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Abstract

Advanced equalization and coded-modulation strategies for multiple-input/multiple-output
(MIMO) communication are considered. The focus is on techniques that are suited for the ap-
plication in multiuser MIMO uplink transmission (MIMO multiple-access channel) or multi-
user MIMO downlink transmission (MIMO broadcast channel). This particularly includes
lattice-reduction-aided (LRA) schemes which have become popular in recent years.

In LRA schemes, the MIMO channel matrix is factorized into two parts: a unimodular in-
teger matrix and a residual non-integer matrix. Given that factorization, only the non-integer
part is conventionally equalized, either by means of linear equalization or the application of
the principle of successive interference cancellation (SIC). In contrast to that, the integer in-
terference can be resolved without any performance-harming noise enhancement. From a
mathematical point of view, the integer matrix describes a change to a more suited basis for
channel equalization. Consequently, the channel factorization can be obtained by well-known
lattice-basis-reduction algorithms, e.g., the Lenstra–Lenstra–Lovász (LLL) algorithm. How-
ever, concentrating on the treatment of the multiuser MIMO interference, LRA schemes have
most often been treated uncoded, i.e., neglecting the combination with a convenient coded-
modulation approach. This situation has changed with the concept of integer-forcing (IF)
equalization. In IF schemes, the channel matrix is factorized, too. Nevertheless, the integer
interference is resolved over the �nite �eld of the channel code—creating a close coupling
between channel equalization and coded modulation. For the �nite-�eld integer matrix, the
unimodularity constraint as present in LRA schemes can be relaxed to a full-rank constraint.
This not only brings up the question if, in classical LRA schemes, the unimodularity constraint
is really necessary, but also if the LRA techniques have really been operated in an optimum or
at least in a close-to-optimum way.

Hence, in this thesis, strategies and approaches are identi�ed that enable a performance
gain over the state-of-the-art application of LRA receiver- or transmitter-side equalization.
First, this involves the choice of the signal constellation. In particular, constellations over the
Eisenstein integers—the hexagonal lattice over the complex plane—are studied. These signal
constellations as well as conventional quadrature amplitude modulation (QAM) ones are com-
bined with coded-modulation schemes that are suited for the application in multiuser MIMO
communications using binary or non-binary low-density parity-check (LDPC) codes. More-
over, criteria and algorithms for lattice basis reduction are reviewed and extended for lattices
over Eisenstein integers. These considerations also include the abovementioned relaxation to
full-rank integer matrices, which is speci�cally known as successive minima problem. A reca-
pitulation of conventional linear and SIC-based equalization schemes is provided, where the
famous V-BLAST detection strategy is regarded from the perspective of lattice theory. Follow-
ing this, optimum or close-to-optimum channel factorization strategies and related algorithms
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are worked out for LRA transmitter- and receiver-side schemes. It is shown that the classical
unimodularity constraint can indeed be relaxed—generalizing the “lattice-reduction-aided” to
“lattice-aided” (LA) schemes. The combination of these LA approaches with coded-modulation
strategies is studied and the di�erences to the corresponding IF schemes are clari�ed; a discus-
sion on the convenience of both philosophies in multiuser MIMO uplink and downlink trans-
mission is given. The theoretical derivations in this thesis are supported by results obtained
from Monte-Carlo simulations. This particularly includes the evaluation of the transmission
performance if binary source symbols are transmitted.
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1

1. Introduction and Outline

1.1 State-of-the-Art Transmission Schemes

Over the last two decades, both the rapidly increasing number of devices that communicate via
wireless links and the growing demand for data-intensive services like high-de�nition video
streaming have raised the need for high-data-rate bandwidth-e�cient reliable transmission
schemes. In the early Wi-Fi standards, e.g., [IoEEE99], and state-of-the-art cell-phone stan-
dards, e.g., 4G aka long term evolution (LTE) [GPP06], a particular focus has been laid on a
low-complexity equalization of linear distorting (usually wideband) channels, e�ciently han-
dling the impact of multipath propagation in wireless communication. To this end, multicarrier
transmission according to orthogonal frequency-division multiplexing (OFDM) [WE71, AL87,
Bin90] is the most popular approach; it divides a frequency-selective (band-limited) chan-
nel into independent, �at-fading narrowband channels. In order to maximize the achievable
data rate, loading algorithms, e.g., [FH96], can be applied in case of slow-varying channels to
take account for the di�erent fading characteristics in the subcarriers. Alternatively, for fast-
varying channels or broadcast scenarios, the error-correcting code can be spread among the
subcarriers—known as coded OFDM (COFDM) [AL87]. Those techniques have initially been
applied to the single-user point-to-point single-input/single-output (SISO) scenario, where
a single-antenna device communicates with a single-antenna base station or access point.
Thereby, multiple-access methods like time-, frequency-, or code-division multiple access are
used.

Nevertheless, the upcoming wireless standards, e.g., 5G [ZML+18], are designed to (fur-
ther) enhance the reliability of transmission and/or the spectral e�ciency. For that purpose,
one key aspect is the employment of advanced multiple-input/multiple-output (MIMO) tech-
niques. In MIMO systems, several transmit and receive antennas are used—at the same time
and on the same frequency band. One of the main targets is to obtain diversity by taking
advantage of multiple links between the antennas and the related di�erent channel gains—
represented by the MIMO channel matrix. In this way, the problem of �at fading in multicarrier
subchannels (e.g., via MIMO-OFDM [LWS02]) or non-line-of-sight narrowband single-carrier
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transmission may be resolved or at least mitigated. As a consequence, the performance can
signi�cantly be enhanced in comparison to SISO systems.

MIMO schemes can be divided into several groups. For point-to-point MIMO transmis-
sion, where one multi-antenna transmitter communicates to one multi-antenna receiver, we
have classical diversity schemes that aim at increasing the reliability of transmission for one
single data stream. These include schemes like dominant eigenmode transmission using the
singular-value decomposition (SVD) of the MIMO channel [TV05], as well as space-time codes,
e.g., [TSC98, GBL00], that achieve diversity via coding over both the antenna and time di-
mension. Another group form the multiuser MIMO schemes which are subdivided into two
di�erent scenarios [TV05]: the MIMO multiple-access channel, where several non-cooperating
devices transmit their individual data streams to a central receiver (multipoint-to-point or
uplink transmission), and the MIMO broadcast channel, where one central transmitter sup-
plies several non-cooperating devices with their desired data (point-to-multipoint or downlink
transmission). Hence, in contrast to the abovementioned diversity schemes, for point-to-point
MIMO transmission several data streams have to be communicated, particularly at least one
for each device. It is worth mentioning that (multiuser) MIMO uplink and downlink are dual
scenarios [VT03, VJG03], i.e., in an information-theoretic point of view they are closely related
with each other and provide equivalent channel capacities.

The research on multiuser MIMO schemes has a long history. Apart from a simple linear
equalization of the channel matrix by its (pseudo)inverse, the information-theoretic concept of
successive interference cancellation (SIC) has been adapted to the MIMO uplink scenario already
two decades ago. It is implemented by the MIMO variant of decision-feedback equalization
(DFE) [Fis02] where—in contrast to DFE for linearly distorting channels—the decoding order
of the users’ data streams is of great relevance. The famous Vertical-Bell Laboratories Layered
Space-Time (V-BLAST) algorithm [WFGV98, GFVW99] not only results in the required equali-
zation matrices for MIMO DFE, but also in an optimized decoding order that maximizes the
minimum signal-to-noise ratio (SNR) among all users in the system [WFGV98]. For the down-
link scenario, linear preequalization or the MIMO variant [Fis02] of Tomlinson–Harashima
precoding (THP) [Tom71, HM72], the dual scheme of DFE, are suited. The four abovemen-
tioned multiuser MIMO approaches are convenient to completely resolve the multiuser in-
terference described by the MIMO channel matrix. The problem is, though, that they may
result in a large noise enhancement; speci�cally, due to equalization or preequalization the
noise naturally present at the receive antennas is ampli�ed. As a consequence, these schemes
do not bene�t from the MIMO channel’s diversity but the performance is basically the same
as in the SISO fading scenario, cf. [Win04]. Thereby, the SIC-based schemes only achieve a
slight SNR gain over the linear ones if a particular error rate is desired. In contrast to that,
the diversity of the multiuser MIMO uplink channel can be exploited via maximum-likelihood
detection (MLD), e.g., implemented via the sphere-decoding algorithm [AEVZ02]. The dual
scheme is known as vector precoding [HPS05, SJU08]. However, both approaches are based on
the solution of the NP-hard closest point or closest vector problem [CS99, Mic01, AEVZ02] in lat-
tices—regular arrangements of points in Euclidean space [CS99]. Since this problem has to be
solved in each modulation step of the digital transmission, the related complexity can hardly
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be handled in practical communication systems. Hence, low-complexity diversity-achieving
schemes are required.

Such a low-complexity well-performing MIMO detection approach has been introduced
with the concept of lattice-reduction-aided (LRA) equalization [YW02, WF03, Win04, WSJM11]:
instead of directly operating on the MIMO channel matrix, it is virtually split into a unimodular
integer part and a residual non-integer part. The latter is handled conventionally using linear
equalization or DFE as in the non-LRA case, whereas the integer interference described by
the former is resolved after the symbols have been decoded in the receiver. To that end, the
channel matrix is assumed to span a lattice. The unimodular integer matrix then describes
a change to a more suited lattice basis for equalization which is represented by the reduced
channel matrix—thus, the name “lattice-reduction-aided” equalization. This concept can be
applied if the signal constellation forms a subset of a lattice, which is inherently ful�lled
for amplitude-shift keying (ASK) and quadrature-amplitude modulation (QAM) constellations.
Since the integer equalization operates on decoded symbols, no noise enhancement is present
for the integer part of the channel—coincidentally, the noise enhancement of the “reduced”
non-integer part is signi�cantly lowered when compared with the conventional approaches.
This concept can be dualized to the MIMO broadcast scenario, where the respective schemes
are called LRA linear preequalization [SF06] and LRA precoding [WF03, WFH04, Win04].

In LRA schemes, the channel factorization is usually performed using the (real-valued)
Lenstra–Lenstra–Lovász (LLL) algorithm [LLL82] or its complex-valued variant CLLL [GLM09],
resulting in an approximate solution to the so-called shortest basis problem (SBP) with poly-
nomial computational complexity. On the basis of this lattice-reduction approach, LRA lin-
ear equalization/DFE has been proven—just like MLD—to achieve the MIMO channel’s di-
versity [TMK07]. If we assume that the MIMO channel is constant over a burst of symbols
(block-fading channel), this factorization only has to be calculated once at the beginning of
each block and can be used in many modulation steps—just as long as the channel matrix
does not change signi�cantly. As a consequence, a tremendous complexity reduction in com-
parison to MLD is obtained. In the meantime, a whole zoo of alternative reduction strate-
gies/algorithms has been proposed in order to achieve a particular trade-o� between reduc-
tion performance and computational complexity. This includes variations of the LLL approach,
e.g., in [FWS+11, Fis12, LMH13], or algorithms for even stronger lattice-reduction criteria like
Minkowski reduction [Min91, ZQW12, DWZ17] or Hermite–Korkine–Zolotare� (HKZ) reduc-
tion [LLS90, ZQW12, JD13] which are based on the solution to the closest-point search in
lattices—which in contrast to MLD only has to be calculated once in the beginning as men-
tioned above.

However, laying the focus on the equalization task, LRA schemes have most often been
treated uncoded, i.e., without taking a particular coded-modulation approach and a related
channel code for error correction into account. This has changed recently with the introduc-
tion of integer-forcing (IF) linear receivers [ZNEG14], a concept for joint MIMO equalization
and coded modulation. In particular, IF linear equalization is closely related to LRA linear
equalization; the channel is virtually split into an integer and residual non-integer part, too.
The di�erence is that the integer part is not considered over the Euclidean space. Instead, a
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�nite-�eld variant thereof is taken (over the Hamming space) where the arithmetic is shared
with the channel code—requiring special types of signal constellations with algebraic prop-
erty [FSK13]. In the sequel, this concept has been extended to incorporate SIC for the non-
integer part—known as successive IF [OEN13]. Besides, it has been dualized to the MIMO broad-
cast scenario [HNS18]. IF equalization actually has its origins in physical-layer network coding
[FSK13] and compute-and-forward communication [NG11, HC13] for distributed-antenna sys-
tems.

Concerning the channel factorization, IF schemes are accompanied by a modi�cation of
the factorization approach: IF linear equalization is possible as long as the �nite-�eld integer
matrix has full rank, weakening the unimodularity constraint present in classical LRA schemes
to a full-rank constraint (over the �nite �eld). The related lattice problem is known as shortest
independent vector problem (SIVP). Moreover, in contrast to most publications on LRA equali-
zation where the strength of reduction is usually assessed by mathematical criteria like the
orthogonality defect of a matrix, in IF schemes the factorization task is regarded with respect
to the resulting SNR before decoding. As a consequence, IF equalization is often not only
stated to be a “coded” variant of LRA equalization, but also claimed to achieve a superior per-
formance over the classical LRA approach, cf. [ZNEG14, Appendix A] or [SHV13]. However,
in order to achieve a fair comparison between both strategies, one actually has to clearly dis-
tinguish between the equalization approach or structure on the one hand, and the factorization
criterion and related algorithms on the other hand, see also [FSH19].

1.2 Content and Structure of the Thesis

The aim of this thesis is to give a structured overview of advanced, low-complexity MIMO
transmission approaches and their performance. A particular emphasis is on the clari�cation
of potential performance gains in each part of a coded multiuser MIMO system—in comparison
to conventional (state-of-the-art) MIMO techniques. This especially concerns a clear separa-
tion of the gains achieved with respect to (i) the MIMO equalization task and (ii) the overlying
coded-modulation approach. Moreover, as digital data is most often represented using bi-
nary digits (bits), we discuss the suitability of all (joint) equalization and coded-modulation
approaches for transmission of binary source symbols—including conversion strategies for
non-binary modulation schemes. To that end, the whole cascade from binary source symbols
at the transmitter(s) to related estimated binary symbols at the receiver(s) is considered. The
di�erent parts and tasks which are present in coded MIMO systems are re�ected in the struc-
ture of this thesis as illustrated in Fig. 1.1. The chapters are arranged in a bottom-up style, i.e.,
the chapters build up on the knowledge obtained from the previous ones.

Chapter 2 lays the foundation of the thesis. After some initial notes on the notation, the
MIMO system model is discussed in a general way. These considerations include all basic
components and properties of the MIMO transmitter, channel, and receiver, as well as trans-
mission parameters commonly used in digital transmission schemes. Besides, the di�erent
MIMO transmission scenarios are brie�y reviewed; speci�cally, both multiuser scenarios are
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Conventional MIMO Transmission

Chapter 2
Multiple-Input/Multiple-Output Systems

Chapter 6
Lattice-Aided MIMO Transmission

Chapter 5

Chapter 7
Summary, Conclusion, and Outlook

Chapter 3 Chapter 4
Lattice Problems and Lattice AlgorithmsLattices and (Coded) Modulation

Figure 1.1: Overview of the structure of the thesis.

contrasted to the classical point-to-point MIMO scenario.
In Chapter 3, (coded) modulation approaches for signal representation in the equivalent

complex baseband (ECB) [Fis02, vTBT13] are focused. The chapter begins with a review on lat-
tices and their properties and continues with the construction of signal constellations where
the signal points are drawn from lattices. Apart from conventional constellations like ASK
and QAM ones which are de�ned over the integers or complex-valued integers (aka Gaus-
sian integers [Bos99]), we especially focus on the construction of constellations based on the
Eisenstein integers [CS99], an isomorphic complex-valued representation of the hexagonal lat-
tice. Besides, di�erent types of signal constellations will be discussed that provide an algebraic
property. Closely related are thereby the coded-modulation approaches which will extensively
be studied. To that end, depending on the particular scheme, binary or non-binary low-density
parity-check (LDPC) codes [Gal63, DM98] are utilized for channel coding. In order to provide
a reference for the (multiuser) MIMO performance, these coded-modulation strategies are as-
sessed for a scenario in which additive white Gaussian noise (AWGN) is present.

Chapter 4 deals with lattice problems, taking the initial basic notions of lattices from
Chapter 3 as a premise. This especially concerns problems that have to be solved in lattice-
reduction-aided MIMO schemes, particularly the abovementioned SBP and the SIVP, respec-
tively. After some introductory words on the QR decomposition of a matrix [PTVF07], an
e�cient list-based algorithm that solves the SIVP [FCS16] is adapted from lattices based on
(complex) integers to lattices based on Eisenstein integers. Besides, the lattice-reduction cri-
teria “LLL”, “Minkowski”, and “HKZ” as well as related algorithms are generalized to arbitrary
(complex-valued) Euclidean rings. The chapter closes with an assessment of the reduction
strength and optimality with respect to di�erent evaluation criteria.

In Chapter 5, conventional (multiuser) MIMO approaches are considered, i.e., schemes
that actually do not operate over lattices. However,—taking advantage of concepts known
from lattice theory—these schemes are interpreted from an alternative point of view. We start
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with linear equalization and preequalization for multiuser uplink and downlink transmission,
respectively, adjusted according to the zero forcing (ZF) or the minimum mean-square error
(MMSE) criterion. The second part of Chapter 5 deals with the application of SIC, practically
implemented by the conventional schemes DFE and THP, respectively. Thereby, based on the
concept of dual lattices [CS99], an alternative formulation of the V-BLAST algorithm [LMG09]
is reviewed. This reformulation not only results in a reduced computational complexity, but
will also be used later in order to identify the optimal factorization approach for LRA DFE.
The combination of these conventional MIMO schemes with coded-modulation approaches,
speci�cally the ones treated in Chapter 3, is studied and assessed by means of numerical simu-
lations. Besides, the suitability of these strategies in point-to-point scenarios is discussed.

In Chapter 6, advanced concepts are studied for MIMO transmission schemes which uti-
lize the concept of lattices. Dropping the unimodularity constraint on the integer matrix as
originally performed in IF schemes which are known for a joint handling of channel coding
and MIMO equalization, the classical LRA equalization structure is generalized to a lattice-
aided (LA) approach. Thereby, the term “reduction” is dropped as the integer matrix does
not necessarily have to describe the change to a reduced basis of the lattice spanned by the
channel matrix anymore. We extensively study the consequences of this relaxation from the
unimodularity to the full-rank constraint, initially focusing on the equalization task by consid-
ering the related impact on the classical “LRA” receiver structure. Subsequently, a convenient
choice of the coded-modulation approach (classical “coded” L(R)A structure vs. IF structure)
is discussed. We start with the concept of LA linear (receiver-side) equalization, where the
choice of the signal constellation (taken from Chapter 3), the optimal factorization criterion
and algorithm (taken from Chapter 4), and a suited coded-modulation approach are discussed.
These considerations are subsequently dualized to LA linear preequalization for the multi-
user MIMO downlink. Both schemes are �nally extended by the philosophy of SIC, result-
ing in LA DFE for the uplink, and LA THP(-type precoding) for the downlink. Again, we
consider how to conveniently choose the signal constellation, the factorization criterion and
algorithm, and contrast the classical L(R)A structure to successive IF. Since all LA schemes
achieve the MIMO channel’s diversity, we brie�y comment on their appropriateness in point-
to-point MIMO transmission. The performance is evaluated providing results obtained from
numerical simulations with LDPC codes; this especially includes the respective error rates if
binary source symbols have to be transmitted.

A summary, conclusion, and outlook is provided in Chapter 7. It particularly comments
on the question which of the advanced strategies discussed in this thesis are worth the (com-
putational) e�ort, and which of them are not. Besides, depending on the MIMO scenario,
a recapitulation on convenient coded-modulation approaches—especially with respect to a
transmission of binary source symbols—will be provided.

This work is a monograph that combines and details selected topics from the author’s
scienti�c works [SF15, SF16c, FCS16, SF16b, SF16a, SF17a, SF17b, FS18, FSH19, SRFF19a].
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2. Multiple-Input/Multiple-Output Systems

In this chapter, a fundamental description of complex-baseband MIMO processing for digital
wireless communication systems is given. This includes some initial mathematical background
and remarks on the notation used in this thesis. Following this, the basic MIMO system model
will be discussed. To this end, it will be decomposed into its transmitter, channel, and receiver
part. After that, di�erent MIMO transmission scenarios will be reviewed. The chapter closes
with an equivalent real-valued description of complex-baseband MIMO systems. The most
important mathematical symbols and operations are additionally listed in Appendix D.2, and
the most important (MIMO) system parameters in Appendix D.3.

2.1 Preliminaries and Notation

2.1.1 Number Sets

We start the preliminaries with the consideration of mathematical sets. The set of real numbers
is denoted by R, and the set of complex numbers with imaginary unit j =

√
−1 by

C = {ς = Re{ς}+ Im{ς} j | Re{ς} , Im{ς} ∈ R} , (2.1)

where Re{ς} denotes the real part of the complex number ς , Im{ς} its imaginary part, and
arg{ς} ∈ (−π, π] the argument (angle) thereof. The set of natural numbers is denoted by

N = {0, 1, 2, . . . } . (2.2)

Given a real number ς ∈ R, the next integer value ς̂ ∈ Z = {. . . ,−2,−1, 0, 1, 2, . . . } is
obtained by applying the rounding operation b·e. In addition, we de�ne the related �oor and
ceiling functions as b·c and d·e, respectively.

2.1.2 Vectors and Matrices

Vectors, matrices, and scalars which are considered over the Euclidean space, i.e., with elements
drawn from R, Z, N, or C, are typeset in standard (italic) math font. Matrices are symbolized



8 2. Multiple-Input/Multiple-Output Systems

by capital boldface letters. As an example,

M = [mu,v ]u=1,...,U
v=1,...,V

∈ CU×V (2.3)

denotes a U × V matrix with complex-valued elements mu,v. Column vectors are typeset in
bold lowercase letters. The columns of the above matrix are, e.g., given as

M = [m1, . . . ,mV ] . (2.4)

In contrast, row vectors are written with an additional bar below the letter. Hence, in the
above example, we have the row vectors

M =

 ¯
m1

...

¯
mU

 . (2.5)

The transpose of a matrix or a column/row vector is denoted byMT,mT, or
¯
mT, respec-

tively. The Hermitian transpose thereof, i.e., the transpose with complex-conjugated elements,
readsMH,mH, or

¯
mH. Besides, the U ×U identity matrix is denoted by IU , the all-zero ma-

trix with dimensions U × V by 0U×V , the all-zero column vector of dimension U by 0U , and
the all-zero row vector of dimension V by

¯
0V .

The inverse of a square U × U matrixM readsM−1, with

MM−1 = M−1M = IU . (2.6)

The Hermitian transpose of the inverse matrix is expressed as

M−H = (M−1)H = (MH)−1 . (2.7)

IfM is a non-square U×V matrix, we can calculate the Moore–Penrose pseudoinverse [Pen55]
ofM . It is de�ned as

M+ =


(MHM )−1MH , U > V (left pseudoinverse) ,
MH(MMH)−1 , U < V (right pseudoinverse) ,
M−1 , U = V (inverse) .

(2.8)

The Hermitian transpose of the pseudoinverse is denoted asM+H.
The Euclidean norm of the column vectormv is given as

‖mv‖ =

√√√√ U∑
u=1
|mu,v|2 =

√
m2

1,v + · · ·+m2
U,v (2.9)

and the norm of the row vector
¯
mu as

‖
¯
mu‖ =

√√√√ V∑
v=1
|mu,v|2 =

√
m2
u,1 + · · ·+m2

u,V . (2.10)

The Frobenius norm of the matrixM reads

‖M‖F =

√√√√ U∑
u=1

V∑
v=1
|mu,v|2 . (2.11)
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2.1.3 Finite Fields

Apart from mathematical objects over the Euclidean space we also deal with elements de�ned
over the Hamming space [Bay98]. In particular, this concerns �nite �elds or Galois �elds of
order q, i.e., with q elements, which are denoted by Fq. If q = p, where p is prime, we have the
special case of prime �elds. The most famous example is the prime �eld of order p = 2, i.e.,
the �eld with binary digits (bits)

F2 = {0, 1} . (2.12)

In order to achieve a clear separation between the Euclidean space and the Hamming space,
�nite-�eld elements are always written in Fraktur font. In the above example, the two elements
of F2 hence read “0” and “1”. This concept is applied to scalar variables, vectors, and matrices.
For instance,

M = [mu,v]u=1,...,U
v=1,...,V

∈ FU×Vq (2.13)

denotes an U × V matrix with mu,v ∈ Fq. The related column vectors read

M = [m1, . . . ,mV ] (2.14)

and the row vectors

M =

 ¯
m1

...

¯
mU

 . (2.15)

In digital communications, a transition between the Hamming and the Euclidean space
has to established, i.e., a suited mapping from �nite-�elds elements to (real-valued) integers is
required. To this end, for prime �elds, we de�ne a function ψp : Fp −→ Zp that maps the p
�nite-�eld elements to equivalent integers drawn from

Zp = {0, 1, . . . , p− 1} , (2.16)

or more speci�cally,

ψp : {0, 1, 2, . . . } −→ {0, 1, 2, . . . } . (2.17)

Thereby, the natural mapping ψp(0) = 0, ψp(1) = 1, . . . is applied. Following the same
strategy, we can de�ne an inverse mapping ψ−1

p : Zp −→ Fp, particularly

ψ−1
p : {0, 1, 2, . . . } −→ {0, 1, 2, . . . } . (2.18)

Addition and multiplication in the arithmetic of the �nite �eld are denoted by ⊕ and �,
respectively. For details on �nite-�eld arithmetic see, e.g., [LN97, Bos99, Ple11]. Noteworthy,
both �nite-�eld and related integer representations form an isomorphism. Speci�cally, ad-
dition (or subtraction) and multiplication (or division) of �nite-�eld elements correspond to
integer addition (or subtraction) and multiplication (or division) in modulo-p arithmetic. That
is, given the asymmetric modulo (remainder) function

remp{x} = x− p ·
⌊
x

p

⌋
(2.19)
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which, for x ∈ Z, results in remp{x} ∈ Zp, i.e., the remainder of the division by p, we have
the relations

ψp(x1 ⊕ x2) = remp{ψp(x1) + ψp(x2)} , (2.20)
ψp(x1 � x2) = remp{ψp(x1) · ψp(x2)} , (2.21)

for any elements x1 and x2 drawn from Fp. This isomorphism is exemplarily considered in
Example 2.1.

Example 2.1: Isomorphism between prime-field and (asymmetric) modulo-p arithmetic

We consider the field F7. The elements x1 = 3 and x2 = 4 with ψ7(x1) = 3 and ψ7(x2) = 4
are given. The addition of both finite-field elements reads

3⊕ 4 = 0

and in integer modulo-p arithmetic we have

rem7{3 + 4} = 0 = ψ7(0) .

The multiplication of both finite-field elements is given by

3� 4 = 5

and in integer modulo-p arithmetic we have

rem7{3 · 4} = rem7{12} = 5 = ψ7(5) .

Given the case when q = pΦ, Φ ∈ N, Φ > 1, an extension �eld is present. Instead of using
a polynomial representation of the extension �eld elements [Bos99, Ple11], in the following
chapters it will be more convenient to represent all elements of FpΦ via Φ-tuples where the
elements are drawn from Fp (big-endian representation), in particular

FpΦ = {f = (fΦ−1, fΦ−2, . . . , f1, f0) | fφ ∈ Fp, φ = 0, . . . , Φ− 1} . (2.22)

For example, the extension �eld F23 with eight elements then reads

F23 = {(0, 0, 0), (0, 0, 1), (0, 1, 0), (0, 1, 1), (1, 0, 0), (1, 0, 1), (1, 1, 0), (1, 1, 1)} . (2.23)

By analogy with prime �elds, addition and multiplication in the arithmetic of the extension
�eld are denoted by ⊕ and �, respectively.

Similar to the mapping from prime-�eld elements to integers (2.17) or its inverse (2.18), we
can de�ne a mapping ψq : Fq −→ Zq to elements from the integer ring

Zq = {0, 1, . . . , q − 1} . (2.24)

Thereby, an element f taken from Fq, q = pΦ, is represented by the integer R = ψq(f) ∈ N via

ψq(f) = ψp(fΦ−1) · pΦ−1 + ψp(fΦ−2) · pΦ−2 + · · ·+ ψp(f1) · p+ ψp(f0) , (2.25)
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where 0 ≤ R < q. Utilizing Horner’s method [Hor19], this expression can be rearranged to

ψq(f) = ((· · · (ψp(fΦ−1) · p+ ψp(fΦ−2)) · p+ · · · ) · p+ ψp(f1)) · p+ ψp(f0) , (2.26)

which is practically implemented in Algorithm 2.1. The inverse mapping ψ−1
q : Zq −→ Fq is

a little bit more involved. In Algorithm 2.2, it is realized in the style of the modulus conversion
approach [FU98, Fis02] that will further be described in Section 2.2. However, in contrast
to prime �elds, extension �eld arithmetic and integer-modulo-q arithmetic do not form an
isomorphism as can be seen from Example 2.2.

Algorithm 2.1 Mapping from extension-�eld elements to integers.
R = EXT_FIELD_TO_INTEGER(f, Φ, p) . f �eld element, Φ exponent, p prime

1: R = ψp(fΦ−1)
2: for φ = Φ− 2, Φ− 2, . . . , 0 do . Cf. (2.26)
3: R = p ·R + ψp(fφ)
4: end for

Algorithm 2.2 Inverse Mapping from integers to extension-�eld elements.
f = INTEGER_TO_EXT_FIELD(R, Φ, p) . R = ψq(f) integer value, Φ exponent, p prime

1: for φ = 0, . . . , Φ− 2 do
2: r = remp{R} . r remainder of division by p
3: R = (R− r)/p . Remove remainder and divide by p
4: fφ = ψ−1

p (r) . Back to representation in Fp
5: end for
6: fΦ−1 = ψ−1

p (R) . f extension �eld element

Example 2.2: Relation between extension-field and modulo-q arithmetic

We consider the extension field F23 = F8. The elements x1 = (1, 0, 1) and x2 = (0, 1, 1) with
ψ8((1, 0, 1)) = 1 + 0 · 2 + 1 · 4 = 5 and ψ8((0, 1, 1)) = 1 + 1 · 2 + 0 · 4 = 3 are given. The
addition of both extension-field elements reads

(1, 0, 1)⊕ (0, 1, 1) = (1, 1, 0)

and in integer modulo-q arithmetic we would have

rem8{5 + 3} = 0 6= ψ8((1, 1, 0)) = 6 .

The multiplication of both extension field elements is given by

(1, 0, 1)� (0, 1, 1) = (1, 0, 0)

and in integer modulo-p arithmetic we would have

rem8{5 · 3} = rem8{15} = 7 6= ψ8((1, 0, 0)) = 4 .
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2.1.4 Random Variables

Let ς ∈ C denote an arbitrary complex-valued random variable with probability density
function (PDF) fς(s) and the related cumulative distribution function (CDF) Fς(s). Then, E{ς}
denotes the expected value or expectation of ς . Besides, the variance of ς generally reads

σ2
ς = E

{
|ς − E{ς} |2

}
. (2.27)

In this work, most of the relevant random variables will be assumed or forced to be zero-
mean. Given the random variable ς , we thus have E{ς} = 0. In that case, (2.27) simpli�es
to

σ2
ς = E

{
|ς|2

}
, (2.28)

i.e., the variance is equal to the second moment of ς .
If ς is a not a continuous random variable but a discrete one, we denote Pr{ς = s} as

the probability that ς takes on the realization s. Besides, we are interested in quantiles of
distributions. We de�ne the κ-quantile as

sup
s
{Fς(s) ≤ κ} , (2.29)

where sup{·} denotes the supremum operator. For example, the 0.9-quantile describes the
particular value of κ which is not exceeded with an exact probability of 0.9. In turn, this
means that 10 % of all realizations of the random variable ς are located above the 0.9-quantile.

2.2 System Model

We continue with the fundamental transmission model depicted in Figure 2.1. It will be divided
into more detailed transmitter, channel, and receiver subparts in the following subsections.

In this work, binary source symbols have to be communicated. In particular, the aim is
to transmit K parallel, independent bit streams. These streams are split into blocks of equal
length Nbit, which are processed independently from each other (over time). Hence, a block-
based transmission is present. Since the actual block index is not of relevance, it is omitted for
reasons of clarity.

As can be seen from Figure 2.1 (Top), the K blocks of information bits are denoted by the
row vectors

¯
q
k

= [qk,1, . . . , qk,Nbit ] ∈ FNbit
2 , k = 1, . . . , K . (2.30)

We assume that both elements appear with the same probability, i.e., a suited source coding
approach has been set on top. Combing the K blocks into one bit matrix

Q =

¯
q1...

¯
q
K

 =


q1,1 . . . q1,Nbit

... . . . ...
qK,1 . . . qK,Nbit

 ∈ FK×Nbit
2 , (2.31)

we obtain an equivalent binary matrix representation with i.i.d. equiprobable elements (cf.
Figure 2.1 (Bottom)). Noteworthy, depending on the transmission scenario, the K streams
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Figure 2.1: System model for block-based transmission of K individual bit streams over a MIMO channel
with Ntx transmit and Nrx receive antennas (discrete-time ECB domain). Top: vector representation (row
vectors; over time dimension). Bottom: equivalent matrix representation (over stream/antenna dimension
and time dimension). Dashed boxes indicate that the vectors—depending on the transmission scenario—are
not necessarily processed jointly or that this part may not be present at all.

are assumed to be designated for either one single or K di�erent users (single- vs. multiuser
scenario). This will further be discussed in Section 2.3.

At the transmitter side, the vectors of source symbols are used to calculate K blocks of
related complex-valued data symbols

¯
ak = [ak,1, . . . , ak,Nsym ] ∈ ANsym , k = 1, . . . , K , (2.32)

with block length Nsym. In equivalent matrix representation, we obtain

A =

¯
a1
...

¯
aK

 =


a1,1 . . . a1,Nsym

... . . . ...
aK,1 . . . aK,Nsym

 ∈ AK×Nsym . (2.33)

The data symbols are drawn from a signal constellation

A = {α1, . . . , αM} ⊂ C , (2.34)

where
M = |A| (2.35)

denotes the cardinality of the constellation. We assume that the same constellation is chosen
for each of the K streams, which is a prerequisite for most of the (advanced) equalization
or preequalization schemes that will be discussed in this work. The �rst step of processing
contains an individual1 block-based channel encoding (ENC) and one or several mapping op-

1 Since the streams are assumed to be encoded individually, joint MIMO coding approaches like space-time
coding, e.g., [TSC98, GBL00, PSBF16], are not considered in this work. More speci�cally, in this thesis channel
coding is always performed over the time dimension (i.e., applied to row vectors), but not over the stream/user
dimension (i.e., not applied to column vectors).
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erations which are, as a whole, denoted by M. Thereby, the interaction between encoding
and mapping operation(s) is speci�ed by the coded modulation approach.

If all data streams are known by a central unit, a joint MIMO preequalization is possible.
Via this, the matrix of data symbolsA is then preequalized to a matrix of ECB-domain transmit
symbols

X =

 ¯
x1
...

¯
xNtx

 =


x1,1 . . . x1,Nsym

... . . . ...
xNtx,1 . . . xNtx,Nsym

 ∈ CNtx×Nsym (2.36)

where the vectors

¯
xη = [xη,1, . . . , xη,Nsym ] ∈ CNsym , η = 1, . . . , Ntx , (2.37)

represent the Nsym preequalized symbols per block which are—after RF modulation—radiated
over the MIMO channel from transmit antenna η = 1, . . . , Ntx. If, in contrast, the data streams
are present at non-cooperating transmitters, a joint MIMO preequalization is not possible.

After RF demodulation at the Nrx receive antennas, the receive symbols

¯
y
θ

= [yθ,1, . . . , yθ,Nsym ] ∈ CNsym , θ = 1, . . . , Nrx , (2.38)

are noisy and contain—as all antennas operate at the same time and on the same frequency—
multi-antenna interference. If the Nrx vectors of receive symbols are available to one central
unit, the matrix of combined symbols

Y =

 ¯
y1...

¯
y
Nrx

 =


y1,1 . . . y1,Nsym

... . . . ...
yNrx,1 . . . yNrx,Nsym

 ∈ CNrx×Nsym (2.39)

can be handled by joint (receiver-side) MIMO equalization schemes. Otherwise, this is not the
case. Independently of the degree of cooperation, the channel decoding (DEC), the encoder
inverse (ENC−1), and the inverse mapping operation(s) (M−1) have to be performed at the
receiver(s). This �nally results in K blocks of estimated bits

¯
q̂
k

= [q̂k,1, . . . , q̂k,Nbit ] ∈ FNbit
2 , k = 1, . . . , K , (2.40)

or in the joint matrix representation

Q̂ =

¯
q̂1...

¯
q̂
K

 =


q̂1,1 . . . q̂1,Nbit

... . . . ...
q̂K,1 . . . q̂K,Nbit

 ∈ FK×Nbit
2 . (2.41)

It is worth mentioning that the processing order of equalization, decoding, encoder inverse
and inverse mapping operation(s) is speci�ed by the interaction between the utilized MIMO
equalization approach and the coded modulation scheme.
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2.2.1 Transmitter Model

In the following, we take a closer look at the transmitter part of the system model at hand. This
concerns the sequence of mapping and encoding depending on the channel coding approach
as well as the properties of signal constellation, data symbols, and transmit symbols.

2.2.1.1 Encoding and Mapping

The coded-modulation approaches which are treated in the following chapters can be divided
into two main groups:

(i) Schemes that employ binary codes, i.e., channel coding is performed over F2.

(ii) Schemes that employ non-binary codes, i.e., channel coding is performed over the �nite
�eld Fq, where q > 2 is the order of the �eld.

Binary and non-binary codes di�er in the way the encoding-and-mapping step (cf. Figure 2.1)
has to be performed. Both variants are illustrated in Figure 2.2.

ENCF2
¯
a1

¯
q
k ¯

ck
MA

ANsymFNbit
2 FNenc

2

Binary Encoding

ENCFq

¯
a1

¯
q
k ¯

q̃
k ¯

ck
MAMFq

ANsymFNmc
q FNenc

qFNbit
2

Non-Binary Encoding

Figure 2.2: Sequence of encoding and mapping in each stream of the MIMO transmitter. Top: direct encoding
using binary codes (over F2) followed by mapping from bits to a complex-valued signal constellation. Bottom:
an additional mapping MFq (here: modulus conversion) enables a subsequent encoding using non-binary
codes (over Fq); elements drawn from Fq are then mapped to the complex-valued signal constellation.

Binary Codes If case (i) is present (Figure 2.2 (Top)), each of the (row) vectors of source bits

¯
q1, . . . ,¯

q
K

is directly encoded employing binary codes, i.e., the encoding is a function

ENCF2 : FNbit
2 −→ C

(Nenc)
F2 ⊂ FNenc

2 (2.42)

that results in bit vectors
¯
q̃1, . . . ,¯

q̃
K

drawn from the binary code C(Nenc)
F2 with code lengthNenc.

As a consequence, the code rate simply reads

Rc = Kc

Nc
= Nbit

Nenc
, (2.43)

where Kc denotes the code dimension and Nc the code length.
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¯
q =

[ ¯
q(1)∈Fµ2︷ ︸︸ ︷

[q1, . . . , qµ]yR(1)∈N

, . . . ,
¯
q(ξ)∈Fµ2︷ ︸︸ ︷

[q(ξ−1)µ+1, . . . , qξµ]yR(ξ)∈N

, . . . ,
¯
q(Ξ)∈Fµ2︷ ︸︸ ︷

[qNbit−µ+1, . . . , qNbit ]yR(Ξ)∈N

]

¯
q̃ =

[
[q̃1, . . . , q̃ν ]︸ ︷︷ ︸

¯
q̃(1)∈Fνq

, . . . , [q̃(ξ−1)ν+1, . . . , q̃ξν ]︸ ︷︷ ︸
¯
q̃(ξ)∈Fνq

, . . . , [q̃Nmc−ν+1, . . . , q̃Nmc ]︸ ︷︷ ︸
¯
q̃(Ξ)∈Fνq

]

Figure 2.3: Visualization of modulus conversion according to Algorithm 2.3 that is applied to subblocks of µ
bits. Each subblock

¯
q(ξ), ξ = 1, . . . , Ξ, is converted into a real-valued integerR(ξ) ∈ N, which is subsequently

reconverted into a block of ν elements drawn from Fq denoted by
¯
q̃(ξ). For clarity, we omit the block/stream

index k, i.e., the illustration is valid for all blocks
¯
q1, . . . ,¯

q
K

.

Algorithm 2.3 Modulus Conversion according to the strategy in [Fis02].

¯
q̃(ξ) = MODULUS_CONVERSION(

¯
q(ξ), µ, ν, q) .

¯
q(ξ) = [q(ξ)

1 , . . . , q(ξ)
µ ]

1: R(ξ) = ψ2(q(ξ)
1 )

2: for i = 2, . . . , µ do . Calculate integer representation of binary vector
3: R(ξ) = 2 ·R(ξ) + ψ2(q(ξ)

i )
4: end for
5: for i = ν, ν − 1, . . . , 2 do . Calculate q-ary representation of integer
6: r = remq{R(ξ)} . Remainder of division by q
7: R(ξ) = (R(ξ) − r)/q
8: q̃

(ξ)
i = ψ−1

q (r) . Perform Algorithm 2.2 if q = pΦ, Φ > 1 (non-prime)
9: end for

10: q̃
(ξ)
1 = ψ−1

q (R(ξ)) .
¯
q̃(ξ) = [q̃(ξ)

1 , . . . , q̃(ξ)
ν ]

Non-Binary Codes If non-binary codes are employed instead (case (ii); Figure 2.2 (Bottom)),
the situation is more complicated. In order to enable encoding over Fq, the blocks of bits �rst
have to be transformed into equivalent blocks of q-ary symbols with new length Nmc, i.e., a
mapping

MFq : FNbit
2 −→ FNmc

q (2.44)

from Hamming space to Hamming space has to be performed. To that end, an approach called
modulus conversion [FU98, Fis02] is suited, which is visualized in Figure 2.3, represented in
Algorithm 2.3, and described in the following.

First, the blocks
¯
q
k
, k = 1, . . . , K , are split up into

Ξ = Nbit/µ ∈ N (2.45)

subblocks of length µ. Since the procedure is the same for each of the K blocks, for clarity,
we omit the block index k. Then, modulus conversion is applied to the subblocks

¯
q(ξ) = [q(ξ)

1 , . . . , q(ξ)
µ ] , ξ = 1, . . . , Ξ . (2.46)

For that purpose, the subblocks are interpreted as vectors from the Hamming space Fµ2 . Via

R(ξ) = (. . . ((ψ2(q(ξ)
1 ) · 2 + ψ2(q(ξ)

2 )) · 2 + . . . ) · 2 + ψ2(q(ξ)
µ−1)) · 2 + ψ2(q(ξ)

µ ) , (2.47)
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the vector of µ bits is converted to an equivalent (real-valued) integer representationR(ξ) ∈ N
with 0 ≤ R(ξ) < 2µ (Lines 1–4 in Algorithm 2.3; big-endian representation of the bit vector).2

Noteworthy, this procedure is equivalent to the one that calculates the integer representation
of extension-�eld elements (with respect to FpΦ) in (2.26) or Algorithm 2.1. After the �rst
conversion, the integer representation is, in turn, reconverted to a vector from the Hamming
space Fνq (Lines 5–10 in Algorithm 2.3). To that end,

qν ≥ 2µ (2.48)

has to hold; otherwise a complete representation of the potential 2µ elements over Fνq is not
possible. It is quite evident that the strategy behind this procedure is equivalent to the one
which is applied for the inverse mapping back from extension-�eld integer representation in
Algorithm 2.2. We �nally obtain

Ξ = Nmc/ν (2.49)

subblocks

¯
q̃(ξ) = [q̃(ξ)

1 , . . . , q̃(ξ)
ν ] , ξ = 1, . . . , Ξ , (2.50)

that contain q-ary converted source symbols. It is worth mentioning that, if Fq is not a prime
�eld but an extension �eld (q = pΦ, Φ > 1), the elements q̃(ξ)

1 , . . . , q̃(ξ)
ν have to be represented

as Φ-tuples according to (2.22). As a consequence, in Line 8 and Line 10 of Algorithm 2.3, the
extension �eld elements have to be calculated via Algorithm 2.2. All converted blocks are, as
the last step, merged to one block

¯
q̃ which is used for non-binary encoding according to

ENCFq : FNmc
q −→ C

(Nenc)
Fq ⊂ FNenc

q , (2.51)

where C
(Nenc)
Fq denotes the non-binary code of length Nenc. If modulus conversion is applied,

the code rate reads
Rc = Kc

Nc
= Nmc

Nenc
= Nbit · ν/µ

Nenc
. (2.52)

It is quite obvious that in (2.48), qν = 2µ is the optimal case in which all elements of the
Hamming space Fνq are used (each of them with the same probability). Otherwise, if 2µ/qν < 1,
we have qν − 2µ potential elements which remain unused, particularly the elements R(ξ) =
2µ, . . . , qν − 1 in integer representation. As a consequence, a conversion loss is present. If
equality cannot be achieved, the ratio 2µ/qν should thus be as close to 1 as possible. In Table 2.1,
suited parameters are listed for all �eld orders up to q = 127. In particular, the parameters
with the lowest conversion loss are shown for a bit length of up to µ = 63. We see that a
lossless conversion is only achieved if the bits are mapped to elements of the binary extension
F2µ (where the bits are actually treated as elements from F2µ instead of elements from Fµ2 ).
However, some other con�gurations are possible that possess a negligible loss, e.g., when the
parameters q = 13, µ = 37, and ν = 10 are chosen.

2 In digital processors, integer data types are usually represented via blocks of 8, 16, 32, or 64 bits (word size).
Hence, the Lines 1–4 in Algorithm 2.3 can practically be implemented by simply interpreting the block of µ bits
as an unsigned integer data type (where the additional bits up to the word size of the processors are �lled with
the value 0).
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Table 2.1: Suited parameters for modulus conversion with minimum conversion loss (q < 128 and µ < 64).

q µ ν 2µ/qν

3 19 12 0.98654
4 2 1 1
5 58 25 0.96714
7 14 5 0.97483
8 3 1 1
9 19 6 0.98654
11 38 11 0.96343
13 37 10 0.99696
16 4 1 1
17 49 12 0.96623
19 55 13 0.85675
23 9 2 0.96786
25 51 11 0.94447
27 19 4 0.98654

q µ ν 2µ/qν

29 34 7 0.99594
31 59 12 0.73186
32 5 1 1
37 26 5 0.96777
41 16 3 0.95089
43 27 5 0.91299
47 61 11 0.93272
49 28 5 0.9503
53 63 11 0.99507
59 47 8 0.9585
61 59 10 0.80811
64 6 1 1
67 6 1 0.95522
71 43 7 0.96712

q µ ν 2µ/qν

73 37 6 0.90818
79 63 10 0.97413
81 19 3 0.98654
83 51 8 0.99978
89 58 9 0.82268
97 46 7 0.87092
101 53 8 0.8318
103 20 3 0.9596
107 47 7 0.87644
109 27 4 0.95083
113 34 5 0.93245
121 62 9 0.82945
125 62 9 0.61897
127 62 9 0.53657

Mapping to Signal Points The �nal part of the encoding-and-mapping step is the transition
from elements drawn from Hamming space to signal points (data symbols) in Euclidean space.
As can be seen from Figure 2.2, this is achieved by mapping the �nite-�eld elements to ele-
ments drawn from the signal constellation A, i.e., neglecting the channel code, a function

MA : FNenc
q −→ ANsym (2.53)

would be present. If channel coding is applied, we have

MA : C
(Nenc)
Fq −→ C(Nsym) ⊂ ANsym , (2.54)

i.e., an equivalent code C(Nsym) with codewords of length Nsym over the Euclidean space is
formed. Thereby, in the simplest case (2.54), these codewords consist of elements drawn from
the signal constellationA. However, taking advantage of lattice codes [CS99] instead, not only
these elements may de�ne valid codewords, but also their periodic extensions with modulo-
congruent signal points [Fis02]. In that case, periodically extendable signal constellations are
required, which will be studied in the next chapter.

If binary codes are employed (q = 2), bits are directly mapped to constellation points
(Figure 2.2 (Top)), otherwise the q �nite-�eld elements of Fq have to be mapped (Figure 2.2
(Bottom)). Given an M -ary signal constellation, it is convenient to map groups of χ ∈ N
encoded symbols directly to M = qχ signal points. Then,

χ = logq(M) ∈ N (2.55)

denotes the number of �eld elements per complex-valued data symbol. Thus, we can write

Nsym = Nenc

logq(M) = Nenc

χ
. (2.56)
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If binary codes are employed, the case χ > 1 will typically be present in order to achieve
an adequate spectral e�ciency. In contrast, given non-binary codes, q-ary coded modulation
(M = q, i.e., χ = 1) will usually be applied. The related coded-modulation strategies will—in
more detail—be discussed in Chapter 3. Noteworthy, if logq(M) /∈ N, the �eld elements cannot
directly be mapped to signal points, but the mapping has to be performed by means of (possibly
a second) modulus conversion, cf. [Fis02]. However, in this work, we restrict ourselves to the
integer case (2.55).

Given the whole sequence of encoding an mapping operation(s), we can write the (coded)
modulation rate, i.e., the fraction of information bits per complex-valued data symbols, as

Rm = Nbit

Nsym
[bit/symbol] (2.57)

(2.56)= Nbit · χ
Nenc

(2.52)= Nbit · χ ·Rc

Nbit · ν/µ

= Rc · χ · µ/ν . (2.58)

The most important parameters of the encoding-and-mapping step are brie�y recapitulated
via Example 2.3.

Example 2.3: Block lengths and modulation rate

We want to transmit bit streams with block size Nbit = 1024. Channel coding is performed
with a non-binary code over F16 with code rateRc = 1/2. The cardinality of the constellation
reads M = 16. Since non-binary encoding is present, modulus conversion with parameters
µ = 4 and ν = 1 has to be performed. According to (2.52), we obtain the block length

Nmc = Nbit · ν/µ = 1024/4 = 256 .

After encoding, the block length

Nenc = Nmc ·Rc = 256 · 2 = 512

is present. SinceM = q = 16, χ = log16(16) = 1. Thus, one field element is directly mapped
to one complex-valued data symbol. Hence, we have

Nsym = Nenc = 512 ,

cf. (2.56). The (coded) modulation rate according to (2.57) or (2.58) reads

Rm = 1024
512 = 1

2 · 1 ·
4
1 = 2 [bit/symbol] .

2.2.1.2 Data Symbols and Signal Constellation

We continue with some properties and basic de�nitions with respect to the matrix of complex-
valued data symbols

A = [ak,τ ] k=1,...,K
τ=1,...,Nsym

, (2.59)
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cf. (2.33), and the related signal constellationA = {α1, . . . , αM} with cardinality M , cf. (2.34)
and (2.35).

The variance of the data symbols reads

σ2
a = E

{
|ak,τ − E{ak,τ} |2

}
, ∀ k = 1, . . . , K, ∀ τ = 1, . . . , Nsym , (2.60)

and simpli�es to

σ2
a = E

{
|ak,τ |2

}
, ∀ k = 1, . . . , K, ∀ τ = 1, . . . , Nsym , (2.61)

if the symbols are zero-mean, cf. (2.27) and (2.28). Given the assumption that all signal points
of the zero-mean constellation A occur with the same probability Pr{αm} = 1/M , i.e., no
signal shaping [Fis02] is present, we can rewrite (2.61) as

σ2
a = 1

M

M∑
m=1
|αm|2 . (2.62)

In that case, which will always be assumed in this thesis, σ2
a denotes both the constellation’s

variance and the variance of the data symbols ak,τ .
However, it is necessary to consider what happens if—in the encoding-and-mapping step—

modulus conversion is applied and a conversion loss is present. Then, since not the complete
available Hamming space Fνq is used for representation, after encoding some potential code-
words never occur.3 This in turn means that after the mappingMA, the signal points ofA are
generally not drawn with the same probability, cf. [Fis02, Example 4.24]. As a consequence,
(2.61) and (2.62) are not valid anymore, and the zero-mean property is lost. Nevertheless, if the
conversion loss is very small, i.e., 2µ/qν ≈ 1, both equations can be used in good approxima-
tion.

Besides, some other properties of a constellation A are of interest that also determine the
performance of digital transmission. This includes the squared minimum distance of the signal
points, which is de�ned by

d2
min(A) = min

i,j=1,...,M
i 6=j

|αi − αj|2 . (2.63)

Another important property is the maximum number of nearest neighbors (also known as
kissing number in the �eld of lattices [CS99]), i.e., the maximum of the number of closest signal
points (same Euclidean distance). It is denoted by ι(A). Last but not least, the constellation-
constrained capacity for transmission over the AWGN channel is a relevant quantity if coded
modulation is applied. It is de�ned as [Ung82]

CAWGN(A, σ2
n) = log2(M)− 1

M

M∑
i=1

En

log2

( M∑
j=1

e
|αi−αj+n|2−|n|2

σ2
n

) , (2.64)

3 When a linear code is present, all (�nite-�eld) symbols occur with the same probability after encoding if
the same is valid before encoding, cf. [Bos99, Theorem 1.18].
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where n represents complex-valued (circular-symmetric) zero-mean white Gaussian noise
with variance σ2

n. We can calculate (2.64) by means of numerical integration. To this end,
in this work, Gauss-Hermite quadratures [PTVF07] are employed.

In MIMO communications, a convenient strategy is to de�ne the signal constellation as a
subset of a regular grid, particularly a lattice [CS99]. This approach will extensively be studied
in Chapter 3.

2.2.1.3 Preequalization

The �nal part in MIMO transmitter-side processing is the preequalization step which can be
enabled if a joint transmitter has access to all K data streams. This situation is visualized in
Figure 2.4.

Pre-
equalization

¯
a1

¯
aK

¯
x1

¯
xNtx

AK×Nsym CNtx×Nsym

Figure 2.4: If the K blocks of data symbols
¯
ak are available to one joint transmitter, preequalization can be

performed to obtain the blocks of transmit symbols
¯
x1, . . . ,¯

xNtx
.

The preequalization scheme usually operates on the matrix of data symbols, i.e., over the
Euclidean space. Hence, preequalization can be interpreted as a function

Preequalization : AK×Nsym −→ CNtx×Nsym (2.65)

that calculates Ntx complex-valued transmit symbols out of K data symbols which are drawn
from a subset of C. It should be noted that we collect all transmitter-side MIMO preequaliza-
tion and (THP-type) precoding schemes under the general term “preequalization”. A re�ne-
ment will be given in Chapter 5 and 6.

MIMO preequalization schemes are designed to treat multi-antenna/multiuser interfer-
ence, but they are usually not designed to treat intersymbol interference (over time) caused
by linear distorting channels. Hence, the links between antennas are most often assumed to
be non-dispersive, cf. [Fis02, Win04, TV05]. As a consequence, preequalization is restricted to
the stream or user dimension (columns of A) and does not operate over the time or channel
coding dimension (rows of A). Then, preequalization can individually be applied to each of
the column vectors in A = [a1, . . . ,aNsym ], resulting in independently preequalized transmit
vectors in X = [x1, . . . ,xNsym ]. Nevertheless, we restrict to the matrix representation as a
block-based transmission is considered.

After preequalization, the discrete-time complex-baseband domain transmit symbols in
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the rows of

X =

 ¯
x1
...

¯
xNtx

 = [ xη,τ ] η=1,...,Ntx
τ=1,...,Nsym

(2.66)

are passed to the respective antenna η = 1, . . . , Ntx. Thereby, index τ denotes the (discrete)
time index within the current block.

If we assume that preequalization is performed in a way that the transmit symbols xη,τ
are zero-mean, the required transmit power at each antenna is directly related to its individual
variance

σ2
x,η = E

{
|xη,τ |2

}
, ∀ τ = 1, . . . , Nsym . (2.67)

Depending on the transmission scenario, the Ntx variances may be equal or may di�er, i.e.,
the power may �exibly be allocated to the antennas. However, in order to limit the required
transmit power, the sum-power constraint

Ntx∑
η=1

σ2
x,η = K · σ2

a (2.68)

should be forced, e.g., by means of a scaling (normalization).4 Then, no change of transmit
power is caused by the preequalization block (cf. Figure 2.4).

2.2.2 Channel Model

2.2.2.1 Continuous-Time Radio-Frequency Transmit and Receive Model

After transmitter-side processing is completed, the radiation of the transmit symbols over the
MIMO channel takes place (cf. Figure 2.1). We brie�y review how the continuous-time real-
valued radio-frequency (RF) transmit signal is formed from the discrete-time ECB-domain
symbols (Figure 2.5) and vice versa (Figure 2.6). For a more detailed description please see,
e.g., [Fis02, WFH04, TV05, PS08].

First, the transmit symbols of the block
¯
xη, η = 1, . . . , Ntx, with discrete time index

τ are individually pulse-shaped [Fis02] to perform the transition from the discrete- to the
continuous-time domain (symbol duration time denoted by Ts). After that, they are up-mixed
to a real-valued RF signal (transition from baseband to RF domain [TV05, PS08]) and radi-
ated from antenna η. All antennas are assumed to transmit at the same time and at the same
frequency band.

At the receiving antennas θ = 1, . . . , Nrx, the continuous-time real-valued RF signal is
in turn down-mixed (RF domain to baseband domain). Then, the matched �lter is applied in
order to maximize the SNR; thereby, intersymbol interference (over time) should be avoided by
a proper choice of the pulse shape. After that, via sampling the transition from the continuous-
time to the discrete-time domain is performed (sampling interval Ts). We obtain the blocks of
discrete-time ECB-domain receive symbols

¯
y
θ
.

4 In the numerical simulation for which the results are provided in this thesis, such a normalization is em-
ployed per block of transmit symbols. It is used to compensate e�ects like the non-uniform distribution of data
symbols in case of lossy modulus conversion that slightly modify the average transmit power.
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Pulse
Shaping Mixing

C

xη[τ ] = xη,τ Up-

C R

x̃η(t) x̃rf,η(t)

Figure 2.5: Transition from discrete-time ECB domain to continuous-time RF domain before radiation from
transmit antenna η, η = 1, . . . , Ntx: First, pulse shaping is applied to the discrete-time ECB-domain transmit
symbols xη[τ ] = xη,τ . After that, the continuous-time ECB signal x̃η(t) is up-mixed to a real-valued RF signal
x̃rf,η(t) and transmitted via antenna η.

yθ(t)ỹθ(t)

τ · Ts

ỹrf,θ(t) Down- Matched
mixing Filter

R C C

yθ[τ ] = yθ,τ

C

Figure 2.6: Transition from continuous-time RF domain to discrete-time ECB domain at receive antenna θ,
θ = 1, . . . , Nrx. First, the real-valued continuous-time RF signal ỹrf,θ(t) is down-mixed to the continuous-time
ECB signal ỹθ(t). After that, the matched filter is applied. The resulting signal yθ(t) is finally sampled at
t = τ · Ts to obtain the discrete-time ECB receive symbols yθ[τ ] = yθ,τ .

2.2.2.2 Discrete-Time Complex-Baseband Model

Even though transmission is realized in continuous-time RF domain, it is common practice to
describe the MIMO channel in a more abstract discrete-time complex-baseband representation,
cf. [Fis02, WFH04, TV05]. In the following, we adopt that strategy.

In particular, transmission over the MIMO channel is described by the MIMO system equa-
tion

Y = HX +N , (2.69)

which is illustrated in Figure 2.7 (Bottom). The matrix of discrete-time complex-baseband
transmit symbolsX is multiplied by the channel matrix

H =



h1,1 . . . h1,η . . . h1,Ntx
... . . . ...

...
hθ,1 . . . hθ,η . . . hθ,Ntx

...
... . . . ...

hNrx,1 . . . hNrx,η . . . hNrx,Ntx

 = [ hθ,η ]θ=1,...,Nrx
η=1,...,Ntx

∈ CNrx×Ntx (2.70)

which contains the complex-valued (ECB-domain) channel gains hθ,η that describe the link
from transmit antenna η to receive antenna θ as visualized in Figure 2.7 (Top). Moreover,

N =

 ¯
n1
...

¯
nNrx

 = [nθ,τ ] θ=1,...,Nrx
τ=1,...,Nsym

∈ CNrx×Nsym (2.71)

is the noise matrix that consists of the vectors
¯
nθ which represent the discrete-time complex-

baseband noise samples at antenna θ = 1, . . . , Nrx.
The coe�cients of the channel matrix H are assumed to be drawn i.i.d.ly from a zero-

mean complex-valued (circular-symmetric) Gaussian distribution with unit variance. Thus,
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Figure 2.7: MIMO channel in discrete-time complex-baseband domain. Top: vector representation via
individual channel gains hθ,η. Bottom: Matrix representation with channel matrix H and noise matrix N .

we have
E{hθ,η} = 0 , ∀ θ = 1, . . . , Nrx, ∀ η = 1, . . . , Ntx , (2.72)

and
σ2
h = E

{
|hθ,η|2

}
= 1 , ∀ θ = 1, . . . , Nrx, ∀ η = 1, . . . , Ntx , (2.73)

i.e., the variance σ2
h/2 = 1/2 in both real and imaginary part. As a consequence, the abso-

lute value is Rayleigh-distributed [PS08] with parameter σh = 1, and the phase is uniformly
distributed.

The complex-valued Gaussian distribution models a (discrete-time ECB) MIMO �at-fading
channel. As brie�y mentioned previously, we assume that the links between the antennas
are non-dispersive in the allocated frequency band. If intersymbol interference is present
instead, equalization techniques for dispersive channels, e.g., based on OFDM, may be applied
additionally. The related signal processing is, however, omitted in the model at hand. Besides,
we see in (2.69) that H is assumed to be constant over the whole block of Nsym transmit
symbols (or, in continuous-time domain, in the equivalent time interval). Hence, a block-fading
channel is present. This model is valid for environments where the channel hardly changes
within the duration of one codeword.

We assume that the noise samples which are present at receive antenna θ = 1, . . . , Nrx

are independent, zero-mean, and white over time (in discrete-time complex-baseband domain
within the blocks

¯
y
θ
). They are supposed to possess a complex-valued (circular-symmetric)

Gaussian distribution with

E{nθ,τ} = 0 , ∀ θ = 1, . . . , Nrx, ∀ τ = 1, . . . , Nsym , (2.74)
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and some variance

σ2
n = E

{
|nθ,τ |2

}
, ∀ θ = 1, . . . , Nrx, ∀ τ = 1, . . . , Nsym , (2.75)

i.e., variance σ2
n/2 per component. Similar to above, the absolute value has a Rayleigh distribu-

tion with parameter σn and the phase has a uniform distribution. In summary, the matrix N
in (2.69) represents additive, white Gaussian noise with the variance σ2

n.
After transmission over the MIMO channel, we obtain the discrete-time ECB-domain re-

ceive symbols which are combined into the receive matrix

Y =

 ¯
y1...

¯
y
Nrx

 = [ yθ,τ ] θ=1,...,Nrx
τ=1,...,Nsym

. (2.76)

From Example 2.4 it becomes apparent that, if the transmit symbols are taken from a regu-
lar grid (particularly a subset of lattice) and the noise is neglected, the receive symbols are also
part of a regular grid (or a subset of a lattice, respectively). This fact is a motivation to use
lattice-based signal constellations and (pre)equalization schemes that will extensively be stud-
ied in the following sections.

Example 2.4: MIMO transmission with Ntx = Nrx = 2
A 2×2 MIMO transmission with block length Nsym = 1024 according to (2.69) is considered.
We assume that the transmit symbols x1,τ and x2,τ , τ = 1, . . . , 1024, are drawn from the
real-valued set X = {−3

2 ,−
1
2 ,

1
2 ,

3
2}, i.e., a zero-mean subset of Z shifted by 1

2 . The channel
matrix is given by

H =
[
1 −1

2
0

√
3

2

]
and the noise variance reads σ2

n = 0.01.
In Figure 2.8, a scatter plot of the receive symbols y1,τ and y2,τ is shown. We see that the

symbols are concentrated around points that form a hexagonal grid, particularly a subset of
the A2 (hexagonal) lattice [CS99]. Noteworthy, H is one possible generator matrix thereof,
cf. Chapter 3.

Given the noise variance σ2
n, the signal-to-noise ratio (SNR) can be de�ned. Focusing on

the equalization task, it is convenient to consider the (average) energy per (zero-mean) data
symbol Es over the noise power spectral density N0

Es

N0
= σ2

a

σ2
n

. (2.77)

For end-to-end transmission of binary source symbols, the SNR will instead be expressed as
the (average) energy per information bit Eb over N0, particularly given as

Eb

N0
= Es

N0
· 1
Rm

= σ2
a

σ2
n

· Nsym

Nbit
(2.78)

= σ2
a

σ2
n ·Rc · χ · µ/ν

(2.79)

if the data and transmit symbols are zero-mean. To this end, a suited power scaling according
to (2.68) is assumed.
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Figure 2.8: MIMO transmission with Ntx = Nrx = 2 and Nsym = 1024, where the transmit symbols x1,η and
x2,η are taken from X = {−3/2,−1/2, 1/2, 3/2}. The channel matrix reads H = [h1 h2], with h1 = [1 0]T
and h2 = [−1/2

√
3/2]T. Zero-mean additive white Gaussian noise with the variance σ2

n = 0.01 is present.

2.2.3 Receiver Model

In the system model of Figure 2.1, the receiver part still has to be discussed. It is depicted in
Figure 2.9. As mentioned before, the structure of the receiver part substantially depends on
the transmission scenario, particularly the degree of cooperation among the antenna elements.
If all of them are connected to a central unit, receiver-side equalization techniques may be
employed. If this is not the case, only individual decoding and demapping remains at the
receivers in order to obtain the estimated binary source symbols.

¯
y1

¯
y
Nrx

Equalization

DEC
ENC−1

M−1
¯
q̂
K

¯
q̂1

FK×Nbit
2CNrx×Nsym

Figure 2.9: Illustration of a MIMO receiver. Depending on the transmission scenario, the discrete-time
ECB-domain receive symbols

¯
y1, . . . ,¯

y
Nrx

may be processed jointly by means of receiver-side equalization
techniques. Decoding (DEC), inverse encoding (ENC−1) and demappingM−1 are performed individually to
obtain the K blocks of estimated source symbols (bits)

¯
q̂1, . . . ,¯

q̂
K

.

In MIMO receivers, the sequence of equalization, decoding, encoder inverse and demap-
ping may signi�cantly vary depending on the actual MIMO equalization and/or coded modu-
lation strategy. More speci�cally, in advanced MIMO schemes, decoding is embedded into
the equalization procedure; hence, receiver-side processing cannot be split into independent
blocks but has to be considered as a whole. In the following, we brie�y discuss the di�erent
tasks that have to be performed in a MIMO receiver. Their exact sequence (i.e., the processing
order) will not be speci�ed at this point. This issue will be treated in detail in Chapter 5 and
Chapter 6, where MIMO equalization and related coded-modulation schemes are addressed.
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2.2.3.1 Equalization

If a joint receiver is present, MIMO equalization approaches can be applied. They are usually
performed over the Euclidean space, i.e., they directly operate on the (matrix of) receive sym-
bols Y according to (2.76) in order to handle the multi-antenna interference. In particular, a
function

Equalization : CNrx×Nsym −→ CK×Nsym (2.80)

creates K blocks of equalized receive symbols. Just like in case of preequalization techniques,
MIMO receiver-side equalization approaches commonly operate over the antenna/user dimen-
sion, but not over the time dimension, cf. Section 2.2.1.3. As a consequence, they may also be
applied individually to all column vectors in Y = [y1, . . . ,yNsym ]. Nevertheless, due to block-
based transmission, we again restrict to the matrix representation.

2.2.3.2 Decoding, Encoder Inverse, and Demapping

Since the encoding is individually performed for each of the K data streams/blocks in the
transmitter(s), the same is valid for the decoding part in the receiver(s), i.e., a joint space-time
decoding is not required. We de�ne the decoding as a function

DEC : CNsym −→ C(Nsym) (2.81)

that—if the decoding is successful—reconstructs a valid codeword of the code C(Nsym) of length
Nsym over the Euclidean space from the block of disturbed input symbols with the same length.
In order to obtain the equivalent codeword over the Hamming space, the inverse mapping
with respect to (2.54)

M−1
A : C(Nsym) −→ FNenc

q (2.82)

from Euclidean-space codewords to �nite-�eld codewords5 has to be applied (demapping). In
the simplest case, this is just a demapping from elements drawn fromA to their related �nite-
�eld elements. If modulo-congruent signal points are present instead, cf. Section 2.2.1.1, the
ambiguities have to be resolved adequately, which will be explained in detail in the following
chapters.

Given the block of �nite-�eld symbols, the related block of information symbols drawn
from Fq is obtained by applying the encoder inverse

ENC−1 : FNenc
q −→ FNmc

q . (2.83)

In case of systematic encoding, where the (�nite-�eld) codewords contain the unaltered infor-
mation word, the encoder inverse is straightforwardly obtained. If, e.g., the �rstNmc elements
of the codeword represent the information word, cf. Figure 2.2, the last Nenc − Nmc redun-
dancy elements simply have to be removed. Noteworthy, in that case, the demapping of the

5 For brevity, we consider the general case where the �nite-�elds elements are drawn from Fq , i.e., assume
that a modulus conversion is applied since non-binary codes are employed. The special case of binary codes and
its consequences are discussed below.
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�rst RcNsym symbols of the Euclidean-space codeword according to (2.82) directly results in
the desired �nite-�eld information word.

In the literature, the “channel decoder” is often considered as one block that contains the
decoding procedure/algorithm as well as the encoder inverse and the demapping step. Con-
sequently, the �nite-�eld information words are directly obtained from the complex-valued
input symbols via

DECFq : CNsym −→ FNmc
q . (2.84)

We denote DECFq as the combination of these three parts as depicted in Figure 2.10.

¯
â¯

ỹ

CNsym FNmc
qC(Nsym)

DEC ENC−1 ¯
ˆ̃q

M−1
A

DECFq

Figure 2.10: Combination of decoding algorithm (DEC), inverse encoder (ENC−1) and demapper (M−1
A )

that forms the “channel-decoder block” DECFq which results in finite-field information words
¯
ˆ̃q given the

(disturbed) complex-valued input symbols
¯
ỹ.

If binary codes are employed, modulus conversion does not have to be performed at the
receiver (Nmc = Nbit). As a consequence, applying the encoder inverse (2.83) directly results
in the blocks of estimated source bits

¯
q̂1, . . . ,¯

q̂
K

, i.e., we have

ENC−1
F2 : FNenc

2 −→ FNbit
2 . (2.85)

If non-binary coded are employed instead, the situation is more complicated. Then, the esti-
mated source bits are obtained via

M−1
Fq : FNmc

q −→ FNbit
2 , (2.86)

particularly by applying the inverse modulus conversion as illustrated in Figure 2.11 and repre-
sented in Algorithm 2.4. Just like in the transmitter(s), the blocks of q-ary information symbols

¯
ˆ̃q1, . . . ,¯

ˆ̃q
K

are split into subblocks, cf. (2.50). Again, for brevity, we omit the index k as the
procedure is the same for all blocks. We obtain the Ξ subblocks

¯
ˆ̃q

(ξ)
= [ˆ̃q(ξ)

1 , . . . , ˆ̃q(ξ)
ν ] , ξ = 1, . . . , Ξ , (2.87)

of length ν which are (back-)converted into their integer representation 0 ≤ R̂(ξ) < qν ,
cf. (2.47) and Lines 1–4 in Algorithm 2.3. If channel coding is performed over an extension
�eld q = pΦ, i.e., the �eld elements are represented via Φ-tuples, the tuples �rst have to be
converted to their integer representation via Algorithm 2.1 (Line 3 in Algorithm 2.4). The
integers R̂(ξ) are �nally used to calculate their related binary representation6 in the subblocks

¯
q̂(ξ) = [q̂(ξ)

1 , . . . , q̂(ξ)
µ ] , ξ = 1, . . . , Ξ , (2.88)

of length µ, cf. (2.46), which form the block of estimated binary source symbols
¯
q̂.

6 In digital processors, the Lines 5–10 in Algorithm 2.4 can practically be implemented by simply taking the
last µ bits of R̂(ξ) when interpreted as unsigned integer data type (big-endian representation). This strategy can
also simply handle the case when, due to an erroneous decoding, a value R̂(ξ) ≥ 2µ is obtained.
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¯
ˆ̃q =

[ ¯
ˆ̃q(1)∈Fνq︷ ︸︸ ︷

[ˆ̃q1, . . . , ˆ̃qν ]yR̂(1)∈N

, . . . ,

¯
ˆ̃q(ξ)∈Fνq︷ ︸︸ ︷

[ˆ̃q(ξ−1)ν+1, . . . , ˆ̃qξν ]yR̂(ξ)∈N

, . . . ,

¯
ˆ̃q(Ξ)∈Fνq︷ ︸︸ ︷

[ˆ̃qNmc−ν+1, . . . , ˆ̃qNmc ]yR̂(Ξ)∈N

]

¯
q̂ =

[
[q̂1, . . . , q̂µ]︸ ︷︷ ︸

¯
q̂(1)∈Fµ2

, . . . , [q̂(ξ−1)µ+1, . . . , q̂ξµ]︸ ︷︷ ︸
¯
q̂(ξ)∈Fµ2

, . . . , [q̂Nbit−µ+1, . . . , q̂Nbit ]︸ ︷︷ ︸
¯
q̂(Ξ)∈Fµ2

]

Figure 2.11: Visualization of inverse modulus conversion according to Algorithm 2.4 that is applied to sub-
blocks of ν bits. Each subblock

¯
ˆ̃q

(ξ)
, ξ = 1, . . . , Ξ, is converted into a real-valued integer R̂(ξ) ∈ N, which

is subsequently reconverted into a block of µ elements drawn from F2 denoted by
¯
q̂

(ξ). For clarity, we omit
the block/stream index k, i.e., the illustration is valid for all blocks

¯
q̂1, . . . ,¯

q̂
K

.

Algorithm 2.4 Inverse modulus conversion according to the strategy in [Fis02].

¯
q̂(ξ) = INVERSE_MODULUS_CONVERSION(

¯
ˆ̃q

(χ)
, µ, ν, q) .

¯
ˆ̃q

(ξ)
= [ˆ̃q(ξ)

1 , . . . , ˆ̃q(ξ)
ν ]

1: R̂(ξ) = ψq(ˆ̃q(χ)
1 )

2: for i = 2, . . . , ν do . Calculate integer representation of q-ary vector
3: R̂(ξ) = q · R̂(ξ) + ψq(ˆ̃q(χ)

i ) . Perform Algorithm 2.1 if q = pΦ, Φ > 1 (non-prime)
4: end for
5: for i = µ, µ− 1, . . . , 2 do . Calculate binary representation of integer
6: r = rem2{R̂(ξ)} . Remainder of division by 2
7: R̂(ξ) = (R̂(ξ) − r)/2
8: q̂

(ξ)
i = ψ−1

2 (r)
9: end for

10: q̂
(ξ)
1 = ψ−1

2 (R̂(ξ)) .
¯
q̂(ξ) = [q̂(ξ)

1 , . . . , q̂(ξ)
µ ]

2.3 Transmission Scenarios

In the following, we take a closer look at MIMO transmission scenarios that are relevant for
the equalization and preequalization techniques considered in this work. A particular focus
is on multiuser MIMO schemes where several users (or their devices) send their data to (up-
link) and/or receive their desired information from (downlink) a central multi-antenna unit.
Thereby, the degree of cooperation among the transmitter- or receiver-side, respectively, is
of great importance. It is clari�ed which transmitter- and receiver-side operations are pos-
sible with respect to the particular scenario. Furthermore, we brie�y discuss the suitability
of multiuser equalization or preequalization approaches in the special case of (multi-antenna)
single-user transmission. Noteworthy, we restrict to scenarios where the multiuser/multi-
antenna interference can be handled either at the transmitter- or receiver-side (or at both of
them). Hence, a pure interference channel [TV05], i.e., with non-cooperating transmitters and
receivers, is not of interest in this work.
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Figure 2.12: MIMO transmission scenarios. Top: MIMO multiple-access channel with joint receiver (multi-
user uplink transmission). Middle: MIMO broadcast channel with joint transmitter (multiuser downlink
transmission). Bottom: point-to-point MIMO channel (single-user transmission).
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2.3.1 Multiuser Uplink: MIMO Multiple-Access Channel

We start with the multiuser uplink scenario which is depicted in Figure 2.12 (Top). It is usu-
ally known as MIMO multiple-access channel and sometimes called space-division multiple-
access [TV05]. In particular, K independent users with index k = 1, . . . , K want to transmit
their data, i.e., their blocks of source symbols

¯
q1, . . . ,¯

q
K

, simultaneously to a central multi-
antenna receiver. There is no cooperation between the users; they transmit at the same time,
at the same frequency band, and do not use any code-division multiple-access (CDMA) ap-
proaches [PS08].

We assume that each user is equipped with one single antenna.7 Hence, we have

K = Ntx , (2.89)

i.e., the number of users (and related data blocks/streams) and the number of total transmit an-
tennas are assumed to be the same. Thus, in thesis, we restrict to transmission with maximum
multiplexing gain, cf. the diversity-multiplexing tradeo� described in [ZT03, TV05].

In order to be able to reconstruct all data streams at the receiver side, the number of ob-
servations has to be at least the same as the number of data streams, i.e., for the number of
receive antennas at the multi-antenna receiver,

Ntx ≤ Nrx (2.90)

has to hold. As the aim is to achieve the maximum multiplexing gain, the diversity order8

of the MIMO systems is limited by the number of receive antennas Nrx (receive diversity),
particularly it reads [ZT03, TV05]

∆ = Nrx . (2.91)

Since the users do not cooperate, a joint preequalization is not possible (cf. the general
system model in Figure 2.1 and Figure 2.12 (Top)). At the transmitter side, only the channel
coding and mapping step(s) are performed; i.e., the blocks of data symbols

¯
a1, . . . ,¯

aK are di-
rectly radiated from the antennas (in ECB-domain representation). As a consequence, given
the assumption that all users employ the same signal constellation with variance σ2

a, the trans-
mit symbols are radiated with the same transmit power and the sum-power constraint (2.68) is
inherently ful�lled. However, in some situations, it may be convenient to use di�erent trans-
mit powers, e.g., in order to balance the transmission performance among the users. This
situation can easily be incorporated in the present model as depicted in Figure 2.13: individual
gain factors are absorbed into the channel matrix, particularly via

H̃ = HΓ , (2.92)

7 A simple way to handle users with Ntx,u > 1 antennas is to split them into Ntx,u independent, non-
cooperating, single-antenna users, each of them transmitting one block of source symbols.

8 The diversity order ∆ of a MIMO systems denotes the asymptotic slope of its error curves in double-
logarithmic scale. Given diversity order ∆, the error curves possess an asymptotic decrease in error ratio of ∆
decades (in logarithmic scale) if the SNR is increased by 10 dB.
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where Γ is the diagonal matrix

Γ =



γ1 0 0 · · · 0
0 γ2 0 · · · 0
...

... . . . ...
...

0 · · · 0 γK−1 0
0 · · · 0 0 γK

 (2.93)

that contains the gain factors γ1, . . . , γK ∈ R. Then, the individual transmit powers of the
users/streams are ampli�ed by the factors γ2

k , k = 1, . . . , K . In order to retain the total trans-
mit power in the MIMO system,

K∑
k=1

γ2
k = 1 (2.94)

has to hold. All MIMO-related operations, particularly concerning the equalization of the
multiuser interference, are then performed with respect to the resulting “virtual” channel ma-
trix H̃ that accounts for the individual transmit powers.

M

M
¯
q1

¯
q
K

¯
a1

¯
aK

Transmitters

ENC

ENC

Γ

¯
y1

¯
y
Nrx¯

xK

¯
x1

H̃

MIMO
Channel
H

γK

γ1

Figure 2.13: In the MIMO multiple-access channel scenario, individual transmit powers can be achieved
by absorbing related gain factors γ1, . . . , γK , which are combined into the diagonal matrix Γ , into a virtual
MIMO channel matrix via H̃ = HΓ .

In the MIMO multiple-access scenario a joint multi-antenna receiver is present, i.e., all
receive symbols are available to one central unit. Hence, (receiver-side) equalization schemes
are enabled in order to handle the MIMO multiuser interference. To that end, channel knowl-
edge has to be present at the receiver. More speci�cally, the channel matrixH (or the virtual
one, H̃ , respectively) has to be obtained by means of channel estimation. In contrast, the
transmitter do not have to possess any channel knowledge.

2.3.2 Multiuser Downlink: MIMO Broadcast Channel

We continue with the MIMO broadcast channel scenario illustrated in Figure 2.12 (Middle),
which represents multiuser downlink transmission. Thereby, K non-cooperating receivers
with index k = 1, . . . , K (users) are supplied with their desired data blocks

¯
q1, . . . ,¯

q
K

by one
central multi-antenna transmitter. Again, all the data is transmitted at the same time, at the
same frequency band, and no CDMA techniques are applied.
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Once again, we assume that each user device is equipped with one antenna, i.e., we have
to deal with single-antenna receivers.9 Hence, given the multiuser downlink scenario,

K = Nrx (2.95)

is valid, i.e., now the number of receive antennas determines the number of data streams/blocks
if the aim is to achieve the MIMO system’s maximum multiplexing gain.

The central transmitter is able to provide all data streams if, for the number of transmit
antennas,

Ntx ≥ Nrx (2.96)

is ensured, i.e., at least the same number of transmit antennas as the number of receivers has
to present in the system. Then, achieving the maximum multiplexing gain [ZT03, TV05], the
diversity order is now limited by the transmit diversity

∆ = Ntx . (2.97)

Due to the joint multi-antenna transmitter, preequalization schemes are enabled. To this
end, channel knowledge is required at the transmitter side, i.e., all individual channels gains in
the channel matrixH have to be communicated from the user equipments to the central trans-
mitter. In contrast to the multiuser uplink channel, it is common practice that the preequali-
zation scheme allocates di�erent transmit powers to the transmit antennas, i.e., it determines
how the total available power is shared among the antennas. Thereby, the sum-power con-
straint (2.68) has to be obeyed. At the individual user equipments, (receiver-side) equalization
schemes cannot be applied since no cooperation between them is present; receiver processing
is restricted to decoding, inverse encoding and inverse mapping operations.

If we compare (2.95)–(2.97) with the equivalent expressions (2.89)–(2.91) for the MIMO
multiple-access channel, we see that Ntx has been been replaced by Nrx, and vice versa. This
is known as uplink-downlink duality [BS02, VT03, VJG03, YC04]; in particular, both scenarios
are dual in the way that is illustrated in Figure 2.14: if we reverse the direction of operation
for the MIMO broadcast channel (now: from the right to the left), we clearly see that both
structures are equivalent. However, the transmit and receive symbols as well as the transmit
and receive antennas are transposed, and receiver-side equalization is replaced by transmitter-
side preequalization. Besides, if the same channel conditions are present for both uplink and
downlink transmission, the relation

Hdownlink = HH
uplink (2.98)

between uplink and downlink channel matrix is present, i.e., they can be converted into each
other by simply taking the Hermitian transpose. Moreover, the uplink-downlink duality de-
scribed in [VT03, VJG03] also states that—at least in an asymptotic information-theoretic point
of view—both scenarios are equivalent with respect to the achievable data rates.

9 By analogy with the MIMO multiple-access scenario, we are able to virtually split any user equipment with
Nrx,u > 1 antennas into Nrx,u independent, non-cooperating, single-antenna receivers.
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Figure 2.14: Uplink-downlink duality with respect to MIMO multiple-access (processing sequence from the
left to the right) and MIMO broadcast channel (processing sequence from the right to the left): transmit and
receive symbols as well as transmit and receive antennas are transposed; preequalization replaces receiver-
side equalization. The downlink channel matrix is the Hermitian transpose of the uplink channel matrix.

2.3.3 Single-User Point-to-Point MIMO Channel

In this work, one aim is to clarify in what way schemes that were originally designed for
the multiuser MIMO case are suited for point-to-point MIMO transmission, where one multi-
antenna transmitter is communicating to one multi-antenna receiver. In contrast to MIMO
multiple-access or broadcast channel, in that case, we have to deal with a single-user MIMO
channel as depicted in Figure 2.12 (Bottom). In particular, in the transmitter, Ntx transmit
antennas may be (but do not have to be) handled jointly. The same is valid for the Nrx receive
antennas.

Again, assuming block-based transmission, K blocks of data symbols
¯
q1, . . . ,¯

q
K

have to
transmitted at the same time and on the same frequency, and the maximum multiplexing gain
is desired by transmitting

K = min{Ntx, Nrx} (2.99)

data streams [ZT03, TV05]. Then, in point-to-point MIMO transmission, the multi-antenna
interference can be handled via three di�erent strategies:

(i) The interference is handled at both transmitter and receiver, i.e., (transmitter-side) pre-
equalization and (receiver-side) equalization are performed.

(ii) Pure (receiver-side) equalization is present, i.e., the K data streams are individually ra-
diated from the transmit antennas. To this end, Nrx ≥ Ntx = K has to hold.

(iii) Pure (transmitter-side) preequalization is applied, i.e., receiver processing is restricted
to individual decoding of the K data streams. To that end, Ntx ≥ Nrx = K is required.

In all of the abovementioned cases, the maximum achievable diversity order is given by

∆ = max{Ntx, Nrx} . (2.100)

If preequalization is applied (Case (i) or (iii)), the sum-power constraint (2.68) has to be
observed. Individual transmit powers in case of pure receiver-side equalization (Case (ii)) can
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either be realized by absorbing the gain-factor matrix (2.93) into the channel matrix according
to Figure 2.13, or by interpreting this scenario as a special variant of Case (i), where exactly
this gain matrix is applied as the preequalization matrix.

2.4 Equivalent Real-Valued System Model

In the system model discussed in Section 2.2, the MIMO channel is represented in ECB do-
main, i.e., the transmission is described by complex-valued symbols, channel gains, and noise.
However, some (pre)equalization schemes—especially those which take advantage of algo-
rithms that are originally known from lattice theory [CS99]—may either only be de�ned over
real numbers or at least bene�t from an equivalent real-valued representation of the complex-
valued channel. Hence, a real-valued mathematical description of the complex-valued trans-
mission at hand is required.

2.4.1 Real-Valued Representation of Complex-Valued Matrices

It is well-known that addition (and subtraction) over complex numbers are performed per
component, i.e., real and imaginary part are added up individually. This holds for scalar values
as well as vectors and matrices. However, multiplication (and division) are more complicated.
Given the scalar multiplication s3 = s2 · s1, with s1, s2, s3 ∈ C, we have

Re{s3} = Re{s2} · Re{s1} − Im{s2} · Im{s1} , (2.101)
Im{s3} = Im{s2} · Im{s1}+ Re{s2} · Re{s1} . (2.102)

We can translate (2.101) and (2.102) into an equivalent matrix representation[
Re{s3} −Im{s3}
Im{s3} Re{s3}

]
︸ ︷︷ ︸

S
(r)
3 ∈R2×2

=
[
Re{s2} −Im{s2}
Im{s2} Re{s2}

]
︸ ︷︷ ︸

S
(r)
2 ∈R2×2

·
[
Re{s1} −Im{s1}
Im{s1} Re{s1}

]
︸ ︷︷ ︸

S
(r)
1 ∈R2×2

, (2.103)

whereS(r)
1 ,S(r)

2 , andS(r)
3 are real-valued 2×2 matrices. More speci�cally, any complex number

s ∈ C has an equivalent real-valued 2× 2 matrix representation

S(r) =
[
Re{s} −Im{s}
Im{s} Re{s}

]
(2.104)

with
det(S(r)) = |s|2 , (2.105)

where the set of those matrices is closed under addition and multiplication [NST94, Joh18].
This principle can be extended to complex-valued matrices and the related matrix multi-

plication M 3 = M 2 ·M 1, with M 1 ∈ CU×V , M 2 ∈ CW×U , and M 3 ∈ CW×V . It is
alternatively expressed by[

Re{M 3} −Im{M 3}
Im{M 3} Re{M 3}

]
︸ ︷︷ ︸

M
(r)
3 ∈R2W×2V

=
[
Re{M 2} −Im{M 2}
Im{M 2} Re{M 2}

]
︸ ︷︷ ︸

M
(r)
2 ∈R2W×2U

·
[
Re{M 1} −Im{M 1}
Im{M 1} Re{M 1}

]
︸ ︷︷ ︸

M
(r)
1 ∈R2U×2V

, (2.106)
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where M (r)
1 , M (r)

2 , and M (r)
3 are the real-valued representations of the complex-valued ma-

trices M 1, M 2, and M 3, respectively. In general, any complex-valued matrix M ∈ CU×V is
equivalently expressed via its related 2U × 2V real-valued injective homomorphism [NST94,
p. 208]

M (r) =
[
Re{M} −Im{M}
Im{M} Re{M}

]
(2.107)

where, ifM is a square matrix (U = V ),

det(M (r)) = | det(M)|2 (2.108)

is valid [Joh18]. For the column norms ofM (r) = [m(r)
1 , . . . ,m

(r)
2V ], we have

‖m(r)
v ‖ = ‖m(r)

v+V ‖ = ‖mv‖ , v = 1, . . . , V , (2.109)

and the row norms ofM (r) = [(
¯
m

(r)
1 )T, . . . , (

¯
m

(r)
2U)T]T read

‖
¯
m(r)

u ‖ = ‖
¯
m

(r)
u+U‖ = ‖

¯
mu‖ , u = 1, . . . , U . (2.110)

Noteworthy, the column vectors m(r)
v and m(r)

v+V are always orthogonal and thus linearly in-
dependent. The same is valid for the row vectorsm(r)

u andm(r)
u+U . Hence, if the matrixM has

full rank, the same holds for M (r), i.e., the rank is doubled in comparison to M . The above-
mentioned relations between complex- and real-valued representation are demonstrated in
Example 2.5.

Example 2.5: Real-Valued representation of complex-valued matrix

We consider the complex-valued 2× 2 matrix

M =
[
1 + 1 j 2 + 2 j
3 + 3 j 4 + 4 j

]

with the squared column norms ‖m1‖2 = 20 and ‖m2‖2 = 40, the squared row norms
‖

¯
m1‖2 = 10 and ‖

¯
m2‖2 = 50, det(M) = −4 j and rank(M) = 2. The equivalent real-

valued representation according to (2.107) reads

M (r) =
[
Re{M} −Im{M}
Im{M} Re{M}

]
=


1 2 −1 −2
3 4 −3 −4
1 2 1 2
3 4 3 4


with the squared column norms ‖m(r)

1 ‖2 = ‖m(r)
3 ‖2 = 20 and ‖m(r)

2 ‖2 = ‖m(r)
4 ‖2 = 40, the

squared row norms ‖
¯
m

(r)
1 ‖2 = ‖

¯
m

(r)
3 ‖2 = 10 and ‖

¯
m

(r)
2 ‖2 = ‖

¯
m

(r)
4 ‖2 = 50, det(M (r)) =

16 = |det(M)|2 and rank(M (r)) = 4.
If we multiply M by itself, we obtain

M ·M =
[
14 j 20 j
30 j 44 j

]
.
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The related result in equivalent real-valued representation reads

M (r) ·M (r) =


0 0 −14 −20
0 0 −30 −44
14 20 0 0
30 44 0 0

 =
[
Re{M ·M} −Im{M ·M}
Im{M ·M} Re{M ·M}

]
.

Using the real-valued representation of complex-valued matrices, real and imaginary part
of the matrix product (2.106) are uniquely described by the left V columns of the resulting
matrix H(r)

3 ; hence, the right V columns are redundant.10 As a consequence, it is actually
su�cient to calculate the shortened variant[

Re{M 3}
Im{M 3}

]
︸ ︷︷ ︸
M

(̃r)
3 ∈R2W×2V

=
[
Re{M 2} −Im{M 2}
Im{M 2} Re{M 2}

]
︸ ︷︷ ︸

M
(r)
2 ∈R2W×2U

·
[
Re{M 1}
Im{M 1}

]
︸ ︷︷ ︸
M

(̃r)
1 ∈R2U×2V

, (2.111)

where only the left factor of the multiplication has to be chosen in a full real-valued repre-
sentation according to (2.107). In contrast, the right factor and thus the resulting product are
represented in the simpli�ed form

M (̃r) =
[
Re{M}
Im{M}

]
, (2.112)

where real and imaginary part ofM are simply stacked.

2.4.2 Real-Valued Representation of Complex-Valued MIMO Systems

Taking advantage of the real-valued representation of complex-valued matrices, we can de-
�ne an alternative description of the complex-valued MIMO channel with purely real-valued
matrices. In particular, the discrete-time ECB-domain system equation (2.69) for block-based
transmission can be rewritten as[

Re{Y }
Im{Y }

]
︸ ︷︷ ︸

Y (̃r)∈R2Nrx×Nsym

=
[
Re{H} −Im{H}
Im{H} Re{H}

]
︸ ︷︷ ︸

H(r)∈R2Nrx×2Ntx

·
[
Re{X}
Im{X}

]
︸ ︷︷ ︸

X (̃r)∈R2Ntx×Nsym

+
[
Re{N}
Im{N}

]
︸ ︷︷ ︸

N (̃r)∈R2Nrx×Nsym

. (2.113)

Then, the complex-valued MIMO channel matrix H is represented via its 2Nrx × 2Ntx real-
valued variantH(r) according to (2.107). Moreover, the matricesX ,N , andY are represented
in their simpli�ed real-valued form according to (2.112). For the case when this equivalent real-
valued channel model is applied, the general real-valued end-to-end system model by analogy
with Figure 2.1 is illustrated in Figure 2.15 and explained in the following.

At the transmitter side, after encoding and mapping, the complex-valued matrix A con-
taining the K blocks of data symbols is transformed into its (simpli�ed) real-valued variant

10 Alternatively, the right V columns, the upper W rows or the lower W rows can be considered to uniquely
describe the result.
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A X (̃r)A(̃r) Y (̃r)
Q̂Q

R2Ntx×Nsym FK×Nbit
2R2Nrx×NsymR2K×NsymFK×Nbit

2 AK×Nsym

Pre-
equalization

ENC
M

Equalization
DEC

ENC−1

M−1

H(r)

N (̃r)

Figure 2.15: Equivalent real-valued end-to-end MIMO system model using the real-valued and simplified
real-valued representation of complex-valued matrices according to (2.107) and (2.112), respectively.

A(̃r) according to (2.112). Alternatively, if real and imaginary part of the signal constellation
are treated independently, we can directly map the encoded source symbols to 2K blocks of
real-valued data symbols. Then, if available, preequalization is performed. To this end, pre-
equalization schemes and related algorithms that operate over real numbers have to be applied
in order to obtain the 2Ntx blocks of real-valued transmit symbols that are combined intoX (̃r)

and communicated over the equivalent real-valued MIMO channel (2.113). At the receiver
side, equalization approaches that operate over real numbers may be employed in order to
obtain—in combination with decoding, inverse encoding and demapping—the blocks of esti-
mated source symbols from the 2Nrx blocks of receive symbols in the (simpli�ed) real-valued
matrix Y (̃r).
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3. Lattices and (Coded) Modulation

In this chapter, we start with a brief review on lattices and their properties. A particular focus is
given to lattices which are de�ned over complex numbers. These de�nitions are subsequently
used to construct signal constellations over lattices which are known as Voronoi constella-
tions. Apart from classical signal constellations that are well-known in digital communication
schemes, we generalize the Voronoi construction in order to obtain constellations with al-
gebraic properties, i.e., sets of signal points that are isomorphic to �nite �elds. Moreover, it
is discussed how the di�erent types of constellations can be combined with coded modula-
tion schemes. The chapter closes with a comparison of the coded-modulation performance if
LDPC codes are applied as the channel codes. Parts of this chapter have been presented in the
author’s scienti�c works [SF15, SF16c, SF16b, SF16a, SRFF19a, FSH19].

3.1 Lattices

A lattice Λ = {λi}, i ∈ N, is an in�nite set of points in Euclidean space which has Abelian or
commutative group structure with respect to addition [CS99, Fis02]. Hence, an in�nite set of
points forms a lattice if the following Abelian group axioms are ful�lled [Fis02, Fuc15]:

Closure: λ1 + λ2 ∈ Λ, for λ1,λ2 ∈ Λ.

Associativity: λ1 + (λ2 + λ3) = (λ1 + λ2) + λ3, for λ1,λ2,λ3 ∈ Λ.

Commutativity: λ1 + λ2 = λ2 + λ1, for λ1,λ2 ∈ Λ.

Identity element: 0 ∈ Λ, with λ1 + 0 = λ1, for λ1 ∈ Λ.

Inverse element: −λ1 ∈ Λ, with −λ1 + λ1 = 0, for λ1 ∈ Λ.

3.1.1 Real-Valued Lattices

In mathematical theory, lattices are most often considered over the Euclidean space RU , i.e.,
the lattice points are represented via U -dimensional real-valued vectors.



40 3. Lattices and (Coded) Modulation

3.1.1.1 Definitions and Operations

A lattice over the Euclidean space RU of rank V is de�ned as [CS99, Fis02]

Λ(G) =
{
Gζ =

V∑
v=1
gv ζv | ζv ∈ Z

}
, (3.1)

where
G = [g1, . . . , gV ] ∈ RU×V (3.2)

denotes the generator matrix of the lattice with

rank(G) = V (3.3)

and

ζ =


ζ1
...
ζV

 ∈ ZV = IV (3.4)

a V -dimensional integer vector with elements drawn from the constituent ring I = Z (set of
integers). The column vectors g1, . . . , gV are called the basis vectors of the lattice; they have
to be linearly independent in order to ensure (3.3). It is worth mentioning that the basis vectors
and the related generator matrix are not unique; instead, they can be transformed into other
alternative bases (with a di�erent generator matrix) that de�ne the same lattice. The choice of
a suited basis will further be discussed in Chapter 4.

Given anyU -dimensional real-valued vector ς ∈ RU , the quantization to the closest lattice
point (with respect to the Euclidean norm (2.9)) reads1

QΛ{ς} = argmin
λ∈Λ

‖ς − λ‖ . (3.5)

This quantization, also known as closest point search [AEVZ02] or closest vector problem [Mic01]
is, in general, NP-hard [vEB81, Mic01]. However, for certain types of lattices, e�cient lattice-
quantization strategies can be given, cf. [CS99] and the two-dimensional examples discussed
below.

The Voronoi region RV(Λ) of a lattice Λ with respect to the origin de�nes that region
where, in Euclidean norm, every point is closer to the all-zero vector than to any other lattice
point, i.e., we have

RV(Λ) = {ς ∈ RU | QΛ{ς} = 0U} . (3.6)

The Voronoi region can also be considered with respect to any speci�c lattice point, cf. [CS99]
and the discussion in [Fis02, Appendix C.1]. In particular,2

RQ(Λ,λ) = RV(Λ) + λ , λ ∈ Λ , (3.7)
1 The ties of the quantization (3.5) have to be handled properly in order to avoid ambiguities. This issue will

be further discussed in the two-dimensional examples following below.
2 We de�ne the addition of the sets U and V as U + V = {u+ v | u ∈ U , v ∈ V}, cf. [Fis02, (C.1.7)].
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de�nes the Voronoi region or Voronoi cell with respect to the lattice pointλ; this region de�nes
all points in RU that are quantized to the particular point λ in (3.5). Considering the union
of all possible Voronoi regions in (3.7), we in turn obtain the whole U -dimensional Euclidean
space, i.e.,

RV(Λ) +Λ = RU . (3.8)

Moreover, we can de�ne a symmetric modulo operation

modΛ{ς} = ς − QΛ{ς} (3.9)

that, for any point ς ∈ RU , calculates a related modulo-congruent point which is located
inside the Voronoi region RV(Λ) of the lattice Λ. Thereby, two points ς1 and ς2 are said to
be modulo-congruent or equivalent modulo Λ if ς1 − ς2 ∈ Λ [Fis02]. Thus, the coset ς + Λ

results in the set of all points that posses the same congruence class modulo Λ as ς .
Any scaled version ΘΛ, Θ ∈ R, of a lattice Λ with generator matrix G forms a lattice,

too [Fis02, Appendix C.3], where the related generator matrix simply readsΘG. Then, for the
related quantization operation,

QΘΛ{ς} = Θ · QΛ

{
ς

Θ

}
(3.10)

is valid. Besides, the Voronoi region (with respect to the origin) is simply scaled via

RV(ΘΛ) = Θ · RV(Λ) (3.11)

and the modulo operation is de�ned by

modΘΛ{ς} = ς − QΘΛ{ς} . (3.12)

In the following, we review some additional properties of (real-valued) lattices that are
relevant for the considerations in this work. In particular, a brief selection of the detailed
discussion on lattices and their properties in [CS99], [Fis02, Appendix C.1], and [ZNKB14] is
given. We start with the squared minimum distance of the lattice points, particularly de�ned
as

d2
min(Λ) = min

λi,λj∈Λ
λi 6=λj

‖λi − λj‖2 = min
λi∈Λ
‖λi‖2 . (3.13)

Closely related is the kissing number

ι(Λ) = |{λ ∈ Λ | ‖λ‖2 = d2
min(Λ)}| (3.14)

which describes the number of nearest neighbors of a lattice point, i.e., the cardinality of the
related set of lattice points with distance d2

min(Λ). Furthermore, the packing radius

ρ(Λ) = 1
2

√
d2

min(Λ) (3.15)

denotes the maximum possible radius such that spheres centered at the lattice points do not
overlap. Alternatively, it can be interpreted as the incircle radius ofRV(Λ).
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Another important quantity is the volume of a Voronoi cell of a lattice that is de�ned as

ϑ(Λ) =
√

det(GTG) (3.16)

and which simpli�es to
ϑ(Λ) = | det(G)| (3.17)

ifG is a square matrix. A related property is the density of a lattice

D(Λ) = Volume of a U -dimensional sphere with radius ρ(Λ)
ϑ(Λ) (3.18)

with D(Λ) ∈ [0, 1] that describes how densely the lattice points are packed. It particularly
gives the ratio of the U -dimensional space which is covered by spheres with radius ρ(Λ)
centered at the lattice points. Finally, the normalized second moment of a Voronoi cell

Σ(Λ) =
∫
RV(Λ) ‖r‖2 dr

U · ϑ(RV(Λ))(1+2/U) (3.19)

can be used to quantify the shape of the Voronoi regions’ boundaries. Please note that density,
kissing number, and normalized second moment of a Voronoi region are invariant with respect
to scaling by a factor Θ ∈ R [Fis02, Appendix C.3].

The simplest lattice is the one-dimensional integer lattice Z, which results from choosing
G = 1 in (3.1). In particular, restricting to one dimension, the only respective lattices are Z
itself or scaled versions ΘZ, Θ ∈ R, thereof. For the integer lattice Z, the lattice quantization
is the simple rounding to integers

QZ{ς} = bςe , (3.20)

where, in case of ties, rounding is performed towards +∞. The Voronoi region with respect
to the origin reads

RV(Z) = [−0.5, 0.5) (3.21)

and the related symmetric modulo function is given by

modZ{ς} = ς − bςe . (3.22)

If a scaled version of Z is present, we can apply (3.10)–(3.12). The quantities (3.13)–(3.19) for the
(unscaled) integer lattice Z are listed in Table 3.1. We see that, withD(Λ) = 1, the real-valued
integers obtain an optimal one-dimensional packing.

3.1.1.2 Two-Dimensional Lattices

We continue with a brief overview of the most important two-dimensional (real-valued) lat-
tices. First, we have a closer look at the extension of the integer lattice Z, speci�cally the
two-dimensional integer lattice Z2 which can be de�ned by the generator matrix

G =
[
1 0
0 1

]
(3.23)
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Table 3.1: Properties of the one-dimensional integer lattice Z as well as the two-dimensional integer lattice Z2

and the hexagonal latticeA2 according to [CS99, Fis02]: squared minimum distance d2
min(Λ), kissing number

ι(Λ), packing radius ρ(Λ), volume ϑ(Λ), density D(Λ), and normalized second moment of a Voronoi cell
Σ(Λ).

Λ d2
min(Λ) ι(Λ) ρ(Λ) ϑ(Λ) D(Λ) Σ(Λ)

Z 1 2 1
2 1 1 1

12

Z2 1 4 1
2 1 π

4
1
12

A2 1 6 1
2

√
3

2
π

2
√

3
5

36
√

3

and which is depicted in Figure 3.1 (Left). For the moment, we restrict to the bottom axis
and left axis that represent the components λ1 and λ2 of the lattice points λ = [λ1, λ2]T,
respectively. Since the two dimensions are independent from each other, cf. (3.23), RV(Z2)
and the related Voronoi cells according to (3.7) are square. Hence, the related quantization can
be split into the two components, i.e., for ς = [ς1, ς2]T, we have3

QZ2{ς} =
QZ{ς1}
QZ{ς2}

 =
bς1e
bς2e

 (3.24)

and

modZ2{ς} = ς − QZ2 =
ς1 − bς1e
ς2 − bς2e

 . (3.25)

For scaled variants of Z2, (3.10)–(3.12) are respectively valid. In Table 3.1, we can contrast the
properties (3.13)–(3.19) of the one- and two-dimensional (unscaled) integer lattice. We see that,
in two dimensions, the number of nearest neighbors increases to ι(Z2) = 4. Furthermore, the
density reads D = π

4 < 1, i.e., the packing is not optimal anymore. All other quantities stay
the same.

Another important lattice is the hexagonal lattice A2, speci�cally the two-dimensional
representative of the more general class ofAU lattices [CS99]. One possible generator matrix
thereof reads [CS99, p. 110]

G =
1 −1

2

0
√

3
2

 . (3.26)

The hexagonal lattice is illustrated in Figure 3.1 (Right; bottom axis λ1 and left axis λ2). We can
clearly see that it actually consists of two Z2-related subsets A(1)

2 (green) and A(2)
2 (orange),

where the second component is scaled by the factor
√

3 in both subsets. The �rst subset
has a lattice point which is located in the origin; in contrast, the second subset has the o�set
[−1

2 ,
√

3
2 ]T to the origin. As the two components are not independent, the quantization is a little

bit more complicated when compared with the lattice Z2. However, it is—taking advantage of

3 As mentioned before, in case of ties, rounding is performed towards +∞.
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Figure 3.1: Two-dimensional lattices with lattice points λ = [λ1, λ2]T (bottom/left axis) and isomorphic
one-dimensional complex-valued lattices with lattice points λ = Re{λ} + Im{λ} j. Left: Integer lattice Z2

and Gaussian-integer lattice G. Right: Hexagonal lattice A2 with the subsets A(1)
2 (green), A(2)

2 (orange)
and Eisenstein-integer lattice E with the subsets E(1) (green), E(2) (orange), respectively. The related borders
of the Voronoi regions with respect to the origin RV(Λ) (red; dotted: included, dashed: excluded) and the
borders of the Voronoi cells RQ(Λ,λ) (gray) are shown.

the separation into the two subsets—still e�ciently realizable [Ger82, CS84]. In particular,4

QA2{ς} = argmin
Q
A

(1)
2
{ς},Q

A
(2)
2
{ς}

{
‖ ς − Q

A
(1)
2
{ς}︸ ︷︷ ︸

mod
A

(1)
2
{ς}

‖, ‖ ς − Q
A

(2)
2
{ς}︸ ︷︷ ︸

mod
A

(2)
2
{ς}

‖
}
, (3.27)

where

Q
A

(1)
2
{ς} =

 QZ{ς1}√
3 QZ

{
ς2√

3

} =
 bς1e√

3
⌊
ς2√

3

⌉ (3.28)

is the quantization with respect to the �rst subset (green points in Figure 3.1) and

Q
A

(2)
2
{ς} =

 QZ
{
ς1 − 1

2

}
+ 1

2√
3 QZ

{
ς2−

√
3

2√
3

}
+
√

3
2

 =


⌊
ς1 − 1

2

⌉
+ 1

2√
3
⌊
ς2−

√
3

2√
3

⌉
+
√

3
2

 (3.29)

denotes the quantization with respect to the second subset (orange points in Figure 3.1). Uti-
lizing (3.27), the related modulo operation can be realized via4

modA2{ς} = argmin
mod

A
(1)
2
{ς},mod

A
(2)
2
{ς}

{
‖mod

A
(1)
2
{ς}‖, ‖mod

A
(2)
2
{ς}‖

}
. (3.30)

4 In case of ties, i.e., mod
A

(1)
2
{ς} = mod

A
(2)
2
{ς}, we have to properly de�ne the borders of the quantization.

This can, e.g., be done by analogy with the strategy proposed in [SYHS13, Algorithm 3]: we take the �rst argument
if the �rst component of mod

A
(1)
2
{ς} is larger than the �rst component of mod

A
(2)
2
{ς}, and the second argument

otherwise. The resulting borders ofRV(A2) are shown in Figure 3.1 (Right).
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Again, (3.10)–(3.12) can be employed for scaled variants of the lattice A2. Besides, from Fig-
ure 3.1 (Left) it becomes apparent that the regions RV(A2) or RQ(A2,λ) form hexagons—
hence, the name hexagonal lattice. Table 3.1 also collects the properties (3.13)–(3.19) of the
hexagonal lattice. In particular, the squared minimum distance and the packing radius stay
the same when compared with the lattice Z2, but the number of nearest neighbors is in-
creased to ι(A2) = 6. In contrast, the volume is decreased from ϑ(Z2) = 1 to ϑ(A2) =

√
3

2 .
As a consequence, the density is increased from D(Z2) = π

4 to D(A2) = π
2
√

3 , i.e., a gain of
10 log10

(
2√
3

)
≈ 0.6247 dB is achieved, which is known as packing gain [Fis02]. In two dimen-

sions, this is the maximum achievable gain, i.e., the hexagonal lattice is the densest packing
in two dimensions [CS99, Table 1.2]. Finally, the normalized second moment of the Voronoi
region reduces fromΣ(Z2) = 1

12 toΣ(A2) = 5
36
√

3 , i.e., a so-called shaping gain [For89, Fis02]
of 10 log10

(
3
√

3
5

)
≈ 0.1671 dB is present. In two dimensions, this shaping gain is optimal, too,

cf. [New82] or [CS99, Table 2.3]. Thus, with respect to two-dimensional packing and shaping,
the hexagonal latticeA2 should be the prime selection.

3.1.2 Complex-Valued Lattices

Even though lattices are most often considered over the real numbers, it is possible to gen-
eralize the concept to (�eld) extensions thereof, particularly the complex numbers or even
quaternions (four-dimensional extension) [CS99, CS03]. Since, in the ECB-domain MIMO sys-
tem model described in Chapter 2, we have to deal with complex numbers, we subsequently
have a closer look at complex-valued lattices. To this end, complex-valued constituent rings
are discussed which can be used to de�ne lattices over complex numbers.

3.1.2.1 Complex-Valued Constituent Rings

We start with the complex integers, also known as Gaussian integers [Hub94b, Bos99, CS99],
which are de�ned by5

G = Z + Z j ' Z2 . (3.31)

The Gaussian integers form a Euclidean ring [Nap96] and are isomorphic—with respect to
addition—to the (real-valued) two-dimensional integer lattice Z2 [CS99], i.e., they represent
the integer lattice in the complex plane. In particular, the �rst component of Z2 is expressed
by the real part of G, whereas the second component is given by the imaginary part thereof.
As a consequence, the illustration of Z2 in Figure 3.1 (Left) also represents G—with the only
di�erence that for a lattice point λ = Re{λ} + Im{λ} j ∈ G ⊂ C, λ1 =̂ Re{λ} and λ2 =̂
Im{λ} is valid for λ = [λ1, λ2]T ∈ Z2, cf. the additional right axis that represents Re{λ} and
the additional top axis representing Im{λ}. Hence, RV(G) or RQ(G, λ) form also squares in
the complex plane. Moreover, the quantization operation by analogy with (3.24) reads

QG{ς} = QZ{Re{ς}}+ QZ{Im{ς}} = bRe{ς}e+ bIm{ς}e j , (3.32)

5 A ' B denotes an isomorphism between the sets A and B.
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where ς ∈ C can be any scalar complex number, and the related modulo operation is given by

modG{ς} = ς − QG{ς} = ς − bRe{ς}e − bIm{ς}e j . (3.33)

Since real- and imaginary part of a complex number are orthogonal in two-dimensional space,
the properties (3.13)–(3.19) with respect to G are the same as the ones for Z2 in Table 3.1.
However, concerning scaling by a scalar value Θ ∈ C, the situation is a little bit di�erent:
now, Θ not only describes an individual scaling per component de�ned by |Θ|, but also an
additional rotation in the complex plane de�ned by arg{Θ}. This actually corresponds to the
multiplication by the equivalent 2×2 matrix according to (2.104) in real-valued representation.
As a direct consequence thereof, the square Voronoi regions are scaled and rotated in the
complex plane.

Instead of the Gaussian integers we can utilize the Eisenstein integers [CS99, SYHS13,
THBN15], also known as Eisenstein-Jacobi integers [Hub94a]. They are de�ned as

E = Z + Zω ' A2 , (3.34)

where the third root of unity

ω = ej 2
3π = −1

2 +
√

3
2 j (3.35)

is called Eisenstein unit. The Eisenstein integers form a Euclidean ring [Nap96] and are iso-
morphic to the hexagonal lattice A2 (represented in the complex plane) [CS99], where the
corresponding lattice point λ = Re{λ} + Im{λ} j ∈ E ⊂ C is obtained via λ1 =̂ Re{λ}
and λ2 =̂ Im{λ} if λ = [λ1, λ2]T ∈ A2. Hence, Figure 3.1 (Right) also illustrates the Eisen-
stein integers—where the horizontal axis then represents the real part and the vertical axis the
imaginary part of the lattice points instead of the �rst and second component of the lattice
vector. As a consequence, E can be split into the two G-related subsets E(1) (green) and E(2)

(orange), where E(2) has the o�set ω with respect to the origin. The Voronoi regions RV(E)
or RQ(E, λ) are now hexagons in the complex plane. We can simply adapt the quantization
to lattice points drawn fromA2 according to (3.27) to an equivalent quantization over E via6

QE{ς} = argmin
QE(1){ς},QE(2){ς}

{
‖ ς − QE(1){ς}︸ ︷︷ ︸

modE(1){ς}

‖, ‖ ς − QE(2){ς}︸ ︷︷ ︸
modE(2){ς}

‖
}
, (3.36)

where

QE(1){ς} = QZ{Re{ς}}+
√

3 QZ

{
Im{ς}√

3

}
j = bRe{ς}e+

√
3
⌊

Im{ς}√
3

⌉
j (3.37)

is the quantization to �rst subset E(1) (green points in Figure 3.1). Taking advantage of the
Eisenstein unit ω, the quantization to E(2) (orange points) can be rewritten as

QE(2){ς} = QZ {Re{ς − ω}}+
√

3 QZ

{
Im{ς − ω}√

3

}
j + ω

= bRe{ς − ω}e+
√

3
⌊

Im{ς − ω}√
3

⌉
j + ω .

(3.38)

6 In case of ties, i.e., modE(1){ς} = modE(2){ς}, the borders of the quantization can properly be handled by
choosing the �rst argument if the real part modE(1){ς} is larger than the real part of modE(2){ς}, and the second
argument otherwise, cf. [SYHS13, Algorithm 3].
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Algorithm 3.1 Quantization to constituent rings ς̂ = QI{ς}.
ς̂ = QUANTIZATION(ς, I)

1: switch I do
2: case Z . Quantization to real-valued integers QZ{ς}
3: ς̂ = bςe
4: case G . Quantization to Gaussian integers QG{ς}
5: ς̂ = bRe{ς}e+ bIm{ς}e j
6: case E . Quantization to Eisenstein integers QE{ς}; ties as in [SYHS13]
7: ς̂(1) = bRe{ς}e+

√
3
⌊

Im{ς}√
3

⌉
j

8: ς̂(2) = bRe{ς − ω}e+
√

3
⌊

Im{ς−ω}√
3

⌉
j + ω

9: if ‖ς − ς̂(1)‖ < ‖ς − ς̂(2)‖ ∪
‖ς − ς̂(1)‖ = ‖ς − ς̂(2)‖ ∩ Re{ς − ς̂(1)} > Re{ς − ς̂(2)} then

10: ς̂ = ς̂(1)

11: else
12: ς̂ = ς̂(2)

13: end if
14: end switch

By analogy with (3.30), the modulo operation then reads6

modE{ς} = argmin
modE(1){ς},modE(2){ς}

{
‖modE(1){ς}‖, ‖modE(2){ς}‖

}
. (3.39)

Just like for Gaussian integers, scaling by a factor Θ ∈ C results in a variant of E where the
components are scaled by |Θ| and rotated in the complex plane by arg{Θ}, i.e., the hexago-
nal Voronoi cells are scaled and rotated. The properties (3.13)–(3.19) of the hexagonal lattice
A2, cf. Table 3.1, also hold in the complex plane. Thus, E is the densest packing over the
complex numbers and its Voronoi cells have the minimum second moment. More speci�cally,
the Eisenstein-integer lattice E achieves a packing gain of 0.6247 dB and a shaping gain of
0.1671 dB over the Gaussian-integer lattice G.

In Algorithm 3.1, the quantization is universally expressed for all abovementioned types of
constituent rings denoted by I. In particular, this concerns the integers I = Z when restricting
to the real-valued case, and the Gaussian integers I = G as well as the Eisenstein integers
I = E if complex numbers are considered. Algorithm 3.2 implements the related modulo
operations for scaled variants of these rings.

3.1.2.2 Complex-Valued Lattices

Lattices over RU are always based on the integer vectors ζ ∈ ZV , cf. (3.1) and (3.4). However,
if we extend the philosophy of lattices to the complex-valued case, i.e., if we consider lattices
over CU , we have an additional degree of freedom: complex-valued lattices can be based on
both types of abovementioned constituent rings.

Hence, on the one hand, we have the possibility to consider complex-valued lattices that
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Algorithm 3.2 Modulo reduction with respect to scaled constituent rings ς̂ = modΘI{ς}.
ς̂ = MODULO(ς, I, Θ)

1: switch I do
2: case Z . modΘZ{ς}, Θ ∈ R
3: ς̂ = ς −Θ bς/Θe
4: case G . modΘG{ς}, Θ ∈ C
5: ς̂ = ς −Θ (bRe{ς/Θ}e+ bIm{ς/Θ}e j)
6: case E . modΘE{ς}, Θ ∈ C; ties as in [SYHS13]
7: ς̂(1) = Θ (bRe{ς/Θ}e+

√
3
⌊

Im{ς/Θ}√
3

⌉
j)

8: ς̂(2) = Θ (bRe{ς/Θ − ω}e+
√

3
⌊

Im{ς/Θ−ω}√
3

⌉
j + ω)

9: if ‖ς − ς̂(1)‖ < ‖ς − ς̂(2)‖ ∪
‖ς − ς̂(1)‖ = ‖ς − ς̂(2)‖ ∩ Re{ς − ς̂(1)} > Re{ς − ς̂(2)} then

10: ς̂ = ς − ς̂(1)

11: else
12: ς̂ = ς − ς̂(2)

13: end if
14: end switch

are based on the Gaussian integers, particularly de�ned as U -dimensional lattices

ΛG(G) =

G

ζ1
...
ζV

 =
V∑
v=1
gv ζv | gv ∈ CU , ζv ∈ G

 (3.40)

of rank V with the complex-valued full-rank generator matrix

G = [g1, . . . , gV ] ∈ CU×V (3.41)

and the Gaussian-integer vectors

ζ =


ζ1
...
ζV

 ∈ GV = IV . (3.42)

Taking advantage of the real-valued representation of complex-valued matrices according
to (2.107), lattices based on the Gaussian integers are equivalently expressed by 2U -dimensional
real-valued lattices Λ(G(r)) of rank 2V as de�ned in (3.1), where the related real-valued gen-
erator matrix reads

G(r) =
[
Re{G} −Im{G}
Im{G} Re{G}

]
∈ R2U×2V (3.43)

and—using the isomorphism between G and Z2—the equivalent integer vectors are given by

ζ (̃r) =
[
Re{ζ}
Im{ζ}

]
∈ Z2V . (3.44)
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On the other hand, we can consider complex-valued lattices based on the Eisenstein inte-
gers, i.e., U -dimensional rank-V lattices

ΛE(G) =

G

ζ1
...
ζV

 =
V∑
v=1
gv ζv | gv ∈ CU , ζv ∈ E

 (3.45)

with generator matrix according to (3.41) and the Einstein-integer vectors

ζ =


ζ1
...
ζV

 ∈ EV = IV . (3.46)

Similar to lattices based on the Gaussian integers, an equivalent real-valued representation
of (3.45) can be obtained. However, since for the Eisenstein-integer vectors we have

ζ (̃r) =
[
Re{ζ}
Im{ζ}

]
/∈ Z2V , (3.47)

we cannot directly express the equivalent real-valued lattice viaΛ(G(r)), whereG(r) is chosen
according to (3.43). Instead, the relation between EV and Z2V can be established by incorpo-
rating the generator matrix of the hexagonal latticeA2, (3.26), via7

G(h) =
[
Re{G} −Im{G}
Im{G} Re{G}

]
·
[
IV −1

2IV
0V×V −

√
3

2 IV

]
(3.48)

=
[
Re{G} −1

2 Re{G}+
√

3
2 Im{G}

Im{G} −
√

3
2 Re{G} − 1

2 Im{G}

]
. (3.49)

Then, the equivalent 2U×2V real-valued representation ofΛE(G) according to (3.1) is simply
given as Λ(G(h)).

Via the abovementioned real-valued representations, it is possible to operate over complex-
valued lattices with the equivalent real-valued arithmetic; due to the injective homomorphism,
we can go back to the complex-valued representation afterwards. Besides, algorithms can be
applied to complex-valued lattices that actually only operate on real-valued ones. However,
one should be aware of the fact that, if the symmetry of the real-valued representation accord-
ing to (2.107) is destroyed, one cannot return to an equivalent complex-valued representation.

The de�nitions and operations (3.5)–(3.9) and (3.13)–(3.19) that were previously de�ned
for real-valued lattices can, in the same way, be applied to complex-valued ones. The only
di�erence is that complex instead of real numbers have to be considered per component. As
already discussed above, the (lattice-property-preserving) scaling by a scalar value and the
related operations (3.10)–(3.12) can be generalized to complex-valued scaling factors Θ ∈ C,
where |Θ| describes the (real-valued) scaling per component and arg{Θ} an additional rotation
in the complex plane.

7 Cf. [CS99, p. 54], where the equivalent real-valued generator matrix has been de�ned with respect to an
alternative generator matrix of the latticeA2 which readsG =

[
1 1/2
0 −

√
3/2

]
.
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Please note, we subsequently merge the three abovementioned types of lattices withU×V
generator matrixG into one generalized representation

ΛI(G) =
{
Gζ =

V∑
v=1
gv ζv | ζv ∈ I

}
, (3.50)

where I represents the constituent rings Z, G, or E. As a consequence, the classical de�nition
of lattices over real-valued integers according to (3.1) is then denoted as ΛZ(G). Besides,
the de�nitions and operations which were given for the real-valued case in Section 3.1.1.1 are
subsequently applied to the generalized variant ΛI(G).

3.2 Voronoi Constellations and Coded-Modulation Schemes

In Section 3.1, we have reviewed some important types of lattices as well as related prop-
erties and operations like scaling, quantization and modulo reduction. In the following, we
take advantage of this knowledge in order to de�ne signal constellations based on subsets
of lattices. Such types of constellations not only play a signi�cant role in single-user SISO
(digital) transmission—due to a potential shaping gain, the suitability in (single-user) precod-
ing schemes, and a straightforward combination with coded-modulation approaches, cf., e.g.,
[For89, Fis02]. They have also found use in combination with lattice-based MIMO equaliza-
tion and/or preequalization techniques where the signal points inherently have to be drawn
from a lattice. For that reason, we review the concept of Voronoi constellations, where the con-
stellation points are located in the Voronoi region of a particular lattice (with respect to the
origin).

Following the concept of nested lattices which has originally been used in lattice-coding
theory, particularly for so-called coset codes [For88a, For88b, ZNKB14], Voronoi constellations
[For89, Fis02] are given by

A = (Λa ∩RV(Λb)) + o ⊂ Λa + o . (3.51)

The signal-point lattice Λa denotes the lattice where the constellation points are drawn from;
hence, the constellation forms a subset thereof. It is bounded by the Voronoi region RV(Λb)
of the boundary lattice or shaping lattice Λb, i.e., we obtain all signal points that are located
within this Voronoi region of Λb. The o�set o can be employed in order to achieve a zero-
mean constellation if the intersection between Λa and RV(Λb) does not inherently result in
this property. The cardinality of such constellations is given in [FW89, For89, ZNKB14] as

M = |A| = |Λa/Λb| =
ϑ(Λb)
ϑ(Λa)

, (3.52)

where Λa and Λb have to be matched in order to achieve an integer value in (3.52).
Voronoi constellations can generally be considered for the multidimensional case, i.e., with

Λa and Λb being multidimensional lattices, e.g., for signal shaping over time, cf., e.g., [Fis02].
Nevertheless, addressing the system model of the previous chapter, we are interested in (con-
ventional) signal constellations that form a subset of the complex numbers; thereby, the same
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set of signal points has to be available in each (discrete) time step. As a consequence, we
restrict to (Euclidean) rings I over C or, by using the equivalent real-valued system model
(2.113), over R. Given Λa,Λb ⊂ C (or Λa,Λb ⊂ R, respectively), a related straightforward
construction is to choose the boundary lattice as a scaled version of the signal-point lattice,
particularly as

A = (Λa ∩RV(ΘΛa)) + o , Θ ∈ Λa , (3.53)

with a scalar scaling factor Θ drawn from the signal-point lattice itself, and a scalar o�set o.
Then, if Λa is closed under multiplication, i.e., Θλ ∈ Λa, ∀λ ∈ Λa and Θ ∈ Λa, we have

Λb = ΘΛa ⊆ Λa , ∀Θ ∈ Λa , (3.54)

and hence
(A− o) +ΘΛa = Λa . (3.55)

Thus, the resulting constellation is periodically extendable: the periodic extensions are cen-
tered at the lattice points of Λb = ΘΛa ⊂ Λa; their boundaries are given by the respective
Voronoi cells RQ(ΘΛa, λ), with λ ∈ ΘΛa, as de�ned in (3.7). In order to ful�ll (3.54), a con-
venient choice of the signal-point lattice is:

Λa = Z for the real-valued case, since the integers form a (Euclidean) ring and are
hence closed under multiplication. We denote these constellation as ZM , where M is
the respective cardinality.

Λa = G as well as Λa = E for the complex-valued case, as both of them form a (Eu-
clidean) ring over the complex plane and are, for that reason, also closed under multipli-
cation. We denote those constellations as GM and EM , respectively, with cardinality M .

The properties of the resulting constellations, as brie�y introduced in Section 2.2.1.2, read
as follows: the number of nearest neighbors and the squared minimum distance of the signal
points are directly determined by the respective properties of the signal-point lattice, i.e., we
have

ι(A) = ι(Λa) (3.56)

and
d2

min(A) = d2
min(Λa) . (3.57)

Forcing a zero-mean constellation—if necessary via the o�set o in (3.53)—, the constellation’s
variance is de�ned by (2.62). The related constellation-constrained capacity for transmission
over the AWGN channel, CAWGN, has to be calculated by means of numerical integration de-
pending on the particular SNR.

Considering the cardinality of the constellation, we have to distinguish between the real-
and complex-valued case. First, we restrict to the former with the integer latticesΛa(Ga) = Z
and Λb(Gb) = ΘZ ⊆ Z that are generated by the “matrices” Ga = 1 and Gb = Θ, with the
scaling factor Θ ∈ Z. For the cardinality, we obtain

M = |Λa/(ΘΛa)|
(3.52)= ϑ(ΘΛa)

ϑ(Λa)
(3.17)= | det(Θ)|
| det(1)| = |Θ| , (3.58)
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Figure 3.2: Construction of a 3ASK constellation Z3 (blue points) using the intersection of the signal-point
lattice Λa = Z (green points) and the boundary lattice Λb = 3Z (red points). The boundaries of the Voronoi
region RV(3Z) are shown in red (dotted: included, dashed: excluded) and the boundaries of its periodic
repetitions, i.e., the ones of the Voronoi cells RQ(3Z, λ), λ ∈ 3Z, in gray.
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Figure 3.3: Construction of a 9QAM constellation G9 (blue points; Left) and a 9-ary Eisenstein-integer con-
stellation E9 (blue points; Right) using the intersection of the signal-point lattices Λa = G and Λa = E (green
points) and the boundary lattices Λb = 3G and Λb = 3E (red points). The boundaries of the Voronoi re-
gionsRV(3G) andRV(3E) are shown in red (dotted: included, dashed: excluded) and the boundaries of the
constellations’ periodic repetitions, i.e., the ones of the Voronoi cells RQ(3G, λ), λ ∈ 3G, and RQ(3E, λ),
λ ∈ 3E, in gray.

i.e., the constellation is given by

Z|Θ| = (Z ∩RV(ΘZ)) + o , Θ ∈ Z . (3.59)

An example is illustrated in Figure 3.2, where the scaling factor Θ = 3 has been chosen,
i.e., we have the signal-point lattice Λa = Z (green points) and the boundary lattice Λb =
3Z (red points). The cardinality of the resulting constellation Z3 = {−1, 0, 1} (blue points)
reads M = |Θ| = 3; its periodic repetitions are centered at the points de�ned by Λb. The
constellation is symmetric to a = 0; hence, we can set o = 0 in (3.59) since an o�set is not
required to be zero-mean. In general, if Θ is an odd integer, we obtain ASK constellations
[Fis02, PS08] with odd cardinality that are symmetric to the origin and thus zero-mean. The
number of nearest neighbors is ι(ZM) = ι(Z) = 2, and for the minimum squared distance we
have d2

min(ZM) = d2
min(Z) = 1, cf. Table 3.1.

For complex-valued constellations, i.e.,Λa,Λb ⊂ C with a related complex-valued scaling
factor Θ ∈ Λa, the situation is a little bit more complicated. We start with the Gaussian
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integers as the signal-point lattice, i.e., Λa = G = ΛG(Ga), with Ga = 1, cf. (3.40). The
boundary lattice then reads Λb = ΘG = ΛG(ΘGa), with Θ ∈ G. In order to calculate the
cardinality, we can take advantage of the equivalent real-valued generator matrix G(r)

a = I2

according to (3.43), which corresponds to the one of the real-valued two-dimensional integer
lattice Z2. By employing the equivalent real-valued representation Θ(r) of the scaling factor
as de�ned in (2.104), we obtain

M = |Λa/Λb| =
ϑ(ΘΛa)
ϑ(Λa)

(3.17)= | det(Θ(r)G(r)
a )|

| det(G(r)
a )|

= | det(Θ(r))| · | det(G(r)
a )|

| det(G(r)
a )|

(2.105)= |Θ|2 .

(3.60)
As a consequence, the constellation is given as

G|Θ|2 = (G ∩RV(ΘG)) + o , Θ ∈ G . (3.61)

The same consideration can be performed for the Eisenstein integers as the signal-point lattice
Λa = E = ΛE(Ga) with Ga = 1, cf. (3.45), and Λb = ΘE = ΛE(ΘGa), with Θ ∈ E.
Then, in (3.60), G(r)

a represents the generator matrix of the lattice A2 according to (3.26), see
also (3.49), but the result is �nally the same. The constellation hence reads

E|Θ|2 = (E ∩RV(ΘE)) + o , Θ ∈ E . (3.62)

Please note, for both Λa = G with Θ ∈ G and Λa = E with Θ ∈ E, M = |Θ|2 ∈ N is always
ful�lled.8

In Figure 3.3, constellations are exemplarily shown forΛa = G (Left) andΛa = E (Right).
Just like in the real-valued example above, the scaling factor Θ = 3 has been chosen, which
also represents a (purely real) Gaussian and Eisenstein integer. The cardinality of both constel-
lations reads |Θ|2 = 9; due to a point-symmetry with respect to the origin, we are zero-mean.
The square and hexagonal boundaries of the Voronoi regions RV(3G) and RV(3E), respec-
tively, are clearly visible, as well as the periodic repetitions centered atΛb = 3G andΛb = 3E,
with square and hexagonal Voronoi cells. For the Gaussian-integer constellation, we actually
obtain a (square) 9QAM constellation, where real and imaginary part can be split into two
standalone 3ASK constellations, e.g., for independent processing of the quadrature compo-
nents as discussed in Section 2.4.2. For the Eisenstein-integer constellation, the components
are—in contrast—not independent. Considering the properties of the lattices Z2 andA2 given
in Table 3.1, we can conclude that d2

min(G9) = d2
min(G) = d2

min(E9) = d2
min(E) = 1 is valid.

Nevertheless, employing the Eisenstein-integer instead of the Gaussian-integer constellation,
the number of nearest neighbors is increased from ι(G9) = ι(G) = 4 to ι(E9) = ι(G) = 6.

In the following, we use the concept of Voronoi constellations to de�ne constellations with
particular properties. We discuss how the scaling factor Θ has to be chosen in order to obtain

(i) signal constellations that are suited for direct mapping from bits to signal points, i.e.,
that have a cardinality M for which log2(M) ∈ N is valid, and

8 Proof: If ζ = ζ1 + ζ2 j ∈ G, ζ1 ∈ Z and ζ2 ∈ Z, and hence |ζ|2 = ζ1
2 + ζ2

2 ∈ Z, as Z is closed
under addition and multiplication. If ζ = ζ1 + ζ2 ω = ζ1 − 1

2ζ2 +
√

3
2 ζ2 j ∈ E, ζ1 ∈ Z and ζ2 ∈ Z, and thus

|ζ|2 = (ζ1 − 1
2ζ2)2 + 3

4ζ
2 = ζ2

1 − ζ1ζ2 + 1
4ζ

2
2 + 3

4ζ
2
2 = ζ2

1 − ζ1ζ2 + ζ2
2 ∈ Z, since Z is closed under addition,

subtraction and multiplication.
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(ii) signal constellations that posses an algebraic property, i.e., they are isomorphic to �nite
�elds Fq.

Since the interaction between channel code and signal constellation is of great relevance for
the system performance, suited coded-modulation strategies are discussed for both of the
abovementioned approaches. Please note, in this chapter, we restrict to single-user (SISO)
transmission over the AWGN channel. Considering the (MIMO) system equation (2.69), this
corresponds to Ntx = 1, and Nrx = 1, i.e., one single transmit and receive antenna, with the
channel “matrix”H = 1 (no fading). We hence obtain the system equation

¯
y =

¯
x+

¯
n (3.63)

for block-based transmission over the single-user AWGN channel. The combination of the pro-
posed constellations and coded-modulation schemes with MIMO equalization/preequalization
will be discussed in Chapter 5 and Chapter 6.

3.2.1 Signal Constellations for Binary Labeling

We start with the �rst type of signal constellations, where the cardinality is chosen such that an
integer number of bits, denoted as b ∈ N, can directly be mapped to 2b signal points, cf. (2.55).
Then, if binary codes (over F2) are employed, we can directly map b encoded bits to signal
points. Alternatively, codes over Fq, q = 2b, are suited, where a lossless modulus conversion
according to Section 2.2.1.1 is possible, cf. Table 2.1.

3.2.1.1 Construction

ASK Constellations In the real-valued case, M -ary ASK constellations are simply obtained
by choosing Θ = M according to (3.58). Hence, 2b-ary constellations are constructed via

Z2b = (Z ∩RV(2bZ)) + 1
2 , (3.64)

where, since M = 2b is an even number, the o�set o = 1
2 is required to achieve a symmetry

with respect to the origin, i.e., to be zero-mean. An example is given in Figure 3.4, where the
construction of the 4-ary ASK constellation (b = 2) is depicted: the intersection of signal-
points and boundary lattice results in the cyan signal points which are located within the
Voronoi region RV(4Z); via the o�set o, we �nally obtain the symmetric set of signal points
Z4 = {−3

2 ,−
1
2 ,

1
2 ,

3
2}.

QAM Constellations In the complex-valued case, according to (3.60), we have M = |Θ|2.
As a consequence, we can choose Θ =

√
2b to obtain 2b-ary constellations. For the Gaussian

integers, this strategy results in square-QAM constellations

G2b = (G ∩RV(
√

2bG)) + 1
2 · (1 + j) (3.65)

that can, if required, be interpreted as two separate ASK constellations in the quadrature com-
ponents. The o�set o = 1

2 · (1 + j), i.e., 1
2 per component, is required to obtain a zero-mean
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Figure 3.4: Construction of a 4ASK constellation using the intersection of the signal-point lattice Λa = Z
(green points) and the boundary lattice Λb = 3Z (red points), resulting in the four cyan signal points. The
offset o = 1

2 is employed to obtain a related zero-mean constellation Z4 (blue points). The boundaries of
the Voronoi region RV(4Z) are shown in red (dotted: included, dashed: excluded) and the boundaries of its
periodic repetitions, i.e., the ones of the Voronoi cells RQ(4Z, λ), λ ∈ 4Z, in gray. A Gray labeling for b = 2
bits per symbol is exemplarily shown.
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Figure 3.5: Construction of a 16QAM constellation G16 (blue points; Left) and a 16-ary Eisenstein-integer
constellation E16 (blue points; Right) using the intersection of the signal-point lattices Λa = G and Λa = E
(green points) and the boundary lattices Λb = 4G and Λb = 4E (red points). For the 16-QAM constellation,
the offset o = 1

2 · (1+ j) is required to be zero-mean; the initial signal points without offset are drawn in cyan.
The boundaries of the Voronoi regions RV(4G) and RV(4E) are shown in red (dotted: included, dashed:
excluded) and the boundaries of the constellations’ periodic repetitions, i.e., the ones of the Voronoi cells
RQ(4G, λ), λ ∈ 4G, and RQ(4E, λ), λ ∈ 4E, in gray. A Gray labeling for b = 4 bits per symbol is shown for
G16 and a pseudo-Gray labeling (1.5 distinct bits including the periodic extensions) for E16.
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Table 3.2: Scaling factor Θ, variance σ2
a, and constellation-constrained capacity over the AWGN channel

CAWGN(A, σ2
n) ≤ log2(M) for Gaussian-integer (square-QAM) constellations GM (Λa = G) and Eisenstein-

integer constellations EM (Λa = E) over the cardinality M ∈ 2b, b ∈ 2N.

M Λa Θ σ2
a

CAWGN(A, σ2
n) at σ2

a/σ
2
n =̂ log2(M)0 dB 5 dB 10 dB 15 dB 20 dB 25 dB

4 G 2 0.5 0.97 1.72 1.99 2.00 2.00 2.00 2E 0.75 0.93 1.60 1.97 2.00 2.00 2.00

16 G 4 2.5 0.99 1.97 3.16 3.93 4.00 4.00 4E 2.25 0.98 1.96 3.16 3.94 4.00 4.00

64 G 8 10.5 0.99 1.99 3.27 4.68 5.80 6.00 6E 9 0.99 2.00 3.30 4.73 5.83 6.00

256 G 16 42.5 0.99 2.00 3.28 4.73 6.26 7.62 8E 35.625 0.99 2.00 3.31 4.77 6.31 7.67

constellation. In Figure 3.5 (Left), the 16-ary square-QAM constellation is illustrated (b = 4).
The cyan signal points are obtained by the intersection of Λa = G and Λb =

√
16G = 4G;

the o�set o ensures that both components of the related square-QAM constellation G16 (blue
points) are point- (and axis-)symmetric with respect to the origin and thus zero-mean.

Eisenstein-Integer Constellations In the same way, we can de�ne 2b-ary Eisenstein-integer
constellations

E2b = E ∩RV(
√

2bE) . (3.66)

In contrast to ASK and related square-QAM constellations, those Eisenstein-integer constel-
lations are inherently zero-mean as long as the boundaries of the Voronoi region are suitably
handled, i.e., an o�set is not required. We explain this property with the help of Figure 3.5
(Right), where the related 16-ary Eisenstein-integer constellation E16 is shown: Due to the
symmetric (hexagonal) Voronoi region RV(

√
2bE) = RV(4E), the set of signal points which

are not directly located on the boundaries is point- (and axis)-symmetric and thus zero-mean
(the same holds for ASK/QAM without the o�set). In contrast, the points on the three in-
cluded boundaries (dotted in Figure 3.5 (Right)) do not ful�ll this property. However, given
one of these boundaries and the points located thereon, the other two boundaries and their
points are obtained by the multiplication with ω and ω2 = ω∗; hence, the sum of those signal
points is again zero.9 In Figure 3.5, we have, e.g., the points ζ1 = −2, ζ2 = −2ω = 1 −

√
3 j,

and ζ3 = −2ω∗ = 1 +
√

3 j located on the boundaries, with ζ1 + ζ2 + ζ3 = 0.
In Table 3.2, QAM and Einstein-integer constellations are contrasted for the cardinalities

M = 4, 16, 64, and 256. Apart from the scaling factors Θ and the related variances of the
(zero-mean) signal constellations σ2

a, the capacities for transmission over the AWGN channel
as de�ned in (2.64) are given for particular SNRs (in dB), where the maximum capacities read
log2(M). Concerning the variances of the constellations, the Einstein-integer constellations
enable a gain which increases with the cardinality (neglecting the case M = 4): we have a
gain of 2.5

2.25 =̂ 0.4576 dB for M = 16, 10.5
9 =̂ 0.6695 dB for M = 64, and 42.5

35.625 =̂ 0.7673 dB
for M = 256. If M → ∞, we approach a total gain of 0.6247dB + 0.1671 dB = 0.7918 dB,

9 Proof: given any point ς ∈ C, we have ς + ς ω + ς ω∗ = ς − 1
2 ς +

√
3

2 ς −
1
2 ς −

√
3

2 ς = 0.
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achieved by (i) the denser packing of the Eisenstein integers (packing gain) and (ii) the hexago-
nal instead of the square boundaries (shaping gain), cf. Section 3.1.2.1. Regarding the capacities
CAWGN(A, σ2

n), the situation is more complicated. Here, not only the variance of the constella-
tion is relevant; instead, also the arrangement of the signal points, e.g., the number of nearest
neighbors, is of importance for the coded-modulation performance. In general, the bene�ts
of the Eisenstein-integer constellations become signi�cant for large cardinalities—due to the
lowered variance—and in the high-SNR regime—since the impact of the increased number of
nearest neighbors becomes less relevant if the noise variance is low.

3.2.1.2 Coded-Modulation Strategies

In case of coded transmission, the performance substantially depends on the coded-modulation
approach, i.e., the interaction of channel code and signal constellation. In the following, we
discuss two di�erent approaches that are suited for the abovementioned signal constellations.

Bit-Interleaved Coded Modulation In order to enable channel coding with binary codes in
combination with 2b-ary constellations where b > 1, bit-interleaved coded modulation (BICM)
[CTB98, GMC08] can be employed. The related block diagram for single-user (SISO) transmis-
sion is depicted in Figure 3.6.

Channel

FNbit
2 FNenc

2

Π MA¯
q

¯
c

¯
a =

¯
x

FNenc
2 ANsym CNsym

¯
y

¯
q̂

RNenc RNenc FNenc
2 FNbit

2

BICM−DECF2

Π−1
¯
l(log) Log-

Dec. ENC−1
F2

ENCF2

Figure 3.6: Block diagram of BICM for (single-user) transmission over the AWGN channel. The block of
binary source symbols is encoded using a binary channel code (ENCF2). After that, the encoded bits are
interleaved (Π) and mapped to a 2b-ary signal constellation (MA). After transmission over the channel, the
decoding is performed: for each bit, the metric in log-likelihood domain is calculated (vector

¯
l(log)) and the

interleaving is inverted (Π−1) to enable decoding with a log-likelihood domain decoder (Log-Dec.). The
redundancy bits are finally removed by applying the encoder inverse.

In particular, after encoding, the source bits are interleaved, i.e., a permutation

Π : FNenc
2 −→ FNenc

2 (3.67)

is applied. After that, the codeword is split into blocks of b bits which are mapped to the 2b-ary
signal constellation, i.e., χ = log2(M) = b encoded symbols are mapped to one signal point,
cf. (2.55). Assuming a single-user AWGN channel, the data symbols can directly be radiated.
At the receiver side, binary decoding is performed. To this end, a metric calculation for the bits
with index i = 1 . . . , Nenc is required. This metric is most often represented as log-likelihood
ratio which, for the AWGN channel, reads

l
(log)
i {

¯
y} = log


∑
α∈A(0)

j
e−
|yτ−α|2

σ2
n

∑
α∈A(1)

j
e−
|yτ−α|2

σ2
n

 ∈ R , i = 1, . . . , Nenc , (3.68)
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with the indices

j = remb{i}+ 1 = 1, . . . , b , (3.69)

τ =
⌊
i

b

⌋
+ 1 = 1, . . . , Nsym . (3.70)

More speci�cally, the index j denotes the position within the blocks of b bits that are mapped
to constellation points and the subsets A(0)

j and A(1)
j all constellation points that represent

the bits 0 and 1 at position j, respectively. The related likelihoods are obtained by evalu-
ating the PDF of (radial-symmetric) complex Gaussian noise with variance variance σ2

n. All
log-likelihood values are �nally combined into the vector

¯
l(log) = [l(log)

1 , . . . , l
(log)
Nenc ] ∈ RNenc . Be-

fore the decoding algorithm (operating in log-likelihood domain) can be applied, the inverse
interleaving has to be applied to this vector, i.e., a function

Π−1 : RNenc −→ RNenc (3.71)

is present. The block of estimated source symbols is �nally obtained by applying the encoder
inverse. Please note, the metric calculation inherently contains the demapping from signal
points to bits, previously denoted asM−1

A .
Even though BICM is a suboptimal approach, i.e., the constellation-constrained capacities

are not achieved, at least in the high-SNR regime a performance close to the theoretical limits
is possible if the interleaving straightens out the dependencies between the bit-log-likelihoods
within one codeword, cf., e.g., [CTB98, GMC08]. However, to that end, a Gray labeling is re-
quired: the bits have to be labeled in such a way that the nearest neighbors of any constellation
point possess only one distinct bit (with respect to the blocks of b bits that are mapped to the
data symbols). For 2b-ary constellations based on the integers or the Gaussian integers, par-
ticularly the ASK and square-QAM constellations according to (3.64) and (3.65), such a Gray
labeling is possible, cf. [CTB98] or [PS08, p. 940]. In Figure 3.4 and Figure 3.5 (Left), a Gray
labeling for 4ASK and 16QAM, respectively, is exemplarily shown. Noteworthy, the Gray la-
beling not only holds for the constellations points, but also for the nearest neighbors including
all signal points from the constellations’ periodic extensions.

Considering 2b-ary Eisenstein-integer constellations according to (3.66), we have the prob-
lem of ι(EM) = 6 instead of ι(GM) = 4 nearest neighbors; hence, a Gray labeling is not pos-
sible. Nevertheless, we can �nd a pseudo-Gray labeling where, on average, 1.5 distinct bits
are present—including the points from the constellation’s periodic extensions. Such a pseudo-
Gray labeling is shown in Figure 3.5 (Right) for M = 16. If, e.g., in case of single-user trans-
mission over the AWGN channel, these periodic extensions are not relevant, the situation is
di�erent. Then, in Figure 3.5 (Right), we have only have 1.42 distinct bits. Depending on the
cardinality, even a better labeling is possible. In Figure 3.7, an alternative labeling is depicted
which has been obtained by brute-force search. Here, neglecting the signal points from the
periodic extensions, only 1.33 distinct bits are present. As a consequence, the performance of
BICM (over the AWGN channel) can be improved. In contrast, if we incorporate the exten-
sions, we have a degradation due to 1.71 distinct bits. However, if M → ∞, the minimum
number of distinct bits will converge to 1.5 even when the periodic extensions are neglected.
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Figure 3.7: Alternative bit labeling for the 16-ary Eisenstein-integer constellation E16 from Figure 3.5. Ne-
glecting the periodic extensions of the signal constellation, i.e., the neighboring signal points located outside
the Voronoi region RV(4E), on average 1.33 distinct bits (instead of 1.42) are present among the nearest
neighbors. If the periodic extensions are included, the number is increased to 1.71 (instead of 1.5) instead.

BICM is often combined with binary LDPC codes [Gal63, RSU01, LLA+17], which can ef-
�ciently be decoded via belief propagation [Pea82, FMI99, MK07], also known as sum-product
message passing. Due to numerical stability issues, the belief propagation algorithm is most
often implemented in log-likelihood domain, cf. [FMI99]. To this end, the bit-log-likelihoods
according to (3.68) can be employed. In the �eld of digital communications, the parity-check
matrices de�ned in the Digital Video Broadcasting–Satellite 2 (DVB-S2) standard [ETSI14] are
very popular. They are actually taken from the subclass of irregular repeat-accumulate (IRA)
codes [JKM00], which enable systematic encoding via related generator matrices. Brie�y spo-
ken, the Nenc − Nbit right columns of the parity-check matrices have a staircase shape that
ensures full rank; as a consequence, the generator matrices can be obtained by means of Gaus-
sian elimination. Unfortunately, the codes in DVB-S2 only exist for a few particular codes
rates. For that reason, we employ an alternative heuristic, pseudo-random construction based
on IRA codes which is described in Appendix A.1. Besides, due to block-based transmission, a
block interleaver is convenient, e.g., the one de�ned in [ETSI14, Section 5.3.3].

Coded Modulation with Non-Binary Codes For 2b-ary signal constellations, an alternative
to BICM is the employment of non-binary channel codes over Fq, where q = 2b. Then, each
�nite-�eld element can be mapped to one associated constellation point. In Figure 3.8, the
related block diagram for the single-user AWGN channel is shown.

First, the block of source bits is represented by an equivalent block of symbols drawn from
F2b , cf. Section 2.2.1.1. In particular, the parameters µ = b and ν = 1 are chosen, i.e., the
subblocks of b bits (drawn from Fb2) are simply interpreted as equivalent elements from the
extension �eld F2b . Following this, the whole block of converted source symbols is encoded
and the symbols of the resulting codeword are individually mapped to data symbols drawn
from the 2b-ary signal constellation. As each encoded symbol is mapped to one data symbol,
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Figure 3.8: Block diagram of coded modulation with non-binary, 2b-ary channel codes. First, the block of
source bits is converted to an equivalent block of symbols over F2b (MF2b

). This block is encoded (ENCF2b
)

and mapped to a 2b-ary signal constellation (MA). After transmission over the channel, the probability matrix
L (in probability domain) is calculated and forwarded to the decoding algorithm (Decoding) that operates over
F2b . After applying the encoder inverse (ENC−1

F2b
), the block of estimated converted source symbols is present.

They are reconverted (M−1
F2b

) to the block of estimated bits.

we have χ = log2b(M) = 1, and hence Nenc = Nsym. After transmission over the channel,
non-binary decoding has to be performed. To this end, we have to calculate a respective metric.
In case of the AWGN channel model this metric is obtained by evaluating the PDF of complex
Gaussian noise with respect to all constellation points inA = {α1, . . . , α2b}; in each time step
τ they are combined into the vector (R+ denotes the positive real numbers)

l̃τ{
¯
y} =


e−
|yτ−α1|

2

σ2
n

...

e−
|yτ−α2b |

2

σ2
n

 ∈ R2b
+ , τ = 1, . . . , Nenc = Nsym . (3.72)

It is convenient to normalize these vectors to obtain the probability vectors

lτ{
¯
y} =

l̃τ{
¯
y}∑2b

u=1 l̃u,τ{
¯
y}
∈ [0, 1]2b (3.73)

with
∑2b
u=1 lu,τ{

¯
y} = 1, which are combined into the matrix L = [l1, . . . , lNsym ] ∈ [0, 1]2b×Nsym

that is forwarded to the decoding algorithm for non-binary channel codes over F2b . After
decoding, the encoder inverse is applied to obtain the block of estimated converted source
symbols, which are �nally reconverted to the block of estimated bits, cf. Section 2.2.3.2.

In contrast to BICM, the probability vectors are inherently independent over time if white
(Gaussian) noise is assumed, i.e., a related performance degradation is not present and an in-
terleaver is not required. Besides, the particular labeling from encoded symbols (over F2b) to
constellation points (drawn fromA) can arbitrarily be chosen.10 Nevertheless, the combination
of non-binary channel codes—particularly non-binary LDPC codes—with coded modulation
over 2b-ary signal constellations is not very well studied in the literature. Most publications on
non-binary LDPC codes have evolved from the �eld of coding theory rather than from the �eld
of coded modulation schemes and are thus usually combined with binary phase-shift keying
(BPSK). More speci�cally, non-binary (2b-ary) LDPC codes and a related (probability-domain)

10 If decoding fails, a (hard) quantization to the nearest constellation points might be necessary or inherently
be performed by the decoding algorithm. In that case, is advantageous to apply an indirect Gray labeling (or
pseudo-Gray labeling), i.e., to label the �eld elements drawn from F2b in such a way that their equivalent bit
representations possess only one distinct bit for neighboring signal points.
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belief-propagation decoding approach have been proposed in [DM98], however, in combi-
nation with BPSK. Thereby, we have the issue of a related representation in log-likelihood
domain: when performing belief propagation, the probability vectors (instead of the likeli-
hood ratios in the binary case) are convolved; this operation includes additions which cannot
equivalently be expressed in log-likelihood domain, cf. e.g., [DF07, CML+12]. A non-binary
log-domain decoder for LDPC has been proposed in [DF07], where the probability vectors ac-
cording to (3.72) can be represented in log-likelihood domain. The decoder is, though, based
on the min-sum algorithm [ZB02], which exhibits a loss in performance with respect to con-
ventional belief propagation, cf. [DF07].

In this work, we hence apply non-binary probability-domain belief-propagation decod-
ing in combination with 2b-ary LDPC codes using the probability vectors as given in (3.72)
or (3.73), respectively. In Appendix A.2, such a decoder is generally de�ned for coding over Fq,
i.e., the arithmetic can be adapted to the particular �eld. Concerning 2b-ary LDPC codes, vari-
ous constructions have been proposed in the literature, e.g., the one in [DM98] or algebraic
constructions of quasi-cyclic non-binary LDPC codes in [ZKS+09, ZKT+09, KHZ+10], to only
name a few. Nevertheless, in order to enable systematic encoding, we employ the heuristic
pseudo-random IRA construction de�ned in Appendix A.1, i.e., the same as for BICM with the
only di�erence that the non-zero elements of the parity-check matrix are randomly chosen
among all (non-zero) �eld elements.

3.2.2 Signal Constellations with Algebraic Property

Apart from signal constellations with cardinality M = 2b we additionally consider a second
class: signal constellations that possess an algebraic property, i.e., where the set of signal points
is isomorphic to �nite �elds.

3.2.2.1 Construction

Algebraic ASK and QAM Constellations Taking advantage of the isomorphism between the
arithmetic over the �nite �eld Fp, where p is a prime, and the related integer modulo-p arith-
metic (cf. Section 2.1.3 and Example 2.1), we can de�ne p-ary ASK constellations

Zp = Z ∩RV(pZ) ' Fp (3.74)

by employing the prime scaling factor Θ = p according to (3.58), cf. the 3-ary ASK constella-
tion depicted in Figure 3.2. The mapping from the p �nite �eld elements of Fp = {0, 1, . . . }
to the signal points of Zp = {α1, . . . , αp} is inherently de�ned by

αψp(c)+1 = modpZ{ψp(c)} , c ∈ Fp . (3.75)

The only di�erence to the isomorphism given in (2.20) and (2.21) is the employment of the sym-
metric modulo function modpZ{·} instead of the asymmetric one remp{·} as de�ned in (2.19)—
in order to be zero-mean (for p > 2). Nevertheless, the isomorphism still holds, though, in
another manifestation, as shown in Example 3.1.
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Example 3.1: Isomorphism between prime-field and symmetric modulo-pZ arithmetic

By analogy with Example 2.1, we consider the field F7. The elements c1 = 3 and c2 = 4 with
mod7Z{ψ7(c1)} = 3 and mod7Z{ψ7(c2)} = −3 are given. The addition of both finite field
elements reads

3⊕ 4 = 0

and in symmetric modulo-pZ arithmetic we have

mod7Z{3− 3} = 0 = ψ7{0} .

The multiplication of both finite field elements is given by

3� 4 = 5

and in symmetric modulo-pZ arithmetic we have

mod7Z{3 · (−3)} = mod7Z{−9} = −2 = mod7Z{ψ7(5)} .

For transmission represented in ECB domain, those particular ASK constellations can be
employed if the quadrature components are independently processed (cf. Section 2.4.2), or if
they are combined into p2-ary square-QAM constellations

Gp2 = Zp + Zp j , (3.76)

where both components are separately labeled. Then, the isomorphism is, independently from
each other, present in both quadrature components. This, e.g., holds for the 9-ary square-
QAM constellation which is shown in Figure 3.3. In Table 3.3, all p2-ary QAM constellations
(Λa = Z2) and their related parameters are listed for 2 < p ≤ 13. The other entries with
Λa = G and Λa = E will be explained below.

Gaussian-Prime Constellations Similar to the abovementioned real-valued algebraic signal
constellations (and their two-dimensional extensions), we can derive algebraic constellations
that are directly de�ned over the complex numbers, in particular over the Gaussian or Eisen-
stein integers. We start with the former, where algebraic constellations can be constructed
using two di�erent types of so-called Gaussian primes [Hub94b, Bos99]:

(i) A Gaussian integer $ = $1 +$2 j ∈ G, $1, $2 ∈ Z, is called Gaussian prime (Type (i))
if its squared absolute value ful�lls

|$|2 = $2
1 +$2

2 = p , (3.77)

where p is a real-valued prime with

rem4{p} = 1 , (3.78)

e.g., p = 5, 13, 17, 29, 37, . . . In the construction of Voronoi constellations according
to (3.61), these Gaussian primes are used as the complex-valued scaling factor Θ = $
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Table 3.3: Isomorphism to finite fields ('), scaling factorΘ, variance σ2
a, and constellation-constrained capac-

ity over the AWGN channel CAWGN(A, σ2
n) ≤ log2(M) for p2-ary square-QAM constellations (eitherΛa = Z2

with separate labeling in the quadrature components or Λa = G with joint labeling in the quadrature com-
ponents) and Eisenstein-integer constellations (Λa = E).

M=p2 Λa ' Θ = p σ2
a

CAWGN(A, σ2
n) at σ2

a/σ
2
n =̂ log2(M)0 dB 5 dB 10 dB 15 dB 20 dB 25 dB

9 Z2 F2
p 3 1.33 0.99 1.94 2.90 3.17 3.17 3.17 3.17G Fp2

25 Z2 F2
p 5 4.00 0.99 1.98 3.23 4.36 4.64 4.64 4.64E Fp2 3.60 0.99 1.99 3.25 4.37 4.64 4.64

49 Z2 F2
p 7 8.00 0.99 1.99 3.26 4.65 5.53 5.61 5.61G Fp2

121
Z2 F2

p

11 20.00 0.99 2.00 3.28 4.71 6.17 6.88 6.92G Fp2E 16.91 0.99 2.00 3.31 4.76 6.22 6.90
169 Z2 F2

p 13 28.00 0.99 2.00 3.28 4.72 6.23 7.27 7.40

for the boundary lattice Λb = $G to de�ne zero-mean constellations with cardinality
M = |Θ|2 = p, cf. (3.60). More speci�cally, the constellation points are de�ned as

Gp = G ∩RV($G) ' Fp , (3.79)

i.e., via the Voronoi regionRV($G) of a scaled and rotated variant of G, as determined
byΘ = $. By analogy with algebraic ASK constellations in (3.75), the modulo reduction

αψp(c)+1 = mod$G{ψp(c)} , c ∈ Fp , (3.80)

inherently de�nes a mapping from the �nite-�eld elements drawn fromFp to isomorphic
Gaussian integers11 which form the signal constellation Gp = {α1, . . . , αp}. Then, addi-
tion (subtraction) and multiplication (division) over Fp correspond to addition (subtrac-
tion) and multiplication (division) modulo-$G in the complex plane [Hub94b, Bos99].

(ii) A Gaussian integer $ ∈ G is called Gaussian prime (Type (ii)) if it is a (real-valued)
prime, i.e., $ = p, with

rem4{p} = 3 , (3.81)

e.g., p = 3, 7, 11, . . . Applying the scaling factor Θ = p in the construction (3.61), we
obtain the zero-mean p2-ary signal constellation12

Gp2 = G ∩RV(pG) ' Fp2 (3.82)

11 In [Hub94b], this modulo operation has only been de�ned over Gaussian integers. In the context of the
construction via the intersection of signal-point and boundary lattice according to (3.61), we can generalize the
modulo operation to operate over C, e.g., in order to obtain the boundaries of the Voronoi regionRV($G) or to
calculate distances modulo-$G.

12 In [Hub94b], purely imaginary Gaussian primes $ = p j have been taken instead. Both variants are
equivalent due to a rotational invariance of the constellations with respect to rotations by π

2 .
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where the mapping from �nite �eld elements drawn from Fp2 is inherently performed
according to

αψp(c1)+ψp(c2)p+1 = modpG{ψp(c1) + ψp(c2) j} , c1, c2 ∈ Fp , (3.83)

i.e., split into real and imaginary part. These signal constellations Gp2 = {α1, . . . , αp2}
are isomorphic to the respective �nite �eld Fp2 [Hub94b].

The parameters of all Gaussian-prime constellations of Type (i) up to p = 127 are listed in
Table 3.4. Please note, the related scaling factorsΘ, i.e., the Gaussian primes according to (3.77)
are not unique; in Table 3.4, they have been chosen to be located within the �rst quadrant of
the complex plane, with $1 ≥ $2. The respective constellations for M = 13 and M = 37
are exemplarily depicted in Figure 3.9 (Left). We clearly see that—due to a complex-valued
scaling factor—the square boundaries of the Voronoi cells are rotated in the complex plane, cf.
Section 3.1.2.1. Besides, the inherent labeling of the �nite-�elds elements de�ned by (3.80) is
given in the illustrations. The isomorphism between �nite �elds Fp and the related Type (i)
Gaussian-prime constellations is exemplarily considered in Example 3.2.

Example 3.2: Isomorphism between prime-field and modulo-$G arithmetic

We consider the finite field F13 and the related Gaussian-prime constellation G13 with the
Gaussian prime $ = 3 + 2 j. The elements c1 = 2 and c2 = 3 with mod$G{ψ13(c1)} = 2 and
mod$G{ψ13(c2)} = −2 j are given. The addition of both finite field elements reads

2⊕ 3 = 5

and in modulo-$G arithmetic we have

mod$G{2− 2 j} = j = mod$G{ψ13(5)} .

The multiplication of both finite field elements is given by

2� 3 = 6

and in modulo-$G arithmetic we have

mod$G{2 · (−2 j)} = mod$G{−4 j} = 1 + 1 j = mod$G{ψ13(6)} .

The p2-ary Type (ii) Gaussian-prime constellations according to (3.83) result in the same
square-QAM constellations as already obtained from independent labeling of the quadrature
components in (3.75). The only di�erence is that the Gaussian-prime ones are isomorphic
to extension �elds Fp2—instead of F2

p as present for separate labeling. Hence, excluding the
isomorphism, the parameters and properties are the same as can be seen from Table 3.3.
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Figure 3.9: Construction of 13-ary (Top) and 37-ary (Bottom) Gaussian-prime constellations Gp ' Fp (Left)
and Eisenstein-prime constellations Ep ' Fp (Right) using the intersection of the signal-point lattice Λa = G
orΛa = E (green points) and the boundary latticeΛb = $G orΛb = $E (red points), where$ is the related
Gaussian/Eisenstein prime: Top, Left: $ = 3+2 j. Top, Right: $ = 4+1ω. Bottom, Left: $ = 6+1 j. Bottom,
Right: $ = 7 + 3ω. The boundaries of the Voronoi regions RV(Λb) are shown in red (dotted: included,
dashed: excluded) and the boundaries of the constellations’ periodic repetitions, i.e., the ones of the Voronoi
cells RQ(Λb, λ), λ ∈ Λb, in gray. The respective labeling of the finite-field elements is additionally shown.
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Table 3.4: Parameters and properties of Gaussian-prime constellations Gp ' Fp (Λa = G) and Eisenstein-prime
constellations Ep ' Fp (Λa = E), p prime: scaling factor Θ = $, variance σ2

a, and constellation-constrained
capacity over the AWGN channel CAWGN(A, σ2

n) ≤ log2(M).

M=p Λa Θ = $ σ2
a

CAWGN(A, σ2
n) at σ2

a/σ
2
n =̂ log2(M)0 dB 5 dB 10 dB 15 dB 20 dB 25 dB

5 G 2 + 1 j 0.80 0.98 1.81 2.28 2.32 2.32 2.32 2.32
7 E 3 + 1ω 0.86 0.99 1.94 2.71 2.81 2.81 2.81 2.81

13 G 3 + 2 j 2.15 0.99 1.97 3.10 3.67 3.70 3.70 3.70E 4 + 1ω 1.85 0.99 1.99 3.12 3.68 3.70 3.70
17 G 4 + 1 j 2.82 0.99 1.97 3.16 3.99 4.09 4.09 4.09
19 E 5 + 2ω 2.53 0.99 1.99 3.24 4.15 4.25 4.25 4.25
29 G 5 + 2 j 4.83 0.99 1.99 3.25 4.45 4.85 4.86 4.86
31 E 6 + 1ω 4.26 0.99 2.00 3.28 4.54 4.95 4.95 4.95

37 G 6 + 1 j 6.16 0.99 1.99 3.25 4.56 5.18 5.21 5.21E 7 + 3ω 5.03 0.99 2.00 3.28 4.62 5.19 5.21
41 G 5 + 4 j 6.83 0.99 1.99 3.27 4.62 5.31 5.36 5.36
43 E 7 + 1ω 6.00 0.99 2.01 3.30 4.67 5.39 5.43 5.43
53 G 7 + 2 j 8.83 0.99 2.00 3.27 4.66 5.61 5.73 5.73

61 G 6 + 5 j 10.16 0.99 1.99 3.28 4.69 5.76 5.93 5.93E 9 + 4ω 8.36 0.99 2.00 3.29 4.72 5.80 5.93
67 E 9 + 2ω 9.31 0.99 2.01 3.31 4.74 5.88 6.07 6.07

73 G 8 + 3 j 12.16 0.99 2.00 3.28 4.71 5.91 6.19 6.19E 9 + 1ω 10.11 0.99 2.00 3.30 4.74 5.96 6.19
79 E 10 + 3ω 10.94 0.99 2.00 3.30 4.74 6.01 6.30 6.30
89 G 8 + 5 j 14.83 0.99 2.00 3.29 4.72 6.05 6.47 6.48

97 G 9 + 4 j 16.16 0.99 2.00 3.29 4.72 6.09 6.59 6.60E 11 + 3ω 13.48 0.99 2.01 3.31 4.76 6.14 6.59
101 G 10 + 1 j 16.83 0.99 1.99 3.28 4.71 6.10 6.64 6.66
103 E 11 + 2ω 14.27 0.99 2.01 3.31 4.76 6.17 6.68 6.69

109 G 10 + 3 j 18.17 0.99 2.00 3.29 4.72 6.14 6.75 6.77E 12 + 5ω 15.19 0.99 2.01 3.30 4.75 6.18 6.75
113 G 8 + 7 j 18.83 0.99 2.00 3.28 4.73 6.16 6.79 6.82
127 E 13 + 6ω 17.53 0.99 2.00 3.30 4.76 6.23 6.96 6.99

Eisenstein-Prime Constellations Similar to Gaussian-prime constellations, we are able to ob-
tain complex-valued algebraic signal constellation over Eisenstein integers using two di�erent
types of so-called Eisenstein primes [Hub94a, SYHS13]:

(i) An Eisenstein integer $ = $1 +$2 ω ∈ E, $1, $2 ∈ Z, ω denoting the Eisenstein unit,
is called Eisenstein prime (Type (i)) if its squared absolute value ful�lls

|$|2 = $2
1 +$2

2 = p , (3.84)

where p is a real-valued prime with

rem6{p} = 1 , (3.85)

e.g., p = 7, 13, 19, 31, 37, . . . By analogy with Gaussian primes (Type (i)), these Eisen-
stein primes can be used to construct Voronoi constellations according to (3.61), particu-
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larly by employing them as the complex-valued scaling factor Θ = $ for the boundary
lattice Λb = $E to de�ne zero-mean constellations with cardinality M = |Θ|2 = p.
The constellation points are then given as

Ep = E ∩RV($E) ' Fp (3.86)

and the modulo reduction

αψp(c)+1 = mod$E{ψp(c)} , c ∈ Fp , (3.87)

de�nes an isomorphic mapping from Fp to equivalent Eisenstein integers13 that form the
signal constellation Ep = {α1, . . . , αp}. Again, addition (subtraction) and multiplica-
tion (division) over Fp correspond to addition (subtraction) and multiplication (division)
modulo-$E in the complex plane [Hub94a, SYHS13].

(ii) An Eisenstein integer $ ∈ E is called Eisenstein prime (Type (ii)) if it is a (real-valued)
prime, i.e., $ = p, with

rem3{p} = 2 , (3.88)

e.g., p = 5, 11, . . . Using the construction (3.61), the scaling factor Θ = p results in

Ep2 = G ∩RV(pE) ' Fp2 (3.89)

where the mapping from Fp2 to constellation points is performed according to

αψp(c1)+1+ψp(c2)p = modpE{ψp(c1) + ψp(c2) j} , c1, c2 ∈ Fp . (3.90)

These signal constellations Ep2 = {α1, . . . , αp2} are again isomorphic to the respective
�nite �eld Fp2 [Hub94a].

The parameters and properties of all Type (i) Eisenstein-prime constellations up to p = 127
are listed in Table 3.4—together with the Gaussian-primes ones of Type (i) as mentioned before.
The related scaling factors, i.e., the Eisenstein primes $, were chosen such that $1 ≥ $2, and
$1, $2 > 0. When we compare the Eisenstein-prime with the Gaussian-prime constellations
for the cardinalities where both of them exist (e.g., M = 13, 37, 61, . . . ), we once again notice
the superiority of the Eisenstein lattice due to the packing and shaping gain: the variance of
the constellation is lowered, and the capacity over the AWGN channel is increased in the mid-
to-high SNR regime. Moreover, the 13-ary and 37-ary Eisenstein constellations are shown
in Figure 3.9 (Right)—next to the equivalent Gaussian-prime ones. As Eisenstein primes are
used as the scaling factor for the boundary lattice, we see that the Voronoi cells are rotated
in the complex plane. The labeling of the �nite-�elds elements to constellation points as de-
�ned by the modulo operation by (3.87) is additionally shown. The respective isomorphism is
exempli�ed in Example 3.3.

13 In [Hub94a, SYHS13], this modulo operation has only been de�ned over Eisenstein integers (as the input).
By analogy to Gaussian-prime constellation, we generalize this operation to input values drawn from all over C.
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Example 3.3: Isomorphism between prime-field and modulo-$E arithmetic

By analogy with Example 3.2, we consider the finite field F13 and the related Eisenstein-prime
constellation E13 with the Eisenstein prime$ = 4+1ω. The elements c1 = 2 and c2 = 3 with
mod$E{ψ13(c1)} = −2 − 1ω = −3

2 −
√

3
2 j and mod$E{ψ13(c2)} = −1 − 1ω = −1

2 −
√

3
2 j

are given. The addition of both finite field elements reads

2⊕ 3 = 5

and in modulo-$E arithmetic we have

mod$E{−3− 2ω} = 1− ω = 3
2 −
√

3
2 j = mod$E{ψ13(5)} .

The multiplication of both finite field elements is given by

2� 3 = 6

and in modulo-$E arithmetic we have

mod$E{(−2− 1ω) · (−1− 1ω)} = mod$E{1 + 2ω} = 1 + 2ω =
√

3 = mod$E{ψ13(6)} .

The p2-ary type-(ii) Eisenstein-prime constellations up to M = p2 = 121 are listed in
Table 3.3 alongside the p2-ary square-QAM constellations. In particular, if p > 2, this concerns
the constellations withM = 25 (p = 5) andM = 121 (p = 11). For these cardinalities, we can
bene�t from the packing and shaping gain of the Eisenstein lattice. This becomes apparent
from the variances σ2

a and the constellation-constrained capacities over the AWGN channel—
thereby, we can take advantage of the isomorphism to the extension �eld Fp2 , too.

3.2.2.2 Coded-Modulation Strategies

Since the cardinality of all abovementioned types of algebraic signal constellation is generally
not a power of two, i.e., log2(M) /∈ N, a direct labeling of bits to signal points is not possible
and BICM cannot be performed. Nevertheless, we can take advantage of the isomorphism
between these signal constellations and the related �nite �elds Fq, where q = p or q = p2,
respectively, depending on the particular constellation. More precisely, it is straightforward
to combine these constellations with channel codes over the respective �eld Fq. Then, the q
elements of Fq = {0, 1, . . . } are directly mapped to one data symbols of the signal constella-
tionA = {α1, . . . , αq}, forming an isomorphism between both representations if the mapping
is performed with the related modulo operations, speci�cally (3.75) for p-ary algebraic ASK
constellation, (3.80) or (3.87) for p-ary Gaussian-/Eisenstein-prime constellations, and (3.83)
or (3.90) for p2-ary Gaussian-/Eisenstein-prime constellations.

In Figure 3.10, the end-to-end block diagram for transmission of binary source symbols
over algebraic (q-ary) signal constellations in combination with q-ary channel codes is shown.
First, the block of source bits is converted to equivalent q-ary source symbols that are used
for channel encoding over Fq, cf. Section 2.2.1.1. A conversion loss is generally present if
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Figure 3.10: Block diagram of coded modulation with non-binary, q-ary channel codes in combination with
q-ary algebraic signal constellations. First, the block of source bits is converted to an equivalent block of
symbols over Fq (MFq ). This block is encoded (ENCFq ) and mapped to the related q-ary algebraic signal
constellation (MA). After transmission over the channel, the probability matrix L (in probability domain)
is calculated and used to run the decoding algorithm (Decoding) that operates over Fq. After applying the
encoder inverse (ENC−1

Fq
), the block of estimated converted source symbols is obtained. They are reconverted

(M−1
Fq

) to the block of estimated bits.

q = p or q = p2, p > 2 (cf. Table 2.1). The encoded symbols are subsequently mapped to
their isomorphic representation over the Euclidean space; since χ = logq(M) = logq(q) = 1,
exactly one encoded symbol is mapped to one constellation point and we have Nenc = Nsym.
These data symbols are radiated over the channel. At the receiver, the metric for decoding has
to be calculated. As q-ary signal constellations are employed, for the AWGN channel model
we obtain

l̃τ{
¯
y} =


e−
|yτ−α1|

2

σ2
n

...

e−
|yτ−αq |2

σ2
n

 ∈ Rq
+ , τ = 1, . . . , Nenc = Nsym , (3.91)

by analogy with (3.72). The probability vectors are obtained via the normalization

lτ{
¯
y} =

l̃τ{
¯
y}∑q

u=1 l̃u,τ{
¯
y}
∈ [0, 1]q (3.92)

and combined into the probability matrix L ∈ [0, 1]q×Nsym which is given to the channel-
decoding algorithm that operates overFq. The encoder inverse results in the block of estimated
q-ary converted source symbols; they are reconverted to the related block of estimated bits.
Please note, the transmission model depicted in Figure 3.10 holds for both real- and complex-
valued signal constellations, i.e., algebraic ASK and Gaussian-/Eisenstein-prime constellations.
If, in ECB-domain representation, the quadrature components are separately labeled, i.e., two
independent ASK constellation are combined into one p2-ary QAM constellation according to
(3.76), all steps in Figure 3.10 are separately performed for both components.14

The isomorphism between the signal constellation and the related �nite �eld Fq has a di-
rect consequence on the connection of the code C

(Nsym)
Fq over the Hamming space, cf. (2.51),

and the related code over the Euclidean space C(Nsym), cf. (2.54). In particular, if the code is
linear, all linear combinations of valid codewords form again valid codewords [Bos99, De�-
nition 1.3]. Due to the isomorphism, linear combinations of all blocks of constellation points

14 In that case, the metric calculation according to (3.91) is still valid as long as σ2
n = 2σ2

n,r denotes the (total)
noise variance of the complex-valued zero-mean white Gaussian noise, where σ2

n,r is the variance of the real-
valued noise (per component): in the PDF of real-valued Gaussian noise, we have the expression 2σ2

n,r in the
denominator of the exponential term, which can simply be replaced by σ2

n = 2σ2
n,r.
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¯
a ∈ C(Nsym) then form valid codewords over the Euclidean space (in modulo-Λb arithmetic),
which are isomorphic to the related linear combinations over the Hamming space. For 2b-ary
signal constellations (b > 2), this is generally not the case since an isomorphism cannot be
established. Noteworthy, this property is not relevant for transmission over the AWGN chan-
nel. It is, however, relevant for coded modulation in combination with LRA or IF equalization
which will further be discussed in Chapter 6.

Similar to coded modulation for 2b-ary signal constellations as discussed in Section 3.2.1.2,
we can employ non-binary LDPC codes as a linear code class for coded modulation in combi-
nation with algebraic constellations. The only di�erence is that they are now de�ned over Fp
or Fp2 , instead of F2b . Unfortunately, in the literature on non-binary LDPC codes, the focus is
usually on 2b-ary LDPC codes and their decoding, cf., e.g., [DM98, DF07, CML+12]. Neverthe-
less, (probability-domain) belief-propagation decoding can easily be adapted to the arithmetic
over Fp or Fp2 . In particular, the probability-domain belief-propagation decoder given in Ap-
pendix A.2 can operate over arbitrary �elds Fq, i.e., it suited for 2b-ary, p-ary, and p2-ary coded
modulation. An alternative decoder in log-likelihood domain is the extended min-sum decoder
proposed in [DF07]. In that paper, the decoder is de�ned over F2b , but the authors mention
the possibility to adapt the approach to arbitrary �eld orders. Concerning code constructions
for p-ary or p2-ary codes, especially algebraic constructions are available in the literature, e.g.,
the publications [ZKS+09, ZKT+09, KHZ+10] which were already mentioned in the context of
2b-ary codes. Besides, in [YYYA15], degree distributions for the parity-check matrix of p-ary
IRA codes are derived. However, to enable linear encoding and �exible code rates, we employ
the same pseudo-random IRA-based code construction according to Appendix A.1 for binary,
2b-ary, p-ary, and p2-ary coded modulation; the variants only di�er in the values the non-zero
elements of the parity-check matrix can take.

3.3 Discussion and Numerical Results

In the following, we brie�y summarize relevant parameters and properties of all Voronoi con-
stellations that were derived in the previous section. This particularly includes a comparison
of constellations that are based on the Gaussian integers with equivalent ones based on the
Eisenstein integers. Results obtained from numerical simulations are �nally provided to assess
the related performance for transmission over the single-user AWGN channel. These results
will serve as a reference for the multiuser transmission performance that will be assessed in
the following chapters.

3.3.1 Overview of Signal Constellations and Coded-Modulation Schemes

We start with an overview of the Voronoi constellations that were derived in this chapter. In
Table 3.5, they are categorized into 2b-ary, p-ary, and p2-ary constellations, and re�ned into
real-valued constellations based on Λa = Z, as well as complex-valued constellations based
on Λa = G and Λa = E. We subsequently review the most important properties.

For coded modulation, the 2b-ary signal constellations can be combined with channel cod-
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Table 3.5: Overview of Voronoi constellations: cardinalityM , type of constellationA, signal-point latticeΛa,
scaling factor for the boundary lattice Θ, offset o to be zero-mean, number of nearest neighbors ι, squared
minimum distance d2

min, isomorphism ', coded modulation approaches, and condition on the cardinality.

M A Λa Θ o ι d2
min ' Coded Modulation Condition

2b
Z2b Z 2b 1

2 2
1 − F2b , BICM

b ∈ N
G2b G √

2b
1
2(1 + j) 4

b ∈ 2NE2b E 0 6

p
Zp Z p

0
2

1 Fp Fp
p > 2

Gp G
$, |$|2 = p

4 rem4{p} = 1
Ep E 6 rem6{p} = 1

p2 Gp2 G
$ = p 0 4 1 Fp2 Fp2

rem4{p} = 3
Ep2 E 6 rem3{p} = 2

ing over F2b , or with BICM, i.e., binary channel codes can be employed. If the integers or the
Gaussian integers are chosen to be the signal-point lattice (ASK and QAM constellations), an
o�set is required to be zero-mean. The 2b-ary sets of signal points do not possess an isomor-
phism to �nite �elds (b > 1). If the quadrature components of the complex-valued transmit
and receive signal are treated separately, cf. Figure 2.15, the 2b-ary ASK constellations corre-
spond to 22b-ary square-QAM ones in equivalent complex-valued representation.

Algebraic, p-ary ASK constellations are obtained by choosing Θ = p, were p is a prime.
Using this kind of ASK constellation in each of the quadrature components separately, we ac-
tually obtain a p2-ary square-QAM constellation in ECB-domain representation. Alternatively,
algebraic constellations are directly de�ned over the complex numbers by choosing the scal-
ing factor to be a Gaussian or Eisenstein prime (Type (i)). The p-ary algebraic constellations
do not require an o�set to be zero-mean. They are isomorphic to the respective �nite �eld Fp,
i.e., coded modulation with p-ary channel codes is straightforward.

Apart from the possibility to obtain p2-ary square-QAM constellations as the combination
of (separately labeled) ASK constellations per dimension, we can construct p2-ary algebraic
constellations if we employ Gaussian or Eisenstein primes (Type (ii)) as the scaling factor for
the boundary lattice. Those constellations are isomorphic to the extension �eld Fp2 , i.e., coded
modulation in combination with p2-ary channel codes is suited.

All signal constellations posses the squared minimum distance d2
min(A) = 1 between

their signal points. The number of nearest neighbors reads ι(A) = 2 for ASK constellations,
ι(A) = 4 for QAM and Gaussian-prime constellations, and ι(A) = 6 for all constellations
based on Eisenstein integers. For transmission of binary source symbols, a modulus conver-
sion is needed for all approaches except BICM, where binary channel codes are utilized. If
coding over F2b is employed, a simple (lossless) mapping from Fb2 to F2b is possible. In all
other cases (coding over Fp or Fp2), a lossy modulus conversion is required.

3.3.2 Gaussian-Integer vs. Eisenstein-Integer Constellations

The next point is the comparison of signal constellations based on Gaussian integers with con-
stellations obtained on the basis of Eisenstein integers as the signal-point lattice. In Table 3.6,
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Table 3.6: Comparison of signal constellations based on Gaussian integers with constellations based on
Eisenstein integers when the same cardinality M is present: type of constellation A, signal-point lattice Λa,
scaling factor for the boundary lattice Θ, variance of the constellation σ2

a, and ratio of both variances in dB.

M A Λa Θ σ2
a 10 log10(σ2

a,G/σ
2
a,E) [dB]

13 Gp G 3 + 2 j 2.15 0.65Ep E 4 + 1ω 1.85

16 G2b G 4 2.5 0.46E2b E 2.25

25 (Zp)2 Z2
5 4 0.46Ep2 E 3.6

37 Gp G 6 + 1 j 6.16 0.88Ep E 7 + 3ω 5.03

61 Gp G 6 + 5 j 10.16 0.85Ep E 9 + 4ω 8.36

64 G2b G 8 10.5 0.67E2b E 9

∞ G∞ G − − 0.79E∞ E

some cardinalities are listed where—considering the di�erent types of signal constellations
according to Table 3.5—constellations can be constructed for both signal-point lattices. In par-
ticular, we consider the 2b-ary constellations with the cardinalities M = 16 and M = 64 as
well as the Gaussian/Eisenstein-prime constellations with M = 13, M = 37, and M = 61.
Besides, the 25-ary QAM constellation (actually obtained via the combination of two 5ASK
constellations, cf. Table 3.3) is contrasted to a related Eisenstein-based one.

For all types of constellations with real-valued scaling factor Θ, the ratio between both
variances asymptotically approaches the sum of packing and shaping gain of the Eisenstein
lattice of about 0.79 dB, cf. the discussions in the Sections 3.1.2.1 and 3.2.1.1. However, for the
constellations with complex-valued scaling factor, i.e., the Gaussian/Eisenstein-prime ones,
the situation is di�erent: here, the square/hexagonal Voronoi region RV(Λb) is rotated with
respect to the Gaussian/Eisenstein prime $, cf. Figure 3.9. This rotation is not constant but
varies over the cardinality; this leads to signal constellations which are more or less appro-
priate in terms of the constellation’s variance and the related required transmit power. As a
consequence, considering the algebraic constellations with M = 37 and M = 61, the asymp-
totic gain of the Eisenstein lattice is even surpassed.

The variance of the signal constellation has a direct impact on the system performance
in case of uncoded transmission. This can be seen in Figure 3.11, where the average symbol
error ratio (SER) is drawn over the SNR according to (2.77) in dB for transmission over the
AWGN channel (cf. (3.63)) and all signal constellations listed in Table 3.6. The curves have been
obtained by means of numerical simulations; maximum-likelihood detection was performed to
obtain the closest constellation point for each receive symbol. The SNR gains of the Eisenstein-
integer constellations roughly comply with the ratios of the constellations’ variances given in
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Figure 3.11: Average SER over the SNR, particularly the energy per symbol over the noise power spectral
density, in dB. Transmission over the AWGN channel model according to (3.63) with all Gaussian-integer and
Eisenstein-integer constellations listed in Table 3.6; maximum-likelihood detection to constellation points is
performed. The simulations have been performed with the block length Nsym = 16200 and 105 realizations
thereof, i.e., with the total number of 1.62 · 109 symbols and noise samples per constellation.
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Figure 3.12: Constellation-constrained capacities CAWGN(A, σ2
n) according to (2.64) for transmission over

the AWGN channel over the SNR (in dB). In particular, the capacities for all Gaussian-integer and Eisenstein-
integer constellations listed in Table 3.6 are shown, including the Shannon capacity log2(1+ Es

N0
) for reference.



74 3. Lattices and (Coded) Modulation

Table 3.6; especially outstanding is the 37-ary Eisenstein-prime constellation that enables a
gain of about 0.8 dB over the Gaussian-prime one. Noteworthy, a slightly counteracting e�ect
is the increased number of six nearest neighbors in comparison to the Gaussian-integer ones.

We continue with the performance in case of coded transmission, which can be charac-
terized by the constellation-constrained capacities CAWGN(A, σ2

n) for transmission over the
AWGN channel according to (2.64). In Figure 3.12, the capacities of all signal constellations
listed in Table 3.6 are drawn over the SNR (in dB). This illustration complements the respective
values that were already given in the Tables 3.2, 3.3, and 3.4. We clearly see that the packing
and shaping gains of the Eisenstein-integer constellations show their bene�t in the mid-to-
high SNR regime with respect to the particular cardinality; thereby, the lowered variance has
a positive impact on the SNR which is required to obtain the desired bit rate. For the 13-ary
Eisenstein constellation we, e.g., obtain an SNR gain of (still) more than 0.4 dB; though, the
gain nearly folds in half in comparison to the uncoded case. In the low-to-mid SNR regime, the
lowered variance becomes less relevant; the increased number of nearest neighbors roughly
compensates the related SNR gain and the Gaussian and Eisenstein constellations with the
same cardinality show nearly the same coded performance.

3.3.3 Coded-Modulation Performance for Binary Source Symbols

We �nally consider the coded-modulation performance over the AWGN channel if the pre-
sented Voronoi constellations are employed for binary end-to-end transmission, i.e., if blocks
of source bits have to be transmitted to the receiver. We exemplarily consider a scenario where
the coded modulation rate (2.57) is set to Rm = 3 [bit/symbol], employing the signal constel-
lations and related parameters which are listed in Table 3.7.

More speci�cally, we compare the conventional 16QAM constellation with its associated
Eisenstein-integer variant; these constellations are combined with channel coding over F16

and BICM using binary codes. For the non-binary code, a lossless modulus conversion has
to be applied, i.e., the bits are simply mapped to equivalent source symbols drawn from F16.

Table 3.7: Transmission scenarios for block-based binary end-to-end transmission using different signal con-
stellations and coded-modulation approaches: cardinality of the constellation M , type of constellation A,
signal-point latticeΛa, scaling factor for the boundary latticeΘ, coded modulation approach, code lengthNc,
code dimension Kc, modulus conversion parameters µ and ν, conversion loss 2µ/qν (q the field order of the
code), and coded modulation rate Rm.

M A Λa Θ Coding over Nc Kc Rc µ ν 2µ/qν Rm

13 Gp G 3 + 2 j F13 16200 13140 0.8111 37 10 0.9970 3.0011Ep E 4 + 1ω

16 G2b G 4 F16 16200 12150 0.75 4 1 1 3E2b E

16 G2b G 4 F2 (BICM) 64800 48600 0.75 − − − 3E2b E
17 Gp E 6 + 1 j F17 16200 11904 0.7348 49 12 0.9662 3.0005
19 Ep E 6 + 5 j F19 16200 11492 0.7094 55 13 0.8568 3.0012
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Besides, we consider the p-ary algebraic constellations with the cardinalities M = 13 (both
Gaussian- and Eisenstein-prime constellation), M = 17 (Gaussian-prime constellation), and
M = 19 (Eisenstein-prime constellation). All of them are combined with related p-ary channel
codes; hence a (lossy) modulus conversion is needed. To this end, the conversion parameters
from Table 2.1 have been taken.

The code length has been set toNc = 64800 for the binary channel code; this corresponds
to the length which is used in the DVB-S2 standard [ETSI14]. Hence, we obtain Nbit = 64800
bits and Nsym = 16200 symbols per block. In order to keep these parameters constant for
all signal constellations and coded-modulation approaches, the code length Nc = 16200 has
been chosen for the non-binary channel codes. The respective dimensionsKc were calculated
according to (2.58) in order to achieve the target rate of three (information) bits per symbol.
To enable a fair comparison, LDPC codes according to the pseudo-random IRA construction
in Appendix A.1 have been constructed for all code parameters listed in Table 3.7. Thus, sys-
tematic encoding via related generator matrices is possible. For BICM, the decoding has been
performed using conventional binary belief-propagation in log-likelihood domain (50 itera-
tions) with the log-likelihoods de�ned in (3.68); the block-interleaver from the DVB-S2 stan-
dard [ETSI14, Section 5.3.3] has been employed. In contrast, the non-binary codes have been
decoded via non-binary belief-propagation (50 iterations) as explained in Appendix A.2 on the
basis of the probability matrices de�ned in (3.73) and (3.92), respectively. In case of BICM, the
Gray labeling illustrated in Figure 3.5 (Left) has been applied for 16QAM; the 16-ary Eisenstein
constellation has been combined with the optimized labeling in Figure 3.7. For channel coding
over F16, the related �nite-�eld elements have been chosen in accordance, cf. Footnote 10.

Before we discuss the simulation results, we �rst take a brief look at the related capaci-
ties over the AWGN channel which are drawn in Figure 3.13 over the SNR in dB. In particu-
lar, the constellation-constrained capacities according to (2.64) are shown. In addition, the
coded-modulation capacities for BICM in combination with the 16-ary QAM and Eisenstein-
integer constellations according to [ABA11, (7) or (8)] are illustrated; just like the constellation-
constrained capacities, they can be obtained by means of numerical integration, e.g., using
Gauss-Hermite quadratures as explained in [ABA11]. Considering the target rate of three bits
per symbol (horizontal black line), we see that the 16-ary constellations nearly perform the
same. Due to the Gray labeling, the penalty of BICM in combination with 16QAM is negli-
gible; however, for the 16-ary Eisenstein-integer constellation, the pseudo-Gray labeling leads
to a large loss of about 0.9 dB in SNR. Besides, the algebraic constellations possess a similar
performance than the 16-ary ones: the 13-ary Gaussian and Eisenstein-prime constellations
perform a little bit worse, the 17-ary Gaussian-prime one nearly the same, and the 19-ary
Eisenstein-prime one a little bit better—due to the increase in cardinality.

The simulation results for the transmission parameters listed in Table 3.7 are �nally shown
in Figure 3.14. Since we consider an end-to-end transmission of bits, it is now convenient to
draw the average bit error ratio (BER) over the SNR represented in energy per (information)
bit over the noise power spectral density as de�ned in (2.78). For comparison, the theoretical
capacities from Figure 3.13 are given as vertical lines; the BER curves posses a gap of 0.7–1 dB
to the capacities.



76 3. Lattices and (Coded) Modulation

4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
1.5

2

2.5

3

3.5

4

4.5

10 log10(Es/N0) [dB] −→

C
AW

G
N

[b
it/

sy
m

bo
l]
−→

Sh
an

no
n

M = 13
M = 16
M = 17
M = 19

Gaussian-integer constellation GM
Gaussian-integer constellation GM & BICM
Eisenstein-integer constellation EM
Eisenstein-integer constellation EM & BICM

Figure 3.13: Constellation-constrained capacities CAWGN(A, σ2
n) according to (2.64) over the SNR in dB for

the constellations listed in Table 3.7. For the 16-ary constellations, the coded-modulation capacity in case of
BICM [ABA11] is additionally shown. The Shannon capacity log2(1 + Es

N0
) is included for reference.
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Figure 3.14: Average BER (105 codewords) over the SNR represented as energy per information bit over the
noise power spectral density in dB, for the scenarios listed in Table 3.7. Variation of the signal constellation
(Gaussian-integer constellations GM and Eisenstein-integer constellations EM with cardinality M ) and the
coded-modulation approach (LDPC odes over Fp, F2b , and F2 (BICM)). Belief-propagation decoding with 50
iterations has been applied. The theoretical capacities from Figure 3.13 are drawn as vertical lines.
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As expected, both 16-ary constellations nearly perform the same if channel coding over
F16 is applied. BICM in combination with 16QAM shows a slight loss. It might be caused by
the fact that non-binary belief-propagation decoding usually performs better than its binary
equivalent, cf., e.g., [DM98, DF07, CML+12], or by a suboptimal performance of the interleaver
(bit-log-likelihoods are not completely independent over time). For the 16-ary Eisenstein-
integer constellation, we see an SNR loss of about 0.7 dB, which is a little bit less than expected
from the capacities, probably due to decreased issues with respect to the interleaving for higher
SNRs. For all algebraic constellations, the BER is close to one half in the low-SNR regime
(to the left of the curves’ waterfall regions), caused by an error propagation in the inverse
modulus conversion at the receiver: one erroneous decoded symbol a�ects the whole block of
µ (re)converted bits; hence, a proper transmission is only possible if the decoding is successful
or if very few errors remain. Concerning the performance of the algebraic constellations in
the high-SNR regime, the 13-ary constellations slightly perform better than expected, whereas
the 17- and 19-ary ones perform a little bit worse. On the one hand, this might be caused by
the interaction of the channel codes and the decoder, since the constructed codes generally
perform better for high code rates. This problem can be solved by the optimization of the code
with respect to the code rate. On the other hand, the conversion loss accompanied by the
modulus conversion (cf. Table 3.7) can lead to small loss in SNR. For the 13-ary constellations,
this loss is negligible since the related ratio is very close to one. Nevertheless, for the other
two constellations, this loss is indeed relevant.

We can conclude that all approaches except BICM in combination with 2b-ary Eisenstein-
integer constellations show a similar performance for transmission over the AWGN channel.
In the following chapters, we hence restrict to coded modulation over F2b for 2b-ary signal
constellations in order to enable a fair comparison of the Gaussian and Eisenstein integers as
the signal-point lattice. Nevertheless, it is worth to keep in mind that BICM is a convenient,
alternative coded-modulation approach if QAM constellations are applied.
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4. Lattice Problems and Lattice Algorithms

In this chapter, some important lattice problems are discussed. This especially concerns prob-
lems which are relevant for advanced MIMO schemes. We start with the QR decomposition, a
matrix factorization on which many algorithms in the area of lattices operate on. We continue
with problems related to shortest vectors in lattices and algorithms to solve them. Following
this, criteria and algorithms for lattice basis reduction are considered, i.e., the problem to �nd
a suited basis for a particular lattice. Apart from the review of these di�erent approaches,
the contribution of this work is, on the one hand, their extension from real-valued lattices to
the generalized representation of lattices according to (3.50), i.e., the extension to lattices over
Gaussian and Eisenstein integers. On the other hand, a discussion on their optimality with
respect to di�erent evaluation criteria is given. These considerations are complemented by
results obtained from Monte-Carlo simulations. Parts of this chapter have been presented in
the author’s scienti�c works [SF15, SF16c, SF16b, SF16a, SF17a, SF17b, FSH19].

4.1 QR Decomposition

The QR decomposition of a matrixG ∈ CU×V , U ≥ V , is de�ned as [PTVF07]

G = QR . (4.1)

In particular,G is decomposed into the upper triangular matrix

R =



1 r1,2 r1,3 . . . r1,V−1 r1,V
0 1 r2,3 . . . r2,V−1 r2,V
... . . . ...
0 . . . 1 rv,v+1 . . . rv,V
... . . . ...
0 . . . 1 rV−1,V
0 . . . 0 1


∈ CV×V (4.2)
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with unit main diagonal and the matrix

Q = [q1, . . . , qV ] ∈ CU×V (4.3)

with orthogonal columns q1, . . . , qV , i.e., where1

qH
i qj = 0, i = 1, . . . , V, j = 1, . . . , V, i 6= j . (4.4)

Instead of directly calculating the QR decomposition of the matrixG according to (4.1), it
may be convenient to calculate the decomposition with respect to the matrix

GP = QR , (4.5)

where a permutation of the columns ofG is present. It is described by the permutation matrix

P = [p1, . . . ,pV ] ∈ PV×V , (4.6)

where P denotes the set of all permutation matrices of size V ×V . This strategy is commonly
known as sorted QR decomposition (SQRD) [WBR+01, Fis10, Fis12]; it may not only enhance
the numerical stability in the decomposition procedure, but also lower the column norms of
Q in comparison to the unsorted case (4.1). This fact will be—in detail—discussed below.

Please note, since R ⊂ C, the (unsorted/sorted) QR decomposition can in the same way
be applied to real-valued matrices G ∈ RU×V , resulting in purely real-valued parts Q ∈
RU×V andR ∈ RV×V . As in the following, the QR decomposition of real- or complex-valued
generator matrices of lattices will be calculated, the matrix to be decomposed is denoted asG.

4.1.1 Gram–Schmidt Orthogonalization

One possibility to compute the (unsorted) QR decomposition is the Gram–Schmidt orthogo-
nalization (GSO), cf. [WBR+01, Fis10], which is speci�ed in Algorithm 4.1. For the moment,
we restrict to the unsorted case, i.e., we assume that the argument pivot = false is chosen to
compute (4.1).

In the GSO procedure,Q = G andR = IV are initially set. Then, in step v = 1, . . . , V , the
rows ofR and the columns ofQ are successively calculated. In particular, in step v, the right
non-zero elements of the vth row of R are obtained and used to project the remaining right
columns qv+1, . . . , qV onto the orthogonal complement of the column qv (Lines 9–12 in Algo-
rithm 4.1). After step V , the algorithm provides orthogonal columns q1, . . . , qV according to
(4.3) and (4.4) and the related upper triangular matrixR according to (4.2).

1 The QR decomposition of a matrix is often de�ned in a way such that the matrixQ is not only an orthogonal
matrix but also unitary, cf., e.g., [PTVF07]. Then, however, the matrix R does generally not possess a unit main
diagonal. For the considerations in the following chapters of this thesis it is more convenient to the normalize
these diagonal values to one; they are hence absorbed in a variant of the matrixQ with non-unit column norms.
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Algorithm 4.1 Gram-Schmidt orthogonalization (pivot = false), optionally with pivoting
(pivot = true).
[Q, R, P ] = GSO(G, pivot) .G = [g1, . . . , gV ] ∈ CU×V

1: Q = G, R = IV , P = IV , v = 1 .R ∈ CV×V , P ∈ PV×V
2: while v ≤ V do
3: if pivot then
4: m(v) = argminm=v,...,V ‖qm‖2 .Q = [q1, . . . , qV ] ∈ CU×V

5: if m(v) 6= v then . Insert column with minimum norm if required
6: [Q, R, P ] = INSERTION(m(v), v, Q, R, P )
7: end if
8: end if
9: for l = v + 1, . . . , V do . Gram-Schmidt orthogonalization

10: rv,l = qH
v ql/‖qv‖2 . vth row and lth column ofR

11: ql = ql − rv,l qv . Projection onto orthogonal complement of qv
12: end for
13: v = v + 1 . Next step
14: end while

Algorithm 4.2 Insertion of columns of matrices at another position with lower index.
[Q, R, U ] = INSERTION(i, j, Q, R, U)

1: insert column i between the columns with index j − 1 and j in Q, in the upper j − 1 rows of R,
and in U

2: delete old column (with new index i+ 1) inQ, in the upper j − 1 rows ofR, and in U

4.1.2 Gram–Schmidt Orthogonalization with Pivoting

The GSO can be extended in order to perform an SQRD according to (4.5), cf. [WBR+01]. This
procedure—also known as GSO with pivoting [Fis10]—is speci�ed in Algorithm 4.1. To enable
that variant of GSO, we have to choose the argument pivot = true.

To obtain an SQRD, the same orthogonalization procedure as present in the unsorted case
can be applied (Lines 9–12 in Algorithm 4.1). The only di�erence is that at the beginning of
each step v = 1, . . . , V , a pivoting is performed. More speci�cally, the squared norm of the
(remaining) columns qv, . . . , qV is calculated. With the help of Algorithm 4.2, the one with
minimum2 norm is then placed at position v within the matrix Q and the matrices R and P
are updated in accordance.3 To this end, the permutation matrix is initially set to P = IV .

The GSO with pivoting is a greedy algorithm [CLRS09], i.e., in each step v = 1, . . . , V ,
the columns q1, . . . , qv−1 that where selected in the previous steps are not changed anymore
but remain constant. Both the pivoting and the orthogonalization procedure only operate on
qv, . . . , qV . Nevertheless, one can proof that this strategy is optimal with respect to the mini-

2 Algorithms that perform a pivoting often select themaximum element. In the situation at hand, we consider
the minimum column norm instead.

3 In Algorithm 4.2, the permutation matrix P is represented by the matrix U , which symbolizes not only
permutation matrices but the more general class of unimodular integer matrices. This general representation of
the procedure at hand can also be used for lattice-basis-reduction algorithms as speci�ed in Section 4.3.
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mization of the maximum norm of the resulting matrixQ. The proof is given in Appendix B.1.
It is similar to the one provided with the V-BLAST algorithm in [WFGV98], which is an al-
ternative approach to calculate an SQRD as required in SIC-based MIMO equalization. This
will further be discussed in Chapter 5. Given the factorization task (4.5), we hence obtain the
permutation matrix

P GSO−pivot = argmin
P∈PV×V

max
v=1,...,V

‖qv‖2 . (4.7)

The di�erent outcomes of unsorted and sorted QR decomposition are demonstrated in Exam-
ple 4.1.

Example 4.1: Sorted vs. unsorted QR decomposition

We consider the generator matrix

G =

 0 2 + 1
2 j 1 + 1

2 j
−1

2 + 1 j 3
2 + 1

2 j −1 + 1 j
−2− 1

2 j 1 + 3
2 j 1 j


with the squared column norms

‖g1‖2 = 5.5 , ‖g2‖2 = 10 , ‖g3‖2 = 4.25 .

In the unsorted case, we obtain the matrix Q with the squared column norms

‖q1‖2 = 5.5 , ‖q2‖2 = 5.0795 , ‖q3‖2 = 2.0431 ,

i.e.,
max

v=1,...,V
‖qv‖2 = 5.5 .

In the sorted case, the permutation matrix

P =

0 1 0
0 0 1
1 0 0


is obtained, i.e., in the first step, q3 = g3 is chosen to be the first column ofQ. In the second
step, q2 is the column with minimum (squared) norm; it corresponds to q1 = g1 before the
insertion of q3 and the orthogonalization procedure. In the third step, q3 is the last remaining
vector. It corresponds to the initial vector q2 = g2. We obtain

‖q1‖2 = 4.25 , ‖q2‖2 = 4.7353 , ‖q3‖2 = 2.8362 ,

and hence
max

v=1,...,V
‖qv‖2 = 4.7353 ,

which is lower than in the unsorted case.
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4.1.3 Real-Valued vs. Complex-Valued Processing

In Section 2.4.1, we have discussed the equivalent real-valued representation of complex-
valued matrices (2.107) in order to perform the addition and multiplication of those matrices
using real-valued operations. However, when calculating the GSO (with/without pivoting) of
the equivalent real-valued representation G(r), we have to notice that the particular struc-
ture (2.107) may generally not be present anymore in the resulting matricesQ,R, andG(r)P .
This not only prevents that these matrices can be reconverted to a complex-valued representa-
tion, but may also lead to di�erent column norms ofQwhen compared with the decomposition
of the original complex-valued matrixG.

Concerning the unsorted variant of the QR decomposition, the real-valued representation
may even lead to an increased maximum (squared) column norm, cf. Example 4.2. However,
regarding the sorted variant, the situation is di�erent:4 in the matrixG(r) ∈ R2U×2V , we have
two orthogonal columns at the indices v and v + V that possess the same norm according
to (2.109). Since these columns are already orthogonal, the column norm cannot be lowered
when one of them is projected onto the orthogonal complement of the other one. However,
when—in the GSO with pivoting—these corresponding columns are not consecutively selected
but after the projection onto the orthogonal complement of the �rst one another column with
lower norm is chosen, the �nal norm of the second one may be lowered. As a consequence,
in the real-valued representation, V columns of Q possess the same norm as in the complex-
valued case—the corresponding (initially already orthogonal) columns may but do note have
to possess a particular lower norm. As a result, the maximum norm is the same in both repre-
sentations, cf. Example 4.2.

Example 4.2: QR decomposition of equivalent real-valued representation

We consider the generator matrix from Example 4.1 with the equivalent real-valued repre-
sentation

G(r) =



0 2 1 0 −1
2 −1

2
−1

2
3
2 −1 −1 −1

2 −1
−2 1 0 1

2 −3
2 −1

0 1
2

1
2 0 2 1

1 1
2 1 −1

2
3
2 −1

−1
2

3
2 1 −2 1 0


according to (2.107). In accordance with (2.109), we obtain the squared column norms

‖g(r)
1 ‖

2 = ‖g(r)
4 ‖

2 = 5.5 , ‖g(r)
2 ‖

2 = ‖g(r)
5 ‖

2 = 10 , ‖g(r)
3 ‖

2 = ‖g(r)
6 ‖

2 = 4.25 .

Performing an unsorted QR decomposition on G(r), we obtain the matrix Q with the
squared column norms

‖q1‖2 = 5.5 , ‖q2‖2 = 8.3636 , ‖q3‖2 = 2.7697 ,

and
‖q4‖2 = 3.3293 , ‖q5‖2 = 3.7593 , ‖q6‖2 = 2.0431 .

4 The following considerations are equivalent to the ones that have been given for the V-BLAST algorithm
in [FW03].
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We see that, since the GSO does not result in matrices with structure according (2.107) and
hence destroys the homomorphism between real- and complex-valued representation, (2.109)
is not valid anymore and we obtain (squared) column norms which are different to the ones
in Example 4.1. In particular, we have

max
v=1,...,V

‖qv‖2 = 8.3636 ,

i.e., the maximum squared norm is even increased in comparison to complex-valued pro-
cessing.

In the sorted case, the permutation matrix

P =



0 0 0 0 1 0
0 0 0 1 0 0
1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 1
0 1 0 0 0 0


is obtained, which results in the squared column norms

‖q1‖2 = 4.25 , ‖q2‖2 = 4.25 , ‖q3‖2 = 4.7353 ,

and
‖q4‖2 = 4.0645 , ‖q5‖2 = 3.3042 , ‖q6‖2 = 2.8362 ,

where q1 and q2, q3 and q5, as well as q4 and q6 represent the initially corresponding (i.e.,
orthogonal) columns i and j with ‖qj‖2 ≤ ‖qi‖2. Just like in the unsorted case, the homo-
morphism is destroyed. Nevertheless, due to pivoting, the maximum squared column norm
is

max
v=1,...,V

‖qv‖2 = 4.7353 ,

which is the same as for complex-valued processing.

4.2 Shortest Vectors in Lattices

We continue with problems which are related to the shortest vectors in lattices. This especially
concerns the determination of the shortest (non-zero) vector in a particular lattice, known as
shortest vector problem (SVP). Closely related are the so-called successive minima problem
(SMP) as well as the shortest independent vector problem (SIVP).

4.2.1 Shortest Vector Problem

The shortest (non-zero) vector of a lattice ΛI(G) according to (3.50) with U × V generator
matrixG is de�ned as

λmin = argmin
λ∈ΛI\{0U}

‖λ‖2 , (4.8)

where the related integer vector ζ ∈ IV reads

ζmin = argmin
ζ∈IV \{0V }

‖Gζ‖2 . (4.9)
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Algorithm 4.3 Solution to the SVP via the sphere-decoding algorithm for lattices over I.
[λmin, ζmin] = SHORTEST_VECTOR(G, I) . U × V generator matrixG

1: switch I do
2: case Z . Lattices over real-valued integers as de�ned in (3.1)
3: ζmin = SPHERE_DECODER_SVP(G) . Algorithm C.2
4: case G . Lattices over Gaussian integers as de�ned in (3.40)

5: G(r) =
[
Re{G} −Im{G}
Im{G} Re{G}

]
. Real-valued representation (3.43)

6: ζ (̃r) = SPHERE_DECODER_SVP(G(r))
7: ζmin = [ζ (̃r)

1 , . . . , ζ
(̃r)
V ]T + [ζ (̃r)

V+1, . . . , ζ
(̃r)
2V ]T j . Reconvert according to (3.44)

8: case E . Lattices over Eisenstein integers as de�ned in (3.45)

9: G(h) =
[
Re{G} −1

2 Re{G}+
√

3
2 Im{G}

Im{G} −
√

3
2 Re{G} − 1

2 Im{G}

]
. Real-valued representation (3.49)

10: ζ(h̃) = SPHERE_DECODER_SVP(G(h))

11: ζ̃
(h̃) =

[
IV −1

2IV

0V×V −
√

3
2 IV

]
· ζ(h̃) . Incorporate generator matrix of latticeA2, cf. (3.48)

12: ζmin = [ζ̃(h̃)
1 , . . . , ζ̃

(h̃)
V ]T + [ζ̃(h̃)

V+1, . . . , ζ̃
(h̃)
2V ]T j . Reconvert according to (3.44)

13: end switch
14: λmin = Gζ . Output: shortest vector λmin 6= 0U and related integer vector ζmin

The SVP is a special case of the closest point problem in lattices—the problem to �nd the
closest lattice point with respect to any particular point in the Euclidean space. More speci�-
cally, the SVP corresponds to the closest point problem concerning the origin. Even though
the computation of the closest point in lattices is generally an NP-hard problem [CLRS09],
cf. [CS99, Mic01, AEVZ02], at least for lattices with low dimensionality it can e�ciently be
solved using the sphere decoding algorithm [AEVZ02] based on the Schnorr–Euchner enu-
meration strategy [SE94].

Since the Schnorr–Euchner strategy is only de�ned for real-valued lattices, complex-valued
generator matrices cannot directly be handled by the related algorithm. However, in order to
compute the solution to the SVP for lattices over Gaussian or Eisenstein integers, we can take
advantage of the equivalent real-valued representation of complex-valued matrices according
to (2.107). The procedure SHORTEST_VECTOR in Algorithm 4.3 collects the computation
of the shortest vector with respect to lattices over real-valued, Gaussian, and Eisenstein inte-
gers. If we operate over real-valued integers, we can directly apply the sphere decoder adapted
to the SVP, denoted as SPHERE_DECODER_SVP, as listed in Appendix C.1, speci�cally Al-
gorithm C.2. If the Gaussian integers are present instead, we operate over the 2U × 2V real-
valued representation G(r), cf. (3.43), resulting in the integer vector ζ (̃r) ∈ Z2V . Using (3.44),
we obtain the related integer vector ζ ∈ GV (Line 7). If lattices over Eisenstein integers are
considered, we apply the real-valued representation G(h) according to (3.49). By incorporat-
ing the generator matrix of the latticeA2 (Line 11), an integer vector by analogy with (3.44) is
obtained from ζ(h̃) which can be reconverted to the integer vector ζ ∈ EV .
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4.2.2 Successive Minima Problem

Next, we consider the SMP and an e�cient algorithm to solve this problem for all types of
constituent rings discussed in Chapter 3. The V successive minima of a lattice ΛI(G) with
U × V generator matrixG are mathematically de�ned by [Min91, LLS90, DKWZ15, LCL18]

ε(v) = inf{ε | dim{span{ΛI(G) ∩ BU(ε(v))}} = v} , v = 1, . . . , V , (4.10)

where inf denotes the in�mum operator, span the linear span and dim its dimension. Besides,
BU(ε(v)) is the U -dimensional ball centered at the origin with radius ε(v) ∈ R+. In words,
ε(v) is the smallest possible radius for which v linearly independent lattice vectors are located
inside BU(ε(v)). We denote these lattice vectors as λ(v)

min ∈ ΛI(G) and the related integer
vectors as ζ(v)

min, i.e., we have

ε(v) = ‖λ(v)
min‖ = ‖Gζ(v)

min‖ , v = 1, . . . , V . (4.11)

Please note that in real-valued lattices we always have (at least) two linearly dependent vec-
tors with the same norm, i.e., both are valid solutions to the SMP. In complex-valued lattices
over Gaussian integers they are doubled to four, and in complex-valued ones over Eisenstein
integers tripled to six.5

We can combine the linearly independent integer vectors ζ(1)
min, . . . , ζ

(V )
min into the integer

matrix
T = [ζ(1)

min, . . . , ζ
(V )
min] (4.12)

with full rank
rank(T ) = V , (4.13)

which can be used to obtain the matrix

G(t) = [λ(1)
min, . . . ,λ

(V )
min] = GT . (4.14)

Interpreting the matrixG(t) as the generator matrix of a lattice ΛI(G(t)), we have

ΛI(G(t)) ⊆ ΛI(G) , (4.15)

i.e., a sublattice of the original lattice ΛI(G) is present. An example for such a sublattice is
provided in Figure 4.1.

The successive minima of a particular latticeΛI(G) can, e.g., be obtained by the list-based
algorithm proposed in [FCS16]. In the following, we brie�y review the related strategy—
proposed for lattices over real-valued or Gaussian integers—and extend the algorithm to lat-
tices over Eisenstein integers. This generalization is provided in Algorithm 4.4. More pre-
cisely, the �rst part of the algorithm (Lines 1–13) deals with the creation of a list of candidate

5 This is a direct consequence of the fact that the norm of real-valued integer vectors is invariant with respect
to rotations by π, the norm of Gaussian-integer vectors by π

2 , and the norm of Eisenstein-integer vectors by π
3 .

This property can be employed in algorithms which determine the shortest vector(s) in lattices. In particular, the
search space can be reduced to integer vectors where the �rst non-zero component is positive (integers), located
in the �rst quadrant (Gaussian integers), or located in the �rst sextant (Eisenstein integers).
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−3 −2 −1 0 1 2 3

−3
−2
−1

0
1
2
3

λ1 −→

λ
2
−→ G =

[
1 0
0 1

]
, T =

[
1 1
−1 1

]

| det(T )| = 2

Figure 4.1: Sublattice ΛZ(G(t)), where G(t) = GT as given above (red points). In particular, the two-
dimensional checkerboard lattice D2 [CS99] is obtained from the integer lattice Z2 (green points).

vectors—particularly the related integer vectors of all lattice points which are located within
BU(maxv=1,...,V ‖gv‖). The search can be restricted to the maximum radius maxv=1,...,V ‖gv‖
since the vectors in G are potential candidates for the vectors in G(t). The list is obtained
via the procedure SPHERE_DECODER_LIST, a variation of the sphere-decoding algorithm
which is given in Appendix C.1 (Algorithm C.3). It is represented by the V ×Ncan matrix C ,
whereNcan denotes the number of candidates. As the procedure SPHERE_DECODER_LIST
operates over real-valued lattices, we can apply the same steps as in Algorithm 4.3 to enable
the search over Gaussian or Eisenstein integers.

Given the list of integer vectors C , the following steps are performed in order to solve
the SMP [FCS16]: The related list of lattice points G(list) is obtained in Line 14. In Line 15,
this matrix is used to sort the columns ofC according to the corresponding (squared) column
norms in G(list), i.e., the integer vectors are—in ascending order—sorted with respect to the
norm of their lattice vectors. Following this, by means of Gaussian elimination, the sorted list
C(sort) is transformed into row echelon form, represented byC(G). The “steps” of this matrix,
i.e., the indices i1, . . . , iV of the �rst non-zero elements in row v = 1, . . . , V then de�ne
the indices of the “shortest” vectors which are linearly independent to the v − 1 previous
“shortest” vectors at step 1, . . . , v − 1. Combining the sorted integer vectors at these indices,
c

(sort)
i1 , . . . , c

(sort)
iV

, into the matrix T , we obtain the solution to the SMP (Line 18), where the
successive minima are given by the column norms of the matrixG(t) = GT (Line 19).

Please note, the procedures SORT, GAUSSIAN_ELIMINATION, and GET_INDEX can
straightforwardly be implemented and are hence not explicitly provided in this work; algo-
rithms for Gaussian elimination and sorting algorithms can, e.g., be found in [PTVF07]. In
[DKWZ15] and [WLT+17], alternative strategies have been proposed in order to solve the SMP.
Depending on the particular lattice, they di�er in the computational cost which is required to
calculate the solution. A detailed analysis of the complexity of these di�erent approaches is,
however, beyond the scope of this thesis. From a theoretical point of view the SMP is NP-hard
since an (extended) variant of the SVP is present.
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Algorithm 4.4 Compute solution to SMP via list-based search as proposed in [FCS16].
[G(t), T ] = SMP(G, I) . U × V generator matrixG = [g1, . . . , gV ]

1: switch I do
2: case Z . Lattices over real-valued integers as de�ned in (3.1)
3: C = SPHERE_DECODER_LIST(G, maxv=1,...,V ‖gv‖2)
4: case G . Lattices over Gaussian integers as de�ned in (3.40)

5: G(r) =
[
Re{G} −Im{G}
Im{G} Re{G}

]
. Real-valued representation (3.43)

6: C (̃r) = SPHERE_DECODER_LIST(G(r), maxv=1,...,V ‖g(r)
v ‖2)

7: C = [
¯
c

(̃r)
1 , . . . ,

¯
c

(̃r)
V ]T + [

¯
c

(̃r)
V+1, . . . ,¯

c
(̃r)
2V ]T j

8: case E . Lattices over Eisenstein integers as de�ned in (3.45)

9: G(h) =
[
Re{G} −1

2 Re{G}+
√

3
2 Im{G}

Im{G} −
√

3
2 Re{G} − 1

2 Im{G}

]
. Real-valued representation (3.49)

10: C(h̃) = SPHERE_DECODER_LIST(G(h), maxv=1,...,V ‖g(h)
v ‖2)

11: C̃
(h̃) =

[
IV −1

2IV

0V×V −
√

3
2 IV

]
·C(h̃)

12: C = [
¯
c̃

(h̃)
1 , . . . ,

¯
c̃

(h̃)
V ]T + [

¯
c̃

(h̃)
V+1, . . . ,¯

c̃
(h̃)
2V ]T j

13: end switch
14: G(list) = GC . V × C candidate matrixG(list) = [g(list)

1 , . . . , g
(list)
Ncan

]
15: C(sort) = SORT(C, [‖g(list)

1 ‖2, . . . , ‖g(list)
Ncan
‖2]) . Sort columns of C according to norms ofG(list)

16: C(G) = GAUSSIAN_ELIMINATION(C(sort)) . Obtain row echelon form
17: [i1, . . . , iV ] = GET_INDEX(C(G)) . Get index of “steps” in row echelon form
18: T = [c(sort)

i1
, . . . , c

(sort)
iV

] . Collect integer vectors that result in the successive minima
19: G(t) = GT . Output: U × V matrixG(t) with lattice vectors and related V × V integer matrix T

For real-valued matrices of rank V ≤ 4, one can mathematically proof that the vectors of
ΛI(G(t)) always form an alternative basis of the lattice ΛI(G), particularly composed of the
shortest linearly independent vectors thereof [Min91, ZQW12]. Hence, ΛI(G(t)) = ΛI(G),
and T is not only a full-rank but also a unimodular integer matrix, i.e., | det(T )| = 1 holds. As
a consequence, criteria and related algorithms for lattice basis reduction may also be suited to
solve the SMP for lattices with low dimensionality. They will be discussed in Section 4.3.

If complex-valued lattices are present, it is possible to either directly consider the succes-
sive minima with respect to the complex-valued generator matrix G, or the ones concerning
the equivalent real-valued representations (3.43) or (3.49). As mentioned before, in the real-
valued representation of a complex-valued matrix, we have pairs of orthogonal columns with
the same norm, cf. (2.109). Interpreting the matrix G(r) ∈ R2U×2V as the generator matrix of
a lattice, we obtain the successive minima

ε(r,1) = ε(r,2) = ε(1), . . . , ε(r,2V−1) = ε(r,2V ) = ε(V ) , (4.16)

where ε(r,v) denotes the vth successive minimum of the real-valued representation and ε(v) the
vth successive minimum of the (original) complex-valued one. In words, we obtain V pairs
of identical successive minima—which are exactly the same as in the complex-valued case,
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cf. [DKWZ15]. The related pairs of real-valued lattice vectors are orthogonal, i.e.,

(λ(r,1)
min )Tλ

(r,2)
min = 0, . . . , (λ(r,2V−1)

min )Tλ
(r,2V )
min = 0 . (4.17)

This not only means that, due to (4.16), real- and complex-valued representation are indeed
equivalent with respect to the solution to the SMP—in contrast to, e.g., the sorted QR decom-
position as discussed in Section 4.1.3. We can also �nd a permutation of the columns of G(r)

and T (incorporating rotations by π, cf. Footnote 5) such that the speci�c structure de�ned
in (2.107) is restored. This gives us the chance to go back to the equivalent complex-valued
representation. According to (2.108), we hence have

det(T (r)) = | det(T )|2 . (4.18)

Example 4.3 provides a brief overview of the abovementioned properties with respect to the
complex-valued generator matrix given in Example 4.1.

Example 4.3: Successive minima problem

We consider the complex-valued generator matrix G from Example 4.1. Solving the SMP by
applying Algorithm 4.4 with respect to lattices over Gaussian integers, we obtain the full-rank
Gaussian integer matrix

T =

0 1 1 j
0 0 1 + 1 j
1 0 −1


with

|det(T )| = |1 + j| =
√

2 ,

where the generator matrix G(t) = GT spans a sublattice of G. Its squared column norms
read

‖g(t)
1 ‖

2 = 4.25 , ‖g(t)
2 ‖

2 = 5.5 , ‖g(t)
3 ‖

2 = 5.75 .

Applying Algorithm 4.4 to the equivalent real-valued representation G(r) from Exam-
ple 4.2 instead, we obtain the full-rank integer matrix

T (̄r) =



0 0 1 0 0 −1
0 0 0 0 1 −1
1 0 0 0 −1 0
0 0 0 1 1 0
0 0 0 0 1 1
0 1 0 0 0 −1


with

|det(T (̄r))| = | − 2| = | det(T )|2 = 2 .

The squared column norms of G(̄r,t) = G(r)T (̄r) are given as

‖g(̄r,t)
1 ‖2 = ‖g(̄r,t)

2 ‖2 = 4.25 , ‖g(̄r,t)
3 ‖2 = ‖g(̄r,t)

4 ‖2 = 5.5 , ‖g(̄r,t)
5 ‖2 = ‖g(̄r,t)

6 ‖2 = 5.75 .
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A permutation of T (̄r) reads

T (r) =



0 1 0 0 0 −1
0 0 1 0 0 −1
1 0 −1 0 0 0
0 0 1 0 1 0
0 0 1 0 0 1
0 0 0 1 0 −1


=
[
Re{T } −Im{T }
Im{T } Re{T }

]
.

If we solve the SMP with respect to lattices over Eisenstein integers, we obtain the full-rank
integer matrix

T =

 −1 0 0
ω 0 ω

−1− ω −ω −1− ω

 .

The related squared column norms of G(t) = GT are given by

‖g(t)
1 ‖

2 = 4.1747 , ‖g(t)
2 ‖

2 = 4.25 , ‖g(t)
3 ‖

2 = 5.4378 ,

i.e., they are lowered in comparison to the Gaussian-integer case. This benefit of the Eisenstein
lattice will further be discussed in Section 4.4.

4.2.3 Shortest Independent Vector Problem

We continue with the SIVP, a problem which is very similar to the SMP. For lattices withU×V
generator matrix G and the integer matrix T = [t1, . . . , tV ] ∈ IV×V , the SIVP is de�ned as
[ZNEG14, DKWZ15]

T = argmin
T∈IV×V

rank(T )=V

max
v=1,...,V

‖Gtv‖2 . (4.19)

Hence, we have to �nd a full-rank integer matrix T which minimizes the maximum column
norm ofG(t) = GT , i.e., where

max
v=1,...,V

‖g(t)
v ‖ = ε(V ) (4.20)

is ful�lled. The SIVP can thus be interpreted as aweakened variant of the SMP—where only the
maximum norm has to be as short as possible, and hence equal to the V th successive minimum
of the lattice. In contrast, the norms of all other columns are not relevant, i.e., they can but
do not have to be equal to the remaining V − 1 (lower) successive minima. A solution to the
SMP is consequently always a solution to the SIVP—but a solution to the SIVP not necessarily
a solution to the SMP. In particular, the solution to both problems may be di�erent when in
BU(ε(V )), one or several lattice points λ exist that are linearly dependent to a point which
results in a successive minimum ε(v) < ε(V ) of the lattice, with ‖λ‖ > ε(v).

Example 4.4: Successive minima problem vs. shortest independent vector problem

Again, we consider the 3×3 complex-valued generator matrixG from Example 4.1. From Ex-
ample 4.3, we know that ε(3) = ‖g(t)

3 ‖ =
√

5.75 ≈ 2.3979. However, in B3(ε(3)), we cannot
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find any lattice vectors where the norm is different to the successive minima ε(1) or ε(2).
Hence, the solution to the SMP is the only solution to the SIVP.

Now, we consider the generator matrix

G =


1
2 + 3 j 1 + 1

2 j −1
2

2− 3
2 j 1

2
1
2

−5
2 + 3 j −3

2 + 1
2 j 7

2 + 3
2 j

 ,

where the solution to the SMP (over the Gaussian integers) results in the full-rank integer
matrix

T =

0 0 −1
1 1 + 1 j 2 + 2 j
0 1 1 + 1 j

 .

The related squared column norms read

‖g(t)
1 ‖

2 = 4 , ‖g(t)
2 ‖

2 = 6 , ‖g(t)
3 ‖

2 = 9.75 .

Here, we can find an alternative integer matrix

T̃ =

0 0 −1
1 −1 j 2 + 2 j
0 −1 j 1 + 1 j

 ,

where the second column is different. It results in the squared column norms

‖g̃(t)
1 ‖

2 = 4 , ‖g̃(t)
2 ‖

2 = 9.5 , ‖g̃(t)
3 ‖

2 = 9.75 .

We hence obtain a solution to the SIVP, but the SMP is not solved in that case.

4.3 Lattice Basis Reduction

The aim of schemes for lattice basis reduction is to �nd a reduced basis of a latticeΛI(G) with
U × V generator matrixG which is represented by the generator matrix

G(red) = GU (4.21)

with the same dimensions. TheV×V matrixU is a unimodular integer matrix which describes
the change of basis, i.e., we have

| det(U)| = 1 . (4.22)

Depending on the type of lattice, its elements are drawn from Z, G, or E, i.e., U ∈ IV×V .
Hence, in contrast to the solution to the SMP where a sublattice of ΛI(G) may be obtained,
algorithms for lattice basis reduction always determine a generator matrix which describes
the same lattice ΛI(G(red)) = ΛI(G).

The de�nition of a “reduced basis” depends on the particular reduction criterion. On the
one hand, we have criteria and related algorithms which are based on the QR decomposition of
the generator matrix, assessing the length of the columns ofQ. These include, e.g., the famous
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LLL reduction strategy [LLL82, GLM09] and variations thereof as well as the HKZ lattice basis
reduction [KZ73, JD13]. On the other hand, the Minkowski reduction [Min91, DWZ17] is di-
rectly related to the column norms of G(red), i.e., the algorithm results in the shortest vectors
which form a basis of the lattice. In the following, we consider these approaches and their
properties and generalize them to lattices over real-valued, Gaussian, and Eisenstein integers.

4.3.1 Lenstra–Lenstra–Lovász Reduction

We start with the LLL reduction strategy where we �rst review the classical LLL criterion and
algorithm as de�ned in [LLL82] and extended to Gaussian integers in [GLM09]. Following
this, we consider a modi�ed variant thereof including a discussion their special properties,
particularly the LLL algorithm with deep insertions [SE94, Fis10, Fis12, LMH13].

4.3.1.1 Classical LLL Reduction

The LLL reduction strategy operates on the QR decomposition of a generator matrix. It can
be interpreted to be an adaptation of the Euclidean algorithm to matrices [Nap96]. In the real-
valued case with generator matrixG = QR ∈ RU×V as originally considered in [LLL82], two
criteria have been de�ned in order to call a basis and the related generator matrix LLL-reduced:
First, the size-reduction criterion

|rl,v| ≤
1
2 , 1 ≤ l < v ≤ V , (4.23)

has to be ful�lled. If (4.23) is ensured for the particular value rl,v, the Lovász condition

‖qv‖2 ≥ (δ − |rv−1,v|2)‖qv−1‖2 (4.24)

is checked which compares the squared norms of two adjacent columns ofQ. We can �exibly
choose the parameter δ ∈ (1

4 , 1] in order to control the “strength” of the reduction. Usually,
δ = 3

4 is chosen [LLL82, Nap96]. Please note, since |rv−1,v|2 ≤ 1
4 , we have to choose δ > 1

4 to
obtain a positive result on the right side of (4.24). The LLL reduction with parameter δ = 1
(called “optimal” LLL reduction [Akh03]) is well-de�ned,6 cf. [Akh03].

For lattices over Gaussian integers the LLL criteria have been adapted in [GLM09], called
“CLLL” reduction. In particular, the Lovász condition (4.24) condition is the same as in the
real-valued case, but the size-reduction condition (4.23) is changed to

|Re{rl,v} | ≤
1
2 ∩ |Im{rl,v} | ≤

1
2 , 1 ≤ l < v ≤ V . (4.25)

Now, since |rl,v|2 ≤ 1
2 , a quality parameter δ ∈ (1

2 , 1] is required for the Lovász condition.

6 In practical implementations of the algorithm, numerical problems may occur for the parameter δ = 1 if
a generator matrix is present where two or several columns have the same length. This is especially relevant
for the real-valued representation of complex-valued matrices. Then, a parameter very close to δ = 1 should be
chosen instead in order to avoid that the algorithm does not terminate.
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Taking a closer look at the size-reduction criteria (4.23) and (4.25), we realize that they
mean that rl,v has to be located within the Voronoi region RV(I) of the constituent rings
I = Z or I = G. As a consequence, we can generalize the size-reduction criterion to

QI{rl,v} = 0 , 1 ≤ l < v ≤ V , (4.26)

where QI{·} is the quantization as de�ned in (3.5). This generalization can directly be used
to de�ne an LLL reduction for lattices over Eisenstein integers: the Lovász condition (4.24) is
applied in the same way, but the size-reduction condition is adapted to

QE{rl,v} = 0 , 1 ≤ l < v ≤ V , (4.27)

where QE{·} is the quantization to Eisenstein integers as de�ned in (3.36). By analogy with
the “CLLL” reduction, we call that variant7 “ELLL” reduction. Since

sup
ς∈RV(E)

‖ς‖ = 1√
3
, (4.28)

cf. [CS99, Fis02], we have |rl,v|2 ≤ 1
3 and can hence choose a parameter δ ∈ (1

3 , 1] in the Lovász
condition.

In Algorithm 4.5, a generalized variant of the LLL algorithm is listed. It is particularly
based on the algorithms provided in [LLL82, GLM09, Fis12], where the size reduction has
been adapted to (4.26). The related procedure LLL_REDUCTION is brie�y described in the
following. First, the GSO with pivoting is calculated. The pivoting is not necessarily required,
but may speed up the algorithm, cf. [WBKK04, Fis10, Fis12]. Then, in step v = 2, . . . , V , the size
reduction is performed on rv−1,v. A realization is given in Algorithm 4.6, where the generalized
variant according to (4.26) is implemented using Algorithm 3.1. Thereby, the update of rl,v
(Line 3) is actually a modulo reduction with respect to RV(I). Then, in LLL_REDUCTION,
the Lovász condition is checked. If it is not ful�lled, the columns with index v − 1 and v are
swapped in U . The QR decomposition has to be updated in accordance, which can, e.g., be
realized by Algorithm C.5 in Appendix C.2. If the Lovász condition is ful�lled, we can perform
the size reduction for the elements rl,v, l = v − 2, v − 3, . . . , 1. In order to ful�ll the size-
reduction criterion (4.26), this step is needed. However, if only the column norms ofQ are of
interest this step can be neglected. This strategy is known as e�ective LLL reduction [LH07].
The algorithm terminates with the calculation of the reduced generator matrixG(red).

Concerning the column norms ofQ orG(red), the LLL reduction is a suboptimal approach,
i.e., other strategies for lattice basis reduction may result in lower norms. Nevertheless, this
disadvantage is balanced by a polynomial computational complexity of the related algorithm
[LLL82]—even in case of optimal LLL reduction [Akh03]. Besides, since the algorithm oper-
ates on the QR decomposition of the generator matrix, the results obtained from the equivalent

7 In [Nap96], a generalization of the LLL reduction to Euclidean rings, particularly the Gaussian and Eisen-
stein integers, has mathematically been discussed. Thereby, the standard quality parameter has been set to δ = 2

3
for lattices over Eisenstein integers. However, in that publication, the particular size-reduction criteria (4.25)
and (4.27) have not been given yet. More precisely, the generalization of the size-reduction criterion according
to (4.26) has initially been utilized in the author’s publication [SF15]; it has recently been extended in [LPL18] to
enable LLL reduction over imaginary quadratic �elds.
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Algorithm 4.5 LLL algorithm as, e.g., de�ned in [LLL82, LH07, Fis12].
[G(red), Q, R, U ] = LLL_REDUCTION(δ, G, I, sizeReduction) . U × V generator matrixG

1: [Q, R, U ] = GSO(G, true) . GSO with pivoting according to Algorithm 4.1
2: v = 2
3: while v ≤ V do
4: [R, U ] = SIZE_REDUCTION(v − 1, v, R, U , I) . Algorithm 4.6
5: if ‖qv‖2 ≤ (δ − |rv−1,v|2)‖qv−1‖2 then . Lovász condition
6: swap the columns with indices v − 1 and v in U
7: [Q, R] = UPDATE_QR(v, Q, R) . Algorithm C.5
8: v = max{2, v − 1}
9: else

10: if sizeReduction then . Deactivate for e�ective LLL reduction
11: for l = v − 2, v − 3, . . . , 1 do
12: [R, U ] = SIZE_REDUCTION(l, v, R, U , I) . Algorithm 4.6
13: end for
14: end if
15: v = v + 1
16: end if
17: end while
18: G(red) = GU . Output: reduced basisG(red) and related integer matrix U

Algorithm 4.6 Generalization of the size-reduction procedure.
[R, U ] = SIZE_REDUCTION(l, v, R, U , I) . Constituent ring I

1: r̂ = QUANTIZATION(rl,v, I) . Algorithm 3.1
2: uv = uv − r̂ul
3: rv = rv − r̂ rl . Modulo reduction of rl,v with respect toRV(I)

real-valued representation G(r) or G(h) may be di�erent to the complex-valued ones, cf. Ex-
ample 4.5.

Example 4.5: LLL-reduced basis and equivalent real-valued representation

We consider the generator matrix G from Example 4.1 with the equivalent real-valued rep-
resentation G(r) from Example 4.2.

Performing the CLLL reduction with standard parameter δ = 3
4 (and size reduction), we

obtain the squared column norms

‖g(red)
1 ‖2 = 4.25 , ‖g(red)

2 ‖2 = 5.5 , ‖g(red)
3 ‖2 = 6.25 ,

where the columns of the related matrix Q read

‖q1‖2 = 4.25 , ‖q2‖2 = 4.7353 , ‖q3‖2 = 2.8362 .

Using the real-valued LLL algorithm with standard parameter δ = 3
4 (and size reduction)

for the equivalent real-valued representation G(r), we obtain

‖g(red)
1 ‖2 = 4.25 , ‖g(red)

2 ‖2 = 4.25 , ‖g(red)
3 ‖2 = 5.5 ,

and
‖g(red)

4 ‖2 = 6.25 , ‖g(red)
5 ‖2 = 6.25 , ‖g(red)

6 ‖2 = 6.25 .
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For the columns of the related matrix Q, we have

‖q1‖2 = 4.25 , ‖q2‖2 = 4.25 , ‖q3‖2 = 4.7353 ,

and
‖q4‖2 = 4.0645 , ‖q5‖2 = 3.3042 , ‖q6‖2 = 2.8362 .

Performing the ELLL reduction with standard parameter δ = 2
3 as defined in [Nap96] (and

size reduction), we obtain the squared column norms

‖g(red)
1 ‖2 = 4.25 , ‖g(red)

2 ‖2 = 5.5 , ‖g(red)
3 ‖2 = 4.1747 ,

where the columns of the related matrix Q read

‖q1‖2 = 4.25 , ‖q2‖2 = 4.7353 , ‖q3‖2 = 2.8362 .

We see that ‖g(red)
3 ‖2 is lowered in comparison to the CLLL reduction.

4.3.1.2 LLL Reduction with Deep Insertions

Since the LLL algorithm operates on the QR decomposition of the generator matrix, the GSO
with pivoting is initially calculated in Algorithm 4.5. For the unimodular integer matrix we
hence have U = P at the beginning, where P is the permutation matrix which contains the
respective sorting. However, due to the swapping operations in the LLL algorithm—where the
matrices Q and R have to be updated—the sorting criterion of the GSO with pivoting may
be violated. In particular, this means that if the GSO with pivoting is applied to the reduced
generator matrixG(red), the resulting matricesQ andRmay be di�erent to the ones returned
by the LLL algorithm (i.e., a permutation matrix P 6= IV may result). Nevertheless, for some
applications it may be convenient to have an LLL-reduced basis where the integer matrix U
inherently contains the sorting of the GSO with pivoting.

To this end, since |rv,v|2 = 1, we can rewrite the Lovász condition (4.24) as
v∑

l=v−1
|rl,v|2 ‖ql‖2 ≥ δ ‖qv−1‖2 . (4.29)

Since it only compares two adjacent columns, it is “too weak” to maintain the sorting condition
of the GSO with pivoting. Nevertheless, in step v, we can extend the criterion to all previous
columns m = 1, . . . , v − 1 according to

v∑
l=m
|rl,v|2 ‖ql‖2 ≥ δ ‖qv−1‖2 , (4.30)

which is the criterion known from the LLL reduction with deep insertions, cf. [SE94, Fis10,
LMH13]. For the parameter δ = 1, i.e., the optimal LLL reduction with deep insertions, (4.30)
turns out to be the sorting criterion of the GSO with pivoting, cf. the detailed study in [LMH13].
As a consequence, we not only obtain an LLL-reduced basis but the integer matrix also in-
herently contains the sorting from the GSO with pivoting. The calculation of the GSO with
pivoting for the reduced matrixG(red) would then result in the permutation matrix P = IV .
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Algorithm 4.7 LLL reduction with deep insertions according to [Fis10].
[G(red), Q, R, U ] = LLL_DEEP(δ, G, I) . U × V generator matrixG

1: Q = G, R = IV , U = IV , v = 1 . Initialization
2: while v ≤ V do
3: µ(v) = argminm=v,...,V ‖qm‖2 . Pivoting
4: if µ(v) 6= v then
5: [Q, R, U ] = INSERTION(µ(v), v, Q, R, U)
6: end if
7: for l = v + 1, . . . , V do . Gram-Schmidt orthogonalization
8: rv,l = qH

v ql/‖qv‖2
9: ql = ql − rv,l qv

10: end for
11: for l = v − 1, v − 2, . . . , 1 do
12: [R, U ] = SIZE_REDUCTION(l, v, R, U , I) . Algorithm 4.6
13: end for
14: form = 1, . . . , v − 1 do
15: if

∑v
l=m |rl,v|2 ‖ql‖2 < δ ‖qm‖2 then . Modi�ed Criterion (4.30)

16: for l = V, V − 1, . . . ,m+ 1 do . Remove projections
17: ql = ql +

∑min{v, l−1}
i=m ri,l qi

18: end for
19: [Q, R, U ] = INSERTION(v, m, Q, R, U) . Algorithm 4.2
20: for l = m+ 1, . . . , V do . Renew Gram-Schmidt orthogonalization
21: rm,l = qH

mql/‖qm‖2
22: ql = ql − rm,l qm
23: end for
24: v = m . Go back to step m
25: break
26: end if
27: end for
28: v = v + 1 . Next step
29: end while
30: G(red) = GU . Output: reduced basisG(red) and related integer matrix U

We brie�y review the LLL algorithm with deep insertions as listed in [Fis10], which is
given as generalized variant (over I = Z, I = G, and I = E) in Algorithm 4.7. The modi�ed
criterion requires a structure di�erent to the one of the classical LLL algorithm. In particular,
the structure at hand is very similar the one of the GSO with pivoting in Algorithm 4.1. The
�rst part (Lines 3–10) is indeed the same. Then, in step v, the generalized size reduction as
de�ned in Algorithm 4.6 is performed for rl,v, l = v− 1, v− 2, . . . , 1. After size reduction, the
modi�ed criterion (4.30) is checked. If it is violated at position m, the respective orthogonal
projections are removed up to position m− 1. Then, inQ,R, andU , the columns with index
v are inserted at positionm using Algorithm 4.2. The GSO is �nally updated by the projection
of the columns qm+1, . . . , qV onto the orthogonal complement of the column qm and the step
is set back to v = m. After step V , the algorithm �nally terminates with the calculation of the
reduced generator matrixG(red).
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Please note that all (non-zero) elements of R are relevant in (4.30). Hence, an “e�ective”
variant of the LLL reduction with deep insertions by analogy with the e�ective (classical)
LLL reduction as proposed in [LH07] is not possible (see also Algorithm 4.5). The di�erent
results of classical LLL reduction and LLL reduction with deep insertions are demonstrated
in Example 4.6.

Example 4.6: LLL reduction with deep insertions
Again, we consider the generator matrixG from Example 4.1 with the equivalent real-valued
representation G(r) from Example 4.2.

Performing the CLLL reduction with deep insertions, we obtain the same result as for the
classical CLLL reduction in Example 4.5 even for the optimal parameter δ = 1. Hence, in this
example (but not in general), the classical reduction already results in an optimum ordering
with respect to the GSO with pivoting.

Using the real-valued classical LLL algorithm with parameter δ = 1 (and size reduction)
for the equivalent real-valued representation G(r), we obtain

‖q1‖2 = 4.25 , ‖q2‖2 = 4.25 , ‖q3‖2 = 4.7353 ,

and
‖q4‖2 = 3.9763 , ‖q5‖2 = 3.3776 , ‖q6‖2 = 2.8362 .

Applying the real-valued LLL algorithm with deep insertions and parameter δ = 1 instead,
we obtain

‖q1‖2 = 4.25 , ‖q2‖2 = 4.25 , ‖q3‖2 = 4.7353 ,
and

‖q4‖2 = 3.9334 , ‖q5‖2 = 3.4144 , ‖q6‖2 = 2.8362 ,
i.e., in step v = 4, the norm of q4 is lowered.

4.3.2 Hermite–Korkine–Zolotareff Reduction

Apart from the suboptimal LLL reduction or related variants like the LLL reduction with deep
insertions, “stronger” criteria can be de�ned for which a basis is called reduced. The HKZ
reduction [KZ73, AEVZ02, JD13] is such an approach which operates on the QR decomposition
of the generator matrix, too.

More precisely, a U × V generator matrixG = QR is called HKZ-reduced if [KZ73]:

(i) In step v = 1, . . . , V , qv is a shortest non-zero vector in the lattice spanned by the
submatrix

G(v) = [qv, . . . , qV ] ·


rv,v . . . rv,V

... . . . ...
0 . . . rV,V

 , (4.31)

i.e.,
qv = argmin

λ∈ΛI(G(v))\{0U−v+1}
‖λ‖2 . (4.32)

In words, qv has to be chosen as a shortest vector in the lattice spanned by the projec-
tion onto the orthogonal complement of all previous columns q1, . . . , qv−1, cf. [KZ73,
AEVZ02, OEN13].
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(ii) R is size-reduced, i.e., using the generalized variant of the size-reduction criterion, (4.26)
is valid for the non-diagonal elements ofR.

It is easy to see that the HKZ reduction is closely related to the GSO with pivoting. In
the latter, the “shortest” column in the orthogonal complement of q1, . . . , qv−1, particularly
formed by the columns qv, . . . , qV , is chosen in step v. In the �rst criterion of the HKZ reduc-
tion, this concept is transformed to the shortest vector which is spanned by the related lattice
represented by the generator matrixG(v).

Noteworthy, the �rst criterion (shortest non-zero vector) can independently be achieved
from the second one (size reduction) as the size reduction only operates onR but not onQ (cf.
Algorithm 4.6 and the discussion in Section 4.3.1.1). Consequently, if only the column norms of
Q are of interest for the particular application, the second criterion can be dropped by analogy
with the “e�ective LLL reduction” [LMH13]. We call that variant of the HKZ reduction, where
only Criterion (i) is obeyed, “e�ective HKZ reduction”.

Given a generator matrix G, a related HKZ-reduced basis is obtained by applying Algo-
rithm 4.8. The procedure HKZ_REDUCTION starts with the calculation of the (sorted) QR
decomposition of the generator matrix. Just like in the LLL algorithm (Algorithm 4.5), the ini-
tial sorting is not necessarily required as the integer matrix U is uniquely determined by the
subsequent operations. In step v = 1, . . . , V , the shortest (non-zero) vector λ(v) in ΛI(G(v))
is obtained using the generalized solution to the SVP as de�ned in Algorithm 4.3. Then, the
QR decomposition of the generator matrix and the related integer matrixU are updated such
that qv = λ(v) and ΛI(QR) = ΛI(G). This can, e.g., be realized by the basis-update ap-
proach proposed in [ZQW12] which is based on the extended Euclidean algorithm [CLRS09]
with respect to the constituent ring I. For the sake of completeness, the related code is pro-
vided in Algorithm C.6 and brie�y explained in Appendix C.2. Please note, since qv is taken
from the orthogonal complement of q1, . . . , qv−1, the update of Q, R, and U always results
in a (reduced) basis of the lattice ΛI(G), cf. [KZ73, RB79]. Hence, in contrast to, e.g., the so-
lution to the SMP, U is always a unimodular matrix. After step V , the size reduction of R
is—if desired (argument sizeReduction = true)—performed. The algorithm �nally returns
the HKZ-reduced generator matrixG(red).

Following the greedy philosophy, the HKZ reduction successively selects qv to be the
shortest vector in the current latticeΛI(G(v)). Besides, during the basis update, the remaining
columns qv+1, . . . , qV are projected onto the orthogonal complement of qv whereas the pre-
vious columns q1, . . . , qv−1 are not changed anymore. Taking advantage of the analogy to the
GSO with pivoting, this means that on the one hand—just like in case of LLL reduction with
deep insertions8 and parameter δ = 1—the integer matrix U inherently contains the sorting
of the GSO with pivoting. On the other hand, we can proof that

UHKZ = argmin
T∈IV×V

rank(T )=V

max
v=1,...,V

‖qv‖2 , (4.33)

i.e., that the integer matrix UHKZ is chosen such that the maximum squared norm of Q with
8 A HKZ-reduced basis is always LLL-reduced according to (4.24) or (4.30), cf., e.g., [AEVZ02].
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Algorithm 4.8 HKZ reduction using the basis-update approach in [ZQW12].
[G(red), Q, R, U ] = HKZ_REDUCTION(G, I, sizeReduction) . U × V generator matrixG

1: [Q, R, U ] = GSO(G, true) . Algorithm 4.1
2: v = 1
3: while v < V do

4: G(v) = [qv, . . . , qV ] ·

rv,v . . . rv,V
... . . . ...
0 . . . rV,V

 . SubmatrixG(v)

5: [λ(v), ζ(v)] = SHORTEST_VECTOR(G(v), I) . Algorithm 4.3
6: [Q, R, U ] = BASIS_UPDATE(G, Q, R, U , ζ(v), v, I, false) . Algorithm C.6
7: v = v + 1 . Next step
8: end while
9: if sizeReduction then . Size reduction if desired

10: for l = V − 1, V − 2, . . . , 1 do
11: form = l + 1, . . . , V do
12: [R, U ] = SIZE_REDUCTION(l, m, R, U , I) . Algorithm 4.6
13: end for
14: end for
15: end if
16: G(red) = GU . Output: reduced basisG(red) and related integer matrix U

respect to G(red) = QR is minimized. Since the update of qv can always be described by a
change of basis,U is unimodular. The proof of (4.33) has originally been given in [OEN13]. A
variant thereof is provided in Appendix B.2. The optimality of the HKZ reduction is unfortu-
nately accompanied by the fact that the NP-hard SVP has to be solved V − 1 times, though,
with decreasing size of the related generator matrix.

For the real-valued representation of complex-valued matrices, the conclusions are similar
to the ones that have been drawn for the GSO with pivoting in Section 4.1.3: Since, in G(r),
we have pairs of orthogonal columns, the maximum (squared) column norm of Q is always
identical to the complex-valued representation, i.e., the optimality (4.33) is in the same way
achieved in both cases. Nevertheless, the possibility to change the basis may lead to di�erent
values with respect to other norms. In contrast to the GSO with pivoting, the norms of the
complex-valued representation do not necessarily have to be contained in the real-valued one.

Example 4.7: HKZ reduction

Once again, we consider the generator matrix G from Example 4.1 with the equivalent real-
valued representation G(r) from Example 4.2.

Performing the HKZ reduction according to Algorithm 4.8 over I = G, we obtain the same
(squared) column norms of Q as for the complex-valued LLL reduction with deep insertions
and δ = 1 in Example 4.6, i.e.,

‖q1‖2 = 4.25 , ‖q2‖2 = 4.25 , ‖q3‖2 = 4.7353 .

The same holds for the reduction of the equivalent real-valued matrix G(r) where we obtain

‖q1‖2 = 4.25 , ‖q2‖2 = 4.25 , ‖q3‖2 = 4.7353 ,
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and
‖q4‖2 = 3.9334 , ‖q5‖2 = 3.4144 , ‖q6‖2 = 2.8362 .

Hence, in this example, the LLL reduction with deep insertions already results in an optimal
performance with respect to (4.33) even though this type of reduction is generally suboptimal.

In the given example, the squared column norms of the complex-valued representation
form a subset of the norms of the equivalent real-valued representation. However, in general,
this does not necessarily have to be the case.

4.3.3 Hermite and Minkowski Reduction

The criteria of the LLL or HKZ reduction de�ne a reduced basis of a lattice with respect to
its QR decomposition. Nevertheless, concerning the column norms of the related generator
matrix, no requirements are set. Hence, in order to minimize these norms, other criteria are
required. The most important criteria which directly consider the reduced generator matrix
are subsequently discussed.

4.3.3.1 Hermite Reduction

The strongest type of lattice basis reduction that considers the norms of the reduced basis is
the so-called Hermite reduction [Her50, AEVZ02]. In particular, a U × V generator matrix G
is Hermite-reduced if for any other generator matrix G̃ = [g̃1, . . . , g̃V ] withΛI(G̃) = ΛI(G)
and ‖gl‖2 = ‖g̃l‖2, l = 1, . . . , v − 1,

‖gv‖2 ≤ ‖g̃v‖2 , v = 1, . . . , V , (4.34)

is ful�lled. In words, the norms of G have to be chosen such that they are—in ascending
order—as small as possible. Unfortunately, apart from brute-force search, no algorithm for the
determination of a Hermite-reduced basis has been proposed in the literature so far.

4.3.3.2 Minkowski Reduction

The Minkowski reduction [Min91, Min89, DWZ17] is closely related to the abovementioned
Hermite reduction. A U ×V generator matrixG is called Minkowski-reduced if for any other
generator matrix G̃ = [g̃1, . . . , g̃V ] with ΛI(G̃) = ΛI(G) and gl = g̃l, l = 1, . . . , v − 1,

‖gv‖2 ≤ ‖g̃v‖2 , v = 1, . . . , V , (4.35)

is valid. The only di�erence to Hermite reduction is that—following the greedy philosophy
[AEVZ02]—a particular basis vector gv with lowest squared norm is chosen in step v. Cer-
tainly, this only makes a di�erence if—apart from the linearly dependent vectors with the
same norm (cf. Footnote 5)—more than one shortest basis vector is available. Such a situation
is e.g., present if ‖gv‖2 = ‖g̃v‖2, where both vectors are linearly independent. Then, in the
following steps v + 1, . . . , V , the choice of one of these vectors may lead to an inferior result
than the choice of the other one. In that situation, the basis is Minkowski-reduced but not
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Algorithm 4.9 Minkowski reduction using the basis update approach in [ZQW12].
[G(red), Q, R, U ] = MINKOWSKI_REDUCTION(G, I) .G = [g1, . . . , gV ] ∈ CU×V

1: [Q, R, U ] = GSO(G, true) . QR decomposition required for basis update
2: v = 1
3: while v ≤ V do
4: G(red) = GU
5: [λ(v), ζ(v)] = SHORTEST_VECTOR_GCD(G(red), ‖g(red)

v ‖2, v, V, I) . Algorithm C.8
6: [Q, R, U ] = BASIS_UPDATE(G, Q, R, U , ζ(v), v, I, true) . Algorithm C.6
7: v = v + 1
8: end while
9: G(red) = GU . Output: reduced basisG(red) and related integer matrix U

Hermite-reduced, cf. [Rys76]. However, if only one shortest vector is available in each step
v = 1, . . . , V , both criteria are indeed equivalent, cf. [Rys76, AEVZ02].

Due to the greedy philosophy of the Minkowski reduction, it is possible to de�ne e�cient
algorithms for the determination of a Minkowski-reduced basis. Since the unimodularity con-
straint on the integer matrixU has to be obeyed, a criterion is required that de�nes if a lattice
vector is suited to be a basis vector of the given lattice—and not only of a sublattice thereof
(cf. SMP). Such a criterion has been proposed in [Hel85, ZQW12]: given step v and the previ-
ous basis vectors g1, . . . , gv−1 which are contained in the generator matrixG, a lattice vector
λ(v) = Gζ(v) with the related integer vector ζ(v) = [ζ(v)

1 , . . . , ζ
(v)
V ]T is suited to de�ne a basis

of the lattice if
gcd{ζ(v)

v , . . . , ζ
(v)
V } = 1 . (4.36)

As a consequence, a Minkowski-reduced basis is obtained if in step v, the shortest lattice
vector is chosen to be the vth basis vector in the generator matrix—additionally ful�lling the
constraint that the greatest common divisor (GCD) of its related integer values ζ(v)

v , . . . , ζ
(v)
V

is one. The vth column of the integer matrix U is then given by the integer vector ζ(v). Since
the GCD can generally be de�ned for Euclidean rings, the criterion (4.36) is valid for lattices
over real-valued, Gaussian, and Eisenstein integers.

In Algorithm 4.9, the above strategy is implemented to obtain a Minkowski-reduced basis
G(red) of a latticeΛI(G). The algorithm starts with a GSO with pivoting; alternatively, an LLL
reduction can be applied to obtain basis vectors with (initially) lower norms. Then, in step v =
1, . . . , V , the shortest vector in the (current) reduced basisG(red) is searched that additionally
ful�lls (4.36). To this end, the procedure SHORTEST_VECTOR_GCD is used (Line 5), which
is an adapted implementation of Algorithm 4.3 represented by Algorithm C.8 in Appendix C.2.
It calls a special variant of the sphere-decoding algorithm (for the SVP) with initial squared
search radius ‖g(red)

v ‖2, where the GCD constraint is checked using the Euclidean algorithm
adapted to I. It is provided and explained in Appendix C.1, particularly Algorithm C.4. After
the computation of the desired shortest vector λ(v) with its related integer vector ζ(v)

min, the
generator matrix has to be updated such that g(red)

v = λ(v) and ΛI(G(red)) = ΛI(G). This
can, e.g., be realized by the abovementioned basis-update approach for the HKZ reduction
(Algorithm C.6) with some slight modi�cations as proposed in [ZQW12] and brie�y discussed
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in Appendix C.2. Noteworthy, the initial QR decomposition of G is actually not required for
the determination of the shortest vector but only for the basis-update approach at hand. The
algorithm terminates with the calculation of the �nal Minkowski-reduced basis G(red). From
a theoretical point of view, an NP-hard problem has to be solved since the solution to a special
variant of the SVP is required V times.

4.3.4 Shortest Basis Problem

By analogy with the SIVP (4.19), for a lattice with U × V generator matrix G we can de�ne
the SBP as

U = argmin
U∈IV×V
|det(U)|=1

max
v=1,...,V

‖Guv‖2 . (4.37)

In words, a change of basis has to be be found where the maximum (squared) column norm
of the reduced basis described by G(red) = GU is as small as possible. Thereby, in order
to achieve ΛI(G(red)) = ΛI(G), the matrix U = [u1, . . . ,uV ] is required to be unimodular.
Thus, in contrast to the SIVP (and hence the SMP), not only a full-rank constraint but also a
unimodularity constraint is imposed on the integer matrix. In the following, we discuss which
reduction criteria are suited to solve the SBP (4.37).

It is quite obvious that a Hermite-reduced basis according to (4.34) solves the SBP since—
in ascending order—all basis vectors are as short as possible. Hence, the SBP is actually a
weakened variant of the criterion for Hermite reduction—just like the SIVP forms a weakened
variant of the SMP. However, the problem is that no e�cient algorithm for the computation
of a Hermite-reduced basis of a lattice has been given in the literature so far.

Nevertheless, we can take advantage of the fact that Minkowski and Hermite reduction
are equivalent for the case when in each step v = 1, . . . , V only one shortest basis vector is
available. Given the property that the statistical distribution of the elements of the generator
matrixG is described by a continuous random variable, the probability to obtain two linearly
independent lattice vectors of the same norm approaches zero. This case is, e.g., present if the
elements of G are drawn i.i.d.ly from a real- or complex-valued Gaussian distribution. Then,
a Minkowski-reduced basis according to (4.36) optimally solves the SBP (4.37).

Please note, the abovementioned optimality of a complex-valued Minkowski-reduced basis
G may not necessarily in the same way be valid for its equivalent real-valued representation
described by G(r). In particular, we obtain pairs of linearly independent vectors which pos-
sess the same column norms. As the Minkowski-reduction algorithm greedily selects one of
them the equivalence to Hermite reduction is not valid anymore. In that case, only a Hermite-
reduced basis ensures that the SBP (4.37) is optimally solved. Moreover, there’s another pecu-
liarity: in contrast to the solution to the SMP where both real- and complex-valued represen-
tation result in the same maximum (squared) column norm, here the maximum norm may be
lowered for a Minkowski-reduced basis of the real-valued representation. More precisely, this
situation may occur if the GCD constraint (4.36) is not ful�lled for a particular complex-valued
lattice vector, but at least for one of its two equivalent vectors in real-valued representation.
Since this real-valued vector is then chosen to be a basis vector of the lattice, the GCD con-
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straints with respect to the remaining basis vectors may change. This situation is demonstrated
in Example 4.8. As a consequence, the optimality according to (4.37) only holds in the com-
plex domain. Besides, a Minkowski-reduced generator matrix of the equivalent real-valued
representation can generally not be reconverted to a complex-valued representation since the
structure described in (2.107) is destroyed during the reduction procedure.

Example 4.8: Minkowski-reduced basis vs. solution to the successive minima problem

One more time, we consider the generator matrix G from Example 4.1 with the equivalent
real-valued representation G(r) from Example 4.2. We restrict to I = G.

From Example 4.3, we know that the solution to the SMP with respect to G is non-
unimodular since it results in an integer matrixT with |det(T )| =

√
2. The respective squared

column norms of G(t) read

‖g(t)
1 ‖

2 = 4.25 , ‖g(t)
2 ‖

2 = 5.5 , ‖g(t)
3 ‖

2 = 5.75 .

Using the real-valued representation G(r), we obtain the matrix T (̄r) where | det(T (̄r))| = 2,
and the related squared norms

‖g(̄r,t)
1 ‖2 = ‖g(̄r,t)

2 ‖2 = 4.25 , ‖g(̄r,t)
3 ‖2 = ‖g(̄r,t)

3 ‖2 = 5.5 , ‖g(̄r,t)
5 ‖2 = ‖g(̄r,t)

6 ‖2 = 5.75 .

When calculating the related Minkowski-reduced basisG(red) = GU , whereU is a unimodu-
lar Gaussian-integer matrix, we obtain the squared column norms

‖g(red)
1 ‖2 = 4.25 , ‖g(red)

2 ‖2 = 5.5 , ‖g(red)
3 ‖2 = 6 ,

i.e., the last integer vector in T leads to a non-unimodular solution if the SMP is solved. Using
the equivalent real-valued representation G(r) instead, we have

‖g(red)
1 ‖2 = ‖g(red)

2 ‖2 = 4.25 , ‖g(red)
3 ‖2 = ‖g(red)

3 ‖2 = 5.5 ,

but
‖g(red)

5 ‖2 = 5.75 , ‖g(red)
6 ‖2 = 6 .

We see that in step v = 5, the first equivalent real-valued variant of g(t)
3 is chosen to be a

basis vector. In contrast, the second one does not fulfill the GCD constraint. Hence, the next
shortest lattice vector which fulfills this constraint has to be selected. Noteworthy, in this
example, both real- and complex-valued representation result in the same maximum squared
column norm.

We consider another example where the generator matrix

G =


0.45 + 0.92 j −0.52 + 0.11 j −1.02− 0.45 j 0.70− 0.21 j −0.16 + 0.20 j 0.27 + 0.95 j
−0.16− 0.18 j 1.20 + 0.44 j −0.67 + 0.66 j 0.56− 0.16 j −1.32 + 0.25 j −0.35− 0.84 j

0.29− 1.02 j −0.51− 0.39 j −0.78 + 1.04 j −1.11 + 1.16 j 1.09− 0.28 j 0.26 + 1.44 j
0.60− 0.63 j −1.34− 0.67 j 0.77− 0.65 j 0.46 + 0.21 j −0.86 + 1.11 j 0.43− 0.39 j
−1.76− 0.73 j 1.23− 0.12 j 0.65 + 0.79 j 0.66 + 0.24 j 0.04− 0.86 j 0.25 + 0.68 j

0.72− 0.11 j 0.40− 0.56 j −0.14− 0.51 j −0.50− 0.18 j −0.71− 0.02 j 1.06− 0.96 j


is present. Calculating the solution to the SMP, we obtain a non-unimodular integer matrix
T and the squared column norms

‖g(t)
1 ‖

2 = 4.4823 , ‖g(t)
2 ‖

2 = 4.6461 , ‖g(t)
3 ‖

2 = 4.9312 ,

and
‖g(t)

4 ‖
2 = 4.9543 , ‖g(t)

5 ‖
2 = 5.0069 , ‖g(t)

6 ‖
2 = 5.0609 .
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Computing a Minkowski-reduced basis, the first five squared column norms are identical.
However, the last one reads

‖g(red)
6 ‖2 = 5.3713 .

Calculating a Minkowski-reduced basis for the equivalent real-valued representation, the first
five squared column norms ofG(t) are obtained twice. However, the last two ones are given
as

‖g(red)
11 ‖

2 = 5.0609 , ‖g(red)
12 ‖

2 = 5.2847 .

Hence, in this example, the maximum (squared) norm of the real-valued representation is
lower than the maximum one of the complex-valued representation.

4.4 Discussion and Numerical Results

In the following, the most important characteristics of the abovementioned criteria and their
related algorithms are brie�y summarized. We start with an overview of their speci�c prop-
erties and discuss which of these approaches are suited to solve particular lattice problems.
Following this, results obtained from numerical simulations are provided in order to comple-
ment the theoretical derivations that were given in this chapter.

4.4.1 Overview of Criteria and Algorithms

In Table 4.1, important properties of all approaches which were considered in this chapter
are collected. We assume that the particular scheme results in a generator matrix GM =
QR, where G is a U × V generator matrix and M = [m1, . . . ,mV ] is an arbitrary integer
matrix. First, we consider the optimality criterion which is ful�lled by the particular approach.

Table 4.1: Overview of the properties of all approaches discussed in Chapter 4 with respect to GM = QR,
where G is a U × V generator matrix of a lattice: optimality criterion, same optimality for complex-valued
and equivalent real-valued representation of complex-valued generator matrices, sorting criterion according
to GSO with pivoting, and computational complexity.

Criterion/Algorithm Optimality RV/CV optimal Sorted Complexity

GSO − − − polynomial
GSO with pivoting argmin

M∈PV×V
max
v
‖qv‖2 X X polynomial

Solution to SMP argmin
M∈IV×V

rank(M)=V

‖Gmv‖2 ∀v X (even equivalence) − NP-hard

LLL − − − polynomial
LLL deep, δ = 1 − − X polynomial
(E�cient) HKZ argmin

M∈IV×V
rank(M)=V

max
v
‖qv‖2 X X NP-hard

Minkowski (Hermite) argmin
M∈IV×V
| det(M)|=1

‖Gmv‖2 ∀v − − NP-hard
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Second, given complex-valued matrices, it is stated if the optimality is in the same way valid
for the complex-valued representation of the generator matrix and its equivalent real-valued
representation according to (3.43) or (3.49). Third, it is listed if the QR decomposition ofGM
inherently ful�lls the sorting criterion of the GSO with pivoting, i.e., if a GSO with pivoting
applied toGM would yield the identity matrix as the resulting permutation matrixP . Finally,
from a theoretical point of view, the computational complexity is provided for all approaches.

We start with the GSO and the GSO with pivoting. Both of them have a polynomial com-
plexity. For the unsorted variant, we haveM = IV . The sorted variant leads to a permutation
matrix M ∈ PV×V which minimizes the maximum (squared) column norm of Q. This holds
for both the real- and the complex-valued representation. The sorting criterion of the GSO
with pivoting is obviously ful�lled.

The solution to the SMP is considered next. It yields a full-rank integer matrixM ∈ IV×V

which successively minimizes the squared column norms ‖Gmv‖2, v = 1, . . . , V . However,
a sublattice of the lattice spanned by G may be the result. Both real- and complex-valued
representation ful�ll the same optimality. In particular, since they are equivalent according to
(2.107), they can be transformed into each other. The (unsorted) QR decomposition of GM
does not necessarily ful�ll the sorting criterion of the GSO with pivoting. Besides, a variation
of the NP-hard SVP has to be solved.

LLL reduction and LLL reduction with deep insertions are suboptimal lattice-reduction
schemes with polynomial complexity. They result in a reduced basis GM of the lattice
spanned by G. Hence, we obtain the unimodular integer matrix M ∈ IV×V . Applying the
LLL reduction with deep insertions and parameter δ = 1, M inherently contains the sorting
of the GSO with pivoting. An (e�ciently) HKZ-reduced basis ful�lls that sorting condition,
too. However, in addition, it is accompanied by a unimodular integer matrix M ∈ IV×V

which—among all full-rank matrices—minimizes the maximum (squared) column norm ofQ.
Thereby, the maximum norm is the same for both real- and complex-valued representation.
The NP-hard SVP has to be solved V − 1 times. Finally, the Minkowski reduction �nds—if the
equivalence to the de�nition of Hermite according to Section 4.3.3 is present—a unimodular
integer matrixM ∈ IV×V which successively minimizes the squared column norms ‖Gmv‖2.
Here, real- and complex-valued representation may lead to di�erent results even with respect
to the optimality criterion. Besides, the sorting of the GSO with pivoting is not obtained. A
special variant of the NP-hard SVP has to be solved V times.

4.4.2 Numerical Results

In the following, results obtained from Monte-Carlo simulations are provided in order to as-
sess the approaches listed in Table 4.1 with respect to di�erent evaluation criteria. To this
end, 105 complex-valued generator matrices G of di�erent sizes have randomly been drawn
according to the i.i.d. unit-variance complex Gaussian distribution speci�ed in Section 2.2.2.2.
We particularly consider lattices over Gaussian and Eisenstein integers, i.e., with I = G and
I = E, including the so-called dual lattices [CS99] ΛI(G(dual)) thereof which are spanned by
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Table 4.2: Distribution of the absolute value of the determinant of T in percent, where T is the full-rank
integer matrix obtained from the solution to the successive minima problem with respect to I. Variation of
the statistical distribution of the generator matrixG (i.i.d. complex GaussianG as well as dual-lattice generator
matrixG(dual) thereof) and the size U = V of the generator matrix. The value 0.00 indicates that the particular
determinant may occur, though, with a probability of less than 0.005 %.

G I |det(T )| U = V
2 3 4 5 6 7 8

i.i.d.

G

1 100 99.78 99.06 97.65 95.48 92.91 89.54√
2 0 0.22 0.94 2.35 4.49 6.94 10.04

2 0 0 0 0 0.03 0.13 0.35√
5 0 0 0 0 0.01 0.02 0.06√
8 0 0 0 0 0 0.00 0.00√
10 0 0 0 0 0 0 0.00√
13 0 0 0 0 0 0 0.00

E
1 100 100 100 100.0 99.99 99.95 99.87√
3 0 0 0 0 0.01 0.04 0.12

2 0 0 0 0 0 0.01 0.01

dual
G

1 100 99.74 98.98 97.57 95.60 92.70 89.48√
2 0 0.26 1.02 2.43 4.37 7.14 10.08

2 0 0 0 0 0.03 0.14 0.38√
5 0 0 0 0 0 0.02 0.06√
8 0 0 0 0 0 0 0.00

E
1 100 100 100 100.0 99.99 99.95 99.86√
3 0 0 0 0 0.01 0.05 0.13

2 0 0 0 0 0 0.00 0.01

the generator matrix
G(dual) = G+H = (G+)H . (4.38)

Thereby, G+ denotes the Moore–Penrose pseudoinverse of G as de�ned in (2.8). In the fol-
lowing two chapters, the concept of dual lattices will be very important.9

In Table 4.2, we consider the solution to the SMP as treated in Section 4.2.2. In particular,
the distribution of the determinant of the related full-rank integer matrix T is listed. For the
case U = V = 2, we see that T is always unimodular. In turn, this means that a Minkowski-
reduced basis always solves the SMP, too, which is totally in accordance with the fact that
both approaches are equivalent for real-valued lattices and V ≤ 4 [Min91].10 For lattices over
Gaussian integers, non-unimodular matrices may occur for U = V ≥ 3 (both i.i.d. and dual-
lattice case). For the case U = V = 8, about 90 % are still unimodular. Considering lattices
over Eisenstein integers, the situation is even more unilateral: here, for both considered types
of lattices, non-unimodular matrices are only present if U = V ≥ 6. Moreover, for less than

9 Calculating the scalar product of lattice points drawn from ΛI(G) and lattice points drawn from the re-
spective dual lattice ΛI(G(dual)), the resulting scalar is drawn from I, cf. [CS99].

10 In [SHV13], simulation results are provided where the solution to the SMP shows a slight performance gain
over Minkowski reduction for 2 × 2 complex-valued generator matrices. However, from a theoretical point of
view, both approaches are completely equivalent. Hence, the two results might have been obtained with respect
to di�erent realizations of the generator matrix.
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Table 4.3: Percentage of generator matrices for which the particular lattice-basis-reduction approach solves
the SIVP (4.19) with respect to I. Variation of the statistical distribution of the generator matrixG (i.i.d. complex
Gaussian G as well as dual-lattice generator matrix G(dual) thereof) and the size U = V of G.

Approach G I U = V
2 3 4 5 6 7 8

G itself
i.i.d. G 16.0 3.9 1.3 0.6 0.3 0.2 0.1

E 13.8 3.0 0.8 0.3 0.2 0.1 0.0

dual G 16.0 2.9 0.6 0.2 0.0 0.0 0.0
E 13.8 2.2 0.4 0.1 0.0 0.0 0.0

LLL, δ = 3
4 (G) or 2

3 (E)
i.i.d. G 97.6 81.5 60.3 40.4 24.4 13.6 8.0

E 95.8 81.1 61.9 42.7 27.1 16.1 9.5

dual G 97.6 81.3 59.8 38.8 22.5 11.7 5.8
E 95.8 80.9 61.0 41.5 25.2 13.9 7.0

LLL, δ = 1
i.i.d. G 100 85.4 65.6 45.7 28.8 16.7 9.1

E 100 89.2 73.3 55.5 38.5 24.2 15.2

dual G 100 85.4 65.4 44.6 27.5 15.0 8.0
E 100 89.2 73.1 55.2 37.9 23.2 12.9

LLL deep, δ = 1
i.i.d. G 100 85.0 65.1 45.3 28.4 16.6 8.7

E 100 89.0 72.9 55.1 38.0 24.0 13.8

dual G 100 85.1 64.9 44.3 27.1 14.8 7.7
E 100 88.9 72.7 54.8 37.5 22.9 13.0

HKZ
i.i.d. G 100 85.1 65.2 45.4 28.5 16.8 8.7

E 100 89.0 72.9 55.2 38.1 24.1 14.0

dual G 100 85.2 65.0 44.4 27.3 15.0 7.9
E 100 88.9 72.8 54.9 37.6 23.0 12.9

Minkowski
i.i.d. G 100 99.8 99.2 98.4 97.1 95.6 93.4

E 100 100 100 100.0 100.0 100.0 100.0

dual G 100 99.7 99.2 98.2 97.0 95.1 93.0
E 100 100 100 100.0 100.0 100.0 99.9

Minkowski real
i.i.d. G 100 99.8 99.2 98.4 97.1 95.6 93.4

E 100 100 100 100.0 100.0 100.0 100.0

dual G 100 99.7 99.2 98.2 97.0 95.1 93.0
E 100 100 100 100.0 100.0 100.0 99.9

0.15 % of the 8× 8 generator matrices, a Minkowski-reduced basis is suboptimal with respect
to the SMP.

In Table 4.3, the percentage is given for which the listed lattice-basis-reduction approaches
solve the SIVP as de�ned in (4.19). Hence, they do not necessarily have to solve the SMP; only
the (squared) maximum norm has to be the same. First, we see that the generator matrix itself
rarely solves the SIVP for the particular lattice ΛI(G). Moreover, all criteria that operate on
the QR decomposition of the (reduced) generator matrix do not perform very well. Besides,
even though the HKZ reduction has stronger conditions with respect to the matrixQ, it partly
exhibits lower ratios when compared with the optimal LLL reduction. In contrast, since a
Minkowski-reduced basis is directly de�ned over the column norms of the generator matrix,
the SIVP is solved for the vast majority of realizations. Here, the percentage may even be
higher than the unimodularity ratio in Table 4.2 as the SIVP is a weakened variant of the
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Table 4.4: Percentage of generator matrices for which the particular approach minimizes the maximum norm
ofQ, i.e., where the optimality criterion of the HKZ reduction according to (4.33) is fulfilled. Variation of I, the
statistical distribution of the generator matrix G (i.i.d. complex Gaussian G as well as dual-lattice generator
matrix G(dual) thereof), and the size U = V of the generator matrix.

Approach G I U = V
2 3 4 5 6 7 8

GSO
i.i.d. G 30.0 9.7 3.2 1.1 0.4 0.1 0.0

E 29.0 9.3 3.0 1.0 0.3 0.1 0.0

dual G 29.9 9.2 2.9 0.8 0.2 0.1 0.0
E 28.8 8.8 2.7 0.8 0.2 0.1 0.0

GSO with pivoting
i.i.d. G 59.9 41.8 30.2 22.5 17.2 14.1 13.3

E 57.8 39.5 27.4 19.7 14.0 10.6 7.9

dual G 59.9 37.7 24.7 16.7 11.7 8.7 6.9
E 57.8 35.3 22.2 14.3 9.5 6.5 4.7

LLL, δ = 3
4 (G) or 2

3 (E)
i.i.d. G 88.2 72.5 55.4 40.4 28.6 21.2 17.4

E 84.0 66.6 48.4 33.5 21.7 14.6 9.6

dual G 88.2 71.8 53.3 36.2 23.3 15.3 11.1
E 84.0 65.5 46.3 29.6 17.3 10.1 6.4

LLL, δ = 1
i.i.d. G 100 98.0 93.1 85.6 76.9 67.9 61.4

E 100 98.9 96.3 91.2 84.1 75.8 67.5

dual G 100 98.0 93.1 84.9 74.8 64.4 55.0
E 100 98.9 96.2 90.8 83.6 74.6 66.4

LLL deep, δ = 1
i.i.d. G 100 99.7 98.9 97.7 96.1 94.6 94.0

E 100 99.9 99.5 98.9 97.9 96.6 95.3

dual G 100 99.7 98.9 97.5 95.8 93.8 91.5
E 100 99.9 99.5 98.8 97.7 96.3 95.0

Minkowski
i.i.d. G 100 90.9 78.0 64.6 52.4 43.9 34.3

E 100 92.9 81.7 69.3 56.9 47.4 39.1

dual G 100 90.9 77.3 62.5 49.5 40.3 35.5
E 100 92.9 81.6 68.1 54.9 44.3 37.0

SMP + GSO
i.i.d. G 100 90.9 77.9 64.3 52.0 43.6 34.1

E 100 92.9 81.7 69.3 56.9 47.4 39.1

dual G 100 90.9 77.2 62.2 49.2 40.0 35.3
E 100 92.9 81.6 68.1 54.9 44.3 37.0

SMP + GSO with pivoting
i.i.d. G 100 98.9 96.8 94.3 92.2 91.4 90.7

E 100 99.4 98.4 96.7 95.2 94.3 93.5

dual G 100 98.9 96.6 93.8 91.5 90.6 90.6
E 100 99.5 98.2 96.6 95.0 93.8 93.5

SMP. Thereby, the gain obtained from equivalent real-valued processing (cf. Example 4.8) is
negligible.

Table 4.4 provides the percentage of realizations for which the (unsorted) QR decomposi-
tion of the generator matrix obtained from the listed approaches results in an optimum matrix
Q according to (4.33). In other words, the ratio is given for which the particular approach
achieves the same maximum (squared) norm as the HKZ reduction. First, we consider the case
where the GSO is directly applied to the generator matrix of the lattice. More precisely, we see
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that the extension from permutation to unimodular matrices is actually not needed in quite
a few cases. Applying the LLL reduction with the standard parameters δ = 3

4 and δ = 2
3 ,

respectively, the ratios are a little bit increased. However, a very good performance is �nally
obtained if the LLL reduction with deep insertions and parameter δ = 1 is applied. Then, the
maximum norm is most often already as small as possible since the sorting criterion of the
GSO with pivoting is obeyed. The respective percentages even surpass the ones which are
obtained when the GSO with pivoting is (subsequently) applied to the solution to the SMP.
Hence, the optimal solution to the SIVP does not necessarily form the optimal solution with
respect to (4.33), too.

Next, the statistical distribution of the maximum squared column norm of G(red) is con-
sidered for di�erent lattice-reduction criteria. In addition, the maximum squared norm of the
matrix G(t) obtained from the solution to the SMP is included. To that end, in Figure 4.2,
both the expectation and the 0.95-quantile as de�ned in (2.29) are drawn over the dimensions
U = V . We restrict to dual-lattice generator matrices G(dual) of i.i.d. complex Gaussian gen-
erator matrices according to (4.38). It is clearly visible that for all listed approaches and both
statistical quantities, a signi�cant decline is present for lattices over Eisenstein integers and
U = V ≥ 4. We call this e�ect the factorization gain of the Eisenstein lattice. Comparing
the di�erent approaches, we see that both types of LLL reduction with the standard param-
eters δ = 3

4 and δ = 2
3 , respectively, perform the worst. A little gain is achieved if the HKZ

reduction is applied instead. As expected, the solution to the SMP minimizes both statistical
quantities since the SIVP is optimally solved. Nevertheless, the loss induced by calculating
the Minkowski-reduced basis instead is negligible. This is not only a consequence of the fact
that, according to Table 4.2, the minority of all full-rank integer matrices is non-unimodular:
if the solution to the SMP leads to a better result than a related Minkowski-reduced basis, the
di�erence of both squared column norms is usually only marginal, see also [SF17a, Fig. 5].

The factorization gain of the Eisenstein lattice can be interpreted to be another manifesta-
tion of the packing gain obtained by the hexagonal lattice over the two-dimensional integer lat-
tice, cf. Section 3.1.1.2: Since the Eisenstein lattice is more densely packed, more lattice points
can on average be found within a ball BU(ε) with radius ε. Hence, the chance that V linearly
independent lattice vectors are located within this ball (that, if required, form a basis of the
lattice) is increased. Besides, an alternative explanation can be given for all lattice-reduction
schemes which perform a size-reduction step (e.g., the LLL algorithm; cf. Algorithm 4.6): As
the Eisenstein lattice possesses the lowest two-dimensional second moment of its Voronoi
cells; a particular point in the complex plane is—on average—located closer to the next Eisen-
stein integer than to the next Gaussian integer. In other words, the average quantization error
is minimized which, in turn, has a positive impact on the column lengths of the resulting
(non-integer) basis vectors of the lattice. The shape of the Voronoi cells of a lattice (and hence
their normalized second moment) is closely related to the so-called covering problem [CS99,
Chapter 2]. The gain of the hexagonal Voronoi cells can hence be interpreted to be a covering
gain.

In Figure 4.3, the expectation and the 0.95-quantile with respect to the maximum squared
column norm of the orthogonal matrixQ are depicted. We particularly consider the results ob-
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Figure 4.2: Expectation and 0.95-quantile over the dimensions U = V with respect to the maximum squared
column norm of the generator matrix G(·). Variation of the constituent ring I and the lattice-reduction ap-
proach (maximum squared norm of reduced basis G(red)). The result for the generator matrix G(t) obtained
from the solution to the SMP is additionally shown. Dual-lattice generator matrices G(dual) with respect to
the i.i.d. complex Gaussian model are considered.
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Figure 4.3: Expectation and 0.95-quantile over the dimensions U = V with respect to the maximum squared
column norm of the orthogonal matrix Q in the QR decomposition G(·) = QR. Variation of the constituent
ring I and the lattice-reduction approach (QR decomposition of reduced basisG(red)). The result obtained for
the GSO with pivoting applied to the generator matrixG(t) from the solution to the SMP is additionally shown.
Dual-lattice generator matrices G(dual) with respect to the i.i.d. complex Gaussian model are considered.
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tained from di�erent approaches for lattices over both Gaussian and Eisenstein integers. Here,
both types of LLL reduction with their related standard parameters perform again the worst.
In contrast, since the HKZ reduction optimally solves (4.33), it results in the best possible
performance. Nevertheless, the loss accompanied by applying the LLL reduction with deep
insertions and parameter δ = 1 is very small and actually only visible for the 0.95-quantile.
Nearly the same performance is achieved if the GSO with pivoting is additionally applied to
the solution to the SMP. However, in contrast to the LLL reduction with deep insertions, then
a variant of the NP-hard SVP has to be solved. For the three last-named well-performing
approaches, a small factorization gain of the Eisenstein lattice is again present.
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5. Conventional MIMO Transmission

In this chapter, conventional low-complexity MIMO transmission schemes are reviewed. In
particular, we consider approaches which are suited for the employment in the multiuser (up-
link/downlink) scenario described in Section 2.3. These techniques can be separated into linear
ones and non-linear ones which are based on the philosophy of SIC. For the latter, we take
advantage of the knowledge obtained from the detailed discussion on the QR decomposition
in Chapter 4 and—on the basis of the considerations in [LMG09]—work out the relation be-
tween the GSO with pivoting and the V-BLAST detection strategy [WFGV98, GFVW99]. To
this end, di�erent channel-factorization criteria are considered. As all multiuser approaches
can also be applied in MIMO point-to-point transmission, we �nally brie�y comment on their
suitability in this scenario. The considerations in the present chapter serve as a basis for the
advanced (lattice-aided) MIMO schemes which will be discussed in Chapter 6. Parts of this
chapter have been presented in the author’s scienti�c works [SF17b, FS18, FSH19].

5.1 Linear Equalization Techniques

We start with linear equalization techniques. This concerns linear (receiver-side) equaliza-
tion for the MIMO multiple-access channel as well as linear preequalization for the MIMO
broadcast channel.

5.1.1 Linear Equalization (Uplink)

Given the multiuser MIMO uplink scenario (Section 2.3.1), linear (receiver-side) equalization is
suited to handle the multiuser interference described by theNrx×K channel matrixH , where
Nrx ≥ K . The related system model is depicted in Figure 5.1.

The K transmitters individually encode and map their binary source symbols to blocks of
data symbols

¯
a1, . . . ,¯

aK ∈ ANsym according to Section 2.2.1. Since a joint preequalization is
not applied, these data symbols are directly radiated over the MIMO channel as described in
Section 2.2.2. At the joint receiver, the matrix of receive symbols Y ∈ CNrx×Nsym is obtained.
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Figure 5.1: Linear equalization for the K-user MIMO multiple-access scenario: K blocks of data symbols

¯
a1, . . . ,¯

aK ∈ ANsym are transmitted over the MIMO channel. At the joint receiver, the receive symbols col-
lected in Y ∈ CNrx×Nsym are linearly equalized via W ∈ CK×Nrx . The resulting blocks of equalized symbols
in Ỹ = [

¯
ỹH

1 , . . . ,¯
ỹH
K

]H ∈ CK×Nsym are individually decoded to obtain estimates
¯
â1, . . . ,¯

âK ∈ ANsym .

Via the equalization matrix W ∈ CK×Nrx , these receive symbols are equalized to handle the
multiuser interference. The blocks of estimated data symbols

¯
â1, . . . ,¯

âK ∈ ANsym are obtained
by individual decoding (2.81) of the blocks of equalized symbols in Ỹ = [

¯
ỹH

1 , . . . ,¯
ỹH
K

]H ∈
CK×Nsym . The application of the encoder inverse and the inverse mapping operation(s) ac-
cording to Section 2.2.3 �nally result in the estimated binary source symbols.

5.1.1.1 Calculation of the Equalization Matrix

The aim of linear equalization is—given Nrx ≥ K observations from the receive antennas—to
linearly handle the interference which is present on the (multiuser) MIMO channel. To this
end, the equalization matrix W can be calculated according to the ZF or the MMSE criterion
[Win04, TV05].

Zero-Forcing Criterion The simplest way to handle the multiuser interference is to apply
linear equalization according to the ZF criterion. Then, the interference described by H is
canceled by applying its (left) pseudoinverse

W = H+ = (HHH)−1HH (5.1)

as de�ned in (2.8). Since the cascade WH = IK is obtained, K separate AWGN channels
are actually present. Nevertheless, the equalization results inK di�erent noise enhancements
which are de�ned by the squared row norms of

W =

 ¯
w1

...

¯
wK

 . (5.2)

Consequently, for user k = 1, . . . , K , we obtain the noise variance

σ2
ñ,k = σ2

n · ‖¯
wk‖2 (5.3)

at the decoder input. Thereby, the noise is colored, i.e., correlated over the user dimension,
which is ignored due to separate decoders.
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Minimum Mean-Square Error Criterion It is well-known that the transmission performance
can be increased by applying the MMSE instead of the ZF criterion, cf., e.g., [Win04, TV05].
Then, a trade-o� between perfect interference cancellation and noise enhancement is aimed in
order to minimize the (sum) mean-square error. The MMSE solution depends on the particular
SNR which is expressed by the inverse SNR

z = σ2
n

σ2
a

. (5.4)

One possibility to calculate the MMSE linear equalization matrix is to consider the so-
called (Nrx +K)×K augmented channel matrix1 [Has00, WBKK03]

H=
[
H

H̃

]
=
[
H√
zIK

]
. (5.5)

The MIMO channel is then equalized by the K × Nrx left part W of its K × (Nrx + K) left
pseudoinverse

W = H+ = (HHH)−1HH (5.6)
= (HHH + zIK)−1 · [HH √zIK ] (5.7)
= [ W︸︷︷︸

K×Nrx

W̃︸︷︷︸
K×K

] . (5.8)

From (5.7) and (5.8) it becomes apparent thatW is actually the (biased) MMSE linear �lter for
uncorrelated noise and data symbols which is given as [Say03, WF03, TV05, FWS+11]

W = (HHH + zIK)−1HH . (5.9)

Employing MMSE linear equalization, the noise enhancement is determined by the row
norms of the augmented equalization matrix

W =

 ¯
w1

...

¯
wK

 =

 ¯
w1 ¯

w̃1
...

...

¯
wK ¯

w̃K

 . (5.10)

More speci�cally, we obtain [FS18]

σ2
ñ,k = σ2

n · ‖ ¯
wk‖2 (5.11)

= σ2
n · (‖¯

wk‖2︸ ︷︷ ︸
noise

+ ‖
¯
w̃k‖2︸ ︷︷ ︸

interference

) , (5.12)

i.e., the noise enhancement can be decomposed into two parts: the �rst part ‖
¯
wk‖2 describes

the direct noise enhancement caused by the equalization viaW and the second part ‖
¯
w̃k‖2 the

contribution of the residual interference. Under the assumption that the interference from the
1 Augmented matrices are written with calligraphic bold letters, e.g., H, W, or F. Their K ×K lower or

left submatrices which complement the original matricesH ,W , or F are denoted as H̃, W̃, or F̃.



116 5. Conventional MIMO Transmission

other users approximately possesses a Gaussian distribution (cf. central limit theorem [PP02]),
the resulting sum distortion at the kth decoder input can approximately be treated as Gaussian-
distributed with variance σ2

ñ,k. Noteworthy, by choosing z = 0 in (5.5), the ZF linear equaliza-
tion matrixW according to (5.1) is obtained in (5.8). As a consequence, no residual interference
is present; we hence have ‖

¯
w̃k‖2 = 0 in (5.12). Thus, by using the augmented representation,

both ZF and MMSE linear equalization are covered.

5.1.1.2 Coded-Modulation Strategies

Linear equalization for the multiuser MIMO uplink can straightforwardly be combined with
coded modulation schemes: channel decoding is simply performed with respect to the blocks
of equalized receive symbols

¯
ỹ1, . . . ,¯

ỹ
K

. More speci�cally, we obtain K separate equivalent
AWGN channels

¯
ỹ
k

=
¯
ak +

¯
ñk , k = 1, . . . , K , (5.13)

where di�erent codes and even coded-modulation schemes may be applied. Thereby, the noise
samples in

¯
ñk are (approximately) Gaussian-distributed with variance σ2

ñ,k = σ2
n · ‖ ¯

wk‖2.
In the system model illustrated in Figure 5.1, decoding is performed with respect to code-

words over the Euclidean space according to (2.81), i.e., it results in blocks of data symbols.
Alternatively, decoders DECFq according to (2.84) are suited which inherently perform the
demappingM−1

A and the encoder inverse ENC−1. For user k we can, e.g., employ BICM in
combination with the decoder depicted in Figure 3.6, or coded modulation with 2b-ary codes
according to Figure 3.8. Besides, in principle, coded modulation over algebraic signal constel-
lations is possible.

Due to (5.13), the metric for decoding is calculated in the same way as for the AWGN
scenario, cf. Chapter 3. For example, using coded modulation with 2b-ary codes, the probability
vectors as initially de�ned in (3.72) are now given as

l̃k,τ{
¯
ỹ
k
} =


e
−
|ỹk,τ−α1|

2

σ2
n·‖¯

wk‖
2

...

e
−
|ỹk,τ−α2b |

2

σ2
n·‖¯

wk‖
2

 ∈ R2b
+ , k = 1, . . . , K , τ = 1, . . . , Nsym . (5.14)

5.1.2 Linear Preequalization (Downlink)

Given the multiuser downlink scenario (Section 2.3.2), joint linear receiver-side equalization
cannot be performed as the receivers do not cooperate. Instead, due to a joint transmitter,
linear preequalization of the K × Ntx channel matrix H , where Ntx ≥ K , is possible [Fis02,
Win04, TV05]. The respective system model is depicted in Figure 5.2.

In the transmitter, theK bit streams are individually encoded and mapped to blocks of data
symbols

¯
a1, . . . ,¯

aK ∈ ANsym , cf. Section 2.2.1. Then, the matrix of data symbolsA ∈ AK×Nsym

is preequalized via the matrixW ∈ CNtx×K . In order to obey the sum-power constraint (2.68),
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Figure 5.2: Linear preequalization for theK-user MIMO broadcast scenario: in the joint transmitter,K blocks
of data symbols

¯
a1, . . . ,¯

aK ∈ ANsym are preequalized via the preequalization matrix W ∈ CNtx×K , scaled
by the factor γ−1 to obey the sum-power constraint (2.68), and subsequently transmitted over the MIMO
channel. In the K individual receivers, the blocks of receive symbols

¯
y1, . . . ,¯

y
K
∈ CNsym are (re)scaled by

the factor γ and decoded in order to obtain the blocks of estimated data symbols
¯
â1, . . . ,¯

âK ∈ ANsym .

the resulting preequalized (correlated) symbols have to be scaled by the inverse of

γ =
√
‖W ‖2

F
K

, (5.15)

where ‖ · ‖F denotes the Frobenius norm as de�ned in (2.11). We obtain the blocks of transmit
symbols

¯
x1, . . . ,¯

xNtx ∈ CNsym , represented in the matrix X ∈ CNtx×Nsym , which are radi-
ated over the MIMO channel as described in Section 2.2.2. At the K individual receivers, the
blocks of receive symbols in Y ∈ CK×Nsym , particularly

¯
y1, . . . ,¯

y
K

, are (re)scaled by the gain
factor γ and subsequently decoded according to (2.81) to obtain the estimated data symbols

¯
â1, . . . ,¯

âK ∈ ANsym . The related estimated binary source symbols are �nally obtained by
the application of the encoder inverse and the inverse mapping operation(s) as explained in
Section 2.2.3.

5.1.2.1 Calculation of the Equalization Matrix

The aim of linear preequalization is—given Ntx ≥ K transmit antennas—to linearly handle
the multiuser interference in a joint transmitter. Just like in the case of linear (receiver-side)
equalization, the preequalization matrixW can be calculated according to the ZF or the MMSE
criterion [Win04, TV05].

Zero-Forcing Criterion Applying linear preequalization according to the ZF criterion, the
Ntx×K preequalization matrixW is obtained by calculating the (right) pseudoinverse of the
K ×Ntx channel matrix according to (2.8), i.e.,

W = H+ = HH(HHH)−1 . (5.16)

Then, due to the cascade γHγ−1W = IK , K separate AWGN channels are present. In con-
trast to linear (receiver-side) equalization, the preequalization via W does not directly result
in noise enhancement since it operates on the noise-free data symbols in the transmitter. Nev-
ertheless, we have to handle the increase in transmit power by utilizing the scaling with the
factor γ−1. For user k = 1, . . . , K , the related receiver-side (re)scaling by γ then results in the
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noise variances

σ2
ñ,k = σ2

n · γ2 (5.17)

= σ2
n ·
∑K
l=1 ‖wl‖2

K
= σ2

n ·
‖W ‖2

F
K

(5.18)

at the decoder inputs. Instead of K individual noise enhancements (and correlated noise) as
present in the uplink according to (5.3), we hence obtain the same enhancement for each user
k (and uncorrelated noise). Thereby, the noise enhancement is determined by the arithmetic
mean of the squared column norms ofW = [w1, . . . ,wK ].

Noteworthy, following the philosophy of the uplink-downlink duality as discussed in Sec-
tion 2.3.2 and de�ned in (2.98), we have

W downlink = W H
uplink , (5.19)

i.e., linear preequalization is the dual scheme of linear (receiver-side) equalization. However,
both approaches actually perform di�erent due to individual (uplink) and common (downlink)
noise enhancement. This mismatch can be compensated by the allocation of individual trans-
mit powers for the uplink as brie�y discussed in Section 2.3.1, see also [UY98, VT03, TV05].

Minimum Mean-Square Error Criterion It is possible to improve the transmission perfor-
mance by employing MMSE linear preequalization instead of ZF linear preequalization. To
that end, for the downlink, we consider the K × (Ntx +K) augmented channel matrix

H=
[
H H̃

]
=
[
H
√
zIK

]
(5.20)

with z according to (5.4). The MIMO channel is then preequalized by the Ntx ×K upper part
W of its (Ntx +K)×K right pseudoinverse

W = H+ = HH(HHH)−1 (5.21)

=
[
HH
√
ζIK

]
· (HHH + zIK)−1 (5.22)

=
[
W

W̃

]
}Ntx ×K

} K ×K
. (5.23)

By analogy with linear (receiver-side) equalization, W represents the (biased) MMSE linear
�lter for uncorrelated noise and data symbols which is given as

W = HH(HHH + zIK)−1 . (5.24)

For MMSE linear preequalization, we have to consider the column norms of the augmented
preequalization matrix

W =
[
w1 . . . wK

]
=
[
w1 . . . wK

w̃1 . . . w̃K

]
(5.25)
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in order to determine the noise enhancement. More speci�cally, we obtain [FS18]

σ2
ñ,k = σ2

n ·
( K∑
l=1
‖wl‖2/K + ‖w̃k‖2

)
(5.26)

= σ2
n · (‖W ‖2

F/K︸ ︷︷ ︸
noise

+ ‖w̃k‖2︸ ︷︷ ︸
interference

) , (5.27)

where the noise enhancement is decomposed into two di�erent parts: the �rst part ‖W ‖2
F/K

is constant over the users and describes the noise enhancement caused by the receiver-side
scaling with the factor γ =

√
‖W ‖2

F/K . The second part is the individual contribution of the
residual interference. Hence, in total, we (approximately) obtain Gaussian-distributed distor-
tions at the decoder inputs where the variances σ2

ñ,k, k = 1, . . . , K , di�er since the (variance
of the) interference from the other users is not constant over the users. Nevertheless, in com-
parison to the uplink scenario, the total noise enhancement is much more averaged over the
users since only the interference but not the noise contribution is di�erent. Noteworthy, the
relation (5.19) between uplink and downlink also holds for MMSE linear (pre)equalization. In
both cases, the sum mean-square error (over all users) is the same [FS18].2

By choosing z = 0 in (5.20), the ZF linear equalization matrix W according to (5.16) is
obtained in (5.23). Hence, the augmented matrix again covers both the ZF and the MMSE
solution. Moreover, if z = 0, we obtain ‖w̃k‖2 = 0 in (5.27), cf. (5.22). No interference
contribution is present anymore; all users share the same noise enhancement. In turn, for the
MMSE solution (5.24), this means that the noise contribution becomes less relevant as the SNR
increases. Nevertheless, when operating at moderate SNRs as, e.g., σ

2
a

σ2
n

=̂ 20 dB (z = 1
100 ), the

interference contribution turns out to be still relevant and it should thus not be ignored.

5.1.2.2 Coded-Modulation Strategies

When linear preequalization is applied, channel decoding is performed with respect to the
blocks of scaled receive symbols

¯
ỹ1 = γ

¯
y1, . . . ,¯

ỹ
K

= γ
¯
y
K

. Just like in case of linear
(receiver-side) equalization, we obtain K separate AWGN channels according to (5.13). The
only di�erence to receiver-side equalization is the calculation of the e�ective noise, particu-
larly de�ned in (5.27). Hence, we have no restrictions with respect to channel coding and
signal constellation; we are free to employ di�erent codes and coded-modulation schemes for
the K users. If, e.g., coded modulation with 2b-ary codes is employed, the probability vectors
as originally de�ned in (3.72) now read

l̃k,τ{
¯
ỹ
k
} =


e
−

|ỹk,τ−α1|
2

σ2
n·(‖W‖

2
F/K+‖w̃k‖2)

...

e
−

|ỹk,τ−α2b |
2

σ2
n·(‖W‖

2
F/K+‖w̃k‖2)

 ∈ R2b
+ , k = 1, . . . , K , τ = 1, . . . , Nsym . (5.28)

2 The calculation of the arithmetic mean of the squared column norms in (5.26) has no impact on the sum
mean-square error, particularly given as

∑K
k=1 σ

2
ñ,k .
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Figure 5.3: Expectation and 0.95-quantile over the number of users K with respect to the maximum
noise enhancement maxk σ2

ñ,k/σ
2
n for MMSE linear (receiver-side) equalization and linear preequalization;

σ2
a/σ

2
n =̂ 20 dB. Empirical values over 105 i.i.d. complex Gaussian channel realizations. Square channel

matrices are considered, i.e., Nrx = K for the uplink and Ntx = K for the downlink.

5.1.3 Comparison and Equalization Performance

The equalization performance of both linear (receiver-side) equalization and linear preequali-
zation is brie�y assessed. As discussed above, both schemes result in K equivalent AWGN
channels, where the performance (i.e., the SNR the kth user operates at) depends on the par-
ticular noise enhancement. The system performance is usually assessed by considering the
respective (average symbol/bit) error curves which are dominated by the worst-link perfor-
mance, i.e., the minimum SNR (among the users). Hence, the related maximum noise variance
(after equalization) which is expressed as

max
k

σ2
ñ,k (5.29)

should be as low as possible.
In Figure 5.3, for both approaches, the expectation and the 0.95-quantile of the maximum

noise enhancement maxk σ2
ñ,k/σ

2
n have empirically been obtained over 105 channel realiza-

tions of square i.i.d. complex Gaussian channel matrices according to the channel model de-
�ned in Section 2.2.2.2. Hence, we have Nrx = K for the uplink, and Ntx = K for the down-
link. We restrict to MMSE linear (pre)equalization, where σ2

a/σ
2
n =̂ 20 dB. Both quantities

are almost constant over the number of users in the system, i.e., the system performance is
not signi�cantly a�ected. However, since the noise contribution (in contrast to the individual
interference contribution) is averaged among the users, linear preequalization shows a relevant
gain over receiver-side equalization. As mentioned above, a power allocation can improve the
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performance for uplink transmission and achieve a performance equal to that of linear pre-
equalization. In general, the average noise enhancement and especially the 0.95-quantile is
very large (around 5 and 20, respectively). Thus, linear (pre)equalization generally leads to a
signi�cant performance degradation compared to the classical (single-user) AWGN scenario.

Please note, for linear (pre)equalization, both complex-valued processing and equivalent
real-valued processing according to the equivalent system model discussed in Section 2.4.2
result in the same performance. Since only (matrix) additions, multiplications, and divisions
are applied (before decoding), the injective homomorphism (2.107) is preserved. The results
depicted in Figure 5.3 are consequently valid for both approaches.

5.2 Successive Interference Cancellation

We’ve seen above that linear (pre)equalization may result in a large noise enhancement which
substantially impairs the transmission performance. This noise enhancement can be lowered
by applying non-linear schemes based on the philosophy of SIC instead. It is particularly
implemented by the concept of (MIMO) DFE in the uplink scenario and the concept of (MIMO)
THP in the downlink scenario [Fis02, Win04].

5.2.1 Decision-Feedback Equalization (Uplink)

We start with the MIMO multiple-access channel, where SIC is practically implemented by the
MIMO variant of DFE [Fis02]. The related system model is depicted in Figure 5.4 (Top).

Just like in case of linear (receiver-side) equalization, theK individual transmitters encode
and map their binary source symbols to blocks of data symbols

¯
a1, . . . ,¯

aK ∈ ANsym and radi-
ate them over the MIMO channel. We obtain the matrix of receive symbols Y ∈ CNrx×Nsym in
the joint receiver. These symbols are equalized via the feedforward matrix F ∈ CK×Nrx which
replaces the linear equalization matrixW . More speci�cally, F has orthogonal rows and trans-
forms the channel into a triangular (causal) structure described by the feedback matrix

B = FHS ∈ CK×K (5.30)

with unit main diagonal. Thereby, B may either be upper or lower triangular. Moreover, the
sorting matrix S ∈ PK×K describes a relabeling (permutation) of the users k = 1, . . . , K in
order to improve the performance of the successive decoding in the feedback loop. In this loop,
initially setting X̄ = [

¯
x̄H

1 , . . . ,¯
x̄H
K ]H = 0K×Nsym , the blocks of equalized symbols

¯
ỹ1, . . . ,

¯
ỹK

are successively decoded via

¯
x̄k = DEC{

¯
ỹ
k
−

¯
bk · X̄} . (5.31)

To that end, via the kth row ofB, the causal interference from the already decoded symbols is
taken into account. IfB is lower triangular, the respective decoding order reads k = 1, . . . , K .
If B is upper triangular instead, we have the reversed order k = K, . . . , 1. Noteworthy,
decoding is performed according to (2.81), i.e., it results in blocks of decoded symbols which are
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Figure 5.4: Implementation of SIC for the multiuser MIMO uplink, where K blocks of data symbols

¯
a1, . . . ,¯

aK ∈ ANsym obtained by individual encoding and mapping are transmitted over the MIMO chan-
nel. Top: DFE receiver structure. The receive symbols in Y are linearly equalized via the feedforward matrix
F ; the causal interference is then successively canceled in the feedback loop via the feedback matrixB. Bot-
tom: noise-prediction structure. The receive symbols in Y are conventionally equalized with respect to HS
viaW . In the feedback loop, the noise predicted from the already decoded symbols is successively canceled.
In both receivers, the estimated data symbols

¯
â1, . . . ,¯

âK ∈ ANsym are finally obtained via the sorting matrix
S that describes an optimized decoding order.

drawn from the signal constellationA. Via the permutation matrix S, the blocks of estimated
data symbols

¯
â1, . . . ,¯

âK ∈ ANsym are �nally obtained by rearranging the blocks of decoded
symbols into the original order. Following this, the encoder inverse and the inverse mapping
operation(s) result in the blocks of estimated source symbols.

In contrast to linear equalization according to Section 5.1.1, the equalization of the receive
symbols in Y via the feedforward matrix F leads to uncorrelated noise, i.e., it is white over
the user dimension. A whitening of the noise can also be performed after conventional linear
equalization via W has been employed.3 This strategy is known as noise prediction [Fis02]
and illustrated in Figure 5.4 (Bottom). In comparison to the DFE structure, two di�erences
are present: �rst, as already mentioned, F is replaced by W , which conventionally equalizes
the permuted channel matrixHS. Second, in the feedback loop, no interference cancellation
is performed. Instead, the noise predicted from the already decoded symbols (causal noise
contribution) is successively canceled via the kth row ofB by analogy with (5.31). In particular,
the predicted noise samples in the blocks

¯
n̄k =

¯
ỹ
k
−

¯
x̄k , k = 1, . . . , K , (5.32)

3 In this work, the matrix for conventional linear equalization resulting in colored noise (over the user di-
mension) is always denoted asW . In contrast to that, the (feedforward) matrix F always results in white noise
(over the users) and transforms the channel into a triangular structure.
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are utilized in the feedback loop. The DFE and noise-prediction receiver structures in Figure 5.4
can be transformed into each other [Fis02]; hence, both approaches are completely equivalent
and, given the same causal channel uniquely de�ned byH ,B, and S, perform the same.

5.2.1.1 Channel Factorization

Next, we discuss how the orthogonal matrixF , the triangular matrixB, and the sorting matrix
S are obtained. It is quite obvious that the SQRD as de�ned in (4.5)—practically implemented
by the GSO with pivoting in Algorithm 4.1—can serve as a convenient tool for their calculation.
However, performing SIC in MIMO systems, the decoding order among the K blocks of sym-
bols is highly relevant. Hence, the permutation matrix obtained from the GSO with pivoting
should result in an optimized order which—in the best case—minimizes the maximum noise
enhancement after equalization viaF . To this end, in the literature, four di�erent factorization
criteria have been proposed which di�er in the (generator) matrix G the GSO with pivoting
actually factorizes.4

Criterion I (SQRD, ZF) The straightforward approach is to directly calculate the SQRD with
respect to the channel matrix according to [WBR+01]

H︸︷︷︸
G

S︸︷︷︸
P

= F+︸︷︷︸
Q

B︸︷︷︸
R

. (5.33)

Then, the GSO with pivoting results in the orthogonal matrix Q = F+, i.e., the feedforward
matrix is �nally obtained via F = Q+. Since the feedback matrixB = R is upper triangular,
decoding has to be performed in reversed order k = K, . . . , 1. The related sorting described
byS = P is usually simply abbreviated with “SQRD” [WBR+01, Fis12], i.e., it adopts the name
of the respective channel-factorization approach.

Applying the SQRD with respect to G = H as de�ned in (5.33), the matrices for DFE
according to the ZF criterion are obtained. Then, the rows of

F =

¯
f 1...

¯
f
K

 (5.34)

directly determine the noise enhancements in the receiver, i.e., we have

σ2
ñ,k = σ2

n · ‖
¯
f
k
‖2 . (5.35)

From Chapter 4, we know that the GSO with pivoting minimizes the maximum (squared)
column norm ofQ, cf. (4.7). Using the factorization criterion (5.33), the algorithm hence results
in a sorting which minimizes the maximum (squared) column norm of Q = F+. According
to (5.29) and (5.35), the aim is actually to minimize the maximum (squared) row norm of F .
Consequently, for the equalization task at hand, the related sorting is suboptimal.

4 A brief overview of the di�erent approaches has been given in [SF17b]. A similar listing of four criteria for
lattice-reduction-aided equalization has been provided in [FCS16]; it will be discussed in the following chapter.
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Criterion II (SQRD, MMSE) It is possible to extend Criterion I (SQRD, ZF) to the MMSE case
via [WBKK03]

H︸︷︷︸
G

S︸︷︷︸
P

= F+︸︷︷︸
Q

B︸︷︷︸
R

. (5.36)

Then, the GSO with pivoting is applied with respect to G = H, i.e., the augmented channel
matrix as de�ned in (5.5). Again, B = R is upper triangular; hence, the decoding order
reads k = K, . . . , 1. The resulting orthogonal matrix Q = F+ is the pseudoinverse of the
K × (Nrx +K) augmented feedforward matrix

F= [ F︸︷︷︸
K×Nrx

F̃︸︷︷︸
K×K

] (5.37)

=

¯
f1...

¯
f
K

 =

¯
f 1 ¯

f̃1...
...

¯
f
K ¯

f̃
K

 . (5.38)

ItsK×Nrx left partF de�nes the feedforward matrix for DFE according to the MMSE criterion.
For the noise enhancement, we obtain the decomposition

σ2
ñ,k = σ2

n · ‖
¯
f
k
‖2 (5.39)

= σ2
n · (‖

¯
f
k
‖2︸ ︷︷ ︸

noise

+ ‖
¯
f̃
k
‖2︸ ︷︷ ︸

interference

) (5.40)

by analogy with (5.27). Please note that the impact of error propagation in the feedback loop
is neglected.

When Criterion II (SQRD, MMSE) is applied, the GSO with pivoting minimizes the maxi-
mum (squared) column norm of Q = F+. In order to minimize maxk σ2

ñ,k, the minimization
of maxk ‖

¯
f
k
‖2 is, however, actually required. Thus, the related sorting is again suboptimal

with respect to the equalization task at hand.

Criterion III (dual/V-BLAST, ZF) When calculating the (ZF/MMSE) “SQRD” sorting accord-
ing to the factorization approaches (5.33) and (5.36), substitutional performance criteria are
considered. However, in order to optimize the (worst-link) performance, the noise enhance-
ment is actually the relevant quantity which has to be minimized. For the ZF case, this strategy
is realized by considering the factorization approach [LMG09]

H+H︸ ︷︷ ︸
G

S−H︸ ︷︷ ︸
P

= F H︸︷︷︸
Q

B−H︸ ︷︷ ︸
R

. (5.41)

The GSO with pivoting does not operate on the channel matrix itself but on its Hermitian
pseudoinverse H+H. Interpreting G = H+H as the generator matrix of a lattice, the lattice
dual to ΛI(H) is hence present. The resulting sorting described by5 S = P−H = P is
consequently called dual-lattice ordering in [LMG09]. Here, the feedforward matrix is directly

5 For a permutation matrix P , we have P−H = P .
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Algorithm 5.1 Implementation of the (ZF) V-BLAST detection strategy [WFGV98, GFVW99].
[F , B, S] = V_BLAST(H) .H ∈ CNrx×K

1: F = 0K×Nrx , S = 0K×K , K = ∅, k = 1 . F = [
¯
fH

1 , . . . ,¯
fH
K

]H ∈ CK×Nrx , S ∈ PK×K

2: Ĥ = H . Current matrix Ĥ = [ĥ1, . . . , ĥK ] ∈ CNrx×K

3: while k ≤ K do
4: F̂ = Ĥ

+
. Pseudoinverse F̂ = [

¯
f̂

H
1 , . . . ,¯

f̂
H
K

]H ∈ CK×Nrx

5: m(k) = argminm=1,...,K
m6=K

‖
¯
f̂
m
‖2

6: K = {K,m(k)} . Add user m(k) to list of already decoded users
7: sm(k),k = 1 . Update sorting (permutation matrix)
8:

¯
f
k

=
¯
f̂
m(k) . Take

¯
f̂
m(k) as kth row of F

9: ĥm(k) = 0Nrx . Set column with index m(k) in Ĥ to zero
10: k = k + 1 . Next step
11: end while
12: B = FHS . Lower triangularB ∈ CK×K

obtained via F = QH. Since B = R−H is lower triangular, decoding is performed in the
“natural” order k = 1, . . . , K .

When Criterion III is applied, the GSO with pivoting minimizes the maximum (squared)
column norm of Q = F H according to (4.7), and hence the maximum (squared) row norm of
F . Consequently, optimality is achieved in the sense that

Sdual,ZF = argmin
S∈PK×K

max
k=1,...,K

‖
¯
f
k
‖2 , (5.42)

i.e., we obtain the optimal sorting with respect to the worst-link performance of ZF DFE.
Noteworthy, this optimality holds for both complex-valued processing and equivalent real-
valued processing according to the equivalent system model discussed in Section 2.4.2, cf.
Section 4.1.3.

The optimal factorization approach (5.41) had actually already been employed before the
channel factorization via SQRD [WBR+01] or the respective dual-lattice approach [LBLM09]
have been proposed: it is inherently applied in the V-BLAST detection strategy [WFGV98,
GFVW99] which is implemented in Algorithm 5.1 in its ZF variant. In the following, we brie�y
discuss the related philosophy:6 At the beginning of step k = 1, . . . , K , the algorithm calcu-
lates the pseudoinverse F̂ of the current channel matrix Ĥ (initially set to Ĥ = H). Then,
among all indices (i.e., users) which are not already contained in the set K, it selects the one
m(k) where the (squared) row norm ‖

¯
f̂
m(k)‖2 is minimal. The indexm(k) is subsequently added

to K and the kth column of S is chosen such that the user m(k) is decoded in step k (Line 7).
Besides,

¯
f̂
m(k) is used as the kth row of the (�nal) feedforward matrix F (Line 8). In the cur-

rent channel matrix Ĥ , all elements in the column with indexm(k) are then set to zero (nulling
operation [WFGV98]). This operation has the e�ect that, in the next step(s), the (other) rows
of F̂ = Ĥ

+
are projected onto the orthogonal complement of

¯
f̂
m(k) , cf. [WFGV98].

6 In the original implementation of the V-BLAST detection strategy in [WFGV98, GFVW99], the algorithm
does not result in equalization matrices but it directly performs successive interference cancellation on the receive
symbols. Algorithm 5.1 is hence an adapted variant of the original V-BLAST algorithm.
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k = 1 k = 2

pivoting

pivotingpivoting

(nulling)

orthogonalization

orthogonalization pivoting

pivoting

orthogonalization

(nulling)

orthogonalization

based on F

based onH

based on FGSO with pivoting (dual)

V-BLAST

Figure 5.5: Comparison of the V-BLAST algorithm and GSO with pivoting using the dual-lattice ap-
proach (5.41). In both schemes, the pivoting is performed with respect to the rows of F . They differ in
the way the orthogonalization is realized: in the V-BLAST algorithm, it is obtained by the nulling operation
on the (current) channel matrix in combination with the calculation of its pseudoinverse. In the GSO with
pivoting, the Gram-Schmidt procedure directly performs the orthogonalization on the (remaining) rows of F .

In [LMG09], the equivalence of the V-BLAST algorithm and the GSO with pivoting in
combination with the dual-lattice criterion (5.41) is extensively discussed. In particular, both
approaches always result in the same sorting of the users; as illustrated in Figure 5.5, they
only di�er in the way the orthogonalization is realized: both schemes perform the pivoting
with respect to the rows of F (GSO with pivoting: actually the columns of F H), only incor-
porating rows related to users which have not yet been considered. Then, in the V-BLAST
algorithm, the other rows of F are projected onto the orthogonal complement of the chosen
one. This is realized by the nulling operation in the (current) channel matrix in combination
with the calculation of its inverse. In contrast, in the GSO with pivoting, the orthogonalization
directly operates on the columns of F H (the rows of F ). Brie�y spoken, the sorting obtained
from the GSO with pivoting using (5.41) is nothing else than the well-known V-BLAST sorting,
whose optimality according to (5.42) had already been proven in [WFGV98].7 Nevertheless,
in comparison to the V-BLAST algorithm, the dual-lattice approach for the GSO with piv-
oting signi�cantly lowers the computational complexity as the channel inversion has to be
performed only once in the beginning, cf. [LMG09]. This complexity reduction has also been
the motivation for the (suboptimal) SQRD approach proposed in [WBR+01].

Noteworthy, the classical V-BLAST algorithm can also be employed in order to obtain the
SQRD sorting. In particular, if we apply Algorithm 5.1 to the dual (generator) matrix G =
H+H, we obtain a channel factorization by analogy with (5.41) where the resulting matrix S
contains the SQRD sorting, i.e., the sorting obtained from Criterion I if the GSO with pivoting
is applied.

Criterion IV (dual/V-BLAST, MMSE) By analogy with Criterion I (SQRD, ZF) and Criterion
II (SQRD, MMSE), Criterion III (dual/V-BLAST, ZF) can be extended to the MMSE case by
factorizing the Hermitian pseudoinverse of the augmented channel matrix according to

H+H︸ ︷︷ ︸
G

S−H︸ ︷︷ ︸
P

= FH︸︷︷︸
Q

B−H︸ ︷︷ ︸
R

. (5.43)

7 In [WFGV98], it is shown that the V-BLAST strategy maximizes the minimum SNR (among the users),
which is equivalent to the minimization of the maximum noise enhancement as given in (5.41).
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That strategy has initially been proposed for the classical V-BLAST algorithm in [Has00] and is
brie�y mentioned in [LMG09]. The GSO with pivoting then directly operates on the columns
of Q = FH, i.e., the rows of the augmented feedforward matrix F as de�ned in (5.37)
and (5.38). Besides, B = R−H is again lower triangular; hence, the decoding order reads
k = 1, . . . , K .

Now, according to (4.7), the sorting is chosen such that the maximum (squared) row norm
of F is minimized. Consequently,

Sdual,MMSE = argmin
S∈PK×K

max
k=1,...,K

‖
¯
f
k
‖2 , (5.44)

i.e., we obtain the optimal sorting with respect to the worst-link performance of MMSE DFE.
Please note, if we apply the classical V-BLAST algorithm to the generator matrixG = H,

the sorting is the same as the one obtained from GSO with pivoting in combination with
Criterion IV. If, in turn, the classical V-BLAST algorithm factorizes the dual (generator ma-
trix) G = H+H, we obtain the MMSE SQRD sorting from (5.36). The four abovementioned
factorization criteria and related factorization and equalization properties are summarized in
Table 5.1.

Table 5.1: Overview of the four different factorization criteria for the application of SIC in the multiuser
MIMO uplink. In addition, the related decoding order (B lower triangular: k = 1, . . . ,K;B upper triangular:
k = K, . . . , 1) is given. Moreover, the matrices which have to be factorized by the GSO with pivoting as well
as by the classical V-BLAST algorithm to obtain the particular sorting are provided.

Factorization Criterion (GSO with pivoting) Decoding Order Algorithm factorizes
ZF MMSE GSO/pivot V-BLAST

“SQRD” Criterion I Criterion II
k = K, . . . , 1 H , H H+H, H+H

HS = F+B HS = F+B
dual/ Criterion III Criterion IV

k = 1, . . . ,K H+H, H+H H , H
V-BLAST H+HS−H = F HB−H H+HS−H = FHB−H

5.2.1.2 Coded-Modulation Strategies

In DFE for multiuser MIMO uplink transmission (or in the related noise prediction scheme),
decoding is successively performed in the feedback loop. According to (5.31), it operates on
the linearly equalized blocks of symbols

¯
ỹ1, . . . ,¯

ỹ
K

after the feedforward matrix F where
additionally the causal interference from all previously decoded users is removed. Conse-
quently, just like in case of (purely) linear equalization, we obtainK separate AWGN channels
as de�ned in (5.13) by approximately treating the residual interference (MMSE criterion) as
a Gaussian-distributed random variable. The noise samples in

¯
ñk are hence (approximately)

Gaussian-distributed with variance σ2
ñ,k = σ2

n · ‖
¯
f
k
‖2, cf. (5.39). Please note, using augmented

matrices to calculate the MMSE solution for DFE, the ZF case is again simply obtained by
choosing z = 0 in the augmented channel matrix.

SinceK separate equivalent AWGN channels are obtained, the users may employ di�erent
codes and/or coded-modulation schemes; no restrictions on the type of code or the type of sig-
nal constellation are present. Using, e.g., coded modulation with 2b-ary codes, the probability
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vectors de�ned for the AWGN scenario in (3.72) are adapted to DFE via

l̃k,τ{
¯
ỹ
k
} =


e
−
|ỹk,τ−¯

bkx̄τ−α1|
2

σ2
n·‖

¯
f
k
‖2

...

e
−
|ỹk,τ−¯

bkx̄τ−α2b |
2

σ2
n·‖

¯
f
k
‖2

 ∈ R2b
+ , k = 1, . . . , K , τ = 1, . . . , Nsym . (5.45)

In the feedback loop, SIC is performed over the Euclidean space, particularly by the sub-
traction of the product of

¯
bk and the already decoded symbols in X̄ which are drawn from

A, cf. Figure 5.4. Consequently, decoding has to be performed with respect to codewords over
the Euclidean space according to (2.81). If, instead, a decoder DECFq according to (2.84) is used
which inherently performs the demappingM−1

A and the encoder inverse ENC−1, the system
model has to be adapted as illustrated in Figure 5.6: The decoder directly provides blocks of
estimated �nite-�eld symbols

¯
x̄
k
∈ FNmc

q (cf. Section 2.2) which are collected in the matrix X̄.
In order to apply SIC, these �nite-�eld symbols have to be reencoded and remapped to blocks
of Nsym estimated data symbols per user. After SIC, given the �nite-�eld matrix X̄, the blocks
of estimated �nite-�eld symbols

¯
ˆ̃q1, . . . ,¯

ˆ̃q
K

(which are subsequently reconverted to bits) are
obtained by the multiplication with a �nite-�eld variant S = ψ−1

q (S) of the sorting matrix S,
cf. Section 2.1.3. Note that the same strategy can be applied to the noise-prediction structure
in Figure 5.4.

Y

FK×Nmc
q

¯
ˆ̃q
K

¯
ˆ̃q1Ỹ X̄

AK×NsymCK×Nsym

F SDECFq

B−IK

ENC
MA

Figure 5.6: System model of DFE for the multiuser MIMO uplink, if the channel decoder DECFq
inherently

applies the encoder inverse ENC−1 and the inverse mappingM−1
A : in order to enable SIC in the feedback

loop, the finite-field symbols in X̄ have to be reencoded an remapped to obtain a matrix of estimated data
symbols. Here, the (re)sorting of the users’ data streams is realized using a finite-field variant S = ψ−1

q (S)
of the sorting matrix S, where ψ−1

q (·) is performed per element of S.

5.2.2 Tomlinson–Harashima Precoding (Downlink)

Considering the multiuser downlink scenario as discussed in Section 2.3.2, the philosophy
of SIC is realized by the MIMO variant of THP [Tom71, HM72, Fis02, Win04], particularly
forming an approximation to the dual scheme of DFE. The respective system model is depicted
in Figure 5.7.

At the joint transmitter, the K streams of source symbols are encoded and mapped to
blocks of data symbols

¯
a1, . . . ,¯

aK ∈ ANsym . Via the sorting matrix S ∈ PK×K which de-
scribes an optimized (virtual) relabeling of the users, the matrix of permuted data symbols
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N
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CNtx×Nsym CK×Nsym

¯
a1

¯
aK

AK×Nsym
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RV(Λb)K×Nsym

¯
âK

¯
â1

Y
HS

B−IK

modΛb γ−1F

mDEC

mDEC
γ

γ

Figure 5.7: Implementation of SIC for the multiuser MIMO downlink, where K blocks of data symbols

¯
a1, . . . ,¯

aK ∈ ANsym obtained by individual encoding and mapping are permuted via S and precoded in the
feedback loop; thereby, the modulo reduction modΛb{·} is performed to limit the required transmit power.
After linear preequalization via the feedforward matrix F and scaling by γ−1, the Ntx blocks of transmit
symbols collected in the matrix X are radiated from the transmit antennas. In the individual receivers a
(re)scaling by γ is performed; the estimated data symbols

¯
â1, . . . ,¯

âK ∈ ANsym are finally obtained by applying
the decoding operation mDEC which takes modulo-congruent signal points into account.

X̄ ∈ AK×Nsym is obtained. After that, the data symbols are successively precoded in the feed-
back loop, where the feedback matrix

B = SHF ∈ CK×K (5.46)

describes an upper or lower triangular (causal) channel with unit main diagonal which is ob-
tained by the following feedforward matrix F ∈ CNtx×K . More speci�cally, initially setting
X̃ = 0K×Nsym , the successive precoding is given as

¯
x̃k = modΛb{¯

x̄k −¯
bk · X̃} . (5.47)

In comparison to the successive decoding (5.31) in DFE, the decoding operation is replaced by
a modulo reduction of the resulting precoded symbols in order to limit the required transmit
power. To that end, a periodically extendable signal constellation is required, e.g., one of the
Voronoi constellations (3.53) described in Section 3.2. The modulo reduction is then performed
with respect to the Voronoi region RV(Λb) of the boundary lattice Λb. Note that if B is
lower triangular, precoding is performed in order k = 1, . . . , K ; otherwise, in reversed order
k = K, . . . , 1.

After the feedback loop, the matrix of precoded symbols X̃ is linearly preequalized via
the feedforward matrix F . In order to ful�ll the sum-power constraint (2.68), the resulting
symbols have to be scaled by the inverse of

γ =
√
‖F ‖2

F
K
· √γp . (5.48)

Here, not only the increase of transmit power due to F is considered, cf. (5.15). In addition,
we also have to incorporate the precoding loss γp [Fis02]: In contrast to (purely) linear pre-
equalization where the data symbols are directly linearly preequalized, precoded symbols are
passed to the feedforward matrix. These symbols are not drawn fromA anymore but they are
more uniformly distributed over RV(Λb) (except for the symbols of the �rst precoded user),
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cf. [Fis02]. This e�ect is compensated by the right part in (5.48) which can, e.g., practically be
realized by means of an automatic (block-wise) scaling. For M → ∞, γp = 1 is valid [Fis02].
Hence, as the cardinality of the signal constellation increases, the precoding loss becomes less
relevant.

The transmit symbols which are combined into the matrixX ∈ CNtx×Nsym are transmitted
over the MIMO channel represented by the K × Ntx channel matrix H . In the K individual
receivers, the transmitter-side scaling by factor γ−1 is compensated and individual decoding
of the resulting blocks of receive symbols is performed. To that end, we have to take into
consideration that—due to the transmitter-side modulo operation—signal points are obtained
which are modulo-congruent to the original data symbols. Hence, given a particular constel-
lation point α ∈ A, we obtain a symbol drawn from α +Λb ∈ Λa, cf. [Fis02]. Consequently,
we have to apply a modulo-decoder

mDEC : CNsym −→ C(Nsym) ⊂ ANsym (5.49)

which takes the periodic extensions of the signal constellation into account and results in the
respective blocks of (modulo-congruent) data symbols

¯
â1, . . . ,¯

âK ∈ ANsym .

5.2.2.1 Channel Factorization

Taking advantage of the uplink-downlink duality [VT03, VJG03, TV05] where we, according
to (2.98), assumeHdownlink = HH

uplink, the precoding matrices F downlink,Bdownlink, and Sdownlink

for THP (in the downlink) are given as

F downlink = F H
uplink ,

Bdownlink = BH
uplink ,

Sdownlink = SH
uplink .

(5.50)

Thereby, F uplink, Buplink, and Suplink denote the equalization matrices for DFE in the uplink.
Consequently, the four factorization criteria discussed in Section 5.2.1.1 are straightforwardly
adapted from DFE to THP by considering the Hermitian variants of the respective equations.
In the following, these dualized criteria for the channel factorization via the GSO with pivoting
are brie�y discussed.

Criterion I (SQRD, ZF) For the application of THP in multiuser MIMO downlink transmis-
sion, the dual variant of Criterion I [WBR+01] reads

HH︸︷︷︸
G

SH︸︷︷︸
P

= F+H︸ ︷︷ ︸
Q

BH︸︷︷︸
R

. (5.51)

Then, the GSO with pivoting factorizes the Hermitian variant of the (downlink) channel ma-
trix which is given as HH ∈ CNtx×K , where Ntx ≥ K . The sorting matrix reads S = P H

and, since B = RH is lower triangular, the precoding order reads k = 1, . . . , K , i.e., it is
reversed in comparison to the related uplink criterion. The Ntx × K feedforward matrix for
THP according to the ZF criterion is obtained as F = Q+H. Thereby, the GSO with pivoting
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minimizes the maximum column norm of F+H, and hence the maximum row norm of F+.
Due to the receiver-side scaling by γ−1, at the individual receivers we have to deal with a
noise enhancement according to

σ2
ñ,k = σ2

n · γ2 (5.52)

which is constant over the users, cf. (5.48). It is quite obvious that Criterion I is (again) sub-
optimal since the (squared) Frobenius norm ‖F ‖2

F and thus all (squared) column norms of F
have actually to be minimized in order to achieve the lowest possible noise enhancement.

Criterion II (SQRD, MMSE) By analogy with the uplink scenario, Criterion I can be extended
to the MMSE case via

HH︸︷︷︸
G

SH︸︷︷︸
P

= F+H︸ ︷︷ ︸
Q

BH︸︷︷︸
R

, (5.53)

where HH ∈ C(Ntx+K)×K is the Hermitian of the augmented (downlink) channel matrix (5.20).
Then, the feedforward matrix F optimized according to the MMSE criterion is given by the
Ntx ×K upper part of of F= Q+H. The noise variances at the decoder inputs are given as

σ2
ñ,k = σ2

n · ( γ2︸︷︷︸
noise

+ ‖f̃k‖2︸ ︷︷ ︸
interference

) , (5.54)

where γ is the direct noise enhancement according to (5.48) and ‖f̃k‖2 represents the individ-
ual contribution of the residual interference in the augmented feedforward matrix

F=
[
f1 . . . fK

]
=
[
f 1 . . . fK
f̃1 . . . f̃K

]
. (5.55)

In contrast to the ZF case, the noise enhancement is not constant over the users but it is
individual, cf. Section 5.1.2.1. Neglecting the precoding loss, the (squared) Frobenius norm
‖F ‖2

F and coincidentally maxk ‖f̃k‖2 have to be minimized in order to maximize the worst-
link performance. However, using Criterion II, the sorting is chosen such that the maximum
(squared) row norm of F+ is minimized instead.

Criterion III (dual/V-BLAST, ZF) In the downlink scenario, Criterion III, i.e., the (ZF) dual-
lattice approach [LMG09], is adapted to

H+︸︷︷︸
G

S−1︸︷︷︸
P

= F︸︷︷︸
Q

B−1︸ ︷︷ ︸
R

. (5.56)

Here, the Ntx ×K pseudoinverse H+ of the (downlink) channel matrix is factorized. We di-
rectly obtain the (ZF) feedforward matrix F = Q. The feedback matrix B = R−1 is upper
triangular; hence, the precoding is performed in reversed order k = K, . . . , 1. The matrix
S = P−1 contains the downlink V-BLAST sorting [Win04], i.e., the sorting which is alterna-
tively obtained by the classical V-BLAST algorithm applied to the (generator) matrixG = HH.
The V-BLAST approach does not necessarily result in an optimal (maximum) noise enhance-
ment (5.42) as it is the case in the uplink scenario: only the maximum (squared) column norm
of F = Q but not the (squared) Frobenius norm ‖F ‖2

F is minimized. However, for THP, the
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(downlink) V-BLAST sorting is at least a well-performing heuristic approach, cf. [Win04, Sec-
tion 5.4.5]. Moreover—in contrast to the uplink scenario—equivalent real-valued processing
according to the system model discussed in Section 2.4.2 may improve the worst-link perfor-
mance in comparison to the complex-valued case, cf. Section 4.1.3. Noteworthy, if we apply
the classical V-BLAST algorithm to the (generator) matrixG = H+, the downlink (ZF) SQRD
sorting by analogy with (5.51) is obtained.
Criterion IV (dual/V-BLAST, MMSE) We can extend the (downlink) dual-lattice/V-BLAST
factorization approach to obey the MMSE criterion by employing the channel factorization

H+︸︷︷︸
G

S−1︸︷︷︸
P

= F︸︷︷︸
Q

B−1︸ ︷︷ ︸
R

. (5.57)

Then, we factorize the (Ntx +K)×K pseudoinverse of the augmented channel matrix (5.20)
and directly obtain the augmented feedforward matrix F, where the Ntx × K upper part
F is optimized according to the MMSE criterion. The related (downlink) V-BLAST sorting
in S = P−1 minimizes the maximum (squared) column norm of F. Hence, the resulting
sorting is suboptimal since it does not necessarily minimize the maximum noise enhancement
in (5.54). However, as in the ZF case (Criterion III), it should be a well-performing heuristic
approach.

If the classical V-BLAST algorithm is applied to the (generator) matrix G = H+, the
downlink (MMSE) SQRD sorting by analogy with (5.53) is obtained. The four abovementioned
factorization criteria and their related properties are collected in Table 5.2.

Table 5.2: Overview of the four different factorization criteria for the application of SIC in the multiuser
MIMO downlink. In addition, the related precoding order (B lower triangular: k = 1, . . . ,K; B upper
triangular: k = K, . . . , 1) is given. Moreover, the matrices which have to be factorized by the GSO with
pivoting as well as by the classical V-BLAST algorithm to obtain the particular sorting are provided.

Factorization Criterion (GSO with pivoting) Precoding Order Algorithm factorizes
ZF MMSE GSO/pivot V-BLAST

“SQRD” Criterion I Criterion II
k = 1, . . . ,K HH, HH H+, H+

HHSH = F+HBH HHSH = F+HBH

dual/ Criterion III Criterion IV
k = K, . . . , 1 H+, H+ HH, HH

V-BLAST H+S−1 = FB−1 H+S−1 = FB−1

5.2.2.2 Coded-Modulation Strategies

When employing linear (pre)equalization or DFE, K separate AWGN channels (5.13) are ob-
tained. However, for THP, the situation is di�erent: here, for decoding, not only the signal
constellation itself but also its periodic extension has to be taken into account. Hence, for ex-
act metric calculation, an in�nite number of modulo-congruent points α +Λb ∈ Λa, α ∈ A,
has to be incorporated. However, in the mid-to-high SNR regime, it is usually su�cient to
consider only the nearest representative thereof. This approach is known as nearest-neighbor
approximation [Fis02]. Given the symmetric modulo function modΛb{·}, it is practically im-
plemented by the modulo reduction of the distances according to

d2
mod(y, α) = |modΛb{y − α}|2 , (5.58)
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where y denotes the receive value, α a constellation point, and d2
mod(y, α) the squared distance

of y to the closest representative of α +Λb. Consequently, in the K individual receivers, we
obtain modulo channels [Fis02, Fis05, ZNKB14] instead of AWGN channels.

Since we have to deal with modulo channels, all users have to employ a periodically ex-
tendable signal constellation utilizing the same boundary lattice Λb. Beyond this, no restric-
tions on the code or the coded-modulation approach are imposed; again, the users may apply
di�erent schemes and coding parameters. In the system model depicted in Figure 5.7, the
modulo-decoder (5.49) operates with respect to codewords over the Euclidean space, i.e., it
results in blocks of (modulo-congruent) data symbols. Alternatively, by analogy with (2.84)
we can employ a modulo-decoder

mDECFq : CNsym −→ FNmc
q (5.59)

which inherently performs the demappingM−1
A and the encoder inverse ENC−1, taking the

periodic extensions of the signal constellation into account.
In summary, we obtain K separate modulo channels, where the variance of the (approxi-

mately) Gaussian-distributed distortion contained in the blocks of (re)scaled receive symbols

¯
ỹ1 = γ

¯
y1, . . . ,¯

ỹ
K

= γ
¯
y
K

is de�ned by (5.54). If, for example, coded modulation with 2b-ary
codes is applied, the calculation of the probability vectors in (3.72) is hence adapted to

l̃k,τ{
¯
ỹ
k
} =


e−
|modΛb{ỹk,τ−α1}|

2

σ2
n·(γ2+‖f̃k‖2)

...

e−
|modΛb{ỹk,τ−α2b}|

2

σ2
n·(γ2+‖f̃k‖2)

 ∈ R2b
+ , k = 1, . . . , K , τ = 1, . . . , Nsym . (5.60)

5.2.3 Comparison and Equalization Performance

In what follows, the performance of both DFE for multiuser MIMO uplink transmission and
THP for the multiuser MIMO downlink is brie�y assessed. Again, the worst-link performance
is considered which is expressed by the maximum noise enhancement maxk σ2

ñ,k/σ
2
n. We re-

strict to complex-valued processing. Please note that M → ∞ is assumed in case of THP,
i.e., the precoding loss in (5.48) is neglected by setting γp = 1. The performance can thus be
evaluated independently from the particular signal constellation.

In Figure 5.8, for both schemes, the four factorization criteria are contrasted by the con-
sideration of the respective expectation of the noise enhancement. It has empirically been
obtained over 105 channel realizations using square matrices according to the channel model
de�ned in Section 2.2.2. In order to enable a fair comparison of the factorization criteria, all
equalization matrices have been calculated obeying the MMSE criterion (σ2

a/σ
2
n =̂ 20 dB);

hence, only the sorting described by S determines the performance.8 We clearly see that, for
both DFE and THP, Criteria I and II as well as Criteria III and IV basically perform the same.

8 Applying Criteria I and III, an unsorted GSO of the related permuted augmented channel matrix HS and its
Hermitian pseudoinverse (HS)+H, respectively, is additionally performed in the uplink (downlink analogous)
to obtain the matrices for MMSE DFE/THP with respect to the sorting described by S.
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Figure 5.8: Expectation of the maximum noise enhancement maxk σ2
ñ,k/σ

2
n for DFE (multiuser MIMO uplink)

and THP (multiuser MIMO downlink) over the number of users K. Empirical values over 105 i.i.d. complex
Gaussian channel realizations where σ2

a/σ
2
n =̂ 20 dB. Square channel matrices are considered, i.e., Nrx = K

(uplink) and Ntx = K (downlink). The feedforward matrix F is calculated according to the MMSE criterion.
Variation of the factorization criterion, i.e., of the matrix G which is factorized by the GSO with pivoting.

Table 5.3: Percentage of channel realizations where the factorization according to the Criteria I through III
results in the (optimum) MMSE V-BLAST sorting (Criterion IV: H+H). Empirical values over 105 i.i.d. square
complex Gaussian channel realizations where σ2

a/σ
2
n =̂ 20 dB.

G
K

2 3 4 5 6 7 8
Criterion I:H 100 91.15 77.38 61.81 47.18 34.53 24.37
Criterion II: H 100 91.34 77.75 62.35 47.73 35.12 24.85
Criterion III:H+H 100 99.72 99.21 98.35 97.47 96.34 94.93

Thus, the factorization of the augmented channel matrix instead of the original one has hardly
any impact on the resulting permutation matrix and the related sorting of the users, which is
in accordance with the results given in [Fis11]. In contrast, using the dual-lattice approach, i.e.,
the V-BLAST sorting (Criteria III+IV), a signi�cant performance gain is possible, especially as
the number of users increases.

The reason for that becomes apparent from Table 5.3, where the percentage of channel
realizations is given where the Criteria I through III result in the (optimum) MMSE V-BLAST
sorting, i.e., the one obtained from Criterion IV. Given the SQRD sorting, the percentage
rapidly decreases with the number of users; thereby, the impact of the MMSE approach is
nearly negligible. Instead, even for the case of eight users, the ZF V-BLAST approach (Cri-
terion III) still results in the MMSE V-BLAST sorting for the vast majority of the channel
realizations. Please note, the statistic is valid for both the uplink and the downlink scenario as
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Figure 5.9: Expectation and 0.95-quantile over the number of users K with respect to the maximum noise
enhancement maxk σ2

ñ,k/σ
2
n for DFE (multiuser MIMO uplink) and THP (multiuser MIMO downlink), when

σ2
a/σ

2
n =̂ 20 dB. Empirical values over 105 i.i.d. complex Gaussian channel realizations. Square channel

matrices are considered, i.e., Nrx = K for the uplink and Ntx = K for the downlink. Variation of the
factorization criterion (Criterion II vs. Criterion IV, i.e., MMSE “SQRD” vs. MMSE V-BLAST). For comparison,
the respective expectation is given for the case of MMSE linear (pre)equalization.

the same statistical channel model is present in both cases.
In general, omitting a suited power allocation in the uplink scenario, the noise enhance-

ment of THP is signi�cantly lowered in comparison to DFE. This not only becomes apparent
from its expectation but also from its 0.95-quantile which is additionally illustrated in Fig-
ure 5.9. Here, we restrict to Criterion II (SQRD, MMSE) and Criterion IV (dual/V-BLAST,
MMSE). For comparison, the average noise enhancement of MMSE linear (pre)equalization
is given. It is clearly visible that the application of DFE or THP enables a large gain over the
purely linear schemes, especially if a large number of users is present in the MIMO system.
However, already for systems with K = 3 users and the same number of receive/transmit an-
tennas, the 0.95-quantile of the DFE/THP noise enhancement is lower than the expectation of
that quantity in case of linear (pre)equalization—if the “right” factorization criterion is utilized.

5.3 Discussion and Numerical Results

The performance of all abovementioned conventional multiuser MIMO schemes is assessed
by means of numerical simulations in order to �nd out if the di�erent noise enhancements are
re�ected in the error curves of both uncoded and coded transmission. Except for the constraint
to utilize periodically extendable constellations in case of THP, all conventional schemes do not
set any restraints on the choice of the signal constellation and the coded-modulation approach.
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Hence, a conventional 16QAM constellation (G16, Λa = G) is considered, and alternatively,
a 16-ary Eisenstein constellation (E16, Λa = E), as de�ned in Section 3.2.1.1. We restrict to
square i.i.d. complex Gaussian channel matrices, i.e., Nrx = K in the uplink and Ntx = K in
the downlink, and the block-fading scenario according to Section 2.2.2. Moreover, complex-
valued processing is applied and the linear equalization (part) is optimized according to the
MMSE criterion.

5.3.1 Uncoded Transmission

For uncoded transmission, the average SER is considered, i.e., the individual error ratios with
respect to the blocks of estimated data symbols

¯
â1, . . . ,¯

âK are averaged. To this end, in the
receiver(s), the decoding operation is represented by a maximum-likelihood detection to the
closest constellation point for each symbol (THP: nearest modulo-representative).

In Figure 5.10, the SER is drawn over the SNR in dB, represented as energy per symbol over
the noise power spectral density, cf. (2.77). First, we consider the multiuser uplink/downlink
scenario with K = 3 users (Top). We see that all (purely) linear schemes—due to their large
noise enhancement (cf. Figure 5.3)—perform very bad. In particular, the error curves directly
�atten out to diversity order one, or in a more general formulation, to diversity order

∆con,uplink = Nrx −K + 1 (5.61)

in the uplink and
∆con,downlink = Ntx −K + 1 (5.62)

in the downlink, cf. [ZT03, Win04, TV05]. These diversity orders are also asymptotically ob-
tained by DFE and THP, respectively: in both schemes, the �rst decoded/precoded user is
actually linearly equalized, cf. [Win04]. Hence, (5.61) and (5.62) hold for all conventional up-
link/downlink schemes.

Moreover, for both DFE and THP, the results obtained from applying the factorization
according to Criterion II (MMSE “"SQRD” sorting) are contrasted to the ones obtained by Cri-
terion IV (MMSE V-BLAST sorting). We see that, using the (optimal) dual-lattice approach, the
lowered noise enhancement is directly transferred into an SNR gain. Besides, at least in case
of THP, the Eisenstein constellation enables a relevant gain over the QAM one. Noteworthy,
since the GSO with pivoting operates independently from the signal-point latticeΛa, this gain
is caused by the lowered variance of the Eisenstein constellation, cf. Table 3.2 and the results
of the uncoded AWGN simulations in Figure 3.11.

Going over to the uplink/downlink scenario with K = 6 users (Figure 5.10 (Bottom)),
the �attening to diversity order one is again clearly visible for the linear schemes and DFE.
For THP, in the shown range, a �attening is visible if Criterion II is applied; for the optimal
V-BLAST sorting, it only becomes apparent in the high-SNR regime where SER < 10−7.
Generally, for the non-linear schemes and high SNRs, the application of Criterion II results
in a loss of more than 5 dB in comparison to Criterion IV. Since both criteria share the same
computational factorization complexity if they are calculated using the GSO with pivoting, the



5.3. Discussion and Numerical Results 137

10−5

10−4

10−3

10−2

10−1

100

K = 3

SE
R
−→

Linear Equalization, G16

Linear Equalization, E16

Linear Preequalization, G16

Linear Preequalization, E16
DFE, Criterion II: H, G16
DFE, Criterion II: H, E16

THP, Criterion II: HH, G16

THP, Criterion II: HH, E16

DFE, Criterion IV: H+H, G16

DFE, Criterion IV: H+H, E16

THP, Criterion IV: H+, G16

THP, Criterion IV: H+, E16

8 10 12 14 16 18 20 22 24 26 2810−5

10−4

10−3

10−2

10−1

100

K = 6

10 log10(Es/N0) [dB] −→

SE
R
−→

Figure 5.10: Average SER (over the users) vs. the SNR expressed as the energy per symbol over the noise
power spectral density in dB. Uncoded transmission over the multiuser MIMO uplink/downlink block-fading
channel according to Section 2.2.2 with square channel matrix. Gaussian-integer constellation G16 (QAM)
and Eisenstein-integer constellation E16. Variation of the equalization/preequalization scheme (uplink: linear
equalization vs. DFE; downlink: linear preequalization vs. THP) and the factorization criterion. The linear
equalization (part) is optimized according to the MMSE criterion. The simulations have been performed with
the block length Nsym = 16200 and 105 realizations thereof, i.e., with the total number of 1.62 · 109 symbols
and noise samples per constellation. Top: K = 3 users in the system (Ntx = Nrx = 3). Bottom: K = 6 users
in the system (Ntx = Nrx = 6).
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Figure 5.11: Average BER (over the users) vs. the SNR expressed as the energy per information bit over the
noise power spectral density in dB. Coded transmission over the multiuser MIMO uplink/downlink block-
fading channel according to Section 2.2.2. Gaussian-integer constellation G16 (QAM) and Eisenstein-integer
constellation E16, code parameters according to Table 3.7 (coded modulation rate Rm = 3). Individual coded
modulation with non-binary 16-ary LDPC codes; belief-propagation decoding with 50 iterations. DFE (uplink)
and THP (downlink) are applied according to Criterion IV (MMSE V-BLAST). Variation of the number of users
K; square channel matrices (Nrx = Ntx = K). The results are averaged over 104 codewords; each of them
transmitted over a particular random channel realization.

latter should be preferred. Please note, the uplink schemes can approach the performance of
the downlink ones if a power allocation is utilized; however, the diversity order is not a�ected.

5.3.2 Coded Transmission

Next, the performance in case of coded transmission is considered. We restrict to the non-
linear schemes, i.e., DFE and THP. The users’ binary source symbols are individually (block-
wise) encoded using channel coding over F16 with the 2b-ary coded-modulation approach de-
scribed in Section 3.2.1.2. To this end, the code parameters from Table 3.7 are employed (coded
modulation rateRm = 3). Moreover, the non-binary LDPC codes from the AWGN simulations
are utilized again; belief-propagation decoding with 50 iterations according to Appendix A is
performed. To that end, the metric for individual decoding is calculated according to (5.45)
and (5.60), respectively. The mapping (bit labeling) from Figure 3.5 is taken; in case of DFE in
combination with the constellation E16, the alternative labeling of Figure 3.7 is applied. The
channel factorization is performed using Criterion IV (dual/V-BLAST, MMSE).

In Figure 5.11, the average BER is drawn over the SNR in dB (averaged over the users). The
SNR is represented by the energy per information bit over the noise power spectral density
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as de�ned in (2.78). When applying DFE, the �attening to (roughly) diversity order one is
again clearly visible. Due to block-fading, the code does not achieve a diversity gain since the
same fading state, i.e., the same noise enhancement, is present over the whole codeword. For
THP (and especially K = 6 users in the system), this �attening is not visible in the illustrated
range; however, it will occur in the very-low-BER regime. Given the situation that slow fading
is present, the only counter-measure to improve the performance could be to de�ne an outage
[TV05], i.e., to intermit transmission if a “bad” channel is present. Note that in case of coded
transmission, the Eisenstein constellation shows a little loss in SNR even though both QAM
and Eisenstein constellation perform the same in the AWGN scenario, cf. Figure 3.14. This loss
is caused by the fact if decoding fails, nearest neighbors of the actual signal points are often
obtained as the estimated data symbols. Due to Gray labeling in case of QAM, the related
impact on the BER is lowered in comparison to the Eisenstein constellation.

5.3.3 Application in Point-to-Point Scenarios

The single-user point-to-point MIMO scenario can be interpreted to be a special case of both
the MIMO multiple-access and the MIMO broadcast channel, where a joint handling of the data
streams is possible at transmitter and receiver, cf. Section 2.3.3. Consequently, the abovemen-
tioned multiuser equalization/preequalization schemes are principally suited for the applica-
tion in single-user MIMO transmission. However, since—neglecting power allocation schemes
for the uplink—the downlink schemes outperform the uplink ones, the former are to prefer if
the channel equalization initially has to be placed at transmitter or receiver.

If the maximum multiplexing gain is desired, i.e., K = min{Ntx, Nrx} data streams are
transmitted, we obtain the diversity order

∆con,P2P = max{Ntx, Nrx} −min{Ntx, Nrx}+ 1 . (5.63)

Hence, if Ntx = Nrx, only diversity order one is achieved. Noteworthy, the same holds for
(maximum-multiplexing) transmission using the SVD of the MIMO channel matrix, cf., e.g.,
[ZT03, TV05]. However, utilizing the multiuser techniques for square channel matrices and
given channel knowledge at transmitter and receiver, we can �exibly decide if transmitter- or
receiver-side equalization is performed. Then, for a particular channel realization, the better-
performing approach can be selected, cf. [WFVH04].
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6. Lattice-Aided MIMO Transmission

In this chapter, advanced low-complexity equalization and preequalization techniques are con-
sidered, speci�cally schemes which utilize lattice structures by factorizing the channel matrix
into an integer (lattice) part and a residual non-integer part. Taking advantage of recent de-
velopments in the related �eld of IF equalization [ZNEG14]—an approach that jointly handles
coded modulation and (multiuser) MIMO equalization—a more general variant of the classical
LRA equalization philosophy [YW02, WF03] is derived. In these generalized “LA” schemes,
the classical unimodularity constraint on the integer part is dropped. A closer look on the
resulting channel factorization tasks is taken for both receiver- and transmitter-side multiuser
MIMO equalization. This includes the derivation of optimum or close-to-optimum factoriza-
tion strategies, taking advantage of the review on di�erent lattice problems and related algo-
rithms which was provided in Chapter 4. Coded-modulation approaches that are suited for
the particular scenario are discussed. Again, the schemes are subdivided into two di�erent
classes: schemes that linearly handle the (non-integer) interference, and schemes which per-
form non-linear processing by applying the philosophy of SIC. We �nally brie�y comment on
the employment of the considered multiuser techniques in single-user MIMO (point-to-point)
transmission. This chapter combines and details content from the author’s scienti�c works
[SF15, SF16c, SF16b, SF16a, SF17a, SF17b, FS18, FSH19].

6.1 Lattice-Aided Linear Equalization Techniques

We start with techniques where the residual non-integer part of the factorized channel matrix
is handled by means of linear equalization. Following the LRA philosophy, these schemes have
initially been introduced as LRA linear (receiver-side) equalization [YW02, WF03, Win04] for
the MIMO multiple-access channel and LRA linear preequalization for the MIMO broadcast
channel, cf. [WFH04, Win04, SF06]. In what follows, these schemes are extended to the gen-
eralized LA philosophy; this includes a discussion on the consequences with respect to the
factorization task. Moreover, coded modulation according to the L(R)A philosophy is con-
trasted to coded modulation following the IF philosophy.
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6.1.1 Lattice-Aided Linear Equalization (Uplink)

The basic idea of classical LRA linear equalization according to [YW02, WF03] is to linearly
equalize a reduced variant

HZ = H(red) ∈ CNrx×K , Z ∈ ΛK×K
a = IK×K , | det(Z)| = 1 , (6.1)

of the channel matrix rather than the Nrx ×K channel matrix channel itself. To this end, the
data symbols are drawn from a subset of the signal-point latticeΛa utilizing a Voronoi constel-
lation according to (3.53). When these data symbols are transmitted over the MIMO channel,
the related (noise-free) receive symbols are drawn from the latticeΛΛa(H), i.e., the lattice with
generator matrixG = H (over the constituent ring I = Λa), cf. Example 2.4. The unimodular
integer matrixZ ∈ ΛK×K

a in (6.1) describes the change to a reduced basis of that lattice which
is represented by the generator matrix G = H(red), where ΛΛa(H(red)) = ΛΛa(H); hence,
the name “lattice-reduction-aided” equalization. The main idea is to choose the integer matrix
Z and thus the reduced basis in a “suited way” such that the noise enhancement accompanied
by the linear MIMO equalization is lowered [Win04].

The related receiver structure is illustrated in Figure 6.1. It is similar to the one of conven-
tional linear equalization depicted in Figure 5.1, however, with a signi�cant variation (drawn
in blue): Via (6.1), the channel is (virtually) factorized into

H = H(red)Z−1 , | det(Z−1)| = 1 . (6.2)

In the LRA receiver, only the left (non-integer) part H(red) is conventionally equalized via
the linear equalization matrix W ; thus, at the decoder inputs, integer linear combinations of
data symbols are obtained which are (virtually) described by the integer part1 Z−1 ∈ ΛK×K

a .
Hence, the coded-modulation scheme has to be chosen such that the decoder can reconstruct
linear combinations of codewords.2 Suited coded-modulation strategies will be discussed in
Section 6.1.1.3. Performing decoding over the Euclidean space according to (2.81), the resulting
symbols are consequently not only drawn from A ⊂ Λa anymore, but the range is extended
to Λa. After decoding, the K blocks of decoded symbols are combined into the matrix X̄
and the “integer interference” described byZ−1 is—without any noise enhancement—resolved
via Z , �nally resulting3 in the blocks of estimated data symbols

¯
â1, . . . ,¯

âK . Please note,
1 In IF linear equalization [ZNEG14], the integer part in the channel factorization (6.2) is usually denoted as

A instead of Z−1, whereas the integer equalization matrix reads A−1 instead of Z . Hence, the role of “integer
matrix” and “inverse integer matrix” are interchanged which is, however, only an issue of notation. In order
to be consistent with the channel factorization for DFE (and THP) described in Chapter 5, we denote Z as the
integer-equalization matrix and Z−1 as the integer part of the channel.

2 If the o�set o is used to construct a zero-mean constellation according to (3.53), this o�set has to be
handled properly in the receiver, cf. [WF03]. Particularly, the decoding has to be performed with respect to
Ỹ −Z−1[oH, . . . , oH]H + [oH, . . . , oH]H.

3 If all decoders can successfully reconstruct their particular linear combination of the original codewords,
all estimated data symbols are again drawn fromA. If, in contrast, decoding fails, the linear combinations are not
adequately resolved anymore; hence, the estimated data symbols may not necessarily be drawn from A. In that
case, a second decoding operation can be applied which operates on these estimated data symbols. Alternatively,
if a second decoding is not desired, a decision with respect to the closest constellation point can, e.g., be utilized.



6.1. Lattice-Aided Linear Equalization Techniques 143

Y

N
Channel

¯
a1

¯
aK

X

AK×Nsym CNrx×Nsym

Transmitters

Ỹ
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Figure 6.1: L(R)A linear equalization for the K-user MIMO multiple-access scenario: K blocks of data
symbols

¯
a1, . . . ,¯

aK ∈ ANsym are transmitted over the MIMO channel. At the joint receiver, the MIMO channel
is factorized into an integer and a non-integer part. The receive symbols collected in Y ∈ CNrx×Nsym are
linearly equalized via W ∈ CK×Nrx , treating only the non-integer part of the interference. The resulting
blocks of linearly equalized symbols in Ỹ = [

¯
ỹH

1 , . . . ,¯
ỹH
K

]H ∈ CK×Nsym are individually decoded to obtain
linear combinations

¯
x̄1, . . . ,¯

x̄K ∈ Λ
Nsym
a of the transmitted data symbols. The original data symbols are

finally obtained by resolving the integer interference via Z. The changes in comparison to conventional
linear equalization are drawn in blue.

in the literature, e.g., [YW02, WFH04, Win04], LRA linear equalization has most often been
treated uncoded as the focus has been on the MIMO equalization task. In that case, decoding
is replaced by a simple quantization with respect to Λa.

The concept of IF linear equalization [ZNEG14] has recently triggered a rethinking of the
classical LRA approach. IF receivers share the philosophy to decompose the MIMO interfer-
ence into an integer and a residual non-integer part. However, as detailed below, the di�erence
is that the integer interference is resolved in the particular �nite-�eld arithmetic of the channel
code, i.e., it is canceled over the Hamming space instead of over the Euclidean space. Thereby, the
integer part of the channel factorization in (6.2) is represented by a �nite-�eld variant thereof,
for which the unimodularity constraint is weakened to a full-rank constraint. This relaxation is
not limited to a �nite-�eld representation of the integer matrix but it can also be realized over
the Euclidean space in the classical LRA receiver structure, cf. [FCS16, SF17a, FSH19]: Now, in
the channel factorization, we only demand that

rank(Z−1) = K , (6.3)

which in turn means that4 | det(Z−1)| ≥ 1. Nevertheless, after linear equalization of the non-
integer part viaW , still linear combinations Z−1X of the transmit/data symbols (and hence,
in suited coded-modulation schemes, linear combinations of the codewords) are present. The
only di�erence is that the resulting column vectors of linear combinations x̄τ , τ = 1, . . . , Nsym,
may be taken from a sublattice of ΛK

a , cf. Figure 4.1. However, via the “integer-equalization
matrix”Z with | det(Z)| = (| det(Z−1)|)−1 ≤ 1 which may now contain non-integer elements
taken from a scaled variant Λz = det(Z) · Λa of the signal-point lattice, the original data
symbols drawn from A ⊂ Λa are again reconstructed. Utilizing the classical LRA receiver
structure, the constraint that the non-integer equalization has to be performed in a reduced
basis can actually be relaxed to the constraint that only linear combinations in a sublattice
of ΛK

a have to be obtained—generalizing the concept of the “lattice-reduction-aided” linear
receiver to a “lattice-aided” linear receiver.

4 For full-rank integer matrices Z−1 with elements drawn from Λa, det(Z−1) ∈ Λa \ {0} is valid.
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6.1.1.1 Factorization Criterion

It is quite evident that the lattice-basis-reduction algorithms discussed in Section 4.3 are suited
to calculate the channel factorization if classical “LRA” linear equalization is applied. In order
to realize the generalized “LA” receiver, the SMP algorithm from Section 4.2.2 is obviously a
suited way to obtain a full-rank integer matrix Z−1. For that purpose, by analogy with the
factorization of the channel matrix for conventional DFE (Section 5.2.1), we start with the
consideration of di�erent factorization criteria which have been proposed in the literature.
They de�ne the generator matrixG for which the factorization is actually performed.5

Criterion I (direct, ZF) In the initial publications on LRA equalization, e.g., [YW02, WFH04],
the factorization is straightforwardly calculated as

H︸︷︷︸
G

Z︸︷︷︸
U

= W+︸ ︷︷ ︸
G(red)

, (6.4)

i.e., a reduced basis of the lattice spanned by G = H is obtained. The equalization matrix
for ZF linear equalization of the non-integer part reads W = (G(red))+. Just like in case
of conventional linear equalization, the kth squared row norm of W determines the noise
enhancement for user k = 1, . . . , K according to (5.3) with respect to the noise which is
present at the decoder input. However, in the lattice-reduction algorithm, the related reduction
criterion operates on the columns of G(red) = W+ (or on the columns of the Q-matrix of
its QR decomposition, respectively); hence, a substitutional performance criterion has to be
employed. Popular criteria are, e.g., the condition number [WF03], the orthogonality defect
[Win04, ZQW12], or the proximity factor [Lin11, ZQW12] of the reduced generator matrix.

Criterion II (direct, MMSE) Utilizing the augmented representation of the channel matrix as
de�ned in (5.5), an MMSE variant of Criterion I is obtained as [WBKK04]

H︸︷︷︸
G

Z︸︷︷︸
U

= W+︸ ︷︷ ︸
G(red)

. (6.5)

The lattice spanned by G = H is considered; the reduced basis is represented by the gen-
erator matrix G(red) = W+. The equalization matrix for MMSE linear equalization of the
non-integer part is hence given as the K ×Nrx left part of W = (G(red))+. By analogy with
conventional MMSE linear equalization, the squared row norms ‖

¯
wk‖2, k = 1, . . . , K , de-

�ne the noise enhancement; they can be decomposed into a noise and an interference part
according to (5.12). Since the reduction algorithm assesses the (squared) column norms of
G(red) = W+ (or the norms in the related QR decomposition), a substitutional performance
criterion is employed again. Noteworthy, as detailed in [FWS+11], the resulting (non-integer)
equalization matrix is the same as the one obtained from

W = Z−1(HHH + zIK)−1HH . (6.6)

5 The exposition of the di�erent criteria follows the one which was given in [FCS16].
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It particularly corresponds to the (biased) MMSE linear �lter for uncorrelated noise and data
symbols which are correlated via Z−1 (at the decoder inputs). Thereby, the integer matrix
obtained from Criterion II does not necessarily have to be employed. Alternatively, the channel
can be factorized according to (6.4) and the respective MMSE linear (non-integer) equalization
matrix can then be calculated given the integer matrix of Criterion I, cf. [Fis11].

Criterion III (dual, ZF) If the non-integer part of the channel is equalized according to the
ZF criterion, the (squared) row norms of the non-integer equalization matrix determine the
noise enhancement. Consequently, in order to optimize the related transmission performance,
it is advantageous if the factorization algorithm directly assesses the row norms of W . This
strategy is realized via [TMK07]

H+H︸ ︷︷ ︸
G

Z−H︸ ︷︷ ︸
T

= W H︸ ︷︷ ︸
G(t)

. (6.7)

Since G = H+H, the lattice dual to ΛΛa(H) is considered by analogy with the dual-lattice/
V-BLAST approach for conventional DFE in Section 5.2.1.1. Then, the algorithm evaluates the
(squared) column norms of W H (or the column norms in its QR decomposition), and hence
the (squared) row norms ofW = (G(t))H as desired.

Criterion IV (dual, MMSE) Criterion III can be extended to the MMSE case via

H+H︸ ︷︷ ︸
G

Z−H︸ ︷︷ ︸
T

= WH︸ ︷︷ ︸
G(t)

, (6.8)

where the lattice spanned by the Hermitian pseudoinverse of the augmented channel matrix is
considered. Hence, the lattice dual to ΛΛa(H) is present. The factorization algorithm can
directly assess the (squared) column norms of G(t) = WH, i.e., the K noise enhancements if
MMSE linear equalization of the non-integer part is applied via the K × Nrx left part W of
W = (G(t))H, cf. (5.8). Please note that Criterion IV is often expressed in an alternative but
equivalent way, e.g., in IF linear equalization [SHV13, ZNEG14] or (in the dualized variant) for
MMSE vector precoding [SJU08]: an upper triangular square root LH of

LLH = (HHH + zIK)−1 (6.9)

is taken as the generator matrixG = LH in order to obtain the integer part Z−H. The square
root is, e.g., calculated by means of Cholesky factorization [PTVF07]. Thereby, it turns out that
LH = H+H is one possible square root of (6.9) with the property that the augmented (Her-
mitian) linear equalization matrix WH is directly obtained in (6.8). The proof is particularly
given as

LLH = H+H+H

= (HHH)−1HHH(HHH)−H

= (HHH)−H

= (HHH + zIK)−H

= (HHH + zIK)−1 ,

(6.10)
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where the last step follows from the fact thatHHH + zIK is a Hermitian matrix.
If Criterion I or II is employed (direct, ZF/MMSE), the restriction to a unimodular integer

matrix Z = U , i.e., lattice-basis-reduction schemes, is imposed. If instead the solution to
the SMP with respect to G = H or G = H is calculated, we may obtain integer matrices
with | det(Z)| > 1. In that case, | det(Z−1)| < 1, i.e., integer linear combinations of the
data symbols are not obtained anymore. Utilizing the dual-lattice approach, i.e., Criterion III
or IV, we do not have to restrict to lattice-basis-reduction algorithms. Since Z−1 = T H, the
solution to the SMP according to Section 4.2.2 now results in the integer part Z−1 ∈ ΛK×K

a
with | det(Z−1)| ≥ 1, i.e., the LRA linear receiver is generalized to an LA linear receiver in
that case. In Table 6.1, the four di�erent factorization criteria are collected.

Table 6.1: Overview of the four different factorization criteria for L(R)A linear equalization in the multiuser
MIMO uplink, cf. [FCS16]. In addition, the constraint on the integer part is given (Z−1 unimodular vs.
non-unimodular).

Factorization Criterion ConstraintZF MMSE

direct Criterion I Criterion II |det(Z)| = 1
HZ = W+ HZ = W+

dual Criterion III Criterion IV rank(Z−H) = K
H+HZ−H = W H H+HZ−H = WH

6.1.1.2 Factorization Algorithm and Signal-Point Lattice

It is quite obvious that, for the factorization task at hand, the dual-lattice Criteria III (ZF) or IV
(MMSE) should be chosen since a direct impact on the performance-critical quantity—the noise
enhancement—is enabled. However, the question remains which of the algorithms discussed
in Chapter 4 should be utilized in order to calculate the channel factorization such that the
optimal performance is obtained.

Lattice-basis-reduction schemes which operate on the QR decomposition of the reduced
generator matrix G(red) are evidently not the right choice since they do not directly evaluate
the column norms ofG(red). This particularly concerns the LLL reduction and the HKZ reduc-
tion, cf. Chapter 4. In contrast, schemes which directly minimize the (squared) column norms
ofG(red) are relevant. Restricting the integer part of the factorized channel to be unimodular,
the Minkowski reduction successively minimizes these norms such that, in combination with
Criterion IV, the optimum unimodular integer matrix

Z−1
Minkowski︸ ︷︷ ︸
UH

= argmin
Z−1∈ΛK×Ka
|det(Z−1)|=1

max
k=1,...,K

‖
¯
wk‖2︸ ︷︷ ︸
‖Guk‖2

(6.11)

with respect to the worst-link performance (maximum squared row norm of W, cf. (5.10)) is
obtained. Hence, the SBP (4.37) is solved for the lattice spanned byG = H+H, cf. Table 4.1. As
not only the maximum (squared) norm but also all other norms are minimized in ascending or-
der, the reduction is even stronger than actually required to solve the SBP. Noteworthy, (6.11)
holds as long as the Minkowski-reduced basis is also Hermite-reduced according to (4.34),
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e.g., in case of i.i.d. complex Gaussian channels, cf. Section 4.3.3. Besides, employing equiva-
lent real-valued processing according to the system model presented in Section 2.4.2 instead
of complex-valued processing, the real-valued Minkowski reduction may slightly improve the
performance. As discussed in Section 4.4.2, the achievable gain is, however, negligible in prac-
tice.

If the unimodularity constraint is dropped, i.e., if the integer linear combinations may also
be resolved using a matrix Z with non-integer elements, the performance may be improved.
Then, the solution to the SMP with respect toG = H+H not only optimally solves the SIVP

Z−1
SMP︸ ︷︷ ︸
TH

= argmin
Z−1∈ΛK×Ka

rank(Z−1)=K

max
k=1,...,K

‖
¯
wk‖2︸ ︷︷ ︸
‖Gtk‖2

(6.12)

according to (4.19), cf. [DKWZ15], but it also minimizes the (squared) norms of all other rows
of W. Please note, in that case, complex-valued and equivalent real-valued processing result
in the same performance, cf. Section 4.2.2.

The optimal solutions (6.11) and (6.12) according to the SBP and the SIVP, respectively,
depend on the particular signal-point lattice Λa. From Chapter 4, speci�cally Section 4.4.2,
it is known that—given the case of complex-valued lattices—lattices over Eisenstein integers
enable a factorization gain in comparison to lattices over Gaussian integers. Hence, in order
to achieve the lowest (average) noise enhancement, the signal constellation should be chosen
to be a subset of Λa = E.

6.1.1.3 Coded-Modulation Strategies

In L(R)A linear receivers, the integer part of the factorized channel matrix creates linear com-
binations X̄ = Z−1X of the transmitted symbols X = A (over the user dimension) which
have to be reconstructed in the K individual decoders. This fact imposes strong restrictions
on the coded-modulation scheme, speci�cally the related channel code and the signal constel-
lation.

Given a linear code, linear combinations of codewords generally form again valid code
words [Ple11]; thus, the �rst restriction is that the channel code has to be linear. Moreover, the
cascade of channel matrix and non-integer equalization matrix creates linear combinations of
the blocks of transmitted (data) symbols

¯
a1, . . . ,¯

aK ∈ ANsym ⊂ ΛNsym
a . Hence, linear com-

binations of constellation points are actually present (over the Euclidean space), whereas the
channel coding is usually performed with �nite-�eld symbols (over the Hamming space). As
a consequence, in order to obtain valid codewords, a joint arithmetic should be established in
both representations. For that purpose, the algebraic (Voronoi) constellations and the related
coded-modulation strategies from Section 3.2.2 are suited since they provide the isomorphism

A ' Fq , (6.13)

where Fq has to be chosen to be the �nite �eld of the particular code. Then, an isomorphism
between the code over the Hamming space C

(Nsym)
Fq and the code over the Euclidean space

C(Nsym) is achieved, cf. the philosophy of lattice codes [CS99, ZNKB14].
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Utilizing algebraic Voronoi constellations, linear combinations of the �nite-�eld symbols
over the Hamming space correspond to linear combinations of the mapped data symbols over
the Euclidean space modΛb . For example, given the sum of two �nite-�eld symbols c1, c2 ∈ Fq
withMA(c1) = a1 ∈ A andMA(c2) = a2 ∈ A, we obtain

MA(c1 + c2) = modΛb{a1 + a2} , (6.14)

see also Example 3.1 (Λa = Z), Example 3.2 (Λa = G), and Example 3.3 (Λa = E). Con-
sequently, decoding can, e.g., be performed with the modulo-decoder (5.49), implementing
the nearest-neighbor approximation as discussed in Section 5.2.2.2. The metric calculation
for coded modulation over algebraic signal constellations with q-ary codes as initially de�ned
in (3.91) is hence adapted to

l̃k,τ{
¯
ỹ
k
} =


e
−
|modΛb{ỹk,τ−α1}|

2

σ2
n·‖¯

wk‖
2

...

e
−
|modΛb{ỹk,τ−αq}|

2

σ2
n·‖¯

wk‖
2

 ∈ Rq
+ , k = 1, . . . , K , τ = 1, . . . , Nsym . (6.15)

The modulo-decoder reconstructs modulo-congruent constellation points (which are drawn
from A ⊂ Λa) rather than the linear combinations of the data symbols which may be drawn
from all over Λa. Nevertheless, there is the chance to realize a lattice decoder

DECΛa : CNsym −→ C(Nsym)
Λa ⊂ ΛNsym

a (6.16)

that results in the particular linear combinations of the data symbols from the code C(Nsym)
Λa over

ΛNsym
a . A possible implementation of that lattice decoder is illustrated in Figure 6.2. It recon-

structs the linear combinations from the modulo-congruent signal points which are obtained
from modulo-decoding. The reconstruction is realized as follows: Given a modulo-decoder
mDECFq according to (5.59) that inherently applies the inverse mapping and the encoder in-
verse, we have to reencode and remap the �nite-�eld symbols provided by the decoder in or-
der to obtain related blocks of (modulo-congruent) constellation points

¯
x̌1, . . . ,¯

x̌K ∈ ANsym .

¯
x̄k¯

x̌k
¯
ỹ
k

mDECFq
ENC
MA

QΛb

DECΛa

CNsym ANsym ' FNsym
q ΛNsym

a

Figure 6.2: Implementation of the lattice decoder DECΛa according to (6.16) for the decoding of linear
combinations of data symbols if algebraic signal constellations are employed. After modulo-decoding (5.59)
of the particular block of equalized symbols

¯
ỹ
k
, k = 1, . . . ,K, the resulting finite-field symbols are reencoded

and remapped to data symbols which are drawn from the algebraic signal constellationA. The blocks of linear
combinations of data symbols

¯
x̄k (drawn from Λa) are subsequently reconstructed via (6.17).
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Figure 6.3: Coded-modulation strategies related to the L(R)A linear equalization concept [FCS16]. Top: IF
linear equalization structure [ZNEG14]. The integer interference is resolved over the Hamming space (over
the finite field of the code) with a finite-field variant Z of the integer-equalization matrix Z. Bottom: (Coded)
LA linear equalization structure. Linear combinations of data symbols are obtained by the lattice decoder
DECΛa and resolved over the Euclidean space via the integer-equalization matrix Z.

Alternatively, a modulo-decoder realized according to (5.49) may directly provide these con-
stellations points. In the metric calculation (6.15), the nearest-neighbor approximation is im-
plemented by a modulo reduction with respect to Λb, i.e., the nearest representative of Λb

is subtracted according to (3.9). Hence, the only thing that has to be done in order to obtain
the estimated linear combination is to reconstruct and add that particular representative. The
blocks of linear combinations of transmit/data symbols are hence obtained as

¯
x̄k =

¯
x̌k︸︷︷︸
∈ANsym

+ QΛb{¯
ỹ
k
−

¯
x̌k}︸ ︷︷ ︸

∈ΛNsym
b

, k = 1, . . . , K . (6.17)

After non-integer equalization and decoding (cf. Figure 6.1), two di�erent strategies can be
applied to handle the non-integer interference, cf. [FCS16]. They are illustrated in Figure 6.3:
�rst, the integer-forcing linear equalization structure [ZNEG14] which cancels the integer in-
terference over the �nite �eld of the code, or second, the (coded) LA linear equalization struc-
ture that follows the classical philosophy of LRA linear equalization and cancels the integer
interference over the Euclidean space. Noteworthy, although sometimes otherwise stated, e.g.,
in [SHV13], both approaches share not only the same optimal factorization criterion, but also
the possibility to relax the unimodular constraint to a full-rank constraint.

Integer-Forcing Linear Equalization In the IF linear equalization structure (Figure 6.3 (Top)),
a modulo-decoder mDECFq according to (5.59) is employed that inherently applies the inverse
mapping and the encoder inverse. If the decoding is successful, we obtain linear combinations
of the blocks of �nite-�eld symbols

¯
q̃1, . . . ,¯

q̃
K
∈ FNmc

q which are collected in the matrix X̄.
These linear combinations are resolved via Z, the �nite-�eld inverse of

Z−1 = ψ−1
q (Z−1) , (6.18)

where Z−1 represents the �nite-�eld variant of the integer partZ−1 in the factorization of the
channel matrix. After the (�nite-�eld) integer interference is canceled, the estimated symbols
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¯
ˆ̃q1, . . . ,¯

ˆ̃q
K
∈ FNmc

q are directly obtained. Please note, the IF linear receiver has originally been
proposed in combination with p-ary real-valued signal constellations utilizing the equivalent
real-valued system representation from Section 2.4.2. The concept can easily be extended to
complex-valued processing employing the complex-valued algebraic constellations discussed
in Chapter 3.

Even though the concept of IF linear equalization enables a simple �nite-�eld handling of
the integer interference, it has one crucial disadvantage: the �nite-�eld integer-equalization
matrix Z can only be obtained by inversion of Z−1 if

rank(Z−1) = K , (6.19)

which is equivalently expressed as

det(Z−1) /∈ Λb (6.20)

since modΛb{λ} = 0 ∀λ ∈ Λb implies that det(Z−1) = ψ−1
q (modΛb{det(Z−1)}) = 0. The

�nite-�eld variant of the integer matrix Z−1 has to be invertible over the particular �nite
�eld—which may be a problem ifZ−1 is non-unimodular and (algebraic) signal constellations
with low cardinality are employed. Noteworthy, this concept has some similarity with the
�nite-�eld permutation of the users’ data streams in DFE as illustrated in Figure 5.6. However,
the di�erence is that a (�nite-�eld) permutation matrix always has full rank.

Coded Lattice-Aided Linear Equalization An alternative to the IF linear equalization struc-
ture is illustrated in Figure 6.3 (Bottom). It follows the philosophy of L(R)A equalization and
cancels the integer interference over the Euclidean space—to this end, the particular blocks
of linear combinations of data/transmit symbols

¯
x̄1, . . . ,¯

x̄K ∈ ΛNsym
a are, e.g., obtained by

utilizing the lattice decoder DECΛa depicted in Figure 6.2. These linear combinations are sub-
sequently resolved viaZ . Encoder inverse and inverse mapping �nally result in the estimated
�nite-�eld symbols

¯
ˆ̃q1, . . . ,¯

ˆ̃q
K
∈ FNmc

q .
In contrast to the IF linear equalization structure, this strategy always works as long as

rank(Z−1) = K . No additional (�nite-�eld) constraints are imposed on the integer part of the
factorized channel matrix.

6.1.2 Lattice-Aided Linear Preequalization (Downlink)

We continue with the scheme which is (approximately) dual to L(R)A linear (receiver-side)
equalization, particularly L(R)A linear preequalization for the multiuser MIMO downlink. In
classical LRA linear preequalization [WFH04, SF06], not the K × Ntx channel matrix itself,
but a reduced variant

ZH = H(red) ∈ CK×Ntx , Z ∈ ΛK×K
a = IK×K , | det(Z)| = 1 , (6.21)

thereof is conventionally equalized via the linear preequalization matrix W . Thereby, the
unimodular integer matrix Z describes the change of basis. The channel is (virtually) split
into

H = Z−1H(red) , (6.22)
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Figure 6.4: L(R)A linear preequalization for the K-user MIMO broadcast scenario: At the joint transmit-
ter, the MIMO channel is factorized into an integer and a non-integer part. The K blocks of data sym-
bols

¯
a1, . . . ,¯

aK ∈ ANsym are combined into the matrix A, (pre)equalized via Z (integer interference) and
modulo-reduced to limit the required transmit power. The resulting symbols are conventionally preequalized
via W ∈ CNtx×K , treating only the non-integer part of the interference. A scaling by factor γ−1 has to be
applied to obey the sum-power constraint (2.68). At the individual receivers, the scaling is inverted; subse-
quently, modulo-decoding according to (5.49) is employed to obtain the blocks of estimated data symbols

¯
â1, . . . ,¯

âK ∈ ANsym . The changes in comparison to conventional linear preequalization are drawn in blue.

i.e., into the unimodular integer part Z−1 ∈ ΛK×K
a and the residual non-integer partH(red).

In Figure 6.4, the corresponding system model is depicted. The changes in comparison to
conventional linear preequalization (Section 5.1.2) are drawn in blue. In the joint transmit-
ter, the blocks of data symbols

¯
a1, . . . ,¯

aK ∈ ANsym ⊂ ΛNsym
a are combined into the matrix

A. Following this, the integer part of the channel is preequalized via the integer-equalization
matrix Z . As this operation creates linear combinations of the data symbols (which are rep-
resented in the matrix X̄), the related required transmit power may increase. To counteract
that increase—just like in THP (Section 5.2.2)—an individual modulo reduction modΛb{·} of
the resulting symbols is performed; hence, a periodically extendable (Voronoi) constellation is
required. In classical LRA preequalization, these modulo-reduced symbols are again drawn
from the signal constellation,6 i.e., Λz = Λa. Before radiation, by analogy with (purely) lin-
ear preequalization, the non-integer equalization is performed via the Ntx × K matrix W .
The related increase of transmit power is compensated by a scaling with factor γ−1 in order
to obey the sum-power constraint (2.68). At the receiver, this scaling is inverted. Due to the
transmitter-side modulo operation, the periodic extensions of the signal constellation have to
be taken into account for decoding. Consequently, an individual modulo-decoding according
to (5.49) is applied in order to obtain the blocks of estimated data symbols.

The unimodularity constraint imposed on the integer part of the factorized channel again
turns out to be to strong. It can particularly be relaxed to the full-rank constraint

rank(Z−1) = K . (6.23)

An integer part with | det(Z−1)| ≥ 1 is obtained, which in turn means that | det(Z)| ≤ 1. Con-
sequently, after the integer interference is resolved viaZ , the resulting symbols are, in general,
not drawn fromΛa anymore but may be drawn from a scaled variantΛz = det(Z)Λa thereof.

6 In L(R)A preequalization, the o�set owhich is utilized to obtain a zero-mean constellation according to (3.53)
does not necessarily have to be handled after integer equalization since its impact is inherently compensated by
the channel. However, then the transmit symbols may not be drawn from the signal grid Λa anymore, which
may cause variations in the required transmit power even after modulo reduction.
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However,Λa ⊆ det(Z−1)−1Λa = Λz and henceRV(Λb) = ΘRV(Λa) = Θ det(Z−1)RV(Λz),
cf. (3.11). Since Θ det(Z−1) ∈ Λa, periodic extensions of the resulting symbols still exist with
respect to Λb. The only di�erence is that after modulo reduction these symbols are drawn
fromRV(Λb)∩Λz and hence more uniformly distributed over that Voronoi region ofΛb than
in the unimodular case—similar to THP. Via the integer part Z−1 of the channel matrix with
| det(Z−1)| ≥ 1 the original (modulo-congruent) symbols drawn from Λa are reconstructed
since det(Z−1) det(Z) = 1. Hence, at the decoder inputs, the impact of the non-unimodular
integer part of the channel is completely resolved—we can generalize the concept of LRA linear
preequalization to LA linear preequalization.

The calculation of the scaling factor γ still has to be considered. If LA linear preequalization
is applied (or an o�set o is present in the signal constellation), after modulo reduction the
symbols are not necessarily drawn from A anymore. Besides, the increase of transmit power
due toW has to be incorporated. Combining (5.15) and (5.48) we obtain

γ =
√
‖W ‖2

F
K

· √γp , (6.24)

where γp represents a “precoding” loss by analogy with THP (γp = 1 for M →∞) which can
be handled by means of an automatic (block-wise) scaling.

6.1.2.1 Factorization Criterion

By analogy with the uplink-downlink duality (5.50) between conventional DFE and THP, four
di�erent factorization criteria are obtained for L(R)A linear preequalization considering the
Hermitian variants of the respective equations from L(R)A linear (receiver-side) equalization.
In the following, we brie�y discuss these criteria.7

Criterion I (direct, ZF) In LRA preequalization, the factorization is straightforwardly ob-
tained as

HH︸︷︷︸
G

ZH︸︷︷︸
U

= W+H︸ ︷︷ ︸
G(red)

, (6.25)

i.e., a reduced basis of the lattice spanned by G = HH is calculated. The equalization ma-
trix for ZF linear preequalization of the non-integer part is given as W = (G(red))+H. The
lattice-basis-reduction algorithm evaluates the (squared) column norms ofG(red) = W+H in-
stead of the columns of W which actually determine the noise enhancement and hence the
performance, cf. (5.18). Again, a substitutional performance criterion is used.

Criterion II (direct, MMSE) Utilizing the augmented (downlink) channel matrix (5.20), Cri-
terion I is extended to the MMSE case via

HH︸︷︷︸
G

ZH︸︷︷︸
U

= W+H︸ ︷︷ ︸
G(red)

. (6.26)

7 The exposition of the di�erent criteria follows the one which was given in [SF16a].



6.1. Lattice-Aided Linear Equalization Techniques 153

We obtain a reduced basis of the lattice spanned by G = HH, where the Ntx ×K upper part
of W = (G(red))+H directly results in the matrix for MMSE linear preequalization of the non-
integer interference. A substitutional performance criterion is applied as the lattice-reduction
algorithm assesses the columns of W+H instead of the columns of W, cf. (5.27). Noteworthy,
the (biased) MMSE linear �lter [FWS+11]

W = HH(HHH + zIK)−1Z−1 (6.27)

is obtained. This �lter is designed for the case of uncorrelated noise and data symbols which
are—assuming that the modulo operation completely destroys the correlation between the
symbols after integer equalization via Z—correlated via Z−1 (at the decoder inputs).

Criterion III (dual, ZF) In case of L(R)A linear preequalization, the ZF dual-lattice factoriza-
tion approach is given as

H+︸︷︷︸
G

Z−1︸ ︷︷ ︸
T

= W︸︷︷︸
G(t)

. (6.28)

The lattice spanned by G = H+ and thus the lattice dual to ΛΛa(HH) is considered. The
algorithm evaluates the (squared) column norms of W = G(t); the Frobenius norm in (6.24)
and hence the related noise enhancement at the receiver side can directly be minimized.

Criterion IV (dual, MMSE) The MMSE variant of the dual-lattice approach is �nally given as

H+︸︷︷︸
G

Z−1︸ ︷︷ ︸
T

= W︸︷︷︸
G(t)

. (6.29)

Here, the lattice spanned by the pseudoinverse of the augmented channel matrix is considered
and hence the lattice dual toΛΛa(HH). The factorization algorithm operates on the (squared)
column norms ofG(t) = W, i.e., it directly a�ects the K noise variances

σ2
ñ,k = σ2

n · ( γ2︸︷︷︸
noise

+ ‖w̃k‖2︸ ︷︷ ︸
interference

) , (6.30)

which are individual among the users due to di�erent interference contributions, cf. (5.27).
Note that by analogy with (6.9), the integer matrix obtained from Criterion IV can be calculated
in an alternative way. Particularly, we can apply the factorization algorithm to a square root
of

LHL = (HHH + zIK)−1 (6.31)

as, e.g., performed in MMSE vector precoding [SJU08].
Employing the (direct) Criteria I and II, the restriction to a unimodular integer matrix

ZH = U and thus lattice-basis reduction schemes is imposed: the solution to the SMP with
respect toG = HH could result in integer matricesZH with | det(ZH)| > 1 where the modulo
congruence of the signal points is not ensured anymore. Utilizing the dual-lattice Criteria III
and IV, the matrix Z−1 = T may be non-unimodular as explained above; via the solution to
the SMP, the LRA structure can be generalized to an LA linear preequalization structure. In
Table 6.2, an overview of the four di�erent factorization criteria is given.
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Table 6.2: Overview of the four different factorization criteria for L(R)A linear preequalization in the multiuser
MIMO downlink, cf. [SF16a]. In addition, the constraint on the integer part is given (Z−1 unimodular vs.
non-unimodular).

Factorization Criterion ConstraintZF MMSE

direct Criterion I Criterion II | det(ZH)| = 1
HHZH = W+H HHZH = W+H

dual Criterion III Criterion IV rank(Z−1) = K
H+Z−1 = W H+Z−1 = W

6.1.2.2 Factorization Algorithm and Signal-Point Lattice

Utilizing the dual-lattice Criteria III (ZF) or IV (MMSE), the (squared) column norms of W
and W, respectively, and hence the noise enhancements in the K receivers, are directly af-
fected. However, in contrast to L(R)A linear (receiver-side) equalization, not only the maxi-
mum (squared) norm has to be considered. Due to the Frobenius norm in (6.24), all of them
are relevant. Certainly, this fact may have consequences on the lattice problem which has to
be solved in order to optimize the performance and, of course, on the related algorithm.

If we restrict to classical LRA preequalization, Z and Z−1 are unimodular integer matri-
ces. For that situation, in contrast to Section 6.1.1.2, the solution to the SBP (4.37) does not
necessarily result in the optimal integer matrix anymore. Nevertheless, using Minkowski re-
duction, all (squared) column norms are successively minimized such that, in combination with
Criterion IV, the unimodular integer matrix

Z−1
Minkowski︸ ︷︷ ︸
U

= argmin
Z−1∈ΛK×Ka
|det(Z−1)|=1

‖W‖2
F︸ ︷︷ ︸

‖GU‖2
F

(6.32)

= argmin
Z−1∈ΛK×Ka
|det(Z−1)|=1

K∑
k=1
‖wk‖2︸ ︷︷ ︸
‖Guk‖2

(6.33)

is obtained which minimizes the Frobenius norm and hence the summean-square error, cf. Sec-
tion 5.1.2.1 (if equivalent to the Hermite-reduced solution (4.34)). In the situation at hand, we
can actually bene�t from the stronger de�nition of Minkowski-reduced bases in comparison to
bases which only solve the SBP. Nevertheless, the minimization of the sum mean-square error
does not necessarily imply the minimization of the maximum individual noise enhancement
(i.e., the worst-link performance). According to (6.30), it is formed by the sum of the arith-
metic mean of the squared column norms of W (constant over the users) and the maximum
individual interference contribution ‖w̃k‖2, see also (5.25). Hence, utilizing the maximum
noise enhancement as the performance criterion, only a suboptimal solution is obtained. It
should, however, usually be close to the optimum one—similar to the suboptimality of the
V-BLAST strategy for conventional THP, cf. Section 5.2.2. Noteworthy, applying ZF linear
preequalization for the non-integer part (z = 0), only the squared column norms ofW deter-
mine the noise enhancement. In that case, the integer matrix according to (6.32) indeed results
in an optimal maximum noise enhancement.
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If LA preequalization is applied instead, i.e., if the unimodularity constraint is dropped, a
potential solution to the SIVP is generally to weak to solve the problem at hand. However,
since the solution to the SMP with respect to G = H+ successively minimizes all (squared)
column norms, we obtain the full-rank integer matrix

Z−1
SMP︸ ︷︷ ︸
T

= argmin
Z−1∈ΛK×Ka

rank(Z−1)=K

‖W‖2
F︸ ︷︷ ︸

‖GT ‖2
F

(6.34)

= argmin
Z−1∈ΛK×Ka

rank(Z−1)=K

K∑
k=1
‖wk‖2︸ ︷︷ ︸
‖Gtk‖2

(6.35)

which minimizes the sum mean-square error. As above, that minimization is not necessarily
equivalent to the minimization of the maximum noise enhancement (except for the ZF case).

Again, (6.32) and (6.34) depend on the particular signal-point latticeΛa. Since, for lattices
over Eisenstein integers, all (squared) column norms may—on average—be lowered in com-
parison to lattices over Gaussian integers, their factorization gain should also be achieved in
case of L(R)A linear preequalization.

6.1.2.3 Coded-Modulation Strategies

With regard to coded modulation, there is an important di�erence between L(R)A linear equali-
zation and preequalization: in the receiver-side scheme linear combinations of symbols/code-
words have to be decoded; in contrast, in the transmitter-side scheme, these linear combi-
nations are resolved by the MIMO channel before decoding. Hence, much less constraints
on the type of coded-modulation scheme and the related channel code as well as the signal
constellation are—in principle—imposed.

For the combination of L(R)A preequalization with coded modulation, we can distinguish
between two approaches which are illustrated in Figure 6.5: First, there is the possibility to du-
alize the concept of IF linear equalization to a transmitter-side scheme as proposed in [HNS18].
Second, channel coding can be applied with respect to the classical L(R)A structure. Both vari-
ants are brie�y discussed below.

Integer-Forcing Linear Preequalization Following the philosophy of IF linear equalization,
in IF linear preequalization8 the integer part of the factorized channel is again (pre)equalized
utilizing a �nite-�eld variant of the integer matrix Z as illustrated in Figure 6.5 (Top). More
speci�cally, employing the Criteria III or IV, a �nite-�eld variant of Z−1 is calculated by anal-
ogy with (6.18), which is subsequently inverted over the �nite �eld. To this end, Z−1 has to
posses full rank according to (6.19).

The preequalization of the (�nite-�eld) integer interference takes place before encoding
and mapping to data symbols are applied, i.e., it operates on the blocks of �nite-�eld sym-
bols

¯
q̃1, . . . ,¯

q̃
K
∈ FNmc

q . After encoding and mapping, the non-integer interference is treated

8 In [HNS18], the concept of IF linear preequalization is actually called IF linear “precoding”. However, in
order to avoid confusion with the concept of IF THP-type precoding that implements the philosophy of SIC, we
call the approach at hand “IF linear preequalization” by analogy with “IF linear equalization”.
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Figure 6.5: Coded-modulation strategies related to the L(R)A linear preequalization concept. Top: IF linear
preequalization structure [HC13, HNS18]. The integer interference is resolved over the Hamming space
(over the finite field of the code) with a finite-field variant Z of the integer-equalization matrix Z before
encoding and mapping to data symbols are performed. Bottom: (Coded) LA linear preequalization structure.
The integer interference is resolved over the Euclidean space via Z after encoding and mapping have been
performed.

via W . Due to the �nite-�eld integer preequalization before encoding and mapping, a joint
arithmetic over the Hamming and the Euclidean space has to be established—just like in case
of IF linear (receiver-side) equalization. We not only have to employ a linear code, but also
have to restrict to algebraic signal constellations as discussed in Section 3.2.2—where a metric
calculation by analogy with (6.15) can be applied in the receivers.

Coded LA Linear Preequalization The second approach follows the original philosophy of
L(R)A linear preequalization and treats the integer interference over the Euclidean space as
depicted in Figure 6.5 (Bottom). Channel coding and channel equalization are separated; after
encoding and mapping, the integer-equalization matrix Z is applied. Thereby, no additional
�nite-�eld full-rank constraint is imposed. At the decoders, individual modulo channels simi-
lar to THP are obtained—where the only restriction on the coded modulation scheme is that
periodically extendable lattice constellations have to be employed (same Λb). We can, e.g.,
utilize BICM or 2b-ary coded modulation with square-QAM constellations. For the latter, the
metric calculation for the (re)scaled blocks of receive symbols is adapted to

l̃k,τ{
¯
ỹ
k
} =


e−
|modΛb{ỹk,τ−α1}|

2

σ2
n·(γ2+‖w̃k‖2)

...

e−
|modΛb{ỹk,τ−α2b}|

2

σ2
n·(γ2+‖w̃k‖2)

 ∈ R2b
+ , k = 1, . . . , K , τ = 1, . . . , Nsym . (6.36)

An algebraic property of the signal constellation not required. Consequently, in the multi-
user downlink scenario, the classical L(R)A structure o�ers much more �exibility than the IF
approach.
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6.1.3 Comparison and Equalization Performance

In what follows, the performance of L(R)A linear (receiver-side) equalization for the uplink
scenario and L(R)A linear preequalization for the downlink scenario is evaluated. We particu-
larly compare the factorization criteria as well as the factorization algorithms from Chapter 4
and restrict to complex-valued processing in the algorithms. The worst-link performance is
assessed considering the maximum noise enhancement maxk σ2

ñ,k/σ
2
n. Note that in case of

L(R)A linear preequalization the “precoding” loss γp in (6.24) is neglected, i.e., M → ∞ is
assumed.

In Section 4.4.2, an extensive study of the reduction performance of di�erent lattice-basis-
reduction algorithms (and the solution to the SMP) has already been given. Thereby, the results
concerning the dual lattices of lattices spanned by i.i.d. complex Gaussian generator matri-
ces are directly relevant for L(R)A linear equalization with ZF linear equalization of the non-
integer part—under the assumption that Criterion III (dual/ZF) is applied. Then, the statistical
properties of the maximum squared column norm in Figure 4.2 correspond to the ones of the
maximum noise enhancement caused by the non-integer equalization via W . Nevertheless,
we still have to clarify the performance for the downlink scenario as well as for the application
of MMSE linear (pre)equalization for the non-integer part of the factorized channel.

First, the performance obtained by the di�erent factorization criteria is assessed. We re-
strict to LRA linear (pre)equalization where the Minkowski-reduction algorithm is employed
to solve the related factorization tasks since the calculation of the solution to the SMP makes
only sense for Criterion III or IV. In order to enable a fair comparison of the criteria, MMSE
linear (pre)equalization of the non-integer part is considered—utilizing Criterion I or III, an
additional calculation of the respective matrix according to (6.6) or (6.27) is applied for the
particular SNR σ2

a/σ
2
n =̂ 20 dB. In Figure 6.6, the related expectations and 0.95-quantiles of

the maximum noise enhancements are depicted over the number of usersK for square channel
matrices (Top: uplink, Nrx = K ; Bottom: downlink, Ntx = K).

For the uplink scenario we see that the dual-lattice approaches, Criteria III and IV, clearly
outperform the direct approaches (I and II). The curves of the latter �atten out as the number
of users increases and they even rise again a little bit. The combination of a “strong” lattice-
basis-reduction approach with the “wrong” factorization criterion is hence not advisable. In
contrast, the gap between Criterion III and Criterion IV—the optimal criterion for MMSE linear
equalization of the non-integer part—is rather small. Moreover, a factorization gain is achieved
if the Eisenstein instead of the Gaussian integers are chosen to be the signal-point lattice.

For the multiuser MIMO downlink quite the same conclusions can be drawn, with the dif-
ference that the gaps between the di�erent criteria are not as large as in the uplink. Besides,
Criterion IV does not necessarily result in an optimum performance in that case. By anal-
ogy with (purely) linear (pre)equalization in Figure 5.3, the noise enhancement is generally
lowered in the downlink scenario. Nevertheless, the performance gap between uplink and
downlink can be harmonized by utilizing a suited power allocation scheme for the uplink, cf.
the allocation strategy in the uplink-downlink duality for integer-forcing [HNS18].

The next point to be considered is the impact of the relaxation from unimodular to full-
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Figure 6.6: Expectation and 0.95-quantile over the number of users K with respect to the maximum noise
enhancement maxk σ2

ñ,k/σ
2
n for LRA linear equalization (multiuser MIMO uplink; Top) and LRA linear pre-

equalization (multiuser MIMO downlink; Bottom), when σ2
a/σ

2
n =̂ 20 dB. Variation of the factorization crite-

rion and the signal-point latticeΛa. The channel factorization is calculated by means of Minkowski reduction;
MMSE linear (pre)equalization is applied to the respective non-integer part of the channel. Empirical values
over 105 i.i.d. complex Gaussian channel realizations. Square channel matrices are considered, i.e., Nrx = K
for the uplink and Ntx = K for the downlink.
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Table 6.3: Percentage of channel realizations where the solution to the SMP results in a unimodular integer
matrix. Channel factorization according to Criterion IV (dual/MMSE); variation of the SNR expressed as
σ2
a/σ

2
n, the number of users K (square channel matrices), and the signal-point lattice Λa. Empirical values

over 105 realizations. The value 100.00 indicates that non-unimodular matrices may occur, though, with a
probability of less than 0.005 %.

σ2
a
σ2
n

=̂ Λa
K

2 3 4 5 6 7 8

0 dB G 100 99.93 99.81 99.70 99.57 99.41 99.36
E 100 100 100 100.00 100.00 100.00 100.00

10 dB G 100 99.74 99.02 97.78 96.15 94.04 91.88
E 100 100 100 100.00 100.00 99.97 99.91

20 dB G 100 99.73 98.99 97.58 95.58 92.87 89.86
E 100 100 100 100.00 99.99 99.95 99.87

∞ (ZF) G 100 99.74 98.98 97.57 95.60 92.70 89.48
E 100 100 100 100.00 99.99 99.95 99.86

rank integer parts in the factorized channel as present in LA/IF linear (pre)equalization. From
Section 4.4.2 it is known that the solution to the SMP results in a unimodular integer matrix
for the vast majority of channel realizations. However, the question arises if this fact still
holds if the dual lattice with respect to the augmented channel matrix is considered (Crite-
rion IV/MMSE)—instead of the dual lattice with respect the original channel matrix (Crite-
rion III/ZF), cf. Table 4.2. In Table 6.3, for σ2

a/σ
2
n =̂ 0, 10, 20 dB and depending on the number

of users K (square channel matrices), the percentage is given for which the solution to the
SMP results in a unimodular integer matrix. Lattices over both Gaussian and Eisenstein inte-
gers are considered. For comparison, the related percentage obtained from Criterion III (ZF) is
provided which can be taken from Table 4.2. We see that, as the SNR decreases (z increases),
the relaxation to full-rank matrices becomes less relevant. In comparison to the ZF case, the
MMSE solution lowers the percentage of non-unimodular matrices; for σ2

a/σ
2
n =̂ 0 dB and lat-

tices over Eisenstein integers, a Minkowski-reduced basis is almost always su�cient to solve
the SMP—even if K = 8 users are present. Note that the statistics from Table 6.3 are valid for
both the uplink and the downlink since the same statistical (channel) model is present in both
cases.

In Figure 6.7, we restrict to factorization according to Criterion IV (dual/MMSE; σ2
a/σ

2
n =̂

20 dB) and assess the noise enhancement obtained from di�erent lattice-reduction algorithms
as well as the solution to the SMP (Top: uplink with Nrx = K ; Bottom: downlink with
Ntx = K). The uplink curves (Top) form the counterpart to the curves in Figure 4.2, where the
maximum squared column norms and hence the maximum noise enhancements for ZF L(R)A
linear equalization according to Criterion III (dual/ZF) are (equivalently) illustrated. When Fig-
ure 4.2 is compared with Figure 6.7 (Top), it becomes apparent that the same conclusions can
basically be drawn. The only di�erence is that the MMSE linear non-integer equalization gen-
erally lowers the noise enhancement and hence the related mean-square error in comparison
to the ZF one. In particular, both types of LLL reduction (I = Λa = G and I = Λa = E) with
the standard parameters δ = 3

4 and δ = 2
3 , respectively, show the worst performance. If the
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Figure 6.7: Expectation and 0.95-quantile over the number of users K with respect to the maximum noise
enhancement maxk σ2

ñ,k/σ
2
n for L(R)A linear equalization (multiuser MIMO uplink; Top) and L(R)A linear

preequalization (multiuser MIMO downlink; Bottom), when σ2
a/σ

2
n =̂ 20 dB. Variation of the factorization

algorithm (lattice-basis-reduction schemes and solution to the SMP) and the signal-point lattice Λa. The
channel factorization is performed according to Criterion IV and MMSE linear (pre)equalization is applied
to the respective non-integer part of the channel. Empirical values over 105 i.i.d. complex Gaussian chan-
nel realizations. Square channel matrices are considered, i.e., Nrx = K for the uplink and Ntx = K for the
downlink.
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Table 6.4: Percentage of channel realizations where the finite-field integer matrix Z−1 used in the IF structures
cannot be inverted over the particular field Fp. The solution to the SMP is calculated employing Criterion IV
(dual/MMSE); σ2

a/σ
2
n =̂ 20 dB. Variation of the signal-point latticeΛa, the cardinalityM = p, and the number

of users in the systemK (square channel matrices). Empirical values over 105 channel realizations. The value
0.00 % indicates that problems may occur, though, with a probability of less than 0.005 %.

Λa M = p
K

2 3 4 5 6 7 8

Z 3 0 0 0 0 0 0 0.00 %
5 0 0 0 0 0.00 % 0.02 % 0.07 %

G 5 0 0 0 0 0.00 % 0.01 % 0.03 %

HKZ reduction is applied, a little gain is present. Please note, the optimal types of LLL reduc-
tion (δ = 1) perform roughly the same as the related types of HKZ reduction, see also [SF17a,
Fig. 3 and Fig. 4]. This can be seen from the fact that a HKZ-reduced basis is always also LLL-
reduced. For reasons of clarity they are not additionally show in the illustration. Comparing
the statistical quantities obtained from Minkowski reduction with the ones which are present
if the solution to the SMP is calculated, we see that the loss obtained by restricting to uni-
modular integer matrices is negligible. This has already been the case in Figure 4.2; however,
when employing Criterion IV instead of Criterion III, the impact of the full-rank relaxation
becomes still less relevant, cf. Table 6.3. In contrast, the utilization of the Eisenstein-integer
lattice instead of the Gaussian-integer lattice enables a relevant gain especially as the number
of users increases. For the downlink scenario (Figure 6.7 (Bottom)), the same conclusions are
valid. However, the curves are generally lowered and the gap between the di�erent schemes
becomes smaller.

One last but important point are issues concerning the �nite-�eld full-rank constraint (6.19)
that is present in the IF equalization and preequalization structures mentioned in Section 6.1.1.3
and Section 6.1.2.3. In particular, if det(Z−1) ∈ Λb, where Λb is the boundary lattice of an
algebraic signal constellation as de�ned in Section 3.2.2, the �nite-�eld representation of this
matrixZ−1 cannot be inverted over the �nite �eld. Hence, another (suboptimal) integer matrix
has to be chosen instead. Noteworthy, this problem may occur if the solution to the SMP is
calculated and (algebraic) signal constellations with low cardinality are used; for unimodular
matrices we do not have any problems. In Table 6.4, the percentage of channel realizations
is listed where the �nite-�eld inverse does not exist; the SMP has been solved according to
Criterion IV for σ2

a/σ
2
n =̂ 20 dB. In particular, the real-valued algebraic signal constellations

Zp with the cardinalitiesM = p = 3, 5 are considered, cf. Table 3.3 (employing the equivalent
real-valued system model as explained in Section 2.4.2), and the Gaussian prime constellation
G5 with M = p = 5, cf. Table 3.4. Given the i.i.d. complex Gaussian channel model, problems
may occur for the 5-ary signal constellations if more than K = 5 users are present in the
system; for the 8-ary real-valued constellation some rare problems occur if K = 8. In these
cases, the LA structure enables a performance gain over the IF concept since a �nite-�eld full-
rank constraint is not imposed. Once again, these statistics hold for both the uplink and the
downlink.
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6.2 Successive Interference Cancellation

The concept of L(R)A equalization is �nally combined with the philosophy of SIC. The com-
bination of both strategies has initially been proposed for the classical LRA case, particularly
realized by LRA DFE in the multiuser MIMO uplink scenario [WF03, WFH04, Win04] and LRA
THP(-type precoding) in the downlink scenario [WF03, WFH04, Win04, SF06]. In the mean-
time, a SIC-variant of IF equalization, called successive IF [OEN13], has been given, where the
integer part of the channel is again represented by a �nite-�eld full-rank integer matrix. In the
following, that idea is picked up; the unimodularity constraint is thus relaxed for the classical
LRA DFE receiver and LRA THP transmitter. Hence, these concepts are generalized to “LA
DFE” and “LA THP”.

6.2.1 Lattice-Aided Decision-Feedback Equalization (Uplink)

We start with the multiuser MIMO uplink scenario, where a joint receiver-side equalization
can be applied. The concept of classical LRA DFE [WF03, WFH04, Win04] follows the idea of
LRA linear equalization to conventionally equalize a reduced channel matrix according to (6.1)
rather than the channel matrix itself. However, in contrast to LRA linear equalization, in LRA
DFE the reduced channel is handled by means of DFE as the name suggests. The related system
model is depicted in Figure 6.8 (Top); changes in comparison to the conventional DFE receiver
(Figure 5.4 (Top)) are drawn in blue.

The receiver structure of LRA DFE is very similar to the one of conventional DFE. The
main di�erence is that the sorting matrix S ∈ PK×K is generalized to a unimodular integer
matrix Z ∈ ΛK×K

a = IK×K . Thereby, Z has two di�erent tasks:

(i) It describes the change to a suited basis of the lattice spanned by the channel matrix,
cf. (6.1).

(ii) It describes an optimized sorting of the users for successive decoding, cf., e.g., (5.33).

These two tasks have to be solved by the channel-factorization approach; details will be given
below. The feedforward matrix F ∈ CK×Nrx transforms the channel into a triangular (causal)
structure which is now described by the feedback matrix

B = FHZ ∈ CK×K . (6.37)

Just like in conventional DFE, the shape of the feedback matrix determines the decoding order.
If B is lower triangular it reads k = 1, . . . , K , otherwise k = K, . . . , 1. In the feedback loop,
SIC is performed by analogy with (5.31); thereby, only the non-integer part in the channel
factorization, i.e., the reduced channel, is equalized.

In the LRA DFE receiver, the decoded symbols are not drawn from A anymore:9 By anal-
ogy with LRA linear equalization, the integer part of the factorized channel, Z−1 ∈ ΛK×K

a ,
9 If the o�set o is used to construct a zero-mean constellation according to (3.53), this o�set can be handled

utilizing the same procedure as for the L(R)A linear receiver, cf. Footnote 2.
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N
Channel

¯
a1

¯
aK

X

AK×Nsym CNrx×Nsym

Y

¯
âK
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Figure 6.8: Implementation of L(R)A SIC for the multiuser MIMO uplink, where K blocks of data symbols

¯
a1, . . . ,¯

aK ∈ ANsym ⊂ ΛNsym
a obtained by individual encoding and mapping are transmitted over the MIMO

channel. Top: L(R)A DFE receiver structure. The non-integer part of the factorized channel is equalized by
the cascade of linear equalization via the feedforward matrix F and SIC in the feedback loop which contains
the feedback matrixB. Bottom: L(R)A noise-prediction structure. The non-integer partHZ of the factorized
channel is conventionally linearly equalized via W . In the feedback loop, the resulting predicted noise with
respect to the already decoded symbols is successively canceled. In both receivers, the integer part of the
factorized channel is equalized via Z after all blocks of linear combinations

¯
x̄1, . . . ,¯

x̄K ∈ Λ
Nsym
a have been

decoded. The blocks of estimated data symbols
¯
â1, . . . ,¯

âK ∈ ANsym are finally obtained. The changes in
comparison to conventional DFE/noise prediction are drawn in blue.

is not equalized via feedforward and feedback matrix. It consequently creates linear combi-
nations of data symbols; hence, a match in the arithmetic of the signal constellation A ⊂ Λa

and the channel code should be achieved such that linear combinations of codewords can be
decoded. After cancellation of the causal interference and decoding, blocks of linear combi-
nations

¯
x̄1, . . . ,¯

x̄K ∈ ΛNsym
a are obtained which are fed into the feedback loop. These linear

combinations are �nally resolved via the unimodular integer-equalization matrixZ , resulting
in the blocks of estimated data symbols

¯
â1, . . . ,¯

âK ∈ ANsym .
If the unimodularity constraint imposed onZ andZ−1 is relaxed to a full-rank constraint

for Z−1 according to (6.3), still linear combinations Z−1X of the transmit/data symbols are
obtained after SIC is performed to handle the non-integer interference. However, by analogy
with LRA linear equalization, the column vectors of linear combinations x̄τ , τ = 1, . . . , Nsym,
may then be drawn from a sublattice of ΛK

a . Utilizing the “integer-equalization matrix” Z
with | det(Z)| ≤ 1 which possibly contains non-integer elements, the original data symbols
A ⊂ Λa are obtained. Consequently, the classical LRA DFE receiver can be generalized to an
LA DFE receiver, where the only constraint is that the integer part of the factorized channel
Z−1 ∈ ΛK×K

a has to possess full rank.
Noteworthy, conventional noise-prediction as depicted in Figure 5.4 (Bottom) can in the
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same way be generalized to LRA noise prediction (unimodularity constraint) and LA noise
prediction (full-rank constraint), cf. Figure 6.8 (Bottom). Then, the non-integer partHZ of the
factorized channel is conventionally linearly equalized viaW and the related predicted noise
successively canceled as explained in Section 5.2.1. Both L(R)A DFE and L(R)A noise prediction
equivalently implement the concept of SIC with respect to the non-integer part of the channel,
cf. [Fis02] and Section 5.2.1. Hence, the same (estimated) integer linear combinations of data
symbols are obtained from successive decoding.

In the initial publications on LRA DFE, e.g., [WF03, WFH04, Win04], the two abovemen-
tioned factorization tasks have been solved in sequence: �rst, a reduced basis and a related
integer matrix have been obtained by means of lattice-basis-reduction algorithms. Following
this, the matrices F and B as well as the related sorting of the users described by S have
been calculated with respect to the reduced channel matrix, e.g., via the V-BLAST algorithm
(Algorithm 5.1). The product of permutation and integer matrix then results in a “�nal” integer-
equalization matrix Z . It is quite obvious that this strategy is suboptimal with respect to the
(worst-link) transmission performance. Approaches that jointly treat both tasks have subse-
quently been proposed, e.g., [WBKK04, LH07, Fis10, Fis12, LMH13]. In particular, all these
strategies bene�t from the fact that some lattice-basis-reduction algorithms operate on the QR
decomposition of the reduced generator matrix; hence, they directly provide the feedforward
and the feedback matrix for DFE with respect to the reduced channel obtained via Z . This
particularly concerns the LLL reduction (classical LLL and LLL with deep insertions), as well
as the HKZ reduction as discussed in Chapter 4. However, there is the question which of these
algorithms should be chosen in order to achieve an optimal performance. Moreover, by anal-
ogy with conventional DFE and LRA linear equalization, an appropriate factorization criterion
has to be chosen �rst such that the factorization algorithm can directly a�ect the relevant
quantity—the noise enhancement caused by F .

6.2.1.1 Factorization Criterion

As before, four di�erent factorization criteria are considered. They di�er in the generator
matrixG which is factorized by the particular algorithm.10

Criterion I (direct/SQRD, ZF) In case of LRA DFE, the straightforward approach is to directly
factorize the channel matrix according to [LH07, Fis10, LMH13]

H︸︷︷︸
G

Z︸︷︷︸
U

= F+︸︷︷︸
Q

B︸︷︷︸
R

. (6.38)

The integer-equalization matrix Z = U is obtained, the upper triangular feedback matrix
readsB = R (decoding order k = K, . . . , 1), and the feedforward matrix is calculated as F =
Q+. These matrices can be used to realize ZF DFE for the non-integer part of the factorized
channel. By analogy with the “SQRD” sorting for conventional DFE, the algorithm treats the
column norms of F+ instead of the row norms of F which determine the noise enhancements
according to (5.35); hence, a substitutional performance criterion is present.

10 The di�erent approaches have brie�y been discussed in [SF17b].
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Criterion II (direct/SQRD, MMSE) Criterion II is again the MMSE variant of Criterion I,
where the augmented channel matrix (5.5) is factorized instead. We obtain [Fis12]

H︸︷︷︸
G

Z︸︷︷︸
U

= F+︸︷︷︸
Q

B︸︷︷︸
R

. (6.39)

Since B = R is upper triangular, the decoding order reads k = K, . . . , 1. The K × Nrx left
part of F = Q+ can be used to apply LRA DFE according to the MMSE criterion. However,
since the squared column norms of F+ are assessed instead of the squared row norms of F,
no direct impact on the noise enhancements is achieved, cf. (5.39).

Criterion III (dual/V-BLAST, ZF) For L(R)A DFE, the (ZF) dual-lattice approach is realized via

H+H︸ ︷︷ ︸
G

Z−H︸ ︷︷ ︸
T

= F H︸︷︷︸
Q

B−H︸ ︷︷ ︸
R

. (6.40)

The generator matrix of the lattice dual to ΛΛa(H) is factorized; the integer-equalization
matrixZ = T−H is obtained. SinceB = R−H is lower triangular, the decoding order is given
as k = 1, . . . , K . The algorithm can directly operate on the squared column norms of F H and
hence the squared row norms of F . This corresponds to the philosophy of the (ZF) V-BLAST
sorting/algorithm for conventional DFE since theK noise enhancements are directly a�ected.

Criterion IV (dual/V-BLAST, MMSE) The MMSE variant of Criterion III is obtained when the
Hermitian pseudoinverse of the augmented channel matrix is factorized according to

H+H︸ ︷︷ ︸
G

Z−H︸ ︷︷ ︸
T

= FH︸︷︷︸
Q

B−H︸ ︷︷ ︸
R

. (6.41)

The algorithm evaluates the squared column norms of FH and thus the squared row norms
of F that determine the noise enhancements in (5.39) if MMSE L(R)A DFE is employed. This
strategy follows the MMSE V-BLAST philosophy from Chapter 5. Moreover, the feedback
matrix B = R−H is lower triangular and the decoding order hence reads k = 1, . . . , K .
Please note that in successive IF [OEN13]—the SIC variant of IF equalization—Criterion IV is
alternatively implemented by the factorization of a Cholesky factor of (6.9), cf. Section 6.1.1.1

When employing Criterion I or II, lattice-basis-reduction algorithms have to be applied
since | det(Z)| = 1 is required to ensure that Z−1 ∈ ΛK×K

a , cf. Section 6.1.1.1. Utilizing
Criterion III or IV, i.e., the dual-lattice approaches, the resulting integer matrix T = Z−H

directly represents the (Hermitian) integer part of the channel which does not necessarily
have to be unimodular but may only possess full rank. Then, the concept of LA DFE instead
of LRA DFE is applied. The four abovementioned criteria are summarized in Table 6.5.

6.2.1.2 Factorization Algorithm and Signal-Point Lattice

A convenient factorization algorithm has to be chosen in order to manage the factorization
tasks (i) and (ii) stated in the beginning of Section 6.2.1 simultaneously such that the maximum
noise enhancement is minimized. In L(R)A linear equalization, algorithms were suited which
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Table 6.5: Overview of the four different factorization criteria for the application of L(R)A SIC schemes in
the multiuser MIMO uplink. In addition, the related decoding order (B lower triangular: k = 1, . . . ,K; B
upper triangular: k = K, . . . , 1) and the constraint on the integer part (Z−1 unimodular vs. non-unimodular)
are given.

Factorization Criterion Decoding Order ConstraintZF MMSE
direct/ Criterion I Criterion II

k = K, . . . , 1 | det(Z)| = 1“SQRD” HZ = F+B HZ = F+B
dual/ Criterion III Criterion IV

k = 1, . . . ,K rank(Z−H) = KV-BLAST H+HZ−H = F HB−H H+HZ−H = FHB−H

directly assess the column norms of the (reduced/transformed) generator matrix of the lattice.
For L(R)A DFE, we obviously have to concentrate on algorithms which evaluate theQ-matrix
in the QR decomposition of the (reduced/transformed) generator matrix. From Chapter 4 it is
known that both variants of LLL reduction (classical/deep) and the HKZ reduction are potential
candidates.

Taking a closer look at Table 4.1, it becomes apparent that the optimal LLL reduction with
deep insertions (δ = 1) not only results in a reduced basis of the particular lattice, but that the
resulting integer matrix also ful�lls the sorting condition of the GSO with pivoting, cf. [LMH13]
and Section 4.3.1.2. Hence, as stated in [LMH13], in combination with Criterion I (or II) the
“SQRD” sorting known from conventional DFE is inherently contained. However, from Chap-
ter 5 it is known that the “SQRD” sorting is suboptimal and may result in a performance loss
in comparison to the V-BLAST sorting. Nevertheless, in Chapter 5 it was also stated that the
GSO with pivoting with respect to the dual-lattice-approach results in the (optimal) V-BLAST
sorting. Hence, when applying the optimal LLL reduction with deep insertions in combination
with Criterion III or IV, the V-BLAST sorting is inherently contained in the related integer ma-
trix. Both task are solved simultaneously—an LLL-reduced basis is obtained and the V-BLAST
sorting for optimal SIC with respect to the non-integer part of the factorized channel is present.

Unfortunately, with the above approach, only an LLL-reduced basis is obtained. Since the
LLL algorithm and its variants are suboptimal, that particular basis is not necessarily the one
which—in combination with SIC for the non-integer part of the factorized channel—minimizes
the maximum noise enhancement. In contrast, the HKZ reduction results in the integer matrix
which—among the set of all full-rank matrices—minimizes the maximum (squared) column
norm ofQ in the QR decomposition of the reduced basis, cf. (4.33), Appendix B.2 and Table 4.1.
Besides, the related integer matrix inherently ful�lls the sorting condition of the GSO with
pivoting. Hence, in combination with Criterion IV, the integer matrix

Z−1
HKZ︸ ︷︷ ︸
UH

= argmin
Z−1∈ΛK×Ka

rank(Z−1)=K

max
k=1,...,K

‖
¯
f
k
‖2︸ ︷︷ ︸

‖qk‖2

(6.42)

is obtained. It inherently contains the V-BLAST sorting, minimizes the maximum noise en-
hancement which is determined by the maximum squared row norm of F , cf. (5.39), and thus
maximizes the worst-link performance. Thereby, the application of the e�cient HKZ reduc-
tion is su�cient since the size reduction only operates on R, cf. Section 4.3.2. A relaxation
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to full-rank integer matrices and hence the LA approach is not required—the classical LRA
approach is su�cient. The optimality of the (full) HKZ reduction has initially been stated for
successive IF [OEN13] in combination with the factorization of a Cholesky factor of (6.9)—
resulting in a channel factorization according to Criterion IV. Please note, employing equiva-
lent real-valued processing according to the system model presented in Section 2.4.2 instead
of complex-valued processing, the worst-link performance does not change, but some other
(squared) row norms of Fmay be lowered, cf. Section 4.3.2.

The optimal integer matrix according to (6.42) depends on the particular signal-point lat-
ticeΛa. Hence, when employing lattices over Eisenstein integers instead of lattices over Gaus-
sian integers, a factorization gain can—on average—be achieved, cf. Figure 4.3.

6.2.1.3 Coded-Modulation Strategies

By analogy with the L(R)A linear receiver, in the L(R)A DFE receiver the integer part of the fac-
torized channel matrix creates linear combinations of data symbols which are present before
decoding is applied. Hence, the same restrictions on the coded modulation scheme, particu-
larly the channel code and the signal constellation, are imposed such that the (successive)
decoding with respect to the blocks of linear combinations inZ−1X = Z−1A is enabled. The
same conditions are obtained that were already mentioned in Section 6.1.1.3:

(i) The code has to be linear such that linear combinations of codewords form again valid
code words [Ple11].

(ii) A joint arithmetic over the Hamming and the Euclidean space should be established,
i.e., algebraic (Voronoi) constellations and the related coded-modulation strategies from
Section 3.2.2 are suited.

If these two conditions are ful�lled, decoding can, e.g., be performed utilizing the modulo-
decoder (5.49) that takes the periodic extensions of the algebraic signal constellation into ac-
count. The metric calculation (3.91) for coded modulation over algebraic signal constellations
A ' Fq in combination with q-ary codes is then adapted to

l̃k,τ{
¯
ỹ
k
} =


e
−
|modΛb{ỹk,τ−¯

bkx̄τ−α1}|
2

σ2
n·‖

¯
f
k
‖2

...

e
−
|modΛb{ỹk,τ−¯

bkx̄τ−αq}|
2

σ2
n·‖

¯
f
k
‖2

 ∈ Rq
+ , k = 1, . . . , K , τ = 1, . . . , Nsym ,

(6.43)
cf. the term for conventional DFE in (5.45). The modulo-decoding according to (5.49) results in
constellation points drawn from A ⊂ Λa which are modulo-congruent to the original linear
combinations of data symbols. In order to obtain these linear combinations instead, the lattice
decoder DECΛa according to (6.16) from Figure 6.2 is suited—just like in case of L(R)A linear
equalization.

The combination of channel decoding and equalization of the integer interference can be
realized in two di�erent ways which are illustrated in Figure 6.9: On the one hand, the concept
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Figure 6.9: Coded-modulation strategies related to the L(R)A DFE concept. Top: Successive IF structure
[OEN13] realized via the noise-prediction structure from Figure 6.8 (Bottom). In the feedback loop, the
finite-field symbols obtained from decoding are reencoded and remapped to constellation points. Taking
advantage of the modulo operation in the feedback loop, the predicted noise can successively be canceled.
The integer interference is finally resolved over the Hamming space with a finite-field variant Z of the integer-
equalization matrixZ. Bottom: (Coded) LA DFE structure. The blocks of linear combinations of data symbols
are obtained utilizing the lattice decoder DECΛa , cf. Figure 6.2. The causal interference can then be canceled
in the feedback loop and the integer interference can be resolved over the Euclidean space via Z.

of successive IF [OEN13]—the SIC variant of IF linear equalization—can be employed, where
the integer interference is again handled over the �nite �eld of the code. On the other hand,
the (classical) concept of LRA DFE can be used where the integer interference is treated over
the Euclidean space.

Successive Integer-Forcing The concept of successive IF [OEN13] is depicted in Figure 6.9
(Top), where a modulo-decoder mDECFq according to (5.59) is utilized that inherently per-
forms the inverse mappingM−1

A and the encoder inverse ENC−1. It is quite obvious that the
SIC has to take place over the Euclidean space. Hence, in the feedback loop, the �nite-�eld
symbols obtained from decoding have to be reencoded and remapped to data symbols drawn
from the (algebraic) signal constellation A. However, this procedure only results in signal
points which are modulo-congruent to the original linear combinations as explained above.
As a consequence, the concept of IF equalization cannot be combined with the DFE structure.
However, as explained in [OEN13], the noise-prediction structure from Figure 6.8 (Bottom)
can be employed. In particular, via the modulo operation in the feedback loop, a correct re-
construction of the noise according to (5.32) is enabled as long as all noise samples are located
within RV(Λb) [OEN13]. Nevertheless, that modulo reduction might be an issue if constella-
tions with low cardinality are applied for transmission in the low-SNR/low-spectral-e�ciency
regime. Just like in case of IF linear equalization, the integer part of the interference is �nally
resolved using the �nite-�eld integer-equalization matrix Z ∈ FK×Kq . Hence, the �nite-�eld
full-rank constraint (6.19) is imposed for the �nite-�eld representation of the integer part of
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the factorized channel matrix.

Coded Lattice-Aided Decision-Feedback Equalization The second strategy follows the clas-
sical philosophy of L(R)A equalization. It is depicted in Figure 6.9 (Bottom). In contrast to
successive IF, the L(R)A DFE structure is applied. In order to be able to cancel the causal inter-
ference, the particular linear combinations of data symbols

¯
x̄1, . . . ,¯

x̄K ∈ ΛNsym
a are obtained

via the lattice decoder DECΛa which can, e.g., be realized as illustrated in Figure 6.2. Given
these linear combinations, SIC can be performed in the feedback loop; besides, the integer
interference can be canceled over the Euclidean space via Z . In contrast to successive IF, this
strategy always works if rank(Z−1) = K . Noteworthy, the same concept can be applied for
the noise-prediction structure depicted in Figure 6.8.

6.2.2 Lattice-Aided Tomlinson–Harashima Precoding (Downlink)

The scheme which is (approximately) dual to L(R)A DFE is �nally considered. It is particu-
larly given as L(R)A THP(-type precoding) for the multiuser MIMO downlink scenario [WF03,
WFH04, Win04, SF06]. In classical LRA THP, conventional THP is applied with respect to
a reduced channel matrix according to (6.21); thereby, it performs successive precoding for
the non-integer part of the factorized channel (6.22). The corresponding system model is il-
lustrated in Figure 6.10. The changes in comparison to conventional THP (Section 5.2.2) are
drawn in blue.

The sorting matrix S as present in Figure 5.7 is replaced by the unimodular integer-
(pre)equalization matrix Z ∈ ΛK×K

a = IK×K . Hence, by analogy with LRA DFE, in classical
LRA THP that matrix (i) has to describe the change to a suited basis of the lattice spanned
by the channel matrix, and (ii) it has to describe an optimized sorting of the users for succes-
sive precoding. Via Z , the blocks of data symbols collected in A ∈ AK×Nsym ⊂ ΛK×Nsym

a are
linearly preequalized in order to resolve the integer interference. To this end, (periodically ex-
tendable) Voronoi constellations from Chapter 3 are utilized. After integer (pre)equalization,
signal points drawn from Λz = Λa are obtained. In the feedback loop, these symbols are
successively precoded via the upper or lower triangular feedback matrix

B = ZHF ∈ CK×K (6.44)

in combination with the modulo operation modΛb{·}. By analogy with conventional THP,
the successive precoding is performed according to (5.47). The resulting blocks of precoded
symbols are �nally linearly preequalized via the feedforward matrix F ∈ CNtx×K and scaled
by the inverse of γ as de�ned in (5.48) such that the sum-power constraint (2.68) is obeyed.
At the individual receivers, a (re)scaling by factor γ is present; following this, the modulo-
decoding (5.49) is applied in order to obtain the blocks of estimated data symbols. In summary,
nearly the same structure as in L(R)A linear preequalization (Figure 6.4) is obtained—with the
only di�erence that a feedback loop is attached below the transmitter-side modulo operation.

In classical LRA THP, Z ∈ ΛK×K
a and Z−1 ∈ ΛK×K

a are both unimodular integer matri-
ces. The unimodularity constraint onZ−1 can be relaxed to a full-rank constraint (6.23). Then,
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¯
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factor γ−1 has to be applied to obey the sum-power constraint (2.68). At the individual receivers, the scaling
is inverted; subsequently, modulo-decoding according to (5.49) is employed to obtain the blocks of estimated
data symbols

¯
â1, . . . ,¯

âK ∈ ANsym . The changes in comparison to conventional THP are drawn in blue.

the resulting symbols after integer-preequalization viaZ may be drawn fromΛz = det(Z)Λa,
with | det(Z)| ≤ 1. Nevertheless, by analogy with LRA linear preequalization as discussed in
Section 6.1.2, the resulting symbols are still periodically extendable with respect toΛb; the sig-
nal points are just more uniformly distributed overRV(Λb) than in the unimodular case. After
successive precoding, the precoded symbols are anyway uniformly distributed over RV(Λb),
cf. [Fis02]. Via the MIMO channel that virtually contains Z−1 with | det(Z−1)| ≥ 1, the
original symbols drawn from A are �nally recovered. Hence, by dropping the unimodularity
constraint on the integer matrix, the concept of “LRA THP” is generalized to the concept of
“LA THP”.

We still have to discuss how the particular factorization of the channel matrix should be
performed in case of L(R)A THP. To this end, four di�erent factorization criteria as well as the
choice of a suited factorization algorithm are discussed below.

6.2.2.1 Factorization Criterion

In (5.50), the uplink-downlink duality [VT03, VJG03, TV05] has been employed in order to
dualize the criteria for conventional DFE to conventional THP. In the following, the same is
done with the criteria for L(R)A DFE as discussed in Section 6.2.1.1 to obtain the respective
criteria for L(R)A THP.

Criterion I (direct/SQRD, ZF) In LRA THP, the straightforward approach reads

HH︸︷︷︸
G

ZH︸︷︷︸
U

= F+H︸ ︷︷ ︸
Q

BH︸︷︷︸
R

. (6.45)

The generator matrix G = HH is factorized; the factorization results in the lower triangu-
lar feedback matrix B = RH. The precoding order is hence given as k = 1, . . . , K . The
algorithm can only assess the (squared) column norms of Q = F+H instead of the (squared)
column norms ofF which a�ect the noise enhancement in (5.52) for the case when (LRA) THP
according to the ZF criterion is applied.
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Criterion II (direct/SQRD, MMSE) The MMSE extension of Criterion I is given as

HH︸︷︷︸
G

ZH︸︷︷︸
U

= F+H︸ ︷︷ ︸
Q

BH︸︷︷︸
R

. (6.46)

Here, the augmented (downlink) channel matrix (5.20) is factorized. As above, we obtain a
lower triangular feedback matrix B = RH with the precoding order k = 1, . . . , K . The
algorithm evaluates the (squared) column norms ofQ = F+H instead of the (squared) column
norms of F. Consequently, performing LRA THP according to the MMSE criterion with the
Ntx ×K upper part of F, only a substitutional performance criterion is present.

Criterion III (dual/V-BLAST, ZF) Following the (downlink) V-BLAST philosophy, the ZF dual-
lattice approach reads

H+︸︷︷︸
G

Z−1︸ ︷︷ ︸
T

= F︸︷︷︸
Q

B−1︸ ︷︷ ︸
R

. (6.47)

The lattice spanned by G = H+ is considered and the feedforward matrix F = Q for ZF
L(R)A THP is directly obtained; hence, the algorithm operates on the columns of F as desired.
The feedback matrix B = R−1 is upper triangular. Consequently, the precoding order is
k = K, . . . , 1.

Criterion IV (dual/V-BLAST, MMSE) The MMSE dual-lattice approach for L(R)A THP is �-
nally obtained as

H+︸︷︷︸
G

Z−1︸ ︷︷ ︸
T

= F︸︷︷︸
Q

B−1︸ ︷︷ ︸
R

. (6.48)

We factorize the pseudoinverse of the augmented (downlink) channel matrix and immediately
obtain the augmented feedforward matrix F= Q. The algorithm can operate on its columns,
i.e., it can directly a�ect the individual noise enhancements according to (5.54) if MMSE L(R)A
THP is employed. The related precoding order reads k = K, . . . , 1 since B = R−1 is upper
triangular.

By analogy with L(R)A linear preequalization (Section 6.1.2.1), for Criterion I or II a uni-
modularity constraint is imposed on the integer matrixZ = UH in order to ensure the modulo
congruence of the signal points after cancellation of the integer interference viaZ and modulo
reduction. When applying Criterion III or IV, Z−1 = T may instead be non-unimodular as
discussed above. The four factorization criteria are summarized in Table 6.6.

Table 6.6: Overview of the four different factorization criteria for the application of L(R)A THP in the multiuser
MIMO downlink. In addition, the related precoding order (B lower triangular: k = 1, . . . ,K; B upper
triangular: k = K, . . . , 1) and the constraint on the integer part (Z−1 unimodular vs. non-unimodular) are
given.

Factorization Criterion Precoding Order ConstraintZF MMSE
direct/ Criterion I Criterion II

k = 1, . . . ,K | det(ZH)| = 1“SQRD” HHZH = F+HBH HHZH = F+HBH

dual/ Criterion III Criterion IV
k = K, . . . , 1 rank(Z−1) = KV-BLAST H+Z−1 = FB−1 H+Z−1 = FB−1
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6.2.2.2 Factorization Algorithm and Signal-Point Lattice

Employing L(R)A DFE for the multiuser uplink scenario, the integer matrix inherently contains
the (ZF/MMSE) V-BLAST sorting if the optimal LLL with deep insertions or the (e�ective) HKZ
reduction are applied in combination with the dual-lattice Criteria III and IV, cf. Section 6.2.1.2.
It is quite evident that the same holds for the downlink scenario and L(R)A THP: if these
algorithms are combined with (6.47) or (6.48), the (ZF/MMSE) downlink V-BLAST sorting is
obtained. Moreover, the (e�ective) HKZ reduction results in the integer matrix that minimizes
the maximum squared column norm of Fby analogy with (6.42), cf. Table 4.1.

Nevertheless, in the downlink scenario, the situation is di�erent than in the uplink. For
conventional as well as L(R)A THP performed according to theZF criterion, the Frobenius norm
of F has actually to be minimized such that the noise enhancement in (5.52) is minimized, too,
cf. (5.48). Applying the MMSE criterion instead, the task is even more complicated: then, in
L(R)A THP, the integer matrix has to be chosen such that the maximum noise enhancement
in (5.54) is minimized which not only contains the Frobenius norm ofF but also the individual
interference contribution. Since the optimality of the (e�ective) HKZ reduction is restricted to
the maximum squared column norm, no straightforward approach is available to solve these
problems. Hence, in the situation at hand, the solution to the SMP in combination with the
GSO with pivoting/V-BLAST may—in a very few cases—result in a better performance than
the HKZ-reduced basis. For the downlink scenario, we can consequently not conclude that
the relaxation to full-rank matrices is not required at all. Nevertheless, the LLL reduction
with deep insertions and especially the HKZ reduction should still—similar to V-BLAST for
conventional THP—result in a good performance. Please note, when utilizing the equivalent
real-valued system model from Section 2.4.2, the real-valued HKZ reduction may slightly lower
some column norms of the related matrices F or F, respectively, when compared with the
complex-valued case, cf. Section 4.3.2.

Moreover, signal constellations over Eisenstein integers can enable a factorization gain
over signal constellation with elements drawn from the Gaussian integers. This gain may
especially be relevant if multiuser MIMO downlink systems with many users are considered,
cf. the curves in Figure 4.3.

6.2.2.3 Coded-Modulation Strategies

Regarding suited coded-modulation strategies for the combination with L(R)A THP, the same
situation is present as in case of L(R)A linear preequalization: in contrast to the L(R)A up-
link schemes, linear combinations of data symbols (and hence codewords) do not have to be
decoded in the receivers. Due to modulo precoding, individual modulo channels are obtained.

Once again, two coded-modulation approaches are possible: on the one hand, a structure
that follows the IF concept and on the other hand, a structure following the L(R)A philosophy.

Integer-Forcing (THP-Type) Precoding In principle, the concept of IF linear preequalization
from Figure 6.5 can be extended to a THP-type precoding scheme. Then, the non-integer
interference is not handled by conventional linear preequalization anymore, but it is treated
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in the style of conventional THP by performing SIC and modulo reduction in a feedback loop.
However,—following the IF philosophy—the integer interference is still canceled over the �nite
�eld of the code before encoding and mapping to data symbols are applied. Hence, we have to
restrict to linear codes, algebraic signal constellations, and an additional �nite-�eld full-rank
constraint is imposed on the integer part of the factorized channel.

Lattice-Aided Tomlinson–Harashima Precoding In L(R)A THP, encoding and mapping to
data symbols are applied before the channel equalization is performed. Hence, both tasks are
separated in the transmitter; in the individual receivers, modulo channels by analogy with
conventional THP are obtained. The only restriction is that the signal constellation has to
form a (periodically extendable) subset of a lattice—no further constraints with respect to the
coded-modulation scheme are present. For example, QAM constellations can be employed
in combination with BICM or 2b-ary channel codes. For the latter, the metric calculation is
identical to the one for conventional THP in (5.60).

6.2.3 Comparison and Equalization Performance

In what follows, the worst-link performance of L(R)A DFE for the uplink scenario and L(R)A
THP for the downlink scenario is evaluated. We particularly compare the four di�erent factor-
ization criteria as well as di�erent factorization algorithms from Chapter 4 in their complex-
valued variants. The worst-link performance is assessed by considering the maximum noise
enhancement maxk σ2

ñ,k/σ
2
n. For L(R)A THP, the precoding loss γp from (5.48) is neglected,

i.e., set to γp = 1 (representing the case when M →∞).
In Section 4.4.2, the performance accompanied by di�erent lattice-basis-reduction algo-

rithms (and the solution to the SMP) has already been discussed. For the situation at hand,
Table 4.4 and Figure 4.3 are relevant. In particular, the statistical properties in Table 4.4 (dual
lattice) are obtained for the case when L(R)A DFE is applied in combination with Criterion III
(dual/ZF); besides, the maximum squared column norm in Figure 4.3 then represents the maxi-
mum noise enhancement, cf. Section 6.2.1.2. However, the performance for equalization ac-
cording to the MMSE criterion as well as the results for the multiuser MIMO downlink scenario
still have to be discussed.

We start with the evaluation of the four factorization criteria in LRA DFE and LRA THP. For
all criteria, the respective HKZ-reduced basis has been calculated which—in combination with
Criterion IV—results in an optimal performance for L(R)A DFE. To enable a fair comparison,
the non-integer equalization employing DFE or THP has always been performed according to
the MMSE criterion (σ2

a/σ
2
n =̂ 20 dB). Hence, given Criterion I or III, an additional calcula-

tion of the respective matrices has been used for the particular integer matrix. In Figure 6.11,
the expectations and the 0.95-quantiles of the corresponding maximum noise enhancements
are illustrated over the number of users K if square channel matrices are present (Top: up-
link, Nrx = K ; Bottom: downlink, Ntx = K). For comparison, both quantities are given for
the case of LRA linear (pre)equalization and Minkowski reduction according to Criterion IV
(Figure 6.6).
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2 ñ,
k
/σ

2 n
−→

Criterion I (direct, ZF), Λa = G
Criterion I (direct, ZF), Λa = E
Criterion II (direct, MMSE), Λa = G
Criterion II (direct, MMSE), Λa = E
Criterion III (dual, ZF), Λa = G
Criterion III (dual, ZF), Λa = E
Criterion IV (dual, MMSE), Λa = G
Criterion IV (dual, MMSE), Λa = E

Figure 6.11: Expectation and 0.95-quantile over the number of users K with respect to the maximum noise
enhancement maxk σ2

ñ,k/σ
2
n for LRA DFE (multiuser MIMO uplink; Top) and LRA THP (multiuser MIMO

downlink; Bottom), when σ2
a/σ

2
n =̂ 20 dB. Variation of the factorization criterion and the signal-point lattice

Λa. The channel factorization is calculated by means of HKZ reduction; MMSE DFE/THP is applied to the
respective non-integer part of the channel. Empirical values over 105 i.i.d. complex Gaussian channel reali-
zations. Square channel matrices are considered, i.e., Nrx = K for the uplink and Ntx = K for the downlink.
For comparison, the curves of LRA linear (pre)equalization from Figure 6.6 are given (Criterion IV, Minkowski
reduction).
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For the uplink scenario in Figure 6.11 (Top) we see that—independently from the criterion—
LRA DFE clearly outperforms the optimal approach for LRA linear equalization. Again, the
dual-lattice criteria (Criteria III and IV) perform better than the direct ones (I and II), but the
gap is not as large as in the LRA linear case depicted in Figure 6.6 (Top). If a large number
of users is present in the system, an improved performance can be achieved if the augmented
channel matrix is factorized instead of the original one (I vs. II and III vs. IV). Moreover, a
signi�cant factorization gain of the Eisenstein lattice is present.

For the multiuser MIMO downlink in Figure 6.11 (Bottom), the conclusions are similar.
Nevertheless, in comparison to the uplink, the gaps between the di�erent approaches are sig-
ni�cantly reduced and hence hardly visible. Consequently, in LRA THP for the multiuser
downlink, the right choice of the factorization criterion and the signal point lattice is not as
important as in LRA DFE for the uplink scenario. Noteworthy, one more time a considerable
performance gap is present between uplink and downlink which can, however, be harmonized
by the application of a power allocation scheme in the uplink.

In Figure 6.12, we restrict to Criterion IV (dual/MMSE; σ2
a/σ

2
n =̂ 20 dB) and evaluate

the noise enhancement which is accompanied by the application of di�erent lattice-reduction
algorithms. Besides, the performance is assessed for the case when the integer matrix from
the solution to the SMP is combined with the sorting matrix obtained from a subsequent GSO
with pivoting (V-BLAST sorting). As above, square channel matrices are considered (Top:
uplink with Nrx = K ; Bottom: downlink with Ntx = K). Now, the uplink curves (Top) form
the counterpart to the ones from Figure 4.3, where the maximum noise enhancements for ZF
L(R)A DFE according to Criterion III (dual/ZF) are actually shown. In both �gures, similar
conclusions can be drawn: The standard LLL reduction for I = Λa = G and I = Λa = E
(with δ = 3

4 and δ = 2
3 , respectively) performs the worst. The statistical quantities of all

other factorization algorithms are located very close to each other; hence, only a little loss in
comparison to the optimal approach—the HKZ reduction—is obtained if the optimal LLL with
deep insertions or the SMP in combination with V-BLAST are applied. In contrast to that,
the utilization of the Eisenstein lattice enables a relevant performance gain over the Gaussian-
integer lattice. In the multiuser downlink scenario (Figure 6.12 (Bottom)), all approaches except
for the standard LLL reduction perform quite the same.

The conclusion can be drawn that in the situation at hand, the restriction to unimodular
integer matrices, i.e., “LRA” receivers/transmitters, is usually su�cient. Hence, the extension
to “LA” DFE/THP, i.e., the relaxation to full-rank integer matrices, is not required. This fact
has the consequence that, due to the unimodularity of the integer part of the channel matrix,
a �nite-�eld inverse thereof always exists. Then, in the downlink IF structures—in contrast to
the IF linear (pre)equalization structures (cf. Table 6.4)—we do not have any issues.

6.3 Discussion and Numerical Results

The most important results obtained from Chapter 6, where L(R)A techniques for multiuser
MIMO uplink and downlink transmission have been discussed, are brie�y summarized below.
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Figure 6.12: Expectation and 0.95-quantile over the number of users K with respect to the maximum noise
enhancement maxk σ2

ñ,k/σ
2
n for L(R)A DFE (multiuser MIMO uplink; Top) and L(R)A THP (multiuser MIMO

downlink; Bottom), when σ2
a/σ

2
n =̂ 20 dB. Variation of the factorization algorithm (lattice-basis-reduction

schemes and solution to the SMP in combination with the GSO with pivoting/V-BLAST) and the signal-
point lattice Λa. The channel factorization is performed according to Criterion IV and MMSE DFE/THP is
applied to the respective non-integer part of the channel. Empirical values over 105 i.i.d. complex Gaussian
channel realizations. Square channel matrices are considered, i.e., Nrx = K for the uplink and Ntx = K for
the downlink.
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All L(R)A schemes have in common that the MIMO channel matrix is (virtually) factor-
ized into an integer and a non-integer part. On the basis of that factorization, only the non-
integer part is conventionally equalized and hence determines the noise enhancements in the
receiver(s); the integer part can be treated without any loss in performance. In Table 6.7,
for the particular schemes L(R)A linear equalization and preequalization (uplink/downlink) as
well as L(R)A DFE and THP (uplink/downlink), the optimum or close-to-optimum factoriza-
tion approaches are collected. This includes the factorization criterion and the factorization
algorithm.

Table 6.7: Optimum or close-to-optimum factorization approaches for L(R)A multiuser MIMO up-
link/downlink schemes. In particular, following the MMSE V-BLAST philosophy, the MMSE dual-lattice fac-
torization criteria (Criterion IV) are listed. Besides, the factorization algorithms which result in an optimum
or close-to-optimum performance are provided. Low-complexity well-performing alternatives are given in
braces. The optimality is considered with respect to the worst-link performance.

Factorization Criterion Factorization Algorithm
Optimality

Linear SIC Linear SIC

uplink H+HZ−H = WH H+HZ−H = FHB−H SMP/Minkowski e�cient HKZ X

downlink H+Z−1 = W H+Z−1 = FB−1 (LLL, δ = 1) (LLL deep, δ = 1) −

Following the philosophy of the MMSE V-BLAST approach for conventional THP/DFE
as discussed in Chapter 5, in L(R)A schemes the noise variances at the decoder inputs are
directly a�ected if the respective MMSE dual-lattice approach, i.e., Criterion IV, is applied.
When calculating the solution the SMP (full-rank integer part) or a Minkowski-reduced basis
(unimodular integer part), the squared row or column norms (uplink/downlink) of the non-
integer (pre)equalization matrix are minimized for the linear L(R)A schemes. In the uplink,
we obtain optimality with respect to the worst-link performance; in the downlink, we only
operate close to the optimum. Unfortunately, the SMP and the calculation of a Minkowski-
reduced basis are NP-hard problems, cf. Table 4.1. For the linear schemes, the employment
of the optimal LLL reduction (parameter δ = 1) is a well-performing low-complexity alterna-
tive. If SIC-based schemes are applied, the HKZ reduction minimizes the maximum squared
row/column norm of the feedforward matrix. A relaxation to full-rank integer parts is not
required. In the uplink, optimality is again obtained with respect to the worst-link SNR. In the
downlink, this optimality cannot be achieved. The optimal LLL reduction with deep insertions
is a well-performing low-complexity alternative to the NP-hard calculation of a HKZ-reduced
basis since the resulting integer matrix inherently contains the V-BLAST sorting for successive
decoding/precoding.

Apart from factorization approaches convenient coded modulation schemes have been dis-
cussed. In particular, the IF schemes—where the integer part of the channel is handled over the
�nite �eld of the channel code—have triggered a relaxation from a unimodularity constraint to
a full-rank constraint with respect to that integer part. Nevertheless, the same relaxation can
be performed for the classical LRA receiver/transmitter structures—generalizing the “lattice-
reduction-aided” to “lattice-aided” schemes. LA and IF schemes share the same factorization
task; thereby, the factorization according to Criterion IV is inherently performed in IF schemes.
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In the uplink, the LA and IF structures have to be combined with algebraic signal constella-
tions. In the downlink, this constraint is only present if the IF structures are employed. Besides,
in the IF schemes, an additional �nite-�eld full-rank constraint is imposed on the integer part
of the channel. Noteworthy, as mentioned above, the relaxation to non-unimodular integer
matrices is usually not required for the SIC-based schemes since lattice-basis-reduction algo-
rithms are applied anyway. Hence, in the following sections, we restrict to the terms “LRA”
DFE and “LRA” THP.

The performance has �nally been contrasted with respect to the Gaussian integers and the
Eisenstein integers employed as the signal-point lattice. For the latter, a factorization gain can
be achieved which especially becomes relevant as the number of users in the system increases.

In the following, by means of Monte-Carlo simulations, the performance of the approaches
listed in Table 6.7 is assessed. We restrict to the LA/LRA receiver and transmitter structures and
square channel matrices according to the block-fading scenario explained in Section 2.2.2.
Hence, Nrx = K receive antennas are present in the uplink and Ntx = K transmit antennas
are given in the downlink. Moreover, all operations are performed over complex numbers.

6.3.1 Uncoded Transmission

Uncoded transmission is considered �rst where the related average SER is evaluated (averaged
over the users). To this end, for the uplink schemes L(R)A linear equalization and LRA DFE, the
lattice decoding in the receivers is performed by a simple quantization toΛa, cf. Algorithm 3.1.
Noteworthy, in that special situation, the requirement for algebraic signal constellations can
be relaxed to the more general constraint that lattice constellations have to be used, cf. the
initial publications [WF03, Win04]. After the integer interference is resolved, a decision to
the closest constellation point is performed to obtain the estimated blocks of data symbols

¯
â1, . . . ,¯

âK ∈ ANsym . For the downlink schemes L(R)A linear preequalization and LRA THP,
a decision to the nearest modulo-representative is utilized in the receivers. In order to obtain
a fair comparison, the 16-ary QAM and Eisenstein constellations G16 and E16 from Chapter 3
are employed for all approaches. In general, bene�ting from the application of Criterion IV,
the equalization of the non-integer part of the channel is performed according to the MMSE
criterion.

In Figure 6.13, the SER is drawn over the SNR in dB (represented according to (2.77)). It
becomes apparent that all curves asymptotically approach a particular diversity order, which
is given as the receive diversity

∆L(R)A,uplink = Nrx (6.49)

for the uplink and the transmit diversity

∆L(R)A,downlink = Ntx (6.50)

for the downlink, cf. (2.91), (2.97), and [ZT03, TV05]. In [TMK07], the proof is given that even
the suboptimal (standard) LLL reduction can achieve the (receive) diversity if LRA equaliza-
tion is applied, see also [GLM09]. Hence, in comparison to the conventional schemes from
Chapter 5, a huge performance gain is enabled, cf. (5.61) and (5.62).
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Figure 6.13: Average SER (over the users) vs. the SNR expressed as the energy per symbol over the noise
power spectral density in dB. Top: multiuser MIMO uplink scenario. Bottom: multiuser MIMO downlink
scenario. Uncoded transmission over the multiuser MIMO uplink/downlink block-fading channel according
to Section 2.2.2 with square channel matrix. Gaussian-integer constellation G16 (QAM) and Eisenstein-integer
constellation E16. Variation of the equalization/preequalization scheme (uplink: L(R)A linear equalization vs.
LRA DFE; downlink: L(R)A linear preequalization vs. LRA THP) and the factorization algorithm. Factorization
according to Criterion IV (dual/MMSE); the non-integer equalization is performed according to the MMSE
criterion. The simulations have been performed with the block length Nsym = 16200 and 105 realizations
thereof, i.e., with the total number of 1.62 · 109 symbols and noise samples per constellation.
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Now, we speci�cally consider the uplink schemes in Figure 6.13 (Top). Restricting toK = 3
users, the choice of the factorization algorithm has hardly any impact on the performance.
However, LRA DFE achieves a relevant gain over L(R)A linear equalization. This is completely
in accordance with Figure 6.7 (Top) and Figure 6.12 (Top). The Eisenstein constellation enables
a slight SNR gain which is, though, enabled by the lower variance of that constellation, cf. Fig-
ure 3.11. Nevertheless, forK = 6 users in the system, the situation changes: considering L(R)A
linear equalization, the application of the optimal LLL reduction results in a little loss over the
solution to the SMP and the Minkowski reduction. Those two approaches perform almost the
same. Hence, it can be stated that the relaxation to full-rank matrices has no practical relevance
to the transmission performance. In contrast, the application of LRA DFE results in a signi�-
cant SNR gain of 1.5 dB. Thereby, the optimal LLL reduction with deep insertions performs
almost as well as the HKZ reduction. Moreover, the factorization gain of the Eisenstein lattice
becomes relevant as the number of users increases.

For the downlink schemes in Figure 6.13 (Bottom), the situation is similar: For the case
of K = 3 users, the particular factorization algorithm is not really relevant, but a gain is
enabled by employing LRA THP instead of L(R)A linear preequalization. If K = 6 users are
considered, the LLL reduction results in a little loss for L(R)A linear preequalization; the two
other algorithms perform quite the same. Considering LRA THP, HKZ reduction and optimal
LLL reduction with deep insertions show almost the same performance as well. The Eisenstein
constellation enables a large gain of up to more than 1 dB. The reason for that might not only
be the reduced variance of the constellation in comparison to 16QAM, but also the precoding
loss in (6.24) and by analogy with (5.48), where the hexagonal shape of the Voronoi cells of
the Eisenstein lattice may be bene�cial.

6.3.2 Coded Transmission

The performance of coded transmission is �nally considered for the block-fading scenario at
hand. To this end, for the uplink schemes L(R)A linear equalization and LRA DFE, the algebraic
signal constellations G13 and E13 from Section 3.2.2 are utilized in combination with channel
coding over F13 as described in Section 3.2.2.2. The code parameters are chosen according to
Table 3.7. Consequently, a conversion of the binary source symbols to non-binary symbols
from F13 has to be applied (by means of modulus conversion). For the downlink schemes
L(R)A linear preequalization and LRA THP, it is neither required nor reasonable to employ al-
gebraic signal constellations if a binary source is present. Hence, in that case, the 16-ary QAM
and Eisenstein constellations G16 and E16 are used in combination with 16-ary coded modula-
tion with the code parameters from Table 3.7. In both uplink and downlink transmission, the
coded modulation rate (2.57) of (roughly) 3 bit per symbol is obtained. The 13-ary and 16-ary
non-binary LDPC codes from the AWGN simulations in Section 3.3.3 are reused, where the
BER curves of the di�erent approaches show nearly the same waterfall region. Non-binary
belief-propagation decoding with 50 iterations is applied according to Appendix A. The met-
ric calculation is performed as explained in the coded-modulation sections of the particular
equalization schemes. For the 16-ary Eisenstein constellation, the bit labeling from Figure 3.5
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Figure 6.14: Average BER (over the users) vs. the SNR expressed as the energy per information bit over the
noise power spectral density in dB. Top: multiuser MIMO uplink scenario. Bottom: multiuser MIMO down-
link scenario. Coded transmission over the multiuser MIMO uplink/downlink block-fading channel according
to Section 2.2.2. Algebraic signal constellations G13 and E13 for the uplink and 16-ary constellations G16 and
E16 for the downlink with code parameters according to Table 3.7 (coded modulation rate Rm = 3). Individ-
ual coded modulation with non-binary LDPC codes; belief-propagation decoding with 50 iterations. L(R)A
linear equalization and LRA DFE (uplink) as well as L(R)A linear preequalization and LRA THP (downlink)
are applied according to Criterion IV (dual, MMSE). Equalization of the non-integer part of the factorized
channel is applied according to the MMSE criterion. Variation of the number of users K; square channel
matrices (Nrx = Ntx = K). The results are averaged over 104 codewords; each of them transmitted over a
particular random channel realization.
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is taken. The channel factorization is always performed using Criterion IV (dual, MMSE) with
algorithms that operate on complex numbers. Noteworthy, we consider all algorithms from
Table 6.7 except for Minkowski reduction since its related performance is nearly identical to
the one obtained from the solution to the SMP.

In Figure 6.14, the average BER is drawn over the SNR in dB. It is represented as energy
per (information) bit over the noise power spectral density as de�ned in (2.78) (averaging over
the users). For both uplink (Top) and downlink (Bottom), systems with K = 3 and K = 6
users are considered (square channel matrix). First of all, it becomes apparent that all curves
nearly posses a diversity order according to (6.49) or (6.50). Since block fading is present, the
code does not achieve additional diversity over time in comparison to the uncoded case.

Considering the uplink schemes in Figure 6.14 (Top) and K = 3 users, the choice of the
factorization algorithm has hardly any impact—just like in case of uncoded transmission in
Figure 6.13. LRA DFE enables a relevant gain over L(R)A linear equalization. Moreover, for
L(R)A linear equalization, the performance is slightly improved if the Eisenstein constella-
tion is utilized; for LRA DFE, the related e�ect is negligible. If K = 6 users are present in the
system, the individual gains become more signi�cant: for L(R)A linear equalization, the Eisen-
stein lattice achieves a factorization gain of roughly 0.5 dB over the Gaussian-integer lattice
if the respective solution to the SMP is calculated. Furthermore, the application of the optimal
LLL reduction results in a signi�cant performance loss in comparison to the optimal solution.
If LRA DFE is applied, a gain of approximately 2 dB is achieved over the linear L(R)A scheme.
Then, the Eisenstein lattice still enables a gain of approximately 0.3 dB. HKZ reduction and
optimal LLL reduction with deep insertions again perform nearly the same. We particularly
see all gains and losses that we can expect from Figure 6.7 (Top) and Figure 6.12 (Top). Note-
worthy, in the low BER regime all BER curves tend to one half due to an error propagation in
the inverse modulus conversion.

The downlink schemes in Figure 6.14 (Bottom) generally achieve a signi�cant performance
gain in comparison to their dual uplink variants. It is not only present since no power alloca-
tion is applied in the uplink, but also as error propagation in the inverse modulus conversion
is not an issue. The same conclusion as above can basically be drawn except for the fact that
the Eisenstein constellation forfeits its factorization gain if LRA THP is applied. Please note,
this is in accordance with Figure 6.12 (Bottom) where all approaches nearly perform the same
even if the number of users in the system is large. Hence, in contrast to uplink transmission
and the uncoded curves in Figure 6.13 (Bottom), the use of the Eisenstein lattice is less relevant
if SIC is applied in the (coded) downlink. However, for L(R)A linear preequalization, an SNR
gain of more than 0.5 dB in comparison to QAM can be obtained.

6.3.3 Application in Point-to-Point Scenarios

In the single-user point-to-point MIMO scenario access to all data streams is enabled in both
the transmitter and the receiver, cf. Section 2.3.3. Thus, a special case of MIMO multiple-
access and broadcast channel is present. By analogy with the conventional MIMO equalization
schemes from Chapter 5, all abovementioned L(R)A multiuser equalization/preequalization
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schemes are—in principle—suited for the application in single-user MIMO transmission (taking
the restrictions with respect to the number of transmit/receive antennas from Section 2.3.3 into
account). If an initial decision has to be made if the MIMO equalization is placed at either the
transmitter side or the receiver side, the downlink schemes should again be preferred if channel
knowledge can be provided at the transmitter. They perform better than their respective (dual)
uplink ones if an additional power allocation technique (for the uplink case) is not desired.

In general, with the abovementioned advanced equalization/preequalization schemes it
is possible to transmit K = min{Ntx, Nrx} data streams simultaneously, where the related
diversity order reads

∆L(R)A,P2P = max{Ntx, Nrx} . (6.51)

Consequently, the best trade-o� between multiplexing and diversity is achieved, see also [ZT03,
TV05]. Moreover, if the number of transmit and receive antennas is the same and channel
knowledge is available at both transmitter and receiver side, the strategy from [WFVH04] can
be applied: depending on the particular channel realization, we can examine if the transmitter-
or receiver-side scheme results in a superior performance and subsequently select the better-
performing one.
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7. Summary, Conclusion, and Outlook

In this chapter, the content of the thesis is summarized and concluded. Moreover, an outlook
on current and future research topics is given.

7.1 Summary and Conclusion

The aim of this work was to give an overview of advanced equalization and coded-modulation
strategies for MIMO communications, particularly for the multiuser MIMO uplink and down-
link scenario.

To this end, in Chapter 2, a MIMO system model has been introduced that includes all
relevant components and properties which are present in the transmitter(s), on the MIMO
channel, and in the receiver(s). The characteristics of multiuser MIMO uplink and downlink
transmission as well as the ones of the single-user MIMO point-to-point scenario have been
worked out.

In Chapter 3, lattices and related (coded) modulation schemes have been discussed. The
particular contribution of this chapter is the construction of Voronoi (lattice) constellations
based on the Gaussian (complex) integers as well as the Eisenstein (hexagonal) integers and
their combination with tailored coded-modulation schemes. Especially relevant are the alge-
braic constellations which enable an isomorphism between the arithmetic over the Hamming
space and over the Euclidean space.

In Chapter 4, lattice problems and lattice algorithms were regarded. On the one hand, an
extensive review of di�erent criteria and related algorithms for lattice-basis-reduction, i.e.,
the problem to �nd a suited (alternative) basis of a particular lattice, has been given. These
considerations included a discussion on the SMP—the problem to �nd the shortest linearly
independent vectors in lattices. On the other hand, all these approaches have been extended
to lattices over Eisenstein integers (as the constituent ring). Detailed statistics and simulation
results have been provided to support the theoretical derivations.

Chapter 5 has discussed conventional MIMO schemes and their combination with coded
modulation approaches. A particular focus has been set on the channel factorization task for
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the SIC-based schemes DFE and THP, where four di�erent factorization criteria have been
presented. This not only included the separation into ZF-based and MMSE-based factoriza-
tion, but especially the interpretation of the V-BLAST algorithm as a dual-lattice factorization
approach.

Advanced lattice-aided MIMO schemes have been studied in Chapter 6. These schemes
have in common that the MIMO channel matrix is factorized into an integer part and a resid-
ual non-integer part; thereby, only the latter is equalized conventionally. It has been shown
that the unimodularity constraint initially imposed on the integer part can be relaxed to a full-
rank constraint even if the classical LRA structures are employed—transforming the philoso-
phy of “lattice-reduction-aided” (LRA) equalization into “lattice-aided” (LA) equalization. The
four abovementioned factorization criteria from conventional DFE/THP have been adapted to
the lattice-based equalization at hand in order to derive—in combination with a suited fac-
torization algorithm and signal-point lattice—an optimum or close-to-optimum transmission
performance. Moreover, the pros and cons of di�erent coded modulation strategies have been
worked out (L(R)A structures vs. IF structures).

less relevant

factorizationrelaxation
full-rank dual-latticefactorization

algorithm
Eisenstein

constellations
MMSE

factorization

more relevant

Figure 7.1: Overview of the relevance of different advanced factorization approaches for L(R)A schemes.

If L(R)A schemes from Chapter 6 are employed to handle the multiuser MIMO interfer-
ence, the particular channel factorization essentially determines the noise power and hence
the transmission performance. In the following, the advanced factorization approaches that
were mentioned in Chapter 6 are classi�ed with regard to their potential for the reduction of
the noise enhancement. The considered approaches are (i) the factorization criterion which
can be subdivided into (i,a) MMSE factorization (augmented channel matrix; Criteria II and IV)
and (i,b) dual-lattice factorization (Criteria III and IV), (ii) the factorization algorithm, (iii) the
Eisenstein integers as the signal-point lattice, and (iv) the full-rank relaxation. A correspond-
ing sorting is illustrated in Figure 7.1.

Among all abovementioned advanced factorization approaches the dual-lattice factoriza-
tion is the most relevant. Especially if the L(R)A schemes with linear (pre)equalization of
the non-integer part are used, a signi�cant performance gain over the direct factorization ap-
proach is enabled—by analogy with the dual-lattice/V-BLAST sorting and the “SQRD” sorting
for conventional DFE/THP. Noteworthy, that gain can be achieved without any increase in the
computational complexity.

The Eisenstein integers as the signal-point lattice are in second place. If the signal con-
stellation is chosen to be a subset thereof, a signi�cant factorization gain of more than 0.5 dB
can be enabled if several users are supplied by a joint receiver or transmitter. Only in case of
coded transmission in combination with LRA THP a minor gain is achieved as the choice of a
suited factorization approach becomes less relevant. Again, roughly the same computational
complexity is required when compared with constellations drawn from the Gaussian integers.
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The Eisenstein constellations are closely followed by the choice of a suited factorization
algorithm. The optimum approach for LA/IF linear equalization or the close-to-optimum ap-
proach for LA/IF linear preequalization, particularly given as the solution to the SMP, can en-
able a signi�cant performance gain in comparison to standard LLL reduction if a large number
of users is present in the system. Unfortunately, the SMP is an NP-hard problem. Nevertheless,
an adequate performance is still enabled if the optimal LLL reduction is applied (with poly-
nomial complexity). In the SIC-based schemes LRA DFE and LRA THP, the (e�cient) HKZ
reduction is the optimum (uplink) or close-to-optimum (downlink) but NP-hard approach. In
that situation, the optimal LLL reduction with deep insertions achieves almost the same per-
formance. In summary, the solution to a NP-hard factorization problem is not necessarily
required—as long as the “right” polynomial-time algorithm is selected.

Less relevant is the MMSE factorization approach, i.e., the employment of the augmented
channel matrix for the calculation of the channel factorization—as long as the non-integer
equalization is still performed according to the MMSE criterion. However, at least for the
uplink schemes, a more or less signi�cant gain is still enabled.

In contrast to that, the full-rank relaxation is almost irrelevant if the i.i.d. complex Gaussian
MIMO channel model is considered. Even though some theoretical examples can be found
where that relaxation asymptotically achieves an in�nite gain, cf. [ZNEG14, Appendix A],
no practical relevance is obtained for the statistical channel model at hand since a related
Minkowski-reduced basis almost always achieves the same or at least a close-by performance.

In order to enable coded modulation, L(R)A/IF uplink schemes can be combined with al-
gebraic signal constellations such that a decoding of linear combinations of codewords is pos-
sible. Besides, in the IF receiver structures, an additional �nite-�eld full-rank constraint is
imposed on the integer part of the factorized channel. That constraint might particularly be
an issue if signal constellations with low cardinality are applied for transmission. In the LA
receiver structures we do not have to deal with this problem.

In the multiuser MIMO L(R)A/IF downlink schemes, individual modulo channels are ob-
tained. Hence, in contrast to the uplink, linear combinations of codewords do not have to
be decoded. However, when using the IF preequalization/precoding schemes, algebraic signal
constellations and linear codes still have to be employed. To enable the transmission of binary
source symbols, the application of the concept of modulus conversion creates the issue of an
error propagation in the receivers. These limitations can be avoided if the related L(R)A struc-
tures are applied. Then, 2b-ary square-QAM or Eisenstein constellations can be utilized and,
e.g., be combined with BICM or coded-modulation with 2b-ary codes. Due to their �exibility,
the L(R)A schemes should be preferred in case of downlink transmission.

7.2 Outlook

In this section, a brief outlook on related current and future research is s given. In particular,
some selected topics from the �eld of coded modulation, MIMO communications, and lattice
theory are considered.
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In Section 4.2.2, a list-based algorithm for the calculation of the successive minima of a
lattice has been reviewed and extended. In that algorithm, a list variant of the sphere-decoding
procedure is only called once in the beginning. For the computation of a Minkowski-reduced
basis, a similar approach could be utilized: instead of successively calling a special variant of
the sphere decoder V times as performed in Algorithm 4.9, an initial list of candidates could
be created. Given that list of candidates, the V candidates with the lowest squared column
norms could greedily be selected that additionally ful�ll the GCD constraint (4.36).

In Section 3.2.1, 2b-ary signal constellations have been combined with BICM and coded
modulation with 2b-ary codes. A capacity-achieving low-complexity alternative could be the
use of multilevel codes [WFH99]. For Eisenstein constellations, a convenient set-partitioning
strategy has recently been proposed in [SRFF19a].

In the L(R)A uplink schemes, algebraic signal constellations have to be employed such
that valid linear combinations of code words are formed over the Hamming space. Con-
sequently, conventional square-QAM and 2b-ary Eisenstein constellations are not suited for
the straightforward combination with L(R)A uplink transmission. Nevertheless, in [CJA+17,
FHSG18, FSH19], a multilevel-coding approach for the application of QAM constellations in
L(R)A schemes has been proposed. Thereby, a technique called “carry correction” is utilized
to reconstruct valid codewords. To this end, a set partitioning is employed where the addition
over the Euclidean space corresponds to the addition with carry over the Hamming space. For
Eisenstein constellations, such a set partitioning can be realized via ternary codes [SRFF19b].

In the point-to-point MIMO scenario, we can �exibly choose at which side of the channel
the equalization is actually performed. Moreover, L(R)A schemes can be distributed among
transmitter and receiver. For example, an integer preequalization can be performed at the
transmitter side (with an additional modulo operation), and a non-integer equalization at the
receiver side, cf. [Fis06, YSF18]. Besides, at the transmitter, a unitary preequalization matrix
can be applied in order to (virtually) change the particular MIMO channel matrix [SV15].

In this thesis, only real- and complex-valued signal constellations and algorithms have
been discussed. They are convenient for the discrete-time ECB-domain channel model from
Section 2.2. However, if we consider MIMO transmission with dual-polarized antennas [CLF14],
four orthogonal components instead of two are obtained in baseband domain. By analogy
with the complex numbers, a representation utilizing the set of quaternions [CS99, CS03] is
convenient. It is possible to de�ne quaternion-valued signal constellations and algorithms.
In particular, in four dimensions, the set of Gaussian integers is extended to the set of Lip-
schitz integers—quaternions with integers in each component. Unfortunately, they do not form
a Euclidean ring [CS03]; hence, many lattice-basis-reduction algorithms cannot be adapted,
cf. Chapter 4. They can, however, be replaced by the set of Hurwitz integers [CS99, CS03]—
the densest packing in quaternion-valued space [CS99]. Based on these Hurwitz integers, a
quaternion-valued LLL reduction and related signal constellations as well as coded-modulation
schemes have recently been proposed in cite [SF18, SFFF19].
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A. Low-Density Parity-Check Codes

LDPC codes form a class of linear block codes where the parity-check matrix Hc is sparse, i.e.,
it only consists of very few non-zero elements. In state-of-the-art communication systems,
LDPC codes are most often decoded using message-passing algorithms that operate on the
Tanner-Graph representation of the parity-check matrix, cf., e.g., [Tan81, LLA+17].

We discuss the most important properties of an LDPC code considering the parity-check
matrix

Hc =


h1,1 0 h1,3 0 0
h2,1 h2,2 0 h2,4 0
0 h3,2 h3,3 h3,4 h3,5
h4,1 h4,2 0 0 h4,5

 ∈ FNc−Kc×Nc
q (A.1)

of a code with length Nc = 5 and dimension Kc = 1, i.e., with the code rate Rc = 1
5 . The

related Tanner-Graph representation is illustrated in Figure A.1.
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Figure A.1: Tanner-graph representation of (A.1) with variable nodes V1, . . . ,V5 and check nodes C1, . . . ,C4.
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In particular, the parity-check matrix is represented via Nc variable nodes, one for each
symbol of the codeword, Nc −Kc check nodes, one for each parity-check equation, and edges
between both types of nodes that symbolize the non-zero elements of the parity-check matrix.
The number of incoming/outgoing edges of a node is called degree; we hence have the variable-
node degrees d(v)

j , j = 1, . . . , Nc (number of non-zero elements in the columns of Hc), and the
check-node degrees d(c)

i , i = 1, . . . , Nc −Kc (number of non-zero elements in the rows of Hc).
The parity-check matrix (A.1) is represented via �ve variable nodes V1, . . . ,V5 and four

check nodes C1, . . . ,C4. We have the degrees d(v)
1 = d

(v)
2 = 3 and d(v)

3 = d
(v)
4 = d

(v)
5 = 2 for

the variable nodes. For the check nodes, we have d(c)
3 = 4, d(c)

2 = d
(c)
4 = 3, and d(c)

1 = 2.

A.1 Code Construction

In this thesis, a semi-random heuristic code construction is employed which can be de�ned
over any particular �eld Fq. To this end, the parity-check matrix is split into the three parts1

Hc = [H(1)
c︸ ︷︷ ︸

1
10Kc

| H(2)
c︸ ︷︷ ︸

9
10Kc︸ ︷︷ ︸

Kc

| H(3)
c︸ ︷︷ ︸

Nc−Kc

] , (A.2)

where the right Nc −Kc columns are assigned to the part H(3)
c , and the left Kc columns are

subdivided into the parts H(1)
c with (about) 10 % of the Kc columns, and H(2)

c which takes the
remaining 90 % of the Kc columns.

The right (Nc−Kc)×(Nc−Kc) part H(3)
c is then chosen according to the IRA philosophy

[JKM00, KP02], i.e., we obtain the staircase matrix

H(3)
c =



h
(3)
1,1 0 0 . . . 0 0

h
(3)
2,1 h

(3)
2,2 0 . . . 0 0

0 h
(3)
3,2 h

(3)
3,3 . . . 0 0

0 0 h
(3)
4,3 . . . 0 0

...
...

... . . . ...
...

0 0 0 . . . h
(3)
Nc−Kc−1,Nc−Kc−1 0

0 0 0 . . . h
(3)
Nc−Kc,Nc−Kc−1 h

(3)
Nc−Kc,Nc−Kc


(A.3)

for which—due to the staircase structure—rank(H(3)
c ) = Nc −Kc is valid. Thereby, the non-

zero elements are randomly, uniformly drawn from Fq \ {0}. For all variable nodes which are
represented by the columns of H(3)

c , we have a variable-node degree of d(v)
j = 2, except for the

last one, where only one non-zero element is present.
The positions of the non-zero elements of H(1)

c and H(2)
c , respectively, are then randomly

drawn according to a particular heuristic degree distribution. For H(1)
c , the non-zero elements

are chosen such that a constant variable-node degree of d(v)
j = 4 is present (four non-zero

1This construction has initially been utilized in the author’s publication [SF16b].
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elements per column). For the second part H(2)
c , we randomly choose d(v)

j = 3, i.e., three non-
zero elements per column. For both parts, the respective values of the non-zero elements are
randomly, uniformly drawn from Fq \ {0}. The check-node degrees are variable and result
from the prede�ned variable-node degrees; the random positions of the non-zero elements
are thereby chosen obeying the constraint that the row weight is nearly constant, i.e., that the
weight of all rows of the parity-check matrix may only di�er by one.

As the right part of the parity-check matrix has full rank, by means of Gaussian elimination
(over Fq) we are able to transform the parity-check matrix into systematic form

H̃c = [H̃(1)
c | H̃

(2)
c | INc−Kc ] , (A.4)

where INc−Kc denotes the (Nc −Kc)× (Nc −Kc) identity matrix over the Hamming space.
Based on the systematic form of the parity-check matrix, a generator matrix of the code is
straightforwardly obtained as

G̃c = [IKc | −(H̃(1)
c | H̃

(2)
c )T] , (A.5)

cf., e.g., [Bay98, Bos99, Ple11]. Due to the systematic form of G̃c a systematic linear encoding
can be performed in order to obtain codewords drawn from the code de�ned by Hc.

A.2 Non-Binary Belief-Propagation Decoding

In this section, we discuss how non-binary belief-propagation decoding (sum-product message
passing) can be performed over (arbitrary) �nite �elds Fq. In particular, a generalization of the
sum-product algorithm for extension �elds of order q = 2b, b ∈ N, as studied in [CML+12], is
provided.

In the Tanner-graph representation of the parity-check matrix, we have Nc − Kc check
nodes with index i = 1, . . . , Nc−Kc andNc variable nodes with index j = 1, . . . , Nc. The met-
ric calculation provides the probability matrixL = [l1, . . . , lNc ] ∈ [0, 1]q×Nc . The sum-product
message passing algorithm is described with the help of Figure A.2, where the outgoing mes-
sages of check node C1 and variable node V1 are exemplarily depicted for the parity-check
matrix (A.1), cf. Figure A.1.

Belief-propagation decoding is composed of two steps [CML+12]. The �rst step is the
so-called product step, where, in each variable node j, one message vector l(v)

i,j ∈ [0, 1]q is
calculated and sent to each connected check node i. In particular, the outgoing message from
variable node j to check node i is calculated as

l̃
(v)
i,j = lj ◦

◦∏
k∈Sj\i

Π(h−1
k,j

){l(c)
k,j} , (A.6)

where ◦ (or
◦∏

, respectively) denotes element-wise multiplication(s) of the vectors’ compo-
nents. More precisely, l(c)

k,j is the outgoing q-dimensional message vector from check node k
to variable node j. The product over permutations of these vectors with respect to the in-
dex set Sj—the set of all connected check nodes—is formed. This product, however, excludes
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Figure A.2: Outgoing messages from check node C1 and variable node V1 in the Tanner-graph representation
of the parity-check matrix (A.1).

the message from check node i—the node where the outgoing message is sent to. The per-
mutation Π(h−1

k,j
){l(c)

k,j} of the probability vectors depends on the multiplicative inverse of the
respective value hk,j ; the elements of the vectors are particularly rearranged to the positions
of the �nite-�eld elements that result from the multiplication by h−1

k,j , cf. Example A.1. After
(component-wise) multiplication with the input vector lj , the resulting messages are �nally
normalized to

l
(v)
i,j =

l̃
(v)
i,j∑q

u=1 l̃
(v)
i,j,u

∈ [0, 1]q . (A.7)

Since initially no incoming messages from the check nodes are present, they are set to l(c)
k,j = 1

in the �rst iteration of the decoding algorithm [CML+12].
The second step of the algorithm is called sum-product step. In the check nodes, the out-

going messages
l
(c)
i,j = Π(−){~k∈S̄i\j Π

(hi,k){l(v)
i,k}} (A.8)

are calculated from the incoming ones l(v)
i,k . The set S̄ i now describes the variable nodes which

are connected to check node i; the input message from the destination of the output message is
again neglected. Besides, the permutations of the probability vectors are formed with respect
to hi,k instead of its inverse. However, most important, the multiplication as present in the
product step is replaced by a (cyclic) convolution of the probability vectors which is denoted
by~; hence, the name “sum-product step”, cf., e.g., [DF07, CML+12]. In the generalized variant
of the belief-propagation algorithm, another permutation is required after convolution: in
order to ful�ll the parity-check equations, the probability values representing the q elements
of Fq have to be rearranged to the positions where the particular additive inverse is located.
This operation is denoted as Π(−){·} and exemplarily shown in Example A.1. Please note, if



A.2. Non-Binary Belief-Propagation Decoding 193

extension �elds of order q = 2b are present, the inverse element with respect to addition is the
element itself. In that case, this step can be neglected. It is hence not explicitly mentioned in
most publications on non-binary belief-propagation decoding, e.g., in [DF07, CML+12].

If the desired number of iterations (i.e., repetitions of product and sum-product step) is
reached or an alternative termination criterion is met, a �nal variant of the product step (A.6)
is calculated as

l̂j = lj ◦
◦∏

k∈Sj
Π(h−1

k,j
){l(c)

k,j} , (A.9)

where the messages from all connected check nodes are incorporated. The estimated codeword
at position j = 1, . . . , Nc is then obtained by taking the element of Fq with the largest value in
the particular vector l̂j . To this end, a normalization by analogy with (A.7) can be performed
but is not necessarily required.

Example A.1: Permutations in non-binary belief-propagation decoding

We assume that the finite field F5 = {0, 1, 2, 3, 4} is present. As a consequence, a message
vector is represented as

l(·) = [ l1︸︷︷︸
0

, l2︸︷︷︸
1

, l3︸︷︷︸
2

, l4︸︷︷︸
3

, l5︸︷︷︸
4

]T , (A.10)

where l1 represents the (normalized) probability for element 0, l2 for element 1, l3 for element
2, l4 for element 3, and l5 for element 4. They are, e.g., obtained from the metric calculation
via (3.91) and (3.92).

We now consider the product step (A.6) in belief-propagation decoding. We assume that
a particular variable node j is connected with a check node i, where the edge between both
has the value hi,j = 3, i.e., h−1

i,j = 2. Denoting l(·) as the outgoing message from check node
i to variable node j, we obtain

Π(2){l(·)} = [ l1︸︷︷︸
0=2�0

, l4︸︷︷︸
1=2�3

, l2︸︷︷︸
2=2�1

, l5︸︷︷︸
3=2�4

, l3︸︷︷︸
4=2�2

]T . (A.11)

In words, l4 now represents the probability for element 1, l2 for element 2, l5 for element 3,
and l3 for element 4.

In the sum-product step (A.8), another type of permutation is required: the probability
values have to be rearranged to the actual position of the additive inverse of the element they
represent. Denoting l(·) as the probability vector after convolution, we obtain

Π(−){l(·)} = [ l1︸︷︷︸
0⊕0=0

, l5︸︷︷︸
4⊕1=0

, l4︸︷︷︸
3⊕2=0

, l3︸︷︷︸
2⊕3=0

, l2︸︷︷︸
1⊕4=0

]T . (A.12)

In words, since 4 is the inverse element of 1 with respect to addition (and vice versa), the
probabilities of both elements swap places. The same holds for the elements 2 and 3.
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B. Mathematical Proofs

B.1 Optimality of Gram–Schmidt Orthogonalization with Piv-
oting

We consider the sorted QR decomposition

GP = QR (B.1)

of a matrixG into the matricesQ = [q1, . . . , qV ],R, andP = [p1, . . . ,pV ] as de�ned in (4.3),
(4.2), and (4.6). The decomposition is performed using the GSO with pivoting as described
in Algorithm 4.1. By means of mathematical induction, we want to show that the related
pivoting strategy results in a permutation matrix

P GSO−pivot = argmin
P∈PV×V

max
v=1,...,V

‖qv‖2 . (B.2)

The proof is similar to the one provided with the V-BLAST algorithm in [WFGV98] and closely
related to the proof of the optimality of the HKZ lattice-basis-reduction algorithm which will
be provided below, see also [OEN13].

Let P , Q, and R denote the matrices obtained from GSO with pivoting. Let the matrices
P̃ , Q̃, and R̃ be obtained from an alternative sorting strategy. In order to proof (B.2), we have
to show that in each step v = 1, . . . , V ,

max
l=1,...,v

‖ql‖2 ≤ max
l=1,...,v

‖q̃l‖2 (B.3)

is valid for any other particular sorting P̃ (induction hypothesis). For step v = 1 (induc-
tion basis), the proof of (B.3) is trivial as in Algorithm 4.1, the vector p1 is chosen such that
minm=1,...,V ‖qm‖2 is selected.

We now have to show that if (B.3) is ful�lled in step v−1, it also holds in step v (induction
step). To this end, we have to distinguish between two cases: �rst, we assume that pl = p̃l,
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l = 1, . . . , v − 1, and hence ql = q̃l, l = 1, . . . , v − 1, i.e., the same sorting is selected before
step v is started. Then, we have

max
l=1,...,v

‖ql‖2 = max{‖qv‖2, max
l=1,...,v−1

‖ql‖2} (B.4)

≤ max{‖q̃v‖2, max
l=1,...,v−1

‖ql‖2} = max
l=1,...,v

‖q̃l‖2 (B.5)

since in step v, Algorithm 4.1 chooses the vector pv in such a way that minm=v,...,V ‖qm‖2 is
selected. Now, we assume that an alternative sorting is chosen in step v− 1. In particular, we
have p̃v−1 6= pv−1, i.e., pl = p̃l, l = 1, . . . , v−2, and hence ql = q̃l, l = 1, . . . , v−2. Let i ≥ v

denote the index where pi = p̃v−1 before step v is started, i.e., where p̃v−1 is located within
the permutation matrix P if the GSO with pivoting is applied. We have

‖qv‖2 ≤ ‖qi‖2 (B.6)
≤ ‖q̃v−1‖2 , (B.7)

where (B.6) is valid since in the set of remaining columns qv, . . . , qV , Algorithm 4.1 selects the
one with minimum squared norm. Besides, (B.7) follows from the fact that {p̃1, . . . , p̃v−2} ⊂
{p1, . . . ,pv−1}, i.e., both q̃v−1 and qi are projected onto the orthogonal complement of the
vectors q1, . . . , qv−2. As a consequence, we can write

max
l=1,...,v

‖ql‖2 = max{‖qv‖2, ‖qv−1‖2, max
l=1,...,v−2

‖ql‖2} (B.8)

(B.7)
≤ max{‖q̃v‖2, ‖q̃v−1‖2, max

l=1,...,v−2
‖ql‖2} = max

l=1,...,v
‖q̃l‖2 . (B.9)

B.2 Optimality of Hermite–Korkine–Zolotareff Reduction

We consider the HKZ-reduced basis

GU = G(red) = QR (B.10)

of a lattice ΛI(G) with the matricesQ = [q1, . . . , qV ], R, and U = [u1, . . . ,uV ]. The reduc-
tion is performed using Algorithm 4.8. By means of mathematical induction, we want to show
that the resulting integer matrix is optimal, i.e., that

UHKZ = argmin
T∈IV×V

rank(T )=V

max
v=1,...,V

‖qv‖2 . (B.11)

The proof is closely related to the proof of the optimality of the GSO with pivoting provided
above. A similar variant has been given in [OEN13].

LetU ,Q, andR denote the matrices obtained from HKZ reduction. The full-rank integer
matrix T̃ and Q̃ as well as R̃ are obtained from an alternative approach which results in the
generator matrix G̃ = GT̃ = Q̃R̃ withΛI(G̃) ⊆ ΛI(G). In order to proof (B.11), we have to
show that in each step v = 1, . . . , V ,

max
l=1,...,v

‖ql‖2 ≤ max
l=1,...,v

‖q̃l‖2 (B.12)
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is valid for any other particular full-rank integer matrix T̃ (induction hypothesis). For step
v = 1 (induction basis), the proof of (B.12) is trivial as in Algorithm 4.8, the vector u1 is chosen
such that q1 is a shortest non-zero vector in ΛI(G).

We now have to show that if (B.12) is ful�lled in step v − 1, it also holds in step v (in-
duction step). To this end, we have to distinguish between two cases: �rst, we assume that
span{u1, . . . ,uv−1} = span{t̃1, . . . , t̃v−1}, and hence ‖ql‖2 = ‖q̃l‖2, l = 1, . . . , v − 1. Then,
we have

max
l=1,...,v

‖ql‖2 = max{‖qv‖2, max
l=1,...,v−1

‖ql‖2} (B.13)

≤ max{‖q̃v‖2, max
l=1,...,v−1

‖ql‖2} = max
l=1,...,v

‖q̃l‖2 (B.14)

since in step v, Algorithm 4.8 chooses qv to be a shortest non-zero lattice vector in G(v), i.e.,
in the projection onto the orthogonal complement of q1, . . . , qv−1.

Now, we assume that an alternative integer vector t̃v−1 = [t̃(1)
v−1, . . . , t̃

(V )
v−1]T is chosen

in step v − 1. In particular, we have span{u1, . . . ,uv−2} = span{t̃1, . . . , t̃v−2}, and hence
‖ql‖2 = ‖q̃l‖2, l = 1, . . . , v − 2, but t̃v−1 /∈ span{u1, . . . ,uv−1}. Let us consider the lattice
point λ(t̃v−1)

v = G(v) · [t̃(v)
v−1, . . . , t̃

(V )
v−1]T, whereG(v) is the vth submatrix in the HKZ reduction

algorithm. We have

‖qv‖2 ≤ ‖λ(t̃v−1)
v ‖2 (B.15)

≤ ‖q̃v−1‖2 , (B.16)

where (B.15) is valid since Algorithm 4.8 selects a shortest non-zero vector in G(v). Besides,
(B.16) follows from the fact that span{t̃1, . . . , t̃v−2} ⊂ span{u1, . . . ,uv−1}, i.e., both q̃v−1
and λ(t̃v−1)

v are projected onto the orthogonal complement of vectors with ‖ql‖2 = ‖q̃l‖2,
l = 1, . . . , v − 2. As a consequence, we can write

max
l=1,...,v

‖ql‖2 = max{‖qv‖2, ‖qv−1‖2, max
l=1,...,v−2

‖ql‖2} (B.17)

(B.16)
≤ max{‖q̃v‖2, ‖q̃v−1‖2, max

l=1,...,v−2
‖ql‖2} = max

l=1,...,v
‖q̃l‖2 . (B.18)
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C. Algorithms for Lattice Problems

C.1 Variants of the Sphere-Decoding Algorithm

In this appendix, adapted variants of the sphere-decoding algorithm from [AEVZ02] are pro-
vided in order to solve the SVP (Algorithm C.2) as well as the SMP (Algorithm C.3), and to cal-
culate a Minkowski-reduced basis of the lattice as explained in Section 4.3.3.2 (Algorithm C.4).
Please note, we list the algorithms and brie�y give some comments. A detailed explanation
of and discussion on the sphere decoder and the related Schnorr–Euchner strategy can, if
required, be found in [SE94, AEVZ02]. All variants utilize the signum function as de�ned
in [AEVZ02] and provided in Algorithm C.1.

Algorithm C.1 Signum function for the sphere-decoding algorithm according to [AEVZ02].
y = SGN(x) . x ∈ R

1: if x ≥ 0 then
2: y = 1
3: else
4: y = −1
5: end if

In Algorithm C.2, the sphere decoder is applied to calculate the shortest vector in a (real-
valued) lattice. The algorithm is implemented in an iterative (instead of recursive) program-
ming style as given in [AEVZ02]. It is particularly based on the algorithm ClosestPoint, with
the changes de�ned in Section VI-A (“Shortest Vector”) of [AEVZ02]. Noteworthy, the algo-
rithm operates on the matrixR obtained by the (unsorted) QR decomposition of the generator
matrix. Alternatively, to speed up the algorithm, a sorted QR decomposition can be applied or
the algorithm can operate on a reduced basis of the lattice according to Section 4.3. Then, the
permutation/change of basis has to be reversed in the �nal result. However, an optimization
of the computational complexity is beyond the scope of this work; we hence restrict to the
basic description of the algorithm.

Algorithm C.3 is a variant of the sphere decoder that has been adapted in order to �nd all
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lattice points within BU(ε), i.e., the U -dimensional ball with radius ε centered at the origin.
We haveG and maxSqDist = ε2 as the arguments of the procedure; the Ncan integer vectors
which are related to the lattice points are contained in the matrix C ∈ ZV×Ncan and returned.
The changes in comparison to Algorithm C.2 are marked in red. Noteworthy, the algorithm
is similar to the one which has been de�ned in [AEVZ02] to obtain the kissing number ι(Λ)
(Section VI-B in [AEVZ02]), with the only di�erence that the search radius is kept constant
until the algorithm terminates. As above, the computational complexity can be reduced if the
procedure operates on a reduced basis of the particular lattice, e.g., obtained by LLL reduction.

Algorithm C.4 is a modi�cation of Algorithm C.2 in order to incorporate the GCD con-
dition (4.36) as required for the determination of a Minkowski-reduced basis of a lattice. In
particular, two changes were made, cf. [ZQW12]: First, the initial squared search radius is
set to the argument maxSqDist (Line 4). This step is required to ensure that the algorithm
terminates if the GCD condition is present. Second, the GCD condition is implemented in
Lines 20–21. To that end, Algorithm C.9 is called which is given in Appendix C.2. Please
note, in case of I = G or I = E the equivalent real-valued integer vector is reconverted to
its complex-valued representation in Algorithm C.9 in order to check if the GCD condition is
ful�lled over G or E.
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Algorithm C.2 Variant of the sphere decoder to solve the SVP [AEVZ02].
ζ = SPHERE_DECODER_SVP(G) . U × V real-valued generator matrixG

1: [Q, R] = GSO(G, false) . Algorithm 4.1
2: R̃ = diag(‖q1‖, . . . , ‖qV ‖) ·R . Absorb column norms ‖q1‖, . . . , ‖qV ‖ inR
3: Ω = R̃

−1
. Operate on inverse

4: bestSqDist =∞, ς = 0, v = V
5: E = 0V×V , c = 0V , sqDist = 0V , step = 0V
6: stepv = SGN(ς)
7: while true do
8: newSqDist = sqDistv + ς2

9: if newSqDist < bestSqDist then
10: if k > 1 then
11: for i = 1, . . . , v − 1 do
12: Ei,v−1 = Ei,v − ς ·Ωi,v

13: end for
14: v = v − 1;
15: sqDistv = newSqDist
16: cv = bEv,ve
17: ς = (Ev,v − cv)/Ωv,v

18: stepv = SGN(ς)
19: else
20: if newSqDist > 0 then
21: ζ = c . New candidate found
22: bestSqDist = newSqDist
23: v = v + 1
24: end if
25: cv = cv + stepv
26: ς = (Ev,v − cv)/Ωv,v

27: stepv = −stepv − SGN(stepv)
28: end if
29: else
30: if v = V then
31: break . Terminate algorithm
32: else
33: v = v + 1
34: cv = cv + stepv
35: ς = (Ev,v − cv)/Ωv,v

36: stepv = −stepv − SGN(stepv)
37: end if
38: end if
39: end while . Output: integer vector ζ ∈ ZV 6= 0V
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Algorithm C.3 Variant of the sphere decoder to obtain list of shortest vectors.
C = SPHERE_DECODER_LIST(G, maxSqDist) . U × V real-valued generator matrixG

1: [Q, R] = GSO(G, false) . Algorithm 4.1
2: R̃ = diag(‖q1‖, . . . , ‖qV ‖) ·R . Absorb column norms ‖q1‖, . . . , ‖qV ‖ inR
3: Ω = R̃

−1
. Operate on inverse

4: ς = 0, v = V . bestSqDist removed
5: E = 0V×V , c = 0V , sqDist = 0V , step = 0V
6: C = [∅] . Matrix C represents list of integer vectors, initially empty
7: stepv = SGN(ς)
8: while true do
9: newSqDist = sqDistv + ς2

10: if newSqDist ≤ maxSqDist then
11: if k > 1 then
12: for i = 1, . . . , v − 1 do
13: Ei,v−1 = Ei,v − ς ·Ωi,v

14: end for
15: v = v − 1;
16: sqDistv = newSqDist
17: cv = bEv,ve
18: ς = (Ev,v − cv)/Ωv,v

19: stepv = SGN(ς)
20: else
21: if newSqDist > 0 then . Update of bestSqDist, v = v + 1 removed
22: C = [C, c] . Add c to list, i.e., incorporate it in matrix C
23: end if
24: cv = cv + stepv
25: ς = (Ev,v − cv)/Ωv,v

26: stepv = −stepv − SGN(stepv)
27: end if
28: else
29: if v = V then
30: break . Terminate algorithm
31: else
32: v = v + 1
33: cv = cv + stepv
34: ς = (Ev,v − cv)/Ωv,v

35: stepv = −stepv − SGN(stepv)
36: end if
37: end if
38: end while . Output: matrix C ∈ ZV×Ncan representing list of integer vectors
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Algorithm C.4 Variant of the sphere decoder for the SVP with GCD condition [ZQW12].
ζ = SPHERE_DECODER_GCD(G, maxSqDist, v, V, I) . U × V generator matrixG

1: [Q, R] = GSO(G, false) . Algorithm 4.1
2: R̃ = diag(‖q1‖, . . . , ‖qV ‖) ·R . Absorb column norms ‖q1‖, . . . , ‖qV ‖ inR
3: Ω = R̃

−1
. Operate on inverse

4: bestSqDist = maxSqDist, ς = 0, v = V . bestSqDist initially initially set to maxSqDist
5: E = 0V×V , c = 0V , sqDist = 0V , step = 0V
6: stepv = SGN(ς)
7: while true do
8: newSqDist = sqDistv + ς2

9: if newSqDist < bestSqDist then
10: if k > 1 then
11: for i = 1, . . . , v − 1 do
12: Ei,v−1 = Ei,v − ς ·Ωi,v

13: end for
14: v = v − 1;
15: sqDistv = newSqDist
16: cv = bEv,ve
17: ς = (Ev,v − cv)/Ωv,v

18: stepv = SGN(ς)
19: else
20: gcdOne = GCD_CHECK(c, v, V, I) . Algorithm C.9
21: if gcdOne then
22: ζ = c . New candidate found for which GCD condition is ful�lled
23: bestSqDist = newSqDist
24: v = v + 1
25: end if
26: cv = cv + stepv
27: ς = (Ev,v − cv)/Ωv,v

28: stepv = −stepv − SGN(stepv)
29: end if
30: else
31: if v = V then
32: break . Terminate algorithm
33: else
34: v = v + 1
35: cv = cv + stepv
36: ς = (Ev,v − cv)/Ωv,v

37: stepv = −stepv − SGN(stepv)
38: end if
39: end if
40: end while . Output: integer vector ζ ∈ ZV 6= 0V that ful�lls GCD condition
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C.2 Procedures for Lattice Basis Reduction

In what follows, algorithms are provided which are required in lattice-basis-reduction schemes.
This particularly includes procedures for LLL reduction as well as Minkowski and HKZ reduc-
tion.

Via Algorithm C.5, the QR decomposition of the reduced channel matrixG(red) is updated
if two adjacent columns are swapped in the LLL algorithm which is de�ned in Algorithm 4.5.
It is implemented by analogy with the update procedure provided and explained in [GLM09].

Algorithm C.5 Update of QR decomposition if columns are swapped [GLM09].
[Q, R] = UPDATE_QR(v, Q, R) . Columns with index v − 1 and v

1: Q̃ = Q . Temporary variable Q̃
2: R̃ = R . Temporary variable R̃
3: qv−1 = qv + rv−1,v qv−1

4: rv−1,v = rH
v−1,v

‖q̃v−1‖2

‖qv−1‖2

5: qv = q̃v−1 − rv−1,v qv−1
6: for l = v + 1, . . . , V do
7: rv−1,l = rv−1,v rv−1,l + rv,l

‖q̃v‖2

‖qv−1‖2

8: rv,l = r̃v−1,l − r̃v−1,v rv,l
9: end for

10: for l = 1, . . . , v − 2 do
11: rl,v−1 = rl,v
12: rl,v = r̃l,v−1
13: end for

Given the integer vector ζ which is related to a shortest lattice vector, Algorithm C.6 can
be used to accordingly update the basis of a lattice as required in the HKZ and Minkowski
reduction according to Algorithm 4.8 and Algorithm 4.9. To simplify notation, we use the
colon operator i : j to label all elements between the integer indices i and j, e.g., ζ1:v−1 means
that the elements ζ1, . . . , ζv−1 are selected. The algorithm operates on the matrices R and
U . It implements the basis-update strategy proposed and in detail explained in [ZQW12],
where the extended Euclidean algorithm [CLRS09] is employed. The extended Euclidean algo-
rithm is realized via the procedure EXTENDED_EUCLID which is given in Algorithm C.7
and speci�ed below. Moreover, a Givens rotation has to be computed which can, e.g., be per-
formed with the algorithm listed in [PTVF07]. Please note, there exist two di�erent variants
of BASIS_UPDATE, cf. [ZQW12]: a basic variant for the HKZ reduction, and an extended
variant for the Minkowski reduction where the Lines 2–3 and the Lines 18–19 are activated.

The generalized variant of the extended Euclidean algorithm (over the Euclidean rings Z,
G, and E) is provided in Algorithm C.7. It can easily be adapted from the (real-valued) inte-
gers, cf. [CLRS09], to Gaussian and Eisenstein integers by using the generalized quantization
and modulo functions as given in Algorithm 3.1 and Algorithm 3.2, respectively. Before the
algorithm terminates, it is ensured that the GCD is positive if I = Z, that it is located in the
�rst quadrant if I = G, or that it is located in the �rst sextant if I = E, cf. Footnote 5 in
Chapter 4.



C.2. Procedures for Lattice Basis Reduction 205

Algorithm C.6 Basis update for Minkowski and HKZ reduction [ZQW12].
[Q, R, U ] = BASIS_UPDATE(G, Q, R, U , ζ, v, I, minkowski)

1: if minkowski then . Enable for Minkowski reduction
2: ζ̂ = ζ
3: ζ = ζv:V
4: end if
5: R̃ = diag(‖q1‖, . . . , ‖qV ‖) ·R . Absorb column norms ‖q1‖, . . . , ‖qV ‖ inR
6: for l = V − v + 1, V − v, . . . , 2 do
7: [d, a, b] = EXTENDED_EUCLID(ζl−1, ζl, I) . Algorithm C.7
8: if d > 0 then

9: U sub =
[
ζl−1/d −b
ζl/d a

]
10: ζl−1 = d
11: R̃1:l+v−1,l+v−2:l+v−1 = R̃1:l+v−1,l+v−2:l+v−1U sub
12: U :,l+v−2:l+v−1 = U :,l+v−2:l+v−1U sub

13: Obtain a Givens rotation withM ·
[
R̃l+v−2,l+v−2
R̃l+v−1,l+v−2

]
=
[
∼
0

]
. Cf., e.g., [PTVF07]

14: R̃l+v−2:l+v−1,l+v−2:V = MR̃l+v−2:l+v−1,l+v−2:V
15: end if
16: end for
17: if minkowski then . Enable for Minkowski reduction
18: R̃1:v−1,v = R̃1:v−1,v + R̃1:v−1,1:v−1 ζ̂1:v−1
19: U :,v = U :,v +U :,1:v−1 ζ̂1:v−1
20: end if
21: R = diag(r1,1, . . . , rV,V )−1 · R̃ . Remove column norms ‖q1‖, . . . , ‖qV ‖ fromR
22: Q = GUR−1

Algorithm C.8 is a modi�ed variant of Algorithm 4.3 where—instead of the sphere-decoding
approach for the conventional SVP—the sphere decoder for the SVP obeying the GCD con-
straint (4.36) is called. Additional arguments for SPHERE_DECODER_GCD, i.e., Algo-
rithm C.4, are the maximum squared search radius maxSqDist, the step v, and the size V
of the integer vector ζmin. The rest of the algorithm is equivalent to Algorithm 4.3.

Algorithm C.9 implements the check in the sphere-decoding procedure in Algorithm C.4
if the GCD condition is ful�lled or not. To this end, for lattices over Gaussian or Eisenstein
integers the equivalent real-valued integer vector c ∈ ZV has to be reconverted to its equiva-
lent complex-valued representation. This is performed by analogy with Algorithm 4.3 and
Algorithm C.8, respectively. Following this, gcd{ζv, . . . , ζV } is calculated using the Euclidean
algorithm over I as given in Algorithm C.7. If gcd{ζv, . . . , ζV } = 1 Algorithm C.9 returns
true, otherwise false.
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Algorithm C.7 Extended Euclidean algorithm [CLRS09] generalized to constituent rings I.
[d, a, b] = EXTENDED_EUCLID(ζ1, ζ2, I)

1: [d, a, b] = CALC_EUCLID(ζ1, ζ2, I) . Initial call of recursive procedure
2: switch I do
3: case Z . Real-valued integers
4: if d < 0 then . GCD has to be positive
5: d = −d, a = −a, b = −b
6: end if
7: case G . Gaussian integers
8: while arg{d} < 0 ∪ arg{d} ≥ π

2 do . GCD has to be in �rst quadrant
9: d = d · ejπ2 , a = a · ejπ2 , b = b · ejπ2

10: end while
11: case E . Eisenstein integers
12: while arg{d} < 0 ∪ arg{d} ≥ π

3 do . GCD has to be in �rst sextant
13: d = d · ejπ3 , a = a · ejπ3 , b = b · ejπ3

14: end while
15: end switch . Output: d = a · ζ1 + b · ζ2

[d, a, b] = CALC_EUCLID(x, y, I)
1: if y = 0 then . Return if y = 0
2: d = x, a = 1, b = 0
3: return
4: end if
5: [d, at, bt] = CALC_EUCLID(y, MODULO(x, I, y), I) . Algorithm 3.2; recursive call
6: a = bt
7: b = at −QUANTIZATION(x/y, I) · bt . Algorithm 3.1

Algorithm C.8 Solution to GCD-constrained SVP based on sphere decoding.
[λmin, ζmin] = SHORTEST_VECTOR_GCD(G, maxSqDist, v, V, I)

1: switch I do
2: case Z . Lattices over real-valued integers as de�ned in (3.1)
3: ζmin = SPHERE_DECODER_GCD(G, maxSqDist, v, V, I) . Algorithm C.4
4: case G . Lattices over Gaussian integers as de�ned in (3.40)

5: G(r) =
[
Re{G} −Im{G}
Im{G} Re{G}

]
. Real-valued representation (3.43)

6: ζ (̃r) = SPHERE_DECODER_GCD(G(r), maxSqDist, v, V, I)
7: ζmin = [ζ (̃r)

1 , . . . , ζ
(̃r)
V ]T + [ζ (̃r)

V+1, . . . , ζ
(̃r)
2V ]T j . Reconvert according to (3.44)

8: case E . Lattices over Eisenstein integers as de�ned in (3.45)

9: G(h) =
[
Re{G} −1

2 Re{G}+
√

3
2 Im{G}

Im{G} −
√

3
2 Re{G} − 1

2 Im{G}

]
. Real-valued representation (3.49)

10: ζ(h̃) = SPHERE_DECODER_GCD(G(h), maxSqDist, v, V, I)

11: ζ̃
(h̃) =

[
IV −1

2IV

0V×V −
√

3
2 IV

]
· ζ(h̃) . Incorporate generator matrix of latticeA2, cf. (3.48)

12: ζmin = [ζ̃(h̃)
1 , . . . , ζ̃

(h̃)
V ]T + [ζ̃(h̃)

V+1, . . . , ζ̃
(h̃)
2V ]T j . Reconvert according to (3.44)

13: end switch
14: λmin = Gζ . Output: shortest GCD-constrained point λmin 6= 0U and related integer vector ζmin
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Algorithm C.9 Check if GCD condition is ful�lled in sphere-decoding algorithm.
gcdOne = GCD_CHECK(c, v, V, I)

1: switch I do
2: case Z . Lattices over real-valued integers as de�ned in (3.1)
3: ζ = c

4: case G . Lattices over Gaussian integers as de�ned in (3.40)
5: ζ = [c1, . . . , cV ]T + [cV+1, . . . , c2V ]T j . Reconvert according to (3.44)
6: case E . Lattices over Eisenstein integers as de�ned in (3.45)

7: ζ̃
(h̃) =

[
IV −1

2IV

0V×V −
√

3
2 IV

]
· c . Incorporate generator matrix of latticeA2, cf. (3.48)

8: ζ = [ζ̃(h̃)
1 , . . . , ζ̃

(h̃)
V ]T + [ζ̃(h̃)

V+1, . . . , ζ̃
(h̃)
2V ]T j . Reconvert according to (3.44)

9: end switch
10: d = ζv
11: for l = v + 1, . . . , V do . gcd{ζv, . . . , ζV }
12: d = EXTENDED_EUCLID(d, ζl, I) . Algorithm C.7
13: end for
14: if d = 1 then . Valid lattice vector if gcd{ζv, . . . , ζV } = 1
15: gcdOne = true
16: else
17: gcdOne = false
18: end if
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D. Notation

D.1 Abbreviations

Acronym Meaning

ASK amplitude-shift keying

AWGN additive white Gaussian noise

BER bit error ratio

BICM bit-interleaved coded modulation

BPSK binary phase-shift keying

CDF cumulative distribution function

CLLL complex Lenstra–Lenstra–Lovász

COFDM coded orthogonal frequency-division multiplexing

DFE decision-feedback equalization

DVB-S2 Digital Video Broadcasting–Satellite 2

ECB equivalent complex baseband

GCD greatest common divisor

GSO Gram–Schmidt orthogonalization

HKZ Hermite–Korkine–Zolotare�

IF integer-forcing

IRA irregular repeat-accumulate

LDPC low-density parity-check

LLL Lenstra–Lenstra–Lovász

LA lattice-aided
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Acronym Meaning

LRA lattice-reduction-aided

LTE long term evolution

MIMO multiple-input/multiple-output

MLD maximum-likelihood detection

MMSE minimum mean-square error

OFDM orthogonal frequency-division multiplexing

PDF probablity density function

QAM quadrature-amplitude modulation

SER symbol error ratio

RF radio frequency

SBP shortest basis problem

SIC successive interference cancellation

SIVP shortest independent vector problem

SISO single-input/single-output

SMP successive minima problem

SNR signal-to-noise ratio

SQRD sorted QR decomposition

SVD singular-value decomposition

SVP shortest vector problem

THP Tomlinson–Harashima precoding

V-BLAST Vertical-Bell Laboratories Layered Space-Time

ZF zero forcing

D.2 Mathematical Symbols

D.2.1 Number Sets and Related Operations

Symbol Meaning

C set of complex numbers

E set of Eisenstein integers

Fq �nite �eld of order q

G set of Gaussian integers

N set of natural numbers (including zero)
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Symbol Meaning

R set of real numbers

Z set of (real-valued) integers

Im{ς} imaginary part of ς

Re{ς} real part of ς

arg{ς} argument (angle) of ς

j imaginary unit

ω Eisenstein unit

remq{x} remainder of the division of x by q

ψq(x) mapping from �nite-�eld element x (order q) to related integer

ψ−1
q (x) mapping from integer x to related �nite-�eld element (order q)

b·e rounding to next (real-valued) integer

d·e ceiling function (rounding to next higher-valued integer)

b·c �oor function (rounding to next lower-valued integer)

⊕ addition in the arithmetic of a �nite �eld

� multiplication in the arithmetic of a �nite �eld

gcd{ζ1, ζ2} greatest common divisor of ζ1 and ζ2

inf{·} in�mum operator

sup{·} supremum operator

D.2.2 Matrices, Vectors, and Related Operations

Symbol Meaning

M matrix over the Euclidean space

M matrix over the Hamming space

MH Hermitian (transpose) of matrixM (or a vector)

MT transpose of matrixM (or a vector)

M (r) real-valued representation of a complex-valued matrix

M (̃r) simpli�ed form of real-valued representation

m column vector over the Euclidean space

¯
m row vector over the Euclidean space

m column vector over the Hamming space

¯
m row vector over the Hamming space



212 D. Notation

Symbol Meaning

M−1 inverse matrix ofM

M−H Hermitian transpose of inverse matrix ofM

M+ Moore–Penrose pseudoinverse ofM

M+H Hermitian transpose of Moore–Penrose pseudoinverse ofM

‖M‖F Frobenius norm of matrixM

‖m‖ Euclidean norm of vector x

span{·} linear span

dim{·} dimension

0U×V U × V (all)-zero matrix (or vector)

IU U × U identity matrix

PV×V set of permutation matrices of size V × V
BU(ε) U -dimensional ball with radius ε centered at the origin

D.2.3 Random Variables

Symbol Meaning

E{ς} expectation of random variable ς

Pr{ς=s} probability that random variable ς takes on the realization s

fς(s) PDF of random variable ς

Fς(s) CDF of random variable ς

σ2
ς variance of random variable ς

D.2.4 Lattices and Related Operations

Symbol Meaning

Λ(G) real-valued lattice de�ned by generator matrixG (=̂ ΛZ(G))

ΛG(G) lattice over G de�ned by generator matrixG

ΛE(G) lattice over E de�ned by generator matrixG

I constituent ring

ΛI(G) generalized de�nition of lattices over constituent ring I

λ lattice vector

G generator matrix of a lattice
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Symbol Meaning

G(dual) generator matrix of the lattice dual to ΛI(G)
P permutation matrix in the sorted QR decomposition ofG

Q matrix with orthogonal columns in the QR decomposition ofG

R upper triangular matrix in the QR decomposition ofG

RV(ΛI) Voronoi region of ΛI with respect to the origin

RQ(ΛI,λ) Voronoi cell with respect to lattice point λ

QΛI{·} quantization with respect to Voronoi cell of ΛI

modΛI{·} modulo operation with respect to lattice ΛI

d2
min(ΛI) squared minimum distance of the lattice points in ΛI

ι(ΛI) kissing number (number of nearest neighbors in ΛI)

ρ(ΛI) packing radius of ΛI

ϑ(ΛI) volume of Voronoi region of ΛI

D(ΛI) density of of ΛI

Σ(ΛI) normalized second moment of Voronoi region of ΛI

G(red) reduced generator matrix

G(t) (transformed) generator matrix obtained from solution to SMP

U unimodular integer matrix with elements drawn from I

T full-rank integer matrix with elements drawn from I

δ quality parameter for LLL reduction

ε(v) vth successive minimum of a lattice

D.3 System Parameters and Operations

D.3.1 Scalar System Parameters

Symbol Meaning

Eb transmitted energy per information bit

Es transmitted energy per symbol

K number of parallel bit streams or users

Nbit number of information bits per (encoded) block

Nrx number of receive antennas

Nsym number of transmit symbols per (encoded) block

Ntx number of transmit antennas
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Symbol Meaning

N0 noise power spectral density

Rm coded modulation rate (number of information bits per symbol)

∆ diversity order

σ2
n variance of the zero-mean white Gaussian noise

σ2
ñ,k e�ective noise of kth user

σ2
x,η variance of transmit symbol η

D.3.2 Transmission Matrices and Vectors

Symbol Meaning

A K ×Nsym matrix of data symbols

H Nrx ×Ntx MIMO channel matrix

N Nrx ×Nsym matrix of additive white Gaussian noise

X Ntx ×Nsym matrix of transmit symbols

Y Nrx ×Nsym matrix of receive symbols

Q K ×Nbit matrix of source symbols

Q̂ K ×Nbit matrix of estimated source symbols

¯
ak kth row vector of Nsym data symbols

¯
q
k

kth row vector of Nbit source symbols

¯
q̂
k

kth row vector of estimated Nbit source symbols

¯
xη ηth row vector of Nsym transmit symbols

¯
y
θ

θth row vector of Nsym receive symbols

D.3.3 Signal Constellations and Mapping Operations

Symbol Meaning

A signal constellation

EM Eisenstein-integer constellation (cardinality M )

GM Gaussian-integer constellation (cardinality M )

ZM integer (ASK) constellation (cardinality M )

Λa signal-point lattice

Λb boundary (shaping) lattice
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Symbol Meaning

CAWGN constellation-constrained capacity over the AWGN channel

M cardinality of the constellation

d2
min(A) squared minimum distance in the signal constellation

o o�set to be zero-mean

Ξ number of subblocks in modulus conversion

ι(A) number of nearest neighbors in the signal constellation

µ number of bits in modulus conversion (block length)

ν number of q-ary elements in modulus conversion (block length)

$ Gaussian or Eisenstein prime

σ2
a variance of the constellation

χ number of �eld elements per data symbol

MA mapping from �nite-�eld elements to signal constellation

M−1
A inverse mapping from signal constellation to �nite-�eld elements

MFq mapping from bits to elements from Fq (modulus conversion)

M−1
Fq mapping from Fq-elements to bits (inverse modulus conversion)

D.3.4 Code Parameters and Related Operations

Symbol Meaning

Kc code dimension

Nc code length

Rc code rate

L probability matrix for decoding

¯
l(log) log-likelihood vector for decoding

C(Nc) code over the Euclidean space of length Nc

C
(Nc)
Fq code over the Hamming space FNc

q

Gc generator matrix of a linear code

Hc parity-check matrix of a linear code

DEC decoding over the Euclidean space

mDEC modulo-decoding over the Euclidean space

DECFq sequence of decoder, inverse mapping and inverse encoder

mDECFq sequence of mod.-decoder, inverse mapping and inverse encoder
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Symbol Meaning

DECΛa lattice decoder (over signal-point lattice Λa)

ENC encoding with channel code

ENCFq encoding over particular �eld Fq
ENC−1 encoder inverse

Π interleaving

Π−1 inverse interleaving

D.3.5 Equalization Matrices and Parameters

Symbol Meaning

B feedback matrix (SIC)

H(red) reduced channel matrix

F feedforward matrix (SIC)

S sorting matrix (SIC)

W linear equalization matrix

Z integer-equalization matrix

Z−1 integer part of the factorized channel matrix

S �nite-�eld sorting matrix

Z �nite-�eld integer-equalization matrix

Z−1 �nite-�eld integer part of the factorized channel

F augmented feedforward matrix

H augmented channel matrix

W augmented linear equalization matrix

z inverse SNR for augmented matrices
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