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ABSTRACT

In the following work, an introductory review of the general theory
of open quantum systems and two novel results concerning open
systems interacting with Gaussian bosonic environments will be presented. First, the general formalism and a selection of analytical and
numerical approaches to open quantum systems will be introduced,
in order to outline clearly the specific category of models to which
the original research applies. Then, the new developments will be
discussed. The first new result is an error bound on the spin-boson
model, which relates variations in the spectral density of any Gaussian, non-Markovian environment to changes in the reduced dynamics and time-dependent expectation values of the system. The second
is a numerical simulation method for more general open quantum
systems, which leverages recently proved conditions for the equivalence of unitary and dissipative Gaussian environments and involves
an algorithm for the systematic construction, given the spectral density of any unitary model, of a network of interacting damped harmonic oscillators tailored to mimic the effect of the original environment as accurately as possible. This accuracy is assessed by a figure of
merit derived from the error bound, providing a quantitative criterion
to guide the variational construction method for the effective environments, and the combined evolution of the system and the damped
modes is described by a quantum master equation of Lindblad form,
for which many well-established numerical integration methods are
available. The resulting simulation method is applied to several systems, from simple toy models to more realistic examples from current research, and its accuracy and performance are examined: the
approach is shown to be very versatile and quite efficient across nontrivial physical regimes, such as strong system-environment coupling
and temperatures ranging from zero to high values with respect to
system energy scales. Possible improvements and extensions of the
method, as well as further developments of the underlying theoretical knowledge, are suggested and their potential impact assessed.
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FOREWORD

The present thesis is a monograph on the theoretical study of open
quantum systems. It reviews and discusses many achievements of
past research within this field and presents novel developments due
to the author and coauthors and originating over the course of a threeyear doctoral training program at the Institute of Theoretical Physics
in Ulm, Germany, under the supervision of Prof. Dr. Susana G. Fernández Huelga and Prof. Dr. Martin B. Plenio.
The original findings reported in this work are part of a line of
research on open quantum systems and variations in the properties
of their environments initiated by the Institute in recent years. Since
the results obtained follow the course of this overarching project with
continuity, this thesis was written in a form that presents them as
a single body of research, without breaking the flow in order to focus on one result at a time, and highlighting the connections among
different parts of the work.
A selection of topics from the theoretical background of the original research is included, with the purpose to make the thesis as selfcontained as possible and provide the reader with enough information on the broad context of the work. Many internal cross-references
or references to the existing literature are given, in order to help the
reader follow arguments and derivations among which analogies exist, or else to recall important concepts and notions from anywhere
within the work and keep its overall logical structure clear.
After this initial review of general open quantum system theory,
the discussion moves on to the original material. This is introduced
both from a theoretical point of view, laying out the formal proofs
and derivations and commenting on their meaning and relevance,
and from a more applied angle, discussing results of analyses carried out using the new methods and assessing their potential. The
presentation of the work in the thesis is organized into three parts,
each comprising two to three chapters, in order to group the topics
covered into three immediately and clearly identifiable concept areas.
Part I is made up of the first two chapters of the thesis and summarizes the most important elements of established knowledge, methods and results from the theory of open quantum systems, in order
to provide context and set the stage for the discussion of the original work. The first chapter gives a general introduction to the field
and its relation to standard quantum mechanics; the second contains
a more thorough review of essential results and general methods for
both the analytical study and numerical simulation of open systems.
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Part II, which contains chapters 3 through 5, is the core of this
work and contains the theoretical part of the original research carried
out during the PhD. The first chapter has the purpose of outlining
the specific subfield of general open system theory to which the new
material belongs, and summarizing the recent results leading up to
the investigations reported. After this, two original contributions are
presented in dedicated chapters. The first result is an analytical error bound on the reduced dynamics of the spin-boson model upon
changing the spectral density of its environment, whereas the second is a newly developed numerical simulation method for general
open quantum systems, which uses this error bound and other formal results to devise efficiently solvable effective models equivalent
to those being studied. These two works resulted in the publications
and preprints listed at the end of this foreword.
Finally, Part III consists of one chapter covering applications of the
method described in Part II to realistic example problems from currently relevant research, and another containing a critical analysis and
discussion of the potential impact of the method, its accuracy and
performance and possible future improvements. A brief final chapter
sums up the whole thesis and states the conclusions drawn from this
work. Further information, results and technical details of the theoretical work which are not essential in order to understand its main
points are given in the Appendix.
The contents of this thesis appeared in the following publications:
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P H Y S I C A L C O N S TA N T S A N D R E L AT I O N S

Values of fundamental physical constants used in this thesis are given
below, according to the redefinition of base units of the International
System of Units by the General Conference on Weights and Measures
officially approved on November 26, 2018 and in force since May 20,
2019.

Reduced Planck constant

h̄ = 6.626 070 150/2π · 10−34 J s (exact)

Speed of light in vacuum

c = 2.997 924 58 · 108 m/s (exact)

Boltzmann constant

kB = 1.380 649 · 10−23 J/K (exact)

These fundamental constants are used in the definition of natural
units commonly adopted in the literature and employed in this work.

xviii

The only ‘failure’ of quantum theory is its
inability to provide a natural framework
that can accommodate our prejudices
about the workings of the universe.
—Wojciech H. Zurek [2]

Part I
BACKGROUND
The following chapters comprise an introduction to the
theory of open quantum systems and its models, methods
and findings, with the purpose of outlining the context to
which the original work presented in this thesis pertains.

1

INTRODUCTION TO OPEN QUANTUM SYSTEMS

Nearly a century after its first tentative steps, quantum mechanics remains as sound and reliable a model of physical reality as it ever was.
Its core mathematical structure revolutionized all of modern science
and still persists, if improved, enhanced and expanded by many additional discoveries and developments, in a form remarkably close to
how it was originally conceived; meanwhile, the body of experimental evidence supporting its theoretical premises and confirming its
quantitative predictions has been growing at a staggering rate. As a
novel framework reducing to classical physics in the appropriate limits while accommodating microscopic phenomena which defied any
classical explanation, the quantum formalism enabled tremendous
progress in both theoretical and applied research, not to mention technological advances and improvements in the quality of everyday life
unimaginable mere decades ago, by radically changing the way we
interpret and understand Nature.
Yet for all the impressive achievements of the new paradigm of
physics introduced in the early 20th century and formalized since the
1920s by the work of Max Planck, Louis De Broglie, Albert Einstein,
Niels Bohr, Erwin Schrödinger, Werner Heisenberg, Max Born, Wolfgang Pauli, Paul Dirac, Enrico Fermi, John Von Neumann, Richard
Feynman and countless others, many questions remain unanswered
and much work to be done. Problems such as the behavior of very
complex systems, the emergence of classical physics from the quantum world of microscopic phenomena, or the relationship between
gravitation, as described in classical terms by general relativity, and
the quantum field theoretical Standard Model of the remaining fundamental interactions, are just a few examples of what still hinders
our quest for a deeper understanding of our universe and hides elusively in the haze of our lack of phenomenological information, mathematically complete and consistent models or adequate computing
resources and information-processing capabilities.
Similar challenges can arise even when the physical systems of interest are not by themselves particularly complex but interact with
external degrees of freedom beyond our control, or when only a part
of a larger system is of relevance but nontrivial effects of the global
dynamics on it are difficult to account for in a quantitative manner.
Such problems are the subject of the theory of open quantum systems,
a rich and burgeoning field of current research and the broad context
of the endeavors presented in this work.
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1.1

why open quantum systems?

Quantum mechanics provides exact or arbitrarily accurate models for
the description of many simple systems, and numerical extensions
with controlled approximations make the study of more complex
natural phenomena feasible and quantitatively satisfactory. However,
such models and simulations seldom rely on the application of the
theory as-is to perfectly isolated systems due to the fundamental importance of taking environmental effects into account. This is true
even for classical modeling but becomes of paramount importance
at the quantum scale, where such interactions are less likely to be
negligible and may play a role not only similar to, but in fact deeply
intertwined with the statistical element inherent in any quantum mechanical process [5–10].
Studying a system in complete isolation is a harsh approximation
with little practical use, since in any realistic context, as well as in all
experimental realizations, interactions with uncontrolled degrees of
freedom will inevitably affect the dynamics and lead to different outcomes than the theory would dictate if the system were alone in the
universe. Therefore, a strategy is needed in order to take the effects
of a typically very large number of such environmental degrees of
freedom into account, without possessing or having to handle an intractable amount of unnecessary information describing the environment and its behavior in detail. Many such strategies for both classical
and quantum problems exist and form an important subfield of statistical mechanics. In this context, the study of open quantum systems,
that is, quantum systems interacting with any kind of environment
with a large or infinite number of degrees of freedom, has the goal of
characterizing and quantifying the effects of said environment on the
dynamics of a system, bringing them under control to the maximum
extent possible for purposes ranging from further theoretical insight
to practical applications of novel dynamical features.
Environments and their interactions with quantum systems are extremely varied in nature and directly responsible for a wide range of
important physical phenomena, such as variations in internal energy
of a system, fluctuations and dissipation, irreversibility and relaxation
to equilibrium, temporary or permanent loss of quantum coherence,
enhancement of processes by the combined effect of the system dynamics and nontrivial external noise or the emergence of classical
stochastic dynamics, to name just a few [2, 5, 6, 8, 10]. The fact that the
presence of an environment is a necessary condition for all these natural processes to take place is among the main motivations spurring
research in open quantum systems, and a clear indicator of the fundamental character of this field of study.

1.2 overview and basic definitions

1.2

overview and basic definitions

After laying out the motivation, purpose and context of the study of
open quantum systems, let me now give a brief synopsis of the basic
concepts of the field and introduce some of the key physical objects it
deals with; the notions summarized hereafter are found in standard
textbooks such as [8–12], which provide a thorough introduction to
the theory and its rigorous formulation. Basic elements of quantum
mechanics, such as Hilbert spaces, Dirac bra-ket notation, Hermitian
and unitary operators and their properties, pure and mixed states, bipartite systems, tensor products and the partial trace, coherence, entanglement and quantum statistics, will not be explicitly introduced
or defined in this thesis since the reader is assumed to be familiar
with them.
1.2.1

Quantum dynamics of closed systems

Suppose we are given an isolated quantum system with Hamiltonian
ĤS . Then its dynamics will be described by the Schrödinger equation
ih̄

d |ψi
= ĤS |ψi ,
dt

(1.1)

which generalizes to the Liouville–Von Neumann equation
ih̄

dρ̂
= [ ĤS , ρ̂],
dt

(1.2)

where the square brackets denote the commutator [ Â, B̂] := Â B̂ − B̂ Â,
if the system is taken to be in a mixed state with density matrix
ρ̂ rather than a pure state |ψi. Solution of either equation of motion for a given initial condition at time t0 gives the state at a later
time t by establishing a continuous group of unitary transformations
parametrized by t and t0
Û (t, t0 ) := T e

− h̄i

Rt

t0dτ

ĤS (τ )

,

(1.3)

which obey the combination law
Û (t + τ, t0 ) = Û (t, τ )Û (τ, t0 )

(1.4)

for all t and τ 1 and deterministically relate the states at the initial and
final times:

|ψ(t)i = Û (t, t0 ) |ψ(t0 )i

(1.5)

†

(1.6)

ρ̂(t) = Û (t, t0 )ρ̂(t0 )Û (t, t0 ).

1 This follows from additivity of the integral in the definition Eq. 1.3. Since Û (t0 , t0 ) =
i

Î, Eq. 1.4 also implies that Û −1 (t, t0 ) = Û † (t, t0 ) = T ∗ e h̄

Rt

dτ ĤS (τ )

t0

.
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The time-ordering symbol T and integral over intermediate times
appearing in Eq. 1.3 are only needed if the Hamiltonian ĤS is timedependent; if it is not, the map only depends on the difference bei
tween the two time arguments: Û (t − t0 ) = e− h̄ ĤS (t−t0 ) . The inverse
then becomes simply Û † (t − t0 ) = Û (t0 − t).
Self-adjointness of the Hamiltonian, and hence unitarity and the ensuing mathematical group structure of the maps Û (t, t0 ), have the crucial implication that the dynamics of the system is reversible; in other
words, the equations of motion yield the entire time evolution, both
past and future, exactly as the Hamilton or Euler–Lagrange equations
of motion of classical mechanics would. An inherent element of irreversibility only enters the picture if a measurement is carried out on
the system at a certain point in time: this breaks determinism and
the smoothness of the dynamics by leaving the system in a new state,
which is picked from the set corresponding to the relevant positive
operator–valued measure (POVM) according to the probability distribution of the possible outcomes. Then, even if both the state after the
measurement and the unitary evolution operator are known, there
is no way to univocally determine what the state prior to the measurement was. By contrast, as we shall see, the evolution of an open
system is irreversible in general, even if no measurements take place.
1.2.2

Introducing the environment

In reality, any quantum system is far from isolated from the rest of the
universe, making a description of its dynamics through the methods
outlined in Section 1.2.1 a very poor approximation inappropriate for
most treatments of any interest. A larger model including the external degrees of freedom interacting with the system is also an often
impractical option, because their number is typically too large and
their dynamics not known well enough for an explicit treatment. Photons scattering off an atom, thermal vibrations perturbing the paths
of electrons moving inside a semiconductor, nuclear spins of a crystal
lattice acting magnetically on a defect, are all examples of virtually
infinite quantum environments acting on simple systems.
In such situations, the presence of a large and uncontrolled environment can be accounted for by constructing a model in which the
system is coupled to a set of degrees of freedom sharing the essential
properties of the real environment (such as Bose–Einstein or Fermi–
Dirac statistics, or an appropriate finite-dimensional structure) and
implementing the effect of its macroscopic character on the quantum
dynamics by taking the partial trace, effectively averaging over its
unknown state at any time. This means starting from a Hamiltonian
which includes the free system and environment models and a suitable interaction term
Ĥ = ĤS ⊗ ÎE + ÎS ⊗ ĤE + Ĥ I ,

(1.7)

1.2 overview and basic definitions

so that the full system-environment state evolves according to Eq. 1.6
with the global unitary
Û (t, t0 ) := T e

− h̄i

Rt

t0dτ

Ĥ (τ )

.

The reduced dynamics of the system is then obtained by tracing over
the environmental degrees of freedom:
ρ̂S (t) := TrE [ρ̂(t)],

(1.8)

where the partial trace TrE of an operator in the product space of the
system and the environment is defined as
TrE [ÔS ⊗ ÔE ] := Tr [ÔE ]ÔS

(1.9)

for tensor products of system and environment operators and extended by linearity to the whole space.
The presence of the interaction term Ĥ I in the overall Hamiltonian
keeps the system and the environment entangled throughout the evolution: these correlations cause the reduced density matrix ρ̂S (t) described by the partial trace to follow a non-unitary evolution, which
no closed-system Hamiltonian could bring about, and (for the infinite
environments considered here) relax irreversibly towards an equilibrium state determined by the environment. The type of non-unitary
behavior depends on the type of environment, its initial state and the
form and strength of its interaction with the system, and may involve
various kinds of dissipation and decoherence patterns as well as more
exotic features such as quantum phase transitions or the appearance
of induced superselection sectors [13–16].
1.2.3

Fundamental properties of open systems

So far, I have just discussed the evolution of the state of a quantum
system; however, the only way to access information on it in practice
is through observables. I have deliberately deferred addressing this
point until after the introduction of the different evolution modes of
closed and open systems, because having a unitary dynamics or a
non-unitary one introduces fundamental differences in its relation to
experimentally accessible properties.
Predictions of any model of a system must be compared against
experiments in which the quantities of interest are measured. Due to
the statistical nature of measurement outcomes in quantum mechanics, the measurements must be repeated under identical conditions a
large number of times in order to gain sufficient information on the
underlying probability distribution to determine agreement or conflict with the theoretical model used. Therefore, expectation values
and correlations are the key quantities to look at.
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Consider an isolated system evolving according to Eq. 1.2, and an
observable represented by some self-adjoint operator ÔS . The expectation value of ÔS at time t is
ÔS (t) := Tr [ÔS ρ̂(t)]

(1.10)

where ρ̂(t) is given by Eq. 1.6. This can be generalized to multi-time
correlation functions simply by breaking down the unitary evolution
operator according to the group combination law Eq. 1.4 and inserting the observables at the intermediate times required: for example,
the correlation function for three operators ÂS , B̂S , ĈS acting at times
t1 < t2 < t3 is
ĈS (t3 ) B̂S (t2 ) ÂS (t1 )
h
i
= Tr ĈS Û (t3 , t2 ) B̂S Û (t2 , t1 ) ÂS Û (t1 , t0 )ρ̂(t0 )Û † (t3 , t0 ) . (1.11)
Multi-time objects such as this play a key role complementary to that
of single-time averages in the study of an open system: they appear
in the definitions of many of its experimentally accessible properties,
such as various kinds of optical spectra or sequential measurement
statistics. The information on the system encoded in these quantities
goes beyond what single-time expectation values can reveal; therefore, the study of correlation functions is an essential part of the analysis of a quantum system.
Now let the system be in contact with an environment as in Eq. 1.7.
Its evolution is then described by the reduced dynamics defined in
Eq. 1.8, so that the expectation value of the observable ÔS at time t is
given by


ÔS (t) = Tr (ÔS ⊗ ÎE )ρ̂(t)


(1.12)
= TrS ÔS TrE [ρ̂(t)]


= TrS ÔS ρ̂S (t)
with the partial trace defined as in Eq. 1.9.
Eq. 1.12 shows that the reduced dynamics is enough to determine
the average of a system operator at any time t. However, when multitime correlation functions are of interest, this is no longer true: for
instance, a quantity such as
B̂S (t2 ) ÂS (t1 )
h
i
= Tr ( B̂S ⊗ ÎE )Û (t2 , t1 )( ÂS ⊗ ÎE )Û (t1 , t0 )ρ̂(t0 )Û † (t2 , t0 ) (1.13)
cannot be expressed as a function of the reduced dynamics ρ̂S (t), because applying an operator at a certain time redistributes the systemenvironment correlations existing at that time, thereby changing the
subsequent evolution in a way that the reduced dynamics alone could
not account for. Fully solving an open-system model can thus be defined as being able to compute all its expectation values and n-time
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correlation functions, which are one and the same task only at the
level of the overall unitary evolution, but not if the environment is
dealt with in a more implicit manner. The latter is usually the case,
with the environment entering the model through multi-time correlation functions of its own operators; these correlation functions are
calculated for the environment as decoupled from the system and
then inserted into the full model in accordance with the technique
being used to solve it. Depending on the type of environment, the
form and strength of its interaction with the system and the overall
state the evolution is assumed to start from, a wide variety of situations can arise, determining different optimal solution strategies: a
summary of the most important models and approaches currently in
use will be the subject of the next section.
1.3

environment types and modeling approaches

Environments of open quantum systems come in many forms and
can have different microscopic degrees of freedom as their fundamental building blocks. Although not all models require an explicit
definition of the microscopic structure of the environment in order to
determine its effects, even those able to account for them in purely
implicit terms at the system level—such as phenomenological approaches based on equations of motion for the reduced dynamics
alone—can be derived from similar ab initio constructions by taking
appropriate limits. The degree to which the exact nature of the environment must be considered in order for any given model to be accurate varies greatly; some regimes and contexts warrant approximations which simplify the treatment of the system considerably while
sacrificing very little accuracy, whereas in other situations the system
may be extremely sensitive to details of the environmental dynamics
which thus need to be modeled very carefully.
Since this thesis deals with open quantum systems with very general environments, my approach here will be to always consider their
elementary, physical degrees of freedom as the starting point for their
definition and properties, at least in principle. Therefore, I will now
introduce some common types of environments from a microscopic
point of view, defining them in as much generality as will be necessary for the rest of this work, before turning to how these can couple
to systems, which physical regimes can arise and which models are
best suited to treat them; mathematically simpler pictures which do
not need such fundamental definitions will emerge a posteriori and be
used with their physical justification in mind.
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1.3.1

Bosons, fermions and spins

Throughout this work, I will be dealing with open quantum systems
which evolve irreversibly, relaxing to equilibrium unless driven away
from it. This requires any environment to be infinite in order to prevent quasi-periodic recurrences of all its states under unitary evolution: more precisely, since what is actually necessary for rigorous irreversibility is a continuous energy spectrum [17, 18] but any realistic
environment is made up of bound systems with discrete energy levels, the solution is to take a continuous infinite set of such systems,
whose characteristics depend on the model.
The most commonly employed type of quantum environment is an
infinite collection of harmonic oscillators. This may represent a gas
of bosons as well as an ideal version of any environment made up
of a large number of degrees of freedom oscillating about their equilibrium configuration, as given by a minimum in a classical potential
hypersurface. On account of both their versatility in physical modeling and their mathematical properties, especially in combination with
an initial thermal state, bosonic environments are ubiquitous in open
quantum systems.
Recall the quantum Hamiltonian for a harmonic oscillator with frequency ω written in terms of creation and annihilation operators:



∞ 
1
1
†
ĤHO = h̄ω â â +
= h̄ω ∑ n +
|nihn| .
2
2
n =0
The operators â and â† satisfy the canonical commutation relation
[ â, â† ] = 1 (I will denote operators proportional to the identity by simple c-numbers except when clarity requires a more explicit notation)
and are related to the position and momentum operators x̂ and p̂—
which obey the canonical commutation relation [ x̂, p̂] = ih̄ —through
r
h̄
x̂ =
( â + â† )
2Mω
r
h̄Mω †
( â − â)
p̂ = i
2
where M is the mass of the oscillator. The eigenstates |ni of the number operator n̂ := â† â are constructed recursively from the unique
ground state |0i such that â |0i = 0 by repeatedly applying the creation operator â† , and are related to each other through
√
â |ni = n |n − 1i
√
â† |ni = n + 1 |n + 1i
for all n > 0. The state |0i is also called the vacuum.
Consider now the Hamiltonian
ĤBos

:=

Z ∞
0

dω h̄ω â†ω âω

(1.14)
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describing a reservoir of harmonic oscillators labeled by the continuous frequency parameter ω. Here the continuum creation and annihilation operators are defined as having units of inverse square root of
frequency for reasons of dimensional consistency, so that the canonical commutation relation becomes

[ âω , â†ω0 ] = δ(ω − ω 0 ),

[ âω , âω0 ] = 0,

(1.15)

and the infinite contribution from the zero-point energy of the oscillators is discarded since it has no effect on a system coupled to
them. This is the standard form of a bosonic environment Hamiltonian, which acts on a Fock space given by the tensor product of
the Hilbert spaces of each oscillator in the continuum, as in a onedimensional field theory.
The Hamiltonian Eq. 1.14 is quadratic in the creation and annihilation operators, which makes the dynamics of the bosonic reservoir
Gaussian: if the initial state is a Gaussian state, such as the Gibbs state
at inverse temperature β := 1/k B T
ρ̂ β :=

e− β ĤBos
h
i,
Tr e− β ĤBos

(1.16)

then it remains so under unitary evolution. An evolution preserving
Gaussianity at all times also has the consequence that, by Wick’s theorem [19], single-time expectation values and two-time correlation
functions of the creation and annihilation operators define all n-time
correlation functions of general operators
B̂ :=

Z ∞
0

dω B̂ω ( âω , â†ω ),

(1.17)

where B̂ω ( âω , â†ω ) is some operator-valued distribution acting on the
Fock space of the bosons. In particular, when coupling the environment to a system through some operator B̂ linear in âω and â†ω , i.e.
when B̂ω ( âω , â†ω ) = b(ω ) âω + b∗ (ω ) â†ω for some c-number function
b(ω ), it is easy to identify physical regimes of the combined dynamics from the parameters appearing in its expression: for example, if
there is some cutoff frequency Ωc in b(ω ) which prevents the integral in Eq. 1.17 from diverging, this frequency scale will in turn determine a timescale in the correlation function of B̂ and give rise to
very different regimes depending on the ratio between the timescales
relevant to the system and the environment, as we will see shortly.
If, on the other hand, the dynamics of the environment is not Gaussian, then the relation between the timescales of the system and the
environment becomes much less clear due to the infinite number of
correlation functions affecting the open system, and calculating its
dynamics and properties quickly becomes very difficult.
If the reservoir Hamiltonian is taken to be
ĤFer

:=

Z ∞
0

dη h̄η â†η âη

(1.18)
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where âη and â†η are fermionic creation and annihilation operators
obeying canonical anticommutation relations

{ âη , â†η 0 } = δ(η − η 0 )

{ âη , â†η 0 } = 0,

(1.19)

with { Â, B̂} := Â B̂ + B̂ Â, then the resulting environment is a onedimensional fermion field, which can be used in models in which a
system interacts with degrees of freedom obeying Fermi–Dirac statistics such as electrons, general spin- 12 particles or fermionic atoms or
nuclei.
In this case, each mode labeled by η only has two possible states,
|0iη and |1iη , related by
â†η |0iη = |1iη
âη |1iη = |0iη
âη |0iη = â†η |1iη = 0,
operators take the form
F̂ =

Z ∞
0

dη F̂η ( âη , â†η )

(1.20)

and the Fock space is an infinite tensor product of two-dimensional
Hilbert spaces. Since ĤFer is still quadratic in the creation and annihilation operators, its Gibbs state is still Gaussian, so the above considerations concerning time evolution and the timescales defined by
operators and their correlation functions apply to fermionic environments as well.
In the literature, environment Hamiltonians for both bosons and
fermions are not always given in the continuous form I use here. For
bosons, one often finds a simple sum of harmonic oscillators, with
the continuum limit understood to be taken where necessary; the definition of fermionic environments given in Eq. 1.18 is mainly used in
many-body and statistical field theory, whereas in condensed-matter
physics and related fields a discrete notation with Pauli matrices as
operators is preferred because one typically works with spins as the
physical degrees of freedom interacting with the open system. Although I will only deal with bosonic environments in this thesis, I
have included the basic definitions for fermionic ones for the sake of
completeness and generality, due to their important physical standing
and in view of a possible future extension to fermions of the results I
obtained in my work.
1.3.2

The environment and the system

The free Hamiltonian of an environment does not by itself determine
how a given system will behave if coupled to it. In order to characterize the dynamics and properties of an open quantum system at the
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microscopic level, it is necessary to specify the interaction term of the
full system-environment Hamiltonian Eq. 1.7 and the overall initial
state explicitly. Knowing these elements, the full unitary evolution
Û (t, t0 ) and hence the single- and multi-time dynamics of the open
system are fully and uniquely determined.
Broadly speaking, the degree to which the free dynamics of the
system as given by ĤS is affected by the coupling to the environment depends on the form and magnitude of the correlations between
them, which are generated by Ĥ I in the combined dynamics and converted into non-unitary effects by the partial trace. The initial state
has important consequences as well, since the information it carries
also contributes to the correlations crossing the dividing line between
system and environment as the evolution progresses: even if, as is
often done, no correlation is assumed at the initial time t0 , having the
environment start, say, in the ground state or in a high-temperature
thermal equilibrium state will lead to very different outcomes at the
system level even with the same Ĥ I .
To make these general concepts more precise, consider an arbitrary
system coupled to some bosonic or fermionic reservoir, i.e. Eq. 1.7
with ĤE = ĤBos or ĤFer and
K

Ĥ I =

∑ ÂSk ⊗ B̂Ek

(1.21)

k =1

for some number K and arbitrary operators ÂSk and B̂Ek . Note that
these operators need not be self-adjoint in general; only Ĥ I as a whole
must be. For the sake of simplicity, Ĥ is also taken to be constant in
i
time, so that Û (t0 + τ, t0 ) = Û (τ ) = e− h̄ Ĥτ , and the overall initial
state ρ̂0 at time t0 = 0 is assumed to be a product state
ρ̂0 := ρ̂0S ⊗ ρ̂0E .

(1.22)

Clearly, in the absence of any interaction term, the system and the
environment would evolve independently of each other and the state
would remain factorized as in Eq. 1.22 above throughout the evolution: the Liouville–Von Neumann equation Eq. 1.2 for Ĥ I = 0 and
such an initial condition integrates to
i

i

ρ̂(t) = e− h̄ Ĥt ρ̂0 e h̄ Ĥt
 i
  i

i
i
= e− h̄ ĤS t ρ̂0S e h̄ ĤS t ⊗ e− h̄ ĤE t ρ̂0E e h̄ ĤE t .

(1.23)

It is useful to study the effect of a nonzero coupling term Ĥ I in the
interaction picture with respect to this free evolution: let
i

i

Û I (t) := e h̄ ( ĤS + ĤE )t e− h̄ Ĥt
I

I

I†

ρ̂ (t) := Û (t)ρ̂0 Û (t)
Ô I (t) := e

i
h̄ ( ĤS + ĤE ) t

Ôe

− h̄i ( ĤS + ĤE )t

(1.24)
(1.25)
(1.26)
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where Ô is any operator on the full Hilbert space. The Liouville–Von
Neumann equation in this picture is
ih̄

dρ̂ I
(t) = [ Ĥ II (t), ρ̂ I (t)],
dt

(1.27)

which can be formally integrated to give
i
ρ̂ (t) = ρ̂0 −
h̄
I

Z t
0

dτ [ Ĥ II (τ ), ρ̂ I (τ )].

(1.28)

In the interaction picture, the free evolution of the system and the environment is hidden in the notation in order to stress the fact that only
Ĥ I generates nontrivial mixing between the two as the dynamics unfolds; furthermore, the magnitude of the deviation from independent
unitary evolutions is clearly linked to that of the interaction operator,
making perturbative treatments of weak-coupling scenarios a viable
option.
Substituting Eq. 1.28 into the right-hand side of Eq. 1.27 and taking
the partial trace, one obtains the general equation for the reduced
density matrix of the system in the interaction picture
ih̄

h
i i
dρ̂SI
(t) = TrE [ Ĥ II (t), ρ̂0 ] −
dt
h̄

Z t
0

h
i
dτ TrE [ Ĥ II (t), [ Ĥ II (τ ), ρ̂ I (τ )]] .

(1.29)
The last term on the right-hand side
depends
on
the
time-correlated

quantity TrE [ Ĥ II (t), [ Ĥ II (τ ), ρ̂ I (τ )]] , which incorporates memory effects from the whole evolution history up to time t into the reduced
dynamics. As will be shown in Section 2.1.3, these can be traced back
to the two-time correlation functions of the operators B̂Ek appearing
in Ĥ I ; these correlation functions are to be calculated under the free
dynamics of the environment and depend crucially on its initial state.
Regardless of the coupling strength, such memory effects may persist
for short or long times compared to those characterizing the evolution of the system (eventually decaying to negligible values by construction, because the environment is infinitely large). Strength of the
system-environment coupling and decay time and form of the correlation functions are the key factors determining the physical regime
of the problem at hand.
1.3.3

Modeling approaches in a nutshell

Let me now briefly list some of the most important methods for
studying an open quantum system and establish a correspondence
between physical settings and applicability of different pictures, approximations and possible formulations. A more technical review of
the approaches outlined below and a sketch of their derivations will
be given in Section 2.1.
Consider the equation of motion Eq. 1.27 for the reduced dynamics of some arbitrary open system. One way to solve it is to define
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formally a pair of projectors P and P̄ := I − P which act on the full
state ρ̂(t) mapping it either to a product state

P ρ̂(t) = ρ̂S (t) ⊗ ρ̂ R ,
where ρ̂ R is an arbitrarily chosen reference state which does not depend on ρ̂(t) in any way, or to another state P̄ ρ̂(t) encoding only
the information in ρ̂(t) which is irrelevant to the reduced dynamics. This formal construction can be applied to Eq. 1.27 and leads
to an exact integro-differential equation of motion for the reduced
state ρ̂SI (t), known as the Nakajima–Zwanzig equation [20–23], which
accounts for environmental correlations through a time convolution;
one may also take an additional step in the derivation and rephrase
the method into the so-called time-convolutionless (TCL) projection
operator technique [8, 24, 25], in which memory effects are accounted
for by inverting a time-local superoperator instead. Both equations
are exact but cannot be solved except in some special cases; otherwise,
they are very useful in perturbative contexts in which it is legitimate
to assume the system-environment coupling to be weak. Then one
may solve for the reduced dynamics to order n (typically second order for the Nakajima–Zwanzig equation and second or fourth order
for the TCL equation) in the relevant expansion parameter. It is common and very convenient, although not necessary, to also assume a
product initial state and apply the Born approximation, which can be
thought of as replacing the state at time t by
ρ̂(t) ≈ ρ̂S (t) ⊗ ρ̂0E ,
with the stationary state of the environment ρ̂0E doubling as reference state for the method, and enforces the simplifications arising
from the weak-coupling regime. I will sketch the derivation of both
the Nakajima–Zwanzig and TCL equations and show their properties
in greater detail in Section 2.1; the main point I want to emphasize
here is that these methods are usually perturbative, so the systemenvironment coupling must not be too strong, but can account for
memory effects and correlated initial states in general, although the
calculations are easier for factorizing initial conditions.
Simpler equations for the reduced dynamics arise if the Born approximation applies and the correlation functions of the environment
are extremely short-lived compared to the timescales relevant to the
open-system dynamics. In this case, the Markov approximation may
be used to take the correlation functions within the environment to
be effectively singular in a coarse-grained time resolution, and one
speaks of Markovian dynamics by analogy with classical Markov processes. The so-called Born–Markov approximation, as the combination of the two approximations is commonly referred to in the literature, has been one of the most popular starting points in open quantum system theory for decades, since it allows one to derive quan-
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tum master equations for the reduced system without ever addressing the environment explicitly. A quantum analogue of rate equations
or classical master equations in stochastic processes, quantum master
equations are nearly as simple in structure as the free Liouville–Von
Neumann equation of the systems they describe; the most widely
used ones are the Bloch–Redfield master equation [26–28] and, most
importantly, the Gorini–Kossakowski–Sudarshan–Lindblad or simply
Lindblad master equation [29–31], which I will again describe more
thoroughly in Section 2.1. The latter in particular is of enormous theoretical value, since its mathematical properties and their physical
meaning in the models it applies to are very well understood and
serve as the basis for many generalizations, applications and extensions, including the new numerical simulation method developed as
part of my PhD project, presented in [32] and discussed in Chapter 5
and most of Part iii of this thesis.
Open systems for which neither weak coupling nor a memoryless
environment are a good approximation are the most challenging to
treat. In most such cases, it is necessary to work one’s way towards
a solution starting from the microscopic model and taking one physically meaningful step at a time to simplify its mathematical structure
while losing as little accuracy as possible, until the computational
complexity becomes manageable. One way to do so is through the
path-integral formalism, which can be used to set up a full microscopic description of the dynamics and manipulate it in convenient
ways using techniques from statistical mechanics and quantum field
theory [19, 33, 34]. In the path-integral formulation of an open-system
problem, it is almost vital to have only Gaussian environments, which
means that ĤE must have the form given in Eq. 1.14 or Eq. 1.18, the
initial state must be Gaussian and the B̂Ek in Ĥ I must be linear in the
creation and annihilation operators of the environment; then the partial trace can be performed by integrating out the environment exactly
with suitable boundary conditions, and the result is a path integral for
the system alone in which a new object, the Feynman–Vernon influence functional [35], accounts for environmental non-unitary effects
of arbitrary strength and non-locality in time. Some models, such as
the Caldeira–Leggett model of quantum Brownian motion [36, 37],
can be solved exactly or at least recast into a very simple form by
such techniques; furthermore, unlike methods based on finding an
equation for the reduced dynamics, in models derived from the full
microscopic Hamiltonian it is possible to investigate multi-time correlations within the system and obtain more information about its properties than the state alone can give. The influence–functional formalism was used to derive one of the main theoretical results presented
in this work, which was published in [38] and will be the subject of
Chapter 4.

2

MODELS AND METHODS

After the brief overview of the motivation and aims of open quantum
system theory and essential summary of its formalism I have given
in the last Chapter, I will now provide a thorough account of the
current state of the art in both theoretical and numerical research
in the field. The following is not meant as a complete review of all
methods and developments in the study of open quantum systems,
which would far outstrip the scope of this work; instead, my goal here
is to give a general synopsis of the acquired knowledge, main lines
of active research and established methods at the time of writing,
and to offer a deeper introduction to a selection of topics relevant
to my original work in order to provide the reader with adequate
background, references and context for the remainder of this thesis.
In the first section of this Chapter, I shall present the most important approaches to open quantum systems in detail, sketching their
derivation with a focus on the context and scope of each method
and highlighting the physical requirements and assumptions underlying their validity. A section containing major analytical results, in
the form of both general theorems and exact solutions for particular
models, follows, with the purpose of giving a sound, rigorous theoretical background as well as conveying useful insight and intuition
on what should be expected of models which have no exact solution.
Finally, I will dedicate a section to the current situation in numerical modeling and simulation, briefly discussing several popular or
promising computational techniques and their advantages and disadvantages in different physical regimes and contexts.
The original research contributions presented in Parts ii and iii of
this thesis comprise both analytical results on specific models and a
numerical method for a large class of open quantum systems: relations between these developments and the topics covered in the following sections will be made clear in the relevant passages, in order
to place the new work in context.
2.1

open systems in practice: models and derivations

Here I will give a more detailed review of the solution approaches
outlined in Section 1.3.3; I will show the key steps of their derivations, stressing the assumptions and approximations required and
their physical meaning, and specify the distinguishing features of
each model within the bigger picture of the general theory.
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For the sake of conciseness in the notation used, tensor product
signs and hats on operators will be dropped from now on, and all
physical quantities will be expressed in natural units with h̄ = 1,
kB = 1.
2.1.1

Markovian quantum master equations

The simplest type of open quantum system is one whose coupling
to the environment leads merely to decoherence and relaxation to
equilibrium and does not result in a delayed back-action, as though
the information encoded in its state were gradually, monotonically
lost to the environment and never retrieved. This is analogous to
what happens in classical systems disturbed by randomly fluctuating
forces inducing dissipation, which may be studied using the theory of
stochastic processes combined with Langevin, Fokker–Planck or general master equations [39]. Quantum master equations are equations
of motion for the state of a quantum system in an environment whose
role generalizes that of classical noise; in particular, here I will focus
on Markovian quantum master equations, which assume that the environment has no memory but instantaneously erases any internal
correlations in time just like a classical Markov process.
To start with, consider Eq. 1.29 for the reduced density matrix ρSI (t)
of an arbitrary open system starting in a product state
ρ0 = ρ0S ρ0E
at time t0 = 0. The initial state of the environment ρ0E is taken to be
stationary with respect to its free evolution, i.e.

[ HE , ρ0E ] = 0,

(2.1)

whereas the system part ρ0S is left arbitrary; furthermore, assume
an interaction Hamiltonian H I = ∑kK=1 ASk BEk with ASk and BEk selfadjoint operators and BEk such that

h BEk (t)i E := TrE [ BEk ρ0E ] = 0

(2.2)

for all k (and t, which drops out of the right-hand side due to stationarity), which implies TrE [ H II (t), ρ0 ] = 01 . Then the equation for
ρSI (t), which is still exact at this stage, becomes
dρSI
(t) = −
dt

Z t
0

dτ TrE

h

[ H II (t), [ H II (τ ), ρ I (τ )]]

i

.

(2.3)

If the coupling to the environment is sufficiently weak, meaning
that the state of the environment is perturbed only to a negligible
1 The environment operators can be assumed traceless over the state ρ0E without loss
of generality, since they can always be made so by including a suitable shift in the
system Hamiltonian [11]. The number K of independent interaction terms is at most
N 2 − 1 with N the dimension of the system Hilbert space [8].
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extent by the combined evolution with the system, the Born approximation
ρ I (t) = ρSI (t) ρ0E + o ( H I )
(2.4)
(where H I is considered small) applies, and one may substitute the
leading term in Eq. 2.4 into the integral in Eq. 2.3, effectively applying
a perturbative expansion to second order in the interaction Hamiltonian: the equation after the Born approximation is
dρSI
(t) = −
dt

Z t
0

h
i
dτ TrE [ H II (t), [ H II (τ ), ρSI (τ )ρ0E ]] .

(2.5)

Suppose in addition that the correlation functions of the environment operators BEk decay on a much shorter timescale τE than any
relevant dynamical feature of the reduced system: t  τE for any
physically meaningful t. This warrants use of the Markov approximation, which is applied by substituting ρSI (τ ) 7→ ρSI (t) on the righthand side: this implements the assumption that the correlation functions of the interaction Hamiltonian decay so fast that the integral
only picks up contributions from times (t − τ ) ∼ τE  t, at which
ρSI (τ ) ≈ ρSI (t). The resulting quantum master equation
dρSI
(t) = −
dt

Z t
0

h
i
dτ TrE [ H II (t), [ H II (τ ), ρSI (t)ρ0E ]]

(2.6)

is called the Bloch–Redfield or simply Redfield master equation [8,
11, 26–28] and is a popular approach in the study of open systems in
many contexts, from its original development in the study of relaxation of spins in magnetic fields to modern applications in magnetic
resonance imaging, material science or biophysics [40–42].
The Bloch–Redfield equation Eq. 2.6 is derived from assumptions
and approximations with a straightforward physical interpretation,
which gives it a sound phenomenological basis whenever those approximations are justified. This explains its success and longevity in
many areas of research in which the underlying physical model is
microscopically understood, if not amenable to direct study or simulation; on the other hand, its form does not by itself guarantee that the
reduced dynamics solving it satisfies the mathematical requirements
of a well-defined physical evolution. In other words, if an arbitrary
master equation in Bloch–Redfield form is given, there is no way to
tell whether or not it will predict a mathematically acceptable dynamics unless the underlying model is known to be well constructed.
The reason for this lies in how reduced dynamics and quantum
master equations work. Any equation like Eq. 2.6, being a first-order
operator linear differential equation, establishes a relation between
the initial state of the system ρ0S and its reduced density matrix ρS (t)
at some later time t through a linear superoperator Λ(t), called a dynamical map. But in order to make physical sense, the whole family of
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maps Λ(t) for every t must be such that ρS (t) is a well-defined quantum state—i.e. a self-adjoint, positive operator with unit trace—and
the structure of a general master equation is not enough to guarantee
this. Mathematically, a dynamical map Λ(t) with t > 0 (since unitarity is lost on the reduced dynamics, there is no well-defined backward evolution and it is meaningless to speak of negative times in this
context) complies with these physical requirements if it is completely
positive and trace-preserving (CPTP). The former property means that,
if one defines the action of an extended map Λ+ N by linearity starting
from its action on a tensor product
Λ+ N [Ω ⊗ γ] := (Λ ⊗ I N × N )[Ω ⊗ γ] = Λ[Ω] ⊗ γ

(2.7)

between operators Ω on the system Hilbert space and operators γ
on some arbitrary N-dimensional Hilbert space, Λ+ N [ P] is a positive
operator whenever P is a positive operator in the product space. Note
that this is a stronger condition than positivity, which is the same
statement only applied to the system space, and it is necessary in
order to ensure that the evolution of the system remain physical even
in the presence of coupling to other degrees of freedom. The latter
property simply means that the map Λ(t) must preserve the trace
of any operator it acts on, so that the populations in a state sum to
unity at all times. While these requirements are automatically met if
one starts from the full microscopic Hamiltonian, this is no longer the
case if a master equation such as Eq. 2.6 is given as a starting point,
because the only information it uses to reconstruct the reduced state
at time t is the reduced state itself, the initial state, the form of the
interaction and the internal correlation functions of the environment,
but there is no proof that these alone are enough to fully capture the
reduced dynamics.
While the Redfield equation is grounded in reasonable physical assumptions but fails to assure a mathematically robust solution, the
necessary and sufficient conditions for a Markovian quantum master equation to yield a physically well-defined reduced dynamics are
known, and only require two more approximations in addition to
those used to derive Eq. 2.6. First one needs to complete the Born–
Markov approximation by extending the integral over the correlation functions backwards in time until negative infinity, which with a
change of variables τ 7→ t − τ gives
dρSI
(t) = −
dt

Z ∞
0

h
i
dτ TrE [ H II (t), [ H II (t − τ ), ρSI (t)ρ0E ]]

(2.8)

and by assumption adds a negligible contribution since the correlations are supposed to fall off to zero rapidly. The final step is to apply
a secular approximation and neglect all components of the integrand
which oscillate fast—that is, at high frequencies with respect to the
inverse of the timescale τR associated with relaxation to equilibrium—
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under the free evolution given by the interaction picture and effectively average to zero in the integral. This is accomplished by decomposing the system operators ASk in H I into

∑ A∆Sk

(2.9)

∑ |εihε| ASk |ε + ∆ihε + ∆| ,

(2.10)

ASk =
with

A∆Sk :=

∆

ε

where ε labels the eigenvalues of HS and ∆ the energy differences
between eigenstates. Clearly,
−∆†
A∆Sk = ASk

and the evolution under the free system Hamiltonian gives
eiHS t A∆Sk e−iHS t = e−i∆t A∆Sk .
Substituting into Eq. 2.8 and using the integral and the oscillating
phases from the free evolution to Fourier-transform the environmental correlation functions, after some algebra one is left with a complex
expression involving a sum over ∆ and ∆0 from the decompositions of
the two interaction Hamiltonians; the secular approximation amounts
to discarding all terms with ∆ 6= ∆0 and reduces the equation to
dρSI
(t) = −i [ HL , ρSI (t)] + D[ρSI (t)]
dt

(2.11)

where the Lamb-shift Hamiltonian HL and the dissipator D[ρSI (t)] are
defined by
K

HL :=

∑∑

∆ k,l =1

D[ρSI (t)]

K

:=

∑∑

∆ k,l =1

∆ ∆† ∆
Skl
ASk ASl
∆
γkl



A∆Sl

ρSI (t)

(2.12)
A∆†
Sk

1 n ∆† ∆ I o
−
ASk ASl , ρS (t)
2


(2.13)

∆ and S∆ obtained from the
in terms of the Hermitian matrices γkl
kl
Fourier-space correlation function matrix:

Ckl (ω ) :=

Z ∞
0

dt eiωt h BEk (t) BEl (0)i E

(2.14)

ω
∗
:= Ckl (ω ) + Clk
γkl
(ω )
(2.15)
i
∗
ω
:= − (Ckl (ω ) − Clk
(ω ))
(2.16)
Skl
2


where h BEk (t) BEl (0)i E = TrE eiHE t BEk e−iHE t BEl ρ0E are the correlation functions of the interaction operators between times 0 and t.
The Lamb-shift Hamiltonian HL commutes with HS by the properties of the A∆Sk ; it merely contributes an overall energy shift to the free
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∆ appearing in the dissipator are
unitary dynamics. The matrices γkl
positive by construction and may therefore be diagonalized to give
real and positive eigenvalues Γ∆k by applying the appropriate unitary
matrix. Moreover, the dissipator has the same form in the Schrödinger
picture as in the interaction picture, so it can be rewritten (with a single sum over all indices for the sake of a more succinct notation) as

o
1n †
†
D[ρS (t)] = ∑ Γk Lk ρS (t) Lk −
Lk Lk , ρS (t)
(2.17)
2
k

and inserted into the Schrödinger-picture master equation
dρS
(t) = L[ρS (t)]
dt

(2.18)

L[ρS (t)] := −i [ HS + HL , ρS (t)] + D[ρS (t)].

(2.19)

with
The master equation Eq. 2.18 with any dissipator of the form given
in Eq. 2.17 is known as the Gorini–Kossakowski–Sudarshan–Lindblad
or simply Lindblad equation [29–31] and can be generalized to timedependent collapse or Lindblad operators Lk (t) and rates Γk (t) > 0,
which were not considered in this derivation for the sake of simplicity: with that extension, it is provably [29–31, 43, 44] the most general
quantum master equation yielding a family of CPTP dynamical maps
corresponding to a Markovian evolution. The property identifying a
family of CPTP maps as Markovian—in the sense I will consider in
this thesis—is cp-divisibility [45–47]; a more detailed definition of
this concept and its relation to Markovianity, as well as a brief comparative survey of other proposed identification criteria for Markovian and non-Markovian dynamics, will be given in Section 2.2.1. The
superoperator L[ρS (t)] defined in Eq. 2.19 is called the Lindblad generator and defines the dynamical map at every time through simple
exponentiation when it is constant in time, or as a time-ordered exponential when it is not: the resulting reduced dynamics is always well
defined and given by
Z t

ρS (t) = T exp
dτ L(τ )[ρ0S ] .
(2.20)
0

Lindblad-type quantum master equations are ubiquitous in the literature whenever weak coupling and Markovian dynamics are routine assumptions, such as in quantum optics, in which the secular
approximation is justified physically as a rotating-wave approximation [8, 10, 11]; in addition, since it can simply be postulated as a
phenomenological model without any knowledge of the microscopic
dynamics and will always give mathematically well-behaved results,
it is the default choice whenever one wishes to include some form of
damping in any quantum mechanical model without going into much
detail about the relaxation process except for its Markovian character,
much like Langevin equations in classical dissipative dynamics.
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2.1.2

Non-Markovian projection-operator methods

Markovian master equations are a viable approach for systems in effectively memoryless environments; in many problems, however, assuming this property would be an oversimplification. An alternative
method to derive an accurate equation of motion for more general
open systems is provided by projection operator–based techniques to
manipulate the full Liouville–Von Neumann equation for the system
and the environment. Using these tools, one can include nontrivial
memory effects in an equation for the system before projecting out all
irrelevant information: the result is a more sophisticated type of quantum master equation called the Nakajima–Zwanzig equation [20–23],
which is most profitably applied to systems amenable to perturbative
treatments, since it lends itself to expansion in the coupling strength
and becomes much easier to solve in this form. In addition to the
perturbative expansion of the Nakajima–Zwanzig equation, a second
technique, known as the TCL method [8, 24, 25], rephrases the equation in time-local form before setting about solving it.
The derivation and structure of both methods is based on superoperators acting on system-environment operators; since the steps described below would quickly become very cumbersome if one were to
write the action of such superoperators using square brackets around
their arguments, throughout this subsection I will instead employ
a simple multiplicative notation as if dealing with ordinary matrixvector multiplication, since no ambiguity will arise.
Define the two projectors P and P̄ := I − P , which act on a general
state ρ of the system and the environment as follows:

P ρ := ρS ρ R

(2.21)

P̄ ρ = ρ − ρS ρ R .

(2.22)

Here ρS is the reduced state of the system as given by the partial trace
over the environment, and ρ R is a reference state of the environment
which may be chosen arbitrarily; hence, the states P ρ and P̄ ρ are
referred to as the relevant and irrelevant part of ρ, respectively.
Consider again the full Liouville–Von Neumann equation Eq. 1.27,
which can be rewritten in the more compact form
dρ I
(t) = L(t)ρ I (t)
dt

(2.23)

where L(t) is the interaction-picture quantum Liouville superoperator
L(t)ρ I (t) := −i [ H I (t), ρ I (t)]
(2.24)
(I will leave the interaction-picture superscript implicit for all operators first defined in this subsection). Projecting the equation on the
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two subspaces generated by P and P̄ and inserting the resolution of
the identity I = P + P̄ between L(t) and ρ I (t), one obtains
d
P ρ I (t) = P L(t)P ρ I (t) + P L(t)P̄ ρ I (t)
dt
d
P̄ ρ I (t) = P̄ L(t)P ρ I (t) + P̄ L(t)P̄ ρ I (t).
dt

(2.25)
(2.26)

Eq. 2.26 can be formally solved and gives
I

P̄ ρ (t) = Ḡ(t, 0)P̄ ρ0 +

Z t
0

dτ Ḡ(t, τ )P̄ L(τ )P ρ I (τ ),

where

Ḡ(t, τ ) := T e

Rt
τ

(2.27)

ds P̄ L(s)

is the time-ordered propagator in the irrelevant subspace. Substituting Eq. 2.27 into Eq. 2.25, one obtains the Nakajima–Zwanzig generalized master equation
d
P ρ I (t) = P L(t)Ḡ(t, 0)P̄ ρ0 + P L(t)P ρ I (t)
dt

+ P L(t)

Z t
0

dτ Ḡ(t, τ )P̄ L(τ )P ρ I (τ ). (2.28)

This equation is still exact, but no easier to solve in principle than
the global unitary dynamics; however, it has a clear physical structure
and allows for wise approximation choices depending on the system
under study. The first term on the right-hand side gives the dependence of the reduced state ρS (t) on the initial correlations between
system and environment: for a product initial state ρ0 = ρ0S ρ0E , it
can be made to vanish by choosing ρ R = ρ0E in the definition of
the projectors. The second term is only present when the interaction
Hamiltonian has nonzero expectation value on P ρ(t), which can be
traced back to the expectation values of the operators BEk on the reference state: typically, one chooses a stationary state of the environment
as ρ R , so that the BEk can again be assumed traceless by the same argument used for Markovian models in the last subsection. Finally,
the third term gives the non-Markovian evolution: the convolution
integral can be thought of as combining the system-environment correlations present in the state at all times τ < t, propagating them in
the irrelevant subspace until t, mixing them with those present in the
system at that very time and extracting the relevant part, accounting
for the effect of the environment while the free Schrödinger evolution
is taken care of by the interaction picture. Loosely speaking, Eq. 2.28
is Eq. 1.29 before taking the partial trace.
From now on, I will take ρ R = ρ0E with ρ0E a steady state, so that
P L(t)P = 0. To analyze how the Nakajima–Zwanzig equation can
be solved, it is convenient to define the memory kernel

K(t, τ ) := P L(t)Ḡ(t, τ )P̄ L(τ )

(2.29)
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and rewrite Eq. 2.28 as
d
P ρ I (t) = P L(t)Ḡ(t, 0)P̄ ρ0 +
dt

Z t
0

dτ K(t, τ )P ρ I (τ ).

(2.30)

Unless the microscopic model allows for an exact solution, for example by Laplace transform, the only way to solve the equation in general is by brute force; for weak system-environment coupling, however, it does provide a useful starting point for perturbative treatments. For instance, if one considers a small interaction Hamiltonian
and applies the Born approximation Eq. 2.4 (also considering a factorized initial state, which introduces no further loss of generality under
this approximation), the inhomogeneous term from the initial correlations vanishes as well and the memory kernel can be truncated at
leading order in the coupling:

K(t, τ ) ≈ P L(t)P̄ L(τ ) = P L(t)L(τ ),

(2.31)

replacing P̄ by P̄ + P = I between the two quantum Liouvillians
because P L(t)P = 0. The resulting approximate equation
d
P ρ I (t) =
dt

Z t
0

dτ P L(t)L(τ )ρ I (τ )

(2.32)

gives exactly Eq. 2.5 after taking the partial trace.
Expanding the memory kernel K(t, τ ) in a small coupling parameter is one way to solve Eq. 2.30 perturbatively, but it does nothing
to address the difficulties arising from its integro-differential character. A more convenient approach is given by the TCL method, which
brings the Nakajima–Zwanzig equation into a time-local form before
introducing any approximations or expansions.
The idea is to express the state ρ I (τ ) at any intermediate time τ as
a backward evolution of ρ I (t) using the inverse global unitary map

U † (t, τ ) := T ∗ e−

Rt
τ

ds L(s)

,

(2.33)

where T ∗ denotes reverse time-ordering. Replacing ρ I (τ ) in Eq. 2.27
by U † (t, τ )(P + P̄ )ρ I (t) and collecting the terms which depend on
P̄ ρ I (t), one finds

(I − E (t))P̄ ρ I (t) = Ḡ(t, 0)P̄ ρ0 + E (t)P ρ I (t)

(2.34)

where I have introduced the superoperator

E (t) :=

Z t
0

dτ Ḡ(t, τ )P̄ L(τ )P U † (t, τ )

(2.35)

whose role in the equation is, pictorially speaking, to loop back from
the overall state at time t to that at all earlier times and retrieve information about the interaction with the environment throughout this
time interval. By Eq. 2.34, the irrelevant part P̄ ρ I (t) of the state at
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time t can be determined from the relevant part P ρ I (t) and the initial correlations, provided the operator (I − E (t)) has a well-defined
inverse: since E (t) vanishes both for t = 0 and for H I = 0, there must
exist time intervals short enough or coupling regimes weak enough
for this to be the case. Within these mathematical boundaries, which
depend on the problem at hand, one may substitute the formal solution of Eq. 2.34 into Eq. 2.25 to obtain the TCL form of the generalized
master equation
d
P ρ I (t) = C(t)P̄ ρ0 + K(t)P ρ I (t)
dt

(2.36)

in terms of the inhomogeneous propagator

C(t) := P L(t)(I − E (t))−1 Ḡ(t, 0)

(2.37)

and the time-local generator2

K(t) := P L(t)(I − E (t))−1 .

(2.38)

The TCL equation Eq. 2.36 is well suited for a perturbative solution
because the inverse of the operator (I − E (t)), when it exists, has the
form of a geometric series:

(I − E (t))−1 =

∞

∑ E n ( t ).

(2.39)

n =0

Conditions for the existence of (I − E (t))−1 can thus be interpreted as
having H I and t such that E (t) lies within the convergence radius of
this series, which tends to be larger for small coupling Hamiltonians
or short time intervals.
For a weak-coupling problem, then, one may substitute Eq. 2.39
into the expressions for C(t) and K(t) and expand them in H I ; note
that the dependence of E (t) on the coupling strength is highly nontrivial due to the forward and backward propagators appearing in
it. At second order, the result for factorizing initial conditions is not
identical to the one from the expansion of the Nakajima–Zwanzig
equation Eq. 2.32 but changes the time argument of the state ρ I (τ )
in the integral to t, recovering the Redfield equation Eq. 2.6: the TCL
equation moves the non-locality in time one order up in perturbation
theory with respect to the Nakajima–Zwanzig equation, effectively
implementing a kind of Markov approximation unless higher orders
are kept. Expansions of the generator K(t) and the inhomogeneous
contribution C(t)P̄ ρ0 up to fourth order are common in the literature [48, 49]. It is worth mentioning the case of an initial overall equilibrium state under the combined unitary dynamics, smoothly driven
2 Note that the substitution would leave an extra factor E (t) between K(t) and P ρ I (t)
in Eq. 2.36. This cancels because it can be written E (t) − I + I; then K(t)E (t) =
P L(t)(I − E (t))−1 (E (t) − I + I) = −P L(t) + K(t) but the first term vanishes from
the equation by P L(t)P = 0.
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out of equilibrium by an external potential which is switched off at
time t = 0: in this case, the inhomogeneity C(t) can be shown to be
of the same order in the coupling as the generator K(t)—in fact, the
initial correlations in such a situation are nothing but the equilibrium
correlations brought about by the non-Markovian dynamical kernel
K(t) [8, 37, 50]. I will elaborate further on this point in the study of
an analytically solvable problem in Section 2.2.3. Assumptions of a
Gaussian reference state (such as the Gibbs state of all the environments considered in this thesis) and interaction operators BEk with
vanishing odd moments with respect to it (which is often the case;
for a Gaussian ρ R , it is implied by the vanishing expectation value)
lead to considerably simpler expressions for the results. Finally, it is
worth noting that the perturbative expression of K(t) can be calculated systematically up to any order in terms of so-called ordered
cumulants [51, 52].
2.1.3

Microscopic models for bosonic environments

Beyond master equation–based methods, there are also techniques for
investigating open systems that deal with the environment analytically at the microscopic level. The conditions for this to be possible
are not particularly restrictive for environments such as those considered in my work: no requirements on the coupling strength and the
environmental correlations appear as long as the form of the interaction Hamiltonian is linear in the environmental degrees of freedom,
and any initial condition may be treated in principle, although Gaussian initial states, factorized or otherwise, once again make matters
dramatically easier.
One elegant and extremely versatile such approach for bosonic environments is based on the Feynman–Vernon influence functional
first introduced in [35], and has been successfully applied to problems such as the quantum generalization of Brownian motion with
factorizing or overall equilibrium initial conditions [36, 37, 53] or the
spin-boson model [54, 55]. The same results can be obtained using the
Heisenberg equations of motion for both the system and the environmental oscillators, but here I will instead sketch their path-integral
derivation, in order to review a few fundamental concepts of the formalism which will be relevant to the original material presented in
later chapters, particularly Chapter 4. This subsection will also serve
as an introduction to the properties of general bosonic environments,
which are the main object of study in this whole thesis.
Recall the propagator for a single particle moving from position x0
at time t0 to position x f at time t f , under some dynamics given by a
general, possibly time-dependent Hamiltonian H (t):
−i
G ( x f , t f ; x0 , t0 ) := h x f | T e

R tf

t0 dt

H (t)

| x0 i

(2.40)
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with

p2
+ V ( x, t).
2m
The path-integral form of G ( x f , t f ; x0 , t0 ) is
H (t) =

G ( x f , t f ; x0 , t0 ) =

Z xf
x0

D x eiS[x] ,

(2.41)

where the functional

S[ x ] :=

Z tf

Z tf

t0

t0

dt L( x, ẋ, t) =



dt

1 2
m ẋ − V ( x, t)
2


(2.42)

is the classical action for any arbitrary trajectory of the particle between the given initial and final times and L( x, ẋ, t) its Lagrangian
in terms of the c-number position and velocity functions; no operators appear anywhere in the expression. The path integral sums the
phases eiS[ x] associated with all trajectories between the endpoints
specified. The implicit h̄ dividing the action in Eq. 2.41 determines
how sensitive the phase is to variations in the trajectories: for a system
approaching macroscopic scales, the action is many orders of magnitude greater than h̄, and only a negligibly thin bundle of trajectories
close to the extremal one given by the Euler–Lagrange equations interfere constructively while all others average out, giving the classical
limit. The path-integral expression of the propagator between general
states is given in terms of their wavefunctions:

hψ| T e

−i

R tf

t0 dt

H (t)

|ψ0 i =

Z

dx f

Z

dx0 ψ∗ ( x f )ψ0 ( x0 )

Z xf
x0

D x eiS[x] ,
(2.43)

where
φ( x ) := h x |φi
defines the wavefunction corresponding to the state |φi.
The generalization to mixed states is straightforward: given an initial density matrix ρ0 , one has
ρ x f x0f (t f ) =

=

Z

dx0 dx00 G ( x f , t f ; x0 , t0 )ρ x0 x00 G ∗ ( x 0f , t f ; x00 , t0 )

Z

dx0 dx00 ρ x0 x00

Z xf
x0

Dx

Z x0
f
x00

0

D x 0 eiS[x]−iS[x ] ,

(2.44)

where I have used the notation
ρ xx0 (t) := h x | ρ(t) | x 0 i
to denote position-basis matrix elements. Note the forward and backward propagators G ( x f , t f ; x0 , t0 ) and G ∗ ( x 0f , t f ; x00 , t0 ): the order in the
formal expression Eq. 2.44 does not matter, of course, but the adjoint
propagator which would be acting on the state from the right leaves
a negative sign in front of the action. Operator expectation values
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and multi-time correlation functions are computed by inserting their
decompositions into the evolution path integral, breaking down the
propagators at appropriate times and integrating over the intermediate states; the trace at the end of the evolution is taken by identifying
x 0f with x f and integrating over it.
Very few path integrals can be calculated in practice, but the most
useful ones for theoretical models are among them. Most notably,
Gaussian path integrals, i.e. path integrals with quadratic actions appearing as exponents, can be computed by completing the square,
just like ordinary Gaussian integrals. With the introduction of anticommuting Grassmann numbers, even Gaussian path integrals for
fermions can be performed analytically, and n-time correlation functions of any Gaussian theory can be obtained as moments. It should
also be mentioned that the position-basis decomposition, which does
not exist for all possible quantum systems, is only one of several possible options for the definition of the path integral; other constructions
are also common and may be preferable depending on the circumstances [19, 33]. In Chapter 4, for instance, coherent-state path integrals will be used. For a brief summary of definitions and rules, see
Appendix A.
Let me now rephrase the operator formulation of a general opensystem problem with a bosonic, Gaussian environment in the pathintegral language, and define the key objects of interest in order to
study and solve it. Consider some general system with Hamiltonian
HS , to which there corresponds an action SS [q] in terms of some dynamical variables collectively denoted by q, interacting with a bosonic
environment whose Hamiltonian is given by HBos defined in Eq. 1.14,
which takes the form
Z ∞
Z ∞

1
2
HBos = dω ωa†ω aω = dω p2ω + ω 2 xω
−1 .
(2.45)
2
0
0
in terms of dimensionally rescaled positions and momenta3 of oscillators with unit mass. The interaction term is assumed linear in the
position xω of each mode (recall that harmonic environments often
arise by considering small oscillations around some equilibrium configuration of the environmental degrees of freedom, and expanding
to leading order in the relevant displacement variables) while its dependence on the system variables is left unspecified in the form of
some arbitrary function W (q):
H I := −W (q) BE

(2.46)

where
BE :=

√
dω g(ω ) 2ω xω

Z ∞

Z ∞

0

0

dω g(ω )( aω + a†ω ) =

(2.47)

3 Just like the continuum creation and annihilation operators satisfy the canonical commutation relation [ aω , a†ω 0 ] = δ(ω − ω 0 ), the corresponding positions and momenta
fulfil [ xω , pω 0 ] = iδ(ω − ω 0 ).
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for some real-valued function g(ω ). For all initial states we will encounter, this is as general as keeping it complex and changing the
coefficient of a†ω to g∗ (ω ) (which would correspond to coupling to
the momenta pω as well), since in that case only | g(ω )|2 would be
relevant to the system dynamics.
The overall path integral for a general matrix element of the reduced dynamics at some final time t f thus takes the form
ρS q f q0f (t f ) =

Z

dx f dx 0f δ( x f − x 0f )
Z qf
q0

Dq

Z q0
f
q00

D q0

Z

dq0 dq00

Z xf
x0

Dx

Z x0
f
x00

Z

dx0 dx00 ρq0 x0 q00 x00
0

0

D x 0 eiS[q,x]−iS[q ,x ] (2.48)

in terms of the full action

S[q, x ] := SS [q] + S E [ x ] + S I [q, x ]
and initial state ρq0 x0 q00 x00 for the system and the environment. Here I
am representing the environmental variables using the shorthand x;
the delta function and integration over their final values implements
the partial trace.
The key point in the path-integral formulation of Gaussian open
quantum systems is that under the assumption of linear BE , as in
Eq. 2.47, the environmental part of the path integral in Eq. 2.48 can be
computed exactly. The result of this crucial step is a new path integral
in the dynamical degrees of freedom of the system alone, in which
all effects due to the environment are implicitly encoded in a new
quantity known as the Feynman–Vernon influence functional [35]. For
an initial product state ρq0 x0 q00 x00 = ρSq0 q00 ρ Ex0 x00 , one can write
ρS q f q0f (t f ) =

Z

dq0 dq00 ρSq0 q00

Z qf
q0

Dq

Z q0
f
q00

0

D q0 eiSS [q]−iSS [q ] F [q, q0 ] (2.49)

where the influence functional is defined by

F [q, q0 ] :=

Z

dx f dx 0f δ( x f − x 0f )
Z xf
x0

Dx

Z x0
f
x00

Z

dx0 dx00 ρ Ex0 x00
0

0

0

D x 0 ei(SE [x]+S I [q,x])−i(SE [x ]+S I [q ,x ]) (2.50)

and can be calculated explicitly if a convenient initial state ρ Ex0 x00 of
the environment is chosen.
Consider the case of a Gibbs initial state at inverse temperature β:
ρ βE =

e− βHBos

.
Tr e− βHBos

(2.51)

Thermal states like this also have a Gaussian path-integral expression
in terms of a so-called Euclidean action

Z β 
1 2
S̄[ x ] := i dτ
m ẋ + V ( x, τ ) ,
2
0
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=[t]

t0

<[t]

t0 − iβ
Figure 2.1: The Keldysh contour in the complex t-plane.

in which time is replaced by an imaginary parameter t −→ iτ (reversing the sign of the kinetic term) running from zero to −iβ: inserting
this expression into the influence functional F [q, q0 ], one obtains a
path integral for closed trajectories parametrized by a complex time
variable following the so-called Keldysh contour [34, 56] (Figure 2.1):
1
N

F [q, q0 ] =

Z

dx f dx0 dx00

Z x0

Z x0
0

Z xf

x00

xf

x0

D x̄

D x0

0

0

0

D x ei(S̄[x̄]+SE [x]+S I [q,x]+SE [x ]+S I [q ,x ]) , (2.52)

where N normalizes the initial state and the direction of the primed
path has been reversed—note the positive sign of all the actions—in
order to write the full expression in the form of a circular integral.
With this choice for the initial state, Eq. 2.52 evaluates exactly to


0

F [q, q ] = exp −i
−

Z tf
t0

dt

Z t
t0

0

Z ∞
0

dω

J (ω )
ω
0

Z tf
t0

dt (W 2 (q) − W 2 (q0 ))

dt (W (q) − W (q ))(Cβ (t − t

0

)W (q) − Cβ∗ (t − t0 )W (q0 ))



(2.53)
where W (q) is the function of q appearing in the definition Eq. 2.46
of the interaction Hamiltonian,
J (ω ) := πg2 (ω )

(2.54)

is called the spectral density of the environment and
h
i
Cβ (t) := h BE (t + τ ) BE (τ )i β = TrE U † (t + τ ) BE U (t) BE U (τ )ρ βE
(2.55)
is the two-time correlation function of the operator BE with respect to
the thermal state ρ βE , under free evolution. Cβ (t) is independent of
the first evolution time τ because of the choice of a stationary initial
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state; letting τ = 0, a straightforward calculation gives the explicit
form of Cβ (t) in terms of J (ω ) and β:
C β ( t ) = h BE ( t ) BE i β
Z ∞ Z ∞

0
0
−iωt
iωt †
†
= TrE
dω dω g(ω ) g(ω )(e
aω + e aω )( aω 0 + aω 0 )ρ βE
0

Z ∞ Z ∞

0

h
i
dω dω 0 g(ω ) g(ω 0 ) TrE (e−iωt aω a†ω 0 + eiωt a†ω aω 0 )ρ βE
Z0 ∞ Z0 ∞


= dω dω 0 g(ω ) g(ω 0 ) δ(ω − ω 0 ) e−iωt + 2 cos(ωt) hn(ω )i β
0
0


Z ∞
2 cos(ωt)
dω
−iωt
J (ω ) e
+ βω
=
π
e −1
0




Z ∞
βω
dω
J (ω ) coth
cos(ωt) − i sin(ωt) .
=
π
2
0
(2.56)

=

This quantity will be one of the most important objects for the original
research presented in this thesis; its significance for the whole class of
models based on this type of environment lies in the fact that it captures all the information about it that the system is sensitive to (since
h BE (t)i β = 0 at all times). In any open-system problem involving
a linearly coupled bosonic thermal environment, all its effects on the
system are determined by the spectral density J (ω ), which relates the
coupling strength between the system and each environmental mode
to the frequency of the mode, and the temperature T = 1/β, which is
the only parameter defining the initial state: a Gaussian environmental dynamics carries no relevant information beyond what appears in
its first and second moments, which are given by operator expectation values and two-time correlations. For a detailed review of the
calculation of bosonic influence functionals and correlation functions
in this and more general cases, see [9, 33, 37].
Coming back to Eq. 2.53, it is customary to write the influence
functional as


F [q, q0 ] = exp iΦ[q, q0 ] ,
(2.57)
since this exponential structure is an intrinsic feature of the formalism, and work with the functional Φ[q, q0 ], which is referred to as the
influence phase and for the case at hand reads
0

Φ[q, q ] = −

+i

Z tf
t0

dt

Z ∞
Z
dω J (ω ) t f
0

π

ω

t0

dt (W 2 (q) − W 2 (q0 ))

Z t
t0

dt0 (W (q) − W (q0 ))(Cβ (t − t0 )W (q) − Cβ∗ (t − t0 )W (q0 )).
(2.58)

The first term in this expression is a renormalization of the free system Hamiltonian equivalent to the Lamb shift HL we already encountered in Section 2.1.1; in some models, most notably the Caldeira–
Leggett model of quantum Brownian motion, one adds a so-called
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counterterm to the free Hamiltonian of the system, in order to cancel this shift by hand and thus leave the model translationally invariant with respect to the position of the Brownian particle (this
also prevents catastrophic solutions, which may otherwise arise if
the coupling strength exceeds a critical value, as will be shown in
Section 2.2.3.1). The second term encodes the non-unitary effects due
to the thermal environment—I will from now on refer to such environments as heat baths or simply baths, implying the assumption
of a Gibbs initial state either for the environment alone or for the
coupled system as well—which affect the dynamics of the system by
propagating information both within and between the forward- and
backward-evolving parts of the reduced state at different times, with
the double time integral implementing the appropriate time-ordering.
Note that for zero coupling between system and environment, i.e. for
J (ω ) = 0, F [q, q0 ] = 1 and the system evolves according to its free
path integral.
As proved in [35], different environments independently coupled
to the same system can be integrated out separately and their influence functionals multiplied together—in fact, even the individual
modes making up the bath considered here are independent environments, and the frequency integrals in Φ[q, q0 ] express the resulting
continuous product implicit in F [q, q0 ]—so the derivation shown also
generalizes to multiple baths interacting with the same system. A special case of this statement which will be particularly useful in the next
chapters is that spectral densities may be added inside the same correlation function, effectively defining an exact equivalence between
independent environments with spectral densities Ji (ω ) coupled to
one system operator and a single environment with spectral density
J (ω ) = ∑i Ji (ω ) coupled to that same operator, as long as the initial
thermal states of these environments are all at the same temperature.
In summary, open-system problems with thermal, linearly coupled
bosonic baths are entirely defined by the system Hamiltonian, the interaction operators, and the spectral density J (ω ) and temperature
of the bath which together determine the correlation function Cβ (t),
thanks to the Gaussian properties of this type of environment. This
makes it possible, given the temperature and spectral density of a
bath, to express such problems analytically in terms of the system degrees of freedom alone, regardless of coupling strength, correlation
timescales and temperature regimes, and hence to obtain analytical
solutions for some specific systems, such as the spin-boson model
with pure dephasing I will introduce in Section 2.2.3, and devise robust numerical approaches for more general ones, for instance the
Hierarchical Equations of Motion or Quasi-Adiabatic Path Integral
methods discussed in Section 2.3 or the new proposal described in
Chapter 5.
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2.2

theoretical results and exact solutions

Many nontrivial properties and features of open quantum systems
are governed by strict relations, in the form of mathematical theorems, between physical conditions and assumptions and possible or
impossible dynamical effects. These rigorous statements often establish important parallels and differences with the study of classical
dissipative systems or standard quantum mechanics, and form an
indispensable part of the backbone of open quantum system theory.
Therefore, it is necessary for the success of any specific study to first
review at least the most fundamental such results, in order to place
the findings of the analysis in the right context and corroborate their
physical meaning with connections to the established knowledge.
To this end, after describing some popular approaches and schemes
to tackle open-system problems from a physical point of view, I will
now lay the formal and theoretical groundwork for a more mathematically aware take on the subject: the following subsections will be
devoted to summarizing some of the key mathematical concepts and
fundamental theorems of open quantum systems, with a discussion
of their physical meaning and interpretation; after this brief review,
a few exactly solvable models will be presented and their properties
discussed and related to the relevant theoretical notions.
2.2.1

Quantum dynamical maps

As mentioned in Section 2.1.1, if a quantum system is initialized in a
known state at time t0 and evolves from there in contact with an environment, its state at time t is related to the initial state by a dynamical
map Λ(t, t0 ), which must be completely positive and trace-preserving.
This description, of course, requires the combined state of the system
and the environment to be initially uncorrelated, with the former in
an arbitrary state and the latter in a fixed one which contributes to
determining the reduced dynamics at later times. Then the problem
may be rephrased as that of finding the whole family of dynamical
maps Λ(t, t0 ), which then yield the evolution of any given initial state
of the system.
2.2.1.1 Some rigorous definitions
Several extremely useful results concerning the rigorous definition of
dynamical maps and their properties were found by Sudarshan, Choi,
Jamiołkowski, Stinespring and Kraus [57–63]. Among these, I wish to
mention in particular the Kraus decomposition theorem, which states
that a map Λ is completely positive if and only if its action on any
operator A can be given as a sum of products of the form
Λ[ A] =

∑ ωk Aωk† .
k

(2.59)
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The operators ωk are called Kraus operators and the decomposition
is not unique, but can be changed by applying a unitary matrix Vkk0
to the set of Kraus operators used; using the complete positivity of
Λ, it can be shown that one may diagonalize the decomposition, in
the sense that there exists a set of ω̃k = ∑k0 Vkk0 ωk0 orthogonal with respect to the Hilbert–Schmidt inner product on the space of operators:
h
i
hω̃k , ω̃k0 i := Tr ω̃k† ω̃k0 = λk δkk0 .
This decomposition is known as the canonical Kraus decomposition
and is unique up to overall phases multiplying each of the ω̃k . CPTP
maps have the additional property that their Kraus operators satisfy
the relation
(2.60)
∑ ωk† ωk = I,
k

so that the effect of Λ as given in Eq. 2.59 above will not change the
trace of the operator A it acts on. This all applies to operators in both
finite and separable infinite-dimensional Hilbert spaces.
Another convenient decomposition for completely positive operators is based on the Choi matrix and establishes an isomorphism between completely positive operators on a Hilbert space H and quantum states in the tensor product of that Hilbert space with itself. Consider a pure state |ψi := ∑kk0 wkk0 |k i |k0 i in H ⊗ H, with |k i being
√
some orthonormal basis set, and let wkk0 = δkk0 / c with c = dim(H),
so that |ψi is maximally entangled. Then acting with c(Λ ⊗ I) on
|ψihψ| one has
c(Λ ⊗ I)[|ψihψ|] =

∑0 Λ[|kihk0 |] ⊗ |kihk0 | ,
kk

i.e. a block matrix whose element kk0 is Λ[|k ihk0 |]. This is the Choi
matrix corresponding to the map Λ and it has the important property of being positive definite if and only if Λ is completely positive;
furthermore, it provides a handy expression for map compositions.
These results will not be used in the rest of this thesis, but I included them for the sake of completeness and to provide the interested reader with useful background references. On the other hand,
for a better understanding of my original work, it is worthwhile to
dwell some more on the physical properties of dynamical maps and
their implications on the dynamics they describe.
2.2.1.2 Relation between dynamical maps and definitions of Markovianity
The CPTP property of Λ at all times is required because it ensures
that the state of the system remains well defined throughout the evolution in the presence of entanglement with external degrees of freedom; this is not only necessary when considering e.g. multipartite
systems with only some parts connected to some environment, but
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also, most importantly, in order to describe the state evolution consistently despite entanglement arising between the system and the
environment itself. As we will now see, the families of dynamical
maps corresponding to different kinds of quantum evolution of open
systems lend themselves to various classification criteria, which may
be used to establish hierarchical definitions of Markovian and nonMarkovian dynamics.
Given the state of an open system at t0 and factorizing initial conditions, for any later time t there exists a CPTP dynamical map giving
the reduced state of the system at that time. However, while for unitary evolution there exists a group structure and the associated composition law Eq. 1.4 relates the states at any pair of times (t, t1 ) in a
straightforward way, these properties no longer hold in the presence
of an environment: for general, irreversible dynamics, one can only
link the state at any time t > t0 to that at the initial time. In particular,
given the dynamical maps Λ(t, t0 ) and Λ(t1 , t0 ) with t > t1 > t0 , it is
not generally possible to write a relation
Λ(t, t0 ) = W (t, t1 )Λ(t1 , t0 )

(2.61)

such that W (t, t1 ) := Λ(t, t0 )Λ−1 (t1 , t0 ), assuming that Λ(t1 , t0 ) has
an inverse, is CPTP. If this is the case for every intermediate t1 , then
the family of maps Λ(t, t0 ) is called cp-divisible: such quantum evolutions are Markovian and described by Lindblad-type equations;
Eq. 2.20 with any Lindblad generator gives exactly the class of cpdivisible quantum dynamical maps [46, 47].
The notion of cp-divisibility in quantum processes naturally generalizes that of p-divisibility in classical stochastic ones, which are indistinguishable from classical Markov processes if one restricts their
analysis to single-time expectation values. Therefore, a criterion based
on single-time probabilities, cp-divisibility and the correspondence
with Lindblad-type dynamics is a physically meaningful definition of
quantum Markovianity [46] (although extensions to multi-time measurement statistics have also proven very useful for the theoretical
characterization of analogies between quantum and classical multitime correlations in the context of quantum resource theories [64]).
Time-independent Lindblad generators give rise to a special case
of cp-divisible dynamics, for which Eq. 2.61 becomes homogeneous
in time and strongly resembles an additive group composition law:
Λ ( t − t0 ) = Λ ( t − t1 ) Λ ( t1 − t0 ).

(2.62)

Such families of dynamical maps are the most common in Markovian models and are said to form a quantum dynamical semigroup,
since they obey the same combination law as time-homogeneous unitary evolution operators but only in the forward time direction [8–10].
They also satisfy the contracting property

||Λ(t − t0 )ρ0 ||1 ≤ ||ρ0 ||1 ,

(2.63)
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h√
i
where || A||1 := Tr
A† A is the trace norm, which means that any
arbitrary pair of initial states ρ1 and ρ2 evolve over time into states
ρ1 (t) and ρ2 (t) less and less distinguishable by any measurement performed on them, implying irreversibility; the same holds true, up to
the quantifiers used for distinguishability, for classical Markov processes as well [10, 39].
The semigroup property Eq. 2.62 has sometimes been used as a definition of quantum Markov processes [8, 24]. This is a stronger requirement than cp-divisibility, since Lindblad-type generators with timedependent positive rates do not introduce true memory, intended
here as delayed environmental back-action originating from earlier
stages of the coupled evolution, but nevertheless give a dynamics
which would be considered non-Markovian under the semigroup
definition. Conversely, a more lax tentative definition of Markovianity also based on the contracting property Eq. 2.63—which extends
beyond semigroups—requires the trace distance ∆Tr [ρ1 (t), ρ2 (t)] :=
1
2 || ρ1 ( t ) − ρ2 ( t )||1 between different initial states evolved up to time
t to be monotonically decreasing in t, in what one may be tempted
to interpret as a unidirectional flow of information from the system
into the environment [65]. However, while all cp-divisible quantum
evolutions have this property, they are not the only ones that do [46];
but if W (t, t1 ) in Eq. 2.61 is not CPTP, then the reduced state at time
t1 is not enough to infer the one at time t, signaling some form of information backflow from the environment which the trace distance
alone does not capture, but more general measures for quantum
state discrimination would. This backflow of information means that
the environment indeed has some kind of memory of earlier states
of the system. In the light of this ambiguity, subsequent proposals
have generalized this criterion to more sophisticated distinguishability measures, identifying convenient experimental witnesses of nonMarkovianity in dynamics that are not p-divisible and still keeping
the definition of Markovian ones slightly broader than including only
the cp-divisible class defined by Lindblad-type equations [46, 47, 66].
Thus, a hierarchy of definitions of quantum Markovianity may be
established [46, 67], with the semigroup definition as the most restrictive one and a special case of that based on cp-divisibility, which in
turn is more restrictive than the refined distinguishability-based one
requiring only p-divisibility. In this work, by Markovian I will always
mean cp-divisible—or equivalently, Lindblad-type—dynamics.
Finally, a key property of cp-divisible families of quantum dynamical maps, which will be instrumental for the results described in the
next chapters, is expressed by theorems due to Stinespring [62] for
individual maps and Hudson and Parthasarathy [68] for semigroups:
any quantum evolution of a system described by a Lindblad equation can be obtained as the reduced dynamics of a unitary model,
in which the system couples to an infinite environment with a flat
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spectral density and the state of the environment remains stationary.
For the technical details and rigorous proofs, the interested reader
is referred to the original papers; suffice it to say here that the existence, for any Lindblad dynamics, of a unitary evolution in an extended space such that the partial trace gives back the Lindblad evolution of the system—a so-called unitary dilation of the family of
dynamical maps—is far from obvious a priori. By proving that such
irreversible evolutions can indeed be regarded as exact reduced dynamics of some underlying unitary evolution (and not only as the
result of a series of approximations, as in the derivation given in Section 2.1.1), this result thus provides a fundamental bridge between
microscopic and Lindblad equation–based models, corroborating the
physical legitimacy of Markovian evolution as a limiting case of general open-system dynamics.
2.2.2

Equilibrium, relaxation and fluctuations

As in classical statistical mechanics and thermodynamics, the existence and properties of an equilibrium state of a given system, as well
as the relaxation process toward such a state and the fluctuations of
observable quantities around their equilibrium values, are a primary
focus in the study of open quantum systems [9, 23, 69–75]. With the
main topics of my original work in mind, I shall now briefly review
a few fundamental relations between types of open-system dynamics
and properties of their equilibrium states, which will be frequently
referred to in later chapters.
2.2.2.1 Equilibrium states in open quantum systems
First of all, neither existence nor uniqueness of an equilibrium state
are guaranteed for an arbitrary open system. However, under very
broad assumptions, a quantum generalization of the ergodic theorem
is recovered, and the Gibbs state ρ β = e− βH /Tr[e− βH ] of any system
weakly coupled to infinitely many degrees of freedom acting as a
thermal bath is shown to be an equilibrium state in the sense that,
given an infinite evolution time, the system will spend almost all of
it in that state, for almost all possible initial states [69].
In the case of a Markovian evolution described by a quantum dynamical semigroup, i.e. by a Lindblad equation with generator L[ρ] =
−i [ H, ρ] + D[ρ] and time-independent dissipator D , defined as in
Eq. 2.17, more precise statements about stationary (not necessarily
Gibbs) states and relaxation can be made. The following theorems
were proved by Frigerio and Spohn in the late 1970s [75–77]:
1. A full-rank steady state ρ̄, i.e. a state with no zero eigenvalues
and such that L[ρ̄] = 0, is the unique steady state of the dynamical semigroup Λ(t) := eLt if and only if [ X, H ] = [ X, Lk ] =
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[ X, L†k ] = 0 ∀k ⇐⇒ X = cI, where H is the system Hamiltonian
and Lk are the Lindblad operators appearing in L.
2. Given a steady state ρ̃, if V := Span ({ Lk }k ) is closed under
Hermitian conjugation, i.e. O ∈ V =⇒ O† ∈ V, and [ X, Lk ] =
0 ∀k ⇐⇒ X = cI, then ρ̃ has full rank and limt→∞ Λ(t)ρ0 = ρ̃
for every initial state ρ0 . This theorem can be generalized to the
case with multiple steady states by relaxing the condition on
commutation with the Lindblad operators.
Two remarks are in order here. First of all, it is important to keep
in mind the distinction between stationary and equilibrium states:
stationarity of a state is not a sufficient condition for the system to
approach it asymptotically in time starting from any other state. Secondly, the validity of these theorems can be extended beyond semigroup dynamics to any problems which may be described by timeindependent Lindblad equations after a long enough transient.
For systems that have a thermal equilibrium state, another very
important theoretical result relates this state to two-time correlation
functions of observables. Consider the general thermal state ρ β =
0
0
e− βH /Tr[e− βH ], where H 0 := H − µN allows for fluctuations in the
particle number through a nonzero chemical potential µ multiplying
the number operator N (which is assumed to commute with H). Then
defining an extended Heisenberg picture to evolve operators with H 0
and in complex time,
0

0

A(z) := eiH z Ae−iH z ,
it can be shown that for any two operators A and B their equilibrium correlation functions have the following fundamental property,
known as the Kubo–Martin–Schwinger (KMS) condition [70–72]:

h A(t) Bi β = h BA(t + iβ)i β .

(2.64)

Any state ρ β such that Eq. 2.64 holds for arbitrary operators is known
as a KMS state and corresponds mathematically to a translation in
imaginary time, as already mentioned in Section 2.1.3 in the context
of Euclidean path integrals. Once this analytical continuation into the
complex z plane is rigorously validated—which is the nontrivial part
of its proof—Eq. 2.64 may be read as a simple application of the cyclic
property of the trace, as can be checked by plugging in the above
definition of A(z).
The KMS condition provides a straightforward and elegant way to
prove important equilibrium properties of systems, such as detailed
balance. To show this with a simple example, suppose we are given
some system with H 0 = ∑n (en − µ) |nihn| (assuming no degeneracies for the sake of simplicity), and let A = |nihm| and B = A† . Then
h A(t) Bi β is the probability amplitude for the system to undergo spontaneous transitions from energy level n to energy level m and back
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after an interval t and Eq. 2.64 relates it to that for the reverse process
in the ensemble according to the known thermodynamical law:

h A ( t ) B i β = e i ( en − em ) t p n = e i ( en − em ) t

e − β ( en − µ )
0
Tr[e− βH ]

h BA(t + iβ)i β = ei(en −em )t e− β(en −em ) pm = ei(en −em )t e− β(en −em )

e − β ( em − µ )
0
Tr[e− βH ]

and hence the familiar relation
e βen pn = e βem pm .
Eq. 2.64 applies to closed finite systems and can be extended to infinite ones by taking the formal limit in the number of degrees of freedom, so it is true for the bosonic environments we are interested in.
Coupling a system to a bosonic bath simply changes the equilibrium
state to the overall thermal state, which will in general not be separable. As discussed previously, under the common weak-coupling
assumption, the state can be effectively approximated throughout the
dynamics by a product state of the reduced density matrix of the
system and a suitable state of the bath: taking the full set of approximations leading to the Lindblad equation Eq. 2.18, one can apply
Eq. 2.64 to the bath correlation functions in Fourier space, resulting
in
−ω
ω
γkl
= e− βω γlk
for the Gibbs state of the system with Lamb-shifted Hamiltonian
ρeq := e− β( HS + HL ) /Tr[e− β( HS + HL ) ], and show that this state is indeed
the equilibrium state of the Lindblad equation under the requirements of Spohn’s theorems given a few paragraphs above [8].
2.2.2.2

Correlation functions and the fluctuation-dissipation theorem

When studying physical systems, both classical and quantum, whose
dynamics exhibit relaxation to an equilibrium state, there is much to
be learned from their response to a perturbation that brings them out
of equilibrium and the dissipative process by which it is eventually
restored. This is the subject of linear response theory, in which the
correlation function of the dynamical variable being displaced from
its steady-state value is analyzed and linked to the properties of the
equilibrium state itself.
Well-known examples from classical physics include diffusive processes, Brownian motion of a particle through a viscous fluid and
Johnson–Nyquist noise in resistive electrical circuits in thermal equilibrium [78–81]. All these problems can be formulated in terms of
phenomenological Langevin equations for the position of the Brownian particle or the voltage across the resistor, or equivalently Fokker–
Planck equations for probability distributions of the same variables.
The classical Langevin equation
ẋ + ηx = ξ (t),

(2.65)
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where x may correspond to different physical quantities depending
on the problem,4 is linear and includes a source term ξ (t), typically
referred to as a noise term, which is a stationary, Gaussian stochastic
process with zero mean and a Dirac-delta two-time correlation function proportional to temperature:

hξ (t)i = 0
2η
hξ (t)ξ (t0 )i =
δ ( t − t 0 ).
β
This definition corresponds to white noise, whose frequency spectrum is flat, and thus characterizes the systems described by Eq. 2.65
as Markovian, but one can also write Langevin equations for colored
noises with nontrivial spectra and two-time correlations. The thermal dependence of the noise correlation function ensures consistency
with the average and variance of x at equilibrium as given by the
equipartition theorem.
The fluctuation-dissipation theorem, arguably the most fundamental result in linear response theory of quantum systems in equilibrium, was first proved by Callen and Welton in 1951 [82]. I will now
sketch one possible derivation of it, in order to highlight the key physical truths it brings to light; the Langevin description of classical noisy
systems will also emerge as a limiting case of this theorem.
To begin with, recall that every quantum system interacting with
an infinite, unitary environment in thermal equilibrium has a steady
state (or at least an asymptotic dynamics, for instance in the case of
free Brownian motion) and therefore a well-defined linear response
to perturbations. If the system is brought out of equilibrium by an
external driving term h(t) := −θ (t)r (t) Q in the Hamiltonian, where
Q is a system operator, r (t) is an arbitrary c-number function and θ (t)
is the Heaviside step function, then

h Q(t)i β − h Q(0)i β =

Z t
0

dt0 χQ (t − t0 )r (t0 )

(2.66)

where
χQ (t) := iθ (t) h[ Q(t), Q(0)]i β

(2.67)

is the generalized susceptibility [8, 9].
Now define the equilibrium two-time correlation function
C (t) := h Q(t) Q(0)i β − h Q(t)i β h Q(0)i β = C ∗ (−t),
which is independent of the initial time since the state is stationary,
and its real and imaginary parts S(t) = S(−t) and A(t) = − A(−t).
4 The form of the equation given here is not the most general possible; I have just
included the terms necessary to show its stochastic character in order to keep the
notation simple. Eq. 2.65 with x interpreted as a velocity describes the motion of a
particle in a Markovian viscous fluid in one spatial dimension.

41

42

models and methods

Since C (t) is homogeneous in time, one may use this invariance in
Eq. 2.67 and write
χQ (t) = −2θ (t) A(t).
Furthermore, C (t) and C (−t) (or equivalently, S(t) and A(t)) are
related through the KMS condition Eq. 2.64, which in terms of the
Fourier transform C (ω ) of the correlation function gives
C (ω ) = e βω C (−ω ).
This yields the fluctuation-dissipation relation between the susceptibility and the thermal correlation function of the observable Q: taking
the Fourier transform χQ (ω ) of the susceptibility and defining its real
and imaginary parts χ0Q (ω ) and χ00Q (ω ), respectively, one has
χ00Q (ω ) =


1
1 − e− βω C (ω ),
2

(2.68)

or alternatively

S(ω ) = coth

βω
2



χ00Q (ω ),

(2.69)

A(ω ) = −iχ00Q (ω ).

(2.70)

Note that χ0Q (ω ) and χ00Q (ω ) are related by the Kramers–Kronig relations
χ0Q (ω )

=P

Z ∞
00
0
dω 0 χQ (ω )
−∞

π ω0 − ω

,

χ00Q (ω )

= −P

Z ∞
0
0
dω 0 χQ (ω )
−∞

π ω0 − ω

,

since χQ (t) is causal.5 This is important in applications and experiments, since χ0Q (ω ) and χ00Q (ω ) correspond to different but related
quantities (e.g. dispersion and absorption in optical experiments) and
their measurements may complement or act as a check on each other.
A few important considerations are in order here. First of all, it is
instructive to consider open quantum systems for which the observable Q is the one coupling to the environment. Then the equation
of motion for its expectation value is the quantum analogue of the
Langevin equation for the corresponding classical quantity.
5 The Kramers–Kronig relations are just the causality statement χ Q (t) = χ Q (t)θ (t)
expressed in the frequency domain: taking the Fourier transform on both sides of
the equation and using the frequency-domain representation of the step function
 
Z ∞
1
−i
dt θ (t)e−iωt =
=
πδ
(
ω
)
−
i
P
+
ω − i0
ω
−∞
in the convolution appearing on the right-hand side, one finds the relation
χ Q ( ω ) = −i P

Z ∞
dω 0 χ Q (ω 0 )
−∞

π

ω0 − ω

,

whose real and imaginary parts give χ0Q (ω ) and χ00Q (ω ) in terms of each other.
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If the system considered is linear, its Heisenberg equations of motion are identical to the classical ones by Ehrenfest’s theorem. Therefore, the expectation values obey the Langevin equation of that particular system as coupled to a suitable classical noise, and χQ (t) is just
the classical response function. This has the important consequence
that all quantum effects appear only in multi-time quantities, starting
from the correlation function C (t) through the fluctuation-dissipation
relation Eq. 2.68. Hence, by probing the linear response and comparing the correlation function as given by the fluctuation-dissipation
theorem to that computed from the classical theory, one may gain
information about the departure of the system from a purely classical regime: in particular, the classical limit of Eq. 2.69 is the hightemperature one, in which coth ( βω/2) ≈ 2/βω and one retrieves
correlations proportional to the temperature, as in the classical case.
This is the regime of diffusive processes such as Brownian motion,
in which the diffusion constant D was found by Einstein to be proportional to temperature, or Johnson–Nyquist noise in electrical circuits, which follows a similar law at ordinary operating temperatures.
Conversely, at very low temperatures, coth ( βω/2) ≈ sgn(ω ) and
S(ω ) ≈ |χ00Q (ω )|, so quantum fluctuations marginalize thermal ones:
here C (ω ) is identically zero for negative values of ω and coincides
with χ00Q (ω ) for positive ones, in stark contrast with the classical result
which, being proportional to temperature, just vanishes.
The effect of low-temperature quantum fluctuations in circuits and
transmission lines [83], as well as the properties of quantum Brownian motion [36], are staples of the study of fluctuations in quantum
systems and have contributed deep insights even to the investigation
of their classical stochastic counterparts. For example, in the hightemperature limit, a linear frequency dependence of χ00Q (ω ) leads to
Markovian damping as described by the Langevin equation Eq. 2.65
and is therefore known as Ohmic, since in a circuit model it corresponds to the effect of an ideal resistor obeying Ohm’s law. As we
will see in Section 2.2.3, in the study of linear open systems such as
the quantum Brownian particle in the famous model by Caldeira and
Leggett [36], the object analogous to χ00Q (ω ) is the spectral density
of the environment, which by analogy with the circuit model is also
called Ohmic if it is proportional to ω at low frequencies.
2.2.2.3 Markovian models and the quantum regression hypothesis
An important result in the theory of classical stochastic dynamics
is the so-called regression theorem proved in 1931 by Onsager [84,
85], which states that for a classical system obeying linear stochastic
equations of motion with a Markovian (i.e. white) and Gaussian noise,
the correlation functions at equilibrium follow the same equations of
motion as the expectation values of the variables: if
Lh x (t)i β = ξ (t),

(2.71)
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with L some linear differential operator, is the equation of motion of
the dynamical variable x, then
Lh x (t)y(0)i β = ξ (t)

(2.72)

for any y, so the only difference between solving Eq. 2.71 and Eq. 2.72
is in the initial conditions. Defining a propagator by formally integrating the operator L, one may write arbitrary correlation functions as
averages in which this propagator is simply inserted between successive times. The regression theorem thus asserts the Markovian nature
of the system by reducing the behavior of all multi-time objects to that
of single-time ones, making the full solution of the system a corollary
of the single-time dynamics of all its variables.
It is appropriate, then, to ask whether a theorem analogous to Onsager’s holds for quantum mechanical Markovian systems as well,
and a somewhat controversial answer to this question was given by
Lax in 1962: in his paper [86], conditions are given under which indeed there is a quantum regression of fluctuations in the Onsager
sense; however, due to subtle differences among possible definitions
of a Markovian evolution (recall the examples given in Section 2.2.1.2;
note also that the most standard example of a Markovian dynamics,
i.e. a quantum dynamical semigroup, was to be defined only 15 years
later), this result has often and perhaps unwittingly been applied
beyond the boundaries of its proof—hence as an extra assumption
rather than a theorem—prompting various authors to point out time
and again its correct standing among known theoretical results [87,
88]. In this thesis, I will refer to the quantum version of the regression theorem as the quantum regression hypothesis, in order to keep
the distinction between it and any kind of Markovian dynamics clear.
In general, a Markovian quantum dynamics by any of the aforementioned definitions is not enough for the quantum regression hypothesis to hold. The assumption upon which Lax’s theorem is based
is a stronger kind of Markovianity still, in which the correlations between the system and the environment have no bearing on the multitime correlation functions of the system in addition to being irrelevant for its reduced dynamics, in what may be considered as an
enhanced weak-coupling approximation. This is not necessarily the
case even for Lindblad equations and semigroups and therefore restricts the scope of the theorem: the combined system-environment
dynamics must obey nontrivial constraints at the microscopic level
in order for the multi-time correlations of the system to obey the
same master equation as its single-time expectation values. If these
constraints are not satisfied, then there is no general way to compute
the correlation functions from the master equation if no underlying
microscopic model is given, and when it is possible the results may
differ significantly from those predicted by the quantum regression
hypothesis [88, 89]; the magnitude of the resulting discrepancies depends on how severe the violation of this effectively ever-factorizing
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state evolution is. This distinction between exact correlation functions
and those obtained via the quantum regression hypothesis is a crucial
point, and we will encounter it again several times in this thesis.
Exactly solvable models

2.2.3

Beyond formal results and theorems about general open systems and
their properties, decades of theoretical research in the field have also
produced several exact solutions for specific models. In this subsection, I will review the most significant and frequently cited such solutions, in order to give a clear idea of how far current analytical techniques have taken us, discuss what insights can and cannot be gained
from exactly solvable systems and state some key results which we
will need in later chapters.
I shall focus in particular on the quantum harmonic oscillator, as a
paradigmatic example of general quantum Brownian motion in one
spatial dimension, and a special case of the spin-boson model; in
both cases, the environment is a thermal bath with arbitrary spectral
density and temperature and the interaction with the system is not
restricted by any weak-coupling approximation, so we are looking
at fully non-Markovian and non-perturbative problems with the sole
assumption of a product state at the initial time t0 = 0.
It should be noted at this point that factorizing initial conditions
may introduce spurious short-time effects on the timescale associated
with the high-frequency behavior of the bath spectral density; as discussed in [37, 50], these fast ringing artifacts can be removed by a
more careful treatment of the initial state e.g. through so-called preparation functions, which smoothly generate an initial state consistent
with the coupling to the environment by introducing a suitable driving at times t < 0 and then switching it off. For the sake of a more
concise description, however, I will not address the technicalities of
this method here, since we will not need it; the references given above
provide a thorough discussion and detailed instructions for its use.
2.2.3.1 The dissipative quantum harmonic oscillator
Consider a harmonic oscillator linearly coupled to some environment.
Using the notation of Section 2.1.3 for the bath variables, the Hamiltonian takes the form
H = HS + HBos − qBE

=

p2
1
+ mΩ2 q2 +
2m 2

Z ∞

Z ∞

0

0

dω ωa†ω aω − q

dω g(ω )( aω + a†ω )

where g(ω ) defines the spectral density through
J (ω ) = πg2 (ω )

(2.73)
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and the initial state of the environment has inverse temperature β.
The environment can be traced away exactly, as was done for the special case of an Ohmic J (ω ) and high temperatures by Caldeira and
Leggett [36] and for arbitrary spectral densities and temperatures
by Hu, Paz and Zhang [53] using the influence-functional formalism: the result is an exact, non-Markovian quantum master equation
for the reduced dynamics of the oscillator in terms of several timedependent quantities related to the spectral density and temperature,
which can be integrated analytically or numerically [90]. Equivalently,
one may write the Heisenberg equations of motion for the system
and bath degrees of freedom [91, 92], solve the environmental part
explicitly in terms of the system variables and thus derive the quantum Langevin equation of the oscillator, which can be solved e.g. via
Laplace transform [8]. From the exact solution, several important conclusions about the equilibrium state and its properties in various limits may be drawn. In the following, I will first give the solution for
the dynamics by taking the latter route and show the connection with
the exact Hu–Paz–Zhang and approximate Caldeira–Leggett master
equations; next, the equilibrium properties of the oscillator shall be
analyzed, paying special attention to the Markovian limit and its nontrivial properties.
Since the environment is Gaussian and the operator BE has zero
mean on its Gibbs state ρ βE , all its properties relevant to the system
are encoded in its correlation function Cβ (t) = h BE (t) BE (τ )i β :




Z ∞
dω
βω
Cβ ( t ) =
J (ω ) coth
cos(ωt) − i sin(ωt)
π
2
0

=: νβ0 (t) + iν00 (t)
where νβ0 (t) is known as the noise kernel and ν00 (t) as the dissipation
kernel. Introducing the so-called damping kernel
γ(t) := 2

Z ∞
dω J (ω )
0

π

ω

cos(ωt),

(2.74)

which is related to the dissipation kernel by ν00 (t) = 12 dγ
dt ( t ), the
Heisenberg equations of motion for the position and momentum of
the oscillator can be written in the form
q̈(t) +

Z t


1
dτ γ(t − τ )q̇(τ ) + Ω2 − ∆Ω2 q(t) = BE (t)
m
0
p(t) = mq̇(t)

(2.75)
(2.76)

R∞
J (ω )
where ∆Ω2 := 2 0 dω
π ω = γ (0) is the frequency renormalization
due to the Lamb shift of the potential. Eq. 2.75 is the sometimes referred to as the quantum Langevin equation of the oscillator, and
gives the evolution of the position operator using the motion of the
bath oscillators as a source term. The momentum then just follows
from computing its derivative as in the classical case.
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Taking the Laplace transform of Eq. 2.75, one obtains

1
z2 + zγ(z) + Ω2 − ∆Ω2 q(z) = zq(0) + q̇(0) + BE (z),
m

(2.77)

from which one may define the time-domain Green’s function as the
inverse Laplace transform
G (t) :=
with
G (z) :=

z2

Z c+i∞
dz
c−i∞

2πi

G (z)ezt

1
,
+ zγ(z) + Ω2 − ∆Ω2

(2.78)

(2.79)

which obeys the boundary conditions G (0) = 0 and Ġ (0) = 1. It is
clear from Eq. 2.79 that in order to avoid unstable solutions (i.e. a
G (t) which diverges in time, as it would if its Laplace transform had
poles with a positive real part) one must have Ω2R := Ω2 − ∆Ω2 > 0,
which has the physical meaning that the sign of the effective potential
remains positive. Usually, this is ensured by introducing a harmonic
counterterm Vc := 21 m∆Ω2 q2 in the system Hamiltonian HS , which
is exactly canceled by the environment and also makes the model
invariant for spatial translations q 7→ q + a [8, 36, 37].
Solving for q(t) by Laplace inversion of Eq. 2.75 and tracing over
the initial state, which I assumed to be a product state ρ0 = ρ0S ρ0E ,
one recovers the classical solution

hq(t)i = Ġ (t) hq(0)i +

1
G (t) h p(0)i
m

(2.80)

by using Eq. 2.76, since the source term averages to zero. Computing
the average of products of operators, on the other hand, brings in
further environmental effects through terms involving the correlation
function Cβ (t): for example,

hq(t1 )q(t2 )i = Ġ (t1 ) Ġ (t2 ) q2 (0) +
+

1
G ( t1 ) G ( t2 ) p2 (0)
m2


1
Ġ (t1 ) G (t2 ) hq(0) p(0)i + G (t1 ) Ġ (t2 ) h p(0)q(0)i
m
Z t1 Z t2
1
dτ
dτ 0 G (t1 − τ ) G (t2 − τ 0 )Cβ (τ − τ 0 ). (2.81)
+ 2
m 0
0

The solution in terms of a master equation for the reduced density
matrix of the oscillator (I will denote this simply by ρ(t), without
any subscript, since the overall state will not appear in any of the
following formulae) takes the form [53]
dρ
i
(t) = −i [ HS , ρ(t)] + mδΩ2 (t)[q2 , ρ(t)]
dt
2
− iΓ(t) ([q, { p, ρ(t)}] − ih(t)[q, [q, ρ(t)]] + i f (t)[q, [ p, ρ(t)]]) (2.82)
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where δΩ2 (t), Γ(t), h(t) and f (t) are functions involving convolutions of the damping and noise kernels with several Green’s functions of the quantum Langevin equation obeying different boundary
conditions, whose explicit form will not be given here since it is of
limited importance for the sake of this discussion. A few observations from the original work of Hu, Paz and Zhang are worth mentioning, however: first, δΩ2 (t) tends to ∆Ω2 asymptotically in time
but first follows a transient evolution; secondly, the time-dependent
Lamb shift and the coefficient Γ(t) depend only on the dissipation
kernel ν00 (t) whereas h(t) and f (t) also include the noise kernel and
hence the temperature—this and the i in front of the relevant terms
set them apart from the first term on the second line of Eq. 2.82, which
contributes to the unitary dynamics; finally, assuming any spectral
density with a high-frequency cutoff at some scale Ωc , all functions
appearing in the master equation and determining the reduced dynamics show a characteristic jolt inducing rapid decoherence at very
1
short times t ∼ Ω−
c , and in the limit of an infinite cutoff a jump
discontinuity arises in all these time-dependent quantities.
The last point is worth a brief explanation. As mentioned earlier,
the short-time jolt is an artifact of the assumption of factorizing initial
conditions, which can be understood as follows: physically speaking,
any natural initial state of a system already immersed in an environment is generated by some preparation procedure, which can be
thought of as a time-dependent driving of the system out of equilibrium with the environment through some external potential. At time
t = 0, this external driving is switched off and the evolution described
by the model begins. Any such preparation may leave the environment effectively in thermal equilibrium while bringing the system
into any desired state; however, the system-environment correlations
present in the overall equilibrium state before the preparation (which,
as briefly mentioned in Section 2.1.2, are of the same order in the coupling as the effects of the bath on the reduced dynamics) cannot be
completely removed by this procedure, since it is merely another kind
of combined dynamics. Therefore, at positive times there should be
comparable environmental effects coming from both the correlations
being generated and those already present; if, however, a product
initial state was chosen, then there will be a brief transient, of the order of the shortest timescale prominently featured in Cβ (t), in which
no memory effects from times shortly before zero contribute to the
dynamics: instead, what is effectively being studied is a scenario in
which the coupling to the environment is switched on only at the
initial time, as if the system were injected into the environment only
at this moment, and the ringing effect observed can be understood
as coming from the high-frequency response of the environment to
this sudden change and persists until enough system-environment
coherence has built up in the overall state.
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For an Ohmic spectral density and high temperatures, Eq. 2.82 reduces to the well-known Caldeira–Leggett model of quantum Brownian motion [36], which was originally derived using the influencefunctional formalism and an approximation scheme carefully chosen
to phenomenologically describe a Markovian regime. In the Caldeira–
Leggett model, one takes
J (ω ) = πmγωθ (Ωc − ω ),
sin(Ω t)

which gives frequency-independent damping γ(t) = 2mγ t c , and
βΩc  1, and lets the cutoff Ωc go to infinity after performing all calculations involving the dissipation and noise kernels (for well-defined
results, it is crucial to take the limits in this order), which act as
νβ0 (t) ≈

2mγ
δ(t)
β

ν00 (t) ≈ mδ0 (t),
where δ0 (t) is the distributional derivative of the Dirac delta, in this
approximation. Furthermore, δΩ2 (t) and f (t) become negligible in
the same limit, so that one is left with the time-local master equation
dρ
2mγ
(t) = −i [ HS , ρ(t)] − iγ[q, { p, ρ(t)}] −
[q, [q, ρ(t)]].
dt
β

(2.83)

The Caldeira–Leggett master equation, though well motivated from a
physical point of view, suffers from several shortcomings. First of all,
due to the terms discarded in the final form of the equation, the CPTP
property of the evolution is spoiled by an error which depends on
the quantitative accuracy of taking the limits of infinite temperature
and a perfectly Ohmic bath (i.e. with J (ω ) linear up to Ωc −→ ∞) in
any particular problem: this error may lead e.g. to unphysical, even
non-positive dynamics at very short times, as noted in the original
paper [36]. This problem may be overcome, however, by introducing
a term which by the same assumptions involved in the derivation of
Eq. 2.83 is very small but cures the error: changing the equation to
dρ
(t) = −i [ HS , ρ(t)] − iγ[q, { p, ρ(t)}]
dt
2mγ
βγ
−
[q, [q, ρ(t)]] −
[ p, [ p, ρ(t)]]
β
8m

o
γ
1n †
= −i [ HS , ρ(t)] − i [{q, p}, ρ(t)] + γ Lρ(t) L† −
L L, ρ(t)
2
2
(2.84)
q
q
β
where I defined the operator L := 4m
q
+
i
β
4m p, it is brought into
Lindblad form, guaranteeing a CPTP dynamics at the price of an additional error which is negligible under the approximations used to
derive the equation in the first place [8]. Still, even in this form, the
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Caldeira–Leggett master equation fails to yield the correct equilibrium state of a general damped oscillator in the Markovian limit,
since it is only meant to be accurate at infinite temperature.6 It was
shown [88, 93] that there is only one Lindblad master equation correctly describing the Markovian limit of a damped harmonic oscillator in a thermal bath, with relaxation to a Gaussian Gibbs state and
detailed balance in accordance with the bath temperature; a more
recent step-by-step derivation from a minimal set of assumptions is
given in [94]. This quantum master equation has the form
dρ
(t) = −i [Ωa† a, ρ(t)] + D β [ρ(t)],
dt

(2.85)

where I have introduced the oscillator creation and annihilation operators in order to express the Hamiltonian and the thermal dissipator

1 †
D β [ρ] := γ (nΩ ( β) + 1) aρa − { a a, ρ}
2


1
†
†
+nΩ ( β) a ρa − { aa , ρ}
(2.86)
2




†

more clearly. The two terms in Eq. 2.86 account for excitation and
relaxation processes, balanced by temperature through the Bose distribution nΩ ( β) := (e βΩ − 1)−1 and satisfying the conditions for ρ β to
be the unique equilibrium state.
As discussed extensively in [88], this equation of motion fulfils the
requirements of Gaussian dynamics, detailed balance and the appropriate equilibrium state, but it departs from a microscopic account
of a damped harmonic oscillator in another respect: the resulting dynamics of the mean values hq(t)i and h p(t)i is not the same as in
a classical oscillator, violating Ehrenfest’s theorem. The equations of
motion for the expectation values are
γ
1
hq̇(t)i = − hq(t)i + h p(t)i
2
m
γ
2
h ṗ(t)i = −mΩ hq(t)i − h p(t)i
2

(2.87)
(2.88)

and differ from the classical ones by the presence of the dissipative
term − γ2 hq(t)i in the first equation. The reason for this is that Eq. 2.85
describes a dynamics not only satisfying the requirement of Markovianity but also compatible with the quantum regression hypothesis:
as pointed out in [88], in stark contrast with the Markovian description of a classical oscillator, it turns out that in order for a quantum
6 Actually, this particular choice of the CPTP-restoring term in the Lindblad generator
does not even guarantee existence and uniqueness of an equilibrium state, since the
conditions of Spohn’s theorems given in Section 2.2.2 are not met with only one
Lindblad operator present; this can be fixed by simply changing the coefficient of
the [ p, [ p, ρ(t)]] to a larger value.
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oscillator to relax to the Gibbs state under a Gaussian and Markovian evolution, one must give up the correct physical properties of its
equilibrium correlation functions, since the regression of fluctuations
is not a given in the quantum case.
In order to better understand this point, consider again the twotime correlation function Eq. 2.81 of the position operator in the nonMarkovian case. Letting t2 = 0 and considering the initial state to
be the thermal equilibrium state, one may compute the equilibrium
correlation function Cqq (t) := hq(t)q(0)i β by using the fluctuationdissipation theorem: the imaginary part =[Cqq (t)] can be computed
directly and gives the response function through
χq (t) = −2θ (t)=[Cqq (t)] = iθ (t)h[q(t), q(0)]i β =

1
θ (t) G (t)
m

and in the frequency domain
χq (ω ) =

m(Ω2R

− ω2

1
.
− iωγ(−iω ))

Then the imaginary part
χ00q (ω ) =

1
ω <[γ(−iω )]
2
2
m (Ω R − ω + ω =[γ(−iω )])2 + ω 2 <[γ(−iω )]2

gives the correlation function through




Z ∞
dω 00
βω
Cqq (t) =
χq (ω ) coth
cos(ωt) − i sin(ωt)
2
−∞ 2π

(2.89)

and all other correlation functions through
C pq (t) = −Cqp (t) = m
C pp (t) = −m2

d
Cqq (t)
dt

d2
Cqq (t).
dt2

It is a simple, if tedious, exercise to see that these correlation functions cannot be brought into a form obeying the Markovian equations of motion for the single-time expectation values: to restore an
approximate equivalence between the Markovian limit of the exact
solution and the master equation Eq. 2.85 at the single- and twotime levels, one needs to take the limit of both high temperature
and a very small damping rate, in which the quantum regression
hypothesis becomes accurate in the a posteriori sense that it doubles
for the fluctuation-dissipation theorem in that regime [87]. Then for
frequency-independent damping, i.e. an Ohmic spectral density with
infinite cutoff, one obtains


2γω
βω
S(ω ) =
coth
2
(Ω2R − ω 2 )2 + 4γ2 ω 2
(2.90)
4γ
1
−→
β (Ω2R − ω 2 )2 + 4γ2 ω 2

51

52

models and methods

for the symmetric part of the correlation function in the frequency
domain, in accordance with the classical result for the equilibrium
fluctuations of a damped harmonic oscillator, and with the classical
regression theorem.
As a final note on the harmonic oscillator in a general bosonic bath,
let me emphasize once again that solving for the single-time and twotime averages as described above gives the full solution of the system,
since the problem is Gaussian, and that the non-Markovian exact solution is physically correct in all regimes. In particular, the properties
of the equilibrium state are completely determined, even for the fully
non-perturbative and non-Markovian case, by the values of the expectation values hqi β and h pi β (which decay to zero) and the variances
Cqq (0), C pq (0), Cqp (0) and C pp (0). These are easily obtained through


Z ∞
βω
dω 00
Cqq (0) =
χq (ω ) coth
(2.91)
2
−∞ 2π
C pq (0) = Cqp (0) = 0
C pp (0) = m

Z ∞
dω
2
−∞

2π

(2.92)
ω 2 χ00q (ω ) coth



βω
2


.

(2.93)

These relations will be useful in the next Chapter.
2.2.3.2 Pure dephasing of a two-level system
Two-level systems are among the most studied and best understood
mathematical models of quantum systems and an essential building
block in all areas of quantum physics; they can describe the internal
state of spin- 21 particles, the polarization of photons, the abstract properties of qubits in quantum information, or the subspace spanned by
two particular energy eigenstates of any system in problems in which
all other states contribute negligibly to some phenomenon [5–9].
Coupling a two-level system to a bosonic environment, one obtains
the well-known spin-boson model [8, 9, 55] (as usual, the three terms
of the Hamiltonian will be referred to as HS , HE and H I , respectively)
H=

∞
ω0
σz + dω ωa†ω aω
2
0
Z ∞
k
+ (cos(α/2)σz + sin(α/2)σx ) dω g(ω )( aω + a†ω ), (2.94)
2
0

Z

where g(ω ) is related to the environmental spectral density J (ω )
through the familiar relation J (ω ) = πg2 (ω ) and the angle α ∈
[0, 2π ] parametrizes all possible phase relations between HS and H I .
The spin-boson model, though seemingly very simple, does not have
an exact solution in general. There are analytically solvable special
cases, however, such as the α = 0 case, in which pure dephasing
occurs—that is, the populations in the σz eigenbasis are conserved,
since [ HS , H I ] = 0, and only the coherences in the reduced density matrix in this basis are suppressed over time by the dissipative
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environment—and the
model, in which H I is reR Jaynes–Cummings
k ∞
+
∗
placed by HJC := 2 0 dω ( g(ω )σ aω + g (ω )σ− a†ω ). In the following, I will discuss the former; the Jaynes–Cummings case will not be
dealt with in this work.
It can be shown (see e.g. [8] for a derivation) that the full unitary
evolution operator for the system and the environment in the interaction picture has the form


k
U (t) = exp σz
2
I

Z ∞
0

dω


g(ω )  −iωt
(e
− 1) aω − (eiωt − 1) a†ω
ω

Z
Z τ
k2 t
0 00
0
dτ
dτ ν (τ − τ ) (2.95)
−i
4 0
0

where the last term is just a time-dependent phase. To go back to the
Schrödinger picture, one merely needs to add a term −i ω20 σz t in the
exponent.
By applying Eq. 2.95 to a factorized initial density matrix and taking the partial trace, one immediately obtains the time dependence
of the coherence matrix elements ρ01 (t) and ρ10 (t) for the system in
the basis {|0i , |1i} of eigenstates of σz (with eigenvalues −1 and 1,
respectively). The result can be written as
∗
ρ01 (t) = ρ10
(t) = ρ01 (0)e−k

2 Γ(t)

,

(2.96)

or ρ01 (0)e−iω0 t−k Γ(t) in the Schrödinger picture, with the so-called
decoherence function Γ(t) defined by


Z ∞
dω
βω 1 − cos(ωt)
Γ(t) :=
(2.97)
J (ω ) coth
π
2
ω2
0
2

responsible for the decay of the coherences to zero.
This result is exact and may be used to analyze the properties of
the system in different regimes. For example, using


βω
2
coth
= 1 + βω
= 1 + 2nω ( β)
2
e −1
the distinction between decoherence induced by vacuum and thermal fluctuations becomes apparent. Note that the two terms behave
very differently at low frequency; in particular, nω ( β) diverges as
1/βω near the origin. This induces qualitative differences between
the two contributions to Γ(t): for an Ohmic spectral density, for instance, the vacuum term is logarithmic in time and therefore induces
an algebraic decay of coherence, whereas the thermal contribution
introduces a linearly growing term, making the decay e−Γ(t) exponential.
The coupling and temperature regimes are determined by considering the characteristic frequency scales appearing in the spectral
density (note that there is no bath-induced Lamb shift, since the interaction operator 2k (cos(α/2)σz + sin(α/2)σx ) squares to a constant
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and merely shifts the energy scale by an amount proportional to
R ∞ dω J (ω )
). The free system frequency ω0 has no dynamical relevance
0 π ω
in the α = 0 case, so the only relation determining the physical regime
of the problem is that between the temperature and any scale related
to the spectral density.
Incidentally, in the Markovian limit the evolution is given by the
Lindblad master equation with dephasing rate γ
dρ
(t) = γ (σz ρ(t)σz − ρ(t)) .
dt

(2.98)

There is no unique equilibrium state for pure dephasing because
the populations in the σz basis are conserved, so it is not particularly
instructive to consider the correlations of operators: σz correlates trivially with itself since it is conserved in time, and for the study of
any other operator, e.g. for the correlation function hσx (t)σx i with an
initial state ρ0 = 21 (1 + v0 · σ ), where σ := (σx , σy , σz )T and v0 is an
arbitrary three-dimensional vector with |v0 | 6 1, one may write
σx ρ0 =


1
v0x + σx − v0z σy + v0y σz
2

and then evolve the off-diagonal matrix elements of the four terms
according to Eq. 2.96 and take the expectation value of σx after a time
t; as a simple example, for v = 0, i.e. a diagonal initial state with both
populations ρ00 = ρ11 = 21 , one finds

hσx (t)σx i = e−k

2 Γ(t)

.

Finally, it must be noted that the derivation of approximate models
for pure dephasing based on a weak-coupling approximation suffers
from a fundamental problem, which should be kept in mind when
dealing with any system that may approach this model. This can be
seen as follows: as discussed in Section 2.1.1, taking the Born approximation Eq. 2.5 in the general equation for the reduced dynamics, one
discards terms beyond second order in the coupling. However, when
HS and H I commute, the decomposition Eq. 2.10 based on energy
eigenvalue differences trivializes:
H I∆ =

∑ |εihε| HI |ε + ∆ihε + ∆| = HI δ∆0 ,
ε

so that one automatically has an effective secular approximation. This,
however, leads to a contradiction, since the only nonzero damping
rate appearing if one were to derive a master equation would be



βω
0
γ = lim 1 + coth
J ( ω ),
ω →0
2
which either vanishes or diverges except for an Ohmic spectral density at nonzero temperature. This clearly unphysical picture results
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from the fact that a perturbative expansion in the interaction Hamiltonian is not necessarily legitimate when it commutes with the free system Hamiltonian: we will encounter the consequences of this pathology in a later Chapter.
2.3

numerical modeling: methods and challenges

In the last subsection I have shown some of the most important exactly solvable open-system models and highlighted the very specific
features which make them so. Beyond these special cases, any open
system needs to be treated either by approximating it enough to fall
back on the available analytical models or by a numerical implementation of a solution method such as those outlined in Section 2.1. There
is a great variety of such approaches, each of them particularly suited
to deal with certain classes of problems due to its specific advantages
and shortcomings in relation to the physical models to be simulated.
In the following, I will give an overview of the most well-established
techniques currently in use, in order to clarify which aspects of a
problem are relevant to its tractability in numerical terms and how
the ensuing difficulties may be circumvented. The methods and their
derivations will not be explained in detail here, both because my intention in this section is to focus on the underlying physical concepts
and challenges rather than the technical aspects, and because a thorough treatment of each method would require an amount of space
disproportionate to the limited relevance of such details to the present
work. Readers interested in pursuing a deeper understanding of the
vast landscape of numerical techniques for open quantum systems
will hopefully find the list of references provided for each method
exhaustive.
2.3.1

Quadrature- and unraveling-based methods

Models formulated in terms of quantum master equations, particularly Markovian ones such as the Lindblad or Redfield equations
Eq. 2.18 and Eq. 2.6, are most commonly solved numerically either by
standard integration schemes for ordinary matrix differential equations, e.g. Euler- or Runge–Kutta-like finite-difference methods, or by
a so-called unraveling of the master equation, i.e. a procedure converting it into a Schrödinger equation with an added stochastic term,
which is then solved by methods for stochastic differential equations.
In the former case, the formal integral of the master equation is discretized in time, truncating the time-ordered exponential at some order in accordance with the desired scaling of the numerical error with
the timestep. Clearly, the density matrix of the system also needs to be
finite-dimensional, which requires reduction of infinite-dimensional
problems to a suitably chosen subspace of the system Hilbert space.
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For some simple special cases, such as harmonic systems evolving
under Gaussian dynamics, this can be done exactly, since Gaussian
states have a finite representation [95, 96]; otherwise it is necessary
to optimize the space truncation by striking a balance between small
numerical error and a manageable number of basis states. Integration of master equations can then be performed numerically using
widely available and efficient packages and routines for differential
equations, such as those provided by MATLAB® , Wolfram Mathematica™ or the SciPy library for Python™. These often include some
degree of automatic speed and error optimization, for example by
taking separation of timescales into account or allowing the timestep
to change dynamically during execution to maximize efficiency while
keeping the error under a certain threshold. When the Hilbert space
is particularly large, a useful class of integration methods is based
on identifying dynamically relevant subspaces of the full space—socalled Krylov subspaces—in which the state evolves with minimal
loss of information and then transforming back to the full basis afterwards; this can also be done time-adaptively by changing the Krylov
basis at intervals depending on the loss rate, and current research in
computational mathematics is actively improving existing methods
to do so [97–100].
The stochastic unraveling method is much more memory-efficient
when the system to be studied is large, because it conveniently deals
with state vectors rather than density matrices and thus scales linearly
in the Hilbert space dimension; mixed states are evolved by decomposing the initial density matrix into a weighted sum of pure states
and evolving each of them independently, reconstructing the full state
at subsequent times by recombining them according to the initial
probabilities. The Schrödinger equation for each pure state is rewritten as a stochastic differential equation in the Itō or Stratonovich formalism, and then solved by the most appropriate method for the case
at hand. Environmental effects are accounted for by introducing a
suitable noise term, so multiple instances of the evolution must be
computed and then averaged, making the method accurate only for
large enough samples [10, 39, 68, 101, 102].
I will not describe finite-difference methods for ordinary differential equations in explicit detail here, since their vast range of applications in all branches of science and engineering led to a plethora
of basic reference texts and their use in the context of open quantum
systems does not require particular modifications of the methods or
pose otherwise significant challenges.
On the other hand, stochastic Schrödinger equations deserve a brief
introduction, due to both their value and versatility as a numerical
tool and their unique physical characterization as a generalized version of classical stochastic differential equations for noisy processes,
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such as the Langevin equation for Brownian motion discussed in the
previous section.
2.3.1.1

Quantum jumps or the Monte Carlo Wave Function method

For Lindblad master equations, the most successful stochastic method
is the so-called Monte Carlo Wave Function (MCWF) or quantum-jump
method pioneered by several scholars in the early 1990s [11, 103–107].
It builds on the fact that a general Lindblad equation
dρ
(t) = −i [ H, ρ(t)] + D[ρ(t)]
dt

(2.99)

with D[ρ] defined as in Eq. 2.17 may be rewritten as
dρ
†
(t) = −i ( Heff ρ(t) − ρ(t) Heff
) + ∑ Γk Lk ρ(t) L†k
dt
k

(2.100)

in terms of the non-Hermitian effective Hamiltonian
Heff := H −

i
Γk L†k Lk .
2∑
k

(2.101)

States are evolved numerically under the non-unitary dynamics
generated by Heff , undergoing a loss of norm in the process. At random times depending on the state and the rates Γk and Lindblad operators Lk , sudden changes of state known as quantum jumps occur:
the unnormalized state |ψ̃(t)i = e−iHeff (t−t0 ) |ψ(t0 )i is projected onto
L |ψ̃(t)i
one of the normalized states |ψk (t)i := √ k †
according to
hψ̃(t)| Lk Lk |ψ̃(t)i

a probability distribution which depends on the rates and the Lindblad operators. Non-unitary, deterministic evolution resumes from
this new state and continues until a new jump randomly changes
the state again; the mean of the resulting probability distribution of
trajectories is exactly the Lindblad dynamics given by Eq. 2.99 [107].
More precisely, starting from a state |ψ0 i at time t0 , the state at time
t is given by averaging multiple piecewise deterministic evolutions
consisting of the following steps, repeated until the final time:
• The state evolves non-unitarily with the operator e−iHeff τ until
its squared norm
†

hψ̃(t0 + τ )|ψ̃(t0 + τ )i = hψ0 | eiHeff τ e−iHeff τ |ψ0 i
has decreased to a random value r drawn from a uniform distribution on [0, 1];
• At that point, a jump occurs and the state changes to one of the
possible |ψk (t0 + τ )i with probability
pk =

hψk (t0 + τ )|ψk (t0 + τ )i
.
∑l hψl (t0 + τ )|ψl (t0 + τ )i
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A simple picture of the correspondence between this probabilistic
approach and the Lindblad equation is as follows. For a very short
time δτ, one may expand the evolution to first order:

|ψ̃(δτ )i ≈ (1 − iHeff δτ ) |ψ0 i .

(2.102)

The loss of norm to order δτ is
δp = 1 − hψ̃(δτ )|ψ̃(δτ )i ≈ δτ ∑ Γk hψ0 | L†k Lk |ψ0 i ,

(2.103)

k

and corresponds to a probability δp of a quantum jump to have broken the continuous evolution: depending on which collapse operator
Lk was responsible for the jump, the state after the jump is

|ψk (δτ )i = q

Lk |ψ̃(δτ )i

hψ̃(δτ )| L†k Lk |ψ̃(δτ )i

=q

Lk |ψ0 i

hψ0 | L†k Lk |ψ0 i

+ o (δτ )
(2.104)

with probability
Pk = δτΓk hψ0 | L†k Lk |ψ0 i ,

(2.105)

so that the state after δτ is mixed: combining the deterministic and
the probabilistic parts Eq. 2.102 and Eq. 2.104 with Eq. 2.105, one has
to first order
!
ρ(δτ ) = ρ0 + δτ

†
−i ( Heff ρ0 − ρ0 Heff
) + ∑ Γk Lk ρ0 L†k ,

(2.106)

k

where ρ0 = |ψ0 ihψ0 |, and hence
ρ(δτ ) − ρ0
= −i [ H, ρ0 ] + ∑ Γk
δτ
k




1
Lk ρ0 L†k − { L†k Lk , ρ0 } ,
2

(2.107)

which is exactly the first-order approximation of Eq. 2.99 for a finite
timestep.
The algorithm was first presented in this finite-difference form as a
physical model for quantum optical systems relaxing within a cavity,
with the jumps representing physical changes of state due to transitions with release or capture of cavity photons in a continuousmeasurement type of setup. However, its potential as a simulation
method for general Lindblad equations was quickly realized. As such,
it required an accurate enough first-order expansion, i.e. a timestep
δτ such that δp  1 (timescales coming from the free Hamiltonian
H may be removed by working in the interaction picture); the way I
have presented it above is more recent and involves deterministically
integrating the non-unitary evolution until a random time at which a
jump is guaranteed to occur, hence the renormalization pk = Pk /δp
of the relevant probabilities. The method is very efficient for systems
with a large Hilbert space dimension, since it works in the space of
pure state vectors and not in the quadratically larger one of density
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matrices (initial mixed states can be dealt with by decomposing them
into pure states, evolving each pure state in a separate simulation
and recombining the results according to the initial populations of
the states), and accuracy depends mostly on the number of trajectories simulated, regardless of size. Conversely, if one is dealing with a
low-dimensional system, direct integration of the Lindblad equation
is typically the preferable choice since the squared space dimension
poses no major challenge and no statistical averaging is involved.
2.3.1.2

More general stochastic methods

The quantum-jump method is a particularly simple case of what is
called a stochastic unraveling of a master equation: the rephrasing
of a quantum master equation as a stochastic Schrödinger equation
for pure states, with an added noise term designed to account for the
effect of the model environment. The stochastic Schrödinger equation
in Itō form corresponding to the Lindblad master equation Eq. 2.18 is
d |ψi = −iHeff |ψi dt + ∑
k

Γk h L†k i




h Lk i
Lk −
|ψi dt
2
r
Γk
+∑
L |ψi dζ k (2.108)
2 k
k

where ζ k are independent, complex Wiener processes defined by the
averages and correlations
E[dζ k ] = 0
E[dζ k , dζ l∗ ] = 2δkl dt
E[<[dζ k ], =[dζ l ]] = 0
and it can be shown that the average over the Wiener processes gives
the Lindblad equation [10, 68, 108].
This stochastic approach to quantum master equations is known
as quantum state diffusion [10, 108, 109] due to its analogy with
the stochastic description, e.g. by the Langevin equation, of classical diffusive problems. The stochastic equation corresponding to a
given master equation is nonlinear (note the averages h Lk i, h L†k i appearing in Eq. 2.108) and difficult to treat analytically except in special cases [110, 111]; furthermore, in general there is no well-defined
equivalence between stochastic equations and non-Markovian master equations, making the unraveling approach very difficult to apply
in such cases. On the other hand, it is possible to treat even nonMarkovian problems in the quantum state–diffusion formalism if the
microscopic correlation function rather than just a master equation is
given as a starting point [112–118].
The non-Markovian generalization of quantum state diffusion for
systems in bosonic baths was derived independently by Diósi using
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coherent states [112] and Strunz using the influence-functional formalism [113], both in 1996. It extends the Monte Carlo approach to
open systems to non-Markovian, non-perturbative problems by giving a non-Markovian stochastic Schrödinger equation for a system
coupled to a Gaussian bath in terms of the bath correlation function
C (t, τ ) = h BE (t) BE (τ )i E :
d
|ψ̃(t)i = −iH |ψ̃(t)i − W (q)ζ (t) |ψ̃(t)i
dt

+ W (q)

Z t
t0

dτ C (t, τ )

δ
|ψ̃(t)i . (2.109)
δζ (τ )

C (t, τ ) is usually a thermal correlation function Cβ (t − τ ), as defined
in Eq. 2.55 and Eq. 2.56, and the environmental effects define complex,
Gaussian stochastic process ζ (t) with
E[ζ (t)] = 0
E[ζ (t), ζ ∗ (τ )] = C (t, τ )dτ
E[<[ζ (t)], =[ζ (τ )]] = 0,
which may be generated numerically by applying suitable manipulations to standard white noise. An alternative route, followed by
Piilo, Maniscalco et al., involves deriving time-dependent operators
and rates for an effective Lindblad-like equation and treating the resulting temporarily negative rates by introducing reverse quantum
jumps, which may reconstruct superposition states in the system destroyed by previous jumps and thus implement memory effects [117,
118]. The dynamics of the system is again obtained by averaging over
many realizations of the evolution. These non-Markovian generalizations of quantum state diffusion are a powerful method for problems
in which the properties of the environment and its coupling to the system are clear, such as in models with thermal baths. Like in the MCWF
method, the possibility of evolving pure rather than mixed states is
exploited at the cost of introducing statistical error, which tends to
scale more favorably with the size of the system studied than the
complexity of other simulation methods. Non-Markovian Quantum
State Diffusion (NMQSD) has been successfully applied in the study of
relatively complex open quantum systems in thermal environments
and their properties, for example optical spectra of molecular aggregates and similar systems [119, 120].
2.3.2

Microscopic methods

For open systems with thermal Gaussian baths, the reduced dynamics and even multi-time correlation functions may also be computed
by numerical methods which use the spectral density and temperature of the environment to implicitly encode their (generally nonMarkovian and non-perturbative) effect in a deterministic simulation
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of the system, rather than a stochastic equation of motion. Several
such methods have been developed in the past decades, starting from
different physical pictures and mathematical approaches to the environmental effects; these techniques are frequently referred to in the
literature as numerically exact, in the sense that they involve no perturbative expansions or other approximations but set out from an
explicit model and converge numerically to the exact solution for the
system. In the following, I will briefly summarize a few of the most
important techniques currently in use, focusing on the underlying
physical ideas in order to give a feel for the different ways opensystem problems may be tackled from the bottom up; I will refer the
reader to the original literature for the mathematical details and examples of current applications of the methods, which would quickly
become quite technical and ultimately stand in the way of a broad
understanding of the present state of the art in ab initio modeling as I
would like to give here.
2.3.2.1

Nonequilibrium Green’s Function

Path-integral techniques, especially the Keldysh formalism, attracted
the attention of researchers in many-body theory in the 1980s and
gave rise to the so-called Nonequilibrium Green’s Function (NEGF)
method [121, 122], an approach to complex quantum systems which
proved very versatile for both Feynman diagram–based perturbative
treatments and more sophisticated non-perturbative analyses of general systems in non-Markovian bosonic or fermionic environments.
The framework, which centers on the idea of describing the evolution
of the reduced system state in terms of exact forward and backward
propagators computed taking the environment into account, owes
much of its mathematical structure to quantum field theory and employs many of its tools, from the Gell-Mann–Low theorem for interacting systems to the Schwinger–Dyson and Bethe–Salpeter equations
for non-perturbative correlation functions [34, 123].
While generally somewhat complex and more suitable for systems
with few degrees of freedom due to the exponential scaling of the
Hilbert space, the NEGF formalism has come a long way since its introduction and is currently used in the study of quite diverse problems,
ranging from condensed matter to charge transport and open quantum systems with one or more environments, for example nanoscale
conductors in contact with leads at different voltages [34, 124, 125].
2.3.2.2 Quasi-Adiabatic Path Integral
Another path integral–based numerical method, developed in the
1990s, is the Quasi Adiabatic Path Integral (QUAPI) simulation technique by Makri et al. [126–129]. This method calculates the reduced
propagator for a system in a bosonic thermal bath by dividing the evo-
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lution time into N slices and computing exact propagators between
basis states for each slice using the influence functional: for the propagator between basis vectors |mi at time t0 and |ni at time t f , one
has
G (n, t f ; m, t0 ) =

=

Z

dq f dq0 ψn∗ (q f )ψm (q0 )

∑
m ...m
1

q0

N

δmk nk

N −1

n1 ...n N −1

Z qf

D q eiS[q]+iΦ[q]

∏ G(nk , k∆t; mk−1 , (k − 1)∆t)

(2.110)

k =1

where S[q] is the action, Φ[q] is the influence phase for forward propagation, ∆t = (t f − t0 )/N is the time slice and m0 = m and n N = n.
This expression is still exact but, depending on the system, not necessarily solvable; however, if the intermediate propagators can be computed to a good degree of accuracy by a suitable choice of the expansion bases, then convergence in the number N of time slices required
for an accurate simulation can be quite rapid. Extending this procedure to density matrices and integrating out the environment if it is
given in an initial thermal state, an accurate and reliable method for
the computation of both single- and multi-time quantities for many
systems is obtained. This technique avoids the potentially enormous
cost of a brute-force calculation of the state as given by Eq. 2.49 with
a very fine time slicing, and finds applications in the study of many
open systems in non-perturbative parameter regimes [130–132].
2.3.2.3 Hierarchical Equations of Motion
One of the most widely used and reliable approaches to date is the
Hierarchical Equations of Motion (HEOM) method by Tanimura and
Kubo [133–135], which established itself over the last decades both
as a valuable numerical technique and as a reference for newer methods and approaches, whose results are frequently validated by benchmarking them against it.
The idea behind the HEOM technique is to write the reduced density matrix in the influence-functional formalism and derive a closed
system of differential equations based on the form of the bath correlation function Cβ (τ ) in order to compute it explicitly. Taking time
derivatives of the state ρ(t) expressed as in Eq. 2.49 will yield both
Liouville terms, describing the free unitary evolution of the system,
and expressions involving Cβ (τ ) and its derivatives, from differentiating the influence functional. The ansatz leading to a hierarchy of
equations is this: if Cβ (τ ) can be written as a sum of exponentials,
then these contributions organize themselves into a recursive pattern
whose building blocks can be identified; the result is a linear system
of equations of motion
dρ
(t) = M(t)ρ(t)
dt

(2.111)

2.3 numerical modeling: methods and challenges

where ρ(t) = (ρ0 (t), ρ1 (t), . . . , ρn (t), . . . )T is an infinite vector containing the reduced density matrix ρ0 (t) := ρ(t) and the so-called
auxiliary density operators ρn (t), which have no physical meaning
but contribute to the reduced dynamics by recursively accounting
for the exponential terms and order of differentiation of the correlation function. The infinite-dimensional matrix M(t) is time-local
and—most importantly—tridiagonal, so that each auxiliary operator
is directly related only to the ones immediately following and preceding it: hence the hierarchical structure giving the method its name.
Eq. 2.111 can thus be solved numerically if the hierarchy is truncated
at a given depth; inserting a so-called terminator instead of the matrix
element coupling the levels N and N + 1 of the hierarchy, all auxiliary
operators beyond ρ N (t) are ignored and the resulting closed system
can be solved: the number of tiers required for convergence depends
on the model.
The exponential ansatz for the correlation function is met by certain spectral densities naturally (the authors of the method set J (ω ) ∝
ω
in their first proposal, a common choice for many physical modω 2 + γ2
els) and is compatible with zero and nonzero temperatures: the thermal contribution to the correlation function is an infinite series of exponentials e−νk t with decay rates given by the Matsubara frequencies
νk := 2πk/β and coefficients proportional to J (iνk )/β. The Matsubara
expansion gives an important contribution at very low temperatures,
thus requiring a high number of its terms to be retained in the hierarchy in order to give converged results; conversely, at high temperatures the frequencies are broadly spaced and the corresponding
exponentials decay extremely quickly, contributing very little to the
correlation function. When the spectral density does not by itself give
an exponential form for Cβ (τ ), several decomposition schemes can
be used to fit it with a linear combination of spectral functions that
do [136–138]; the number of fitting functions required for an accurate
correlation function, together with the Matsubara series truncation
and the number of hierarchy levels necessary for converged simulation results, determine the cost of the calculation.
Spectral densities with a very structured shape are harder to simulate than simpler ones, especially if the Matsubara series is used explicitly as in the original version of the method; however, improved
direct expansion techniques for Cβ (τ ), involving optimized sets of exponential basis functions for its real and imaginary parts (as opposed
to treating the spectral density and the thermal factor coth ( βω/2)
separately), have gained traction in recent years and were shown to
substantially enhance the efficiency of the method at low and even
zero temperatures, thus overcoming the main hindrance affecting the
HEOM as originally developed [139–142].
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2.3.2.4

Time-Evolving Density with Orthogonal Polynomials Algorithm

An entirely operator-based solution method, the Time-Evolving Density with Orthogonal Polynomials Algorithm (TEDOPA) developed by
Huelga and Plenio’s group around 2010 instead uses the spectral density as a pivot to remap the entire environment exactly onto a semiinfinite chain of oscillators with the system at one end [143, 144],
which can be simulated by truncating the oscillators at a suitable
number of energy levels and using the powerful Time-Adaptive Density Matrix Renormalization Group (t-DMRG) numerical technique for
one-dimensional systems [145–147].
Here the idea is to exploit the intrinsic positivity of J (ω )7 to use it
as a metric for a functional vector space over the positive real axis and
define an infinite basis of orthogonal polynomials on this space; these
polynomials are linked to each other by recursion relations defined
by J (ω ), which in turn are used to obtain the frequencies and nearestneighbor couplings of the chain oscillators. Temperature can be accounted for either by initializing the chain in a Gibbs state, which
is obtained by a preliminary equilibration phase in the simulation,
or much more efficiently by extending the frequency domain to the
negative axis and introducing suitable negative-frequency oscillators
before transforming to the chain picture [148] in the spirit of the socalled thermofield approach, which maps thermal baths to effective
zero-temperature ones with an extended spectrum [115, 149, 150].
The result is an elegant rephrasing of the problem, in which the interactions of the system with the bath can be pictured as excitations
traveling from the system into the chain and scattering within it depending on its structure, which is highly nontrivial near the system
and becomes more and more homogeneous as one travels further
away from it; excitations reflected back into the system account for
non-Markovian bath memory, while dynamical effects propagating
well into the chain and reaching the quasi-homogeneous zone continue to travel outward and are effectively lost to the environment.
The t-DMRG method can be used to simulate the evolution of the
system and the chain in an optimized way, by including subspaces
corresponding to an increasing number of oscillators as the dynamics progresses and a longer portion of the chain becomes relevant,
until the total Hilbert space dimension required eventually exceeds
the computational resources available. This nonlinear growth of the
Hilbert space during simulation, though mitigated by the use of tensor networks and matrix product states or operators [151–153], is the
main computational disadvantage of the method; on the other hand,
the structure and complexity of the spectral density does not have
a significant impact on the numerical effort involved, although the
7 Spectral densities with frequency gaps, which occur e.g. in photonic crystals and
similar systems, can be represented by separating the bath into several baths with
continuous domains and coupling them to the system independently [143].
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asymptotic properties of the oscillator chain are more computationally friendly for spectral densities with a bounded domain [143].
2.3.3

Splitting or remapping the environment

In between the phenomenological master equation solvers and the
fully ab initio methods described in the last subsections, there exist a host of intermediate approaches based on the concept of splitting Markovian and non-Markovian environmental effects. This can
be achieved in many different ways, which share the common starting point of devising an effective environment consisting of a nonMarkovian core of artificial degrees of freedom, to be simulated explicitly along with the system, and purely Markovian damping and
dissipation introduced by a Lindblad-type dynamics acting on this
intermediate layer. The partial trace over the effective environment
then gives the reduced dynamics of the system: the accuracy of these
methods depends on how closely the correlation function and initial
state of the environment are reproduced by the fictitious degrees of
freedom standing in for it in the effective model, while the numerical
efficiency of the methods depends on how complex the latter is.
One particularly simple such approach is the so-called reactioncoordinate method by Iles-Smith et al. In this scheme, one tries to capture all non-Markovian effects in a single harmonic mode coupled to
the system and to a residual environment, which is then treated by deriving an appropriate quantum master equation [154–156]. In a way,
this can be related to the chain picture of Section 2.3.2.4 as a strategy
to close the equation of motion by treating the whole chain except
for the first oscillator as some quasi-Markovian bath. The accuracy
attainable by this method depends on the residual non-Markovianity
that the first mode alone cannot account for.
A less blunt approximation of continuous bosonic environments,
first proposed by Imamoğlu in 1994 and popularized especially by
Garraway in 1997 [157–159], involves the so-called pseudomodes and
soon garnered widespread recognition as a simple yet effective simulation technique for non-Markovian open quantum systems [119,
160–162]. Here the idea is to replace the environment by a number
of Lindblad-damped harmonic oscillators, usually in thermal equilibrium, whose frequencies, damping rates and couplings to the system
are designed to give a correlation function of the coupling operator
similar to that of the original environment. The number of pseudomodes required for an accurate simulation depends on the shape of
the original spectral density and grows if has a nontrivial structure,
since each pseudomode contributes a Lorentzian term to the effective
spectral density of the approximate environment, as will be shown
in more detail in Section 3.2.2. As discussed in Section 2.2.2, there
is an intrinsic difference between the correlation function of a real
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infinite environment and that of a finite one with Markovian damping, due to the KMS conditions and the quantum regression hypothesis being mutually incompatible; this is the origin of the unphysical negative-frequency part of the equivalent spectral density coming from the pseudomode Lorentzians. However, this formally unpleasant feature of the method is not known to threaten its reliability
(especially at nonzero temperature, where the thermal environment
can be mapped exactly onto a zero-temperature extended environment including negative-frequency modes [115, 150]); on the contrary,
pseudomode-based simulations are sometimes used to validate other
techniques or assumptions on models [119]. A more detailed description of the pseudomode approach to the study of open systems will
be given in Chapter 3, since the original simulation method presented
in Chapter 5 is based on a similar idea.
More approaches of this type, with slight variations in the formulation or numerical solution, have been proposed. Some use general, possibly continuous baths of damped oscillators to reproduce
any correlation function inside the influence functional, thus effectively recovering a QUAPI-like picture with improved numerical efficiency [163]; others apply tensor network–based dimensional reduction techniques to the damped environment [164, 165]; others still
treat the non-unitary system-environment problem as an effective
field theory, defining Feynman diagrams for a perturbative treatment
of the system [166], or else considering the non-perturbative path integral for the damped modes and obtaining the reduced dynamics
directly through self-consistent equations [167] or indirectly through
appropriate propagators [168].
Hybrid numerical methods for non-Markovian open systems such
as those described above are a very active area of current research,
due to the great potential advantage of splitting environmental memory and purely dissipative effects in a divide-and-conquer type of
strategy. As increasingly accurate ways to discriminate between what
needs to be simulated explicitly and what can be included using
effective approximations emerge, much research today aims at optimizing computational effort, in order to be able to simulate more
complex systems or environments by exploiting this physical understanding. In recent years, a growing number of methods based on
the concept of a two-tiered environment have been developed and
improved alongside the fully microscopic ones already in use, giving
great momentum to the study of general open quantum systems by
making difficult regimes—such as strong coupling and highly nonMarkovian system-environment interplay—the focus of much theoretical and experimental investigation, and boosting the hope of both
explaining nontrivial natural phenomena and harnessing novel properties of noisy systems for technological applications [169–174].

Tum uariae uenere artes; labor omnia uicit
Improbus, et duris urgens in rebus egestas.
—P. Vergilius Maro [3]

Part II
ORIGINAL CONTRIBUTIONS
The main original results of this work, in particular an
error bound for the spin-boson model and a novel numerical method for the calculation of the reduced dynamics
of finite systems interacting with bosonic, non-Markovian
thermal environments, are presented and discussed.

3

THEORETICAL CONTEXT

In this second Part of the present thesis, the original results and research contributions from the work carried out throughout the doctoral program will be presented. In particular, the next chapters will
report my findings from a theoretical point of view, describing their
derivation and the formal and technical methods used. Applications
of these results to problems of physical interest and an analysis of
their impact and potential will be the subject of Part iii of the thesis.
The present Chapter has the purpose to set the stage for the presentation of the new material, by outlining its context within the
general theory of open quantum systems. My work pertains to the
study of general quantum systems interacting with non-Markovian
Gaussian heat baths such as those introduced in Section 2.1.3; for
the remainder of this thesis, it will be understood that the focus of all
research undertaken and described is the characterization and quantitative treatment of open-system problems involving non-perturbative
interactions between finite systems and non-Markovian bosonic reservoirs, initialized at arbitrary temperatures and coupled linearly to the
system.
In the following sections, I will give a concise summary of specific
results relevant for this category of problems, upon which all the original work described in the remaining chapters builds. These include
explicit solutions for test systems, which I will need for reference, and
preparatory theoretical results from the line of research to which my
own work belongs.
3.1

unitary gaussian environments

The ansatz of one or more infinite bosonic environments, coupled to
some quantum system via the position operators of each oscillator,
is a staple of open-system modeling in countless problems and contexts, as discussed in the previous chapters. The form of the resulting
Hamiltonian for the system and the environments is a generalization
of that given in Section 2.1.3:
H = HS + HE + H I = HS + ∑ HBos n + ∑ ASn BEn
n

(3.1)

n

where
HBos n :=
BEn :=

Z ∞

dωn ωn a†ωn aωn

Z0 ∞
0

dωn gn (ωn )( aωn + a†ωn ).
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The operators ASn are self-adjoint and act on the Hilbert space of the
system, and the frequency-dependent coupling strengths gn (ωn ) are
real functions of the frequencies ωn .
Here I will not deal with the steps and assumptions required in
order to map the real, microscopic degrees of freedom appearing in
some physical problem onto an abstract model described by Eq. 3.1;
the Hamiltonian will be taken as a starting point for the theoretical
study of problems, and the goal of all endeavors and results presented
henceforth will be to determine the reduced dynamics, correlation
functions or equilibrium properties of the system, assuming Eq. 3.1
as an exact description.
3.1.1

Gaussianity: conditions and implications

Gaussian states of a bosonic system are states which are completely
specified by the expectation values they give for the creation and annihilation (or equivalently, position and momentum) operators and
products of any pair of them: for any Gaussian state ρG of a single
harmonic oscillator with annihilation (creation) operator a (a† ), the
quantities

h ai = Tr[ aρG ]
h a† i = Tr[ a† ρG ]
h a2 i = Tr[ a2 ρG ]
h a†2 i = Tr[ a†2 ρG ]
h{ a, a† }i = Tr[{ a, a† }ρG ]
are enough to fully characterize the state (the commutator [ a, a† ] =
1 does not contribute any useful information, since its expectation
value is just Tr[ρG ] = 1 as for any state), which can be defined in the
most general possible way as a squeezed and displaced thermal state:
ρG ( β, η, ξ ) := D (ξ )S(η )ρ β S† (η ) D † (ξ )

(3.2)

with the complex numbers ξ and η parametrizing the displacement
and squeezing operators
D (ξ ) := eξa

† −ξ ∗ a

1

S(η ) := e− 2 (ηa

†2 − η ∗ a2 )

,

respectively. All other averages can be obtained from the linear and
quadratic ones via Wick’s theorem [95, 96].
The characteristic functions
χsρG (ξ ) := es|ξ |

2 /2

Tr[ D (ξ )ρG ]

of any Gaussian state ρG are then Gaussian functions of ξ—hence
the nomenclature—, with the linear and quadratic expectation values
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given above characterizing their first and second moments and appearing as mean values and covariances of the corresponding quasiprobability distributions. These quasi-probability distributions are obtained from χsρG (ξ ) by taking a double Fourier transform with respect
to the real and imaginary parts of ξ, which appear separately in the
expression after rewriting it in terms of position and momentum, and
are therefore also Gaussian: depending on the choice of s in the characteristic functions, one can construct quantities such as the Wigner
function, the Glauber–Sudarshan P-representation or the Husimi Qfunction (for s = 0, 1 and −1, respectively), which are widely used in
quantum optics and statistical mechanics because of their continuousvariable expressions and their link to analogous objects in classical
Hamiltonian mechanics [95, 96].
These definitions extend trivially to many independent oscillators,
including the continuous case. Thermal states are among the simplest Gaussian quantum states, since they are neither displaced nor
squeezed; the thermal state of the continuum of oscillators in all environments we are interested in is just the tensor product of infinitely
many thermal states for oscillators of different frequencies.
In all problems considered in this work, the initial state of the system and the environment will always be assumed factorized, with
each environment starting in a Gibbs state at inverse temperature β n
and the system in an unspecified state:
ρ0 = ρ0S ρ0E = ρ0S

e− ∑n β n HBos n
.
Tr[e− ∑n β n HBos n ]

(3.3)

For any system-environment Hamiltonian H of the form given in
Eq. 3.1 and any initial state ρ0 as defined in Eq. 3.3, since both HE
and H as a whole are quadratic in the environmental variables, the
unitary time evolution maps ρ0 to a state whose environmental part,
as given by the partial trace over the system, is still Gaussian. This
property, which is not directly related to the reduced dynamics of the
system (for which the partial trace must be taken over the environment instead), determines the environmental properties to which the
system is sensitive, and will be of crucial importance in Section 3.3
and the next chapters.
Because of the Gaussian property of the dynamics, the full systemenvironment state only depends on the expectation values and twotime correlations of the environmental creation and annihilation operators. As noted previously, each BEn has zero mean both on the initial
state and at later times under the unitary evolution induced by H;
this means that the environment only influences the system through
its two-time correlation function matrix
Cmn (t) := h BEm (t + τ ) BEn (τ )i
h
i
= Tr UE† (t + τ ) BEm UE (t) BEn UE (τ )ρ0E ,

(3.4)

71

72

theoretical context

with UE (t) := e−iHE t , as can be seen most clearly in the influencefunctional formalism by recalling Eq. 2.53, which for multiple interactions generalizes to

Z tf Z t

F [q, q0 ] = exp − i S L [q] − S L [q0 ] − ∑
dt dt0
m,n t0

0

( Am (q) − Am (q ))(Cmn (t − t

0

t0

∗
) An (q) − Cmn
(t − t0 ) An (q0 ))


(3.5)

where q(t), q0 (t) represent the sets of c-number functions corresponding to the dynamical variables of the system along the forward- and
backward-evolving paths, S L [q] and S L [q0 ] are the bath-induced Lamb
shifts of the forward and backward action functionals and An (q) correspond to the interaction operators ASn . The correlation function
matrix Cmn (t) only depends on the time interval t because the Hamiltonian is time-independent and initial state of the environment is stationary with respect to its free evolution under HE alone, so the first
evolution time τ in Eq. 3.4 may be set to zero.
For the general form of H given in Eq. 3.1, several scenarios arise.
In the simplest case, one has a single environment and interaction
term and the matrix Cmn (t) becomes the familiar correlation function
Cβ (t) = h BE (t) BE (0)i β




Z ∞
dω
βω
=
J (ω ) coth
cos(ωt) − i sin(ωt) ,
π
2
0
with J (ω ) = πg2 (ω ); if multiple independent baths are present, one
has a diagonal matrix
Cmn (t) = δmn h BEn (t) BEn (0)i β n
where each environment contributes to the open-system dynamics
through its own spectral density Jn (ωn ) = πgn2 (ωn ) and without interfering with the other environments, as can be seen by noting that
the influence functional factorizes [35]. Finally, if two or more interaction terms belong to the same environment, then the correlation
function matrix is no longer diagonal: for instance, if a single environment couples to the system through two terms, i.e.
HE =
BEn =

Z ∞
0

dω ωa†ω aω

Z ∞
0

dω gn (ω )( aω + a†ω )

with n = 1, 2, then

Cmn (t) = 

h BE1 (t) BE1 (0)i β h BE1 (t) BE2 (0)i β
h BE2 (t) BE1 (0)i β h BE2 (t) BE2 (0)i β




and all four correlation functions are necessary to solve the problem.
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3.1.2

Explicit solution for a Gaussian open system

As an example of the use of Gaussian states for the solution of infinitedimensional problems, I will now show how the Gaussian nature
of harmonic systems may be exploited to calculate the reduced dynamics of an oscillator in a heat bath with arbitrary spectral density
and temperature. This explicit solution method will be used multiple
times in later chapters, along with the exact solution for two-level systems given in Section 2.2.3.2, in order to test the accuracy of the new
simulation technique I will introduce in Chapter 5.
The system of interest is the damped oscillator we already encountered in Section 2.2.3.1, where the analytical properties of the model
were discussed and both the Heisenberg equations for the oscillator
observables and the general non-Markovian master equation for its
reduced state were given. As far as that analysis can take us, for an arbitrary bath spectral density J (ω ) it is still not enough to write down
the full, exact solution to the problem without resorting to numerical
integration at some point—in general there are no analytical expressions for the Green’s function G (t) and its derivative Ġ (t) appearing
in Eq. 2.80 and Eq. 2.81. However, if the initial state of the oscillator
is also Gaussian, then its reduced dynamics is merely two numerical
steps away, even when no explicit integration over the environmental
variables is possible.
Consider the Hamiltonian for an oscillator of frequency Ω and unit
mass
p2 1 2 2
HHO =
+ Ω q
(3.6)
2
2
as our system Hamiltonian HS , and define the vector r := (q, p)T ,
whose components satisfy the commutation relation

[ri , r j ] = iΩ2 ij
where
Ω2 :=

0

1

(3.7)

!

−1 0

is the 2-dimensional symplectic form. The covariance matrix of a state
ρ of the system is then defined as the symmetric matrix γCov with
entries

1
1 
γCov ij := h{ri , r j }i = Tr {ri , r j }ρ ,
2
2
which together with the expectation values hqi and h pi completely
identifies the state ρ if it is Gaussian, as stated in the previous subsection. The generalization to n degrees of freedom is obtained by
simply taking r := (q1 , . . . , qn , p1 , . . . , pn )T and the 2n-dimensional
symplectic form
!
Ω2n :=

0

In × n

− In × n

0

.
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For any such system, the evolution of an initial Gaussian state can
then be determined by computing hr(t)i and γCov (t). For a quadratic
Hamiltonian H, such as that of a system of linearly coupled oscillators, one may identify the matrix VH of its coefficients through
1 T
r VH r = H;
2
then by Ehrenfest’s theorem the equations of motion for hr(t)i are the
same as the classical Hamilton’s equations

hṙ(t)i = Mhr(t)i,

(3.8)

where
M := Ω2n VH ,
and the covariance matrix evolves according to
γ̇Cov (t) = MγCov (t) + γCov (t) M T .

(3.9)

These are simple first-order differential equations, which can be integrated directly upon diagonalization of the constant coefficient matrices.
Now, in order to solve for the reduced dynamics of the oscillator
with Hamiltonian Eq. 3.6 coupled to an infinite thermal environment
through the interaction
H I = −q

Z ∞
0

dω g(ω )( aω + a†ω ),

this general procedure, though straightforward, clearly cannot be applied as it is. First, it Ris necessary to discretize and truncate the en∞
vironment, replacing 0 dω 7→ ∑kN=ω0 ∆ω and ω 7→ k∆ω with k =
1, . . . , Nω in HE and H I : for example, for a spectral density with an
exponential cutoff at some frequency Ωc , one may consider a discrete
frequency mesh with ω Nω = 10Ωc and increase the number of grid
points Nω until no changes can be observed in the dynamics within
the time interval of interest. This is the first numerical approximation
required in order to solve the problem, and it is necessary because
the approach here is to solve for the full unitary dynamics including
all the bath oscillators before taking the partial trace.
At this point, we are ready to integrate the equations of motion.
Starting from a thermal state with mean population n0 , related to its
1
temperature β−
0 by the one-to-one correspondence
n0 := nΩ ( β 0 ) =

1
e β0 Ω

−1

,

one immediately has hr(t)i = 0, since the initial expectation values
for position and momentum are zero. As for the covariance matrix,
this is obtained by integrating the equation of motion Eq. 3.9 with the
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matrix M corresponding to the truncated system-bath Hamiltonian,
starting from the initial values
!
 −1
1
+
n
Ω
0
0
2
γCov (0) =

1
0
2 + n0 Ω
for the system and



1
γCovkl (0) =
+ nk ωk−1 δkl
2


1
γCovNω +1+k Nω +1+l (0) =
+ nk ωk δkl
2
and all others zero for the bath oscillators, with nk := nωk ( β) (all
oscillators start at inverse temperature β).
Alternatively, one may introduce a set of negative-frequency modes
and encode the temperature of the environment in an effective spectral density defined over the whole real axis [115, 149, 150]:



βω
Jβ (ω ) := 1 + coth
( J (ω )θ (ω ) − J (−ω )θ (−ω )). (3.10)
2
This effectively defines a new bath, which gives the same correlation
function Cβ (t) as the original one if it starts in the ground state: then
Cβ ( t ) =

Z ∞
dω
−∞ 2π

Jβ (ω )e−iωt ,

(3.11)

i.e. Jβ (ω ) = Cβ (ω ), the Fourier transform of the correlation function.
q
Jβ ( ω )
0
Redefining the coupling function in H as g (ω ) :=
2π for both
positive and negative ω and truncating and discretizing the extended
environment, the effect of temperature will be encoded in new coefficient matrices VH0 and M0 and Eq. 3.9 becomes
0
0
0
(t) = M0 γCov
(t) + γCov
(t) M0T
γ̇Cov

(3.12)

0 ( t ) including the negativefor the extended covariance matrix γCov
frequency oscillators. Initial conditions for this alternative scheme are
the same as before for the system, but nk = 0 for all bath modes.
Either way, the only elements of the full γCov (t) we are actually interested in computing are those pertaining to the system: introducing
the 2( Nω + 1)-dimensional vectors

v0q := δk 1
v0p := δk Nω +2 ,
one may define a reduced covariance matrix


T
T
v γCov (t)v0q v0q γCov (t)v0p

γCov S (t) :=  0q
T γ
T γ
v0p
(
t
)
v
v
(
t
)
v
0q
0p
Cov
0p Cov
!
γCov 11 (t)
γCov 1Nω (t)
=
γCov Nω 1 (t) γCov Nω Nω (t)

(3.13)
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Ω q2 ( t )
Ωhq2eq i

10

Ω −1 p 2 ( t )
Ω−1 h p2eq i

4

5

2

0

0
6

h{q(t), p(t)}i

Ω−1 h HS (t)i
Ω−1 Eeq

2
4
0
2

−2

0
0

1

2

0

Ωc t × 100

1

2

Ωc t × 100

Figure 3.1: Evolution of the dimensionless covariance matrix γ̃Cov S (t) and
energy expectation value for an oscillator in an Ohmic bath with
cutoff Ωc at temperature T = Ωc /2. The bare frequency of the
oscillator is Ω = Ωc /4, its initial state is thermal with population
n0 = 4 and the coupling is λ = Ωc /50. The dashed lines give the
analytical equilibrium values for each quantity.

for the oscillator alone. The evolution of γCov S (t) can be computed
quite efficiently from Eq. 3.12 or Eq. 3.9 by going over to the Heisenberg picture: both equations integrate to two exponential operators
acting on the initial covariance matrix γCov (0) from either side, so
in Eq. 3.13 one may regard these operators as acting on the vectors
of coefficients v0L and v0R instead [175]. Then γCov S (t) can obtained
by simply evolving v0L and v0R and taking the bilinears on γCov (0),
rather than computing and storing the entire covariance matrix at
each time. Eq. 3.13 then becomes
γCov S (t) =

vqT (t)γCov (0)vq (t) vqT (t)γCov (0)v p (t)
v Tp (t)γCov (0)vq (t) v Tp (t)γCov (0)v p (t)

!
(3.14)

and can be solved by inserting
vq (t) := e Mt v0q
v p (t) := e Mt v0p ,
which may be calculated numerically either by diagonalization of M
(and hence e Mt ) or by expanding the exponential for short enough
time increments.
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Figure 3.1 shows the result of an example simulation performed
with a Wolfram Mathematica™ code: the bath was taken to be Ohmic,
with spectral density
J (ω ) = πλωe−ω/Ωc
and temperature T = 1/β = 0.5Ωc in terms of the cutoff frequency,
which was used as the energy scale of the problem; the free oscillator
Hamiltonian is of the form given in Eq. 3.6, with Ω = 0.25Ωc . Choosing λ = 0.02Ωc in J (ω ) and an initial state with n0 = 4, the system
evolves as depicted in the plots, where the reduced covariance matrix
elements were rescaled by the oscillator frequency in order to make
them dimensionless:
!
Ωhq2 (t)i
h{q(t), p(t)}i/2
γ̃Cov S (t) :=
,
h{q(t), p(t)}i/2
h p2 (t)i/Ω
and the energy expectation value is given by
1
h p2 (t)i Ωhq2 (t)i
h HS (t)i =
+
Ω
2Ω
2
The simulation, which was performed using the effective thermal0 (t)
ized spectral density Jβ (ω ) and extended covariance matrix γCov
from Eq. 3.10 and Eq. 3.12, was found to give converged results for
Nω & 1000 oscillators at frequencies evenly spaced between ωmin =
−10Ωc and ωmax = 10Ωc (no zero-frequency mode is present, so
the even total number actually includes both endpoints); the results
reported here were computed using Nω = 5000 for extra numerical safety and took about two minutes to obtain on a laptop computer. The time evolution was calculated by taking a timestep Ωc ∆t =
5 · 10−4 and expanding e M∆t to fourth order in ∆t.
In this example, the coupling is quite strong, as can be seen from
the small number of oscillations before the system relaxes to a steady
state, and the temperature is on the same order of magnitude as the
energy scales of the system and the environment, making the overall
physical regime highly nontrivial. The frequency of the oscillations is
consistent with the renormalization
p
Ω R = Ω2 − ∆Ω2 = 0.15Ωc ,
R∞
J (ω )
2
where ∆Ω2 = 2 0 dω
π ω = (0.2Ωc ) , and the steady state does not
h p2 i

Ω h q2 i

eq
satisfy the familiar equipartition relation 2Ω
= 2eq between potential and kinetic energy, which is true only at high temperatures;
instead, the equilibrium state displays significant squeezing, with a
much larger variance in position than in momentum. This is in agreement with the analytical relations Eq. 2.91 and Eq. 2.93 obtained from
the fluctuation-dissipation theorem, which give the exact equilibrium
variances shown as dashed lines in the plots.
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3.2

dissipative gaussian environments

As we have seen in the last section, when studying the dynamics of
a system interacting with a bosonic bath, there are great benefits to
be reaped from exploiting the Gaussianity of both its initial thermal
state and its dynamics. The same is true even if the environment is
not required to evolve unitarily but obeys a quantum master equation
instead. In many contexts, especially in quantum optics and optomechanics, one frequently deals with models where this is the case, for
example when the system of interest is interacting with some electromagnetic mode in a lossy cavity and the loss can be treated as
Markovian [8, 11, 107, 158].
3.2.1

Thermally damped harmonic oscillators

In order to study the properties of dissipative modes as environments
of open systems, it is useful to start from the Lindblad equation
dρ
(t) = L β [ρ(t)]
dt

(3.15)

with generator

L β [ρ] := − i [ HHO , ρ] + D β [ρ]



1 †
†
†
= − i [Ωa a, ρ] + γ (nΩ ( β) + 1) aρa − { a a, ρ}
2


1
+ nΩ ( β) a† ρa − { aa† , ρ}
,
2

(3.16)

first introduced in Section 2.2.3.1, for a harmonic oscillator coupled
to a Markovian thermal environment.
The Gibbs state ρ β = e− βHHO /Tr[e− βHHO ] of the oscillator is the equilibrium state associated with Eq. 3.15, and the evolution of the system
state is given by the dynamical semigroup
Λ β (t) := eLβ t

(3.17)

for t > 0 generated by L β . Since the generator is quadratic in the
creation and annihilation operators of the oscillator, this semigroup
dynamics is Gaussian and thus preserves Gaussianity when acting
on Gaussian states: in that case, by Wick’s theorem, the expectation
values and two-time correlation functions of operators determine all
other correlation functions as combinations of their products.
For this particular system, one can say even more. Recall that the
Lindblad equation Eq. 3.15 can describe a damped mode obeying the
quantum regression hypothesis, as discussed in Section 2.2.3.1. If this
is assumed to be the case, then the semigroup of dynamical maps
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Λ β (t) is already enough to fully determine all correlation functions:
then for any initial state ρ0 the system is completely solved by


hO(t)i = Tr OΛ β (t)ρ0


hO2 (t2 )O1 (t1 )i = Tr O2 Λ β (t2 )O1 Λ β (t1 )ρ0


hOn (tn ) . . . O1 (t1 )i = Tr On Λ β (tn ) . . . O1 Λ β (t1 )ρ0 .
If ρ0 is also Gaussian, then Wick’s theorem reduces to the statement
that, just like in any unitary system, when computing n-time correlation functions there is no need to explicitly evolve the system and
apply the operators up to the final time before taking the trace, since
no contribution from averages of more than two operators—taken at
all possible intermediate times and pairs of times—contributes to the
result.
The position and momentum averages of the oscillator follow the
equations of motion Eq. 2.87 and Eq. 2.88, which in terms of creation
and annihilation operators become
 γ

d
h a(t)i = − − iΩ h a(t)i
dt
2

(3.18)

and its Hermitian conjugate. These are readily solved and give

h a(t)i = e−( 2 +iΩ)t h a(0)i,
γ

h a† (t)i = e−( 2 −iΩ)t h a† (0)i.
γ

(3.19)

Correlation functions are then obtained by simply changing the initial
condition, e.g.

h a(t) a† (0)i = e−( 2 +iΩ)t h a(0) a† (0)i.
γ

For a thermal initial state, for instance, the expectation values of the
creation and annihilation operators are identically zero, and the only
nonvanishing two-time correlation functions are

h a(t) a† (0)i β = e−( 2 +iΩ)t (nΩ ( β) + 1)
γ
h a† (t) a(0)i = e−( 2 −iΩ)t n ( β).
γ

β

3.2.2

Ω

(3.20)
(3.21)

Damped oscillators as Gaussian environments

Owing to their handy combination of Gaussian properties and a clear
physical picture, thermally damped harmonic oscillators provide an
ideal kind of environment for the study of systems interacting with
them, such as atoms in resonant cavities or ions in electromagnetic
field traps. In such settings, the quantities of interest are the expectation values and the two-time correlation functions of the operators
appearing in the interaction Hamiltonian: for a single linear coupling
term of the form
H I = A S ( a + a † ),
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the expectation value vanishes and one immediately obtains the correlation function
Cβ (t) = h( a(t) + a† (t))( a(0) + a† (0))i β




βΩ
− γ2 t
=e
cos(Ωt) − i sin(Ωt)
coth
2
from Eq. 3.20 and Eq. 3.21 above. Once again, this is only defined
for positive times because the dynamics is not unitary; however, one
may extend the definition by setting Cβ (t) := Cβ∗ (−t) for t < 0, by
analogy with the correlation functions of unitary environments, so
that its Fourier transform is well defined and real. Calculating it, one
finds
Cβ ( ω ) =

γ ( n Ω ( β ) + 1)
γnΩ ( β)
+
,
2
2
(γ/2) + (ω − Ω)
(γ/2)2 + (ω + Ω)2

(3.22)

a sum of two Lorentzians centered at ±Ω, with amplitudes related
by detailed balance. This may be interpreted as the effective spectral
density, in the sense of Eq. 3.11, perceived by the system coupled
to the oscillator; the qualitative difference between a real continuous
environment and a single dissipative mode lies in the fact that in the
latter case Cβ (ω ) cannot be factorized into an antisymmetric function
and a thermal factor (1 + coth ( βω/2)) as in Eq. 3.10. In fact, the
zero-temperature limit does not yield a bona fide spectral density but
a Lorentzian, which has no clear interpretation as a squared coupling
coefficient g2 (ω ) to a continuum of oscillators because it is positive
for all real frequencies instead of vanishing at ω 6 0.
Nevertheless, damped oscillators are frequently used not only for
models in which they are close to the physical picture of the real
environment, such as in quantum optical contexts, but also as an approximate ansatz even for environments of broader origin or richer
structure. Loosely speaking, this is a reasonable approach whenever
a correlation function or combination of correlation functions of the
form Eq. 3.20 and Eq. 3.21 resembles the correlation function of the
underlying continuous environment closely enough for all practical
purposes. Equivalently, one could say that the spectral density is well
approximated by some convex linear combination of Lorentzians. The
advantage of this type of construction, as pointed out by its early proponents [157, 158], is that by coupling a system to fictitious harmonic
oscillators and taking the partial trace over them it is possible to introduce highly non-Markovian effects into the reduced dynamics of the
system, while at the same time avoiding the computational burden of
accounting for some complicated infinite environment.
For a fixed number of damped oscillators interacting with a system,
more general correlation functions Cβ (t)—for example, functions including terms with negative coefficients [158]—can be reproduced by
allowing for linear coupling even among the modes. The set of oscillators then still has a Gaussian and Markovian dynamics; however,

3.2 dissipative gaussian environments

the explicit solution is not as straightforward as that for independent
modes. In particular, the corresponding Lindblad equation yields a
linear system of differential equations for the averages of the creation
(†)
(†)
and annihilation operator vectors a(†) := ( a1 , . . . , a N )T :
!
!
d
ha(t)i
ha(t)i
=A
,
dt ha† (t)i
ha† (t)i
which can be brought into diagonal form and solved. However, the
equilibrium state and correlation functions of such a network are
far from obvious in general, making its use as a replacement for a
known environment cumbersome. Some insight can be gained by
choosing interactions of a specific form, for example exchange couplings Vij ai a†j + Vij∗ ai† a j , which conserve the excitation number so at
least the ground state of the network is the same as for independent
modes and can be used as an initial steady state. But even so, there
is no self-evident way to control quantitatively the non-Markovian effects such an environment would cause in the reduced dynamics of
some system.
To give an example of a system interacting with a damped harmonic environment, consider again the particular case of a harmonic
oscillator, this time coupled to a network of N damped oscillators, in
a Gaussian factorized initial state. Like in the previous section, the
full system of equations of motion for the mean values analogous to
Eq. 3.8 is readily determined and solved; the dissipative analogue of
Eq. 3.9 for the overall covariance matrix is
T
γ̇Cov (t) = MD γCov (t) + γCov (t) MD
+ ΓD ,

(3.23)

where
MD := Ω2( N +1)



i
VH + (C − C T )
2



Γ D := <[Ω2( N +1) C T Ω2( N +1) ]
in terms of VH and Ω2( N +1) , defined as in Section 3.1.2, and the new
dissipation matrix
!
C xx C xp
C :=
C px C pp
with
γm Ω m
δmn
2
γm
:=
δmn
2Ωm
i
px
:= − γm δmn = −Cmn ,
2

xx
:=
Cmn
pp

Cmn
xp

Cmn

expressed in terms of the frequencies (Ω, Ω1 , . . . , Ω N ) and damping
rates (0, γ1 , . . . , γ N ) of the system and the environment oscillators.

81

82

theoretical context

This idea of embedding a system in some set of artificial, dissipative auxiliary degrees of freedom is the common denominator of
all tiered environment–based simulation methods discussed in Section 2.3.3. Operationally, the challenge presented by these approaches
is that there is no unique, clear way to reproduce exactly the features
of any given unitary environment without using a large number of
modes to obtain an accurate fit, or else allowing them to interact but
taking some restrictive ansatz in order to have more control over the
effect of the damped modes. From a more fundamental point of view,
even the existence of a rigorous connection between the reduced dynamics of a system coupled to a unitary environment and that of
the same system coupled to a dissipative environment with a similar
correlation function is not to be taken for granted.
In the next section, the latter point will be addressed by stating
and discussing a recent result by Tamascelli, Smirne, Huelga and
Plenio [176], which establishes necessary conditions for the equivalence of unitary and dissipative environments for the reduced dynamics of any coupled system. This theorem, along with my own
results concerning error propagation from the environmental correlation function to the reduced dynamics, which will be the subject of
Chapter 4, will be used in Chapter 5 to devise a systematic method
for the construction of damped harmonic oscillator networks specifically designed to have a certain correlation function using as few
interacting modes as possible; this procedure considerably enhances
the predictive power of simulation methods based on two-tiered environments, especially pseudomodes and similar concepts [157–159],
in terms of accuracy and error control as well as numerical efficiency.
3.3

an equivalence theorem

As shown in Section 3.1.1, for a system in a unitary Gaussian bosonic
environment—by which I mean the dual ansatz of Gaussian dynamics with linear coupling to the system and a Gaussian initial state of
the environment itself—the reduced dynamics is fully determined by
the expectation values and two-time correlation functions of the environment operators appearing in the interaction Hamiltonian. In other
words, two unitary environments sharing these features are equivalent as far as any system coupled to them is concerned. In fact, this is
the very principle underlying the alternate descriptions of the same
dynamics demonstrated in Section 3.1.2, in which either a positivefrequency environment initialized in a Gibbs state or a real-frequency
one starting in the ground state could be used to the same effect.
On the other hand, establishing the equivalence of two environments when coupled to the same system is not so obvious if one or
both of them are not unitary. This problem was addressed in [176],
in which exact sufficient conditions for equivalence were given. Since

3.3 an equivalence theorem

this result is the bedrock of much of the original work presented in
this thesis, I shall now state it explicitly for future reference.
Consider some system with Hamiltonian HS , a unitary Gaussian
environment with an infinite bosonic Hamiltonian HE and a finite
Gaussian environment with Hamiltonian HR and dissipator D R in
Lindblad form, whose collapse operators are linear in the creation
and annihilation operators of the damped modes. All these operators
and superoperators are assumed to be time-independent.
Given initial states ρ0E and ρ0R for the two environments, singletime operator averages and two-time correlation functions under their
free dynamics are obtained by
h
i
h BE (t)i E = TrE UE† (t) BE UE (t)ρ0E
(3.24)
h
i
h BE (t + τ )CE (τ )i E = TrE UE† (t + τ ) BE UE (t)CE UE (τ )ρ0E
(3.25)
with UE (t) = e−iHE t for the unitary environment, and
h
i
h BR (t)i R = TrR BR eLR t [ρ0R ]
h
i
h BR (t + τ )CR (τ )i R = TrR BR eLR t [CR eLR τ [ρ0R ]]

(3.26)
(3.27)

with L R [ρ R ] := −i [ HR , ρ R ] + D R [ρ R ] for the dissipative one (which, as
a generalization of the Markovian oscillator networks discussed in the
previous section, allows for two-time correlations of the form given
in Eq. 3.27 because such systems are compatible with the quantum
regression hypothesis as an extra assumption).
Introducing the open-system Hamiltonians
H := HS + HE + H I
H 0 := HS + HR + H I0 ,
with interaction terms
H I :=

∑ ASn BEn
n

H I0

:=

∑ ASn BRn
n

for the coupled dynamics of the system and each environment, with
operators BEn and BRn linear in the creation and annihilation operators of the unitary and Lindblad bath respectively, one has the equations of motion
dρ
(t) = −i [ H, ρ(t)]
(3.28)
dt
and
dρ0
(t) = L[ρ0 (t)]
(3.29)
dt
with
L[ρ0 ] := −i [ H 0 , ρ0 ] + D[ρ0 ]
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for the full system-environment dynamics in either case: the unitary
environment and the system obey a quantum Liouville–Von Neumann equation, whereas for the dissipative case one has a Lindblad
equation, with D[ρ0 ] := (I ⊗ D R )[ρ0 ]. Note that the operators ASn by
which the system couples to the two baths are the same.
Then the following theorem holds.
Theorem 1 [176] Given an open system evolving from factorizing initial
conditions according to Eq. 3.28 or Eq. 3.29 above, assume the same initial
state ρ0S for the system in both cases and Gaussian initial states ρ0E and ρ0R
for both environments. Under these conditions, if

h BRn (t)i R = h BEn (t)i E

∀n, t

and

h BRm (t + τ ) BRn (τ )i R = h BEm (t + τ ) BEn (τ )i E

∀m, n, t, τ,

then
TrR [ρ0 (t)] = TrE [ρ(t)]

∀t.

The proof of this result, which will not be given here in detail, can
be summarized in two steps. First, a unitary dilation for the dynamics of the system and the damped environment (see Section 2.2.1.2)
is shown to exist; then the operators BRn are proved to have the correlation functions given in Eq. 3.27 in this extended unitary picture.
At this point, under the assumption of Gaussianity, equality of singleand two-time expectation values of the coupling operators implies
equivalence of the environments for the reduced dynamics.
A few comments on this theorem are in order here. First of all, it is
crucial to require Gaussian initial states and environmental dynamics;
otherwise, all correlation functions contribute to the reduced dynamics of the system, and one would need to prove that the environments have identical n-time correlation functions for any n in order
to guarantee their equivalence. Secondly, while for unitary environments this equivalence holds for all system expectation values and
correlation functions, for non-unitary ones it has only been proved
at the single-time level at the time of writing. Finally, as discussed
in Section 2.2.2.3, it must be stressed that correlation functions of the
form given by the regression hypothesis are not compatible with a
microscopic description, except in certain limits; the consequences of
this fact will become apparent in later chapters.
In the next Chapter, a quantitative link between variations or errors
in the correlation function of the environment and their effects on the
reduced dynamics of the system will be established; this justifies use
of the theorem, even in approximate form, in order to derive quantitatively certified Markovian effective baths as a means to efficiently
simulate general open quantum systems. In Chapter 5, a new simulation method based on a systematic procedure to construct such
effective baths will be presented.

ERROR BOUNDS FOR SPIN-BOSON-LIKE SYSTEMS

This Chapter contains the derivation and statement of the first original result obtained within my PhD program, which was published
in 2017 [38] and concerns the propagation of errors from the correlation function of Gaussian bosonic environments to the reduced
dynamics and operator expectation values of finite systems coupled
to them. That paper focuses on the spin-boson model in particular,
as a paradigmatic system of this category; here I shall review the result and place it in the broader context of the general theory of open
systems in Gaussian bosonic thermal baths.
4.1

motivation and statement of the problem

As described in Section 2.1.3 and Section 3.1, microscopic models of
open quantum systems in thermal bosonic baths are often given in
terms of the overall Hamiltonian, or equivalently the spectral density
J (ω ) of the boson environment, and factorizing initial conditions ρ0 =
ρ0S ρ βE with β the inverse temperature of the bath.
Such theoretical constructions originate from simplifications of real
systems based on reasonable assumptions and approximations, involving quantities inferred from experimental data and phenomenological arguments. Estimating properties of an environment in this
way and repackaging the information gained into models which stay
close enough to the original systems to be physically meaningful,
while at the same time keeping their complexity within tractable levels, is no trivial accomplishment; in particular, it clearly entails some
degree of arbitrariness and error in the characterization of the environment through a spectral density.
A relevant question to ask is then: how much does the reduced
dynamics of a system coupled to a bosonic bath depend on the exact form of the spectral density of the bath? Or, in other words, how
strongly does a variation δJ (ω ) in the spectral density affect the reduced dynamics of the system?
In the following sections, the influence-functional formalism introduced in Section 2.1.3 will be used to give a quantitative answer to
this question for the spin-boson model, in the form of error bounds
on time-dependent expectation values of observables in terms of the
spectral density variation δJ (ω ). After the derivation, the limits and
some possible extensions of this result will be discussed, in order to
give a clear picture of its physical scope beyond this particular model:
this will highlight a link between its meaning and the theorem stated
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at the end of Chapter 3, and the combination of the two results lies
at the core of the effective simulation technique which will be the
subject of Chapter 5 and most of Part iii of the thesis.
4.2

path integral for spin-boson-like models

The first step in my derivation of the error bounds is to write the spinboson problem in the path-integral language, so that the partial trace
over the bath can be carried out by Gaussian integration, leaving an
explicit form of the influence functional for the spin- 21 particle as a
result.
Recall the spin-boson Hamiltonian
HSB :=

∞
ω0
(cos(α/2)σz + sin(α/2)σx ) + dω ωa†ω aω
2
0
Z ∞
k
+ σz dω g(ω )( aω + a†ω ), (4.1)
2
0

Z

expressed for later convenience in the spin basis in which the interaction term is diagonal, and define the global unitary evolution
U (t) := e−iHt . Assuming factorizing initial conditions with the bath
in a Gibbs state, in this section I will derive a path-integral expression
for the expectation value
i
h
hO(t)i = Tr U † (t) O ⊗ IE U (t)ρ0
of a general observable O acting on the spin; as noted in earlier chapters, this will depend on the environment only through the two-time
correlation function
Cβ (t) = h BE (t) BE (0)i β




Z ∞
dω
βω
=
J (ω ) coth
cos(ωt) − i sin(ωt) ,
π
2
0
R∞
of the interaction operator BE := 0 dω g(ω )( aω + a†ω ), which is determined by the spectral density J (ω ) = πg2 (ω ) and the inverse temperature β of the initial state of the environment.
4.2.1

Coherent-state path integral for bosons and spins

The standard Feynman path integral for a bosonic environment in
terms of canonical position and momentum variables was introduced
in Section 2.1.3, and is obtained by taking the continuum limit in the
position-basis time slicing of the propagators: inserting the resolution
of the identity
Z
I=

dx | x ih x |

4.2 path integral for spin-boson-like models

N − 1 times into the Schrödinger propagator for a single particle with
Hamiltonian H and then letting the number of slices N go to infinity,
one finds the well-known expression (identifying t N ≡ t f , x N ≡ x f )
G ( x f , t f ; x0 , t0 ) =

Z

N −1

dx N −1 . . . dx1

∏ hxk+1 | T e−iH(t + −t ) |xk i
k 1

k =0

−→

Z xf
x0

k

(4.2)

D x eiS[x]

in terms of the classical action S[ x ].
This construction depends crucially on the Hilbert space of the particle being infinite-dimensional: for finite-dimensional Hilbert spaces
such as that of a two-level system, no such limiting procedure is possible if one performs the time slicing of the propagator by repeatedly
inserting a finite completeness relation
Id × d =

d −1

∑ |nihn| ,

n =0

because no continuous paths can arise even for infinitely many and
(t −t )

small timesteps ∆t := f N 0 −→ 0. Therefore, when dealing with finite systems, it is necessary either to work in this discrete picture and
assign a different meaning to the idea of paths interfering to give the
propagator [9, 55] or to look for some continuous-variable description
of the state of a finite system, such as an overcomplete basis of coherent states [19, 33]. I chose the latter approach; for the sake of a clearer
exposition, before introducing the definitions of coherent states and
path integrals for spin systems, I will now briefly review their much
more common bosonic counterparts. The notation and conventions
used follow Negele and Orland’s textbook [19].
For a single bosonic degree of freedom with creation and annihilation operators a† and a and Hamiltonian H = Ωa† a, an unnormalized
coherent state can be defined as
†

|φi := eφa |0i ,

(4.3)

where |0i is the vacuum state and φ is any complex number. This
state is an eigenstate of a with eigenvalue φ; its Hermitian conjugate
∗
hφ| = h0| eφ a is a left eigenstate of a† with eigenvalue φ∗ . The overlap
between any two such states |φi and |φ0 i is
∗

0 †

h φ | φ 0 i = h0| e φ a e φ a |0i = e φ

∗ φ0

,

which never vanishes, showing the overcompleteness of the full set of
coherent states in the Hilbert space of the particle: the closure relation
for coherent states thus defined is
I=

Z

dφ∗ dφ −|φ|2
e
|φihφ| ,
2πi

(4.4)
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2

where the factor e−|φ| compensates for the fact that the squared norm
2
of |φi is hφ|φi = e|φ| (note that some authors use a different notation
for the integral measure, which is related to that used here by
dφ∗ dφ
d<[φ]d=[φ]
=
,
2πi
π
where <[φ] and =[φ] denote the real and imaginary parts of φ). The
generalization to multiple degrees of freedom is straightforward and
gives coherent states |Φi specified by their eigenvalues φk for each
annihilation operator ak .
Consider the propagator from some initial coherent state |φi i at
time t0 to a final coherent state |φ f i at time t f . The time slicing with
the overcompleteness relation Eq. 4.4 leads to the path-integral expression

hφ f | e

−iH (t f −t0 )

|φi i =

Z φ∗ (t f )=φ∗
f
φ(t0 )=φi

D µ(φ, φ∗ ) eΓ[φ,φ

∗ ]+i S[ φ,φ∗ ]

,

(4.5)

where the variables φ, φ∗ have become time-dependent fields and the
denominators 2πi were absorbed into the definition of the symbolic
functional measure D µ(φ, φ∗ ). The first term in the exponent,
Γ[φ, φ∗ ] :=


1 ∗
φ f φ(t f ) + φ∗ (t0 )φi ,
2

is a boundary term (note that the boundary conditions in Eq. 4.5
fix φ(t0 ) and φ∗ (t f ), but not φ∗ (t0 ) and φ(t f ), which are separate,
independent variables [19, 33]), and the action S[φ, φ∗ ] is

Z tf 
i ∗
∗
∗
∗
dt
S[φ, φ ] :=
(φ (t)φ̇(t) − φ̇ (t)φ(t)) − H (φ (t), φ(t))
2
t0
where H (φ∗ (t), φ(t)) := hφ(t)| H |φ(t)i = Ωφ∗ (t)φ(t) is the Hamiltonian expressed as a function of the coherent fields.
The propagator in Eq. 4.5 is the result of averaging two different
prescriptions for the continuum limit, which would otherwise give
just one time-derivative term in the action and either the initial or the
final part of the boundary term Γ[φ, φ∗ ] [19]. Both choices yield correct results if viewed as mere formal expressions for the underlying
discrete path integral; however, the symmetrized prescription used
here has the advantage of giving an object which can be consistently
used in the continuum without referring to the discrete expression,
making it easier and more natural to work with [33, 177].
The theory of spin coherent states was pioneered by authors such
as Radcliffe, Klauder, Kuratsuji, Suzuki and Kochetov in the 1970s
and 1980s [178–181] by analogy between the algebra of bosonic creation and annihilation (or equivalently, position and momentum) operators and the SU (2)/U (1) algebra of spin systems of any spin
s. For s = 12 , the eigenstates |0i and |1i of σz are mapped onto

4.2 path integral for spin-boson-like models
σx +iσy
2

each other by the raising and lowering operators σ+ :=
σx −iσy
2

and

= (σ+ )† and are entirely equivalent from an algebraic
σ− :=
point of view; choosing |0i as a reference state by analogy with the
bosonic case, one may define the normalized coherent state
|zi := p

1

+

1 + | z |2

ezσ |0i

(4.6)

where z ∈ C. For general representations of SU (2)/U (1) with spin
s 6= 12 , an analogous definition applies, with the denominator replaced by (1 + |z|2 )s in order to keep the states normalized [178–181].
Coherent states defined as in Eq. 4.6 clearly form an overcomplete
set, since hz|0i 6= 0 for any z: the overlap between two spin coherent
states |zi and |z0 i is

hz|z0 i = p

1 + z∗ z0

(1 + |z|2 )(1 + |z0 |2 )

.

The closure relation for spin coherent states with arbitrary s is
I=

Z

dz∗ dz 2s + 1
|zihz| .
2πi (1 + |z|2 )2

(4.7)

Geometrically, this definition of coherent states is related to the
stereographic
 projection of the Bloch sphere: the complex parameter
z = tan 2θ eiφ , where θ ∈ [0, π ) and φ ∈ [0, 2π ), uniquely determines
the Bloch vector n(z) corresponding to the pure state |zi through


2=[z] |z|2 − 1
2<[z]
,
,
,
(4.8)
n(z) :=
1 + | z |2 1 + | z |2 1 + | z |2
n x + iny
z(n) =
,
(4.9)
1 − nz
and the measure in Eq. 4.7 gives the area element on the Bloch sphere.
Note that in the limit |z| −→ ∞ the Bloch vector approaches n(∞) =
(0, 0, 1), which corresponds to |1i, regardless of the phase of z: this is
another consequence of the isomorphism between SU (2)/U (1), the
unit sphere and the one-point compactified complex plane, i.e. the
complex plane with the additional property that all points at infinity are regarded as topologically equivalent. Figure 4.1 illustrates the
relationship between the coherent-state parameter z and the Bloch
vector n(z).
With these definitions, one can construct a well-defined path integral for a two-level system. Consider the propagator from a state |zi i
at time t0 to a state |z f i at time t f with the dynamics given by some
Hamiltonian H: inserting the overcompleteness relation Eq. 4.7 for
spin s = 12 between time slices and taking the continuum limit, one
finds

hz f | e−iH (t f −t0 ) |zi i =

Z z∗ (t f )=z∗
f
z(t0 )=zi

D µ(z, z∗ ) eΓ[z,z

∗ ]+i S[ z,z∗ ]

,

(4.10)
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σz |1i
φ

|+i

n(z)
C

θ
z

σx

σy

|0i

|0i+|1i

Figure 4.1: The Bloch sphere with reference states |0i, |1i and |+i := √
2
along the axes labeled by the spin components, and the stereographic projection: points on the sphere, parametrized by the
angles θ and φ, are mapped one-to-one to the xy plane by following the straight line passing through them and the north pole of
the sphere. Interpreting the plane as the complex plane and its
points as complex numbers, the relations Eq. 4.8 and Eq. 4.9 between the Bloch vector and a spin coherent state are established.

where D µ(z, z∗ ) is the path-integral measure, which includes all factors in Eq. 4.7, Γ[z, z∗ ] is a boundary term and S[z, z∗ ] the effective
action for the fields z and z∗ . The structure of these terms is
!
(
1 + z∗f z(t f ))(1 + z∗ (t0 )zi )
1
Γ[z, z∗ ] := log
,
2
(1 + |z f |2 )(1 + |zi |2 )
where again only z(t0 ) and z∗ (t f ) are fixed by the boundary conditions, but not z∗ (t0 ) and z(t f ), and
∗

S[z, z ] :=

Z tf
t0


dt


i z∗ (t)ż(t) − ż∗ (t)z(t)
∗
− H (z(t), z (t)) .
2
1 + |z(t)|2

The right-hand side of Eq. 4.10 may be regarded as a path integral
over the Bloch sphere, according to the aforementioned projection
onto the one-point compactified complex plane. The term with the
time derivatives of the fields has a geometrical interpretation as an
external differential on the spherical state manifold, and gives rise to
a Berry phase in closed-contour path integrals such as the partition
function for the spin: this geometric term was found to have relevant
implications in certain problems [182].
Some subtleties as to determining the form of the coherent-field
Hamiltonian H (z(t), z∗ (t)) deserve attention. Most authors define it
as hz(t)| H |z(t)i, the limit of the time-sliced quantity hzi+1 | H |zi i to
leading order in the timestep ∆t (see e.g. the derivations in [180]
or [181]). However, calculations using this form of H (z(t), z∗ (t)) in
the continuum limit have long been known to harbor mathematical
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pitfalls leading to inconsistent results for some systems, which can
be traced back to the time-slicing prescription chosen [181, 183]. This
has often been blamed on the mathematically problematic definition
of the path-integral measure in the continuum limit; following this
line of reasoning amounts to regarding discrete sums of paths as the
only correct and consistent framework for all calculations, while the
continuous-variable expression is considered as merely formal and
used for notational convenience when taking the limit at the end.
This, of course, is tantamount to rederiving the entire formalism for
each problem instead of using the continuous path integral as a convenient, reliable and well-established tool, which is arguably one of
the reasons for the failure of SU (2) coherent-state path integrals to attain quite the same popularity and widespread use as more standard
techniques routinely and safely employed in quantum and statistical
mechanics or quantum field theory.
The problem of inequivalent time slicings was addressed in recent
work by Kordas et al. [183], who advocate a different prescription for
the derivation of H (z(t), z∗ (t)) from H claiming that it consistently
yields correct results. The authors point out that the object weighting the paths in the standard Feynman path integral is the classical action of the system1 , and argue that an analogous object should
therefore be sought for spin problems as well, a subtlety which is
not so apparent for infinite-dimensional systems described by canonical coordinates and conjugate momenta. Effective position and momentum
operators√for spin systems may be obtained as quadratures
√
1/2Ω( ã + ã† ), i Ω/2( ã† − ã) from effective annihilation and creation operators ã and ã† , which in turn can be defined by a Holstein–
Primakoff transformation [184] for any SU (2) representation, i.e. for
arbitrary s: given a spin Hamiltonian H, the prescription of Kordas
and coworkers dictates that it be rewritten in terms of the relevant
pseudo-canonical operators before taking the expectation value on
the state |z(t)i; the result differs from hz(t)| H |z(t)i by s-dependent
terms except in the s −→ ∞ limit, which is a boson field, and for
s = 21 , the case we are interested in here. The physical and mathematical standing of this new development is not entirely clear at the time
of writing, with results for certain models still disputed [185, 186] and
thus calling into question the legitimacy of the procedure, but as far
as the spin-boson model is concerned, no such ambiguity arises and
it is always appropriate to define the coherent-field Hamiltonian as
simply the expectation value hz(t)| H |z(t)i.

1 It should be stressed, however, that this is not the case for coherent-state path integrals, for which the action functional emerging from the continuum limit yields
the Schrödinger equation as the Euler–Lagrange equation describing the extremal
trajectory in the h̄ −→ 0 limit, instead of the classical equations of motion [19].
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4.2.2

Influence functional for the spin-boson model

Using the definitions of the previous subsection in a construction
along the lines of that given in Section 2.1.3 for arbitrary open-system
problems, a path-integral expression for the average of some spin operator O at time t may be written in terms of coherent states as

hO(t)i =
e

Z z∗
f

∗

D µ(z, z )

Z z0∗
i

0

0∗

D µ(z , z )

Z Φ∗
f

∗

D µ(Φ, Φ )

Z Φ0∗
i

D µ(Φ0 , Φ0∗ )

zi
z0f
Φi
Φ0f
Γ[z,z∗ ,Φ,Φ∗ ]+Γ∗ [z0 ,z0∗ ,Φ0 ,Φ0∗ ]+i (S[z,z∗ ,Φ,Φ∗ ]−S ∗ [z0 ,z0∗ ,Φ0 ,Φ0∗ ])

O(z0f , z∗f )ρ0 (zi , zi0∗ , Φi , Φi0∗ ), (4.11)
∗ corwhere Φ, Φ∗ stand for the continuum of bosonic fields φω and φω
responding to the whole environment, S[z, z∗ , Φ, Φ∗ ] is the combined
action for the spin and the bosons associated with the spin-boson
Hamiltonian HSB defined in Eq. 4.1 and Γ[z, z∗ , Φ, Φ∗ ] groups together
the corresponding boundary terms. The notation ρ0 (zi , zi0∗ , Φi , Φi0∗ )
and O(z0f , z∗f ) denotes expansion of the operators in the coherent-state
basis |z, Φi at the initial and final times, respectively (since O acts
on the system only, its dependence on the bosonic coherent fields is
trivial and was omitted), and integration over these variables is understood and indicated by repeating them as endpoints in the path
integral signs in an Einstein-like convention, in order to avoid cluttering the expression with further explicit integral signs.
The two actions appearing in the exponent are

S[z, z∗ , Φ, Φ∗ ] := SS [z, z∗ ] + S E [Φ, Φ∗ ] + S I [z, z∗ , Φ, Φ∗ ]
and its complex conjugate S ∗ [z0 , z0∗ , Φ0 , Φ0∗ ], with
Z t  ∗ 0
i z (t )ż(t0 ) − ż∗ (t0 )z(t0 )
∗
SS [z, z ] := dt0
2
1 + |z(t0 )|2
0

ω0
+
cos(α/2)nz (z(t0 )) + sin(α/2)n x (z(t0 ))
4
Z t Z ∞ 

i
∗ 0
φω
(t )φ̇ω (t0 ) − φ̇ω∗ (t0 )φω (t0 )
S E [Φ, Φ∗ ] := dt0 dω
2
0
0

− ωφω∗ (t0 )φω (t0 )

S I [z, z∗ , Φ, Φ∗ ] :=

Z t

k
dt0 nz (z(t0 ))
4
0



Z ∞
0


∗ 0
dω g(ω ) φω (t0 ) + φω
(t ) .

The replacements σi 7→ − 12 ni (z(t0 )) in the spin Hamiltonian are the
result of the prescription to compute H (z(t0 ), z∗ (t0 )) for spin s = 21 ,
as discussed in the previous subsection.
The Gaussian path integral in the bosonic variables may be carried
out exactly for the initial conditions chosen, leaving a path integral
in the spin fields alone with the effects of the bosonic bath encoded
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in a thermal influence functional of the form already introduced in
Eq. 2.53. The result is

hO(t)i =

1
N

Z z∗
f
zi

D µ(z, z∗ )
e

Z z0∗
i

D µ(z0 , z0∗ ) O(z0 , z∗ )ρ0 (zi , z0∗ )

i
f
f
z0f
ΓS [z,z∗ ]+ΓS∗ [z0 ,z0∗ ]+i (SS [z,z∗ ]−SS∗ [z0 ,z0∗ ]+Φ[z,z∗ ,z0 ,z0∗ ,J ])

, (4.12)

where N is a normalization factor (which will be left implicit from
now on, since it merely keeps track of the trace of the density matrix)
and the dependence of the influence phase
Z
Z 0

k2 t 0 t 00
dt dt nz (z(t0 )) − nz (z0 (t0 ))
Φ[z, z , z , z , J ] := i
16 0
0


0
00
Cβ (t − t )nz (z(t00 )) − Cβ∗ (t0 − t00 )nz (z0 (t00 ))
(4.13)
∗

0

0∗

on the spectral density through the correlation function Cβ (t) was
emphasized for later use in deriving the error bounds. Note that this
expression is merely a specific instance of Eq. 2.58 for the system
interaction operator W (q) = 12 nz (z), and that no Lamb shifts appear,
since for spin- 12 problems they are proportional to the identity and
cancel out in the path integral exponents.
4.3

error bounds for the spin-boson model

Suppose we are given a spin-boson model with spectral density J0 (ω )
and would like to study the effect of adding to it an extra term δJ (ω ),
which may be interpreted as an error or as an extra feature of the
bath, on the expectation value hO(t)i. In particular, our goal is to
obtain an explicit bound, in terms of δJ (ω ), to the absolute value of
the deviation
δhO(t)i := hO(t)i J − hO(t)i J0 ,
where
J (ω ) := J0 (ω ) + δJ (ω )
and the subscripts denote the spectral density considered in each expectation value. I shall now give a derivation leading to a general
bound and several more specific ones which apply under further assumptions, and discuss their validity and applicability within and
beyond the spin-boson model.
4.3.1

General derivation of the bounds

The key to deriving a bound on the absolute difference |δhO(t)i|
for spectral density variations δJ (ω ) is to observe that the influence
phase Φ[z, z∗ , z0 , z0∗ , J ] defined in Eq. 4.13 is linear in the correlation
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function Cβ (t) and hence in the spectral density. This linear dependence makes it possible to separate the contributions from J0 (ω ) and
δJ (ω ) and factorize the influence functional:


exp iΦ[z, z∗ , z0 , z0∗ , J ]


= exp i (Φ[z, z∗ , z0 , z0∗ , J0 ] + Φ[z, z∗ , z0 , z0∗ , δJ ])




= exp iΦ[z, z∗ , z0 , z0∗ , J0 ] exp iΦ[z, z∗ , z0 , z0∗ , δJ ] .
Regarding the factor associated with the variation δJ (ω ) as a dynamical term rather than an influence functional, the average hO(t)i J
may be rephrased as the expectation value with spectral density J0 (ω )
of the observable O times the time-ordered operator exponential corresponding to exp [iΦ[z, z∗ , z0 , z0∗ , δJ ]]: introducing the notation ASL/R
for spin operators acting on the state from the left and from the right,
respectively, a Heisenberg-picture superoperator
δΦ[ρS ] := i

k2
4

Z t

Z t0

dt0

dt00 T

h

σzL (t0 ) − σzR (t0 )



0
0
i
δC (t0 − t00 )σzL (t00 ) − δC ∗ (t0 − t00 )σzR (t00 ) [ρS ] (4.14)

may be defined, where δC (t) is the difference between the correlation
functions given by the two spectral densities,




Z ∞
dω
βω
δC (t) =
δJ (ω ) coth
cos(ωt) − i sin(ωt) ,
π
2
0
and the time evolution of the operators in Eq. 4.14 is to be regarded
as formal and only well defined inside expectation values with a bath
spectral density J0 (ω ) and an initial thermal state at inverse temperature β. Then one may write, in the spin Hilbert space,
∞

δhO(t)i =

∑

n =0
∞

=

∑

n =1

TrS [O(t)T (in δΦn )[ρ0S ]] J0
n!
TrS [O(t)T (in δΦn )[ρ0S ]] J0

− hO(t)i J0
(4.15)

n!

and proceed to bound the absolute value of each term in the series:
if successful, this operation will also bound the sum by the triangle
inequality.
The first-order term is (using commutators inside traces to keep the
notation concise)
TrS [O(t)T (iδΦ)[ρ0S ]] J0
Z
Z 0


k2 t 0 t 00 
dt dt δC (t0 − t00 )TrS [O(t), σz (t0 )]σz (t00 )ρ0S J
=−
0
4 0
0



−δC ∗ (t0 − t00 )TrS [O(t), σz (t0 )]ρ0S σz (t00 ) J ,
0
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and each higher power brings in its own operators, which are to be inserted in the appropriate time order in all four possible combinations,
each with the corresponding correlation function and sign. The nthorder term of the series Eq. 4.15 is therefore a 2n-fold time integral
of a linear combination of 4n traces of the initial state, the observable O and 2n interaction operators arranged in all possible orders,
modulated over time by different products of correlation functions
p

ξ i1 ...i p (∆t1 , . . . , ∆tn ) := σ

∏ δC(∆ti

m

)

m =1

∏

δC ∗ (∆t j )

j6=i1 ,...,i p

where p ≤ n, ∆ti := ti0 − ti00 is the difference between the two time
arguments entering at order i and σ is a sign depending on the particular operator ordering of each term.
To bound the nth-order term of the expression for δhO(t)i, we take
the absolute value inside the time integrals: then, using the above
definition, the absolute value of each of the terms making up the
integrand (without the prefactor (k2 /4)n and the denominator n!) is

|ξ i1 ...i p (∆t1 , . . . , ∆tn )TrS [O(t)T (σzn+r )ρ0S T ∗ (σzn−r )] J0 |
= |ξ i1 ...i p (∆t1 , . . . , ∆tn )||TrS [O(t)T (σzn+r )ρ0S T ∗ (σzn−r )] J0 |
= |ξ 1...n (∆t1 , . . . , ∆tn )||TrS [O(t)T (σzn+r )ρ0S T ∗ (σzn−r )] J0 |
n

= ∏ |δC (∆ti )||TrS [O(t)T (σzn+r )ρ0S T ∗ (σzn−r )] J0 |,
i =1

p

where p, r ≤ n, σz is a shorthand for p σz operators acting at different
times and T ∗ denotes reverse time ordering. This may be bounded
by using the singular-value decomposition and replacing each operator A by its greatest singular value σ1 ( A), which is a well-defined
operator norm:
|| A|| := || A||∞ = σ1 ( A).
Since ||ρ0S || ≤ 1 and ||σz || = 1, this gives

|TrS [O(t)T (σzn+r )ρ0S T ∗ (σzn−r )] J0 | ≤ ||O|| ||σz ||2n = ||O||
for each of the 4n terms in the nth-order contribution to the series, regardless of the positions and time arguments of the operators inside
the trace. Bounding all traces making up TrS [O(t)T (in δΦn )[ρ0S ]] J0
leaves a sum of 4n identical integrals, canceling the 4−n from the coupling prefactor: the result is
 Z t Z t0
n
n
n
2
0
00
0
00
TrS [O(t)T (i δΦ )[ρ0S ]] J0 ≤ ||O|| k
dt dt |δC (t − t )| ,
0

0

so that the series expansion Eq. 4.15 as a whole may be bounded by
 R
n
R t0
t
∞
k2 0 dt0 0 dt00 |δC (t0 − t00 )|
|δhO(t)i| ≤ ||O|| ∑
n!
n =1
(4.16)



= ||O|| ek

2

R 0 00
0 t
0 dt 0 dt

Rt

|δC (t0 −t00 )|

−1 .
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This is the most general result presented in [38]; the tightness of
the bound and its scaling in time depend on the model and spectral
density variation of interest.
The error bound Eq. 4.16 satisfies all requirements one would expect from such a quantity: it is proportional to the norm of the observable considered, starts from zero at the initial time and grows
exponentially as the possible error builds up from the continued interaction with the environment. The latter property, which is natural
for time-evolving quantities prone to cumulative errors in their dynamics, clearly makes the result only useful at times short enough
for the error to remain below twice the norm of the operator O, the
largest physically possible error for its expectation value.
2
The exact time dependence cannot be worse than eCt , the limit of
a non-decaying correlation function (corresponding to a Dirac-delta
spectral density variation), but is usually purely exponential, since a
sufficient
R ∞ condition for this is for δC (t) to be absolutely integrable,
i.e. 0 dt |δC (t)| < ∞, which is fulfilled for most practically relevant
δJ (ω ). If this is the case, then one may bound the error by

|δhO(t)i| ≤ ||O||(eζt − 1),

(4.17)

R∞
where ζ := k2 0 dt |δC (t)|, which is a looser bound than Eq. 4.16 but
still scales as a simple exponential.
Before moving on to a discussion of specific applications or possible generalizations, it is worth adding here a few more comments
on these general results. First, it is important to note that the derivation of the error bounds takes into account the evolution of the spin
in the bath at all times and hence concerns the reduced dynamics
rather than any particular observable; this is the physical reason for
the norm ||O|| only entering the expressions as an overall constant.
Secondly, the free evolution of the spin is not taken into account at
any point of the proof, so there is no way to tell whether the error
in the spectral density has a stronger effect for any particular angle
α between the free and interaction terms in the Hamiltonian, though
something can be said concerning the special case of pure dephasing:
in that situation, since [ HS , σz ] = 0 and the operators appearing in the
singular-value decomposition have no time-dependent phases, the inequality bounding them with the product of their norms is saturated,
making it a worst-case scenario of sorts, at least as far as that particular step of the derivation is concerned. Finally, though the original
goal was to derive an error bound dependent on δJ (ω ), the result actually compares the correlation functions rather than the underlying
spectral densities: this has far-reaching consequences, since it allows
one to compare any two Gaussian environments through their δC (t),
allowing for much more general uses of the error bound than merely
studying the link between δJ (ω ) and δhO(t)i.

4.3 error bounds for the spin-boson model

4.3.2

Scope of the result and possible extensions

The error bound expressed by Eq. 4.16 is a fully general quantitative
relation between a change in the correlation function of a Gaussian
environment and the greatest variation it may induce in the expectation value of an operator acting on the two-level system coupled to it
in a spin-boson model. The environment can have any spectral density and initial state as long as it is Gaussian and uncorrelated with
the system at the starting time t0 .
As an error bound, the result can be used to investigate the quantitative robustness of models in which the spectral density is known
only approximately, in order to assess the sensitivity of their predictions to possible errors in it. Finding a way to address this type
of situations was, in fact, among the primary motivations of the research conducted; another goal of this investigation was to find a
certified measure of the reliability of numerical simulation methods
which require modifying the environmental spectral density in some
way. Both objectives are met by the result with the added versatility of
accounting for any variations in the correlation function—and therefore any differences at all in the bath as perceived by the system—and
not just changes in the spectral density: this is especially relevant in
the context of numerical simulation, where one often employs fitting
techniques on either one or the other. For example, as discussed in
Section 2.3.2.3, various approximation schemes for general spectral
densities and correlation functions are routinely used in HEOM and
lead to errors which can be rigorously bounded, as demonstrated
in [38].
A practical, if somewhat weakened, version of the bounds Eq. 4.16
and Eq. 4.17 is obtained by applying the triangle inequality yet again
on δC (t) in order to split it into its real and imaginary parts:

|δC (t)| ≤ |<[δC (t)]| + |=[δC (t)]|.
This can be useful to perform the integrals, possibly even analytically,
and splits the error between the noise and dissipation kernels, which
may give additional insight: a notable special case arises if one considers a variation of temperature β 7→ β0 rather than spectral density,
so that

 0 


Z ∞
dω
βω
βω
δC (t) =
J0 (ω ) coth
− coth
cos(ωt)
π
2
2
0
with no variation in the imaginary part since only the thermal effects
change. This leads to an error bound on δhO(t)i for variations in the
initial temperature, or a measure of its sensitivity to it.
The results presented in this Chapter may be generalized in several
ways. First of all, the spin-boson model was used as a handy starting
point for the derivation of the error bounds but the extension to any
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finite system for which the steps of the proof may be followed, such as
systems with many or higher spins, is straightforward (if good care
is taken in defining their coherent states); it is necessary, however,
for the system to be finite due to the singular-value decomposition
and the use of the || • ||∞ norm. The possibility to derive analogous
results for infinite-dimensional systems restricted to Gaussian states
is currently being explored as well.
A more ambitious generalization of the result could be an analogous error bound on multi-time correlation functions of the spinboson model or other systems, measuring deviations such as
δhOn (tn ) . . . O1 (t1 )i := hOn (tn ) . . . O1 (t1 )i E2 − hOn (tn ) . . . O1 (t1 )i E1
upon replacing some environment E1 with a different one E2 .
Furthermore, even when no finite error bound can be stated due to
the system dimension, the dependence of the error on the quantity
Q(t) :=

Z t
0

dt

Z t0

0

0

dt00 |δC (t0 − t00 )|

(4.18)

remains an established fact with its own physical import: the integral Q(t) measures the build-up of errors over time at the bath level,
regardless of the operators coupling the system to the environment
and their possibly infinite singular values, so its validity as a figure of
merit for the impact of a given δC (t) on the reduced dynamics of any
system stands on its own and extends beyond individual models.
Finally, the fact that these results hold for any pair of Gaussian environments may be used in combination with the unitary dilation of
dissipative environments and the Tamascelli–Smirne–Huelga–Plenio
(TSHP) equivalence theorem stated in Section 3.3: then one can bound
the error arising not only from modifying a given environment but
even from replacing it with a non-unitary Gaussian one, by comparing the correlation function of the original bath with the one defined
in Eq. 3.27 for dissipative harmonic environments obeying Lindblad
equations. This provides a sound quantitative criterion for the construction of error-minimizing effective environments in models using
auxiliary damped oscillators to emulate the effects of a continuous
bath on some system; for example, Lambert et al. [187] have used the
combination of the theorem and the error bound to generalize the
pseudomode simulation method in an application to the spin-boson
model. In Chapter 5, I will discuss in detail how this relation can be
put to use to devise an even more general technique of this type, in
which it will be the guiding principle underlying the optimization of
the effective bath parameters.

5

A N E W S I M U L AT I O N M E T H O D F O R G E N E R A L
OPEN SYSTEMS

The mathematical hurdles and high computational costs of simulating non-perturbative and non-Markovian open quantum systems, as
well as the limited reach of known analytical results, were highlighted
at several points in previous chapters. In particular, in Section 2.3.2
and Section 2.3.3 I discussed two classes of methods currently at the
forefront of research in efficient simulation techniques for such problems: fully microscopic, numerically exact approaches and effective
models accounting for non-Markovian environments through auxiliary degrees of freedom experiencing Markovian damping.
In this final Chapter of Part ii of the thesis, I shall give an account
of the main endeavor undertaken within the PhD program, which led
to the development, alongside A. Smirne, D. Tamascelli, P. FernándezAcebal, S. Donadi, S. F. Huelga and M. B. Plenio, of a new simulation
method for general open quantum systems lying in between the two
aforementioned categories. The new approach is described in [32]
and builds on the TSHP equivalence theorem between unitary and
dissipative environments presented in Section 3.3 and the original
error bounds derived in Section 4.3.
The key idea is to replace any given unitary bath by a network
of interacting damped harmonic oscillators obeying a Lindblad master equation; this surrogate oscillator network is systematically designed to minimize the error in the correlation function while using
the smallest possible number of oscillators in order to keep simulation costs low. The result is a method which adds to the benefits of
working with effective Markovian master equations the rigorous error control of a fully ab initio construction, thus acting as a bridge
between numerically exact schemes and effective approaches involving approximate two-tiered environments.
In the first section of this Chapter, I will introduce the variational
algorithm by which optimal values for the parameters of the surrogate oscillator network are determined from the correlation function
of the unitary target bath, and describe the mathematical structure of
the problem. The second section contains a working example demonstrating the method in practice, including numerical results for test
problems with known exact solutions and a first accuracy and performance report. Finally, in the third section, I will summarize the
method and lay out some technical and numerical questions still open
at the time of writing. Applications of the new simulation technique
to problems of current academic interest will be the subject of Part iii.

99

100

a new simulation method for general open systems

5.1

transformation to surrogate oscillators

Replacing a unitary Gaussian environment by a dissipative one in an
open-system problem is one possible strategy for the study of that
system, as discussed in Section 2.3.3 and Section 3.2.2, and may be
implemented in many ways, resulting in varying degrees of accuracy
and efficiency of the simulation.
Perhaps the most widely known prescription to do so is the previously discussed pseudomode method of Garraway [158]. His original paper introduced the concept by applying a rotating-wave approximation to the system-environment interaction term in his zerotemperature model and proving that, under that restriction, the effect
of the bath could be reproduced by fitting the spectral density with a
convex linear combination of Lorentzians. Each of them corresponds
to a fictitious harmonic oscillator—a pseudomode—with frequency,
damping rate and system-mode coupling strength given by the fit,
forming an effective bath of the type briefly described in Section 3.2.2.
The approximations of the original pseudomode method are made
superfluous by the TSHP theorem and the quantitative relationship
between errors in the correlation function and in the reduced dynamics for Gaussian environments proved in Section 4.3: those results
prove that every Gaussian dissipative environment obeying a Lindblad equation is suitable for the treatment of any open quantum system in a continuous harmonic bath, as long as the correlation functions of the original environment and the dissipative one are similar
enough for all practical purposes.
This realization paves the way for the development of a simulation
method with the very goal of exploiting the generality of the theorem
to the maximum extent possible, in order to achieve higher accuracy
and efficiency than any previously used technique based on similar
premises; in particular, any type of coupling among the damped bath
oscillators and between them and the system may be allowed under
the sole requirement that Gaussianity be preserved, which results in
correlation functions consisting of non-convex, even complex linear
combinations of exponentials, greatly enhancing their versatility if
compared to the same number of non-interacting pseudomodes.
Given a general network of damped harmonic oscillators, however,
tuning its parameters so that the two-time correlation function of
some observable gets as close as possible to a given target function
is a difficult problem. Any simulation method based on such effective environments must therefore involve a systematic recipe which
takes the correlation function of the original bath of the model as
input, and gives an oscillator network for which there exists an operator with the same, or at least a very similar, correlation function.
I will now describe one possible procedure, hereafter referred to as
Transformation to Surrogate Oscillators (TSO), to achieve this.

5.1 transformation to surrogate oscillators

5.1.1

Ansatz and correlation function structure

Recall that in order for both the unitary and the effective harmonic
environments to be Gaussian it is necessary that they couple linearly
to the system. In addition, the Lindblad operators of the dissipative
environment must also be linear in its creation and annihilation operators and the initial state of both environments (assuming factorizing
initial conditions, as usual) must be Gaussian.
A not particularly restrictive assumption guaranteeing the latter
condition in realistic problems is the requirement that the initial state
of the environment be a steady state: for example, the thermal state
of harmonic systems, unitary or not, is Gaussian. As discussed in
Section 3.1.1, this also ensures that the two-time correlation function
E ( t + τ, τ ) := h B
matrix Cmn
Em ( t + τ ) BEn ( τ )i E of the operators appearing in the interaction Hamiltonian is time-homogeneous:
E
E
Cmn
(t + τ, τ ) = Cmn
(t, 0),
E ( t ) in the following. Therefore, from now
which will denoted by Cmn
on, the unitary environment will be assumed to start in a Gibbs
state. Furthermore, for the sake of simplicity, the interaction Hamiltonian will be taken to consist of a single term H I = AS BE , so that
E ( t ) = C E ( t ); the generalization to multiple interaction terms is
Cmn
straightforward and will be discussed in due course.
In order to have a time-homogeneous correlation function for the
effective environment as well, then, it is necessary for it to also have
a Gaussian steady state to start in; given the Lindblad equation

dρ R
(t) = L R [ρ R (t)] = −i [ HR , ρ R (t)] + D R [ρ R (t)]
dt

(5.1)

for the effective environment, the condition for a state ρ0R to be stationary is
L R [ρ0R ] = 0.
(5.2)
In general, the thermal equilibrium state of a network of N damped
harmonic oscillators with arbitrary couplings may be difficult to calculate; moreover, the correlation function of some operator
N

BR :=

∑ (cn an + c∗n a†n ),

(5.3)

n =1

with the creation and annihilation operators of the modes satisfying
canonical commutation relations [ am , an ] = 0 and [ am , a†n ] = δmn , depends on all parameters of the oscillator network, the damping rates
and the initial state, through complicated functions involving many
potentially redundant variables. For these two reasons, it is worthwhile to trade some of the generality of the form of the surrogate
environment for a clearer relationship between its parameters and
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the correlation function C R (t) := h BR (t) BR (0)i R . To this end, I will
now take an ansatz for the geometry of the effective environment
and its equation of motion Eq. 5.1 such that the equilibrium state has
a simple analytical form and CR (t) is easy to compute.
In particular, assume a chain configuration with hopping interactions

N
N −1 
HR := ∑ Ωn a†n an + ∑ gn an a†n+1 + gn∗ a†n an+1
(5.4)
n =1

n =1

and a zero-temperature Lindblad dissipator acting locally on each
surrogate mode:

o
N
1n †
†
a an , ρ R
D R [ρ R ] := ∑ Γn an ρ R an −
.
(5.5)
2 n
n =1
Then the tensor product of the local vacuum states
ρ0R =

N
O

|0ih0|n

(5.6)

n =1

is stationary, and obviously Gaussian. Starting from these premises,
one can derive an expression for the correlation function C R (t) of operators of the form given in Eq. 5.3 for a surrogate oscillator network
with this structure.
First of all, it can be readily shown that as far as C R (t) is concerned,
the couplings gn between neighboring oscillators may be taken to be
real and positive without loss of generality. One possible proof is as
follows: consider the canonical transformation
an 7→ eiδn an
for arbitrary phases δn ∈ R, with the creation operators a†n transforming with the opposite phase in order to preserve the canonical
commutation relations. Under this transformation, the local part of
the Hamiltonian HR and the dissipator D R are invariant, whereas the
hopping term in Eq. 5.4 and the operator BR are not:
gn an a†n+1 + gn∗ a†n an+1 7→ gn ei(δn −δn+1 ) an a†n+1 + gn∗ e−i(δn −δn+1 ) a†n an+1
cn an + c∗n a†n 7→ cn eiδn an + c∗n e−iδn a†n .
If the phases δn are chosen such that gn ei(δn −δn+1 ) = | gn |, the result is
a phase rotation of the still undetermined cn , which does not restrict
the physical picture in any way (note that this leaves one of the δn still
free as an overall phase in all the operator coefficients; this redundant
parameter may be fixed e.g. by setting c1 or c N real). Therefore, from
now on the couplings gn will be assumed real and positive.
The time evolution of the expectation values h an (t)i R is given by
Eq. 5.1 as
N
d
h an (t)i R = ∑ Mnm h am (t)i R ,
(5.7)
dt
m =1

5.1 transformation to surrogate oscillators

where
Mnm := αn δnm − i ( gm δn m+1 + gm−1 δn m−1 )


α1
−ig1 0
...
0


..
..


.
−
ig
α
.


2
1


.
.


.
.
= 0
.
.
0 
 .

 ..

α
−
ig

N −1
N −1 
0
...
0 −ig N −1
αN

(5.8)

is tridiagonal for a chain of oscillators and the shorthand notation
αn := − Γ2n − iΩn was introduced for later convenience. Eq. 5.7 may
be solved formally by diagonalization and exponentiation: since M is
not Hermitian, one has
M = SΛS−1 ,
with Λ := diag(λ1 , . . . , λ N ) the diagonal matrix containing the eigenvalues, S := (u1 , . . . , u N ) a matrix whose columns are arbitrarily normalized right eigenvectors un and S−1 := (v1 , . . . , v N )T its inverse,
which has left eigenvectors (vn )T for rows. Since M, though not Hermitian, is nevertheless a symmetric matrix, any left eigenvector is also
a right eigenvector, so S−1 is simply the transpose of S up to normalization of the rows in such a way that
N

∑ vml unl = δmn .

l =1

Because dynamical matrices M with two or more equal eigenvalues
are a zero-measure subset of the general case and therefore extremely
unlikely to occur spontaneously in numerical contexts, for the rest of
the derivation of C R (t) the matrix M will be assumed non-degenerate
(more on the degenerate case will be said in the next subsection). For
a non-degenerate M, the evolution of the expectation value h an (t)i R
is
N

h an (t)i R =

∑ (SeΛt S−1 )nm ham (0)iR

m =1
N

=

∑

eλk t ukn vkm h am (0)i R .

k,m=1

Recall that two-time correlation functions of observables may be assumed to have the form
h
i
h BR (t)CR (0)i R = TrR BR eLR t [CR ρ0R ]
(5.9)
for damped harmonic oscillators obeying a thermal Lindblad equation: taking Eq. 5.9 as a definition of h BR (t)CR (0)i R in the sense discussed in Section 3.3 and using the fact that h an (0) a†m (0)i R = δnm for
the initial state considered here, one has

h an (t) a†m (0)i R =

N

∑ eλ t ukn vkm
k

k =1
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while all other correlation functions h a†n (t) am (0)i R , h an (t) am (0)i R and
h a†n (t) a†m (0)i R vanish, as do the expectation values h an (t)i R , h a†n (t)i R .
Therefore, writing out C R (t) explicitly in terms of these products, one
has
C R (t) =

N

∑

ck c∗l h ak (t) a†l (0)i R

k,l =1
N

=

∑

n =1

!

N

∑

ck c∗l unk vnl

e λn t

(5.10)

k,l =1

N

=

∑ wn e λ t
n

n =1

where the coefficients
N

wn :=

∑

ck c∗l unk vnl

(5.11)

k,l =1

were defined for later use. Note that their sum is real and positive by
construction, since
N

∑ wn = C R (0) = h BR2 (0)iR ,

n =1

which is real and positive because the operator BR is Hermitian.
5.1.2

Systematic construction of the effective bath

Given some unitary environment with correlation function C E (t) and
a network of N surrogate oscillators in the form of a chain, as described in the previous subsection, the goal of the TSO is to determine
the frequencies and damping rates of the oscillators, the couplings
among them and the coefficients of their collective interaction operator BR defined in Eq. 5.3 so that the resulting C R (t) as given by
Eq. 5.10 is as close as possible to C E (t).
This is accomplished in two steps. First, one needs to perform a
nonlinear fit on the target correlation function C E (t):
C E (t) −→ C̃ E (t) =

N

∑ w̃n eλ̃ t ,
n

(5.12)

n =1

with complex λ̃n and w̃n and the minimum number N of terms necessary for the desired accuracy, to put it in a form compatible with the
C R (t) of an N-oscillator chain. This compatibility also requires C̃ E (0)
to be real and positive, meaning that the fit must be constrained by
the condition ∑nN=1 =[w̃n ] = 0. Then the parameters of the effective
environment must be set so that the eigenvalues λn = λn (αk , gk ) of
the dynamical matrix M and the complex weights wn = wn (αk , gk , ck )

5.1 transformation to surrogate oscillators

determining C R (t) match the values given by the fit. Note that a C̃ E (t)
of the form given above implies a non-degenerate dynamical matrix
M for the oscillators; in the presence of one or more degenerate eigendg

dg

dg

values λk , the corresponding terms in C R (t) have the form eλk t Pk (t)
dg

with Pk (t) a polynomial of one degree less than the degeneracy of
dg

the eigenvalue λk and would thus require a different form of the fit.
Such cases have not been considered in any work done so far, but
may extend the versatility of the method.
Inverting the relations
λn (αk , gk ) = λ̃n

(5.13)

wn (αk , gk , ck ) = w̃n

(5.14)

to determine the parameters αn , gn and cn characterizing the surrogate environment and its interaction operator is a highly nontrivial
task, since the functional dependence of λn (αk , gk ) and wn (αk , gk , ck )
on the parameters is a very complicated nonlinear map from 5N − 2
real variables (N complex αn and cn , N − 1 real gn minus one redundant overall phase in the cn ) to 4N − 1 real values (the real and
imaginary parts of the N complex λ̃n and w̃n , minus the constraint
∑nN=1 =[w̃n ] = 0). Moreover, the equation of motion Eq. 5.1 for the
oscillators is only defined for Γn = −2<[αn ] > 0, further restricting
the allowed domain for the solution of Eq. 5.13 and Eq. 5.14.
To tackle this inversion problem, one may break it down by first
solving the inverse eigenvalue problem of finding a matrix M with
eigenvalues λ̃n and positive rates Γn , and then substituting this into
Eq. 5.11 to solve for the cn in terms of the w̃n .
Since the symbolic expressions for the eigenvalues of M in terms of
the parameters are quite cumbersome, involving high-degree roots of
complex polynomials, a simpler approach to the inverse eigenvalue
problem is to consider the characteristic polynomial of M
N

p M (λ) := det(λI − M) =

∏ ( λ − λ n ),

n =1

substitute the target eigenvalues λ̃n on the right-hand side and equate
the coefficients of like powers of the variable λ, which are geometrical invariants of any operator. This yields a system of equations of
degrees 1 through N

N
N



α
=

∑ n
∑ λ̃n


n
=
1
n
=1



N
N
N −1


 ∑ αm αn + ∑ g2 = ∑ λ̃m λ̃n
n
(5.15)
m<n
m<n
n =1

.


..




N




det( M)
= ∏ λ̃n

n =1
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stating the invariance of the sums of principal minors order by order
(the simplest such invariants being the trace and the determinant,
which appear in the first and last line, respectively).
Eq. 5.15 can be regarded as a parametric system of equations in the
couplings gn : with the gn fixed, it becomes a system of N polynomial
equations in N complex unknowns, which can be solved numerically
to give multiple sets of αn —and hence frequencies Ωn and rates Γn ,
whose sign can be checked directly—and therefore the entire dynamical matrix M. This establishes an exact procedure leading from an
arbitrary set of coupling parameters gn to the full structure of one or
more (or even zero) surrogate oscillator networks with the eigenvalues appearing in the exponents of C̃ E (t), depending on how many
solutions of Eq. 5.15 had all Γn > 0.
After solving Eq. 5.15 for a given set of gn , the remaining step is to
determine the form of an operator BR such that its correlation function C R (t) matches C̃ E (t), if it exists. Substituting the eigenvectors un
and vn of the known matrix M into Eq. 5.11, the weights wn (αk , gk , ck )
become functions of the cn only and can be equated with the target
values w̃n given by the fit to solve the second half of the problem:

N




∑ c∗m v1m u1n cn = w̃1



 m,n=1
..
(5.16)
.


N



∗ N N

 ∑ cm vm un cn = w̃ N .

m,n=1

However, due to the redundant overall phase of the cn and the constraint ∑nN=1 =[w̃n ] = 0, Eq. 5.16 is actually a real system of 2N − 1
equations in 2N − 1 unknowns, for which a solution does not necessarily exist; therefore, in our algorithm we do not attempt to solve
it exactly, but minimize some geometric distance between the vectors w := (w1 (αn , gn , cn ), . . . , w N (αn , gn , cn )) and w̃ := (w̃1 , . . . , w̃n )
(e.g. the Manhattan distance dMan (w, w̃) := ∑nN=1 |wn − w̃n |, but other
choices are equally valid a priori) in terms of the cn . If exact solutions
exist, the minimization will find zeros in the distance; otherwise, the
network of oscillators given has no operator with correlation function C R (t) = C̃ E (t) and the closest possible approximation is found
instead.
The steps described above systematically take any given N − 1tuple ( g1 , . . . , g N −1 ) as input and map it to one trial correlation function
R
Ctrial
(t) =

N

∑ wn (αk , gk , ck )eλ (α ,g )t
n

k

k

n =1

for every solution of Eq. 5.15 without negative rates Γn . Collecting
the trial functions obtained from multiple sets of couplings gn and
comparing them to C E (t) (the original correlation function of the unitary environment, before the fit), one may then rank their accuracy

5.1 transformation to surrogate oscillators

according to some figure of merit. The most obvious candidate is the
error integral Q(t) defined in Eq. 4.18, which is directly related to the
error induced in the reduced dynamics of any system upon changing
the environmental correlation function: for any trial function given
by the TSO, this is
Q(t) =

Z t

Z t0

0

0

dt0

R
dt00 |C E (t0 − t00 ) − Ctrial
(t0 − t00 )|.

(5.17)

However, different figures of merit may also be defined and used;
although Q(t) emerges from a rigorous derivation, depending on the
problem at hand it may be desirable to use some other measure to
rank trial correlation functions, for example in order to emphasize
the differences at shorter or longer times. The full procedure may be
summarized as follows:
• Fit C E (t) with N complex exponentials eλ̃n t with complex
coefficients w̃n such that ∑nN=1 =[w̃n ] = 0.
• Sample multiple ( N − 1)-tuples ( g1 , . . . , g N −1 ) from a
suitably sized open set (0, gmax ) N −1 .
• Substitute each set of couplings gn into Eq. 5.15; solve
and keep only the solutions with all Γn = −2<[αn ] > 0.
• Substitute the eigenvectors of the matrix M given by
each solution into the expression Eq. 5.11 for the weights
wn (αk , gk , ck ) and minimize a distance between w and w̃
by varying the cn .
• Rank the trial correlation functions corresponding to each
solution found according to a meaningful figure of merit
and keep the parameters giving the one closest to the
original C E (t).
• If the accuracy is deemed insufficient, repeat with one
more oscillator.

Before moving on to demonstrating the use of this remapping of
the environment in the actual simulation of open quantum systems,
several important observations and comments, concerning both the
general idea underlying the method and its realization through the
procedure described above, are in order.
First, it is worth emphasizing that the TSO for an effective environment of the type considered here is only one of many possible
alternatives, which differ in the form of the oscillator network and
hence in the number of free parameters in the problem—N − 1 for the
chain ansatz, which proved a well-balanced, extremely flexible choice
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capable of great generality even with very low N, thus allowing for
efficient sampling and simulation. More general configurations, e.g.
with couplings extending beyond nearest neighbors or not having a
number-conserving form, were not tried because of the rapidly growing dimension of the free parameter space and in the latter case the
difficulty of determining the initial equilibrium state; more restrictive
scenarios were explored to gain greater insight and include very short
chains of two to three oscillators coupled to the system only at one or
both ends, for which even analytical solutions were found. These are
shown in Appendix B, since they are of limited relevance to the practical applications discussed hereafter. The special case of all couplings
gn = 0 corresponds, of course, to non-interacting pseudomodes.
Another important point is that the search for an optimal set of free
couplings gn is by no means a simple task. The variational problem
of minimizing Q(t) or any other error measure with respect to the
couplings is highly non-convex: the very shape and extent of the domain in which the oscillators all have positive damping rates depends
greatly on C E (t), and the behavior of the figure of merit in terms of
the free parameters gn within this region can be extremely complex,
displaying peaks, valleys, possibly zones in which Eq. 5.16 has exact
solutions (corresponding to C R (t) = C̃ E (t)) or even gaps in which no
solutions with all Γn > 0 exist at all. The only general property is that
the gn yielding solutions with positive rates are bounded by some
maximum value gmax > 0 which depends on the λ̃n . Figure 5.1 shows
two examples of the domain area and value of Q(t) as a function of
the parameters for N = 3 and two different target baths.
Parameter space searches with N − 1 = 4 are already quite expensive, requiring hours of walltime for 16-core cluster nodes for a
fine enough grid or random sampling to find the minimum value of
Q(t) and therefore the best approximation to some given C E (t) using an N-oscillator surrogate environment. However, this potentially
onerous task needs to be carried out only once for any given target
environment. Moreover, it turns out that such numbers of interacting
modes are sufficient to accurately model a wide variety of unitary
target baths. For more complicated correlation functions, for example if the bath has a spectral density with a highly structured shape,
one may use the additive property of spectral densities and correlation functions in Gaussian environments mentioned in Section 4.3
and simply perform a separate TSO on each component of C E (t), thus
assigning to it an independent cluster of surrogate oscillators:
C1E (t) + C2E (t) 7→ C1R (t) + C2R (t) =

N1

∑

n1 =1

w n 1 e λ n1 t +

N2

∑

w n 2 e λ n2 t ,

n2 =1

which is merely a special instance of C R (t) with N1 + N2 surrogate
modes and no coupling between the two chains. Figure 5.2 shows
an example of this type of approach: in principle, if accurate equiv-
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Figure 5.1: Shape of the space of gn such that all Γn are positive, for
N = 3 and two different thermal correlation functions CβE (t) corresponding to J (ω ) = ωe−ω/Ωc and J (ω ) = (ω 5 /Ω4c )e−ω/Ωc
at βΩc = 0.85. The axes show the values of g1 and g2 in
units Ωc and the color encodes the corresponding Q(tmax ), with
Ωc tmax = 25 (the blue areas give smaller errors, orange and yellow areas mean very vague resemblance). These results demonstrate the mathematical properties of the inversion from correlation function to effective parameters, but are not accurate enough
to be used as real surrogate environments; adding just a fourth
oscillator, however, brings the quality to acceptable levels. Modified from [32] with permission from the authors.

alent baths for both components can be found, one expects the overall error to be only marginally larger than it would be for a single
chain with the same number of oscillators, but at a certainly much
lower cost. Note that the two partial sums ∑nN11=1 wn1 = C1R (0) and

N
∑n22=1 wn2 = C2R (0) are both real and positive; in the extreme case of
non-interacting pseudomodes, each oscillator is a trivial chain, with
αn = λ̃n and w̃n = |cn |2 > 0 since all phases of the cn drop out of the
problem: therefore, only real and positive w̃n can be accounted for,
severely constraining the initial fit C̃ E (t) and requiring many more
oscillators for the surrogate environment to be as accurate as one
with interacting modes.
The criterion by which to judge the quality of a transformation to
an effective bath with N oscillators is how close the best possible
R ( t ) gets to C̃ E ( t ), since not all possible sets of w̃ lie in the image
Ctrial
n
of wn (αk , gk , ck ) as functions of the operator coefficients for a given
oscillator network with physical damping rates: if the error in the initial fit is very small but the most accurate trial correlation function is
much further from the target C E (t), then more oscillators or a different geometry of the effective bath are needed; conversely, if the best
R ( t ) is nearly as good an approximation of C E ( t ) as the nonlinear
Ctrial
fit or even matches it exactly (I strongly suspect that there is always a
R ( t ) = C̃ E ( t ) exists, although
large enough N for which a solution Ctrial
I have no proof of this claim), then the two errors are likely to im-
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Γn
Ωn
J 00 (ω )

cn

gn

J 0 (ω )

S

Figure 5.2: A system coupled to an environment with spectral density
J (ω ) = J 0 (ω ) + J 00 (ω ), with J 0 (ω ) a broad background and J 00 (ω )
a sharp resonance as shown in the small plots, can be mapped to
two distinct effective environments, e.g. with N = 4 and N = 2
oscillators. Figure from [32].

prove similarly if N is raised, but the growing costs of both the TSO
itself and the simulation must be taken into consideration.
Finally, it is worth emphasizing that the TSO is a procedure addressing only the environment and not the entire open-system problem at
hand, which means that the same effective bath can be coupled to any
system with no changes and will result in that system following the
reduced dynamics given by the corresponding unitary environment,
up to the error associated with the transformation. Furthermore, just
as one may take a modular approach to the correlation function and
assign independent surrogate networks to different correlation function components, it is also possible to treat distributed problems in
which multiple open systems interact with each other. When several
systems are coupled to independent environments, this is done by
simply replacing each local environment by the corresponding effective one computed from its C E (t), as shown in Figure 5.3; in the more
complicated case in which the same environment is coupled to different systems, one is effectively dealing with a problem involving
a composite interaction term H I = ∑n ASn BEn in the overall microscopic Hamiltonian. As discussed in Section 3.1, in that case the effect
E ( t ) of correlation funcof the environment is encoded in a matrix Cmn
tions, so it is necessary to find a surrogate bath such that the whole
R ( t ) for a set of operators B
effective correlation function matrix Cmn
Rn
E ( t ).
is almost equal to Cmn
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R1
S1

E1

S2

E2

R2
S1

S2

Figure 5.3: Applying the TSO to interacting systems coupled to local environments: each environment is replaced by the corresponding
effective one, regardless of the properties of the system attached
to it. Figure from [32].

5.1.3

Working example: Ohmic bath

To give a clearer idea of how the method works in practice, an explicit
demonstration on a particular unitary environment will now be given
as an example of its use.
Consider some arbitrary system coupled to a thermal bath and let
the spectral density be Ohmic with an exponential high-frequency
cutoff:
J (ω ) = πωe−ω/Ωc .
(5.18)
The thermal correlation function CβE (t) for such a spectral density is
CβE (t) =

Ω2c
(1 + iΩc t)2
 



1
1 + iΩc t
1 − iΩc t
0
0
+ 2 ψ 1+
+ψ 1+
, (5.19)
β
βΩc
βΩc

dΓ(z)
where ψ0 (z) := Γ(1z) dz is the polygamma function of order one.
The first term accounts for vacuum fluctuations and is temperatureindependent, whereas the second is entirely of thermal origin and
vanishes at zero temperature, i.e. at β −→ ∞.
Taking the zero-temperature case as a first example, a fit with
N = 3 gives a poor approximation but N = 4 already results in
|C E (t) − C̃ E (t)| . 10−3 C E (0) at all times and quickly falling, an error which seems small enough to approximate the environment well.
In fact, not only one but two different sets of λ̃n and w̃n yielding
comparably small fitting errors were found, using the Mathematica™
automatic nonlinear fitting command on an array of 2 · 103 values
of C E (t) between t = 0 and t = 25/Ωc . These are reported in Table 5.1 and Table 5.2 and were both fed into a Mathematica™ code
implementing the TSO; the steps detailed in Section 5.1.2 were first
carried out on a random sample of Np = 2 · 104 points ( g1 , . . . , g N −1 )
in a hypercube (0, gmax ) N −1 (a cube in this case, since N = 4) of side
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λ̃n [Ωc ]

w̃n [Ω2c ]

−3.201 − 4.140i

−0.191 + 0.267i

−1.923 − 1.600i

0.939 + 0.434i

−0.895 − 0.479i

0.315 − 0.605i

−0.248 − 0.088i

−0.063 − 0.096i

Table 5.1: First set of parameters for C̃ E (t) corresponding to Eq. 5.19 at zero
temperature, rounded to three decimal places.

λ̃n [Ωc ]

w̃n [Ω2c ]

−2.870 − 3.819i

−0.129 + 0.380i

−1.675 − 1.366i

1.050 + 0.187i

−0.719 − 0.341i

0.124 − 0.528i

−0.173 − 0.040i

−0.045 − 0.039i

Table 5.2: Second set of parameters for C̃ E (t) corresponding to Eq. 5.19 at
zero temperature, rounded to three decimal places.

gmax = maxn |λ̃n |, and then again in a finer search near the local
minima of Q(25/Ωc ) found. The parameters of the effective environments obtained are listed in Appendix C.
The inversion from both alternate versions of C̃ E (t) did not yield
exact solutions for the weights but approximate effective correlation
functions with wn ≈ w̃n plotted in Figure 5.4 and Figure 5.5, respectively; to avoid splitting the physical information between plots of the
real and imaginary parts of the correlation functions, the figures show
their real Fourier transforms C E (ω ) = 2J (ω )θ (ω ) and C R (ω ), where
the latter is obtained by defining C R (−t) := C R∗ (t) for t < 0, as explained in Section 3.2. The error from the TSO is thus greater than that
from the fit alone; in particular, it is of order 0.1Ωc near ω = 0, where
the qualitative differences between a microscopically well-defined correlation function and an effective one from a dissipative auxiliary
system emerge most clearly: recall that thermal correlation functions
have the form CβE (ω ) = (1 + coth( βω/2)) ( J (ω )θ (ω ) − J (−ω )θ (−ω ))
in the frequency domain and hence have discontinuous derivatives
and may even be singular at the origin, depending on the spectral
density J (ω ); on the other hand, it was shown in Section 3.2.2 that
any correlation function C R (ω ) of an effective harmonic environment
is analytical for all real frequencies. The two alternate results also
have qualitatively different error plots, as can be seen from the figures: as will be shown in the next section, these differences, which
are not captured by the error estimator Q(t), may resurface in how
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C E/R (ω )
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Figure 5.4: C E (ω ) = 2J (ω )θ (ω ) for an Ohmic bath with spectral density
given in Eq. 5.18 at zero temperature (solid line) and the corresponding C R (t) from the fit given in Table 5.1 (dashed line;
effective environment parameters are given in Appendix C).

the reduced dynamics of a system coupled to the effective environments is affected by the approximations involved in the TSO.
The general form of C R (ω ) as a Fourier transform of an effective
correlation function of the type C R (t) = ∑nN=1 wn eλn t , extended to
negative times by the definition stated above, is a linear combination of Lorentzians if the wn are real, as is the case for independent
pseudomodes; for complex weights, however, the structure of C R (ω )
becomes
C R ( ω ) = −2

N

<[wn ]<[λn ] + =[wn ](ω + =[λn ])
,
<[λn ]2 + (ω + =[λn ])2
n =1

∑

(5.20)

which introduces a linear dependence on ω in the numerator in addition to changing the values and possibly the signs of the constants
appearing in each term. This more general form of the building block
of C R (ω ) associated with each surrogate mode, expressed in the time
domain by allowing the exponentials to have complex coefficients, is
at the heart of the versatility of coupled effective modes as opposed
to non-interacting ones, and considerably reduces the number of oscillators necessary to achieve the same accuracy.
This is particularly advantageous at nonzero temperatures: while it
is necessary to use many narrow Lorentzians to capture the behavior
of an Ohmic thermal correlation function at frequencies near the origin, where (1 + coth( βω/2)) ω ∼0 2/β, and this may entail high simulation costs due to the need for a large number of pseudomodes and
very high local dimensions for those at low frequencies, which will
be populated by many excitations (and start in a thermal state, unlike
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Figure 5.5: C E (ω ) = 2J (ω )θ (ω ) for an Ohmic bath with spectral density
given in Eq. 5.18 at zero temperature (solid line) and the corresponding C R (t) from the fit given in Table 5.2 (dashed line;
effective environment parameters are given in Appendix C).

our effective environments), the TSO manages to account for these features without substantially increasing N, as was confirmed by testing
the algorithm for temperatures T = 1/β = Ωc and T = 2.5Ωc . The
former can be reproduced with N = 4 surrogate modes just like the
zero-temperature case, and for the latter only one more oscillator is
necessary to achieve comparable errors, as shown in Figure 5.6 and
Figure 5.7, respectively. For comparison, over 20 simple exponentials,
each corresponding to a pseudomode starting in a thermal state, may
be required to fit C E (t) accurately in such high-temperature regimes.
Like in the zero-temperature case, neither of the transformations
at higher temperatures resulted in an exact match C R (t) = C̃ E (t). In
both cases, a clear minimum in Q(t) was found; for the correlation
function with T = Ωc , the automatic fitting method again returned
two similarly accurate nonlinear fits like for the zero-temperature one,
but the corresponding effective environments achieved substantially
different minimum error values upon varying the gn . At T = 2.5Ωc ,
only one best fit was found and used to obtain the surrogate oscillator
parameters without further ambiguities. All parameters for the best
surrogate environments found are given in Appendix C.
These first demonstrations of the TSO algorithm described in the
previous subsection already allow for some comments concerning its
distinguishing mathematical features and novel physical character.
As shown by the results for the particular example environment
chosen for these tests, the systematic nature and general ansatz upon
which the algorithm is based result in a procedure which can be easily
controlled; given any microscopic correlation function and number of
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Figure 5.6: C E (ω ) for an Ohmic bath with spectral density given in Eq. 5.18
at temperature T = Ωc (solid line) and the corresponding C R (t)
via TSO (dashed line; effective environment parameters are given
in Appendix C).
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Figure 5.7: C E (ω ) for an Ohmic bath with spectral density given in Eq. 5.18
at temperature T = 2.5Ωc (solid line) and the corresponding
C R (t) via TSO (dashed line; effective environment parameters are
given in Appendix C).
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surrogate oscillators, their parameters are reliably optimized to give
the closest possible equivalent to the original environment, up to the
resolution used in probing the space of the free parameters gn . Setting
qualitative and quantitative acceptance criteria for the resulting effective correlation function, one has control over the trade-off between
the number of surrogate modes—which will have to be simulated
along with the system, contributing to the cost of solving the effective
Lindblad equation describing the full problem—and the error in the
correlation function, which will carry over to the reduced dynamics
in accordance with the error bound derivation given in Section 4.3.
The effective modes are to be regarded as a mere mathematical device without physical meaning, and their parameters and dynamics
should hence not be interpreted as having any connection with the
real behavior of the unitary environment they stand in for. In fact,
very little can be said at this stage about the relationship between
features of a microscopic correlation function and the form and structure of whichever surrogate oscillator network is found to provide
the most accurate effective replacement for it. No patterns leading to
any insight into these correspondences have been spotted so far, and
the parameters obtained by testing the transformation algorithm on
various environmental spectral densities and temperatures were often found to span several orders of magnitude, with no clear hints as
to how the values they take affect the error in the correlation function.
A thorough investigation of these links can provide valuable information to improve the method, and may even open up the possibility
to choose the figure of merit for the effective environment in a way
that bounds the error in the reduced dynamics more tightly than the
integral Q(t) considered in this early development phase. In addition, the efficiency of the inversion algorithm can also be improved
substantially if a way to incorporate information on the behavior of
the figure of merit as a function of the parameters can be encoded in
the search. Ideally, working with the relations Eq. 5.13 and Eq. 5.14
in the direct rather than the reverse direction, i.e. using the map from
oscillator networks to correlation function instead of trying to invert
it, could provide an alternative route to solve for the parameters of
surrogate environments of even more general form; no way to do so
efficiently has been found at the time of writing, but techniques such
as simulated annealing or machine learning could be applied to this
problem in the near future.
5.2

testing the method

After introducing the TSO in mathematical terms and showing how it
operates on a well-known type of environment, now it is time to turn
towards its intended use as a simulation method and assess its fitness for purpose in terms of accuracy and performance. To this end,

5.2 testing the method

in this section I shall present two test applications on systems for
which a numerically exact solution is available: the harmonic oscillator restricted to initial Gaussian states, for which the unitary solution
was already shown in Section 3.1.2, and the spin-boson model with
pure dephasing, which was solved in Section 2.2.3.2.
5.2.1

Harmonic oscillator with TSO

Recall the Hamiltonian for a harmonic oscillator of unit mass linearly
coupled to a continuous, unitary environment
H = HS + HE + H I
with
HS =
HE =

p2 1 2 2
+ Ω q
2
Z2
∞

0

dω ωa†ω aω

H I = −q

Z ∞
0

dω g(ω )( aω + a†ω )

and choose a spectral density J (ω ) = πg2 (ω ) of the form Eq. 5.18
rescaled by a prefactor λ, as was done in Section 3.1.2; the cutoff
frequency Ωc will again be used as a reference scale for all other units
in the problem. The reduced dynamics of the oscillator was computed
for different initial states taken to be in product form:
ρ0 = ρ β0 S ρ βE ,
with both the system and the environment in thermal equilibrium
at different temperatures. The temperature of the environment determines its correlation function, the temperature of the oscillator its initial population n0 = nΩ ( β 0 ), according to the Bose distribution; such
initial states are Gaussian and therefore allow for a full solution for
the oscillator dynamics by computing its reduced covariance matrix
γCovS (t), defined in Eq. 3.13.
The unitary solution is obtained, as in Section 3.1.2, by discretizing and truncating the environment in the thermalized form with
positive- and negative-frequency modes starting in the ground state,
and applying the Heisenberg-picture evolution to the initial covariance matrix of the oscillator and the bath, as done in Eq. 3.14.
The solution with the surrogate environment obtained from the
TSO is calculated by first setting up the appropriate effective master
equation for the state ρ0 of the system and the auxiliary modes:
dρ0
(t) = L[ρ0 (t)] = −i [ H 0 , ρ0 (t)] + D[ρ0 (t)],
dt
where
H 0 = HS + HR + H I0

(5.21)
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replaces the continuous bath Hamiltonian HE with the Hamiltonian
of the surrogate oscillator chain HR defined in Eq. 5.4, the new interaction term H I0 has the form
H I0 = −qBR
with BR defined in Eq. 5.3, and the dissipator D[ρ0 ] := (I ⊗ D R )[ρ0 ]
embeds the TSO dissipator defined in Eq. 5.5 in the Hilbert space
including the system. The reduced dynamics is then obtained by integrating the generalized equation of motion for the covariance matrix
in the presence of dissipation, Eq. 3.23, since the problem is still Gaussian; this was done with the built-in integrator of Mathematica™.
The solutions for Ω = 0.25Ωc , coupling strength λ = 0.02Ωc and
an initial state with population n0 = 1 are plotted in Figure 5.8 for the
two alternate effective environments found for the zero-temperature
case, Figure 5.9 for T = Ωc and Figure 5.10 for T = 2.5Ωc , with
the TSO parameters given by the transformations shown in the previous section (the coefficients√cn defining the interaction operator BR
are rescaled by a prefactor λ to account for the overall coupling
strength). The equilibrium values of the variances hq2eq i and h p2eq i appearing as horizontal dashed lines in the plots are computed using
the analytical expressions given in Section 2.2.3.1 for the unitary environment, and the stationary state of the Lindblad equation Eq. 5.21
given by
0
L[ρeq
]=0
(5.22)
for the effective one.
R (t)
In general, it was found that for trial correlation functions Ctrial
qualitatively close to the corresponding C E (t), i.e. with parameters
not too far from those that gave a minimum in Q(t) and were kept
as the optimal choice, the expected link between Q(t) and the error
in the reduced dynamics emerges quite clearly, with poorer approximations to C E (t) resulting in greater differences between the exact
and approximate solutions for the system. In the presence of multiple
sets of fit parameters λ̃n and w̃n , this trend holds for each set separately, but the reduced dynamics given by the effective environments
found may turn out to differ significantly more between sets than
the corresponding minimum values of the figure of merit Q(t). The
zero-temperature case, for which two C̃ E (t) were found and each led
to a different optimal TSO, shows marked differences in the reduced
dynamics, with the first fit giving much more accurate results for the
system: this shows that despite the rigorous link between Q(t) and
the real error in the reduced dynamics, a quantity assigning more
weight to whichever features of C R (t) are most responsible for this
error could be more beneficial for the method. A more careful analysis of the correlations between the errors in the two C R (t) and those
in the reduced dynamics showed that the qualitative differences in
the two alternate forms of C R (ω ) (see the insets in Figure 5.4 and
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Figure 5.8: Evolution of the dimensionless covariance matrix γ̃Cov S (t) and
energy expectation value for an oscillator in an Ohmic bath with
cutoff Ωc at temperature T = 0, simulated with the unitary environment (solid orange lines) and with the TSO (dashed blue
lines) from the fit parameters given in Table 5.1 (top grid) and
Table 5.2 (bottom grid); horizontal lines mark equilibrium values
except for h{q(t), p(t)}i, which decays to zero at long times. The
bare frequency of the oscillator is Ω = Ωc /4, its initial state is
thermal with population n0 = 1 and the coupling is λ = Ωc /50.
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Figure 5.9: Evolution of the dimensionless covariance matrix γ̃Cov S (t) and
energy expectation value for the oscillator in the Ohmic bath at
temperature T = Ωc , simulated with the unitary environment
(solid orange lines) and with the surrogate one from the TSO
(dashed blue lines). Horizontal dashed lines mark equilibrium
values.

Figure 5.5) at small negative frequencies, particularly their values in
a very narrow, almost pointlike region of no obvious physical significance, have a large impact on the error in the reduced dynamics,
a trend confirmed by comparing several suboptimal trial correlation
functions obtained from the two alternate fits. However, no meaning
could be assigned to the particular frequency at which these differences seem to translate directly to errors in the reduced dynamics; no
resonance condition or similar special regime appears to single it out.
The first of the two effective correlation functions seems the most
trustworthy and delivers reasonably accurate results, including the
equilibrium values for the covariance matrix; for the time being, and
pending a more thorough investigation of the error propagation from
C R (ω ) to the reduced dynamics, it is being assumed that this difference in accuracy generalizes beyond this particular problem and will
remain so for any system the surrogate environment is coupled to.
The solutions for the intermediate- and high-temperature regimes
are similarly accurate, mirroring the comparable correlation function
errors shown in the previous section; the overall coupling regime,
as stated in Section 3.1.2, is quite strong, but can nonetheless be
dealt with in a quantitatively reliable manner even with effective environments whose overall error is not extremely small, e.g. reaching
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Figure 5.10: Evolution of the dimensionless covariance matrix γ̃Cov S (t) and
energy expectation value for the oscillator in the Ohmic bath
at temperature T = 2.5Ωc , simulated with the unitary environment (solid orange lines) and with the surrogate one from the
TSO (dashed blue lines). Horizontal dashed lines mark equilibrium values.

10−2 C E (0) for a very short time interval Ωc t  1. While including
more surrogate modes would not be an issue for this particular problem, for which the reduced dynamics is computed in less than a second by any numerical differential equation solver, increasing their
number or not in order to improve the agreement between correlation functions can make a crucial difference when the system studied
is not Gaussian and it is therefore necessary to simulate them. This
will become apparent in the next example, as well as in the applications discussed in Chapter 6.
5.2.2

Spin-boson model with TSO

The spin-boson model, which was discussed extensively in previous
chapters, serves as a complementary benchmark for simulations using the TSO, since the reduced dynamics of the two-level system cannot be obtained following the same path that led to the solution for
the harmonic oscillator. In particular, the problem is not Gaussian any
more, so it can no longer be expressed only in terms of averages and a
covariance matrix: the surrogate modes now need to be simulated explicitly along with the system, which requires truncating the Hilbert
space of each mode at a suitable local dimension in order to keep
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the space finite; conversely, the solution for the system coupled to the
unitary environment is analytical and does not need to be obtained
by simulation.
As discussed in Section 2.2.3.2, a spin-boson model with [ HS , H I ] =
0 has the general Hamiltonian
ω0
H=
σz +
2

Z ∞
0

dω ωa†ω aω

k
+ σz
2

Z ∞
0

dω g(ω )( aω + a†ω ),

(5.23)

where one may set ω0 = 0 without loss of generality, since for this
system it just corresponds to going to an interaction picture. The dynamics of this model consists of pure dephasing, i.e. the only effect
of the environment on the system is a washing out of any initial coherence with respect to the σz eigenbasis according to the law




Z ∞
dω
βω 1 − cos(ωt)
2
ρ01 (t) = ρ01 (0) exp −k
J (ω ) coth
.
π
2
ω2
0
(5.24)
Nothing else happens, in particular the populations ρ00 and ρ11 stay
constant throughout the evolution, and no unique equilibrium state
exists, since any mixture of eigenstates ρS = p |0ih0| + (1 − p) |1ih1|
is a steady state for this dynamics.
The evolution of the model with the surrogate oscillators replacing
the unitary environment was calculated using the QuTiP (Quantum
Toolbox in Python) package [188, 189], a recently implemented library
comprising many numerical tools for quantum mechanics, quantum
optics and open quantum systems. It includes a Lindblad equation integrator based on standard time-adaptive numerical integration routines, which was applied to the master equation for the spin-boson
problem—setting k = 1 in the Hamiltonian and choosing a pure ini√ 1i —with the three effectial state ρ0S = |+ih+|, where |+i := |0i+|
2
tive environments of the previous subsections, corresponding to the
Ohmic spectral density defined in Eq. 5.18 and bath temperatures
T = 0, Ωc , 2.5Ωc (the zero-temperature effective environment used
here is the most accurate of the two found, as discussed in the previous subsection). Performing the integration for increasing local dimensions of the surrogate oscillators, the results converged to those
shown in Figure 5.11 along with the corresponding exact solutions
from Eq. 5.24. The converged local dimensions are given in the parameter tables for each surrogate environment in Appendix C.
As can be seen from the plots, the results are very accurate at all
times and temperatures: at T = 0, a slow algebraic decay of coherence
2
proportional to (1 + Ω2c t2 )−k /2 = √ 1 2 2 is observed; at higher tem1+ Ω c t

peratures, the decay becomes exponential and environmental effects
are stronger. The error introduced by the surrogate environment is
comparable for all three simulations, like in the case of the harmonic
oscillator, but considerably smaller for this model. Higher temperatures (or larger coupling constants k) increase the impact of the envi-
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Figure 5.11: Decay of the coherence matrix element ρ01 of the spin, computed analytically from the exact solution Eq. 5.24 for an Ohmic
bath (solid orange lines) and numerically by simulating the evolution of the spin coupled to the corresponding surrogate environment (dashed blue lines); the three plots show the results
for an initial state ρ0S = |+ih+|, the spectral density Eq. 5.18
and temperatures T = 0 (top), T = Ωc (middle) and T = 2.5Ωc
(bottom).
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ronment on the evolution of the system, which should magnify the
error carried from the TSO into the reduced dynamics; on the other
hand, a stronger effective coupling also results in faster decoherence,
giving this error less time to build up: the two effects appear to cancel each other out, making the reliability of the effective environment
more dependent on the system being simulated than on the temperature and coupling regime probed.
A special situation in which the error in the reduced dynamics
becomes macroscopic due to the fundamentally different nature of
C E (t) and C R (t) occurs for weak coupling and zero temperature:
as discussed in Section 2.2.3.2, pure dephasing induces a de facto
secular approximation which is pathological in the weak-coupling
E
regime,
in which

 the system is influenced primarily by C (ω ) =

1 + coth 2
J (ω ) at ω −→ 0+ . This quantity gives a finite value
only for Ohmic spectra and nonzero temperatures and diverges or
vanishes in all other cases: since C E (ω ) and C R (ω ) are qualitatively
different around ω = 0 by construction, simulations of a spin-boson
with a TSO in this regime should be very inaccurate. Figure 5.12 shows
that this is indeed the case: setting the coupling k in the Hamiltonian
to a value of 0.1, which appears squared in the decoherence function, decreasing its value by two orders of magnitude, the simulated
evolution of the model at zero temperature grossly misses the mark;
at T = Ωc , the agreement with the exact result is as good as in the
strong-coupling regime. In general, errors in the low-frequency region of the correlation function are expected to become dominant
at sufficiently long times, if the affected dynamical features are still
present: because the correlation function error works at the level of
the environment and affects the system only through the coupling
Hamiltonian, it needs to build up over time in order for the system
to experience it. The weak-coupling regime is one physical setting
in which this is allowed to occur: at zero temperature, where decoherence is very slow, the long-time differences between C E (t) and
C R (t) doom the accuracy of the simulation; on the other hand, the
substantially faster thermal decay suppresses them soon enough for
the dynamics to remain essentially insensitive to the TSO.
Regarding the efficiency of the simulations, it was observed that
the local dimensions required to properly account for the population
of the oscillators are quite low: about four levels per oscillator, with
one mode needing up to seven, were enough to obtain converged results with all effective environments in the strong-coupling regime
considered; for weak coupling, the population of even the third or
fourth level of the modes is already negligible (e.g. of order 10−6 or
less). For such overall Hilbert space dimensions, the effective Lindblad equation is integrated up to the final times shown in Figure 5.11
in less than two minutes on a laptop computer, with longer evolution
times requiring longer simulation times in an approximately linear
βω
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Figure 5.12: Failure of the TSO approximation in the weak-coupling regime:
setting k = 0.1 in Eq. 5.23, at T = 0 (top) the simulation results (dashed blue line) are very far from the exact result (solid
orange line). At T > 0 (bottom), the problem disappears.

proportion. The dimension of the truncated Hilbert space is the main
actor influencing the computational cost of the method, in terms of
both runtimes and memory requirements: adding an oscillator with
local dimension d in the effective environment multiplies the overall
dimension by d, making the cost scale exponentially in the number
of surrogate modes; large or composite systems, of course, take their
own toll on the memory cost, as they would with any simulation
method not optimizing the Hilbert space dimension.
Temperature and coupling strength, on the other hand, do not raise
the necessary local dimensions of the surrogate modes uniformly; it
was observed that there is usually one oscillator whose levels become
significantly more populated for stronger couplings, while most of
the others react more blandly to such changes. The upshot is that
for stronger coupling regimes, as well as for higher temperatures,
which have a similar effect, the simulation costs tend to grow following a loosely polynomial pattern rather than an exponential one; it
is worth reiterating, however, that while the dependence on the cou-

125

126

a new simulation method for general open systems

pling constant is genuinely parametric, this is not the case for temperature: the former merely rescales the correlation function and can
be equivalently accounted for by normalizing the interaction term of
the Hamiltonian at the system level, as was done in the spin-boson
example simulations with k = 1, 0.1; the latter changes the form of
C E (t) and therefore requires a new TSO.
5.3

summary and open questions

In the preceding sections, I have described in detail the mathematical structure and technical features of the new simulation technique
I contributed to developing. Before moving on to discussing some
applications of the method in the next and final part of this thesis, it
will be useful to conclude this Chapter by summing up the key points
characterizing both the spirit of our approach and its practical realization, and highlighting which aspects of it remain to be improved
or better understood in future research.
The TSO method is part of an attempt to bring together rigorous
modeling notions for general open quantum systems and the mathematical simplicity and efficient simulation of Lindblad equations. Exploiting the theoretical results stated in previous chapters, particularly the TSHP equivalence theorem and the error bound Eq. 4.16, to
harness the properties of Gaussian environments, we developed a hybrid approach based on the well-established concept of a Markovian
effective environment which combines quantitative error control, versatility and a simple structure into one package.
The possibility to simulate non-perturbative, non-Markovian open
systems without employing fully microscopic methods has so far
been restricted to approaches sacrificing rigor in favor of uncontrolled
approximations, or else requiring very costly effective environments
in order to achieve satisfactory results. Here, the divide-and-conquer
strategy used to separate pure dissipation from coherent memory
effects is enhanced by two new elements: a rigorous form of error
tracking in the approximation of the environment, and a systematic
procedure to keep the number of effective degrees of freedom needed
to achieve a given accuracy as low as possible. The result is a simulation method with the potential to maximize the benefits of working
with effective environments and Lindblad equations without giving
up the sound physical basis of the approximations involved any more
than even bottom-up approaches require. To my knowledge, no other
effective method capable of accomplishing this systematically for any
Gaussian boson bath has been published to date.
Practically speaking, the cornerstone of the simulation method is
the algorithm mapping the correlation function C E (t) of the given uniE ( t ),
tary environment (possibly even a correlation function matrix Cmn
when more than one interaction term between system and environ-
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ment is present in the model at hand) to an equivalent object defined
on a suitable network of damped oscillators. This is achieved by taking an ansatz for the geometry of the oscillator network, which is
assumed to have the form of a chain with hopping interactions and
each effective mode coupled to the system, and its initial state, which
must be Gaussian and, if the unitary environment is assumed initially
in equilibrium, also stationary with respect to the relevant Lindblad
equation. Assuming a zero-temperature Lindblad equation and an
initial vacuum state, the correlation function C R (t) of the surrogate
environment has the form given in Eq. 5.10, in terms of the eigenvalues λn of the matrix M defined in Eq. 5.8 and the coefficients wn
given by Eq. 5.11. The TSO algorithm described in Section 5.1 is a
systematic procedure by which, for a given number N of surrogate
oscillators, the parameter values giving the most accurate approximation to the target environment can be reverse-engineered from its
correlation function C E (t) using these relations, which are nonlinear
and many-to-one and therefore cannot be inverted exactly.
This inversion is performed instead by minimizing the error in the
correlation function C R (t) with respect to the nearest-neighbor couplings, which are used as free parameters, according to the figure of
merit Q(t) defined in Eq. 4.18. This procedure yields a linear combination of exponentials which may or may not be the closest possible
fit of C E (t) using such functions; if it is not, then it differs from the
best fit only in the value of the complex coefficients wn . This is a consequence of the inversion algorithm using this best fit as a starting
point and inverting the equations for the eigenvalues λn exactly. As
an additional refinement when the error in the best set of wn obtained
is not deemed small enough, it is possible to relax this constraint artificially by adding small random fluctuations to the fitted values of
the latter before performing the inversion: this results in a distributed
error between the eigenvalues and the weights, and may sometimes
improve the final result, although the costs of meaningfully sampling
random noise on the real and imaginary parts of N eigenvalues λn are
not negligible. More efficient strategies to tackle the inversion problem are being explored and may lead to better optimizations of the
network size and structure and smaller errors in the effective correlation functions found, but the current version of the TSO is already
suitable for applications in realistic problems involving nontrivial environments such as those shown in [32], which will be described in
the next Chapter.
Once obtained, the parameters defining an effective environment
may be used to simulate any system interacting with the corresponding unitary environment: the system does not enter the transformation procedure at any point. However, the accuracy of the simulation
is only loosely linked to the error in the effective correlation function,
since the error bounds are quite broad in general for the reasons ex-
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plained in Section 4.3.2. This has the consequence that some systems
or physical regimes turn out to be much more tolerant with respect
to errors in the correlation function than others. It was seen that, for
example, the reduced dynamics of a harmonic oscillator displayed
larger errors than that of a two-level system when interacting with the
same environment in regimes of comparably strong coupling. These
findings led to the conclusion that the figure of merit Q(t) used to estimate the error in the TSO misses some properties of the effective correlation function which certain systems may respond to quite strongly;
a deeper, possibly system-dependent analysis of how the error in the
correlation function carries over to the reduced dynamics is required
in order to extend the knowledge about this phenomenon beyond the
general error bounds given in Chapter 4.
Concerning the actual simulations performed with a surrogate environment, there is no unique answer to the question of how efficient
they can be, because different integration methods for the effective
Lindblad equation may be suitable for different problems. In general,
if the dimension of the effective Hilbert space can be fixed upfront
with all surrogate modes truncated at convergence, then direct techniques or statistical methods such as MCWF—see Section 2.3.1.1—are
efficient and allow simulations up to long times, which not all microscopic techniques are capable of. High or low temperature and
strong coupling do not have a particularly detrimental effect on the
accuracy of the reduced dynamis, nor on the number of oscillators
needed or their occupation and hence the local dimensions required
for convergence.
The main concern in terms of computational resources is not so
much time as memory, since the storage space required by the simulation grows exponentially in the number of surrogate modes or system
degrees of freedom. This issue is common in fields such as condensed
matter theory, many-body physics and other areas of research and led
to the development of a plethora of methods to compress very large
Hilbert spaces to tractable sizes while minimizing the loss of relevant
information: as discussed in Section 2.3, tensor networks [151–153]
and related techniques applied to damped environments [164, 165]
can be employed to circumvent the problem of a very rapidly growing Hilbert space for the situation at hand. This typically results in a
nonlinear scaling of the simulation time in the final time of the evolution considered, making long-time dynamics harder to obtain, but
recent results for independent pseudomodes [165] are showing that
there are situations in which the costs can be kept within acceptable
levels even for very large spaces: an extension of said methods to interacting surrogate modes is currently being pursued and could lead
to a major computational boost.

Ich lobe mir eine jede Skepsis, auf welche mir erlaubt ist zu
antworten: ‘Versuchen wir’s!’ Aber ich mag von allen
Dingen und allen Fragen, welche das Experiment
nicht zulassen, nichts mehr hören. Dies ist
die Grenze meines ‘Wahrheitssinnes’:
Denn dort hat die Tapferkeit
ihr Recht verloren.
—Friedrich W. Nietzsche [4]

Part III
A P P L I C AT I O N S A N D R E S U LT S
This last part of the present thesis contains applications
and a critical discussion of the results and methods described in the preceding chapters, complemented by an
analysis of potential future developments, improvements
and generalizations of this work and concluding remarks.

6

A P P L I C AT I O N S O F T H E M E T H O D

In the previous Chapter, I have explained in technical detail the nonperturbative simulation technique for open quantum systems introduced in [32], and demonstrated its use by two test applications on
exactly solvable toy models with a well-known kind of environment.
As stated elsewhere in the thesis, particularly in Section 2.3, simulation methods capable of dealing with arbitrarily strong systemenvironment coupling regimes, high or low temperatures as well as
structured spectral densities are extremely valuable and find applications in many fields, ranging from biological physics and chemistry [169, 170] to condensed matter [171, 190], thermodynamics [173,
191], nanomaterial science and sensing [174] and quantum metrology [192–194] to name just a few. Therefore, this final Part of the
thesis will focus on applying the TSO to systems relevant to current
research and discussing their simulation, the results that can be obtained and the performance of the method in its current form. This
will provide a realistic assessment of its scope and potential, and clarify which new contributions it can be expected to give to the field
of simulation of general open quantum systems in Gaussian bosonic
environments.
The present Chapter gives an account of two applications of the
method: first, I will cover the spin-boson model with a general interaction term and a non-Ohmic spectral density, validating the results
by comparison with numerically exact TEDOPA simulations; then I
will move on to a problem of current theoretical and experimental interest, calculating optical absorption spectra for a simple but not too
abstract model pertaining to the field of charge and energy transport
in macromolecular aggregates. In Chapter 7, an in-depth analysis of
the strengths, limitations, possible improvements and current standing of our simulation method among other existing approaches shall
be presented. Finally, Chapter 8 summarizes the work done and concludes the thesis.
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6.1

the spin-boson model revisited

As a first application of the TSO to a nontrivial system, consider the
general spin-boson model, without assuming pure dephasing. The
full system-environment Hamiltonian for this problem is therefore
HSB

∞
ω0
=
σz + dω ωa†ω aω
2
0
Z ∞
1
+ (cos(α/2)σz + sin(α/2)σx ) dω g(ω )( aω + a†ω ), (6.1)
2
0

Z

where the coupling strength has been absorbed in g(ω ) for later convenience, and α is left unspecified for the time being; several nonzero
values will be assigned to it.
6.1.1

The environment

To move away from the standard Ohmic example, let me consider
here a slightly more complex bath with the spectral density
JAR (ω ) :=

π
2 · 9!

2

ω5

∑ ρ a Ω4

a =1

e−

√
ω/ΩARa

,

(6.2)

ARa

which was first introduced by Adolphs and Renger [195, 196] in the
context of noisy biological processes. It is a super-Ohmic spectral density, meaning that it grows as ω s with s > 1 near the origin, and
consists of two terms, both proportional to ω 5 at low frequencies
and damped by a weakened exponential decay with the square root
of ω at high frequencies; the two cutoffs—in spectroscopical units
ω [cm−1 ] = (2πc)−1 10−2 ω [rad/s], where c is the speed of light in
vacuum—are (ΩAR1 , ΩAR2 ) = (0.557, 1.936) cm−1 , and the weights of
8 5
the two terms are (ρ1 , ρ2 ) = 288
5 ( 13 , 13 ). A plot of JAR ( ω ) is given
in Figure 6.1. This spectral density, which was originally obtained in
a study of the B777 monomer from purple bacteria [195], has since
been routinely employed to model the broadband background noise
experienced by this and similar systems, most notably the Fenna–
Matthews–Olson (FMO) energy transport complex aiding light harvesting and photosynthesis in green sulfur bacteria [169, 197–199],
and will also appear in the model discussed in Section 6.3. The initial thermal state of the environment will be taken at liquid-nitrogen
temperature: T = 77 K, corresponding to β−1 ' 53.5 cm−1 .
The correlation function C E (t) corresponding to this environment
can be reproduced quite faithfully by a TSO with N = 4 effective
modes, as shown in Figure 6.2; the parameters for the oscillators and
the interaction operator are given in Appendix C. This testifies once
again to the versatility of employing interacting surrogate modes
in the effective environment, since it proves that even super-Ohmic
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Figure 6.1: The Adolphs–Renger spectral density JAR (ω ) defined in Eq. 6.2.
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Figure 6.2: Exact (solid line) and effective (dashed line) correlation functions
for an Adolphs–Renger spectral density and temperature T =
77 K. TSO parameters for N = 4 are given in Appendix C.

baths, which exhibit a dip in the finite-temperature C E (ω ) at frequencies near ω = 0, can be successfully treated using the same number
of surrogate modes as the qualitatively different Ohmic ones.
As an aside, fitting the contributions from the two terms making
up JAR (ω ) independently turned out to be a far less convenient approach, requiring a total of 7 effective oscillators. This is not surprising, since the two contributions to the spectral density are not clearly
discernible in the sum: breaking it down in the TSO therefore introduces an unnecessary constraint with no clear purpose. By contrast,
as will be shown in Section 6.3 where spectral densities comprising
JAR (ω ) and a sharp peak will be considered, a modular approach
is advisable for any spectral density combining qualitatively distinguishable features.
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6.1.2

Simulations and results

The spin-boson model Eq. 6.1 was simulated using the effective environment obtained from the TSO for ω0 = 100 cm−1 and four different values of the parameter α, ranging from π/4, which adds a
comparatively small interaction term proportional to σx , to π, a fully
transverse coupling with no σz component. Figure 6.3 shows the results of the simulations, which were performed on a laptop with the
same QuTiP code used in Section 5.2.2; sufficient local dimensions
of the modes for converged results are given in the relevant parameter tables in Appendix C. The plots also show the results computed
using the numerically exact TEDOPA method for reference; the latter
simulations were carried out by D. Tamascelli.
The reduced dynamics of the spin as computed by the two methods
differs by no more than about 1%, which can be attributed to the
numerical errors of both approaches; the TEDOPA simulations all stop
at t ' 1.38 ps because of the high computational cost of going to
longer evolution times, so in the rather slowly relaxing α = π/4 case
only TSO results are shown for later times. The populations exhibit
an initial oscillation for all α < π, followed by a drift toward their
equilibrium values. The coherences decay at a faster rate for stronger
transverse coupling, and settle at a negative real value except in the
α = π case, in which they go to zero like they do for pure dephasing.
This is in accordance with recent studies by Guarnieri et al. [200], who
showed that in any spin-boson model, ρ01 (t) has a real equilibrium
value, proportional to sin(−α) for weak coupling and following a
similar pattern for arbitrary J (ω ) and temperature.
This first minimal application of the TSO as a simulation method to
a system with no analytical solution confirms the stability and robustness of the technique as well as its efficiency, since each simulation for
this simple model with the effective environment took approximately
40 minutes on a laptop, whereas the TEDOPA runs all required several
hours on a 16-core cluster node. Of course, the cost of simulating the
effective Lindblad equation would grow very rapidly for highly structured environments requiring many surrogate modes, while TEDOPA
is less sensitive to the complexity of J (ω ); on the other hand, TEDOPA
scales nonlinearly in the evolution time and eventually becomes too
expensive to continue, whereas long times may be reached more efficiently by the Lindblad equation integrator, which scales linearly.
In the rest of this Chapter, an application to a more interesting
physical system will be explored and the potential and limits of the
simulation technique, in terms of both performance and accuracy, will
become more apparent.
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Figure 6.3: Reduced dynamics of the spin-boson model Eq. 6.1 with (top to
bottom) α = π4 , α = π2 , α = 3π
4 , α = π. Dashed lines: TEDOPA.
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6.2

optical spectra of molecular aggregates: overview

Optical spectroscopy of molecules and macromolecules partaking in
complex noisy phenomena, such as charge or energy transfer in natural or artificial systems, is a broad and complex field of quantum optics which experienced major advances and technical breakthroughs
in recent decades [11, 149, 169, 201–203]. Newly developed spectroscopical techniques have been extensively applied to the study of
molecular aggregates of biological origin in order to determine the
role of quantum effects in life-sustaining processes like photosynthesis, prompting a flurry of theoretical and computational analyses to
back up the observations with adequate models and provide more
predictions to be tested. Here I will briefly introduce the key concepts and quantities leading to the theoretical definition of the optical lineshape and absorption spectrum of an open system; this will
be computed for a simple model of a biological aggregate in the next
section.
6.2.1

Physical picture and general formulation

The interaction of a quantum system with the electromagnetic field
depends on its microscopic properties and can therefore be used to
infer them. As light is shone on the system, several different response
modes may be activated, depending on the frequency spectrum of
the light, its intensity and coherent or incoherent character and the
structure, energy eigenstates and electromagnetic properties of the
sample being probed. A two-level atom in an optical cavity, for instance, performs Rabi oscillations if its transition frequency and the
cavity mode are at resonance and remains almost isolated otherwise;
a light-harvesting pigment-protein complex excited by multiple suitably tuned laser pulses may emit a so-called echo—a photon, encoding information on the system state—or transfer the energy to other
internal degrees of freedom if the conditions for its release as a photon violate any conservation laws [169, 203].
For the case of absorption, the only process which will be discussed
here, the typical setup involves a sample of the system of interest,
which may contain a large number of independent instances of the
system in a disordered configuration, and a laser source with a bandwidth covering all relevant transition frequencies. The intensity of
the source is usually quite low, so that transitions to higher levels are
rare and the system is in the ground state most of the time; when
the excitations studied are between electronic energy levels, the frequencies involved are of order 104 cm−1 , much higher than common
thermal energies, so even a molecular aggregate at room temperature
(300 K ' 208.5 cm−1 ) is in the electronic ground state unless it ab-
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sorbs a photon. This is an example of a naturally realized product
initial state in an open quantum system.
The molecular aggregates studied in the field of charge or energy
transfer often consist of a number of optically active molecules, such
as clorophyll or similar pigments, embedded in a macromolecular
structure with or without a surrounding solvent [149, 169, 198]. The
pigments, also known as sites in this context, absorb light and transfer its energy in the form of an excitation, which may be localized
and move incoherently from site to site, or delocalize across sites
and follow a more coherent evolution. Interactions between each site
and the surrounding molecular degrees of freedom and solvent contribute significantly in determining the dynamics of the excitation,
which experiences them as highly nontrivial environmental effects.
Theoretical models for this type of phenomena thus often involve a
non-perturbative, non-Markovian open-system description of the aggregate and various quantitative approaches to compute experimentally detectable properties [120, 167, 168, 204–209].
To give a feel for the common elements of these models and lay
out the notation for the upcoming discussion, consider a monomeric
aggregate, in which a single site is surrounded by a protein scaffold
whose atoms oscillate around their equilibrium configuration. These
oscillating degrees of freedom, plus the solvent damping their motion,
may be described as a harmonic environment with the usual free
Hamiltonian
Z ∞
HE = dω ωa†ω aω ,
0

coupling linearly to the system. The site may be treated as an effective two-level system, since its energy eigenstates are assumed to be
widely spaced and the light intensity low enough to neglect the probability of more than one excitation being present in it. Following [120,
149, 161], the problem may be set up by considering the global Hamiltonian as a sum of two terms, one for the site in the ground state and
one for when it is excited:


Z ∞
†
H = | gih g| HE + | Eih E| E + HE − dω g(ω )( aω + aω ) , (6.3)
0

where | gi and | Ei are the ground and excited states of the monomer
and E is the energy gap between them.
Using the completeness relation | gih g| + | Eih E| = I for the site, the
terms in Eq. 6.3 can be rearranged to give a spin-boson Hamiltonian
with a diagonal interaction, corresponding to pure dephasing:
H = E | Eih E| + HE − | Eih E|

Z ∞
0

dω g(ω )( aω + a†ω ).

(6.4)

This Hamiltonian is just the same as the one solved exactly in Section 5.2.2, up to an overall energy shift setting the ground-state energy
to zero, so it does not give any more interesting results than those
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E−λ

ω
0

δxω

Figure 6.4: Energy levels for one particular environmental oscillator at a
given frequency ω, coupled only to the excited-state manifold
of a molecular aggregate: when the system is in the ground state,
the oscillator Hamiltonian is of the standard form (the zero-point
energy is ignored, as explained in Section 1.3.1); when the system is excited, the oscillator levels are shifted upwards in energy
and its potential is centered around a displaced position. The
red arrow indicates a purely electronic transition; the blue arrow
corresponds to an excitation from the overall ground state to the
excited state of the system and a double excitation of the bath
mode.

shown there, except for the different spectral density. The structure
of the model does, however, give a clear physical picture of the energy
spectrum of the problem. This is often represented graphically as in
Figure 6.4 in the literature: for each of the modes in the environment,
there is a Hilbert space spanned by the states | gi|nω i with energy
eigenvalues nω ω, and a Hilbert space spanned by the states | Ei|nω i
with eigenvalues E − λ + nω ω, where the reorganization energy
λ :=

Z ∞
dω J (ω )
0

π

ω

reduces the effective energy gap and transition frequency between
ground and excited state because only the latter interacts with the
environment and experiences the corresponding shift. This can be
seen by completing the square inside the brackets in Eq. 6.3, as done
in Section 2.1.3:
HE −

Z ∞
0

dω g(ω )( aω + a†ω ) + λ − λ = H̃E − λ

where H̃E is the harmonic bath Hamiltonian for
√ a continuum of oscillators centered at displaced positions δxω := 2/ω 3 g(ω ) because of
the interaction.
The same description generalizes to systems with more than one
site; in the study of light-harvesting or excitation-transferring complexes, one usually models each site as a two-level system interacting
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with its own local environment, since any site-site correlations mediated by the macromolecular environment are much weaker than
those due to direct coupling among the sites [149, 169]. Furthermore,
only the global ground state and the single-excitation subspace of the
total Hilbert space of the sites are included in most models, since
for low illumination power it is still reasonable to neglect multipleexcitation states [120]. The Hamiltonian for such a model thus has
the form


∗
H = | gih g| HE + ∑ Vαβ | Eα ih Eβ | + Vαβ
| Eβ ih Eα |
α< β

Z ∞





+ ∑ | Eα ih Eα | Eα + HE − dωα gα (ωα )( aωα +
0
α


∗
= ∑ Eα | Eα ih Eα | + ∑ Vαβ | Eα ih Eβ | + Vαβ
| Eβ ih Eα |
a†ωα )

α< β

α

+ HE − ∑ | Eα ih Eα |
α

Z ∞
0

dωα gα (ωα )( aωα + a†ωα ), (6.5)

where | gi is the overall ground state, | Eα i is the excited state of site α,
Vαβ are the off-diagonal hopping matrix elements coupling the sites
to each other and the total bath Hamiltonian is
HE =

∑
α

Z ∞
0

dωα ωα a†ωα aωα .

This is the general model we will be working with for the rest of this
Chapter.
6.2.2

Computing the absorption spectrum

The absorption spectrum of a molecular aggregate described by the
model defined in Eq. 6.5 is obtained by linearizing the interaction
between the external electromagnetic field and the system, which is
mediated by the transition dipole operators of each site:
µα := mα (| gih Eα | + | Eα ih g|) .

(6.6)

The vectors mα depend on the strength and spatial orientation of
the electrical dipole moments of the sites and determine the probability for the external light to excite them; therefore, the absorption of light by the system is encoded in the behavior of its coherence matrix elements between ground and local excited states, since
µα | gih g| = mα | Eα ih g|. In particular, absorption spectra are directly
related to the correlation function
h
i
Cµ (t) := hµ(t) · µ(0)i = Tr U † (t)µU (t) · µρ0
(6.7)
where
µ :=

∑ µα
α
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is the total dipole moment of the aggregate and the initial state is
stationary, making the correlation function depend only on the time
interval t. As explained in the preceding subsection, this is usually the
case in practical applications and experiments involving only absorption, since one works with low-intensity continuous-wave (i.e. nonpulsed) external fields which keep the system in the ground state
except for the occasional absorption events, and the environment in
thermal equilibrium. The initial state is thus
ρ0 = | gih g| ρ βE ,

(6.8)

where, as in previous chapters, ρ βE denotes the Gibbs state of the bath
at inverse temperature β (if multiple local baths are present, they are
in equilibrium at the same β in realistic situations); stationarity can be
easily checked by noting that [ H, ρ0 ] = 0 for the overall Hamiltonian
given in Eq. 6.5. The dipole correlation function Cµ (t) defines the
absorption spectrum through the relation
Z ∞

SAbs (ω ) := Aω = dt iCµ (t)eiωt ,
0

(6.9)

where A is a constant accounting for the intensity of the light and
normalization factors from the geometry of the setup [149].
The internal structure of the aggregate, particularly the orientation of the sites, therefore affects the absorption spectrum through
the scalar product between local transition dipole moments in Cµ (t);
moreover, for meaningful comparisons between theory and experiment it is often necessary to take static disorder—i.e. differences
between individual systems as they occur in any natural sample—
into account. This means that in general the values of the parameters of the system, including its internal configuration and coupling
strengths, are not fixed but may vary between different realizations
of it: in biological applications, for instance, optical experiments on
samples containing many copies of a certain system are affected significantly by static disorder, which acts as a natural averaging of the
features one would observe if each individual copy of the system
were analyzed in a separate experiment.
6.3

optical spectra of molecular aggregates: results

As an application of the TSO simulation method to a more interesting
problem than the spin-boson model, in [32] I analyzed a simple molecular aggregate of the type described in the previous section, based on
a test system considered and simulated in [210] with TEDOPA; this
section reports the results of that study.
The system considered is a dimer and the goal of my analysis was
to determine optical signatures of a variation in the spectral density
of the identical local environments of its two sites. The parameters of
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the model are compatible with typical values measured in biological
systems responsible for energy transfer, and temperatures ranging
from T = 0 K to T = 300 K were considered.
6.3.1

The model

Take the aggregate Hamiltonian Eq. 6.5 for the case of a dimer with
local baths on each site:
2

H=

∑ Eα |Eα ihEα | + J (|E1 ihE2 | + |E2 ihE1 |)

α =1

Z ∞

2

+ HE −

∑

| Eα ih Eα |

0

α =1

dωα gα (ωα )( aωα + a†ωα ), (6.10)

where the two environments are uncorrelated: their creation and annihilation operators obey canonical commutation relations [ aωα , aωβ ] =
0 and [ aωα , a†ωβ ] = δαβ δ(ωα − ω β ). As in [210], the on-site energies
are E1 = 12 328 cm−1 and E2 = 12 472 cm−1 and the two sites are
coupled by the exchange interaction term J (| E1 ih E2 | + | E2 ih E1 |) with
J = 70.7 cm−1 . By diagonalizing the single-excitation Hamiltonian,
the energy gap between the two excited eigenstates of the system is
readily determined to be ∆ = 201.8 cm−1 .
The two local environments are taken to have the same spectral
density, so that g1 (ω ) = g2 (ω ) =: g(ω ) in Eq. 6.10. This simplifies the
problem considerably, as can be seen by the following exact transformation: define the ‘common-mode’ and ‘relative’ creation and annihilation operators
∞
1
(†)
(†)
Aω := √
dω1 δ(ω − ω1 ) aω1 +
2 0
Z ∞
1
(†)
(†)
aω := √
dω1 δ(ω − ω1 ) aω1 −
2 0

Z

∞
1
(†)
√
dω2 δ(ω − ω2 ) aω2 (6.11)
2 0
Z ∞
1
(†)
√
dω2 δ(ω − ω2 ) aω2 , (6.12)
2 0

Z

which satisfy the commutation relations

[ Aω , Aω 0 ] = [ aω , aω 0 ] = 0
[ Aω , A†ω0 ] = [ aω , a†ω0 ] = δ(ω − ω 0 )
(†)

(†)

[ Aω , aω0 ] = [ aω , Aω0 ] = 0.
It is a simple exercise to rewrite Eq. 6.10 in terms of these operators
and show that the system does not interact with the common-mode
part of the environment at all: the free bath Hamiltonian transforms
to
2

HE =

∑

Z ∞

α =1 0

dωα ωα a†ωα aωα =

Z ∞
0

dω ω ( A†ω Aω + a†ω aω )
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and the interaction term becomes
2

Z ∞

α =1

0

∑ |Eα ihEα |

dωα g(ωα )( aωα + a†ωα )

=

Z ∞
0



dω I1ex g(ω )

Aω + A†ω
√
2

aω + a†
+ (| E1 ih E1 | − | E2 ih E2 |) g(ω ) √ ω
2


,

where the first term on the right-hand side interacts with the system
through the identity operator I1ex := | E1 ih E1 | + | E2 ih E2 | of the singleexcitation subspace. Since the ground state of the system is decoupled
both from its excited states and from the environment, it does not take
part in the open-system dynamics in any way: as far as the environment is concerned, then, I1ex is the identity operator of the system,
so this is effectively a trivial interaction and the common-mode terms
decouple from the problem entirely. Therefore, the Hamiltonian can
be rewritten as
2

H=

∑

Eα | Eα ih Eα | + J (| E1 ih E2 | + | E2 ih E1 |) +

α =1

1
− √ (| E1 ih E1 | − | E2 ih E2 |)
2

Z ∞
0

dω ωa†ω aω

Z ∞
0

dω g(ω )( aω + a†ω ). (6.13)

This is the model solved in [32]; Figure 6.5 sketches the physical
system and its rephrased version with only one environment, represented by the interacting damped surrogate modes used in the simulations.
Two different kinds of spectral densities were considered in the
simulation of this system: the broad, super-Ohmic Adolphs–Renger
background JAR (ω ) defined in Eq. 6.2 and a composite spectral density consisting of the same broad background and a strongly coupled,
long-lived vibrational mode, represented by an antisymmetrized Lorentzian
S(Ω2 + (Γ/2)2 )Γ/2
S(Ω2 + (Γ/2)2 )Γ/2
−
((ω − Ω)2 + (Γ/2)2 ) ((ω + Ω)2 + (Γ/2)2 )
2ΓΩ(Ω2 + (Γ/2)2 )ω
=S
.
((ω − Ω)2 + (Γ/2)2 )((ω + Ω)2 + (Γ/2)2 )
(6.14)

JAL (Ω, Γ, S; ω ) :=

JAL (Ω, Γ, S; ω ) is normalized in such a way that the reorganization
energy of the mode has a simple expression in terms of its frequency
and the Huang–Rhys factor S:
λAL =

Z ∞
dω JAL (Ω, Γ, S; ω )
0

π

ω

= SΩ.
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Figure 6.5: The dimer model. Left: the physical model, with the ground state,
the two interacting local excited states coupled to their independent environments, the light source and the doubly excited state,
which is ignored in the model (Eq. 6.10). Right: the model after the transformation to relative and decoupled common-mode
bath coordinates and the TSO on the former as the only physically relevant environment (Eq. 6.13). Modified from [32] with
permission from the authors.

The reorganization energy of the Adolphs–Renger spectral density is
2

λAR =

∑ ρa ΩARa = 19.93 cm−1 .

a =1

Spectral densities involving a broad background and narrow peaks
are often used to model the markedly non-Markovian effect of interactions between the sites of a molecular aggregate and its vibrational
degrees of freedom, which can sometimes be very strong and contribute in shaping the excitation transfer dynamics [208, 209].
6.3.2

Simulations and results

The dimer system described in the previous subsection was simulated, in order to compute both its reduced dynamics and its absorption spectrum, for bath spectral densities
J0 (ω ) := JAR (ω )

(6.15)

J1 (ω ) := JAR (ω ) + JAL (Ω, Γ, S; ω ),

(6.16)

with different sets of parameters for the antisymmetrized Lorentzian
peak, and temperatures T = 0 K, T = 77 K and T = 300 K.
For the calculation, A was set to unity in the expression Eq. 6.9 for
the absorption spectrum; in addition, the relative orientation of the
dipole moments of the two sites was assumed parallel for simplicity
and their strength was renormalized as well, giving the following
expression for the transition dipole moment:
µ = ẑ ∑ (| gih Eα | + | Eα ih g|) ,
α
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where ẑ is the unit vector in the z direction. Furthermore, no static
disorder was considered in the simulations: only one copy of the system is simulated, and its parameters are all fixed upfront. To include
static disorder, one would perform multiple simulations of the system
with different values of the model parameters and orientations of the
sample according to given probability distributions, and average the
results.
The TSO for J0 (ω ) was successful with N = 4 surrogate modes
for all three temperatures considered, resulting in effective environments as accurate as the T = 77 K one from Section 6.1.2 if benchmarked against the exact solutions for the harmonic oscillator or
the spin-boson model. All parameters obtained are listed in tables
in Appendix C. For the spectral density J1 (ω ) with a narrow antisymmetrized Lorentzian peak, a modular approach was taken: as described in Section 5.1.2, the peak is accounted for by an independent
pseudomode at zero temperature and by a TSO with two modes at
higher temperatures, using the procedures described in Appendix B.
The coupling to the system in the effective model is thus of the form
1
H I0 = √ (| E1 ih E1 | − | E2 ih E2 |)( BR AR + BR AL ),
2
where the two operators BR AR and BR AL are given by Eq. 5.3 for the
surrogate environments corresponding to the background and the
peak, respectively.
Figure 6.6 shows the effective correlation functions and the exact
ones for the latter case, with an antisymmetrized peak with parameters Ω = 227.5 cm−1 , Γ = 20 cm−1 and S = 0.0379; the accuracy of the
background J0 (ω ) alone is apparent from the same plots. Regarding
the peak, it is worth noting that at T > 0 (where C E (ω ) presents a
smaller peak at ω = −Ω) the TSO consistently gave more accurate
effective correlation functions than two independent pseudomodes,
as discussed in more detail in Appendix B. Although fitting C E (t)
with two damped exponentials with real coefficients, corresponding
to two Lorentzians in the frequency domain, approximates the two
peaks quite well, for several temperatures and parameter choices in
JAL (Ω, Γ, S; ω ) it was found that coupling the modes together resulted
in a better fit, with the effective oscillators having small positive
and negative frequencies and interacting through a coupling constant
g ≈ Ω, as can be seen in the parameter tables for antisymmetrized
Lorentzian peaks reported in Appendix C.
The reduced dynamics is obtained, as in Section 6.1.2, by simply
solving the effective Lindblad equation given by the TSO. For this
system, however, this was done using the MCWF implementation of
the QuTiP package, since for J1 (ω ) there are six modes to be simulated along with the system, which would require up to hundreds of
gigabytes of memory using the direct Lindblad equation integrator,
taking into account the converged local dimensions of the surrogate
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Figure 6.6: Exact (solid lines) and effective (dashed lines) correlation functions for a bath with spectral density J1 (ω ) at temperatures
T = 0 K (top), T = 77 K (middle), T = 300 K (bottom). Separate
sets of TSO parameters for the Adolphs–Renger background and
the antisymmetrized Lorentzian peak are given in Appendix C.
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Figure 6.7: Reduced dynamics of the dimer model Eq. 6.13 with bath spectral density J1 (ω ) for Ω = 227.5 cm−1 , Γ = 20 cm−1 and S =
0.0379 at T = 77 K, simulated with MCWF on a surrogate environment (solid lines) and with TEDOPA (dashed lines) from the initial
state |+̃ih+̃| defined in Eq. 6.17. Note the oscillations from the
vibrational mode in the spectral density and the nonzero coherence in the site basis at long times.

modes. With MCWF, as explained in Section 2.3.1.1, the memory cost
is dramatically reduced by evolving state vectors instead of density
matrices, so much so that independent trajectories can even be simulated in parallel. As an example and a sanity check, Figure 6.7 shows
the results of a MCWF simulation with 103 trajectories and a TEDOPA
simulation up to the final time reached in the latter. The plot depicts
the reduced dynamics in the single-excitation subspace for an initial
state
ρ0S = |+̃ih+̃| ,
(6.17)
√ ε 2 i is an equal superposition of the two delocalwhere |+̃i := |ε 1 i+|
2
ized energy eigenstates |ε 1 i and |ε 2 i that diagonalize the free system
Hamiltonian HS ; as can be seen, the results are in qualitative and
quantitative agreement up to errors which were found to be below
5 · 10−3 at all times.
The number of trajectories required to reduce the statistical noise in
the averaged evolution to negligible levels was found to be quite low,
of the order of a few hundred; this can be put down to the fact that the
quantum jumps of the Monte Carlo simulation act on the surrogate
oscillator environment and not on the system directly, which partly
inhibits their effect on the system variables being averaged. Using
the JUSTUS computing cluster at Ulm University to speed up the
work, 103 trajectories up to the final times shown in Figure 6.7 were
computed in about 40 minutes on one 16-core node, with each core
propagating a different copy of the system in parallel.
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Figure 6.8: The spectral densities J0 (ω ) (blue line) and J1 (ω ) (orange line)
used to compare absorption spectra. The parameters of the antisymmetrized Lorentzian in J1 (ω ) are Ω = 200 cm−1 , Γ =
10 cm−1 and S = 0.25.

To compute the absorption spectrum, one needs to simulate the
system and calculate its dipole correlation function Cµ (t), which is—
strictly speaking—a two-time object. As noted in Section 3.3, the
equivalence between expectation values with unitary and effective environments is only proved rigorously for single-time quantities, making the TSO an uncontrolled approximation scheme for multi-time
averages at the rime of writing. However, in the case of a two-time
correlation function with the system initially in a steady state, such
as
i
h
Cµ (t) = Tr U † (t) | gi(h E1 | + h E2 |) U (t) (| E1 i + | E2 i)h g| ρ β , (6.18)
the overall unitary dynamics acts on the quantity (| E1 i + | E2 i)h g| ρ β ,
which is still a factorized object with the environment in thermal equilibrium: this is enough to comply with the hypotheses of the equivalence theorem, so the correspondence between unitary and effective
Lindblad dynamics remains well defined and the TSO is legitimate.
A convenient decomposition for correlation functions under a Lindblad dynamics, such as the simplified form Eq. 6.18 of Cµ (t) with the
effective environment given by the TSO, was given by Dalibard et al.
in [105]. It can be shown that the correlation function can be written as an average of four single-time averages taken over initial pure
states, which can be computed easily by MCWF:
Cµ (t) =

1 4 i kπ
e 2 Tr [ 3 | gi(h E1 | + h E2 |) |φk (t)ihφk (t)| ] ,
4 k∑
=1

where

|φk (0)i :=

| g i + e −i

kπ
2

(| E i + | E2 i)
√ 1
|0i R
3

(6.19)
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T [K]

tmax [ps]

|Cµ (tmax )|
Cµ (0)

J0 (ω )

J1 (ω )

0

26.54

< 10−2

< 10−3

77

13.27

∼ 10−3

< 10−3

300

1.33

∼ 10−4

< 10−4

Table 6.1: Total simulation times for the dipole correlation function Cµ (t)
of the dimer and absolute values at the final time for J0 (ω ) and
J1 (ω ), respectively.

and the trace is taken over the system and the surrogate modes. The
√
factor 3 appearing in the trace cancels the two normalizations 1/ 3
in the initial states |φk (0)ihφk (0)|.
Simulating the evolution of the system starting from these four
initial states—note that these are all equal superpositions between
the ground state and the two local excited states, with different relative phases between the subspaces—and averaging the results according to Eq. 6.19, one thus obtains the dipole correlation function, and
hence the absorption spectrum through a discrete Fourier transform
on the time-domain results. For the parameters of the J1 (ω ) used
in the simulation of the reduced dynamics, only minor differences
between the spectrum with and without the peak appeared, so the
comparison was instead done for a J1 (ω ) with a much stronger vibrational mode on top of the background, as shown in Figure 6.8: here
the antisymmetrized Lorentzian has Ω = 200 cm−1 , Γ = 10 cm−1 and
a Huang–Rhys factor S = 0.25. The peak was again treated using a
separate TSO with two modes at T = 77 K and T = 300 K and a single
oscillator at T = 0 K; the parameters found are given in Appendix C.
The simulations converged to smooth averages for Cµ (t) after as
few as 250 Monte Carlo trajectories for each of the initial states |φk (t)i,
thanks again to the partial trace reducing the effect of the jumps in
the surrogate modes on the system observables; for the sake of more
robust results, the number of trajectories was doubled by rerunning
the simulation and no visible differences appeared1 .
In order to give a faithful result for the absorption spectrum, each
simulation needs to be performed until Cµ (t) has fallen to very small
values, so that the Fourier integration up to t −→ ∞ in Eq. 6.9 is ap1 The code used is capable of cumulative Monte Carlo simulations: the number Ntr of
trajectories averaged in a given run is printed to the output file, from which it can
be read in a subsequent run for the same system and parameters, in order to output
a weighted average over the total number of trajectories

hO(t)itot =

Ntr hO(t)i Ntr + Ntr0 hO(t)i Ntr0
Ntr + Ntr0

.
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Figure 6.9: Cµ (t) for J1 (ω ) at temperature T = 0 K. A rapid short-time decay
from the initial value Cµ (0) = 2 is followed by a very slow falloff, which reaches values of order 10−3 after more than 20 ps.

proximated well even for a finite time window. It turns out that the final times required for the correlation function to decay almost to zero
can be much longer than the relaxation times of the single-excitation
subspace visible in Figure 6.7: as can be seen from its expression
Eq. 6.18, Cµ (t) is related to the evolution of coherences between the
ground state and the single-excitation manifold, which are expected
to decay at a slower rate than density matrix elements belonging only
to the excited subspace, since the ground state is isolated from the
bath. Table 6.1 shows the times considered in my simulations, and
Figure 6.9 is a plot of Cµ (t) at zero temperature for the J1 (ω ) case.
The final results for the absorption spectra are shown in Figure 6.10
for the environmental spectral density J0 (ω ) and Figure 6.11 for J1 (ω ).
In the former case, with only the background present, a very sharp
absorption line at ω = ε 1 − λAR is visible in the zero-temperature
spectrum, along with a broader peak at ω = ε 2 − λAR . The upper energy level can absorb and decay to the lower one or lose energy to the
environment, which broadens its shape; the lower one has no decay
channels of its own within the system and can only lose all its energy
to the dissipative environment, a much longer process, as signified
by its extremely narrow line. Raising the temperature, both peaks exhibit significant broadening; the effect remains more pronounced on
the upper spectral line, which at T = 300 K becomes even taller than
the lower-energy one. The latter peculiar feature may be understood
in terms of the strong system-environment coupling in this model:
the reorganization energy λAR is about 10% of the energy gap between the energy eigenstates of the single-excitation subspace, a relatively strong coupling regime, and the thermal energy corresponding to this temperature is about 208.5 cm−1 in spectroscopical units,
virtually at resonance with the gap. This leads one to expect the en-
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Figure 6.10: Absorption spectra for J0 (ω ), i.e. only the Adplphs–Renger
background. The maxima appear at the eigenenergies ε 1 , ε 2 of
the system Hamiltonian minus the reorganization energy λAR ;
the peak at ε 2 − λAR is broader, meaning that this state can decay to the lower one or lose energy to the bath, unlike the lower
one. At high temperatures, the mixing of energy levels between
system and environment due to the strong coupling results in
an inversion of the spectral maxima.
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Figure 6.11: Absorption spectra for J1 (ω ), with a strongly coupled vibrational mode. Additional spectral lines appear at frequencies consistent with combined excitations of the system and the mode,
including barely visible overtones in the form of small bumps
to the right of the main spectra.
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ergy eigenstates of the full system-environment Hamiltonian to be
strongly mixed between the system and the bath; the partial trace destroys this mixing, but the energies corresponding to the eigenstates
of the free system can no longer be assigned the meaning of real
physical eigenenergies in this regime.
With the addition of the strongly coupled vibrational mode in the
bath, new features appear in the absorption spectra at all three temperatures considered. The absorption lines corresponding to the system energy levels are redshifted further by the contribution of the
mode to the reorganization energy; the new lines which were not
present in the spectra for J0 (ω ) are called single-phonon lines and
represent absorption of photons whose energy excites both the system and the first level of the vibrational mode. Higher excited states
of the mode also contribute their own lines, known as overtones, to
the absorption at equally spaced frequencies, but they are suppressed
by growing powers of the Huang–Rhys factor S = 0.25 of the mode.
Only the first is barely visible to the right of the spectra in Figure 6.11,
except at T = 300 K, where it is washed out by the strong broadening.
These results demonstrate the possibility to use the effective enviroments given by the TSO to great effect even in the calculation of
experimentally relevant quantities for nontrivial environments, such
as the optical spectra of this simple dimer model with spectral densities from current microscopic models. The computational requirements of the simulations with MCWF were not particularly high: less
than 3 GB of memory per thread were used, again on 16-core cluster nodes, and the simulations with J1 (ω ) on one node took from
27 minutes (T = 0 K, tmax = 26.54 ps) to 460 minutes (T = 77 K,
tmax = 13.27 ps) per 1000 trajectories. For J0 (ω ), simulation times of
a few minutes or less were required, due to the smaller number of
oscillators (N = 4 at all temperatures for J0 (ω ), N = 5 for J1 (ω ) at
T = 0 K, N = 6 for J1 (ω ) at T > 0 K). Long simulation times such
as these are not easily accessible with all numerical methods; with
the TSO, this is possible thanks to the favorable scaling of integration
techniques for Lindblad equations, as long as the total Hilbert space
dimension is manageable. Clearly, too many surrogate modes would
present a relevant challenge and may require tensor network–based
or similar methods to keep the dimension under control: as discussed
in Section 5.3 and in Section 2.3.3, these decrease memory costs at the
expense of the computation times, which follow a nonlinear scaling
in the total evolution time.
In the next Chapter, a thorough analysis of the method from its
theoretical foundations and mathematical structure to the numerical
strengths and current limits will be carried out, in order to summarize
its characteristics, discuss possible future improvements and extensions and outline the potential impact of this new approach among
existing simulation techniques for general open quantum systems.

DISCUSSION AND PROSPECTIVE DEVELOPMENTS

After showing how the TSO introduced in Chapter 5 can find applications in the simulation of realistic open quantum systems, I will now
undertake a careful scrutiny of the general mathematical structure
and properties, as well as accuracy and numerical efficiency, of the
method. Some of the remarks and comments given in the following
sections reiterate and elaborate on observations made earlier in the
thesis, other points will be addressed here for the first time.
This will complete my analysis of the simulation technique described and used in the last two chapters, and allow me to give a
well-organized summary and a self-contained critical discussion of
our approach as it stands today, in order to provide the reader with
a clear view of the key elements characterizing it, the challenges it
presents and the parts of it for which important work remains to be
done in the future.
7.1

structure of the method and general remarks

I have presented a method for the simulation of general open quantum systems interacting with bosonic environments. The physical
scope of this approach is not restricted by any other requirement than
the Gaussian property of the environment in the models studied; in
particular, no assumptions on temperature, coupling strength, Markovianity of the environment or structure of the system need be made.
The simulation technique is not of the fully microscopic kind described in Section 2.3.2, which includes methods such as HEOM, QUAPI
or TEDOPA, but employs the notion of a finite, dissipative effective environment to account for non-Markovian behavior. This is the common starting point of approaches such as the reaction-coordinate
mapping or the pseudomode method, which were discussed in Section 2.3.3 and subsequent chapters and share the core idea of having
auxiliary degrees of freedom play the role of environmental memory
effects, with Markovian damping acting on these extra degrees of freedom and making the evolution of the system—which is obtained by
taking the partial trace over the effective environment—irreversible
and in general non-Markovian.
The method introduced in this thesis achieves the goal of reproducing arbitrary Gaussian bosonic environments through the systematic
construction of surrogate networks of damped harmonic oscillators,
whose parameters are tuned to make the effect of the auxiliary environment on the system equivalent to that of the target unitary envi-
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ronment. Quantitatively, this amounts to considering the two-time
correlation function C E (t, τ ) = h BE (t) BE (τ )i E or correlation funcE ( t, τ ) = h B
tion matrix Cmn
Em ( t ) BEn ( τ )i E of the operators BEn appearing in the interaction term H I of the overall Hamiltonian, and devising an effective harmonic environment obeying a Lindblad equaR ( t, τ ) =
tion such that for suitably chosen operators BRn one has Cmn
E ( t, τ ) at all times. All averages must be comh BRm (t) BRn (τ )i R = Cmn
puted with both environments in Gaussian initial states. By the TSHP
equivalence theorem stated in Section 3.3, this and the equality of
single-time expectation values h BRn (t)i R = h BEn (t)i E (which are typically zero throughout the evolution) guarantee that the reduced dynamics of the system coupled to the unitary environment will stay the
same if one couples it to the surrogate modes through their operators
BRn and solves the effective Lindblad equation instead.
The TSHP theorem gives this method a rigorous basis that preexisting schemes based on similar concepts lacked. Moreover, when exact
equivalence cannot be achieved, the error bound proved in Section 4.3
provides a mathematically sound link between a variation in the environmental correlation function and the resulting change in the reduced dynamics of the system. This allows for some degree of error
control when no effective environment can be perfectly equivalent to
the unitary one given—which is actually the case most of the time,
as will be discussed shortly—and gives a clear measure of the quality of the approximate surrogate environments found in terms of the
maximum error they can introduce in the reduced dynamics.
This theoretical groundwork sets apart the TSO method from other
approaches of the same type, because it allows one to exploit the
structure of Gaussian damped oscillator environments to a much
greater degree than was previously done, while retaining a rigorous connection between the surrogate environment and the unitary
one it stands in for. The combination of the theorem and the error
bound grants unprecedented quantitative control over a much more
versatile class of effective environments than e.g. independent pseudomodes or reaction coordinates. This leads to clear computational
advantages: a network of N interacting harmonic oscillators can give
much more general correlation functions than the same number of
non-interacting pseudomodes, making more complex kinds of environment easier to simulate without sacrificing accuracy.
It will be useful for the discussion of the method to give a brief
review of its structure. There are two steps to the simulation of a
general open system, as given by a microscopic Hamiltonian of the
form
H = HS + HE + H I
(7.1)
with arbitrary system Hamiltonian HS , continuous harmonic environment Hamiltonian
Z ∞
HE = dω ωa†ω aω
0

7.1 structure of the method and general remarks

and interaction term
HI =

∑ ASn BEn
n

with Hermitian ASn and
BEn =

Z ∞
0

dω gn (ω )( aω + a†ω ).

First, one needs to construct a surrogate environment with an arbitrary number N of interacting oscillators, obeying a Lindblad equation whose generator L R must be quadratic in the creation and annihilation operators of the oscillators, such that there exist operators
N

BRn =

∑ (cnk ak + c∗nk a†k )

k =1

R ( t, τ ) are equal or nearly equal to
whose correlation functions Cmn
E ( t, τ ). By nearly equal I mean
the original correlation functions Cmn
E
R
that Cmn (t, τ ) ≈ Cmn (t, τ ) within some set error threshold: for larger
N, the number of parameters characterizing the oscillator network
is greater and can therefore give more general correlation functions,
R ( t, τ ).
improving the chances of reducing the error in Cmn
Then, once the surrogate environment corresponding to the unitary one given is found, one needs to integrate the effective Lindblad
equation for the system coupled to the effective modes and trace them
away to give the reduced dynamics; this may be done using any of
the known numerical methods for the solution of Lindblad equations,
and the computational cost depends crucially on the number N of oscillators to be simulated along with the system.
In the implementation of the method described in Section 5.1 and
in [32], only environments starting in stationary states, and in particular in Gibbs states, were considered. This makes their correlation
functions homogeneous in time and independent of the earlier time
argument:
E/R
E/R
E/R
Cmn
(t) := Cmn
(t + τ, τ ) = Cmn
(t, 0).

With this restriction, and taking an ansatz for the geometry of the
surrogate environment, one can derive the general form of the correR ( t ) in terms of its parameters. Choosing a chain
lation functions Cmn
configuration, with all oscillators coupled to the system and damped
by local zero-temperature Lindblad dissipators, one finds
R
Cmn
(t) =

N

∑ wmnk eλ t ,
k

(7.2)

k =1

where λk are the complex eigenvalues of the dynamical matrix of
the oscillator network, which is assumed non-degenerate and can be
read off the zero-temperature Lindblad generator, and wmnk are complex weights depending on the same matrix and on the cnk defining
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the operators BRn . The TSO algorithm is a systematic procedure to
tune the parameters of the surrogate environment in such a way that
R ( t ) ≈ C E ( t ), and consists of an initial nonlinear fit of C E ( t )
Cmn
mn
mn
with functions of the form given in Eq. 7.2 for some number N, and
an inversion method for the expressions relating the eigenvalues and
weights to the parameters of the surrogate environment and its interaction operators BRn . This gives a set of parameters such that the
R ( t ) are as close as possible to the original C E ( t )
corresponding Cmn
mn
for the number N of oscillators chosen. The accuracy of the result is
evaluated according to a figure of merit such as the integral
Q(t) =

Z t
0

dt

Z t0

0

0

dt00 |C E (t0 − t00 ) − C R (t0 − t00 )|,

(7.3)

which relates the error in the correlation function of a single interaction operator to that in the reduced dynamics according to the error
bounds given in Section 4.3, or other meaningful error quantifiers.
R ( t ) does not necessarily mean the
Note that the closest possible Cmn
best fit with complex exponentials: as explained in Section 5.1.2, not
every possible linear combination of exponentials can be a correlation function of observables in a damped harmonic oscillator network, since there exist such functions which could only be obtained
if the damping rates in the Lindblad generator of the network were
allowed to take on unphysical negative values. This means that an
exact inversion from the fit parameters to the network parameters is
not always possible. The TSO algorithm in its current form attempts to
solve the problem exactly; when unsuccessful, it returns parameters
for the oscillator network and the operators BRn such that the error
R ( t ) ≈ C E ( t ) is the smallest possible, for the
in the approximation Cmn
mn
number of modes and network structure chosen, without breaking
the complete positivity of the Lindblad dynamics.
A few comments on the theoretical basis and mathematical structure of the method are in order here.
First of all, it is worth emphasizing once again the scope of the
method and make clear the distinction between the general idea and
the particular implementation of it that was used to obtain the results
shown in this work. While in the studies performed in practice I have
made use of an ansatz limiting the structure of the effective environment to a chain of oscillators coupled only to their nearest neighbors,
restricting the interaction among oscillators to a number-conserving
form and choosing a local zero-temperature Lindblad dissipator in
order to work with a convenient stationary initial state, these measures are by no means necessary; their only purpose was to make
the relations between the TSO parameters and the eigenvalues and
R ( t ) relatively straightforward and devise a
weights appearing in Cmn
convenient inversion algorithm. The TSHP theorem does not require
any of this for the unitary and effective environments to be equivalent. Additionally, a more technical assumption was made regarding
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the Lindblad generator of the dynamics of the surrogate modes: the
eigenvalues of the corresponding dynamical matrix were assumed to
be non-degenerate, so as not to change the form Eq. 7.2 of the correlation functions of any operators BRn of the effective environment.
This was done for convenience because assuming degeneracies in the
dynamical matrix—which correspond to critical damping of one or
more modes—requires a different kind of nonlinear fit to be applied
to the target correlation functions. Since the degenerate case is of zero
measure in the full space of possible configurations and parameter
choices for the oscillator network, it does not emerge spontaneously
as a limiting case in numerical applications, so one would have to
R ( t ) beforehand and use a separate
set the corresponding form of Cmn
numerical routine to deal with this special case. This was not tested
and remains an unexplored possibility of the method.
Secondly, one must keep in mind that, at least for thermal correlation functions




Z ∞
dω
βω
E
Cβ ( t ) =
J (ω ) coth
cos(ωt) − i sin(ωt)
π
2
0
of environments with spectral density J (ω ), coupled to a system
through a single interaction operator BE with g2 (ω ) = J (ω )/π, no
effective correlation function C R (t) can possibly match C E (t) exactly.
As discussed in Section 3.2.2 and Section 5.1.3, this is due to the intrinsic differences between continuous unitary environments and finite dissipative ones: the former have operator correlation functions
satisfying the fluctuation-dissipation theorem, but the latter satisfy
the quantum regression hypothesis, which is incompatible with it except in certain limiting regimes for the reasons given in Section 2.2.3.1
and references therein. Since the TSO is meant to be applied in general coupling and temperature regimes, in which the two properties
are mutually exclusive, qualitative differences between the target and
effective correlation functions are expected to appear. This is indeed
the case and entails an unavoidable error of profound physical origin, which is especially evident in critical situations such as the spinboson model with pure dephasing, weak system-environment coupling and zero temperature, as shown in Section 5.2.2. However, if
one steers clear of such pathological situations, this violation of the
fluctuation-dissipation relation can typically be kept under control
and does not prevent accurate simulations in general, as the examples and applications shown in the preceding chapters prove. As a
matter of fact, the same error affects all approaches based on replacing an infinite, unitary environment by a finite, dissipative one, such
as the pseudomode or reaction-coordinate methods, or even just the
correlation function by a linear combination of exponentials without
addressing the environment explicitly, as done in the HEOM technique,
which is nonetheless regarded as numerically exact. In any case, this
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error can be brought under rigorous control by employing the bounds
described in Section 4.3, irrespective of the simulation method used.
Another important point is that the TSO only determines the effective environment parameters and operators such that the correlation
functions of the target unitary environment are reproduced as accurately as possible; the system coupled to the environment does not
enter the procedure until the simulation stage. The surrogate oscillator network encodes the interaction operators BEn and initial state
ρ0E and the transformation can be carried out once and for all: the
same effective bath parameters may then be used in any model sharing these interaction operators and environmental initial conditions,
as demonstrated in Section 5.2, since they are the only quantities determining the correlation functions. The parameter tables listed in
Appendix C and used in the simulation of the systems discussed in
the previous chapters can therefore be employed in any other model
involving the same spectral densities and temperatures; one could
tabulate any number of other environments in the same way, creating a catalog of effective parameter sets ready for use in the simulation of any system interacting with the corresponding unitary baths.
Additionally, the mutual independence of the system and the surrogate environment parameters allows for modular solution schemes:
in models involving independent environments or multiple interacting open systems, each unitary bath may be replaced by a suitable
effective one with no further requirements or caveats.
Finally, concerning the rigorous basis of the TSO, let me remark that,
as stated in Section 3.3 and Section 4.3, both the equivalence theorem
and the error bound lying at the core of the possibility to simulate
effective models with surrogate environments were only proved for
single-time averages of system observables. A generalization of the
simulation method to multi-time correlation functions would in principle enable the full solution of any open-system model of the form
encapsulated in Eq. 7.1; however, such an extension of the theoretical
results underlying the method remains yet to be rigorously proved.
Furthermore, even within the domain of validity of those results, the
TSHP theorem only asserts the equivalence of the reduced dynamics of
the system: nothing may be inferred about the behavior of the unitary
environment by looking at the effective one. The surrogate oscillators
have no physical significance at all; their role is that of a mere mathematical tool to bring about the same dynamics at the system level,
and their own reduced dynamics in principle has nothing to do with
that of the original unitary bath. In the TSO, information on the physical behavior of the unitary environment is lost in general: therefore,
when one needs to retrieve such information and infer properties of
the environment, this is not the most suitable method for such tasks.

7.2 accuracy, efficiency and impact

7.2

accuracy, efficiency and impact

After reviewing the mathematical structure and properties of our simulation method, it is time to take a closer look at the quality and cost
of the results it can deliver in realistic settings.
To this end, let me first examine the error sources affecting the
outcomes of a simulation performed with the TSO, in order to assess their potential impact on the results. One obvious source is the
transformation itself, which replaces one environment with another,
approximating the correlation function to some degree. Integrating
the effective Lindblad equation for the system coupled to the surrogate environment then introduces a truncation error, which depends
on the scheme used to crop the infinite-dimensional Hilbert space of
the modes (unless the dynamics of the model admits a finite representation, such as the covariance matrix for fully Gaussian problems,
as shown in Section 5.2.1). Finally, there are numerical rounding errors, which I will not dwell on since they affect any non-analytical
procedure and are generally much smaller than all the others.
The error introduced in the reduced dynamics by the effective correlation function, which is unavoidable if the original environment
of the model being simulated is continuous, unitary and obeys the
fluctuation-dissipation relation (for instance a typical thermal bosonic
bath), was seen in the examples and applications of the previous chapters to vary sensibly between systems. In general it was observed,
both in those simulations and in other trials not reported in this thesis, that even effective correlation functions differing from the original
ones by errors reaching peaks of 2% of their maximum values in the
time or frequency domains can give very accurate reduced dynamics,
missing the exact values by much less than 1% for certain systems.
Conversely, it was also shown that this need not be the case and that
some systems respond much more strongly than others to specific
features of the correlation function error. The reasons for this are not
clear at the time of writing, and it appears that figures of merit such
as the integral Q(t) in Eq. 7.3, while useful for a general assessment
of the quality of an effective correlation function, cannot fully capture
the reaction of any particular reduced dynamics to the error in it. An
in-depth study of the propagation of errors from the environmental
correlation function to the reduced dynamics of the system, beyond
the general validity and often limited information content of the error
bounds proved in Section 4.3, is still pending and might clarify what
determines the sensitivity of any given system to particular traits of
its environment. Shedding light on this issue would not only provide
physical insight into the error propagation from the environment to
the system, making it possible to work with better figures of merit
when determining the optimal surrogate environment, but may also
lead to system-dependent optimality criteria, offering extra accuracy
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as an option when this is more important than using the same effective environment in different models.
On a different note, it is certainly the case that a larger number N
of surrogate modes can reduce the error in the correlation function,
and that for a fixed N and surrogate oscillator network geometry the
TSO minimizes this error with respect to whatever parameters are left
free by the ansatz taken—in the implementation used in this work,
a chain of oscillators at zero temperature with hopping interactions
among themselves and fully general linear coupling to the system
was chosen, and the free parameters were the interaction strengths
among the oscillators. However, as stated in the previous section, this
is not necessarily the smallest possible error for an effective correlation function of the form given by a damped oscillator environment,
unless the best possible fit with N complex exponentials and complex coefficients happens to be realizable as an operator correlation
function of an oscillator network obeying a well-defined Lindblad
equation. When this is the case, the error in the reduced dynamics
from the change in the correlation function is the smallest possible
for a nonlinear fit with complex exponentials: this error is a common feature of any numerical technique based on such a fit, most
notably the pseudomode or HEOM methods. This places the TSO in
the same league as well-established approaches often used as exact
benchmarks for tentative simulations with less controlled methods.
Most importantly, when considering any error from a change in
the correlation function, one needs to remember that all models, with
unitary as well as dissipative environments, are ultimately abstractions in which one postulates the effects of the environment based on
phenomenological knowledge, experimental observations and theoretically motivated inference. Spectral densities or any other quantities defining the environment in any open-system model are thus
not to be taken as absolutely exact but come with intrinsic uncertainties, like any other theoretical construction: any model compatible
with these uncertainties is to be regarded as equally valid. Therefore,
whenever both the correlation function of a unitary environment and
that of a dissipative one—or even a pure fit with no connection to effective degrees of freedom, as is the case when using HEOM—provide
an accurate description of the observed open-system dynamics, there
is no a priori criterion establishing the preeminence of one modeling approach over the other. This should be kept in mind whenever
an environment is used to approximate another for numerical convenience or any other reason, and may even allow for non-negligible
differences in predictions and numerical outcomes; unless the physical assumptions, limits and approximations underlying one of the
approaches can be invalidated in the particular context studied, there
is no case against it, and only experimental tests can rule in favor of
any of the competing theoretical models and settle the matter.

7.2 accuracy, efficiency and impact

Concerning the simulation of systems coupled to an effective environment, in general it is necessary to truncate the Hilbert space of
the surrogate oscillators in order to integrate the effective Lindblad
equation numerically; several ways to do so are available and result in
different truncation errors, which I am not aware of any rigorous way
to keep under control. Like in any other simulation method requiring
an analogous operation, it is necessary to keep the space large enough
for the discarded part to contribute only negligibly to the dynamics.
When employing direct integration routines or MCWF to solve the effective Lindblad equation, the Hilbert space truncation is performed
at the outset, according to criteria such as choosing local dimensions
for each surrogate mode—as was done for the simulations reported
in the previous chapters, in which the local dimensions were set to
the lowest possible value such that no changes were visible upon addition of one energy level—or limiting the simulation to subspaces
containing at most a certain total number of excitations in the whole
effective environment. Alternatively, in problems for which the minimum overall Hilbert space dimension would be too large for practical
use, one may resort to tensor network–based methods to compress
the oscillator space to more manageable sizes. At any rate, the error
must be judged heuristically, relying on a convergence study to find
the minimum acceptable dimension such that no appreciable changes
in the predictions come from the Hilbert space size considered.
The total Hilbert space dimension is also the single most important
variable determining the numerical cost of solving the effective Lindblad equation, in terms of both memory and time. In order to discuss
the computational efficiency of the TSO when it comes to simulating
an open system coupled to a surrogate environment, it is necessary
to consider the impact that physical properties of the original unitary
model, such as spectral density, coupling strength and temperature,
have on the dimension of the effective Hilbert space, both before and
after truncation.
The first key point is the very number of surrogate oscillators required to replace the unitary environment given to the desired accuracy. For thermal baths, such as those considered in all problems
studied so far, the form of the spectral density and the temperature
jointly determine the number of effective modes in a way that may—
to some extent, at least—be inferred by simple inspection: spectral
densities broadly spread out in frequency, such as the Ohmic, superOhmic or sub-Ohmic ones employed in many models to account for
background noise, were shown to be reproduced quite well using
low numbers (e.g. N . 5) of modes at both zero and nonzero temperatures. For sharp features, such as the antisymmetrized Lorentzian
peaks considered in Section 6.3.2 and frequently used as building
blocks for structured spectral densities in studies of systems interacting more coherently with complex environments, one mode per peak
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is necessary at zero temperature and two per peak are required to
account for the correlation function with a thermal initial state.
Beyond affecting the number of surrogate modes necessary for an
accurate effective environment, higher temperatures also tend to raise
the minimum local dimension at which the modes may be truncated
in the simulation; the effect is not evenly distributed among the oscillators and may affect a small minority of them to a greater extent
than the others, leading to a power-law growth of the effective Hilbert
space dimension with temperature. It must be kept in mind, however, that the entire surrogate environment must be rederived if the
temperature of the bath is changed in the model, so the effective
modes of surrogate baths corresponding to the same spectral density at different temperatures cannot be identified (although for sufficiently small temperature variations the best effective environments
found may actually be related). Sometimes higher temperatures may
require adding modes to the effective environment, e.g. in the case of
narrow peaks or in the high-temperature example of the Ohmic bath
discussed in Section 5.1.3; when this is not the case, the increase in
the overall Hilbert space dimension required for convergence is less
severe. In the dimer model simulated in Section 6.3.2, for example,
raising the temperature from T = 77 K to T = 300 K changed the
minimum local dimensions of three out of six modes, enlarging the
total Hilbert space by a factor of 3.55, as can be checked by comparing
the relevant parameter tables in Appendix C.
Besides temperature, the strength of the system-environment coupling in the model studied also affects the local dimensions at which
the oscillators may be safely truncated. This is actually a parametric
dependence, in the sense that the coupling may be changed in the
model without altering the effective environment in any way, since
it just amounts to rescaling the system operators appearing in the interaction Hamiltonian. Like higher temperatures, a stronger coupling
results in the surrogate modes being more populated and thus requiring higher local dimensions for an accurate simulation. The effect is
a more costly simulation per unit time, although if one is interested
in simulating the system until relaxation, then this will occur sooner
than for weaker coupling and thus partly mitigate this growth in the
computation times needed.
All things considered, the costs of solving the effective Lindblad
equation for an open system are on par with those of other cuttingedge numerical methods in certain regimes and for certain problems,
thanks to the linear time dependence of integrating a Lindblad equation and the efficiency of widely available solvers for Markovian open
systems. As discussed previously, the TSO has the great advantage
of requiring far fewer oscillators than the independent-pseudomode
method, especially for Ohmic thermal environments, since it optimizes their number by coupling modes together. As for numerically
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exact approaches which address the full unitary Hamiltonian without
resorting to the simulation of an effective environment, the technique
most akin to the TSO in spirit is the HEOM method, which scales in
the same way with the dimension of the system but retains superior performance over the current version of the TSO thanks to its
implicit addressing of the environment: although it also uses an exponential fit to approximate the correlation function, it accounts for
the environment by introducing a hierarchy of auxiliary density operators rather than explicit effective modes. The infinite system of
equations for the auxiliary density operators may be truncated and
solved very efficiently even for dozens of exponentials in the effective
correlation function [139–142]; for such numbers of surrogate modes,
simple truncation of the Hilbert space would result in far too large
dimensions for storage and simulation, so we are still in the process
of devising a tensor network–based integration method for the effective Lindblad equation, in the spirit of the Dissipation-Assisted Matrix Product Factorization (DAMPF) algorithm recently developed by
Somoza et al. [165]. This would greatly reduce the memory cost of accounting for large numbers of surrogate modes, trading the memory
optimization for a nonlinear scaling in the evolution time and possibly making the method competitive with what is currently regarded
by many as the most versatile and efficient numerical approach available for the study of nontrivial open-system problems. No comparative study of the performance of HEOM and any TSO implementation
has been undertaken yet; we are planning to do so shortly, but for
the time being no information on the relative efficiency attainable is
available. On the other hand, such an analysis has been carried out
for TEDOPA in the context of the simulations reported in Section 6.3.2.
The results confirmed that, for the spectral densities considered in
that study and sufficiently long times, the effective Lindblad equation
could be solved much more efficiently than the unitary model, due to
the strongly nonlinear scaling of TEDOPA simulations with the evolution time; however, while the number of surrogate modes—and hence
the Hilbert space dimension—depends greatly on the shape of the
spectral density considered, this is a marginal element in the cost of
TEDOPA simulations, making the latter much more convenient when
dealing with very structured spectral densities and short times, at
least until a way to account for many surrogate modes is fully developed and ready to use. For the particular problem addressed in Section 6.3.2, the efficiency of TEDOPA and of the effective Lindblad equation from the TSO crossed at evolution times of about half a picosecond for all temperatures considered, with times beyond t ∼ 1.5 ps
requiring TEDOPA simulations of over a day and the MCWF solution
of the effective model found with the TSO reaching t ∼ 27 ps within
hours on the same hardware.
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Finally, one must consider the numerical complexity of the transformation itself: although the surrogate environment corresponding
to a given unitary bath is determined only once and may be used
in all problems involving that environment coupled to any system,
obtaining its parameters is a highly nontrivial task, and the costs of
the algorithm used in all applications so far, which was summarized
in the last section, need to be discussed as well. The algorithm was
developed assuming a certain structure of the effective environment
and is variational in nature: the figure of merit used to evaluate the
quality of the effective environment is regarded as a function of the
couplings among the surrogate modes, which are treated as free parameters and varied randomly or on a grid. For each point, the value
of the figure of merit is obtained by first numerically solving a nonlinear system of complex equations, which gives the parameters of the
oscillator chain, and then performing a numerical minimization to determine which operator on that specific oscillator chain has the most
similar correlation function to the original one. Since the space of the
free coupling parameters grows exponentially in the number of interacting modes, the search for minima in the figure of merit quickly
becomes extremely expensive. However, as discussed in Section 5.1.2,
this is not a significant setback, since for the spectral densities used
in most typical applications either a small surrogate environment or
multiple clusters of few oscillators result in very accurate effective correlation functions. All parameter sets used in this thesis were found
in runs of a few hours either on a laptop or on a 16-core cluster node.
However, since the algorithm used for this task is by no means unique,
the costs of performing the TSO for differently structured effective environments are not known and it is quite possible that more efficient
transformation algorithms will be developed, so nothing conclusive
can be said about the costs of the transformation at this stage.
To summarize the above remarks on both accuracy and performance of the method, one could say that the results achieved so far
are encouraging and further work on both the theoretical and mathematical basis and the numerical implementation of the technique
is certainly worth pursuing. Although many parts of the approach
as outlined in this thesis can still be significantly improved, even
its current form proves beyond doubt that the equivalence of unitary and dissipative environments—within the boundaries set by the
TSHP theorem—indeed paves the way for relevant progress in efficient and quantitatively controlled simulation of general open quantum systems, particularly when used in combination with the link
between errors in the environmental correlation functions and in the
reduced dynamics.

7.3 summary and outlook

7.3

summary and outlook

In the preceding sections, I have given a synopsis of the current state
of the TSO simulation method for open quantum systems in Gaussian
bosonic environments and its specific features, strengths and limitations. To sum up the discussion, the approach was tested both on
toy models and in more realistic scenarios and proved reliable, accurate and efficient across a wide range of physically nontrivial settings:
strongly non-perturbative problems, arbitrary spectral densities and
high, low or even zero temperatures may be successfully addressed
and both the numerical complexity of the simulations and the accuracy of their results can be competitive with high-end numerically
exact approaches, depending on the problem at hand. Further testing will be required in order to gather enough practical knowledge
and experience to identify the optimal applicability regimes of the
method; in addition, both the transformation algorithm to determine
the surrogate environment parameters and the simulation techniques
for the effective Lindblad equation still offer much room for future
improvement.
In particular, regarding the former, there are three main points to
be addressed. First, the inversion from the nonlinear fit to the parameters of the surrogate environment can probably be made less
cumbersome and more efficient, for instance if some way were found
to use the dependence of the correlation function on the parameters
explicitly instead of trying to reverse-engineer parameter values such
that the weights and eigenvalues turn out to match those from the
fit. Machine learning–based techniques or simulated annealing could
provide more insight into this dependence and perhaps be used to
vary all parameters of the effective environment more efficiently in
search of a minimum in the figure of merit, but no such attempt has
been made to date. Secondly, a better strategy to match the surrogate
environment and the target correlation function may also make it easier to change the structure of the oscillator network and generalize the
class of attainable correlation functions even further. Finally, the question of the figure of merit itself is still an open problem, whose scope
reaches far beyond the TSO and presents a relevant theoretical challenge in and of itself. The problem of determining the sensitivity of
a general open quantum system to variations in the correlation function of its environment has, to my knowledge, only been addressed
in the study of individual models or by setting error bounds such as
the ones discussed in Chapter 4: a systematic analysis of the propagation of errors from the environment into the reduced dynamics
of the system, including the dependence of this effect on the system
itself, could greatly boost the accuracy of any simulation technique
based on approximating the environment. As an aside, a deeper understanding of the sensitivity of systems to specific features of the
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environments they interact with could also improve the interpretation and translation into theoretical models of phenomenological and
experimental studies of environmental effects. On a more conceptual
note, an extension of the TSHP equivalence theorem and the error
bounds beyond their present scope would also be a very valuable step
forward in the study of open systems through methods involving any
kind of Gaussian surrogate environment. Such generalizations could
extend the validity of these results to multi-time system expectation
values at the system level, or to more general, possibly even fermionic
Gaussian environments.
Moving on to the numerical integration of the effective Lindblad
equation for systems coupled to surrogate oscillator environments,
here the only point to be discussed is how the simulation can be
made as efficient as possible. Although very fast numerical solvers
for Lindblad equations are widely available, these are of little use if
the combined Hilbert space dimension of the system and the effective
environment is too large. Since the Hilbert space grows exponentially
with the number of degrees of freedom in the problem, which include the system and the surrogate modes, the complexity quickly
becomes critical if too many modes or multiple systems coupled
to local environments are considered. When dealing with problems
whose effective Hilbert space, after truncating the surrogate modes at
a sufficiently high local dimension, is too large for direct integration
or MCWF simulation, other possible strategies to compress the memory requirements could be tensor network–based techniques such as
DAMPF [165] or decompositions involving Krylov subspaces [99, 100],
which time-adaptively search for dynamically relevant subspaces and
minimize the loss of information due to ignoring the remainder of the
full Hilbert space of the problem. An extension of the former method,
which was developed for non-interacting pseudomodes, to general
surrogate environments, is currently being pursued.
In conclusion, the simulation method presented in this thesis appears to be quite promising; many possible improvements, generalizations and corroborative studies, including those suggested in this
section, may be applied and allow its potential to be fully expressed in
years to come. For the time being, it is worth emphasizing the proof
of principle provided by this approach, which—to my own knowledge and that of the coauthors of this proposal—is the first to apply
the concept of an effective Markovian environment in a qualitatively
flexible and quantitatively certified way backed by sound theoretical
results. This and the efficiency of the resulting simulation scheme,
which can indeed be used for practical research goals such as the applications reported in Section 6.3, are, in my view, the most valuable
achievements of this work.

8

CONCLUSIONS

In the present thesis, I have given a comprehensive account of the
research conducted as a doctoral project at the Institute of Theoretical
Physics, Ulm University, under the supervision of Prof. Dr. Martin B.
Plenio, Prof. Dr. Susana G. Fernández Huelga and Dr. Andrea Smirne.
The broad context of the investigations reported is the field of theoretical open quantum systems, with a focus on both the formal aspects of the theory and numerical implementations of solution algorithms for general, non-perturbative models. More specifically, the
studies undertaken within this program concerned general systems
interacting with Gaussian bosonic environments; the key ansatz allowing for the definition of all quantities of interest for such models,
most importantly the spectral density of the environments and twotime boson correlation functions containing all physical information
affecting the system, is the assumption of system-environment interactions linear in the creation and annihilation operators of the bosons.
The methods and results discussed in this work apply to any model
within the boundaries of this framework, either directly or after extensions of little conceptual relevance. In particular, the general assumptions made do not restrict the models to any specific kind of system,
weak system-environment coupling, particular temperature regimes
or Markovian environmental influence; only the harmonic nature and
Gaussian initial conditions of the environment are required due to
their fundamental implications for the theory. This was taken as the
starting point of all analyses, problems and solutions covered in the
thesis, without addressing the matter of how and under what conditions a realistic, phenomenological model may be described in such
terms: all studies embarked upon throughout the doctoral program
concerned the solution of problems with a well-defined structure.
In Part I of this thesis, the theoretical background of my original
work was laid out in the form of a review of open quantum system
theory: the most common modeling approaches and numerical simulation methods, as well as a selection of fundamental definitions, rigorous theorems and significant models with known solutions, were
presented and discussed, in order to set the stage for the introduction
of the original material. All topics and results reviewed in this part
have some connection to the new research contributions discussed
in the rest of the thesis, and serve the purpose of completing their
presentation by making this entire work as self-contained as possible.
Part II is the core of the thesis and contains the main results and developments from the research carried out over the course of my PhD.
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In it, the subfield to which all original work belongs is clearly outlined and some preliminary results, particularly the recently proved
theorem upon which most of the new material presented hinges, are
stated before engaging in the account of my own contributions. These
consist of a formal error bound and a novel numerical simulation
method for general open quantum systems; both concern the reduced
dynamics of open systems and the possibility of altering the Gaussian
environments they interact with. The former result relates variations
in the correlation function of a thermal boson bath to changes in the
reduced dynamics in the spin-boson model, and was published in
Physical Review Letters in 2017 [38]. The latter is a simulation technique
which builds on the combination of the error bound and the equivalence theorem between unitary and dissipative Gaussian environments mentioned earlier: a systematic procedure to replace infinite
unitary environments by finite dissipative ones with as few degrees
of freedom as possible was developed, and the error bound is used to
relate the similarity between the correlation functions of the two environments to the accuracy of the simulated reduced dynamics upon
replacing one with the other. The advantage of using a dissipative
environment is that it can be simulated efficiently along with the system by integrating a quantum master equation of Lindblad form, and
the method used to construct it guarantees that the error from replacing the original environment will be minimized with respect to the
number of surrogate harmonic modes in it—or equivalently, that the
number of modes used will be the smallest possible without exceeding a set error threshold. All coauthors of the 2019 preprint [32], in
which this work was presented, have contributed to perfecting the algorithm through continuous input and feedback; no individual credit
was given here because of the collective nature of the effort.
In Part III, the newly developed simulation method was put to use
beyond controlled testbed problems and its performance and quality were assessed and discussed. In particular, a general spin-boson
model and a simple system inspired by research in excitation transport properties and optical signatures of molecular aggregates were
chosen as two first applications. The results found were encouraging,
since both the efficiency of the simulations and the accuracy of the
output were comparable to those of state-of-the-art methods in the
example problems studied. A first, rather coarse-grained analysis of
optimal regimes and problem classes for this technique in relation to
others could be carried out on the basis of those findings, and determined broad categories of favorable and unfavorable settings to be
better identified as the method is improved. Several possibilities to
do so have been suggested and their potential impact examined.
Future work along the line of research to which the present thesis
belongs will be aimed at generalizing its formal and theoretical foundations, extending the power and reach of the modeling approach
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through the new insight and expertise gained and enhancing its numerical performance. Formal improvements could include generalizations of the equivalence theorem and the error bound beyond singletime expectation values of system observables, or even to fermionic
Gaussian environments. The exploration of new possibilities in the
construction of surrogate oscillator networks may also lead to substantial progress of the method, both by generalizing the form of the
effective environments beyond the options explored so far and by
paving the way for more insightful and efficient transformation algorithms. Finally, optimization strategies to make the simulation of systems coupled to many effective modes less computationally demanding are being investigated, and may result in highly competitive performance when compared with other well-established approaches.
On the whole, the work reported in this thesis and its forthcoming developments can be considered as a further step toward a more
complete understanding and a more firmly grounded and accurate
description of formal open quantum systems. The original results
presented, combined with preexisting knowledge and modeling tools
and extended by more thorough studies and analyses in the future,
could provide valuable instruments for a deeper insight into the properties and predictions of open-system models of the category considered here; it is my hope that the work done in this project will inspire
further efforts along the path broken by these first achievements.
No individual research contribution to a complex and diverse landscape of studies such as the field of open quantum systems can truly
advance the state of the global research community on its own. Only
through extensions, contaminations, detours and sometimes unexpected connections can the importance and legacy of such endeavors transcend their role as individual items of specialized knowledge
and reinforce the bigger picture, leading to real progress in our understanding of Nature.
Therefore, as a closing word to conclude this thesis, I would like to
stress my view that the purpose of this work was not to attempt a solitary journey in pursuit of any novel intuition, but rather to help bolster and gradually enhance and extend the structure of a broad front
of current research. I strongly believe that scientific efforts and developments based on collaborative work, and on the unrelenting piecing
together of many individually modest results across the community,
are at least as important for the advancement of all of theoretical
physics as the perhaps more encouraged and widely acknowledged
single-handed quest for new breakthroughs and paramount discoveries. I do not regard the goals accomplished in this PhD project as
important scientific achievements in their own right—in fact, it is my
opinion that very few research works can be meaningfully judged
this way: the aim of all other endeavors, including those presented
here, should be to matter as parts of a whole, and only time and the
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complex, many-faceted, disordered motion of the many threads followed by researchers across space and time can determine their success in doing so. Thus, by committing such works to the vast body
of established knowledge and allowing their content to spread and
their import to be gauged over the years, one can only hope that
the successes and failures of the results and methods presented will
eventually leave a mark in the scientific landscape. For it is through
many such marks, as well as occasional major changes, that scientific
research can truly deepen our understanding of natural phenomena,
and thus—if one believes that science has the ultimate purpose to improve our condition and is fit to do so—provide us with new ways to
pursue a better life for humankind.
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PAT H I N T E G R A L S : A S U M M A R Y O F B A S I C
R E S U LT S

In this Appendix, I will recall some essential definitions and results
from the path-integral formalism underlying the concepts summarized in Section 2.1.3, on which the derivation of the results of Chapter 4 is based. Recommended textbooks and articles for a more thorough treatment of these and other elements of general path integral
theory are [19, 33, 35, 37].
a.1

standard path integral for a particle in one spatial dimension

The Schrödinger propagator G ( x f , t; x0 , 0) = h x f | e−iHt | x0 i for a partip2

cle described by a Hamiltonian H = 2m + V ( x ) has the path-integral
expression
Z xf
G ( x f , t; x0 , 0) =
D x eiS[x]
x0

given in Eq. 2.41; here I shall sketch the derivation of this result, in
order to show how the classical action appearing in the exponent is
related to the Hamiltonian in the evolution operator eiHt .
It is necessary to start from the discrete picture: splitting the evolution into N timesteps ∆t and inserting the position-basis completeness relation
Z
I = dx | x ih x |
at each intermediate step, the propagator becomes
G ( x f , t; x0 , 0) =

Z

N −1

dx N −1 . . . dx1

∏ hxk+1 | e−iH∆t |xk i .

(A.1)

k =0

In the limit of many very short timesteps, the evolution operator e−iHt
may be approximated by the Suzuki–Trotter decomposition
e

iHt

=e

iHN∆t



≈

2

e

p
−iV ( x )∆t −i 2m
∆t

e

N
,
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as can be checked by expanding both sides of the equation to first
order in ∆t. Inserting this into the time-sliced expression Eq. A.1, one
finds
G ( x f , t; x0 , 0) ≈

Z

N −1

dx N −1 . . . dx1

∏ e−iV (x + )∆t hxk+1 | e−i
k 1

p2
2m ∆t

| xk i

k =0

=

Z

dx N −1 . . . dx1

Z

dp N . . . dp1
(2π ) N

N −1

∏ e−iV (x + )∆t hxk+1 | pk+1 ih pk+1 | e−i
k 1

p2
2m ∆t

| xk i

k =0

=

Z

dx N −1 . . . dx1
N −1 − i

∏e



Z

dp N . . . dp1
(2π ) N

p2
k +1
2m +V ( xk+1 )



∆t

h xk+1 | pk+1 ih pk+1 | xk i

k =0

=

Z

dx N −1 . . . dx1

Z

dp N . . . dp1 N −1 −iHcl ∆t+ipk+1 (xk+1 − xk )
e k +1
(2π ) N k∏
=0
(A.2)

where the resolution of the identity in the momentum basis
I=

Z

dp
| pih p|
2π

was inserted at each intermediate step in order to replace the kinetic
energy operator by its eigenvalues, as done with the potential energy
and the position eigenstates in the first line of Eq. A.2: the c-number
Hkcl+1 appearing in the exponent as a result is the value of the classical
Hamiltonian with x = xk+1 and p = pk+1 .
The discrete-time path integral Eq. A.2 represents the propagator
G ( x f , t; x0 , 0) as an integral over all possible position and momentum
values at the intermediate times, with each history interfering with
all the others with a phase
N −1

∏e

−iHkcl+1 ∆t+ipk+1 ( xk+1 − xk )

=e



p2
x 1 − xk
k +1 − V ( x
i∆t ∑kN=−01 pk+1 k+∆t
− 2m
k +1 )

.

k =0

The sum in the exponent,
which in the continuum limit approaches
Rt 0
p2
the integral 0 dt p ẋ − 2m − V ( x ) , has a form linked to the Legendre transform relating the Lagrangian and the Hamiltonian to each
other in classical mechanics: completing the square by adding and


x k +1 − x k 2
subtracting a term ∑kN=−01 m2
and using the change of vari∆t
x

−x

1
k
ables pk 7→ pk+1 − m k+∆t
, the Gaussian momentum integrals may
be factored out and computed analytically by applying the familiar
Fresnel formula for generalized Gaussian integrals
r
Z ∞
π
−iαw2
dw e
=
,
iα
−∞

A.2 gaussian path integrals for bosons

giving an overall constant and a path integral in the positions alone,
with each discrete trajectory coming in with a phase
e

i∆t ∑kN=−01

 
x
m
2

k +1 − x k
∆t

2



− V ( x k +1 )

−→ ei

Rt
0

dt0 ( 12 m ẋ2 −V ( x ))

= eiS[x] .

This and the boundary conditions fixing the initial and final values
of the position variable yield the form Eq. 2.41 of the propagator.
a.2

gaussian path integrals for bosons

In quantum and statistical field theory, as well as statistical mechanics,
one often deals with quadratic Hamiltonians and linear couplings,
which give analytically solvable Gaussian path integrals.
Since only the one-dimensional bosonic case is relevant for this
thesis, other examples will not be dealt with here; the references given
at the beginning of this Appendix contain appropriate treatments of
fermions and other generalizations.
Consider a quantum harmonic oscillator with unit mass and frequency Ω and its position-space Schrödinger propagator
G ( x f , t; x0 , 0) =

Z xf
x0

Dx e

i S[ x ]

=

Z xf
x0

D x ei

Rt
0

dt0 12 ( ẋ2 −Ω2 x2 )

.

(A.3)

This is a Gaussian path integral and as such has an analytical solution
of the form
Z xf
x0

D x eΓ(x0 ,x f )+i

Rt
0

dt0 21 xSx

= det[−iS]−1/2 B( x0 , x f )
2

in terms of the functional operator S = − ∂t∂ 02 − Ω2 , which is found by
partial integration in the action, and a term B( x0 , x f ) which accounts
for the dependence on the boundary values.
It is often very useful, especially when the classical dynamics of
the system can be easily solved for, to write the paths as sums of the
classical solution and a fluctuation around it:
x (t) = xcl (t) + x̃ (t),

(A.4)

with x̃ (t0 ) = x̃ (t f ) = 0. Then, by substituting the splitting Eq. A.4
inside the expression for the action, one finds

S[ x ] = S[ xcl ] + F [ x̃ ],
where S[ xcl ] is a constant which may be calculated directly and F [ x̃ ]
is the fluctuation contribution to the action of each trajectory and is
also quadratic in x̃. The absence of any linear terms is due to the
extremality of xcl (t), i.e. the fact that it solves the Euler–Lagrange
equation
δS
[x] = 0
δx
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associated with the action S[ x ]. With this change of variables, the
path integral Eq. A.3 takes the form
G ( x f , t; x0 , 0) = eiS[ xcl ]

Z

D x̃ eiS[x̃] ,

(A.5)

where the classical prefactor may be straightforwardly calculated, the
paths in the integral obey Dirichlet boundary conditions x̃ (t0 ) =
x̃ (t f ) = 0 and the fluctuation term has the same expression as the
action because the system is Gaussian.
A detailed analytical treatment of this problem is beside the point
here and may be found in [33]. The most relevant property of Gaussian path integrals emerges when the bosonic variable being integrated couples linearly to other degrees of freedom. Consider an action including a linear term:


Z t
1 2 2
0 1 2
S[ x, J ] =
dt
ẋ − Ω x + Jx .
2
2
0
To integrate the bosonic degree of freedom x, it is now necessary
to complete the square first: adding and subtracting a term 21 JS−1 J in
the Lagrangian, the Gaussian path integral may be carried out exactly
after a change of variables and will give a constant and a boundary
term; however, this time a term quadratic in the external variable J
will remain. The result is
G ( x f , t; x0 , 0)[ J ] = B0 ( x0 , x f )e−i

Rt
0

dt0 12 JS−1 J

(A.6)

and contains the inverse of the differential operator S giving the equation of motion of x, i.e. its Green’s function. This result is not only a
propagator but also a functional of J, the variable acting as an external driving on the dynamics of x: if J is another dynamical variable
with its own path integral, then Eq. A.6 implies that integrating x out
of the problem will introduce a Gaussian term in the path integral of
J; this is what happens in the path integral for an open system with a
bosonic bath when the bath is integrated out of the problem. Generalizing this manipulation to a continuum of Gaussian modes integrated
along the closed Keldysh contour described in Section 2.1.3 (in which
no boundary terms emerge), one obtains the Feynman–Vernon influence functional; employing coherent fields φ, φ∗ instead of x, as done
in Chapter 4, is merely a different choice of basis for the bosonic part
of the problem and leads to the same result.

B

TSO: SPECIAL CASES AND EXACT SOLUTIONS

This Appendix is a complement to Chapter 5 and contains some
examples of exactly solvable inversions from exponential functions
C̃ E (t) to surrogate oscillator networks such that the correlation function C R (t) of some operator BR linear in the creation and annihilation
operators is equal to C̃ E (t).
b.1

one and two oscillators

The simplest possible effective environment is a single damped oscillator (N = 1 in Eq. 5.1) in the vacuum state ρ0R = |0ih0|. The
correlation function C R (t) of the operator BR = c(b + b† ) (the phase
of c cancels out and can be set to zero) at positive times is
Γ

C R (t) = c2 e−( 2 +iΩ)t
and the time dependence at t < 0 is set as C R (−t) := C R∗ (t) by
definition, since the Lindblad equation only gives C R (t) for positive
times, as discussed e.g. in Section 3.2. Doing so fixes its Fourier transform C R (ω ) in the form Eq. 3.22, which for zero temperature is a
Lorentzian of width Γ centered at Ω:
C R ( ω ) = c2

Γ
2

(Γ/2) + (ω − Ω)2

.

A single sharp spectral feature at zero temperature in the target C E (t)
can be mapped to a mode like this by simple nonlinear fitting with
a complex exponential, and the parameters of the effective mode can
be read off the fit directly as λ̃ = − Γ2 − iΩ and w̃ = c2 . This was done
in Chapter 6 for the dimer problem at zero temperature: in that case,
the spectral density featured sharp antisymmetrized Lorentzian contributions, and the frequency and damping rate obtained numerically
for the corresponding effective mode matched those from the original
spectral peaks almost exactly.
Two interacting oscillators provide a less trivial yet still exactly solvable example problem, which was already introduced and analyzed
by Garraway in [158] as an example of how not only sums but also
differences of Lorentzians can be modeled by pseudomodes. In that
paper, only one of the modes is assumed to couple to the system (i.e.
c2 = 0); here a more general result will be derived.
For a general correlation function
C R (t) =

N

∑ wn e λ t
n

n =1
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with <[λn ] < 0 and continued to negative times according to the
usual prescription, if the weights wn are allowed to be complex the
form in the frequency domain changes from a simple linear combination of Lorentzians to
C R ( ω ) = −2

N

<[wn ]<[λn ] + =[wn ](ω + =[λn ])
,
<[λn ]2 + (ω + =[λn ])2
n =1

∑

with the numerator of the term associated with each mode depending linearly on frequency, as described in Section 5.1. In some phenomenological approaches in which there is no intention of accurately simulating a specific correlation function, one may use ad-hoc
combinations of weights and exponents to cancel terms in the total numerator of the full C R (ω ) written as a single fractional polynomial, thus achieving a steeper descent around the maxima than
individual Lorentzians with positive coefficients could allow (again,
[158] provides an example, with a fall-off proportional to ω −4 ). This
can be helpful to mitigate the error associated with the behavior
of C R (ω ) near the origin (where, as discussed several times in the
main text, qualitative differences between C E (t) and C R (t) due to
the fluctuation-dissipation theorem emerge most prominently), but
hardly generalizes beyond specific applications.
In the special case N = 2, the eigenvalues λ1,2 and weights w1,2
of any operator correlation function C R (t) depend on the surrogate
environment parameters through the relations
s


α1 + α2
α1 − α2 2
λ1,2 (α1,2 , g) =
±
− g2
2
2
w1,2 (α1,2 , g, c1,2 ) =

|c1 |2 + c22
2
(|c1 |2 − c22 )(α1 − α2 ) − 4ig<[c1 ]c2
q
,
±
2 (α1 − α2 )2 − 4g2

(B.1)

where the redundant overall phase of the couplings cn was taken
such that c2 ∈ R. Given the target values λ̃1,2 and w̃1,2 obtained by
nonlinear fitting of C E (t), the first equation is readily inverted to give
a parametric expression for α1,2 in terms of g:
s
2

λ̃1 + λ̃2
λ̃1 − λ̃2
α1,2 =
±
+ g2 .
(B.2)
2
2
The domain of physically acceptable solutions is the set of all g such
that Γ1,2 = −2<[α1,2 ] > 0 and can be found by using the formula
r
r
√
| z | + zR
| z | − zR
z=
+ i sgn(zI )
2
2

B.1 one and two oscillators

for the square root of a complex number z = zR + izI . Using Eq. B.2
in the equation for the weights, this becomes parametric in g as well:
w̃1,2 =

|c1 |2 + c22
2
∓

(|c1

|2

− c22 )

q

λ̃1 − λ̃2

2

+ 4g2 − 4ig<[c1 ]c2

2(λ̃1 − λ̃2 )

(B.3)
.

For any value of g, this equation relates the three real quantities <[c1 ],
=[c1 ] and c2 to <[w̃1,2 ] and =[w̃1 ] = −=[w̃2 ] (recall that ∑2k=1 w̃k =
C R (0) is real and positive), and may or may not have a solution depending on the g chosen: if solutions exist only for g outside the
region in which Γ1,2 = −2<[α1,2 ] > 0, then it is necessary to operate
variationally and minimize the distance ∑2n=1 |w̃n − wn (α1,2 , g, c1,2 )|.
If one assumes c2 = 0 in Eq. B.1, as is done in [158], then the system
of equations can be inverted explicitly. The result is


|c1 |2 = w̃1 + w̃2








w̃1 λ̃1 + w̃2 λ̃2


 α1 =

w̃1 + w̃2

(B.4)
w̃1 λ̃2 + w̃2 λ̃1


α
=
2


w̃1 + w̃2



!


2
2 


λ̃
−
λ̃
w̃
−
w̃

2
2
1
1
2


=
−1
 g
2
w̃1 − w̃2
but the solution only exists for λ̃1,2 , w̃1,2 such that the expression on
the right-hand side of the last equation has a vanishing imaginary
part. This is because the phase of c1 also decouples from the problem
in this case, removing a second real degree of freedom and making
the system overdetermined: the balance between equations and unknowns is restored by one real constraint appearing on the λ̃1,2 , w̃1,2
in order for solutions to exist.
In Section 6.3.2, I showed how pairs of effective modes can be employed to reproduce narrow antisymmetrized Lorentzian peaks in the
spectral density at T > 0: in most cases, no exact solutions were found
and we had to minimize ∑2n=1 |w̃n − wn (α1,2 , g, c1,2 )|, but e.g. for an
antisymmetrized Lorentzian with peak frequency Ω AL = 215 cm−1
and width Γ AL = 10 cm−1 at temperature 77 K the system does have
an analytical solution for 213.0 cm−1 < g < 213.8 cm−1 , as shown
in Figure B.1. As noted in Section 6.3.2, the most accurate effective
environments corresponding to such thermalized peaks were consistently found to have mode frequencies close to zero and a strong
coupling g between the two, whereas fitting the same function with
two non-interacting modes at the positive and negative peak frequencies always turned out to be an accurate but suboptimal choice, even
for such seemingly obvious target functions.
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Figure B.1: Top to bottom: overlapping plots of C E (ω ) and C R (ω ) with
N = 2 for a bath with an antisymmetrized Lorentzian spectral
density with peak frequency ΩAL = 2.15u and width ΓAL = 0.1u
in units u = 100 cm−1 , at temperature T = 77 K; the difference C E (ω ) − C R (ω ); a plot of the minimum Manhattan distance
∑nN=1 |w̃n − wn | as a function of g. In the last plot, a very small
region 213.0 cm−1 < g < 213.8 cm−1 in which the w̃n can be
matched exactly is highlighted in the inset; it appears very near
the end of the physically valid domain, before one of the damping rates changes sign, making higher values of g give only unacceptable solutions. The very steep descent of the error and the
abrupt end of the physically admissible region on either side of
this small zone demonstrate how minima in Q(t) or any other
figure of merit can quickly become hard to find in a necessarily
more coarse-grained sampling for higher N.

B.2 three oscillators

b.2

three oscillators

Adding a third oscillator to the chain but coupling only the first and
last to the system, another exactly solvable TSO is obtained. This was
not used in any of the applications discussed in the thesis but can be
useful in general.
For N = 3, the system of eigenvalue equations is


α1 + α2 + α3
= λ̃1 + λ̃2 + λ̃3





(B.5)
α1 α2 + α2 α3 + α3 α1 + g12 + g22 = λ̃1 λ̃2 + λ̃2 λ̃3 + λ̃3 λ̃1






= λ̃1 λ̃2 λ̃3
α1 α2 α3 + g12 α1 + g22 α3
and α2 may be removed from the last two equations by using the first,
so that α1 and α3 can be regarded as effective functions of the real
parameters g1 and g2 .
With c2 = 0, the numbers of equations and unknowns match, since
the equations for the w̃n will determine the values of g1 and g2 instead.
Making c3 real by fixing the overall phase, one may write


= w̃1 + w̃2 + w̃3
 |c1 |2 + c23








|c1 |2 α1 + c23 α3 = w̃1 λ̃1 + w̃2 λ̃2 + w̃3 λ̃3







2<[c1 ]c3 g1 g2 = −w̃3 (λ̃1 − λ̃3 )(λ̃2 − λ̃3 )
(B.6)




(α − λ̃1 )(α1 − λ̃2 )(α3 − λ̃3 )


− 1
| c1 |2



(α3 − α1 )(α1 − λ̃3 )





(α3 − λ̃1 )(α3 − λ̃2 )(α1 − λ̃3 ) 2


c3
−

(α3 − α1 )(α3 − λ̃3 )
where in the last line a real quantity is again equated with a complex one, implying that the imaginary part of the expression on the
right-hand side must be zero. Thus, since the first equation is real
by construction, there are five real equations in the five real variables
g1 , g2 , <[c1 ], =[c1 ], c3 in Eq. B.6, so solutions such that Γn = −2<[αn ] >
0 may exist in principle for any λ̃n and w̃n .
If c3 is also set to zero, then the system Eq. B.6 becomes

2


 c1 = w̃1 + w̃2 + w̃3






2


 c1 α1 = w̃1 λ̃1 + w̃2 λ̃2 + w̃3 λ̃3













0

= −w̃3 (λ̃1 − λ̃3 )(λ̃2 − λ̃3 )
−

(α1 − λ̃1 )(α1 − λ̃2 )(α3 − λ̃3 ) 2
c1 .
(α3 − α1 )(α1 − λ̃3 )

(B.7)
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and can be inverted explicitly to give c21 , α1 and α3 . But now Eq. B.5
is overdetermined: the trace gives α2 , and the last two complex equations can give g1,2 only if the λ̃n and w̃n happen to satisfy two real
relations among themselves (one because c3 was removed from the
problem, another because the phase of c1 is now irrelevant). In particular, now the expressions whose imaginary part must vanish appear
on the right-hand side of the last two lines of the full solution


c21 = w̃1 + w̃2 + w̃3







w̃1 λ̃1 + w̃2 λ̃2 + w̃3 λ̃3



α1 =


w̃1 + w̃2 + w̃3





(w̃2 + w̃3 )λ̃1 + (w̃3 + w̃1 )λ̃2 + (w̃1 + w̃2 )λ̃3


 α2 =


w̃1 + w̃2 + w̃3





w̃2 w̃3 (λ̃2 − λ̃3 )2 λ̃1 + w̃3 w̃1 (λ̃3 − λ̃1 )2 λ̃2 + w̃1 w̃2 (λ̃1 − λ̃2 )2 λ̃3
−
w̃2 w̃3 (λ̃2 − λ̃3 )2 + w̃3 w̃1 (λ̃3 − λ̃1 )2 + w̃1 w̃2 (λ̃1 − λ̃2 )2





w̃2 w̃3 (λ̃2 − λ̃3 )2 λ̃1 + w̃3 w̃1 (λ̃3 − λ̃1 )2 λ̃2 + w̃1 w̃2 (λ̃1 − λ̃2 )2 λ̃3


α
=

3


w̃2 w̃3 (λ̃2 − λ̃3 )2 + w̃3 w̃1 (λ̃3 − λ̃1 )2 + w̃1 w̃2 (λ̃1 − λ̃2 )2



2
2
2



2 = − w̃2 w̃3 ( λ̃2 − λ̃3 ) + w̃3 w̃1 ( λ̃3 − λ̃1 ) + w̃1 w̃2 ( λ̃1 − λ̃2 )

g

1

(w̃1 + w̃2 + w̃3 )2





w̃ w̃ w̃ (λ̃ − λ̃3 )2 (λ̃3 − λ̃1 )2 (λ̃1 − λ̃2 )2 (w̃1 + w̃2 + w̃3 )


 g22 = − 1 2 3 2
2 .

w̃2 w̃3 (λ̃2 − λ̃3 )2 + w̃3 w̃1 (λ̃3 − λ̃1 )2 + w̃1 w̃2 (λ̃1 − λ̃2 )2
(B.8)

C

T S O : E F F E C T I V E B AT H PA R A M E T E R S

This Appendix lists the parameter tables for the surrogate oscillator
networks corresponding to the unitary environments used in the simulations of Chapter 5 and Chapter 6. The local dimensions at which
the oscillators were truncated at convergence are reported as well.
c.1

ohmic bath

The following tables contain the surrogate environment parameters
for an Ohmic unitary target bath with spectral density
J (ω ) = πωe−ω/Ωc .

Ωn

gn

Γn

cn

dloc

2.70796

3.38195

11.9298

−0.0333215
−0.0121362i

3

2.13014

1.43514

0.573494

0.319
+0.0811955i

4

1.15884

0.491546

0.0317143

0.760716
+0.0175762i

5

0.310906

—

0.000795693

0.579218

7

Table C.1: Ohmic spectral density, T = 0, parameters in units Ωc .

Ωn

gn

Γn

cn

dloc

0.181241

0.36082

0.0277519

−0.349703
−0.288747i

7

0.935739

1.22054

0.0416881

−0.617395
−0.511728i

5

1.92376

2.92578

0.552476

−0.343629
−0.281132i

4

2.52573

—

10.2562

0.00126623

3

Table C.2: Ohmic spectral density, T = 0, parameters in units Ωc , alternate
effective environment.
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Ωn

gn

Γn

cn

dloc

0.512683

1.82454

0.056336

−0.962917
+0.819128i

5

2.53779

3.20774

4.42709

−0.227707
+0.0701249i

4

4.53293

1.60194

15.7371

0.231179
−0.137866i

4

0.151433

—

0.110104

0.818093

7

Table C.3: Ohmic spectral density, T = Ωc , parameters in units Ωc .

Ωn

gn

Γn

cn

dloc

0.306859

4.17718

16.0093

−0.166675
−0.0342019i

3

0.361308

2.1243

2.76375

0.21927
+0.103791i

3

0.167597

0.673391

0.00358704

1.61933
−0.00703994i

4

0.0297981

0.166947

0.0949691

0.187388
−1.07416i

4

0.00236395

—

0.0517414

1.1553

6

Table C.4: Ohmic spectral density, T = 2.5Ωc , parameters in units Ωc .

c.2

adolphs–renger bath

The following tables contain the surrogate environment parameters
for a unitary target bath with an Adolphs–Renger super-Ohmic spectral density
π 2
ω 5 −√ω/ΩARa
J (ω ) =
ρ
e
,
a
2 · 9! a∑
Ω4ARa
=1
where (ΩAR1 , ΩAR2 ) = (0.557, 1.936) cm−1 and (ρ1 , ρ2 ) =

288 8 5
5 ( 13 , 13 ).

C.2 adolphs–renger bath

Ωn

gn

Γn

cn

dloc

0.718918

2.10958

0.00554063

−0.57271
+0.06491i

6

3.06543

3.91248

15.4881

−0.0147923
+0.0820348i

4

2.96082

1.56527

0.00291091

0.725729
+0.0119678i

4

0.667101

—

0.294244

0.409762

4

Table C.5: Adolphs–Renger spectral density, T = 0, units u = 100 cm−1 .

Ωn

gn

Γn

cn

dloc

3.05106

2.74161

0.0284151

−0.910465
−0.0164266i

5

2.74196

2.01796

11.6481

−0.135049
−0.0104797i

4

0.00670418

0.33975

0.00549033

0.524001
+0.317767i

6

0.00780109

—

0.0184315

0.114767

8

Table C.6: Adolphs–Renger spectral density, T = 77 K, units u = 100 cm−1 .

Ωn

gn

Γn

cn

dloc

0.788783

3.10576

10.4575

0.189405
+0.0639657i

4

0.414407

0.978945

0.0934767

1.23326
+0.451035i

5

−0.0300357

0.294823

0.00983292

0.0221509
+0.962709i

10

−0.034035

—

0.0167273

0.365249

8

Table C.7: Adolphs–Renger spectral density, T = 300 K, units u = 100 cm−1 .
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c.3

antisymmetrized lorentzian baths

The following tables list the effective parameters for several environments with antisymmetrized Lorentzian spectral densities, specified by their peak frequency Ω, their width Γ and the dimensionless
Huang–Rhys factor S:
J (Ω, Γ, S; ω ) = S

2ΓΩ(Ω2 + (Γ/2)2 )ω
.
((ω − Ω)2 + (Γ/2)2 )((ω + Ω)2 + (Γ/2)2 )

T [K]

Ωn

gn

Γn

cn

dloc

0

2.00

—

0.098296

0.992322

6

−0.318699

1.976

0.045988

0.764199
+0.000002i

5

0.316331

—

0.138442

0.676024

6

−0.00048954

2.00052

0.00953908

1.45733
+0.000003i

8

0.000480821

—

0.190362

0.343374

8

77

300

Table C.8: Ω = 200 cm−1 , Γ = 10 cm−1 , S = 0.25; units u = 100 cm−1 .

T [K]

Ωn

gn

Γn

cn

dloc

0

2.15

—

0.0985633

0.302092

3

−0.264407

2.135

0.0111992

−0.225238
+0.027349i

3

0.262719

—

0.168578

−0.208877

3

−0.000545231

2.15059

0.0000535447

0.381985
−0.185124i

3

0.00053525

—

0.19984

0.121095

3

77

300

Table C.9: Ω = 215 cm−1 , Γ = 10 cm−1 , S = 0.02; units u = 100 cm−1 . The
effective correlation function at T = 77 K coincides with the best
exponential fit C̃ E (t) and is an example of an exact inversion with
N = 2, as explained in Appendix B.

C.3 antisymmetrized lorentzian baths

T [K]

Ωn

gn

Γn

cn

dloc

0

2.275

—

0.197195

0.440408

5

0.662126

2.1788

0.264596

0.333222
−0.000005i

4

−0.667153

—

0.0788813

0.296358

4

−0.00139464

2.2772

0.00326568

0.578109
−0.176482i

4

0.0013106

—

0.396252

0.169995

4

77

300

Table C.10: Ω = 227.5 cm−1 , Γ = 20 cm−1 , S = 0.0379; units u = 100 cm−1 .
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