(t)b1 − 1

2
{b1b

†
1, ρS(t)}

)

+ {γ1(Ω−)[n̄1(Ω−) + 1]

+ γ2(Ω−)[n̄2(Ω−) + 1]}
(

b2ρS(t)b†2 −
1

2
{b†2b2, ρS(t)}

)

+ [γ1(Ω−)n̄1(Ω−) + γ2(Ω−)n̄2(Ω−)]

(
b†2ρS(t)b2 − 1

2
{b2b

†
2, ρS(t)}

)
.

It is manifestly clear that this equation is of the Kossakowski-Lindblad form. Finally,
we rewrite the operators b1 and b2 in terms of a1 and a2 to arrive at
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d

dt
ρS(t) = −i[Ω̄a†1a1 + Ω̄a†2a2 + β̄

(
a1a

†
2 + a†1a2

)
, ρS(t)]

+
2∑

j,k

K
(E)
jk

[
ajρS(t)a†k +

1

2
{a†kaj, ρS(t)}

]

+
2∑

j,k

K
(A)
jk

[
a†jρS(t)ak +

1

2
{aka

†
j, ρS(t)}

]
, (5.55)

here

Ω̄ = Ω + [∆1(Ω+) + ∆2(Ω+) + ∆1(Ω−) + ∆2(Ω−)]/4,

β̄ = β + [∆1(Ω+) + ∆2(Ω+)−∆1(Ω−)−∆2(Ω−)]/4,

and K
(E)
jk and K

(A)
jk are two positive semidefinite Hermitian matrices with coefficients

K
(E)
11 = K

(E)
22 = {γ1(Ω+)[n̄1(Ω+) + 1] + γ2(Ω+)[n̄2(Ω+) + 1]

+ γ1(Ω−)[n̄1(Ω−) + 1] + γ2(Ω−)[n̄2(Ω−) + 1]}/2, (5.56)

K
(E)
12 = K

(E)∗
21 = {γ1(Ω+)[n̄1(Ω+) + 1] + γ2(Ω+)[n̄2(Ω+) + 1]

− γ1(Ω−)[n̄1(Ω−) + 1]− γ2(Ω−)[n̄2(Ω−) + 1]}/2, (5.57)

K
(A)
11 = K

(A)
22 = [γ1(Ω+)n̄1(Ω+) + γ2(Ω+)n̄2(Ω+)

+ γ1(Ω−)n̄1(Ω−) + γ2(Ω−)n̄2(Ω−)]/2, (5.58)

K
(A)
12 = K

(A)∗
21 = [γ1(Ω+)n̄1(Ω+) + γ2(Ω+)n̄2(Ω+)

− γ1(Ω−)n̄1(Ω−)− γ2(Ω−)n̄2(Ω−)]/2, (5.59)

where γj, ∆j and n̄j are evaluated according to the spectral density and temperature
of the bath j and Ω± = Ω± β.

Note that in order to neglect the non-secular terms which oscillate with a phase
e±2iβt, we must impose β À α, therefore the resultant equation is, in some sense,
complementary to (5.43) valid if α & β.

It is worth mentioning that similar equations for coupled harmonic oscillators
have been given previously (see for example [148,149]), but not in the Kossakowski-
Lindblad form, since in those derivations the secular approximation is not taken.

Comparison with the simulation

By virtue of the derivation, equations (5.43) and (5.55) preserve both complete
positivity and Gaussianity (because they arise from a linear interaction with the
environment). Thus we can test their regimes of validity using simulations of Gaus-
sian states, and the appropriate fidelity formulas. In figure 5.8 we have plotted the
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Equation (59)

TB1 = 30, TB2 = 10, β = 10−3

TB1 = 10, TB2 = 10, β = 10−3

TB1 = 30, TB2 = 10, β = 0.1

TB1 = 10, TB2 = 10, β = 0.1

Parameters:
- Ω = 2, α = 1/500
- ωc = 3, ωmax = 20,
- Oscillators in Bath: 350,
- TS1 = TS2 = 20.

Figure 5.8: On the left, the fidelity between the simulated state ρ
(s)
S and that ac-

cording to the Markovian master equation (5.43). The analog using the Markovian
master equation (5.55) is plotted on the right. In both plots the parameters and
legends are the same.

fidelity between both states for the Markovian master equation (5.43) (left side) and
for (5.55) (right side).

From these results one concludes that when modeling a system with multiple
baths at different temperatures equations (5.43) and (5.55) are each accurate in
their theoretically applicable regimes. However, for baths at the same temperature,
it seems both equations give good results. A natural, and important, question is
to ask is whether an intermediate range of couplings exist, such that neither (5.43)
or (5.55) give useful results. In figure 5.9 the fidelity between the simulation and
the Markovian master equation states have been plotted for both equations at fixed
time t = 100 as a function of the intercoupling strength β.

We see that for the parameters shown on the plot, there is a small range between
β ∼ 0.01− 0.02 where neither Markovian master equation obtains a high precision.
However, note that this range becomes smaller as the coupling with the bath de-
creases, and so generally both master equations cover a good range of values of β.

Baths with the same temperature

We now examine the role of the bath temperatures in more detail. Since the
simulations seem to produce good results for both Markovian master equations when
the temperature of the local baths are the same, regardless of the strength of the
intercoupling, it is worth looking at why this happens. In the case of equation (5.55)
it is reasonable to expect that this will remain valid for small β, because when β → 0
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Eq. (58)

Eq. (59)

Parameters:
- t = 100
- Ω = 2, α = 1/500,
- ωc = 3, ωmax = 20,
- Oscillators in Bath: 350,
- TS1 = TS2 = 20,
- TB1 = 30, TB2 = 10.

Figure 5.9: Fidelity between the simulated state ρ
(s)
S and ρ

(m)
S according to the

Markovian master equations (5.43) and (5.55) at fixed time as a function of the
coupling between the damped oscillators.

this equation approaches (5.43) if the bath temperatures and spectral densities are
the same. That is, the off-diagonal terms of the matrices K(E) and K(A) do not
contribute much, β̄ ∼ β and the rest of coefficients become approximately equal to
those in (5.43). Note this only happens under these conditions.

Essentially the same argument applies to equation (5.43) in the large β limit.
On the one hand, for a relatively small value of β (= 0.1) in comparison to ω, the
off-diagonal elements of the matrices K(E) and K(A) in the master equation (5.55)
are unimportant in comparison with the diagonals. On the other hand, the diagonal
terms are also alike for the same reason, and so both master equations will be quite
similar. However note that at later times the behaviour of both equations start to
differ, and the steady states are not the same. By construction, the steady state
of equation (5.55) is the thermal state of the composed system (see section 4.1.2),
whereas that of master equation (5.43) is not (although it tends to the thermal state
as β → 0 of course). Surprisingly the divergences between both equations, even for
large times, are actually very small, see figure 5.10. In some cases, while the steady
state of (5.43) is not strictly thermal, the fidelity with that of (5.55) is more than
99.999%.

5.2.2 Driven damped harmonic oscillator

One situation which is also interesting to analyze is that of adding a driving term in
the Hamiltonian of the damped oscillator. At this stage we consider again one single
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Figure 5.10: Fidelity between states ρ
(m1)
S and ρ

(m2)
S corresponding to Markovian

master equations (5.43) and (5.55) respectively.

oscillator, damped by a thermal bath and driven by a coherent field (figure 5.11).
This is described by a semiclassical Hamiltonian in the rotating wave approximation:

H(t) = Ωa†a + r(a†e−iωLt + aeiωLt) +
M∑

j=1

ωja
†
jaj +

M∑
j=1

gj(a
†aj + aa†j), (5.60)

here ωL is the frequency of the incident field and r the Rabi frequency.

Figure 5.11: A single damped oscillator interacting with a classical incident field
with Rabi frequency r.
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Exact solution

To obtain the exact solution of this system let us consider for a moment the Schrödinger
picture,

d|ψ(t)〉
dt

= −iH(t)|ψ(t)〉.
We solve this equation by means of the unitary transformation Urot(t) = eiHrott

where Hrot = ωL

(
a†a +

∑M
j=1 a†jaj

)
. Making the substitution |ψ̃(t)〉 = Urot(t)|ψ(t)〉

we immediately obtain

d|ψ̃(t)〉
dt

= i[Hrot − Urot(t)H(t)U †
rot(t)]|ψ̃(t)〉 = −iH0|ψ̃(t)〉,

where H0 = (Ω− ωL)a†a + r(a + a†) +
∑M

j=1(ωj − ωL)a†jaj +
∑M

j=1 gj(a
†aj + aa†j) is

time-independent. Returning to the Schrödinger picture, the evolution of the states
is then,

|ψ(t)〉 = U(t, 0)|ψ(0)〉 = e−iHrotte−iH0t|ψ(0)〉.
In order to avoid differential equations with time-dependent coefficients, we can
study the evolution in a X-P time rotating frame; in that frame the annihilation
(and creation) operators ã = e−iHrottaeiHrott will evolve according to

ã(t) = U †(t, 0)e−iHrottaeiHrottU(t, 0) = eiH0tae−iH0t.

That is

i ˙̃a = [ã, H0] = (Ω− ωL)ã +
M∑

j=1

gj ãj + r, (5.61)

i ˙̃aj = [ãj, H0] = (ωj − ωL)ãj + gj ã, (5.62)

which is quite similar to (5.17) but with the additional time-independent term r.
Following the notation of section 5.1.2 we can write

i ˙̃A = W0Ã + b,

here b = (r, 0, . . . , 0)T and W0 is found from (5.20) as W −ωL1. The solution of this
system of differential equations is

Ã(t) = e−iW0t

[
A(0)− i

∫ t

0

dseiW0sb

]
.

If W0 is invertible this equation can be written as

Ã(t) = e−iW0t
[
A(0) + W−1

0 b
]−W−1

0 b, (5.63)

Analogously to (5.23) and (5.24) we find

X̃(t) = T 0
RX(0)− T 0

I P (0) + T 0
RW−1

0 b−W−1
0 b, (5.64)

P̃ (t) = T 0
I X(0) + T 0

RP (0) + T 0
I W−1

0 b, (5.65)
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where T 0
R and T 0

I are as in (5.25) for W0. Thus, by writing

M0 =

(
T 0

R −T 0
I

T 0
I T 0

R

)
, B =

(
(T 0

R − 1)W−1
0 b

T 0
I W−1

0 b

)
,

we find that the position and momentum expectation values evolve as

R̃(t) = M0R(0) + B. (5.66)

Note that in this case the first moments of the state change, despite 〈R(0)〉 = 0.
To calculate the evolution of the covariance matrix, we proceed in the same way as
before,

〈R̃i(t)R̃j(t)〉 =
∑

k,`

M0
i,kM0

j,`〈Ri(0)Rj(0)〉+
∑

k

M0
i,k〈Rk(0)〉Bj

+Bj

∑

k

M0
j,`〈R`(0)〉+ BiBj, (5.67)

and analogously for the solutions for 〈R̃j(t)R̃i(t)〉 and 〈R̃i(t)〉〈R̃j(t)〉. Combining
these terms, we find the B cancel and so, in a similar fashion to (5.29),(5.30) and
(5.31),

C̃1,1(t) = (M0
1, C(0)M0

1),

C̃1,M+2(t) = C̃M+2,1(t) = (M0
1, CM0

M+2)

C̃M+2,M+2(t) = (M0
M+2, CM0

M+2), (5.68)

where, of course, M0
1 and M0

2 are as in (5.33) for M0.

Markovian master equations

Following the method explained in section 4.1.4 we will be able to obtain Markovian
master equations valid for large (to some degree) Rabi frequencies, even though
the complexity of the problem has increased. In our derivation, we will distinguish
between three cases: these will be when the Rabi frequency is very small; when the
driving is far off resonance (|ωL−Ω| À 0) and finally the identical case without the
secular approximation.

In these three cases we find a Markovian master equation with the structure

d

dt
ρS = −i[Ω̄a†a + r̄eiωLta + r̄∗e−iωLta†, ρS] +D(ρS),

where D is given by (5.42) (for one oscillator), Ω̄ = Ω+∆ is the same as for a single
damped oscillator, and r̄ is a renormalized Rabi frequency due to the effect of the
bath. Note that as the incident field alters the position operator of the oscillator,
which in turn couples to the bath, one should expect that the field is itself also
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affected by the environment. For small Rabi frequencies an argument similar to
section 5.2.1 gives simply

r̄ = r, (5.69)

whereas, when the driving field is far from resonance, |ωL − Ω| À 0, we obtain

r̄ = r

[
1 +

∆(Ω) + iγ(Ω)

Ω− ωL

]
. (5.70)

Finally, if we do not make the secular approximation, the renormalized Rabi fre-
quency yields

r̄ = r

[
1 +

∆(Ω) + iγ(Ω)

Ω− ωL

− ∆(ωL) + iγ(ωL)

Ω− ωL

]
. (5.71)

To derive a completely positive Markovian master equation valid for large Rabi
frequencies r we work in the interaction picture generated by the unitary propagator

U(t1, t0) = T e−i
∫ t1

t0
H1(t′)dt′ , where

H1(t) = Ωa†a + r(a†e−iωLt + aeiωLt) +
M∑

j=1

ωja
†
jaj. (5.72)

Taking t0 = 0 without lost of generality, the time-evolution equation for ρ̃(t) =
U †(t, 0)ρ(t)U(t, 0) is

˙̃ρ(t) = −i[Ṽ (t), ρ̃(t)], (5.73)

so by following the analogous procedure for time-independent generators, to get
something similar to the eigenoperator decomposition for Ṽ (t) = U †(t, 0)V U(t, 0)
(V =

∑M
j=1 gj(a

†aj + aa†j)). We note that the operator Ã1(t) = ã(t) satisfies a
differential equation with periodic terms

i ˙̃a(t) = [ã(t), H0(t)] = Ωã(t) + re−iωLt. (5.74)

Thus, provided that its solution is also periodic Ãk(t) =
∑

ν Ak(ν)eiνt (see section
4.1.4) there is not further problem in the derivation. Note once more that the
importance of such a decomposition is that the operators Ak(ν) are themselves
time-independent.

The solution to equation (5.74), with the initial condition ã(0) = a and for
Ω 6= ωL is given by

ã(t) =
r(e−iωLt − e−iΩt) + a(ωL − Ω)e−iΩt

ωL − Ω
, (5.75)

so in this case the solution is periodic and the desired decomposition Ã1(t) =∑
ν A1(ν)eiνt is

Ã1(t) = A1(ωL)e−iωLt + A2(Ω)e−iΩt,

where A1(ωL) = r
ωL−Ω

1 and A1(Ω) = a− r
ωL−Ω

1 = a− A1(ωL). Similarly

Ã2(t) = A2(−ωL)eiωLt + A2(−Ω)eiΩt,
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with A2(−ωL) = r
ωL−Ω

1 = A1(ωL) and A2(−Ω) = a†− r
ωL−Ω

1 = a−A2(−ωL). Thus
we get an equation analogous to (5.53), where the coefficients are:

Γ11(ν) = γ(ν)[n̄(ν) + 1] + i[∆(ν) + ∆′(ν)], (ν > 0)

Γ12(ν) = Γ21(ν) = 0,

Γ22(ν) = γ(−ν)n̄(−ν)− i∆′(−ν) (ν < 0).

Before continuing note that in the perturbative series of (5.73), the “strength” of the
interaction Ṽ (t) is now not solely dependent on the coupling with the bath. This
is because the operators A(ν) depend linearly on r

wL−Ω
, so when this ratio becomes

large we expect that the approximation breaks down, i.e. for r À 1 or very close to
resonance |wL − Ω| ≈ 0.

Next we assume that the detunning is large enough |ωL−Ω| À α, |ωL−Ω|2 À αr
in order to make the secular approximation and after some tedious, but straightfor-
ward, algebra we find the master equation in the interaction picture to be

d

dt
ρ̃S = − i[∆(Ω)a†a− ∆(Ω)r

ωL − Ω
(a + a†)

+
γ(Ω)r

ωL − Ω

a− a†

i
, ρ̃S] +D(ρ̃S), (5.76)

where D(·) has again the form of (5.42) for one oscillator. Finally, on returning to
the Schrödinger picture we have,

d

dt
ρS = −i[H1(t), ρS] + U(t, 0) ˙̃ρSU †(t, 0)

= −i[Ω̄a†a + r̄eiωLta + r̄∗e−iωLta†, ρS] +D(ρS), (5.77)

where Ω̄ = Ω + ∆(Ω) and r̄ is given by (5.70). It is worth noting that at first order
in r and the coupling α we obtain equation (5.69). This is as expected, given the
arguments in section 4.1.4.

For an arbitrary driving frequency a Markovian master equation is difficult to
obtain as we cannot, in general, make the secular approximation (apart from the
perturbative condition |wL − Ω| � 0). This can be illustrated in the extreme case
of resonance ωL = Ω. Solving equation (5.74) under this condition we find

ã(t) = e−iΩt(a− irt), (5.78)

and so one can see that ã(t) is not a periodic function, so the desired decomposition
as a sum of exponentials with time-independent coefficients does not exist. On the
other hand, the decomposition (5.75) tends to (5.78) in the limit ωL → Ω, so we
may attempt to work with this decomposition and wonder whether on resonance
the new master equation holds in this limit as well (in fact, we have shown that
this is not true in section 5.2.2). The only problem to deal with is the possible lack
of positivity due to the absence of the secular approximation. However, note that
in this particular case only a commutator term arises from the cross terms in the
analog of equation (5.53), so positivity is not lost. In fact, we obtain an equation
similar to (5.77) except for an additional correction to the Rabi frequency, which is
Eq. (5.71). Note that to first order in r and α we again obtain the result (5.69).
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Comparison with the simulation

In this case the range of validity of each equation is now more ambiguous than in
previous sections where we have dealt with undriven systems. Which one is more
appropriate is going to be discovered by simulation, although one could suppose that
the more elaborate equations (5.70) and (5.71) would provide the better approxima-
tion. However, there is still the question of how effective they are, and whether the
additional effort required to obtain them is worthwhile in comparison to the simpler
equation (5.69).

In addition note that in every case the covariance matrix is unaffected by the
driving term, which only produce a change in the first moments. Furthermore, as
the fidelity is invariant under unitary operations, we are always free to work in the
frame rotating with the field. Therefore, all calculations can be performed with the
rotating observables.
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- Ω = 2, α = 1/500,
- |ωL −Ω| = 0.1, r = 1,
- ωc = 3, ωmax = 20,
- Oscillators in Bath: 700,
- TS = 0, TB = 5

Parameters:
- Ω = 2, α = 1/500,
- |ωL −Ω| = 5, r = 1,
- ωc = 3, ωmax = 20,
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- TS = 0, TB = 5

Figure 5.12: Fidelity between ρ
(s)
S and ρ

(m)
S for different renormalized Rabi frequen-

cies (5.69), (5.70) and (5.71). An example of off resonance is shown on the left,
whereas the plot on the right is close to resonance.

In figure 5.12 the fidelities are plotted for close to and far from resonance. Com-
pare the amount of disagreement with the fidelity of a single damped oscillator in
figure 5.5. For global features, the more elaborate equation (5.71) works better in
both cases, although the difference with (5.69) is very small. As expected, the choice
of (5.70) is preferable to the choice of (5.69) when out of resonance, but gives quite
poor results when close to resonance. However, when off resonance the difference
among the three choices is essentially small.

Given these results, it is worthwhile to look at how the fidelities at one fixed
time vary as a function of the detunning, this is done in figure 5.13 (note we choose
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a large value for the time, so we avoid the potentially confusing effect due to the
oscillatory behaviour depicted in figure 5.12).
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- t = 200, r = 1,
- ωc = 3, ωmax = 20,
- Oscillators in Bath: 700,
- TS = 0, TB = 5

Figure 5.13: Fidelity between ρ
(s)
S and ρ

(m)
S for different renormalized Rabi frequen-

cies (5.69), (5.70) and (5.71) as a function of the detunning.

Here we see that both (5.70) and (5.71) fail close to resonance, as was expected
from the perturbative approach. Equation (5.69) gives good results due to the small
Rabi frequency, however note in comparison to (5.71) the accuracy quickly drops off
as we move away from ωL − Ω = 0. A similar effect can be seen when compared to
(5.70) for larger detunnings.

Finally, in figure 5.14 we test the dependency of the fidelities on the strength of
the Rabi frequencies far from resonance. Here the worst behaviour is observed for
(5.69), as expected.

In summary, for the case of a driven damped harmonic oscillator the difference
in accuracy among Markovian master equations is generally small. Equations (5.70)
and (5.71) work better except in the case of resonance, where (5.69) gives more
accurate results, as long as the Rabi frequency is small. The justification to use one
equation over another will depend on the context and the accuracy which one wants
to obtain, but given that the differences are so small the simplest choice (5.69) seems
to be the more “economical” way to describe the dynamics.

5.2.3 Some conclusions

We have obtained and studied the range of validity of different Markovian master
equations for interacting harmonic oscillators by means of exactly simulating the
dynamics, and comparing the predictions with those obtained from evolving the
system using the Markovian master equations. In particular,
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Figure 5.14: Fidelity between ρ
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cies (5.69), (5.70) and (5.71) as a function of the Rabi frequency.

• We analysed two strategies for finding completely positive Markovian master
equations for two harmonic oscillators coupled together under the effect of
local baths, indicating that both are complementary in their range of validity.
Moreover, when the temperature of the local baths is the same the difference
between them is quite small.

• In the same spirit, we derived time inhomogeneous completely positive Marko-
vian master equations for a damped oscillator which is driven by an external
semi-classical field. We studied the validity of each one and pointed out that
completely positive dynamics can be obtained even without secular approxi-
mation (for these kinds of inhomogeneous equations).

Despite the fact that we have focused on harmonic oscillator systems, the proposed
method is general and we expect that non-harmonic systems should behave in a
similar manner with respect to the validity of the equations. This suggest that the
general conclusions made here are widely applicable to any other settings involving
a weak interaction with an environment.

In this regard, we hope that the present results may help in providing a better
understanding and a transparent description of noise in interacting systems, includ-
ing those situations where the strength of the internal system interaction is large.
There are currently many quantum scenarios open to the use of these techniques, in-
cluding realizations of harmonic and spin chains in systems of trapped ions [150,151],
superconducting qubits [152] and nitrogen-vacancy (NV) defects in diamond [153].

Moreover, interacting systems subject to local reservoirs have been recently
treated under the assumption of weak internal system interaction in theoretical
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studies ranging from the excitation transport properties of biomolecules [154–159]
to the stability of topological codes for quantum information [160–162].
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Chapter 6

Stochastic resonance phenomena in spin
chains

6.1 Introduction

The phenomenon of stochastic resonance (SR) [163] epitomizes the peculiar ways
by which the interplay between coherent and incoherent interactions may yield an
optimized system’s response, as quantified by some suitable figure of merit, for
some intermediate noise strength [164]. Initial studies on classical and semiclassical
systems soon extended to the quantum domain [164–169], while the concept of SR
itself broadened to account for an enhanced response in the presence of an optimal
noise rate with [170–172] or without [173–175] an underlying synchronization effect
[176]. Our interest here focuses on this latter situation with the additional ingredient
that we will be dealing with interacting quantum systems [177]. In this case, the
system may display not only quantum coherence but also quantum correlations
(entanglement) across subsystems. The typical scenario we will be analyzing is
depicted, in its simplest form, in figure 6.1. Two spin–1/2 particles (qubits) are
coupled via a Hamiltonian interaction VQ−Q and individually driven whilst subject
to local forms of noise that we will model as independent sets of harmonic oscillators.
The driving is supposed to be weak, in the sense that the external Rabi frequency
Ωj is constrained to be such that Ωj ¿ (ωj

0 +ωj
L) and Ωj ∼ J , where ωj

0 denotes the
local spin energy (~ = 1), ωj

L the frequency of the driving and J is the inter-qubit
coupling strength. We will say that the system displays SR–like behaviour when we
can identify some suitable figure of merit to characterize the system response in the
steady state, be it dynamical or information–theoretic, such that it is nonmonotonic
as a function of the environmental noise strength. Dynamical figures of merit for
coupled, driven spin systems are typically magnetization properties along a given
direction [178], which provide a suitable generalization of the standard measurements
proposed for single spin systems [170, 173]. Here we will focus on an information
theoretic approach and adopt the quantum mutual information, which measures the
total amount of correlations across any bipartition in the system [179, 180], as the
suitable figure of merit to quantify the presence of SR [181]. Of particular interest
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for us is discerning whether there is steady state entanglement in the system. In
the case of bipartite entanglement this will be quantified by a suitable entanglement
measure like, for instance, the entanglement of formation [182, 183] (see section 6.2
for precise definitions).

We have organized the presentation of our results as follows. We start by dis-
cussing the case of system qubits subject to pure decay. We first revise the case
of longitudinally coupled qubits discussed in [178] and revisit in some detail the
basic mechanisms yielding an inseparable mixed steady state. We show that sim-
ilar results hold when qubits couple via an exchange interaction, which has been
the object of recent interest in the related context of noise assisted excitonic trans-
port [154–158, 184–187]. The next section deals with systems subject to pure de-
phasing and we show that no steady-state correlations will be displayed in this case.
Finally we analyze the case when the array is subject to both types of noise and
re-evaluate the emergence of a threshold, above which quantum correlations are non
zero, in this situation, as well as the behaviour of the total correlation content. The
final section summarizes the content of this chapter.

6.2 Steady state entanglement in qubit chains sub-

ject to longitudinal decoherence (pure decay)

The system to study is a chain of N coupled qubits, each of them interacting with
independent, local, harmonic baths and driven by an external field, so the total

Figure 6.1: Illustration of the generic set up. The simplest scenario if provided by an
array of N = 2 qubit systems, whose quantum state we denote by ρ12, with coherent
interaction Hamiltonian VQ−Q subject locally to an external driving of strength Ωj

and a decohering environment to which it couples with strength Γj. Note that the
noise is local and therefore does not act as direct mediator of qubit interactions.
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system plus environment Hamiltonian will be given by

H = −1

2

N∑
j=1

ωj
0σ

j
z +

∑

j,k

ωj
k(a

j
k)
†aj

k +
N∑

j=1

Ωj(σ
j
+e−iωj

Lt +h.c.)+VQ−Q +VQ−Bath, (6.1)

here VQ−Q denotes the interqubit coupling Hamiltonian and VQ−Bath =
∑N

j=1 ξ̂j ⊗
Xj =

∑
j,k Ckξ̂

j ⊗ [aj
k + (aj

k)
†] is the Hamiltonian term describing the interaction

with the baths. Let us consider the case first analyzed in [178] where qubits ex-
hibit longitudinal coupling of the form VQ−Q = −J

∑N−1
j=1 σj

z ⊗ σj+1
z and qubit–bath

coupling ξ̂j = σj
x. We adopt here the notation [188] when referring to transverse

or longitudinal coupling and note that a longitudinal decoherence allows for energy
exchange while a transverse coupling to the bath results solely in pure dephasing.

Moving to a frame rotating with the external driving (by the unitary transfor-

mation U =
∏N

j=1 eiωj
Lσj

z), we arrive at the following master equation in the week
coupling limit for the reduced density matrix of the qubits

dρ

dt
= −i

(
Heffρ− ρH†

eff

)
+ 2

N∑
j=1

Γj(n̄j + 1)σj
−ρσj

+ + 2
N∑

i=1

Γjn̄jσ
j
+ρσj

−, (6.2)

where we have introduced an effective, non-Hermitian term

Heff = Hcoh − i

N∑
j=1

Γj(n̄j + 1)σj
+σj

− − i

N∑
j=1

Γjn̄jσ
j
−σj

+, (6.3)

with the coherent part of the evolution contained in

Hcoh = −1

2

∑
j

δjσj
z +

N∑
j=1

Ωjσ
j
x − J

N−1∑
j=1

σj
z ⊗ σj+1

z , (6.4)

where δj is the detuning from the qubit transition frequency, Ωj denotes the Rabi
frequency of the external driving and J is the strength of the coherent interqubit
coupling. The number of quanta in the local baths is given according to the Bose-
Einstein distribution n̄j = [exp(ωj

0/kBT ) − 1]−1. In addition the decay rates are
expressed as Γj = πJ(ωj

0) where J(ω) =
∑

k C2
kδ(ω − ωj

k) is the spectral density of
each bath. As we know from previous sections this weak coupling master equation
treatment is valid in the parameter regime Ωj ∼ J . Γj, and perhaps also for larger
values in the case that both environments have the same temperature (see section
5.2.1). Note that in this chapter, decoherence rates will be considered as ad-hoc
parameters whose specific value is set by the details of the qubit–bath interaction and
the noise’s spectral properties whichever they were, and these parameters provides
with an effective measure of the noise strength acting on the system. Moreover, we
will operate at T = 0 given that the presence of a (realistic) finite temperature does
not modify the qualitative features we discuss, but simply reduces the amplitude of
the entanglement or mutual information maximal values, as shown in [178].
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Let us consider the simplest case where the arrays consist of only two qubits
whose state we will denote by ρ12, as depicted in figure 6.1, and let us assume, for
simplicity, that Ω1 = Ω2 = Ω and Γ1 = Γ2 = Γ. At perfect tuning δj = 0 and zero
temperature, the steady state of the master equation given by equation (6.2) can be
computed analytically to be [178]

ρss
12 =

1

k




t2 + 4s2r2, 2sr2 + irt, 2sr2 + irt, 2irs− r2

2sr2 − irt, t, r2, ir
2sr2 − irt, r2, t, ir
−2irs− r2, −ir, −ir, 1


 (6.5)

where k = 3 + 2r2 + t2 + 4r2s2, r = Γ/Ω, s = J/Ω and t = r2 + 1. This state is
separable if, and only if, its partial transpose is a positive operator [189]. We find
that ρss

12 is entangled for values of the noise strength Γ such that

Γ > Γth, where Γth =
Ω2

2J
. (6.6)

As a result, the systems exhibit quantum correlations in the steady state only if the
noise strength, encapsulated in the parameter Γ, is above the threshold value Γth.
Otherwise, the steady state is fully separable. In order to shed light onto this rather
counterintuitive behaviour, it is useful to analyze the structural form of the steady
state density matrix by calculating its spectral resolution. One can easily evaluate
the eigenvalues of the density matrix specifying the steady state equation (6.5) to
be

λ1,2 =
1

4r2s2 + (1 + t)2
,

λ3,4 =
1 + r2 (2 + 4s2) + t2 ∓

√
4r2 (1 + s2) + (t− 1)2

√
4r2s2 + (1 + t)2

2 (4r2s2 + (1 + t)2)
.

The corresponding expressions for the eigenvectors are not so compact. Figure 6.2
shows these eigenvalues as a function of the noise strength as well as the steady
state entanglement as measured by the entanglement of formation EF (ρ12). This
quantity represents the minimal possible average entanglement over all pure state
decomposition of ρ and as such, its evaluation requires solving a variational problem.
However, in the case of two qubits, the entanglement of formation has a simple
closed form in terms of the so-called two-qubit concurrence, defined as C(ρ) =
max{0, µ1 − µ2 − µ3 − µ4}, where the µi are, in decreasing order, the eigenvalues of
the matrix ρσy ⊗ σyρ

∗σy ⊗ σy, where ρ∗ is the matrix obtained by element complex
conjugation of ρ [182]. For any bipartite qubit state,

EF (ρ) = s

(
1 +

√
1− C2(ρ)

2

)
, (6.7)

where s(x) = −x log2 x − (1 − x) log2(1 − x). We see in figure 6.2 that the entan-
glement of formation is zero for noise values below threshold, while displaying the
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typical SR-like profile for Γ > Γth. When looking at the behaviour of the spectral
components, we observe that as Γ increases, the weights of some spectral compo-
nents decrease and the chain tends to localize in a certain eigenstate, in this case
the one corresponding to λ4, which in the limit Γ →∞ is actually the product state
of the local Hamiltonian ground states. That means the qubits tend to be in their
individual ground states as the effective decay rate becomes very large, as would
be expected intuitively. Interestingly, the approach to this separable steady-state,
and therefore the system’s purity, is monotonic in the noise strength Γ, despite the
steady-state entanglement exhibiting nonmonotonic SR–like behaviour. This picture
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Figure 6.2: Eigenvalues and entanglement content of the steady state given by Eq.
(6.5) as a function of the noise strength (for J/Ω = 1.5). The dashed vertical line
divides entangled and separable regimes. See main text for explanations.

is in agreement with the behavior already described in [190] where, in the absence of
dissipative noise in the form of an additional heat bath, a thermally driven composite
system would approach a thermal steady state, while the presence of a second heat
bath at different temperature has the potential to make the steady state mixture en-
tangled. This behavior may in fact be quite general as closely related scenarios have
now been identified where steady state entanglement in facilitated by the presence
of a noisy channel [191–194].

6.3 XXZ Heisenberg interaction

It is worth exploring whether these results remain valid for other kinds of qubit–qubit
interactions. A most general coupling between qubits is given by the Heisenberg
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Hamiltonian
VHS = −Jxσx ⊗ σx − Jyσy ⊗ σy − Jzσz ⊗ σz.

However, the evolution equation for this general Hamiltonian can no longer be writ-
ten in terms of a time independent effective Hamiltonian, because the transforma-

tion U =
∏N

j=1 eiωj
Lσj

z does not commute with VHS. As long as the frequency of the

driving is the same for each qubit ωj
L = ωL, the most general Heisenberg-type of

Hamiltonian which is time–independent in the rotating picture is the so-called XXZ
interaction:

VXXZ = −J⊥(σx ⊗ σx + σy ⊗ σy)− J‖σz ⊗ σz.

It is easy to check that UVXXZU
† = VXXZ.

Again for two qubits with zero detuning at zero temperature, the steady state
can be found analytically:

ρss
12 =




t2 + 4d2r2, 2dr2 + irt, 2dr2 + irt, 2ird− r2

2dr2 − irt, t, r2, ir
2dr2 − irt, r2, t, ir
−2ird− r2, −ir, −ir, 1


 ,

where d = (s⊥ − s‖) = (J⊥ − J‖)/Ω. This is the same as the steady state in (6.5),
with s replaced by the parameter d. As a result, we obtain an entangled steady-state
for Γth < Γ, where the threshold this time is

Γth =
Ω2

2|d| .

This interesting formula shows that for the isotropic Heisenberg model J‖ = J⊥,
the steady state remains separable. Furthermore, increasing |d| (the dominance
of XXYY over ZZ or conversely in an anisotropic Heisenberg model) increases the
maximum steady-state entanglement, as illustrated in figure 6.3. This is sensible as
the interaction becomes more entangling the further it deviates from a product of
local Hamiltonians.

6.4 Steady state entanglement under transverse

decoherence (pure dephasing)

Apart from processes describing emission or absorption of quanta, qubit implemen-
tations can undergo energy conserving, purely dephasing processes, where only the
coherences are affected and the populations remain unchanged. This is the situation
encountered when the interaction term with the bath is mediated by an operator
that commutes with the qubit Hamiltonian. Given the system Hamiltonian of one
qubit H = (ω0/2)σz, a feasible qubit–bath interaction is V = σzX where the force
operator is X =

∑
k Ck(ak +a†k). This leads, see section 4.1.2 to the master equation

dρ

dt
= −i[H, ρ] + 2γ(σzρσz − ρ). (6.8)

140



0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

Γ(Ω)

E
F
(ρ

1
2
)

 

 
|d| = 4
|d| = 3
|d| = 2
|d| = 1
|d| = 0

Figure 6.3: Increasing behaviour of the steady-state entanglement for |d| growing
from 0 to 4. The system is separable when d = 0 (isotropic Heisenberg model).
When d increases, and the term XXYY dominates, the range of values of Γ for
which the steady state is separable shrinks, while the maximum achievable steady
state entanglement grows.

This process can be embedded in our framework provided that the Rabi frequen-
cies of the external driving Ωj and the interqubit coupling J are small enough. The
master equation in the rotating picture for N qubits is then given by

dρ

dt
= −i[Hcoh, ρ] + 2

N∑
j=1

γj(σ
j
zρσj

z − ρ). (6.9)

In this situation the system no longer exhibits quantum correlations in the steady
state. Indeed, the steady state of equation (6.9) is unique and it is the completely
mixed state ρss = 1/N . This result follows from theorem 5.2 in [67] which asserts
that given a steady state ρss of a master equation written in the standard form

dρ

dt
= −i[H, ρ] +

∑
j

(
VjρV †

j −
1

2
V †

j Vjρ− 1

2
ρV †

j Vj

)
,

such that rank(ρss) = N , the given steady state is unique if the only operators
commuting with H and every Vj are multiples of the identity. This is true for our
case since the only operators that commute with both σx and σz (and therefore with
σy as well because of the Jacobi identity) are proportional to the identity because
of Schur’s lemma.
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6.5 SR phenomena under both longitudinal and

transverse decoherence

The situation changes if we have both emission/absorption and pure dephasing
processes in our system, as is the case in many solid state qubit implementations
(see for example [195] and references therein). Then the master equation is modified
according to

dρ

dt
= −i

(
Heffρ− ρH†

eff

)
+

∑
j

2Γj(n̄ + 1)σj
−ρσj

+ +
∑

j

2Γjn̄σj
+ρσj

− +
∑

j

2γjσ
j
zρσj

z,

(6.10)
where γj denotes the pure dephasing rates, and Heff is given by the same equation
(6.3) with an additional term of the form −i

∑
j γj accounting for pure dephasing.

Consider T = 0 (also assuming that each γj is finite). For two qubits in the
absence of pure dephasing, the threshold for an entangled steady state was given in
(6.6) to be [178]

ρss
12 entangled ⇔ 1

2s
< r.

We now want to do the same analysis with the pure dephasing term added. For sim-
plicity let us assume γ = Γ. The result is now more complicated as shown in figure
6.4 where J is plotted against Γ (s vs. r) without pure dephasing (red dashed line),
and with pure dephasing (blue solid line dividing entangled and separable zones).
There are several differences between the two cases. For both cases, the steady state
is separable for very small Γ, so it is necessary to include some appreciable amount
of noise to produce entanglement (SR–like behaviour). However, in the presence of
pure dephasing, only a finite amount of additional noise is required to come back
to the separable regime (recall that an infinite amount of noise is required in the
absence of pure dephasing). Furthermore, in the presence of pure dephasing the
SR–like behaviour disappears completely for small J , where the steady state re-
mains separable. At odds with the monotonic result (6.6) of [178] (red dashed line
of figure 6.4), the nonmonotonicity of the blue solid threshold in figure 6.4 (note
the minimum point) reflects in some sense the competition between both processes.
Consider the simplest case where qubits were subject to a ZZ coupling. In figure
6.5, where we plot the behaviour of the probabilities Pz (localization) and Px (delo-
calization) for each qubit to be in an eigenstate of the corresponding Pauli operator
(i.e., σz or σx). The closer the local states are to an eigenstate of σz, the less effective
the coherent ZZ coupling is and the global state tends to be separable. The local-
ization probability increases steadily with the transverse decay rate; however, the
delocalization probability is maximal for some optimal noise strength provided that
pure dephasing is not too large. The region around the maximum delocalization
probability coincides with the maximum steady state entanglement.

The exact form of the threshold is complicated. An approximate solution for
it is s ' 1

2r
+ 32r+2

5
. So that the steady state is entangled for a noise strength in,
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Figure 6.4: Steady state entangling behaviour: J vs. Γ without pure dephasing (red
dashed line), and with pure dephasing (blue solid line). The blue shading shows the
entangled zone in the presence of pure dephasing.

approximately, the range

− 1/32 + (5/64)s− (1/64)
√

25s2 − 20s− 316 < r

< −1/32 + (5/64)s + (1/64)
√

25s2 − 20s− 316

Note that the lower bound is always higher than the previous one, 1/2s.

For the case of arbitrary values of γ and Γ, the steady-state correlations are
diminished as γ increases. This can be visualized in the behaviour of bipartite
entanglement, as illustrated in figure 6.6. In order to construct a proper information
theoretic measure of SR, we consider the quantum mutual information IM , defined
for a general bipartite system AB as IM(ρAB) = S(ρA)+S(ρB)−S(ρAB), where the
states ρA,B are the local states ρA,B = TrB,A(ρAB). This function quantifies the total
correlation content in any bipartite system [179,180] and is depicted in figure 6.7 for
the case of a chain of 6 qubits. There we evaluate the mutual information of the first
two qubits in the chain but should stress that the same qualitative behaviour, where
total correlations are maximized for some optimal, intermediate value of the decay
rate, are obtained when evaluating the quantum mutual information across any
other bipartition in the chain. We note that having a nonzero detuning δ 6= 0 does
not change the shape of the entanglement function, but its magnitude is reduced;
the effect being small for small detuning, say δj ∼ 10−3 − 10−2.
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Figure 6.5: Illustration of the combined action of transverse and longitudinal deco-
herence on an array of N = 2 qubits with a ZZ interqubit Hamiltonian. Increasing
the pure dephasing rate keeps the delocalization probability of single qubits Px close
to 1/2 so that the qubits are in a state close to an eigenstate of their local Hamil-
tonians (σz) which reduces the entangling power of the coherent ZZ coupling.

6.6 Conclusion

In this chapter we have discussed the emergence of SR–like effects in composite
spin systems subject to both decay (longitudinal decoherence) and pure dephasing
(transverse decoherence). We have shown that quantum correlations vanish in the
steady state if the local noise is purely transverse. Under pure dephasing, the
system evolves into a maximally mixed state. When transverse and longitudinal
noise are simultaneously present, for fixed dephasing, one encounters a decay rate
threshold for steady–state entanglement to exist, provided that dephasing noise
remains moderate. In the special case where Γ = γ, an approximate analytical
threshold condition can be derived.

To quantitatively characterize the presence of stochastic resonance, we compute
the total correlation content of the system, as quantified by its mutual information
for bipartitions of arbitrary size, and show that it is a non-monotonic function of
the decay rate Γ (for fixed γ). We therefore argue that the system displays SR as
measured by an information–theoretic figure of merit.

In this regard we have focussed our interest on the correlations content and, in
particular, on the entanglement content of the steady state. These results show that
a noisy environment does not just monotonically degrade the amount of entangle-
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Figure 6.6: Quantum correlations in a two-qubit array as quantified by the entangle-
ment of formation as a function of the noise parameters Γ and γ for J/Ω = 1.5. Note
the monotonous negative effect when γ increases so that as the pure dephasing rate
increases, the larger it becomes the threshold value for the transverse decoherence
until reaching a critical value γc for which no entanglement survives in the steady
state.

ment but can act, for a suitable noise level, as a purifying mechanism that prevents
the system from thermalizing — unless the noise becomes too strong [190].

It seems to become more and more clear that the presence of environmental
noise, far from being always detrimental, may actually be instrumental in the opti-
mization of certain processes. So far this is more clear–cut in the case of processing
classical information, as in the original SR concept of amplifying a weak signal, or
the quantum setting in the context of the assisting transport of excitons across spin
networks. Those can model for instance natural phenomena such as exciton trans-
port in light–harvesting complexes [154–158, 184] (for recent experimental results
showing evidence of coherent dynamics in photosynthetic complexes see [185–187]).
However, there are already indications that noise may also assist the transfer of
quantum information, as exemplified by the enhanced fidelity in the transmission of
quantum states demonstrated in [196]. It would be extremely important to general-
ize this result and to clearly identify the conditions under which not only quantum
correlations, but also the transfer of quantum information, can be effectively assisted
by noise.
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Figure 6.7: Quantum mutual information IM(ρ12) between qubits 1 and 2 in an
N = 6 array for different values of the dephasing rate γ and variable transverse
decoherence rate Γ for J/Ω = 1.5. The same qualitative behaviour is observed
for other pairs of neighbouring qubits or across different bipartitions within the
system. The quantum mutual information is maximized for an optimal decay rate
Γ above which the total correlations in the system start to degrade. The larger
the dephasing rate acting locally on the qubit systems, the smaller the value of the
maximum correlation content becomes.
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Chapter 7

Measures of non-Markovianity

7.1 Introduction

As we know, the actual dynamics of any real open quantum system is expected
to deviate to some extent from the idealized Markovian evolution that arises from
the conditions of weak (or singular) coupling to a memoryless reservoir. While
quantum optics provides realizations that are extremely well approximated by such
an evolution, soft or condensed matter systems evolve subject to conditions that are
generally unsuited to be treated within the Markovian framework. The exact details
of what makes a given quantum evolution non-Markovian may be complicated, and
in many cases, especially when thinking about many-body systems, an accurate
microscopic model of the system-bath interaction may actually be unfeasible. It
would therefore be very useful to define some simple measure that captures, in some
form, the fact that the evolution departs from strict Markovianity.

Here, we propose two possible ways to quantify the non-Markovian character of
a quantum evolution which avoid the definition of an optimization problem. Our
key element will be exploiting the specific behavior of quantum correlations when
a part of a composite system is subject to a local interaction that can be modeled
as a trace-preserving CP map. This will allow us to give a necessary condition to
measure deviations from Markovianity even when the actual form of the dynamics is
completely unknown, although some non-Markovian evolutions may be undetected.
A necessary and sufficient condition can be provided in the case when the dynamics
is amenable to complete characterization, for instance, via quantum process tomog-
raphy. In this case, we are able to quantify strictly the Markovian character of the
evolution and deviations from strict Markovianity can be unambiguously character-
ized.

7.2 Previous attempts

Before explaining our proposal, for the sake of completeness we revise some other
approaches for the assessment of non-Markovianity in this section.
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7.2.1 Proposal of Wolf et. al.

The problem of quantifying non-Markovinity was addressed by Wolf and collabora-
tors in the context of abstract quantum channels [197]. In their case, a “snapshot”
of the dynamics at some time t1 is given, E ≡ E(t1,t0), and they ask whether such
a quantum channel E can be written as part of a completely positive semigroup,
this is, E = eL, where L is of the form of (3.33). For that purpose, they take the
logarithm of E , and look if any of its branches is of the form of (3.33). If the answer
is negative, they quantify the amount of non-Markoviniaty as the minimum amount
µ of isotropic noise Eiso(ρ) = e−µρ + (1 − e−µ)1/d, such that log(E) + log(Eiso) is
a generator of the form (3.33). Unfortunately the extension of this approach to
time-dependent Markovian process is not available.

7.2.2 Proposal of Breuer et. al.

Very recently, Breuer and collaborators proposed an optimization-based measure of
non-Markovianity founded upon the behavior of the trace distance under completely
positive and trace-preserving maps (CPT) [198]. They consider the evolution of the
trace distance of two quantum states ‖ρ1(t) − ρ2(t)‖ under some evolution. As we
proved in section 3.2.3, UDMs are contractions for the trace norm, and in particular
they are contractions for the trace distance. Since Markovian evolutions are divisible
in UDMs (see definition 3.2.6) the trace distance has to be monotonically decreasing
with the time. Breuer et. al. suggested considering as a degree of non-Markovianity
the maximum increment of the trace distance for arbitrary pairs of initial states
ρ1,2(0). Leaving aside minor considerations, the main problem of this approach is
the hard optimization which is required.

7.2.3 Geometric measures

Conceptually, one could think of introducing a Markovianity measure via some type
of geometric optimization problem, such as evaluating a quantity of the form

max
ε>0

min
EM

‖E(t0+ε,t0) − EM
(t0+ε,t0)‖,

where ‖ · ‖ denotes some appropriate operator norm. The minimum is taken over
the set of Markovian maps EM , while the maximum over final times accounts for
the time-continuous dependence of the dynamical maps (note that E(t0,t0) = 1 in-
dependently of E , and 1 is trivially Markovian). However, this quantity is hard to
compute in practice due to the nonconvex structure of the set of Markovian maps
EM [197].

7.2.4 Microscopic approach

If the starting point is some microscopic model, a different approach would be to
exploit the fact that the dynamics will tend to be Markovian when it is possible
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Figure 7.1: Schematic illustration of the envisaged scenario to measure the non-
Markovian character of an unspecified dynamical map. An arbitrary quantum sys-
tem, possibly multilevel and with an internal dynamics, is subject to the action of
a local bath, depicted as a golden glow. The system is initially prepared in a maxi-
mally entangled state |Φ〉 with an ancilla which is kept shielded from the bath. The
green line represents some typical decay of the initial entanglement for a Markovian
evolution while the red line corresponds to a possible non-Markovian decay. In this
case, the local action of the bath is no longer represented by a continuous family
of CPT propagators (3.23) and the entanglement between system and ancilla is no
longer constrained to decrease monotonically. It is this deviation I(E) that allows us
to estimate the non-Markovianity of the process despite ignoring any details about
the evolution itself.

to identify two very different time scales (see section 4.1.1), τS À τE, where τS

is the typical time of variation of our open system due to its interaction with the
environment, and τE is the typical decay time of the correlation functions of the
environment. Therefore one could attempt to build a measure of Markovianity as a
function of the ratio τS/τE. The problem is now that there is no unique definition for
the times τS and τE. Actually this can be problematic for unbounded interactions
and environments with finite degrees of freedom, for τS and τE respectively. Actually
it is not always easy to find a good microscopic model for a concrete problem and
a one-to-one correspondence between this characterization and the strict definition
Markovianity 3.2.6 is absent.

7.3 Witnessing non-Markovianity

Let us consider first the case where we do not have any information about the dynam-
ics of our system of interest, which we will consider initially to be a general, possibly
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composite d-dimensional quantum system. Our aim is to introduce a measure, that
we denote by I(E), which quantifies the deviation from Markovianity in the evolu-
tion of the system. For that, we will initially prepare a maximally entangled state
with an ancillary system which has to remain isolated from the decoherence sources,
as illustrated in figure 7.1. Since local CPT maps do not increase the amount of
entanglement [183], it is evident from the composition law (3.23) that the decay
of the entanglement with an ancillary system will be monotonically decreasing for
Markovian evolutions, this is

E[ρ(t2)] = E[(E(t2,t1) ⊗ 1)ρ(t1)] ≤ E[ρ(t1)]

for any t2 ≥ t1, where E denotes some entanglement measure. This fact also pre-
vents the formation of loops in diagrams concurence vs purity, as illustrated in [199].
However, if the evolution is non-Markovian, the requirement of strict monotonicity
does no longer hold [200], as environmental correlations can lead to bipartite en-
tanglement to be increased and decreased as a function of time (as exemplified by
the red curve in figure 7.1). Hence a conceptually simple way to quantify the de-
gree of non-Markovianity of an unknown quantum evolution would be to compute
the amount of entanglement between system and ancilla at different times within a
selected interval [t0, tmax] and check for strict monotonic decrease of the quantum
correlations. That is, for ∆E = E[ρSA(t0)] − E[ρSA(tmax)] and some initial max-
imally entangled system-ancilla state, |Φ〉 = 1√

d

∑d−1
n=0 |n〉|n〉, ρSE(0) = |Φ〉〈Φ|, we

have

I(E) =

∫ tmax

t0

∣∣∣∣
dE[ρSA(t)]

dt

∣∣∣∣ dt−∆E,

in such a way that if the evolution of the system is Markovian the derivative of
E[ρSA(t)] is always negative and I(E) = 0.

Note that since the knowledge of the exact form of the dynamics is not necessary
to measure I(E), this method can be particularly useful in the study of infinite
dimensional systems, where the computation of the exact dynamical map is often
difficult. For the sake of illustration, let us consider a single damped harmonic
oscillator from chapter 5, with total system-bath Hamiltonian given by

H = ωa†a +
M∑

j=1

ωja
†
jaj +

M∑
j=1

gj(a
†aj + aa†j),

where M is the number of oscillators in the bath, and we have assumed the validity
of the rotating wave approximation (RWA). The bath is assumed to be initially
in a thermal state ρB = exp (−HB/T ) /tr [exp (−HB/T )], HB =

∑M
j=1 ωja

†
jaj, and

the system oscillator will be initially entangled with another oscillator, the ancilla,
in a two-mode vacuum squeezed state |λ〉 =

√
1− λ2

∑∞
n=0 λn|n〉|n〉, where λ =

tanh r and r is the so-called squeezing parameter. Recall that this state is the most
entangled Gaussian state at fixed mean energy n̄ = sinh2 r, and for infinite squeezing
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Figure 7.2: Results of the simulation for the non-Markovianity as a function of the
strength of the coupling α between a damped harmonic oscillator and a bath with
Ohmic spectral density J(ω) = αωe−ω/ωc , for different temperatures. See text for
details.

r →∞ it approaches to the maximally entangled state. So it seems appropriate to
apply our method, although the shape of the curves does not depend significatively
on r. Since the Hamiltonian is quadratic in the annihilation and creation operators,
it preserves the Gaussian character of the states and the amount of entanglement
between system and ancilla can be computed easily by means of the logarithmic
negativity EN(ρAB) = log2 ‖ρTA

AB‖1, where TA denotes the partial transposition with
respect to the subsystem A and ‖ · ‖1 the trace norm [137, 201]. To visualize the
sensitivity of the proposed measure I(E), two different spectral densities of the bath
have been considered, as well as several initial temperatures. In figure 7.2, the
behaviour of I(E) has been plotted for an Ohmic spectral density with exponential
cut-off J(ω) =

∑M
j=1 g2

j δ(ω−ωj) → αωe−ω/ωc . In order to make the analysis simpler,
we focus only on the dynamical behavior under different strengths of the coupling
between system and bath. In the simulation, of course, the discrete and finite
number of oscillators in the bath will affect the results, but in order to avoid this
effect we have taken a number of oscillators distributed in a range of frequencies
(as specified in the figure insets) such that our final time tmax is shorter than the
recurrence time of the bath but large enough to capture the general properties of the

153



0  0.5 0.1 0.15

0

0.5

1

1.5

2

2.5

3

α

I
(E

)

 

 

T = 0

T = 2

T = 4

Parameters:

- tmax = 21, ∆t = 0.0417,

- ω = 10,

- ωc = 3, ωmax = 50,

- Oscillators in Bath: 350,

- Squeezing parameter r = 4.

Figure 7.3: The analogous to figure 7.2 for the case of a super-Ohmic spectral density
J(ω) = αω3e−ω/ωc ; note the different values of the cut-off frequencies and the order
of magnitude of α.

dynamics. It is clear from figure 7.2 that in the limit α → 0 we approach a Markovian
evolution independently of the value of the temperatire T (see chapter 5). This is the
weak-coupling limit, whereas the on-set of deviations from Markovianity for stronger
coupling strengths are T -dependent, so that the value of α for which the measure
I(E) becomes nonzero increases with increasing temperature, the same happens with
the value of I(E) itself for α large sufficiently large. An analogous situation is
encountered in the presence of a super-Ohmic spectral density J(ω) = αω3e−ω/ωc ,
as shown in figure 7.3. However, the specific value of the measure I(E) for given
values of T and α depends strongly on the bath spectral function.

While this proposed measure allows us to witness deviations from Markovianity,
there can be however non-Markovian quantum evolutions that remain undetected
by the proposed measure, given that the requirement I(E) > 0 is only a sufficient
condition for the dynamics to be non-Markovian.

7.4 Measuring non-Markovianity

A measure based on a necessary and sufficient condition can nevertheless be for-
mulated if the specific form of the quantum evolution, as given by some dynamical
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map E(t,t0), is amenable to exact reconstruction between the some initial time t0 and
a final time t. This can in principle be done by means of process tomography or
perhaps resorting to a theoretical microscopic model. In order to construct such a
measure avoiding optimization problems, we will resort to the Choi-JamioÃlkowski
criterion [202] about completely positive maps which asserts the following:

7.4.1. Theorem (Choi-JamioÃlkowski criterion). A linear map E on the op-
erators acting on a Hilbert space H (of finite dimension d) is completely positive if
and only if

(E ⊗ 1) |Φ〉〈Φ| ≥ 0, (7.1)

where |Φ〉 is the maximally entangled state in the space H⊗H.

Proof. By definition if E is completely positive then (7.1) is fulfilled as |Φ〉〈Φ| is
a positive semidefinite matrix.

Conversely, assume that a map E satisfies the condition (7.1). Then consider an
arbitrary state |ψ〉 =

∑
i ci|i〉 and its complex conjugate |ψ∗〉 =

∑
i c
∗
i |i〉, and notice

that

d〈ψ∗| [(E ⊗ 1) |Φ〉〈Φ|] |ψ∗〉 = d〈ψ∗|
[

1

d

∑
i,j

E (|i〉〈j|)⊗ |i〉〈j|
]
|ψ∗〉

=
∑
i,j

E (|i〉〈j|) 〈ψ∗|i〉〈j|ψ∗〉

=
∑
i,j

cic
∗
jE (|i〉〈j|) = E (|ψ〉〈ψ|) . (7.2)

In addition, using the spectral decomposition

d (E ⊗ 1) |Φ〉〈Φ| =
∑

i

λi|si〉〈si|,

with λi ≥ 0 by presupposition, allows us to define the linear maps

Ki|ψ〉 =
√

λi〈ψ∗|si〉,

for every state |ψ〉, and we have

∑
i

Ki|ψ〉〈ψ|K†
i =

∑
i

λi〈ψ∗|si〉〈si|ψ∗〉 = d〈ψ∗| [(E ⊗ 1) |Φ〉〈Φ|] |ψ∗〉.

Thus by equation (7.2), E (|ψ〉〈ψ|) =
∑

i Ki|ψ〉〈ψ|K†
i . Finally by linearity the result

follows for any state ρ =
∑

i pi|ψi〉〈ψi|,

E (ρ) =
∑

i

KiρK†
i ,

155



which is the Kraus decomposition of E and therefore completely positive (see section
3.2.2). 2

Now, let us come back to the problem of constructing a measure of non-Markov-
ianity, for definiteness take our initial time as t0 = 0 without loss of generality.
Then, because of the continuity of time, we can split the known dynamical map
E(t,0) as

E(t+ε,0) = E(t+ε,t)E(t,0) (7.3)

for any times t and ε. If the time evolution implemented by E(t,0) is Markovian,
E(t2,t1) is CPT for any intermediate times (t + ε) ≥ t2 ≥ t1 ≥ 0 (that is equivalent to
E(t,0) be infinitesimally divisible in the sense of [197] for any t). However if and only
if there exist times t and ε such that E(t+ε,t) is not completely positive, the dynamics
will be non-Markovian. Note that this is the ultimate reason behind the possible
increase of the system-ancilla entanglement at some local times, which is the basis
of our previous measure. This partition can be extracted from the known dynamical
map E(t,0) as a function of t just by applying E−1

(t,0) (which may not be a completely

positive map) to the Eq. (7.3),

E(t+ε,t) = E(t+ε,0)E−1
(t,0).

Since E(t→0,0) → 1, for t small enough, E(t,0) will be invertible. If for larger times
E(t,0) is not invertible, this means that we do not have enough information to define
E(t+ε,t) in an unequivocal way. This is one consequence of being blind to one part
of the whole system, typically, the non-Markovianity will turn out to be infinity in
that case.

Next, the Choi-JamioÃlkowski criterion ensures that E(t+ε,t) is completely positive
if and only if

(E(t+ε,t) ⊗ 1
) |Φ〉〈Φ| ≥ 0. Hence, given the trace-preserving property,

we can take the following definition as a measure of the non-CP character of E(t+ε,t),

fNCP (t + ε, t) = ‖ (E(t+ε,t) ⊗ 1
)
(|Φ〉〈Φ|) ‖1.

Thus, E(t+ε,t) is CPT if and only if fNCP (t + ε, t) = 1, otherwise fNCP (t + ε, t) > 1.
Now fNCP (t + ε, t) will be the building block of our measure of non-Markovianity.
To construct it we leave ε to be infinitesimal to define the (right) derivative of
fNCP (t + ε, t):

g(t) = lim
ε→0+

fNCP (t + ε, t)− 1

ε
,

noticing that g(t) ≥ 0, with g(t) = 0 if and only if E(t+ε,t) is CPT. Therefore the
integral

I =

∫ tf

0

g(t)dt

can be taken as a measure of non-Markovianity between 0 and some final time tf
(in fact, if we know completely the dynamics, we can take tf → ∞). Actually a

normalized version of this measure may be D(ratio)
NM = I

I+1
or D(exp)

NM = 1 − e−I , in
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such a way that DNM = 0 for I = 0 (i.e. Markovian evolution) and DNM → 1 for
I → ∞.

To illustrate the behaviour of I, let us consider the dynamics of one qubit mod-
eled by a possibly non-Markovian differential master equation dρ

dt
= Lt(ρ), since in

the limit ε → 0 the solution of this equation formally tends to E(t+ε,t) → eLtε [22],
we only need to expand it inside of trace norm up to first order to calculate g(t),

g(t) = lim
ε→0+

‖ [1+ (Lt ⊗ 1)ε] |Φ〉〈Φ|‖1 − 1

ε
.

This formula makes it quite easy to compute in practice the function g(t). For
instance, for a pure dephasing model for a qubit dρ

dt
= γ(t)(σzρσz−ρ) we immediately

obtain

g(t) =

{
0 for γ(t) ≥ 0
−2γ(t) for γ(t) < 0

and finally

I = −2

∫

γ(t)<0

γ(t)dt. (7.4)

Therefore, for this kind of evolution, I is proportional to the area of γ(t) which is
below zero. In particular, if the negative values of γ(t) do not tend to zero fast
enough I → ∞ [This is actually the case in the second example of [198] where
γ(t) ∼ tan(t)] [203].

7.5 Conclusions

In this chapter, we have proposed two different approaches for the problem of quan-
tifying non-Markovianity of general quantum evolutions; one is based on a sufficient
condition whose evaluation does not require any prior knowledge of the quantum
evolution itself, and the other provides a measure which quantifies strictly the non-
Markovianity, provided that the structural form of the dynamical map is known.
Remarkably, the evaluation of the proposed measures does not require solving an
optimization problem and would be suitable for providing information on the devia-
tions from Markovianity in the experimental implementation of effective spin models
using controllable systems, as for instance, trapped ions [204]. This type of experi-
ments can prove extremely valuable in the subsequent formulation of detailed models
of system-environment coupling in complex systems, both in condensed matter and,
potentially, in some biological aggregates. These compounds have recently become
experimentally probable at the femtosecond scale [186, 205] but, given their com-
plexity, no detailed microscopic models for the interaction with their surroundings
are currently available.
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Chapter 8

Probing a composite spin-boson
environment

8.1 Introduction

In this chapter we consider the problem of probing some characteristics of a com-
plicated non-Markovian environment. The physical scenario is sited in supercon-
ducting qubits [206]. These consist of electronic nanocircuits embedding Josephson
junctions whose dynamics can, in certain parameter regimes, be restricted to a two-
dimensional manifold. These qubits can be used as test-beds for studying quantum
mechanics at its most fundamental level [207], and are also potential candidates for
the practical implementation of quantum information processors [208].

In the case of a superconducting charge qubit, such as the Cooper-pair box
(CPB), dephasing (phase decoherence) is dominated by low-frequency noise thought
to be caused by interactions with two-level fluctuators [209–212] (TLFs) in the local
environment. These TLFs may be charge traps caused by defects/impurities in the
Josephson junction or in the substrate. There has been a substantial amount of
research on TLFs causing single qubit decoherence in Josephson junction systems.
Theoretical works have concerned larger ensembles of TLFs, both incoherent [213–
219] and coherent [210], that randomly switch between two configurations, producing
low-frequency fluctuations in the relevant qubit parameters. As discussed in detail
in all these works, whenever a large number of TLFs are very weakly coupled to the
qubit, their effect can be described by a conventional boson bath with a suitable
chosen spectral density. This is however not always the case; there may be situations
when only one or a few impurities are important. Indeed, Neeley et al. [211] have
demonstrated the existence of coherent TLFs. Lupaşcu et al. [212] provide evidence
that these TLFs are in fact genuine two-level systems. In Neeley’s experiment [211]
a single TLF that was coupled to the qubit led to an avoided crossing in the qubit
energy spectrum. The TLF was used as a proof-of-principle memory qubit, but such
TLFs will in general be detrimental to the operation of superconducting qubits.
It is therefore desirable to understand the behaviour of TLFs in the vicinity of
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superconducting qubits in order to better-equip quantum information scientists to
manage the challenge of decoherence.

A single qubit coupled to a single coherent TLF, that was in turn damped by a
bosonic bath was already considered in [220]. We find this type of non-equilibrium
and non-Markovian environment [221] to be an appealing model of the environment
of a Josephson junction qubit because TLFs may be damped by phonons in the
substrate, for example. We refer to this as a composite spin-boson environment.
The case of a few TLFs, which will be considered here, is rather complex and
therefore we resort to extensive numerical calculations. Our approach represents
quite a general strategy for probing a composite spin-boson environment, whereby
we derive a Markovian master equation for the average dynamics of the “probe
plus TLFs” after tracing out the external baths. To allow for the random nature of
TLF formation, we select the TLF Hamiltonian parameters according to probability
distributions designated in [210]. Of the many environmental properties that could
be studied in this scenario, we focus on inferring the presence or absence of coherent
coupling between the TLFs. This connectivity of the TLFs has been identified as
important in the decoherence of a bipartite qubit system [222], with further-reaching
importance for quantum computing.

From the theory point of view, identifying structural properties in the environ-
ment could be done using some form of noise correlation measurements. Here we
focus on inferring environmental features via the analysis of the entanglement that
will build up in a probe consisting of two non-(directly) interacting qubits whose
remote coupling is mediated by the TLFs present in the surroundings. When the
probing is “local”, so that each probe qubit couples to just one single TLF, the ab-
sence of quantum correlation generation would immediately signal a non-connected
environment, given that the probe qubits can only become entangled if the fluctators
would couple to each other. Entanglement swapping in those circumstances has been
discussed in the literature [225–227]. When probe qubits are subject to the action
of a few TLFs, as it happens in qubit realizations in the solid state, we will show
that the remote entanglement in the probe bears signatures that can be linked to
the connectivity in the environment and can in some cases be related to monogamy
constraints [228]. Given that bipartite entanglement has been shown [229] to be
lower-bounded by combinations of pseudo-spin observables, we also analyze what
information can be extracted from magnetization measurements along a given direc-
tion (in the case considered here the magnetization along the z-direction corresponds
to the average charge) and study the power spectra of magnetization observables
using both single and bipartite probes. We find that a double-qubit probe generally
outperforms a single-qubit probe, a result that could perhaps be expected given the
extra degrees of freedom available in the composite system. We supplement our
analysis of correlation measurements by investigating the decoherence of composite
probes initially prepared in a certain maximally entangled state when subject to a
composite spin-boson environment, as well as the performance of entangling gate
operations when performed in the presence of this type of noise.
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These results are organized as follows. Section 8.2 sets the scene by describing our
model for the double-qubit probe and spin-boson environment. Numerical results
for probing the connectivity of the spin-boson environment are presented in section
8.3, using both probe entanglement and estimated power-spectrum analyses. We
summarize and discuss these results in section 8.3.3, as well as compare the double-
qubit probe to a single-qubit probe. In section 8.4 we investigate the decoherence
of maximally-entangled Bell states induced by a composite spin-boson environment.
The performance of bipartite entangling gates in the presence of this form of noise
is analyzed and discussed in section 8.5. Section 8.6 concludes.

8.2 System

The system we consider is illustrated in figure 8.1. It consists of two charge qubits
(blue spheres) acting as probes of an environment containing TLFs (grey spheres).
Each qubit is coupled to a few TLFs (black lines in the figure) but probe qubits are
assumed to not directly couple to each other. In the numerical calculations we will
consider the case in which there are four TLFs. Four TLFs is a balance between
generating the desired spectral features (requiring an ensemble of TLFs [210, 217])
and maintaining reasonable computation time (smaller Hilbert space). Also, it may
be the case that only a few TLFs will couple strongly to a Josephson junction qubit,
as in recent experiments [211, 212]. We should stress that the conclusions of our
work do not depend on this choice.

In the charge basis, each qubit/TLF has a local free Hamiltonian consisting
of both longitudinal (σ̂z) and transverse (σ̂x) components: 2Ĥσ = εσ̂z + ∆σ̂x. In
the eigenbasis the corresponding pseudo-spin Hamiltonians are 2Ĥs = Ωsŝz, where
the spin frequency is Ω2

s = ε2 + ∆2. (Throughout this article we denote Pauli
operators in the charge basis by σ̂, and in the pseudo-spin basis by ŝ.) For simplicity,
we “engineer” the probe qubit Hamiltonians to have only longitudinal components
(∆P = 0).

Probe: We label the identical probe qubits A and B. Choosing uncoupled probe
qubits for reasons that will become clear later, the total Hamiltonian for the probe
is the sum 2ĤP = ΩP(ŝA

z + ŝB
z ).

Impurities: We label the four TLF impurities with j = 1, 2, 3, 4. The total Hamil-
tonian for the TLFs is then 2ĤTLF =

∑4
j=1 Ωj ŝ

(j)
z + V̂TLF, where V̂TLF describes

coherent couplings between the TLFs, if they exist (defined below). Note that the

pseudo-spin basis for the impurities is different to the probe (the ŝ
(j)
z axis is rotated

relative to ŝz) because the probe and TLF energies will differ, in general. Recent
theoretical work [210] suggested specific distributions of these TLF energies in or-
der to account for both low- and high-frequency noise observed in superconducting
quantum systems. In our numerical study, we have adopted these distributions to
determine the TLF bias energies εj (linear distribution) and tunnel amplitudes ∆j
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(log-uniform distribution). Throughout the paper we will refer to ∆j as the local
field. Again, note that our results are independent of the specific choice of frequency
distribution and the same qualitative results can be derived when using a different
functional form, e.g., a linear or a uniform distribution in a selected interval around
the qubit frequency.

Figure 8.1: Double-qubit probe schematic. Blue spheres are the probe qubits, Alice
and Bob. Grey spheres are the TLFs. Probe–TLF couplings (νj) are depicted as
black lines. TLF-TLF couplings (µj,k) are specified by red lines. Each fluctuator
is also subject to the action of a bosonic bath at a temperature T . Interactions
between A and B are mediated by the TLFs, which lead to remote (TLF mediated)
entanglement generation in the probe.

Interactions: It is sensible to expect that the dominant interaction in a system of
coherent two-level charges is an electrostatic one [215, 230]. That is, charge-charge
interactions. We therefore assume bipartite ZZ interactions (σ̂z ⊗ σ̂z) between sub-
systems. Within the TLFs we assume nearest-neighbour ZZ interactions of strength
µj,k, where k = (j mod 4) + 1. We assume no direct interaction between the probe

qubits A and B. So, V̂TLF =
∑4

j=1 µj,kσ̂
(j)
z σ̂

(k)
z . For coupling strength νj between the

jth impurity and the probe qubits, we have V̂P =
∑4

j=1 νj(σ̂
A
z + σ̂B

z )σ̂
(j)
z . We define

V̂ ≡ V̂P + V̂TLF. In the numerical simulations, noting that we expect distant TLFs
to have very little impact, we have assumed all couplings µj,k = µ and all νj = ν to
avoid unnecessarily cumbersome results. Our conclusions are valid even when small
variations in the parameters, of the order of 5− 10%, are considered.

8.2.1 Master equation

The impurities are coupled to independent reservoirs of bosons (e.g., phonons in the
substrate), leading to dissipation (damping) as in the spin-boson model [231]. The
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Hamiltonians in the pseudo-spin basis are

Ĥsq =
1

2
Ωŝz

ĤTLF =
1

2

∑
j

Ωj ŝ
(j)
z

V̂sq−TLF =
∑

j

νj(cos θŝz − sin θŝx)(cos θj ŝ
(j)
z − sin θj ŝ

(j)
x )

V̂TLF =
∑

{j,k}
µj,k(cos θj ŝ

(j)
z − sin θj ŝ

(j)
x )(cos θkŝ

(k)
z − sin θkŝ

(k)
x )

V̂TLF−B =
∑

`,j

λ`(cos θj ŝ
(j)
z − sin θj ŝ

(j)
x )

(
a`,j + a†`,j

)

where tan θj ≡ ∆j/εj. In order to obtain a master equation we follow the simplest

approach explained in section 4.1.4, i.e. we assume again that the presence of V̂sq−TLF

and V̂TLF do not disturb so much to the master equation obtained for independent
free “probe plus TLFs”, and these interactions terms affects only the Hamiltonian
part. Following then the weak coupling strategy we obtain the following Markovian
master equation for the joint state ρ(t) of the probe plus impurities:

dρ(t)

dt
= −i[Ĥ, ρ(t)] +

∑
j(D(j)

z +D(j)
+ +D(j)

− )ρ(t), (8.1)

where the total Hamiltonian is

Ĥ = ĤP + ĤTLF + V̂ . (8.2)

The D superoperators represent decoherence in the TLFs due to coupling with
the bosonic baths, which are at temperature T . The decoherence consists of de-
phasing D(j)

z ρ = Γ
(j)
z [ŝ

(j)
z ρŝ

(j)
z − ρ], emission into the baths D(j)

− ρ = Γ
(j)
− [ŝ

(j)
− ρŝ

(j)
+ −

(ŝ
(j)
+ ŝ

(j)
− ρ + ρŝ

(j)
+ ŝ

(j)
− )/2], and absorption from the baths D(j)

+ ρ = Γ
(j)
+ [ŝ

(j)
+ ρŝ

(j)
− −

(ŝ
(j)
− ŝ

(j)
+ ρ + ρŝ

(j)
− ŝ

(j)
+ )/2]. The TLF decoherence rates are Γ

(j)
z = γz cos2 θj/2, Γ

(j)
− =

(γ− + γ+) sin2 θj/4 and Γ
(j)
+ = γ+ sin2 θj/4. Here γz, γ− and γ+ are the dephasing

rate, the spontaneous emission rate and stimulated emission rate respectively, which
can be calculated by knowing the spectral properties and temperature of the bath.

To get a feel for the influence of the ratio tan θj ≡ ∆j/εj; if we assume dissipation-
limited dephasing (γz = γ−/2) and sufficiently low temperature (γ+/γ− → 0), then
tan θj dictates the dominance of pure dephasing or relaxation in each TLF. Specif-

ically, Γ
(j)
z /Γ

(j)
− = 1/ tan2 θj so that pure dephasing dominates the TLF decoher-

ence for weak local fields, and relaxation dominates for strong local fields. Follow-
ing [210], we distribute the random TLF parameters εj, ∆j, and γ

(j)
z,± as per the

distributions P (εj) ∝ εj, P (∆j) ∝ 1/∆j, P (γ
(j)
z,±) ∝ 1/γ

(j)
z,±. We choose these pa-

rameters to take values within the following moderate ranges: εj ∈ (1± 0.5)ε̄j; ∆j

∈ ∆̄j ± 0.5 min(ΩP, ∆̄j); γ
(j)
z,± ∈ [Ωmin/6, Ωmin/2], where Ωmin is the minimum spin
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frequency amongst the TLFs. We are free to select sensible values for the overbar
quantities ε̄j and ∆̄j, which we will reference to the tunable probe frequency ΩP.

We take the probe-TLF coupling to be uniform (νj = ν) and weak compared
with all of the TLF frequencies: ν = Ωmin/3. To give an estimation of the validity
of (8.1) under real conditions, weak probe-TLF coupling is in accord with the recent
experiments of [211, 212], as well as the experiment of [209] (see [214]) where νj ∼
MHz and Ωj ∼ ΩP ∼ GHz. The TLF-TLF coupling is also assumed to be uniform
µj,k = µ, and µ/ν is often believed to be small (see [224], for example).

8.2.2 Observable quantities

We restrict our knowledge to the probe subsystem (as would be the case in an exper-
iment). A notable observable quantity on the probe is the magnetization, which is
related to a simple sum of Pauli operators: M̂x(t) = ŝA

x + ŝB
x . The appeal of consid-

ering the probe magnetization is that it requires only tractable, local measurements
on each probe qubit. That is, our results may be easily tested in an experiment.
It is worth noting that a result of Audenaert and Plenio [229] shows that measur-
ing correlations Cxx/zz = 〈σ̂x/z ⊗ σ̂x/z〉 along the XX and ZZ “directions” suffice to
give a lower bound on the probe entanglement. This can remove the requirement
for full tomographic (entanglement) measurements when verifying or quantifying
entanglement in the probe.

The time series resulting from measuring the probe’s X-magnetization is M(t) =
〈M̂x(t)〉. The mean-square power spectrum of M̂(t) is given by

S(ω) =
∫∞
−∞ R(τ)e−iωτdτ, (8.3)

where the reduced auto-correlation function is R(τ) ≡ 〈M̂(t + τ)M̂(t)〉 − 〈M̂(t +
τ)〉〈M̂(t)〉. R(t) is a discrete quantity (the data is a time series), and so the power
spectrum obtained is an estimate (the Fourier transform of the reduced autocor-
relation of the time series M̂(t)). This estimate of average power as a function of
frequency can theoretically be improved (by increasing the duration of the experi-
ment, for example), but this may not be practical in reality.

8.3 Results: detecting the presence of coupling

between the TLFs

Can probe observables reveal the degree of connectivity of a composite spin-boson
environment? In this section we present numerical results showing that this is
indeed the case. Observable quantities we consider are the probe magnetization, its
estimated power spectrum, and the remote entanglement between the probe qubits.
Entanglement generated between probe qubits that are initially in a separable state
is primarily due to the structure of the spin-boson environment (e.g., the presence
or absence of TLF-TLF interactions in the surroundings of the probe).
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Initially we set the probe to be in a state orthogonal to the ŝz eigen-axis:
|ψP(0)〉 = |+〉A|+〉B. The TLFs are assumed to be initially in a zero-temperature
thermal state, i.e., the ground state of ĤTLF, which we denote as |g〉. So, |φTLF(0)〉 =
|g〉. We plot observable quantities as a function of the ratio of TLF-TLF coupling
strength to probe-TLF coupling strength, µ/ν, which is often believed to be small
as we already said.

Section 8.3.1 considers the estimated power spectrum of 〈M̂x(t)〉. Section 8.3.2
considers the build up of entanglement in the probe.

8.3.1 Power spectrum of 〈M̂x〉
TLFs with weak local fields.

Consider the case of “weak” local fields in the spin-boson environment where tan θj ∼
1/3 (specifically ∆̄j/ε̄j = 1/3, where TLF dephasing dominates relaxation: Γz/Γ− ∼
10). In our probing of TLF connectivity, we tune the ratio of probe–TLF splitting
εP/ε̄j to 10, 3 and 1, corresponding to figures 8.2(a), 8.2(b) and 8.2(c), respectively.
We observe two effects: 1. For weaker TLF interconnectivity µ/ν . 0.6, a decrease is
observed in the height of the single dominant peak in the spectrum; 2. For stronger
TLF interconnectivity µ/ν ≈ 1, the spectrum splits into multiple peaks, the most
dominant of which is shifted in frequency relative to µ/ν = 0. This is visible in
figure 8.2 where the gold traces (µ/ν = 1) are the most qualitatively different from
the blue traces (µ = 0). The power in the signal 〈M̂x(t)〉 redistributes from one
dominant frequency for unconnected TLFs (µ = 0), to multiple frequencies as µ/ν
approaches unity (highly connected TLFs). Remarkably, the most dominant peak
for highly connected TLFs µ/ν = 1 is qualitatively similar to the case of an isolated
probe (figure 8.2) — a single peak at ω = ΩP — although the peak visibility (height)
is noticeably less than the isolated probe.

Effect of TLF local field.

Above we have established that we can distinguish between highly connected TLFs
(µ = ν) and unconnected TLFs (µ = 0) for weak local field strength ∆j < εj. It
is interesting to ask how stronger local fields affect our ability to distinguish these
two values of µ. To explore this, we increase the ratio of TLF field strength to split-
ting: tan θ̄j = ∆̄j/ε̄j, which was less than 1 in figure 8.2. This varies the range for
∆j, which (we remind the reader) we have taken to be ∆̄j ± 0.5 min(∆̄j, ΩP). This
range ensures a sensible variation in the TLF local field strengths of no greater than
one-half of the probe frequency. We assume that the TLF energies are distributed
over a relatively small range as might be expected for systematically formed impu-
rities/defects.

As the local field increases tan θ̄j > 1, two different effects occur: 1. Larger
local fields cause relaxation to dominate over dephasing in the TLF decoherence;
2. The TLF eigenstates increasingly align towards the σ̂x axis, and seem to have a
decreasing effect on the probe. Evidence to support this is shown in figure 8.3, which
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(d) Control spectrum: ν = 0.

Figure 8.2: Estimated power spectrum of 〈M̂x(t)〉 for weak local fields tan θ̄j = 1/3
with the initial probe state |ψ(0)〉 = |++〉. Sampling parameters (units of ΩP = εP):
δf = 1/200, ts = 0.05, fN = 10. Figure 8.2(d) is the power spectrum for an isolated
probe. The insets show the smaller peaks magnified. The relative heights and
positions of the peaks can be used to distinguish unconnected TLFs (µ = 0, thick
solid blue line) from highly connected TLFs (µ → ν, thick dashed gold line).

shows a peak visibility (height) reduction of about one order of magnitude as tan θ̄j

is increased by one order of magnitude from 1/3 to 3 [8.3(a) to 8.3(b)]. So, although
extra features appear in the power spectrum, they become increasingly difficult to
observe. Despite this, there is at least one plot in each column for which µ = 0
and µ = ν are distinguishable. Thus it is apparent that tuning the probe frequency
(selecting a row in figure 8.3) allows these TLF connectivities to be distinguished for
a wide range of values of the TLF local field strength (we obtained similar results
for tan θ̄j = 1).
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Figure 8.3: Estimated power spectrum of 〈M̂x(t)〉 for εP/ε̄j = 10 (top row), 3 (second
row) and 1 (third row). As the local field strength tan θj = ∆j/εj increases from
8.3(a)–8.3(b), TLF relaxation dominates TLF dephasing. See text for discussion.

8.3.2 Probe entanglement

Interactions between probe qubits are mediated by the TLFs and entanglement
between the probe qubits can be generated in this indirect way. We now consider
using the probe entanglement to distinguish between connected and unconnected
TLFs. We use the logarithmic negativity as a measure of bipartite entanglement
between the probe qubits, defined as [233]

EP ≡ log2 ||ρTA
P ||1, (8.4)
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where || · ||1 denotes the trace norm, and ρTA is the partial transpose of ρ.

TLFs with weak local fields.

Figure 8.4 shows the logarithmic negativity of ρP(t) for the same data sets as in
figure 8.2 (weak local fields tan θ̄j = 1/3). We make two observations. Firstly,
tuning the probe frequency provides only one benefit for distinguishing µ = 0 from
µ 6= 0. This is evidenced by the remarkable qualitative similarity between figures
8.4(a), 8.4(b), and 8.4(c). The benefit is the number of probe qubit cycles required
to distinguish the two cases (time is shown in units of probe qubit cycles). Sec-
ondly, it is clear that strongly coupled TLFs (the gold line) cause less entanglement
to generate within the probe. This can be explained by invoking the concept of en-
tanglement monogamy [228,232], which roughly speaking reads that if there is very
much entanglement between two parties, the entanglement with a third part cannot
be very large. As the TLF-TLF connectivity increases, the indirect link between
the two probe qubits is weakened, and so remote entanglement generation slows.
It is important to emphasize which partitions one should consider when invoking
monogamy arguments. The relevant quantity is the entanglement shared between
each probe qubit and a given TLF; this is the quantity that is sensitive to entangle-
ment sharing in two ways: (1) It decreases as the entanglement in the probe builds
up, independently of the connectivity in the TLF environment; (2) It “feels” the
TLF-TLF coupling in the sense that, within a selected time interval, the stronger
the fluctuators couple, the smaller the entanglement between probe qubit and TLF
becomes. As a result, remote entanglement builds up more slowly when fluctuators
couple so that it quickly degrades in a decohering environment, as illustrated by
results in figure 8.5.
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Figure 8.4: Entanglement (logarithmic negativity) in the probe as a function of
probe cycles, for small TLF local field strength tan θ̄j = 1/3. Note the distinct
difference between strongly interacting TLFs (µ ≈ ν) and non-interacting TLFs
(µ = 0).
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Effect of the TLF local field.

Unlike the power spectrum (figure 8.3), the probe entanglement EP(t) remains useful
for distinguishing µ = 0 from µ 6= 0 for strong local fields in the TLFs where tan θ̄j >
1. Figure 8.5 shows the probe entanglement as a function of time for the same data
sets as in figure 8.3. It is clear that entanglement is generated within the probe for
some time, before the TLF decoherence causes it to dissipate. As argued before,
this loss of generated probe entanglement occurs faster for highly connected TLFs
with µ/ν = 1, as one might expect, even without no explicit mention of monogamy
constraints, since these TLF-TLF connections provide more links between the probe
qubits and the TLF decoherence channels. This faster dissipation of generated
entanglement for highly-connected TLFs allows us to distinguish between µ/ν = 0
and µ/ν = 1 after 10 to 50 probe qubit cycles, depending on the TLF parameters.
Similar conclusions can be drawn for tan θ̄j = 1.

8.3.3 Discussion of the results

Since we are performing local measurements on each probe qubit, one might ask
if there are any advantages of using a double-qubit probe. An obvious advantage
is that entanglement within the probe becomes an accessible quantity that is not
possible in a single-qubit probe. This is important for detecting the TLF-TLF
connectivity, as we have seen that this task was achievable over a wider range of
TLF parameters using the probe entanglement than the power spectra of the probe
magnetization (which yielded qualitatively similar results for both types of probes).

In section 8.3 we were able to distinguish between composite spin-boson envi-
ronments with high connectivity from those with low connectivity. The param-
eter ranges for which our findings were robust are: εP/ε̄j = 1, 3, 10 (tunable),
1/3 ≤ tan θ̄j ≤ 3. Other parameters (Γ, etc) are restricted to lie within the ranges
that ensure validity of the master equation (8.1).

For all numerical calculations in this paper we have assumed effectively zero-
temperature bosonic baths where n̄j = [exp(~Ωj/kBT ) − 1]−1 ¿ 1. The relevant
frequencies for experiments with Josephson qubits are in the vicinity of 10 GHz
[209, 211, 212, 234], with cryostat temperatures of the order of 30 mK [209]. These
values give n̄ ∼ 0.1, so the low-temperature approximation is good.

In general, determining the probe entanglement would require full quantum-state
tomography. Here we consider estimating the probe entanglement from measure-
ments less costly than full quantum state tomography, as described in [229] (and
references within). The result is lower bounds on the entanglement — we refer the
reader to [229] for details.

For all parameter regimes considered in this paper we found that one of the lower
bounds given in [229] — the optimal one given in (8.5) — provided a remarkably
good approximation to the probe entanglement for all times. The other lower bounds
C1,2 in [229] did not approximate the probe entanglement well for any time. An
example is shown in figure 8.6. The solid line is the entanglement within the probe
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(a) tan θ̄j = 1/3.
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Figure 8.5: Entanglement (logarithmic negativity) between the probe qubits for
εP/ε̄j = 10 (top row), 3 (second row) and 1 (third row). The cases µ = 0 (solid
blue line) and µ = ν (dashed gold line) are qualitatively distinguishable unless both
ε̄j/εP = 1 and tan θ̄j > 1. Note that the upper limits of the axes change between
plots. Same data sets as in figure 8.3.

(logarithmic negativity), and the dotted line shows the lower bound given by

C ′
2(ρP) = max[0, log2(1 + |λ1|+ |λ2|+ |λ3|)− 1], (8.5)
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Figure 8.6: Lower bounds on the probe entanglement as described in [229]. Only
the optimal bound C ′

2 (dotted red line) provides a good approximation to the probe
entanglement. Parameters are tan θ̄j = 1/3, εP/ε̄j = 1, and |ψ(0)〉 = |+ +〉.

where λ1,2,3 are the eigenvalues of the matrix

Λ =




cxx cxy cxz

cyx cyy cyz

czx czy czz


 . (8.6)

The matrix Λ is formed from probe observables cij = Tr[ŝA
i ⊗ ŝB

j ρP] (i, j = x, y, z).
Note that cij = cji due to the symmetry of the problem.

8.4 Decoherence of entangled states

Entanglement has been identified as a key resource for quantum information process-
ing. It is therefore important to study the loss of entanglement induced by coupling
with an environment, as this coupling is generally unavoidable. In this section we
reconsider our double-qubit probe as a double-qubit register (DQR) interacting with
the same spin-boson environment (four damped TLFs) as above. Starting the DQR
in an entangled pure-state, and the TLFs in their ground state (as before) with weak
local fields tan θ̄j < 1, we numerically investigate the behaviour of the logarithmic
negativity as a function of time. Specifically, we consider the lifetime of distillable
entanglement (for which the logarithmic negativity is an upper bound). We compare
our results to previous studies of entanglement decay [235, 236], all of which used
rather less sophisticated models for the environment. Nevertheless, we find some
qualitative similarities between our results and previous work.

Reference [235] consider multiqubit states whereby each qubit is damped by inde-
pendent baths. We refer to this as ‘direct’ damping, by an Markovian environment (a
reservoir). In our non-Markovian spin-boson environment, the damping is mediated
by the TLFs and we refer to this as ‘indirect’ damping of the DQR. Reference [235]
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parameterizes time via the probability for a qubit to exchange a quantum of energy
with its bath (in the absence of pure dephasing), p(t) = 1−exp[−γ(2n̄+1)t/2]. Here
γ is the zero-temperature damping rate, and n̄ is the mean number of excitations
in the bath (n̄ = 0 is zero temperature). When the DQR logarithmic negativity
falls below an arbitrarily small fraction of its initial value, ε ¿ 1, the distillable
entanglement can be considered zero. The time at which this occurs is tε. For gen-
eralized GHZ states (requiring > 3 qubits), and for three different types of direct
damping, [235] found that p(tε) ∝ − log ε (although they were looking at it from a
slightly different perspective, as we comment later). Remarkably, we find numerical
evidence of the same qualitative behaviour for the decay of the |φ±〉 Bell states in a
DQR (see figure 8.7).

For low temperature T ∼mK (as we have considered throughout this paper unless
otherwise noted), weak TLF local field tan θ̄j = 1/3, and TLFs with relatively small
charge: εP = 3ε̄j, we consider the DQR to be initially in each of the four Bell states
in turn: |φ±〉 = (|00〉 ± |11〉)/√2, |ψ±〉 = (|01〉 ± |10〉)/√2. Figure 8.7 shows the
DQR logarithmic negativity as a function of time, as well as p(tε) = 1− exp(−tε/2)
for a DQR initially in the states |φ±〉. It is evident that p(tε) ∝ − log ε for |φ±〉.
Further, we can see that interacting TLFs (the gold traces) tend to reduce the
DQR entanglement faster. This is expected since interacting TLFs provide more
connections between the DQR and the baths. For the chosen set of parameters
(particularly ∆ = 0 for the DQR), the states |ψ±〉 commute with ĤP + V̂P and so
do not evolve, nor couple to the TLFs. We found the same qualitative behaviour
for εP/ε̄j = 1 and 10 when the TLF local fields were not strong: tan θ̄j . 1. For
strong local fields tan θ̄j & 3, the linear relationship p(tε) ∝ − log ε did not hold in
general. This was because the probe entanglement tended to exhibit quite erratic
behaviour, such as multiple collapses and revivals.

A comment on the previous work in [235, 236] is appropriate here. In those
works, the decay of N -particle entanglement was considered as a function of N .
In [235] it was found that p(t) ∝ −(1/N) log ε. Here we have fixed N = 2 and found
that p(t) ∝ − log ε. Our focus is slightly different, but it is interesting that the
loss of distillable entanglement (logarithmic negativity) is qualitatively the same for
direct and indirect damping of bipartite qubit states (within the parameter regimes
discussed in the previous paragraph). It is important to remark that the coincidence
with the predictions for the decoherence of multipartite states subject to independent
reservoirs should not be considered as a general result given that we analyzed a
very special case, which is the one of two entangled qubits in selected parameter
regimes. What is relevant for our purposes is the fact that the agreement with the
analytical prediction in [235] for direct decoherence points out a sharp asymmetry in
the processes of entanglement “destruction” and (remote) entanglement generation
in a composite environment, so that there are circumstances where the TLF systems
may be essentially invisible when analyzing the decoherence of initially entangled
probe states, while the presence of the TLFs would be revealed when monitoring
entanglement creation in the probe.
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Figure 8.7: Decay of entanglement (logarithmic negativity) in a double-qubit register
initially in the Bell states |φ+〉 (top row) and |φ−〉 (second row) for uncoupled
TLFs (µ = 0, solid blue line) and coupled TLFs (µ = ν, dashed gold line). Other
parameters are tan θ̄j = 1/3 and εP/ε̄j = 3. See text for discussion.

8.5 Effect of spin-boson environment on entan-

gling gate operations

In this section we investigate the effects of the composite spin-boson environment
on the performance of entangling gates. Starting the DQR in the separable state
|ψP(0)〉 = | + +〉, we consider two entangling gates: a ZZ gate (ŝA

z ⊗ ŝB
z ); and an

XX+YY gate [ŝA
x ⊗ ŝB

x + ŝA
y ⊗ ŝB

y ]. In the ideal case there are no TLFs and bipartite
entanglement (quantified again by the logarithmic negativity) is generated between
the isolated register qubits in an oscillatory fashion as shown by the solid red curves
in 8.8. In the presence of four TLFs, the entangling gate performance is clearly
reduced, and further modified depending on the strength of the local fields in the
TLFs. This may be understood as follows. We have argued that the presence of a
coherent coupling between the TLFs leads to a decrease in the effective interaction
strength between the qubits in the probe, i.e., the “effectiveness” of the indirect
link between probe qubits is diminished, a result that can be interpreted in terms of
monogamy constraints leading to a slow down in the process of remote entanglement
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creation. In the case of the entangling gates, one could perhaps argue similarly,
considering now a bipartition separating the probe qubits.
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(a) tan θ̄j = 1/3.
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Figure 8.8: Entanglement (logarithmic negativity) between the register qubits for
|ψ(0)〉 = | + +〉, εP/ε̄j = 1 generated by XX+YY (top row), and ZZ (bottom row)
gates. The presence of TLFs (blue dashed and green dotted lines) diminishes the
performance of the entangling gates, as would be expected.

8.6 Some conclusions

We have considered superconducting qubits which are subject to decoherence dom-
inated by low-frequency noise thought to be produced by interactions with a small
number of defects/impurities. We model these impurities as coherent two-level fluc-
tuators (TLFs) that are under-damped by baths of bosonic modes (e.g. phonons).
We probed such a composite spin-boson environment by making measurements on
a pair of noninteracting qubits that each interact directly with the TLFs. Our ex-
tensive numerical study revealed that the presence or absence of coherent coupling
(connectivity) between the TLFs can be discriminated in two ways: from the esti-
mated power spectrum of the probe magnetization (requiring relatively long-time
measurements) and from entanglement generated within the probe, mediated by
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the spin-boson environment. We argue that entanglement monogamy considera-
tions [228] allow interpretation of our results in terms of an effective decrease in the
remote interaction strength when the environment is connected, which yields to a
creation of quantum correlations on a much larger time scale as compared with the
uncoupled fluctuator case.

We also showed that this remotely generated entanglement can be well-estimated
by a lower bound [229] that requires less experimental effort than the full quantum
state tomography required to evaluate the entanglement. The upshot is that this
connectivity of the TLFs should be discernible using tractable measurements in a
real experiment. This result is important for studies of quantum-mechanical phe-
nomena in Josephson devices (including quantum computing) where it is desirable
to minimize the effects of decoherence, for which the TLF-TLF connectivity may
play a significant role [222].

When considering the effects of the spin-boson environment on a double-qubit
register initially prepared in a maximally-entangled (Bell) state, we showed that the
presence of TLFs may be unnoticeable in certain parameter regimes, in the sense
that entanglement degradation there is well approximated by the same decrease law
as for direct decoherence. This fact emphasizes the possible usefulness of monitoring
the reverse process of entanglement generation for environmental probing.

The presence of TLF-TLF coupling also showed a reduction in the performance
of entangling gate operations performed on the register.
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Chapter 9

Mapping reservoirs to semi-infinite
discrete chains

9.1 Introduction

The theoretical description of a quantum system coupled to environmental degrees
of freedom has been developed over many decades, and of particular important in
these studies is the spin-boson model (SBM) [15, 231], one of the simplest non-
trivial models of open-system dynamics. This model describes a single two-level
system (TLS) coupled linearly to the coordinates of an environment consisting of
a continuum of harmonic oscillators. Despite its simplicity, this model cannot be
solved exactly and shows a rich array of non-Markovian dynamical phenomena,
including a type of quantum phase transition between dynamically localized and
delocalized states of the TLS for so-called Ohmic and sub-Ohmic baths at zero
temperature [111,112,231,237–241]. These interesting dynamics normally appear in
situations where the effective interaction between the TLS and the oscillators cannot
be treated perturbatively, and although many analytical and formal approaches have
shed considerable light on the nature of the effects, the explicit time evolution of the
TLS in these regimes must normally be simulated numerically. These simulations
can be loosely divided into methods in which the environmental degrees of freedom
are eliminated in order to derive an effective equation of motion for the TLS, and
those in which the complete many-body dynamics of the TLS and the environment
are computed. The former approach includes the hierarchy approach [242] and
various numerical path integral techniques [243], while the latter includes exact
diagonalization and the numerical reorganization group (NRG) approaches [244].

Recently, the time-adaptive density matrix renormalisation group (t-DMRG)
[245] has also been added to this category. This approach provides numerically-
exact simulations for the dynamics of one-dimensional systems with short-range
interactions, and is regarded as one of the most powerful and versatile methods in
condensed matter, atomic, and optical physics for the study of strongly-correlated
many-body quantum states. The recent study of Prior et al. [113] successfully used
a t-DMRG approach for a two-spin system where each spin was in contact with
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an oscillator environment with arbitrarily complex spectral densities. The imple-
mentation and accuracy of this approach rests on an exact mapping between the
canonical SBM and a one-dimensional harmonic chain with short range interactions.
The reasons why this form of Hamiltonian allows the t-DMRG to efficiently simulate
extremely large chains is discussed at length in Ref. [245].

The idea of this mapping was first introduced in the NRG studies of Bulla et
al. [111, 112, 241], who first discretise the continuous environment and then per-
form a recursive numerical technique to bring the truncated finite Hamiltonian to
the desired chain form. The dynamics of this chain can then be numerically simu-
lated [246]. In addition, lately, Martinazzo et al. [247] have also proposed a recursive
approach to this kind of transformation for the case a Brownian particle. In this
chapter we show how the formal properties of orthogonal polynomials can be used
to implement an exact unitary transformation which maps an arbitrary continuous
SBM directly onto the nearest-neighbors 1−D chain without any need for discreti-
sation. In several important cases we can actually perform the mapping analytically
and predict the energies and couplings of the chain in closed form. Our analysis
of the mapping shows that these energies and couplings are simply related to the
recurrence coefficients of orthogonal polynomials, and when analytical results are
not available, we can make use of sophisticated numerical techniques that compute
recurrence coefficients with high precision and which do not suffer from the nu-
merical instabilities which often appear in the standard recursive technique. Not
only does this transformation aid the simulation of non-perturbative open-system
dynamics, we shall show that the use of orthogonal polynomials also reveals some
universal features of TLS dynamics which are independent of the spectral density of
the environmental oscillators, and which may point the way to even more efficient
simulations of strongly non-Markovian open-system dynamics.

The plan of this chapter is as follows. In section 9.2 we introduce the formal
properties of orthogonal polynomials needed to implement the chain mapping, and
in section 9.3 we introduce the general model of an open quantum system which
can be mapped onto a 1 − D chain suitable for t-DMRG simulation. This section
also contains details about the transformation itself and analytical expressions for
the frequencies and nearest-neighbors interactions of the chain are presented and
discussed. Section 9.4 gives explicit examples of this transformation for the SBM,
and 9.4.2 deals with an extension of the orthogonal polynomial method to systems
interacting with a discrete number of environmental modes. These discrete envi-
ronments may be found in certain physical systems, and are also important in the
NRG description of open quantum systems where the continuous spectrum of the
environment is approximated by a discrete set of oscillators [111,112,241]. We then
end with some general conclusions and a brief recapitulation of the main results.
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9.2 Orthogonal polynomials

In this section we present a few useful properties of orthogonal polynomials that
will be employed in the following. This section also serves to fix our notation.

9.2.1 Basic concepts

Let P be the space of the polynomials with real coefficients (the following may also
be extended to complex, but real coefficients will be enough for our proposes), and
Pn ⊂ P the space of polynomials of degree equal to n, this is pn(x) ∈ Pn:

pn(x) =
n∑

m=0

amxm,

where the am ∈ R and x is a real variable.

9.2.1. Definition. A polynomial pn(x) ∈ Pn is called monic if its leading coeffi-
cient satisfies an = 1, will be denoted by pn(x) ≡ πn(x). Of course every polynomial
of Pn can become monic just dividing it by an.

9.2.2. Definition. Let µ(x) be a nondecreasing and differentiable function on
some interval [a, b] ∈ R, and assume that the induced positive measure dµ(x) has
finite moments of all orders:

∫ b

a

xrdµ(x) < ∞, r = 0, 1, 2, . . .

Then for any p(x), q(x) ∈ P we define an inner product as

〈p, q〉µ =

∫ b

a

p(x)q(x)dµ(x).

Of course it defines a norm via

‖p‖µ =
√
〈p, p〉µ =

(∫ b

a

p2(x)dµ(x)

)1/2

≥ 0,

and satisfies the Cauchy-Schwarz’s inequality,

|〈p, q〉µ| ≤ ‖p‖µ‖q‖µ.

9.2.3. Definition. Two polynomials p(x), q(x) ∈ P are said to be orthogonal with
respect to the measure dµ(x) if its inner product is zero 〈p, q〉µ = 0.

9.2.4. Definition. A set of monic polynomials {πn(x) ∈ Pn, n = 0, 1, 2, . . .} is
called an orthogonal set with respect to the measure dµ(x) if

〈πn, πm〉µ = ‖πn‖2
µδn,m for n,m = 0, 1, 2, . . .

Sometimes it is useful to normalize the monic polynomials, p̃n(x) = πn(x)/‖πn(x)‖µ,
such that 〈p̃n, p̃m〉µ = δn,m, then the set is called orthonormal, however note that in
general the normalized polynomials lose the monic character.
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9.2.5. Theorem. For any (non-zero) measure dµ(x) there exist a unique family of
monic orthogonal polynomials {πn(x) ∈ Pn, n = 0, 1, 2, . . .}.

Proof. The proof is by construction. Applying the well-known Gram-Schmidt or-
thogonalization procedure to the sequence {1, x, x2, . . .}, the monic orthogonal poly-
nomials are constructed from π0 = 1 using the formula:

πk(x) = mk(x)−
k−1∑
n=0

(〈mk, πn〉µ
〈πn, πn〉µ

)
πn,

with mk(x) = xk. 2

9.2.6. Theorem. The set of monic polynomials {πn(x) ∈ Pn, n = 0, 1, 2, . . .} is a
basis of the space P. More specifically if p(x) is a polynomial of degree less or equal
to r, then it can be uniquely represented by

p(x) =
r∑

n=0

cnπn(x), (9.1)

for some real constants ck.

Proof. The proof is by mathematical induction. If r = 0 the proof is trivial.
Assume that the statement is true for r − 1, then there is a unique cr such that
p(x)− crπr(x) = pr−1(x) is polynomial with degree less or equal to r− 1. Moreover,
if the set of monic polynomials is orthogonal, taking the inner product on (9.1) with
respect to πm(x) we obtain

cn =
〈πn, p〉µ
‖πn‖2

µ

.

2

There are of course many more properties like these which are similar to those
found in linear algebra spaces; however we are not going to go further in this way
here, though the reader can find more information in references [248–250] for exam-
ple. From now on we omit the subindex µ in the inner product and norms in order
to make the notation less dense.

9.2.2 Recurrence relations

One of the most useful properties for our interests is the recurrence formula of
the orthogonal polynomials. Here we divide the section into two cases, monic and
orthonormal polynomials.
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9.2.7. Theorem. Let {πn(x) ∈ Pn, n = 0, 1, 2, . . .} be the set of monic orthogonal
polynomials with respect to some measure dµ(x), then

πk+1(x) = (x− αk)πk(x)− βkπk−1(x), k = 0, 1, 2... (9.2)

where π−1(x) ≡ 0, and the recurrence coefficients are:

αk =
〈xπk, πk〉
〈πk, πk〉 , βk =

〈πk, πk〉
〈πk−1, πk−1〉 . (9.3)

Proof. By theorem 9.2.6, πk+1(x)− xπk(x) is a polynomial of degree less or equal
to k, we can write it in terms of monic polynomials of degree less or equal k:

πk+1(x)− xπk(x) =
k∑

n=0

cnπn(x),

and since the set is orthogonal

ck =
〈πk+1 − xπk, πk〉

〈πk, πk〉 = −〈xπk, πk〉
〈πk, πk〉 ,

similarly

ck−1 =
〈πk+1 − xπk, πk−1〉
〈πk−1, πk−1〉 = − 〈xπk, πk−1〉

〈πk−1, πk−1〉 = − 〈πk, xπk−1〉
〈πk−1, πk−1〉 = − 〈πk, πk〉

〈πk−1, πk−1〉 ,

where in the last step we have used the fact that terms of degree less than k are
orthogonal to πk(x), because they can be expressed as linear combination of {πn(x) ∈
Pn, n = 0, 1, 2, . . . , k− 1} which are all orthogonal to πk(x). By the same argument,
it is easy to see that the remaining coefficients are zero cn = 0 for n = 0, . . . , k − 2.
So by comparing with equation (9.2) we obtain αk = −ck and βk = −ck−1.

2

9.2.8. Theorem. Assume that we have a set of orthonormal polynomials {p̃n(x) ∈
Pn, n = 0, 1, 2, . . .} then, the recurrence relation is:

p̃k+1(x) = (Ckx− Ak)p̃k(x)−Bkp̃k−1(x), k = 0, 1, 2... (9.4)

where p̃−1(x) ≡ 0. If we denote by κn the leading coefficient of p̃n(x) and by κ′n the
second leading coefficient, i.e. p̃n(x) = κnx

n + κ′nx
n−1 + . . ., we get

Ak =
κk+1

κk

(
κ′k
κk

− κ′k+1

κk+1

)
, Bk =

κk+1κk−1

κ2
k

, Ck =
κk+1

κk

. (9.5)
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Proof. The proof is not more complicated than in the monic case, if we chose
Ck = κk+1

κk
then, p̃k+1(x) − Ckxp̃k(x) is a polynomial of degree lower of equal to k,

in the same fashion the choice

Ak =
Ckκ

′
k − κ′k+1

κk

=
κk+1

κk

(
κ′k
κk

− κ′k+1

κk+1

)

makes p̃k+1(x)− (Ckx−Ak)p̃k(x) a polynomial of degree lower of equal to k− 1. By
orthogonality the inner product of it with p̃n for n ≤ k − 2 are zero, and the inner
product with p̃k−1 yields

〈p̃k−1, p̃k+1 − (Ckxp̃k + Ak)p̃k〉 = −Ck〈p̃k−1, xp̃k〉 = −Ck〈xp̃k−1, p̃k〉
= −Ck

κk−1

κk

〈p̃k, p̃k〉 = −Ck
κk−1

κk

,

so by taking into account that this is the coefficient which goes with p̃k−1, replacing
the value of Ck gives the value of Bk in (9.5). 2

The relation between both cases is given by the next proposition.

9.2.9. Proposition. Let {πn(x) ∈ Pn, n = 0, 1, 2, . . .} a set of monic orthogonal
polynomials and p̃n(x) = πn(x)/‖πn(x)‖ their orthonomalized version, then the co-
efficients for the respective recurrence relations are related by:

Ak =
αk√
βk+1

, Bk =

√
βk

βk+1

and Ck =
1√
βk+1

. (9.6)

Proof. Inserting πn(x) = ‖πn(x)‖p̃n(x) in (9.2) and dividing by ‖πk+1‖ one obtains

p̃k+1(x) =
‖πk(x)‖
‖πk+1(x)‖(x− αk)p̃k(x)− ‖πk−1(x)‖

‖πk+1(x)‖ p̃k−1(x).

Employing βk = ‖πk‖2/‖πk−1‖2 and comparing with the above (9.4) we obtain (9.6).
2

9.2.3 Boundness properties of the recurrence coefficients

A particular important property for our work will be the behavior of the monic re-
currence coefficients αn and βn when n is increasing. To start, we have the following
theorem.

9.2.10. Theorem. Let the support interval [a, b] of dµ(x) be finite, then for each
k = 0, 1, 2, . . .

a ≤ αk ≤ b,

βk ≤ max{a2, b2}.
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Proof. The first relation follows immediately from αk = 〈xπk,πk〉
〈πk,πk〉 because π2

k(x) is
positive for every x and a ≤ x ≤ b inside of the integration domain. For the second
relation we have by orthogonality

〈πk, πk〉 = 〈xπk−1, πk〉,
and the Cauchy-Schwarz’s inequality gives

〈πk, πk〉 ≤ |x|‖πk−1‖‖πk‖ ≤ max{|a|, |b|}‖πk−1‖‖πk‖,
finally the division of both sides by ‖πk‖ and ‖πk−1‖ and squaring leads straightfor-
wardly to the second bound. 2

Note that for measures with unbounded support, the monic recurrence coeffi-
cients are not bounded as n increases; see for example the case of Laguerre and
Hermite polynomials [251]. However, for measures with bounded support further
useful properties about the recurrence coefficients can be obtained, to do this we
need the following results.

9.2.11. Proposition. Let {πn(x) ∈ Pn, n = 0, 1, 2, . . .} be a set of monic orthonor-
mal polynomials with respect to some measure dµ(x) supported in [−1, 1], with re-
cursion coefficients αk and βk defined according to (9.3). If we change the support
of the measure to [a, b] by means of a linear transformation y = mx + c, where

m =
b− a

2
, c =

a + b

2
, (9.7)

the recursion coefficients α′k and β′k of the transformed monic polynomials {π′n(y)
∈ Pn, n = 0, 1, 2, . . .} are given by

α′k = mαk + c, β′k = m2βk. (9.8)

Proof. The map y = mx + c transforms the measure dµ(y) = mdµ(x) and
every monic polynomial πk(x) = πk(

y−c
m

) which is not a monic polynomial in y. To
make these polynomials monic in y, we need to multiply by mk, that is, the set of
transformed monic polynomials is {π′n(y) = mkπk(x) ∈ Pn, n = 0, 1, 2, . . .}. Then
we apply the definitions (9.3)

α′k =
〈yπ′k, π

′
k〉

〈π′k, π′k〉
=

(m〈xπ′k, π
′
k〉+ c〈π′k, π′k〉)
〈π′k, π′k〉

=
m2k+1 (m〈xπk, πk〉+ c〈πk, πk〉)

m2k+1〈πk, πk〉 = mαk + c,

and similarly

β′k =
〈π′k, π′k〉

〈π′k−1, π
′
k−1〉

=
m2k+1〈πk, πk〉

m2(k−1)+1〈πk−1, πk−1〉 = m2βk.

2
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9.2.12. Definition. A measure dµ(x) = w(x)dx supported in [−1, 1] belongs to
the Szegö class if ∫ 1

−1

ln w(x)√
1− x2

dx > −∞. (9.9)

9.2.13. Theorem (Szegö). Let {p̃n(x) ∈ Pn, n = 0, 1, 2, . . .} orthonormal poly-
nomials with respect to some Szegö class measure dµ(x) = w(x)dx, then in the
asymptotic limit n → ∞ we have the approximate expressions for the first leading
coefficient κn and for the second one κ′n,

κn ' 2n

√
π

exp

[
− 1

2π

∫ 1

−1

ln w(x)√
1− x2

dx

]
, (9.10)

κ′n ' −2n−1

π3/2

[∫ 1

−1

x ln w(x)√
1− x2

dx

]
exp

[
− 1

2π

∫ 1

−1

ln w(x)√
1− x2

dx

]
. (9.11)

Proof. The proof can be found in chapter XII of [250]. 2

9.2.14. Proposition. The coefficients An, Bn and Cn have the asymptotic values

lim
n→∞

An = 0, lim
n→∞

Bn = 1, lim
n→∞

Cn = 2. (9.12)

Proof. It follows immediately from (9.5) and the previous result (9.10) and (9.11).
2

The speed of convergence of An, Bn and Cn depends on the measure in a non-trivial
fashion (see details [250]). We will demonstrate this explicitly in equations (9.27)
and (9.28) for specific spectral densities.

9.2.15. Corollary. Let {πn(x) ∈ Pn, n = 0, 1, 2, . . .} be a set of orthogonal monic
polynomials with respect to some measure dµ(x) which belongs to the Szegö class,
then their recurrence coefficients have the asymptotic values

lim
n→∞

αn = 0, lim
n→∞

βn =
1

4
.

Proof. See proposition 9.2.9. 2

9.2.16. Proposition. Let {πn(x) ∈ Pn, n = 0, 1, 2, . . .} be a set of orthogonal
monic polynomials with respect to some Szegö class measure, then asymptotic values
of the monic recursion coefficients on any other finite support [a, b] are

lim
n→∞

α′n = c =
a + b

2
, lim

n→∞
β′n =

m2

4
=

(b− a)2

16
.

Proof. It is evident that if (9.9) is satisfied, the linear transformation x → mx+ c
which changes the measure support to [a, b] does not affect to its fulfilment since it
is not singular in the interval, the rest is a simple application of the result (9.8).

2
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9.3 System-reservoir structures

As we have already seen the environment of an open quantum system may be de-
scribed by an infinite number (often called a reservoir) of bosonic or femionic modes
labeled by some real number. The internal dynamics of the reservoir is given by
some Hamiltonian of the form

Hres =

∫ xmax

0

dxg(x)a†xax,

where in a physical context x could represent some continuous real variable such as
the momentum of each mode, and xmax the maximum value of it which is present
in the reservoir (it could be infinity). In this picture g(x) represents the dispersion
relation of the reservoir which relates the oscillator frequency to the variable x. The
creation and annihilation operators satisfy the continuum bosonic [ax, a

†
y] = δ(x−y)

or fermionic {ax, a
†
y} = δ(x−y) commutation rules. We assume that the frequencies

g(x) and momenta x of the reservoir are bounded.
The internal dynamics of the open quantum system are described by a unspecified

local Hamiltonian operator Hloc and we assume that the interaction between the
system and the reservoir is given by a linear coupling

V =

∫ xmax

0

dxh(x)Â(ax + a†x),

where Â is some operator of the system and the coupling (real) function h(x) de-
scribes the coupling strength with each mode. The total Hamiltonian for system
plus reservoir is then given by

H = Hloc + Hres + V = Hloc +

∫ xmax

0

dxg(x)a†xax +

∫ xmax

0

dxh(x)Â(ax + a†x). (9.13)

It has been shown that the dynamics induced in the quantum system by its
interaction with the reservoir is completely determined by a positive function of the
energy (or frequency ω) of the oscillators called the spectral density J(ω) [15, 231].
For the continuum model of the reservoir we are considering, this function is given
by,

J(ω) = πh2[g−1(ω)]
dg−1(ω)

dω
, (9.14)

where g−1[g(x)] = g[g−1(x)] = x. Physically, dg−1(ω)
dω

δω, can be interpreted as the
number of quanta with frequencies between ω and ω+δω as δω → 0 i.e. it represents
the density of states of the reservoir in frequency space. The spectral function thus
describes the overall strength of the interaction of the system with the reservoir
modes of frequency ω.

This physical introduction motivate the next mathematical definition.

9.3.1. Definition. We define the spectral density of a reservoir as a real non-
negative and integrable function J(ω) inside of its (real positive) domain, which
could be the entire half-line ω ∈ [0,∞).
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Of course, given only a spectral density J(ω), the dispersion relation g(x) and
the coupling function h(x) are not uniquely defined. We shall make use of this
freedom to implement a particularly simple transformation of the bosonic modes,
and we will chose the dispersion function to be linear g(x) = gx. We now move on
to our main theorem.

9.3.2. Theorem. A system linearly coupled with a reservoir characterized by a
spectral density J(ω) is unitarily equivalent to semi-infinite chain with only nearest-
neighbors interactions, where the system only couples to the first site in the chain
(see figure 9.1). In other words, there exist an unitary operator Un(x) such that the
countably infinite set of new operators

b†n =

∫ xmax

0

dxUn(x)a†x, (9.15)

satisfy the corresponding commutation relations [bn, b†m] = δnm for bosons, and
{bn, b

†
m} = δnm for fermions, with transformed Hamiltonian

H ′ =
∫ xmax

0

dxUn(x)H = Hloc + c0Â(b0 + b†0) +
∞∑

n=0

ωnb†nbn + tnb†n+1bn + tnb†nbn+1,

(9.16)
where c0, tn, ωn are real constants.

Proof. The proof is by construction. Since J(ω) is positive, h(x) is real, this
defines the measure dµ(x) = h2(x)dx. Then write

Un(x) = h(x)p̃n(x) = h(x)
πn(x)

‖πn‖ , (9.17)

where p̃n(x) are some set of orthonormal polynomials with respect to the measure
dµ(x) = h2(x)dx with support on [0, xmax]. Then it is clear that Un(x) is unitary
(actually orthogonal as it is also a real transformation) in the sense of

∫ xmax

0

dxUn(x)U∗
m(x) =

∫ xmax

0

dxUn(x)Um(x)

=

∫ xmax

0

dxh2(x)p̃n(x)p̃m(x) = δnm,

so the inverse transformation is just

a†x =
∑

n

Un(x)b†n. (9.18)

Moreover, for bosons

[bn, b
†
m] =

∫ xmax

0

∫ xmax

0

dxdx′Un(x)Um(x′)[ax, a
†
x′ ]

=

∫ xmax

0

∫ xmax

0

dxdx′Un(x)Um(x′)δ(x− x′)

=

∫ xmax

0

dxUn(x)Um(x) = δnm.
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and similarly it is proved that {bn, b
†
m} = δnm for fermions. It remains to determine

the structure of the transformed Hamiltonian H ′, note that V is transformed like:

V = Â
∑

n

∫ xmax

0

dxh(x)Un(x)(bn + b†n) = Â
∑

n

∫ xmax

0

dxh2(x)
πn(x)

‖πn‖ (bn + b†n),

since for monic polynomials π0(x) = 1 we find

V = Â
∑

n

∫ xmax

0

dxh2(x)
πn(x)π0(x)

‖πn‖ (bn + b†n)

= Â
∑

n

‖πn‖2δn0

‖πn‖ (bn + b†n) = ‖π0‖Â(b0 + b†0),

so c0 = ‖π0‖. For the Hres term, note that with the choice of linear dispersion
function g(x) = gx for the spectral density J(ω), one obtains

Hres =
∑
n,m

∫ xmax

0

dxg(x)Un(x)Um(x)b†nbm

=
∑
n,m

∫ xmax

0

dxh2(x)g(x)p̃n(x)p̃m(x)b†nbm

= g
∑
n,m

∫ xmax

0

dxxh2(x)p̃n(x)p̃m(x)b†nbm.

With the recurrence relation (9.4) we substitute the value of xp̃n(x) in the above
integral to find

H ′
res = g

∑
n,m

∫ xmax

0

dxh2(x)

[
1

Cn

p̃n+1(x) +
An

Cn

p̃n(x) +
Bn

Cn

p̃n−1(x)

]
p̃m(x)b†nbm,

then orthonormality yields

H ′
res = g

∑
n

1

Cn

b†nbn+1 +
An

Cn

b†nbn +
Bn+1

Cn+1

b†n+1bn

= g
∑

n

√
βn+1b

†
nbn+1 + αnb†nbn +

√
βn+1b

†
n+1bn,

where we have used the relation between monic and orthogomal recurrence coeffi-
cients (9.6). So finally we have

ωn = gαn,

tn = g
√

βn+1.

2

187



Figure 9.1: Illustration of the effect of the transformation Un(x). On the left side
system central is interacting with a reservoir with continuous bosonic or fermionic
modes, paremetrized by x, after Un(x) the system is the first place of a discrete
semi-infinite chain parametrized by n.

9.3.3. Remark. Note that from a topological point of view, mapping a continuous
reservoir into a discrete chain is nothing but accounting for the separability of the
topological space P (or the continuous functions space, if one prefers), and therefore
the existence of a numerable basis.

9.3.4. Remark. In addition, the theorem provides us with a way to construct
the exact mapping for any spectral density by simply looking for the family of
orthogonal polynomials with respect to the measure dµ(x) = h2(x)dx. This can
be done analytically for many important cases, as we demonstrate in section 9.4
with the SBM, however even if the weight h2(x) is a complicated function, families
of orthogonal polynomials can be found by using very stable numerical algorithms
such as the ORTHPOL package [252].

9.3.5. Definition. We will say that a spectral density J(ω) belongs to the Szegö
class if the measure which it induced by dµ(x) = h2(x)dx, with g(x) = gx, belongs
to the Szegö class.

9.3.6. Corollary. For a Szegö class spectral density J(ω) the tail of the semi-
infinite chain tends to a translational invariant chain with

lim
n→∞

ωn = 2 lim
n→∞

tn =
gxmax

4
.

9.3.7. Remark. Typical examples of Szegö class spectral density are those strictly
positive in its domain J [g(x)] > 0 for x ∈ [0, xmax]. These includes a wide range
of spectral densities with practical interest, particularly the ones used for the SBM
discussed in the following section.

9.3.8. Remark. The asymptotic properties of the frequencies and couplings for
J(ω) in the Szegö class have an important physical implication for open quantum
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systems. Away from the quantum system, the chain becomes effectively translation-
ally invariant and it is a standard exercise in condensed matter physics to diagonalize
such a chain in terms of plane waves [253]. For chains derived from a Szegö class
J(ω), the dispersion ωk of the eigenstates of the asymptotic region of the chain is
ωk = ωc(1 − cos(πk))/2 where the momentum runs from 0 to 1 (ωc = g(1)). This
result shows rigorously that the asymptotic region can support excitations over the
full spectral range of the original environment, as one would intuitively expect on
physical grounds. The translational invariance of the asymptotic region means that
excitations of the environment can propagate away from the quantum system with-
out scattering and are effectively “lost” irreversibly to the environment over time.

9.3.9. Remark. A spectral function that appears in nature, most notably in pho-
tonic crystals, but which does not fall into the Szegö class would be a spectral
function that contains gaps, for instance

J(ω) = [J1(ω)θ(ω1 − ω) + J2(ω)θ(ω − ω2)]θ(ωc − ω).

Such a spectral function is zero in the region ω1 ≤ ω ≤ ω2. However, if J1,2(ω) are
in the Szegö class over [0, ω1] and [ω2, ωc] respectively, then the environment can
be considered as two separate chains, for which the theorems above apply for each
separate chain.

9.4 Applications

9.4.1 Continuous spin-boson spectral densities

As a prototypical example let us consider the spin-boson Hamiltonian which de-
scribes the interaction of a TLS with an environment of harmonic oscillators [15,231]

HSB = Hloc +

∫ xmax

0

dxg(x)a†xax +
1

2
σ3

∫ xmax

0

dxh(x)(ax + a†x), (9.19)

where ax are bosonic operators, and the local Hamiltonian of the spin is given by,

Hloc =
1

2
ησ1 +

1

2
εσ3. (9.20)

where σ1 and σ3 are the corresponding Pauli matrices.
Firstly we will consider spectral functions bounded by a hard cut-off at an energy

ωc, hence the cut-off xmax = g−1(ωc) appearing in the integrals in (9.19), which are
usually parameterized as [111,112,241]

J(ω) = 2παω1−s
c ωsθ(ω − ωc), (9.21)

where α is the dimensionless coupling strength of the system-bath interaction and
θ(ω − ωc) denotes the Heaviside step function. In the SBM literature, spectral
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functions with s > 1 are referred to as super-ohmic, s = 1 as Ohmic, and s < 1 as
sub-Ohmic. The sub-ohmic and Ohmic cases are known to show interesting critical
behaviour at zero temperaure as a function of α [15, 231]. According to (9.14) and
our convention in taking linear dispersion relations, this continuous spectral function
is related to the Hamiltonian parameters by,

g(x) = ωcx, (9.22)

h(x) =
√

2αωcx
s/2. (9.23)

With this choice of g(x) and h(x), xmax = 1 and absorbing the common factor
ωc

√
2α in the system operator Â = ωc

√
2ασ3, the following matrix elements generate

the mapping onto the chain,

Un(x) = xs/2P̃ (0,s)
n (x), (9.24)

here P̃
(0,s)
n (x) = P

(0,s)
n (x)N−1

n is a (normalized) shifted Jacobi polynomial (from
support [-1,1] to support [0,1]) for which the orthogonality condition reads

∫ 1

0

dxxsP (0,s)
n (x)P (0,s)

m (x) = δnmN2
n, (9.25)

N2
n =

1

2n + s + 1
. (9.26)

Therefore we get

Â

∫ 1

0

dxh(x)(ax + a†x) =
1

2
σ3

√
η0

π
(b0 + b†0),

where η0 =
∫ ωc

0
J(ω) dω as defined by Bulla et al. [111,112,241] in their NRG study

of the SBM. They also use a mapping of the SBM onto a chain, however in their
case the mapping is performed on an approximate discretised representation of the
oscillator reservoir, see section 9.4.2.

For the transformed of
∫ xmax

0
dxg(x)a†xax we obtain from the recursion coefficients

of the Jacobi polynomials [251], frequencies and tunneling amplitudes to be

ωn =
ωc

2

(
1 +

s2

(s + 2n)(2 + s + 2n)

)
, (9.27)

tn =
ωc(1 + n)(1 + s + n)

(s + 2 + 2n)(3 + s + 2n)

√
3 + s + 2n

1 + s + 2n
. (9.28)

It is quite easy to check that the measure dµ(x) = xsdx belongs to the Szegö
class for any s < ∞, the integral (9.9) on [0, 1] is

∫ 1

0

ln(xs)dx√
1− (2x− 1)2

= −πs ln(2).

190



Thus limn→∞ αn = 1
2

and limn→∞ β′n = m2

4
= 1

16
, so:

lim
n→∞

ωn =
ωc

2
, lim

n→∞
tn =

ωc

4
,

as it can be seen directly from the expressions (9.27) and (9.28). Interestingly,
smaller values of s lead to faster convergence of ωn, tn towards these limits as n
increases.

If instead of a hard cut-off we use an exponential cut-off for the spectral function

J(ω) = 2παω1−s
c ωse−

ω
ωc ,

and an integral on [0,∞), then for g(x) = ωcx we find

h(x) =
√

2αωcx
s/2e−s/2,

the transformation to the chain can achieved using

Un(x) = xs/2L̃s
n(x) = xs/2e−s/2Ls

n(x)N−1
n , (9.29)

where Ls
n(x) is an associated Laguerre polynomial and Nn is the normalisation of

the orthogonality relation for the associated Laguerre polynomials:

∫ 1

0

dxxse−xLs
n(x)Ls

m(x) = δnmN2
n, (9.30)

N2
n =

Γ(n + s + 1)

n!
. (9.31)

So the transformation reads

Â

∫ ∞

0

dxh(x)(ax + a†x) =
1

2
σ3c0(b0 + b†0),

with c0 = ωc

√
2αΓ(s + 1) =

√
η0 where η0 =

∫∞
0

J(ω) dω; and for the other term
from the recurrence relations of the associated Laguerre polynomials [251], the fre-
quencies and tunneling are

ωn = ωc (2n + 1 + s) , (9.32)

tn = ωc

√
(n + 1)(n + s + 1). (9.33)

9.4.2 Discrete spectral densities. The logarithmically dis-
cretized spin-boson model

Our main result (Theorem 9.3.2) maps continuous environments onto discrete semi-
infinite chains which are ideal for t-DMRG simulation. However in some situations
we may want to simulate systems which are coupled to a discrete set of oscillators
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which are not described by a continuous spectral function. This may occur physically
in many ways, for example systems coupled to vibrations of small or finite-sized
environments are coupled to discrete spectral densities. Many of these discrete
environments can be still be transformed into a chain using the same procedure we
have presented for the continuous mapping, the only different is that one now makes
use of the classical discrete orthogonal polynomials [254]. One example of this is
the finite-size discretisation of the spectral densities considered in section 9.4.1. It
will be shown in section 9.4.3 that these discrete environments can be mapped onto
chains suitable for t-DMRG analysis using the classical Hahn polynomials. In this
subsection we wish to focus on another important class of discrete spectral densities
which are logarithimcally discretised approximations to continuous environments.
These discretised spectral densities are a key part of the powerful NRG algorithm
used to study condensed matter systems, and a detailed description of this numerical
method and the reasons for performing this discretisation are given in Refs. [111,
112,241].

In the NRG approach to the same SBM considered in section 9.4, the contin-
uous spin-boson Hamiltonian is approximated by representing all the modes in a
energy range ωc∆

−n − ωc∆
−n−1 by a single effective degree of freedom described by

creation and annihilation operators an, a†n. These modes may either be fermionic or
bosonic. The logarithmic discretisation parameter ∆ is always greater than unity,
and the original continuum spin-boson Hamiltonian is recovered by sending ∆ → 1.
Assuming a spectral density of the form J(ω) = 2παω1−s

c ωsθ(ωc − ω), this logarith-
mic discretisation procedure generates a discrete spin-boson Hamiltonian HL of the
form [111,112,241],

HL = Hloc +
σz

2
√

π

∞∑
n=0

γn(an + a†n) +
∞∑

n=0

ζna†nan, (9.34)

where

γ2
n =

2πα

1 + s
ω2

c (1−∆−(1+s))∆−n(1+s) = γs∆
−n(1+s), (9.35)

ζn =
s + 1

s + 2

1−∆−(s+2)

1−∆−(s+1)
ωc∆

−n = ζs∆
−n. (9.36)

As described in detail in Refs. [111,112,241], the NRG algorithm can only be applied
after the Hamiltonian HL of Eq. (9.34) is mapped onto a 1 −D nearest-neighbors
chain of the form,

Hc = Hloc +
1

2

√
η0

π
σz(b0 + b†0) +

∑
n

ωnb†nbn + tnb
†
n+1bn + tnb

†
nbn+1. (9.37)
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To do this Bulla et al. [111,112,241] first introduce a new set of bosonic modes bn, b
†
n

defined by an orthogonal transformation U which acts on the an, a
†
n,

b†n =
∑
m

Unma†m, (9.38)

bn =
∑
m

Unmam. (9.39)

They then derive the following recurrence relation for the matrix elements Unm that
bring the Hamiltonian of (9.34) to the chain form of (9.37) [111,112,241],

ζnUmn = ωmUmn + tmUm+1n + tm−1Um−1n. (9.40)

This recurrence relation is then solved numerically by an iterative procedure to pro-
vide the hopping parameters tn and site energies ωn which are the input parameters
for the NRG algorithm. This recurrence relation is the standard method for finding
the chain parameters for almost all numerical simulation methods that use the chain
representation for impurity problems at present. However the numerical solutions
of the recurrence relations are highly sensitive to numerical noise and are often un-
stable as the dimension of U becomes large. In Refs. [111,112,241] it is stated that
numerical instabilities typically appear after about 25 − 30 iterations. The results
presented in this paper show that the problem of implementing this chain mapping
effectively amount to the problem of finding a suitable basis of orthogonal poly-
nomials to represent the bath degrees of freedom. The recursive method given by
Bulla et al. [111, 112, 241] is in fact equivalent to the recursive Stieltjes method for
determining the coefficients of orthogonal polynomials, a procedure which is well-
known to be numerically unstable for many weight functions, and in certain cases is
so inaccurate that it completely fails for all practical purposes [255]. As orthogonal
polynomials are very useful and widely used in numerical quadrature, the problem
of determining recurrence coefficients accurately for arbitrary weight functions has
been investigated in detail, and alternative numerical algorithms for determining
recurrence coefficients to arbitrary accuracy have been developed, most notably the
ORTHPOL package of Gautschi [252]. Our results showing that the chain mapping
can always be cast as a problem of finding recurrence coefficients of orthogonal poly-
nomials has thus allowed us to make use of these methods, therefore removing the
issue of numerical stability from the general problem.

However, for the specific example considered in this section we can in fact solve
the recursion relation analytically, and can give explicit formulae for the parameters
tn, ωn. We now demonstrate that the solution Unm to the recurrence relation of
[111,112,241] can be written as,

Unm =
∆−m(1+s)

2 pn(∆−m, ∆−s, 1|∆−1)

Nn

, (9.41)

where the functions pn(∆−m, ∆−s, 1|∆−1) in Eq. (9.41) are known as the little-
q Jacobi polynomials [256]. These polynomials obey the following orthogonality
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relation which defines the normalization constants Nn that appear in Eq. (9.41),

δnmN2
n =

∞∑

k=0

∆−k(1+s)pn(∆−k, ∆−s, 1|∆−1)pm(∆−k, ∆−s, 1|∆−1), (9.42)

N2
n =

∆−n(1+s)(∆−1; ∆−1)2
n

(∆−(s+1); ∆−1)2
n(1−∆−(2n+1+s))

. (9.43)

In Eq. (9.43) (a : q)n is the q-shifted factorial described in [256], and defined as

(a : q)n = (1− a)(1− aq)(1− aq2)...(1− aqn−1). (9.44)

Noting that p0(x, a, b|q) = 1 [256],

∞∑

k=0

∆−k(1+s)pn(∆−k, ∆−s, 1|∆−1) = δ0nN2
0 , (9.45)

= δ0n
1

1−∆−(s+1)
. (9.46)

One further property of the little-q Jacobi polynomials that we require to perform
the chain mapping is their three-term recurrence relation. This is given by,

∆−npj(∆
−n, ∆−s, 1|∆−1) = (Aj + Cj)pj(∆

−n, ∆−s, 1|∆−1)

− Ajpj+1(∆
−n, ∆−s, 1|∆−1)

− Cjpj−1(∆
−n, ∆−s, 1|∆−1), (9.47)

where,

Aj = ∆−j (1−∆−(j+1+s))2

(1−∆−(2j+1+s))(1−∆−(2j+2+s))
, (9.48)

Cj = ∆−(j+s) (1−∆−j)2

(1−∆−(2j+s))(1−∆−(2j+1+s))
. (9.49)

Using the orthogonality relations one can easily show that the transformation U
is an orthogonal matrix and that the bn, b†n operators obey the same bosonic or
fermionic commutation relations as the an, a

†
n operators.

Now we express the original Hamiltonian in terms of the bn, b
†
n operators. The

second term of (9.34) transforms as,

∞∑
n=0

γn(an + a†n) =
∞∑

n=0

∞∑

k=0

γnUkn(bk + b†k)

= γs

∞∑

k=0

N−1
k (bk + b†k)

∞∑
n=0

∆−n(1+s)pk(∆
−n, ∆−s, 1|∆−1)

= γs

∞∑

k=0

N−1
k (bk + b†k)δ0kN

2
k

= γsN0(b0 + b†0) =
√

η(b0 + b†0),
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where we have used property of Eq. (9.46) and in the last step the explicit form of
γsN0 has been used,

γ2
sN

2
0 =

2πα

1 + s
ω2

c =

∫ ωc

0

J(ω)dω = η0.

where η0 is the coupling defined by Bulla et al. [111, 112, 241]. The chain couplings
and energies arise from the transformation of the third term of (9.34), which then
becomes,

∞∑
n=0

ζna
†
nan =

∞∑
n=0

∞∑

j,k=0

ζs∆
−nb†jbkUjnUkn

= ζs

∞∑

j,k=0

b†jbk

NjNk

×
∞∑

n=0

∆−n(1+s)
︷ ︸︸ ︷
∆−npj(∆

−n, ∆−s, 1|∆−1) pk(∆
−n, ∆−s, 1|∆−1).

The orthogonality condition cannot be used directly here as the weight function of
the sum ∆−n(s+1) is multiplied by an extra factor of ∆−n. However, we can absorb
this factor in the sum using the recurrence relation of the little-q polynomials on
the braced term above. Substituting the right hand side of the recurrence relation
into Eq. (9.50) allows the orthogonality relations to be used, and ensures that
the resulting couplings are nearest-neighbors only. This generates a 1 − D chain
Hamiltonian H ′ of the form of (9.16), with energies ωn and hopping tn given by,

ωn = ζs(An + Cn), (9.50)

tn = −ζs

(
Nn+1

Nn

.

)
An (9.51)

We now show that our explicit form for Umn in terms of little-q Jacobi polyno-
mials satisfies the recurrence equation of Bulla et al. Eq. (9.40). We first use Eqs.
(9.50) and (9.51) to express the right hand side of (9.40) in terms of the little-q
Jacobi recurrence coefficients An, Cn. Substituting ζn = ζs∆

−n on the left hand side
as well, one obtains

ζs∆
−nUmn = ζs(Am + Cm)Umn − ζs

(
Nm+1

Nm

)
AmUm+1n (9.52)

− ζs

(
Nm

Nm−1

)
Am−1Um−1n. (9.53)

Now substitute for the Umn using (9.41) we obtain,

∆−npm(∆−n, ∆−s, 1|∆−1) = (Am + Cm)pm(∆−n, ∆−s, 1|∆−1)

+

(
Nm

Nm−1

)2

Am−1pm−1(∆
−n, ∆−s, 1|∆−1)

+ Ampm+1(∆
−n, ∆−s, 1|∆−1).
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The final additional that result we need to use is that the following relations
holds,

Cm = Am−1

(
Nm

Nm−1

)2

m > 1, (9.54)

C0 = 0 m = 0, (9.55)

which is easily shown from the definitions of Am, Cm. Substituting this into Eq.(9.56),
the equation reduces to,

∆−npm(∆−n, ∆−s, 1|∆−1) = (Am + Cm)pm(∆−n, ∆−s, 1|∆−1)

+ Ampm+1(∆
−n, ∆−s, 1|∆−1)

+ Cmpm−1(∆
−n, ∆−s, 1|∆−1).

This is just the recurrence relation for the little-q Jacobi polynomials. Therefore
the original Unm of Eq. (9.41) is the solution of the recurrence relations of Bulla et
al.. The energies and hopping amplitudes are simple functions of An, Cn and the
following additional relation can also be derived using Eqs. (9.50) and (9.51),

ωn = −tn

(
Nn

Nn+1

)
− tn−1

(
Nn−1

Nn

)
.

9.4.3 Linearly-discretised baths

We now consider an environment consisting in a large, but discrete number N + 1
of environmental degrees of freedom. The Hamiltonian for such a system can be
written as

H = Hloc +
σz

2
√

π

N∑
n=0

γn(an + a†n) +
N∑

n=0

ζna
†
nan, (9.56)

where ζn = ωcn/(N + 1), the coupling constants γn are

γ2
n = 2πα

ω2
c

(N + 1)s+1

(
s + n

n

)
, (9.57)

and the bosonic operators obey the discrete commutation relation [an, a
†
m] = δnm.

The expressions for ζn and γn arise from a linear discretisation of the continuous
spectral function J(ω) = 2παω1−s

c ωs with N + 1 oscillators equally-spaced in k
approximating the bath. As N → ∞ we recover the continuum limit which was
mapped using Jacobi polynomials. This discrete Hamiltonian can be mapped to the
nearest-neighbors chain using the orthogonal transformation

bk =
N∑

n=0

(
s + n

n

) 1
2

Qk(n, s)ρ−1
k an, (9.58)
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where Ql(n, s) = Ql(n, s, 0, N) is a Hahn polynomial [254, 256]. The Hahn polyno-
mials are classical discrete orthogonal polynomials and are defined by the discrete
inner product

N∑
n=0

(
α + n

n

)(
β + N − x

N − x

)
Ql(n, α, β,N)Qk(n, α, β,N) = ρ2

kδlk. (9.59)

Introducing the Pochhammer symbol (a)k = a(a+1)...(a+N−1), the normalization
factors ρk are given by

ρk =
(−1)k(k + α + β + 1)N+1(β + 1)kk!

(2k + α + β + 1)(α + 1)k(−N)kN !
. (9.60)

Using the inner product relation is it easy to show that the new modes bk, b
†
k obey

the same commutation relations as the original modes, and using the identity [256],

(
s + x

x

)(
s + y

y

) N∑

k=0

Qk(x, α, β,N)Qk(y, α, β, N)

ρ2
k

= δxy, (9.61)

one can show that the inverse transform is

an =
N∑

k=0

(
s + n

n

) 1
2

Qk(n, s)bk. (9.62)

The Hahn polynomials also obey the three-term recurrence relation

xQn(x, α, β, N) = AnQn+1(x, α, β, N)− (An + Cn)Qn(x, α, β, N)

+ CnQn−1(x, α, β, N), (9.63)

where

An =
(n + α + β + 1)(n + α + 1)(N − n)

(2n + α + β)(2n + α + β + 1)
, (9.64)

Cn =
n(n + α + β + N + 1)(n + β)

(2n + α + β)(2n + α + β + 1)
. (9.65)

We now substitute (9.62) into H to obtain the chain Hamiltonian. As in the previ-
ous examples, the three-term recurrence and orthogonality of the Qk(n, s) ensures
the generation of a discrete nearest-neighbors chain with energies and couplings de-
termined by the recurrence coefficients of the Hahn polynomials. The transformed
Hamiltonian Hc is given by,

Hc = Hloc +
1

2

√
η

π
σz(b0 + b†0) +

N∑
n=0

ωnb†n + tnb
†
nbn+1 + tnb†n+1bn, (9.66)

ωn =
ωc

N + 1
(An + Cn), (9.67)

tn =
ωc

N + 1

ρn+1

ρn

An. (9.68)
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The discrete weight function is not in the Szegö class, and at finite N we find
that ωn → ωc/4, tn → 0 as n → N . However, taking the limit N → ∞ leads to
the recovery of the results obtained for a continuous power-law spectral density in
section 9.4.1. Formally this results from the limit relation [256],

lim
N→∞

Qn(Nx, a, b, N) = (−1)nP a,b
n (2x− 1)/P a,b

n (1),

although this can also be seen by using taking the limit of the explicit expressions
for the recurrence relations An, Cn and normalizations Nn for the Hahn polynomials.
Using the explicit expressions, it is also easy to show that the difference between
the chain energies and hoppings for the continuous and linearly discretized bath are
of O(n/N) for n ¿ N . The differences in the behaviour of the chain parameters in
the finite and continuous cases has a physical significance that will be explored in
a future work. Here, it will be enough to say the vanishing of the tn as n → ∞ is
related to the existence of a recurrence time in the dynamics of the discrete problem.

9.5 Conclusions

In this chapter we have demonstrated how the problem of a quantum system coupled
linearly to the coordinates of a continuous bosonic or fermionic environment can be
mapped exactly onto a one-dimensional model with only short-range interactions.
Using the theory of orthogonal polynomials, we have shown how the parameters
of this one dimensional representation can be simply obtained from the recurrence
coefficients of the orthogonal polynomials of the spectral function describing the en-
vironment. Certain important spectral functions correspond to the weight functions
of the classical orthogonal polynomials, and the parameters of the chain Hamilto-
nian can be given in closed analytical form. When the spectral function is not a
classical weight function, we can make use of numerical techniques developed for de-
termining recurrence coefficients that allow us to find the chain parameters to high
precision and for arbitrary long chains. Our use of orthogonal polynomials simul-
taneously removes the need to discretise the environmental degrees of freedom and
also the numerical instabilities that plague the recursive method previously used to
implement this chain transformation. This is particularly important, as hitherto the
principal use of the chain transformation is to enable numerical simulation of the
dynamics and ground state properties of systems which strongly interact with their
environments. The work presented here was principally motivated by an attempt to
use the powerful t-DMRG simulation technique to study strongly-interacting open
quantum systems, a problem of considerable topically, especially in the emerging
field of quantum effects in biology. The combination of our exact mapping has now
made it possible to use t-DMRG to obtain extremely accurate simulations of open-
system dynamics with no artefacts arising from having a discretised representation
of the environment and a numerical approximation to the mapping. Using the the-
ory of orthogonal polynomials, we have also given examples that could be used in
the NRG community.
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In addition to these practical advantages, the analytical mapping reveals an in-
teresting structure to the system-environment systems we consider, in particular,
the result that the chain representations of all spectral functions in the physically
broad, Szegö class look the same in the asymptotic limit. This observation may lead
to further improvements in the numerical efficiency of open-quantum simulations,
allowing the chain representations to be truncated in an efficient way that is uni-
versal for all spectral functions in the Szegö class. We have also presented results
showing the relations between the chain representations of linearly and logarith-
mically discretised spin-boson models and the continuous case, results which may
also prove useful in determining how to optimize the accuracy of simulations with
a discretised representations.
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Prospects

The topics that have been presented in this thesis have prompted new questions
which could be the potential focus of subsequent work.

Starting with Markovian dynamics, there are many open questions to answer for
interacting systems, mainly in non-equilibrium situations arising from weak coupling
to baths with different temperatures. For instance, what is the connection between
the strength of the system interaction and the energy flux from the hotter to the
cooler bath? Once this connection is established, we can ask what is the best strategy
to obtain a Markovian master equation describing such a flux of energy.

Additionally, we have given an example of entangled steady states assisted by
Markovian noise (chapter 6). The preparation of entangled states via dissipation
is an active field of research, see for example [257–262] for recent developments.
Actually, the first experiment which implements this idea has already been carried
out [263]. However, there is not a general classification of the type of completely
positive semigroups with entangled asymptotic states.

The microscopic structure of the environment in solid-state qubits is still not
fully characterized. As analyzed in chapter 8, it seems that the most realistic model
require the introduction of an ensemble of two-level fluctuators. However, the true
number of fluctuators which are involved in the decoherence process is not clear, nor
is it known if these fluctuators interact with each other. In fact this later point has
not been explored in real experiments, so the method we propose could be a first
step towards analyzing this.

Regarding non-Markovian dynamics there is still a plethora of open problems.
It is of particular importance to design new methods to describe them when the ex-
isting non-Markovian techniques are not applicable. In this context, we introduced
in chapter 9 an exact method to map a reservoir into a chain with nearest-neighbors
interactions which allows us to outperform previous methods of numerical simula-
tion. We stress here that, for a wide class of spectral densities, it is possible to
consider the asymptotic region of the chain as a secondary environment, in which
case the system–bath Hamiltonian can be recast as a finite chain in which the final
mode is damped by the translationally invariant chain. In this picture, the damping
of the final member of the chain is universal for all spectral densities in the Szegö

201



class. Such a truncated picture might allow for improved efficiency in the numerical
simulation of open-system dynamics, and the detailed physics behind this intuitively
appealing picture of relaxation and dephasing in the chain picture is currently under
investigation and will be published elsewhere.

Work presented in chapter 7 is receiving increasing attention, and is regarded as
pioneering in the field. Nowadays, this is a very active area of research and a surge
of new papers have recently been published [264–272]. There are many interesting
questions to pose about this topic, including establishing possible relations between
non-Markovianity and other characteristics of an open quantum system. For exam-
ple, the efficiency in the transport of excitations, the stability of the motion or its
chaotic properties, as well as the preservation of quantum properties in time. In this
sense, we have found some examples where the presence of non-Markovianity can
be quantitatively linked to the existence of entangled asymptotic states.

On the other hand, it is not clear whether Markovianity in the classical sense
corresponds to Markovianity in the quantum sense given a dynamical map as a
successive application of random unitary transformations. For this, the randomness
is given by a classical random variable. Actually, preliminary results suggest that
this is not the case [273,274].

Finally, we are carrying out studies about some other topics related to open
system dynamics. Particularly, we are investigating under which circumstances an
environment can be consider as “classical”, such that the dynamics are just a convex
combination of unitary maps. For a qubit, this is the case for any dynamics which
preserve the identity (unital), see [33, 275]. However we have developed models for
the description of possible noise-assisted biological processes where this is not the
case [276]. Even so, that an environment can be classically reproducible does not
seem to be essential for the efficiency of those processes, as least within our current
understanding of the energy transfer dynamics.
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Madrid, 1989.

[20] M. Spivak, Calculus, Cambridge University Press, Cambridge, 1994.

[21] K. Yosida, Functional Analysis, Springer, Berlin, 1980.

[22] M. Reed and B. Simon, Methods of Modern Mathematical Physics II, Academic
Press, San Diego, 1975.

[23] K. -J. Engel and R. Nagel, One-Parameter Semigroups for Linear Evolution
Equations, Springer, New-York, 2000.

[24] The most simple example is in one dimension, take a nowhere differentiable
function f(t) and define T(t,s) = f(t)/f(s) for f(s) 6= 0.

[25] F. Schwabl, Quantum Mechanics, Springer, Berlin, 2007.

[26] E. Schrödinger, Phys. Rev. 28, 1049 (1926).

[27] One point to stress here is that a quantum system that interchanges informa-
tion with a classical one in a controllable way (such as a pulse of a laser field
interacting an atom) is also considered isolated.

[28] R. Gähler, A. G. Klein and A. Zeilinger, Phys. Rev. A 23, 1611 (1981).

[29] S. Weinberg, Phys. Rev. Lett. 62, 485 (1989).

[30] J. J. Bollinger, D. J. Heinzen, Wayne M. Itano, S. L. Gilbert and D. J.
Wineland, Phys. Rev. Lett. 63, 1031 (1989).

[31] A. Galindo and P. Pascual, Quantum Mechanics (2 vols), Springer, Berlin,
1990.

204



[32] It can be shown that it is the only linear (isomorphic) isometry of trace-class
operators. Actually the proof of theorem 3.2.5 is similar.

[33] M. A. Nielsen and I. L. Chuang, Quantum Computation and Quantum Infor-
mation, Cambridge University Press, Cambridge, 2000.

[34] S. Virmani, Entanglement Quantification & Local Discrimination, PhD Thesis,
Imperial College London, 2001.
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[99] A. Suárez, R. Silbey and I. Oppenheim, J. Chem. Phys 97, 5101 (1992).

[100] P. Gaspard and M. Nagaoka, J. Chem. Phys. 111, 5668 (1999).

[101] F. Benatti, R. Floreanini and M. Piani, Phys. Rev. A 67, 042110 (2003).

[102] F. Benatti, R. Floreanini and S. Breteaux, Laser Physics 16, 1395 (2006).

[103] R. Kubo, J. Phys. Soc. Jpn. 12, 570 (1957); P. C. Martin and J. Schwinger,
Phys. Rev. 115, 1342 (1959).

[104] C. M. Caves and G. J. Milburn, Phys. Rev. A 36, 5543 (1987).

[105] E. B. Davies and H. Spohn, J. Stat. Phys. 19, 511 (1978).

[106] R. Alicki, J. Phys. A: Math. Gen. 12, L103 (1979).

[107] H. -P. Breuer and F. Petruccione, Phys. Rev. A 55, 3101 (1997).

[108] S. Kohler, T. Dittrich and P. Hänggi, Phys. Rev. E 55, 300 (1999).

[109] V. V. Dobrovitski and H. A. De Raedt, Phys. Rev. E 67, 056702 (2003).

[110] E. Paladino, M. Sassetti, G. Falci, U. Weiss, Phys. Rev. B 77, 041303(R)
(2008).

[111] R. Bulla, H. -J. Lee, N. -H. Tong and M. Vojta, Phys. Rev. B 71, 045122
(2005).

[112] R. Bulla, T. Costi and T. Pruschke, Rev. Mod. Phys. 80, 395 (2008).

[113] J. Prior, A. W. Chin, S. F. Huelga and M. B. Plenio, Phys. Rev. Lett. 105,
050404 (2010).

[114] B. Vacchini and H. -P. Breuer, Phys. Rev. A 81, 042103 (2010).

208



[115] S. M. Barnett and S. Stenholm, Phys. Rev. A 64, 033808 (2001).
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[166] R. Löfstedt and S. N. Coppersmith, Phys. Rev. Lett. 72, 1947 (1994).

[167] M. Grifoni and P. Hänggi, Phys. Rev. Lett. 76, 161 (1996).

[168] M. Grifoni and P. Hänggi, Phys. Rev. E. 54, 1390 (1996).

[169] M. Grifoni and P. Hänggi, Phys. Rev. E. 59, 5137 (1999).

[170] A. Buchleitner and R. Mantegna, Phys. Rev. Lett. 80, 3932 (1998).

[171] S. F. Huelga and M. B. Plenio, Phys. Rev. A 62, 052111 (2000).

[172] I. Goychuk, J. Casado-Pascual, M. Morillo, J. Lehmann, P. Hänggi, Phys.
Rev. Lett. 97, 210601 (2006).

[173] D. E. Makarov and N. Makri, Phys. Rev. B 52, 2257(R) (1995);

[174] T. Wellens and A. Buchleitner, Phys. Rev. Lett. 84, 5118 (2000).

211



[175] L. Viola, E. M. Fortunato, S. Lloyd, C. H. Tseng, and D. G. Cory, Phys. Rev.
Lett. 84, 5466 (2000).

[176] See I. Goychuk, P. Hänggi, Adv. Phys. 54, 525 (2006); for a recent review
discussing a broad class of stochastic resonance phenomena.

[177] For results concerning SR phenomena in classical arrays see, for instance, J. F.
Lindner, B. K. Meadows, W. L. Ditto, M. E. Inchiosa, A. R. Bulsara, Phys.
Rev. Lett. 75, 3 (1995); see also F. Marchesoni, L. Gammaitoni, A. R. Bulsara,
Phys. Rev. Lett. 76, 2609 (1996); for array-enhancement effects, J.A. Acebrón,
W. J. Rappel, A. R. Bulsara, Phys. Rev. E 67, 016210 (2003); for a description
of cooperative effects, Z. Neda, Phys. Rev. E 51, 5315 (1995); for the study
of SR in a classical Ising chain.

[178] S. F Huelga and M. B. Plenio, Phys. Rev. Lett. 98, 170601 (2007).

[179] L. Henderson, V. Vedral, J. Phys. A: Math. Gen. 34, 6899 (2001).

[180] B. Schumacher, M. D. Westmoreland, Phys. Rev. A 74, 042305 (2006).

[181] I. Goychuk and P. Hänggi, New J. Phys. 1, 14 (1999).

[182] W. K. Wootters, Phys. Rev. Lett. 80, 2245 (1998) .

[183] M. B. Plenio and S. Virmani, Quant. Inf. Comp. 7, 1 (2007).

[184] P. Rebentrost, M. Mohseni, A. Aspuru-Guzik, J. Phys. Chem. B 113, 9942
(2009).

[185] See H. Lee H, Y. C Cheng and G. R. Fleming, Science 316, 1462 (2007); V. I.
Prokhorenko, A. R. Holzwarth, F. R. Nowak and T. J. Aartsma, J. Phys.
Chem. B 106, 9923 (2002).

[186] G. S. Engel, T. R. Calhoun, E. L. Read, T. K. Ahn, T. Mančal, Y. C. Cheng,
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C. Kollath, U. Schollwöck and G. Vidal, J. Stat. Mech. P04005 (2004); S. R.
White and A. E. Feiguin, Phys. Rev. Lett. 93, 076401 (2004).

[246] F. B. Anders, R. Bulla and M. Vojta, Phys. Rev. Lett. 98, 210402 (2007).

[247] R. Martinazzo, B. Vacchini, K. Hughes and I. Burghardt, Universal Markovian
reduction of Brownian particle dynamics quant-ph/10104718 (2010).

215



[248] W. Gautschi, Orthogonal Polynomials, Oxford University Press, New York,
2004.

[249] T. S. Chihara, An Introduction to Orthogonal Polynomials, Gordon and
Breach, New York, 1978.
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