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Abstract
Blind source separation problems emerge in many applications, where signals can be
modeled as superpositions of multiple sources. Many popular applications of blind
source separation are based on linear instantaneous mixture models. If specific invari-
ance properties are known about the sources, e.g. translation or rotation invariance,
the simple linear model can be extended by inclusion of the corresponding transforma-
tions. When the sources are invariant against translations (i.e. spatial displacements
or time shifts) the resulting model is called anechoic mixing model.
The main focus of this thesis is the development of new mathematical framework for
the solution of the anechoic mixing problem and the successive derivation of concrete
algorithms. This framework integrates approaches from many distinct fields of signal
processing like stochastic time-frequency analysis, convex optimization, projection onto
convex set methods, delay estimation and naturally blind source separation.
The developed method is tested on a variety of applications including music recordings,
natural two dimensional images, two-dimensional shapes and optic flow. However the
main application is the analysis and synthesis of human motion trajectories, which is
motivated by the idea in motor control that complex motor behavior can be explained
by a superposition of simple basis components, or spatio-temporal primitives.
The new anechoic demixing algorithm allows to approximate high-dimensional move-
ment trajectories accurately based on a small number of learned primitives or source
signals. It is demonstrated that the new method is significantly more accurate than
other common techniques. This allows the modeling of subtle style changes, like the
bodily expression of emotion as well as a sufficient synthesis quality for computer ani-
mation with only few mixture components.
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Chapter 1

Introduction

1.1 Motivation

1.1.1 Why motion analysis?

Flexion is a change from a right line to an arc or an angle, straightening a change from
either of these to a right line. Now in all such changes the flexion or the straightening must
be relative to one point. Moreover, without flexion there could not be walking or swimming
or flying.

On The Gait Of Animals, Aristotle

Now we see that the living creature is moved by intellect, imagination, purpose, wish, and
appetite. And all these are reducible to mind and desire. . . . Therefore the object of desire
or of intellect first initiates movement, . . .

On The Motion Of Animals, Aristotle

As the citations above indicate the understanding of human motion has been a field of
research since the introduction of systematic sciences. However the issue in the first of
Aristotle books about the topic, the kinetic and bio-mechanic of animal motion, is far
better understood than the neural mechanism underlying the planning and execution
of voluntary movements. A key problem is how the central nervous system deals with
motor redundancy, namely that a continuum of different possible ways to achieve the
same motor task exist. Since the early work of Bernstein [21], who studied the kine-
matics of hitting movements of highly trained blacksmiths striking the chisel with a
hammer, it is known that individual joints do not act independently but are somehow
linked either to correct their errors or to follow stereotypical motion templates. This
has lead to the assumption that animal movements are composed of a relatively small
set of basic motion ’atoms’ or primitives, which simplify the computational problem
involved in motor planning. Evidence for the existence of such motor primitives has
been found on many different levels of the motor hierarchy [66]. For example electrical
stimulations of the spinal cord of frogs [129] generate location dependent force fields,
which are superimposed if multiple areas are stimulated. Similar, micro-stimulation in
motor and pre-motor cortex of monkeys caused the animals to make coordinated, com-
plex movements [77]. Reviews of the literature about motor primitives can be found
in [66] and [105].

1.1.2 Why blind source separation ?

Unlike in animals, it is not possible to observe the basic movement patterns in humans
by stimulation of neural structures. Here only the result of neural activity, like muscle
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activation (via electromyography (EMG) recordings) or joint angle trajectories (via
motion capturing) can be observed. But this indirect examination only allows the
observation of regular motor behavior which is in general the combinatory product
of many motion primitives. Therefore the task in analyzing the movement data is
to separate the unknown original basis patterns from the mixed observations, which
is by definition a blind source separation problem. Based on this theoretical idea,
several studies have applied blind source separation methods for the extraction of basic
components from measurements of motor behavior. The assumption is that motion
trajectories are generated by some mixture of (hidden) sources, usually interpreted as
the output of central pattern generators (CPG) acting on each limb (e.g. [96], see figure
1.1). The ensuing algorithmic problem is to invert this mixture model (which is also
unknown) to estimate the sources from the observed data.

Figure 1.1: Typical model for the description of motor data. Relatively few activation
pattern, in appropriate combination, should be able to describe the observed motor
behavior.

While some nonlinear approaches like Isomap [98] or Locally Linear Embedding [155]
have been proposed for this problem, the most common models to describe the mixing
process in figure 1.1 are (instantaneous) linear models like independent component
analysis (ICA) or non-negative matrix factorization (NMF see chapter 4) [96, 157],
which are based on the equation:

xi(t) =
n∑
j=1

αij · sj(t) i = 1, · · · ,m. (1.1)

Here xi(t) represents the observed data (EMG pattern or trajectories) which is modeled
as the linear superposition of a number of source signals sj(t) (CPG’s).

1.1.3 Why anechoic demixing ?

The basic model described by equation (1.1) has several drawbacks when applied to
full body motion data:





1.1. Motivation Lars Omlor

– The instantaneous mixture Eq. (1.1) model is invariant against permutations σ
of the time axis. That means, training the model with shuffled inputs xi

(
σ(t)

)
leads to the same sources sj

(
σ(t)

)
. This is usually an advantage, as for example

high dimensional inputs can be just rearranged as long vectors (vectorization).
However in the special case of movements this fails to take phase relations, be-
tween the data xi as well as the sources sj , into account, which have been shown
to be an important aspect of coordination both on the level of EMG [54,80] and
on the level of joint angles [11].

– For the accurate description of complex body movements, such as the expression
of emotions, typically a significant number of basis components are needed (see
chapter 8.1). While a large number of basic components provides excellent ap-
proximations of trajectory data, the interpretation of the model parameters is
typically difficult, since the variance of the data is distributed over a large num-
ber of model terms. For obtaining models with easily interpretable parameters it
is thus critical to concentrate the variance onto a few highly informative terms
using a model that is adjusted to the statistical properties of the data.

– In previous work it has been observed that components extracted with PCA are
not completely invariant with the speed of the movement [96], and that changes
in speed are associated with phase shifts of the extracted sources.

However some of these drawbacks disappear when the model Eq. (1.1) is used for
the analysis of single joint movements. In fact, in the reconstruction of non-periodic
arm movements and gait, only a small number of components are needed, to achieve a
high approximation precision. More importantly, inter joint comparison between those
components reveals a high similarity of shape but a disparity of phase (see figure 1.2
or 8.1.2 for details).
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Figure 1.2: First three P/ICA components (both algorithm lead to the same sources
on this data set) extracted form the shoulder and elbow trajectories in arm movements
before and after phase shifting.

This implies that a mixture including time shifts τij between source terms is better
suited to model the variations of the coordination between multiple joints:

xi(t) =
n∑
j=1

αij · sj(t− τij) i = 1, · · · ,m. (1.2)

Mixture models in the form of Eq. (1.2) are called ’anechoic’, because in acoustics
they describe the propagation of sounds in reverberation free chambers. Since time
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shifts or delays occur in many other applications, such as electrical engineering, when
signals from multiple antennas are received asynchronously or as higher dimensional
displacements like image shifts, anechoic demixing has a wide range of applications
(see chapter 7). Classically, however Eq. (1.2) is only treated as an under-determined
problem (m ≤ n), where the number of sources exceeds the number of signals (see
6.1.1). Due to their necessarily more stringent assumptions (like sparseness) these
algorithms are unfortunately unsuited for dimension reduction purposes necessary, e.g.
for motion analysis.
The main focus of this thesis is the development of a new mathematical framework for
the solution of the anechoic mixing model independent of the dimension of the data
and the relation between the number of sources and the number of data points. Some
concrete algorithms derived from the theoretical framework are then tested on a variety
of applications, which hopefully reflect the flexibility of the methods provided herein.
The main field of application is the analysis and synthesis of human motion based on
the biological background of movement primitives.

1.2 Thesis organization

This section summarizes the contents and the organization of this thesis. The cen-
tral chapter with the derivation of the mathematical framework, in addition to the
algorithms for anechoic demixing, is chapter 6. As a high-level machine learning ap-
plication this framework integrates a variety of different fields of computer science and
mathematics, and by its construction the final algorithm is a modular procedure that
is broken down into several steps or subproblems. Each step is discussed in detail:

– The theoretical background for the new approaches is the mathematical theory
of stochastic time-frequency analysis, discussed in chapter 2.

– In chapter 3 a fast solution of large-scale non-negative least squares problems
(NNLS) is developed. The NNLS optimization is the main step in non-negative
matrix factorization (NMF).

– Chapter 4 presents modifications of non-negative matrix factorization, that con-
stitutes a major step in the final anechoic demixing algorithm.

– Many phase recovery methods used for the second major step of the final algo-
rithm, require the solution of a multipath time-delay estimation problem, dis-
cussed in chapter 5.

– In chapter 6 it is proven that, exploiting the marginal properties of the so called
Wigner-Ville spectrum, the general anechoic problem can be reduced to:

1. an anechoic problem with non-negativity constraints,

2. and a phase retrieval problem.

– A variety of general applications are illustrated in chapter 7. The final chapter 8
describes the analysis and representation of human motion.

Although interconnected, each chapter is written as to be as independent as possible.
Every chapter has its own introduction and literature review. A graphical depiction of
the thesis structure is shown in figure 1.3.
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1.2.1 Detailed chapter overview

Chapter II: Time frequency methods

At the heart of the new framework for the solution of anechoic mixtures lie the mathe-
matical properties of stochastic time frequency methods in general and the Wigner-Ville
spectrum (WVS) in particular. The main class of unsupervised learning algorithms is
derived from the marginal properties of the WVS and involve the treatment of pos-
itively constraint anechoic demixing problems after linear canonical transformation.
Therefore, the first part of chapter two gives an overview over the most important
properties of the WVS and the second part describes the general class of linear integral
transformations, which generalize the classical fourier transform called linear canonical
transforms and their connection to the WVS.

Chapter III: Non negative least squares

Constraint optimization and finding the feasible solution fulfilling several constraints
(like spectral constrains) are important subproblems for the solution of Eq. (1.2). In
chapter three a new method for the non negative least squares problem is derived using
the theory of nearest point projection in Hilbert spaces and the projection onto convex
sets (POCS).

Chapter IV: Blind source separation

Chapter four is split into two sections. The first section gives a short introduction
into the abstract blind source separation problem. The seconds describes the special
application of non-negative matrix factorization (NMF). Original work in this chapter
includes section 4.3.1 in which NMF is both extended for convolutive and anechoic
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problems as well as section 4.3.2 presenting a continuous time approach allowing time
dependent data or cost.

Chapter V: Time delay estimation

After introducing the basic theory of single source delay estimation, two new methods
for the solution of the multi-signal time delay estimation are derived in and tested in
chapter five.

Chapter VI: Anechoic demixing

The main chapter of this thesis is chapter six, which derives and presents the new
algorithmic approaches to anechoic demixing. Assuming uncorrelated sources applica-
tion of the properties of the WVS (see chapter 2) to the mixture model shows that
the general delayed mixture problem is equivalent to the solution of (possibly) lower
dimensional anechoic mixtures with positivity constrains and an additional phase re-
trieval step. The positive subproblem is solved using the modified NMF approaches
discussed in chapter 4. Moreover, several phase retrieval methods are discussed.

Chapter VII: Miscellaneous applications

In order to illustrate the new framework, the resulting algorithms are tested on several
data sets in chapter 7, such as music streams, natural 2D images and two- dimensional
shapes.

Chapter VIII: Human motion data

The final chapter describes the analysis and representation of human motion. It is
demonstrated that the new method presented here is significantly more accurate than
other commonly used techniques like independent component analysis or principal com-
ponent analysis. This allows the modeling of subtle style changes, like the bodily ex-
pression of emotion and a sufficient synthesis quality for computer animation.

1.3 Publications

Parts of this thesis have already been published:

– The basic concepts for the Wigner marginal based algorithm can be found in:

– L. Omlor and M. A. Giese. Anechoic blind source separation using Wigner
marginals. Journal of machine learning research, 2009, in submission

– L. Omlor and M. A. Giese. Unsupervised Learning of Spatio-temporal
Primitives of Emotional Gait. In E. André and L. Dybkjær and W.
Minker and H. Neumann and M. Weber editors, Perception and Inter-
active Technologies, International Tutorial and Research Workshop, PIT
2006, Kloster Irsee, Germany, June 19-21, 2006, Proceedings, pages 188-
192. Springer, Lecture Notes in Computer Science, 2006 [html]

– L. Omlor and M. A. Giese. Blind source separation for over-determined
delayed mixtures. In B. Schölkopf, J. Platt, and T. Hoffman, editors,
Advances in Neural Information Processing Systems 19, pages 1049-1056.
MIT Press, Cambridge, MA, 2007. [pdf]



http://www.springerlink.com/content/q768v378q34102h8/
http://books.nips.cc/papers/files/nips19/NIPS2006_0412.pdf
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– L. Omlor and M. A. Giese. Extraction of spatio-temporal primitives of
emotional body expressions. Neurocomputing, 70(10-12): pages 1938-
1942, 2007. [html]

– The multivariate extension of the anechoic mixture and the image processing
application can be found in:

L. Omlor and M. A. Giese. Learning of translation-invariant indepen-
dent components: Multivariate anechoic mixtures. In M. E. Davies, C.
J. James, S. A. Abdallah, and M. D. Plumbley, editors, ICA 2007, pages
762-769. Springer, Berlin, 2007. [html]

– The time continuous generalization of non negative matrix factorization is pub-
lished in:

– L. Omlor and J.-J. E. Slotine. Continuous non-negative matrix factoriza-
tion for time-dependent data. In 17th European Signal Processing Con-
ference (EUSIPCO 2009), Glasgow, Scotland, August 24-28 2009. [pdf]

– Details to the results of the analysis of the expression of emotion in human motion
(see chapter 8), have been published together with Claire Roether :

– C. L. Roether, L. Omlor, A. L. Christensen and M. A. Giese. Critical fea-
tures for the perception of emotion from gait. Journal of Vision, 9(6):15,
pages 1-32, 2009 [html]

– C.L. Roether, L. Omlor and M. A. Giese. Lateral asymmetry of bodily
emotion expression. Current Biology, 18(8): R329-R330. see section 8.2.1
[html]

– C. L. Roether, L. Omlor and M. A. Giese. Features in the recognition
of emotions from dynamic bodily expression. Mason G. , Ilg U.J. (eds):
Dynamics of Visual Motion Processing: Neuronal, Behavioral and Com-
putational Approaches, Berlin, Heidelberg: Springer,(in press)

– The high approximation quality of the anechoic model for human motion can be
exploited in computer graphic. This application was discussed in the following
series of papers:

– A. Park, A. Mukovskiy, L. Omlor, M.A. Giese. Synthesis of character be-
haviour by dynamic interaction of synergies learned from motion capture
data. V. Skala (ed): Proceedings of the 16th International Conference
in Central Europe on Computer Graphics, Visualization and Computer
Vision (WSCG), Plzen, Czech Republic, pages 9-16, 2008 [pdf]

– A. Park, A. Mukovskiy, L. Omlor, M.A. Giese. Self organized character
animation based on learned synergies from full-body motion capture data.
International Conference on Cognitive Systems (CogSys), Springer-Verlag,
Berlin, 2008 in press. [html]

– M.A. Giese, A. Mukovskiy, A. Park, L. Omlor, J.J.E. Slotine. Real-Time
Synthesis of Body Movements Based on Learned Primitives. In D. Cre-
mers, B. Rosenhahn, A.L. Yuille(eds): Statistical and Geometrical Ap-
proaches to Visual Motion Analysis, Springer Verlag, Lecture Notes in
Computer Science 5604, pages 107-127, 2009 [html]

– A theoretical justification of modeling delays in human motion, can be found in:



http://linkinghub.elsevier.com/retrieve/pii/S0925231206004309
http://www.springerlink.com/content/8q354527025l4213/
http://www.eurasip.org/Proceedings/Eusipco/Eusipco2009/contents/papers/1569192361.pdf
http://journalofvision.org/9/6/15/
http://www.cell.com/current-biology/abstract/S0960-9822(08)00230-3
http://wscg.zcu.cz/WSCG2008/Papers_2008/full/A31-full.pdf
http://www.cogsys2008.org/program/oral_sessions.php#id0054
http://www.springerlink.com/content/k25g1486j100l1j7/
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– A. Barliya, L. Omlor, M.A. Giese, and T. Flash. An analytical formula-
tion of the law of intersegmental coordination during human locomotion.
Experimental Brain Research, 193(3):371-385, 2009. [html]

1.4 Implementation

Most of the algorithms discussed here have either been directly implemented in MAT-
LAB TM1 or in C/C++ using the MEX external interface to MATLAB. A tool-
box for the solution of one-dimensional anechoic problems can be downloaded from
http: //www.compsens.uni-tuebingen.de/pub/omlor phd.html. The included functions
are listed in the appendix B.

1.5 Notation

– i denotes the complex unit.

– Re(z) denotes the real part of the complex number z.

– Im(z) denotes the real part of the complex number z.

– arg(z) denotes the complex argument of the complex number z.

– Is x a random variable than var(x) denotes its variance.

– Is x a random variable than 〈x〉 denotes its (empirical) mean.

– E{.} denotes the expectation.

– For a scalar, or a function x , x∗ denotes the complex conjugate.

– The operators F and F−1 denote the Fourier and inverse Fourier transform
respectively, defined by:

Fx(f) :=
∫
x(t)e−2πitfdt

F−1x(f) =
∫
x(t)e2πitfdt

In case of a function depending on multiple variables x(y1, . . . , yd), Fix denotes
the partial Fourier transform of x in dimension i.

– The operator L (M) denotes the linear canonical transform defined by:

L (M)[x](f) := (det iB)1/2

∫ ∞
−∞

x(t) exp
(
iπ(tTB−1At− 2 tTB−1f + fTDB−1f)

)
dt.

with parameter matrix (see section 2.3):

M =
(
A B
C D

)
with det(M) = 1 , ATC = CTA , DTB = BTD.

1MathWorks, Inc. 3 Apple Hill Drive Natick, MA 01760-2098. USA
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– The notation Tijx indicates the shift operator Tijx(t) = x(t− τij) with τij ∈ R.

– If not noted otherwise t ∈ Rd and x : Rd → R, t 7→ x(t), i.e. in general x denotes
a multivariate function.

– The symbol ∗ marks the convolution.

– 〈x, y〉 denotes the scalar product between two vectors x, y ∈ Rn.

– xn ⇀ x denotes weak convergence, i.e. 〈xn, y〉 → 〈x, y〉 ∀y

– ‖x‖ATA := 〈Ax,Ax〉
1
2 .

– ‖x‖F denotes the Frobenius norm of x.

– For two vectors x, y ∈ R3 , x× y denotes the cross product:

x× y :=

x2y3 − x3y2

x3y1 − x1y3

x1y2 − x2y1


– δ denotes the Dirac-delta distribution.

– L2 denotes the Lesbesque space of square integrable functions,
i.e. L2 = {f |

∫
|f(t)|2dt <∞}.

– (x)+ := max(x, 0) denotes the positive part of x.

– For a differentiable function x(t), ẋ(t) denotes the (total) time derivative.

– ∇ denotes the Nabla-operator or gradient.

– lim sup
n→∞

xn denotes the limes superior of the sequence xn, i.e. the largest cluster

point.

– For a matrix A , AT denotes the transpose, A∗ denotes the adjoint and A−T =
(AT )−1 denotes the inverse of the transpose.

– trace(A) denotes the trace of the matrix A, i.e.:

trace(A) =
∑
i

aii.

– ker denotes the kernel (null-space) of a matrix.

– D(x, y) denotes a general divergence measure or distance between the variables
x, y.
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Chapter 2

Time frequency methods

Ever since the introduction of trigonometrical series for the solution of the heat equation
by Jean Baptiste Joseph Fourier in his memoir ’On the Propagation of Heat in Solid
Bodies’ [67], Fourier series and integrals are a major field of research in mathematics as
well as an invaluable tool in signal processing. One of the reasons for this success is the
fundamental concept of frequency that allows a natural description of many phenomena
exhibiting some kind of periodicity. However the classical Fourier integral is limited in
its physical interpretation, which can be seen from both the definition and the inverse
transformation:

Fx(f) : =
∫ ∞
−∞

x(t)e−2πitfdt

F−1x(f) =
∫ ∞
−∞

x(t)e2πitfdt.

In order to compute the contribution of one frequency Fx(f), it is necessary to know
the full signal from all past time points (−∞,0] to all future points (0,∞). Inversely,
the signal at time x(t) is the superposition of infinitely many complex sinusoids without
bounded support. Thus, the Fourier transform describes the amplitude and phase of a
certain frequency f of the signal x but contains no information when this frequency was
active. The idea of describing a signal simultaneously in time and frequency (TF) has
lead to several mathematical approaches. In general, these can be split into two groups
according to (linear) atomic decompositions and (bilinear) energy distributions. The
first group tries to describe the signal as compositions of well behaved basis functions.
This includes short time fourier transform, Gabor transforms and the time-scale wavelet
decomposition. The second class of time-frequency distributions tries to characterize
the distribution of the signals energy in time and frequency.

Chapter overview: This chapter gives an short introduction into the theoretical
properties of the Wigner-Ville spectrum and the linear canonical transform, used in
the derivation of the new anechoic demixing framework.

2.1 Bilinear energy distributions

Due to the Plancherel theorem, the energy Ex of a square integrable signal x ∈ L2 is
equal to the squared L2-norm of the signal x or the norm of its Fourier transform Fx:

Ex = ‖x‖22 =
∫ ∞
−∞
|x(t)|2dt =

∫ ∞
−∞
|Fx(f)|2df.
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Now both |x(t)|2 and |Fx(f)|2 can be interpreted as energy densities in either time
or frequency. Therefore, any joint description of energy E(t, f) in time and frequency
should satisfy the following relations:

Ex =
∫ ∞
−∞

∫ ∞
−∞

E(t, f)dtdf (2.1)

|Fx(f)|2 =
∫ ∞
−∞

E(t, f)dt (2.2)

|x(t)|2 =
∫ ∞
−∞

E(t, f)df. (2.3)

The energy density spectrum |Fx(f)|2 is the fourier transform of the autocorrelation
function:

|Fx(f)|2 =
∫ ∞
−∞

[∫ ∞
−∞

x(t)x∗(t− τ)dt
]
e−2πiτfdτ

=
∫ ∞
−∞

[∫ ∞
−∞

x(t+
τ

2
)x∗(t− τ

2
)dt
]
e−2πiτfdτ.

Inserting this expansion of the power spectrum into the desired marginal property
expressed by Eq. 2.2:

Ex =
∫ ∞
−∞
|Fx(f)|2df =

∫ ∞
−∞

∫ ∞
−∞

[∫ ∞
−∞

x(t+
τ

2
)x∗(t− τ

2
)e−2πiτfdτ

]
dtdf

shows that the expression:

Wx(t, f) :=
∫
x
(
t+

τ

2

)
x∗
(
t− τ

2

)
e−2πiτfdτ

is a possible realization of an joint time-frequency description of energy E(t, f). Wx(t, f)
is called the Wigner-Ville distribution of x. Note that the Wigner distribution is not
the only bilinear transformation satisfying the marginal properties (Eq. 2.2, Eq. 2.3).
Is E(t, f) such an function then the marginals can be expressed as:

F1E(0, f) =
∫ ∞
−∞

E(t, f)dt = |Fx(f)|2

F2E(t, 0) =
∫ ∞
−∞

E(t, f)df = |x(t)|2.

Therefore any function with the Fourier transform θ(u, v)FE(u, v) will satisfy the
marginal conditions as long as:

θ(0, v) = θ(u, 0) = 1. (2.4)

Now starting with the Wigner-Ville distribution all reasonable bilinear time-frequency
distributions E(t, f) can be expressed as the convolution

E(t, f) =
∫
Wx(t′, f ′)ϑ(t− t′, f − f ′)dt′df ′.

With a similar argument as above it can be shown that for arbitrary kernels ϑ (without
the normalization Eq. (2.4)) this class of functions, called Cohen’s class [48], is the
only group of bilinear operators with the property of time-frequency shift covariance,
i.e.:

x̃(t) = x(t− t0)e2πif0(t−t0) ⇒ Ex̃(t, f) = Ex(t− t0, f − f0).
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2.2 The Wigner-Ville distribution

The Wigner-Ville distribution was originally defined by [187] in the context of quantum
mechanics. It was later reintroduced in signal analysis by [178], with the basic idea of
defining a joint distribution of the signal energy simultaneously in time and frequency
(in physics corresponding to coordinates and momentum). For a continuous scalar real
or complex signal (wave function) x(t) the Wigner-Ville distribution is defined as the
bilinear transformation:

Wx(t, f) :=
∫
x
(
t+

τ

2

)
x∗
(
t− τ

2

)
e−2πiτfdτ (2.5)

Unfortunately, this expression cannot be interpreted as a true probability density, since
it can become negative. A variety of mathematical properties have been proven for
the Wigner-Ville distribution [121], making it a widely used tool in signal analysis,
with generalizations to linear signal spaces, linear time-varying systems or frames (see
e.g. [120] for review). While the Wigner distribution was developed in the probabilistic
framework of quantum mechanics, definition Eq. (2.5) applies to deterministic functions
x. In the works of [97], [117] as well as [118] the deterministic definition Eq. (2.5) has
been extended to the very general class of harmonizable stochastic processes. The only
requirement for a zero mean random signal to be harmonizable is the existence of a
Fourier representation Φ of its autocovariance function rx(t, t′) that is defined by:

rx(t, t′) := E{x(t)x∗(t′)} =
∫ ∫

e2πi(λt−µt′)Φ(λ, µ)dλdµ.

The probabilistic analogue to the deterministic Wigner distribution for a stochastic
process x is given by the stochastic integral:

wx(t, f) :=
∫
x
(
t+

τ

2

)
x∗
(
t− τ

2

)
e−2πiτfdτ. (2.6)

This integral exists in quadratic mean if the absolute forth order moments E{|x|4}
exist [117]. Furthermore the existence of these moments guaranties that the expected
value and the integration can be exchanged:

E{wx(t, f)} = E

{∫
x
(
t+

τ

2

)
x∗
(
t− τ

2

)
e−2πiτfdτ

}
=
∫
E
{
x
(
t+

τ

2

)
x∗
(
t− τ

2

)}
e−2πiτfdτ =

∫
rx

(
t+

τ

2
, t− τ

2

)
e−2πiτfdτ

=: Wx(t, f). (2.7)

The last expressionWx(t, f), which can be defined for a larger class of random processes,
is called the Wigner-Ville spectrum (WVS). Invertibility of the Fourier integral Eq.
(2.7) assures that the WVS is equivalent to the covariance function rx(t, t′). Therefore,
it contains full information about the second-order statistics of x. The WVS is a time
dependent spectrum and is commonly used to study the local and global nonstationarity
of random processes.

2.2.1 Basic examples for the WVS

White noise process
The white noise process x is defined by:

E{x(t)} = 0
rx(t, t′) = δ(t− t′).
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Then it is easy to see that the WVS is given by:

Wx(t, f) =
∫
τ
δ(τ)e−2πiτfdτ = 1.

Signal plus noise
Define a process x(t) = y(t) + n(t) by the superposition of a deterministic signal
y(t) plus a zero mean noise component n(t). Then the WVS is given by:

Wx(t, f) =
∫
τ
E
{
x
(
t+

τ

2

)
x∗
(
t− τ

2

)}
e−2πiτfdτ

=
∫
τ

[E{yy∗}+ yE{n∗}+ y∗E{n}+ E{nn∗}] e−2πiτfdτ

=
∫
τ
[yy∗ + E{nn∗}]e−2πiτfdτ =

∫
τ
yy∗e−2πiτfdτ︸ ︷︷ ︸
deterministic

+
∫
τ
E{nn∗}e−2πiτfdτ

= Wy(t, f) +Wn(t, f).

This shows that for a signal plus noise the WVS is given by the sum of the
deterministic Wigner distribution and the WVS of the noise.

2.2.2 Properties of the WVS and the Wigner distribution

As both, stochastic and deterministic definition, share many properties, only the prop-
erties of the WVS will be listed in the following, unless the properties are different for
the deterministic version (proofs for these properties can be found e.g. in [48]).

– Real: The WVS is a real function of time and frequency:

Wx(t, f)
∗

=
∫
τ
E
{
x∗
(
t+

τ

2

)
x
(
t− τ

2

)}
e2πiτfdτ (2.8)

=
∫
τ
E
{
x∗
(
t− τ

2

)
x
(
t+

τ

2

)}
e−2πiτfdτ = Wx(t, f)

– Time-frequency shift covariant: The Wigner-Ville spectrum of a time fre-
quency shifted signal x̃(t) = x(t− t0)e2πif0(t−t0) is the shifted WVS of the original
signal:

Wx̃(t, f) = Wx(t− t0, f − f0). (2.9)

– Correct marginals: The marginals in time and frequency of the WVS reflect
the second order properties of the process:∫

f
Wx(t, f)df = rx(t, t) = E{|x(t)|2} (2.10)∫

t
Wx(t, f)dt = rFx(f, f) = E{|Fx(f)|2}. (2.11)

– Cross terms: Due to its quadratic nature, the deterministic Wigner-distribution
of a multicomponent signal x = s1 + s2 always contains cross terms of the form:

Ws1,s2(t, f) :=
∫
s1

(
t+

τ

2

)
s∗2

(
t− τ

2

)
e−2πiτfdτ.
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Geometrically, these terms will always occur in the time-frequency plane mid-
way between two (auto-)components Wx1,2 of the deterministic Wigner distribu-
tion [121].
For the stochastic WVS existence of cross terms is determined by the time-

frequency correlations of the processes. Is for example x(t) =
n∑
j=1

αj · sj(t), the

sum of n uncorrelated zero mean random processes sj(t), then it is obvious from
rsk,sl(t, t

′) = E{sk(t)sl(t′)} = 0 ∀k 6= l that Wsk,sl(t, f) = 0 ∀k 6= l and thus:

Wx(t, f) =
n∑
j

|αj |2Wsj (t, f). (2.12)

A similar superposition law also holds for the sum x(t) =
n∑
j=1

αj · sj(t) of de-

terministic signals sj(t) if the weights αj are uncorrelated zero mean random
factors:

Wx(t, f) =
n∑
j

E{|αj |2}Wsj (t, f).

– Instantaneous frequency: For a univariate random signal x which is square
mean differentiable, the instantaneous frequency can be defined as (see also 6.15):

fx(t) =
Im(ẋ(t)x(t)∗)
2π var(x(t))

The expectation is given by the following relation:

E{fx(t)} =

∫
f fWx(t, f)df

var(x(t))
=
E{Im(ẋ(t)x(t)∗)}

2π var(x(t))
. (2.13)

A similar property also holds for the group delay [48].

– Symplectic covariance: The WVS is covariant against area preserving lin-
ear transformations M of the time-frequency plain. Such transformations M ∈
R2d×2d belong to the symplectic group, i.e. M has the form:

M =
(
A B
C D

)
with det(M) = 1 , ATC = CTA , DTB = BTD.

The transformed WVS is again the WVS of another signal x̃(t) which is given by
the relationship:

Wx(t, f) = Wx̃ ((t, f)MT ) or equivalently (2.14)

Wx ((t, f)(MT )−1) = Wx̃(t, f).

The processes x and x̃ are related by the so called linear canonical transform
(LCT), discussed in section 2.3.
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2.2.3 WV spectrum estimation for non-stationary signals

In most practical applications, it is necessary to estimate the WVS from a single real-
ization of a process. For this reason ensemble averages are unavailable. As the WVS is
the Fourier transform of the autocovariance function, any estimator for rx(t, t′) is suf-
ficient in the sense of statistics. All such estimators have a fundamental bias-variance
tradeoff. Smoothing reduces the variance of the estimate but introduces bias. One way
to derive an estimator for the WVS is to assume the process x(t) is semi-stationary,
i.e. its characteristics are changing slowly with time. This so called quasi-stationary
assumption allows the approximation of the autocovariance function rx(t, t′) with a
local average:

rx

(
t+

τ

2
, t− τ

2

)
≈
∫
F (s− t, τ)x

(
s+

τ

2

)
x∗
(
s− τ

2

)
ds. (2.15)

If this approximation is used to form an estimate for the WVS this leads to:

Wx(t, f) ≈
∫
Wx(t′, f ′)ϑ(t− t′, f − f ′)dt′df ′ with (2.16)

F (t, τ) =
∫
ϑ(t, ν)e−2πiντdν.

Therefore, all distributions belonging to Cohen’s class [48] form estimators for the
WVS [118]. An alternative way to justify this particular class of estimators can be
found in [4]. Other ways to estimate the WVS include multitaper reassignment [190]
or soft wavelet thresholding [10].
As can be seen from the condition in Eq. (2.4), the marginal properties (Eq. 2.10, Eq.
2.11) impose on the kernel, not all members of Cohen’s class share the same properties
as the WVS. From this point of view the choice of ϑ ≡ δ(t), i.e. the deterministic
Wigner distribution of the samples, seems as a natural choice of estimator for the
WVS. It should be noted that if only certain properties like the correct marginals (Eq.
2.10, Eq. 2.11) are used, the particular choice of estimator is unimportant as long as the
kernel satisfies the correct property. This implies, the choice of the deterministic WVD
as estimator for the WVS is not as restrictive as it appears (unless all the properties
are sought).

2.2.4 The Wigner-Ville spectrum of linear signal spaces

The definition of both the stochastic and the deterministic Wigner distribution can be
extended from the transform of a single square integrable signal to the corresponding
transformation of a complete linear signal space. This property allows the use of time-
frequency concepts for the analysis of linear spaces [88]. If X ∈ L2(R) is a linear
subspace of the square integrable signals then the Wigner transformation of X is
defined by:

WX (t, f) := E{WwX (t, f)}

where wX denotes the projection of a wide-sense stationary, zero mean white noise
w(t) with normalized power spectrum:

Rw(t, t′) = E{w(t)w(t′)} = δ(t− t′)

on the space X . The orthogonal projection operator onto X is given by the integral:

wX (t) =
∫
X(t, t′)w(t′)dt′
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with the kernelX(t, t′) that can be expressed in terms of any orthogonal basis {yk(t)}NX
1

of X :

X(t, t′) =
NX∑
k=1

yk(t)yk(t′)∗.

Using this expression for the projection it follows:

WX (t, f) =
∫
E{wX (t+

τ

2
)wX (t− τ

2
)}e−2πiτfdτ

E{wX (t1)wX (t2)} = E{
∫
X(t1, t′1)w(t′1)dt′1

(∫
X(t2, t′2)w(t′2)dt′2

)∗
}

=
∫ ∫

X(t1, t′1)X(t2, t′2)∗E{w(t′1)w(t′2)∗}︸ ︷︷ ︸
δ(t′1−t′2)

dt′1dt
′
2

=
∫
X(t1, t′)X(t2, t′)∗dt′.

Furthermore, as orthogonal projection X is idempotent and self-adjoint, thus XX∗ = X
and:

WX (t, f) =
∫
X(t+

τ

2
, t− τ

2
)e−2πiτfdτ (2.17)

=
NX∑
k=1

∫
yk(t+

τ

2
)yk(t−

τ

2
)∗e−2πiτfdτ =

NX∑
k=1

Wyk(t, f). (2.18)

Thus the Wigner distribution of X can be expressed as both the Weyl-symbol [79]
of the projection operator X (Eq. 2.17) as well as the simple sum of the WVS of all
orthogonal basis signals (Eq. 2.18). The later expression allows the transfer of the
properties in section 2.2.2 to signal spaces. For example:

WX

(
(t, f)(MT )−1

)
= WL (M)[X ](t, f) (2.19)∫

WX (t, f)dt = DX (f). (2.20)

Here DX (f) denotes the power spectral density of the signal space X .

2.3 The linear canonical transform (LCT)

The relation between x and x̃ given by the symplectic covariance property (Eq. 2.14) of
the WVS can be expressed, in the case of a nonsingular submatrix B (i.e. det(B) 6= 0)
by the following integral transformation, called the linear canonical transform (LCT)
or ABCD-transform [29]:

L (M)[x](f) := (det iB)1/2

∫ ∞
−∞

x(t) exp
(
iπ(tTB−1At− 2 tTB−1f + fTDB−1f)

)
dt.

(2.21)

In the case of a singular matrix B, the general description is more involved and can be
found in [5].
Integral transformations of this type play an important role in optics and information
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processing as they specify affine transformations in phase space. For example Eq.
(2.21) describes the behavior of a wave function x by a propagation through a system
of thin lenses, free space or if focused with a satellite dish. For special cases of matrices
M many classical integral transformations used in signal processing can be recovered.
Considering a function x(t) with one-dimensional argument t, we have:

– Fourier and fractional fourier transforms are special cases given by the one-

parameter subgroup M(θ) =
(

cos(θ) − sin(θ)
sin(θ) cos(θ)

)
. The fractional Fourier trans-

form with parameter θ is an operator power of the normal Fourier transform with
the exponent 2θ

π . The integral representation [137] is given by:

F θx(f) :=

√
1− icot(θ)

2π
eicot(θ)f2/2

∫ ∞
−∞

e−icsc(θ)ft+icot(θ) t
2

2 x(t)dt. (2.22)

The case θ = π
2 corresponds to the classical Fourier transform.

– The Fresnel transform defined by the expression:

[Fresnel(z, l)x](ξ) =
eiπz/l√
ilz

∫ ∞
−∞

ei
π/zl(ξ−t)2x(t)dt.

is obtained in the case M =
(

1 b
0 1

)
=
(

1 zl
2π

0 1

)
.

– Chirp multiplication is given by M =
(

1 0
c 1

)
.

– Scaling can be achieved by M =
(
a 0
0 1

a

)
.

2.3.1 Main properties of the linear canonical transform

Independent of the matrix M , all linear canonical transforms share the following prop-
erties:

– Linearity: Obviously the linear canonical transform is a linear transformation,
e.g.:

L (M)[λx+ µy](f) = λL (M)[x](f) + µL (M)[y](f) ∀ λ, µ ∈ R. (2.23)

– Unitary: The LCT is a unitary operation. Assuming (.)∗ denotes the adjoint
operator then:

(L (M))−1 = (L (M))∗ =
(
L (M−1)

)
. (2.24)

– Group structure: The product of two LCT operators with matrices M1 and
M2 is again a LCT with matrix M3 = M1M2:

(L (M1)L (M2)) = L (M1M2). (2.25)
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(a) Two gaussian signals with small differ-

ence in mean (red and blue line) and
their sum (green line).

0
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0-1 1
(b) Absolute value of the LCT transforma-

tion of the two gaussians (red and blue
line) with A = 3 and B = 0.

Figure 2.1: Example for the LCT-spectrum of two gaussian signals. Appropriate choice
of the parameter A of the LCT increases the shift between the signals, simplifying the
estimation. Furthermore if only the mixture can be observed (green line), decomposi-
tion into the two original gaussian is facilitated as the spacial resolution of the gaussian
increases (→ increased separability).

– Shift Theorem: Of particular interest for the anechoic mixing problem is the
behavior of the linear canonical transform under shifts of the input signal:

L (M)[x(t− τ)](f) = exp
(
iπ(2 f −Aτ)TCτ

)
L (M)[x](f −Aτ). (2.26)

Since the output signal is shifted by the factor Aτ it is obvious that a good choice
of A can simplify the problem of separating the signal x from it is shifted counter-
part in this particular LCT domain [163]. To illustrate this, consider the example
of two gaussian signals with a small difference in means (see figure 2.1(a)). Lin-
ear canonical transformation with A = 3 andB = 0 increases the mean difference,
and thus leads to an improved separability (see figure 2.1(b)).
This behavior of the LCT makes it an attractive choice of preprocessing for both
the problems of delay τ estimation (see chapter 5) and the separation of signals
(see chapter 6).

2.4 Chapter summary

This chapter gives an introduction into the theory of the Wigner-Ville distribution and
its connection to the linear canonical transform. Many properties discussed here are
essential to the derivation of the Wigner-marginal based algorithm for anechoic demix-
ing discussed in section 6.2.2. The Wigner-distribution is an interesting mathematical
object and has a wide range of application in signal processing, therefore there ex-
ists a huge body of literature about this time-frequency distribution. Further readings
are [48,65,79,120,121].
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Chapter 3

Non-negative least squares

Both inequality and equality constraints in general and non-negativity in particular
are an integral part of signal processing and optimization. They typically reflect some
necessary property of numerical solutions which allow the interpretation as counts,
intensities, concentration or probability. The simplest form such a problem can take is
in the form of the constraint linear problem:

min
x≥0

1
2
‖Ax− b‖22 = min

x≥0

{
1
2
〈
x ATAx

〉
−
〈
AT b x

〉}
. (3.1)

Equation (3.1) is usually referred to as non negative least squares (NNLS) problem.
As quadratic programming (QP) problem the NNLS can be solved with any general
QP-solver. Probably the first approaches which take the special structure of Eq. (3.1)
into account have been active set methods, introduced by Lawson and Hanson [106] and
improved by Bro and De Jong [27] as well as Benthem and Keenan [174]. Other NNLS
methods include interior point methods [19,122], principal block pivoting [103,144] and
iterative solver like projected quasi-Newton [101] or sequential coordinate algorithms
(SCA) [181]. However with the notable exception of SCA, all these approaches assume
that the matrix A in Eq. (3.1) has full rank, which is not necessarily the case in many
(sparse) applications like non negative matrix factorization (see section 4.3).

Chapter overview: In this chapter a new solution of large-scale NNLS problems is
presented, which is based on the so called HWLB-algorithm [14]. Firstly, it is shown
that the resulting iterative scheme converges even in the case of rank-deficient problems.
Secondly, a new steering sequence for the HWLB-algorithm is presented which increases
the convergence speed.

3.1 NNLS as projection problem

The non negative least squares problem can be represented in different ways. For
example rewriting the Karush-Kuhn-Tucker conditions for the quadratic problem given
by Eq. (3.1) leads to the following linear complementary problem (LCP):

y = ATAx−AT b , y ≥ 0 , x ≥ 0 , 〈 x y 〉 = 0. (3.2)

Alternatively for invertible square-matrices A the optimization problem Eq. (3.1) can
be reformulated as:

min
x≥0

1
2
‖Ax− b‖22 = min

x≥0

1
2
‖A(x−A−1b︸ ︷︷ ︸

=:x0

)‖22 = min
x≥0

1
2
‖x− x0‖2ATA. (3.3)
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Thus the NNLS problem is equivalent to the problem of finding the orthogonal pro-
jection of x0 onto the convex set {x ≥ 0} in the Hilbert space with scalar product
〈 x y 〉ATA := 〈 Ax Ay 〉. This interpretation, as a best approximation problem al-
lows the usage of iterative projection algorithms like Dykstra’s algorithms [62, 82] or
the Halpern–Lions–Wittmann–Bauschke (HLWB) algorithm [14]. Until recently, most
applications in constraint optimization utilized Dykstra’s algorithms even though the
HLWB-algorithm has been shown to be somewhat advantageous [36].
Formulating the NNLS as Eq. 3.3 has the drawback that for both the starting value
x0 = A−1b as well as the single projections applied in both algorithms in each step,
the inverse matrix A−1 is needed. Assuming A−1 exists, then the NNLS problem is
equivalent to its Lagrange dual problem:

min
λ≥0

{
1
2
〈
λ (ATA)−1λ

〉
−
〈
A−1b λ

〉}
= min

x≥0

1
2
‖A−Tλ− b‖22 (3.4)

= min
x≥0

1
2
‖A−T (λ− AT b︸︷︷︸

=:λ0

)‖22 = min
x≥0

1
2
‖λ− λ0‖2(ATA)−1 . (3.5)

The dual problem is again a convex projection problem, but now the projections and
the starting value involve the matrices (A−1)−1 = A and ATA = (A−1A−T )−1. Thus it
should be possible to solve equations (3.5) and (3.1) with the HLWB algorithm without
A−1.

3.2 The Halpern–Lions–Wittmann–Bauschke algorithm

The iterative procedure referred to as Halpern–Lions–Wittmann–Bauschke (HLWB)
algorithm was first discussed in the work of Halpern [81] and was subsequently im-
proved by Lions [113],Wittmann [188], Bauschke [14] and many others. Here we use
the HLWB-algorithm as presented in [14].
Additionally we exploit a result of Zhang, et al [201] which extends the iterative
scheme for families of infinitely many nonexpansive mappings, to prove that the HLWB-
algorithm also converges using a suitable generalization of remotest set control, as
formalized by the following definition.

3.2.1 Definition:

1. A mapping T : C → C is said to be nonexpansive if, ‖Tx−Ty‖ ≤ ‖x−y‖,∀x, y ∈
C. The fixed point set of T is denoted by Fix(T ) = {x ∈ C : Tx = x}.

2. A sequence (λn)n≥0 ∈ [0, 1) is called steering sequence if:

lim
n→∞

λn = 0,
∞∑
n=0

λn =∞

3. The sequence (in)n≥0 denotes the cyclic sequence in := n mod m.

4. Suppose T0, . . . , TN : C → C are nonexpansive self-mappings of some closed
convex subset C of the Hilbert space H and (xn)n a sequence in C. Then the
sequence (irem

n )n will be called remotest mapping control [37] for xn if each iremk
is determined such that:

‖xk − Tiremk xk‖ = max
i∈{0,...,N}

‖xk − Tixk‖
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The mathematical basis for the HLWB-algorithm is the following theorem:

3.2.2 Theorem (Bauschke [14], Theorem 3.1):
Let H be a Hilbert Space, C a nonempty convex subset of H, and T0, . . . , TN : C → C

non-expansive mappings with F :=
⋂N
i=0 Fix(Ti) 6= ∅ such that:

F = Fix(TN . . . T0) = Fix(T0TN . . . T2) = . . . = Fix(TN−1TN−2 . . . T0TN )

Given a, x0 ∈ C and a steering sequence (λn)n≥0 with
∑∞

n=0 |λn − λn+N | < ∞ then
the sequence xn defined by:

xn+1 := λna+ (1− λn)Tinxn (3.6)

converges in norm to the orthogonal projection PFa of a onto F .

An extension for infinitely many nonexpansive mappings is the following theorem:

3.2.3 Theorem (Zhang [201], Theorem 2.1):
Let H be a Hilbert Space, C a nonempty convex subset of H, and Tn : C → C (n =
0, 1, 2, . . .) be an infinite family of nonexpansive mappings with F :=

⋂∞
i=0 Fix(Ti) 6= ∅.

Given a, x0 ∈ C and a steering sequence (λn)n≥0 define a sequence xn by:

xn+1 := λna+ (1− λn)Tnxn (3.7)

If there exists a family of nonexpansive mappings {Gγ}γ∈Γ from C into C, where Γ is
a finite or infinite index set, such that:

1.
⋂
γ∈Γ Fix(Gγ) 6= ∅ and

⋂
γ∈Γ Fix(Gγ) ⊂

⋂∞
i=1 Fix(Ti);

2. limn→∞ ‖Tnxn −Gγ(Tnxn)‖ = 0, for each γ ∈ Γ,

then the sequence {xn} converges strongly to the orthogonal projection PFa of a onto
F .

3.2.1 Application to the non-negative least squares problem

One of the main aspect of the HLWB-algorithm is the fact that the projection onto the
convex set C can be broken into projections into multiple sets Ci with C =

⋂N
i=0Ci.

For the non negative orthant {y ≥ 0} the obvious splitting into subsets is given by :

{y ≥ 0} =
⋂
i

{yi ≥ 0}

as for a single dimension the projection Pi is given by:

3.2.4 Definition:
Let A ∈ Rk×m be a matrix without zero columns, e.g. if ei is the ith canonical unit
vector ‖Aei‖ 6= 0∀i, then:

1. The mapping Pi : Rm → Rm denotes the projection:

z 7→ z −min(〈 z ei 〉 , 0)
ATAei

〈 Aei Aei 〉
1/2
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2. Let Qi : Rm × Rm → Rm be defined by:

(u, v) 7→ v −min(〈 u ei 〉 , 0)
ei

〈 Aei Aei 〉
1/2

The application of theorem 3.2.2 to the NNLS problem results in the following theorem:

3.2.5 Theorem:
Let A ∈ Rk×m be a matrix without zero columns and b ∈ Rk arbitrary. For a steering
sequence (λn)n and y0 := −AT b , x0 := 0 define:

yn+1 = λny0 + (1− λn)Pin(yn) (3.8)
xn+1 = (1− λn)

(
Qin(yn, xn)

)
(3.9)

Then

1. xn ≥ 0 ∀n ≥ 0.

2. yn = ATAxn + y0∀n ≥ 0.

3. If the matrix A has rank m then:

(a) yn converges strongly to a y∗ ≥ 0 in Rm.

(b) xn converges strongly to a x∗ in Rm.

(c) 〈 xn yn 〉 → 0.

4. If rank(A) < m then:

(a) yn converges strongly to a y∗ ≥ 0 in Rm.

(b) [xn] converges strongly to [x∗] in Rm/ker(A).

(c) 〈 xn yn 〉 → 0.

Proof:
For 1. x0 ≥ 0. Induction:

xn+1 = (1− λn)︸ ︷︷ ︸
≥0

 xn︸︷︷︸
≥0

− min(〈 yn ein 〉 , 0)
ein

〈 Aein Aein 〉
1/2︸ ︷︷ ︸

≤0

 ≥ 0

For 2. Induction:
n = 0 : y0 = ATA0 + y0 = ATAx0 + y0.
n→ n+ 1:

yn+1 = λny0 + (1− λn)

 =yn︷ ︸︸ ︷
ATAxn + y0−

min(ynin , 0)

〈 Aein Aein 〉
1/2
ATAein


= y0 +ATA

[
xn −

min(ynin , 0)

〈 Aein Aein 〉
1/2
ein

]
(1− λn) = y0 +ATAxn+1.
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For 3. It is sufficient to show that the sequences yn, xn converge strongly to a solution
of the LCP (3.2). Due to point 2. above this is case iff the sequence xn converges
strongly to the solution of the minimization problem (3.1). As ATA is invertible,
solving (3.1) is equivalent to solving its Lagrange dual problem.
Writing B := (AT )−1:

min
y≥0

{
1
2
〈
y (ATA)−1y

〉
+
〈
A−1b y

〉}
= min

y≥0
‖By + b‖ (3.10)

Equation (3.10) is equivalent to the following approximation problem:

min
y≥0
‖By + b‖ = min

y≥0
‖y − y0‖BTB (3.11)

This is the problem of finding the orthogonal projection of y0 onto the convex
set {y ≥ 0} in the Hilbert spaces with scalar product 〈 u v 〉BTB = 〈 Bu Bv 〉.
Trivially:

{y ≥ 0} =
⋂
i

{yi ≥ 0} =
⋂
i

{〈 y ei 〉 ≥ 0} =
⋂
i

{
〈
y ATAei

〉
BTB

≥ 0}

Thus the non-negative orthant can be seen as the intersection of half-spaces.
Furthermore the mappings Pi defined in definition 3.2.4 are just the corresponding
orthogonal projections:

Piz = z −min(
〈
z ATAei

〉
BTB

, 0)
ATAei

〈 ATAei ATAei 〉
1/2

BTB

(3.12)

= z −min(zi, 0)
ATAei
‖Aei‖

(3.13)

Depending on the control sequence in either theorem 3.2.2 or corollary 3.2.15
guaranties that the sequence:

yn+1 = λny0 + (1− λn)Pin(yn)

converges in norm to the solution of the approximation problem (3.11) and there-
fore also to the solution of the Lagrange dual of (3.1). The convergence of xn
follows from xn = (ATA)−1(yn − y0).

For 4. Without loss of generality b lies in the image =(A) of A 1. Thus the second
assertion of this theorem shows that the sequence yn is actually a sequence in the
subspace =(ATA) ⊂ Rm. Let u, v ∈ =(ATA) be arbitrary, i.e. u = ATAr, v =
ATAs for some r, s ∈ Rm. For those vectors in =(ATA) the following inner
product is then well defined:

〈 u v 〉∗ =
〈
ATAr ATAs

〉
∗ =

〈
ATAr s

〉
= 〈 Ar As 〉 (3.14)

This scalar product makes the linear space =(ATA) a Hilbert space. As 〈 yn ei 〉 =〈
yn ATAei

〉
∗ it follows analogously to the case (3) that the Piyn define projec-

tions onto half-spaces. Thus either theorem 3.2.2 or corollary 3.2.15 applies to the
sequence (3.8) interpreted as a sequence in the Hilbert space

(
=(ATA), 〈·, ·〉∗

)
.

1This can be assumed because of b = b0︸︷︷︸
∈=(A)

+ b1︸︷︷︸
∈=(A)⊥

. =(A)⊥ ⊂ ker(AT )⇒ y0 = −AT b = −AT b0
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This shows shows the convergence yn → y∗ in the norm ‖‖∗ =
√
〈 . . 〉∗. The

convergence of yn is then easily established by extending this norm to Rm. Let
z := 1

2y
∗ ≥ 0 ∈ =(ATA) then the optimality condition for orthogonal projections

implies:

0 ≥ 〈 y∗ − y0 y∗ − z 〉∗ =
1
2

lim
n→∞

〈
ATAxn yn

〉
∗ =

1
2

lim
n→∞

〈 xn yn 〉

Since xn ≥ 0∀n and y∗ ≥ 0 it follows that lim
n→∞

〈 xn yn 〉 ≥ 0. Thus

lim
n→∞

〈 xn yn 〉 = 0 (3.15)
�

3.2.6 Remark:
1. The condition ‖Aei‖ 6= 0 in theorem 3.2.5 guaranties that the mappings Pi are

well defined. As zero columns can easily removed from the matrix A by setting
the corresponding entry in the solution vector x∗ to an arbitrary value larger then
zero. This does not reduce the generality of the main result.

2. Structurally the sequences defined by equations (3.8) and (3.9) are very simi-
lar to primal-dual row-action methods [95], like e.g Hildreth methods [87] for
quadratic programming. The new algorithm thus shares many properties with
these methods.

3. The projection operators Pi - with obvious changes to the Qi - can be replaced
by the nonexpansive relaxed operators:

Ri := (1− α)Id + αPi α ∈ (0, 2)

For the overrelaxed case α ∈ [1, 2) this increases the rate of convergence of the
algorithm as the step length ∆xn := xn+1 − xn increases due to:

‖∆xn‖2 := ‖xn+1 − xn‖2 ∼ ‖xn −Riremn xn‖2 = α2‖xn − Tiremn xn‖2

4. By changing the Pi, Qi to projections onto convex slabs, theorem 3.2.5 might be
extended to optimization problems with box constraints.

5. In large scale problems the sequential method of projection may be replaced by
the parallel scheme by Combettes [49]:

yn+1 = λny0 + (1− λn)
m∑
i=1

wiPin(yn) (3.16)

xn+1 = (1− λn)
m∑
i=1

wi
(
Qin(yn, xn)

)
(3.17)

The weights 0 ≤ wi can be chosen arbitrary as long they fulfill the condition∑m
i=1wi = 1. Generally [36] this simultaneous algorithm is slower than the se-

quential scheme (3.8),(3.9) but overrelaxing [15] and good choice of the weights
can improve the performance tremendously [197].
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6. The projection onto the intersection of two half-spaces H1,2 has also a closed form
solution given by (see for example [124]) :

PH1∩H2(x) =


PH1(x) if PH1(x) ∈ H2

PH2(x) if PH2(x) ∈ H1

P∂H1∩∂H2(x) = x+ λPH1(x) + µPH1(x) else

The real numbers λ, µ ∈ R are given by a least squares regression. Thus the
iteration (3.8),(3.9) can be improved by replacing the single subspace projection
with the projection onto the intersection onto a pair of half-spaces.

7. The algorithm discussed in theorem 3.2.5 can be written as the simple pseudo
code:

Algorithm 1: Projection non negative least squares (PNNLS)
Input: A, b;
Q = ATA;
y0 = AT b;
x = 0;
y = y0;
for iter = 1 : maxiter do

i = mod (iter,N)

c = (2− ε) y[i]
Q[i, i]

% ε > 0

x[i] = x[i]− c

y =
1
n
y0 + (1− 1

n
)
(
y − cQ[i, :]

)
x = (1− 1

n
)x

end

3.2.2 Improvement of the basic HLWB algorithm

Like the regular iterative projection methods [13] the speed of convergence of the HLWB
algorithm depends on the steering sequence in. However the proof of theorem 3.2.2 relies
on the cyclic nature of in and even though many generalizations have been proposed,
so far no other convergence proof involving other sequences have been put forward.
Here we show that in the case of an obtuse cone C the cyclic control can be replaced
by the remotest set control irem

n , which leads to an increase in convergence speed of the
algorithm.

3.2.7 Lemma (see [159]):
Let X be a uniformly convex Banach space. Let xn and yn be two sequences with:

lim sup
n→∞

‖xn‖ ≤ a

lim sup
n→∞

‖yn‖ ≤ a

lim
n→∞

‖txn + (1− t)yn‖ = a
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for fixed t ∈ (0, 1) and fixed a ≥ 0 ,then limn→∞ ‖xn − yn‖ = 0.

3.2.8 Lemma (e.g. [191]):
Assume {an} is a sequence of nonnegative real numbers such that

an+1 ≤ (1− λn)an + λnδn , ∀n ≤ n0

where λn is a sequence in (0, 1) and δn a sequence such that

1.
∑∞

n=1 λn =∞

2. lim supn→∞ δn ≤ 0

then limn→∞ an = 0.

3.2.9 Lemma:
Let H be a Hilbert Space, C a nonempty convex subset of H, and T0, . . . , TN : C → C

nonexpansive mappings with F :=
⋂N
i=0 Fix(Ti) 6= ∅. Let a, x0 ∈ C and (λn)n≥0 a

steering sequence and γ ∈ (0, 1). If Riremn stands for the relaxed nonexpansive mapping
Riremn := γTiremn + (1− γ)Id define a sequence xn by:

xn+1 := λna+ (1− λn)Riremn xn.

Is f ∈ F then every weak cluster point xnj ⇀ x with:

lim
j→∞

‖xnj − f‖ = lim sup
n→∞

‖xn − f‖ <∞ (3.18)

is a element of F , i.e. x ∈ F .

Proof:
Let f ∈ F then:

‖xn+1 − f‖ = ‖λna+ (1− λn)Riremn xn − f‖ ≤ λn‖a− f‖+ (1− λn)‖Riremn xn − f‖
≤ λn‖a− f‖+ (1− λn)‖xn − f‖ (3.19)
induction
≤ λn‖a− f‖+ (1− λn) max(‖x0 − f‖, ‖a− f‖)

≤ max(‖x0 − f‖, ‖a− f‖)

It follows that the sequences xn and Riremn xn are bounded. And additionally for all
subsequences xnj :

lim sup
j→∞

‖xnj+1 − f‖ ≤ lim sup
j→∞

‖Riremnj xnj − f‖ ≤ lim sup
j→∞

‖xnj − f‖ <∞ (3.20)

If the subsequence is chosen such that limj→∞ ‖xnj+1−f‖ = lim supn→∞ ‖xn−f‖ then
this implies the reversed inequality:

r := lim
j→∞

‖xnj+1 − f‖ = lim sup
n→∞

‖xn − f‖ ≥ lim sup
j→∞

‖xnj − f‖ (3.21)

Define a sequence yn by:

yn :=
(xn+1 − (1− γ)xn)

γ
⇔ xn+1 = γyn + (1− γ)xn
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then

lim sup
j→∞

‖ynj − f‖ ≤ lim sup
j→∞

(
λnj
γ
‖a− f − xnj‖+ (1− λnj )‖Tiremnj xnj − f‖

)
= lim sup

j→∞
‖Tiremnj xnj − f‖ ≤ lim sup

j→∞
‖xnj − f‖ = r

lim sup
j→∞

‖xnj − f‖ = r

Then for the convex combination we have:

lim sup
j→∞

‖γ(ynj − f) + (1− γ)(xnj − f)‖ = lim sup
j→∞

‖γynj + (1− γ)xnj − f‖

= lim
j→∞

‖xnj+1 − f‖ = r

Applying lemma 3.2.7 we get:

lim
j→∞

‖xnj − ynj‖ = 0

and therefore :

0 = lim
j→∞

γ‖xnj − ynj‖ = lim
j→∞

‖xnj+1 − xnj‖ = lim
j→∞

‖Riremnj xnj − xnj‖

≥ lim
j→∞

‖Rixnj − xnj‖ = lim
j→∞

γ‖Tixnj − xnj‖ ∀i = 0, . . . , N (3.22)

Now let xnj ⇀ x be the subsequence converging weakly to x with:

lim
j→∞

‖xnj − f‖ = lim sup
n→∞

‖xn − f‖ <∞

then the considerations above imply:

lim
j→∞

‖xnj − xnj−1‖ = lim
j→∞

‖Tixnj−1 − xnj−1‖ = 0 ∀i = 0, . . . , N

The fact limj→∞ ‖xnj − xnj−1‖ = 0 implies that x is a weak cluster point of both the
sequences xnj−1 and xnj . Now Opials demicloseness principle shows that every weak
cluster point xnj−1 ⇀ x∗ is a element of F . Thus x ∈ F .

3.2.10 Remark:
1. In general the subsequence xnj with

lim
j→∞

‖xnj − f‖ = lim sup
n→∞

‖xn − f‖ <∞ (3.23)

will not be independent of f ∈ F . If there is a subsequence converging to the
corresponding limes superior for all f ∈ F then proposition 3.2.11 implies the
convergence of xn.

2. Depending on the geometry of the fixed point set F the existence of the subse-
quence (3.22) can imply the necessary conditions for theorem (3.2.3).

– If F = {f} then lemma (3.2.9) shows that lim supn→∞ ‖xn − f‖ = 0 and
thus lim supn→∞ ‖Tiremn xn − xn‖ = 0.
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– If F = {x ∈ H|‖x− f‖ ≤ r} =: drf is a closed ball then (3.22) implies that
dlim supn→∞ ‖xn−f‖(f) ⊂ drf = F . Thus the sequence xn is finally in F and
therefore lim supn→∞ ‖Tiremn xn − xn‖ = 0.

3.2.11 Proposition:
Let the sequence xn be defined as in lemma (3.2.9). Now let d : H → R+ be the
distance function to the convex set F , i.e. d(y) := ‖y−PF y‖, and xnj ⇀ x be the weak
cluster point with:

d(x) = sup{d(y)|y weak cluster point of xn} ≥ 0.

If there is an element f∗ ∈ F such that:

‖x− f∗‖ = lim sup
n→∞

‖xn − f∗‖ (3.24)

then d(x) = 0, i.e. all weak cluster points of xn are elements of F .

Proof:
Let f∗ ∈ F such that ‖x∗ − f∗‖ = lim supn→∞ ‖xn − f∗‖. This implies:

lim sup
n→∞

‖xn − f∗‖ ≥ lim sup
j→∞

‖xnj − f∗‖ ≥ lim inf
j→∞

‖xnj − f∗‖ ≥ ‖x∗ − f∗‖

= lim sup
n→∞

‖xn − f∗‖.

Thus xnj ⇀ x satisfies the condition in lemma (3.2.9) therefore x ∈ F and d(x) = 0.
Since this is the maximal distance all weak cluster points of the sequence xn are elements
of F . �

3.2.12 Definition:
Let xn ∈ H be a arbitrary sequence in the Hilbert space H. If all weak cluster points
of xn are elements of a set F ∈ H then we call F a weak goal set of xn.

3.2.13 Remark:
This condition for the convex set F can replaced the sufficient conditions for convergence
in theorem 3.2.3 as shown in the next theorem. The proof is up to minor changes the
same as the proof of 3.2.3.

3.2.14 Theorem:
Let H be a Hilbert Space, C a nonempty convex subset of H, and T0, . . . , TN : C → C

nonexpansive mappings with F :=
⋂N
i=0 Fix(Ti) 6= ∅. Let a, x0 ∈ C and (λn)n≥0 a

steering sequence and γ ∈ (0, 1). If Riremn stands for the relaxed nonexpansive mapping
Riremn := γTiremn + (1− γ)Id define a sequence xn by:

xn+1 := λna+ (1− λn)Riremn xn. (3.25)

Is F a weak goal set of xn then {xn} converges strongly to the orthogonal projection
PFa of a onto F .
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Proof:
Let q be the weak cluster point of xn with:

lim sup
n→∞

〈 xn − Pa a− Pa 〉 = lim sup
n→∞

〈
Riremn xn − Pa a− Pa

〉
= 〈 q − Pa a− Pa 〉

F is a weak goal set of xn thus q ∈ F and 〈 q − Pa a− Pa 〉 ≤ 0. Now we have:

‖xn+1 − Pa‖2 = ‖(1− λn)(Riremn xn − Pa) + λn(a− Pa)‖2

≤ (1− λn)‖xn − Pa‖2 + 2λn
〈
a− Pa Riremn xn − Py

〉
Applying lemma 3.2.8 it follows limn→∞ ‖xn+1 − Pa‖ = 0.

3.2.15 Theorem:
Let xn be the sequence defined by equation (3.25) and F a convex cone with a+α(PFa−
a) ∈ F for all a ∈ H and α ≥ 1. Then F is a weak goal set of xn and thus (see 3.2.14)
xn converges to the unique projection PFa.

Proof:
1. Is x∗ a weak cluster point of xn with maximal distance to F proposition 3.2.11

implies that it is sufficient to construct a f∗ ∈ F with

‖x∗ − f∗‖ = lim sup
n→∞

‖xn − f∗‖

2. Construction of f∗:
Let x∗∗ be a weak cluster point of xn with maximal distance d to F . If r :=
lim supn→∞ ‖xn − Px∗∗‖ then all weak cluster points of xn are elements of the
norm-sphere dr(Px∗∗). As now all cluster point lie in this sphere it follows that
d ≤ r.
Now F ⊂ {y ∈ H| 〈 x∗∗ − Px∗∗ y 〉 ≤ 0}. Thus all points with distance smaller
than d to F are included in the affine half-space H = {y ∈ H| 〈 x∗∗ − Px∗∗ y 〉 ≤
d2} (see figure 3.1a)). As H is a Hilbert space every vector h ∈ H has a orthogonal
decomposition h− Px∗∗ = α(x∗∗ − Px∗∗) + β n

|n| with n ∈ 〈x∗∗〉⊥. Let x∗ be the
weak cluster point of xn with x∗ − Px∗∗ = (x∗∗ − Px∗∗) + κ n

|n| and 0 ≤ κ ≤ r

maximally (compare with figure 3.1b)).
Now the intersection of H ∩ dr(0) can be segmented into the following parts:

– A = H ∩ dr(0) ∩ {α(x∗∗ − Px∗∗) + β n
|n| | α ≤ 0}

– B = H ∩ dr(0) ∩ {α(x∗∗ − Px∗∗) + β n
|n| | 0 ≤ α ≤ 1 & |β| ≤ κ}

Is α > 1 then
〈
x∗∗ − Px∗∗ α(x∗∗ − Px∗∗) + β n

|n|

〉
= αd2 > d2.

– C = H ∩ dr(0) ∩ {α(x∗∗ − Px∗∗) + β n
|n| | 0 ≤ α ≤ 1 & |β| ≥ κ}

Claim: For all weak cluster points z − Px∗∗ ∈ C there is a δ > 0 with
z = αx∗ + β n

|n| and |α| ≤ 1− δ.
Proof by contradiction: Otherwise there is a sequence of weak cluster points
zn − Px∗∗ = αn(x∗∗ − Px∗∗) + β n

|n| with |αn| > 1 − 1
n . But this implies

(taking a diagonal sequence) that there is a weak cluster point z∗ − Px∗∗ =
(x∗∗ − Px∗∗) + β n

|n| with |β| ≥ κ contradictory to the definition of κ. Thus
all weak cluster points in C are contained in (see figure 3.1b)):





Lars Omlor 3.2. The Halpern–Lions–Wittmann–Bauschke algorithm

0

x**-Px**

r
d

0

x**-Px**

r

x*-Px**


d

A

B CC



F



Figure 3.1: Depiction of the proof idea. Elongating the line of projection a new point
f∗ is constructed (needs the assumption of convex cone), such that the cluster point
x∗ with highest distance form F is actually the cluster point with highest distance to
f∗. Thus implying x∗ ∈ F according to lemma 3.2.9.

– C̃ = H ∩ dr(0) ∩ {α(x∗∗ − Px∗∗) + β n
|n| | 0 ≤ α ≤ 1− δ & |β| ≥ κ}

Define f∗ := Px∗∗+ ν
d (Px∗∗−x∗) with ν ≥ 0. Now consider the euclidian sphere

around f∗ with radius t := ‖f∗ − x∗‖2 = (ν + d)2 + κ2 then we can derive the
following conditions for ν:

– a ∈ A =⇒ ‖a− (f∗ − Px∗∗)‖2 ≤ ν2 + r2
!
≤ t2 ⇐⇒ r2−κ2−d2

2d ≤ ν.

– b ∈ B =⇒ ‖b− (f∗ − Px∗∗)‖2 ≤ t2

– c ∈ C̃ =⇒ ‖c− (f∗ − Px∗∗)‖2 ≤ (ν + d(1− δ))2 + r2
!
≤ t2

⇐⇒ r2−2d2δ+d2δ2−κ2

2dδ ≤ ν

Thus choosing ν sufficiently large implies:

A ∪B ∪ C̃ ⊂ dt(f∗ − Px∗∗)

Since the union of the shifted sets (A+Px∗∗)∪ (B+Px∗∗)∪ (C+Px∗∗) contains
all weak cluster points of xn so does dtf∗. But this implies:

lim sup
n→∞

‖xn − f∗‖ ≤ t = ‖x∗ − f∗‖ = d ≤ lim sup
n→∞

‖xn − f∗‖ �

3.2.16 Remark:
Is F =

⋂
i{〈 y vi 〉 ≥ 0} the intersection of half-spaces then PFa = a +

∑
i λivi with

λi ≥ 0 and additionally
∑

i λi 〈 a vi 〉 = 0. Thus a+α(PFa−a) = a+α
∑

i λivi. Thus
the condition 〈 vj vi 〉 ≥ 0 implies a+ α(PFa− a) ∈ F ∀α ≥ 1 and a ∈ H.

3.2.3 Numerical simulations

The performance of the new non-negative least squares method has been tested in
several simulations. Closest to the new PNNLS algorithm in spirit and implementation,
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is the sequential coordinate algorithm (SCA, [181]). It is also a row-action method, that
can be applied for both full-rank as well as rank deficient problems. Thus it is uniquely
suited as a comparison.
In the first simulation random matrices A ∈ R500×1000, B ∈ R500 with entries drawn
from a standard normal distribution 2 were used. For the second simulation the normal
distribution was replaced by an uniform distribution in order to guaranty matrices
A with non-negative entries (TNNLS problem). The following implementations were
tested:

– As a baseline all results were compared to the sequential coordinate algorithm
(SCA) algorithm as discussed in [181].

– The PNNLS method (see algorithm 1) was examined for both the new remotest
set control irem

n as well as the classical cyclic control in. Additionally the cases of
projection and reflection (α = 2 in remark 3.2.6) have been investigated.

– Choosing the two remotest sets, the reflection on a single half-space was replaced
with the reflection on the pair of half-spaces (see remark 3.2.6). This is only an
approximation to the remotest set control for two Half-spaces.

Results

The convergence results of the simulated NNLS problems can be seen in figure 3.2,
showing the least squares error:

r = ‖Ax− b‖2

as a function of the number of iterations (the absolute unit value of this error here is
arbitrary). The different algorithms are color coded and the shaded areas show the
standard deviation of the simulations computed from 500 simulations.
The convergence of the HWLB algorithm can be tremendously improved by replacing
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Figure 3.2: Least squares error as a function of iteration number for different iterative
NNLS-methods (solving min

x≥0

1
2‖Ax − b‖

2
2). Different algorithms are color coded. The

matrices A,B are random with normal gaussian distribution. The shaded area depicts
the standard deviation determined in 500 simulations.

the cyclic control with the remotest set control. Interestingly the remote set control

2randn command in MATLAB
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showed (improved) convergence in all simulations, even though its convergence proof
is so far limited to the case of the TNNLS problem (figure 3.2(b)). This suggest that
this control may converge for all cases (as long the convex sets in consideration are
half-spaces).
Additional speedup can be achieved by introducing relaxed projections with no addi-
tional computational cost. The situation is similar in the case of the TNNLS problem,
with the main difference that all algorithms converge much faster than in the regular
case. As a consequence the differences in convergence between the projection/reflection
as well as the difference between the two/one half-space projection become negligible
(in 3.3(a) the two half-space condition is undistinguishable from reflecting on a single
half-space).
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Figure 3.3: Least squares error as a function of iteration number for different iterative
TNNLS-methods (solving min

x≥0

1
2‖Ax − b‖22 with A,B ≥ 0). Different algorithms are

color coded. The matrices A,B are random with uniform distribution. The shaded
area depicts the standard deviation determined in 500 simulations.

3.3 Chapter summary

This chapter presents a new algorithm for the solution of the non-negative least squares
(NNLS) problem:

min
x≥0

1
2
‖Ax− b‖22.

This algorithm is based on the projection method first introduced by Halpern [81]
(HWLB-algorithm). It has the advantages of being a row action method (i.e. in each
iteration only one row of the matrix A is involved) and thus applicable to large scale
problems, and of guaranteed convergence even for rank-deficient A. For the special
case of matrices A with only non-negative entries it is shown, that a new steering
sequence with increased convergence rate can be chosen. The NNLS problem is the main
optimization problem encountered in non-negative matrix factorization (see chapter 4)
and therefore an important step for the solution of the anechoic demixing (see chapter
6).
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Chapter 4

Blind source separation and
nonnegative matrix factorization

In many signal processing applications, like speech processing [6,132,164,169], spectral
analysis [41,131], biomedical data interpretation or geophysics [3,91], it is necessary to
recover source signals from observed superpositions. If both, the sources and the details
of the mixing process are unknown, one speaks of a blind source separation problem. In
this case a reconstruction is only possible, if some a priori knowledge like independence
or sparseness of the hidden sources is available. Often additional invariance of the
extracted sources under certain transformations, such as shift, rotation or scaling is
desirable.

Chapter overview: In this chapter, after a short introduction into general blind
source separation and nonnegative matrix factorization, a new generalization of NMF
for convolutive and anechoic problems is presented. Furthermore making use of the
idea of time-continuous optimization a novel online capable implementation of NMF is
given in 4.3.2.

4.1 General form of blind source separation problems

Blind source separation problems usually belong to one of three kinds of mixtures
reflecting environmental assumptions about the problem that underlies the generation
of the data. The simplest case are instantaneous mixtures, where target signals xi are
modeled by the linear superposition of a number of source signals sj separately for each
point in time:

xi(t) =
n∑
j=1

αij · sj(t) i = 1, · · · ,m. (4.1)

Depending on the application the mixing weights αij and the sources sj vary with re-
spect to their physical interpretation. Accordingly, many algorithms reflecting different
a priori assumptions about the sources have been proposed (see [45,132] for review).
The most sophisticated linear models are convolutive models, where signals result from
the superposition of filtered sources:

xi(t) =
n∑
j=1

(αij ∗ sj)(t) =
n∑
j=1

(∫ ∞
−∞

αij(τ) · sj(t− τ)dτ
)

i = 1, · · · ,m. (4.2)
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In the convolutive model the weight matrix αij is replaced by a matrix of finite impulse
response filters (FIR), which need to be estimated for unmixing. A detailed review of
methods dealing with Eq. (4.2) can be found in [45,132,142].
In between fully convolutive and instantaneous mixtures lie mixtures, which allow only
scaling and delays but not multiple occurrences of the same source in Eq. (4.2). This
is a special case of convolution in which the filters are equal to scaled dirac functions
αijδ(t− τij). This model can be compactly expressed by:

xi(t) =
n∑
j=1

αij · sj(t− τij) i = 1, · · · ,m. (4.3)

In acoustics equation Eq. (4.3) models a reverberation-free environment, i.e. the sen-
sors only receive attenuated sounds with different arrival times. Thus mixtures in the
form of equation (4.3) have been termed anechoic mixtures (see chapter 6 for details).
Since the presence of shift is a very common problem in many scientific or techni-
cal applications (e.g. spectral displacement due to doppler-shifts in astronomy, asyn-
chronous signal reception in electrical engineering or spatial displacement of features
in images), the anechoic model provides an attractive alternative to the regular in-
stantaneous model, in which shift are just treated as additional noise and degrade
the estimation performance. Particularly in biological applications, like human motion
analysis [11] or functional magnetic resonance imaging [125] it is often necessary to
model shifts but not self-overlap of sources.

4.2 Instantaneous mixtures and ICA

In the discrete case, the blind source separation problem given by instantaneous mix-
tures:

xi(t) =
n∑
j=1

αij · sj(t) i = 1, · · · ,m

can be reformulated as matrix factorization problem of the form:

X =

x1[1] x1[2] . . .
x2[1] x2[2]

...
. . .


A = (αij)ij
X = AS.

It is obvious that such a problem is inherently ill posed and without any assumptions or
knowledge about the sources S no reasonable estimate can be made. The most common
set of assumptions on Eq. (4.1), that even guaranties a unique solution (up to scaling
and permutation) according to Darmois’ theorem [52], is:

– The sources are statistically independent.

– The independent components have non-Gaussian distribution.

– The mixing matrix A is necessarily invertible.

All blind source separation methods based on these assumptions (especially the first) are
commonly referred to as independent component analysis (ICA). Instead of estimating
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the mixing and source matrices A and S directly, most ICA algortihms try to find
the unmixing matrix W which is an estimate for the inverse of the mixing matrix,
i.e. W ≈ A−1. W is computed such that the estimated sources y = Wx are as
independent as possible, measured by some information theoretic cost function. Since
its origin [86], many different approaches and algorithms for the ICA problem have been
developed (see for example [45, 46, 92, 132]). Two of the most well known algorithms
are Infomax suggested by Bell and Sejnowski [6] and FastICA developed by Oja and
Hyvärinen [93].

Infomax algorithm: Though the Infomax algorithm is derived by the informa-
tion maximation principle, it can be seen as a maximum likelihood (ML) algo-
rithm. The log-likelihood of the unmixing matrix is given by:

logL(W) = −1
2

log |det WWT | −
n∑
i=1

log
(
pi(yi)

)
which can be maximized by the natural gradient descent:

∆W = [WT ]−1 + E{g(y)xT }.

The nonlinear function g must approximate the cumulative distribution func-
tion (CDF) of S. In practice hyperbolic tangent and logistic functions are good
estimates for g.

FastICA algorithm: As a consequence of the central limit theorem the distri-
bution of the mixture x is ’more gaussian’ than the distribution of the original
sources. Inversely, assuming none of the variable to be gaussian, then maximally
’non-gaussian’ summands would correspond to the original independent compo-
nents sj . Since gaussian distributions have the maximal entropy (given a fixed
variance), a measure for non-gaussianity is given by the so called negentropy
defined by:

J(x) = H(xgauss)−H(x).

H(x) denotes the entropy of x and xgauss is a gaussian random variable with
the same covariance as x. FastICA maximizes negentropy using the fixed point
algorithm:

Wj = E{xg
(
Wjx

)
} − E{g′

(
Wjx

)
}Wj .

Here g can be any non-quadratic function, and Wj denotes one column of W.

4.3 Nonnegative matrix factorization (NMF)

For many applications the assumption of independence is not as essential as other
necessary constraints on the sources. For example in image analysis [53] or spectral de-
composition [75] non-negativity constraints are necessary to provide a physical reason-
able interpretation. This constraint is exploited by non-negative matrix factorization
(NMF) methods. The goal of NMF is to find low rank matrices A ≥ 0 and B ≥ 0 with
non-negative entries such that the positive data matrix X can be approximated by

X ≈ AB with A ≥ 0 , B ≥ 0. (4.4)
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Algorithm 2: General profile of many NMF algorithms
Initialize A,B;
for iter = 1 : maxiter do

A[iter + 1] ≈ arg minA≥0D(X,A[iter]B[iter]);
B[iter + 1] ≈ arg minB≥0D(X,A[iter]B[iter]);

end

This type of matrix factorization has been shown recently to be useful for many appli-
cations like blind feature extraction [107, 196], clustering [58, 110] or dimension reduc-
tion [114, 173]. Since in NMF two constraints A ≥ 0 and B ≥ 0 have to be fulfilled,
this renders the single update for an unmixing matrix W as in ICA see Eq. (4.2)
impractical. In general NMF algorithms can be expressed as alternating (exact or ap-
proximate) minimization of specific cost functions D(X,AB) (see algorithm 2) [199].
Each particular choice of cost function D and method of optimization leads to a unique
NMF algorithm.

Multiplicative update rules

Consider the example of the Euclidean cost function:

D(X,AB) = ‖X−AB‖2F
such that aij ≥ 0 , bjk ≥ 0 ∀i, j, k. (4.5)

then the steepest gradient descent approach to optimization takes the form:

aij [k] = aij [k − 1]− ηij
∂D(X,AB)

∂aij
= aij [k − 1]− ηij

(
XBT −ABBT

)
bjk[k] = bjk[k − 1]− η̃ij

(
ATX−ATAB

)
.

The idea behind the multiplicative updates is to choose special learning rates equal to
the diagonally rescaled variables, i.e. :

ηij =
aij

(ABBT )ij
, η̃jk =

bjk
(ATAB)jk

.

This leads to the special multiplicative forms:

aij ← aij

(
XBT

ABBT

)
ij

(4.6)

bjk ← bjk

(
ATX

ATAB

)
jk

. (4.7)

For the estimation of a single variable A or B in Eq. (4.4), these iterative rules have
been well studied in the context of deconvolution [75], or image reconstruction [53,149].
Alternating equations (4.6) and (4.7) for the solution of NMF was proposed by Lee and
Seung. In their paper [107] they have shown that under the multiplicative updates the
cost D is always non-increasing. However the limit point of the sequence may not be a
stationary point [76]. Still the flexibility and simplicity of the rules (4.6,4.7) make the
multiplicative form of the gradient descent a preferred choice in practice. It is possible
to generalize this idea for large classes of cost functions:
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Cost function Multiplicative update rules
α-divergence [47]

Dα(X,AB) = aij ← aij

(∑
k=1 bjk

(
xik

(AB)ik

)α) 1
α

∑
ik xik

xik
(AB)ik

−1

α(α−1) + (AB)ik−xik
α bij ← bjk

(∑
i=1 aij

(
xik

(AB)ik

)α) 1
α

β-divergence [138]

Dβ(X,AB) = A← A
(
X·(AB)β−2

)
B(

(AB)β−1
)
B∑

ik xik
xik−(AB)βik
β(β+1) + (AB)βik

(AB)ik−xik
β+1 B← B

AT
(
X·(AB)β−2

)
AT
(

(AB)β−1
)

Table 4.1: Different cost functions for NMF.

Alternating least squares

In the case of Euclidean cost (4.5) a single subproblem in algorithm 2 takes the form
of the convex non-negative least squares (NNLS) problem discussed in 3.1:

min
x≥0
‖Ax− b‖22.

Obviously finding the exact solution of the NNLS is computationally more expensive
than a single update in Eq. (4.6,4.7) but this effect is ameliorated by the reduced
number of iterations needed. Theoretically the alternating least squares approach has
the advantage that it is a special case of a two-block nonlinear Gauss-Seidel method
for which convergence to a stationary point is guarantied [78].

4.3.1 Convolutive non-negative matrix factorization

In many applications like spectral analysis or blind image deblurring a more realistic
mixture model than Eq. (4.4) is given by the (discrete) positive convolution:

xi(t) =
n∑
j=1

(aij ∗ bj)[t] =
n∑
j=1

∑
u

aij [u]bj [t− u] (4.8)

aij ≥ 0 , bj ≥ 0 ∀i ∈ 1, · · · ,m.

Depending on the meaning of the convolution operator ∗ in Eq. (4.8) the aij are either
periodic functions or have compact support. These cases are usually referred to as
circular or linear convolution. Since it is always possible to see a linear convolution as
a circular convolution plus zero padding, the following analysis concerns the circular
case. If both the filters aij and the sources bj are unknown, then Eq. (4.8) implies the
estimation problem:

min
aij ,bj
‖xi(t)−

n∑
j=1

(aij ∗ bj)(t)‖ (4.9)

subject to bj ≥ 0 , aij ≥ 0 ∀i, j.

Since (4.8) is both finite-dimensional and linear, it can be expressed in matrix form. In
the simple case of one-dimensional (vectorial) data the convolution aij ∗ bj is equal to
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the matrix product:

(aij ∗ bj) =


aij(0) aij(N) aij(N − 1) · · ·
aij(1) aij(0) aij(N) . . .

aij(2) aij(1)
. . . . . .

...
...

...
...

aij(N) aij(N − 1) . . . . . .

 ·

bj(0)
bj(1)

...

bj(N)

 =: AijBj

=


bj(0) bj(N) bj(N − 1) · · ·
bj(1) bj(0) bj(N) . . .

bj(2) bj(1)
. . . . . .

...
...

...
...

bj(N) bj(N − 1) . . . . . .

 ·

aij(0)
aij(1)

...

aij(N)

 =: BjAij . (4.10)

For higher dimensional data the vectors Bj ,Bj and the Toeplitz matrices Aij ,Aij are
replaced with column vectors and block circular matrices respectively. Adopting this
matrix notation one can reformulate the model (4.8):

X :=


x1

x2
...
xm

 =

 n∑
j=1

aij ∗ bj


i

=

 n∑
j=1

AijBj


i

=

A11 A12 . . . A1n

A21 A22 . . . A2n

...
...

. . .

 ·
B1

...
Bn


=: A ·B. (4.11)

and the optimization (4.9):

min
A,B
‖X−AB‖ (4.12)

subject to A,B ≥ 0 ∀i, j.

Writing the deconvolution problem in this form shows immediately the connection
to nonnegative matrix factorization. Indeed equation (4.11) is just a special case of
equation (4.4). Thus according to the updates (4.6,4.7) equation (4.9) can be optimized
with the multiplicative update rules:

Aij ← Aij
(XBT )ij

(ABBT )ij
(4.13)

Bj ← Bj
(ATX)j

(ATAB)j
. (4.14)

In equations (4.13,4.14) it is important to note that none of the operators A,AT ,B and
BT appears directly but via its influence on another operator. For example in order to
compute

AB =

 n∑
j=1

aij ∗ bj


i

it is not necessary to represent either A or B as high-dimensional matrix. Additionally
the convolution can be done using the efficient discrete fourier transform instead of the
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expensive matrix multiplication. From relations (4.10) and (4.11) it is easy to deduce,
that the effect of the transposed operators AT , BT can be expressed as:

ATX =

(
n∑
i=1

aTij ∗ xi

)
j

=

(
n∑
i=1

F−1
(
(Faij)∗Fxi

))
j

XBT =
(
xi ∗ bTj

)
ij

=
(
F−1

(
(F bj)∗Fxi

))
ij
.

Here the fact, that the impulse response of the adjoint filter is the complex conjugate
of the original response was used. Replacing the matrices in Eq. (4.13,4.14) with their
corresponding actions, leads to the following fast update rules for convolutive NMF:

αij ← αij

(
F−1 ((F bj)∗ ·Fxi)

)
(F−1 (

∑
k(F bj)∗ ·Fαik ·F bk))

∀i, j

bj ← bj
F−1(

∑
k(Fνkj)∗ ·Fxk)

F−1
(∑

p,l(Fαpj)∗ ·Fαpl ·F bl
) ∀j.

Though the non-negative deconvolution problem (4.3.1) is formally equivalent to the
regular NMF it has the fundamental difference that AB is not exactly a low rank
decomposition. This can be seen from the fact that in contrast to Eq. (4.4) equation
(4.3.1) has no prospect of uniqueness. For example, every member of the family aij =
xi(t−τj) and bj = δ−τj is a possible solution. So, if the optimization (4.3.1) is supposed
to give meaningful representations αij , bj , some form of regularization (e.g. [42]), like
sparse filters, is needed.

NMF for anechoic demixing

The positive anechoic demixing problem:

xi(t) =
n∑
j=1

αijsj(t− τij) with xi, αij , sj ≥ 0 ∀ i, j.

can be written as a special case of convolution, if the filters are defined as νij =
αijδ(t− τij):

xi =
n∑
j=1

νij ∗ sj with xi, νij , sj ≥ 0 ∀ i, j. (4.15)

Therefore the anechoic problem (4.15) can be solved using a convolutive NMF algorithm
4.3.1, if sparseness of the filters is enforced. Replacing the rules for the squared euclidian
distance with rules which minimize Amari’s alpha-divergence (see table 4.1 or [47])
results in the update rules:

αij ←

αij (F−1

(
(Fsj)∗F

[
yi

F−1 (
∑

k FαikFsk)

]β))µ
β

1+λ1

(4.16)

sj ←
[
sj
(
F−1

∑
k

(Fαjk)∗F
[

yk

F−1
(∑

l FαklFsl
)]β)µβ ]1+λ2

(4.17)

which can be adjusted for sparseness. The specific choice µ = 1.9, β = 2, λ1 = 0.02, λ2 =
0 results in sparse features [47]. The algorithm to solve the positive anechoic demixing
problem can be summarized as follows:
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Algorithm 3: Anechoic NMF (ANMF)
Input: Nonnegative Data yi ≥ 0
Choose random values αij , sj ≥ 0;
for iter1 = 1 : maxiter1 do

sj ←
[
sj
(
F−1

∑
k

(Fαjk)∗F
[ yk

F−1
(∑

l FαklFsl
)]β)µβ ]1+λ2

for iter2=1:maxiter2 do

αij ←

αij (F−1

(
(Fsj)∗F

[
yi

F−1 (
∑

k FαikFsk)

]β))µ
β

1+λ1

αij =
αij
‖αij‖

end
αij = max(αij) δl with l ∈ {l|αij(l) = max

k
(αij(k))}

end

4.3.2 Continuous time non-negative matrix factorization

Implicit in most approaches to non-negative matrix factorization is the assumption
of a constant (static) data matrix X. The issue of time-dependent data is usually
treated by increasing the dimensionality of X, either by arranging the data observed
at different time-points X(ti) as rows of X, or by treating each time as independent
element constituting a single data point (adding time to the columns of X). This
treatment of time has three major drawbacks. First, the data for all time-points has
to be known in advance, making this kind of algorithm unsuitable for online learning.
Second, increasing the dimensionality of X is obviously only feasible for a moderate
number of time-points. Finally, adding dimensions toX neglects temporal dependencies
of the data such as causality. To address these problems the static NMF model can be
adjusted to a time-dependent non-negative model:

X(t) ≈ A(t) ·B(t) with aij(t) ≥ 0 , bjk(t) ≥ 0 ∀t

which minimizes a differentiable time-dependent cost function E(t,X(t), A(t), B(t)) ≥
0. This approach not only encompasses the classical algorithm but also enables NMF
to factorize data streams online, e.g. from audio or video.

Dynamical systems and optimization

One of the most popular methods for minimizing an arbitrary cost function E(x) ≥ 0
is discrete gradient descent, given by the iterative algorithm:

xt+1 = xt − η∇E(xt). (4.18)

Here η ≥ 0 denotes the step length taken into the direction of the gradient∇E(xt) of the
cost E at point xt. Taking the limit in the discrete method leads to the continuous-time
gradient descent method [7], described by the ordinary differential equation (ODE):

dx(t)
dt

= ẋ(t) = −η∇E
(
x(t)

)
. (4.19)
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The solution of this equation is a function x(t) along which the cost E decreases the
fastest:

dE
(
x(t)

)
dt

= Ė(t) =
〈
∇E

(
x(t)

)
, ẋ(t)

〉
= −η‖∇E

(
x(t)

)
‖2. (4.20)

Thus, following the smooth solution x(t) leads to a stationary point of E. The idea
can be adjusted for constrained optimization, leading to the projected gradient descent
method:

ẋ(t) = PC

(
x(t)− η∇E

(
x(t)

))
− x(t) (4.21)

where PC denotes the projection onto the set of constraints C (e.g. PC(x(t)) =
max(x(t), 0)) =: (x(t))+ for C = R+).
One of the major advantages of this continuous treatment is the fact that these methods
can be easily adjusted to the case of (explicit or implicit) time-dependent cost functions
E = E(t, x).

Continuous gradient descent for NMF

In the case of classical NMF, neither the cost function E nor the data X are seen as
time-dependent. However the factorization parameters A,B can be obtained as limit
points of trajectories A(t) = (aij(t))ij , B(t) = (bjk(t))jk satisfying the ODE (4.19):

ȧij(t) = −ηij
∂E

∂aij(t)
, ḃjk(t) = −η̃jk

∂E

∂bjk(t)
. (4.22)

In the following the explicit notation of time dependency aij(t), bjk(t) is dropped, as
the variables aij , bjk are always assumed to be possibly dependent on time. The idea
behind the multiplicative update rules (4.6,4.7) is to choose special step lengths (gains)
ηij , η̃jk equal to the diagonally rescaled variables [107]. In particular this implies that
independent of E the step lengths have the form ηij = aijη

′
ij , η̃jk = bij η̃

′
jk with arbitrary

rests η
′
ij , η̃

′
jk ≥ 0. For such a choice of parameters it is a priori unclear whether the

new step lengths are positive (aij , bij could assume negative values). Yet assuming the
special step lengths, it follows for aij (and similarly for bjk):

ȧij = −aijη
′
ij

∂E

∂aij
⇒
aij 6=0

ȧij
aij

= −η′ij
∂E

∂aij

⇒ aij = ±aij(t0) exp
(∫ t

t0

−η′ij
∂E

∂aij

)
. (4.23)

Thus, if aij(t0) = 0, bjk(t0) = 0, then the solution vanishes for all t > t0. As any
solution is continuous, non-negative initial-values guaranty aij ≥ 0 and bjk ≥ 0. It
follows from equation (4.20) that the total time derivative Ė ≤ 0, and thus system
(4.22) indeed minimizes the cost E.
As an illustration, consider for instance Euclidean cost Eq. (4.5):

E = ‖X −A(t)B(t)‖2 ⇒ ∂E

∂A(t)
= 2
(
A(t)B(t)BT (t)−XBT (t)

)
.
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To obtain the full diagonally rescaled step length set η
′
ij = 1

(ABBT )ij(t)
≥ 0 (the equation

for ḃjk is analog)

ȧij = − aij
(ABBT )ij(t)

∂E

∂aij

= −aij + aij

(
XBT (t)

A(t)B(t)BT (t)

)
ij

(4.24)

Explicit time-dependent cost function The most general case of cost function
E considered here can be both explicitly dependent on time, and implicitly depen-
dent on time due to time dependent data X = X(t). For notational convenience
the implicit dependency can be incorporated into the explicit time dependency, i.e.,
E = E

(
t,X(t), A(t)B(t)

)
=: E

(
t, A(t)B(t)

)
. In this notation the partial derivative ∂E

∂t
denotes the partial derivative of E with respect to the first variable (time) and thus is
a composite term including the derivative with respect to the data. Now considering
the total time-derivative Ė = dE

dt :

Ė =
∂E

∂t
+

∑
ij

(
∂E

∂aij

)
ȧij +

∑
jk

(
∂E

∂bjk

)
ḃjk

 .
it is clear that the simple gradient descent (4.22) needs to be adjusted, since only the
last term in the brackets can be guaranteed to be negative. However equation (4.20)
implies that the absolute value of ϑ is dependent on the chosen step size η. Thus it is
possible to change η exactly in a way that the new negative term additively compensates
−|∂E∂t |. This adjusted system is given by the formulas:

ȧij = −aij
∂E

∂aij

ηij +

(
(∂E∂t )+ + βE

)
∑
ij

(
∂E
∂aij

)2

aij +
∑
jk

(
∂E
∂bjk

)2

bjk + ε


ḃjk = −bjk

∂E

∂bjk

η̃jk +

(
(∂E∂t )+ + βE

)
∑
ij

(
∂E
∂aij

)2

aij +
∑
jk

(
∂E
∂bjk

)2

bjk + ε

 . (4.25)

The parameter ε is a regularization term preventing a division by zero in the case of
zero denominators. In practice the influence of noise prevents the gradients ∂E

∂aij
and

∂E
∂bjk

from vanishing. Furthermore A,B are only zero if X = 0 or A0 = 0, B0 = 0.
Thus ε can usually be chosen very small, so it has only negligible influence on the
convergence. Since the step size in Eq. (4.25) was exactly chosen to compensate the
partial time-derivative, negative total time-derivative of the cost function Ė is now easy
to prove in the limit ε = 0:

Ė =
∂E

∂t
−
∑
ij

ηij

(
∂E

∂aij

)2

aij −
∑
jk

η̃jk

(
∂E

∂bjk

)2

bjk

− (
∂E

∂t
)+ − βE ≤ −βE. (4.26)

Note that the solutions of the modified system (4.25) are also positive, which follows
from the same argument as for the original system (4.22). Inequality (4.26) implies
that disregarding numerical difficulties, the cost function decreases exponentially with
exponent β, which is the reason this parameter was introduced.
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Projected gradient descent

Due to the inherent non-negativity constraint in NMF it seems more natural to use
the projected gradient (4.21) instead of the simple gradient method. This replaces the
differential equations (4.22,4.23) with the new system:

ȧij =
(
aij − µij

∂E

∂aij

)
+

− aij

ḃjk =
(
bjk − νjk

∂E

∂bjk

)
+

− bjk. (4.27)

Going back to the example of Euclidean cost (4.5), the same choice of step lengths
µij = aij

(ABBT )ij
as before results in:

ȧij =

(
aij ∗

(
XBT (t)

A(t)B(t)BT (t)

)
ij

)
+

− aij .

Thus, if the solution of the projected gradient system is positive, this coincides with the
result of the simple gradient descent (4.24). Thus the projected gradient can indeed be
seen as the more general method. The positivity of the solution of Eq. (4.27) follows
immediately from

ȧij ≥ −aij , ḃjk ≥ −bjk.

Similar to the gradient descent case this implies Ė ≤ 0, as can be seen from:

(
∂E

∂aij

)
ȧij =

−µij
(
∂E
∂aij

)2

≤ 0 if µij
(
∂E
∂aij

)
≤ aij

−aij
(
∂E
∂aij

)
≤ 0 if 0 ≤ aij ≤ µij

(
∂E
∂aij

)
and the analogous computation for

(
∂E
∂bjk

)
ḃjk.

Explicit time-dependent cost function For explicit time-dependent cost func-
tions the projected gradient method can be adjusted in the same manner as the gradient
descent. In order to prove that the adjusted (increased) step sizes:

µ̃ij = µ0 +
(∂E∂t )+∑

∂E
∂aij
≤0

(
∂E
∂aij

)2
+

∑
∂E
∂bjk
≤0

(
∂E
∂bjk

)2
+ ε

ν̃jk = ν0 +
(∂E∂t )+∑

∂E
∂aij
≤0

(
∂E
∂aij

)2
+

∑
∂E
∂bjk
≤0

(
∂E
∂bjk

)2
+ ε

(4.28)
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compensate the term ∂E
∂t , the following sets of indices need to be defined:

I1 :=
{
ij | 0 ≤ µ̃ij

(
∂E

∂aij

)
≤ aij

}
I2 :=

{
jk | 0 ≤ ν̃jk

(
∂E

∂bjk

)
≤ bjk

}
I3 :=

{
ij | ∂E

∂aij
≤ 0
}
, I4 :=

{
jk | ∂E

∂bjk
≤ 0
}

I5 :=
{
ij | aij ≤ µ̃ij

(
∂E

∂aij

)}
, I6 :=

{
jk | bjk ≤ ν̃jk

(
∂E

∂bjk

)}
.

Now

Ė =
∂E

∂t
+
∑
ij

(
∂E

∂aij

)
ȧij +

∑
jk

(
∂E

∂bjk

)
ḃjk

=
∂E

∂t
−
∑
I1

µ̃ij

(
∂E

∂aij

)2

−
∑
I2

ν̃jk

(
∂E

∂bjk

)2

−
∑
I5

aij

(
∂E

∂aij

)

−
∑
I6

bjk

(
∂E

∂bjk

)
−
∑
I3

µ̃0

(
∂E

∂aij

)2

−
∑
I3

ν̃0

(
∂E

∂bjk

)2

− (
∂E

∂t
)+ ≤ 0.

The cumbersome splitting in these subsets is necessary as only I3 and I4 are indepen-
dent of µ̃ij and ν̃jk. Thus the new step sizes are larger than the minimal step sizes
compensating ∂E

∂t .

Numerical simulations

For the numerical solution of ODEs quite a zoo of different methods are available
[30], depending on the special type of equation and the desired accuracy. One of the
most straightforward methods is the simple Euler approximation, which replaces the
differential in Eq. (4.19,4.21) with the finite difference quotient, resulting in the discrete
(projected) gradient descent (4.18). Applying this approximation to the Euclidean cost
example Eq. (4.24) results in the classical iterative NMF update rules (4.6,4.7), with
the sole difference that A,B are updated as one block instead of alternatingly. This use
of the discrete NMF algorithm provides a baseline in the numerical experiments, as it
(almost) coincides with the classical algorithm. Since the Euler method is known to be
inaccurate and numerically unstable, for all other simulations the four-point Adams-
Bashforth method with variable step size was used [30]. If only the limit point of the
optimization procedure is of interest, faster integration schemes can be employed [28].

Data sets The first test data set consists of twenty, fast changing unstructured non-
negative matrices X ∈ R100×200

+ , i.e. X was constructed as the product of uniformly
distributed random positive matrices A ∈ R100×3

+ and B ∈ R3×200
+ times a fast changing

sinusoid:

X(t) =
(
1.5 + sin(t)

)
X =

(
1.5 + sin(t)

)
AB

The second and third data set consist of spectrograms:

Sω(t) =
∣∣∣∣∫ e−2πitωs(t′)h(t′ − t)dt′

∣∣∣∣2
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computed from musical instrument recordings s(t′) taken from the music database
described in [195], which mainly consists of sound samples excerpted from classical
music CD recordings. For a short window the spectrogram Sω(t) can be interpreted
as the vector of local frequency intensities at time t, and thus is numerically a time-
dependent vector with nonnegative entries. The spectrogram is computed from the
mean of both stereo-channels with a short hamming-window h of length approximately
100ms. All signals are sampled at 11025Hz.
For the second data set, the data matrix X(t) ∈ R108×1024

+ is composed of the power
spectra of all 108 recordings (12 instruments with nine examples each) included in the
database.
Finally, for the third test data set, signals from two different instruments (clarinet-
violin) si(t) are mixed with time-varying weights aij(t) to form linear 2 × 2 mixtures
mi given by:

mi(t) =
∑
j

aij(t)sj(t).

The random weight functions aij(t) have fixed autocorrelation to ensure that they are
sufficiently smooth, i.e., their change in the examined 100ms window is insignificant
but their overall variation is not negligible. From the power spectra of the two mixtures
two components are extracted, and compared to the power spectra of the original data.

Results

Fast changing unstructured data Figure 4.1 shows the average convergence rate
for both gradient descent methods (4.19,4.21) used with Euclidean cost function. The
convergence rate is measured as the logarithm of the normalized error:

log
(
Q(X(t), A(t)B(t))

)
:= log

(
‖X(t)−A(t)B(t)‖

‖X(t)‖

)
.

Both the average convergence (lines in figure 4.1) and the standard deviation (shaded
areas in 4.1) are computed from twenty random examples X(t). The systems that
correct for the temporal derivative ∂E

∂t outperform their uncorrected counterparts, as
expected from their increased step size. In addition the projected gradient descent
methods have a slightly increased convergence rate compared to the systems with steps
equal to the discrete non-negative matrix factorization. The slightly erratic behavior of
the corrected projected gradient method is a reflection of the aggressive choice of step
length (4.28). To smooth the convergence behavior smaller step increases can be used,
but their theoretical derivation involves the solution of an implicit problem as the set
of indices I1, I2 also depend on the step sizes.

Music data The factorization performance of both approaches Eq. (4.19) and Eq.
(4.21), measured by logarithm of the normalized approximation error log

(
Q(t)

)
for the

complete music data set is depicted in figure 4.2.
The smaller difference between the two solutions compared with the fast time changing
case, can be explained by the fact that for music:(

∂E

∂t

)
+

�
∑
ij

(
∂E

∂aij

)
ȧij +

∑
jk

(
∂E

∂bjk

)
ḃjk.

As a baseline Figure 4.2 also includes the average performance of the discrete update
rules (4.6,4.7), i.e. the Euler approximation. The performance of this approximation
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Figure 4.1: Average convergence (lines) and standard deviation (shaded area) for the
uncorrected system (4.24) and the corrected system (4.25). The dotted line shows the
performance of the discrete NMF update rules (Euler approximation) given the time
dependent data X(t), t = 1, 2, . . ..
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Figure 4.2: Approximation quality for the (un)corrected solutions for the first second
of the music data in comparison to the average performance of discrete NMF.

depends heavily on the variation of the data between time steps, with good convergence
for slow changes and very erratic behavior for large differences.
The time-averaged approximation performance is Qproj. grad = 0.163 , Qgrad = 0.1868
for the corrected projected gradient and corrected gradient systems respectively as
well as 0.164 = Qproj. grad, 0.1868 = Qgrad for the uncorrected systems. The baseline
discrete time NMF achieves QNMF = 0.472.

Time-dependent two by two mixtures Judging mathematically the quality of
sound separation is a nontrivial problem and a variety of measures have been pro-
posed [179]. However, most of these measures are hard to interpret and compare. Here
simple correlation is used. Specifically, the similarity between the extracted spectra
sω1,2(t) and the original music spectra pω1,2(t) is measured by the Pearson correlation
coefficient cij = corr(sωi(t), pωj (t)) and is shown in figure 4.3. Note that since the
solution of the dynamical system is smooth, the usual ambiguity in the ordering of
the extracted sources is largely avoided, i.e. the order determined by the initial values
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Figure 4.3: Mean correlation coefficient (continuous line) between the extracted sound
spectrograms and the original spectrograms. The shaded area denotes the standard
deviation computed in twenty simulations.

is kept up to points with high correlation between the original spectra pω1,2(t). The
overall time averaged performance is c = 0.9. Thus dynamical NMF with Euclidian
cost function performs quite well in separating the different instruments.
This numerical experiment uses the most straightforward application of the simplest
case of cost function (Euclidean) allowed in the framework for dynamical NMF. Its per-
formance is bound to be further enhanced if more sophisticated costs like the Itakura-
Saito (IS) divergence [138] or a regularizer like sparseness [180] are used. Also, since
the scaling ambiguity allows the temporal variability of the weights to be regarded as
additional amplitude fluctuation of the sources, a more realistic model for real sound
mixtures would replace the weights with time-dependent filters. Using the convolutive
non-negative factorization discussed in [134], such a filter-based model is actually a
special case of equation (4.24).

4.4 Chapter summary

The first part of this chapter gives a short introduction into blind source separation
and the independent component analysis problem. The main part of this chapter
deals with non-negative matrix factorization (NMF). A new generalization of NMF
to positive convolutive mixtures is presented. This algorithm can also be used for
positive anechoic demixing (see 4.3.1) and is the basis for the Wigner marginal anechoic-
demixing algorithm discussed in 6.2.2.
In addition a new approach to non-negative matrix factorization based on dynamical
systems is presented. This approach has several advantages. Primarily, the treatment
in continuous-time allows the use of time-varying cost functions, including in particular
the case of time-dependent data. It is also straightforward to extend the framework
to the large variety of modifications developed for non-negative factorizations, such as
regularized NMF, non-negative tensor factorization, or convolutive NMF. In fact, using
the anechoic NMF [138] update rules, convolutive NMF can be treated as a special case
of the algorithm discussed here, thus extending the method to time-varying filters.
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Chapter 5

Time delay estimation

In physical systems the propagation speed of signals is always finite. As a consequence
the time between the emission and the reception of a signals strongly depends on the
signal path, which leads to time delays between spatially separated sensors. The time
delay estimation (TDE) problem is therefore common in many technical applications
like telecommunications [167], radar [147], sonar [34] or seismology [61]. Depending on
the exact nature of the estimation problem or the application, time delay estimation
(TDE) is also referred to as time difference of arrivals (TDOA) or time of arrival (TOA)
problem [40]. The corruption of the signal with noise, degradation of the signal shape,
moving signal source and the multiple overlap of reflected signal copies (multipath),
all make TDE a very challenging problem, which has lead to the development of many
different algorithmic approaches (see [40] and [22] for review). Two common methods
for the estimation of delays under the assumptions of a single signal source and a
single propagation path are the generalized cross correlation (5.1.1, [102]) and phase
regression (5.1.1, [38]). This model, that is based on the assumption that the signal is
transmitted only on the direct path is usually to simplistic, and multiple delayed and
attenuated copies overlaying the direct signal (due to reflection in the environment)
need to be taken into account. This so called multi-path model has been intensively
studied (e.g. [44, 68, 94]). Here the multi-path propagation is treated as a special case
of a TDE with multiple distinct signals (5.2, [166]).

Chapter overview: In this chapter, after discussing standard approaches, two new
delay estimation methods are derived. The first is a special case of Wiener filtering
(see 5.2.3) and the second is a modification of the nonlinear Gauss-Jacobi procedure
(see 5.2.4).

5.1 Single source methods

5.1.1 Single path propagation

Mathematically, the single source, single path delay estimation problem can be ex-
pressed as the following two sensor TDOA problem:

x1(t) = s(t) + n1(t)
x2(t) = s(t+D) + n2(t) (5.1)

where x1, x2 denote the received signals, s(t) the source signal and n1, n2 two noise
processes, that are assumed to be uncorrelated (pairwise and with s(t)), zero mean
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gaussian processes. The problem consists of estimating the unknown delay parameter
D given the noisy observations x1, x2.

Cross and generalized cross correlation methods

The idea behind the generalized cross correlation method is the fact that the least
squares regression problem:

arg min
τ
E{‖x1(t)− x2(t− τ)‖2}

=arg min
τ

(
E{‖x1(t)‖2} − 2E{x1(t)x2(t− τ)}+ E{‖x1(t− τ)‖2}

)
=arg max

τ
E{x1(t)x2(t− τ)} = arg max

τ
rx1,x2(τ) (5.2)

reduces to finding the maximum of the cross correlation function rx1,x2 . This follows
from the fact that the shift is a unitary operation, i.e. ‖x1(t − τ)‖2 = ‖x1(t)‖2. The
parameter τ that maximizes (5.2) is therefore an estimate of the true delay D.
In practice, as it was the case with the estimation of the WVS (see section 2.2.3),
the cross correlation function rx1,x2 need to be estimated from the single observations
x1, x2. Under the assumption of ergodic processes rx1,x2 can be estimated by the finite
time integral [139]:

r̂x1,x2(τ) =
1
T

∫ T

0
x1(t)x2(t− τ)dt. (5.3)

In order to improve this estimate in the case of non stationary or non ergodic processes
Eq. 5.3 is usually replaced with an filtered estimator (with filter ψ(f)) like Eq. 2.15.
Such an estimator is easier to express in the frequency domain:

rx1,x2(τ) =
∫ ∞
−∞

Gx1,x2(f)e2πifτdf

r̂x1,x2(τ) =
∫ ∞
−∞

ψ(f)Ĝx1,x2(f)e2πifτdf. (5.4)

Here the expression Gx1,x2(f) denotes the true cross power spectrum and Ĝx1,x2(f) an
estimate, that is usually given as Ĝx1,x2(f) = 1

T (Fx1)(Fx2)∗ the product of the finite
time Fourier transforms of x1 and x2. The complete estimator:

r̂x1,x2(τ) =
∫ ∞
−∞

ψ(f)(Fx1)(Fx2)∗e2πifτdf. (5.5)

is called the generalized cross correlation function. Many different choices of window
function ψ(f) have been proposed [102]:

Name Filter and Description

CC Filter ψCC(f) ≡ 1
The choice ψ(f) ≡ 1 leads to the empirical cross correlation [139].

PHAT ψPHAT (f) = 1
|Gx1,x2 (f)|

In the case of uncorrelated noise in equation 5.1 the noise cross power spectrum
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Gn1,n2(f) = 0 disappears. In the ideal case of Ĝx1,x2(f) = Gx1,x2(f) this would
lead to:

Ĝx1,x2(f)
|Gx1,x2(f)|

= e−2πifDand∫ ∞
−∞

Ĝx1,x2(f)
|Gx1,x2(f)|

e2πifτdf = δ(t−D).

This justifies the choice of weighting ψPHAT (f) = 1
|Gx1,x2 (f)| . Though the PHAT

processor had no further justification when proposed in [35], it is closely linked
to the phase regression method (see section 5.1.1, Eq. 5.14).

ROTH Filter ψROTH(f) = 1
Gx1,x1 (f)

The best linear (Wiener-Hopf) filter transforming x1(t) into x2(t) has the impulse
response:

h(f) =
Gx1,x2(f)
Gx1,x1(f)

.

Approximating this expression with the estimator Ĝx1,x2(f) leads to the Roth
[154] estimator:

r̂ROTH
x1,x2

(τ) =
∫ ∞
−∞

Ĝx1,x2(f)
Gx1,x1(f)

e2πifτdf.

SCOT Filter ψSCOT (f) = 1√
Gx1,x1 (f)Gx2,x2 (f)

Since the problem (5.1) is symmetric it is unclear if ψROTH(f) = 1
Gx1,x1 (f) or

ψROTH(f) = 1
Gx2,x2 (f) should be chosen as Roth-filter. The SCOT processor

avoids this choice by selecting the symmetric weighting:

ψSCOT (f) =
1√

Gx1,x1(f)Gx2,x2(f)
.

Eckart Filter Filter ψE(f) = Gs,s(f)
Gn1,n1 (f)Gn2,n2 (f)

The theory of matched filters shows that the impulse response of the optimal
noise suppression filter (in the sense of maximizing the signal to noise ratio) [189]
is given by:

hi(f) =
(Fxi)∗

|Fni|2
.

The cross correlation of the pre-filtered observations is given by:

r̂Eckart
x1,x2

(τ) =
∫ ∞
−∞

Gs,s(f)
Gn1,n1(f)Gn2,n2(f)

Ĝx1,x2(f)e2πifτdf.

The processor ψE(f) = Gs,s(f)
Gn1,n1 (f)Gn2,n2 (f) is named Eckart filter after the deriva-

tion in [63].
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ML Filter ψML(f) = 1
|Gx1,x2 (f)|

|γ12(f)|2
1−|γ12(f)|2 , γ12(f) = Gx1,x2 (f)√

Gx1,x1 (f)Gx2,x2 (f)

The expectation of the vector:

X(f) =
(

Fx1(f)
Fx2(f)

)
is given by the power spectral density matrix Q:

E{X(f)(X(f)∗)T } = E

{(
Gx1,x1(f) Gx1,x2(f)
G∗x1,x1

(f) Gx2,x2(f)

)}
.

Under the assumption that the X(f) are uncorrelated gaussian random variables
[102] the conditional probability for X given Q reads:

p(X|Q) = ce
∫

(X∗)T (f)Q−1(f)X(f).

Sorting this expression by terms depending on the delay D, a approximation of
the log-likelihood LL is given by

−LL ≈
∫ ∞
−∞

1
|Gx1,x2(f)|

|γ12(f)|2

1− |γ12(f)|2
Ĝx1,x2(f)e2πifτdf.

The correlation coefficient γ12(f):

γ12(f) =
Gx1,x2(f)√

Gx1,x1(f)Gx2,x2(f)
.

is called the coherence function.

Phase regression:

Assuming that the signal s and the noise are uncorrelated processes, the cross correla-
tion function between the received signals is:

E{x1(t)x2(t− τ)} = rx1,x2(τ) = rs,s(τ −D).

Thus the cross spectrum reduces to:

Gx1,x2(f) = Gs,s(f)e−2πifD.

The estimation of the unknown delay D is therefore equivalent of estimation the fre-
quency of the complex sinusoid:

Gx1,x2(f)
|Gx1,x2(f)|

= e−2πifD. (5.6)

With non-vanishing noise, e.g. Gn1,n2(f) 6= 0 the ideal case (5.6) becomes:

Gx1,x2(f)
|Gx1,x2(f)|

= e−2πifD+ε(f) (5.7)

⇒ arg (Gx1,x2(f)) = −2πfD + ε(f). (5.8)

The disturbance ε(f) which is a random variable, which accounts for the phase devi-
ations caused by the noise terms n1, n2. It can be shown that under some conditions
(e.g. n1, n2 white gaussian noise) it can be shown [8, 38] that ε(f) is approximately
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gaussian and has zero mean. That is, any bias-free estimator for the frequency in (5.7)
is also a bias-free estimator for the delay D. The most common estimation approach
uses equation (5.8) and is based on the weighted least squares regression:

arg min
τ

∫ ∞
−∞

ψ(f)(arg(Ĝx1,x2(f))− fτ)2. (5.9)

The maximum likelihood weighting for this regression [8] can be derived very similarly
to the maximum-likelihood window for the generalized cross correlation 5.1.1. It is
given by:

ψML(f) =
|γ12(f)|2

1− |γ12(f)|2
. (5.10)

In practice the argument of Ĝx1,x2(f) = 1
T (Fx1)(Fx2)∗ is only given up to the 2π

period of the complex exponential:

arg(Ĝx1,x2(f)) = mod (fD + ε(f), 2π). (5.11)

In order to use the linear regression in Eq. 5.9 it is necessary to first unwrap the phase,
i.e. to undo the modulo operation. The presence of the noise term ε(f) makes the
unwrapping a difficult problem [172] and can lead to highly erroneous delay estimates.
In the discrete case, whenever the continuous Fourier transform is replaced with the
discrete Fourier-transformation this unwrapping problem can be avoided for delays
D ≤ N

N−1 if N denotes the number of samples:

x[n−m] DFT→ Fx[k]e
−2πi
N

km , and (5.12)

max
k=1,...,N−1

2πkm
N

≤ 2π ⇒ m ≤ N

N − 1
→

N→∞
1. (5.13)

A possible way to avoid the phase unwrapping problem Eq. (5.11) is to address the
frequency estimation problem (5.7) directly [150].
The single frequency estimation problem consists of estimating the frequency of a single
(complex) sinusoidal signal y[n] corrupted by gaussian noise n[f ]:

y[f ] = Aeiωf+φ0 + n[f ].

A number of estimators have been proposed in the literature and a small selection is
summarized in table 5.1.

ω̂ML = arg maxθ
∣∣∣∑N−1

f=0 y[f ]eiθf
∣∣∣2 Rife & Boorstyn, ML estimator [150]

ω̂LRP = arg
∑N−1
f=0 y[f ]y[f − 1]∗ Lank-Reed-Pollon estimator [104]

ω̂KC = arg
∑N−1
f=0

6f(N−f)
N(N2−1)y[f ]y[f − 1]∗ Kay’s window estimator [100]

ω̂PSCFD = arg
∑N−1
f=0

6f(N−f)
N(N2−1)

y[f ]y[f−1]∗

|y[f ]||y[f−1]| Parabolic smoothed central
finite difference [115]

Table 5.1: Various single frequency estimators

Of particular interest is the form of the maximum likelihood estimators [150] and
the derivation parabolic smoothed central finite difference [115]. If the standard least
squares error is replaced with a circular counterpart, which is better suited to model
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the circular nature of the (discrete) frequency domain, the phase of a complex sequence
y can be estimated by maximizing [115]:

ω̂CLSR = arg max
n

∣∣∣∣∣∣
N−1∑
f=0

1
|y[f ]|

y[f ]e2πifn

∣∣∣∣∣∣
2

. (5.14)

Not only does this coincide with the ML-estimator if |y[f ]| = 1 but also with the PHAT
processor of the generalized cross correlation 5.1.1.

5.1.2 Multi path propagation

If multiple delayed and scaled replicas of the signal are taken into account, the simple
single path model Eq. (5.1) changes to:

x(t) =
n∑
j=1

αjs(t−Dj) + n(t).

This model has been intensively studied in the literature [44, 68, 94], but since this
model is not of particular interest for the anechoic demixing problem, it will be treated
as a special case of the multiple source problem in the following section 5.2.

5.2 Multiple source methods

So far only the case of a single source or signal s has been considered. If the observed
signals xi are the superposition of multiple delayed signals the mathematical model can
be expressed by:

x(t) =
n∑
j=1

αjsj(t−Dj) + n(t). (5.15)

This is very similar to the multi path model in section 5.1.2, except that now the
summands can derive from distinct si 6= sj .

5.2.1 Maximum likelihood estimator

Is the noise in equation (5.15) Gaussian then the maximum likelihood estimator is
equivalent to the solution of the least squares regression [166]:

arg min
(Dj)j

E

‖x(t)−
n∑
j=1

αjsj(t−Dj))‖2
 . (5.16)

Introducing the following matrix-vector natation:

A =

α1
...
αn


S(D) = [s1(t−D1)s2(t−D2) . . . sn(t−Dn)]

the ML problem (5.16) can be simplified to:

arg min
A,D
‖x− S(D)A‖2.
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This problem is separable in A, i.e. it can be reduced to:

arg min
D
‖(I− S(D)S(D)†)x‖2 (5.17)

A = S(D)†x. (5.18)

S(D)† denotes the generalized or pseudo inverse of the operator S(D). In the following
the separability is used to simplify the notation. That is A is first assumed to be known
and dropped from the TDE problem, and is then recovered in a second step with Eq.
(5.18).
The exact solution of the remaining problem Eq. (5.17) requires a n-dimensional search
and the necessary computational cost makes it impractical for most applications. How-
ever if the signal and the noise are uncorrelated the estimator is consistent and therefore
statistically efficient (i.e. achieves the Cramér Rao bound (CRB)) [166]. Again with the
assumption of zero-mean Gaussian spatio-temporal white noise the CRB has a closed
form expression:

CRB(D) =
σ2

2

[
<{B∗(I− S(D)S(D)†)B (AA∗)T }

]−1
(5.19)

B = [b1(D1) . . . bn(Dn)]

bk(Dk) = −dsk
dt

(t−Dk) (5.20)

The estimates D̂k obtained by minimizing the ML criterion Eq. (5.16) have asymp-
totic variance given by the diagonal elements of CRB. The Cramér Rao bound is the
baseline against which the performance of all approximate solutions of Eq. (5.17) can
be measured.

5.2.2 Distinct independent signals

Revisiting the least squares regression (see section (5.2, Eq. 5.16)) for the case of
distinct independent signals results in:

arg min
(Dj)j

E

‖x(t)−
n∑
j=1

αjsj(t−Dj)‖2


= arg min
(Dj)j

−2
n∑
j=1

αjE
{
x(t)sj(t−Dj)

}
+

n∑
k=1

n∑
j=1

αjαkE
{
sk(t−Dk)sj(t−Dj)

}
= arg min

(Dj)j

−2
n∑
j=1

αjrx,sj (Dj) +
n∑
k=1

n∑
j=1

αjαk rsk,sj (Dk −Dj)︸ ︷︷ ︸
=0


=
(
arg max

Dj
rx,sj (Dj)

)
j
. (5.21)

Thus under the restrictive constraint of independence of the signals (more precisely
rsk,sj (t) = 0 ∀t) the multiple source estimation problem factorizes into the single signal
correlation maximation problems max rxi,sj (Dij) discussed in 5.1.1. This replaces the
n-dimensional optimization with a series of n one-dimensional optimizations and is thus
computationally very efficient.
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5.2.3 Improving the independent signals estimator

Obviously the assumption of independence of the signals in Eq. (5.21) greatly limits the
efficiency of the estimator. Since Eq. (5.21) is based on least squares, one possibility
to improve the accuracy is the replacement of the standard Euclidean distance with a
weighted norm. As was the case in the generalized cross correlation, this is preferably
done by introducing a pre-filter ν (this preserves the form of a TDE given by Eq.
(5.15)):

arg min
(Dj)j

E

‖ν ∗
x(t)−

n∑
j=1

αjsj(t−Dj)− n(t)‖2


=arg min
(Dj)j

E

‖ν ∗ x(t)−
n∑
j=1

αj(ν ∗ sj)(t−Dj)− n(t)‖2
 .

However, instead of penalizing the frequency bins with high noise variance or low co-
herence, the impulse response Fν should reduce the influence of the cross correlation
between sources rsk,sj (t). Thus ideally ν should minimize the average correlation coef-
ficient function:

νopt = arg min
ν

n∑
j=1

n∑
k<j

‖rν∗sk,ν∗sj (t)‖√
‖rν∗sk,ν∗sk(t)‖‖rν∗sj ,ν∗sj (t)‖

. (5.22)

Is the exact correlation r replaced with an estimate r̂, equation (5.22) becomes a highly
nonlinear optimization problem in ν, which could be treated with some standard nonlin-
ear optimization method like Quasi-Newton [130]. But this costly optimization would
negate the advantage of the computationally efficient approximation Eq. (5.21). Since
the correlation coefficient is a fraction it can be optimized by minimizing the nomina-
tor, and keeping the denominator constant at the same time. If it is further possible
to approximate both terms by quadratic costs then the difficult problem given by Eq.
(5.22) can be replaced by a quadratic programming problem:

Approximation (bound) of Denominator
√
‖r̂ν∗sk,ν∗sk(t)‖‖r̂ν∗sj ,ν∗sj (t)‖

A constant denominator would imply:

‖r̂ν∗sk,ν∗sk(t)‖ = ‖F (ν ∗ sk)
(
F (ν ∗ sk)

)∗‖ ≈ const.

This could be achieved by minimizing the quadratic cost
∑

k ‖ν ∗ sk − sk‖2, as
this limits the action of ν on the sources, i.e.

arg min
ν

∑
k

‖ν ∗ sk − sk‖2 = δ0

⇒ ν ∗ sk = sk → ‖F (ν ∗ sk)
(
F (ν ∗ sk)

)∗‖ = ‖F (sk)
(
F (sk)

)∗‖ = const.

Approximation (bound) of Nominator ‖r̂ν∗sk,ν∗sj (t)‖
Using a standard inequality for convolution1 the nominator can be bounded by:

‖r̂ν∗sk,ν∗sj (t)‖2 = ‖F (ν ∗ sk)
(
F (ν ∗ sj)

)∗‖2
≤ ‖ν‖1‖ν ∗F−1(Fsk(Fsj)∗)‖2

‖ν‖1≈1
≈

denom
‖ν(t) ∗ (sk(t) ∗ sj(−t))‖2.

That means the quadratic cost ‖ν(t) ∗ (sk(t) ∗ sj(−t))‖22 is an upper bound for
the nominator.

1‖f ∗ g‖2 ≤ ‖f‖1‖g‖2
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Combining these two expressions into a single cost, leads to the following regularized
least squares regression problem:

ν̂ = arg min
ν

n∑
k=1

‖ν ∗ sk − sk‖2 + 2λ
n∑
j=1

n∑
k<j

‖ν(t) ∗ (sk(t) ∗ sj(−t))‖22

It is possible to express ν̂ in closed form:

F ν̂ =

∑
j |Fsj |2∑

j |Fsj |2 + 2λ
∑

i 6=j |FsiFsj |2
e.g.
=
λ=1

∑
j |Fsj |2

|
∑

j Fsj |2
. (5.23)

It is interesting to note that ν̂ can be interpreted as a Wiener filter, which treats∑n
j=1 sj as the observed noisy observation,

∑
i 6=j |FsiFsj |2 as the noise spectrum and∑

j |Fsj |2 as the spectrum of the original noise-free signal. This filter is particularly
easy to compute for the case λ = 1 (see 5.23). Thus, the improved estimator for the
multiple source TDE problem Eq. (5.15) can be summarized as:

(D̂j)j =
(
arg max

Dj
rν∗xi,ν∗sj (Dj)

)
j

with Fν =

∑n
j=1Gsj ,sj

G∑n
j=1 sj ,

∑n
j=1 sj

. (5.24)

Equation (5.24) has been derived disregarding the weights αj and is therefore also
applicable in the case of unknown weights (after estimating the delays, the weights
can be determined by linear least squares Eq. (5.18)). If the αj are given, the pre-
filter νopt, ν̂ estimates (5.22,5.23) can easily be adjusted to include the αj weighting
(replacing sj with αjsj).

5.2.4 Nonlinear Gauss-Jacobi Method for the multiple signals TDE
problem

Assume that in the multiple signal TDE problem:

x(t) =
n∑
j=1

αjsj(t−Dj) + n(t)

all delays Dj 6=i except Di are given. Then in the case of independent signals the
following two estimators are equivalent:

arg max
Di

rx(t),si(t)(Di) = arg max
Di

r(x(t)−
∑n
j 6=i αjsj(t−Dj)−n(t),si(t))(Di). (5.25)

However, in the case of correlated sources the right hand side of Eq. (5.25) is preferable
because its solution will have the minimal least squares error (under the assumption of
given Dj 6=i). Following this line of thought, the delay estimation problem Eq. (5.15)
can be interpreted as nonlinear root finding problem for a function f defined by:

f(D1, . . . , Dn, n) := x−
n∑
j=1

αjsj(t−Dj)− n(t) = x− S(D)A− n

because then Eq. (5.25) becomes the solution for the explicit problem:

Di = gi(D1, . . . , Di−1, Di+1, . . . , Dn, n)

if gi denotes the explicit expression obtained if f is solved for the variable Di. Since
such a solution is fairly easy to obtain using one of the algorithms discussed in section





5.2. Multiple source methods Lars Omlor

5.1, this suggests the use of a modified version of the nonlinear Gauss-Jacobi (GJ)
method [78] for the solution of nonlinear equations. The nonlinear GJ algorithm is the
following successive approximation method:

Algorithm 4: Gauss-Jacobi method for the solution of fi(y1, . . . , yn) = 0 , i = 1, . . . , n

for iter = 1 : maxiter do
yi[iter] = gi(y1[iter − 1], . . . , yi−1[iter − 1], yi+1[iter − 1], . . . , yn[iter − 1])

end

Since the GJ scheme is designed for square problems (number of equations fi is equal to
the number of variables yi) it cannot be directly applied to the problem f = 0 (here the
number of equations is usually smaller than the number of variables). However analog
to under-determined linear problems the nonlinear equation f can be transformed into
the square set of normal equations f :

f(D, n) := (x− S(D)A− n)AT = xAT − S(D)AAT − nAT(
f(D, n)

)
k

= αkf(D1, . . . , Dn, n).

If τ = TDE{x1, x2, n} denotes the solution of the delay estimation problem (5.1) with
n1 = 0, n2 = n, and

r := x(t)−
n∑
j=1

αjsj(t−Dj)

ri := x(t)−
n∑
j 6=i

αjsj(t−Dj)

then the pseudo-code for the Gauss-Jacobi method for TDE (i.e. GJ applied to f)
reads:

Algorithm 5: Nonlinear Gauss-Jacobi method for TDE

for iter = 1 : maxiter do

Di[iter] = TDE{αisi, αiri[iter − 1], αin[iter − 1]} αi 6=0
= TDE{si, ri[iter − 1], n[iter − 1]}

n[iter] = r[iter]

end

Note that, again for the sake of simplicity, the weights A have been assumed to be
given. If A is unknown then it is a simple matter to adjust the Gauss-Jacobi method:

for iter = 1 : maxiter do

Di[iter] = TDE{αi[iter − 1]si, αi[iter − 1]ri[iter − 1], αi[iter − 1]n[iter − 1]}
A[iter] = S(D)†[iter]x
n[iter] = r[iter]

end

The GJ method uses in each iteration only the variables values yi[iter − 1] from the
last step. To speed up convergence, it is beneficial to use the already known new values
yi<j [iter] to update the variable yj [iter]. This modification is called the Gauss-Seidel
algorithm.
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5.3 Numerical Simulations

The performance of the presented algorithm was tested in several simulations, and
compared to the Cramér Rao bound. The test sources were part of the music data-
base described in [195], which mainly consists of sound samples excerpted from classical
music CD recordings. The delays were estimated from mixtures of three randomly
selected sources with constant weight A and delay matrices T = (τij)ij :

A =

1
1
1

 , T = (τij)ij =

 20.2
7.9

120.2


plus additive noise with varying degree of signal to noise ratio (SNR). The root mean
square error

√
E{τ̂ij − τij} which is compared with the Cramér Rao bound is based on

1000 trials.
The results for the different estimators can be found in figure 5.1.
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Figure 5.1: Comparison of different multi-source time-delay estimation methods. CC,
ROTH and PHAT denote different generalized cross-correlation estimators used in the
Gauss-Seidel algorithm. The lines for the estimator assuming independent signals with
and without pre-whitening are shown in blue and green respectively. CRB indicates
the Cramér Rao bound.

Though computationally efficient, the simple independent sources estimator Eq. (5.21)
clearly shows the least performance. Its near independence of the signal to noise ratio
(SNR) is due to the fact that for the estimation of the delay τi the noise is dominated
(in a wide SNR-range) by the term

∑
j 6=i αjsj(t−τj). The pre-whitening filter described

in section 5.2.3 reduces the cross talk between the sources and consequently shifts the
performance closer to the CRB.
The nonlinear GJ method exhibits a near optimal performance (almost achieves the
CRB) independent of the generalized cross correlation method used in a single iteration.
Since the GJ-method relies on single source estimators in each iteration, the correlation
between the sources lead to noise even in high SNR conditions (as was the case for the
independent sources estimator). This explains the slightly sub-optimal performance.

5.4 Chapter summary

The main topic of this chapter is the multi-source delay estimation problem. After
reviewing some standard methods for single source delay estimation two new meth-
ods for the multi-component signals are presented. The first algorithm is based on
a efficient estimator, which assumes independent source signals, and is realized by a
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simple Wiener filtering. The second algorithm is based on the nonlinear Gauss-Seidel
procedure and provides a computationally less demanding alternative to the maximum-
likelihood estimator.
The multi-source delay estimation problem is a major subproblem for anechoic demix-
ing, and needs to be solved with high numerical accuracy to assure a good source
separation.
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Chapter 6

Anechoic demixing

6.1 The anechoic mixing model

Though anechoic demixing has its roots in acoustics, being a model for a reverberation
free environment, it is of interest for all blind source separation problems that may
contain displacements or delays. Typical examples are doppler shifts in astronomy [136],
receiver delays of electrical or acoustical signals [166], or varying response times in
biological systems [31, 126]. In combination with nonlinear coordinate transformation
like polar coordinates, the one parameter group of shifts adopts new interpretations, e.g.
rotations for polar coordinates (see section 7.3). This further increases the applicability
of the anechoic mixture model. Since the observed data xi(t) is assumed to be the
superposition of weighted and shifted sources, mathematically the model takes the
form:

xi(t) =
n∑
j=1

αij · sj(t− τij) i = 1, · · · ,m. (6.1)

Technically this could be seen as a special case of the convolutive model given by
equation 4.8 or following the same reasoning as in section 4.3.1 as an instantaneous
problem. But as the model complexity of Eq. (6.1) genuinely is between those of
the instantaneous and convolutive models. Furthermore delay filters are difficult to
implement as constrained convolution, this merits the treatment of anechoic demixing
in its own right.
For the model 6.1 the filter ambiguity inherent in convolutive blind separation problems
only takes the form of an scaling (inconsequential) and a arbitrary shift, which leaves
the source shape unaffected. In the regular case of convolution additional assumptions
like minimum distortion [119] are necessary.

6.1.1 Existing work

The classical application of the model (6.1) is the so called ’cocktail party problem’ [43],
that is the task of isolating a single talker among a mixture of conversations and
background noises. In this case the mathematical problem is the retrieval of all sound
sources from only a few recordings (typically two). Thus the number of data points m
is smaller than the number of sources n, and the problem is called under-determined.
The reversed case, when the number of sources is smaller than the amount of observed
data, i.e. n < m, is called over-determined and is the basis of all dimension-reduction
applications. It is obvious that the under-determined case requires more assumptions
(like sparseness) in order to warrant source identifiably. This unfortunately prevents
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the application of algorithms for under-determined problems for the over-determined
task and vice versa.

Under determined problem

As the under determined problem is the traditional task of anechoic demixing, most
algorithms have been specially developed for its solution. In his work [169,170] extends
the information maximization approach of [6] using the adaptive delay architecture
of [143] to unmix anechoic 2×2 systems. Another approach estimating the parameters
directly in time domain was put forward by [64] (using the assumption αij = 1).
Frequency or time-frequency methods, like the DUET algorithm [194] or the scatter plot
method of [24], usually exploit some sparsity property of the sources in these domains.
Alternatively in the even-determined case (n = m) joint diagonalizing of several spectral
matrices can be used to estimate the weights and delays as demonstrated by [193]. A
two-dimensional version of the AC-DC joint diagonalization algorithm can also be used
to separate images appearing under unknown spatial-shifts [18].

Over determined problem

Until recently almost no work for the over-determined anechoic problem existed. Harsh-
man et al. [83] have addressed this problem under the name shifted factor analysis and
proposed an alternating least squares (ALS) algorithm. This algorithm has been revised
and improved in [127], exploiting the Fourier shift theorem and information maxima-
tion in the complex domain. The resulting independent component analysis (ICA) with
shifted sources is called SICA (Shifted Independent Component Analysis). In [125] it
was extended to deal with shifted multi-linear (tensor) decomposition. However since
this approach is based on the alternating least squares procedure it is prone to local
minima (thus not a true blind source separation method) and it is limited to univariate
data.

Chapter overview:

This is the main chapter of this thesis. Integrating the results obtained so far, a new
framework for the solution of arbitrary anechoic mixing problems is derived. This
includes the (so far untreated) cases of:

– real/complex data,

– uni/multivariate data,

– over/under-determined mixtures.

Depending on the implementation the new algorithm leads to a unique solution with
independent sources, thus achieves true source separation.

6.2 New algorithms

6.2.1 Modified alternating least squares

As was the case with the multi source delay estimation problem discussed in section
5.2.4 and the ALS approach to non-negative matrix factorization (see section 4.3), the
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convergence properties of the two-block nonlinear Gauss-Seidel method [78] make it an
attractive choice for the solution of the reformulated anechoic problem:

min
αij ,τij ,sj

‖xi(t)−
n∑
j=1

αij · sj(t− τij)‖ i = 1, · · · ,m. (6.2)

Especially since the delay estimation (5.15) simultaneously gives least squares estimates
for both the weights αij and delays τij , the parameters in Eq. (6.2) can be grouped
into two groups αij , τij (weights and delays) and sj (sources).
Given the sources sj the estimation of the weights and delays αij , τij was already
discussed in chapter 5. Conversely given the weights and delays, the simplest approach
to estimation of the sources exploits the frequency domain:

Fxi(f) =
n∑
j=1

αije
−2πifτijFsj(f)

Adopting a matrix notation:

Ŝ(f) = [ŝ1(f)ŝ2(f) . . . ŝn(f)]

Â(f) = (αije−2πifτij )ij

implies:

X̂(f) = Â(f)Ŝ(f)

⇒ Ŝ(f) = Â(f)†X̂(f)

Thus a pseudo-code for an alternating lest squares approach is given by:
Algorithm 6: Modified alternating least squares for anechoic demixing

Randomly initialize parameters αij , τij , sj .
for iter = 1 : maxiter do

1. Ŝ(f) = Â(f)†X̂(f) % update of the sourcessj

2. Update αij , τij with a delay estimator (e.g. algorithm 5)

end

6.2.2 Anechoic demixing using Wigner marginals

Time-frequency analysis is a modern branch of harmonic analysis. It comprises all those
parts of mathematics and its applications that use the structure of translations and
modulations (time-frequency shifts) for the analysis of functions and operators.

Foundations of Time-Frequency Analysis, K. Gröchenig

Emphasizing the structure of the anechoic problem as a sum of shifted components
equation (6.1) can be recasted as:

xi(t) =
n∑
j=1

αij · Tτijsj i = 1, · · · ,m (6.3)
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if Ty denotes the translation-operator Tyf(t) = f(t− y). Given the importance of this
operator in time-frequency analysis [79], treatment of the anechoic demixing in this
framework seems appropriate.
Furthermore a good choice of linear or bilinear time-frequency transformations before
the separation is essential, as the performance of ICA and blind source separation
methods is closely linked with the non-Gaussianity of the source distribution [32], and
a sparse representation (which is equal to a supergaussian distribution) of the sources
facilitates separation. Thus, it is no surprise that time-frequency representations have
been used by many blind source separation methods in general [99,108,111,161] and in
anechoic demixing in particular [194]. But besides application of the superposition law
of the Wigner-Ville spectrum (WVS) (2.12) in [20] TF distributions have been mainly
used for pre-processing purposes.

Application of the WVS to the mixture model

Lets assume the observed random signals (processes) xi(t) , i = 1, . . . ,m are delayed
superpositions of uncorrelated source signals sj(t), i.e.:

xi(t) =
n∑
j=1

αij · sj(t− τij) i = 1, · · · ,m (6.4)

with rsi,sj (t, t
′) = E{si(t)s∗j (t′)} = 0 for i 6= j.

The shift covariance (2.9) of the WVS and the superposition law (2.12) imply the
following relation between the spectra of the sources and observations:

Wxi(t, f) =
n∑
j=1

|αij |2Wsj (t− τij , f) =
n∑
j=1

|αij |2WTijsj (t, f) (6.5)

As the relationship (6.5) holds pointwise for all points of the time-frequency plain (t, f)
it is also true after application of an area preserving symplectic transformation M−1:

Wxi

(
(t, f)(MT )−1

)
=

n∑
j

|αij |2WTijsj

(
(t, f)(MT )−1

)
(2.14)
=⇒ WL [M ](xi)(t, f) =

n∑
j

|αij |2WL [M ](Tijsj)(t, f). (6.6)

The transformation M will become necessary in the following (see remarks 6.2.3).
In order to make use of relation (6.6) an estimator for the WVS is needed (see sec-
tion 2.2.3). The simplest bias-free estimator for the WVS is just the empirical Wigner
transformation. Alternative estimators belong to Cohen’s class of time-frequency distri-
butions. In the following only the deterministic Wigner transformation is used, as it has
the advantage of preserving the properties of the WVS. Depending on the smoothing
kernel ϑ in Eq. (2.16) these properties are shared by large number of time-frequency-
distributions in Cohen’s class, consequently leading to the same expressions (given by
the equations (6.10) below). Replacing the WVS with it is deterministic counterpart,
equation (6.6) becomes:

WL [M ](xi)(t, f) =
n∑
j=1

|αij |2WL [M ](Tijsj)(t, f). (6.7)
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This equation could directly serve as basis for the separation of the source signals sj .
However, for higher-dimensional cases the computational costs make a direct solution
prohibitive. Since the joint description of the involved function in time and frequency is
highly redundant, an equivalent description can be derived by computing the marginals
of equation (6.7):

|L (M)[xj ]|2(t) =
∫
WL (M)[xj ](t, f)df =

n∑
j

|αij |2
∫
WL (M)[Tijsj ](t, f)df (6.8)

=
n∑
j

|αij |2|L (M)[Tijsj ]|2(t)
(2.26)

=
n∑
j

|αij |2|L (M)[sj ](t−Aτij)|2.

(6.9)

Note that with introducing the general matrix M into Eq. (6.6) time or frequency
marginals lead to equivalent expressions Eq. (6.9), but with different symplectic trans-
formations M̃ , which are related by the product of M with a π

2 -rotation of the time-
frequency plain, interchanging the time and frequency axes. The individual marginals
have the form of an anechoic mixture problem with an additional nonnegativity con-
straint:

|L (M)[xi]|2(t) =
n∑
j=1

|αij |2|L (M)[sj ](t−Aτij)|2 + n(t). (6.10)

The additional noise term n(t) emphasizes the fact that Eq. (6.10) is an approximation,
which only holds precisely under the asymptotic condition rsi,sj (t, t

′) = 0. In practice
deviation from exact time-frequency disjointness (e.g. due to the finite sample size)
contribute to n(t). However, the (approximate) solution of Eq. (6.10) gives an estimate
for the power spectra of the sources in LCT domain |L (M)[sj ]|2, the scaled delays Aτij
and the absolute value of the weights |αij |. Methods for the solution of the positive
shifted mixture problem have been discussed in chapter 4.3.1. The missing phase
information for L (M)[sj ] can be recovered by computing multiple marginals depending
on different matrices M . Phase retrieval methods for this purpose are discussed in the
following subsection 6.2.3.
Since the projections onto LCT domains (6.9) are also anechoic mixtures, at first glance,
the positive system of equations (6.10) seems not to provide an benefit over solving
equations (6.4) or (6.7) directly. However, the transformation of the problem into
several coupled equations for the marginals has several advantages.

6.2.3 Remarks

1. If Eq. 6.5 is used to perform a source separation directly in the time-frequency
plane [20] then it is unnecessary to introduce the linear canonical transform,
as its effect is just an affine deformation M of the phase-space and thus does
not facilitate separation [84]. Since a single marginal described by Eq. (6.9) is
not sufficient to reconstruct the signal or its WVS, it is convenient to introduce
M as a parametrization of different marginals (e.g. a rotation corresponds to
the marginal projection onto a slanted line in the TF plane). Furthermore, for
a single marginal (6.9) the linear canonical transform, i.e. the choice of M ,
determines the sparseness of the sources (and thus their distribution). As a
general linear class the LCT is much more flexible than the Fourier or fractional
Fourier transforms (as they are special cases). A simple mathematical example,
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in which this flexibility is needed, are chirps e2απit2 , which are neither sparse
in time nor frequency but have compact support in the correct LCT domain. A
simple way to chose a suitable M is to maximize the sparsity of the power spectral
density of the linear signal space (as described in section 2.20) spanned by the
data X = span(x1, . . . , xn):

max
M

sparsity
(
DL (M)[X ](f)

)
.

2. Since both the deterministic and the stochastic version of the WVS share the
property of correct marginals, equation (6.10) holds also true for the exact power-
spectra E{|L (M)si|2}. Thus the positivity in (6.10), which is a direct conse-
quence of the assumption of uncorrelated sources, is not an approximation but
an intrinsic property of the special estimator.

3. Similar as in [182], vanishing cross-terms in the estimator given by equation 6.7
imply vanishing cross-spectra, i.e.:

Wsi,sj (t, f) = 0 ⇒ L (M)(si)L (M)(sj)
i 6=j
= 0 (6.11)

⇒ |L (M)(si)|2|L (M)(sj)|2
i 6=j
= 0. (6.12)

The disappearance (Eq. 6.12) of the cross-power spectra can be reformulated as
the constraint:

SST = I (6.13)

for the anechoic NMF expressed by equation 6.9. This orthogonality constraint
leads to an unique factorization [59], and is closely linked to positive independent
component analysis [192]. Equation (6.13) is a special property of the estimator
which is not necessarily true for the expectations E{L (M)(si)}, since they are
not zero mean. As such, equation (6.13) guaranties source separation but is
asymptotically an additional constraint on the sources.

4. The magnitude of the delays τij directly depends on the parameter A of the LCT.
Thus an appropriate choice for A leads to a improved separation of the signals
[163]. Furthermore the choice A = 0 simplifies the mixture by transforming it
into an instantaneous mixture. As the multivariate LCT can be the tensorial
product of several one-dimensional LCTs, A can be adjusted for each dimension
individually, making it possible to transform a multivariate anechoic mixture into
several coupled one dimensional mixtures [134]. This is the core idea behind the
implementation discussed in section 6.2.3.

5. The uncorrelatedness assumption for the sources leads to vanishing cross terms
in the full time-frequency plane. A single projection (6.10) only requires that the
cross terms in that particular LCT domain vanish. Thus in practice, separability
of the sources can be significantly improved by choosing the right domains.

6. The linear weights αij and the delays τij can be estimated using several marginals
simultaneously. This makes the estimation more robust against the influence of
noise.

7. For the special case L [M ] = F , relation (6.10) can be derived without the
theoretical background of time-frequency analysis. However, a single equation
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is not sufficient to recover the sources, and without the mathematical theory of
the WVS it is not clear how to recover the missing phase information. Further-
more as discussed above, the introduction of the LCT provides many theoretical
advantages.

Phase retrieval

Solving the positive anechoic mixture problem:

|L (M)[xi]|2(t) =
n∑
j=1

|αij |2|L (M)[sj ](t−Aτij)|2

that is given by equation (6.10) provides the LCT power spectra |L (M)[sj ]|2. In
order to reconstruct the sources sj or equivalently their LCT transforms L (M)[sj ] the
missing phase information has to be recovered. Depending on the choice of M in Eq.
(6.10) several phase recovery techniques can be applied.

Deconvolution In many applications, such as computer tomography or image pro-
cessing, the linear weights αij can be assumed to be non-negative. In this case, given
the solution for a single equation (6.10) (if A 6= 0), the anechoic mixture (4.3) reduces
to a simple deconvolution problem with known filters νij = aijδ(t− τij). If the weights
are arbitrary the filters are only known up to their sign (if real) or their phase (if com-
plex). Applying a standard deconvolution algorithms (e.g. the Wiener filter [186]) the
sources sj can be retrieved by least squares estimation.

Gerchberg-Saxton (GS) algorithm It is possible to fully reconstruct signals from
multiple power-spectra [198]. This can be done by a simple iterative procedure trans-
forming the signal back and forth between domains, with known amplitude-spectrum,
each time replacing the resulting amplitude-spectrum with the known amplitude. This
fundamental algorithm is called the Gerchberg-Saxton (GS) procedure [70]. Given
spectra for the LCT domains M0, . . . ,Mk the GS algorithm can be characterized by
the following pseudo-code:

Algorithm 7: Simple GS algorithm for the linear canonical transform
Input: Spectra |L (M0)[x]|, . . . , |L (Mk)[x]|
y = |L (M0)[x]|;
yold = −∞ · y; % Initial vector with entries −∞
while ‖y − yold‖ > ε do

for i = 0 : k do

yold = y

y = |L (Mmod(i+1,k+1))[x]| ·
L (Mmod(i+1,k+1)M

−1
i )[y]

|L (Mmod(i+1,k+1)M
−1
i )[y]|

end
end
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Higher-order Wigner moments Given a one-dimensional signal x(t) = |x(t)| exp(iϕ(t))
the instantaneous frequency property of the WVS (2.13) is given by:

∫
fWx(t, f)df = Im(ẋ(t)x∗(t)) = Im

(( ˙|x(t)|eiϕ(t) + |x(t)|eiϕ(t)
iϕ̇(t)

)
|x(t)|e−iϕ(t)

)
(6.14)

= |x(t)|2ϕ̇(t). (6.15)

This link between the derivative of the phase of a signal and the first moment, with
respect to frequency, of it is Wigner distribution can be applied to equation (6.6). Thus
it is possible to compute the missing phase information from the relation:

|L (M)[xi(t)]|2ϕ′L (M)[xi]
(t) =

∫
fWL (M)[xi](t, f)df =

n∑
j=1

|αij |2
∫
fWL [M ](Tijsj)(t, f)df

=
n∑
j=1

|αij |2|L (M)[sj(t−Aτij)]|2︸ ︷︷ ︸
known from (6.10)

(
ϕ̇L (M)[sj ](t−Aτij) + 2πCτij

)
. (6.16)

Using the estimators from equation (6.10) in relation (6.16), allows the computation
of the phase derivatives ϕ′L (M)[sj ]

. Thus by integration, the missing phase information
can be theoretically recovered up to the natural ambiguity of an arbitrary timeshift of
the sources. In practice, this approach has the disadvantage that only the product of
the power spectrum and the phase derivative can be computed. Zeros in the power
spectrum thus prevent a direct integration of the phase information. But this approach
is still feasible if it is combined with the GS algorithm 6.2.3. Instead of only enforcing
the correct power-spectra for each step of the GS algorithm, also the constraint given
by Eq. (6.16) can be included in each iteration.

Phase retrieval from two close linear canonical transform spectra Theoreti-
cally the Gerchberg-Saxton algorithm is suitable for computing the phase from arbitrary
two LCT power spectra. In practice [50] the speed of convergence highly depends on
the distance of the power spectra. Thus for spectra defined by very similar matrices M
the GS procedure may fail. But the following considerations show that the phase can
be recovered also from two very close power spectra.
For simplicity let us consider again the one-dimensional signal case. Then it is possible
to reformulate the instantaneous frequency property of the WVS:

F |L (M)[x(t)]|2(ω) =
∫
|L (M)[x(t)]|2e−2πiωtdt

(2.14)
=

∫∫
Wx

(
(t, f)M−T

)
dfe−2πiωtdt

=
∫∫

Wx(u, v)e−2πiω(Au+Bv)dudv =: Ax(Aω,Bω). (6.17)

The two-dimensional Fourier transform of the Wigner distribution Ax(Aω,Bω) is called
the Ambiguity-function [121]. Due to the properties of the Fourier transform:

tkf lWx(t, f) =
(

1
2πi

)k+l

F

[
∂k+lAx(α, β)
∂kα ∂lβ

]
(t, f).
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Now the instantaneous frequency property can be formulated as follows:

|x(r)|2ϕ′x(r) =
∫
f
fWx(r, f)df =

∫
f

1
2πi

F

[
∂Ax(α, β)

∂β

]
(r, f)e−2πi0fdf

=
1

2πi

∫ (
∂Ax(τ, u)

∂u

)
u=0

e−2πirτdτ

τ=Aω=
1

2πAi

∫ (
∂Ax(Aω, u)

∂u

)
u=0

e−2πirAωdω

=
1

2πAi

∫ (
∂Ax(Aω,Bω)

∂B

1
ω

)
B=0

e−2πirAωdω

(6.17)
=

1
2πAi

∫∫ [
∂|L (M)[x(t)]|2

∂B

]
B=0

1
ω
e−2πiωtdte−2πirAωdω

=
∫ [

∂|L (M)[x(t)]|2

∂B

]
B=0

(
1

2πAi

∫
1
ω
e−2πi(ωt+rAω)dω

)
dt

=
1
2

∫ [
∂|L (M)[x(t)]|2

∂B

]
B=0

sgn(
t

A
+ r)dt. (6.18)

Equation (6.18) links the derivative of LCT intensities |L (M)[x]|2 with the instanta-
neous frequency of the signal. Given two close intensities the derivative

(
∂|L (M)[x(t)]|2

∂B

)
B=0

can be approximated by it is difference quotient, and thus the local frequency can be
recovered [12].

Example Algorithms

The theoretical considerations in section 6.2.2 show that, assuming uncorrelated sources
general anechoic mixtures of the form:

xi(t) =
n∑
j=1

αij · sj(t− τij) i = 1, · · · ,m

can be solved by the following two step procedure:
Algorithm 8: Generic algorithm for anechoic demixing based on Wigner-marginals

Input: Observed data xi , i = 1, . . . ,m, LCT domains Mk , k = 1, . . . ,K

Step 1: Solve the positive anechoic demixing problem given by:

|L (Mk)[xj ]|2(t) =
n∑
j

|αij |2|L (Mk)[sj ](t−Aτij)|2

using for examples ANMF (algorithm 3) or PLCA [164].

Step 2: Recover the phase information for sj by one of the methods discussed in
section 6.2.3.

The general algorithm 8 is quite flexible, since it applies to, many choices of LCT and
phase retrieval methods. To illustrate this generality, in the following three example
implementations that cover a wide spectrum of applications are discussed.

Example 1: Time series demixing using higher-order Wigner moments The

choice M =
(

0 1
−1 0

)
reduces the LCT to the standard Fourier transform. With A = 0
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this simplifies the first step in algorithm 8, reducing the positive anechoic mixture to
an instantaneous mixture problem:

|Fxi|2(f) =
n∑
j

|α|2ij |Fsj |2(f), (6.19)

In this case the phase retrieval (step 2) can be implemented by an alternating least
squares approach given by the following iteration:

for iter=1:maxiter do
Compute the instantaneous phase ϕ′(Fsj)

by solving the following numerical
expression:

|Fxi(f)|2ϕ′(Fxi)
(f) =

n∑
j

|α|2ij |Fsj(ξ)|2
(
ϕ′(Fsj)

(f)− 2πτij
)

Update the delays τij with an delay estimator (see chapter 5).
end

Example 2: Multivariate demixing using fractional Fourier transform In
the case of multivariate data (e.g. images) the simplest choice for a linear canonical
transform is just the tensorial product of one dimensional LCTs, corresponding to the
choice of diagonal matrices for A,B,C,D. This has the advantage that by selection
of diag(A) = aiiδi the multivariate positive demixing problem simplifies to a set of
one-dimensional problems.
As an illustrative example the demixing of two-dimensional image data xi(t1, t2) , where
t1 and t2 are the pixel coordinates, is discussed. A simple example for a tensorial linear
canonical transform are the fractional fourier transforms F (θ1,θ2) = F θ1

1 F θ2
2 . In this

notation F θ
i represents the fractional Fourier transform F θ (as defined by Eq. (2.22))

in the ith variable (see Eq. (2.22) or [137]). The system of equations (6.10) then reduces
to:

|F (π/2,θ)xi(ω1, ω2)|2 =
n∑
j=1

|α|2ij |F (π/2,θ)sj
(
(ω1, ω2)− (0, τij2 cos θ)

)
|2

|F (θ,π/2)xi(ω1, ω2)|2 =
n∑
j=1

|α|2ij |F (θ,π/2)sj
(
(ω1, ω2)− (τij1 cos θ, 0)

)
|2.

Note that for multivariate data the shifts τij are vectors, denoted here with τij =
(τij1 , τij2). Since in this context the variables αij model intensities of basis images
sj , one can assume αij ≥ 0. Hence phase retrieval can be accomplished by a simple
deconvolution procedure, as described in section 6.2.3.

Example 3: LCT based positive demixing of time series A particularly at-
tractive choice of parameters for the linear canonical transform are the values A = 1
and B = 1. For A = 1 the values of the delays remain unchanged, and B = 1 has the
considerable numerical advantage that the integral transform (2.21) does not involve
scaling. Thus this transformation just converts the original anechoic mixture problem
into a nonnegative mixture problem which can be solved using the update rules given
by equations (4.16) and (4.17).
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6.3 Computational complexity and limitations

The modular structure of the Wigner-marginal based anechoic demixing algorithm 8
makes it very flexible, as it can be easily adjusted for special data. However, the same
structure makes a complete complexity analysis impossible, since the overall conver-
gence is dependent on the interaction of the single components. The order of the com-
plexity magnitude can be estimated using the example implementation 1 (see example
1, 6.2.3):

Step 1: It has been shown [176] that the exact form of the non-negative matrix fac-
torization problem is an NP-hard problem. If n is the number of sources, m the
number of data points and t the length of the data vectors, then the approximate
NMF algorithms 4 have a polynomial complexity of O(nmt) per iteration.

Step 2: The second step is again split into two sub-steps.

1. If (non-square) linear systems of equations are solved using the normal equa-
tions, than the computational cost can be computed to be O(tm2+tn3) (first
O(nm2) to square the t-problems, then O(tn3) using simple Gauss-Jordan
elimination).

2. In each step of the nonlinear Gauss-Seidel procedure the highest effort is
an scalar-product with O(t2) complexity. Thus the overall complexity is
O(mnt2) per iteration. Assuming linear convergence this can be used to
approximate the final complexity to O(mn2t

5
2 ) , as the linear error increases

roughly with nt
1
2 .

In the case of multi-variate data, the projection onto the system of one-dimensional
problems, leads to a very similar analysis. The complexity in this case increases by the
multiplicative factor d, which denotes the number of dimensions.
As the complexity analysis shows, even single iterations of the anechoic demixing al-
gorithms have a high cost. This is not surprising as even the simple instantaneous
blind source separation techniques like I/PCA have usually quadratic to cubic com-
plexity [162]. However, this limits the applicability of such BSS methods to small to
moderate sized data-sets.

6.4 Chapter summary

This is the main chapter of this thesis and contains the theoretical considerations for
the new algortihms for anechoic demixing. Presented are a novel class of algorithms
for the solution of over- and under-determined anechoic mixtures that extends to an
arbitrary number of dimensions of the time argument. The developed method exploits
essentially the marginal properties of the stochastic Wigner-Ville distribution. Proper
application of this bilinear time-frequency distribution to the delayed mixture model
transforms the anechoic problem into a simpler delayed mixture problem in the domain
of a linear canonical transform and a phase recovery problem. Appropriate choice of
this transformation enhances the separability of the signals and allows the projection
of high-dimensional problems onto a system of one-dimensional problems. This results
in implementations with a computational complexity that grows linearly in the number
of dimensions.
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Chapter 7

Miscellaneous applications

In it is generic form, algorithm 8 has a very broad spectrum of applications. The inclu-
sion of shifts into the mixing model makes it suitable for the shift-invariant learning of
features or sources. This problem is relevant for a variety of applications. Furthermore,
the theoretical results in chapter 6 are valid independent of the dimensionality of the
data and the number of extracted sources. However, the anechoic-NMF (ANMF) al-
gorithm 4.3.1 is better suited for the over-determined case. The theoretical framework
was tested with dimension-reduction for 1D and 2D data, since these are the most
frequent problems outside of acoustics.

7.1 Sound mixtures

Since the formulation of the ’cocktail party problem’ by [43], i.e. the separation of
individual human speakers in a noisy environment, acoustics has been a major appli-
cation field of blind source separation methods. Consequently, many methods for the
unmixing of sound signals have been developed over the years (e.g. [6,169]). The most
realistic linear models for BSS in acoustics are convolutive, though anechoic mixtures
are relevant for reverberation-free environments [24,194].
To show that algorithm 8 is applicable to sound mixtures, three different separation
problems for synthetically generated delayed mixtures (model (4.3)), using speech and
sound segments from the ICA benchmark described in [46], are presented. In total the
data set consisted of 14 signals with a length of 8000 time points. In order to obtain
statistically representative results, data sets were recomputed 20 times with random
selection of the source signals, and/or of the mixing and delay matrices. Three types
of mixtures were generated:

(I) Mixtures of 2 source segments with random mixing and delay matrices (2 × 2),
each resulting in two simulated signals x1,2.

(II) Mixtures of 2 randomly selected segments from the speech data basis using the
constant mixing matrix A and the constant delay matrix T :

A =


1 2
3 1
10 5
1 2
1 1

 , T = (τij)ij =


0 4000

2500 5000
100 200
1 1

500 333

 .
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Data set (II) with fixed mixing and delay matrices was included since completely
random generation sometimes produced degenerated anechoic mixtures (instan-
taneous mixtures or ill-conditioned mixing matrices).

(III) A third data set was generated by mixing two randomly selected source segments
with random mixture matrices and random delay matrices.

The implementations of the new algorithm described in example 1 (6.2.3) and example
2 (6.2.3) were compared with principal component analysis (as baseline) and shifted
independent component analysis (SICA) [127]. The performance P of each algorithm
was quantified by the maximum of the cross-correlations between extracted sources
sextract,j and original sources sorig,j (after appropriate matching of individual sources,
since the recovered sources are not ordered in a specific manner):

P = (1/n)
n∑
j=1

max
τ
|E{sapprox.,j(t) · sorig,j(t+ τ)}| .

Results for the Sound demixing

The results for the sound demixing are summarized in figure 7.1. The bar plots show
the mean and the standard deviation of the performance measure P determined for the
twenty simulations, comparing the methods for the data sets I-III.
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Figure 7.1: Comparison of different blind source separation algorithms for synthetic
mixtures of sound signals with delays (data sets I-III, see text).

As expected the performance P of the instantaneous mixture model assumed by prin-
cipal component analysis (PCA) is worse than the performance achieved by the three
compared anechoic methods. Overall the classical Fourier domain method (6.2.3,exam-
ple 1) with P ≈ 80% is superior to both the LCT-method (6.2.3, example 3) (P ≈ 75%)
as well as SICA (P ≈ 70%). This reflects the well-known fact that the Fourier frequency
domain is well suited for the separation of sound signals.

7.2 Image processing

Blind source separation is interesting for a wide range of applications in image process-
ing. This includes watermarking [26], denoising [90], deblurring [9], or the extraction
of image features [60,107]. In most of these applications only instantaneous models as
described in section 4.2 and algorithms have been applied.
With anechoic mixtures spatial displacements can be explicitly modeled [18, 134]. To
demonstrate this, a first set of test images (figure 7.2) was generated by pasting two
objects at random positions in images with a resolution of 150×150 pixels. Ideally,
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Mixture 1

Mixture 2

Mixture 3

Mixture 4
Extracted Features
(Gerchberg-Saxton)

Extracted Features
(using deconvolution)

Figure 7.2: Synthetic example images
defining an (over-determined) anechoic
mixture in two dimensions.

Figure 7.3: Extracted features from the im-
age set in figure 7.2 using GR phase re-
trieval or deconvolution.

algorithm (6.2.3,example 2) should be able to extract the original pictures of the two
objects as features. The result of the feature extraction are shown in figure 7.2 for
both, the Gerchberg-Saxton phase retrieval method (see 6.2.3) and deconvolution (see
6.2.3).
Clearly deconvolution is superior to the phase retrieval. This is partially due to the
very slow convergence of the Gerchberg-Saxton algorithm, especially for small frac-
tional powers of the fractional Fourier transform and for inaccurate estimates of the
power spectra. In addition, the deconvolution method exploits, for a second time the
specific structure of the mixture model. A quantitative comparison shows that images
predicted from the extracted components predict 95% of the variance of the original
images for the deconvolution method, but only 72% for the phase retrieval method.
More interesting is the application of this feature extracting method to real images.
Our second image data set consisted of four gray-scale images taken with a digital
camera and resampled with a resolution of 200 × 200 pixels (compare with. figure 7.4).
The photographs show two objects (scissors and a cup) that were placed at different
positions on a wooden surface. Before the application of the algorithms the images were
whitened [73] in order to compensate for the correlation statistics of natural images.
This procedure removes strong correlations between features on small spatial scales. In
this case only the deconvolution method was implemented. The reconstruction explains
85% of the of the pre-whitened training images and recovers the original objects with
reasonable accuracy (see figure 7.4).

7.3 Scale and rotation invariant shape analysis

Automatic identification of image content is an important challenge for many applica-
tions such as medical imaging, surveillance or the search in image databases. Often the
shape of objects in images has to be recognized independently of object size or orienta-
tion. Many supervised and unsupervised learning approaches have been proposed for
the classification of images using object shapes (see e.g. [2,112,123,177]). Essential for
the performance of such algorithms is the underlying shape representation [200].
Since an object should be identifiable independent of it is relative size and orientation,
scaling and rotation are desired invariances for two-dimensional contour recognition.
In order to apply the anechoic mixture model (4.3) to this problem, a planar contour
can be transformed into a log-polar image. Assuming that the center of the coordinate
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Figure 7.4: Left: Real Images. Right: Extracted Features from pre-whitened images

system is [0, 0] the nonlinear transformations are given by:

ρ = log
(√

t21 + t22

)
ϑ = arctan

(
t2
t1

)
Translations in this new coordinates (ρ, ϑ) permit to model scalings and rotations in
the original coordinates. A shift of the angle ϑ corresponds to a rotation of the object
in the image plane. Shifts of the logarithmic radius ρ can be used to model objects
with different sizes. This is an example for a general transformation principle. The
independent variable t ∈ Rn can be replaced by nonlinearly transformed coordinates
φ(t). The mixture model (4.3) then transforms into:

x̃i(t) = xi(φ(t)) =
n∑
j=1

αij · sj(φ(t− τij)) =
n∑
j=1

αij · s̃j(t− τij) i = 1, · · · ,m

Thus a shift in the new independent variable t corresponds to a transformation of the
source functions s̃j(.) = sj(φ(.)), that depends on the coordinate change φ.

Application to two-dimensional shapes

To illustrate this application of anechoic mixtures to model rotation and scale invari-
ance, the scale and rotation invariant learning on a small sample of shapes taken from
a MPEG-7 codec test database [160] (depicted in figure 7.5a) was tested. After the
transformation into log-polar coordinates, algorithm (6.2.3, example 2) was applied
for feature extraction. Both the extracted features (figure 7.5b) as well as the corre-
sponding weights αij (figure 7.5b) show that in principle, the anechoic mixing model
is capable of correctly classifying different objects, independent of their size and rota-
tion. Due to the fact that the one-dimensional contours are treated as 2D images, this
approach has a high computational cost, limiting its applicability to large databases.
Besides complex objects would need more than one source for an adequate description.
This can be seen for the example of the elephant in figure 7.5b. Such an increase in
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a) b) c)
Figure 7.5: a) Sample object contours taken from a MPEG-7 codec test database. b)
Extracted features using algorithm 6.2.3, example 2. c) Corresponding weight αij (the
weight of the sources is color coded (i.e. blue is source one, red is source two and green
is source three)

the necessary number of sources would result in decrease of classification performance.
There are better methods like level sets, to deal with this problem [135], which might
be applied to improve the results of the new algorithm in this case.

7.4 Optic flow analysis

Optic flow is by definition the image motion either caused by movement of the image
plane or by movement of objects inside the scene. It is central for computer vision,
with a wide range of applications like motion segmentation [23], focus of expansion and
time to collision computation [148], measurement of heart wall motion [145] or mobile
robot navigation [51]. For the approximation of motion in sequences of images many
different algorithms have been developed e.g. [17, 89,116] (or see [16] for a review).

7.4.1 Independent component analysis of optic flow

Biologically the information about complex visual motion is processed in the middle
temporal (MT) and medial superior temporal (MST) as well as the superior temporal
sulcus (STS) brain areas. In their work [141] Park et al. compared the components of
artificial optic flow (shown in figure 7.6) extracted with independent component analysis
(see 4.2) with the receptive fields of MSTd cells. They observed localized components
selective to translations, rotations, contractions, and expansions [141]. However as can
be seen form figure 7.6 the features extracted with ICA lack the important property of
shift invariance, which is a reported property of those cells [69]. This suggests that the
anechoic (shifted) mixing model with independent sources:

xi(t) =
n∑
j=1

αij · sj(t− τij) i = 1, · · · ,m

which directly models shifts and thus leads to shift-invariant components, might lead
to better descriptors sj for the receptive fields in MSTd.
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shift τ1
shift τ2

Figure 7.6: Example flow features extracted with independent component analysis.
Picture taken from [141]

7.4.2 Optic flow data set

Optic flow or image motion can always be seen as the projected motion of an three
dimensional object onto the imaging plane. Thus if the velocity field of an object is
known it is possible to project it onto arbitrary image planes using ray tracing (to
correctly identify occlusions). Typically the 3D flow (also referred to as scene flow) is
unavailable and the 2D (image) motion needs to be computed from image sequences.
However, in most computer animations objects are represented as meshes with fixed
frame to frame correspondences, and it is simple to compute their velocity fields by
numerical derivatives. In particular this idea can be used to compute the optic flow of
complex human motion, derived from an animated avatar or puppet (the details for the
avatar used here can be found in section A.3). After projection into the image plane,

Figure 7.7: Optic flow example for a cartwheel. The left side shows different poses of
the avatar during the movement, and the right shows the corresponding 2D-flow with
different colors belonging to different time points (frames or poses).

the optic flow is given by a two-dimensional velocity field u(t) = (dt1dt ,
dt2
dt ) = (ux, uy).

In order to apply the anechoic mixture model Eq. (6.1) this velocity field can be
reinterpreted as a complex ’image’ of the form:

xi(t1, t2) = ux + iuy.

In this complex representation, the mixture model allows the additional choice of real
or complex weights, i.e. αij ∈ R or αij ∈ C. Complex valued weights αij = |αij |eϕij
incorporate both a scaling of the optic flow components si given by the length |αij | as
well as a rotation around the origin eϕij . The explicit modeling of rotation leads to
rotation invariant source flows. An example for flows, which are treated as equivalent
according to this model can be seen in figure 7.8. In particular αij ∈ C implies the
equivalence of rotation and divergence fields, which makes the interpretation of the es-
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Figure 7.8: Examples of rotation equivalent flow fields.

timated source components quite challenging. Thus, in the following the model weights
αij ∈ R are restricted to be real.

Results for optic flow

The results for the optic flow analysis are shown in figures 7.9 and 7.10. Figure 7.9
shows the first four component extracted with a standard complex valued independent
component analysis approach called JADE [33], which uses complex weights αij ∈ C.
It can be clearly seen that the extracted components are just linear combinations of
single frames that have roughly disjoint support (as a consequence of the independence
assumption). This makes those heuristic features very hard to interpret. The four com-
ponents explain about 43% of the variance. Further increase of the number of sources
changes this quality of approximation very slowly ( all additional sources add less than
5% to the variance), which shows that the optic flow of the cartwheel has in terms of
the linear model Eq. (1.1) a broad noise spectrum. Figure 7.10 shows the first four

Figure 7.9: First four components extracted with ICA (JADE, [33]). All components
are just linear combinations of single frames.

component extracted with the anechoic demixing implementation described in section
6.2.3, adjusted for complex data (but with αij ∈ R). It is obvious that in contrast to
the features extracted with ICA , the anechoic model results in highly localized curved
motion patches that seem to model a half circle (see figure 7.10 last panel). Thus intro-
ducing shift invariance leads to features easier to interpret. In addition, even though
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the weights are constrained to be real with Eq. (1.2) four components already explain
60% of the variance. Similar to ICA adding further sources just slowly increases the
performance.

Figure 7.10: Features extracted with anechoic demixing. Addition of shift invariance
leads to spatially localized sources. The last panel displays all the extracted features
simultaneously in one plot.

7.5 Chapter summary

This chapter contains several applications for anechoic demixing in general and the new
algorithm derived in 6 in particular. The efficiency of the new approach is demonstrated
by a series of applications including both synthetic and real world data such as music
streams 7.1, natural 2D images 7.2, optic flow 7.4 as well as two dimensional shapes
7.3.
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Chapter 8

Human motion data:
representation and analysis

As motivated in the introduction, the main application of the new blind source sepa-
ration techniques developed in this thesis is the analysis of human motion.

Chapter overview:

In this chapter the analysis of human motion with anechoic demixing is discussed. After
demonstrating that the new method leads to a much more compact representation of
movements it is moreover shown that this representation provides an efficient coding
system for different movement styles (e.g. emotional expression). Additionally, it is
illustrated in two examples, how the unsupervised description of movements can be
applied to advanced applications like real-time animation or psychophysical evaluation
of features corresponding to different motion-styles.

8.1 Motion analysis

In motor control it is a classical hypothesis, postulated by Bernstein in the 1920s,
that complex motor behavior is the result of combinations of simpler primitives , called
’synergies’ [21]. This assumption is a possible solution for the ’degrees of freedom prob-
lem’, i.e., the problem to devise efficient control algorithms for biological motor systems
with large numbers of degrees of freedom. More recently several other approaches to
separate movements into simpler components have been put forward, like movement
primitives [66] or basis vector fields [54]. Because of this biological background, un-
supervised learning techniques, e.g. PCA or factor analysis of movement trajectories
are a popular tool for the analysis of complex movements behavior [96, 157]. The idea
behind these learning approaches is to characterize manifolds that parameterize human
motion. In analysis [66] a popular idea is that such manifold representations reflects
some lower dimensional space that results from the fact that the central nervous system
reduces the exploited degree of freedoms by application of appropriate control strate-
gies. An overview of blind source separation methods in this field can be found in [171]
or [39].
In synthesis the main purpose of an approximation of such a manifold is to represent
a set of natural movements, in order to guarantee realistic looking animations. For
this purpose many different methods have been suggested, ranging from linear or mul-
tilineal methods like PCA [156] to nonlinear methods like isomap [98], or locally linear
embedding (LLE) [155].
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R. Shoulder R. Elbow R. Wrist R. Shoulder R. Elbow R. Wrist
R. Shoulder 1 0.83 0.88 1 0.93 0.85
R. Elbow 0.83 1 0.80 0.93 1 0.83
R. Wrist 0.88 0.80 1 0.85 0.83 1

Table 8.1: Maximum cross-correlations between source signals extracted from the tra-
jectories of three exemplary arm joints for walking (left hand side of the table) and non
periodic arm movements (throwing, golf swing and tennis swing).

8.1.1 Trajectory data

Using a VICON motion capture system 1 with nine cameras, the gait trajectories from
25 lay actors executing walking with four basic emotional styles (happy, angry, sad and
fear), and normal non-emotional walking were recorded. Each trajectory was executed
three times by each actor, resulting in a data set with 375 full-body gait measurements.
From a subset of five right handed actors an additional data set of three repetitions of
three different non-periodic arm movements (throwing, golf swing and tennis swing) was
recorded. Approximating the 3D-marker trajectories with the hierarchical kinematic
body model (skeleton) described in figure A.2 and table A.2, the joint angles trajectories
were computed as in A.2.1. Rotations between adjacent segments were described by
Euler angles, defining flexion, abduction and rotations about the connecting joint.
Data for the unsupervised learning procedure included only the flexion angles since
these showed the most reproducible variation.

8.1.2 Independent component analysis of single joint angle trajectories

In contrast to the complete trajectory data set (see figure 8.2(a),8.2(b)), in the inde-
pendent component analysis of individual joints only a very small number of source
terms (independent components) is sufficient to accomplish very accurate approxima-
tions (e.g. explaining > 96% of the variance with only 3 components). Even more
interesting is the observation that the obtained source components for different joints
often are extremely similar in shape, and mainly differ by phase or time-shifts. Fig-
ure 8.1 shows the first three ICA components extracted form the shoulder and elbow
trajectories of a set of arm movements, consisting of right-handed throwing, golf swing
and tennis swing. After appropriate phase shifting, the components extracted from the
elbow and shoulder joint are very similar. A measure for the similarity that is invariant
against phase shifts is given by the mean maximum of the correlation over all possible
phase shifts. The values of this measure for two example movements are listed in table
8.1.
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Figure 8.1: First three ICA components extracted form the shoulder and elbow trajec-
tories in arm movements before and after phase shifting.
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8.1.3 Approximation quality

To quantify the performance of different methods for dimension reduction, the quality
of approximation as a function of the number of sources was measured. The quality of
an approximation F to the data matrix X can be quantified by the quotient:

Q := 1− ‖X − F‖F
‖X‖F

This measure is related to explained variance, which is defined by 1− (‖X−F‖F/‖X‖F )2,
but it has the advantage of linear scaling with the residual-norm. For small residuals
explained variance is hard to interpret since, due to the fact that it is quadratic in the
residual norm it results in values close to one even for mediocre approximations. Figure
8.2 shows this measure for approximation quality as a function of the number of sources
comparing principal component analysis (as baseline), shifted independent component
analysis (SICA) [127] and the example algorithms described in sections 6.2.3 example
1 and 6.2.3 example 3.
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(a) Gait data.
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(b) Non periodic arm movements(throwing, golf
swing, tennis swing)

Figure 8.2: Comparison of different blind source separation algorithms. The figure
shows the approximation quality as a function of the number of extracted sources. The
different algorithms are color coded. The upper blue-line (without markers) labeled
PCA (double) shows the results for PCA with twice the number of sources. This PCA
model has roughly the same number of parameters (slightly exceeds) as an anechoic
model.

The results of the comparison are shown in figure 8.2. Overall, the best approximation
is achieved by the Fourier-domain algorithm 6.2.3, exceeding the quality of PCA with
the double number of sources (blue line in figure 8.2(a)) . Slightly worse performance is
obtained with algorithm 6.2.3 example 3, likely explained by the additional positivity
constraint αij ≥ 0. Qualitatively the same results are obtained for the non periodic
arm movements (figure 8.2(b)). The total approximation quality is lower in the second
case, reflecting the higher variability of this dataset.
In general, for both classes of movements a very accurate approximation of the trajec-
tory sets can be achieved with very few (≤ 5) sources. An example for this can be seen
in the movie 8.3.
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Figure 8.3: Animation for the PCA model and the anechoic mixing model for non
periodic movements. In both cases the gray avatar represents the original motion.
The blue and red avatar motion is reconstructed from the learned sources with PCA
and anechoic demxing respectively. The number of free parameters was approximately
equal (606 for the anechoic model, 604 for PCA) in both models.

8.1.4 Feature extraction

In order to test whether the novel algorithm results in source signals that provide useful
interpretations of biological data all trajectories in our gait data were modeled by linear
superpositions of the extracted sources and analyzed the resulting mixture matrices A.
To extract weight components that are specific for individual emotional styles we mod-
eled the mixture matrices applying sparse linear regression. The (vectorized) weights
of the individual gait trajectories for emotion j, defining the vector aj , were approxi-
mated by the sum of a component a0 (containing the weights that characterize neutral
walking) and an emotion-specific contribution. Formally, this multi-linear regression
model can be written as

aj ≈ a0 + C · ej , (8.1)

where C is a weight matrix that determines the emotion-specific contributions to the
mixing weights. Its columns are given by the differences between the weights for the
different emotional styles (happy, sad, fearful and angry) and the weights for neutral
walking. In order to obtain easily interpretable results, the matrix C was sparsified by
L1 norm minimization [168]. The solution of the linear regression problem was obtained
by minimizing the following cost function (with γ > 0) using quadratic programming:

E(C) =
∑
j

‖aj − a0 −C · ej‖2 + γ
∑
i,j

|Cij | (8.2)

This regression basically computes the mean differences between the weights for neu-
tral walking and for emotional walking. The sparsification separates automatically
important and less important features. The concentration of the variance into a few
important predictors simplifies the interpretation. Figure 8.4(a) shows a color plot of
the matrix C, illustrating the weight differences compared to neutral walking for the
four different emotional styles and the different joint angles. Positive elements of the
matrix indicate cases where the joint amplitudes for the emotional gait are increased
compared to normal walking. Negative elements are indicated by white triangles in the
lower left corner of the individual cells of the plot. They correspond to cases where the
joint angle amplitudes for the emotional walk are reduced compared to normal walk-
ing. The + and − signs in the figure summarize data from psychophysical experiments
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that have investigated kinematic features that were important for the perception of
emotional gaits [57, 183]. Plus signs indicate cases where (perceived) increases of the
joint amplitudes compared to normal walking were correlated with the perception of
the corresponding emotion, and minus signs to cases where a (perceived) reduction
of the joint angle amplitudes was correlated with the perception of the corresponding
emotion.
Comparison between these psychophysical results and the elements of the matrix C
(Figure 8.4(a)) shows a very close match between the weight changes and the features
that are important for the perception of emotions from gaits. This implies that the
novel algorithm extracts features that can be meaningfully interpreted in a biological
sense. Figure 8.4(b) shows the results of the same analysis for sources that had been
extracted with PCA, matching the numbers of non-zero elements of the estimated ma-
trix C. For gait trajectories the source signals by PCA and ICA are virtually identical.
Therefore, the results in Figure 8.4(a) would be unchanged for ICA. In either case, the
match is significantly worse than for the sources extracted with the novel algorithm
(panel a). In addition, the signs of the matrix elements often do not match the signs of
the amplitude changes in the psychophysical experiments. This implies that the new
algorithm extracts spatio-temporal components from human gait data that are more
easily interpretable than components extracted with PCA.
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Figure 8.4: Elements of the weight matrix C, encoding emotion-specific deviations from
neutral walking, for different degrees of freedom. Numbers indicate references describ-
ing psychophysical experiments that have reported the same critical components for
visual emotion recognition. Kinematic features that have been shown to be important
for the perception of emotions from gait in psychophysical experiments [57, 183] are
indicated by the plus and minus signs. (Details see text.)

8.2 Example applications

In this section two additional applications of the motion analysis are discussed. In
the first example the left-right asymmetry that is obvious in figure 8.4(a), has been
investigated more closely (linking the feature extraction with psychophysics, see [152,
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153] for details).
The second example exploits the high approximation performance (see 8.1.3) to extend
the blind source separation approach to a real-time capable computer animation system.

8.2.1 Asymmetry of emotional body expression [152]

Emotional behaviors in humans and animals, such as kissing or tail wagging, sometimes
show characteristic lateral asymmetries [74,146]. Such asymmetries suggest differences
in the involvement of the cerebral hemispheres in the expression of emotion. An es-
tablished example is the expressiveness advantage of the left hemiface that has been
demonstrated with chimeric face stimuli, static pictures of emotional expressions with
one side of the face replaced by the mirror image of the other [25]. While this result
has been interpreted as support for a right-hemisphere dominance in emotion expres-
sion [1], substantial ipsilateral innervation of the relevant facial musculature [151] and
findings of reduced or reversed asymmetry for positive emotions [25,55] complicate the
conclusion. It is therefore critical to investigate lateral asymmetries in emotion expres-
sion using effectors with clearly contralateral innervation.
Taking a subset, of twelve right-handed lay-actors performing neutral walking and emo-
tionally expressive walking (anger, happiness, sadness), from the data-set 8.1.1, firstly
the motor asymmetries in movement production have been analyzed (see 8.2.1).
Secondly it has been tested if those motor asymmetries also affect the emotional ex-
pressiveness. To do that the perception of ’chimeric walkers’ was tested (see 8.2.1).

Motor asymmetries

Two simple scalar measure to characterize the movements of the left and right joints
are maximum joint-angle amplitude (difference between maximum and minimum am-
plitude), and movement energy E defined as:

E =
∫
|x(t)|2dt

where x(t) denotes joint angle as a function of time. For all three emotions, both
measures exhibited a pronounced lateral asymmetry (see figure 8.5A,B), the left body
side moving with significantly higher amplitude (F1,35 = 36.56, p < 0.001) and energy
(F1,35 = 32.50, p < 0.001) than the right. Emotional walking was also significantly
more asymmetrical than neutral walking. For anger and happiness, both asymmetry
measures were significantly higher than for neutral walking (t143 > 2.69, p < 0.004),
and for sadness, the energy measure exceeded significantly the one for natural walking
(t143 = 3.01, p < 0.002). To rule out the possibility that the observed asymmetry
is a consequence of handedness, we tested twelve left-handed subjects using exactly
the same experimental procedure. We found comparable asymmetries across emotions,
again the left side moving with higher amplitude (F1,35 = 25.01, p < 0.001) and energy
(F1,35 = 36.15, p < 0.001than the right.

Asymmetries in perceived emotion

In order to test if the motor asymmetries also affect perceived emotional expressive-
ness , the perception of ’chimeric walkers’ was tested. These stimuli were created by
using the joint angle trajectories of real human walkers to animate completely sym-
metric puppets, avoiding a possible confounding influence of anatomical asymmetries.
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A B C

Figure 8.5: Motion asymmetry of bodily emotion expression (colors denote different
emotions). Analysis of motor patterns: (A) Mean amplitude difference (± s.e.m.)
between corresponding joints on the left and right side of the body. (B) Left–right
difference for the energy measure plotted in the same way. Perception: (C) Mean
difference of expressiveness ratings between left–left and right–right chimeras. Stars
indicate significant differences (p < 0.05).

The joint-angle trajectories of one body half were replaced by those of the other side,
phase-shifted by half a gait cycle. The movements of the resulting right-right or leftleft
chimeric walkers were thus completely symmetric.
The emotional expressiveness of the right–right and left–left chimeric walkers for each
of the twelve actors was rated on a seven-point scale by 21 observers. Each walker
was presented once facing 35◦ to the left and once 35◦ to the right of the view di-
rection in order to control for view-dependence effects. The mean difference between
the expressiveness ratings for left–left and right–right chimeras is shown in figure 8.5C,
separately for the different emotions and collapsed across view directions. Consistent
with the asymmetries in the motor behavior, the left–left chimeras were more emotion-
ally expressive than the right–right chimeras for the three tested emotions (Wilcoxon
Z503 > –3.28 one-tailed p < 0.001). Further details to this study can be found at
http://www.cell.com/current-biology/supplemental/S0960-9822(08)00230-3.

8.2.2 Real time synthesis of body movements [72]

The anechoic mixing model allows both a very accurate description of human move-
ments with very few sources signals (see 8.2(a),8.2(b)) and a simple coding of very
subtle style differences (see 8.4(a),8.4(b)). Thus it is an ideal tool for computer anima-
tion as it allows an easy manipulation of trajectory style, like e.g. emotional expression,
while achieving a high approximation quality with a very low dimensional representa-
tion. However, this learning approach is not suitable for real-time animation (which is
an important requirement e.g. for computer games) since the trajectories have to be
synthesized by superposition and delaying of source signals whose complete time-course
must be known.
This can be avoided by replacing the learning sources by dynamical systems that repro-
duce the same trajectories. As a basic element for describing periodic sources a limit
cycle oscillator, like the Van der Pol oscillator given by the following dynamics:

ÿ(t) + ζ(y(t)2 − k)ẏ(t) + ω2
0y(t) = 0.

can be used. The parameters ω0 and k determine the eigenfrequency and the amplitude
of the limit cycle respectively. ζ is a damping parameter. For non-periodic sources,
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Figure 8.6: Illustration of the system architecture for real-time animation. The phase
space of the limit cycle oscillator is mapped onto the time-shifted source signals using
support vector regression. Joint angles are reconstructed by combining the time-shifted
source signals linearly according to a learned mixture model.

which have typically a ramp-like characteristic, the following ordinary differential equa-
tion, inspired by the fact that natural movements have typically a bell-shaped velocity
profile [165], is used:

ẏ(t) = uy(t)(1− y(t)).

In order to map the attractor solutions of the differential equations to the exact shape
of the source signals a nonlinear mapping is constructed. This mapping is defined
by a concatenation of a rotation in phase space, modeling the influence of the delays
τij , and a nonlinear function, which is fitted from training data by support vector
regression [175]. This idea is depicted in figure 8.6. The resulting animation architecture
can now be used for the online synthesis of various graphic scenarios. This is achieved
by including other important functionalities into the framework:

– Style morphing: The shape of the motion trajectories are coded by the weights
αij and the delays τij of the anechoic mixing model. Thus this representation
allows style morphing by linear interpolation of these parameters. While the
weight interpolation is straight forward, for the delay morphing ambiguities given
by the autocorrelation-function of the sources need to be taken into account
(see [72]).

– Navigation: The generation of the trajectories can be combined with additional
navigation dynamics. For example the turning rate of the avatars can be con-
trolled by morphing between straight and curved walking and adding a simple
navigation dynamic for the weights allows to build (automatically) obstacle avoid-
ing avatars [72].

This frame-work was tested in several scenarios like the synchronization behavior in
crowds or online continuous style morphing. Example videos can be downloaded from:

– http: //www.uni-tuebingen.de/uni/knv/arl/ avi/synchronization.avi
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– http: //www.uni-tuebingen.de/uni/knv/arl/ avi/weakcoupling.avi

– http: //www.uni-tuebingen.de/uni/knv/arl/ avi/weak transl.avi

– http: //www.uni-tuebingen.de/uni/knv/arl/ avi/stylemorph.avi

Additional information can be found in [71,72,128,140].

8.3 Chapter summary

This chapter summarizes the application of anechoic demixing to human motion data.
It is shown that the new anechoic demixing algorithm allows to approximate high-
dimensional movement trajectories accurately based on a small number of learned
primitives or source signals. It is demonstrated that the new method is significantly
more accurate than other common techniques. This allows the modeling of subtle style
changes, like the bodily expression of emotion as well as a sufficient synthesis quality
for computer animation.



http://www.compsens.uni-tuebingen.de/pub/omlor_phd.html
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Chapter 9

Summary

This thesis presents a novel framework for the solution of arbitrary (real/complex,
uni/multivariate, over/under-determined) anechoic mixing problems based on the clas-
sical independence assumption in blind source separation. Exploiting the marginal
properties of a special time-frequency distribution called the Wigner-Ville spectrum
in a novel way, new algorithmic solutions of arbitrary anechoic mixtures are designed.
This machine learning application integrates various different fields of computer science,
signal processing and mathematics. The resulting implementations have been tested
on various different data examples ranging form natural images to optic flow. As a
major application the anechoic demixing was used for both the analysis and synthesis
for human motion trajectories.

Survey of major results

The main original contributions of this thesis can be summarized as:

� A new method for the solution of convex optimization problem of non-negative
least squares is derived. This method is based on the projection onto convex sets
(POCS) framework, and uses the basic theory of the Halpern-Lions-Wittman-
Bauschke algorithm (see e.g. [14]). The new algorithm has the advantages of linear
complexity in each iteration and assured convergence, even for rank deficient
problems. As a further improvement a faster control scheme for this algorithm is
proposed and convergence is proved in the case of the totally non-negative least
squares (TNNLS, [122]).

� The classical non-negative matrix factorization (NMF) method is extended to
positively constraint convolutive and anechoic problems, by generalization of the
standard NMF multiplicative update rules. In addition a new approach to non-
negative matrix factorization based on dynamical systems is presented. This
approach has several advantages. Primarily, the treatment in continuous-time
allows the use of time-varying cost functions, including in particular the case of
time-dependent data (allowing online learning).

� A central subproblem for anechoic demixing is the accurate estimation of delays
from the superposition of multiple sources. To this purpose two new algorith-
mic solutions have been developed. This first is realizable as a simple Wiener
filtering and improves a computationally very efficient estimator, which is based
on independence assumption on the sources. The second algorithm is based on
the nonlinear Gauss-Seidel procedure. Computationally less demanding than the
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classical maximum likelihood estimator, this approach nevertheless is very close
to the Cramér Rao bound (CRB) for a wide range of signal to noise ratio.

� The core of this thesis is the framework for the solution of anechoic mixtures.
Combining the independent sources assumption with the fact that for the Wigner-
Ville spectrum the knowledge of certain marginals allows a complete unambiguous
reconstruction of the original signal, it is shown that the anechoic demixing prob-
lem is equivalent to the solution of (possibly) lower dimensional anechoic mixtures
with positivity constrains and an additional phase retrieval step. For the solu-
tion of the non-negative anechoic mixture the convolutive non-negative matrix
factorization method is used, and several possible phase retrieval methods are
discussed.

� The efficiency of the Wigner marginal based algorithm for anechoic demixing is
demonstrated in series of applications, such as music streams, natural 2D images,
optic flow as well as two dimensional shapes.

� Finally it is shown, that the new anechoic demixing algorithm allows to ap-
proximate high-dimensional movement trajectories accurately, based on a small
number of learned primitives or source signals. It is demonstrated that the new
method is significantly more accurate than other common techniques. This allows
the modeling of subtle style changes, like the bodily expression of emotion as well
as a sufficient synthesis quality for computer animation.

Perspectives and outlook

The theoretical frame-work for the solution of anechoic mixing problems, presented in
this thesis, provides a solution for a wide range of particular anechoic problems and
applications. However, several aspects could be extended by future work:

� Though the linear canonical transform was used in the theoretical derivation
of the anechoic demixing algorithm, only very special cases (like Fourier and
fractional Fourier transform) have been used for the implementation so far. This
is mainly due to a lack of availability of fast LCT implementations (the derivation
of fast-LCT can be found e.g. in [85]).

� Since the new NNLS-procedure discussed in chapter 3 creates two dual sequences,
it should be possible to use the duality gap (see e.g. [185]) as a robust stopping
criteria.

� The current implementation of the anechoic demixing favors accuracy over
speed. However several fast implementations like the new NNLS procedure
(chapter 3) or the (improved) fast delay estimator (see section 5.2.3) have been
discussed. Exploiting those, the use of the anechoic mixture model can be ex-
tended for larger data-sets.

� In order to circumstantiate the biological relevance of the sources extracted from
human movements, the same blind source separation procedure should be used to
extract components from muscle activity (EMG) data, that is recorded in parallel
to motion capture. Furthermore, if a connection between the estimated model
parameters can be established, this would support the existence of synergies.
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� Similarly to fortify the link between the extracted optic flow features and the
behavior of MST neurons, further studies and comparisons with real neuronal-
data are needed.
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Appendix A

Representation of motion data

This appendix contains a detailed description of the human motion data acquisition
and preprocessing. All the steps here have been custom-designed for an optimal data
representation required for blind source separation (see 8), psychophysical experiments
(see 8.2.1) and computer animation (see 8.2.2). The appendix also serves as a docu-
mentation for the implementational work associated with this thesis.

A.1 Motion capture and movement recording

Motion capture techniques, in particular optical systems that track the three-dimensional
position of reflective dots (markers) by triangulation, provide highly accurate descrip-
tions of an object’s position and orientation in physical space. Such systems, like the
Vicon system 1, are especially well suited for the recording of human motion as sub-
jects are free to move, with no constraining wires connecting the body to the recording
hardware.
For the tracking of humans the positioning of the markers is keyed to easily identified
anatomical locations, that allow the approximate tracking of the underlying skeleton.
Here markers were attached to skin or tight clothing with double-sided adhesive tape,
according to the 41 positions of Vicon’s Plug-In Gait marker set, as shown in figure A.1.
Since no markers can be attached to the joint centers of the human skeleton directly,
the coordinates of these points have to be inferred from the position of the skin markers
(listed in table A.1) and anatomical measurements of the individual actors.

A.1.1 Joint Center computation

Left/Right Hip joint center (L/RFEP)2:

The position of the hip-joint centers are computed assuming the Newington-Gauge
model [56]. This hip-model computes the joint-center position by constructing offset
vectors vL/R which specify the location of the joints in the local coordinate system of
the pelvis. In the particular case of Plug-In Gait both the leg length l(cm) and the
marker diameter md(cm) as additional parameter are required:

1System specifications: 8 camera Vicon 612 system, temporal sampling frequency 120Hz, spatial
resolution error < 1.5mm, reflective marker diameter 2.5cm

2Computed by the Plug-In Gait bio mechanical Modeler. Description taken from the Plug-In Gait
Model Details documentation
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RTIO

LTIO
RTIO

LFEO

RFEO
RFEO

LSJC

RSJC RSJC

REJCREJC

LEJC

LWJC

RWJC RWJC

L/RFEP
L/RFEP

Figure A.1: Plug-In Gait marker set. Grey spheres indicate location of motion-capture
markers relative to the skeleton, figure shown both facing to (figure on the left) and
away from (figure on the right) the reader. Red dots indicate the location of virtual
markers that can be computed using anatomical measurements (see A.1.1)

Table A.1: Marker names and definitions of the Vicon Plug-In Gait model
Marker Name Definition Marker Name Definition

Upper Body
LFHD Left front head RFHD Right front head
LBHD Left back head RBHD Right back head

C7 Seventh cervical vertebrae T10 Tenth thoracic vertebrae
CLAV Clavicle STRN Sternum

RBAC Right back
LSHO Left shoulder RSHO Right shoulder
LUPA Left upper arm RUPA Right upper arm
LELB Left elbow RELB Right elbow
LFRM Left forearm RFRM Right forearm
LWRA Left wrist A RWRA Right wrist A
LWRB Left wrist B RWRB Right wrist B
LFIN Left finger RFIN Right finger

Lower Body
LASI Left front waist RASI Right front Waist
LPSI Left back waist RPSI Right back Waist
LTHI Left thigh RTHI Right thigh
LKNE Left knee RKNE Right knee
LTIB Left shin RTIB Right shin

LANK Left ankle RANK Right ankle
LHEE Left heel RHEE Right heel
LMT5 Left 5th metatarsal RMT5 Right 5th metatarsal
LTOE Left toe RTOE Right toe
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vL/R :=

 C cos(0.5) sin(0.314)− (d+md) cos(0.314)
∓
(
C sin(0.5)− b

2

)
−C cos(0.5) cos(0.314)− (d+md) sin(0.314)


C := 0.115l − 15.3
d := 0.1288l − 48.56
b := 〈‖LASI-RASI‖〉.

Here L/RASI denotes the cartesian coordinate vector of the left or right front waist
marker (analogously for the other markers listed in table A.1). The real constants are
due to the fit of the used hip model. The local coordinates of the pelvis are defined by
the unit-length vectors with directions:

Origin x y z
LASI+RASI

2 LASI-RASI LASI-LPSI+RASI-RPSI
2 x× y.

Left/Right Knee joint center (L/RFEO)2:

The computation of the Knee joint center is based on the following assumptions:

� The L/RFEO is found such that the L/RKNE marker is at a distance of
1
2(Knee-width+Marker-diameter).

� (L/RFEP− L/RFEO)⊥(L/RKNE− L/RFEO).
In words this notation means that the difference between the L/RFEP and the
L/RFEO markers is assumed to be orthogonal to the difference of the L/RKNE
and L/RFEO markers.

�
(
(L/RFEP− L/RFEO)× (L/RTHI− L/RFEO)

)
⊥(L/RKNE− L/RFEO).

There is only one position for L/RFEO that satisfies the three conditions.

Left/Right Ankle joint center (L/RTIO)2:

The ankle joint center can be computed with similarly assumptions as for the knee joint
center:

� The L/RTIO is found such that the L/RANK marker is at a distance of
1
2(Ankle-width+Marker-diameter).

� (L/RFEO− L/RTIO)⊥(L/RANK− L/RTIO).

�
(
(L/RFEO− L/RTIO)× (L/RTIB− L/RTIO)

)
⊥(L/RANK− L/RTIO).

Left/Right Shoulder joint center (L/RSJC):

Since the L/RSHO marker are directly placed above the shoulder joint centers, their
position can be computed by:

Upper body axis =
C7 + CLAV− T10− STRN
‖C7 + CLAV− T10− STRN‖

L/RSJC = L/RSHO− dUpper body axis

d is the measured distance between the L/RSHO marker and the corresponding shoulder
joint center.
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Pelvis(root)

Thorax
(Torso)
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R. lower Leg

R. Foot

Head R. upper Arm

R. lower Arm

R. Hand

L. upper Arm

L. lower Arm

L. Hand

L. lower Leg

L. Foot

Figure A.2: Basic hierarchy of the human body. Red dots indicate the location of joints
(center of rotation), which connect segments with their successor (black arrows). As
the root, the pelvis is connected to the surrounding physical space.

Left/Right Elbow joint center (L/REJC):

The elbow joint has approximately only one degree of freedom, this can be used to
compute the joint center in the following way:

L/REJC = L/RELB± d
1
2(L/RWRA + L/RWRB)− LELB
‖1

2(L/RWRA + L/RWRB)− LELB‖

d is half the measured elbow width.

Left/Right Wrist joint center (L/RWJC):

If the wrist markers L/RWRA/B are place symmetrically on both sides of the wrist,
the joint center can easily be computed by:

L/RWJC =
1
2

(L/RWRA + L/RWRB).

A.2 Movement representations

The 3D-locations of the markers (discussed in A.1) provide a complete motion descrip-
tion. However these absolute positions are very difficult to analyze as comparisons
between movements is nearly impossible. This is because the major part of the vari-
ance will be dominated by size differences, even for cases of identical movements from
actors of dissimilar sizes.
This problem can be avoided if the movement is described by the angular change be-
tween (stiff) segments, that correspond to functional parts of the underlying skeleton.
Such segments connect each other in joints, and form a hierarchical structure in the
form of a tree. This hierarchy defines which body-segments are connected. The human
skeleton was modeled by the hierarchy shown in figure A.2. Assuming each segment
is a rigid-body, then its movement can be separated in the translation of the center of
rotation and the angular position (or orientation). In the case of an skeletal hierarchy
(like A.2) the center of rotation of a segment is the joint connecting it with the preced-
ing segment. To describe the angular position it is helpful to define a reference frame
(trihedron), which consist of a triple of orthogonal vectors with common vertex, which
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is fixed in its location and orientation in respect to the body. The relative orientation
between adjacent segments is then given by the optimal rotation matrix mapping one
reference frame to the other. A complete list of segments, the associated markers, the
center of rotation (joint) and the corresponding trihedron can be found in table A.2.

A.2.1 Joint angle computation

If Fi = [xi,yi, zi] denotes the coordinate frame (see table A.2) attached to the segment
Fi, then the relative position of the segments Fi+1 , is described by the rotation matrix
Ri,i+1 = F−1

i ∗ Fi+1. However in practice the frames Fi are based on the position of
the markers and are thus not exactly orthogonal. In this case the correct orientation
Ri,i+1 is given by the solution of the orthogonal procrustes problem:

Ri,i+1 = arg min
QQT=I

‖Fi+1 − FiQ‖F = arg min
QQT=I

trace
(
Fi+1F

T
i+1 + FiF

T
i − 2QTF Ti Fi+1

)
= arg max

QQT=I
trace(QTF Ti Fi+1). (A.1)

Is C an arbitrary matrix with singular value decomposition C = UΣV T , then [158]:

trace (QTC) = trace (QTUΣV T ) = trace (V TQTUΣ) ≤
∑
k

Σkk.

Equality is achieved for Q = UV T . Thus the solution of Eq. (A.1) is given by the
so called orthogonal polar factor of F Ti Fi+1, and can be computed using the singular
value decomposition.
As a consequence of Euler’s rotation theorem, any 3D-rotation can be described by
three angles. The three most common representations of rotation matrices are Euler
angles, axis angle and quaternions:

Euler angles

The idea of Euler angles is that any rotation matrix can be decomposed into three
rotations, revolving around the standard cartesian axes. Depending on the order of
these rotations several Euler angles (different conventions) can be computed. Rotations
around the cartesian axes are given by:

Z =

 cosφ sinφ 0
− sinφ cosφ 0

0 0 1

 , Y =

 cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ

 , X =

1 0 0
0 cosψ sinψ
0 − sinψ cosψ


In the x− y − z or pitch-roll-yaw ,(θ, ψ, φ) convention:

R = XYZ =

 cos θ cosφ cos θ sinφ − sinφ
sinψ sin θ cosφ− cosψ sinφ sinψ sin θ sinφ+ cosψ cosφ cos θ sinψ
cosψ sin θ cosφ+ sinψ sinφ cosψ sin θ sinφ− sinψ cosφ cos θ cosψ


The angle parameters (θ, ψ, φ) can either be computed by the complete matrix R using
a nonlinear least squares fitting procedure [130], or directly from the entries of R:

ψ = arctan
(
R23

R33

)
, φ = − arcsinR13 , θ = arctan

(
R12

R11

)
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Table A.2: Skeleton segments, and attached coordinate frames [x,y, z]
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All three Euler parameter (θ, ψ, φ) can only be determined up to the usual 2π ambigu-
ity. In order to guaranty smooth motion trajectories the Euler representation requires
extensive unwrapping. Additionally the Euler parameters have the disadvantage that
for certain parameter values, their effects are not independent. Is for example θ = π

2
then ψ = α leads to the same rotation as φ = −α. This loss of degrees of freedom is
called gimbal lock.

Axis Angle

The axis angle parametrization uses the fact that any 3D-rotation can be represented
by a unit vector and an angle of revolution about that vector. Mathematically the
connection between the axis of rotation w , the angle of revolution θ and the rotation
matrix R , is expressed by the Rodrigues’ rotation formula:

ŵ :=

 0 −w3 w2

w3 0 −w1

−w2 w1 0


R = I + sin θŵ + (1− cos θ)ŵ2

Inversely the rotation axis and the angle can be computed by:

θ = arccos
(

trace(R)− 1
2

)

w =
1√

(R32 −R23)2 + (R13 −R31)2 + (R21 −R12)2

R32 −R23

R13 −R31

R21 −R12


The three parameter of the axis angle parametrization are then defined as the entries
of the vector θw with length θ and direction w. Only the norm of this representation
is affected by the 2π angle ambiguity, and in practice this leads only to flips in sign of
the vector θw which are easy to remove.

Quaternions

Quaternions are a noncommutative division algebra H first invented by William Rowan
Hamilton. The set of quaternions corresponds to the following set of complex matrices:

H =
{(

w z
−z∗ w∗

)
| w, z ∈ C

}
The connection between quaternions and rotations comes from the fact that the sub-
group of unit-quaternions is equivalent to the special unitary group SU(2) of all unitary
2× 2 matrices. Further details can be found in [184].

A.2.2 Reconstruction of 3D positions from angles

Skeleton model

The rotation matrices described in section A.2.1 only specify the orientation of a seg-
ment with respect to its predecessor along the hierarchy A.2. They contain no informa-
tion about the (fixed) relative positions of the segments markers, which is necessary to
recover the absolute 3D positions of the markers (described in A.1). For this purpose
a skeleton model (anatomy), which contains the relative position of the markers (with
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respect to the corresponding segment origin) assuming a standard pose (Ri,i+1 = I ∀i),
was defined. The normalization R = I is not strictly necessary but useful to avoid
rotatory offsets in the reconstruction of the 3D positions. The associated body posture
is shown in figure A.3. The skeleton model can be computed from every complete set of
marker positions, by inverting the rotation matrices computed from this configuration.
Let Si denote the 3 × N matrix of the N -marker positions in the ith segment and oi
the segment origin (joint). Then the relative positions of the ith segment Ai (in the
anatomy) are given by:

Ai = (Ri−1,iRi,i+1)−1(Si − oi) (A.2)

The matrix Ri−1,i needs to be taken into account, as the previous segments was also ro-
tated to compensate Ri−1,i. As the angles of the root segment (pelvis) are by definition
given with respect to the Euclidean coordinate system, it follows R1,0 = I.

Reconstruction

Given the skeleton model and the rotations, reconstruction of the absolute marker
positions is straight forward. According to the definition of the anatomy (A.2), the ith
segment is given by:

Si = (Ri−1,iRi,i+1)Ai + oi (A.3)

The origin of the segment Si (also the center of rotation, joint) is always a marker
belonging to the previous segment Si−1 (see table A.2). The only information about
the movement which in general cannot be recovered is the translation of the pelvis
origin o0. However, for certain types of movements, like gait, it is possible to calculate
the translation by the constraint that the feet should not slide on the ground. A simple
scheme to use this simplification to compute o0 is given by the following pseudo-code
9.

A.2.3 Retargeting

For some applications (e.g. special psychophysical experiments) it is necessary to an-
imate a certain skeleton by the (joint-angle) data obtained from another skeleton. In
the case of identical hierarchical structure, this is referred to as ”auto retargeting”.
Theoretically due to their definition, joint angles A.2.1 can be exchanged between
structures, which may differ in proportions, as long as they are based on the same
hierarchal chain. However in practice the angles are dependent on the precise marker
placement, so may vary from trial to trial. A simple replacement may lead to unwanted
animation errors, because of angle offsets. This can be avoided if the joint angles are
directly computed from the target anatomy (skeleton) whose posture has been fitted
to resemble the original configuration. This fit can be computed in three steps:

1. Is Atarget
i the ith segment of the target skeleton, compute the relative rotation Ri

to the reference segment Sref
i by solving the procrustes problem:

Ri = arg min
QQT=I

‖(Sref
i − oref

i )−Atarget
i Q‖F

2. Reconstruct the 3D positions of the target (see A.2.2), using the Ri as rotation
matrices (otarget

0 = 0):

Starget
i = Atarget

i Ri + otarget
i

3. From this 3D-reconstruction compute the joint angles as described in A.2.1
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Algorithm 9: Computation of the pelvis motion

i = minindex
(
pos Lfoot[1]z,pos Rfoot[1]z

)
% Foot touching the ground;

ialt = i;
o0[1] = 0;
if i == 1 then

r = pos Lfoot[1];
else

r = pos Rfoot[1];
end
for t = 2, . . . , tmax do

i = minindex
(
pos Lfoot[t]z,pos Rfoot[t]z

)
;

if i == 1 then
if |i− ialt| 6= 0 then

r = pos Lfoot[t-1] + o0[t− 1];
end
o0[t] = r − pos Lfoot[t];

else
if |i− ialt| 6= 0 then

r = pos Rfoot[t-1] + o0[t− 1];
end
o0[t] = r − pos Rfoot[t];

end
ialt = i;

end
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A.3 Avatar model and Animation

Figure A.3: Avatar model in stan-
dard posture used for computing
the skeleton. All rotatory matri-
ces between joints are unit matri-
ces (see A.2.2)

For the purpose of animation a customized
volumetric puppet model was implemented
in MATLABTM3. Following the model of
an artist mannequin, simple geometrical
shapes were attached to the marker posi-
tions. All limbs have been modeled as ellip-
soids with their apex centered in the joint
centers. The neck and waist are represented
by cylinders. The seams at the shoulder,
elbow, wrist, hip, knee and ankle joints are
masked by spheres. Complex shaped seg-
ments like the hip, shoulders, hands and
feet were constructed by combining several
elliptic shapes with a convex cover. The
composition end the final avatar model are
shown in the following animations.

Animation of avatar construction. Animation showing the full 3D-avatar.

3MathWorks, Inc. 3 Apple Hill Drive Natick, MA 01760-2098. USA
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Appendix B

Implementation

All functions described in this appendix can be downloaded from http: //www.compsens.uni-
tuebingen.de/pub/omlor phd.html. Most of the functions discussed here have either
been directly implemented in MATLAB or in C/C++ using the MEX external inter-
face to MATLAB.
THIS MATERIAL IS PROVIDED AS IS, WITH ABSOLUTELY NO WAR-
RANTY EXPRESSED OR IMPLIED. ANY USE IS AT YOUR OWN
RISK.
c© Lars Omlor (March 2010)

ALS Anechoic demixing

Purpose
Alternating least squares like blind source separation method for the anechoic demix-
ing. Uses the following iteration:

Algorithm 10: ALS Anechoic demixing
for iter=1:maxiter do

αij , τij ← min
αij ,τij

‖xi(t)−
n∑
j=1

αij · sj(t− τij) i = 1, · · · ,m‖22

sj ← min
sj
‖xi(t)−

n∑
j=1

αij · sj(t− τij) i = 1, · · · ,m‖22

end

Usage

[S,A,Tau,Rec,p]=ALS_Anechoic_demixing(X,NumS,maxiter);

Examples

load(’test_data’,’Angle_trajectories’);
% smooth sinusoidal time-series data , part of real human motion data
[S,A,D,R,p]=ALS_Anechoic_demixing(Angle_trajectories,3,50);
plot(p,’r’,’LineWidth’,2);
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An Phase estimation

Purpose
Phase retrieval [133] given the power spectra |sj | , the anechoic mixtures xi:

xi(t) =
n∑
j=1

αij · sj(t− τij) i = 1, · · · ,m

and the mixing parameters αij , τij . If the mixing parameters are unknown iterate
with Time delay estimation (see step 2 in anechoic demixing).

Usage

[S]=An_Phase_estimation(X,Spectra,A,Tau,maxiter);

Win32 Mex file (MATLAB 7.5.0 (R2007b)) . Uses fftw 3.2 , thus needs libfftw3-3.dll

Examples

load(’Sounds’);
A=rand(2,2);Tau=10^4*rand(2,2); % random weight, delay matrices
Mix=Anechoic_mixing(Sounds,A,Tau); % creates anechoic mixture
Spectra=abs(fft(Sounds,[],2));
Est_sounds=An_Phase_estimation(Mix,Spectra,A,Tau,6);
subplot(1,2,1);plot(Sounds’);ylim([-1.5 1.5]);
subplot(1,2,2);plot(Est_sounds’);ylim([-1.5 1.5]);

Anechoic demixing

Purpose
Fourier based blind source separation algorithm [133, 134] for the anechoic demixing
problem:

xi(t) =
n∑
j=1

αij · sj(t− τij) i = 1, · · · ,m (B.1)





Lars Omlor

Uses the following algorithm:
Algorithm 11: Fourier based algorithm for anechoic demixing

Input: Observed data xi , i = 1, . . . ,m

Step 1: Solve the positive instantaneous demixing problem given by:

|F [xj ]|2(ω) =
n∑
j

|αij |2|F [sj ](ω)|2

using NMF.

Step 2:

for iter=1:maxiter do

αij , τij ← Time delay estimation(X,S);
sj ← An Phase estimation(X, |FS|, (αij)ij , (τij)ij ,maxiter);

end

Usage

[S,A,Tau,Rec,p]=Anechoic_demixing(X,NumS);
[S,A,Tau,Rec,p]=Anechoic_demixing(X,NumS,opts);

Options structure opts:
opts.step1.maxiter maximum number of iterations for the NMF in step 1

opts.A.method

see NMF.
opts.A.param
opts.B.method
opts.B.param

opts.step2.maxiter maximum number of iterations in the second step
opts.delayest.maxiter maximum number of iterations for Time delay estimation

opts.delayest.rec Tikhonov regularizer for Time delay estimation
opts.delayest.pos ’positive’ if αij ≥ 0

opts.phaseest.maxiter maximum number of iterations for An Phase estimation

Anechoic mixing

Purpose
Computes the anechoic mixture:

n∑
j=1

αij · sj(t− τij) i = 1, · · · ,m

For non-integer delays either linear interpolation or sinc-interpolation (fourier shift
theorem) is used.
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Usage

[Rec]=Anechoic_mixing(S,A,Tau); %linear interpolation
[Rec]=Anechoic_mixing(S,A,Tau,’fourier’); % sinc interpolation

Win32 Mex file
(
MATLAB 7.5.0 (R2007b)

)
.

Examples See anechoic demixing or An Phase estimation.

ANMF

Purpose
Anechoic/shifted non-negative matrix factorization [134]:

|xi|(t) =
n∑
j=1

|αij | · |sj |(t− τij) i = 1, · · · ,m

Uses a hybrid method , with multiplicative updates for the sources sj and positively
constraint least squares updates for the delays τij and weights αij ≥ 0.

Algorithm 12: Hybrid method for ANMF [134]
Input: Observed positive data 0 ≤ xi , i = 1, . . . ,m
for iter=1:maxiter do

αij , τij ← Time delay estimation(X,S, [], [], [], [],′ positive′);

Update sj according to the update rule belonging to the chosen cost function.
end

Usage

[S,A,D,p]=ANMF(X,NumS,maxiter,method);
[S,A,D,p]=ANMF(X,NumS,maxiter,method,param); % if method =’alpha’,’beta’

Options for method:
’lsq’ Euclidian cost function [107]
’kl’ Kullback Leibler divergence [107]

’lnmf local NMF [109]
’alpha’ Amari α-divergence , param = α [47]
’beta’ Itakura-Saito (IS) and β-divergence , param = β [138]

Decorr filter

Purpose
Wiener decorrelation filter ν of the form:

ν =

∑
j |Fsj |2∑

j |Fsj |2 + 2
∑

i 6=j |FsiFsj |2

Usage

NU = Decorr_filter(S);
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Examples

load(Sounds);

% cross-correlation between the sounds

plot(abs(ifft(fft(Sounds(1,:)/norm(Sounds(1,:))).*conj(fft(Sounds(2,:)/norm(Sounds(2,:)))))));

hold;

NU = Decorr_filter(Sounds);

FSounds = ifft(fft(NU([1 1],:),[],2).*fft(Sounds,[],2),[],2);

plot(abs(ifft(fft(FSounds(1,:)/norm(FSounds(1,:))).*conj(fft(FSounds(2,:)/norm(FSounds(2,:)))))),’r’);

hold;

Circular shift

Purpose Circular shifts the values in a vector.
For non-integer shifts either linear interpolation or the fourier-shift theorem is used:

s(t− τ) = F−1
(
Fs(ω)e−2πiτω

)
Usage

[v]=circular_shift(v,shift);

[v]=circular_shift(v,shift,’fourier’);

Examples

a=rand(100,1);

b=circular_shift(a,50.33,’fourier’);

c=circular_shift(a,50.33);

clf;hold;plot(b,’LineWidth’,2);plot(c,’r’,’LineWidth’,2)

a=zeros(100,1);a(1:50)=1;

b=circular_shift(a,0.33,’fourier’);

c=circular_shift(a,0.33);

clf;hold;plot(b,’LineWidth’,2);plot(c,’r’,’LineWidth’,2)

CNMF

Purpose
Convolutive non-negative matrix factorization [134]:

yi =

n∑
j=1

νij ∗ φj with yi, νij , φj ≥ 0 ∀ i, j

Uses multiplicative updates for the sources sj and the filters αij . For the example of the euclidian cost
function this takes the form of:

Algorithm 13: Convolutive NMF [134]
Input: Observed positive data 0 ≤ xi , i = 1, . . . ,m
for iter=1:maxiter do

νij ← νij

(
F−1 ((Fφj)∗ ·Fyi)

)
(F−1 (

∑
k(Fφj)∗ ·Fνik ·Fφk))

∀i, j

φj ← φj
F−1(

∑
k(Fνkj)∗ ·Fyk)

F−1
(∑

p,l(Fνpj)∗ ·Fνpl ·Fφl
) ∀j

end

Usage

[A,B]=CNMF(X,NumS);

[A,B]=CNMF(X,NumS,opts);

Please see NMF for the description of opts.
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Examples None yet.

NMF

Purpose
Non-negative matrix factorization:

min
A,B

E(X,AB)

such that aij ≥ 0 , bjk ≥ 0 ∀i, j, k

Uses multiplicative updates for the sources bjk and the weights aij . Note that different update rules
for A and B are allowed.

Usage

[A,B]=NMF(X,NumS);

[A,B]=NMF(X,NumS,maxiter,opts);

Options structure opts:
opts.A.method

’lsq’ A← A XBT

ABBT
[107]

’kl’ A← A
( X
AB )BT

1BT
[107]

’alpha’ A← A

(
( X
AB )αBT

1BT

) 1
α

[47]

’beta’ A← A

(
(AB)β−2X

)
BT(

(AB)β−1
)
BT

[138]

opts.A.param α if α-divergence or β if β-divergence

opts.B.method

’lsq’ B ← B ATX
ATAB

[107]

’kl’ B ← B
AT ( X

AB )
AT 1

[107]

’lnmf’ B ←
√
BAT

(
X
AB

)
[109]

’decorr’ [42]

’alpha’ B ← B

(
AT

( X
AB )α

AT 1

) 1
α

[47]

’beta’ B ← B
AT
(
(AB)β−2X

)
AT
(
(AB)β−1

) [138]

opts.B.param α if α-divergence or β if β-divergence

Examples See step 1 of anechoic demixing.

Time delay estimation

Purpose
Time delay estimation (TDE) [134,166] method for the multipath model (anechoic mixture):

xi(t) =

n∑
j=1

αij · sj(t− τij) i = 1, · · · ,m

Both cases of identical signals sj = s0 ∀j and distinct signals si 6= sj are supported. Iterative solver
based on the generalized cross-correlation method [102].

Usage

[A,Tau,Rec]=Time_delay_estimation(X,S);

[A,Tau,Rec]=Time_delay_estimation(X,S,rand(size(X,1),size(S,1)),zeros(size(X,1),size(S,1)));

[A,Tau,Rec]=Time_delay_estimation(X,S,rand(size(X,1),size(S,1)),zeros(size(X,1),size(S,1)),opts);

Options structure opts:
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opts.maxiter maximum number of updates for αij , τij .
opts.a rec Tikhonov regularizer for the estimation of αij . Only needed if n ≤ #t.

opts.method interpolation method for fractional delays.
’linear’ linear interpolation
’fourier’ sinc interpolation

opts.prewhiten pre-whitening using Decorr filter
opts.pos

’on’ constraints the weights αij ≥ 0.
opts.prefilt

’on’ uses the current error as noise model to Wiener-prefilter the cross-correlation

opts.GCC
generalized cross correlation [102]
τij = argmax

∫∞
−∞Gx1x2(ω)ψ(ω)e2πiωτdω

’CC’ ψ(ω) ≡ 1
’PHAT’ ψ(ω) = 1

|Gx1x2 |(ω)

’ROTH’ ψ(ω) = 1
Gx1x1 (ω)

’SCOT’ ψ(ω) = 1√
Gx1x1 (ω)Gx2x2 (ω)

Eckhart & ML These processors are not supported in the current version.

Win32 Mex file
(
MATLAB 7.5.0 (R2007b)

)
. Uses fftw 3.2 , thus needs libfftw3-3.dll

Examples

Regular use

S=[sin(0:0.1:2*pi);sin(2*(0:0.1:2*pi))+0.3*sin(0:0.1:2*pi);sin(3*(0:0.1:2*pi))];
Mix=Anechoic_mixing(S,randn(3,3),63*rand(3,3)); % creates anechoic mixture
[W,D,Rec]=Time_delay_estimation(Mix,S);1-norm(Mix-Rec’,’fro’)/norm(Mix,’fro’)
clf;plot(Rec);hold;plot(Mix’)

Mixtures (black lines)
Reconstruction with 
estimated weights/delays (color)
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