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Abstract
The effect of anharmonicity on the vibrational frequencies of metal clusters has only

been sporadically suggested in a few experimental studies, usually to rationalize large

differences between theoretical and experimental frequencies. Due to the limited number of

available vibrational experimental studies of neutral clusters, understanding of vibrational

anharmonicity for those structures has been relegated to speculations. This thesis presents

a systematic study of anharmonicity in small neutral gold (Au2-Au10) and silver (Ag2-Ag5)

clusters applying the vibrational self-consistent field method (VSCF). This application

relies on a plane-wave representation of the electronic wave function in the frame of density

functional theory (DFT).

The minimum energy structures of the clusters are investigated using the PBE func-

tional with ultrasoft Vanderbilt pseudo potential basis sets. This choice is based on a

meticulous comparison to other DFT approaches, to other electronic structure methods,

and to experimental values. To study vibrational anharmonicity the potential energy

surface (PES) is explored using the chosen plane-wave DFT approach and a hierarchical

many-body expansion of the potential, limited to the second order. This implies that

deviation from the harmonic behavior is achieved by including single–mode and mode–

mode contributions to the potential. A correction in order to compensate the lack of

explicit correlation between modes is included using a configuration interaction approach

(VSCF/VCI). An efficient reduction of the number of couplings between vibrational modes

(fast-VSCF/VCI) is used to speed up calculations. Fast-VSCF/VCI relies on PES pre-

scanning using the Voter-Chen version of the embedded atom model. In order to assess

the quality of various typical potentials, an alternative methodology is proposed, based on

local comparison of PES around a minimum energy structure.

It is found that for both gold and silver clusters, vibrational anharmonicity is rather

small. It rarely exceeds 1 cm−1 and is more significant for normal modes corresponding

to bending motions of the clusters, in particular for the gold and silver trimers. This

value is smaller than the experimental accuracy obtained through techniques such as far-

infrared multiphoton dissociation spectroscopy (FIR-MPD). Of all clusters studied, special

attention is given to Au7 in order to interpret its recently reported experimental vibrational

spectrum. Factors such as noble gas embedding and the electronic structure method lead

to larger changes in the harmonic frequencies of this cluster than anharmonicity.

The effect of noble gas embedding on gold and silver clusters is systematically stud-

ied, resorting to the electronic localization function (ELF) and Fukui reactivity indices.

Characteristics of the noble gas atom binding to the clusters are explained in terms of

the electrostatic potential and frontier orbitals. Since DFT is known to fail at properly

describing dispersion forces, and that its description of weak bonding may differ from

more accurate quantum chemistry calculations, an assessment of the DFT Au-Kr binding

energies is realized using second-order Møller-Plesset perturbation theory (MP2).



Keywords: Vibrational anharmonicity, VSCF, VCI, fast-VSCF, plane-wave DFT, PBE,

ultrasoft pseudo potentials, gold clusters, silver clusters, noble gas embedding.



Zusammenfassung
Auswirkungen von Anharmonizität auf die Schwingungsfrequenzen von Metallclus-

tern wurden bisher nur sporadisch in einigen experimentellen Studien vorgeschlagen, ins-

besonders um große Unterschiede zwischen theoretischen und experimentellen Frequen-

zen zu rationalisieren. Aufgrund der wenigen verfügbaren experimentellen Studien über

Schwingungsfrequenzen der neutralen Clustern, ist das Verständnis der Schwingungs-

Anharmonizität für diese Strukturen zu einer fast bloß spekulativen Ebene reduziert. Diese

Arbeit thematisiert die systematische Untersuchung der Anharmonizität in kleinen neu-

tralen Gold-(Au2-Au10) und Silber-(Ag2-Ag5) Clustern mit Anwendung der vibrational-

self-consistent-field Methode (VSCF). Diese stützt sich auf eine Ebene-Wellen-Darstellung

der elektronischen Wellenfunktion im Rahmen der Dichtefunktionaltheorie (DFT).

Die minimale Energie-Strukturen dieser Clustern werden mit Hilfe der PBE Funktional

und Vanderbilt Ultrasoft Pseudopotential Basissätze untersucht. Diese Auswahl basiert

auf einem sorgfältigen Vergleich mit anderen DFT-Ansätzen, mit anderen elektronischen-

Struktur Methoden, und mit experimentellen Werten. Zur Untersuchung der Schwingungs-

Anharmonizität wird die potentielle Energie-Oberfläche (PES) erkundet, mittels der

gewählten Ebene Wellen DFT Ansatz und einer hierarchischen Vielteilchen-Erweiterung

des Potenzials begrenzt auf die zweite Ordnung. Dies impliziert dass, von einschließlich

Single–Mode und Mode–Mode Beiträgen an das Potenzial, Abweichungen vom harmonis-

chen Verhalten erreicht werden. Eine Korrektur, um das Fehlen von expliziten Zusammen-

hang zwischen Modes zu kompensieren, wird mit einer Konfiguration Interaktion Ansatz

(VSCF/VCI) enthalten. Eine effiziente Reduzierung der Zahl der Verbindungen zwischen

Schwingungsmoden (fast-VSCF/VCI) wird verwendet um die Berechnungen zu beschleu-

nigen. Bei Fast-VSCF/VCI handelt es sich um einen PES Pre-Scan mit der Voter-Chen

Version des Embedded-Atom Modells. Um die Qualität von verschiedenen typischen Po-

tentialen zu beurteilen wird eine alternative Methode vorgeschlagen, basierend auf einem

lokalen PES Vergleich um eine minimale Energie-Struktur.

Für Gold- und Silber-Clustern ist die berechnete Schwingungs-Anharmonizität sehr

klein. Diese ist selten mehr als 1 cm−1 und ist bedeutsamer für den normalen Mode

entsprechende Biege-Bewegungen der Clustern, insbesondere für die Gold- und Silber-

Trimeren. Dieser Wert ist niedriger als die erreichbare Genauigkeit bei der experimentellen

Techniken wie Fern-Infrarot-Spektroskopie Multiphotonen Dissoziation (FIR-MPD). Von

allen studierten Clustern wird Au7 ausführlich untersucht, um ihr kürzlich berichtetes ex-

perimentelles Schwingungsspektrum zu interpretieren. Faktoren wie Edelgas-Einbettung,

oder die elektronische Struktur-Methode, führen zu größeren Veränderungen in den har-

monischen Frequenzen der Cluster als Anharmonizität.



Die Wirkung von Edelgas-Einbettung auf Gold- und Silber-Clustern wurden mit Hilfe

der elektronische Lokalisierungs-Funktion (ELF) und Fukui Reaktivität Indizes unter-

sucht. Eigenschaften der Edelgas-Atom Bindung an die Cluster sind in Bezug auf das

elektrostatische Potential und die Grenzorbitale erklärt. Da DFT Beschränkungen bei

Beschreibung von Dispersionskräften bekannt sind, und ihre Beschreibung einer schwachen

Bindung aus genauerer quantenchemischen Berechnungen abweichen kann, werden die Au-

Kr DFT-Bindungsenergien mit zweiter Ordnung Møller-Plesset Theorie (MP2) bewertet.

Schlagwörter: Schwingungs-Anharmonizität, VSCF, VCI, Fast-VSCF, Ebene-Wellen-

DFT, PBE, Ultrasoft Pseudopotentiale, Gold Clustern, Silber Clustern, Edelgas-Einbettung.
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Chapter 1

Introduction

Calculation of vibrational frequencies is an important tool for understanding the results

given by molecular vibrational spectroscopy. Although these kind of calculations are car-

ried out frequently, they have been almost exclusively realized using the harmonic approx-

imation, due to the availability of this model in nearly every electronic structure program.

Nevertheless, the harmonic approximation is not suitable to accurately describe vibra-

tional properties in all systems. This is the case for polyatomic molecules, in which the

assignment of fundamental modes often requires very accurate computations of the vibra-

tional frequencies and the inclusion of anharmonic contributions. A challenging issue is to

determine in what instances anharmonicity becomes significant, i.e. for which structures

or under which conditions it plays a relevant role.

Nanostructures are important constitutive elements for the continuously developing

field of nanotechnology. There is a wide spectrum of these structures having different ap-

plications, e.g. isolated clusters, compounds, alloys, supported clusters, bimetallic parti-

cles, quantum dots and single molecules on surfaces. Among these structures, nanoclusters

are interesting because they are a bridge between atomic and solid systems. In particular,

gold clusters are considered to be promising structures, owing to their various optical,

biological, catalytic, magnetic and electronic properties. Applications of gold clusters

cover several fields such as catalysis, sensors, molecular electronics, and gene mapping.1–5

Sophisticated spectroscopy methods such as far-infrared multiple-photon dissociation spec-

troscopy (FIR-MPD),5–7 make it possible to obtain gas-phase vibrational spectra of small

neutral metal clusters like gold and silver clusters.

Since discrepancies between theoretical and experimental vibrational spectra of metal

clusters are often attributed to anharmonicity, computations of accurate vibrational fre-

quencies based on a model beyond the harmonic oscillator are necessary in order to obtain

a better prediction for their vibrational spectra. The model used to study anharmonicity

may be applied consistently with suitable electronic structure methods in order to gain a

better picture of the vibrations. Thus, a reasonably accurate description of the multidi-

mensional potential energy surface (PES) around the equilibrium structure is required.8,9

1
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1.1 Gold and silver clusters

The study of gold clusters is a very active field, due to the intrinsic properties that set

them apart from their lighter homologues. For example, experiments with Cu, Ag and

Au clusters show that vertical ionization energies and electron affinities of gold clusters

exceed those of silver and copper, leading to remarkable chemical and physical properties,

as highlighted by Schwerdtfeger and Lein.10 Some of these special properties have been

attributed to relativistic effects.11

Cleveland et al.12 show that the structure size evolution in gold may be described as

a sequence of size transitions through different orders of aggregation. In this way, gold

nanostructures might be classified in three main groups:

• Molecular structures: small sizes with d < 1 nm (less than 40 atoms)

• Ordered non-crystallographic structures: larger sizes with 1 nm < d < 2 nm (less

than 250 atoms)

• Crystallites of bulk lattice structure: specific faceted morphologies and d > 2 nm

Cleveland et al.12 also show, using atomistic modeling and x-ray powder diffraction to

describe energetics and structures, that the range 1 nm < d < 2 nm is characterized by

formation of a discrete sequence of primary cluster sizes, so called ‘magic number sequence’.

These correspond to the energetically most stable structures in this range, such as Au75,

Au101 and Au146.

A metal-insulator-transition (MIT) is observed in the range 1.2 nm < d < 1.4 nm.

The limiting cluster sizes for the MIT are Au33 and Au55, which behave as an insulator

and as a metal, respectively.13 Moreover, at the transition from bulk-like to molecular

behavior, nanoclusters with d < 3 nm can be transformed into alloys such as AuIn2, no

matter if they are in a metallic or insulating state. An atypical case is Au55, which shows

an outstanding stability against alloying.

Boyen et al.14 demonstrate that chemical properties of gold nanoparticles differ from

those of bulk gold. For instance, Au55 shows maximum resistance to oxidation. Though

being even nobler than bulk gold, it still shows a metallic behavior. These metallic Au55

clusters show insulator behavior when embedded in (PPh3)12Cl6. Nevertheless, exposing

the cluster compound (gold and ligand) to x-ray during the measurements, partly decom-

poses the shell by removal of the chlorine atoms, thus quenching the insulator behavior.

This indicates that the environment in which gold clusters are built should be taken into

account, in order to evaluate their electronic properties.

In contrast to bulk gold which is considered the noblest of all metals,15 gold clusters

exhibit a significant catalytic activity, as reported by Haruta.16 Valden et al.17 show this

property for small clusters deposited on titania. A study of small gold clusters supported

on MgO by Sanchez et al.18 shows that Au8 is the smallest oxide-supported gold cluster
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with catalytic activity, potentially dependent on its size and geometry. Catalyzed oxidation

of CO on Au8 clusters on MgO has been further studied by Yoon et al.19 Although primary

studies deal with supported clusters, catalytic properties are also observed in gas phase

charged gold clusters even for smaller cluster sizes, as described by Bernhardt et al.20

The possible applications in catalysis have inspired a large amount of theoretical work

in order to predict the global minimum energy geometries of small gold clusters. Recent

studies by Olson and Gordon21 and by Han,22 aimed at predicting the global minimum

energy structure of the neutral Au8 cluster, are an example. The global minimum energy

geometry of this cluster, as well as the size at which the 2D to 3D transition occurs for

neutral clusters is still a subject of controversy.21–26

Finding the most suitable theoretical method to predict vibrational frequencies, that

at the same time predicts structural and energetic values satisfactorily, is not a trivial task.

In this context, vibrational spectroscopy techniques become a valuable tool in validating

theoretical results for such properties. Nevertheless, the lack of experimental spectra still

hampers the validation of predicted vibrational spectra of neutral gold clusters, as most

experiments focus on charged clusters. Until two years ago, experimental vibrational

frequencies for neutral gold clusters were only available for Au2 and Au3.27,28 Only very

recently have the gas-phase vibrational spectra of other small neutral gold clusters (Au7,

Au19 and Au20) been reported. These were measured using far-infrared multiple-photon

dissociation spectroscopy (FIR-MPD)7 with a molecular beam setup coupled to the beam

line of the ‘Free Electron Laser for Infrared eXperiments’ (FELIX) system.6

Comparisons between theoretical and experimental vibrational frequencies for Au2

and Au3 clusters show significant discrepancies, depending on the theoretical method

used.11,29–39 For Au2, several theoretical studies have been reported23,30–36 without identi-

fying the most suitable method, although second-order perturbation Møller-Plesset (MP2)

and CCSD(T) methods apparently lead to better results for the vibrational frequency

than most DFT functionals. For Au3,11,23,34–39 DFT and ab initio methods show different

trends in structural properties. Most DFT investigations predict an obtuse triangle as the

global minimum energy structure, while MP2 and CCSD(T) lead to an acute triangle. The

Jahn-Teller effect40 is often cited as the cause of the splitting of the orbitally degenerate
2E

′
D3h ground state into two quasi-degenerate states, 2A1 and 2B2, in C2v symmetry.

This leads to an acute triangle global minimum energy structure instead of an equilateral

triangle.11,41 Other studies show that spin-orbit coupling might quench this Jahn-Teller

effect and yield the equilateral triangle as the most stable structure.38,41,42

Silver clusters have also been widely studied theoretically,43–50 mainly due to their

applications in heterogeneous catalysis reactions. No investigations treating anharmonicity

of these clusters have been carried out. Anharmonicity has been mentioned in a few studies

as being responsible for the disagreement between theoretical and experimental vibrational

spectra,50–52 but such effects have not been quantified. Experimental results are available

for Ag2,53–57 Ag3,52,55–59 Ag4,59 Ag5,60 Ag7 and Ag9.61
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1.2 Vibrational studies including anharmonicity

The advanced status of the electronic structure theory provides the basis for the rise in

vibrational structure theory. Some of the methods developed in order to describe vibra-

tional properties accurately including anharmonicity are: Vibrational self-consistent field

(VSCF), vibrational configuration interaction (VCI), vibrational Møller-Plesset theory

(VMP2). Details of these methods are presented in Chapter 4.

Several applications for these methods to calculate anharmonicity in molecular sys-

tems have been reported. For example, Norris et al.62 employ Møller-Plesset perturbation

theory in order to improve the accuracy of computations in molecular vibration problems.

This method provides a simple and efficient way to obtain nearly exact frequencies for

few-mode model potentials. Rauhut et al.63 apply VSCF and VCI combined with ab ini-

tio methods to calculate anharmonic vibrational spectra of polyatomic molecules with up

to 10 atoms, such as formaldehyde and 1,2,5-Oxadiazole. Hrenar et al.64 calculate har-

monic vibrational frequencies in 17 molecules using MP2, LMP2 and DF-LMP2 including

anharmonic contributions. Introduction of local approximations leads to better agreement

with experimental values. The success of local approximations stems from the reduction of

basis set superposition errors. Hrenar et al.9 use local coupled-clusters method to generate

multidimensional PES for a set of molecules ranging from 6 to 9 atoms.

Wright et al.65 apply VSCF in combination with DFT, BLYP and B3LYP functionals,

to calculate anharmonic vibrational frequencies of H2O, Cl−H2O and (H2O)2. Chaban et

al.66 propose an algorithm to combine electronic ab initio codes with the VSCF method.

Benoit8,67 carries out fast-VSCF calculations on water, ammonia, and alcohols. In that

study, the speed of the VSCF calculations is improved by combining an efficient electronic

structure technique and a suitable choice of mode-mode coupling. Scribano et al.68 apply

the VCI approach to the computation of the OH-stretch frequency for formic and benzoic

acids. Respondek and Benoit69 study the vibrational spectrum of 4-mercaptopyridine by

means of fast degenerate correlation-corrected VSCF calculations.

Most theoretical studies on gold and silver clusters focus on their structural and en-

ergetic properties. Frequency calculations, if carried out, are based on the harmonic

approximation as implemented in various ab initio electronic structure codes. This in-

vestigation of the vibrational properties of small gold and silver clusters is based on the

VSCF/VCI method, which is one of the leading techniques for studying anharmonicity

(for additional details about the VSCF method see Chapter 4). As far as we know, cal-

culations of the vibrational anharmonicity in small or medium-size metal clusters have

not been reported. For computing potential energy surfaces (PES), a plane-wave DFT

scheme is used (see details in Chapter 5). This is one of the first implementations of a

plane-wave DFT scheme together with the VSCF method. Previously, Respondek and

Benoit69 implemented VSCF calculations together with periodic DFT in the study of the

vibrational spectrum of 4-mercaptopyridine.
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1.3 Anharmonicity in gold and silver clusters

Investigation of vibrational properties of small neutral gold and silver clusters including

the effect of anharmonicity is of great interest. Various studies have shown the relation

among coinage metals (copper, silver and gold) comparing various of their physical and

chemical properties.45,48,70 Since silver is close to gold in the periodic table, it is believed

that many properties for silver should resemble or at least be related to those for gold. In-

voking relativistic effects to explain the characteristic colors of gold and copper, Grönbeck

and Andreoni70 have suggested, however, a larger similarity between these two metals

than between gold and silver. Due to its smaller atomic mass silver should show more

anharmonic behavior than gold.

A model in which a zero-order state is coupled to at most two other states was used

by Bishea et al.28 to include the effect of anharmonicity in the analysis of the vibronic

spectrum for Au3. In that model the solution is obtained numerically using second-order

perturbation theory. Nevertheless, their analysis does not provide an explicit value for the

anharmonicity. It is used instead for the fitting of the experimental spectrum, in order to

explain the split of the double degenerated D3h structure for the trimer.

A large dissociation energy is often related to a large force constant, which in turn is

related to a large resilience of an oscillator. Gold has an experimental bulk dissociation

energy of −3.82 ± 0.02 eV/atom, larger than copper (−3.50 ± 0.01 eV/atom) or silver

(−2.96 ± 0.01 eV/atom).71 This implies that the description of the interatomic potential

by a harmonic expression at the bottom of the well is better for bulk gold than for lighter

elements. Moreover, the fact that gold is a heavier element than silver and copper has

been used to classify bulk gold as a noble metal.15

Due to its large mass, gold’s low lying vibrational levels are seated deeper in the

potential well and are thus more harmonic in nature than bulk copper or silver. Assuming

that clusters follow a similar behavior, and given that the experimental dissociation energy

for Au2 is −1.15 ± 0.02 eV/atom, larger than both Cu2 (−1.00 ± 0.08 eV/atom) and Ag2

(−0.83 ± 0.03 eV/atom),56 anharmonicity is expected to be smaller for gold clusters than

for copper or silver clusters. In addition the binding energy for bulk gold is larger than

for the small gold clusters, so one might expect a greater effect of anharmonicity on these

small gold clusters compared to bulk gold.

Assuming that for each cluster size only the global minimum energy structure deter-

mines the characteristics of the vibrational spectrum, a straightforward calculation of the

anharmonicity based on the characteristics of the PES around the global minimum energy

is possible. Nevertheless, a possible contribution of various isomers to the vibrational

spectrum may modify the analysis of the differences between theoretical and experimental

vibrational frequencies. In this later case, not only would different vibrational frequency

contributions originated from each isomer affect the vibrational spectrum, but also the

anharmonicity would rely on the characteristics of a more complex PES.
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1.4 Aims

The aim is to understand the relationship between both the structural and energetic prop-

erties of gold and silver clusters and their vibrational properties. This implies elucidating

in which cases or under which conditions anharmonicity in these small metallic clusters

becomes significant. Specific aims include:

• Providing evidence of anharmonic effects at the nanoscale level by studying systems

of interest in which anharmonicity has previously not been considered, such as for

small gold and silver clusters.

• Finding a reliable way to include anharmonicity within a theoretical model for these

clusters, making a compromise between accuracy and computational effort.

• Investigating the influence of various minimum energy structures on the observed

vibrational transitions in gold and silver neutral clusters.

• Carrying out a computationally viable description of the vibrational PES for these

systems, which can be extended to medium and large scale structures.

• Understanding the vibrational mode–mode coupling in atomic systems at the nanoscale

level.

• Providing a suitable interpretation for some key vibrational experiments. In partic-

ular, reported experimental studies for Au2, Au3 and Au7, and for Ag2-Ag5.

Such objectives require specific tasks to be performed. This tasks include:

• The choice of electronic structure methods to generate reliable PES.

• Running of the chosen electronic structure methods by means of the PVSCF72 code

in order to calculate PES efficiently.

• Combining the chosen electronic structure methods with a suitable model to ob-

tain accurate frequencies, in order to have a reliable description of the vibrational

properties. This is based on the vibrational self-consistent (VSCF) method.66,73–76

• Investigating the scaling of the method for large systems

• Searching for a reliable and computationally efficient method for optimizing larger

structures.
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1.5 Thesis overview

Although DFT has already been used in combination with the VSCF66,73–76 method, using

plane-wave DFT in connection with VSCF has only been explored by Respondek and

Benoit.69 Here, a first systematical combination between the VSCF method and a plane-

wave representation of the electronic wave function in DFT is proposed and implemented.

This application is achieved using the features and advantages provided by the CPMD77

and PVSCF72 codes. The latter is a code developed in our group that allows us performing

suitable VSCF calculations. Increasing the speed of calculations is achieved by using first-

principles pseudo potentials and the so called fast-VSCF scheme of the method, which

allows for a reduction of the mode–mode couplings. Details of this scheme are presented

in Chapter 4 (Sec. 4.6).

Above, the main motivations for including anharmonicity into the investigation of

vibrational properties of small gold and silver clusters were introduced. Main concepts,

hypotheses, results and analysis of this investigation are organized as follows:

• In Chapter 2 the main theoretical concepts of molecular vibrations are introduced,

in particular concepts about vibrational spectroscopy and the harmonic model.

• In Chapter 3 the main concepts about anharmonicity that are used throughout this

thesis are introduced.

• In Chapter 4 details of various schemes used to calculate vibrational anharmonicity,

based on the VSCF66,73–76 method, are presented.

• In Chapter 5 details of the various methods used to compute potential energy surfaces

(PES) are shown, among them DFT, MP2 and various empirical potentials.

• In Chapter 6 a detailed study about the geometry and energetics of neutral Au2-

Au10 clusters is shown. This includes the description of local and global minimum

energy structures that were obtained using various empirical potentials and electronic

structure methods.

• In Chapter 7 an alternative methodology that goes beyond a simple comparison of

binding lengths and energies to assess the quality of empirical potentials applied to

gold clusters is introduced.

• In Chapter 8 the vibrational spectrum of the neutral Au7 cluster is studied in detail,

and compared to the recently reported experimental spectrum.7 Issues like anhar-

monicity, polymorphism, Kr embedding, and the description of the PES are included

in this analysis. An assessment of the krypton binding energies to the gold cluster

is also carried out. This is achieved using DFT and comparing to binding energies

obtained using MP2.
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• In Chapter 9 the nature and role of the Au-Au and Au-Kr interactions in small

gold clusters are investigated. This investigation includes the study of electrostatic

potential and frontier orbitals in order to explain main interactions due to noble gas

embedding. Reactivity indices and the electron localization function (ELF) are used

to determine the type of bond.

• In Chapter 10 the study of the anharmonicity for the remaining gold clusters in the

range Au2-Au10 is presented. Except for Au7, which is studied in Chapter 8, the

anharmonic frequencies are calculated only for the bare clusters. The results are

analyzed in the context of models describing anharmonicity.

• In Chapter 11 the study of the vibrational properties of silver clusters in the range

Ag2-Ag5 is presented. The effect of anharmonicity is included only in a few cases.

The effect of Ar embedding is studied in all cases, but only for the harmonic spectra.

• In Chapter 12, the conclusions are presented and some open questions are formulated.

• Appendix A contains the perturbation theory formalism to obtain the solution for

some anharmonic oscillator models.

• Appendix B describes the Nelder-Mead Simplex method, used for minimization of

the empirical potentials.

• In Appendix C, a procedure to perform rotations using quaternion notation is pre-

sented. This procedure is used to find coincidence between vibrational modes of bare

metal clusters and noble gas-metal cluster complexes.



Chapter 2

Theory of molecular vibrations

Modeling of molecular vibrations assumes that the molecule is constituted of particles with

mass that are held together by certain forces, and has electrical properties. A molecule

can translate as a whole, rotate about its center of mass, and vibrate. Due to the elec-

trical properties, the whole system can be polarized and its resultant dipole moment can

change by interacting with the external electric field of the illuminating beam. Molecular

polarizability and dipole moment may change as the particles change their relative po-

sitions. From a classical viewpoint, translational accelerated charged molecules give rise

to radiation. Rotational motion causes observable radiation only if the molecule has an

electric dipole moment, and radiation is also associated to vibrational modes that alter

the electric dipole moment.78

Vibrational spectra are mainly obtained from investigations of the infrared (IR) ab-

sorption and the Raman effect in molecules. IR and Raman spectroscopies are valuable

tools in order to study interatomic forces in a molecule, determinate its molecular structure

and calculate thermodynamic quantities such as heat capacity, entropy and free energy.78

Although IR and Raman spectra can be roughly explained by the classical theory of ra-

diation and classical mechanics, a quantum mechanical treatment is required in order to

account for details, especially when discrete energy levels of rotation and vibration appear

in high resolution spectra. Frequencies and corresponding intensities of radiation emitted

or absorbed by a quantum system approach asymptotically the classical frequencies of the

system as the quantum numbers of the initial and final states are increased, so the Bohr’s

correspondence principle.79 This principle states that the behavior of systems described

by quantum theory reproduces classical physics in the limit of large quantum numbers.

This chapter is organized into five sections: In Sec. 2.1 a brief outline of the IR and

Raman spectroscopies and their interpretation from the classical and quantum-mechanical

viewpoints are presented. Section 2.2 contains fundamentals of electronic structure theory.

In Sec. 2.3 the main formalism to deal with small vibrations is presented. The general-

ization of this formalism leads to the normal-mode approximation, which is presented in

Sec. 2.4. Section 2.5 is devoted to the harmonic oscillator.

9
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2.1 Fundamentals of vibrational spectroscopy

Infrared (IR) spectroscopy deals with the infrared region of the electromagnetic spectrum.

It exploits the fact that molecules emit or absorb specific frequencies that are characteristic

of their structure. The IR spectrum of a sample is recorded by passing a beam of infrared

light through the sample. In order for a vibrational mode in a molecule to be IR active,

it must be associated with changes in the permanent dipole. Absorption occurs for those

frequencies for which the incident radiation matches the frequency of the bond or group

that vibrates. Examination of the transmitted light reveals how much energy was absorbed

at each wavelength. Although IR spectra may be observed either in emission or absorption,

the latter method is more common. IR absorption spectra show bands corresponding

to vibrational transitions. If a high resolution is achieved, lines with information about

rotation transitions can also be obtained. This technique is mainly used to study molecules

in the gas phase, although it also provides information for liquid or solid phases.78,80 The

absorption or emission spectrum arising from the rotational and vibrational motions of a

molecule that is not electronically excited, is mostly in the infrared region.

Raman spectra are obtained by illuminating the system (gas, liquid or solid) by means

of a strong monochromatic light in the visible or ultraviolet region. The Raman effect

occurs when the incident light interacts with the electron cloud and the bonds of the

molecule. For the spontaneous Raman effect, a photon excites the molecule from the

ground state to a virtual energy state. When the molecule relaxes it emits a photon and it

returns to a different rotational or vibrational state. The difference in energy between the

original state and this new state leads to a shift in the emitted photon’s frequency away

from the excitation wavelength. A change in the molecular polarizability with respect to

the vibrational coordinate is required for a molecule to exhibit the Raman effect. The

amount of this change determines the Raman intensity. The pattern of shifted frequencies

is determined by the vibrational and rotational states of the sample. The spectra consist of

the so called Rayleigh line and Stokes and anti-Stokes lines. The Rayleigh (exciting) line,

which corresponds to the elastically scattered light, is a strong line of the same frequency

as the incident illumination. If the final vibrational state of the molecule is more energetic

than the initial state, the emitted photon is shifted to a lower frequency in order for the

total energy of the system to remain balanced (Stokes shift). If the final vibrational state

is less energetic than the initial state, the emitted photon is shifted to a higher frequency

(Anti-Stokes shift). Stokes and anti-Stokes lines have frequencies lower and higher than

the Rayleigh line, respectively, and they are symmetrical to each other about it.78,80,81

IR frequencies for a given molecule frequently agree with the Raman frequency shifts

although intensities are different. However, for molecules having a center of inversion, IR

and Raman selection rules are mutually exclusive and both kinds of spectra are required to

determine the molecule’s full vibrational spectrum. Molecules lacking a center of inversion

possess peaks that arise in both IR and Raman spectra.80,82
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Classically, acceleration of charges is required for radiation. The IR spectrum of a

diatomic molecule consists of a series of bands, the lowest in frequency corresponds to

the distribution of rotational frequencies for non-vibrating molecules. The other bands

arise from combined rotation and vibration, in which their centers correspond to the

fundamental vibration frequency and its overtones. The spectrum of a polyatomic molecule

is richer since it has more than one fundamental frequency of vibration. In the Raman

spectrum of a molecule, scattered radiation consists of light of frequencies νs = νi ±∆ν,

where νi is the frequency of the incident radiation and ∆ν = |νi − ν| is the difference

between the incident frequency and the frequency of the molecular motions.78

From the quantum viewpoint, radiation occurs along a transition of the molecule from

one stationary state to another of different energy with frequency νnn′ = En−E′
n

h , where

En and En′ are the energies of two different states n and n′, and h is Planck’s constant.78

Possible transitions may obey certain selection rules. Vibrational selection rule is the same

for IR and Raman spectroscopy, ∆n = ±1, but vibrational Raman spectroscopy allows

transitions in homonuclear, as well as heteronuclear, diatomic molecules.80

The lowest frequency band in the IR spectrum (it may extend into the microwave

region) of a molecule with a dipole moment consists of discrete lines, each of which corre-

spond to a transition between two different rotational energy levels of the molecule in its

lowest vibrational energy level. The bands with higher frequencies correspond to transi-

tions involving simultaneous changes of rotational and vibrational energies (see Fig. 2.1).

Spacing between adjacent vibrational levels is considerably larger than that between ad-

jacent rotational levels. The fundamental frequency corresponds to a quantum transition

from one vibrational state to the next, while the overtone frequencies correspond to tran-

sitions to other non-adjacent levels (|∆n| > 1).

Figure 2.1: Vibrational (n) and rotational (J) levels of a diatomic molecule, indicated
with red (long) and black (short) lines, respectively. De is the dissociation energy.

From the quantum-mechanical description of the Raman effect, it is a photon with

frequency ν0 that causes a transition from one state to another by an amount hνnn′ so

that the frequencies for the Stokes and Anti-Stokes lines are defined by ν0 ∓ νnn′ .
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2.2 Electronic structure theory

The electronic problem of a many-body system of interacting electrons and nuclei is ex-

pressed in a general fashion by means of a total Hamiltonian as:

Ĥ =T̂e + T̂N + V̂ee + V̂NN + V̂eN

=− ~2

2me

∑
i

∇2
i −

∑
I

~2

2MI
∇2
I

+
e2

4πε0

1

2

∑
j 6=i

1

|ri − rj |
+

1

2

∑
J 6=I

ZIZJ
|RI −RJ |

−
∑
I,i

ZI
|RI − ri|

 ,

(2.1)

where ri and rj denote electronic coordinates, and RI and RJ denote nuclear coordinates.

Terms me, ZI , and MI are the electron mass, and the nuclear charges and masses, respec-

tively. Kinetic- and potential-energy operators are denoted by T̂ and V̂ , respectively, with

subscripts e for the electronic part and N for the nuclear part. The total Hamiltonian is

often simplified expressing the constants in atomic units (~ = me = e = a0 = 4πε0 = 1),

Ĥ = −1

2

∑
i

∇2
i −

∑
I

1

2MI
∇2
I +

1

2

∑
j 6=i

1

|ri − rj |
+

1

2

∑
J 6=I

ZIZJ
|RI −RJ |

−
∑
I,i

ZI
|RI − ri|

. (2.2)

For heavy atoms, the inner electrons are held more tightly to the nucleus and have

velocities which increase as the atomic number increases. As these velocities approach the

speed of light, relativistic effects become more important. The total Hamiltonian in Eq. 2.1

(or Eq. 2.2) is appropriate as long as relativistic effects are not important for the system in

question, since it does not include relativistic contributions such as the spin-orbit coupling.

There are various approaches for accounting for relativistic effects, as described by Reiher

and Heß.83 Nevertheless, the most popular approach is to use relativistic effective core

potentials (RECPs), often along with the non-relativistic Hamiltonian in Eq. 2.1.

The properties of the many-body problem can be derived by solving the time-independent

Schrödinger equation for the wave function, Ψ, of the complete system:

ĤΨ(r,R) = EΨ(r,R). (2.3)

Since nuclei are much heavier than electrons, the first step to develop a quantum-

mechanical description of the motion of the molecule is to separate nuclei and electron

motions invoking the Born-Oppenheimer approximation.84 It is assumed that the nuclei

do not depart too much from their equilibrium positions, so that the electrons can quickly

accommodate to any motion of the nuclei. This allows for an expression of the total wave

function Ψ(r,R) as a product of an electronic and a nuclear wave function:
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Ψ(r,R) = Ψe(r; R) ·ΨN (R), (2.4)

The electronic wave function Ψe(r; R) depends on R only in a parametric fashion and

is the solution of the time-independent Schrödinger equation for the electrons,

ĤeΨe(r; R) = Ee(R)Ψe(r; R). (2.5)

Here Ee(R) are the eigenvalues of the electronic equation for a given configuration of the

nuclei, and Ĥe denotes the electronic Hamiltonian,

Ĥe = T̂e + V̂ee + V̂eN = − ~2

2me

∑
i

∇2
i +

e2

4πε0

1

2

∑
j 6=i

1

|ri − rj |
−
∑
I,i

ZI
|RI − ri|

 , (2.6)

where T̂e and V̂ee are the kinetic-energy and potential-energy operators for the electrons,

respectively, and V̂eN denotes the interaction of electronic charges with nuclear charges.

The nuclear function ΨN (R) is the solution of the time-independent Schrödinger equa-

tion for the whole system,

[
ĤN + Ee(R)

]
ΨN (R) = EΨN (R), (2.7)

where E is the total energy of the system and Ee(R) are the solutions from the electronic

equation in Eq. 2.5. The nuclear Hamiltonian is expressed as,

ĤN = T̂N + V̂NN = −
∑
I

~2

2MI
∇2
I +

e2

8πε0

∑
J 6=I

ZIZJ
|RI −RJ |

(2.8)

It is assumed that if the electronic wave function does not change too rapidly with

the nuclear motion, the latter can be solved in terms of the electronic solution. Electronic

energies of a molecule are usually computed by means of electronic structure methods as

implemented in various programs, such as CPMD77 or GAMESS85 codes.

The PES of the molecule can be constructed from the solutions of the electronic equa-

tion Ee(~R) for a set of given geometries. Nevertheless, resolving the nuclear eigenvalue

problem in Eq. 2.7 is not as systematic as the electronic counterpart in Eq. 2.5. A further

simplification of the model is based on the fact that the complete wave function, which

describes the motions of the nuclei (effective atoms), can be approximately separated into

three wave functions: one for translation, one for rotation and one for vibration, Ψt, Ψr,

and Ψv respectively, such that ΨN ≈ ΨtΨrΨv. Since atoms in the molecule are moving

relative to one another in their vibrational modes, it leads to a coupling term between

rotations and vibrations called Coriolis energy. This coupling term is usually neglected,

but it could be important for the case of degenerate vibrational states.78
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2.3 Vibrational frequencies

From the Born-Oppenheimer approximation and the separability of the nuclear wave func-

tion, the whole vibrational problem is reduced to the vibrational motion of the nuclei on

the PES provided by the electronic energy function. This vibrational model can be ex-

pressed in terms of the three cartesian coordinates of the molecule’s center of mass, the

three Eulerian angles of the rotating system of coordinates, and the cartesian coordinates

of the atoms with respect to the rotating coordinate system. The axes of the rotating

coordinate system coincide with the principal axes of inertia of the undistorted molecule,

thus the molecule with N atoms has 3N degrees of freedom.

A detailed formalism to deal with small vibrations is presented by Wilson et al.78 From

a classical viewpoint, the kinetic energy T of the effective atoms is expressed as:

T =
1

2

N∑
α=1

Mα

[(
d∆xα
dt

)2

+

(
d∆yα
dt

)2

+

(
d∆zα
dt

)2
]
, (2.9)

with ∆xα, ∆yα, ∆zα as the small displacements for each atom. Index α denotes the num-

ber of atoms of the system. By expressing these displacements in terms of mass weighted

cartesian displacement coordinates for the 3N degrees of freedom as q1 =
√
M1∆x1,

q2 =
√
M1∆y1, q3 =

√
M1∆z1, q4 =

√
M2∆x2, etc., the kinetic energy becomes:

T =
1

2

3N∑
i=1

q̇2
i . (2.10)

The potential energy V may be expressed as a power of series in qi, as follows:

V = V0 +

3N∑
i=1

(
∂V

∂qi

)
0

qi +
1

2

3N∑
i,j=1

(
∂2V

∂qi∂qj

)
0

qiqj + · · · . (2.11)

By choosing an energy reference to bring the energy of the equilibrium configuration to

zero, V0 can be eliminated. Moreover, since at equilibrium all the qi are zero, the potential

energy must be a minimum fulfilling
(
∂V
∂qi

)
0

= 0, causing the gradient terms to cancel.

Neglecting higher order terms, the potential energy can be rewritten as,

V =
1

2

3N∑
i,j=1

(
∂2V

∂qi∂qj

)
0

qiqj . (2.12)

The kij =
(

∂2V
∂qi∂qj

)
0

terms are denominated force constants and correspond to the second

derivative of the electronic energy with respect to the internuclear distance
(
∂2Ee(~q)
∂qi∂qj

)
0
. In

a matrix formulation, they correspond to the elements of the Hessian matrix H.

Since T is a function of the velocities only and V is a function of the coordinates only,

Newton’s equations of motion can be written in the Lagrangian formulation as:
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d

dt

∂T

∂q̇j
+
∂V

∂qj
= 0 j = 1, · · · , 3N. (2.13)

Placing Eqs. 2.10 and 2.12 into 2.13, yields a set of 3N simultaneous second-order linear

differential equations:

q̈j +

3N∑
i=1

kijqi = 0 j = 1, · · · , 3N. (2.14)

A possible solution of Eq. 2.14 reads qi = Aicos(λ1/2t+ ε) which corresponds to an oscil-

lating function. The problem is reduced to obtain the kij terms solving a secular problem.

2.4 Normal-mode approximation

Regarding Sec. 2.3, each atom oscillates about its equilibrium position with a simple

harmonic motion of amplitude Ai, frequency λ1/2/2π and phase ε. This kind of motion is

called a normal mode since frequency and phase of the motion of each coordinate are the

same, i.e. both correspond to a given solution λ of the secular equation. It implies that

each atom in the molecule reaches its maximum displacement at the same time. They also

pass through their equilibrium positions simultaneously.78

A set of coordinates {Qk} for k = 1, · · · , 3N called normal coordinates is introduced in

order to eliminate the off-diagonal force constants which depend on coupled coordinates

qiqj , such that each normal mode of motion has a normal coordinate associated to it.

Normal coordinates are defined as linear combinations of the mass-weighted cartesian

displacement coordinates qi, as follows:

Qk =
3N∑
i=1

lkiqi k = 1, · · · , 3N, (2.15)

in which the coefficients lki are chosen to transform Eqs. 2.10 and 2.12 into

T =
1

2

3N∑
k=1

Q̇2
k V =

1

2

3N∑
k=1

λ
′
kQ

2
k. (2.16)

Therefore, Eq. 2.14 becomes:

Q̈k + λ
′
kQk = 0 k = 1, · · · , 3N. (2.17)

This has a similar form to Eq. 2.14. As a consequence, its solution is also the one for a

harmonic oscillator Qk = A
′
kcos

(
λ

′1/2
k t+ ε

′
k

)
.
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2.5 The harmonic approximation

For small vibrational amplitudes, the 1D quantum-mechanical harmonic oscillator is cal-

culated by solving the time-independent Schrödinger equation for a Hamiltonian:

Ĥ = − ~2

2m

d2

dx2
+

1

2
kx2, (2.18)

with m being the mass of the particle and k the force constant. Its solution reads:

En =

(
n+

1

2

)
~ω n = 0, 1, 2, · · · (2.19)

ψn(x) =

√
1

2nn!

(mω
~π

)1/4
Hn(ξx)e−ξ

2x2/2, (2.20)

where ω =
√

k
m , ξ =

√
mω
~ , and Hn(ξx) are the Hermite polynomials.86

Correspondingly, the 3N -dimensional quantum-mechanical harmonic oscillator may be

formulated in a generalized way in terms of the set of normal coordinates {Qk} introduced

in Sec 2.4. Using the expressions of Eq. 2.16 for kinetic and potential energy in terms of

the 3N normal coordinates, the Hamiltonian (in atomic units) takes the form:

Ĥ = −1

2

3N−6∑
k=1

{
∂2

∂Qk
2 + λkQk

2

}
, (2.21)

where the force constants are expressed as λk =
[
∂2Ee(Q)
∂Q2

k

]
Qk=0

.

If for a non-linear molecule the coordinate system has its origin at the center of mass

of the molecule and if it is tied to the molecule, the molecule can be seen as though it

were not rotating or undergoing translation, thus having 3N − 6 degrees of freedom or

vibrational modes. For a linear molecule, the number of vibrational modes is 3N − 5. In

this sense, the total wave equation for the 3N − 6 normal modes takes the form:

− 1

2

3N−6∑
k=1

{
∂2

∂Q2
k

+ λkQ
2
k

}
Ψv = EvΨv, (2.22)

where Ev is the total vibrational energy. Therefore, the solution for the vibrational terms

of the 3N -dimensional harmonic oscillator is given in terms of the 1D harmonic oscillator

solutions for each of the 3N − 6 internal coordinates:

Ev =
3N−6∑
i=1

(
ni +

1

2

)
~ωi n = 0, 1, 2, · · · (2.23)

Ψv = Ψ(Q1)Ψ(Q2) · · ·Ψ(Q3N−6). (2.24)



Chapter 3

Anharmonicity

The harmonic approximation is the most widespread theoretical method for the prediction

of vibrational frequencies since wave functions, energies and thermodynamic properties are

known analytically. This allows for an easy application in vibrational spectroscopy and

theory of vibration of solids. Nevertheless, there are many important processes that cannot

be well described by the harmonic model. This is the case of bond dissociation which

cannot occur within the harmonic oscillator model. In addition, for molecules with three

or more atoms, bond dissociation cannot be described by the motion of a single normal

mode, since it needs participation, via coupling, of other normal modes.75 Transitions

different from the fundamentals, such as overtones which are observed in real spectra,

cannot be accounted for accurately due to the lack of higher order terms in the harmonic

expansion.

In contrast to the harmonic oscillator, the anharmonic oscillator cannot be exactly

solved analytically. Thus, it is necessary to resort to approximations. There are a few

functions with an analytical expression or with a closed analytical expression, that can

be used to model physical problems including anharmonicity. The aim is to determine

the relation between parameters obtained from some of these functions and vibrational

properties of the metal clusters, in order to give a physical meaning to these parameters.

This chapter is organized into four sections: Section 3.1 contains a brief outline of

the nomenclature used for the energies. In Sec. 3.2 the general procedure to include

anharmonicity is presented. This involves expanding the quantum-mechanical harmonic

oscillator solution in the so called Dunham’s expansion. Section 3.3 deals with the Morse

potential, which has an analytical solution and is associated with the formalism of the Dun-

ham’s expansion. Section 3.4 contains the solutions for non-analytical potentials, which

are solved in terms of perturbation theory. Both latter sections describe the methodol-

ogy used to compare the parameters obtained from these models to parameters computed

from anharmonic potentials. Detailed solutions from the perturbation theory for various

models are explained further in Appendix A.

17
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3.1 Potential energy curve

Figure 3.1 shows a diagram of a potential energy curve for a diatomic molecule. The disso-

ciation energy De is a measure of the bond strength in the chemical bond and corresponds

to the bottom of the potential curve. D0 refers instead to the ground state value.

Figure 3.1: Schematic comparison of an anharmonic potential with a harmonic potential
for a diatomic molecule. Vibrational levels for the harmonic and anharmonic potentials
are blue (dashed) and red, respectively. De is the dissociation energy, D0 is the ground

state energy and ZPE is the zero point energy.

Usually, corrections should be made to the measured value, D0, in order to project it

onto the real potential at re. This leads to De = D0 + ZPE, in which ZPE is the zero

point energy. D0 calculated from De in the harmonic approximation is expected to be

different from the one calculated in a non-harmonic scheme, due to the different shape of

the potential. From the quantum mechanical treatment of the harmonic oscillator in the

lowest vibrational state, a diatomic molecule has a zero point energy E0 = (1/2)~ω.81 Due

to its large mass, which places gold’s low lying vibrational levels deep in the potential, ZPE

corrections to the theoretical results are expected to not be significant for gold clusters.

The atomization energy is the energy required to separate atoms from one another

within a molecule, e.g. the energy necessary to split a cluster into their constituent atoms.

Atomization and dissociation energy are equivalent for the particular case of a diatomic

molecule. For larger molecules the preference is to refer to the atomization energy,

Eat = Etot −
∑
i

Ei. (3.1)

Etot is the total energy of the molecule and Ei is the energy for the i-atom. Atomization

energy has negative sign but it is usually reported as binding energy with positive sign.
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3.2 Modification of the harmonic solution

In order to include the effect of anharmonicity, the expression for the harmonic oscillator

shown in Eq. 2.19 is modified into a power series of (n + 1/2). This is carried out using

the phenomenological Dunham’s expansion87 which is traditionally written as,88

E(n) = hcωe

(
n+

1

2

)
− hcωexe

(
n+

1

2

)2

+ hcωeye

(
n+

1

2

)3

+ · · · , (3.2)

where c is the speed of light in vacuum, h is the Planck’s constant and n is the vibrational

quantum number. The vibration wavenumber which a classical oscillator would have

for an infinitesimal displacement from equilibrium is denoted by ωe, and it is related to

the vibration frequency by ω = 2πcωe. The first anharmonic constant is denoted by

ωexe. Higher order anharmonic constants such as ωeye decrease faster than ωexe and are

therefore neglected. The reason for the negative sign in the second term of the expansion

is that the constant ωexe has the same sign for all diatomic molecules and, when the

negative sign is included, ωexe is always positive. Further terms in the expansion may

be positive or negative.80 For convenience, the Dunham’s expansion is often expressed in

dimensions of wavenumbers,

E′(n) =
E(n)

hc
= ωe

(
n+

1

2

)
− ωexe

(
n+

1

2

)2

+ ωeye

(
n+

1

2

)3

+ · · · . (3.3)

Comparing the analytical solution of the Schrödinger equation for the harmonic oscil-

lator given in Eq. 2.19 to Eq. 3.3, it is clear that the spectrum of eigenvalues varies in the

case when ωexe 6= 0. Figure 3.1 shows the general relationship between a harmonic and

an anharmonic potential. Eigenvalues are equidistant for the harmonic oscillator but not

for the anharmonic one.

Unlike the case of the harmonic oscillator, ωe cannot be determined directly. It is

necessary to have at least two transition wavenumbers to determine ωe and ωexe. In this

approximation, the anharmonic oscillator levels converge to the dissociation limit:

De =
ωe

2

4ωexe
. (3.4)

Neglecting terms higher than ωexe, an exact solution and the first transition energy

for the anharmonic oscillator in terms of a Morse-type oscillator is obtained,

∆E′ = E′(n+ 1)− E′(n) = ωe − 2ωexe(n+ 1), (3.5)

ω0 =E′(1)− E′(0)

=ωe − 2ωexe.
(3.6)
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3.3 Analytical model for the anharmonic oscillator

The most popular potential to describe anharmonicity is the Morse potential.89 This po-

tential has the advantage of automatically including some anharmonic effects and yielding

an exact analytical solution. Moreover, it provides a fairly good approximation for the

spectroscopic properties of most diatomic molecules. Although Morse potential is defined

for a diatomic molecule, it has shown good performance in calculating some cubic metals

properties.90 Morse potential has the following functional form:

V (x) = De

[
1− e−a(x−xe)

]2
, (3.7)

where x is the distance between the atoms and xe is the equilibrium bond distance. De

is the well depth of the potential and has the physical sense of the dissociation energy as

expressed in Eq. 3.4,

De =
ωe

2

4ωexe
. (3.8)

The parameter a is associated to the width of the potential and is given by:

a =

(
ke

2De

)1/2

=

(
ω2
e

2De

)1/2

, (3.9)

with ke = µωe
2 as the force constant at the minimum of the well, and µ as the reduced

mass of the oscillator. It can be alternatively expressed as:

a = (2ωexe)
1/2. (3.10)

The value of ωexe can be calculated from Eq. 3.6 as follows,

ωexe =
ωe − ω0

2
. (3.11)

The values of ωe and ω0 correspond to the harmonic and anharmonic frequencies (in

wavenumbers), respectively. By knowing the values of these constants, the anharmonic

oscillator corresponding to a certain normal mode can be modeled by the Morse potential.

The effect of variation of De and a on ωe can be determined by calculating the total

derivative of ωe, ∆ωe. From Eq. 3.9 ωe can be expressed as:

ωe = (2De)
1/2a. (3.12)

Its derivative is obtained as:

∆ωe =
a

(2De)
1/2

∆De + (2De)
1/2∆a. (3.13)

From Eqs. 3.6 and 3.10, the effect of variation of De and a on ω0 can be calculated:
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ω0 = ωe − 2ωexe = ωe − a2, (3.14)

∆ω0 = ∆ωe − 2a∆a =
a

(2De)
1/2

∆De +
[
(2De)

1/2 − 2a
]

∆a. (3.15)

Additionally,

∆ωexe =
∆ωe −∆ω0

2
. (3.16)

Frequencies ωe and ω0 are obtained from the exact harmonic solution and from a

diagonal anharmonic solution of the potential, respectively. With these two values, De

and a may be obtained. On the other hand, De and a may also be obtained from the

calculated 1D potential by fitting it to the Morse potential. Having obtained these two

values and their fitting errors, ωe and ω0 can be calculated. Comparing De and a obtained

using both procedures, a measure of how the analytical Morse potential reproduces the

computed anharmonic potential is gained. This model is suitable only for those cases in

which a positive anharmonicity occurs (ω0 < ωe).

Despite its success, the Morse potential has some limitations in completely describing

an anharmonic potential:91 i) It is defined in the interval −∞ < x < ∞ including the

nonphysical region x < 0. ii) It is finite at x = 0 unlike the true internuclear interaction.

iii) It contains only two terms in the Dunham expansion for the energies En with respect

to (n+ 1
2). It’s energy eigenvalues contain only quadratic corrections to the harmonic be-

havior, while higher-order terms are usually required in the Dunham expansion to produce

an accurate fit to the observed vibrational energies.

Del Sol et al.91 have investigated a previously proposed potential in order to overcome

these limitations for the Morse potential, known as the Generalized Morse potential,

V (x) = De

(
1− b

eax − 1

)2

b = eaxe − 1. (3.17)

Here, 0 ≤ x < ∞, and D, b, a are parameters regulating the depth, position of the

minimum xe, and radius of the potential. This potential is defined in the same range,

and has the same behavior for x→ 0, as true internuclear potential in diatomic molecules.

Eigenvalues and eigenfunctions can be expressed analytically in terms of physical variables

of the system, just as in the Morse potential. It can be shown that the Generalized

Morse potential includes terms of arbitrary order in the Dunham expansion, and that the

eigenfunctions coincide with those of the Morse potential for the limit of the quadratic

term of the expansion.91
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3.4 Perturbation models for the anharmonic oscillator

Another method to obtain an expression for the anharmonic oscillator resorts to an ap-

proximate solution by using perturbation theory. The Hamiltonian for the quantum anhar-

monic oscillator is expressed as the one for the harmonic oscillator92 with a perturbation

Ŵ up to the second-order:

Ĥ = Ĥ0 + λŴ = − ~2

2m

d2

dq2
+

1

2
mω2

e q̂
2 + λŴ . (3.18)

This is a standard way to obtain approximate solutions for potentials which are not

analytically solvable.86,93 For some of them, like the quartic potential, the solutions have

been established a long time ago.86,92,93 Appendix A contains the procedure for using the

perturbation method in order to obtain approximate solutions for the quadratic, cubic,

pure quartic and modified quartic potentials.

In order to express Eq. 3.18 in ~ω units, a conversion factor q0 =
√

~
mω is introduced

so that q → qoq. A second unit conversion factor for the perturbation term, η, is also

introduced in terms of q0 (For details see Appendix A). The complete equation in ~ω
units is expressed as follows,

Ĥ = Ĥ0 + λŴ = ~ωe
(
−1

2

d2

dq2
+

1

2
q̂2

)
+ ηλŴ . (3.19)

Generalized quartic potential

This is a potential that includes all odd and even terms for the polynomial expansion up

to the fourth power,

V (q) = V0 + c1q + c2q
2 + c3q

3 + c4q
4. (3.20)

Skala et al.94 reported an analytical solution of a modified quartic oscillator of the form:

V (q) = V0 − 2|q|+ c2q2/4 + c|q|3 + q4, (3.21)

with c as an arbitrary constant and the solution for the ground state given by E = c/2.

The model proposed by Skala et al. is not suitable for the purposes of this investigation.

Therefore, we examine the perturbation solutions of the pure quartic potential and another

modified quartic potential only.

Skala et al.94 have shown that generalized quartic potentials exist depending on |x|
with analytic solutions for certain states. Chen et al.95 have shown that for a quartic

oscillator with a positive quartic term, the continuity of the derivative of the potential

forces the nonexistence of an analytical wave function. For the case of a negative quartic

term, the normalizability of the wave function requires non-Hermiticity of the Hamiltonian.
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Quartic and pure quartic potential

For modeling of modes with negative anharmonicity (ω0 > ωe) a potential resembling

a quasi-parabolic symmetric shape is used, if the modes show such a behavior. This is

achieved by considering only even powers on a polynomial expansion of the potential up

to the fourth order, that describes a quartic oscillator:

V (q) = V0 + c1q
2 + c2q

4. (3.22)

This corresponds to a harmonic oscillator with a perturbation in both q2 and q4. If only

the perturbation in q4 is non-zero, the pure quartic oscillator is obtained.96 In this later

case, the perturbation term for the pure quartic potential is expressed as,

Ŵ = λq̂4. (3.23)

Up to the second order of perturbation (see Appendix A), the approximated analytic

perturbation solution for the pure quartic potential is given by:92,93

En = E0 + ~ω
{

3

2
λ(n2 + n+

1

2
)− 1

8
(34n3 + 51n2 + 59n+ 21)λ2

}
. (3.24)

Approximate analytical solutions for the quartic and pure quartic potentials from a non-

perturbative method are provided by Liverts et al.96

Parameters ωe and λ in Eq. 3.19 are obtained through comparison to fitted parameters

c1 and c2 in Eq. 3.22. Notice that if we consider only the perturbation in q4,

ωe = (2c1)1/2, (3.25)

λ = c2. (3.26)

The anharmonic frequency ω0 is calculated from:

∆E = En − En−1 = ωe

[
1 + 3λn− 1

4
λ2(51n2 + 21)

]
(3.27)

ω0 = ωe
(
1 + 3λ− 18λ2

)
. (3.28)

Using Eq. 3.26 ω0 is expressed as:

ω0 = ωe
(
1 + 3c2 − 18c2

2

)
. (3.29)

Same as for the Morse potential, errors ∆ωe and ∆w0 are defined from the parameters of

the fitting:
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∆ωe =
1

(2c1)1/2
∆c1 (3.30)

∆ω0 =
1

(2c1)1/2
(1 + 3λ− 18λ2)∆c1 + (2c1)1/2(3− 36λ)∆c2. (3.31)

Modified quartic potential

For certain cases, the Morse or pure quartic potentials do not fit well the computed

anharmonic potentials. A modified quartic potential with an additional term in q3 is more

convenient:

V (q) = V0 + c2q
2 + c3q

3 + c4q
4, (3.32)

This potential raises interest in the study of negative anharmonicity (ω0 > ωe), particularly

for those cases in which the anharmonic potential stays above the harmonic one, but the

symmetric shape around the minimum is lost by the effect of the odd q3 term. The

Hamiltonian for this latter potential may be expressed as:

Ĥ =Ĥ0 + Ŵ

=Ĥ0 + λ1q̂
3 + λ2q̂

4,
(3.33)

The solutions of the cubic and the pure quartic oscillator can be adopted to construct the

solution of this modified quartic oscillator (see Appendix A):

En = E0 + ~ω
{
−15

4
λ1

2

(
n+

1

2

)2

− 7

16
λ1

2

+
3

2
λ2

(
n2 + n+

1

2

)
− 1

8
λ2

2

(
34n3 + 51n2 + 59n+ 21

)}
.

(3.34)

For the first transition frequency:

ω0 =E1 − E0

=ωe

[
1− 15

2
λ1

2 + 3λ2 − 18λ2
2

]
.

(3.35)

Comparing Eq. 3.32 to Eq. 3.19 it is possible to relate the coefficients of a fitted

potential energy curve to the values obtained using this model, in the same way as was

done for the pure quartic potential.



Chapter 4

Methods to calculate vibrational

anharmonicity

Methods to study vibrational properties involve the following issues:97,98 i) Calculation

of potential energy surfaces and other properties as an input for the vibrational calcu-

lation. ii) Construction of the Hamiltonian for the nuclear motion. iii) Parametrization

and calculation of vibrational wave functions. iv) Use of the wave functions to calculate

vibrational energies and vibrational contributions to molecular properties.

Among the several algorithms implemented to compute anharmonic vibrational fre-

quencies the so-called vibrational self-consistent field (VSCF) method is one of the lead-

ing techniques. Carney et al.73 and Bowman et al.74–76 established the basis of this

method. Carney et al.73 developed a model based on second order perturbation theory

and standard configuration interaction methods to investigate vibrational anharmonicity.

Further developments by Bowman et al.74–76 yield a general method to account for the

full anharmonicity of the PES by dealing with the full potential instead of the harmonic

potential. The VSCF method owes its name to the fact that it is completely analogous to

the self-consistent-field theory used extensively in electronic structure calculations.

VSCF can be extended to include perturbation correlation corrections (CC-VSCF).62

This extension of VSCF is also known as VMP2 (vibrational second-order Møller-Plesset

perturbation theory),99 and is very accurate for non-degenerate cases and weak correlation.

To avoid problems originating from degeneracies, various degeneracy-corrected schemes

have been proposed.100 One of these is the degeneracy-corrected VMP2 (DCVMP2).101

Variational correlation corrections can also be computed within the VSCF method by

using a vibrational configuration interaction (VSCF/VCI) scheme.74,102,103

One of the difficulties of VSCF calculations is the generation of the PES. A direct

evaluation of the PES (direct VSCF) by means of an electronic structure code has been

proposed by Chaban et al.66 This is a methodology which combines electronic ab initio

codes with VSCF, where the ab initio points are used directly and all vibrational modes

of the system are included and treated anharmonically.

25
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Since computing of complete PES is computationally expensive, a procedure called

fast-VSCF has been proposed8 to optimize the PES computing. This allows reasonably

accurate results for the anharmonic frequencies to be obtained, with considerably less

computing time needed compared to direct VSCF calculations. Fast-VSCF approach has

been generalized and can be applied to any of the VSCF schemes.

In this chapter, the fundamentals of the VSCF method and its possible implementa-

tions are presented. Section 4.1 contains the basic concepts about the VSCF method. In

Sec. 4.2 the VMP2 method is described. In Secs. 4.3 and 4.4 two implementations of VSCF

using Configuration Interaction, the VSCF+CI and the VSCF/VCI schemes, respectively,

are shown. Section 4.5 contains the main procedure to perform direct VSCF calculations.

Finally, in Sec. 4.6 the main procedure to speed up calculations in the fast-VSCF scheme

is explained.

4.1 The Vibrational Self-Consistent Field method (VSCF)

VSCF provides an approximate solution to the vibrational wave function, taking into

account the deviation of the potential energy surface (PES) from harmonicity and the

coupling between normal modes, using a mean-field approach. In the VSCF method, the

vibrational Schrödinger equation is solved in a self-consistent way, for each vibrational

mode, using an effective interaction potential.97 The vibrational Schrödinger equation (in

atomic units) for a non-rotating system is expressed in terms of a set of mass-weighted

normal coordinates, Q = {Q1, . . . , Qn}, describing the position of the nuclei:

−1

2

n∑
j=1

∂2

∂Qj
2 + V (Q)

Ψk(Q) = EkΨk(Q). (4.1)

V (Q) is the full potential function, and n is the number of vibrational modes, determined

by the number of atoms, N . The excitation quanta of each vibrational state is expressed

by a collective index k ≡ {kj} ≡ {k1, k2 . . . kn}.
The VSCF method is based upon the approach that the total wave function of the

system is separable and can be described by a product of single-mode wave functions,

Ψk(Q) =
n∏
j=1

ϕ
(k)
kj

(Qj). (4.2)

The vibrational Schrödinger equation is transformed into a set of single-mode equations,(
−1

2

∂2

∂Qj
2 + V

(k)
j (Qj)

)
ϕ

(k)
kj

(Qj) = ε
(k)
kj
ϕ

(k)
kj

(Qj), (4.3)

with an effective potential for each vibrational state k and for each mode j,
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V
(k)
j (Qj) =

〈
n∏
i 6=j

ϕ
(k)
ki

∣∣∣∣∣V (Q)

∣∣∣∣∣
n∏
i 6=j

ϕ
(k)
ki

〉
, (4.4)

which contains the mode-mode interactions. This corresponds to the effective potential

seen by each normal mode due to the other normal modes for a given vibrational state.

The set of single-mode equations (Eqs. 4.3 and 4.4) requires a self-consistent solving

procedure. The effective potential in Eq. 4.4 depends implicitly on the wave-function for

each vibrational state, kj . This means that the wave-function in Eq. 4.2, necessary to

solve the effective potential, is constructed from the solutions ϕ
(k)
kj

of Eq. 4.3.

The VSCF total energy of the system is given by the sum of the single-mode energies,

ε
(k)
kj

, corrected for the double counting caused by the use of an effective potential:

EVSCF
k =

n∑
j=1

ε
(k)
kj
− (n− 1)

〈
n∏
i 6=j

ϕ
(k)
ki

∣∣∣∣∣V (Q)

∣∣∣∣∣
n∏
i 6=j

ϕ
(k)
ki

〉
. (4.5)

The PES of the system is explored using a hierarchical many-body expansion and is

limited to the second order in V (pairwise approximation),8,65

V (Q) =
n∑
i

V
(1)
i (Qi) +

n∑
i

n∑
i<j

V
(2)
i,j (Qi, Qj). (4.6)

V
(1)
i (Qi) corresponds to the single-mode contributions (diagonal), and V

(2)
i,j (Qi, Qj) cor-

responds to the pairwise contributions (coupled). Considering the expansion of V (Q)

only up to the second order, i.e. neglecting the high-order mode–mode couplings, is an

empirical assumption that significantly simplifies the VSCF equations. It leads only to

a little loss in accuracy (∼ 10 % for soft modes),66 while simplifying the problem of the

computation of two-dimensional integrals.

The accuracy of VSCF, as a separable approximation, depends on the choice of the

coordinates that are being separated. For fundamental and other low-lying vibrational

states, normal coordinates are expected to work well as they yield the correct behavior in

the harmonic limit.66 Improving accuracy of VSCF is achieved by correcting the lack of

explicit correlation between modes. Various types of correlation corrections are included

for the SCF solutions.

4.2 Correlation-Corrected Vibrational Self-Consistent Field

(CC-VSCF or VMP2)

This extension of VSCF is also known as VMP2.99 In this scheme, a correction in order to

compensate the lack of explicit correlation between modes is included, using a contribution

in terms of a perturbing potential:62
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∆Vk(Q) = V (Q)−
n∑
j=1

V
(k)
j (Qj). (4.7)

Here, the perturbation potential ∆Vk(Q) corresponds to the difference between the true

and the effective potential. For a non-degenerate vibrational configuration, the second-

order energy correction E
(2)
k is obtained by standard time-independent perturbation theory

(see a brief outline of perturbation theory in Appendix A),

E
(2),VMP2
k =

∑
k 6=m

|〈Ψk|∆Vk(Q)|Ψm〉|2

E
(0)
k − E

(0)
m

, (4.8)

where each state |Ψm〉 is a virtual excited state for the reference optimized VSCF state

|Ψk〉. Values E
(0)
k and E

(0)
m are computed from the VSCF vibrational wave functions

and their zero-order eigenvalues, ε
(k)
kj

and ε
(m)
kj

, respectively. These energies, E
(0)
k and

E
(0)
m , correspond to the sum of the single-mode energies for the states k and m of the

unperturbed VSCF solutions,

E
(0)
k =

∑
j

ε
(k)
kj
. (4.9)

The correlation-corrected energies are given by,

EVMP2
k = EVSCF

k + E
(2),VMP2
k . (4.10)

This approximation is very accurate for non-degenerate cases. Nevertheless, when

E
(0)
k ≈ E

(0)
m , the expression given in Eq. 4.10 diverges. As a consequence, the non-

degenerate perturbation theory breaks down and the correlation correction is largely

overestimated. Wright et al.65 applied this method to calculate anharmonic vibrational

frequencies of H2O, Cl−H2O and (H2O)2. An implementation of the same method to

calculate the OH-stretch frequency of five aliphatic alcohols is described by Benoit.67

4.3 VSCF + configuration interaction (VSCF+CI)

Bowman et al.74,102,103 introduced an implementation of VSCF together with configuration-

interaction (CI). They considered two different expansion bases for CI. One based on true

VSCF states74 and another based on a particular VSCF reference state plus the corre-

sponding ‘virtual’ states.102,103 In this section only the first scheme, usually known as

VSCF+CI, is explained. The second scheme (VSCF/VCI) is explained in Sec. 4.4.

The first step in both VSCF+CI and VSCF/VCI is to obtain converged VSCF en-

ergies and wave functions. Bowman et al.102 employed the eigenvalues of the harmonic

approximation plus a first-order perturbation term as a guess for the SCF loop. Then, the

SCF converged solutions were used as the basis for the CI procedure.
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In VSCF+CI, the expansion basis relies on true VSCF states.74 If convergence is

achieved, the exact vibrational eigenvalues and eigenfunctions of the full Hamiltonian are

obtained.75 The exact wave function is given by:

ΨCI(Q) =
∑
k

CkΨVSCF
k (Q). (4.11)

Since the VSCF functions constitute a non-orthogonal basis the resulting matrix Schrödinger

secular equation is:

(HVSCF − ES)C = 0, (4.12)

where the elements of the Hamiltonian between two different vibrational configurations

are expressed as:

HVSCF
km = 〈ΨVSCF

k |Ĥ|ΨVSCF
m 〉, (4.13)

and the matrix elements Skm correspond to:

Skm = 〈ΨVSCF
k |ΨVSCF

m 〉. (4.14)

Equation 4.12 is solved by applying a unitary transformation to diagonalize S. Then, the

transformed symmetric eigenvalue problem,

(H’− F I)C’ = 0, (4.15)

can be numerically solved.74,102 This approach is well suited to obtain many exact eigen-

functions and eigenvalues. For a system with a large number of modes, however, this

approach is not practical. Therefore, the CI expansion in Eq. 4.11 is often limited to a

given number of VSCF states.

4.4 Vibrational configuration interaction (VSCF/VCI)

Another correction to the VSCF approach, also based on CI, allows excited states to be

computed variationally. This is called Vibrational Configuration Interaction (VCI). Here

the expansion basis relies on virtual VSCF states.102,103 It has some advantages: i) It

provides accurate individual eigenvalues. ii) Virtual states do not require an iterative

SCF procedure. iii) Virtual states form an orthogonal basis, thus eliminating the matrix

manipulations between Eqs. 4.12 and 4.15 of the VSCF+CI method. In addition, these

states can be chosen through various criteria.102

The VSCF wave function and its virtual excitations are used to construct the VCI

basis in each case,68
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ΨVCI
k (Qj) =

kmax∑
kj

C
(k)
kj

Ψ
(k)VSCF
kj

(Qj). (4.16)

The first step consists of generating the VSCF configuration corresponding to the

desired eigenvalue. The second step consists of a diagonalization of H which denotes the

total Hamiltonian matrix for the given vibrational state:

H = H0 + ∆V (Q). (4.17)

H0 is the VSCF Hamiltonian for the given optimized vibrational configuration, and ∆V (Q)

is defined as a perturbative operator:

∆V (Q) =

n∑
i

n∑
i<j

V
(2)
i,j (Qi, Qj)−

n∑
i

V
(k)
i (Qi). (4.18)

This means that the perturbation accounts for the difference between the second order

terms of the many-body expansion and the effective potential, which includes the diagonal

potential terms V
(1)
i (Qi). VSCF/VCI introduces the explicit correlation between modes

by diagonalization of the VCI matrix with elements 〈Ψk|H|Ψm〉:

〈Ψk|H|Ψm〉 = EVSCF
k δkm + 〈Ψk|∆V (Q)|Ψm〉. (4.19)

EVSCF
k is the VSCF energy, and the 〈Ψk|∆V |Ψm〉 term corresponds to the coupling po-

tential between two vibrational configurations. ∆V (Q) is defined in Eq. 4.18.

In the implementation of the method using the PVSCF code,72 a VSCF/VCI calculation

is performed for each VSCF-optimized state. All one-mode and two-mode excitations up to

a given quantum, kmax, are included in the virtual basis. This parameter is varied to obtain

convergence of the energy level investigated. One-mode excitations are configurations in

which the quantum kj in mode j is excited to a quantum mj . The two-mode excitations

are configurations in which the quantum kikj is excited to mimj . A direct Davidson

routine is used to diagonalize the total Hamiltonian in the VSCF virtual basis set.68

The VSCF/VCI approach is more accurate than the VSCF+CI approach since it only

needs to correct for correlation. The description of the excitation is accounted for with

VSCF. This also allows for a faster convergence.
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4.5 Direct evaluation of the PES (direct VSCF)

One of the challenges of VSCF calculations is the generation of the PES. Bowman et al.104

proposed a global analytical fit for a 3D PES, using points computed from an extensive

ab initio configuration interaction electronic structure calculation. Nevertheless, such

an approach is restricted to systems with no more than three atoms, due to the high

computational cost of performing analytical fitting of multidimensional PES.66 Further

approaches using ab initio potentials have been proposed by different authors by restriction

to simplified models. They are not general enough to be applied to any system and often

require computation of high-order derivatives. For instance, they are restricted to systems

with low anharmonicity (see Ref. 66 and references therein).

Instead of an analytical construction of the PES, a direct evaluation of the PES (direct

VSCF) by means of an electronic structure code has been proposed by Chaban et al.66

This is an integrated method which combines electronic ab initio codes with VSCF. It is

implemented in codes such as GAMESS-US.85 This methodology is aimed at the following

goals: i) To be general enough for application to any system with large anharmonicity,

ii) to be used with high-level ab initio electronic structure codes, and iii) to be applied with

reasonable computational effort to fairly large polyatomic systems (10-15 atoms). One of

the advantages of the method is that it does not need analytical fittings, nor high-order

derivatives of the potential function. Instead, the ab initio points are used directly and

all vibrational modes of the system are included and treated anharmonically.66

An effective application of direct VSCF is restricted to a potential function retaining

the pair-couplings between normal modes. This agrees with the expansion for the poten-

tial in Eq. 4.6. It is assumed that the equilibrium geometry of the molecular system, the

normal coordinates, and the harmonic frequencies are available from the electronic struc-

ture calculation. If the harmonic frequencies were not available, they could be numerically

computed as the second derivatives of the potential surface at the equilibrium geometry,

V
(harm)
i (Qi) =

1

2

(
∂2E

∂Q2
i

)
0

Q2
i . (4.20)

In a direct VSCF scheme, an energy computation for each point of the PES is necessary.

The number of energy points is defined in terms of the number of normal modes, n, and a

set of positions around an equilibrium position. These positions are expressed in normal

coordinates. V (Qi) and V (Qi, Qj) are the potentials on a 1D or 2D grid, respectively,

evaluated point by point by an electronic-structure program. To construct the 1D and 2D

grids a prior step is required. This consists of computing the equilibrium configuration

and the second-derivative matrix (Hessian matrix) of the potential at the equilibrium

configuration. From this matrix the normal modes are obtained. For each point chosen

for the grid of normal coordinates, a transformation back to Cartesian coordinates is made,

and the electronic energy is computed for that configuration of the nuclei.66
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V (Qi) and V (Qi, Qj) potentials calculated on the 1D or 2D grid allow one to built the

contributions V
(1)
i and V

(2)
i,j to the potential in Eq. 4.6. Figure 4.1 shows a representation

of element V (Qi, Qj) of the 2D PES, with terms V
(1)
i (Qi) and V

(2)
i,j (Qi, Qj) defined as:

V
(1)
i (Qi) = V (Qi)− E0, (4.21)

V
(2)
i,j (Qi, Qj) = V (Qi, Qj)− V (1)

i (Qi)− V (1)
j (Qj)− E0. (4.22)

Figure 4.1: Pair-coupling elements of the 2D PES, V (Qi, Qj), calculated using a direct
evaluation of the PES by an electronic structure method.

For each normal mode, n, a potential energy curve along a number of points, m, is

constructed (1D grid). For each pair-coupling between modes, a potential energy surface

along a number of points, m×m, is constructed (2D grid). To have a complete description

of the PES for all modes and on both the 1D and 2D grids, the number of total energy

points to be computed is determined by the number of modes, mode–mode couplings, and

points of the grids. To account for all the V (Qi) components, m × n calculations should

be performed. To account for all the V (Qi, Qj) components, (m ×m) × [n × (n − 1)/2]

calculations are required.

As the size of the molecular system increases, the large number of total single-point

energy calculations becomes a cumbersome task, mostly due to the large computational

effort required for computing the second-order term V
(2)
i,j (Qi, Qj) of the potential. There-

fore, optimizing the computation of the PES requires using simplifications of the electronic

structure methods. A more efficient implementation of the VSCF method in this inves-

tigation is based on using pseudo potentials instead of all-electron basis sets. Although

the efficiency of the PES calculation is improved, use of pseudo potentials alone is still

significantly time demanding for gold clusters with more than five atoms. Therefore, a

fast-VSCF methodology is employed to speed up the calculations looking for a compromise

between accuracy and computational efficiency. It should be noted that errors in the final

anharmonic frequencies due to limitations of the electronic structure calculations may be

larger than errors originating from the VSCF/VCI method itself.



4.6. FAST-VSCF 33

4.6 Simplified evaluation of the PES (Fast-VSCF)

Fast-VSCF is a modified implementation of VSCF. This implementation is the result of

applying a general procedure to improve the overall speed of the anharmonic frequency

calculations. Since a similar procedure is applied to different approaches, each one of

these approaches are hereinafter denoted with the name preceded by the prefix ‘fast’. For

example, fast-VSCF/VCI.

Computing 1D PES is straightforward, while computing 2D PES requires some sim-

plifications. The general procedure basically consists of three steps. First, a pre-scanning

of the 2D PES is carried out, using either empirical or ‘cheap’ first-principles methods.

Second, based on the pre-scanned PES, a selection of a reduced number of pair-couplings

is made using a statistical analysis. The chosen pair-couplings are supposed to be the

ones that contribute most to the vibrational dynamics.8 Third, the definitive PES is re-

computed using high-level theory employing only the reduced set of pair-couplings selected

in the previous step.

The pre-scanning of the 2D PES is carried out including all pair-couplings on the

2D grid. A practical way to do this is to use empirical potentials to calculate the point

energies. An outline of various typical empirical potentials is presented in Chapter 5, and

an assessment of the same potentials is carried out in Chapter 7. This allows one to choose

the empirical potential which better reproduces the high-level theory energies.

Since the empirical potentials used are parameterized only for metals, pre-scanning of

the PES require alternative methods when the effect of noble gas embedding is considered.

In this particular case, a given DFT approach simplified to a few cycles of the self-consistent

calculation is used (see Chapter 8, Sec. 8.1). Another alternative pre-scanning method is

the Harris energy functional.105 This is based on the Kohn-Sham energy functional,106

but is non-self-consistent. Respondek and Benoit69 have applied the Harris functional as

a PES pre-scanning tool, and found it suitable to predict the relative strength of mode–

mode couplings. Nevertheless, as far as we know, the implementation of this functional

for open-shell systems is still limited for ab initio codes. This is the case of the CP2K

code,107 which only allows one the use of the Harris functional for closed-shell systems.

In order to assign a magnitude to each element of the pre-scanned 2D PES, in terms

of the potential evaluated on a number mmax of grid points, a 2D index is defined:

ζ2D
ij =

1

(mmax)2

mmax∑
mi

mmax∑
mj

|V (2)
ij (mi,mj)|. (4.23)

Here the indices i, j denote the normal modes, and mmax the maximum number of points

along one direction of the grid. It is assumed that vibrational modes which are weakly

coupled to each other only produce small changes in the potential energy of the system.

Therefore they can be neglected without large effects on the accuracy. A reduced set of

2D couplings with indices ζ2D
ij higher than a given threshold value ζth is then chosen.
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Bounouar and Scheurer108 proposed couplings weighted by the product of the normal-

mode wave functions for the respective modes. Such a method implies the calculation of

the vibrational wave function between each stage of the PES construction. Yagi et al.109

proposed a coupling strength, which is the product of a potential-energy factor and a factor

containing a resonance condition for Fermi resonances.69 Since the methodology used in the

present study does not take into account computation of weighting factors, overestimation

of the coupling strength may be expected for some couplings, but no affecting the selection

of the strongest couplings.

The threshold is obtained from a statistical analysis based on box-and-whisker plots.69,110

For this type of analysis, the values ζ are arranged in increasing order. Then, two thresh-

old values for the 25 % and 75 % of the population are calculated. These values are called

the lower and upper quartiles, ζ0.25 and ζ0.75, respectively. The difference between upper

and lower quartile ζ0.75 − ζ0.25 is called the interquartile range (IQR). Lower and upper

fences, ζl and ζu, are defined in terms of the quartiles and the interquartile range:

ζl = ζ0.25 − 1.5 IQR

ζu = ζ0.75 + 1.5 IQR.
(4.24)

The factor 1.5 is used for data that follows a normal distribution. The elements contained

in the lower and upper fences are called outliers.

Indices belonging to the upper fence are chosen, i.e. indices with outliers larger than

1.5 times the interquartile range (IQR) plus the upper quartile ζ0.75. In our methodology,

the sets of chosen couplings by fast-VSCF are visualized in coupling maps. These are

2D arrays containing color-coded information of the value of the strength and indicating

the couplings chosen. Examples of these diagrams are presented for real calculations in

Chapters 8 (Sec. 8.2) and 10 (Sec. 10.1). Finally, the reduced set of 2D couplings is used

for re-computing the PES using a high-level electronic-structure method. The choice of the

high-level theory approach used in this investigation is described in detail in Chapters 6

and 7.

The fast-VSCF procedure described above differs from the single-to-all (STA) ap-

proach, developed by Benoit and Scribano.67,68 STA significantly reduces the number of

mode-mode couplings included in the PES of the system, but different to fast-VSCF, one

or several vibrational modes are selected and coupled systematically to all other modes in

the system.



Chapter 5

Description of the potential

energy surface (PES)

Solving the vibrational problem of a molecular system requires a solution of the electronic

equation, which was previously introduced in Chapter 2. For a molecule undergoing

vibrational motion around a given equilibrium position, its electronic energies change with

the geometry. Therefore, several calculations of the electronic structure corresponding to

different geometries of the molecule are necessary in order to perform ulterior vibrational

calculations. Electronic energies of a molecule are usually computed by means of empirical

functions or different first-principles electronic structure methods.

Empirical potentials are functional forms designed to compute energies of molecules

or solids in terms of attractive and repulsive interatomic forces. These functional forms

are fitted to real magnitudes obtained from experiments in order to obtain parameters for

each particular material. First principles methods enable one to study the electronic struc-

ture of solids, surfaces or clusters as accurately as possible with moderate computational

effort. Contrary to the empirical potentials, they regard many-body systems composed of

electrons and nuclei on the basis of quantum mechanics.

Energy calculations are performed with two different purposes: i) To describe the ener-

getics of stable structures at previously optimized equilibrium geometries. ii) To construct

potential energy curves or surfaces around an equilibrium position. In the latter case, sev-

eral single point energy calculations are performed over a predefined grid of points. Each

grid is established by taking equidistant displacements around the equilibrium position in

terms of normal coordinates.

This chapter is organized into four sections: In Sec. 5.1 an outlook on the various

empirical potentials used is presented. Plane-wave DFT, the chosen method to compute

PES, is presented in Sec. 5.2. Møller-Plesset perturbation theory (MP2), briefly described

in Sec. 5.3, is the method used to calculate the electronic energies for particular geometries

and to assess energies predicted by DFT for the case of weak bonds. In Sec. 5.4, the

counterpoise method to compute and correct the basis set superposition error is presented.

35



36 CHAPTER 5. DESCRIPTION OF THE POTENTIAL ENERGY SURFACE (PES)

5.1 Empirical potentials

Many-body empirical potentials have been widely studied in relation to surface or bulk

properties of metallic systems. They are derived by fitting experimental data or data

obtained from high-level theory methods to an assumed functional form.

The Murrell-Mottram potential

This potential has been applied to a wide range of elemental systems, e.g. group 14

elements, alkali metals, and transition metals.111 It is written as a sum of two-body and

three-body terms,112

V =
N−1∑
i

N∑
j>i

Vij +
N−2∑
i

N−1∑
j>i

N∑
k>j

Vijk, (5.1)

in which the two-body term is a Rydberg pair potential

Vij = −D
[
(1 + a2ρij)e

−a2ρij
]
, ρij =

rij − re
re

. (5.2)

D is an energy scaling parameter corresponding to the dissociation energy of the diatomic

molecule (well depth), re is the equilibrium interatomic separation, and a2 is the hardness

of the interaction. Parameter a2 is written in terms of re, so it does not depend on rij .

The three-body term is a damped polynomial in the reduced interatomic separations ρij ,

ρjk, ρki (which are defined in Eq. 5.2),

Vijk = DP (Q1, Q2, Q3)F (a3, Q1). (5.3)

D is the same energy parameter used for the two-body term. The polynomial P is written

in terms of symmetry coordinates to guarantee symmetry upon interchange of atoms,

P (Qi) = c0 +c1Q1 +c2Q
2
1 +c3(Q2

2 +Q2
3)+c4Q

3
1 +c5Q1(Q2

2 +Q2
3)+c6(Q3

3−3Q3Q
2
2). (5.4)

It is damped by a function F (a3, Q1) = sech(a3Q1) so to approach zero as Q1 becomes

large. The symmetry coordinates are defined as,

 Q1

Q2

Q3

 =


(

1
3

)1/2 (
1
3

)1/2 (
1
3

)1/2
0

(
1
2

)1/2 −
(

1
2

)1/2(
2
3

)1/2 −
(

1
6

)1/2 −
(

1
2

)1/2

 ρij

ρjk

ρki

 . (5.5)

The parameters are fitted to bulk experimental properties of cubic solids such as lattice

and vacancy formation energies, lattice constants, elastic constants, and phonon frequen-

cies.29,111
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The Gupta potential

This potential has been used in several studies of transition- and noble-metal bulk and

cluster systems.113–115 It is derived from Gupta’s expression for the cohesive energy of a

bulk material,116 and is generated by fitting experimental data to a pair potential con-

taining repulsive pair V r and attractive V m many-body terms,

V r(i) =
N∑
j 6=i

A exp

[
−p

(
rij
r0
− 1

)]
, (5.6)

V m(i) = −


N∑
j 6=i

ζ2 exp

[
−2q

(
rij
r0
− 1

)]
1/2

. (5.7)

The repulsive part is a sum of pairwise Born-Mayer terms.113,114 The attractive part is

derived from a second-moment approximation of a tight-binding model in which n-body

effects are included.115 The summation over N cluster atoms leads to:

V =

N∑
i


N∑
j 6=i

A exp

[
−p
(
rij
r0
− 1

)]
−


N∑
j 6=i

ζ2 exp

[
−2q

(
rij
r0
− 1

)]
1/2
 . (5.8)

Here, rij is the distance between atoms i and j in the cluster. Parameters A, r0, ζ, p and

q are fitted to experimental values of the cohesive energy, lattice parameters, and inde-

pendent elastic constants for the crystal structure at 0 K. The values of these parameters

for a wide variety of metals are reported by Cleri et al.117

The Voter-Chen potential

This is a version of the embedded atom model (EAM),118,119 in which each atom is con-

sidered embedded into a host cavity provided by the other atoms:120–122

V =
1

2

N∑
i

N∑
j 6=i

φ (rij) +

N∑
i

U (ni) , ni =

N∑
j 6=i

ρ (rij) . (5.9)

The pairwise interaction between atoms, φ (rij), is defined as the Morse potential,

φ(r) = D
[
1− e−α(r−R)

]2
−D, (5.10)

where D,R and α are the depth, the position of the minimum and a measure of the

curvature of the minimum, respectively. U (ni) is a non-linear ‘embedding function’, and

ni is interpreted as the atomic density around the atom i, in terms of another pairwise

interaction,
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ρ(r) = r6
(
e−βr + 29e−2βr

)
. (5.11)

The many-body character of an EAM potential is given by the non-linearity of the

function ni. The sums over neighboring atoms j are limited by the range of the cutoff

for φ and ρ. An EAM expression avoids usual non-physical conditions shown by simple

pair potentials, such as a vacancy formation energy equivalent to the atomic cohesive

energy and Cauchy pressure (C12−C44) equal zero. Five parameters which define φ and ρ

(namely D,R, α, β and rcut) are optimized by minimizing the root-mean square deviation

between calculated and reference properties of the material such as the three cubic elastic

constants (C11, C12 and C44), the unrelaxed vacancy formation energy (Efvac), the bond

length (Re) and bond strength (De) of the dimer.

The elastic constants are parameters relating stress and strain in solids that are defined

as fourth-rank tensors. The number of the independent elastic constants depends on the

symmetry of the crystal, so it is reduced to the C11, C12 and C44 constants for cubic

systems. These constants can be determined from measurements of the velocity of sound

in the solid.123 The Cauchy relations provide information about symmetry properties of

the elastic tensor in solids. For example, the so called Cauchy pressure, C12−C44, is zero

for a two-body system but 3.7 for gold. Thus, empirical potentials including many-body

terms are expected to be more suitable for reproducing these elastic properties. Significant

failures of considering only two-body interactions in empirical potentials are presented by

Ercolessi et. al.124

The Glue potential

This model has been designed for use in molecular-dynamics simulations of systems in

which the coordination number is similar to the one in the bulk regime. It has been

applied to the study of gold surface reconstructions124 and melting in gold particles with

several hundreds of atoms.125 For very small lead clusters, this potential yields structures

different from the ones obtained using the Gupta potential, as reported by Doye.126,127

The general expressions are the same as those for the EAM (Eq. 5.9). Nevertheless,

the meaning of each term is different: φ (rij) is a generalized empirical potential, U (ni) is

a non-linear ‘Glue’ function, and ni is interpreted as the generalized coordination of atom

i. A set of three arbitrary functions φ, ρ and U is constructed and fitted to experimental

values (lattice parameter, bulk modulus, surface energy and transverse phonon frequency

at the X-point of the Brillouin zone) in order to reproduce the vacancy formation energy,

the thermal expansion coefficient, and the melting temperature. A drawback of this kind

of fitting, as warned by the authors, is that different sets of these three arbitrary functions

can fit the same quantities but describe different systems.124
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The Sutton-Chen potential

In this n-body potential, the total internal energy is represented by a sum of two terms:

a pure repulsive pair potential and a purely cohesive n-body term,128

V = ε
N∑
i


1

2

N∑
j 6=i

Vij︷ ︸︸ ︷(
a

rij

)n
−c


ρij︷ ︸︸ ︷

N∑
j 6=i

(
a

rij

)m


1/2

. (5.12)

Here, rij is the interatomic separation, c is a positive dimensionless parameter, ε is a

parameter with dimensions of energy, a is a parameter with dimensions of length, and

n and m (with n > m) are positive integers. When expressed in terms of Vij and ρij ,

the potential follows the general functional form of the Voter-Chen and Glue potentials.

Although the cohesive term has the form of a pair potential, the choice of a large value for

m makes the long-range interactions described by a 1/rm pair potential possible, whereas

at small separations the interaction is n-body in nature.

Parameters c, ε, a, m and n have been fitted to different fcc metals. The experimental

cohesive energy and crystal lattice parameter are fitted exactly. However, the bulk modulus

is not, in order to keep the indices m and n restricted to integer values. Index m is

kept greater than 6. Keeping m and n as integers allows the potential to be scaled for

materials sharing the same values for these two parameters. This potential leads to a better

description of relaxation at free surfaces of metals than using a pair potential alone.128

5.2 Density functional theory DFT

In DFT, the many-body problem of strongly interacting electrons and nuclei is mapped

onto a problem of single-particles moving in an effective external potential for a set of fixed

nuclei. The main approach of DFT is to relate the ground state energy to the density

distribution n(r) of the electrons, and the main statements of this theory are based on the

Hohenberg-Kohn theorems,106,129 which in a condensed form read:

• The ground-state energy is uniquely specified by the ground-state density n(r).

• There is a variational principle, which allows the ground state energy to be obtained

by minimization of the energy functional E[n(r)] with respect to n(r).

Although E[n(r)] is sufficient to determine the exact ground state energy and density,

its exact form is unknown. This is because the term corresponding to the exchange-

correlation energy, Exc[n(r)], is unknown. The theorems alone do not allow for a solution

to the ground state of a system since they do not provide guidance for constructing the

functional. Kohn and Sham106 provided a way to make these theorems useful, by cal-

culating approximate ground state functionals for real systems of many electrons, and
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assuming that the ground state density of the original interacting system is equal to that

of some chosen non-interacting system. This leads to independent particle equations,

called Kohn-Sham (KS) equations, for the non-interacting system:{
− ~

2m
∇2 + V eff [n(r)]

}
ψi(r) = εiψi(r); (5.13)

n(r) =

N∑
i=1

|ψi(r)|2 . (5.14)

These can be considered exactly soluble, but the accuracy is limited by the approximations

in the exchange-correlation functional. Terms n(r), εi and ψi are called the ground-state

density, the KS energies and the KS orbitals, respectively. Nevertheless, εi are not the

energies of the real electrons in the interacting system, and ψi are not their wave functions.

They are only eigenvalues and eigenstates of a fictitious non-interacting single-electrons

problem. As it is necessary to know V eff, a guess for the starting density is used to solve

the eigenvalue problem in Eq. 5.13 in a self-consistent manner. A new density is obtained

by replacing this solution into Eq. 5.14, which is then adopted as a new guess. This process

is repeated as often as necessary until self-consistency is achieved.

Exchange-Correlation energy functional

Since Exc[n(r)] is unknown, an approximate expression for this term is required in order

to obtain the ground state energy, E[n(r)]. The most widely used approximations are the

local density approximation (LDA)130 and generalized gradient approximation (GGA).131

The assumption made in the local density approximation (LDA) is that the Exc per

electron at any point, r, in the non-uniform system is related to the density, n(r), at that

point in the same way as εxc is related to n in the uniform system,

ELSDxc [n↑(r), n↓(r)] =

∫
dr n(r)εxc(n↑(r), n↓(r)). (5.15)

The generalized gradient approximation (GGA) extends the exchange-correlation (XC)

energy functional to systems with more significant non-homogeneous densities by express-

ing Exc[n(r)] as a functional of the density, n(r), and its gradient, ∇n(r),

EGGAxc [n(r),∇n] =

∫
dr n(r)εxc(n(r)) +

∫
dr Fxc[n, |∇n|], (5.16)

where Fxc is a correction. The GGA formalism gives a better description of inhomogeneous

systems like transition metals and significantly improves the binding and atomic energies.

It improves bond lengths, angles, and the prediction of results in cases where LDA fails.

Since there is presently no systematic approach, the continuous search for more effi-

cient and accurate XC functionals offers a large set of different functionals, in which the
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performance depends strongly on the type of system under investigation. In any case, all

functionals are only approximations and are not highly accurate for all properties of inter-

est. Various studies132,133 to systematically assess different functionals have been carried

out by testing them on different systems.

A possible classification of XC functionals has been made in the so called Jacob’s lad-

der,131,134 in which LDA and GGA are only the first rungs of a large set of approximations:

• LDA: is the simplest density functional and depends only on the density at each

point. There exist various parametrizations, among them PW92.135

• GGA: uses both the density and its gradient at each point. Unlike LDA there is no

a single universal for GGA. Popular GGAs include PBE131 and BLYP.136,137

• Meta-GGA: includes dependence on the Kohn-Sham kinetic energy density. Exam-

ples include TPSS.138

• Hybrid functionals: mix some exact exchange with GGA and require input of the

occupied KS orbitals. Examples include B3LYP139,140 and PBE0.141

• Fully non-local functionals: require input also of the unoccupied KS orbitals.

Depending on the amount of empirical parameters used to fit functionals, they are

classified into three groups:134 non-empirical (e.g. LDA, PBE, and TPSS), functionals with

a few empirical parameters (e.g. BLYP and B3LYP), and functionals using many empirical

parameters. An advantage of good non-empirical potentials is their wide applicability, such

as PBE which is by far the most universal GGA. Good empirical functionals are often more

accurate but only for the kind of systems they have been designed for.

Plane-wave representation of the electronic wave function

To solve the single-particle Kohn-Sham equations of the DFT formalism, it is necessary to

expand the single-particle states of these equations into a set of basis functions. Although

there are different alternatives to choose the basis functions for DFT, plane waves are

a well suited set of basis functions for periodic systems, in which the wave functions

ψ(r) of the occupied orbitals are usually represented as a sum of plane waves. In this

case the simulation cell is repeated in all three spatial directions using periodic boundary

conditions.

Plane waves are the exact eigenfunctions of the homogeneous electron gas. Therefore,

they are the natural choice for a basis expansion of the electron wave functions for simple

metals, where the ionic cores can be viewed as rather small perturbations to the homoge-

neous electron gas.142 Some advantages of using plane-wave basis sets are: i) Increasing the

number of plane waves, systematically reduce errors due to the incompleteness of the basis

set. ii) They are mathematically simple. They are orthonormal and energy-independent.
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Thus solving the Schrödinger equation becomes solving a matrix eigenvalue problem for

the expansion coefficients. iii) They are not biased to any particular atom. Any region in

space is treated on an equal footing so that the calculations do not have to be corrected for

a basis set superposition error. iv) Calculation of forces between ions is greatly simplified

since plane waves do not depend on the position of the atoms.

The simulated system consists of a collection of ion cores and electrons contained in a

cell having a form of parallelepiped, whose edges are the vectors a1, a2, and a3 and whose

volume is given by Ω = a1 · (a2 × a3). The cell is periodically repeated, so that any point

r is equivalent to the points r + R, where R is any vector of the Bravais lattice:

R = l1a1 + l2a2 + l3a3, (5.17)

with li integers. In particular, the electron density, n(r), and the Kohn-Sham effective

potential, V eff(r), have the translation symmetry:

n(r + R) = n(r)

V eff(r + R) = V eff(r).
(5.18)

This property is based on the Bloch’s theorem,123 which states that the eigenfunction ψ(r)

of any Hamiltonian having periodic translation symmetry can always be expressed as:

ψ(r) = u(r)exp(ik · r), (5.19)

where k is a wave vector and u(r) is a periodic function that has the full translational

symmetry:

u(r + R) = u(r), (5.20)

with R a Bravais lattice vector. Therefore, Eq. 5.19 can be expressed as:

ψ(r + R) = ψ(r)exp(ik ·R). (5.21)

For k = 0, this condition is reduced to:

ψ(r + R) = ψ(r). (5.22)

Due to this property, any wave function ψ(r) has the periodicity of the Bravais lattice

and can be expressed as a sum of plane waves in the reciprocal space by using a Fourier

representation:142

ψi(r) = Ω−1/2
∑
G

ciG exp(iG · r). (5.23)

Although the sum extends over all wave vectors G, only plane waves up to a certain
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cutoff wave vector are included in the basis set for a real plane-wave DFT calculation.

Since a plane wave having wave vector G is the wave function of a free particle moving

with moment ~G or kinetic energy ~2G2/2m, the cutoff to control the convergence of the

calculations can be imposed either as a value Gcut or as Ecut.

Due to the nodal structure of the valence wave functions in the core region of the

atoms, a prohibitively large number of plane waves would be needed in order to get a

good representation of the fast oscillations, thus it implies solving a large Hamiltonian. A

convenient use of plane-wave approaches consists of replacing the Coulomb potential of

the electron-nucleus interaction with pseudo potentials.

The pseudo potential plane-wave approach

The simplicity of the plane waves leads to very efficient numerical schemes for solving

the Kohn-Sham equations. Additionally, employing pseudo potentials guarantees that the

wave functions can be expanded in a relatively small set of plane waves. The philosophy

of the first-principles pseudo potentials is to represent the all-electron wave functions as

constrained into a pseudo core and a set of pseudo valence wave functions. The core

is redefined in order to represent the complete problem with a lower number of wave

functions. Necessary conditions are that the all-electron (ae) and the pseudo potential

(ps) cases coincide beyond a cutoff radius rc, and that Eae = Eps.
143

Some advantages144 of using pseudo potentials are: i) Removing the core electrons

from the calculations, since their contribution to the chemical bonding are negligible.

ii) Replacing the true wave functions by pseudo wave functions which match exactly the

true valence wave functions outside the ionic core but are nodeless inside. This allows a

significantly lower number of plane-wave basis states to be used. iii) Relativistic effects

can be incorporated into the potential while the valence electrons are treated as non-

relativistic.

Although plane waves are reduced in the basis set, this number Npw of plane waves

is still significantly larger than approaches using localized orbitals. The disadvantage is,

however, compensated by the possibility of evaluating many expressions by means of the

Fast Fourier Transform (FFT), which reduces a typical scaling of the computing time from

N2
pw to NpwlnNpw. This leads to a larger efficiency of the plane-wave basis sets for larger

systems in comparison to the localized basis sets.142

The characteristics and performance of pseudo potentials can be evaluated in term of

their properties. For instance, the non-locality property means that s, p and d electrons

feel different potentials, while in the local approach all of them feel the same potential.

The norm-conservation rule means that below the cutoff radius, rc, the norm in both

all-electron and pseudo potential, should be the same,∫ rc

0
r2|ψpsnl (r)|dr =

∫ rc

0
r2|ψaenl (r)|dr. (5.24)



44 CHAPTER 5. DESCRIPTION OF THE POTENTIAL ENERGY SURFACE (PES)

As a consequence, the charge contained in the region below rc should be the same in both

cases. The transferability consist in using the pseudo potential for an excited configuration,

different to the reference configuration for which it was created. The strategy consists of

comparing the all-electron and pseudo potential calculations in items such as the total

energy or energy eigenvalues. An approach to the construction of first-principles pseudo

potentials is described extensively by Picket143 and Vanderbilt.145

In the following, main features of the types of pseudo potentials used or referred to

in this study are presented. Vanderbilt (VDB) pseudo potentials145 and norm-conserving

Goedecker (GTH) pseudo potentials144,146,147 are used. Troullier-Martins (TM) pseudo

potentials148 which are norm-conserving have been referred to in other studies.

Ultrasoft pseudo potentials

Vanderbilt145 pseudo potentials, also known as ultrasoft pseudo potentials (USPP) are

non-local. The Vanderbilt approach combines the pseudo potential treatment with the

very rapid plane-wave convergence of augmented plane-wave (APW) methods.149 The

great advantage is that they present good transferability properties like the standard

norm-conserving pseudo potentials, but require a lower plane-wave basis cutoff as the

norm-conservation rule is relaxed.150 Usually cutoffs between 20-30 Ry are used, while for

the conventional pseudo potentials cutoffs above 100 Ry are often required. Nevertheless,

the price to pay for reducing the plane-wave cutoff energy is that the Fourier representation

of the Kohn-Sham equation becomes more complicated. The pseudo potentials used in

this study have been generated using a relativistic wave equation for the all-electron case.

Some particular properties of a USPP are summarized by Vanderbilt,145 as follows:

i) It takes the form of a sum of a few separable terms. ii) It becomes local and vanishes

outside the core. iii) The transferability can be systematically improved by increasing

the number of energies spanning the range of occupied states. iv) The norm-conserving

constraint is removed. v) It improves transferability with respect to changes in the charge

configuration. vi) Vanderbilt pseudo potentials are norm-conserving in a generalized sense

and their accuracy is usually better than the norm-conserving pseudo potentials (NCPP).

Norm-conserving pseudo potentials

Goedecker pseudo potentials144,146,147 are norm-conserving relativistic pseudo potentials

that require a much larger basis set and higher energy cutoff than the ultrasoft pseudo

potentials to yield convergent results. They have been tested in extensive atomic and

molecular calculations, and it has been demonstrated that they give better results than

those obtained with all-electron calculations with a standard Gaussian 6-31G basis set.

The Goedecker pseudo potentials used here have been constructed in the way described

by Hartwigsen et al.,144 on the basis of a fully relativistic all-electron calculation.
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Troullier-Martins pseudo potentials148 are first-principles norm-conserving pseudo po-

tentials designed to be smooth and therefore to save computational resources when used

with a plane-wave basis. They are known to be extremely efficient for those cases in which

the plane-wave expansion has a slow convergence. Nevertheless, studies have shown that

these work well within LDA using plane-wave basis functions, but become problematic for

systems containing highly localized valence orbitals such as transition metals.145

5.3 Møller-Plesset perturbation theory

Prior to the advent of DFT, second-order Møller-Plesset perturbational theory (MP2) was

the simplest and least expensive way to account for electron correlation effects in ab initio

electronic structure calculations. MP2 shows certain advantages over DFT, for example

when dispersion forces or charge-transfer are important. Nevertheless, it is considered less

accurate when compared to the best density functionals available and not as robust when

applied to complicated correlation problems.151

The MP method takes the electron correlation into account based on perturbation

theory, as considered by Møller and Plesset.152 This method assumes the Hartree-Fock

(HF) equation as an unperturbed system and treats the difference between the HF oper-

ator and the true Hamiltonian as a perturbation by means of perturbation theory.86 The

second-order perturbation scheme is referred to as MP2, while third-order and fourth-order

schemes are referred to as MP3 and MP4, respectively. The general formalism of pertur-

bation theory is introduced in Appendix A. The Hamiltonian of the system is expressed

in terms of the non-perturbed Hamiltonian Ĥ(0), until the k order of perturbation:86

Ĥ(λ) =
∞∑
k=0

λkĤ(k) = Ĥ0 +
∞∑
k=1

λkĤ(k) = Ĥ0 + λŴ . (5.25)

In this particular case, Ĥ0 corresponds to the HF Hamiltonian, and λŴ (with λ � 1)

is the perturbation in terms of a correlation operator. The solution for the perturbed

system is given as a summation of the non-perturbed solution, E
(0)
n , plus the perturbation

corrections, E
(k)
n . All the excited-state wave functions can be used in the perturbation

expansion. The states are expressed in a power series of λ (see Appendix A).

For the ground state, the first order correction is equivalent to the HF energy. The

calculation of the correlation energy in MP requires at least the second-order correction,

E
(2)
0 =

∞∑
p

|〈ϕ(0)
p |Ŵ |ϕ(0)

0 〉|
2

E
(0)
0 − E(0)

p

. (5.26)

Here index p is used to refer to the eigenvalues and eigenstates of the non-perturbed

systems. Since E
(2)
0 is negative the ground state energy always decreases with MP2.
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5.4 Basis set superposition error (BSSE)

Calculations of interaction energies are susceptible to basis set superposition error (BSSE)

if they use finite basis sets. This is because as two molecules approach one another, their

basis functions overlap. Each monomer borrows functions from other nearby components,

effectively increasing its basis set and improving the calculation of derived properties such

as energy. The usual way to correct for BSSE is based on the a posteriori counterpoise

(CP) correction.153,154 Using the CP scheme one has to recalculate the monomers in the

basis of the whole supermolecule for every geometrical arrangement. In the case of two

interacting monomers, the uncorrected interaction energy ∆E can be calculated as:

∆E = EAB(AB)− EA(A)− EB(B), (5.27)

where EAB(AB) is the total energy of the complex, and EA(A) and EB(B) are the energies

of the monomers calculated in the respective monomer basis sets. Subscripts denote the

molecular species in energy formulas, while letters in parentheses refer to which basis was

used in the calculation. The CP-corrected interaction energy can be defined as:

∆ECP = EAB(AB)− EA(AB)− EB(AB), (5.28)

where EA(AB) and EB(AB) are the energies of the monomers calculated in the whole

supermolecule basis. Using Eqs. 5.27 and 5.28, one can define the BSSE content of the

interaction energy as:

δBSSE = ∆E −∆ECP

= EA(AB)− EA(A) + EB(AB)− EB(B).
(5.29)

Using Eq. 5.29 the CP corrected potential energy surface (PES) of a dimer is defined as:

ECP = EAB(AB)− δBSSE
= EAB(AB)− EA(AB) + EA(A)− EB(AB) + EB(B).

(5.30)

The definition of the CP-corrected interaction energy in Eq. 5.28 involves only the

so-called dimer-centered basis set (DCBS). Nevertheless, to obtain the respective CP-

corrected supermolecule description in Eq. 5.30, terms involving both the monomer-

centered basis set (MCBS) and DCBS are necessary. MCBS and DCBS denote the use

of one or of two basis to calculate the energy of a given structure, respectively. Thus, ac-

cording to Eq. 5.30, one has to calculate five different total energies at every geometrical

configuration of the system to determine a CP-corrected PES.154 An application of the

CP correction is carried out in Chapter 8 (Sec. 8.6).



Chapter 6

Minimum energy structures for

neutral Au2-Au10 clusters

Here a detailed study of the minimum energy structures of Au2-Au10 neutral clusters using

various theoretical approaches is presented. The morphology of the clusters is determined

theoretically by examining which structure has the global minimum of energy for each

size. The aim is to understand the structural and energetic properties of these clusters

by comparing results from different theoretical models. The results are also compared to

reported theoretical and experimental results from other authors.

In order to obtain empirical local minimum energy structures, the Nelder-Mead ver-

sion of the Simplex method is applied (see Appendix B). Since this method converges

quickly, an extensive set of structures can be efficiently explored. In contrast to previous

studies,29,43,44,113,114,125,155–159 various planar local minima are obtained by introducing

geometrical constraints during the minimization. Planar structures have already been

predicted by high-level theory as the global minima for the smaller clusters. Nevertheless,

there is no agreement about the size at which the neutral clusters change from a planar

to a non-planar structure. The size predicted for the planar-to-nonplanar transition in

neutral gold clusters varies between n = 7 and n = 15, with n as the number of atoms,

depending on the DFT approach.23–25,45,46,160–162

Density functional theory (DFT) calculations are carried out, using a plane-wave ba-

sis set with Vanderbilt (VDB) pseudo potentials. Ultrasoft pseudo potentials have only

been used in the study of small gold clusters in a few studies such as those by Majun-

der et al.161 and Olson et al.26 Vertical ionization potentials (VIP) and vertical electron

affinities (VEA) obtained using PBE/VDB are also reported. Results for the HOMO-

LUMO differences are reported in Chapter 9.

A selected set of structures up to Au7 are optimized using the MP2 method with an

effective core potential basis set. In contrast to most DFT calculations, in which planar

structures are predicted as the global minimum even for sizes above n = 10, MP2 predicts

the first non-planar minimum energy structure at size n = 7.26,37

47
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The rest of this chapter is organized as follows: In Secs. 6.1 and 6.2 an outline of various

theoretical and experimental studies involving small neutral gold clusters is presented.

In Sec. 6.3 relevant computational details are described. In Sec. 6.4 the results for the

geometries and binding energies are presented. Section 6.5 contains the calculated values

for the VIP and VEA using PBE/VDB. Conclusions are given in Sec. 6.6.

6.1 Previous theoretical studies

Several theoretical studies have been carried out on neutral gold clusters. Here only some

representative studies are shown.

Using empirical potentials

Empirical potentials have often been used as the simplest models to study gold clus-

ters.29,43,44,113,114,125,155–159 Wilson et al.29 use the Murrell-Mottram potential coupled

with molecular dynamics simulated annealing for modeling non-planar gold clusters up

to n = 40. This potential gives lower De values for dimer and trimer than the experi-

mental ones, while the re values are overestimated. Garzon et al.155 have used Gupta’s

potential to study the stability of Au38, Au55, and Au75. They use different optimization

methods, such as genetic algorithms and molecular-dynamics combined with simulated

annealing and quenching techniques. For Au38, different stable isomers are found to coex-

ist but these isomers are disordered or amorphous structures.113 For Au55, several nearly

degenerate amorphous configurations are determined to be more stable than the ordered

structures.114 For Au75, an ordered stable structure, lower in energy than the amorphous

ones, is obtained.

Although empirical potentials include many-body terms, they have limitations in ac-

curately describing cluster structures. One reason for this is that they are mostly fitted to

bulk properties.10 This is the case of small gold clusters, for which they do not predict pla-

nar structures as predicted by high-level methods. Nevertheless, empirical potentials are

still used to obtain basic information about the clusters or in those cases in which the use

of high-level theory methods is prohibitive. In Chapter 7 an assessment of the quality of

various empirical potentials widely used to study gold clusters is presented. We show that

although empirical potentials are limited in describing the geometries of metallic clusters,

they can partially predict some features of the high-level theory PES. This allows to find

comparative advantages between the potentials studied.

Using DFT

Several studies on gold clusters have been performed using DFT.23–25,45,46,70,160–165 Wang

et al.24 studied the Au2−Au20 clusters using the LDA functional. Small size structures

were built from structural isomers obtained using a genetic algorithm. They show that
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the minimum energy structures of gold clusters with 4-6 atoms are planar. For the trimer,

both the obtuse and the acute triangle structures are more stable than the equilateral

triangle, but the linear structure has the lowest energy of all. Most DFT studies do not

predict this linear structure as the global minimum. For Au4, the most stable structures

are a planar rhombus and a planar ‘Y-shape’ structure.

Walker160 carried out DFT calculations using various functionals and basis sets for

neutral gold clusters up to n = 11. They found that the global minimum energy structures

for the neutral clusters are planar up to n = 9 with small differences depending on the

functional used. Using any of the approaches, the global minimum energy structure for

the neutral Au3 cluster is an obtuse triangle. Häkkinen et al.163 studied neutral and

anionic gold clusters up to n = 9, using scalar-relativistic ab initio pseudo potentials and

the PBE functional. They found a C2v obtuse triangle, a D2h rhombus and a C2v ‘W-

shaped’ structure, as the global minimum energy structures for n = 3, n = 4 and n = 5,

respectively. Li et al.23 studied neutral gold clusters up to n = 14 using various functionals.

For the trimer, an obtuse triangle with C2v symmetry point group was found as the global

minimum energy structure. PW91/LANL2DZ predicted De closer to the experiment than

the other approaches. Frequencies and bond lengths were better described using the

SVWN5 functional. Bonacic et al.46 studied bimetallic silver-gold, silver and gold clusters

by using the BLYP and BP86 functionals with relativistic effective core potentials.

Using ab initio methods

Only a few studies have been performed using the MP2 and the CCSD(T) methods,

focused mainly on the Au2-Au8 clusters.11,21,22,26,30,34,35,37 Some studies combine DFT

and ab initio results but focus on a few structures, such as Au2 and Au3.38,42 A few

ab initio calculations, using single-reference and multireference methods have also been

reported.32,33,39,49,166,167

Hess et al.30 report relativistic all-electron coupled-cluster calculations on the gold

dimer. The study by Hess et al.30 shows that CCSD(T) calculations reproduce the exper-

imental values better than DFT. Wesendrup et al.11 study Au3 clusters using relativistic

coupled-cluster calculations. Both the obtuse and acute triangle structures were found to

be more stable than the equilateral triangle. Among the approaches used by Wesendrup,

relativistic MP2 gives the results closest to the experiment for De and re. Olson et al.21,26

discuss the planarity of Au8 clusters using MP2.

6.2 Experimental studies

Experimentally, most techniques used to study gold clusters focus on anions, with only a

few studies dealing with neutral gold clusters, mainly Au2 and Au3.18,27,28,36,41,56,57,168–170

Only very recently have infrared vibrational spectra on neutral Au7, Au19 and Au20 clus-
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ters been reported.7 Based on these experimental results, the harmonic and anharmonic

spectra of the Au7 cluster are investigated in Chapter 8. We show that among various

DFT approaches used, PBE/VDB leads to the best prediction of the harmonic frequencies

for Au7 cluster compared to the experiment. We also show that although MP2 with a

relatively small basis set predicts harmonic frequencies of Au7 close to the experiment, it

does not correctly predict the global minimum energy structure. These favorable results of

MP2 are presumably due to the large effect of the basis set superposition error (BSSE).153

The shortcoming of MP2 to properly describe the geometries of small metallic clusters has

already been highlighted in other studies focused mainly on the gold dimer.10,11

6.3 Computational details

Five different empirical models are studied: The Murrell-Mottram potential112 with the

parameters used by Wilson and Johnston29 as well as the parameters used by Cox,111 the

Sutton-Chen potential,128 the Gupta potential116 with the parametrization defined by

Cleri and Rosato,117 the Glue model as developed by Ercolessi et al.,124 and finally, the

Voter-Chen version of the embedded atom model (EAM).120–122 These empirical potentials

have already been introduced in Chapter 5 (Sec. 5.1).

For each empirical potential, the Nelder-Mead version of the Simplex method171–173

is used in order to minimize a set of random initial geometries for each cluster size (see

Appendix B). In each case, a total of 1000 initial geometries are sampled and converged

to local minima. The Nelder-Mead method converges quickly since it does not require the

calculation of derivatives. It needs only one or two evaluations of the potential function

at each step (only in a few cases does it require m+1 or m+2 evaluations, where m is the

number of vertices of the simplex). By exploring an extensive set of initial structures, it

is found that the lowest local minima obtained coincide with the global minimum energy

structures reported by other types of global minimization methods. In order to reproduce

planar structures, geometrical constraints are introduced.

Plane-wave DFT calculations are performed using version 3.11.1 of the CPMD code.77

The Perdew-Burke-Ernzerhof PBE131 functional and a Vanderbilt (VDB) pseudo poten-

tial145 are used. The VDB pseudo potential has a plane-wave energy cutoff of 30 Ry

(408 eV) and only includes the 5d106s1 valence electrons. Relativistic effects are included

in the pseudo potential. Periodic boundary conditions are used.

A cubic supercell of (15 Å)3 is employed to avoid strong interactions between neigh-

boring clusters. The convergence criteria for wave function optimization and geometry

optimization are set to 10−7 a.u. (largest element of the gradient for the wave function)

and 5 × 10−5 a.u. (largest element of the gradient for the ions), respectively. Parameter

DUAL is set to 6.0 (ratio between the wave function energy cutoff and the density cutoff)

and GC-CUTOFF to 10−5 (density cutoff for calculation of the gradient correction), in

order to guarantee a good convergence of the wave function optimization. The local spin
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density approximation (LSD) version of the functional is used for clusters with an odd

number of atoms.

Geometry optimization is carried out by means of the limited-memory BFGS (L-

BFGS)174 method. Optimizations are initiated with structures obtained using the Gupta

potential. Next, a large set of these structures is re-optimized using PBE/VDB. Only

the minimum energy structures obtained with PBE/VDB are re-optimized using other

functionals such as BP,136,175 BLYP ,136,137 and LDA.130

MP2 calculations are carried out using the SBKJC(1f ) basis set. This corresponds

to the standard SBKJC basis set and effective core potential (ECP) including scalar rel-

ativistic corrections,176 with an extra set of functions f (exponent=0.89).21 Geometry

optimizations were performed using GAMESS-US code,85 but only for a selected set of

structures. The molecular geometry is optimized using analytic energy gradients with a

gradient convergence tolerance of 10−5 hartree/bohr.

Cluster binding energies are calculated as the difference between the total energy of

the cluster and the sum of the energies of the isolated gold atoms. Binding energies are

reported positive as a convention, i.e. the largest value corresponds to the strongest bond.

Clusters are plotted using the Visual Molecular Dynamics (VMD) program.177

6.4 Results

Figure 6.1 shows the different structures studied for each cluster size up to n = 10. The

empirical structures with the lowest energies are shown together with a few structures of

particular interest, that are not predicted by the potentials studied here, but are often

reported in the literature. In the range up to n = 5, empirical potentials predict one

non-planar structure for each cluster size. When a constrained minimization is used, a

stable planar structure is also predicted for Au4 and Au5. Between n = 6 and n = 10, the

number of local minimum energy structures increases dramatically.

Binding energies obtained using empirical potentials are reported in Table 6.1. Fig-

ure 6.2 shows a plot of the binding energies for the non-planar empirical global minimum

structures. Results from the Murrell-Mottram potential correspond to the parameters

suggested by Wilson and Johnston.29 Very similar binding energies are obtained with the

parameters suggested by Cox.111 In this latter case, the planar structures Au4-II, Au5-II

and Au6-IV were obtained without the use of constraints, although with a higher energy

than the global minimum. Among the potentials studied, the Murrell-Mottram potential

is the only one which explicitly includes a two- and a three-body term. Since these results

are parameter-dependent, it cannot be concluded that the inclusion of this explicit three

body term is the main cause for obtaining unconstrained planar structures. Nevertheless,

this may signify that a combination of suitable empirical parameters with a potential func-

tion containing terms higher than two-body contributions, could lead to a better empirical

model to predict the structure of the small gold clusters.
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Figure 6.1: Local minimum energy structures studied for Au2-Au10 clusters and their
symmetry point group. Most structures are obtained using the empirical potentials. The
structures marked with (*) are not local minima for empirical potentials but they are

stable for DFT.
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Table 6.1: Binding energies calculated for Au2-Au10 clusters using empirical potentials,
in eV/atom. Bold values correspond to the empirical global minimum energy structures.
The Glue potential yields different geometries; therefore, these values are not reported.

(SC: Sutton-Chen, MM: Murrell-Mottram, VC: Voter-Chen)

n Geometry Many-body potentials

Gupta SC MM VC

2 I D∞h 2.42 2.41 0.55 1.14

3 I D3h 2.73 2.70 0.99 1.76

4 I Td(C2v) 2.93 2.89 1.33 2.21

II D2h 2.82 2.79 1.21 2.00

5 I D3h 3.02 2.98 1.54 2.44

II C2v 2.87 2.84 1.34 2.12

6 I Oh 3.10 3.06 1.75 2.64

II C2v 3.07 3.03 1.67 2.56

III C2v 2.89 2.86 1.43 2.18

IV D3h 2.88 2.86 1.43 2.17

7 I D5h 3.14 3.10 1.84 2.74

II C3 3.12 3.08 1.83 2.70

III C3v 3.10 3.05 1.77 2.64

IV D6h 2.96 2.93 1.61 2.35

V Cs 2.91 2.88 1.50 2.23

8 I D2d 3.17 3.13 1.96 2.80

II Cs 3.15 3.11 1.91 2.77

III D3d 3.11 3.08 1.84 2.69

IV C2v 2.97 2.94 1.64 2.37

V D4h 2.91 2.88 · · · 2.25

9 I C1 3.19 3.15 2.01 2.86

II D3h 3.18 3.15 2.04 2.86

III D2h 2.98 2.95 · · · 2.38

IV C2v 2.97 2.94 · · · 2.37

V Cs 2.93 2.90 · · · 2.28

10 I C3v 3.22 3.18 2.09 2.92

II D4d 3.20 3.17 2.10 2.90

III D2h 3.21 3.17 2.08 2.89

IV D2h 3.02 2.98 1.76 2.47

V Cs 2.97 2.94 1.69 2.38
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Figure 6.2: Binding energies calculated for Au2-Au10 clusters using different empirical
potentials, in eV/atom. The values correspond to the global minimum energy structures,

which are non-planar (except for Au2 and Au3).

Figure 6.3 shows a plot of the binding energies for the various DFT approaches and

MP2/SBKJC(1f ), compared to energy values reported in other studies and to available

experimental values. PBE/VDB is found to be the most suitable DFT approach to repro-

duce the experimental binding energies of Au2 and Au3, as well as the bond length of Au2.

Experimental binding energies for larger clusters have not been reported. It is observed

that the optimization using DFT or MP2 slightly modifies the point group of symmetry

for a few of the structures obtained with the empirical potentials, e.g. for Au7-IV.

The calculated energies using PBE/VDB are in close agreement with the values re-

ported by Li et al.23 using the PW91 functional178 with a LANL2DZ basis (∼ 0.1 eV/atom

on average). Better agreement is found with binding energies reported by Xiao et al.,25

who use the PW91 functional with the projector augmented wave (PAW) method (differ-

ences by ∼ 0.01 eV/atom). This is not surprising as the valence term of the PAW wave

function is expanded in a plane wave basis set,179 while LANL2DZ is a double-zeta basis

set. Thus better agreement of PBE/PAW with PBE/VDB would be expected.

Assadollahzadeh and Schwerdtfeger162 using the B3PW91 functional with the LANL2DZ

basis set and an extensive Stuttgart basis set report binding energies ∼ 0.3 eV/atom

and ∼ 0.2 eV/atom higher, respectively, than the values obtained in this investigation.

Idrobo et al.,36 using the PBE functional with relativistic semicore potentials, report

binding energies ∼ 0.15 eV/atom higher than the ones obtained in this investigation. Ma-

jumder et al.,161 who also use ultrasoft pseudo potentials with a GGA functional, obtained

∼ 0.02 Å larger bond lengths and slightly shorter energy values for Au2 and Au3. Studies
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Figure 6.3: Binding energies obtained using DFT and MP2 calculations, in eV/atom.
They are compared to DFT values reported by Li et al.,23 to MP2 values reported by
Bravo-Perez et al.,34 and to experimental values reported by Bishea and Morse.27,28 All
structures are planar (MP2 global minimum energy structure for Au7 is non-planar but
here the value corresponding to the planar structure is shown). For Au3, the structure

reported by Bravo-Perez is the equilateral triangle.

using PBE with Troullier-Martins norm-conserving pseudo potentials show values different

from typical DFT results: Fernandez et al.45 report largely overestimated binding energies

using a plane-wave energy cutoff (Ec) of 120 Ry. Rogan et al.180 instead obtain largely

underestimated binding energies using a Ec = 60 Ry. This may indicate that this kind of

pseudo potentials are high sensible to the value of the plane-wave energy cutoff.

Results obtained here using MP2 are in good agreement with values reported by Her-

mann et al.37 (differences by ∼ 0.02 eV/atom), who performed MP2 calculations using a

relativistic effective core potential with a basis set from the Stuttgart-Dresden group.

Au2

Kordis et al.181 determined the dissociation energy of Au2 as D0 = 52.9 ± 0.5 kcal/mol−1

by evaluating enthalpy changes in high-temperature mass spectrometry experiments. Morse56

reports the following spectroscopic constants for gold dimer: D0 = 2.29 ± 0.02 eV,

ωe = 190.9 cm−1, ωexe = 0.420 cm−1, and re = 2.4719 Å. The value of D0 is equivalent

to the value reported by Kordis. The values ωe and ωexe correspond to the harmonic

frequency and the first anharmonic constant, respectively, for the Dunham’s expansion

described in Chapter 3 (Sec. 3.2).

Studies using resonant two-photon ionization spectroscopy on Au2 have been carried
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out by Bishea et al.27 They confirmed the value of dissociation energy reported by Morse

as D0 = 2.290 ± 0.008 eV. The relation between D0 and the energy value at the bottom

of the potential, De (or correspondingly the binding energy Eb), was already explained

in Chapter 3 (Sec. 3.1). For the gold dimer the difference between D0 and De is approx.

12 meV. Since this difference is small, we can compare the experimental dissociation energy

to the theoretical binding energy without introducing zero point energy corrections.

Among the empirical potentials, the Voter-Chen potential predicts the binding energy

of the dimer closest to the experimental value, and also provides a better prediction for

the bond length. This is in agreement with the fact that this potential has been fitted to

experimental values of the dimer for these two magnitudes.

Results using DFT and MP2 methods for Au2 are shown in Table 6.2.

Table 6.2: Binding energy, bond length and harmonic vibrational frequency for Au2.

Method Eb re ω̃

(eV/atom) (Å) (cm−1)

PBE/VDB 1.16 2.50 176.2

BP86/VDB 1.14 2.50 176.0

BLYP/VDB 1.10 2.52 169.1

PW91/LANL2DZa 1.10 2.53 178.9

LDA/VDB 1.50 2.43 195.9

PW92(LDA)/d-DNPb 1.22 2.55 173

MP2/SBKJC(1f) 1.12 2.47 194

MP2/SDDc 1.21 2.46 199

MP2/SDDd 0.79 2.70 · · ·
MP2/HW VDZe 0.98 2.63 186

CCSD(T)/SDDf 1.06 2.51 · · ·
CCSD(T)/PJHNg 1.10 2.49 187

MCPF/HW MBh 0.94 2.56 172

MRSDCI/ECi 1.03 2.52 193

Experimentalj 1.15 2.47 190.9

aReference 23. RECP and LANL2DZ basis set.
bReference 24. RECP and a double numerical basis set with d-polarization.
cReference 11. RECP and a modified (9s7p6d3f)/[8s4p5d3f ] basis set by the Stuttgart/Dresden group.
dReference 11. Non-relativistic ECP and a modified (9s7p6d3f)/[8s4p5d3f ] basis set by the

Stuttgart/Dresden group.
eReference 34. RECP and Hay-Wadt (3s3p3d)/[2s2p2d] VDZ basis set.
fReference 11. RECP and a modified (9s7p6d3f)/[8s4p5d3f ] basis set by the Stuttgart/Dresden group.
gReference 30. RECP and an augmented PJHN(4f2g1h1i) basis set by Pizlo et al. using counterpoise

correction and 34 correlated electrons.
hReference 33. RECP and modified Hay-Wadt MB basis set with final form (6s6p4d)/[5s4p4d] aug-

mented by a set of f functions.
iReference 32. RECP and Ermler-Christiansen (3s3p3d) basis set augmented by a set of f functions.
jReference 27 for binding energy, Ref. 56 for bond length and harmonic frequency.
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Except for LDA, the various DFT approaches overestimate the bond length of the

dimer in comparison to the experimental value. It is known that LDA reproduces the

experimental bond length for the gold dimer more accurately than other functionals.38

Nevertheless, the binding energy is largely overestimated with LDA (∼ 30%) and underes-

timated with GGA (by approx. 5%). Wang et al.,24 use LDA with the PW92 parametriza-

tion135 and a relativistic pseudo potential with a double numerical basis that includes a d

polarization function. They show that an improved estimation of the binding energy with

LDA leads to a worse description of the bond length. Among the DFT approaches used

in the present study, PBE/VDB shows the best agreement with the experimental bond

length of the dimer. MP2 results using the SBKJC(1f) basis show the best overall agree-

ment with all three experimental values. Nevertheless, studies suggest that this favorable

performance of MP2 for Au2 is a result of fortuitous cancelation of errors.11,30,31

Results from other studies show that SCF-based modified coupled-pair functional

(MCPF) calculations33,49 do not predict the experimental binding energy of the dimer

accurately. MRSDCI calculations32 also do not predict the binding energy accurately,

although the bond length is close to the experimental value and the harmonic frequency

is the best among all theoretical values reported. This may indicate that consideration

of triple excitations is necessary to obtain a better description of the energetics of this

cluster. Such is the case of CCSD(T),11,30 which leads to reasonably good results for Au2.

Au3

The global minimum energy structure predicted by each of the empirical potentials is

an equilateral triangle. DFT and ab initio methods show that the gold trimer presents

a more complicated potential energy surface than described by the empirical potentials.

The gold trimer includes various structures very close in energy to each other, in which

the Jahn-Teller40 and the spin-orbit coupling effects play an important role. Shen et al.38

suggest that including spin-orbit coupling in DFT favors the equilateral triangle D3h.

Rusakov et al.,42 show that including spin-orbit effects favors the acute structure using

MP2 and CCSD(T). However, for DFT the results are functional dependent.

Using PBE/VDB, structure Au3-V converged to the obtuse triangle, Au3-IV, with

parameters 2.53 Å/138.1◦. This is the global minimum energy structure for most DFT

approaches. The binding energy is 1.24 eV/atom, very close to the experimental one of

1.27 eV/atom, and the calculated harmonic frequencies are 183.1/127.0/24.7 cm−1. Table

6.3 shows the results for the obtuse triangle structure (Au3-IV). The equilateral triangle

Au3-I converged to the acute triangle Au3-II with parameters 2.70 Å/56.7◦ and a binding

energy of 1.19 eV/atom. Another acute triangle with angle θ slightly greater than 60◦,

converged to Au3-III (2.59 Å/65.6◦ and a binding energy of 1.20 eV/atom). Table 6.4

shows the structural parameters and harmonic frequencies for the local minima of Au3.

Tables 6.5 and 6.6 contain the binding energies.
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Table 6.3: Binding energy and structural parameters for the Au3 global minimum energy
structure (obtuse triangle Au3-IV) as predicted using PBE/VDB.

Method Eb L/θ

(eV/atom) (Å)

PBE/VDB 1.24 2.53/138.1◦

BP86/VDB 1.21 2.52/138.4◦

BLYP/VDB 1.16 2.54/139.3◦

LDA/VDB 1.65 2.45/140.0◦

PW91/LANL2DZa 1.14 2.60/146◦

MP2/SBKJC(1f) 1.11 2.52/123.0◦

MP2/SDDb 1.13 · · ·
Experimentalc 1.27 · · ·

aReference 23. RECP and LANL2DZ basis set.
bReference 37. Small-core scalar RECP. (7s5p5d3f)/[5s3p3d1f ] basis set by the Stuttgart/Dresden

group.
cReference 27.

Using MP2/SBKJC(1f), we found an acute triangle (Au3-III) to be the global mini-

mum energy structure, in agreement with MP2 calculations reported by other authors.11,34

This structure has parameters 2.57 Å/65.0◦. For the obtuse structure, the MP2 calcula-

tions show a structure with a bond length (2.52 Å), very close to the one for PBE/VDB,

but with a lower magnitude of the angle (123.0◦) and with harmonic frequencies of

175.1/147.14/19.0 cm−1. We observed that MP2 affects mainly the bending angle of

the molecule. MP2 relativistic calculations by Wesendrup et al.11 show an acute triangle

with parameters 2.55 Å/65.1◦ as the global minimum energy structure, followed in energy

by another one with parameters 2.67 Å/56.1◦. Bravo-Perez et al.34 report 2.71 Å/64.4◦

and 2.82 Å/56.5◦ for the acute structures.

MCPF predicts the equilateral triangle as the global minimum energy structure with

2.71 Å/60◦.49 As in the case of the dimer, this method fails to accurately predict the

experimental binding energy of the gold trimer. MRSDCI predicts 2.60 Å/65.7◦ and

2.72 Å/56.4◦ for the acute structures.39 These structural values predicted using MRSDCI

are very close to the PBE/VDB results. CCSD(T)38 predicts structural parameters and

binding energy for the acute structures in close agreement with MRSDCI.

The C2v obtuse structure (Au3-IV) has been suggested by Howard et al.,168 from

measurements using electron-spin resonance (ESR). Bishea et al.,28 suggested a C2v acute

structure using two-photon ionization spectroscopy, without discarding the possibility of

the existence of the obtuse structure. Guo et al.,41 using matrix-infrared spectroscopy,

assign the global minimum energy to an equilateral triangle D3h instead. From theory,

structures very close in energy are predicted at the minimum (using either DFT or MP2).
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Table 6.4: Structural parameters and harmonic frequencies for the Au3 local minimum
energy structures. Above: Bond lengths in Å, and angle. Below: Harmonic frequencies

in cm−1.

Method Au3-II Au3-III Au3-V

(θ < 60◦) (θ > 60◦) (θ = 180◦)

PBE/VDB 2.70/56.7◦ 2.59/65.6◦ · · ·
168.6/109.2/5.3 167.1/89.3/69.0 · · ·

PW91/QZ4Pa 2.72/56.6◦ 2.61/65.9◦ 2.57/180◦

168/110 175/96 168/105

MP2/SBKJC(1f) 2.68/56.2◦ 2.57/65.0◦ · · ·
187/117/26 446/182/90 · · ·

MP2/SDDb 2.67/56.1◦ 2.55/65.1◦ 2.52/180◦

192/122/12i 557/187/85 182/125/8

MP2/HW VDZc 2.82/56.5◦ 2.71/64.4◦ 2.68/180◦

183/116/33 183/106/86 158/120/12

CCSD(T)/SDDd 2.72/56.3◦ 2.61/64.9◦ 2.58/180◦

· · · · · · · · ·
MRSDCI/Rosse 2.72/56.4◦ 2.60/65.7◦ 2.60/180◦

· · · · · · · · ·

aReference 38. All-electron QZ4P basis set. Using relativistic correction method ZORA.
bReference 11. RECP and a modified (9s7p6d3f)/[8s4p5d3f ] basis set by the Stuttgart/Dresden group.
cReferences 34 and 35. RECP and Hay-Wadt (3s3p3d)/[2s2p2d] VDZ basis set.
dReference 38. Small-core scalar energy consistent RECP(2f) by the Stuttgart/Dresden group.
eReference 39. RECP by Ross et al. and associated basis set.

Since interpretation of experimental results leads to different possible structures, the global

minimum energy structure of Au3 is still an object of controversy.

In the study of the effect of noble gas embedding on small neutral gold clusters pre-

sented in Chapter 9, we show that one krypton atom changes the global minimum energy

structure of Au3 from the obtuse triangle to an acute triangle with θ > 60. A second kryp-

ton atom leads to an acute triangle with θ < 60. A suitable interpretation of the geometry

of this cluster should contain the effect of the chemical ligands used in the experiment.

Au4

For the various empirical potentials, the global minimum energy structure for the tetramer

is the tetrahedron Au4-I. The planar trapezoid (Au4-II) is obtained as a local minimum

structure when planar constraints are included.

Au4-II is the global minimum energy structure using PBE/VDB. Similar to the trimer,

there is a second structure very close in energy to the minimum one. In this case, Au4-III

is only 0.006 eV/atom higher in energy. Tables 6.5 and 6.6 show the binding energies for
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Au4 and larger clusters. The parameters 2.67 Å/58.6◦, corresponding to the bond length

and the smaller internal angle of Au4-II, are in good agreement with the ones reported

by Balasubramanian et al.166 with MRSDCI (2.69 Å/58.6◦). Bravo-Perez et al.34 report

2.77 Å/58.6◦ with MP2. Bauschlischer et al.49 report 2.73 Å/58.8◦ with MCPF. The

binding energy for Au4-II using MP2/SBKJC(1f) is slightly larger than for PBE/VDB.

There are no experimental binding energies reported for Au4 and larger clusters.

Au5

The empirical potentials predict a trigonal bipyramid (Au5-I) as the global minimum

energy structure and a ‘W-shape’ planar trapezoid (Au5-II) as a local minimum energy

structure. The planar trapezoid Au5-II is the global minimum energy structure using

PBE/VDB. A bond length of L = 2.60 Å at the base of the trapezoid is obtained. The

Au5-I structure is 0.2 eV/atom higher in energy. As a consequence, a higher stability of

the global minimum energy structure is suggested, compared to the two previous clusters

Au3 and Au4. Values reported for MP234 and MCPF49 are L = 2.72 Å and L = 2.76 Å,

respectively. There are no reported values for this cluster using MRSDCI or CCSD(T)

methods.

Au6

The various empirical potentials predict Au6-I as the global minimum energy structure.

Instead, Au6-IV is obtained as the global minimum energy structure using PBE/VDB,

with the structural parameter L = 2.61 Å (any of the external bond lengths). The same

optimized structure is obtained from Au6-III. The non-planar structure Au6-II converged

to Au6-V, and it is 0.17 eV/atom higher in energy than the global minimum.

MP2 and CCSD(T) calculations by Olson et al.26 and by Han22 show the same global

minimum as PBE/VDB. Using PBE with the same basis set as Olson, we obtained a

value of L = 2.59 Å for the bond length of the global minimum, Au6-IV. Using MP2,

the non-planar structure Au6-V has a binding energy very close (less than 0.01 eV/atom

higher) to the global minimum Au6-IV. Bravo et al.34 report L = 2.72 Å for the structural

parameter of the same structure.

Au7

The various empirical potentials predict a regular pentagonal bipyramid (Au7-I) as the

global minimum energy structure. Using PBE/VDB, the planar structure Au7-V is the

global minimum energy structure. In contrast to the two previous clusters (Au5 and Au6),

this cluster has a second structure (Au7-VI) that is very close in energy to the global

minimum. It is 0.02 eV/atom higher in energy as determined by PBE/VDB calculations.

Wang et al.,24 using LDA (PW92),135 report the non-planar structure Au7-I as the global

minimum, similarly to the empirical potential calculations.
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Table 6.5: Binding energies using PBE/VDB and MP2/SBKJC(1f), in comparison to
DFT and MP2 reported values, in eV/atom. Experimental values for Au2 and Au3 are
1.145 eV/atom (Ref. 27), and 1.267 eV/atom (Ref. 57), respectively. Bold values corre-
spond to the global minimum energy structures. Values in parenthesis are relative to the

minimum.

n Geom. PBEa PW91b PW92c MP2d MP2e MP2f MP2g,h

2 I D∞h 1.16 1.10 1.22 1.12 0.98 · · · 1.21*

3 I D3h · · · 0.56 · · · · · · · · · · · · 1.27*

II C2v 1.19 · · · 1.24 1.16 1.05 · · · 1.28*

III C2v 1.20 · · · 1.24 1.16 1.05 · · · 1.29*

IV C2v 1.24 1.14 · · · 1.11 · · · 1.13 · · ·
V D∞h · · · 1.12 1.28 · · · 0.96 · · · 1.24*

4 I Td 1.26 1.15 0.14 · · · 1.20 · · · · · ·
II D2h 1.55 1.45 1.74 1.60 1.45 1.62 · · ·
III C2v 1.54 1.45 1.53 · · · 1.38 · · · · · ·

5 I D3h 1.50 1.31 1.11 · · · 1.51 · · · · · ·
II C2v 1.70 1.59 1.90 1.75 1.59 1.78 · · ·
III D2h · · · 1.52 · · · · · · · · · · · · · · ·
IV C4v · · · 1.30 0.96 · · · · · · · · · · · ·

6 II C2v · · · 1.61 · · · · · · 1.69 · · · · · ·
III C2v · · · · · · · · · · · · 1.81 · · · (0.08)

IV D3h 1.94 1.83 2.18 2.06 1.89 2.11 (0.00)

V C5v 1.77 1.67 · · · · · · 1.89 · · · (0.07)

7 I D5h 1.80 1.72 2.13 2.13 · · · 2.13 · · ·
III C3v 1.81 1.72 · · · · · · · · · · · · · · ·
IV C2h 1.85 1.73 1.97 · · · · · · · · · · · ·
V Cs 1.90 1.78 · · · 2.00 · · · 2.04 · · ·
VI C2v 1.88 1.76 · · · 1.98 · · · · · · · · ·

8 I D2d 1.92 1.83 · · · · · · · · · · · · (0.00)

II Cs 1.94 1.85 · · · · · · · · · · · · (0.12)

III D3d 1.92 1.85 2.30 · · · · · · · · · (0.03)

IV C2v 1.97 1.85 · · · · · · · · · · · · (0.18)

VI D4h 2.02 1.90 · · · · · · · · · · · · (0.17)

9 I C1 1.92 · · · · · · · · · · · · · · · · · ·
II D3h · · · 1.80 · · · · · · · · · · · · · · ·
III D2h 1.99 1.85 · · · · · · · · · · · · · · ·
IV C2v 2.01 1.87 · · · · · · · · · · · · · · ·
V Cs 1.99 · · · · · · · · · · · · · · · · · ·

10 I C3v 2.02 · · · · · · · · · · · · · · · · · ·
II D4d 1.98 1.91 2.39 · · · · · · · · · · · ·
III D2h 1.96 · · · · · · · · · · · · · · · · · ·
IV D2h 2.09 1.95 · · · · · · · · · · · · · · ·
V Cs 2.04 · · · · · · · · · · · · · · · · · ·

aOur results using a Vanderbilt pseudo potential basis set (VDB).
bReference 23. RECP and LANL2DZ basis set.
cReference 24. RECP and double numerical basis set with d-polarization (d-DNP).
dCalculations in this study using a RECP and SBKJC(1f) basis set.
eReference 34. RECP and Hay-Wadt (3s3p3d)/[2s2p2d] VDZ basis set.
fReference 37. Small-core scalar RECP. (7s5p5d3f)/[5s3p3d1f ] basis set by the Stuttgart/Dresden

group.
gReference 11. *RECP and a modified (9s7p6d3f)/[8s4p5d3f ] basis set by the Stuttgart/Dresden

group.
hReference 26. RECP and SBKJC(1f) basis set.
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Table 6.6: Binding energies reported using other methods, in eV/atom. Bold values
correspond to the global minimum energy structures. Values in parenthesis are relative to

the minimum.

n Geom. CCSD(T)/ CCSD(T)/ CCSD(T)/ MCPF/ MRSDCI/

SBKJC(1f)a SDDb cc-pVDZc HWd ECe

2 I D∞h · · · 1.06 · · · 0.94 1.03*

3 II C2v · · · 1.08 · · · · · · · · ·
III C2v · · · 1.08 · · · 0.98 1.10

V D∞h · · · 1.05 · · · · · · · · ·
4 II D2h · · · · · · · · · 1.31 1.71

5 II C2v · · · · · · · · · 1.45 · · ·
6 III C2v (0.09) · · · · · · · · · · · ·

IV D3h (0.00) · · · · · · · · · · · ·
V C5v (0.11) · · · · · · · · · · · ·

8 I D2d (0.01) · · · (0.04) · · · · · ·
II Cs (0.05) · · · · · · · · · · · ·
III D3d (0.00) · · · (0.03) · · · · · ·
IV C2v (0.06) · · · · · · · · · · · ·
VI D4h (0.03) · · · (0.00) · · · · · ·

aReference 26. RECP and SBKJC(1f) basis set.
bReference 11. RECP and a modified (9s7p6d3f)/[8s4p5d3f ] basis set by the Stuttgart/Dresden group.
cReference 21. RECP by Figgen/cc-pVDZ-PP correlation consistent basis set by Peterson and Puzzarini

including core-valence contributions.
dReference 49. RECP and modified Hay-Wadt MB basis set with final form (6s6p4d)/[5s4p4d] aug-

mented by a set of f functions.
eReferences 32* and 166. RECP and Ermler-Christiansen (3s3p3d) basis set augmented by a set of f

functions.

Using MP2, Au7 is the first cluster to be found with a non-planar geometry, as re-

ported in various studies.21,26,37 We confirmed this using MP2/SBKJC(1f). Bond lengths

obtained using this method are lower than PBE/VDB by ∼ 0.03 Å. A recent study7 shows

that the planar structure Au7-V, predicted using BP/SVP, is in better agreement with

the experimental vibrational spectrum for this cluster. On this basis, we carried out a

detailed study of Au7, including various DFT approaches and an analysis of harmonic and

anharmonic frequencies. This is presented in Chapter 8.

Au8

Au8-I is the global minimum energy structure for the octamer using the various empirical

potentials. Using PBE/VDB, the planar structure (Au8-VI) is obtained as the global

minimum energy structure. The Au8 cluster has gained a lot of attention since the study

of Sanchez et al.,18 in which they report it to be the smallest catalytically active gold

cluster. They do not contemplate the occurrence of a planar structure since the oxide-

support (MgO) might strongly modify the geometrical structure of the free clusters. They

do show that the catalytic activity is enhanced by electron transfer from the oxide-support

to the gold cluster. It has been suggested that this catalytic property is due to the non-
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planarity of the cluster, manifested as surface roughening and localization of the electron

density.18

This has motivated further investigations to probe the non-planarity of this cluster.

They have been, however, inconclusive. For example, Olson et al.21,26 found that the

non-planar structures are the global minimum structures when MP2 and CCSD(T) are

used. Using larger basis sets with CCSD(T) the planar geometry is favored, but non-

planar structures are still very close in energy to the planar one. Han22 shows that the

non-planarity in Au8 is favored using MP2, and that CCSD(T) can lead to planar or non-

planar structures depending on the basis used. Nevertheless, geometries used for these

reported CCSD(T) calculations have been optimized only at the MP2 level.

Au9

Among the empirical potentials, a bicapped pentagonal bipyramid (Au9-I) is found to be

the global minimum energy structure. An exception is the Murrell-Mottram potential,

which predicts a cage-like structure (Au9-II). Using PBE/VDB, the global minimum is a

planar structure (Au9-IV), but two other planar structures (Au9-III and Au9-V) are also

very close in energy, only ∼ 0.02 eV/atom higher. No reported ab initio values for Au9

are known.

Au10

For all empirical potentials, the global minimum energy structure is a tricapped pentagonal

bipyramid (Au10-I), except for the Murrell-Mottram potential which is a bicapped square

antiprisma (Au10-II). The global minimum predicted by PBE/VDB is Au10-IV. Although

only a few structures were optimized, the minimum geometries are predicted in agreement

with other DFT studies. No reported ab initio values for Au10 are known.

Geometry of the cluster and vibrational spectrum

Various structures that are stable for DFT, such as the planar structures for the smaller

gold clusters, are not predictable using empirical potentials. This indicates that the lack

of details of the PES using these potentials leads to a reduced number of local minimum

energy structures in comparison to DFT. On the other hand, binding energy differences

between isomers described by DFT for each cluster size are very small in some cases, e.g.

for the two acute triangle structures Au3-II and Au3-III or for the structures Au7-I and

Au7-II (see Table 6.5). Having isomers very close in energy may change our traditional

description of the molecular vibrations in terms of the global minimum energy structure.

More than one isomer can potentially contribute to the measured vibrational spectrum of

the cluster.

Vibrating clusters can adopt geometries of other clusters very close in energy. This is

the case for the two acute structures of Au3, where the bending mode describes a structure
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with a changing angle θ very close to 60◦. We have realized for these two structures that

there is an overlap of their potential energy curves. This implies that the same cluster

can be equilateral, or acute with θ > 60◦ or θ < 60◦. Considering thermal changes

in the system, a cluster could overcome the energy barrier of another cluster close in

energy. This implies that above a given temperature a cluster system may be composed of

clusters with different geometries instead of clusters with only the geometry of the global

minimum energy structure. Our investigation focuses on the study of anharmonicity for

clusters with a given fixed geometry. Energy barriers were not calculated. Nevertheless,

we obtained a general indication of the possible effects on the vibrational frequencies by

having a configuration of clusters with various minimum energy geometries.

6.5 Vertical ionization potentials and vertical electron affini-

ties

The ionization potential (IP) of an atom or molecule is the minimum energy required to

remove an electron from the isolated atom or molecule in its ground state. The electron

affinity (EA) is the energy change that occurs when an electron is added to an isolated

neutral atom or molecule.182 The geometry of a charged molecule may be different from

the neutral molecule. The measured IP or EA can refer to the vertical energy, in which

case the ion has the same geometry as the neutral molecule, or to the adiabatic energy if

the geometry of the ion is relaxed. Table 6.7 shows vertical ionization potentials (VIP)

and vertical electron affinities (VEA) calculated using PBE/VDB for Au2-Au9.

The experimental VEA are taken from measured vertical detachment energies of Aun

anions.184 The theoretical values are calculated as the difference between the total energy

of the neutral cluster and the anion. The experimental VIP are taken from electron

impact ionization measurements.183 The theoretical values are calculated as the difference

between the total energy of the cation and the neutral cluster. For both VIP and VEA,

the energies of the charged clusters are computed by considering them as isolated systems.

All energies are calculated at each size and geometry of the corresponding neutral clusters,

i.e. charged clusters are not relaxed.

PBE/VDB predicts VIP and VEA in relatively good agreement with experimental

values71,183,184 and reproduces the main oscillating trends of the values, that have been

reported and widely discussed in other DFT studies.23,45,162 For example, due to the

closed-shell structure, even sized clusters exhibit larger VIP and smaller VEA. The root

mean square deviation RMSD between theoretical and experimental values for the relative

changes is lower for VIP (8 %) than for VEA (10 %).
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Table 6.7: Vertical ionization potentials (VIP) and vertical electron affinities (VEA) cal-
culated using PBE/VDB. Theoretical and experimental values are reported in eV. Their

differences ∆ are reported in eV and %.

n VIP VEA

PBE/VDB exp.a ∆ PBE/VDB exp.b ∆

(eV) (eV) (eV) (%) (eV) (eV) (eV) (%)

1 9.60 9.23 0.37 4 2.29 2.31 −0.02 −1

2 9.59 9.50 0.09 1 1.73 2.01 −0.28 −14

3 8.41 7.50 0.91 12 3.21 3.88 −0.67 −17

4 7.89 8.60 −0.71 −8 2.47 2.75 −0.28 −10

5 7.52 8.00 −0.48 −6 2.97 3.09 −0.12 −4

6 8.01 8.80 −0.79 −9 2.08 2.13 −0.05 −2

7 7.13 7.80 −0.67 −9 3.10 3.46 −0.36 −10

8 7.64 8.65 −1.01 −12 2.76 2.79 −0.03 −1

9 6.99 7.15 −0.16 −2 3.27 3.83 −0.56 −15

RMSD 0.65 8 0.35 10

aReference 183.
bReference 71 for Au. Reference 184 for Au2-Au9.

6.6 Conclusions

A detailed study of the structural properties of small neutral gold clusters was performed

in a range in which most DFT approaches predict planar structures (Au2-Au10). Although

in the last few years various studies have been reported for these and larger neutral gold

clusters, we realized a global comparison between reported results by other authors and

results obtained using various theoretical approaches, such as empirical potentials, DFT

and MP2.

We showed that using the Nelder-Mead version of the Simplex method allows for ob-

taining the global minimum energy geometries in agreement with global minimization

methods, which have been widely used in other studies for the prediction of structures

by the empirical potentials. Lack of directionality of these potentials leads to high sym-

metry structures. Thus they do not predict the planar structures predicted by high-level

electronic structure methods. Inclusion of explicit many-body terms, as in the Murrell-

Mottram potential, leads to planar geometries, although as local minimum energy struc-

tures. A further assessment of these empirical potentials is presented in Chapter 7.

Of the DFT approaches used, PBE/VDB was found to be the method which best

predicts the binding energies of Au2 and Au3, as well as the bond length of Au2. Re-

sults for the binding energies are very close to those ones reported by Xiao et al.,25 who

use the PW91 functional with the projector augmented wave (PAW) method (differences



66 CHAPTER 6. MINIMUM ENERGY STRUCTURES FOR NEUTRAL AU2-AU10 CLUSTERS

by ∼ 0.01 eV/atom). It was observed that the binding energies computed using ultra-

soft pseudo potentials are in better agreement with experimental values than previously

reported results from norm-conserving pseudo potentials.45,180 Studies have shown that

norm-conserving pseudo potentials become problematic for systems containing highly lo-

calized valence orbitals such as transition metals.145

Also, a very good agreement was obtained with structural parameters reported by

Balasubramanian et al.32,166 with the MRSDCI method for Au2 and Au3. The prediction

of electronic properties such as vertical ionization potentials and vertical electron affinities

is also satisfactory when compared to experimental values.

From the various MP2 approaches compared, MP2/SBKJC(1f) shows the best agree-

ment with experimental values for binding energy, bond length and harmonic frequency of

the gold dimer. Nevertheless, it has been suggested that this type of favorable agreement

obtained for gold clusters using MP2 is due to the fortuitous cancelation of errors.11,31

The size at which DFT predicts the transition from planar to non-planar structures of

neutral clusters is still a matter of controversy. Since the amount of possible structures

increases dramatically and the difference in energy between isomers decreases with the

cluster size, the ordering of the isomers changes depending on the DFT approach used.

This explains why different planar-to-nonplanar transition sizes are obtained from different

studies, even while using relatively similar DFT approaches.

The study of the Au7 cluster (see Chapter 8) and the comparison to its experimental

vibrational spectrum,7 shows DFT as a suitable method to describe the global minimum

structure. Thus, the prediction obtained from MP2 for the planar-to-nonplanar transition

at n = 7 becomes a matter of controversy.

MP2 and CCSD(T) scales as O(N5) and O(N7) with the molecular size N , respectively.

DFT scales between O(N2) and O(N3) depending on the molecular size. Therefore, using

DFT becomes less troublesome and allows for more efficient calculations as the cluster size

increases.185 For this reason DFT, in particular PBE, is the preferred tool to investigate

the anharmonic vibrational frequencies of small gold clusters. The same considerations

about the method are adopted for the study of silver clusters in Chapter 11.

A main advantage of using ultrasoft pseudo potentials is the possibility of studying

larger systems with relatively little demand of computing resources in comparison to other

methods such as MP2 or CCSD(T). Since the study of anharmonicity requires computation

of a PES, a DFT approach based on this kind of pseudo potentials should allow for an

efficient and accurate computation of anharmonic vibrational frequencies. One drawback

of using Vanderbilt ultra-soft pseudo potentials in the CPMD77 code is that they are

mostly limited to basic functionality, such as geometry optimization, and that they are

mostly restricted to transition metals. This requires the use of alternatives schemes for

some particular cases such as in the study of the interaction between the metal cluster and

noble gas atoms. Another DFT scheme based on pseudo potentials, PBE/GTH, offers a

relatively efficient tool to study anharmonicity on small metallic clusters (see Chapter 8).



Chapter 7

Assessment of the quality of

empirical potentials

Two-body potentials are widely used to study noble gases, but show several limitations in

describing metallic systems accurately, e.g. the relation between cubic elastic constants,

the vacancy formation energy, the melting temperature, and some surface properties.124

To overcome such limitations, some empirical potentials including many-body effects have

been developed. Most comparative studies of empirical potentials focus on analyzing how

the minimum energy structures are reproduced in comparison to higher level methods.

The usual comparisons include the binding energies, bond lengths and sometimes the

harmonic frequencies. Although this type of analysis provides a compact description of

the potentials, it is often not sufficient to estimate which of them better resembles high-

level theory results. Also the standard tests do not look at curvature of PES in detail.

A direct comparison of empirical potentials is not trivial. The first drawback of a

simple and direct comparison between empirical potentials is that they have different

analytical expressions. In addition, the empirical parameters are often fitted to different

experimental values (see Chapter 5, Sec. 5.1). Therefore, comparing only binding energies

and bond lengths can lead to misleading results. Another drawback is that the structures

predicted by the empirical potentials for gold clusters are planar only for the trivial cases

Au2 and Au3, but when higher-level methods are used they are planar up to larger sizes.

Here an alternative methodology is introduced based on the local comparison of po-

tential energy surfaces (PES) around a given minimum energy structure in order to assess

the quality of empirical potentials. The method relies on a many-body expansion of the

PES in terms of normal coordinates to determine, in a systematical way, how the features

of the reference PES are reproduced by each empirical potential. Their particular proper-

ties, due mainly to relativistic effects,2,3,11,186 make these clusters interesting systems for

testing theoretical methods, like empirical potentials.

Several studies have been carried out on gold clusters using empirical potentials, but

only a few of them have compared different potentials. Wilson and Johnston29 com-

67
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pared global minimum energy structures obtained with the Murrell-Mottram potential

with those obtained from the Gupta and the Sutton-Chen potentials. They found that

the minimum energy structures obtained for all of these potentials are only similar up to

Au7. Rogan et al.180 compare the results of the Murrell-Mottram and the Daw-Baskes-

Foiles (DBF) potentials to DFT calculations for gold clusters up to n = 12. They found

that the DBF potential largely overestimates the binding energies compared to the Perdew-

Burke-Ernzerhof (PBE) functional,131 using a norm-conserving pseudo potential. Between

two structures with equivalent geometries, Grigoryan et al.159 use a relation of similarity

to evaluate the differences at all interatomic distances. They found that the Voter-Chen

and DBF potentials work similarly for Cu and Ni, but for Au they show large differences,

specially for clusters with n < 20. Hermann et al.37 compare empirical potentials to

second-order Møller-Plesset perturbation theory (MP2) calculations, using a many-body

decomposition of the interaction potential. Their study focuses on the Au7 cluster, which

was found to be non-planar at the MP2 level of theory. It shows that the many-body

terms converge very slowly for MP2 and very rapidly for the empirical potentials.

Five typical empirical models are studied here: The Murrell-Mottram potential112

with both the parameters used by Wilson and Johnston29 and the parameters used by

Cox,111 the Sutton-Chen potential,128 the Gupta potential116 with the parametrization

defined by Cleri and Rosato,117 the Glue model as developed by Ercolessi et al.,124 and the

Voter-Chen version of the EAM model.120–122 The DBF118,119 version of the EAM model

is not studied since it has been shown that this potential largely overestimates the binding

energy in small gold clusters.44,158 All of these models predict non-planar minimum energy

structures, with the exception of the trivial cases Au2 and Au3. Details of the potentials

are presented in Chapter 5 (Sec. 5.1).

The analysis is carried out in two ways: First, structural parameters and binding

energies obtained using the empirical potentials are compared to those obtained with DFT,

for cluster sizes up to n = 10. In contrast to previous studies, structures with geometries

equivalent to the global DFT minima described in Chapter 6, are also considered. Second,

a comparison of the empirical PES and the DFT PES is carried out, around the DFT

global minimum energy structures, for cluster sizes up to n = 5. Various potentials are

compared to results obtained with plane-wave DFT, in particular the PBE131 functional

and an ultrasoft Vanderbilt pseudo potential.145 This choice is based on comparisons

to selected reported values from both DFT and ab initio calculations, as well as from

experiments. Many of these studies are cited in Chapter 6 (Secs. 6.1 and 6.2). Other DFT

functionals are also compared to PBE/VDB.

The remainder of this chapter is organized as follows: The methodology used in this

investigation is described in Sec. 7.1. The criteria used to choose a suitable DFT approach

are presented in Sec. 7.2. Section 7.3 contains relevant computational details. Sections 7.4

and 7.5 contain the results for the evaluation of various DFT approaches and for the

assessment of the empirical potentials, respectively. Conclusions are given in Sec. 7.6.
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7.1 Methodology

The PES is explored using a hierarchical many-body expansion in terms of a set of n

mass-weighted normal coordinates, limited to the second order,8,65

V (Q) = E0 +
n∑
i

V
(1)
i (Qi) +

n∑
i

n∑
i<j

V
(2)
i,j (Qi, Qj). (7.1)

The number of normal coordinates in Q = {Q1, . . . , Qn} is determined by the number of

atoms N ; i.e. n = 3N − 6 or n = 3N − 5 for linear structures such as Au2.

The potential V (Q) is explored only locally around a minimum energy structure. 1D

contributions to the PES, V
(1)
i (Qi), describe how the potential changes when the normal

coordinates change in one direction. 2D contributions, V
(2)
i,j (Qi, Qj), describe how the

potential changes due to the coupling of displacements in two different directions. They

are expressed as:

V
(1)
i (Qi) = V (Qi)− E0, (7.2)

V
(2)
i,j (Qi, Qj) = V (Qi, Qj)− V (1)

i (Qi)− V (1)
j (Qj)− E0. (7.3)

V (Qi) and V (Qi, Qj) are sampled on a 1D and 2D grid, respectively. These are evalu-

ated point by point, either by an electronic-structure program or by a program evaluating

the empirical potential. The harmonic potential can be computed directly from the 1D

curves (see Eq. 4.20),

V
(harm)
i (Qi) =

1

2

(
∂2E

∂Q2
i

)
0

Q2
i . (7.4)

For the comparison of the 1D contributions to the PES, the deviation from the harmonic

potential is computed as:

Ṽ
(1)
i (Qi) = V

(1)
i (Qi)− V (harm)

i (Qi). (7.5)

A 1D index is defined, in terms of the potential evaluated on a number, mmax, of grid

points. This is done in order to assign a magnitude to the global variations of the 1D

contributions in each direction,

ζ1D
i =

1

mmax

mmax∑
mi

|Ṽ (1)
i (mi)|. (7.6)

Correspondingly, in order to assign a magnitude to the global variations of the 2D PES,

a 2D index is defined (see Eq. 4.23),
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ζ2D
ij =

1

(mmax)2

mmax∑
mi

mmax∑
mj

|V (2)
ij (mi,mj)|. (7.7)

Both indices, ζ1D
i and ζ2D

ij , of each normal coordinate or pair-coupled normal coor-

dinates, are useful quantities for comparing the PES predicted by the chosen high-level

theory and by each empirical potential.

7.2 Choice of the DFT approach

The choice of the exchange-correlation functional was based on the study of four different

functionals applied to the gold clusters. We tested the PBE,131 BP86,136,175 BLYP136,137

and LDA130 functionals with Vanderbilt (VDB) pseudo potentials,145 as implemented in

the CPMD77 code. The PBE functional shows the best agreement with the binding energy

and bond length of Au2, as well as with the binding energy of Au3.

An evaluation of the various DFT approaches is presented in Sec. 7.4, using the method-

ology suggested in Sec. 7.1. In addition, in Chapter 6 (Sec. 6.4) a comparison of PBE/VDB

results to values obtained in other studies using DFT was presented. We observe that

PBE/VDB is well suited to describe the energetics and structure of small gold clusters.

The BP86 functional provides results very close to PBE. On average, the BLYP functional

leads to differences in binding energies of about 0.2 eV compared to PBE. For the local

density approximation (LDA) functional, good agreement with the bond length of Au2 is

achieved, but the binding energies of Au2 and Au3 are overestimated by ∼ 30 % when

compared to the experimental values.

It is known that MP2 leads to bond distances that are too short and dissociation

energies that are too small for the gold dimer. This is attributed to an overestimation of

electron correlation effects.10,30 A study of Au3 to Au7 clusters by Hermann et al.37 shows

that the correlation energy calculated by means of an n-body expansion using MP2 does

not converge smoothly, thus failing to predict properly the energy and geometry of small

metallic clusters. Other studies have shown that the CCSD(T) method reproduces the

experimental values (bond length and binding energy) of Au2 better than MP2.11,30 Shen

and BelBruno38 present a comparison of all-electron DFT calculations using different

functionals to CCSD(T) calculations for Au2. They found that the PBE and PW91

functionals lead to more accurate results than CCSD(T).

In Chapter 8 we show that PBE/VDB predicts the vibrational frequencies of the Au7

cluster better than other DFT approaches and predicts its global minimum energy struc-

ture in agreement with experimental results.7 We also show that although MP2 predicts

the harmonic frequencies of Au7 in good agreement with the experimental values, it does

not predict well the global minimum energy geometry for this cluster.

Due to the computational cost of applying high-level ab initio methods such as CCSD(T)
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and the suitability of PBE/VDB to predict experimental values, this DFT approach was

chosen as the reference method for comparing to empirical potentials.

7.3 Computational details

For each empirical potential, the Nelder-Mead version of the Simplex method171–173 is

used in order to minimize a set of random initial geometries for each cluster size (see

Appendix B). Geometry optimization of the structures using empirical potentials and

DFT is carried out with the same settings as described in Chapter 6 (Sec. 6.3).

The PES construction is performed by the PVSCF72 code, which drives either the

CPMD code or a program evaluating the empirical potentials, in order to calculate the

total energy for the displaced geometries. Starting from an optimized structure and its

Hessian matrix, obtained using a chosen DFT scheme, both the DFT and empirical total

energies are evaluated for a fixed number of points on a grid (here 16) to obtain the 1D

potential energies, and for a regular grid with 256 points (16× 16) to obtain the 2D PES.

7.4 Evaluation of various DFT approaches

The methodology presented in Sec. 7.1 is applied in order to compare various DFT ap-

proaches to each other, namely the PBE,131 BP86,136,175 BLYP136,137 and LDA130 func-

tionals with Vanderbilt (VDB) pseudo potentials.145 The 1D potential energy curve for

Au2 is computed as well as the 1D and 2D potential energies for Au3, around the minimum

energy structure obtained from each functional.

The number of 1D indices correspond to the number of normal coordinates, n. For

Au2, there is only one 1D index (ζ1D
1 ) which corresponds to the unique normal coordinate.

For Au3, there are three 1D indices (ζ1D
1 , ζ1D

2 and ζ1D
3 ). The number of 2D indices is

determined by the n normal coordinates, as n(n − 1)/2. For Au3, there are three 2D

indices (ζ2D
1,2 , ζ2D

1,3 and ζ2D
2,3 ). Table 7.1 shows the calculated indices.

Table 7.1: Comparison of the DFT approaches using a Vanderbilt pseudo potential. 1D
indices for Au2 and Au3, and 2D indices for Au3, scaled by a 103.

Method Au2 Au3

ζ1D
1 ζ1D

1 /ζ1D
2 /ζ1D

3 ζ2D
1,2 /ζ2D

1,3 /ζ2D
2,3

(×10−3) (×10−3) (×10−3)

PBE/VDB 8.9 0.5/3.8/1.0 85/37/220

BP86/VDB 8.8 0.5/4.0/1.0 87/37/220

BLYP/VDB 8.6 0.4/3.9/1.0 71/31/216

LDA /VDB 9.3 0.6/4.2/1.0 95/37/231
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For Au2, LDA leads to the largest values of the 1D index. Figure 7.1 shows the 1D

potential energy curves of Au2 for the various DFT approaches studied. Only the one for

LDA differs significantly from the others.

Figure 7.1: 1D potential energy curves for Au2, using various DFT approaches.

For Au3 with all functionals, the larger 1D index corresponds to ζ1D
2 , which describes

the breathing mode of the molecule. The values of both 1D and 2D indices are very

similar for Au3, using PBE and BP86. For LDA and BLYP the differences in these indices

are significantly larger when compared to PBE. In the case of LDA such differences are

positive, showing the usual overbinding due to this functional (see Table 7.1). Note that

of the approaches studied here, PBE/VDB is the most suitable method to reproduce the

experimental binding energies of Au2 and Au3 (see Tables 6.2 and 6.3, and Fig. 6.3). The

larger 2D index for Au3 corresponds to ζ2D
2,3 which accounts for the coupling between the

breathing and the stretching mode of the molecule.

7.5 Assessment of the quality of the empirical potentials

Three different sets of structures are considered for the assessment: i) The global minimum

energy structures obtained with the empirical potentials, which are non-planar except for

the trivial cases Au2 and Au3 (see Fig. 7.2). ii) The global minimum energy structures

obtained using PBE/VDB, which are all planar (see Fig. 7.3). iii) Planar local minimum

energy structures predicted by the empirical potentials by using geometrical constraints

during the minimization. They have similar but not identical geometries (same or similar

symmetry but different bond lengths) when compared to the DFT global minimum energy

structures shown in Fig. 7.3. Results for the Murrell-Mottram potential correspond to

the parameters suggested by Wilson and Johnston.29 Very similar binding energies are
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obtained with the parameters suggested by Cox,111 but in that particular case, planar

structures for Au4, Au5 and Au6 were obtained as local minima without using constraints.

Figure 7.2: Local minimum energy structures studied for Au3-Au10 clusters predicted by
the empirical potentials, and their symmetry point group. The Glue potential predicts
different minimum energy structures for all clusters (not shown). The Murrell-Mottram
potential predicts a different minimum energy structure for Au9 and Au10 (not shown).

Here only the most common minima are compared.

Comparison of binding energies and bond lengths

Figure 6.2 (in Chapter 6) shows the binding energies of the global minimum energy struc-

tures obtained without constraints for each potential. The Voter-Chen potential shows

intermediate values compared to the other potentials. The Gupta and the Sutton-Chen

potentials have similar binding energies to each other but they are both lower than the

Voter-Chen potential. The Murrell-Mottram and Glue potentials yield higher binding

energies than the Voter-Chen potential.

Figure 7.4(a) shows the binding energies for the planar structures obtained with each

potential and with PBE/VDB. Binding energies are best predicted by the Voter-Chen

potential. The Voter-Chen parametrization is based on bulk properties but also on the

bond length and bond strength of the diatomic molecule. The calculated values reproduce

the interactions for small molecules in a better way. Moreover, Alamanova et al.157 and

Sebetci et al.156 have shown that the Voter-Chen potential converges to the reported

bulk energy (3.82 ± 0.02 eV).71 The Murrell-Mottram potential shows a relatively good

agreement with PBE/VDB, and the Gupta and Sutton-Chen potentials overbind these

DFT values by ∼ 1 eV/atom. Figure 7.4(b) shows the binding energy for each potential

at the PBE/VDB global minimum energy structures. In all cases, the binding energies are

slightly higher than the values obtained at the empirical planar minima. As a consequence,
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Figure 7.3: Local minimum energy structures studied for Au3-Au10 clusters predicted by
PBE/VDB, and their symmetry point group. In most cases, structures with equivalent
but not identical geometry can be obtained from the empirical potentials by including

constraints.

the Voter-Chen potential is closest to the PBE/VDB binding energies.

Figure 7.5(a) shows the average nearest-neighbors bond length for the planar minima

obtained with PBE/VDB and with the empirical potentials. Structures corresponding

to every method for each cluster size have similar geometry but are not identical. The

Sutton-Chen and the Gupta potentials lead to bond lengths shorter than PBE/VDB.

These bonds are larger than those predicted by Voter-Chen, except for Au2. The Murrell-

Mottram potential leads to structures with larger bond lengths than PBE/VDB.

Considering the reported experimental value of 4.0786± 0.0002 Å for the lattice con-

stant of a fcc structure,71 the experimental nearest-neighbors bond length for the bulk is

estimated as 2.8840± 0.0002 Å. It is desirable that the potentials converge to that value

in the bulk regime, but with values only up to n = 10 is not possible to predict that

convergence. Nevertheless, it is observed that the Gupta, Sutton-Chen and Voter-Chen

potentials have a monotonically increasing nearest-neighbors bond length while for the

Murrell-Mottram potential this magnitude is almost uniform at different cluster sizes.

Following the procedure described by Grigoryan et al.,159 a similarity factor, S, was

obtained for each method and for each cluster size, derived from the root mean square

(rms) value of the differences of all interatomic distances. The similarity factor will be

approaching 1 as the value for q goes towards zero, which indicates a larger similarity

between the geometry of the two structures.

S =
1

1 + q
, q =

 2

N(N − 1)

N(N−1)/2∑
i=1

(di − drefi )2

1/2

. (7.8)
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Figure 7.4: Binding energy for different empirical potentials compared to PBE/VDB
results, in eV/atom. (a) At the planar local minimum energy structures obtained with
each empirical potential (they have similar geometry but are not identical). (b) At the

planar minimum energy structures optimized at DFT level (they are identical).
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Figure 7.5: Distances for different empirical potentials compared to the PBE/VDB results.
(a) Average bond length between nearest-neighbors, as obtained with each method, for
planar structures equivalent to the DFT minima. (b) Similarity factor for the different
models considering all interatomic distances. PBE/VDB is the reference (S = 1). The

closer the model is to S = 1 the more similar it is to the reference.
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The distances di and drefi (in Å) correspond to the interatomic distances for the structure

to be compared and for the structure which acts as a reference, respectively.

Figure 7.5(b) shows the values of the similarity factor, based on the rms values for the

empirical potentials and DFT methods, compared to PBE/VDB. It shows that BP86/VDB

leads to structures very similar to the ones for PBE/VDB, while BLYP/VDB leads to less

similar structures. Structures predicted by the various empirical potentials show similarity

factors between 0.8 and 0.9. Conclusions obtained from the similarity factor criterion

are similar to those obtained by looking at the average nearest-neighbors bond length.

Nevertheless, since the outcome is based on a rms value, it does not show the direction of

the distance changes for each structure in comparison to the reference.

The average bond length or the similarity factor are not sufficient criteria to evalu-

ate the quality of empirical potentials, although they provide valuable information. For

example the Voter-Chen potential, which yields binding energies closer to PBE/VDB,

underestimates the bond lengths. The Sutton-Chen and Gupta potentials, which largely

overestimate the binding energy, underestimate the bond lengths less than the Voter-Chen

potential does, when compared to PBE/VDB.

Hermann et al.37 studied the individual n-body contributions to the many-body ex-

pansion of the potential for gold clusters involving up to seven atoms. They observed that

for the planar Au7 cluster, the Glue potential well resembled the many-body expansion

of MP2. Nevertheless, care has to be taken since this potential leads to structures very

different from the ones obtained using other empirical potentials, and underestimates the

bond lengths and binding energies. This inconsistency has two possible causes: i) Wrong

prediction of the minimum energy structure of the Au7 cluster by MP2 (see Chapter 8).

ii) The fact that different formulations of the Glue potential can fit the same quantities but

describe different systems (see Chapter 5). Therefore, we believe that Hermann’s analysis

alone is not well suited to assess the quality of empirical potentials.

Comparison of the 1D potential energy curves

Table 7.2 shows the 1D indices (ζ1D) for Au2 and Au3, and the 2D indices (ζ2D) for Au3,

calculated using various empirical potentials, in comparison to the indices obtained from

PBE/VDB. The large deviations of the empirical indices from the DFT indices make it

easier to realize relative differences between the empirical results.

For Au2 and each empirical potential, the 1D index is too large in comparison to

PBE/VDB, leading to a poor description of the 1D potential energies. For the Glue

and Voter-Chen potential, this value is closer but still more than two times higher than

PBE/VDB. For Au3 and each potential, the absolute values of ζ1D
1 and ζ1D

2 differ a lot

from PBE/VDB. They describe the bending and the breathing mode of the molecule,

respectively. For ζ1D
1 , only the Glue potential achieves a value close to PBE/VDB. For

ζ1D
3 , which describes the antisymmetric stretch of the molecule, only the Voter-Chen
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Table 7.2: Comparison of various empirical potentials to PBE/VDB. 1D indices for Au2

and Au3, and 2D indices for Au3, scaled by a 103.

Method Au2 Au3

ζ1D
1 ζ1D

1 /ζ1D
2 /ζ1D

3 ζ2D
1,2 /ζ2D

1,3 /ζ2D
2,3

(×10−3) (×10−3) (×10−3)

PBE/VDB 8.9 0.5/3.8/1.0 85/37/220

Voter-Chen 44.5 7.7/54.2/0.6 77/27/165

Murrell-Mottram 464.5 9.8/479.8/5.3 595/193/1103

Gupta 149.4 5.7/131.0/1.3 109/34/218

Sutton-Chen 156.8 7.0/136.7/3.1 132/56/382

Glue 19.5 0.4/13.2/0.1 14/4/5

and Gupta potentials achieve a value close to PBE/VDB. By normalizing the 1D indices

obtained to the largest index of each method, ζ1D
2 , we find that the Voter-Chen potential

is the only one which closely resembles ζ1D
1 . All of them fail to reproduce ζ1D

3 properly.

A similar situation occurs for Au4 and Au5, for which only a few of the 1D indices

are correctly predicted by the empirical potentials. Figure 7.6(a) shows the six 1D indices

obtained for Au4. All empirical potentials reproduce the magnitude of the index well for

ζ1D
1 , ζ1D

2 , ζ1D
4 and ζ1D

5 only. The Glue potential shows lesser agreement in comparison

to the other ones. None of the potentials reproduce ζ1D
3 and ζ1D

6 , which correspond

to the bending and the breathing mode of the molecule, respectively. An exception is

ζ1D
3 , which is roughly reproduced by Murrell-Mottram. Figure 7.6(b) shows the nine 1D

indices for Au5. None of the potentials reproduce the magnitude of ζ1D
7 and ζ1D

8 (breathing

mode). Indices ζ1D
6 and ζ1D

9 are well predicted by all potentials, ζ1D
4 and ζ1D

5 are partially

reproduced only by the Voter-Chen potential, and the remaining indices show reasonable

agreement with PBE/VDB for all potentials used.

All potentials fail to completely reproduce the main features of the 1D potential en-

ergy curves predicted using PBE/VDB, although the Voter-Chen and Murrell-Mottram

potentials make relatively better predictions than the other potentials. These results are

not completely surprising due to the large implicit limitations of the empirical potentials

in properly describing electronic interactions. Although this is a shortcoming of the em-

pirical potentials, studying the performance of these models is helpful for the prediction of

2D potential energy surfaces. This might simplify the computation of 2D PES when using

high-level electronic structure methods, as required in the fast-VSCF method described

in Chapter 4 (Sec. 4.6).
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Figure 7.6: Values of the 1D indices, as calculated with PBE/VDB and with empirical
potentials. (a) Au4: empirical potentials do not reproduce the DFT values for the indices
3 and 6; therefore, badly predicted values were omitted and the remaining ones were
normalized to the value of the index 4 for each set of values. (b) Au5: empirical potentials
do not reproduce the DFT values for the indices 4, 5, 7 and 8 (Voter-Chen does not
reproduce 7 and 8); therefore, badly predicted values were omitted and the remaining

ones normalized to the value of the index 9 for each set of values.
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Comparison of the 2D potential energy surfaces

For a suitable comparison, each 2D index is normalized to the largest value for each method

and then all values are organized according to the order obtained using PBE/VDB. For

Au3, all potentials except the Glue model reproduce the same order of the 2D indices

as PBE/VDB. The best agreement with the PBE values is obtained for the Voter-Chen

and the Sutton-Chen potentials. Figure 7.7 shows the ability of all potentials studied to

reproduce the reference 2D PES obtained from PBE/VDB.

Figure 7.7(a) shows the 2D indices obtained for Au4 (15 couplings). In this case, the

Voter-Chen and Murrell-Mottram potentials better reproduce the order and magnitude

of the 2D indices. Figure 7.7(b) shows the 2D indices for Au5 (36 couplings). Again,

the Voter-Chen potential shows the best agreement with PBE/VDB. The few indices that

vary significantly from those obtained with PBE/VDB do no affect the order at the larger

values. The Murrell-Mottram potential shows very large values for some indices that

correspond to small values in the reference 2D PES, thus affecting the order of the indices

at the largest values. For both Au4 and Au5, the Sutton-Chen and Gupta potentials lead

to large deviations from the 2D indices obtained with PBE/VDB. As a consequence, the

order of the indices is largely affected. The Glue potential leads to very large deviations

of the index values, therefore not reproducing the order of the 2D indices properly.

7.6 Conclusions

Comparing only average bond lengths or binding energies is not sufficient to decide if

a given empirical potential is suitable to reproduce high-level theory results. Instead,

investigating how each potential reproduces the potential energy surface obtained with

high level theory, gives a closer insight into its features. Therefore, a local comparison

of 1D and 2D potential energies, expressing the position of the atoms in terms of normal

coordinates, was proposed.

Of the DFT approaches studied, the PBE functional with a plane-wave basis set and a

Vanderbilt pseudo potential yield the best agreement with experimental binding energies.

Consequently, this approach was chosen as the reference method for the comparison of the

empirical potentials.

All empirical potentials studied fail to fully reproduce the 1D potential energy curves

obtained with PBE/VDB. Nevertheless, the Voter-Chen potential and the Murrell-Mottram

potential, to a lesser degree, behave better than the others and partially reproduce the

PBE/VDB 1D curves. All of them fail to reproduce the index associated with the breath-

ing mode. Since this mode involves the motion of all atoms in a radial direction, all

possible differences between the description of the cluster given by an empirical potential

and by PBE/VDB would be passed on to it.

The Voter-Chen potential is the most suitable for reproducing the ordering of the 2D
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Figure 7.7: 2D indices for (a) Au4 and (b) Au5, as calculated with PBE/VDB, and
various empirical potentials. They are shown following the order of the DFT values. Each
set of values is normalized to its own highest value. RMS deviations between the index for
each empirical potential and PBE/VDB are presented. Results from the Glue potential

are omitted because of their larger deviations from DFT.
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indices obtained using PBE/VDB. The performance of the Murrell-Mottram potential

is still adequate but fails to reproduce properly some indices at the largest values. For

the Gupta, Sutton-Chen and Glue potentials, the agreement to the order of 2D indices

is not satisfactory. The Voter-Chen potential reproduces the DFT binding energies bet-

ter, although it underestimates the bond lengths more than the Gupta and Sutton-Chen

potentials. The Glue potential does not reproduce the same structures as the other poten-

tials, and largely underestimates bond lengths and binding energies. Since this potential

has been developed for bulk systems, the result is not surprising. The Murrell-Mottram

potential predicts structures with regular bond lengths. With the parameters suggested

by Cox et al., it is the only potential predicting planar structures without constraints.

An alternative methodology was introduced in order to reveal the main differences

between empirical potentials. These empirical potentials are often catalogued as unreliable

for describing structural and energetic properties accurately when compared to high-level

theory. For the case of very small gold clusters, it is observed that they can partially

reproduce some of these properties, i.e. some of them can make better predictions of the

bond lengths or the energies than other potentials. However, none of them predict both

structural and energetic values accurately.



Chapter 8

Vibrational spectrum of neutral

Au7 cluster

A detailed theoretical study of the vibrational spectrum of neutral Au7 cluster is presented,

aimed at understanding its recently reported experimental spectrum.7 The effect of vi-

brational anharmonicity, polymorphism, noble gas embedding (complexation of one metal

cluster with one ore more noble-gas atoms), and the use of various electronic-structure

methods are studied. We show that the rather small anharmonicity does not account for

the difference between harmonic and experimental frequencies and consequently for the

large global scaling factor, reported by Gruene et al.7 Instead, the use of different elec-

tronic structure methods allows for a significant reduction of the scaling factor. We also

show that Kr embedding does not significantly change the vibrational frequencies of Au7.

The lack of experimental studies continues to hamper the validation of predicted vi-

brational spectra of neutral gold clusters. Most experimental studies focus on charged

clusters. For a long time, experimental vibrational frequencies for neutral gold clusters

were available only for Au2 and Au3.27,28 Comparisons between theoretical and experimen-

tal vibrational frequencies for these two clusters show significant discrepancies depending

on the theoretical method used.11,29–39 For Au2, several theoretical studies have been re-

ported23,30–36 without identification of the most suitable theoretical method. However,

second-order perturbation Møller-Plesset (MP2) and CCSD(T) methods lead to better

results for the vibrational frequency than most DFT functionals. For Au3,11,23,34–39 DFT

and ab initio methods show different trends in structural properties. Most DFT stud-

ies predict an obtuse triangle as the global minimum energy structure, while MP2 and

CCSD(T) predict to an acute triangle. The Jahn-Teller effect is often cited as the cause

of the splitting of the orbitally degenerate 2E
′
D3h ground state into two quasi-degenerate

states 2A1 and 2B2 in C2v symmetry, thus leading to an acute triangle global minimum

energy structure instead of an equilateral triangle.11,41 Nevertheless, other studies show

that spin-orbit coupling might quench this Jahn-Teller effect and yield the equilateral

triangle as the most stable structure.38,41,42

83
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Very recently, the gas-phase vibrational spectra of the neutral Au7, Au19 and Au20

clusters have been reported using far-infrared multiple-photon dissociation spectroscopy

(FIR-MPD)7 with a molecular beam setup coupled to the beam line of the ‘Free Electron

Laser for Infrared eXperiments’ (FELIX) system.6 Au7 received particular attention due

to being in a size regime in which anions and cations are known to adopt planar structures.

A theoretical study at BP/SVP level of theory has been reported together with the ab-

sorption spectrum of Au7.7 It shows that a planar edge-capped triangular structure with

Cs symmetry can be unambiguously assigned to the experimental spectrum. Although

the theoretical spectrum for Au7 resembles the experimental one, it needs to be scaled by

1.15 in order to match the observed absorption peaks. Gruene et al.7 provide an assign-

ment of the experimental absorption for the three highest frequency peaks only (165, 186

and 201 cm−1) using this factor. The use of the proposed global scaling factor suggests

that this assignment of frequencies for the complete spectrum is ambiguous. Since the

large global scaling factor (S > 1) is not explicitly justified in the reported experiment,

we believe that it is necessary to investigate the possible causes of discrepancy between

theory and experiment, and that the prediction of the vibrational frequencies should be

improved in order to avoid the use of scaling factors.

The remaining Chapter is organized into seven sections: In Sec. 8.1, the relevant com-

putational details are presented. In Sec. 8.2, a study of anharmonicity of the bare Au7

cluster is presented. Secs. 8.3, 8.4 and 8.5 contain an investigation of polymorphism,

noble gas embedding, and the use of various electronic-structure methods, respectively.

Section 8.6 contains an assessment of the DFT description of gold-krypton binding. Con-

clusions are presented in Sec. 8.7.

8.1 Computational details

Plane-wave DFT calculations are performed using version 3.11.1 of the CPMD code,77 in

order to compute most harmonic and all anharmonic vibrational frequencies. The Perdew-

Burke-Ernzerhof PBE131 functional is used with two kinds of pseudo potentials: A Van-

derbilt (VDB) pseudo potential145 with a plane-wave energy cutoff of 30 Ry (408 eV), and

norm-conserving Goedecker (GTH) pseudo potentials144,146,147 with a plane-wave energy

cutoff of 100 Ry (1361 eV). In both cases, relativistic effects are included in the pseudo

potentials. Only the 5d106s1 valence electrons for Au and the 4s24p6 valence electrons for

Kr are considered. PBE/VDB is used to study the polymorphism and the anharmonicity

of the bare cluster, and PBE/GTH is used to study the effect of the Kr atom. Vanderbilt

pseudo potentials are also utilized for the study of the harmonic vibrational spectrum of

the bare cluster with the BP,136,175 BLYP ,136,137 and LDA130 functionals. The local spin

density approximation (LSD) version of the functionals is used in all cases.

Periodic boundary conditions are used. A cubic supercell of (15 Å)3 is employed to

avoid interactions between neighboring clusters. The convergence criteria for wave func-



8.1. COMPUTATIONAL DETAILS 85

tion and geometry optimizations are set to 10−7 a.u. and 5 × 10−5 a.u., respectively.

Vanderbilt pseudo potentials use parameters DUAL=6.0 and GC-CUTOFF=10−5. Ge-

ometry optimization is carried out by means of the limited-memory BFGS (L-BFGS)174

method. These settings coincide with those used in Chapter 6 (Sec. 6.3). Harmonic fre-

quencies are calculated using finite differences of analytical first derivatives with a step

length of 10−2 bohr. Kohn-Sham energies are calculated using PBE/GTH and a Davidson

diagonalization scheme.187 The electrostatic potential for the isolated cluster is calculated

using PBE/VDB and the Hockney Poisson solver.188

Gaussian-type orbital DFT and MP2 calculations are accomplished for the bare clus-

ter using two basis sets: i) SBKJC(1f ) which corresponds to the standard SBKJC basis

set and effective core potential (ECP). This includes scalar relativistic corrections176 with

an extra set of functions f (exponent=0.89).21 ii) AugSBKJC(1f ) corresponding to the

SBKJC(1f ) basis augmented by a set of s and p diffuse functions (exponent=0.01).189 The

(spin-corrected) Z-averaged second-order perturbation theory (ZAPT)190,191 and spherical

harmonic basis functions are used together with the augSBKJC(1f ) basis, while cartesian

basis functions are used together with the SBKJC(1f ) basis. Geometry optimizations

and Hessian calculations are performed using GAMESS-US code.85 The molecular geom-

etry is optimized using analytic energy gradients with a gradient convergence tolerance

of 10−5 hartree/bohr. The Hessian matrix is calculated by a numerical differentiation

of analytical first derivatives with a step length of 10−2 bohr. DFT calculations using

PBE,131 and PBE0141 and B3LYP137,139 hybrid functionals are carried out only for the

largest basis set. MP2 calculations are carried out for both basis sets. Löwdin population

analysis192,193 is achieved for Au7 and Au7Kr using PBE/augSBKJC(1f ).

Geometry optimization of various Au7Kr configurations is carried out with the same

settings described above using PBE and MP2 and two kinds of gaussian basis sets: i) An

improved model core potential including scalar relativistic effects with two polarization

shells (IMCP-SR2),194,195 and ii) the SBKJC(1f) basis set21 for gold and the SBKJC basis

set176 for krypton. Krypton binding energies to the gold cluster are recomputed for PBE

and MP2 using the def2-TZVPP and def2-QZVPP Gaussian basis sets.196 This is carried

out for the optimized geometries obtained using PBE/GTH. The basis set superposition

error is computed and the Kr binding energies obtained with these two basis sets are

corrected by applying the counterpoise (CP) correction scheme.153,154

Cluster binding energies are calculated as the difference between the total energy of the

cluster and the sum of the energies of the isolated gold atoms. Krypton binding energies

to the cluster are calculated as the difference between the total energy of the Au7Kr

cluster and the sum of the energies of the Au7 cluster and the isolated krypton atom.

Correspondence between the normal modes of the bare cluster and the normal modes of

Au7Kr is determined by means of overlap of the normal modes vectors. For an optimal

calculation of this overlap, one of the structures is rotated with respect to the other using

the unit quaternion method (see Appendix C).197
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8.2 The role of anharmonicity on Au7

Since most theoretical studies of vibrational spectra calculate only harmonic frequencies,

the main cause for discrepancies in comparisons between theoretical and experimental

spectra is generally attributed to anharmonicity. In order to account for anharmonicity,

harmonic values are usually scaled uniformly. For practical reasons, we have labeled the

structures in this chapter (See Fig. 8.2) differently to Chapter 6. Isomer Au7-I shown in

Fig. 8.2 has been proposed by Gruene et al.,7 as the most probable structure to give rise

to the experimental spectrum. Nevertheless, the global scaling factor of 1.15 that they

suggested implies deviations greater than 22 cm−1 between theoretical and experimental

frequencies. Since the harmonic frequency (ω̃) is usually larger than the anharmonic

frequency (ν̃), it implies a scaling factor S < 1 (see Fig. 3.1 in Chapter 3). If S > 1

it means that all modes are hyperharmonic. For this reason, we investigate the role of

anharmonicity of Au7-I to determine if this is the origin of such large differences.

Anharmonic vibrational calculations

In order to calculate the vibrational frequencies of Au7 while taking anharmonicity into ac-

count, a vibrational configuration-interaction approach (VCI)102,103 based on a vibrational

self-consistent field (VSCF)66,73–76 wave function is used. This allows a more accurate so-

lution to the vibrational problem to be obtained by introducing the explicit correlation

between modes. A fast-VSCF/VCI8 scheme is used to improve the overall speed of the

frequency calculations. This method is explained in detail in Chapter 4.

The PES of the system is explored using a hierarchical many-body expansion, limited

to the second order in V (pairwise approximation),8,65

V (Q) = E0 +
n∑
i

V
(1)
i (Qi) +

n∑
i

n∑
i<j

V
(2)
i,j (Qi, Qj). (8.1)

V
(1)
i (Qi) corresponds to the single-mode contributions (diagonal potential), and V

(2)
i,j (Qi, Qj)

corresponds to the pairwise contributions (coupling potential).

The PES construction is performed using the PVSCF code72 which drives the CPMD

code in order to evaluate the total energy for a given number of points. Starting from

an optimized structure and its corresponding Hessian matrix, the DFT total energy is

evaluated for a fixed number of points on a grid (here 16) to obtain the 1D potential

energies, and for a regular grid with 256 points (16 × 16) to obtain the 2D PES. The

16 regularly spaced grid points along each normal coordinate are interpolated to a finer-

meshed representation of the PES using a cubic-spline algorithm. The 256 regularly

spaced grid points for each mode–mode coupling term are interpolated on a finer mesh

using bicubic interpolation. Calculations of anharmonic frequencies are performed using

the PVSCF code.72 The 1-D VSCF equations are solved using the Fourier grid Hamiltonian
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(FGH) method proposed by Balint-Kurti et al.198 In the present implementation of the

VSCF/VCI approach, a diagonalization of the VCI matrix using a Davidson scheme is

performed for each VSCF-optimized state (for details see Ref. 68).

A fast-VSCF/VCI8 scheme is used in which the PES is pre-scanned by using empirical

or fast first-principles methods. The normal modes obtained from a Hessian matrix are

used as an input to carry out the PES pre-scanning. The Hessian matrix is constructed

using a high level of theory such as PBE/VDB or PBE/GTH. In order to determine which

mode–mode couplings contribute most to the vibrational dynamics, a 2D index is defined

in terms of the potential evaluated on a number mmax of grid points (see Eq. 4.23):

ζ2D
ij =

1

(mmax)2

mmax∑
mi

mmax∑
mj

|V (2)
ij (mi,mj)|. (8.2)

This index provides a magnitude for each element of the pre-scanned 2D PES. The

couplings with indices ζ2D
ij higher than a given threshold value are chosen. The threshold

is obtained from a statistical analysis based on box-and-whisker plots.69 Figure 8.1 shows

coupling maps corresponding to pre-scanned 2D PES for Au7 and Au7Kr. These coupling

maps are 2D arrays containing color-coded information for the value of the strength and

the indication of couplings chosen. The Voter-Chen potential121 is used for Au7-I, and a

partially converged PBE/DZVP-MOLOPT-SR-GTH calculation using version 2.0.0 of the

CP2K code107 is carried out for Au7Kr.

Figure 8.1: Mode–mode coupling maps. (Left) PES evaluated using the Voter-Chen
potential and normal modes from a PBE/VDB Hessian, for the bare cluster Au7-I.
(Right) PES evaluated using a partially converged PBE/DZVP-MOLOPT-SR-GTH cal-
culation and normal modes from a PBE/GTH Hessian, for the Au7Kr cluster. The values
of the 2D index ζ are color-coded from white (ζmin) to black (ζmax). The selected couplings

are indicated by white dots.
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From these coupling maps a reduced number of mode–mode couplings are chosen, nine

and ten for Au7 and Au7Kr, respectively, indicated by white dots on the figure. Finally,

the 2D PES are recomputed, containing only the chosen couplings, using a high-level

electronic-structure method: PBE/VDB for Au7 and PBE/GTH for Au7Kr.

Preliminary calculations

In order to assess the effect of gold semi-core electrons on the calculated frequencies,

preliminary calculations on Au2 at the PBE/GTH level are carried out. This is done

using a 19-electron semi-core potential which includes the 5s25p65d106s1 electrons of gold

in the valence space. Though two different values are used for the plane-wave energy

cutoff, 100 Ry (1361 eV) and 150 Ry (2041 eV), the results are similar for both cases.

The main effects of using the semi-core potential for the gold dimer in comparison to

the GTH pseudo potential that includes only 11 valence electrons are: A decrease of the

interatomic distance from 2.54 to 2.51 Å, an increase of the harmonic frequency from

172 to 176 cm−1, and an increase of the binding energy from 1.10 to 1.18 eV/atom.

Although the latter values are closer to the experimental values (2.47 Å, 190.9 cm−1 and

1.15 eV/atom),27,56 the overall performance of the semi-core potential (PBE/GTH) for

the dimer is similar to that of the Vanderbilt pseudo potential (PBE/VDB) which includes

only 11 valence electrons (2.50 Å, 176 cm−1 and 1.16 eV/atom). Since the GTH semi-core

potential including 19 electrons for gold does not lead to a significant improvement in

the description of the vibrational frequency of the gold dimer, and also considering that

calculations using semi-core electrons become computationally more demanding for larger

structures, only 11 valence electrons are used for gold in the plane-wave DFT calculations.

Grönbeck and Broqvist70 have used a 19-electron semi-core potential for Au8 and ob-

served that the relative energy values change slightly in comparison to a pseudo potential,

which includes only 5d106s1 electrons. These changes lead to a few modifications on the

isomer ordering of the non-planar structures for that cluster, but do not affect the isomer

ordering of its planar structures.

Anharmonicity in Au7

The effect of anharmonicity on the position of fundamental transitions in the vibrational

spectrum of Au7-I (Fig. 8.2) is of great interest. For this structure, the binding energy

calculated using PBE/VDB is −1.90 eV/atom, almost half of the experimental binding

energy for the bulk. The statistical analysis of the pre-scanned PES (see Fig. 8.1) selects 9

of 105 possible couplings. The final 2D PES is then calculated using this reduced number

of couplings. Table 8.1 shows the results for the harmonic and anharmonic frequencies.

A very small anharmonicity for the bare Au7 cluster is observed. It affects the nor-

mal modes by less than 0.8 cm−1, with a root mean square deviation (RMSD) between

harmonic and anharmonic frequencies of 0.4 cm−1. The far-infrared multiple-photon dis-
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Table 8.1: Harmonic (ω̃) and anharmonic (ν̃) frequencies for the bare cluster Au7-I ob-
tained using PBE/VDB, in cm−1. Fast-VSCF calculations with only 9 of 105 possible

mode–mode couplings.

n ω̃ ν̃ ν̃ − ω̃
1 189.6 190.4 0.8

2 176.4 176.0 −0.4

3 157.2 156.5 −0.7

4 125.6 126.0 0.4

5 120.1 119.6 −0.5

6 112.3 112.2 −0.1

7 92.5 92.5 0.0

8 79.7 79.6 −0.1

9 68.6 68.5 −0.1

10 49.5 49.2 −0.3

11 42.3 42.7 0.4

12 39.1 39.4 0.3

13 35.5 35.8 0.3

14 30.6 30.3 −0.3

15 16.3 15.7 −0.6

RMSD 0.4

sociation (FIR-MPD) spectrum of the bare neutral Au7 cluster with a krypton ligand

reported by Gruene et al.7 has peaks with a bandwidth smaller than 4 cm−1. The typical

accuracy of frequency measurements by FIR-MPD is better than 0.5 %.6,199 Since vari-

ations in frequency due to anharmonicity are smaller than the experimental uncertainty

and the width of the bands, it suggests that the large discrepancies between theoretical

and experimental frequencies reported in the above mentioned study for Au7
7 cannot be

attributed to shortcomings of the harmonic approximation. The accuracy of the measured

IR intensities is not well defined since the normalization of the cross section to the laser

power assumes one-photon absorption. Also, the energy per photon changes over the spec-

tral range and the size of the IR beam is wavelength-dependent.6,7 Due to this fact and

the required use of a larger basis set for a high theoretical accuracy of IR intensities, the

present investigation focuses mainly on the prediction of vibrational frequencies.

Although most DFT studies23,45,160,161 concur on the nature of the global minimum

energy structure of the Au7 cluster (Au7-I in Fig. 8.2), there are still questions that need

to be answered in order to unambiguously connect theoretical and experimental results.

In particular, the large differences between harmonic and experimental frequencies found

in the study of Gruene et al.7 give rise to various possible hypotheses: i) The vibrational

spectrum might be receiving contributions originating from various isomers. ii) The Kr
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embedding could either change the vibrational frequencies of the global minimum energy

structure or yield a new global minimum energy structure. iii) The global minimum

energy structure might be different from the one predicted by most DFT studies because

the signal detected in the experiment might correspond to another structure whose signal

varies from the real minimum. For these reasons the harmonic vibrational frequencies of

other possible isomers are investigated, as well as the effect of noble gas atom embedding for

both harmonic and anharmonic frequencies of the planar structure, predicted as the DFT

global minimum energy structure. Finally, PES calculations are performed using different

electronic-structure methods in order to evaluate their effects on harmonic frequencies.

8.3 Polymorphism

Five possible isomers of Au7 are investigated. Three of these were already studied by

Gruene et al.7 but the remaining two have not been examined so far. The isomers studied

are shown in Fig. 8.2 and their corresponding binding energies are shown in Table 8.2. In

order to follow the sequence given by the binding energies calculated using DFT, we have

labeled the structures in this chapter differently to Chapter 6.

Figure 8.2: Au7 isomers studied and their corresponding point groups.

Table 8.2: Binding energy of five possible isomers of Au7 in eV/atom, calculated using
PBE/VDB. Relative energies are in parenthesis.

Au7-I Au7-II Au7-III Au7-IV Au7-V

PBE/VDB -1.90 −1.88 −1.85 −1.80 −1.81

(0.00) (0.02) (0.05) (0.10) (0.09)

Au7-I is the global minimum energy structure at the PBE/VDB level of theory, in

agreement with most DFT studies. This isomer is followed by two other planar structures,

Au7-II and Au7-III, only 0.02 eV/atom and 0.05 eV/atom higher in energy, respectively.

In Fig. 8.3, the harmonic spectrum of each isomer, obtained using PBE/VDB, is compared

to the experimental FIR-MPD spectrum. The smoothed spectrum at the top is plotted

from original cross section data provided by the authors of the experiment.199
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Figure 8.3: Harmonic vibrational frequencies obtained using PBE/VDB for five isomers,
in comparison to the experimental frequencies. Degenerate frequencies are indicated by a

star. Theoretical frequencies are not scaled.

Table 8.3 shows the calculated unscaled harmonic frequencies for the various isomers

and their RMSD from the experimental frequencies. The experimental spectrum is best

reproduced by the planar structure Au7-I. Since the RMSD between theory and experiment

obtained for the harmonic spectrum of Au7-I at the PBE/VDB level of theory (9 cm−1)

is significantly smaller than the one obtained from the BP/SVP results of Gruene et al.

(> 20 cm−1),7 a reduced scaling factor of 1.06 is suggested, which leads to a new RMSD

of 3 cm−1. Gruene et al.7 suggest a larger scaling factor of 1.15.

Zhao and Truhlar200 have reported global scaling factor estimates for various structural

and electronic properties. These are based on experimental data obtained from a large set

of molecules, and for various DFT functionals using the so called modified Gaussian3Large

semi-diffuse MG3S basis set. The scaling factor obtained using PBE/VDB (1.06) is larger
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than the one they report for harmonic frequencies using PBE/MG3S (1.025). Both, how-

ever, have the same trend, i.e. they are larger than 1.0.

Table 8.3: Harmonic vibrational frequencies of five isomers of Au7 using PBE/VDB, in
cm−1, in comparison to the experimental frequencies.

n Exp. Au7-I Au7-II Au7-III Au7-IV Au7-V

ν̃ ω̃

1 201 190 195 182 149 148

2 186 176 170 158 135 147

3 165 157 163 138 135 147

4 138 126 119 128 101 102

5 128 120 114 118 101 97

6 122 112 110 85 85 97

7 100 93 92 83 85 93

8 85 80 70 75 79 75

9 74 69 70 57 66 72

10 57 50 61 53 66 72

RMSD 9 11 20 32 28

Although the spectrum predicted for the planar structure Au7-II shows better agree-

ment with the experiment for modes 1 and 3, the other modes show large differences and

two are degenerate. Since its RMSD of 11 cm−1 between harmonic and experimental fre-

quencies is larger than Au7-I, one can think that this isomer is not a suitable representative

of the experimental vibrational spectrum. Nevertheless, this difference in the RMSD of

frequencies for structures Au7-I and Au7-II is not too large, and in addition the binding

energies for these two structures are very close (difference of 20 meV/atom).

Gruene et al.7 have suggested that the Au7-III isomer contributes to the absorption

spectrum. We find from the PBE/VDB results that Au7-III shows an even larger RMSD

(20 cm−1) than Au7-I, although some of the lowest frequencies show good agreement with

the experimental peaks. Due to the large RMSD this isomer cannot be considered as a

dominant structure. Moreover, using the scaling factor determined for Au7-I (1.06), the

difference between the highest experimental peak (186 cm−1) and the corresponding scaled

theoretical peak is too large (+7 cm−1). Optimization of Au7-III with a krypton atom

shows that this cluster is 0.24 eV higher in energy than the minimum energy configuration

of Au7-I with a krypton atom bound (see Sec. 8.4). Theoretical harmonic frequencies of

the non-planar structures studied here (Au7-IV and Au7-V) are lower than those of the

planar structures, and most are degenerate due to their higher symmetry.

Contributions from other isomers to the absorption spectrum are not ruled out by

Gruene et al.7 but are considered to be very small, based on changes in the mass-

spectroscopic intensity by irradiation with FELIX. Presence of major amounts of cationic
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and anionic Au7 isomers has been excluded, based on ion mobility measurements. As-

suming that Boltzman distribution applies, the contribution of the other isomers to the

absorption spectrum is negligible compared to that of Au7-I. The following assumption

concerning the experiment7 was made: The system stabilized at T = 100 K is in thermal

equilibrium in which the isomers present correspond to the characteristic states at this

temperature, and do not suffer structural changes by interacting with the FELIX beam.

The theoretical and experimental arguments presented above become a strong reason

to confirm the global minimum energy structure predicted using most DFT approaches, the

planar edge-capped triangle Au7-I, as the most likely structure to produce the observed

experimental spectrum. Nevertheless, we recall here what we formulated at the end of

Sec. 6.4, the possibility of having vibrational frequencies determined by a configuration

of clusters with various minimum energy geometries. This may happen as in some cases

vibrating clusters can adopt geometries of other clusters very close in energy. In addition,

a cluster could overcome the energy barrier of another cluster close in energy upon thermal

changes in the system.

8.4 Effect of krypton embedding

Although the bare cluster is fairly harmonic, changes in vibrational transition frequencies

due to the interaction of this cluster with noble gas atoms cannot be excluded. In the

reported experimental spectrum,7 a krypton atom is attached to the Au7 cluster. Since

the vibration of the noble gas atom is expected to be anharmonic, we investigate the

effect of krypton embedding on the vibrational frequencies of the system. In this study we

always refer to the complexation of one metal cluster with one ore more noble-gas atoms

as noble gas embedding.

Description of a weak bond such as Au-Kr by DFT may differ from more accurate state-

of-the-art quantum chemistry calculations. As local and semi-local density functionals do

not include long-range correlation effects, DFT is known to fail at properly describing

Van der Waals (dispersion) forces.201 We assess PBE/GTH binding energies of Kr to the

Au7 cluster using MP2, and compare the binding energy and anharmonic frequency of

the AuKr system to recently reported experimental values (see Sec. 8.6). We observe that

despite quantitative differences, DFT provides qualitative trends for the Kr-Au binding

in Au7. In addition, the calculated binding energy and anharmonic frequency for AuKr

closely reproduce the reported experimental values. Therefore, we use PBE/GTH in order

to study the effect of Kr embedding on Au7-I.

The PBE/GTH binding energy of the bare cluster is −1.80 eV/atom, and the RMSD

obtained for the theoretical frequencies compared to with the experiment is 12 cm−1. In

this case, a global scaling factor of 1.08 is suggested, which leads to a new RMSD of

3 cm−1. All possible binding positions of the krypton atom in the plane of the bare cluster

and one position above the bare cluster (see Fig. 8.4) are considered. The global minimum
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energy structure is obtained for binding at site (a), with a binding energy for Kr to Au7-I

of −73 meV. This value is too small to modify significantly the total cohesion energy of

Au7-I or lead to any significant change of the isomer ordering. The krypton atom above

the plane of the cluster leads to the lowest binding energy for Kr to Au7-I (−15 meV).

Figure 8.4: Bare Au7 cluster indicating the site notation. Various possible configurations
of the Au7Kr indicating the Au-Kr distance and Kr binding energy (in parenthesis) in Å
and meV, respectively. The minimum energy for Au7Kr corresponds to binding at site (a).
All results obtained using PBE/GTH. Position where no binding occurs is denoted (g).

The configuration with the atom above the plane of the cluster is denoted (top).

In order to evaluate how the presence of the krypton atom affects the vibrational

spectrum, a comparison between the harmonic frequencies of both Au7-I and the minimum

energy configuration of Au7Kr is realized. Table 8.4 shows that the krypton atom does

not affect the harmonic frequencies significantly. The main contributions of this noble gas

atom occur for the in-plane modes 10, 11 and 12 (see Fig. 8.5). Vector decomposition of

the vibration for mode 11 shows a significantly larger vector for the Kr atom relative to

the gold atoms. This indicates a high localization for mode 11 in comparison to other

modes. Modes 13 to 18 are all out-of-plane modes.

Table 8.4 also shows the harmonic and the anharmonic vibrational frequencies for the

minimum energy configuration of Au7Kr. Anharmonic frequencies are calculated using

10 of 153 possible couplings (see Fig. 8.1). Vibrational anharmonicity for Au7Kr is very

small, with the largest effect on the modes below 42 cm−1 (modes 11 to 18). These modes

were not observed in the experiment by Gruene et al.7 The largest change attributed to

anharmonicity (1.8 cm−1) occurs for mode 11. This mode mainly corresponds, as expected,

to the vibration of the krypton atom.
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Table 8.4: Effect of the krypton atom on the vibrational frequencies of Au7 using
PBE/GTH, in cm−1. (Left) harmonic (ω̃) frequencies for Au7-I. (Center) harmonic (ω̃′)
and anharmonic (ν̃ ′) frequencies for Au7-I with a krypton atom attached. Anharmonic
frequencies calculated using fast-VSCF with only 10 mode–mode couplings. (Right) dif-

ferences in frequency.

Au7-I Au7Kr difference

n ω̃ n ω̃′ ν̃ ′ ω̃′ − ω̃ ν̃ ′ − ω̃′

1 185.1 1 186.0 185.7 0.9 −0.3

2 171.9 2 171.1 171.1 −0.8 0.0

3 153.0 3 152.8 153.0 −0.2 0.2

4 122.5 4 123.2 123.2 0.7 0.0

5 117.3 5 116.7 116.3 −0.6 −0.4

6 109.5 6 110.0 110.1 0.5 0.1

7 89.9 7 90.0 89.8 0.1 −0.2

8 77.3 8 77.0 76.7 −0.3 −0.3

9 66.2 9 66.7 66.5 0.5 −0.2

10 48.9 10 49.4 49.2 0.5 −0.2

11 41.4 39.6 −1.8

11 40.9 12 40.5 40.8 −0.4 0.3

12 35.9 13 38.5 37.7 2.6 −0.8

13 33.1 14 37.3 36.1 4.2 −1.2

14 25.5 15 26.4 27.2 0.9 0.8

15 13.8 16 15.9 15.2 2.1 −0.7

17 10.1 9.3 −0.8

18 6.8 5.8 −1.0

RMSD 1.5 0.7

Since the binding energy of Kr to Au7-I is very small (−15 meV to −73 meV) for all

possible configurations shown in Fig. 8.4, the possible coexistence and contribution of all or

some of these configurations to the absorption spectrum is investigated. An estimation of

the relative isomer population at T = 100 K, using a Boltzman distribution and assuming

thermal equilibrium of the complete system as described in Sec. 8.3, shows that the relative

populations with respect to (a), the minimum, are 0.27, 0.13 and 0.04, for (e), (c) and

(f) respectively. For the krypton atom above the cluster the relative population is 0.001.

Table 8.5 shows the computed harmonic frequencies for all these configurations.

The differences between the harmonic frequencies for each Au7Kr configuration and

harmonic frequencies for the bare cluster are small. Nevertheless, for configuration (e)

larger differences in the frequencies are observed for a few vibrational modes, e.g. the

harmonic frequency for mode 4 corresponding to a bending motion is changed by 3.3 cm−1.
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Figure 8.5: Normal vibrational modes with the largest contribution of the krypton atom
for the minimum energy structure of Au7Kr, as predicted using PBE/GTH. Experimental
frequency for mode 10 is 57 cm−1. Modes 11 and 12 cannot be observed experimentally.

Although the geometry of this configuration is slightly distorted, the variations are larger

than for the other ones, and affect the dynamics of a greater number of normal modes.

Table 8.6 shows the interaction energies between Au7-I and the krypton atom for each

configuration. The total interaction energy, Eint, contains the combined effect of Eb and

Edef , with its absolute value corresponding to the sum of the absolute values of these two

energies. The binding energy of Kr to the bare cluster is denoted by Eb. The deformation

energy, Edef , of the cluster is the difference in total energy between the bare cluster before

interaction and the deformed bare cluster after interaction with the Kr atom.

We observe that Kr interacts in three different ways in the various configurations.

Firstly, the strongest interactions occur for binding at the corner sites (a), (e), (c) and (f)

in decreasing order, and result in a deformation of the cluster (see Fig. 8.4 and Table 8.6).

This fact and the preference of Kr for binding at position (a) suggest that the nature of

the interaction Au7-Kr changes with the binding site. The ‘corner’ effect is explained as

the preference of the noble gas atom to bind at a low-coordination site. Secondly, for

binding at (b), (d) and (top) sites, the krypton atom does not deform the cluster and is

located more than 0.7 Å further away than for the case in which binding occurs at the

corners. Finally, binding of krypton is not favorable at position (g).

Table 8.6 shows that the order of the binding energy dictated by the coordination

number is not followed for configuration (e). In this configuration the krypton atom binds

a gold atom with coordination number three and a lower binding energy than at positions

(c) and (f) in which the coordination number is two. This fact suggests that the interaction

between the krypton atom and the gold cluster is strongly affected by the geometry of the

cluster. The different range of binding distances and energies of Kr binding at the corners

and for binding at the higher coordination sites allows for an unambiguous distinction

between two different regimes (see Fig. 8.4). Since these binding energies are very close

to the chemical accuracy (1 kcal/mol or ∼ 43 meV),202 drawing further conclusions about

physical phenomena associated with krypton embedding is more challenging.
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Table 8.5: Effect of the krypton atom on the vibrational frequencies of Au7Kr for different
possible positions of the krypton atom (as in Fig. 8.4). Harmonic frequencies for Au7-I
(ω̃) and differences of harmonic frequencies between this cluster and the cluster with the

krypton atom (ω̃′ − ω̃) using PBE/GTH, in cm−1.

n Au7-I Au7Kr

(a) (b) (c) (d) (e) (f)

ω̃ ω̃′ − ω̃
1 185.1 0.9 −0.3 0.0 −0.1 0.5 0.5

2 171.9 −0.8 0.1 0.1 −0.2 −0.2 0.3

3 153.0 −0.2 −0.1 −0.4 −0.2 −0.9 0.4

4 122.5 0.7 0.3 0.2 0.2 3.3 −0.2

5 117.3 −0.6 0.2 −0.2 0.0 −0.5 −0.6

6 109.5 0.5 0.1 0.3 0.0 −0.5 −1.3

7 89.9 0.1 −0.2 1.2 0.2 1.1 1.5

8 77.3 −0.3 0.2 0.0 0.0 0.1 0.0

9 66.2 0.5 −0.1 0.3 0.3 1.6 0.2

10 48.9 0.5 −0.1 −0.1 0.2 3.1 0.4

· · · · · · · · · · · · · · · · · · · · · · · ·
RMSD 0.6 0.2 0.4 0.2 1.6 0.7

Table 8.6: Eb: Binding energies of the krypton atom to Au7-I. Edef : Deformation energy
of the bare cluster due to the effect of the krypton atom. Eint: Interaction energy which
contains the combined effect of Eb and Edef . All energy values in meV. d[Au-Kr]: Au-Kr

distances in Å.

Au7Kr

(a) (b) (c) (d) (e) (f) (top)

Eb −72.9 −20.5 −55.1 −17.1 −61.7 −45.3 −15.3

Edef 1.2 0.0 0.6 0.0 1.5 0.8 0.0

Eint −74.1 −20.5 −55.7 −17.1 −63.2 −46.1 −15.3

d[Au-Kr] 3.06 3.81 3.14 3.92 3.11 3.19 4.13
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The krypton atom behaves as a polarizable electron cloud with a preference for those

positions of the metal cluster exhibiting a stronger positive electrostatic potential (see

Fig. 8.6), in this case the corners of the Au7 cluster. The positive electrostatic potential

around the bare cluster is larger at the corners (a), (c), (e), and (f), where the gold atoms

have only two or three first neighbors. The potential has negative values around positions

(b), (d), and (g), for which the gold atoms have four or five first neighbors. Around the site

with the largest amount of first neighbors (g), the potential is the most negative. Out of

the plane the electrostatic potential is predominantly negative. By comparing the Au7Kr

configurations in Fig. 8.4 to the potential in Fig. 8.6, close agreement between the shape

of the electrostatic potential and the orientation of the krypton atom at each position is

observed.

Figure 8.6: 2D electrostatic potential for Au7 with isocurves each 20 meV, using
PBE/VDB. Blue and red isocurves indicate positive and negative potentials, respectively.

Black line indicates zero potential.

In Fig. 8.7 it is observed that the positive electrostatic potential agrees with the larger

σ-type orbitals at the corners for α-LUMO and β-LUMO. Since binding the krypton

atom to site (a) keeps the α-LUMO almost unchanged while changing the β-LUMO, an

interaction of the krypton atom with the cluster at both LUMOs is suggested. At (a),

the krypton atom interacts stronger with the large σ-type orbital of the β-LUMO. At site

(e) the large σ-type orbital of the β-LUMO and the large π-type orbital of the α-LUMO

contribute significantly to the atomic orbital overlap. This picture of the interaction

provides an explanation for the deformation energy ordering in Table 8.6.
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Figure 8.7: β-SOMO, α-LUMO and β-LUMO for Au7 (above), and for the minimum
energy configuration of Au7Kr (below). Results obtained using PBE/GTH.

The calculated deformation energies for Kr binding at the corners are very small in

comparison to the binding energies (see Table 8.6), thus they do not introduce changes on

the binding site preference. Nevertheless, considering the deformation of the cluster and

a subsequent modification of the electrostatic potential with respect to the undistorted

cluster, allows for a more complete explanation of the binding site preference.

Due to the open-shell electronic structure of Au7, trends of the Pauli repulsion can

be estimated from the spin density, which is related to the form of the singly occupied

molecular orbital β-SOMO. The upper part of Fig. 8.7 shows that β-SOMO is less extended

at the corner (a), indicating a smaller Pauli repulsion around this site. Table 8.7 shows

spin population obtained using PBE/augSBKJC(1f) for Au7. It shows (a) and (f) as the

sites with least and most spin population, respectively, in agreement with the spin density

calculated using PBE/SGH (see β-SOMO in Fig. 8.7).

The larger electrostatic potential and the lower spin density, or correspondingly the

lowest spin population, around (a) explains the binding preference at this position. Dis-

tortion of the cluster in dependence on the strength of the orbital overlap, or distortion of

the original electrostatic potential by binding of the krypton atom, might explain the site

preference of (e) over (c), which demonstrates a larger electrostatic potential in Fig. 8.6.

For binding at sites with a predominant negative electrostatic potential such as around

(b), (d) and (top), the cluster is not distorted, indicating a weak interaction. For example,

the Au-Kr distance (4.13 Å) for the (top) configuration exceeds the sum of the Van der
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Table 8.7: Partial charges, and Löwdin population for Au7 and Au7Kr, together with
atomic spin population for Au7. Here Au7Kr corresponds to the case in which the kryp-
ton atom binds at position (a). Dipole moment µ in Debye. Results obtained using

PBE/augSBKJC(1f).

site Au7 Au7Kr

charge pop. spin pop. charge pop.

Au(a) +0.06 18.94 0.03 −0.04 19.04

Au(b) −0.03 19.03 0.07 −0.03 19.03

Au(c) +0.03 18.97 0.15 +0.03 18.97

Au(d) −0.05 19.05 0.12 −0.05 19.05

Au(e) +0.02 18.98 0.20 +0.02 18.98

Au(f) +0.01 18.99 0.31 +0.01 18.99

Au(g) −0.05 19.05 0.11 −0.06 19.05

Kr(a) +0.13 7.87

µ 0.42 1.49

Waals radii (1.66 Å for gold and 2.02 Å for krypton),203 indicating a likely Van der Waals

regime. Around (g), repulsive forces due to the negative electrostatic potential as well

as the more positive electrostatic potential in the vicinity of the neighboring gold atoms

explain the krypton atom’s preference for (a) or (f).

Another effect due to krypton embedding is the change in IR intensities, as reported by

Gruene et al.7 This can be explained as a consequence of the orbital overlap, which leads to

a charge transfer from the krypton atom to the cluster, and consequently to a larger dipole

moment for the Au7Kr system. The dipole moment and Löwdin populations192,193 for the

bare Au7-I cluster and for the minimum energy configuration of Au7Kr were calculated

(see Table 8.7). We use PBE/augSBKJC(1f) and the GAMESS-US85 code.

An already existing dipole moment for the bare cluster (0.42 Debye) becomes larger

(1.49 Debye) as a consequence of a krypton atom binding to the site (a) of the cluster. Since

IR intensities originate from changes in the dipole moment, changes introduced by the

same vibrations on a larger dipole moment would lead to different IR intensities. Löwdin

population analysis192,193 provides a view of how electrons are distributed throughout the

molecule before and after the binding occurs. In the case of binding at site (a), a charge

transfer of 0.13e from the krypton atom to the gold cluster is observed, most of which

(+0.06e− [−0.04e] = 0.10e) is retained by the gold atom at site (a). This charge transfer

may account for the significant change of the dipole moment, which is expected to be lower

the further the krypton atom is located from the cluster.

Figure 8.8 shows the theoretical spectrum using PBE/augSBKJC(1f) and the exper-

imental spectrum. Both the bare Au7 cluster and the minimum configuration of Au7Kr

are considered. The theoretical spectrum is plotted using a Cauchy-Lorentz probability
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density distribution from calculated IR intensities. The main effect of the krypton atom is

to modify the relative IR intensities, which leads to a better description of various exper-

imental absorption peaks. This change in IR intensities is interpreted as a consequence of

the charge transfer from Kr to Au7, and consequently to a larger dipole moment of Au7Kr.

Figure 8.8: Normalized IR intensities calculated using PBE/augSBKJC(1f) in comparison
to the experimental intensities. (Left) For the Au7 bare cluster. (Right) For the minimum

energy configuration of Au7Kr. Theoretical spectra are scaled by 1.09.

It may be accepted that the comparison presented in Fig. 8.8 is rather qualitative,

since uncertainty in measured IR intensities is not well defined.7 In addition, the basis set

superposition error (BSSE)153 is supposed to affect the results since a small basis set is

used. Only one krypton atom bound to the cluster at site (a) is considered. Nevertheless,

it has been shown throughout this section that other configurations of Au7Kr, close in

energy to the minimum one, could contribute to the total vibrational spectrum.

Although small, variations of the frequencies for some normal modes of Au7 are ob-

served, depending on the location at which the krypton atom is attached to the cluster.

Variations on vibrational frequencies as a function of the number of argon atoms have

already been observed for the neutral silver trimer using FIR-MPD.59 Since a different

effect of noble gas embedding is possible, depending on the binding site and on the number

of atoms attached to the bare cluster, the possibility of a more significant effect of krypton

atoms on gold clusters of other sizes cannot be excluded. Moreover, the krypton atoms

might distort the cluster in other ways in dependence on the size and shape of the cluster.

Different possible coexisting configurations, very close in energy, of a krypton bound gold

cluster may result. In order to rationalize the effect of noble gas atoms on this and other

small gold clusters, this interaction is investigated in detail in Chapter 9.
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8.5 Description of the PES

Since anharmonicity and krypton embedding do not explain the large differences between

experimental and theoretical frequencies, the effect of using various electronic-structure

methods for predicting the harmonic vibrational spectrum of Au7-I is investigated. Fig-

ure 8.9 shows the calculated harmonic frequencies employing various DFT functionals and

MP2 using two basis sets, in comparison to the experimental frequencies. Tables 8.8 and

8.9 summarize the results for DFT and MP2 methods, respectively.

DFT

Table 8.8 shows that DFT functionals that satisfy the homogeneous electron gas (HEG)

limit,204 such as PBE, BP, PBE0, provide the best predictions for the harmonic vibrational

frequencies of Au7. LDA, which is based on the idea of a HEG with density equal to the

local density, is known to overestimate the binding energies.132 It gives a RMSD between

harmonic and experimental frequencies similar in magnitude to those for PBE and BP.

Nevertheless, while PBE and BP underestimate the frequencies, LDA predicts harmonic

frequencies higher than the experiment.

Table 8.8 also shows that PBE0/augSBKJC(1f ) leads to harmonic frequencies compa-

rable to those calculated using PBE/augSBKJC(1f ), and comparable to those calculated

using a plane-wave basis set as for PBE/GTH (see Table 8.5). This suggests a feasible

direct comparison of both basis GTH and augSBKJC(1f ) using the PBE functional as a

reference, or similarly, a comparison of the PBE0 and PBE functionals using the augS-

BKJC(1f ) as a reference. It is observed that the harmonic frequencies calculated using

PBE/GTH are slightly higher than those calculated using PBE/augSBKJC(1f ), with a

maximum difference of 0.6 cm−1. The effect of the basis on the binding energies is esti-

mated for PBE as Eb[PBE/GTH]−Eb[PBE/augSBKJC(1f )]=0.07 eV/at. A similar effect of

the basis might be expected for PBE0.

Functionals containing LYP correlation lead to very low frequencies for Au7. The

unsuccessful behavior of B3LYP functional for transition metals has already been ob-

served.151 It introduces larger and less systematic errors than for organic molecules. It

is also known that the LYP correlation functional does not describe well the correlation

energy of metals, and this failure is inherited by both BLYP and B3LYP.132,134,205

Paier et al.205 report a systematic study of the B3LYP functional in solids. They invoke

the failure to attain the exact homogenous electron gas limit as well as the semiempirical

construction as the major drawback of this functional. A recent study by Zhao et al.206

for small silver clusters, shows that the behavior of functionals containing LYP correlation

is different than for functionals that satisfy the uniform electron gas limit.
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Figure 8.9: Harmonic vibrational frequencies for Au7-I obtained using:
(a) MP2/SBKJC(1f ), (b) MP2/augSBKJC(1f ), (c) PBE/VDB, (d) BP/VDB,
(e) PBE0/augSBKJC(1f ), (f) BLYP/VDB, (g) B3LYP/augSBKJC(1f ), and

(h) LDA/VDB. Degenerate frequencies are indicated by a star.
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Table 8.8: Harmonic vibrational frequencies of Au7-I, in cm−1, using various functionals
in DFT. Binding energy Eb, in eV/atom.

n ν̃ ω̃

Exp. PBE BP BLYP LDA PBE PBE0 B3LYP

VDB augSBKJC(1f )

1 201 190 189 179 215 185 185 174

2 186 176 175 165 201 171 172 161

3 165 157 157 148 179 152 150 142

4 138 126 123 112 147 123 123 110

5 128 120 120 112 137 117 117 109

6 122 112 111 103 128 109 111 102

7 100 93 91 82 107 90 92 83

8 85 80 79 75 90 77 78 73

9 74 69 67 62 79 66 67 60

10 57 50 48 45 57 50 51 46

RMSD 9 10 18 10 12 12 20

Eb −1.90 −1.84 −1.68 −2.56 −1.87 −1.69 −1.54

MP2

Table 8.9 shows the predicted binding energies for the various isomers using MP2. These

results are substantially different from those obtained using DFT. For MP2, the global

minimum energy structure is the non-planar cluster Au7-IV, with the planar structure Au7-

I being 0.13 eV/atom higher in energy. This preference for compact structures that yield

non-planar geometries is attributed to the tendency of MP2 to overbind.21,26,34 Table 8.10

shows the frequencies obtained using two basis sets for Au7-I and Au7-IV.

Table 8.9: Binding energy, Eb, of five isomers of Au7 obtained using MP2, in eV/atom.
Relative energies are in parenthesis.

Au7-I Au7-II Au7-III Au7-IV Au7-V

MP2/SBKJC(1f ) −2.00 −1.98 −2.00 −2.13 −2.08

(0.13) (0.15) (0.13) (0.00) (0.05)

MP2/augSBKJC(1f ) −2.02 −1.98 −2.03 −2.15 · · ·
(0.13) (0.17) (0.12) (0.00) · · ·

Although Au7-I is not the global minimum energy structure for MP2, the agree-

ment of the predicted and experimental frequencies for this structure is better than with

PBE/VDB. Using MP2/SBKJC(1f ), the deviation of theory from experiment is of the

same order of magnitude as the experimental accuracy. Maximum differences are 4 cm−1
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Table 8.10: Harmonic vibrational frequencies of Au7-I and Au7-IV using MP2, in cm−1.

n ν̃ ω̃

Exp. Au7-I Au7-IV Au7-I Au7-IV

SBKJC(1f ) augSBKJC(1f )

1 201 205 171 206 170

2 186 190 158 193 158

3 165 164 158 178 158

4 138 140 128 146 126

5 128 129 128 131 126

6 122 120 102 122 105

7 100 101 102 102 105

8 85 85 99 86 103

9 74 72 79 77 83

10 57 54 79 63 83

RMSD 2 17 6 18

with a RMSD between harmonic and experimental frequencies of 2 cm−1. Using the larger

basis, the agreement of the frequencies with experiment deteriorates. Variations of the

frequencies with the size of the basis set are more noticeable for the planar structure.

Harmonic frequencies predicted by MP2 for the non-planar structure, Au7-IV, are very

low in comparison to the experimental frequencies. The possibility of having various min-

imum energy structures potentially contributing to the vibrational spectrum is lower here

than for DFT, since the binding energy differences between the predicted global minimum,

Au7-IV, and the planar isomers is larger than 100 meV/atom.

A study of Au2 by Hess and Kaldor30 suggests that often good results obtained with

ab initio methods for that cluster are due to the basis set superposition error (BSSE).

This artificially shortens the bond length, leading to a better predicted frequency. They

also show that including the counterpoise correction153 in CCSD(T) enlarges the bond

length of Au2 by ∼0.01 Å, and suggest that for MP2 the effect of this correction could be

of a similar order of magnitude. If the trends observed by Hess and Kaldor are valid for

other gold clusters, the MP2 calculations for Au7 in the present study might be affected by

the BSSE since a relatively small basis set is used. Moreover, the use of the counterpoise

correction might deteriorate the good prediction for the frequencies using MP2.

Despite these presumable shortcomings of MP2 to properly describe the gold cluster

geometry, this method may still help to assess the Kr binding energies to the cluster

obtained using PBE/GTH, in particular for these situations in which a Van der Waals-

type interaction is expected. This assessment is carried out in the next section (Sec. 8.6).
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8.6 Assessment of PBE/GTH krypton binding energies us-

ing MP2

Here the PBE/GTH results for the binding energies of Kr to the gold cluster are assessed

using MP2 with various basis sets. The main difficulty arises from the different gold

cluster geometries predicted by the MP2 method, which yields shorter gold-gold bond

lengths than PBE/GTH. Six different planar configurations of the Au7Kr cluster shown in

Fig. 8.4 were optimized using PBE and MP2 with two kinds of basis sets: i) An improved

model core potential, which includes scalar relativistic effects with two polarization shells

(IMCP-SR2),194,195 and ii) the SBKJC(1f) basis set21 for gold and the SBKJC basis

set176 for krypton. Figure 8.10 shows the binding energies of Kr to the gold cluster for

the optimized structures.

Figure 8.10: Binding energies as a function of the binding distance for binding of a krypton
atom to the Au7 cluster. Values correspond to structures optimized using PBE/IMCP-
SR2, MP2/IMCP-SR2, PBE/SBKJC(1f) and MP2/SBKJC(1f) in comparison to the
PBE/GTH binding energies. Energies in meV and distances in Angstrom. Letters denote

the binding sites following the same notation of Fig. 8.4.

It is observed that both PBE/SBKJC(1f) and PBE/IMCP-SR2 predict the same site

preference as PBE/GTH. The binding lengths for binding at the corners are significantly

different from those where the krypton atom binds at the intermediate sites, where a Van

der Waals regime is expected. The ranges of the gold-krypton distances predicted by PBE

and MP2 using the same basis sets are relatively similar.

Since IMCP-SR2 is a larger basis set than SBKJC(1f), one may expect better agree-

ment with the Au-Kr distances calculated using PBE/GTH for PBE/IMCP-SR2 than for

PBE/SBKJC(1f). At least at the corner sites, we observe that PBE/IMCP-SR2 leads
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to better agreement than PBE/SBKJC(1f) with those binding distances calculated using

PBE/GTH. Both methods MP2/IMCP-SR2 and MP2/SBKJC(1f) introduce changes to

the Kr binding site preference predicted using PBE/GTH. For binding at the corners at

sites (a) and (e), where Kr binding leads to a larger distortion of the cluster, the order of

the preference changes. Moreover, some of the binding energies for the high-coordination

sites are lower than those for the corner sites. Therefore, care has to be taken with the site

preference using MP2. The weak gold-krypton interaction and the use of a small finite ba-

sis set suggest a presumable large effect of the basis set superposition error (BSSE)153,154

on the binding energies and lengths.

In order to carry out a better comparison, the binding energies of Kr to the gold cluster

are calculated using the larger def2-TZVPP and def2-QZVPP Gaussian basis sets.196 This

is done assuming that the use of a same basis for PBE and MP2 should lead to relatively

close binding lengths. These two basis are all-electron basis for Kr. The a posteriori

counterpoise (CP) correction153,154 is applied in order to correct the krypton binding

energies from the BSSE (see Chapter 5, Sec. 5.4). Figure 8.11 shows the Kr binding

energies as a function of the bond length using PBE and MP2, with these two basis sets

used for the seven possible configurations of the Au7Kr cluster in Fig. 8.4.

Figure 8.11: Binding energies of Kr to the Au7 cluster for the structures optimized at
the PBE/GTH level. The counterpoised (CP) corrected energies are shown as obtained
using PBE and MP2 with def2-TZVPP and def2-QZVPP basis sets in comparison to the
PBE/GTH energies. Energies in meV and distances in Angstrom. Letters denote the

binding sites following the same notation of Fig. 8.4.



108 CHAPTER 8. VIBRATIONAL SPECTRUM OF NEUTRAL AU7 CLUSTER

Table 8.11 shows the uncorrected and CP-corrected energies. The BSSE is relatively

small for PBE/TZVPP and PBE/QZVPP (< 13.0 meV and < 4.5 meV, respectively),

and the binding energies of Kr to the cluster are in good agreement with the energies

obtained using PBE/GTH. For MP2, however, the BSSE is significantly larger. In partic-

ular for MP2/def2-TZVPP, its BSSE is more than twice the BSSE for MP2/def2-QZVPP

(maximum values are 41.9 meV and 18.6 meV, respectively).

Table 8.11: Eb: Krypton binding energies to the Au7 cluster using PBE and MP2 with
the def2-TZVPP and def2-QZVPP Gaussian basis sets, in comparison to values obtained
using PBE/GTH. Optimized geometries at the PBE/GTH level. Values are reported as
follows: uncorrected binding energy Eb, BSSE, and counterpoised corrected binding energy

Eb(CP ). All energy values in meV. Distances in Å.

site (a) (b) (c) (d) (e) (f) (top)

d[Au-Kr] 3.06 3.81 3.14 3.92 3.11 3.19 4.13

PBE

GTH Eb −72.9 −20.5 −55.1 −17.1 −61.7 −45.3 −15.6

TZVPP Eb −77.7 −27.5 −58.3 −23.5 −65.9 −47.1 −26.7

BSSE 12.0 9.2 11.0 8.9 12.7 10.5 11.9

Eb (CP) −65.7 −18.3 −47.3 −14.6 −53.2 −36.6 −14.8

QZVPP Eb −74.2 −20.7 −54.9 −17.1 −60.5 −43.5 −17.0

BSSE 4.5 3.0 4.2 2.8 4.5 4.0 2.8

Eb (CP) −69.8 −17.7 −50.7 −14.3 −56.0 −39.5 −14.3

MP2

TZVPP Eb −125.0 −90.4 −100.9 −80.0 −137.4 −76.4 −122.3

BSSE 39.5 24.3 35.2 22.8 41.9 32.5 37.3

Eb (CP) −85.5 −66.1 −65.7 −57.3 −95.6 −43.9 −85.0

QZVPP Eb −148.8 −97.1 −122.2 −84.0 −161.6 −102.9 −110.5

BSSE 18.5 10.4 16.3 9.6 18.6 15.3 8.9

Eb (CP) −130.3 −86.7 −105.9 −74.4 −143.0 −87.7 −101.6

As with the previous basis sets, MP2/def2-TZVPP and MP2/def2-QZVPP with or

without CP correction, predict a different binding site preference for binding at the corners

(a) and (e) in comparison to PBE/GTH. For the larger binding distances, MP2/def2-

TZVPP predicts binding energies of high-coordination sites lower than those at the corners

(c) and (f), which leads to even larger differences on the binding site preference. MP2/def2-

QZVPP, however, recovers partially the binding site preference predicted by PBE/GTH.

Above the cluster, the krypton atom interacts with three gold atoms along similar bond

lengths (4.3, 4.5 and 4.6 Å), hence this interaction is expected to be enhanced.

The lower binding energies obtained with MP2 for the larger basis, and the fact

that MP2 with any of the basis predicts a different site preference for (a) and (e) than

PBE/GTH, suggest that these differences arise from the method itself instead of from the
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size of the basis. Due to the good description of the energetics and harmonic frequencies

for Au7 given by PBE/GTH, the cluster geometries predicted using this method are as-

sumed to be close to the real geometries of the bare cluster. It is known that MP2 leads

to bond distances that are too short and to dissociation energies that are too large for the

gold dimer,10,30 which is attributed to an overestimation of electron correlation effects.

Hermann et al.37 show that the correlation energy calculated by means of an n-body ex-

pansion using MP2 for gold clusters does not converge smoothly, thus failing to predict

properly the energy and geometry of metal clusters.

A comparison of the binding energy and anharmonic frequency for the AuKr cluster

obtained using PBE/GTH to reported experimental values shows the following: The cal-

culated binding energy 26.0 meV is very close to the experimental value, 29.8±2.4 meV.207

The calculated harmonic and anharmonic frequencies for AuKr are 24.5 cm−1 and 21.2 cm−1,

respectively. This latter value is in close agreement with the experimental frequency,

22.8± 1.6 cm−1.208 See additional details in Chapter 9 (Sec. 9.5).

8.7 Conclusions

An investigation of various possible causes of discrepancy between theoretical and exper-

imental vibrational frequencies in Au7 was realized. The use of a global scaling factor to

correct theoretical harmonic frequencies in the Au7 cluster cannot be attributed to the

presence of a large vibrational anharmonicity. It is shown that anharmonicity is below

1 cm−1, which is lower than the accuracy of the experiment.

The theoretical spectrum for the planar structure Au7-I is most likely to correspond to

the experimental spectrum. The krypton atom affects the harmonic frequencies of Au7-I

by less than 1 cm−1 (RMSD=1.5 cm−1). It leads to additional anharmonicity but this

effect is very small (RMSD=0.7 cm−1) and mainly influences the lowest frequency modes,

which were not reported in the experiment. For the global minimum energy configuration

of Au7Kr, the largest anharmonicity correction (∼2 cm−1) is observed for mode 11, which

has a frequency below 40 cm−1.

For Au7, krypton embedding does not affect the vibrational frequencies significantly,

although it can induce important changes on the IR intensities. Since variations of the

frequencies for some modes are observed, dependent on the location at which the krypton

atom is attached to the bare cluster, a more significant effect of the noble gas embedding

might be expected for other small gold clusters. Although only small anharmonicity is

observed for Au7 and Au7Kr, which is more important at low frequencies, the possibility

of larger anharmonic effects for other clusters and higher frequency modes, due to less

symmetrical structures, cannot be excluded.

The krypton atom-gold cluster interaction has been described in terms of attractive

electrostatic, and repulsive Pauli forces. By including the effect of the atomic orbital

overlap, an explanation of the binding site preference observed in Au7 is given. This is a
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result of subtle changes to the pure electrostatic interaction picture that are rationalized

as a consequence of the deformation of the cluster.

From the comparison to the experimental spectrum of Au7, it is observed that DFT

functionals that satisfy the homogeneous electron gas (HEG) limit, such as PBE, BP, and

PBE0, show the best predictions for the frequencies of Au7. The LDA functional is also

based on the HEG model, i.e. on a HEG with density equal to the local density, but has a

different behavior in comparison to the other above mentioned functionals. This indicates

that satisfying the HEG limit is a necessary but not sufficient condition to obtain a better

prediction of the vibrational frequencies in small gold clusters. Although LDA predicts

the harmonic vibrational frequencies of Au7 with a RMSD between theory and experiment

very close to the one obtained with PBE, the frequencies are overestimated. Moreover,

the binding energy for LDA is about 35 % larger than for PBE/VDB. The systematic

overbinding of LDA is already known.132

MP2/SBKJC(1f ) provides a good description of the experimental frequencies of Au7-I,

with a RSMD between harmonic and experimental frequencies of 2 cm−1, but it does not

reproduce the ordering of the isomers predicted using PBE/VDB. Moreover, since using a

larger basis such as augSBKJC(1f ) deteriorates the agreement of the predicted frequen-

cies, the agreement obtained using MP2/SBKJC(1f ) is presumably due to a favorable

cancelation of errors, in particular due to the effect of a large BSSE.

MP2 with small basis sets such as SBKJC(1f) and IMCP-SR2 leads to different trends

in the Kr binding site preference than when using PBE/GTH, mainly due to a large effect

of the BSSE on the binding energies of Kr to the cluster. Using larger gaussian basis

sets for MP2 such as def2-TZVPP and def2-QZVPP, the maximum BSSE are ∼ 42 meV

and ∼ 19 meV, respectively. Trends on the Kr binding energies predicted by PBE/GTH

are gradually but only partially recovered by MP2 as the size of the Gaussian basis set

increases. Inherent shortcomings of the MP2 method to describe properly the geometry of

metal clusters lead to changes in the binding site preference, in particular for those cases

in which the structure of the cluster is largely deformed by effect of the noble gas atom,

and independent of the basis set used. The significant lowering of the binding energies for

MP2 with the larger basis set def2-QZVPP might indicate an overestimation of correlation

effects, in agreement with that observed by other authors for the gold dimer.10,30

The large discrepancy between theory and experiment for the vibrational frequencies

of Au7 neutral cluster cannot be attributed to the anharmonicity or to the Kr embedding

but is likely to stem from an inadequate description of the PES. An improved agreement

of the theoretical frequencies with the experiment was found by using different electronic-

structure methods to construct the PES. Consequently, without using any scaling factor,

the RMSD in harmonic frequency can be reduced to 9 cm−1 by using PBE/VDB, and to

12 cm−1 by using PBE/GTH or PBE/augSBKJC(1f). Reduced global scaling factors of

1.06, 1.08, and 1.09 are suggested for these three methods, respectively. They lead to a

new RMSD of 3 cm−1.



Chapter 9

The nature and role of the Au-Au

and Au-Kr interactions

An investigation of the nature and role of interatomic interactions on small neutral gold

clusters, including the effect of Kr embedding, is the focus of this chapter. For some

of these clusters, a particular site-dependent characteristic of the Kr binding is observed

that does not completely follow the criterion of binding at low-coordinated sites, a theory

widely accepted for interaction of a noble gas with metal surfaces.209–211 The aim is to

understand the effect of the low dimensionality and open-shell electronic structure of the

odd-numbered clusters on the interaction between noble gas and metal cluster.

First, the role of attractive and repulsive forces is investigated, along with the frontier

molecular orbitals. Second, the Au-Kr interaction is investigated in terms of reactivity

and bonding character. A reactivity index derived from Fukui formalism, and criteria

provided by the electron localization function (ELF) are used in order to classify the type

of bonding. This study is carried out on the minimum energy structures of neutral gold

clusters, as obtained using pseudo potential plane-wave density functional theory (DFT).

We propose a model which includes the effect of attractive electrostatic, Van der Waals

and repulsive forces, and effects originating from orbital overlap. This gives a satisfactory

explanation for the minimum energy configurations of noble gas-gold cluster systems, the

site preference of the noble gas for binding at the clusters, and changes in electronic

properties.

This Chapter is organized into seven sections: In Sec. 9.1 the subject is introduced.

Section 9.2 contains the relevant computational details. In Sec. 9.3 an outline of the

methods used to study the binding is presented. In Sec. 9.4 the results for the Au-Au

interatomic interaction are reported. Section 9.5 contains the results of the Kr interaction

with gold clusters. In Sec. 9.6 the trends of the results are highlighted and commented.

Conclusions are presented in Sec. 9.7.

111
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9.1 Interaction noble gas-metal

Interaction of noble gases with metals is a process widely studied in a large set of experi-

mental techniques.210 The widely accepted fact that these gases adsorb at high-coordinated

sites to metal surfaces has been gradually superseded by the outcome of recent studies,

which show preferred adsorption at low-coordinated sites, as highlighted by Da Silva et

al.209 They investigate the Xe adsorption to metal surfaces from first-principles, and con-

clude that this effect is due to a site-dependent Pauli repulsion and polarization of the

Xe adatoms and superficial atoms of the metal surface. More recently, Da Silva and

Stampfl210 have studied the adsorption interaction of a set of noble gases (He, Ne, Ar, Kr,

Xe) to a palladium surface. They obtained similar trends for Kr and Xe. Müller211 argues

that chemical effects are not likely to play an essential role in the interaction of noble gases

with metal surfaces, instead, this interaction is driven by the overlap of the electrostatic

atomic potentials of the interacting species. He argues that the Pauli repulsion between

the noble gas atoms and the metal surface can be modified by polarization of the metal.

Since the noble gas-metal interaction has been traditionally studied for closed-shell

systems such as metal surfaces (see Refs. 209–211 and references therein), neutral gold

clusters have become interesting for acquiring an understanding of the interaction be-

tween noble gas and open-shell metal systems. The particular geometries and asymmetric

electrostatic potentials arising from the low dimensionality and the spin-polarization at-

tributed to the open-shell character of the odd-numbered structures, prevent from simply

assuming the general validity of conclusions obtained for the noble gas-metal surface inter-

action for the study of neutral gold clusters. In several studies of small neutral gold clus-

ters,11,23,30,34,35,37,45,46,162–164 properties such as binding energy, ionization potential, elec-

tron affinity, demonstrate alternating behavior when comparing even- and odd-numbered

structures. Hence, a manifestation of these alternating effects on the noble gas-metal

cluster interaction might be expected.

Knickelbein and Menezes212 have studied experimentally the noble gas-metal cluster

interaction in order to explain variations in the formation of MnRm (M: Metal, R: Noble-

gas, n > m) species with cluster size. They observed that for NbnArm clusters, argon

atoms bind with differing efficiencies to each of the isomers Nb7, Nb9 and Nb11. From

this, they conclude that the relative depth of the MnR potentials changes as the nature of

the geometry dependent binding changes. They found an analogy to a surface, in which

noble gas atoms preferentially adsorb onto defects rather than on topologically smooth

terraces. Fielicke et al.,213 using far-infrared spectroscopy, show that Ar embedding does

not significantly change the geometrical and electronic structures of neutral and cationic

niobium clusters. Ratsch et al.214 find the effect of Ar to attribute only small changes on

the vibrational spectrum of vanadium cation clusters.

The interaction of krypton with gold clusters becomes interesting, because of a recent

experimental study of neutral clusters (Au7, Au19 and Au20) using far-infrared multiple-
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photon dissociation spectroscopy (FIR-MPD).7 In that study, krypton remains a ligand

in the process of the cluster production. It has been reported by the authors of the ex-

periment, that the binding of a krypton atom mainly affects the IR absorption intensities.

The effect of krypton on the harmonic and anharmonic vibrational spectrum of Au7 was

studied in Chapter 8. It was shown that for the global minimum energy configuration

of Au7Kr, the noble gas atom mainly influences the anharmonic vibrational frequencies

of low vibrational modes, changing them by ∼ 2 cm−1. For other Au7Kr configurations,

having energies close to the minimum one, changes in harmonic frequencies of ∼ 3 cm−1

occur also for high vibrational modes. This is due to deformation of the cluster induced

by the krypton atom. The possibility of a more significant effect of Kr embedding on gold

clusters cannot be excluded, dependent on both cluster size and the position at which the

noble gas atoms bind to the cluster. For example, variations of experimental vibrational

frequencies as a function of the number of argon atoms have already been observed for the

neutral silver trimer using FIR-MPD.59

Ar bonding characteristics and the effect on the FIR-MPD vibrational spectra of small

Co+
n clusters were investigated by Gehrke et al.215 They observed significant changes in the

experimental spectra as a function of the number of Ar atoms bound to the cluster. They

proposed an electrostatic picture of the noble gas-metal cluster interaction with a strongly

repulsive short-range component arising from Pauli repulsion. Further, they attributed

the changes in the IR spectra to a mere polarization of the argon atoms.

Here, an investigation about the nature of Au-Au and Au-Kr interactions is carried

out, due to their relevance in understanding the role of the noble gas embedding for small

gold clusters. First, the electrostatic potential, the spin density and the frontier molecular

orbital wave functions are investigated, in order to explore the main interactions occurring.

Second, the possible occurrence of a chemical bond between krypton atom and gold cluster

is explored. In particular, we study the ability of the cluster to undergo an electrophilic

or nucleophilic attack based on a reactivity index216 derived from the Fukui function

formalism.217–219 The nature of the interatomic interactions is also studied in terms of

the electronic localization function (ELF),220–223 which is a topological and quantitative

method used to detect and classify a bond.

9.2 Computational details

Plane-wave DFT calculations are performed using version 3.11.1 of the CPMD code.77 The

Perdew-Burke-Ernzerhof PBE131 functional is used with two kinds of pseudo potentials:

Vanderbilt (VDB) pseudo potentials145 with a plane-wave energy cutoff of 30 Ry (408 eV)

for gold, and norm-conserving Goedecker (GTH) pseudo potentials144,146,147 with a plane-

wave energy cutoff of 100 Ry (1361 eV) for gold and krypton. In both cases, relativistic

effects are included in the pseudo potentials. Only the 5d106s1 valence electrons for Au

and the 4s24p6 valence electrons for Kr are considered.
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Periodic boundary conditions are used. A cubic supercell of (15 Å)3 is employed

to avoid interactions between neighboring clusters. The convergence criteria for wave

function and geometry optimizations are set to 10−7 a.u. and 5× 10−5 a.u., respectively.

For Vanderbilt pseudo potentials, parameter DUAL is set to 6.0 and GC-CUTOFF to

10−5. Geometry optimization is carried out by means of the limited-memory BFGS (L-

BFGS)174 method. Harmonic frequencies are calculated using the finite differences of

analytical first derivatives with a step length of 10−2 bohr. These settings coincide with

those used in Chapter 8 (Sec. 8.1). The local spin density approximation (LSD) version

of the functional is used for all the spin-polarized cases.

Kohn-Sham energies are calculated using a Davidson diagonalization scheme187 for

PBE/GTH, and the Lanczos diagonalization224 for PBE/VDB. Reactivity indices are

calculated from partial charges obtained using PBE/VDB. These charges are obtained

from the calculated electrostatic potential, derived from a least squares fit to the potential

of an analytical partial charge model.225 Due to the periodicity of the cell in the plane-wave

DFT code, calculation of electrostatic charge is a critical point. Better accuracy is obtained

when the molecule is considered as an isolated system. The Hockney Poisson solver188

is used for the calculation of the electrostatic properties. The calculations using GTH

pseudo potentials are computationally more expensive due to high memory requirement.

Therefore, the use of ultrasoft pseudo potentials for this purpose is advantageous.

Löwdin population analysis192,193 is computed for Au7 and Au7Kr using PBE/augSBKJC(1f )

with the same settings mentioned in Chapter 8 (Sec. 8.1). Cluster binding energies are

calculated as the difference between the total energy of the cluster and the sum of the

energies of the isolated atoms. Krypton binding energies to the cluster are calculated as

the difference between the total energy of the AunKrm cluster and the sum of the energies

of the AunKrm−1 cluster and the isolated krypton atom. They are reported positive as a

convention.

9.3 Theoretical approach

Reactivity index

The possibility of an electron transfer is investigated based on the reactivity of the cluster.

This can be visualized as the ability to undergo an electrophilic or nucleophilic attack. In

order to find the sites of the cluster, preferred by krypton for chemical bonding, reactivity

indices are calculated as suggested by Mendez and Gazquez,216

f+,nuc = q(n+ 1)− q(n)

f−,elec = q(n)− q(n− 1).
(9.1)

Largest absolute values of the indices f+,nuc and f−,elec denote reactive positions for
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a nucleophilic or electrophilic attack, respectively. Here q(n) corresponds to the partial

charges of the molecule before reacting, and q(n+1) and q(n−1) correspond to the partial

charges after accepting or donating an electron. The number of electrons is denoted by n.

Since the Kr atom is a closed-shell system not likely to accept more electrons, a nucleophilic

attack is suggested as the preferred mechanism of krypton bonding to gold.

Electron localization function ELF

A deeper insight into the nature of the interatomic interaction and the bonding character

is obtained from the electron localization function (ELF):220–223

ELF =
1

1 +
(
D
Dh

)2 . (9.2)

ELF depends on the total electronic density, ρ, its gradient, ∇ρ, and the kinetic en-

ergy density,
∑N

i=1

∣∣∇ψi∣∣2, and not on the orbitals. This circumvents the non-uniqueness

problem that stems from unitary transformations of the canonical orbitals.220

D =
1

2

N∑
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∣∣∇ψi∣∣2 − 1

8

∣∣∇ρ∣∣2
ρ

,

Dh =
3

10

(
3π2)

2/3
ρ5/3,

ρ =
N∑
i=1

∣∣ψi∣∣2.
(9.3)

Here, ψi are the singly occupied one-electron (spin-) orbitals in an N -electron system, and

Dh corresponds to a uniform electron gas with spin density equal to the local value of ρ.

ELF is a function closely related to the concept of ‘atoms in molecules’ (AIM) de-

veloped by Bader,226,227 in which the characteristics of the bond are extracted from the

electron density and its Laplacian. ELF not only provides a topological view of the bond-

ing, it reveals the shell structure of atoms. Its magnitude offers a way to classify the

bonding interaction. The function is normalized in the interval 0 to 1. ELF has the

largest values where the Pauli repulsion is small, i.e. where two electrons with antiparallel

spin are paired in space.

The usual interpretation for ELF is such that, 1 corresponds to a perfect localization

and 0.5 to electron-gas-like pair probability. Topological regions of density accumulation

(attractors) are obtained for values larger than 0.5, signaling a large electron pair local-

ization either in the core (core attractors), along the lines connecting atoms (bonding

attractors) or next to the lines connecting the atoms (non-bonding attractors).221 In the

second case, the attractors are an indicator of a bond path and therefore of bonding. The

closer ELF is to one, the more covalent the character of the bond is. Values close or equal
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to 0.5 denote a metallic character of the bond. In some cases this is accompanied with oc-

currence of bonding attractors, as highlighted by Silvi and Gatti,228 who have interpreted

the metallic bond in terms of ELF. Values smaller than 0.5 denote interatomic regions

with a low electronic density.

Since ELF is set to the electron-gas at 0.5, where electrons are highly delocalized,

care has to be taken with the interpretation of delocalization for values below 0.5,229,230

where D > Dh. This means that the Pauli repulsion for a given region is higher than

in a uniform electron gas of the same density, as highlighted by Kohout et al.230 Since

this is a relative measure of the Pauli repulsion, ELF close to zero does not necessarily

indicate perfect delocalization. Regions with ELF lower than 0.5, however, also originate

from the overlap of the electronic density of the atoms. It is an indication of effects such

as charge transfer. In the context of the AIM,226,227 this is interpreted as a manifestation

of bonding, a consequence of net attractive force keeping the atoms bound.

9.4 The nature of the gold-gold interaction

Here the conductivity and role of relativistic effects in small gold clusters are discussed.

The bonding character of Au2 is investigated using criteria given by ELF. The largest

effect from orbital overlap is expected for Au2, since it has the shortest bond length.

Conductivity

Metal clusters are a bridge between bulk and atomic regime. The metallic conducting

properties at the macroscopic level are expected to be gradually transformed into insulating

properties, at the transition from the bulk metal to the molecular and atomic regime. At

a given size in the mesoscopic regime, a metal-insulator transition should occur. As a

consequence of the decreasing particle size, the electronic structure of the metal yields a

discrete electronic energy-level separation into small metallic clusters. The discreteness

of energy levels, proposed by Kubo,231 should lead to anomalies in the thermodynamic

and electronic properties. Such anomalies include properties resulting from the odd- and

even-numbered small metal clusters.232

Ganteför et al.233 measured the optical gap of even-numbered silver and copper clusters

up to 20 atoms using photoelectron spectroscopy. They report values between 0.4 and

2.7 eV. A study by Vinod et al.,234 using scanning tunneling spectroscopy on small Pd,

Ag, Cd and Au clusters supported on graphite, shows that for diameters below 1 nm an

energy gap occurs (in the range of 10 to 70 meV). The value of the energy gap increases

with a decrease in cluster size. More recently, Li et al.235 have reported an energy gap of

∼1.9 eV for Au20 by using photoelectron spectroscopy. Other experiments have shown that

chemical ligands can strongly affect the conducting or insulating nature of nanoparticles

(see Edwards and Thomas236 and references therein). As a consequence, the purity of
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the nanoparticles plays an important role in correctly measuring size-induced changes of

optical and electronic properties. To fully understand the conducting or insulating nature,

the interpretation of the measured properties should include the effect of chemical ligands.

Due to the discrete energy levels and a discrete electron density of states in small

metallic clusters, the strict criterion for metallicity as DC conductivity at 0 K should be

reformulated. Some finite temperature is needed in order to excite electrons into empty

states even in a system that is practically metallic. In Kubo’s theory the conducting

character of a small particle or a cluster is defined by means of the so-called Kubo gap,

δ, which is the average electronic gap between occupied and unoccupied levels expressed

as a temperature. The Kubo gap establishes a temperature at which the small particle

changes from metal to insulator or viceversa, i.e. with δ < kT it should have a metallic

behavior and with δ > kT it should have an insulating behavior.232

The different properties of metals as a function of the size can be classified as follows:

Metallic properties are characteristic of the bulk regime. An intermediate regime at which

the size-induced metal-insulator transition (MIT) occurs should exhibit both types of

behavior metallic and insulator. This is the case of medium-size clusters and colloidal

metals. A limit regime for very small clusters should exhibit predominant insulating

properties. Different criteria formulated in order to describe the change on the conductivity

as a function of the cluster size have been highlighted by Edwards et al.232 Table 9.1 shows

a classification suggested for sodium clusters in the same study by Edwards.

Table 9.1: One possible classification of the size-dependent conducting nature of clusters
from the macroscopic to the atomic regime obtained for sodium clusters. The size-induced

metal-insulator transition MIT links both limit regimes.

Metal MIT Insulator

Diameter [Å] > 104 104 to 10 < 10

Nuclearity > 1010 1010 to 10 < 10

Kubo gap [K] < 10−6 10−6 to 103 > 103

The continuity or discontinuity of the MIT is a matter of controversy. It should

be distinguished between MIT in macroscopic systems which can be discontinuous (for

example, changing the composition of a bulk solid by doping with impurities), and the

MIT on a divided metal (as an isolated small cluster or particle), which could exhibit

both a continuous or a discontinuous transition as a function of the cluster size.232 A

detailed study of MIT in clusters has been addressed by von Issendorff and Cheshnovsky237

pointing to the following facts which are important for a correct treatment of metallicity in

clusters: i) A larger fraction of the cluster atoms are surface atoms. ii) Metallic properties

are defined in term of neighboring atoms rather than as a function of size. iii) Only a

Bloch-Wilson transition is likely to happen in small clusters. This theory assumes the

existence of extended states in homogeneous atomic phases, formed through the overlap
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of atomic orbitals. iv) Since using electrodes to measure the DC-conductivity of a particle

can alter the electron density of states, alternative experimental approaches to determine

indirectly the conductivity should be designed. v) A MIT phase transition is not uniquely

defined at some definite size or size range.

Here the attention is focused on the insulating character of the small gold clusters

rather than determining at which size the MIT may occur. A useful property for deciding

the insulating character of a solid is its fundamental gap, defined as the difference between

ionization energy and electron affinity for a macroscopic piece of the solid. A simple

analogy between the HOMO-LUMO difference of the clusters and the energy gap between

valence and conduction bands of a macroscopic solid is not sufficient to assign a given

conductivity to clusters, or to determine the size at which the metal-insulator transition

occurs.232 HOMO-LUMO differences are, however, a useful indicator of the insulating

character of the clusters.

The Kohn-Sham gap, defined as the HOMO-LUMO difference, is calculated. While the

HOMO energy computed with the exact XC functional is equal to the negative ionization

potential, the LUMO energy is not equal to the electron affinity, even when the exact

functional is used. In general, the Kohn-Sham band gap is smaller than the fundamental

gap and in extreme cases, such as for a Mott insulator, it can vanish while correlation

effect still makes the solid an insulator.134

Table 9.2 shows HOMO-LUMO differences for various gold clusters, calculated using

PBE/GTH and PBE/VDB. For the spin-polarized systems the difference is calculated

between the singly occupied state β-SOMO and the lowest unoccupied state α-LUMO.

Table 9.2: HOMO-LUMO and βSOMO-αLUMO energy differences for the smallest even-
and odd-numbered Aun clusters, respectively. Results obtained using PBE/GTH and
PBE/VDB for the global minimum energy structures of Aun, and PBE/GTH for the
global minimum energy structures of AunKr. The number of atoms is denoted by n. All

results in eV.

n PBE/GTH PBE/VDB Other authors

Aun AunKr Aun Aun
a Aun

b

2 1.94 1.88 2.34 1.7 3.41

3 0.41 · · · 0.31 · · · 1.46

4 0.99 1.28 1.10 1.0 2.06

5 · · · · · · 0.25 · · · 1.39

6 2.05 2.07 2.75 2.0 3.56

7 0.31 0.31 0.28 · · · 1.23

8 1.39 1.40 1.80 1.3 2.88

9 · · · · · · 0.23 · · · 1.11

aReference 45. Using PBE with norm-conserving pseudo potentials. Values estimated from a graph.
bReference 162. Using B3PW91/LANL2DZ.
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HOMO-LUMO values calculated using PBE/GTH for the even-numbered structures

are in close agreement with those reported by Fernandez et al.,45 who use norm-conserving

pseudo potentials. Nevertheless, PBE/GTH values are smaller than those calculated with

PBE/VDB for the even-numbered structures. On the other hand, HOMO-LUMO values

for both even and odd-numbered clusters calculated with PBE/VDB are ∼1 eV lower than

those reported by Assadollahzadeh and Schwerdtfeger,162 who use B3PW91/LANL2DZ.

Since they also used a more extensive basis set of the Stuttgart-Dresden group and obtained

variations not larger than ∼0.1 eV would those large values for the HOMO-LUMO values

be attributed to the B3PW91 functional more than to the size of the basis set.

We observe that noble gas embedding slightly affects the HOMO-LUMO differences. It

induces the largest changes for Au4, due to the large distortion of this cluster (see Sec. 9.5).

Based on the relatively large theoretical HOMO-LUMO gaps and on the criteria shown

in Table 9.1, the gold clusters studied here may have an insulating character. Since GGA

functionals, like PBE, are known to underestimate the energy gap in insulators by up to

50 % compared to experimental values,134 a larger real energy gap and consequently a

more insulating character of the clusters might be expected.

Relativistic effects

Most studies on gold clusters focus on their structural and electronic properties, but only

a few studies focus on the nature of the gold-gold interactions.2,3,48,70,186 A main interest

arises from the preference of these clusters to have planar minimum energy structures at

sizes larger than other transition metals. This is often explained as a consequence of rela-

tivistic effects. There are three main relativistic effects on atomic orbitals: i) Contraction

and energetic stabilization of the s and p shells, ii) spin-orbit splitting, and iii) radial expan-

sion and energetic destabilization of d and f shells, as described by Pyykkö.186 Although

such effects have been observed in a large set of elements, they are specially significant for

gold, as highlighted in detailed reviews by Pyykkö2,3,238 and Schwerdfeger.10

Since s orbitals contract and d orbitals expand due to relativistic effects, an overlap

of these orbitals is expected for the outer-shells of the gold atom. Moreover, s-d and d-d

overlaps are expected for the gold compounds. Various studies aim at correlating the

s-d and d-d overlap in gold clusters to a stable planar structure preference. By using

a hybridization index, Häkkinen et al.48 conclude that a strong s-d hybridization and

d-d interaction is responsible for the planarity of the Au−7 cluster. Fernandez et al.45

systematically study neutral and charged Au7 clusters and attribute their planarity to the

s-dz2 hybridization. Gröenbeck and Broqvist70 have not found any correlation between

the s-d hybridization index and the planarity of the Au8 cluster isomers, instead they

attribute the planarity for this cluster mainly to the d-d overlap. They also argue that the

kinetic energy, which may be related to the larger delocalization of d orbitals, becomes

more important for the planar structures.
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It is not trivial to settle this debate, as the free gold atom already includes a strong

s-d hybridization which influences the interatomic interactions. Moreover, the nature of

the Au-Au interaction may be affected by the neutral or ionic character of the cluster,

and by the closed- or open-shell character of the electronic structure. This could lead to

different trends in the orbital overlap in dependence on the cluster studied.

A study of Au8 by Grönbeck and Broqvist70 suggests that the balance between kinetic

and electrostatic energies appears to govern the total energy difference on this cluster,

thus determining the preference for planar structures. The exchange-correlation energy

favors the non-planar structures. From the study on the Au7 cluster using PBE/VDB,

we observe that planar structures exhibit lower kinetic energies and non-planar structures

exhibit lower exchange-correlation energies. This is in agreement with the trends presented

by Grönbeck and Broqvist for Au8. Nevertheless, the differences in the total energies were

not found as biased by the balance between kinetic and electrostatic energies.

Gold-gold interaction in Au2

The Kohn-Sham frontier orbitals for Au2, in Fig. 9.1, reveal a LUMO characterized by

σ-type states. Deformation of the HOMO and LUMO states in the interatomic region due

to the atomic interaction is observed.

Figure 9.1: (Left) HOMO and LUMO for Au2, using PBE/GTH. Isosurface of
0.05 bohr−3/2. (Right) 2D electrostatic potential for Au2 with isocurves each 20 meV,
using PBE/VDB. Blue and red isocurves indicate positive and negative potentials, respec-

tively. Black line indicates zero potential.

Although useful, the wave function alone does not provide a measure for the magnitude

of the orbital overlap. This had already been indicated by Becke and Edgecombe220 in their

basic study of ELF, and further highlighted in various studies.221–223,229,230 For example,

Belpassi et al.239 studied the nature of the bonding in Au2 by means of the electron density

Laplacian and observed that the method is not suitable for this purpose. They suggested

that it may fail for compounds containing heavy atoms. For this reason, ELF is also used

to study the nature of the bonding. It provides a better insight into the shell structure by

using an orbital-independent measure of the electron localization.

In order to assess the effect of gold semi-core electrons, preliminary calculations are

carried out on Au2 at the PBE/GTH level, using a semi-core potential which includes the

5s25p65d106s1 electrons for gold. In this case, the energy cutoff is increased to 150 Ry

(2048 eV). Effects of the semi-core electrons on the bond length, harmonic frequency
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and binding energy of Au2 using the same semi-core potential, were already described in

Chapter 8 (Sec. 8.2). Compared to experimental values, the performance of the semi-core

potential (PBE/GTH) for the gold dimer is slightly better than the GTH pseudo potential

which includes only 11 valence electrons. Nevertheless, it is similar to that of a Vanderbilt

pseudo potential (PBE/VDB) also including only 11 valence electrons. We show below

that semi-core electrons do not significantly alter the ELF in the center of the interatomic

regions, i.e. they do not affect the scenario of the bonding (see Fig. 9.2).

The maximum value of the ELF for a given system is determined by the maximum

values of the ELF for the atom shells included in the calculations. For the free gold atom,

ELF reaches maximum values of 0.40 and 0.78 using the pseudo potential and the semi-

core potential, respectively. In addition, the shells are undistinguishable, meaning that 5s

and 6d orbitals are already overlapped in the free atom, in agreement with the description

provided by Pyykkö.186 For the same reason, the additional 5s25p6 electrons considered

in the semi-core potential overlap the 5d106s1 electrons.

Figure 9.2: (Left) Electron localization function (ELF) for Au2. Coordinate x is oriented
along the bond with x = d as the bond length. HEG = 0.5 denotes the ELF value for the
homogeneous electron gas. (Right) 2D plots of ELF color-coded from zero (white) to one
(black) with isocurves in 0.1 steps. Only the lowest isocurve is set to 0.01. Au-Au distance
in Å. Results obtained using PBE/GTH with a pseudo potential containing the 11 valence

electrons and with a semi-core potential which also includes the 5s25p6 electrons.

For Au2, bond lengths were determined to be 2.54 Å and 2.51 Å using the pseudo

potential and the semi-core potential, respectively. Due to the use of pseudo- and semi-

core potentials, ELF at the center of the cores is zero. Along the Au-Au distance ELF

reaches the maximum values 0.34 and 0.75 for the pseudo potential and semi-core potential

respectively, as observed in the left part of Fig. 9.2. At the center of the Au-Au distance the

ELF is ∼ 0.29, for both pseudo and semi-core potentials. The semi-core potential allows

to recognize regions with larger ELF values close to the cores but it does not significantly
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affect the ELF values at the center of the interatomic region (see Fig. 9.2). Increasing the

energy from 100 Ry to 150 Ry to take into account the higher energy contributions of the

semi-core electrons, does not significantly change the profile of the ELF curve. Therefore,

unless explicitly signaled, only 11 valence electrons for gold are used.

The low ELF values along the Au-Au interatomic region of Au2, much lower than

0.5, reveal a low electron density and an absence of bonding attractors. Nevertheless, the

overlap of the atomic orbitals from the profile of ELF is often interpreted as an indication

of chemical bonding. Gröenbeck et al. have theoretically described the s-d overlap for

Au2-Au5 clusters164 and for the Au8 cluster,70 in terms of the density of states.

Pauli repulsive forces, originating from the electron density, should be important for

distances close to the atomic radius (1.33 Å).240 This implies that for Au2, with a bond

length of 2.51 Å, repulsion is significant at the center of the bond. This can also be inferred

from the ELF profile, where ELF is indeed a relative measure of the Pauli repulsion. Since

the average Au-Au interatomic distance increases with cluster size, larger ELF values in

the interatomic regions of other small gold clusters are not expected. This is true at least

for the regime in which the planar structures are predominant.

9.5 The nature of the gold-krypton interaction

Description of weak bonding such as Kr-Au by DFT may differ from more accurate state-of-

the-art quantum chemistry calculations, failing at properly describing dispersion forces.201

Therefore, we have previously assessed the PBE/GTH krypton binding energies to the gold

cluster by means of MP2 (see Chapter 8, Sec. 8.6). We observe that despite quantitative

differences, DFT does provide qualitative trends for the Kr-Au binding. In addition, here

we show that the binding energy and anharmonic frequency of AuKr, calculated using

PBE/GTH, closely reproduce the recently reported experimental values for this system.

AuKr

In order to assess the effect of gold semi-core electrons on the AuKr cluster, we study

this system at the PBE/GTH level using a 19-electron semi-core potential which includes

the 5s25p65d106s1 electrons of gold in the valence space. Though two different values

are used for the plane-wave energy cutoff, 100 Ry (1361 eV) and 120 Ry (1633 eV), the

results for binding energy and bond length are relatively similar for both cases. The main

effects of using the semi-core potential for the AuKr cluster in comparison to the GTH

pseudo potential that includes only 11 valence electrons are: A decrease of the interatomic

distance from 3.48 Å to 3.43 Å, and an increase of the binding energy from 26.0 meV to

27.9 meV. The latter value is closer to the experimental value, 29.8± 2.4 meV.207

Figure 9.3 shows the ELF values obtained for AuKr using GTH pseudo potentials for

gold and krypton. Inclusion of the 5s25p6 electrons of gold does not significantly change
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the ELF profile at the center of the interatomic distance, nor does increasing the energy

cutoff from 100 Ry to 120 Ry. Since the GTH semi-core potential including 19 electrons for

gold does not lead to a significant improvement in the description of the ELF at the center

of the molecule, and that calculations using semi-core electrons become computationally

more demanding for larger structures, further analysis is carried out using only 11 valence

electrons for gold.

Figure 9.3: (Left) Electron localization function (ELF) for AuKr. Coordinate x is oriented
along the bond with x = d as the bond length. HEG = 0.5 denotes the ELF value for
the homogeneous electron gas. (Right) 2D plots of ELF color-coded from zero (white)
to one (black) with isocurves in 0.1 steps. Only the lowest isocurve is set to 0.01. Au-
Kr distance and Kr binding energy (in parenthesis) in Å and meV/atom, respectively.
Results obtained using PBE/GTH. A pseudo potential containing the 11 valence electrons
and a semi-core potential, which also includes the 5s25p6 electrons for gold, and the 4s24p6

valence electrons for krypton are used.

The minimum value of the ELF out of the core region is 0.06, at the center of the

Au-Kr distance. From one analysis of the ELF Laplacian, an analytical continuity of the

function at the center of the Au-Kr path is still observed, indicating an orbital overlap.

The deformation of the function around the nuclei suggests an induced polarization on

the atoms as a result of a charge transfer attributed to the orbital overlap.

The calculated harmonic and anharmonic frequencies for AuKr using PBE/GTH (with

only 11 valence electrons for gold) are 24.5 cm−1 and 21.2 cm−1, respectively. This lat-

ter value is in close agreement with the experimental frequency for this system, 22.8 ±
1.6 cm−1.208 Since there is a great interest in knowing how the Au-Kr interaction pro-

gresses as the cluster size increases, we investigate a set of closed- and open-shell gold

clusters in the range Au2-Au9 using PBE/GTH, with particular focus on the neutral Au7

cluster.
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Au2Kr and Au2Kr2

The effect of binding one and two krypton atoms to Au2 in the configurations described in

Fig. 9.4 is investigated. The krypton atom behaves as an electronic cloud with a preference

to occupy positions of the metal cluster exhibiting a strong positive electrostatic potential,

such as the end positions.

Figure 9.4: (Left) Bare Au2 cluster, indicating the f+,nuc reactivity indices. Various
possible configurations of the Au2Krm clusters, indicating the Au-Kr distance and the Kr
binding energy (in parenthesis) in Å and meV/atom, respectively. (Right) 2D plot of
the electron localization function (ELF) for Au2Kr2. The plot is color-coded from zero
(white) to one (black) with isocurves in 0.1 steps. Only the lowest isocurve is set to 0.01.

All results obtained using PBE/GTH.

By comparing Au2Kr in Fig. 9.4 to the potential in Fig. 9.1, close agreement between

the shape of the electrostatic potential and the orientation of the krypton atom in the

minimum energy configuration is observed. The Au-Kr distances are 2.77 Å and 2.82 Å

for Au2Kr and Au2Kr2, respectively. For the krypton atom perpendicular to the cluster,

the distance is 4.28 Å measured from the center of the cluster. The reactivity indices are

of the same magnitude (-0.5) for each site due to the symmetry.

Although the attractive electrostatic potential provides a satisfactory explanation for

Kr binding at the ends, a complete picture of the Au-Kr interaction should include other

contributions such as repulsion and Van der Waals forces. For instance, the large distance

of the krypton atom above the cluster indicates a typical Van der Waals-type interaction.

In this case, the Au-Kr distance (4.45 Å) exceeds the sum of the Van der Waals radii203

for gold (1.66 Å) and krypton (2.02 Å).

Pauli repulsion associated with the electronic density is not expected to significantly

affect the site preference dictated by the electrostatic potential in the case of closed-

shell clusters. It is, however, expected to have more significance for the odd-numbered

structures, due to the effect of the unpaired electron. The role of the Van der Waals

interactions becomes predominant in the direction perpendicular to the cluster or in regions

of the plane with a negative electrostatic potential.

Krypton binding at the ends of the cluster yields a large deformation of the ELF,

indicating a strong polarization of Kr (see Fig. 9.4 right). Maximum ELF values at the

center of the Au-Au and Au-Kr paths of Au2Kr2 are 0.33 and 0.11, respectively. The ELF

changes from 0.29 to 0.33 at the center of the Au-Au distance by binding two krypton
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atoms, i.e. it becomes less of an insulator since is closer to the limit for the homogeneous

electron gas (ELF=0.5). It was already shown in Table 9.2 that binding one krypton atom

to Au2 only slightly reduces the HOMO-LUMO difference. An increase of the ELF at the

center of the Au-Kr distance in AuKr2 indicates a larger orbital overlap and consequently

a larger charge transfer from krypton to gold, compared to AuKr.

In order to investigate effects due to orbital overlap, the dipole moment and Löwdin

populations192,193 are calculated for Au2, Au2Kr and Au2Kr2, using PBE/augSBKJC(1f)

and the GAMESS code.85 Löwdin population analysis192,193 provides a view of how elec-

trons are distributed throughout the molecule. The bare Au2 cluster has zero dipole

moment, but binding of one krypton atom induces a dipole moment of 1.54 Debye for the

complete system. Population analysis reveals a charge transfer of 0.21e from Kr to the

gold cluster, most of which (0.17e) is retained by the bound gold atom. Binding a second

atom turns the total dipole moment back to zero. A charge transfer of 0.20e for each bond

is also observed. Since IR intensities originate from changes in the dipole moment due to

the vibration motion of the molecule, the effect of binding of one krypton atom leads to a

greater change in IR intensities than the binding of two.

Although the Au-Au bond length (2.54 Å) does not change, the harmonic vibrational

frequency is significantly affected by Kr embedding. Calculated using PBE/GTH, the

harmonic frequencies for Au2 and the highest normal mode of Au2Kr and Au2Kr2 are

172.6 cm−1, 180.3 cm−1 and 185.2 cm−1, respectively.

Reports of the gold dimer experimental frequency56,241 mention the use of argon em-

bedding, but they never consider its possible effect on the frequency. For this reason, we

calculate the harmonic frequency for Au2Ar and Au2Ar2, using PBE/GTH. Results are

178.4 cm−1 and 183.0 cm−1, respectively. The bond length changes slightly from 2.54 Å to

2.53 Å for Au2Ar2. Binding energy of the argon atoms to the dimer is 98 meV for the first

atom and 82 meV additional for the second atom. By including only the effect of ligands,

PBE/GTH better approaches the reported experimental value (190.9 cm−1).56 For this

reason, a likely effect of the noble gas effect on the frequency for Au2 in that experiment

should be accounted for.

Au3Kr, Au3Kr2 and Au3Kr3

A large effect of Kr embedding in Au3 is observed. In agreement with the prediction given

by the reactivity indices, krypton atoms bound to the DFT minimum energy structure

(obtuse triangle) lead to a stronger bond at the corners than at the center. Binding one

or two krypton atoms at the ends of the obtuse triangle structure reduces the angle from

136.5◦ to 134.7◦, and to 133.8◦, respectively (see Fig. 9.5 left). Binding one or two krypton

atoms to the acute structure reduces the angle from 65.8◦ to 63.7◦ and 55.8◦, respectively.

A third atom does not distort the acute structure further (see Fig. 9.5 right). After binding

one krypton atom, the acute structure becomes the global minimum energy structure.
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Figure 9.5: Bare Au3 clusters, indicating the f+,nuc reactivity indices. Various possible
configurations of Au3Krm clusters, indicating the Au-Kr distance and the Kr binding
energy (in parenthesis) in Å and meV/atom, respectively. The minimum energy for the
bare cluster is the obtuse triangle, while the minimum energy for Au3Krm clusters is the

acute triangle. All results obtained using PBE/GTH.

The energies for binding one atom to the preferred sites of the obtuse and acute

triangle structures are 120 meV and 209 meV, respectively. The Au-Kr distances for

both structures are quite similar, with 2.87 Å for the obtuse structure and 2.76 Å for the

acute structure. It indicates that the attractive electrostatic potential favors a stronger

Au-Kr bond for the acute structure. The same is inferred about the bond strength from

the orientation of the krypton atoms for the Au3Kr2 and Au3Kr3 acute structures. ELF

analysis shows that binding one krypton atom to the acute cluster leads to an ELF value

of 0.15 at the center of the Au-Kr path, and 0.27 at the center of the Au-Au paths.

The main effect of the Kr embedding on Au3 is that only one krypton atom is needed

to change the global minimum energy structure from the obtuse to the acute triangle. As a

consequence, the scenario of the vibrations is significantly modified, causing the harmonic

frequency of the bending mode to change by more than 50 cm−1. Using PBE/GTH,

harmonic frequencies of 176.0/124.3/22.5 cm−1 for the obtuse triangle structure of the

bare cluster become 167.3/98.7/84.5 cm−1 for Au3Kr, 176.1/107.7/77.3 cm−1 for Au3Kr2,

and 176.3/107.6/77.5 cm−1 for Au3Kr3, all in the acute triangle structure.

Figure 9.6 shows the frontier molecular orbitals and electrostatic potentials calculated

for three isomers of Au3 using PBE/GTH and PBE/VDB, respectively. In all cases, bind-

ing occurs following the orientation of the electrostatic potential, whose positive regions

are strongly correlated to the extended σ-type orbitals of the α-LUMO and β-LUMO. As

it was explained in Chapter 8 (Sec. 8.4), the krypton atom should interact at these two

LUMOs of the cluster. Notice that the second krypton atom is less bounded than the

first one, since binding the first atom modifies the orbital structure. Also notice that the

minimum energy configuration for the Au3Krm clusters (acute triangle with θ < 60) binds

the krypton atoms preferentially to the part of the LUMO following a similar shape than
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the LUMO for Au2. This characteristic is also observed in most of the clusters studied

here. It is assumed that the spin density follows the shape of the singly occupied molecular

orbital β-SOMO. Thus, the Pauli repulsion is determined by this electronic distribution.

Figure 9.6: (Above) β-SOMO, α-LUMO and β-LUMO for Au3, using PBE/GTH. Iso-
surface of 0.05 bohr−3/2. (Below) 2D electrostatic potential for Au3 with isocurves each
20 meV, using PBE/VDB. Blue and red isocurves indicate positive and negative potentials,

respectively. Black line indicates zero potential.

An alternative picture of the orbital overlap has been given by Da Silva et al.209 for

the interaction of Xe with a metal surface. In that picture, the overlap of xenon orbitals

with surface orbitals is explained as a combined effect of depopulation of p states at the

HOMO and population of s and d states at the LUMO of Xe. This combined effect is

necessary in order to keep its closed-shell character.

For example, a slightly bent structure, C2v, has been suggested by Howard et al.168

using electron-spin resonance (ESR). Bishea et al.,28 suggested a C2v acute structure using

two-photon ionization spectroscopy, without excluding the obtuse structure. Guo et al.,41

using matrix-infrared spectroscopy, assign instead the minimum to an equilateral triangle,

D3h. Moreover, DFT and ab initio methods show a PES for Au3 including three struc-

tures very close in energy, in which the Jahn-Teller and spin-orbit coupling effects play an

important role.38,42 This may imply that depending on the characteristics of the experi-

ment, in particular on the interaction with chemical ligands, the vibrational spectrum of

Au3 can show any of these three possible configurations.
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Au4Kr and Au4Kr2

Fig. 9.7 shows different configurations for Au4Kr and Au4Kr2. The Au-Kr distance is

2.84 Å when one krypton atom binds at (a), and 3.58 Å when it binds at (b). Binding two

atoms, one at (a) and one at (c), leads to a binding distance of 2.87 Å from the cluster

for each atom. Binding one atom at (a) and one at (b), makes the effect of the atom at

(b) negligible. A large deformation of the geometry leads to an increase of the harmonic

frequency of the largest normal mode by ∼3 cm−1 and ∼6 cm−1, for the minimum energy

configurations of Au4Kr and Au4Kr2, respectively.

Figure 9.7: Bare Au4 cluster, indicating the f+,nuc reactivity indices. Various possible
configurations of Au4Krm complexes, indicating the Au-Kr distance and the Kr binding
energy (in parenthesis) in Å and meV/atom, respectively. The minimum energy for Au4Kr
and for Au4Kr2 is obtained binding Kr at (a) and at (a) and (c), respectively. All results

obtained using PBE/GTH.

Here, the site preference is governed mainly by the asymmetry of the electrostatic

potential. The most favorable position for krypton atom binding does coincide with the

position where the electrostatic potential is the most positive (see Fig. 9.8). This is in

agreement with the magnitude of the reactivity indices and with the more extended σ-type

orbitals of the LUMO at positions (a) and (c).

Figure 9.8: (Left) HOMO and LUMO for Au4, using PBE/GTH. Isosurface of
0.05 bohr−3/2. (Right) 2D electrostatic potential for Au4 with isocurves each 20 meV,
using PBE/VDB. Blue and red isocurves indicate positive and negative potentials, respec-

tively. Black line indicates zero potential.



9.5. THE NATURE OF THE GOLD-KRYPTON INTERACTION 129

An analysis of the ELF in the Au-Kr interatomic regions show values 0.12 and 0.06

for binding at positions (a) and (b), respectively. This suggests that the Pauli repulsion

at the center of the bond at (a) is half the repulsion at the bond center at (b). Kr binds

preferably the atom which has three first neighbors, i.e. at (a) or (c), instead of the ones

which have only two first neighbors at (b) or (d). It is clear that the low-coordination rule

does not apply for this closed-shell cluster.

Au5Kr

Like the other clusters studied here, Au5Kr shows an increase in strength of the Au-Kr

interaction in association with shorter Au-Kr distances, i.e. binding energies 18.7, 41.9

and 66.7 meV correspond to lengths 3.8, 3.23 and 3.08 Å, for binding at positions (c), (a)

and (b), respectively (see Fig. 9.9). The nucleophilic reactivity indices are in agreement

with this site preference.

Figure 9.9: Bare Au5 cluster, indicating the f+,nuc reactivity indices. Various possible
configurations of Au5Kr, indicating the Au-Kr distance and the Kr binding energy (in
parenthesis) in Å and meV/atom, respectively. The minimum energy for Au5Kr corre-

sponds to binding at position (b). All results obtained using PBE/GTH.

Figure 9.10 shows the frontier molecular orbitals and the electrostatic potential for

Au5, calculated using PBE/VDB.

Figure 9.10: (Left) β-SOMO, α-LUMO and β-LUMO for Au5. Isosurface of 0.05 bohr−3/2.
(Right) 2D electrostatic potential for Au5 with isocurves each 20 meV. Blue and red
isocurves indicate positive and negative potentials, respectively. Black line indicates zero

potential. All results obtained using PBE/VDB
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The orientation of the krypton atom is governed mainly by the electrostatic potential

distribution, which is more extensive at the corners (b) and (d) where the partial charges

are positive. Positions (a), (c) and (e) are characterized by negative partial charges, leading

to a more negative electrostatic potential. Moreover, the spin density, which follows the

shape of the β-SOMO, is larger at these three positions. Notice that the shape of the

electrostatic potential (or correspondingly, the large extension of the σ-type orbitals of

the LUMOs) rationalizes the binding site preference and the orientation of the krypton

atom at (b).

Au6Kr

The preferred positions of krypton binding to the Au6 cluster are at the corners, which

also have the lowest coordination sites (see Figs. 9.11 and 9.12). The positive electrostatic

potential, the LUMO dominated by σ-type orbitals and the reactivity indices are in agree-

ment with the observed site preference. Au-Kr distances are 3.12 Å and 3.82 Å for the

corner and the intermediate sites, respectively. The deformation of the cluster due to the

effect of Kr embedding is rather small compared to Au4.

Figure 9.11: Bare Au6 cluster, indicating the f+,nuc reactivity indices. Various possible
configurations of Au6Kr, indicating the Au-Kr distance and the Kr binding energy (in
parenthesis) in Å and meV/atom, respectively. The minimum energy for Au6Kr corre-

sponds to binding at position (a). All results obtained using PBE/GTH.

Figure 9.12: (Left) HOMO and LUMO for Au6, using PBE/GTH. Isosurface of
0.05 bohr−3/2. (Right) 2D electrostatic potential for Au6 with isocurves each 20 meV,
using PBE/VDB. Blue and red isocurves indicate positive and negative potentials, respec-

tively. Black line indicates zero potential.
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Au7Kr

A detailed study of the vibrational spectrum of Au7, including the effect of Kr embedding

has been presented in Chapter 8. Here, some relevant aspects from that study are recalled

and an additional analysis in terms of reactivity indices and the ELF is carried out.

Fig. 9.13 shows the possible positions at which the krypton atom binds, denoted clock-wise

from (a) to (g). At position (g) krypton binding is not favored. The negative electrostatic

potential at (g) together with a positive electrostatic potential in the vicinity drive the

krypton atom to preferentially bind at sites (a) or (f). The position above the plane is

denoted as (top).

Figure 9.13: Bare Au7 cluster indicating the site notation. Various possible configurations
of the Au7Kr indicating the Au-Kr distance and Kr binding energy (in parenthesis) in Å
and meV, respectively. The minimum energy for Au7Kr corresponds to binding at site (a).
All results obtained using PBE/GTH. Position where no binding occurs is denoted (g).

The configuration with the atom above the plane of the cluster is denoted (top).

The site preference of Kr for attaching to the cluster provides evidence of a ‘corner’

effect, i.e. a preference of the noble gas atom to bind at a low-coordinated site, in this

case at (a). Nevertheless, binding energy order is not always dictated by the coordination

number. This is seen in configuration (e), which has the higher coordination number three

and is preferred over positions (c) and (f) with coordination number two.

Table 9.3 indicates from the possible donor and acceptor reactive characters of the

cluster, denoted by f−,elec and f+,nuc respectively, that (f) is the position most likely to

create a chemical bond by either an electrophilic or nucleophilic reaction. The positive

partial charges presented in the same table are in agreement with the positive electrostatic

potential at the corners. However, contrary to the previous clusters studied here, the

reactivity indices derived from them do not follow the binding site preference observed.
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Table 9.3: Left: Partial charges q(n) before a reaction, and q(n + 1) and q(n − 1), af-
ter accepting or donating an electron respectively, calculated using PBE/VDB for Au7.
Right: Reactivity indices f+,nuc = q(n+ 1)− q(n) and f−,elec = q(n)− q(n−1). Notation

for atomic sites as for Fig. 9.13.

site charges reactivity indices

q(n) q(n+ 1) q(n− 1) f+,nuc f−,elec

Au(a) +0.19 −0.08 +0.44 −0.27 −0.25

Au(b) −0.14 −0.16 −0.07 −0.02 −0.07

Au(c) +0.13 −0.19 +0.39 −0.31 −0.26

Au(d) −0.10 −0.17 −0.01 −0.07 −0.10

Au(e) +0.12 −0.08 +0.31 −0.20 −0.19

Au(f) +0.04 −0.34 +0.41 −0.38 −0.37

Au(g) −0.25 +0.01 −0.47 +0.26 +0.23

The preference for binding at site (a) is mainly attributed to the large extension of the

electrostatic potential around (a) (see Chapter 8, Fig. 8.6). It is enhanced by a favorable

low Pauli repulsion originating from a low spin density around this corner (see β-SOMO

in Chapter 8, Fig. 8.7). The large deformation of the cluster when the binding occurs

at sites (a) or (e) is explained by a strong Kr-Au interaction resulting from a significant

orbital overlap at the β-LUMO. A noticeable change in the β-LUMO is observed due to

the Kr binding. The preference of binding at site (e) over sites (c) or (f), which have a

lower coordination number, is also explained by the large orbital overlap. At site (e) it is

attributed to the large extension of the σ-type orbitals of both α-LUMO and β-LUMO.

Figure 9.14 shows 2D ELF views of the Au7Kr cluster for two extreme cases of inter-

action on the plane of the cluster, i.e. at positions (a) and (d). Maximum value of the

ELF along the Au-Kr path is 0.9. For the Au-Kr interaction at position (a) there is a

minimum ELF value of 0.1 at the center of the bond (see right part of Fig. 9.14). The

ELF reveals the occurrence of orbital overlap. For the case in which the krypton atom

binds at position (d), the ELF along the Au-Kr path exhibits a region with values very

close to zero. An analysis of the Laplacian of the ELF, in order to locate minima of the

function in this region, reveals a clear analytical discontinuity. At site (d) the electrostatic

potential is weak and a large effect from the spin density is not expected at this distance.

Therefore, it is mainly a Van der Waals interaction that keeps the krypton atom bound

at this position of the cluster.

We observe that the values of ELF at the center of the Au-Au interatomic regions

take values between 0.18 and 0.28, depending on the pair of first neighbors observed. For

instance, for the path joining the gold atoms at positions (a) and (g) this value is ∼ 0.25.

It means that at this size, the gold cluster is still far from recovering the metallic character

of the bulk regime.

The non-spherical ELF distribution around the krypton atom reveals an induced po-
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Figure 9.14: (Left) 2D electron localization function (ELF) for Au7Kr for the two extreme
cases of the interaction Au-Kr on the plane of the cluster, at positions (a) and (d) . ELF is
color-coded from zero (white) to one (black). (Right) Comparison of the ELF profile along
interatomic regions Au-Kr for the two cases shown in the left part of this figure. Results
obtained using PBE/GTH. Coordinate x is oriented along the bond path. Notation for

atomic sites same as for Fig. 9.13.

larization due to the Au-Kr interaction. Polarization of the cluster is a consequence of the

charge transfer, as is the case for binding at (a). Although no charge transfer occurs for

binding at (d), distortion of ELF around the krypton atom provides evidence for changes

in polarization.

Changes in IR intensities as a consequence of the Kr embedding have already been

investigated in Chapter 8 (Sec. 8.4). In order to understand the change in dipole moment

and the small variations on the orbital densities resulting from the krypton atom, the po-

sition of the valence s electrons of gold is investigated in terms of Wannier functions242,243

and their corresponding centers. The position of the Wannier centers locates the maximum

density in insulators for a given localized orbital and can be used as a reliable indicator of

the center of charge, as highlighted by Abrahams et al.244 Figure 9.15 shows the Wannier

centers along the path Au-Kr of the Au7Kr cluster for binding at site (a).

Figure 9.15: Wannier centers for the path Au-Kr of the Au7Kr system, calculated using
PBE/GTH. Red dots indicate the Wannier centers. A few centers are indicated by c1.
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The eight centers introduced by the krypton atom are close to it, arranged in pairs

in a non-planar configuration. Only one pair, indicated by c1, points to the gold atom

at position (a) and is separated by 0.5 Å from the krypton atom. This is 11 % further

away than the remaining centers around Kr which are separated by 0.45 Å. For the other

configurations at the corners the location of Wannier centers around Kr are similar to (a).

For configurations (b) and (d), all centers around Kr are at the same distance (0.45 Å).

None of the centers close to the gold atom at position (a) point in the direction of the

krypton atom. The modification of the Wannier centers distribution around site (a) by

effect of the krypton atom indicates a change in the dipole moment of the cluster.

Au8Kr

Figure 9.16 shows that the corners, having also the lowest coordination number, are the

preferred sites of Kr for binding the Au8 cluster. The deformation of the cluster due to

the effect of Kr embedding is rather small compared to Au4. As a consequence, only small

changes in the harmonic frequencies at the highest frequency modes are observed.

Figure 9.16: Bare Au8 cluster, indicating the f+,nuc reactivity indices. Various possible
configurations of Au8Kr, indicating the Au-Kr distance and the Kr binding energy (in
parenthesis) in Å and meV/atom, respectively. The minimum energy for Au8Kr corre-

sponds to binding at position (a). All results obtained using PBE/GTH.

Figure 9.17: (Left) HOMO and LUMO for Au8, using PBE/GTH. Isosurface of
0.05 bohr−3/2. (Right) 2D electrostatic potential for Au8 with isocurves each 20 meV,
using PBE/VDB. Blue and red isocurves indicate positive and negative potentials, respec-

tively. Black line indicates zero potential.

The positive electrostatic potential, the σ-type character of the LUMO and the larger

reactivity indices at the corners are in agreement with the binding site preference observed

for this cluster.
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Au9Kr

The preferred Kr binding sites to the Au9 cluster are the corners. The site preference,

however, does not completely follow the reactivity indices. The nucleophilic reactivity

indices show that the binding preference of the Kr atom is at site (f), which has a coordi-

nation number of three, followed by sites (a) and (c), which have a coordination number

of two (see Fig. 9.18). The Kr atom binds preferentially, however, at site (a). The central

atom, (i), has a coordination number six and a large reactivity index. Thus, one may

expect for the first time in this cluster series a preference for binding above the cluster.

Figure 9.18: Bare Au9 cluster, indicating the f+,nuc reactivity indices. Various possible
configurations of Au9Kr, indicating the Au-Kr distance and the Kr binding energy (in
parenthesis) in Å and meV/atom, respectively. The minimum energy for Au9Kr corre-

sponds to binding at position (a). All results obtained using PBE/GTH.

From Fig. 9.19 it is observed that although the electrostatic potential is more positive

around (g) than around (f), binding of a krypton atom at these sites shows similar energy

values. This is probably due to the larger α-LUMO at (f). For binding at position (d),

the relative large extension of the σ-type orbitals of the β-LUMO keeps the krypton atom

relatively close to the cluster, compared to the situation in which it is above the cluster.

Figure 9.19: (Left) β-SOMO, α-LUMO and β-LUMO for Au9. Isosurface of 0.05 bohr−3/2.
(Right) 2D electrostatic potential for Au9 with isocurves each 20 meV. Blue and red
isocurves indicate positive and negative potentials, respectively. Black line indicates zero

potential. All results obtained using PBE/VDB
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9.6 Trends and interpretation

The upper and center parts of Fig. 9.20 show the Au-Kr bond distances and binding

energies for the global minimum energy configurations of AunKr clusters. The Kr binding

energy does not vary uniformly as the cluster size increases.

Figure 9.20: (Above) Au-Kr distances for the minimum energy configuration of
AunKr. (Center) Kr binding energies for the minimum energy configuration of AunKr.
(Below) Kr binding energies in terms of the Au-Kr distance for a set of local and minimum

energy configurations of the AunKr clusters. Results obtained using PBE/GTH.

The lower part of Fig. 9.20 shows the Kr binding energies of all gold clusters studied as

a function of the distance. The shorter the bond length the lower the binding energy. The

electrostatic potential is expected to be suitable for explaining the binding site preference,

even though the binding energy as a function of the Au-Kr distance in Fig. 9.20 does

not follow a mere 1/r behavior typical for an electrostatic interaction. Variation from a

perfect 1/r dependence of Au-Kr distance originates mainly from repulsive forces and Van

der Waals-type forces. They are not considered in the electrostatic model. Also, since the

electrostatic potentials are calculated from the undistorted cluster, they do not take into

account the effects of the cluster deformation resulting from Kr atom binding.

The different criteria for predicting the site preference of Kr binding (e.g. reactivity

indices, electrostatic potential, features of the LUMO) agree with the various closed-shell

clusters studied here. Nevertheless, for the particular case of Au4, the site preference
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does not match with the low-coordination criterion. Reactivity indices for the open-shell

clusters do not work in all cases, e.g. Au7 and Au9. In Au9 the internal atom shows a

large reactivity index but binding above the cluster is still not favored due to effects of the

negative electrostatic potential. Internal atoms of the planar structures showing higher

reactivity indices may indicate an increasing tendency to build 3D structures.

Investigating the nature of the Au-Kr bonding by looking only at the AuKr system may

lead to misleading conclusions, as this cluster does not follow the behavior of larger clusters.

The larger Au-Kr distance and the smaller Kr binding energy in AuKr is presumably due

to less directional electrostatic interaction for AuKr compared to the planar clusters. The

characteristics of Kr binding in AuKr would resemble Kr binding for 3D high-symmetry

clusters with a spherical electrostatic potential.

Change of the minimum energy structure of Au3, and a large deformation of the

minimum energy structure of Au4 are consequence of Kr embedding. For Au3 most of

the interaction energy is invested in the binding, while for Au4 a significant part of the

interaction energy is invested in the distortion of the structure. Figure 9.20 shows that

for Au2, Au3, and even for Au4, the binding energy of the Kr atom to the cluster is

significantly larger than for the other clusters. This behavior is presumably caused by

the alignment of only two neighbor atoms both with σ-type orbitals at the LUMO in the

direction of the Kr binding. Au3 could be considered as the composition of two dimers

sharing a common atom. For larger clusters the atoms presenting σ-type orbitals at the

LUMO are not close neighbors or are affected by the effect of close neighbor atoms.

For the smallest clusters Au2, Au3 and Au4, large changes in the harmonic frequencies

are observed due to Kr embedding. For Au2, two krypton atoms lead to an increase in

the harmonic frequency by 13 cm−1, without distorting the geometry of the cluster. Cor-

respondingly, two argon atoms increase the harmonic frequency of Au2 by 11 cm−1. Since

the widely accepted experimental frequency for the gold dimer (190.9 cm−1)56 has been

obtained from experiments using argon embedding,56,241 the effect of argon embedding

may be accounted for. Most theoretical studies on vibrational properties of gold clusters

calibrate their methods with this experimental value. This could explain in part why most

DFT-based methods fail to closely predict the experimental frequency of the gold dimer.

Au8 has been reported by Sanchez et al.18 as the first cluster with catalytic activity,

which is presumably enhanced by electron transfer from the oxide support to the gold

cluster. They do not contemplate however the occurrence of a planar structure. A po-

tential catalytic activity of the planar structure of Au8 could be related to the stronger

electrostatic potential and the more extended σ-type orbitals of the LUMO at the corners.

From the ELF analysis, qualitative changes to the dipole moment of the whole system

can be extracted. In the situation of a shorter binding length, the charge transfer modifies

the partial charge scenario of both krypton atom and cluster. In the situation where a

Van der Waals-type interaction predominates, polarization occurs as a redistribution of

charge on the krypton atom and in the cluster without charge transfer between them.



138 CHAPTER 9. THE NATURE AND ROLE OF THE AU-AU AND AU-KR INTERACTIONS

9.7 Conclusions

Au-Kr interatomic interactions in small gold clusters can be described by the features

of the electrostatic potential. Since the electrostatic potential is calculated only for the

undistorted structure, it does not take into account the effects of the cluster distortion

by Kr binding. A more accurate model should include effects of repulsive forces and Van

der Waals forces. Analysis of the orbital overlap provides additional information to that

obtained from the electrostatic potential alone. The effects of the orbital overlap are in

dependence on the extension of the σ-type orbitals of both α-LUMO and β-LUMO. Charge

transfer from the noble gas atom to the cluster, as a consequence of this overlap, modifies

the charge distribution of the system.

Orbital overlap in Au-Kr binding, studied in terms of ELF, is not strong enough to

yield a covalent bond and is also far from exhibiting a metallic character in these small

clusters. This is in agreement with the insulating character of these clusters, resulting

from calculated large HOMO-LUMO differences.

We present here an interpretation of the noble gas-metal cluster interaction that con-

tributes to the explanation of the krypton atom binding preference. The model is close, in

the sense that it evokes an electrostatic interaction, to that given by Da Silva et al.209,210 It

is also close to results obtained by Müller,211 for the case of adsorption on metal surfaces,

and to the results given by Gehrke et al.,215 for the interaction of argon with cobalt clus-

ters. In contrast to the case of interaction with surfaces, the binding site preference for the

noble gas atom to the cluster may diverge in some cases from the pure ‘low-coordinated

site’ criterion. This is a consequence of asymmetric electrostatic potentials and spin po-

larization of the open-shell clusters. Different from Müller,211 we show here that chemical

effects play an important role, since they manifest a charge transfer from the noble gas

to the gold cluster. The relevance of these effects are dependent on the strength of the

interaction. We found another difference from the study by Gehrke et al., which relies on

the effect of orbital overlap and the spin-polarized character of the odd-numbered clusters.

We show that it is not only the noble gas atom polarized but also the gold cluster as a

consequence of the new charge distribution resulting from charge transfer.

The study of the noble gas-metal cluster interaction is important for revealing the effect

of the open-shell structure of the odd-numbered clusters, and the effect of the low dimen-

sionality on the interatomic interactions. Some of these effects are translated into changes

of vibrational frequencies, distortion of the structures, particular binding site preferences,

changes in conductivity and changes in IR intensities due to polarization. Valuable infor-

mation for understanding the nature and role of the interatomic interactions in small gold

clusters was obtained from reactivity and electron localization function theory.



Chapter 10

Vibrational anharmonicity in

small neutral gold clusters

In this chapter, the vibrational frequencies of the global minimum energy structures for

neutral gold clusters in the range Au2-Au10 are investigated. Here Au7 is omitted since

it was studied in detail in Chapter 8. Both the harmonic and anharmonic spectra are

studied. The importance of using a correlation-corrected scheme is discussed.

Calculation of harmonic frequencies as well as computation of the PES for the an-

harmonic frequencies are done using density functional theory (DFT) with a plane-wave

pseudo potential basis. For this, the PBE exchange-correlation functional and a Van-

derbilt pseudo potential (PBE/VDB) are used. Details of the plane-wave DFT method

are described in Chapter 5. DFT minimum energy structures were realized by optimiz-

ing structures previously obtained using an empirical potential model, as described in

Chapter 6. The choice of the PBE/VDB scheme is explained in Chapter 7.

Anharmonic frequencies are calculated by means of VSCF/VMP2 and VSCF/VCI

methods. Details of the methods are described in Chapter 4. Since both types of results

differ in most cases by less that 0.1 cm−1, only the results obtained with VSCF/VCI are

reported. The complete PES are computed for Aun with 2 6 n 6 5. For larger size

clusters, only partial PES are computed. The criteria for the choice of a selected set of

couplings from a pre-scanned PES, correspond to the fast-VSCF methodology described

in Chapter 4 (Sec. 4.6). This methodology allows for a significant reduction of the PES

computing time, keeping the accuracy of the vibrational calculations. This technique is

assisted by the Voter-Chen potential for the selection of the pair-couplings.

This chapter is organized into thirteen sections: In Sec. 10.1 the main steps followed to

calculate anharmonic frequencies and the results of the PES pre-scanning are presented.

In Secs. 10.2 to 10.11 the results for the vibrational frequencies of neutral Au2 to Au10

clusters are reported. Section 10.12 contains the study of the effect of krypton embedding

on the harmonic frequencies of Au2 to Au7 clusters. Conclusions are given in Sec. 10.13.

139
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10.1 Methodology and computational details

First, the harmonic frequencies and corresponding normal modes at the minimum energy

structures for each cluster size are calculated. These structures correspond to the planar

geometries shown in Chapter 7 (Fig. 7.3) which were optimized using PBE/VDB. A non-

planar Au8 cluster (it coincides with Au8 in Fig. 7.2) was also studied. The interest in

Au8 cluster stems from the assumption that at this size the first non-planar geometry for

a neutral gold cluster occurs, as has been suggested in various studies.18,21,22,26

Second, a pre-scanning of the complete PES for Au3 to Au10 clusters is realized using

the Voter-Chen version of the embedded-atom model (EAM), prior to the high-level theory

calculation. This model was determined to be the most reliable empirical potential for

describing the gold cluster binding energies in this range (see Chapter 7). Starting from

a previously optimized structure and its Hessian matrix, the potential energy is evaluated

for a fixed number of points distributed around this structure. Diagonal elements are

computed on a linear grid of 16 regularly spaced points along each normal coordinate, Qi,

and then interpolated using a cubic-spline algorithm. Pair-coupling elements are computed

on a square grid of 16× 16 regularly spaced points along each pair of normal coordinates,

(Qi, Qj), and then interpolated using a bicubic interpolation method.

Third, a pair-coupling scheme is selected for each cluster. For Au3 to Au5 we choose

all possible pair couplings. For Au6 to Au10 we choose a reduced number of pair-couplings

using the statistical criterion given in Chapter 4 (Sec. 4.6). The selections are drawn in

the coupling maps of Fig. 10.1.

Fourth, PES are recomputed for the Au3 to Au10 clusters, using PBE/VDB but only

for the pre-selected pair-couplings. A good prediction of the couplings allows for more

accurate results. Neglecting the strongest couplings in the calculations leads to inaccurate

results. Including weak couplings and treating them as if they were strong, leads to

wasted computational effort in computing pair-couplings that do not significantly affect

the frequencies.

Finally, VSCF/VMP2 and VSCF/VCI calculations are performed for the complete set

of clusters (Au3 to Au10) in order to compute the anharmonic frequencies. For this only

the PBE/VDB PES are used. For both VMP2 and VCI, up to seven virtual excitations

are included for each vibrational mode.

All geometry optimizations, calculations of harmonic frequencies, and computations of

the energies to construct the high-level theory PES are performed using version 3.11.1 of

CPMD code.77 Pre-scanning of the PES is realized by evaluating the empirical potential

with a program written for this purpose. Construction of the PES is carried out either

with the CPMD code or with the program evaluating the empirical potential, both driven

by the PVSCF code.72 With this methodology, all the empirical energies are calculated on

the fly. Additional computational details for the different steps have already been given

in the previous chapters.
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Pre-scanning and computation of potential energy surfaces

Figure 10.1 shows the coupling maps with the selected couplings for Au3 to Au10 clusters.

Figure 10.1: Mode–mode coupling maps. PES evaluated using the Voter-Chen potential
and normal modes from a PBE/VDB Hessian, for the bare clusters Au3 to Au10. The
values of the 2D index ζ are color-coded from white (ζmin) to black (ζmax). The selected

couplings are indicated by white dots.

For the pre-screening of the PES a magnitude of the coupling called the coupling

strength was defined in Chapter 4 (Eq. 4.23). This index, expressed in terms of V
(2)
i,j (Qi, Qj),

corresponds to the change of the potential energy induced by each pair-coupling. Compo-

nents V
(1)
i (Qi) and V

(2)
i,j (Qi, Qj) of the expansion in Eq. 8.1 are defined as in Chapter 4

(Eqs. 4.21 and 4.22).
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10.2 Vibrational frequency of Au2

The gold dimer is an important benchmark molecule for electronic structure methods. A

detailed study of the energetics and harmonic frequencies for this cluster using different

methods was already shown in Chapter 6 (see Table 6.2).

Experimental reports

Morse56 reports the following spectroscopic constants for gold dimer: D0 = 2.29 ± 0.02 eV,

ωe = 190.9 cm−1, ωexe = 0.420 cm−1, and re = 2.4719 Å for the ground state, based on

measurements from optical spectroscopy.241,245 The values ωe and ωexe correspond to the

harmonic frequency and the first anharmonic constant, respectively, for the Dunham’s

expansion described in Chapter 3 (Sec. 3.2). It implies that the anharmonic frequency for

the same model can be calculated as ωo = ωe − 2ωexe. Therefore, ωo = 190.1 cm−1.

Vibrational and rotational analysis of Au2 have shown the existence of two gas-phase

band systems A-X (4800-6500 Å) and B-X (3800-4100 Å). From the rotational analysis

two transitions between the ground state and excited states have been assigned as follows:

A 0+
u ← X 1Σ+

g and B 0+
u ← X 1Σ+

g .56,241 The assignment of the states is explained by

Ames et al.,241 concluding that the states A and B may be 0+
u and the ground state X may

be represented by 5d105d10(σg6s)
2, 1Σ+

g . A study using resonant two-photon ionization

spectroscopy of Au2 has been carried out by Bishea et al.27 In this study three new band

systems are observed along with the previously known A-X and B-X systems. In these

new systems three transitions are assigned: A 3Σ+
1u ← X 1Σ+

g , in which the excited state

is a triplet, A
′
1u ← X 1Σ+

g and B
′
1u ← X 1Σ+

g . The assignments of the last two new

states is not conclusive, as explained by Bishea. Frequency values for the excited states are

determined to be in reasonably good agreement with previous values reported by Morse.56

Results

A frequency of ω̃ = 176.2 cm−1 was obtained as the harmonic frequency using PBE/VDB.

For the anharmonic frequency a value of ν̃ = 175.3 cm−1 was obtained. These values are

∼ 8% lower than the experimental frequencies, ωe = 190.9 cm−1 and ωo = 190.1 cm−1,

respectively. Nevertheless, the calculated anharmonic frequency is 0.9 cm−1 lower than

the calculated harmonic frequency, keeping almost the same difference as the experimental

values. Since there is only one normal mode, the anharmonic frequency corresponds to

the diagonal potential obtained from a FGH calculation,198 thus it is exact.

Fig. 10.2 shows a plot of the harmonic and the anharmonic potentials of Au2. This

represents a typical case in which the anharmonic frequency is lower than the harmonic

frequency. The zero point energy (ZPE), as calculated for the harmonic oscillator, cor-

responds to ω̃/2 = 88.1 cm−1. From the anharmonic calculation the ZPE is 88.0 cm−1,

∼ 0.1% lower than for the harmonic case.
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Figure 10.2: Harmonic and anharmonic potentials for the stretching mode of Au2. Results
obtained using PBE/VDB.

All DFT schemes shown in Table 6.2 (Chapter 6) underestimate the experimental fre-

quency of Au2 by ∼ 15 cm−1. Even more accurate calculations at the CCSD(T) level still

underestimate the experimental value by ∼ 4 cm−1. In addition, anharmonicity decreases

the harmonic frequency (by ∼ 1 cm−1) instead of bringing it closer to the experimental

value. The same table indicates that MP2 predicts the harmonic frequency for Au2 better

than PBE/VDB, compared to the experimental value. For example, Bravo-Perez et al.35

reported 186 cm−1, and Wesendrup et al.11 reported 199 cm−1. It was discussed in Chap-

ter 8, however, that the relative good agreement of MP2 with the experimental frequency

of gold clusters originates from a fortuitous cancelation of errors.

Table 6.2 also shows that good agreement of the theoretical binding energy and bond

length with the experimental value does not necessarily imply good agreement of the

harmonic frequency. From the various studies compared, CCSD(T) calculations reported

by Hess et al.30 show the best prediction for the three magnitudes. MRSDCI calculations

reported by Balasubramanian et al.32 show the best prediction for the harmonic frequency,

a reasonable prediction for the bond length but a larger difference for the binding energy.

In Chapter 8 (Sec. 8.2) we showed that the use of a 19-electron semi-core potential

which includes the 5s25p65d106s1 valence electrons of gold increases the harmonic fre-

quency from 172 cm−1 to 176 cm−1 at the PBE/GTH level. Although an improvement,

this prediction of the harmonic frequency is similar to that given by PBE/VDB including

only 11 valence electrons, 176 cm−1.

In Chapter 9 (Sec. 9.5) we investigated the effect of noble gas embedding on the har-

monic frequency of Au2. Calculated using PBE/GTH, the harmonic frequencies for Au2

and the highest normal mode of Au2Kr and Au2Kr2 are 172.2 cm−1, 180.3 cm−1 and

185.2 cm−1, respectively (see also Table 10.11). Although the harmonic vibrational fre-
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quency is significantly affected by Kr embedding, the Au-Au bond length (2.54 Å) does

not change. Considering argon embedding and using PBE/GTH, values 178.4 cm−1 and

183.0 cm−1 were obtained for the harmonic frequency of Au2Ar and Au2Ar2, respectively.

Therefore, both krypton and argon embedding significantly improve the predicted har-

monic frequency in comparison to the reported experimental value (190.9 cm−1).56

Ames and Barrow241 report the use of argon in the spectroscopy experiments for the

gold dimer. The possible effect of noble gas embedding has not been taken into account in

the multiple theoretical studies of the gold dimer up to now. The original experiment245

was realized almost 50 years ago and no new experiments for this frequency have been

reported. Recent advances in the experimental investigation of neutral clusters by FIR-

MPD6,7 could give a valuable insight into the vibrational frequency of the gold dimer.

We apply the Morse potential oscillator model described in Chapter 3, to fit the stretch-

ing mode for gold dimer (Fig. 10.2) Values obtained directly from the harmonic and an-

harmonic calculations, and from the fitting of the potential energy curve are reported in

Table 10.1. Fitted values agree with the values obtained directly from the PVSCF code.

The largest discrepancy occurs for the dissociation energy.

Table 10.1: Modeling of the dimer normal mode using a Morse potential. Calculated
values correspond to those obtained directly from the PVSCF code. Fitted values are

obtained from the potential energy curve. Fitting errors are included.

Parameter units calculated fitted

value error

(ω̃) ωe cm−1 176.2 176.3 0.3

(ν̃) ω0 cm−1 175.3 175.4 0.3

De eV 2.14 2.20 0.003

wexe cm−1 0.45 0.44 0.001

a (cm−1)1/2 0.95 0.94 0.001

We observe that the Morse potential is suitable to obtain the spectroscopic values

for the stretching mode of the gold dimer. Although the value of ω̃ is ∼ 15 cm−1 than

the experimental spectroscopic frequency ωe = 190.9 cm−1, the fitted first anharmonic

constant wexe is close to the reported value from the experiment.
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10.3 Vibrational frequencies of Au3

The global minimum energy structure of Au3 is still a matter of controversy. As a con-

sequence, predictions of vibrational frequencies for this cluster vary depending on the

structure assumed as the global minimum. The neutral gold trimer with its three valence

s-electrons gives rise to a 2E
′

ground state configuration in D3h symmetry. Nevertheless,

different structures very close in energy in a complex PES result as the high symmetric

structure is distorted by the Jahn-Teller effect.40

The Jahn-Teller theorem40 states that any non-linear molecular in an orbitally degen-

erate state will undergo a distortion which lowers the energy of the molecule and removes

the degeneracy of the state.80,81 So the Jahn-Teller effect may arise when a molecule is

in any state whose orbital degeneracy is ≥ 2, i.e. E and T states. This is the case of

the neutral gold trimer, for which the degeneracy is removed by lowering the symmetry,

splitting the 2E
′

state into 2A1 and 2B2 states. The possible configurations of the trimer

lead to the following orbital interaction diagram provided by Wesendrup et al.,11

Figure 10.3: Schematic orbital interaction for Jahn-Teller distortion. Graphic reproduced
from Wesendrup et al. (Ref. 11).

The gold trimer is characterized by three molecular orbitals formed from the 6s atomic

orbitals of the separate atoms. In D3h symmetry the s orbitals of the constituent atoms

may be combined to give a three-center bonding molecular orbital of a
′
1 symmetry and a

doubly degenerate, nearly nonbonding molecular orbital of e
′

symmetry. With three va-

lence s electrons, the ground electronic configuration for the trimer should be a
′
1

2e
′1, 2E

′
.
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Nevertheless, it will distort to a lower symmetry due to the Jahn-Teller effect, so the

degeneracy is removed. For homonuclear trimers, the distortion is from D3h to C2v sym-

metry. This splits the 2E
′

state (equilateral in D3h) into 2B2 (obtuse C2v structure) and
2A1 states (acute C2v structures with θ > 60◦ and θ < 60◦, respectively).11

The relation in energy between the 2A1 and the 2B2 state varies depending on the

method used to compute it. For example, for DFT the global minimum energy structure

is the obtuse triangle, while for MP2 is the acute one. At room temperature Au3 does

certainly not correspond to a single defined structure, but to a changing structure adopting

various shapes according its complex PES.

Other effects can affect the subtle relation between the different states of the gold

trimer. The spin-orbit coupling that accounts for the interaction of the electron’s spin with

its motion, causing shifts in the electron’s atomic energy levels. Vibrational anharmonicity

itself may induce splitting of the spectra in highly symmetrical molecular species. In

addition, the Bohr-Oppenheimer approximation used for the vibrational analysis may

break down for the case of different electronic configurations close to each other. This is

due to the dependence of the electronic wave function on the motion of the nuclei.

Experimental reports

A slightly bent linear structure, corresponding to an obtuse triangle C2v, has been sug-

gested by Howard et al.168 as the ground state for Au3, from measurements using electron-

spin resonance. A vibronic spectrum of Au3 has been determined by Bishea et al.28 from

resonant two-photon ionization spectroscopy measurements. This experiment describes

transitions which originate from the ground vibronic level of the ground electronic state.

The analysis of the experimental spectrum shows a totally symmetric stretching vibration

at 179.7 cm−1 and a second vibration at 61.9 cm−1. The existence of an obtuse geometry

is not proven, but due to difficulties in assigning certain modes, it has not been absolutely

excluded. Bishea et al.28 analyze different possible transitions between the ground and ex-

cited states, from the observation of the Ã← X̃ band system. It shows an Ã 4E
′ ← X̃ 2E

′

transition in the equilateral D3h point group, with both the ground X̃ 2E
′

and excited

Ã 4E
′

states undergoing Jahn-Teller effect, as the most likely assignment. Assignments in

D3h point group were performed by considering a linear Jahn-Teller effect with spin-orbit

splitting. A model in which a zero-order state is coupled to at most two other states is

used to account for anharmonicity.

Guo et al.,41 using matrix-infrared spectroscopy assign the global minimum energy

structure to an equilateral triangle, D3h, with two vibrational frequencies, 172 cm−1 and

118 cm−1. By doing relativistic configuration interaction (RCI) calculations, they argue

that the spin-orbit effect stabilizes the D3h structure and quenches Jahn-Teller distortion.

They suggest that anharmonicity appears to play a greater role in higher combinations

involving the antisymmetric stretching mode (e
′
) than the symmetric mode (a

′
1).
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Results

Table 10.2 shows the harmonic and anharmonic frequencies for various isomers of Au3,

calculated using PBE/VDB. Values 183.1, 127.0, and 24.7 cm−1 are obtained as the har-

monic frequencies for the obtuse triangle, which is the global minimum energy structure.

For the two quasi-degenerate acute triangles, only the largest frequency modes are very

close to each other. For the bending mode there is however a large discrepancy between

these both structures. In all cases we report diagonal anharmonic frequencies. We report

VSCF/VCI results for the obtuse triangle only.

Table 10.2: Harmonic (ω̃) and anharmonic (ν̃) frequencies for various isomers of Au3 cal-
culated using PBE/VDB in comparison to experimental values, in cm−1. (Left) Global
minimum energy structure with θ > 90◦. (Center) Acute structure with θ > 60◦.
(Right) Acute structure with θ < 60◦. For the anharmonic frequencies of the obtuse
structure diagonal and VSCF/VCI, results considering all three pair-couplings are re-
ported. For the acute structures only diagonal frequencies are reported. RMSD values are

referred to experimental frequencies.

Exp. θ = 138.1◦ θ = 65.6◦ θ = 56.7◦

n Ref. 28 Ref. 41 ω̃ ν̃ ω̃ ν̃ ω̃ ν̃

diag VCI diag. diag.

1 179.9 172 183.1 183.9 182.0 167.1 166.6 168.6 168.1

2 · · · 118 127.0 126.7 126.1 89.3 91.5 109.2 109.1

3 61.9 · · · 24.7 26.7 26.3 69.0 66.6 5.3 6.2

ZPE 167.4 168.5 168.1 162.7 162.7 141.6 141.2

RMSD (to Ref. 28) 10.4 10.0

RMSD (to Ref. 41) 10.1 10.4 9.1 6.7 6.9

The difference between harmonic and VSCF/VCI frequencies for the obtuse triangle

structure is not larger than 1.6 cm−1 with a RMSD of 1.2 cm−1. So anharmonicity is

rather low and does not affect significantly the vibrational frequencies.

We compare our theoretical results to the experimental values obtained by Bishea et

al.,28 179.7 cm−1 and 61.9 cm−1, and by Guo et al.,41 172 cm−1 and 118 cm−1. Although

the global minimum energy structure for PBE/VDB is an obtuse angle triangle, we ob-

serve that the reported experimental frequencies are best related to the frequencies of

the acute structures. Theoretical values for the acute triangle with θ > 60◦ are in better

agreement with the frequencies reported by Bishea et al.28 Theoretical values for the acute

triangle with θ < 60◦ are in better agreement with frequencies reported by Guo et al.,41.

Although the RMSD value for the obtuse structure is quite similar to the one for the acute

structures, the frequencies are overestimated with respect to the experiment. Since in all

cases studied here PBE/VDB underestimates experimental frequencies, we believe that

these two experiments show vibrational frequencies for the acute structures.
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Both experiments mentioned above use a matrix in order to isolate the clusters. Bishea

et al. use an organic matrix, while Guo et al. use a neon matrix. If it is assumed

that these matrices can lead to similar changes in the structure of Au3 as krypton does,

a predominance of the acute structures in the experiment is expected. We showed in

Chapter 9 that krypton embedding modifies the DFT gas-phase global minimum energy

structure, the obtuse triangle, to an acute structure. One krypton atom leads the acute

structure with θ > 60◦ to be the global minimum energy structure, while two or three

krypton atoms lead the acute structure with θ < 60◦ to be the global minimum energy

structure.

In contrast to the interpretation by Guo et al.,41 who attribute discrepancies between

theory and experiment to the anharmonicity involving the stretching mode (mode 1),

Table 10.2 shows that vibrational anharmonicity is more significant for the bending mode

(mode 3) of the obtuse structure, even if it is still too small (∼ 1.6 cm−1). The argument

of Bishea et al.,28 that vibrational anharmonicity may contribute to the splitting of the

equilateral triangle into acute structures, seems to be reasonable. In Chapter 11, we show

that computing the 2D PES for the acute structures of the silver trimer is cumbersome,

since the narrow difference in energy between these two structures leads to an overlap of

the PES. This implies that the vibrational motions, even with the low anharmonicity, may

lead to a changeable structure with a variable bending angle around θ = 60◦.

Figure 10.4 shows the harmonic and anharmonic potential for the three vibrational

modes of the obtuse triangle structure.

Figure 10.4: Harmonic and anharmonic potentials (without considering pair-couplings) for
the three vibrational modes of Au3. (Left) Stretching mode (mode 1). (Center) Breath-

ing mode (mode 2). (Right) Bending mode (mode 3).

In this case the anharmonic potential corresponds only to the diagonal solution. From

the figure, two types of anharmonicity are observed: i) Anharmonic frequency lower than

the harmonic one (mode 2) with an asymmetric curve for the anharmonic potential. ii) An-

harmonic frequency higher than the harmonic one (modes 1 and 3). The anharmonic

potential curves for modes 1 and 3 are located above the harmonic curve. While the curve

for mode 1 is symmetric, the curve for the mode 3 is fairly asymmetric.
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Perturbative (VMP2) and configuration interaction (VCI) calculations give similar re-

sults and tend to decrease the frequency value in comparison to the pure VSCF calculation,

i.e. including correlation effects due to the pair-couplings leads to lower frequencies, as

observed in Table 10.2. It should be noted that the larger anharmonicity occurs for the

lowest frequency mode (mode 3), which describes the bending motion. Changes in ZPE are

very small for the diagonal anharmonic frequencies. For the case when the pair couplings

are included, ZPE is 0.4 % higher than for the harmonic case.

Table 10.3 shows the vibrational frequencies for the three normal modes of the trimer.

Only the antisymmetric mode (mode 2), which has a positive anharmonicity, is fitted to

the Morse potential. The symmetric mode (mode 1) is fitted to the pure quartic potential

(perturbation in q4) and the bending mode (mode 3) is fitted to the modified quartic

potential (perturbations in q3 and q4). Both mode 1 and 3 show negative anharmonicity.

Table 10.3: Modeling of the normal modes of the gold trimer. Calculated values corre-
spond to those obtained directly from the PVSCF code. Fitted values are obtained from
the potential energy curve. Fitting errors are included. Mode 1 is fitted to the quartic
potential, mode 2 is fitted to the Morse potential, and mode 3 is fitted to the modified

quartic potential.

Parameter units calculated fitted

value error

mode 1

(ω̃) ωe cm−1 183.1 183.3 0.1

(ν̃) ω0 cm−1 183.9 183.9 0.1

mode 2

(ω̃) ωe cm−1 127.0 126.9 0.3

(ν̃) ω0 cm−1 126.7 126.7 0.3

ωexe cm−1 0.14 0.12 0.001

De eV 3.56 4.26 0.01

a (cm−1)1/2 0.53 0.48 0.001

mode 3

(ω̃) ωe cm−1 24.7 26.5 0.1

(ν̃) ω0 cm−1 26.7 26.8 0.1

Fitting for mode 2 fairly reproduces the calculated values. For modes 1 and 3, the

ω0 fitted values resemble very good the calculated values, but the ωe fitted values differ

from the calculated harmonic frequencies. This is a consequence of the hyperharmonicity of

these two modes. The quartic and generalized quartic potential do not allow for calculation

of parameters other than the frequencies.

We show in Sec. 10.12 that krypton embedding provides an explanation to the struc-

tural change in the gold trimer to prefer acute triangles as the global minimum energy

structure, instead of the obtuse one. This is in agreement with the experimental reports.
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10.4 Vibrational frequencies of Au4

The vibrational frequencies of the global minimum energy structure for Au4 (trapezoid

D2h) are reported in Table 10.4. With the exception of mode 6, all modes are in-plane.

The harmonic frequencies are in the range of 34.5 cm−1 to 167.2 cm−1, and there are no

degeneracies. Bravo-Perez et al.35 reported harmonic frequencies in the range 32 cm−1 to

183 cm−1 using MP2.

Table 10.4: Harmonic (ω̃) and anharmonic (ν̃) frequencies for the global minimum energy
structure of Au4 calculated using PBE/VDB, in cm−1. For the anharmonic frequencies
diagonal and VSCF/VCI results are reported. For VSCF/VCI all 15 pair-couplings are

considered.

n ω̃ ν̃ ν̃ − ω̃
diagonal VCI

1 167.2 166.9 165.4 −1.8

2 152.2 152.4 151.6 −0.6

3 96.5 96.8 95.7 −0.8

4 91.4 91.4 90.7 −0.7

5 75.7 75.6 75.3 −0.4

6 34.5 34.7 34.3 −0.1

ZPE 308.7 308.9 308.3 −0.4

RMSD 0.9

For this structure the complete 2D potential energy surface was calculated. VSCF/VCI

calculations show an anharmonicity close to −2 cm−1 (−1%) for the largest frequency

mode (mode 1). This corresponds to the breathing mode. This cannot be realized by

just considering diagonal contributions. This shows the importance of including the effect

of the pair-couplings. In all cases the VSCF/VCI anharmonic frequency is lower than

the harmonic one, and the change in ZPE due to anharmonicity is −0.1%. Changes

in vibrational frequency due to anharmonicity are still very small (RMSD=0.9 cm−1)

compared to the changes induced by krypton binding (see Table 10.12), which largely

deformates the structure.

10.5 Vibrational frequencies of Au5

Table 10.5 shows that the harmonic frequencies of Au5 are in the range of 24.9 cm−1

to 180.8 cm−1, and there are no degeneracies. Bravo-Perez et al.35 reported harmonic

frequencies in the range 24 cm−1 to 199 cm−1 using MP2. For this structure, the complete

2D potential energy surface was calculated. With the exception of modes 8 and 9, all modes

are in-plane.



10.6. VIBRATIONAL FREQUENCIES OF AU6 151

Table 10.5: Harmonic (ω̃) and anharmonic (ν̃) frequencies for the global minimum energy
structure of Au5 calculated using PBE/VDB, in cm−1. For the anharmonic frequencies,
diagonal and VSCF/VCI results are reported. For VSCF/VCI all 36 pair-couplings are

considered.

n ω̃ ν̃ ν̃ − ω̃
diagonal VCI

1 180.8 181.3 179.6 −1.2

2 143.6 143.4 142.8 −0.8

3 137.5 136.7 136.2 −1.4

4 108.7 108.9 107.8 −0.9

5 95.0 94.9 92.9 −2.1

6 70.6 70.6 69.6 −1.0

7 47.6 48.4 47.3 −0.2

8 35.7 35.5 35.1 −0.5

9 24.9 25.0 24.4 −0.4

ZPE 422.1 422.0 421.1 −1.1

RMSD 1.1

The largest anharmonicity, −2.1 cm−1 (−2.3%), was obtained for mode 5, which cor-

responds to a stretching mode. Large changes between the diagonal results and the

correlation-corrected values for certain modes indicate that such modes are more strongly

correlated, i.e. strongly coupled with other modes. For example, by including the pair-

couplings, the difference between VCI and diagonal frequencies for modes 1 and 5 are

-1.7 cm−1 and -2.0 cm−1, respectively.

In all cases, the VSCF/VCI anharmonic frequencies are lower than the harmonic ones.

The change in ZPE due to anharmonicity considering pair-couplings is −0.3 %. The

RMSD between harmonic and anharmonic frequencies is 1.1 cm−1, larger than for Au4.

10.6 Vibrational frequencies of Au6

Table 10.6 shows harmonic frequencies in the range of 33.5 cm−1 to 184.4 cm−1. For this

structure there are four doubly degenerated frequencies. Bravo-Perez et al.35 reported

harmonic frequencies in the range 30 cm−1 to 202 cm−1 using MP2. For the anharmonic

frequencies, the 2D PES is computed using 15 of 66 possible pair-couplings. The calculated

couplings have a coupling strength higher than 49.7 %. With the exception of modes 10,

11 and 12, all modes are in-plane. The largest anharmonicity, −1.6 cm−1 (−1.4 %), is

obtained for mode 5, corresponding to a bending mode with anharmonic frequency of

111.5 cm−1. This mode is the strongest coupled mode, since the frequency changes by

−1.6 cm−1 when the effect of the couplings is included.
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Table 10.6: Harmonic (ω̃) and anharmonic (ν̃) frequencies for the global minimum energy
structure of Au6 calculated using PBE/VDB, in cm−1. For the anharmonic frequencies,
diagonal and VSCF/VCI results are reported. For VSCF/VCI only 15 of 66 possible

pair-couplings are considered (ζ > 49.7%).

n ω̃ ν̃ ν̃ − ω̃
diagonal VCI

1 184.4 184.7 183.6 −0.8

2 184.4 184.7 183.6 −0.8

3 142.0 142.2 141.1 −0.9

4 128.4 128.2 128.5 0.1

5 113.0 113.1 111.5 −1.6

6 82.5 82.5 82.5 0.1

7 82.5 82.5 82.6 0.1

8 61.3 61.2 60.9 −0.4

9 61.2 61.5 60.9 −0.4

10 36.3 36.2 36.2 −0.1

11 33.5 33.5 33.5 0.0

12 33.5 33.5 33.5 0.0

ZPE 571.5 571.6 570.8 −0.7

RMSD 0.6

In general, the prediction of the strongest couplings given by the Voter-Chen potential

was satisfactory. All 15 couplings predicted correspond to strong couplings with small dif-

ferences in the ordering, with respect to the coupling strength calculated with PBE/VDB.

In contrast to the former clusters studied here, Au6 shows various modes with almost zero

anharmonicity. These modes (6, 7, 10, 11 and 12) are weakly coupled to other modes.

10.7 Vibrational frequencies of Au7

This cluster is studied in detail in Chapter 8. Table 8.1 shows harmonic frequencies in the

range of 16.3 cm−1 to 189.6 cm−1. For this structure there are no degeneracies. Modes 12

to 15 are out-of-plane. The 2D PES is computed using only 9 of 105 possible pair-couplings.

The calculated couplings have a coupling strength higher than 51.2 %. The anharmonicity

is very low, in comparison to the former clusters. The RMSD between harmonic and

anharmonic frequencies is 0.4 cm−1. Table 8.4 shows that the effect of krypton embedding

changes the harmonic frequencies with a RMSD of 1.5 cm−1. Anharmonicity calculated

for the minimum energy configuration of Au7Kr shows changes in frequency with a RMSD

of 0.7 cm−1.
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10.8 Vibrational frequencies of Au8 (planar)

This is the global minimum energy structure obtained with PBE/VDB. Table 10.7 shows

that the harmonic frequencies are in the range of 6.9 cm−1 to 202.8 cm−1. There are four

doubly degenerated frequencies. Modes 13 to 18 are all out-of-plane.

Table 10.7: Harmonic (ω̃) and anharmonic (ν̃) frequencies for the global minimum en-
ergy structure of planar Au8 calculated using PBE/VDB, in cm−1. For the anharmonic
frequencies diagonal and VSCF/VCI results are reported. For VSCF/VCI only 12 of 153

possible pair-couplings are considered (ζ > 28.5%).

n ω̃ ν̃ ν̃ − ω̃
diagonal VCI

1 202.8 202.9 202.8 0.0

2 182.3 182.4 182.2 −0.1

3 182.2 182.4 182.2 −0.1

4 141.3 141.4 140.8 −0.5

5 126.9 126.8 126.2 −0.7

6 101.6 101.7 101.7 0.1

7 101.6 101.7 101.7 0.1

8 98.8 99.1 98.8 0.0

9 82.1 82.2 82.2 0.1

10 61.1 61.2 61.2 0.2

11 61.1 61.2 61.2 0.2

12 57.4 57.5 57.4 −0.1

13 39.7 39.9 39.9 0.1

14 35.7 35.9 35.9 0.2

15 35.7 35.9 35.9 0.2

16 33.7 33.6 33.6 0.0

17 7.9 5.8 5.3 −2.6

18 6.9 9.4 8.7 1.8

ZPE 779.3 779.4 779.0 −0.4

RMSD 0.8

The 2D PES is computed using 12 of 153 possible pair-couplings. In contrast to the

former clusters studied, less than 8% of the couplings for Au8 contain the higher coupling

strengths, with values above 28.52%. Only 9 modes are strongly coupled to the others.

The prediction of the strongest couplings using the Voter-Chen potential was satisfactory.

With the exception of modes 4, 5, 17 and 18, all modes show almost zero anharmonic-

ity. It is noticeable that the two lowest frequency modes (17 and 18) show the largest

anharmonicity, −2.6 cm−1 and 1.8 cm−1, respectively. These two modes are out-of-plane.
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10.9 Vibrational frequencies of Au8 (non-planar)

This structure for the Au8 cluster was predicted by Olson21,26 as the global minimum en-

ergy structure using the MP2 method. Table 10.8 shows that the harmonic frequencies are

in the range of 36.0 cm−1 to 147.0 cm−1. There are four doubly degenerated frequencies.

The 2D PES using 7 of 153 possible pair-couplings are computed.

Table 10.8: Harmonic (ω̃) and anharmonic (ν̃) frequencies for a non-planar structure of
non-planar Au8 calculated using PBE/VDB, in cm−1. For the anharmonic frequencies,
diagonal and VSCF/VCI results are reported. For VSCF/VCI only 7 of 153 possible

pair-couplings are considered (ζ > 71.5%).

n ω̃ ν̃ ν̃ − ω̃
diagonal VCI

1 147.0 147.1 146.6 −0.5

2 144.3 143.8 143.5 −0.7

3 131.5 131.7 131.2 −0.3

4 131.5 131.7 131.2 −0.3

5 108.4 108.6 109.7 1.3

6 99.8 100.0 100.0 0.2

7 99.8 100.0 100.0 0.2

8 95.1 95.1 95.1 0.0

9 67.6 67.9 66.5 −1.1

10 64.9 64.9 64.9 0.0

11 64.9 64.9 64.9 0.0

12 64.6 64.5 64.5 −0.1

13 52.9 53.1 53.1 0.2

14 52.9 53.1 53.1 0.2

15 51.5 51.6 51.2 −0.3

16 38.9 39.1 39.1 0.2

17 36.4 35.3 34.7 −1.7

18 36.0 36.2 36.2 0.2

ZPE 744.0 744.3 743.4 −0.6

RMSD 0.6

The pair-couplings considered have coupling strengths higher than 71.52%. Compared

to the planar Au8 cluster, the prediction of the pair-couplings made by the Voter-Chen

potential is less satisfactory. Three of the strongest pair-couplings predicted are weak

in PBE/VDB. The largest anharmonicity occurs for modes 5, 9 and 17 (1.3, −1.1 and

−1.7 cm−1, respectively), which are associated with bending motions of the molecule.

The largest effect of the pair-couplings is observed for mode 9, with −1.4 cm−1. The

range of frequencies for this non-planar structure is smaller than for the planar one. We

show that the anharmonicity is quite similar and very low for both structures.
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10.10 Vibrational frequencies of Au9

Table 10.9 shows harmonic frequencies in the range of 12.3 cm−1 to 187.0 cm−1, with no

degenerate frequencies. The 2D PES using 10 of 210 possible pair-couplings are computed.

The selected pair-couplings have coupling strengths higher than 72%. Modes 16 to 21 are

all out-of-plane.

Table 10.9: Harmonic (ω̃) and anharmonic (ν̃) frequencies for the global minimum energy
structure of Au9 calculated using PBE/VDB, in cm−1. For the anharmonic frequencies,
diagonal and VSCF/VCI results are reported. For VSCF/VCI only 10 of 210 possible

pair-couplings are considered (ζ > 71.5%).

n ω̃ ν̃ ν̃ − ω̃
diagonal VCI

1 187.0 187.1 186.2 −0.7

2 173.8 174.2 173.6 −0.2

3 169.9 170.1 169.3 −0.6

4 155.8 155.9 153.9 −2.0

5 132.0 132.1 132.1 0.1

6 113.0 113.0 113.0 −0.1

7 109.1 108.9 108.7 −0.4

8 108.3 108.7 108.5 0.2

9 100.2 100.5 100.5 0.2

10 89.0 89.1 89.1 0.1

11 78.2 78.2 78.1 −0.2

12 63.4 63.3 63.3 −0.1

13 57.5 57.6 57.6 0.0

14 49.9 49.9 49.9 0.0

15 49.1 49.1 49.1 0.0

16 41.5 41.5 41.5 0.0

17 37.6 37.6 37.6 0.0

18 36.4 36.4 36.4 0.0

19 30.7 30.9 30.9 0.1

20 19.4 20.0 20.0 0.7

21 12.3 11.3 11.3 −1.0

ZPE 907.1 907.0 906.4 −0.7

RMSD 0.6

With the exception of a few modes, anharmonicity is almost zero. The largest anhar-

monicity, −2.0 cm−1, is observed for mode 4, which represents a predominant bending

motion of the molecule. This large total anharmonicity is attributed to pair-couplings,

since diagonal anharmonicity for the same mode is almost zero. Two of the strongest

pair-couplings predicted by the Voter-Chen potential are weak for PBE/VDB.
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10.11 Vibrational frequencies of Au10

Table 10.10 shows harmonic frequencies in the range of 16.3 cm−1 to 176.1 cm−1. Modes

19 to 24 are all out-of-plane. Of the 18 strong couplings predicted with the Voter-Chen

potential, four were badly predicted. The calculated couplings have a coupling strength

higher than 44.26%. The largest anharmonicity occurs for modes 1, 2, 3, 8 and 24 with

values close to −1.0 cm−1.

Table 10.10: Harmonic (ω̃) and anharmonic (ν̃) frequencies for the global minimum energy
structure of Au10 calculated using PBE/VDB, in cm−1. For the anharmonic frequencies,
diagonal and VSCF/VCI results are reported. For VSCF/VCI only 18 pair-couplings of

276 possible are considered (ζ > 44.2%).

n ω̃ ν̃ ν̃ − ω̃
diagonal VCI

1 176.1 176.4 175.0 −1.1

2 174.0 174.1 173.0 −1.0

3 168.9 169.1 168.0 −1.0

4 153.0 153.3 153.6 0.6

5 148.1 148.4 147.8 −0.4

6 134.0 134.1 133.6 −0.4

7 116.5 116.8 116.1 −0.4

8 110.8 110.2 109.8 −1.1

9 101.0 100.8 100.8 −0.2

10 100.7 100.7 100.7 0.0

11 96.8 96.7 96.7 0.0

12 83.6 83.5 83.5 −0.2

13 80.4 80.4 80.4 0.1

14 63.5 63.4 63.4 0.0

15 63.3 63.2 63.1 −0.2

16 56.5 56.4 56.4 −0.1

17 47.1 47.0 47.0 −0.1

18 45.8 45.7 45.7 −0.1

19 38.0 37.9 37.9 −0.1

20 35.0 34.6 34.6 −0.4

21 28.3 28.0 28.0 −0.3

22 24.7 24.5 24.5 −0.2

23 17.0 17.4 17.2 0.3

24 16.3 15.1 15.1 −1.2

ZPE 1039.6 1038.1 1036.7 −2.9

RMSD 0.5
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10.12 Effect of krypton embedding on harmonic frequencies

Minimum energy configurations of the AunKr clusters are described in Chapter 9. Ta-

bles 10.11 and 10.12 show the harmonic frequencies for the bare and noble gas embedded

clusters in the range Au2 to Au7.

Table 10.11: Harmonic frequencies for Au2 and Au3 including krypton embedding calcu-
lated using PBE/GTH, in cm−1. The last line contains the RMSD value for harmonic

frequencies between the bare clusters and the AunKrm complexes.

Au2 Au2Kr Au2Kr2 Au3 Au3Kr Au3Kr2 Au3Kr3

172.2 180.3 185.2 176.0 167.3 176.1 176.3

78.0 73.1 124.3 98.7 107.7 107.6

65.7 22.5 84.5 77.3 77.5

31.3 40.0 75.8 59.2 60.1

31.3 40.0 32.0 50.8 51.1

18.8 15.1 36.3 35.3

18.8 21.0 20.6

20.6 18.1

14.9 15.1

10.9

7.5

2.1

RMSD 8.1 13.0 39.0 33.1 33.2

The largest changes in the harmonic frequencies due to krypton embedding are ob-

served for the smallest clusters, Au2 to Au4. Nevertheless, these changes in frequency are

associated with different changes in geometry. For Au2, the harmonic frequency increases

by 8 cm−1 and 13 cm−1 through binding one or two krypton atoms, respectively. The

bond length remains almost unchanged. For Au3, the large change in frequency is associ-

ated with the bending mode, since the krypton embedding changes the minimum energy

configuration from an obtuse triangle to an acute triangle structure. As a consequence the

RMSD value for harmonic frequencies between the bare clusters and the AunKr complexes

are larger than 30 cm−1. For Au4, the change in harmonic frequency is still large but not

as large as in the two previous clusters. Here, the effect of binding one or two krypton

atoms leads to RMSD values of 2.7 and 4.0, respectively. These changes in frequency are

attributed to the significant deformation of the cluster.

Au5 to Au7 clusters show an RMSD value for harmonic frequencies between the bare

clusters and the AunKr complexes of ∼ 1.5 cm−1. No large deformation of the clusters

is observed. In all cases, the changes in frequency due to the krypton embedding exceed

those due to anharmonicity.
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Table 10.12: Harmonic frequencies for Au4 to Au7 including krypton embedding calculated
using PBE/GTH, in cm−1. The last line contains the RMSD value for harmonic frequencies

between the bare clusters and the AunKrm complexes.

Au4 Au4Kr Au4Kr2 Au5 Au5Kr Au6 Au6Kr Au7 Au7Kr

164.1 167.2 170.4 176.8 177.9 180.5 180.6 185.1 186.0

150.0 149.7 146.8 140.8 140.3 180.5 179.5 171.9 171.1

94.6 94.6 98.4 134.5 134.9 138.8 137.2 153.0 152.8

89.9 94.2 94.6 107.2 105.6 125.5 126.5 122.5 123.2

74.8 70.9 72.1 92.3 94.5 111.2 111.7 117.3 116.7

61.6 61.8 68.8 69.9 80.6 80.4 109.5 110.0

55.7 47.8 49.4 80.5 78.6 89.9 90.0

33.7 34.9 34.4 38.3 59.7 61.3 77.3 77.0

31.6 33.3 38.0 59.6 59.2 66.2 66.7

23.1 19.8 22.4 24.0 33.5 36.7 48.9 49.4

17.4 15.8 14.4 35.9 41.4

14.9 10.0 30.6 31.6 40.9 40.5

30.5 31.5 35.9 38.5

10.4 33.1 37.3

2.7 25.5 26.4

13.8 15.9

10.1

6.8

RMSD 2.7 4.0 2.0 1.4 1.5

10.13 Conclusions

A reliable method to compute anharmonic frequencies in small gold clusters was applied,

keeping a good accuracy while tremendously reducing the computing time. The overall

good performance of the implemented method is supported by the use of a very efficient

pseudo potential and a plane-wave-based DFT scheme to calculate the PES.

The time required for the computation of the 2D PES increases with the number of

atoms. In addition, the time required to calculate 2D PES for the odd sizes is larger due

to the inclusion of the spin. To optimize the computing time the fast-VSCF scheme with

a reduced number of pair couplings was used. For the investigation of the Au2 to Au10

clusters, the computing time required to calculate all 2D PES was reduced by ∼ 89%. This

implementation shows a great performance and can be extended to larger metal clusters.

The Voter-Chen version of the embedded-atom model resulted to be suitable for pre-

dicting the relevant pair-couplings of the 2D PES. From the empirical potentials used this

is the only one fitted to experimental values of the dimer. This potential predicts the
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strongest pair-couplings for the planar structures, but it leads to poor predictions for the

non-planar Au8 cluster. This is not surprising since the non-planar structure is not the

global minimum energy structure for this cluster size. For the planar structure of Au10,

the prediction given by the Voter-Chen potential also leads to poorly predicted couplings.

This may indicate that at this size the change to non-planarity is about to occur.

An estimation in terms of the RMSD values between the harmonic and anharmonic

frequencies shows that the anharmonicity for all these small clusters is around ∼ 1.0 cm−1.

Even if gold clusters do not show large overall vibrational anharmonicity, some specific

vibrational transitions show large relative anharmonicity. The modes exhibiting larger

anharmonicity are generally associated to bending motions of the molecule.

Computation of anharmonic frequencies including correlation corrections is necessary

to account for the largest anharmonicity. Differences between the VSCF/VCI and the

diagonal frequencies exceed in some cases 2.0 cm−1. Moreover, anharmonicity contributed

by the pair-couplings is, in some cases, of opposite sign than the one contributed by only

the diagonal potential. This can change the sign of the total computed anharmonicity.

Deviations from the harmonic frequencies due to noble gas embedding are observed

to be larger than those originating from anharmonicity. Therefore, interpretation of ex-

perimental spectra should include contributions due to noble gas embedding. The results

were compared to available experimental data for Au2 and Au3. Experiments for Au2,

Au3, performed more than 20 years ago, consider clusters isolated in a matrix. The recent

experiment on Au7 (Ref. 7) considers gas phase clusters embedded in a noble gas. For

the Au2 and Au3 clusters, in particular, a better interpretation of the theoretical results

is obtained assuming that these clusters suffer the effect of the surroundings. This yields

transformations either in the frequency or in both geometry and frequency.

The range of the harmonic frequencies for the non-planar Au8 cluster is smaller than

for the planar one. This is expected as the non-planar structure has larger bond lengths.

Nevertheless, the magnitude of the anharmonicity is similar for both structures. Therefore,

it is not possible to attribute a possible change of the geometry to the effect of vibrational

anharmonicity. Only an experimental spectrum of this cluster can provide better insight

into the real minimum energy geometry.





Chapter 11

Vibrational anharmonicity in

small neutral silver clusters

In this chapter the vibrational frequencies of the global minimum energy structures for

neutral silver clusters in the range Ag2-Ag5 are investigated. The theoretical model and

methodology used for gold clusters in Chapter 10 is applied here.

Silver clusters have been widely studied. A simple reason for such studies is to con-

tribute towards an understanding of the size evolution of the metal particle properties.

Their chemical reactivity can be relevant in heterogeneous catalytic reactions as well.

They also have interesting optical properties. A practical reason is that characteristics of

the sputtering mass spectra for silver clusters allow for an unambiguous mass selection for

several cluster sizes, in particular the odd-numbered clusters.59,246

An overview of experimental results for the silver dimer has been given by Morse.56

A complete overview for larger silver clusters has been given by Lombardi and Davis.246

Vibrational spectroscopy of small silver clusters in noble gas matrices was first reported by

Schulze et al.55 for Ag2 and Ag3. Moskovitz et al. report Raman spectra of silver clusters

deposited in solid argon for Au3,58 Au5,60 Ag7 and Ag9.61 Resonant two-photon ionization

spectra (R2PI) have been used by Cheng et al.53 to study the Ag2Ar cluster. Ag3 has also

been studied by Hartmann et al.52 using femtosecond pump-probe spectroscopy. They

studied the vibrational properties in terms of intramolecular vibrational redistribution

(IVR). More recently, Fielicke et al.59 carried out a study of Ag3 and Ag4 clusters in the gas

phase with argon embedding, using far-infrared multiple-photon dissociation spectroscopy

(FIR-MPD).

Several theoretical studies of silver clusters have been published.50–52,206,247–250 Kaplan

et al.247,248 investigate small silver clusters using DFT and an n-body decomposition of the

interaction energies. Poteau et al.249 report DFT calculations for the Ag2-Ag8 clusters.

Fournier250 reports DFT calculations for a larger range of silver clusters. Huda et al.50

realize a correlation study of Ag2-Ag4 using MP2 and CCSD(T) methods. Hartmann et

al. study the Ag3
51 and Ag4

52 clusters using an ab initio Wigner distribution approach,

161
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either with DFT, CCSD(T) or CI. They interpret results from negative ion-to neutral-to

positive ion (NeNePo) spectroscopy experiments. Recently, Zhao et al.206 have assessed 23

DFT functionals in silver clusters with sizes up to n = 4. They found that DFT methods

incorporating the uniform electron gas limit in the correlation functional, namely, those

with Perdew’s correlation functionals (PW91, PBE, P86, and TPSS) or Becke’s B95,

generally perform better than the other group of functionals, e.g. those incorporating the

LYP correlation functional and variations of the B97 functional.

In contrast to gold clusters, the planar structures of silver clusters are predicted using

DFT only up to n=5. These planar structures have the same geometries as the gold

clusters. An exception is Ag3, for which the acute triangle instead of the obtuse triangle

is the minimum energy structure.

This chapter is organized as follows: In Sec. 11.1 the main steps followed to calculate

anharmonic frequencies are introduced. Sections 11.2 to 11.5 contain the results for the

vibrational frequencies of neutral Ag2 to Ag5 clusters. For each size a brief outline of

representative experimental results is presented. Conclusions are given in Sec. 11.6.

11.1 Methodology and computational details

First, the harmonic frequencies are calculated at the minimum energy structures, for each

cluster size. These structures correspond to the planar geometries shown in Figs. 11.1, 11.2,

11.3 and 11.4. Geometry optimization of the structures is achieved using both PBE/VDB

and PBE/GTH approaches.

Second, the anharmonic frequencies are calculated using PBE/VDB. For all cases the

diagonal anharmonic frequencies are calculated. VSCF/VCI frequencies are calculated

only for Ag4. The narrow differences between both acute structures of Ag3 make the

calculation of their 2D PES cumbersome. Overlap of these two PES does not allow the

computation of the anharmonic frequencies including pair-couplings. The rest of the

computational details are similar to those for gold clusters in Chapter 10 (see Sec. 10.1).

Since only silver clusters up to Ag5 are studied, the pre-scanning of the PES using empirical

potentials is not employed here.

All geometry optimizations, calculations of harmonic frequencies, and computations

of the energies to construct the high-level theory PES are performed using version 3.11.1

of CPMD code.77 Construction of the PES is carried out with the CPMD code, driven

by the PVSCF code.72 The effect of the argon embedding on the harmonic frequencies

of the silver clusters is considered using PBE/GTH. Additional results, such as HOMO-

LUMO differences and reactivity indices, are obtained using the same settings described

in Chapter 9 (Sec. 9.2).
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11.2 Vibrational frequency of Ag2

Experimental reports

Experimental values for dissociation energy, bond length and vibrational frequency of

the silver dimer have been highlighted in various reviews.56,246 One of the fundamental

experimental studies was realized by Srdanov and Pesic,54 evaporating silver under argon

pressure. The widely accepted values for dissociation energy and bond length are 1.65 ±
0.03 eV (0.83 ± 0.03 eV/atom) and 2.5303 ± 0.0002 Å, respectively. The accepted value

for harmonic frequency is ωe = 192.4 ± 0.5 cm−1, and the first anharmonic constant is

ωexe = 1.55 ± 0.05. It implies that the anharmonic frequency for the Dunham’s model

can be calculated as ωo = ωe − 2ωexe = 189.3 cm−1.

Results

Figure 11.1 shows the Ag2 cluster and two possible configurations of the same cluster

considering argon embedding, obtained using PBE/GTH. Similar to gold, the orientation

of the argon atoms can be described by the characteristics of the electrostatic potential.

The binding energies of the argon atoms to the silver dimer are, however, significantly

smaller than those of argon binding to gold clusters. In Chapter 9 (Sec. 9.5) it was shown

that the argon binding energy to the gold cluster is ∼ 90 meV. The argon binding energy

to the silver cluster is, instead, only ∼ 25 meV.

Figure 11.1: Bare Ag2 cluster indicating the f+,nuc reactivity indices. Two possible config-
urations of the Ag2Arn clusters, indicating the Ag-Ar distance and the Ar binding energy
(in parenthesis) in Å and meV/atom, respectively. All results obtained using PBE/GTH.

Calculated using PBE/GTH, the HOMO-LUMO difference for Ag2 is 2.05 eV, approx.

0.1 eV greater than for the gold dimer (see Table 9.2). This may indicate a slightly better

conductivity of the gold dimer.

Table 11.1 shows the calculated values for binding energy, bond length and harmonic

vibrational frequency of the silver dimer compared to selected theoretical values reported

by other authors using different methods, and to experimental values. Using various DFT

approaches, it was determined that both PBE/VDB and BP/VDB similarly predict the

binding energy and bond length of the silver dimer. The prediction of the harmonic

frequency is, however, better achieved using the BP functional.
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A study of small silver clusters by Zhao et al.206 using 23 DFT functionals also shows

that the BP functional is slightly better than PBE for predicting the harmonic frequency

of the silver dimer. Nevertheless, in the same study it is also found that PBE is the

only functional yielding results completely consistent with CI and CCSD(T) methods.

Therefore, as for the gold clusters, PBE/VDB is chosen as the preferred approach to

study the vibrational properties of the silver clusters.

Table 11.1: Binding energy, bond length and harmonic vibrational frequency of Ag2.

Method Eb re ω̃

(eV/atom) (Å) (cm−1)

PBE/VDB 0.89 2.56 180.9

BP86/VDB 0.87 2.55 185.5

LDA/VDB 1.50 2.43 195.9

PBE/GTH 0.89 2.58 181.1

BLYP/SDDa 0.83 2.61 176.0

BP86/SDDb 0.87 2.57 187.0

MP2c 0.70 2.63 · · ·
CCSD(T)d 0.80 2.64 · · ·
Experimentale 0.83 2.53 192.4

aReference 206. 19e-ECP and a (8s7p6d)/[6s5p3d] basis set by the Stuttgart/Dresden group.
bReference 206. 19e-ECP and a (8s7p6d)/[6s5p3d] basis set by the Stuttgart/Dresden group.
cReference 50. All electron values with 3.21G** basis set.
dReference 50. All electron values with 3.21G** basis set.
eReference 56 for binding energy, Ref. 246 for bond length, and Ref. 54 for harmonic frequency.

The changes in harmonic frequencies due to argon embedding are very small for the

silver dimer, compared to the changes induced in the gold dimer. The harmonic frequen-

cies of Ag2, Ag2Ar and Ag2Ar2 are 181.1 cm−1, 181.8 cm−1 and 183.4 cm−1, respectively,

calculated using PBE/GTH. This means that one and two argon atoms increase the har-

monic frequency of the silver dimer by 0.7 cm−1 and 2.2 cm−1, respectively. In Chapter 9

(Sec. 9.5) it was shown that one and two argon atoms increase the harmonic frequency

of the gold dimer by 6.2 cm−1 and 10.8 cm−1. Scale factors of 1.06 or 1.05, respectively,

are sufficient to bring the theoretical harmonic frequencies of Ag2 and Ag2Ar2 close to the

experimental frequency.

The anharmonic frequency using PBE/VDB is ν̃ = 179.6 cm−1. This indicates an

anharmonicity of −1.3 cm−1. Thus, in this case a new scaling factor of 1.07 is necessary.

The silver dimer shows only a slightly larger difference in anharmonicity compared to

the gold dimer, which has −0.9 cm−1 (see Sec. 10.2). Notice that from the experiment,

an anharmonicity close to 3 cm−1 would be expected, at least following the Dunham’s

model. Using PBE/GTH the anharmonic frequency is ν̃ = 178.5 cm−1 indicating an

anharmonicity of −2.6 cm−1 that is closer to the experimental result.
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11.3 Vibrational frequencies of Ag3

From theoretical studies, the ground state of Ag3 is most likely a Jahn-Teller-distorted
2E

′
state (equilateral in D3h), which is split into 2B2 and 2A1 states (acute C2v structures

with θ > 60◦ and θ < 60◦, respectively).

Experimental reports

Experimental results for Ag3 are considered ambiguous. In particular, there are large

disagreements between gas-phase studies and matrix isolation studies. Haslett et al.58

used matrix isolation resonance Raman spectroscopy and obtained frequencies 119 cm−1

and 99 cm−1 for the totally symmetric and for the bending mode, respectively. This is

in good agreement with the study by Schulze and Becker,55 who obtained 120.5 cm−1

in matrix isolation. Vibrational spectra of Ag3 have also been derived from fluorescence

studies and from resonant two photon ionization spectra (R2PI). A detailed overview of

experimental results for Ag3 is given by Lombardi and Davis.246

Fielicke et al.59 recently studied the vibrational frequencies of Ag3 using far-infrared

multiple photon dissociation (FIR-MPD). This technique has also been successfully applied

to other neutral metal clusters at different cluster sizes. In this experiment, Ag3Arm com-

plexes were produced with one up to four bound argon atoms. Although the signal-to-noise

ratio is low, several depletion bands are reproducibly observed. Due to the dissociation of

the cluster under far-infrared excitation, the original spectrum should be corrected. Such

a dissociation causes that Ag3Arm complexes affect the signal of Ag3Arm−1 complexes.

By correcting and fitting Gaussian profiles of the depletion signals, Fielicke et al.59

assigned 182.8 cm−1 to the highest frequency mode and 113 cm−1 to the degenerate mode

of Ag3Ar. This methodology leads to uncertainties of ±1 cm−1. By binding more argon

atoms the highest frequency mode remains unchanged, but the lowest frequency mode

changes slightly. Frequencies obtained for this mode of Ag3Ar, Ag3Ar2, Ag3Ar3, and

Ag3Ar4 are 113.0 cm−1, 116.8 cm−1, 119.1 cm−1 and 120.5 cm−1, respectively.

Results

Figure 11.3 shows the global minimum energy configuration of the Ag3 cluster and vari-

ous possible configurations considering argon embedding, obtained using PBE/GTH. The

global minimum energy structure is the acute triangle with θ > 60◦.

The βSOMO-αLUMO difference for the minimum energy structure of Ag3 is 0.29 eV,

calculated using PBE/GTH, approx. 0.1 eV smaller than for the gold trimer (see Ta-

ble 9.2). Thus, this cluster shows an opposite trend in the conductivity than the silver

dimer, when both are compared to the corresponding gold clusters.

Table 11.2 shows the results obtained using PBE/VDB and PBE/GTH for the different

trimer isomers. In contrast to the gold trimer, DFT predicts the acute triangle as the
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Figure 11.2: Bare Ag3 clusters indicating the f+,nuc reactivity indices. Various possible
configurations of the Ag3Arm clusters, indicating the Ag-Ar distance and the Ar binding
energy (in parenthesis) in Å and meV/atom, respectively. The minimum energy for the
bare cluster and the Ag3Arn complexes is the acute triangle with θ > 60◦. All results

obtained using PBE/GTH.

global minimum energy structure, but the energy differences between both acute and

obtuse triangle structures is narrower than those between the gold trimer structures.

Table 11.2: Binding energy, structural parameters and harmonic frequencies of Ag3 local
minimum energy structures obtained using PBE/VDB and PBE/GTH. Binding energy

(Eb) in eV/atom. Bond length (L) in Å. Harmonic frequencies in cm−1.

Method θ > 60◦ θ < 60◦ 90◦ < θ < 180◦

PBE/VDB Eb 0.89 0.88 0.89

L/θ 2.63/69.3◦ 2.78/55.6◦ 2.62/133.6◦

ω̃ 173.3/119.9/55.2 179.6/114.9/4.5 174.3/129.2/15.1

PBE/GTH Eb 0.86 0.85 · · ·
L/θ 2.64/69.3◦ 2.79/55.6◦ · · ·
ω̃ 171.9/117.2/51.4 179.4/115.2/0.0 · · ·

Table 11.3 shows the harmonic frequencies obtained for the minimum energy structures

of Ag3 and Ag3Arm complexes, using PBE/GTH. They are compared to the experimental

values. Argon embedding does not change the geometry of the minimum configuration, but

slightly distorts it. As a consequence, the frequency of the lowest frequency mode changes.

These change, however, only partially reproduces the trends observed by Fielicke et al.59 in

the experimental spectrum. The RMSD between the theoretical values and those reported

by Fielicke et al. are of ∼ 7 cm−1. The results are also very similar to those reported by

Hartmann et al.,51 using full CI calculations (see Table 11.3).

Although in various studies of Raman spectra for Ag3 in rare gas matrices,55,58 a band
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Table 11.3: Harmonic frequencies of Ag3Arm complexes (acute triangle structure with
θ > 60◦) calculated using PBE/GTH, in cm−1. The last line contains the RMSD values

between the harmonic and the experimental frequencies.

Ag3Arm Ag3 Ag3Ar Ag3Ar2 Ag3Ar3 other authors

ν̃exp
a PBE/GTH BP86b CIc

182.8 171.9 174.9 173.8 172.3 170.0 173

113.0/116.8/119.1d 117.2 118.0 118.9 116.8 90.4 113

60.9 60.2 59.2

51.4 48.7 49.5 48.8 70.9 73

· · · · · · · · ·
RMSD 6.7 6.5 7.6 18.4 6.9

aReference 59.
bReference 249. 19-electron RECP.
cReference 51.
dValues corresponding to Ag3Ar, Ag3Ar2 and Ag3Ar3, respectively.

of ∼ 119 cm−1 is assigned to the symmetric mode (mode 1) of an equilateral triangle,

this value better coincides with the frequency of mode 2 of the acute structures. It seems

that in these Raman spectra the highest frequency mode is screened and only the band

corresponding to the next frequency mode is detectable. This has been well explained by

Fielicke et al.59 based on comparisons of various experimental results.

Table 11.4 shows the calculated harmonic and diagonal anharmonic frequencies for the

minimum energy structure of Ag3, using PBE/VDB. Similarly to the gold trimer, Ag3

shows the largest anharmonicity in the bending mode (mode 3). This contrasts with the

suggestion given by Hartmann et al.51 that anharmonicity may affect the antisymmet-

ric mode (mode 1) the most. The diagonal frequencies does not change the RMSD in

comparison to the experiment.

Table 11.4: Harmonic (ω̃) and anharmonic (ν̃) frequencies for the global minimum energy
structure of Ag3, the acute triangle, in cm−1. For the others isomers only harmonic

frequencies are reported. Values obtained using PBE/VDB.

θ = 69.3◦ θ = 55.6◦ θ = 133.6◦

n ω̃ ν̃ ν̃ − ω̃ ω̃ ω̃

diag.

1 173.3 172.2 −1.2 179.6 174.3

2 118.9 119.8 −0.1 114.9 129.2

3 55.2 50.5 −4.7 4.5 15.1

ZPE 174.2 172.5 −1.7 149.5 159.3

RMSD 2.8
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11.4 Vibrational frequencies of Ag4

Even-numbered neutral silver clusters have been less studied than the odd clusters. There-

fore, only a few experimental spectra for Ag4 are available.

Experimental reports

Felix et al.251 studied Ag4 cluster using fluorescence and excitation spectroscopy. Never-

theless, the lack of vibrational resolution in these experiments made not possible obtaining

vibrational constants for the ground state. Hess et al.,252 using femtosecond pump-probe

spectroscopy, only identified a vibrational mode at ∼ 45 cm−1.

Fielicke et al.59 studied the vibrational spectrum of this cluster using far-infrared

multiple-photon dissociation spectroscopy (FIR-MPD). They obtained more suitable re-

sults for the vibrational frequencies than previous studies. In this experiment, Ag4Arm

complexes are produced, having between two and five bound argon atoms. By correcting

and fitting Gaussian profiles of the depletion signals, in the same way as for the silver

trimer, Fielicke et al. identified two bands at 192.7 cm−1 and 162.7 cm−1, independent of

the number of argon atoms attached. They also suggest the possible existence of a third

band at ∼ 120 cm−1, but this is not conclusive due to the low resolution of the spectrum

at this range.

Results

Figure 11.3 shows the global minimum energy configuration of the Ag4 cluster and various

possible configurations considering argon embedding, obtained using PBE/GTH. Here

the binding energies of the argon atoms to the silver clusters are significantly smaller than

those for krypton binding to gold clusters.

The HOMO-LUMO difference for Ag4 is 0.85 eV calculated using PBE/GTH, approx.

0.15 eV smaller than for the gold tetramer (see Table 9.2). Compared to the gold cluster,

Ag4 may have a better conductivity.

The structures optimized using both PBE/VDB and PBE/GTH are quite similar.

For PBE/VDB the bond length is L = 2.74 Å and the larger angle is θ = 123.1◦. For

PBE/GTH the bond length is L = 2.75 Å and the larger angle is θ = 123.0◦. The

dissociation energy is 1.18 and 1.14 eV/atom, for PBE/VDB and PBE/GTH, respectively.

Table 11.5 shows the harmonic frequencies of Ag4 and Ag4Arm complexes, calculated

using PBE/GTH. These are compared to the experimental values reported by Fielicke et

al.59 and to theoretical values reported by other authors.

PBE/GTH better approaches the experimental frequencies than BP and MP2 calcu-

lations reported by other authors. The best prediction occurs for Ag4Ar2, with a RMSD

between experiment and theory of 6.2 cm−1. A reported study by Hartmann et al.,52

using the BLYP functional, shows the best predictions for the two modes reported in
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Figure 11.3: Bare Ag4 cluster indicating the f+,nuc reactivity indices. Various possible
configurations of the Ag4Arm complexes, indicating the Ag-Ar distance and the Kr binding
energy (in parenthesis) in Å and meV/atom, respectively. The minimum energy for Ag4Ar
and for Ag4Ar2 is obtained binding Ar at (a) and at (a) and (c), respectively. All results

obtained using PBE/GTH.

Table 11.5: Harmonic frequencies of Ag4 including argon embedding calculated using
PBE/GTH, in cm−1. These are compared to experimental frequencies and harmonic
frequencies reported by other authors. The last line contains the RMSD value between

theoretical harmonic frequencies and the experimental values.

Ag4 Ag4 Ag4Ar Ag4Ar2 Ag4 (other authors)

ν̃exp
a PBE/GTH BP86b MP2c BLYPd

192.7 183.8 183.7 185.2 181.3 166.1 196

162.7 158.3 158.0 158.1 140.1 147.6 165

105.5 105.7 106.0 110.2 97.7 114

91.6 93.9 97.4 106.6 81.5 90

81.7 81.0 82.3 90.0 75.4 81

48.6 49.8

45.1

29.8 28.6 28.8 23.3 32.5 36

20.1 23.0

16.4

· · · · · ·
RMSD 7.1 7.2 6.2 17.9 21.6 2.8

aReference 59.
bReference 249. 19-electron RECP.
cReference 50. 19-electron RECP.
dReference 52. 1-electron RECP and atomic orbital basis set.
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the experiment, with an overestimation of the frequencies. Nevertheless, it was shown in

Chapter 6 that BLYP does not give optimal results for gold and in general for transition

metals. Moreover, all DFT approaches, with the exception of LDA, usually underestimate

the frequencies. Therefore, the good performance of BLYP to well predict these two fre-

quencies in Hartmann’s calculations may more rely on the constructed basis set than on

the functional itself.

Table 11.6 shows the harmonic and anharmonic frequencies of Ag4 calculated using

PBE/VDB. It is observed that anharmonicity does not correct the large discrepancy be-

tween theoretical and experimental frequencies. The RMSD between anharmonic and

harmonic frequencies is only 1 cm−1. The largest anharmonicity affects the breathing

mode (mode 1).

Table 11.6: Harmonic (ω̃) and anharmonic (ν̃) frequencies for the global minimum energy
structure of Ag4 calculated using PBE/VDB, in cm−1. For the anharmonic frequencies
both the diagonal and VSCF/VCI results are reported. For VSCF/VCI all 15 possible

pair-couplings are considered.

n ω̃ ν̃ ν̃ − ω̃
diagonal VCI

1 183.7 183.0 185.1 1.5

2 157.6 158.1 156.7 −0.9

3 104.1 104.5 103.4 −0.7

4 89.5 90.4 88.4 −1.1

5 80.5 80.7 81.0 0.5

6 37.5 36.9 36.6 −0.9

ZPE 326.5 326.6 327.7 1.2

RMSD 1.0

The RMSD between the VSCF/VCI frequencies and the experiment is 6.8, fairly the

same as for the harmonic frequencies. The overall magnitude of the anharmonicity for

the silver tetramer is similar to the one calculated for the gold tetramer. Nevertheless,

two noticeable differences from gold tetramer are observed: i) Difference between the

anharmonic and harmonic frequencies for the largest frequency mode has different sign.

ii) The variation in the zero point energy (ZPE) due to anharmonicity is slightly larger

(by ∼ 1 cm−1 and with opposite sign) for the silver tetramer than for the gold tetramer.

This shows that total annharmonicity for this silver cluster is mainly negative (the cluster

is hyperharmonic).
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11.5 Vibrational frequencies of Ag5

Experimental reports

Haslett et al.60 investigated the matrix isolation Raman spectrum of mass-selected Ag5

clusters. In their experiment, cationic clusters were co-deposited with Ar on a polished

aluminum substrate. Then, a re-neutralization process was accomplished with a low-

energy electron flux in order to obtain neutral clusters. Haslett et al.60 propose the

planar trapezoidal cluster (see Fig. 11.4) as the most probably structure to give rise the

experimental spectrum, with assigned vibrational bands at 174, 162, 136, 126, 105, 100, 80

and 68 cm−1. They did not find evidence of a second isomer contributing to the spectrum.

They found, however, evidence of a photofragmentation of the pentamer into a trimer

and a dimer. Based on the photofragmentation kinetics, they concluded that the planar

structure of Ag5 exists in at least two kinds of matrix sites. For the assignment of the

bands, they neglected a band at 189 cm−1 which is believed to correspond to Ag2. Peaks

at 105 cm−1 and 100 cm−1 are believed to belong to a single mode, which is split due

to the deposition of the cluster in two different types of sites in the matrix. The same

assumption is done for the bands at 126 cm−1 and 136 cm−1.60

Results

Figure 11.4 shows the global minimum energy configuration of the Ag5 cluster and various

possible configurations considering argon embedding, obtained using PBE/GTH. The dis-

sociation energy for the bare cluster is 1.25 eV/atom and 1.28 eV/atom using PBE/GTH

and PBE/VDB, respectively.

Figure 11.4: Bare Ag5 cluster indicating the f+,nuc reactivity indices. Various possible
configurations of the Ag5Ar indicating the Ag-Ar distance and the Ar binding energy (in
parenthesis) in Å and meV/atom, respectively. The minimum energy for Ag5Ar corre-

sponds to binding at position (b). All results obtained using PBE/GTH.

Binding energies of the argon atom to the silver cluster are smaller than 15 meV

and significantly smaller than those of krypton atoms bound to the gold pentamer (see

Chapter 9, Fig. 9.9).
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Table 11.7 shows the harmonic frequencies of Ag5 and Ag5Ar5 complex, calculated

using PBE/GTH. In the latter case, one argon atom is attached to each silver atom,

following the orientations shown in Fig. 11.4. The harmonic frequencies are compared to

the experimental values reported by Haslett et al.60 and to theoretical values reported by

other authors. Table 11.7 follows the assignment and criteria given by Haslett et al. for

the comparison, i.e. peaks at 100 cm−1 and 105 cm−1 are assumed as corresponding to

only one single mode.

Table 11.7: Harmonic frequencies of Ag5 including argon embedding calculated using
PBE/GTH, in cm−1. These are compared to experimental frequencies and harmonic
frequencies reported by other authors. The last line contains the RMSD value between

theoretical harmonic frequencies and the experimental values.

Ag5 Ag5 Ag5Ar5 Ag5 (other authors)

ν̃exp
a PBE/GTH BP86b SCF c CCSD(T)d

174 180.4 181.5 168.6 189.3 186.9

162 151.4 151.4 160.7 160.9 158.2

136 144.5 143.4 147.6 155.1 151.3

126 118.2 118.4 114.5 122.5 124.3

105

100 98.1 99.1 99.1 103.2 101.7

80 79.9 78.3 92.8 90.2 85.7

68 72.6 71.7 73.0 75.6 74.5

· · ·
19.0 19.5 19.0 26.6 23.5

18.4 18.1 17.0 24.2 21.9

· · ·
RMSD 6.7 6.5 8.3 10.6 8.4

aReference 60.
bReference 249. 19-electron RECP.
cReference 253. RECP and (4s,4p)/[3s,3p] Gaussian basis set.
dReference 253. RECP and (4s,4p)/[3s,3p] Gaussian basis set.

From the comparison, PBE/GTH shows the smallest RMSD values between theoret-

ical and experimental frequencies. In addition, argon embedding does not significantly

change the harmonic frequencies of the bare cluster. Large changes induced by the argon

embedding are ∼ 1 cm−1 but the overall RMSD only changes from 6.7 to 6.5.

Care has to be taken with the assignment proposed by Haslett et al.60 They neglected

a band at 189 cm−1 which is believed to correspond to Ag2, but none originating from

Ag3 was neglected. They suggest splitting of one mode into 105 cm−1 and 100 cm−1, and

splitting of another mode into 126 cm−1 and 136 cm−1, as a consequence of the matrix

effect. For the comparison they used the two latter, 126 cm−1 and 136 cm−1, as they were
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two different modes, but they did not do the same with 105 cm−1 and 100 cm−1.

From the study of gold clusters presented in Chapter 10 and from the previous silver

clusters studied in this chapter, PBE/GTH is always found to underestimate the har-

monic frequencies compared to the experimental frequencies. If it is assumed that this

trend should be also valid for Ag5, the band neglected by the authors of the experiment

at 189 cm−1 should in fact to belong to the vibrational spectrum of Ag5 or to both Ag2

and Ag5. Although this seems to be reasonable, a definitive assignment of the frequen-

cies is more challenging, if the products of the photodefragmentation, Ag2 and Ag3, are

considered to contribute to the experimental spectrum.

Table 11.8 shows the harmonic and anharmonic frequencies of Ag5 calculated using

PBE/VDB. Only diagonal anharmonic frequencies are reported, which have a RMSD with

respect to the harmonic frequencies of 1.9 cm−1.

Table 11.8: Harmonic (ω̃) and anharmonic (ν̃) frequencies for the global minimum energy
structure of Ag5 calculated using PBE/VDB, in cm−1. For the anharmonic frequencies

only diagonal results are reported.

n ω̃ ν̃ ν̃ − ω̃
diagonal

1 182.0 182.5 0.5

2 151.9 151.4 −0.5

3 144.0 143.4 −0.7

4 117.5 118.0 0.4

5 97.9 97.6 −0.3

6 78.6 78.4 −0.2

7 71.0 71.4 0.5

8 27.4 31.7 4.3

9 23.7 27.2 3.5

ZPE 447.0 450.4 3.4

RMSD 1.9

Although we have not calculated accurate VSCF/VCI anharmonic frequencies, the

diagonal values already show that the large discrepancies between the experimental fre-

quencies and the theoretical frequencies for Ag5 do not originate from vibrational anhar-

monicity. Only the modes 8 and 9 show anharmonicity of ∼ 4 cm−1, but these correspond

to out-of-plane modes. The large discrepancies between theory and experiment may be

more related to a non-adequate assignment of the frequencies originated from a contribu-

tion of various cluster sizes to the signal, and to the possible effect of the matrix on the

splitting of certain modes. The possible assignment of the experimental frequencies to a

non-planar structure is also excluded, based on calculation of the harmonic frequencies.
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11.6 Conclusions

We investigated the vibrational properties of a set of small silver clusters, for which exper-

imental vibrational spectra are available. The chosen theoretical approaches, PBE/VDB

and PBE/GTH, predict the harmonic frequencies with the same trends as for gold clus-

ters, i.e. the calculated frequencies are underestimated in comparison to the experimental

values. As a consequence, harmonic frequencies need scaling factors around 1.06 to be

closer to the experimental values. In general, these values are smaller than the possible

scaling factors in other studies shown here.

From the arguments presented in Chapter 1 (Sec. 1.3), a larger anharmonicity for silver

clusters than for gold clusters is expected. Nevertheless, the differences are too small to

absolutely affirm that this is a general valid trend. For both silver and gold dimers, the

anharmonicity is negative but slightly larger for silver (by ∼ 0.3 cm−1 using PBE/VDB

but by ∼ 1.7 cm−1 using PBE/GTH). The diagonal frequencies of the gold and silver

trimers show similar anharmonicity for the symmetric and antisymetric modes, but for

the bending mode, anharmonicity of the silver trimer doubles the one for the gold trimer,

also changing the sign. It cannot be said that this difference is translated to the more

accurate VSCF/VCI frequencies since for the silver trimer these were not calculated. For

the tetramer, overall anharmonicity is similar for silver and gold (∼ 1 cm−1). The larger

anharmonicity occurs for the breathing mode but with opposite sign than that for gold.

For the pentamer, the differences between diagonal and harmonic frequencies for both

silver and gold clusters are too small to lead to a distinguishable trend of the values.

For silver dimer and trimer the effect of anharmonicity is lower than the effect of the

argon embedding. For the silver tetramer and pentamer the effect of argon embedding is

too small. In this case, anharmonicity may play a more significant role than the gas noble

embedding, even if it is still very small.

Anharmonicity is often invoked to explain the vibrational spectrum of the silver trimer.

This is due to the shortcomings of the theoretical models to interpret the ambiguous

experimental results obtained using different techniques for this cluster. The suggestion

given by Hartmann et al.51 that anharmonicity may affect more the antisymmetric mode

(mode 1) of the silver trimer is contradicted by the results obtained here. These show that

the bending mode is more affected by vibrational anharmonicity.

A difficulty in assigning frequencies to the experimental spectra of certain silver clusters

is that they are affected by the signal of smaller clusters which are product of photode-

fragmentation. This phenomenon has been observed for the silver trimer and pentamer.

It is realized that the assignment of frequencies given to the spectrum of the silver pen-

tamer by Haslett et al.60 is not adequate since they neglect the largest frequency band.

They neglect it based on the presumable effect of a spurious signal originated from the

silver dimer. Nevertheless, only by including this band is it possible for the experimental

frequencies to be in agreement with the theoretical frequencies calculated here.



Chapter 12

Conclusions, open questions and

outlook

12.1 Conclusions

The vibrational self-consistent (VSCF) method was applied to study vibrational anhar-

monicity in small gold and silver clusters, including correlation corrections between vibra-

tional modes. The VSCF/VCI implementation, relying on a plane-wave representation

of the electronic wave function in the framework of the density functional theory (DFT),

constitutes an efficient and accurate method to compute anharmonic frequencies of these

clusters. Shortcomings of the electronic structure methods to properly describe the po-

tential energy surfaces (PES) may induce larger errors on the vibrational frequencies than

the VSCF/VCI method itself. No studies of gold clusters applying VSCF with plane wave

DFT have been reported so far.

A DFT approach based on the PBE functional with ultrasoft Vanderbilt (VDB) pseudo

potential bases was chosen. The choice of PBE/VDB was made after a meticulous com-

parison between the results obtained using various methods such as empirical potentials,

DFT and MP2 to reported theoretical results from other authors. PBE/VDB is also trace-

able to experimental results. It gives reasonable agreement for the bond length and the

dissociation energy of the gold dimer, as well as for the binding energy of the gold trimer.

Agreement with experimental values is also adequate for silver clusters.

Vanderbilt pseudo potentials lead to reasonably suitable results within short computa-

tional time. Thus, they can be better applied to larger systems than other methods such as

MP2 or CCSD(T) can. One drawback in the CPMD code is that they are mostly limited to

basic functionality, and there are no VDB pseudo potentials for noble gases in that code.

For those cases, such as for noble gas atoms, norm-conserving Goedecker (GTH) pseudo

potentials were used. The lower scaling of DFT in dependence on the molecular size, in

comparison to MP2 and CCSD(T), makes PBE/VDB and PBE/GTH suitable theoretical

models to compute the PES.

175



176 CHAPTER 12. CONCLUSIONS, OPEN QUESTIONS AND OUTLOOK

A detailed study of the structural properties of small neutral gold and silver clusters

was carried out, in a range in which most DFT approaches predict planar structures (Au2-

Au10 and Ag2-Ag5). It was shown that the Nelder-Mead version of the Simplex method

is suitable to obtain the global minimum energy geometries in agreement with global

minimization methods, for the prediction of structures by the empirical potentials.

The potential energy surfaces (PES) were explored using PBE/VDB and a hierarchical

many-body expansion of the potential, limited to the second order. This implies that

deviation from the harmonic behavior is achieved by including single-mode and mode–

mode contributions to the potential. Correlation between modes was included using a

configuration interaction approach (VSCF/VCI). An optimized version of the method,

fast-VSCF/VCI, keeps a good accuracy while tremendously reducing the computing time.

It relies on an efficient reduction of the number of couplings between vibrational modes by

pre-scanning the PES. This was achieved using the Voter-Chen version of the embedded

atom model and a reliable statistical technique.

In order to assess the quality of the Voter-Chen and other typical potentials, an al-

ternative methodology was proposed and carried out, based on local comparison of PES

around a minimum energy structure and expressing the position of the atoms in terms

of normal coordinates. This was done since a simple comparison of average bond lengths

or binding energies is not sufficient to decide if a given empirical potential is suitable to

reproduce high-level theory results. The Voter-Chen potential was found to be the most

suitable for reproducing the ordering of the 2D indices obtained using PBE/VDB. This

was the reason for choosing this potential to pre-screen 2D PES.

Time required for the computation of complete 2D PES increases with the number of

atoms. In addition, the time required to calculate 2D PES for the odd-numbered clusters

is larger, due to the inclusion of the spin. The computing time performance of the present

implementation was estimated for continuous operation of a set of 16 processors working

in parallel. Using fast-VSCF/VCI tremendously reduced this time. This estimation cor-

responds to the Au2-Au10 clusters using PBE/VDB. The total time needed for computing

1D PES was relatively small (less than 10 days). Based on the time of each 1D PES cal-

culation per mode per point, the time for computing all complete 2D PES was estimated

in ∼ 1000 days. For the computation of the complete 2D PES for Au3-Au5 ∼ 52 days

were needed. For the larger clusters, using the fast-VSCF/VCI approach, ∼ 63 days were

needed. The total time for the computation of the complete 2D PES for Au3-Au5 and the

partial 2D PES for Au6-Au10 was ∼ 11 % of the total estimated time. Using PBE/GTH

increases the time required to compute each energy point. Therefore, computing the par-

tial 2D PES of the Au7Kr cluster required more than sixty days, including only 10 of 153

possible couplings modes.

Root mean square deviation (RMSD) values between the harmonic and anharmonic

frequencies show that anharmonicity for all these small gold and silver clusters is around

∼ 1.0 cm−1. Although they do not show large overall vibrational anharmonicity, some
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specific vibrational transitions are larger anharmonically than the others. The modes ex-

hibiting larger anharmonicity are generally associated to bending motions of the molecule.

Differences between the VSCF/VCI and the diagonal frequencies exceed in some cases

2.0 cm−1. Moreover, anharmonicity contributed by the pair-couplings is, in some cases,

of opposite sign than the one contributed by only the diagonal potential and can change

the sign of the total computed anharmonicity. Therefore, computation of anharmonic

frequencies including mode-mode couplings and correlation corrections between modes is

necessary for an accurate determination of the anharmonicity. Zero point energy correc-

tions due to anharmonicity are too small (1-2 cm−1) to significantly modify the trends in

the results.

In general, deviations from the harmonic frequencies of gold clusters due to noble gas

embedding are observed to be larger than those originating from anharmonicity. There-

fore, experimental spectra are interpreted including these contributions. The results were

compared to available experimental data for Au2, Au3 and Au7. Experiments for Au2,

Au3, performed more than 20 years ago, usually consider the clusters isolated on a solid

noble gas matrix. The recent experiment for Au7 considers gas-phase clusters embedded

in a noble gas. For Au2 and Au3, a better interpretation of the theoretical results is

obtained assuming that these clusters suffer the effect of the surroundings which yield

transformations either in the frequency or in both geometry and frequency. Comparing

vibrational frequencies of a planar and a non-planar structure for Au8, it was found that

the magnitude of the anharmonicity is similar for both structures. Therefore, a potential

loss of the planarity cannot be attributed to effect of vibrational anharmonicity.

For small silver clusters it is realized that PBE/VDB and PBE/GTH predict the

harmonic frequencies with the same trend as for gold clusters, i. e. they are underestimated

in comparison to the experimental values. Comparing calculated anharmonicity in gold

and silver clusters, only very small differences are found. Therefore, it cannot be absolutely

affirmed that silver clusters show a larger anharmonicity than gold clusters. For both

silver and gold dimers, the anharmonicity is positive but slightly larger for silver (only

by ∼ 0.3 cm−1). The diagonal frequencies of the gold and silver trimers show similar

anharmonicity for the symmetric and antisymmetric modes, but for the bending mode,

anharmonicity of the silver trimer doubles the one for the gold trimer, also changing

the sign. It cannot be affirmed that this difference is translated to the more accurate

VSCF/VCI frequencies since these were not calculated for the silver trimer. For the

tetramer, overall anharmonicity is similar for silver and gold (∼ 1 cm−1). The larger

anharmonicity occurs for the breathing mode but with opposite sign than for gold. For

the pentamer, the differences between diagonal and harmonic frequencies for both silver

and gold clusters are too small to lead to a distinguishable trend of the values. For

silver dimer and trimer, the effect of anharmonicity is lower than the effect of the argon

embedding. For the silver tetramer and pentamer the effect of argon embedding is very

small.
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Due to shortcomings of the theoretical models to interpret the ambiguous results ob-

tained using different experimental techniques, anharmonicity in often invoked in experi-

mental studies of silver clusters. A difficulty in assigning frequencies to the experimental

spectra of given silver clusters is that they are affected by the signal of smaller clusters

product of photodefragmentation. This phenomenon has been observed for the silver

trimer and pentamer. For Ag5, the PBE/VDB and PBE/GTH calculations lead to as-

signment of frequencies diverging from the one given by the authors of the experiment.

Description of a weak bond such as Au-Kr by DFT may differ from more accurate

state-of-the-art quantum chemistry calculations, due to fails at properly describing Van

der Waals forces. Therefore, we assessed PBE/GTH binding energies of Kr to the Au7

cluster using MP2, and compared the binding energy and anharmonic frequency of the

AuKr system to recently reported experimental values. Despite quantitative differences,

DFT provides qualitative trends for the Kr-Au binding in Au7. In addition, the calculated

values for AuKr closely reproduce the reported experimental values. Therefore, we used

PBE/GTH in order to study the effect of Kr and Ar embedding.

Au-Kr interatomic interactions in small gold clusters can be well described by the

features of the electrostatic potential. A more precise model includes effects of repulsive

forces and analysis of the orbital overlap, which provides additional information to that

obtained from the electrostatic potential alone. The effects of the orbital overlap are

in dependence on the extension of the σ-type orbitals of both α-LUMO and β-LUMO.

Charge transfer from the noble gas atom to the cluster, as a consequence of this overlap,

modifies the charge distribution of the system. Orbital overlap in Au-Kr binding, studied

in terms of the electron localization function (ELF), and calculated large HOMO-LUMO

differences indicate the insulating character of these clusters.

The interpretation of the interaction between noble gas atoms and metal clusters pre-

sented here has contributed to the explanation of krypton atom binding preference in

various situations. Some of the effects due to the noble gas embedding are translated

into changes of vibrational frequencies, distortion of the structures, particular binding site

preferences, changes in conductivity and changes in IR intensities due to changes in po-

larization. It was shown that not only is the gas atom polarized but also the gold cluster

is polarized either as a consequence of the new charge distribution resulting from charge

transfer or due to the Van der Waals interactions at high-coordination sites without charge

transfer. In contrast to the case of interaction with surfaces, it was found that the binding

site preference for the noble gas atom to the cluster may diverge in some cases from the

pure ‘low-coordination site’ criterion.

The systematical methodology developed in this investigation was used to interpret

various experimental results, but special attention was given to the Au7 cluster, because

of its recently reported experimental vibrational spectrum. This is the first spectrum of

a neutral gold cluster to be reported in more than 20 years. Previously, only spectra for

Au2 and Au3 were reported. Therefore, because of its richer set of bands, it becomes a
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suitable target to test theoretical vibrational frequencies. The use of a large global scaling

factor to correct theoretical harmonic frequencies, proposed by Gruene et al.,7 cannot be

attributed to the presence of a large vibrational anharmonicity. Anharmonicity is below

1 cm−1, which is lower than the accuracy of the experiment. In agreement with most

theoretical studies, a planar edge-capped triangle structure is most likely to correspond

to the experimental spectrum. Krypton embedding affects the harmonic frequencies of

Au7 by less than 1 cm−1 (RMSD=1.5 cm−1). It leads to additional anharmonicity but

this effect is very small (RMSD=0.7 cm−1) and mainly influences the lowest frequency

modes, which were not reported in the experiment. Although krypton embedding does

not significantly affect the vibrational frequencies of this cluster, it induces important

changes on the IR intensities. The large discrepancy between theory and experiment for the

vibrational frequencies of Au7 neutral cluster cannot be attributed to the anharmonicity

or to the Kr embedding but is likely to stem from an inadequate description of the PES.

From the comparison to the experimental spectrum, it is observed that DFT functionals

that satisfy the homogeneous electron gas (HEG) limit, such as PBE, BP, and PBE0, show

the best predictions for the harmonic frequencies.

Validity of the MP2 method to describe the structure of metal clusters was discussed.

Although MP2 apparently shows the best prediction of harmonic frequencies for Au2 and

Au7, this is a consequence of a favorable cancelation of errors, in particular due to the

effect of a large basis set superposition error (BSSE). We showed that the large BSSE

induced from using small basis sets in MP2 can be reduced to ∼ 42 meV and ∼ 19 meV

using def2-TZVPP and def2-QZVPP bases, respectively. Inherent shortcomings of the

MP2 method to properly describe the geometry of metal clusters lead to changes in the

binding site preference, in particular for those cases in which the structure of the cluster

is largely deformed by effect of the noble gas atom, independent of the basis set used.

Finally, having isomers very close in energy and the possibility that more than one

isomer can potentially contribute to the measured vibrational spectrum of the cluster may

change our traditional description of the molecular vibrations in terms of the global min-

imum energy structure. In particular, if it is considered that vibrating clusters can adopt

geometries of other clusters very close in energy, or that thermal changes in the system

may allow a cluster overcome the energy barrier of another cluster close in energy. This

implies that for specific systems or above a given temperature a cluster system may be

composed of clusters with different geometries instead of clusters with only the geometry

of the global minimum energy structure. Our investigation focuses on the study of anhar-

monicity for clusters with a given fixed geometry. Energy barriers were not calculated.

Nevertheless, we obtained a general indication of the possible effects on the vibrational

frequencies by having a configuration of clusters with various minimum energy geometries.
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12.2 Open questions and outlook

The implementation of the VSCF/VCI method using plane wave DFT in this investi-

gation shows great performance and can be extended to larger gold and silver clusters.

Nevertheless, some questions remain open concerning the convenience of extending the

anharmonic calculations to larger clusters. The initial hypothesis, based on the difference

of mass between silver and gold cluster, that silver clusters should exhibit a larger anhar-

monicity than gold clusters was not absolutely proven. Although in a few cases slightly

larger anharmonicity is observed for silver clusters, the differences are too small to play

a significant role at the different sizes of these clusters. If anharmonicity relies more on

the electronic structure than on the atomic size, larger vibrational anharmonicity may be

found in other metal clusters, such as platinum, which have a partially occupied d valence

band (d9s1). This requires, however, preliminary tests to assure achieving a systematical

study of various sizes clusters, such as the one implemented in this thesis for neutral gold

and silver clusters.

Future steps in order to consolidate a theoretical model of anharmonicity in nanostruc-

tures should cover different specific issues, such as a choice of better theoretical approaches,

considering noble gas embedding in some critical cases, and improving parallel computa-

tion of the PES. Application of the far-infrared multiphoton dissociation spectroscopy

(FIR-MPD) is promising for providing a deeper insight into the experimental vibrational

frequencies of other small gold clusters.

PBE/VDB is a well suited approach, since it better predicts harmonic vibrational

frequencies than other DFT approaches. Nevertheless, a global scaling factor of ∼ 1.06 is

still necessary to better approximate the experimental frequencies of Au7. Since this global

scaling factor increases up to ∼ 1.08 using PBE/GTH, the choice of a better DFT approach

should not only look at the DFT functional but also at the basis set. Development of new

functionals is promising. Until now lack of a systematical study on gold and silver clusters

using these functionals has not allowed a more suitable functional to be found for the

study of their vibrational properties. Alternative pseudo potentials should combine the

efficiency of the ultrasoft pseudo potentials with an accurate prediction of structural and

energetic properties of the small metal clusters. It was shown that the norm-conserving

GTH pseudo potentials offer a well suited alternative.

Since interpretation of available experiments of Au2 and Au3 are still challenging,

further vibrational analysis including anharmonicity should be focused on the smallest

clusters. Extrapolation of the vibrational properties of the dimer for the larger clusters is

not convenient since it shows a different behavior. This is observed, for instance, in the

effect induced by noble gas embedding, that largely modifies the vibrational frequency of

the gold dimer without modifying its structure. A further study of the gold dimer using

more accurate electronic structure methods, but including the effect of anharmonicity due

to noble gas embedding, may lead to a better interpretation of its vibrational frequency.



Appendix A

Perturbation theory applied to the

anharmonic oscillator

General procedure

In stationary perturbation theory86,93 the perturbed system is represented by a Hamilto-

nian, in terms of the non-perturbed time-independent Hamiltonian, Ĥ(0):

Ĥ(λ) =
∞∑
k=0

λkĤ(k) = Ĥ(0) + Ŵ (λ), (A.1)

where k is the order of perturbation, and Ŵ (λ) is the perturbation contribution. To make

explicit that the matrix elements of the perturbation are much smaller than those of Ĥ(0),

W (λ) is expressed as λŴ with λ� 1, where λ is a dimensionless real parameter. Then,

Ŵ (λ) =
∞∑
k=1

λkĤ(k). (A.2)

The Hamiltonian of the system is rewritten as,

Ĥ(λ) = Ĥ0 + λŴ . (A.3)

The solution for the perturbed system is assumed as a summation of the non-perturbed

solution plus the perturbation corrections in an expansion in powers of λ:

En =

∞∑
k=0

λkE(k)
n = E(0)

n + λE(1)
n + λ2E(2)

n + · · · ; (A.4)

|ϕn(λ)〉 =
∞∑
k=0

λk|ϕ(k)
n 〉 = |ϕ(0)

n 〉+ λ|ϕ(1)
n 〉+ λ2|ϕ(2)

n 〉+ · · · . (A.5)

Here n indicates the eigenvalues and eigenstates of the perturbed system. For a particular
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state, n stays fixed. The solution of the eigenvalue problem, given in terms of the vector

basis for the non-perturbed oscillator {|ϕp〉}, reads:

(Ĥ(0) + λŴ )

[ ∞∑
k=0

λk|ϕ(k)
p 〉

]
=

[ ∞∑
l=0

λlE(l)
p

][ ∞∑
k=0

λk|ϕ(k)
p 〉

]
. (A.6)

Reordering Eq. A.6 and using Eq. A.2, one obtains:

∞∑
l=0

λl(Ĥ(l) − E(l)
p )

∞∑
k=0

λk|ϕ(k)
p 〉 = 0. (A.7)

Introducing the index m = k + l and reordering, Eq. A.7 is expressed as:

∞∑
m=0

λm
m∑
l=0

(Ĥ(l) − E(l)
p )|ϕ(m−l)

p 〉 = 0, (A.8)

which is valid only if

m∑
l=0

(Ĥ(l) − E(l)
p )|ϕ(m−l)

p 〉 = 0. (A.9)

The index m denotes the highest-order perturbation term. Then, corrections for eigenval-

ues and eigenvectors due to the perturbation can be determined for a given index m. For

example, considering up to second order of perturbation (m = 2), Eq. A.9 becomes:

zero order (H0 − E0)|ϕ(0)
p 〉 = 0

first order (H0 − E0)|ϕ(1)
p 〉+ (Ŵ − E1)|ϕ(0)

p 〉 = 0

second order (H0 − E0)|ϕ(2)
p 〉+ (Ŵ − E1)|ϕ(1)

p 〉 − E2|ϕ(0)
p 〉 = 0.

(A.10)

The non-degenerate perturbation energy terms are determined by the expected value of

the perturbation onto the eigenvalues of the perturbed harmonic oscillator, i.e. projecting

the different vectors given in expression A.10 onto |ϕn〉. E(0)
n corresponds to the solution

of the non-perturbed system. The first-order perturbation E
(1)
n term is determined by:

〈ϕn|(H0 − E0)|ϕ(1)
p 〉+ 〈ϕn|(Ŵ − E1)|ϕ(0)

p 〉 = 0. (A.11)

The first term in Eq. A.11 cancels and as a consequence,

E(1)
n = 〈ϕn|Ŵ |ϕ0

p〉 = 〈ϕn|Ŵ |ϕn〉. (A.12)

The second-order perturbation E
(2)
n is given by:

〈ϕn|(H0 − E0)|ϕ(2)
p 〉+ 〈ϕn|(Ŵ − E1)|ϕ(1)

p 〉 − 〈ϕn|E2|ϕ(0)
p 〉 = 0, (A.13)
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E(2)
n =

∞∑
p 6=n

|〈ϕp|Ŵ |ϕn〉|
2

E
(0)
n − E(0)

p

. (A.14)

Then, following Eq. A.4, the complete solution of the system to second order in perturba-

tion W is given by:

En(λ) = E(0)
n + λ〈ϕn|Ŵ |ϕn〉+ λ2

∞∑
p 6=n

|〈ϕp|Ŵ |ϕn〉|
2

E
(0)
n − E(0)

p

+O(λ3). (A.15)

The states of the perturbed system are expressed in terms of the states of the non-

perturbed system, projecting the different vectors |ϕp〉 given in expression A.10 onto the

different states of the {|ϕp〉}-basis.

Application to the anharmonic oscillator

The quantum anharmonic oscillator is expressed as the harmonic oscillator92 with a per-

turbation W up to the second-order:

Ĥ = Ĥ0 + λŴ = − ~2

2m

d2

dq2
+

1

2
mω2

e q̂
2 + λŴ . (A.16)

The following definitions including p̂ and q̂ are valid:

â† =
q̂ − ip̂√

2
â =

q̂ + ip̂√
2
. N̂ = â†â N̂ + 1 = ââ†, (A.17)

where â†, â and N̂ are the creation, annihilation, and number operators, respectively. For

developing the perturbation terms, the following recurrence relations are applied:

â†|ϕn〉 =
√
n+ 1|ϕn+1〉 â|ϕn〉 =

√
n|ϕn−1〉

〈ϕn|â =
√
n+ 1〈ϕn+1| 〈ϕn|â† =

√
n〈ϕn−1|.

(A.18)

The position operator is given in terms of â† and â as

q̂ = q0
(â+ â†)√

2
, (A.19)

where q0 =
√

~
mω . The unit conversion factor q0 and a unit conversion factor for the

perturbation term, η, are convenient in order to express the complete equation in ~ω
units, as follows:

Ĥ = Ĥ0 + λŴ = ~ωe
(
−1

2

d2

dq2
+

1

2
q̂2

)
+ ηλŴ . (A.20)
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Quadratic potential

This is an anharmonic oscillator with a perturbation term proportional to q2:

Ŵ = ηλq̂2, (A.21)

where η is the units conversion factor for the perturbation term,

η =
1

2

~ω
q2

0

=
1

2

(mω
~

)
~ω. (A.22)

The perturbation term simply modifies Eq. A.20 to the form:

Ĥ = Ĥ0 + λŴ = ~ωe
(
−1

2

d2

dq2
+

1

2
(1 + λ)q̂2

)
. (A.23)

It means that the solution for this anharmonic oscillator is:

En =~ω
(
n+

1

2

)
(1 + λ)1/2

=~ω
(
n+

1

2

){
1 +

λ

2
− λ2

8
+ · · ·

} (A.24)

The first transition frequency is then expressed (in wavenumbers) as:

ω0 = E1 − E0 = ωe

{
1 +

λ

2
− λ2

8
+ · · ·

}
. (A.25)

Cubic potential

This is an anharmonic oscillator with a perturbation term proportional to q3:

Ŵ = ηλq̂3, (A.26)

where η is the units conversion factor for the perturbation term,

η =
~ω
q3

0

=
(mω

~

)3/2
~ω. (A.27)

Replacing Eq. A.19 and Eq. A.27 into Eq. A.26, the perturbation term becomes:

Ŵ = ~ω
λ

23/2

[
â†

3

+ â3 + 3N̂ â† + 3(N̂ + 1)â
]
. (A.28)

By using the recurrence relations in Eq. A.18, it is possible to demonstrate that for this

particular case, the first-order perturbation 〈ϕn|Ŵ |ϕn〉 cancels. Nevertheless, the second

order contributions, 〈ϕp|Ŵ |ϕn〉, do not cancel:
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〈ϕn+3|Ŵ |ϕn〉 = ~ω
λ

23/2
〈ϕn+3|â†

3

|ϕn〉

= ~ωλ
[

(n+ 3)(n+ 2)(n+ 1)

8

]1/2

〈ϕn−3|Ŵ |ϕn〉 = ~ω
λ

23/2
〈ϕn−3|â3|ϕn〉

= ~ωλ
[

(n)(n− 1)(n− 2)

8

]1/2

〈ϕn+1|Ŵ |ϕn〉 = ~ω
3λ

23/2
〈ϕn+1|N̂ â†

3

|ϕn〉

= ~ω3λ

[
(n+ 1)

2

]3/2

〈ϕn−1|Ŵ |ϕn〉 = ~ω
3λ

23/2
〈ϕn−1|(N̂ + 1)â|ϕn〉

= ~ω3λ
[n

2

]3/2
.

(A.29)

Replacing all terms of Eq. A.29 in Eq. A.15 for a perturbation up to the second order, the

expression for the energy of the perturbed cubic potential is obtained:

En = ~ω

[(
n+

1

2

)
− 15

4

(
n+

1

2

)2

λ2 − 7

16
λ2

]
. (A.30)

The first transition frequency is then expressed (in wavenumbers) as:

ω0 = E1 − E0 = ωe

(
1− 15

2
λ2

)
. (A.31)

Pure quartic potential

This is an anharmonic oscillator with a perturbation term proportional to q4:

Ŵ = ηλq̂4, (A.32)

where the units conversion term for the perturbation term is:

η =
~ω
q4

0

=
(mω

~

)2
~ω. (A.33)

Replacing Eq. A.19 and Eq. A.33 into A.32 it is obtained:

Ŵ = ~ω
λ

4

[
(â+ â†)4

]
= ~ω

λ

4

[
(â2 + ââ† + â†â+ â†

2
)(â2 + ââ† + â†â+ â†

2
)
]
. (A.34)

This expression can be expanded in 16 terms. For the first order, only six odd terms

contribute to the solution, as follows:
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〈ϕn|Ŵ |ϕn〉 = ~ω
λ

4
〈ϕn|â†

2

â2 + ââ†ââ† + â†âââ† + ââ†â†â+ â†ââ†â+ â2â†
2

|ϕn〉

= ~ω
3λ

2

(
n2 + n+

1

2

)
.

(A.35)

For the second order, only even terms contribute to the solution:

〈ϕn+4|Ŵ |ϕn〉 =~ω
λ

4
〈ϕn+4|â†

4

|ϕn〉

=~ω
λ

4
[(n+ 4)(n+ 3)(n+ 2)(n+ 1)]1/2

〈ϕn−4|Ŵ |ϕn〉 =~ω
λ

4
〈ϕn−4|â4|ϕn〉

=~ω
λ

4
[(n− 3)(n− 2)(n− 1)n)]1/2

〈ϕn+2|Ŵ |ϕn〉 =~ω
λ

4
〈ϕn+2|ââ†â†

2

+ â†ââ†
2

+ â†
2

â†â+ â†
2

ââ†|ϕn〉

=~ω
λ

4

{[
(n+ 1)(n+ 2)(n+ 3)2

]1/2
+
[
(n+ 1)(n+ 2)3

]1/2
+
[
(n+ 2)(n+ 1)(n)2

]1/2
+
[
(n+ 2)(n+ 1)3

]1/2}
〈ϕn−2|Ŵ |ϕn〉 =~ω

λ

4
〈ϕn−2|ââ†â2 + â†ââ2 + â2ââ† + â2â†â|ϕn〉

=~ω
λ

4

{[
(n− 1)3n

]1/2
+
[
n(n− 1)(n− 2)2

]1/2
+
[
n(n− 1)(n+ 1)2

]1/2
+
[
(n− 1)(n)3

]1/2}
.

(A.36)

Replacing Eq. A.35 and Eq. A.36 into Eq. A.15 up to second order, the energy is obtained:

En = ~ω
[(
n+

1

2

)
+

3

2

(
n2 + n+

1

2

)
λ− 1

8

(
34n3 + 51n2 + 59n+ 21

)
λ2

]
. (A.37)

The first transition frequency is then expressed (in wavenumbers) as:

ω0 = E1 − E0 = ωe
(
1 + 3λ− 18λ2

)
. (A.38)

Modified quartic potential

This corresponds to an anharmonic oscillator with perturbation terms in q3 and q4 only:

Ŵ (λ1, λ2) = η1λ1q̂
3 + η2λ2q̂

4. (A.39)

To keep consistency in the units the parameters η1 and η2 are defined as follows:
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η1 =
~ω
q3

0

=
(mω

~

)3/2
~ω,

η2 =
~ω
q4

0

=
(mω

~

)2
~ω.

(A.40)

Replacing Eq. A.19 and Eq. A.40 into Eq. A.45, the perturbation term is expressed as:

Ŵ = ~ω
λ1

23/2

[
â†

3

+ â3 + 3N̂ â† + 3(N̂ + 1)â
]

+ ~ω
λ2

4

[
(â+ â†)4

]
. (A.41)

Since for any complex numbers α and β and a linear operator, the following relation is

valid:

Ŵ (α|ϕn〉+ β|φn〉) = αŴ |ϕn〉+ βŴ |φn〉, (A.42)

the solution of this modified quartic oscillator corresponds to the solution of the pure

quartic oscillator plus the solution of the cubic potential:

En = ~ω
{(

n+
1

2

)
− 15

4
λ1

2

(
n+

1

2

)2

− 7

16
λ1

2

+
3

2

(
n2 + n+

1

2

)
λ2 −

1

8

(
34n3 + 51n2 + 59n+ 21

)
λ2

2

}
.

(A.43)

The first transition frequency is expressed (in wavenumbers) as:

ω0 = E1 − E0 = ωe

[
1− 15

2
λ1

2 + 3λ2 − 18λ2
2

]
. (A.44)

If the perturbation terms q2, q3 and q4 are considered,

Ŵ (λ0, λ1, λ2) = η0λ0q̂
2 + η1λ1q̂

3 + η2λ2, q̂
4, (A.45)

the solution is modified (using the same argument in A.42) to:

En = ~ω
{(

n+
1

2

)(
1 +

λ0

2
− λ2

0

8
+ · · ·

)
− 15

4
λ1

2

(
n+

1

2

)2

− 7

16
λ1

2

+
3

2
λ2

(
n2 + n+

1

2

)
− 1

8
λ2

2

(
34n3 + 51n2 + 59n+ 21

)}
.

(A.46)

The first transition frequency is then expressed (in wavenumbers) as:

ω0 = E1 − E0 = ωe

[(
1 +

λ0

2
− λ2

0

8
+ · · ·

)
− 15

2
λ1

2 + 3λ2 − 18λ2
2

]
. (A.47)





Appendix B

Nelder-Mead Simplex method

This method, also known as ‘Downhill Simplex’, is one of the most widely used methods

for non-linear unconstrained minimization.171–173 It is one of the preferred methods in

situations where a quick convergence is wanted, with the condition of having a problem

whose computational burden is small. A detailed study of the method and its convergence

properties is presented by Lagarias et al. (see Ref. 171 and references therein).

Fundamentals of the Nelder-Mead algorithm

The Nelder-Mead algorithm172 was proposed as a method for minimizing a non-linear real-

valued function f(q) for q ∈ <n. The function is known as a Simplex. In an n-dimensional

space, a Simplex is a geometrical figure of nonzero volume consisting of m = n+ 1 points

(vertices), and all their interconnecting line segments and polygonal faces. The centroid

of the Simplex is defined as:

q̄ =
m∑
i

qi
m
. (B.1)

where {qi} is the set of coordinates of the m vertices of the Simplex.

Five operations on the Simplex are necessary to achieve the minimization: Order, re-

flection (ρ), expansion (χ), contraction (γ), and shrinkage (σ). The parameters associated

to the operations that transform the Simplex should satisfy:

ρ > 0, χ > 1, χ > ρ, 0 < γ < 1, 0 < σ < 1. (B.2)

The general procedure for minimization starts by providing an initial guess, i.e. a

n-dimensional Simplex (n-vector of independent variables q1) with n + 1 vertices. From

q1, a set of n new vectors are generated:

qi = q1 + λei i = 1, · · · , n, (B.3)

189
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where ei are the n unit vectors and λ is a scalar constant controlling the scaling of the

vectors in whose direction the point is moved along.

The algorithm moves through a n-dimensional topography searching for a local min-

imum value of the given function. This obeys certain rules through an iterative process

with a number k of iterations. For each iteration, an initial set of m = n+ 1 vertices are

ordered and labeled according to the function evaluation:

{
q

(k)
1 ,q

(k)
2 , · · · ,q(k)

n ,q
(k)
n+1

}
; (B.4)

{
f(q

(k)
1 ) ≤ f(q

(k)
2 ) ≤ · · · ≤ f(q(k)

n ) ≤ f(q
(k)
n+1)

}
. (B.5)

Following certain rules, the worst vertex of the S(k) Simplex is replaced by a new vertex

at each iteration k. A new set of n + 1 vertices conform the new Simplex, S(k+1). The

same procedure is repeated assuring that S(k+1) 6= S(k), until convergence is achieved, i.e.

until the function is minimized.

Rules

Figure B.1 shows the operations carried out to modify the Simplex at each step of the

iterative minimization, for the case of a two-dimensional function.

Figure B.1: Operations on the Simplex in the Nelder-Mead method. This example is valid
for a two-dimensional function only. The centroid of the Simplex is denoted by q̄.
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At each iteration, the vertices of the Simplex are ordered and labeled, as described

in Eqs. B.4 and B.5. Afterwards, one operation is realized to the function in order to

transform it into another function for the next iteration. The main criteria used to perform

these operations are described below and illustrated in the flow diagram of Fig. B.2. In

all cases, q̄ is the centroid of the best n points (all vertices except qn+1).

• Reflection: Computes the reflection point qr

qr = q̄ + ρ(q̄− qn+1)

= (1 + ρ)q̄− ρqn+1.
(B.6)

• Expansion: Computes the expansion point qe

qe = q̄ + χ(qr − q̄)

= q̄ + ρχ(q̄− ρqn+1)

= (1 + ρχ)q̄− ρχqn+1.

(B.7)

• Outside contraction: Computes the contraction point qco

qco = q̄ + γ(qr − q̄)

= q̄ + γρ(q̄− ρqn+1)

= (1 + ργ)q̄− ργqn+1.

(B.8)

• Inside contraction: Computes the contraction point qci

qci = q̄− γ(q̄− qn+1)

= (1− γ)q̄ + γqn+1.
(B.9)

• Shrink: Evaluates the function at n points vi = q1+σ(qi−q1), i = 2, · · · , n+1. The

unordered vertices of the Simplex at the next iteration consist of q1,v2, · · · ,vn+1.

As result of each iteration either i) a single new vertex replaces qn+1 (worst vertex) for

the next iteration; or ii) a shrink is realized, and q1 together with a set of n new vertices

form the Simplex for the next iteration. During a non-shrink iteration, trial points of the

evaluation function are simplified represented as:

q(k)
new(τ) = q̄(k) + τ

(
q̄(k) − q

(k)
n+1

)
= (1 + τ) q̄(k) − τq(k)

n+1,
(B.10)

where τ has one of four possible values: τ = ρ for reflection, τ = ρχ for expansion, τ = ργ

for outside contraction, and τ = −γ for inside contraction. The complete formulation of

the procedure is conveniently simplified if a matrix notation is used.171
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Figure B.2: Flow diagram of a minimization procedure using the Nelder-Mead method. It
shows the criteria used to realize the different operations on the Simplex at each iteration.
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Implementation of the minimization procedure

The Nelder-Mead method is applied in this investigation to obtain minimum energy struc-

tures of the small gold and silver clusters using empirical potentials. Since in this study

the sampling space corresponds to the coordinates of 3N −6 vibrational normal modes for

the N atoms of the cluster, the functions are defined in a space of n = 3N − 6 dimension

(3 cartesian coordinates for atom) and Simplices with m = 3N − 6 + 1 vertices.

For the multidimensional minimization the algorithm is provided with an initial guess,

a 3N -vector of independent variables, which is obtained randomly. The main steps realized

at each iteration are here briefly outlined:

• Arrays with 3N−6 coordinates are obtained from the initial 3N -vector, by imposing

constraints to avoid translations and rotations.

• The function (energy) is evaluated on all the (3N − 6)-vectors (points).

• The minimum (best), maximum (worst) and second maximum (next-worst) values

and the corresponding (3N − 6)-vectors (points) are determined.

• The centroid of the 3N − 6 best points (all vertices except the worst) is calculated.

• Operations are carried out to obtain a new better value of the function. This new

value is obtained by performing successive transformations over the worst point to

move it somewhere through the centroid. These transformations are controlled by

the four scalar parameters described above. They are carried out in the following

order: Reflection, expansion, outside contraction, inside contraction, and shrinkage.

• The universal choice of the parameters employed in most Nelder-Mead studies is

adopted here: ρ = 1, χ = 2, γ = 1/2, σ = 1/2.

• Possible non-convergence cases are skipped, by restarting the iterative process from

a best partial minimum obtained.

• Once one of this operations fulfills the condition to obtain a better value of the

function, the following operations are not performed. The new point, with a better

(lower) value than the previous, replaces the worst point and a new iteration is

started. So until a predefined convergence criterion is achieved.

Since this method does not guarantee obtaining a global minimum of the function, a simple

minimization is not sufficient. Therefore, several single minimizations are carried out, and

all single results are compared to each other in order to choice the lowest value of the

function. A set of 1000 minimizations are realized for each case studied.
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Advantages and disadvantages of the Nelder-Mead method

Advantages171 of the method are:

• It requires only one or two function evaluations of the function at each step to

construct a new Simplex. Only in a few cases it requires m + 1 or m + 2 function

evaluations, where m is the number of vertices of the Simplex.

• It allows for a rapid initial decrease of the function.

• It does not require calculate derivatives.

• It converges quickly.

Disadvantages171 of the method are:

• It finds only local minima. Therefore it requires several single minimizations.

• Convergence is not proved in all cases (it has been proved for n = 1 only).

• It is usually believed that it works well for ‘low’ dimensions, but crashes for ‘large’

dimensions. Nevertheless, this has not been theoretically or systematically proved.
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Rotations using quaternions

Following the technique described by Horn,197 the quaternion notation is employed to

determine the optimal rotation between a couple of clusters. This rotation is applied to

re-orientate one of the clusters with respect to the other one. An optimal agreement of

the relative orientation between the two clusters is helpful for a subsequent analysis of the

overlap between their vibrational normal modes. This analysis is oriented to recognize the

modes that are introduced by the noble gas atoms into the vibrational spectrum of the

bare clusters.

Both systems, the one to be rotated and the reference, are characterized by an own set

of n coordinates, {qi} and {q(ref)
i }, respectively. For each one the centroid is computed:

q̄ =

n∑
i

qi
n

q̄(ref) =

n∑
i

q
(ref)
i

n
. (C.1)

The new sets of coordinates referred to the centroids are:

qi,c = qi − q̄ q
(ref)
i,c = q

(ref)
i − q̄(ref). (C.2)

The function error ei is defined as the difference between the centered reference coor-

dinates and the centered rotated coordinates:

ei = q
(ref)
i,c − sR(qi,c). (C.3)

R denotes the rotation operation and s denotes a scaling factor. Then, the problem is

traduced into a least-square minimization. The optimum rotation is the one that minimizes

the sum of the squares of this error function for each point:

n∑
i=1

∣∣∣∣∣∣q(ref)
i,c − sR(qi,c)

∣∣∣∣∣∣2. (C.4)

Horn197 has shown that the scale factor does not affect the determination of the optimal

rotation. Thus, minimizing the error reduces to find a rotation which maximizes

195
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n∑
i=1

q
(ref)
i,c ·R(qi,c). (C.5)

A convenient representation of the rotation for solving this problem is provided by the

quaternion notation. A quaternion can be thought of as a vector with four components,

as a composite of a scalar and an ordinary vector, or as a complex number with three

different imaginary parts; i.e. q̃ = q0 + iqx + jqy + kqz, with i = j = k = (−1)1/2.

Coordinates qi,c and q
(ref)
i,c can be then expressed as quaternions:

q̃i,c = (0,qi,c) q̃
(ref)
i,c =

(
0,q

(ref)
i,c

)
, (C.6)

and R(qi,c) can be expressed as q̃q̃i,cq̃
∗, where q̃ is an unitary quaternion fulfilling q̃·q̃ = 0.

The problem of maximizing the expression given in Eq. C.5 becomes in the problem

of maximizing q̃TN q̃. Here N is a 4× 4 matrix defined as:

N =


Sxx + Syy + Szz Syz − Szy Szx − Sxz Sxy − Syx

Syz − Szy Sxx − Syy − Szz Sxy + Syx Szx + Sxz

Szx − Sxz Sxy + Syx −Sxx + Syy − Szz Syz + Szy

Sxy − Syx Szx + Sxz Syz + Szy −Sxx − Syy + Szz


(C.7)

The elements of the N matrix are obtained from a 3 × 3 matrix, M , whose elements are

sums of products of coordinates measured in both systems:

M =
n∑
i=1

qi,cq
(ref)T

i,c =

 Sxx Sxy Sxz

Syx Syy Syz

Szx Szy Szz

 (C.8)

Horn197 has shown that the quaternion that maximizes q̃TN q̃ is the eigenvector cor-

responding to the largest positive eigenvalue of the matrix N . Eigenvalues are obtained

solving the typical eigenvalue problem, det(N − λI) = 0.

After a proper re-orientation of the cluster with respect to the reference, a matrix

accounting for the overlap between the normal mode vectors of both clusters is calculated:

O =
∑
ij

∑
k

|vki · vkj |. (C.9)

Indices i and j denote the modes for each cluster, and k denotes the number of atoms.

The overlap magnitude between each pair of modes, each one belonging to one cluster, is

an indicator of the correspondence between these two modes.
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