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Tag der Promotion: 29. Oktober 2010



A Wavelet Tour of 

Option Pricing

Adaptive Wavelet Methods
for Variational Inequalities

2010 Mathematics Subject Classification: 35J20, 35J61, 35J86, 35K85,
35Q68, 41A25, 45E05, 49J40,
65K15, 65R20, 65T60, 91G80

c©2010 Mario Rometsch
Please report errors to: mario.rometsch@googlemail.com

mailto:mario.rometsch@googlemail.com


to Sabrina



Abstract
The efficient numerical solution of elliptic variational inequalities in general
and of obstacle problems in particular is of great interest and poses a nontrivial
challenge in Numerical Mathematics. Such problems occur for example after
the time-discretization of the pricing problem of an American option.
The algorithm EVISOLVE, that is presented in this thesis, consists of an
adaptive wavelet method that allows for an efficient and reliable solution of such
elliptic inequalities. Adaptivity means that the algorithm uses results to adjust
itself in order to keep the convergence rate optimal also for nonsmooth solutions
and to estimate the error such that a prespecified accuracy can be guaranteed.
The convergence and asymptotic optimal complexity of this algorithm is shown.
The arithmetic complexity is still suboptimal at the moment.
Furthermore, we present Lawa, a C++-library, that consists of building blocks
for the realization of adaptive wavelet methods. This software has been designed
to be applied in research and education.
Finally, we show how the pricing problem for American options in various Lévy-
models can be solved with uniform wavelet-Galerkin methods.

Zusammenfassung
Die effiziente numerische Lösung von elliptischen Variationsungleichungen im
Allgemeinen und Hindernisproblemen im Speziellen ist ein wichtiges und nicht-
triviales Teilgebiet der Numerischen Mathematik und tritt z.B. als Teilproblem
bei der quantitativen Bewertung Amerikanischer Optionen auf.
Mit dem in dieser Dissertation vorgestellten Algorithmus EVISOLVE, der ein
adaptives Wavelet-Verfahren zur Lösung von elliptischen Variationsungleichun-
gen darstellt, können solche Ungleichungen nun effizient und verlässlich gelöst
werden. Adaptiv bedeutet, dass der Algorithmus sich selbst über bereits berech-
nete Teilresultate anpasst. Dies geschieht mit dem Ziel, die Konvergenzgeschwin-
digkeit bei nicht-glatten Problemen optimal zu halten und Aussagen über die
erreichte Genauigkeit zu geben, sodass eine bestimmte Fehlerschranke erreicht
wird. Für diesen Algorithmus wird die Konvergenz und die asymptotisch op-
timale Komplexität gezeigt. Der arithmetische Aufwand ist im Moment noch
suboptimal.
Weiterhin wird in dieser Arbeit die C++-Bibliothek Lawa vorgestellt, die aus
Bausteinen zur Realisierung adaptiver Wavelet-Verfahren besteht und mit Hin-
blick auf den Einsatz in Forschung und Lehre konzipiert wurde.
Schließlich führen wir noch die Bewertung von Amerikanischen Optionen in
verschiedenen Lévy-Modellen mit uniformen wavelet-Galerkin Methoden aus.
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1. Introduction

. . . and these wavelets, which science
burst upon the world that night, were strange
even to the women and men who used them.

We start this thesis with a short introduction, where we present the object of
analysis, namely the elliptic and the parabolic variational inequality. In order
to relate the adaptive methods developed in this thesis later on we give a short
overview on the various numerical methods for solving these inequalities. A sur-
vey on wavelet methods and their application to computational finance follows
together with a comparison of other numerical schemes for the option pricing
problem. We close this chapter with an outline concerning the adaptive wavelet
library Lawa and a summary of the contributions of this thesis.

The Problem

To give an idea for the problems analyzed in this thesis, the next figure shows
two important applications of variational inequalities, namely the elliptic obsta-
cle problem on the left and the American option pricing problem on the right
side.
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Both problems have in common that they are partially driven by some sort of
operator equation, but only in a sub-domain. In the other part of the do-
main the solution rests on the obstacle. It is also known what happens on the
boundary of these sub-domains, but the important question now is where this
boundary is located – this is why such problems are also called free boundary
problems. The important starting point with existence and uniqueness results
for variational inequalities was laid in [LS67]. Since then, a whole field of re-
search has emerged concerning the efficient solution of these problems, from
which adaptive methods are nowadays among the most advanced schemes.
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1. Introduction

Adaptive Finite Element Methods for Inequalities

In this context adaptivity means that schemes use estimates to adapt themselves
to the local behaviour of the solution of the problem in order to use a certain
budget of computing time in a most efficient way. Adaptive methods for solving
variational inequalities in general and obstacle problems in particular are nowa-
days well-established in the form of adaptive finite element methods (AFEM).
Error estimators of residual type for elliptic obstacle problems in connection
with linear finite elements are derived in [CN00, Vee02]. In [Bra05] the author
shows that an error estimator based on the Lagrange multiplier is also reliable
and efficient but gives rise to a nonconforming contribution. The convergence of
a conforming AFEM for obstacle problems again based on the Laplace operator
is established in [BCH07] for affine obstacles. However, the presented method
attains the same convergence rate as a uniform scheme. Similar findings are
presented in [BCH09] for general obstacles where again the adaptive strategy
yields only the convergence rate of a uniform scheme while displaying a slightly
smaller absolute error. In [BC04] the authors derive error estimators for ob-
stacle problems for the Laplace operator based on averaging techniques. If one
is interested in bounding the error in the maximum norm then the estimators
from [NSV03] are a good choice as they are reliable and efficient as well, which
is demonstrated with the help of examples in 2d and 3d. For parabolic inequali-
ties driven by the Black-Scholes operator, the authors show in [MNvPZ07] that
their error estimator is reliable and efficient and gives rise to higher convergence
rates. The authors also apply the resulting adaptive method to the example of
American option pricing. For an extension to inequalities of parabolic and ellip-
tic type that are driven by integro-differential operators we refer to [NvPZ08].
There, a posteriori error estimates for piecewise linear finite elements are de-
rived and tested at various examples. When it comes to the solution of the
discrete systems that arise during an AFEM computation the algorithms from
[Hop87] or [Kor94, Kor96] may be used as they are globally convergent and
have the same optimal complexity as standard multi-grid methods for elliptic
equations.

Wavelets

Compactly supported bases of orthonormal or biorthogonal wavelets are known
since [Dau88, CDF92]. Since then, these functions have been used in applica-
tions as diverse as for example image procession, audio denoising, data com-
pression and the solution of PDEs. Following the discovery of wavelet bases on
the real line, the next step towards wavelet bases on general domains is the con-
struction on the interval [0, 1] that was done in [DKU99, Pri06, Dij09] to name
only a few. Wavelet bases for general domains can be constructed via domain
decomposition and have been proposed for example in [CTU99, CTU00, BE02,
CM00, DS99].
It is more or less straight-forward how to use wavelets for the solution of operator
equations. Later on, still several other advantages like wavelet preconditioning
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[DK92, Jaf92] or wavelet-based operator compression were discovered [BCR91,
DPS93, Sch98, Ste04, GS06, GS05]. Starting from [CDD01], various contribu-
tions have been made to adaptive wavelet methods in [CDD02, GHS07, Gan08]
for elliptic equations. Proven convergence rates for AFEM schemes are also
available as it was shown in [BDD04]. Adaptive methods for nonlinear problems
have been analyzed in [DSX00, CDD03, CDD04, BU08]. In [DHU00, DDU02]
optimal adaptive schemes for the solution of saddle point problems like Stokes’
problem have been developed. There are also specialized wavelet bases and
schemes available for the Stokes’ problem, see [Urb95a, Urb00, Urb95b, Urb96,
DKU96]. Further applications of adaptive wavelet methods are for example
the adaptive optimization of convex functionals in Banach spaces that was pre-
sented in [CU05], where this list is far from being complete.

Wavelet Methods for Option Pricing

Starting from [MvPS04], where wavelet-Galerkin methods were applied for
the first time to the pricing of European options, there has been a tremen-
dous progress in this particular field of research. Since then, many other sub-
problems from quantitative finance have been analyzed like more sophisticated
time-stepping for European options [MSW05, MSW06], American option pric-
ing [MNS05], Swing option valuation [WW08], models incorporating stochastic
volatility [HMS05, Hil09], variational sensitivity analysis [HSW08], variance-
optimal hedging [Ves09] or multidimensional Lévy models [FRS07, Rei08b,
Rei08a, LRZ08, WR08, Win09, RSW09, Rei10], where this list does not claim
to be complete. See also the survey article [HRSW09]. The simple nature of
the domain of problems arising in option pricing, which are essentially cubes,
plays in the hands of wavelet methods as there the construction of the bases is
straight-forward.

Finite Differences and Monte-Carlo Option Pricing

Finite difference methods (FDM) for partial integro-differential equations (PIDE)
arising in option pricing were presented in [CV06]. As these FD methods are
not able to treat the singular integral operator directly, the singularity of the
Lévy kernel has to be regularized by truncating the jump measure in some small
neighbourhood of the origin and adding a corresponding diffusion component to
the infinitesimal generator of the process. While this is justified for European
options, in [Pow09] it is found that this is not appropriate for exotic contracts
like American options or Barrier contracts. In [KL09] the author also mentions
that the same effect is true for Monte-Carlo methods. Therefore, finite element
methods, which do not require regularization, seem to be the natural method
of choice for that type of problems.

3



1. Introduction

A Library for Adaptive Wavelet Applications

All code that has been developed during the creation of this work is publicly
available, see [RS10, RSU10]. The reason for that is manifold: firstly, we
strongly believe in the importance of the underlying code for the validity of
the numerical experiments conducted in this thesis that back the theoretical
findings. As found in [Hat97], many scientific calculation codes contain seri-
ous flaws. For this issue, which has just recently been raised in [Inc10] and
then extensively discussed in [Sou10], the availability of code used in scientific
publications is essential for other researchers in that academic field to validate
the results of a specific paper. Secondly, the accessibility of work, that has
already been accomplished also greatly saves time for people who work in that
particular area (the often exerted reinvention of the wheel) or especially who
are starting research in that domain. Lastly, every researcher can ask himself
the question about the worthiness of numerical results when no one knows how
they have been produced. As the algorithms for wavelet-based methods are
quite involved and this particular field of research is also very young, there
are no matured software projects or even commercial packages available. A
first attempt to resolve this drawback was done in the IgpmLib as described
in [BBJ+02]. However, this library has some slight design flaws, which mainly
originate from the poor compiler compliance to the C++-standard back then
and the fact that the library was in the first place not intended for adaptive
methods. Therefore, back in 2005 Alexander Stippler came to the decision that
only a complete rewrite from scratch would solve this problem and he began
developing the library Lawa, which is an abbreviation of “Library for Adap-
tive Wavelet Applications” within his Ph.D.-Project [Sti11]. The author of this
thesis joined this project in 2007, which is publicly available at

http://lawa.sourceforge.net

under the terms of the GNU General Public License [Fre91, Version 2] or [Fre07,
Version 3]. Of course, the library is still under development and thus far from
being complete nor free from defects and so this thesis can only represent a
snap-shot of the methods currently available in Lawa. However, in making it a
public project the authors hope to encourage other researcher on working with
that foundation.

Contributions

The contributions of this thesis are the design of adaptive wavelet algorithms
for the solution of variational inequalities and the development of a modern
replacement of the IgpmLib in view of a library for adaptive wavelet appli-
cations that is free as in free speech, portable and usable in research and ed-
ucation. Starting in Chapter 2, we provide a short introduction to wavelet
and multiscale methods with a focus on the adaptive wavelet algorithms from
[CDD01, CDD02, GHS07, BK06]. We also present one of the first implementa-
tions of the RECOVERY scheme, which approximatively evaluates nonlinear
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functions of wavelet expansions, as developed in [BU08, CDD04] including some
numerical tests. Then in Chapter 3, we introduce two different model problems
for an operator equation that come with Lawa and which can be solved by the
adaptive algorithms from the second chapter. Building on a slightly different
variant of the RECOVERY scheme, we design in Chapter 4 an adaptive pro-
jection algorithm and based on that a first adaptive wavelet algorithm EVI-
SOLVE for solving elliptic variational inequalities, that is fully computable
with proven convergence. As of today, there are no previous adaptive wavelet
methods for variational inequalities known to the author. Besides analysing
the Besov regularity of the elliptic variational inequality, a second simplified
adaptive wavelet algorithm S-ADWAV-EVISOLVE is presented. Finally, a
Galerkin solver for the resulting finite-dimensional variational inequalities is de-
rived and a heuristic residual-based error bound is proposed, which is also tested
at some examples. We also present some building blocks towards an adaptive
wavelet scheme for parabolic inequalities. In Chapter 5 the two adaptive algo-
rithms are applied to a set of both smooth and singular elliptic test examples.
When we come to the quantitative finance part of this thesis in Chapter 6, the
gap between the American option pricing problem and parabolic variational in-
equalities is bridged by recalling major theorems from [MvPS04, MNS05]. We
also present various different Lévy models that are commonly used. In Chap-
ter 7 we apply the concept of the Hadamard finite part integral to the setup
of the algebraic system stemming from the discretized option pricing problem.
Lastly, we show in Chapter 8 how uniform schemes may be applied to the pric-
ing problem and plot the value functions of European and American options in
the various models from Chapter 6. We summarise the findings of this thesis in
Chapter 9 and provide in Chapter 10 some starting points for further research
in this field that are now imminent.

Miscellaneous

Throughout this thesis, “a . b” will always mean “a ≤ Cb” where the constant
C ∈ R≥0 =

{
x ∈ R

∣∣ x ≥ 0
}

does not depend on any other quantity in the
statement unless explicitly mentioned. Conversely, “b . a” is short for “b ≤ Ca”
and finally a ∼ b stands for“a . b”and“b . a”. We will always denote functions
in italics u(x) while bold-faced characters indicate (infinite-)dimensional vectors
u ∈ `2 or matrices A : `2 → `2. For a vector u ∈ `2, we denote by u

∣∣
Λ

its
restriction to the index set Λ while we use the expression uΛ in order to point
out its support Λ. The characters V and H always denote real Hilbert spaces,
where as usual V ∗ and H∗ stand for their topological duals. Typical examples
used in this thesis are V = H1

0 (Ω) and H = L2(Ω).
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2. Wavelets and Adaptive Methods

All this time the Guard was looking at her,
first through a telescope, then through a microscope,
and then through an opera-glass.

(Lewis Carroll)

The first chapter now introduces the main tool that we are going to use in the
course of this thesis for solving operator equations and inequalities. For this
we will loosely follow the book [Urb09] and the survey article [Dah97], where
also many proofs of the various statements may be found. The interested reader
who wants to gain additional insight in the history of wavelets is also referred
to those. Afterwards the adaptive wavelet methods for the solution of opera-
tor equations from [CDD01, CDD02, GHS07, BK06] are described as they are
implemented in Lawa and because they form the starting point for our develop-
ment of the adaptive methods for operator inequalities later on. At the end of
this chapter we have a look at the RECOVERY scheme that allows to evaluate
nonlinear operators in an efficient way using a wavelet basis. There we will also
present some experiments concerning the quantitative behaviour of the methods
from [BU08] and [CDD04].

2.1. Biorthogonal Multiresolution Analysis

We begin with a basic concept.

Definition 2.1 (Biorthogonal Multiresolution Analysis)
For the Hilbert space L2(Ω) from Definition B.7, Ω ⊆ R, with inner product
(·, ·) = (·, ·)0;Ω and norm ‖·‖ = ‖·‖0;Ω we are considering two sequences of

closed, nested subspaces {Sj}j∈N and {S̃j}j∈N such that their union is dense in
L2(Ω):

Sj ⊂ Sj+1, closL2(Ω)

( ∞⋃
j=1

Sj
)

= L2(Ω),

S̃j ⊂ S̃j+1, closL2(Ω)

( ∞⋃
j=1

S̃j
)

= L2(Ω).

We assume that the spaces Sj and S̃j are generated by the basis functions ϕj,k
and ϕ̃j,k, respectively, which means that Sj = S(Φj) = span(Φj), with Φj ={
ϕj,k

∣∣ k ∈ Ij}, where Ij ⊆ Z denotes the index set of the basis functions on
level j. If then for j ∈ N it holds that

(ϕj,k, ϕ̃j,`) =

{
1, k = `,

0, otherwise,
∀ϕj,k ∈ Sj , ∀ ϕ̃j,` ∈ S̃j , (2.1)
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2. Wavelets and Adaptive Methods

we call the sequences {Sj}, {S̃j} a biorthogonal multiresolution for L2(Ω).

We get by the biorthogonality (2.1) that the Φj are uniformly stable, i.e.

‖c‖`2(Ij) ∼
∥∥cTΦj

∥∥
L2(Ω)

=

∥∥∥∥ ∑
k∈Ij

cj,kϕj,k

∥∥∥∥
L2(Ω)

∀c ∈ `2(Ij). (2.2)

Of course, an analogous relation also holds for the dual spaces {S̃j}. We will
call the elements of Φj and Φ̃j primal and dual scaling functions. Furthermore,
from the nestedness we get a special relation between each two consecutive
spaces.

Definition 2.2 (Refinable Function)
We say that a function ϕj,k is refinable if there exists a so-called mask or filter

sequence ajk = {ajk,m}m∈Ij+1 ∈ `2(Ij+1) such that

ϕj,k =
∑

m∈Ij+1

ajk,mϕj+1,m. (2.3)

A compact notation for the refinability of the whole basis Φj is

ΦT
j = ΦT

j+1Mj,0,

where Mj,0 : `2(Ij) → `2(Ij+1), Mj,0 = (ajk)k∈Ij , and ajk being the columns of

Mj,0. The dual filter is denoted by M̃j,0 and obviously fulfils Φ̃T
j = Φ̃T

j+1M̃j,0.

Now if one has computed an approximation fj of some function f ∈ L2(Ω) and
wants to switch to a finer approximation scale fj+1 it would be convenient to
describe the local details between Sj and Sj+1. Thus one looks for functions
Ψj =

{
ψj,k

∣∣ k ∈ Jj} ⊂ Sj+1, with Jj being an appropriate index set, such that

S(Φj+1) = S(Φj)⊕ S(Ψj) (2.4)

and that Φj ∪Ψj are uniformly stable in the sense of (2.2). From Ψj ⊂ S(Φj+1)
we get that there exists a matrix Mj,1 such that

ΨT
j = ΦT

j+1Mj,1 (2.5)

with Mj,1 : `2(Jj)→ `2(Ij+1). Now because of (2.4) we have that the composite
operator Mj = (Mj,0,Mj,1), Mj : `2(Ij) × `2(Jj) → `2(Ij+1), also known as
the synthesis operator, is invertible and by biorthogonality satisfies M−T

j =(
M−1

j

)T
= M̃j =

(
M̃j,0, M̃j,1

)
. The operator M̃T

j : `2(Ij+1)→ `2(Ij)× `2(Jj)
is then known as the analysis operator. For the basis Φj ∪Ψj to be uniformly
stable in the sense of (2.2) for all j ∈ N it has to hold that

‖Mj‖2, ‖M̃j‖2 = O(1), j →∞.

We additionally assume that these matrices are sparse for all j ∈ N. Now
by repeating the decomposition (2.4) one can decompose every space SJ , with
J ∈ N, into a sum with a smallest level j0 ∈ N

S(ΦJ) = S(Φj0)⊕
J−1⊕
j=j0

S(Ψj).
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2.1. Biorthogonal Multiresolution Analysis

Therefore in the same way every function fJ ∈ SJ has an expansion in the
singlescale basis

fJ = cTJΦJ (2.6)

as well as
fJ = cTj0Φj0 + dTj0Ψj0 + dTj1Ψj1 + · · ·+ dTJ−1ΨJ−1 (2.7)

in the multiscale basis

ΨJ = Φj0 ∪
J−1⋃
j=j0

Ψj .

Of course these considerations also hold for the dual spaces {S̃j}. If we define
the infinite index sets J = Ij0 ∪

⋃∞
j=j0
Jj , we get multiscale bases for the whole

space L2(Ω) by setting

Ψ =
{
ψj,k

∣∣ (j, k) ∈ J
}

= Φj0 ∪
∞⋃
j=j0

Ψj ,

Ψ̃ =
{
ψ̃j,k

∣∣ (j, k) ∈ J
}

= Φ̃j0 ∪
∞⋃
j=j0

Ψ̃j .

(2.8)

We can also consider arbitrary index sets Λ ⊂ J and the corresponding spaces
SΛ = S(ΨΛ), where ΨΛ =

{
ψj,k

∣∣ (j, k) ∈ Λ
}

, and J(Λ) will denote the largest
level j contained in Λ. Now we want to render the notion of a wavelet basis
more precisely.

Definition 2.3 (Biorthogonal Wavelet Basis)
Assume that we also have a dual basis for the detail spaces as in (2.4) and that
for all j ≥ j0 there holds that

S(Φj+1) = S(Φj)⊕ S(Ψj) ⊥ S(Φ̃j),

S(Φ̃j+1) = S(Φ̃j)⊕ S(Ψ̃j) ⊥ S(Φj).

If additionally all Φj0 , Φ̃j0 are local, Ψ and Ψ̃ from (2.8) are uniformly stable
as in (2.2) and replicate polynomials up to a certain degree, then the functions
Ψ and Ψ̃ are called primal and dual biorthogonal wavelet basis. To all functions
ψ ∈ Ψ and ψ̃ ∈ Ψ̃ we can associate a level j, which can be interpreted as
a scale or magnitude in the sense that wavelets on higher levels are used to
represent detail information while wavelets on coarser levels (and of course the
scaling functions on the coarsest level) represent more the average behaviour.
The coarsest level, which might be fixed for one given basis, will be denoted by
j0. Scaling functions and wavelets have one more index k which enumerates all
functions on one level. This index can be seen as a location index. We collect
these indices in the multiindex λ where we set |λ| = j. The index ranges for
the scaling functions on one level j will be denoted by Ij and the ranges for the
wavelets on that level by Jj. Furthermore, we set

J = Ij0 ∪
∞⋃
j=j0

Jj .
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2. Wavelets and Adaptive Methods

We will now come to a prominent representative of the various kinds of biorthog-
onal multiresolutions.

2.1.1. Biorthogonal Spline Multiresolution on the Real Line

Definition 2.4 (Cardinal B-Spline)
For d ∈ N we define the centralized cardinal B-Spline of order d, Nd(x) : R→ R,
by

Nd(x) =
1

(d− 1)!

d∑
k=0

(−1)k
(
d

k

)
(x+ µ(d)− k)d−11{x+µ(d)−k≥0},

with µ(d) = bd2c.

These B-Splines are refinable and the mask coefficients can be found for example
in [Urb09, Chapter 2]. As these functions play an essential role for constructing
wavelets, Figure 2.1 shows the plots for the order 1-5 of them. It is obvious that
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Figure 2.1.: Centralized B-Splines of order d = 1, . . . , 5

with d also their support and regularity increases. It was shown in [CDF92] that
for any d ∈ N there exist functions Ñd,d̃, d̃ ≥ d and d+ d̃ even, which are locally
supported, refinable, satisfy the relationship (2.1) and replicate polynomials up
to degree d̃ − 1. These functions, often referred to as “dual B-Splines”, are for
d > 1 no B-Splines at all and have no closed form representation. However,
their point-values may be computed either with the subdivision or with the
cascade algorithm, see [Urb09, Section 2.10]. We note that with increasing d̃
the regularity of the dual B-Splines increases, see for example [Dij09, Figure
2.2]. The plots in Figure 2.2 show the first four dual B-Splines Ñ1,1, . . . , Ñ4,4.
We next note an important property of the B-Spline basis that will be necessary
later for controlling the positivity of a function represented by B-Splines.
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Figure 2.2.: Dual B-Splines Ñ1,1, . . . , Ñ4,4

Remark 2.5 (Total positivity of the B-Splines, [DeB01, Chapter IX, (20)])
From Nd(x) ≥ 0, x ∈ R for all d ≥ 1 we get the following. For a function

f(x) =
∑
m∈Z

fmϕj,m(x)

represented by the cardinal B-Splines it holds that we can control the nonnega-
tivity directly by the coefficients, i.e.

fm ≥ 0, ∀m ∈ Z⇐⇒ f(x) ≥ 0, x ∈ R.

Definition 2.6 (Scaling Functions and Wavelets based on B-Splines)
Let d, d̃ be fixed, j ∈ Z and set

Φj =
{
ϕj,m = 2j/2Nd(2

jx+m),m ∈ Z
}

Φ̃j =
{
ϕ̃j,m = 2j/2Ñd,d̃(2

jx+m),m ∈ Z
}
.

Then we get with Sj = S(Φj) and S̃j = S(Φ̃j) a biorthogonal MRA for L2(R)
as in Definition 2.1. Moreover, because of the locality of Nd and Ñd,d̃ we have
that

| supp (ϕj,m)|, | supp (ϕ̃j,m)| . 2−j , ∀j ∈ Z,m ∈ Z. (2.9)
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2. Wavelets and Adaptive Methods

Finally, by (2.5), we can build biorthogonal spline wavelets with setting

ΨT
j = ΦT

j+1Mj,1,

Ψ̃T
j = Φ̃T

j+1M̃j,1.

2.1.2. Properties of Biorthogonal Spline Wavelets

Now we list some well-established and powerful facts about the wavelet functions
introduced in the last section.

Lemma 2.7 (Regularity of the Primal Spline Wavelets)
Let Ψ be a wavelet basis built from Nd,d̃, then the primal wavelets are build from
cardinal splines that are piecewise polynomial of degree d−1. Therefore we have
for ψ ∈ Ψ that

ψ ∈ Hd− 1
2
−ε(R), ∀ε > 0,

where Hs(R) is the Sobolev space from Definition B.14.

Proof. The wavelet ψ has compact support and its kth derivative is again piece-
wise polynomial for k = 0, . . . , d− 1 and therefore its L2-norm is bounded. Its
(d − 1)th derivative is comprised of the B-Spline N1, which is known to be in

H
1
2
−ε(R), ∀ε > 0.

Lemma 2.8 (Locality)
All primal and dual scaling functions and wavelets have bounded support that
scales with 2−j.

Proof. For the biorthogonal spline multiresolution the matrices Mj , M̃j are
sparse for all j ≥ j0. By the fact that each scaling function is local and all
wavelets are finite linear combinations of scaling functions they are also local.
By (2.9) we get that

| supp (ψλ)| . 2−|λ|, | supp (ψ̃µ)| . 2−|µ|, ∀λ, µ ∈ J . (2.10)

Next we come to the point, how the two different representations (2.6) and (2.7)
of a given function f ∈ L2 on some level J

fJ = dTJΨJ = cTJΦJ

are connected and can be calculated from each other.

Remark 2.9 (Fast Wavelet Transform)
Recall that we had for the primal space Sj+1

Mj :`2(Ij)× `2(Jj)→ `2(Ij+1)

M̃T
j :`2(Ij+1)→ `2(Ij)× `2(Jj)

(2.11)
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2.1. Biorthogonal Multiresolution Analysis

and conversely for the dual space S̃j+1

M̃j :`2(Ij)× `2(Jj)→ `2(Ij+1)

MT
j :`2(Ij+1)→ `2(Ij)× `2(Jj).

(2.12)

Due to the sparseness of the involved matrices Mj and M̃j these operations have
O(N) complexity in the input data. The idea of the Fast Wavelet Transform is
now to iterate these operations up to J , which is still O(N), to arrive at (now
for brevity only for the primal basis)

MJ · · ·Mj0+1Mj0 :`2(JJ)→ `2(IJ)

M̃T
j0M̃

T
j0+1 · · · M̃T

J :`2(IJ)→ `2(JJ)
(2.13)

for some level J ≥ j0. The operations (2.13) perform the change from the
multiscale to the singlescale representation and vice versa. It is obvious, which
matrices have to be applied for the dual basis.

In Lawa, the functionalities from (2.13) are implemented in the routines fwt,
ifwt, fwt_ and ifwt_ for the full FWT and IFWT while in decompose, recon-
struct, decompose_ and reconstruct_ the operations from (2.11) and (2.12)
can be found.

Definition 2.10 (Vanishing Moments)
We say that a function f : R → R possesses d vanishing moments if we have
that ∫

R
xrf(x) dx = 0, 0 ≤ r < d.

Lemma 2.11 (Vanishing Moments of Biorthogonal Wavelets)
It is easy to see that if Pd̃−1 ⊂ S̃j0, i.e. the dual basis replicates all polynomials

up to some order d̃−1, then the primal basis has d̃ vanishing moments and vice
versa.

Proof. See [Urb09, Proposition 5.8].

A direct consequence of this is that in regions where a function f is smooth we
typically only need few wavelet coefficients for its representation. This effect is
due to the following lemma and is the starting point for wavelet-based image
compression as for example in the JPEG2000 standard [TM01] or for the Dirac
video codec [BBC08].

Lemma 2.12 (Wavelet Compression)
Suppose that the primal wavelet basis Ψ has d vanishing moments. Then∣∣ (f, ψj,k)0;R

∣∣ . 2−js ‖f‖s;supp (ψj,k)

for all f ∈ Hs(supp (ψj,k)) ∩ L2(R) and 0 ≤ s ≤ d.

Proof. See [Urb09, Proposition 5.9].
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2. Wavelets and Adaptive Methods

Next we show on a little example the principle of wavelet-based image com-
pression – a technique that we will encounter later on for the compression of
operator matrices.

Example 2.13 (Wavelet-based Image Compression)
Two ingredients are involved, namely the FWT from Remark 2.9 and the van-
ishing moments of the wavelet basis introduced in Definition 2.10. For this ex-
ample we will take the well-known standard test-image of Lena Söderberg which
may be obtained from [Web97, 4.2.04]. In Figure 2.3 we show the result of the
small program examples/image_compression.cc that comes with Lawa. The
leftmost picture in the first row shows the original image. The middle picture
in the first row is now composed of the downscaled version of the original image
in the top-left area, with the horizontal details in the top-right are, the vertical
details in the bottom-left are and the diagonal details in the bottom-right area.

If we now iterate this detail extraction process on the downscaled version, we

Figure 2.3.: Wavelet-based image compression

can further decompose the image into details.1 It is remarkable that the more
decomposed the image is, the more regions on the resulting picture are white,

1In order to visualize the details, we have reconstructed them to their scaling function rep-
resentation on the same level, normalized and inverted the coefficients.
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2.1. Biorthogonal Multiresolution Analysis

indicating that there no details on higher levels are detected and necessary in
order to represent the original image. That means, that the rightmost image
in the second row is still another version of the original image (but in another
basis), and we can use way fewer coefficients in order to store it. Furthermore,
we may discard small coefficients in order to compress the image with only little
defects on the then reconstructed image.

Before we can state the next lemma we first need a generalization of the uniform
stability property from (2.2).

Definition 2.14 (Riesz Basis)
We say that a wavelet basis Ψ ∈ L2(R) is a Riesz basis for V ↪→ L2(R) if

cΨ

∥∥dTΨ
∥∥
V
≤ ‖d‖`2 ≤ CΨ

∥∥dTΨ
∥∥
V

for all d = {dλ}λ∈J ∈ `2(J ). The two constants cΨ, CΨ > 0 are called lower
and upper Riesz bound, respectively.

Another important property is that a properly scaled wavelet basis is not only
a Riesz basis for L2(R) but for a whole range of Sobolev spaces.

Lemma 2.15 (Norm Equivalences)
Let Ψ be biorthogonal spline wavelet basis for L2(R) such that it satisfies a
Jackson estimate

inf
vj∈Sj

‖v − vj‖0;R . 2−sj ‖v‖s;R , ∀v ∈ Hs(R)

and a Bernstein estimate

‖vj‖s;R . 2sj ‖vj‖0;R , ∀vj ∈ Sj

for all s ∈ (0, γ), where γ > 0 depends on d and d̃. Then we have that∥∥dTΨ
∥∥2

s,R ∼ ‖D
sd‖2`2 (2.14)

for all −γ < s < γ, where the diagonal matrix D is defined as

D = {2|λ|δλ,µ}λ,µ∈J .

Proof. See [Dah97] or [Urb09, Theorem 5.12].

We will exploit this fact for the preconditioning of discretized operators.

Example 2.16 (Wavelet Preconditioning)

On a short example of the one-dimensional Laplace operator A = −∆ = − ∂2

∂x2

we demonstrate the effect of wavelet preconditioning. When solving partial dif-
ferential equations driven by this operator with finite elements or wavelets, the
stiffness matrix AJ =

{
(−ψ′′µ, ψλ)0

}
λ,µ∈ΛJ

is the discretized representation of

A on level J . A major task when approximating the solution consists in solving
a system of equations with that matrix. It is well-known that when the operator

15



2. Wavelets and Adaptive Methods

A has order 2s > 0, the spectral properties of the matrix deteriorate if the reso-
lution is increased, i.e. with more degrees of freedom (which are necessary if the
solution shall be resolved more accurately) the amount of work for an iterative
scheme for the solution of the discretized system increases disproportionately.
Specifically, the condition κ(AJ) = CA

cA
, where CA and cA denote the largest and

smallest singular value of AJ , respectively, increases by 22sJ with the maximal
level J . We demonstrate this in Figure 2.4. A preconditioner is now a matrix
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Figure 2.4.: Wavelet preconditioning

D−1 such that κ(D−1AJD−1) ∼ O(1) for J →∞, and this matrix D−1 should
have a simple form. For wavelets as basis functions thanks to (2.14) such a
preconditioner is readily available as

D−1 =
{

2−s|λ|δλµ

}
λ,µ∈Λ

,

where δλµ denotes the Kronecker symbol

δλµ =

{
1, λ = µ,

0, otherwise.

For this diagonal scaling we see in Figure 2.4 that the condition number is uni-
formly bounded as the number of degrees of freedom is increased. A quantita-
tively even better preconditioning is possible if we use the inverse of the diagonal
of the stiffness matrix, i.e. D−1 = diag(A)−1, which again results in a bounded
condition number. Once again in Figure 2.4, we can see that this matrix di-
agonal scaling reduces the matrix condition by a certain magnitude. The plots
in Figure 2.4 have been produced by the program examples/condition.cc of
Lawa and more details on wavelet preconditioning may be found for example
in [DK92].

Now in order to test our algorithms and methods in the next chapters, we need
to access the wavelet representation of a function f . The next lemma tells us
how to compute these coefficients.
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2.1. Biorthogonal Multiresolution Analysis

Lemma 2.17 (Biorthogonal Projectors)
The biorthogonal projectors onto the detail spaces have the representation

f(x) =
∑
λ∈J

(f, ψ̃λ)0;Rψλ(x) =
∑
λ∈J

(f, ψλ)0;Rψ̃λ(x), ∀f ∈ L2(R).

That means in order to get the primal expansion coefficients d ∈ `2 of f ∈ L2(R)
we have to integrate against the dual wavelets

dλ =

∫
R
f(x)ψ̃λ(x) dx. (2.15)

Proof. This is shown in [Urb09, Proposition 5.4].

As we already mentioned, for most dual functions only point values are com-
putable. Therefore in Lawa we use a composite trapezoidal rule for calculating
the integrals (2.15). This integration is more stable when ψ̃λ is a scaling func-
tion. For computing all coefficients up to some maximal level J we integrate
therefore against the scaling functions on level J and then apply the FWT from
Remark 2.9 in order to finally arrive at the primal multiscale representation.

2.1.3. Biorthogonal Spline Wavelets on the Interval

There exist several methods how a biorthogonal spline multiresolution analysis
and corresponding wavelets may be constructed on the interval Ω = (0, 1). In
Lawa we implemented three variants, namely the construction of Dahmen et al.
[DKU99], the construction of Primbs [Pri06] and the construction of Dijkema
[Dij09]. In Figure 2.5 we show some plots of the first construction mentioned.
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Figure 2.5.: Primal [DKU99] wavelets on the interval

The wavelet bases on the interval inherit all properties from Subsection 2.1.2
and the reader might just replace R by Ω in the various statements. We want
to demonstrate another implication of Lemma 2.12 at an example, where we
now take a function with isolated singularities as the target for our compression
and then successively build approximations that correspond to large wavelet
coefficients.
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2. Wavelets and Adaptive Methods

Example 2.18 (Wavelet-based Compression of Functions)
Therefore, we suppose that we have available the wavelet expansion d of the
function u ∈ H1

0 (Ω) from the Helmholtz example (P3) in Subsection 3.2.1, i.e.

u(x) = dTΨ(x) =
∑
λ∈J

dλψλ(x),

and for this particular example we take the [DKU99] interval wavelet basis with
parameters d = d̃ = 2. At this point we also want to elucidate how the coefficient
plots in the second and fourth column of Figure 2.6 have to be read.
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Figure 2.6.: The approximation of a function by wavelets

If we recall the definition of the multiscale basis from (2.8), at the coarsest
scale on level j0 we have a number of scaling functions, piecewise linear B-
Splines or “hats” in this particular case. These functions encode the mean of the
function u that is represented by d. The number j0 and the actual cardinality of
these scaling functions depend on the construction type that is used for building
the interval basis, here for the [DKU99] construction this results in 7 scaling
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2.2. Adaptive Wavelet Methods for Elliptic Equations

functions on level j0 = 3. The next building block of the wavelet basis is a set of
wavelets on the coarsest scale j0. From (2.5) we know that they are built from B-
Splines on the next finer level, so their resolution is already twice the resolution
of the B-Splines on j0. On level 4 there are twice the number of wavelets as
on level 3, which means here 16 wavelets compared to 8 wavelets and so on
for all higher levels. The coefficient plots do not only encode the type, scale
and location of the corresponding index λ but also the magnitude of its value
dλ where black stands for the largest values in d and yellow corresponds to the
smallest values. Coming back to the wavelet compression from Lemma 2.12 and
recalling that we have taken the 1, 6, 10, 18, 29 and 63 largest coefficients,
we now understand why the wavelet coefficients at x = 0.3 and x = 0.7 are
considerably larger than the coefficients in regions where u is smooth. From the
plots in the first and third column we can also see that the approximation gets
better and that the peaks at x = 0.3 and x = 0.7 are dissolved.

2.2. Adaptive Wavelet Methods for Elliptic Equations

2.2.1. Prerequisites

First we introduce some notions that characterize an operator A mapping from
some Hilbert space V onto its (topological) dual V ∗. Thus we have A : V → V ∗

on a Gelfand triple
V ↪→ H ∼= H∗ ↪→ V ∗

as in Definition B.16. These definitions also characterize the properties of the
bilinear form a : V × V → R induced by A through

a(u, v) = 〈Au, v〉V ∗×V , ∀u, v ∈ V. (2.16)

Definition 2.19 (Continuity)
We say that an operator A : V → V ∗ is continuous if there exists a constant
C1 ∈ R≥0 with ∣∣〈Au, v〉V ∗×V ∣∣ ≤ C1 ‖u‖V ‖v‖V
for all u, v ∈ V . The continuity of the bilinear form a(·, ·) is defined via the
corresponding operator A.

Definition 2.20 (Coercivity)
We call the operator A coercive if there exists a constant C2 ∈ R≥0 such that

〈Au, u〉V ∗×V ≥ C2 ‖u‖2V
for all u ∈ V . Again, the coerciveness of the form a(·, ·) is defined by the
coerciveness of the associated operator A.

Definition 2.21 (Ellipticity)
Finally, we say that the operator A is elliptic if it is both continuous and coercive
as in Definition 2.19 and Definition 2.20, respectively. The bilinear form a(·, ·)
is called elliptic if the operator A from (2.16) is elliptic.
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2. Wavelets and Adaptive Methods

2.2.2. Elliptic Operator Equations

To motivate the need for adaptive methods, let us consider elliptic equations
on the open and bounded domain Ω = (0, 1) ⊂ R. We look for u ∈ V such that

Au = f, in Ω, (2.17)

or, equivalently in the weak form

〈Au, v〉V ∗×V = a(u, v) = (f, v) ∀v ∈ V, (2.18)

for some elliptic (see Definition 2.21) operator A : V → V ∗ and f ∈ V ∗. By
the properties of the operator A, we immediately get a statement on the well-
posedness of (2.17) and (2.18).

Theorem 2.22 (Lax-Milgram)
For the Gelfand triple V ↪→ H ∼= H∗ ↪→ V ∗ let A : V → V ∗ be an elliptic
operator. Then the operator equation (2.17) respectively (2.18) admits a unique
solution u ∈ V for every f ∈ V ∗.

Proof. The proof can be found for example in [Eva98, Section 6.2].

In what follows, we consider equations on a Gelfand triple that is based on
the Sobolev space Ht from Definition B.14 for some t > 0, possibly containing
suitable boundary conditions. Given a Riesz basis Ψ for Ht, this is equivalent
to the following equation in the wavelet space `2

Au = f , (2.19)

with A = 〈Aψµ, ψλ〉λ,µ∈J : `2 −→ `2 and f = 〈f, ψλ〉λ∈J ∈ `2. It is well known
that the convergence rate of a uniform Galerkin scheme applied to this equation
depends on the regularity of the solution and on the regularity of the involved
basis. We investigate the first one with the next lemma.

Lemma 2.23 (Shift Theorem, [Coh00, Example 42.2(i)])
Suppose u ∈ Ht solves

Au = f,

on Ω = (0, 1) with A : Ht → H−t being an elliptic operator of order 2t. Then
we have that for s > −t it holds

f /∈ Hs =⇒ u /∈ H2t+s.

In other words, if the right-hand side has poor regularity, this carries over to
the solution of the equation.

2.2.3. Uniform Schemes

For a uniform Galerkin scheme, the trial and test spaces are given by all scaling
functions and wavelets up to a certain level J , i.e.

Λ = ΛJ =
{
λ ∈ J

∣∣ |λ| ≤ J} .
20
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Then we search the solution uΛ ∈ VΛ = SJ to

a(uΛ, vΛ) = 〈f, vΛ〉 , ∀vΛ ∈ VΛ (2.20)

which results in the linear system of equations

AΛ×ΛuΛ = fΛ (2.21)

for uΛ ∈ R|Λ|. To get convergence for J → ∞, we need some tools from finite
element analysis which we state without proof.

Convergence Analysis

Lemma 2.24 (Céa Lemma)
Let a(·, ·) be elliptic. Then for the solution uΛ of (2.20) we have that

‖u− uΛ‖V . inf
vΛ∈VΛ

‖u− vΛ‖V .

This well-known result tells us that by solving the Galerkin equations we arrive
at the best approximation from the linear space VΛ.

Proof. See for example [Urb09, Theorem 3.15].

Now if we recall that for the biorthogonal wavelet basis with smoothness pa-
rameters d and d̃ the primal spaces replicate all polynomials up to order d− 1,
we arrive at the following claim.

Lemma 2.25 (Convergence Rate of the Uniform Galerkin Scheme)
Let A : Ht → H−t be an elliptic operator and f ∈ H−t be given. Suppose that
u ∈ Ht solves equation (2.17). Then we get the convergence rate of the solution
of the Galerkin equation (2.21) as

‖u− uΛ‖t . 2−Js ‖u‖t+s;Ω

and
‖u− uΛ‖`2 . 2−Js ‖u‖t+s;Ω ,

respectively, provided that the primal wavelet basis is sufficiently smooth: for
d− 1 ≥ s the space

Pd−1 =

{
p : Ω→ R

∣∣∣∣ p(x) =
d−1∑
k=0

akx
k, ak ∈ R

}
can be reproduced by Sj0(Ω), which may be enforced by requiring d ≥ s+ 1.

Proof. See for example [Urb09, Theorem 3.17].

Summing up, this means given a sufficiently regular basis, the convergence rate
for the discretized system (2.19) is determined by

‖u− uN‖`2 . N−s ⇐⇒ u ∈ Ht+s,
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if we denote the number of coefficients by N = # supp (uN ). So in order to
achieve a higher convergence rate with a more regular basis, the solution has
to have additional regularity. The cornerstone of adaptive methods now lies
in the fact that many solutions of operator equations, that do not have a high
Sobolev regularity due to isolated singularities still posses high regularity – not
in the Sobolev sense but in the sense of Besov from Definition B.26. Roughly
speaking, adaptive schemes now try to exploit this Besov regularity in order to
achieve a better convergence rate. In order to estimate the gain of an adaptive
method, we can pose the question what the best possible approximation rate
for a given function with a given wavelet basis would be. We will answer this
question with the help of the next subsection.

2.2.4. Best N-term Approximation

Definition 2.26 (Best N -term Approximation)
Suppose that for some function u ∈ Ht we have the representation

u =
∑
λ∈J

uλψλ,

where Ψ is a Riesz basis for Ht. With the set

ΣN =

{
v =

∑
λ∈Λ

vλψλ

∣∣∣∣ #Λ ≤ N
}

we define the (non-unique) best N -term approximation of u as

uN = arg min
v∈ΣN

‖u− v‖t;Ω

and the error of the best N -term approximation as

σN (u) = ‖u− uN‖t;Ω .

Due to the norm equivalence of the wavelet basis from Lemma 2.15, a quasi-
best N -term approximation uN of the function u relates to the best N -term
approximation uN ∈ `2 of the coefficient vector u ∈ `2 by

σN (u) =
∥∥u− uTNΨ

∥∥
t;Ω
∼ ‖u− uN‖`2 = σN (u),

and uN be easily realized by keeping the N largest (in absolute value) wavelet
coefficients of u.

From now on, we will risk a little bit of obscurity and use the term best N -term
approximation both for the function uN as well as for the vector uN . We stress
again that the best N -term approximation of a function u ∈ Ht or a vector
u ∈ `2 is not unique.

Definition 2.27 (Approximation Space As)
For s > 0 we define the approximation space As as the set of all vectors v ∈ `2
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that can be approximated by vectors from ΣN =
{
vΛ ∈ `2

∣∣ #Λ ≤ N
}

with order
O(N−s). We can define a norm on As by setting

‖v‖As = sup
N∈N

N sσN (v),

where σN (v) is the error of the best N -term approximation of v.

Of course, we are interested what regularity is necessary for a function u in
order that the corresponding coefficients u belong to As. The next theorem
will answer this question.

Theorem 2.28
Let s, t > 0 and suppose that the primal wavelet basis is at least of order d with

0 < s < d− t

and that for the function u ∈ Ht it holds that u ∈ Bt+s
τ (Lτ ) with

τ = (s+ 1/2)−1 . (2.22)

Then we have that u ∈ As, i.e. the best N -term approximation uN of u satisfies

‖u− uN‖t;Ω . N
−s.

Proof. [DeV98, Coh00, CDD01].

We summarize the various relations between the spaces Bt+s
τ (Lτ ), `τ , `wτ and

As in the next remark, see also Lemma B.6.

Remark 2.29 ([CDD01, Section 3])
For τ = (s+ 1/2)−1 and u ∈ Ht we have the connections

u ∈ `τ ⇐⇒ u ∈ Bt+s
τ (Lτ )

⇓
u ∈ `wτ ⇐⇒ u ∈ As,

where in particular the norms ‖·‖`wτ and ‖·‖As are equivalent.

2.2.5. Besov Regularity for Elliptic Equations in One Dimension

We can boil down these considerations about the two different approximation
types in the following expression. Given a sufficiently regular basis, for a con-
vergence rate of order s we need

• u ∈ Ht+s for the uniform scheme or

• u ∈ Bt+s
τ (Lτ ) for the adaptive scheme.

Now Bt+s
τ (Lτ ) is a much larger space than Ht+s in the sense that functions in

Bt+s
τ (Lτ ) do not need to be smooth but only “almost smooth”, i.e. they are

allowed to have isolated singularities.
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Remark 2.30 ([DD97])
The fact that the space Bt+s

τ (Lτ ) is “larger” than Ht+s can also be justified
by the following considerations. Again, for a convergence order of O(N−s)
in a uniform scheme, the function u must admit smoothness of order t + s
measured in L2. On the other hand, in order for the best N -term approximation
to converge with O(N−s), the function must possess a smoothness of order t+s
measured in the space Lτ , where the parameter τ of (2.22) always satisfies τ < 2.
Therefore, it is obvious why adaptivity pays off.

We now state an important example from [For08, Section 2.5] and [GHS07,
Section 3]. The Besov regularity for elliptic boundary value problems in general
is analyzed for example in [DD97, Dah99].

Remark 2.31 (Besov Regularity of the Dirichlet Problem in One Dimension)
For Ω = (0, 1) let u ∈ H1

0 (Ω) be the solution of

−∆u = f, in Ω

for f ∈ H−1(Ω) given by

f = 4δ0.5(x)− 9π2 sin(3πx)− 4.

Then we have that u ∈ H1+s only for s < 1
2 , i.e. u has limited Sobolev regularity,

but on the other hand there holds

u ∈ B1+s
τ (Lτ (Ω)), τ = (s+ 1/2)−1

for any s > 0. Furthermore, if we represent u by a biorthogonal wavelet basis
of order d, d̃, the corresponding best N -term approximation will converge with
O(N−s) where the rate is determined by s = d− 1.

As this example is similar to the singular examples in Subsection 3.2.1, we ex-
pect that there the Besov regularity is also significantly higher than the Sobolev
regularity. In Section 3.3 and Section 3.4 we additionally analyze the approxi-
mation rates, which also show that our examples have higher Besov regularity.

The remainder of this section is devoted to the presentation of some adaptive
wavelet methods that actually converge with the same rate as the best N -term
approximation.

2.2.6. Abstract Adaptive Method

Now the adaptive wavelet algorithm from [CDD02] will carry out the calculation
of u by implementing a computable version of the following Richardson iteration

uj+1 = uj + αΨ

(
f −Auj

)
, (2.23)

for some starting value u0. The relaxation parameter αΨ has to fulfil

0 < αΨ < 2
cA
C2
A

, (2.24)
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with 0 < cA, CA <∞ satisfying

cA ‖v‖`2 ≤ ‖Av‖`2 ≤ CA ‖v‖`2 , ∀v ∈ `2. (2.25)

The numbers cA, CA may be chosen as estimates for the smallest and largest
eigenvalue of A in case of a symmetric bilinear form a(·, ·) or of the singular
values in the non-symmetric case, respectively. Due to the ellipticity from
Definition 2.21, that we always assume for our operator to hold, and the wavelet
norm equivalences from Lemma 2.15 such numbers always exist. The bound
(2.25) is crucial for the proofs concerning the adaptive methods, see [CDD01,
(2.22, 2.23)], [CDD02, (4.14)]. Given (2.24), we have that for some ρΨ < 1 it
holds ∥∥u− uj+1

∥∥
`2
≤ ρΨ

∥∥u− uj
∥∥
`2

and therefore the sequence uj converges to the solution u of (2.19).

2.2.7. Prerequisites for an Implementable Adaptive Method

Given the iteration of the last subsection we now have a convergent iteration
for the solution of (2.19), but the terms f and Auj are infinite sequences in
`2 and therefore not representable in a computer. In order to arrive at an
implementable version of (2.23), we have to replace every infinite operator ap-
plication and vector in this iteration by a corresponding finite approximation
while still controlling the error. Therefore, we introduce now some supplemen-
tary algorithms, whose implementations can be found in the file lawa/Nfunct.h
of Lawa.

Coarsening Procedure COARSE

The first routine we want to look at coarsens (hence its name) a given wavelet
approximation v to some function v by removing some coefficients while con-
trolling the error. More precisely, the routine COARSE[η,v] calculates an
approximation vη to v ∈ `2 such that

‖v − vη‖`2 ≤ η (2.26)

and this approximation has the minimal support over all approximations vη
satisfying (2.26). It was shown in [CDD01] that the following procedure does
this job, which we recall for the sake of completeness.
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2. Wavelets and Adaptive Methods

Algorithm 1 COARSE[η,v]→ vη

1: Calculate ‖v‖2`2
2: Sort the vector v in decreasing order of the absolute value of its coefficients

and store the result in v∗ =
(
v∗λ1

, v∗λ2
, . . . , v∗λN

)
3: for k = 0, . . . , N do
4: Calculate the sum ‖v∗k‖2`2 =

∑k
j=1 |v∗λj |

2

5: if ‖v∗k‖2`2 > ‖v‖
2
`2
− η2 then

6: Define vη =
(
v∗λ1

, v∗λ2
, . . . , v∗λk

)
7: return vη
8: end if
9: end for

It can be shown that the following holds.

Lemma 2.32
For any finitely supported vector v and η > 0 the output of COARSE[η,v]
satisfies (2.26). If in addition v ∈ As then we have

# supp (vη) . ‖v‖As η
−1/s.

Proof. [CDD01, Properties 6.1, Proposition 6.2]

Approximation of the Right-hand Side

The next routine directly builds on Algorithm 1 and serves us to compute an
approximation of the coefficients of the right-hand side of the equation. Since
the analytic form of the right-hand side of the equation (2.17) is known, we
assume that we have calculated the vector f up to some sufficient accuracy. For
η > 0 we define the routine RHS[η, f ] by the following algorithm.

Algorithm 2 RHS[η, f ]→ fη

1: return COARSE[η, f ]

The approximation properties of Algorithm 2 are obviously given by Lemma 2.32.

Approximate Matrix-vector Product

Even if we have some finite vector v of length N , the application of an infinite
operator A will lead to an infinitely supported result Av = w. Also for this
operation we need an approximative algorithm, which was also presented in
[CDD01]. For that algorithm, we define for the vector v with length N the
sections v[j] = v∗

2j
− v∗

2j−1 and v[0] = v∗20 , where v∗
2j

denotes the best 2j-term
approximation to the vector v by keeping its 2j largest (in absolute value)
coefficients. Remember that v∗ was the rearrangement of v that was already
used in Algorithm 1. Of course, we have v[j] = v for j > log2N . The class of
matrices A whose matrix-vector product may be approximated by this routine
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2.2. Adaptive Wavelet Methods for Elliptic Equations

can be characterized by the following definition, which we recall from [CDD01,
Definition 3.6].

Definition 2.33 (s∗-compressibility)
Let s∗ > 0. A matrix A : `2 → `2 is called s∗-compressible if for each 0 < s < s∗

and for some positive sequence {αj} ∈ `1(N) there exists for each j ≥ j0 a matrix
Aj−j0 having at most αj2

(j−j0) nonzero entries per row and column such that

‖A−Aj−j0‖`2→`2 ≤ αj2
−(j−j0)s, j ≥ j0.

Now we can present the algorithm from [CDD01, Subsection 6.3] that carries
out the approximate application of A to a finitely supported vector v.

Algorithm 3 APPLY[η,A,v]→ wη

1: Initialize k = −1,
2: repeat
3: k → k + 1
4: Calculate the error estimate

Rk = CA
∥∥v − v[k]

∥∥
`2

+
k∑
j=0

αj2
−js∗ ∥∥v[k−j]

∥∥
`2
,

with αj and s∗ from Definition 2.33 and CA from (2.25)
5: until Rk < η
6: For the output k of the last step compute wη = wk as

wk = Akv[0] + Ak−1v[1] + · · ·+ A0v[k]

7: return wη

Our implementation of Algorithm 3 is mainly based on [Bar01, BBC+01] and
can be found as routine APPLY in the sourcefile Nfunct.h within Lawa. The
next lemma controls the error of the approximate matrix-vector multiplication.

Lemma 2.34
Given any tolerance η > 0, a vector v with finite support and a matrix A, then
Algorithm 3 produces an output wη with

‖Av −wη‖`2 ≤ η.

Moreover, if A is s∗-compressible for some 0 < s < s∗ and v ∈ As, then the
output satisfies

# supp (wη) . ‖v‖1/sAs η
−1/s.

Proof. [CDD01, Properties 6.4]
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The final question is which operators allow for a sparse approximation. We will
answer this by stating two findings of [Ste04]. The proofs rely on the same prin-
ciples as the wavelet-based image compression, namely the fact that a wavelet
integrated against a smooth function results in a small coefficient as shown
in Lemma 2.12 and that the support of the wavelets decreases with increas-
ing level. Thus we are now considering the s∗-compressibility as introduced in
Definition 2.33 of two important classes of operators.

Lemma 2.35 (Compression of Operators – Differential Operators)
Let A be a differential operator of order 2t acting on Ht(Ω),

〈Au, v〉H−t×Ht =
∑
|α|,|β|≤t

(
aαβ∂

αu, ∂βv
)

0;Ω

with aαβ ∈ L∞(Ω). Furthermore, we assume that there exists some σ > 0 such
that (compare also [GS06, (3.1)])

A : Ht+σ → H−t+σ.

Then we have that A = 〈AΨ,Ψ〉 is s∗ − compressible with

s∗ = min
{
t+ d̃, σ

}
. (2.27)

In particular, the Laplace operator A = −∆ is s∗-compressible with s∗ = 1 + d̃.

Proof. [Ste04, Theorem 2.3], [GS06, Theorem 3.2].

Remark 2.36
The proof of [Ste04, Theorem 2.3] is constructive as it exactly tells us which
entries in the infinite matrix A have to be neglected in order to arrive at the
sparse approximation Aj−j0.

Lemma 2.37 (Compression of Operators – Singular Integral Operators)
Let A : Ht(Ω)→ H−t(Ω) be a bounded singular integral operator

Au(x) =

∫
R
u(y)k(y − x) dy,

where the (possibly singular) kernel k satisfies the following smoothness estimate

|k(α)(x)| . |x|−(1+2t+α), ∀x ∈ R \ {0} (2.28)

and α ∈ N. This class of operators is also known as pseudodifferential operators
and we have that for all σ > 0 it holds that

A : Ht+σ(Ω)→ H−t+σ(Ω).

Finally the infinite matrix A = 〈AΨ,Ψ〉 is s∗-compressible with

s∗ = t+ d̃.

Proof. See [Ste04, Theorem 3.3] or [GS05, Theorem 3.4], which are again con-
structive in the sense that the compression pattern is stated there explicitly.

Remark 2.38
The pseudo-locality assumption (2.28) is in particular valid for the Lévy kernels
that we will consider later on, see also assumption (A3) of Remark 6.9.
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2.2. Adaptive Wavelet Methods for Elliptic Equations

Numerical Tests for APPLY

We test the s∗-compressibility of APPLY by calculating the quantities wj−j0 .
In order to measure the approximation error of the matrices Aj−j0 we sample
the exact solution (P1) of the Helmholtz problem from Subsection 3.2.1 and the
solution (P1) of the Hypersingular problem from Subsection 3.2.2, respectively,
which can be found on page 53 ff. As we know that f = Au, we can measure
the error by

‖Au−Aj−j0u‖`2 = ‖f −wj−j0‖`2 ,

where we approximate u ≈ uΛ and f ≈ fΛ with Λ = Jj0+10, i.e. all wavelet
indices up to level j0 + 10. We use the [DKU99] interval wavelet bases with
parameters d = d̃ = 2 and d = d̃ = 3. For the Helmholtz problem, we get the
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Figure 2.7.: Slopes for APPLY

expected approximation rates of s = 1/2 for the wavelet basis with d = d̃ = 2
and s = 3/2 for d = d̃ = 3. At a first glance these rates seem inferior to that
predicted from Lemma 2.35. However, for attaining the rate of s∗ = 1 + d̃ from
(2.27), the compression pattern from [Ste04, (2.4)] requires a level difference of

κ = 1+d̃
d− 3

2

, see also [GS06, (3.5)]. For the piecewise linear wavelets this results

in a level difference of 6 and for the wavelet basis with parameter d = d̃ = 3
the difference is κ = 8

3 . If we now relate the compressibility s∗ to this level
difference, we arrive at level-wise slopes of

d = d̃ = 2

‖A−Aj−j0‖`2→`2 . 2−3j for
∣∣|λ| − |λ′|∣∣ ≤ 6j,

⇐⇒ ‖A−Aj−j0‖`2→`2 . 2−
1
2
j for

∣∣|λ| − |λ′|∣∣ ≤ j,
d = d̃ = 3

‖A−Aj−j0‖`2→`2 . 2−4j for
∣∣|λ| − |λ′|∣∣ ≤ 8

3
j,

⇐⇒ ‖A−Aj−j0‖`2→`2 . 2−
3
2
j for

∣∣|λ| − |λ′|∣∣ ≤ j.
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2. Wavelets and Adaptive Methods

So for the Helmholtz problem the rates in the left picture of Figure 2.7 are
actually as predicted. Now for the hypersingular operator the compression

pattern requires a level difference in [Ste04, (3.8)] of κ = t+d̃
d− 1

2
−t , see also [GS05,

(3.10)]. For d = d̃ = 2 this gives 5
2 and for d = d̃ = 3 we get 7

4 . Here the
level-wise rates are given by

d = d̃ = 2

‖A−Aj−j0‖`2→`2 . 2−
5
2
j for

∣∣|λ| − |λ′|∣∣ ≤ 5

2
j,

⇐⇒ ‖A−Aj−j0‖`2→`2 . 2−j for
∣∣|λ| − |λ′|∣∣ ≤ j,

d = d̃ = 3

‖A−Aj−j0‖`2→`2 . 2−
7
2
j for

∣∣|λ| − |λ′|∣∣ ≤ 7

4
j,

⇐⇒ ‖A−Aj−j0‖`2→`2 . 2−2j for
∣∣|λ| − |λ′|∣∣ ≤ j.

We see in the right picture of Figure 2.7 that for the piecewise linear wavelets
we get the optimal rate. For the wavelet basis with d = d̃ = 3 the slope seems
also to feature a tune-in behaviour as it was the case for the piecewise linear
wavelets. Unfortunately, we have to discover that the slope does only reach a
rate of s = 0.5, that is even smaller than it is for the piecewise linear case,
and that for larger level differences j − j0 the convergence fails. It seems like
the [DKU99] construction yields an interval basis whose condition amplifies the
machine error in a way that already prevents these basic calculations. We will
again meet this roundoff behaviour in Section 3.3. The above plots have been
produced by the program examples/slope_apply.cc, which comes with Lawa.

Galerkin Solver

In anticipation of our adaptive algorithm, we can think of (2.23) as a procedure
to iteratively produce index sets Λ0 ⊂ Λ1 ⊂ · · · ⊂ J and approximations
uj = uΛj of the solution u that are supported on Λj . In order to quantitatively
improve the current approximation uΛj on the linear space Λj , we can carry
out some (uniform) Galerkin iterations on that space, that should reduce the
residual on Λj to a certain tolerance. We suppose that supp (ṽΛ) = Λ and
define our uniform Galerkin solver by the next algorithm.

Algorithm 4 GALSOLVE[Λ,AΛ×Λ, ṽΛ, fΛ, η]→ vΛ

1: Compute the initial residual r0 = fΛ −AΛ×ΛṽΛ

2: Employ some standard Galerkin solver like the Richardson iteration, the CG
method (see [HS52], if the operator is self-adjoint) or the GMRES method
(see [SS86]) in order to arrive at vΛ with the appropriate stopping criterion
such that for the new residual r = rΛ = fΛ −AΛ×ΛvΛ we have that

‖r‖`2 ≤ η · ‖r0‖`2 or ‖r‖`2 ≤ η,

depending on whether the relative or absolute residual is concerned
3: return vΛ
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2.2. Adaptive Wavelet Methods for Elliptic Equations

In Lawa, all three iterative methods mentioned in Algorithm 4 have been im-
plemented as described in [Saa96, Section 4.1, Section 6.5, Section 6.7] and
may be found in the directory flensext. The source files for these methods
are flensext/richardson.h, flensext/cg.h and flensext/gmres.h, respec-
tively. Because for the adaptive methods the matrix AΛ×Λ, the right-hand side
fΛ and ṽΛ are stored as preconditioned matrix and vectors, we use the standard
version of the solvers.

2.2.8. Adaptive Wavelet Solver for Elliptic Equations

We now present the adaptive wavelet solver ELLSOLVE, that was introduced
in [CDD01] and later modified in [CDD02]. The additional Galerkin iterations
in GALSOLVE further improve the solution on the adaptively generated index
sets Λ`+1.

Algorithm 5 ELLSOLVE[ε,A, f ]→ u(ε)

1: Initialize u0
Λ = 0, ε0 = c−1

A ‖f‖`2 , α = cA
C2
A

, ρ =
√

1− c2
A/C

2
A, j = 0,

set K = mink∈N
{
ρk−1(2αk + ρ) ≤ 1

10

}
2: while εj > ε do

3: v0 = ujΛ
4: for ` = 0, . . . ,K − 1 do
5: RHS[ρ`εj , f ]→ f`
6: APPLY[ρ`εj ,A,v`]→ w`

7: r` = f` −w`

8: if ‖r`‖`2 ≤ εj
(
cA
10 − 2ρ`

)
and ρ` < cA

20 then
9: vK = v` and exit the inner loop

10: end if
11: ṽ`+1 = v` + αr`
12: Λ`+1 = supp (ṽ`+1)
13: v`+1 = GALSOLVE[Λ`+1,AΛ`+1×Λ`+1

, ṽ`+1, fΛ`+1
, ρ`]

14: end for
15: COARSE[ 4

10εj ,vK ]→ uj+1
Λ

16: εj+1 = εj/2
17: j → j + 1
18: end while
19: return u(ε) = ujΛ

We only state the most important result from [CDD01, CDD02].

Theorem 2.39 ([CDD02, Theorem 5.7])
Let u be the solution of (2.19). Then for any target accuracy ε > 0, Algorithm 5
determines an approximation u(ε) to u satisfying

‖u− u(ε)‖`2 ≤ ε (2.29)

with linear complexity for the arithmetic operations and log-linear complexity for
sorting. If u is an element of the approximation space As from Definition 2.27
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for some s > 0 and the matrix A is s∗-compressible for some s∗ > s, then the
output satisfies

# supp (u(ε)) . ε−1/s ‖u‖As . (2.30)

By (2.30), u(ε) converges with the same rate as the best N -term approximation.

Remark 2.40
One can avoid the log-factor in the sorting complexity of Algorithm 5 if one
uses only approximate sorting, so-called binning. This is elaborated for example
in [Bar05, Section 1.2]. At the moment, this functionality is missing in Lawa.

Remark 2.41
For the convergence and the asymptotic optimality of Algorithm 5 the step
GALSOLVE is not necessary.

2.2.9. Adaptive Wavelet Solver for Elliptic Equations without
Coarsening the Iterands

It was discovered in [GHS07] that Algorithm 5 may be improved quantitatively
by avoiding the recurrent coarsening of the iterands.

Algorithm 6 ELLSOLVE-WO-COARSENING[ε,A, f ]→ u(ε)

1: Initialize u0
Λ = 0, ε−1 = c−1

A ‖f‖`2 , j = 0

2: Choose γ ∈ (0, 1), ω ∈ (0, γ), θ = 2ω
1−ω > 0 and α ∈ (0, 1

6κ(A)−
1
2
γ−ω
1+ω )

3: loop
4: ζ = θεj−1

5: repeat
6: ζ = ζ

2

7: rj = RHS[ ζ2 , f ] - APPLY[ ζ2 ,A,u
j
Λ]

8: if εj =
‖rj‖+ζ
cA

≤ ε then

9: return u(ε) = ujΛ
10: end if
11: until ζ ≤ ω ‖rj‖
12: Λj+1 = Λj ∪ supp

(
COARSE[

√
1− γ2 ‖rj‖ , rj ]

)
13: uj+1

Λ = GALSOLVE[Λj+1,AΛj+1×Λj+1 ,u
j
Λ, fΛj+1 , αεj ]

14: j → j + 1
15: end loop

Again we want to state the main theorem for this algorithm.

Theorem 2.42 ([GHS07, Theorem 2.7])
The adaptive wavelet solver without coarsening from Algorithm 6 terminates
for every ε > 0 after a finite number of steps with an approximation u(ε) that
satisfies

‖u− u(ε)‖`2 ≤ ε

and works with linear complexity in arithmetic operations and (log-)linear sort-
ing complexity. If u ∈ As for some s > 0 and the matrix A is s∗-compressible
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for some s∗ > s then the ouput additionally satisfies

# supp (u(ε)) . ε−1/s ‖u‖As .

The great advantage of Algorithm 6 lies in the fact that is has much less over-
head than Algorithm 5 because there is no recurrent coarsening as in line 15 of
ELLSOLVE.

2.2.10. A Simplified Adaptive Wavelet Solver for Elliptic Equations

For the third adaptive wavelet solver for elliptic equations, that we are going
to present shortly in Algorithm 8, we need a routine that computes for a given
index set Λ a so-called security zone. That means the function C (Λ, c) should
output an index set ∂Λ, that consists of all wavelet indices on the next level
such that their support intersects with some wavelet index from Λ and that are
not included itself in Λ. More formally, we present the next algorithm, which
was introduced in [BK06].

Algorithm 7 C(Λ, c)→ ∂Λ

Ensure: c ∈ (0, 1]
1: Initialize ∂Λ = ∅
2: for λ ∈ Λ do
3: Calculate the by c contracted support of ψλ as

c · supp (ψλ) = [c `λ + (1− c)uλ, cuλ + (1− c)zλ],

where the standard support of ψλ is given by supp (ψλ) = [`λ, uλ] and
zλ = 1

2(uλ + `λ) is its barycentre
4: if λ ∈ Ij0 then
5: Set C(λ, c) =

{
µ ∈ Jj0

∣∣ | supp (ψµ) ∩ c · supp (ψλ)| > 0
}

and add
the left and right neighbour of λ to C(λ, c)

6: else
7: Set C(λ, c) =

{
µ ∈ J|λ|+1

∣∣ | supp (ψµ) ∩ c · supp (ψλ)| > 0
}

8: end if
9: for µ ∈ C(λ, c) do

10: if µ /∈ Λ then
11: ∂Λ = ∂Λ ∪ µ
12: end if
13: end for
14: end for
15: return ∂Λ

To get an idea about the use of Algorithm 7 the reader can think of the output
∂Λ as the wavelet indices that could be added to the next index set Λj+1 ⊃
Λj . The last adaptive wavelet algorithm for elliptic equations that is currently
implemented in Lawa is the [BK06]-algorithm. While this algorithm does not
come with a rigorous convergence theory as the last two, it is more inspired by
an intuitive fashion.
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Algorithm 8 S-ADWAV-ELLSOLVE[ε,A, f ]→ u(ε)

1: Initialize j = 0, u0 = 0, Λ0 = Ij0 , tolGALSOLVE0 = 10−4, tolon = 10−2,
toloff = 10−1

2: repeat
3: j → j + 1
4: rΛj = fΛj −AΛj×Λju

j−1

5: tolGALSOLVE = min

{
tolGALSOLVE0 , 0.9

‖rΛj−1
‖2`2

‖rΛj
‖2`2

}
6: v = GALSOLVE[Λj ,AΛj×Λj ,u

j−1, fΛj , tolGALSOLVE]
7: rΛj = fΛj −AΛj×Λjv
8: uj = COARSE[toloff,v]
9: Λj = supp (uj)

10: ∂Λj = C(Λj , c)
11: r∂Λj = f∂Λj −A∂Λj×Λju

j

12: Λj+1 = Λj ∪ supp
(
COARSE [tolon, r∂Λj ]

)
13: until

√∥∥rΛj

∥∥2

`2
+
∥∥r∂Λj

∥∥2

`2
< ε
√∥∥fΛj

∥∥2

`2
+
∥∥f∂Λj

∥∥2

`2

14: return u(ε) = uj

Here, Algorithm 8 subsequently activates new indices from the security zone
∂Λj and calculates their respective coefficients of the solution. Afterwards,
small and therefore negligible entries of v are removed in line 8. Note that
the quantity r∂Λj in line 11 represents the residual on the security zone – that
is the error made by not including the indices λ ∈ ∂Λj . This procedure is
repeated until both the residual within the support of the approximant and in
the security zone are sufficiently small. The parameters tolGALSOLVE0 , tolon,
toloff at the beginning of Algorithm 8 are known to work with the test examples
from Chapter 3. However, a fine-tuning of them during the runtime may result
in an ever better quantitative performance.

2.3. Adaptive Wavelet Methods for Nonlinear Equations

It is a great advantage of adaptive wavelet algorithms that via the concept
of infinite-dimensional iterations in the sequence space `2 they transfer quite
naturally also to nonlinear equations as it was found in [CDD03]. The main
problem considered in this thesis, the variational inequality, is also a nonlinear
equation. Hence we need an algorithm that deals with the task of computing
coefficients of a nonlinear mapping. Specifically, suppose that we have some
finite approximation uΛ = uTΛΨ to some function u ∈ Ht with uΛ ∈ `2(Λ)
satisfying

‖u− uΛ‖t ≤ ε.

For the nonlinear mapping F : Ht → H−t we want to compute a finitely
supported approximation v̂Λ̂ ∈ `2(Λ̂) of the (in general infinite) representation

v = (F(uΛ), ψλ)λ∈J
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such that ∥∥v − v̂Λ̂

∥∥
`2
∼ ‖

(
v − v̂Λ̂

)T
Ψ̃‖−t =

∥∥v − v̂Λ̂

∥∥
−t . ε. (2.31)

Furthermore, this approximation principle is the building block for the adaptive
scheme in [CDD03] to solve nonlinear variational problems, which we are going
to use in Section 3.6. An often encountered example for the nonlinear map is
presented in the next subsection.

2.3.1. Nemytskij Operators and their Properties

Definition 2.43 (Nemytskij Operator, [RS96, Definition 5.2.2/2])
Let f : R→ R be a continuous function. Then for some function u the operator

F(u)(x) = f(u(x)), x ∈ Ω

is called a Nemytskij operator.

We proceed with a result concerning the mapping properties of a Nemytskij
operator.

Lemma 2.44 (Mapping Properties and Boundedness of Nemytskij Operators)
Suppose that for a Nemytskij operator F generated by some function f : R→ R
as in Definition 2.43 it holds that∣∣f (n)(x)

∣∣ . (1 + |x|)(p−n)+

, x ∈ R (2.32)

for n = 0, . . . , n∗ with a n∗ ∈ N and some p ∈ N0. Then we have that

F : Ht → H−t

for all t ≥ 1
2 as well as

‖F(u)−F(v)‖−t ≤ LF (max{‖u‖t , ‖v‖t}) ‖u− v‖t ,

for some nondecreasing function LF : R≥0 → R≥0, i.e. the operator F is
bounded.

Proof. See for example [CDD04, Proposition 4.1].

We will now meet another property of nonlinear operators that can easily be
verified for Nemytskij operators.

Definition 2.45 (Monotone Operator)
We call the operator F : Ht → H−t monotone if for all u, v ∈ Ht we have that

〈F(u)−F(v), u− v〉H−t×Ht ≥ 0.

Lemma 2.46 (Monotonicity of Nemytskij Operators)
If we have for the Nemytskij operator F : Ht → H−t that the function f : R→ R
is monotone, i.e.

(f(u)− f(v)) (u− v) ≥ 0, ∀u, v ∈ R,

then it follows that the operator F is monotone.
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Proof. Straightforward calculation shows

〈F(u)−F(v), u− v〉H−t×Ht =

∫
Ω

(F(u)(x)−F(v)(x)) (u(x)− v(x)) dx

=

∫
Ω

(f(u(x))− f(v(x))) (u(x)− v(x))︸ ︷︷ ︸
≥0

dx ≥ 0.

Remark 2.47
Differentiable functions f : R→ R that fulfil

f ′(x) ≥ 0, ∀x ∈ R

are obviously monotone in the sense of Lemma 2.46.

Now after having met the class of nonlinear operators that we will deal with
later on, we now come to the concrete evaluation scheme for the computation
of the approximation v̂Λ̂ as in (2.31). With the following two assumptions from
[BU08, Assumption 2.1]

• F is a Lipschitz map, i.e. there exists a function LF : R≥0 → R≥0 such
that

‖F(u)−F(v)‖−t ≤ LF (max {‖u‖t , ‖v‖t}) ‖u− v‖t (2.33)

• and F is local and preserves smoothness such that for O ⊆ Ω we have

‖F(u)‖Bs∞(L∞(O)) ≤ LF (‖u‖t) ‖u‖Br∞(L∞(O)) , r − s ≤ 2t, (2.34)

the next algorithm will carry out this calculation. In (2.34), the parameter
s controls the compressibility of F while the parameter r corresponds to the
mapping properties. For Nemytskij operators based on smooth functions f , we
can set r = s.

2.3.2. Recovery Scheme

As from now, when we talk about the RECOVERY scheme we refer to the
following nonlinear evaluation routine, which we briefly recall from [Urb09,
Section 7.8] and [BU08]:

Algorithm 9 RECOVERY[η,F ,uΛ]→ vΛ̂

1: PREDICTION: Predict the set Γ ⊂ Ij≥j0+1 of significant indices.
2: RECONSTRUCTION: Determine a local scaling function representation

uΓ of uΛ for the fast calculation of function values.
3: QUASI-INTERPOLATION: Based on the prediction, compute a quasi-

interpolant g = gΓ = F(uΛ)
∣∣
Γ

based on function values from F(uΛ).
4: CHANGE-OF-BASIS: Dependent on the fact whether the primal or dual

coefficients have to be computed
5: DECOMPOSITION: Compute the wavelet coefficients vλ of g.
6: return vΛ̂
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We now come to a closer description of the five substeps and their implementa-
tion. In this section, Λ and Λ̂ will always denote a subset of all wavelet indices
J while Γ will be considered as a subset of all scaling function indices on all
levels, i.e. Γ ⊂ Ij≥j0+1. The minimal level of j0 + 1 in Γ will become clear in
the RECONSTRUCTION step.

For illustration purposes we plot the two different supports of the (thresholded)
solution u of (P3) from Subsection 3.2.1. In Subfigure 2.8(a) we see that the
singularities of u at x = 0.3 and x = 0.7 are clearly reflected, as there wavelet
coefficients on fine scales are placed. Now the representation in local scaling
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scaling on level 7

scaling on level 8

0 1

wavelet on level 3
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(a) The support of uΛ in wavelet representation
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(b) The support of A(F(uΛ)) in lsf representation

Figure 2.8.: Multiscale and local scaling functions representation

functions (lsf) in Subfigure 2.8(b) also possesses this peak. The big advantage
for the calculation of the quantities

(F(uΛ), ϕ̃λ) or (F(uΛ), ϕλ)

is now that for the lsf representation at every point x ∈ Ω only a finite number
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of functions ϕ̃λ or ϕλ, respectively, overlap – for the multiscale representation
this does not need to be true as can be seen in Subfigure 2.8(a). Now this
reasoning implies that only a few functions need to be evaluated for calculating
gΓ. Moreover, this number is independent of the maximal level J(Λ).

Remark 2.48
In Figure 2.8 there are actually not the supports of the functions ψλ and ϕλ
plotted but their support cubes as defined in [BU08, (2.13)]. The reason is that
the support cubes of functions on the same level do not overlap, so the plots are
more expressive.

Prediction

The prediction step estimates the support of the target function F(uΛ) based
on a certain error functional e(·). The following algorithm is based on [Urb09,
Algorithm 7.11].

Algorithm 10 PREDICTION[ε,uΛ]→ Γ

1: Set ΓCheck = Ij0+1, Γ = ∅
2: repeat
3: for λ ∈ ΓCheck do
4: if e(�λ) ≤ 2−|λ|ε then
5: ΓCheck = ΓCheck \ λ
6: Γ = Γ ∪ λ
7: else
8: ΓCheck = ΓCheck \ λ
9: Refine λ to µ1, . . . , µ` and add them to ΓCheck

10: end if
11: end for
12: until ΓCheck = ∅
13: return Γ

We will use the error functional e(·)

e(�λ) = LF (‖uΛ‖t)
(

2(−2s+1)|λ|

∑
µ∈supp (uΛ): supp (ψµ)∩�∗λ 6=∅

2(2r+1)|µ| |uµ|2
)1/2 (2.35)

defined in [BU08, (5.1)], where also the enlarged support cube �∗λ is defined.
The refinement in line 9 of Algorithm 10 is based on the refinement equation
(2.3) and the particular algorithm is implemented as routine prediction and
can be found in the source file lawa/recovery.h.

Reconstruction

Now from the prediction in Algorithm 10 we have an estimate of the support
of the approximation F(uΛ)

∣∣
Γ

to the nonlinear function. In order to evaluate
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the point values of uΛ fast, we need to change to a representation where only a
fixed number of functions overlap, see again Figure 2.8. This is the case for the
local scaling function representation as described in [BU08, Subsection 2.5.3].
Therefore, the quasi-interpolation will work on another representation of uΛ

that is located on the support Γ ⊂ Ij≥j0+1, which we compute in the next
algorithm.

Algorithm 11 RECONSTRUCTION[Γ,uΛ]→ vΓ

1: c = u
∣∣
Ij0

, v = ∅
2: for j = j0, . . . , J(Γ) do
3: cj = c

∣∣
Ij

4: uj = u
∣∣
Jj

5: dj = Mj,0cj + Mj,1uj
6: for m ∈ Ij+1 do
7: if m ∈ Γ then
8: v = v ∪ dj,m
9: else

10: c = c ∪ dj,m
11: end if
12: end for
13: end for
14: return v = vΓ in local scaling function representation

Algorithm 11 can be found as Algorithm 7.12 in [Urb09] and realizes the change

uΛ =
∑
λ∈Λ

uλψλ =
∑
λ∈Γ

vλϕλ = uΓ. (2.36)

Remark 2.49
The multiplication in line 5 of Algorithm 11 may be further optimized as only
the significant entries of v need to be computed, see [Urb09, Algorithm 7.12].

Quasi-Interpolation

The quasi-interpolation will be in charge to compute the actual coefficients gλ
(or approximations of them) of the composition F(uΛ)

∣∣
Γ
. The next algorithm

is based on [BU08, Algorithm 6.1].
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Algorithm 12 QUASI-INTERPOLATION[vΓ,F ]→ g

1: Γj0 = ∅, Γj0+1 = supp (vΓ) ∩ Ij0+1, g = ∅, βj0+1 = ∅
2: for j = j0 + 1, . . . , J(vΓ) do
3: βj−1 = βj , βj = ∅
4: Γj = supp (vΓ) ∩ Ij , Γj+1 = supp (vΓ) ∩ Ij+1

5: for λ ∈ Γj do
6: if ∃ vµ ∈ Γj+1 such that supp (ϕµ) ⊂ supp (ϕλ) then
7: βj = βj ∪ q(λ,F ,vΓ)
8: end if
9: end for

10: β̃ = Mj,0βj−1

11: for λ ∈ Γj do
12: g = g ∪ q(λ,F ,vΓ)− β̃λ
13: end for
14: end for
15: return g = F(uΛ)

∣∣
Γ

in local scaling function representation

In this algorithm, the functional q has to be chosen according to the underlying
multiresolution analysis. Following [BU08, Example 3.3], for cardinal B-spline
scaling functions of order d, we can choose q as

q(λ,F ,v) = 2−
|λ|
2



d−1∑
`=1

γd,`F
(
vTΦ(xλ,`)

)
d even,

d∑
`=1

γd,`F
(
vTΦ(xλ,`)

)
d odd.

(2.37)

For the inner scaling functions the knots xλ,` are given by

xλ,` = 2−|λ|

{
(k + `− 1) d even,(
k + `− 1− 1

2

)
d odd,

while the weights γd,` can be found in Table 2.1.

d γd,`
1 1
2 1
3 −1

8 , 5
4 , −1

8
4 −1

6 , 4
3 , −1

6
5 47

1152 , −107
288 , 319

192 , −107
288 , 47

1152
6 13

240 , − 7
15 , 73

40 , − 7
15 , 13

240

Table 2.1.: Weights for the quasi-interpolation or cardinal B-splines.

For the boundary scaling functions, the knots and weights have to be calculated
separately as described in [BU08, Example 3.4]. As a result of the last algo-
rithm, we now have an approximation g of F(uΛ)

∣∣
Γ

respectively of its coefficients
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g = F(uΛ)
∣∣
Γ

=
((
F(uΛ), ϕ̃λ

)
0;Ω

)
λ∈Γ

. The function q in lawa/recovery.h

calculates the single coefficients (2.37) while the routine quasiInterpolation

realizes Algorithm 12.

Change of Basis

The output g = F(uΛ)
∣∣
Γ

of Algorithm 12 is given in local scaling function
representation in terms of the primal basis, see also Lemma 2.17. On the other
hand, for the application of RECOVERY to the computation of the residual
within an adaptive algorithm, we need the representation g̃ in terms of the
dual basis. Therefore an additional change of basis as remarked in [BU08,
Section 6.3] is necessary. The next algorithm is a simple consequence of the
biorthogonality property of the scaling functions.

Algorithm 13 CHANGE-OF-BASIS[g]→ g̃

Require: Given g = gΓ in primal local scaling function representation
1: g̃ = 0
2: for j = j0, . . . , J(g) do
3: Set Γj = Γ

∣∣
Ij

4: Calculate the set Γ̃j ⊂ Ij of the relevant entries for the level j
5: for µ ∈ Γ̃j do
6: g̃ = g̃ ∪

∑
λ∈Γj

gλ (ϕλ, ϕµ)
7: end for
8: end for
9: return g̃ in dual local scaling function representation

It is important to note that also Algorithm 13 works in linear complexity in
the input and that the number of output coefficients is again bounded by some
constant times the cardinality of the input.

Decomposition

Finally, the last ingredient of the nonlinear evaluation algorithm is the switch
back to the (primal or dual) multiscale basis.

Algorithm 14 DECOMPOSITION[u]→ v

Require: Given u = uΓ in local scaling function representation
1: for j = J(u), . . . , j0 + 1 do
2: cj = u

∣∣
Ij

3: cj−1 = M̃T
j−1,0cj

4: u = u ∪ cj−1

5: v = v ∪ M̃T
j−1,1cj−1

6: end for
7: v = v ∪ u

∣∣
Ij0

8: return v = vΛ̂ in multiscale representation

41



2. Wavelets and Adaptive Methods

As one may guess, this provides the change of basis from∑
λ∈Γ

uλϕλ to
∑
λ∈Λ̂

vλψλ.

Remark 2.50
The same comment as in Remark 2.49 applies to the calculation of the relevant
entries in line 3 and 5 of Algorithm 14 and both algorithms can be found as
routine localReconstruction and localDecomposition, respectively, in the
source file lawa/recovery.h of Lawa.

Error Estimate and Complexity of RECOVERY BU

The following theorem is the analytical basis for Algorithm 9, which we will call
RECOVERY BU in the following.

Theorem 2.51 ([BU08, Theorem 5.1])
Under the Assumption (2.33) and (2.34) on the nonlinear function F and if the
primal basis has sufficient smoothness and cancellation properties, Algorithm 9
produces for a finite input vector uΛ and some ε > 0 an approximation wε of
F(uΛ) that satisfies

‖F(uΛ)−wε‖`2(J ) ≤ ε. (2.38)

The cardinality of the output is bounded by

#Λ̂ . ‖u‖As ε
−1/s,

where Λ̂ = supp (wε). The algorithm works in linear complexity of the input
length, i.e. the complexity is O(#Λ) with Λ = supp (uΛ).

Remark 2.52
Strictly citing [BU08, (5.9)] the estimate (2.38) reads

‖F(uΛ)−wε‖`2(J ) . ε.

However, as the constant in this estimate is not easy to calculate, we resort to
common practice2 and estimate this constant by 1.

Numerical Tests for RECOVERY BU

We also want to carry out some tests for the RECOVERY BU scheme, where
we use the [DKU99] interval construction. Therefore we choose the two different
nonlinearities

f1(x) = x2,

f2(x) = sin(x)

2Compare also [CDD04, Theorem 3.2] and [CDD04, Theorem 3.4].
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which give rise to the following Nemytskij operators

F1(u) = u2,

F2(u) = sin(u)

as introduced in Definition 2.43. As long as u ∈ Bs
p,q is essentially bounded, by

[RS96, Theorem 5.3.2/2] the operator F1 maps Bs
p,q into itself while by [RS96,

Subsection 5.3.6] the same holds for F2. As fi ∈ C∞, we can choose r = s and
because we are measuring the error in H1

0 we set s = 1. Moreover, it is easy to
see that for these functions the Lipschitz functions in (2.33) are given by

LF1(x) = |2x|,
LF2(x) = | cos(x)|.

In order to assess the approximation error, we first sample the solution u of
(P1) and (P3), respectively, from Subsection 3.2.1 at level J = 18 in order to
get u. Then we calculate the “reference solution” Fi(u) = (Fi(u), Ψ̃) also at
level J = 18. Finally, our testing involves a decreasing sequence of tolerances
εj = 10 · 2−j/2, j ≥ 0. Now for every εj , we first generate an approximation uεj
by thresholding u according to Algorithm 1. This approximation uεj is then the
input for our nonlinear evaluation routine from Algorithm 9, which generates a
vector wεj that approximates F(u). As we are calculating the approximation
in H1

0 , u as well as Fi(u) are scaled with D as defined in Lemma 2.15. Finally,
we measure the error ∥∥Fi(u)−wεj

∥∥
`2

and compare it with the given tolerances εj for RECOVERY BU. We also

0.1

1

10

100

1 10 100 1000 10000 100000

#Λ̂

RECOVERY BU slope for the Helmholtz problem (P1)

s22 = 0.504194

εj∥∥F1(u)−wεj

∥∥
`2

0.001

0.01

0.1

1

10

1 10 100 1000 10000 100000

#Λ̂

RECOVERY BU slope for the Helmholtz problem (P3)

s22 = 0.535699

εj∥∥F1(u)−wεj

∥∥
`2

Figure 2.9.: Slopes for RECOVERY BU and F1, d = d̃ = 2

check the size of the supports of wεj to see if our complexity estimate is valid.
In all four constellations depicted in Figure 2.9 and Figure 2.10 we see that
the error is in the range of the bound εj , where the underestimation is due
to Remark 2.52. Furthermore we can confirm that the approximation rate
s∗, which in this case would be s∗ = 1, is unfortunately not achieved in our
implementation. The prediction algorithm seems to insert many insignificant
coefficients. From the test examples there is also strong evidence that the error
estimator (2.35) is efficient – each of the two slopes are tight.
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Figure 2.10.: Slopes for RECOVERY BU and F2, d = d̃ = 2

Another Prediction Algorithm

Because of the suboptimal convergence rate of our implementation of Algo-
rithm 9 we want to try some slight modification of it. Therefore, we use another
type of prediction that was proposed in [CDD04, Section 3.3]. Some quantities
from [Vor10, Section 7.2] need to be introduced to fulfil that task. First of
all, we require the input uΛ to be in tree form, which means that whenever
some coefficient uµ is contained in uΛ than any parent uλ is also included. We
will use the natural ordering for one dimension that any wavelet index has as
children two wavelet indices on the next level, while the scaling functions on
the coarsest level have only one wavelet index on the same level as child. Of
course, if the number of scaling functions and wavelets on the coarsest level
differs, some slight modifications have to be made. We will indicate by µ ≺ λ
that µ is a descendant of λ. For that we define the following error functional

e(λ) =
∑
µ≺λ
|uµ|2.

Of course this sum is finite as the input uΛ was. The next quantity we need is
a modified error functional that is defined by

ẽ(λ) = e(λ) for λ ∈ Ij0 .

If ẽ(λ) has been calculated, then we define ẽ(µ) for the children µ ≺ λ by

ẽ(µ) =

∑
ν∈D(λ) e(ν)

e(λ) + ẽ(λ)
ẽ(λ).

Here we used the symbol D(λ) to denote the direct descendants of λ,

D(λ) =
{
ν ∈ J

∣∣ ν ≺ λ, |ν| = |λ|+ 1
}
.

Finally, in order to insert new coefficients into the predicted tree we denote by
Λ̂λ the influence set of a coefficient λ and set

Λ̂λ =

{
µ ∈ J

∣∣∣∣ µ ≺ λ, |µ| ≤ |λ|+ n

γ − 1/2

}

44



2.3. Adaptive Wavelet Methods for Nonlinear Equations

for a constant n that will be calculated at the beginning of the prediction. The
parameter γ characterizes the compressibility of the nonlinear operator and for
Nemytskij operators that arise from smooth functions according to [CDD04,
(3.4)] the maximal possible value is given by

γ = d− 2 + t+
1

2
. (2.39)

In (2.39) d is the primal order of the wavelet basis (as then the basis functions
are d− 2-times continuously differentiable) and t stems from the Sobolev space
where the approximation takes place. Now we can state the other prediction
algorithm where we choose the form of [Vor10, Algorithm 7.4.3]. From now on,
we will indicate by the subscript CDD all algorithms that depend on this type
of prediction.

Algorithm 15 PREDICTION CDD[ε,uΛ]→ Γ

Require: uΛ in tree form

1: Set Λ̂ = ∅, η = ‖uΛ‖2`2 , n = max
{
j ∈ N0

∣∣ 2jε
1+j < ‖uΛ‖`2

}
, L = Ij0

2: Calculate e(λ) for λ ∈ supp (uΛ) and ẽ(λ) for λ ∈ L
3: repeat
4: Choose λ ∈

{
ν ∈ L

∣∣ ẽ(λ) ≥ maxµ∈L ẽ(µ)
}

5: Set L = L \ λ
6: if D(λ) ∩ supp (uΛ) 6= ∅ then
7: Set L = L ∪ D(λ)
8: end if
9: Set η = η − u2

λ, calculate Λ̂λ, set Λ̂ = Λ̂ ∪ Λ̂λ
10: if

√
η < 2nε

1+n then
11: n = n− 1
12: end if
13: until

√
η < ε

14: Calculate the support Γ of the local scaling functions that correspond to Λ̂
15: return Γ

Although Algorithm 15 requires uΛ to be in tree form, this is no restriction
as this can always be achieved by adding some few zero coefficients. We can
directly use the PREDICTION CDD scheme in Algorithm 9, which we then
denote by RECOVERY CDD. The complexity estimate for the scheme based
on this prediction is given by the following theorem.

Theorem 2.53 ([CDD04, Theorem 3.2])
Suppose F : `2 → `2 satisfies

‖F(u)− F(v)‖`2 ≤ LF(max
{
‖u‖`2 , ‖v‖`2

}
) ‖u− v‖`2 (2.40)

with some positive function LF : R≥0 → R≥0. Furthermore assume that for a
finitely supported u the result f = F(u) admits the bound

|fλ| ≤ LF(‖u‖`2) sup
µ:supp (ψλ)∩supp (ψµ)6=∅

|uµ|−γ(|λ|−|µ|) . (2.41)
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Then we have that for every finite input vector uΛ and ε > 0 the output of
RECOVERY CDD satisfies the error bound

‖F(uΛ)−wε‖`2 ≤ ε (2.42)

and the map F is s∗-compressible, i.e.

# supp (wε) = #Λ̂ . ‖u‖As ε
−1/s. (2.43)

Here the maximal compression parameter s∗ is given by

s∗ = γ − 1/2 = d− 2 + t, (2.44)

with the maximal value of γ from (2.39).

The same comment from Remark 2.52 applies to (2.42).

Remark 2.54
For the two examples from Section 2.3.2 the assumption (2.41) is satisfied be-
cause of [CDD04, Section 4].

Remark 2.55 (The Role of the Compression Parameter)
As mentioned in [Vor10, Subsection 7.8 ff.], the theoretical parameter γ from
(2.39), which controls the sparsity of the nonlinear map by (2.44), is often too
pessimistic. Therefore we may choose a larger value γ̃ > γ in order to reduce the
number of coefficients in supp (wε) while still keeping the error under control
in the sense of (2.42). For all experiments later on in Chapter 3 and Chapter 5
we will thus choose a larger compression parameter γ̃. We mention that this
choice is heuristic and only used for the reduction of the runtime.

Numerical Tests for RECOVERY CDD

We carry out again the tests from Subsection 2.3.2 to see if the prediction of
Algorithm 15 identifies the relevant coefficients more economically. Following
the lines of Remark 2.55 we choose a slightly larger compression parameter

γ̃ = γ + 1

for all experiments.

Piecewise Linear Wavelets

We begin our tests for the case of the [DKU99] construction of an interval
wavelet basis with parameters d = d̃ = 2. The picture in Figure 2.11 and
Figure 2.12 is the same as it was for the RECOVERY BU algorithm when
it comes to the approximation error following the tolerance εj . The important
difference is that the slopes are steeper and show the optimal rate of s = 1.
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Figure 2.11.: Slopes for RECOVERY CDD and F1, d = d̃ = 2
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Figure 2.12.: Slopes for RECOVERY CDD and F2, d = d̃ = 2

Piecewise Quadratic Wavelets

In order to show the flexibility of Lawa we also provide the same tests for the
case of piecewise quadratic wavelets with d = d̃ = 3.
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Figure 2.13.: Slopes for RECOVERY CDD and F1, d = d̃ = 3

We see from the error slope in the plots in Figure 2.13 and in Figure 2.14 that
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2. Wavelets and Adaptive Methods

the theoretical slope of s = 2 is attained clearly. The same is true for the singu-
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Figure 2.14.: Slopes for RECOVERY CDD and F2, d = d̃ = 3

lar example (P3) in both plots, however the asymptotic regime seems to start
later than it was the case for the smooth example (P1). Closing this subsection
we want to mention again that the algorithmic complexity (the number of coef-
ficients in Λ̂ related to the coefficients in Λ) of our implementation is optimal in
the sense of (2.43). It is because of these findings that for our implementation
the RECOVERY CDD algorithm seems preferable.

2.3.3. Recovery-based Approximate Matrix-vector Product

Lastly in this chapter, we want to use Algorithm 9 for approximating the infinite
matrix-vector product from Subsection 2.2.7. Therefore, we need to consider
the linear elliptic operator A as the “nonlinear function” F . Furthermore, be-
cause we want the coefficients of the dual basis, we need to include a change
of those. We will address both these issues with the following idea: instead of
approximating the coefficients by the quasi-interpolant and then changing the
basis we calculate the dual coefficients directly by replacing (2.37) by

q̃(λ,A,v) = a(vTΦ, ϕλ) = a

(∑
µ

vµϕµ, ϕλ

)
=
∑
µ

vµa(ϕµ, ϕλ). (2.45)

That means we can directly use the entries of the stiffness matrix A, that
already have been implemented for Algorithm 3. Of course the sums have
to be restricted to the relevant entries. Note that it was the motivation for
the representation in local scaling functions that in (2.45) only a few terms
do not vanish and that their number is independent of the level J(Γ) and the
size of supp (v). We want to use this algorithm for both test examples from
Subsection 3.1.1 and Subsection 3.1.2, respectively, so we are considering the
operators

A1(u) = −∆u, (2.46)

A2(u) =
1

π
(u ∗ k), (2.47)
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2.3. Adaptive Wavelet Methods for Nonlinear Equations

where k(y) = |y|−2. The compressibility parameters γi are given by

γ1 = d− 2 +
3

2
,

γ2 = d− 2 + 1,
(2.48)

while for the experiments we choose according to Remark 2.55 the slightly larger
values

γ̃1 = γ1 + 1 = d− 2 +
5

2
,

γ̃2 = γ2 + 1 = d− 2 + 3.
(2.49)

The last ingredient for our RECOVERY CDD-based APPLY to work as a
drop-in replacement for Algorithm 3 is a modified algorithm for the decompo-
sition, which now uses the dual FWT.

Algorithm 16 DECOMPOSITION [u]→ v

Require: Given u = uΓ in dual local scaling function representation
1: for j = J(u), . . . , j0 + 1 do
2: cj = u

∣∣
Ij

3: cj−1 = MT
j−1,0cj

4: u = u ∪ cj−1

5: v = v ∪MT
j−1,1cj−1

6: end for
7: v = v ∪ u

∣∣
Ij0

8: return v = vΛ̂ in dual multiscale representation

In order to assess the performance, once again we conduct the tests from Sub-
section 2.2.7. The only change to the test we make is that we do not test the
approximation power of some matrix Aj but of the operator A and therefore we
use the modus operandi from Subsection 2.3.2 with thresholding the solution
u prior to calling RECOVERY APPLY CDD. In Figure 2.15 we see the
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Figure 2.15.: Slopes for RECOVERY APPLY CDD and A1, d = d̃ = 2
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2. Wavelets and Adaptive Methods

approximation of A1 for the smooth Helmholtz example (P1) on the left and
for the singular one (P3) on the right. Despite some numerical rounding errors
the error bound is met while the convergence rate of s = 1 for the piecewise
linear primal wavelet basis is the best possible rate according to (2.44). For the
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Figure 2.16.: Slopes for RECOVERY APPLY CDD and A1, d = d̃ = 3

case of piecewise quadratic wavelets, we see in Figure 2.16 that the theoretical
slope of s = 2 is nearly met somewhere in between the start of the asymptotic
regime and the beginning of the accumulation of rounding errors. For the sec-
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Figure 2.17.: Slopes for RECOVERY APPLY CDD and A2, d = d̃ = 2

ond example of the hypersingular integral operator we can also confirm from
Figure 2.17 the optimal rate of s = 3

2 not only for the smooth example (P1)
but also for the singular example (P2). The same stability problems that were
already present in Subsection 2.2.7 made it impossible for us to get a conver-
gence slope for the piecewise quadratic wavelets and the hypersingular integral
operator.

In the following course of this thesis, we will always approximate the infinite
matrix-vector product Av by the method RECOVERY APPLY CDD in
place of Algorithm 3, unless it is explicitly stated otherwise.
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3. Solving Operator Equations with Lawa

Then dulcet music swelled
Concordant with the life-strings of the soul;
It throbbed in sweet and languid beatings there,
Catching new life from transitory death;
Like the vague sighings of a wind at even
That wakes the wavelets of the slumbering sea. . .

(Percy Bysshe Shelley)

In the last chapter we have seen the various ways wavelets can be used to solve
operator equations – in uniform schemes and also with adaptive methods. Al-
though already the theoretical proofs show that these adaptive methods converge
and that they are asymptotically optimal it is nonetheless very important to ob-
serve this also in practice. Therefore, we present now two types of equations
that come with Lawa. The considerations about the regularity of the model
problems are directly reflected in the convergence rates of the various schemes.
We close this chapter with a third operator equation that features a semilinear
operator and where we have to use the RECOVERY scheme for its adaptive
treatment.

3.1. Operator Equations

We consider the following two types of operator equations, namely the Helmholtz
problem as an example of a second-order differential equation and the hyper-
singular integral equation.

3.1.1. Helmholtz Equation

This model problem reads as follows. Given the domain Ω = (0, 1) open and
bounded, some constant β ≥ 0 and a right-hand side f we are looking for a
function u that solves the so-called Helmholtz problem

−∆u+ βu = f,

u
∣∣
∂Ω

= 0.
(3.1)

This is often referred to as the strong form of the problem. In order to apply
the wavelet methods from the last chapter, we write (3.1) in the variational (or
weak) form: for f ∈ H−1(Ω) find u ∈ H1

0 (Ω) such that

a(u, v) = (∇u,∇v)0,Ω + β (u, v)0,Ω = 〈f, v〉H−1×H1
0
, ∀v ∈ H1

0 . (3.2)

The continuity of the Helmholtz operator A = −∆u + βu : H1
0 (Ω) → H−1(Ω)

is a consequence of Hölder’s inequality ([AF03, Theorem 2.4]) while the coer-
civity follows from the Poincaré-Friedrichs inequality ([AF03, Theorem 6.30]).
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3. Solving Operator Equations with Lawa

Therefore, the Helmholtz operator is elliptic as in Definition 2.21 and by The-
orem 2.22, problem (3.1) and (3.2) admit a unique solution, whose regularity
depends only on the right-hand side f .

Lemma 3.1 (Regularity of the Solution of the Helmholtz Problem)
For u the solution of (3.1) we have that from

f ∈ Hs(Ω)

for s ≥ −1 we get the additional regularity

u ∈ H2+s(Ω) ∩H1
0 (Ω).

Proof. See for example [Urb09, Theorem 3.11].

As we have stated before in the motivation of adaptive methods in Lemma 2.25,
this regularity crucially affects the convergence rate of a uniform scheme.

3.1.2. Hypersingular Integral Equation

The other model problem involves not a second-order differential operator but
the hypersingular integral operator. On Ω = (−1, 1) we define A by

A[u](x) =
1

π

∫
Ω
u(y)k(x− y) dy

with the singular integral kernel k given by

k(y) =
1

|y|2
.

From [EFGP09] we know that A : H
1/2
00 → H−1/2, where the space H

1/2
00 is

defined in Remark B.15. Thus by the continuity and ellipticity of A, the problem

Au =
1

π

∫
Ω
u(y)k(x− y) dy = f,

u
∣∣
∂Ω

= 0

(3.3)

possesses a unique solution u ∈ H
1/2
00 provided that f ∈ H−1/2, see again

[EFGP09]. Again we consider the variational formulation of this problem:

a(u, v) =

∫
Ω

1

π

∫
Ω
u(y)k(x− y) dy v(x) dx

= 〈f, v〉
H−1/2×H1/2

00

, ∀v ∈ H1/2
00 .

(3.4)

For the solution of (3.3) with the interval wavelet basis, we consider the trans-
formed equation on the domain Ω = (0, 1). As it was the case for the first
model problem, also here the convergence rate of a uniform scheme is bounded
by the regularity of the solution. For both of these operator equations, there is
a convenient method to estimate the convergence rates.
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3.2. Model Problems that come with Lawa

Remark 3.2 (Convergence Rates in the Energy Norm)
The bilinear forms induced by the operators from Subsection 3.1.1 and Subsec-
tion 3.1.2 give rise to an equivalent norm by setting

‖u‖a =
√
a(u, u).

Because of ‖u‖a ∼ ‖u‖1,Ω or ‖u‖a ∼ ‖u‖ 1
2
,Ω, respectively, the rate of conver-

gence is (asymptotically) the same for both. Finally, because of the Galerkin
orthogonality we have

‖u− uΛ‖2a = ‖u‖2a − ‖uΛ‖2a .

Thus if we know for a solution its energy norm ‖u‖a, we can because of

‖uΛ‖2a = 〈AuΛ, uΛ〉H−t×Ht = uTΛAΛ×ΛuΛ

easily calculate the error as

‖u− uΛ‖a ≤
√∣∣∣‖u‖2a − uTΛAΛ×ΛuΛ

∣∣∣ (3.5)

at the cost of just two multiplications. However, if the Galerkin orthogonality
cannot be expected, as it is for example the case for the best N -term approxima-
tion or the simplified solver from Algorithm 8, another possibility for measuring
the energy error is to use the technique from Remark 5.2 and calculate

‖u− uΛ‖a ≤ 2

√
Π(uΛ) +

1

2
‖u‖a. (3.6)

Still, this is only possible for self-adjoint operators A, where fortunately the
Helmholtz and the hypersingular integral operator fall in this class. As both
variants (3.5) and (3.6), respectively, are equivalent to the error in the H1-norm
or H1/2-norm, we will name them in the following h1-norm or h1/2-norm.

3.2. Model Problems that come with Lawa

Now we present some examples for the two equations (3.1) and (3.3) that will
serve as test bed for our various solvers. We also investigate their regularity in
order to anticipate the uniform convergence rates and calculate the particular
energy norms ‖u‖a for the case β = 0.

3.2.1. Examples for the Helmholtz Problem

Helmholtz Example (P1)

For the right-hand side f given by

f(x) = −e−100(x− 1
2)

2 (
(200(x− 0.5))2 − 200

)
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3. Solving Operator Equations with Lawa

we get as solution the function u with

u(x) = e−100(x− 1
2)

2

and ‖u‖a = −100 exp(−50) + 5
√

2π erf
(
5
√

2
)
. Here erf denotes the error func-

tion, i.e.

erf(x) =
2√
π

∫ x

0
e−y

2
dy,

which is directly available in C++. It is easy to see that u possesses arbitrarily
high regularity, i.e. u ∈ Hs(Ω),∀s > 0. Therefore, the convergence order of a
uniform scheme will only be limited by the order of the involved basis functions.

Helmholtz Example (P2)

Next we take f to be

f(x) = −100 exp (5x)
(exp(5)− 4 exp(5x) + 1)

(exp(5)− 1)2

and then the solution of (3.1) is given by

u(x) = 4
exp(5x)− 1

exp(5)− 1

(
1− exp(5x)− 1

exp(5)− 1

)
,

with ‖u‖a = 40
3

exp(5)+1
exp(5)−1 . Still we have u ∈ Hs(Ω),∀s > 0, but the function

shows a strong curvature at the right end of the interval. Again, we should be
able to realize higher convergence rates by using smoother basis functions.

Helmholtz Example (P3)

This example will be the first with a singular solution. We take f to be

f(x) = 6 · δ0.3(x) + 6 · δ0.7(x)−


8, 0 ≤ x ≤ 0.3,

18, 0.3 < x ≤ 0.7,

8, 0.7 < x ≤ 1,

where δx0(x) is the Delta distribution from Definition B.17. Consequently we
get the solution u with

u(x) =


4x2, 0 ≤ x ≤ 0.3,

9(x− 1
2)2, 0.3 < x ≤ 0.7,

4(1− x)2, 0.7 < x ≤ 1.

As for this solution the first derivative is not continuous and f ∈ H−
1
2
−ε for

every ε > 0, we have that u ∈ H
3
2
−ε(Ω) for every ε > 0 and the solution is clearly

less regular than it was in the last two examples. For the energy norm we have
‖u‖a = 2.88 and the function displays two singularities at x = 0.3 and x = 0.7
which an adaptive algorithm should capture. We expect the convergence rate
of a uniform scheme to be limited to s = 1

2 .
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3.2. Model Problems that come with Lawa

Helmholtz Example (P4)

Our last example for the Helmholtz problem consists of the right-hand side f
defined as

f(x) = 200 · δ0.3(x)− 10000

{
exp{100(x− 0.3)}, 0 ≤ x ≤ 0.3,

exp{100(0.3− x)}, 0.3 < x ≤ 1,

which results in the solution

u(x) =

{
exp{100(x− 0.3)}, 0 ≤ x ≤ 0.3,

exp{100(0.3− x)}, 0.3 < x ≤ 1

with ‖u‖a = −50 exp(−60) + 100 − 50 exp(−140) ≈ 100. We also note that
the factor 100 in the exponent is chosen large enough to assure homogeneous
Dirichlet boundary conditions for u, at least numerically. Again we expect that
u ∈ H

3
2
−ε(Ω) for every ε > 0. However, due to the kink at x = 0.3 no higher

regularity in the Sobolev sense can be shown, which again limits the uniform
convergence order in the H1-norm to 1

2 . Because this function is also arbitrarily
smooth anywhere else, an adaptive algorithm should realize a significant higher
rate of convergence.

Plots for the Helmholtz Examples

To get an image of the four example functions recently introduced, we analyse
the corresponding plots now. From Subfigure 3.1(a) we can see that the first
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Figure 3.1.: Plots of the examples for the Helmholtz problem (P1) and (P2)

example is arbitrary smooth, a circumstance that is also true for the second plot
in Subfigure 3.1(b), but here we see a steep slope at the right end of the interval.
So an adaptive algorithm may already in this case yield a quantitative smaller
error than a corresponding uniform scheme for a certain number of unknowns.
For the two singular examples in Figure 3.2 we can identify the three peaks
that will pose problems for the uniform scheme.
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Figure 3.2.: Plots of the examples for the Helmholtz problem (P3) and (P4)

3.2.2. Examples for the Hypersingular Problem

Hypersingular Example (P1)

For our first example, which stems from [Zha07], we take

f(x) =
15

4
− 15(2x− 1)2 + 10(2x− 1)4

and arrive at the solution u with

u(x) =
(

1− (2x− 1)2
) 5

2

and the energy norm ‖u‖a = 45
128π. While the first two derivaties of u are

square-integrable, the third derivative

u(3)(x) =
15

8

(−8x+ 4)3√
1− (2x− 1)2

− 90
√

1− (2x− 1)2(−8x+ 4)

is not. Therefore, although the function is smooth we expect a Sobolev regu-
larity of u ∈ H2(Ω). In that case, a uniform method using piecewise linear or
piecewise quadratic wavelets should converge with the same rate of s = 3

2 . The
reduced regularity affects the convergence rate only for the smoother basis.

Hypersingular Example (P2)

For this example f is given as
f(x) = 2,

which results in the solution

u(x) =

√
1− (2x− 1)2

and corresponding energy norm ‖u‖a = π
2 . Although u ∈ H1/2(Ω), as u is

the solution of (3.3), already the first derivative is not square-integrable, so we
expect u ∈ H1−ε(Ω) for all ε > 0. When measuring the error (here the energy
norm is equivalent to the ‖·‖ 1

2
-norm) we expect a uniform scheme to achieve a

rate of 1
2 .
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Plots for the Hypersingular Examples

Again we show some plots of the solutions to the examples. As mentioned in the
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Figure 3.3.: Plots of the examples for the hypersingular problem (P1) and (P2)

description of both examples in Subsection 3.2.2, the reduced Sobolev regularity
here results not from peaks of the function but from the missing integrability
properties of the derivatives.

3.3. Uniform Schemes

Now we apply the uniform schemes from Subsection 2.2.3 to the model prob-
lems from Section 3.1 and measure the convergence rate in the energy norm.
Throughout this subsection, we use the [DKU99] interval basis with parameters

• d = d̃ = 2 and

• d = d̃ = 3.

We begin with the Helmholtz problem in Figure 3.4. In the first row we illustrate
the two smooth examples and in the second row the two singular ones. We can
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Figure 3.4.: Convergence rates of uniform schemes for the Helmholtz problem

observe that a change to the smoother basis establishes a higher convergence
rate for the smooth examples. Next in Figure 3.5 we solve the examples for the
hypersingular problem. We can confirm the theoretical findings concerning the
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Figure 3.5.: Convergence rates of uniform schemes for the hypersingular
problem

convergence rate. The important reasoning is that for equations with singular
solution the convergence rate of a uniform method is bounded by the Sobolev
regularity of that solution. For a smooth solution this rate is only bounded by
the regularity of the ansatz functions of the wavelet basis. That means, if the
solution is smooth, a uniform method should display a faster convergence when
switching to higher-order basis functions. We also see that for the first solution
of the hypersingular problem the method using piecewise quadratic wavelets
fails to reach a rate higher than s = 1.5 and attains the same rate as the uniform
method using piecewise linear wavelets. This is due to the Sobolev regularity
of the solution u ∈ H2(Ω). In the left plot of Figure 3.5 we also see the typical
fade-out behaviour, that already caused problems in the test for APPLY in
Subsection 2.2.7. These plots have been produced by examples/uniform.cc.
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3.4. Best N-term Approximation

We have answered the important question about the best possible rate of con-
vergence for a particular wavelet basis in Subsection 2.2.4. Of course, the best
N -term approximation of a function is not unique. Now, for one given wavelet
basis, the best N -term approximation is a benchmark for the approximation
of a function. We cannot expect to get a higher convergence rate with any
other numerical method using that basis. Hence we are now investigating the
best N -term approximations for our test problems where the Sobolev regularity
was limited. By using the norm equivalences from Lemma 2.15 this is done by
computing the wavelet representation of the function u and then successively
taking the largest (in absolute value) N coefficients as approximation. As we
cannot access the complete representation of a function u with the computer,
we only compute its wavelet representation up to some sufficiently high level,
which we choose as J = 18. The following plots are created by the program ex-

amples/Nterm.cc and again, we first show the plots for the Helmholtz problem
in Figure 3.6. Let us interpret these results and recall that the Sobolev regular-
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Figure 3.6.: Convergence rates of best N -term approximation for the Helmholtz
examples

ity of the solutions to (P3) and (P4) was nearly 3
2 . As noted in Remark 2.31,

often the Besov regularity of a singular H1-function can be arbitrarily large.
As our examples (P3) and (P4) are similar to the example from [For08, Section
2.5], we also expect a higher Besov regularity for them. The convergence rate
of the best N -term approximation of s = 1 in

‖u− uN‖1;Ω ∼ ‖u− uN‖`2 . N
−1

is as expected because we use a biorthogonal wavelet basis with parameter
d = d̃ = 2. In order to highlight the possible gain of an adaptive scheme,
we have also depicted the convergence rate for the uniform scheme. For the
singular example of the hypersingular equation the slope of the best N -term
approximations looks like depicted in Figure 3.7. This is also consistent with
the theory, as here we have nearly u ∈ H1. Again we expect u to have higher
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Figure 3.7.: Convergence rates of best N -term approximation for the hypersin-
gular examples

Besov regularity. We arrive at a convergence rate of

‖u− uN‖ 1
2

;Ω ∼ ‖u− uN‖`2 . N
− 3

2

for the nonlinear approximation case, which seems again only restricted by the
regularity of the involved primal wavelet basis. In all singular examples we can
see that a higher convergence rate is possible – so there is a good chance that
the adaptive wavelet methods from Chapter 2 can also achieve this higher rate,
which we will test in the next section.

3.5. Adaptive Wavelet Methods

For the experiments in this section, we approximated the matrix-vector product
Av with the method RECOVERY APPLY CDD from Subsection 2.3.3.

3.5.1. ELLSOLVE

First, we apply the original [CDD01, CDD02]-algorithm. It should be men-
tioned that we sample the right-hand side up to the level J = 18 and therefore
we stop the algorithm when the solution also reaches this level, as then no new
coefficients may get inserted into the approximation of the right-hand side f`
at line 5 of Algorithm 5. Of course, this is no limitation of our software. We
only choose a maximal level among all tests in this thesis to get comparable
results. For the two singular examples (P3) and (P4) of the Helmholtz prob-
lem, we see in Figure 3.8 and Figure 3.9 that the two important statements
from Theorem 2.39 are valid, namely that the adaptively generated solution ujΛ
satisfies the error bound (2.29) and converges with the same rate as the best
N -term approximation. Also from Figure 3.10 we can spot that the adaptive
algorithm detects the singularities of the solution, which are for the hypersin-
gular example (P2) located at both endpoints of the interval. The problem for
this example is that it requires very large levels for the inner loop (J ≈ 24),
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Figure 3.8.: ELLSOLVE, Helmholtz problem (P3)
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Figure 3.9.: ELLSOLVE, Helmholtz problem (P4)

which we had restricted for comparison reasons. It is because of this that the
error estimator is partially too low. At this point we can also highlight some
practical obstructions of this adaptive algorithm. The first one is that if for the
quantities cA, CA in (2.25) only coarse estimates are available, then from these
only poor quantities αΨ and ρΨ will arise. This may then of course destroy
the practicality of the algorithm for particular problems as the constant K for
the inner loop of Algorithm 5 may blow up – rendering this into a near infinite
loop for a computer implementation. Secondly, as we already mentioned at the
beginning of this subsection we have sampled the right-hand side only up to a
level of J = 18, and while one of the prerequisites of the adaptive algorithm is
to know the full representation f in general this will not be feasible. While in
principle it would be possible to sample f(x) up to any level, in Lawa we use an
integer to store the location index k of a wavelet index λ. Now for the current
C++ implementation of Gnu the ranges of this data type are −231 to 231−1, so
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Figure 3.10.: ELLSOLVE, hypersingular problem (P2)

definitely level J = 30 is the end of the line for the current implementation. 1

3.5.2. ELLSOLVE-WO-COARSENING

We also apply the [GHS07]-algorithm to the model problems, from which we
expect some quantitative better performance. Although we see for both singu-
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Figure 3.11.: ELLSOLVE-WO-COARSENING, Helmholtz problem (P3)

lar examples for the Helmholtz problem in Figure 3.11 and Figure 3.12 that also
here the properties of Theorem 2.42 are clearly reflected, the error estimated
by ε is not that tight as it was for the original [CDD01]-algorithm. However,
if the parameters are chosen well, the inner iteration usually terminates in the
first iteration, see also [GHS07, Remark 2.6]. As there is no coarsening, this

1We point out that it is possible to reach further levels J > 30 by substituting the data type
int by some type allowing arbitrary large values. One alternative are for example the types
of the Gmp library, see also [Fre10]. Initial work has begun for using the arbitrary precise
floating-point numbers of Gmp within Lawa. Nevertheless, the user should be aware that
using such data-types is only good for debugging, as software arithmetic is significantly
slower than hardware arithmetic.
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Figure 3.12.: ELLSOLVE-WO-COARSENING, Helmholtz problem (P4)

considerably reduces the amount of work for producing the approximants ujΛ.
So the trade-off between Algorithm 5 and Algorithm 6 is that the latter runs
faster but estimates the error more conservative and also pulls some insignif-
icant coefficients into Λ, which can be seen in Subfigure 3.13(b). Finally, in
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Figure 3.13.: ELLSOLVE-WO-COARSENING, hypersingular problem
(P2)

Subfigure 3.13(a) we may also find that the adaptive algorithm without coars-
ening has difficulties in tracking the slope of the best N -term approximation,
an instance that is also due to the many misplaced coefficients. Of course with
a proper tuning of the parameters γ, ω, θ and α this situation could be further
improved.

3.5.3. S-ADWAV-ELLSOLVE

Finally, we apply the [BK06]-algorithm to the test problems. Remember that
while this algorithm is very intuitive, at the moment there are neither con-
vergence nor optimality proofs available for it. We start as always with the
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singular examples for the Helmholtz problem. The scheme from Algorithm 8
does a good job and detects all singularities in Figure 3.14 and Figure 3.15.
While the adaptively generated solution converges also optimal with the same
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Figure 3.14.: S-ADWAV-ELLSOLVE, Helmholtz problem (P3)

rate as the best N -term approximation, the error estimator seems flawed as it
underestimates the error. Especially in Subfigure 3.15(a) the principle of opera-
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Figure 3.15.: S-ADWAV-ELLSOLVE, Helmholtz problem (P4)

tion is observable very well. First the slope moves sideways until the singularity
is detected and then it rapidly drops to the best N -term approximation. Also
for the last example of the hypersingular problem in Figure 3.16 the simplified
algorithm works well except for the error estimator. Maybe an additional safety
margin should be added to ε.
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Figure 3.16.: S-ADWAV-ELLSOLVE, hypersingular problem (P2)

3.6. Semilinear Equations

3.6.1. Semilinear Helmholtz Example

Now we also want to solve some semilinear equations, namely the following
semilinear Helmholtz problem on Ω = (0, 1) ⊂ R

−∆u+ βu+ F(u) = f,

u
∣∣
∂Ω

= 0,
(3.7)

for some constant β ≥ 0. Of course, the starting point for the treatment of
(3.7) is to look for existence and uniqueness of a solution.

Theorem 3.3 (Existence and Uniqueness, [BS68, Théorème 1.1])
Suppose that the Nemytskij operator F as introduced in Definition 2.43 satisfies
the requirements of Lemma 2.44 and therefore possesses the correct mapping
properties in order to give (3.7) a meaning. Additionally we suppose that F
is monotone (see Definition 2.45). Then for all f ∈ H−1(Ω) the semilinear
Helmholtz problem (3.7) admits a unique solution u ∈ H1

0 (Ω).

Proof. In order to apply [BS68, Théorème 1.1] we need to show that the opera-
tor −∆ + βI +F is continuous, coercive and monotone. The continuity follows
easily from the continuity of the linear part A = −∆ + βI and Lemma 2.44.
The monotonicity of A+ βI also follows from the coercivity and this results in
the monotonicity of −∆ + βI + F . Left to show is the coercivity. We get

〈(−∆u+ βu+ F(u))− (−∆v + βv + F(v)) , u− v〉H−1×H1
0

= 〈(−∆ + βI)u− v, u− v〉+ 〈F(u)−F(v), u− v〉H−1×H1
0

& ‖u− v‖21;Ω

and this concludes the proof.
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Now in order to discretize (3.7) with wavelets we first transform the equation
into the form

R(u) = −∆u+ βu+ F(u)− f = 0, (3.8)

and then test (3.8) with some functions ψλ. This gives us an equation for u:

〈R(u), ψλ〉H−1×H1
0

= 〈−∆u+ βu+ F(u)− f, ψλ〉H−1×H1
0

= 0.

If we then make the ansatz u =
∑

µ uµψµ, this results in the nonlinear system
of equations for the coefficients u = {uµ}µ〈

R

(∑
µ

uµψµ

)
, ψλ

〉
H−1×H1

0

=

〈
−∆

∑
µ

uµψµ + β
∑
µ

uµψµ + F
(∑

µ

uµψµ

)
− f, ψλ

〉
H−1×H1

0

= R(u) = Au + F(u)− f = {R(u)λ}λ (3.9)

and so we can state (3.8) equivalently in the wavelet space as

R(u) = 0. (3.10)

For solving nonlinear equations like (3.10), a frequently used tool is Newton’s
method for which we need an auxiliary definition. For our application it suffices
to consider the following special case of the Fréchet derivative defined on a
Gelfand triple.

Definition 3.4 (Fréchet Derivative)
Let V ↪→ H ∼= H∗ ↪→ V ∗ be a Gelfand triple and consider an operator R : V →
V ∗ not necessary linear. Then R is said to be Fréchet-differentiable at the point
v0 ∈ V if and only if there exists a bounded linear operator DR : V → V ∗ such
that for all h ∈ V we have

R(v0 + h) = R(v0) +DRh+ o(‖h‖V ), ‖h‖V → 0.

If such an operator exists we call DR the Fréchet derivative of R at v0.

Remark 3.5 (Fréchet Derivative of a Linear Operator)
If the operator A is linear and bounded we have that

DA = A.

Newton’s method for solving (3.10) now works iteratively from some u0 by
calculating the increment ∆uk from

DR(uk)∆uk = −R(uk)

and then setting

uk+1 = uk + ∆uk.
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Therefore, we need the Fréchet derivative DR of R, which is given by

DR(uk) =
{
DR(uk)

}
λ,µ

=
∂

∂uµ

〈
R

(∑
µ

uµψµ

)
, ψλ

〉
H−1×H1

0

=
∂

∂uµ

〈
−∆

∑
µ

uµψµ + β
∑
µ

uµψµ + F
(∑

µ

uµψµ

)
− f, ψλ

〉
H−1×H1

0

=

〈
−∆ψµ + βψµ +

∂

∂uµ
F
(∑

µ

uµψµ

)
, ψλ

〉
H−1×H1

0

(3.11)

=

〈
−∆ψµ + βψµ + F ′

(∑
µ

uµψµ

)
ψµ, ψλ

〉
H−1×H1

0

= 〈−∆ψµ + βψµ, ψλ〉H−1×H1
0

+

〈
F ′
(∑

µ

uµψµ

)
ψµ, ψλ

〉
H−1×H1

0

.

So in particular and because of Remark 3.5, the first part of the Fréchet deriva-
tive is the stiffness matrix of the Helmholtz problem from Subsection 3.1.1. We
describe Newton’s method for the solution of (3.10) in the next algorithm.

Algorithm 17 NEWTON[Λ,AΛ×Λ,F , ṽΛ, fΛ, η]→ vΛ

1: Set v0
Λ = ṽΛ, compute the initial residual r0

Λ = RΛ(v0
Λ) from (3.9)

2: Set k = 0
3: repeat
4: Setup the Fréchet derivative DR(vkΛ) as described in (3.11)
5: Calculate the increment ∆vkΛ from

DRΛ(vkΛ)∆vkΛ = −rkΛ

with the GMRES method that was already used in Subsection 2.2.7
6: Set vk+1

Λ = vkΛ + ∆vkΛ
7: Update the residual rk+1

Λ = RΛ(vk+1
Λ )

8: k = k + 1
9: until

∥∥rkΛ∥∥`2 < η ·
∥∥r0

Λ

∥∥
`2

or
∥∥rkΛ∥∥`2 < η

10: return vΛ = vkΛ

The Newton solver for arbitrary index sets Λ is implemented in Lawa as func-
tion NEWTON in the source file Nfunct.h, that is located in the subdirectory
lawa.

Remark 3.6 (Convergence of NEWTON)
As it is the case for all Newton methods, Algorithm 17 exhibits locally quadratic
convergence. Because the original equation (3.8) was well-defined, we conclude
that also the system (3.10) admits only one solution. For our applications we
assume additionally that for each nonlinear system we have an initial guess v0

Λ

such that the Newton method is convergent. This is not too stringent, as such
an initial guess arrises naturally in the (iterative) adaptive algorithm.
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3. Solving Operator Equations with Lawa

Remark 3.7 (Simplified Newton Solver)
We will frequently use the simplified variant of Algorithm 17 in which the
Fréchet derivative is calculated only once at the beginning, see also [Deu04,
Subsection 2.1.2]. The reason is that although the convergence might not be
quadratic anymore, the workload is decreased considerably as we do not need to
setup the matrix DRΛ(vkΛ) in every iteration. The calculation of the residual
and the termination criterion is not affected by this simplification.

We will consider the following type of nonlinearity

F(u) = u3, (3.12)

which, because of Lemma 2.46, obviously gives rise to a monotone operator.
The next plot compares the full NEWTON solver with its simplified variant
from Remark 3.7. The slope s corresponds to the exponent of∥∥rkΛ∥∥`2 . 2−sk

and should be larger than 1 in order to show the quadratic convergence of
Newton’s method.
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Figure 3.17.: Residual reduction rates of the NEWTON solver
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In all plots of Figure 3.17 we can confirm that s ≥ 1, which means that the
quadratic convergence property is valid. Moreover, we notice that the simpli-
fied variant not only keeps the quadratic convergence but exhibits in all four
cases a faster convergence. This observation makes the simplified version of
Algorithm 17 even more preferable.

3.6.2. Uniform Methods

For the sake of comparability, we consider again the examples from Subsec-
tion 3.2.1 – but now as the solutions of the semilinear Helmholtz problem (3.7).
The slopes of the plots in Figure 3.18 are not very surprising and show the same
picture as it was the case in Section 3.3.
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Figure 3.18.: Convergence rates of uniform schemes for the semilinear
Helmholtz problem

For the smooth examples (P1) and (P2) we get higher convergence rates when
we use a smoother basis, but for the singular examples it is not possible to
increase the convergence rate in that way. We also see some sort of “fading out”
of the slope for the methods using the wavelet basis with d = d̃ = 3 and the
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smooth examples (P1) and (P2), which we already encountered in Section 3.3.
We note that this behaviour is partially due to round-off effects in the calculation
of the error.

3.6.3. Adaptive Wavelet Methods

In this subsection we will apply the adaptive method from [CDD03] to the
semilinear Helmholtz problem. We first note that we can bound the initial
error (for the initial guess u0 = 0) by

‖u‖`2 =
∥∥u− u0

∥∥
`2
≤ 1

cA

(
‖f‖`2 +

∥∥F(u0)
∥∥
`2

)
=

1

cA
‖f‖`2 = ε0,

as for the nonlinearity (3.12) we have F(0) = F(0) = 0. The next issue when
adjusting the adaptive scheme from Subsection 2.2.6 is to identify a valid relax-
ation parameter αΨ for (2.23). Here we use [CDD03, Remark 3.3] that states
that we can use

0 < αΨ <
2

CA + LF(ε0)
, (3.13)

where LF is the Lipschitz bound for the nonlinear operator in wavelet coordi-
nates

‖F(v)− F(w)‖`2 ≤ LF(max{v,w}) ‖v −w‖`2 ,

i.e. LF is the `2-analogon to LF from (2.33). The connection between both is
given by

LF(s) = C2
ΨLF (CΨs),

where CΨ is the upper Riesz bound of Ψ from Definition 2.14. Given now the
relaxation parameter αΨ, the abstract iteration

uj+1 = uj + αΨR(uj) (3.14)

provides a constant error reduction∥∥u− uj+1
∥∥
`2
≤ ρΨ

∥∥u− uj
∥∥
`2
, (3.15)

where ρΨ is according to [CDD03, (3.15)] given by

ρΨ = max {|1− αΨcA| , |1− αΨ (CA + LF(ε0))|} .

The important ingredient now for implementing the scheme (3.14) in a computer
is the approximation of R(v) for some finite input v. As one might expect, a
combination of the method APPLY and RECOVERY will do the job.

Remark 3.8 (Modifications for the Nonlinear Adaptive Algorithm)
The actual algorithm for solving semilinear problems adaptively only differs min-
imally from Algorithm 5, so we will only point out these differences. In fact,
given the modified values for αΨ from (3.13) and ρΨ from (3.15), we have to
replace line 6 by

APPLY[ρ
`

2 εj ,A,v
`]→ w1

`
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3.6. Semilinear Equations

RECOVERY[ρ
`

2 εj ,F,v
`]→ w2

`

w` = w1
` + w2

`

and the Galerkin solver GALSOLVE of course has to call the Newton solver
from Algorithm 17.

Remark 3.9 (Variant Without Coarsening)
We can also use the variant without coarsening from Algorithm 6 for the solution
of the semilinear problem if we make similar modifications as mentioned in
Remark 3.8.

For the convergence and optimality property of the nonlinear adaptive wavelet
algorithm, we need a different approximation space.

Definition 3.10 (Approximation Spaces with Tree Structure)
For the approximation classes of the solutions of the semilinear problem (3.7)
we have to modify the approximation space As from Definition 2.27 a little bit.
If we define the error of the best N -term approximation on tree-structured index
sets as

σtreeN (u) = min
{
‖u− v‖`2

∣∣ supp (v) has tree structure,# supp (v) ≤ N
}

we can introduce the normed space Astree by

Astree =
{
v ∈ `2

∣∣ σtreeN (u) . N−s
}

endowed with the norm

‖u‖Astree = sup
N∈N

N sσtreeN (u).

The only difference to the approximation space from Definition 2.27 is the con-
straint that the index set of the approximants must display a tree structure.

As it was by Theorem 2.28 the case for the ordinary approximation space As,
there is also an important relation between Besov spaces and the space Astree.

Remark 3.11 ([CDD03, Remark 6.1], [CDD04, Remark 2.3])
The property u ∈ Bt+s

τ ′,τ ′(Ω) for some τ ′ > (s + 1/2)−1 implies u ∈ Astree, thus
we need slightly more regularity than it was the case in Theorem 2.28 for As.

We will cite the most important theorem from [CDD03] concerning the adaptive
wavelet solver for the semilinear problem, which we still call ELLSOLVE.

Theorem 3.12 ([CDD03, Theorem 6.1])
For every target accuracy ε > 0 the adaptive wavelet solver ELLSOLVE pro-
duces an approximation u(ε) that satisfies

‖u− u(ε)‖`2 ≤ ε

with linear complexity for the arithmetic operations and log-linear complexity
for sorting. If the exact solution u of (3.7) is in the approximation space Astree
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3. Solving Operator Equations with Lawa

for some s > 0 and if the linear operator A and the nonlinear operator F are
s∗-compressible for some s∗ > s, then we have additionally that

# supp (u(ε)) . ‖u‖1/sAstree ε
−1/s.

We note that because of Remark 2.31 we may expect the same steep convergence
rates as it was the case for the linear equation. By Theorem 2.51 the evaluation
of the non-linearity we are going to consider F(u) = u3 is s∗-compressible with
s∗ = d − 2 + 1 = d − 1. So for a biorthogonal wavelet basis with parameters
d = d̃ = 2 we should realize an optimal rate of s∗ = 1. We see that the
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Figure 3.19.: ELLSOLVE-WO-COARSENING, semilinear Helmholtz
problem (P3)

adaptive wavelet algorithm ELLSOLVE-WO-COARSENING, which was
adjusted according to Remark 3.9, also manages to detect the singularities for
both nonsmooth examples of the semilinear Helmholtz problem. Additionally,
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Figure 3.20.: ELLSOLVE-WO-COARSENING, semilinear Helmholtz
problem (P4)

for both slopes in Figure 3.19 and Figure 3.20 the error closely tracks the best
N -term approximation.
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4. Adaptive Wavelet Solution to
Variational Inequalities

One cannot expect any serious understanding of what wavelet
analysis means without a deep knowledge of the corresponding
operator theory.

(Yves Meyer)

Now we are ready to come to the main part of this work. In this chapter we
first define the problem of the elliptic variational inequality (EVI) and of the
parabolic variational inequality (PVI) and collect existence and uniqueness re-
sults. We focus especially on the elliptic and parabolic obstacle problem, which
is an important example for an EVI and PVI, respectively. After that we have a
look at some regularity results in the Sobolev sense that give rise to convergence
rates for uniform schemes. In particular, we see that for variational inequalities
the regularity of the solution is inherently bounded, regardless how smooth the
right-hand side is. For the EVI we show on the other hand that the solution pos-
sesses the same smoothness as the solution to a corresponding elliptic equation.
In Remark 2.31 we have seen that often solutions to such equations have high
smoothness when measured in the Besov scale and thus we design an adaptive
wavelet method that utilises this fact. For our method EVISOLVE we show
that it converges with the rate of the best N -term approximation. The main
ingredient for the implementation of the involved inexact projected Richard-
son iteration is the adaptive projection algorithm PROJECT that is based on
the RECOVERY scheme from Subsection 2.3.2. After that, another heuristic
adaptive wavelet algorithm for the solution of the EVI is presented that is some-
what intuitive but does not come with a convergence proof. Finally we present
some building blocks for the adaptive wavelet solution of the PVI in the spirit
of the adaptive wavelet algorithm for parabolic equations from [SS09].

4.1. Prerequisites

We start this section with the definition of the projection, which will be essential
for the treatment of variational inequalities. In all what follows, we emphasize
that the specific projection is strongly dependent on the space V on which it
is considered. As it was the case before, Ω will always denote the open and
bounded interval Ω = (0, 1).

Definition 4.1 (The Projection Operator)
Let V be a Hilbert space and K ⊆ V a closed, convex and nonempty subset. We
define the projection operator PK onto K to be the best approximation of some
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4. Adaptive Wavelet Solution to Variational Inequalities

f ∈ V by some element PK(f) ∈ K, i.e.

‖f − PK(f)‖V = min
g∈K
‖f − g‖V . (4.1)

Lemma 4.2 ([KS80, Lemma 2.1])
The element PK(f) in (4.1) is well-defined as it is unique.

Remark 4.3
As stated at the beginning of this section, the projection is dependent on V .
Therefore, when we talk about the projection PK(f) of some function f ∈ V we
should more precisely think of its V -projection.

Lemma 4.4 ([KS80, Theorem 2.3])
We can characterize the projection of f onto K also by

PK(f) ∈ K and (PK(f), g − PK(f))V ≥ (f, g − PK(f))V , ∀g ∈ K.

Lemma 4.5 (The Projection is Nonexpansive)
Let V be a Hilbert space and K ⊆ V a closed, convex and nonempty subset.
Then for the projection PK onto K we have

‖PK(u)− PK(v)‖V ≤ ‖u− v‖V , ∀u, v ∈ V.

In other words, the projection operator is nonexpansive.

Proof. We recall that by Lemma 4.4 for f ∈ V the projection PK(f) ∈ K is
characterized by

(PK(f), PK(f)− g)V ≤ (f, PK(f)− g)V , ∀g ∈ K.

Therefore we have

‖PK(u)− PK(v)‖2V = (PK(u)− PK(v), PK(u)− PK(v))V
= (PK(u), PK(u)− PK(v))V + (PK(v), PK(v)− PK(u))V
≤ (u, PK(u)− PK(v))V + (v, PK(v)− PK(u))V
= (u− v, PK(u)− PK(v))V
≤ ‖u− v‖V ‖PK(u)− PK(v)‖V

which yields the statement.

We conclude this paragraph with a remark about the special case of the pro-
jection in the space L2(Ω).

Lemma 4.6 (L2-projection)
For the special case V = L2(Ω) and some set K =

{
v ∈ L2(Ω)

∣∣ v ≥ g a.e. in Ω
}

with some function g ∈ L2(Ω) we get that the projection PK(u) is given by

PK(u) = max {u, g} ,

i.e. if we set w = PK(u) then we have

w(x) = max {u(x), g(x)} .

Proof. [KS80, Section II.3]

In the next sections we introduce the main objects of analysis of this thesis.
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4.2. Elliptic Variational Inequalities

4.2. Elliptic Variational Inequalities

Definition 4.7 (Elliptic Variational Inequality)
Let a Gelfand triple V ↪→ H ∼= H∗ ↪→ V ∗ (see Definition B.16) be given and let
K ⊆ V be a nonempty, closed and convex subset of V . Then for some elliptic
(see Definition 2.21) operator A : V → V ∗ and f ∈ V ∗ we call the problem:
find u ∈ K such that

〈Au, v − u〉V ∗×V ≥ 〈f, v − u〉V ∗×V , ∀v ∈ K (4.2)

an Elliptic Variational Inequality (EVI). If we define the bilinear form a(u, v) =
〈Au, v〉V ∗×V then we can state (4.2) also in the form

a (u, v − u) ≥ 〈f, v − u〉V ∗×V , ∀v ∈ K.

Next, we will have a look at existence and uniqueness results for (4.2).

Theorem 4.8 ([LS67, Theorem 2.1])
For every f ∈ V ∗ the elliptic variational inequality from Definition 4.7 admits
a unique solution u ∈ V .

Proof. Because it paves the way to our adaptive algorithm later on, we will
recapitulate the original proof from [LS67]. First we assume that u1, u2 ∈ V
are two solutions of (4.2) for some f1, f2 ∈ V ∗. Then we have

a (ui, v − ui) ≥ 〈fi, v − ui〉V ∗×V , ∀v ∈ K, i = 1, 2.

If we set v = u2 in the inequality for i = 1 and v = u1 in the inequality for
i = 2 and sum them we get

−a (u1 − u2, u1 − u2) ≥ −〈f1 − f2, u1 − u2〉V ∗×V .

Now with the coercivity (Definition 2.20) of the form a(·, ·) it follows that

C2 ‖u1 − u2‖2V ≤ ‖f1 − f2‖V ∗ ‖u1 − u2‖V .

Therefore we have
C2 ‖u1 − u2‖V ≤ ‖f1 − f2‖V ∗ , (4.3)

so the last equation implies uniqueness and continuity. For the existence, we
set R : V ∗ → V the canonical isomorphism from V ∗ to V (the so-called Riesz
operator) defined for f ∈ V ∗ by

〈f, v〉V ∗×V = (Rf, v)V ∀v ∈ V.

Furthermore, choose some α ∈ R such that 0 < α < 2C2

C2
1
, where C1 is the

continuity constant from Definition 2.19. Then because of

|(u, v)V − αa (u, v)| = |(u− αRAu, v)V | ≤ ‖u− αRAu‖V ‖v‖V

and by the parallelogram law, the continuity and coercivity of A

‖u− αRAu‖2V = ‖u‖2V + α2 ‖RAu‖2V − 2αa(u, u) ≤
(
1 + α2C2

1 − 2αC2

)
‖u‖2V
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4. Adaptive Wavelet Solution to Variational Inequalities

it follows that there exists 0 < ρ < 1 with

|(u, v)V − αa (u, v)| ≤ ρ ‖u‖V ‖v‖V ∀u, v ∈ K.

In particular, ρ is given by ρ =
√

1 + α2C2
1 − 2αC2. Next we are going to prove

the existence result for the special case a(u, v) = (u, v)V . So we have to solve:
find u ∈ K such that

(u, v − u)V ≥ 〈f, v − u〉V ∗×V = (Rf, v − u)V , ∀v ∈ K,

which is equivalent to

(u−Rf, v − u)V ≥ 0, ∀v ∈ K. (4.4)

But if u satisfies (4.4), then

‖u−Rf‖V ≤ ‖v −Rf‖V , ∀v ∈ K

and vice-versa. Now since K is a closed, convex and nonempty set there exists
one and only one element of K which minimizes the distance

‖v −Rf‖V

over all v ∈ K and this element is given by

u = PKRf,

with PK the projection operator onto K from Definition 4.1. Now we will
consider the general case. For some α as chosen above we define for u ∈ V the
operator Tu ∈ V ∗ by

〈Tu, v〉V ∗×V = (u, v)V + α
(
〈f, v〉V ∗×V − a(u, v)

)
, ∀v ∈ V.

Then we have for u1, u2 ∈ V∣∣〈Tu1 − Tu2, v〉V ∗×V
∣∣ = |(u1 − u2, v)V − αa(u1 − u2, v)| ≤ ρ ‖u1 − u2‖V ‖v‖V .

By the preceding considerations, there exists a unique w ∈ K such that

(w, v − w)V ≥ 〈Tu, v − w〉V ∗×V , ∀v ∈ K

and w is given by
w = PKRTu = Su

defining the map S : V → K. Moreover,

‖Su1 − Su2‖V = ‖PKRTu1 − PKRTu2‖V ≤ ‖RTu1 −RTu2‖V
= ‖Tu1 − Tu2‖V ∗ ≤ ρ ‖u1 − u2‖V ,

so by ρ < 1 the map S is a contraction. Thus, there exists one and only one
fixed point u such that

Su = u.
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So u ∈ K and satisfies

(u, v − u)V ≥ 〈Tu, v − u〉V ∗×V = (u, v − u)V + α
(
〈f, v − u〉V ∗×V − a(u, v − u)

)
m
0 ≥ α

(
〈f, v − u〉V ∗×V − a(u, v − u)

)
m

a(u, v − u) ≥ 〈f, v − u〉V ∗×V , ∀v ∈ K

by the virtue of α > 0. Therefore, Theorem 4.8 is proved.

Remark 4.9 (Elliptic Obstacle Problem)
One particular instance of (4.2) is the elliptic obstacle problem on Ω = (0, 1)
that reads: for an elliptic operator A : V → V ∗, f ∈ V ∗, g ∈ V find u ∈ V such
that

〈Au, v − u〉V ∗×V ≥ 〈f, v − u〉V ∗×V , ∀v ∈ K.

The function g is called the obstacle because it defines the convex set K through

K =
{
v ∈ V

∣∣ v ≥ g almost everywhere
}
.

We can write the elliptic obstacle problem also in the strong form:

Au ≥ f, in Ω, (4.5a)

u ≥ g, in Ω, (4.5b)

(u− g)(Au− f) = 0, in Ω. (4.5c)

We want to elaborate this for the example of A = −∆. According to (4.5a), the
second derivative of the solution u has to be always greater or equal f . Second,
the function must not penetrate the obstacle because of (4.5b). Now for these
two inequalities, there exist infinitely many solutions, as every u+h, with some
h ≥ g from the kernel of A, also satisfies (4.5a) and (4.5b). So we need an
additional equation to render the problem well-posed. Here the equation (4.5c)
states that for every x ∈ Ω at least one of the inequalities (4.5a) and (4.5b) has
to be satisfied with equality. That means, at every x ∈ Ω either −u′′ coincides
with f or u rests on the obstacle g.

As the pricing problem for the American option, which we will meet in Chap-
ter 6, is also an obstacle problem, this is the most important variational in-
equality for this thesis.

For the numerical treatment of (4.2), we use the wavelet basis Ψ as trial and
test space. This results in an EVI for the coefficients u ∈ `2: find u ∈ K such
that

(Au,v − u)`2 ≥ (f ,v − u)`2 , ∀v ∈ K. (4.6)

The nonempty, closed and convex subset K ⊂ `2 is given in a natural way by
setting

K =
{
v ∈ `2

∣∣ vTΨ ∈ K
}
.

In the next section we will have a look at the parabolic counterpart of (4.2).
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4.3. Parabolic Variational Inequalities

For the other kind of inequality, we fix a bounded time interval [0, T ] ( R≥0

and again first define the fundamental problem of this section.

Definition 4.10 (Parabolic Variational Inequality)
For a bounded time interval [0, T ], a Gelfand triple V ↪→ H ∼= H∗ ↪→ V ∗ as
in Definition B.16, some K ⊆ V nonempty, closed and convex subset of V , an
elliptic operator A : V → V ∗, some f : [0, T ]→ V ∗ and an initial value u0 ∈ K
we call the problem: find u : [0, T ] → V such that u(t) ∈ K for almost every
t ∈ [0, T ] with u(0) = u0 and

〈∂tu+A[u](t), v − u(t)〉V ∗×V ≥ 〈f(t), v − u(t)〉V ∗×V ,
∀v ∈ K and for almost every t ∈ [0, T ]

(4.7)

a Parabolic Variational Inequality (PVI).

Again we are interested in uniqueness and existence results for that kind of
problem. The following theorem is stated in [Sav96].

Theorem 4.11 (Existence and Uniqueness for PVIs)
If the operator A is elliptic, u0 ∈ K and f ∈ L2([0, T ];V ∗), then there exists
a unique solution to problem (4.7), which depends continuously on u0 and f .
Moreover, we have that

u ∈ L2([0, T ];V ) ∩ C ([0, T ];H) .

Proof. A proof can be found in [Bre72, Section II.2].

Remark 4.12 (Parabolic Obstacle Problem)
The parabolic counterpart of the obstacle problem from Remark 4.9 reads as
(4.7), where again the convex set K is defined via a function g ∈ V by

K =
{
v ∈ V

∣∣ v ≥ g almost everywhere
}
.

For the regularity of the solution u of (4.7) we have for example the following
result.

Theorem 4.13 ([Bre72, Section II.2])
For the Gelfand triple H1

0 (Ω) ↪→ L2(Ω) ↪→ H−1(Ω) let the convex set K be
characterized by

K =
{
v ∈ H1

0

∣∣ v(x) ≥ 0
}

and suppose that

• f ∈ C([0, T ];L2(Ω)),

• ∂tf ∈ L1([0, T ];L2(Ω)),

• u0 ∈ K ∩H2(Ω).
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Then we have

u ∈ L∞([0, T ];H2(Ω)), ∂tu ∈ L∞([0, T ];L2(Ω)) ∩ L2([0, T ];H1(Ω)).

In [Bre72, Section II.2] there are other regularity properties proven as well and
for even further results the reader is referred to [Bai89]. Again, if we use a
wavelet basis Ψ as trial and test space, (4.7) becomes a PVI for the coefficients
in the wavelet space: find u : [0, T ] → `2 such that u(t) ∈ K for almost every
t ∈ [0, T ] with u(0) = u0 and

(u̇(t) + Au(t),v − u(t))`2 ≥ (f(t),v − u(t))`2 ,

∀v ∈ K and for almost every t ∈ [0, T ].
(4.8)

Here, again K denotes the convex set of vectors v ∈ `2 such that the corre-
sponding function v = vTΨ is contained in K, i.e.

K =
{
v ∈ `2

∣∣ vTΨ ∈ K
}
.

4.4. Uniform Methods for EVIs and PVIs

Now we come to uniform schemes for the solution of the variational inequalities
introduced in the last sections. We focus on the important class of obstacle
problems as mentioned in Remark 4.9 and Remark 4.12, however this affects
the variational inequality only via the admissible set K. In addition to that,
we make the simplification that our obstacle is equal to zero, g ≡ 0. This is
however no limitation as with the substitution û = u − g such a setting may
always be achieved, see also Remark 5.1.

4.4.1. EVIs

For the elliptic variational inequality, the discretized problem reads after we
have fixed the trial and test spaces VΛ = SJ : find uΛ ∈ KΛ = K ∩ VΛ such that

a (uΛ, vΛ − uΛ) ≥ 〈f, vΛ − uΛ〉V ∗×V , ∀vΛ ∈ KΛ. (4.9)

As it was the case for the elliptic equation, this results in a finite version of
(4.6), namely in a problem for the coefficients of the function u: find uΛ ∈
KΛ = K ∩ R|Λ| such that

(vΛ − uΛ)TAΛ×ΛuΛ ≥ (vΛ − uΛ)T fΛ, ∀vΛ ∈ KΛ, (4.10)

with the stiffness matrix AΛ×Λ = a(ψµ, ψλ)λ,µ∈Λ and the right-hand side fΛ =
〈f, ψλ〉λ∈Λ. One possible algorithm for solving the inequality (4.10) is the fol-
lowing version of the projected Richardson iteration:

un+1
Λ = PKΛ

(unΛ + αΨ (fΛ −AΛ×ΛunΛ)) ,

where for the relaxation parameter the usual bounds from Theorem 4.8 and
(2.25) have to be fulfilled. Here PKΛ

denotes the projection onto the set KΛ.
By Lemma 4.4, this iteration may also be written as(
un+1

Λ ,vΛ − un+1
Λ

)
`2
≥
(
unΛ + αΨ (fΛ −AΛ×ΛunΛ) ,vΛ − un+1

Λ

)
`2
, ∀vΛ ∈ K∩R|Λ|.
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If we recall, that by Definition 4.1 the projection is also characterized by the
minimal distance,

‖fΛ −PKΛ
(fΛ)‖`2 = min

gΛ∈KΛ

‖fΛ − gΛ‖`2 ,

we can calculate the projection as the solution of the quadratic program

PKΛ
(fΛ) = arg min

gΛ∈KΛ

gTΛgΛ − 2fTΛ gΛ.

With this iteration and if we are able to characterise

uΛ ∈ KΛ ⇐⇒ CuΛ ≥ 0, (4.11)

by some matrix C, we get our first algorithm for the solution of an elliptic
obstacle problem on a set Λ.

Algorithm 18 PRICHARDSON[Λ,AΛ×Λ, ũΛ, fΛ, η]→ uΛ

1: choose 0 < αΨ < 2 cA
C2
A

2: set u0
Λ = ũΛ ∈ R|Λ|, n = 0

3: repeat
4: ûn+1

Λ = unΛ + αΨ (fΛ −AΛ×ΛunΛ)
5: Calculate un+1

Λ as the solution of the quadratic program,

un+1
Λ = arg min

uΛ∈R|Λ|
uTΛuΛ − 2

(
ûn+1

Λ

)T
uΛ subject to CuΛ ≥ 0

6: n← n+ 1
7: until

∥∥unΛ − un−1
Λ

∥∥ < η
8: return uΛ = unΛ

As depicted in [MNS05], we can consider not only the standard inner prod-
uct (·, ·)`2 but also the generalized one (u,v)`2,H = uTHv. Thus, we get the
iteration

(
un+1

Λ ,H
(
vΛ − un+1

Λ

))
`2

≥
(
HunΛ + αΨ (fΛ −AΛ×ΛunΛ) ,vΛ − un+1

Λ

)
`2
, ∀vΛ ∈ KΛ

and we can use the matrix H for preconditioning. This results in the second
algorithm for the solution of (4.9), which then converges independently of the
level of the discretization.
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Algorithm 19 PPRICHARDSON[Λ,AΛ×Λ, ũΛ, fΛ, η]→ uΛ

1: choose 0 < αΨ < 2 cA
C2
A

2: set u0
Λ = ũΛ ∈ R|Λ|, n = 0

3: repeat
4: ûn+1

Λ = HunΛ + αΨ (fΛ −AΛ×ΛunΛ)
5: Calculate un+1

Λ as the solution of the quadratic program,

un+1
Λ = arg min

uΛ∈R|Λ|
uTΛHuΛ − 2

(
ûn+1

Λ

)T
uΛ subject to CuΛ ≥ 0

6: n← n+ 1
7: until

∥∥unΛ − un−1
Λ

∥∥ < η
8: return uΛ = unΛ

Both implementations of Algorithm 18 and Algorithm 19 use the package Ooqp
from [GW03] for solving the quadratic program in line 5 and can be found in
the sourcefile flensext/richardson.h of Lawa.

Remark 4.14
Because the matrix H−1AΛ×Λ in Algorithm 19 has better spectral properties, a
larger relaxation parameter αΨ may be chosen which accelerates the iteration.
When we are thinking of the preconditioned Riesz basis D−1Ψ, the matrix H
follows to be

H = D2.

Remark 4.15
Because of Remark 2.5, one possibility in choosing the constraint matrix C is
the reconstruction matrix from Remark 2.9, which was defined for VΛ through

C = MJ · · ·Mj0 , (4.12)

where J = J(Λ). This choice results in the matrix C ∈ R|Λ|×|Λ|. If we think now
of an adaptively generated index set Λ ⊂ J , which displays some tree structure,
the constraint matrix defined by (4.12) is prohibitive as now the dimensions
are C ∈ R|IJ |×|Λ|, with J being the maximal level of the indices contained in
Λ. Here the number of rows (and therefore the number of constraints) grows
with the level J like 2J – totally destroying the complexity of the algorithm.
For our adaptive algorithm later on, we will choose C as the reconstruction to
the local scaling function representation provided by Algorithm 11 – not for a
nonlinearity but just for the identity operator. Then we get a matrix dimension
of C ∈ Rc|Λ|×|Λ|, where the constant c is independent of the level J .

Remark 4.16 (Uniform Solver for General EVI)
If we are able to characterise the admissible set KΛ in (4.11) for a general EVI,
we can also solve such inequalities with Algorithm 18 or Algorithm 19.

Convergence Analysis

We now proof a result from [Fal74] which we adapt to our setting.
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4. Adaptive Wavelet Solution to Variational Inequalities

Theorem 4.17 ([Fal74, Theorem 1])
Let u be the solution of (4.2) and uΛ the solution of (4.9). Then we have

‖u− uΛ‖V ≤
(
C2

1

C2
2

‖u− vΛ‖2V +
2

C2
‖f −Au‖V ∗ (‖u− vΛ‖V + ‖uΛ − v‖V )

) 1
2

,

for all v ∈ K and all vΛ ∈ KΛ, where C1 is the continuity and C2 is the coercivity
constant of A.

Proof. We have for u and uΛ that

a(u, v − u) ≥ 〈f, v − u〉V ∗×V , ∀v ∈ K,
a(uΛ, vΛ − uΛ) ≥ 〈f, vΛ − uΛ〉V ∗×V , ∀vΛ ∈ K ∩ VΛ.

If we add these inequalities and multiply the result by −1, we obtain

a(u, u− v) + a(uΛ, uΛ − vΛ) ≤ 〈f, u− v〉V ∗×V + 〈f, uΛ − vΛ〉V ∗×V
m

a(u, u) + a(uΛ, uΛ) ≤ 〈f, u− v〉V ∗×V + 〈f, uΛ − vΛ〉V ∗×V
+ a(u, v) + a(uΛ, vΛ).

We subtract a(u, uΛ) + a(uΛ, u) from both sides and regroup terms to arrive at

a(u, u− uΛ)− a(uΛ, u− uΛ)

= a(u− uΛ, u− uΛ)

≤ 〈f, u− vΛ〉V ∗×V + 〈f, uΛ − v〉V ∗×V − a(u, uΛ − v)− a(uΛ, u− vΛ)

= 〈f, u− vΛ〉V ∗×V + 〈f, uΛ − v〉V ∗×V − a(u, uΛ − v)− a(u, u− vΛ)

+ a(u− uΛ, u− vΛ)

= 〈f −Au, u− vΛ〉V ∗×V + 〈f −Au, uΛ − v〉V ∗×V + a(u− uΛ, u− vΛ).

By virtue of the continuity and coercivity of a(·, ·) and the Cauchy-Schwarz
inequality we get

C2 ‖u− uΛ‖2V ≤‖f −Au‖V ∗ ‖u− vΛ‖V
+ ‖f −Au‖V ∗ ‖uΛ − v‖V + C1 ‖u− uΛ‖V ‖u− vΛ‖V .

Now from Young’s inequality it follows

C1 ‖u− uΛ‖V ‖u− vΛ‖V ≤
C2

2
‖u− uΛ‖2V +

C2
1

2C2
‖u− vΛ‖2V

and we get

C2

2
‖u− uΛ‖2V ≤ ‖f −Au‖V ∗ ‖u− vΛ‖V + ‖f −Au‖V ∗ ‖uΛ − v‖V

+
C2

1

2C2
‖u− vΛ‖2V .

So finally the claim follows as

‖u− uΛ‖2V ≤
C2

1

C2
2

‖u− vΛ‖2V +
2

C2
‖f −Au‖V ∗ (‖u− vΛ‖V + ‖uΛ − v‖V ) .
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4.4. Uniform Methods for EVIs and PVIs

As our method is conforming, we can choose v = uΛ and get by collecting the
constants the bound

‖u− uΛ‖2V . inf
vΛ∈KΛ

(
‖u− vΛ‖2V + ‖f −Au‖V ∗ ‖u− vΛ‖V

)
. (4.13)

As shown in [Fal74, Theorem 2], for the special case of the elliptic Dirichlet
obstacle problem (A = −∆, V = H1

0 , V ∗ = H−1 and K =
{
v ∈ H1

0 | v ≥ 0
}

), if
f ∈ L2 we get the convergence estimate

‖u− uΛ‖1;Ω . 2−J ‖u‖2;Ω , J ≥ j0.

However, if we take a closer look at (4.13), for a general elliptic inequality
driven by an operator A : H̃s → H−s and right-hand side f ∈ H−s, we see that
(neglecting the first term which is of higher order)

‖u− uΛ‖2V . inf
vΛ∈K∩VΛ

‖f −Au‖V ∗ ‖u− vΛ‖V .

So we cannot expect a higher convergence rate than

‖u− uΛ‖t;Ω . 2−
s
2
J ‖u‖t+s;Ω ,

because the term ‖f −Au‖V ∗ in (4.13) is not zero as it would be the case for
an equation. These convergence rate results get even worse when we consider
the next remark concerning the regularity of the EVI.

Remark 4.18 (Maximal Regularity for EVIs)
In [LS69] the H2-regularity of the Dirichlet obstacle problem is proven in case
the obstacle is smooth. On the other hand, Caffarelli shows in [Caf98, The-
orem 2] that for the Dirichlet obstacle problem in any dimension, in general
u possesses no more regularity than u ∈ C1 (which implies for one dimension

that u ∈ H
5
2
−ε,∀ε > 0), regardless how smooth the data f is. More results

concerning the regularity can be found for example in [Bre73].

4.4.2. PVIs

For the approximation of the solution of (4.7) we follow [Glo08]. We first get
rid of the time derivative u̇(t), which we replace in (4.8) by a finite difference
approximation. Therefore, we subdivide the interval [0, T ] into the equidistant
partition 0 = t0 < t1 < · · · < tM−1 < tM = T , ti = i ·∆t with ∆t = T

M . For θ ∈
[0, 1], we get the so-called θ-scheme: let u(t0) be given, then for k = 1, . . . ,M
find u(tk) ∈ K such that(

u(tk)− u(tk−1)

∆t
,v − u(tk)

)
`2

+ (θAu(tk) + (1− θ)Au(tk−1),v − u(tk))`2
− (θf(tk) + (1− θ)f(tk−1),v − u(tk))`2 ≥ 0, ∀v ∈ K.

(4.14)

Depending on θ, the scheme (4.14) is called
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4. Adaptive Wavelet Solution to Variational Inequalities

• θ = 0: explicit scheme, which is conditionally stable, i.e. the discretization
must satisfy a CFL-condition,

• θ = 1: implicit scheme, which is unconditionally stable or

• θ = 1
2 : then we get the Crank-Nicholson scheme, which is also uncon-

ditionally stable and yields a better approximation for the time domain
than the implicit scheme.

In order to arrive at a fully discrete scheme, we assume that our trial space
is given by the space VΛ = SJ and the convex set K is approximated by KΛ.
With (an approximation of) the starting value uΛ(t0) given, we have to solve:
for k = 1, . . . ,M find uΛ(tk) ∈ KΛ such that(

uΛ(tk)− uΛ(tk−1)

∆t
,vΛ − uΛ(tk)

)
`2

+ (θAΛ×ΛuΛ(tk) + (1− θ)AΛ×ΛuΛ(tk−1),vΛ − uΛ(tk))`2
− (θfΛ(tk) + (1− θ)fΛ(tk−1),vΛ − uΛ(tk))`2 ≥ 0, ∀vΛ ∈ KΛ.

(4.15)

So in order to solve the problem (4.15), we have to solve a sequence of problems
of the type (4.10).

Remark 4.19 (Uniform Solver for General PVI)
The same comment as in Remark 4.16 for the elliptic inequality applies, namely
that we can also solve general parabolic inequalities by the approach presented
above, if we are able to find a matrix C and a vector d that satisfy

uΛ ∈ KΛ ⇐⇒ CuΛ ≥ d.

Again we will have a look at the convergence of the uniform scheme.

Convergence Analysis

We just state [Joh76, MNS05].

Theorem 4.20
Suppose that u solves (4.7) and that u is sufficiently regular, i.e.

• there exists 0 < γ ≤ 1 such that ∂tu ∈ Cγ([0, T ];L2(Ω)) and

• there exists max
(

1
2 , s
)
< t ≤ 2 such that u ∈ C([0, T ]; H̃s(Ω) ∩Ht(Ω))

holds, where s is half the order of the elliptic operator A, i.e. A : H̃s → H−s.
Let uΛ(tk) = uΛ(tk)

TΨΛ, where uΛ(tk) are the solutions of the discrete problems
(4.15). Then it holds that

max
1≤k≤M

‖u(tk)− uΛ(tk)‖0;Ω +

(
M∑
k=1

‖u(tk)− uΛ(tk)‖2s;Ω ∆t

) 1
2

. (∆t)γ + 2−J min(t,2t−Y2 ).

Proof. [MNS05, Appendix B].
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4.5. Adaptive Methods for EVIs

4.5. Adaptive Methods for EVIs

The main contribution of this thesis is now worked out in the current section.
First, we analyse the regularity of the solution of the EVI in the Besov sense.
Then for the solution of the elliptic variational inequality, we present an adaptive
wavelet scheme with proven convergence rates that is based on an infinite-
dimensional iteration. After that we present a second, more heuristic adaptive
wavelet scheme for the solution of the EVI.

4.5.1. Besov Regularity for EVIs

In this subsection we want to show that the solution of the EVI (4.2) for the
Laplace operator admits the same regularity as the solution for a similar elliptic
equation. Together with Remark 2.31 this means that the solution may admit
a higher regularity when measured in the Besov scale.

Remark 4.21 (Besov Regularity of EVIs)
Let as usual Ω = (0, 1) and u ∈ H1

0 (Ω) be the solution of (4.2) for the special
case of A = −∆ and we additionally define

fEq = −∆u ∈ H−1(Ω).

Now if it follows that the solution of the equation

−∆uEq = fEq

has higher Besov regularity, by u = uEq this carries over to the solution of the
EVI. In Section 5.3 we analyze the converge rates for the best N -term approx-
imation for the singular examples from Subsection 5.1.2, from which we again
may reason there the Besov regularity is higher.

The results from Section 5.3 on page 126 for the singular examples are an
adequate starting point for the development of adaptive methods.

4.5.2. Abstract Adaptive Method

Now we want to develop an adaptive wavelet method for the solution of (4.2).
We start from (4.6), which was to find u ∈ K such that

(Au,v − u)`2 ≥ (f ,v − u)`2 , ∀v ∈ K.

Now just as for the uniform scheme, we are considering the following projected
Richardson iteration in wavelet coordinates – but now for the whole infinite-
dimensional wavelet space `2. For any starting point u0 ∈ `2 we define the
operator S : `2 → `2 by

un+1 = Sun = PK (un + αΨ (f −Aun)) . (4.16)

For the last equation, we define the projection PKû of û with the help of the
projection PK by setting

PKû = (PKû, Ψ̃)0;Ω, (4.17)
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4. Adaptive Wavelet Solution to Variational Inequalities

where û = (û, Ψ̃)0;Ω. In what follows, αΨ and ρΨ denote the counterparts of α
and ρ from the proof of Theorem 4.8 in the wavelet space. A similar calculation
then shows that the operator S is contractive for all 0 < αΨ < 2 cA

C2
A

with the

optimal choice for αΨ = cA
C2
A

. This guarantees a fixed error reduction of

∥∥u− un+1
∥∥
`2
≤ ρΨ ‖u− un‖`2 ,

where

ρΨ = ‖I− αΨA‖ =

(
1−

c2
A

C2
A

) 1
2

(4.18)

and in particular ρΨ < 1. Here the quantities CA and cA are again the matrix
bounds from (2.25) that satisfy

cA ‖v‖`2 ≤ ‖Av‖`2 ≤ CA ‖v‖`2 .

The next lemma tells us that we may use the iteration (4.16) to solve (4.6).

Lemma 4.22
Let u ∈ `2 be a fixed point of the operator S. Then u solves (4.6).

Proof. First note that because of Su = u we have that u ∈ K. The remaining
proof follows closely the proof of Theorem 4.8. Since u is the projection of
û = u + αΨ (f −Au) onto the set K, we get from Lemma 4.4 that

(u,v − u)`2 ≥ (û,v − u)`2 , ∀v ∈ K

= (u,v − u)`2 + αΨ (f −Au,v − u)`2 , ∀v ∈ K

m
αΨ (Au,v − u)`2 ≥ αΨ (f ,v − u)`2 , ∀v ∈ K.

So again because of αΨ > 0 we get the claim.

For a computable version of (4.16) we need the following routines that have
already been introduced in Subsection 2.2.7.

RHS[η, f ]→ fη

‖f − fη‖`2 ≤ η, (4.19)

APPLY[η,A,v]→ wη

‖Av −wη‖`2 ≤ η, (4.20)

COARSE[η,v]→ wη

‖v −wη‖`2 ≤ η. (4.21)

In the next subsection we will develop a computable version of the projection
defined in (4.17). This will be the major ingredient for the realization of a
implementable version of the adaptive iteration defined in (4.16).
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4.5.3. Adaptive Projection

If we want to use Algorithm 9 for the evaluation of the projection (4.17), we
have to consider the projection operator PK as a nonlinear function F . From
Lemma 4.5 we see that the projection operator satisfies the first assumption of
the RECOVERY BU scheme from (2.33) with Lipschitz function

LF (x) ≡ LF = 1.

Left to show is the locality of the projection operator defined in the second
Assumption (2.34), where we again focus solely on the elliptic Dirichlet obstacle
problem. For any subset O ⊆ Ω we need that

‖Fu‖Bs∞(L∞(O)) ≤ ‖u‖Br∞(L∞(O)) , for some r − s ≤ 2t.

This is according to Remark B.33 equivalent to

‖Fu‖Cs(O) ≤ ‖u‖Cr(O) , for some r − s ≤ 2t, (4.22)

where ‖·‖Cs(O) is the norm of the Hölder space Cs(O) from Definition B.32.

Recall that the parameter t is given by the space Ht(Ω) in which we consider
the projection to take place, i.e. K ⊂ V = Ht(Ω). The parameter s in (4.22)
controls the s∗-compressibility of the recovery scheme stated in (2.44). In order
to show (4.22) we will consider the V -projection F(û) = u = PK(û) as the
solution to the following equation: for some û ∈ V find u ∈ K such that

〈Au, v − u〉V ∗×V = a(u, v − u) (4.23)

= (u, v − u)V ≥ (û, v − u)V = 〈û, v − u〉V ∗×V ,∀v ∈ V.

Note that here A is the operator that corresponds to the inner product (·, ·)V
and that also the right-hand side is well-defined. Of course the “bilinear form”
a(u, v) = (u, v)V is elliptic. Continuing as in [KS80, Section 2.7], we write the
solution u of (4.23) as

u = û+ µ, (4.24)

where µ is a Radon measure on Ω with support on the contact set, i.e. supp (µ) ={
x ∈ Ω

∣∣ u(x) = 0
}

. As µ is nonnegative there is a nondecreasing function G
such that

G′ = µ

or
G(x) = µ([0, x]).

If we formally define Û ′ = û we can write (4.24) as

u = Û ′ +G′,

and then by [KS80, Theorem B.4, Section II.B] we get that for x ∈ Ω, ρ > 0
and Bρ = Bρ(x) =

{
y ∈ Ω

∣∣ |x− y| < ρ
}

there exists 0 < s < 1 such that

sup
y1,y2∈Bρ(x)∩Ω

|u(y1)− u(y2)|
|y1 − y2|s

. ‖Û +G‖0;Ω.
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We can restate the last expression as

‖u‖Cs(Bρ) = ‖F(u)‖Cs(Bρ) . ‖Û +G‖0;Ω. (4.25)

Unfortunately the bound (4.25) is not exactly (4.22) and this also means that
by this statement the s∗-compressibility is limited to s = 1. Nevertheless, this
is only a sufficient information. We will leave the assumption for Algorithm 10
unproved and resort to experiments. The next lemma shows the validity of the
second assumption for the other prediction scheme of Algorithm 15 for general
sets K.

Lemma 4.23 (Verification of [CDD04, Assumption 2] for the Projection)
The Ht(Ω)-projection onto the closed, convex and nonempty set K satisfies the
assumption of the RECOVERY scheme from [CDD04] for all γ ≤ 2t + 1/2.
This in turn ensures s∗-compressibility up to

s∗ = γ − 1/2 = min {d− 2 + t, 2t} . (4.26)

Proof. For the application of the prediction algorithm from [CDD04, Subsection
3.3] we need to verify that the coefficient vector

u = PKû

of the projection onto K
u = PKû

satisfies the estimate from (2.41). This reads in this case

|uλ| ≤ LF(‖û‖`2)︸ ︷︷ ︸
=1

sup
µ: supp (ψλ)∩supp (ψµ)6=∅

|ûµ|−γ(|λ|−|µ|) ,

for γ = d− 2 + t+ 1
2 = r+ t+ 1

2 . For the biorthogonal spline wavelets we know

from Lemma 2.11 that they have d̃ ≥ d vanishing moments. In order to use the
proof of [CDD04, Theorem 4.1] we start with

|uλ| =
∣∣∣(u, ψ̃λ)∣∣∣ = inf

P∈Pr

∣∣∣(u− P, ψ̃λ)∣∣∣
. |u|W r(L∞(supp (ψ̃λ))) 2−(r+t+ 1

2
)|λ|

= |PKû|W r(L∞(supp (ψ̃λ))) 2−(r+t+ 1
2

)|λ|

and then try to show

|PKû|W r(L∞(supp (ψ̃λ))) . |û|W r(L∞(supp (ψ̃λ))) (4.27)

for r = d−2. The case û ≡ 0 is trivial as then because of Lemma 4.5 we directly
get that PKû ≡ 0 and therefore uλ = 0, λ ∈ J . In order to demonstrate the
assumption we have to show that the involved constant is independent of û, λ.
We will prove (4.27) by contradiction. Therefore, we assume that there exists
û ∈ Ht and λ ∈ J such that for every c > 0 it holds that

|u|W r,∞(supp (ψ̃λ)) > c |û|W r(L∞(supp (ψ̃λ))) .
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This in contrary means that

ess sup
supp (ψ̃λ)

∂ru =∞,

or that ∂ru is not essentially bounded on supp (ψ̃λ). This however conflicts with
Lemma 4.5, where we stated that

‖u‖W t(L2(Ω)) = ‖u‖t;Ω ≤ ‖û‖t;Ω = ‖û‖W t(L2(Ω)) ,

so (4.27) holds at least for r ≤ t. In particular, that means for t = 1 we get
r ≤ 1 or d ≤ 3, hence in that case we can achieve the optimal rates for piecewise
linear and piecewise quadratic wavelets.

Ultimately, we want to get an algorithm that calculates the projection within
some prespecified error bound which we define next.

PROJECT[η, v̂]→ wη

‖PKv̂ −wη‖`2 ≤ η with wη ∈ K. (4.28)

The computational version for the routine PROJECT will be established as
follows. From Definition 4.1 we know that

‖v̂ −PKv̂‖`2 = min
g∈K
‖v̂ − g‖`2 , (4.29)

so we might be successful in solving the projection problem with a quadratic
program – just as in the finite-dimensional case. Starting from the squared
variant of (4.29) we get

min
g∈K
‖v̂ − g‖2`2 = min

g∈K
(v̂ − g, v̂ − g)`2

= min
g∈K

(g,g)`2 − 2 (v̂,g)`2 + (v̂, v̂)`2 ,

where we can ignore the constant term (v̂, v̂)`2 . That means we can find the
projection PKv̂ of v̂ by solving

PKv̂ = arg min
g∈K

gTg − 2v̂Tg, (4.30)

where we have as usual uTv = (u,v)`2 . In what follows, we will work out
the adaptive projection algorithm again only for the important example of the
homogeneous obstacle problem, i.e. we focus on the convex set

K =
{
v ∈ V

∣∣ v(x) ≥ 0 almost everywhere
}
.

The abbreviations T−1
loc and Tloc stands for the local reconstruction respectively

local decomposition operators, i.e. the change to the local scaling function
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representation.1 As we are working with preconditioned sequences u ∈ `2, we
fix the set K to vectors in `2 corresponding to the nonnegative functions by

K =
{

v ∈ `2
∣∣ (D−1v

)T
Ψ(x) ≥ 0

}
=
{

v ∈ `2
∣∣ (T−1

locD
−1v

)T
Φ(x) ≥ 0

}
.

In the second version the nonnegativity is easier to control as we can ex-
ploit the total positivity of the B-Splines from Remark 2.5 and just check(
T−1

locD
−1v

)
λ
≥ 0, ∀λ ∈ Ij≥j0 . We stress again that for general EVIs and

convex sets K this approach also works – the only thing left to construct is a
characterisation of the admissible set of wavelet coefficients K ⊂ `2, cf. Re-
mark 4.16, Remark 4.19. One problem of course still to solve is the connection
between the accuracy parameter η and the dimension of the set K. Here we
make use of a component of the recovery scheme, namely the PREDICTION
of Algorithm 10 or Algorithm 15. So we get a set Γ ⊂ Ij≥j0+1 and we know
that there exists a vector g with supp (g) = Γ such that

‖g −PKv̂‖`2 ≤ η.

Of course, we still have to compute the vector g. Therefore, we fix a finite-
dimensional set K̄η by

K̄η =
{

v ∈ `2(Γ)
∣∣∣ (T−1

locD
−1Tlocv

)T
Φ(x) ≥ 0

}
.

Now we arrive at a first computable projection algorithm. The actual computa-
tion of the approximated projection in (4.31) is discussed in Assumption 4.24.

Algorithm 20 PROJECT LSF[η, v̂]→ wη

1: Predict the set Γ of the support of wη with the PREDICTION from
Algorithm 10 or Algorithm 15

2: Calculate the function ṽ by reconstructing v̂ on Γ with Algorithm 11
3: Solve the quadratic program

min
v∈K̄η

vTv − 2ṽTv (4.31)

for wη, see also Assumption 4.24
4: return Tlocwη

Now Algorithm 20 exploits the sparseness in the vector v ∈ `2(Γ) but one
problem is that the constraint matrix T−1

locD
−1Tloc in general will be densely

populated and therefore totally destroys the complexity of this algorithm. Thus,
we will consider another projection algorithm which will work on the wavelet

1In contrast to the RECONSTRUCTION and DECOMPOSITION scheme in Algo-
rithm 11 or Algorithm 14, respectively, that are used within the recovery scheme, these
two operators preserve the support of the original function. They are used only for the
control of the nonnegativity.
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sequence v ∈ `2(Λ̂) instead of the local scaling function sequence v ∈ `2(Γ). Of
course, we can associate a (finite) index set Λ̂ ⊂ J to the set Γ ⊂ Ij≥j0+1 and
with this we define Kη by setting

Kη =
{

v ∈ `2(Λ̂)
∣∣∣ (T−1

locD
−1v

)T
Φ(x) ≥ 0

}
,

which also corresponds to nonnegative functions. The next adaptive projection
algorithm works on this set Kη.

Algorithm 21 PROJECT[η, v̂]→ wη

1: Predict the set Γ of the support of wη with the PREDICTION from
Algorithm 10 or Algorithm 15

2: Compute the set Λ̂ ⊂ J that corresponds to the functions that are sup-
ported on Γ ⊂ Ij≥j0

3: Calculate the function ṽ ∈ `2(Λ̂) that corresponds to v̂
4: Solve the quadratic program

min
u∈Kη

vTv − 2ṽTv (4.32)

for wη, see also Assumption 4.24
5: return wη

The advantage of Algorithm 21 is that it works on a sequence with the same
cardinality as Algorithm 20 but the constraint matrix T−1

locD
−1 is sparse and so

we arrive at a much better complexity. In Appendix D we have a look at the
complexity of Algorithm 21, which turns out to be O

(
N1.75

)
. Both adaptive

projection algorithms may be found in the source file lawa/project.h and are
called PROJECT_LSF and PROJECT. For the solution of the quadratic program
(4.32) we use an optimized interior-point method from [GW03]. For fallback
purposes in case Ooqp is not available, Lawa contains also an implementation
of that method in the file quadprog.h in the directory flensext/.

Unfortunately, before we can state the properties of both projection algorithms,
we have to make an important assumption concerning the actual calculation of
the coefficients of the approximated projection.

Assumption 4.24 (Computation of the approximated projection)
The projection of an element v̂ ∈ `2 is according to (4.30) given by

w = arg min
g∈K

gTg − 2v̂Tg. (4.33)

Strictly speaking, there are two sources of errors in the approximation of this
projection. The first one is the restriction to the finite support Λ̂ while the
second one arrises from the calculation of the coefficients gλ on that set Λ̂.
With the help of the PREDICTION algorithms we can control the first error
source. For the second error factor we face the problem that our approximations
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solve a quadratic program on the set Γ or Λ̂, respectively, rather than calculating
the projection restricted to the set, i.e. we substitute (4.30) by

wη = arg min
gη∈Kη

gTη gη − 2v̂Tgη. (4.34)

With supp (v̂) ⊆ Λ̂ we can split up the objective function and get

w = arg min
g∈K

gTg − 2v̂Tg = arg min
g∈K

∑
λ∈Λ̂

gλ(gλ − v̂λ) +
∑
µ/∈Λ̂

gµ(gµ − v̂µ)

= arg min
g∈K

∑
λ∈Λ̂

gλ(gλ − v̂λ) +
∑
µ/∈Λ̂

gµgµ︸︷︷︸
≥0

.

That means that the objective function cannot be decreased by choosing some
gµ 6= 0 for some µ /∈ Λ̂. By fixing all g

∣∣
J\Λ̂ ≡ 0 we are effectively reducing the

admissible set to Kη. However, by including some positive elements gµ /∈ Λ̂ and
slightly increasing the objective function it could possibly be that some global
miminum w is attained with supp (w) * Λ̂. So the main difference between
(4.33) and (4.34) is that the admissible set in (4.34) is slightly smaller. Of
course, as we have that the restrictions imposed by Kη converge to the restric-

tions imposed by K for η → 0, it also holds that wη
η→0−→ w. Therefore, we

assume for all further calculations that this error is negligible compared to the
first error source and that we make no additional error by using (4.34). Later
on in Subsection 4.5.4, we will experimentally validate this assumption.

We summarize the properties of our adaptive projection in the following lemma.

Lemma 4.25 (Error Estimate and Complexity of PROJECT)
Given the validity of Assumption 4.24, for every η > 0 the adaptive projection
of Algorithm 20 and Algorithm 21, respectively, computes an approximation wη

to PKv̂ that satisfies the error bound (4.28). The complexity of the support of
the output is linear in the input and satisfies

#Λ̂ . ‖u‖As η
−1/s,

with s from (4.25) or (4.26) depending on which prediction algorithm is used.
Moreover we have PKv̂ ∈ As with

‖PKv̂‖As . 1 + ‖v̂‖As .

The computational complexity is O
(
N1.75

)
.

Proof. The error bound for the approximation on the tree Kη follows from
[CDD04, Theorem 3.2] and [BU08] as indicated in Theorem 2.51 and Theo-
rem 2.53 given the validity of Assumption 4.24. The algorithmic complexity is
also obvious because, at least for the RECOVERY CDD scheme, the assump-
tions are satisfied. Finally, the analysis in Appendix D shows the computational
complexity. The comment from Remark 2.52 of course applies also to the error
bound (4.28).
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Remark 4.26
We will denote by PROJECT BU the variant of Algorithm 21 that uses the
prediction of Algorithm 10 from [BU08] and by PROJECT CDD the version
that builds upon Algorithm 15 from [CDD04].

4.5.4. Numerical Tests for PROJECT

We now test the approximation properties of Algorithm 21 for the biorthogonal
basis with d = d̃ = 2 constructed by the [DKU99] approach. As mentioned
above, the constraint matrix in Algorithm 20 is densely populated and there-
fore the algorithm is not applicable. The most important quantities we want to
measure are (4.28) and the number of output coefficients. Our test is inspired
by the virtue the projection appears in our adaptive algorithm (4.16). Thus,
we first sample the solutions of the Helmholtz obstacle problem from Subsec-
tion 5.1.2 at a maximal level of J = 18 resulting in a representation u. Then
for some given tolerances εj = 2−j/2, j ≥ 0, we first threshold u with Algo-
rithm 1 to get vεj . Now with vεj as input, we compute with Algorithm 2 and
Algorithm 3 the approximations fεj and wεj , resulting in an approximation rεj
of the residual

r = (f −Au).

Then according to the iteration (4.16) we form ûεj = vεj + αΨrεj with the
relaxation parameter αΨ corresponding to αΨ = cA

C2
A

and cA, CA from (2.25).

Finally we take ûεj as input of Algorithm 21 together with the tolerance εj to
get uεj . It is because of u is a fixed point of S that we can measure the `2-error
of the application of S by ∥∥u− uεj

∥∥
`2
.

In the following graphs, the quantity #Λ̂ denotes the cardinality of the vector
uεj . The slopes may be reproduced by the program slope_project.cc, which
is also a part of Lawa in the directory examples/. From the first two pictures
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Figure 4.1.: PROJECT BU, Helmholtz inequality (P1) and (P2)

in Figure 4.1 we can verify in the first place (although it is hard to spot) that
the error bound (4.28) is met. Of course, as uεj is the output of Algorithm 21,
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Figure 4.2.: PROJECT BU, Helmholtz inequality (P3) and (P4)

it also belongs to the convex set K. At a first glance, the suboptimal approxi-
mation rate of s = 1

2 seems like to contradict Lemma 4.25. The reason for the
error not decreasing with s = 1 is the same as it was in Chapter 2. As our
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Figure 4.3.: PROJECT BU, Helmholtz inequality (P5) and (P6)

implementation of the PREDICTION BU scheme was not able to achieve
the rate of s = 1 for the nonlinear evaluation in Subsection 2.3.2, it is not sur-
prising that also for this experiment we get the smaller rate of s = 1

2 . Also for
the next two examples in Figure 4.2, of which (P4) already contains the first
singular solution, the error bound is met and the approximation rate of s = 1

2
is as expected. Finally, we got the same results in Figure 4.3 displaying the last
two examples (P5) and (P6). Let us at this point stress that the suboptimal
approximation rate of s = 1

2 for the approximate application of S may only
affect the complexity of our adaptive algorithm. The convergence will not be
influenced as we see in the next subsection.

We end this paragraph with conducting the same tests for the other type of pro-
jection named PROJECT CDD, again for the [DKU99] interval wavelet basis
with parameters d = d̃ = 2. From the first two pictures in Figure 4.4 and Fig-
ure 4.5 we can confirm that the tolerance εj is met. From the next two graphs
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Figure 4.4.: PROJECT CDD, Helmholtz inequality (P1)
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Figure 4.5.: PROJECT CDD, Helmholtz inequality (P2)
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Figure 4.6.: PROJECT CDD, Helmholtz inequality (P3)

in Figure 4.6 and Figure 4.7 we can again verify this property. More important,
we can observe in all error slopes for PROJECT CDD that the convergence
rate is now given by s∗ = 1 and that this rate is actually exceeded in most
examples. Lastly, it is the case in Figure 4.8 and Figure 4.9 like in the other
examples, that the complexity of solving the quadratic program (4.32) is in the

95



4. Adaptive Wavelet Solution to Variational Inequalities

0.001

0.01

0.1

1

10

10 100 1000

#Λ̂

PROJECT CDD slope for the Helmholtz problem (P4)

s22 = 1.26242

εj∥∥u− uεj
∥∥
`2

0.0001

0.001

0.01

0.1

1

10 100 1000

se
co

n
d
s

#Λ̂

PROJECT CDD wall-time for the Helmholtz problem (P4)

complexity O
(
N1.56327

)

wall-time for solving the quadratic program

Figure 4.7.: PROJECT CDD, Helmholtz inequality (P4)
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Figure 4.8.: PROJECT CDD, Helmholtz inequality (P5)
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Figure 4.9.: PROJECT CDD, Helmholtz inequality (P6)

range O(N1.37) – O(N1.57) and therefore a little bit superior than we found in
our analysis from Appendix D. Still this is suboptimal as the adaptive wavelet
algorithms for equations from Chapter 2 have complexity O(N), but given the
absolute wall-clock times for the projection, that hardly exceed 10 seconds, this
should be negligible. We stress that with wall-time we measured only the time
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necessary for solving the quadratic program – additional computing time is of
course necessary for the whole projection such as the prediction step and the
setup of the constraint matrix. However these tasks are already known to have
optimal complexity in the case of the prediction or may be viewed as a kind
of post-processing for the setup of the constraint matrix, where in principle all
relevant entries are known a-priori.

We also want to mention that (at least for the examples from Subsection 5.1.2)
the Assumption 4.24 was valid.

4.5.5. EVISOLVE

Now we have all ingredients for a completely computable variant of (4.16). The
design of the method draws heavily on the adaptive wavelet algorithm developed
in [CDD02]. Fixing the constant

K = min

{
` ∈ N

∣∣ ((1 + 2αΨ) `+ ρΨ) ρ`−1
Ψ ≤ 1

10

}
,

with αΨ and ρΨ from Subsection 4.5.2 we arrive at the next algorithm (where
we write α and ρ instead of αΨ and ρΨ).

Algorithm 22 EVISOLVE[ε,A, f ]→ u(ε)

1: Initialize u0
Λ = 0, ε0 = c−1

A ‖f‖`2 , j = 0
2: while εj > ε do

3: v0 = ujΛ
4: for ` = 0, . . . ,K − 1 do
5: RHS[ρ`εj , f ]→ f`
6: APPLY[ρ`εj ,A,v`]→ w`

7: v̂`+1 = v` + α (f` −w`)
8: PROJECT[ρ`εj , v̂`+1]→ v`+1

9: end for
10: COARSE[ 4

10εj ,vK ]→ uj+1
Λ

11: εj+1 = εj/2
12: j → j + 1
13: end while
14: return u(ε) = ujΛ

Then we have

Proposition 4.27
The iterates ujΛ of Algorithm 22 EVISOLVE satisfy∥∥u− ujΛ

∥∥
`2
≤ εj

where εj = 2−jε0.
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Proof. Clearly, from

cA ‖u‖`2 ≤ ‖Au‖`2 ≤ CA ‖u‖`2

and the stability estimate (4.3) we have that

∥∥u− u0
Λ

∥∥
`2

= ‖u‖`2 ≤ c
−1
A ‖f‖`2 = ε0. (4.35)

Now we suppose that for some j ≥ 0 we have that
∥∥u − ujΛ

∥∥
`2
≤ εj . If we

denote by uj(v) the exact iterates from (4.16) with initial guess v we get

∥∥∥v`+1 − u`+1(ujΛ)
∥∥∥
`2

=
∥∥∥v`+1 −PK

(
u`(ujΛ) + α

(
f −Au`(ujΛ)

))∥∥∥
`2

=
∥∥v`+1 −PK (v` + α (f` −w`)) + PK (v` + α (f` −w`))

−PK

(
u`(ujΛ) + α

(
f −Au`(ujΛ)

))∥∥
`2

≤ ‖v`+1 −PK (v` + α (f` −w`))‖`2
+
∥∥∥PK (v` + α (f` −w`))−PK

(
u`(ujΛ) + α

(
f −Au`(ujΛ)

))∥∥∥
`2

properties of PROJECT
≤ η` +

∥∥∥PK (v` + α (f` −w`))−PK

(
u`(ujΛ) + α

(
f −Au`(ujΛ)

))∥∥∥
`2

PK is non-expansive
≤ η` +

∥∥∥(v` + α (f` −w`))−
(
u`(ujΛ) + α

(
f −Au`(ujΛ)

))∥∥∥
`2

= η` +
∥∥∥v` − u`(ujΛ) + α (f` − f) + α

(
Au`(ujΛ)−w`

)∥∥∥
`2

= η` +
∥∥∥v` − u`(ujΛ) + α (f` − f) + α

(
Au`(ujΛ)−Av`

)
+ α (Av` −w`)

∥∥∥
`2

= η` +
∥∥∥(I− αA)

(
v` − u`(ujΛ)

)
+ α (f` − f) + α (Av` −w`)

∥∥∥
`2

≤ η` + ρ
∥∥∥v` − u`(ujΛ)

∥∥∥
`2

+ α ‖f` − f‖`2 + α ‖Av` −w`‖`2

= ρ
∥∥∥v` − u`(ujΛ)

∥∥∥
`2

+ η` (1 + 2α)

≤ ρ`
∥∥∥v0 − u0(ujΛ)

∥∥∥
`2

+ (1 + 2α)
∑̀
k=0

ηkρ
`−k = (1 + 2α)

∑̀
k=0

ηkρ
`−k,

with η` = ρ`εj . Furthermore, with the definition of η` we conclude that

∥∥∥vK − uK(ujΛ)
∥∥∥
`2
≤ (1 + 2α)

K−1∑
k=0

ηkρ
K−1−k = (1 + 2α)

K−1∑
k=0

ρkεjρ
K−1−k

= (1 + 2α)KρK−1εj .
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Therefore we obtain

‖vK − u‖`2 ≤
∥∥∥vK − uK(ujΛ)

∥∥∥
`2

+
∥∥∥uK(ujΛ)− u

∥∥∥
`2

≤
∥∥∥vK − uK(ujΛ)

∥∥∥
`2

+ ρK
∥∥∥ujΛ − u

∥∥∥
`2

≤
∥∥∥vK − uK(ujΛ)

∥∥∥
`2

+ ρKεj

≤ ((1 + 2α)K + ρ) ρK−1εj
definition of K

≤ 1

10
εj .

Finally with the properties of COARSE we arrive at∥∥∥u− uj+1
Λ

∥∥∥
`2
≤ ‖u− vK‖`2 +

∥∥∥vK − uj+1
Λ

∥∥∥
`2
≤ 1

10
εj +

4

10
εj =

εj
2
,

which concludes the proof.

Remark 4.28 (Starting value of EVISOLVE)
In the first line of Algorithm 22 we have quietly assumed that 0 ∈ K. This
assumption was then also used in (4.35) for bounding the initial error. If that
is however not the case, one has to use here another estimate depending on the
actual inequality.

As in [CDD02], another remark is imminent.

Remark 4.29
The constant K in the inner loop of Algorithm 22 could be potentially too large.
But in the case of the projected Richardson iteration, it is not possible to use
the approximate residuals w`− f` as an indicator for the distance ‖u− v`‖`2 as
it is proposed in [CDD02, Section 4]. Of course we could exit the inner loop in
advance if we can guarantee that

‖u− v`‖`2 ≤
1

10
εj . (4.36)

We will take three approaches for this issue later on. First, for testing our
adaptive algorithm in Subsection 5.4.1 we will use the exact solution in (4.36)
for leaving the inner loop. Of course, this is not an option in a real-world
application. For the elliptic obstacle problem, because of (4.5c) and as motivated
in Subsection 5.2.1, we can try to use the quantity

r =
∣∣∣ (v`,Av` − f)`2

∣∣∣
respectively its approximation

r =
∣∣∣ (v`,Av` −w` + w` − f + f` − f`)`2

∣∣∣
=
∣∣∣ (v`, (Av` −w`) + w` + (f` − f)− f`)`2

∣∣∣
≤
∣∣∣ (v`,Av` −w`)`2

∣∣∣+
∣∣∣ (v`, f` − f)`2

∣∣∣+
∣∣∣ (v`,w` − f`)`2

∣∣∣
≤‖v`‖`2η + ‖v`‖`2η +

∣∣∣ (v`,w` − f`)`2

∣∣∣
=2‖v`‖`2η +

∣∣∣ (v`,w` − f`)`2

∣∣∣, (4.37)
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whose components are computed anyway in each inner iteration. This variant
will be analyzed in Subsection 5.4.2. We will also conduct experiments using
the simplified variant of (4.37)

r =
∣∣∣ (v`,w` − f`)`2

∣∣∣, (4.38)

in Subsection 5.4.3.

Remark 4.30
Another important observation is that the new iterate in the inner loop v`+1

is maybe not the best approximation from the linear space Λ`+1 = supp (v`+1).
Therefore, a few iterations of Algorithm 18 should decrease the number of inner
loop iterations substantially as it was also the case for ELLSOLVE.

We continue this section with the discussion of the convergence rate of Algo-
rithm 22. The next proposition from [CDD01] relates the error made in the
coarsening step to the number of degrees of freedom.

Proposition 4.31
For any threshold η > 0 we have that the output w = COARSE[η,v] satisfies
‖w‖As ≤ ‖v‖As. Now we additionally assume that for some s > 0 we have
u ∈ As. If it holds for a tolerance 0 < η < ‖u‖`2 and an approximation v ∈ `2
of u that

‖u− v‖`2 ≤
η

5
,

we get for the output w ∈ `2 of COARSE[4η/5,v] that

‖u−w‖`2 ≤ η

and:

1. The cardinality of Λ = supp (w) is bounded by

#Λ . ‖u‖As η
−1/s,

2. it holds
‖u−w‖`2 . ‖u‖As (#Λ)−s ,

3. and
‖w‖As . ‖u‖As .

Proof. [CDD01].

Next we look under which conditions our algorithm EVISOLVE[ε,A, f ] ex-
hibits asymptotically optimal complexity, i.e. if the solution u admits a best
N -term approximation which converges with rate N−s for some s > 0 we ask
the question: under which circumstances does the output u(ε) of EVISOLVE
involve only the order of ε−1/s coefficients and how many floating point opera-
tions are necessary to compute these?
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The complexity of the output of the algorithms APPLY and RHS has been
shown in [CDD01] to be of O(η−1/s), which we had also recalled in Subsec-
tion 2.2.7. For the algorithm PROJECT we used the prediction algorithm
of the nonlinear evaluation scheme from Algorithm 10 or Algorithm 15, re-
spectively, which also was shown to have this complexity. Finally, in order to
calculate the projection on the specific set, the quadratic program then has
O(N) coefficients and O(N) inequality constraints. We can note that the car-
dinality of the output of PROJECT is therefore of order O(η−1/s) in the
input which was the output of APPLY and RHS, so the cardinality is overall
O(η−1/s). Unfortunately, the amount of arithmetic operations needed to solve
the quadratic program was according to the complexity analysis in Appendix D
of order O

(
N1.75

)
and therefore clearly suboptimal. On the other hand, and

recalling the results from Subsection 4.5.4, the wall-clock time of the projec-
tion step was in all applications nearly of the same order as the time needed
to call APPLY and RHS. Nevertheless we summarize in the next theorem
the convergence, the asymptotically optimal algorithmic complexity and the
suboptimal computational complexity of Algorithm 22.

Theorem 4.32 (Convergence and Complexity of EVISOLVE)
Assume that (4.18) holds. Under the assumptions on APPLY, RHS, COARSE
and PROJECT for any target accuracy ε > 0 we have that EVISOLVE de-
termines an approximate solution u(ε) of (4.6) after a finite number of steps
such that

‖u− u(ε)‖`2 ≤ ε.

Moreover, if the routines APPLY and PROJECT are s∗-compressible for
some s∗ > 0 and if the solution u of (4.6) has a convergence rate s < s∗ of its
best N -term approximation, then the following statements hold:

1. The support of u(ε) is bounded by

#Λ(ε) = # supp (u(ε)) . ‖u‖1/sAs ε
−1/s.

2. We have

‖u(ε)‖As . ‖u‖As .

3. The number of floating point operations needed to compute u(ε) is bounded
by O(ε−1.75/s) arithmetic and sort operations.

Proof. The first statement follows from Proposition 4.27. Now we assume that
the error of the best N -term approximation of u is smaller than CN−s for some
constant C > 0 and some 0 < s < s∗. Then we have that u ∈ As and because of
[CDD02, Remark 5.5] every s∗-compressible matrix defines a bounded mapping
on As, thus it holds that

‖f‖As . ‖u‖As .

Therefore, we only have to show that for j ∈ N the iterates ujΛ satisfy 1.–3.

with ε > 0, u(ε), Λ(ε) replaced by εj , ujΛ and Λj . Of course this holds for j = 0.
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4. Adaptive Wavelet Solution to Variational Inequalities

Now suppose that the statements 1.–3. are true for some j ≥ 0. Then we get
that the application of RHS in Algorithm 22 requires

NRHS
j .

(
K∑
`=0

ρ−`/s

)
‖f‖1/sAs ε

−1/s

floating point and sorting operations. A similar statement holds true for the
approximate matrix-vector multiplication

NAPPLY
j .

(
K∑
`=0

ρ−`/s
(
‖v`‖

1/s
As + # supp

(
v`
)))

ε
−1/s
j .

Lastly, the numberNPROJECT
j of flops for PROJECT are bounded byO(ε−1.75/s)

and govern the complexity of the whole scheme. Since for w = PROJECT[η,v]
we have that

‖w‖As . ‖v‖As

and by the virtue of the inner loop in EVISOLVE it follows that

‖v`+1‖As . ‖v` + α (w` − f`) ‖As ≤ ‖v`‖As + α (‖w`‖As + ‖f`‖As)
. ‖f‖As + ‖v`‖As .

Since K is finite, we conclude that

max
`≤K
‖v`‖As . ‖f‖As + ‖ujΛ‖As . ‖f‖As + ‖u‖As ,

where we have used 2. as the induction assumption. In summary, we obtain

NRHS
j , NAPPLY

j . (‖f‖As + ‖u‖As) ε−1/s
j ,

NPROJECT
j . (‖f‖As + ‖u‖As) ε−1.75/s

j .

We conclude that also the supports of the inner iterates stay controlled accord-
ing to

# supp
(
v`
)
. (‖f‖As + ‖u‖As) ε−1/s

j , ` ≤ K.

Recall now that after at most K inner iterations of EVISOLVE we apply
COARSE on vK to get uj+1

Λ . For this we have

‖uj+1
Λ ‖As . ‖u‖As

as well as

#Λj+1 = # supp
(
uj+1

Λ

)
. ‖u‖1/sAs ε

−1/s
j+1 .

Because the reduction caused by the coarsening step is of constant order this
concludes the proof.
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4.5. Adaptive Methods for EVIs

4.5.6. S-ADWAV-EVISOLVE

Inspired by [BK06], we also propose a simplified variant of our adaptive solver
for the elliptic inequality (4.6), which also works with a security zone C. The
fundamental difference to Algorithm 8 is that we cannot use the residual r∂Λj =
f∂Λj −A∂Λj×Λju

j on some set ∂Λj for the estimation of the error ‖u − uj‖`2
simply because for the elliptic inequality this term does not converge to zero as

uj
j→∞−→ u. Therefore we take a different heuristic approach for this issue.

Remark 4.33 (Error estimation for S-ADWAV-EVISOLVE)
From Remark 5.2 we know, at least for homogeneous elliptic inequalities that
are driven by a self-adjoint operator A, that the error bound

1

2
‖u− uΛ‖a ≤

√
|Π(u)−Π(uΛ)|

is valid. Furthermore, as the energy norm is equivalent to the ‖ · ‖`2-norm, we
have also

1

2
‖u− uΛ‖`2 .

√
|Π(u)−Π(uΛ)|,

where

Π(uΛ) =
1

2
uTΛAΛ×ΛuΛ − fTΛ uΛ.

That means, given the optimal value of the energy functional Π(u), we have an
error estimator. Unfortunately, for a general u this value is not known. Our
approach is now to estimate this value from the values of the approximations
uΛ and use an extrapolation for the calculation of Π̂(uΛ) ≈ Π(u). If it holds
then that Π̂(uΛ) converges faster to Π(u) than uΛ converges to u, the quantity

√∣∣∣Π̂(uΛ)−Π(uΛ)
∣∣∣

will be a reliable error estimator.

We now shortly describe the extrapolation technique.

Algorithm 23 EXTRAPOLATE[uΛ]→ Π̂(uΛ)

1: Store the value Π(uΛ)
2: Extrapolate Π̂(uΛ) = Π(uΛ̂) where # supp

(
uΛ̂

)
= 2 ·# supp (uΛ)

3: return Π̂(uΛ)

For the example calculations in Section 5.5 we use a linear polynomial extra-
polation as described in [PTVF07, Section 3.2].
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4. Adaptive Wavelet Solution to Variational Inequalities

Algorithm 24 S-ADWAV-EVISOLVE[ε,A, f ]→ u(ε)

1: Initialization j = 1, u0 = 0, Λ0 = Ij0 , tolGALSOLVE = 1e− 8
2: repeat
3: v =PRICHARDSON[Λj ,AΛj×Λj ,u

j−1, fΛj , tolGALSOLVE]
4: w =COARSE[toloff,v]
5: Λj = supp (w)
6: uj = PRICHARDSON[Λj ,AΛj×Λj ,w, fΛj , tolGALSOLVE]

7: Π̂(uj) =EXTRAPOLATE[uj ]
8: Π(uj) = 1

2

(
uj ,AΛj×Λju

j
)
`2
−
(
fΛj ,u

j
)
`2

9: εj = 2
√∣∣Π̂(uj)−Π(uj)

∣∣
10: ∂Λj = C(Λj , c)
11: r∂Λj = f∂Λj −A∂Λj×Λju

j

12: Λj+1 = Λj ∪ supp
(
COARSE [tolon, r∂Λj ]

)
13: until εj < ε

A few comments on Algorithm 24 are in line. The first difference between
the simplified solver for equations from Algorithm 8 and its counterpart for the
inequality is that we have to make an additional call to the Galerkin solver in line
6 because there is no guarantee that the thresholded vector w is an element of
the convex set K. The next part of the algorithm consists of the error estimation
as described Remark 4.33. Finally we have to decide how new coefficients are
added to the set Λ. Here we resort to the approach from Algorithm 8, although
there will be large coefficients in r∂Λj that do not correspond to significant
coefficients of the solution u. For example, in the homogeneous elliptic obstacle
problem this is the case for regions in Ω where u ≡ 0. However, these coefficients
are erased right after the next call to the Galerkin solver. In that way, our
simplified adaptive algorithm iterates until the estimated error is smaller than
the target accuracy ε. Likewise than in the case for the simplified adaptive solver
for the elliptic equation, it is not obvious how a rigorous convergence proof for
this algorithm may be established. Algorithm 24 might be optimized even
further if the accuracy tolGALSOLVE is adapted to the current approximation
error εj .

4.6. Adaptive Methods for PVIs

Inspired by [SS09] we also propose some elements for an adaptive wavelet
method for the parabolic variational inequality from (4.7), which occurs in the
pricing problem for American options that we will meet later on in Chapter 6.

4.6.1. Reformulation as an Operator Inequality

We only consider a subclass of the parabolic inequality that is driven by an
elliptic operator A and has homogeneous initial data. Recall that then (4.7) is:
find u : [0, T ]→ V such that u(t) ∈ K for almost every t ∈ [0, T ] with u(0) = 0
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4.6. Adaptive Methods for PVIs

and

〈∂tu+A[u](t), v − u(t)〉V ∗×V ≥ 〈f(t), v − u(t)〉V ∗×V ,
∀v ∈ K and for almost every t ∈ [0, T ],

(4.39)

which we had defined on the Gelfand triple V ↪→ H ↪→ V ∗ from Definition B.16.
We will work out the appropriate variational formulation and start with defining

V =
{
u
∣∣ u ∈ L2([0, T ];V ), ∂tu ∈ L2([0, T ];V ∗)

}
. (4.40)

Provided with the norm

‖u‖V =
(
‖u‖2L2([0,T ];V ) + ‖∂tu‖2L2([0,T ];V ∗)

) 1
2

we have that V is a Hilbert space, see [DL00, Chapter XVIII, Proposition 6].
Next we define

W =
{
w
∣∣ w ∈ L2([0, T ];V )

}
(4.41)

which is also a Hilbert space for the norm

‖v‖W = ‖v‖2L2([0,T ];V )

and where it is easy to see that V ( W. In order to incorporate the initial
condition u(0) = 0, we will use the subspace

V0 =
{
u ∈ V

∣∣ u(0) = 0
}
. (4.42)

Furthermore, we need subspaces of V0 and W that incorporate the set K:

KV0 =
{
u ∈ V0

∣∣ u(t) ∈ K a.e. in [0, T ]
}
,

KW =
{
v ∈ W

∣∣ v(t) ∈ K a.e. in [0, T ]
}
.

Now we define the bilinear form b : V0 ×W → R by setting

b(u, v) =

∫ T

0
〈∂tu+A[u](t), v(t)〉V ∗×V dt.

To the form b(·, ·) we can associate the operator B ∈ L(V0,W∗) by setting
〈Bu, v〉W∗×W = b(u, v) and the right-hand side g :W → R is defined as

g(v) =

∫ T

0
〈f(t), v(t)〉V ∗×V dt

so that we have g ∈ W∗. For the operator B, we can show an important lemma.

Lemma 4.34
The operator B is boundedly invertible.

105



4. Adaptive Wavelet Solution to Variational Inequalities

Proof. For proving this lemma we follow closely the proof of [SS09, Theorem
5.1]. By [Bra01, Theorem 3.6] the operatorB ∈ L(V0,W∗) with 〈Bu, v〉W∗×W =
b(u, v) is boundedly invertible if we can show the three conditions

(continuity) C1,b = sup
06=u∈V0,06=v∈W

|b(u, v)|
‖u‖V‖v‖W

<∞, (4.43)

(inf − sup condition)
1

C2,b
= inf

06=u∈V0

sup
06=v∈W

b(u, v)

‖u‖V‖v‖W
> 0, (4.44)

(surjectivity) ∀0 6= v ∈ W, sup
06=u∈V0

‖b(u, v)‖ > 0 (4.45)

and then we have ‖B‖V0→W∗ = C1,b and
∥∥B−1

∥∥
W∗→V0

= C2,b. From the

continuity of a(·, ·) we deduce that

|b(u, v)| =
∣∣∣∣∫ T

0
〈∂tu+A[u](t), v(t)〉V ∗×V dt

∣∣∣∣
≤
∫ T

0

∣∣〈∂tu+A[u](t), v(t)〉V ∗×V
∣∣ dt

≤
∫ T

0

∣∣〈∂tu, v(t)〉V ∗×V
∣∣+
∣∣〈A[u](t), v(t)〉V ∗×V

∣∣ dt
≤
∫ T

0
‖∂tu‖V ∗ ‖v(t)‖V + C1 ‖u(t)‖V ‖v(t)‖V dt

≤
(∫ T

0
‖∂tu‖2V ∗ dt

)1/2(∫ T

0
‖v(t)‖2V dt

)1/2

+

(
C2

1

∫ T

0
‖u(t)‖2V dt

)1/2(∫ T

0
‖v(t)‖2V dt

)1/2

≤
√

2 max(1, C2
1 ) ‖u‖V ‖v‖W , ∀u ∈ V, v ∈ W,

where C1 and C2 denote the continuity and coercivity constant of a(·, ·). Now
for 0 6= u ∈ V0 we define zu(t) = [(A∗)−1∂tu](t), where A∗ is the adjoint
of A which possesses the same continuity and coercivity constants, and set
v(t) = zu(t) + u(t). From the boundedness of (A∗)−1 we get that

‖v‖W = ‖zu + u‖W =
∥∥(A∗)−1∂tu+ u

∥∥
W

≤
∥∥(A∗)−1∂tu

∥∥
W + ‖u‖W =

(∫ T

0

∥∥(A∗)−1∂tu
∥∥2

V
dt

)1/2

+ ‖u‖W

≤ C−1
2

(∫ T

0
‖∂tu‖2V ∗ dt

)1/2

+ ‖u‖W

≤ C−1
2 ‖∂tu‖V + ‖u‖V ≤

√
2 max(C−2

2 , 1) ‖u‖V .

Now again from continuity and coercivity we find that

〈∂tu(t), zu(t)〉V ∗×V = 〈[A∗zu](t), zu(t)〉V ∗×V = a(zu(t), zu(t)) ≥ C2 ‖zu(t)‖2V

≥ C2

C2
1

‖∂tu(t)‖2V ∗ .
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By

a(u(t), zu(t)) =
〈
A[u](t), [(A∗)−1∂tu](t)

〉
V ∗×V

=
〈
u(t), A∗[[(A∗)−1∂tu]](t)

〉
V ∗×V = 〈u(t), ∂tu(t)〉V ∗×V

and
〈∂tu(t), u(t)〉V ∗×V + 〈u(t), ∂tu(t)〉V×V ∗ = ∂t (u(t), u(t))H

we finally get

b(u, v) = b(u, zu + u) =

∫ T

0
〈∂tu(t), zu(t) + u(t)〉V ∗×V + a(u(t), zu(t) + u(t)) dt

=

∫ T

0
〈∂tu(t), zu(t)〉V ∗×V + 〈∂tu(t), u(t)〉V ∗×V + a(u(t), zu(t)) + a(u(t), u(t)) dt

≥
∫ T

0

C1

C2
2

‖∂tu(t)‖2V ∗ + ∂t (u(t), u(t))H + C1 ‖u(t)‖2V dt

=

∫ T

0

C1

C2
2

‖∂tu(t)‖2V ∗ + C1 ‖u(t)‖2V dt+
1

2
‖u(T )‖2V︸ ︷︷ ︸
≥0

− 1

2
‖u(0)‖2V︸ ︷︷ ︸

=0

≥ min

(
C2

C2
1

, C1

)
‖u‖2V ≥

min
(
C2

C2
1
, C2

)
√

2 max(C−2
2 , 1)

‖u‖V ‖v‖W .

Because u ∈ V0 was arbitrary, we have

1

C2,b
≥

min(C2

C2
1
, C2)√

2 max(C−2
2 , 1)

.

Last to show is the surjectivity. Again as in [SS09] let {φi, i ∈ N} be a basis for
V and let Vn denote the span of {φi, i = 1, . . . , n}. For v ∈ W and n ∈ N we

have to find zn(t) =
∑n

i=1 z
(n)
i (t)φi such that

〈∂tzn(t), ζn〉V ∗×V + a(zn(t), ζn) = a(v(t), ζn),

zn(0) = 0, ∀ζn ∈ Vn
(4.46)

and t ∈ [0, T ] almost everywhere. We can rewrite (4.46) as

Mn∂tzn(t) + Anzn(t) = fn(t),

zn(0) = 0,
(4.47)

where Mn
i,j = (φj , φi)H , An

i,j = a(φj , φi) and fni = a(v(t), φi). This sys-
tem of ODEs has a unique solution. We have zn ∈ C([0, T ];Vn) and ∂tzn ∈
L2([0, T ];Vn). If we can show that the sequence (zn)n∈N is bounded in L2([0, T ];V )
we can extract a weakly convergent subsequence. Thus by inserting ζn = zn in
(4.46), integrating over t we get at∫ T

0
〈∂tzn(t), zn(t)〉V ∗×V + a(zn(t), zn(t)) dt =

∫ T

0
a(v(t), zn(t)) dt
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and so by [Růž04, Lemma 3.36]

‖zn(T )‖2H + 2

∫ T

0
a(zn(t), zn(t)) dt = 2

∫ T

0
a(v(t), zn(t)) dt.

We get from the boundedness and coercivity of a(·, ·) that for all ε > 0

2C2

∫ T

0
‖zn(t)‖2V dt ≤ 2

∫ T

0
a(zn(t), zn(t)) dt

≤ 2

∫ T

0
a(v(t), zn(t)) dt ≤ 2C1

∫ T

0
‖v(t)‖V ‖zn(t)‖V dt

≤ C1

(
ε

∫ T

0
‖zn(t)‖2V dt+ ε−1

∫ T

0
‖v(t)‖2V dt

)
.

If we specifically choose ε = C2/C1 we obtain that

‖zn‖2L2([0,T ];V ) ≤
C2

1

C2
2

‖v‖2L2([0,T ];V ) . (4.48)

For any function ϕ ∈ C1([0, T ]) with ϕ(T ) = 0 we have by (4.46) that∫ T

0
〈∂tzn(t), φi〉V ∗×V ϕ(t) dt =

∫ T

0
a(v(t)− zn(t), φi)ϕ(t) dt,

and by integration by parts

−
∫ T

0
(zn(t), φi)0;Ω ∂tϕ(t) dt

= (zn(0), φi)0;Ω︸ ︷︷ ︸
=0

+

∫ T

0
a(v(t)− zn(t), φi)ϕ(t) dt.

(4.49)

Because of the boundedness of zn inW shown in (4.48), it has a weakly conver-
gent subsequence that converges to some z ∈ W which we also denote by zn. If
we now take the limits in (4.49) we obtain

−
∫ T

0
(z(t), φi)0;Ω ∂tϕ(t) dt =

∫ T

0
a(v(t)− z(t), φi)ϕ(t) dt (4.50)

for all i ∈ N. The last equation is of course valid for all test functions ϕ ∈
D([0, T ]) and we have that ∂tz ∈ D∗([0, T ];V ) ↪→ D∗([0, T ];V ∗) satisfies

〈∂z(ϕ), φi〉V ∗×V =

〈∫ T

0
A[v − z](t)ϕ(t) dt, φi

〉
V ∗×V

or
∂tz(t) = A[v − z](t) in D∗([0, T ];V ∗).

Because of v − z ∈ W and A : V → V ∗ is bounded, we conclude that ∂tz ∈
L2([0, T ];V ∗) and thus z ∈ V0. Therefore we can integrate by parts

−
∫ T

0
(z(t), φi)0;Ω ∂tϕ(t) dt = − (z(0), φi)0;Ω ϕ(0)︸ ︷︷ ︸

=0

+

∫ T

0
〈∂tz(t), φi〉ϕ(t) dt
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and insert this into (4.50) to get (since D([0, T ])× V is dense in W)∫ T

0
〈∂tz(t) +A[z](t), φi〉 dt =

∫ T

0
a(v(t), φi) dt,

and so

b(z, v) =

∫ T

0
〈∂tz(t) +A[z](t), v(t)〉 dt

=

∫ T

0
a(v(t), v(t)) dt ≥ C2 ‖v‖2W > 0,

as v 6= 0. Therefore we have shown surjectivity which yields the claim.

By [GLT81, Section 6.2], we can integrate (4.39) in order to get the problem:
find u ∈ KV0 such that∫ T

0
〈∂tu(t) +A[u](t), v(t)− u(t)〉V ∗×V dt

≥
∫ T

0
〈f(t), v(t)− u(t)〉V ∗×V , ∀v ∈ KW .

(4.51)

Of course that is exactly the inequality with our form b(·, ·) and the functional
g(·): find u ∈ KV0 such that

b(u, v − u) ≥ g(v − u), ∀v ∈ KW . (4.52)

Remark 4.35
Under the supplementary conditions

• ∂tf ∈ L2(0, T ;V ∗) and

• f(0)−A[u0] = f(0) ∈ H

it follows from [GLT81, Section 6.2] that a solution of (4.52) is also a solution
for (4.39).

We just state an existence and uniqueness result for (4.52).

Lemma 4.36
For all g(·) ∈ W∗ the inequality (4.52) admits a unique solution u ∈ KV0.

Proof. [GLT81, Theorem 2.2, Section 6.2].

4.6.2. Formulation as a Bi-infinite Inequality in Wavelet Space

Continuing the way from [SS09], we now transfer the problem (4.52) into its
corresponding form in wavelet space. For that we need to construct wavelet
bases for V0 and W. As in [SS09], we use the fact that

V0 = (L2(0, T )⊗ V ) ∩ (H1
0,∗(0, T )⊗ V ∗) and W = (L2(0, T )⊗ V ),
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where H1
0,∗(0, T ) is the subspace of H1(0, T )-functions that have one-sided ho-

mogeneous Dirichlet conditions at t = 0. For the discretization we use two
wavelet bases

Ψt =
{
ψtλ
∣∣ λ ∈ J t} ⊂ H1

0,∗(0, T ),

Ψx =
{
ψxµ
∣∣ µ ∈ J x} ⊂ V.

We assume Ψt is normalized in L2(0, T ) and, properly scaled, is a Riesz in
H1(0, T ) and that Ψx is normalized in H, and properly scaled is a Riesz basis
for V or V ∗. Then we get that Ψt ⊗Ψx normalized in V0 ψtλ(t)ψxµ(x)√∥∥ψxµ∥∥2

V
+
∥∥ψtλ∥∥H1(0,T )

∥∥ψxµ∥∥V ∗
∣∣∣∣∣ (λ, µ) ∈ J t × J x


is a Riesz basis for V0 and that Ψt ⊗Ψx normalized in W{

ψtλ(t)ψxµ(x)∥∥ψxµ∥∥V
∣∣∣∣∣ (λ, µ) ∈ J t × J x

}
is a Riesz basis for W. Now we can insert our properly scaled basis into the
equation (4.52) and arrive at the problem: find u ∈ KV0 such that

(Bu,v − u) ≥ (g,v − u) , ∀v ∈ KW. (4.53)

In what follows, [Ψ]X will denote the basis Ψ for X normalized in X and bold-
faced letters denote as always the wavelet coordinates of functions. The vector
u represents the function u(t, x) = uT (

[
Ψt ⊗Ψx

]
V0

) and therefore the trial and
test functions here are contained in the convex sets

KV0 =
{

u ∈ V0

∣∣ uT (
[
Ψt ⊗Ψx

]
V0

) ∈ KV0 a.e.
}
,

KW =
{

v ∈W
∣∣ vT (

[
Ψt ⊗Ψx

]
W) ∈ KW a.e.

}
.

(4.54)

The operator matrix B in (4.53) is given by

B = b(
[
Ψt ⊗Ψx

]
V0
,
[
Ψt ⊗Ψx

]
W) (4.55)

=
[
IJ t ⊗ ‖Ψx‖−1

V

] [ (
∂tΨ

t,Ψt
)
⊗ (Ψx,Ψx)

+

∫ T

0
a(Ψt ⊗Ψx,Ψt ⊗Ψx) dt

] [∥∥Ψt ⊗Ψx
∥∥−1

V0

]
=
[
IJ t ⊗ ‖Ψx‖−1

V

] [ (
∂tΨ

t,Ψt
)
⊗ (Ψx,Ψx)

+
(
Ψt,Ψt

)
⊗ a(Ψx,Ψx)

] [∥∥Ψt ⊗Ψx
∥∥−1

V0

]
=
(
∂t
[
Ψt
]
H1(0,T )

,Ψt
)
⊗ ([Ψx]V ∗ , [Ψ

x]V ) D1 +
(
Ψt,Ψt

)
⊗ a([Ψx]V , [Ψ

x]V )D2

with the diagonal matrices

D1 =
(∥∥Ψt

∥∥
H1(Ω)

⊗ ‖Ψx‖V ∗
)∥∥Ψt ⊗Ψx

∥∥−1

V0

D2 = (IJ t ⊗ ‖Ψx‖V )
∥∥Ψt ⊗Ψx

∥∥−1

V0
.
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The right-hand side g is denoted by

g = g(
[
Ψt ⊗Ψx

]
W) =

∫ T

0

〈
f(t),Ψt ⊗ [Ψx]V

〉
V ∗×V dt

=
[
IJ t ⊗ ‖Ψx‖−1

V

] [∫ T

0

〈
f(t),Ψt ⊗Ψx

〉
V ∗×V dt

]
.

The method of choice for solving (4.53) is of course a projected iteration scheme,
now in the form

un+1 = PKV0
(un + Cn (g −Bun)) (4.56)

for some matrix Cn to be chosen appropriately. Where in (4.16) it was possible
to choose Cn = αΨI, we are now in the situation that the operator matrix B
does not need to be coercive. As expected, while for any α > 0 from the choice
Cn = αI it follows that the solution u of (4.53) is because of

(u,v − u) ≥ (û,v − u) , ∀v ∈ KW

= (u,v − u) + α (g −Bu,v − u) , ∀v ∈ KW

⇐⇒
α (Bu,v − u) ≥ α (g,v − u) , ∀v ∈ KW

a fixed point of (4.56), it is not guaranteed that the iteration is a contraction.
In [SS09] the authors are in a similar situation for the solution of the (parabolic)
equation [SS09, (2.1)]

Bu = g

and here it is quite natural to switch to the normal equations [SS09, (4.3)]

B∗Bu = B∗g, (4.57)

which have been analyzed in [DKS02], see also [CDD02, Theorem 7.1]. From
(4.57) one then can directly derive an iterative scheme by setting

un+1 =un + αΨt⊗Ψx,LS (B∗g −B∗Bun)

=un + Cn (g −Bun)

with another “least-squares” relaxation parameter αΨt⊗Ψx,LS and

Cn = αΨt⊗Ψx,LSB∗. (4.58)

Of course, we may use (4.58) also as iteration matrix for (4.56), but then there
is no clue that the fixed point is still the solution to (4.53). Unfortunately, as
of today there is no scheme known to the author for the realization of (4.56)
for noncoercive operators.

We still continue with some elements for the adaptive wavelet scheme for parabolic
inequalities. Another important part is the control of the nonnegativity in Al-
gorithm 21 for the tensor basis Ψt ⊗Ψx. Recall that the convex set KV0 from
(4.54) was characterized by

uT
[
Ψt ⊗Ψx

]
V0

= uT
[∥∥Ψt ⊗Ψx

∥∥−1

V0

]
︸ ︷︷ ︸

D

(
Ψt ⊗Ψx

)
≥ 0.
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4. Adaptive Wavelet Solution to Variational Inequalities

In order to control the nonnegativity of some function uΛ, where the set Λ ⊂
J t×J x was identified by some set Γ ⊂ Itj≥j0×I

x
j≥j0 resulting from Algorithm 10

or Algorithm 15, we must first undo the preconditioning by multiplying with

the diagonal matrix D−1
Λ =

[∥∥Ψt ⊗Ψx
∥∥
V0

]
Λ

. Then we have to control

uT
(
Ψt ⊗Ψx

)
≥ 0,

which can be achieved by employing a tensorized version of the local recon-
struction T−1

loc,Ψt ⊗T−1
loc,Ψx . So finally, the constraint set is characterized by

K =

{
v ∈ `2(Λ)

∣∣∣∣ ((T−1
loc,Ψt ⊗T−1

loc,Ψx

)
D−1

Λ v
)T

Φt ⊗ Φx(t, x) ≥ 0

}
. (4.59)

We conclude this subsection by some remarks concerning compressibility of the
operator matrix B, the best possible approximation rates for the solution u
and questions about the optimality of the adaptive wavelet algorithm for the
parabolic inequality.

4.6.3. Towards PVISOLVE

By the discussion in [SS09, Section 7] we get that if for the solution u of (4.39)
it holds that

u ∈ Hdt(0, T )⊗
(
Hdx(Ω) ∩ V

)
then the best possible rate that can be expected is

s∗ = min {dt − 1, dx − s} ,

where s was the order of the operator A, i.e. A : Hs → H−s. Concerning the
s∗-compressibility we just cite the following result.

Lemma 4.37 ([SS09, Proposition 8.1])
For some s∗ let D,E be s∗-compressible. Then we have that

D⊗E

is also s∗-compressible.

Remark 4.38
The s∗-computability, that is the amount of work that is necessary for the com-
putation of the entries of the (compressed) matrices is also controlled by [SS09,
Proposition 8.1].

Remark 4.39
We just state the rates of the s∗-compressibility of the various submatrices of
(4.55) when using a biorthogonal wavelet basis with parameters dt, d̃t for Ψt and
another one with parameters dx, d̃x for Ψx.

• The matrix
(
∂t
[
Ψt
]
H1(0,T )

,Ψt
)

is s∗-compressible with s∗ =∞.

112



4.6. Adaptive Methods for PVIs

• The same holds for the matrices ([Ψx]V ∗ , [Ψ
x]V ),

(
Ψt,Ψt

)
which are also

∞-compressible.

• Finally, the matrix a([Ψx]V , [Ψ
x]V ) is s∗-compressible with rates given by

Lemma 2.35 and Lemma 2.37 depending on dx, d̃x and the order of the
operator A.

At this point we have to note that still important ingredients for the complete
adaptive algorithm are missing. In particular, the required parts are:

• How may a infinite-dimensional iteration in the wavelet space `2 be real-
ized such that (4.56) results in a fixed error reduction in every iteration?

For showing the optimality of the adaptive wavelet solver for parabolic varia-
tional inequalities, also subject of ongoing research are the questions:

• What is the Besov-regularity of the solution u to problem (4.39), (4.51)
respectively?

• What rate in the approximation spaces follow from that Besov regularity,
under which circumstances and for which values of s do we have u ∈
As(J t × J x)?

• What compressibility rates can be achieved for the projection onto the
set (4.59)?
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5. Solving Inequalities with Lawa

Problems worthy of attack
prove their worth by hitting back.

(Piet Hein)

In this part the adaptive wavelet methods from the last chapter have to show their
practical relevance. We consider the obstacle problem for the Helmholtz oper-
ator as a particular elliptic variational inequality and apply uniform schemes
to solve it. For the model problems with singular solution, the convergence
rates are shown to be small and the method EVISOLVE from Chapter 4 then
admits considerably steeper slopes. We concentrate on problems with homoge-
neous Dirichlet boundary conditions. Furthermore, we propose a method for
the error estimation of the elliptic obstacle problem that is based on the resid-
ual r = (u,Au− f)`2. This technique is used for the uniform Galerkin solver
on a fixed index set as well as for exiting the inner loop of the adaptive solver
EVISOLVE. Finally, we apply also the second, simplified adaptive wavelet al-
gorithm S-ADWAV-EVISOLVE to the model problems.

5.1. Elliptic Obstacle Problems

5.1.1. Second-order Differential Operator

We consider the following obstacle problem for the Helmholtz operator with
β ≥ 0 on Ω = (0, 1). Let g ∈ H1

0 (Ω), f ∈ H−1(Ω): find u ∈ H1
0 (Ω) such that

−∆u+ βu ≥ f, in Ω,

u ≥ g, in Ω,

(u− g)(−∆u+ βu− f) = 0, in Ω.

(5.1)

The weak formulation of (5.1) reads: find u ∈ K such that

(−∆u+ βu, v − u)0;Ω ≥ (f, v − u)0;Ω , ∀v ∈ K, (5.2)

where the convex set K with

K =
{
v ∈ H1

0 (Ω)
∣∣ v ≥ g}

is defined by the second line of (5.1).

Remark 5.1 (Homogenized variational inequality)
We are only considering obstacle functions g ∈ H1

0 (Ω) with homogeneous Dirich-
let boundary conditions as for the moment these are the type of boundary con-
ditions that are available in Lawa. As soon as general boundary conditions get
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5. Solving Inequalities with Lawa

implemented, this limitation will disappear. We need to impose this restriction
as we are not directly solving (5.1) but the homogenized version: find û ∈ H1

0 (Ω)
such that

−∆û+ βû ≥ f̂ , in Ω,

û ≥ 0, in Ω,

û(−∆û+ βû− f̂) = 0, in Ω,

(5.3)

where the relations are clearly given by

û = u− g
f̂ = f − (−∆g + βg) .

By g ∈ H1
0 (Ω) we have that û ∈ H1

0 (Ω). In this way, (5.3) fits in the framework
of (4.2) and Remark 4.9, respectively, for the new convex cone

K̂ =
{
v ∈ H1

0 (Ω)
∣∣ v ≥ 0

}
.

Remark 5.2 (Measuring the Energy Error of a Symmetric EVI)
In the case of the elliptic equations in Chapter 3 it was convenient to use (3.5)
for the estimation of the convergence rate. Here we would also like to get a
proxy for the energy error

‖u− uΛ‖a ,

which is equivalent to the ‖·‖1-norm. Unfortunately, we cannot apply the esti-
mator

‖u− uΛ‖2a = ‖u‖2a − ‖uΛ‖2a ,

from Remark 3.2 as for the inequality (4.2) there is no Galerkin orthogonality.
We will therefore use a different approach for the estimation of the energy error
of the symmetric elliptic variational inequality, that was also used in [BCH07].
We know that (in case a(·, ·) is a symmetric form) the solution u to (4.2)
minimizes the energy functional

Π(v) =
1

2
a(v, v)− 〈f, v〉H−1×H1

0

over K ⊆ V . Thus, by [BCH07, (16)] we have

1

2
‖u− uΛ‖a ≤

√
|Π(u)−Π(uΛ)| (5.4)

and we will use the right-hand side quantity of (5.4) for estimating the conver-
gence order in the ‖·‖a-norm. By doing so, we are left with computing

Π(uΛ) =
1

2
uTΛAΛ×ΛuΛ − fTΛ uΛ

if we know the optimal value of the energy functional Π(u) evaluated at the
solution u to (4.2). If 0 ∈ K (as it is the case for the homogenized elliptic
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5.1. Elliptic Obstacle Problems

obstacle problem from Remark 5.1), we can insert v = 0 and v = 2u into (4.2)
to arrive at

〈Au, u〉 = a(u, u) = 〈f, u〉H−1×H1
0
.

Thus we have

Π(u) =
1

2
a(u, u)− 〈f, u〉H−1×H1

0
= −1

2
‖u‖a . (5.5)

For a general EVI, we have to resort to calculate Π(u) from the middle term of
(5.5). This finally gives

1

2
‖u− uΛ‖a ≤

√
|Π(u)−Π(uΛ)| =

√
Π(uΛ)−Π(u) ≤

√
Π(uΛ) +

1

2
‖u‖a,

so we have again found a bound for the error in the energy norm.

5.1.2. Examples for the Helmholtz Inequality

We now present six examples for the elliptic obstacle problem (5.1) with their
corresponding solution. Again, all energy norms ‖u‖a are valid only for β = 0.

Helmholtz Inequality (P1)

For this example we take g equal to

g(x) =


−128x3 + 92x2 − 20, 0 ≤ x ≤ 1

4 ,

−4x2 + 4x− 2, 1
4 ≤ x ≤

3
4 ,

−128(1− x)3 + 92(1− x)2 − 20(1− x), 3
4 ≤ x ≤ 1

and f as the constant function

f(x) ≡ −32

in order to obtain the solution

u(x) =


16x2 + 4(1−

√
10)x, 0 ≤ x ≤

√
10

10 ,

g(x),
√

10
10 < x ≤ 1−

√
10

10 ,

16x2 + 4(
√

10− 9)x+ 4(5−
√

10), 1−
√

10
10 < x ≤ 1.

Here we get for the energy norm

‖û‖a = a (û, û) =
388

5
− 64

√
10

3

and as the second derivative of u is continuous, we expect û ∈ H5/2−ε, for all
ε > 0. Note that this is also the maximal regularity that can be expected for
this type of problem, see also Remark 4.18.

117



5. Solving Inequalities with Lawa

Helmholtz Inequality (P2)

For the obstacle g given by

g(x) = exp

{
−50

(
x− 1

2

)2
}

and the right-hand side f defined by

f(x) ≡ 0

we get as solution the function u with

u(x) =


αx, 0 ≤ x < x̂,

g(x), x̂ ≤ x < 1− x̂,
α(1− x), 1− x̂ ≤ x ≤ 1,

where x̂ = 1
4 +
√

21/20 and α = g(x̂)
x̂ . For the energy norm of û = u− g we get

‖û‖a = a (û, û) =
1

5
√

21 + 23

(√
π erf(5)(25

√
21 + 115)− 1150e−25 − 250e−25

√
21

+ e
5
√

21−73
4 (200 + 40

√
21)−

√
π erf

(
5−
√

21

2

)
(
√

21 25 + 115)

− e
5
√

21−23
2 (

√
21 10 + 50)

)
,

where erf(·) again denotes the error function. Also, as the first derivative of û
is continuous, we expect û ∈ H5/2−ε, for all ε > 0.

Helmholtz Inequality (P3)

If we choose the specific obstacle

g(x) =

{
1− 16

(
x− 1

2

)2
,

∣∣x− 1
2

∣∣ ≤ 0.2
1000

9

∣∣x− 1
2

∣∣3 − 248
3

∣∣x− 1
2

∣∣2 + 40
3

∣∣x− 1
2

∣∣+ 1
9 ,

∣∣x− 1
2

∣∣ > 0.2

and the right-hand side f(x) ≡ 0, we obtain the solution

u(x) =


αx, 0 ≤ x ≤ x̂,
g(x), x̂ < x ≤ 1− x̂,
α(1− x), 1− x̂ < x ≤ 1,

with x̂ =
√

3
4 and α = g(x̂)

x̂ . Here we get for the energy norm

‖û‖a = a (û, û) =
684

5
− 64
√

3,

while we again expect û ∈ H5/2−ε, ∀ε > 0, due to the differentiability of û.
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Helmholtz Inequality (P4)

For this example, we try so solve for the same solution as in (P3). We choose
the obstacle

g(x) =


1− 16

(
x− 1

2

)2
,

∣∣x− 1
2

∣∣ ≤ 0.2
1000

9

∣∣x− 1
2

∣∣3 − 248
3

∣∣x− 1
2

∣∣2 + 40
3

∣∣x− 1
2

∣∣+ 1
9 , 0.2 <

∣∣x− 1
2

∣∣ ≤ x1

0,
∣∣x− 1

2

∣∣ > x1,

with x1 = 189−3
√

469
500 . Now g clearly lacks the smoothness of the obstacle from

(P3). In this case, we get the same solution as in (P3)

u(x) =


αx, 0 ≤ x ≤ x̂,
g(x), x̂ < x ≤ 1− x̂,
α(1− x), 1− x̂ < x ≤ 1.

Because of the kinks of g, we expect û ∈ H3/2−ε, for all ε > 0. We get a different
energy norm for the homogenized solution,

‖û‖a = a (û, û) = −9324608

140625

√
3+

1024

15625

√
1407+

11697371458

87890625
− 19732222

29296975

√
469.

Helmholtz Inequality (P5)

Next we choose the obstacle g as

g(x) =

{
−10

3 x, 0 ≤ x ≤ 3
10 ,

10
7 (x− 1), 3

10 < x ≤ 1.

For the constant right-hand side f ≡ −10, the solution u turns out to be

u(x) =


g(x), 0 ≤ x ≤ x1,

ax2 + bx+ c, x1 < x ≤ x2,

g(x), x2 < x ≤ 1,

with x1 = 13
210 , x2 = 113

210 , a = 5, b = −83
21 and c = 169

8820 . The function û has a

peak at x = 3
10 and therefore we expect û ∈ H3/2−ε, for all ε > 0. We get for

the energy norm

‖û‖a = a (û, û) =
25000

27783
.

Helmholtz Inequality (P6)

In our last example, the obstacle g is given by

g(x) =

{
100
9 x2, 0 ≤ x ≤ 3

10 ,
100
49 (1− x)2, 3

10 < x ≤ 1.
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With the forcing term f ≡ 0, we are solving for the solution u defined by

u(x) =

{
10
3 x, 0 ≤ x ≤ 3

10 ,
10
7 (1− x), 3

10 < x ≤ 1,

which again results in a poor regularity for û, i.e. û ∈ H3/2−ε, for all ε > 0.
Another difficulty of this problem is that the contact zone (where the function
u coincides with the obstacle g) is only the null-set

{
3
10

}
. In this example, the

energy norm is given by

‖û‖a = a (û, û) =
100

63
.

Plots for the Helmholtz Inequality Examples

To gain more insight on the presented examples, we show in Figure 5.1 the plots
of the solutions u of the EVI (red line) and the obstacle (gray line).
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For the examples (P1) - (P5), we obtain a smooth pasting, i.e. the solution u
rests continuously differentiable on the obstacle g – a feature that is due to the
properties of the operator A = −∆ in these examples. For general operators of

120



5.1. Elliptic Obstacle Problems

order 2s, we will later on see in Remark 6.19 that this property must not be
fulfilled. In order to understand the impact of the homogenization (the change
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Figure 5.1.: Plots of the examples for the Helmholtz inequality problem

from u to û), we also show in Figure 5.2 the plots for the function û. Recall that
now the new obstacle is given by ĝ ≡ 0. It is clearly visible for example (P1),
(P2) and (P3) that at the contact points of the solution û and the obstacle ĝ
the solution only has a continuous second derivative but is not C∞ as might
be expected because of the smoothness of the data. In particular for example
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(P4) and (P5) we can identify new singularities that emerge due to the lack
of smoothness of the original obstacle g. As stated above in the presentation
of the example (P6) in Subsection 5.1.2, here the contact zone consists only
of one point x0 = 3

10 , which is also clearly visible from Subfigure 5.2(f). One
expects that an adaptive scheme has the greatest difficulty in localizing the free
boundary in such a case.
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Figure 5.2.: Plots of the homogenized examples for the Helmholtz inequality
problem

5.2. Uniform Schemes

In this section we examine the uniform convergence rates for the solution of
(5.3) with the help of the examples (P1) – (P6) from Subsection 5.1.2. For that
we consider the elliptic obstacle problem with respect to the parameter β = 0.

5.2.1. On Residual Estimation for Elliptic Obstacle Problems

An important question is whether the stopping criterion, that is used in line 7
of Algorithm 18 or line 7 in Algorithm 19, is reasonable. For example, in the
Galerkin solver in Algorithm 4 on some set Λ, we require for the linear system
of equations to be solved that only the (relative) residual

‖fΛ −AΛ×ΛvΛ‖`2 = ‖r‖`2 ≤ η · ‖r0‖`2

has to be sufficiently small, because this directly implies

‖uΛ − vΛ‖`2 ≤
η

cA
‖r0‖`2 .
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Now for the application of the Galerkin solvers for the inequality we want to
use a similar stopping criterion. On account of (4.5c), for the solution u of
(5.3) it must hold that (u,Au− f)`2 = 0. So a natural error measure would be
(denoted by r, as r ∈ R≥0 is a scalar value)

r =
∣∣(un,Aun − f)`2

∣∣ . (5.6)

Because of

r =
∣∣(un,Aun − f)`2

∣∣ =
∣∣(un − u + u,Aun − f)`2

∣∣
≤
∣∣(un − u,Aun − f)`2

∣∣+
∣∣(u,Aun − f)`2

∣∣
=
∣∣(un − u,Aun − f)`2

∣∣+
∣∣(u,Aun −Au + Au− f)`2

∣∣
≤
∣∣(un − u,Aun − f)`2

∣∣+
∣∣(u,Aun −Au)`2

∣∣+
∣∣(u,Au− f)`2

∣∣︸ ︷︷ ︸
=0

≤‖un − u‖`2 ‖Aun − f‖`2 + ‖u‖`2 ‖A (un − u)‖`2
≤‖un − u‖`2

(
‖Aun − f‖`2 + CA ‖u‖`2

)
it is easy to see that r

un→u−→ 0. Unfortunately, the (even more important) other

implication un
r→0−→ u is not so clear and there is no proof yet. Nevertheless,

we want to conduct some experiments whether (5.6) is (at least empirically) a
reliable error estimator. Therefore, we choose the operator to be A = −∆, then
generate a random right-hand side

fΛ with fλ ∼ U[−10,10]

and solve the resulting system (4.10) for the solution u with the help of Al-
gorithm 19. Then we start the algorithm again and compare the quantities
‖u− un‖`2 as the error and (un,Aun − f)`2 as its estimator. We choose the

biorthogonal basis with parameters d = d̃ = 2 and d = d̃ = 3 as constructed in
[DKU99]. The relative tolerance for the solver was set to 1e− 5. The following
figures may be reproduced by the program examples/prichardson.cc.
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Figure 5.3.: Error estimation for the projected Richardson iteration, J = 4
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Let us comment these results. In all experiments displayed in Figure 5.3, Fig-
ure 5.4 and Figure 5.5 we can see that our error estimator (5.6) is reliable for
this example in the sense that it is an upper bound for the error. We can
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Figure 5.4.: Error estimation for the projected Richardson iteration, J = 6

also observe that it is efficient – the error estimator decreases as our iterate ap-
proaches the solution of our discretized variational inequality (4.10). Finally, we
observe that these findings are true for both the piecewise linear and piecewise
quadratic ansatz functions. Of course, we have only empirically tested the error
estimator, but at least by the results of these experiments there seems to be
no reason why we should not adopt it for our purposes. We also mention that
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Figure 5.5.: Error estimation for the projected Richardson iteration, J = 9

it turned out in these experiments, that the fixed-point error
∥∥un − un−1

∥∥
`2

is
not a reliable stopping criterion. Lastly, it is important to note that the initial
residual r0 has to be computed after the first projection in line 5 of Algorithm 18
or Algorithm 19 has been realized. Otherwise an initial starting value of u ≡ 0
would result in r = 0.

124



5.2. Uniform Schemes

5.2.2. Convergence Rates of Uniform Schemes

Now we examine the convergence order of the uniform method discussed in
Subsection 4.4.1. For solving the finite-dimensional linear complementary prob-
lems, we have chosen the preconditioned projected Richardson iteration (Algo-
rithm 19), where the constraint matrix has been given by the local reconstruc-
tion operator as discussed in Remark 4.15. However, in a uniform scheme this
is equivalent to the usage of the full reconstruction operator. For the first three
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examples (P1), (P2) and (P3), which all have nearly H5/2-regularity, the uni-
form scheme with linear ansatz function (abbreviated in the pictures as s22)
attains the optimal convergence order of s = 1. For the schemes with quadratic
ansatz functions using a biorthogonal wavelet basis with d = d̃ = 3, the figures
are not that clear. We can still spot the expected convergence rate of s33 = 3

2 ,
which is clearly not optimal. It is the crux of Remark 4.18, that the order of
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the operator driving the inequality (4.2) limits the regularity in this example,
regardless of the smoothness of the obstacle and right-hand side of the problem
(which are as smooth as they can be). Just for the sake of completeness, we
recall once more at this point, that for an operator equation for the same data
we would get u ∈ Hs for all s > 0 and therefore a convergence rate of s33 = 2
determined by the regularity of the ansatz functions. So already at this point
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5. Solving Inequalities with Lawa

we would have a slight reasoning for designing a more sophisticated algorithm
than the uniform scheme for solving the operator inequality. When we turn over
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Figure 5.6.: Convergence rates of uniform schemes for the Helmholtz inequality
problem

to the singular examples (P4), (P5) and (P6), there seems to be no hope ever
more that the uniform schemes are well-suited to solve the obstacle problem in
the general case. Here, the regularity drops to u ∈ H3/2−ε, ∀ε > 0, resulting
in a very poor convergence rate of s22 = s33 = 1

2 . It is the question of the
next sections, to what extent we can recover a better convergence rate with the
help of our adaptive algorithms EVISOLVE and S-ADWAV-EVISOLVE
from Chapter 4. Finally, we want to close this section by once again stating the
importance of Remark 4.18: in general, as the order of the operator limits the
regularity of the solution of an obstacle problem, there is even more demand as
in the case of operator equations for sophisticated algorithms, that bridge this
gap and allow for higher convergence rates.

5.3. Best N-term Approximation

First, we want to test whether the“smooth”examples (P1), (P2) and (P3) allow
for a higher convergence rate than the limited rate of s33 = 3

2 , which was given
by the inherent lack of regularity of the solutions of (4.2). In Figure 5.7 we can
observe a slight gain in convergence speed as the optimal order of convergence
is restored. So even for smooth data, a uniform scheme will have a deficient
rate of convergence compared to the best N -term approximation. Next, we
take a look at the convergence rates of the best N -term approximation of the
singular examples (P4), (P5) and (P6), which should also give us a hint on the
applicability of adaptive methods for the elliptic inequality. The plots all look
very promising as the possible order of convergence is quadratically higher than
for the uniform schemes – a circumstance that points to the fact that the Besov
regularity of the solution u (respectively û) seems to be higher than the Sobolev
regularity for that particular example of (5.1). By Theorem 2.28, this results in
a nonlinear approximation rate of s22 = 1 that is limited only by the involved
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Figure 5.7.: Convergence rates of best N -term approximation for the Helmholtz
inequality problem

spline wavelet basis and its primary smoothness index d = 2. The plots in this
section have been produced by the program examples/Nterm.cc of Lawa.
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5.4. EVISOLVE

In this section we want to conduct tests for the main contribution of this thesis,
namely the adaptive wavelet method EVISOLVE. In order that Algorithm 22
applied to the smooth examples (P1), (P2) and (P3) reaches the optimal rate
of s = 2, we would have to use a biorthogonal wavelet basis with parameters
at least d = d̃ = 3. The problem now is, that homogeneous Dirichlet boundary
conditions are at the moment in Lawa only available for the [DKU99] interval
construction. There, the minimal level for d = d̃ = 3 is fixed at j0 = 4 and this
results in the values CA = 2.35, cA = 0.0003 for (2.25). This in turn determines
the relaxation and error reduction parameters αΨ = 0.000052, ρΨ ≈ 1 and
ultimately results in

K ≈ 3000000000

inner iterations in EVISOLVE. At this example we also see the crux of the
adaptive wavelet methods in general, namely that they fatefully depend on the
relative parameters of the problem. While the algorithms stay optimal in an
asymptotic sense they may be at the same time inapplicable to a particular
problem. Of course, when better basis constructions get available in Lawa this
situation may change in a way that the asymptotic range gets shifted towards
reality and then problems like (P1), (P2) and (P3) can also be solved by Al-
gorithm 22. Because of this, we test our adaptive wavelet solver only on the
singular examples (P4), (P5) and (P6), where it suffices to chose the parameters
of the underlying wavelet basis as d = d̃ = 2.

For the experiments we proceed in the following way. For exiting the inner loop
we use the three methods described in Remark 4.29. First as an overall test
of all involved algorithms, we use the analytic solution and the exact residual
(4.36) of the inequality. Then we take the approximate residual (4.37) and
finally, we try to use the simplified residual (4.38).

5.4.1. Leaving the Inner Loop with the Exact Residual

Concerning Remark 4.29, we first place ourself in the rather unrealistic test
setting where we know the analytic solution of the inequality for leaving the
inner loop dependent on (4.36). In Subfigure 5.8(a) we can observe a nice
convergence behaviour for the first singular example of the Helmholtz inequality
(P4) The distribution of the coefficients in Subfigure 5.8(b) also clearly reflects
the two singularities at x = 0.3 and x = 0.7, that are detected by the adaptive
algorithm. The next plot in Subfigure 5.9(a) shows almost the same behaviour,
the error slope of our adaptive algorithm follows closely the one of the best
N -term approximation (which was the benchmark). We can also confirm that
the bound εj from Proposition 4.27 is valid, as it was the case for the first
example (P4). Note that from the coefficients in Subfigure 5.9(b) we can again
spot the singularity at x = 0.3 and that the resulting support does not need to
have tree form. Finally, for the last example (P6) in Subfigure 5.10(a), there is
again evidence that the convergence rate is as predicted and the error reduction
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Figure 5.8.: EVISOLVE for the Helmholtz inequality problem (P4)
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Figure 5.9.: EVISOLVE for the Helmholtz inequality problem (P5)
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Figure 5.10.: EVISOLVE for the Helmholtz Inequality problem (P6)

property is fulfilled. The coefficient plot in Subfigure 5.10(b) possesses a steep
peak at the singularity x = 0.3 of the solution û.
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5. Solving Inequalities with Lawa

5.4.2. Leaving the Inner Loop with the Approximate Residual

The knowledge of the exact solution is an unrealistic scenario, which we used
in the last subsection in order to analyze the validity of the other components
of Algorithm 22. Now consequently the next step is to try to use the quantity

r = 2‖v`‖`2η + |(v`,w` − f`)`2 |

as defined in (4.37), which is directly available within the computation without
knowledge of the solution u. We want to mention again at this point, that we
do not have a mathematical proof for the estimate∥∥u− v`

∥∥
`2
≤ r

and that this is somewhat heuristic. A reasoning why it might work was given
in Subsection 5.2.1, where the error in a uniform scheme was bounded by r.
The first plot in Subfigure 5.11(a) shows that the adaptive algorithm follows
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Figure 5.11.: EVISOLVE using the approximate residual for the Helmholtz
inequality problem (P4)

pleasantly the slope of the best N -term approximation for example (P4) and
that the error estimator r is reliable. In the coefficient plot Subfigure 5.11(b)
we also spot that both singularities have been detected by the algorithm. Also
for the next example this is true as we can see in Subfigure 5.12(a). Despite
the fact that again the singularity is resolved accurately in Subfigure 5.12(b),
we do not want to conceal that the estimator r from (4.37) in our experiments
overestimates the exact residual ‖u− v`‖`2 easily by a factor of 20 – 30, which
leads to unnecessary loops in the inner iteration of Algorithm 22. This is par-
tially due to the factor 2‖v`‖`2η = 2‖v`‖`2ρkεj , which needs to be reduced
before the inner loop may be ended and this reduction is solely driven by the
error reduction parameter ρ. Because this in turn is dependent on the basis
construction, this shortcoming will be eliminated with the availability of better
basis constructions in Lawa. Finally also in Subfigure 5.13(a), we see that the
slope and the error estimator are matched and that from Subfigure 5.13(b) the
singularity at x = 0.3 is clearly visible.
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Figure 5.12.: EVISOLVE using the approximate residual for the Helmholtz
inequality problem (P5)
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Figure 5.13.: EVISOLVE using the approximate residual for the Helmholtz
inequality problem (P6)

5.4.3. Leaving the Inner Loop with the Simplified Residual

The last method for leaving the inner loop of Algorithm 22 EVISOLVE also
does not need the knowledge of the analytic solution. As it was proposed in
Remark 4.29, we now take the simplified residual r from (4.38) for this decision.
For the first singular example (P4) we see in Subfigure 5.14(a) that the adaptive
algorithm now again catches the slope of the best N -term approximation, but
unfortunately the bound r is not valid for the actual error εj or, in other words,
the inner loop if left too early – although the coefficient plot in Subfigure 5.14(b)
shows that the algorithm has noticed the singularities of the solution. The
same is true for the next singular example (P5), whose convergence behaviour
is depicted in Subfigure 5.15(a). Again the error is underestimated by r by a
factor – the slope of r and the actual `2-error do not look too different. We
also want to stress that the coefficient plot in Subfigure 5.15(b) also looks quite
satisfactory as the singularity at x = 0.3 is emerged.
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Figure 5.14.: EVISOLVE using the simplified residual for the Helmholtz in-
equality problem (P4)
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Figure 5.15.: EVISOLVE using the simplified residual for the Helmholtz in-
equality problem (P5)
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Figure 5.16.: EVISOLVE using the simplified residual for the Helmholtz in-
equality problem (P6)
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For the last example (P6) we again see in Subfigure 5.16(b) that this variant
of Algorithm 22 detects the singularity at x = 0.3 reliably. Concerning the
convergence plot in Subfigure 5.16(a) we also see the common picture that
the approximate residual r underestimates the effective error again by a small
factor. We conclude this section by noting that at the moment (that is, with
the wavelet bases implemented so far) for the application of EVISOLVE to
an obstacle problem one faces the fateful decision of either doing unnecessary
inner loops when employing the approximate residual (4.37) or a slight violation
of the error estimator when using (4.38). The actual type of application may
prefer the one over the other.

5.5. S-ADWAV-EVISOLVE

For the simplified adaptive wavelet solver for the elliptic inequality the prob-
lem with the constants as remarked at the beginning of Section 5.4 is not too
severe – it only slows down the convergence of the uniform Galerkin solver
PRICHARDSON in line 3 and line 6 of Algorithm 24. That means that
we can test this algorithm also with the smooth examples (P1), (P2) and (P3)
from Subsection 5.1.2. In order to achieve a convergence rate of s = 2 as ex-
pected from the best N -term approximation in Section 5.3, we have to take
wavelets with higher regularity than piecewise linear ones and so we take the
biorthogonal wavelet basis with parameters d = d̃ = 3. The first example plot in
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Figure 5.17.: S-ADWAV-EVISOLVE for the Helmholtz inequality (P1)

Figure 5.17 looks quite satisfactory, although the shape of the slope reveals that
the algorithm is uncertain when wavelets on higher levels have to be included.
This is also due to the fact that for the smooth examples the coefficients do
not differ in such a magnitude as it is the case for singular examples. We can
also observe that the error estimator ε is reliable but unfortunately not that
tight as it was the case for EVISOLVE. For the second smooth example, the
simplified adaptive scheme does not perform too well. While in the beginning in
Figure 5.18 the algorithm tracks the best N -term approximation, it seems then
to be difficult for S-ADWAV-EVISOLVE to equilibrate the indices in order
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to keep the convergence rate. It is important to note here that although our
Galerkin solver PRICHARDSON of Algorithm 18 works in principle for all
wavelet bases with arbitrary smoothness index d, its quantitative behaviour is
already deteriorated for the piecewise quadratic spline wavelets with d = 3. This
is mainly due to the high minimal level of j0 = 4 of the [DKU99] construction
currently implemented in Lawa. As soon as other interval basis constructions
are available, at this point also the behaviour of Algorithm 24 may change. In
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Figure 5.18.: S-ADWAV-EVISOLVE for the Helmholtz inequality (P2)

Figure 5.19 we can confirm the facts we found in the experiments of the other
two smooth examples, namely that after some time the algorithm tracks well
the slope of the best N -term approximation. We also see again that most of
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Figure 5.19.: S-ADWAV-EVISOLVE for the Helmholtz inequality (P3)

the coefficients get aligned near the boundary – in contrast to what we would
expect. Remember that the transition to the obstacle, which is only one times
continuously differentiable, is responsible for the bounded regularity of the so-
lution. We recall that in the smooth examples the contact zone is located in
the interior of the domain. Also strange at first sight is the quirky behaviour
of the slope of the adaptive algorithm at the end. It becomes totally clear if we
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5.5. S-ADWAV-EVISOLVE

keep in mind that this is because of the various tresholding steps and therefore
the convergence line may seem to move “backward”. For this example the error
estimator ε is also reliable most of the time and follows more or less tightly the
actual error of the simplified adaptive algorithm.

Next we test the algorithm S-ADWAV-EVISOLVE on the singular examples.
Here the convergence rate of the uniform scheme was already suboptimal for
the piecewise linear wavelets. So in order to show a higher convergence rate of
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Figure 5.20.: S-ADWAV-EVISOLVE for the Helmholtz inequality (P4)

our simplified adaptive solver, it suffices to take the biorthogonal wavelet basis
corresponding to d = d̃ = 2. We readily confirm from Figure 5.20 that in case
of a singular solution the algorithm performs very well in distinguishing the
relevant coefficients and captures the sharp transitions of the target function û.
Also the two singularities are worked out properly. The heuristic error estimator
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Figure 5.21.: S-ADWAV-EVISOLVE for the Helmholtz inequality (P5)

also performs quite well at this example except for the last iteration, where it
underestimates the error a little bit. Again for the second singular example, the
picture in Figure 5.21 is somewhat familiar. After some obligatory skirmish the
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position of the singularity gets fixed and the algorithm starts tracking only the
relevant coefficients. Lastly, for the final example it again takes the adaptive
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Figure 5.22.: S-ADWAV-EVISOLVE for the Helmholtz inequality (P6)

algorithm some time to figure out where the singularity sits but then it nearly
drops to the line of the corresponding bestN -term approximation in Figure 5.22.
It is not hard to believe that all forthcoming wavelet indices on the higher levels
would of course be captured by the algorithm. Also for the last two examples,
the error was estimated reliable by ε. We mention that we stopped the simplified
adaptive algorithm at the point when the adaptively generated support reached
the level J = 18 since we computed our best N -term approximation also just
up to this level. Comparing both outputs on further levels would therefore be
meaningless.
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6. Lévy Processes & American Options

If people do not believe that mathematics is simple,
it is only because they do not realize how complicated life is.

(John von Neumann)

As a particular instance of the parabolic variational inequality (4.7) from Chap-
ter 4, we now have a look at the pricing problem for American options. We
begin this chapter by introducing the notion of an option and its fair value. Fol-
lowing that, we present various models for the movement of the underlying stock
on which the option depends, where we focus in particular on Lévy processes.
Finally, we show a known result that states that the fair value is given by the
solution of a PVI which is driven by the infinitesimal generator of the process.
We close this chapter with a remark about the smooth pasting principle and its
implication on the regularity of the American option value.

6.1. Options and their Fair Value

Definition 6.1 (Option, [BK04, Subsection 1.1.1])
In finance an option is a contract between the issuer and the holder of the
option, that gives the holder the right, but not the obligation, to buy or sell a
risky asset (named the underlying) denoted by St at a specified time (or for a
specified period) between now and its maturity T for a fixed price (the so-called
strike K). We call an option a European option, if it may only be exercised at
maturity, and we call an option an American option, if it may exercised at any
time until maturity. Furthermore, a Put is an option that allows the holder to
sell the risky asset while a Call gives the right to buy the asset.

An important discipline in quantitative finance is to calculate the fair price or
fair value of an option. In order to specify the notion of this fair value we need
two important pillars of mathematical finance. For the reader who is unfamiliar
with the notion of a martingale, we refer to Definition A.4.

Theorem 6.2 (First FTAP, [BK04, Theorem 6.1.2], [DS94, Theorem 1.1])
For a financial market model with bounded prices, there exists an equivalent
martingale measure if and only if the condition NFLVR (no free lunch with
vanishing risk) holds, see [BK04, Definition 6.1.6].

The condition NFLVR (sometimes also named the absence of arbitrage) can
be roughly described as there should be no possibility to create a sequence of
trading strategies whose negative part (or loss) tend to zero and on the other
hand have a positive probability of a positive gain. The boundedness of the
prices in the model can be relaxed to local boundedness and then NFLVR is
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6. Lévy Processes & American Options

equivalent to the existence of an equivalent local martingale measure. Another
question is, under which condition such a martingale measure is unique.

Theorem 6.3 (Second FTAP, [BK04, Corollary 6.1.1])
In an arbitrage-free (that is, if the condition NFLVR holds) complete market
model, there exists a unique equivalent martingale measure.

Now it is clear under which circumstances a martingale measure exists. We
need an additional (risk-free) instrument before we can define the fair value of
an option.

Definition 6.4 (Bank Account)
We assume that in our model besides the risky underlying St there exists an
additional risk-free instrument Bt, whose value evolves according to

Bt = ert, t ≥ 0,

with the risk-free rate r ∈ R≥0.

Definition 6.5 (Fair Value of an Option, [BK04, Theorem 6.1.4])
We assume a risk-free rate r ≥ 0. For a stochastic basis from Definition A.2,
some equivalent martingale measure Q (see Definition A.4) and a payoff func-
tion g : R≥0 → R, the fair value of a European option V (t, St) is given by

V (t, St) = EQ

[
e−r(T−t)g(ST )

∣∣∣ Ft

]
. (6.1)

Conversely, due to the possibility to be exercised at any time, for an American
option its price V (t, St) is given by

V (t, St) = sup
τ

EQ

[
e−r(τ−t)g(Sτ )

∣∣∣ Ft

]
(6.2)

for all stopping times P (τ ∈ (t, T )) = 1.

The notion of a stopping time is given in Definition A.3. The interpretation
of (6.1) and (6.2) is that the fair value equals the discounted, expected payoff
under a risk-neutral measure Q.

6.2. Lévy Processes

Now that we know how the price of an option (for one particular measure) is
given, we will describe in this section how the movement of a stock may be
modelled by a suitable class of processes.

Definition 6.6 (Lévy Process, [CT04, Definition 3.1])
A càdlàg (right continuous with left limits) stochastic process (Xt)t≥0 on (Ω,Ft,P)
with values in R such that X0 = 0 almost surely is called a Lévy process if it
possesses the following properties:

1. Independent increments: for every increasing sequence of time points t0 <
t1 < · · · < tn−1 < tn, the random variables Xt0 , Xt1−Xt0 , . . . , Xtn−Xtn−1

are independent.
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6.2. Lévy Processes

2. Stationary increments: the distribution of Xt+h−Xt for some h > 0 does
not depend on t ≥ 0.

3. Stochastic continuity: ∀ε > 0, limh→0 P (|Xt+h −Xt| ≥ ε) = 0, i.e. there
are no deterministic jumps.

The characteristic function of a Lévy process has a special form.

Lemma 6.7 (Lévy-Khinchin Formula, [CT04, Theorem 3.1])
For a Lévy process Xt and some measure P we have

EP
[
eiuXt

]
= etψ(u),

with ψ the Lévy exponent of Xt. This Lévy exponent takes the form

ψ(u) = iγPu−
σ2

2
u2 +

∫
R

(
eiuy − 1− iuy1|y|<1

)
νP(dy)

for some deterministic part γP ∈ R, a diffusion component σ ≥ 0 and a Lévy
measure ([CT04, Definition 3.4]) νP on R \ {0}. This measure satisfies∫

R
min

(
1, y2

)
νP(dy) <∞.

The Lévy triplet (γP, σ, νP) uniquely determines the distribution of Xt.

The question whether P is a martingale measure for the process exp{Xt} de-
pends on the parameter γP of the Lévy triplet by the following lemma.

Lemma 6.8 ([CT04, Proposition 3.18])
Let Xt be a Lévy process on (Ω,Ft,Q) with values in R and characteristic triplet
(γQ, σ, νQ). Then exp{Xt} is a martingale (see Definition A.4) if and only if∫

|y|≥1
ey νQ(dy) <∞

and

γQ = −σ
2

2
−
∫
R

(
ey − 1− y1|y|≤1

)
νQ(dy). (6.3)

In the sequel, any measure denoted by Q will always assumed to be a martingale
measure.

For the Lévy processes under consideration we make an assumption on the
jump measure, which is satisfied for literally all Lévy processes used in practical
applications. These assumptions were stated in [MvPS04, (3.6)-(3.9)] in order
to prove the mapping properties of the infinitesimal generator of the process
Xt, which we will introduce in Definition 6.11. In the following, we will omit
the subscripts on the Lévy triplet that indicate the particular measure Q.

Remark 6.9 (Assumptions on the Lévy Measure)
We assume that the Lévy measure ν admits a density k(y), i.e.

ν(dy) = k(y) dy,

that satisfies
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(A1) (activity of small jumps): The characteristic function of the pure jump
part ψ0 satisfies: ∃ c > 0, Y < 2 such that

|ψ0(ξ)− icξ| .
(
1 + |ξ|2

)Y/2
, ∀ξ ∈ R.

(A2) (exponential decay): There are constants G > 2 and M > 2 such that

k(x) .

{
e−G|x| x < 0,

e−M |x| x > 0.

(A3) (smoothness): For all α ∈ N we have

|k(α)(x)| . |x|−(1+Y+α)+

, ∀x 6= 0.

If σ = 0 (pure jump case) we assume 0 < Y < 2 and in addition

(A4) (boundedness from below):

∀0 < |z| < 1 : k(z)− k(−z) & 1

|z|1+Y
.

Next we list some Lévy processes that we will use to model the behaviour of
the risky asset by St = exp {Xt} and also quote some typical parameter values
that can be used in a pricing algorithm.

6.2.1. The Geometric Brownian Motion

We first need the definition of a Brownian motion.

Definition 6.10 (Brownian Motion)
A stochastic process Wt is called a Brownian motion or Wiener process if it
satisfies

• W0 = 0 almost surely.

• Wt is almost surely continuous.

• the increments of Wt are stationary, independent and Gaussian with

Wt+∆t −Wt ∼ N0,∆t.

In the very famous Black-Scholes model from [BS73] the risky asset St is defined
as the solution of the equation

dSt = St (r dt+ σdWt) ,

where Wt is a Wiener process. Therefore, we have that

St = exp

{(
r − σ2

2

)
t+ σWt

}
,

which is a very basic model of a continuous Lévy process without jumps. A
typical value for the volatility is for example

σ = 0.09949, (6.4)

which was found in [Sch03, Table 4.1] by calibrating the Black-Scholes model
to options on the S&P 500.
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6.2. Lévy Processes

6.2.2. The Variance Gamma Process

For the pure-jump VG(σ, ν, θ)-process the Lévy kernel takes the form

kVG(y) = C


e−G|y|

|y|
y < 0,

e−M |y|

|y|
y > 0,

where

C = 1/ν,

G = 1/

(√
1

4
θ2ν2 +

1

2
σ2ν − 1

2
θν

)
,

M = 1/

(√
1

4
θ2ν2 +

1

2
σ2ν +

1

2
θν

)
.

As there is a clear connection between the Variance Gamma process and the
CGMY process, the reader is advised to take the parameters of Subsection 6.2.4
as an example for the VG process.

6.2.3. The Normal Inverse Gaussian Process

For the NIG(α, β, δ)-process, where we need to have α > 0, β < |α| and δ > 0,
the Lévy kernel takes the form

kNIG(y) =
αδ

π

K1(α|y|)
|y|

eβy.

Here K1 denotes the modified Bessel function of the first kind. Calibrated
parameters can be found in [Ryd97, Table 2], one example is for the Deutsche
Bank and reads

α = 75.49, β = −4.089 and δ = 0.012.

In [Sch03, Table 6.3] the NIG model is calibrated to some S&P 500 options,
which results in

α = 6.1882, β = −3.8941 and δ = 0.1622. (6.5)

6.2.4. The CGMY Process

We have

kCGMY(y) = C


e−G|y|

|y|1+Y
y < 0,

e−M |y|

|y|1+Y
y > 0,

with C > 0, G > 2,M > 2, Y ≥ 0 and now the different parametrizations
of Subsection 6.2.2 should be clear. Parameters calibrated to option prices
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C G M Y η
9.61 9.97 16.51 0.1430 0.0458 (ibm0113)
3.65 10.68 51.06 0.4464 0.0496 (ibm1209)
0.42 4.37 191.20 1.0102 0.0428 (ibm1111)

Table 6.1.: CGMY parameters

are given in [CGMY02, Table 3] and we state three examples in Table 6.1,
which feature especially different values for the parameter Y that controls the
singularity of the Lévy kernel. In [CGMY02] there is also presented an extension
to the CGMY-model, where an additional amount η of diffusion is added to the
process Xt. We call this the extended CGMY model and abbreviate it with
CGMYe.

6.2.5. The Merton Jump-diffusion

Shortly after the famous Black-Scholes model was presented in [BS73], Robert
C. Merton extended it in [Mer76] by adding a jump component with a normally
distributed Lévy density

kMerton(y) = λk
1√

2πσk
e
− 1

2

(
y−µk
σk

)2

.

to the exponential diffusion process. In [AA00, Section 2.1] this model has been
calibrated to data based on the S&P500 index, which resulted in the parameters

σ = 0.1765, λk = 0.089, µk = −0.8898 and σk = 0.4505.

The subscript k indicates the parameters that belong to the Lévy kernel in
order to distinguish the diffusion volatility from the volatility of the jump-part.

6.2.6. The Generalized Hyperbolic Lévy Motion

By far the most rich and complex model we are going to present in this section is
the GH(λ, α, β, δ, µ)-process, which contains many other stochastic processes as
a limiting case. This model is based on the generalized hyperbolic distribution
that was introduced in [BN77]. Unfortunately, the Lévy kernel has no closed
form representation and needs to be approximated. The density reads

kGH(y) =
eβy

|y|

∞∫
0

exp
{
−
√

2u+ α2|y|
}

π2u
(
J2
|λ|
(
δ
√

2u
)

+ Y 2
|λ|
(
δ
√

2u
)) du+ 1{λ≥0}λ exp {−α|y|}

with λ ∈ R, α > 0, 0 ≤ |β| < α, µ ∈ R and δ > 0. Here Jv and Yv are the Bessel
functions of the first and second kind, respectively. In [Pra99, Table 1.12],
parameters have been calibrated to Deutsche Bank returns by a maximum-
likelihood estimation and resulted in the values

λ = −1.0024, α = 39.6, β = 4.14, δ = 0.0118 and µ = −0.000158.
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6.2.7. The Kou Model

The Kou model from [Kou02] consists of a jump-diffusion process to simulate
the stock behaviour. So we have a diffusion component σ > 0 and the integrable
Lévy measure has the form

kKou(y) = λ
(
p−GeGy1{y<0} + p+Me−My1{y>0}

)
,

where λ ≥ 0, p− ≥ 0, p+ ≥ 0 and p−+p+ = 1. Typical parameters can be found
in that paper and read σ = 0.2 for the diffusion component and

λ = 10, p+ = 0.7, p− = 0.3, G = 50 and M = 25

for the Lévy density.

To get a little insight on the differences of the various models just introduced,
we plot now a sample path for the GBM, the NIG and the CGMY model. We
used the parameters from (6.4), (6.5) and the first of Table 6.1, normalized the
stock price at S0 = 100 and simulated a path over a period of two years. For
the simulation of the second model we used the algorithm described in [Gla03,
Section 3.5] while for the exponential CGMY process we used the implementa-
tion developed in [PT06]. From the plot in Figure 6.1 we can distinguish the
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Figure 6.1.: Sample paths of different stock price models

typical behaviour of the pure-jump CGMY model that this process essentially
moves by jumps and that in this model “large” jumps occur frequently. For the
NIG model we have that the parameter characterizing the activity of “small”
jumps as defined in Remark 6.9 is Y = 1. If we think of the activity of the
“small” jumps of the GBM (which are no jumps at all) as Y = 2, we can classify
the jump behaviour of the NIG model somewhere in between of the two others.
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6.3. Fully Deterministic Option Pricing

There are nowadays mainly five different kinds of methods used for quantitative
option pricing in practice, namely

• (Quasi-)Monte Carlo methods,

• Lattice or tree-based methods,

• Stochastic meshes,

• Fourier methods and

• Methods based on Partial Differential Equations.

While the first three methods belong to the group of stochastic methods, the
latter two refer to deterministic methods. Due to its applicability to both
European and American option pricing, we will further investigate the last
type of these methods in this section. For the case of a European option in the
Black-Scholes model from Subsection 6.2.1, the application of a PDE for option
pricing was used already in the first paper by Black and Scholes [BS73]. Now
we present the partial integro-differential inequality (PIDI) for American option
pricing and the partial integro-differential equation (PIDE) for European option
pricing, each for general Lévy processes. For that we first define the following
operator.

Definition 6.11 (Infinitesimal Generator of a Lévy Process)
For a Lévy process Xt with characteristic triplet (γ, σ, ν) and corresponding
Lévy density k(y), we call the operator A defined by

A[u](x) =− σ2

2

∂2

∂x2
u(τ, x) +

(
σ2

2
− r
)
∂

∂x
u(τ, x) + ru(τ, x) (6.6)

−
∫
R

(
u(τ, x+ y)− u(τ, x)− (ey − 1)

∂

∂x
u(τ, x)

)
k(y) dy

the infinitesimal generator of Xt, where r is the risk-free rate from Definition 6.4.

The key relation to deterministic option pricing is the following result, that was
also the basis for the work in [MvPS04].

Proposition 6.12 (Pricing PIDE)
Let Xt be a Lévy process with infinitesimal generator A and assume that u(τ, x) ∈
C1,2 ((0, T )× R) ∩ C0 ([0, T ]× R) solves the PIDE

∂τu(τ, x) +A[u](τ, x) = 0, in (0, T )× R, (6.7)

together with the initial condition

u(0, x) = h(x) = g(ex).

Then V (t, S) = u(T − t, log(S)) is the fair value of a European option with
payoff g as in (6.1). Conversely, if the value V (t, St) is sufficiently regular,
then the function u(τ, x) = V (T − τ, ex) solves (6.7).
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Proof. See for example [Rai00, Proposition 1.12]. Note that there the operator
A is analysed in the slight different form

A[u](x) =− σ2

2

∂2

∂x2
u(τ, x) + (−r − γ)

∂

∂x
u(τ, x) + ru(τ, x)

−
∫
R

(
u(τ, x+ y)− u(τ, x)− y ∂

∂x
u(τ, x)1|y|≤1

)
k(y) dy.

(6.8)

The constant γ in (6.8) is the deterministic component of the Lévy triple as in
(6.3), obtained when using the cut-off function 1{|y|≤1} and reads

γ = −σ
2

2
−
∫
R

(
ey − 1− y1{|y|≤1}

)
ν(dy).

With the help of the finite-part integral from Definition 7.1 we can cast (6.8)
into the form (6.6) by

A[u](x) =− σ2

2

∂2

∂x2
u(τ, x) + (−r − γ)

∂

∂x
u(τ, x) + ru(τ, x)

−
∫
R

(
u(τ, x+ y)− u(τ, x)− y ∂

∂x
u(τ, x)1|y|≤1

)
k(y) dy

=− σ2

2

∂2

∂x2
u(τ, x)− r ∂

∂x
u(τ, x)− γ ∂

∂x
u(τ, x) + ru(τ, x)

−=

∫
R

(
u(τ, x+ y)− u(τ, x)− y ∂

∂x
u(τ, x)1|y|≤1

)
k(y) dy

=− σ2

2

∂2

∂x2
u(τ, x)− r ∂

∂x
u(τ, x) +

σ2

2

∂

∂x
u(τ, x)

+ =

∫
R

(
ey − 1− y1|y|≤1

)
k(y) dy

∂

∂x
u(τ, x)

−=

∫
R

(
u(τ, x+ y)− u(τ, x)− y ∂

∂x
u(τ, x)1|y|≤1

)
k(y) dy

=− σ2

2

∂2

∂x2
u(τ, x)− r ∂

∂x
u(τ, x) +

σ2

2

∂

∂x
u(τ, x)

+ =

∫
R

(ey − 1) k(y) dy
∂

∂x
u(τ, x)−=

∫
R

(u(τ, x+ y)− u(τ, x)) k(y) dy

=− σ2

2

∂2

∂x2
u(τ, x) +

(
σ2

2
− r
)
∂

∂x
u(τ, x)

−
∫
R

(
u(τ, x+ y)− u(τ, x)− (ey − 1)

∂

∂x
u(τ, x)

)
k(y) dy.

Note that because of (ey − 1) is at least of order O(y), the last integral again
exists as a classical Lebesgue integral.

As pointed out in [MNS05], for American option pricing, a similar approach
is possible that relies on solving a partial integro-differential inequality (in the
following abbreviated as PIDI) rather than a PIDE.
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6. Lévy Processes & American Options

Proposition 6.13 (Pricing PIDI)
Again consider a Lévy process Xt with infinitesimal generator A and assume
that u(τ, x) ∈ C1,2 ((0, T )× R+) ∩ C0 ([0, T ]× R+) solves the PIDI

∂τu(τ, x) +A[u](τ, x) ≥ 0, in (0, T )× R
u(τ, x) ≥ h(x), in [0, T ]× R

(u(τ, x)− h(x)) (∂τu(τ, x) +A[u](τ, x)) = 0, in (0, T )× R
u(0, x) = h(x) = g(ex).

(6.9)

Then we have again V (t, St) = u(T − t, log(St)), where V (t, St) is the fair value
of the American option with payoff g(S) as in (6.2). Conversely, if the value
V (t, St) is sufficiently regular, then u(τ, x) = V (T − τ, ex) solves (6.9).

Proof. See for example [BL02, Theorem 6.1] or [BL84].

In [MvPS04, MNS05] it has been proven that problem (6.7) and (6.9) admits
a unique variational solution for Ω = R in some weighted Sobolev space. Next,
the authors show that the

• excess-to-discounted-payoff for the solution of the PIDE

ũ(τ, x) = u(τ, x)− e−rτh(x+ rτ) (6.10)

• and the excess-to-payoff for the solution of the PIDI

ũ(τ, x) = u(τ, x)− h(x) (6.11)

decay exponentially fast for R → ±∞ to zero. To arrive at an equation or
inequality that is tractable with our wavelet basis on the interval, we must
then truncate the domain Ω to the bounded interval ΩR = ΩR1,R2 = [−R1, R2].
Now when the domain is truncated, the authors show that weighting is not
necessary any more and the involved Sobolev spaces are the spaces H̃s(ΩR)
from Definition B.14. Lastly, the authors show in [MvPS04, Theorem 4.1] that
the error introduced by the truncation also decays exponentially fast to zero.
The PIDI (6.9) is an example for a parabolic obstacle problem as in 4.12, where
the admissible set after the change to the excess-to-payoff is given by

K =
{
v ∈ H̃s(ΩR)

∣∣∣ v ≥ 0 almost everywhere
}
.

Remark 6.14 (On the Necessity of Domain Truncation for Adaptive Methods)
Quite recently, there have been presented some results in [KU10] that show
that one can construct adaptive wavelet methods for equations on unbounded
domains, for which there is no need to artificially truncate the domain. The key
point is that these adaptive methods are quite naturally defined for the infinite-
dimensional space `2 and one can therefore also use the wavelet basis for the
unbounded real line. Thus the task of selecting the relevant coefficients, and in
such a way also some sort of domain truncation, is left to the adaptive algorithm.
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Definition 6.15 (Variational PIDE & PIDI with Excess-to-(discounted-)payoff )
For u, v ∈ V we define the truncated bilinear form by

aR(u, v) = −σ
2

2

∫
ΩR

∂2

∂x2
u(x)v(x) dx+

(
σ2

2
− r
)∫

ΩR

∂

∂x
u(x)v(x) dx

+ r

∫
ΩR

u(x)v(x) dx (6.12)

−
∫

ΩR

∫
R

(
u(x+ y)− u(x)− (ey − 1)

∂

∂x
u(x)

)
k(y) dy v(x) dx

and the truncated infinitesimal generator AR by

〈ARu, v〉V ∗×V = aR(u, v). (6.13)

The parabolic equation for the excess-to-discounted-payoff of a European option
is: find u ∈W0([0, T ]) such that

〈∂τu, v〉V ∗×V + aR(u, v) = −e−rτaR(h(x+ rτ), v),

∀v ∈ V, t ∈ [0, T ],
(6.14)

with the space W0([0, T ]) from Definition B.24. The parabolic inequality for the
excess-to-payoff of an American option is: find u ∈ K0([0, T ]) such that

〈∂τu, v − u〉V ∗×V + aR(u, v − u) ≥ −aR(h, v − u),

∀v ∈ K, t ∈ [0, T ],
(6.15)

and K0([0, T ]) was introduced in Definition B.25.

Next we will look at the mapping properties of the (truncated) infinitesimal
generator AR from (6.13) of the process Xt. Recall that we have

AR : V → V ∗,

with

V =

{
H1

0 (ΩR), σ > 0,

H̃
Y
2 (ΩR), otherwise,

and V ∗ =

{
H−1(ΩR), σ > 0,

H−
Y
2 (ΩR), otherwise.

Now we will state the properties of the operator AR, namely the continuity
(Definition 2.19) and the coerciveness (Definition 2.20) on (V,H, V ∗).

Lemma 6.16 (Continuity of AR)
The truncated infinitesimal generator AR from (6.13) is continuous on V × V
in the case σ > 0 and, after the removal of the drift term (which was developed
in [MvPS04, Section 4.4]), also in the case of a pure-jump process if σ = 0.

Proof. See for example [MNS05, Proposition 3.5 and Proposition 3.9].

Also sufficient for a unique solution to (6.14) or (6.15), respectively, is the
coerciveness.
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Lemma 6.17 (Coercivity of AR)
For both cases σ > 0 and σ = 0 the truncated infinitesimal generator AR from
(6.13) satisfies a G̊arding inequality: there exist α, β > 0 such that

〈ARu, u〉V ∗×V = aR(u, u) ≥ α ‖u‖2V − β ‖u‖
2
H , ∀u ∈ V.

For our parabolic equation and inequality, we can of course assume β = 0, which
can be established easily by the transformation

ũ(τ, x) = e−βτu(τ, x).

Therefore, our truncated infinitesimal generator AR is coercive on V × V .

Proof. A version of the proof can be found in [MNS05, Proposition 3.5 and
Proposition 3.6].

Summing up, by Lemma 6.16 and Lemma 6.17 we have that AR is elliptic on
V . In Chapter 4 we investigated only parabolic inequalities. In order to get an
existence result for their equality counter-parts, we conclude this chapter by a
result concerning parabolic equations, which has also been used in [MvPS04]
for proofing the well-posedness of the PIDE.

Theorem 6.18 (Existence and Uniqueness for Parabolic PIDEs)
Assume that A : V → V ∗ is elliptic. Then for f ∈ L2([0, T ];V ∗) the parabolic
equation

∂τu+A[u] = f, τ ∈ (0, T ),

u(0) = 0

has a unique solution u ∈W0([0, T ]).

Proof. See [MvPS04, Theorem 2.3].

By Theorem 6.18 also the PIDE for the excess-to-discounted-payoff of a Euro-
pean option from (6.14) has a unique solution. We close this chapter with a
remark concerning the regularity of the value of an American option.

Remark 6.19 (Smooth Pasting Principle)
As discovered in [BL02] and also in [MNS05, Section 6.2], the smooth pasting
principle, which states that the solution u(x) to (4.2) and the solution u(τ, x)
to (4.7), respectively, bear continuously differentiable on the obstacle, in general
only holds if the process exhibits infinite variation, i.e. σ > 0 or Y > 1. In
case of infinite activity and finite variation, i.e. 0 < Y < 1 and the absence of
a diffusion, it depends on the sign of the compensated drift

µ = c1,0(∞)− c0,0(∞)− r =

∫
R

(ey − 1)k(y) dy − r.

Here the function c∆η,∆α(x) from (7.4) is involved and tells us, that for µ ≥ 0
we have smooth pasting, while in the case µ < 0 there is only continuous pasting,
i.e. the solution is not continuously differentiable entering the contact zone.
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6.3. Fully Deterministic Option Pricing

We demonstrate this with an example. Anticipating the pictures from Chap-
ter 8, we have plotted the value of an American Butterfly option at time point
t = 1.68 in a cut view. Figure 6.2 shows its value in the Black-Scholes model
while in Figure 6.3 its value in the CGMY model is depicted. We used the
parameters stated in Section 6.2, where for the first line in Table 6.1 the value
of µ = −0.433884. If we look at the bigger picture, both value functions look
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Figure 6.2.: Smooth pasting principle in the Black-Scholes model

quite similarly. However, a closer look at the contact zone, or more specifically
at the point where the solution of (6.15) enters the contact zone, reveals exactly
the effect of Remark 6.19. While in Figure 6.2 the function is continuously dif-
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Figure 6.3.: Violated smooth pasting principle in the CGMY model

ferentiable at this point, the solution in Figure 6.3 is only continuous – and
this lack of regularity finally shows the necessity of adaptive methods for the
PIDI-based pricing of American options driven by general Lévy processes.
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7. Setup of the Algebraic System and
Singular Quadrature

Mathematics is an experimental science,
and definitions do not come first, but later on.

(Oliver Heaviside)

In this chapter, we elaborate how singular integral operators can be discretized by
B-Spline wavelets with a special focus on the infinitesimal generator of a Lévy
process from Definition 6.11. Therefore, we first introduce the notion of the
Hadamard finite-part integral, which is an extension of the classical Lebesgue
theory for certain divergent integrals. After that, we show in a general calcu-
lation how the entries of the stiffness matrix and the right-hand side for a Put
or Call option can be discretized by wavelets. Lastly, we present the specific
implementation for the various Lévy models from Section 6.2. For this part, we
loosely follow [Ves09].

7.1. Hadamard Finite-Part Integral

As a motivation let us, consider the divergent Lebesgue integral∫ b

0

1

x
dx (7.1)

for some b > 0, whose value is not defined. There are nevertheless applica-
tions such as boundary integral equations, where there is a need to assign a
meaning to integrals like (7.1). Such a definition should also be an extension to
the classical Lebesgue integral, and intrinsically, should also have the common
properties like linearity and additivity. If we exclude a small ball around the
singularity at zero and split the integral into∫ b

0

1

x
dx = lim

ε→0

∫ b

ε

1

x
dx = log b− lim

ε→0
log ε, (7.2)

we see that (7.1) is comprised of some real number and a divergent term. The
Hadamard finite-part integral

=

∫ b

0

1

x
dx

is now defined as the finite part of (7.2), hence its value is log b. We will extend
this notion to other integrands in the following definition.
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Definition 7.1 (Finite-Part Integral)
Let b > 0. For α ∈ R we define the finite-part integral for monomials as

=

∫ b

0
xα dx =


log b, if α = −1,

bα+1

α+ 1
otherwise.

For any m > −α − 2 and any function g ∈ C(m+1)([0, b), the corresponding
finite-part integral is defined as

=

∫ b

0
g(x)xα dx =

∫ b

0
xα

(
g(x)−

m∑
k=0

g(k)(0)

k!
xk

)
dx+

m∑
k=0

g(k)(0)

k!
=

∫ b

0
xα+k dx.

Finally, if we have for g ∈ C(m+1)([0,∞)) that∣∣∣∣∫ ∞
0

g(k)(x)xp dx

∣∣∣∣ <∞, ∀k = 0, 1, . . . ,m+ 1, ∀p ≥ 0,

then the finite-part integral over the unbounded domain (0,∞) shall be defined
as

=

∫ ∞
0

g(x)xα dx = =

∫ b

0
g(x)xα dx+

∫ ∞
b

g(x)xα dx.

Of course, if the integrand in all these definitions is Riemann-integrable, the
corresponding integrals coincide. Finally, this concept easily generalizes to in-
tegrals over R by setting

=

∫
R
g(x)|x|α dx = =

∫ ∞
0

g(x)xα dx+ =

∫ ∞
0

g(−x)xα dx.

With this powerful tool available we can start the computation of the entries
of the stiffness matrix

A = {aR(ψµ, ψλ)}λ,µ = {〈AR[ψµ], ψλ〉V ∗×V }λ,µ

and of the right-hand side from Definition 6.15

f = {aR(h(x+ rτ), ψµ)}µ
= {〈AR[h](x+ rτ), ψµ〉V ∗×V }µ

or

f = {aR(h(x), ψµ)}µ
= {〈AR[h](x), ψµ〉V ∗×V }µ ,

where we omit the subscript R in the following and first look at the model-
independent parts.
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7.2. General Calculation

Now we will define some auxiliary functions, namely the shifted kernel k∆η,∆α,

the antiderivative k−1
∆η,∆α that vanishes at infinity and the antiderivative k̂−1

∆η,∆α

that vanishes at zero.

k∆η,∆α(y) = e∆ηy|y|∆αk(y),

k−1
∆η,∆α(x) =


−
∫ ∞
x

k∆η,∆α(y) dy, x > 0,∫ x

−∞
k∆η,∆α(y) dy, x < 0,

k̂−1
∆η,∆α(x) =


=

∫ x

0
k∆η,∆α(y) dy, x > 0,

−=

∫ 0

x
k∆η,∆α(y) dy, x < 0.

(7.3)

With these functions, we can define the function

c∆η,∆α(x) = =

∫ x

−∞
k∆η,∆α(y) dy, (7.4)

which can be computed from k−1
∆η,∆α(x) and k̂−1

∆η,∆α(x) as follows:

c∆η,∆α(x) =



k−1
∆η,∆α(x), −∞ < x ≤ −1,

c∆η,∆α(−1) +
(
k̂−1

∆η,∆α(x)− k̂−1
∆η,∆α(−1)

)
, − 1 < x ≤ 1,

c∆η,∆α(1)−
(
k−1

∆η,∆α(1)− k−1
∆η,∆α(x)

)
, 1 < x <∞,

c∆η,∆α(1)− k−1
∆η,∆α(1), x =∞.

For stability purposes, we redefine the function k̂−1
∆η,∆α(x):

k̂−1
∆η,∆α(x) =


−(c∆η,∆α(0)− k−1

∆η,∆α(x)), −∞ < x ≤ −1,

k̂−1
∆η,∆α(x), − 1 < x ≤ 1,

c∆η,∆α(∞)− c∆η,∆α(0) + k−1
∆η,∆α(x), 1 < x <∞,

so we only need the finite-part integral for −1 < x ≤ 1. For the discretization
of the right-hand side, we need higher-order anti-derivatives of the kernel.

k
−(n+1)
∆η,∆α (x) =


−
∫ ∞
x

e∆ηy|y|∆αk−n0,0 (y) dy, x ≥ 0,∫ x

−∞
e∆ηy|y|∆αk−n0,0 (y) dy, x < 0.

For these anti-derivatives, we have the following properties.

Lemma 7.2 ([Ves09, Proposition 6.2.1])
For n ∈ N,m ∈ Z with |m| ≤ min{G,M} from (A2) in Remark 6.9 and x 6= 0
there holds

∂

∂x

(
e−mxk

−(n+1)
m,0 (x)

)
= e−mxk−nm,0(x).
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We can compute the anti-derivatives from k−1
∆η,∆α(x) as follows: for m 6= 0

k−nm,0(x) = emx
n−1∑
`=1

k
−(n−`)
0,0 (x)

(
− 1

m

)`−1

+

(
− 1

m

)n−1

k−1
m,0(x)

and for m = 0

k−n0,0 (x) =


1

(n− 1)!

n−1∑
k=0

(
n− 1

k

)
(−1)n−1−kxk k−1

0,n−1−k(x), x > 0,

1

(n− 1)!

n−1∑
k=0

(
n− 1

k

)
xk k−1

0,n−1−k(x), x < 0.

Proof. For m = 0 the first statement is clear from the definition. For x > 0 we
have

∂

∂x

(
e−mxk

−(n+1)
m,0 (x)

)
=

∂

∂x

(
e−mx

(
−
∫ ∞
x

emyk−n0,0 (y) dy

))
= −me−mx

(
−
∫ ∞
x

emyk−n0,0 (y) dy

)
+ e−mx

(
−
∫ ∞
x

emyk−n0,0 (y) dy

)′
= me−mx

∫ ∞
x

emyk−n0,0 (y) dy + e−mx
(∫ x

∞
emyk−n0,0 (y) dy

)′
Integration by parts

= me−mx
1

m

([
emyk−n0,0 (y)

]∞
x
−
∫ ∞
x

emyk
−(n−1)
0,0 (y) dy

)
+ k−n0,0 (x)

= me−mx
1

m

(
−emxk−n0,0 (x)−

∫ ∞
x

emyk
−(n−1)
0,0 (y) dy

)
+ k−n0,0 (x)

= −e−mx
∫ ∞
x

emyk
−(n−1)
0,0 (y) dy = e−mxk−nm,0(x).

Similarly we get for x < 0

∂

∂x

(
e−mxk

−(n+1)
m,0 (x)

)
=

∂

∂x

(
e−mx

(∫ x

−∞
emyk−n0,0 (y) dy

))
= −me−mx

∫ x

−∞
emyk−n0,0 (y) dy + e−mx

(∫ x

−∞
emyk−n0,0 (y) dy

)′
Integration by parts

= −me−mx 1

m

([
emyk−n0,0 (y)

]x
−∞
−
∫ x

−∞
emyk

−(n−1)
0,0 (y) dy

)
+ k−n0,0 (x)

= −e−mx
(
emxk−n0,0 (x)−

∫ x

−∞
emyk

−(n−1)
0,0 (y) dy

)
+ k−n0,0 (x)

= e−mx
∫ x

−∞
emyk

−(n−1)
0,0 (y) dy = e−mxk

−(n)
m,0 (x).
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Moreover, it holds for x > 0

e−mxk
−(n+1)
m,0 (x) = e−mx

(
−
∫ ∞
x

emyk−n0,0 (y) dy

)
Integration by parts

= e−mx
1

m

(
−
[
emyk−n0,0 (y)

]∞
x

+

∫ ∞
x

emyk
−(n−1)
0,0 (y) dy

)
= e−mx

1

m

(
emxk−n0,0 (x) +

∫ ∞
x

emyk
−(n−1)
0,0 (y) dy

)
=

1

m

(
k−n0,0 (x)− e−mxk−nm,0(x)

)

and we can prove the first claim by induction. Now if the hypothesis was true
for n− 1 we have

−
n∑
`=1

k
−(n+1−`)
0,0 (−x)

(
− 1

m

)`
+ emx

(
− 1

m

)n
k−1
m,0(−x)

=−
n∑
`=2

k
−(n+1−`)
0,0 (−x)

(
− 1

m

)`
− k−(n+1−1)

0,0 (−x)

(
− 1

m

)
+ emx

(
− 1

m

)n
k−1
m,0(−x)

=
1

m

(
n∑
`=2

k
−(n+1−`)
0,0 (−x)

(
− 1

m

)`−1

− emx
(
− 1

m

)n−1

k−1
m,0(−x)

)

+
1

m
k−n0,0 (−x)

=
1

m

(
n∑
`=2

k
−(n−(`−1))
0,0 (−x)

(
− 1

m

)`−1

− emx
(
− 1

m

)n−1

k−1
m,0(−x)

)

+
1

m
k−n0,0 (−x)

=
1

m

(
n−1∑
`=1

k
−(n−`)
0,0 (−x)

(
− 1

m

)`
− emx

(
− 1

m

)n−1

k−1
m,0(−x)

)

+
1

m
k−n0,0 (−x)

=
1

m

(
k−n0,0 (−x)− e−mxk−nm,0(−x)

)
= emxk

−(n+1)
m,0 (−x),

and an analogous calculation shows the result for x < 0. For the second part
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we get for x > 0

−
∫ ∞
x

1

n!
(x− y)n k(y) dy = −

∫ ∞
x

1

n!

n∑
k=0

(
n

k

)
xk(−y)n−kk(y) dy

=
1

n!

n∑
k=0

(
n

k

)
(−1)n−kxk

(
−
∫ ∞
x

yn−kk(y) dy

)

=
1

n!

n∑
k=0

(
n

k

)
(−1)n−kxk

(
−
∫ ∞
x
|y|n−kk(y) dy

)

=
1

n!

n∑
k=0

(
n

k

)
(−1)n−kxkk−1

0,n−k(x).

In the same fashion there holds for x < 0

∫ x

−∞

1

n!
(x− y)n k(y) dy =

∫ x

−∞

1

n!

n∑
k=0

(
n

k

)
xk(−y)n−kk(y) dy

=
1

n!

n∑
k=0

(
n

k

)
(−1)n−kxk

∫ x

−∞
yn−kk(y) dy

=
1

n!

n∑
k=0

(
n

k

)
(−1)n−kxk(−1)n−k

∫ x

−∞
|y|n−kk(y) dy

=
1

n!

n∑
k=0

(
n

k

)
xkk−1

0,n−k(x),

so the last claim follows because of (see for example [SKM93])

k−n0,0 (x) =


−
∫ ∞
x

1

(n− 1)!
(x− y)n−1 k(y) dy, x > 0∫ x

−∞

1

(n− 1)!
(x− y)n−1 k(y) dy, x < 0.

Now we compute the image of a (log-)Put option under AR:

Lemma 7.3
For f(x) = (K − ex)+ = (K − ex)1{x<logK} there holds

AR[f ](x) =1{−∞,logK}(x)

∫ ∞
logK−x

(
ex+y −K

)
k(y) dy

− 1{logK,∞}(x)

∫ logK−x

−∞

(
ex+y −K

)
k(y) dy.
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Proof. For x > logK we get

AR[f ](x) =

∫
R

{
f(x+ y)− f(x)− (ey − 1)

∂

∂x
f(x)

}
k(y) dy

=

∫
R

(
K − ex+y

)
1{y<logK−x}k(y) dy

=

∫ logK−x

−∞

(
K − ex+y

)
k(y) dy = −

∫ logK−x

−∞

(
ex+y −K

)
k(y) dy

and for x < logK

AR[f ](x) =

∫
R

{
f(x+ y)− f(x)− (ey − 1)

∂

∂x
f(x)

}
k(y) dy

=

∫
R

{(
K − ex+y

)
1{y<logK−x} − (K − ex)− (ey − 1) (−ex)

}
k(y) dy

=

∫
R

{
−
(
ex+y −K

)
1{y<logK−x} +

(
ex+y −K

)}
k(y) dy

=

∫ ∞
logK−x

(
ex+y −K

)
k(y) dy.

We can evaluate AR[f ](x) with the help of the anti-derivatives k−1
∆η,∆α(x). For

x < logK we have

AR[f ](x) =

∫ ∞
logK−x

(
ex+y −K

)
k(y) dy

= ex
∫ ∞

logK−x
eyk(y) dy −K

∫ ∞
logK−x

k(y) dy

= −exk−1
1,0(logK − x) +Kk−1

0,0(logK − x)

and for x > logK we get

AR[f ](x) = −
∫ logK−x

−∞

(
ex+y −K

)
k(y) dy

= −ex
∫ logK−x

−∞
eyk(y) dy +K

∫ logK−x

−∞
k(y) dy

= −exk−1
1,0(logK − x) +Kk−1

0,0(logK − x).

Hence we arrive overall at

AR[f ](x) = −exk−1
1,0(logK − x) +Kk−1

0,0(logK − x).

Lemma 7.4
Let K > 0. For x < logK there holds

∂

∂x

∫ ∞
logK−x

(
ex+y −K

)
k
−(n+1)
0,0 (y) dy = −

∫ ∞
logK−x

(
ex+y −K

)
k−n0,0 (y) dy.
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Similarly for x > logK we get

∂

∂x

∫ logK−x

−∞

(
ex+y −K

)
k
−(n+1)
0,0 (y) dy = −

∫ logK−x

−∞

(
ex+y −K

)
k−n0,0 (y) dy.

Proof. Let x < logK, then we calculate the derivative as

∂

∂x

∫ ∞
logK−x

(
ex+y −K

)
k
−(n+1)
0,0 (y) dy

=
∂

∂x

(
−exk−(n+2)

1,0 (logK − x) +K · k−(n+2)
0,0 (logK − x)

)
= −elogK ∂

∂x
ex−logKk

−(n+2)
1,0 (logK − x)−K · k−(n+1)

0,0 (logK − x)

= Kex−logKk
−(n+1)
1,0 (logK − x)−K · k−(n+1)

0,0 (logK − x)

= exk
−(n+1)
1,0 (logK − x)−K · k−(n+1)

0,0 (logK − x)

= −
∫ ∞

logK−x

(
ex+y −K

)
k−n0,0 (y) dy.

For x > logK we have

∂

∂x

∫ logK−x

−∞

(
ex+y −K

)
k
−(n+1)
0,0 (y) dy

=
∂

∂x

(
exk
−(n+2)
1,0 (logK − x)−K · k−(n+2)

0,0 (logK − x)
)

= elogK ∂

∂x
ex−logKk

−(n+2)
1,0 (logK − x) +K · k−(n+1)

0,0 (logK − x)

= −Kex−logKk
−(n+1)
1,0 (logK − x) +K · k−(n+1)

0,0 (logK − x)

= −
∫ logK−x

−∞

(
ex+y −K

)
k−n0,0 (y) dy.

Now we can compute the entries of the right-hand side 〈AR[f ], ϕ〉V ∗×V . We
mention that to keep things simple, our discretization is valid only for piecewise
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linear basis functions.∫ logK

−R1

AR[f ](x) ϕ(x) dx

=

∫ logK

−R1

∫ ∞
logK−x

(
ex+y −K

)
k0,0(y) dy ϕ(x) dx

Integration by parts
=

[
ϕ(x)

(
−
∫ ∞

logK−x

(
ex+y −K

)
k−1

0,0(y) dy

)]logK

−R1

+

∫ logK

−R1

∫ ∞
logK−x

(
ex+y −K

)
k−1

0,0(y) dy
∂

∂x
ϕ(x) dx

=− ϕ(logK−)elogK

∫ ∞
0

(ey − 1) k−1
0,0(y) dy

+

∫ logK

−R1

∫ ∞
logK−x

(
ex+y −K

)
k−1

0,0(y) dy
∂

∂x
ϕ(x) dx

Integration by parts
= −ϕ(logK−)K

∫ ∞
0

(ey − 1) k−1
0,0(y) dy

+

[
∂

∂x
ϕ(x)

(
−
∫ ∞

logK−x

(
ex+y −K

)
k−2

0,0(y) dy

)]logK

−R1

+

∫ logK

−R1

∫ ∞
logK−x

(
ex+y −K

)
k−2

0,0(y) dy
∂2

∂x2
ϕ(x) dx

and so we arrive at∫ logK

−R1

AR[f ](x) ϕ(x) dx =−
2∑

n=1

ϕ(n−1)(logK−) K c+
n

+

∫ logK

−R1

∫ ∞
logK−x

(
ex+y −K

)
k−2

0,0(y) dy
∂2

∂x2
ϕ(x) dx.

Here c+
n is given by

c+
n =

∫ ∞
0

(ey − 1) k−n0,0 dy = −k−(n+1)
1,0 (0+) + k

−(n+1)
0,0 (0+).

As ϕ is a piecewise polynomial of degree 1, the term ∂2

∂x2ϕ is just a sum of Delta
distributions (see Definition B.17) and the integral reduces to evaluations of∫ ∞

logK−x

(
ex+y −K

)
k−2

0,0(y) dy

= ex
∫ ∞

logK−x
eyk−2

0,0(y) dy −K
∫ ∞

logK−x
k−2

0,0(y) dy

= elogKex−logK

∫ ∞
−(x−logK)

eyk−2
0,0(y) dy +K · k−3

0,0(−(x− logK))

= −K
(
ex−logKk−3

1,0(−(x− logK))− k−3
0,0(−(x− logK))

)
.
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A similar calculation shows∫ R2

logK
AR[f ](x) ϕ(x) dx

=

∫ R2

logK
−
∫ logK−x

−∞

(
ex+y −K

)
k0,0(y) dy ϕ(x) dx

Integration by parts
=

[
ϕ(x)

(∫ logK−x

−∞

(
ex+y −K

)
k−1

0,0(y) dy

)]R2

logK

−
∫ R2

logK

∫ logK−x

−∞

(
ex+y −K

)
k−1

0,0(y) dy
∂

∂x
ϕ(x) dx

=− ϕ(logK+) elogK

∫ 0

−∞
(ey − 1) k−1

0,0(y) dy

−
∫ R2

logK

∫ logK−x

−∞

(
ex+y −K

)
k−1

0,0(y) dy
∂

∂x
ϕ(x) dx

Integration by parts
= −ϕ(logK+) K

∫ 0

−∞
(ey − 1) k−1

0,0(y) dy

+

[
∂

∂x
ϕ(x)

(∫ logK−x

−∞

(
ex+y −K

)
k−2

0,0(y) dy

)]R2

logK

−
∫ R2

logK

∫ logK−x

−∞

(
ex+y −K

)
k−2

0,0(y) dy
∂2

∂x2
ϕ(x) dx.

So here we get

∫ R2

logK
AR[f ](x) ϕ(x) dx =−

2∑
n=1

ϕ(n−1)(logK+) K c−n

−
∫ R2

logK

∫ logK−x

−∞

(
ex+y −K

)
k−2

0,0(y) dy
∂2

∂x2
ϕ(x) dx

with ∫ logK−x

−∞

(
ex+y −K

)
k−2

0,0(y) dy

= ex
∫ logK−x

−∞
eyk−2

0,0(y) dy −K
∫ logK−x

−∞
k−2

0,0(y) dy

= elogKex−logK

∫ −(x−logK)

−∞
eyk−2

0,0(y) dy −Kk−3
0,0(−(x− logK))

= K
(
ex−logKk−3

1,0(−(x− logK))− k−3
0,0(−(x− logK))

)
and

c−n =

∫ 0

−∞
(ey − 1) k−n0,0 dy = k

−(n+1)
1,0 (0−)− k−(n+1)

0,0 (0−).
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Combining these results, we arrive at

〈AR[f ], ϕ〉V ∗×V =−
2∑

n=1

ϕ(n−1)(logK−) K c2,+
n

+

∫ logK

−R1

∫ ∞
logK−x

(
ex+y −K

)
k−2(y) dy

∂2

∂x2
ϕ(x) dx

−
2∑

n=1

ϕ(n−1)(logK+) K c2,−
n

−
∫ R2

logK

∫ logK−x

−∞

(
ex+y −K

)
k−2(y) dy

∂2

∂x2
ϕ(x) dx.

(7.5)

Remark 7.5
Because the scaling functions and wavelets are local and satisfy Dirichlet bound-
ary conditions we have that the terms ϕ(−R1+) and ϕ(R2−) are zero in the
derivation of (7.5). However for higher order basis functions, i.e. piecewise
quadratic wavelets and smoother ones, there will be additional terms due to
nonvanishing derivatives at the boundary.

The entries of the stiffness matrix are of the form

aR(ψµ, ψλ) =〈AR[ψµ], ψλ〉V ∗×V

=

∫
ΩR

ψλ(x)Ajump[ψµ](x) dx− r(ψ′µ, ψλ)0;ΩR + r(ψµ, ψλ)0;ΩR

=−
∫

ΩR

ψλ(x)=

∫
R

(
ψµ(x+ y)− ψµ(x)− (ey − 1)

∂

∂x
ψµ(x)

)
k(y) dy dx

− r(ψ′µ, ψλ)0;ΩR + r(ψµ, ψλ)0;ΩR (7.6)

=−
∫

ΩR

ψλ(x)=

∫
R
ψµ(x+ y)k(y) dy dx

+ (c0,0(∞) + r)(ψµ, ψλ)0;ΩR + (c1,0(∞)− c0,0(∞)− r) (ψ′µ, ψλ)0;ΩR .

For the double integral, we additionally need anti-derivatives of k̂0,0(x), which
we define in the usual way:

k̂−n0,0 (x) =


=

∫ x

0

1

(n− 1)!
(x− y)(n−1)k(y) dy, x ≥ 0,

−=

∫ 0

x

1

(n− 1)!
(x− y)(n−1)k(y) dy, x < 0.

Again, these functions can be computed via

k̂−n0,0 (x) =


1

(n− 1)!

n−1∑
k=0

(
n− 1

k

)
(−1)n−1−kxk k̂−1

0,n−1−k(x), x ≥ 0,

1

(n− 1)!

n−1∑
k=0

(
n− 1

k

)
xk k̂−1

0,n−1−k(x), x < 0.
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Note that in contrast to k
−(n+1)
0,0 (x) these anti-derivatives vanish at zero, in

particular they are continuous at zero. Therefore, the double integral can be
computed after 4-times partial integration∫

ΩR

ψλ(x)=

∫
R
ψµ(x+ y)k(y) dy dx =

∫
ΩR

ψλ(x)=

∫
R
ψµ(y)k(y − x) dy dx

=

∫
ΩR

∂2

∂x2
ψλ(x)=

∫
R

∂2

∂y2
ψµ(y)k̂−4

0,0(y − x) dy dx.

The last double integral reduces therefore to point evaluations of k̂−4
0,0(y − x).

7.3. Specific Implementation

Now that we know how the entries of the matrix and of the right-hand side
have to be calculated, we will next take care of the concrete implementation for
the various market models from Section 6.2.

7.3.1. The CGMY Kernel

For the CGMY process presented in Subsection 6.2.4 the Lévy kernel was given
by

kCGMY (y) = C

(
e−G|y|

|y|1+Y
1{y<0} +

e−M |y|

|y|1+Y
1{y>0}

)
.

For the function k∆η,∆α(y) we get another CGMY kernel with shifted parame-
ters

k∆η,∆α(y) = kC,G+∆η,M−∆η,Y−∆α(y),

so we can assume ∆η = ∆α = 0. Thus for Y = 0 and x > 0 we get

k−1
0,0(x) =−

∫ ∞
x

k(y) dy = −C
∫ ∞
x

e−My

y
dy

=− C
∫ ∞
Mx

e−y

y
dy = −CE1(Mx)

where E1(x) is the exponential integral.1 For Y = 1 and x > 0 we have after
partial integration

k−1
0,0(x) =−

∫ ∞
x

k(y) dy = −C
∫ ∞
x

e−My

y2
dy

=− CM
∫ ∞
Mx

e−y

y2
dy = −CM

([
−e
−y

y

]∞
Mx

+

∫ ∞
Mx

e−y

y
dy

)
=− C

(
e−Mx

x
+ME1(Mx)

)
.

1E1(x) can be computed in C++ via the call double expint( double x ).
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Finally for Y /∈ {0, 1} and x > 0 we can apply partial integration twice to get

k−1
0,0(x) =−

∫ ∞
x

k(y) dy = −C
∫ ∞
x

e−Myy−1−Y dy

=− CMY 1

−Y

([
e−yy−Y

]∞
Mx

+

∫ ∞
Mx

e−yy−Y dy

)
=− C

(
e−Mx

Y xY
+MY 1

−Y

∫ ∞
Mx

e−yy−Y dy

)
=− C

(
e−Mx

Y xY
+MY 1

−Y (1− Y )

([
e−yy1−Y ]∞

Mx
−
∫ ∞
Mx

e−yy1−Y dy

))
=− C

(
e−Mx

Y xY
+

MY

−Y (1− Y )

(
−e−Mx(Mx)1−Y −

∫ ∞
Mx

y(2−Y )−1e−y dy

))
=− C

(
e−Mx

Y xY
+

M

Y (1− Y )
x1−Y e−Mx − MY

Y (1− Y )
Γ(2− Y,Mx)

)
,

where Γ(a, z) =
∫∞
z ta−1e−t dt denotes the upper incomplete gamma function.2

Of course the same computation can be applied for x < 0. The second function
to be implemented is for x > 0

k̂−1
0,0(x) = =

∫ x

0
k(y) dy,

which will be accomplished using Gauß-Jacobi quadrature from Section C.1. It
follows from the definition of the finite-part integral that

=

∫ x

0
k(y) dy =C=

∫ x

0

e−My

y1+Y
dy

=C

(∫ x

0

e−My − (1−My)

y1+Y
dy + =

∫ x

0

1−My

y1+Y
dy

)
=C

(∫ x

0
y1−Y e

−My − (1−My)

y2
dy + =

∫ x

0
y−Y−1 dy −M=

∫ x

0
y−Y dy

)
.

Finally, with the transformation ỹ = 2
xy − 1, y = x

2 (1 + ỹ) we arrive at

C

(∫ x

0
y1−Y e

−My − (1−My)

y2
dy + =

∫ x

0
y−Y−1 dy −M=

∫ x

0
y−Y dy

)
= C

(
x

2

∫ 1

−1
(1 + ỹ)1−Y e

−My − (1−My)

y2
dỹ
(x

2

)1−Y

+ =

∫ x

0
y−Y−1 dy −M=

∫ x

0
y−Y dy

)
.

For the existing integral, we use the Gauß-Jacobi quadrature with weights α = 0
and β = 1− Y from Section C.1.

2Γ(a, z) is in C++ available for example via the boost function boost::math::tgamma(a,z).
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7.3.2. The Kou Jump-diffusion

For the Kou model from Subsection 6.2.7, the (nonsingular) Lévy measure reads

kKou(y) = p−GeGy1{y<0} + p+Me−My1{y>0}.

It is easy to see that this is (more or less) the Lévy kernel of the CGMY process
for Y = −1.

7.3.3. The Merton Jump-diffusion

In the Merton model we have a diffusive component as well as a jump component
with Lévy measure of the form

kMerton(y) = λ
1√
2πσ

e−
1

2σ2 (y−µ)2

(7.7)

as presented in Subsection 6.2.5. For the first function to be implemented we
have for x > 0

k−1
∆η,∆α(x) =−

∫ ∞
x

e∆ηy|y|∆αk(y) dy = −
∫ ∞
x

e∆ηy|y|∆αλ 1√
2πσ

e−
1

2σ2 (y−µ)2

dy

=− λ√
2πσ

∫ ∞
x
|y|∆αe−

1
2σ2 (y−µ)2+∆ηy dy

ỹ=y−x
= − λ√

2πσ

∫ ∞
0

(ỹ + x)∆αe−
1

2σ2 (ỹ+x−µ)2+∆η(ỹ+x) dỹ

=− λ√
2πσ

∫ ∞
0

e−ỹ(ỹ + x)∆αe−
1

2σ2 (ỹ+x−µ)2+∆η(ỹ+x)+ỹ dỹ,

where this integral can be calculated using the Gauß–Laguerre quadrature from
Section C.1. A similar calculation follows for x < 0

k−1
∆η,∆α(x) =

∫ x

−∞
e∆ηy|y|∆αk(y) dy =

λ√
2πσ

∫ x

−∞
e∆ηy(−y)∆αe−

1
2σ2 (y−µ)2

dy

ỹ=−y
= − λ√

2πσ

∫ −x
∞

e−∆ηỹ(ỹ)∆αe−
1

2σ2 (−ỹ−µ)2

dỹ

=
λ√
2πσ

∫ ∞
−x

e−∆ηỹ(ỹ)∆αe−
1

2σ2 (−ỹ−µ)2

dỹ

ŷ=ỹ+x
=

λ√
2πσ

∫ ∞
0

e−∆η(ŷ−x)(ŷ − x)∆αe−
1

2σ2 (−(ŷ−x)−µ)2

dŷ

=
λ√
2πσ

∫ ∞
0

e−ŷ(ŷ − x)∆αe−
1

2σ2 (−ŷ+x−µ)2−∆η(ŷ−x)+ŷ dŷ.

The second function reads for x ≥ 0 (note that the integral exists in the
Lebesgue sense)

k̂−1
∆η,∆α(x) ==

∫ x

0
e∆ηy|y|∆αk(y) dy =

∫ x

0
e∆ηy|y|∆αλ 1√

2πσ
e−

1
2σ2 (y−µ)2

dy

=
λ√
2πσ

∫ x

0
y∆αe−

1
2σ2 (y−µ)2+∆ηy dy,
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and we calculate this function using a Gauß–Legendre rule as presented in
Section C.1. For x ≤ 0 this function reads

k̂−1
∆η,∆α(x) =−=

∫ 0

x
e∆ηy|y|∆αk(y) dy =

∫ 0

x
e∆ηy(−y)∆αλ

1√
2πσ

e−
1

2σ2 (y−µ)2

dy

=
λ√
2πσ

∫ 0

x
(−y)∆αe−

1
2σ2 (y−µ)2+∆ηy dy,

where again a Gauss–Legendre rule may be applied.

7.3.4. The Normal Inverse Gaussian Model

For the NIG kernel from Subsection 6.2.3, the Lévy measure has the form

kNIG(y) =
αδ

π

K1(α|y|)
|y|

eβy. (7.8)

We start with the anti-derivatives that vanish at infinity. For x > 0 we have

k−1
∆η,∆α(x) =−

∫ ∞
x

k∆η,∆α(y) dy = −
∫ ∞
x

e∆ηyy∆ααδ

π

K1(α|y|)
|y|

eβy dy

=− αδ

π

∫ ∞
x

e(∆η+β)yy∆α−1K1(αy) dy

y=ỹ+x
= − αδ

π

∫ ∞
0

e(∆η+β)(ỹ+x)(ỹ + x)∆α−1K1(α(ỹ + x)) dỹ

=− αδ

π

∫ ∞
0

e−ỹe(∆η+β+1)ỹe(∆η+β)x(ỹ + x)∆α−1K1(α(ỹ + x)) dỹ

=− αδ

π

∫ ∞
0

e−ỹe(∆η+β+1)ỹ+(∆η+β)x(ỹ + x)∆α−1K1(α(ỹ + x)) dỹ,

where the last expression can be calculated with a Gauß–Laguerre quadrature
(see again Section C.1). Similar, for x < 0 we get

k−1
∆η,∆α(x) =

∫ x

−∞
k∆η,∆α(y) dy =

∫ x

−∞
e∆ηy|y|∆ααδ

π

K1(α|y|)
|y|

eβy dy

=
αδ

π

∫ x

−∞
e(∆η+β)y(−y)(∆α−1)K1(−αy) dy

y=ỹ+x
=

αδ

π

∫ 0

−∞
e(∆η+β)(ỹ+x)(−(ỹ + x))(∆α−1)K1(−α(ỹ + x)) dỹ

ỹ=−ŷ
= − αδ

π

∫ 0

∞
e(∆η+β)(−ŷ+x)(−(−ŷ + x))(∆α−1)K1(−α(−ŷ + x)) dŷ

=
αδ

π

∫ ∞
0

e(∆η+β)(−ŷ+x)(−(−ŷ + x))(∆α−1)K1(−α(−ŷ + x)) dŷ

=
αδ

π

∫ ∞
0

e−(∆η+β)ŷe(∆η+β)x(ŷ − x)(∆α−1)K1(α(ŷ − x)) dŷ

=
αδ

π

∫ ∞
0

e−ŷe(−∆η−β+1)ŷe(∆η+β)x(ŷ − x)(∆α−1)K1(α(ŷ − x)) dŷ

=
αδ

π

∫ ∞
0

e−ŷe(−∆η−β+1)ŷ+(∆η+β)x(ŷ − x)(∆α−1)K1(α(ŷ − x)) dŷ.
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The second function to be implemented is k̂−1
∆η,∆α(x). For x > 0 we have

k̂−1
∆η,∆α(x) = =

∫ x

0
k∆η,∆α(y) dy = =

∫ x

0
e∆ηy|y|∆ααδ

π

K1(α|y|)
|y|

eβy dy

=
αδ

π
=

∫ x

0
e(∆η+β)yy∆α−1K1(αy) dy.

As K1(x) ∼ 1
x for x → 0, the integrand displays a hypersingularity of order

2 at zero. In order to apply the finite-part quadrature rules from (C.3) we
need to split off the singular part from K1(x). Therefore we use the rational
approximation formula from [PTVF07, page 281] for 0 ≤ x ≤ 1:

K1(x) = f(x) +
1

x
,

where f is a smooth function3 and f(x)
x→0−→ 0. An important property of

this representation is that the first part goes to zero as x goes to zero. Hence
the singularity of K1(x) at zero is separated in the second part 1/x. As this
approximation is only valid on (0, 1), in case of x > 1

α we have to split the
domain of integration into

k̂−1
∆η,∆α(x) =

αδ

π
=

∫ 1
α

0
e(∆η+β)yy∆α−1

(
f(αy) +

1

αy

)
dy

+
αδ

π

∫ x

1
α

e(∆η+β)yy∆α−1K1(αy) dy.

Here, the second integral is a standard Lebesgue integral. Thus the integrand
in the first integral has a singularity of order 1 and 2, respectively. Now we
apply the Gauß-Jacobi finite-part rule from (C.3) to calculate the values of
both integrals. For the first one we have

αδ

π
=

∫ x

0
e(∆η+β)yy∆α−1f(αy) dy =

αδ

π
=

∫ x

0
y∆α e

(∆η+β)yf(αy)

y
dy

and therefore we approximate it by

αδ

π

(
w0f(0) +

k∑
i=1

wie
(∆η+β)nif(αni)

)
,

with

w0 = =

∫ x

0
y∆α−1 dy −

k∑
i=1

wi =


log(x)−

k∑
i=1

wi, ∆α = 0,

x∆α

∆α
−

k∑
i=1

wi, ∆α 6= 0.

3 We have

f(x) = x

(
poly(k1p, 4, x2)

poly(k1q, 2, 1− x2)
+

poly(k1pi, 4, x2) log(x)

poly(k1qi, 2, 1− x2)

)
,

and the function poly as well as the various coefficients may be obtained from [Num07].
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7.3. Specific Implementation

The other weights are given by

wi =
wGauJac
i

nGauJac
i

, i = 1, . . . , k.

A similar calculation for the second integral reveals

αδ

π
=

∫ x

0
e(∆η+β)yy∆α−1 1

αy
dy =

δ

π
=

∫ x

0
y∆α e

(∆η+β)y

y2
dy

=
δ

π

(
w̄0 + w̄′0(∆η + β) +

k∑
i=1

w̄ie
(∆η+β)ni

)

with the weights

w̄i =
wGauJac
i

(nGauJac
i )2

, i = 1, . . . , k.

The additional weights w̄0 and w̄′0 are given by

w̄0 ==

∫ x

0
y∆α−2 dy −

k∑
i=1

w̄i =


log(x)−

k∑
i=1

w̄i, ∆α = 1,

x∆α−1

∆α− 1
−

k∑
i=1

w̄i, ∆α 6= 1,

w̄′0 ==

∫ x

0
y∆α−1 dy −

k∑
i=1

wi =


log(x)−

k∑
i=1

wi, ∆α = 0,

x∆α

∆α
−

k∑
i=1

wi, ∆α 6= 0.

At last, we have to do some calculation for x < 0

k̂−1
∆η,∆α(x) =−=

∫ 0

x
k∆η,∆α(y) dy

=− αδ

π
=

∫ 0

x
e(∆η+β)y(−y)∆α−1K1(−αy) dy

ỹ=−y
=

αδ

π
=

∫ 0

−x
e−(∆η+β)ỹỹ∆α−1K1(αỹ) dỹ

=− αδ

π
=

∫ −x
0

e−(∆η+β)ỹỹ∆α−1K1(αỹ) dỹ,

and this expression can be computed similarly. In this subsection, the weights
for the finite-part quadrature have been calculated according to (C.4).
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8. Pricing Options with Lawa

An expert is a man who has made all the mistakes,
which can be made, in a very narrow field.

(Niels Henrik David Bohr)

In this chapter we show how the pricing equation (6.7) and the inequality (6.9)
from Chapter 6 may be solved with Lawa in order to price European as well as
American options. All calculations were performed with the uniform θ-scheme
from (4.15) with θ = 1 (fully implicit) and the biorthogonal wavelet bases with
parameters d = d̃ = 2 constructed by the [DKU99] approach. We truncated the
computational domain to (−R1, R2) = (−3, 6), set j0 = 3, J = 8 and M = 31.
The relative tolerance in solving the elliptic systems was set to 1e − 5. We
consider two different payoff functions, namely

g1(t, St) = (K − St)+ and

g2(t, St) = (St −K1)+ − 2

(
St −

1

2
(K1 +K2)

)+

+ (St −K2)+ .

Here (x)+ stands for max {x, 0}. The function g1 gives rise to a so-called Put
option, where we choose the parameter K = 80, while for the payoff g2 we get
a Butterfly contract, for which we set K1 = 65,K2 = 95. For both options, we
considered a maturity of T = 2.

Remark 8.1 (L2(−R1, R2)-normalized Wavelets)
In order to get wavelets that are normalized on L2(ΩR) with ΩR = (−R1, R2)
we define

ψ̂λ(x) = (R2 +R1)−
1
2ψλ

(
x+R1

R2 +R1

)
,

and then we have ‖ψ̂λ‖L2(ΩR) = ‖ψλ‖L2(Ω). For the inner products that occur
when calculating the entries of the stiffness matrix there holds

• (ψ̂λ, ψ̂µ)0;ΩR = (ψλ, ψµ)0;Ω,

• ( ∂
∂x ψ̂λ, ψ̂µ)0;ΩR = (R2 +R1)−1

(
∂
∂xψλ, ψµ

)
0;Ω

and

• ( ∂
∂x ψ̂λ,

∂
∂x ψ̂µ)0;ΩR = (R2 +R1)−2

(
∂
∂xψλ,

∂
∂xψµ

)
0;Ω

.

We chose this way instead of transforming the equations (6.7) and (6.9) to the
interval Ω = (0, 1) because of the less complex implementation.

All plots in this chapter have been produced with the code option_pricing.cc,
which can be found in the directory applications/ of Lawa.

169



8. Pricing Options with Lawa

8.1. European Options

To show the versatility of the PIDE approach and also for comparison reasons,
we begin with European options. Recall that by Definition 6.1 the difference
between European and American options was that the European option may
only be exercised at the maturity. Therefore, its value may certainly drop below
the payoff prior to maturity.

8.1.1. Black-Scholes Model

We start with the most simple model that was defined in Subsection 6.2.1,
where the stock process was driven by a simple exponential diffusion.
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(a) European Put
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(b) European Butterfly

Figure 8.1.: European options in the Black-Scholes model

Although this is a very simple model, some prominent facts get revealed by the
plots in Figure 8.1, namely that the option value may fall below the payoff and
that the payoff is smeared as it departs from the maturity. From (6.10) it also
becomes clear why there are small oscillations around the strike levels in both
plots.

8.1.2. Merton Jump-diffusion Model

The next model we are going to consider is driven by the Merton jump-diffusion
from Subsection 6.2.5. Recall that here the stock may, additionally to a diffusive
movement, exhibit lognormally distributed jumps.
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8.1. European Options
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(a) European Put
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(b) European Butterfly

Figure 8.2.: European options in the Merton jump-diffusion model

Because the volatility parameter σ was chosen larger in this model the value
in Subfigure 8.2(b) is arched a little bit more around the payoff, although the
overall form is very similar to that in Subsection 8.1.1.

8.1.3. Kou Jump-diffusion Model

We continue with another jump-diffusion model. By the proposal of Steven
Kou the underlying of the option should be modeled by a geometric Brownian
motion accompanied by a jump process that allows exponentially distributed
shocks in both directions, see Subsection 6.2.7.
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(a) European Put
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Figure 8.3.: European options in the Kou jump-diffusion model

Again there is little difference of the plots when compared to the standard Black-
Scholes model, a fact that is probably due to the nature of the jump-diffusion
model and its rare occurrence of jumps.
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8. Pricing Options with Lawa

8.1.4. CGMY Pure-jump Model

Now we come to the first pure-jump model. In Subfigure 8.4(a) we can first
spot that the value of the option is significantly larger even in regions deep out
of the money, a circumstance that is explainable by the feature of sudden large
downward jumps of the CGMY-process, see also Figure 6.1.
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(a) European Put
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Figure 8.4.: European options in the CGMY model

While for the vanilla Put in Subfigure 8.4(a) the pure-jump nature raised the
option value, the opposite is true for the Butterfly option in Subfigure 8.4(b).
There the stock may jump at any time out of the moneyness region around the
peak of the payoff and so the possibility to mature in that interval of positive
payoff is clearly smaller as it was in the diffusive models.

8.1.5. CGMYe Model

For the mixed pure-jump / diffusion model from Subsection 6.2.4, where we
added an additional volatility of σ = 0.0458 steered by a geometric Brownian
motion, we also get option values that share some characteristics of both.
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8.1. European Options
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(a) European Put
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Figure 8.5.: European options in the CGMYe model

Both plots show that, although the diffusion component of the stock-price pro-
cess is very small, this already suffices to tighten the value of the option more
around the payoff.

8.1.6. Normal Inverse Gaussian Model

If we had to guess the model from the pictures of Figure 8.6 we would locate
it somewhere in between the pure-jump CGMY and the diffusive Black-Scholes
model because of the concentration of the value around the payoff in Subfig-
ure 8.6(a) and the slow decay of the value in Subfigure 8.6(b) for S →∞.
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(a) European Put
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Figure 8.6.: European options in the Normal Inverse Gaussian model

This accords to the comment after Figure 6.1, where the NIG-model from Sub-
section 6.2.3 was also described as being somewhere in the middle of both.
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8. Pricing Options with Lawa

8.2. American Options

Now that we have met the values of European options for the various models
from Section 6.2 we will see in this section how their shapes change when the
option features the possibility of early exercise. For the American Put option
we also display the respective exercise boundary, that is the turning point of the
stock-price level where the (rational) option holder would exercise the option.

8.2.1. Black-Scholes Model

Again we start with the most simple model from Black and Scholes. In both
plots of Figure 8.7 we can see that now the value rests continuously differentiable
on the payoff for the whole life-time of the option.
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(a) American Put
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Figure 8.7.: American options in the Black-Scholes model

We note however, that already for the Black-Scholes model no analytic form for
the value of the American option is known.

8.2.2. Merton Jump-diffusion Model

For the same option in the Merton jump-diffusion model, the picture is again
similar as it was for the European case in Subsection 8.1.2.
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8.2. American Options
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(a) American Put
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Figure 8.8.: American options in the Merton Jump-diffusion model

We are fixing the exercise boundary in case of the Put by looking at which point
the option value exceeds the value 1/10, i.e.

bt = min

{
S ∈ R≥0

∣∣ V (t, S) >
1

10

}
.

8.2.3. Kou Jump-diffusion Model

Although we had used a larger volatility for the Kou model from Subsec-
tion 6.2.7 than for the Merton model from Subsection 6.2.5, the value in Sub-
figure 8.9(b) looks like it is pushed more intensely against the payoff.
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(a) American Put
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Figure 8.9.: American options in the Kou Jump-diffusion model

Again it is very clearly visible that the option value enters the contact region
continuously differentiable, a circumstance that we had already identified in
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8. Pricing Options with Lawa

Remark 6.19. Especially for the American Butterfly option in the Black-Scholes
model we have shown this property in detail in Figure 6.2.

8.2.4. CGMY Pure-jump Model

Now for the next plots in Figure 8.10 exactly this principle fails as we can see in
particular in Subfigure 8.9(b). There, the option value displays a kink where it
enters the payoff. In Figure 6.3 in Chapter 6 we had already shown a cut view of
Subfigure 8.10(b) at the time point t = 1.68 in order to illustrate Remark 6.19.
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Figure 8.10.: American options in the CGMY model

That means for the calculation of the option value with finite difference meth-
ods, we would have to add some artificial diffusion, which is done in [CV06] by
truncating the Lévy measure around zero. Of course, the choice of this cut-off
region is challenging as it alters the behaviour of the process. We just note
that for solving the PIDI (6.9) with wavelets (or more generally with finite ele-
ments), there is no need for truncating the singular measure as it gets directly
regularized by the ansatz and test functions.

8.2.5. CGMYe Model

For the extended CGMY model there is such a “regularizing” diffusion compo-
nent present, however if we have a close look at Subfigure 8.11(b) this effect
seems to be hardly noticeable, as there is still a nondifferentiable transition of
the value visible.
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8.2. American Options
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(a) American Put
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Figure 8.11.: American options in the CGMYe model

Also from the same plot we can see that the change from the option value to
the excess-to-payoff from (6.11) transports the singularities from the payoff at
the two strike levels K1 = 65 and K2 = 95.

8.2.6. Normal Inverse Gaussian Model

The last picture we are going to present in this chapter displays the two Ameri-
can options of Put and Butterfly style in the NIG model that we had introduced
in Subsection 6.2.3.
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Figure 8.12.: American options in the Normal Inverse Gaussian model

Although this is a pure-jump model, there is always smooth pasting of the
function at the exercise boundary. Nevertheless, the kinks from the excess-
to-(discounted-)payoff stay present and will bound the convergence rate of a
uniform scheme significantly.
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8. Pricing Options with Lawa

8.3. Further Models and Option Types

From the models presented in Section 6.2 we have omitted the generalized
hyperbolic (GH) Lévy motion from Subsection 6.2.6 because there already the
Lévy kernel is very difficult to handle. For pricing options (and so for solving
the equation or inequality) in this model, a precise approximation of the density
would be necessary – a task not considered in this thesis. On the other hand,
if one wants to price other types of option contracts that have barrier-style
payoffs, one can directly use the code that was used for producing the plots
above (where artificial barriers were used to arrive at a bounded domain). If the
payoff function itself is not the Put, whose image was calculated in Lemma 7.3,
then one has to calculate the respective entries of the right-hand side with the
help of the finite-part quadrature from Appendix C.
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9. Conclusion

If you want a happy ending, that depends,
of course, on where you stop your story.

(Orson Welles)

In Chapter 4 we have presented an adaptive wavelet method for elliptic vari-
ational inequalities together with proven convergence rates. We have seen in
Remark 4.21 that we can expect for the Besov regularity of the solution to be
higher than the corresponding Sobolev regularity. This was the justification
for the application of the method EVISOLVE described in Algorithm 22 to
the solution of singular elliptic variational inequalities. In Chapter 5 we have
shown at some computer experiments that these considerations are also of prac-
tical relevance, because the adaptive schemes from Chapter 4 actually attained
higher convergence rates than the uniform methods. The same was true for the
simplified solver S-ADWAV-EVISOLVE presented in Algorithm 24. These
results are also available in condensed form, see [RU10a, RU10b].

The problem of pricing American options, that we have presented in Chap-
ter 6, essentially boils down to the solution of a parabolic obstacle problem.
The smooth pasting principle from Remark 6.19 may fail for particular Lévy
processes and this results in a singularity of the solution. Thus, it is obvious
that there is a need for wavelet-based adaptive methods that go beyond uni-
form schemes. While we have presented some building blocks for an adaptive
wavelet method for this problem as well at the end of Chapter 4, we have also
seen that the non-coerciveness of the operator ∂tu+ A[u] is a major drawback
in constructing an infinite iteration in the space `2. When such a iteration is
available, also American options may be priced in an adaptive fashion.

It was difficult for the author to find a textbook where the FE-discretization of
the hypersingular Lévy measure is elaborated. Therefore, we have included this
derivation in detail in Chapter 7. This discretization makes heavy use of the
Hadamard finite-part integral and the singular quadrature from Appendix C.

The Library for Adaptive Wavelet Applications, which we used for all the
experiments in Chapter 3, Chapter 5 and Chapter 8 of this thesis, has proven
to be an efficient tool for the rapid development of adaptive wavelet methods.
The model problems that come with Lawa may also serve as testbed for newly
designed adaptive wavelet algorithms. With the help of the introduction from
Chapter 2 or by [RSU10], it should therefore be possible for users to work with
Lawa after a short learning period. The broad spectrum of possible applications
is also reflected by the fact that right now Lawa is already in use for several
other projects, see [Jes11, Rup11, Kes12].
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10. Outlook

There are the rushing waves. . .
mountains of molecules,
each stupidly minding its own business. . .
trillions apart
. . . yet forming white surf in unison.

(Richard Phillips Feynman)

For future research numerous possible starting points clearly are at hand.

Adaptive projection algorithm PROJECT

The actual computation of the approximated projection that was used in Algo-
rithm 20 and Algorithm 21 crucially relied on the Assumption 4.24, which was
experimentally validated in Subsection 4.5.4. A detailed study and analysis of
this assumption is an essential cornerstone of all future research on adaptive
wavelet methods for variational inequalities.

EVISOLVE without Coarsening the Iterands

The adaptive wavelet algorithm EVISOLVE has shown to be convergent with
the rate of the best N -term approximation. As it was the case with the adaptive
wavelet methods for the operator equation in the experiments in Chapter 3, the
repeated coarsening negatively affects the runtime of the method. Consequently,
the next question is how the ideas from [GHS07], which give rise to another
adaptive wavelet method that avoids the recurrent coarsening of the iterands
as presented in Algorithm 6, may be transferred to the adaptive wavelet method
for the elliptic inequality. The goal is to arrive at a variant that also avoids the
coarsening, maybe then dubbed EVISOLVE-WO-COARSENING.

Computational Optimality for EVISOLVE

The last piece to render Algorithm 22 computationally optimal from a theo-
retical point of view would be an optimized solver for the quadratic program
within the projection step. The current implementation of Algorithm 21 uses
a general purpose solver for QPs and therefore the complexity is not linear,
a circumstance which rendered the whole algorithm EVISOLVE suboptimal
from a computational complexity viewpoint. If one can exploit the structure
of the admissible set in (4.30) or the system (D.3) to design a linear complex-
ity solver for this quadratic optimization problem, then finally EVISOLVE is
computationally optimal.
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10. Outlook

PVISOLVE for Parabolic Variational Inequalities

The long-term goal is clearly the development of an adaptive pricing algorithm
for American options on Lévy driven assets. Unfortunately, the idea from [SS09]
is not applicable to the parabolic variational inequality in operator form (4.53).
The operator B is not coercive and the resort from [SS09], where the normal
equations are considered instead, is not applicable to the inequality. Here it
must be the goal to find a convergent iteration in the wavelet space `2 from which
an adaptive scheme for the solution of (4.7) can be derived. This is of particular
importance for the option pricing problem because, according to Remark 6.19,
there will be singular solutions. Despite the fact that PDE-based methods might
in general be too slow for applications in banks and financial institutions, where
prices need to be calculated in seconds, it is nonetheless important to have a
highly accurate algorithm available for checking approximation formulas or the
other methods mentioned at the beginning of Section 6.3.

Library for Adaptive Wavelet Applications

It is important to say that even though being investigated since nearly 10 years
now and despite their strong analytical features, the wavelet-based adaptive
algorithms for solving operator equations, that were presented in Chapter 2,
still seem to play no major role for the treatment of real-world problems. Apart
from [HR09], where practical problems of realistic size are solved by means of
a wavelet-Galerkin approach, the weapon of choice for commercial PDE solvers
seem to be finite element (FE), finite volume (FV) or finite difference (FD)
methods.

A major drawback for wavelet methods is for sure the complicated construction
of wavelet bases for general domains. Although this problem has been theo-
retically investigated by several researchers and there have been also computer
implementations, no commercial vendor for scientific software has picked up
this thread and developed a solid package that is applicable.

The problem of prior software implementations of wavelet methods like the
IgpmLib from [BBJ+02] or the PolitoLib is that they had not a very stringent
style-guide, outdated documentation and were not compliant to a C++-standard
(simply because such a standard did not exist back then). From a design per-
spective and because many people contributed in different parts, the structure
of the IgpmLib makes it also difficult to understand the code and even use it.
This is incidentally an often encountered problem in open-source projects, as
there is a form of evolution working and not intelligent design.

That is why the goal in the development of Lawa was to form building blocks
for software implementations that are

• modular, i.e. whenever there are new algorithms or constructions for one
particular task available, the new code should fit into the place with no
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or minimal change to other parts of the library,

• platform-independent and also compliant to the C++ standard (ISO/IEC
14882:2003), having in mind the difficulties when compiling legacy code
on modern environments,

• self-documenting in the sense that additional annotations should be used
as parsimonious as possible, because they are regarded as an indication
of deficient and obscure code,

• open and free as in free speech, a reason why Lawa is available under the
terms of the GPL v2 or v3, respectively,

• reliable through a large set of tests and examples, which may detect faulty
or suboptimal code and lastly

• efficient by strictly relying on Flens, a library developed in [Leh08,
Leh10], for all numerical linear algebra functionality.

Because of these points, we think that Lawa is applicable in research and edu-
cation. The long-term vision for Lawa is that there will form some sort of
community around this project. Then there is a good chance for keeping such
an open-source project alive. After all, it would be a pity if these programming
efforts were for nothing.

We close this outlook with naming a few possible extensions for Lawa that
could be realized in the short or medium term future.

• Implementation of the boundary conditions for the [Pri06] and [Dij09]
basis construction together with a decomposition of the coarse scales, so
that the number of scaling functions on level j0 is reduced.

• Realization of wavelet bases on simple two-dimensional domains like the
square or the L-shaped domain in order to attract other users to Lawa
and also for showcasing purposes.

• Deployment of multiwavelet interval wavelet bases for the solution of high-
dimensional problems, see for example [Kes12, Rup11].

• Further optimizations to the existing code, that use recent programming
paradigms like [Mun09].
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A. Stochastics

In this chapter we collect some definitions and properties from stochastic anal-
ysis, in particular the notion of an equivalent martingale measure and of a
stopping time. These results are necessary for the definition of the fair value of
an option in the first part of Chapter 6.

Definition A.1 (Equivalent measures, [BK04, Section 2.4])
For a measurable space (Ω,F ) with a σ-algebra F we say that two measures
P1 and P2 are equivalent if we have for every subset A ∈ F that

P1(A) = 0⇒ P2(A) = 0

and
P2(A) = 0⇒ P1(A) = 0.

Definition A.2 (Stochastic basis, [JS02, Chapter I, Definition 1.2, 1.3])
We call the triple (Ω,Ft,P) consisting of the measurable space Ω, a filtration
Ft, such that F0 contains all the null-sets of Ω, and the measure P on Ω a
stochastic basis.

Definition A.3 (Stopping time, [JS02, Chapter I, Definition 1.11])
A random variable τ that takes values in R≥0 is called a stopping time if

{τ ≤ t} =
{
ω
∣∣ τ(ω) ≤ t

}
∈ Ft, ∀t ≥ 0.

Definition A.4 (Martingale, [JS02, Chapter I, Definition 1.36])
Let {Xt}t≥0 be an adapted process on the stochastic basis (Ω,Ft,P). For another
equivalent measure Q we say that Xt is a martingale with respect to Q if

EQ [|Xt|] <∞, ∀t ≥ 0

and for all 0 ≤ s ≤ t we have that

EQ
[
Xt

∣∣ Fs

]
= Xs.

In that case we call the measure Q an equivalent martingale measure for Xt.
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B. Function Spaces

Throughout this work we have encountered various sequence, function and smooth-
ness spaces. In order to make this thesis self-contained we now define these
spaces. Additionally, we introduce the notion of the Bochner integral that ex-
tends the Lebesgue integral to vector-valued functions with values in a Hilbert
space. At the end we present the notion of a Besov space, which characterizes
the smoothness of a function in a different sense than the Sobolev space, and is
an important tool for the analysis of the convergence rate of adaptive methods.

Because we need the following Landau symbols at various points of this thesis
we recall them shortly.

Definition B.1 (The Landau Symbol O)
Let f, g : R→ R be two functions. We write

f(x) = O(g(x)), x→∞

if there exists a real number x0 such that

|f(x)| . |g(x)|, ∀x ≥ x0.

Definition B.2 (The Landau Symbol o)
Let f, g : R→ R be two functions. We write

f(x) = o(g(x)), x→ 0

if it is true that

lim
x→0

∣∣∣∣f(x)

g(x)

∣∣∣∣ = 0.

Remark B.3
It is obvious how these two definition have to be altered for f, g : N→ R.

B.1. Sequence Spaces

Definition B.4 (`p Spaces)
For any countable index set J and sequence c = {cλ}λ∈J indexed by J we
define the norm

‖c‖`p =

{(∑
λ∈J |cλ|

p) 1
p , 1 ≤ p <∞,

supλ∈J |cλ| , p =∞.
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B. Function Spaces

The `p spaces are Banach spaces. Moreover, the special case of `2 is a Hilbert
space with inner product

cTd = (c,d) = (c,d)`2 =
∑
λ∈J

cλdλ.

In this thesis, J will always be a set of wavelet indices as in Definition 2.3 and
we abbreviate `p(J ) just by `p. For any element v ∈ `p we define its support by

supp (v) =
{
λ ∈ J

∣∣ vλ 6= 0
}
.

We next consider a weaker variant of the `p spaces.

Definition B.5 (`wτ Spaces)
Let v∗ be the decreasing rearrangement of v as in Subsection 2.2.7. For 0 <
τ < 2 we denote by `wτ all vectors v ∈ `2 for which the quantity

|v|`wτ = sup
n∈N

n1/τv∗n

is finite and set

‖v‖`wτ = ‖v‖`2 + |v|`wτ .

The space `wτ has an important connection to the approximation space As from
Definition 2.27.

Lemma B.6 ([CDD01, Proposition 3.2])
Let s > 0 and τ be defined by

τ = (s+ 1/2)−1 .

Then we have that v ∈ `2 belongs to As if and only if v ∈ `wτ and

‖v‖As ∼ ‖v‖`wτ . (B.1)

Because the norms in (B.1) are equivalent, we state the relevant claims in
Chapter 2 and Chapter 4 in the form where the ‖·‖As-norms of v ∈ `2 are
involved. Finally we note that u ∈ `τ =⇒ u ∈ `wτ , hence the name “weak” `τ .

B.2. Lebesgue and Sobolev Spaces

In the various chapters of this thesis we frequently omit the domain Ω from the
spaces, norms or from the inner products if it is clear from the context.

Definition B.7 (Lp spaces)
For 1 ≤ p <∞ and for any function f : Ω ⊂ R→ R we define the norm

‖f‖Lp(Ω) =

(∫
Ω
|f(x)|p dx

) 1
p

,
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B.2. Lebesgue and Sobolev Spaces

while for the special case p = ∞ we get the essentially bounded functions, i.e.
here the norm ‖f‖L∞(Ω) is defined as the smallest positive constant M such that
|f(x)| ≤M almost everywhere on Ω. We set

Lp(Ω) =
{
f
∣∣∣ ‖f‖Lp(Ω) <∞

}
.

In the case p = 2 we get the Hilbert space L2(Ω) and write ‖f‖L2(Ω) = ‖f‖0;Ω.
We define an inner product on L2(Ω) by setting

(f, g)0;Ω =

∫
Ω
f(x)g(x) dx.

Definition B.8 (Sobolev Spaces of Integer Order)
For an integer m ∈ N and p ≥ 1 we define the Sobolev space Wm,p(Ω) as the
space of functions f ∈ Lp(Ω) for which the norm

‖f‖Wm,p(Ω) =

(
‖f‖pLp(Ω) +

m∑
α=1

‖∂αf‖pLp(Ω)

) 1
p

(B.2)

is finite. For the special case of p = 2 we set Hm(Ω) = Wm,2(Ω) and abbreviate

‖f‖m;Ω = ‖f‖Wm,2(Ω) .

Lemma B.9 ([AF03, Theorem 3.3, Theorem 3.6])
The space Wm,p(Ω) is a Banach space while in particular Hm(Ω) is a Hilbert
space with inner product

(f, g)m;Ω = (f, g)0;Ω +
m∑
α=1

(∂αf, ∂αg)0;Ω .

For the consideration of Sobolev spaces Hs(Ω) with real smoothness index s,
we need to introduce the Fourier transform. As the Fourier transform of an L2-
function is in general not an L2-function, the natural space of this transform is
the following.

Definition B.10 (Schwartz Space)
For any function f : R→ R we define the family of semi-norms

‖f‖S;α,β = sup
x∈R

∣∣xα∂βf(x)
∣∣.

The Schwartz space S = S(R) defined by

S(R) =
{
f ∈ C∞(R)

∣∣∣ ∀α, β ∈ N : ‖f‖S;α,β <∞
}

is also called the space rapidly decreasing functions. Here the space C∞(R)
consists of all functions f : R→ R that are infinitely often differentiable in the
classical sense.
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B. Function Spaces

Remark B.11
The Schwartz space S(R) is not empty as clearly the function

f(x) = e−x
2

belongs to S.

Definition B.12 (Fourier Transform)
For u ∈ S we define the Fourier transform F : S → S, Fu = û by

û(ξ) =
1√
2π

∫
R
e−ix·ξ u(x) dx.

The inverse Fourier transform is obviously defined by

u(x) =
1√
2π

∫
R
eix·ξ û(ξ) dξ.

Definition B.13 (The Space of Tempered Distributions)
The dual space of S, i.e.

S∗ = (S(R))∗ =
{
f : S → R

∣∣ f continuous
}
,

is called the space of tempered distributions. The Fourier transform

F : S∗ → S∗

is then defined by duality.

Definition B.14 (Sobolev Spaces of Real Order)
For any real s > 0 we set

‖f‖s;R =

(∫
R

(
1 + |y|2

)s |f̂(y)|2 dy
)1/2

and define

Hs(R) =
{
f ∈ S∗

∣∣∣ ‖f‖s;R <∞} .
For negative indices s < 0 the space Hs(R) can be defined by duality

Hs(R) =
(
H−s(R)

)∗
.

Next, for some bounded interval Ω ⊂ R, we can define the norm

‖f‖s;Ω = inf
{
‖g‖s;R , g

∣∣
Ω

= f
}
,

and the corresponding space of functions

Hs(Ω) =
{
f ∈ L2(Ω)

∣∣∣ ‖f‖s;Ω <∞
}
.

Finally, we can define a subset of Hs(Ω) that incorporates boundary conditions

H̃s(Ω) =
{
f ∈ Hs(Ω)

∣∣∣ f ∣∣R\Ω = 0
}
.

The spaces Hs(R), Hs(Ω) and H̃s(Ω) are Hilbert spaces.
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B.2. Lebesgue and Sobolev Spaces

A remark is imminent.

Remark B.15 ([MNS05, Section 3.5])
For 0 < s < 1, s 6= 1

2 the spaces H̃s(Ω) are the closure of C∞0 (Ω) with respect
to the norm

‖f‖2s;Ω = ‖f‖20;Ω +

∫
Ω

∫
Ω

(f(x)− f(y))2

|x− y|1+2s
dx dy

and we have H̃s(Ω) = Hs
0(Ω), where C∞0 (Ω) is the space of infinitely differen-

tiable functions on Ω with compact support. For the special case s = 1/2, we
need to define the norm as

‖f‖21
2
,Ω = ‖f‖20;Ω +

∫
Ω

∫
Ω

(f(x)− f(y))2

|x− y|2
dx dy +

∫
Ω

|f(x)|)2∣∣1
2 |Ω| − x

∣∣2 dx
and this space is commonly known as H

1/2
00 (Ω), see also [Tar07, Chapter 33] or

[LM72, Chapter 11 ].

For the Sobolev space on the interval there holds that functions u ∈ H̃s(Ω) are
continuously extended by zero outside of Ω. The following definition extends
the well-known L2(Ω) scalar product from Definition B.7 to the evaluation of
functionals.

Definition B.16 (Gelfand Triple)
Let V be a Hilbert space that is continuously embedded in the Hilbert space H,
i.e. V ↪→ H. Suppose furthermore that V is dense in H. If we identify H with
its dual H∗ and note that because of V ⊆ H we have H∗ ⊆ V ∗ we get

V ↪→ H ∼= H∗ ↪→ V ∗.

We will call the triple (V,H, V ∗) a Gelfand triple. For u ∈ V and v ∈ V ∗ we
define by

〈u, v〉V×V ∗

the evaluation of v at u which we call the duality pairing between V and V ∗.

Finally, we define an important member of the space H−1/2(Ω) that was used
at different parts of this thesis.

Definition B.17 (Delta Distribution)
For x0 ∈ Ω we define the function δx0(x), which belongs to H−1/2(Ω), by setting
for f ∈ H1/2(Ω)

〈f, δx0〉H1/2×H−1/2 =

∫
Ω
f(x)δx0(x) dx = f(x0). (B.3)

The membership of δx0 ∈ H−1/2(Ω) is plausible as for the point evaluation (B.3)
the function f has to be continuous, which is guaranteed by f ∈ H1/2(Ω).
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B. Function Spaces

B.3. Vector-valued Lebesgue and Sobolev Spaces

Now we are introducing a theory of integration and differentiation of functions
f having values in a Hilbert space X, i.e. for [0, T ] ( R

f : [0, T ]→ X.

A comprehensive treatment can be found for example in [DL00, Chapter 18] or
in [Růž04, Kapitel 2]. We begin in a constructive manner.

Definition B.18 (Simple functions)
We say that a function f : [0, T ] → X is simple if there exist disjoint subsets
Bi ⊂ R with |Bi| <∞ and xi ∈ X such that

f(t) =

n∑
i=1

1Bi(t)xi.

For such simple functions we can directly define its integral.

Definition B.19 (Bochner Integral for Simple Functions)
For a simple function f we define the Bochner integral of f on [0, T ] by∫

[0,T ]
f(t) dt =

n∑
i=1

|Bi|xi.

Note that therefore the integral is an element of X.

Definition B.20 (Bochner-measurability)
We call a function f : [0, T ]→ X Bochner-measurable if there exists a sequence
of simple functions fn : [0, T ] → X such that for almost all t ∈ [0, T ] it holds
that

lim
n→∞

‖fn(t)− f(t)‖X = 0.

If for the sequence fn we have that

lim
n→∞

∫
[0,T ]
‖fn(t)− f(t)‖X dt = 0

we call f Bochner-integrable and define the Bochner integral of f on [0, T ] by∫
[0,T ]

f(t) dt = lim
n→∞

∫
[0,T ]

fn(t) dt.

The following theorem links the Bochner and the Lebesgue integral.

Theorem B.21 (Bochner, [Růž04, Kapitel 2, Satz 1.12])
A Bochner-measurable function f : [0, T ]→ X is Bochner-integrable if and only
if the function ‖f(·)‖X : [0, T ]→ R is Lebesgue-integrable.

Proposition B.22
Let f : [0, T ]→ X Bochner-integrable. Then we have∥∥∥∥∫

[0,T ]
f(t) dt

∥∥∥∥
X

≤
∫

[0,T ]
‖f(t)‖X dt.
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B.3. Vector-valued Lebesgue and Sobolev Spaces

Definition B.23 (Vector-valued Lp-spaces)
We denote by

Lp([0, T ];X), 1 ≤ p <∞

the set of Bochner-measurable functions f : [0, T ]→ X such that

‖f‖Lp([0,T ];X) =

(∫
[0,T ]
‖f(t)‖pX dt

)1/p

<∞.

Furthermore, we define by

L∞([0, T ];X)

the set of functions f : [0, T ]→ X such that

‖f‖L∞([0,T ];X) = sup
t∈[0,T ]

‖f(t)‖X ≤M

for some constant M . The vector-valued Lp-spaces are Banach spaces for all
1 ≤ p ≤ ∞, compare [R̊už04, Satz 1.22].

Definition B.24 (The Space W ([0, T ]))
For a time interval [0, T ] ( R and a Gelfand triple (V,H, V ∗) we define the
space W ([0, T ]) as

W ([0, T ]) =

{
v

∣∣∣∣ v ∈ L2([0, T ];V ), ∂tv ∈ L2([0, T ];V ∗)

}
.

Since every v ∈ W ([0, T ]) is continuous from [0, T ] → H, we can define the
subspace Wv0([0, T ]) by setting

Wv0([0, T ]) =
{
v ∈W ([0, T ])

∣∣ v(0) = v0

}
for v0 ∈ H. We abbreviate by W0([0, T ]) the space

W0([0, T ]) =
{
v ∈W ([0, T ])

∣∣ v(0) = 0
}
.

Last but not least, we need subspaces of W ([0, T ]) that incorporate nonnega-
tivity conditions.

Definition B.25 (The Space K ([0, T ]))
For the convex set K ⊆ V

K =
{
v ∈ V

∣∣ v ≥ 0 a.e. in V
}

we set

K0([0, T ]) =
{
v ∈W0(0, T )

∣∣ v(t) ∈ K a.e. t ∈ [0, T ]
}
.
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B. Function Spaces

B.4. Nonlinear Approximation Spaces

Definition B.26 (Besov Space)
Let Ω ⊂ R be a domain and f : Ω → R. For a given h ∈ R and m ∈ N we
set Ωm,h = {x ∈ Ω | x+mh ∈ Ω} and define for x ∈ Ωm,h the mth difference
operator with step-size h as

∆m
h (f, x) =

m∑
k=0

(−1)m−k
(
m

k

)
f(x+ kh).

Now we introduce the mth order of smoothness in Lp(Ω) for f ∈ Lp(Ω) by

wmp (f, t) = sup
|h|≤t
‖∆m

h (f, ·)‖Lp(Ω) .

For s > 0, p, q ∈ (0,∞],

|f |sBsp,q(Ω) =


(∫ ∞

0

(
t−swmp (f, t)

)q dt

t

) 1
q

, for 0 < q <∞,

sup
t>0

t−swmp (f, t), for q =∞,

defines (quasi)-semi-norm, where m = dse. Finally, the Besov space Bs
p,q(Ω) =

Bs
q(Lp(Ω)) is defined as

Bs
p,q(Ω) =

{
f ∈ Lp(Ω)

∣∣∣ ‖f‖Bsp,q(Ω) = ‖f‖Lp(Ω) + |f |Bsp,q(Ω) <∞
}
,

which is a Banach space for 1 ≤ p, q ≤ ∞ and only a quasi-Banach space in
case 0 < p < 1 or 0 < q < 1.

Lemma B.27 (The Dual Space of Bs
p,q(Ω), [RS96, Section 2.4])

Let 1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞ as well as 1
p + 1

p′ = 1, 1
q + 1

q′ = 1 and s ∈ R. Then
for the Besov space Bs

p,q(Ω), its dual space is given by(
Bs
p,q(Ω)

)∗
= B−sp′,q′(Ω).

Lemma B.28 (Besov Embedding Part 1, [Tri83, Subsection 3.2.4])
Let 0 < q1 ≤ q2 ≤ ∞ and s ∈ R. Then we have with 0 < p ≤ ∞ for the Besov
spaces Bs

p,q1(Ω), Bs
p,q2(Ω) that

Bs
p,q1(Ω) ↪→ Bs

p,q2(Ω).

Lemma B.29 (Besov Embedding Part 2, [Tri83, Subsection 3.3.1])
Let 0 < p1 ≤ p2 ≤ ∞ and s ∈ R. Then we have with 0 < q ≤ ∞ for the Besov
spaces Bs

p1,q(Ω), Bs
p2,q(Ω) that

Bs
p2,q(Ω) ↪→ Bs

p1,q(Ω).

Lemma B.30 (Besov Embedding Part 3, [Tri83, Subsection 3.3.1])
Let Bs1

p1,q1(Ω), Bs2
p2,q2(Ω) be two Besov spaces. Then for −∞ < s1 < s2 <∞ we

have that
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B.4. Nonlinear Approximation Spaces

• if s1 − 1
p1

= s2 − 1
p2

we have the embedding

Bs2
p2,q1(Ω) ↪→ Bs1

p1,q1(Ω)

• while if s1 − 1
p1
< s2 − 1

p2
we get

Bs2
p2,q2(Ω) ↪→ Bs1

p1,q1(Ω).

The class of Besov spaces contains many function spaces as special cases.

Remark B.31 (The Sobolev Spaces as Besov Spaces, [Tri83, Subsection 3.4.2])
For some domain Ω ⊂ R and s ∈ R we have

Hs(Ω) = Bs
2(L2(Ω)).

Definition B.32 (The Hölder Spaces)
We define the Hölder space Cs(Ω) in three steps.

1. First we set for 0 < s ≤ 1

‖f‖Cs;Ω = sup
x,y∈Ω

|f(x)− f(y)|
|x− y|s

.

2. For 0 < s ≤ 1 we define

Cs(Ω) =
{
f : Ω→ R

∣∣ ‖f‖Cs;Ω <∞
}
.

3. Finally, for s > 1 we split s = bsc+ s̃ with 0 < s̃ < 1 and set

Cs(Ω) =
{
f ∈ Cbsc(Ω)

∣∣ ‖f (bsc)‖C s̃;Ω <∞
}
,

where Ck(Ω) denote the classical spaces of functions that are k-times con-
tinuously differentiable on Ω.

Remark B.33 (The Hölder Spaces as Besov Spaces, [Tri83, Subsection 3.4.2])
For a domain Ω ⊂ R and s ≥ 0 we have

Cs(Ω) = Bs
∞(L∞(Ω)).
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C. Singular Quadrature

For the calculation of the discretized operator and the right-hand side in Chap-
ter 7 we need some integration rules which we briefly want to introduce. Fur-
thermore, we show how special quadrature formulas for the finite-part integral
from Definition 7.1 can be constructed from these.

C.1. Gaussian Quadrature

Generally speaking, Gaussian quadrature rules are rules that achieve the opti-
mal accuracy, i.e. the Gaussian rule with n points integrates polynomials up to
the degree 2n − 1 exactly and there are no rules that integrate polynomials of
degree 2n exactly. All Gaussian rules are given in the form∫ b

a
f(x)w(x) dx ≈

n∑
i=1

wif(ni)

with the nodes ni, the weights wi and where the weight function w(x) and the
integration ranges a and b are linked by orthogonal polynomials. Next we show
the three particular rules that were used in Chapter 7.

Gauss-Legendre Rules

The Gauss-Legendre quadrature computes integrals of the form∫ 1

−1
f(x) dx.

Gauss-Laguerre Rules

The Gauss–Laguerre quadrature applies to integrals of the form∫ ∞
0

xαe−xf(x) dx, α > −1. (C.1)

Remark C.1
If the integrand in (C.1) decays rapidly, according to [MM03] the last part of
the nodes should be ignored in order to achieve a greater accuracy with the same
number of integrand evaluations.
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C. Singular Quadrature

Gauss-Jacobi Rules

The Gauß-Jacobi quadrature calculates integrals of the form∫ 1

−1
(1− x)α(x− (−1))βf(x) dx

with α, β > −1. For a general domain (a, b) the transformation x = b−a
2 x̃+ b+a

2
reveals∫ b

a
(b− x)α(x− a)βf(x) dx

=

(
b− a

2

)1+α+β ∫ 1

−1
(1− x̃)α (x̃− (−1))β f

(
b− a

2
x̃+

b+ a

2

)
dx̃.

C.2. Computation of Gaussian Rules

For the actual implementation of the quadrature rules we will use the fact
that the nodes and weights can be easily calculated from the eigenvalues and
eigenvectors of a tridiagonal matrix related to the recurrence relation of the cor-
responding orthogonal polynomials, see also [PTVF07, (4.6.6), (4.6.10-4.6.15)
and Subsection 4.6.2]. The calculation of the Gaussian rules from Section C.1
is included in Lawa in the file gaussq.h which can be found in the flensext/

directory.

C.3. Gaussian Finite-Part Quadrature

Finally, we can use the Gaussian rules from Section C.1 to build quadrature
rules for the finite-part integrals from Definition 7.1, that have been used for
example in Subsection 7.3.4. We just state the general formula and suppose
that the integrand g(x) is split in the form

g(x) = w(x)
f(x)

xp+1
, (C.2)

where f(x) is a smooth function. Because the singularity has to be of integer
order, the fractional order parts of the singularity have to be included in the
weight function w(x). With these splitting, we calculate the finite-part integral
of g(x) over (a, b) by the n-point rule from [Mon94, (2.10)]:

=

∫ b

a
g(x) dx = =

∫ b

a
w(x)

f(x)

xp+1
dx ≈

p∑
k=0

vkf
(k)(0) +

n∑
i=1

wf.p.
i f(xi), (C.3)

where

vk =
1

k!

(
=

∫ b

a

w(x)

xp+1−k dx−
n∑
i=1

wi

np+1−k
i

)
and

wf.p.
i =

wi

np+1
i

(C.4)
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C.3. Gaussian Finite-Part Quadrature

for i = 1, . . . , n. Formula (C.3) is an consequence of the standard Gaussian rule
applied to the regularized function

f(x)−
∑p

k=0
1
k!f

(k)(0)xk

xp+1

as it is easy to see

=

∫ b

a
w(x)

f(x)

xp+1
dx

=

∫ b

a
w(x)

f(x)−
∑p

k=0
1
k!f

(k)(0)xk

xp+1
dx+

p∑
k=0

1

k!
f (k)(0)=

∫ b

a
w(x)xk−(p+1) dx

≈
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wi

np+1
i

(
f(ni)−
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f (k)(0)nki

)
+
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1
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∫ b

a
w(x)xk−(p+1) dx
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f (k)(0)
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.
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D. Complexity Analysis for Quadratic
Programming

We include at this point a short analysis of the complexity for the solution of a
general quadratic program (QP). It turns out that because of this, the theoretical
computational work that is needed for the adaptive projection of Algorithm 21
is slightly more costly than the RECOVERY scheme from Algorithm 9, which
is of linear complexity.

Definition D.1 (Quadratic Program)
The general quadratic programming problem that occurred in Chapter 4 reads

min
x

1

2
xTQx+ cTx such that Cx ≥ d, (D.1)

where Q ∈ RN×N is symmetric positive semi-definite matrix, x ∈ RN , C ∈
RM×N and d ∈ RM .

One prominent class of algorithms on which we focus for solving (D.1) are
primal-dual interior point methods, that are for example described in the text-
book [Wri97]. These methods are iterative and have polynomial complexity
in the number of iterations. Wright states that the best known complexity for
interior-point methods is O(

√
NNM), while the most practical algorithms have

O(N2NM) complexity. Of course, there are many heuristics that improve the
actual behaviour further. If we recall that the number of constraints induced
by the set Kη in Algorithm 21 was of the order N of unknowns, the best known
complexity for the iterations is given by O(N5/2), with N the cardinality of the
input of PROJECT. For the overall complexity of the algorithm,1 we have to
include the cost of solving the KKT -system in each iteration step, that is (for
the complete predictor-corrector algorithm see for example [WN06, Algorithm
16.4])  Q 0 −CT

C −I 0
0 Λ Y

 ∆x
∆y
∆λ

 =

 −rd
−rp

−ΛY e+ σµe

 , (D.2)

where y and λ are slack variables, Y = diag(y), Λ = diag(λ), rd is the dual
residual, rp is the primal residual, µ is the duality measure and σ is a centering
parameter. Recalling PROJECT, the involved matrices are

Q = I and C = T−1
locD−1

1Here we exemplarily focus on the so-called predictor-corrector algorithm in the variant of
Mehrotra [Meh92] which we implemented in Lawa as a fallback possibility for the case
that the library Ooqp is not available.
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D. Complexity Analysis for Quadratic Programming

for which explicit inverses are available,

C−1 = DTloc.

The system (D.2) may be put in the form I C 0
0 I −CT
0 CΛ Y

 ∆y
∆x
∆λ

 =

 rp
−rd

−ΛY e+ σµe− Λrp

 (D.3)

and then fits in the framework of block preconditioning as for example in [CS97].
If we then assume, that an iterative method applied to (D.3) works in O(N)
steps and observe that the matrix in (D.3) is sparse as it consists of sparse
blocks, each iteration in the interior-point method can be carried out in O(N)
arithmetic operations. Overall, then the best-known complexity for solving the
quadratic program in Algorithm 21 is O(N5/2N) = O(N7/2), which is not very
appealing. Things change a little bit if we consider the super-linear convergence
property of the predictor-corrector algorithm as described in [YGTZ93] and
[Wri97, Chapter 7]. If we rethink the complexity of the quadratically convergent

algorithm, we arrive at a complexity of O(
√
N7/2) = O(N7/4) = O(N1.75),

which is somewhere in-between linear and quadratic complexity. Again, this
is a worst-case complexity analysis and our actual implementation uses Ooqp,
the quadratic program solver presented in [GW03], which converges very fast.
Still, this part of the complexity analysis for the adaptive wavelet solver needs
to be improved.
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[CGMY02] Peter Carr, Hélyette Geman, Dilip B. Madan, and Marc Yor, The
Fine Structure of Asset Returns: An Empirical Investigation, Jour-
nal of Business 75 (2002), no. 2, 305–332.

[CM00] Albert Cohen and Roland Masson, Wavelet Adaptive Method for
Second Order Elliptic Problems: Boundary Conditions and Do-
main Decomposition, Numerische Mathematik 86 (2000), no. 2,
193–238.

[CN00] Zhiming Chen and Ricardo H. Nochetto, Residual type a posteriori
error estimates for elliptic obstacle problems, Numerische Mathe-
matik 84 (2000), no. 4, 527–548.

[Coh00] Albert Cohen, Wavelet Methods in Numerical Analysis, Handbook
of Numerical Analysis (Philippe G. Ciarlet and Jaques-Louis Lions,
eds.), vol. 7, Elsevier, 2000, pp. 417–707.

205



Bibliography

[CS97] Edmond Chow and Yousef Saad, Approximate Inverse Techniques
for Block-Partitioned Matrices, SIAM Journal on Scientific Com-
puting 18 (1997), no. 6, 1657–1675.

[CT04] Rama Cont and Peter Tankov, Financial Modelling with Jump Pro-
cesses, Chapman & Hall/CRC Financial Mathematics Series, 2004.

[CTU99] Claudio Canuto, Anita Tabacco, and Karsten Urban, The Wavelet
Element Method Part I. Construction and Analysis, Applied and
Computational Harmonic Analysis 6 (1999), no. 1, 1–52.

[CTU00] , The Wavelet Element Method Part II. Realization and
Additional Features in 2D and 3D, Applied and Computational
Harmonic Analysis 8 (2000), no. 2, 123–165.

[CU05] Claudio Canuto and Karsten Urban, Adaptive Optimization of
Convex Functionals in Banach Spaces, SIAM Journal on Numeri-
cal Analysis 42 (2005), no. 5, 2043–2075.

[CV06] Rama Cont and Ekaterina Voltchkova, A Finite Difference Scheme
For Option Pricing In Jump Diffusion and Exponential Lévy Mod-
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Wavelet Approximation Methods for Pseudodifferential Equations
II: Matrix Compression and Fast Solution, Advances in Computa-
tional Mathematics 1 (1993), no. 3, 259–335.

[DS94] Freddy Delbaen and Walter Schachermayer, A general version of
the fundamental theorem of asset pricing, Mathematische Annalen
300 (1994), no. 1, 463–520.

[DS99] Wolfgang Dahmen and Reinhold Schneider, Composite Wavelet
Bases for Operator Equations, Mathematics of Computation 68
(1999), no. 228, 1533–1567.

[DSX00] Wolfgang Dahmen, Reinhold Schneider, and Yuesheng Xu, Non-
linear Functionals of Wavelet Expansions–Adaptive Reconstruction
and Fast Evaluation, Numerische Mathematik 86 (2000), no. 1,
49–101.

[EFGP09] Christoph Erath, Stefan A. Funken, Petra Goldenits, and Dirk
Praetorius, Simple Error Estimators for the Galerkin BEM for
some Hypersingular Integral Equation in 2D, Preprint, Ulm Uni-
versity, 2009.

[Eva98] Lawrence C. Evans, Partial Differential Equations, American
Mathematical Society, 1998.

207

http://www.tammo80.nl/thesis
http://www.tammo80.nl/thesis


Bibliography

[Fal74] Richard S. Falk, Error Estimates for the Approximation of a
Class of Variational Inequalities, Mathematics of Computation 28
(1974), no. 128, 963–971.

[For08] Massimo Fornasier, Compressive Algorithms–Adaptive Solutions
of PDEs and Variational Problems, Habilitationsschrift, Faculty
of Mathematics of the University of Vienna, http://www.ricam.
oeaw.ac.at/people/page/fornasier/Habil.pdf, January 2008.

[Fre91] Free Software Foundation, http://www.gnu.org/licenses/

gpl-2.0.html, GNU GENERAL PUBLIC LICENSE, 2 ed., June
1991.

[Fre07] Free Software Foundation, http://www.gnu.org/licenses/gpl.
html, GNU GENERAL PUBLIC LICENSE, 3 ed., June 2007.

[Fre10] Free Software Foundation, http://gmplib.org, The GNU Multi-
ple Precision Arithmetic Library, 4.3.2 ed., January 2010.

[FRS07] Walter Farkas, Nils Reich, and Christoph Schwab, Anisotropic Sta-
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Fréchet Derivative, 66

GALSOLVE, 30
Gelfand Triple, 191

217



Index

GMRES, 30

Helmholtz Equation, 51
Examples, 53

Helmholtz Inequality, 115
Examples, 117
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