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Abstract

A matching in a graph G is a set of pairwise disjoint edges of G. The matching number
of G is defined as the maximum cardinality of a matching in G. In this thesis I will
present several results for subgraph-restricted versions of the matching number. For a
matching M in a graph G, let G(M) be the subgraph induced by the set of vertices
that are incident with an edge in M . The matching M is uniquely restricted, acyclic, or
induced if M is the unique perfect matching of G(M), if G(M) is acyclic, or if G(M)
is 1-regular, respectively. I provide hardness results, tractable cases, characterizations,
bounds, and approximation algorithms for the above restricted matching numbers.
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1 Introduction

1.1 Overview
The theory of matchings dates back to 1891 when Petersen [78] showed that any cu-
bic bridgeless graph contains a perfect matching. Anticipating the concept of duality,
Kőnig [59] proved in 1931 that the matching number equals the vertex cover number in
bipartite graphs. Results established in the language of matchings like Kőnig’s theorem,
Edmond’s celebrated polynomial time algorithm for finding a maximum matching [26],
Gallai-Edmond’s structure theorem (see e.g. [67]), or Edmond’s characterization of the
convex hull of the incidence vectors of all matchings in a graph as a set of linear inequal-
ities [25], were not only successfully used in graph theory, but also provided a fertile
ground for new research directions in discrete mathematics.

In addition to the theoretically fruitful character of matchings, they also have in-
teresting practical applications, such as the assignment of new physicians to hospitals
[82], students to high-schools, or clients to server clusters [70]. In such applications, a
variation of the Gale-Shapley algorithm [39] is often used. Further applications include
scheduling [79] or wireless communication [5].
In this thesis we will study restricted versions of the matching number. Recall that a

matching in a graph is a set of pairwise disjoint edges. For a graph G and a matching
M in G, let G(M) be the subgraph induced by the set of vertices that are incident with
an edge in M . About 40 years ago, Stockmeyer and Vazirani [84] were among the first
to consider

• induced matchings,

where a matching M in a graph G is induced if no two of its edges are joined by an
edge, that is, G(M) is 1-regular. Thanks to Edmond’s algorithm [26], we know that
the matching number is tractable. Unlike the ordinary matching number, Stockmeyer
and Vazirani showed that determining the induced matching number is NP-hard. Fur-
ther hardness results were established since then [13, 21, 57, 68, 75], and also tractable
cases have been found [9, 10, 13–15, 19, 43, 56, 57, 60, 68, 69, 73, 86, 87]. Moreover, strong
approximation hardness results are known [17,18,21,24,75,87].

In 2001, Golumbic, Hirst, and Lewenstein [42] proposed the study of

• uniquely restricted matchings,

where a matching M in a graph G is uniquely restricted if no other matching in G
covers the same set of vertices, i.e. M is the unique perfect matching of G(M). Not
surprisingly, they showed the hardness of determining the uniquely restricted matching
number. In the same paper, they also showed that one can decide in time O(|M |m)
whether a given matching M in a graph G with m edges is uniquely restricted.

1



1 Introduction

Furthermore, they made the following important observation, which we will use fre-
quently in this thesis. For a matchingM in a graph G, anM -alternating cycle is a cycle
in which every second edge belongs to M .

Observation 1.1. A matching M in a graph G is uniquely restricted if and only if
there is no M -alternating cycle in G.

Building upon Observation 1.1 and the ideas behind Edmond’s algorithm for deter-
mining the matching number [26], Gabow et al. [38] showed that one can decide in
linear time whether a given matching is uniquely restricted.
In comparison to induced matchings, not as much is known about uniquely restricted

matchings. Nonetheless, some tractable [12,28,42] and hard cases [42] have been found.
Moreover, Mishra [71] provided approximation hardness results, and a 2-factor ap-
proximation algorithm for cubic bipartite graphs, which was later improved by Baste,
Rautenbach, and Sau [4] to a ratio of 1.8.
A few years later, Goddard, Hedetniemi, Hedetniemi, and Laskar [41] initiated the

study of so-called subgraph-restricted matchings. In particular, they suggested to study

• acyclic matchings,

where a matching M in a graph G is acyclic if G(M) is acyclic, that is, G(M) does not
contain a cycle. In the same paper [41], they showed the hardness of determining the
acyclic matching number. In contrast to induced and uniquely restricted matchings, not
much more than a few tractable and hard cases [3,76] are known for acyclic matchings.
The study of matchings is closely related to edge-colorings. The chromatic index

χ′(G) is the minimum number of matchings into which the edge set of a graph G can
be partitioned. In 1964, Vizing [85] showed that the chromatic index of a graph G is
either its maximum degree ∆ or just one more.
Similarly, for every restricted type of matching, there is a corresponding edge-coloring

notion: The strong chromatic index χ′s(G) is the minimum number of induced matchings
into which the edge set of G can be partitioned; the uniquely restricted chromatic index
χ′ur(G) as well as the acyclic chromatic index χ′ac(G) are defined similarly. For a graph
G of maximum degree at most ∆, Baste and Rautenbach [3] established the upper bound

χ′ac(G) ≤ ∆2, (1.1)

which is tight if and only if every component of G is isomorphic to a K∆,∆. Unlike
for the other chromatic indices, no tight upper bound on the strong chromatic index is
known. Erdős and Nešetřil [27] conjectured the following.

Conjecture 1.2. If G is a graph of maximum degree at most ∆, then

χ′s(G) ≤


5
4∆2 , if ∆ is even,

5
4∆2 − ∆

2 + 1
4 , if ∆ is odd

If Conjecture 1.2 is true, then it would be tight for the graph that arises from a C5 by
replacing its vertices with independent sets of sizes

⌊
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1.2 Characterizations, hardness results, and tractable cases

this cyclic order. While this conjecture is widely open, Molloy and Reed [72] proved that
χ′s(G) ≤ 1.998∆2 for sufficiently large maximum degree ∆, which was later improved
in [8, 11]. Furthermore, the conjecture has been established for special cases such as
subcubic graphs [1, 50].
In the following sections, we shall motivate and state the results obtained in this

thesis. Except for the introduction, each chapter of this thesis corresponds to one or
two manuscripts I (co-)authored.

1.2 Characterizations, hardness results, and tractable cases
For a graph G, let ν(G), νur(G), νac(G), and νs(G) be the maximum cardinality of a
matching, a uniquely restricted matching, an acyclic matching, and an induced matching
in G, respectively. By Observation 1.1, we obtain that

ν(G) ≥ νur(G) ≥ νac(G) ≥ νs(G). (1.2)

In order to understand how the considered restricted types of matchings relate to each
other, it seems to be interesting to characterize the graphs achieving equality in one or
more of the inequalities of (1.2). The graphs G with

• ν(G) = νs(G) [16, 23,53,57], and

• ν(G) = νur(G) [61, 62,64,77]

can both be recognized efficiently. Unfortunately, we will establish the hardness of the
remaining decision problems in the next chapter, even for quite restricted instances.
On the positive side, we will see in the third chapter that subcubic graphs G with
νur(G) = νs(G) can be recognized efficiently.
The closely related problem of characterizing the graphs with only uniquely restricted

maximum matchings was also studied quite extensively in the literature [61–64, 77]. In
the fourth chapter, we give very short characterizations for the graphs with only acyclic
maximum matchings or with only induced maximum matchings, respectively. In the
same chapter, we consider a few further tractable cases for the acyclic matching number;
namely, we prove that the acyclic matching number is tractable for P5-free graphs and
2P3-free graphs.

1.3 Lower bounds
We can also relate the restricted matching numbers in the reverse direction as follows.

Observation 1.3. If G is a graph of maximum degree at most ∆, then

(i) νac(G) ≥ ν(G)/∆,

(ii) νs(G) ≥ ν(G)/(2∆− 1), and

(iii) νs(G) ≥ νac(G)/2.

3



1 Introduction

Proof. Let M be a maximum matching in G. We show that M can be partitioned into
at most ∆ acyclic matchings, which clearly implies (i). Let M0 ∪M1 ∪ . . . ∪M∆ be a
partition of M for which |M0| is as small as possible, and Mi is acyclic for every i in
[∆]. It suffices to show that M0 is empty. Suppose, for a contradiction, that uv ∈ M0.
Since Mi ∪ {uv} is not acyclic for every i in [∆], there are at least two edges between
{u, v} and the vertices covered by Mi. This implies that dG(u) +dG(v) ≥ 2∆ + 2, which
is a contradiction. The second inequality follows analogously.
For the proof of (iii), let M be a maximum acyclic matching in G. The graph that

arises from G(M) by contracting every edge that belongs to M is bipartite, and each
partition class corresponds to an induced matching in G.

While the first and the third bound are tight, the second bound is not tight. We
conjecture that the following bound is true.

Conjecture 1.4. If G is a graph of maximum degree at most ∆, then

νs(G) ≥ 4ν(G)
5∆−∆ mod 4 .

Similarly as in Conjecture 1.2, this bound would be optimal for the blown-up C5.
This graph has either a perfect matching or an almost perfect matching, which explains
the specific error term in Conjecture 1.4. In the last chapter, we will prove that

νs(G) ≥ ν(G)
2(1− ε)∆ + 1

for a graph G of maximum degree at most ∆ ≥ 3, where ε ≈ 0.02005.

In the chapters 5 to 8 of this thesis we establish a few lower bounds on the acyclic
and the uniquely restricted matching number in terms of order, size, and degree, and
we discuss improvements in graphs without short cycles. Such bounds are a common
task for various graph invariants; in particular, such bounds have been established
for the matching number [6, 20, 45, 46, 48, 49, 74], and the induced matching number
[44,47,51,52,54,55]. It is easy to see that

νs(G) ≥ m(G)
χ′s(G) ,

which, by Conjecture 1.2, would imply that νs(G) ≥ m(G)/1.25∆2. Establishing lower
bounds for the induced matching number was mostly motivated by the attempt to prove
this immediate corollary of Conjecture 1.2. For general maximum degree, the currently
best known lower bound on the induced matching number is m(G)/(1.5∆2− 0.5∆) due
to Gotthilf and Lewenstein [44].

As above, the inequalities (1.2) and (1.1) imply that

νur(G) ≥ νac(G) ≥ m(G)
χ′ac(G) ≥

m(G)
∆2 , (1.3)

4



1.4 Upper bounds and approximation algorithms

which, as above, is tight if and only if every component of G is isomorphic to K∆,∆.
For subcubic graphs, this simplifies to νac(G) ≥ m(G)/9. This latter bound also follows
from a lower bound [54] on the induced matching number, which is at most the acyclic
matching number. In the fifth chapter, we will improve this bound to νac(G) ≥ m(G)/6
for every connected subcubic graph except for two graphs of order 5 and 6.
In chapters 6, 7, and 8 we discuss a few lower bounds on the uniquely restricted

matching number. As an improvement of inequality (1.3), we prove in the sixth chapter
that if G is a graph without isolated vertices and maximum degree at most ∆, then

νur(G) ≥ n(G)
∆ − m(G)

∆2 ,

and we characterize the extremal graphs. For subcubic connected graphs G, we improve
this to

νur(G) ≥ n(G)− 1
2 − m(G)

6 .

As we shall see later on, this bound is tight for infinitely many subcubic connected
graphs. As the final result in this chapter, we prove that

νur(G) ≥ n(G)− 1
∆ (1.4)

for every connected graph G of maximum degree at most ∆ ≥ 4 and girth at least 5.
The paper [37] accompanying the sixth chapter laid the foundation for the subsequent
two chapters. In the seventh chapter, we prove a further lower bound on the uniquely
restricted matching number for subcubic graphs in terms of the size and the number of
bridges of the graph.
The remainder of the seventh chapter and the entire eighth chapter are devoted to

the task of proving that (1.4) essentially applies to subcubic graphs. In the seventh
chapter we present a short proof, which proves that (1.4) holds for subcubic graphs of
girth at least 7. In the eighth chapter, we show that (1.4) holds for subcubic graphs of
girth least 5 except for two cubic graphs of order 14 and 20. Although the above result
is weaker than this result, its proof is rather short and illustrates which obstacles we
have to overcome to prove the main result.

1.4 Upper bounds and approximation algorithms
Next, we briefly discuss upper bounds on the restricted matching numbers.

Observation 1.5. If G is a ∆-regular graph, then

(i) νs(G) ≤ m(G)/(2∆− 1) [87], and

(ii) νac(G) ≤ (m(G)− 1)/(2∆− 2) provided that ∆ ≥ 2.

Proof of part (ii). Let M be a maximum acyclic matching in G. Since G is ∆-regular
and G(M) contains at most 2|M |−1 many edges, it follows that m(G) ≥ (2∆−1)|M |−
(|M | − 1) = (2∆− 2)νac(G) + 1, which completes the proof.

5



1 Introduction

v1 v2 v3 v4

u1 u2

Figure 1.1: Tight examples for Observation 1.5

Zito [87] observed that the upper bound on the induced matching number is tight
if ∆ ≥ 3 is odd. We give here a simple construction showing that this bound is tight
for any ∆. If ∆ = 1, then (i) is tight for the graph K2. Hence, we may assume that
∆ ≥ 2. Let G be the graph that arises from the disjoint union of two K∆,∆−1 by adding
a matching between the mirrored vertices of the K∆,∆−1’s of degree ∆− 1, see the left
of Figure 1.1 for an illustration for ∆ = 4. Clearly,

νs(G) ≥ ∆ = ∆(2∆− 1)
2∆− 1 = 2∆(∆− 1) + ∆

2∆− 1 = m(G)
2∆− 1 .

Next, we show the tightness of Observation 1.5 (ii) if ∆ ≥ 3 is odd. Let G be the graph
that arises from a path P : v1 . . . v∆+1, and an independent set u1, . . . , u∆−1 of size
∆ − 1 by adding the edges uiv1, . . . , uivi, uivi+2, . . . , uiv∆+1 for every i in [∆ − 1], see
the right of Figure 1.1 for an illustration of ∆ = 3. Since P contains a perfect matching,
we obtain that

νac(G) ≥ ∆ + 1
2 = (∆ + 1)(∆− 1)

2∆− 2 = m(G)− 1
2∆− 2 .

Later on, we will see that the proofs of the lower bounds established in this thesis
yield polynomial time algorithms computing such restricted matchings of the guaranteed
size. Combined with Observation 1.5 these algorithms yield efficient approximation
algorithms. For example, there is an efficient approximation algorithm with asymptotic
performance ratio of 1.5 for the acyclic matching number in cubic graphs.

We now turn our attention to approximation algorithms for the induced matching
number. Improving upon the APX-hardness [21] of determining the induced matching
number in bipartite graphs of bounded degree, Chalermsook et al. [18] proved that for
every ε > 0 and every ∆ ≥ c, where c is some constant that depends on ε, there is no
approximation algorithm with approximation factor ∆1−ε for determining the induced
matching number in bipartite graphs of maximum degree at most ∆ unless NP = ZPP.1
Several efficient approximation algorithms have been proposed for ∆-regular graphs.

Duckworth, Manlove, and Zito [24, 87] showed that a simple greedy strategy has ap-
proximation ratio ∆−O(1). Combining the greedy strategy with local search, Gotthilf
and Lewenstein [44] improved this to 0.75∆ + 0.15. For ∆-regular {C3, C5}-free graphs,
Rautenbach [81] showed that the algorithm from [44] has approximation ratio 0.7083̄∆+
0.425. Finally, for cubic graphs, Joos, Rautenbach, and Sasse [54] described an efficient
algorithm with approximation ratio 1.8.

1ZPP = RP ∩ co-RP.

6



1.5 Basic notations

Again, these approximation algorithms combine an algorithm that computes an in-
duced matching of some size in polynomial time with Observation 1.5 (i) to obtain the
desired approximation guarantee.
However, this idea fails for not necessarily regular graphs of maximum degree ∆. Only

very recently, Lin, Mestre, and Vasiliev [65] improved the straightforward approximation
ratio of 2(∆ − 1) of the greedy algorithm [87] applied to a graph of maximum degree
∆ to the ratio ∆. As the main result in the last chapter we provide an approximation
algorithm with an improved approximation ratio of (1−ε)∆+0.5 for graphs of maximum
degree ∆ with ε ≈ 0.02005.

1.5 Basic notations
Throughout the thesis we assume some familiarity with the basic concepts and notations
of graph theory (see e.g. [22]), complexity theory (see e.g. [40]), and combinatorial
optimization (see e.g. [58]). In this section we recall some basic notations that we will
use frequently in the thesis. Our graphs will always be finite, simple, and undirected.
For a graph G, let n(G) and m(G) be the order and the size of G. For a vertex u of
G, the neighborhood NG(u) of u is the set of vertices of G that are adjacent with u.
The degree of u is dG(u) = |NG(u)|. The maximum and the minimum degree of G are
defined as ∆(G) = maxu∈V (G) dG(v) and δ(G) = minu∈V (G) dG(v), respectively. The
closed neighborhood NG[u] of u is defined as NG(u)∪{u}. For a set of vertices X of G,
the neighborhood of X is

NG(X) =
( ⋃
u∈X

NG(u)
)
\X,

and the closed neighborhood of X is NG[X] = NG(X) ∪X. For a set of vertices X of
G, let G[X] be the subgraph of G induced by X. For two disjoint sets of vertices X and
Y of G, let

EG(X,Y ) = {uv ∈ E(G) : u ∈ X and v ∈ Y },

and let EG(X) = EG(X,V (G) \X). For their sizes, we shall use the terms mG(X,Y )
and mG(X), respectively. For a set of edges F of G, let V (F ) be the set of vertices
that are incident with an edge in F . If M is a matching in G, then let G(M) be the
subgraph induced by V (M), i.e. G(M) = G[V (M)]. Furthermore, for a positive integer
k, let [k] = {1, . . . , k}.

7





2 Hardness of Deciding the Equality of Restricted
Matching Numbers

This chapter is based on the paper1 [30] by the author of this thesis and the preprint
[33] by Dieter Rautenbach and the author of this thesis.

2.1 Introduction
In this chapter, we will establish hardness results for recognizing the extremal graphs
that appear in the inequality chain (1.2). Let us proceed to the main results of this
chapter.

Theorem 2.1 ([33]). For a given bipartite graph G of maximum degree 4, partite sets
A and B with |A| ≤ |B|, and matching number |A|, it is NP-complete to decide whether
ν(G) = νac(G).

Corollary 2.2 ([33]). Deciding whether a given graph G as in Theorem 2.1 satisfies
νur(G) = νac(G) is NP-hard.

Theorem 2.3 ([30]). Deciding whether a given graph G of maximum degree 4 satisfies
νac(G) = νs(G) is NP-hard.

Theorem 2.4 ([30]). Deciding whether a given bipartite graph G satisfies νur(G) =
νs(G) is NP-hard.

Note that it is not obvious whether the latter three decision problems belong to NP.
The proofs and discussions are postponed to the following sections.

2.2 Hardness of deciding ν(G) = νac(G) or νur(G) = νac(G)
We proceed to the proof of Theorem 2.1. The proof relies on a restricted version of
Satisfiability. It is known (cf. [40]) that Satisfiability remains NP-complete when
restricted to instances where every clause contains at most three literals, and for every
variable x, at most three clauses contain the variable x or its negation x̄. Note that
variables that appear only positively or only negatively can be eliminated, that clauses
of size one allow to eliminate a variable, and that clauses containing a variable and
its negation can be removed. Therefore, Satisfiability remains NP-complete when
restricted to instances where every clause contains two or three literals, and, for every

1 M. Fürst, On the hardness of deciding the equality of the induced and the uniquely restricted match-
ing number, Information Processing Letters (2019), doi.org/10.1016/j.ipl.2019.03.011. Reused with
permission by Elsevier.
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2 Hardness of Deciding the Equality of Restricted Matching Numbers

y(i, 8)

z(i, 8)

y(i, 2) y(i, 6) y(i, 4)

z(i, 2) z(i, 6) z(i, 4)

f(i, 1) t(i, 1) f(i, 2) t(i, 2) f(i, 3) t(i, 3) f(i, 4) t(i, 4)

y(i, 1) y(i, 5) y(i, 3)

z(i, 1)

z(i, 5)

z(i, 3)

u(i, 1) u(i, 2) u(i, 3) u(i, 4)

w(i, 1)
y(i, 7)

w(i, 2)

x(i, 1)
z(i, 7)

x(i, 2)

Figure 2.1: The gadget Gi corresponding to the boolean variable xi.

variable x, at most two clauses contain the variable x, at most two clauses contain its
negation x̄, and no clause contains both x and x̄.
Let Γ be such an instance of Satisfiability consisting of the clauses c1, . . . , cm over

the boolean variables x1, . . . , xn. We construct a graph G as in the statement of the
theorem such that the order of G is polynomially bounded in terms of n and m, and Γ
is satisfiable if and only if νac(G) = ν(G).

Starting with G being the empty graph,

• for every i in [n], we add to G a subgraph Gi as shown in Figure 2.1, and

• for every r in [m], and every literal ` in the clause cr, we add to G a complete
subgraph with the two vertices `(r, 1) and `(r, 2).

Note that the clause cr of the form xi ∨ x̄j leads to a subgraph with four vertices
xi(r, 1), xi(r, 2), x̄j(r, 1), and x̄j(r, 2), and two edges xi(r, 1)xi(r, 2) and x̄j(r, 1)x̄j(r, 2).
Similarly, a clause containing three literals leads to a subgraph with six vertices and
three edges. Therefore, the graph constructed so far has order at most 32n+ 6m.

In order to complete the construction of G, for every i in [n], we add to G some
further edges between the subgraph Gi and the subgraphs corresponding to the clauses
containing xi or x̄i. Therefore, let i ∈ [n]. Let cr and cs be the clauses that contain
xi, where r ≤ s, that is, if xi is contained in just one clause, then let r = s. First,
suppose that cr contains only two literals xi and `. Let j ∈ [n] \ {i} be such that ` is in
{xj , x̄j}. If i < j, then add to G the two edges xi(r, 1)f(i, 1) and `(r, 1)f(i, 2), and, if

10



2.2 Hardness of deciding ν(G) = νac(G) or νur(G) = νac(G)

i > j, then add to G the two edges xi(r, 1)f(i, 2) and `(r, 1)f(i, 1). Next, suppose that
cr contains three literals xi, `, and `′. Let j, k ∈ [n] \ {i} be such that ` is in {xj , x̄j}
and `′ is in {xk, x̄k}, where we may assume that j < k. In this case, add to G the two
edges `(r, 1)f(i, 1) and `′(r, 1)f(i, 2). If r < s, that is, xi is contained in two different
clauses, then proceed similarly for the clause cs using the vertices f(i, 3) and f(i, 4)
instead of the vertices f(i, 1) and f(i, 2). Furthermore, proceed similarly for the one or
two clauses that contain x̄i using the vertices t(i, 1), t(i, 2), t(i, 3), and t(i, 4) instead of
the vertices f(i, 1), f(i, 2), f(i, 3), and f(i, 4). This completes the construction of G,
and we continue with a series of lemmas.
The next lemma establishes some structural properties of G.

Lemma 2.5 ([33]). G is bipartite, has maximum degree 4, partite sets A and B with
|A| ≤ |B|, and matching number |A|.

Proof. It follows immediately from the construction that G has maximum degree of 4.
For the two sets

A =
⋃
i∈[n]

(
{u(i, j) : j ∈ [4]} ∪ {x(i, j) : j ∈ [2]} ∪ {y(i, j) : j ∈ [8]}

)
∪
⋃
j∈[m]

⋃
` is a literal in cj

`(j, 1)

and B = V (G) \ A, it is easy to verify that G is bipartite with partite sets A and B.
The matching M that contains all edges incident with endvertices as well as, for every
i in [n], the four edges u(i, j)t(i, j) with j ∈ [4], satisfies A ⊆ V (M), which completes
the proof of the lemma.

The next lemma restricts the structure of maximum matchings in G that are acyclic.

Lemma 2.6 ([33]). Every maximum matching M in G that is acyclic contains all
edges incident with endvertices, and, for every i in [n], the set V (M) ∩ V (Gi) is either
V (Gi) \ {t(i, j) : j ∈ [4]} or V (Gi) \ {f(i, j) : j ∈ [4]}.

Proof. By Lemma 2.5, we have A ⊆ V (M). Let i be in [n]. Since x(i, j) ∈ A for j ∈ [2],
the matching M contains the two edges incident with the endvertices x(i, 1) and x(i, 2).
If u(i, 1)t(i, 1), u(i, 2)f(i, 2) ∈M , then G(M) contains the cycle

u(i, 1)t(i, 1)y(i, 1)f(i, 2)u(i, 2)w(i, 1)u(i, 1),

which is a contradiction. Hence, by symmetry, the matching M contains

• either u(i, j)t(i, j) ∈M for j ∈ [2] or u(i, j)f(i, j) ∈M for j ∈ [2], and

• either u(i, j)t(i, j) ∈M for j ∈ [4] \ [2] or u(i, j)f(i, j) ∈M for j ∈ [4] \ [2].

If u(i, j)t(i, j) ∈M for j ∈ [2] and u(i, j)f(i, j) ∈M for j ∈ [4]\ [2], then G(M) contains
the cycle

u(i, 2)t(i, 2)y(i, 5)f(i, 3)u(i, 3)w(i, 2)u(i, 4)f(i, 4)y(i, 7)t(i, 1)u(i, 1)w(i, 1)u(i, 2),

11



2 Hardness of Deciding the Equality of Restricted Matching Numbers

which is a contradiction. Hence, by symmetry, either u(i, j)t(i, j) ∈ M for j ∈ [4] or
u(i, j)f(i, j) ∈M for j ∈ [4].
If f(i, 1) ∈ V (M) and u(i, j)t(i, j) ∈M for j ∈ [4], then G(M) contains the cycle

f(i, 1)y(i, 2)t(i, 2)u(i, 2)w(i, 1)u(i, 1)f(i, 1),

which is a contradiction. By symmetry, we obtain that y(i, j)z(i, j) ∈ M for j ∈
[8], which implies that the set V (M) ∩ V (Gi) is either V (Gi) \ {t(i, j) : j ∈ [4]} or
V (Gi) \ {f(i, j) : j ∈ [4]}. This implies that `(j, 1)`(j, 2) ∈ M for every j ∈ [m] and
every literal ` in the clause cj , which completes the proof of the lemma.

By construction, for every i in [n], the only vertices within V (Gi) that can have neighbors
outside of V (Gi) are the eight vertices t(i, j) and f(i, j) for j ∈ [4]. If M is a maximum
matching in G that is acyclic, then G[V (M) ∩ V (Gi)] is a forest. Furthermore, if
V (M) ∩ V (Gi) = V (Gi) \ {t(i, j) : j ∈ [4]}, then the vertices f(i, 1) and f(i, 2) lie in
one component of G[V (M) ∩ V (Gi)], and the vertices f(i, 3) and f(i, 4) lie in another
component of G[V (M) ∩ V (Gi)], and, if V (M) ∩ V (Gi) = V (Gi) \ {f(i, j) : j ∈ [4]},
then the vertices t(i, 1) and t(i, 2) lie in one component of G[V (M) ∩ V (Gi)], and the
vertices t(i, 3) and t(i, 4) lie in another component of G[V (M) ∩ V (Gi)].
The following lemma clearly implies Theorem 2.1.

Lemma 2.7 ([33]). ν(G) = νac(G) if and only if Γ is satisfiable.

Proof. First, suppose that ν(G) = νac(G). Let M be a maximum matching in G that is
acyclic. For every i in [n], set the variable xi to true if and only if t(i, 1) ∈ V (M). Now,
let r be in [m]. First, suppose that cr contains two literals ` ∈ {xi, x̄i} and `′ ∈ {xj , x̄j}
for some i and j in [n]. If both literals in cr are not true, then G(M) contains a
path between `(r, 1) and `′(r, 1) through Gi and also through Gj , which contradicts the
assumption that M is acyclic. Next, suppose that cr contains three literals ` ∈ {xi, x̄i},
`′ ∈ {xj , x̄j}, and `′′ ∈ {xk, x̄k} for some i, j, and k in [n]. If all three literals in cr are
not true, then G(M) contains a path between `(r, 1) and `′(r, 1) through Gk, a path
between `′(r, 1) and `′′(r, 1) through Gi, and a path between `(r, 1) and `′′(r, 1) through
Gj , which contradicts the assumption that M is acyclic. Hence, the considered truth
assignment satisfies every clause of Γ.
Next, suppose that Γ is satisfiable, and consider a satisfying truth assignment. Let

M be the maximum matching in G that contains all edges incident with endvertices,
and satisfies V (M)∩V (Gi) = V (Gi)\{f(i, j) : j ∈ [4]} if and only if xi is true for every
i in [n]. The existence of such a matching follows easily from the construction. Note
that, if xi is not true, then V (M) ∩ V (Gi) = V (Gi) \ {t(i, j) : j ∈ [4]}.

Suppose for a contradiction, that G(M) contains a cycle C. It is easy to see that C
contains a vertex `(r, 1) for some r in [m] and some literal ` in the clause cr. If the
clause cr contains only one further literal `′, and i and j in [n] are such that ` ∈ {xi, x̄i}
and `′ ∈ {xj , x̄j}, then the two neighbors of `(r, 1) in Gi and Gj are both in V (M).
By the construction of G and the definition of M , this implies that both literals ` and
`′ are not true, which is a contradiction. Hence, we may assume that the clause cr
contains two further literals `′ and `′′. Let i, j, and k in [n] be such that ` ∈ {xi, x̄i},
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2.3 Hardness of deciding νac(G) = νs(G)

u1 ui un

v1 vj vk vl vm

fi ti

w1 w2 w3

Figure 2.2: The construction for the proof of Theorem 2.3.

`′ ∈ {xj , x̄j}, and `′′ ∈ {xk, x̄k}. Since `(r, 1) lies on C, the two neighbors of `(r, 1) in
Gj and Gk are both in V (M). In view of the intersection of V (M) with V (Gj) and
V (Gk), it follows easily that C contains the vertices `′(r, 1) and `′′(r, 1). This implies
that the two neighbors of `′(r, 1) in Gi and Gk are both in V (M), and that also the
two neighbors of `′′(r, 1) in Gi and Gj are both in V (M). By the definition of M , this
implies that all three literals `, `′, and `′′ are not true, which is a contradiction, and
completes the proof of the lemma.

Subdividing each non-pendant edge that is incident with a pendant edge in the graph
G constructed within the proof of Theorem 2.1 an even number of times, and attaching
endvertices to the vertices created by these subdivisions easily implies that the conclu-
sion of Theorem 2.1 still holds when we additionally require a large girth. Furthermore,
since ν(G) = νur(G) for the graph G constructed within the proof of Theorem 2.1, the
proof of this result also implies Corollary 2.2.

2.3 Hardness of deciding νac(G) = νs(G)
We proceed to the proof of Theorem 2.3. Similarly as in the proof of Theorem 2.1, we
prove the statement by a reduction from Satisfiability that remains NP-complete (cf.
[40]) for instances where every clause contains two or three literals, every positive literal
appears in at most two different clauses, every negative literal appears in at most one
clause, and no clause contains a literal and its negation. Let Γ be such an instance of
Satisfiability with variables x1, . . . , xn and clauses c1, . . . , cm. For every j ∈ [m], let
|cj | be the number of literals that belong to the clause cj .
Let G be a graph that arises from the union of n disjoint triangles with vertex sets

X1, . . . , Xn, and m disjoint cliques with vertex sets C1, . . . , Cm, where |Cj | = |cj | + 1
for every j ∈ [m]. For every i ∈ [n], let Xi = {ti, fi, ui}. For every j ∈ [m], identify
|cj | vertices in Cj with the literals in the clause cj , and let vj be the vertex in Cj that
is not identified with a literal from the clause cj . Let i be in [n], let w1 and w2 be the
vertices in

⋃m
j=1Cj that are identified with the literal xi, and let w3 be the vertex in⋃m

j=1Cj that is identified with the literal x̄i. Now, add the edges fiw1, fiw2, and tiw3,
see Figure 2.2 for an illustration.

Lemma 2.8 ([30]). νac(G) = n+m.

13



2 Hardness of Deciding the Equality of Restricted Matching Numbers

Proof. LetM arise from {uiti : i ∈ [n]} by adding, for every j ∈ [m], an arbitrary edge of
E(G[Cj ]). Suppose, for a contradiction, that M is not an acyclic matching in G. Since
dG(M)(ui) = 1 and dG(M)(ti) ≤ 2, neither ui nor ti are contained in any cycle of G(M)
for every i ∈ [n]. By construction, this implies a contradiction. Hence, νac(G) ≥ n+m.

Let M = M1 ∪M2 ∪M3 be some maximum acyclic matching with

• M1 ⊆
⋃n
i=1E(G[Xi]),

• M2 ⊆
⋃m
j=1E(G[Cj ]), and

• M3 ⊆ EG
(⋃n

i=1Xi
)

minimizing |M3|. Let j ∈ [m]. If EG(Cj) ∩M3 6= ∅, then E(G[Cj ]) ∩M2 = ∅. Since
M is acyclic, we have that |EG(Cj) ∩M3| ≤ 2, and, if EG(Cj) ∩M3 contains exactly
one edge uv with u ∈ Cj , then the matching (M ∪ {vju}) \ {uv} is acyclic, which is a
contradiction to the minimality of |M3|. Therefore, |EG(Cj)∩M3| ∈ {0, 2}. Let i ∈ [n].
If EG(Xi)∩M3 6= ∅, then E(G[Xi])∩M1 = ∅. If EG(Xi)∩M3 contains exactly one edge
uv with u ∈ Xi, then the matching (M∪{uiu})\{uv} is acyclic, which is a contradiction
to the minimality of |M3|. Therefore, |EG(Xi) ∩M3| ∈ {0, 2}. Hence, we obtain that

νac(G) = |M1|+ |M2|+ |M3|

≤ n− |M3|
2 +m− |M3|

2 + |M3|

= n+m,

which completes the proof.

The following lemma implies Theorem 2.3.

Lemma 2.9 ([30]). Γ is satisfiable if and only if νac(G) = νs(G).

Proof. Let Γ be satisfiable, and let t : {x1, . . . , xn} → {0, 1} be some satisfying truth
assignment of Γ. Let M arise from

{uifi : i ∈ [n] and t(xi) = 0} ∪ {uiti : i ∈ [n] and t(xi) = 1}

by adding, for every j ∈ [m], some edge vjw where the literal that is identified with the
vertex w is true under t. Suppose that M is not an induced matching, that is, there is
some edge e between two edges e1 and e2 in M . By construction, we may assume that
e1 = uiyi for yi ∈ {fi, ti} and some i ∈ [n], and e2 = vjw for some j ∈ [m] where the
literal that is identified with the vertex w is true under t. Thus, yi and w are adjacent.
First, we assume that yi = fi. By construction, the literal that is identified with the
vertex w is xi, which is a contradiction to the choice of M . Hence, we may assume that
yi = ti. By construction, the literal that is identified with the vertex w is x̄i, which is
a contradiction to the choice of M . Since M has size n + m, Lemma 2.8 implies that
νac(G) = νs(G).
Let νac(G) = νs(G), which, by Lemma 2.8, implies that νs(G) = n + m. Let M be

some maximum induced matching maximizing |{ui : i ∈ [n]} ∩ V (M)|. If there is some

14



2.4 Hardness of deciding νur(G) = νs(G)

edge uv with u ∈ Xi and v ∈ Cj for some i ∈ [n] and j ∈ [m], then the matching
M = (M ∪ {uiu}) \ {uv} is induced, which is a contradiction to the maximality of
|{ui : i ∈ [n]} ∩ V (M)|. Therefore, EG

(⋃n
i=1Xi

)
∩ M = ∅. Moreover, if there is

some edge fiti in M for some i ∈ [n], then the matching (M ∪ {uifi}) \ {fiti} is also
induced, which is a contradiction to the maximality of |{ui : i ∈ [n]} ∩ V (M)|. Since
νs(G) = n + m, this implies that either uifi or uiti belong to M for every i ∈ [n],
and E(G[Cj ]) ∩M 6= ∅ for every j ∈ [m]. Let t : {x1, . . . , xn} → {0, 1} be defined as
t(xi) = 0 if uifi ∈ M and t(xi) = 1 if uiti ∈ M . Suppose, for a contradiction, that
Γ is not satisfied under t, that is, there is some clause cj such that no literal is true
under t. By construction, there is some vertex w ∈ V (M)∩Cj where its corresponding
literal y is not true under t. By construction, w is adjacent to fi or ti for some i ∈ [n].
If w is adjacent to fi, then y = xi, and, since M is induced, the edge uiti is in M ,
which implies that t(xi) = 1, a contradiction. Hence, we may assume that w is adjacent
to ti. This implies that y = x̄i and that the edge uifi is in M , that is, t(x̄i) = 1, a
contradiction.

2.4 Hardness of deciding νur(G) = νs(G)
Given a boolean formula in conjunctive normal form, Exact Satisfiability is the
problem is to decide whether there is a truth assignment of the variables so that every
clause contains exactly one true literal. If there is such a truth assignment, then the
instance is exact satisfiable.

Lemma 2.10 ([30]). Exact Satisfiability remains NP-complete when restricted to
instances where the literals occur only positively, every literal occurs at most three times,
every clause has size exactly three, and no literal appears twice in one clause.

Proof. It was proved recently [80] that Exact Satisfiability remains NP-complete
when restricted to instances where the literals occur only positively, every literal occurs
exactly three times, and every clause has size exactly three. Let Γ be such an instance
of Exact Satisfiability.

Suppose that some literal x appears twice in some clause c of Γ. This implies that
x must be false and that the other literal in c must be true. Therefore, some variables
already have a unique truth value, which might result in a contradiction in which case
Γ is not exact satisfiable. If not, then we delete all variables with a unique truth value.
If we apply this process iteratively, then we obtain an equivalent instance Γ′ of Exact
Satisfiability where the literals occur only positively, every literal appears exactly
three times, every clause has size two or three, and no literal appears twice in one
clause.
We construct a new instance that is equivalent to Γ′ where the literals occur only

positively, every literal appears at most three times, every clause has size exactly three,
and no literal appears twice in one clause. Suppose that there is a clause of size two
with literals x and y in Γ′. Since no literal appears twice in one clause, x 6= y. We delete
the clause x ∨ y and we add four new clauses x ∨ y ∨ a1, a1 ∨ a2 ∨ a3, a1 ∨ a2 ∨ a4, and
a2 ∨ a3 ∨ a4. It is easy to see that this instance of Exact Satisfiability satisfies all
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u1 ui un

v1 vj vk vl vm

fi ti

xi xi xi

Figure 2.3: The construction for the proof of Theorem 2.4.

desired constraints. Since the only possible solution of the above four clauses is obtained
by assigning x or y to 1, a2 to 1, and a1, a3, and a4 to 0, the newly constructed instance
of Exact Satisfiability is equivalent to Γ′.

We proceed to the proof of Theorem 2.4.
Let Γ be an instance of Exact Satisfiability as in Lemma 2.10 with variables

x1, . . . , xn and clauses c1, . . . , cm. Let G be the graph that arises from the union of n
disjoint copies of a K1,2 with vertex sets X1, . . . , Xn, and m disjoint copies of a K1,3
with vertex sets C1, . . . , Cm. For every i ∈ [n], let fi and ti be the leaves of the K1,2
with vertex set Xi, and let ui be the vertex of degree two of the K1,2 with vertex set
Xi. For every j ∈ [m], identify the three leaves of the K1,3 with vertex set Cj with
the literals that belong to the clause cj , and let vj be the vertex in Cj that is not
identified with a literal. Let i be in [n], let W be the set of vertices in

⋃m
j=1Cj that

are identified with the literal xi, and let J = {j ∈ [m] : W ∩ Cj 6= ∅}. Furthermore,
let W ′ =

(⋃
j∈J Cj \ {vj}

)
\W . Now, add the edges fiw for every w in W , and the

edges tiw′ for every w′ in W ′, see Figure 2.3 for an illustration. Golumbic et al. [42]
showed that, if G is a bipartite graph and M is some uniquely restricted matching in
G, then G(M) has a vertex of degree 1 in G(M). We shall use this within the proof of
the following lemma.

Lemma 2.11 ([30]). νur(G) = n+m.

Proof. The matching M that arises from {uiti : i ∈ [n]} by adding, for each j ∈ [m], an
edge between vj and one of its neighbors is uniquely restricted, because all edges in M
are pendant edges in G(M). Suppose, for a contradiction, that νur(G) > n+m, and let
M = M1 ∪M2 ∪M3 be some maximum uniquely restricted matching with

• M1 ⊆
⋃n
i=1E(G[Xi]),

• M2 ⊆
⋃m
j=1E(G[Cj ]), and

• M3 ⊆ EG
(⋃n

i=1Xi
)

minimizing |M3|. Since |M | > n+m, it follows that M3 6= ∅.

Claim 2.1. If i ∈ [n] is such that M3 ∩ EG(Xi) 6= ∅, then M1 ∩ E(G[Xi]) = ∅.
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2.4 Hardness of deciding νur(G) = νs(G)

Proof. Suppose, for a contradiction, that M1 ∩E(G[Xi]) 6= ∅. Let j ∈ [m] be such that
there is an edge in M3 that is incident with a vertex of Xi and Cj , and let w1, w2, and
w3 be the vertices in Cj distinct from vj so that w1 is adjacent to fi, and w2 and w3 are
both adjacent to ti.
First, we assume that fiw1 and uiti belong to M . Since vj is not covered by M , the

set M ′ = (M ∪ {vjw1}) \ {fiw1} is a matching in G, which, by the minimality of |M3|,
is not uniquely restricted. Since fi is not covered by M ′, there is an M ′-alternating
cycle in G disjoint from Xi, which, by symmetry, can be written as vjw1Pw2vj for some
M ′-alternating path P in G. Since P is also M -alternating, the cycle w1Pw2tiuifiw1 is
M -alternating in G, which is a contradiction.

Hence, by symmetry, we may assume that tiw2 and uifi belong to M . Since vj is
not covered by M , the set M ′ = (M ∪ {vjw2}) \ {tiw2} is a matching in G, which, by
the minimality of |M3|, is not uniquely restricted. Therefore, there is an M ′-alternating
cycle C that contains the edge vjw2. Since ti is not covered by M ′, we have that
Xi ∩ V (C) = ∅. If C can be written as w2vjw3Pw2 for some M ′-alternating path P ,
then the cycle w2tiw3Pw2 is M -alternating, which is a contradiction. Hence, we may
assume that C can be written as w2vjw1Pw2 for some M ′-alternating path P , which
implies that the cycle w2tiuifiw1Pw2 isM -alternating inG, which is a contradiction.

Claim 2.2. If j ∈ [m] is such that M3 ∩ EG(Cj) 6= ∅, then M2 ∩ E(G[Cj ]) = ∅.

Proof. Suppose, for a contradiction, that M2 ∩ E(G[Cj ]) 6= ∅. Let i ∈ [n] be such that
there is an edge in M3 that is incident with a vertex of Xi and Cj , and let w1, w2, and
w3 be the vertices in Cj distinct from vj such that w1 is adjacent to fi, and w2 and w3
are both adjacent to ti.
First, we assume that fiw1 and vjw3 belong to M . Since ui is not covered by M ,

the set M ′ = (M ∪ {uifi}) \ {fiw1} is a matching, which, as before, implies that there
is an M ′-alternating cycle C that contains the edge uifi. If vjw3 is not contained
in E(C), then the vertices w1, vj , and w3 are not contained in V (C), which implies
that C can be written as fiuitiPfi for some M ′-alternating path P in G. Since P is
also M -alternating, the cycle fiw1vjw3tiPfi is M -alternating, which is a contradiction.
Hence, we may assume that vjw3 is contained in E(C). In this case, the cycle can either
be written as fiPw2vjw3P

′tiuifi or as fiQw3vjw2Q
′tiuifi. In the first case, the cycle

fiw1vjw3P
′tiw2Pfi is M -alternating in G, while in the second case the cycle w2Q

′tiw2
is M -alternating, which, in both cases, is a contradiction.

Hence, by symmetry, we may assume that tiw2 and vjw1 belong to M . Since ui is
not covered by M , the set M ′ = (M ∪ {uiti, vjw2}) \ {tiw2, vjw1} is a matching, which,
as before, implies that there is an M ′-alternating cycle C. If C contains exactly one
of the edges uiti or vjw2, then C can be written as fiPtiuifi or as vjw3Qw2vj . In
the first case, the cycle fiPtiw2vjw1fi is M -alternating, while in the second case the
cycle w3Qw2tiw3 is M -alternating, which, in both cases, is a contradiction. Hence, we
may assume that both uiti and vjw2 are contained in E(C). In this case, the cycle
can either be written as fiPw2vjw3P

′tiuifi or as fiQw3vjw2tiuifi. In the first case,
the cycle w1fiPw2tiP

′w3vjw1 is M -alternating in G, while in the second case the cycle
fiQw3vjw1fi is M -alternating in G, which, in both cases, is a contradiction.
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2 Hardness of Deciding the Equality of Restricted Matching Numbers

By Claim 2.1 and 2.2, all edges in M1 ∪M2 are pendant edges in G(M). Let H =
G(M3). Since H is bipartite, there is a vertex u in H of degree 1. Let uv ∈ M3. First,
we assume that u ∈ Xi for some i ∈ [n]. By Claim 2.1, the vertex ui is not covered by
M . Hence, the set M ′ = (M ∪ {uiu}) \ {uv} is a matching. Besides v, the vertex u is
only adjacent to vertices in G(M) that are covered by edges in M2. This implies that
the matching M ′ is uniquely restricted, which is a contradiction to the minimality of
|M3|. Hence, we may assume that u ∈ Cj for some j ∈ [m]. By Claim 2.2, the vertex vj
is not covered by M , which implies that the set M ′ = (M ∪{vju})\{uv} is a matching.
Besides v, the vertex u is only adjacent to vertices in G(M) that are covered by edges in
M1. This implies that the matching M ′ is uniquely restricted, which is a contradiction
to the minimality of |M3|.

The following lemma implies Theorem 2.4.

Lemma 2.12 ([30]). Γ is exact satisfiable if and only if νur(G) = νs(G).

Proof. Let Γ be exact satisfiable, and let t : {x1, . . . , xn} → {0, 1} be some satisfying
truth assignment of Γ such that each clause contains exactly one literal that is true
under t. Let M arise from

{uifi : i ∈ [n] and t(xi) = 0} ∪ {uiti : i ∈ [n] and t(xi) = 1}

by adding, for each j ∈ [m], the edge vjv where v is identified with a literal in cj that
is true under t. Suppose, for a contradiction, that M is not an induced matching, that
is, there is some edge e between two edges e1 and e2 in M . By construction, we may
assume that e1 = uiyi for yi ∈ {fi, ti} and i ∈ [n], and e2 = vjzj , where zj is the vertex
in Cj that is identified with the unique literal in cj that is true under t, for some j ∈ [m].
Therefore, yi and zj are adjacent. If yi = fi, then, by construction, zj is identified with
the literal xi, which is a contradiction to the choice of M . Hence, we may assume that
yi = ti, which implies that t(xi) = 1. Furthermore, by construction, zj is identified with
a literal from the clause cj distinct from xi, which, by the choice ofM , is also true under
t, a contradiction. Hence, M is an induced matching of size n + m, which, by Lemma
2.11, implies that νur(G) = νs(G).
Let νur(G) = νs(G), which, by Lemma 2.11, implies that νs(G) = n + m. Let

M = M1 ∪M2 ∪M3 be some maximum induced matching in G with

• M1 ⊆
⋃n
i=1E(G[Xi]),

• M2 ⊆
⋃m
j=1E(G[Cj ]), and

• M3 ⊆ EG
(⋃n

i=1Xi
)

minimizing |M3|. Suppose, for a contradiction, that M3 is non-empty. Let i ∈ [n] be
such that EG(Xi) ∩M3 is non-empty. If EG(Xi) ∩M3 = {uv} where u ∈ Xi, then the
matching (M ∪ {uiu}) \ {uv} is induced, which is a contradiction to the minimality of
|M3|. Hence, we may assume that EG(Xi) ∩M3 = {tiv, fiw}. First, we assume that
v, w ∈ Cj for some j ∈ [m]. This implies that v and w are the only vertices in Cj that
are covered by M . Hence, the matching (M ∪ {uifi, vjv}) \ {tiv, fiw} is induced, which
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is a contradiction to the minimality of |M3|. Hence, we may assume that v belongs
to Cj for some j ∈ [m], and that w belongs to Cj′ for some j′ ∈ [m] \ {j}. Again by
construction, v is the only vertex in Cj that is covered by M . Hence, the matching
(M ∪ {uifi, vjv}) \ {tiv, fiw} is induced, which is a contradiction to the minimality of
|M3|. Hence, we may assume that M3 = ∅. Since |M | = n + m, this implies that
M1 ∩E(G[Xi]) and M2 ∩E(G[Cj ]) are all non-empty for every i ∈ [n] and j ∈ [m]. Let
t : {x1, . . . , xn} → {0, 1} be defined as t(xi) = 0 if uifi ∈ M and t(xi) = 1 if uiti ∈ M ,
and suppose, for a contradiction, that Γ is not exact satisfied under t, that is, there is
some clause c` = xi ∨ xj ∨ xk such that not exactly one literal is true under t. First, we
assume that no literal in c` is true under t. This implies that uifi, ujfj , and ukfk belong
to M , which implies that no vertex in C` is covered by M , a contradiction. Hence, we
may assume that at least two literals in c` are true under t, which, by symmetry, implies
that uiti and ujtj both belong to M . Again by construction, this implies that no vertex
in C` is covered by M , a contradiction.

The graphs constructed in the proof of Theorem 2.4 have maximum degree at most
7. Replacing X1, . . . , Xn by K3,3’s where the edges of some maximum matching are
subdivided once, yields the hardness for graphs of maximum degree 5. The proof of it
proceeds along the lines of the proof of Theorem 2.4. However, the lemma corresponding
to Lemma 2.11 becomes quite technical, and so the proof is omitted. Therefore, in view
of the subsequent chapter, for restrictions imposed on the maximum degree, the only
case left are the graphs with maximum degree 4.

2.5 Conclusion
The obvious open questions are the decision problems for the subcubic cases. As we shall
see in the next chapter, we can recognize the subcubic graphs G with νur(G) = νs(G)
efficiently. The remaining three decision problems compare the acyclic matching number
with the other (restricted) matching numbers. Although it could well be that those
graphs can also be recognized efficiently, it seems to be very difficult. One reason could
be that already the recognition of the graphs G with ν(G) = νac(G) is hard although the
corresponding decision problems for the induced and the uniquely restricted matching
number can be done quite easily without any restrictions imposed on G.
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3 Equality of the Induced and the Uniquely
Restricted Matching Number

This chapter is based on the preprint [35] by Dieter Rautenbach and the author of this
thesis.

3.1 Introduction
As promised in the introduction as well as in the last chapter, we will prove the following
in this chapter.

Theorem 3.1 ([35]). Deciding whether a given subcubic graph G satisfies νs(G) =
νur(G) can be done in polynomial time.

As a main ingredient for this, we give a complete characterization of the 2-connected
subcubic graphs G of sufficiently large order with νs(G) = νur(G). Apart from some
small sporadic graphs, all these graphs have a rather simple structure, see Figure 3.1
for illustrations of them.

• For a positive integer k, let Lk be the graph of order 3k that arises from k vertices
w1, . . . , wk, and two disjoint paths u1u2 . . . uk and v1v2 . . . vk, by adding the edges
wiui and wivi for every i ∈ [k].

• Let L′k arise from Lk by adding the two new vertices w′1 and w′k, and the six new
edges u1w

′
1, v1w

′
1, u1v1, ukw′k, vkw′k, and ukvk.

• Let B1 be the set of all 2-connected subcubic graphs G such that there is some
positive integer k for which Lk is an induced subgraph of G, and G is a subgraph
of L′k. (Note that there are six non-isomorphic choices for such a graph G with
Lk ⊆ G ⊆ L′k.)

• Let B2 be the set of all subcubic graphs G such that there is some positive integer
k at least 3 for which G arises from a Lk by
– adding the two new edges u1vk and v1uk, if k is odd,
– adding the two new edges u1uk and v1vk, if k is even.

• Let B = B1 ∪ B2.

Theorem 3.2 ([35]). If G is a 2-connected subcubic graph of order at least 21, then
νs(G) = νur(G) if and only if G is isomorphic to a graph in B.
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Figure 3.1: An illustration of Lk, L′k, a graph in B2 for even k, and a graph in B2 for
odd k.

The reason for the assumption that G has order at least 21 is that there are several small
2-connected subcubic graphs G that satisfy νs(G) = νur(G) but are not isomorphic to a
graph in B. While the proof of Theorem 3.2 relies on very simple observations captured
by Lemma 3.3, it involves a rather detailed case analysis.

In the following section, we first prove Theorem 3.1, and, in the subsequent section,
we prove Theorem 3.2.

3.2 Deciding νs(G) = νur(G) for a given subcubic graph G

Our first lemma collects properties of general graphs satisfying the considered equality.

Lemma 3.3 ([35]). Let G be a graph with νs(G) = νur(G), and letM be some maximum
induced matching in G.

(i) If uv is an edge of G− V (M), then there is a 4-cycle uvwxu with wx ∈M .

(ii) If u1u2 and v1v2 are two disjoint edges such that u1v1 ∈M , then
• either u2 and v2 are adjacent,
• or u1 is adjacent to v2, and v1 is adjacent to u2,
• or there is a 6-cycle u1u2uvv2v1u1, where uv ∈M .

Proof. (i) If the stated 4-cycle does not exist, then M ∪ {uv} is a uniquely restricted
matching in G with more than |M | = νs(G) = νur(G) edges, which is a contradiction.

(ii) If none of the three situations arises, then (M∪{u1u2, v1v2})\{u1v1} is a uniquely
restricted matching in G with more than |M | = νs(G) = νur(G) edges, which is a
contradiction.

An immediate consequence of Lemma 3.3 is the following.

Lemma 3.4 ([35]). If G is a connected subcubic graph with νs(G) = νur(G) and mini-
mum degree at least 2, then G is 2-connected.

Proof. Suppose, for a contradiction, that G is not 2-connected. Since G is subcubic,
this implies that G has a bridge uv. Let M be some maximum induced matching in G.
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3.2 Deciding νs(G) = νur(G) for a given subcubic graph G

By Lemma 3.3(i), every edge of G−V (M) lies in a 4-cycle, that is, uv is not an edge of
G− V (M).

If u, v ∈ V (M), then uv ∈ M . Since G has minimum degree at least 2, u has a
neighbor u′ distinct from v, and v has a neighbor v′ distinct from u. Since uv is a
bridge, the edges uu′ and vv′ are disjoint. Now, Lemma 3.3(ii) implies the contradiction
that uv lies in a cycle of length at most 6. Hence, we may assume that u ∈ V (G)\V (M)
and v ∈ V (M).
LetM contain the edge vv′. Since G has minimum degree at least 2, v′ has a neighbor

v′′ in V (G) \ V (M). Since uv is a bridge, the edges uv and v′v′′ are disjoint. Now,
Lemma 3.3(ii) implies the contradiction that uv lies in a cycle of length at most 6. This
completes the proof.

Let B′ be the set of all graphs G such that

• either G has order at most 20, and satisfies νs(G) = νur(G),

• or G has order at least 21, and is isomorphic to a graph in B.

In order to prove Theorem 3.1, we consider two algorithms.

Input: A subcubic graph G.
Output: Either a maximum uniquely restricted matching M in G, or the

correct statement “νs(G) 6= νur(G)”.
1 begin
2 M ← ∅;
3 H ← G;
4 while H has an edge uv with dH(u) = 1 do
5 M ←M ∪ {uv};
6 H ← H − {u, v};
7 end
8 Let H1, . . . ,Hk be the connected components of H;
9 if Hi 6∈ B′ for some i ∈ [k] then

10 return “νs(G) 6= νur(G)” ;
11 break;
12 end
13 Let Mi be a maximum uniquely restricted matching in Hi for i ∈ [k];
14 return M ∪M1 ∪ · · · ∪Mk;
15 end

Algorithm 1: Murm

The correctness of this algorithms relies on the following lemma.

Lemma 3.5 ([35]). Let G be a graph, and let uv be an edge of G with dG(u) = 1.
Let G′ = G− {u, v}, and let M ′ be a maximum uniquely restricted matching in G′.

(i) M ′ ∪ {uv} is a maximum uniquely restricted matching in G.

(ii) If νs(G) = νur(G), then νs(G′) = νur(G′).

23
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Proof. (i) follows immediately from the observation that some maximum uniquely re-
stricted matching in G contains uv. If νs(G) = νur(G), then

νs(G) ≤ νs(G′) + 1 ≤ νur(G′) + 1 (i)= νur(G) = νs(G)

implies νs(G′) = νur(G′), and (ii) follows.

Lemma 3.6 ([35]). Algorithm 1 Murm works correctly, and can be implemented to
run in polynomial time.

Proof. By Lemma 3.5(i), the set M constructed by the while-loop in lines 4 to 7 is a
subset of some maximum uniquely restricted matching in G.
If νs(G) = νur(G), then, by Lemma 3.5(ii), the graph H in line 8 satisfies νs(H) =

νur(H). Since the graph H in line 8 has no vertex of degree 1, Lemma 3.4 and Theorem
3.2 imply that every component of H belongs to B′. Therefore, if some component of
H does not belong to B′, then Murm correctly returns “νs(G) 6= νur(G)”. In view of
the simple structure of the graphs in B, it can be decided in polynomial time whether a
given graph belongs to B′, that is, the if -statement in lines 9 to 12 can be implemented
to run in polynomial time.
Now, we may assume that every component of H belongs to B′. By Lemma 3.5(i),

the matching returned in line 14 is a maximum uniquely restricted matching in G.
Furthermore, again in view of the simple structure of the graphs in B, a maximum
uniquely restricted matching can be determined in polynomial time for every given
graph in B′, that is, line 13 can be implemented to run in polynomial time.

Input: A subcubic graph G.
Output: Either an induced matching M in G, or the correct statement

“νs(G) 6= νur(G)”.
1 begin
2 M ← ∅;
3 H ← G;
4 while H has an edge uv with dH(u) = 1 do
5 M ←M ∪ {uv};
6 H ← H −NH [v];
7 end
8 Let H1, . . . ,Hk be the connected components of H;
9 if Hi 6∈ B′ for some i ∈ [k] then

10 return “νs(G) 6= νur(G)” ;
11 break;
12 end
13 Let Mi be a maximum induced matching in Hi for i ∈ [k];
14 return M ∪M1 ∪ · · · ∪Mk;
15 end

Algorithm 2: Msm

The correctness of this algorithms relies on the following lemma.
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3.2 Deciding νs(G) = νur(G) for a given subcubic graph G

Lemma 3.7 ([35]). Let G be a graph, and let uv be an edge of G with dG(u) = 1.
Let G′′ = G−NG[v], and let M ′′ be an induced matching in G′′.
(i) M ′′ ∪ {uv} is an induced matching in G.

(ii) If νs(G) = νur(G), then νs(G′′) = νs(G)− 1 = νur(G′′).

(iii) If νs(G) = νur(G), andM ′′ is a maximum induced matching in G′′, then {uv}∪M ′′
is a maximum induced matching in G.

Proof. (i) is trivial; note that none of the involved matchings is supposed to be maxi-
mum. Now, let νs(G) = νur(G), and let M be a maximum induced matching in G. If
M contains no edge incident with v, then adding uv to M results in a larger uniquely
restricted matching in G, which contradicts νs(G) = νur(G). Hence, M contains an
edge e incident with v. Since M \ {e} is an induced matching in G′′, and adding uv
to a uniquely restricted matching in G′′ yields a uniquely restricted matching in G, we
obtain

νs(G) ≤ νs(G′′) + 1 ≤ νur(G′′) + 1 ≤ νur(G) = νs(G).
This implies that νs(G′′) = νur(G′′), and (ii) follows. (iii) follows immediately from (i)
and (ii).

Lemma 3.8 ([35]). Algorithm 2 Msm works correctly, and can be implemented to run
in polynomial time. Furthermore, if the input graph G satisfies νs(G) = νur(G), then
Msm returns a maximum induced matching in G.
Proof. By Lemma 3.7(i), if Msm returns a matchingM in line 14, thenM is an induced
matching in G. If νs(G) = νur(G), then, by Lemma 3.7(ii), the graph H in line 8 satisfies
νs(H) = νur(H). Since the graph H in line 8 has no vertex of degree 1, Lemma 3.4
and Theorem 3.2 imply that every component of H belongs to B′. Therefore, if some
component of H does not belong to B′, then Msm correctly returns “νs(G) 6= νur(G)”.

Now, let νs(G) = νur(G). By Lemma 3.7(ii) and (iii), the set M constructed by the
while-loop in lines 4 to 7 is a subset of some maximum induced matching in G, which
implies that the matching returned in line 14 is a maximum induced matching in G.
The statement about the running time follows similarly as in the proof of Lemma

3.6.

It is now easy to complete the following.

Proof of Theorem 3.1. Let G be a given subcubic graph. We execute Algorithm 1
Murm and Algorithm 2 Msm on G. If one of the two algorithms returns the statement
“νs(G) 6= νur(G)”, then this is correct by Lemma 3.6 and Lemma 3.8. Hence, we may
assume that Algorithm 1 Murm returns a maximum uniquely restricted matchingMur

in G, and Algorithm 2 Msm returns an induced matching Ms in G.
If νs(G) = νur(G), then, by Lemma 3.8, Ms is a maximum induced matching in

G, and, hence, |Mur| = |Ms|. Conversely, if |Mur| = |Ms|, then, by Lemma 3.6 and
νs(G) ≤ νur(G), Ms is a maximum induced matching in G, and νs(G) = νur(G).
Altogether, it follows that νs(G) = νur(G) holds if and only if |Mur| = |Ms|.

We proceed to the proof of Theorem 3.2.
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3.3 The 2-connected subcubic graphs G with νs(G) = νur(G)
The following lemma captures the sufficiency part of Theorem 3.2.

Lemma 3.9 ([35]). If G ∈ B, then νs(G) = νur(G).

Proof. Let G ∈ B be such that n(G) ∈ {3k, 3k+ 1, 3k+ 2}, that is, G arises from Lk by
adding at most two vertices and some edges. Since the set{

u2iw2i : i ∈
[⌊
k

2

⌋]}
∪
{
v2i−1w2i−1 : i ∈

[⌈
k

2

⌉]}
is an induced matching in G, we have νs(G) ≥ k. In order to complete the proof, it
suffices to show that νur(G) ≤ k. Therefore, we suppose, for a contradiction, that G is
such that νur(G) > k, and that the order n(G) of G is as small as possible. It is easy to
verify that k ≥ 3. Let M be a maximum uniquely restricted matching in G.
We consider different cases.

Case 1. G ' Lk.

If M contains at most one edge incident with uk or vk, then the graph G′ = G −
{uk, vk, wk} has a uniquely restricted matching M ′ = M ∩ E(G′) of size more than
k − 1. Since G′ ' Lk−1, we obtain a contradiction to the choice of G. Hence, by
symmetry, we may assume that ukuk−1 ∈M , and that either vkvk−1 ∈M or vkwk ∈M .
If vkvk−1 ∈ M , then the graph G′′ = G − {uk−1, vk−1, wk−1, uk, vk, wk} has a uniquely
restricted matching M ′′ = M ∩ E(G′′) of size more than k − 2. Since G′′ ' Lk−2, we
obtain a contradiction to the choice of G. Hence, vkwk ∈ M . Since M is uniquely
restricted, we obtain vk−1wk−1 6∈ M , and M ′ = (M \ {ukuk−1, vkwk}) ∪ {uk−1wk−1} is
a uniquely restricted matching of G′ = G − {uk, vk, wk}. Since M ′ has size more than
k − 1, and G′ ' Lk−1, we obtain a contradiction to the choice of G.

Case 2. G ∈ B1.

If M intersects {u1w
′
1, v1w

′
1, u1v1}, then adding either u1w1 or v1w1 to

M \{u1w
′
1, v1w

′
1, u1v1} yields a uniquely restricted matching in G that does not intersect

{u1w
′
1, v1w

′
1, u1v1}, and has the same size as M . By symmetry, we may assume that M

does not contain any edge in E(L′k)\E(Lk), that is,M is a uniquely restricted matching
of size more than k of the induced subgraph Lk of G, and we obtain a contradiction to
the choice of G.

Case 3. G ∈ B2 and k is odd.

Recall that G arises from Lk by adding the edges v1uk and u1vk. In view of Case 1, we
may assume, by symmetry, that v1uk ∈ M . Since G − {v1, w1, u1, vk, wk, uk} ' Lk−2,
it follows that every maximum uniquely restricted matching in G, and, hence, also M ,
contains at least three edges incident with a vertex in {v1, u1, vk, uk}. This implies
u1vk 6∈ M . If u1w1 ∈ M , then vk−1vk ∈ M and uk−1wk−1 6∈ M , which implies that
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the matching (M ∪ {vk−1wk−1}) \ {vk−1vk} is uniquely restricted in G, a contradiction.
Hence, by symmetry, we may assume that u1u2, vk−1vk ∈M .
LetM ′ = (M ∪{ukwk})\{v1uk}, andM ′′ = (M ∪{v1w1})\{v1uk}. SinceM ′ andM ′′

are matchings in G − {v1uk, u1vk} ' Lk of size more than k, Case 1 implies that both
matchings M ′ and M ′′ are not uniquely restricted, that is, there is an M ′-alternating
cycle vkP

′ukwkvk, and an M ′′-alternating cycle u1P
′′v1w1u1, where P ′ and P ′′ are

suitable paths. In view of the structure of G, we obtain that

P ′ = vkvk−1 . . . vjwjujuj+1 . . . uk−1uk

and
P ′′ = u1u2 . . . uiwivivi−1 . . . v2v1

for suitable indices i and j with 1 < i, j < k. Furthermore, the structure of G implies
i < j, which implies the contradiction that the cycle u1P

′′v1ukP
′vku1 is M -alternating.

Case 4. G ∈ B2 and k is even.

Recall that G arises from Lk by adding the edges u1uk and v1vk. Arguing similarly as
in Case 3, we may assume that u1u2, uk−1uk, v1vk ∈M .
LetM ′ = (M ∪{vkwk})\{v1vk}, andM ′′ = (M ∪{v1w1})\{v1vk}. SinceM ′ andM ′′

are matchings in G − {v1vk, u1uk} ' Lk of size more than k, Case 1 implies that both
matchings M ′ and M ′′ are not uniquely restricted, that is, there is an M ′-alternating
cycle ukP ′vkwkuk and an M ′′-alternating cycle u1P

′′v1w1u1, where P ′ and P ′′ are suit-
able paths. In view of the structure of G, we obtain that

P ′ = ukuk−1 . . . ujwjvjvj+1 . . . vk−1vk

and
P ′′ = u1u2 . . . uiwivivi−1 . . . v2v1

for suitable incides i and j with 1 < i, j < k. Again, the structure of G implies i < j,
which implies the contradiction that the cycle u1P

′′v1vkP
′uku1 is M -alternating.

Proof of Theorem 3.2. Let G be a 2-connected subcubic graph of order at least 21. If
G is isomorphic to a graph in B, then Lemma 3.9 implies νs(G) = νur(G). In order to
complete the proof, we assume νs(G) = νur(G), and deduce that G is isomorphic to a
graph in B. LetM be a maximum induced matching in G. By Lemma 3.3(i), G−V (M)
has maximum degree at most 2. A pair of disjoint edges u1u2 and v1v2 with u1v1 ∈M
is called a local pair.
We consider several cases and subcases. Within each (sub)case, we will — sometimes

tacitly — assume that the local configurations considered in the previous (sub)cases are
no longer possible. In each (sub)case, we conclude that

• either Lemma 3.3 fails, which is a contradiction,

• or n(G) ≤ 20, which is a contradiction,

• or G ∈ B as desired.
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u1 u2 u3 u4 u5

v1 v2

G− V (M)

G(M)

Figure 3.2: The final situation in Case 1.

u1 u2 u3 u4 x

v1 v2 v3 v4

G− V (M)

G(M)

Figure 3.3: The final situation in Case 2.

Case 1. Some component H of G− V (M) has order at least 5.

Since H has maximum degree at most 2, H contains a path u1u2u3u4u5. By Lemma
3.3(i) for the edge u1u2, there is a 4-cycle u1u2v2v1u1 with v1v2 ∈M . By Lemma 3.3(i)
for the edge u2u3, u3 is adjacent to v1. By Lemma 3.3(i) for the edge u3u4, u4 is adjacent
to v2. Now, since G is subcubic, Lemma 3.3(i) fails for the edge u4u5. See Figure 3.2
for an illustration.

Case 2. Some component H of G− V (M) has order 4.

Similarly as in Case 1, H contains a path u1u2u3u4, and M contains an edge v1v2 such
that v1 is adjacent to u1 and u3, and v2 is adjacent to u2 and u4. By Lemma 3.3(ii) for
the local pair v1u1 and v2u4, there is an edge v3v4 ∈M distinct from v1v2 such that u1
is adjacent to v3, and u4 is adjacent to v4. Since G is 2-connected, and n(G) > 8, v4
has a neighbor x distinct from v3 and u4. Now, Lemma 3.3(ii) fails for the local pair
v3u1 and v4x. See Figure 3.3 for an illustration.

Case 3. Some component H of G− V (M) has order 3.

Similarly as in Cases 1 and 2, H contains a path u1u2u3, and M contains an edge v1v2
such that v1 is adjacent to u1 and u3, and v2 is adjacent to u2. Since G is 2-connected,
and n(G) > 5, v2 is not adjacent to u1 or u3, and u3 has a neighbor v3 distinct from u2
and v1. By Case 2, v3 ∈ V (M), and M contains an edge v3v4. Since G is 2-connected,
v4 has a neighbor x distinct from v3. If v4 is adjacent to u1, then Lemma 3.3(ii) fails
for the local pair v3u3 and v4u1, that is, x 6= u1. By Lemma 3.3(ii) for the local pair
v3u3 and v4x, x is adjacent to v2. If v4 has a neighbor y distinct from v3 and x, then
Lemma 3.3(ii) fails for the local pair v3u3 and v4y. Hence, v4 has degree 2 in G. Since
G is 2-connected, and n(G) > 8, v3 is not adjacent to u1. By Case 2, and Lemma 3.3(ii)
for the local pair v1u1 and v2x, there is a 6-cycle v1u1v5v6xv2v1, where v5v6 ∈ M is
distinct from v3v4. By symmetry between v4 and v6, v6 has degree 2 in G. Since G
is 2-connected, and n(G) > 10, we may assume, by symmetry between v3 and v5, that
v3 has a neighbor y distinct from v4 and u3. By Lemma 3.3(ii) for the local pair v3y
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u1 u2 u3 x y

v1 v2 v3 v4 v5 v6

G− V (M)

G(M)

Figure 3.4: The final situation in Case 3.

u1 u2 u3 u4

v1 v2 v3 v4 v5 v6

G− V (M)

G(M)

Figure 3.5: The final situation in Case 4.1.

and v4x, v5 is adjacent to y. Since G is 2-connected, n(G) = 11. See Figure 3.4 for an
illustration.

Case 4. G− V (M) contains an edge u1u2.

By Lemma 3.3(i) for the edge u1u2, there is a 4-cycle u1u2v2v1u1 with v1v2 ∈ M . If
v1 is adjacent to u2, then, since G is 2-connected, and n(G) > 4, M contains an edge
v3v4 distinct from v1v2 such that u1 is adjacent to v3. Since G is 2-connected, v4 has
a neighbor x distinct from v3. By Lemma 3.3(ii) for the local pair v3u1 and v4x, x is
adjacent to v2. Now, Lemma 3.3(ii) fails for the local pair v1u2 and v2x. Hence, by
symmetry, v1 is not adjacent to u2, and v2 is not adjacent to u1.

Case 4.1. v2 has a neighbor u3 that belongs to an edge u3u4 of G−V (M) distinct from
u1u2, and u4 is adjacent to v1.

By Lemma 3.3(ii) for the local pair v1u1 and v2u3, there is a 6-cycle v1u1v3v4u3v2v1
with v3v4 ∈ M . By Lemma 3.3(ii) for the local pair v1u4 and v2u2, there is a 6-cycle
v1u4v5v6u2v2v1 with v5v6 ∈ M . Since n(G) > 8, the edges v3v4 and v5v6 are distinct.
Lemma 3.3(ii) implies that the vertices v3, v4, v5, and v6 have degree 2 in G, which
implies n(G) = 10. See Figure 3.5 for an illustration.

Case 4.2. v2 has a neighbor u3 that belongs to an edge u3u4 of G−V (M) distinct from
u1u2, and u4 is not adjacent to v1.

By Lemma 3.3(i) for the edge u3u4, there is a 4-cycle u3u4v4v3u3, where v3v4 ∈ M is
distinct from v1v2. By Lemma 3.3(ii) for the local pair v1u1 and v2u3, u1 is adjacent
to v4. If u4 is adjacent to v3, then Lemma 3.3(ii) fails for the local pair v3u4 and v4u1.
Hence, u4 is not adjacent to v3. If u2 is adjacent to v3, then Lemma 3.3(ii) fails for the
local pair v3u2 and v4u4. Hence, u2 is not adjacent to v3.
If u2 has a neighbor v5 distinct from u1 and v2, then there is an edge v5v6 ∈ M

distinct from v1v2 and v3v4. If v6 is adjacent to u4, then Lemma 3.3(ii) fails for the
local pair v5u2 and v6u4. Hence, v6 is not adjacent to u4. Since G is 2-connected, v6

29



3 Equality of the Induced and the Uniquely Restricted Matching Number
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Figure 3.6: Two situations in Case 4.2.
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Figure 3.7: Two situations in Case 4.3.1.

has a neighbor x distinct from v5. By Lemma 3.3(ii) for the local pair v5u2 and v6x, x
is adjacent to v1. Now, Lemma 3.3(ii) fails for the local pair v1x and v2u3. See the left
part of Figure 3.6. Hence, by symmetry between u2 and u4, the vertices u2 and u4 have
degree 2 in G.
Since G is 2-connected, and n(G) > 8, v1 has a neighbor x distinct from u1 and v2.

Now, Lemma 3.3(ii) fails for the local pair v1x and v2u3. See the right of Figure 3.6.

Case 4.3. v2 has a neighbor u3 that is an isolated vertex of G− V (M).

By Lemma 3.3(ii) for the local pair v1u1 and v2u3, there is a 6-cycle v1u1v3v4u3v2v1
with v3v4 ∈M .

Case 4.3.1. v4 has a neighbor x distinct from v3 and u3.

By Lemma 3.3(ii) for the local pair v3u1 and v4x, x = u2. Since G is 2-connected, and
n(G) > 7, v1 is not adjacent to u3.
If v1 has a neighbor y distinct from u1 and v2, then, by Lemma 3.3(ii) for the local

pair v1y and v2u2, y is adjacent to v3. Since G is 2-connected and n(G) > 8, there is
an edge v5v6 ∈M distinct from v1v2 and v3v4 such that u3 is adjacent to v5. Since G is
2-connected, v6 has a neighbor z distinct from v5. By Lemma 3.3(ii) for the local pair
v5u3 and v6z, y = z. By Lemma 3.3(ii), the vertices v5 and v6 have degree 2 in G, which
implies n(G) = 10. See the left part of Figure 3.7. Hence, v1 has degree 2 in G.
Since n(G) > 7, and G is 2-connected, there is an edge v5v6 ∈ M distinct from v1v2

and v3v4 such that u3 is adjacent to v5. Since G is 2-connected, v6 has a neighbor u4
distinct from v5. By Lemma 3.3(ii) for the local pair v5u3 and v6u4, u4 is adjacent to v3.
Now, Lemma 3.3(ii) fails for the local pair v3u4 and v4u2. See the right of Figure 3.7.

Case 4.3.2. v4 has degree 2 in G, and v1 has a neighbor x distinct from u1 and v2.

Since v1 is not adjacent to u2, x 6= u2. If x = u3, then, by Lemma 3.3(ii) for the local
pair v1u3 and v2u2, u2 is adjacent to v3, which implies n(G) = 7. Hence, x is distinct
from u2 and u3.
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3.3 The 2-connected subcubic graphs G with νs(G) = νur(G)
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Figure 3.8: Two situations in Case 4.3.2.

Since {x, u2, v4} is an independent set, by Lemma 3.3(ii) for the local pair v1x and v2u2,
there is a 6-cycle v1xv6v5u2v2v1, where v5v6 ∈ M is distinct from v1v2 and v3v4. If u3
is adjacent to v6, then Lemma 3.3(ii) fails for the local pair v6u3 and v5u2. Hence, u3 is
not adjacent to v6. By Lemma 3.3(ii) for the local pair v1x and v2u3,

• either x is adjacent to v3,

• or u3 is adjacent to v5,

• or there is a 6-cycle v1xv7v8u3v2v1, where v7v8 ∈M is not in {v1v2, v3v4, v5v6}.

First, we assume that x is adjacent to v3. If v6 has a neighbor y distinct from v5 and
x, then Lemma 3.3(ii) fails for the local pair v6y and v5u2. Hence, v6 has degree 2 in
G. Since v4 has degree 2 in G, v5 has a neighbor y distinct from u2 and v6. Since
n(G) > 10, y 6= u3, and Lemma 3.3(ii) fails for the local pair v5y and v6x. See the left
part of Figure 3.8.
Next, we assume that x is not adjacent to v3, but that u3 is adjacent to v5. If v3 has

a neighbor y distinct from u1 and v4, then y 6= x, and, by Lemma 3.3(ii) for the local
pair v3y and v4u3, y is adjacent to v6. Now, Lemma 3.3(ii) fails for the local pair v6y
and v5u2. Hence, v3 has degree 2 in G. Since v4 has degree 2 in G, v6 has a neighbor z
distinct from x and v5. Now, Lemma 3.3(ii) fails for the local pair v6z and v5u2.

Finally, we assume that x is not adjacent to v3, u3 is not adjacent to v5, but there
is a 6-cycle v1xv7v8u3v2v1, where v7v8 ∈ M is distinct from {v1v2, v3v4, v5v6}. Since x
is isolated in G − V (M), the vertices x and u3 are symmetric. In view of the previous
cases, and the symmetry between v4 and v6, we obtain that v6 has degree 2 in G. If
v5 has a neighbor y distinct from u2 and v6, then, by Lemma 3.3(ii) for the local pair
v5y and v6x, v8 is adjacent to y. If v8 has a neighbor y′ distinct from u3 and v7, then,
by Lemma 3.3(ii) for the local pair v8y

′ and v7x, v5 is adjacent to y′. Hence, v5 and
v8 either both have degree 2 or degree 3 and a common neighbor. Similarly, v3 and v7
either both have degree 2 or degree 3 a common neighbor. If v5 and v8 have a common
neighbor u, and v3 and v7 have a common neighbor v, then, since n(G) > 14, u and v
are not adjacent. By Lemma 3.3(ii) for the local pair v8u and v7v, there is a 6-cycle
v7vv9v10uv8v7 with v9v10 ∈M . Since, by Lemma 3.3(ii), v9 and v10 have degree 2 in G,
we obtain n(G) = 16. See the right part of Figure 3.8. Hence, by symmetry, we may
assume that v5 and v8 have a common neighbor u, and that v3 and v7 have degree 2 in
G. Since G is 2-connected, we obtain n(G) = 13.

Case 4.3.3. v1 and v4 have degree 2 in G.
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3 Equality of the Induced and the Uniquely Restricted Matching Number
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Figure 3.9: The final situation in Case 4.3.3.

If u2 is adjacent to v3, then Lemma 3.3(ii) fails for the local pair v3u2 and v4u3. Hence,
u2 is not adjacent to v3. If there is an edge v5v6 ∈M distinct from v1v2 and v3v4, and
u2 is adjacent to v5, then v6 has a neighbor y distinct from v5, and Lemma 3.3(ii) fails
for the local pair v6y and v5u2. Hence, u2 has degree 2 in G. Since G is 2-connected,
and n(G) > 7, v3 has a neighbor u4 distinct from u1 and v4. By Lemma 3.3(ii) for the
local pair v3u4 and v4u3, there is a 6-cycle v3u4v6v5u3v4v3, where v5v6 ∈ M is distinct
from v1v2 and v3v4. By Lemma 3.3(ii), v6 has degree 2 in G. Hence, for the vertex v5,
we are in a similar situation as for v3, and we set up an inductive argument.
Let k ≥ 6 be the largest even integer such that, for every i ∈

[
k−2

2

]
\ [2],

• the vertex v2i−1 has the neighbors ui, ui+2, and v2i such that ui+1 and ui+2 are
not adjacent,

• and v2i has degree 2 in G, and is adjacent to v2i−1 and ui+1.

By Lemma 3.3(ii) for the local pair vk−3u k
2 +1 and vk−2u k

2
, there is a 6-cycle

vk−2u k
2
vk−1vku k

2 +1vk−3vk−2

with vk−1vk ∈ M . By Lemma 3.3(ii), vk has degree 2 in G, that is, vk−1 and u k
2 +1 are

the only vertices in G with further neighbors. By the choice of k, Lemma 3.3(ii), and
since G is 2-connected,

• either vk−1 and u k
2 +1 both have degree 2 in G,

• or vk−1 and u k
2 +1 are adjacent,

• or vk−1 and u k
2 +1 have a neighbor u k

2 +2.

See Figure 3.9 illustrating these options. In the first two cases, it follows immediately
that G is isomorphic to a graph in B1. In the final case, u k

2 +2 has degree 2 in G, and
also in this case it follows that G is isomorphic to a graph in B1.
In view of Cases 4.1-4.3, we may assume that v1 and v2 have degree 2 in G. Since

n(G) > 4, we may assume that there is an edge v3v4 ∈ M distinct from v1v2 such that
u2 is adjacent to v3. Since G is 2-connected, v4 has a neighbor y distinct from v3. By
Lemma 3.3(ii) for the local pair v3u2 and v4y, y = u1. By symmetry between v1v2 and
v3v4, we obtain that v3 and v4 both have degree 2 in G, which implies n(G) = 6.

In view of the previous cases, we may assume that G−V (M) consists of isolated vertices.
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3.3 The 2-connected subcubic graphs G with νs(G) = νur(G)
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Figure 3.10: Two situations in Case 6.

Case 5. There are two vertices u1 and u2 in V (G) \ V (M), and an edge v1v2 ∈ M
such that u1 and u2 are both adjacent to v1 and v2.

Since G is 2-connected, and n(G) > 4, M contains an edge v3v4 such that u1 is adjacent
to v3. Since G is 2-connected, v4 has a neighbor x distinct from v3. By Lemma 3.3(ii),
x = u2. By Lemma 3.3(ii), v3 and v4 both have degree 2 in G, which implies n(G) = 6.

Case 6. G contains a triangle.

In view of the previous cases, G contains a triangle v1v2u1v1 with v1v2 ∈M . Since G is
2-connected, and n(G) > 3, we may assume, by symmetry between v1 and v2, that v2
has a neighbor u2 distinct from u1 and v1. By the previous cases, and Lemma 3.3(ii)
for the local pair v1u1 and v2u2, there is a 6-cycle v1u1v3v4u2v2v1 with v3v4 ∈M .
First, assume that v1 has a neighbor x distinct from u1 and v2. By Case 5, x 6= u2.

By Lemma 3.3(ii) for the local pair v1x and v2u1, x is adjacent to v4. By Lemma 3.3(ii)
for the local pair v1x and v2u2,

• either x is adjacent to v3,

• or u2 is adjacent to v3,

• or there is a 6-cycle v1xv5v6u2v2v1, where v5v6 ∈M is distinct from v3v4.

In the first two cases, we obtain n(G) = 7, hence, the third case applies. If v3 has a
neighbor z distinct from u1 and v4, then, by Lemma 3.3(ii) for the local pair v3z and v4u2
and for the local pair v3z and v4x, z is adjacent to v5 and v6, which implies n(G) = 10.
See the left part of Figure 3.10. Hence, v3 has degree 2 in G. Since G is 2-connected,
and n(G) > 9, v5 has a neighbor z distinct from x and v6. Now, Lemma 3.3(ii) fails for
the local pair v5z and v6u2. Hence, v1 has degree 2 in G.
If v4 has a neighbor x distinct from u2 and v3, then Lemma 3.3(ii) fails for the local

pair v3u1 and v4x. Hence, v4 has degree 2 in G. Since G is 2-connected, and n(G) > 6,
repeating the above arguments, we obtain that M contains an edge v5v6 distinct from
v1v2 and v3v4, and V (G)\V (M) contains a vertex u3 such that u3 is adjacent to v3 and
v6, u2 is adjacent to v5, and v6 has degree 2 in G. Hence, for the vertices v5, v6, and u3,
we are in a similar situation as for the vertices v3, v4, and u2. Setting up an inductive
argument as in Case 4.3.3, we obtain that G is isomorphic to a graph in B1. See the
right part of Figure 3.10.

Case 7. G contains a 4-cycle.
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3 Equality of the Induced and the Uniquely Restricted Matching Number
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Figure 3.11: Two situations in Case 7.1.

In view of the previous cases, there are two edges v1v2 and v3v4 in M , and two vertices
u1 and u2 in V (G) \ V (M), such that u1 and u2 are both adjacent to v1 and v3. By
Case 6, and symmetry between v2 and v4, we may assume that v4 has a neighbor u3
distinct from v3, u1, and u2. By Lemma 3.3(ii) for the local pair v3u1 and v4u3,

• either u3 is adjacent to v2,

• or there is a 6-cycle v3u1v5v6u3v4v3, where v5v6 ∈M is distinct from v1v2.

Case 7.1. u3 is adjacent to v2, and u3 has a neighbor v5 distinct from v2 and v4.

M contains an edge v5v6 distinct from v1v2 and v3v4. If v6 has a neighbor y distinct
from v5, u1, and u2, then Lemma 3.3(ii) fails for the local pair v5u3 and v6y. Hence,
v6 has no neighbor outside of {u1, u2, v5}. Since G is 2-connected, we may assume,
by symmetry between u1 and u2, that v6 is adjacent to u2. Since G is 2-connected,
and n(G) > 9, at least one of the three vertices v2, v4, and v5 has a neighbor z in
V (G) \ V (M) that is distinct from u1, u2, and u3. By Lemma 3.3(ii), z has at least
two neighbors in {v2, v4, v5}. Since G is 2-connected, and n(G) > 10, z has exactly two
neighbors in {v2, v4, v5}.
If z has a neighbor v7 such that M contains an edge v7v8 distinct from v1v2, v3v4,

and v5v6, then, since G is 2-connected, v8 has a neighbor z′ distinct from v7. By
Lemma 3.3(ii), z′ = u1, and v8 has degree 2 inG. SinceG is 2-connected, and n(G) > 12,
v7 has a neighbor z′′ distinct from z and v8. By Lemma 3.3(ii) for the local pair v7z

′′

and v8u1, z′′ is adjacent to v2 or v4, which implies that n(G) = 13. See the left part of
Figure 3.11. Hence, z has degree 2 in G.
Since G is 2-connected, and n(G) > 10, M contains an edge v7v8 distinct from v1v2,

v3v4, and v5v6 such that u1 is adjacent to v7. Since G is 2-connected, v8 has a neighbor
z′ distinct from v7. By Lemma 3.3(ii) for the local pair v7u1 and v8z

′, z′ is adjacent to
v2 or v4. If z′ is adjacent to v2, then z is adjacent to v4 and v5, and Lemma 3.3(ii) fails
for the local pair v2z

′ and v1u2. See the right part of Figure 3.11. If z′ is adjacent to v4,
then z is adjacent to v2 and v5, and Lemma 3.3(ii) fails for the local pair v4z

′ and v3u2.

Case 7.2. u3 is adjacent to v2, and u3 has degree 2 in G.

First, we assume that v2 has a neighbor u4 distinct from v1 and u3. If u4 is adjacent to
v4, then, by symmetry between u3 and u4, u4 has degree 2 in G. Since G is 2-connected,
and n(G) > 8, M contains an edge v5v6 distinct from v1v2 and v3v4 such that u1
is adjacent to v5. Since G is 2-connected, v6 has a neighbor x distinct from v5, and
Lemma 3.3(ii) fails for the local pair v5u1 and v6x. Hence, u4 is not adjacent to v4. By
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Figure 3.12: Two situations in Case 7.2.

Lemma 3.3(ii) for the local pair v1u1 and v2u4, there is a 6-cycle v2u4v5v6u1v1v2, where
v5v6 ∈M is distinct from v3v4. By Lemma 3.3(ii) for the local pair v1u2 and v2u4,

• either u2 is adjacent to v6,

• or there is a 6-cycle v1u2v7v8u4v2v1, where v7v8 ∈ M is distinct from v3v4 and
v5v6.

First, we assume that u2 is adjacent to v6. Since G is 2-connected, and n(G) > 10, v4
or v5 has a neighbor x distinct from v3, u3, v6, and u4. By Lemma 3.3(ii), x is adjacent
to v4 and v5. Since G is 2-connected, and n(G) > 11, M contains an edge v7v8 such
that x is adjacent to v7. Since G is 2-connected, v8 has a neighbor y distinct from v7.
Now, Lemma 3.3(ii) fails for the local pair v7x and v8y. See the left part of Figure 3.12.
Hence, u2 is not adjacent to v6, and there is a 6-cycle v1u2v7v8u4v2v1, where v7v8 ∈M
is distinct from v3v4 and v5v6.
If v4 has a neighbor x distinct from v3 and u3, then, by Lemma 3.3(ii), x is adjacent

to v5 and v8. Since G is 2-connected, and n(G) > 13, v6 or v7 has neighbor y distinct
from u1, v5, u2, and v8. By Lemma 3.3(ii), y is adjacent to v6 and v7, and, since G is
2-connected, n(G) = 14. See the right part of Figure 3.12. Hence, v4 has degree 2 in G.
By Lemma 3.3(ii), v5 and v8 have degree 2 in G. Since G is 2-connected, and n(G) > 12,
v6 or v7 has neighbor x distinct from u1, v5, u2, and v8. By Lemma 3.3(ii), x is adjacent
to v6 and v7, and, since G is 2-connected, n(G) = 13. Hence, v2 has degree 2 in G.

By symmetry between v2 and v4, we may assume that v4 has degree 2 in G. Since
G is 2-connected, and n(G) > 7, M contains an edge v5v6 distinct from v1v2 and v3v4
such that u1 is adjacent to v5. Since G is 2-connected, v6 has a neighbor x distinct from
v5. Now, Lemma 3.3(ii) fails for the local pair v5u1 and v6x.

Case 7.3. u3 is not adjacent to v2.

As observed above, there is a 6-cycle v3u1v5v6u3v4v3, where v5v6 ∈ M is distinct from
v1v2. Since G is 2-connected, v2 has a neighbor u4 distinct from v1 and u3. By symmetry
between u3 and u4, we may assume that u4 is not adjacent to v4. By Lemma 3.3(ii) for
the local pair v1u1 and v2u4, u4 is adjacent to v6.
First, we assume that u2 is adjacent to v5. If M contains an edge v7v8 distinct from

v1v2, v3v4, and v5v6 such that u3 is adjacent to v7, then v8 has a neighbor x distinct
from v7, and Lemma 3.3(ii) fails for the local pair v7u3 and v8x. Hence, u3 has degree
2 in G. Similarly, it follows that u4 has degree 2 in G. Since G is 2-connected, and
n(G) > 10, v2 or v4 has a neighbor x. By Lemma 3.3(ii), x is adjacent to v2 and v4,
and n(G) = 11. See the left part of Figure 3.13. Hence, u2 is not adjacent to v5.
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Figure 3.13: Two situations in Case 7.3.

By Lemma 3.3(ii) for the local pair v1u2 and v2u4, there is a 6-cycle v1u2v7v8u4v2v1,
where v7v8 ∈M is distinct from v3v4 and v5v6. By Lemma 3.3(ii) for the local pair v3u2
and v4u3, u3 is adjacent to v8. If v2 or v4 have a neighbor x distinct from v1, u4, v3,
and u3, then, by Lemma 3.3(ii), x is adjacent to v2 and v4. Similarly, if v5 or v7 have a
neighbor y distinct from v6, u1, v8, and u2, then, by Lemma 3.3(ii), y is adjacent to v5
and v7. Since, by Lemma 3.3(ii), x and y have degree 2 in G, if they exist, we obtain
n(G) ≤ 14. See the right part of Figure 3.13.

Case 8. M contains an edge v1v2, where v1 and v2 have degree 2 in G.

Let u1 be the neighbor of v1 distinct from v2, and let u2 be the neighbor of v2 dis-
tinct from v1. By Lemma 3.3(ii) for the local pair v1u1 and v2u2, there is a 6-cycle
v1u1v3v4u2v2v1, where v3v4 ∈M .
If v3 and v4 have degree 2 in G, then, since G is 2-connected, and n(G) > 6, M

contains an edge v5v6 distinct from v1v2 and v3v4 such that u1 is adjacent to v5. Since
G is 2-connected, v6 has a neighbor x distinct from v5. By Lemma 3.3(ii) for the local
pair v5u1 and v6x, x = u2, and n(G) = 8. Hence, by symmetry between v3 and v4,
we may assume that v4 has a neighbor u3 distinct from u2 and v3. By Lemma 3.3(ii)
for the local pair v3u1 and v4u3, there is a 6-cycle v3u1v5v6u3v4v3, where v5v6 ∈ M is
distinct from v1v2. In view of Case 7, we may assume that v6 is not adjacent to u2. By
Lemma 3.3(ii), v6 has degree 2 in G.

First, we assume that u2 has a neighbor v7 distinct from v2 and v4. By Case 6 and
Lemma 3.3(ii), v7 is distinct from v3 and v5. Let M contain the edge v7v8. Since G is
2-connected, v8 has a neighbor x distinct from v7. By Lemma 3.3(ii) for the local pair
v7u2 and v8x, x is adjacent to v3. This implies that x is distinct from u3, and that v8
has degree 2 in G. By Case 7, u3 is not adjacent to v7, and x is not adjacent to v5. By
Lemma 3.3(ii) for the local pair v3x and v4u3, there is a 6-cycle v3xv9v10u3v4v3, where
v9v10 ∈ M is distinct from v1v2, v5v6, and v7v8. If v5 or v9 has a neighbor y distinct
from u1, v6, x, and v10, then, by Lemma 3.3(ii), y is adjacent to v5 and v9. Similarly, if
v7 or v10 has a neighbor z distinct from u2, v8, u3, and v9, then, by Lemma 3.3(ii), z is
adjacent to v7 and v10. If y and z both exist, then, by Lemma 3.3(ii) for the local pair
v9y and v10z, there is a 6-cycle v9yv11v12zv10v9, where v11v12 ∈M is distinct from v1v2,
v3v4, v5v6, and v7v8. By Lemma 3.3(ii), v11 and v12 have degree 2 in G, which implies
n(G) = 18. See Figure 3.14. If at most one of y or z exists, then n(G) ≤ 15.
Hence, u2 has degree 2 in G. By Case 6, and Lemma 3.3(ii), v3 has degree 2 in G.
Setting up an inductive argument as in Case 4.3.3 and Case 6, it follows that G is
isomorphic to a graph in B1. See Figure 3.15.

Case 9. M contains an edge v1v2, where v1 and v2 have degree 3 in G.
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3.3 The 2-connected subcubic graphs G with νs(G) = νur(G)

u1 u2 u3xyz

v1 v2 v3 v4 v5 v6v7v8v9v10v11v12

G− V (M)

G(M)

Figure 3.14: A situation in Case 8.

u1 u2 u3

v1 v2 v3 v4 v5 v6

G− V (M)

G(M)

Figure 3.15: The final situation in Case 8.

Let u1 and u2 be the neighbors of v1 distinct from v2, and let u3 and u4 be the neighbors
of v2 distinct from v1. By Lemma 3.3(ii) for the local pair v1u1 and v2u4, there is a
6-cycle v1u1v3v4u4v2v1, where v3v4 ∈M . By Lemma 3.3(ii) for the local pair v1u1 and
v2u3, there is a 6-cycle v1u1v5v6u3v2v1, where v5v6 ∈M . By Case 7, the edges v3v4 and
v5v6 are distinct. By Lemma 3.3(ii) for the local pair v1u2 and v2u4, there is a 6-cycle
v1u2v7v8u4v2v1, where v7v8 ∈M . By Case 7, the edges v3v4 and v7v8 are distinct. If the
edge v7v8 equals the edge v5v6, then v7 = v6 and v8 = v5. By Lemma 3.3(ii) for the local
pair v5u4 and v6u3, u3 is adjacent to v3. By Lemma 3.3(ii) for the local pair v5u1 and
v6u2, u2 is adjacent to v4, and n(G) = 10. Hence, the edges v7v8 and v5v6 are distinct.
By Lemma 3.3(ii) for the local pair v1u2 and v2u3, there is a 6-cycle v1u2v9v10u3v2v1,
where v9v10 ∈M . By Case 7, v9v10 is distinct from v5v6 and v7v8. If v9v10 = v3v4, then
v9 = v4 and v10 = v3, and Lemma 3.3(ii) fails for the local pair v3u1 and v4u2. Hence,
the edges v9v10 and v3v4 are distinct.
Let U = {(8, 10), (5, 9), (4, 6), (3, 7)}. By Lemma 3.3(ii), for every (i, j) ∈ U , if vi or

vj has a neighbor x not in {u1, u2, u3, u4}, then x is adjacent to vi and vj . By Case 8,
the set Y = NG({v1, . . . , v10}) \ {u1, u2, u3, u4} contains at least two vertices. Note that
every vertex in Y has exactly two neighbors in {v1, . . . , v10}, which implies |Y | ≤ 4. If
some vertex y ∈ Y has a neighbor w1 not in {v1, . . . , v10}, then M contains an edge
w1w2, and, by Lemma 3.3(ii), w1 and w2 have all their neighbors in Y ∪ {w1, w2}. By
Case 8, there are at most 2 vertices in V (M) \ {v1, . . . , v10} that have neighbors in Y ,
which implies that n(G) ≤ 10 + 4 + 4 + 2 = 20. See Figure 3.16.

Case 10. M contains an edge v1v2, where v1 has degree 2, and v2 have degree 3 in G.

u1 u2 u3 u4

v1 v2 v3 v4v5 v6 v7 v8v9 v10 w1 w2

G− V (M)

G(M)

Y

Figure 3.16: The final situation in Case 9.
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3 Equality of the Induced and the Uniquely Restricted Matching Number

Let u1 be the neighbor of v1 distinct from v2, and let u2 and u3 be the neighbors of
v2 distinct from v1. By Case 6, u1, u2, and u3 are distinct. By Lemma 3.3(ii) for
the local pair v1u1 and v2u2, there is a 6-cycle v1u1v3v4u2v2v1, where v3v4 ∈ M . By
Lemma 3.3(ii) for the local pair v1u1 and v2u3, there is a 6-cycle v1u1v5v6u3v2v1, where
v5v6 ∈M . By Case 6 and Case 7, the edges v3v4 and v5v6 are distinct, v4 is not adjacent
to u3, and v6 is not adjacent to u2.

First, we assume that v4 or v6 has a neighbor distinct from v3, u2, v5, and u3. By
Lemma 3.3(ii), x is adjacent to v4 and v6. By Case 9, v3 and v5 have degree 2 in G. If x
has a neighbor v7 distinct from v4 and v6, then M contains an edge v7v8 distinct from
v1v2, v3v4, and v5v6. Since G is 2-connected, v8 has a neighbor y distinct from v7, and
Lemma 3.3(ii) fails for the local pair v7x and v8y. Hence, x has degree 2 in G. Since
G is 2-connected, and n(G) > 10, u3 has a neighbor v7, and M contains an edge v7v8
distinct from v1v2, v3v4, and v5v6. Since G is 2-connected, v8 has a neighbor y distinct
from v7, and Lemma 3.3(ii) fails for the local pair v7u3 and v8y. Hence, v4 and v6 have
degree 2 in G.

By Case 8, v3 has a neighbor u4 distinct from v4 and u1, and v5 has a neighbor u5
distinct from v6 and u1. By Case 7, u4 6= u5. If u4 = u3, then, by Lemma 3.3(ii) for the
local pair v4u2 and v3u3, u5 = u2, and n(G) = 9. Hence, u4 6= u3. If u5 = u2, then, by
Lemma 3.3(ii) for the local pair v5u2 and v6u3, u4 = u3, and n(G) = 9. Hence, u5 6= u2.
By Lemma 3.3(ii) for the local pair v4u2 and v3u4, there is a 6-cycle v4u2v7v8u4v3v4,
where v7v8 ∈ M . By Lemma 3.3(ii) for the local pair v6u3 and v5u5, there is a 6-cycle
v6u3v9v10u5v5v6, where v9v10 ∈ M . By Case 9, all five edges v1v2, v3v4, v5v6, v7v8,
and v9v10 are distinct. By Lemma 3.3(ii), v8 and v10 have degree 2 in G. By Case 8,
v7 and v9 have degree 3 in G. By Case 6, v7 is not adjacent to u4, and v9 is not
adjacent to u5. If v7 is adjacent to u5, then, by Lemma 3.3(ii) for the local pair v8u4
and v7u5, v9 is adjacent to u4, and n(G) = 15. Similarly, if v9 is adjacent to u4, then,
by Lemma 3.3(ii), v7 is adjacent to u5, and n(G) = 15. Hence, v7 is not adjacent to u5,
and v9 is not adjacent to u4.
We are again in a position to set up an inductive argument. We give new names to

some vertices, which facilitates to recognize the underlying structure of some Lk. Let
w′1 = v6, w′2 = v10, u′0 = v2, u′1 = u3, u′2 = v9, v′0 = u1, v′1 = v5, and v′2 = u5. Let k ≥ 2
be the largest positive integer such that

• for every i ∈ [k − 1],
– u′i has neighbors u′i−1 and u′i+1,
– v′i has neighbors v′i−1 and v′i+1,

• for every i ∈ [k],
– w′i has neighbors u′i and v′i and degree 2 in G,
– if i is even, then u′iw′i ∈M ,
– if i is odd, then v′iw′i ∈M , and

• the set

V = {v1, v2, v3, v4, v7, v8} ∪ {u1, u2, u4} ∪
k⋃
i=1
{u′i, v′i, w′i}
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3.3 The 2-connected subcubic graphs G with νs(G) = νur(G)

u1 u2 u3u4 u5

v1 v2v3v4 v5 v6v7v8 v9 v10

G− V (M)

G(M)

Figure 3.17: The final situation in Case 10.

contains 9 + 3k distinct vertices.

Note that all conditions are satisfied for k = 2 by the previous discussion. Let x = u′k
and y = v′k, if k is even, and let x = v′k and y = u′k, if k is odd. By Case 8, x has
degree 3 in G. If x has a neighbor z outside of V , then, by Lemma 3.3(ii) for the local
pair xz and w′ky, M contains an edge v′v′′ with v′, v′′ 6∈ V such that v′ is adjacent to
y, and v′′ is adjacent to z. By Lemma 3.3(ii), v′′ has degree 2 in G. By Case 8, v′ has
degree 3 in G. Setting w′k+1 equals to v′′, and setting u′k+1 and v′k+1 to v′ and z suitably
depending on the parity of k, we obtain a contradiction to the maximality of k. See
Figure 3.17.
This implies that x is adjacent to u4 and that y is adjacent to v7, which implies the

G is isomorphic to a graph in B2. This completes the proof.
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4 Some Hard and Tractable Cases of the Acyclic
Matching Number

Theorem 4.4, Lemma 4.5, Theorem 4.6, and Corollary 4.7 are based on [33] by Dieter
Rautenbach and the author of this thesis. Theorem 4.1, Theorem 4.2, and Lemma 4.3
are unpublished results by the author of this thesis.

4.1 Introduction
In this chapter, we provide a few further hard and tractable cases for the acyclic match-
ing number. In the first chapter, we saw that deciding whether a given graph G of large
girth satisfies ν(G) = νac(G) is NP-complete. In this chapter, we prove that determining
the acyclic matching number remains NP-hard on line graphs. Hence, we obtain the
hardness of determining the acyclic matching number for H-free graphs whenever H is
connected and contains a cycle or a claw. This implies that the only possible graphs H
for which the acyclic matching number might be tractable for H-free graphs are paths.
Our second result shows that this is the case for all paths of order at most five.
Furthermore, we show that determining the acyclic matching number can be done

in polynomial time for 2P3-free graphs. Finally, we characterize the graphs with only
acyclic maximum matchings and with only induced maximum matchings, respectively.

Theorem 4.1. Determining the acyclic matching number is NP-hard on line graphs.

Proof. Let G be a graph of odd order n(G) ≥ 3, and let L(G) be its line graph. It is
well-known that deciding whether G contains a hamiltonian path is NP-complete. We
prove that G contains a hamiltonian path if and only if 2νac(L(G)) ≥ n(G)− 1.

Let 2νac(L(G)) ≥ n(G)− 1, and let M be some maximum acyclic matching in L(G).
Since L(G) is claw-free, the components of the subgraph G(M) are paths P1, . . . , Pk
of odd length, which correspond to (not necessarily induced) vertex-disjoint paths
P ′1, . . . , P

′
k in G of order n(P1) + 1, . . . , n(Pk) + 1, respectively. This implies that

n(G) ≥
k∑
i=1

n(P ′i ) =
k∑
i=1

(n(Pi) + 1) = 2νac(L(G)) + k ≥ n(G)− 1 + k,

which implies that k = 1, and that P ′1 is a hamiltonian path of G.
Let P be a hamiltonian path of G. Since P corresponds to an induced path P ′ in

L(G) of order n(P )− 1, it follows that 2νac(L(G)) ≥ n(P )− 1 = n(G)− 1.

Our next result concerns P5-free graphs.
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4 Some Hard and Tractable Cases of the Acyclic Matching Number

4.2 Acyclic matchings in P5-free graphs
Theorem 4.2. For a given P5-free graph, a maximum acyclic matching can be deter-
mined in polynomial time.

For the proof of Theorem 4.2, we start with the following simple observation.

Lemma 4.3. For a P5-free graph G and an acyclic matching M in G, every component
of G(M) is isomorphic to a P2 or a P4.

Proof. Let G be a P5-free graph, and let M be some acyclic matching in G. If one
component of G(M) is isomorphic to a path, then it must either be a P2 or a P4. Hence,
we may assume, for a contradiction, that some component H of G(M) contains a claw
with vertices u, v, w, x, and edges uv, uw, ux. By symmetry, we may assume that
uv belongs to M . Since w and x must both be covered by M , there are two further
vertices w′ and x′ in H such that the edges ww′ and xx′ are both in M . This implies
the contradiction that w′wuxx′ induces a P5.

In a recent breakthrough, Lokshantov et al. [66] showed that a maximum independent
set can be determined in polynomial time for a given vertex-weighted P5-free graph.

Proof of Theorem 4.2. Let G be a P5-free graph, and let

P4(G) = {X ⊆ V (G) : X induces a P4 in G}.

Note that every set of vertices X of G with four vertices can induce at most one P4 (up
to isomorphism). Thus, each set of vertices X in P4(G) corresponds to exactly one P4
in G. Let G∗ be a graph with vertex set E(G)∪P4(G). For two vertices u and v in G∗,
let Xu and Xv be the corresponding vertex sets in G, respectively. Now, add the edge
uv to G∗ if Xu ∩Xv 6= ∅ or if there is an edge wx in G with w ∈ Xu and x ∈ Xv. Note
that the subgraph of G induced by E(G) is the square of the line graph of G.
We define the weight function w : V (G)→ {1, 2} on the vertices of G∗ as

w(v) =
{

1 , if v ∈ E(G), and
2 , otherwise.

If M is some acyclic matching in G, then, by Lemma 4.3, every component of G(M) is
isomorphic to a P2 or a P4. Hence, every independent set I in G∗ of weight

∑
v∈I w(v)

corresponds to an acyclic matching in G of size
∑
v∈I w(v) and vice versa.

It remains to show that G∗ is P5-free. Suppose, for a contradiction, that G∗ contains
an induced path v1 . . . v5 inG∗. Let V1, . . . , V5 be the sets of vertices ofG that correspond
to the vertices v1, . . . , v5 in G∗, respectively. Since {v1, v3, v5} is an independent set in
G∗, the vertex sets V1, V3, and V5 are pairwise disjoint inG. If V2\(V1∪V3) or V4\(V3∪V5)
would be empty, then, since G[Vi] is connected for every i ∈ [5], EG(V1, V3) or EG(V3, V5)
is non-empty, which is a contradiction. Hence, the vertex sets V1, V2 \ (V1 ∪ V3), V3,
V4 \ (V3 ∪ V5), and V5 are pairwise disjoint, and all non-empty.

Claim 4.1. For at least one component H of the subgraph G[V2 \ (V1 ∪ V3)], the sets
EG(V (H), V1) and EG(V (H), V3) are both non-empty.
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4.2 Acyclic matchings in P5-free graphs

Proof. Suppose, for a contradiction, that the statement is not true. This implies that
G[V2 \ (V1 ∪ V3)] has at least two components, and that G[V2] is isomorphic to a path
x1x2x3x4. Hence, by symmetry, we may assume that the vertex set V2 \ (V1 ∪ V3) is
either {x1, x3}, or {x1, x4}, or {x1, x3, x4}.
First, we assume that V2 \ (V1∪V3) = {x1, x3}. By symmetry, we may assume that x2

is in V1, which implies that x4 also belongs to V1. By construction, the set EG(V1, V3) is
empty, which implies that EG({x1, x3}, V3) is non-empty. This implies the contradiction
that either x1 or x3 has neighbors in both V1 and V3.

Hence, we may assume that V2 \ (V1 ∪ V3) = {x1, x4}, which, by symmetry and
EG(V1, V3) = ∅, implies that x2 and x3 both belong to V1. As above, this implies a
contradiction.

Hence, we may assume that V2 \ (V1 ∪ V3) = {x1, x3, x4}. Similarly, we may assume,
by symmetry, that x2 belongs to V1, which implies the contradiction that either x1 or
one of x3 or x4 has a neighbor in V3.

Let W2 be the vertex set of one component H of G[V2 \ (V1 ∪ V3)] as in Claim 4.1.
Similarly, let W4 be the vertex set of one component H of G[V4 \ (V3 ∪ V5)] such that
the sets EG(V (H), V3) and EG(V (H), V5) are both non-empty. Moreover, let Wi := Vi
for every i ∈ {1, 3, 5}, and let w1 be a vertex in W1. Now, we have that W1, . . . ,W5 are
pairwise disjoint, that the set EG(Wi,Wj) is non-empty if and only if |j − i| ≤ 1, and
that G[Wi] is isomorphic to a path with at most four vertices for every i ∈ [5].
For every i ∈ [4], let Pi be the path w2i−1Qiw2iw2i+1 where w2i−1 and w2i belong to

Wi, and w2i+1 belongs to Wi+1 such that

(1) the length of Pi is equal to the minimum distance from w2i−1 to a vertex in Wi+1,
and

(2) subject to (1), the distance from w2i+1 to a vertex in Wi+2 is a minimum for every
i in [3].

Let P = P1 ∪ . . . ∪ P4. Since V (P ) ∩Wi is non-empty for every i ∈ [5], the path P has
order at least 5. Suppose, for a contradiction, that P is not an induced path in G. Since
EG(Wi,Wj) 6= ∅ if and only if |j − i| ≤ 1, we may assume that there is an edge uv in
G with u ∈ Wi and v ∈ Wi+1 for some i ∈ [4]. Furthermore, u belongs to V (Pi) and, if
i ≤ 3, the vertex v belongs to V (Pi+1), and, if i = 4, we have that v = w9.

If u is distinct from w2i, then the path w2i−1 . . . uv is shorter than the path Pi, which
contradicts (1). Hence, we may assume that u = w2i. Since uv does not belong to
E(P ), this implies that i ≤ 3, and that v belongs to V (Pi+1). Therefore, the path
w2i−1Qiw2iv has the same length as Pi, and the path v . . . w2i+2w2i+3 is shorter than
the path w2i+1Qi+1w2i+2w2i+3, which contradicts (2).

By suitably adjusting the weight function w, it follows that determining a maxi-
mum weight acyclic matching can be done in polynomial time for edge-weighted P5-free
graphs. Note that the above reduction already fails for P6-free graphs, because the
components of G(M) can have arbitrary size, and, hence, the graphs constructed in the
proof of Theorem 4.2 would not have polynomially bounded size. Now, we turn our
attention to 2P3-free graphs.
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4 Some Hard and Tractable Cases of the Acyclic Matching Number

x′ x

y1 y′1

yk y′k

x′ x

y1 y′1

yk y′k

z1z′1

z`z′`

y x

w1 w′1

wk w′k

z1z′1

z`z′`

y′ x′

Figure 4.1: An illustration of Lemma 4.5 (i)-(iv).

4.3 Acyclic matchings in 2P3-free graphs
Theorem 4.4 ([33]). For a given edge-weighted 2P3-free graph, a maximum weight
acyclic matching can be determined in polynomial time.

The following lemma shows that for 2P3-free graphs, induced matchings and acyclic
matchings are similar.

Lemma 4.5 ([33]). If M is an acyclic matching in a 2P3-free graph G, then G(M) has
at most one component that is not a P2, and such a component T satisfies

(i) either T is a P4,

(ii) or

V (T ) = {x, x′} ∪ {yi, y′i : i ∈ [k]} and
E(T ) = {xx′} ∪ {xyi, yiy′i : i ∈ [k]}

for some integer k at least 2,

(iii) or

V (T ) = {x, x′} ∪ {yi, y′i : i ∈ [k]} ∪ {zi, z′i : i ∈ [`]} and
E(T ) = {xx′} ∪ {xyi, yiy′i : i ∈ [k]} ∪ {x′zi, ziz′i : i ∈ [`]}

for some positive integers k and `,

(iv) or

V (T ) = {x, x′, y, y′} ∪ {wi, w′i : i ∈ [k]} ∪ {zi, z′i : i ∈ [`]} and
E(T ) = {xx′, yy′, xy} ∪ {xwi, wiw′i : i ∈ [k]} ∪ {yzi, ziz′i : i ∈ [`]}

for some positive integers k and `.
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4.3 Acyclic matchings in 2P3-free graphs

Proof. Let F = G(M). Since M is acyclic, F is a forest with a perfect matching. Since
every component of F that is not a P2, contains a P3, the 2P3-freeness of G implies that
at most one component of F is not a P2. Let T be such a component. Let P : u1 . . . un
be a longest path in T . Since F has a perfect matching, we obtain n ≥ 4, and, since
G is 2P3-free, we obtain n ≤ 6. Note that dF (u1) = dF (un) = 1, which implies that M
contains the two edges u1u2 and un−1un. By the choice of P , we obtain furthermore
that NF (u2) = {u1, u3} and NF (un−1) = {un−2, un}. If n = 4, this already implies that
T is a P4. For n = 5, the matchingM contains an edge u3u

′
3 for some u′3 ∈ V (T )\V (P ).

By the choice of P , it follows that all vertices in NT (u3) \ {u′3} have degree 2 in T , that
their neighbors distinct from u3 are endvertices of T , and that u′3 is an endvertex of T .
Altogether, it follows that T is as in (ii). Now, let n = 6. Since M contains a perfect
matching of T , it follows that either u3u4 ∈M or M contains two edges u3u

′
3 and u4u

′
4

for some distinct vertices u′3 and u′4 in V (T ) \ V (P ). If u3u4 ∈ M , then, as before, it
follows that all vertices in NT ({u3, u4}) have degree 2 in T , and that their neighbors
distinct from u3 and u4 are endvertices of T . Hence, it follows that T is as in (iii).
Similarly, if M contains the two edges u3u

′
3 and u4u

′
4, then it follows that all vertices

in NT ({u3, u4}) \ {u′3, u′4} have degree 2 in T , that their neighbors distinct from u3 and
u4 are endvertices of T , and that both u′3 and u′4 are endvertices of T . Hence, it follows
that T is as in (iv).

With Lemma 4.5, we are now ready to prove Theorem 4.4.

Proof of Theorem 4.4. Let G be an edge-weighted 2P3-free graph of order n. Using
Lemma 4.5, we will reduce the problem to determine a maximum weight acyclic match-
ing in G to polynomially many instances of the maximum weight induced matching
problem in smaller 2P3-free graphs. As shown by Lozin and Mosca [69] a maximum
weight induced matching can be determined in polynomial time for a given 2P3-free
graph.
By Lemma 4.5, a maximum weight acyclic matching M in G is a matching of largest

weight of one of the following five types:

(1) An induced matching.

(2) An acyclic matching M for which G(M) contains a component T that is a P4.

(3) An acyclic matching M for which G(M) contains a component T as in (ii) of
Lemma 4.5.

(4) An acyclic matching M for which G(M) contains a component T as in (iii) of
Lemma 4.5.

(5) An acyclic matching M for which G(M) contains a component T as in (iv) of
Lemma 4.5.

We already observed that a maximum weight matching of type (1) can be determined
efficiently [69]. A maximum weight matching M of type (2) can be determined by
considering all O(n4) choices for the P4 component T , adding to M the two edges of

45



4 Some Hard and Tractable Cases of the Acyclic Matching Number

a perfect matching of T as well as a maximum weight induced matching of the graph
G−NG[V (T )].
A maximum weight matching M of type (3) can be determined by

• considering all O(n6) choices for the six vertices x, x′, y1, y′1, y2, and y′2 of T ,

• adding to M the three edges xx′, y1y
′
1, and y2y

′
2, as well as

• a maximum weight induced matching M ′ of the graph
G′ = G − NG[{x′, y1, y

′
1, y2, y

′
2}], where the weight of the edges of G′ that are

between vertices in NG(x) is changed to −1.

By the construction of G′ and the change of the weight function, every edge in M ′

contains at most one neighbor of x. Note that the edges in M ′ containing a neighbor of
x, correspond to the edges y3y

′
3, . . . , yky

′
k as in Lemma 4.5(ii).

In the remaining cases, we proceed similarly.
A maximum weight matching M of type (4) can be determined by considering all

O(n6) choices for the six vertices x, x′, y1, y′1, z1, and z′1 of T , adding to M the
three edges xx′, y1y

′
1, and z1z

′
1, as well as a maximum weight induced matching M ′ of

the graph G′ = G − (NG[{y1, y
′
1, z1, z

′
1}] ∪ (NG(x) ∩NG(x′))), where the weight of the

edges of G′ that are between vertices in NG(x) ∪ NG(x′) is changed to −1. Note that
NG(u)∩{x, x′, y1, y

′
1, z1, z

′
1} is either empty, or {x}, or {x′} for every vertex u in V (G′),

and that every edge in M ′ contains at most one vertex with a neighbor in {x, x′}, which
implies that the structure of G(M) is as desired.
Finally, a maximum weight matchingM of type (5) can be determined by considering

all O(n8) choices for the eight vertices x, x′, y, y′, w1, w′1, z1, and z′1 of T , adding to M
the four edges xx′, yy′, w1w

′
1, and z1z

′
1, as well as a maximum weight induced matching

of the graph G′ = G− (NG[{x′, y′, w1, w
′
1, z1, z

′
1}] ∪ (NG(x) ∩NG(y))), where the weight

of the edges of G′ that are between vertices in NG(x) ∪NG(y) is changed to −1.
Altogether, we need to solve O(n8) instances of the maximum weight induced match-

ing problem in edge-weighted 2P3-free graphs that are induced subgraphs of G such that
the encoding lengths of the weight functions are polynomially bounded in terms of the
encoding length of the original weight function, which, by [69], completes the proof.

Our final two result concern the graphs for which every maximum matching is acyclic
or induced, respectively.

4.4 Acyclic maximum matchings
Theorem 4.6 ([33]). Let G be a graph. Every maximum matching in G is acyclic if
and only if every component of G is a tree or an odd cycle.

Proof. Clearly, if every component of G is a tree or an odd cycle, then every maximum
matching in G is acyclic. Now, let G be such that every maximum matching in G is
acyclic. Let C be an induced cycle in G. In order to complete the proof, it suffices to
show that C is a component of G of odd order. Let M be a maximum matching in G
maximizing |V (M)∩ V (C)|. Since M is acyclic, not all vertices of C are covered by M .
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4.4 Acyclic maximum matchings

Suppose that M contains an edge between a vertex on C and a vertex not on C. If
u0 . . . uk is a shortest path within C between a vertex u0 not covered byM and a vertex
uk such that ukv ∈M for some vertex v not on C, then k is odd, and u2i−1u2i ∈M for
every i ∈ [(k − 1)/2]. Now,

M ′ = (M \ ({ukv} ∪ {u2i−1u2i : i ∈ [(k − 1)/2]})) ∪ {u2i−2u2i−1 : i ∈ [(k + 1)/2]}

is a maximum matching in G with |V (M ′)∩V (C)| > |V (M)∩V (C)|, contradicting the
choice of M . Hence, M ∩ EG(V (C)) is empty. Since M is a maximum matching, this
easily implies that M covers all but exactly one vertex of C, which implies that C has
odd order.
Suppose that C is not a component of G. This implies that some vertex u on C has

a neighbor v that is not on C. Removing from M all edges that belong to C as well as
any edge incident with v, and adding to the resulting matching the edge uv as well as
a matching in C covering all vertices of C except for u, results in a maximum matching
in G that is not acyclic, which is a contradiction. Hence, C is a component of G, which
completes the proof.

Corollary 4.7 ([33]). Let G be a graph. Every maximum matching in G is induced if
and only if every component of G is a star or a triangle.

Proof. Clearly, if every component of G is a star or a triangle, then every maximum
matching is induced. Now, let G be such that every maximum matching in G is induced.
Since this implies that every maximum matching in G is acyclic, the graph G is as
in Theorem 4.6. Since odd cycles of length at least 5 have non-induced maximum
matchings, every component of G that is not a tree, is a triangle. Now, suppose that
T is a component of G that is a tree but not a star. Let M be a maximum matching
of G that contains a pendant edge uv of T , where u is an endvertex. Since T is not a
star, the vertex v has a neighbor w that is not an endvertex. Since M is a maximum
matching that is induced, the vertex w is not covered by M but every vertex in NT (w)
is covered by M . Removing an edge from M incident with a neighbor x of w, and
adding wx to the resulting matching, yields a non-induced maximum matching, which
is a contradiction.
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5 A Lower Bound on the Acyclic Matching Number
of Subcubic Graphs

This chapter is based on the paper1 [34] by Dieter Rautenbach and the author of this
thesis.

5.1 Introduction
By combining reductions of [83] and [41], it follows that determining the acyclic matching
number is NP-hard on graphs of maximum degree 5. In the first chapter, we saw that
even deciding whether a given bipartite graph of maximum degree 4 satisfies ν(G) =
νac(G) is NP-complete. The complexity of acyclic matchings for (sub-)cubic graphs is
currently unknown. Let us proceed to the main result of this chapter. Let K+

4 be the
graph that arises from a K4 by subdividing one edge once.

Theorem 5.1 ([34]). If G is a connected subcubic graph that is not isomorphic to K+
4

or K3,3, then νac(G) ≥ m(G)/6.

Since every subcubic graph G of order n(G) satisfies m(G) ≤ 3n(G)/2, Theorem 5.1
is an immediate consequence of the following stronger result. For two graphs G and H,
let κG(H) denote the number of components of G that are isomorphic to H.

Theorem 5.2 ([34]). If G is a subcubic graph without isolated vertices, then

νac(G) ≥ 1
4
(
n(G)− κG(K2,3)− κG(K+

4 )− 2κG(K3,3)
)
.

Note that Theorem 5.2 is tight; examples are K4, K2,2, K1,3, or the graph obtained
from K1,3 by replacing each endvertex with an endblock isomorphic to K2,3. The proof
of Theorem 5.2 is postponed to the second section. The reduction arguments within
that proof easily lead to a polynomial time algorithm computing acyclic matchings of
the guaranteed size.
In the third section, we conclude with some open problems.

5.2 Proof of Theorem 5.2
The proof is by contradiction. Therefore, suppose that G is a counterexample to The-
orem 5.2 that is of minimum order. A graph is special if it is isomorphic to K2,3, K+

4 ,

1 M. Fürst and D. Rautenbach, A lower bound on the acyclic matching number of subcubic graphs,
Discrete Mathematics 341 (2018), 2353-2358. doi.org/10.1016/j.disc.2018.05.010. Reused with per-
mission by Elsevier.
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G′

u

v1 v2

Figure 5.1: An illustration of Claim 5.1.

or K3,3. Clearly, G is connected, not special, and n(G) is at least 5. By our initial
assumption, νac(G) < n(G)/4.
We derive a contradiction using a series of claims.

Claim 5.1. No subgraph of G is isomorphic to K+
4 .

Proof of Claim 5.1. Suppose that G has a subgraph H that is isomorphic to K+
4 . Let

v1, v2, v3, and v4 be the vertices of degree 3 in H, and let u the vertex of degree 2 in
H. Let G′ = G− {v1, v2, v3, v4}, see Figure 5.1.
Since G is connected, the graph G′ is connected. Since u has degree 1 in G′, the graph

G′ is not special. By the choice of G, the graph G′ is no counterexample to Theorem
5.2, and, hence, it has an acyclic matching M ′ of size at least n(G′)/4 = n(G)/4 − 1.
Adding the edge v1v2 to M ′ yields an acyclic matching in G of size at least n(G)/4,
which is a contradiction.

Claim 5.2. No endblock of G is isomorphic to K2,3.

Proof of Claim 5.2. Suppose that some endblock B of G is isomorphic to K2,3. Let u
be the unique cutvertex of G in B. Clearly, the vertex u has degree 2 in B. The graph
G′ = G − (V (B) \ {u}) is connected, and, since u has degree 1 in G′, it is not special.
Therefore, by the choice of G, the graph G′ has an acyclic matching M ′ of size at least
n(G′)/4 = n(G)/4 − 1. Adding an edge of B that is not incident to u to M ′ yields an
acyclic matching in G of size at least n(G)/4, which is a contradiction.

Claim 5.3. No two vertices of degree 1 have a common neighbor.

Proof of Claim 5.3. Suppose that u and v are two vertices of degree 1, and that w
is their common neighbor. Let G′ = G − {u, v, w}. Since G′ is connected and not
isomorphic to K3,3, the choice of G implies that G′ has an acyclic matching M ′ of size
at least (n(G′) − 1)/4 = n(G)/4 − 1. Since w does not lie on any cycle in G, adding
the edge uw to M ′ yields an acyclic matching in G of size at least n(G)/4, which is a
contradiction.

Claim 5.4. No vertex of degree 1 is adjacent to a vertex that does not lie on a cycle.

Proof of Claim 5.4. Suppose that u is a vertex of degree 1 that is adjacent to a vertex
v that does not lie on a cycle. By Claim 5.3, the graph G′ = G− {u, v} has no isolated
vertex. Since G′ has at most two components, and no component of G′ is isomorphic
to K3,3, the choice of G implies that G′ has an acyclic matching M ′ of size at least
(n(G′)− 2)/4 = n(G)/4− 1. Since v does not lie on a cycle, adding the edge uv to M ′
yields an acyclic matching in G of size at least n(G)/4, which is a contradiction.
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5.2 Proof of Theorem 5.2

G′

u v
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x G′
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w

G′

C
u v
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Figure 5.2: An illustration of all three cases of Claim 5.5.

Claim 5.5. The minimum degree of G is at least 2.

Proof of Claim 5.5. Suppose that u is a vertex of degree 1. By Claim 5.4, the neighbor
v of u lies on a cycle C in G. Let x and w be the neighbors of v on C.
First, suppose that w has no neighbor of degree 1.
If G− {u, v, w} contains an isolated vertex, then this is necessarily the vertex x, and

NG(x) = {v, w}. In this case, let G′ = G− {u, v, w, x}, see the left of Figure 5.2.
Clearly, the graph G′ is connected and not isomorphic to K3,3. If G′ is isomorphic

to K+
4 or K2,3, then it follows easily that νac(G) ≥ 3 > 9/4 = n(G)/4, which is a

contradiction. Hence, G′ is not special, which implies that G′ has an acyclic matching
M ′ of size at least n(G′)/4 = n(G)/4 − 1. Adding the edge uv to M ′ yields an acyclic
matching in G of size at least n(G)/4, which is a contradiction. Hence, we may assume
that G′ = G−{u, v, w} has no isolated vertex, see the middle of Figure 5.2. Since there
are at most three edges between {u, v, w} and V (G′) in G, Claim 5.2 implies that at
most one component of G′ is isomorphic to K2,3. By the choice of G, this implies that
G′ has an acyclic matching M ′ of size at least (n(G′) − 1)/4 = n(G)/4 − 1. Adding
the edge uv to M ′ yields an acyclic matching in G of size at least n(G)/4, which is a
contradiction. Hence, by symmetry, we may assume that x and w both have a neighbor
of degree 1.
Let y be a neighbor of w of degree 1, see the right of Figure 5.2. If x and w are

adjacent, then νac(G) = 2 > 6/4 = n(G)/4, which is a contradiction. Hence, x and w
are not adjacent. In view of the cycle C, the graph G′ = G−{u, v, w, y} is connected, see
the right of Figure 5.2. Since G′ has a vertex of degree 1, it is not special, which implies
that G′ has an acyclic matching M ′ of size at least n(G′)/4 = n(G)/4 − 1. Adding
the edge uv to M ′ yields an acyclic matching in G of size at least n(G)/4, which is a
contradiction.

Claim 5.6. No subgraph of G is isomorphic to K2,3.

Proof of Claim 5.6. Suppose that G has a subgraphH that is isomorphic toK2,3. Claim
5.1 implies that H is an induced subgraph of G. Let u1, u2, and u3 be the vertices of
degree 2 in H, and let v1 and v2 be the vertices of degree 3 in H.
First, suppose that u1 has degree 2 in G. Since G is not special, we may assume that

u2 has degree 3 in G. By Claim 5.5, the graph G′ = G− (V (H) \ {u2}) has no isolated
vertex, and, since u2 has degree 1 in G′, it is not special, see the left of Figure 5.3.
It follows that G′ has an acyclic matching M ′ of size at least n(G′)/4 = n(G)/4− 1.

Adding the edge u1v1 to M ′ yields an acyclic matching in G of size at least n(G)/4,
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G′
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Figure 5.3: An illustration of the first two cases of Claim 5.6.

which is a contradiction. Hence, by symmetry, we may assume that all vertices in
U = {u1, u2, u3} have degree 3 in G.

Next, suppose that u1 and u2 have a common neighbor u that is distinct from v1 and
v2. Let G′ = G − NG[U ], see the right of Figure 5.3. Note that there are at most 3
edges between NG[U ] and V (G′) in G, and that NG[U ] does not induce K3,3, because
G is subcubic, connected, and not special. By Claim 5.5, the graph G′ has at most one
isolated vertex, and, by Claim 5.2, at most one component of G′ is isomorphic to K2,3.
Furthermore, the graph G′ cannot have an isolated vertex and a component isomorphic
to K2,3 at the same time. This implies that G′ has an acyclic matching M ′ of size at
least (n(G′) − 1)/4 = n(G)/4 − 2. Adding the two edges uu1 and u3v1 to M ′ yields
an acyclic matching in G of size at least n(G)/4, which is a contradiction. Hence, by
symmetry, no two vertices in U have a common neighbor that is distinct from v1 and
v2.

The graph G′ that arises by contracting all edges of H is simple and connected. If
G′ is special, then G has order at most 10, and the three edges between NG[U ] and
V (G) \ NG[U ] is an acyclic matching in G, which is a contradiction. Hence, G′ is not
special, which implies that G′ has an acyclic matching M ′ of size at least n(G′)/4 =
n(G)/4−1. LetM ′′ be the acyclic matching in G corresponding toM ′. SinceM ′′ covers
at most one vertex in U , say u1, adding the edge u2v1 to M ′′ yields an acyclic matching
in G of size at least n(G)/4, which is a contradiction.

Claim 5.1, Claim 5.6, and the choice of G imply that every proper induced subgraph G′
of G with i(G′) isolated vertices has an acyclic matching M ′ such that

|M ′| ≥ n(G′)− i(G′)
4 . (5.1)

Claim 5.7. No two vertices of degree 2 are adjacent.

Proof of Claim 5.7. Suppose that u and v are adjacent vertices of degree 2, and that w
is the neighbor of u distinct from v. By Claim 5.5, the graph G′ = G− {u, v, w} has at
most one isolated vertex, and, hence, by (5.1), it has an acyclic matching M ′ of size at
least (n(G′)− 1)/4 = n(G)/4− 1. Adding the edge uv to M ′ yields a contradiction.

Claim 5.8. No vertex of degree 2 lies on a triangle.

Proof of Claim 5.8. Suppose that u1u2u3u1 is a triangle in G such that u1 has degree 2.
By Claim 5.7, the vertices u2 and u3 have degree 3. Since n(G) ≥ 5, Claim 5.5 implies
that the graph G′ = G−{u1, u2, u3} has no isolated vertex, and, hence, by (5.1), it has
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5.2 Proof of Theorem 5.2

an acyclic matching M ′ of size at least n(G′)/4 > n(G)/4− 1. Adding the edge u1u2 to
M ′ yields a contradiction.

Claim 5.9. No vertex of degree 2 lies on a cycle of length 4.

Proof of Claim 5.9. Suppose that u1u2u3u4u1 is a cycle in G such that u1 has degree
2. By Claims 5.7 and 5.8, the vertices u2 and u4 have degree 3, and are not adjacent.
By Claims 5.6 and 5.8, the graph G′ = G− {u1, u2, u3, u4} has no isolated vertex, and,
hence, by (5.1), it has an acyclic matching M ′ of size at least n(G′)/4 = n(G)/4 − 1.
Adding the edge u1u2 to M ′ yields a contradiction.

Claim 5.10. No cycle of length 5 contains two vertices of degree 2.

Proof of Claim 5.10. Suppose that the cycle u1u2u3u4u5u1 contains two vertices of de-
gree 2. By Claim 5.7, we may assume that u1 and u4 have degree 2, and that u2, u3,
and u5 have degree 3. Let G′ = G − (NG[u5] ∪ {u2, u3}). Since there are at most
4 edges between NG[u5] ∪ {u2, u3} and V (G′) in G, the graph G′ has at most two
isolated vertices, and, hence, by (5.1), it has an acyclic matching M ′ of size at least
(n(G′)− 2)/4 = n(G)/4− 2. Adding the edges u1u2 and u4u5 to M ′ yields a contradic-
tion.

Claim 5.11. G is cubic.

Proof of Claim 5.11. Suppose that u is a vertex of degree 2. By Claims 5.7, 5.8, and 5.9,
the neighbors of u, say v and w, have degree 3, are not adjacent, and have no common
neighbor except for u. Let x be a neighbor of v distinct from u. By Claims 5.8, 5.9,
and 5.10, the graph G′ = G − {u, v, w, x} has no isolated vertex, and, hence, by (5.1),
it has an acyclic matching M ′ of size at least n(G′)/4 = n(G)/4 − 1. Adding the edge
uv to M ′ yields a contradiction.

Claim 5.12. G is triangle-free.

Proof of Claim 5.12. Suppose that u1u2u3u1 is a triangle in G. By Claims 5.1 and 5.11,
the graph G′ = G−NG[u1] has no isolated vertex, and, hence, by (5.1), it has an acyclic
matching M ′ of size at least n(G′)/4 = n(G)/4− 1. Adding the edge u1u2 to M ′ yields
a contradiction.

Let C : u1u2 . . . ugu1 be a shortest cycle in G. For i ∈ [g], let vi be the neighbor of ui
not on C. By Claim 5.12, we have g ≥ 4.

Claim 5.13. g ≥ 5.

Proof of Claim 5.13. Suppose that g = 4. By Claims 5.6 and 5.12, the vertices v1, v2,
v3, and v4 are distinct. Let w1 and w2 be the neighbors of v1 distinct from u1.
First, suppose that w1 = v2. By Claim 5.11, the graph G′ = G−(NG[v1]∪{u2, u3, u4})

has at most one isolated vertex, and, hence, by (5.1), it has an acyclic matching M ′ of
size at least (n(G′)−1)/4 = n(G)/4−2. Adding the edges u1v1 and u2u3 toM ′ yields a
contradiction. Hence, we may assume, by symmetry, that {v1, v2, v3, v4} is independent.
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Next, suppose that there is some vertex x outside of NG[{v1, u1, u3}] such that
NG(x) ⊆ NG[{v1, u1, u3}]. By Claim 5.6, x is not adjacent to both u2 and u4. Hence,
by Claim 5.11, we may assume that x is adjacent to w1 but not to u2. By Claim 5.11,
the graph G′ = G − NG[{v1, u1, u3, w1}] has at most two isolated vertices, and, hence,
by (5.1), it has an acyclic matching M ′ of size at least (n(G′) − 2)/4 = n(G)/4 − 3.
Adding the edges xw1, u1v1, and u2u3 to M ′ yields a contradiction. Hence, we may
assume that the graph G′ = G − NG[{v1, u1, u3}] has no isolated vertex. By (5.1), G′
has an acyclic matching M ′ of size at least n(G′)/4 = n(G)/4 − 2. Adding the edges
u1v1 and u2u3 to M ′ yields a contradiction.

Claim 5.14. g ≥ 6.

Proof of Claim 5.14. Suppose that g = 5. By Claim 5.13, the vertices v1, v2, v3, v4, and
v5 are distinct. Suppose that there is some vertex x outside of NG[{u1, u2, u4}] such that
NG(x) ⊆ NG[{u1, u2, u4}]. By Claims 5.11 and 5.13, we obtain NG(x) = {v1, v2, v4}. By
Claim 5.11, the graph G′ = G − NG[{v1, u1, u2, u4}] has at most two isolated vertices,
and, hence, by (5.1), it has an acyclic matching M ′ of size at least (n(G′) − 2)/4 =
n(G)/4− 3. Adding the edges xv1, u1u2, and u3u4 to M ′ yields a contradiction. Hence,
we may assume that the graph G′ = G − NG[{u1, u2, u4}] has no isolated vertex. By
(5.1), the graph G′ has an acyclic matching M ′ of size at least n(G′)/4 = n(G)/4 − 2.
Adding the edges u1u2 and u3u4 to M ′ yields a contradiction.

Claim 5.15. g ≥ 7.

Proof of Claim 5.15. Suppose that g = 6. Let w1 and w2 be the neighbors of v1 distinct
from u1. By Claim 5.14, the vertices vi for i ∈ {1, 2, 3, 5, 6}, w1, and w2 are distinct.
Suppose that there is some vertex x outside of NG[{v1, u3, u5, u6}] such that NG(x) ⊆
NG[{v1, u3, u5, u6}]. By Claims 5.11 and 5.14, we obtain that x is adjacent to v3, to one
vertex in {v5, v6}, and to one vertex in {w1, w2}. Let G′ = G−NG[{v1, v3, u3, u5, u6}].
By Claim 5.14, no isolated vertex in G′ is adjacent to u2 or u4. Since there are at most 10
edges between NG[{v1, v3, u3, u5, u6}] and V (G′) in G, this implies that G′ has at most
two isolated vertices, and, hence, by (5.1), it has an acyclic matching M ′ of size at least
(n(G′)− 2)/4 = n(G)/4− 4. Adding the edges xv3, u1v1, u2u3, and u5u6 to M ′ yields
a contradiction. Hence, we may assume that the graph G′ = G − NG[{v1, u3, u5, u6}]
has no isolated vertex. By (5.1), the graph G′ has an acyclic matching M ′ of size at
least n(G′)/4 = n(G)/4 − 3. Adding the edges u1v1, u2u3, and u5u6 to M ′ yields a
contradiction.

We are now in a position to complete the proof. First, suppose that g is odd, see left of
Figure 5.4. If the graph G′ = G − NG[{u1, . . . , ug−2}] has an isolated vertex, then, by
Claim 5.11, there is a cycle of length at most

⌊g
3
⌋

+ 4. Since the last expression is less
than g for odd g at least 7, it follows that G′ has no isolated vertex. By (5.1), the graph
G′ has an acyclic matching M ′ of size at least n(G′)/4 = n(G)/4 − (g − 1)/2. Adding
the edges in {u2i−1u2i : 1 ≤ i ≤ (g − 1)/2} to M ′ yields a contradiction.
Hence, we may assume that g is even, see right of Figure 5.4. Let w1 and w2 be the

neighbors of v1 distinct from u1. By the choice of C, the vertices vi for i ∈ [g], w1, and
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5.3 Conclusion
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Figure 5.4: An illustration of deleting the shortest cycle C in G.

w2 are distinct. If the graph G′ = G − NG[{v1, u1, . . . , ug−2}] has an isolated vertex,
then, by Claim 5.11, there is a cycle of length at most

⌊g
3
⌋

+ 5. Since the last expression
is less than g for even g at least 8, it follows that G′ has no isolated vertex. By (5.1), the
graph G′ has an acyclic matching M ′ of size at least n(G′)/4 = n(G)/4− g/2. Adding
the edges in {u1v1} ∪ {u2iu2i+1 : 1 ≤ i ≤ (g− 2)/2} to M ′ yields a contradiction, which
completes the proof. �

5.3 Conclusion
We believe that Theorem 5.2 can be improved as follows.

Conjecture 5.3 ([34]). There is a constant c such that νac(G) ≥ 3n(G)
11 − c for every

connected subcubic graph G.

Conjecture 5.3 would be asymptotically best possible. If H arises from a copy of K1,2,
where u(H) denotes the vertex of degree 2, by replacing each endvertex with an endblock
isomorphic to K2,3, and, for some positive integer k, the connected subcubic graph Gk
arises from k disjoint copies H1, . . . ,Hk of H by adding, for every i in [k − 1], an edge
between u(Hi) and some vertex of degree 2 in Hi+1 that is distinct from u(Hi+1), then
νac(Gk) = 3n(Gk)/11.

For general maximum degree, we pose the following conjecture motivated by [51].

Conjecture 5.4 ([34]). If G is a graph of maximum degree ∆ without isolated vertices,
and ∆ is sufficiently large, then

νac(G) ≥ 2n(G)(
d∆

2 e+ 1
) (
b∆

2 c+ 1
) .

There should be better lower bounds on the acyclic matching number for graphs of
large girth. Moreover, a lower bound such as Conjecture 5.4, which is essentially tight
for all possible densities of a graph G of bounded maximum degree, would be interesting,
yet very challenging.
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6 Lower Bounds on the Uniquely Restricted
Matching Number

This chapter is based on the paper1 [37] by Dieter Rautenbach and the author of this
thesis. As mentioned in the introduction, we prove several lower bounds on the uniquely
restricted matching number in the next three chapters.

6.1 Introduction
As our first result of this chapter, we prove the following.

Theorem 6.1 ([37]). If G is a graph of maximum degree at most ∆ without isolated
vertices, then

νur(G) ≥ n(G)
∆ − m(G)

∆2

with equality if and only if each component of G is in {K∆,r : r ∈ [∆]}.

In view of the extremal graphs for Theorem 6.1, taking the number of components
into account should allow better bounds. For the subcubic case, we achieve the following
best-possible result.

Theorem 6.2 ([37]). If G is a connected subcubic graph, then

νur(G) ≥ n(G)− 1
2 − m(G)

6 . (6.1)

If G is a tree, then (6.1) simplifies to νur(G) ≥ n(G)−1
3 , which is tight for infinitely

many trees [49]. Moreover, if the subcubic graph Gk arises from the disjoint union of k
isolated vertices u(1), . . . , u(k) and 2k+1 copies K(1), . . . ,K(2k+1) of K2,3 by adding,
for every i ∈ [k], one edge between u(i) and K(2i−1), one edge between u(i) and K(2i),
and one edge between u(i) and K(2i+ 1), then

νur(Gk) = 3k + 1 = 11k + 4
2 − 15k + 6

6 = n(G)− 1
2 − m(G)

6 ,

that is, (6.1) is tight also for denser graphs, see Figure 6.1 for an illustration.
If G has girth at least 5 and no isolated vertices, then the approach used in the proof

of Theorem 6.1 yields νur(G) ≥ n(G)
∆+1 . For ∆ ≥ 4, we improve this as follows.

1 M. Fürst and D. Rautenbach, Lower Bounds on the Uniquely Restricted Matching Number, Graphs
and Combinatorics 35 (2018), 353-361. doi.org/10.1007/s00373-018-1991-8. Reused with permission
by Springer Nature.
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u(1) u(2) u(k)

K(1) K(2) K(3) K(4) K(5) K(2k − 1) K(2k) K(2k + 1)

Figure 6.1: An illustration of the graph Gk. The dashed edges illustrate a maximum
uniquely restricted matching.

Theorem 6.3 ([37]). If G is a connected graph of maximum degree at most ∆ for some
∆ ≥ 4 and girth at least 5, then

νur(G) ≥ n(G)− 1
∆ . (6.2)

Again, (6.2) is tight for infinitely many trees [49]. In the next two chapters, we will
see that (6.2) essentially also holds for subcubic graphs.
Note that the bound (6.2) is also a best-possible lower bound for the ordinary matching

number [49]. This suggests to study the ratio νur(G)/ν(G). We believe that, at least
asymptotically for large girth, the uniquely restricted matching number behaves like the
matching number.

Conjecture 6.4 ([37]). For every positive ε and every positive integer ∆, there is some
positive integer g = g(ε,∆), such that νur(G) ≥ (1 − ε)ν(G) for every graph G of
maximum degree at most ∆ and girth at least g.

Note that this can not be true for acyclic or induced matchings. In fact, it follows
from an old result from Bollobás [7] and Observation 1.3 (iii) that we can improve
Observation 1.3 (i) and (ii) by at most a logarithmic factor.

6.2 Proofs
In this section, we present the proofs of our theorems as well as some auxiliary results.

Proof of Theorem 6.1. Suppose, for a contradiction, that G is a counterexample of min-
imum order, that is, either νur(G) < n(G)

∆ − m(G)
∆2 or νur(G) = n(G)

∆ − m(G)
∆2 but not all

components of G are in {K∆,r : r ∈ [∆]}. Let u be a vertex of minimum degree δ. Let
G′ = G−NG[u]. Let I be the set of isolated vertices of G′. Let Eu be the set of edges of
G−u that are incident with a vertex in NG(u), that is, Eu = EG(NG[u])∪E(G[NG(u)]).
By the choice of u, every vertex in I has degree δ and is completely joined to NG(u).
Since every vertex in NG(u) has degree at most ∆− 1 in G− u, we obtain

δ|I| ≤ |Eu| ≤ δ(∆− 1). (6.3)

Let M ′ be some uniquely restricted matching in G′, and let v be some neighbor of u in
G. The matching M ′ ∪ {uv} is uniquely restricted in G, because u has degree 1 in the

58



6.2 Proofs

subgraph induced by the vertices covered by M ′ ∪ {uv}. Hence, by the choice of G, we
obtain

νur(G) ≥ νur(G′ − I) + 1

≥ n(G′ − I)
∆ − m(G′ − I)

∆2 + 1 (6.4)

= 1
∆
(
n(G)− |I| − δ − 1

)
− 1

∆2

(
m(G)− |Eu| − δ

)
+ 1

(6.3)
≥ 1

∆

(
n(G)− |Eu|

δ
− δ − 1

)
− 1

∆2

(
m(G)− |Eu| − δ

)
+ 1 (6.5)

= n(G)
∆ − m(G)

∆2 + ∆− δ
∆2

(
(∆− 1)− |Eu|

δ

)
(6.3)
≥ n(G)

∆ − m(G)
∆2 . (6.6)

By the choice of G, equality holds in (6.4), (6.5), and (6.6). Equality in (6.4) implies
that every component of G′−I is in {K∆,r : r ∈ [∆]}. Equality in (6.5) and (6.6) implies
that NG(u) is independent, and that every neighbor of u has degree ∆ in G. Finally,
equality in (6.5) implies that NG[u] ∪ I is the vertex set of some component of G that
is in {K∆,r : r ∈ [∆]}. Altogether, we obtain the contradiction that all components of
G are in {K∆,r : r ∈ [∆]}, which completes the proof.

Theorem 5.2 implies that

νur(G) ≥ νac(G) ≥ n(G)− 2
4 (6.7)

for every connected subcubic graph G. We shall use this within the following proof.

Proof of Theorem 6.2. Let G be a counterexample of minimum order. Clearly, G is
connected and n(G) ≥ 4. We establish a series of claims.

Claim 6.1. The minimum degree of G is at least 2.

Proof of Claim 6.1. Suppose, for a contradiction, that u is a vertex of degree 1. If v
is the unique neighbor of u, then the graph G′ = G − {u, v} has order n(G) − 2, size
m(G)−dG(v), and at most dG(v)−1 components. Since {uv}∪M ′ is a uniquely restricted
matching in G for every uniquely restricted matching M ′ in G′, the minimality of G
implies

νur(G) ≥ νur(G′) + 1 ≥ (n(G)− 2)− (dG(v)− 1)
2 − m(G)− dG(v)

6 + 1

≥ n(G)− 1
2 − m(G)

6 ,

where we used dG(v) ≤ 3 for the last inequality. This contradiction completes the proof
of the claim.

Claim 6.2. There are no two adjacent vertices of degree 2.
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Proof of Claim 6.2. Suppose, for a contradiction, that u and v are two adjacent vertices
of degree 2.
First, we assume that the edge uv either is a bridge or belongs to a triangle. The

graph G′ = G − {u, v} has order n(G) − 2, size m(G) − 3, and at most 2 components.
Since adding uv to a uniquely restricted matching in G′ yields a uniquely restricted
matching in G, the minimality of G implies

νur(G) ≥ νur(G′) + 1 ≥ (n(G)− 2)− 2
2 − m(G)− 3

6 + 1 = n(G)− 1
2 − m(G)

6 .

Hence, we may assume that uv belongs to some cycle C of length at least 4.
Let w be the neighbor of u distinct from v. By Claim 6.1, the graph G′ = G−{u, v, w}

has order n(G)−3, size at most m(G)−4, and at most 2 components. Note that adding
uv to a uniquely restricted matching in G′ yields a uniquely restricted matching in G.
If G′ is connected, then the minimality of G implies

νur(G) ≥ νur(G′) + 1 ≥ (n(G)− 3)− 1
2 − m(G)− 4

6 + 1 > n(G)− 1
2 − m(G)

6 .

Hence, we may assume that G′ has 2 components. Since uv is not a bridge, this implies
that w has degree 3, and that a neighbor x of w lies in a different component of G′ than
the vertices in V (C)\{u, v, w}. By Claim 6.1, the graph G′′ = G−{u, v, w, x} has order
n(G)− 4, size at most m(G)− 6, and at most 3 components. Since adding uv and wx
to a uniquely restricted matching in G′′ yields a uniquely restricted matching in G, the
minimality of G implies

νur(G) ≥ νur(G′′) + 2 ≥ (n(G)− 4)− 3
2 − m(G)− 6

6 + 2 = n(G)− 1
2 − m(G)

6 ,

which completes the proof of the claim.

Claim 6.3. No vertex of degree 2 is contained in a triangle.

Proof of Claim 6.3. Suppose, for a contradiction, that uvwu is a triangle and that u has
degree 2. By Claim 6.2, the degree of v and w is 3. The graph G′ = G−{u, v} has order
n(G)−2, size m(G)−4, and at most 2 components. If G′ has 2 components, then, since
adding uv to a uniquely restricted matching in G′ yields a uniquely restricted matching
in G, the minimality of G implies

νur(G) ≥ νur(G′) + 1 ≥ (n(G)− 2)− 2
2 − m(G)− 4

6 + 1 > n(G)− 1
2 − m(G)

6 .

Hence, we may assume that G′ is connected. Since w has degree 1 in G′, the graph
G′′ = G− {u, v, w} has order n(G)− 3, size m(G)− 5, and is connected. Since adding
uv to a uniquely restricted matching in G′′ yields a uniquely restricted matching in G,
the minimality of G implies

νur(G) ≥ νur(G′′) + 1 ≥ (n(G)− 3)− 1
2 − m(G)− 5

6 + 1 > n(G)− 1
2 − m(G)

6 ,

which completes the proof of the claim.
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Claim 6.4. No vertex of degree 2 is contained in a cycle of length 4.

Proof of Claim 6.4. Suppose, for a contradiction, that C : uvxwu is a cycle and that
u has degree 2. By Claim 6.3, the cycle C is induced. The graph G′ = G − {u, v, w}
has order n(G) − 3, size m(G) − 6, and at most 3 components. If G′ has at most 2
components, then, since adding uv to a uniquely restricted matching in G′ yields a
uniquely restricted matching in G, the minimality of G implies

νur(G) ≥ νur(G′) + 1 ≥ (n(G)− 3)− 2
2 − m(G)− 6

6 + 1 = n(G)− 1
2 − m(G)

6 .

Hence, we may assume that G′ has 3 components. Now, the graph G′′ that arises from
G by contracting C is simple, and has order n(G)− 3, size m(G)− 4, and is connected.
By the minimality of G, the graph G′′ has a uniquely restricted matching of size at least
(n(G)−3)−1

2 − m(G)−4
6 . This implies that G has a uniquely restricted matching M ′′ of size

at least (n(G)−3)−1
2 − m(G)−4

6 such that V (M ′′) contains at most one vertex from C. By
symmetry, we may assume that v 6∈ V (M ′′). Now, adding uv to M ′′ yields a uniquely
restricted matching in G of size at least

(n(G)− 3)− 1
2 − m(G)− 4

6 + 1 > n(G)− 1
2 − m(G)

6 ,

which completes the proof of the claim.

Claim 6.5. For any vertex u of degree 2, the graph G−NG[u] has exactly 4 components.

Proof of Claim 6.5. Suppose, for a contradiction, that u is a vertex of degree 2 such that
G−NG[u] has at most 3 components. By Claims 6.2, 6.3, and 6.4, the two neighbors v
and w of u have degree 3, are not adjacent, and have no common neighbor.
First, we assume that the edge uv is a bridge. By symmetry, we may assume that the

neighbors of v in G−NG[u] belong to the same component of that graph. This implies
that the graph G′ = G− {u, v} has order n(G)− 2, size m(G)− 4, and 2 components.
Since adding uv to a uniquely restricted matching in G′ yields a uniquely restricted
matching in G, the minimality of G implies

νur(G) ≥ νur(G′) + 1 ≥ (n(G)− 2)− 2
2 − m(G)− 4

6 + 1 > n(G)− 1
2 − m(G)

6 .

Hence, we may assume that the edge uv belong to a cycle C, which, by Claim 6.4, has
length at least 5.

Let H be the component of G−NG[u] that contains V (C) \ {u, v, w}. The graph G′′
that arises from G by contracting all edges of C ∪H has order n(G) − n(H) − 2, size
m(G) −m(H) − 4, and is connected. The minimality of G implies that the graph G′′

has a uniquely restricted matching of size at least n(G)−n(H)−2−1
2 − m(G)−m(H)−4

6 , which
corresponds to a uniquely restricted matching M ′′ of the same size in G that uses no
edge from C ∪ H and is incident with at most one vertex in {v, w}, and the graph H
has a uniquely restricted matchingMH of size at least n(H)−1

2 − m(H)
6 . By symmetry, we
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may assume that v 6∈ V (M ′′). Now, {uv} ∪M ′′ ∪MH is a uniquely restricted matching
in G of size at least

n(G)− 4
2 − m(G)− 4

6 + 1 > n(G)− 1
2 − m(G)

6 ,

which completes the proof of the claim.

Claim 6.6. G is cubic.

Proof of Claim 6.6. Suppose, for a contradiction, that u is a vertex of degree 2. By
Claim 6.5, the graph G−NG[u] has exactly 4 components. Let v and w be the neighbors
of u, and let x be a neighbor of v distinct from u. The graph G′ that arises from
G−{u, v} by adding the edge wx has order n(G)−2, size m(G)−3, and 2 components.
By the minimality of G, the graph G′ has a uniquely restricted matching M ′ of size
at least (n(G)−2)−2

2 − m(G)−3
6 . If wx 6∈ M ′, then let M = M ′ ∪ {uv}, otherwise, let

M = (M ′ \ {wx})∪ {uw, vx}. The matching M is uniquely restricted in G and has size
at least n(G)−1

2 − m(G)
6 , which completes the proof of the claim.

Since G is cubic, we obtain

νur(G) < n(G)− 1
2 − m(G)

6 = n(G)− 1
2 − n(G)

4 = n(G)− 2
4 .

This final contradiction to (6.7) completes the proof.

We proceed to improvements for graphs without short cycles. We deduce Theorem
6.3 from the following result. For a graph G, let n≤1(G) denote the number of vertices
of degree at most 1 in G.

Lemma 6.5 ([37]). If G is a graph with maximum degree at most ∆ for some ∆ ≥ 4
and girth at least 5 such that no component of G is ∆-regular, then

νur(G) ≥ n(G)− n≤1(G)
∆ .

Proof. Suppose, for a contradiction, that G is a counterexample of minimum order.
Since n≤1(G) is additive with respect to the components, we may assume that G is
connected. Let n≤1 = n≤1(G). Clearly, n(G) ≥ 3.

Suppose, for a contradiction, that the minimum degree of G is 1, and let u be a vertex
of degree 1. Let v be the neighbor of u. The graph G′ = G− {u, v} has order n(G)− 2
and n≤1(G′) ≤ n≤1−1+(∆−1) = n≤1 +∆−2. Since adding uv to a uniquely restricted
matching in G′ yields a uniquely restricted matching in G, the minimality of G implies

νur(G) ≥ νur(G′) + 1 ≥ (n(G)− 2)− (n≤1 + ∆− 2)
∆ + 1 = n(G)− n≤1

∆ ,

which is a contradiction. Hence, the minimum degree of G is at least 2, that is, n≤1 = 0.

Next, we assume, for a contradiction, that G has a vertex of degree 2.
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Let P : u1v1u2v2....vk−1uk be a maximal path inG with dG(vi) = 2 for every i ∈ [k−1].
Since G has a vertex of degree 2, we obtain k ≥ 2. Let G′ = G − V (P ), and let V ′≤1
be the set of vertices of G′ that have degree at most 1 in G′. By the maximality of P
and δ(G) ≥ 2, every vertex in V ′≤1 that has a neighbor in {u1, uk} has two neighbors
in {u1, . . . , uk}. Furthermore, since G has girth at least 5, at most one vertex in V ′≤1 is
adjacent to both u1 and uk. This implies that all but at most one vertex in V ′≤1 has a
neighbor in {u2, . . . , uk−1}, which implies n≤1(G′) = |V ′≤1| ≤ 1 + (∆− 2)(k − 2). Since
adding the edges in {viui+1 : i ∈ [k − 1]} to a uniquely restricted matching in G′ yields
a uniquely restricted matching in G, and ∆ ≥ 4, the minimality of G implies

νur(G) ≥ νur(G′) + k − 1 ≥ (n(G)− (2k − 1))− (1 + (∆− 2)(k − 2))
∆ + k − 1

= n(G) + ∆− 4
∆ ≥ n(G)

∆ ,

which is a contradiction.

We are now in a position to derive a final contradiction. Let u be a vertex of minimum
degree δ. By the previous discussion and since G is not ∆-regular, we obtain 3 ≤ δ ≤
∆−1. Let G′ = G−NG[u]. By δ(G) ≥ 3 and the girth condition, we obtain n≤1(G′) = 0.
Since adding an edge incident with u to a uniquely restricted matching in G′ yields a
uniquely restricted matching in G, the minimality of G implies

νur(G) ≥ νur(G′) + 1 ≥ n(G)− (δ + 1)
∆ + 1 ≥ n(G)

∆ ,

which completes the proof.

It is now straightforward to derive Theorem 6.3.

Proof of Theorem 6.3. Suppose, for a contradiction, that G is a counterexample of min-
imum order. Clearly, G is connected and has order at least 3.
First, we assume that G has minimum degree 1. Let u be a vertex of degree 1, and

let v be its neighbor. The graph G′ = G−{u, v} has order n(G)− 2 and at most ∆− 1
components. Since adding uv to a uniquely restricted matching in G′ yields a uniquely
restricted matching in G, the minimality of G implies

νur(G) ≥ νur(G′) + 1 ≥ (n(G)− 2)− (∆− 1)
∆ + 1 = n(G)− 1

∆ .

Hence, we may assume that G has minimum degree at least 2. Furthermore, in view of
Lemma 6.5, we may assume thatG is ∆-regular. If u is an endvertex of a spanning tree of
G, then G−u is connected and not ∆-regular, which implies νur(G) ≥ νur(G′) ≥ n(G)−1

∆ .
This final contradiction completes the proof.
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7 Uniquely Restricted Matchings in Subcubic
Graphs

This chapter is based on the paper1 [31] by Mike Henning, Dieter Rautenbach, and the
author of this thesis.

7.1 Introduction
In this chapter, we prove further lower bounds on the uniquely restricted matching
number for subcubic graphs. If G is a connected subcubic graph that is not isomorphic
to a K3,3, then Theorem 5.2 implies that

νur(G) ≥ m(G)
6 . (7.1)

Since bridges lie in no cycles, we believe that this result can be improved as follows.

Conjecture 7.1 ([31]). If G is a connected subcubic graph with b bridges that is not
isomorphic to a K3,3, then νur(G) ≥ m(G)+b

6 .

The bound in Conjecture 7.1 is achieved with equality for every subcubic graph G
that arises from a subcubic tree T with matching number n(T )−1

3 , by replacing some of
the vertices of degree 1 in T with endblocks isomorphic to K2,3, see Figure 7.1. Note
that there are infinitely many subcubic trees with matching number n(T )−1

3 [49]. In fact,
if we perform k such replacements, then G has size m(G) = n(T )− 1 + 6k and n(T )− 1
bridges. Since a uniquely restricted matching can contain at most one edge from each
K2,3 subgraph, it follows easily that νur(G) = n(T )−1

3 + k = m(G)+b
6 . In this chapter, we

prove the following weakening of Conjecture 7.1. A bridge in a graph is good if it lies on
a path between two vertices of degree at most 2. For a graph G, let b(G) be the number
of good bridges in G.

1 M. Fürst, M.A. Henning, and D. Rautenbach, Uniquely restricted matchings in subcubic graphs,
Discrete Applied Mathematics (2019), doi.org/10.1016/j.dam.2019.02.013. Reused with permission
by Elsevier.

Figure 7.1: A graph where Conjecture 7.1 is tight.
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u v

G′

Figure 7.2: An illustration for Claim 7.1.

Theorem 7.2 ([31]). If G is a connected subcubic graph that is not isomorphic to a
K3,3, then

νur(G) ≥ m(G) + b(G)
6 .

Since every bridge in the graphs constructed above is good, Theorem 7.2 is also tight
for these graphs. Furthermore, we prove that Theorem 6.3 holds for subcubic graphs of
girth at least 7.

Theorem 7.3 ([31]). If G is a connected subcubic graph of girth at least 7, then

νur(G) ≥ n(G)− 1
3 .

In the next chapter, we will see that Theorem 7.3 holds for graphs of girth at least 5
except for two cubic graphs. The next two sections contain the proofs of our two results.

7.2 Proof of Theorem 7.2
Suppose, for a contradiction, that G is a counterexample of minimum size. Clearly, G
has order at least 2. Since no bridge in a cubic graph is good, (7.1) implies that G is
not cubic.

Claim 7.1. The minimum degree of G is 2.

Proof of Claim 7.1. Suppose, for a contradiction, that u is a vertex of degree 1. Let v be
the neighbor of u, and let G′ = G− {u, v}, see Figure 7.2. Clearly, m(G′) ≥ m(G)− 3,
and v is incident with at most 3 good bridges. Furthermore, since every vertex in
NG(v) \ {u} has degree less than 3 in G′, every good bridge of G that belongs to G′ is
also a good bridge of G′. This implies b(G′) ≥ b(G)− 3. Since adding uv to a uniquely
restricted matching in G′ yields a uniquely restricted matching in G, the choice of G
implies that

νur(G) ≥ νur(G′) + 1 ≥ m(G′) + b(G′)
6 + 1 ≥ m(G) + b(G)

6 ,

which is a contradiction.

Claim 7.2. No triangle in G contains two vertices of degree 2.
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v

u

w

G′

Figure 7.3: An illustration for Claim 7.2.

Proof of Claim 7.2. Suppose, for a contradiction, that uvw is a triangle in G such that
u and v have degree 2. Let G′ = G−{u, v}, see Figure 7.3. Clearly, m(G′) ≥ m(G)− 3,
and neither u nor v is incident with a bridge. Again, every good bridge of G that
belongs to G′ is also a good bridge of G′, which implies b(G′) ≥ b(G). Since adding uv
to a uniquely restricted matching in G′ yields a uniquely restricted matching in G, the
choice of G implies that

νur(G) ≥ νur(G′) + 1 ≥ m(G′) + b(G′)
6 + 1 > m(G) + b(G)

6 ,

which is a contradiction.

Claim 7.3. No two vertices of degree 2 are adjacent in G.

Proof of Claim 7.3. Suppose, for a contradiction, that uv is an edge in G such that
u and v both have degree 2. Let u′ be the neighbor of u distinct from v, and let
NG(u′) = {u,w,w′}.
First, we assume that uv is not a good bridge. Let G′ = G− {u, v, u′}, see the left of

Figure 7.4. Clearly, m(G′) ≥ m(G)− 5. Since u and v have degree 2, the edge incident
with v distinct from uv as well as the edge uu′ are not good bridges. If u′w and u′w′
are both good bridges, then, necessarily, also uv would be a bridge, and, in view of
the degrees of u and v, the edge uv would be a good bridge, which is a contradiction.
Therefore, u′ is incident with at most one good bridge. As before, every good bridge of
G that belongs to G′ is also a good bridge of G′, which implies b(G′) ≥ b(G)− 1. Since
adding uv to a uniquely restricted matching in G′ yields a uniquely restricted matching
in G, the choice of G implies that

νur(G) ≥ νur(G′) + 1 ≥ m(G′) + b(G′)
6 + 1 ≥ m(G) + b(G)

6 ,

which is a contradiction.
Hence, we may assume that uv is a good bridge. Let G′ = G−{u, v}, see the right of

Figure 7.4. Clearly, m(G′) ≥ m(G)− 3. As before, every good bridge of G that belongs
to G′ is also a good bridge of G′, which implies b(G′) ≥ b(G) − 3. Since adding uv
to a uniquely restricted matching in G′ yields a uniquely restricted matching in G, the
choice of G implies that

νur(G) ≥ νur(G′) + 1 ≥ m(G′) + b(G′)
6 + 1 ≥ m(G) + b(G)

6 ,

which is a contradiction.
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u

v

u′ w

w′

G′

b̄

u

v

u′

G′

b

Figure 7.4: An illustration for Claim 7.3. The label “b” indicates a good bridge, while
the label “b̄” indicates an edge that is not a good bridge.
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Figure 7.5: An illustration for Claim 7.4.

Let v be a vertex of degree 2. Let u and w be the neighbors of v.

Claim 7.4. u and w are not adjacent.

Proof of Claim 7.4. Suppose, for a contradiction, that u and w are adjacent. Clearly,
both u and w are incident with at most one good bridge and v is incident with no good
bridge.
First, we assume that w is incident with exactly one good bridge. Let G′ = G−{u, v},

see the left of Figure 7.5. Clearly, m(G′) ≥ m(G)− 4. As before, every good bridge of
G that belongs to G′ is also a good bridge of G′, which implies b(G′) ≥ b(G)− 1. Since
adding uv to a uniquely restricted matching in G′ yields a uniquely restricted matching
in G, the choice of G implies that

νur(G) ≥ νur(G′) + 1 ≥ m(G′) + b(G′)
6 + 1 > m(G) + b(G)

6 ,

which is a contradiction.
Hence, by symmetry between u and w, we may assume that neither u nor w is

incident with a good bridge. Let G′ = G−{u, v, w}, see the right of Figure 7.5. Clearly,
m(G′) ≥ m(G) − 5. As before, every good bridge of G that belongs to G′ is also a
good bridge of G′, which implies b(G′) ≥ b(G). Since adding uv to a uniquely restricted
matching in G′ yields a uniquely restricted matching in G, the choice of G implies that

νur(G) ≥ νur(G′) + 1 ≥ m(G′) + b(G′)
6 + 1 > m(G) + b(G)

6 ,

which is a contradiction.

Claim 7.5. u and w have at most two common neighbors.

Proof of Claim 7.5. Suppose, for a contradiction, that u and w have three common
neighbors, and let G′ = G − {u, v, w}. Since m(G′) ≥ m(G) − 6, b(G′) ≥ b(G), and
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v
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w

u′

G′

b
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w

G′

Figure 7.6: An illustration for Claim 7.6.

adding uv to a uniquely restricted matching in G′ yields a uniquely restricted matching
in G, the choice of G implies that

νur(G) ≥ νur(G′) + 1 ≥ m(G′) + b(G′)
6 + 1 ≥ m(G) + b(G)

6 ,

which is a contradiction.

Claim 7.6. v is the only common neighbor of u and w.

Proof of Claim 7.6. Suppose, for a contradiction, that u and w have two common neigh-
bors.
First, we assume that u is incident with a good bridge uu′. Let G′ = G−{u, v, w, u′},

see the left of Figure 7.6. Since m(G′) ≥ m(G)− 8, b(G′) ≥ b(G)− 4, and adding uu′ as
well as vw to a uniquely restricted matching in G′ yields a uniquely restricted matching
in G, the choice of G implies that

νur(G) ≥ νur(G′) + 2 ≥ m(G′) + b(G′)
6 + 2 ≥ m(G) + b(G)

6 ,

which is a contradiction.
Hence, we may assume that neither u nor w is incident with a good bridge. Let

G′ = G− {u, v, w}, see the right of Figure 7.6. Since m(G′) ≥ m(G)− 6, b(G′) ≥ b(G),
and adding vw to a uniquely restricted matching in G′ yields a uniquely restricted
matching in G, the choice of G implies that

νur(G) ≥ νur(G′) + 1 ≥ m(G′) + b(G′)
6 + 1 ≥ m(G) + b(G)

6 ,

which is a contradiction.

Claim 7.7. At most one of the two edges incident with v is a good bridge.

Proof of Claim 7.7. Suppose, for a contradiction, that uv and vw are both good bridges.
Let NG(u) = {v, u′, u′′}.
First, we assume that uu′ and uu′′ are both not good bridges. Let G′ = G − {u, v},

see the left of Figure 7.7. Since m(G′) ≥ m(G) − 4, b(G′) ≥ b(G) − 2, and adding uv
to a uniquely restricted matching in G′ yields a uniquely restricted matching in G, the
choice of G implies that

νur(G) ≥ νur(G′) + 1 ≥ m(G′) + b(G′)
6 + 1 ≥ m(G) + b(G)

6 ,
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Figure 7.7: An illustration for Claim 7.7.
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Figure 7.8: An illustration for Claim 7.8.

which is a contradiction.
Hence, we may assume that uu′ is a good bridge. Let G′ = G − {u, v} + {u′w},

see the right of Figure 7.7. Clearly, m(G′) ≥ m(G) − 3. Since uu′ and vw are good
bridges of G, the newly inserted edge u′w is a good bridge of G′. Note that this also
implies that every good bridge of G that belongs to G′ is a good bridge of G′. Since
u is incident with at most 3 good bridges, we obtain b(G′) ≥ b(G) − 3. Let M ′ be a
uniquely restricted matching in G′. If u′w 6∈ M ′, then let M = M ′ ∪ {uv}; otherwise,
let M = (M ′ \ {u′w}) ∪ {uu′, vw}. Since M is a uniquely restricted matching in G, the
choice of G implies that

νur(G) ≥ νur(G′) + 1 ≥ m(G′) + b(G′)
6 + 1 ≥ m(G) + b(G)

6 ,

which is a contradiction.

Claim 7.8. No edge incident with v is a good bridge.

Proof of Claim 7.8. Suppose, for a contradiction, that vw is a good bridge but uv is not.
Since vw is a bridge, uv must also be a bridge. Note that no edge incident with u is a
good bridge, because, otherwise, uv would be a good bridge of G. Let G′ = G− {u, v},
see Figure 7.8. Since m(G′) ≥ m(G)− 4, b(G′) ≥ b(G)− 1, and adding uv to a uniquely
restricted matching in G′ yields a uniquely restricted matching in G, the choice of G
implies that

νur(G) ≥ νur(G′) + 1 ≥ m(G′) + b(G′)
6 + 1 > m(G) + b(G)

6 ,

which is a contradiction.

Now, we are in a position to derive the final contradiction.
First, we assume that u and w are both not incident with any good bridge. Let

G′ = G − {u, v, w}, see the left of Figure 7.9. Since m(G′) ≥ m(G) − 6, b(G′) ≥ b(G),
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Figure 7.9: An illustration of the final contradiction.

and adding uv to a uniquely restricted matching in G′ yields a uniquely restricted
matching in G, the choice of G implies that

νur(G) ≥ νur(G′) + 1 ≥ m(G′) + b(G′)
6 + 1 ≥ m(G) + b(G)

6 ,

which is a contradiction.
Next, we assume that u is incident with two good bridges. Let G′ = G − {u, v}, see

the middle of Figure 7.9. Since m(G′) ≥ m(G) − 4, b(G′) ≥ b(G) − 2, and adding uv
to a uniquely restricted matching in G′ yields a uniquely restricted matching in G, the
choice of G implies that

νur(G) ≥ νur(G′) + 1 ≥ m(G′) + b(G′)
6 + 1 ≥ m(G) + b(G)

6 ,

which is a contradiction.
Hence, by symmetry between u and w, we may assume that u is incident with exactly

one good bridge uu′, and that w is incident with at most one good bridge. Let G′ =
G−{u, v, w, u′}, see the right of Figure 7.9. Since m(G′) ≥ m(G)− 8, b(G′) ≥ b(G)− 4,
and adding uu′ as well as vw to a uniquely restricted matching in G′ yields a uniquely
restricted matching in G, the choice of G implies the contradiction

νur(G) ≥ νur(G′) + 2 ≥ m(G′) + b(G′)
6 + 2 ≥ m(G) + b(G)

6 ,

which completes the proof.

7.3 Proof of Theorem 7.3
In order to prove Theorem 7.3, we need the following lemma.

Lemma 7.4 ([31]). If G is a connected subcubic graph of girth at least 7 that is not
isomorphic to a tree and not cubic, then νur(G) ≥ n(G)

3 .

Proof. Suppose, for a contradiction, that G is a counterexample of minimum order.
First, we assume that G has a vertex u of degree 1. Let v be the unique neighbor of u,

and let G′ = G−{u, v}. Note that G′ has at most 2 components, none of which is cubic.
Since G is not a tree, at most one component of G′ is a tree, and such a component K
has a uniquely restricted matching of size at least n(K)−1

3 . Therefore, since adding uv
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to a uniquely restricted matching in G′ yields a uniquely restricted matching in G, we
obtain that

νur(G) ≥ νur(G′) + 1 ≥ n(G)− 2− 1
3 + 1 = n(G)

3 ,

which is a contradiction. Hence, we may assume that G has minimum degree 2.
Let P : u1v1u2v2 . . . ukvkuk+1 be a maximal path in G such that the vertices v1, . . . , vk

all have degree 2 in G. Let G′ = G− V (P ), let T be the set of components of G′ that
are trees, and let c = |T |, see Figure 7.10. If T is in T , then the minimum degree of
G implies that there are at least two edges between V (P ) and V (T ). Since there are
at most k + 3 edges between V (P ) and V (G′), we obtain c ≤ k+3

2 . If c ≤ k − 1, then,
since adding u1v1, . . . , ukvk to a uniquely restricted matching in G′ yields a uniquely
restricted matching in G, we obtain that

νur(G) ≥ νur(G′) + k ≥ n(G)− n(P )− c
3 + k

≥ n(G)− (2k + 1)− (k − 1)
3 + k = n(G)

3 ,

which is a contradiction. Hence, we may assume that c ≥ k, which, together with
c ≤ k+3

2 , implies that k ≤ 3.
Let E be the set of edges of G between V (P ) and a component in T , that is, E =

EG(V (P ),
⋃
T∈T V (T )). If neither u1 nor uk+1 are incident with an edge in E, then

c ≤ k−1
2 , contradicting c ≥ k. Hence, by symmetry, we may assume that u1w belongs

to E. Let T be the component of G′ that contains w.
If k ≤ 2, then, by the girth condition, u1w is the only edge in E incident with w. By

the maximality of P , it follows that w has degree 3 in G. This implies that T has two
endvertices x and y. Since k ≤ 2, we may assume, by symmetry, that x is adjacent to
u1. Again using the girth condition, we obtain that x is incident with exactly one edge
in E. This implies that x has degree 2 in G, and, if z is the neighbor of x in T , then
the path zxu1v1 . . . ukvkuk+1 contradicts the maximality of P . Hence, we may assume
that k = 3.
Since E contains at most 6 edges, c = 3, and every component in T is incident with

at least two edges in E, all edges of G that are incident with a vertex of P and do not
belong to P , belong to E, and between V (P ) and every tree in T there are exactly two
edges.
Let u2w

′ be in E, and let T ′ be the component of G′ that contains w′. By the girth
condition, u2w

′ is the only edge in E incident with w′. This implies that T ′ has an
endvertex x′ distinct from w′. Since there are exactly two edges between V (P ) and
V (T ′), the maximality of P implies that x′ is adjacent to u3. If the two trees in T \{T ′}
are isolated vertices, then G contains a cycle of length 4, which is a contradiction.
Hence, T \ {T ′} contains a tree T ′′ that has at least two endvertices w′′ and x′′. By
symmetry, we may assume that x′′ is adjacent to u1. Since x′′ is incident with only one
edge in E, it has degree 2 in G, and, if z′′ is the neighbor of x′′ in T ′′, then the path
z′′x′′u1v1 . . . ukvkuk+1 contradicts the maximality of P .

It is now straightforward to prove Theorem 7.3.
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T

P

≥ 2

G− (V (P ) ∪ V (T ))

u1 v1 u2 v2 uk vk uk+1

Figure 7.10: An illustration of Lemma 7.4.

Proof of Theorem 7.3. Suppose, for a contradiction, that G is a counterexample of min-
imum order.
First, we assume that G has a vertex u of degree 1. Let v be the unique neighbor of

u, and let G′ = G−{u, v}. Since G has order n(G)− 2 and at most 2 components, and
adding uv to a uniquely restricted matching in G′ yields a uniquely restricted matching
in G, we obtain the contradiction νur(G) ≥ νur(G′)+1 ≥ n(G)−2−2

3 +1 = n(G)−1
3 . Hence,

we may assume that G has minimum degree 2. By Lemma 7.4, we may assume that G
is cubic. Let u be an endvertex of some spanning tree of G, and let G′ = G−u. Clearly,
G′ is connected, subcubic and not cubic, and it is not a tree. Since every uniquely
restricted matching in G′ is a uniquely restricted matching in G, Lemma 7.4 implies
νur(G) ≥ νur(G′) ≥ n(G)−1

3 , which completes the proof.
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8 Uniquely Restricted Matchings in Subcubic
Graphs without Short Cycles

This chapter is based on the preprint [36] by Dieter Rautenbach and the author of this
thesis.

8.1 Introduction
In the sixth chapter, we proved that

νur(G) ≥ n(G)− 1
∆ (8.1)

for a connected graph G of maximum degree at most ∆ for some ∆ ≥ 4 and girth at
least 5. For subcubic graphs of girth at least 7, we gave a short proof of (8.1) in the last
chapter. In this chapter, we prove (8.1) for subcubic graphs of girth at least 5 except
for two small graphs illustrated in Figure 8.1. Note that H1 and H2 have uniquely
restricted matching number 4 = n(H1)−2

3 and 6 = n(H2)−2
3 , respectively. We prove the

following.

Theorem 8.1 ([36]). If G is a connected subcubic graph of girth at least 5 that is not
isomorphic to H1 or H2, then

νur(G) ≥ n(G)− 1
3 .

In the last chapter, we proved Theorem 8.1 for graphs of girth at least 7. For this, we
proved that any subcubic graph G of girth at least 7 that is not cubic and not a tree
satisfies

νur(G) ≥ n(G)
3 . (8.2)

Figure 8.1: The exceptional cubic graphs H1 and H2. The dashed edges illustrate a
maximum uniquely restricted matching. Note that the dashed edges belong
to the graph.
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We will prove Theorem 8.1 with a similar approach. However, (8.2) does not hold for
graphs of girth at least 5. Consider, for example, the graph G1 that arises from a K4
by subdividing each edge once. Hence, we need to enlarge the family of graphs that
we exclude. For the definition of this family of graphs, we recall the Gallai-Edmonds
Structure Theorem, cf. [67].

Theorem 8.2 (Gallai-Edmonds Structure Theorem). Let G be a graph, let DG be
the set of vertices that are not covered by some maximum matching in G, let AG =
NG(DG) \DG, and let CG = V (G) \ (AG ∪DG). The following statements hold.

(i) DG−x = DG for every vertex x in AG.

(ii) Each maximum matching in G contains a perfect matching of G[CG], a maximum
matching of each component of G[DG], and a matching connecting each vertex in
AG to a vertex in DG.

(iii) Each component H of G[DG] is factor-critical, that is, H − x contains a perfect
matching for every x in V (H).

(iv) ν(G) = 1
2(n(G) + |AG| − c(G[DG]), where c(G[DG]) denotes the number of com-

ponents of the graph G[DG].

Note that, for every tree T , the components of G[DT ] are isolated vertices, because
every factor-critical graph is bridgeless. Let T be a tree such that each vertex in AT has
degree at most 3. Let the forest T ′ = T [AT ∪DT ] have κ components, that is, T ′ has
|AT | + |DT | − κ edges. If κ = 1, then T ′ has at most 3|AT | edges, and, if κ ≥ 2, then
every component of T ′ sends an edge to CT within T , and T ′ has at most 3|AT | − κ
edges. It follows that |DT | ≤ 2|AT |+ 1 with equality only if κ = 1, every vertex in AT
has degree 3, AT is independent, and CT is empty. By Theorem 8.2, we obtain

ν(T ) ≥ max
{
|AT |,

1
2(n(T ) + |AT | − |DT |)

}
(8.3)

≥ max
{
|AT |,

1
2(n(T )− |AT | − 1)

}
(8.4)

≥ 1
3 |AT |+

2
6(n(T )− |AT | − 1) (8.5)

= n(T )− 1
3 .

Let T be the set of all trees T with matching number n(T )−1
3 such that each vertex in

AT has degree at most 3. Note that there are infinitely many such trees, cf. e.g. [49].
The set of graphs B contains G1 and 8 more graphs, which will be defined in the next

section. At the moment, it is only important that those graphs have maximum degree
3, minimum degree 2, and between 2 and 6 vertices of degree 2. Let H be a graph in
B, and let u1, . . . , uk be the vertices of degree 2 in H. For a tree T in T , let u be some
vertex in DT with neighbors v1, . . . , v` in AT , and suppose that k ≥ `. We say that a
graph G arises from T by replacing u by H if G arises from the disjoint union of T − u
and H by adding the edges ui1v1, . . . , ui`v` for some ` distinct indices i1, . . . , i` in [k].
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8.2 The exceptional graph family

Figure 8.2: Some graphs in B, T , and G.

Let G be the set of graphs G that arise from a tree T in T by replacing some vertices
in DT by graphs in B, see Figure 8.2 for an illustration. We call T the host tree of G.
Furthermore, let G3 be the set of cubic graphs of girth at least 5.
For a set of connected graphs H, let κG(H) be the number of components of G

isomorphic to a graph in H. Theorem 8.1 is a consequence of the following more precise
statement.

Theorem 8.3 ([36]). If G is a subcubic graph of girth at least 5, then

νur(G) ≥ n(G)− κG(G)− κG(G3)− κG({H1, H2})
3 .

Since every graph in B has at least one vertex of degree at most 2, Theorem 8.1 follows
immediately from Theorem 8.3 and G ∩ G3 = ∅.

8.2 The exceptional graph family
We start with some properties of the trees in T .

Lemma 8.4 ([36]). If T is in T , then CT = ∅, AT is independent, each vertex in AT
has degree exactly 3 in T , and ν(T ) = |AT |.

Proof. For a tree T in T , the inequalities (8.3), (8.4), and (8.5) hold with equality.
Equality in (8.5) implies |AT | = 1

2(n(T )− |AT | − 1), and, hence, |AT | = n(T )−1
3 = ν(T ).

Equality in (8.4) implies |DT | = 2|AT | + 1, which implies that every vertex in AT has
degree 3, AT is independent, and CT is empty.

By Lemma 8.4, every tree T in T has partite sets AT and DT .

Lemma 8.5 ([36]). If T is in T , and X ⊆ DT , then the following statements hold.

(i) If |X| ≤ 2, then ν(T −X) = ν(T ).

(ii) If |X| = 3 and no vertex in V (T )\X has 3 neighbors in X, then ν(T −X) = ν(T ).

(iii) If |X| = 4, no vertex in V (T )\X has 3 neighbors in X, and no vertex w in V (T )\X
has neighbors u and v in V (T ) \X with X ⊆ NT ({u, v}), then ν(T −X) = ν(T ).
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Proof. Let T ′ = T−X, and suppose that T ′ has matching number less than ν(T ) = |AT |.
By Hall’s Theorem, cf. [67], this implies that there is a non-empty set S ⊆ AT such
that |NT ′(S)| < |S|. By Lemma 8.4, T [NT [S]] is a forest with exactly 3|S| many edges,
which implies that |NT ′(S)| ≥ 2|S|+ 1− |X|, that is, |S| ≤ |X| − 2. This proves (i). If
|S| = 1, then |NT ′(S)| ≥ 1, because no vertex in V (T )\X is adjacent to 3 vertices in X.
This proves (ii). Hence, we may assume that |X| = 4, and that S contains two distinct
vertices u and v. Since |NT (S)| ≥ 5 and |NT ′(S)| ≤ 1, we obtain that X ⊆ NT ({u, v}).
Moreover, since neither u nor v have all its neighbors in X and |NT ′(S)| ≤ 1, it follows
that u and v have a common neighbor w in V (T ) \X, which is a contradiction.

The next two lemmas state that T is closed under contracting the edges of the sub-
graphs corresponding to (ii) and (iii) of Lemma 8.5, and that the Gallai-Edmonds
decomposition is stable under these operations.

Lemma 8.6 ([36]). Let T be in T . Let v ∈ AT , and let NT (v) = {u1, u2, u3}. If T ′
arises from T by contracting the edges vu1, vu2, and vu3, and w is the newly created
vertex, then T ′ ∈ T , DT ′ = {w} ∪DT \NT (v), and AT ′ = AT \ {v}.

Proof. Note that, since T is a tree, T ′ is a tree. By Lemma 8.5 (i), there is a maximum
matchingM in T that does not cover u1 and u2. Since vu3 ∈M , the matchingM \{vu3}
is a matching in T ′, which implies that ν(T ′) ≥ ν(T )− 1. Every maximum matching M
in T ′ corresponds to a matching M ′ in T of the same size that does not cover v as well
as at least two vertices in NT (v). By symmetry, we may assume that u1 is not covered
byM ′, which, sinceM ′∪{vu1} is a matching in T , implies that ν(T ) ≥ ν(T ′)+1. Thus,
T ′ has matching number n(T )−4

3 = n(T ′)−1
3 .

Let x ∈ {w} ∪ DT \ NT (v). If x 6= w, then let X = {x, u1}, and, if x = w, then
let X = {u1, u2}. By Lemma 8.5 (i), T has a maximum matching M that does not
cover the vertices in X. If x 6= w, then either vu2 or vu3 belongs to M , which implies
that at most one edge in ET (NT [v]) belongs to M . By symmetry, we may assume that
vu2 ∈ M , which implies that M \ {vu2} corresponds to a maximum matching in T ′

of size ν(T ′) that does not cover x. If x = w, then vu3 belongs to M , and, similarly
as before, the matching M \ {vu3} is a matching in T ′ that does not cover w. Thus,
{w} ∪DT \ NT (v) ⊆ DT ′ . Suppose that y ∈ DT ′ \ ({w} ∪DT \ NT (v)), and let M be
some maximum matching in T ′ such that y is not covered by M . Then M corresponds
to a matching M ′ in T of the same size that covers at most one vertex in NT (v), say
u1. Since the matching M ′ ∪ {vu2} is maximum in T , and y is not covered by M , it
follows that y ∈ DT , which is a contradiction. Hence, {w} ∪DT \NT (v) = DT ′ , which
implies that AT ′ = NT ′(DT ′) = AT \ {v}. Thus, all vertices in AT ′ have degree at most
3, which implies that T ′ ∈ T .

Lemma 8.7 ([36]). For T ∈ T , let v1, v2 ∈ AT , let NT (v1) = {u1, u2, u5}, and let
NT (v2) = {u3, u4, u5}. If T ′ arises from T by contracting the edges in ET ({v1, v2}),
and w is the newly created vertex, then T ′ ∈ T , DT ′ = {w} ∪ DT \ NT ({v1, v2}), and
AT ′ = AT \ {v1, v2}.

The proof of Lemma 8.7 mimics the proof of Lemma 8.6 and is therefore left to the
reader.
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Figure 8.3: The graphs G1, G2, G3, and G4. The thick edges illustrate the added part.

v

u

w

Figure 8.4: The graphs G5 and G6. The dashed edges illustrate a maximum uniquely
restricted matching. Note that the dashed edges belong to the graph.

Next, we define the graphs in B, see Figures 8.3-8.5.

• Let G1 arise from K4 by subdividing all edges once,

• let G2 arise from G1 by adding 3 independent vertices and edges as illustrated in
Figure 8.3,

• let G3 arise from G1 by adding a 6-cycle and edges as illustrated in Figure 8.3,
and

• let G4 arise from G3 by adding 3 independent vertices and edges as illustrated in
Figure 8.3.

All remaining graphs G5, . . . , G9 arise from G2, G3, or G4 either by adding a path of
length 2 or a cycle of length 6 and connecting them to the existing graph by some
additional edges, see Figures 8.4 and 8.5. Let B = {G1, . . . , G9}, and let Bc =
{G1, . . . , G4}. The following table collects some relevant information on the graphs
in B. It also captures whether one of the following statements holds for a graph H in
B.

(i) νur(H −X) = νur(H) for every set X ⊆ {u ∈ V (H) | dG(u) = 2} with |X| ≤ 2.

(ii) νur(H − X) = νur(H) for every set X ⊆ {u ∈ V (H) | dG(u) = 2} such that
|X| = 3 and no vertex in V (H) \X has 3 neighbors in X.

(iii) νur(H−X) = νur(H) for every setX ⊆ {u ∈ V (H) | dG(u) = 2} such that |X| = 4,
no vertex in V (H) \X has 3 neighbors in X, and no vertex w in V (H) \X has
neighbors u and v in V (H) \X with X ⊆ NH({u, v}).
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v u w

Figure 8.5: The graphs G7, G8, and G9.

n(H) νur(H) (i) (ii) (iii)
G1 10 3 3 3 -
G2 13 4 3 7 -
G3 16 5 3 3 3

G4 19 6 3 7 -
G5 16 5 3 - -
G6 19 6 3 3 -
G7 19 6 3 3 -
G8 22 7 3 - -
G9 25 8 3 3 -

Table 8.1: The sign ’7’ means that such a set X exists but the conclusion is not true
while the sign ’-’ means that there is no such set X.

While it is easy to see whether the statements (i)-(iii) hold for a graph in B, we deter-
mined their uniquely restricted matching number using a computer. Before we proceed,
we give some notation which will be used in the remaining lemmas of this section as
well as in the proof of Theorem 8.3. For a graph G in G, let T be the host tree of
G, and let H1, . . . ,Hk be the blocks of G isomorphic to a graph in B. Let I ⊆ [k],
let G′ arise from G by contracting the edges of Hi for every i in I, and let vi be the
vertex in G′ corresponding to Hi for every i in I. Note that, if I = [k], then G′ is
isomorphic to T . For the host tree T , let D′T = DT \ {v1, . . . , vk}. Each vertex of G
corresponds to a vertex in G′; namely if u is some vertex in G, then u either belongs to
(AT ∪DT ) \ {vi | i ∈ I} ⊆ V (G′), or u belongs to some block Hi, in which case we say
that u corresponds to vi.

For some uniquely restricted matching M in G′, we call M ′ the corresponding match-
ing in G, ifM ′ arises fromM by replacing the edges uvi inM by uv for some v in V (Hi)
that is adjacent to u. Since all edges in E(G) \

⋃k
i=1E(Hi) are bridges, the matching

M ′ is uniquely restricted in G.

Lemma 8.8 ([36]). Every graph G in G satisfies νur(G) = n(G)−1
3 .

Proof. Let M be a maximum uniquely restricted matching in G, and let M ′ = M ∩(⋃k
i=1E(Hi)

)
. Since the graph G′ = G−

⋃k
i=1E(Hi) is bipartite with partition classes
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AT and V (G) \ AT , we have that |M \M ′| ≤ |AT |. Furthermore, we have that |M ′| ≤∑k
i=1 νur(Hi). By Lemma 8.4 and Table 8.1, we obtain that

νur(G) ≤ |AT |+
k∑
i=1

νur(Hi) = n(T )− 1
3 +

k∑
i=1

n(Hi)− 1
3 = n(G)− 1

3 .

Let M be some maximum matching in T , and let M ′ be the corresponding uniquely
restricted matching in G. Since |V (M ′) ∩ V (Hi)| ≤ 1 for each i ∈ [k], Hi contains a
uniquely restricted matching Mi of size n(Hi)−1

3 that is disjoint from M ′, see Table 8.1.
Since all edges in E(G) \

⋃k
i=1E(Hi) are bridges in G, the matching M ′ ∪

⋃k
i=1Mi is

uniquely restricted in G. Hence, we obtain that

νur(G) ≥
∣∣∣∣∣M ′ ∪

k⋃
i=1

Mi

∣∣∣∣∣ = n(T )− 1
3 +

k∑
i=1

n(Hi)− 1
3 = n(G)− 1

3 .

Our next lemma shows that Lemma 8.5 (i) essentially holds for the graphs in G.

Lemma 8.9 ([36]). Let G ∈ G, and let X ⊆ D′T ∪ {u ∈ V (G) | dG(u) = 2}. If |X| ≤ 2,
then νur(G−X) = νur(G).

Proof. Let X ′ = X ∩D′T , and let XT = X ′ ∪ {vi | i ∈ [k] and X ∩ V (Hi) 6= ∅}. Since
|X| ≤ 2, it follows that |XT | ≤ 2, which, by Lemma 8.5 (i), implies that T−XT contains
a matching M of size ν(T ) = n(T )−1

3 . Let M ′ be the corresponding uniquely restricted
matching in G − X. Let i ∈ [k]. If V (M ′) ∩ V (Hi) = ∅, then there is a uniquely
restricted matching Mi of size n(Hi)−1

3 in Hi −X since |X| ≤ 2. If V (M ′) ∩ V (Hi) 6= ∅,
then X ∩ V (Hi) = ∅ and |V (M ′) ∩ V (Hi)| = 1, which implies that there is a uniquely
restricted matching Mi of size n(Hi)−1

3 in Hi that is disjoint from M ′, see Table 8.1.
Since the matching M ′ ∪

⋃k
i=1Mi is uniquely restricted in G−X, we obtain that

νur(G−X) ≥ n(T )− 1
3 +

k∑
i=1

n(Hi)− 1
3 = n(G)− 1

3 .

Let Gc be the set of graphs G in G such that no block of G belongs to B \ Bc. Our
final lemma in this section shows that Lemma 8.5 (ii) essentially holds for the graphs
in Gc.

Lemma 8.10 ([36]). Let G ∈ Gc be such that it is not isomorphic to G2 or G4, and
let X ⊆ D′T ∪ {u ∈ V (G) | dG(u) = 2}. If |X| = 3 and no vertex in V (G) \ X has 3
neighbors in X, then νur(G−X) = νur(G).

Proof. Let X = {x1, x2, x3}. If X ⊆ D′T , then, by Lemma 8.5 (ii), T contains a
maximum matching M of size n(T )−1

3 that does not cover any vertex in X. Let M ′ be
the corresponding uniquely restricted matching in G−X. Let i ∈ [k]. Since |V (M ′) ∩
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V (Hi)| ≤ 1, the subgraph Hi of G contains a uniquely restricted matching Mi of size
n(Hi)−1

3 such thatMi is disjoint fromM ′, see Table 8.1. Since the matchingM ′∪
⋃k
i=1Mi

is uniquely restricted in G−X, it follows that

νur(G−X) ≥ n(T )− 1
3 +

k∑
i=1

n(Hi)− 1
3 = n(G)− 1

3 .

Now, we assume that X 6⊆ D′T . Let i be such that it minimizes |V (Hi) ∩X| among all
non-empty intersections, and let G′ arise from G by contracting the edges in Hi. First,
we assume that |V (Hi)∩X| = 1, say x1 ∈ V (Hi). By Lemma 8.9, G′ contains a uniquely
restricted matching M of size at least n(G′)−1

3 that does not cover x2 and x3. Let M ′ be
the corresponding uniquely restricted matching in G−X. Since |V (M ′)∩V (Hi)| ≤ 1, it
follows that Hi contains a uniquely restricted matching Mi of size n(Hi)−1

3 that does not
cover x1 and is disjoint from M ′, see Table 8.1. Since the matching M ′ ∪Mi is uniquely
restricted in G−X, it follows that

νur(G−X) ≥ n(G′)− 1
3 + n(Hi)− 1

3 = n(G)− 1
3 .

Hence, we may assume that |V (Hi) ∩X| ≥ 2. By Lemma 8.9, G′ contains a uniquely
restricted matching M of size at least n(G′)−1

3 that does not cover X \ V (Hi) and vi,
because |X \ V (Hi)| ≤ 1. Note that V (Hi) ∩ V (M) = ∅. If |V (Hi) ∩X| = 2, then Hi

contains a matching Mi of size n(Hi)−1
3 that does not cover the vertices in X ∩ V (Hi),

see Table 8.1. Next, we assume that |V (Hi) ∩ X| = 3. Every vertex in V (Hi) that
is adjacent to a vertex in AT has degree 3 in G. Since every vertex in X ∩ V (Hi)
has degree 2 in G, this implies that no vertex in X ∩ V (Hi) is adjacent to a vertex in
AT . If Hi is isomorphic to G2 or G4, then Hi contains exactly 3 vertices of degree 2,
which must all belong to X. Therefore, no vertex in V (Hi) is adjacent to a vertex in
AT , which, since G is connected, implies that G is isomorphic to Hi, a contradiction.
Hence, Hi is isomorphic to G1 or G3, and thus contains a uniquely restricted matching
Mi of size n(Hi)−1

3 that does not cover the vertices in X ∩ V (Hi), see Table 8.1. Since
V (M) ∩ V (Hi) = ∅, it follows that M ∪Mi is a uniquely restricted matching in G−X
and of size at least n(G)−1

3 .

8.3 Proof of Theorem 8.3
Proof of Theorem 8.3. Suppose, for a contradiction, that the theorem is false, and let G
be a counterexample of minimum order. G is connected, not in G, and not isomorphic
to H1 or H2. Therefore, any proper induced subgraph H of G satisfies

νur(H) ≥ n(G)− κH(G)
3 .

Claim 8.1. Any induced subgraph H of G that belongs to G satisfies mG(V (H)) ≥ 2.
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Proof of Claim 8.1. Let H ∈ G be an induced subgraph of G and suppose, for a con-
tradiction, that uv is the only edge in EG(V (H)) such that u ∈ V (H). Let G′ =
G − (V (H) ∪ {v}) and suppose that at most one component of G′ is in G. By Lemma
8.9, H contains a uniquely restricted matching MH of size n(H)−1

3 that does not cover
u. Furthermore, G′ contains a uniquely restricted matching M ′ of size at least n(G′)−1

3 .
Since the matching MH ∪M ′ ∪ {uv} is uniquely restricted in G, it follows that

νur(G) ≥ n(H) + n(G′)− 2
3 + 1 = n(G)

3 ,

which is a contradiction. Hence, we may assume that G′ has two components, and that
both components H1 and H2 of G′ belong to G. Let TH , T1, and T2 be the host trees of
H, H1, and H2, respectively. Let wH , w1, and w2 be the vertices in TH , T1, and T2 such
that their corresponding vertices in G are adjacent to v. Let T arise from TH∪T1∪T2 by
adding v along with the edges vwH , vw1, and vw2. Lemma 8.4 implies that wH belongs
to DTH

, which implies that v belongs to any maximum matching in T . Hence, Theorem
8.2 (i) implies that DT = DTH

∪DT1 ∪DT2 . In particular, G arises from T by replacing
some vertices of DT by graphs in B, which implies that G ∈ G, a contradiction.

Claim 8.2. Any induced subgraph H of G that belongs to G satisfies mG(V (H)) ≥ 3 if
n(H) ≥ 2.

Proof of Claim 8.2. Let H ∈ G be an induced subgraph of G with order at least 2
and suppose, for a contradiction, that uv and wx are the only two edges in EG(V (H))
such that u,w ∈ V (H). First, we assume that uv and wx are disjoint. Let G′ =
G − (V (H) ∪ {v}). By Lemma 8.9, H contains a uniquely restricted matching MH of
size n(H)−1

3 that does not cover u and w. Since mG(V (H)∪{v}) ≤ 3, Claim 8.1 implies
that at most one component of G′ belongs to G, which, by the choice of G, implies
that G′ contains a uniquely restricted matching M ′ of size at least n(G′)−1

3 . Since the
matching MH ∪M ′ ∪ {uv} is uniquely restricted in G, it follows that

νur(G) ≥ n(H) + n(G′)− 2
3 + 1 = n(G)

3 ,

which is a contradiction. Hence, we may assume that uv and wx share a common vertex.
First, we assume that u = w. Let G′ = G− (V (H)\{u}). Since mG(V (H)\{u}) = 1, it
follows, by Claim 8.1, that neither G′ nor H −u belong to G, which implies that G′ and
H − u contain uniquely restricted matchings M ′ and MH of sizes at least n(G)−n(H)+1

3
and n(H)−1

3 , respectively. Since the matching MH ∪M ′ is uniquely restricted in G, it
follows that

νur(G) ≥ n(H)− 1 + n(G)− n(H) + 1
3 = n(G)

3 ,

which is a contradiction. Hence, we may assume that v = x. Let G′ = G−(V (H)∪{v}).
By Lemma 8.9, H contains a uniquely restricted matching MH of size n(H)−1

3 that does
not cover u and w. Since mG(V (H) ∪ {v}) ≤ 1, it follows, by Claim 8.1, that G′ is not
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in G, which implies that G′ contains a uniquely restricted matching M ′ of size at least
n(G)−n(H)−1

3 . Since the matching MH ∪M ′ ∪ {uv} is uniquely restricted in G, it follows
that

νur(G) ≥ n(H)− 1 + n(G)− n(H)− 1
3 + 1 > n(G)

3 ,

which is a contradiction.

Claim 8.3. No induced subgraph H of G is isomorphic to a graph in B \ Bc.

Proof of Claim 8.3. Suppose, for a contradiction, that H is an induced subgraph of G
that is isomorphic to a graph in B \ Bc. By Claim 8.2, H is not isomorphic to G5 or
G8 since both have exactly two vertices of degree 2. Let X denote the set of vertices of
degree 2 in H, and let G′ = G − (V (H) \ X). Note that |X| = 3, which implies that
G′ contains at most 3 components. Since G is not isomorphic to H, there is a vertex
u ∈ X that is not isolated in G′. Let H1 be the component of G′ that contains u. If
X ∩ V (H1) = {u}, then, by Claim 8.2, H1 6∈ G. Therefore, at most two components of
G′ belong to G. If X ∩ V (H1) \ {u} 6= ∅, then G′ contains at most 2 components. In
both cases, G′ contains at most 2 components that belong to G, which implies that G′
contains a uniquely restricted matchingM ′ of size at least n(G)−n(H)+3−2

3 . As illustrated
in Figure 8.4 and 8.5, H contains a uniquely restricted matchingMH of size n(H)−1

3 that
does not cover the vertices in X such that there is no MH -alternating path between any
two vertices in X, which implies that the matching M ′ ∪MH is uniquely restricted in
G. This implies that

νur(G) ≥ n(G)− n(H) + 1 + n(H)− 1
3 = n(G)

3 ,

which is a contradiction.

Claim 8.4. G is not cubic.

Proof of Claim 8.4. Suppose, for a contradiction, that G is cubic. Let u be a leaf of
some spanning tree of G, and let G′ = G− u. Note that G′ is connected. If G′ does not
belong to G, then

νur(G) ≥ νur(G′) ≥
n(G)− 1

3 ,

which is a contradiction. Hence, we may assume that G′ belongs to G. Clearly, G′ is not
isomorphic to G2 or G4 since otherwise G would be isomorphic to H1 or H2. By Claim
8.3, G′ ∈ Gc and, by the girth condition, no vertex in V (G′) \NG(u) has 3 neighbors in
NG(u), which, by Lemma 8.10, implies that G′ contains a uniquely restricted matching
M ′ of size at least n(G)−2

3 that does not cover the vertices in NG(u). Let v be any
neighbor of u. The matching M ′ ∪ {uv} is uniquely restricted in G, which implies that

νur(G) ≥ n(G)− 2
3 + 1 > n(G)

3 ,

a contradiction.
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Claim 8.1 and 8.4 imply that δ(G) = 2. Let u be a vertex of degree 2, and let v and
w be the neighbors of u. By the girth condition, v and w are not adjacent, and the only
common neighbor of v and w is u. Let G′ = G− {u, v, w}.

Claim 8.5. G′ ∈ G and dG(v) + dG(w) ≥ 5.

Proof of Claim 8.5. Since δ(G) = 2, G′ contains no isolated vertices, which, by Claim
8.2, implies that at most one component of G′ belongs to G. If no component of G′
belongs to G, then G′ contains a uniquely restricted matching M ′ of size at least n(G′)

3 .
Since the matching M ′ ∪ {uv} is uniquely restricted in G, we obtain that

νur(G) ≥ n(G)− 3
3 + 1 = n(G)

3 ,

which is a contradiction. Hence, exactly one component of G′ belongs to G, which,
by Claim 8.2, implies that dG(v) + dG(w) ≥ 5. Suppose that G′ contains a second
component H. Since mG(NG[u]) ≤ 4, Claim 8.2 implies that mG(NG(u), V (H)) = 1.
This implies, by Claim 8.1, that neither H nor G − V (H) belong to G. Therefore, H
and G− V (H) contain uniquely restricted matchings MH and M ′ of sizes at least n(H)

3
and n(G)−n(H)

3 , respectively. Since the matching MH ∪M ′ is uniquely restricted in G,
we obtain that

νur(G) ≥ n(H) + n(G)− n(H)
3 = n(G)

3 ,

which is a contradiction.

Let T be the host tree of G′, and let H1, . . . ,Hk be the blocks of G′ isomorphic to a
graph in B, which, by Claim 8.3, implies that the blocks H1, . . . ,Hk belong to Bc. Let
I ⊆ [k], let G′′ arise from G′ by contracting the edges of Hi for every i in I, and let vi
be the vertex in G′′ corresponding to Hi for every i in I. Note that, if I = [k], then G′′
is isomorphic to T . For the host tree T , let D′T = DT \ {v1, . . . , vk}.

Claim 8.6. dG(v) + dG(w) = 6.

Proof of Claim 8.6. Suppose, for a contradiction, that v has degree 3 and w has degree
2 in G. Let NG(v) = {u, x1, x2}, let NG(w) = {u, x3}, and let X = {x1, x2, x3}. Since
G is not isomorphic to G5 or G8, it follows that G′ is not isomorphic to G2 or G4.
By the girth condition, no vertex in V (G′) \ X has 3 neighbors in X. Hence, Lemma
8.10 implies that G′ contains a uniquely restricted matching M ′ of size at least n(G)−4

3
that does not cover the vertices in X. Since the matching M ′ ∪ {uv,wx3} is uniquely
restricted in G, we obtain that

νur(G) ≥ n(G)− 4
3 + 2 > n(G)

3 ,

which is a contradiction.

Claim 8.6 implies that both v and w have degree 3 in G. Let NG(v) = {u, x1, x2}, let
NG(w) = {u, x3, x4}, and let X = {x1, x2, x3, x4}.

85



8 Uniquely Restricted Matchings in Subcubic Graphs without Short Cycles

y1 y2

x1 x2 x3 x4 y3

u

v w

D′
T

AT

H1 H2 Hk

Figure 8.6: An illustration of Claim 8.8.

Claim 8.7. νur(G′ −X) < νur(G′).

Proof of Claim 8.7. If G′ contains a uniquely restricted matching M ′ of size at least
νur(G′) = n(G′)−1

3 that does not cover the vertices of X, then the matching M ′ ∪
{uv,wx3} is uniquely restricted in G, which implies that

νur(G) ≥ n(G)− 4
3 + 2 > n(G)

3 ,

a contradiction.

Claim 8.8. There is some i ∈ [k] such that X ∩ V (Hi) 6= ∅.

Proof of Claim 8.8. Suppose that X ⊆ D′T . Lemma 8.5 (iii) and Claim 8.7 imply that
there is a vertex y3 ∈ D′T with neighbors y1 and y2 in AT such that X ⊆ NG′({y1, y2}).
By the girth condition and symmetry, we may assume that y1 is adjacent to x1 and
x3, and that y2 is adjacent to x2 and x4, see Figure 8.6. Since D′T is independent, this
implies that the graph induced by {u, v, w, y1, y2, y3} ∪X is isomorphic to G1. Let T ′
arise from T by contracting all edges incident with y1 or y2, and let z be the newly
created vertex. G arises from from T ′ by replacing the vertices v1, . . . , vk by H1, . . . ,Hk

and z by G1, see Figure 8.6. By Lemma 8.7, G ∈ G, which is a contradiction.

Claim 8.9. For all i ∈ [k], we have |X ∩ V (Hi)| 6= 1.

Proof of Claim 8.9. Suppose, for a contradiction, that there is some i ∈ [k] such that
|V (Hi)∩X| = 1. By symmetry, we may assume that x1 ∈ V (Hi). Let G′′ arise from G′

by contracting the edges of Hi. Since n(T ) ≥ 2 and T is the host tree of G′′, it follows
that G′′ is not isomorphic to G2 or G4. Hence, Lemma 8.10 implies that G′′ contains
a uniquely restricted matching M of size n(G′′)−1

3 that does not cover the vertices in
X \{x1}. LetM ′ be the corresponding matching in G′−X. Since |V (M ′)∩V (Hi)| ≤ 1,
Hi contains a uniquely restricted matching Mi of size n(Hi)−1

3 that does not cover x1
and is disjoint fromM ′, see Table 8.1. Since the matchingM ′∪Mi is uniquely restricted
in G′ −X, we obtain that

νur(G′ −X) ≥ n(G′)− n(Hi) + n(Hi)− 1
3 = νur(G′),
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which is a contradiction to Claim 8.7.

Claim 8.10. There is exactly one i ∈ [k] with X ∩ V (Hi) 6= ∅.

Proof of Claim 8.10. Suppose, for a contradiction, that there are two indices i 6= j
such that X ∩ V (Hi) 6= ∅ and X ∩ V (Hj) 6= ∅. Since |X| = 4, Claim 8.9 implies that
|X∩V (Hi)| = 2 and |X∩V (Hj)| = 2. By Lemma 8.5 (i), T contains a matchingM of size
n(T )−1

3 that does not cover vi and vj . Let M ′ be the corresponding uniquely restricted
matching in G′. Since |V (M ′) ∩ V (H`)| ≤ 1 for ` ∈ [k] and V (M ′) ∩ V (H`) = ∅ for
` ∈ {i, j}, it follows that H1, . . . ,Hk contain uniquely restricted matchings M1, . . . ,Mk

of sizes n(H1)−1
3 , . . . , n(Hk)−1

3 such that no vertex in X is covered by them and all are
disjoint from M ′, see Table 8.1. Since the matching M ′ ∪

⋃k
i=1Mi is uniquely restricted

in G′ −X, we obtain that

νur(G′ −X) ≥ n(T )− 1
3 +

k∑
i=1

n(Hi)− 1
3 = νur(G′),

which is a contradiction to Claim 8.7.

Claim 8.11. There is some i ∈ [k] with |X ∩ V (Hi)| ≥ 3.

Proof of Claim 8.11. Suppose, for a contradiction, that there is some i ∈ [k] such that
|X ∩ V (Hi)| = 2. By Claim 8.10, we may assume that |X ∩ D′T | = 2. By Lemma
8.5 (ii) and Claim 8.7, we may assume that the vertices in X ∩ D′T and vi have a
common neighbor y1 in AT . By the girth condition and symmetry, we may assume that
X ∩D′T = {x2, x4} and X ∩ V (Hi) = {x1, x3}. Let M be some maximum matching in
T that does not cover the vertices in X ∩D′T , and let M ′ be the corresponding uniquely
restricted matching in G′. Since vi is covered by M , it follows that V (Hi)∩V (M ′) 6= ∅,
say y2 ∈ V (Hi)∩V (M ′). Note that, by the construction of G, y2 6∈ V (Hi)∩X. By Claim
8.7, we may assume that Hi does not contain a maximum uniquely restricted matching
that does not cover y2 and the vertices in X ∩ V (Hi). This implies that Hi is not
isomorphic to G3, see Table 8.1. IfHi is isomorphic to G1, then the vertices inX∩V (Hi)
and y2 have a common neighbor y3, see Table 8.1. Hence, the subgraph induced by
V (Hi) ∪ {u, v, w, x2, x4, y1} is isomorphic to G3, see Figure 8.7. Let T ′ arise from T by
contracting all edges incident with y1, and let z be the newly created vertex. G arises
from T by replacing the vertices v1, . . . , vi−1, vi+1, . . . , vk by H1, . . . ,Hi−1, Hi+1, . . . ,Hk

and z by G3, which, by Lemma 8.6, implies that G ∈ G, a contradiction. Hence,
Hi is isomorphic to G2 or G4, which implies that the subgraph induced by V (Hi) ∪
{u, v, w, x2, x4, y1} is isomorphic to G6 or G9, see Figure 8.7, a contradiction to Claim
8.3.

Claim 8.12. There is some i ∈ [k] such that X ⊆ V (Hi).

Proof of Claim 8.12. Suppose, for a contradiction, that X∩D′T 6= ∅. Claim 8.11 implies
that |X ∩ V (Hi)| = 3 for some i ∈ [k]. Therefore, |X ∩ D′T | = 1. By symmetry, we
may assume that x4 ∈ X ∩D′T . Since there is some vertex y of degree 2 in Hi that is

87



8 Uniquely Restricted Matchings in Subcubic Graphs without Short Cycles
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Figure 8.7: An illustration of Claim 8.11.

adjacent to some vertex in AT , it follows that Hi is not isomorphic to G2 or G4 since
y 6∈ X. Therefore, we may assume that Hi is isomorphic to G1 or G3. By Lemma 8.9,
the graph G′′ that arises from G′ by contracting the edges of Hi contains a uniquely
restricted matching M ′ of size n(G′)−n(Hi)

3 that does not cover vi and x4. Furthermore,
by the girth condition, the vertices in X ∩V (Hi) do not have a common neighbor in G′,
which implies that Hi contains a uniquely restricted matching Mi of size n(Hi)−1

3 that
does not cover the vertices in X ∩ V (Hi), see Table 8.1. Since the matching M ′ ∪Mi is
uniquely restricted in G′ −X, we obtain that

νur(G′ −X) ≥ n(G′)− n(Hi) + n(Hi)− 1
3 = νur(G′),

which is a contradiction to Claim 8.7.

We are now in a position to complete the proof. By Claim 8.12, we may assume that
|X ∩V (Hi)| = 4 for some i ∈ [k]. Therefore, Hi must be isomorphic to G1 or G3. First,
we assume that Hi is isomorphic to G1. Using the names specified in the left of Figure
8.8, we may, by symmetry, assume that x1 = v1, which, by the girth condition, implies
that x2 = v6. Hence, w is either adjacent to v3 and v5 or to v2 and v4. In both cases, the
subgraph induced by V (Hi) ∪ {u, v, w} is isomorphic to G2, which implies that G ∈ G,
a contradiction.
Hence, we may assume that Hi is isomorphic to G3. Using the names specified in the

right of Figure 8.8, we may, by symmetry, assume that x1 = v6. By symmetry between
v2 and v4, we may, by the girth condition, assume that x3 = v4. By Table 8.1 and Claim
8.7, we may assume that Hi contains a vertex y3 with neighbors y1 and y2 such that
X ⊆ NHi({y1, y2}). By symmetry and the girth condition, we may assume that y1 has
neighbors x1 and x3 and that y2 has neighbors x2 and x4. Therefore, y1 = v5, which
implies that y3 = w3. Since x2 and x4 have degree 2 in Hi, it follows that y2 6= z, that
is, y2 = u5. Thus, {x2, x4} = {u4, u6}. If x2 = u6, then x4 = u4, and the subgraph
induced by V (Hi)∪ {u, v, w} is isomorphic to G4, which implies that G ∈ G. Hence, we
may assume that x2 = u4, which implies that x4 = u6. Therefore, the subgraph induced
by V (Hi) ∪ {u, v, w} is isomorphic to G7, which is a contradiction to Claim 8.3.
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Figure 8.8: An illustration of the final contradiction.
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9 Approximating Induced Matchings

This chapter is based on the preprint [2] by Julien Baste, Dieter Rautenbach, and the
author of this thesis.

9.1 Introduction
The problem of finding a maximum induced matching does not allow an efficient ap-
proximation algorithm with approximation factor n1/2−ε for some positive ε, unless P
= NP [75]. As mentioned in the introduction, it is unlikely that there is an efficient
approximation algorithm with approximation factor ∆1−ε for bipartite graphs of degree
at most ∆ [18].

We also mentioned in the introduction that several efficient approximation algorithms
have been proposed for ∆-regular graphs. All these approximation ratios for ∆-regular
graphs rely on Observation 1.5 (i), that is,

νs(G) ≤ m(G)
2∆− 1 , (9.1)

which fails for not necessarily regular graphs of maximum degree ∆.
Only very recently, Lin, Mestre, and Vasiliev [65] improved the straightforward ap-

proximation ratio of 2(∆−1) of the greedy algorithm [87] applied to a graph of maximum
degree ∆. Their approach relies on linear programming and a local ratio technique.
They actually consider the weighted version of the problem, and provide an efficient
algorithm with approximation ratio ∆. As they show that the integrality gap of their
integer linear programming formulation of the weighted induced matching problem is at
least ∆− 1, there is not much room for improvement of the approximation ratio using
their approach.

In order to phrase the integer linear programming formulation of the maximum in-
duced matching problem, we introduce some notation. Let G be a graph. For a vertex
u of G, let δG(u)1 be the set of edges of G that are incident with u. For an edge uv of
G, let

δG(uv) = δG(u) ∪ δG(v), and let CG(uv) =
⋃

w∈NG[u]∪NG[v]
δG(w).

Note that a set M of edges in G is an induced matching in G

• if and only if f 6∈ CG(e) for every two distinct edges e and f in M

• if and only if δG(e) contains at most one edge from M for every edge e of G.
1In the previous chapters we used the notation EG({u}) instead of δG(u). However, we prefer using
δG(u) in this chapter, because this notation is more standard in the context of linear programming.
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The second equivalence motivates the following (unweighted version of the) integer linear
program from [65]:

max
∑

e∈E(G)
xe

s.th.
∑

f∈δG(e)
xf ≤ 1 ∀e ∈ E(G)

xe ∈ {0, 1} ∀e ∈ E(G)

(9.2)

Clearly, the value of (9.2) equals νs(G), and {e ∈ E(G) : xe = 1} is an induced matching
for every feasible solution (xe)e∈E(G) of (9.2). We consider the relaxation (P ) of (9.2)
together with its dual linear program (D):

(P )


max

∑
e∈E(G)

xe

s.th.
∑

f∈δG(e)
xf ≤ 1 ∀e ∈ E(G)

xe ≥ 0 ∀e ∈ E(G)

(D)


min

∑
e∈E(G)

ye

s.th.
∑

f∈δG(e)
yf ≥ 1 ∀e ∈ E(G)

ye ≥ 0 ∀e ∈ E(G)

Let ν∗s (G) and τ∗s (G) denote the optimum values of the linear programs (P ) and (D),
respectively. If (xe)e∈E(G) is some feasible solution of (P ) or (D), and F ⊆ E(G), then
let x(F ) =

∑
e∈F

xe, in particular,
∑

f∈δG(e)
xf = x (δG(e)).

By linear programming duality,

νs(G) ≤ ν∗s (G) = τ∗s (G). (9.3)

If G is ∆-regular, then setting xe = 1
2∆−1 for every edge e of G yields optimal solutions

for (P ) and (D) of value m(G)
2∆−1 , which implies that (9.1) follows immediately from (9.3).

The results of Lin et al. [65] imply that the integrality gap of the weighted version of
(9.2) is at most ∆ and at least ∆− 1.
We conjecture that this can be improved considerably for unweighted graphs.

Conjecture 9.1 ([2]). If G is a graph of maximum degree ∆, then

ν∗s (G)
νs(G) ≤


5∆2

8∆−4 , if ∆ is even,

5∆3−21∆2+7∆+1
8∆2−36∆+20 , if ∆ is odd

(9.4)

If true, then it would be best-possible for the graph G that arises by replacing the five
vertices of the cycle C5 of order five with independent sets of cardinalities

⌊
∆
2

⌋
,
⌊

∆
2

⌋
,⌊

∆
2

⌋
,
⌈

∆
2

⌉
, and

⌈
∆
2

⌉
in this cyclic order. Note that the extremal graph in Conjecture

9.1 also appears in Conjecture 1.2 on the strong chromatic index. If ∆ is even, then this
blown-up C5 is ∆-regular, and ν∗s (G) equals m(G)

2∆−1 = 5∆2

8∆−4 . If ∆ is odd, then setting
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9.1 Introduction

• xe = ∆−5
2∆2−9∆+5 for the edges e between an independent set of order ∆−1

2 and an
independent set of order ∆+1

2 , and setting

• xe = ∆−3
2∆2−9∆+5 for all remaining edges e

yields optimal solutions for (P ) and (D), which explains the specific value in Conjecture
9.1.
Gotthilf and Lewenstein [44] obtain the approximation ratio 0.75∆+0.15 by providing

a polynomial time algorithm that computes an induced matching of size at least

m(G)
1.5∆2 − 0.5∆ (9.5)

in a given not necessarily regular graph G of maximum degree ∆ (cf. also [32] choosing
f = 3∆2/2 − ∆/2 and g = 0 in Theorem 2(ii) and in the proof of Corollary 3). For
∆-regular graphs, it follows that the integrality gap of (9.2) is as most 1.5∆2−0.5∆

2∆−1 =
3
4∆ +O(1).
We proceed to our results; all proofs are postponed to the following sections. Our

first result is a best-possible upper bound on the fractional induced matching number.
Let T ∗ be the tree that arises by subdividing each edge of the star K1,∆ of order ∆ + 1
once.

Theorem 9.2 ([2]). If G is a graph of maximum degree at most ∆ such that no com-
ponent of G has order at most 2, then ν∗s (G) ≤ ∆

2∆+1n(G) with equality if and only if
each component of G is isomorphic to T ∗.

Combining Theorem 9.2 with the main result from [54] yields an approximation ratio
of 18/7 for subcubic graphs. This can be improved as follows.

Theorem 9.3 ([2]). There is an efficient algorithm that, for a given subcubic graph G,
produces an induced matching M in G as well as a feasible solution (ye)e∈E(G) of (D)
with |M | ≥ 3

7y(E(G)).

The proof of Theorem 9.3 involves a detailed case analysis which was not done by the
author of this thesis. Therefore, the proof is omitted.
Our final result concerns general maximum degrees.

Theorem 9.4 ([2]). There is an efficient algorithm that, for a given graph G of maxi-
mum degree at most ∆ for some ∆ ≥ 3, produces an induced matching M in G with

|M | ≥ ν∗s (G)
(1− ε)∆ + 1

2
where ε ≈ 0.02005.

The last two theorems imply, in particular, that the problem to find a maximum
induced matching in the considered graphs can be approximated in polynomial time
within ratios of 7

3 and (1 − ε)∆ + 1
2 , respectively. Theorem 9.4 allows an interesting

corollary.

93



9 Approximating Induced Matchings

Corollary 9.5 ([2]). If G is a graph of maximum degree at most ∆, then

νs(G) ≥ ν(G)
2(1− ε)∆ + 1 where ε ≈ 0.02005.

Proof. Let M be some maximum matching in G. Setting xe = 1/2 for every edge e
in M , and xe = 0 otherwise, yields a feasible solution of (P ). This implies ν∗s (G) ≥
x(E(G)) = |M |/2. Now, Theorem 9.4 implies the statement.

9.2 An upper bound on the fractional induced matching
number

We proceed to the proof of Theorem 9.2.

Proof of Theorem 9.2. Let G be a graph of maximum degree ∆ such that no component
of G has order at most 2, in particular, ∆ ≥ 2. Note that ν∗s (T ∗) = ∆ = ∆

2∆+1n(T ∗).
Therefore, by (9.3), it suffices to show the existence of a feasible solution (ye)e∈E(G) of
(D) with

(i) y(δG(u)) ≥ 1
2 for every vertex u of degree less than ∆, and

(ii) y(E(G)) ≤ ∆
2∆+1n(G),

such that (ii) holds with equality if and only if every component of G is isomorphic to
T ∗. We call such a feasible solution good, and we show the existence of a good solution
by induction on the order n(G). Since the considered quantities are all additive with
respect to the components, we may assume that G is connected. If G is ∆-regular, then
setting ye = 1

2∆−1 for every edge e of G yields a good solution. Hence, we may assume
that the minimum degree of G is less than ∆.
Let u be a vertex of minimum degree δ.

Case 1. δ = 1, and no component of G−NG[u] has order at most 2.

Let v be the unique neighbor of u in G, let w be some neighbor of v distinct from u, and
let G′ = G− {u, v, w}. Let I1 be the set of isolated vertices in G′, and let I2 be the set
of vertices of the components of order 2 in G′. By induction, there is a good solution
(y′e)e∈E(G′−(I1∪I2)) for G′ − (I1 ∪ I2). Since the graph G − {u, v} has no component of
order at most 2, each component of G[I1 ∪ I2] sends at least one edge to w. Hence, we
obtain |I1|+ |I2|

2 ≤ dG(w)− 1 ≤ ∆− 1, which implies

|I1|+ |I2| ≤ 2|I1|+ |I2| ≤ 2(∆− 1). (9.6)

Let M be a set of edges in EG({w}, I1 ∪ I2) such that each component of G[I1 ∪ I2] is
incident with exactly one edge in M . Let

ye =


y′e , if e ∈ E(G′ − (I1 ∪ I2)),
1
2 , if e ∈M ∪ E(G[I2]) ∪ {uv, vw}, and
0 , otherwise.
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9.2 An upper bound on the fractional induced matching number

It is easy to see that (ye)e∈E(G) is a feasible solution of (D) that satisfies (i). By induction
and (9.6), we obtain that

y(E(G)) = y′(E(G′ − (I1 ∪ I2))) + 1
2(|I1|+ |I2|+ 2)

≤ ∆
2∆ + 1

(
n(G)− (|I1|+ |I2|+ 3)

)
+ 1

2(|I1|+ |I2|+ 2)

= ∆
2∆ + 1n(G) + |I1|+ |I2| − 2(∆− 1)

2(2∆ + 1)

≤ ∆
2∆ + 1n(G).

Now, we assume that y(E(G)) = ∆
2∆+1n(G), and that G is not isomorphic to T ∗.

Equality in the above inequality chain implies |I1| + |I2| = 2(∆ − 1), which, by (9.6),
implies that I1 = ∅, |I2| = 2(∆− 1), and dG(w) = ∆. It follows that each component of
order 2 in G′ sends exactly one edge to w. Moreover,

y′(E(G′ − (I1 ∪ I2))) = ∆
2∆ + 1

(
n(G)− (|I1|+ |I2|+ 3)

)
,

which implies that every component of G′ − (I1 ∪ I2) is isomorphic to T ∗. Since G is
not isomorphic to T ∗, the vertex v has a third neighbor y distinct from u and w, which
either belongs to I2 or to V (G′) \ (I1 ∪ I2).

First, we assume that y ∈ I2. Let M be a set of edges in EG({v, w}, I1∪ I2) such that
each component of G[I1 ∪ I2] is incident with exactly one edge in M , and vy ∈M . Let

ye =


y′e , if e ∈ E(G′ − (I1 ∪ I2)),
1
2 , if e ∈M ∪ E(G[I2]) ∪ {uv}, and
0 , otherwise.

Since |I2| = 2(∆− 1) and |EG({v}, I2)| ≤ ∆− 2, it follows that M ∩ δG(w) 6= ∅. Hence,
(ye)e∈E(G) is a feasible solution of (D) that satisfies (i). As above, we obtain

y(E(G)) ≤ ∆
2∆ + 1n(G) + |I1|+ |I2| − 2(∆− 1)

2(2∆ + 1) − 1
2 <

∆
2∆ + 1n(G),

which completes the proof in this case.
Hence, we may assume that v has no neighbor in I2, which implies y ∈ V (G′)\(I1∪I2).

The component H of G′−(I1∪I2) containing y is isomorphic to T ∗. Let f be the unique
edge of H that is incident to the vertex of degree ∆ in H, and has minimum distance
to y. Let

ye =


y′e , if e ∈ E(G′ − (I1 ∪ I2)) \ E(H),
1
2 , if e ∈ E(G[I2]) ∪

(
δG(w) \ {vw}

)
∪ {uv, vy} ∪

(
E(H) \ {f}

)
, and

0 , otherwise.
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9 Approximating Induced Matchings

It is easy to see that (ye)e∈E(G) is a feasible solution of (D) that satisfies (i). Furthermore,

y(E(G)) ≤ ∆
2∆ + 1 (n(G)− (4∆ + 2)) + 2∆− 1

2 <
∆

2∆ + 1n(G),

which completes the proof in the first case.

Case 2. Case 1 does not apply.

Let G′ = G − NG[u], let I1 be the set of isolated vertices in G′, and let I2 be the set
of vertices of the components of order 2 in G′. Note that G′ differs slightly from Case
1. Let (y′e)e∈E(G′−(I1∪I2)) be a good solution for G′ − (I1 ∪ I2). If δ = 1, then each
component of G[I1 ∪ I2] sends at least one edge into NG(u). If δ ≥ 2, then each vertex
in I1 sends at least δ many edges into NG(u) while each vertex in I2 sends at least δ− 1
edges into NG(u). Hence, we obtain that

δ|I1|+ max
{

(δ − 1)|I2|,
|I2|
2

}
≤ (∆− 1)δ. (9.7)

If δ = 1, then this implies that |I1| + |I2| ≤ 2(∆ − 1) < 2∆ − δ. If δ ≥ 2, then this
implies that

|I1|+ |I2| ≤
δ

δ − 1 |I1|+
δ − 1
δ − 1 |I2| ≤ (∆− 1) δ

δ − 1 ≤ 2∆− δ,

and, since ∆ > δ, equality in this last inequality chain only holds if δ = 2, I1 = ∅, and
|I2| = 2(∆− 1).
Let M be a set of edges in EG(NG(u), I1 ∪ I2) such that each component of G[I1 ∪ I2]

is incident with exactly one edge in M . Let

ye =


y′e , if e ∈ E(G′ − (I1 ∪ I2)),
1
2 , if e ∈M ∪ E(G[I2]) ∪ δG(u), and
0 , otherwise.

For δ ≥ 2, it is easy to see that (ye)e∈E(G) is a feasible solution of (D) that satisfies
(i). If δ = 1, then, in view of Case 1, the set I1 ∪ I2 is non-empty, which implies that
the unique neighbor, say v, of u is incident with an edge vw such that w ∈ I1 ∪ I2 and
yvw = 1

2 . Hence, also in this case, (ye)e∈E(G) is a feasible solution of (D) that satisfies
(i). By induction and (9.7), we obtain that

y(E(G)) ≤ ∆
2∆ + 1

(
n(G)− (|I1|+ |I2|+ δ + 1)

)
+ 1

2(|I1|+ |I2|+ δ)

= ∆
2∆ + 1n(G) + |I1|+ |I2| − (2∆− δ)

2(2∆ + 1)

≤ ∆
2∆ + 1n(G).

Now, we assume that y(E(G)) = ∆
2∆+1n(G), and that G is not isomorphic to T ∗.

Equality in the above inequality chain implies |I1|+ |I2| = 2∆− δ. As observed above,
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9.3 An improved bound on the integrality gap

this implies δ = 2, I1 = ∅, and |I2| = 2(∆ − 1). It follows that every vertex in I2 has
degree exactly 2, every vertex in NG(u) has degree ∆, and G′ − (I1 ∪ I2) is empty. Let
f be an edge incident with u. Let

ye =
{1

2 , if e ∈ EG(NG(u), I2) ∪
(
δG(u) \ {f}

)
, and

0 , otherwise.

Since ∆ ≥ 3, it follows that (ye)e∈E(G) is a feasible solution of (D) that satisfies (i).
Furthermore,

y(E(G)) = ∆− 1
2 <

∆
2∆ + 1(2∆ + 1) = ∆

2∆ + 1n(G),

which completes the proof.

For the proof of Theorem 9.3, an efficient recursive algorithm that constructs an
induced matching M in G together with a feasible solution (ye)e∈E(G) of the linear
program (D) such that

(i) y(δG(u)) ≥ 1
3 for every vertex u of degree at most 2 in G, and

(ii) y(E(G)) ≤ 7
3 |M |

is designed. The conditions (i) in the proofs of Theorem 9.2 and Theorem 9.3 (see [2])
are very similar; they both allow that good solutions for the considered subgraphs do not
have to be changed when constructing the solution for the entire graph. Unfortunately,
for larger values of ∆, this approach seems not to lead to improved approximation ratios.
Suppose that we impose a condition like y(δG(u)) ≥ c for some positive constant c and
every vertex u of degree less than ∆. If G arises from Kd∆

2 e+1 by attaching b∆
2 c many

leaves to each vertex, then νs(G) = 1 while any solution satisfying the above condition
has total weight at least c

(
d∆

2 e+ 1
)
b∆

2 c. This is also not surprising as combining
the best-possible lower bound on the induced matching number for graphs of bounded
maximum degree [51] with the best-possible Theorem 9.2 does not lead to an improved
approximation ratio; both results are tight for different graphs.

9.3 An improved bound on the integrality gap
For simplification, we are not trying to optimize the non-leading terms of the approxi-
mation ratio. For the rest of this section, let (ε, c) be an optimal solution of the following
quadratic program:

(Q)



max ε

s.th. 1.5
(
1 + ε(2c−1+ε)

1−c−ε

)
≤ 2c(1− ε)

ε ≤ (1− c)2

ε+ c < 1
ε, c > 0
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Standard software yields

ε ≈ 0.02005 and c ≈ 0.85838.

Note that verifying that these values yield a feasible solution for (Q) is a simple matter
of calculation, and, in fact, all our arguments only use the feasibility of this solution.
Throughout this section, the parameter f is chosen as follows:

f = (1− ε)∆ + 1
2 ≈ 0.97995∆ + 0.5.

A key ingredient for the proof of Theorem 9.4 is the following lemma.

Lemma 9.6 ([2]). If G is a graph of maximum degree at most ∆ for some ∆ ≥ 3, and
(xe)e∈E(G) is a feasible solution for (P ) that satisfies x(CG(e)) ≥ f for every edge e of
G, then

x(E(G)) ≤ (1− ε)m(G)
1.5∆ .

We postpone the proof of Lemma 9.6 to the end of this section. The condition in
Lemma 9.6 will be ensured by the following Local Ratio Preprocessing, which is
similar to the technique used in [65]. Note that Local Ratio Preprocessing needs
to solve the linear program (P ) only once, while [65] requires to solve a linear program
in each iteration.

Input: A graph G.
Output: An induced matching M and a subgraph of G

1 begin
2 M ← ∅;
3 Let (xe)e∈E(G) be an optimal solution of (P );
4 while G has an edge e satisfying x(CG(e)) ≤ f do
5 M ←M ∪ {e}; G← G− CG(e);
6 end
7 return (M,G);
8 end

Algorithm 3: Local Ratio Preprocessing

Proof of Theorem 9.4. Let G be as in the statement of the theorem. Applying Local
Ratio Preprocessing to G produces in polynomial time an output (M,G′), where
G′ = G −

⋃
e∈M

CG(e). Furthermore, the restriction to E(G′) of the optimal solution

(xe)e∈E(G) of (P ) chosen in line 3 is a feasible solution for the linear program (P ) on
the graph G′ that satisfies x(CG′(e)) ≥ f for every edge e of G′. Let M = {e1, . . . , ek},
where the edges were added toM in the order e1, . . . , ek. The choice of the edges within

Local Ratio Preprocessing implies x
(
CG(ej) \

j−1⋃
i=1

CG(ei)
)
≤ f for every j in [k],
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and, hence,

f |M | ≥
k∑
j=1

x

CG(ej) \
j−1⋃
i=1

CG(ei)


= x

 k⋃
j=1

CG(ej) \
j−1⋃
i=1

CG(ei)


= x

 k⋃
j=1

CG(ej)

 .
Let M ′ be an induced matching in G′ of size at least m(G′)

1.5∆2 , cf. (9.5). As noted in the
introduction, we can find such an induced matching in polynomial time [32, 44]. By
construction, M ∪M ′ is an induced matching in G. The choice of f and Lemma 9.6
imply

|M ′| ≥ m(G′)
1.5∆2 ≥

x(E(G′))
(1− ε)∆ ≥ x(E(G′))

f
,

and, hence,

|M ∪M ′| ≥ 1
f

(
x

( ⋃
e∈M

CG(e)
)

+ x(E(G′))
)

= 1
f
x(E(G)) = ν∗s (G)

f
,

which completes the proof.

We proceed to the proof of Lemma 9.6.

Proof of Lemma 9.6. For notational convenience, we introduce one further parameter:

g = ε

1− c ≈ 0.14158.

Let
I =

{
u ∈ V (G) : dG(u) < c∆ + 1

2

}
.

Claim 9.1. If u is in I and v is a neighbor of u, then

dG(v) ≥ (1− g)∆ + 1 and x(δG(v)) ≤ g.

Proof of Claim 9.1. Let v′ be a neighbor of u maximizing x (δG(v′)). For every neighbor
w of v′, the constraints in (P ) imply

1 ≥ x
(
δG(v′w)

)
= x

(
δG(v′)

)
+ x

(
δG(w) \ {v′w}

)
,

which implies x (δG(w) \ {v′w}) ≤ 1− x (δG(v′)) and x (δG(v′)) ≤ 1.
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Now,

f ≤ x
(
CG(uv′)

)
≤

∑
w∈NG(u)

x (δG(w)) +
∑

w∈NG(v′)\{u}
x
(
δG(w) \ {v′w}

)
≤ dG(u)x

(
δG(v′)

)
+ (∆− 1)

(
1− x

(
δG(v′)

))
≤ c∆x

(
δG(v′)

)
+ 1

2 + ∆
(
1− x

(
δG(v′)

))
= ∆

(
1− (1− c)x

(
δG(v′)

))
+ 1

2 ,

which, by the definitions of f and g, implies

x(δG(v)) ≤ x(δG(v′)) ≤ g.

Since g < 1, we obtain that

f ≤ x(CG(uv))
≤

∑
w∈NG(u)

x (δG(w)) +
∑

w∈NG(v)\{u}
x (δG(w) \ {vw})

≤ dG(u)g + (dG(v)− 1)

≤
(
c∆ + 1

2

)
g + dG(v)− 1

≤ dG(v) + gc∆− 1
2 .

By the definitions of f and g, this implies that

dG(v) ≥ f − gc∆ + 1
2 = ∆(1− ε− gc) + 1 = ∆(1− g) + 1,

which completes the proof of the claim.

The condition ε ≤ (1− c)2 within (Q) implies 1− g ≥ c. Therefore, Claim 9.1 implies
that the set I is independent, and that

x (EG(I)) ≤
∑

v∈NG(I)
x(δG(v))

≤ g|NG(I)|

≤ g

∆(1− g)
∑

v∈NG(I)
dG(v)

≤ g

∆(1− g)
(
m(G) +m(G[NG(I)])

)
. (9.8)

By Claim 9.1, each edge uv in E(G[NG(I)]) satisfies

x (δG(uv)) = x (δG(u)) + x (δG(v))− xuv ≤ 2g.
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Note that e′ ∈ δG(e) if and only if e ∈ δG(e′) for every two edges e and e′ of G, and
double-counting implies ∑

e∈E(G)
x(δG(e)) =

∑
e∈E(G)

xe|δG(e)|.

For every edge e of G, we obtain that

f ≤ x (CG(e)) ≤
∑

e′∈δG(e)
x
(
δG(e′)

)
≤ |δG(e)|.

If uv is an edge in E(G) \ EG(I), then, by the definition of I,

|δG(uv)| = |δG(u)|+ |δG(v)| − 1 ≥ c∆ + 1
2 + c∆ + 1

2 − 1 = 2c∆.

Combining these four observations, we obtain

m(G)− (1− 2g)m(G[NG(I)])
= (m(G)−m(G[NG(I)])) + 2gm(G[NG(I)])
=

∑
e∈E(G)\E(G[NG(I)])

1 +
∑

e∈E(G[NG(I)]))
2g

≥
∑

e∈E(G)\E(G[NG(I)])
x(δG(e)) +

∑
e∈E(G[NG(I)])

x(δG(e))

=
∑

e∈E(G)
x(δG(e))

=
∑

e∈E(G)
xe|δG(e)|

=
∑

e∈EG(I)
xe|δG(e)|+

∑
e∈E(G)\EG(I)

xe|δG(e)|

≥ fx(EG(I)) + 2c∆x(E(G) \ EG(I)). (9.9)

By (Q) and the definition of g, it follows that

1 + (2c− 1 + ε)g
1− g = 1 + ε(2c− 1 + ε)

1− c− ε ≤ 2c(1− ε)
1.5 .

Hence, we obtain c ≥ 0.75, which, since ∆ ≥ 3, implies that 2c∆ ≥ f . Furthermore, by
(Q) and c ≥ 0.75, we have that 3ε ≤ 3(1 − c)2 ≤ 1 − c, which, by the definition of g,
implies that g ≤ 1/3. Hence, we obtain

2g + (2c− 1 + ε)g
1− g ≤ 2g + 2c(1− ε)

1.5 − 1 ≤ 2g + 1
3 ≤ 1.
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Using these inequalities together with (9.8) and (9.9) yields

2c∆x(E(G))

=
(
fx(EG(I)) + 2c∆x(E(G) \ EG(I))

)
+ (2c∆− f)x(EG(I))

≤
(
m(G)− (1− 2g)m(G[NG(I)]))

)
+ (2c∆− f)g

∆(1− g) (m(G) +m(G[NG(I)]))

= m(G)
(

1 + (2c∆− f)g
∆(1− g)

)
+m(G[NG(I)])

(
2g + (2c∆− f)g

∆(1− g) − 1
)

≤ m(G)
(

1 + (2c− 1 + ε)g
(1− g)

)
+m(G[NG(I)])

(
2g + (2c− 1 + ε)g

(1− g) − 1
)

≤ m(G)
(

1 + (2c− 1 + ε)g
(1− g)

)
≤ 2c(1− ε)

1.5 m(G),

which completes the proof of Lemma 9.6.

Using this proof technique, what is the largest ε we can hope for? Let ε = 1
7 + 1

∆ ,
and let ∆ be sufficiently large such that 0.75∆ is an integer. Let G be a bipartite graph
with partite set A and B such that each vertex in A has degree 0.75∆ + 2, each vertex
in B has degree ∆, and G has girth at least 6. It is well-known that such graphs exist,
cf. e.g. [29]. Setting xe = 1

1.75∆+1 for every edge e of G yields a feasible solution of
both program (P ) and (D), that is, (xe)e∈E(G) is optimal. The girth condition and
(1.75∆ + 1)(1− ε) < 1.5∆ imply that

x(CG(e)) ≥ 2∆(0.75∆ + 2)
1.75∆ + 1 − 1

>
2(0.75∆ + 2)(1− ε)

1.5 − 1

= (1− ε)∆ + 5− 8ε
3

> (1− ε)∆ + 1
2

for sufficiently large ∆. Furthermore, ν∗s (G) ≥ m(G)
1.75∆+1 >

(1−ε)m(G)
1.5∆ , that is, Lemma 9.6

fails whenever ε ≥ 1
7 + 1

∆ .
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