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Zusammenfassung

In praktischen Anwendungen erfolgt die Modellierung von Abhängigkeitsstruktu-
ren multivariater Daten häufig durch Copulas. Dies ist vor allem auf das 1959 von
Sklar bewiesene und nach ihm benannte Theorem zurückzuführen. Der Satz von
Sklar macht es möglich, die einzelnen Randverteilungen eines Zufallsvektors und die
Abhängigkeitsstruktur zwischen seinen Komponenten getrennt voneinander zu mo-
dellieren. Der Begriff Copula wurde erstmals in Sklar (1959) für diejenige Funktion
verwendet, welche die Randverteilungen eines Zufallsvektors so verbindet, dass die
tatsächliche multivariate Verteilung des kompletten Zufallsvektors resultiert. Des-
halb kann eine Copula als die Funktion angesehen werden, die sämtliche Informatio-
nen beinhaltet, welche die Abhängigkeit der einzelnen Komponenten eines Zufalls-
vektors betreffen. Aus dem Satz von Sklar folgt, dass man Copulas als d-dimensionale
Verteilungsfunktionen auf dem d-dimensionalen Einheitswürfel auffassen kann. Sie
entsprechen also Verteilungsfunktionen von Zufallsvektoren, die fast sicher Werte
aus [0, 1]d annehmen und deren Randverteilungen jeweils einer Gleichverteilung auf
[0, 1] entsprechen.
Copulas finden in der Praxis in vielfältiger Weise Anwendung. Ein Blick in die

Standardliteratur des Finanzrisikomanagements, z.B. McNeil u. a. (2005) oder Che-
rubini u. a. (2004), zeigt, dass Copulas auf diesem Gebiet ein beliebtes und häufig
verwendetes Werkzeug sind. Neben dem Risikomanagement werden Copulas in fi-
nanzmathematischen Anwendungen auch eingesetzt, um Preise von Finanzderivaten
zu bestimmen. Dies ist insbesondere dann der Fall, wenn diesen Derivaten eine große
Anzahl von Sicherheiten zu Grunde liegt. Im Jahr 2000 veröffentlichte Li in seiner
berühmten Arbeit (D. Li (2000)) einen Ansatz, um die Preise von sogenannten Col-
lateralized Debt Obligations (CDOs) zu berechnen. Diese Wertpapiere bündeln eine
Vielzahl von Kreditrisiken und verbriefen sie dann am Markt. Der von Li vorgeschla-
gene Ansatz basiert auf einer sogenannten Gauß-Copula und führte in den folgenden
Jahren zu einem drastischen Anstieg des Handelsvolumens von CDOs. Insbesondere
die Presse- und Medienlandschaft machte die Arbeit von Li mitverantwortlich für
die weltweite Finanzkrise zum Ende des letzten Jahrzehnts. Allerdings waren die
Beschränkungen des Gauß-Copula Ansatzes hinlänglich bekannt, dazu sei z.B. auf
Donnelly und Embrechts (2010) und auf die dort gegebenen Referenzen verwiesen.
Inbesondere extreme Szenarien können mittels einer Gauß-Copula nicht richtig abge-
bildet werden. Wir fokussieren uns deswegen im Folgenden auf Copulas, welche in der
Lage sind, auch extreme Ereignisse in ein Modell einzubinden. Trotz der negativen
Darstellung in der Öffentlichkeit sind Copulas nach wie vor eines der Standardwerk-
zeuge in der Finanzmathematik, siehe dazu z.B. die aktuellen Artikel von Hofert
und Scherer (2010) oder Choe und Jang (2011). Abgesehen von der Finanzmathe-
matik werden Copulas aber auch im Bereich der Überlebenszeitanalyse eingesetzt,
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Zusammenfassung

Beispiele hierfür findet man in Hougaard (1986), Oakes (1989), Oakes (1994) oder
auch in H. Li (2008). Außerdem gibt es immer mehr andere Gebiete, auf denen
Copulamethoden verstärkt eingesetzt werden. Hier wäre zum Beispiel die Zuver-
lässigkeitstheorie in den Ingenieurwissenschaften zu nennen. Literatur hierzu findet
man z.B. in Hougaard (1989); es seien auch noch die etwas aktuelleren Referenzen
von Eryilmaz (2011) und Walter u. a. (2009) genannt. Andere Forschungsfelder, in
denen Copulas eingesetzt werden, sind die Hydrologie, siehe z.B. Pinya u. a. (2009),
Zhang und Singh (2007) oder auch Grimaldi und Serinaldi (2006), und natürlich
die Aktuarwissenschaften, z.B. Frees und Wang (2006) oder Luciano u. a. (2008),
um nur zwei Referenzen zu nennen. Der Artikel von Schölzel und Friederichs (2008)
beschäftigt sich mit der Anwendung von Copulas in der Erforschung des Klimas, ein
eher außergewöhnlicheres Gebiet für den Einsatz von Copulas.
Für alle oben genannten Anwendungen ist es wichtig, Simulationsalgorithmen,

Schätzverfahren und Güteanpassungstests zu kennen, um passende Modelle für die
gegebenen Daten finden zu können und um zu überprüfen, wie gut die angepass-
ten Modelle die Daten tatsächlich widerspiegeln. Sobald die Dimension der Daten
erhöht wird, ist dies allerdings eine alles andere als triviale Aufgabe, vor allem, da
schnelle und einfach anzuwendende Methoden wünschenswert sind. Die vorliegende
Arbeit beschäftigt sich deswegen mit den vorgenannten Aufgaben, insbesondere für
bekannte Klassen von Copulas. Genauer gesagt, handelt es sich bei den untersuch-
ten Klassen um die Familien der austauschbaren Archimedischen, genesteten oder
auch hierarchischen Archimedischen Copulas und um die Klasse der sogenannten er-
weiterbaren Marshall-Olkin-Copulas. Bei der letztgenannten Klasse handelt es sich
um eine Unterklasse der Marshall-Olkin-Copulas, welche in enger Verbindung zu
Lévy-Subordinatoren steht.
Die vorliegende Dissertation gliedert sich in folgende Teile. Zunächst führen wir

die in dieser Arbeit benutzte Notation ein und stellen in Kapitel 2 den Begriff der
Copula sowie einige ihrer grundlegenden mathematischen Eigenschaften vor. Insbe-
sondere der Satz von Sklar wird noch einmal bewiesen, allerdings unter der An-
nahme stetiger Randverteilungen. Anschließend gehen wir in diesem Kapitel noch
auf später verwendete mathematische Werkzeuge, wie Lévy-Subordinatoren, ein und
geben einige Ergebnisse aus der Empirischen Prozess Theorie wieder, die ebenfalls
später verwendet werden. Außerdem stellen wir die bedingte Verteilungsmethode
als allgemeinen Simulationsalgorithmus vor. Darüber hinaus werden wohlbekannte
Schätzverfahren, wie etwa die Maximum-Likelihood-Schätzung, die sogenannte Infe-
rence Functions for Margins Methode, kanonische Maximum-Likelihood-Verfahren
und auch nichtparametrische Methoden eingeführt. Einige Güteanpassungstests für
Copulas werden ebenfalls behandelt. Hier beschäftigen wir uns mit allgemeinen An-
sätzen, die auf der Transformation von Rosenblatt (1952) basieren. Zusätzlich führen
wir kurz die Klassen der austauschbaren und genesteten Archimedischen Copulas
sowie die Klasse der Marshall-Olkin-Copulas ein. Auf die wahrscheinlichkeitstheore-
tischen Modelle, die diesen Klassen zu Grunde liegen, gehen wir jeweils am Anfang
der Kapitel 3, 4 bzw. 5 ein.
Kapitel 3 beschäftigt sich mit austauschbaren Archimedischen Copulas. Im Gegen-
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satz zu der wahrscheinlich am weitesten verbreiteten Klasse der elliptischen Copulas
besteht der Vorteil von austauschbaren Archimedischen Copulas darin, dass sie nur
in den seltensten Fällen radial symmetrisch sind. Diese Asymmetrie ist in vielen
Anwendungen wünschenswert. Nachdem wir das zu Grunde liegende wahrschein-
lichkeitstheoretische Modell vorgestellt und einen effizienten Simulationsalgorithmus
aus der Arbeit von Marshall und Olkin (1988) eingeführt haben, richten wir den Fo-
kus zunächst auf die Parameterschätzung.
Bekannte Schätzverfahren sind oft mit dem sogenannten “Fluch der Dimension”
belegt. So benötigt man z.B. die d-te Ableitung einer bestimmten Funktion, des
sogenannten Archimedischen Generators, um die Dichte einer austauschbaren Ar-
chimedischen Copula in geschlossener Form zu erhalten. Oftmals ist das Berechnen
dieser Ableitungen nur mittels eines Computer Algebra Systems wie z.B. Maple mög-
lich. Wir werden zeigen, dass auf Grund dieser Tatsache ein kanonisches Maximum-
Likelihood-Verfahren in hohen Dimensionen anfällig für numerische Fehler und au-
ßerdem sehr zeitintensiv ist. Diese beiden Schwachpunkte machen seine Anwendung
in der Praxis sehr schwierig. Stattdessen schlagen wir einen Parameterschätzer vor,
der auf einer Transformation beruht, welche Wu u. a. (2006) für ihren Simulations-
algorithmus verwenden. Für diesen Schätzer ist es uns möglich, starke Konsistenz
unter relativ schwachen Bedingungen nachzuweisen, sogar dann, wenn rangtransfor-
mierte Daten als Pseudodaten für die Copula verwendet werden. Tatsächlich kann
beobachtet werden, dass die Standardabweichung mit der Dimension abnimmt, d.h.
je höher die Dimension, desto besser wird der Schätzer. Das Hauptergebnis von Ka-
pitel 3 ist in einem Theorem formuliert, das diese Eigenschaften zusammenfasst.
Ein weiteres Resultat ist ein neuer Anpassungstest, welcher auf demselben Simulati-
onsalgorithmus wie das Schätzverfahren beruht und deswegen besonders in hohen Di-
mensionen gut funktioniert. Im Gegensatz zu gängigen Anpassungstests, die oftmals
hohe Ableitungen des Generators erfordern, ist der vorgeschlagene Test einfach und
schnell. Dies spielt insbesondere dahingehend eine Rolle, dass die Verteilung unter
der Nullhypothese normalerweise von rangtransformierten Daten und den geschätz-
ten Parametern beeinflusst wird und deshalb selten in geschlossener Form angegeben
werden kann. Daher wird ein Bootstrapverfahren notwendig, um ungefähre p-Werte
zu bestimmen. Dies erfordert zahlreiche Auswertungen der Teststatistik. Sowohl für
das Schätzverfahren als auch für den Anpassungstest werden Simulationsstudien für
bekannte Vertreter der Klasse der austauschbaren Archimedischen Copulas durchge-
führt. Eine Anwendung mit echten Daten wird ebenfalls skizziert. Alle Anpassungs-
tests betreffenden Resultate dieses Kapitels wurden gemeinsam mit Marius Hofert
erarbeitet und finden sich in Hering und Hofert (2011). Die Ergebnisse, welche das
Schätzverfahren betreffen, wurden in Hering und Stadtmüller (2011) zusammenge-
fasst. Der Beitrag des Autors dieser Dissertation zu den beiden genannten Artikeln
besteht vor allem aus den Beweisen zur starken Konsistenz, der Identifizierbarkeit
der untersuchten Modelle und aus den Simulationsstudien.
Bisher wurden genestete oder hierarchische Archimedische Copulas, welche Inhalt

von Kapitel 4 sind, immer mit Hilfe von zusammengesetzten Verteilungen charak-
terisiert. Der Nachteil dieser Interpretation ist, dass man kein wahrscheinlichkeits-
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theoretisches Modell für genestete Archimedische Copulas angeben kann, d.h. es
war bisher nicht möglich, explizit einen Zufallsvektor anzugeben, welcher gemäß
einer genesteten Archimedischen Struktur verteilt ist. Diese Lücke wird mit Hil-
fe von Subordinatoren geschlossen. Genauer gesagt, ist es mit ihrer Hilfe möglich,
das Modell aus dem austauschbaren Fall auf den hierarchischen Fall zu übertragen.
Wir erhalten dadurch einen neuen Einblick in die Strukturen von genesteten Ar-
chimedischen Copulas, können neue Familien konstruieren und bekommen eine neue
Interpretationsmöglichkeit für schon bekannte Familien von hierarchischen Archime-
dischen Copulas. Außerdem untersuchen wir die Abhängigkeitsstrukturen von genes-
teten Archimedischen Copulas mit Hilfe von Abhängigkeitsmaßen wie Kendall’s tau,
Spearman’s rho und Tailabhängigkeitskoeffizienten. Die Resultate dieses Abschnitts
sind in Zusammenarbeit mit Marius Hofert, Jan-Frederik Mai und Matthias Scherer
entstanden und wurden teilweise bereits in Hering u. a. (2010) veröffentlicht. Der
Beitrag des Autors dieser Dissertation besteht insbesondere aus den Ergebnissen
und Beispielen rund um die Tailabhängigkeiten.
Der restliche Teil von Kapitel 4 untersucht Schätzverfahren für genestete Archi-
medische Copulas. In der Literatur finden sich hier sehr wenige Ergebnisse. Erst
kürzlich wurde die Dichte von genesteten Archimedischen Copulas in geschlossener
Form hergeleitet. Savu und Trede (2010) geben hierfür eine rekursive Formel an,
welche aber insbesondere in hohen Dimensionen schnell unhandlich wird. Deswegen
schlagen wir ein iteriertes Maximum-Likelihood-Verfahren vor, welches auf zweidi-
mensionalen Randverteilungen basiert und auf höheren Ebenen die Ergebnisse der
tieferliegenden Ebenen miteinbezieht. Unter relativ allgemeinen Bedingungen kann
die Konsistenz dieses Schätzers bewiesen werden. Zusätzlich präsentieren wir am
Ende des Kapitels ein Schätzverfahren, bei dem die Daten auf unteren Ebenen zu-
nächst transformiert werden, um nicht nur die Informationen aus bivariaten Rändern
zu nutzen. Nachdem auch für dieses Verfahren Konsistenz gezeigt wurde, führen wir
für verschiedene Schätzmethoden eine Simulationsstudie durch, um das Verhalten
der Schätzer bei endlichem Stichprobenumfang zu untersuchen.
Im Gegensatz zu vorhergehenden Kapiteln behandelt Kapitel 5 eine nicht absolut

stetige Klasse von Copulas, die sogenannten Marshall-Olkin-Copulas. Diese Klas-
se ergibt sich ganz natürlich aus der Marshall-Olkin-Verteilung, welche ein Stan-
dardmodell in der Zuverlässigkeitstheorie ist. Zuerst stellen wir einen Parameter-
schätzer im bivariaten Fall vor und fokussieren uns anschließend auf eine Teilklasse
der Marshall-Olkin-Copulas. Diese sogenannten erweiterbaren Marshall-Olkin- oder
auch Lévy-frailty-Copulas wurden von Mai und Scherer (2009b) eingeführt. Wir
benutzen das dort verwendete wahrscheinlichkeitstheoretische Modell, um einen un-
verzerrten und stark konsistenten Schätzer für den Parameter(vektor) solcher Copu-
las zu konstruieren. Dazu wird der Abstand gewisser Funktionale minimiert. Neben
starker Konsistenz ist es uns möglich, asymptotische Normalität herzuleiten und die
Kovarianzmatrix in geschlossener Form anzugeben. Abschließend führen wir eine
Simulationsstudie durch, die die theoretischen Ergebnisse illustriert. Die Resultate
dieses Kapitels wurden in Zusammenarbeit mit Jan-Frederik Mai erarbeitet und sind
in Hering und Mai (2011) veröffentlicht. Der Beitrag des Autors der vorliegenden
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Arbeit zu diesem Artikel sind insbesondere die Ergebnisse zur starken Konsistenz
und zur asymptotischen Normalität.
Kapitel 6 zieht als letztes Kapitel ein Fazit über die Arbeit und skizziert offene

Fragestellungen, die weiterer Forschung bedürfen.
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1 Abstract

Whenever the dependence structure underlying multivariate data has to be modeled,
naturally a copula structure comes into play. This is due to the seminal Theorem
of Sklar (1959), which makes it possible to model univariate margins and the mul-
tivariate dependence structure of a random vector separately. Actually, the term
copula was first mentioned by Sklar (1959), who used this terminology due to the
fact that the copula “couples” all the univariate margins, carrying itself all the infor-
mation about the dependence structure of the random vector. In particular, Sklar’s
Theorem implies that copulas can mathematically be regarded as d-dimensional dis-
tribution functions on the d-dimensional unit cube [0, 1]d, i.e. of a random vector
taking values in the latter set only and having uniformly distributed components.
Copulas are used in a variety of fields. In finance, especially for risk management

purposes, copulas are a rather popular tool. This can e.g. be seen by consulting
the standard textbooks of McNeil et al. (2005) or Cherubini et al. (2004). Besides
risk management, copulas are also used for pricing financial derivatives depending
on a large number of assets. In fact, it was in the year 2000 when D. Li (2000)
published his famous paper suggesting a Gaussian copula approach for pricing so-
called collateralized debt obligations (CDOs), a financial instrument pooling a bunch
of assets exposed to credit risk. His work led to a tremendous growth of the trading
volume of CDOs and was blamed for having caused or at least having accelerated
the global financial crisis at the end of the last decade. However, the limitations of
the Gaussian copula model were known before the financial crisis, see e.g. Donnelly
and Embrechts (2010) and references therein. In particular, Gauss copulas are not
able to capture extreme events. On the contrary, using the copulas focussed on in
this dissertation allows to embed extreme events into a model. Despite of negative
publicity, copulas remain a standard tool in finance, see e.g. Hofert and Scherer
(2010) or Choe and Jang (2011). Copula methods are also quite popular in survival
analysis, considering e.g. Hougaard (1986), Oakes (1989), Oakes (1994) or H. Li
(2008). Besides finance and survival analysis, there are also other fields where copula
modeling is popular. One such area of research is the theory of reliability, where
publications include e.g. Hougaard (1989) or the more recent publications Eryilmaz
(2011), Walter et al. (2009) and references therein. Other fields include hydrology,
see e.g. the recent works of Pinya et al. (2009), Zhang and Singh (2007) or Grimaldi
and Serinaldi (2006), actuarial science, see e.g., among many others, Frees and Wang
(2006) or Luciano et al. (2008), or more exotic fields as Climate research, see e.g.
Schölzel and Friederichs (2008).
In many of the aforementioned applications, it is important to have simulation

algorithms, estimation techniques, and goodness-of-fit tests available in order to fit
suitable models and test whether the data is matched by the incorporated models.
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1 Abstract

However, particularly in large dimensions, this is far from being a trivial task. In
addition, it is desirable that these procedures are fast and easy to apply even in
large dimensional settings. The present thesis is therefore concerned with the latter
procedure for popular classes of copulas. To be precise, the investigated classes
include the class of exchangeable Archimedean, nested or hierarchical Archimedean,
and extendible Marshall-Olkin copulas, a specific subclass of Marshall-Olkin copulas
associated to Lévy subordinators.
The structure of the thesis is as follows. After clarifying the notation used in this

work in chapter 2, we introduce the basic notation of copulas and the fundamen-
tal theorems of copula theory. Particularly, the seminal Theorem of Sklar is given.
Other mathematical tools used in subsequent chapters such as Lévy subordinators
and some tools from empirical process theory are also given in the upcoming chapter.
Moreover, a general strategy for sampling multivariate random vectors, known as the
conditional distribution method, is given. General estimation techniques for copula
models such as maximum likelihood estimation, the inference functions for margins
approach, or canonical maximum likelihood estimation, as well as a non-parametric
approach based on the empirical copula are reviewed. Afterwards we briefly summa-
rize some general goodness-of-fit test approaches. In addition, we quickly introduce
the classes of exchangeable Archimedean, nested Archimedean, and Marshall-Olkin
copulas. The probabilistic constructions underlying these distributions are given at
the beginning of the respective chapters 3, 4 and 5.
In chapter 3 the class of exchangeable Archimedean copulas is investigated. In

contrast to the probably most widely used class of elliptical copulas, Archimedean
copulas are not limited to radial symmetry – this asymmetry is a desirable feature
for a lot of applications. After giving the probabilistic model underlying this class of
copulas and giving an efficient sampling approach due to Marshall and Olkin (1988),
we focus on estimation. State of the art estimation techniques have in common that
they suffer from the so-called curse of dimensionality. For example one needs the
d-th derivative of a particular function, called the Archimedean generator, in order
to access the density of the exchangeable Archimedean copula. Computing these
derivatives is often only possible using computer algebra systems such as Maple.
In fact, the densities get messy in higher dimensions and we show that a canonical
maximum likelihood procedure in large dimensions is prone to numerical and runtime
issues and thus not feasible. Instead, we suggest a minimum distance estimator
based on a transformation used to implement a simulation procedure in Wu et al.
(2006). For this estimator, we are able to show strong consistency under relatively
mild conditions, even if the margins of the copula are estimated beforehand and
pseudo-observations of the data are used. A nice feature of this estimator is that it
even gets better, the higher the dimension. This is one of the two main findings in
chapter 3. The other one is a fast and easy-to-apply goodness-of-fit approach based
on the same transformation and therefore also tailor-made to large dimensional
data. Common goodness-of-fit approaches depend, as estimation procedures do, on
high derivatives of the generator and hence get complicated in large dimensions. In
addition, one typically has to perform a bootstrap procedure to access the exact null
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distribution due to the fact that margins are usually estimated non-parametrically,
influencing the distribution under the null hypothesis. For both the estimation
procedure and the goodness-of-fit test, large scale simulation studies are carried
out for popular examples of exchangeable Archimedean copulas and applications
to real world data are given. The results concerning goodness-of-fit techniques are
joint work with Marius Hofert and can be found in Hering and Hofert (2011). The
results concerning parameter estimation are summarized in Hering and Stadtmüller
(2011). The contributions to those articles made by the author of this thesis are, in
particular, the consistency proofs, the identifiability of the investigated models and
the large scale simulation studies.
Nested Archimedean or hierarchical Archimedean copulas are the content of chap-

ter 4. As by now, nested Archimedean copulas are characterized by mixtures of dis-
tributions. However, this characterization does not give insight into the probabilistic
model behind nested Archimedean copulas, i.e. so far it is not possible to explic-
itly write down a random vector distributed according to a nested Archimedean
copula. This gap is filled by using Lévy subordinators, the help of which enables
us to extend the probabilistic model underlying exchangeable Archimedean copu-
las to the nested case. This gives a new view on nested Archimedean copulas and
an alternative sampling procedure using our probabilistic construction is obtained.
Based on this algorithm, we are able to give examples of new nested Archimedean
copulas and we additionally put a different complexion on well-known families of
nested Archimedean copulas. Besides, we investigate the dependence properties of
nested Archimedean copulas in terms of dependence measures such as Kendall’s
taus, Spearman’s rho or tail dependence coefficients. These results are joint work
with Marius Hofert, Jan-Frederik Mai, and Matthias Scherer and parts of them are
published in Hering et al. (2010). The contribution of the author of this dissertation
is particularly given by the results and examples concerning tail dependence.
The remaining part of chapter 4 investigates estimation procedures for nested Archi-
medean copulas. There are only few results known in the statistical literature. In
fact, it was only recently that the density of nested Archimedean copulas was de-
rived by Savu and Trede (2010). However, it is not given in a closed form but only
in terms of a general recursion. The complexity of this density grows rapidly when
the dimension gets large. Therefore, we suggest an iterated maximum likelihood
estimation approach based on bivariate margins. This approach starts at the lowest
level of the hierarchical structure and then gradually goes up level by level, taking
the estimates of lower levels into account. This approach is shown to be consistent
under relatively weak conditions, which are shown to be valid for a popular example
of a nested Archimedean copula. Additionally, we quickly introduce a procedure
where the involved random components are transformed first in order to make use
of the full information and not only the information inherent in bivariate margins.
For this procedure, consistency is shown and a simulation study is conducted to
compare the various approaches with respect to bias and standard deviation.
The subsequent chapter takes into account a different class of copulas, the so-

called Marshall-Olkin copulas. This class arises quite naturally as the copula of the
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1 Abstract

Marshall-Olkin distribution, which is considered to be a standard model in relia-
bility theory. In contrast to Archimedean and nested Archimedean copulas, this
class of copulas is not absolutely continuous. After reviewing an approach for bi-
variate maximum likelihood estimation, we focus on a subclass of Marshall-Olkin
copulas, the so-called extendible or Lévy frailty copulas, established by Mai and
Scherer (2009b). Based on the probabilistic model given in their work, an unbiased
and strongly consistent estimator for the parameter (vector) of such copulas is given.
In fact, this estimator minimizes a particular functional and the approach can be
seen as a method of moments approach. The most appealing property of the sug-
gested estimator is that it extends easily to arbitrary dimensions. This contrasts
in particular the bivariate maximum likelihood estimator suggested by Ruiz-Rivas
and Cuadras (1988), which is almost impossible to extend to larger dimensions. Not
only can strong consistency be shown for the estimator, but also can the asymptotic
distributional behavior be computed. As a matter of fact, it can be shown that the
estimator is asymptotically normal and that the asymptotic covariance is given in a
closed form. Moreover, a simulation study is conducted to illustrate the theoretical
findings. The results established in chapter 5 are joint work with Jan-Frederik Mai
and published in Hering and Mai (2011). The author of this dissertation contributed
to this article in particular by proving strong consistency and asymptotic normality
of the estimator.
Finally, chapter 6 concludes and outlines open questions, which require further

research.
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2 Mathematical Background

2.1 Notation

• R is the set of real numbers. R+ := {x ∈ R |x ≥ 0} denotes the set of all
non-negative real numbers. In addition, the vector space analogs for d ≥ 2 are
given by Rd and Rd+ = {x ∈ Rd |xk ≥ 0 for k = 1, . . . , d}.

• For any sequence of numbers x1, . . . , xd the ordered list is denoted by x(1) ≤
. . . ≤ x(d).

• For a set M we denote the cardinality of this set by |M |.

• For a (not necessarily strict) monotone function F : R→ [0, 1], the generalized
inverse is F−1(y) := inf{x ∈ R : F (x) ≥ y} for y ∈ [0, 1] with the convention
inf ∅ =∞.

• Vectors will be denoted in boldface e.g. x orX and matrices by capital letters.
Inequalities involving vectors are always meant componentwise.

• A probability space is always denoted by (Ω,Σ, P ). For a random variable
X resp. a random vector X on this probability space, X ∼ F resp. X ∼ F
means that X resp.X has distribution function F . If the distribution function
is absolutely continuous we denote its density by small letters, e.g. f for the
density of F . Moreover, the distribution of X resp. X is denoted by PX resp.
PX .

• For a d-dimensional distribution function F (x), we denote a j-dimensional
marginal distribution function by Fk1,...,kj (xk1 , . . . , xkj ), i.e. Fk1,...,kj is the
distribution function of the random vector (Xk1 , . . . , Xkj ). Note that the
marginal distribution functions are in short called margins by some authors.
The conditional distribution function of the k-th component Xk given that
Xk1 = xk1 , . . . , Xkj = xkj is denoted by F (xk |xk1 , . . . , xkj ).

• The usual Gamma function is given by Γ(x) =
∫∞

0 tx−1e−tdt.

2.2 Copulas

2.2.1 General Theory

We start with the most fundamental definition of this dissertation.
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2 Mathematical Background

Definition 2.2.1 (Copula) A function C : [0, 1]d → [0, 1] is called a d-dim-
ensional copula if there exists a probability space (Ω,Σ, P ) and a random vector
U ∈ [0, 1]d with P (Uk ≤ u) = u for every u ∈ [0, 1] and k = 1, . . . , d, s.t.

C(u1, . . . , ud) = P (U1 ≤ u1, . . . , Ud ≤ ud) for every (u1, . . . , ud)T∈ [0, 1]d.

In general, a d-dimensional random vectorX ∈ Rd on a probability space (Ω,Σ, P )
can be characterized by its distribution function F (x) = P (X1 ≤ x1, . . . , Xd ≤
xd). The univariate marginal distribution functions can then be obtained from the
multivariate distribution function via Fk(xk) = F (∞, . . . ,∞, xk,∞, . . . ,∞). This
means that a d-dimensional copula is a distribution function on the d-dimensional
unit cube [0, 1]d having standard uniform univariate marginal distribution functions.
In order to be able to obtain the multivariate distribution function F (x), it is not
enough to know the univariate marginal distribution functions F1(x1), . . . , Fd(xd),
since the structure of dependence between the univariate margins cannot be captured
by the latter functions. The next result is the seminal theorem of Sklar (1959),
which clarifies that the univariate marginal distribution functions together with the
copula determine the multivariate distribution function completely. Actually, the
term copula1, which first appeared in Sklar (1959), stems from this fact, since the
univariate marginal distribution functions are coupled by this function.

Theorem 2.2.2 (Sklar) Let F be a d-dimensional distribution function with uni-
variate marginal distribution functions F1, . . . , Fd. Then there is a copula C s.t.

F (x1, . . . , xd) = C(F1(x1), . . . , Fd(xd)). (2.1)

If the univariate margins F1, . . . , Fd are continuous, then C is unique and is given
by

C(u1, . . . , ud) = F (F−1
1 (u1), . . . , F−1

d (ud)).

Conversely, if C is a d-dimensional copula and F1, . . . , Fd are univariate distribu-
tion functions, then the function F defined by (2.1) is a d-dimensional distribution
function having F1, . . . , Fd as margins.

Proof
We only show the theorem in the special case of continuous margins. For a general
proof see e.g. Schweizer and Sklar (1983) or Hofert (2010). Let X ∼ F and define
U := (F1(X1), . . . , Fd(Xd)). Since Fk is continuous, it holds that Fk(F−1

k (x)) = x,
see e.g. Embrechts and Hofert (2010, Prop. 2.3 (4)), which can be used to show

1The word copula is Latin and means connecting part
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2.2 Copulas

F−1
k (Fk(Xk))

d= Xk. This can be seen from

P
(
F−1
k (Fk(Xk)) ≤ x

)
≤ P (Fk(Xk) ≤ Fk(x))

≤ P (Xk ≤ x) + P (Fk(Xk) = Fk(x)) = Fk(x)

P
(
F−1
k (Fk(Xk)) ≤ x

)
≥ P (Fk(Xk) ≤ Fk(x))− P (Fk(Xk) = Fk(x))

≥ P (Xk ≤ x) = Fk(x),

where we have used the fact that P (Fk(Xk) = y) = 0 for y ∈ [0, 1], which holds
since Fk is the continuous distribution function of Xk. Moreover, Fk(Xk) ∼ U [0, 1]
because of

P (Fk(Xk) ≤ x) = 1− P (Fk(Xk) > x) = 1− P
(
F−1
k (Fk(Xk)) ≥ F−1

k (x)
)

= P
(
F−1
k (Fk(Xk)) < F−1

k (x)
)

= P (Xk < F−1
k (x))

= P (Xk ≤ F−1
k (x)) = Fk(F−1

k (x)) = x.

Thus, the distribution function of U is a copula by definition and we denote it by
C. We can then conclude

F (x1, . . . , xd) = P (X1 ≤ x1, . . . , Xd ≤ xd)
≤ P (F1(X1) ≤ F1(x1), . . . , Fd(Xd) ≤ Fd(xd)) = C(F1(x1), . . . , Fd(xd))

F (x1, . . . , xd) = P (X1 ≤ x1, . . . , Xd ≤ xd)
≥ P (F1(X1) ≤ F1(x1), . . . , Fd(Xd) ≤ Fd(xd))

− P (∃k : Fk(Xk) = Fk(xk))
= C(F1(x1), . . . , Fd(xd)),

where the last equality follows from the fact that P (Fk(Xk) = y) = 0, for y ∈ [0, 1]
and k = 1, . . . , d, since Fk(Xk) ∼ U [0, 1], as concluded above. To show uniqueness we
assume that there is a second copula C̆ having property (2.1). Due to the continuity
of the marginal distribution functions, there exists x ∈ Rd for every u ∈ [0, 1]d with
u1 = F1(x1), . . . , ud = Fd(xd) and hence

C̆(u1, . . . , ud) = C̆(F1(x1), . . . , Fd(xd)) = F (x1, . . . , xd)
= C(F1(x1), . . . , Fd(xd)) = C(u1, . . . , ud),

for every u ∈ [0, 1]d. Since F−1
k (Fk(Xk))

d= Xk and Fk(F−1
k (u)) = u if Fk is

continuous (see above), we have

C(u1, . . . , ud) = P (F1(X1) ≤ u1, . . . , Fd(Xd) ≤ ud)
≤ P (X1 ≤ F−1

1 (u1), . . . , Xd ≤ F−1
d (ud)) = F (F−1

1 (u1), . . . , F−1
d (ud))

C(u1, . . . , ud) = P (F1(X1) ≤ u1, . . . , Fd(Xd) ≤ ud)
≥ P (X1 ≤ F−1

1 (u1), . . . , Xd ≤ F−1
d (ud))− P (∃k : Xk = F−1

k (uj))
= F (F−1

1 (u1), . . . , F−1
d (ud)),
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2 Mathematical Background

where the last equality holds by continuity of Xk for k = 1, . . . , d. This establishes
the first part of the theorem.
To see that the converse holds, let C be a copula and let U ∼ C. In addition,
let F1, . . . , Fd be continuous distribution functions and set Xk := F−1

k (Uk). Then
Xk ∼ Fk (see e.g. Embrechts and Hofert (2010, Prop. 3.1)) is a continuous random
variable. Using this and Fk(F−1

k (u)) = u we obtain

P (X1 ≤ x1, . . . , Xd ≤ xd) ≤ P (U1 ≤ F1(x1), . . . , Ud ≤ Fd(xd))
= C(F1(x1), . . . , F1(x1)) = F (x1, . . . , xd)

P (X1 ≤ x1, . . . , Xd ≤ xd) ≥ P (U1 ≤ F1(x1), . . . , Ud ≤ Fd(xd))− P (∃k : Xk = xk)
= C(F1(x1), . . . , F1(x1)) = F (x1, . . . , xd).

Thus F defined via (2.1) is the distribution function of the random vector X and
has hence the marginal distribution functions F1, . . . , Fd.

Remark 2.2.3 Using Sklar’s Theorem it can be deduced that the copula of two
continuous random variablesX1 andX2 remains unchanged under strictly increasing
transformations, i.e. if α and β are strictly monotone functions on R, then it holds
that CX1,X2(x1, y1) = Cα(X1),β(X2)(x1, y1) for all x ∈ [0, 1]2. For a proof of this fact,
we refer the interested reader to Nelsen (2006, p. 25).

Example 2.2.4 We now give the probably most important special cases.

1. W (u1, u2) = max{u1 +u2−1, 0} is the copula of the random vector (U, 1−U),
where U ∼ U [0, 1]. It is called the countermonotonicity copula. Note that this
copula can not be extended to larger dimensions, i.e. max{

∑d
k=1 uk−(d−1), 0}

is no copula anymore for d ≥ 3.

2. C⊥(u1, . . . , ud) =
∏d
k=1 uk is the copula of the random vector (U1, . . . , Ud) with

independent components and Uk ∼ U [0, 1] for k = 1, . . . , d. For this reason
this copula is called the independence copula. It is sometimes also denoted by
Π.

3. The comonotonicity copula M(u1, . . . , ud) = min{u1, . . . , ud} is the copula of
the random vector (U, . . . , U) with U ∼ U [0, 1].

Sklar’s Theorem implies that every d-dimensional distribution is completely deter-
mined by a copula and the marginal distribution functions. Therefore, we may think
of the copula as the function carrying all the information of the dependence structure
of a random vector. In a bivariate setting this contrasts e.g. the famous correlation
coefficient of Pearson (1896) which is only able to capture linear dependence. How-
ever, the correlation coefficient is a first approach to measure dependence. In the
sequel we introduce several so-called dependence measures, which help to charac-
terize different types of dependence conveniently. For a list of desired properties we
refer the reader to Joe (1997, p. 38).
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2.2 Copulas

Definition 2.2.5 Let C and C̆ be d-dimensional copulas. We say that C̆ is more
concordant than C if

C(u1, . . . , ud) ≤ C̆(u1, . . . , ud) for every u ∈ [0, 1]d

and denote it by C ≺c C̆.

The following definition contains the probably most widely used dependence mea-
sures.

Definition 2.2.6 (Concordance measures) Let C be a bivariate copula, let
(U1, U2) ∼ C and let (Ũ1, Ũ2) be an independent copy of (U1, U2).

1. Kendall’s tau is given by

τ = P
(
(U1 − Ũ1)(U2 − Ũ2) > 0

)
− P

(
(U1 − Ũ1)(U2 − Ũ2) < 0

)
= 2P

(
(U1 − Ũ1)(U2 − Ũ2) > 0

)
− 1 = 4

∫
[0,1]2

C(u1, u2)dC(u1, u2)− 1

2. Spearman’s rho is defined as the correlation of U1 and U2, i.e.

ρ = 12
∫

[0,1]2
u1u2dC(u1, u2)− 3 = 12

∫ 1

0

∫ 1

0
C(1− u1, 1− u2)du1du2 − 3

Remark 2.2.7 Both Kendall’s tau and Spearman’s rho may be defined using contin-
uous distribution functions instead of copulas. In this case Spearman’s rho is defined
as the correlation of F1(X1) and F2(X2) if (X1, X2)T ∼ F and Fk, k = 1, 2 denote
the marginal distribution functions. That is why it is also called rank-correlation
coefficient. Note that Kendall’s tau and Spearman’s rho only depend on the cop-
ula and are hence invariant if strictly increasing transformations are applied to the
components of the random vector. Moreover, the following proposition shows that
more concordant copulas have larger values of Kendall’s tau and Spearman’s rho.
As in the following proposition, we will sometimes write τC resp. ρC to express which
copula Kendall’s tau and Spearman’s rho belong to.

Proposition 2.2.8 If C and C̆ are 2-dimensional copulas with C ≺c C̆, then

τC ≤ τC̆ and ρC ≤ ρC̆

Proof
The proposition is an almost direct consequence of Definition 2.2.6.

τC = 4
∫

[0,1]2
C(u1, u2)dC(u1, u2)− 1 ≤ 4

∫
[0,1]2

C(u1, u2)dC̆(u1, u2)− 1

≤ 4
∫

[0,1]2
C̆(u1, u2)dC̆(u1, u2)− 1 = τC̆ .
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Thus, the claim is established for Kendall’s tau. For Spearman’s rho we conclude

ρC = 12
∫ 1

0

∫ 1

0
C(1− u1, 1− u2)du1du2 − 3

≤ 12
∫ 1

0

∫ 1

0
C̆(1− u1, 1− u2)du1du2 − 3 = ρC̆ .

Example 2.2.9 For the special cases introduced above we are able to compute the
dependence measures just given.

1. For the countermonotonicity copula we have:

τW = 2P
(
(U − Ũ)(1− U − (1− Ũ)) > 0

)
− 1 = 2P

(
− (U − Ũ)2 > 0

)
− 1 = −1

ρW = 12E(U(1− U))− 3 = 12
(1

2 −
1
12 −

1
4
)
− 3 = −1.

2. If C is the independence copula we get

τC⊥ = 4
∫

[0,1]2
u1u2du1du2 − 1 = 41

4 − 1 = 0

ρC⊥ = 12
∫

[0,1]2
u1u2du1du2 − 3 = 121

4 − 3 = 0.

3. For the comonotonicity copula it holds that τM = 1 and ρM = 1. This can be
seen from

τM = 4E(C(U,U))− 1 = 4E
(

min{U,U}
)
− 1 = 4E(U)− 1 = 41

2 − 1 = 1,

ρM = 12E(U · U)− 3 = 12E(U2)− 3 = 12
( 1

12 + 1
4
)
− 3 = 1.

From Definition 2.2.6 we may conclude that τ ∈ [−1, 1] and ρ ∈ [−1, 1]. This
means that the countermonotonicity copula and the comonotonicity copula are in
some way extreme cases. The following theorem clarifies the connection between an
arbitrary copula, the comonotonicity copula and the countermonotonicity copula.

Theorem 2.2.10 (Fréchet) For every d-dimensional copula C it holds that

max
{ d∑
k=1

uk − (d− 1), 0
}
≤ C(u1, . . . , ud) ≤M(u1, . . . , ud) for every u ∈ [0, 1]d.

Proof
For u ∈ [0, 1]d it holds that C(u1, . . . , ud) = P (U1 ≤ u1, . . . , Ud ≤ ud) ≤ P (Uk ≤ uk)
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2.2 Copulas

for every k = 1, . . . , d, so C(u1, . . . , ud) ≤ M(u1, . . . , ud). To see that the lower
bound holds as well we proceed as follows.

C(u1, . . . , ud) = P

( d⋂
k=1
{Uk ≤ uk}

)
= 1− P

( d⋃
k=1
{Uk > uk}

)

≥ 1−
d∑

k=1
P (Uk > uk) = 1−

d∑
k=1

1− P (Uk ≤ uk)

=
d∑

k=1
P (Uk ≤ uk)− (d− 1) =

d∑
k=1

uk − (d− 1).

This and the fact that C(u1, . . . , ud) ≥ 0 establish the lower bound.
Due to the latter theorem, the comonotonicity copula is called upper Fréchet

bound and the function u 7→ max{
∑d
k=1 uk−(d−1), 0} is called lower Fréchet bound.

As said before, it is a copula if and only if d = 2. For several applications, such
as credit-risk modeling, it is desirable to have measures for extreme scenarios. We
therefore close this subsection with a definition used to characterize the dependence
structure in the upper resp. lower quadrant tail of a bivariate random vector.

Definition 2.2.11 (Tail dependence) For a bivariate copula with (U1, U2)T∼ C,
we call

λL := lim
u↓0

P (U1 < u |U2 < u) = lim
u↓0

P (U2 < u |U1 < u) = lim
u↓0

C(u, u)
u

the lower tail dependence coefficient if the latter limits exist. Moreover,

λU := lim
u↑1

P (U1 > u |U2 > u) = lim
u↑1

P (U2 > u |U1 > u) = lim
u↑1

1− 2u+ C(u, u)
1− u

is called upper tail dependence coefficient if the latter limits exist. If λL > 0
resp. λU > 0, we say that the copula is upper resp. lower tail dependent.
Heuristically speaking, the upper (resp. lower) tail dependence coefficient gives

the probability that both components U1 and U2 are large (resp. small), given one
of them is large (resp. small). It follows directly from this definition that an analog
of Proposition 2.2.8 for tail dependence coefficients holds.

Proposition 2.2.12 If C and C̆ are 2-dimensional copulas with C ≺c C̆, then

λU,C ≤ λU,C̆ and λL,C ≤ λL,C̆ .

2.2.2 Sampling Strategies
This subsection provides a general strategy for sampling a random vector distributed
according to some copula without knowing anything about the particular dependence
structure of the copula under consideration. At the beginning of chapters 3, 4 and 5
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we will give sampling algorithms exploiting the structure of certain copula families.
For now let C be an arbitrary copula. The following result justifies the use of the
so-called conditional distribution method for sampling random vectors.

Theorem 2.2.13 (Conditional distribution method) Let V1, . . . , Vd be inde-
pendent random variables with Vk ∼ U [0, 1] for k = 1, . . . , d and let C be a d-
dimensional copula. Let

U1 := V1

U2 := C−1(V2 |U1)
...

Ud := C−1(Vd |U1, . . . , Ud−1)

then (U1, . . . , Ud) ∼ C. Here C−1(uk+1 |u1, . . . , uk), k = 1, . . . , d− 1, are the gener-
alized inverses of the conditional distribution function

C(uk+1 |u1, . . . , uk) := E(1{Uk+1≤uk+1} | U1 = u1, . . . , Uk = uk),

for k = 1, . . . , d− 1. If C is absolutely continuous with continuous density c, then

C(uk+1 |u1, . . . , uk) =
∫ uk+1

0

c1,...,k+1(u1, . . . , uk, t)
c1,...,k(u1, . . . , uk)

dt, k = 1, . . . , d− 1,

where c1,...,k+1 resp. c1,...,k denotes the density of C1,...,k+1 resp. C1,...,k.

Proof
For a proof of this theorem see Hofert (2010, p. 44) and Schmitz (2003, p. 20).
Principally, this theorem can be applied to any copula for which the conditional

distribution functions are known. In fact, as mentioned by Hofert (2010), it may
even be used if the inverses are not known in an explicit form. One may in this
case use numerical tools to do the inversion exercise. The same is true for the
integral in the second part of the theorem, which may be obtained by numerical
quadrature if not known in a closed form. However, we note that it may be a good
idea to exploit the dependence structure of a given copula in order to obtain better
sampling results and avoid the use of numerical procedures. For the copula classes
used in this dissertation, we provide sampling strategies at the beginning of chapters
3, 4 and 5.

2.2.3 Estimation Procedures
As in a univariate context, we can distinguish between non-parametric, semi-para-
metric and parametric estimation techniques in a multivariate setup. A recent
overview is given in Tsukahara (2005). This subsection introduces several estimation
approaches for general copulas, meaning that we do not explicitly use the underly-
ing structure of dependence here. Indeed, a main part of this thesis is to construct
consistent estimators exploiting the dependence structure of certain copula classes,
which will be done in subsequent chapters.
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2.2 Copulas

Empirical Copula

We start with a completely non-parametric approach which may be applied to any
multivariate distribution. We assume X1, . . . ,Xn to be a random sample of n inde-
pendent and identically distributed random vectors following a d-dimensional distri-
bution F . Let F̂k,n(x) =

∑n
i=1 1{Xi,k≤x} denote the empirical distribution function

of the k-th component, i.e. the empirical distribution function of the k-th margin
of the multivariate distribution considered. In addition, let F̂n(x) =

∑n
i=1 1{X≤x}

be the d-dimensional empirical distribution function. The idea is now to plug the
empirical analogs into the formulas introduced in Theorem 2.2.2. A non-parametric
estimator for the copula is then given by the so-called empirical copula

Ĉn(u1, . . . , ud) := F̂n(F̂−1
1,n(u1), . . . , F̂−1

d,n(ud))

The uniform convergence of the empirical copula was proven by Deheuvels (1980)
who showed that

max
u∈[0,1]d

∣∣∣Ĉn(u1, . . . , ud)− C(u1, . . . , ud)
∣∣∣ = O

(
(log logn)1/2

n1/2

)
a.s..

Given continuous marginal distribution functions and a copula with existing contin-
uous partial derivatives, the weak convergence of

√
n(Ĉn−C) to a centered Gaussian

process is established in Fermanian et al. (2004). As mentioned by Fermanian et al.
(2004), it was also treated earlier by other authors but not in such a general setting.

Inference Functions for Margins

The so-called inference functions for margins method first appeared in Joe and
Xu (1996) and is advocated in Joe (1997). As before, we assume X1, . . . ,Xn to
be a random sample of n independent and identically distributed random vectors
following a d-dimensional distribution F . Within this approach this distribution
function is modeled parametrically, i.e. we assume that F ∈ {Fθ : θ ∈ Θ} with
Θ ⊂ Rp. We start with the marginal distribution functions F1,θ1 , . . . , Fd,θd and
let them depend on parameters θ1 ∈ Θ1, . . . ,θd ∈ Θd with Θk ⊂ Rpk for k =
1, . . . , d. In addition, assume that they are absolutely continuous admitting densities
f1(.;θ1), . . . , fd(.;θd) and let the underlying copula Cθc be absolutely continuous
with density c(.;θc) for a parameter θc ∈ Θ ⊂ Rpc . If we denote the parameter by
θ = (θ1, . . . ,θd,θc)T it holds for the density of F ∈ {Fθ : θ ∈ Θ} that

f(x1, . . . , xd;θc,θ1, . . . ,θd) = c(Fθ1(x1), . . . , Fθd(xd);θc)
d∏

k=1
fk(xk;θk).
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The log-likelihood functions of the margins and the log-likelihood function of the
joint distribution are then given by

lk(X1,k, . . . , Xn,k;θk) =
n∑
i=1

log fk(Xi,k;θk) and

l(X1, . . .Xn;θ1, . . . ,θd,θc) =
n∑
i=1

log(c(F1,θ1(Xi,1), . . . , Fd,θd(Xi,d);θc))

+
d∑

k=1
lk(X1,k, . . . , Xn,k;θk).

The usual maximum likelihood approach, also called full maximum likelihood esti-
mation in this context, is to find the maximum of the log likelihood function specified
above, i.e.

(θ̂ML
1,n , . . . , θ̂

ML
d,n , θ̂

ML
c,n )T := argmax

(θ1,...,θd,θc)T∈Θ
l(X1, . . .Xn;θ1, . . . ,θd,θc),

where Θ = Θc ∪
⋃d
k=1 Θk ⊂ Rp with p = pc +

∑d
k=1 pk. In order to avoid large

dimensional optimization, Joe and Xu (1996) propose a two stage estimation, the
first step of which is to estimate the marginal parameters separately, i.e. θ̂IFMk,n :=
argmaxθk∈Rpk lk(X1,k, . . . , Xn,k;θk) for k = 1, . . . , d. The second stage is then to
estimate the copula parameter after plugging in the estimated parameters. Mathe-
matically speaking the estimator of the copula parameter is defined via

θ̂IFMc,n := argmax
θc∈Θ

n∑
i=1

log
(
c
(
F1,θ̂IFM1,n

(Xi,1), . . . , Fd,θ̂IFM
d,n

(Xi,d);θc
))
.

When denoting the true parameter by (θ1,0, . . . ,θd,0,θc,0)T, the random vector

√
n
(
(θ̂IFM1,n , . . . , θ̂IFMd,n , θ̂IFMc,n )T− (θ1,0, . . . ,θd,0,θc,0)T

)
is shown to be asymptotically normal in the book of Joe (1997, p. 303) under mild
regularity conditions and a jackknife procedure for estimating the asymptotic covari-
ance matrix is suggested. The advantage of this procedure over the full maximum
likelihood approach is clearly the reduction of computational and numerical issues
which naturally appears when optimization in a large dimensional framework is
done.

Canonical Maximum Likelihood

In contrast to the estimation procedure used in the previous section we now deal with
a semi-parametric approach which is called canonical maximum likelihood estima-
tion and dates back to Genest et al. (1995), who credit Clayton and Cuzick (1985),
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2.2 Copulas

Hougaard (1989) and Oakes (1994) with the initial idea. Instead of modeling the uni-
variate margins using parametric families, it is suggested to non-parametrically esti-
mate them with usual empirical distribution functions and to use rank-transformed
samples as pseudo-observations. Again, let us assume X1, . . . ,Xn to be a ran-
dom sample of n independent and identically distributed random vectors following
a d-dimensional distribution F with associated copula C. We only assume the un-
derlying copula to be in a parametric family, i.e. C ∈ {Cθ : θ ∈ Θ} for Θ ⊂ Rp. The
estimator for the copula parameter θ is then defined by

θ̂CML
n := argmax

θ∈Θ

n∑
i=1

log(c(Ûi,1, . . . , Ûi,d;θ)),

where Ûi,k = n
n+1 F̂k,n(Xi,k), k = 1, . . . , d, i = 1, . . . , i, and c denotes the density

of the copula which we assume to exist. As mentioned by Genest et al. (1995),
the slight scaling of the ranks is necessary to avoid difficulties caused by the pos-
sible unboundedness of log

(
c(u1, . . . , ud;θ)

)
if some of the arguments tend to one.

Intuitively, this procedure is just substituting Fk(Xi,k) with a consistent estimate,
namely n

n+1 F̂k,n(Xi,k) and then doing maximum likelihood estimation for the under-
lying copula. As in the inference functions for margins case, asymptotic normality
for the canonical maximum likelihood estimator can be established under some regu-
larity conditions. In a bivariate setting, Genest et al. (1995) show in section 2 of their
paper that

√
n(θ̂CML

n −θ0) is asymptotically normal under regularity conditions and
give an estimator for the asymptotic variance in section 3. In addition, it is described
how the procedure is extended to a multivariate setup, where asymptotic normality
is shown to hold true. The price one has to pay for using pseudo-observations is an
additional term in the asymptotic variance structure in comparison to the case of
known margins. However, in practice it is rarely the case that margins are known.
This might be the reason why this approach is probably the most widely used one
among practitioners.

Minimum Distance Estimation

As above, we let X1, . . . ,Xn be a random sample of n independent and identically
distributed random vectors following a d-dimensional distribution F with associated
copula C. As in the previous two subsections, we assume that the copula comes
from a parametric family of copulas C ∈ {Cθ : θ ∈ Θ} for some Θ ⊂ Rp. The idea
of minimum distance estimation is due to Wolfowitz (1957). However, he did not
explicitly use it in the context of copulas. The basic concept is to minimize some
distance between the empirical distribution and the considered family of parametric
distributions. Let’s make this mathematically more precise and assume for the
moment that the margins of F are known to be uniform, i.e. X1, . . . ,Xn is a sample
of C. The minimum distance estimator is then given by

θ̂MDE
n := argmin

θ∈Θ

∣∣∣∣∣∣Ĉn − Cθ∣∣∣∣∣∣ ,
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where Ĉn(u) = 1
n

∑n
i=1 1{Xi≤u} and ||.|| is some norm fulfilling ||f || ≤ K||f ||∞ for some

constant K. It is of course not clear from the beginning that argminθ∈Θ ||Ĉn − Cθ||
exists. However, one may work on a compact or conditionally compact space Θ
to ensure existence. To conclude strong consistency of this estimator we need to
assume a so-called identifiability condition.

||Cθn − Cθ|| → 0 as n→∞⇒ θn → θ as n→∞. (∗)

Intuitively, (∗) says that the true parameter is in some sense unique, in particular,
it implies ||Cθ1 −Cθ2 || 6= 0⇒ θ1 6= θ2. Thus, the dependence structure of the copula
is uniquely captured by the underlying parameter. If we denote the true parameter
by θ0 we get almost surely∣∣∣∣∣∣Cθ̂MDE

n
− Cθ0

∣∣∣∣∣∣ ≤ ∣∣∣∣∣∣Cθ̂MDE
n

− Ĉn
∣∣∣∣∣∣+ ∣∣∣∣∣∣Ĉn − Cθ0

∣∣∣∣∣∣ ≤ 2
∣∣∣∣∣∣Ĉn − Cθ0

∣∣∣∣∣∣→ 0,

where the second inequality is true by the definition of the estimator and the last
equality holds by a d-dimensional version of the Glivenko-Cantelli Theorem (see
2.4.1) and the fact that ||Ĉn − Cθ0 || ≤ K||Ĉn − Cθ0 ||∞. The strong consistency of
the minimum distance estimator now follows almost directly from the identifiability
condition (∗). For a detailed proof in a more general setup, see the original refer-
ence Wolfowitz (1957). The asymptotic behavior in the sense of a convergence rate
depends on the norm used, e.g. if the supremum norm is used the rate of

√
n is

established by Györfi et al. (1996) under mild conditions. For the so-called Cramér-
von Mises distance ||Ĉn − C|| =

∫
[0,1]d(Ĉn(u)− C(u))2dĈn(u), conditions for which

the minimum distance estimator converges at a rate of
√
n are given in Bolthausen

(1977). We mention the latter two norms explicitly since we use them later in this
thesis. Note that there are further distance measures commonly used in practice,
such as the χ2-distance or the Hellinger distance; for an overview see Parr (1981)
and Donoho and Liu (1988).
If we drop the assumption of uniformity of the margins of F we may estimate those

non-parametrically and use the empirical copula process as above. Consistency and
asymptotic normality are still seen to be valid, see Tsukahara (2005) for details on
this.

2.2.4 Goodness-of-fit Techniques
While estimation of copula parameters is a task which has been tackled relatively
early, goodness-of-fit techniques for copulas have only recently gained interest, see,
e.g. Breymann et al. (2003), Fermanian (2005), Genest et al. (2006), Berg and
Bakken (2007), Dobrić and Schmid (2007), Genest et al. (2009), and references
therein. This can also be seen by consulting the standard textbook of Cherubini
et al. (2004, pp. 176), which only contains two pages summarizing but not explicitly
giving goodness-of-fit tests for estimated copula families. Similarly, the famous
textbook of McNeil et al. (2005, pp. 236) only gives short references to specific
goodness-of-fit tests. However, Genest et al. (2009) give an excellent overview of
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2.2 Copulas

known methods, dividing the tests into three categories: A category of tests fitted
to particular copula classes, a second category of tests possible for any copula class
but involving estimation or other data manipulating techniques and a third category
of so-called blanket tests which are directly applicable to every class of copulas. We
will concentrate on the latter tests in this subsection and review some of them. For
the rest of this section we assume that we want to test the hypothesis

H0 : C ∈ {Cθ : θ ∈ Θ} vs. H1 : C 6∈ {Cθ : θ ∈ Θ} ,

for a parametric copula family {Cθ : θ ∈ Θ}.

A Test Based on Kendall’s Process

Assume F is a continuous d-dimensional distribution function with underlying copula
C. If d = 1, it is well known that F (X) ∼ U [0, 1], where X is a random variable
distributed according to F . In comparison to the univariate case, the probability
integral transform gets much more complicated when considering dimensions d ≥ 2.
In this case we define the multivariate probability integral transformation as K(t) =
P (C(F1(X1), . . . , Fd(Xd)) ≤ t) and its empirical counterpart is given by K̂n(t) =∑n
i=1 1{Ĉn(Ûi)≤t}, where Ûi,k = n

n+1 F̂k,n(Xi,k), k = 1, . . . , d, i = 1, . . . , n, are the
rescaled pseudo-samples of a given independent sample X1, . . . ,Xn with Xi ∼ F
for i = 1, . . . , n. Genest and Rivest (1993) call the functional

√
n(K̂n(t) − K(t))

Kendall’s process because of its relationship to Kendall’s tau in the bivariate case.
Barbe et al. (1996) justify this terminology in the multivariate case and show that√
n(K̂n(t) − K(t)) converges weakly to a centered Gaussian process under mild

regularity conditions. Having this result in mind, the idea of this test is to use test
statistics based on the empirical process Kn(t) =

√
n(K̂n(t)−Kθ̂n(t)), where Kθ̂n(t)

is a parametric estimate of K(t). Genest et al. (2006) consider the test statistics

∫ 1

0
(Kn(t))2dKθ̂n(t) and sup

t∈[0,1]
Kn(t),

whereas another possibility is presented in Savu and Trede (2008) where a χ2-test
statistic is used. All three approaches share the property that the limiting distribu-
tions are not known in a closed form, for this reason it is necessary to implement
a bootstrap procedure for obtaining approximate P -values. Additionally, we note
that a multivariate sample is mapped to a one dimensional quantity the goodness-
of-fit tests are based on. This may naturally cause an informational loss, i.e. there
may be for example several copulas having the same Kendall’s process. In this
case, the associated test is not able to distinguish between these copulas. In fact,
not the null hypothesis H0 : C ∈ {Cθ : θ ∈ Θ} but the adjusted null hypothesis
H ′0 : K ∈ {Kθ : θ ∈ Θ} is tested and we have H0 ⊂ H ′0, thus if H ′0 is rejected, so is
H0.

27



2 Mathematical Background

Two Tests Based on Rosenblatt’s Transform

In section 2.2.2 we mention the conditional distribution method for creating ran-
dom samples distributed according to some copula. This is done by transforming
a d-dimensional random vector containing d independent and standard uniformly
distributed random variables. A goodness-of-fit procedure can now be obtained
by inverting the simulation procedure, i.e. by transforming the random sample so
that, under the null hypothesis, independent and standard uniformly distributed
random variables are obtained. In fact, it is a general idea to invert, if possible,
any sampling procedure to construct goodness-of-fit tests, which is done later in this
dissertation. For now we consider a special case called Rosenblatt’s transformation,
which is another probability integral transform. Assume that U ∼ C with an ab-
solutely continuous copula C having density c. When denoting the density of the
margin C1,...,k by c1,...,k, it holds for

V1 := U1

V2 := C(U2 | U1) =
∫ U2

0

c1,2(U1, t)
c1(U1) dt

...

Vd := C(Ud | U1, . . . Ud−1) =
∫ Ud

0

c1,...,d(U1, . . . , Ud−1, t)
c1,...,d−1(U1, . . . , Ud−1)dt

that Vk ∼ U [0, 1], k = 1, . . . , d, and that V has independent components. As men-
tioned above, C(Uk+1 |U1, . . . , Uk) =

∫ Uk+1
0

c1,...,k+1(U1,...,Uk,t)
c1,...,k(U1,...,Uk) dt, which clarifies that

Rosenblatt’s transformation is exactly the inverse of the sampling transformation
introduced earlier. In fact, Rosenblatt’s transformation still works when the copula
is not absolutely continuous, see e.g. Hofert (2010, p. 45). Hence we may conclude
that V = R(U) ∼ C⊥ if and only if U ∼ C, where Rosenblatt’s transformation is
from now on denoted by the capital letter “R”. Assume we want to test the null
hypothesis and let θ̂n be an estimator of the true parameter θ0. Although only
approximately uniform on [0, 1]d and not mutually independent, the pseudo-samples
Vi = Rθ̂n(Ûi), i = 1, . . . , n, can then be interpreted as samples of C⊥. In the book
of Breymann et al. (2003) it is then suggested to use a univariate Anderson-Darling
test applied to the samples

Yi = Fχ2
d

(
d∑

k=1

(
Φ−1(Vi,k)

)2
)
, i = 1, . . . , n,

where Fχ2
d
is the distribution function of the χ2-distribution with d degrees of free-

dom. If the null hypothesis would be specified as H0 : C = Cθ0 , then the distribution
of these samples is a univariate standard uniform distribution under the null hypoth-
esis. However, we want to test the different null hypothesis H0 : C ∈ {Cθ : θ ∈ Θ}
under which the distribution of Yi, i = 1, . . . , n, is unknown. Dobrić and Schmid
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2.2 Copulas

(2007) carry out the goodness-of-fit test suggested by Breymann et al. (2003) us-
ing a parametric bootstrap procedure to access approximate P -values based on the
Anderson-Darling test statistic

AD = −n− 1
n

n∑
i=1

(2i− 1)
(

log(Y(i)) + log(1− Y(n+1−i))
)
, where Y(1) ≤ . . . ≤ Y(n).

Actually, the Anderson-Darling test statistics is a weighted Cramér-von Mises dis-
tance in the general case; see Anderson and Darling (1952). As noted by Genest
et al. (2009), it is not clear whether the bootstrap procedure used by Dobrić and
Schmid (2007) is valid. However, the empirical part of their work strongly indicates
the convergence of the bootstrap. As above, the goodness-of-fit test used here does
not test H0 : C ∈ {Cθ : θ ∈ Θ}, but a null hypothesis H ′0 for which H0 ⊂ H ′0,
in the sense that if H ′0 is rejected then so is H0. The last goodness-of-fit statistic
suggested here is introduced by Genest et al. (2009), where it is recommended as
the overall best performing test under the compared ones. Instead of using the Yi’s
and the Anderson-Darling statistics, Genest et al. (2009) use the fact that under H0,
the empirical distribution function of the pseudo-samples Vi, i = 1, . . . , n should be
close to C⊥ in some sense. They measure the discrepancy by a Cramér-von Mises
type distance

SBn,d = n

∫
[0,1]d

(
Dn(u)− C⊥(u)

)2
du, where Dn(u) =

n∑
i=1

1{Vi≤u}

and also use a bootstrap procedure to get approximate P -values.
At the end of this subsection we want to remark that all testing procedures intro-

duced here rely on a transformation of the data and are based on pseudo-samples
of the copula obtained via non-parametric estimates of the marginal distribution
functions F1, . . . , Fd. Moreover, there always is an unknown copula parameter in-
volved, which has to be estimated. These facts influence the distributions of the test
statistics under the null hypothesis, which can therefore in almost never be obtained
in a closed form. Hence a method for obtaining approximate P -values is needed and
often a bootstrap procedure is applied, even if one is not able to show its validity
rigorously.

2.2.5 Some Important Copula Classes
In the subsequent subsection we shortly introduce the three different copula classes
which are used in the main parts of this thesis and give some popular examples within
theses classes. In the following, we discuss the families of exchangeable Archimedean,
nested Archimedean and Marshall-Olkin copulas.

Exchangeable Archimedean Copulas

Definition 2.2.14 (Archimedean copula) A d-dimensional copula C is called
Archimedean if there is a continuous, decreasing function ψ : [0,∞) → [0, 1] with
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ψ(0) = 1, limt→∞ ψ(t) = 0, and which is strictly decreasing on [0, inf {t : ψ(t) = 0}]
s.t.

Cψ(u1, . . . , ud) = ψ(ψ−1(u1) + . . .+ ψ−1(ud)) for u ∈ [0, 1]d. (2.2)

The function ψ is then called Archimedean generator.

In the above definition we set ψ(∞) := limt→∞ ψ(t) = 0 and the inverse function at
zero is given by ψ−1(0) = inf {t : ψ(t) = 0}. Of course it is of interest which functions
ψ generate an Archimedean copula, since multivariate distribution functions can
then be easily constructed. In order to clarify this point we give two results, one
of which became popular only recently. However, we need some terminology before
being able to give the latter results.

Definition 2.2.15 A continuous function ψ : [0,∞)→ [0, 1] is called

1. d-monotone if it is (d−2)-times differentiable on (0,∞), if (−1)kψ(k)(t) ≥ 0
for every t ∈ (0,∞) and k ∈ 0, . . . , d− 2, and if (−1)d−2ψ(d−2)(t) is decreasing
and convex.

2. completely monotone if it is infinitely often differentiable on (0,∞) and
(−1)kψ(k)(t) ≥ 0 for every t ∈ (0,∞) and k ∈ N0.

Theorem 2.2.16 (Kimberling) Let ψ : [0,∞) → [0, 1] be a continuous decreas-
ing function having the properties of an Archimedean generator, i.e. ψ(0) = 1,
limt→∞ ψ(t) = 0 and ψ is strictly decreasing on [0, inf {t : ψ(t) = 0}]. Then ψ defines
a copula via (2.2) for all d ≥ 2 if and only if ψ is completely monotone.

Proof
See Kimberling (1974).

The next theorem generalizes Theorem 2.2.16 and became popular when McNeil
and Nešlehová (2009) proved it in their paper also giving a probabilistic construction
method for Archimedean copulas based on the so-called Williamson d-transform.
However, the following result was obtained earlier by Malov (2001), but his work is
only rarely known.

Theorem 2.2.17 (McNeil, Nešlehová, Malov) Let ψ : [0,∞) → [0, 1] be a
continuous decreasing function having the properties of an Archimedean generator.
Then ψ defines a copula via (2.2) for a given d ≥ 2 if and only if ψ is d-monotone.

Proof
See McNeil and Nešlehová (2009) and Malov (2001).

At the end of this subsection we give the probably most commonly used examples
of Archimedean copulas which are frequently used in chapters 3 and 4.

Example 2.2.18 The parameters are specified such that the generators are com-
pletely monotone for every θ in the respective interval.
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1. For θ ∈ [0, 1), the family of Ali-Mikhail-Haq is given by

ψ(t) = 1− θ
et − θ

and Cψ(u) = (1− θ)
∏d
k=1 uk∏d

k=1(1− θ(1− uk))− θ
∏d
k=1 uk

.

2. Clayton’s family of Archimedean copulas is defined by

ψ(t) = (1 + θt)−
1
θ and Cψ(u) =

( d∑
k=1

u−θk − (d− 1)
)−1

θ
,

where θ ∈ (0,∞).

3. The next family is due to Frank.

ψ(t) = −1
θ

log
(
f(θ)e−t + 1

)
and Cψ(u) = −1

θ
log

(
1 +

( d∏
k=1

e−θuk − 1
f(θ)d−1

))
,

where θ ∈ (0,∞) and f(θ) = e−θ − 1.

4. The family given by

ψ(t) = exp
(
− t

1
θ
)
and Cψ(u) = exp

(
−
( d∑
k=1

(− log uk)θ
)1
θ
)
,

for θ ∈ [1,∞) is called Gumbel’s family.

5. For θ ∈ [1,∞),

ψ(t) = 1− (e−t − 1)−
1
θ and Cψ(u) = 1−

(
1−

d∏
k=1

(
1− (1− uk)θ

))1
θ

defines Joe’s family of Archimedean copulas.

For more examples of Archimedean copulas see Hofert (2010, p. 66) or Nelsen (2006,
pp. 116-119).

Definition 2.2.19 A d-dimensional copula C with U ∼ C is said to be

1. radially symmetric about a if U − a d= a−U for a fixed point a ∈ Rd.

2. exchangeable if (Uπ(1), . . . , Uπ(d))T d= (U1, . . . , Ud)T for every permutation π
of {1, . . . , d}.

We remark that it is possible to construct copulas which are radially symmetric
but not exchangeable and at the same time we may give examples of exchange-
able copulas which are not radially symmetric, e.g. Clayton’s families from example
2.2.18. The probably most popular class of copulas is the class of so-called ellip-
tical copulas. Famous representatives of this class are the Gauss copula or the tν
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copula, which arise as the copulas of the multivariate normal resp. the multivariate
t-distribution with ν degrees of freedom. In fact, in comparison to the latter class,
Archimedean copulas are not limited to radial symmetry. This is a desirable feature
and made Archimedean copulas come into fashion among practitioners. However,
it is obvious from the definition of Archimedean copulas that they are exchange-
able. Above, we have defined upper and lower tail dependence in a bivariate setting
above, but since any Archimedean copula is exchangeable all bivariate margins are
distributed equally. Therefore, we say that an Archimedean copula is lower resp.
upper tail dependent if the respective tail dependence coefficient of any bivariate
margin is not 0. Note in particular that there is a convenient formula for the tail
dependence coefficients for Archimedean copulas.

λL = lim
u↓0

C(u, u)
u

= lim
u↓0

ψ(2ψ−1(u))
u

= lim
t↑∞

ψ(2t)
ψ(t) = lim

t↑∞

2ψ′(2t)
ψ′(t) ,

where the last equality follows by l’Hospital’s rule, if ψ is differentiable. For the
upper tail dependence coefficient we have

λU = lim
u↑1

1− 2u+ C(u, u)
1− u = 2− lim

u↑1

1− ψ(2ψ−1(u))
1− u

= 2− lim
t↓0

1− ψ(2t)
1− ψ(t) = 2− lim

t↓0

2ψ′(2t)
ψ′(t) ,

where the last equality follows again by l’Hospital’s rule if ψ is differentiable. The
following table contains an overview of the properties of the introduced Archimedean
families and is designed to serve as a reference in later chapters of the present thesis.
In the table we use f(θ) = e−θ − 1 and D1(θ) = 1

θ

∫ θ
0

t
et−1dt.

ψ ψ−1 Θ τ λL λU

A 1−θ
et−θ log

(1−θ(1−t)
t

)
(0, 1) 1− 2(1−θ)2 log(1−θ)+θ

3θ2 0 0

C (1 + θt)−
1
θ 1

θ (t−θ − 1) (0,∞) θ
θ+2 2−

1
θ 0

F −1
θ log

(
f(θ)e−t + 1

)
− log e−θt−1

e−θ−1 (0,∞) 1 + 4D1(θ)−4
θ 0 0

G exp(−t
1
θ ) (− log t)θ [1,∞) θ−1

θ 0 2− 2
1
θ

J 1− (e−t − 1)−
1
θ log(1− (1− t)θ) [1,∞)

∞∑
j=1

1
j(θj+2)(θ(j−1)+2) 0 2− 2

1
θ

Table 2.1 Overview of properties of popular examples of Archimedean generators.

Nested Archimedean Copulas

A drawback of exchangeable Archimedean copulas especially in large dimensions is
their exchangeability. This implies a degree of symmetry not suitable to some models
used in practice, e.g. for the pricing of financial derivatives such as CDOs (see Hofert
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2.2 Copulas

and Scherer (2010)). The concept of so-called nested Archimedean copulas, which
belong to the class of hierarchical copulas, suggests a way out.

Definition 2.2.20 (Nested Archimedean copula) A d-dimensional nested
Archimedean copula is a copula, constructed via an s-dimensional (s ≥ 2) Archi-
medean copula, where all or some of the arguments u1, . . . , us are recursively replaced
by other dj-dimensional (nested) Archimedean Copulas, s.t.

∑s
j=1 dj = d.

A nested Archimedean copula C(u) is called fully nested with d−1 nesting levels
if it has the form

ψ0

(
ψ−1

0 (u1) + ψ−1
0

(
ψ1
(
ψ−1

1 (u2) + ψ−1
1 (. . . ψd−2(ψ−1

d−2(ud−1) + ψ−1
d−2(ud)) . . .)

)))
(2.3)

for Archimedean generators ψ0, . . . , ψd−2, otherwise it is called partially nested.
We will use the notation C(u;ψ0, ψ1 . . . , ψd−2) for a fully nested copula in the sequel.

Example 2.2.21 When applications such as CDO pricing are considered, one is
often given a sectorial structure which has to be put into an appropriate model.
This sectorial structure may be built by a partially nested copula with two nesting
levels.

1. Let S be the number of sectors we want to model and let ds, s = 1, . . . , S, be
the dimensions of the sectors. The nested Archimedean copula

C(u) = Cψ0(Cψ1(u1), . . . , CψS (uS)) = ψ0
( S∑
s=1

ψ−1
0
(
Cψs(us)

))

= ψ0

( S∑
s=1

ψ−1
0

(
ψs
( ds∑
k=1

ψ−1
s (us,k)

)))
(2.4)

may then be used to implement the given structure.

2. We also give some important special cases, namely the most simple partially
nested resp. fully nested copulas.

C(u) = ψ0

(
ψ−1

0

(
ψ1
(
ψ−1

1 (u11) + ψ−1
1 (u12)

))
+ ψ−1

0

(
ψ2
(
ψ−1

2 (u21) + ψ−1
2 (u22)

)))
C(u) = ψ0

(
ψ−1

0 (u1) + ψ−1
0
(
ψ1
(
ψ−1

1 (u21) + ψ−1
1 (u22)

))
We note that nested Archimedean copulas are not necessarily exchangeable. Ad-

ditionally, they are able to capture any given tree structure making them a quite
flexible class of copulas with a huge amount of dependence structures embedded.
However, if the resulting functional form shall actually be a copula, it is not clear
from the beginning what the properties of Archimedean generators involved in the
construction of nested Archimedean copulas have to be. Both this issue and the
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Figure 2.1 Pairwise scatter plots of a 3-dimensional fully nested Clayton copula
(left) and a 4-dimensional partially nested Joe copula (right).

problem of sampling nested Archimedean copulas are tackled in McNeil (2008) and
Hofert (2008). The question is answered by giving a sufficient condition, which is
called nesting condition. It states that for every so-called node ψ−1

j ◦ ψk, which
arises in the functional form of the nested copula, the derivative (ψ−1

j ◦ ψk)′ has
to be a completely monotone function. In general, the nesting condition may be
hard to verify. However, if ψj and ψk come from the same one-parametric family,
i.e. ψj = ψθj and ψk = ψθk , one can often show that the nesting condition is ful-
filled if and only if θj ≤ θk, e.g. this holds for all examples considered above. More
examples of families fulfilling the nesting condition as well as examples where the
involved generators come from different families can be found in Hofert (2010, p. 67
and chapter 4.3). The following result summarizes those findings for the fully nested
and the sectorial case considered in example 2.2.21.

Theorem 2.2.22 (McNeil) Let ψ0, ψ1 . . . , ψd be Archimedean generators.

1. If (ψ−1
k ◦ ψk+1)′ are completely monotone functions for k = 0, . . . , d− 2, then

the function defined in 2.3 is a proper d-dimensional copula.

2. If s ≤ d and (ψ−1
0 ◦ ψk)′ are completely monotone functions for k = 0, . . . , S,

then the function defined by equation 2.4 is a proper copula.

Proof
A proof of the first part is given in McNeil (2008). The second part can be shown
analogously.

To the best of our knowledge for the nesting process to create a valid copula no
necessary condition for the generators involved is known so far.
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2.2 Copulas

Marshall-Olkin Copulas

In survival analysis, one of the most important distributions is the univariate ex-
ponential distribution due to a property called the lack of memory property, i.e.
P (X > x + t |X > t) = P (X > x) for X ∼ Exp(λ). In fact, in the univariate
case the exponential distributions are the only memoryless continuous distributions.
Marshall and Olkin (1967) use this property to generalize the univariate exponen-
tial distribution to the multivariate case. They call the constructed distribution the
multivariate exponential distribution. Their terminology is justified by the fact that
Marshall and Olkin (1967) are able to show that this family of distributions is the
only multivariate family2 fulfilling the multivariate lack of memory property

P (X1 > s1 + t, . . . ,Xd > sd + t |X1 > t, . . . ,Xd > t) = P (X1 > s1, . . . , Xd > sd).

When denoting the survival function of X by F̄ (x) = P (X1 > x1, . . . , Xd > xd),
one is able to show a survival analog of Sklar’s Theorem (see e.g. Mai (2010, p.
22)), i.e. for every multivariate survival function there is a copula C s.t. F̄ (x) =
C(F̄1(x1), . . . , F̄d(xd)), where F̄k, k = 1, . . . , d denote the univariate marginal sur-
vival functions. In case of these functions being continuous, C is unique and the
converse is also true, i.e. for given marginal survival functions and a given copula
the resulting function is a survival function. The copula obtained by this procedure
is sometimes called survival copula in the literature. Note that it is the copula as-
sociated with the random vector (1 − F1(X1), . . . , 1 − Fd(Xd))T. In short one may
now state that a Marshall-Olkin copula is the survival copula of the multivariate
exponential or Marshall-Olkin distribution. However, to make this mathematically
precise we let {λM : ∅ 6= M ⊂ {1, . . . , d}} be a set of 2d − 1 parameters fulfilling∑
M⊂{1,...,d} λM > 0. This characterizes the d-dimensional Marshall-Olkin distribu-

tion and it is given in terms of its survival function by

F̄ (x1, . . . , xd) = exp
(
−

∑
M⊂{1,...,d}

λM max
k∈M

xk
)
.

Of course it is easy to see that the univariate margins are exponentially distributed
with parameters Λk =

∑
M⊂{1,...,d}:k∈M λM having the survival function F̄k(x) =

e−Λkx. Hence the survival copula is given by

C(u1, . . . , ud) =
∏

∅6=M⊂{1,...,d}
min
k∈M

(
u
λM
Λk
k

)
, u ∈ [0, 1]d. (2.5)

We will refer to 2.5 as Marshall-Olkin copula and remark that this class is not
absolutely continuous and has a singular component, see section 5.1 and Figure 2.2
for details. One may argue that a copula having 2d−1 parameters in d-dimensions is
overparameterized. A way out is to use the subclass of exchangeable Marshall-Olkin

2To be precise, it can be shown that it is the only multivariate family, where also all k-dimensional
margins, k = 1, . . . , d− 1, share the lack of memory property.
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2 Mathematical Background

copulas. Mai (2010, p. 64) shows that a Marshall-Olkin copula C(u) is exchangeable
if and only if its parameters fulfill the property |M | = |M̆ | ⇒ λM = λM̆ , which
reduces the number of parameters from 2d − 1 to d. We sometimes denote the
class of exchangeable Marshall-Olkin copulas by eMO. In fact, in chapter 5 another
subclass of eMO called extendible Marshall-Olkin or Lévy frailty copulas (see Mai
(2010), Mai and Scherer (2009b)) is considered.
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Figure 2.2 Pairwise scatter plots of a 3-dimensional Marshall-Olkin copula with
parameters λ1 = 1, λ2 = 0.5, λ3 = 1.5 λ12 = 1.7, λ13 = 0.3, λ23 = 3
and λ123 = 0.5 (left) and an exchangeable Marshall-Olkin copula with
parameters λ1 = 1, λ2 = 1.5, λ3 = 2 (right).

Example 2.2.23 A particular example for a bivariate Marshall-Olkin copula is the
well-known copula introduced by Cuadras and Augé (1981). It is an exchangeable
copula and given by

C(u1, u2) = u(1)u
1−θ
(2) , for θ ∈ [0, 1].

If θ = 0, this is the independence copula and in case θ = 1, it is the comonotonicity
copula. To see that it is indeed a Marshall-Olkin copula we set for θ ∈ (0, 1)
λ1 = λ2 = 1−θ

θ and λ12 = 1 in (2.5). With λi + λ12 = 1−θ
θ + 1 = 1

θ for i = 1, 2 it
then holds that

C(u1, u2) = u
1−θ
θ
θ

1 u
1−θ
θ
θ

2
(

min{u1, u2}
) 1

1/θ = u1−θ+θ
(1) u1−θ

(2) = u(1)u
1−θ
(2) .

It is particularly easy to calculate the tail dependence coefficients for the Cuadras-
Augé copula. In addition, we get a nice interpretation for θ being the upper tail
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2.3 Lévy Subordinators

dependence coefficient.

λL = lim
u↓0

C(u, u)
u

= lim
u↓0

uu1−θ

u
= 0,

λU = 2− lim
u↑1

1− C(u, u)
1− u = 2− lim

u↑1

1− u2−θ

1− u = 2− (2− θ) lim
u↑1

−u1−θ

−1 = θ.

We return to this copula family in chapter 5 considering estimation techniques.

2.3 Lévy Subordinators
In short a Lévy process is a stochastic process defined on some probability space
(Ω,Σ, P ), which starts at 0, has independent and stationary increments. A Lévy
subordinator is defined to be an almost surely increasing Lévy process. This sec-
tion quickly introduces the main theorems concerned with Lévy subordinators. In
particular the form of the characteristic functions and Laplace exponents is given.

Definition 2.3.1 (Lévy process, Lévy subordinator) Let (Tt)t≥0 be a [0,∞)-
valued stochastic càdlàg process on a probability space (Ω,Σ, P ). If (Tt)t≥0 fulfills

1. T0 = 0 almost surely,

2. for 0 ≤ t1 < . . . < tn+1 <∞ the random variables Tti+1 − Tti, i = 1, . . . , n are
independent and Tti+1 − Tti

d= Tti+1−ti, i = 1, . . . , n,

3. (Tt)t≥0 is stochastically continuous i.e. P (limt↓s |Tt−Ts| > a) = 0 for all a > 0
and s ≥ 0,

4. Tt1 ≤ Tt2 almost surely for every t1 ≤ t2,

then (Tt)t≥0 is called a Lévy subordinator. If only 1.-3. hold, (Tt)t≥0 is called a
Lévy process.

Definition 2.3.2 (Killed Lévy subordinator) Let (Tt)t≥0 be a Lévy subordinator
and let S be an independent and Exp(λ) distributed random variable. The process

TS,t = Tt +∞ · 1{t≥S}

is then called a killed Lévy subordinator with killing rate λ ≥ 0.

A killed Lévy subordinator may be interpreted as a usual Lévy subordinator
which eventually jumps to the cemetery state ∞ at some point in time. If the
killing rate λ = 0, we may set the random variable S ≡ ∞ a.s. and then a killed
Lévy subordinator is just a Lévy subordinator. Thus a Lévy subordinator may be
seen as a special case of a killed Lévy subordinator. The next theorem is the famous
Lévy-Khintchine formula established in the 1930s. It is formulated in the context of
killed Lévy subordinators.
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Theorem 2.3.3 (Lévy, Khintchine) Let (Tt)t≥0 be a killed Lévy subordinator
with killing rate λ ≥ 0. There exists a unique pair (µ, ν) of a real number µ ∈ [0,∞)
and a measure ν on (0,∞) with

∫∞
0 min{y, 1}ν(dy) <∞ such that

E(e−xTt) = e−tΦ(x) and Φ(x) = λ1{x>0} + µx+
∫ ∞

0
(1− e−xy)ν(dy), (∗)

where Φ is called the Lévy exponent of (Tt)t≥0.
Conversely, let λ ≥ 0, µ ∈ [0,∞) and ν be a measure on (0,∞) with∫ ∞

0
min{y, 1}ν(dy) <∞,

then there is a killed Lévy subordinator fulfilling (∗).

Proof
The fact that E(e−xTt) has the form claimed above is e.g. shown in Applebaum
(2004, p. 41, 53). A proof for the form of Φ(x) can e.g. be found in Bertoin (1999,
p. 7). Note that in Bertoin (1999, p. 7), we have Φ(0) = λ, which is due to his
convention e−0·∞ = 0 on p. 6.
The unique number µ ∈ [0,∞) is called the drift of the killed Lévy subordinator

and the unique measure ν is called the Lévy measure of the killed subordinator. We
note that one could extend the Lévy measure to (0,∞] by defining ν({∞}) = λ. In
this case, with the convention e−∞ = 0 and ∞· 0 = 0 the Lévy exponent is given by

Φ(x) = µx+
∫

(0,∞]
(1− e−xy)ν(dy).

The pair (µ, ν), which determines the distribution of the (killed) Lévy subordinator
completely, is therefore frequently called characteristics of the (killed) Lévy subor-
dinator. The next result is called the Lévy-Itô decomposition (see Bertoin (1999)
and Bertoin (2000) for details).

Theorem 2.3.4 (Itô) Let (Tt)t≥0 be a Lévy subordinator with characteristics (µ, ν).
Then

Tt = µt+
∑

0≤s≤t
∆s

for a Poisson point process (∆t)t≥0 taking values in (0,∞) and having characteristic
measure ν.

This sheds some light on the structure of subordinators. Note that the continuous
part of a (killed) subordinator is just the drift part. Hence, if the drift is zero, a
(killed) Lévy subordinator is a pure jump process with non-negative jumps. A key
property of (killed) Lévy subordinators is that they may be used to time-change
other Lévy processes, since the time-changed process still remains a Lévy process.
We do not need the following theorem explicitly. However, we mention it for the
sake of completeness and we implicitly use it at some point in chapter 4.
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Theorem 2.3.5 (Bochner) Let (Xt)t≥0 be a Lévy subordinator with Laplace expo-
nent ΦX and let (Tt)t≥0 be an independent Lévy subordinator with Laplace exponent
ΦT , then

Zt = XTt , t ≥ 0 is a Lévy subordinator with Laplace exponent ΦZ(x) = ΦT (ΦX(x)).

Example 2.3.6 We give the most popular examples used in the literature, see e.g.
Applebaum (2004). Those are used in chapters 4 and 5 later on. In addition, we
summarize the properties and distributional behaviors of the families in a table
below.

1. Let X,X1, X2 . . . be a sequence of independent and identically distributed
random variables and let (Nt)t≥0 be an independent Poisson process with
intensity λ > 0, i.e. a Lévy process with Nt+s − Nt ∼ Poi(λs). Then the
process

Tt := µt+
Nt∑
i=1

Xi

is called a compound Poisson process with drift. If Xi ≥ 0 a.s., i = 1, 2, . . .,
and µ ≥ 0, then this is a Lévy subordinator admitting characteristics (µ, ν)
where for any Borel set B ∈ B((0,∞)) we have

ν(B) = λPX(B) = λP (X ∈ B).

The Laplace exponent can be shown to be given by Φ(x) = µx+λE((1−e−xX)).

2. A Lévy subordinator defined via the characteristics (0, ν) where the Lévy mea-
sure for any Borel set B ∈ B((0,∞)) is given by

ν(B) =
∫
B

α
Γ(1−α)

1
t1+αdt, α ∈ (0, 1)

is called α- stable subordinator. Its Laplace exponent is given by Φ(x) = xα.
If α = 1

2 , the
1
2 -stable subordinator is called the Lévy subordinator.

3. A subordinator (Tt)t≥0, for which the random variable Tt ∼ Γ(at, b), where
the Γ-distribution is characterized by the density

fTt(x) = bat

Γ(at)x
at−1e−bx, x > 0

is called a Gamma subordinator. Its Laplace exponent is given by Φ(x) =
a
(

log(1 + x
b )
)
, which is equivalent to the characteristics (0, ν) where for a

Borel set B ∈ B((0,∞))

ν(B) =
∫
B

a

t
e−btdt.
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4. For parameters γ > 0 and δ > 0 we call a Lévy subordinator having drift µ = 0
and Lévy measure

ν(B) =
∫
B

1√
2π

δ

t
3
2
e−

1
2γ

2tdt

defined for any Borel set B ∈ B((0,∞)), an inverse Gaussian subordinator.
The Laplace exponent is given by Φ(x) = δ(

√
2x+ γ2−γ). Applebaum (2004,

p. 51) uses a different, more informative definition. Indeed, it is shown in his
book that the process defined by

Tt := inf {s > 0 : Bs + δs = γt}

is the inverse Gaussian subordinator. Since (Bt)t≥0 denotes Brownian motion,
i.e. (Bt + δt)t≥0 is a Gaussian process, the name of the subordinator becomes
clear.

The terminology for the subordinators introduced in this example is justified
by a look at their distributions at time t. Table 2.2 summarizes the example,
where we denote the α-stable distribution, using the notation of Hofert (2010), by
S(α, 1,

(
cos(πα2 )t

) 1
α , 0; 1); a density is not known in closed form. In addition, for a

sequence of independent and identically distributed random variables X,X1, X2, . . .
and an independent random variable N ∼ P (λ), the random variable Z =

∑N
i=1Xi

is said to have a compound Poisson distribution with parameters λ and PX , where
PX(B) = P (X ∈ B) is the distribution of X. We denote this distribution by
CPP (λ, PX). For the Gamma and inverse Gaussian subordinator we are able to
give the densities of Tt in Table 2.2.

Name Φ Parameters Distribution of Tt

CPP µx+ λE
(
(1− e−xX)

)
µ ∈ R+

0 , λ ∈ R+, X r.v. CPP (λt, PX)

Stable xα α ∈ (0, 1) S(α, 1,
(

cos(πα2 )t
) 1
α , 0; 1)

IG δ(
√

2x+ γ2 − γ) γ ∈ R+, δ ∈ R+ δt√
2πx
− 3

2 eδtγ−
1
2 (t2δ2x−1+γ2x)

Gamma a
(

log(1 + x
b )
)

a ∈ R+, b ∈ R+ bat

Γ(at)x
at−1e−bx

Table 2.2 Overview of properties of popular examples of Lévy subordinators.

2.4 Empirical Processes

The last section in this chapter is concerned with so-called empirical processes. A
standard reference on the topic is van der Vaart and Wellner (1996). We start with
the famous theorem of Glivenko-Cantelli.
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Theorem 2.4.1 (Glivenko, Cantelli) Let X,X1, . . . , Xn be independent and
identically distributed random variables with X ∼ F and let F̂n(x) = 1

n

∑n
i=1 1{Xi≤x}

be the empirical distribution function. Then it holds that

sup
x∈R

∣∣∣F̂n(x)− F (x)
∣∣∣→ 0 almost surely.

Proof
See Corollary 2.4.5.

We generalize the empirical distribution function in terms of the empirical measure
induced by X1, . . . , Xn, i.e. the measure defined by Pn(B) = 1

n

∑n
i=1 1B(Xi) for any

Borel set B ∈ B(R). We may then define the empirical distribution function by
F̂n(x) =

∫
(−∞,x] dPn(dt) = Pn((−∞, x]). Moreover, the non-empirical analog is

given by F (x) =
∫

(−∞,x] dPX(t) = PX((−∞, x]) = P (X ≤ x), PX denoting the
distribution of X. This implies that the Glivenko-Cantelli Theorem just states that

sup
{B=(−∞,x],x∈R}

∣∣∣∣∫
B
dPn(t)−

∫
B
dPX(t)

∣∣∣∣→ 0 almost surely.

One may now ask whether it is possible to use other collections of sets than the
collection of all intervals of the form (−∞, x] such that the uniform convergence
still holds true. Also, one another generalization step can be done by considering a
whole class of functions which are integrated with respect to the measures used. To
be precise, let H be a collection of measurable functions h : R→ R and let

sup
h∈H

∣∣∣∣∫ ∞
−∞

h(t)dPn(t)−
∫ ∞
−∞

h(t)dPX(t)
∣∣∣∣ = sup

h∈H

∣∣∣∣∣ 1n
n∑
i=1

h(Xi)− E(h(X))
∣∣∣∣∣ . (∗)

The empirical process theory tries to answer the question under which circumstances
(∗) converges to 0 almost surely. In the sequel, Pnh resp. PXh are used as shorthand
notations for 1

n

∑n
i=1 h(Xi) resp. E(h(X)).

Definition 2.4.2 A class of measurable real-valued functions H is called PX-
Glivenko-Cantelli or just Glivenko-Cantelli if

sup
h∈H
|Pnh− PXh| → 0 almost surely.

In order to be able to conclude that a certain class of functions is Glivenko-Cantelli,
the so-called bracketing numbers play a central role.

Definition 2.4.3 (Bracketing number) Let H be a class of measurable real-
valued functions equipped with a norm || · ||.

1. We say that H is an envelope function of H, if |h(x)| ≤ H(x) pointwise for
every h ∈ H.
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2 Mathematical Background

2. For two functions hl and hu, the bracket [hl, hu] is the set of functions for
which hl(x) ≤ h(x) ≤ hu(x) pointwise, i.e.

[hl, hu] = {h ∈ H |hl(x) ≤ h(x) ≤ hu(x) pointwise} .

3. A bracket [hl, hu] which satisfies ||hl − hu|| < ε is called ε-bracket.

4. The bracketing number N[ ](ε,H, || · ||) of H is the minimum number of ε-
brackets needed to cover H.

The main result of this section, which is needed in later chapters of this disserta-
tion, is the following.

Theorem 2.4.4 Let H be a set of measurable, real-valued functions s.t. it holds for
the bracketing numbers with respect to the norm ||h||1,PX =

∫
h(x)dPX(x) = E(h(X))

that N[ ](ε,H, || · ||1,PX ) <∞ for every ε > 0. Then the class H is Glivenko-Cantelli.

Proof
We closely follow van der Vaart and Wellner (1996, p. 122). Fix ε > 0 and let m ∈ N
s.t. [hl,j , hu,j ], j = 1, . . . ,m cover H and PX(hu,j−hl,j) < ε for j = 1, . . . ,m. Choose
an arbitrary h ∈ H, then there is a bracket [hl,j , hu,j ] with hl,j(x) ≤ h(x) ≤ hu,j(x).
This implies

(Pn − PX)h ≤ (Pn − PX)hu,j + PX(hu,j − h) ≤ (Pn − PX)hu,j + ε,

(Pn − PX)h ≥ (Pn − PX)hl,j + PX(hl,j − h) ≥ (Pn − PX)hl,j + ε,

hence

sup
h∈H

(Pn − PX)h ≤ max
1≤j≤m

(Pn − PX)hu,j + ε,

inf
h∈H

(Pn − PX)h ≥ min
1≤j≤m

(Pn − PX)hl,j − ε,

the right hand sides of the above inequalities converging almost surely to ±ε for
n→∞ by the strong law of large numbers. From here we can conclude

lim
n→∞

sup
h∈H
|(Pn − PX)h| ≤ ε almost surely.

Since ε > 0 is arbitrary, the claim follows.

Corollary 2.4.5 The set of indicator functions H =
{
1(−∞,x], x ∈ R

}
is Glivenko-

Cantelli.

Proof
For a given ε > 0 choose a grid of points −∞ =: x0 < x1, . . . , xm < xm+1 := ∞
such that PX

(
(xj , xj+1]

)
< ε for j = 0, . . . ,m. The ε-brackets [1(−∞,xj ],1(−∞,xj+1]],

j = 0, . . . ,m then cover H and hence N[ ](ε,H, || · ||1,PX ) <∞ for every ε > 0. Now,
apply Theorem 2.4.4 to establish the claim.
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3 Exchangeable Archimedean Copulas

As mentioned in the previous chapter, a large repertoire of copulas is given by
Archimedean copulas generated by the so-called generator ψ. The latter is of-
ten depending on a parameter θ and is thus generating a parametric family of
copulas. Early statistical references for Archimedean copulas are e.g. Genest and
MacKay (1986), where the bivariate case is covered or Marshall and Olkin (1988),
where mixtures of distributions are used to generate random vectors having an
Archimedean copula. Oakes (1989) uses Archimedean copulas in the context of
survival analysis. In fact, Schweizer and Sklar (1961) already presented paramet-
ric Archimedean generators. At first, we investigate the probabilistic construction
underlying Archimedean copulas in a more detailed way and give two tailor-made
sampling procedures due to Marshall and Olkin (1988) and Wu et al. (2006). The
latter sampling approach plays a crucial role in the remaining chapter. Indeed, it is
used to construct a minimum distance estimator for Archimedean copulas, for which
we are able to show strong consistency. In addition, we give a goodness-of-fit proce-
dure based on this transformation. The main results of this chapter are presented in
section 3.2 and section 3.3, where we also include some empirical findings and real
world examples.

3.1 Probabilistic Construction and Sampling Strategies
3.1.1 The Probabilistic Model of Marshall and Olkin
The notion of complete monotonicity plays an important role when constructing
Archimedean copulas. In fact, Kimberling’s Theorem (Theorem 2.2.16) clarifies the
connection between Archimedean generators and completely monotone functions.
We now give another well-known result due to Bernstein (1929), where the con-
nection between Laplace transforms of positive random variables and completely
monotone functions is established. This will bring us closer to the probabilistic
model behind Archimedean copulas.

Theorem 3.1.1 (Bernstein) A function ψ : [0,∞) → [0, 1] with ψ(0) = 1 is
completely monotone if and only if it is the Laplace transform of a non-negative
random variable V , i.e. there exists a non-negative random variable V ∼ FV on
some probability space (Ω,Σ, P ) with

ψ(t) = E(e−tV ) =
∫ ∞

0
e−tvdFV (v).

Proof
See e.g. Feller (1971, p. 439).
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3 Exchangeable Archimedean Copulas

If P (V = 0) = δ > 0, then we have that ψ(∞) = limt→∞ ψ(t) > 0 and that ψ is
not an Archimedean generator in this case. However, if the random variable fulfills
V > 0 almost surely, its Laplace transform defines an Archimedean generator and
may be used to construct a d-dimensional copula for any d ≥ 2. At least theoretically,
this gives a large repertoire of possible Archimedean copulas. However, in order to
get an explicit formula for the copula, both ψ and ψ−1 need to be given in closed
form, which is not always the case. Bernstein’s Theorem reveals the probabilistic
model behind Archimedean copulas generated by a completely monotone function.
It is given in the next theorem.

Theorem 3.1.2 (Probabilistic construction) Let V,E1, . . . , Ed be independent
random variables and let Ek ∼ Exp(1) for k = 1, . . . , d. Moreover, assume V > 0
almost surely, let V ∼ FV , and let ψ(t) = E(e−tV ) =

∫∞
0 e−tvdFV (v). Then the

random vector U defined by

(U1, . . . , Ud)T =
(
ψ
(E1
V

)
, . . . , ψ

(Ed
V

))T

is distributed according to the Archimedean copula Cψ generated by ψ.

Proof
Computing the distribution of the random vector (U1, . . . , Ud)T, we verify the claim.

P (U1 ≤ u1, . . . , Ud ≤ ud) = P
(
ψ
(E1
V

)
≤ u1, . . . , ψ

(Ed
V

)
≤ ud

)
= P

(
E1 ≥ V ψ−1(u1), . . . , Ed ≥ V ψ−1(ud)

)
=
∫ ∞

0
P (E1 ≥ vψ−1(u1), . . . , Ed ≥ vψ−1(ud))dFV (v)

=
∫ ∞

0
e−v

∑d

k=1 ψ
−1(uk)dFV (v) = ψ

( d∑
k=1

ψ−1(uk)
)
,

where we have used the independence of V and E1, . . . , Ed in the third and the
independence of E1, . . . , Ed in the fourth equality.

This leads us to the sampling algorithm of Marshall and Olkin (1988).

Algorithm 3.1.3 (Marshall, Olkin) To obtain a sample U = (U1, . . . , Ud)T of the d-
dimensional Archimedean copula Cψ generated by ψ, one may perform the following
steps.

1. Generate a sample of V ∼ FV with ψ(t) = E(e−tV ) =
∫∞

0 e−tvdFV (v).

2. Generate independent samples X1, . . . Xd of X ∼ U [0, 1].

3. Return Uk = ψ
(− logXk

V

)
, k = 1, . . . , d.

We remark that we need both the Archimedean generator of the copula and the
distribution of the random variable V in order to be able to generate samples of
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3.1 Probabilistic Construction and Sampling Strategies

the copula. The following table gives the connection between the Archimedean
generators of the families introduced earlier and the respective random variable V .
For more examples and hints for sampling the random variables V , see Hofert (2010,
p. 64).

Name ψ Distribution of V

A 1−θ
et−θ Geo(1− θ)

C (1 + θt)−
1
θ Γ(1

θ , θ)
F −1

θ log
(
(e−θ − 1)e−t + 1

)
Log(1− e−θ)

G exp(−t
1
θ ) S(1

θ , 1, cosθ( π2θ ),1{θ=1}; 1)
J 1− (e−t − 1)−

1
θ FV (v) =

∑bvc
i=1

(1/θ
i

)
(−1)i−1

Table 3.1 Overview over distributions of V with E(e−tV ) = ψ(t) for popular exam-
ples of Archimedean generators.

Algorithm 3.1.3 is in fact a by-product of the more general sampling framework
given in Marshall and Olkin (1988). To access this framework, we note that the
quantity

∫∞
0 P (E1 ≥ vψ−1(u1), . . . , Ed ≥ vψ−1(ud)) dFV (v) in the proof of Theorem

3.1.2 may be written as
∫∞

0
∏d
k=1G

v(uk) dFV (v), where G(x) = e−ψ
−1(x) is a distri-

bution function. Eventually, Marshall and Olkin (1988) show that for a copula C,
a random vector V ∼ FV having no mass at 0 with components admitting Laplace
transforms ψi, and Gk(x) = exp(−ψ−1

k Fk(x)), k = 1, . . . , d, it holds that

F (x1, . . . , xd) =
∫

[0,∞)d
C(Gv1

1 (x1), . . . , Gvdd (xd))dFV (v)

is a distribution function having marginal distributions F1, . . . , Fd. The special case
from above is obtained by C = C⊥ and a univariate FV (v) having Laplace transform
ψ. The idea of mixing distribution functions can be exploited to give sampling
algorithms for nested Archimedean copulas as done in McNeil (2008) and Hofert
(2008). They are presented at the beginning of the next chapter.

3.1.2 Sampling Based on a Particular Transformation
This subsection describes a sampling algorithm based on a transformation given
in Wu et al. (2006). We mainly introduce it because the transformation is used in
upcoming sections of this chapter, as already mentioned above. Since we doubt the
proof of the main theorem given in the work of Wu et al. (2006), we give a different
one which we believe to be more elegant. In contrast to the original reference we
use the framework introduced in McNeil and Nešlehová (2009) in order to determine
the distribution of the transformation. This has the advantage of obtaining more
insight in the structure of the latter. Before we are able to state and prove the main
theorem of this section, we provide several auxiliary results which can be found in
McNeil and Nešlehová (2009) and Devroye (1986).
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3 Exchangeable Archimedean Copulas

Definition 3.1.4 (Williamson transform) Let V be a non-negative random vari-
able having distribution function FV . For d ≥ 2 the Williamson d-transform of
V is given by

WdFV (t) =
∫

(t,∞)

(
1− t

v

)d−1
dFV (v).

Definition 3.1.5 (l1-norm symmetric distribution) A random vector X is
said to have an l1-norm symmetric distribution if there are a random vector
S = (S1, . . . , Sd)T, uniformly distributed on the unit simplex, i.e. the set {s ∈ Rd+ :∑d
k=1 sk = 1}, and an independent non-negative random variable R, called the ra-

dial part of X, such that

X
d= RS = (RS1, . . . , RSd)T.

One of the main results of McNeil and Nešlehová (2009) is the link they give
between l1-norm symmetric distributions, the Williamson d-transform, and Archi-
medean copulas.

Lemma 3.1.6 Let a d-dimensional random vector X = RS follow an l1-norm
symmetric distribution, where R ∼ FR with FR(0) = 0, and let ψ(t) =WdFR(t).

1. The survival function of X is H̄(x) = ψ(
∑d
k=1 xk) for xk ≥ 0.

2. The survival copula of X is the Archimedean copula Cψ generated by ψ.

Conversely, let U ∼ Cψ with a d-dimensional Archimedean copula Cψ having gener-
ator ψ. Then the vector (

ψ−1(U1), . . . , ψ−1(Ud)
)

has an l1-norm symmetric distribution with radial part
∑d
k=1 ψ

−1(Uk) = R ∼ FR
and FR =W−1ψ.

Proof
See McNeil and Nešlehová (2009, Proposition 3.2 and Theorem 3.1).

Lemma 3.1.7 Let Cψ be an Archimedean copula generated by a d-monotone gener-
ator ψ having absolutely continuous Kendall’s distribution function K. In addition,
let V = ψ−1(K−1(U)

)
for U ∼ U [0, 1], then the Williamson d-transform of V is

given by

WdFV (t) = ψ(t).

Proof
We have

FV (v) = P (V ≤ v) = P
(
ψ−1(K−1(U)

)
≤ v

)
= P

(
K−1(U) ≥ ψ(v)

)
= 1−K

(
ψ(v)

)
,
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3.1 Probabilistic Construction and Sampling Strategies

where the absolute continuity of K is used to establish the last equality. In addition,
it follows from McNeil and Nešlehová (2009, Theorem 3.1, Proposition 3.2) that if
U ∼ Cψ, we get

∑d
k=1 ψ

−1(Uk) ∼ FR with WdFR(t) = ψ(t) (see Lemma 3.1.6).
Moreover, we have

FR(t) = P
( d∑
k=1

ψ−1(Uk) ≤ t
)

= P
(
ψ
( d∑
k=1

ψ−1(Uk)
)
≥ ψ(t)

)
= 1−K(ψ(t)),

where the last equality follows by the absolute continuity of C, which is implied by
the absolute continuity of K. This gives FR = FV and henceWdFV (t) =WdFR(t) =
ψ(t).

The following lemma connects l1-norm symmetric distributions with so-called uni-
form spacings and will be crucial in the proof of the main theorem of this subsection.
The last two parts of this lemma are due to Malmquist (1950).

Lemma 3.1.8 Let V1, . . . , Vd−1 be independent and U [0, 1] distributed random
variables. In addition, let V0 := 0 and Vd := 1. Then it holds that

1. the spacings Sk = V(k) − V(k−1), k = 1, . . . , d− 1, are uniformly distributed on
the simplex

{
x ∈ Rd−1

+ |
∑d−1
k=1 xk ≤ 1

}
.

2. the spacings Sk = V(k) − V(k−1), k = 1, . . . , d, are uniformly distributed on the
unit simplex

{
x ∈ Rd+|

∑d
k=1 xk = 1

}
.

3. the random variables Zk =
( V(k)
V(k+1)

)k, k = 1, . . . , d − 1, are independent and
U [0, 1] distributed, where we set V(d) = 1.

4. the random variables Zk =
∏k
l=1 V

1
d−l
d−l , k = 1, . . . , d − 1, are distributed as

V(d−1), . . . , V(1).

Proof
1. See Devroye (1986, Theorem 2.1, p. 207).

2. McNeil and Nešlehová (2009, Example 3.2) show that for d independent and
Exp(1) distributed random variables E1, . . . , Ed, the vector

(
E1∑d

k=1 Ek
, . . . , Ed∑d

k=1 Ek

)T
is uniformly distributed on

{
x ∈ Rd+|

d∑
k=1

xk = 1
}
.

Together with Devroye (1986, Theorem 2.2, p. 208), where it is shown that
the latter vector is distributed as (S1, . . . , Sd)T, the claim follows.

3. See Devroye (1986, Theorem 2.4 A, p. 212).

4. See Devroye (1986, Theorem 2.4 B, p. 212).
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3 Exchangeable Archimedean Copulas

Theorem 3.1.9 (Wu, Valdez, Sherris) Let Cψ be a d-dimensional Archimedean
copula generated by a d-monotone Archimedean generator ψ having absolutely con-
tinuous Kendall distribution function K. If for two random vectors U and V it
holds that

U1 = ψ
(
V1 · . . . · V

1
d−1
d−1 ψ

−1(K−1(Vd)
))

U2 = ψ
(
(1− V1)V

1
2

2 · . . . · V
1
d−1
d−1 ψ

−1(K−1(Vd)
))

...

Ud = ψ
(
(1− V

1
d−1
d−1 )ψ−1(K−1(Vd)

))
,

then it is true that U ∼ Cψ if and only if V ∼ U([0, 1]d).

Proof
Let V ∼ U([0, 1]d) and define S1 := V1 · · ·V

1
d−1
d−1 , Sd := 1 − V

1
d−1
d−1 and for k =

2, . . . , d− 1

Sk := V
1
d−1
d−1 · . . . · V

1
k
k − V

1
d−1
d−1 · . . . · V

1
k−1
k−1 = (1− V

1
k−1
k−1 )V

1
k
k · . . . · V

1
d−1
d−1 ,

then (S1, . . . , Sd)T is uniformly distributed on the unit simplex {x ∈ Rd+ :
∑d
k=1 xk =

1} by Lemma 3.1.8 and is independent of R := ψ−1(K−1(Vd)
)
, since S1, . . . , Sd

depend only on V1, . . . , Vd−1. Hence it follows that the vector

(
ψ−1(U1), . . . , ψ−1(Ud)

)T = RS

has an l1-norm symmetric distribution with FR(0) = P (R = 0) = 0, from where we
can conclude that the underlying survival copula is an Archimedean copula generated
byWdFR(t) (see Lemma 3.1.6). Now, Lemma 3.1.7 implies thatWdFR(t) = ψ(t). In
addition, by Lemma 3.1.6 the survival function of

(
ψ−1(U1), . . . , ψ−1(Ud)

)
is given by

H̄(u) = ψ(
∑d
k=1 uk) for uk ≥ 0. from where we get the marginal survival functions

H̄k(uk) = ψ(uk), k = 1, . . . , d. We can conclude that the marginal distribution
function of Uk is given by

FUk(uk) = P (Uk ≤ uk) = P (ψ−1(Uk) > ψ−1(uk)) = ψ
(
ψ−1(uk)

)
= uk.

Moreover, since ψ−1 is strictly decreasing, the copula of (U1, . . . , Ud)T is given by
Cψ because

P
(
U1 ≤ u1, . . . , Ud ≤ ud

)
= P

(
ψ−1(U1) > ψ−1(u1), . . . , ψ−1(Ud) > ψ−1(ud)

)
= H̄(ψ−1(u1), . . . , ψ−1(ud)) = ψ

( d∑
k=1

(ψ−1(uk))
)

= Cψ(u),
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which establishes that U ∼ Cψ.
To see that the converse holds, let U ∼ Cψ and note that the inverse transformation
for k = 1, . . . , d− 1 is given by

Vk =
(∑k

l=1 ψ
−1(Ul)∑k+1

l=1 ψ
−1(Ul)

)k
and Vd = K

(
ψ
( d∑
k=1

ψ−1(Uk)
))

= K
(
Cψ(U1, . . . , Ud)

)
.

By Lemma 3.1.6, (ψ−1(U1), . . . , ψ−1(Ud))T has an l1-norm symmetric distribution
with survival copula Cψ and radial distribution FR =W−1

d ψ. Hence it holds for R ∼
FR and an independent vector S, which is uniformly distributed on the unit simplex,
that (ψ−1(U1), . . . , ψ−1(Ud))T d= RS, i.e. ψ−1(Uk)

d= RSk. Since
∑d
k=1 ψ

−1(Uk)
d=∑d

k=1RSk = R, an application of the map

(x1, . . . , xd)T 7→
((

x1
x1 + x2

)
, . . . ,

(∑d−1
k=1 xk∑d
k=1 xk

)d−1
,K

(
ψ
( d∑
k=1

xk
)))T

to (ψ−1(U1), . . . , ψ−1(Ud)) and RS gives

((
ψ−1(U1)

ψ−1(U1) + ψ−1(U2)

)
, . . . ,

(∑d−1
k=1 ψ

−1(Uk)∑d
k=1 ψ

−1(Uk)

)d−1
,K
(
Cψ(U1, . . . , Ud)

))T

d=
((

S1
S1 + S2

)
, . . . ,

(∑d−1
k=1 Sk∑d
k=1 Sk

)d−1
,K
(
ψ(R)

))T

,

where we note that in the penultimate entry we have
∑d
k=1 Sk = 1. Combining parts

2 and 3 of Lemma 3.1.8 yields that

(∑k
l=1 Sl∑k+1
l=1 Sl

)k
, k = 1, . . . , d− 1,

are independent and U [0, 1] distributed random variables. Moreover, since K is
absolutely continuous and ψ(R) ∼ K, K(ψ(R)) is uniformly distributed on [0, 1]
and as a function in R, K(ψ(R)) is independent of S. This implies that V1, . . . , Vd
are independent and U [0, 1] distributed random variables.

We remark that the result may also be established by a tedious application of
the density transformation theorem (see e.g. Casella and Berger (2002, p. 185)).
However, in this case the link to uniform spacings is not obvious. Moreover, the
map transforming the random vector U to V used in the proof will be denoted by
Td later on. In contrast to the sampling method given in section 3.1.1, we use a
bijective map to get the random vector distributed according to the Archimedean
copula in this case. We end this subsection by giving the sampling algorithm using
the transformation introduced above.
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3 Exchangeable Archimedean Copulas

Algorithm 3.1.10 (Wu, Valdez, Sherris) To obtain a sample U = (U1, . . . , Ud)T of
the d-dimensional Archimedean copula Cψ generated by ψ, one may perform the
following steps.

1. Generate independent samples V1, . . . Vd of V ∼ U [0, 1].

2. Return

U1 = ψ
(
V1 · . . . · V

1
d−1
d−1 ψ

−1(K−1(Vd)
))
,

Uk = ψ
((

1− V
1

k−1
k−1

)
· . . . · V

1
d−1
d−1 ψ

−1(K−1(Vd)
))
, for k = 2, . . . , d− 1,

and Ud = ψ
((

1− V
1
d−1
d−1

)
ψ−1(K−1(Vd)

))
.

Remark 3.1.11 An alternative for the second step in the algorithm is given by
returning U1 = V(1)ψ

−1(K−1(Vd)), Ud = (1 − V(d−1))ψ−1(K−1(Vd)) and for k =
2, . . . , d− 1 set Uk = (V(k) − V(k−1))ψ−1(K−1(Vd)), where V(1) ≤ . . . ≤ V(d−1) is the
ordered list of V1, . . . , Vd−1. In both cases we need the inverse of the distribution
function K, which may not be given in a simple closed form in general. However, in
the Archimedean case we have

K(t) = t+
d−1∑
k=1

(−1)k

k! ψ(k)(ψ−1(t))
(
ψ−1(t)

)k
, (3.1)

see Genest and Rivest (2001), which may be used to numerically access the inverse
of K.

3.2 Estimation
Principally, all estimation techniques presented in chapter 2 apply to Archimedean
copulas. Of course we need a density of the d-dimensional Archimedean copula
in order to perform the inference functions for margins or the canonical maximum
likelihood approach. McNeil and Nešlehová (2009) give a necessary and sufficient
condition for a d-dimensional Archimedean copula to have a density, being that the
(d− 1)-th derivative of the generator ψ(d−1) exists and is absolutely continuous. In
fact, if ψ admits d derivatives, it is particularly easy to compute the density of the
d-dimensional Archimedean copula Cψ, which in this case is given by

cψ(u1, . . . , ud) = ψ(d)
( d∑
k=1

ψ−1(uk)
) d∏
k=1

(ψ−1)′(uk). (3.2)

However, not only pseudo-maximum likelihood approaches but also other estima-
tion procedures fitted to Archimedean copulas are suggested in the literature. One
method is similar to the method of moments estimation and consists of choosing
the copula parameter such that a certain dependence measure matches its empirical
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counterpart. This is often achieved with the help of Kendall’s tau, see e.g. Genest
and Rivest (1993). In more than two dimensions the copula parameter is chosen such
that the resulting Kendall’s tau matches the mean of pairwise empirical Kendall’s
taus best, see e.g. Berg (2009) or the R package copula by Kojadinovic and Yan
(2010). Moreover, there are other methods such as approximating the probability
integral transform with splines and using a minimum distance approach between this
distribution function and an empirical counterpart of it in order to estimate the cop-
ula parameter, see e.g. Dimitrova et al. (2008). Splines also appear in the estimation
method of Lambert (2007) in approximating a certain ratio involving the generator
of the Archimedean copula. Recent studies giving overviews of several estimation
procedures, including certain minimum distance estimators, are given in Tsukahara
(2005) and Weiß (2011). The latter author does not only include minimum distance
estimators based on the empirical copula process in his study, but also minimum
distance estimators based on Rosenblatt’s transform and the probability integral
transformation, see Weiß (2011) for more details. However, no rigorous proof for
consistency of the minimum distance estimator based on Rosenblatt’s transform is
given in his work. Below, we provide consistency results for minimum distance es-
timators based on transformed data. The results may not only be applied to the
specific minimum distance estimator presented later, but also for the minimum dis-
tance estimator based on Rosenblatt’s transformation. As in the case of canonical
maximum likelihood estimation, we also transform the given multivariate data with
non-parametrically estimated margins, interpret the obtained data as observations
of the underlying copula, and use pseudo-data for estimating the parameters of the
copula.

3.2.1 Estimation Techniques Based on Transformations

The estimation procedures included in section 2.2.3 share the property that they do
not require a transformation of the data except for the one needed to get pseudo-
observations of the copula. In the literature, there are also estimation techniques
based on transformed data. Genest and Rivest (1993) for example suggest a non-
parametric estimator based on the multivariate probability integral transform K. In
a bivariate Archimedean setting, we get from (3.1) that

K(t) = t− ψ−1(t)
(ψ−1)′(t) = t−

( d
dt

logψ−1(t)
)−1

,

given that (ψ−1)′ exists. This implies that ψ−1(t) = exp(
∫ t

0(s − K(s))−1ds) and
hence a non-parametric estimator of ψ−1(t) may be obtained from a non-parametric
estimate K̂n of K. Genest and Rivest (1993) show

√
n-consistency and give the

asymptotic variance of the non-parametric estimator

K̂n(t) = 1
n

n∑
i=1

1[0,∞)

(
t− |{j |Xj,1 < Xi,1, Xj,2 < Xi,2}|

n− 1

)
,
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3 Exchangeable Archimedean Copulas

whereXi, i = 1, . . . , n, is assumed to be a bivariate random sample of a distribution
having underlying Archimedean copula Cψ and continuous margins. As remarked
by Genest and Rivest (1993), this estimation procedure is tailored to copulas where
K(t) is known in a simple closed form and where it is possible to compute the
copula when K(t) is given. For general copulas, K(t) is known to be not unique,
meaning that there are at least two distinct copulas admitting the same probability
integral transform K, see Genest and Boies (2003) for an example. To the best of
our knowledge it still is an open question whether or not uniqueness holds when
considering Archimedean copulas in more than two dimensions. In addition, it is
not clear how to extract the copula or its generator ψ(t) out of the non-parametric
estimator K̂n(t) in a multivariate setting. However, it might be a good idea to
consider minimum distance estimates based on K(t) in the sense of minimizing a
distance

√
n||K̂n(t) − K(t)|| = ||Kn(t)||. We remark that this is just a minimum

distance estimate of the goodness-of-fit test statistics used in section 2.2.4. When
specifying a parametric family of copulas we may give a parametric estimator by
argminθ∈Θ ||K̂n(t)−Kθ(t)||. In fact, it is a general idea to minimize a goodness-of-fit
test statistic if it is given in terms of a distance of an empirical quantity and its
theoretical counterpart. The goodness-of-fit test based on Rosenblatt’s transform
R is also a statistic falling into this framework. We deal with minimum distance
estimators based on transformed data in the next sections.

3.2.2 Minimum Distance Estimation

Our proposed approach originates from the transformation introduced by Wu et al.
(2006) for sampling Archimedean copulas (see section 3.1.2). This transformation
can also be applied for goodness-of-fit testing, see Hering and Hofert (2011) or sec-
tion 3.3. In that context it is used to map a d-dimensional random vector following
an Archimedean copula to a d-dimensional standard uniformly distributed random
vector. The last component of the transformed random vector is obtained from
applying the probability integral transformation K. While for continuous distri-
butions in a one dimensional setup the transformed random variable is uniformly
distributed, the distribution of the multivariate probability integral transformation
in d dimensions (d > 1) is much more complicated. Not only depends the trans-
formation itself on the parameter, but also does the resulting distribution. This is
often computationally difficult, especially in large dimensions, since the (d − 1)-th
derivative of the generator is involved (see (3.1)). Thus it is suggested to work with
the first d−1 components of the transformed vector only, which should be uniformly
distributed on the (d−1)-dimensional unit cube under the correct Archimedean gen-
erator and parameter. This argument may be used for parameter estimation in the
following way. By mapping the d-dimensional data to (d − 1)-dimensional data by
means of the Archimedean generator, one may estimate the copula parameter such
that the transformed sample is in some suitable sense “close” to a uniform distribu-
tion on the (d − 1)-dimensional unit cube. For the latter, we use a transformation
based on the standard normal distribution function and map the (d−1)-dimensional
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data to a one-dimensional quantity, whose distribution should be close to a χ2
d−1-

distribution. Now, one can easily minimize the distance (measured by a suitable
norm) between the corresponding empirical and theoretical distribution to obtain a
minimum distance estimator for Archimedean copulas.
Our suggested approach has several advantages. The proposed estimation method

does not require the knowledge or the computation of the generators’ derivatives.
As mentioned earlier, this contrasts the maximum likelihood approach, estimation
procedures based on the probability integral transform K, or the method of Weiß
(2011) based on Rosenblatt’s transform. Note that these derivatives are often diffi-
cult to obtain, especially the higher ones needed in large dimensions. Moreover, our
approach only involves the inverse of the Archimedean generator and is therefore
fast and easy to apply, even in large dimensions. This contrasts most estimation
procedures, which usually get computationally intense in large dimensions due to
the number of derivatives involved or the increasing number of pairs for which a
certain dependence measure has to be computed.
For the moment, assume that we are given a family of parametric generators

(ψθ)θ∈Θ, Θ ⊂ Rp, and wish to find an estimator for θ ∈ Θ based on a given random
sample (Ui)ni=1, n ∈ N of a vector U distributed according to the Archimedean
copula Cψθ0

generated by ψθ0 for some θ0 ∈ Θ, i.e. U ∼ Cψθ0
. If we knew the

correct parameter θ0, the transformed random vector Vθ0 , given by

Vk,θ0 =
(∑k

l=1 ψ
−1
θ0

(Ul)∑k+1
l=1 ψ

−1
θ0

(Ul)

)k
, k = 1, . . . , d− 1, Vd,θ0 = K

(
Cψθ0

(U1, . . . , Ud)
)
(3.3)

would be U[0, 1]d-distributed, see Theorem 3.1.9. Remember that we denote the map
which transforms U into V by Td,θ : Rd → Rd. In addition, let Td−1,θ : Rd → Rd−1

denote the function mapping U onto the first d − 1 components of V . We now
consider the transformation Tθ : (0, 1)d → R, given by

Tθ(u) :=
d−1∑
k=1

Φ−1

(∑k
l=1 ψ

−1
θ (ul)∑k+1

l=1 ψ
−1
θ (ul)

)k2

, u ∈ (0, 1)d, (3.4)

where Φ−1 denotes the quantile function of the standard normal distribution. It fol-
lows that Tθ0(U) ∼ χ2

d−1. This transformation is also used to implement a goodness-
of-fit test in section 3.3. Given the random sample (Ui)ni=1, the transformed sample
Tθ(Ui), i = 1, . . . , n, is i.i.d. according to χ2

d−1 if θ = θ0. Our key idea is now
to estimate the unknown parameter θ0 by a θ such that the transformed sample
Tθ(Ui), i = 1, . . . , n, is close to the χ2

d−1 distribution, i.e. we estimate θ0 by

θ̂n := argmin
θ∈Θ

∣∣∣∣∣∣F̂n,Tθ − χ2
d−1

∣∣∣∣∣∣ , (3.5)

where F̂n,Tθ denotes the empirical distribution function of Tθ(Ui), i = 1, . . . , n, and
where || · || is either the supremum norm or any other norm fulfilling || · || ≤ K|| · ||∞
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3 Exchangeable Archimedean Copulas

for some positive constant K > 0 and having the property that pointwise conver-
gence of a sequence of functions implies the convergence in the norm, i.e. fn(x) →
f(x), ∀x ⇒ ||fn − f || → 0. For details, see Remark 3.2.4. We use the supremum
norm || · ||∞ and a Cramér-von Mises distance || · ||CvM =

∫∞
0 (·)2 dF̂n,Tθ(x) later

on. As mentioned earlier, the idea of minimum distance estimation was proposed in
Wolfowitz (1957). Usually, the parameter to be estimated influences the theoretical
distribution function and the distance to the empirical distribution function is mini-
mized. In our case, in contrast to the usual approach, the parameter to be estimated
is used to transform the given sample, while the theoretical distribution function is
fixed as χ2

d−1(x). Due to this fact, strong consistency of such estimators, as shown
in the next section, is far from being obvious. Moreover, it is not obvious that the
first d− 1 components of V suffice. This fact is also shown in the next subsection.

3.2.3 A Strong Consistency Result
In this section, we show strong consistency for minimum distance estimators when
the parameter to be estimated does not influence the theoretical distribution, but
is used to transform the given sample beforehand. In the following, we discuss
a general transformation Sθ depending on the parameter. Special cases are the
Rosenblatt transformation or the transformation given above. All results in this
section are stated and proven using the supremum norm for the minimum distance
estimator. The link to other norms is then given in Remark 3.2.4. Using this remark,
the results in this section are seen to be valid for the Cramér-von Mises distance
as well. The main result is obtained in several steps, accomplished by the following
lemmas.

Lemma 3.2.1 Let Θ ⊂ Rp be compact, for I ⊂ Rd let X ∈ I with X ∼ Fθ0, where
θ0 ∈ Θ and (Fθ,θ ∈ Θ) is a family of absolutely continuous distribution functions.
Moreover, let Xi, i = 1, . . . , n, be an independent and identically distributed random
sample ofX. Further, for J ⊂ Rm let Sθ : I → J be a continuous map s.t. θ 7→ Sθ(t)
is continuous for all t ∈ I and s.t. Sθ(X) is absolutely continuous for every θ ∈ Θ.
In addition, let

θ̂n := argmin
θ∈Θ

∣∣∣∣∣∣F̂n,Sθ − FSθ0

∣∣∣∣∣∣
∞
,

where F̂n,Sθ denotes the empirical distribution function of Sθ(Xi), i = 1, . . . , n.
Then, for each y ∈ J ,∣∣∣FSθ̂n (y)− FSθ0

(y)
∣∣∣→ 0 (n→∞) almost surely,

where FSθ̂n denotes the distribution function of Sθ(X)|θ=θ̂n.

Proof
Since Θ is compact, θ̂n exists. Next, fix y ∈ J and note that∣∣∣FSθ̂n (y)− FSθ0

(y)
∣∣∣ ≤ ∣∣∣FSθ̂n (y)− F̂n,Sθ̂n (y)

∣∣∣+ ∣∣∣F̂n,Sθ̂n (y)− FSθ0
(y)
∣∣∣ . (3.6)

54



3.2 Estimation

The first term on the right-hand side can be bounded above by supθ∈Θ |FSθ(y)−
F̂n,Sθ(y)|, where FSθ denotes the distribution function of Sθ(X) forX ∼ Fθ0 . Let Pn
be the empirical measure induced by the sample Xi, i = 1, . . . , n, and let PX be the
distribution induced by Fθ0 . Then supθ∈Θ |F̂n,Sθ(y) − FSθ(y)| = supθ∈Θ |Pnhθ,y −
PXhθ,y|, where hθ,y(x) := 1{Sθ(x)≤y} and Pnhθ,y, respectively PXhθ,y, denote the
expectation of hθ,y(X) with respect to Pn and PX , respectively. LetH := {hθ,y |θ ∈
Θ}. It suffices to show that H is Glivenko-Cantelli, i.e. supθ∈Θ |Pnhθ,y−Phθ,y| → 0
for n→∞ almost surely. By Theorem 2.4.4, it suffices to show that the bracketing
number N[ ](ε,H, || · ||1,PX ) is finite for all ε > 0. Therefore, let for every fixed θ∗ ∈ Θ,

hl,n(x) = inf
θ∈U1/n(θ∗)

1{Sθ(x)≤y} and hu,n(x) = sup
θ∈U1/n(θ∗)

1{Sθ(x)≤y}.

Then we have hl,n ≤ hθ,y ≤ hu,n for every θ ∈ U1/n(θ∗). Moreover, hl,n and hu,n
are measurable, since θ 7→ Sθ(x) is continuous by assumption. Now, choose n0(θ∗)
so that [hl,n, hu,n] < ε with respect to the norm || · ||1,P for every n > n0(θ∗). To see
that this is possible, we note that

lim
n→∞

∫
Rd

(
hu,n(x)− hl,n(x)

)
dPX(x) =

∫
Rd

lim
n→∞

(
hu,n(x)− hl,n(x)

)
dPX(x)

=
∫
Rd

lim
n→∞

(hu,n(x)− hl,n(x))1{Sθ∗ (x) 6=y} dPX(x)

+
∫
Rd

lim
n→∞

(hu,n(x)− hl,n(x))1{Sθ∗ (x)=y} dPX(x)

≤
∫
Rd

lim
n→∞

(hu,n(x)− hl,n(x))1{Sθ∗ (x)6=y} dPX(x) + P (Sθ∗(X) = y)

= 0 + 0 = 0.

We have used the bounded convergence theorem in the first and the absolute con-
tinuity of Sθ(X) in the last equality. Now, we use the union of all open balls⋃
θ∗∈Θ U1/n0(θ∗)(θ∗) to cover Θ. Since Θ is compact, a finite number of such balls

suffices to cover Θ. The corresponding ε-brackets then cover H. And hence the
bracketing number is finite, which establishes supθ∈Θ |Pnhθ,y − PXhθ,y| → 0 a.s.
and thus the claim follows.
Finally, the second term on the right-hand side of (3.6) is taken care of by the

Glivenko-Cantelli Theorem (see Theorem 2.4.1) since almost surely∣∣∣F̂n,Sθ̂n (y)− FSθ0
(y)
∣∣∣ ≤ ∣∣∣∣∣∣F̂n,Sθ̂n − FSθ0

∣∣∣∣∣∣
∞

= min
θ∈Θ

∣∣∣∣∣∣F̂n,Sθ − FSθ0

∣∣∣∣∣∣
∞

≤
∣∣∣∣∣∣F̂n,Sθ0

− FSθ0

∣∣∣∣∣∣
∞
→ 0 (n→∞). (3.7)

Lemma 3.2.2 Let Fn : R×Ω→ [0, 1], n ∈ N, be a sequence of random distribution
functions. Assume that with some continuous distribution function F and for any
fixed x ∈ R |Fn(x, ·)− F (x)| → 0 a.s. for n→∞. Then

||Fn − F ||∞ → 0 (n→∞) almost surely.
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3 Exchangeable Archimedean Copulas

Proof
See e.g. Lemma 9.2 on page 572 in the book of Gut (2005).
In order to conclude the consistency of the parameter estimates from the results

above, we need the following identifiability condition
(IC) For an arbitrary sequence (θn) and some θ0 in the parameter space Θ∣∣∣∣∣∣FSθn − FSθ0

∣∣∣∣∣∣
∞
→ 0 (n→∞) implies θn → θ0 (n→∞).

Note that such an identifiability condition is typical for minimum distance estimators
(see section 2.2.3). However, here we need it in terms of the transformation Sθ(X),
which complicates the situation. Sufficient conditions for (IC) to hold are given
below.

Theorem 3.2.3 Assume the conditions of Lemma 3.2.1 and the identifiability
condition (IC) hold. Then θ̂n → θ0 (n→∞) almost surely.

Proof
By Lemma 3.2.1 and Lemma 3.2.2∣∣∣∣∣∣FSθ̂n − FSθ0

∣∣∣∣∣∣
∞
→ 0 (n→∞) almost surely. (3.8)

Let ω ∈ A := {ω ∈ Ω : limn→∞ ||FSθ̂n−FSθ0
||∞ = 0} and assume that θ̂n(ω) does not

converge to θ0. Since Θ is compact, there exists a subsequence (θ̂nk)k∈N such that
limk→∞ θ̂nk = θ1 for θ1 ∈ Θ with θ1 6= θ0. But for this subsequence (3.8) holds. By
the identifiability condition, we therefore obtain θ1 = θ0, which contradicts the fact
that θ1 6= θ0. Hence θ̂n(ω) → θ0 for all ω ∈ A. Since (3.8) implies P (A) = 1, the
claim follows.

Remark 3.2.4 The minimum distance estimator in (3.5) can also be formulated
using any norm || · || fulfilling || · || ≤ || · || ≤ K|| · ||∞ for a positive constant K > 0 and
having the property that pointwise convergence of a the convergence of the norm,
i.e. fn(x) → f(x) ∀x ⇒ ||fn − f || → 0. By the dominated convergence theorem,
this is in particular true for integral norms with respect to a finite measure, e.g. for
the Cramér-von Mises distance. In the proof of Lemma 3.2.1 equation (3.6) can be
written slightly differently:∣∣∣∣∣∣FSθ̂n − FSθ0

∣∣∣∣∣∣ ≤ ∣∣∣∣∣∣FSθ̂n − F̂n,Sθ̂n ∣∣∣∣∣∣+ ∣∣∣∣∣∣F̂n,Sθ̂n − FSθ0

∣∣∣∣∣∣
The first term converges to 0 by the arguments used in the proof and the second
property of the norm involved. The second term can be estimated similarly as in
(3.7). ∣∣∣∣∣∣F̂n,Sθ̂n − FSθ0

∣∣∣∣∣∣ = min
θ∈Θ

∣∣∣∣∣∣F̂n,Sθ − FSθ0

∣∣∣∣∣∣ ≤ ∣∣∣∣∣∣F̂n,Sθ0
− FSθ0

∣∣∣∣∣∣
≤ K

∣∣∣∣∣∣F̂n,Sθ0
− FSθ0

∣∣∣∣∣∣
∞
→ 0.
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In applications, the margins of the multivariate distribution function are often
unknown and estimated non-parametrically. Then pseudo-observations of the copula
may be generated using rank-transforms. The next results show that the estimator
remains strongly consistent when pseudo-observations are used. In comparison to
the result obtained above, we get a weaker result here. Additionally, we need a
different approach which is technically more involved. This is due to the fact that
empirical processes of rank transforms are much more complicated.

Lemma 3.2.5 Let X1,X2 . . . , be an independent and identically distributed ran-
dom sample of an absolutely continuous random vector X ∈ Rd with X ∼ Fθ0 on a
probability space (Ω,Σ, P ). Denote the marginal distribution functions by F1, . . . , Fd
and for J ⊂ Rm, Θ ⊂ Rp compact, let Sθ : (0, 1)d → J be continuous on Θ× (0, 1)d.
Moreover, let Sθ(F1(X1), . . . , Fd(Xd)) be absolutely continuous for θ ∈ Θ and as-
sume for a fixed ω ∈ Ω and a sequence θn(ω) ∈ Θ

1. θn(ω)→ θ.

2. ω ∈
⋂d
l=1
⋂∞
m=2

⋃∞
n=1

⋂∞
k=nAk,m,l, where Ak,m,l ⊂ Ω is the set{

Xi,l ∈ [F−1
l ( 1

m), F−1
l (m−1

m )], i = 1, . . . , k, except for at most 2k√
m

many
}

3. supx∈R
∣∣∣F̂k,n(x, ω)− Fk(x)

∣∣∣→ 0 for k = 1, . . . , d .

4. supθ∈Θ | 1n
∑n
i=1 1{Sθ(Ui(ω))≤x} − FSθ(U)(x)| → 0 for every x ∈ J ,

where Ui := (F1(Xi,1), . . . , Fd(Xi,d))T and U := (F1(X1), . . . , Fd(Xd))T. Moreover,
let xn,x ∈ J with xn → x. Then∣∣∣F̂n,Sn,θn(ω)(xn)− F̂n,Sθ(ω)(xn)

∣∣∣→ 0,
∣∣∣F̂n,Sθn(ω)(xn)− F̂n,Sθ(ω)(x)

∣∣∣→ 0

and
∣∣∣FSθn(ω)(xn)− FSθn(ω)(x)

∣∣∣→ 0,

where F̂n,Sn,θn(ω) resp. F̂n,Sθn(ω) are the empirical distribution functions of Sθn(ω)(Ûi),
i = 1 . . . , n, based on the transformed samples Ûi := (F̂1,n(Xi,1), . . . , F̂d,n(Xi,d))T

resp. of Sθn(ω)(Ui), i = 1, . . . , n, and FSθn(ω) denotes the distribution function of
Sθ(U)|θ=θn(ω).

Proof
Fix ε > 0, choose m > (24d

ε )2 and n1 so large that ω ∈ An,m,l for every n ≥ n1
and l = 1, . . . , d. By 2. we find a set of indices Imn ⊂ {1, . . . , n} s.t. |Icmn| ≤ d 2n√

m

and Xi(ω) ∈×d

k=1[F−1
k ( 1

m), F−1
k (m−1

m )] for every index i ∈ Imn. Choose n2 ≥ n1

so large that sup1≤i≤n max1≤k≤d
∣∣∣F̂k,n(Xi,k, ω)− Fk(Xi,k)

∣∣∣ < 1
2m for n ≥ n2, which

is possible by 3. Then it holds that F̂k,n(Xi,k, ω) ∈ [ 1
2m ,

2m−1
2m ] for every i ∈ Imn,

k = 1, . . . , d, and n ≥ n2. Since Sθ is continuous on Θ× (0, 1)d and hence uniformly
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continuous on Θ××d

k=1[ 1
2m ,

2m−1
2m ], we have that supImn ||Sθn(ω)(Ûi)−Sθ(Ui)|| → 0

and supImn ||Sθn(ω)(Ui) − Sθ(Ui)|| → 0, where Ui = (F1(Xi,1), . . . , Fd(Xi,d))T and
Ûi = (F̂1,n(Xi,1, ω), . . . , F̂d,n(Xi,d, ω))T. Now, for the limit limn→∞ xn = x, choose δ
so that supθ∈Θ(FSθ(U)(x+u)−FSθ(U)(x−u)) < ε

2 for every u with ||u|| < δ. This is
possible since FSθ(U)(x) is uniformly continuous on Θ××d

l=1[ 1
2m ,

2m−1
2m ] for every

m ∈ N and we may choose m so large that x ∈×d

l=1[ 1
2m ,

2m−1
2m ]. From this fact it

also follows that |FSθn(ω)(xn) − FSθn(ω)(x)| ≤ supθ∈Θ |FSθ(xn) − FSθ(x)| → 0, thus
the third claim holds. Now, choose n3(ε, δ) ≥ n2 so large that for every n ≥ n3(ε, δ)

sup
Imn

∣∣∣∣∣∣Sθn(ω)(Ûi)− Sθ(Ui)
∣∣∣∣∣∣ < δ

2 , sup
Imn

∣∣∣∣∣∣Sθn(ω)(Ui)− Sθ(Ui)
∣∣∣∣∣∣ < δ

2 , and ||xn − x|| <
δ
2 .

We may then choose u with ||u|| < δ independently of ω and n0(ε, δ,x±u) ≥ n3(ε, δ)
so large that supθ∈Θ | 1n

∑n
i=1 1{Sθ(Ui)≤x±u}−FSθ(U)(x±u)| ≤ ε

8 ; this is possible by
4. With |I

c
mn|
n ≤ d 2√

m
< ε

12 for n ≥ n0(ε, δ,x±u) it then holds for n ≥ n0(ε, δ,x±u)
that

1
n

n∑
i=1

(
1{Sθn(ω)(Ûi)≤xn} − 1{Sθn(ω)(Ui)≤xn}

)
(∗)

≤ 1
n

( ∑
i∈Imn

1{Sθ(Ui)≤x+u} − 1{Sθ(Ui)≤x−u}
)

+ 1
n

∑
i∈Icmn

1

≤FSθ(x+ u)|θ=θ(ω) + ε
12 + ε

8 − (FSθ(x− u)|θ=θ(ω) − ε
12 −

ε
8) + ε

12 ≤ ε.

Similarly one shows 1
n

∑n
i=1 1{Sθn(ω)(Ûi)≤xn}−

1
n

∑n
i=1 1{Sθn(ω)(Ui)≤xn} ≥ −ε. Hence

| 1n
∑n
i=1 1{Sθn(ω)(Ûi)≤xn} −

1
n

∑n
i=1 1{Sθn(ω)(Ui)≤xn}| ≤ ε for n ≥ n0(ε, δ,x±u). This

establishes the first claim. Substituting 1
n

∑n
i=1 1{Sθn(ω)(Ui)≤x} for the first sum in

(∗) and doing the same steps as above finally gives the second claim and finishes the
proof.

Remark 3.2.6 Note that conditions 2-4 in Lemma 3.2.5 are fulfilled on a set A ⊂ Ω
with P (A) = 1. Hence, if θn → θ a.s., it holds almost surely that

∣∣∣F̂n,Sn,θn(ω)(xn)− F̂n,Sθ(ω)(xn)
∣∣∣→ 0

and if θ ≡ const, then
∣∣∣∣∣∣F̂n,Sn,θn(ω)(x)− FSθ(x)

∣∣∣∣∣∣
∞
→ 0.

Proof
Condition 3 holding a.s. is exactly the Glivenko-Cantelli Theorem (Theorem 2.4.1).
Condition 4 is seen to be valid by the proof of Lemma 3.2.1. For condition 2, let
U1, U2, . . . resp. Y1, Y2, . . . be a sequence of i.i.d. U [0, 1] resp. B(1, 2

m) distributed
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random variables and note that
∞∑
n=1

P (Acn,m,l) =
∞∑
i=1

P
(
Ui 6∈ [ 1

m ,
m−1
m ], for at least 2n√

m
many i = 1, . . . , n)

=
∞∑
i=1

P
(
Yi = 1, for at least 2n√

m
many i = 1, . . . , n)

=
∞∑
n=1

P

( n∑
i=1

Yi ≥ 2n√
m

)
≤
∞∑
n=1

(1− 2
m+ 2

me1/2)n

en/
√
m (3.9)

=
∞∑
n=1

(
(1− 2

m + 2
me

1/2)e−1/
√
m)n =

∞∑
n=1

qnm <∞, (3.10)

where we have used Markov’s inequality with the function h(x) = e(1/2)x in (3.9).
The convergence of the series in (3.10) holds since 0 < qm < 1 for every m ∈
N. Thus, by the Borel-Cantelli Lemma, we get P (lim supn→∞Acn,m,l) = 0 and
hence P (

⋃∞
n=1

⋂∞
k=nAk,m,l) = P (lim infn→∞An,m,l) = 1. Since the above holds for

arbitrary m ≥ 2, l = l, . . . , d, we have P (
⋂d
l=1
⋂∞
m=2

⋃∞
n=1

⋂∞
k=nAk,m,l) = 1. The

pointwise convergence of |F̂n,Sn,θn(ω)(x)−FSθ(x)| → 0 is established by Lemma 3.2.5
and the uniform convergence then follows by Lemma 3.2.2.

Theorem 3.2.7 Let {Fθ : θ ∈ Θ}, Θ ⊂ Rp compact, be a family of absolutely con-
tinuous distribution functions andX1, . . . ,Xn be an independent and identically dis-
tributed random sample of X ∈ Rd with X ∼ Fθ0. Denote the marginal distribution
functions by F1, . . . , Fd and let Sθ : (0, 1)d → R be continuous on Θ× (0, 1)d. More-
over, let Sθ(F1(X1), . . . , Fd(Xd)) be absolutely continuous for θ ∈ Θ. In addition, as-
sume the identifiability condition (IC) holds for the map Sθ. Then θ̃n → θ0 (n→∞)
almost surely, where

θ̃n := argmin
θ∈Θ

∣∣∣∣∣∣F̂n,Sn,θ − FSθ0

∣∣∣∣∣∣
∞

(3.11)

and F̂n,Sn,θ denotes the empirical distribution function of the rank-based pseudo-
samples Ûi, i = 1, . . . , n.

Proof
W.l.o.g. we may assume that Sθ(x) is bounded because otherwise we may look at
the map Ŝθ(x) = arctan(Sθ(x)), for which the assumptions of this theorem and (IC)
are also valid. Now, assume that the claim is not true. Then there is a set Ā with
P (Ā) ≥ η > 0 s.t. for every ω ∈ Ā we have θ̃n(ω) 6→ θ0. Moreover, we may choose
a subset A ⊂ Ā s.t. conditions 2-4 of Lemma 3.2.5 hold and ||F̂n,Sθ̂n(ω)

− FSθ0
||∞ ≤

||F̂n,Sθ0
−FSθ0

||∞ → 0 with P (A) = P (Ā) ≥ η > 0. Now, fix ω ∈ A, the identifiability
condition then implies ||FS

θ̃n(ω)
− FSθ0

||∞ 6→ 0 for ω ∈ A. This means that there is
a sequence xn so that |FS

θ̃n(ω)
(xn)−FSθ0

(xn)| > ε for n large enough. We now deal
with two different cases.
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1. xn has an accumulation point −∞ < x < ∞. We choose the subsequence nk
for which xnk converges to x, w.l.o.g. nk = n. Since Θ is compact, we have that
there is a (further) subsequence nk(ω) s.t. θ̃nk(ω)→ θ(ω), w.l.o.g. nk = n. It
is then true that |F̂n,S

θ̃n(ω)
(xn)− FS

θ̃n(ω)
(xn)| → 0. This can be seen from∣∣∣∣F̂n,Sθ̃n(ω)

(xn)− FS
θ̃n(ω)

(xn)
∣∣∣∣ ≤ ∣∣∣∣F̂n,Sθ̃n(ω)

(xn)− F̂n,S
θ̃n(ω)

(x)
∣∣∣∣

+
∣∣∣∣F̂n,Sθ̃n(ω)

(x)− FS
θ̃n(ω)

(x)
∣∣∣∣+ ∣∣∣∣FSθ̃n(ω)

(x)− FS
θ̃n(ω)

(xn)
∣∣∣∣ ,

where the first and the third term can be dealt with using Lemma 3.2.5 and
where the second term goes to zero by the proof of Lemma 3.2.1. Thus it holds
that |F̂n,S

θ̃n(ω)
(xn) − F̂n,Sθ̂n(ω)

(xn)| > ε
2 for every sufficiently large n. Now,

|F̂n,S
n,θ̃n(ω)

(xn) − F̂n,S
θ̃n(ω)

(xn)| → 0 by Lemma 3.2.5. Thus |F̂n,S
n,θ̃n(ω)

(xn) −

F̂n,Sθ̂n(ω)
(xn)| > ε

4 for every n ≥ n0 = n0(ω). Since this can be done for every
ω ∈ C with P (C) ≥ η > 0, we have that |F̂n,S

n,θ̃n(ω)
(xn) − F̂n,Sθ̂n(ω)

(xn)| 6→ 0
on this set. This contradicts

||F̂n,S
n,θ̃n(ω)

(x)− F̂n,Sθ̂n(ω)
(x)||∞

≤||F̂n,S
n,θ̃n(ω)

(x)− FSθ0
(x)||∞ + ||FSθ0

(x)− F̂n,Sθ̂n(ω)
(x)||∞

≤||F̂n,Sn,θ0
(x)− FSθ0

(x)||∞ + ||FSθ0
(x)− F̂n,Sθ0

(x)||∞ → 0 a.s.,

where we have used Remark 3.2.6 and the Glivenko-Cantelli Theorem (Theo-
rem 2.4.1) in the last line.

2. The accumulation points of xn are in the set {−∞,∞}. Because of the bound-
edness of Sθ(x), we have lim supn→∞ |FS

θ̃n(ω)
(xn)− FSθ0

(xn)| → 0, which is a
contradiction.

Remark 3.2.8 Theorem 3.2.7 can be proven in the same manner when the || · ||CvM
norm is used. In fact, it is even easier in this case because (IC) then implies that
there is a fixed x s.t. |FS

θ̃n(ω)
(x)− FSθ0

(x)| > ε.

Remark 3.2.9 The technical assumption of the compactness of the parameter space
may be relaxed. It is enough to have a bounded parameter space Θ for which Sθ(x)
is continuous on Θ × (0, 1)d and Sθ(U) is absolutely continuous for U ∼ C with
some absolutely continuous copula C and θ ∈ Θ. A bounded parameter space can
always be achieved by reparametrization. For the families used in the simulation
study of this section see Remark 3.2.14.

We are now able to state and prove strong consistency of the rank-based version
of the estimator introduced in (3.5); the main result of this section and one of the
main results in this dissertation is the following.
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3.2 Estimation

Theorem 3.2.10 (Strong consistency) Let Θ ⊂ Rp be compact and (ψθ)θ∈Θ be
a family of parametric Archimedean generators with existing d − 1 derivatives and
ψ

(d−1)
θ being absolutely continuous. Let X1, . . . ,Xn be an i.i.d. random sample of

an absolutely continuous random vector X having copula Cψθ0
, θ0 ∈ Θ. Further, let

ψ−1
θ (t) be continuous on Θ×(0, 1) and let θ̃n be as in (3.11) with the transformation
Tθ as in (3.4). Moreover, assume that (IC) holds for Tθ. Then

θ̂n → θ0 a.s. and θ̃n → θ0 a.s..

Proof
Because of the assumptions regarding the generator, we have that Cψθ is absolutely
continuous for every θ ∈ Θ. Moreover, since ψ−1

θ (t) is continuous on Θ × (0, 1), it
is clear that Tθ(u) is continuous on Θ× (0, 1)d. In addition, Tθ(F1(V1), . . . , Fd(Vd))
is absolutely continuous by Lemma 3.2.11. Thus we may apply Theorem 3.2.7 to
establish the claim.

Note that the proofs of the theorems follow to a great extent from the identifiability
condition. In the following subsection we establish this condition for the case, where
the last component of Vθ, which is numerically demanding in large dimensions, is
omitted. We also show this condition to be true for the transformation Tθ(U) as in
(3.4).

Identifiability of the Model

As mentioned above, the identifiability of the model is crucial for strong consistency.
In this section we show that both the transformation Td−1,θ : Rd → Rd−1, where
the last component of Vθ is omitted, and, under some additional assumptions, the
transformation Tθ(U) fulfil the identifiability condition. We start with a lemma
clarifying the structure of the density of the transformed random vector Vθ (see
(3.3)).

Lemma 3.2.11 Let U ∼ Cψθ0
. Then the transformed vector Vθ as in (3.3) and

hence Tθ(U) are absolutely continuous for all θ ∈ Θ. Moreover, the density of Vθ is
given by

fVθ(v) =
cψθ0

(T−1
d,θ,1(v), . . . , T−1

d,θ,d(v))
cψθ(T

−1
d,θ,1(v), . . . , T−1

d,θ,d(v))
, (3.12)

where cψθ(u1, . . . , ud) denotes the density of the d-dimensional copula Cψθ .

Proof
The absolute continuity of the vector

Vθ =

(∑1
k=1 ψ

−1
θ (Uk)∑2

k=1 ψ
−1
θ (Uk)

)1

, . . . ,

(∑d−1
k=1 ψ

−1
θ (Uk)∑d

k=1 ψ
−1
θ (Uk)

)d−1

,K

(
ψθ

(
d∑

k=1
ψ−1
θ (Uk)

))
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3 Exchangeable Archimedean Copulas

and the form of the corresponding density (3.12) is shown by an elementary but
tedious calculation using the density transformation theorem (see Casella and Berger
(2002, p. 185)). This implies the absolute continuity of the (d − 1)-dimensional
margin (V1,θ, . . . , Vd−1,θ). Moreover, since the application of the quantile function of
the standard normal distribution as in (3.5) and squaring thereafter is an absolutely
continuous transformation and because of the fact that the sum of d − 1 random
variables admitting a common density is again an absolutely continuous random
variable, the absolute continuity of Tθ(U) follows.
From now on we assume p = 1 , i.e. Θ ⊂ R, for the rest of this section.

Lemma 3.2.12 (Identifiability of (V1, . . . , Vd−1)) Let d ≥ 3 and assume that
Cψθ1

(u) < Cψθ2
(u) for all θ1 < θ2 and arbitrary u ∈ (0, 1)d. Then we have that

(Vθ,1, . . . , Vθ,d−1) ∼ U[0, 1]d−1 if and only if θ = θ0, where Vθ denotes the transformed
random vector as in (3.3).
If, in addition, ψθ1(x

∑l
k=1 ψ

−1
θ1

(uk)) < ψθ2(x
∑l
k=1 ψ

−1
θ2

(uk)), l = 2, . . . , d − 1, for
all θ1 < θ2, arbitrary u ∈ (0, 1)d and 1 < x ∈ R. Then it is true that

F(Vθ,1,...,Vθ,d−1)(v1, . . . , vd−1) >
d−1∏
k=1

vk, if θ > θ0

F(Vθ,1,...,Vθ,d−1)(v1, . . . , vd−1) <
d−1∏
k=1

vk, if θ < θ0

for every v ∈ (0, 1)d−1 with vk ∈ (0, 2−k], k = 1, . . . , d− 1.

Proof
See appendix B.
In order to be able to prove the identifiability of Tθ(U), we make some more

assumptions on the Archimedean generators. Therefore, let κθ(u) := ∂
∂θ log(ψ−1

θ (u))
and assume that there exist an interval Ju = (0, u∗), u∗ ∈ (0, 1) and an interval
Jθ = [θ∗, θ∗] with

A


Ia. κθ(u) < 0 for all u ∈ Ju and arbitrary θ ∈ Θ.
IIa. lim

u→0
κθ(u) = 0 for all θ ∈ Θ.

III. κθ(u1) > κθ(u2) for u1, u2 ∈ Ju with u1 < u2 and arbitrary θ ∈ Θ.
IV. κθ(u) monotone in θ ∈ Jθ for arbitrary u ∈ Ju.

or

B


Ib. κθ(u) > 0 for all u ∈ Ju and arbitrary θ ∈ Θ.
IIb. lim

u→0
κθ(u) =∞ for all θ ∈ Θ.

III. κθ(u1) > κθ(u2) for u1, u2 ∈ Ju with u1 < u2 and arbitrary θ ∈ Θ.
IV. κθ(u) monotone in θ ∈ Jθ for arbitrary u ∈ Ju.

One can show that in the cases of Clayton’s and Gumbel’s generator, the second set
of conditions holds whereas if the generators of Frank, AMH or Joe are used, A is
seen to hold. We show these facts in appendix C.
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3.2 Estimation

Lemma 3.2.13 (Identifiability of Tθ(U)) Let ψθ, θ ∈ Θ, be an Archimedean
generator fulfilling conditions A or B. Moreover, let U ∼ Cψθ0

and let Tθ(U) be as
in (3.4). Then it follows for θ1, θ2 ∈ Jθ with θ1 6= θ2 that

FTθ1 (U) 6≡ FTθ2 (U), i.e. Tθ1(U) 6 d= Tθ2(U).

Proof
See appendix B.

Remark 3.2.14 For the AMH family we have that Tθ(x) is continuous on [0, 1) ×
(0, 1)d, Tθ(U) is absolutely continuous for θ ∈ [0, 1] and that {Cψθ , θ ∈ [0, 1]} is a
family of absolutely continuous distribution functions. For all other families used
in this paper it holds that Tθ(x) is continuous on [θl,∞) × (0, 1)d, Tθ(U) is abso-
lutely continuous for θ ∈ [θl,∞), and that {Cψθ , θ ∈ [θl,∞)} is a family of abso-
lutely continuous distribution functions. This is due to the fact that for all gen-
erators used here we have limθ↓θl ψ

−1
θ (t) = − log t, which is the generator of the

independence copula. Since one can, in addition, show that limθ↑∞ F̂n,Tθ(x) =
1{x=∞} a.s. if Ui ∼ Cψθ0

, i = 1, . . . , n, for θ0 ∈ [θl,∞), there exists θ∗ < ∞ s.t.
argminθ∈[θl,∞) ||F̂n,Tθ − FTθ0

|| a.s.= argminθ∈[θl,θ∗] ||F̂n,Tθ − FTθ0
|| and hence we may de-

fine θ̂n := argminθ∈[θl,∞) ||F̂n,Tθ − FTθ0
|| and the consistency results from above hold

true.

3.2.4 An Empirical Study and an Application to Real World Data
Design

The simulation study is conducted using the following setup. We estimate the prob-
ably most commonly used parametric Archimedean copula families, which are the
families of Ali-Mikhail-Haq (A), Clayton (C), Gumbel (G), Frank (F), and Joe (J)
(see chapter 2). In order to be able to compare the outcomes of the simulation
study, we fix the level of dependence, measured by Kendall’s tau, and adapt the
simulation parameters θ0 accordingly, see Table 3.2. Three different dependence
levels, τ = 0.15, τ = 0.25, and τ = 0.5 as well as three different sample sizes n = 50,
n = 100, and n = 250 are investigated. For the calculation of the empirical bias

Kendall’s tau A C F G J

τ = 0.15 0.5681 0.3529 1.3752 1.1765 1.3110
τ = 0.25 0.8385 0.6667 2.3719 1.3333 1.5961
τ = 0.50 - 2.0000 5.7363 2.0000 2.8563

Θ (0, 1) (0,∞) (0,∞) [1,∞) [1,∞)

Table 3.2 Dependence levels and corresponding parameters of the families used in
the simulation.

and the empirical standard deviation we use N = 1000 repetitions in the case of
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minimum distance estimation and N = 100 repetitions for maximum likelihood es-
timation, when Maple is involved. The choice of N = 100 in the latter case is due to
runtime issues. Bias and standard deviation are estimated non-parametrically using
the usual formulas:

b̂iasθ := 1
N

N∑
i=1

(
θ̂i − θ0

)
ŝdθ :=

√√√√√ 1
N − 1

N∑
i=1

θ̂i − 1
N

N∑
j=1

θ̂j

2

(3.13)

Table 3.3 shows the results for minimum distance estimation. The estimators are
computed in two different ways. We use the supremum norm || · ||∞ and a norm
based on the Cramér-von Mises distance || · ||CvM. Moreover, the margins are taken
care of by non-parametric estimates of the empirical distribution functions and by
using ranks as pseudo-samples.

Results

This section presents the results obtained in the simulation study. Table 3.3 and Ta-
ble 3.4 report the empirical biases and standard deviations. We report four different
characteristics for every scenario. Besides the aforementioned b̂iasθ and ŝdθ, we ad-
ditionally express the estimated parameters in terms of Kendall’s tau in order to be
able to compare the different parametric families. This means that every estimated
value θ̂i, i = 1, . . . , N , is transformed to the corresponding estimate of Kendall’s tau
τ̂i, i = 1, . . . , N , e.g. in the case of Clayton’s copula family τ̂i = θ̂i

2+θ̂i
, i = 1, . . . , N .

If there is no closed formula available as in the case of Joe’s and Frank’s copula fam-
ily, we use numerical tools to compute the corresponding Kendall’s taus. Hence the
tabulated values are b̂iasθ, ŝdθ as in (3.13) and b̂iasτ , ŝdτ , where the same formulas
are used as in (3.13) with τ̂i resp. τ0 instead of θ̂i resp. θ0. Although using three
different sample sizes we report only the results for n = 50 and n = 250 since the
sample size n = 100 can be seen as an intermediate state case. When investigating
the performance of the minimum distance estimators, we see uniformly over all cases
that both the standard deviation and the bias decrease significantly with an increas-
ing sample size n. The bias vanishes almost completely for n = 250. Moreover, one
can conclude that the estimation procedures improve when the dimension increases.
It actually seems that the dimension influences the variance linearly. The compari-
son of the MDE approaches based on the different norms || · ||∞ and || · ||CvM yields
only small differences of the two procedures. Since the parameter θ causes differ-
ent dependencies in different families, the empirical differences between the families
may be misleading. This can be seen from the fact that the biases and standard
deviations, measured by Kendall’s tau, are almost the same for the different families
(see Table 3.3). In fact, for d = 50, the Kendall’s taus are almost perfectly matched.
We only present our results for the case of τ = 0.15. This is due to the fact that one
can state that the higher is the dependence level, the smaller is the biases and stan-
dard deviations. Intuitively, this seems clear since the structure is more distinctive
when the dependence level is higher. When doing maximum likelihood estimation
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Min. Dist. Est. based on || · ||∞ based on || · ||CvM

τ0 = 0.15 A C F G J A C F G J

n=50 b̂iasτ .0264 .0241 .0300 .0304 .0285 .0251 .0220 .0276 .0286 .0270

d=2 b̂iasθ (.0443) (.0965) (.3255) (.0564) (.0985) (.0410) (.0892) (.3014) (.0532) (.0941)
ŝdτ .0914 .0880 .0905 .0833 .0830 .0909 .0859 .0904 .0818 .0825
ŝdθ (.2695) (.2631) (.8914) (.1269) (.2270) (.2684) (.2570) (.8895) (.1244) (.2257)

b̂iasτ .0117 .0095 .0113 .0112 .0107 .0107 .0092 .0103 .0104 .0098

d=5 b̂iasθ (.0217) (.0360) (.1204) (.0203) (.0346) (.0188) (.0351) (.1111) (.0191) (.0323)
ŝdτ .0580 .0530 .0554 .0522 .0473 .0581 .0523 .0554 .0519 .0475
ŝdθ (.1782) (.1502) (.5351) (.0751) (.1229) (.1788) (.1484) (.5360) (.0745) (.1234)

b̂iasτ .0052 .0042 .0054 .0056 .0052 .0048 .0040 .0049 .0054 .0046

d=20 b̂iasθ (.0127) (.0138) (.0545) (.0088) (.0147) (.0114) (.0131) (.0504) (.0085) (.0133)
ŝdτ .0286 .0249 .0286 .0254 .0234 .0282 .0248 .0286 .0249 .0233
ŝdθ (.0886) (.0694) (.2736) (.0358) (.0590) (.0877) (.0693) (.2736) (.0351) (.0588)

b̂iasτ .0029 .0024 .0031 .0031 .0027 .0028 .0023 .0027 .0030 .0024

d=50 b̂iasθ (.0077) (.0074) (.0312) (.0046) (.0074) (.0073) (.0071) (.0271) (.0045) (.0067)
ŝdτ .0176 .0159 .0180 .0157 .0147 .0177 .0158 .0182 .0158 .0147
ŝdθ (.0547) (.0443) (.1713) (.0219) (.0368) (.0551) (.0441) (.1734) (.0220) (.0369)

n=250 b̂iasτ .0089 .0037 .0095 .0066 .0088 .0081 .0030 .0079 .0055 .0083

d=2 b̂iasθ (.0136) (.0197) (.1043) (.0134) (.0309) (.0117) (.0175) (.0887) (.0116) (.0290)
ŝdτ .0569 .0533 .0585 .0497 .0506 .0559 .0526 .0573 .0484 .0491
ŝdθ (.1752) (.1503) (.5655) (.0717) (.1314) (.1724) (.1483) (.5534) (.0695) (.1268)

b̂iasτ .0032 .0022 .0025 .0023 .0024 .0028 .0020 .0022 .0024 .0023

d=5 b̂iasθ (.0069) (.0081) (.0265) (.0042) (.0076) (.0056) (.0075) (.0241) (.0043) (.0074)
ŝdτ .0273 .0249 .0274 .0245 .0230 .0272 .0248 .0273 .0241 .0225
ŝdθ (.0848) (.0693) (.2617) (.0341) (.0577) (.0846) (.0690) (.2605) (.0336) (.0564)

b̂iasτ .0012 .0007 .0011 .0010 .0010 .0011 .0006 .0008 .0009 .0008

d=20 b̂iasθ (.0031) (.0023) (.0111) (.0015) (.0029) (.0028) (.0020) (.0088) (.0014) (.0023)
ŝdτ .0124 .0111 .0128 .0105 .0105 .0123 .0110 .0128 .0105 .0104
ŝdθ (.0385) (.0309) (.1222) (.0145) (.0261) (.0385) (.0304) (.1217) (.0145) (.0259)

b̂iasτ .0004 .0006 .0004 .0005 .0004 .0004 .0005 .0004 .0004 .0004

d=50 b̂iasθ (.0011) (.0020) (.0047) (.0007) (.0012) (.0009) (.0016) (.0046) (.0007) (.0011)
ŝdτ .0076 .0069 .0079 .0069 .0065 .0077 .0069 .0079 .0069 .0064
ŝdθ (.0238) (.0190) (.0756) (.0095) (.0162) (.0239) (.0190) (.0748) (.0095) (.0159)

Table 3.3 Empirical biases and standard deviations in terms of Kendall’s tau and
of estimated parameters, based on N = 1000 repetitions.
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Max. Lik. Est Using Maple directly Using Maple’s code generator

τ0 = 0.15 A C F G J A C F G J

n=50 b̂iasτ -.0033 .0085 .0058 .0077 .0134 .0014 -.0004 .0071 .0074 .0029

d=2 b̂iasθ (-.0315) (.0416) (.0766) (.0183) (.0478) (-.0227) (.0181) (.0948) (.0215) (.0257)
ŝdτ .0709 .0716 .0737 .0670 .0640 .0795 .0754 .0795 .0798 .0740
ŝdθ (.2187) (.2107) (.7172) (.0955) (.1686) (.2486) (.2179) (.7874) (.1196) (.1952)

b̂iasτ .0006 .0080 -.0017 .0007 .0027 .0007 .0026 .0006 .0001 .0007

d=5 b̂iasθ (-.0034) (.0252) (-.0106) (.0037) (.0111) (-.0030) (.0105) (.0110) (-.0007) (.0060)
ŝdτ .0352 .0288 .0390 .0412 .0368 .0353 .0317 .0391 .0392 .0360
ŝdθ (.1111) (.0814) (.3724) (.0581) (.0930) (.1107) (.0890) (.3747) (.0547) (.0904)

b̂iasτ ∗ .0004 -.0004 .0020 – ∗ .0005 -.0002 .0012 .0006

d=20 b̂iasθ (∗) (.0017) (-.0027) (.0033) (–) (∗) (.0020) (-.0007) (.0022) (.0025)
ŝdτ ∗ .0142 .0164 .0196 – ∗ .0141 .0165 .0189 .0174
ŝdθ (∗) (.0395) (.1564) (.0275) (–) (∗) (.0390) (.1570) (.0263) (.0434)

b̂iasτ – .0004 -.0003 -.0009 – -.0029 .0004 .0110 .0013 ∗

d=50 b̂iasθ (–) (.0015) (-.0019) (-.0011) (–) (-.0093) (.0015) (.1057) (.0019) (∗)
ŝdτ – .0090 .0090 .0118 – .0061 .0090 .0061 .0118 ∗
ŝdθ (–) (.0250) (.0859) (.0164) (–) (.0193) (.0249) (.0583) (.0163) (∗)

Table 3.4 Empirical biases and standard deviations in terms of Kendall’s tau and
of estimated parameters, based on N = 100 (left) resp. N = 1000 (right)
repetitions. ’∗’ and ’–’ indicate numerical resp. runtime issues and under-
lined values are computed on less than 1000 repetitions due to numerical
issues.
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in a large dimensional framework, we run into numerical difficulties. This stems
from the use of the d-th derivative of the generator in the d-dimensional density (see
(3.2)), which has to be maximized. Additionally, the form of those derivatives is
complicated and they have to be obtained by a symbolic computer algebra system;
we use Maple in two different ways. A first approach is to use Maple directly. This
means that the estimation task is done in Maple. When doing so, the rather enor-
mous runtime forced us to set N = 100 instead of N = 1000 as above. However, the
results are numerically reliable in this case. Table 3.4 shows the results of maximum
likelihood estimation. Numerical errors are indicated by ’∗’. The symbol ’-’ is used if
it is not possible to finish the 100 repetitions needed to compute the empirical biases
and standard deviations of the estimator within one week of runtime. When using
n = 250, not even one computation of the biases or standard deviations is possible
due to the runtime limitation of one week. Hence we only present the results for
n = 50 in that case. Another approach used is based on Maple’s C-Code generator.
We calculate the derivatives involved in Maple and use the generated C/C++-Code
to get the estimation exercise done in C/C++. This speeds up the estimation dra-
matically but we have more numerical difficulties than in the direct approach. The
results are also presented in Table 3.4. There is one particularly interesting case,
namely F when d = 50. In this case only 602 of the 1000 repetitions could be
finished due to numerical problems. As a result, the bias is relatively high in com-
parison to the MDE approaches. When doing MLE in large dimensional real world
applications, we have to be aware that numerical issues can influence the estimation
and we may not even notice this. Apart from the latter case, the dimension plays
a role here because the standard deviations decrease when the dimension increases.
Therefore, all estimation procedures have this property in common. They also share
the effect that estimates improve when the dependence level, measured by Kendall’s
tau, is raised. When there are no numerical problems and when maximum likelihood
estimation is fast enough, it performs well. In comparison to minimum distance es-
timation we get uniformly smaller biases and standard deviations. However, in large
dimensions the biases and standard deviations of the minimum distance approach
are already quite small. Our results indicate that for intermediate sized dimensions
one may use a maximum likelihood procedure based on small dimensional margins.
Yet, this approach is not feasible for large dimensional scenarios since the number
of margins one would have to use in order to get the same performance as for the
MDE increases with the dimension. Therefore, one would again run into numerical
or runtime issues. When using the standard software R, one can use the copula
package (see Kojadinovic and Yan (2010)) for maximum likelihood estimation. How-
ever, Joe’s family is not yet implemented, the AMH family is only implemented in
the bivariate case and for the other families used in this article maximum likelihood
estimation is limited to at most d = 6 dimensions for F resp. d = 10 dimension for
C and G.
In Table 3.5 and Table 3.6 the runtime for the different approaches is presented.

When comparing the runtime of the two minimum distance procedures, the ap-
proach using the norm || · ||CvM has a uniformly smaller runtime. Still, they have

67



3 Exchangeable Archimedean Copulas

MDE, τ = 0.15 based on || · ||∞ based on || · ||CvM

n d A C F G J A C F G J

n=50 d=2 1.3 1.5 1.4 1.0 126.1 1.1 1.2 0.9 1.0 126.0
d=5 3.9 3.8 4.8 3.7 127.7 1.3 1.3 1.4 1.2 124.9
d=20 5.8 6.0 8.0 6.1 130.4 4.0 3.8 4.8 4.1 128.3
d=50 13.4 13.5 19.0 14.4 140.5 9.3 8.9 11.4 9.7 134.0

n=250 d=2 6.3 7.3 7.0 5.1 130.5 5.2 5.1 5.1 4.7 129.9
d=5 8.9 9.3 11.9 9.2 133.6 5.9 5.5 7.1 6.1 134.1
d=20 27.9 28.1 38.8 30.2 156.6 19.6 17.4 22.8 20.4 145.7
d=50 65.3 64.6 89.2 70.8 200.6 45.7 40.6 54.3 47.8 177.2

Table 3.5 Runtimes in seconds for 1000 repetitions of minimum distance estimates.

approximately the same size. Compared to the runtime of the maximum likelihood
estimation directly computed in Maple, those values are rather small. We have
reported the runtimes for 1000 estimates in the case of MDE and for only 100 es-
timates in the case of MLE, when the direct approach is used. The dimension of
the estimated copula does not heavily influence the runtime in case of minimum
distance estimation. On the contrary, in the case of maximum likelihood estimation
the runtime in fact depends to a great extent on the dimension used. It dramati-
cally increases when the dimension becomes large. We have conducted 100 estimates
here, but in applications, for example when conducting a bootstrap for obtaining
the P -value in a goodness-of-fit procedure, a much higher number of repetitions is
necessary. One may be tempted to argue that runtime is no issue anymore when
using the second maximum likelihood approach. However, as mentioned above, in
this case the results may not be reliable from a numerical point of view. Due to
these facts we conclude that maximum likelihood estimation is not possible when
the dimension is large. Nevertheless, whenever maximum likelihood estimation is
realizable within a reasonable amount of time and without numerical difficulties, we
recommend to use it. However, as worked out by Mendes et al. (2007), minimum
distance estimation in contrast to the maximum likelihood approach may be robust
when the data is contaminated and hence it may be reasonable to also use MDE
even in smaller dimensions.

Application to Real World Data

This section outlines an application to real world data. We choose 29 of the 33 traded
assets within the German DAXsector Financial Services Performance index, using
one year of daily returns from 10/22/2009 to 10/21/2010. The data set used is thus
29 dimensional having a sample size of 255. We proceed as in Chan et al. (2009) in
the following. After calculating daily returns we fitted 29 GARCH(1,1) models to the
univariate time series in order to get rid of any seasonal or times series effects. Then
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MLE, τ=0.15 Estimated copula

n d A C F G J

n=50 d=2 178 100 433 144 303
d=5 669 300 1793 483 22178
d=20 ∗ 2005 16461 6165 -
d=50 ∗ 5799 94656 132305 -

Table 3.6 Runtimes in seconds for 100 maximum likelihood estimates, using Maple.

the residuals are transformed using ranks so that we obtain 255 pseudo-observations
of the copula. We estimate the five different Archimedean copula models, which
are also used above, i.e Ali-Mikhail-Haq’s, Clayton’s, Frank’s, Gumbel’s and Joe’s
family. The results are presented in Table 3.7. When investigating the results
they are seen to be similar across the different families, in terms of the dependence
level, measured by Kendall’s tau. In addition, we access and tabulate the standard
deviations of the estimators by a bootstrap procedure. When comparing those values
to the values obtained in the simulation study, they seem to be quite reasonable and
the bootstrap seems to work here.

A C F G J

θ̂ 0.4325 0.2313 0.9789 1.1082 1.1779
sd(θ̂) 0.0440 0.0297 0.1106 0.0139 0.0232
τ̂ 0.1088 0.1036 0.1077 0.0977 0.0923

sd(τ̂) 0.0127 0.0120 0.0119 0.0113 0.0109

Table 3.7 Estimated parameters, bootstrapped standard deviations and correspond-
ing dependence levels (Kendall’s tau) for 29 dimensional real world data
containing assets from the German DAXsector Financial Services Perfor-
mance Index.

3.3 Goodness-of-fit Tests

Goodness-of-fit tests for copulas only came up in recent years. Although usually
presented in a d-dimensional setting, only some of the publications in this area ac-
tually apply goodness-of-fit tests in more than two dimensions, including Berg and
Bakken (2007) and Savu and Trede (2008) up to dimension d = 5, Berg (2009)
up to dimension d = 8. The common deficiency of both goodness-of-fit tests for
copulas in general and also of those for the class of Archimedean copulas, is their
limited applicability when the dimension increases. This is mainly due to the fact
that goodness-of-fit techniques feasible in small dimensions lack a simple or at least
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numerically accessible form as the dimension increases. Further, parameter estima-
tion usually becomes much more demanding in large dimensions (see section 3.2 as
well).
From the practitioner’s point of view, however, there is an increasing interest in

copula theory and applications in large dimensions. This is intuitively clear if one
considers, e.g. financial applications including a large number of assets, risks, and
so forth. One of our goals is therefore to present and explore goodness-of-fit tests
for Archimedean copulas applicable in a high-dimensional framework. Further, we
investigate the influence of the dimension on the conducted goodness-of-fit tests and
address the problems that arise specifically in large dimensions.
As a general goodness-of-fit test the transformation of Rosenblatt (1952) is well-

known (see section 2.2.4). As noted above, it is in some sense the inverse of a
popular sampling algorithm, namely of the conditional distribution method. In other
words, for a bijective transformation which converts d independent and identically
distributed standard uniform random variables to a d-dimensional random vector
distributed according to some copula, the corresponding inverse transformation may
be applied to obtain d i.i.d. standard uniform random variables from a d-dimensional
random vector distributed according to some given copula. In this section we use
this idea for goodness-of-fit testing based on the transformation originally proposed
by Wu et al. (2006) for sampling Archimedean copulas (see section 3.1.2). We apply
the first d − 1 components to build a general goodness-of-fit test for d-dimensional
Archimedean copulas. This complements goodness-of-fit tests based on the dth
component, the Kendall distribution function, see e.g. Genest et al. (2006), Savu
and Trede (2008), or Genest et al. (2009). Furthermore, the proposed test can be
interpreted as an Archimedean analog to goodness-of-fit tests based on Rosenblatt’s
transformation for copulas in general, as it establishes a link between a sampling
algorithm and a goodness-of-fit test. The appealing property of tests based on
the inverse of the transformation of Wu et al. (2006) for Archimedean copulas is
that they are easily applied in any dimension, whereas tests based on Rosenblatt’s
transformation as well as tests based on the Kendall distribution function may be
numerically challenging.

3.3.1 Theoretical Background

As above, we want to test the null hypothesis whether a copula is in a specific class
of copula families or not. However, this time we only allow this class to consist of
parametric Archimedean copulas, i.e. one may ask the question whether e.g. a Clay-
ton copula is suitable for the data under consideration. To be mathematically more
precise, for a given i.i.d. random sampleXi, i = 1, . . . , n, of a d-dimensional random
vector X and a given parametric family of Archimedean copulas {Cψθ : θ ∈ Θ}, we
want to test the null hypothesis

H0 : C ∈ {Cψθ : θ ∈ Θ} vs. H1 : C 6∈ {Cψθ : θ ∈ Θ} . (3.14)
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In the sequel we assume the marginal distribution functions F1, . . . , Fd of X to
be continuous. For testing H0, the marginal distributions are treated as nuisance
parameters and are as above replaced by their slightly scaled empirical counterparts

Ûi,k = n

n+ 1 F̂k,n(Xi,k), i = 1, . . . , n, k = 1, . . . , d, (3.15)

which are interpreted as observations of the underlying copula C. As described
above, the pseudo-observations Ûi, i = 1, . . . , n, are often first transformed to some
Vi, i = 1, . . . , n, so that the distribution of the latter is known and sufficiently sim-
ple to test under the null hypothesis. For Rosenblatt’s transformation (see section
2.2.4) Vi, i = 1, . . . , n, is also d-dimensional, for tests based on Kendall’s distri-
bution function (also described in section 2.2.4) it is one-dimensional, and for the
goodness-of-fit approach proposed below, it is (d − 1)-dimensional. If not already
one-dimensional after such a transformation, Vi, i = 1, . . . , n, is usually mapped to
one-dimensional quantities Yi, i = 1, . . . , n, such that the corresponding distribution
FY is again known under the null hypothesis. Indeed, instead of (3.14), an adjusted
null hypothesis

H∗0 : FY = FH0 vs. H∗1 : FY 6= FH0

is considered, under which a goodness-of-fit test can easily be carried out in a one-
dimensional setting. For mapping the data to a one-dimensional quantity, different
approaches exist and are given below. The reasoning behind this procedure is that if
H∗0 is rejected, so is H0. However, due to the possible informational loss by reducing
the dimension, H0 is a subset of H∗0 and hence the two hypotheses may not be equiv-
alent. We keep in mind that in fact there might be some informational loss inherent
in commonly used goodness-of-fit tests as they are carried out in a one-dimensional
setting. Additionally, the distributions of the test statistics under consideration are
affected by the fact that the pseudo-observations are neither perfectly independent
nor have perfectly uniform margins. However, all goodness-of-fit approaches suffer
from these effects and a solution may be to apply a bootstrap procedure to access the
exact null distribution. Particularly in large dimensions, conducting a bootstrap is
often time-consuming, especially for commonly used goodness-of-fit tests. Moreover,
using estimated copula parameters additionally affects the null distribution.
In order to clarify notation, we quickly summarize the dimension reduction ap-

proaches used in the sequel (see also section 2.2.4).

Nd: Under H0 the random variables Yi = Fχ2
d

(∑d
j=1

(
Φ−1(Vi,j)

)2), i = 1, . . . , n,
should be i.i.d. according to a standard uniform distribution, where Fχ2

d
de-

notes the distribution function of a χ2 distribution with d degrees of freedom
and Φ−1 denotes the quantile function of the standard normal distribution.
This transformation can e.g. be found in Dobrić and Schmid (2007) and is
denoted by “Nd” in the sequel.

K: Under H0 and if Kendall’s distribution function K is continuous, the random
variables Yi := K(C(Ui)) should be i.i.d. according to a standard uniform
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distribution. This approach for goodness-of-fit testing will be referred to as
“K”. Note that in this case no multidimensional transformation of the data is
performed beforehand.

KΠ: One can also consider the random vectors Vi, i = 1, . . . , n, in conjunction with
the independence copula, i.e., define Ỹi :=

∏d
k=1 Vi,k, where Ỹi has distribution

function KΠ(t) = t
∑d−1
k=0

1
k!(− log t)k. Under H0 the sample Yi := KΠ(Ỹi),

i = 1, . . . , n, should indicate a uniform distribution on the unit interval. This
approach is referred to as “KΠ”.

In the approaches Nd, K, and KΠ we have to test the hypothesis that realizations
of the random variables Yi, i = 1, . . . , n, follow a uniform distribution on the unit
interval. This may be achieved in several ways. The following two approaches are
applied in the sequel.
χ2: Pearson’s χ2 test, see Rao (2001, p. 391), shortly referred to as “χ2”.
AD: The so-called Anderson-Darling test, a specifically weighted Cramér-von Mises

test, see Anderson and Darling (1952), Anderson and Darling (1954), and
section 2.2.4. This method is referred to as “AD”.

A Goodness-of-fit Test for Archimedean Copulas

In this section we present a goodness-of-fit test for Archimedean copulas in large
dimensions. This test is based on the transformation originally presented in Wu
et al. (2006) for generating random variates from Archimedean copulas (see section
3.1.2). Recalling the inverse transformation Td

Vk =
(∑k

l=1 ψ
−1(Vl)∑k+1

l=1 ψ
−1(Vl)

)k
, k = 1, . . . , d− 1, Vd = K(C(U))

given in the proof of Theorem 3.1.9, the latter result implies the following.

Corollary 3.3.1 Let U ∼ C, d ≥ 2, where C is an Archimedean copula with
d-monotone generator ψ. Then (V1, . . . , Vd−1)T∼ U [0, 1]d−1, where

Vk =
(∑k

l=1 ψ
−1(Vl)∑k+1

l=1 ψ
−1(Vl)

)k
, k = 1, . . . , d− 1. (3.16)

The transformation Td : U → V can be interpreted as an analog to Rosenblatt’s
transformation R, specifically for Archimedean copulas. Both Td and R uniquely
map d random variables to d random variables and can therefore be used in both
directions, for generating random variates and for goodness-of-fit testing. The ad-
vantage of the approach Td for obtaining the random variables (or their realizations
in form of given data) Vi ∼ U [0, 1]d, i = 1, . . . , n, from Ui ∼ C, i = 1, . . . , n,
in comparison to Rosenblatt’s transformation lies in the fact that it is in general
much easier to compute the quantities in (3.16) than to access the derivatives of
the generator involved in the density needed for Rosenblatt’s transformation (see
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2.2.4). One can then proceed as for Rosenblatt’s transformation and use any of the
transformations listed above to transform Vi, i = 1, . . . , n, to the one-dimensional
quantities Yi, i = 1, . . . , n, for testing H∗0 . A test involving the transformation Td
to obtain the random vectors Vi ∼ U [0, 1]d, i = 1, . . . , n, is referred to as approach
“Td” in the sequel.
Note that evaluating the transformation Td might only pose difficulties for the

last component Vd, the Kendall distribution function K, whereas computing Vk,
k = 1, . . . , d − 1, is easily achieved for any Archimedean copula. For d → ∞, K
converges pointwise to the distribution function which jumps from 0 to 1 at zero.
Furthermore, for large d, evaluation of K often gets more and more complicated
from a numerical point of view, except for specific cases such as Clayton’s family,
where all involved derivatives of ψ are directly accessible. Therefore, K can be com-
puted directly via K(t) =

∑d−1
k=0(0− ψ−1(t))kψ(k)(ψ−1(t))/k!, see above. Moreover,

note that applying Td for obtaining the transformed data Vi, i = 1, . . . , n, requires
n-times the evaluation of the Kendall distribution function K. This can be compu-
tationally intense, especially in simulation studies involving bootstrap procedures.
Having in mind the informational loss inherent in the goodness-of-fit tests follow-
ing the dimension reduction approaches addressed above, one may suggest to omit
the last component Td and only consider the first d − 1 components, i.e. using the
data (Vi,1, . . . , Vi,d−1)T, i = 1, . . . , n, for testing purposes if d is large. The simula-
tion study in the next section shows that this leads to fast goodness-of-fit tests for
Archimedean copulas in large dimensions such that the informational loss due to
omitting the last component is small. A goodness-of-fit test based on omitting the
last component of the transformation Td is referred to as approach “Td−1” in the
sequel.

3.3.2 A Large Scale Simulation Study

The Experimental Design

In this section the experimental design for the large-scale simulation study to com-
pare various goodness-of-fit tests including our proposed goodness-of-fit transforma-
tion is described. We focus on two features, on the error probability of the first kind,
i.e. if a test maintains its nominal level, and on the power under several alternatives.
To distinguish between the different approaches, we use either pairs or triples, e.g.
the approach “(Td−1, Nd−1, AD)” denotes a goodness-of-fit test based on first ap-
plying our proposed transformation Td without the last component, then using the
approach based on the χ2

d−1 distribution to transform the data to a one-dimensional
setup, and finally applying the Anderson-Darling statistic to test H∗0 . Similarly,
“(Td−1, S

B
n,d−1)” denotes a goodness-of-fit test which uses the approach SBn,d−1 for

reducing the dimension and testing H∗0 (see section 2.2.4).
In the conducted Monte Carlo simulation, the following ten different goodness-of-
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fit approaches are tested:

(Td−1, Nd−1, χ
2), (Td−1, Nd−1, AD), (Td−1, S

B
n,d−1), (K,χ2), (K,AD),

(Td, Nd, AD), (Td,KΠ, AD), (Td, SBn,d), (R,Nd, AD), (R,SBn,d). (3.17)

Similar to Genest et al. (2009), we investigate samples of size n = 150 and parameters
of the copulas such that Kendall’s tau equals τ = 0.25. Furthermore, we work
in d = 5 and d = 20 dimensions for comparing the goodness-of-fit tests given in
(3.17). For every scenario, we simulate the corresponding Archimedean copulas of
Ali-Mikhail-Haq (A), Clayton (C), Frank (F), Gumbel (G), and Joe (J) as well as
the Gaussian (Ga) and t copula with four degrees of freedom (t4). For simplicity,
we use one-parameter copulas only in our study. For the scenarios (R,Nd, AD)
and (R,SBn,d), all of these seven copula families are tested; otherwise, only the five
Archimedean copula families can be considered because at least one component of
the transformation Td is involved. Whenever computationally feasible, N = 1000
replications are used for computing the empirical level and power. In some cases
less than 1000 replications are used. For all tests, the significance level is fixed at
α = 5%. Moreover, for the χ2-tests, ten cells are used.
Concerning the use of Maple, we proceed as follows. For computing the d − 1

components of the transformation Td−1 involved in the first three and the sixth
to eighth approach listed in (3.17), Maple is only used if working under double
precision in C/C++ leads to errors. With errors, non-float values including nan,
-inf, and inf as well as float values less than zero or greater than one are meant.
For computing the last component of Td, Maple is used to generate C/C++ code. To
decrease runtime, the function is then hard coded in C/C++, except for Clayton’s
family where an explicit form of all derivatives and hence K is known. The same
holds for computing K for the approaches (K,χ2) and (K,AD). For the approaches
involving Rosenblatt’s transform, a computation in C/C+ is possible for Clayton’s
family in a direct manner, whereas again Maple’s code generator is used for all other
copula families to obtain the derivatives of the generator. If there are numerical
errors from this approach, we use Maple with a high precision for computation. If
Rosenblatt’s transformation produces errors even after computations in Maple, we
disregard the corresponding goodness-of-fit test and use the remaining test results
of the simulation for computing the empirical level and power.
Due to its well-known properties, we use maximum likelihood estimation to esti-

mate the copula parameters. Since we simulate independent random vectorsUi ∼ C,
i = 1, . . . , n, there is no need to consider ranks, which would affect the null distri-
bution. Note that parameter estimation also changes the null distribution. This
generally requires a bootstrap procedure for accessing the correct null distribution,
see below. Note that a bootstrap can be quite time-consuming in large dimensions.
For the bootstrap versions of the goodness-of-fit approaches involving the generator
derivatives, we are required to hard code the derivatives in order to decrease runtime.
We remark that such effort is not needed for applying our proposed goodness-of-fit
test (Td−1, Nd−1, AD), since it is not required to access the generator’s derivatives.
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The Bootstrap

Note that for our proposed approach (Td−1, Nd−1, AD) it is not clear whether the
bootstrap procedure is valid from a theoretical point of view, see e.g. Dobrić and
Schmid (2007) and Genest et al. (2009). However, empirical results presented in this
section indicate the validity of this approach, described as follows.

Algorithm 3.3.2 (Bootstrap) In order to get an approximate P -value for the test
(Td−1, Nd−1, AD), do the following steps.

1. Given the dataXi, i = 1, . . . , n, build the pseudo-observations Ûi, i = 1, . . . , n
as given in (3.15) and estimate the unknown copula parameter θ by a consistent
estimate θ̂.

2. Based on Ûi, i = 1, . . . , n, the given Archimedean family, and the parameter
estimate θ̂ compute the d−1 components Vi,k, i = 1, . . . , n, k = 1, . . . , d−1, of
the transformation Td−1 as in (3.16) and the one-dimensional quantities Yi :=∑d−1
k=1(Φ−1(Vi,k))2, i = 1, . . . , n. Then compute the Anderson-Darling test

statistic An := −n− 1
n

∑n
i=1(2i−1)[log(Fχ2

d−1
(Y(i)))+log(1−Fχ2

d−1
(Y(n−i+1)))].

3. Choose the number M of bootstrap replications. For each m = 1, . . . ,M :

3.1 Generate a random sample of size n from the given Archimedean cop-
ula with parameter θ̂ and compute the corresponding vectors of compo-
nentwise scaled ranks Û∗i,m, i = 1, . . . , n. Then, estimate the unknown
parameter θ by a consistent estimate θ̂∗m.

3.2 Based on Û∗i,m, i = 1, . . . , n, the given Archimedean family, and the pa-
rameter estimate θ̂∗m, compute the d − 1 components V ∗i,k,m, i = 1, . . . , n,
k = 1, . . . , d − 1, of the transformation Td−1 as in (3.16) and Y ∗i,m :=∑d−1
k=1(Φ−1(V ∗i,k,m))2, i = 1, . . . , n. Then compute the Anderson-Darling

test statistic A∗n,m := −n − 1
n

∑n
i=1(2i − 1)[log(Fχ2

d−1
(Y ∗(i),m)) + log(1 −

Fχ2
d−1

(Y ∗(n−i+1),m))].

4. An approximate P -value for the test (Td−1, Nd−1, AD) is given by

1
M

M∑
m=1

1{A∗n,m>An}.

The bootstrap procedures for the other approaches can be obtained similarly. For
the bootstrap procedure using Rosenblatt’s transformation, see e.g. Genest et al.
(2009). For our simulation studies, we use M = 1000 bootstrap replications. Note
that, together with the number N = 1000 of test replications, simulation studies are
quite time-consuming, especially if parameters need to be estimated and especially
if large dimensions are involved.
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100-dimensional Case

Applying maximum likelihood estimation in large dimensions is at best numerically
challenging and time consuming. Therefore, it is not possible to use the bootstrap
described in Algorithm 3.3.2 in the case d = 100, although our proposed goodness-
of-fit test is easily applied in this large-dimensional setup. We thus only investigate
the error probability of the first kind for d = 100, similar to the case A addressed in
Dobrić and Schmid (2007). For this, we generate N = 1000 times 100-dimensional
samples of size n = 150 with parameters chosen such that Kendall’s tau equals
τ = 0.25 (see Table 3.2). We then compute for each generated data set the P -
value of the test (Td−1, Nd−1, AD) as before but this time we use the known copula
parameters. Finally, the number of rejections among the 1000 conducted goodness-
of-fit tests according to the five percent level is reported.

Results

We now present the results obtained from the large-scale simulation study conducted
for the ten different goodness-of-fit approaches listed in (3.17). To reduce the rather
huge amount of test results, we do not report all our findings in form of tables but
rather discuss some of them in the text. The presented results summarize the main
characteristics found in the simulation study. As an overall result, we found that
the empirical power against all investigated alternatives increases if the dimension
increases. As expected, so does runtime.
Let us discuss the methods that show a comparably weak performance in the con-

ducted simulation study. We start with the results that are based on the test statis-
tics SBn,d−1 or SBn,d to reduce the dimension. Although keeping the error probability
of the first kind, the goodness-of-fit tests (Td−1, S

B
n,d−1), (Td, SBn,d), and (R,SBn,d)

show a rather weak performance against the investigated alternatives, at least in
our test setup as described above. For example, for n = 150, d = 5, and τ = 0.25,
the method (Td, SBn,d) leads to an empirical power of 5.2% for testing Clayton’s cop-
ula when the simulated copula is Ali-Mikhail-Haq’s, 11.5% for testing the Gaussian
copula on Frank copula data, 7.7% for testing Ali-Mikhail-Haq’s copula on data
from Frank’s copula, and 6.4% for testing Gumbel’s copula on data from Joe’s cop-
ula. Similar results are obtained for the methods (Td−1, S

B
n,d−1) and (R,SBn,d). We

therefore do not further report on the methods involving SBn,d−1 or SBn,d. The method
(Td,KΠ, AD) also shows a weak performance for both investigated dimensions and is
therefore omitted. Since the cases of (K,χ2) and (K,AD) as well as the approaches
(Td−1, Nd−1, AD) and (Td−1, Nd−1, χ

2) do not significantly differ, we only report the
results based on the Anderson Darling test.
Now, consider the goodness-of-fit testing approaches (Td−1, Nd−1, AD), (K,AD),

and (Td, Nd, AD). Recall that (Td−1, Nd−1, AD) is based on the first d − 1 compo-
nents of the transformation Td, that (K,AD) applies only the last component of Td,
and that (Td, Nd, AD) applies the whole transformation Td in d dimensions, where all
three approaches use the Anderson-Darling test for testing H∗0 . The test results for
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the three goodness-of-fit tests with n = 150, τ = 0.25, and d ∈ {5, 20} are reported
in Tables 3.8, 3.9, and 3.10 respectively. As mentioned above, we use a bootstrap
procedure to obtain approximate P -values and test the hypothesis based on those
P -values. The parameters are estimated by maximum likelihood estimation. We use
N = 1000 repetitions where possible. In all cases involving Joe’s copula as H0 copula
only about 650 repetitions could be finished. On average, method (K,AD) shows
the largest empirical power against the investigated Archimedean alternatives and
method (Td−1, Nd−1, AD) shows the largest against the Gaussian and the t4 copula.
Note that for (Td, Nd, AD), even if the transformation Td with all d components is
applied, there seems to be no gain in power, which can be inferred from Table 3.10.
Now, let us turn to the high-dimensional case d = 20. Again on average, method
(K,AD) shows the largest empirical power against the Archimedean alternatives
and method (Td−1, Nd−1, AD) has the largest one against the Gaussian and the t4
the copula. However, the differences in power vanish. Note that in Table 3.9 for the
case where the Ali-Mikhail-Haq copula is tested, the power decreases in comparison
to the five dimensional case. This might be due to numerical difficulties occurring
when K is evaluated in this case, since the same behavior is visible for the method
(K,χ2). Moreover, we remind the reader of the numerical issues occurring when pa-
rameter estimation using maximum likelihood estimation for this case is performed
(see section 3.2.2 and Table 3.4).

True copula, d = 5 True copula, d = 20

H0 A C F G J Ga t4 A C F G J Ga t4

A 4.8 10.5 68.5 97.8 100.0 34.2 94.0 5.2 4.8 98.1 97.8 100.0 47.2 100.0
C 35.4 4.7 92.8 99.6 100.0 84.2 100.0 95.3 6.1 100.0 100.0 100.0 100.0 100.0
F 2.9 10.5 5.3 58.5 94.8 15.8 99.4 0.3 12.8 5.4 63.5 100.0 77.6 100.0
G 24.5 56.6 8.9 5.2 10.3 17.0 99.3 99.4 100.0 24.9 5.2 77.0 100.0 100.0
J 71.7 92.9 41.1 13.7 4.9 76.4 100.0 98.6 98.4 84.4 6.9 5.2 100.0 100.0

Table 3.8 Empirical power in % for (Td−1, Nd−1, AD), based on N = 1000 repli-
cations with n = 150, τ = 0.25, and d = 5 (left), respectively d = 20
(right).

Table 3.11 shows the empirical power of the method (R,Nd, AD). In compar-
ison to our proposed goodness-of-fit testing approach (Td−1, Nd−1, AD), the ap-
proach (R,Nd, AD) mainly performs worse. For d = 5, there are only two cases
where (R,Nd, AD) performs better than (Td−1, Nd−1, AD), which are testing the
Ali-Mikhail-Haq copula when simulating from t4 and testing Joe’s copula when
simulating from Gumbel’s. In the high-dimensional case d = 20, results are only
obtained for Clayton’s copula. In this case the actual number of repetitions for
calculating the empirical power is approximately 500. For the cases when testing
the Ali-Mikhail-Haq, Gumbel, Frank, or Joe copula no reliable results are obtained
since only about 20 repetitions could be finished in the runtime provided by the grid.
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True copula, d = 5 True copula, d = 20

H0 A C F G J Ga t4 A C F G J Ga t4

A 6.1 33.7 13.5 38.3 83.6 11.5 44.4 4.2 16.8 0.0 1.7 8.9 59.5 82.4
C 30.6 5.1 95.5 86.9 99.3 28.8 7.7 65.9 5.6 100.0 99.8 100.0 45.5 4.1
F 41.4 97.6 4.0 63.7 59.5 48.1 88.9 90.0 100.0 5.2 99.9 100.0 98.5 100.0
G 12.0 24.3 41.1 4.9 5.4 6.9 16.3 9.5 56.8 93.0 6.5 60.7 1.3 8.3
J 70.1 50.5 70.5 3.0 5.5 29.0 12.8 100.0 100.0 99.8 1.8 6.7 100.0 100.0

Table 3.9 Empirical power in % for (K,AD), based on N = 1000 replications with
n = 150, τ = 0.25, and d = 5 (left), respectively d = 20 (right).

True copula, d = 5 True copula, d = 20

H0 A C F G J Ga t4 A C F G J Ga t4

A 4.2 8.4 36.4 83.1 99.7 21.6 98.4 5.3 16.2 98.0 96.6 100.0 68.8 100.0
C 6.9 4.7 16.9 65.9 90.2 25.3 100.0 86.3 5.3 99.7 99.9 100.0 100.0 100.0
F 4.4 3.1 4.9 16.7 46.1 9.1 99.2 0.4 5.6 5.0 30.8 100.0 25.9 100.0
G 3.8 5.8 1.8 5.0 15.8 3.7 98.7 94.7 100.0 8.2 7.1 85.3 98.6 100.0
J 11.1 17.5 6.4 4.8 4.8 10.8 99.7 100.0 100.0 74.8 3.5 5.3 98.7 100.0

Table 3.10 Empirical power in % for (Td, Nd, AD), based on N = 1000 replications
with n = 150, τ = 0.25, and d = 5 (left), respectively d = 20 (right).

78



3.3 Goodness-of-fit Tests

This is due to the high-order derivatives involved in this transformation, which slows
down computations considerably.

True copula, d = 5 True copula, d = 20

H0 A C F G J Ga t4 A C F G J Ga t4

A 4.5 8.9 46.9 79.1 98.8 11.0 94.2 ∗ ∗ ∗ ∗ ∗ ∗ ∗
C 11.7 5.0 17.7 53.5 68.8 10.4 99.7 93.4 5.3 100.0 100.0 100.0 100.0 100.0
F 3.4 2.6 5.5 15.8 61.6 5.7 99.5 − − − − − − −
G 4.9 4.0 1.2 3.0 14.5 1.2 97.9 − − − − − − −
J 21.1 21.8 9.5 4.3 3.6 7.2 99.7 − − − − − − −

Table 3.11 Empirical power in % for (R,Nd, AD), based on N = 1000 replications
with n = 150, τ = 0.25, and d = 5 (left), respectively d = 20 (right).

Another aspect, especially in large dimensional settings, is numerical precision.
Going from the low- to the high-dimensional case we faced several problems dur-
ing our computations. For example, the approach (R,Nd, AD) shows difficulties in
testing the H0 copula of Ali-Mikhail-Haq for d = 20. Even after applying Maple
(with Digits set to 15; default is 10), the goodness-of-fit tests indicated numerical
problems. The numerical issues appearing in the testing approaches (K,AD) and
(Td, Nd, AD) when evaluating the Kendall distribution function were already men-
tioned before. In principal, one could be tempted to choose a (much) higher precision
than standard double in order to obtain more reliable testing results. However, note
that this increases runtime significantly. In such a setup, applying a bootstrap pro-
cedure would not be possible anymore. In large dimensions, only the approaches
(Td−1, Nd−1, AD) and (Td−1, Nd−1, χ

2) can be applied without facing computational
difficulties according to precision and runtime.
Concerning the case d = 100, we check if the error probability of the first kind

according to the five percent level is kept. The results of the procedure described
above are 4.6%, 4.2%, 5.0%, 5.5%, and 4.9% for the families of Ali-Mikhail-Haq,
Clayton, Frank, Gumbel, and Joe respectively.

3.3.3 A Graphical Goodness-of-fit Test and a Real World Example

The distribution of the transformed random vector V is only known when the true
parameter θ is used in Td to transform the data, i.e. we do not know how the
choice of the parameter of ψ−1θ used in Td influences V . A plot may provide
more information, e.g. it can be used to determine the locations of deviations from
uniformity. Therefore, we briefly graphically investigate the distributional behavior
of the transformation T : U → V . Figures 3.1, 3.2, 3.4, and 3.3 show scatter-plot
matrices of 1000 generated three-dimensional vectors which are transformed using
Td. Since K is easily computed in three dimensions, we also use the last component
of Td involving Kendall’s distribution function.
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In Figure 3.1 and 3.2, the vectors of random variates are drawn from a Gaussian
(left) and t4 (right) copula, where the single parameter is chosen such that Kendall’s
tau equals 0.5. The transformation Td is applied to the generated data, where ψ is
chosen as Joe’s generator (Figure 3.1) respectively Clayton’s generator (Figure 3.2)
with respective parameters such that Kendall’s tau also equals 0.5. In Figure 3.1
and Figure 3.2, the deviations from uniformity are small but visible, especially in
the corners of the different panels.
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Figure 3.1 Data from a Gaussian (left) and t4 (right) copula with parameter chosen
such that Kendall’s tau equals 0.5, transformed with Joe’s family with
parameter such that Kendall’s tau equals 0.5.

The generated data for the left-hand side and right-hand side of Figure 3.3 comes
from a Joe copula with parameter chosen such that Kendall’s tau equals 0.5. For
the left-hand side, the data is transformed with the “correct” choice of ψθ, i.e. with
Joe’s copula family having parameter s.t. a Kendall’s tau of 0.5 is matched. The plot
on the right-hand side shows the scatter plot of the data, where Td is applied with
ψ of Clayton’s family and parameter chosen such that Kendall’s tau equals 0.5. The
deviation from uniformity for the Clayton transformed data is clearly visible. Since
the data on the left-hand side is transformed with the correct family and parameter,
the resulting variates are indeed uniformly distributed on the unit cube.
In Figure 3.4, the generated data is the same as in Figure 3.3. But this time,

the transformation Td is applied with the wrong parameter. For the left-hand side
of Figure 3.4, the parameter of Joe’s Archimedean generator is chosen such that
Kendall’s tau equals 0.25, for the right-hand side it is 0.75. Deviations from unifor-
mity are also easy to detect. In fact, it can be seen that more data points are on the
margins for the case of the large value of Kendall’s tau than in the case of uniformly
distributed data. On the contrary, for a small value of Kendall’s tau, there seem
to be to less points in the regions of the squares’ margins in order for the data to
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Figure 3.2 Data from a Gaussian (left) and t4 (right) copula with parameter chosen
such that Kendall’s tau equals 0.5, transformed with Clayton’s family
with parameter such that Kendall’s tau equals 0.5.
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Figure 3.3 Data from a Joe copula with parameter chosen such that Kendall’s tau
equals 0.5, transformed with Joe’s family (left) respectively Clayton’s
family (right) with parameter such that Kendall’s tau equals 0.5.
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be uniformly distributed. More graphical examples are given in Hering and Hofert
(2011).
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Figure 3.4 Data from a Joe copula with parameter chosen such that Kendall’s
tau equals 0.5 transformed with Joe’s family with parameter such that
Kendall’s tau equals 0.25 (left) respectively 0.75 (left).

At the end of this section, we outline an application to real-life data. For this,
we consider the Dow Jones Industrial Average on the n = 65 trading days from
2010-01-01 to 2010-04-01. This stock market index consists of d = 30 large, publicly
owned companies in the United States.
A typical procedure in dealing with stock (index) data is the following. First, one

has to check if there are missing data points, and if so, how to deal with them. This
can e.g. be done by taking the last available data point or average over the last and
next available data points. Second, one applies a transformation to each of the time
series in order to obtain stationary data. A simple way is to consider log-returns,
i.e., instead of the time series Si,k, i = 0, . . . , n, corresponding to the kth stock,
one considers Xi,k := log(Si,k/Si−1,k), i = 1, . . . , n. More sophisticated models such
as GARCH or (S)AR(I)MA modeling are another possibility, see also section 3.2.2.
Finally, one computes the pseudo-observations Ûi, i = 1, . . . , n, as given in (3.15).
We fit the Archimedean copulas of Ali-Mikhail-Haq, Clayton, Frank, Gumbel,

and Joe to these pseudo-observations based on the log-returns of the data by us-
ing maximum-likelihood estimation. The parameter estimates obtained are 0.9088
(0.2825), 0.6271 (0.2387), 2.5690 (0.2685), 1.3603 (0.2649), and 1.5171 (0.2250),
respectively, with the corresponding Kendall’s tau in parentheses. We use our pro-
posed goodness-of-fit test with the bootstrap procedure as given in Algorithm 3.3.2
withM = 1000 bootstrap replications to determine which models are adequate. For
the trading period addressed above, the P -values for the families of Ali-Mikhail-
Haq, Clayton, Frank, Gumbel, and Joe are 0.011, 0, 0.002, 0, and 0 respectively.
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Similar results are obtained for several permutations of the data; the permutations
are investigated to determine if the transformation Td depends on the order of the
data columns. Therefore, none of these copulas can be considered as an appropri-
ate model for the Dow Jones data in the investigated time period. This might be
due to the fact that Archimedean copulas are exchangeable, whereas the Dow Jones
consists of inhomogeneous stocks.
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Archimedean copulas have been used extensively in applications and might be con-
sidered as an alternative to the popular class of elliptical copulas in large dimen-
sions. In contrast to the latter, the former allow for radial asymmetries, which is
of special interest e.g. in financial applications. However, the functional symmetry
of Cψ implies exchangeability of the underlying random variables, which is often
not justified. As mentioned earlier, this drawback may be overcome by the idea of
nesting Archimedean copulas, see section 2.2.5 or Joe (1997, p. 87). In this chap-
ter, we consider nested Archimedean copulas which are a grouped generalization of
Archimedean copulas given by

Cψ0(Cψ1(u1,1, . . . , u1,d1), . . . , CψS (uS,1, . . . , uS,dS )). (4.1)

where we refer to the function ψ0 as outer generator and to the functions ψj for j ∈
{1, . . . , S} as inner generators. However, the ideas of this chapter can easily be used
for more general structures of nested Archimedean copulas given by Definition 2.2.20.
Additionally, we explicitly give the results of this chapter in a general framework
whenever notationally adequate.

4.1 Mixtures of Distributions and McNeil’s Sampling
Algorithm

The sampling algorithm of Marshall and Olkin (1988) for exchangeable Archimedean
copulas, see Algorithm 3.1.3, is closely related to the notion of Laplace transforms.
In fact, it is shown above that any Archimedean copula with generator ψ being the
Laplace transform of a non-negative random variable V may be written in terms of
a mixture of distributions

ψ
( d∑
k=1

ψ−1(uk)
)

=
∫ ∞

0
e−v

∑d

k=1 ψ
−1(uk)dFV (v).

McNeil (2008) generalizes this result to nested Archimedean copulas (see section
2.2.5). In fact, the ideas are already stated by Joe (1997) but not worked out in
detail. In particular, the so-called nesting condition plays an important role in that
context, giving a sufficient condition such that the resulting generated function is
indeed a proper copula, e.g. if ψ0, . . . , ψS are completely monotone Archimedean
generators and

(ψ−1
0 ◦ ψs)′ is c.m., s = 1, . . . , S, (4.2)

85



4 Nested Archimedean Copulas

then (4.1) defines a proper copula and we call the involved generators compatible.
To gain more insight into the probabilistic construction underlying the sampling
algorithm of McNeil (2008), we investigate the fully nested case and the sectorial
case (4.1) given above in more detail.

Theorem 4.1.1 Let ψ0, ψ1, . . . be completely monotone Archimedean generators
and let V ∼ FV be the random variable such that ψ0(t) = E(e−tV ) =

∫∞
0 e−tvdFV (v).

1. If (ψ−1
0 ◦ ψs)′ is completely monotone for s = 1, . . . , S, then it holds for the

copula defined in (4.1) that

C(u) =
∫

[0,∞)S+1

S∏
s=1

ds∏
k=1

e−vkψ
−1
k

(us,k)dGS(vS , v) . . . dG1(v1, v)dFV (v),

where for fixed v ≥ 0 we denote by Gk(vk, v) a distribution function having
Laplace transform ψ0,k(t) = e−v(ψ−1

0 ◦ψk)(t) and where ψ0 denotes the Laplace
transform of FV .

2. If (ψ−1
k−1 ◦ ψk)′ is completely monotone for k = 1, . . . , d − 2 then it holds for

the d-dimensional fully nested copula given by (2.3) that

C(u) =
∫

[0,∞)d−1
e−vd−2ψ

−1
d−2(ud)

d−2∏
k=0

e−vkψ
−1
k

(uk+1)dGd−2(vd−2, vd−3) . . . dFV (v0),

where for fixed vk−1 ≥ 0 we denote by Gk(vk, vk−1) a distribution function hav-
ing Laplace transform ψk−1,k(t) = e−vk−1(ψ−1

k−1◦ψk)(t) and where ψ0(t) denotes
the Laplace transform of FV .

Proof
A proof is given in McNeil (2008).

Note that the functions ψ0,k(t) = e−v(ψ−1
0 ◦ψk)(t) resp. ψk−1,k(t) = e−v(ψ−1

k−1◦ψk)(t)

involved in this theorem are completely monotone if (ψ−1
0 ◦ψk)′ resp. (ψk−1◦ψk)′ are

completely monotone functions, i.e. if the involved Archimedean generators are com-
patible. Moreover, it holds for v > 0 that limt→∞ ψ0,k(t) = limt→∞ e

−v(ψ−1
0 ◦ψk)(t) =

0 and ψ0,k(0) = 1. Hence the functions ψ0,k(t) are completely monotone Archime-
dean generators. The same holds true for the functions ψk−1,k(t). Theorem 4.1.1
justifies the use of the following sampling Algorithm for nested Archimedean copulas.

Algorithm 4.1.2 To create a random sample (U1,1, . . . , U1,d1 , . . . , US,1, . . . , US,dS ) of
the sectorial copula structure given by (4.1), perform the following.

1. Generate a sample of the random variable V ∼ FV having Laplace transform
ψ0(t) = E(e−tV ) =

∫∞
0 e−tv dFV (v).

2. For every s = 1, . . . , S, generate a sample of the random vectorXs distributed
according to the Archimedean copula generated by ψ0,s(t) = e−V (ψ−1

0 ◦ψs)(t),
using e.g. Algorithm 3.1.3.
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3. Return U1,1, . . . , US,dS with Us,k = ψ0
(− logXs,k

V

)
.

To create a random sample (U1, . . . , Ud) from the fully nested Archimedean copula
(see (2.3)), do the following steps.

1. Generate a sample of the random variable V0 ∼ FV0 having Laplace transform
ψ0(t) = E(e−tV0) =

∫∞
0 e−tv dFV0(v).

2. For every k = 1, . . . , d−2, generate recursively a sample of the random variable
Vk with Laplace transform ψk−1,k(t) = e−Vk−1(ψ−1

k−1◦ψk)(t).

3. Generate d independent samples X1, . . . , Xd of X ∼ U [0, 1].

4. Return Uk = ψk−1
(− logXk

Vk−1

)
for k = 1, . . . , d− 2 and Ud = ψd−2

(− logXd
Vd−2

)
.

Since this algorithm heavily relies on Theorem 4.1.1, it can easily be adjusted by
deriving the mixture representation of any nested Archimedean copula structure.
This task is straightforward by following the lines of McNeil (2008). Yet, neither the
algorithm nor the theorem give an explicit probabilistic model underlying the nested
Archimedean copula structure. Moreover, complicated simulation steps have to be
done in order to generate random samples of the copula. In particular, random sam-
ples of distributions corresponding to Laplace transforms ψ0,s(t) resp. ψk−1,k(t) have
to be generated. This task is not straightforward and is tackled in Hofert (2011).
The nesting condition can often be verified when both generators belong to the same
Archimedean family, i.e. they have the same functional form. However, explicit sam-
pling routines are only available for certain combinations of Archimedean families,
and the sufficient condition rarely holds if Archimedean generators belonging to
different families are combined.

4.2 A New View on Nested Archimedean Copulas
The aim of this section is to look at the aforementioned sufficient criterion of Mc-
Neil (2008) from another perspective. More precisely, it is reformulated involving
the notion of Lévy subordinators. This interpretation is useful in two directions.
First, McNeil (2008), Hofert (2008), and Hofert (2011) present specific examples of
compatible generators. In contrast, our strategy is to keep an arbitrary, completely
monotone outer generator ψ0 fix and to determine the whole set of inner generators
being compatible with it. On a theoretical level, this allows to determine all copulas
of the form (4.1), which are achievable by the sufficient criterion of McNeil (2008).
In particular, new examples of nested Archimedean copulas are easily derived. Sec-
ond, the suggested approach allows to construct copulas of the form (4.1) in two
steps. First, an arbitrary, completely monotone outer generator ψ0 is chosen. By
Theorem 3.1.1, ψ0 is the Laplace transform of a positive random variable V . This
random variable is interpreted as a random time point. Second, instead of specifying
compatible inner generators, we specify quite arbitrary Lévy subordinators for each

87



4 Nested Archimedean Copulas

group. These are evaluated at the common time V . The resulting compatible inner
generators are determined implicitly, which makes checking the nesting condition
(4.2) obsolete. Knowing how properties of V and the Lévy subordinators translate
into dependence properties of the resulting nested Archimedean copula, allows to
construct copulas with desired features. In the rest of this section, we determine the
set of all compatible pairs of generators in a convenient form and construct a prob-
abilistic model based on subordinators which is equivalent to the sufficient nesting
condition of McNeil (2008). Moreover, the sampling strategy is reformulated from
the alternative perspective. Dependence properties of the construction such as the
measures of association Kendall’s tau, Spearman’s rho, and tail dependence parame-
ters are investigated and we present new and known examples of nested Archimedean
copulas.

4.2.1 Compatible Generators

In contrast to Joe (1997), McNeil (2008), Hofert (2008), and Hofert (2011), we do not
aim at finding specific examples for pairs (ψ0, ψ1) of an outer and an inner generator
that satisfy the nesting condition (4.2). We rather fix a completely monotone outer
generator ψ0 satisfying ψ0(0) = 1 and limt→∞ ψ0(t) = 0, and determine the whole
set

Mψ0 := {ψ(0) = 1, lim
t→∞

ψ(t) = 0, ψ c.m. | (ψ−1
0 ◦ ψ)′ c.m.}

of all inner generators which are compatible with ψ0. This theoretical result is stated
in Theorem 4.2.1. In order to establish this result, the notion of a Lévy subordinator
is useful (see section 2.3). For a given Lévy subordinator T , the well-known Lévy-
Khinchin Theorem (Theorem 2.3.3) states that there are a non-negative number
µ ≥ 0 and a measure ν on (0,∞) satisfying

∫
(0,∞)

min{t, 1} ν(dt) <∞ (4.3)

such that for each t ≥ 0 the Laplace transform of Tt is given by

E(e−xTt) = e−tΦ(x), Φ(x) := µx+
∫

(0,∞)
(1− e−xt) ν(dt), x ≥ 0. (4.4)

Returning to copulas, an application of the Lévy-Khinchin Theorem allows to de-
termine the set Mψ0 completely. More precisely, for a given outer generator ψ0, all
compatible inner generators can be parameterized by ψ0, a drift constant µ ≥ 0, and
a Lévy measure ν on (0,∞). We summarize and prove this result in the following
theorem.
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Theorem 4.2.1 (Compatible Generators) Let ψ0 be a completely monotone
function satisfying ψ0(0) = 1 and limt→∞ ψ0(t) = 0. Then it holds that

Mψ0 =
{
ψ
∣∣∣ψ(t) = ψ0

(
µt+

∫
(0,∞)

(1− e−ty) ν(dy)
)
, where

µ ≥ 0 and where ν is a measure on (0,∞) satisfying (4.3),

and either µ > 0 or ν
(
(0, 1)

)
=∞, or both

}
.

Proof
It follows from Feller (1971, p. 450) that a function Φ : [0,∞)→ [0,∞) is the Laplace
exponent of a Lévy subordinator if and only if Φ(0) = 0 and Φ has a completely
monotone derivative on (0,∞). Thus for two completely monotone generators ψ0
and ψ1, which satisfy ψ0(0) = ψ1(0) = 1 and which both tend to zero as their
arguments tend to infinity, it follows that

(ψ−1
0 ◦ ψ1)′ is c.m.⇔ ψ−1

0 ◦ ψ1 = Φ is the Laplace exponent of a subordinator.

Having the outer generator ψ0 fixed implies that all possible inner generators ψ1 are
given by ψ1 = ψ0 ◦ Φ for the Laplace exponent Φ of a Lévy subordinator T . More
clearly, ψ1 is the Laplace transform of TV , where T is some subordinator which is
stopped at some random time V . Since ψ1(t) tends to zero as t tends to infinity,
one must choose Laplace exponents Φ satisfying limx→∞Φ(x) = ∞. This excludes
Lévy subordinators T with the property that P (Tt = 0) > 0 for some t > 0. These
are precisely the compound Poisson subordinators, which are characterized by zero
drift µ = 0 and a Lévy measure ν satisfying ν

(
(0, 1)

)
< ∞ (see also Theorem 2.3.4

in this context). The claim is hence established by applying the Lévy-Khinchin
representation.

Let us show how well-known examples of compatible generators are embedded in
our framework. Especially, stable subordinators arise quite naturally in this regard.

Example 4.2.2 (Families based on stable subordinators) For every h ≥ 0 and α ∈
(0, 1) the function Φ(x) = (x+h)α−hα is the Laplace exponent of an exponentially
tilted α-stable subordinator T which has zero drift µ = 0 and Lévy measure

ν(dt) = 1{t>0}
α

Γ(1− α)
e−ht

t1+α dt.

To see that the form of Φ and the characteristics fit together, note that it follows
from Applebaum (2004, p. 69) that

α

Γ(1− α)

∫
(0,∞)

(1− e−xt) 1
t1+α dt = xα.
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Replacing x by x+ h in this equation, it is directly implied that

(x+ h)α = α

Γ(1− α)

∫
(0,∞)

(1− e−(x+h)t) 1
t1+α dt

= α

Γ(1− α)

∫
(0,∞)

(1− e−xt)e
−ht

t1+αdt+ α

Γ(1− α)

∫
(0,∞)

(1− e−ht) 1
t1+αdt.

Using hα = α
Γ(1−α)

∫
(0,∞)(1− e−ht)

1
t1+αdt finally gives

α

Γ(1− α)

∫
(0,∞)

(1− e−xt) e
−h t

t1+α dt = (x+ h)α − hα.

Note that exponentially tilted α-stable subordinators generalize the notion of α-
stable subordinators, which arise as a special case if h = 0. In probabilistic terms,
this means that for all t > 0, the random variable Tt has the exponentially tilted
stable distribution ES(α, 1, (cos(πα/2)t))1/α, 0, h; 1), using the notation of Hofert
(2008). For several choices of ψ0, h, and α, this gives well-known examples of nested
Archimedean copulas.

1. Nested Clayton family: Let the outer generator be given by ψ0(t) = (1 +
t)−1/θ0 for θ0 > 0 and choose as Laplace exponent Φ(x) = (x + 1)θ0/θ1 − 1
with θ1 > θ0. This corresponds to h = 1 and α = θ0/θ1. The implicit inner
generator is then ψ1(t) = ψ0 ◦ Φ(t) = (1 + t)−1/θ1 , which is again a Clayton
generator.

2. Nested Gumbel family: Let the outer generator be given by ψ0(t) =
exp(−t1/θ0) for θ0 ≥ 1 and choose as Laplace exponent Φ(x) = xθ0/θ1 with
θ1 > θ0. This corresponds to h = 0 and α = θ0/θ1. The implicit inner
generator is then ψ1(t) = ψ0 ◦ Φ(t) = exp(−t1/θ1), which is again a Gumbel
generator.

More general nested Archimedean copulas based on the exponentially tilted α-stable
subordinator, e.g. an outer power Clayton family, can be found in Hofert (2008).

4.2.2 Probabilistic Construction and Sampling
It is shown in the previous section that if the nesting condition (4.2) holds, the
functions ψ−1

0 ◦ ψs, s = 1, . . . , S, are Laplace exponents of Lévy subordinators.
Conversely, suitably combining Lévy subordinators in a probabilistic construction
leads to valid nested Archimedean copulas. From this perspective, the sampling
methodology of McNeil (2008) for copulas of the form (4.1) may be reformulated
using Lévy subordinators. More precisely, on the probability space (Ω,Σ, P ) let
{Es,k}s=1,...,S, k=1,...,ds be independent and identically distributed exponential ran-
dom variables with mean one. Furthermore, let V > 0 be an independent random
variable, interpreted as random time, with Laplace transform ψ0(t) = E(e−tV ).
Independently of all previously defined random variables, let T (1), . . . , T (S) be S
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independent Lévy subordinators with corresponding Laplace exponents Φ1, . . . ,ΦS .
Furthermore, assume that limx→∞Φs(x) = ∞ for all s = 1, . . . , S, which is equiva-
lent to the fact that T (s)

t > 0 a.s. for all t > 0 and s = 1, . . . , S. Defining the random
vector (

E1,1

T
(1)
V

, . . . ,
E1,d1

T
(1)
V

,
E2,1

T
(2)
V

, . . . ,
E2,d2

T
(2)
V

, . . . . . . ,
ES,1

T
(S)
V

, . . . ,
ES,dS

T
(S)
V

)
, (4.5)

Theorem 4.2.3 shows that its survival copula is a nested Archimedean copula of the
form (4.1). Recall that the survival copula of a random vector is the copula that
couples the univariate survival functions of its components to obtain the multivariate
survival function. This survival analog to Sklar’s Theorem can be found e.g. in Mai
(2010).

Theorem 4.2.3 (Probabilistic Construction via Lévy subordinators) The
survival copula of the random vector defined in (4.5) has the form (4.1) with ψs =
ψ0 ◦ Φs for s = 1, . . . , S. Moreover, the univariate survival functions of the compo-
nents are given by

P
(
Es,k/T

(s)
V > x

)
= (ψ0 ◦ Φs)(x), x > 0, s = 1, . . . , S, k = 1, . . . , ds.

Proof
The joint survival function of the random vector in (4.5) is computed as follows.

P

(
Es,k

T
(s)
V

> xs,k, ∀ s, k
)

= P
(
Es,k > xs,kT

(s)
V , ∀ s, k

)
= E

(
P
(
Es,k > xs,kT

(s)
V , ∀ s, k

∣∣T (1)
V , . . . , T

(S)
V

))
= E

(
e−
∑S

s=1 T
(s)
V

∑ds
k=1 xs,k

)
= E

(
E
(
e−
∑S

s=1 T
(s)
V

∑ds
k=1 xs,k

∣∣∣V ))

= E
( S∏
s=1

E
(
e−T

(s)
V

∑ds
k=1 xs,k

∣∣∣V )) = E
( S∏
s=1

e−V Φs
(∑ds

k=1 xk,s
))

= E
(
e−V

∑S

s=1 Φs
(∑ds

k=1 xs,k
))

= ψ0

( S∑
s=1

Φs

( dj∑
k=1

xs,k
))

= ψ0

( S∑
s=1

ψ−1
0 ◦ (ψ0 ◦ Φs)

( ds∑
k=1

xs,k
))
.

The component Es,k/T
(s)
V has the following survival function:

P
(
Es,k/T

(s)
V > x

)
= P

(
Es,k > xT

(s)
V

)
= E

(
P
(
Es,k > xT

(s)
V

∣∣T (s)
V

))
= E

(
e−xT

(s)
V

)
= E

(
E
(
e−xT

(s)
V

∣∣∣V )) = E
(
e−V Φs(x)

)
= (ψ0 ◦ Φs)(x).
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Hence the survival copula is given by

ψ0

( S∑
s=1

ψ−1
0 ◦ (ψ0 ◦ Φs)

( ds∑
k=1

(ψ0 ◦ Φs)−1(us,k)
))

= Cψ0

(
Cψ0◦Φ1(u1,1, . . . , u1,d1), . . . , Cψ0◦ΦS (uS,1, . . . , uS,dS )

)
and the claim is established.

Simulation studies, which are common e.g. in financial applications, require fast
algorithms for sampling copulas, see e.g. Hofert and Scherer (2010). So far, sam-
pling a nested Archimedean copula using the algorithm of McNeil (2008) requires
compatible generators as input. One particular advantage of reinterpreting nested
Archimedean copulas in terms of Lévy subordinators is that the input of the corre-
sponding sampling strategy does not need to fulfil complicated compatibility condi-
tions. Instead, the copula is specified by an arbitrary positive random variable V
and S quite arbitrary Lévy subordinators. Theorem 4.2.3 ensures that the resulting
generators are compatible and Equation (4.5) suggests a convenient sampling strat-
egy. More precisely, sampling the copula requires sampling the exponential variables
Es,k, the random time V , and the Lévy subordinators T (1), . . . , T (S) at time V . Fi-
nally, one needs to evaluate the Laplace transforms ψs = ψ0 ◦ Φs, s = 1, . . . , S, at
the sampled values. This transformation is necessary in order to obtain uniformly
distributed univariate margins and in order to switch from the survival copula to the
actual copula. The sampling strategy is formulated below as a generic algorithm.

Algorithm 4.2.4 (Nested Archimedean copulas with Lévy subordinators) In order to
get a random sample of the copula given by equation (4.1) do the following steps.

1. Sample the time point V ∼ FV with distribution given in terms of the Laplace
transform ψ0(t) = E(e−tV ) =

∫∞
0 e−tvdFV (v).

2. For each group s = 1, . . . , S, sample the subordinator T (s) at time V , i.e.
sample the random variable T (s)

V .

3. Sample independently Es,k ∼ Exp(1), s = 1, . . . , S, k = 1, . . . ds.

4. Return (U1,1, . . . , US,dS ), where Us,k = ψ0 ◦ Φs
(
Es,k/T

(s)
V

)
, s = 1, . . . , S, k =

1, . . . ds.

For practical implementations, one typically chooses a random time V with known
Laplace transform and sampling strategy. Moreover, it is convenient to apply Lévy
subordinators which can efficiently be sampled at each time point t > 0. Some of
those are given in Table 2.2. Efficient sampling strategies for several subordinators
are known, see Cont and Tankov (2004, pp. 171) and the references therein. Note
that there exist approximative sampling strategies for Lévy subordinators even if
only the Lévy measure ν is given, see e.g. Bondesson (1982).
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4.2.3 Dependence Properties
Inter- and Intra-group Dependence

When a nested Archimedean copula is constructed according to (4.1), it is important
to know how the choice of the random variable V and the Lévy subordinator T (s)

affect the dependence properties of the resulting copula. For practical applications,
one typically requires a copula with pre-determined dependence properties within
the groups and in-between the groups, resulting e.g. from an empirical measure of
concordance. It is therefore convenient to have results available on how the subor-
dinators T (s) and random time V shall be chosen to achieve the desired dependence
structure.
Considering bivariate marginals, it can easily be observed that any two com-

ponents from different groups are coupled via the Archimedean copula Cψ0 (inter
sector). On the other hand, any two components from group s are coupled via the
Archimedean copula Cψs (intra sector). Therefore, the dependence properties of bi-
variate marginals can be traced back from known results on bivariate Archimedean
copulas. However, the inner generators ψs have the specific form ψs = ψ0 ◦Φs in our
setup, where Φs is the Laplace exponent of a Lévy subordinator. Hence, to study
properties of the nested copula (4.1), it is interesting to see how the differences be-
tween the generators ψ0 and ψs = ψ0 ◦Φs translate to differences in the dependence
structures of Cψ0 and Cψs . This issue is addressed in the sequel.
To begin with, recall that the intra-sector dependence is always stronger than or

equal to the inter-sector dependence, a result which has been given in Joe (1997)
already.

Proposition 4.2.5 (Concordance ordering) Let ψ0 be completely monotone
with ψ0(0) = 1 and let Φ be the Laplace exponent of a Lévy subordinator with
limx→∞Φ(x) = ∞. Then it holds that Cψs(u, v) = Cψ0◦Φs(u, v) ≥ Cψ0(u, v) for
all u, v ∈ [0, 1], s = 1, . . . , S, i.e. Cψ0◦Φs ≺c Cψ0.

Proof
See Joe (1997, p. 90).
Note that Proposition 4.2.5 may be applied in order to show that various measures

of association are ordered in the same way for pairs within a group compared to pairs
from different groups via Proposition 2.2.8 and Proposition 2.2.12.

Kendall’s tau and Spearman’s rho

For an Archimedean copula C = Cψ with Archimedean generator ψ, the following
result holds for Kendall’s tau.

Proposition 4.2.6 If C = Cψ is Archimedean generated by the Archimedean
generator ψ with existing second derivative, then

τψ := τCψ = 4
∫

(0,1)

ψ−1(t)
(ψ−1)′(t) dt+ 1 = 1− 4

∫
(0,∞)

t(ψ′(t))2 dt. (4.6)
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Proof
See Joe (1997, p. 91).
A direct consequence of Proposition 4.2.5 is that τψ0◦Φs ≥ τψ0 , s = 1, . . . , S.

Knowing that Kendall’s tau within a sector is always greater than or equal to the
one between different sectors, it is important to understand how the choice of the
Lévy subordinator affects the gain in dependence within the groups. Suppose one has
specified an outer generator ψ0 by choosing a distribution for V , which determines
the inter-sector dependence. An immediate question is how the Lévy subordinator
must be chosen in order to increase the intra-sector dependence. Moreover, is it
possible to quantify the increase in Kendall’s tau and achieve the full spectrum
[τψ0 , 1)?

Example 4.2.7 (Kendall’s tau) Assume as given some generator ψ0, determining
the inter-sector Kendall’s tau τψ0 . Consider an α-stable subordinator with Laplace
exponent Φα(x) := xα, for α ∈ (0, 1). An application of formula (4.6) establishes
that

τψ0◦Φα = 1− 4
∫

(0,∞)
t(ψ′0(tα))2α2t2α−2 dt

= 1− 4α
∫

(0,∞)
u(ψ′0(u))2 du = (1− α) + ατψ0 .

Thus τψ0◦Φα is a convex combination of 1 and τψ0 . Hence it ranges in (τψ0 , 1), as
α varies in (0, 1). Therefore, the present example shows how a nested Archimedean
copula can be defined when Kendall’s taus between different sectors and within the
same sector are given. Finally, note that for the Laplace exponent Φα,h of Example
4.2.2, the formula for τψ0◦Φα,h is given by

τψ0◦Φα,h = (1− α) + ατψ0 + 4αh
∫

(0,∞)
(ψ′0(u))2((u+ hα)1− 1

α − hα−1) du.

For Spearman’s rho, it is not possible to give such a nice formula. However,
Proposition 4.2.5 and Proposition 2.2.8 imply that ρψs ≥ ρψ0 , s = 1, . . . , S. This
also holds for other measures of concordance, e.g. for Blomqvist’s beta or for Gini’s
gamma, see Nelsen (2006, pp. 180), as they share the property of being increasing
in the concordance ordering, see Nelsen (2006, p. 183).

Upper Tail Dependence

Recall Definition 2.2.11, where upper and lower tail dependence coefficients are
introduced by

λL = lim
u↓0

C(u, u)
u

and λU = lim
u↑1

1− 2u+ C(u, u)
1− u ,

given the respective limits exist. If C = Cψ is Archimedean and if we put λU,ψ :=
λU,Cψ , λL,ψ := λL,Cψ , then Proposition 4.2.5 and Proposition 2.2.12 imply that
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λU,ψ0◦Φ ≥ λU,ψ0 and λL,ψ0◦Φ ≥ λL,ψ0 . It is derived in section 2.2.5 that the defining
formulas in the Archimedean case simplify to

λU,ψ = 2− 2 lim
t↓0

ψ′(2t)
ψ′(t) , λL,ψ = lim

t↑∞

ψ(2t)
ψ(t) , (4.7)

provided that ψ′ exists. Note that for a completely monotone generator ψ, it follows
from Equation (4.7) that λU,ψ = 0 if limu↓0 ψ

′(u) exists in R. Due to the fact
E(V ) = − limt↓0

∂
∂tE(e−tV ) = − limt↓0 ψ

′(t), we have from a probabilistic point of
view that the random variable associated to the Laplace transform ψ must not have
finite mean in order for the resulting copula to obtain positive upper tail dependence;
note that the converse is generally not true, see Example 4.2.11. In the current setup,
the random variable associated to the outer generator ψ0 is V , and the random
variable associated to the inner generator ψ0 ◦ Φs is T (s)

V , where T (s) denotes the
Lévy subordinator of group s with Laplace exponent Φs. For notational simplicity,
the superscript (s) is omitted in the following. Recall that we assume Tt > 0
almost surely for all t > 0. It follows from Sato (1999, p. 163) that, if existent,
E(TV ) = E(V )E(T1). Hence if both V and T1 have finite mean, there is no upper
tail dependence between and within groups. However, if V has finite mean and
T1 has infinite mean, then it is possible to attain positive upper tail dependence
within a group, while there is no upper tail dependence between groups. This is
demonstrated in the following example.

Example 4.2.8 (Upper tail dependence - case E(V ) < ∞, E(T1) = ∞) Assume
E(V ) < ∞ and E(T1) = ∞. Moreover, assume that Φ′ is regularly varying at zero
with index 1 − α ∈ [0, 1], i.e. limt↓0 Φ′(xt)/Φ′(t) = x−(1−α) for all fixed x ∈ R. It
follows that 0 = λU,ψ0 ≤ λU,ψ0◦Φ = 2−2α. This can be deduced from Equation (4.7)
since

λU,ψ0◦Φ = 2− 2 lim
t↓0

ψ′0(Φ(2t))
ψ′0(Φ(t)) lim

t↓0

Φ′(2t)
Φ′(t) = 2− 2 · 2−(1−α) = 2− 2α,

where the first limit in the computation above equals one by the assumption that
E(V ) < ∞. For an example satisfying the assumptions above consider an α-stable
subordinator with Laplace exponent Φα(x) = xα, as in Example 4.2.7. It is easily
observed that Φ′α(x) = αxα−1 is regularly varying at zero with index 1−α. Conclud-
ing, the present example shows how nested Archimedean copulas can be constructed
with no upper tail dependence in between the groups and an arbitrary upper tail
dependence within some group. Such copulas have an interesting interpretation in
the context of credit-risk modeling: Applied in the framework of Schönbucher and
Schubert (2001), it is likely to have an accumulation of defaults within a group
having upper tail dependence, but default clusters are not present in-between the
groups or groups with no upper tail dependence.

If positive upper tail dependence is required between groups, necessarily one must
have E(V ) = ∞, see Joe (1997, p. 103). In this case it is also possible for λU,ψ0◦Φ
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to take any value in [λU,ψ0 , 1) if E(T1) = ∞, see Example 4.2.12 part 1 below. If
E(T1) <∞, then necessarily λU,ψ0◦Φ = λU,ψ0 , as the following proposition shows.

Proposition 4.2.9 (Upper tail dependence - case E(T1) < ∞) Assume
E(T1) <∞. If λU,ψ0, as well as λU,ψ0◦Φ, exist, then necessarily λU,ψ0◦Φ = λU,ψ0.

Proof
By assumption, E(T1) = − limt↓0 e

−Φ(t)Φ′(t) exists in R. Hence

lim
t↓0

Φ′(t) = lim
t↓0

e−Φ(t)Φ′(t) lim
t↓0

eΦ(t)

also exists in R. It follows from Equation (4.7) and from the existence of λU,ψ0◦Φ
that

λU,ψ0◦Φ = 2− 2 lim
t↓0

ψ′0(Φ(2t))
ψ′0(Φ(t))

Φ′(2t)
Φ′(t) = 2− 2 lim

t↓0

ψ′0(Φ(2t))
ψ′0(Φ(t)) lim

t↓0

Φ′(2t)
Φ′(t)

= 2− 2 lim
t↓0

ψ′0(Φ(2t))
ψ′0(Φ(t)) .

Using the superadditivity of Φ, which is implied by a slightly stronger version of
Proposition 4.2.5 (cf. Joe (1997, p. 89)), it follows that Φ(2t) ≤ 2Φ(t). Since ψ′0 is
negative and increasing,

λU,ψ0◦Φ ≤ 2− 2 lim
t↓0

ψ′0(2Φ(t))
ψ′0(Φ(t)) = 2− 2 lim

u↓0

ψ′0(2u)
ψ′0(u) = λU,ψ0 .

Proposition 4.2.5 and Proposition 2.2.12 finally establish λU,ψ0◦Φ = λU,ψ0 .
As mentioned above, for an Archimedean copula, E(V ) <∞ implies λU = 0. The

following proposition and example show that the converse is generally not true.

Proposition 4.2.10 Let V be a positive random variable with distribution function
F0. Moreover, assume that U(x) =

∫ x
0 t dF0(t) is slowly varying at infinity. Then

the upper tail dependence parameter λU of the Archimedean copula generated by the
Laplace transform ψ0 of F0 exists with λU = 0.

Proof
λU = 2 − 2 lim

t↓0
ψ′(2t)
ψ′(t) exists and equals zero if and only if the limit lim

t↓0
ψ′(2t)
ψ′(t) exists

and equals one. It suffices to show that lim
t↓0

ψ′(xt)
ψ′(t) = 1 for every x > 0, i.e. that ψ′(t)

is slowly varying at 0. Since −ψ′(t) is the Laplace transform of the measure U(x),
the claim is established by Feller (1971, p. 443).
Note that the condition used in the proposition above is especially true if E(V ) <∞.

Example 4.2.11 Let V ∼ Par(1, 1), i.e. V follows a Pareto distribution with density
fV (x) = 1

x21{[1,∞)}(x). Then the Laplace transform ψ0 of F0 is an Archimedean
generator with E[V ] = ∞. However, U(x) =

∫ x
1

1
t dt = − log x is a slowly varying

function at infinity, hence λU = 0. Together with Proposition 4.2.9, we additionally
see that the lower bound 0 = λU,ψ0◦Φ = λU,ψ0 is indeed attained.
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Example 4.2.12 (Upper tail dependence - case E(V ) =∞, E(T1) =∞) This example
shows that in the case E(V ) =∞, E(T1) =∞, three different scenarios are possible.

1. For α ∈ (0, 1), let V be an α-stable random variable, i.e. the generator of the
outer copula is given by ψ0(x) = exp(−xα). Moreover, consider a β-stable
subordinator with Laplace exponent Φβ(x) = xβ for β ∈ (0, 1). Then it holds
that λU,ψ0 = 2 − 2α and λU,ψ0◦Φβ = 2 − 2αβ ∈ (λU,ψ0 , 1). With β ranging in
(0, 1), the intra-sector upper tail dependence parameter may attain any level
from the inter-sector upper tail dependence parameter up to one. Notice that
these specific parameter choices lead to a nested Gumbel family. Moreover,
recall that a β-stable distribution with β ∈ (0, 1) has infinite mean. Hence this
example does not contradict Proposition 4.2.9.

2. Let V again be a Par(1, 1) distributed random variable and choose the Lévy
subordinator with Laplace exponent Φ(t) = t+

∫∞
1

e−ut

u2 du. Then it holds that
E(V ) = E(T1) = ∞, but we neither have upper tail dependence in the inner
sector nor in the outer sector, i.e. λU,ψ0 = λU,ψ0◦Φβ = 0. If we choose the
same Lévy subordinator but an α-stable distributed random variable V , it can
be shown that λU,ψ0 = λU,ψ0◦Φβ = 2 − 2α, i.e. there is upper tail dependence
in the outer sector as well as in the inner sector, but there is no upper tail
dependence added in the latter.

3. It is also possible for the upper tail dependence coefficients that 0 = λU,ψ0 <
λU,ψ0◦Φβ , although E(V ) = E(T1) = ∞. To see this, let V be as above, i.e.
V ∼ Par(1, 1), and let Φ(x) = xα, i.e. the Lévy exponent belonging to an
α-stable subordinator. As we have already noted, E(V ) = E(T1) = ∞ in this
case and we get 0 = λU,ψ0 < λU,ψ0◦Φβ = 2− 2α.

The findings concerning upper tail dependence coefficients and the relationship
between inner and outer upper tail dependence are summarized in Table 4.1.

E(T1) <∞ E(T1) =∞

E(V ) <∞ 0 = λU,ψ0 = λU,ψ0◦Φ 0 = λU,ψ0 ≤ λU,ψ0◦Φ
E(V ) =∞ 0 ≤ λU,ψ0 = λU,ψ0◦Φ 0 ≤ λU,ψ0 ≤ λU,ψ0◦Φ

Table 4.1 Upper-tail dependence parameters within sectors and between sectors,
depending on E(V ) and E(T1).

Lower Tail Dependence

Similar to the case of upper tail dependence, one can construct an example such
that the intra-sector lower tail dependence parameter exceeds the inter-sector lower
tail dependence parameter by an arbitrary level up to one.
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Example 4.2.13 (Lower tail dependence - case 0 < λL,ψ0 < λL,ψ0◦Φ) Let ψ0(x) =
(1 + x)−1/θ be a Clayton generator, which corresponds to a Gamma distribution
of V . Letting Φα = xα denote the Laplace exponent of an α-stable subordinator
with α ∈ (0, 1), it can easily be computed that λL,ψ0 = 2−1/θ and that λL,ψ0◦Φα =
2−α/θ ∈ (λL,ψ0 , 1). With α ranging in (0, 1), this shows that the intra-sector lower
tail dependence parameter may range from the inter-sector lower tail dependence
parameter up to one.

As the following result shows, λL,ψ0 = 0 if V ≥ x0 > 0 almost surely.

Proposition 4.2.14 Let F0 with Laplace transform ψ0 have support [x0,∞), x0 >
0. Then λL,ψ0 = 0.

Proof
Note that the result follows by

0 ≤ ψ0(2x)
ψ0(x) ≤

e−x0x
∫∞
x0
e−xu dF0(u)∫∞

x0
e−xu dF0(u) = e−x0x, x ∈ [0,∞).

4.2.4 Examples of New Families
In this section, we present two examples in order to illustrate our construction
principle.

Example 4.2.15 In our first example we construct a nested Archimedean copula
based on V following a Geo(1−θ) distribution on N. For the first sector, the Laplace
exponent of a Gamma subordinator, given by Φ1(x) = β log(1 + x), is chosen with
β > 0. For the second sector, the Laplace exponent of an α-stable subordinator,
given by Φ2(x) = xα, is chosen with α ∈ (0, 1). For the resulting nested Archimedean
copula, note that ψ0 is a generator of the family of Ali-Mikhail-Haq, given by ψ0(t) =
1−θ
et−θ with θ ∈ (0, 1) (see Table 2.1). The compatible generators are therefore given
by ψ1(t) = (1 − θ)/((1 + t)β − θ) and ψ2(t) = (1 − θ)/(etα − θ). For the first
sector, step 2 of Algorithm 4.2.4 involves sampling a Γ(βV, 1) distribution, and for
the second sector, it involves sampling a distribution with Laplace transform e−V t

α ,
which can be sampled as V 1/αS, where S ∼ S(α, 1, cos1/α(π2α), 0; 1), see Hofert
(2008) for the parametrizations of these distributions. Concerning the dependence
properties of this copula, Kendall’s tau τψ0 corresponding to the outer copula is
given explicitly by τψ0 = 1 − 2

3θ2 ((1 − θ)2 log(1 − θ) + θ) (see Table 2.1). Although
there is no closed form for τψ0◦Φ1 and τψ0◦Φ2 known, numerical evaluation suggests
that for any choice of θ, values for β and α can be chosen such that the sector
copulas show precisely desired values for Kendall’s tau, see Figure 4.1. It is therefore
possible to choose the parameters of this nested Archimedean copula such that for
any possible τψ0 , desired values for τψ0◦Φ1 and τψ0◦Φ2 greater than or equal to τψ0 can
be matched. Moreover, the involved upper tail dependence parameters are given by
λU,ψ0 = λU,ψ0◦Φ1 = 0 and λU,ψ0◦Φ2 = 2− 2α. The lower tail dependence parameters
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Figure 4.1 Kendall’s tau for the sector copulas of Example 4.2.15 as functions in
the parameters.

are given by λL,ψ0 = λL,ψ0◦Φ2 = 0 and λL,ψ0◦Φ1 = 1
2β . Figure 4.2 shows 1000

random variates drawn from this nested Archimedean copula, where the involved
parameters are chosen such that Kendall’s taus are given by τψ0 = 0.3, τψ0◦Φ1 = 0.5,
and τψ0◦Φ2 = 0.7. Parts of the R code used to implement this example are given in
the appendix.

Example 4.2.16 In this example, we construct a nested Archimedean copula based
on V following an IG(µ, 1) distribution. For the first sector, the Laplace expo-
nent of a Gamma subordinator is chosen as in Example 4.2.15. For the second
sector, the Laplace exponent of a compound Poisson subordinator with drift µ = 1,
rate λ = 1, and jumps following an α-stable distribution is chosen. Therefore,
its Laplace exponent is given by Φ2(x) = x + 1 − e−x

α , where α ∈ (0, 1). For
the resulting nested Archimedean copula, ψ0(x) = e(1−

√
1+2µ2x)/µ with µ > 0.

ψ0 ◦ Φ1 and ψ0 ◦ Φ2 are given accordingly. For the second sector, step 2 of Al-
gorithm 4.2.4 is accomplished by first drawing the variate N ∼ P (V ) of jumps
from a Poisson distribution with mean V and then return V plus the N -fold sum
of i.i.d. S ∼ S(α, 1, cos1/α(π2α), 0; 1)-distributed random variates. Kendall’s tau τψ0

is given by τψ0 = 1
2 −

1
µ + 2 e2/µ

µ2 E1( 2
µ), where E1( 2

µ) =
∫∞

1 e−2t/µ/t dt is an expo-
nential integral. Figure 4.3 shows the Kendall’s taus τψ0◦Φ1 and τψ0◦Φ2 as functions
in the corresponding parameters. Again, the plot suggests a wide range of possi-
ble dependencies. Note that the involved tail dependence parameters are given by
λU,ψ0 = λL,ψ0 = 0 for the outer copula. Moreover, λU,ψ0◦Φ1 = 0, λL,ψ0◦Φ1 = 1 and
λU,ψ0◦Φ2 = 2−2α, λL,ψ0◦Φ2 = 0 for the inner copulas. Figure 4.2 shows 1000 random
variates drawn from this nested Archimedean copula, where the involved parame-
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Figure 4.2 1000 vectors of random variates from the nested Archimedean copula of
Example 4.2.15 constructed by a Geometric random time and Laplace
exponents of a Gamma and an α-stable subordinator (above). Below are
1000 vectors of random variates given as in Example 4.2.16, constructed
by an inverse Gaussian random time and Laplace exponents of a Gamma
and a compound Poisson subordinator.
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Figure 4.3 Kendall’s tau for the sector copulas of Example 4.2.16 as functions in
the parameters.

ters are chosen such that Kendall’s taus are given by τψ0 = 0.3, τψ0◦Φ1 = 0.5, and
τψ0◦Φ2 = 0.7. Parts of the R code used to implement this example are given in the
appendix.

We have seen that Laplace exponents of Lévy subordinators may serve as source
for constructing nested Archimedean copulas. We would like to mention that known
compatible Archimedean generators also serve as source for Laplace exponents of
Lévy subordinators. For example, if ψ0 and ψs are generators of the Archimedean
family of Joe with parameters θ0 and θs respectively, then Φs(x) = − log(1 − (1 −
e−x)θ0/θs); we are not aware that Φs is a Laplace exponent of a commonly known
Lévy subordinator. A sampling algorithm for the distribution of the Lévy subor-
dinator Tt at time t corresponding to this Laplace exponent is known, see Hofert
(2008).

4.3 Estimation
As already mentioned, exchangeable Archimedean copulas share a degree of sym-
metry often not justified in practical applications. On the other hand, sectorial
structures are often suggested by the practical problem under consideration. If for
example financial data is investigated, it makes sense to assume a sectorial struc-
ture given by the different industry sectors or branches. Therefore, we assume for
the rest of this section the structure of the nested Archimedean copulas as given.
Nested Archimedean copulas are especially interesting when the dimension of the
vector to be modeled is large. But as in the exchangeable case, numerical errors
and computational issues arise when estimation procedures are performed in large
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dimensions. In order to reduce the dimension, one may try to estimate every sector
and the copula combining the sectors separately, a procedure which is provided in
the last part of this section. It begins with a subsection summarizing existing ideas
of maximum likelihood estimation for nested Archimedean copulas.

4.3.1 Maximum Likelihood Estimation and Estimation Based on Margins

The idea of maximum likelihood estimation naturally comes up if a density of the
underlying distribution exists. Due to the sufficient condition involved in the con-
struction of nested Archimedean copulas, it is clear that the density of so built
copulas always exists. However, it admits a complicated form due to the chain
rule, which has to be applied several times. Savu and Trede (2010) are the first
to give a recursive formula for the density of a nested Archimedean copula, which
enables us to perform maximum likelihood estimation in general. However, they
neither give explicit regularity conditions for the underlying distributions nor jus-
tify existing regularity conditions, used in the literature. Of course, under suitable
regularity conditions, the inference functions for margins method, a full maximum
likelihood approach and the canonical maximum likelihood approach may be ap-
plied. If assuming that the observations are samples of the copula, the regularity
conditions given in Lehmann and Casella (1998, chapter. 6) apply. In order for the
CML approach to be asymptotically normal additional, sufficient conditions on the
density are given in the appendix of Genest et al. (1995). We are not aware that
these conditions are shown to be true for nested Archimedean copulas neither in a
general setting nor in special cases. This is probably due to the fact that it might be
a quite technical exercise to verify such conditions. Thus, at least from a theoretical
point of view, it is not clear for which structures and families of nested Archimedean
copulas maximum likelihood procedures work. However, besides these facts there is
no difference between nested Archimedean copulas and exchangeable Archimedean
copulas for the canonical maximum likelihood procedure and hence the estimators
introduced in section 2.2.3 may be used.
Another idea is to consider bivariate or larger dimensional margins only in or-

der to reduce the dimensionality of the underlying data and to avoid numerical
and computational issues. In fact, when considering margins one is able to trace
the estimation exercise for nested Archimedean copulas back to the exchangeable
case. We demonstrate the procedure for the two special structures mentioned in the
introduction of this chapter. Let U ∼ C, where

C(u1, u2, u3) = ψ0(ψ−1
0 (u1) + ψ−1

0 (ψ1(ψ−1
1 (u2) + ψ−1

1 (u3)))) (4.8)

for two completely monotone compatible Archimedean generators. Then it is clear
that (U1, U2)T d= (U1, U3)T ∼ Cψ0 and (U2, U3)T ∼ Cψ1 , where Cψi , i = 0, 1 denotes
as above the exchangeable Archimedean copula generated by ψi, i = 0, 1. The same
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holds for the sectorial structure

C(u1, . . . , ud) = ψ0

(
ψ−1

0

( S∑
s=1

ψs
( ds∑
k=1

ψ−1
s (us,k)

)))
when considering components of the random vector U ∼ C grouped together in one
sector, i.e. Us = (Us,1, . . . , Us,ds)T∼ Cψs for every sector s = 1, . . . , S. In addition,
every random vector (Us1,k1 , Us2,k2)T ∼ Cψ0 whenever s1 6= s2, i.e. components of
different sectors share the dependence structure induced by the outer copula. In fact,
regardless of the structure of the nested Archimedean copula under consideration,
for any Archimedean generator ψ involved in the nested Archimedean copula, one is
able to find random components of the copula s.t. the marginal distribution of these
components follows an exchangeable Archimedean copula generated by ψ. Hence
maximum likelihood estimation based on margins is possible and under the regularity
conditions mentioned above, asymptotic normality holds for the so estimated copula
parameters. However, this procedure has two potential drawbacks, one of which is
severe. At first, we have to be aware that there is a potential informational loss
when only considering margins and not making use of the full data set. This may
be overcome by the use of U -statistics. The second issue is a more serious one.
Consider e.g. the fully nested 3-dimensional copula from above and assume further
that ψ0 = ψθ0 and ψ1 = ψθ1 , i.e. that the inner and outer generator come from
the same parametric family of Archimedean generators. As noted in chapter 2, it is
often sufficient for the nesting condition to hold that θ0 ≤ θ1 in a one parametric
setting, in addition, (4.8) may not be a valid copula in case θ0 > θ1. However,
this fact is not taken into account by the estimation procedure based on margins.
A way out is to begin parameter estimation on the lowest level and to restrict the
parameter space of the parameters belonging to copulas on higher levels based on
these estimates. The details for this estimation procedure and a consistency result
are given in the next section.

4.3.2 Iterated Maximum Likelihood Estimation
Although a general recursion is given in Savu and Trede (2010), the densities of
nested Archimedean copulas are notationally demanding and we therefore restrict
ourselves to the 3-dimensional fully nested case (see (2.3) and Example 2.2.21) in
the sequel. We note that a generalization is straightforward once the ideas presented
in this section are understood.
We aim at proving weak consistency of a particular maximum likelihood estima-
tor. Let U ∼ C, where C is as in (4.8). For the rest of this section assume that
ψ0 = ψθ0 and ψ1 = ψθ1 for a completely monotone Archimedean generator ψ and
that C is a true copula for every parameter combination θ1 ≥ θ0 (see e.g. Hofert
(2008, p. 67) for possible choices of ψ). Let X1, . . . ,Xn be a random sample of U .
In addition, let θ̂1,n be a consistent estimate of θ1 based on the marginal samples
(X1,1, X1,2)T, . . . , (Xn,1, Xn,2)T, e.g. obtained from a usual maximum likelihood esti-
mation, a minimum distance estimation, or the procedure suggested in section 3.2.
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Afterwards, we estimate θ0 by a constrained maximum likelihood approach. Let

ln(θ) = 1
n

n∑
i=1

log cθ(Xi,1, Xi,3)

be the loglikelihood function based on the underlying (marginal) copula C(u1, u3) =
ψ0(ψ−1

0 (u1) + ψ−1
0 (u3)). Note that the likelihood function itself only depends on

the parameter θ of the outer copula. However, in order to guarantee a valid nested
Archimedean copula, we need the condition θ̂n ≤ θ̂1,n. Hence we define

θ̂n := argmax
θ≤θ̂1,n

ln(θ).

Lemma 4.3.1 Let l(θ) = E(log cθ(U1, U3)) be continuous and assume that it holds
in probability that supθ∈Θ |ln(θ) − l(θ)| → 0. If it holds for the true parameters
θ0 ∈ Θ = [θa, θb] of the outer and θ1 of the inner generator that θ0 < θ1 and
l(θ0) > l(θ) for every θ ∈ Θ and if, in addition, θ̂1,n is a consistent estimator for θ1,
then

it holds for every ε > 0 that P (|θ̂n − θ0| > ε)→ 0 (n→∞).

Proof
Fix ε > 0 and let θ1 − θ0 = δ > 0

P (|θ̂n − θ0| > ε) = P (|θ̂n − θ0| > ε, θ̂1,n > θ1 − δ
2) + P (|θ̂n − θ0| > ε, θ̂1,n ≤ θ1 − δ

2)
≤ P (|θ̂n − θ0| > ε, θ̂1,n > θ1 − δ

2) + P (θ̂1,n ≤ θ1 − δ
2).

The second probability goes to 0 as n → ∞ because of the consistency of the
estimator θ̂1,n. In order to show the first term’s convergence to 0, we first prove that
l(θ̂n)→ l(θ0) in probability under the condition

θ̂1,n > θ1 − δ
2 > θ0. (∗)

P (|l(θ̂n)− l(θ0)| > ε, θ̂1,n > θ1 − δ
2)

≤P (|l(θ̂n)− ln(θ0)| > ε
2 , θ̂1,n > θ1 − δ

2) + P (|ln(θ0)− l(θ0)| > ε
2)

≤P (|l(θ̂n)− ln(θ0)| > ε
2 , θ̂1,n > θ1 − δ

2) + P (sup
θ∈Θ
|ln(θ)− l(θ)| > ε

2).

Again, the second probability goes to zero, which is due to the uniform convergence
of ln to l in probability. The first probability can be dealt with in the following way:

{|l(θ̂n)− ln(θ0)| > ε
2 , θ̂1,n > θ1 − δ

2}
= {l(θ̂n)− ln(θ0) > ε

2 , θ̂1,n > θ1 − δ
2} ∪ {l(θ̂n)− ln(θ0) < − ε

2 , θ̂1,n > θ1 − δ
2}

⊂{l(θ0)− ln(θ0) > ε
2} ∪ {l(θ̂n)− ln(θ̂n) < − ε

2} (I)
⊂{|l(θ0)− ln(θ0)| > ε

2} ∪ {|l(θ̂n)− ln(θ̂n)| > ε
2}

⊂{sup
θ∈Θ
|l(θ)− ln(θ)| > ε

2} ∪ {sup
θ∈Θ
|l(θ)− ln(θ)| > ε

2}.
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Hence

P (|l(θ̂n)− ln(θ0)| > ε
2 , θ̂1,n > θ1 − δ

2) ≤ 2P (sup
θ∈Θ
|l(θ)− ln(θ)| > ε

2)→ 0.

This implies P (|l(θ̂n)−l(θ0)| > ε
2 , θ̂1,n > θ1− δ

2)→ 0. Note that in (I), it is important
that (∗) holds. Otherwise it may not be correct to conclude that ln(θ0) ≤ ln(θ̂n).
Next, assume θ̂0,n 6→ θ0 in probability. Then there exists a subsequence nk and
numbers ξ > 0, η > 0 such that P (|θ̂nk − θ0| > ξ) ≥ η > 0 for every k ∈ N. This,
continuity of l, and the compactness of the parameter space imply that there are
numbers ε(ξ) > 0, η̃ > 0 and a further subsequence nkl , l ∈ N with

P
(
|l(θ̂nkl )− l(θ0)| > ε(ξ), θ̂1,nkl > θ1 − δ

2

)
≥ η̃ > 0 for every l ∈ N.

This contradicts l(θ̂n) P→ l(θ0) under the condition (∗) established above.

Remark 4.3.2 The assumption of a compact parameter space is only needed in the
last step of the proof of Lemma 4.3.1. But this can easily be relaxed by assuming a
parameter space (θa, θb) such that limθ↓θa l(θ) ≤ l(θ0)− δ and limθ↑θb l(θ) ≤ l(θ0)− δ
for a positive constant δ > 0. However, the assumption supθ∈Θ |ln(θ)− l(θ)| → 0 in
probability is needed. This assumption may be verified by using the techniques of
the theory of empirical processes introduced in section 2.4, since

|ln(θ)− l(θ)| =
∣∣∣∣∣ 1n

n∑
i=1

log cθ(Xi,1, Xi,3)− E(log cθ(Xi,1, Xi,3)
∣∣∣∣∣

= |Pn log cθ(Xi,1, Xi,3)− PX log cθ(Xi,1, Xi,3)| .

In order for supθ∈Θ |Pn log cθ(Xi,1, Xi,3) − PX log cθ(Xi,1, Xi,3)| → 0, it is sufficient
that θ 7→ log cθ(u1, u2) is continuous, has an integrable envelope function, and that
Θ is compact, see van der Vaart (2000, p. 272). In the case of a nested Clayton
copula, one has

cθ(u1, u2) = (θ + 1)
(
u−θ1 + u−θ2 − 1

)− 1
θ
−2

(u1u2)−θ−1,

log cθ(u1, u2) = log(θ + 1) + logCθ(u1, u2)− 2 log
(
u−θ1 + u−θ2 − 1

)
− (θ + 1)(log u1 + log u2).

So that clearly, θ 7→ log cθ(u1, u2) is continuous on (0,∞). For the assumption used
in the lemma to hold it is thus sufficient that there exists a function L(u1, u2) ≥
|log cθ(u1, u2)| s.t. E

(
L(U1, U2)

)
<∞. In the case of the nested Clayton copula, this
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is established by

|log cθ(u1, u2)| ≤ log(θ + 1)− logCθ(u1, u2) + 2 log
(
u−θ1 + u−θ2 − 1

)
− (θ + 1)(log u1 + log u2)

≤ log(K + 1)− log(u1u2) + 2 log(u−θ1 ) + 2 log(u−θ2 )
− (K + 1)(log u1 + log u2)

= log(K + 1)− (K + 2)(log u1 + log u2)− 2θ(log u1 + log u2)
≤ log(K + 1) + (K + 2)(− log u1 − log u2) + 2K(− log u1 − log u2)
≤ log(K + 1) + (3K + 2)(− log u1 − log u2) =: L(u1, u2)

if θ ∈ [0,K]. For the second inequality, one may use the fact that

u1u2 = C⊥(u1, u2) = C0(u1, u2) ≤ Cθ(u1, u2)

if Cθ is a Clayton copula. In addition, E(− logU1) = 1 since − logU1 ∼ Exp(1).
Hence Lemma 4.3.1 is applicable for nested Clayton families with Θ = [0,K]. Note
in particular that Θ ⊂ [0, θ1]. Therefore, it is no severe limitation to assume a
compact parameter, e.g. Θ = [0, θ1].

We have presented the iterated maximum likelihood estimation only for the case
of the 3-dimensional nested Archimedean copula. However, note that it can easily
be generalized to any nested Archimedean structure. One may start by estimating
all parameters on the lowest level of the nested Archimedean copula. Using the
estimated parameters, we may then apply Lemma 4.3.1 to bivariate margins to get
parameter estimates of the next hierarchy level. Of course, this estimation procedure
is tailored to nested Archimedean copulas, where the involved generators come from
the same family. This has, in addition, the advantage that we have to verify the
uniform convergence of ln(θ)→ l(θ) only once. However, we remark that principally
the presented estimation strategy still works if generators of different families ψ0,
ψ1 are involved so that the resulting structure is seen to be a copula for θ0 ≤ θ1.
One may argue that especially in a large dimensional framework, it is not enough to
consider bivariate margins of the copula since a lot of information may be lost in that
case. On the lowest level this, is no issue because we can easily apply the estimation
techniques for exchangeable Archimedean copulas introduced in the previous chapter
even in a large dimensional framework. In order to get better results on the next
level, we may then use U-statistics. This means we take the average of all estimates
coming from bivariate margins sharing the same copula on this level, i.e. for the
3-dimensional fully nested case (see (4.8)) we have

θ̂0,n := 1
2
(

argmax
θ≤θ̂1,n

1
n

n∑
i=1

log cθ(Xi,1, Xi,2) + argmax
θ≤θ̂1,n

1
n

n∑
i=1

log cθ(Xi,1, Xi,3)
)
.

Another possibility is to transform multivariate margins, sharing an exchangeable
Archimedean copula in the hierarchical structure, into a univariate quantity. This
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is e.g. done in Okhrin (2007) in terms of the probability integral transform K. To
be precise, assume again a fully nested 3-dimensional structure then Okhrin (2007)
considers the random variables

U1 and Z :=
(
ψ1
(
ψ−1

1 (U2)
)

+ ψ1
(
ψ−1

1 (U3)
))
. (4.9)

It is implicitly assumed by Okhrin (2007, pp. 39-47) that (U1,Kψ1(Z)) ∼ Cψ0 , where
Kψ1 denotes the Kendall distribution function belonging to Cψ1(U2, U3). However,
this is strongly doubted by the author of the present thesis. Okhrin (2007) es-
timates the dependence parameter θ1 by θ̂1,n via maximum likelihood estimation
and then uses U1 and Kψθ̂1

(Ẑ), where Ẑ is defined as Z in (4.9) with θ1 replaced
by θ̂1,n. Although (U1,Kψ1(Z)) is not distributed according to Cψ0 , their com-
mon distribution depends on θ0 and θ1. Therefore, we may estimate θ1 by θ̂1,n,
derive the density of (U1, Cψ1(U2, U3))T, and estimate θ0 by a maximum likelihood
procedure based on the pseudo-observations (Xi,1, Ẑi)T.1 In order to derive the
density, we use the mixture representation and the fact that we may interchange
differentiation and integration for the involved Laplace transforms. This means
that ψ(n)(t) =

∫∞
0 (−1)nvne−vt dFV (v) if ψ(t) =

∫∞
0 e−vt dFV (v) (see Feller (1971, p.

435)). This also implies that for any non-negative and n-times continuously differ-
entiable function f(u), it holds that

∂n

∂nu

(
ψ
(
f(u)

))
=
∫ ∞

0
∂n

∂nue
−vf(u) dFV (v)

Let U ∼ C, where C is given by (4.8). Then it holds that

P (U1 ≤ u1, Cψ1(U2, U3) ≤ u2) =
∫ u1

0

∫∫
{0≤Cψ1 (t2,t3)≤u2}

c(t1, t2, t3) d(t2, t3) dt1,

where c denotes the density of C, which we assume to exist. We now concentrate
on the integral of the right-hand side.∫ u1

0

∫∫
{t∈[0,1]2 |Cψ1 (t2,t3)≤u2}

c(t1, t2, t3) d(t2, t3) dt1

=
∫ u1

0

∫∫
{t∈[0,1]2 |ψ−1

1 (t2)+ψ−1
1 (t3)≥ψ−1

1 (u2)}
c(t1, t2, t3) d(t2, t3) dt1

=
∫ u1

0

∫ u2

0

∫ 1

0
c(t1, t2, t3) dt3 dt2 dt1

+
∫ u1

0

∫ 1

u2

∫ ψ1(ψ−1
1 (u2)−ψ−1

1 (t2))

0
c(t1, t2, t3) dt3 dt2 dt1

= Cψ0(u1, u2) +
∫ u1

0

∫ 1

u2

∫ ψ1(ψ−1
1 (u2)−ψ−1

1 (t2))

0
c(t1, t2, t3) dt3 dt2 dt1. (4.10)

1The same procedure is suggested in Weyhmüller (2011) for the 4-dimensional partially nested
case. However, the derivation of the density of (X1, Z) is quite different and hence not easily
extended to a larger dimensional framework.
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The integral in equation (4.10) can be dealt with in the following way.

∫ u1

0

∫ 1

u2

∫ ψ1(ψ−1
1 (u2)−ψ−1

1 (t2))

0
c(t1, t2, t3) dt3 dt2 dt1

=
∫ u1

0

∫ 1

u2

∫ ψ1(ψ−1
1 (u2)−ψ−1

1 (t2))

0
∂3

∂t1∂t2∂t3

∫ ∞
0

∫ ∞
0

e−v0ψ
−1
0 (t1)e−v1(ψ−1

1 (t2)+ψ−1
1 (t3))

dG1(v1, v0) dFV (v0) dt3 dt2 dt1

=
∫ 1

u2

∫ ∞
0

∫ ∞
0

e−v0ψ
−1
0 (u1)e−v1(ψ−1

1 (u2)−ψ−1
1 (t2)) ∂

∂t2
e−v1ψ

−1
1 (t2) dG1(v1, v0) dFV (v0) dt2

=
∫ ∞

0

∫ ∞
0

e−v0ψ
−1
0 (u1)e−v1ψ

−1
1 (u2)(−v1)

∫ 1

u2
ψ−1

1
′(t2) dt2 dG1(v1, v0) dFV (v0)

=
∫ ∞

0

∫ ∞
0

e−v0ψ
−1
0 (u1)e−v1ψ

−1
1 (u2)v1ψ

−1
1 (u2) dG1(v1, v0) dFV (v0)

= ψ−1
1 (u2)

ψ−1
1
′(u2)

∫ ∞
0

∫ ∞
0

e−v0ψ
−1
0 (u1)v1ψ

−1
1
′(u2)e−v1ψ

−1
1 (u2) dG1(v1, v0) dFV (v0)

= − ψ
−1
1 (u2)

ψ−1
1
′(u2)

∫ ∞
0

∫ ∞
0

e−v0ψ
−1
0 (u1) ∂

∂u2
e−v1ψ

−1
1 (u2) dG1(v1, v0) dFV (v0)

= − ψ
−1
1 (u2)

ψ−1
1
′(u2)

∂

∂u2

∫ ∞
0

∫ ∞
0

e−v0ψ
−1
0 (u1)e−v1ψ

−1
1 (u2) dG1(v1, v0) dFV (v0)

= − ψ
−1
1 (u2)

ψ−1
1
′(u2)

∂

∂u2
Cψ0(u1, u2).

This finally gives a representation for the desired distribution.

P (U1 ≤ u1, Cψ1(U2, U3) ≤ u2) = Cψ0(u1, u2)− ψ−1
1 (u2)

ψ−1
1
′(u2)

∂

∂u2
Cψ0(u1, u2). (4.11)

The density can now easily be obtained. Note in particular that this is, as expected,
just Kendall’s distribution function for Cψ1 in the case u1 = 1. In addition, one
may conclude from this formula that Cψ0 may be used as an approximate copula
for U1 and Cψ1(U2, U3). To see this, note that Kψ1(t) = t − ψ−1

1 (t)
ψ−1

1
′(t)

from where it

follows that −
ψ−1

1 (K−1
ψ1

(t))

ψ−1
1
′(K−1

ψ1
(t))

= t − K−1
ψ1

(t). In order to obtain the copula of U1 and

Z = Cψ1(U2, U3), we plug K−1
ψ1

(u2) into (4.11), which yields the following.

CU1,Z(u1, u2) = Cψ0

(
u1,K

−1
ψ1

(u2)
)

+
(
u2 −K−1

ψ1
(u2)

)(
∂
∂yCψ0

(
u1,K

−1
ψ1

(u2)
))
,

which can be seen as the first two terms of a Taylor expansion around K−1
ψ1

(u2) in
the second component of the function Cψ0(u1, u2). By doing the steps above for the
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4-dimensional partially nested case one is able to show that if U ∼ C as in Example
2.2.21, one gets (see Weyhmüller (2011), too)

P (Cψ1(U1, U2) ≤ u1, Cψ2(U3, U4) ≤ u2) = Cψ0(u1, u2)− ψ−1
1 (u1)

ψ−1
1
′(u1)

∂

∂u1
Cψ0(u1, u2)

− ψ
−1
2 (u2)

ψ−1
2
′(u2)

∂

∂u2
Cψ0(u1, u2) + ψ−1

1 (u1)
ψ−1

1
′(u1)

ψ−1
2 (u2)

ψ−1
2
′(u2)

∂2

∂u2∂u1
Cψ0(u1, u2).

Using the mixture representation, it is in principal easy to obtain the distribution
function of

(Z1, . . . , Zs), with Zk := Ck(Uk,1, . . . , Uk,dk), k = 1, . . . , s,

where U ∼ C and where C is given by (4.1).
We are now able to conduct a two stage estimation procedure as above. However,

this time we make use of the full information incorporated in the data and not only
of the information inherited in bivariate margins. The result making this possible is
an analog of the result used in the bivariate case and given in the following Lemma.
Since the proof works along the lines of Lemma 4.3.1, we omit it here. A detailed
proof of the Lemma in the 4-dimensional partially nested setting may be found in
Weyhmüller (2011).

Lemma 4.3.3 Let X1, . . . ,Xn be i.i.d. random samples of U ∼ C, where

C(u1, . . . , u3) = ψθ0

(
ψ−1
θ0

(u1) + ψ−1
θ0

(
Cψθ1

(u2, u3)
))
,

with Cψθ1
(u2, u3) = ψθ1

(
ψ−1
θ1

(u2) + ψ−1
θ1

(u3)
)
and denote the density of (U1, Z) by

hθ0,θ1(u1, u2), where Z = Cψθ1
(U2, U3). Let

l(θ0, θ1) = E(log hθ0,θ1(U1, Z)) and ln(θ0, θ1) = 1
n

n∑
i=1

hθ0,θ1

(
Xi,1, Cψθ1

(Xi,2, Xi,3)
)

and assume that it holds in probability that supθ∈Θ |ln(θ0, θ1) − l(θ0, θ1)| → 0. If it
holds for the true parameters θ0

0 ∈ Θ0 = [θa, θb] of the outer and θ0
1 of the inner

generator that θ0
0 < θ0

1 and l(θ0
0, θ

0
1) > l(θ0, θ1) for every (θ0, θ1) ∈ Θ, and if, in

addition, θ̂1,n is a consistent estimator for θ0
1, then

it holds for every ε > 0 that P (|θ̂0,n − θ0
0| > ε)→ 0 (n→∞),

where the estimator θ̂0,n is given by

θ̂0,n := argmax
θ0≤θ̂1,n

ln(θ0, θ̂1,n).
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Remark 4.3.4 We note that none of the estimators introduced in this section is
given in a closed form. This is due to the complicated structures of the densities
involved in maximum likelihood estimation. However, numerical tools may be ap-
plied to conduct the optimization exercise needed to compute the estimators. Since
these numerical optimization procedures are time consuming for larger dimensional
parameters, the estimation procedure based on the full density of the underlying
copula suggested by Savu and Trede (2010) is most probably not feasible for gen-
eral large dimensional hierarchical structures. Nevertheless, such large dimensional
structures are relevant, e.g. in financial applications. Hofert and Scherer (2010) con-
sider a 125-dimensional sectorial structure with 6 sectors (see Example 2.2.21) for
pricing CDOs. Hence it might be important to be able to do parameter estimation
in such a large dimensional framework. With the tools of this section and the pre-
vious chapter at hand, a possible estimation strategy is to estimate the parameters
of the 6 sectors first, e.g. by the fast and easy approach used in section 3.2 and to
estimate afterwards the one-dimensional parameter of the outer copula by iterated
maximum likelihood or the approach based on the transformation presented above.

Simulation Results

In this subsection, we briefly present the results of a simulation study involving
the different estimation techniques for nested Archimedean copulas. The simulation
study is conducted in R, using the packages nacopula and copula. More details
of the implementation are provided in the appendix. We simulate random samples
distributed according to a 3-dimensional fully nested Gumbel copula with parameters
chosen such that θ0 = 4

3 resp. θ1 = 2, corresponding to a value for Kendall’s tau of
0.25 resp. 0.5. The underlying structure is thus

C(u) = exp
(
−
((
− log u1

)θ0 +
(
(− log u2)θ1 + (− log u3)θ1

) θ0
θ1
) 1
θ0
)

= exp
(
−
((
− log u1

) 4
3 +

(
(− log u2)2 + (− log u3)2) 2

3
) 3

4
)
.

In order to access the biases and standard deviations of the estimators, we simu-
lated N = 1000 times n = 100 random vectors distributed according to the latter
structure. For the iterated maximum likelihood approach, for the approach based on
Okhrin’s assumption, and for the approach based on transformed data, we estimate
the parameter of the inner copula θ1 by a maximum likelihood estimator θ̂1,n, which
is then used as a constraint in estimating the outer parameter θ0. For the approach
which uses transformed data and for the procedure based on Okhrin (2007), θ̂1,n is
additionally plugged into those functions depending on the inner parameter θ1. For
the estimation procedure of Savu and Trede (2010) of using the full density of the
copula c, a two step procedure is not necessary. Rather a simultaneous estimation
of the inner and outer parameter takes place. The following table summarizes the
findings of the simulation study. The reported values are the means and standard
deviations of θ̂0,n and θ̂1,n of the 1000 runs. In addition, we report the respective
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values of Kendall’s tau in order to be able to interpret the biases and standard
deviations easier. The latter values are obtained in exactly the same way as in sec-
tion 3.2.4, i.e. from every estimated parameter the corresponding Kendall’s tau is
computed and the means and standard deviations reported in Table 4.2 are then
computed based on these values.

θ0 It. MLE Okhrin MLE h MLE c θ1 MLE c(u2, u3) MLE c

θ̂0 1.3329 1.3735 1.3277 1.3281 θ̂1 2.0137 2.0133
sd(θ̂0) 0.0828 0.0953 0.0761 0.0768 sd(θ̂1) 0.1703 0.1691
τ̂0 0.2527 0.2774 0.2518 0.2520 τ̂1 0.4998 0.4998

sd(τ̂0) 0.0576 0.0577 0.0576 0.0518 sd(τ̂1) 0.0424 0.0423

Table 4.2 Estimated parameters and standard deviations for the 3-dimensional fully
nested Gumbel copula with true parameters θ0 = 4

3 and θ1 = 2.0.

Looking at the results in Table 4.2, it can be seen that except for the estimation
method based on the assumption of Okhrin (2007), all procedure have almost no bias
and the Kendall’s taus are almost perfectly matched. The standard deviations of the
estimators are almost equal comparing the different approaches. This means in par-
ticular that there seems to be a systematic bias inherent in the approach which uses
the assumption of Okhrin (2007). Based on the complexity of the estimation method
of Savu and Trede (2010) which already slowed down the computation significantly
in our small dimensional setting, we recommend to use an iterated maximum likeli-
hood approach or the approach based on the transformed data, which is justified by
Lemma 4.3.3. In fact, the latter approach performs a little bit better with respect
to the standard deviation.
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5 Marshall-Olkin Copulas

In chapter 2, the notion of Marshall-Olkin distributions is motivated by the lack
of memory property. Being the only d-dimensional distribution sharing the multi-
variate lack of memory property for every k-dimensional margin for k = 1, . . . , d,
Marshall and Olkin (1967) call this distribution the multivariate exponential distri-
bution. This chapter gives the probabilistic model underlying any Marshall-Olkin
distribution and introduces the subclass of extendible Marshall-Olkin copulas or
Lévy frailty copulas. For this subclass, a more simple probabilistic model can be
given which is then used for parameter estimation purposes in the subsequent sec-
tion. Lévy frailty copulas are introduced in Mai (2010), which contains an extensive
treatment of the notion of extendibility of Marshall-Olkin copulas. The intuitive
interpretation underlying the probabilistic model, together with the lack of memory
property, renders the Marshall-Olkin distribution a standard model in reliability
theory, see e.g. Barlow and Proschan (1975) or Galambos and Kotz (1978). It is also
quite popular in risk management, see e.g. Giesecke (2003), Lindskog and McNeil
(2003), or Embrechts et al. (2001).

5.1 Probabilistic Construction and Sampling Strategies

Marshall and Olkin (1967) introduce a fatal shock model underlying every multivari-
ate exponential distribution. Assume that the random variables X1, . . . , Xd denote
the lifetimes of some d-component system. Moreover, assume that these compo-
nents are hit by shocks after which they are dead and that the arrival times of the
shocks are modeled as the first jump times of 2d− 1 independent Poisson processes.
If we denote the latter processes by (NM (t)) with parameters (λM ), indexed by
∅ 6= M ⊂ {1, . . . , d}, where the Poisson process NM effects precisely those compo-
nents Xk with k ∈M , then it holds that

P (X1 > x1, . . . , Xd > xd) = P
(
NM (max

k∈M
xk) = 0,M ⊂ {1, . . . , d}

)
=

∏
M⊂{1,...,d}

P
(
NM (max

k∈M
xk) = 0

)
= e
−

∑
M⊂{1,...,d}

λM max
k∈M

xk

,

i.e. (X1, . . . , Xd)T follows a Marshall-Olkin distribution. In addition, it is clear that
the univariate survival functions are given by

P (Xk > xk) = P
(
NM (xk) = 0,M ⊂ {1, . . . , d} , k ∈M

)
= e−Λkxk ,
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where as in chapter 2, we have Λk =
∑
M⊂{1,...,d}:k∈M λM . As mentioned above, the

random vector X is exchangeable if and only if |M | = |M̆ | implies λM = λM̆ (see
Mai (2010, p. 62)). This fact is now more intuitive since it means that the intensities
of the shocks only depend on the number of components hit by it. Moreover, it is
possible that there is a parameter λM being zero, which is interpreted as the arrival
time of a shock affecting all components in M simultaneously being ∞. However,
note that there has to be at least one intensity greater than zero.
We do not have to consider 2d − 1 Poisson processes to give a probabilistic model
for the Marshall-Olkin distribution. In fact, since the first jump time of a Poisson
process is exponentially distributed, 2d − 1 independent exponential random vari-
ables suffice. Therefore, let (EM )∅6=M⊂{1,...,d} be 2d − 1 independent exponentially
distributed random variables having corresponding parameters (λM )∅6=M⊂{1,...,d}.
Then the random vector (X1, . . . , Xd)T with components defined by

Xk := min {EM | ∅ 6= M ⊂ {1, . . . , d} , k ∈M} (5.1)

follows a Marshall-Olkin distribution. This is easily seen from a computation similar
to the one conducted above. Since the minimum of exponentially distributed ran-
dom variables is again exponentially distributed with parameter equal to the sum of
the parameters of the random variables over which the minimum is taken, we again
have P (Xk > xk) = e−Λkxk , k = 1, . . . , d, where Λk is as above. This justifies the
following algorithm.

Algorithm 5.1.1 In order to obtain a random sample (U1, . . . , Ud)T distributed
according to a Marshall-Olkin copula with parameters (λM )∅6=M⊂{1,...,d}, perform
the following steps.

1. Sample independently EM ∼ Exp(λM ) for every ∅ 6= M ⊂ {1, . . . , d}.

2. For k = 1, . . . , d, let Xk := min {EM | ∅ 6= M ⊂ {1, . . . , d} , k ∈M}.

3. For k = 1, . . . , d, define Uk = exp(−ΛkXk), where Λk =
∑
M⊂{1,...,d}:k∈M λM .

We now turn our attention to the exchangeable case, where the number of param-
eters decreases significantly. In this case, we denote the parameters by λ1, . . . , λd,
where λk corresponds to the parameters affecting k-dimensional margins, i.e. for
every subset M ⊂ {1, . . . , d} it holds that if |M | = k, then λM = λk. The follow-
ing Lemma characterizes the form of the Marshall-Olkin copula in the exchangeable
case.

Lemma 5.1.2 (Li, Mai) In the exchangeable case the Marshall-Olkin copula with
parameters (λ1, . . . , λd)T 6= 0, i.e. the survival copula of the vector (X1, . . . , Xd)T

constructed via (5.1), is given by

C(u1, . . . , ud) =
d∏

k=1
u
ak−1
(k) ,where ak =

∑d−k−1
l=0

(d−k−1
l

)
λl+1∑d−1

l=0
(d−1
l

)
λl+1

, k = 0, . . . , d− 1.

Here u(1) ≤ . . . ≤ u(d) is the ordered list of u1, . . . , ud.
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Proof
See Mai (2010, Theorem 3.4.1) or apply the general results in H. Li (2008) to the
exchangeable case.
In his dissertation, Mai (2010) shows that the notion of d-monotone sequences

is closely related to exchangeable Marshall-Olkin copulas. Furthermore, a surpris-
ing analogy to Archimedean copulas is established. This finally leads to a further
subclass of exchangeable Marshall-Olkin copulas for which an efficient sampling al-
gorithm may be given.

Definition 5.1.3 For any sequence (ak)k∈N0, let ∇ denote the difference op-
erator, i.e. ∇ak = ak − ak+1 and define recursively ∇iak = ∇i−1∇ak. We say
that

1. the finite sequence a0, . . . , ad−1 is d-monotone if ∇i−1ak ≥ 0 for every k =
0, . . . , d− 1 and i = 1, . . . d− k.

2. the sequence (ak)k∈N0 is completely monotone if ∇iak ≥ 0 for every k ∈ N0
and every i ∈ N0.

With this notion, Mai (2010) is able to show that the class of exchangeable
Marshall-Olkin copulas is precisely given by

eMO =
{
C(u1, . . . , ud) =

d∏
k=1

u
ak−1
(k)

∣∣∣∣ (a0, . . . , ad−1) d-monotone and a0 = 1
}
,

where u(1) ≤ . . . ≤ u(d) is the ordered list of u1, . . . , ud. Any exchangeable Marshall-
Olkin copula is thus uniquely determined by a d-monotone sequence and we note the
great analogy to the exchangeable Archimedean case, where a d-monotone function
plays a crucial role. In fact, as for d-monotone resp. completely monotone functions,
every d-monotone sequence can easily be seen to be completely monotone, but the
converse is in general not true, see Mai (2010, p. 70) for a counterexample. A member
of the subclass of eMO, generated by a d-monotone sequence which is extendible
to a completely monotone sequence, is henceforth called extendible Marshall-Olkin
copula.
A convenient way to parameterize this subclass of extendible Marshall-Olkin cop-

ulas is developed in Mai and Scherer (2011). In their work, the relationship between
Lévy subordinators, in terms of their Laplace transforms, and completely mono-
tone sequences is developed and an alternative probabilistic model is suggested. On
a probability space (Ω,Σ, P ), let T = {Tt}t≥0 be a non-zero (killed) Lévy subor-
dinator and {Ek}k∈N an independent and identically distributed sequence of unit
exponential random variables, independent of T . Furthermore, the Laplace expo-
nent Φ(x) = − logE(exp(−xT1)), x ≥ 0, of T is assumed to satisfy Φ(1) = 1. Define
the infinite exchangeable sequence of random variables {Xk}k∈N as the first passage
times of T across independent exponential thresholds, i.e.

Xk := inf{t ≥ 0 |Tt ≥ Ek}, k ∈ N. (5.2)

115



5 Marshall-Olkin Copulas

The distribution of {Xk}k∈N is completely determined by the sequence {Φ(k)}k∈N.
This can be seen from the fact that for d ∈ N, the survival function of (X1, . . . , Xd)T

is given by

P (X1 > x1, . . . , Xd > xd) = exp
(
−

d∑
k=1

x(d+1−k)
(
Φ(k)− Φ(k − 1)

))
, (5.3)

where x(1) ≤ . . . ≤ x(d) is the ordered list of x1, . . . , xd ≥ 0, see Mai and Scherer
(2009b). It is shown in Mai and Scherer (2011) that (5.3) is the survival function of
a Marshall-Olkin distribution with parameters

λM :=
|M |−1∑
k=0

(−1)k
(
|M | − 1

k

)(
Φ(d− |M |+ k + 1)− Φ(d− |M |+ k)

)
,

where |M | denotes the cardinality of the set ∅ 6= M ⊂ {1, . . . , d}. The jumps of
the Lévy subordinator induce positive probabilities for two or more components of
(X1, . . . , Xd)T to be identical, which corresponds to exogenous shocks hitting several
components in the canonical construction (5.1). We once again stress that the
Marshall-Olkin distributions obtained using this alternative construction via Lévy
subordinators precisely form the subclass of extendible Marshall-Olkin distributions.
This fact is important in subsequent sections. In particular, the components of a
random vector X following a distribution of this subclass are conditionally i.i.d.
in the sense of De Finetti’s Theorem, see De Finetti (1937); Aldous (1985), i.e.
conditioned on the path of the Lévy subordinator, (Xk)k∈N is an i.i.d. sequence, viz

P
(
X1 > x1, . . . , Xd > xd |σ(Tt, t ≥ 0)

)
=

d∏
k=1

P
(
Xk > xk |σ(Tt, t ≥ 0)

)
,

for every d ≥ 2 and t ∈ Rd+. Such a structure is also seen in the Archimedean
case, where the σ-algebra σ(V ) with respect to which we condition, is given in
terms of the random variable V . This is another analogy of extendible Marshall-
Olkin and exchangeable Archimedean copulas and it can in fact be used to give an
efficient sampling algorithm (see Algorithm 5.1.4), a fact which is demonstrated in
Mai (2010). By noticing that P (Xk > xk) = exp(−Φ(1)xk) = exp(−xk), i.e. that
the random variables defined in (5.2) are unit exponentially distributed, we may
put the model (5.2) into a copula framework and get that the survival copula of
(X1, . . . , Xd)T is given by

CΦ(u1, . . . , ud) =
( d∏
k=1

u
Φ(k)−Φ(k−1)
(k)

)
, u1, . . . , ud ∈ [0, 1].

Algorithm 5.1.4 (Mai, Scherer) Let Tt be a (killed) Lévy subordinator having
Laplace exponent Φ satisfying Φ(1) = 1. In order to obtain a sample (U1, . . . , Ud)T

of an extendible Marshall-Olkin copula CΦ, perform the following steps.
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1. Generate d independent samples E1, . . . , Ed of E ∼ Exp(1).

2. Independently of E1, . . . , Ed generate one path of the subordinator (Tt)[0,x],
where x ≥ 0 is such that Tx ≥ E(d) = max {E1, . . . , Ed}.

3. Set Xk = inf {t ≥ 0 |Tt ≥ Ek}.

4. Define Uk = exp(−Xk).

It follows from this construction that the copula is not absolutely continuous in
general. It is e.g. possible that the first jump of a driftless Lévy subordinator is
larger than the value E(d) in the case of which U1 = . . . = Ud. Note that there
is also a positive probability for Uk1 = . . . = Ukl for an arbitrary set of indices
{k1, . . . , kl} ⊂ {1, . . . , d} with at least two elements. Due to the usage of Lévy
subordinators as latent factors in the underlying probabilistic model, the class of
extendible Marshall-Olkin distributions resp. copulas is also called the class of Lévy
frailty distributions resp. copulas by Mai and Scherer (2009b); Mai and Scherer
(2011).

5.2 Bivariate Maximum Likelihood Estimation
One of the most popular copulas in the class of Marshall-Olkin copulas is the class
named after Cuadras and Augé introduced in their paper Cuadras and Augé (1981).
Cuadras and Augé do not only consider a bivariate setting in their work, they also
give a multivariate extension. When restricting this extension to the exchangeable
case we get a one-parametric copula family given by

C(u1, . . . , ud) = u(1)

d∏
k=2

u
(1−θ)k−1

(k) , for θ ∈ [0, 1], u(1) ≤ . . . ≤ u(d), u ∈ [0, 1]d.

This one-parametric copula family is a member of the class of Lévy frailty copulas,
which can be seen by considering the subordinator Tt = − log(1− θ)Nt, where Nt is
an ordinary Poisson process with intensity 1

θ . It then holds for the Laplace exponent

ΦT (x) = 1
θ

(
1− e−x(− log(1−θ))

)
= 1

θ (1− (1− θ)x),

which may e.g. be obtained from Table 2.2, where µ = 0, λ = 1
θ and X ≡ 1 in the

CPP case. Hence, in particular, ΦT (1) = 1 and ΦT (k)−ΦT (k − 1) = (1− θ)k−1 for
k = 2, . . . , d. We now focus on estimating the parameter θ in the case of bivariate
Cuadras-Augé copulas, which are given in Example 2.2.23. As mentioned in the
previous section, the class of Lévy frailty copulas is not absolutely continuous, a
fact which makes maximum likelihood estimation difficult. However, Ruiz-Rivas
and Cuadras (1988) derive a density of the bivariate Cuadras-Augé copula. We first
define a new measure on [0, 1]2, which is µ(B) = λ2(B) +λ({u | (u, u)T∈ B}), where
B ∈ B([0, 1]2) and λ2 resp. λ denote the Lebesque measure on [0, 1]2 resp. [0, 1].
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5 Marshall-Olkin Copulas

Ruiz-Rivas and Cuadras (1988) are now able to show that the bivariate Cuadras-
Augé copula admits a density with respect to this measure given by

c(u1, u2) = (1− θ)
(

max{u1, u2}
)−θ

1{u1 6=u2} + 1{u1=u2}θu
1−θ
1 .

Using the fact that µ(B) = λ({u | (u, u)T ∈ B}) for B = {(u1, u2)T ∈ [0, 1]2 |u1 =
u2}, µ(BC) = λ2(BC) and assuming w.l.o.g. u1 ≤ u2 we obtain∫ u1

0

∫ u2

0
c(v1, v2)µ

(
d(v1, v2)

)
=
∫ u1

0

∫ u2

0
(1− θ)

(
max{v1v2}

)−θ
dv2dv1 +

∫ min{u1,u2}

0
θv1−θdv

=
∫ u1

0

∫ v1

0
(1− θ)v−θ1 dv2dv1 +

∫ u1

0

∫ u2

v1
(1− θ)v−θ2 dv2dv1 + θ

2− θu
2−θ
1

=
∫ u1

0
(1− θ)v1−θ

1 dv1 +
∫ u1

0
u1−θ

2 − v1−θ
1 dv1 + θ

2− θu
2−θ
1

= 1− θ
2− θu

2−θ
1 + u1u

1−θ
2 − 1

2− θu
2−θ
1 + θ

2− θu
2−θ
1 = u1u

1−θ
2 = C(u1, u2).

A byproduct of this computation is that one is able to obtain the probability of
U1 = U2, which is seen to be

P (U1 = U2) =
∫ 1

0
θv1−θdv = θ

2− θ .

Based on this density resp. the loglikelihood function obtained from this density, the
maximum likelihood estimator for an i.i.d. sample U1, . . . ,Un is given by Ruiz-Rivas
and Cuadras (1988) as

θ̂n := M−n+
√

(n−M)2+4nDM
2M ,where M = −

n∑
i=1

logUi,(2) and nD = |{i |Ui,1 = Ui,2}| .

Here, we once again use the notation Ui,(1) ≤ Ui,(2) for i = 1, . . . , n for the order
statistics. Under suitable regularity conditions, such as in Lehmann and Casella
(1998, chapter 6), the usual maximum likelihood theory may be applied. In addi-
tion, if one is not given a sample of the copula but of a bivariate distribution having a
Cuadras-Augé copula, one might use the results and regularity conditions of Genest
et al. (1995) and work with the canonical maximum likelihood approach. Moreover,
the maximum likelihood estimator considered in this section is shown to outperform
moment-type estimators in Ocaña and Ruiz-Rivas (1990).
Further parameter estimation techniques for the bivariate Marshall-Olkin distri-
bution are developed in Pena and Gupta (1990); Lu (1992) in terms of Bayesian
estimators, or in Heinrich and Jensen (1995) considering maximum likelihood ap-
proaches in a more general setting than in this section. A more recent paper is
Kundu and Dey (2009), where an EM algorithm for maximum likelihood estimation
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is suggested. However, all approaches lack an easy or at least tractable multivariate
extension. For this reason we consider a different approach based on the notion
of Lévy frailty copulas in subsequent sections of this chapter, which are especially
suited to large dimensional copulas.

5.3 A Method of Moments Approach for Parameter
Estimation

We have seen above that associated with any parametric family of Lévy subordina-
tors, there is a parametric family of extendible Marshall-Olkin copulas. The latter
share the dependence structure with the vector of first passage times of the Lévy
subordinator across independent and identically distributed exponential threshold
levels. This section derives a strongly consistent and asymptotically normal esti-
mator for the parameters in such models. The estimation strategy is to minimize
the Euclidean distance between certain empirical and theoretical functionals of the
distribution. As a byproduct, the covariance structure of the order statistics of a
d-dimensional extendible Marshall-Olkin distribution is computed.
The survival copula of the Marshall-Olkin distribution has attracted some atten-

tion in the statistical literature, see e.g. Embrechts et al. (2001) or H. Li (2008). In
particular, it is an extreme-value copula and is therefore also a natural model with
transformed marginal (extreme-value) distributions. The treatment of the Marshall-
Olkin distribution via copulas is useful because in some applications, see e.g. Mai
and Scherer (2009a), it might be convenient to generalize the model (5.2) to

Xk := inf{t ≥ 0 : Th(t) ≥ Ek}, k ∈ N,

where h : [0,∞) → [0,∞) is increasing and satisfies h(0) = 0, limt→∞ h(t) = ∞. If
h is linear, this is precisely an extendible Marshall-Olkin distribution. However, for
general h, this extension corresponds to a transformation of the marginal exponential
distribution to a more general distribution, whereas the dependence structure, i.e.
the copula CΦ, remains unaffected by this transformation. In such applications,
it is convenient to estimate the margins, i.e. the functional form of h, in a first
step (by univariate techniques applicable for the respective model for h) and the
dependence structure, i.e. the survival copula CΦ, in a second step. For the second
step, we assume that we are given samples from the copula directly. In practice,
having estimated the function h by ĥ, one has to replace the realizations of Xk by
the pseudo-observations Ûk = exp

(
− ĥ(Xk)

)
, k = 1, . . . , d. The rest of this chapter

is solely concerned with the second step in this estimation procedure. Therefore, we
assume that we are able to directly observe data from the copula.
From now on, we assume that the Laplace exponent Φ, and therefore the copula

CΦ, is given in a parametric form, i.e. Φ = Φθ for a parameter (vector) θ ∈ Θ ⊂ Rp.
It is furthermore assumed that Θ is open and Φθ(1) = 1. Given independent and
identically distributed realizations (Ui,1, . . . , Ui,d)T, i = 1, . . . , n, from the copula
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5 Marshall-Olkin Copulas

CΦθ , we are interested in the estimation of the parameter θ. Besides the aforemen-
tioned popularity of the Marshall-Olkin distribution for applications, the considered
estimation problem is interesting and relevant for the following reasons.
The problem is unsolved. Only in the bivariate case d = 2, the copula u(1) u

1−α
(2) is

well-studied in the statistical literature (see 5.2). However, the bivariate estimation
techniques discussed in the literature are tedious to generalize to larger dimensions
d > 2 because of the complexity of the Marshall-Olkin model grows exponentially in
d. For instance, as mentioned earlier, the distribution exhibits a singular component
on all subsets of (0,∞)d of the form {uk1 = . . . = ukl}, 1 ≤ k1 < . . . < kl ≤ d. This
renders standard maximum likelihood techniques infeasible.
The problem is of theoretical interest. Considering only bivariate subpairs (Xi, Xj)T

of the random vector (X1, . . . , Xd)T, the bivariate survival copula of (Xi, Xj)T is
the aforementioned Cuadras-Augé copula u(1) u

1−α
(2) with parameter α = 2 − Φθ(2),

see section 5.2. This means that the values Φθ(k) for k ≥ 3 have no effect on the
distribution of bivariate pairs. More generally, k-margins of (X1, . . . , Xd)T are fully
determined by the numbers Φθ(2), . . . ,Φθ(k). Statistically, this means that an es-
timator for Φθ(k) cannot be based on statistics involving only (k − 1)-dimensional
subvectors of (X1, . . . , Xd)T. In particular, the (existing) bivariate estimators only
yield estimates for Φθ(2). However, there exist examples where θ is not fully de-
termined by Φθ(2), see below. Put differently, as a byproduct of the proof of De
Finetti’s Theorem (see Aldous (1985, Corollary 3.10)), it follows that σ(Tt : t ≥ 0)
agrees a.s. with the tail σ-field of {Xk}k∈N. Thus the more components of the in-
finite sequence {Xk}k∈N are considered, the more information on the underlying
Lévy subordinator is gathered. But the larger k, the more subtle is the distribu-
tional information contained in the number Φθ(k). In some sense, this also means
that statistical estimation becomes more difficult in larger dimensions because “high-
dimensional events” are quite rare.
To roughly indicate our estimation strategy, the following steps are carried out in

the sequel.

1. Unbiased and strongly consistent estimators b̂k,n, k = 2, . . . , d, are derived for
the sequence bk(θ) := 1/(Φθ(k) + 1), k = 2, . . . , d.

2. Having computed (b̂2,n, . . . , b̂d,n)T, in a second step we aim at choosing the
parameter θ such that the distance of the empirical values (b̂2,n, . . . , b̂d,n)T and
the theoretical values (b2(θ), . . . , bd(θ))T is minimized, i.e.

θ̂n := argmin
θ∈Θ

d∑
k=2

(
b̂k,n − bk(θ)

)2
.

Section 5.3.1 presents a motivating example and some preliminary technical com-
putations. Section 5.3.2 derives an unbiased and strongly consistent estimator for
(b2(θ), . . . , bd(θ))T. Section 5.3.3 shows strong consistency and asymptotic normality
of the estimator θ̂n. Section 5.3.4 provides some numerical results.
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5.3.1 A Motivating Example and Preliminaries
Some examples of subordinators are given in Table 2.2 or in Mai (2010, p. 106),
where examples of subordinators satisfying Φ(1) = 1 are given. An exhaustive list
of parametric forms for Laplace exponents, and hence Lévy subordinators, with
corresponding references can be found in Jacob and Schilling (2005). To keep the
rest of this chapter reader-friendly, we demonstrate and motivate our results using
the following toy example. Consider

Φ(θ1,θ2)(x) :=
(
1− θ1 (2 + θ2)

)
x+ θ1

x (2 + θ2) (1 + θ2)
x+ θ2

, x ≥ 0, (5.4)

θ := (θ1, θ2)T∈ Θ := {θ ∈ R2 | 0 < θ1 < 1/2 and 0 < θ2 < 1/θ1 − 2}.

This Laplace exponent corresponds to a compound Poisson subordinator with drift
1 − θ1 (2 + θ2) ∈ [0, 1], intensity θ1 (2 + θ2) (1 + θ2), and exponential jump sizes
with mean 1/θ2. It is important to stress that for this family, we have Φθ(2) =
2 (1 − θ1), independently of θ2 ∈ (0, 1/θ1 − 2). This means that θ2 has no effect
on the distribution of bivariate margins. Moreover, it is easy to check that the
value Φθ(2) uniquely determines θ1 and that the two values Φθ(2),Φθ(3) uniquely
determine (θ1, θ2)T.
Let us briefly provide a numerical example which shows that an estimation tech-

nique only considering bivariate margins is not sufficient. Suppose we have estimated
in a first step (for example by a bivariate technique) the value θ1 = 0.2335. Then
the unknown parameter θ2 may still range in the interval (0, 1/θ1 − 2) ≈ (0, 2.283).
It follows from Mai and Scherer (2011, Corollary 2.4) that

Pθ(U1 = U2 = U3) = 3− 3 Φθ(2) + Φθ(3)
Φθ(3) = 6 θ1

9 + 3 θ2 − 12 θ1 − 6 θ1 θ2
.

Hence, with pre-determined θ1 = 0.2335, the function

θ2 7→ P(0.2335,θ2)(U1 = U2 = U3) = 1.401
9 + 3 θ2 − 2.802− 1.401 θ2

,

where θ2 ∈ (0, 2.283), still varies in (0.122, 0.226). To obtain an accurate estimation
for the latter probability, the information contained in bivariate margins (via θ1)
is hence not sufficient. Thus a method based on (at least) trivariate margins is
required.
Before presenting the estimator in the upcoming sections, the following lemma

provides some properties of the order statistics of

(U1, . . . , Ud)T :=
(

exp(−X1), . . . , exp(−Xd)
)T
,

where (X1, . . . , Xd)T is defined by (5.2). Recalling that we assume Φθ(1) = 1, it holds
that (U1, . . . , Ud)T has joint distribution function CΦθ . The computed covariance
structure of the order statistics is required later to compute the asymptotic variance
of our estimator.
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Lemma 5.3.1 (Properties of the order statistics) For k = 1, . . . , d and u ∈
(0, 1), the density of the k-th order statistic U(k) of U1, . . . , Ud is given by

fU(k)(u) :=
d∑

m=d−k+1

(
d

m

)
m∑
l=0

(−1)l+1
(
m

l

)
Φθ(d+ l −m)uΦθ(d+l−m)−1. (5.5)

Moreover, for 1 ≤ j < k ≤ d, it holds that

E(U(k)) =
d∑

m=d−k+1

(
d

m

)
m∑
l=0

(−1)l
(
m

l

)
bd+l−m(θ),

E
(
U2

(k)
)

=
d∑

m=d−k+1

(
d

m

)
m∑
l=0

(−1)l+1
(
m

l

)
Φθ(d+ l −m)

Φθ(d+ l −m) + 2 ,

E(U(j) U(k)) =
d∑

m=d−k+1

(
d

m

)
m∑
l=0

(
m

l

)
(−1)l

Φθ(d+ l −m) + 2

+ d!
(d− k)! (k − j − 1)! (j − 1)!

×
k−j−1∑
l=0

(
k − j − 1

l

)
d−k∑
s=0

(
d− k
s

)
(−1)s+l

j + l

( Φθ(s+ k)
2(s+ k)(Φθ(s+ k) + 2)

− Φθ(s+ k)− Φθ(l + j)
(s− l + k − j) (Φθ(l + j) + 1) (Φθ(s+ k) + 2) Φθ(l + j) + 2

)
.

Proof
It holds true for u ∈ [0, 1] and k = 1, . . . , d that

P (U(k) ≤ u) = 1− P (X(d−k+1) ≤ − log u)

= 1−
d∑

m=d−k+1
P (exactly m elements of {X1, . . . , Xd} are ≤ − log u).

The latter probabilities can be retrieved from Mai and Scherer (2009a, Theorem
5.1.(c)). One obtains

P (U(k) ≤ u) = 1−
d∑

m=d−k+1

(
d

m

)
m∑
l=0

(−1)l
(
m

l

)
uΦθ(d+l−m), u ∈ [0, 1]. (5.6)

Hence the k-th order statistic U(k) has the claimed density. For E(U(k)), using this
density gives

E(U(k)) =
d∑

m=d−k+1

(
d

m

)
m∑
l=0

(−1)l
(
m

l

)
Φθ(d+ l −m)

Φθ(d+ l −m) + 1 .

Noting that bd+l−m(θ) = 1
Φθ(d+l−m)+1 = 1 − Φθ(d+l−m)

Φθ(d+l−m)+1 and using the fact that∑m
l=0(−1)l

(m
l

)
1 = (1 − 1)m = 0, for m ≥ 1, we obtain the claim. The expression
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for E
(
U2

(k)
)
is immediate from the density formula (5.5). For j < k and u ≤ v, we

observe that

P (U(j) ≥ u, U(k) ≥ v) = P (X(d−k+1) ≤ − log v,X(d−j+1) ≤ − log u)

=P
( d∑
l=1

1{Xl≤− log v} ≥ d− k + 1,
d∑
l=1

1{Xl≤− log u} ≥ d− j + 1
)

=P
( d∑
l=1

1{El≤T− log v} ≥ d− k + 1,
d∑
l=1

1{El≤T− logu} ≥ d− j + 1
)
.

The latter probability is computed in Mai and Scherer (2009a, Theorem 5.2) and
given by

d!
(d− k)! (k − j − 1)! (j − 1)!

k−j−1∑
l=0

(
k − j − 1

l

)
d−k∑
s=0

(
d− k
s

)
(−1)s+l

j + l

×
(1− vΦθ(s+k)

s+ k
− uΦθ(l+j)

s− l + k − j
+ vΦθ(s+k)−Φθ(l+j) uΦθ(l+j)

s− l + k − j

)
. (5.7)

To compute the expectation E(U(j) U(k)), we use Tonelli’s Theorem and obtain

E(U(i) U(j)) =
∫∫

[0,1]2
P (U(j) ≥ u, U(k) ≥ v) du dv

=
∫ 1

0

(∫ u

0
P (U(j) ≥ u) dv +

∫ 1

u
P (U(j) ≥ u, U(k) ≥ v) dv

)
du.

Replacing the remaining probabilities by applying formulas (5.6) and (5.7), a simple
integration yields the claimed result.

5.3.2 The Estimation Procedure: Step I
The goal of this section is to derive an unbiased and strongly consistent estimator
for the vector

(
b2(θ), . . . , bd(θ)

)
, where bk(θ) := 1/(Φθ(k) + 1), k = 0, . . . , d. Note

that b0(θ) = 1 and b1(θ) = 1/2 (by the assumption Φθ(1) = 1) are additionally
defined for later reference even though they do not depend on θ. In order to define
the estimator, the Stirling numbers of the second kind are required, see e.g. Jordan
(1965). For i, j ∈ N0, these are given by

S(i, j) :=


1 , i = j = 0
0 , 0 ∈ {i, j} and i 6= j
j S(i− 1, j) + S(i− 1, j − 1) , i, j ∈ N

=


1 , i = j = 0
0 , j > i or j = 0 < i
number of ways to partition a
set of i objects into j groups , i ≥ j ≥ 1

= (−1)j

j!

j∑
m=0

(−1)m
(
j

m

)
mi.

123
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Based on these numbers, we need the following constants to derive our estimator.

Definition 5.3.2 For each n ∈ N, we define the constants κ1,n, . . . , κn,n recursively
as follows:

κn,n := 1, κn−j,n := −
j∑
i=1

S(n, n− i)κn−j,n−i, j = 1, . . . , n− 1.

Example 5.3.3 The numbers κj,k for 1 ≤ j ≤ k ≤ 8 are depicted in the following
table.

κj,k k = 1 k = 2 k = 3 k = 4 k = 5 k = 6 k = 7 k = 8

j = 1 1 −1 2 −6 24 −120 720 −5040
j = 2 n.a. 1 −3 11 −50 274 −1764 13068
j = 3 n.a. n.a. 1 −6 35 −225 1624 −13132
j = 4 n.a. n.a. n.a. 1 −10 85 −735 6769
j = 5 n.a. n.a. n.a. n.a. 1 −15 175 −1960
j = 6 n.a. n.a. n.a. n.a. n.a. 1 −21 322
j = 7 n.a. n.a. n.a. n.a. n.a. n.a. 1 −28
j = 8 n.a. n.a. n.a. n.a. n.a. n.a. n.a. 1

Theorem 5.3.4 Based on n i.i.d. samples, the statistic
(
b̂2,n, . . . , b̂d,n

)
is an un-

biased and strongly consistent estimator for
(
b2(θ), . . . , bd(θ)

)
, where

b̂k,n := 1
n

n∑
i=1

Gk
(
Ui,1, . . . , Ui,d

)
, k = 2, . . . , d,

Gk
(
Ui,1, . . . , Ui,d

)
:= (d− k)!

d!

k∑
j=1

κj,k

d∑
l=1

lj
(
Ui,(l+1) − Ui,(l)

)
.

In the expressions above, we denote by 0 ≤ Ui,(1) ≤ . . . ≤ Ui,(d) ≤ 1 the order
statistics of Ui,1, . . . , Ui,d with the convention that Ui,(d+1) := 1, for i = 1, . . . , n.

Before Theorem 5.3.4 is proved, let us briefly motivate the seemingly complicated
definition of the functions Gk. It follows from the conditional i.i.d.-structure with
the Theorem of Glivenko-Cantelli, see Theorem 2.4.1, that

F̂d(u) := 1
d

d∑
k=1

1{Uk≤u} = 1
d

d∑
k=1

1{Xk≥− log u}−→e−T− logu , a.s. as d→∞,

uniformly in u ∈ [0, 1]. This can be seen from

P
(

lim
d→∞

sup
u∈[0,1]

∣∣∣1
d

d∑
k=1

1{Uk≤u} − e
−T− logu

∣∣∣)

= P
(

lim
d→∞

sup
u∈[0,1]

∣∣∣1
d

d∑
k=1

1{Xk≥− log u} − e−T− logu
∣∣∣)
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= P
(

lim
d→∞

sup
u∈[0,1]

∣∣∣1
d

d∑
k=1

1{Ek≥T− logu} − e
−T− logu

∣∣∣)

=
∫ ∞

0
P
(

lim
d→∞

sup
v∈R+

∣∣∣1
d

d∑
k=1

1{Ek≥v} − e
−v
∣∣∣)dFT− logu(v)

=
∫ ∞

0
1 dFT− logu(v) = 1,

where the penultimate equality is justified by the conditional i.i.d. structure and
where the last step holds by the Glivenko-Cantelli Theorem (Theorem 2.4.1). There-
fore, if d was large, one could hope that

1
dk

d∑
l=1

lk
(
Ui,(l+1) − Ui,(l)

)
=
∫ 1

0

(
F̂d(u)

)k
du ≈

∫ 1

0
e−k T− logu du. (5.8)

The general idea of our estimator is now to match the empirical mean of the left-
hand side with the (theoretical) mean of the right-hand side of (5.8). Using Tonelli’s
Theorem and the Lévy-Khinchin formula, the expectation of the right-hand side is
computed as

E
( ∫ 1

0
e−k T− logu du

)
=
∫ 1

0
uΦθ(k) du = 1

Φθ(k) + 1 = bk(θ).

Asymptotically, as d → ∞, the mean of the left-hand side of (5.8) converges to
bk(θ) by the previous argument and the bounded convergence theorem. For fixed
d, it is given by a linear combination of b2(θ), . . . , bd(θ) (see Lemma 5.3.1). Solving
the resulting linear equation system for the unknowns b2(θ), . . . , bd(θ) yields the
claimed estimator.
Proof of Theorem 5.3.4
In order to simplify notations, we define

(
âi,1, . . . , âi,d

)
, where

âi,j :=
d∑
l=1

lj
(
Ui,(l+1) − Ui,(l)

)
, j = 1, . . . , d,

and observe that

Gk
(
Ui,1, . . . , Ui,d

)
= (d− k)!

d!

k∑
j=1

κj,k âi,j .

Furthermore, recall that the random vectors
(
âi,1, . . . , âi,d

)T, i = 1, . . . , n, are i.i.d.,
since they are evaluations of the same function of i.i.d. samples. We are going to
verify for k = 1, . . . , d that

bk(θ) = (d− k)!
d!

k∑
j=1

κj,k E
(
âi,j
)

= E
(
Gk
(
Ui,1, . . . , Ui,d

))
. (5.9)
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Of course, the claim follows immediately from (5.9) by the strong law of large num-
bers. Therefore, the validity of (5.9) remains to be shown. To this end, we carry
out the following two steps for j = 1, . . . , d. We first compute

aj(θ) := E
(
âi,j
)

=
j∑
l=1

d!
(d− l)! S(j, l) bl(θ) (5.10)

and then verify (5.9). Let us first prove (5.10). For l = 1, . . . , d − 1, Lemma 5.3.1
implies that

E(Ui,(l+1) − Ui,(l)) =
∫ 1

0
u (fU(l+1)(u)− fU(l)(u)) du

=
(

d

d− l

)
d−l∑
k=0

(−1)k+1
(
d− l
k

)
Φθ(k + l)

Φθ(k + l) + 1

=
(
d

l

)
d−l∑
k=0

(−1)k
(
d− l
k

)(
1− Φθ(k + l)

Φθ(k + l) + 1
)

=
(
d

l

)
d−l∑
k=0

(−1)k
(
d− l
k

)
bk+l(θ),

where the third equality follows from the symmetry of the binomial coefficient as
well as from the binomial formula, which gives

0 = 1{l=d} = (1− 1)d−l =
d−l∑
k=0

(−1)k
(
d− l
k

)
, l = 1, . . . , d− 1.

Moreover, Xi,(1) = − log(Ui,(d)) is exponentially distributed with mean 1/Φθ(d)
because using the notations of (5.2) implies

P
(
Xi,(1) > x

)
= P

(
Tx ≤ min{E1, . . . , Ed}

)
= E

(
e−d Tx

)
= e−xΦθ(d), x ≥ 0.

The second equation above uses the min-stability of the exponential distribution as
well as the independence of (Tt)t≥0 and the i.i.d. random variables E1, . . . , Ed. For
the third equality, the Lévy-Khinchin formula is used. It follows that

E(1− Ui,(d)) = 1− E
(

exp(−Xi,(1))
)

= 1−
∫ ∞

0
e−xΦθ(d)e−xΦθ(d) dx

= 1− Φθ(d)
∫ ∞

0
e−x (Φθ(d)+1) dx = 1− Φθ(d)

Φθ(d) + 1 = 1
Φθ(d) + 1 = bd(θ).
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Putting the pieces together, we have shown that

aj(θ) = dj E(1− Ui,(d)) +
d−1∑
l=1

lj E(Ui,(l+1) − Ui,(l))

= dj bd(θ) +
d−1∑
l=1

lj
(
d

l

)
d−l∑
k=0

(−1)k
(
d− l
k

)
bk+l(θ)

=
d∑
l=1

lj
(
d

l

)
d−l∑
k=0

(−1)k
(
d− l
k

)
bk+l(θ)

=
d∑
l=1

lj
(
d

l

)
d∑
ν=l

(−1)ν−l
(
d− l
ν − l

)
bν(θ) (k + l = ν)

=
d∑

ν=1
bν(θ) (−1)ν

ν∑
l=1

lj (−1)l
(
d

l

)(
d− l
ν − l

)
︸ ︷︷ ︸

=(νl) (dν)

=
d∑

ν=1
bν(θ)

(
d

ν

)
(−1)ν

ν∑
l=0

lj (−1)l
(
ν

l

)
︸ ︷︷ ︸

=S(j,ν) ν!

=
j∑

ν=1

d!
(d− ν)! S(j, ν) bν(θ).

Thus (5.10) is established.
Statement (5.9) can now be verified by induction over k = 1, . . . , d. For k = 1,

the assumption Φθ(1) = 1 implies b1(θ) = 0.5 and the claim is easily seen to be
true. Now, the induction hypothesis (IH) is that the statement is true for all j with
1 ≤ j ≤ k < d. We then show it also holds true for k+ 1. We know from (5.10) and
S(k + 1, k + 1) = 1 that

ak+1(θ) = d!
(d− (k + 1))! bk+1(θ) +

k∑
ν=1

d!
(d− ν)! S(k + 1, ν) bν(θ).

Solving this equation for bk+1(θ), one obtains

bk+1(θ) = (d− (k + 1))!
d!

(
ak+1(θ)−

k∑
ν=1

d!
(d− ν)! S(k + 1, ν) bν(θ)

)
= (d− (k + 1))!

d!
(
ak+1(θ)

−
k∑
ν=1

d!
(d− ν)! S(k + 1, ν) (d− ν)!

d!

ν∑
j=1

κj,ν aj(θ)
)

= (d− (k + 1))!
d!

(
ak+1(θ)−

k∑
ν=1

S(k + 1, ν)
ν∑
j=1

κj,ν aj(θ)
)

127



5 Marshall-Olkin Copulas

= (d− (k + 1))!
d!

(
ak+1(θ)−

k∑
j=1

aj(θ)
k∑
ν=j

S(k + 1, ν)κj,ν
)
,

where the induction hypothesis is used for the second equality. Now, it holds true
that

k∑
ν=j

S(k + 1, ν)κj,ν
(µ=k+1−ν)=

k+1−j∑
µ=1

κj,k+1−µ S(k + 1, k + 1− µ) = −κj,k+1,

which finally implies

bk+1(θ) = (d− (k + 1))!
d!

(
ak+1(θ) +

k∑
j=1

aj(θ)κj,k+1
)

= (d− (k + 1))!
d!

k+1∑
j=1

κj,k+1 aj(θ).

The claim is established.

Corollary 5.3.5 (Covariance structure of the estimators) Fix n ∈ N and de-
note by Σn(θ) :=

(
Σn(θ, k, l)

)
2≤k,l≤d =

(
Cov(b̂k,n, b̂l,n)

)
2≤k,l≤d the covariance matrix

of (b̂2,n, . . . , b̂d,n). For 2 ≤ k, l ≤ d, we have that

Σn(θ, k, l) = 1
n

Cov
(
Gk
(
U1, . . . , Ud

)
, Gl

(
U1, . . . , Ud

))
= 1
n

(d− k)! (d− l)!
(d!)2

×
k∑

j1=1

l∑
j2=1

d∑
l1=1

d∑
l2=1

κj1,k κj2,l l
j1
1 lj22

(
Cov(U(l1+1), U(l2+1))

− Cov(U(l1+1), U(l2))− Cov(U(l1), U(l2+1)) + Cov(U(l1), U(l2))
)
,

where the required covariance structure of the order statistics can be retrieved from
Lemma 5.3.1.

Proof
Immediate from Theorem 5.3.4.

5.3.3 The Estimation Procedure: Step II
Up to this point, we have derived an unbiased and strongly consistent estimator
(b̂2,n, . . . , b̂d,n)T for the transformed parameter sequence (b2(θ), . . . , bd(θ))T. Now,
the question is, how to extract the true parameter (vector) θ from (b̂2,n, . . . , b̂d,n)T.
Our strategy is to define the estimator via

θ̂n := argmin
θ∈Θ

Ψn(θ) := argmin
θ∈Θ

d∑
k=2

(
b̂k,n − bk(θ)

)2
. (5.11)
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It is later justified under mild conditions that the minimum of Ψn exists a.s. for
sufficiently large n. If it is attained by more than one θ, θ̂n is defined to be one
arbitrary θ among them. The true underlying parameter vector is denoted by θ0.
In order to show strong consistency of the estimator θ̂n, we need the identifiability
condition

lim
n→∞

Φθn(k) = Φθ0(k) for k = 2, . . . , d⇒ lim
n→∞

θn = θ0. (IC)

Condition (IC) is interpreted as follows. Assume (Un,1, . . . , Un,d)T∼ CΦθn for n ∈ N
and (U1, . . . , Ud)T ∼ CΦθ0

. If limn→∞Φθn(k) = Φθ0(k) for k = 2, . . . , d, then this
implies that (Un,1, . . . , Un,d)T tends in distribution to (U1, . . . , Ud)T as n → ∞. In
this case, we need to postulate that the parameter θn determining the distribution
of (Un,1, . . . , Un,d)T tends to the parameter θ0 of (U1, . . . , Ud)T. In particular, (IC)
implies that Φθ = Φθ0 ⇒ θ = θ0. Typically, the parametric form Φθ of the Laplace
exponent satisfies this condition for every θ0 ∈ Θ. A sufficient condition for (IC) to
hold is e.g. that for θ ∈ Rp, the map θ 7→ (Φθ(2), . . . ,Φθ(p + 1)) is invertible in a
neighborhood of θ0. This property can be verified for all families depicted in Mai
(2010, p.106).

Example 5.3.6 Considering our toy example Φ(θ1,θ2) from Section 5.3.1, one has

Φ(θ1,θ2)(2) = 2 (1− θ1), Φ(θ1,θ2)(3) = 3− 6 θ1
(
1− 1

3 + θ2

)
.

This implies that this parametric family satisfies (IC) for every θ0 ∈ Θ if d ≥ 3. On
the contrary, for d = 2, we have already argued that the parameter θ2 has no effect
on the distribution.

Proposition 5.3.7 (Strong Consistency) Let θ 7→ Φθ(k) be continuous for every
fixed k ∈ N0 and assume (IC) to hold. Then θ̂n is well-defined for almost all n and
tends almost surely to θ0 as n→∞.

Proof
Define Ψ(θ) :=

∑d
k=2(bk(θ0) − bk(θ))2, θ ∈ Θ. As n → ∞, we first verify that Ψn

tends a.s. to Ψ uniformly on Θ. To this end, define

B :=
d⋂

k=2

{
ω ∈ Ω : lim

n→∞
b̂k,n(ω) = bk(θ0)

}
.

Then P (B) = 1 by Theorem 5.3.4. From now on, we work on the set B and suppress
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the argument ω in b̂k,n and Ψn.

sup
θ∈Θ
|Ψn(θ)−Ψ(θ)| ≤ sup

θ∈Θ

d∑
k=2
|(b̂k,n − bk(θ))2 − (bk(θ0)− bk(θ))2|

= sup
θ∈Θ

d∑
k=2

∣∣b̂2k,n − 2b̂k,nbk(θ) + bk(θ)2 − bk(θ0)2 + 2bk(θ0)bk(θ)− bk(θ)2∣∣
= sup
θ∈Θ

d∑
k=2

∣∣b̂2k,n − 2b̂k,nbk(θ)− bk(θ0)2 + 2bk(θ0)bk(θ)
∣∣

≤ sup
θ∈Θ

d∑
k=2

∣∣b̂2k,n − bk(θ0)2∣∣+ 2
∣∣bk(θ)

∣∣︸ ︷︷ ︸
≤1

∣∣bk(θ0)− b̂k,n
∣∣ n→∞−→ 0,

by definition of the set B. The identifiability condition (IC) implies

Ψ(θ) = 0⇐⇒ θ = θ0. (∗)

Moreover, Ψ(θ) and Ψn(θ) are continuous in θ because we assume the map θ 7→
Φθ(k) to be so. Now, assume that there is ω ∈ B s.t. θ̂n(ω) 6→ θ0. Since Θ is open,
there exists ε > 0 and a subsequence nl s.t. θ̂nl(ω) /∈ Uε(θ0) ⊂ Θ for l ∈ N, where
Uε(θ0) denotes the open ε-ball around θ0 ∈ Rp. Because of (∗), continuity, and (IC),
there exists a constant δ > 0 such that for every θ /∈ Uε(θ0), we have Ψ(θ) > δ,
in particular Ψ(θ̂nl(ω)) > δ for l ∈ N. Moreover, since Ψn → Ψ uniformly, there
exists ñ0 s.t. Ψnl(θ̂nl(ω)) > δ

2 for every nl ≥ ñ0. On the other hand, there is n̄0
s.t. Ψn(θ0) < δ

2 for n ≥ n̄0 by Theorem 5.3.4 and the definition of B. Hence for
nl > n0 := max{ñ0, n̄0}, it holds that

δ
2 > Ψnl(θ0) ≥ min

θ∈Θ
Ψnl(θ) = Ψnl(θ̂nl(ω)) > δ

2 ,

which is a contradiction. Note that the arguments used above do in particular imply
that argminθ∈Θ Ψn(θ) = argmin

θ∈Uε(θ0)∩Θ Ψn(θ) for n sufficiently large. Thus the
estimator is well-defined for large n and θ̂n → θ0 on B, i.e. with probability 1.
So far, we have shown strong consistency of the estimator. However, it is also

desirable to know the asymptotic distributional behavior of the estimator. In order
to be able to establish this result, we will need some minor technical conditions on
the functions bk(θ), k = 2, . . . , d, and Ψ:

∂2

∂θi∂θj
bk(θ) exists and is continuous for every 1 ≤ i, j ≤ p, 2 ≤ k ≤ d. (C1)

The Hessian matrix of Ψ(θ) is invertible at θ0, i.e. det(HΨ(θ0)) 6= 0. (C2)

Remark 5.3.8 Note that condition (C1) and Theorem 5.3.4 imply for any 1 ≤
i, j ≤ p that ∂2

∂θi∂θj
Ψn(θn) → ∂2

∂θi∂θj
Ψ(θ0) a.s., as n → ∞ for any random sequence
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θn converging almost surely to θ0. This holds since all terms involving partial
derivatives of bk(θ) in the expression

∂2

∂θi∂θj
Ψn(θn) = 2

d∑
k=2

(b̂k,n − bk(θn)) ∂2

∂θi∂θj
bk(θn)− ∂

∂θi
bk(θn) ∂

∂θj
bk(θn),

are continuous by (C1) and b̂k,n → bk(θ0) a.s. as n→∞ by Theorem 5.3.4.

We are now in the position to prove asymptotic normality for the estimator θ̂n.

Theorem 5.3.9 (Asymptotic Normality) Let A(θ0) be the matrix of gradients
of b2(θ), . . . , bd(θ), evaluated at θ0, i.e. A(θ0) :=

(
grad b2(θ0), . . . , grad bd(θ0)

)
, and

Σ(θ0) = nΣn(θ0), where Σn(θ0) is given as in Corollary 5.3.5. Assume (C1) and
(C2) to hold. Then it is true that

√
n(θ̂n − θ0)→ N

(
0, 4HΨ(θ0)−1A(θ0) Σ(θ0)A(θ0)T(HΨ(θ0)−1)T),

in distribution as n → ∞, where N (µ,M) denotes the multivariate normal distri-
bution with mean vector µ and covariance matrix M .

Proof
In a first step, we prove that
√
n grad Ψn(θ0)→ N (0, 4A(θ0) Σ(θ0)A(θ0)T), in distribution as n→∞. (5.12)

Recalling the definition of Ψn(θ0) =
∑d
k=2(b̂k,n − bk(θ0))2, we have

grad Ψn(θ0) = 2


∑d
k=2(b̂k,n − bk(θ0)) ∂

∂θ1
bk(θ0)

...∑d
k=2(b̂k,n − bk(θ0)) ∂

∂θp
bk(θ0)



= 2


∂
∂θ1

b2(θ0) . . . ∂
∂θ1

bd(θ0)
...

...
∂
∂θp

b2(θ0) . . . ∂
∂θp

bd(θ0)



b̂2,n − b2(θ0)

...
b̂d,n − bd(θ0)



= 2A(θ0)


b̂2,n − b2(θ0)

...
b̂d,n − bd(θ0)

 .
Note that all partial derivatives exist because of assumption (C1). Now, recall the
definition of the vector

(b̂2,n, . . . , b̂d,n)T =
( 1
n

n∑
i=1

G2
(
Ui,1, . . . , Ui,d

)
, . . . ,

1
n

n∑
i=1

Gd
(
Ui,1, . . . , Ui,d

))T
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(see Theorem 5.3.4) as an average of i.i.d. random vectors as well as the fact that
bk(θ0) = E

(
Gk
(
Ui,1, . . . , Ui,d

))
(cf. (5.9)). Using a multivariate version of the central

limit theorem, see e.g. Jacod and Protter (2004, p. 183), we have that

√
n


b̂2,n − b2(θ0)

...
b̂d,n − bd(θ0)

−→N (0,Σ(θ0)), in distribution as n→∞,

where Σ(θ0, k, l) = Cov
(
Gk
(
U1,1, . . . , U1,d

)
, Gl

(
U1,1, . . . , U1,d

))
for 2 ≤ k, l ≤ d.

Hence we also obtain

√
n grad Ψn(θ0) = 2A(θ0)

√
n


b̂2,n − b2(θ0)

...
b̂d,n − bd(θ0)

 −→ N (0, C),

in distribution as n→∞, where C = 4A(θ0) Σ(θ0)A(θ0)T. This is precisely (5.12).
A componentwise Taylor expansion for grad Ψn(θ̂n) gives:

0 = grad Ψn(θ̂n) = grad Ψn(θ0) +H
(
εn,1, . . . , εn,p

)
(θ̂n − θ0), (∗∗)

where H
(
εn,1, . . . , εn,p

)
is a matrix which has the entries

(
H
(
εn,1, . . . , εn,p

))
i,j

=
∂2

∂θi∂θj
Ψn
(
εn,i

)
, where εn,1, . . . , εn,p ∈ U||θ̂n−θ0||(θ0). By Remark 5.3.8, we have for

n → ∞, H
(
εn,1, . . . , εn,p

)
→ HΨ(θ0) almost surely. The first equality in (∗∗) holds

since θ̂n minimizes Ψn(θ). For this, recall that for n large enough, this minimum
exists. In addition, we need assumption (C2) in order for Taylor’s Theorem to be
applicable. Moreover, we have that det

(
H
(
εn,1, . . . , εn,p

))
→ det(HΨ(θ0)) 6= 0 a.s.

as n → ∞. Hence for n large enough we have det
(
H
(
εn,1, . . . , εn,p

))
6= 0 by (C2).

Multiplying equation (∗∗) by
√
n and rearranging the terms, we obtain

√
n(θ̂n − θ0) = −

(
H
(
εn,1, . . . , εn,p

))−1√
n grad Ψn(θ0).

This, (5.12), and Slutsky’s Lemma imply that

√
n(θ̂n − θ0)→ N

(
0, HΨ(θ0)−1C

(
HΨ(θ0)−1)T),

in distribution as n→∞, where C is given as above.

5.3.4 Numerical Results
Recall the example from Section 5.3.1 with θ1 = 0.2335 and θ2 = θ, i.e. the Laplace
exponent is specified by

Φθ(x) =
(
1− 0.2335 (2 + θ)

)
x+ 0.2335 x (2 + θ) (1 + θ)

x+ θ
.
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In this case, we have θ ∈ Θ := (0, 2.2827) and it is easily verified that

bk(θ) = k + θ

(k + 1) (k + θ) + k 0.2335 (2 + θ) (1− k) , k ∈ N,

b
′
k(θ) = k · 0.2335 (1− k) (2− k)(

(k + 1) (k + θ) + k · 0.2335 (2 + θ) (1− k)
)2 , k ∈ N,

A(θ0) =
(
0, b′3(θ0), . . . , b′d(θ0)

)T∈ Rd−1, HΨ(θ0) = 2
d∑

k=3
(b′k(θ0))2 ∈ R.

To verify our results empirically, we perform the following steps 1000 times (using
the software package R):

1. We simulate n i.i.d. samples from the copula CΦθ0
with θ0 := 0.5. The code of

the (unbiased and quick) simulation algorithm for the simulation from CΦθ0
is

provided in the appendix.

2. We compute the value of the estimator θ̂n. To minimize the function Ψn, the
R-command optimize is used.

Based on the 1000 samples of the estimator θ̂n, we compute its empirical mean and
standard deviation. The whole procedure is carried out for all combinations of (d, n)
with d ∈ {3, 5, 10, 20} and n ∈ {50, 100, 1000, 10000}. We like to emphasize that the
parameter to be estimated has no effect on the distribution of bivariate margins.
This implies that it is quite subtle and that one expects to require many samples
to obtain accurate estimates. Table 5.1 depicts the simulation results. One can see

d = 3 d = 5 d = 10 d = 20

mean 0.9633 0.7208 0.5398 0.4889
n = 50 sd (emp.) 1.0246 0.7791 0.4369 0.2981

sd (theo.) 2.6222 1.1017 0.5379 0.3362
mean 0.8877 0.6354 0.5103 0.4904

n = 100 sd (emp.) 0.9558 0.6358 0.3396 0.2288
sd (theo.) 1.8542 0.7790 0.3804 0.2377
mean 0.6083 0.5174 0.4998 0.5012

n = 1000 sd (emp.) 0.5393 0.2478 0.1224 0.0739
sd (theo.) 0.5864 0.2463 0.1203 0.0752
mean 0.5103 0.5056 0.4998 0.5008

n = 10000 sd (emp.) 0.1861 0.0763 0.0377 0.0245
sd (theo.) 0.1854 0.0779 0.0380 0.0238

Table 5.1 Numerical results for estimating a particular Lévy frailty copula.

that the bias decreases not only in n (which is clear by consistency) but also in the
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dimension d. In particular, for small d, the estimator is strongly biased. However,
the bias can be reduced significantly if higher-dimensional samples (d ≥ 10) are
given, even for relatively small sample sizes such as n = 50, 100. Moreover, the
table illustrates the approximate theoretical asymptotic standard deviation, which
by virtue of Theorem 5.3.9 is given by

√
Var(θ̂n) ≈ 1√

n

(
2

d∑
k=3

(
b
′
k(θ0)

)2)−1
√√√√ d∑
k=1

d∑
l=1

b
′
k(θ0) b′l(θ0) Σ(θ0, k, l).
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6 Conclusion and Outlook

The main focus of the present thesis was set on three major statistical problems,
which were simulation, estimation and goodness-of-fit testing in the context of dif-
ferent copula classes. We investigated three different copula classes, two of which
are closely related.
Chapter 3 was concerned with the class of exchangeable Archimedean copulas

which are characterized by the so-called Archimedean generator often being the
Laplace transform of a positive random variable V . For these copulas a fast and
easy to apply estimation procedure was presented which is tailor-made to large di-
mensions. In a parametric model the data was first transformed using a transforma-
tion based on the inverse of a transform originally intended for simulation purposes.
After this transformation, the estimator was chosen such that the distance between
the empirical distribution function of the data and a χ2 distribution is minimized
with respect to the sup-norm and a specific Cramér-von Mises distance. Strong con-
sistency for the estimator based on rank-transformed pseudo-data was shown under
relatively mild conditions. We were able to validate the latter conditions for the
probably most popular Archimedean copula families. Moreover, a simulation study
was conducted in order to access the finite sample behavior of the estimator. The
results of this simulation study suggested not only that the estimator’s standard
deviation decreases when the dimension increases but also that it drops with a rate
of
√
n where n is the sample size. However, we were neither able to establish this

rate theoretically nor to access the asymptotic distribution of the estimator. This
should be a topic of future research since it would enable us to give e.g. confidence
intervals for the estimated parameters.
The second main result of chapter 3 established a goodness-of-fit test based on the
same transformation as the estimation procedure mentioned above, therefore, again
being tailored to large dimensions. In a large-scale simulation study we investigated
the level and the power under several alternatives of our goodness-of-fit approach
and compared it to several well-known goodness-of-fit tests. For goodness-of-fit
testing in a copula setting, one usually needs a bootstrap procedure having the con-
sequence that simulation studies for goodness-of-fit tests are quite time consuming.
We were able to show that our approach still maintains its nominal level even in 100
dimensions.
The second class of copulas investigated in this thesis was the class of nested

Archimedean copulas. It generalizes exchangeable Archimedean copulas and is much
more flexible than the latter class. This flexibility brings about a quite complicated
structure which even requires some notational effort. Nested Archimedean copulas
arise by plugging exchangeable Archimedean copulas recursively into other exchange-
able Archimedean copulas. However, so far there is only a sufficient condition known
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such that the resulting structure is a proper copula. We established a probabilis-
tic model underlying nested Archimedean copulas fulfilling this sufficient condition.
Based on this, a new sampling algorithm was set up which was then used to create
samples from new and, until now, unknown families of nested Archimedean copu-
las. In fact, it was possible to e.g. simulate data with specified values for inner and
outer Kendall’s taus or tail dependence coefficients. Moreover, in contrast to known
simulation algorithms it was easily possible to get samples of nested Archimedean
copulas involving generator functions from different families.
In addition, we gave an overview of existing parameter estimation procedures for
nested Archimedean copulas and presented two maximum likelihood approaches for
which consistency could be proven. In contrast to the maximum likelihood proce-
dure using the full copula density, the presented approaches are rather fast, since no
multidimensional optimization is required. In fact, the suggested parameter estima-
tors are based on a two or more stage procedure, depending on the nesting levels of
the hierarchical structure under consideration, and thus only needed several univari-
ate numerical optimizations. Additionally, it was shown that the suggested methods
can compete with the full maximum likelihood approach with respect to bias and
standard deviation. Further research on this topic should not only include the in-
vestigation of the estimator’s behavior when rank transformed pseudo-data is used
but also the asymptotic distribution of the suggested two stage estimator.
Extendible Marshall-Olkin copulas, also called Lévy frailty copulas, are the cop-

ulas of interest in chapter 5. After having reviewed the probabilistic model via
a construction involving Lévy subordinators we have quickly presented an exist-
ing bivariate maximum likelihood procedure for parameter estimation of certain
Marshall-Olkin copulas, the so-called Cuadras-Augé copulas. Due to the lack of
absolute continuity of Marshall-Olkin copulas, this maximum likelihood estimation
is not straightforward. In fact, already in two dimensions it is rather complicated to
obtain the likelihood function since the dominating measure is not simply Lebesgue
measure on [0, 1]2. In three or more dimensions this seems to be a rather desper-
ate task. Therefore, the suggested estimator makes use of the probabilistic model
underlying every extendible Marshall-Olkin copula. Assuming a parametric form
of the Laplace exponent of the involved Lévy subordinator, we derived a strongly
consistent estimator for a certain functional of the parameter. In a second step
the distance between this theoretical functional and its empirical counterpart was
minimized. In fact, the proposed estimator can be interpreted as a moment-type
estimator. We have shown strong consistency of our estimator under rather weak
conditions. In addition, we were able to show asymptotic normality for the param-
eter estimator, where we were even able to determine the asymptotic covariance
matrix of the estimator in a closed form. We have assumed that we are able to
observe data coming from the copula directly. It may be a topic of further research
in which way the covariance structure of the suggested estimator changes when
rank-transformed pseudo-data is used. At the end of this chapter we conducted a
simulation study involving a toy example to investigate the finite sample behavior
and to verify our theoretical findings.
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All in all we can conclude that the theory for random distributions in large di-
mensions stands at its beginning. Theoretically, known methods are easily extended
to arbitrary dimensions. In practice, however, one often encounters numerical and
runtime issues. On the other hand, practitioners do indeed build models involving
a large number of risks, assets or other quantities. Therefore, the author of this
thesis considers it as important to further develop and improve parameter estima-
tion techniques, goodness-of-fit tests, and sampling algorithms for copulas in large
dimensions. Maybe this dissertation is able to serve as an initial point for methods
suited to large dimensions.
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Appendix

A A Word Concerning the Implementation

All numerical experiments are run on a compute node which consists of eight cores
(two four-core Intel Xeon E5440 Harpertown CPUs with 2.83GHz and 6MB second
level cache) and 16GB memory. The node is part of the bwGRiD Cluster Ulm,
see bwGRiD. All algorithms are implemented in C/C++ and compiled using GCC
4.2.4 with option -O2 for code optimization. Moreover, we use the algorithms of the
Numerical Algorithms Group , see NAG for optimization, e.g. for the implementation
of the minimum distance estimation. We further use the GNU Scientific Library 1.12,
see GSL, and the OpenMaple interface of Maple 12, see Maplesoft, for computing
the quantities depending on high-dimensional generator derivatives. For generating
uniform random variates, an implementation of the Mersenne Twister by Wagner
(2003) is used. For the Anderson-Darling test, the procedures suggested in Marsaglia
and Marsaglia (2004) are used.

B Proofs for Identifiability

Proof of Lemma 3.2.12
The if part is shown in Theorem 3.1.9 or in Hering and Hofert (2011). We assume
θ 6= θ0, w.l.o.g. θ > θ0, and that ψθ1(x

∑l
k=1 ψ

−1
θ1

(uk)) < ψθ2(x
∑l
k=1 ψ

−1
θ2

(uk)),
l = 2, . . . , d − 1 for all θ1 < θ2, arbitrary u ∈ (0, 1)d and x ≥ 1, i.e. the first and
second condition to hold. Moreover, let U ∼ Cψθ0

with density cψθ0
(u) and let Vθ

be as in (3.3). Further let (v1, . . . , vd−1)T ∈ (0, 1)d−1 with vi ∈ (0, 2−i] and set, for
notational convenience, vd = 1.

F(Vθ,1,...,Vθ,d−1)(v1, . . . , vd−1) = P (Vθ,1 ≤ v1, . . . , Vθ,d−1 ≤ vd−1)

= P (Vθ,1 ≤ v1, . . . , Vθ,d−1 ≤ vd−1, Vθ,d ≤ 1) = P (Td,θ,1(U) ≤ v1, . . . , Td,θ,d(U) ≤ vd)

= P

(
U ∈

{
T−1
d,θ (x) : x ∈

d×
i=1

(0, vi)
})

=
∫

{
T−1
d,θ

(x):x∈
d×
i=1

(0,vi)
}cψθ0

(x1, . . . , xd) d(x1, . . . , xd)
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=
∫ 1

0

∫ ψθ

(
1−v1
v1

ψ−1
θ

(x1)
)

0
. . .

∫ ψθ

 1−v
1
d−1
d−1

v

1
d−1
d−1

d−1∑
j=1

ψ−1
θ

(xj)


0

cψθ0
(x1, . . . , xd) dx1, . . . , dxd

(B.1)

>

∫ 1

0

∫ ψθ0

(
1−v1
v1

ψ−1
θ0

(x1)
)

0
. . .

∫ ψθ0

 1−v
1
d−1
d−1

v

1
d−1
d−1

d−1∑
j=1

ψ−1
θ0

(xj)


0

cψθ0
(x1, . . . , xd) dx1, . . . , dxd

= F(Vθ0,1,...,Vθ0,d−1)(v1, . . . , vd−1) =
d−1∏
i=1

vi.

The last equality follows by the if part. The penultimate equality is seen to be
correct by doing the first steps backwards and using θ0 instead of θ. The in-
equality holds since by assumption ψθ(x

∑l
k=1 ψ

−1
θ (uk)) > ψθ0(x

∑l
k=1 ψ

−1
θ0

(uk)),

l = 2, . . . , d − 1 for x ≥ 1 and 1−v1/k
k

v
1/k
k

≥ 1 for vk ∈ (0, 2−k). It hence remains
to show that the bounds of the integrals in (B.1) are correct, i.e. we have to deter-
mine the set

{
x = T−1

d,θ (t) : t ∈×d

i=1(0, vi)
}
. Since Td,θ is bijective, we can compute

x1 = T−1
d,θ,1(t) = ψθ

(∏d−1
i=1 t

1/i
i ψ−1

θ (K−1
C (td))

)
, td ∈ (0, vd) = (0, 1). Since ψθ and

ψ−1
θ are decreasing and limt→∞ ψ(t) = 0, we have that x1 ∈ (0, 1). Moreover, we get
xk = T−1

d,θ,k(t) = ψθ
(
(1− t1/(k−1)

k−1 )
∏d−1
i=k t

1/i
i ψ−1

θ (K−1
C (td))

)
for k ≥ 2. Now, assume

x1, . . . , xk−1 to be known, then we conclude that xk = ψθ

(
1−t1/(k−1)

k−1

t
1/(k−1)
k−1

∑k−1
i=1 ψ

−1
θ (xj)

)
.

Since ψθ and (1 − t
1/(k−1)
k−1 )/(t1/(k−1)

k−1 ) are decreasing functions and tk ∈ (0, vk),

xk ∈
(

0, ψθ
(1−v1/(k−1)

k−1

v
1/(k−1)
k−1

∑k−1
i=1 ψ

−1
θ (xj)

))
. Here, we have additionally used the prop-

erty limt→∞ ψθ(t) = 0. This establishes the claim if both assumptions of the Lemma
are fulfilled.
If only the first assumption is satisfied, choose vi = 2−i for i = 1, . . . , d − 1. The
inequality (B.1) then still holds and we get

F(Vθ,1,...,Vθ,d−1)(2−1, . . . , 2−(d−1)) >
d−1∏
i=1

2−i.

By Lemma 3.2.11 F(Vθ,1,...,Vθ,d−1) is continuous and hence the claim follows.
Proof of Lemma 3.2.13
We show the claim for condition set B. Assume w.l.o.g. θ1 < θ2 and that κθ(u) is
decreasing in θ ∈ Jθ (otherwise interchange the role of θ∗ and θ∗). We construct a
point ũ ∈ (0, 1)d such that Tθ1(ũ) < Tθ2(ũ). Since Tθ(u) is a continuous function in
u there then exists an ε > 0 s.t. Tθ1(u) < Tθ2(u) for every u ∈ Uε(ũ). Thus

E
(
Tθ1(U)1Uε(ũ)(U)

)
< E

(
Tθ2(U)1Uε(ũ)(U)

)
. (B.2)
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Additionally it holds that P (U ∈ Uε(ũ)) > 0 since U ∼ Cψ0 has a positive density
on (0, 1)d. This and (B.2) imply FTθ1 (U) 6≡ FTθ2 (U) and hence the claim follows.
The construction of ũ = (ũ1, . . . , ũd)T is as follows:

1. a) Let L := d · limu↑u∗ κθ∗(u). This limit exists since κθ∗(u) is decreasing in
u ∈ Ju and the limit is positive, since κθ∗(u) > 0 on Ju by assumption Ib.

b) Define u∗∗ > 0 so small, that κθ∗(u∗∗) > L. This is possible because of
assumption IIb.

c) Set u∗∗∗ := ψθ1

(
1

2
1
d−1−1

ψ−1
θ1

(u∗)
)
> 0.

d) Let umax := min {u∗, u∗∗, u∗∗∗} > 0.
e) Choose ũ1 ∈ (0, umax).

2. For given k ∈ {1, . . . , d− 1} and ũ1 < . . . < ũk < u∗ choose ũk+1 s.t.
a) u∗ > ũk+1 > ũk

b) kκθ∗(ũk+1) < L < κθ∗(ũ1).

c) ũk+1 > ψθ1

(
(2 1

k − 1)
∑k
j=1 ψ

−1
θ1

(ũj)
)
.

It is possible to choose an ũk+1 ∈ (ũk, u∗) s.t. (2b) holds since kκθ∗(u) is
decreasing in u ∈ Ju and k limu↑u∗ κθ∗(u) < d limu↑u∗ κθ∗(u) = L. Moreover,

ψθ1

(2 1
k − 1)

k∑
j=1

ψ−1
θ1

(ũj)

 < ψθ1

(
(2 1

k − 1)ψ−1
θ1

(ũ1)
)

< ψθ1

(
(2

1
d−1 − 1)ψ−1

θ1
(u∗∗∗)

)
= u∗.

Thus (2c) can also be fulfilled.

Now, use the constructed vector ũ = (ũ1, . . . , ũd)T to show that Tθ1(ũ) < Tθ2(ũ).
For any k ∈ {1, . . . , d− 1} we have:

∂

∂θ
Td,θ,k(ũ) = ∂

∂θ

(∑k
j=1 ψ

−1
θ (ũj)∑k+1

j=1 ψ
−1
θ (ũj)

)k
= k

(∑k
j=1 ψ

−1
θ (ũj)

)k−1

(
∑k+1
j=1 ψ

−1
θ (ũj))k−1

∂

∂θ

∑k
j=1 ψ

−1
θ (ũj)∑k+1

j=1 ψ
−1
θ (ũj)

= k

(∑k
j=1 ψ

−1
θ (ũj)

)k−1

(
∑k+1
j=1 ψ

−1
θ (ũj))k+1︸ ︷︷ ︸

=:c(ũ,θ)>0

( k∑
j=1

∂

∂θ
ψ−1
θ (ũj)

k+1∑
j=1

ψ−1
θ (ũj)−

k∑
j=1

ψ−1
θ (ũj)

k+1∑
j=1

∂

∂θ
ψ−1
θ (ũj)

)

= c(ũ, θ)
( k∑
j=1

∂

∂θ
ψ−1
θ (ũj)ψ−1

θ (ũk+1)−
k∑
j=1

ψ−1
θ (ũj)

∂

∂θ
ψ−1
θ (ũk+1)

)

>c(ũ, θ)
(
∂

∂θ
ψ−1
θ (ũ1)ψ−1

θ (ũk+1)− kψ−1
θ (ũ1) ∂

∂θ
ψ−1
θ (ũk+1)

)
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= c(ũ, θ)ψ−1
θ (ũ1)ψ−1

θ (ũk+1)
( ∂
∂θψ

−1
θ (ũ1)

ψ−1
θ (ũ1)

− k
∂
∂θψ

−1
θ (ũk+1)

ψ−1
θ (ũk+1)

)
= c(ũ, θ)ψ−1

θ (ũ1)ψ−1
θ (ũk+1) (κθ(ũ1)− kκθ(ũk+1))

≥ c(ũ, θ)ψ−1
θ (ũ1)ψ−1

θ (ũk+1) (κθ∗(ũ1)− kκθ∗(ũk+1))
≥ 0.

Hence Td,θ,k(ũ) is strictly increasing for θ ∈ Jθ. Above we have used that ψ−1
θ (u) > 0

for u ∈ (0, 1), the fact that ψ−1
θ (u) is decreasing and the property ũ1 < . . . < ũk in

the first inequality. The last inequality holds due to property (2b) of ũ. Moreover,
for every k ∈ {1, . . . , d− 1} it holds that

Td,θ1,k(ũ) =
(∑k

j=1 ψ
−1
θ1

(ũj)∑k+1
j=1 ψ

−1
θ1

(ũj)

)k
>

( ∑k
j=1 ψ

−1
θ1

(ũj)
2 1
kψ−1

θ1

∑k
j=1(ũj)

)k
= 1

2 ,

by property (2c) of ũ. This and the strict monotonicity of Td,θ,k(ũ) in θ imply
1
2 < Td,θ1,k(ũ) < Td,θ2,k(ũ) for every k ∈ {1, . . . , d− 1}. Thus

(
Φ−1(Td,θ1,k(ũ)

)2
<(

Φ−1(Td,θ2,k(ũ)
)2 for every k ∈ {1, . . . , d− 1}, which eventually establishes the claim

Tθ1(ũ) < Tθ2(ũ).

Remark App.B.1 If the conditions A are used the proof remains almost the same.
The construction of ũ is as follows:
For given k ∈ {1, . . . , d− 1} and 0 < ũk < . . . < ũ1 < u∗ choose ũk+1 s.t.

1. 0 < ũk+1 < ũk.

2. kκθ∗(ũk+1) > κθ∗(ũk).

3. ũk+1 < ψθ1

(
(2 1

k − 1)
∑k
j=1 ψ

−1
θ1

(ũj)
)
.

It is easier than above to see that such an ũ exists.

C Identifiability Condition for Used Archimedean Families

We show that for the generator suggested by Clayton ψθ(u) = (1 +u)− 1
θ , θ ∈ (0,∞)

the condition set B holds. First of all we obtain ψ−1
θ (u) = u−θ− 1. We have u∗ = 1,

i.e. Ju = (0, 1). For an arbitrary 0 < ε < 1 we may choose Jθ = [ε, 1
ε ]. Then it holds
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that

Ib. κθ(u) = ∂

∂θ
log(u−θ − 1) = − log(u)u−θ

u−θ − 1 > 0, since u ∈ (0, 1).

IIb. lim
u→0

κθ(u) = lim
u→0

− log(u)u−θ

u−θ − 1 = lim
u→0

− log(u)
1− uθ =∞ for arbitrary θ ∈ (0,∞).

III. κ′θ(u) =
− 1
u(1− uθ)− log(u)θuθ−1

(1− uθ)2 =
− 1
u + uθ−1 − log(u)θuθ−1

(1− uθ)2

= uθ−1

(1− uθ)2

(
−
( 1
uθ
− 1

)
− log(uθ)

)
= uθ−1

(1− uθ)2

(
−( 1
uθ
− 1) + log

( 1
uθ

))

<
uθ−1

(1− uθ)2

(
−
( 1
uθ
− 1

)
+
( 1
uθ
− 1

))
= 0

⇒κθ(u1) > κθ(u2) for 0 < u1 < u2 < 1 and arbitrary θ ∈ (0,∞)

IV. ∂

∂θ
κθ(u) = ∂

∂θ

− log(u)
1− uθ = − log(u) log(u)uθ

(1− uθ)2 = −(log(u))2 uθ

(1− uθ)2 < 0

⇒κθ(u) is monotone in θ ∈ Jθ for arbitrary u ∈ (0, 1).

For Gumbel’s generator ψθ(u) = exp(−u1/θ) with inverse ψ−1
θ (u) = (− log u)θ the

conditions are established in an even more direct way. We have u∗ = 1
e , i.e. Ju =

(0, 1
e ). Then it holds that

Ib. κθ(u) = ∂

∂θ
log((− log u)θ) = log(− log u) > 0, since u ∈ (0, 1

e ).

IIb. lim
u→0

κθ(u) = lim
u→0

log(− log u) =∞ for arbitrary θ ∈ (0,∞).

III. κ′θ(u) = 1
− log(u)

1
−u

< 0

⇒κθ(u1) > κθ(u2) for 0 < u1 < u2 < 1 and arbitrary θ ∈ (0,∞)

IV. ∂

∂θ
κθ(u) = ∂

∂θ
log(− log u) = 0

⇒κθ(u) is monotone in θ ∈ (0,∞) for arbitrary u ∈ (0, 1).

Although being more tedious to verify, condition set A can be seen to hold in the case
of AMH. We start with Ali-Mikhail-Haq’s generator ψθ(u) = 1−θ

eu−θ having inverse
generator ψ−1

θ (u) = log(1−θ(1−u)
u ). We choose u∗ = 1, i.e. Ju = (0, 1) and get

Ia. κθ(u) = ∂

∂θ
log(log(1−θ(1−u)

u )) = u− 1
ψ−1
θ (u)(1− (1− u)θ)

< 0,

since u ∈ (0, 1) and θ ∈ (0, 1).

IIa. lim
u→0

κθ(u) = lim
u→0

u− 1
ψ−1
θ (u)(1− (1− u)θ)

= 0 for arbitrary θ ∈ (0, 1),
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since ψ−1
θ (u)→∞ if u ↓ 0.

III. κ′θ(u) =
ψ−1
θ (u) + (1− u)θ + (u− 1)1−(1−u)θ

u(
ψ−1
θ (u)(1− (1− u)θ)

)2 < 0, since

ψ−1
θ (u) + (1− u)θ + (u− 1)1−(1−u)θ

u

= log(1−θ(1−u)
u ) + (1− u)θ + (u− 1)1−(1−u)θ

u

<1−θ(1−u)
u − 1 + (1− u)θ + (u− 1)1−(1−u)θ

u

=− 1 + (1− u)θ + (1− (1− u)θ) = 0, since u ∈ (0, 1) and θ ∈ (0, 1).
⇒κθ(u1) > κθ(u2) for 0 < u1 < u2 < 1 and arbitrary θ ∈ (0, 1)

IV. ψ−1
θ (u) > 0 and ψ−1

θ (u) = log(1−θ(1−u)
u )↘ in θ. Additionally

1−θ(1−u)
u > 0 and 1−θ(1−u)

u ↘ in θ. Since u− 1 < 0 this implies

log( 1−θ(1−u)
u ) 1−θ(1−u)

u
u−1 ↗ in θ and finally
u−1

log( 1−θ(1−u)
u ) 1−θ(1−u)

u

↘ in θ

⇒κθ(u) is monotone in θ ∈ (0,∞) for arbitrary u ∈ (0, 1).

The case of Joe is principally straightforward, but being a messy computation it is
omitted. For Frank’s generator, so far we are only able to establish conditions Ia,
IIa, and III. However, graphical inspections of the function strongly indicate that
IV also holds. We provide plots for the functions κ for the latter two cases in Figure
C.1.
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Figure C.1 Function κθ(u) for the case of Frank’s (left) and Joe’s (right) family of
Archimedean copulas.
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D R-code for the Implemented Sampling Algorithm for nAC

The following R-Code may be used to generate random samples of the first example
of a nested Archimedean copula in section 4.2.4. It requires as input the number
of samples n, the generator functions ψ1 and ψ2 as in Example 4.2.15, and the
parameters alpha, beta, and theta.

V <- rgeom(n,1- theta)+1
E <- rexp (4*n ,1)

T1 <- 1:n
for(i in 1:n){

T1[i] <- rgamma (1, beta*V[i])
}

S<-rstable (n,alpha=alpha)
T2 <-V^(1/ alpha)*S

dat <- c(E[1:n]/T1 [1:n],E[(n+1) :(2*n)]/T1 [1:n],
E[(2*n+1) :(3*n)]/T2 [1:n],E[(3*n+1) :(2*n)]/T2 [1:n])

dat <- c( sapply (dat [1:(2 *n)],psi1 ,theta=theta ,beta=beta),
sapply (dat [(2*n+1) :(4*n)],psi2 ,theta=theta ,
alpha=alpha))

dat <- matrix (dat ,ncol =4)

The following R-Code may be used to generate random samples of the second ex-
ample of a nested Archimedean copula in section 4.2.4. It requires as input the
number of samples n, the generator functions ψ1 and ψ2 as in Example 4.2.15, and
the parameters mu, beta, and theta.

V < -rinvgauss (n,mu ,1)
E <- rexp (4*n ,1)

T1 <- 1:n
for(i in 1:n){

T1[i] <- rgamma (1, beta*V[i])
}

T2 <- 1:n
for(i in 1:n){

N <- rpois (1, lambda =V[i])
S <- rstable (N,alpha=alpha)
T2[i] <- V[i]+ sum(S)

}
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dat <- c(E[1:n]/T1 [1:n],E[(n+1) :(2*n)]/T1 [1:n],
E[(2*n+1) :(3*n)]/T2 [1:n],E[(3*n+1) :(2*n)]/T2 [1:n])

dat <- c( sapply (dat [1:(2 *n)],psi1 ,theta=theta ,beta=beta),
sapply (dat [(2*n+1) :(4*n)],psi2 ,theta=theta ,
alpha=alpha))

dat <- matrix (dat ,ncol =4)

The command rinvgauss(n,m,s) is implemented in the library rmutil and gener-
ates n random samples distributed according to the inverse Gaussian distribution
with parameters m and s characterized by the density:

f(x) = 1√
2πsx3

exp
(
− (x−m)2

2xsm2

)
.

E R-code for Estimating nAC
The following code can be used for estimating the three dimensional fully nested
Gumbel copula as in the simulation in section 4.3. It requires the copula package
and assumes that the data is stored as a matrix in the variable dat, where each row
corresponds to a realization of the copula, i.e. dat has three columns.

conMat <- cbind(c(-1,1),c(1 ,0))
conVec <- c(0 ,1)

cop.est <- archmCopula (" gumbel ",param =2, dim =2)

U1 <- dat [,1]

sek.dat <- dat [ ,2:3]
theta1hat <- fitCopula (cop.est ,sek.dat , method ="ml",

optim . method = "L-BFGS -B",
lower =1.001) @estimate

up <-theta1hat

sek13.dat <- cbind(dat [,1], dat [ ,3])
tmpRes0It <- fitCopula (cop.est ,sek13.dat , method ="ml",

optim . method = "L-BFGS -B",
lower =1.001 , upper =up)

theta0iterated <- tmpRes0It@estimate

tmpRes0full <- constrOptim (c(1.1 ,1.5) ,
full_ loglikelihood ,NULL ,
dat=cbind (U1 ,sek.dat),
ui=conMat ,ci= conVec )

theta0full <- tmpRes0full $par
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sek.cop <- archmCopula (" gumbel ",param=theta1hat ,dim =2)
sek. pseudo <- pcopula (sek.cop ,sek.dat)

sek. pseudo .ohk <- sapply (sek.pseudo ,K,theta= theta1hat )
pseudoOhk <- cbind(U1 ,sek. pseudo .ohk)
theta0hatOhk <- fitCopula (cop.est ,pseudoOhk , method ="ml",

optim . method = "L-BFGS -B",
lower =1.001 , upper =up) @estimate

tmpH <- optim (1.1 , loglikelihood ,
dat=cbind (U1 ,sek. pseudo ),theta1 =theta1hat ,
lower =1.001 , upper =up , method ="L-BFGS -B")

theta0hat <- tmpH$par

In the recently presented code the likelihood function used in Lemma 4.3.3 is eval-
uated by the procedure loglikelihood. full_loglikelihood gives the likelihood
function based on the full copula density obtained e.g. from Savu and Trede (2010).
In addition, K is a procedure giving the values of Kendall’s distribution function for
a bivariate Gumbel copula.

full_ loglikelihood <- function (theta ,dat)

loglikelihood <- function (theta0 ,dat , theta1 )

K <- function (t,theta)

F R-code for the Implemented Sampling Algorithm for eMO
The following function (provided in R-code) simulates n samples of d-dimensional
vectors with joint distribution function CΨθ , where Ψθ is given by (5.4). It is based
on the probabilistic construction outlined in Mai and Scherer (2009b).

rLFC <- function (n,d,theta1 , theta2 ){
erg <- matrix (0,d,n)
mu <- 1- theta1 *(2+ theta2 ) # drift of sub.
beta <- theta1 *(2+ theta2 )*(1+ theta2 ) # intens . of sub.
eta <- theta2 # rate of jumps of sub.
for(s in 1:n){

E <- rexp(d ,1); M <- max(E)
lambda <-list(c(0 ,0)); maxval <- 0
while (maxval <M){

a <- rexp (1, rate=beta); b <- rexp (1, rate=eta)
lambda <- append (lambda ,list(c(a,b)))
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maxval <- maxval +mu*a+b
}
for(i in 1:d){

indi <- 1; maxval <- 0; time <- 0
while (maxval <E[i]){

indi <- indi +1
maxval <- maxval

+mu* lambda [[ indi ]][1]+ lambda [[ indi ]][2]
time <- time+ lambda [[ indi ]][1]

}
if(maxval - lambda [[ indi ]][2] >E[i]){

erg[i,s] <- time
-(maxval - lambda [[ indi ]][2] -E[i])/mu

}
if(maxval - lambda [[ indi ]][2] <=E[i]){

erg[i,s] <- time
}
erg[i,s] <- exp(-erg[i,s])
}

} # end of sample loop
return (erg)

}
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