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Introduction

The wave nature of ultracold matter is perhaps most spectacularly visible in atomic
physics experiments, where atomic gases can be prepared at ultralow temperatures,
such that the De Broglie wave length becomes of the order of the interparticle distance.
This regime where the quantum statistics of the atoms becomes relevant has been first
reached experimentally with the achievement of Bose-Einstein condensation in weakly
interacting atomic gases in 1995 [1, 2, 3]. These experiments can be considered as
benchmark, starting the field of ultracold atoms.

In the subsequent years the main focus of the research of ultracold atomic gases
was on exploring the properties of atomic Bose-Einstein condensates. Prominent exam-
ples are the interference of two condensates [4], the measurement of long-range phase
coherence [5] and the observation of quantized vortices [6, 7, 8] in a Bose-Einstein con-
densate. We remark here that there are close optical analogues for these experiments,
such as the observation of interference of light from two independent sources [9, 10] or
the occurrence of optical vortices in the modal structure of some lasers [11].

Drawing on these studies, increasing attention has been devoted to atomic gases
with strong correlations, in the regime in which the many-body dynamics essentially
determines the system properties. This has been achieved for instance with optical
lattices. It was shown theoretically by Jaksch et al. in 1998 [12] that the lowest lying
excitations of ultracold bosonic atoms in a dispersive optical lattice can be described by
the Bose-Hubbard Hamiltonian. The implementation of the Bose-Hubbard Hamiltonian
in an optical lattice and the observation of the quantum phase transition from superfluid
to Mott insulator phase has been first reported by Greiner et al. in 2002 [13]. It opened
the door to study ultracold atomic gases in a regime that is typically studied in solid
state and condensed matter physics and constitutes a benchmark in the research with
ultracold atomic gases. Further reading about the progress so far in the research of
ultracold atomic gases can be found in [14, 15] and references therein.

A crucial point for comparing experiment with theoretical predictions is the char-
acterization of the many-body state of the atoms. For ultracold atoms detection of the
quantum state is often performed by releasing the atoms from the confining region and
measuring their density distribution after the time of flight to the detecting region by
absorption imaging. For sufficiently long time of flight the measured density distribution
is proportional to the initial momentum distribution in the trap [14]. Beyond measuring
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the initial momentum distribution several experimental techniques allow one to extract
distinct physical quantities characterising the quantum state of the atoms. Applying
a Bragg-pulse initially leads to a well defined momentum and energy transfer to the
atoms and permits the study of collective excitations of the system [16, 17, 18, 19],
thereby measuring the structure form factor, which is essentially the Fourier transform
of the density-density correlation function of the gas [20, 21, 22]. The single-particle
correlation function of the atomic gas can be determined by spatially resolved outcou-
pling of atoms from the trap and measuring the resulting interference pattern [5]. This
technique has been used to study the emergence of off diagonal long range order in
Bose-Einstein condensation [23]. It was also shown theoretically that one may be able
to measure the superfluid fraction of an ultracold atomic gas by applying a light induced
vector potential to simulate rotation [24].

Further measurement techniques based on the so called noise correlation measure-
ments take into account quantum fluctuations by comparing absorption images of differ-
ent experimental runs [25]. Applying noise correlation measurements to the absorption
image of two interfering identical atomic samples it has been shown that one can com-
pletely determine the quantum state of the atomic system for one and two dimensional
Bose-liquids [26, 27, 28]. In general they have proven to be a valuable tool for extracting
additional information about the many-body state of the atoms [29, 30, 31].

Despite the vast amount of information that can be obtained about the atomic
systems using absorption imaging after time of flight, the main drawback is its de-
structive character. An alternative approach to determine the quantum state of the
ultracold atomic gas is the measurement of elastically scattered light from the atomic
system. The motivation for this route to determine the quantum state of ultracold
atomic gases is manifold. Several theoretical works pointed out that the observa-
tion of photons scattered by ultracold atoms may provide complementary information
on the quantum state of the atoms compared to the usual time of flight measure-
ments [32, 33, 34, 35, 36, 37, 38, 39]. For dispersive light-matter interaction such mea-
surements may be non-destructive for the quantum state of the atoms [35, 40, 41, 42].
Hence they may set the basis for feedback schemes [41, 43], which could be used to
engineer the quantum state of the atoms.

Using optical detection schemes it is difficult to find a setup which gives information
about the single-particle correlation function of the atomic gas. This is due to the fact
that for dispersive light-matter interaction the first order coherence of the scattered light
contains information about the density-density correlations of the atoms [44]. Indeed
optical detection of the single-particle correlation function of an atomic system has
only been considered for Fermions so far [45, 46]. It is an open question how one may
obtain this information for a gas of bosons by measuring the scattered light. Also no
proposal exists which may allow for measuring the single particle correlation function of
an ultracold atomic gas in a non-destructive way, independent on the quantum statistics
of the atoms.
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In the present thesis we study ultracold bosonic gases interacting dispersively with
the electromagnetic field, and analyse the kind of information about the many-body
state of the atoms that may be obtained by measuring the scattered photons. The
general setup we consider is the following. A weak probe field drives the atoms such that
its effect on the atomic evolution can be neglected. The scattered light is then calculated
as a function of various parameters such as scattering angle, frequency or intensity.
Using variations of this setup we show how to measure the density-density correlation
function and the excitation spectrum of the atomic gas, as well as the mean value of
the atomic field operator by detecting the emitted photons. We use ultracold atoms
in optical lattices as model system for our investigations and shown how the presented
schemes may allow one to monitor the quantum phase transition of an ultracold bosonic
gas in an optical lattice from superfluid to Mott-insulator phase. We note that their
application is not restricted to ultracold atoms in optical lattices and extensions of them
may allow for the measurement of the single-particle correlation function of an arbitrary
system of ultracold bosonic atoms.

The thesis is organized as follows. In chapter 1 we review the basic theory for the
light-matter interaction which forms the basis for our investigations of light scattering
from ensembles of ultracold atoms. The theoretical model is based on second quantiza-
tion, thus taking into account the quantum statistics of the atoms.

In chapter 2 we review the dynamics of ultracold atoms in optical lattices which
form one of the basic systems for our investigations. We first introduce some basic
properties of the physics of a single particle in a periodic potential. Considering the
case of many atoms it is shown that the ground state and the lowest lying excitations
of ultracold bosonic atoms confined by a dispersive optical lattice can be described
by the Bose-Hubbard Hamiltonian [12]. We then report some theoretical techniques
to perturbatively calculate the excitation spectrum and the eigenstates of the Bose-
Hubbard Hamiltonian, which will be used in the following chapters.

In chapter 3 we study the photonic band structure of a chain of fixed pointlike atoms
in a biperiodic configuration interacting with the electromagnetic vacuum. We calculate
the photonic spectra and the probe transmission if the atoms are in free space and inside
a standing wave optical resonator. We study how the photonic spectra are modified as
a function of the interparticle distance. It is shown how one can get information about
the atomic configuration by measuring the transmitted light signal.

In chapter 4 we investigate the spectrum of the scattered light from ultracold atoms
in an optical lattice illuminated by a weak laser. We calculate the photonic scattering
cross section as a function of energy and direction of emission along the Mott-insulator
superfluid phase transition. Thereby we take the finite tunneling rate of the atoms and
the effect of photon recoil into account when evaluating the scattering cross section. The
interference between the finite atomic tunneling rate and the photon induced hopping
is visible in the heights of the Bragg peaks and we show that this effect is measurable in
the superfluid phase. We compare our analytical results using the techniques presented
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in Chapter 2 with numerical results where we diagonalize exactly the Bose-Hubbard
Hamiltonian for a small number of atoms and wells. It is shown that frequency resolved
measurement of the scattered light at different scattering angles may reveal the spectrum
of the atomic system and hence the many-body state of the atoms.

In chapter 5 we show how the mean value of the atomic field operator �ψ(r, t)�
of an ultracold atomic system may be determined by means of photo detection. For
this purpose we consider a gas of ultracold atoms trapped at two spatially separated
regions in space. Using two Raman lasers to couple atoms out of the systems we show
that it is possible to measure the mean value of the atomic field operator �ψ(r, t)� of
the two systems by measuring the scattered light intensity in one of the lasers modes.
We compare our general theory to the experimental results of Saba et al. [47] and
find agreement between experimental data and our theoretical results. It is shown that
measuring the scattered light is equivalent to directly measuring the atoms by absorption
imaging in this setup. We then argue how an extension of this setup might be used to
measure the temperature of a Bose-Einstein condensate or to monitor the superfluid to
Mott-insulator phase transition for a gas of ultracold atoms in an optical lattice.

In Chapter 6 we summarize the main results and give an outlook of the work pre-
sented in this thesis. We relate current directions of research to our results and discuss
possible extensions of the presented studies.



Chapter 1

Quantum Field Theory of Atoms
Interacting with Photons

In this chapter we review the quantum mechanical description for the interaction of
an atomic gas with the electromagnetic field. When the atoms are at sufficiently high
temperatures and low densities, the atom-photon interaction reported in textbooks
[48, 49, 50] provides an excellent description of the dynamics, which has been confirmed
by experiments [49, 51]. In this case the atoms interact individually with the photons.
Collective dynamics may emerge e.g. if the interparticle distance is much smaller than
the resonant wavelength of the atomic dipole transition which couples to the electro-
magnetic field. In this regime spontaneous phase-locking of the atomic dipoles leads
to superradiant behaviour of the atomic sample [52]. However the collective emission
of light from the atomic sample leading to superradiance is established via the electro-
magnetic field and not due to an intrinsic collective behaviour of the atoms.

Experiments in atomic physics have reached regimes where the temperature of an
atomic gas is sufficiently low, such that the thermal de Broglie wavelength of the par-
ticles becomes comparable with the interatomic distance. In this regime the quantum
statistics of the gas is crucial and has to be taken into account also for describing the
light matter interaction [14].

In this thesis we will focus on the photons-atoms dynamics at ultralow temperatures,
when the many-body effects and quantum statistics of the atoms are relevant. The
theory to employ should hence account for the many-body effects in the interactions
between atoms and light, and in particular their quantum statistics.

A theory that describes the interaction of a gas of quantum degenerate atoms with
the quantized electromagnetic field is most conveniently cast into second quantized form.
In this case the quantum statistics of the atoms will be automatically taken into account
using the proper commutation relation for the atomic field operators [53]. Since it forms
the basis for the rest of this thesis we illustrate in this chapter the main steps that lead
to a second quantized description for the interaction of an ultracold atomic gas with
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the electromagnetic field, as has been first reviewed in 1994 by Lewenstein et al. [54].
We start with the classical Hamiltonian for N charged pointlike particles in an

electromagnetic field in Coulomb gauge. Quantization of the electromagnetic field and
replacement of the coordinates of the particles and their canonical momenta with their
respective operators [55] leads to the basic Hamiltonian for a gas of atoms interacting
with the electromagnetic field in the velocity gauge. Applying the dipole and rotating
wave approximation we transform the Hamiltonian to the length gauge by means of
a Goeppert-Mayer transformation [56]. We end the chapter by making some critical
remarks about the presented theory and its limitations.

1.1 Classical Hamiltonian

The classical Hamiltonian of N charged pointlike particles with masses mj and charges
ej at positions rj interacting with the electromagnetic field in Coulomb gauge (∇·A = 0)
is given by [50]

H =
�

j

1

2mj

�
pj −

ej
c
Aj

�2
+

1

2

�

j �=k

ejek
|rj − rk|

+
1

8π

�
dr(E⊥2

+B2) , (1.1)

where Aj is the vector potential taken at the position of the jth particle rj and

B = ∇×A , (1.2a)

E⊥ = −1

c

∂A

∂t
, (1.2b)

are the magnetic and transverse electric field respectively. The three terms on the
right hand side of Eq. (1.1) describe the kinetic energy of the atoms moving in an
electromagnetic field, the static Coulomb interaction between the charged particles and
the energy of the electromagnetic field in vacuum respectively.

The integral in Eq. (1.1) runs over the whole volume of the system which we assume
to be a cube of length L. Expanding the vector potential in plane waves, assuming
periodic boundary conditions, one finds [48]

A(r, t) =
�

λ

Aλ

�
αλ(t)e

ıkλ·r + α∗
λ(t)e

−ıkλ·r
�
êλ , (1.3)

where the sum over λ has to be seen as a sum over all discrete wave vectors kx,y,z =
2πnx,y,z/L, with nx,y,z being some integer, and polarizations êλ ⊥ kλ. In Eq. (1.3) we
expanded the vector potential in modes with linear polarizations such that êλ and the
amplitudes Aλ real valued. Inserting Eq. (1.3) in Eq. (1.2) one finds from Maxwells
equations for the electric and magnetic field the following equations of motion for the
normal variables αλ in the free field case

α̇λ(t) = −ıωλαλ(t) , (1.4)
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with the dispersion relation ωλ = |kλ|c.
Now we will discuss the charges. The particles we consider in this thesis are bosonic

alkali-metal atoms, thus neutrally charged and with a single valence electron and integer
spin. In this case the atoms can be modelled to consist of heavy nuclei (completely filled
shells) with mass m and effective charge −e at positions Rj and a much lighter single
valence electron of mass me and charge e at positions rj , moving in the potential of
the core1. If the density of the gas is not too high, such that the distance between
distinct atoms is always much larger than the extension of the atoms, �|Rj − rj |� �
�|Rk −Rl|� ∀{j, k �= l} 2, each atom can be considered as a dipole with moment dj =
|e|(rj −Rj). Hence the leading order terms in the Coulomb interaction in Eq. (1.1) are
well approximated by the screened Coulomb potential between the valence electrons and
their cores and the dipole part of the Coulomb potential between two different atoms.
All the other terms can be included by an effective short range atom-atom potential
Vjm(Rj ,Rm). Thus the classical Hamiltonian of a gas of N hydrogen like atoms in the
single electron approximation in an electromagnetic field is given by

H =
�

j

��
Pj +

e
cA(Rj)

�2

2m
+

�
pj − e

cA(rj)
�2

2me
+ Vec(Rj , rj)

�
+
1

2

�

j �=k

Vjk+Hdip+Hemf ,

(1.5)
where pj and Pj are the canonical momenta for the valence electrons and the cores
respectively. The term Vec(Rj , rj) describes the screened Coulomb potential between
the valence electron and core of the jth atom and

Hdip =
1

2

�

j �=k

�
dj · dk − 3(n̂jk · dj)(n̂jk · dk)

|Rj −Rk|3
+

4π

3
dj · dkδ(Rj −Rk)

�
, (1.6)

Hemf =
1

8π

�
dr(E⊥2

+B2) , (1.7)

give the static dipole-dipole interaction [57] and the energy of the electromagnetic field
in vacuum, respectively.

1.2 Quantum Theory

In order to obtain a quantum mechanical description from the classical Hamiltonian
Eq. (1.5) one has to replace the canonical conjugate variables of the electrons and cores
with their respective operators and the Poisson brackets with commutators [55, 58].

For a better description of typical experimental setups we will also include an ex-
ternal confining potential Vt(Rj , rj ,α) for the atoms. Since the valence electrons are

1
Note that e is the charge of the electron and is negative.

2
Here �O� means the classical time average of O
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subject to the strong Coulomb potential of the core they will not feel the external con-
finement, such that the trap potential will only affect the center of mass motion of the
atoms, which is essentially the motion of the cores. The dependence on rj only reflects
the fact that the trap potential might be dependent on the internal state of the atoms
and on the spin of the atom α [59]. We will not consider the case of velocity dependent
external potentials.

The quantization of the electromagnetic field follows the rules of second quantization
in vacuum. Using Eq. (1.2), where the vector potential is given by Eq. (1.3), in Eq. (1.7)
one finds that the Hamiltonian of the electromagnetic field is given by a sum of harmonic
oscillators, each determined by its wave vector and polarization. One proceeds with the
quantization by replacing

αλ(t) → aλ(t) ,

α∗
λ(t) → a†λ(t) , (1.8)

where the operators a†λ and aλ are creation and annihilation operators for a photon
in the mode at frequency ωλ, wave vector kλ and polarization êλ ⊥ kλ. They obey

the commutation relation [aλ, a
†
λ� ] = δλ,λ� . Choosing the amplitudes Aλ =

�
2π�c2
ωλL3 in

Eq. (1.3) the corresponding Hamiltonian for the free electromagnetic field in vacuum in
quantum theory then reads

Hemf =
�

λ

�ωλa
†
λaλ , (1.9)

where we neglected the zero point contribution of each mode3. With the replacement
Eq. (1.8) one finds for the quantized transverse vector potential4

A(r, t) =
�

λ

�
2π�c2
ωλV

�
aλ(t)e

ıkλ·r + a†λ(t)e
−ıkλ·r

�
êλ , (1.10)

where V = L3 is the quantization volume and the sum has to be read as a sum over all
wave vectors and polarizations. The derivation of the Hamiltonian of the free electro-
magnetic field Eq. (1.9) and the expression for the quantized vector potential Eq. (1.10)
can be derived rigorously by starting from a Lagrangian formulation of classical elec-
trodynamics [48].

Since the mass of the valence electron is much smaller than the mass of the coreme �
m we can take Rj to be the coordinate of the center of mass motion and Pj its conjugate
momentum. In this case pj essentially corresponds to the conjugate momentum of the
relative coordinates r̄j = rj −Rj . All corrections to these approximations are of order

3
The zero point contribution for each mode is the energy of the ground state of the quantized

electromagnetic field. Since it is an additive constant it only produces an overall energy offset and can

be discarded as long as the quantization volume is constant [50, 58].
4
In the Coulomb gauge the vector potential does not have a longitudinal component.
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O(me/m). With these approximations the Hamiltonian that describes N interacting
hydrogen-like atoms in an external confinement reads

Hvg =
�

j

�
Hj

CM +Hj
0 +Hj

af

�
+Haa +Hemf , (1.11)

where the subscript vg stands for velocity gauge and

Hj
CM =

P2
j

2m
+ Vt(Rj , rj ,α) , (1.12)

Hj
0 =

p2
j

2me
+ Vec(r̄j) , (1.13)

describe the center of mass motion in the external potential Vt(Rj , rj ,α) and the motion

of the electron around the core respectively. The term Hj
af describes the interaction

between the jth5 atom and the electromagnetic field and reads

Hj
af = − e

mec
pj ·A(Rj) +

e2

2mec2
A(Rj)

2 , (1.14)

where we have neglected factors of order O(me/m) [54] and made the dipole approx-
imation A(rj) ≈ A(Rj)6. The term Haa describes the atom-atom interaction via the
static dipole interaction as given in Eq. (1.6) (with the coordinates replaced by their
respective operators) and atomic collisions such that

Haa = Hdip +
1

2

�

j �=k

Vcol(Rj ,Rk) . (1.15)

1.2.1 Atomic collisions

Interactions between the atoms are important for the dynamics and they determine
the quantum ground state of the system. At ultralow temperatures collisions between
bosonic atoms are dominated by s-wave scattering. In this regime the whole scattering
process is determined by a single parameter, the s-wave scattering length [60]. In the
following we will provide the main steps that lead to an effective potential that describes
s-wave scattering of ultracold bosonic atoms.

The collision of two atoms can be reduced to a single particle problem if one uses
centre of mass and relative coordinates. Thus it can be described as a particle with
reduced mass moving in an external scattering potential U(r). Taking U(r) to be

5
Here the index j serves as labeling but has no real physical meaning since all the atoms are indis-

tinguishable.
6
The dipole approximation can be made since the extension of an atom a0 ∼ �|Rj − rj |� is much

smaller than the resonant wavelength a0 � λ0 such that the change of the vector potential within a0

can be neglected [48].



10 Quantum Field Theory of Atoms Interacting with Photons

spherically symmetric the wavefunction of a particle initially moving in the positive z
direction has the asymptotic form

ψ(r, θ) ≈ eıkz +
f(θ)

r
eıkr (1.16)

for large distances r � r0, where r0 is the effective range of U(r). Eq. (1.16) consists
of the incoming wave and an outgoing spherical wave, where f(θ) is the scattering
amplitude which determines the strength of the scattering and depends on the scattering
angle θ. The scattering cross section is given by

dσ

dΩ
= |f(θ)|2 . (1.17)

Since the scattering potential U(r) is spherically symmetric we can write the general
solution of the wavefunction as [60]

ψ(r, θ) =
∞�

l=0

AlPl(cos θ)Rk,l(r) . (1.18)

Here Al are constants, Pl(x) are Legendre polynomials and Rk,l(r) are the radial wave-
functions. The quantum number l labels the angular momentum of the solution of
the wavefunction ψ(r, θ). If we require that the general solution Eq. (1.18) has the
asymptotic form Eq. (1.16) one finds that the scattering amplitude is given by [60]

f(θ) =
1

2ık

∞�

l=0

(2l + 1)(e2ıδl − 1)Pl(cos θ) , (1.19)

where the coefficients δl are the phase shifts of the radial wavefunctions Rk,l(r). The
phase shifts δl are determined by the radial Schrödinger equation for the functions
Rk,l(r) and in principle depend on the details of the scattering potential U(r). Eq. (1.19)
can also be written in the form f(θ) =

�∞
l=0 fl where fl is the contribution for each

partial wave with angular quantum number l. For ultracold atoms scattering takes
place at very low energies and one finds that the contributions of the partial waves to
the scattering amplitude behave as

fl ∼ k2l , (1.20)

where the only condition on the scattering potential U(r) is that it falls off sufficiently
fast with distance r [60]. We see from Eq. (1.20) that for low energies (small k) the
l = 0 (s-wave) term dominates over all other contributions. Thus it is sufficient for
bosonic atoms 7 to take only the s-wave contribution into account when describing
atomic collisions if the temperature for the atoms is sufficiently low. Since Eq. (1.20) is

7
For fermions s-wave scattering is excluded due to the Pauli principle
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independent on the details of the scattering potential U(r) one can show that the whole
scattering problem is described by a single parameter, the scattering length as, which
is defined as

as = − lim
k→0

f(θ) . (1.21)

One can thus replace the true interatomic collision potential Vcol(Rj ,Rk) in Eq. (1.15)
with an effective zero range potential

Vcol(Rj ,Rk) → gδ(Rj −Rk) . (1.22)

The parameter g can be related to the s-wave scattering length as via [61]

g =
4π�2as

m
. (1.23)

The s-wave scattering length as is usually determined experimentally since for its the-
oretical calculation one needs the details of the interatomic potential Vcol(Rj ,Rk).

1.2.2 Hamiltonian in the length gauge

Hamiltonian Eq. (1.11) has some disadvantages due to the long range static dipole-
dipole interaction Hdip and the nonlinear A2(Rj) terms. These can be removed if one
uses the so called length gauge. The Hamiltonian in the length gauge can be obtained
by means of the Goeppert Mayer transformation [48] which reads

T = exp



−ıe

�c
�

j

r̄j ·A(Rj)



 . (1.24)

The Hamiltonian and wavefunction in the old and new gauge are related to each other
via

Hlg = THvgT
† , (1.25)

|ψ�lg = T |ψ�vg . (1.26)

To obtain the Hamiltonian in the length gauge we note that

TpjT
† = pj +

e

c
A(Rj) , (1.27)

TaλT
† = aλ + ıe

�
2π

�ωλV
�

j

(r̄j · êλ)e−ıkλ·Rj . (1.28)

Thus the free electromagnetic field transforms as

THemfT
† = Hemf −

�

j

dj ·E⊥(Rj) +Hd , (1.29)
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where the last term is given by

Hd =
2πe2

V
�

j,k

�

λ

(rj · êλ)(rk · êλ)eıkλ·Rjk , (1.30)

with Rjk = Rj − Rk. Now we will show that Hd exactly cancels out the long range
static dipole term in Hdip given in Eq.(1.6). For this purpose we perform the sum over
the polarization and transform the sum into an integral in the standard way to get

Hd = 2πe2
�

j,n

1

8π3

�
dk

�
r̄j · r̄n − (r̄j · k)(r̄n · k)

k2

�
eık·Rjn . (1.31)

Comparison with the transverse delta function [48]

δ⊥ij(r) =
1

8π3

�
dk

�
δij −

kikj
k2

�
eık·r (1.32)

=
2

3
δijδ(r)−

1

4πr3

�
δij −

3rirj
r2

�
(1.33)

shows that

Hd = 2π
�

j �=k

(dj · dk) δ(Rj −Rk)−Hdip . (1.34)

We discarded the terms j = m in the sum since they correspond to infinite dipole self-
energy terms. Thus we see that the static dipole terms cancel out in the new gauge and
the remaining contact term can be included into the short range collision terms. The
Hamiltonian in the length gauge has the same form as Eq. (1.11) with the difference
that now the pj are kinetic momenta proportional to the velocity of the electron and

Haf = −
�

j

dj ·E⊥(Rj) , (1.35)

Haa =
1

2

�

j �=k

�
g(rj , rk) + 4πdj · dk

�
δ(Rj −Rk) . (1.36)

The dependence of the strength of atomic collisions g(rj , rk) on the coordinates of
the electrons indicates that the scattering length depends on the internal state of the
atoms. We note that, apart from collisions, the atoms only interact via the exchange
of transverse photons. Due to the resonant character of the matter light interaction in
a typical experimental setup it is convenient to restrict the Hilbert space to a manifold
of electronic ground and excited states which are eigenstates of the Hamiltonian Hj

0 =
pj

2m + Vec(r̄j). We label these states by |g,α�j and |e,β�j , where α and β are internal
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spin indices. Introducing the following atomic raising and lowering operators

σαβ
ge (j) = |g,α�j�e,β|j , (1.37)

σβα
eg (j) = σα,β

ge (j)† , (1.38)

σαα�
gg (j) = |g,α�j�g,α�|j , (1.39)

σββ�
ee (j) = |e,β�j�e,β�|j , (1.40)

we rewrite the total Hamiltonian as

H = H0 +Haf +Haa +Hemf , (1.41)

with

H0 =
�

j



Pj

2m
+
�

β

[ω0 + Vte(Rj ,β)]σ
ββ
ee (j) +

�

α

Vtg(Rj ,α)σ
αα(j)
gg



 . (1.42)

Here ω0 is the transition frequency between the ground state manifold and the excited
state manifold. For simplicity we assume ω0 to be independent on spin indices. The trap
potential for the ground and excited states are labelled tg and te respectively. Using
the rotating wave approximation the atom field interaction is given by

Haf =
�

j

�

α,β

�

λ

�Cβα
λ σβα

eg (j)aλe
ıkλ·Rj +H.c. , (1.43)

with

Cβα
λ =

�
2πωλ

�V

�
Dβα · êλ

�
, (1.44)

where Dβα = −ı�e,β|dj |g,α� is the dipole moment between the ground state |g,α� and
the excited state |e,β�. Dβα is independent of j and can be taken to be real [48]. The
atomic collision part can be written as

Haa = Hgg +Hcol
eg +Hdip

eg +Hee , (1.45)

where
Hgg =

ggg
2

�

j �=k

�

α,α�

δ(Rj −Rk)σ
αα
gg (j)σ

α�α�
gg (k) (1.46)

describes collisions between atoms in the ground state manifold. The term

Hee =
gee
2

�

j �=k

�

β,β�

δ(Rj −Rk)σ
ββ
ee (j)σ

β�β�
ee (k) (1.47)
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gives the collisions between atoms in the excited state manifold, while

Hcol
eg =

1

2

�

j �=k

�

α,β

δ(Rj −Rk)
�
g(1)eg σ

βα
eg (j)σ

αβ
ge (k) + g(2)eg σ

ββ
ee (j)σ

αα
gg (k)

�
+H.c. (1.48)

describes collisions between atoms in the ground-and atoms in the excited state manifold
and

Hdip
eg =

1

2

�

j �=k

�

α,β

4πδ(Rj −Rk)
���Dβα

���
2
σβα
eg (j)σ

αβ
ge (k) + H.c (1.49)

is responsible for the dipolar interaction between the atoms. We take the scattering
length to be spin independent and also discard the possibility that the atoms change
their internal spin state during the collision.

If the quantum statistics of the atoms does not play a role, Hamiltonian Eq. (1.41)
is well suited to describe the interaction of an atomic gas with the quantized electro-
magnetic field. We will use this description in Chapter 3 where we take the atoms to
be tightly confined at fixed positions in space such that one can neglect their motional
degrees of freedom. If the motion of the atoms cannot be neglected and their thermal
de Broglie wavelength is comparable with the interparticle distance, as it is the case
in most problems studied in this thesis, the quantum statistics of the atoms is impor-
tant and a description of the light matter interaction in second quantized form is more
convenient.

1.2.3 Second quantization

In order to describe the light matter interaction in second quantized form we introduce
the field operators ψg(r,α) (ψe(r,β)) and ψg(r,α)† ( ψe(r,β)† ) which describe the
annihilation and creation of an atom at position r in the internal state |g,α� (|e,β�).
For bosonic atoms the atomic field operators fulfill the commutation relations

�
ψi(r,α),ψ

†
j(r

�,α�)
�

= δijδαα�δ(r− r�) , (1.50a)

�
ψi(r,α),ψj(r

�,α�)
�

=
�
ψ†
i (r,α),ψ

†
j(r

�,α�)
�
= 0 , (1.50b)

where i, j = (e, g). For fermionic atoms the commutators in Eq. (1.50) have to be
replaced with anticommutators. Performing the second quantization of Hamiltonian
Eq. (1.41) is a standard procedure in quantum field theory [53]. The Hamiltonian in the
length gauge in second quantized form for N atoms interacting with the electromagnetic
field reads [54]

H = Hg +He +Haf +Hgg +Hee +Heg +Hemf , (1.51)
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with

Hg =
�

α

�
drψ†

g(r,α)

�
−�2∇2

2m
+ Vtg(r,α)

�
ψg(r,α) , (1.52a)

He =
�

β

�
drψ†

e(r,β)

�
−�2∇2

2m
+ �ω0 + Vte(r,β)

�
ψe(r,β) , (1.52b)

where Hg (He) determines the unperturbed atomic dynamics of the atoms in the in-
ternal state |g,α� (|e,β�) moving in the trapping potential Vtg(r,α) (Vte(r,β)). The
Hamiltonian

Haf =
�

λ,α

�Cβα
λ

�
drψ†

e(r,β)ψg(r,α)aλe
ikλ·r +H.c. (1.52c)

describes the interaction of the atoms with the electromagnetic field in the rotating
wave and dipole approximations and

Hemf =
�

λ

�ωλa
†
λaλ (1.52d)

is the energy of the free electromagnetic field, where we discarded the constant energy
shift due to the quantum vacuum. The terms

Hgg =
ggg
2

�

αα�

�
drψ†

g(r,α)ψ
†
g(r,α

�)ψg(r,α
�)ψg(r,α) , (1.52e)

Hee =
gee
2

�

β,β�

�
drψ†

e(r,β)ψ
†
e(r,β

�)ψe(r,β
�)ψe(r,β) , (1.52f)

Heg =
�

α,β

gαβeg

�
drψ†

e(r,β)ψ
†
g(r,α)ψg(r,α)ψe(r,β) , (1.52g)

are responsible for s-wave scattering between atoms in internal states |i� and |j�, where
gαβeg = g(1)eg + g(2)eg + 4π|Dβα|2. In the rest of this thesis we will restrict to atoms where
the relevant levels for the light matter interaction can be described either by a two level
system, in which case the spin indices α,β can be omitted, or a lambda type of system
as indicated in Fig. (1.1). In the latter case the annihilation operator for atoms in state
|j� will be labeled ψj(r) with j = (1, 2, e) and the spin indices will be omitted. The
coupling strength of the dipolar transitions between ground state |j� and excited state
|e� is given by

Ce,j
λ =

�
2πωλ

�V
�
De,j · êλ

�
, (1.53)

where De,j is the dipole moment between ground state |j� and the excited state |e�.
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Figure 1.1: Sketch of a lambda-type level system with two groundstates |1�, |2� and one
excited state |e�. The dipolar transition between a ground state |j� and the excited state
|e� via the absorption of photon with frequency ωλ and polarization êλ has coupling
strength Ce,j

λ .

1.3 Discussion

In deriving Eq.(1.51) several approximations have been made which are usually well
justified in the single atom case. Some of them however are questionable in the many-
body case where atoms might get close to each other. One of these approximations
is the two level approximation. While for a single atom this approximation is well
justified it surely breaks down if two atoms collide since in this case their electronic
wavefunctions become deformed and mixed. The mixing of the electronic wavefunctions
is most spectacularly visible in the formation of ultracold molecules [62].

Another crucial assumption is the fact that the quantum statistics of the atoms
is simply taken to be determined by the total spin of the atoms. Nevertheless, even
bosonic atoms are composed by fermionic particles and are therefore composite bosons.
The Pauli exclusion principle which holds for the fermionic components of the atoms
is completely neglected in such a treatment as well as exchange processes, where two
bosonic atoms interchange some of their fermionic components.

These problems have already been mentioned in [54] and it was suggested that one
should try to find a better effective potential for atomic collisions that includes such
effects. Recently a theory has been developed by M. Combescot [63] that is capable to
describe accurately the many-body physics for composite bosons. Within this theory it
is shown that exchange processes are not energy-like processes and cannot be described
in the usual Hamiltonian way. Hence a theory describing the physics of ultracold atomic
gases that takes into account for the effects of exchange interaction in atomic collisions
should probably be constructed along the lines indicated in [63]. This may open up a
way to describe in a clean way atomic collisions taking into account the exchange of
electrons. This would be especially desirable for ensembles of ultracold Rydberg atoms
[64] where the outer valence electron is weakly bound such that exchange processes might
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become relevant and Hamiltonian Eq. (1.51) might not give an accurate description of
the system.

In the rest of this thesis we will work with Hamiltonian Eq. (1.51) and assume that
it yields a good description for the physical systems we will discuss. This is especially
the case for low densities and atoms for which the valence electron is strongly bound to
the atomic core.
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Chapter 2

Ultracold Atoms in Optical
Lattices

A major advance in the research with ultracold atomic gases has been made by means
of optical lattices [14]. Optical lattices are periodic potentials, which arise from the
mechanical effect of light-atom interaction. They were first realized in 1992, when
atoms were trapped by an optical standing wave. Light scattering from the system
confirmed the spatial long range order of the atoms in the periodic potential [65, 66].

Experiments with atoms in optical lattices focus on several directions, ranging from
cooling to the simulation of the dynamics so far predicted in condensed matter sys-
tems [14, 15]. One direction, which has attracted several experimental and theoretical
efforts is the simulation of the Bose-Hubbard model [67]. This research was motivated
by the observation that the lowest lying excitations of ultracold bosonic atoms in a
dispersive optical lattice can be described by the Bose-Hubbard Hamiltonian [12, 13].

The Bose-Hubbard Hamiltonian plays a prominent role in condensed matter theory
and is used, e.g., to describe Cooper pairs of electrons undergoing Josephson tunneling
between superconducting islands or helium atoms on a substrate [68]. It exhibits a
quantum phase transition from a superfluid to a Mott-insulator phase at zero temper-
ature, T = 0. In the case of ultracold atoms in optical lattices the superfluid state is
characterized by a Poisson distributed number of atoms at each site and a well defined
phase relation between the atomic wavefunctions in different lattice sites. In the Mott-
insulator phase each lattice site has a well defined and equal number of particles and
there is an energy gap between the ground state and the first excitations, leading to
vanishing compressibility [68].

In this thesis we will discuss ultracold bosonic atoms in optical lattices as model
system which is dispersively coupled to light in order to measure atomic correlations
by photodetection. For this purpose we will review some important theoretical tools
to describe the ground state and the dynamics of ultracold bosonic atoms in optical
lattices.



20 Ultracold Atoms in Optical Lattices

The present chapter is organized as follows: After shortly discussing how optical
lattices are realized experimentally we review some properties of a single particle mov-
ing in a periodic potential. We then consider the case of an ultracold bosonic gas in
a dispersive optical lattice and show that it can be described by the Bose-Hubbard
Hamiltonian. We review some general properties of the Bose-Hubbard Hamiltonian
and introduce various techniques for studying the ground state and dynamics, which
will be instrumental for the studies in the rest of this thesis.

2.1 Optical lattices

The conservative potential of optical lattices originates from the mechanical effects of
light on atoms. More precisely, the potential is a position dependent dynamical Stark
shift of the electronic ground state of atoms whose dipolar transition couples with the
standing wave of a far detuned laser. We model now this interaction drawing on the
description of light-matter interaction introduced in chapter1.

We assume that two laser beams with frequency ωL, wave vector ±kLêx and equal
polarization couple to an atomic dipole transition with ground state |g,α�, excited state
|e,β� and transition frequency ω0 as depicted in Fig. (2.1). The laser fields are described
by coherent states of the corresponding electromagnetic field mode with amplitude αL,
such that the mean number of photons is given by |αL|2. The light matter interaction is
given in Eq. (1.52c), where the coupling constant of the dipolar transition driven by the

laser is denoted by Cβα
L and is defined in Eq. (1.44). In the regime in which the atom-

laser coupling is sufficiently weak, corresponding to the condition |Cβα
L αL| � |ω0−ωL|,

one can adiabatically eliminate the excited state from the equations of motion of the
ground state in second-order perturbation theory in the small parameter |Cβα

L αL|/|ω0−
ωL| [69]. The dynamics of the atoms in the electronic ground state |g,α� are then
described by the effective Hamiltonian

Heff = Hg +Hgg +Hemf +H �
int , (2.1)

where Hg, Hgg and Hemf are given in Eq. (1.52a), Eq. (1.52e) and Eq. (1.52d) respec-
tively. The interaction term Eq. (1.52c) takes the form

H �
int = �

�

λ,λ�

Cβα
λ Cβα�

λ�

ωλ� − ω0
a†λaλ�

�
dreiq·rψ†

g(r,α)ψg(r,α) . (2.2a)

Equation (2.2a) describes the absorption of a photon in the mode λ� and wave vector
kλ� and the emission into the mode λ and wave vector kλ, with q = kλ� − kλ. We
assume the light matter interaction to be dispersive such that γ � |ω0 − ωL|, which
is here fulfilled as the light is sufficiently far off resonance from the atomic transition.
In this case photon emission into other modes than the laser can be neglected and the
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effective light matter interaction reads

H �
int ≈ 4�Ω

2
0(α,β)

∆

�
drψ†

g(r,α) sin
2 (2kLx)ψg(r,α) , (2.2b)

where we introduced the Rabi frequency Ω0(α,β) = |Cβα
L |, the detuning ∆ = ωL − ω0

and we have neglected a constant offset in energy. We note that the light matter

Figure 2.1: Schematic illustration of a one-dimensional optical lattice. Two counter-
propagating laser beams with wave vectors ±kL, wavelength λL and equal polarization
couple far off resonantly to an atomic dipolar transition forming a periodic potential for
the atoms. The lattice constant of the resulting periodic potential is given by d0 = λL/2.

interaction described by Eq. (2.2b) is equivalent to an effective external potential for
the atoms in state |g,α� of the form

V (x) = V0 sin
2 πx

d0
, (2.3)

where d0 = λL
2 is the lattice spacing with λL = 2π

|kL| being the wavelength of the

laser that creates the optical lattice and V0 = 4�Ω2
0(α,β)
∆ is the lattice depth, which is

determined by the strength of the coupling between laser and atomic dipole and its sign
is determined by the detuning ∆. In the case of a blue detuned optical lattice ∆ > 0
the atoms tend to be confined at the minima of the field intensity. If on the other hand
the optical lattice is red detuned ∆ < 0 the atoms will be attracted to the antinodes of
the standing wave where the light intensity is maximal.

Higher dimensional lattices can be created in a similar way by superposing more
laser beams[14]. Using laser beams with different polarizations that couple to different
internal states of the atoms for instance, one can create potentials which can manipulate
atoms in different ways, depending on the internal quantum number α [70]. Taking these
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cases into account the effective Hamiltonian can we written as

Ha
eff =

�

α

�
drψ†

g(r,α)

�
−�2∇2

2m
+ Vtg(r,α) + V (r,α)

�
ψg(r,α) +Hgg , (2.4)

where V (r,α) is a trapping potential for the atoms which emerges from the interaction
with the laser.

2.2 Single particle dynamics

In this section we review some basic properties of the dynamics of a single particle of
mass m moving in a periodic potential V (x+d0) = V (x), such as an atom in an optical
lattice, where d0 is the lattice constant. We consider the system to be confined in a box
of length L = Md0 where M is the number of primitive cells and use periodic boundary
conditions. The Hamiltonian of the system is given by

H =
p2

2m
+ V (x) . (2.5)

The eigenfunctions ψn(x) of H obey the time independent Schrödinger equation

Hψn(x) = Enψn(x) , (2.6)

where En is the nth energy eigenvalue. We expand the eigenfunctions ψn(x) in a
superposition of plane waves

ψn(x) =
�

k

cnke
ıkx , (2.7)

where the wave vectors k are determined by the boundary condition and given by
k = 2π

Md0
j, with j some integer. From the normalization

� L
0 dx|ψn(x)|2 = 1 one finds

the condition
�

k |cnk |2 = 1 for the coefficients cnk . Since the lattice potential is periodic
its Fourier expansion will contain only vectors of the reciprocal lattice which we here
denote G = 2π

d0
j, where j is some integer1. The potential can hence be written as

V (x) =
�

G

VGe
ıGx , (2.8)

with

VG =
1

d0

�
dxe−ıGxV (x) . (2.9)

Using Eq. (2.7) and Eq. (2.8) in Eq. (2.6) one obtains
�

�2
2m

k2 − E

�
cnk +

�

G

VGc
n
k−G = 0 . (2.10)

1
In three dimensions a wave vector K is defined to be a reciprocal lattice vector if e

ıK·R
= 1 for all

lattice vectors R [71].
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Due to the periodicity of the potential only coefficients cnk , c
n
k−G are coupled that differ

by some reciprocal lattice vector G. It is convenient to write k = q + G� where G� is
a reciprocal lattice vector which is chosen such that q lies in the interval [− π

d0
, π
d0
], the

first Brillouin zone. Due to the periodic boundary conditions there are exactly M wave
vectors q lying in the first Brillouin zone and Eq. (2.10) is given by

�
�2
2m

(q −G�)2 − En

�
cnq−G� +

�

G

VG−G�cnq−G = 0 . (2.11)

Equation (2.11) shows that it is possible to separate the original problem into M inde-
pendent equations, one for each q within the first Brillouin zone. The initial eigenvalue
problem can be written in the form

Hψn
q (x) = En

q ψ
n
q (x) , (2.12)

with the Bloch functions ψn
q (x), which can be written as

ψn
q (x) =

�

G

cnq+Ge
ıq+Gx (2.13)

= un(x)e
ıqx , (2.14)

with the function unq (x) =
�

G cnq+Ge
ıGx of the same periodicity as the lattice, unq (x +

d0) = unq (x). Equation (2.14) is the statement of the Bloch theorem [71]. Due to the
periodicity of the potential the spectrum shows a band structure where the eigenenergies
En

q are continuous functions of the quasi-momentum q and separated into distinct bands,
labeled by n. In one dimension the energy ranges for different bands are separated by
a finite gap [71].

The normalization of the Bloch functions is usually chosen such that

2π

d0

� d0/2

−d0/2
ψn
q (x)ψ

∗m
q� (x) = δn,mδq,q� , (2.15)

where δn,m is the Kronecker delta.
Now we calculate the energy spectrum of a single particle subject to the potential

Eq. (2.3). In this case Eq. (2.11) reads
�
(q +G)2 +

V

2

�
cnq+G − V

4

�
cnq+G+G0

+ cnq+G−G0

�
= En

q c
n
q+G , (2.16)

with G0 =
2π
d0
,

V =
π2V0

d20ER
, (2.17)

En
q =

π2En
q

d20ER
, (2.18)



24 Ultracold Atoms in Optical Lattices

and ER is the recoil energy,

ER =
�2k2L
2m

. (2.19)

Equation (2.16) shows that the determination of coefficients cnq+G consists in diagonal-
izing a tridiagonal matrix. Figure (2.2) displays the band structure for two different
lattice depth.

(a) (b)

Figure 2.2: Energy En
q in units of ER as a function of q (in units of π/d0) in the first

Brillouin zone for the potential Eq. (2.3), with a) V0 = ER b) V0 = 3ER. We note that
the gap between different bands increases with the lattice depth.

In order to solve the dynamics of an atomic system subject to a periodic potential
it can be convenient to introduce the basis of the so called Wannier functions wn

l (x).
The Wannier function wn

l (x) is centered around xl = ld0 and describes a particle that
is localized in the lth lattice minima in the nth band. The Wannier functions are the
Fourier transform of the Bloch functions

wn
l (x) =

�
2π

d0

�1/2 1

M

�

q∈BZ

ψn
q (x)e

ıqxl , (2.20)

where M is the total number of lattice sites and the sum runs over all vectors q in the
first Brillouin zone. The Wannier functions in one dimension can be taken to be real
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and they form a complete orthonormal basis [72]
�

dxwn
l (x)w

n�
l� (x) = δll�δnn� , (2.21)

�

n,l

wn
l (x)w

n
l (x

�) = δ(x− x�) . (2.22)

Hence we can also express the Bloch functions in terms of the Wannier functions

ψn
q (x) =

�
d0
2π

�1/2�

l

wn
l (x)e

−ıqxl , (2.23)

which is the inverse Fourier transform of Eq. (2.20).

(a) (b)

Figure 2.3: Wannier function defined in Eq. (2.20) and Gaussian approximations defined
in Eq. (2.24), Eq. (2.25) as a function of position x in units of the lattice spacing d0 for
the potential Eq. (2.3). The solid blue line corresponds to the numerically evaluated
Wannier function Eq. (2.20) in the lowest band, the green dashed line to the ordinary
Gaussian approximation Eq. (2.24) and the red dot-dashed line to the modulated Gauss
function Eq. (2.25) for l = 0. a) V0 = ER b) V0 = 10ER

For a sufficiently deep lattice one can expand the lattice potential around the minima
to second order in x. Approximating the Wannier function in the lowest band n = 1 with
the ground state of the harmonic potential leads to the usual Gaussian approximation
for the Wannier function w1

l (x) ≈ gl(x) with

gl(x) =
1�
ξ
√
π
e
− (x−ld0)

2

2ξ2 , (2.24)
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where ξ = d0
π

�
ER
V0

�1/4
is the oscillator length of the ground state in the harmonic

potential. The Gaussian Ansatz has to be handled with care since the Wannier functions
behave as e−|x| for x → ∞ [72] and thus decay much more slowly than the Gaussian
gl(x). Another disadvantage of the Gaussian approximation is that the wavefunctions
for different sites are not orthogonal

�
dxgl(x)gm(x) = fo(|l −m|) �= 0 for l �= m,

where fo(|l −m|) is the overlap between the two Gaussian centered around xl and xm.
For deep lattices, such that the lattice depth V0 � ER is of the order of several recoil
energies, the overlap becomes very small. In this case the overlap between nearest
neighbours is the dominant one, such that fo(1) � fo(n) ∀ n > 1. This gives one the
possibility to make the Gaussian approximately orthogonal, defining so called modified
Gaussian functions g̃l(x) where [73]

g̃l(x) = gl(x)−
fo(1)

2
(gl+1(x) + gl−1(x)) . (2.25)

The overlap between neighbouring modified Gaussian functions
�
dxg̃l(x)g̃l+1(x) =

O(fo(2)) is of the order of the overlap between next nearest neighbours of the Gaussian
approximation, which is negligible for the parameter range where this approximation is
applicable. Figure (2.3) displays gl(x) and g̃l(x), which are compared with the Wannier
functions calculated numerically. One sees in Fig. (2.3a) that for shallow lattices with
lattice depth V0 ∼ ER the Gaussian Ansatz and also the modified Gaussian Ansatz
fit only poorly the Wannier function, as in this case the mismatch at the tails is rele-
vant. For deep lattices, e.g. V0 = 10ER the Gaussian approximations gl(x) and g̃l(x)
are in good agreement with the numerically calculated Wannier function, as visible in
Fig. (2.3b).

2.3 Bose-Hubbard Hamiltonian

Ultracold atoms confined by a dispersive optical lattice can be seen in a simplified
picture as a system where the atoms are restricted to a discrete spatial grid, where the
grid points are the lattice minima. At ultralow temperatures, such that the thermal
energy is well below the lattice depth, the atoms can move from site to site only via
quantum tunneling, where the tunneling matrix element between two adjacent sites is
denoted by J , and interact via a repulsive on-site interaction U as shown in Fig. (2.4).

The Hamiltonian that determines the dynamics of the atoms in the optical lattice
in second quantization is obtained from Eq. (2.4) and reads

Hg =

�
drψ†

g(r)

�
−�2∇2

2m
+ Vl(r)

�
ψg(r) +

bgg
2

�
drψ†

g(r)ψ
†
g(r)ψg(r)ψg(r) ,
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Figure 2.4: Schematic illustration of a gas of ultracold bosonic atoms in a 2D optical
lattice as described by the Bose-Hubbard Hamiltonian. Atoms can tunnel from site to
site with tunneling strength J and interact via the repulsive on-site interaction U .

where we have only considered a single electronic ground state and have hence omitted
the spin index α. For simplicity we restrict to the case of a one-dimensional optical
lattice. In experimental setups this can be achieved by using a three-dimensional optical
lattice and increase the lattice depth in the radial direction such that dynamics in the
transverse plane is practically frozen out [74]. In this case one can approximate the
potential for the atoms in the directions of tight confinement by an harmonic potential
and we obtain for the lattice potential

Vl(r) = V0 sin
2

�
πx

d0

�
+

1

2
mωr(y

2 + z2) , (2.26)

where ωr is the frequency of the harmonic trap which tightly confines the transverse
motion. We assume that the atomic wavefunctions are well localized at the lattice
minima, such that the tight-binding approximation can be applied. Furthermore, at
ultralow temperatures and not too strong interparticle interactions, the atomic gas is in
the lowest band of the periodic potential and in the ground state of the radial oscillator.
In this restricted Hilbert space the atomic field operator can be decomposed as

ψg(r) = φ0(ρ)
�

l

wl(x)bl , (2.27)

where wl(x) describes an atom in the lowest band centered at position xl = ld0, which
we will refer to as lattice site l, and which is given in Eq. (2.20). We omit the band
index n since we restrict to the lowest band. The sum in Eq. (2.27) runs over all lattice
sites, and φ0(ρ) = exp(−ρ2/2ξ2r )/(ξr

√
π) is the ground state wavefunction of the radial

oscillator (ρ =
�
y2 + z2) with ξr =

�
�/mωr. The operator bl annihilates an atom at

site l and fulfills the standard bosonic commutation relations [bl, b
†
l� ] = δl,l� . Using this
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decomposition in Eq. (2.26) we obtain the Bose-Hubbard Hamiltonian in one dimension

H �
g = −J

�

l

b†l (bl−1 + bl+1) +
U

2

�

l

nl(nl − 1) , (2.28)

where we allowed only for nearest-neighbour hopping and restricted to on-site atom-
atom interactions. Here nl = b†l bl is the atomic number operator at site l. The coeffi-
cients J and U denote the hopping term and the on-site interaction strength respectively
and are given by

J = −
�

dxwl(x)

�
−�2∇2

2m
+ V (x)

�
wl+1(x) , (2.29)

U = bgg
mωr

4π�

�
dxwl(x)

4 , (2.30)

with the Wannier functions chosen to be real. Restricting to the ground state for the
transverse motion of the atoms, as assumed in Eq. (2.27), is justified by taking J, U�n� �
�ωr, where �n� = tr{b†l bl} is the mean site occupation. The ground state of Hamiltonian
Eq. (2.28) exhibits a quantum phase transition from a superfluid state for J � U to
a Mott-insulator state for J � U at a critical ratio Jc/Uc. The qualitative behaviour
of the system in the two phases can be understood if one considers the limiting cases
of either vanishing on-site interaction and nonzero tunneling strength (U = 0, J �= 0)
or finite on-site interaction and vanishing tunneling strength (J = 0, U �= 0). In both
cases Hamiltonian Eq. (2.28) can be solved exactly. If the on-site interaction U is zero
the ground state is given by

|ψ(0)
0 � =

1

N

�
M�

l=1

b†l

�N

|0� , (2.31)

where N is the normalization, N the total number of atoms, M the total number of
lattice sites and |0� is the vacuum. Equation (2.31) describes a state where each atom
is delocalized over the whole lattice with equal occupation probability for all sites. In
momentum space the superfluid state can be seen as Bose-Einstein condensate, where
all atoms occupy the lowest momentum eigenstate of the optical lattice. In general, for
J > Jc and U �= 0 the superfluid state is characterized by the on-site atomic occupation
which follows a Poisson distribution, such that ∆n = �n2�− �n�2 = �n�, and the atomic
system has a nonvanishing order parameter �bl� �= 0.

For vanishing tunneling J , Hamiltonian Eq. (2.28) is diagonal in the basis of number

states (Fock basis) and the ground state |ψ(0)
0 � is given by a product of Fock states with

equal occupation g = N/M at each site,

|ψ(0)
0 � =

M�

l=1

�
b†l

�g

√
g!

|0� = |g, g, ...g, g� , (2.32)
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where we have assumed commensurable filling. In general, in the Mott-insulator state
number fluctuations and the order parameter of the system vanish ∆n = �bl� = 0. The
two behaviours are shown pictorially in Fig. (2.5).

Figure 2.5: Sketch of the density distribution of the ground state of an ultracold atomic
gas in an optical lattice in the Mott-insulator and superfluid phase. The Mott insulator
state is a product of Fock states with well defined atom number at each lattice site, such
that �bl� = 0. In the superfluid state the atoms are delocalized over the whole lattice
with well defined phase relation between different lattice sites one has a non vanishing
order parameter �bl� �= 0.

In the following we will introduce some basic theoretical methods to investigate the
stationary and dynamical properties predicted by the Bose-Hubbard Hamiltonian in d
dimensions. The generalization of Hamiltonian Eq. (2.28) to d dimensions reads

H = −J
�

�i,j�

b†ibj +
U

2

�

i

ni(ni − 1)− µ
�

i

ni , (2.33)

where the first sum goes only over nearest neighbours and we included the chemical
potential µ which allows us to study the quantum statistics in the grand-canonical
ensemble.

The reasoning illustrated above for 1 dimension can be applied also in d dimensions
and a superfluid and a Mott-insulator phase can be identified. The two phases are
distinguished by the superfluid order parameter Φ = �bi�. In the Mott-insulator phase
the eigenstates of the Hamiltonian are number states with well defined atom number
at each site and hence Φ = 0. In the superfluid phase each atom is delocalized over the
whole lattice and the order parameter Φ takes on a nonzero value.

2.3.1 Mean-Field Treatment

When applying a mean-field treatment to a lattice Hamiltonian such as Eq. (2.28)
one tries to find the best possible sum of single-site Hamiltonians which models its
properties. The effects of neighbouring sites is taken into account by an effective field,
which in the case of Eq. (2.28) is given by the superfluid order parameter Φ [68]. In
the following we derive the mean-field approximation of Eq. (2.28) for d dimensions
which allows us to obtain an analytical result for the quantum phase transition from
Mott-insulator to superfluid state. Such treatment yields good quantitative results in
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2 and 3 dimensions but not in 1 dimension, where the effects of quantum fluctuations
cannot be treated by an effective field [68, 75].

In order to develop a mean field treatment we start from Hamiltonian Eq. (2.33)
and introduce the operator

βi = bi − Φ , (2.34)

giving the fluctuations from the mean-field value. Substituting Eq. (2.34) in Eq. (2.33)
leads to the term

H =
�

i

hi − J
�

�i,j�

β†
i βj . (2.35)

The on-site Hamiltonian hi is given by

hi =
U

2
ni(ni − 1)− µni + zJΦ2 − zJΦ(b†i + bi) , (2.36)

where z is the number of nearest neighbours. In the mean-field approximation one ne-
glects the nonlocal hopping term in Eq. (2.35) such that the full mean-field Hamiltonian
becomes

HMF =
�

i

hi . (2.37)

In this form the solution of the complete Hamiltonian Eq. (2.33) is reduced to the
diagonalization of hi for a single site. The eigenfunctions of HMF are given by a tensor
product of eigenfunctions for each site. The mean-field approximation thus neglects
correlations between different sites. For small values of Φ we can split the mean-field
Hamiltonian MMF into an unperturbed part and a small perturbation

HMF
0 =

U

2
ni(ni − 1)− µni +O(Φ2) , (2.38)

V MF = −zJΦ(b†i + bi) . (2.39)

In order to derive a mean-field equation describing the system close to the phase tran-
sition we calculate the expectation value �bl� in perturbation theory. In first order
perturbation theory the density operator ρMF reads [76]

ρMF =
1

Z
e−βHMF

=
1

Z
e−βHMF

0 − 1

Z

� β

0
dτ e−(β−τ)HMF

0 V MF e−τHMF
0 +O(Φ2) , (2.40)

where Z = tr
�
e−βHMF

�
= tr

�
e−βHMF

0

�
+ O(Φ2) is the partition sum and β = 1

kBT .

Therefore the order parameter can be written as

Φ = �bi� =
1

Z
tr{e−βHMF

bi}

=
JzΦ

Z
tr

�� β

0
dτ e−(β−τ)HMF

0 b†ie
−τHMF

0 bi

�
+O(Φ2) . (2.41)
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In the zero temperature limit β → ∞ Eq. (2.41) becomes

Φ = zJΦ
�

|ψ�

(n|ψ� + 1)

�
exp[−β(HMF |ψ�

0 − E0)]

HMF |ψ+1,i�
0 −HMF |ψ�

0

− exp[−β(HMF |ψ+1,i�
0 − E0)]

HMF |ψ+1,i�
0 −HMF |ψ�

0

�
,

(2.42)
where E0 is the ground state energy. We introduced the notation A|ψ� = �ψ|A|ψ� and
|ψ+1, i� is the state which results from adding to the state |ψ� one atom at site i. Since
E0 is the ground state energy one finds in the limit β → ∞ only two contributions to
the sum, namely if either |ψ� or |ψ + 1, i� is the ground state. In the Mott-insulator
phase there is a well defined number of atoms g at each site, such that

HMF |ψ+1,i�
0 −HMF |ψ�

0 = Ug − µ . (2.43)

Using Eq. (2.43) in Eq. (2.42) one finds the following condition for the order parameter

Φ

�
1− zJ

�
g + 1

Ug − µ
+

g

µ− U(g − 1)

��
= 0 . (2.44)

The solution of Eq. (2.44) is Φ = 0 unless the expression inside the parentheses vanishes,
corresponding to the condition

zJ =
(Ug − µ)(µ− U(g − 1))

µ+ U
. (2.45)

Equation (2.45) allows one to calculate the chemical potential µ as a function of zJ for
constant filling g, hence determining the boundary between the Mott-insulator phase
with filling g and the superfluid phase. We note that Eq. (2.45) has only solutions for
zJ > 0 if

g − 1 ≤ µ

U
≤ g , (2.46)

which leads to separate parameter regions for given filling g, where the system is in the
Mott-insulator phase. Figure (2.6a) displays the phase diagram of the Bose-Hubbard
Hamiltonian as a function of chemical potential µ and hopping zJ in units of the on-
site interaction strength U , evaluated by means of the mean-field approximation. A
lobe structure appears where within each lobe the system is in the Mott-insulator state
and the number of particles in each well is a fixed integer number. Outside of the
lobes the system is in the superfluid regime. The value of J̃c = zJc/Uc for the ratio
between tunneling matrix element and on-site interaction at the tips of the lobes can
be determined by maximizing Eq. (2.45) for zJ/U , which leads to the relation

J̃c = 1 + 2g − 2(g + g2)
1
2 . (2.47)

Equation (2.47) determines the critical ratio J̃c between hopping and on-site interaction
for the quantum phase transition at constant density. In the superfluid phase the
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order parameter has to be evaluated numerically by diagonalizing HMF . In order to
diagonalize the mean-field Hamiltonian we expand it in the number state basis up to
a maximal occupation number nM and then minimize the ground state energy as a
function of Φ. We then double nM and repeat this process till the relative ground state
energy has converged to the ratio E0(nM )

E0(2nM ) ≤ 10−5. Comparison of the results obtained

(a) (b)

Figure 2.6: a) Phase diagram of the Bose-Hubbard Hamiltonian in the mean-field ap-
proximation. The y-axis shows the chemical potential µ in units of the on-site interac-
tion strength U and the x-axis the hopping J in units of U/z, where z is the number
of nearest neighbours of a given site. The boundaries of the Mott lobes are found from
Eq. (2.45). b) Average number occupation �b†l bl� as a function of chemical potential
µ in units of the on-site energy U at fixed hopping zJ = 0.05U , corresponding to the
dashed line in the phase diagram in (a).

from the approximate Hamiltonian Eq. (2.37) with quantum Monte Carlo simulations
shows that the mean-field approximation gives good quantitative results for 2 and 3-
dimensional systems while in 1-dimensional systems large deviations are observed [75].

We finally remark that the model here presented is valid for homogeneous systems
while in typical experiments the atoms are confined by an additional harmonic potential.
This fact can be theoretically taken into account by applying the local density approxi-
mation, which is valid if the external potential only varies slightly over the typical length
scales of the system. In this case one can take the solutions for the homogeneous system
with a spatially varying chemical potential which mimics the external potential. This
means by going from the border of the system towards the center of the trap one moves
in the phase diagram from low to higher values of the chemical potential. In Fig. (2.6b)
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the average number of particles in each well �b†l bl� is plotted as a function of chemi-
cal potential for fixed zJ/U . For values of µ which correspond to the Mott-insulator
regime the average number of atoms at each site takes on well defined integer numbers
�b†l bl� = j with j = 1, 2, 3, . . . , thus showing that each lattice site is occupied by a fixed

number of atoms. If the system is in the superfluid state, �b†l bl� takes on noninteger
values and increases monotonically with the chemical potential µ, thus giving nonzero
number fluctuations at each site.

2.3.2 Bogoliubov Expansion

We now study the dynamics and the spectrum of Hamiltonian Eq. (2.33) in the super-
fluid regime. Since most of the atoms will be in the lowest energy eigenstate we can
use a Bogoliubov description for the system by splitting the atomic operators according
to Eq. (2.34) and treating the effect of the operator βj as a small perturbation to the
mean-field equations for the order parameter Φ. Splitting Hamiltonian Eq. (2.33) into
the different orders in βj we find2

H = H0 +H1 +H2 +H3 +H4 , (2.48)

with

H0 =
�

l

�
−zJ − µ+

U

2
|Φ|2

�
|Φ|2 , (2.49)

H1 =
�

l

β†
l

�
U |Φ|2 − zJ − µ

�
Φ+H.c. , (2.50)

H2 = −J
�

�l,m�

β†
l βm +

U

2

�

l

�
4|Φ|2β†

l βl + Φ2β†2
l + Φ∗2β2

l

�
− µ

�

l

β†
l βl , (2.51)

H3 = U
�

l

Φ∗β†
l β

2
l +H.c. , (2.52)

H4 =
U

2

�

l

β2†
l β2

l . (2.53)

Minimizing the scalar equation for the energy found from Hamiltonian H0 with respect
to Φ one finds

µ = −zJ + U |Φ|2 , (2.54)

which is the discrete form of the Gross-Pitaevskii equation [61] for a homogeneous
system. If the order parameter satisfies Eq. (2.54) Hamiltonian H1 vanishes identically.
Hamiltonian H0 only describes the contribution of the condensate, whereas H2 takes

2
In the following we take for convenience the on-site interaction part in the form

U
2 (b

†
l b

†
l blbl).
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into account the leading order effects of the non condensate fraction. Hamiltonian H2

can be diagonalized by the Bogoliubov transformation

βl =
�

s

uslαs − v̄l
sα†

s , (2.55a)

αs =
�

l

ūl
sβl + v̄l

sβ†
l , (2.55b)

where usl , v
s
l are complex numbers and αs, α

†
s are annihilation and creation operators of a

quasi-particle in the Bogoliubov mode s. Equation (2.55b) is the inverse transformation
of Eq. (2.55a). The amplitudes usl and vsl obey the following constraints

�

n

usnv
r
n − urnv

s
n = 0 ,

�

n

ūn
rusn − v̄n

rvsn = δr,s ,

�

s

usnv̄k
s − v̄n

susk = 0 ,

�

s

usnūk
s − v̄n

svsk = δk,n . (2.56)

It is easily verified that the Bogoliubov transformation is canonical, so that the quasi-

particle operators αs obey the usual bosonic commutation relations
�
αs,α

†
s�

�
= δs,s� .

Hamiltonian H2 can be written in the following form

H2 =
�

l,m

Ll,mβ†
l βm +Ml,mβ†

l β
†
m +H.c. , (2.57)

where the coefficients read

Ll,m = −J
�

�n,k�

δn,lδm,k/2 + δl,m(2U |Φ|2 − µ)/2 ,

Ml,m = UΦ2δl,m/2 .

Inserting Eq. (2.55a) into H2 yields a ”nondiagonal” part containing products of αsαr

and α†
sα

†
r which vanishes due to the inverse transformation condition Eq. (2.56). The

remaining part reads

Hdiag
2 =

�

s,r

�

l,m

Ll,m

�
ūsl u

r
mα†

sαr + vsl v̄
r
mαsα

†
r

�
−Ml,m

�
ūsl v

r
mα†

sαr + vsl ū
r
mαsα

†
r

�
+H.c. .

(2.58)

Equations(2.58) takes the form Hdiag
2 =

�
s �Ωsα

†
sαs + Cs, with Cs being some mode

dependent c-number, if the amplitudes usl and vsl satisfy

�

l,m

Ll,m (ūsl u
r
m + vsl v̄

r
m)−Ml,m (ūsl v

r
m + vsl ū

r
m) =

�Ωs

2

�

l

ūsl u
r
l − v̄sl v

r
l , (2.59)
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where we used Eq. (2.56). This leads to the so called Bogoliubov-de Gennes (BdG)
equations [61]

2
�

m

Ll,musm −Ml,mvsm = �Ωsu
s
l , (2.60a)

2
�

m

Ll,mvsm − M̄l,musm = −�Ωsv
s
l . (2.60b)

If Eqs. (2.60) are satisfied Hamiltonian H2 takes the form

H2 =
�

s

�
�Ωs

�
α†
sαs +

1

2

�
−
�

l

Lll

�
. (2.61)

The solution of Eq. (2.60) is usually involved but simple solutions can be found for a
homogeneous system. There the Bogoliubov modes are characterized by their quasi-
momentum p and read

upl =
1√
M

eıp·xlup , (2.62a)

vpl =
1√
M

eıp·xlvp , (2.62b)

where Eqs. (2.56) lead to the conditions |up|2 − |vp|2 = 1 and upv−p = u−pvp. The
components of the quasi-momentum p =

�
j=x,y,z pj êj take the discrete values

pj =
2π

djMj
nj with nj = −Mj , 1−Mj . . .Mj − 1 (2.63)

and the BdG-equations reduce to the following 2× 2 eigenvalue problem
�

�̃p + U |Φ|2 −UΦ2

U Φ̄2 −�̃p − U |Φ|2
��

up
vp

�
= �Ωp

�
up
vp

�
, (2.64)

where Eq. (2.54) has been used and

�̃p = 4J
�

j=x,y,z

sin2
�
djpj
2

�
. (2.65)

The solution for the spectrum and the Bogoliubov amplitudes is given by

�2Ω2
p = �̃2p + 2Un0�̃p , (2.66)

and

|up|2 =
�̃p + Un0 + �Ωp

2�Ωp
, (2.67a)

|vp|2 =
�̃p + Un0 − �Ωp

2�Ωp
, (2.67b)

upv̄p =
UΦ2

2�Ωp
, (2.67c)
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where n0 = |Φ|2 is the condensate (superfluid) fraction. We note that �̃p is the energy
of a non interacting particle in the lattice. By replacing it with the free-space energy
�̃p → p2/2m we recover in Eq. (2.66) the dispersion relation for a weakly-interacting
dilute Bose gas in free space [61].

Equation. (2.61) is a general result which holds for every lattice-Hamiltonian that
can be written in the form of Eq. (2.57). Hence an external potential or site dependent
hopping strength is easily implemented in this formalism. However for inhomogeneous
systems solving the BdG-equations Eqs. (2.60) becomes much more demanding than in
the case treated here.

2.3.3 Particle-Hole Expansion

We now consider the Mott-insulator regime and treat the hopping J as a perturbation.
In the limit of large filling the excitations arising from adding or subtracting a particle
to the system are degenerate. This introduces an additional symmetry which allows one
to obtain analytical formulas for the eigenstates and eigenenergies of the Bose-Hubbard
Hamiltonian up to first order in J for large filling [77, 21].

For vanishing hopping, the ground state of Hamiltonian (2.28) is the Mott-insulator
state with all lattice sites equally occupied with (integer) filling factor g = N/M as
given in Eq. (2.32). The corresponding ground state energy for J = 0 is easily found
and reads E0

0 = MUg(g − 1)/2−Mgµ. The lowest-lying excitations take the form

|ψ(0)
n,m� =

b†nbm�
g(g + 1)

|ψ(0)
0 � , (2.68)

where one particle and one hole are created at site n and m, respectively, with energy
E0

1 = E0
0 + U . These states form a degenerate subspace of dimension M(M − 1).

This degeneracy is lifted for finite values of the hopping J . The corrections due to
a non-vanishing but small value of tunneling are evaluated using perturbation theory.
Including the first-order correction, the ground state now reads

|ψ(1)
0 � =

�
1− J2

U2
Mg(g + 1)

�
|ψ(0)

0 �+ J

U

�
2Mg(g + 1)|S� , (2.69)

where |S� = 1√
2M

�
n

�
|ψ(0)

n,n+1�+ |ψ(0)
n,n−1�

�
is the normalized state of adjacent particle-

hole excitations, while the term in second order in J warrants normalization of state (2.69).
The corresponding energy is E0 = E0

0 +O(J2). The lowest-lying excitations are deter-
mined using degenerate perturbation theory within the subspace of single particle-hole
excitations,

|ψ(0)
[i] � =

�

n,m

c[i]n,m|ψ(0)
n,m� , (2.70)
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where the coefficients c[i]n,m fulfill the normalization condition
�

n,m |c[i]n,m|2 and satisfy
the equations

(g + 1)(c[i]n+1,m + c[i]n−1,m) + g(c[i]n,m+1 + c[i]n,m−1) = Aic
[i]
n,m , (2.71)

with periodic boundary conditions

c[i]n+M,m = c[i]n,m+M = c[i]n,m , (2.72)

c[i]n,n = 0 . (2.73)

The term Ai in Eq. (2.71) is the first-order correction to the corresponding energy,
Ei = E0 + U − JAi +O(J2). Using the Ansatz [77]

c[r,s,t]n,m =
1

N sinαr(n−m)eıαsneıαtm (2.74)

with
α =

π

M
, (2.75)

the following equation for the parameters [r, s, t] is found

2 sinαr(n−m) cosαr [(g + 1) cosαs+ g cosαt]

+2ı cosαr(n−m) sinαr [(g + 1) sinαs− g sinαt] = A sinαr(n−m) . (2.76)

This equation is satisfied if the condition

s = arcsin

�
g

g + 1
sin t

�
(2.77)

is fulfilled. In general the coefficients c[r,s,t]n,m obtained from Eq. (2.77) violate the periodic
boundary condition in Eq. (2.72). However for large g � 1 we can take s ≈ t and an

analytic solution for the coefficients c[r,s]n,m can be obtained. Taking s = t introduces
a symmetry between particle and hole excitations which is strictly correct only when
g → ∞. The coefficients, evaluated in this limit, read

c[r,s]n,m =

√
2

M

�
sin [αr|n−m|] eiαs(n+m) for r + s odd,
sin [αr(n−m)] eiαs(n+m) for r + s even,

(2.78)

with α = π
M , s = 0, 1...M − 1 and r = 1, 2...M − 1. Correspondingly, the lowest-lying

excitations and their energy are at first order in J and for g � 1 given by

|ψ(1)
[r,s]� =






1
Nr

��
n,m

�
c[r,0]n,m|ψn,m�

�
− J

U

�
8g(g + 1) sinαr|ψ(0)

0 �
�

if s = 0 , r odd,

�
n,m c[r,s]n,m|ψn,m� otherwise,

(2.79a)

Er,s = E0
0 + U − 2J(2g + 1) cosαr cosαs+O(J2) , (2.79b)
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where Nr is a normalization factor. Note that the states |ψ(1)
[r,s]� contain a correction

proportional to the ground state |ψ(0)
0 � which warrants the orthonormality of the new

basis {|ψ(1)
0 �, |ψ(1)

[r,s]�}. Figure (2.7) displays the analytic solution of the energy correc-

tions to the first excited states ∆E1
n = −2J(2g+1) cosαr cosαs where n = (r, s) versus

the numerical solutions obtained by diagonalizing the hopping term V in the restricted
Hilbert space of at most one particle-hole excitation. We see that the analytical so-
lutions Eqs. (2.79) agree well with the numerical solution, where for a filling factor of
g = 4 almost no deviations can be observed.
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Figure 2.7: Comparison of the first order corrections of the 1-ph excitations between the
analytic solution and numerical diagonalization of V within the 1-ph- subspace. The
number of sites is M = 10 and the energies are in units of J .

2.3.4 Random phase approximation

Within various methods of solution of many-body problems Green functions have the
advantage that the calculation of expectation values of time dependent operators is
reduced to solve coupled differential equations of complex functions. To get an ex-
act solution, however one has in general to solve an infinite set of coupled differential
equations. The so called method based on the random phase approximation (RPA)
decouples some of the equations in order to get a closed set of equations. The RPA is
widely used in condensed matter theory and solid state physics. In this section we dis-
cuss its application to the Bose-Hubbard model, which yields approximate expressions
for the spectrum in both the superfluid and Mott-insulator regime.

In order to proceed it is convenient to expand Hamiltonian Eq. (2.35) in eigenstates
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of the on-site Hamiltonian Eq. (2.37) HMF |l,α� = Eα|l,α�, thereby obtaining

H =
�

l

EαL
l
α,α − J

�

<l,m>

�

α,α�ββ�

T l,m
α,α�ββ�L

l
α,α�Lm

β,β� , (2.80)

with Ll
α,β = |l,α��l,β| being the standard basis operators [78] and

T l,m
α,α�ββ� = �l,α|β†

l |l,α
���m,β|βm|m,β�� (2.81)

is the coupling term. For a homogeneous system the eigenenergies El
α = Eα and coupling

terms T l,m
α,α�ββ� = Tα,α�ββ� do not depend on position. We introduce the retarded Green

function for two operators Al and Bm which act only at site l and m respectively

Gl,m
AB(t− t�) = − ı

�Θ(t− t�)
�
[A(t), B(t�)]

�
:= ��A(t);B(t�)�� . (2.82)

Expansion of the Green function in standard basis operators leads to [78]

Gl,m
AB(t− t�) =

�

α,α�ββ�

�l,α|Al|l,α���m,β|Bm|m,β��Gl,m
αα�ββ�(t− t�) , (2.83)

with

Glm
αα�ββ�(t) = ��Ll

αα�(t);Lm
ββ�(0)�� . (2.84)

The equation of motion for the Green function in frequency space reads

(�ω + Eα − Eα�)Glm
αα�ββ�(ω) = δl,mδα�βδαβ�Dαα� − J

�

j=l±

�

γγ�ν

(2.85)

�
T̃α�νγγ�

��
Lj
γγ�L

l
αν ;L

l
ββ�

��

−T̃ναββ�

��
Lj
γγ�L

l
να� ;Lm

ββ�

���
,

with Dαβ = �Ll
αα� − �Ll

ββ� which is independent of l and T̃α�νγγ� = Tα�νγγ� + Tγγ�α�ν .
The notation j = l± means that the sum over j goes only over nearest neighbours of l.
Within the RPA one decouples the three point correlators [78]

��
Lj
γγ�L

l
να� ;Lm

ββ�

��
= �Lj

γγ��
��

Ll
να� ;Lm

ββ�

��
+ �Ll

να��
��

Lj
γγ� ;L

m
ββ�

��
, (2.86)

which leads to the approximate equation of motion

(�ω + Eαα�)Gαα�ββ�(k,ω) = δα�βδαβ�Dαα� +Dαα��k
�

νµ

T̃α�ανµGνµββ�(k,ω) . (2.87)
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We introduced Eαα� = (Eα − Eα�) and

�k = −2J
�

j=(x,y,z)

cos(kjdj) , (2.88)

Gαα�ββ�(k,ω) =
�

l

e−ık·(xl−xm)Glm
αα�ββ�(ω) . (2.89)

Comparison with Eq. (2.65) shows that the �k = �̃k − zJ . The solution of Eq. (2.87)
allows the calculation of any correlation function of two operators at two spatial points.
We now proceed and solve Eq. (2.87) considering the Green functions

Gbb†(k,ω) =

� ∞

−∞
dteıω+t

�

l

e−ık·(xl−xm)
��

bl(t)b
†
m(0)

��
, (2.90a)

Gb†b†(k,ω) =

� ∞

−∞
dteıω+t

�

l

e−ık·(xl−xm)
��

b†l (t)b
†
m(0)

��
, (2.90b)

which can be expanded according to Eq. (2.83). The notation ω+ = lim
η→0+

ω + ıη in the

definition of the Fourier transform is meant to remind that the perturbation is taken
to be zero at t = −∞ and switched on adiabatically. Substituting Eq. (2.90) into the
equations of motion Eq. (2.87) we find

Gbb†(k,ω) = A1(ω) + �kA1(ω)Gbb†(k,ω) + �kA2(ω)Gb†b†(k,ω) , (2.91a)

Gb†b†(k,ω) = A3(ω) + �kA3(ω)Gbb†(k,ω) + �kA1(−ω)Gb†b†(k,ω) , (2.91b)

with

A1(ω) =
�

α

�l,α|b†l |l, 0��l, 0| bl|l,α�
�ω + E0α

−
�l, 0|b†l |l,α��l,α| bl|l, 0�

�ω + Eα0
, (2.92a)

A2(ω) =
�

α

�l,α|bl |l, 0��l, 0| bl|α�
2Eα0

�2ω2 − E2
α0

, (2.92b)

A3(ω) =
�

α

�l,α|b†l |l, 0��l, 0| b
†
l |α�

2Eα0

�2ω2 − E2
α0

. (2.92c)

From Eq. (2.91) one finds the compact expressions [79]

Gbb†(k,ω) =
Π(k,ω)

1− �kΠ(k,ω)
, (2.93)

Gb†b†(k,ω) =
A3(ω)

(1− �kA1(−ω))(1− �kΠ)
, (2.94)

where

Π(k,ω) = A1(ω) +
�k|A2(ω)|2

1− �kA1(−ω)
. (2.95)
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Now we introduce the spectral functions

APQ(k,ω) =

�
dteıωt

�

l

e−ık·(rl−rm) �[Pl(t), Qm(0)]� (2.96)

for two operators P and Q, which are related to the Green functions via the relation

APQ(k,ω) = −2�Im
�
GPQ(k,ω + ıη)

�
. (2.97)

The relation Eq. (2.97) can be easily verified from the Lehman representation of the two
functions [80]. The spectral density Abb†(k,ω) allows one to calculate various physical
quantities, such as the momentum distribution, which is given by

nk = |�b�|2Mδk,0 +
1

2π

� ∞

−∞
dω

Abb†(k,ω)

e�ωβ − 1
. (2.98)

Here nk is the expectation value for the number of atoms at quasi-momentum k and
we omitted to write the index l in the first term since for a homogeneous lattice �bl� is
independent on the lattice site. The first term in Eq. (2.98) describes the condensate
of atoms in the lowest momentum state of the lattice and is hence nonvanishing only in
the superfluid regime. We also note that the spectral density Abb†(k,ω) obeys the sum
rule � ∞

−∞
dωAbb†(k,ω) = 2π . (2.99)

In the Mott insulator phase the states |l,α� are all Fock states and the Green function
Gbb†(k,ω) can be calculated analytically [79]

Gbb†(k,ω) =
(g + 1)(�ω +∆−)− g(�ω −∆+)

(�ω −∆+)(�ω +∆−)− �k(�ω + U + µ)
, (2.100)

where ∆± = Eg±1−Eg are the energy differences between a state with g± 1 atoms and
g atoms of the on-site Hamiltonian Eq. (2.37) and are given by

∆+ = Ug − µ , (2.101)

∆− = µ− U(g − 1) . (2.102)

The energies ∆± are both positive as one can check by using Eq. (2.46). The superfluid
Mott-insulator phase transition is determined by requiring Green function Eq. (2.100)
to have a pole at ω = 0 for k → 0, which is equivalent to condition Eq. (2.45). We
note that Eq. (2.100) is non perturbative in the hopping J since an expansion of the
denominator contains all orders of J . For zero tunneling J = 0 we find

�Gbb†(k,ω) =
g + 1

ω −∆+
− g

ω +∆−
, (2.103)

Abb†(k,ω) = 2π [(g + 1)δ(ω −∆+)− gδ(ω +∆−)] , (2.104)
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which yields a flat momentum distribution at zero temperature, nk = g. For finite
tunneling J the Green function and spectral density can be written in the form

�Gbb†(k,ω) =
(g + 1)(ω +∆−)− g(ω −∆+)

ω1 − ω2

�
1

ω − ω1
− 1

ω − ω2

�
, (2.105a)

Abb†(k,ω) = 2π
(g + 1)(ω +∆−)− g(ω −∆+)

ω1 − ω2
(δ(ω − ω1)− δ(ω − ω2)) ,

(2.105b)

with

ω1,2 =
1

2

�
U(2g − 1) + �k − 2µ±

�
(�k + U)2 + 4�kUg

�
, (2.106)

where ω1 (ω2) corresponds to the + (−) sign. The term in front of the square root
becomes minimal when maximizing the chemical potential µmax = Ug, giving ω1 > 0
and ω2 < 0.

The momentum distribution at T = 0 in the Mott-insulator state is given by

nk = − 1

2π

� 0

−∞
dωAbb†(k,ω) =

(g + 1)(ω2 +∆−)− g(ω2 −∆+)

ω1 − ω2
, (2.107)

which can be simplified to the form

nk =
�k + U(2g + 1)

2
�
(�k + U)2 + 4�kUg

− 1

2
. (2.108)

Expanding Eq. (2.108) in powers of J/U one obtains

nk = g − 2
�k
U
g(g + 1) +

�2k
2U2

(2g + 1)(6g2 + 6g + 1) +O

�
J3

U3

�
, (2.109)

which agrees up to first order to the result that can be found by using the perturbative
result of Sec. (2.3.3). We note that while the sum rule Eq. (2.99) is perfectly satisfied,
the normalization of the momentum distribution is instead only fulfilled up to first order
in J/U ,

1

N

�

k

nk = 1 +O(J2/U2) , (2.110)

where N is the total number of atoms. The fact that 1
N

�
k nk �= 1 can be attributed to

quantum fluctuations which are not completely taken into account within this approach
[81]. This also explains why deviations of 1

N

�
k nk from unity are larger for lower

dimensions, as visible in Fig. (2.8).
The poles of the Green functions Eqs. (2.90) determine collective excitations of the

atomic system. From Eq. (2.97) one notes that the spectral density can be expressed
in the form

Abb†(k,ω) =
�

i

Si
bb†(k)δ(ω − ωi

bb†(k)) , (2.111)
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(a) (b)

Figure 2.8: (a) Normalization of the momentum distribution as a function of zJ/U
for g = 1 in one (red solid line), two (blue dashed line) and three (black dotted line)
dimensions. (b) same as (a) with g = 5. The thin vertical line indicates the phase
transition. The pictures are reproduced from Menotti et al. [81].

where ωi
bb†(k) are the frequencies of the excitation modes and Si

bb†(k) their respective
weights.

We now compare the results obtained from RPA for the spectral density with the
results obtained from Bogoliubov theory. The spectral density within Bogoliubov theory
reads

AB
bb†(k,ω) = 2π

�
|uk|2δ(ω − Ωk)− |vk|2δ(ω + Ωk)

�
, (2.112)

where the frequencies and coefficients are defined in Eq. (2.66) and Eq. (2.67). From
Eq. (2.112) we see that Bogoliubov theory predicts exactly two modes at frequency ±Ωp.
We will see that in the RPA this is not always the case and several modes contribute. In
order to evaluate Abb†(k,ω) in the superfluid phase we diagonalize numerically the mean-
field Hamiltonian Eq. (2.37) and use the result to calculate the coefficients A1,2(ω+ ıη)
from Eq. (2.92). The small but finite imaginary part η is used to determine the positions
ωi
bb†(k) and strength Si

bb†(k) of the poles of the spectral density from Eq. (2.93) and
Eq. (2.97). The sum rule Eq. (2.99) for the spectral density translates to the condition�

j S
i
bb†(k) = 2π for the strength of the poles. We determine the number of modes which

we take into account from this condition for the strength Si
bb†(k) and find agreement

better than a few parts in 10−4 for all values of zJ/U and all momenta.
In Fig. (2.9a) we show the frequencies ωi

bb†(k) of the poles of the spectral density
and Fig. (2.9b) displays their respective weights Si

bb†(k). The frequencies ωi
bb†(k) and

the weights Si
bb†(k) are plotted as a function of momentum k in units of π

d0
along the
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(a) (b)

(c) (d)

(e) (f)

Figure 2.9: (a)(c)(e) Frequencies wi
bb†(k) and (b,d,f) spectral weights Si

bb†(k) as defined
in Eq. (2.111) as a function of k in units of π

d0
along the (1, 0, 0) direction. In (a,b) the

system is deep in the superfluid state taking zJ/U = 10. In (c,d) we assume zJ/U = 0.2
such that the system in still in the superfluid state but close to the phase transition.
In (e,f) we assume zJ/U = 0.15 and the system is in the Mott-insulator phase. For all
figures we assume a three dimensional lattice and use µ/U = 0.5.
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(1, 0, 0) direction in the first Brillouin zone, taking zJ/U = 10 and µ = 0.5. For these

parameters the mean occupation number is given by �b†l bl� ≈ 11 and one obtains for the
order parameter |Φ|2 = 10.6. This gives a condensate fraction of more than 99%. We
note that there are 4 modes which contribute to the spectral density with non negligible
weight. The black solid lines correspond to the modes predicted from Bogoliubov theory
and are the dominant ones as can be seen from their spectral weights. We will refer
to these two modes in the following as phonon modes due to the linear dispersion for
small momenta. Comparing the phonon modes to the other modes one finds that they
contribute more than 98% to the sum rule Eq. (2.99) for all momenta. Comparing
the spectral weights Si

bb†(k) and the frequencies ωi
bb†(k) with the analytic results from

Bogoliubov theory, agreement is always better than 7%.
Figure (2.9c) displays the frequencies ωi

bb†(k) and Fig. (2.9d) their respective weights
Si
bb†(k) as a function of momentum k in units of π

d0
along the (1, 0, 0) direction in the

first Brillouin zone for zJ/U = 0.2 with µ = 0.5. For these parameters of the hopping
and chemical potential the system is still in the superfluid phase but much closer to
the phase transition. The mean occupation number is given by �b†l bl� ≈ 1 and the
order parameter has the value |Φ|2 = 0.28. This leads to a condensate fraction of
about 27%. We find 6 modes with non negligible weight where the phonon modes
(solid black lines) are the most dominant ones for small momenta. For higher momenta
the spectral weight of the phonon modes becomes less dominant with respect to the
other modes. For negative frequencies the mode corresponding to the red dashed curve
becomes dominant for k > π/4 as seen from the spectral weights Si

bb†(k). It describes a
collective excitation of the system which is not included in the Bogoliubov treatment.
Comparing the frequencies of the phonon modes with the exact analytic expression from
Bogoliubov theory one finds large discrepancies of around 30% for all momenta. One
can thus conclude, that in the parameter region close to the phase transition Bogoliubov
theory is not valid anymore [81].

In Fig. (2.9e) we show frequencies ωi
bb†(k) and Fig. (2.9f) their respective weights

Si
bb†(k) as a function of momentum k in units of π

d0
along the (1, 0, 0) direction in the

first Brillouin zone for the system being in the Mott-insulator state as calculated from
Eq. (2.106) and Eq. (2.105b). We take zJ/U = 0.15 and µ/U = 0.5, such that �b†l bl� = 1.
There are only two modes which contribute to the spectral density and their frequencies
correspond to the energy necessary to add or subtract an atom from the system. The
difference in excitation energy of the two modes at k = 0 corresponds to the gap ∆ω
of the spectrum in the Mott-insulator phase [81]. It can be calculated from Eq. (2.106)
and is given by

∆ω = lim
|k|→0

(ω1 − ω2) =
�
(U − zJ)2 − 4zJUg . (2.113)

This frequency gap coincides with the width of the mean-field Mott lobe at the same
hopping as can be verified from Eq. (2.45).
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Chapter 3

Photonic Band Structure of a
Bichromatic Optical Lattice

So far we have discussed the analogs between ultracold atoms in optical lattices and the
behaviour of electrons in the crystalline structure in solid state physics. A remarkable
feature of optical lattices is that the bulk periodicity is here controlled by engineering
the geometry of the propagating beams, which determine the light potentials [14, 15].
Differing from ordinary crystals in condensed matter, the size of the Wigner-Seitz cell
in optical lattices is of the order of the light wavelength. One consequence is that the
light, coupling with the atomic transitions, is also diffracted by the crystalline structure
which the atoms form [82].

It has been observed that the modulation of the atomic density in these systems,
and hence of the refractive index, makes optical lattices a photonic bandgap mate-
rial [83]. Theoretical works studied the photonic bandgap for one-dimensional and
three-dimensional atomic structures [84, 83, 85, 86, 87, 88].

In this chapter we study theoretically the photonic properties of biperiodic optical
lattices, in a setup similar to the ones realized experimentally in [89, 90, 91]. We focus
on a one-dimensional configuration assuming that the atoms are well localized at the
lattice minima. The photonic spectra and the probe transmission are evaluated when
the optical lattice is in free space and inside a standing wave optical resonator, as a
function of the interparticle distance � inside the primitive cell of length a. We first
consider the special case of a monochromatic optical lattice as studied in [83, 84] and
then extend our study to the case of a bichromatic optical lattice. The transmission
spectra of a weak incident probe are evaluated when the atoms are trapped in free
space and inside an optical resonator for realistic experimental parameters. We end the
chapter with a discussion of the results obtained.
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3.1 Theoretical model

The physical system we consider is a one-dimensional periodic distribution of atoms in
a light potential with a double primitive cell. We assume a sequence of N atoms of mass
m in a standing wave created with lasers along the x direction. We denote the atomic
positions along x by xj , with j = 1, . . . , N . Denoting by a the size of the Wigner-Seitz
cell, the positions are given by

xj = �a for j = 2� ,

= �a+ � for j = 2�+ 1 ,

where � = 0, 1, . . . ,M − 1, and M = N/2 is the number of cells (assuming N even for
convenience). In the case here discussed, we set the size

a = λ , (3.1)

where λ is the wavelength of the light which interacts with the dipolar transitions of the
atoms. Such configuration can be experimentally realized by using a monochromatic
standing wave with wavelength λ, to which two laser beams are superposed, such that
they are rotated by angles of 60◦ and 120◦ with respect to the axis of the lattice, as
shown in Fig. (3.1). In the dispersive regime the lasers form a conservative potential
for the atoms as discussed in Sec. (2.1). Upon setting the relative phases, the resulting
potential for the atoms has the form

U(x) ∝ β2 cos2(kx/2) + cos2(kx) (3.2)

and the distances between adjacent wells are d1 = λ(1− 1
π acos −β2

4 ) and d2 =
λ
π acos −β2

4 ,
with d1 + d2 = λ. Another possible realization is found by superposing two laser beams
along the x-axis, with a half frequency [92] or with a three fourth frequency respect
to the frequency of the main lattice [93]. Upon setting the relative phases, the four-
atomic elementary cell has the structure d1 − d1 − d2 − d2 (with d1 + d2 = λ) and the
crystal has essentially the same spectral properties than the biatomic one considered
in this section. We will also consider the possibility that the atoms composing the
Wigner-Seitz cell may have different scattering properties, for instance, they can belong
to different species or belong to the same species but are prepared in different hyperfine
states. Under the assumption that the frequencies of the two transitions are sufficiently
close to allow significant coupling with the same probe. Such lattices could be realized
with linearly polarized counterpropagating beams, controlling the angle between the
polarization [70].

In developing the theoretical model we will assume that the atoms are well localized
at the lattice points, and the size of the atomic wave packet is very small with respect to
the laser wavelength1. As seen in Sec. 2.3 atom tunneling from site to site is suppressed

1
This regime is also called Lamb-Dicke regime [94].
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60
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d 1 d2 d 1 d2 d 1
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Figure 3.1: A possible optical realization of the double period 1D lattice, considered in
this work, can be obtained by using a monochromatic standing wave with wavelength
λ, to which two laser beams are superposed, such that they are rotated by angles of 60◦

and 120◦ with respect to the axis of the lattice. Here, d1 = �, d1 + d2 = λ and the size
of the Wigner-Seitz cell is a = λ.

when the system is in the Mott-insulator state. From Eq. (2.24) we can estimate the
size ξ of the atomic wave packet and find ξ ≈ 0.09λ for a monochromatic optical
lattice of depth V0 = 10ER. Thus the assumption of pointlike atoms at fixed positions
is well justified when the atoms are deep in the Mott-insulator quantum state of the
biperiodic potential [14]. We consider only the coupling of the lattice with modes of
the electromagnetic field which propagate along the lattice. This approximation is valid
when the atoms are placed, for instance, inside a bad cavity with sufficiently large
cooperativity [95] or a hollow-core fiber [96, 97].

3.1.1 Hamiltonian

The Hamiltonian He for the system of fixed pointlike particles can be be formally
obtained from the Eq. (1.42) by taking the mass of the atoms to infinity m → ∞2. In
this case the kinetic energy of the atoms vanishes and the atoms are confined at fixed
positions, corresponding to the minima of the trapping potential. Thus we find for the
total Hamiltonian

H = He +Haf +Hemf , (3.3)

2
For finite mass m one has in principle to take into account the finite width ξ of the atomic wavefunc-

tions located at each lattice site. Since we assume that ξ is much smaller than the resonant wavelength

coupling to the dipolar transitions of the atoms the corrections to our treatment due to the kinetic

energy of the atoms will be negligible.
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where
He =

�

j

�ωjσee(j) (3.4)

describes the array of dipoles, with j = 1, . . . , N labeling the atoms. Hereby the relevant
transitions of the atoms at the even (odd) sites, j = 2� (j = 2�+1), have dipole moments
D1 (D2) and transition frequency ω1 (ω2). The interaction between photons and atoms
is given in Eq. (1.43). Restricting to modes of the electromagnetic field propagating
along the x-direction and omitting the spin indices α and β one gets

Haf =
�

j

�

λ

�Cj
λσeg(j)aλe

ıkλxj +H.c. . (3.5)

The coupling Cj
λ is given in Eq. (1.44) and the index j refers here to the position

and reflects the fact that the coupling is proportional to the dipole-moment D1 or D2

dependent if j is even or odd. The Hamiltonian for the modes of the electromagnetic
field is given in Eq. (1.51), where we restrict to modes with wave vectors along the
x-axis.

3.1.2 Weak excitation regime

We consider a weak probe field such that the atomic transitions are driven well below
saturation, and correspondingly the mean number of photonic excitations inside the
system is much smaller than the total number of spins N . In this regime we use the
Holstein-Primakoff representation of spin operators [98], and expand all operators at
the lowest orders in the powers of bosonic operators bj ,

σeg(j) = b†j (1− b†jbj)
1/2 � b†j

�
1− b†jbj/2

�
, (3.6)

σge(j)− = (1− b†jbj)
1/2 bj �

�
1− b†jbj/2

�
bj , (3.7)

σz
j = σee(j)− σgg(j) = −1

2
+ b†jbj . (3.8)

In this representation, the Hamiltonian for the dipoles becomes the sum of N harmonic
oscillators,

He =
�

j

�ωjb
†
jbj , (3.9)

where we discarded the constant term. The interaction term reads

Haf = H(1) +H(3) , (3.10)

with

H(1) =
�

j,λ

�Cj
λb

†
jaλ eikλxj +H.c. , (3.11)
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while H(3) describes the corrections beyond the linear response. We will consider the
limit in which we can truncate the expansion and approximate Hint ≈ H(1), thereby
restricting to the case in which the medium polarization is linear in the electric field
amplitude.

3.1.3 Spin waves

Given the periodic structure, it is convenient to describe the dipolar excitations in
momentum space. At this purpose, for a sufficiently large crystal we assume Born-von
Karman periodic boundary conditions, and consider the spin-wave excitations

bq =
1√
M

M−1�

�=0

b2�e
−i�qa , (3.12)

dq =
1√
M

e−iq�
M−1�

�=0

b2�+1e
−i�qa , (3.13)

with q the wave vector sweeping the first Brillouin zone (BZ). We denote by

G0 = 2π/a

the elementary vector of the reciprocal lattice, such that the interval of the first BZ is
[−G0/2, G0/2]. Using the relation

�M−1
�=0 exp(i(q − q�)�a) = Mδqq� where the equality

q = q� is defined modulus a vector G of the reciprocal lattice, the Hamiltonian terms
transform as

He =
�

q∈BZ

�
�
ω1b

†
qbq + ω2d

†
qdq

�
, (3.14)

H(1) =
�

G,n

�

q∈BZ

�
√
M

�
G(n)
1,q+Gb

†
q + eiG�G(n)

2,q+Gd
†
q

�
a(n)q+G +H.c. , (3.15)

where the index n stands for the different polarizations and the quasi-momentum verifies
the relation k = q +G. The coupling constants are given by

G(n)
i,q+G =

�
2πωq+G

�V
�
Di · ên

�
(3.16)

with i = 1, 2. In this form, the Hamiltonian can be rewritten as the sum of M Hamil-
tonian terms, H =

�
q∈BZ Hq, where

Hq = �ω1b
†
qbq + �ω2d

†
qdq + �

�

G,n

ωq+Ga
†(n)
q+Ga

(n)
q+G

+ �
�

G,n

�√
M

�
G(n)
1,q+Gb

†
q + eiG�G(n)

2,q+Gd
†
q

�
a(n)q+G +H.c.

�
.

(3.17)
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This separation is only valid in the linear regime since saturation effects, described by
H(3), mix the manifolds identified by the Hamiltonian terms Hq.
We will the photonic spectrum of the biperiodic structure assuming that the polarization
of the incident light, say �1, is parallel to the dipole moments D1 and D2. Hence, we
drop the polarization superscripts where they appear. The photonic band structure is
found by solving the Heisenberg equations of motion for each Hamiltonian block Hq,

ȧq+G = −iωq+Gaq+G − i
√
M

�
G1,q+Gbq − e−iG�G2,q+Gdq

�
, (3.18a)

ḃq = −iω1bq − i
√
M

�

G

G1,q+Gaq+G , (3.18b)

ḋq = −iω2dq − i
√
M

�

G

eiG�G2,q+Gaq+G , (3.18c)

where ωq = c|q|.

3.2 Monochromatic optical lattice

We assume for the moment only a single atomic species in the lattice. Taking ρ = 0.5a
the primitive cell of the lattice has length a/2 and only contains a single atom. In
this case the system is a monochromatic optical lattice as studied in [84, 83]. Since
the length of the primitive cell is a/2 the Brillouin zone is doubled compared to the
bichromatic case. This is shown in Fig. (3.2) in a schematic way. One sees that for a
monochromatic optical lattice ρ = 0.5a the Brillouin zone ranges from [−2π

a . . . 2πa ] such
that the resonant photonic modes are at the edges of the Brillouin zone. Due to the
interaction between the photons and the atomic dipoles a bandgap opens up at q = ±2π

a
[84, 83]. This is indicated by the solid blue line which shows the polariton branches
in the case of a monochromatic optical lattice. In the monochromatic case Eq. (3.18)
reduces to

ȧq+2G = −ıωq+2Gaq+2G − ı
√
2MG1,q+2Gbq , (3.19)

ḃq = −ıω1bq − ı
√
2M

�

G

G1,q+2Gaq+2G . (3.20)

The replacement M → 2M comes from the fact that we have effectively doubled the
number of cells, since the primitive cell has now length a/2. The spin wave at wave vector
q couples in principle with all photonic modes at wave vectors q + 2G. Nevertheless,
only the coupling of the atomic transition with the quasi-resonant modes at wave vectors
Q = ±G0 is significant. Taking into account only the relevant coupling, we can solve
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Figure 3.2: Schematic drawing of the polariton branches in the case of a monochromatic
optical lattice ρ = 0.5a and in the case of a bichromatic optical lattice. The solid black
line indicates the Brillouin boundary if ρ = 0.5a and the black dotted line indicates
the edge of the Brillouin zone in the bichromatic case ρ �= 0.5a. The red dashed lines
indicate the unperturbed photonic and atomic energies. The blue solid line is a sketch
of the polariton energies in the monochromatic case ρ = 0.5 and the green dot-dashed
line is a sketch op the polariton energies in the bichromatic case ρ �= 0.5a.

analytically the eigenvalue problem around q � 2π
a at the edge of the BZ to get [84]

ν0 = ωQ , (3.21a)

ν± =
ωQ + ω1

2
±

��
ωQ − ω1

2

�2

+ 4MG2
1,Q . (3.21b)

The eigenfrequency ν0 in Eq. (3.21) corresponds to a polariton mode which is created by

the operator (a†Q−a†−Q)/
√
2. It corresponds to the standing light wave that creates the

optical lattice. In the resonant case ω1 = ωQ these eigenfrequencies determine the edge
of the photonic bandgap. We note that the bandgap size is independent on the number
of cells M , and thus it is constant in the thermodynamic limit: in fact the quantization
volume V ∝ 1/

√
M (in 1D) gives that G1,Q ∝ 1/

√
M , so that the dependence on M in

Eq. (3.21) cancels out.
In Fig. (3.3) we plot the polariton dispersion relation for a monochromatic 1D optical

lattice for exact resonance ω1 = ωQ and in the detuned case ω1 = ωQ − 530γ around
q = 2π

a . We note that the bandgap is largest in the resonant case. In the case of
resonance one of the polariton branches is hidden since it lies exactly at the unperturbed
atomic energy and corresponds to the solution ν0 in Eq. (3.21). In the detuned case we
note that two bandgaps arise, a polaritonic one at the unperturbed atomic energy and
a photonic one at the edge of the Brillouin zone.

We note that Eq. (3.21) is equivalent with the expression for the vacuum Rabi split-
ting of a two level atom inside a cavity with quantization volume Vc = V

2M = a/2
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(a) (b)

Figure 3.3: Polariton dispersion for a 1D monochromatic lattice obtained by summing
over 40 BZ, when the atoms are trapped in a hollow fiber, whose fundamental mode
is Gaussian with waist w = 5µm [97]. We consider the D2-line of 85Rb atoms, with
λ = 780 nm and γ = 2π × 6 MHz. The solid black line is plotted for comparison,
and corresponds to the case in which atoms and field are not coupled (Gj = 0) and the
dashed black line marks the edge of the Brillouin zone. (a) resonant case where ω1 = ωQ

(b) detuned case where ω1 = ωQ − 530γ
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[49]. Indeed one could interpret the vacuum Rabi splitting of an atom in a cavity as a
bandgap at the atomic resonance due to the monochromatic optical lattice made by the
atom inside the cavity and all its images [99]. This analogy is only valid in the linear
regime which corresponds in the single atom case to a single excitation.

3.3 Biperiodic optical lattice

Let us now consider the photonic properties of a bichromatic optical lattice. Displacing
every second atom such that ρ �= 0.5a we change the symmetry of the system and the
size of the primitive cell changes to a. In this case the new Brillouin zone ranges from
[−π

a . . . πa ]. The resonant photonic modes are now at the center of the new Brillouin
zone and the photonic gap lies at q = 0, as can be seen schematically in Fig. (3.2).
The polariton branches are folded into the new Brillouin zone as is indicated by the
dot-dashed green lines in Fig. (3.2) and we see that a new pair of bandgaps opens up
at q = ±π

a . However the photonic modes at q = ±π
a are very far detuned from the

atomic resonance such that the width of these gaps are negligible. Restricting to the
quasi resonant modes with wavevectors q = ±G0 and assuming ω1 = ω2 one finds four
eigenfrequencies from Eq. (3.18),

νj,± =
ωQ + ω1

2
±

�����
�
ωQ − ω1

2

�2

+MG2



1− (−1)j

�

1−
�
2|G1,QG2,Q|

G2

�2

sin2G0�



 .

(3.22)

Here G =
�
|G1,Q|2 + |G2,Q|2 and j = 1, 2. The eigenfrequencies determine the edges of

two photonic bandgaps, one at the frequencies between ν1,− and ν2,− and the second
between ν2,+ and ν1,+. We note that the bandgap size depends on the interparticle
distance � inside the Wigner-Seitz cell but is independent on the number of cells M .
For � → 0, in the limit of the monoperiodic array with the same primitive cell as the
bichromatic optical lattice, one finds a single bandgap with size ∆ω = ν1,+− ν1,−. This
coincides with the bandgap at ρ = 0.5a as discussed in Sec. (3.2) and shows that in the
linear regime the two situations are identical.

For � > 0 (� < a) ∆ω is reduced: a frequency window opens inside the gap,
where light is transmitted, and whose width is given by ∆ω� = ν2,+ − ν2,−. The
size of the two bandgaps is minimum at � = a/4, and it vanishes at this point when
G1,Q = G2,Q. In this specific case, hence, the lattice becomes completely transparent.
This is simply understood, considering that the bandgap results from an interference
effect due to multiple scattering by all atomic planes, and it hence depends on the phase
relations between the fields scattered by each plane. For this specific configuration,
where � = λ/4, 3λ/4, the phase accumulated due to scattering of the first atom of the
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cell cancels out with the phase due to scattering by the second atom. As a result, the
total phase accumulated from scattering with the two atoms of the cell is zero, and the
medium hence behaves as it were completely transparent.

These analytical results, obtained in a specific parameter regimes, are confirmed by
the results of the numerical spectra, which are evaluated from Eqs. (3.18) by summing
over 40 BZs. The photonic spectra are shown in Figs. 3.4-3.5(a), where the polariton
dispersion relation is reported around q � 0 for � = 0, 0.2a, 0.4a for several values of ω1,
setting ω1 = ω2. The size of the bandgaps ∆ω+ = ν2,+ − ν1,+ and ∆ω− = ν2,− − ν1,−
as a function of � are displayed in Figs. 3.4-3.5(b), showing that the size of the gap is
controlled by �, and it vanishes for � = a/4. Figures 3.6 and 3.7 display the photonic

(a) (b)

Figure 3.4: (a) Polariton dispersion for a 1D bichromatic lattice for different values of
�. The curves are evaluated for ω1 = ω2 = ω0−10γ and all other parameters are chosen
as in Fig. (3.3). (b) Photonic bandgap (numbered from lower to higher frequency) as a
function of �/a, compared with the analytical prediction obtained from Eq. (3.22).

spectra when the atoms composing the Wigner-Seitz cell are of different species, in the
case in which both interact with the probe but the resonance frequency of the respective
dipolar transition is different. Figure 3.6 displays the photonic spectrum for the specific
case in which one atomic transition is quasi-resonant, while the second is far detuned.
In this case three photonic bandgaps appear, which vary largely as a function of �, and
in such a way that while one is minimum, the other two are maximum, and vice versa.
Figure 3.7 displays the case in which the two atoms composing the cell are far detuned
from the probe, with detunings of opposite signs. The spectrum is also characterized
by three bandgaps.

In this treatment we neglected atomic absorption, however the evaluated bandgaps
are significantly larger than the linewidth γ, and hence they can be experimentally
observed.
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(a) (b)

Figure 3.5: Same as in Fig. (3.4) but for ω1 = ω2 = ω0 − 530γ.

(a) (b)

Figure 3.6: Same as in Fig. 3.4 but for ω1 = ω0 − 10γ and ω2 = ω0 + 530γ.
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(a) (b)

Figure 3.7: Same as in Fig. (3.4) but for ω1 = ω0 − 530γ and ω2 = ω0 + 530γ. Note
that gap 1 and 3 overlap.

Figure 3.8: Schematic sketch of a bichromatic lattice inside a optical resonator. The
cavity is pumped by a coherent light beam with amplitude η and frequency ωp and the
transmitted light intensity I(ωp) is measured as a function of ωp.

3.4 Bichromatic lattice inside a single-mode cavity

The observation of sufficiently large photonic bandgaps in free space requires a large
number of lattice planes in a well controlled periodic structure, which is experimentally
challenging. Nevertheless, observable effects can be found in small systems when cou-
pling the atomic transition, for instance, to the modes of a fiber [97] or of an optical
resonator [100, 101, 102].

Let us assume that the dipolar transition of the atoms couples strongly with the
single mode of a standing-wave optical resonator, which probes the system as shown in
Fig. (3.8). The Hamiltonian for the dynamics inside the cavity is now H � = He +Hc +
H �

af , where He is given in Eq. (3.4),

Hc = �ωca
†a (3.23)

describes the cavity field at frequency ωc, with a, a† annihilation and creation operators
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of a cavity photon, and

H �
af = �

�

j

gj cos(kxj + ϕ)σeg(j)a+H.c (3.24)

is the Jaynes-Cummings Hamiltonian, with k the cavity mode wave vector and gj the
coupling strength, which depends on the dipolar moment Dj of the atom at position
xj . As a function of the cavity parameters, gj =

�
ς/(4πA)

√
γδω, with ς the scattering

cross section in free space, A = πw2
c/4 with wc the cavity mode waist, and δω = 2πc/L

the free spectral range, with L the cavity length [95]. The phase ϕ accounts for the
dephasing between the cavity mode lattice and the atomic lattice.

The system is probed by an external weak coherent pump at intensity η and fre-
quency ωp, which is coupled to the resonator. In this limit, we make the Holstein-
Primakoff transformation and keep only the linear term. The resulting Heisenberg-
Langevin equations of motion for cavity mode and spin wave operators read [103]

ȧ = −iδca− κa+ η +
√
2κζ(t)− i

√
M

2

×
�

Q∈BZ,Q=k−G

�
g1

�
e−iϕbQ + eiϕb−Q

�
,

+ g2
�
e−i(k�+ϕ)dQ + ei(k�+ϕ)d−Q

��
(3.25a)

ḃ±Q = −
�
iδ1 +

γ1
2

�
b±Q − i

2

√
Mg1e

±iϕa+
√
γ1B1,Q ,

(3.25b)

ḋ±Q = −
�
iδ2 +

γ2
2

�
d±Q − i

2

√
Mg2e

±i(k�+ϕ)a+
√
γ2B2,Q ,

(3.25c)

where δc = ωc−ωp, δj = ωj−ωp and κ is the cavity linewidth. The noise operators ζ(t),
Bj,Q, have zero mean value and satisfy the relation �ζ(t)ζ(t�)†� = �Bj,Q(t)Bj,Q(t�)†� =
δ(t− t�) (we assume the electromagnetic field in the vacuum).

Equations (3.25a)-(3.25c) describe the coupling between the cavity mode, at mo-
mentum k, and the spin waves at quasi-momentum Q (inside the first Brillouin zone),
such that Q + G = k where G is a vector of the reciprocal lattice. We identify two
relevant cases, when (i) k �= Nπ/a, and (ii) k = Nπ/a, where N is an integer.

For k �= Nπ/a the system, composed by cavity potential and bichromatic lattice, is
not periodic. The eigenfrequencies of the homogeneous equations can be simply found
for the case δ1 = δ2 = ∆, γ1 = γ2 = γ, and read

ν0 = ∆− iγ/2 , (3.26)

ν± =
δc +∆− i(κ+ γ/2)

2
±
�

1

4

�
δc −∆− iκ+ i

γ

2

�2
+MR , (3.27)
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where
R = (g21 + g22)/2. (3.28)

Here, the real part gives the position of the resonances, while the imaginary part gives
the corresponding linewidth. The eigenmodes at frequency ν0 are pure spin waves, and
hence correspond to collective dipolar excitations which are decoupled from the cavity
field. The eigenmodes at frequency ν± are polariton excitations. We remark that the
frequencies ν± do not depend on �.

For k = N π
a , the system, composed by cavity potential and bichromatic lattice,

is periodic. The cavity mode couples to the spin waves Q = 0 or π/a, depending
on whether N is even or odd, respectively. The eigenfrequencies of the homogeneous
equations (for the specific case δ1 = δ2 = ∆, γ1 = γ2 = γ) have the same form as in
Eqs. (3.26-3.27), whereby now in Eq. (3.27) the coefficient R reads

R = g21 cos
2 ϕ+ g22 cos

2(k�+ ϕ) . (3.29)

We note that the eigenfrequencies in this case explicitly depend on �. This result is
also found when the bichromatic lattice is replaced by one single cell, by rescaling the
coupling strength of each atom inside the cell as geff,j =

√
Mgj .

We now discuss the intensity of the field at the cavity output as a function of the
probe frequency ωp for various parameters, by solving Eqs. (3.25a)-(3.25c) in the steady

state. The quantity we study is the number of photons per unit time I(ωp) = �a†outaout�,
where aout is the field at the cavity output, aout =

√
2κa−ζ, and the average is taken over

the state of the system and the vacuum state of the e.m.-field outside the resonator [103].
Hence, we find

I(ωp) = 2κ�a†a� = 2κη2(∆2 + γ2/4)

(κγ/2− δc∆+MR)2 + (∆κ+ δcγ/2)2
, (3.30)

where we have used the steady state solution of Eq. (3.25a). In the strong coupling
regime, when the cooperativity C ∼ MR/2κγ � 1 [95], the intensity I(ωp) at the
cavity output exhibits two well defined maxima at the frequencies

ω0
p =

ωc + ωa

2
±

��
ωc − ωa

2

�2

+MR , (3.31)

which correspond to the vacuum Rabi splitting for this system [95]. This can also be
seen in Figs. 3.9 and 3.10. It is interesting to note that for∆ = 0 and large cooperativity
the cavity output field goes to zero as 1/C2. This is an interference effect, where the
atomic polarization inside the cavity form a field equal and opposite to the driving
pump, such that the cavity field is effectively empty. Energy is in this case dissipated
by the atoms. This behaviour has been first predicted in [104] under the name ”cavity
induced transparency”.
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Figure 3.9: (Color online) The absolute square of the transmission coefficient as a
function of (ωa − ωp) (in units of γ) is plotted for a lattice of 85 Rb. The relevant
transition is the D2-line with λ = 780nm and γ = 2π × 6MHz. The atoms are trapped
by a laser beam detuned to the blue of resonance by 10 γ which is in resonance with the
cavity. We assume M = 100 primitive cells with a mean occupation number n̄ = 3000
for each well and take ϕ = π/2. The cavity decay is given by κ = 2π × 21kHz. Note
that for � = 0 the atoms are trapped at the nodes of the resonator and hence do not
interact with the cavity field.

We evaluate the cavity transmission spectrum using the parameters of the setup
in [105], and consider 85Rb atoms inside a resonator with resonance frequency ωc =
ωa + 10γ, loss rate κ = 2π × 21 KHz, beam waist w = 130 µm, and an average
occupation per site n̄ = 3000, that corresponds to an areal density ns � 5.7 ·10−2µm−2.
The transmission spectrum is calculated from Eq. (3.30) by taking |t|2 = I(ωp)/Iin
where Iin = 2η2

κ . The positions of the peaks correspond to those predicted by Eq. (3.31)
by taking into account multiple occupancy of the lattice sites and rescaling the coupling
strengths as gj →

√
n̄gj . Figure 3.9 displays the squared transmission as a function

of the probe frequency for the case ϕ = π/2 and the values � = 0, 0.2a, 0.4a. Note
that the case � = 0 corresponds to all atoms at the nodes of the resonator where the
field is zero, and it is hence equivalent to the situation in which the cavity is empty.
Figure 3.10 displays the transmission spectrum is the optical lattice trapping the atom
is shifted so that ϕ = 0, showing that the form changes substantially. By varying ϕ,
hence, information on the interparticle distance in the Wigner-Seitz cell can be gained.
The minimum at ωp = ωa, corresponding to the cavity induced transparency behaviour,
is here visible.
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Figure 3.10: Same as Fig. (3.9), but for ϕ = 0.

3.5 Discussion

The photonic properties of biperiodic optical lattices are critically determined by the
interparticle distance � inside the primitive Wigner-Seitz cell. We have derived a model
describing light propagation for a weak probe, and its response to probe propagation
in free space and inside of a cavity. In the case that � = 0.5a the system reduces
to a monochromatic optical lattice and our results reduce to the ones found in [84].
In the biperiodic case we found that, depending on �, in free space the system may
or may not exhibit photonic bandgaps about the atomic frequency. This is a peculiar
property, which makes the biperiodic crystal different from the monoperiodic one, always
exhibiting a bandgap at the atomic frequency. In case there are photonic bandgaps
around this value, they occur in two or more ranges of frequencies. For a finite crystal,
relevant effects can be observed when the atoms are confined inside an optical resonator.
Here, the interparticle distance � inside the primitive Wigner-Seitz cell determines the
properties of the transmission spectrum of a probe at the cavity output.

Our study is based on a full quantum model for the light. In this chapter we have
focused on the intensity of the transmitted and reflected light. It would be interesting to
study higher order coherence of the scattered light. On the basis of studies made with
two atoms inside a cavity [106], one expects that, when considering saturation effects,
the biperiodic optical lattice can act as nonlinear-optical medium, whose properties may
be controlled by the interparticle distance �.

In the present chapter we neglected the motion of the atoms taking them to be at
fixed positions in space. An interesting question is how the photonic band structure
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changes if one takes into account the atomic motion and also the statistics of the atoms.
A complete diagonalization of the Hamiltonian in order to find the photonic band struc-
ture as has been done in Eq. (3.22) will be difficult since the motion of the atoms will
break the discrete symmetry of the atomic lattice.

On the other hand a photonic bandgap in 1 dimension can also be seen as Bragg
scattering of the incident light since it arises from a destructive interference from the
light scattered at all the lattice planes [71]. In the following chapter we will consider
the problem of Bragg scattering of ultracold atoms in an optical lattice. We take into
account the motion of the atoms and evaluate the scattered light signal taking into
account the many body state of the atoms along the Mott-insulator superfluid phase
transition.
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Chapter 4

Light Scattering from Ultracold
Atoms in an Optical Lattice

Bragg scattering in condensed matter is a powerful method for gaining information over
the structural properties of crystalline solids. Usually, one employs thermal neutron
beams, whose thermal wavelength is of the order of the interparticle distance inside the
crystal. While elastic scattering allows one to measure the reciprocal lattice primitive
cell, inelastic scattering gives information about the phonon spectrum and anharmonic-
ities [71]. In atomic systems, Bragg scattering has been applied for demonstrating
long–range order in structures of cold ions in traps [107] and neutral atoms in optical
lattices [108, 109, 82, 110, 100, 101, 102].

Moreover it has proven to be a precise tool for the measurement of the elemen-
tary excitations of trapped Bose-Einstein condensate [97, 18] and strongly-correlated
atoms in optical lattices [19]. The spectra of the scattered photons, moreover, provide
information on the details of atom-photon interactions. Studies on opto-mechanical sys-
tems, for instance, showed that the Stokes and anti-Stokes components of the scattered
light may exhibit entanglement, which emerges from and is mediated by the interaction
with the quantum vibrational modes of the scattering system [111]. Such correlations
are endorsed by quantum interference in the processes leading to photon scattering,
which is mainly visible in the height of the spectral peaks as a function of the emission
angle [112], and can be an important resource for quantum networks [113, 114].

In this chapter we investigate the opto-mechanical properties of strongly-correlated
atoms in optical lattices. We study light scattering by ultracold bosonic atoms in an op-
tical lattice, in the setup sketched in Fig. 4.1. We use a full quantum description of the
photonic and atomic fields, for a range of optical lattice depths which covers the super-
fluid to Mott-insulator transition. By starting from the general Hamiltonian Eq. (2.2),
we carry out the tight-binding and single-band approximations, and we determine the
scattering cross section of photons in the linear response regime.

Extending previous works [32], we systematically take into account the finite tun-
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neling rate in evaluating the scattering cross section for parameters sweeping along the
phase transition Mott-insulator to superfluid state. We focus on a small lattice of 7
sites, and solve numerically the Bose-Hubbard model for this system. In order to get
insight into the numerical results, we also develop an analytical theory, which extends
the theory presented in [21] by including the hopping induced by photon recoil. The
interference between the finite tunneling rate and the photon-induced hopping is vis-
ible in the height of the Stokes peaks as a function of the emission angle and can be
revealed experimentally. We end the chapter with a discussion of the results obtained
and comparing them to previous works.
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Figure 4.1: Light scattering by atoms trapped in a one-dimensional optical lattice with
lattice constant d0. The atoms are probed by a laser beam, with wave vector kL

and frequency ωL, which couples to the atomic dipole transition at frequency ω0 with
ground state |g� and excited state |e� (see inset). The spectrum of the scattered light is
measured at a detector as a function of the angle of emission. In experiments, one can
also use a second laser beam, into which the photon is emitted with high probability,
hence implementing stimulated Bragg scattering [97].

4.1 The Model

The scattering system we consider is composed by N identical bosonic atoms of mass m
in a periodic potential, as shown in Fig. 4.1. The relevant internal degrees of freedom
of the atoms are the electronic ground state |g� and an excited state |e� that form a
dipolar transition with dipole moment De,g at the optical frequency ω0, which couples
to a weak laser probe. At room temperature and equilibrium, the atoms are in the
electronic ground state and the state of the optical modes of the electromagnetic field
can be approximated with the vacuum |0�. We now assume that the laser, at frequency
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ωL and wave vector kL, couples to the atomic dipole transition. The laser field is
described by a coherent state of the corresponding electromagnetic field mode with
amplitude αL, such that the mean number of photons is given by |αL|2. We are in
the regime in which the atom-laser coupling is sufficiently weak, corresponding to the
condition |Ce,g

L αL| � |ω0−ωL| such that the occupation of the excited state is small and
we can use the effective Hamiltonian Eq. (2.1) (discarding the spin index α since we only
have a single electronic ground state) to describe the system. The conservative potential
V (r) for the ground state atoms is assumed to be periodic along the x-direction and is
given in Eq.(2.26).

We assume that the atomic wave functions are well localized at the lattice min-
ima, such that the tight-binding approximation can be applied. Using the expansion
Eq. (2.27) for the atomic field operators and following the procedure of Sec(2.3) we find
for the total Hamiltonian

H = H �
g +H �

af +Hemf , (4.1)

where

H �
g = −J

�

l

b†l (bl−1 + bl+1) +
U

2

�

l

nl(nl − 1)− µ
�

l

nl (4.2)

is the 1D Bose-Hubbard Hamiltonian Eq. (2.28) as discussed in Sec(2.3) and describes
the unperturbed atomic dynamics. The coefficients for the hopping term J and the on-
site interaction strength U are given in Eq. (2.29). The atom-field interaction is obtained
by using the expansion Eq. (2.27) in the effective atom light interaction Eq. (2.2) and
is given by

H �
af =

�

λ,λ�

�Ce,g
λ Ce,g

λ�

ωλ� − ω0
a†λaλ�T (q) , (4.3)

with q = kλ� − kλ. The atomic part in the atom-field Hamiltonian is given by

T (q) =
�

l

eiqxld0
�
J0(q)nl + J1(q)

�
b†l bl+1 + b†l+1bl

��
(4.4)

and consists of a photon-dependent energy shift, weighted by the coefficient

J0(q) = e−
1
4 (q

2
y+q2z)ξ

2
r

�
dxeiqxxw0(x)

2 , (4.5)

with w0(x) beeing the wannier function centered around 0 and a hopping term with
coefficient

J1(q) = e−
1
4 (q

2
y+q2z)ξ

2
r

�
dxw0(x)e

iqxxw0(x− d0) . (4.6)

The latter describes light-assisted tunneling due to the mechanical effects of photon
scattering. This latter term has been neglected in previous theoretical treatments [21,
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32, 33]. Its effect has been investigated in Ref. [34, 47] for light scattering by ultra-
cold atoms in a double well potential, showing that the mechanical effect of light can
interfere with ordinary tunneling between the wells, generating observable effects in the
first–order coherence properties of the scattered light. We hence expect that it will give
rise to observable effects in the Bragg signal by ultracold atoms in optical lattices. In
the following we will assume that the interaction between photons and atoms is essen-
tially Hamiltonian, and hence fully determined by the Schrödinger equation governed by
Eq. (2.1). This is valid in the regime which we consider in this article, namely, when the
detuning of the light |ω0 − ωL| � γ, with γ the linewidth of the excited state. In order
to study Bragg scattering of laser photons by atoms in the one-dimensional periodic
array given by potential (2.26) we will evaluate the differential scattering cross section
for coherent scattering. Assuming that |αL| � 1, so that the atoms absorb at most one
photon from the laser at a time, the differential scattering cross section is found from
the rate of scattering one laser photon into the mode λ. In particular, the scattering
rate reads

ΓλL→λ =
2π

�2
�

f

���1λ, f |H �
int|1λL , i�

��2 δ(t/2)(ωL − ωλ + (Ei − Ef )/�) ,

where we denoted by |1λ� = a†λ|0� the state of the electromagnetic field with one photon
in mode λ, and by |i� and |f� the states of the atoms before and after the scattering,
respectively, which are eigenstates of Hamiltonian H �

g at energies Ei and Ef . The
function

δ(t)(ω) =
sin(ωt)

πω
(4.7)

is the diffraction function, giving energy conservation for infinite interaction times,
limt→∞ δ(t)(ω) = δ(ω) [69]. Equation (4.7) shows clearly that the scattering rate de-
pends on the state of the atoms before and after the scattering event. In the case that
the atoms are in the superfluid regime, it is convenient to rewrite operator T (q) in
Eq. (4.4) using the decomposition of operator bl in Eq. (2.34),

TSF(q) = T (0)
SF (q) + T (1)

SF (q) + T (2)
SF (q) , (4.8)

The first term on the right-hand side of the equation describes radiation coupling with
the condensate and reads

T (0)
SF (q) = g (J0(q) + 2J1(q))

�

l

eiqxld0 , (4.9)

while the other terms give radiation coupling with the Bogoliubov excitations, and take
the form
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T (1)
SF (q) =

√
g
�

l

eiqxld0
�
J0(q)(βl + β†

l ) + J1(q)(β
†
l + βl+1 + β†

l+1 + βl)
�
,(4.10)

T (2)
SF (q) =

�

l

eiqxld0
�
J0(q)β

†
l βl + J1(q)(β

†
l βl+1 + β†

l+1βl)
�
, (4.11)

where the superscript gives the order in the Bogoliubov expansion. Here g = �b†l bl� is
the mean occupation number and we neglected depletion of the condensate. This is
valid in the regime J � U such that almost all atoms are in the zero momentum mode.

4.2 Light scattering

Light scattering by a one-dimensional optical lattice of ultracold atoms is studied in the
setup sketched in Fig. 4.1. A laser plane wave at wave vector kL, frequency ωL = c|kL|,
in a coherent state with amplitude αL, drives the atoms. We evaluate the scattered
light as a function of the angle of emission, determined by the wave vector k of the
mode into which the photon is emitted, and of the frequency of the emitted photon.

The scattering process is evaluated assuming that the laser very weakly excites the
atom, so that the atom-photon interaction is described at lowest order by Hamilto-
nian (4.1). More in detail, the condition |αL| � 1 means that the atomic sample is
driven by at most one photon. A scattering process will then occur with probability
|αL|2 and will consist of the absorption of one incident photon in the mode of the laser,
represented by the state |1L�, and the emission of a photon in one of the modes of the
electromagnetic field at wave vector k and polarization �k ⊥ k, represented by the state
|1k,��. The corresponding differential scattering cross section for the photon scattered at
frequency ω in direction n in the solid angle Ω is proportional to the scattering rate (4.7)
and takes the form [69]

σ(Ω,ω) =
V2ω2

L

(2π)2�2c4
�

f

�

�k⊥n

���f, 1k,�|H �
int|i, 1L�

��2 δ(t/2)(ωL + ωi − ω − ωf ) , (4.12)

where k = nk and |i�, |f� are the initial and final atomic states, eigenstates of Hamil-
tonian (4.2) at the eigenfrequencies ωi and ωf , respectively. Using Eq. (4.1) in Eq. (4.12)
one can easily verify that the differential scattering cross section is proportional to the
dynamic structure factor [21].

We evaluate the scattering cross section assuming that the atoms are initially in the
ground state either of the Mott-insulator or of the superfluid phase, and that the atoms
are scattered into a final state belonging to the lowest-lying atomic excitations. Using
the form of operator H �

int in Eq. (4.3), Eq. (4.12) can be written as
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σ(Ω,ω) = σ(0)(Ω,ω) + σ(1)(Ω,ω) , (4.13)

where

σ(0) = A(Ω) |�i|T (q)|i�|2 δ(t/2)(ωL − ω) (4.14)

gives the elastic component of the scattered light, while

σ(1) = A(Ω)
�

f

|�f, ik|T (q)|i, 1L�|2 δ(t/2)(ωL − ω − δωf ) (4.15)

describes the scattering events in which one mechanical excitation at frequency δωf is
absorbed from the photon by the atomic lattice (Stokes component) and corresponds to
the one-phonon terms in neutron scattering [71]. The corresponding phonon emission
processes, giving the anti-Stokes component, are here absent as initially the atoms
are in the ground state. Moreover, higher order terms, corresponding to higher-order
phonon terms in neutron scattering, are here neglected as we assume that at most one
mechanical excitation is exchanged between lattice and photons.

The operator T (q) in the above equations is given in Eq. (4.4), while the coefficient
A(Ω) depends on the angle of emission and takes the form

A(Ω) =
V2ω2

L

(2π)2�20�2c4
�

�k⊥n

�2|Ce,g
L Ce,g

k |2

|ωL − ω0|2

=
γ

c

Ω2
0

∆2

�
3

8π

�
1− |D · n|2

|D|2

��
, (4.16)

where γ is the linewidth of the dipole transition, ∆ = ωL − ω0 is the detuning of the
laser from the atomic transition and Ω0 =

�
ωL/2�ε0D · �L.

4.2.1 Scattering cross section as a function of the atomic state

We now give an analytic expression for the scattering cross section in Eq. (4.12) for the
initial and final states determined in Sec. 2.3.2 and 2.3.3.

Mott-insulator

For the Mott-insulator phase the initial state is |i� = |ψ(1)
0 �, given in Eq. (2.69). Using

Eq. (4.3), we find

σ(0)
MI(Ω,ω) = A(Ω)N2δ(ωL − ω)δ(M)

qx,G

�
|J0(q)|2 + 4

�
g(g + 1)

J

U
Re {J∗

0 (q)J1(q)}
�

,

(4.17)
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where G are the vectors of the (one-dimensional) reciprocal lattice and

δ(M)
q,G ≡ 1

M2

sin2(Md0q/2)

sin2(d0q/2)
(4.18)

gives conservation of the Bloch momentum in a finite lattice with M sites, such that

δ(M)
q,G → δq,G (Kronecker delta) as M → ∞. In Eq. (4.17) we omitted terms at third
and higher order in J and J1(q). This approximation will be applied to the rest of this
section, assuming that these higher-order terms can be neglected.

The presence of δ(M)
qx,G

in Eq. (4.17) expresses the von-Laue condition for Bragg
scattering. At zero order in the hopping term, Eq. (4.17) gives the response of a crystal
of particles oscillating around their equilibrium position. In fact, using a Gaussian
ansatz for the wave functions, one can estimate |J0(q)|2 � e−2W , with W = [q2xξ

2
x +

(q2y + q2z)ξ
2
r ]/8, where ξx and ξr are the widths the atomic wave functions in the axial

and radial direction, showing explicitly that this term is analogous to the Debye-Waller
factor [71]. The term proportional to J is instead a novel feature with respect to
traditional condensed-matter systems, that arises from light induced tunneling.

The Stokes component for the Mott-insulator is evaluated taking the final states

|f� = |ψ(1)
[r,s]� given in Eq. (2.79), and reads

σ(1)
MI(Ω,ω) = A(Ω)

�

r,s

sin2
�πr
M

�
|Br,s|2δ(ωL − ω − ωr,s)δ

(M)
q(s),G , (4.19)

with ωr,s = (Er,s − E0)/�, and where we have introduced

q(s) = qx −
2π

Md0
s . (4.20)

The coefficient in Eq. (4.19) takes the form

Br,s =
�

8g(g + 1)






J1(q) for r + s odd,

2 J
U J0(q) sin

�
π
M s

�
for r + s even,

(4.21)

showing that the transition to the excited states with r+ s odd is due to photon recoil,
and is hence a light-induced hopping process. Note that condition q(s) = G shows
that the quantum number s, and more specifically 2πs/L, with L = Md0 the length

of the lattice, plays the role of the quasi-momentum of the states |ψ(1)
r,s �. We remark

that Eq. (4.21), for r + s even, agrees with the result evaluated in [21] (see Eq. (9)
of that paper for comparison). The result we find for r + s odd, on the contrary, is
discarded in the treatment of [21], as there the authors neglected light induced hopping
terms. In the Mott-insulator regime these terms are usually very small with respect to
the other contributions. They give rise to a significant contribution when interfering
with ordinary tunneling. This latter type of contributions is ruled out in the analytical
model by the selection rule introduced by the assumption g � 1, but it is visible in the
numerical results, as it will be shown in Sec. 4.2.
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Superfluid

When evaluating the differential scattering cross section in the superfluid phase, we
assume all atoms to be initially prepared in the Bose-Einstein condensate. In addition,
for the analytical calculation we consider the limit U → 0. In this limit we can neglect
the quantum depletion of the condensate due to the interactions and take the initial
state |i� = |0�SF according to our notation. The zero-phonon term takes now the form

σ(0)
SF (Ω,ω) = A(Ω)δ(ωL − ω)δ(M)

qx,G
N2

×
�
|J0(q) + 2J1(q)|2

+2
�

p �=0

|vp|2

N
Re

�
(J0(q) + 2J1(q))

∗(J0(q) + 2J1(q) cos(pd0))
��

,

(4.22)

showing that the light-induced tunneling effects enter already at first order in this
expression. As in the Mott-insulator case, the analogous of the Debye-Waller factor can
be here identified in the term |J0(q)|2. In this case, though, tunneling effects become
more important, modifying significantly the signal as we will show. The first-phonon
term reads

σ(1)
SF (Ω,ω) = A(Ω)N

�

p �=0

δ(ωL − ω − Ωp)
�p
�Ωp

���
�
J0(q) + J1(q)(1 + e−ipd0)

����
2
δ(M)
qx−p,G ,

(4.23)

and describes the creation of Bogoliubov excitations with quasi-momentum �p by photon
scattering, such that the relation p = qx −G holds.

4.2.2 Numerical results

In this section we report the numerical results for the differential scattering cross section
obtained when the atoms are in the Mott-insulator or in the superfluid state. The
numerical results are obtained for a lattice of M = 7 sites and fixed particle number
N = M . The coefficient entering the Bose-Hubbard Hamiltonian in Eq. (4.2) and the
operator T (q) in Eq. (4.4) are calculated by using the Wannier functions relative to
a given lattice depth V0 of optical potential (2.26). Hamiltonian (4.2) is diagonalized
exactly and the corresponding states are used for determining the differential scattering
cross section in Eq. (4.12). The numerical results are also compared with the analytical
predictions of the scattering cross sections reported in the previous section. Although
the latter are valid for very large lattices and for large mean site occupation g � 1,
we find reasonable agreement when comparing these predictions with those for a small
lattice of 7 sites and single occupancy (see also [21]).
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Figure 4.2: (color online) Stokes component of the differential scattering cross section
(in units of A(Ω)) as a function of frequency (in units of the recoil frequency ωR)
for two different scattering angles, corresponding to qxd0 = 2π/7 (top row) and to
qxd0 = 6π/7 (bottom row). The curves have been evaluated for a lattice of M = 7 site
and N = M = 7 composed by 87Rb atoms in the |F = 2,mF = 2� hyperfine ground
state. The black solid line corresponds to the numerical results, the blue dashed line to
the analytical formulas (see text), the red dashed-dotted line to the model of [21], where
the light-induced hopping is neglected. Plots (a) and (c) are evaluated for V0 = 8.1�ωR

(U/J ≈ 17) which corresponds to the Mott-insulator state. Plots (b) and (d) are
evaluated for V0 = 0.1�ωR ( U/J ≈ 1) which corresponds to the superfluid state. Other
parameters are d0 = 413nm, as = 105a0 with a0 being the Bohr radius, and ωr = 10ωR

corresponding to the experimental parameters in [74] (For these parameters the size of
the radial wavepacket is ξr = 10as). The frequency resolution is set to ∆ω = 300 Hz,
corresponding to an integration time T = 3 msec.
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Figure 4.2(a) and (c) display the one-phonon contribution to the differential scatter-
ing cross section, σ(1)(Ω,ω), as a function of the frequency ω and for different scattering
angles when the atoms are in the Mott-insulator state. The numerical results are com-
pared with the analytical model (dashed line) and with the model used in the numerical
simulations in [21], in which light-induced hopping terms are not considered.







Figure 4.3: (color online) Stokes component of the differential scattering cross section
(in units of A(Ω)) as a function of the frequency (in units of ωR) and of the Bragg angle
Θ = qxd0 (in units of π). The plots have been evaluated numerically for (a) V0 = 8.1�ωR

and U/J ≈ 17, (b) V0 = 0.1�ωR and U/J ≈ 1, (c) V0 = 0.1�ωR and U/J ≈ 0.1. The
other parameters are as in Fig. 4.2.

We first discuss the numerical results which most closely approach the exact solu-
tion. The appearance of multiple peaks corresponds to the excitations of the atoms in
the Mott-insulator due to the photon recoil. The number of peaks for the numerical
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result is M − 1, which correspond in this case to 6. They can be individually resolved,
as the system considered here is finite, and the width of each individual peak is lim-
ited by the detection time T (or the spectral resolution 1/T ). The linewidth of the
excitations is essentially determined by the spontaneous decay rate of the excited state.
In the present treatment we are assuming γ�T � 1, where γ� is the rate of incoherent
scattering and is of the order γ� ∼ γ|CLα|2/∆2. The analytical results are found using
the model described in Sec. 2.3.3, which assumes a large on-site occupation. They are
characterized by the same peak number, although only half of them is visible in the
figure. In fact, the intensity of the peaks arising from the coupling of the ground state
to the corresponding excitation via light-induced hopping (corresponding to the terms
in Eq. (4.21) with r + s odd) are very small compared to the other ones (correspond-
ing to the terms with r + s even) and are therefore not visible (note that, due to the
assumption of large on-site occupation, interference between ordinary tunneling and
light-induced hopping is suppressed). The central positions of the visible peaks present
a systematic shift with respect to the ones found numerically. This systematic shift
originates from the assumption g � 1, and has been observed in [21]. Nevertheless, the
analytical solution still provides some insight into the numerical results. In Eq. (2.79),
using Eq. (4.20) we find that the peaks are centered around the energy E� = U with

a spreading about this mean value of width 4J(2g + 1) cos
�
qxd0
2

�
. Such spreading de-

creases as qxd0 approaches π, compare Fig. 4.2(a) and (c). In particular, for qxd0 = π,
the width of the distribution of the Stokes excitations vanishes and the spectrum reduces
to a single peak, corresponding to the on-site energy U .

The results for the superfluid regime are reported in Figs. 4.2(b) and (d). Here, the
analytical solution predicts that in the limit g � 1 the total momentum of photon and
lattice is conserved in a scattering event. Such property implies that the Bogoliubov
mode matching the momentum-conservation condition, is excited, and therefore one
expects a single peak in the spectrum. For N = 7 atoms and g = 1, the numerical
results for U/J ≈ 1 give a single peak at qxd0 = 2π/7, while at qxd0 = 6π/7 multiple
peaks are found. In this case, instead of a collective density fluctuation with a well
defined momentum p, one observes particle-hole types of excitations as in the Mott-
insulator case. In Fig. 4.2(d) one observes a larger spread of the peaks as compared to
the Mott-insulator case at the same Bragg angle. This is due to the larger value of the
tunneling rate J . We remark that, choosing smaller values of the ratio U/J by ramping
down the on-site interaction strength, as it is shown below, the spectrum reduces to a
single peak at all Bragg angles and approaches the limit of the single-particle spectrum,
as it is recovered in Eq. (2.66) by setting U = 0.

We now compare the numerical results, obtained taking systematically into account
the light-induced hopping term, to the results found when this term is neglected, corre-
sponding to the treatment in [21]. In the Mott-insulator case, comparison between the
numerical results with and without light-induced hopping effects shows that in the first
case one finds interference between ordinary tunneling and light-induced hopping. This
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Figure 4.4: (color online) Contour plot of the Stokes component of the differential
scattering cross section (in units of A(Ω)) as a function of the frequency (in units of
ωR) and of the lattice depth V0 in units of ωR for qxd0 = 6π/7 (the corresponding value
of the ratio U/J is reported in the axis between squared bracket). The black dashed
line marks the critical value at which the phase transition occurs in the thermodynamic
limit. The other parameters are given in Fig. 4.2.

gives rise to an alternating enhancement and reduction of the peak heights at different
frequencies, which is absent in the model discarding light-induced hopping effects. In
general, the light-hopping term contributes in determining the height of some peaks,
giving substantial modifications of the spectrum which can be revealed experimentally.
The effect is larger in the superfluid regime, where tunneling is enhanced, as one can
see in Fig. 4.2(b). Here, the central peak at qxd0 = 2π/7 is 50% higher than in absence
of this contribution.

Figures 4.3(a)-(c) display the spectra of σ(1) as a function of the frequency and of
the Bragg angle, in three different points of the phase diagram. We remark that the
width and spacing of the Bragg peaks are determined by the finite size of the lattice.
The plots in (a) and (b) are made in the same parameter regimes as in Fig. 4.2 (a),(c)
and (b),(d), respectively, , namely U/J ≈ 17 and U/J ≈ 1. Figure 4.3(c), instead,
corresponds to the value U/J ∼ 0.1. Here, one observes almost a single peak at each
Bragg angle, as expected in the weakly-interacting superfluid phase.

Figure 4.4 shows σ(1) as a function of the frequency and the depth of the potential,
hence sweeping from the Mott-insulator to the superfluid regime at a given Bragg angle,
corresponding to large momentum transfer (qxd0 = 6π/7). Here, one observes that the
spectrum varies from multiple peaks, deep in the Mott-insulator regime, to a single
peak in the weakly-interacting superfluid regime. The single peak appears around a
value of U/J much smaller than the critical value [U/J ]c for the Mott to superfluid
transition (which, in the thermodynamic limit, is predicted for [U/J ]c = 3.37, see
Ref. [115]). The presence of multiple peaks also in the superfluid phase close to the
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Figure 4.5: (color online) Intensity of the scattered light (in arbitrary units) as a function
of the Bragg angle Θ = qxd0 (in units of π). The parameters are the same as in Fig. 4.2
and (a) V0 = 8.1ER ( U/J ≈ 17 ), (b) V0 = 0.1ER ( U/J ≈ 1). The black solid
line corresponds to the numerical result, the blue dashed-dotted line to the analytical
solution, the red dashed line to the numerical result obtained discarding the light-
induced hopping term as in [32, 21].
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phase transition is reminiscent of a strongly-interacting superfluid phase. Such phase
contains, beyond the gapless phononic modes, also gapped modes [116, 117, 79, 118, 119],
which are predicted to be dominant at large quasi-momentum. We expect that also in
the thermodynamic limit the transition to a single peak in the scattered-light spectrum
will occur at lower values of U/J than the Mott-insulator to superfluid phase transition
and will be also dependent on the momentum transfer. The identification of the Mott-
insulator to superfluid phase transition should rather rely on the existence of a gapless
spectrum. In spite of the very small size of the considered system, indications of a
gapless spectrum are present in our results, as one can see comparing Fig. 4.3(a) with
(b),(c).

Figure 4.6: (color online) Intensity of the scattered light (in arbitrary units) as a function
of the Bragg angle Θ = qxd0 (in units of π) and of the lattice depth V0 (in units of �ωR)
(the corresponding values of the ratio U/J are reported between squared brackets). The
other parameters are reported in Fig. 4.2.

The intensity of the scattered light as a function of the Bragg angle is determined
by the differential scattering cross section

dσ

dΩ
=

�
dωσ(Ω,ω) , (4.24)

and is reported in Figs. 4.5 for the atoms in (a) the Mott-insulator and in (b) the
superfluid state. The solid line here corresponds to the numerical results, the dashed
line to the analytical predictions and the dashed-dotted line to the model where light-
induced hopping has been discarded, similar to the case considered in Ref. [32]. In this
latter work, in fact, corrections due to the tunneling J were neglected when evaluating
light scattering by the atoms in the Mott-insulator state, while the calculation of light
scattering from the superfluid state was made discarding the finite value of the on-
site interaction as well as the finite width of the Wannier functions. In Fig. 4.5(a)
we observe that in the Mott-insulator regime the signal is dominated by the elastic
component, and corresponds to a classical diffraction grating. In the superfluid regime,
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on the other hand, one finds that the amplitude of the Bragg peak is modified, and a
background signal appears which is due to light scattering by the condensate fraction.
This signal is the signature of the superfluid phase, and it arises from the coherent
effects of tunneling and light-induced hopping. We also notice that in the superfluid
phase only the first diffraction order is visible. This is due to the increased width of
the atomic wave function, which yields a faster decaying Debye-Waller factor J0(q).
We remark that higher diffraction orders would be visible if the superfluid regime was
accessed by keeping the lattice depth constant, for instance by ramping down the on-
site energy using a Feshbach resonance. The Bragg signal as a function of the lattice
depth is reported in Fig. 4.6, showing the appearance of the background signal as the
superfluid regime is approached.

4.3 Discussion

In this chapter we have discussed Bragg spectroscopy of ultracold bosonic atoms in an
optical lattice, focussing on the signatures of the Mott-insulator and superfluid quan-
tum state in the scattered photons. A full quantum theory for the atoms and photons
dynamics and interactions has been developed, allowing us to identify the various con-
tributions to the detected signals. We have characterized the Bragg scattering signal,
for the parameters sweeping across the transition from the Mott-insulator to the super-
fluid quantum state. In particular, the contribution of light-induced hopping, arising
from atomic recoil due to photon scattering, has been put into evidence. This term
has been neglected in previous theoretical treatments [21, 32]. We have shown that its
contribution can interfere with ordinary tunneling between sites thereby significantly
affecting the spectroscopic signal. Its effect is visible in the behavior of the height of
the peaks in the spectrum as a function of the emission angle, and it has been singled
out by comparing the spectrum evaluated when this effect is discarded. This effect
can be revealed experimentally in large systems, according to the analytical theory we
develop by extending the one derived in [21, 77], and in small systems, as we observe
by numerically evaluating the spectrum for a lattice of 7 atoms. It is interesting to
consider whether such properties can be used as resources for photonic interfaces based
on strongly-correlated atoms in optical lattices.

Measurement of the scattered light as a function of frequency at all angles in principle
gives the information of the whole spectrum of the atoms and therefore completely
determines the state of the atoms. In practice this is impossible, even in absence of all
experimental imperferctions, due to finite resolution in frequency and angle.

As discussed in Sec. 4.2.2, the discrimination between Mott-insulator and superfluid
phase in the present setup, should rely on the measurement of a finite gap in the excita-
tion spectrum in the Mott-insulator state and its absence in the superfluid phase. This
can be accomplished by measuring the inelastically scattered light close to the forward
direction q = 0. In the Mott-insulator there are no components of the inelastically
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scattered light at small q due to the gap in the excitation spectrum, whereas in the su-
perfluid phase the components at small q are dominant as can be seen in Fig. (4.3) and
Fig. (4.6). Measuring the inelasically scattered light at small q is experimentally very
challenging since it would be difficult to distinguish between the elastic and inelastic
component of the scattered light due to the small signal to noise ratio.

On the other hand, a clear signature of the phase transition from Mott-insulator to
superfluid transition is the emergence of a nonzero value of the order paramterer �b� �= 0
in the superfluid phase. Measurement of the order parameter hence may reveal the many
body state of the atoms. In the next chapter we will present a scheme that may allow
one to measure the order parameter of an ultracold atomic gas and hence could be used
for measuring the phase transition from Mott-insulator to superfluid phase.



Chapter 5

Atomic homodyning

Broken symmetry in statistical mechanics occurs when the Hamiltonian of a system is
invariant under a symmetry operation but the ground state is not [120]. It is associated
with the emergence of an order parameter, namely a physical quantity which is only
nonzero in the state of broken symmetry. The concept of broken symmetry has a
wide application in the description of physical phenomena, ranging from superfluidity
of liquid helium [80, 121], superconductivity [80], Bose-Einstein condensation in weakly
interacting atomic gases [122, 61], spontaneous magnetization of ferromagnets [120], till
the Higgs boson in high energy physics [123, 124].

In cold atoms, second order phase transitions described by broken symmetry are for
instance encountered in Bose-Einstein condensation of a weakly interacting atomic gas
and in the Mott-insulator superfluid transition in optical lattices. In these cases the
order parameter is the mean value of the atomic field operator �ψ(r, t)�. The control
parameter for the phase transition is the temperature in the case of Bose-Einstein
condensation and the ratio between tunneling strength and onsite interaction energy in
the Mott-insulator superfluid phase transition. A critical value of the control parameter
separates the two possible phases.

In this chapter we discuss a method to measure �ψ(r, t)� via photodetection for a
system of ultracold bosonic atoms which undergoes a spontaneous symmetry breaking.
We first introduce the general setup where ultracold atoms are confined into two distinct
regions in space and illuminated by two laser beams. We show that by monitoring the
light intensity of one of the laser beams it is possible to acquire information about the
mean value of the atomic field operators �ψ(r, t)� of the atomic systems. We apply
our theory to the experimental setup of [47] where atoms were outcoupled from two
independent Bose-Einstein condensates in order to measure their relative phase and
reproduce the experimental results. We then demonstrate how an extension of the
setup in [47] could be used in order to measure the temperature of a Bose-Einstein
condensate and the superfluid fraction of ultracold atoms in an optical lattice. We end
the chapter with a discussion of the results obtained.
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Figure 5.1: General setup for measuring the order parameter of a system �ψR(r, t)�
when homodyning it with a reference system with known order parameter �ψL(r, t)�.
The relevant electronic levels of the atoms are in a lambda type configuration with
two ground states |1� and |2�. Atoms in state |1� are confined either in the left or
right trap and described by the atomic field operators ψL(r, t) and ψR(r, t) respectively.
The potential of the left (right) trap is assumed to be centered around rL (rR) and
d = rR − rL. The typical radial size of the traps are denoted ξL,R. The traps are
illuminated by two laser beams with frequency ω1,2 and wavevektor k1,2, where a1,2
are the photonic annihilation operators for the two laser modes which drive a Raman
transition between the atomic ground states |1� and |2�. Atoms in state |2� do not feel
any potential and are described by the field operator ψ2(r, t). Due to the photon recoil
they will leave the traps as indicated by the green arrows.
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5.1 The Model

We consider a gas of ultracold atoms trapped by an external potential whose functional
form depends on the atoms electronic state. The atoms are assumed to be identical
and with integer spin, hence obeying Bose-Einstein statistics. The electronic states of
the atoms which are involved in the dynamics are a ground state, here denoted by the
state |1�, which is confined by the external potential V1(x), and a metastable state |2� in
which the atomic center-of-mass motion does not experience forces. The two states are
coupled via a dipolar transition to the common excited state |e� as shown in Fig. (1.1).
An electronic transition between the two states permits hence one to switch the center-
of-mass dynamics from atomic trapping to free evolution. We assume that the atoms
are all initially prepared in the ground state |1� and that the potential confining the
atoms in state |1� is splitted in two spatially separated regions centered at the points
rL and rR with

d = rR − rL (5.1)

being the difference vector between the to trapping regions according to the scheme
depicted in Fig. (5.1). We assume that there is no tunneling between the two regions,
and moreover that the atoms in |1� confined to the left and right region can be considered
as two independent systems to which we will refer in the following as left and right system
respectively. We assume that the left and right systems exhibit no initial correlations
with one another. The atoms in the left and right system are illuminated by a pair
of laser beams, with wave vectors k1,2 and frequencies ω12, which drive a two photon
Raman transition between the states |1� and |2�. The laser frequencies are in resonance
for the Raman coupling between the states |1� and |2� and far detuned from the excited
state |e�, so that radiative decay can be neglected. In this case the excited state can be
adiabatically eliminated using the procedure described in Sec. 2.1 and the dynamics of
the system is governed by the Hamiltonian

H = H0 +Hemf + V , (5.2)

where the term

Hemf = �ω1a
†
1a1 + �ω2a

†
2a2 (5.3)

(5.4)

describes the energy of the free electromagnetic field taking only into account the two
laser modes. The operator a1,2 (a

†
1,2) is the annihilation (creation) operator for a photon

in the laser mode ω1,2. The term

H0 =
�

j=L,R,2

(Hj + εjNj) (5.5)

gives the unperturbed atomic part. In Eq. (5.5) j = L (j = R) refers to atoms in
the left (right) system, εj denotes the internal energy of the atoms with εL = εR = ε1
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and Nj =
�
drψ†

j(r)ψj(r) is the number operator for atoms in left (right) trap and

the outcoupled atoms. The operator ψj(r) (ψ
†
j(r)) annihilates (creates) an atom in the

left (j = L), right (j = R) system or an outcoupled atom (j = 2) at position r. The
Hamiltonian describing the atomic dynamics Hj is given by

Hj=L,R =

�
drψ†

j(r)

�
−�2∇2

2m
+ Vj(r)

�
ψj(r) +

g

2

�
drψ†

j(r)ψ
†
j(r)ψj(r)ψj(r) ,(5.6a)

H2 =

�
drψ†

2(r)

�
−�2∇2

2m

�
ψj(r) , (5.6b)

where g determines the strength of s-wave scattering between the atoms in state |1� and
is defined in Eq. (1.23). Atomic collisions between outcoupled atoms in state |2� can
be neglected due to the low density of outcoupled atoms. We will also neglect collisions
between outcoupled atoms and trapped atoms in state |1�1.

The effective light-matter interaction after adiabatic elimination of state |e� is de-
rived from Eq. (2.2) and reads

V = �
�

dr
�
γ0e

iq·rψ†
2(r)(ψL(r) + ψR(r))a

†
2a1 + h.c.

�
. (5.7)

Here q = k1 − k2 is the difference in wave vectors of the two laser beams and

γ0 =
|Ce,1

1 Ce,2
2 |

∆
(5.8)

is the coupling constant, where ∆ is the detuning from the excited state |e� as indicated
in Fig. (5.1) and Cj

j is defined in Eq. (1.53). In writing Eq. (5.7) we have neglected
scattering into modes other than the laser modes. We note that the system we consider
is an extension to the one in [125, 126], where the authors studied the outcoupling of
atoms from a single Bose-Einstein condensate with classical Raman lasers. Here we
treat the light quantum mechanically and show that the scattered light can give access
to the properties of the scattering system.

5.2 Scattered light intensity

The quantity we will analyse is the light intensity I(t) at the detector D as sketched in
Fig. (5.1). It can be written as the sum of two contributions

I(t) = I0 + IV (t) , (5.9)

where I0 is the background light intensity, that is the intensity of the laser at frequency
ω2 and wavevector k2. The quantity IV (t) is the contribution of the photons scattered

1
Interaction between the trapped and outcoupled atoms can be made small by means of a Feschbach

resonance, where by means of an external magnetic field one can tune the s-wave scattering length [14].
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by the atomic medium from the laser mode at frequency ω1 into the laser mode at
frequency ω2 via coherent Raman processes as indicated in Fig. (5.1) and is given by

IV (t) ∝
NV (t)

∆t
. (5.10)

Here ∆t is the integration time of the detector and NV (t) is the number of photons
scattered by the atoms from the laser mode at frequency ω1 into the laser mode at
frequency ω2 in the time interval [t −∆t/2, t +∆t/2]. We thereby neglect retardation
effects due to the time a photon needs to travel the distance between the scattering
atom and the detector. NV (t) can be written as

NV (t) =

� t+∆t/2

t−∆t/2
dt�F (t�) , (5.11)

where the photon flux

F (t) =
d

dt
�a†2a2� (5.12)

is the rate of change of the photon number in the laser mode at frequency ω2. Using
Eq. (5.11) in Eq. (5.10) we find

IV (t) ∝
NV (t)

∆t
=

1

∆t

� t+∆t/2

t−∆t/2
F (t�)dt� (5.13a)

≈ F (t) , (5.13b)

where in Eq. (5.13b) we have assumed that the integration time of the detector is much
smaller than the typical time scale for variations of the photon flux F (t). We will
return to this point in Sec. 5.3 where we check its validity for specific setups. According
to Eq. (5.9) and Eq. (5.13) the photon flux is directly proportional to the intensity
measured at the photodetector after subtracting the background signal,

F (t) ∝ I(t)− I0 . (5.14)

We now derive the explicit form of the photon flux F (t) and show that it provides
a measure of the mean value of the atomic field operator. We calculate F (t) up to
second order in V according to standard perturbation theory as shown in Chapter 1.
The detailed steps are reported in Appendix A. From the form of the equation for
F (t) we find that the photon flux can be decomposed into the sum of two contributions
according to the decomposition

F (t) = FB(t) + FI(t) , (5.15)
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whereby

FB(t) = ΓRe

� t

0
dt�

�
dr dr�eı(q·(r−r�)−ω12(t−t�))

�
ψ2(r

�, t�)H0ψ
†
2(r, t)H0

�
(5.16a)

×
��

ψ†
L(r

�, t�)H0ψL(r, t)H0

�
+
�
ψ†
R(r

�, t�)H0ψR(r, t)H0

��
,

FI(t) = ΓRe

� t

0
dt�

�
dr dr�eı(q·(r−r�)−ω12(t−t�))

�
ψ2(r

�, t�)H0ψ
†
2(r, t)H0

�
(5.16b)

×
��

ψ†
R(r

�, t�)H0ψL(r, t)H0

�
+
�
ψ†
L(r

�, t�)H0ψR(r, t)H0

��
,

where we introduced the coupling constant

Γ = 2|γ0|2n1(n2 + 1) , (5.17)

and the difference frequency

ω12 = ω1 − ω2 . (5.18)

In Eq. (5.16) all operators are in the Heisenberg picture with respect toH0. Moreover we
made use of the fact that initially there are no atoms in state |2�. Hence the expectation
value for the field operators of the atoms in state |2� taken over the vacuum yields

�ψ†
2(r

�, t�)H0ψ
†
2(r, t)H0� = �ψ†

2(r
�, t�)H0ψ2(r, t)H0� = 0 .

We note that term FB(t), Eq. (5.16a), is the sum of the contribution of each atomic
system to the Raman scattering rate. Term FI(t), Eq. (5.16b), can be interpreted as
describing processes where an atom in transferred, say, from the left to the right trap
through the coupling via the freely propagating state |2�. We will discuss in detail the
implications of this term in Sec. (5.2.2). In the following we will refer to FB(t) as the
background contribution and to FI(t) as the interference contribution to the photon
flux.

In order to evaluate the photon flux in terms of atomic correlation functions it is
convenient to perform the interaction picture with respect to the Hamiltonian for the
grand-canonical ensemble

K0 = H0 −
�

j=L,R,2

(�j + µj)Nj , (5.19)

where the chemical potential for the outcoupled atoms is zero µ2 = 0 and the operators
in this picture read

AK0 = U †
K0

(t)AUK0(t) , (5.20a)

UK0(t) = e−
ı
�K0t . (5.20b)
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We use eλNjψk(r)e−λNj = e−λδj,kψj(r) to connect the original field operators in the
usual Heisenberg picture and the field operators in the grand-canonical ensemble

ψk(r, t)H0 = e
ı
�H0tψk(r)e

− ı
�H0t

= e
ı
�K0te

ı
�
�

j(µj+εj)Njtψk(r)e
− ı

�
�

j(µj+εj)Njte−
ı
�K0t

= e−
ı
� (µk+εk)tψk(r, t)K0 , (5.21)

where the subscripts indicate in which Heisenberg picture the operators have to be
taken. Using Eq. (5.21) the contributions to the photon flux Eq. (5.16) are rewritten as

FB(t) = ΓRe

� t

0
dt�

�
dr dr�eı(q·(r−r�)−Ω(t−t�))

�
ψ2(r

�, t�)K0ψ
†
2(r, t)K0

�
(5.22a)

×
��

ψ†
L(r

�, t�)K0ψL(r, t)K0

�
+ eıδµ(t−t�)

�
ψ†
R(r

�, t�)K0ψR(r, t)K0

��
,

FI(t) = ΓRe

� t

0
dt�

�
dr dr�eı(q·(r−r�)−Ω(t−t�))

�
ψ2(r

�, t�)K0ψ
†
2(r, t)K0

�
(5.22b)

×
�
e−ıδµt�

�
ψ†
R(r

�, t�)K0ψL(r, t)K0

�
+ eıδµt

�
ψ†
L(r

�, t�)K0ψR(r, t)K0

��
,

where

�Ω = �ω12 + µL − µ2 + ε1 − ε2 , (5.23a)

δµ =
µL − µR

� . (5.23b)

In the following we will omit the subscripts K0 and implicit take all atomic operators
in the interaction picture with respect to K0.

Since there are no initial correlations between the left and right system we can split
the expectation value

�
ψ†
R(r

�, t�)ψL(r, t)
�
=

�
ψ†
R(r

�, t�)
��

ψL(r, t)
�
.

Thus the interference flux FI(t) in Eq. (5.22b) is proportional to the product of the
mean values of the atomic field operators and is nonvanishing only if there is a superfluid
component in both systems.

While the form of the expectation values �ψ†
L,R(r

�, t�)ψL,R(r, t)� for the trapped

atoms depend on the specific initial state, the expectation value �ψ†
2(r

�, t�)ψ2(r, t)� is
the propagator of a free particle with mass m and can be evaluated by expanding the
atomic field operators in momentum modes

ψ2(r, t) =
1√
V

�

p

e
ı
� [p·r−

p2

2m t]ap . (5.24)
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Here ap annihilates an atom with momentum p and the propagator for the outcoupled
atoms can be written as

�
ψ2(r

�, t�)ψ†
2(r, t)

�
=

1

V

�

p

e
ı
� [p·(r

�−r)− p2

2m (t�−t)]

=

�
dk

(2π)3
eı[k·(r

�−r)−ωk(t�−t)] , (5.25a)

where we replaced the sum over all momenta by an integral in the standard way assuming
large volumes V and we introduced ωk = �k2

2m . The integral in Eq. (5.25a) gives

�
ψ2(r

�, t�)ψ†
2(r, t)

�
=

�
m

2πı�(t� − t)

� 3
2

exp

�
ı

�
m(r� − r)2

2(t� − t)

�
. (5.25b)

The propagator for the outcoupled atoms given in the form Eq. (5.25b) is usually en-
countered in the context of Feynman path integrals [127].

Using Eq. (5.25a) in Eq. (5.22) the two contributions to the photon flux read

FB(t) = ΓRe

� t

0
dt�

�
dk

(2π)3

�
dr dr�eı(q−k)·(r−r�)e−ı(Ω−ωk)(t−t�)

×
��

ψ†
L(r

�, t�)ψL(r, t)
�
+ eıδµ(t−t�)

�
ψ†
R(r

�, t�)ψR(r, t)
��

, (5.26a)

FI(t) = ΓRe

� t

0
dt�

�
dk

(2π)3

�
dr dr�eı(q−k)·(r−r�)e−ı(Ω−ωk)(t−t�)

×
�
e−ıδµt�

�
ψ†
R(r

�, t�)ψL(r, t)
�
+ eıδµt

�
ψ†
L(r

�, t�)ψR(r, t)
��

. (5.26b)

5.2.1 Background contribution

We now evaluate the background contribution to the photon flux and first assume that
the atomic systems are harmonically trapped Bose-Einstein condensates. We split the
atomic field operator into a part that describes the Bose-Einstein condensate by means
of a macroscopic wave function and a part that takes the noncondensed atoms into
account [61]

ψj(r, t) = Φj(r) + δψj(r, t) . (5.27)

Here Φj(r) = �ψj(r, t)� denotes the macroscopic wave function and δψj(r, t) describes
the noncondensed atoms with �δψj(r, t)� = 0. We note that the macroscopic wave
function Φj(r) is independent on time in the interaction picture with respect to the
Hamiltonian of the grand canonical ensemble. For later convenience we write it as

Φj(r) = fj(r− rj)e
ıϕj , (5.28)

with both fj(r) and ϕj real. The vector rj points to the trap minima of system j =
(L,R) and fj(r− rj)2 is the density of condensed atoms for system j. The phase ϕj is
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the macroscopic phase of the condensate in system j and we assume it to be constant
in space, hence discarding the possibility of superfluid currents in the left and right
Bose-Einstein condensate [61]. Using Eq. (5.27) and Eq. (5.28) in Eq. (5.26a) leads to
identify four contributions to the background signal

FB(t) = FL(t) + FL,Q(t) + FR(t) + FR,Q(t) , (5.29)

where

FL(t) = πΓ

�
dk

(2π)3
|fL(q− k)|2δt(Ω− ωk) , (5.30a)

FR(t) = πΓ

�
dk

(2π)3
|fR(q− k)|2δt(Ω− ωk − δµ) , (5.30b)

are the contributions from the macroscopic wave functions of the left and right system
respectively with fj(k) =

�
dre−ık·rfj(r), such that |fj(k)|2 is the momentum distribu-

tion of the macroscopic wavefunction and δt(ω) the diffraction function enforcing energy
conservation for long interaction times t, see Eq. (4.7). Let us now discuss the physical
meaning of Eqs. (5.30). The integrals run over all atomic momenta and are weighted by
the momentum distribution at k� = q− k and the diffraction function, hence account-
ing for the photon recoil due to the outcoupling process and energy conservation. They
can thus be seen as the total number of condensed atoms available to the outcoupling
process, due to the restrictions given by energy and momentum conservation in photon
scattering.

The remaining two terms Fj,Q(t) in Eq. (5.29) are due to scattering by noncondensed
atoms and read

FL,Q(t) = ΓRe

�
dω

2π

� t

0
dτ

�
dk

(2π)3
e−ı(ω+Ω−ωk)τ

×
�

dr dr�eı(q−k)·(r−r�)
�
δψ†

L(r
�,−ω)δψL(r)

�
, (5.31a)

FR,Q(t) = ΓRe

�
dω

2π

� t

0
dτ

�
dk

(2π)3
e−ı(ω+Ω−ωk−δµ)τ

×
�

dr dr�eı(q−k)·(r−r�)
�
δψ†

R(r
�,−ω)δψR(r)

�
. (5.31b)

We have used the equality

�
δψ†

j(r
�, t)δψj(r)

�
=

�
dω

2π
e−ıωt

�
δψ†

j(r
�,ω)δψj(r)

�
(5.32)

in Eq. (5.31), thereby expressing these correlation functions in terms of their Fourier
transforms. The expectation values in Eq. (5.31) can be rewritten as [80]

�
δψ†

j(r
�,−ω)δψj(r)

�
= N0(ω)Aδψjδψ

†
j
(r, r�,ω) , (5.33)
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where

N0(ω) =
1

eβ�ω − 1
(5.34)

is the Bose function and Aψ̃†ψ̃(r
�, r,ω) is the spectral density of the excitations, which

reads

Aδψδψ†(r, r�,ω) =

� ∞

−∞
dt eıωt

��
δψ(r, t), δψ†(r�)

��
. (5.35)

Using Eq. (5.33) in Eq. (5.31) we find

FL,Q(t) = ΓRe

�
dω

2π

� t

0
dτ

�
dk

(2π)3
e−ı(ω+Ω−ωk)τ

�
dr dr�

×eı(q−k)·(r−r�)N0(ω)AδψLδψ
†
L
(r, r�,ω) , (5.36a)

FR,Q(t) = ΓRe

�
dω

2π

� t

0
dτ

�
dk

(2π)3
e−ı(ω+Ω−ωk−δµ)τ

�
dr dr�

×eı(q−k)·(r−r�)N0(ω)AδψRδψ†
R
(r, r�,ω) . (5.36b)

In order to get an intuitive understanding of Eqs. (5.36) we assume that the spatial
variation of the systems can be neglected such that we can assume the systems to be
homogeneous2. This leads to A

δψjδψ
†
j
(r, r�,ω) = A

δψjδψ
†
j
(|r−r�|,ω), and Eqs. (5.36) can

be written as

F hom
L,Q (t) = πΓV

�
dω

2π

�
dk

(2π)3
δt(ω + Ω− ωk)N0(ω)AδψLδψ

†
L
(k− q,ω) , (5.37a)

F hom
R,Q (t) = πΓV

�
dω

2π

�
dk

(2π)3
δt(ω + Ω− ωk − δµ)N0(ω)AδψRδψ†

R
(k− q,ω) .

(5.37b)

where we use the superscript “hom” in order to make our assumption explicit. In
this form we can provide a physical interpretation of Eq. (5.37). For a homogeneous
system the spectral weight function A

δψRδψ†
R
(k,ω) gives the strength of the collective

excitations at wavevector k and frequency ω, while the Bose function N0(ω) gives their
thermal weight. The total contribution for the outcoupling process due to the quantum
fluctuation is thus the total number of the collective excitations obeying energy and
momentum conservation.

The results in Eq. (5.36) and Eq. (5.30 ) for the background current have been
derived by Luxat et al. [125] who calculated the stream of outcoupled atoms from a

2
Assuming e.g. strong confinement for the gases in the x-direction such that the motional degrees

of the atoms are restricted to the y and z-direction one could realize two parallel homogeneous atomic

sheets with no overlap
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single Bose-Einstein condensate at finite temperature modeling the outcoupling process
by two classical Raman lasers. Indeed from Eq. (5.7) one can easily show that

d

dt
�a†2a2� =

d

dt
N2 , (5.38)

where N2 is the number of outcoupled atoms. Thus the quantity N2−�a†2a2� is conserved
during the outcoupling process, showing that for each outcoupled atom there is an
additional photon in the laser mode at frequency ω2. Measuring the outcoupled atom
flux or the Raman scattering rate of the photons provide the same information about
the trapped atomic system.

5.2.2 Interference contribution

In order to calculate the term FI(t) we split it into the sum

FI(t) = FL→R(t) + FR→L(t) , (5.39)

with

FL→R(t) = ΓRe eıδµt
� t

0
dt�

�
dk

(2π)3
e−ı(Ω−ωk)(t−t�)

×
�

dr dr�eı(q−k)·(r−r�)ΦL(r
�)∗ΦR(r) , (5.40)

FR→L(t) = ΓRe e−ıδµt
� t

0
dt�

�
dk

(2π)3
e−ı(Ω−ωk−δµ)(t−t�)

×
�

dr dr�eı(q−k)·(r−r�)ΦR(r
�)∗ΦL(r) .

(5.41)

We note that the noncondensed atoms do not contribute to the interference term since
�δψ(r, t)� = 0. Using Eq. (5.28) they can be written as

FL→R(t) = ΓRe

� t

0
dt�

�
dk

(2π)3
e−ı(Ω−ωk+q)(t−t�)

×eı(δµt−ϕLR−k·d)fL(k)
∗fR(k) , (5.42a)

FR→L(t) = ΓRe

� t

0
dt�

�
dk

(2π)3
e−ı(Ω−ωk+q−δµ)(t−t�)

×e−ı(δµt−ϕLR−k·d)fR(k)
∗fL(k) , (5.42b)

where
ϕLR = ϕL − ϕR (5.43)

is the relative phase of the macroscopic wavefunctions and d is defined in Eq. (5.1).
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We will show that the contributions FL→R(t) (FR→L(t)) can be interpreted to de-
scribe the processes where atoms are outcoupled from the left to the right (right to the
left) system. For this purpose we use Eq. (5.25b) in Eq. (5.22) for the propagator of
the outcoupled atoms and obtain

FL→R(t) = ΓRe eı(δµt−ϕLR)
� t

0
dτ

�
dr dr� eı(q·(r−r�)−Ωτ)

×
� ım

2π�τ

� 3
2
exp

�
− ı

�
m(r� − r)2

2τ

�
fL(r

� − rL)fR(r− rR) , (5.44a)

FR→L(t) = ΓRe e−ı(δµt−ϕLR)
� t

0
dτ

�
dr dr�ı(q·(r−r�)−(Ω−δµ)τ)

×
� ım

2π�τ

� 3
2
exp

�
− ı

�
m(r� − r)2

2τ

�
fR(r

� − rR)fL(r− rL) . (5.44b)

With the change of variables

r̄ = r− r� , (5.45a)

R =
r+ r�

2
, (5.45b)

Eq. (5.44) is rewritten as

FL→R(t) = ΓRe eı(δµt−ϕLR)
� t

0
dτ

� ım

2π�τ

� 3
2
eı(ωq−Ω)τ

�
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�
ı
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m
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�2
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2
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2
) , (5.46a)

FR→L(t) = ΓRe e−ı(δµt−ϕLR)
� t

0
dτ

� ım

2π�τ

� 3
2
eı(ωq−Ω+δµ)τ

�
dr̄ dR

× exp

�
ı

�
m

2τ

�
r̄− �q

m
τ

�2
�
fR(R− r̄

2
+ d)fL(R+

r̄

2
) , (5.46b)

where d is defined in Eq. (5.1). The exponential in the integral over r̄ oscillates very
fast with respect to the wave functions fj(r). Therefore the main contribution to the

integral over r̄ comes from r̄0 = �q
m τ , where the term in the exponential vanishes. By

means of the saddle point approximation we take the wave functions at the point r̄0 out
of the integral. We then perform the r̄ integration using the Fresnel integral [49]

� ∞

−∞
dteıγt

2
=

�
π

|γ|e
ısign(γ)π/4 (5.47)
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and obtain

FL→R(t) ≈ ΓRe eı(δµt−ϕLR)
� t

0
dτeı(ωq−Ω)τ

�
drfL (r+ d− vqτ) fR(r) , (5.48a)

FR→L(t) ≈ ΓRe e−ı(δµt−ϕLR)
� t

0
dτeı(ωq−Ω+δµ)τ

�
dr fL(r)fR (r− d− vqτ) ,

(5.48b)

where vq = �q
m is the recoil velocity. The approximation that leads to Eq. (5.48)

is exact in the limit of homogeneous atomic systems. In such case the momentum
distribution of the condensate fraction will be a delta function at zero momentum and all
outcoupled atoms have exactly the same momentum �q after the outcoupling process.
The condensates we consider are confined by an external potential and have a finite
extension in space which leads to a certain width δp in their momentum distribution.
This leads to a spread in momentum around �q for the outcoupled atoms. By taking the
value of the atomic wave functions at the point of stationary phase of the exponential
in Eq. (5.46) one neglects this spread in momentum. The saddle point approximation
is thus applicable if �|q| � δp.

For completeness we also give the contributions of the macroscopic wavefunctions to
the background current Eq. (5.29), making the same approximations as in Eqs. (5.48).
Using Eq. (5.25b) in Eqs. (5.22) and one finds

FL(t) ≈ ΓRe

� t

0
dτeı(ωq−Ω)τ

�
drfL(r)fL(r− vqτ) , (5.49a)

FR(t) ≈ ΓRe

� t

0
dτeı(ωq−Ω+δµ)τ

�
dr fR(r)fR(r− vqτ) . (5.49b)

In the following we will assume that d and q point along the x axis. We see from
Eqs. (5.48) that FL→R(t) has only a contribution if the momentum of the outcoupled
atoms �q points into the same direction as d, that is from left to right system. For
the term FR→L(t) this is just opposite and we can only get a contribution if q points
along the negative x-direction. We also note that for small times t < d0

vq
where d0 =

d− (ξL+ξR)/2 is the effective distance of the two systems, the interference contribution
vanishes FI(t) = 0. Only if the outcoupled atoms from e.g. the left trap had enough
time to travel to the right trap the interference contribution is nonzero3. It is tempting
to interpret this fact as due to the loss of which way information [128, 129]. While for
small times t < d0

vq
one could in principle determine which system scattered a photon

by looking at the outcoupled atoms, this information gets lost once the atoms had
enough time to propagate from the left to the right system. In general the which way

3
For small times t → 0 the function

�
ım
2π�τ

� 3
2 exp

�
− ı

�
m(r�−r)2

2τ

�
→ δ(r − r�) in Eqs. (5.44) becomes

a delta function in space. Thus we note that there is no interference contribution for small times, since

the two systems have no spatial overlap
�
drfL(r)fR(r) = 0.
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information is lost as soon as the wavefunctions of the outcoupled atoms from both
systems overlap.

However this intuitive picture is not entirely correct. It is important to note that
the interference contribution Eqs. (5.48) is different from zero only when the outcoupled
atoms from one system overlap with the wave function of the trapped atoms of the other
system. Otherwise the contribution of the integral over the wave functions in Eqs. (5.48)
vanishes. The interference contribution for the detected intensity arises from the fact
that the outcoupled atoms from one system can be transferred into the other system by
a second Raman transition. The loss of the which way information is hence not enough
but the exchange of atoms from one to the other system is essential. It can be seen
as Josephson coupling between the two spatially separated macroscopic wave functions
linked via the outcoupled atoms [130].

5.3 A related experiment

The physical system we have considered in the previous sections is closely related to
the experimental setup used by Saba et al. [47]. In this experiment two Bose-Einstein
condensates were trapped in a double well potential with an energy offset ∆V between
the two potential wells, due to a magnetic field gradient, indicated in Fig. (5.2a). The
atoms were illuminated with two counterpropagating Bragg beams, where absorption
of a photon from one beam and stimulated emission into the other beam leads to
momentum transfer to some of the atoms. The Bragg-scattered atoms were outcoupled
of the trap since the recoil energy was much higher than the trap depth.

After the Bragg beams were applied an image of the atoms was taken by illuminating
them with a resonant laser beam. The atomic density distribution measured in this way
is shown in Fig. (5.3a). Each panel displays an absorption image of the atoms for a
different value of ∆V . The outcoupled atoms form an interference pattern [47]. The
thick elongated shadows on the far left of each panel are the remaining Bose-Einstein
condensates in the trap which were not spatially resolved.

Figure (5.3b) (taken from [47]) displays the measured light intensity as a function
of time of the second Bragg beam for different values of the trap offset ∆V . The light
signal exhibits an oscillatory behaviour, where the oscillation frequency changes with
different values of the trap offset ∆V/�. The oscillations in the light intensity start only
after a certain time tc, which is in agreement with the estimate tc ≈ d/vq, where d is
the distance between the two condensates and vq is the recoil velocity of the outcoupled
atoms. A measurement of the oscillations hints to a frequency determined by the trap
offset ∆V/�.

We use the model introduced in Sec. 5.1 in order to describe the experimental
setup, thereby making several assumptions. In [47] the atoms were outcoupled of the
trap due to the large momentum transfer and did not change their internal state during
the outcoupling process. By approximating the outcoupling of the atoms by a Raman
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Figure 5.2: Experimental setup of the MIT experiment. (a) energy diagram of the two
Bose-Einstein condensates trapped in a double well potential. (b) experimental scheme
for monitoring the outcoupled atoms by continuously measuring the light intensity of
one of the laser beams. Figure is taken from [47].

transition to an untrapped state one neglects (i) the additional mean-field potential,
due to the condensed atoms, which the outcoupled atoms feel and (ii) the tunneling
barrier the atoms have to overcome in order to leave the trap.

The mean field energy was about 2% of the kinetic energy Ekin of the outcoupled
atoms, while Ekin was about 5 times larger than the trap depth [47, 131]. Hence
the effect of the trap and of the additional mean field potential constitute only small
perturbations to the outcoupling process and we can apply the equations derived in
Sec. (5.2) for the scattered photons to the experimental setup4.

While real experiments always operate at some finite temperature T we assume
T = 0 for simplicity and neglect the effect of the noncondensed atoms 5. The trapping
potentials for the two condensates are given by

VL(r) = V (r) +∆V , (5.50a)

VR(r) = V (r) (5.50b)

4
The experimentally measured oscillation frequency of the light signal shown in Fig. (5.3b) is on the

order of a few kHz, while the integration time of a photo detector is on the order of 10
−9

s. Thus we see

that the approximation made by taking the photon flux out of the integral in Eq. (5.13) is well justified

for the experimental parameters of [47].
5
The amount of noncondensed atoms compared to the condensed fraction is negligible for the exper-

imental parameters [47].
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Figure 5.3: Experimental results taken from [47]. (a) Time of flight image of the atoms
after applying the Bragg beams for different values of the energy offset ∆V between
the two potential minima. (b) Measured light intensity of the second Bragg beam as a
function of time for different values of ∆V . Figure is taken from [47]



5.3 A related experiment 97

with

V (r) =
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m(ω2

xx
2 + ω2
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= µ
�

j=(x,y,z)

j2

r2j
, (5.51)

where µ is the chemical potential, rj =
�

2µ
mω2

j
and the radial size of the wavefunctions

is given by ξL = ξR = ξ̄ = 2rx. The condensate wave functions using the Thomas-Fermi
approximation read

fj(r) = [
1

g
(µ− V (r))]1/2 , (5.52)

and µ is determined by the equation NC =
�
dr|fj(r)|2, where NC is the number of

atoms in each condensate. The chemical potential is the same for both systems, since
we assume equal atom numbers NC for both condensates according to the experimental
parameters [47] and is given by [122]

µ =
152/5

2

�
NCas
ā

�2/5

�ω̄ , (5.53)

where we introduced

ā =

�
�
mω̄

, (5.54a)

ω̄ = (ωxωyωz)
1/3 . (5.54b)

The Thomas-Fermi approximation gives good results if NCas
ā � 1, where as is the s-

wave scattering length of the atoms [122]. For the experimental parameters of [47] one
finds NCas

ā ≈ 560, such that the application of the Thomas-Fermi approximation for
the condensate wavefunctions is well justified [61]. In the present case the difference in
chemical potential introduced in Eq. (5.23) is given by the offset ∆V of the trapping
potentials

δµ =
µL − µR

� = ∆V/� . (5.55)

Using Eq. (5.52) for the condensate wave functions in Eqs. (5.48) and Eqs. (5.49) the
photon flux for outcoupling to the right (q points along the positive x-direction) reads

FC(t) ≈ 2πΓNCKm

�
1 +

K(ωq − Ω)

Km
cos

�
δµt− ϕLR + (ωq − Ω)

d

vq

�
Θ

�
t− d− 2rx

vq

��
.

(5.56)
Here the Heaviside function takes into account that there is no contribution from the
interference terms if the outcoupled atoms had not enough time to cross the distance
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between the two condensates as discussed below Eq. (5.49), and Km = 1
2(K(ωq − Ω) +

K(ωq − Ω+ δµ)) with

K(x) =

�
t20
5π

e−
t20
5 x2

, (5.57)

where t0 =
rx
vq

and rx is the Thomas-Fermi radius of the condensates in x-direction. The

detailed steps of the derivation of Eq. (5.56) are given in Appendix (C). It describes an
oscillatory behaviour of the photon flux where the oscillation frequency is given by δµ.

Applying a second pair of Bragg beams to the setup shown in Fig. (5.2) one can
simultaneously outcouple atoms to the right and to the left [130]. In Eq. (C.10) we see
that the two contributions FL→R and FR→L have an offset in phase Θ which is given by

Θ =
d

vq
(2Ω− 2ωq − δµ) . (5.58)

Eq. (5.58) agrees with the corresponding expression in [130] derived from a phenomeno-
logical model taking into account the difference in notation (q = 2kr). As shown in
Eq. (5.38) measuring the photon flux or the flux of outcoupled atoms is equivalent and
we can interpret Θ as a phase shift between the left and right outcoupled atom fluxes.
In [130] it is shown that this phase shift can be interpreted as the phase the atoms
accumulate when moving from one condensate to the other. Due to the dependence on
the detuning between the two Bragg beams ω12 it can be controlled experimentally. Its
rate of change as a function of the Bragg-frequency ω12 is given by

dΘ

dΩ
= 2

d

vq
, (5.59)

thus by measuring Θ as a function of ω12 one finds a linear behaviour with slope
2 d
vq

[130].

We now use Eq. (5.30) and Eq. (5.42) to calculate the condensate contribution
of the photon flux for the present setup and compare the results obtained with the
approximate expressions Eq. (C.7). The momentum distribution of a Bose Einstein
condensate in the Thomas-Fermi approximation in a harmonic trap can be obtained by
Fourier transformation of the wave function Eq. (5.52) and is given by [122]

|f(k)|2 = 15π3NCR̄

2

�
J2(p)

p2

�2

, (5.60)

where J2(p) is the Bessel function of order 2 and p2 = k2xr
2
x+k2yr

2
y+k2zr

2
z . We choose the

normalization of f(k) such that
�

dk
(2π)3 |f(k)|

2 = NC . Using Eq. (5.60) into Eq. (5.30)
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(a) (b)

Figure 5.4: Photon fluxes computed by numerically integrating Eq. (5.61) (solid black
line) compared to the approximate results obtained from Eq. (C.7) (dashed red line). a)
Interference Flux FL→R(t) in units of F0 as a function of time in units of δµ

2π . b) Total

photon Flux F (t) in units of F0 as a function of time in units of δµ
2π . Other parameters

are ωq = Ω, rx = 3µm, d = 5rx, vq = 6 cm
s , ϕLR = 0 and δµ

2π = 103Hz.

and Eq. (5.42) we find for the photon fluxes
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with F0 given in Eq. (C.8), Jj(x) is the Bessel function of order j and

Aδ(Ω) = Ωt0 −
1

2q�
(p2 + 2pq�x) . (5.62)

In deriving Eqs. (5.61) we assumed outcoupling to take place only in the x − y plane.
We took the z- axis of the integration along the q direction, such that α is the angle
between d and q as indicated in Fig. (5.5). Equations (5.61) has been obtained within

Figure 5.5: Sketch of outcoupling of atoms from two condensates into different direc-
tions, where the direction of view is along the long axis of the condensates. The field
operator ψL,R(r, t) describes the atoms in the left (right) trap and ψ2(r, t) the freely
propagating atoms. The coordinate system to the left serves for orientation and α is
the angle between the outcoupling direction q and the distance vector d

our perturbative treatment without any approximations but it does not allow for a
clear physical interpretation of the different contributions. This is a clear disadvantage
compared with the approximate expressions Eqs. (C.7). In Fig. (5.4) we show the inter-
ference contribution FL→R(t) and the total photon flux F (t) calculated from Eq. (5.61)
for α = 0 in comparison with the approximate results obtained from Eq. (C.7). We
get very good quantitative agreement between the two results, showing that the sad-
dle point approximation made in Eq. (5.48) yields good results for the experimental
parameters.

Comparing Fig. (5.4) with the experimental results of [47] for the laser intensity
shown in Fig. (5.3) we find that our theory predicts correctly the oscillation period and
also accounts for the fact why the interference current needs some time to build up. We
note that the linear response treatment does not predict any decrease in the visibility
of the interference pattern with time, in marked contrast to the experimental results.
Possible reasons for the decrease in visibility in the experimental data are heating of
the condensate, depletion and spontaneous Rayleigh scattering [47]. All these effects
are not taken into account in our linear response treatment.

Figure (5.6a) displays the interference flux FL→R(t) as a function of time t and
angle α. We note that the interference contribution vanishes rapidly as we change the
outcoupling angle α from 0 (outcoupling to the right) to higher values.
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(a) (b)

Figure 5.6: Photon fluxes computed by numerically integrating Eq. (5.61). a) Interfer-
ence Flux FL→R(t) in units of F0 as a function of time in units of δµ

2π and α . b) Total

interference flux F (t) in units of F0 as a function of time in units of δµ
2π and α. Other

parameters are as in Fig. (5.4)

In Fig. (5.6b) we show the total photon flux F (t) as a function of time and angle
α. It oscillates in time for α ≈ 0 and α ≈ π. These values of α exactly corresponds
to outcoupling to the right and left respectively, as seen in Fig. (5.5). For angles
π
8 < α < 7π

8 there is a plateau in the photon flux and the only contributions to the
photon flux are the background contributions FL(t) and FR(t).

From Eq. (5.48) one expects a contribution from FL→R(t) provided that the displaced
wave function of the left condensate f(r+d− t �

mq) will overlap with the wave function
of the right condensate for some values of t. From a simple geometric argument one
then expects that there should be a contribution up to angles α = arctan 2rx

d . This
corresponds for our parameters to α ≈ π/8, which agrees well with the calculated result,
as seen in Fig. (5.6a). The fact that the oscillations in the scattered light intensity vanish
for π

8 < α < 7π
8 shows that they cannot be due to interference of the outcoupled atoms

from the two condensates, since for long times the wavefunctions of the outcoupled atoms
from both systems will overlap also at these angles. Thus interpreting the oscillations
in the light intensity as consequence of the beating of two atom lasers [47] is not valid.
Instead the interference contribution to the photon flux is due to a Josephson type
coupling of the two condensates mediated by the outcoupled atoms, as discussed at the
end of Sec. (5.2.2).

5.4 Measuring the atomic field

We now show how the setup discussed in Sec. (5.1) can be used to measure the expec-
tation value of the atomic field operator �ψ(r, t)� for an ultracold bosonic system. Such
a measurement corresponds in optics to determine the quadrature of the field by means
of a homodyne detection, where the field to detect is superposed at a beam-splitter with
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a local oscillator, namely, a laser field [132]. We first review some properties of opti-
cal homodyne detection in order to point out the similarities and differences between
optical and atomic homodyne detection.

Figure 5.7: Schematic diagram for optical homodyne detection. The field to measure
is described by the photon operator ain and the local oscillator field by bin. They are
mixed at a 50-50-beam-splitter and the output fields described by the photon operators
cout and dout are measured at the detector D1 and D2 respectively.

Figure (5.7) shows a schematic setup for an optical homodyne measurement. The
photon operators for the input fields ain and bin are related to the output photon oper-
ators cout and dout via the beam-splitter relation

cout =
1√
2
(ain + ıbin) , (5.63a)

dout =
1√
2
(ıain + bin) , (5.63b)

where we assumed a 50-50-beam-splitter. The signals measured by the two detectors
are determined by the operators

c†outcout =
1

2

�
a†inain + b†inbin + ı(a†inbin + b†inain)

�
, (5.64a)

d†outdout =
1

2

�
a†inain + b†inbin − ı(a†inbin + b†inain)

�
. (5.64b)

We assume the field of the local oscillator described by bin to be in a coherent state |βL�
with well defined and controllable phase ΦL and the frequency of the local oscillator to
be equal to the frequency of the input field. An ordinary optical homodyne detection
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consists in measuring the light intensity at detector D1, given by [132]

I1(ΦL) ∝ �c†outcout� =
Ntot

2
(1 + VO sin(ΦL − φa)) (5.65)

where Ntot = �a†inain�+ |βL|2 is the total average number of photons of the input fields
and φa is the phase of the input field described by ain, defined by �ain� = |�ain�|eıφa .
The quantity VO is the visibility of the measured light intensity is given by

VO =
2|βL||�ain�|

|βL|2 + �a†inain�
. (5.66)

The visibility VO quantifies the contrast of the interference signal of the scattered light
when measured as a function of the phase ΦL. In the case of a strong local oscillator
|βL|2 � �a†inain� one finds from Eq. (5.66)

|�ain�| ≈ |βL|VO/2 . (5.67)

We note that by measuring the visibility VO one can determine the mean value of the
photonic field operator |�ain�|.

A different method to determine the mean value of the photonic field operator |�ain�|
is the so called balanced homodyne detection. In this case one makes also use of the
second detector D2. We note from Eqs. (5.64) that the background signal to the light
intensities have the same sign, while the interference contributions have opposite sign.
The difference between the light intensities measured at the two detectors leads to

Idiff ∝ �c†outcout − d†outdout� = |�ain�||βL| sin(ΦL − φa) . (5.68)

In this case the measured signal is directly proportional to |�ain�|.
We now compare the setup discussed in Sec. (5.1) with optical homodyne detection.

Measurement of the mean value of a field operator can be performed for atoms by
using the setup shown in Fig. (5.1), where we assume the left system to be a Bose-
Einstein condensate with known order parameter serving as local oscillator. Indeed
Eq. (5.22b) shows that the interference contribution to the photon flux is proportional
to the product of the atomic field operators in close analogue to the interference terms
in Eqs. (5.64) for the optical setup. In analogy to optical homodyne detection we can
identify the Raman laser shown in Fig. (5.1) as beam-splitter for the atoms. However
the Raman lasers perform an indirect beam-splitter transformation for the atoms, where
the outcoupled atoms in state |2� serve as intermediate state. In order to mix the atomic
fields, the outcoupled atoms from one system must be transferred to the other system
via the freely propagating atoms in state |2�. This yields an intuitive explanation why
the interference contribution of the photon flux Eq. (5.22) cannot be due to interference
of the outcoupled atoms from both systems, as discussed at the end of Sec. (5.1).
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Equation (5.67) shows that for an ordinary optical homodyne detection the visibility
VO can be used to determine |�ain�|. For the atomic homodyne detection we define the
visibility of the photon flux Eq. (5.15) as

VA =
max(F (t))−min(F (t))

max(F (t)) + min(F (t))
, (5.69)

where the minimum and maximum is determined in a time interval which is much larger
than the oscillation frequency of the interference contribution FI(t). Thereby F (t) is
taken as a function of time only, keeping all other parameters fixed. The visibility VA

of the scattered light intensity, defined in Eq. (5.69), in general behaves as

VA ≈ 2|�ψL��ψR�|
|�ψL�|2 + |�ψR�|2 + CQ

, (5.70)

where CQ is a constant due to the contribution of noncondensed atoms Eqs. (5.31).
Comparing Eq. (5.70) with Eq. (5.66) we note that they have the same form up to
the constant CQ. Thus for a strong local oscillator, corresponding to the condition
|�ψL�|2 � |�ψR�|2+CQ, we see that measurement of the visibility of the photon flux F (t)
can be used to determine the order parameter of the right system similar to Eq. (5.67)
for the optical setup. There is however a crucial difference between the optical setup
and the atomic homodyne setup discussed here. Equation (5.70) describes the visibility
of the measured light intensity that yields information about the atomic gas, in contrast
to optical homodyne measurements in which one measures the optical fields directly.

In the following we will consider extensions of the experimental setup of [47] and show
how they may allow one for measuring the temperature of a Bose-Einstein condensate
or monitor the superfluid Mott-insulator transition by photon counting. Similar to
balanced homodyne detection in optics, we will consider a scheme which allows one to
get rid of the background contributions of the photon flux. Therefore we define the time
average of a function O(t) as

�O(t)�t =
1

∆T

� tc+∆T

tc

FI(t) , (5.71)

where tc is the time the atoms need to cross the distance between the left and right
system and ∆T is a time interval large compared to the inverse oscillation frequency of
FI(t),

∆T � �
µL − µR

. (5.72)

From Eq. (5.42) one can show that the time average of the interference contribution
vanishes �FI(t)�t = 0 and thus Eq. (5.15) leads to

FI(t) = F (t)− �F (t)�t . (5.73)
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Equation (5.73) shows that the measured photon flux F (t) also permits to determine
the interference term FI(t) ∝ �ψL��ψr�, by subtracting the time average �F (t)�t from
the measured signal. Knowledge of �ψL� then allows one to determine the mean value
of the atomic field operator of the right system �ψR� by photon counting.

5.4.1 Temperature Measurement of a Bose-Einstein condensate

In this section we will show how an extension of the scheme studied in Sec.(5.3) can be
used to measure the temperature of a Bose-Einstein condensate. We consider two Bose-
Einstein condensates confined at two separate regions in space as shown in Fig. (5.1),
where the trapping potentials for the two condensates are given by Eqs. (5.50). The
left condensate serves as our reference system. We assume it to be at some fixed known
reference temperature Tref . For simplicity we will assume our reference condensate to
be at zero temperature Tref = 0. We will see that this condition is not necessary in
order to determine the temperature of the right condensate. The right Bose-Einstein
condensate is at some finite temperature T which we want to specify by measuring the
scattered light from the system.

We now calculate the interference contribution FI(t) for the present setup and show
that its measurement may allow one to determine the temperature of the right conden-
sate. We assume outcoupling to the right (q points along the positive x-axis), such that
FL→R(t) is the only contribution to interference photon flux FI(t). From Eq. (5.44) we
note that

FL→R(t) ∝
�
NC , (5.74)

where NC is the number of condensed atoms in the right trap, which depends on the
temperature T and is given by [61]

NC(T ) = N

�
1− t3r −

ζ(2)

ζ(3)
t2rη(1− t3r)

2/5

�
. (5.75)

The parameter tr = T
Tc

is the reduced temperature and Tc is the critical temperature
for a noninteracting Bose gas in a harmonic trap, given by [61]

kTc = �ω̄
�

N

ζ(3)

�1/3

≈ 0.94�ω̄N1/3 , (5.76)

where N is the total number of atoms in the trap and ζ(x) =
�∞

k=1
1
k3 is the Rieman

Zeta-function. A further quantity which is needed in order to calculate FL→R(t) is the
chemical potential µ of the right condensate, which also depends on temperature in the
present case and is given by [61]

µR =
152/5

2

�
NCas
ā

�2/5

�ω̄

= ηkTc(1− t3r)
2/5 . (5.77)
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In Eq. (5.75) and Eq. (5.77) we have introduced the parameter η, defined as

η =
µ(T = 0)

kTc

≈ 1.57
�
N1/6as

ā

�2/5
. (5.78)

It is the ratio between the chemical potential at zero temperature T = 0 obtained from
Eq. (5.77) and the critical temperature defined in Eq. (5.76). The parameter η can
be used to discuss the effects of interactions on the thermodynamic behaviour of the
Bose-Einstein condensate and one can show that in the thermodynamic limit the system
exhibits a scaling behaviour in this parameter [61].

Using Eq. (5.75) and Eq. (5.77) in Eq. (5.61c) the interference contribution FL→R(t)
at finite temperature reads

FL→R(t) = 2πFT (tr)

� 1

1
dx

� ∞

0
dp

�
J2(p)

p

�2

(5.79)

×δt/2t0
�
Aδ(Ω− ωq)

�
J0

�
p
�
1− x2

d sinα

rx

�

× cos

�
px

d cosα

rx
+ ϕLR + δµt+Aδ(Ω− ωq)

t

2t0

�
,

where Aδ(Ω) is defined in Eq. (5.62) The interference flux FL→R(t) oscillates in time at
frequency

δµ = δµ0 + 0.94N1/3ω̄η
�
1− (1− t3r)

2/5
�

(5.80a)

and the amplitude of the oscillation is determined by

FT (tr) =
15πΓt0N

8

�
1− t3r − 1.37t2rη(1− t3r)

2/5 . (5.80b)

In Eq. (5.80a) the difference in chemical potential δµ0 = ∆V is due to the offset in
the trap depth. We note that both, the frequency and the amplitude of FL→R(t) are
temperature dependent. In order to extract the temperature of the right condensate
from the photon flux FL→R(t) we introduce the quantity

A(T ) = (max(FL→R(t))−min(FL→R(t)))
2 , (5.81)

where we take FL→R(t) as a function of time t, for fixed temperature T and the minimum
and maximum is taken over a time interval large compared to the inverse oscillation
frequency of FL→R(t). From Eq. (5.74) one finds that

A(T ) = A(0)nC(T ) , (5.82)

where nC(T ) = NC(T )/N is the condensate fraction in the right trap. We now evaluate
the interference contribution FL→R(t) by numerically integrating Eq. (5.79).
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Figure 5.8: a) Interference contribution of the photon flux FL→R(t) in units of FT (0)
as a function of time in units of 2π

δµ and temperature T in units of critical temperature

T i
c for an interacting Bose-Einstein condensate. It is determined from the condition

NC(T ) = 0 in Eq. (5.75) and has to be evaluated numerically. b) A(T ), Eq. (5.81) in
units of A(0) is displayed as a function of temperature T in units of T i

c . The condensates
are made out of N = 106 sodium atoms with ωx,y = 325Hz radial trapping frequencies,
ωz = 10Hz longitudinal trapping frequency and the scattering length as = 55a0 with a0
being the Bohr radius. We also use vq = 6 cm

s , δµ0 = 2π103Hz, d = 5rx, Ω − ωq = 0,
α = 0 and ϕLR = 0.
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Figure (5.8a) displays the interference contribution FL→R(t) as a function of time
and temperature T . Initially there is no interference current due to the finite time
tc the outcoupled atoms need to cross the distance between the two Bose-Einstein
condensates. For times t > tc the interference signal for the photon flux builds up
and shows oscillations with frequency δµ. In the present case the amplitude of the
interference fringes depends on the temperature T of the right condensate. One can
also observe that the oscillation frequency δµ depends on T as shown in Eq. (5.80). By
measuring such a change of the oscillation frequency in the scattered light signal one
could hence verify the temperature dependence of the chemical potential, see Eq. (5.77).
In practice this is very difficult since the chemical potential depends on the number of
atoms in the condensate NC . Due to the outcoupling of the atoms the condensates are
depleted and hence NC varies, which also leads to a change in the chemical potential.
This effect is not taken into account in our perturbative treatment, since we assume
that the change of atom number in the condensates due to the outcoupling is negligible
compared to the total atom number in the condensates.

In Fig. (5.8b) we show A(T ) in units of A(0) which is equal to the condensate fraction
nC(T ) in the right trap, see Eq. (5.82). At zero temperature nC(T ) = 1 corresponding
to a pure condensate and for higher temperatures the condensate fraction decreases
according to Eq. (5.75) up to the critical temperature T i

C at which the condensate
fraction vanishes. Here T i

c is the critical temperature taking the interactions into account
and is determined from the condition NC(T ) = 0 in Eq. (5.75). Extracting A(T )
from the measured light intensity and comparing with Eq. (5.75) hence may allow one
to determine the temperature of the right condensate. We remark that Eq. (5.82) is
independent on the temperature of the left condensate and thus its explicit knowledge
is not necessary. However in order to calibrate the thermometer one should know
FL→R(t) at T = 0 for the right condensate in order to determine A(0). We note that
this setup requires to hold the atom numbers of the two condensates fixed for different
experimental runs and also the temperature of the reference condensate. A quantitative
measurement of the temperature will probably be difficult in practice, since depletion
of the condensate due to the outcoupling process and additional Rayleigh scattering
diminish the interference contribution [47].

5.4.2 Measurement of the superfluid order parameter

In this section we apply the scheme discussed in Sec.(5.3) to monitor the superfluid
Mott-insulator transition for ultracold atoms in an optical lattice, by photon counting.
We consider a setup similar to the one in the previous section, where we assume that
the two atomic gases are tightly confined in the x-direction by a harmonic potential as
shown in Fig. (5.9). We assume the trapping frequency ωx in the x direction to be large
enough �ωx � µ, kBT such that the atomic wavefunctions are in the ground state of
the harmonic potential in this direction. In this case the motional degrees of freedom
in the x-direction are frozen out and the systems are essentially two dimensional. For
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Figure 5.9: Setup for measuring the superfluid fraction in a 2D optical lattice. We con-
sider a variation of Fig. (5.1), where the left system is assumed to be a two-dimensional
homogeneous Bose-Einstein condensate which serves as our reference system and the
right system is formed by ultracold atoms in an two-dimensional optical lattice. The
atomic planes of the two systems are parallel to each other in the y-z plane shifted by
the distance vector d. Outcoupling is performed parallel to d such that the outcou-
pled atoms propagate along the positive x-direction as indicated by the green arrows.
This setup could be realized in a 3D optical lattice making the lattice strength in the
x-direction much stronger than in the y and z-directions such that one obtains an array
of atomic planes. Then one removes all but two planes and switches off the lattice lasers
in the y and z direction for the left of the remaining planes.
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convenience we assume the left system to be a homogeneous two dimensional Bose-
Einstein condensate6 whereas the right system is confined by an optical lattice in the
y − z plan such that the potentials for the atoms are given by

VL(r) =
1

2
mω2

xx
2 , (5.83)

VR(r) =
1

2
mω2

xx
2 + V0

�
sin2

πy

d0
+ sin2

πz

d0

�
. (5.84)

We expand the field operator for the right system into Wannier functions

ψR(r) = f0(x)
�

l

wl(y, z)bl , (5.85)

where f0(x) =
1√
ξ
√
π
e−x2/(2ξ2) is the motional ground state in the x-direction, wl(y, z)

is the Wannier function centered at (yly , zlz) and bl annihilates an atom at lattice site
l. Splitting the field operators according to Eq. (5.27) we find for the macroscopic wave
functions

ΦL(r) = f0(x)
√
nLe

ıϕL , (5.86a)

which describes the Bose-Einstein condensate and nL is the density of condensed atoms
in the left trap. For the optical lattice the macroscopic wavefunction of the atoms reads

ΦR(r) = f0(x)�b�
�

l

wl(y, z) , (5.86b)

where �b� = �bl� is the superfluid order parameter, which is independent on the lattice
site. The superfluid order parameter determines the quantum phase transition from
superfluid to Mott-insulator phase, as discussed in Sec. (2.3). It is different from zero
in the superfluid phase and vanishes in the Mott-insulator phase. We use the expansion
of the field operator Eq. (5.85) in the Hamiltonian for the right system HR, given in
Eq. (5.6a). Following the steps of Sec. 2.3 we note that the dynamics of the right system
is given by the Bose-Hubbard Hamiltonian Eq. (2.33) in 2 dimensions.

Using Eq. (5.86a) in Eq. (5.26a) and approximating the Wannier functions as Gaus-
sian

wl(y, z) =
1

w0
√
π
e−

(y − yly)
2 + (z − zlz)

2

2w2
0

, (5.87)

we find for the background contribution to the photon flux of the condensate fraction

FL(t)

L2
= ξπ1/2nLΓ

�
dkxe

−k2xξ
2
δt(Ω− ωq+kx) , (5.88a)

FR(t)

L2
=

4π3/2ξw2
0�b�2Γ

d40

�
dkx

�

G

δt(Ω− ωq+kx+G)e−(k2xξ
2+G2w2

0) . (5.88b)

6
Strictly speaking a homogeneous 2 dimensional Bose-Einstein condensate does not exist [133]. In

real experiments a finite number of atoms is confined by some external potential such that Bose-Einstein

condensation may also occur in low dimensions [134].
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The sum over G goes over all reciprocal lattice vectors G = 2π
d0
(nyêy + nzêz) with nj

being some integer and ωq+kx+G = �
2m

�
(kx + q)2 +G2

�
. For simplicity we assume that

q is parallel to the distance vector d defined in Eq. (5.1), such that the outcoupled atoms
get a recoil momentum perpendicular to the atomic planes in the positive x-direction as
indicated in Fig. (5.9). In this case FL→R(t) is the only contribution to the interference
flux FI(t). Using Eq. (5.86) in Eq. (5.26b) we find

FL→R(t)

L2
=

4π2ξw0�b�
√
nLΓ

d20
(5.89)

×
�

dkx cos[ϕLR + kxd− δµt+ (Ω− ωq+kx)t/2]δ
t/2(Ω− ωq+kx)e

−k2xξ
2
.

We note that the interference current is directly proportional to the superfluid order
parameter of the optical lattice �b� and can therefore be used to monitor the quantum
phase transition between Mott-insulator and superfluid phase. Moreover the interfer-
ence contribution FL→R(t) is accessible in an experiment by taking the time average of
the measured photon signal as shown in Eq. (5.73). We now evaluate FL→R(t) by numer-
ically integrating Eq. (5.89). The superfluid order parameter �b� is thereby determined
numerically within the mean-field treatment of the Bose-Hubbard model introduced in
Sec. (2.3.1).
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Figure 5.10: a) Interference contribution of the photon flux FL→R(t) in units of ΓM2

as a function of time in units of 2π
δµ and hopping zJ in units of U . b) Amplitude Fa as

a function of hopping zJ in units of U . The parameters are V0 = 10ER, ξx = 0.13d0,
δµ = 0.2ωR, d = 20d0, q = 2π/d0, Ω− ωq = ωR and ϕLR = 0. We use for the chemical

potential of the optical lattice µR =
√
2− 1 and nL =

�b�2
��
zJ/U=0.2

d20
≈ 0.2/d20.

Figure (5.10a) displays the interference contribution FL→R(t) as a function of time
and hopping strength compared to the onsite interaction zJ/U . We assume constant
lattice depth V0 and the parameter that is changed in Fig. (5.10) is the onsite interaction
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strength U . For small values of zJ/U no interference signal is present since the atoms
are in the Mott-insulator state. At a critical value zJ/Uc the right system undergoes
the quantum phase transition to the superfluid state and the interference photon flux
FL→R(t) starts to oscillate in time with finite amplitude. We chose µR =

√
2 − 1 such

that the value at which FL→R(t) becomes nonzero corresponds to the tip of the first
Mott lobe in Fig. (2.6a). In order to get a better understanding of the behaviour of
FL→R(t) as a function of zJ/U we define the amplitude

Fa(zJ/U) = max(FL→R(t))−min(FL→R(t)) , (5.90)

where FL→R(t) is taken as a function of time t only keeping all other parameters fixed
and the minimum and maximum is taken over a time interval large compared to the
inverse oscillation frequency of FL→R(t), similar to Eq. (5.81).

In Fig. (5.10b) we plot the amplitude Fa(zJ/U) as a function of the ratio zJ/U .
From Eq. (5.89) we note that is directly proportional to the order parameter of the
optical lattice Fa(zJ/U) ∝ �b�. For small values of zJ/U corresponding to the Mott-
insulator phase for the atoms in the optical lattice Fa(zJ/U) = 0. At a critical value
zJ/Uc the right system enters into the superfluid phase and the amplitude of FL→R(t)
becomes nonzero Fa(zJ/U) > 0. Hence measuring the scattered light from the atomic
ensembles allows one to determine the quantum state of the ultracold atoms in the
optical lattice. If the right system is in the Mott-insulator phase the measured light
intensity is constant in time. In the superfluid phase the photon flux oscillates in time,
where the oscillation frequency is determined by the difference in chemical potential
between the left and right system and the amplitude of the oscillations is directly pro-
portional to the superfluid order parameter. Hence the measurement of the quantum
phase transition from Mott-insulator to superfluid state should be experimentally fea-
sible, since the mere appearance of oscillations in the light signal indicates wether the
right system is in the superfluid phase or not.

5.5 Discussion

In this chapter we have considered a setup where ultracold atoms confined into two
spatially separated regions. They were outcoupled of their traps by two laser beams
driving a Raman transition to an untrapped electronic state of the atoms. We thereby
treated the light quantum mechanically and showed that the scattered light intensity
oscillates in time if both systems have nonzero mean value of the atomic field operator. It
was shown that the oscillation of the light intensity is due to a Josephson type coupling
between the two macroscopic wave functions of the trapped atoms mediated by the
outcoupled atoms. Applying our scheme to the specific experimental setup in [47] we
find agreement between theory and the experimental results.

In Sec. (5.4) we argued that the presented scheme is analogue to a homodyne de-
tection in optics, where the field to measure is mixed at a beam-splitter with a local
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oscillator. In the present case the Raman lasers act like a beam-splitter for the atomic
fields and a Bose-Einstein condensate at very low temperatures T ≈ 0 with known
number of atoms N , such that �ψ� ≈

√
N , may serve as a reference system and play the

role of the local oscillator. It was shown that it is possible to measure the mean value
of the atomic field operator of any other system formed by the same species of atoms
by means of photon counting. We then considered two specific setups and showed how
one may be able to measure the temperature of a Bose-Einstein condensate or monitor
the phase transition from superfluid to Mott-insulator of ultracold atoms in an optical
lattice by detecting the scattered light from the system.

It is important to note that the measurement of the scattered light intensity is an
in situ measurement and only partly destructive since only a small part of the atoms
have to be kicked out of the systems [47].
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Chapter 6

Summary and Outlook

In the present thesis we have studied ultracold bosonic ensembles interacting dispersively
with the electromagnetic field, and analyzed what kind of information about the many-
body state of the atoms may be obtained by measuring the scattered photons. We first
introduced the basic theoretical tools needed for our investigations. We then studied the
photonic properties of a one dimensional string of point-like dipoles at fixed positions
in space in a periodic configuration, interacting with the quantized electromagnetic
field. It was shown that the transmission spectrum of a weak probe field could be used
to obtain information about the spatial array of the atoms. Taking into account the
external degrees of freedom of the dipoles we were led to consider a gas of ultracold
atoms in a one dimensional optical lattice illuminated by a weak probe beam. It was
shown that frequency resolved measurement of the scattered light at different angles
could reveal the spectrum of the atomic system. The information obtained in such a
Bragg scattering experiment is the structure form factor of the atomic system which
is essentially the Fourier transform of the density-density correlation function of the
atoms [44]. We then considered ultracold atoms confined in two spatially separated
regions which were driven by two lasers and outcoupled of their traps due to a Raman
transition to an untrapped electronic state. We treated the light quantum mechanically
and demonstrated that, using the atoms in one trap as reference system with known
order parameter �ψ(r, t)�, the order parameter of the atomic gas in the other trap
may be determined by measuring the scattered light. We pointed out the analogy to
optical homodyne detection and showed how this setup may allow for measuring the
temperature of a Bose-Einstein condensate or monitor the superfluid to Mott-insulator
phase transition of ultracold atoms in an optical lattice by means of photon counting.
A detailed discussion of the main results was given at the end of each chapter.

We now give a general outlook to the work presented in this thesis. The possibility
to reveal the quantum properties of matter in the scattered light is indeed attractive.
Ideally, one would identify an interferometric setup which allows one to access several or-
ders of correlation functions, as one usually does for light. In this respect, previous and
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recent works studied setups, based on detection of certain correlation functions of matter
by means of elastically scattered photons. Due to the dispersive interaction such setups
may be non-destructive for the quantum state of the atoms [35, 40, 41, 42], thus real-
izing quantum non-demolition measurements. Quantum non-demolition (QND) mea-
surements have been introduced originally in order to overcome the standard quantum
limit in a measurement process [135]. The measurement of the quadrature amplitude of
a travelling electromagnetic wave by Levenson et al. in 1986 [136] constitutes the first
experimental realization of a QND-measurement. Another example for the experimen-
tal realization of a QND-measurement is the detection of the collective spin states of an
atomic ensemble using its dispersive interaction with light [137]. Applying this scheme
to ultracold gases, it was shown theoretically that one may determine their magnetic
properties in a non-destructive way [40, 42]. Following these approaches, it is intriguing
to ask whether it is possible to extend the scheme presented in Chapter 5 to implement
QND-measurements for the nondiagonal elements of the atomic density matrix which
might allow for a complete determination of the quantum state of the atomic system.

Placing an ultracold gas inside a cavity may allow one to determine the quantum
state of the atoms interacting with the cavity field in a non-destructive way by mea-
suring the photons leaking out of the cavity [35, 33]. Several setups which use photo
detection in order to obtain information about the quantum state of the atomic gas have
already been realized experimentally. By placing a Bose-Einstein condensate inside a
single mode optical resonator, the vacuum Rabi splitting due to the collective coupling
of the condensate atoms with the cavity field was observed by pumping the cavity and
measuring the transmitted light intensity as a function of frequency [138, 139]. Pump-
ing directly the atoms a phase transition to a self-organized supersolid atomic state
was observed by detecting the emitted light from the cavity [140]. In the regime where
thermal fluctuations of the atoms are negligible it has been demonstrated theoretically
that this system exhibits novel quantum phases which may be revealed by photo detec-
tion [141]. It is interesting to ask whether these setups allow one to implement feedback
mechanisms onto the atomic gas, which could be used to engineer exotic quantum states
of matter and lead to a transfer of the quantum state of matter onto the light and vice
versa.

Another context where studying ultracold atomic gases by measuring the scattered
light may be relevant is the study of nonequilibrium dynamics of manybody systems,
which constitutes a direction of growing interest in the field of ultracold atomic gases.
The identification of a QND-measurement for the relevant parameters would permit the
study of the atomic dynamics in real time.
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Appendix A

Derivation of Eq. (5.15)

We consider the general case in which the dynamics of the system is given by the
Hamiltonian

H = H0 + V , (A.1)

where H0 describes the unperturbed dynamics and V is a perturbation. We now outline
how one obtains d

dt�O� for some operator O by expanding the density operator up to
second order in the interaction V . The expectation value of O is given by

�O� = tr {ρH0OH0} , (A.2)

where we express the density matrix ρH0 and the operator OH0 in the interaction picture
with respect to H0. The respective time evolution is given by [142]

∂

∂t
ρH0(t) =

i

� [ρH0(t), VH0(t)] , (A.3a)

d

dt
OH0 =

i

� [H0, OH0 ] . (A.3b)

The formal solution to Eq. (A.3a) is given by

ρH0(t) = ρH0(0) +
i

�

� t

0
dt�

�
ρH0(t

�), VH0(t
�)
�

≈ ρeq +
i

�

� t

0
dt�

�
ρeq, VH0(t

�)
�
, (A.4)

where ρeq is the density matrix at time 0. We focus on conserved quantities of the
unperturbed system, [H0, OH0 ] = 0 such that the time evolution of O is solely due to
the interaction V ,

d

dt
�O� = i

� tr {ρH0(t)[VH0(t), OH0(t)]} . (A.5)
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Using Eq. (A.4) in Eq. (A.5) one finds for the time derivation of �O� up to second order
in V

d

dt
�O� = i

� tr {ρeq[VH0(t), OH0 ]}−
1

�2

� t

0
dt�tr

�
ρeq[VH0(t

�), [VH0(t), OH0 ]]
�
. (A.6)

Setting O = a†2a2 and using the perturbation V given in Eq. (5.7) one obtains from
Eq. (A.6) the photon flux F (t), Eq. (5.15).



Appendix B

Thermodynamics of trapped
Bose-Einstein condensates

Here we will review some properties of a harmonically trapped Bose-Einstein condensate
and derive the excitation spectrum using the local density approximation.

The atomic dynamics in the grand canonical ensemble is governed by the Hamilto-
nian

K = H − µN =

�
drψ†(r)

�
−�2∇2

2m
+ V (r)− µ

�
ψ(r) +

g

2

�
drψ†(r)ψ†(r)ψ(r)ψ(r) ,

(B.1)
where the Heisenberg equation of motion for the atomic field operator is given by

ı� ∂

∂t
ψ(r, t) =

�
−�2∇2

2m
+ V (r)− µ

�
ψ(r, t) + gψ†(r, t)ψ(r, t)2 . (B.2)

Separating out the condensate part of the wavefunction

ψ(r, t) = Φ(r) + δψ(r, t) , (B.3)

Φ(r) = �ψ(r, t)� , (B.4)

we find for the term arising from s-wave scattering of the atoms in Eq. (B.2)

ψ†ψψ = |Φ|2Φ+ 2|Φ|2δψ + Φ2δψ† + Φ∗δψδψ + 2Φδψ†δψ + δψ†δψδψ . (B.5)

The last term on the right hand side can be treated in a self consistent meanfield
approximation [143]

δψ†δψδψ ≈ 2
�
δψ†δψ

�
δψ + �δψδψ� δψ† = 2nT (r)δψ(r) +mT (r)δψ

† , (B.6)

where

nT (r) =
�
δψ†δψ

�
, (B.7a)

mT (r) = �δψδψ� , (B.7b)
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are the normalous and anormalous densities respectively. We now introduce for later
convenience the densities

n0(r) = |Φ(r)|2 , (B.8a)

m0(r) = Φ(r)2 , (B.8b)

n(r) = n0(r) + nT (r) , (B.8c)

m(r) = m0(r) +mT (r) . (B.8d)

Using Eq. (B.6) in Eq. (B.5) one arrives at

ψ†ψψ = |Φ|2Φ+ 2
�
|Φ|2 + nT

�
δψ +

�
Φ2 +mT

�
δψ† + Φ∗δψδψ + 2Φδψ†δψ . (B.9)

Interting Eq. (B.9) in Eq. (B.2) and taking the expectation value one finds

0 =

�
−�2∇2

2m
+ V (r)− µ+ g (n0(r) + 2nT (r))

�
Φ(r) +mT (r)Φ

∗ . (B.10)

If we neglect nT (r) andmT (r) Eq. (B.10) reduces to the standard Gross-Pitaevskii equa-
tion in the Bogoliubov approximation [61]. The equation of motion for the excitations
of the condensate δψ(r, t) can be obtained by subtracting Eq. (B.10) from Eq. (B.2)
and is given by

ı� ∂

∂t
δψ(r, t) = Lδψ(r, t) + gm(r)δψ† , (B.11)

where the quadratic terms have been treated consistent within the meanfield approxi-
mation [143]

δψδψ − �δψδψ� = 0 , (B.12)

δψ†δψ −
�
δψ†δψ

�
= 0 , (B.13)

and the operator L reads

L =

�
−�2∇2

2m
+ V (r)− µ+ 2gn(r)

�
. (B.14)

A solution of Eq. (B.11) can be obtained by the following Bogoliubov Ansatz

δψ(r, t) =
�

j

�
uj(r)αje

−ıωjt − v∗j (r)α
†
je

ıωjt
�
, (B.15)

where the operators α,α† are annihilation and creation operators of noninteracting

quasiparticles with the standard Bose commutation relation
�
αj ,α

†
k

�
= δj,k, and the

functions uj(r), vj(r) obey the normalization relation
�

dr (u∗i (r)uj(r)− v∗i (r)vj(r)) = δi,j . (B.16)
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The Bogoliubov Ansatz Eq. (B.15) yields a solution of Eq. (B.11), if the functions
uj(r), vj(r) satisfy the Hatree-Fock-Bogoliubov (HFB) equations

L(r)uj(r)− gm(r)vj(r) = �ωjuj(r) , (B.17a)

−L(r)vj(r) + gm(r)∗uj(r) = �ωjvj(r) . (B.17b)

The normalous and anormalous densities defined in Eq. (B.7) are given by

nT (r) =
�

j

��
|uj(r)|2 + |vj(r)|2

�
N0(ωj) + |vj(r)|2

�
, (B.18)

mT (r) = −
�

j

uj(r)vj(r)
∗ (2N0(ωj) + 1) , (B.19)

where N0(ω) is the Bose distribution for the quasi particles

N0(ω) =
1

eβ�ω − 1
=

�
α†
jαj

�
. (B.20)

In the following we will discuss the case of a harmonic potential.

V (r) =
1

2
m(ω2

xx
2 + ω2

yy
2 + ω2

zz
2) (B.21)

B.1 Non interacting case

In the case of noninteracting particles g = 0 one has vj(r) = 0 and Eqs. (B.17) reduce
to the Schrödinger equation of the 3 dimensional harmonic oscillator with frequencies
ω{x,y,z} and

�ωj = �
�
ωx(nx +

1

2
) + ωy(ny +

1

2
) + ωz(nz +

1

2
)

�
− µ . (B.22)

The number of atoms not in the condensate can be obtained from Nex(T ) =
�
drnT (r) =�

j
1

eβ�ωj−1
, where the chemical potential was taken equal to the lowest energy state [122].

This leads to

Nex(T ) =
�

nx,ny ,nz

1

e�β(nx+ny+nz) − 1

≈ 1

(�ω̄)3

�
dxdydz

1

eβ(x+y+z) − 1

=
ζ(3)

(�ω̄β)3 , (B.23)
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with ω̄ = (ωxωyωz)1/3 and ζ(x) is the Riemann Zeta function. The critical temperature
Tc at which Bose-Einstein condensation takes place can be calculated from the condition
that Nex(Tc) = N , which leads to [61]

kTc = �ω̄
�

N

ζ(3)

�1/3

≈ 0.94�ω̄N1/3 . (B.24)

For the condensate fraction NC(T ) = N −Nex(T ) one finds

NC(T ) = N

�
1− T 3

T 3
c

�
. (B.25)

The macroscopic wavefunction of the condensate Φ(r) is given by the ground state
wavefunction of a harmonic oscillator with the normalization

�
dr|Φ(r)|2 = NC(T ),

such that

Φ(r) =
�
NC(T )

�mω̄

π�

�3/4
exp

�
−m

2�(ωxx
2 + ωyy

2 + ωzz
2)
�
. (B.26)

B.2 Interacting case

In the case of interacting particles g �= 0 Eqs. (B.17) have to be solved numerically in
general. However, they can be solved analytically using the local density approximation
(LDA), with the following Ansatz for the Bogoliubov amplitudes [144]

uj(r) = uk(r)e
ık·r , (B.27)

vj(r) = vk(r)e
ık·r . (B.28)

The different excitations are now labeled by their momentum �k and
�

j →
1

(2π)3
�
dk.

In the LDA one replaces the solutions of the trapped system with the solutions in the
free space case adjusted to the local density given by the trap. In the free space case
uk(r), vk(r) are independent on position and hence we assume them to be slowly varying
functions of r. Neglecting derivatives of uk(r) and vk(r), Eqs. (B.17) read

�
�k2

2m
+ V (r)− µ+ 2gn(r)

�
uk(r)− gm(r)vk(r) = Ek(r)uk(r) , (B.29)

−
�
�2k2

2m
+ V (r)− µ+ 2gn(r)

�
vk(r) + gm(r)∗uk(r) = Ek(r)vk(r) . (B.30)
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The normalization |uk(r)|2 − |vk(r)|2 = 1 leads to [144]

Ek(r) =

��
�k2

2m
+ V (r)− µ+ 2gn(r)

�2

− g|m(r)|2 , (B.31a)

|uk(r)|2 =
�2k2

2m + V (r)− µ+ 2gn(r)

2Ek(r)
+

1

2
, (B.31b)

|vk(r)|2 =
�2k2

2m + V (r)− µ+ 2gn(r)

2Ek(r)
− 1

2
. (B.31c)

In the case NCas/ā � 1, where as is the s-wave scattering length and ā =
�

�
mω̄ ,

the interaction energy will be dominant over the kinetic energy. Neglecting the kinetic
energy part in Eq. (B.10) is called the Thomas-Fermi approximation and one obtains [61]

�
V (r)− µ+ g

�
n0(r) + 2nT (r)

��
Φ(r) +mT (r)Φ

∗ = 0 . (B.32)

Neglecting nT (r) and mT (r), which is equivalent to the Bogoliubov approximation, the
Thomas-Fermi profile for the condensate reads

Φ(r) =

� �
1
g (µ− V (r)) for r ∈ Vcond ,

0 for r �∈ Vcond .
(B.33)

One can distinguish two regions of space depending on wether the coordinate r lies inside
or outside the volume Vcond, giving the region to which the condensate is confined. The
volume Vcond is determined by the condition µ − V (r) ≥ 0. The chemical potential in
Eq. (B.33) is determined by the condition

�
Vcond

dr|Φ(r)|2 = NC which yields for the
harmonic potential Eq. (B.21) [61]

µ =
152/5

2

�
NCas
ā

�2/5

�ω̄

≈ ηkTc(1− t3r)
2/5 , (B.34)

where tr = T/Tc is the reduced temperature, we used Eq. (B.25) for the noncondensed
atoms and introduced the parameter

η =
µ(T = 0)

kTc

≈ 1.57
�
N1/6as

ā

�2/5
. (B.35)

In Eq(B.31) we set [122]

n(r) = m(r) = 0 for r �∈ Vcond ,

g n(r) = µ− V (r) for r ∈ Vcond ,

n(r)2 = |m(r)|2 for r ∈ Vcond ,
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which leads to

Ek(r) =

� �
ε2k + 2εk(µ− V (r)) for r ∈ Vcond ,

εk + V (r)− µ for r �∈ Vcond ,
(B.36a)

|uk(r)|2 =

�
εk+µ−V (r)

2Ek(r)
+ 1

2 for r ∈ Vcond ,

1 for r �∈ Vcond ,
(B.36b)

|vk(r)|2 =

�
εk+µ−V (r)

2Ek(r)
− 1

2 for r ∈ Vcond ,

0 for r �∈ Vcond ,
(B.36c)

where for the harmonic potential Eq. (B.21) the chemical potential µ is given by
Eq. (B.34). The number of noncondensed atoms is given by

Nex =

�
drnT (r)

=

�
dr

�
dk

(2π)3

� �
|uk(r)|2 + |vk(r)|2

�
N0(Ek(r)/�) + |vk(r)|2

�
, (B.37)

which has to be evaluated numerically in a self consistent manner. Eq. (B.37) may be
evaluated to lowest order in as by noting that most noncondensed atoms will be outside
the condensate [122]. Using expressions Eqs. (B.36) for r �∈ Vcond one finds

Nex ≈
�

dr

�
dk

(2π)3
1

exp [β(εk + V (r)− µ)]− 1

=
1

(�ω̄)3
∞�

k=1

eβµk

k3

≈ 1

(�ω̄)3 (ζ(3) + βµζ(2)) , (B.38)

where we expanded the exponential up to lowest order in µ. We note that the first
term agrees with the noninteracting result Eq. (B.23) and the second term is the first
correction due to the interactions. Using Eq. (B.34) for the chemical potential we then
find for the condensed fraction

NC(T ) = N

�
1− t3r −

ζ(2)

ζ(3)
t2rη(1− t3r)

2/5

�
. (B.39)

Although the higher order terms in Eq. (B.38) diverge Eq. (B.39) gives good results for
the noncondensed fraction [61]. The critical temperature T i

c for an interacting Bose-
Einstein condensate can now be determined by settingNC(T i

c) = 0 for a given parameter
η.
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Derivation of Eq. (5.56)

In the following we will derive approximate expressions of the Raman scattering rate
for the eperimental setup of [47] which lead to Eq. (5.56).

Using Eq. (5.52) for the condensate wave functions in Eq. (5.49) we find

FL(t) ≈ µΓ

g

� min(t,2rx/vq)

0
dt� cos

�
(ωq − Ω)t�

�

×
�

dr

�
1− x2

r2x
− y2

r2y
− z2

r2z

�1/2�
1− (x− vqt�)2

r2x
− y2

r2y
− z2

r2z

�1/2

=
2πΓµrxR̄3

gvq

� z<(0)

0
dz cos

�
(ωq − Ω)

zrx
vq

�
G(z) , (C.1)

with

z<(x) = min(2,
tvq − x

rx
) . (C.2)

The length R̄ = (rxryrz)1/3 determines the typical size of the condensates and can be
written as [122]

R̄ = 151/5
�
Nas
ā

�1/5

ā . (C.3)

The function G(z) in Eq. (C.1) is given by

G(z) =

�
dx

�

r>0
rdr

�
1− x2 − r2

�1/2 �
1− (x− z)2 − r2

�1/2
, (C.4)

where the integration boundaries are chosen such that the arguments in the square
roots are always positive for r > 0. The boundaries of the integration, where the two
integrands vanish, are circles of radius 1 around (0, 0) and (z, 0) in the x − r plane as
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(a)

0 1 2
0

1/15

2/15

3/15

4/15

(b)

Figure C.1: a) The two circles indicate the regions where the integrands in Eq. (C.4)
are different from zero, such that the whole integral goes over the blue filled region.
Due to the symmetry of the wave functions we can restrict to the blue shaded area.
b) Comparison of the integral G(z) as given in Eq. (C.5) (black solid line) with the
Gaussian fit Eq. (C.6) (red dashed line).

shown in Fig. (C.1a). Hence G(z) can be written as

G(z) = 2

� 1

z/2
dx

� √
1−x2

0
rdr

�
1− x2 − r2

�1/2 �
1− (x− z)2 − r2

�1/2
, (C.5)

where the symmetry around x = z/2 and the integration region is indicated in Fig. (C.1a).
A numerical evaluation of G(z) is shown in Fig. (C.1b) compared to the Gaussian ap-
proximation

G(z) ≈ 4

15
e−1.25z2 . (C.6)

Using Eq. (C.6) in Eq. (C.1) and the corresponding expressions for FR(t) and the
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interference contributions one get

FL(t) ≈ 8F0

15π

� z<(0)

0
dz cos [(ωq − Ω)zt0] e

−1.25z2 , (C.7a)

FR(t) ≈ 8F0

15π

� z<(0)

0
dz cos [(ωq − Ω+ δµ)zt0] e

−1.25z2 , (C.7b)

FL→R(t) ≈ 8F0

15π
Re e

ı(δµt−ϕLR+(ωq−Ω) d
vq

)

×
� z<(d)

−2
dzeı(ωq−Ω)zt0e−1.25z2Θ(q)Θ

�
t− d− 2rx

vq

�
, (C.7c)

FR→L(t) ≈ 8F0

15π
Re e

ı(δµt−ϕLR−(ωq−Ω+δµ) d
vq

)

×
� z<(d)

−2
dzeı(ωq−Ω−δµ)zt0e−1.25z2Θ(−q)Θ

�
t− d− 2rx

vq

�
,

(C.7d)

with t0 =
rx
vq

and

F0 =
15πΓt0NC

8
. (C.8)

For times t > d+2rx
vq

, such that z<(0) = z<(d) = 2 we find from Eq. (C.7a)

FL(t) ≈ Γt0NC

� 2

0
dz cos

�
(ωq − Ω)

zrx
vq

�
e−1.25z2

=
π1/2Γt0NC

2
√
5

e−
1
5 [(ωq−Ω)t0]2

�
Erf

�
5− ı(ωq − Ω)t0√

5

�
+ Erf

�
5 + ı(ωq − Ω)t0√

5

��

≈ πΓNC

�
t20
5π

e−
1
5 [(ωq−Ω)t0]2 , (C.9)

where Erf(x) is the Error-function [145]. Neglecting the imaginary part in the Error-
functions is a good approximation for |(ωq −Ω)t0| ≥ 5, as can be checked by numerical
evaluation. In this case the exponential is negligible compared to the resonant case
ωq = Ω. Thus we see that the oscillating tails of the Error-functions given by their
imaginary parts will only play a role for parameters where the outcoupling efficiency
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vanishes. For the other contributions to the photon flux we find

FL(t) ≈ πΓNCK(ωq − Ω) , (C.10a)

FR(t) ≈ πΓNCK(ωq − Ω+ δµ) , (C.10b)

FL→R(t) ≈ 2πΓNCK(ωq − Ω)

× cos

�
δµt− ϕLR + (ωq − Ω)

d

vq

�
FΘ(q, t) , (C.10c)

FR→L(t) ≈ 2πΓNCK(ωq − Ω+ δµ)

× cos

�
δµt− ϕLR − (ωq − Ω+ δµ)

d

vq

�
FΘ(−q, t) , (C.10d)

with

K(x) =

�
t20
5π

e−
t20
5 x2

, (C.11)

FΘ(q, t) = Θ(q)Θ

�
t− d− 2rx

vq

�
. (C.12)

From Eqs. (C.10) one then obtains Eq. (5.56) for q > 0.
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[129] Marlan O. Scully and Kai Drühl. Quantum eraser: A proposed photon correlation
experiment concerning observation and ”delayed choice” in quantum mechanics.
Phys. Rev. A, 25(4):2208, 1982.

[130] Y. Shin, G. B. Jo, M. Saba, T. A. Pasquini, W. Ketterle, and D. E. Pritchard.
Optical weak link between two spacially separated bose-einstein condensates.
Phys. Rev. Lett., 95:170402, 2005.

[131] M. Saba, T. A. Pasquini, C. Sanner, Y. Shin, W. Ketterle, and D. E. Pritchard.
Light scattering to determine the relative phase of two bose-einstein condensates,
”suplementary information”. Science, 307:1945, 2005.

[132] M. O. Scully and M. S. Zubairy. Quantum Optics. Cambridge University Press,
1. edition, 1997.

[133] P. C. Hohenberg. Existence of long-range order in one and two dimensions. Phys.
Rev., 158(2):383–386, 1967.

[134] W. Ketterle and N. J. van Druten. Bose-einstein condensation of a finite number
of particles trapped in one or three dimensions. Phys. Rev. A, 54(1):656, 1996.

[135] V. B. Braginsky and F. Y. Khalili. Quantum Measurement. Cambridge University
Press, 1. edition, 1992.

[136] M. D. Levenson, R. M. Shelby, M. Reid, and D. F. Walls. Quantum nondemolition
detection of optical quadrature amplitudes. Phys. Rev. Lett., 57(20):2473–2476,
1986.

[137] A. Kuzmich, L. Mandel, J. Janis, Y. E. Young, R. Ejnisman, and N. P. Bigelow.
Quantum nondemolition measurements of collective atomic spin. Phys. Rev. A,
60(3):2346–2350, 1999.



BIBLIOGRAPHY 141

[138] F. Brennecke, T. Donner, S. Ritter, T. Bourdel, M. Köhl, and T. Esslinger. Cavity
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